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ABSTRACT 

The research work presented here deals with the problems of 

geometrically nonlinear analysis of thin shell structures. The speci

fic objective was to develop geometrically nonlinear formulations, using 

Discrete-Kirchhoff Curved Triangular (DKCT) thin shell elements. The 

DKCT elements, formulated in the natural curvilinear coordinates, based 

on arbitrary deep shell theory and representing explicit rigid body 

modes, were successfully applied to linear elastic analysis of compo

site shells in an earlier research work. 

A detailed discussion on the developments of classical linear 

and nonlinear shell theories and the Finite Element applications to 

lin~ar and nonlinear analysis of shells has been presented. The dif

ficulties of developing converging shell elements due to Kirchhoff's 

hypothesis have been discussed. The importance of formulating shell 

elements based on deep shell theory has also been pointed out. The 

development of shell elements based on Discrete-Kirchhoff's theory has 

been discussed. The development of a simple 3-noded curved triangular 

thin shell element with 27 degrees-of-freedom in the tangent and normal 

displacements and their first-order derivatives, formulated in the 

natural curvilinear coordinates and based on arbitrary deep shell 

theory, has been described. This DKCT element has been used to develop 

geometrically nonlinear formulation for the nonlinear analysis of thin 

shells. 

xiv 



xv 

A detailed derivation of the geometrically nonlinear (GNL) 

formulation, using the DKCT element based on the Total Lagrangian ap

proach and the principles of virtual work has been presented. The 

techniques of solving the nonlinear equilibrium equations, using the 

incremental methods has been described. This includes the derivation 

of the Tangent Stiffness matrix. Various Newton-Raphson solution algo

rithms and the associated convergence criteria have been discussed in 

detail. Difficulties of tracing the post buckling behavior using these 

algorithms and hence the necessity of using alternative techniques have 

been mentioned. 

A detailed numerical evaluation of the GNL formulation has been 

carried out by solving a number of standard problems in the linear 

buckling and GNL analysis. The results compare well with the standard 

solutions in linear buckling cases and are in general satisfactory for 

the GNL analysis in the region of large displacements and small rota

tions. 

It is concluded that this simple and economical element will 

be an ideal choice for the expensive nonlinear analysis of shells. 

However, it is suggested that the element formulation should include 

large rotations for the element to perform accurately in the region of 

large rotations. 



CHAPTER 1 

INTRODUCTION 

Curves are naturally attractive and so are shells. Shells 

can be seen everywhere in nature. Shells derive great strength from 

their intrinsic shape and are hence widely used in every branch of 

engineering and industry. Cooling towers and containments in civil 

engineering, pipes and pressure vessels in mechanical and nuclear 

engineering, automobiles, aircrafts and spacecrafts are some of the 

examples of shell applications .. While the awesome beauty of shell 

roofs, covering large unobstructed areas have always fascinated archi

tects, their mathematical complexities have frustrated engineers 

However, the efficiency with which shells carry the loads and their 

ever increasing use in industries, has drawn engineers into more and 

more sophisticated study of the behavior of shells. 

Although theoretical and experimental studies of thin shells 

began in the 1820s, intensive research works began only after 1930. 

Kirchhoff'sl plate theory was instrumental in Love's2 development of 

the earliest bending theory of linear elastic thin shells. Pioneering 

works on thin shell theories were done later by numerous researchers 

like Meissner3 , Vlasov4 , Naghdi 5 , Sanders 6 , Koiter7 , Go1denveizer8 , 

Novozhi1ov 9 , and BudianskylO. Reissner 11 is one of the principal 

architects of modern theory of shells. An excellent review of the 

historical development of.she11 research has been given by Sechler12 . 
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The earliest theories of shells were developed on the assump

tion that the shell is thin and shallow. The former assumption 

enabled to neglect the normal stress and the displacements and 

stresses parallel to the middle surface to be assumed to vary linear

ly across the thickness. Thus, a three-dimensional theory of elas

ticity was reduced to a two-dimensional theory. The latter assumption 

neglects the surface slopes and tangential displacements, resulting 

in simplified governing equations. 

Due to simplicity, the earliest theories were developed on 

the assumption of linear behavior. However, nature exhibits, in 

general, nonlinear behavior. Shells, in particular, are generally 

thin and can undergo large deformations. Also, she~ls carry loads by 

membrane compression and are, therefore, susceptible to buckling. 

When the deformations can no longer be assumed infinitesimal, as in 

the linear theory, the strain-displacement relations become nonlinear 

and the effects of geometry changes cannot be neglected. It is, 

therefore, often desirable to seek nonlinear solutions in order to 

understand the true behavior of structures and thereby achieve 

economical and efficient design. 

The earliest nonlinear theory of shallow shells was due to 

Marguerre 13 • Donnell 14 developed an appropriate theory for cylinders. 

Mushtari and Galimov 15 developed a theory for quasi-shallow shells. 

Novozhilov 16 has presented nonlinear strain displacement equations 

from general three-dimensional elasticity. A completely generalized 

theory of thin shells is found in a paper by Synge and Chien 17 and 

Chien 18 ,19. Erickson and Trusdel1 20 have given an elegant and 



general formulation of the problem. An exact theory for large de

flections of thin arbitrary shells has been presented by Sanders21 

and independently by Leonard22 and Koiter23 • Exact equilibrium 

equations for nonlinear membrane shell theory have been derived by 

Budiansky24. Reissner25 has developed a nonlinear theory allowing 

arbitrary large deformations and strains. 

A new approach to the derivation of geometrically nonlinear 

small strain shell theories, which provides a better understanding 

3 

of their range of applicability and gives a deeper insight into 

questions of consistency, is given in the works of Pietraszkiewicz26 -

29 It is shown~9 how a consistent, entirely Lagrangian description 

of geometric and static boundary conditions can be. achieved in the 

frame work of a geometrically nonlinear first approximation of 

Kirchhoff-Love type shell theory for small strains and unrestricted 

rotations. In the ref. 26-28, the polar decomposition theorem is 

applied to shell structures according to which the deformation in 

each point of the shell may be decomposed exactly, apart from a rigid 

body translation, into a pure stretch along the principal directions 

of strain and a rigid body rotation. This makes it possible to impose 

restrictions on strains and rotations independently. 

Shell theories may be classified according to the magnitude 

of the rotation as (i) small rotation, (ii) moderate rotation, 

(iii) large rotation and (iv) finite or unrestricted rotation. In 

literature consistent with this classification scheme, several en

tirely Lagrangian geometrically nonlinear first approximation shell 



theories, associated variational principles, stability and post 

buckling equations and numerical studies have been given in the 

range of unrestricted, large and moderate rotations. Detailed deri

vation of the above theories in an entirely Lagrangian description 

can be found in reference 30. 

1.1 Finite Elements in Linear and Nonlinear Analysis 

In spite of the development of several shell theories, the 

analysis and design of shell structures were restricted to certain 

well defined geometries, loading and boundary conditions. This is 

due to the fact that in practice, unusual conditions of the above 

type arise and formulation and solution of the governing equations 

are extremely difficult. Thanks to the development of a powerful 

numerical technique- the Finite Element Method- details of which are 

now well documented, and can be found in numerous text books - e.g., 

references 31-35. 

The history of finite element procedures for shells spans 

over 20 years. Starting from the earliest work of Adini 36 there 

4 

have been scores of publications on the finite element linear analysis 

of shells employing various types of shell elements and the associated 

variational principles. Extensive critical surveys of developments 

have been given by Gallagher 37-40. The success of the finite element 

method in the analysis of shell structures encouraged its application 

to nonlinear problems which hitherto was inaccessible to the engineer

ing analysts. 
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When one undertakes the development of a general procedure 

for the nonlinear analysis of shells, the difficulties encountered 

increase considerably. Although finite element analysis of thin 

shells has been developed to a high degree of sophistication, basic 

questions relating to the geometrical form of the elements and 

definition of interpolation functions for displacements and/or 

stresses are far from being settled. The main problem of finite ele

ment representation of thin shells is the lack of elements which can 

show good accuracy and efficiency. This is due to the fact that in 

the case of displacement models', the displacements as well as their 

first and second order derivatives with respect to Gaussian shell 

parameters are required as nodal degrees-of-freedom and the restric

tions related to satisfa~tion of interelement continuity conditions, 

adequate representations of rigid body and constant strain modes 

lead to difficulties of developing converging elements. 

The earliest attempt to employ finite element technique to 

the nonlinear analysis of shells date back to the late 1960s. Most 

of these efforts were limited to studies of shells of particular 

geometric shape, such as axisymmetric41 ,42 or cylindrical shells43 

Since then there have been numerous publications in the nonlinear 

analysis of shells by the assumed displacement method. Ovling to the 

difficulties of compatibility requirements in the displacement models, 

which increase in the case of arbitrary shells, nonlinear shell 

analysis using alternate formulations such as Mixed44 - 47 and 

Hybrid48 - 51 have been reported. However, in these models other 



difficulties in the formulations of the model itself and solution 

remain 52 . A comprehensive treatment of various finite element form

ulations for nonlinear shell problems has been presented by 

Gallagher 53-57. 

A significant portion of the available literature on 

geometrically nonlinear analysis of shells by the finite element 

method has been directed to the study of shallow shells. Although 

shallow shell theory is an interesting simplification of the general 

thin shell theory, significant errors can be introduced when shallow 

shell elements in curvilinear components are used for the analysis 

of deep shell structures 58 • One of the difficulties associated with 

deep shell elements is the selection of appropriate nonlinear shell 

theory. An alternative approach starts with three dimensional iso

parametric elements and introduces shell assumptions, thereby 

developing a simple curved shell element without using any difficult 

shell theory. This so-called degeneration technique was first 

presented by Ahmad et a1 59 for linear analysis. Although these 

elements originated as a tool for the analysis of thick shells, they 

have been successfully applied to thin shells as well. Application 

of degenerated shell elements have been reported by Wood60 - 62 , 

Ramm63 , Bathe64 ,65 and Krakeland66 . These elements have the draw

back of producing stiffer results for thin shells. While reduced 

integration 67 or selective integration66 circumvents this problem, 

spurious zero energy modes are introduced, resulting in rank 

deficiency of the element. 

6 



1.2 The Discrete-Kirchhoff (D-K) Element 

Most of the elements mentioned so far fall into the catego

ries of CO (Timoshenko-Mindlin-Reissner) or Cl (Euler-Bernoulli

Kirchh~ff) formulations. As discussed earlier, the requirements of 

interelement continuity, rigid body motions and uniform strain 

states complicate the analysis of Kirchhoff plates and shells. 

Interelement boundaries of a plate or shell have the requisite con

tinuity only if the normal defining such boundaries remains contin-

uous. Since the Kirchhoff hypothesis constrains the normal to 

remain straight and normal to the middle surface, the continuity can 

be achieved only if the deformed surface is smooth. 

The complexity involved in using higher order polynomials to 

satisfy the ~ontinuity requirements has hampered the development of 

finite element models using C1 elements for the analysis of shells. 

It is apparent that the source of difficulty is the Kirchhoff 

hypothesis. With this in mind, Wempner et a16~ developed a quadri

lateral shell element with displacements and rotations of the normal 

as unknowns, enforcing Kirchhoff's constrains at discrete points and 

successfully applied it to the linear analysis of arbitrary shells. 

This is the earliest known Discrete-Kirchhoff (D-K) shell element. 

Later, Dhatt70 developed a curved triangular shallow shell 

element and Stricklin 71 et al. developed a triangular plate bending 

element. The popularity of this rapidly converging element should 

go to Batoz 72- 74 . The earliest D-K formulations for small strain 

and finite rotation of flexible shells have been given by Wempner75. 

7 



However, early application of the D-K element to nonlinear shallow 

shell problems seems to be by Dhatt76 . Later, Batoz et al. 77 

8 

employed curved D-K-T (Discrete-Kirchhoff-Triangular) element for the 

nonlinear analysis of shallow shells and Bathe78 used a flat.D-K-T 

element for nonlinear arbitrary shell problems. The only curved 

triangular thin shell element formulated in curvilinear coordinates 

for deep shell problems seems to be due to Batoz79 • However, 

Sridhara Murthy80 recently developed a simple three noded curved 

triangular thin shell D-K element in curvilinear coordinates, 

including, explicitly, rigid body modes. This element has 27 degrees~ 

of-freedom in the displacements and their derivatives with respect to 

local curvilinear coordinates. The formulation is based on linear 

shear deformation theory. The Kirchhoff constraints of zero trans

verse shear strains have been imposed at the three corner nodes and 

at the midpoints of the sides of the curved triangle. Explicit 

rigid body modes have been incorporated by 'isoparametric mapping. 

The element converges rapidly and has proved to be successful for 

isotropic as well as anisotropic shell problems. 

In view of the simplicity and superiority of this element 

as an alternative to the degenerated element, it is desirable to add 

nonlinear capabilities to the element for the more relevant nonlinear 

shell analysis. The research work presented herein is the result of 

this objective. 
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1.3 Scope of the Study 

The scope of this study is restricted to (i) large displace

ments but small rotations, (ii) isotropic material behavior, (iii) 

conservative loadings and (iv) tracing the nonlinear load-displace

ment paths up to the limit point or bifurcation point as the case may 

be. The developments are presented in the subsequent chapters as 

follows: 

In the second chapter, tensor equations of kinematic deform

ations of an arbitrary thin shell, using a linear shear deformation 

theory, are presented. Nonlinear strain displacement relations for 

large displacements but small rotations are derived for membrane and 

bending strains. For transverse shear strains, linear variation has 

been assumed. The linear portions of these equations are adopted 

from reference 80. 

In the third chapter, the linear formulation of the 

Discrete-Kirchhoff Curved Triangular (D-K-C-T) Element for the iso

tropic case, is presented. Herein the nodal degrees-of-freedom, the 

displacement interpolation, the strain energy of the element and the 

linear strain-displacement relations are presented in matrix form. 

The derivation of the linear element stiffness, after imposing the 

Kirchhoff constraints at the discrete points of the element thereby 

eliminating the midside nodes, is briefly presented. The transforma

tion of the stiffness matrix and the consistent nodal load vector 

between the global cartesian and local curvilinear frames and the 



condensation of the central node is also described briefly, details 

being found in reference 80. 
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In the fourth chapter, nonlinear formulations of the element 

are presented in detail. First, the continuum mechanics formulation 

with incremental equations of motion is described. This is followed 

by the Total Lagrangian description of the continuum equations. In 

Section 4.3, the finite element discretization of the continuum equa

tions is presented. In Section 4.4 and 4.5, the use and derivation 

of the Tangent Stiffness matrix is described. 

In the fifth chapter, various nonlinear solution techniques 

e.g.; the Newton-Raphson (N-R) method and.its variations, are 

described. Difficulties of using the N-R techniques and alternate 

algorithms are briefly mentioned. In Section 5.1 various convergence 

criteria are described. In Section 5.2, the computer program 

developed for the nonlinear analysis is described briefly and a flow

chart is presented. 

In the sixth chapter, numerical examples, testifying the 

accuracy of the nonlinear formulation and the behavior of the element 

are presented. The examples start with linear buckling cases and 

proceed to full nonlinear analysis. Since shell is a general struc

tural component, examples include, columns, plates, arches, and 

arbitrary shells. Finally, a summar, conclusions and suggestions 

for further study are presented in chapter seven. 



CHAPTER 2 

KINEMATICS OF DEFORMATION 

The kinematics of deformation of a shell surface requires 

an understanding of the differential geometry of a curved surface. 

Exhaustive details of this in tensor formulation has been given in 

chapter 2.1 of reference 80. In order to have a continuity as well 

as to include the nonlinear part, most of the information and 

equations are reproduced here from chapters 2.2 through 2.3.3 of 

reference 80. 

Figure 1. shows the motion of the shell element before and 

after deformation. 

Let 

ea 
= Arbitrary curvilinear coordinates of the middle 

surface 

8 3 = Distance along the normal to the middle surface 

e. = Cartesian unit base vectors (i = 1,2,3) 
1 

~ 

a3 = Unit normal vector to the undeformed mi ddt e 

surface 

Base vectors of the spatial system (a = 1,2) -
9a = 

a = a 
Tangent vectors at the middle surface 

11 
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Figure 1. Motion of a shell element. 
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~0(01,02) is the position vecto~ of a point P on the middle 

surface of the undeformed shell and R(01,02) is that of an arbitrary 

point Q on the normal through P. 

(2. 1 ) 

After deformati on, the poi nt P moves to p* and Q moves to Q*. 

The position vector of p* is denoted as ~*0(01 ,02) and that of Q* as 

R*(01,02). It is to be noted that 03 line is assumed to be straight 

and normal to the middle surface before deformation and straight but 

not necessarily normal to the middle surface after deformation. Let 

A3 be a unit vector along the deformed 0
3 line. 

~* = R* + 03A o 3 
(2.2) 

Let u and u* be the displacement vectors of the points P and 

Q respectively. From figure 1, it follows that, 

R* = R + u 
o 0 

R* = R + u* 

(2.3) 

(2.4) 

The vectors u and u* differ by a vector p which represents 

the displacement caused by the rotation of d3 into A3. If the rota

tion of the normal are sufficiently small, they can be represented by 

a rotation vector~. Then, 



14 

(Cross product) (2.5) 

(2.6) 

u* = u + p (2.7) 

(2.8) 

From Eq. (2.4) 

R* = R + u + ~3 A (2.9) 

where 

(2.10) 

-
Let G denote tangent base vectors of the deformed spatial 

ex 

coordinates 

* - -* * = ~) G = R (Note: R 
CI. ,ex ,ex aex 

(2.11) 

R - 0
3 = + u + A 

(2.12) 
,ex ,ex ,a 

(2.13) 

From the differential geometry of a curved surface, 

--g = R 
ex ,a 

(2.14) 



= R + 8
3 a 

O,a 3,a 

and 

Hence equation 2.12 becomes 

G = 9 + U + 8
3 

A 
a a ,a ,a 

and 

The covariant components of the metric tensor GaS of the 

spatial coordinates of the deformed shell are given by 

- -
G = G • G as Ci. S 

(Dot product) 

and 

Substituting Eq. (2.17) into Eq. (2.19), 

15 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 
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GaS 
- - - - + 8 3 

(ga = gaS + ga U,S + gs U A ,a ,6 

+ 9S 
~ ) + u - + 83 (u 0 0 U,S 0 

A.s ,a ,a ,a 

+ U 0 ~ ) + (83)2 ~ 0 A (2.22) ,S ,a ,a ,S 

The base vectors ga of the spatial system can be expressed 

- -g = a 
a a 

(2.23) 

where bS are the mixed variant components of the curvature tensor. 
a 

Substituting Eq. (2.23) into Eq. (2.22) and negle~ting terms 

of (83 )2 and higher order terms in ~ 

G g - ou +a oLi +u Li as - as = aa ,13 S ,a ,a ,S 

-
o U 

,S 

Y- - ] 3 b a 0 u 8 
S y ,a 

(2.24) 

Let 

1/2[a 0 Li + a 0 Li ] 
a ,S S ,a 

(2.24a) 



b 
E = 1/2[a 

a S a 

- bYa . u aJ S y 

m L [- - J 
E () = 1/2 u • u S 
a~ ,a, 

Eq. (2.24) then can be written as 

1/2[G ] - m 0 + m L + 83 b 
as - gaS - EaS EaS - EaS 

17 

-• u 
,S 

(2.24b) 

(2.24c) 

(2.25) 

Similarly, the components Ga3 are given from Eqs. (2.17, 2.18, 

2.20) as 

G 3 = (~ + U + 8
3 ~ ). (~3 + ~) a CI. ,a ,a 

(2.26) 

After carrying out the dot product and neglecting higher 

order terms, it can be shown that 

(2.27) 

2.1 Strain Tensor 

The strain tensor is defined as 

E"J' = 1/2[G .. - g .. J , J , J (2.28) 

from Eq. (2.25) 

(2.29) 



18 

= 1/2[a • ~ + a3 • u ] 
a ,a (2.30) 

where 

mE:~s = Linear part of membrane strain 

mE:~s = Nonl inear part of the membrane strain 

bE:as = Bending strain component 

Ea3 = Transverse shear strain 

2.2 Strain Tensor in Cartesian Coordinates 
-

The position vector of the undeformed middle surface Ro is 

given by 

(i = 1,2,3) 

The tangent base vectors at the middle surface are 

a = R xi e 
'" 0 '" ,N,' ..... ,..... ..... 

The unit normal vector to the middle surface is given by 

a = 3 

(2.31) 

(2.32) 

(2.33) 
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It can be shown that, 

(2.34) 

where a is the determinant of the covariant metric tensor. 

The displacement and rotation vectors are expressed in carte-

sian components as 

(2.35) 

and 

(2.36) 

si mil arly, 

- i ~ 
u = u e. ,Ct ,Ct 1 

(2.37) 

and 

(2.38) 

2.2.1 Linear Membrane Strain Tensor 

Substituting Eqs. (2.32), (2.37) and (2.38) in Eq. (2.24), 

the linear part of the membrane strain tensors can be written as 

2m"o = xi i + i ui 
~CtS ,Ct u,S x,S ,Ct (2.39) 
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2.2.2 Bending Strain Tensor 

The bending strain tensor can be written from Eq. (2.24b) as 

-• U 
,(1. 

(2.40) 

From Eq. (2.10), 

A = (~ x a3),(1. ,(1. 
(2.41) 

= ~ x a3 + ~ x a3 ,(1. ,(1. (2.42) 

From Eqs. {2.33) and (2.38) 

(2.43) 

A 

a
3 

can be expressed as ,(1. 

(2.44) 

so that 

(2.45) 

(2.46) 

Eq. (2.42) can now be written as 
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A = (e" k <pi nj b~ eij k <pi xj 
)e ,a lJ ,a a ,~ k (2.47) 

- m ~ a . A = x e . A a ,(3 ,a m ,(3 (2.48) 

(2.49) 

Similarly, 

A = (e ~i nj 
,a ijk't',a (2.50) 

and 

(2.51) 

Using Eqs. (2.49-2.51) 

2bs [e. 'k <pi nj k <pi nj Xk ] = x + e. 'k 0.(3 lJ ,a ,(3 lJ ,(3 ,a 

- [b~ e" k 
<pi x

j xk + b~ eijk 
<pi xj xk ] 

a 1 J ,~ ,(3 (3 ,~ ,a 

(2.52) 

2.2.3 Transverse Shear Strain Tensor 

According to Eq. (2.30) the transverse shear strain is given 

by 
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2s 3 = [a • ~ + a3 • U ] 
ct ct ,ct 

(2.53) 

From Eq. (2.10) 

(2.54) 

Hence equation 2.53 can be written as 

- - i j xk + ni ui 
2E: 3 - e. 'k ¢ n 

ct lJ ,ct ,ct 
(2.55) 



CHAPTER 3 

THE DISCRETE-KIRCHHOFF CURVED TRIANGULAR 
(D-K-C-T) ELEMENT - A BRIEF REVIEW 

The D-K-C-T element formulation for the case of a general 

anisotropic material are given in detail in reference 80. To give a 

better understanding of the later chapters, a portion of that work is 

reproduced here with particular reference to the isotropic case. 

There are some changes in the notations as well as representation of 

some of the equations from reference 80. 

Figure 2 shows various coordinate systems used for· the element. 

The curvilinear coordinates are denoted by a, s. Figure 2b shows the 

element definition in the a-S parametric plane. The element nodes are 

specified by their a, S coordinates and the element sides are specified 

as straight lines in the a, S parametric plane. This plane triangle 

is mapped onto the curvilinear element in the Euclidean space, as 

shown in Figure 2a, by the parametric equation of the middle surface. 

Figure 2c shows the natural coordinate system (~, n), where the tri

angle in the parametric plane is mapped onto the unit right angled 

triangle. The equation of the middle surface is described by the com

ponents of the position vector, Ro (a, S) as 

The mapping between the a-S and ~-n planes is defined by the relations 

23 
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13: 
on -LINE 
"/ (~:: CONST.) 

t " z ,w 

1,8=CONSLl 

)Y 
Y --IP-I-1E'f ,V 

X,u 

(0) SHELL EI.£MENT IN THE EUCl..!DIAN S?ACZ 

!p 
~{l-LINES ." 

2 (Oz,.8Z) :3(0,0 

I ,.0 t..,N!S .L !310,Z) 

~ 
110,0) 6't,O) Z~I,O) ~ 

Q 
(C) SHE!.!. ELEMENT IN THE 

(b) SHE!.!.. ELEMENT IN THE a-{l NATURAL COORCINAt::S 
F;\RAMETRIC PLANE 

Figure 2. Coordinate systems. 
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(3.2a) 

(3.2b) 

3.1 Interpolation of Displacements and Rotations 

Each of the cartesian components of displacements, u, v or w 

is assumed as a complete cubic polynomial in ~, n coordinates. For 

example, 

(3.3) 

(3.4a) 

where 

(3.4b) 

(3.4c) 

After manipulation and transformation, the variation of u, v or wean 

be obtained in terms of the nodal values at the three corner.nodes and 

the central node as 

u = LNJ {u} (3.5a) 

5 imil arly, 



v = L.NJ {v} 

and 

W = LNJ {w} 

where, 

L NJ is a shape functi on vector 

{u} = LU l u u 1,0. 1,S u2 u u 2,0. 2,S u3 u3,o. u3,s u IT 
g-

{v} = L vl v v 1,0. 1,S v2 v v 2,0. 2,S v3 v3,o. v3,S v JT g 

{w} = LWl wl,o. wl,s w2 w2,o. w2,S w3 w3,o. w3,S wgJ 
T 

26 

(3.5b) 

(3.5c) 

(3.6a) 

(3.6b) 

(3.6c) 

Each of the cartesian components of the rotation vectors Sx' 

Sy' or ~z is assumed as a complete quadratic polynomial in ~-n coordi

nates. For example, 

(3.7) 

Again, after manipulation, Sx' Sy or Sz can be interpolated in terms 

of their nodal values at the three corner and three mid-side nodes. 

(3.8a) 

(3.8b) 

(3.8c) 
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{Sx} = l. SXl 
Sx Sx Sx Sx S j T 

2 3 4 5 x6 
(3.9a) 

{Sy} = 
LSYl S S S S S JT 

y 2 y 3 Y 4 Y 5 Y.6 
(3.9b) 

{Sz} = 
L SZl Sz Sz Sz Sz S JT 

2 3 4 5 z6 
(3.9c) 

and 

L N' J is a shape functi on vector 

3.2 Element Strain Energy 

The total strain energy in a shell can be computed as the sum 

of the strain energies of the finite elements of the shell. The strain 

energy can be expressed as the sum of the energies associated with the 

stretching and bending of the shell and that due to transverse shear 

deformation. In the case of thin shells, the transverse shear strain 

energy is negligible and in order to converge to the thin shell solu

tion, the energy due to transverse shear strain is neglected. The 

strain energy density per unit volume is then given by 

(3.10) 

where 

(3.lla) 

L bsJ (3.llb) 
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The stretching and bending rigidity matrices [A] and [C] are given by 

2 
2 all a12 2 22 (a 11 ) (l_v)(a12 ) + v all a 

E h 2(1-v) all a22 2 a12 a22 
[A] = 2 (1-v 2 ) + 2 ( l+v )( a 1 2) 

2 
Symm. (a 22 ) 

(3.12a) 

where 

E = Young's Modulus 

h = Element thickness 

v = Poisson's ratio 

and aCt.S (Ct. = 1,2; S = 1,2) are the contravariant components of the 

metric tensor 

h2 
[C] = 12 [A] (3.12b) 

1.2.1 Linear Strains 

The linear part of the membrane strain mEo is given by Eq. 

2.24a. After expanding the indices, it can be shown that, 

me: 0 = ~ ~ + ~ ~ + ~ aw 
11 aCt. aCt. aCt. aCt. aCt. aCt. 

m 0 = 1 [~ ~ + 2JL ~ + ~ aw 
e:12 2 aCt. as aCt. as aCt. as 

+~~+~~+~aw] 
as aCt. as aCt. as aCt. 

,( 3. 13a) 

(3.13b) 
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(3.13c) 

b The linear part of the bending strain E, after expanding 

Eq. 2.24b, is given as follows: 

- (c l!! + c ~ + C aw) 
3 aa. 1 aa. 2 ael (3. l4a) 

x = 1 [- (c ~ - c 31) Q - (c ~ _ r E.) Q 12 2 1 as 2 as ~x 2 as -3 as ~y 

- (c3 .£Y -. as 
ax) c1 as Sz - {d E._ , ael d .£Y)s 2 ael x 

- {d ~-2 ael d ~)s -3 aa. y 
{d lY_ 

3 ael d ~)s 1 ael Z 

asx ~ asz asx ~ as z + a, - + a + a 3 --as + b1 -+b +b-as 2 as ael 2 ael 3 ael 

- (c l!! + c ~ + C aw + d l!! + d ~ + d aw) ] ( 3. l4b) 
3 as 1 as 2 as 3 ael 1 aa. 2 ael 

(3. 14c) 

(3. l5a) 
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bl 
az ~ = n2 as - n3 as' b2 = ax 

n3 as- nl 
az 
as' b3 = ~ nl as -

ax 
n2 as 

(3.15b) 

cl = bl ~+ b2 ~ c2 = bl ~+ b2 ~ c3 = bl ~+ b2 ~ 1 act 1 as' 1 act 1 as' 1 act 1 as 
(3. 15c) 

d
3 

= b 1 ~ + b2 ~ 
2 act 2 as 

(3. 15d) 

In the above equations, ni(i = 1, 3) are the components of the surface 

unit. normal vector, and bS (ct,S = 1,2) are the mixed variant components ct 
of the curvature tensor. 

It can be seen that the bending strains are functions of the 

rotations and their derivatives with respect to ct and 13. These rota

tions can be expressed in terms of the displacement degrees-of-freedom 

by solving the equations arising from the following constraints: 

(i) The Discrete-Kirchoff (D-K) Constraints: 

The D-K constraints are imposed at the six nodes of the ele-

ment. The six D-K constraints at the three corner nodes are given by 

(e:. 3).=0 i=1,2 j=1,2,3 
1 J 

The three constraints at the three mid-side nodes are 

(3.16) 

(3.17) 

where ~s3 is the transverse shear strain loJith the curvilinear direc

tion s. 
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(ii) Surface Normal Rotation Constraints (SNRC) 

The SNRC express the condition that the rotations of the shell 

about the surface normal be the same. 

The rotation of the shell about the surface normal can be ex-

pressed in two ways. First, it is expressed in terms of the displace

ment gradients as 

n = _1_ [( x u - xu) + (y v - y v ) 2ra ,f3 ,ex. ,ex. ,f3 ,f3 ,ex. ,ex. ,f3 

+ (z oW - Z w 0)] 
,fJ ,ex. ,ex. ,fJ 

(3.18) 

Secondly, it is expressed in terms of the independent rotations as 

(3.19) 

Thus, the condition that Eq. (3.18) and Eq. (3.19) be the same at the 

six nodes of the element leads to six more equations. 

(iii) Linear Variation of Normal Rotation Constraints (LVNRC) 

The LVNRC impose a linear variation of the normal rotation 

along the element sides. If f3 s denotes the component of the rotation 

vector along the tangent to the curvilinear side of the element, the 

lVNRC are given by 

f3 sk = 1/2 (f3 . + S .) 
Sl SJ 

(3.20 ) 

where k is the mid-side node on the curvilinear side joining the cor

ner nodes i and j. This constraint is imposed at the three 
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mid-side nodes resulting in three more equations that also eliminates 

the three mid-side nodes. 

These eighteen constraint equations (from Eqs. (3.16 - 3.20)) 

are used to eli~inate the rotation degrees-of-freedom in terms of the 

displacement degrees-of-freedom. Thus, the element is reduced to 

three corner nodes and a centroidal node and the nodal degrees-of- o 

freedom are reduced to thirty degrees-of-freedom (twenty-seven dis

placements and their gradients at the three corner nodes and three 

displacements at the centroidal node). 

The linear strains in Eqs. (3.13) and (3.14) can, therefore, 

be expressed in terms of the thirty degrees-of-freedom as 

0 
h: }6xl = { ~;£O } = [m:Bo ~ {U}30xl (3.21) 

where {U}T = L. ul u 1 , Ct ul , (3 u2 u u 2,Ct 2,(3 u3 u 3,Ct u3,(3 ug 

vl v 1 ,Ct vl ,(3 v2 V2,Ct v2,(3 v3 v 3,Ct v3,(3 v 
9 

wl Wl,Ct wl ,(3 w2 W2,Ct w2,(3 w3 W3,CL w3,B wgJ (3.22) 

The coefficients of [mBo] and ebB] cannot be expressed explicitly and 

are computed inside the program. 

3.3 Linear Element Stiffness 

The total potential energy of an element is given by 

(3.23) 
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where V(e) is the potential of the applied loads. 

(3.24) 

where Rl , R2 and R3 are the components of the external loads along 

the cartesian directions X, Y and Z respectively. The element strain 

energy is given from Eq. (3.10) as 

U(e) = 1/2 J L.EJ [0] {d ra da dS (3.25) 

where 

(3.26) 

and 

[*
A] OJ 

[0] = ° [c] 
(3.27) 

Taking the stationary value of IT in Eq. (3.23) leads to the 

element stiffness matrix and the consistent nodal loads. Thus, 

(3.28) 

R~j) = aV(e) =fR.(U.). rada ds 
1 aU i J J 1 

(3.29) 

The integrations are carried out by a numerical integration 

scheme of Cowper81. 
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lJ 

1 1 
= ~ ~ LE:iJ [D] {E: j } ra IJI dE; dn 

o 0 

1 1 
~ ~ Rj (U) i fa I J I ds dn 
o 0 

where IJI is the Jacobian determinant and is given by 
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(3.30a) 

(3.30b) 

(3.31) 

It is apparent that the element stiffness matrix and the con

sistent nodal loads are started with respect to the global cartesian 

system. As the element variables are more relevant in the local curvi

linear system (a, S), and also to facilitate the application of sym

metric and support conditions, it is desirable to transform the element 

stiffness matrix [ko] and the consistent nodal load vector {R} to the 

a, S curvilinear system. 

If_ [T] is a transformation matrix relating the two systems, 

then 

(3.32) 

and 

{R} = [T] T {R} 
CI. 

(3.33) 

where the subscript CI. denotes the curvilinear frame with respect to 

the nodal degrees-of-freedom {U} 
a 
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{U}~ = L.u, u, ,ct U, ,(3 v, v, ,ct v, ,(3 

- -
w, w, ,ct w, ,(3 u2 U2,ct u2,(3 

- -
V2 V2 ,ct v2,(3 w2 W2,ct w2,(3 

- -
u3 U3 ,ct u3,(3 v3 V3,ct v3,(3 

W3 W3 w3QuvwJ 
,ct ,I-' 9 9 9 

(3.34) 

where, for example, u, is the displacement at node' in the direction 

of I). 

.. 

(3.35) 



in which, for example, Rl(ul ) is the consistent nodal load at node 

corresponding to the tangential displacement ul . 
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CHAPTER 4 

NONLINEAR FORMULATION 

The finite element formulation of nonlinear problems consists 

of kinematic formulation of the problem using the principles of con

tinuum mechanics, identification of the constitutive relations and 

discretization of the equations using finite element procedures. 

4.1 Continuum Mechanics Formulation 

The continuum mechanics formulation of nonlinear problems is 

in general done by two approaches; (i) Lagrangian (material) and (ii) 

Eulerian (spatial). The difference between these two approaches is 

that in the former attention is focused on the material itself as it 

moves, while in the latter attention is focused on what happens at a 

specific spatial location. Eulerian formulations are used almost 

exclusively in fluid flow analysis, while Lagrangian descriptions are 

widely employed in solid mechanics problems. 82 The application of 

the Lagrangian approach to the solid mechanics problems is due to the 

fact that the boundaries of the body change during the history of 

motion and it is natural to use the description that follows the mater

ial of the body. 

4.1.1 Incremental Equations of Motion 

Consider the motion of a body in a cartesian coordinate sys

tem as shown in Figure 3. The equilibrium positions of the body at 
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Ox tx t+6tx 
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AT TIME t 

CONFIGURATION 
AT TIME 0 
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CONFIGURATION 
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Ox tx t+Atx 
l' l' 1 

Figure 3. Motion of body in cartesian coordinate system. 
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various time increments llt are to be evaluated. The equilibriun path 

at time t + ~t requires the solution of all kinematic and static 

variables from the initial time 0 up to time t. 

Let 

0 = coordinates of a material point at time 0 x. 
1 

t x. 
1 

= coordinates of the material point at time t 

t+~tx. 
1 

= coordinates of the material point at time t + ~t 
t displacement of the material point at time t u. = 

1 
t+~t = displacement of the material point at time t + ~t u. 

T 

Then, 

(4.la) 

(4.lb) 

The unknown increments in the displacements from time t to t + ~t are 

t+~t t 
~u. = u. - u. 

1 1 1 
(i = 1,2,3) (4.2) 

During the motion of the body, its area, volume, mass density, 

stresses and strains are changing continuously. 

Let dA and dV denote elemental area and volume of the body and 

A and V total area and volume of the body. Again, the superscripts 0, 

t and t + ~t refer to these quantities at times 0, t and t + ~t respec-

tively. 



Let 

t + ~tf = body force per unit mass at time t + ~t but 
t k 

measured in configuration t 
t + ~t 

qk = 
t 

surface traction at time t + ~t but measured in 

configuration t 
t + ~t Tij= Cauchy stress tensor at time t + ~t 
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Assuming solutions have been obtained at all discrete times 0 

to t with increments ~t, the virtual work equation at time t + ~t can 

be written as 

where 

ae ij = variation of Almansi strain tensor 

aUk = variation in current displacement component 

t+~tp = mass density at time t + ~t 

(4.3) 

Eq. (4.3) cannot be solved directly since the configuration at 

time t + ~t is not known. A solution can be obtained by referring to 

anyone of the previously calculated equilibrium configurations. The 

choice is essentially either the initial configuration (time = 0) or 

the configuration at time t. The former is known as the Total 
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Lagrangian (T.L) and the latter the Updated Lagrangian (U.L). De-

tails of the principles involved in the T.L and U.L formulations can 

be found in several textbooks and a few of them are given in refer-

ences 83-86. Only the T.L formulation, which has been adopted in the 

present work, is described below. 87 

4.2 Total Lagrangian (T.t) Formulation 

In this formulation, all variables are referred to the initial 

configuration. The applied traction and the body forces with respect 

to the initial configuration can be evaluated using 

(4.4a) 

k = 1,2,3 (4.4b) 

The Cauchy stress tensor Tij at time t + ~t can be related to 

the second Piola-Kirchoff (2nd. P-K) stress tensor Sij at time t + ~t 

but measured at time 0, by the principle of work conjugacy 

where 

t+~t 
T· • 
lJ 

t+~t 

t+~t 

8e .. 
lJ 

t+~t 

dV = 
t+~t 

S .. o lJ 

t+~t o 
8 E.. dV o lJ 

8 E .. = variation of the Green-Lagrange strain tensor at 
. 0 lJ 

time t + ~t but measured in configuration 0 

(4.5) 
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Substituting Eqs. (4.4) and (4.5) into Eq. (4.3), the equilib-

rium equation for the body at time t + ~t, but referred to the con-

figuration at time 0, is obtained as 

Jt+~t t+~t 0 Jt+~t 0 I t+~t 
SiJ' a Ei · dV = qk aUk dA + oP f l'u OdV = t+~tR 

o 0 J 00 ° 0 k U k o A V 
V (4. 6) 

Since the stresses t+~tS .. and strains t+~tE .. are unknown at 
o lJ 0 lJ 

time t + ~t, the following incremental decompositions are used. 

t+~t S .. t + S .. = oSij o lJ o lJ (4.7a) 

t+~t E .. t + E .• E •. o 1 J o 1 J o 1 J (4.7b) 

The incremental second P-K stresses S .. and the incremental o 1 J 

Green-Lagrange strains oEij are related by the constitutive relation 

S .. = C" k Ek o lJ 0 lJ Q, 0 Q, 

Eq. (4.6) can now be written as 

(4.8) 

(4.9) 

Eq. (4.9) represents a nonlinear equation for the displacement 

ui . The nonlinear equation of equilibrium will be discretized using 

the standard finite element procedures into a set of incremental 
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equations and solved iteratively, until the equilibrium configuration 

is achi eved. 

4.3 Finite Element Discretization 

A material particle p in the initial undeformed configuration 

(time = 0) is identified by the Lagrangian coordinates as 

(4.10) 

The same particle in the deformed configuration is identified 

by the Eulerian coordinates as 

If'~he displacements {u} of the particle can be given as 

functions of {X} or {x} 

u u(x) u(~) 

v = v(x) = v(X) 

w w(x) w(X) 

then the final coordinates of the particle are given by 

{x} = {X} + {u} 

(4.11) 

(4.12) 

(4.13) 

Considering a single element, the cartesian component of the 

displacements within the element are given as a function of the nodal 

displacements, as in Eq. (3.5) 
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U LNJ LoJ LoJ U -
v = LoJ LNJ LoJ v (4.14) 

w LOJ LOJ L.NJ w -
or 

{u} = [N] {U} (4.15) 
3xl 3x30 30xl 

where 

[N] = [N (~)] (4.16a) 

and 

T T 
{U} = Lu v w I = Lul···u vl···v wl···w I - - -- g g g- C4.16b) 

The variation in the displacements {du} are given by 

{du} = [N] {dU} (4. 17) 

Let {E} represent the Green-Lagrange strain vector 

(4.18) 

where 

{EO} = linear part of the strain 

and 

{EL} = nonlinear part of the strain. 

From Eq. (3.21), the linear part of the strains can be expressed as, 



= [B] {U} 
°6x30 30xl 

The nonlinear part of the Green-Lagrange strains {EL} is 

given in Eq. (2.24c). Expanding the indices, 

L 1 [ 2 2 + w2 ] 
E22 = 2 u,s + v,s ,s 

L 0 0 0 r u Ell u v w 
,Ct. ,Ct. ,Ct. 

L 1 1 1 Iu Iv Iw 
v 

E12 
= } 

2 u,s 2 v,s 2 w,S 2 ,Ct. 2 ,Ct. 2 ,Ct. w 
L 

E22 0 0 0 u,S v ,S w ,S u 

------------------ -----------------
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(4.19) 

(4.20a) 

(4.20b) 

(4.20c) 

,Ct. 

,Ct. 

,Ct. 

,S 

v,s 

0 0 0 w,s 

{EL} = 1/2 [A
0

] {0} (4.22) 
6xl 6x6 6xl 

where [A
0

] and {0} are the displacement gradient matrix and vector 

respectively. 

The displacement gradient vector {0} can be expressed as 



u LN J L 0 J ,a ,a 
V L 0 J LN,aJ ,a 
w LoJ L 0 J ,a = 
u,s LN,sJ LoJ 

v,S L 0 J LN ,sJ 
w,s L 0 J LOJ 

or 
{e} = [G] {U} 
6x1 6x30 30x1 

Substituti ng Eq. (4.24) into Eq. (4.22) 

{EL} = t [Ae][G] {U} 

= t [BL] {U} 

Eq. (4.18) can now be written as 

L 0 J 
L 0 J 

LN,aJ 
{U} 

L 0 J 
L 0 J 

LN ,s-~ 

The variation in the Green-Lagrange strain is given by 

o L {dE} = {dE} + {dE} 

where 

from Eq. (4.22), 
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(4.23) 

(4.24) 

(4.25a) . 

(4.25b) 

(4.26) 

(4.27) 

(4.28) 



where 

{d8 l } = 1 [A ] {de} + 1 [dA ] {e} 
6xl 2 e 2 e 

= [B
l 
(~)] {dU} 

6x30 30xl 

[Bl(~)] = [Ae] [G] 
6x30 6x6 6x30 

Eq. (4.27), therefore, becomes 

where 
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(4.29) 

(4.30 ) 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

The second P-K stresses {cr} are considered as linear functions 

of the Green-lagrange strains {8} through the constitutive relation 

{cr} = [D] {d 
6xl 6x6 6xl 

and the variation of {cr} ;s given by 

{dcr} = [D] {dd 
6xl 6x6 6xl 

(4.36a) 

(4.36b) 



48 

The Total Lagrangian virtual work equation (4.6) can now be 

approximated by the finite element discretiz:ation by substituting 

Eqs. (4.15) to (4.36). Replacing d with 0, 

+ o{U}T J [N]T {q} dOA (4.37) 

°A 

Since the virtual nodal displacements o{U} are arbitrary, the element 

nonlinear equilibrium equations can be written as 

(4.38) 

where 

(4.39) 

Eq. (4.39) represents a vector of consistent nodal forces due to body 

and traction forces and may also include other load terms that may be 

present on the body. It should be noted that the forces are assumed 

to be conservative. 

The nonlinear equilibrium equation in (4.38) for an element or 

in the assembled form can be written as 

{~(~)} = J [8]T {a} dOV - {R} = {OJ 

°v 
(4.40) 
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4.4 Solution of Nonlinear Equilibrium Equations 

The nonlinear equations (4.40) can be solved by the well-known 

Newton-Raphson (N-R) method, involving a series of solutions to the 

linear incremental equilibrium equations. 

If an initial estimate {U}i for the total displacements is 

made, then {~(U)i} ~ 0, which means that there will be some residual 

nodal forces. An improved value of {U}i+l can be obtained by expanding 

{~} in Taylor's series up to linear term and equating it to zero. 

(4.41) 

(4.42) 

where 

[KTJ tangent stiffness matrix 

= [~J _ a{U} 
(4.42a) 

Eq. (4.42) represents the linear incremental equilibrium equations 

which gives the linearized approximation to the relation between the 

residual forces {~} and the incremental displacements {~U} on the 

equilibrium path. The improved solution is then found as 

(4.43) 

The solution process is repeated until the equilibrium equation 

(4.40) is nearly satisfied. 



4.5 The Tangent Stiffness Matrix 

From Eq. (4.40) 

From Eq. (4.34) and (4.36), 

J [B]T {da} dOV = J [B]T [0] [B] dOV {dU} 
°v °v 

Us i ng Eqs. (4. 33) and (4. 35) 

The generalized second P-K stress resultants are 
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(4.44 ) 

(4.45) 

(4.46) 

(4.47) 

where Na Nas and NS are the membrane forces and Ma Mas and Ms are the 

bending moments. 

It can be shown that 

(4.48) 

= [S] [G] {dU} (4.49 ) 

where the second P-K stress matrix [S] is given by 
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N
a

[1
3

] Nas [1
3

] 

[S] = (4.50) 
6x6 

6x6 

where [1 3] is a unit matrix of order 3. 

The incremental equilibrium equations can be written as 

{d~} = J [B]T [0] [B] dOV + J [G]T [S] [G] °dV {dU} (4.51) 
0v °v 

(4.52) 

where the tangent stiffness matri x [KT] can be expressed a"s 

[KT] = [Ko] + [KL] + [KLL ] + [Kcr J (4.53) 

I"here 

[Ko] = J [B JT [0] [Bo] dOV (4.54a) 
° ° V 

[KL] = J [Bo]T [0] [BL] dOV + J [BL]T [0] [Bo] dOV (4.54b) 
0v 0v 

[KLLJ = J [BLJT [D) [BL] dOV (4.54c) 
°v 

and 

[K J = J [GJT [S] [G] dOV (4.54d) 
cr ° V 



[Ko] = initial stiffness or linear stiffness matrix 

[KL] = first order initial displacement matrix 

[KLLJ = second order initial displacement matrix 

[K] = initial stress matrix 
cr 
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Once again, [KTJ and [d~J can be transformed with respect to 

the nodal degrees-of-freedom of the curvilinear system giving 

{d~} CI. 
= [K

T
] {dU} 

CI. CI. 
(4.55) 

30xl 30x30 30xl 

where 

(4.56) 

and 

(4.57) 

and 

dU3 •••.• dW3 Q du dVg dw JT 
'f-' 9 9 30xl 

(4.58) 

The centroidal degrees-of-freedom will be eliminated by static 

condensation so that 

{d~}CI. = [~T]CI. {dU}CI. (4.59) 
27xl 27x27 27xl 

where 



{d1jJ\:L = Ld1jJ1Cul ) d1jJl,a Cul) d1jJl,SCul ) 
27xl 
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d1jJ2,S(W2) (4.60) 

- IT d1jJ3,S (w3)_ 

where, for example, d1jJl(u;) denotes the residual load at node 1 cor

responding to the curvilinear ul degree-of-freedom. 

{dU} Ct = L dUl dul,Ct du"s dVl dvl,Ct dvl,s dW, dWl,Ct dwl,s 
27xl 

dU2 ..••.••.••....•..••.••.•..•••......•. dw2,s 

dU
3 

......•.•............................ dW3 ,sJ T 

The subscript Ct denotes the curvilinear reference frame. 

(4.61) 



CHAPTER 5 

NONLINEAR SOLUTION TECHNIQUES 

The solution of equilibrium equations, in the case of linear 

prob 1 ems., can be accompli shed wi thout di ffi cul ty ina di rect manner. 

However, in the case of nonlinear situations, more sophisticated 

solution strategies have to be employed. In fact, solution of the 

discretized system of equations represents the most expensive and 

troublesome computational step in any nonlinear finite element analysis. 

One of the difficulties that may be encountered in a nonlinear analy

sis is that numerical instabilities can occur if the chosen solution 

algorithm is not suitable for the type of problem under consideration. 

Since the solution of the nonlinear equations has to be 

achieved in an incremental form, a reasonable number of increments must 

be used. This is also required to trace the nonlinear load-displace

ment path. The choice of the load step is, therefore, important. The 

solution of nonlinear equations is achieved using the standard Newton

Raphson (N-R) techniques. In employing a full N-R technique, one faces 

a dilemma, i.e., whether to use smaller load steps and hence more load 

increments and fewer iterations, or to use larger load steps and hence 

fewer load increments and more iterations. In either case, the compu

tational cost will be high as the tangent stiffness of an element has 

to be computed and a new set of equations has to be solved each time. 

There are alternative methods, like the modified N-R methods, that 

54 
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prove to be economical and efficient. These methods will be described 

below for a one degree-of-freedom case for simplicity. 

5.1 The Standard Newton-Raphson Method 

Most of the incremental nonlinear solution procedures are 

combined with equilibrium iterations in order to dissipate the out of 

balance (residual) forces {w}. The first step is to calculate an 

initial estimate of displacements {U}. The additional corrective dis

placements {~U} are obtained by equilibrium iterations. It is impor-

tant that, within each increment, the constitutive equations and 

equilibrium are satisfied. 

Let n = number of load increments and i = numbe~ of iterations 

within each load increment. The total load {R} is applied to the struc-

ture in iRcrements such that, 

where An is the load factor for 1 to n number of increments. 

(a) 

(b) 

The algorithm is explained in the following steps: 

The initial tangent stiffness [KnJ is computed 
To 

The initial estimate of displacements is then computed 

(5. 1) 

(5.2) 

(5.3) 
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Start iteration 

Update 

(c) (5.4) 

(d) (5.5) 

(e) (5.6) 

The out of balance force is computed from 

(f) (5.7) 

The improved approximation to the displacements are 

(g) (5.8) 

Steps (c) to (g) are repeated until 

(5.9) 

The next load increment is then applied and steps (a) to (g) 

are repeated. This process of updating the tangent stiffness at each 

load increment and iteration and solving the equations is the well-

known standard or full N-R method, which is shown in Figure 4a. 



s:: 
+J 
s:: 
QJ 
S 
QJ 
)..! 
() 
s:: 
H 

LOAD 

Displacement 

(a) 

LOAD 

Displacement 

n 
~T2 

s:: 
+J 
s:: 
QJ 
S 
QJ 
)..! 
() 
s:: 
H 

LOAD 

Displacement 

(b) 

LOAD 

n-l U. 
-~ 

Displacement 

Figure 4. Newton-Raphson methods (one degree-of-freedom). 
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5.2 Modified Newton-Raphson Methods 

It is evident that in the case of a full N-R method, the tan

gent stiffness matrix [KT] is to be updated in each load increment 

and iteration and a completely new set of equations has to be solved. 

This process can be highly expensive, particularly if relatively small 

load increments have to be used. To overcome this difficulty, some 

modifications of the full N-R algorithm is made by updating the stiff

ness matrix only when desired. For example, [KT] can be updated only 

at each load increment and is kept constant for all iterations within 

the load increment. 

If Eq. (5.8) for full N-R is written as 

{lIU}~ = 
-1 

{1jJ}~ _ [K n] 
T. 1 

1 

(5.10) 

the modi fi ed algorithm wi 11 be 

{lIU}~ 
-1 n = _ [K n] {1jJ} . i > 0 

To 1 
(5.11) 

This modified algorithm is designated as KTl method and is 

shown in Figure 4b. The tangent stiffness can also be updated at the 

beginning of the first iteration and kept constant for other itera

tions within the load increment. Thus, the algorithm for a load 

increment n can be written as 

i > 1 (5.12) 

This algorithm is designated as KT2 and is shown in Figure 4c. 



In another algorithm, the initial linear elastic stiffness 

matrix [KT
1], which is designated as [Ko]' is maintained during the 
o 

entire analysis, as shown in Figure 4d. This algorithm is known as 

the IIInitial Stress ll method and was first advocated by Zienkiewicz 

et al. 88 for the solution of elasto-plastic problems. Though the 

initial stress method renders a practical solution to problems of 

elastic unloading and ill-conditioning, the convergence rate is ex

tremely slow, particularly for highly nonlinear problems. 
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In the modified N-R methods described above, convergence is 

slower and large numbers of iterations may be required. It is, there

fore, desirable to employ these techniques in conjunction with accel

eration schemes. 89 

5.3 A Brief Review of Other Techniques 

The methods described above give solutions only when the load-

displacement path is monotonic. However, shells experience snap-

through, or bifurcation buckling, when the applied load reaches a 

critical value. Under such situations, the N-R methods fail to give 

satisfactory solutions because of the singularity at the limit point 

or the existence of multiple stable equilibrium paths for a single 

value of the load. To trace the post limit response, the load param-

eter was incremented up to the limit point and thereafter a character

istic displacement was incremented and solved for the load param

eter. 90 - 92 Sharifi and Popov introduced a fictitious spring at the 

limit point to overcome the singularity problem. 93 
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The method of incrementing the displacement is described be-

low: 34 

Figure 5a shows the snap through behavior of an arch or a 

shell. The N-R techniques can be employed to get solutions in the 

regions of a A Band C D E by incrementing the load parameter. To get 

a solution in the domain B C, the disp1~cement component Uk of the 

vector {U} is chosen. The load parameter A is now unknown. Between 

Band C, there corresponds only one value of A{R} for a given Uk' VIe 

can write 

(5.13) 

Moving 6A to the left-hand side in the vector of unknowns and imposing 

K ° 0 0 0 0 0 0 0 0 ° KT l 6U1 T" n1 
60k_1 

-R 6A = {tjJ} (5.14) 

6~k+ 1 
K

O 

° 0 0 0 0 0 0 0 0 ° K
O 

60n Tn1 Tnn 

Replacing column k of [KTJ by {R} destroys its symmetry and 

changes its band width. To avoid such an inconvenience, Eq. (5.13) 

can be solved twice with different load vectors but using the same 



R = :\R 
-0 

I 
~--------

I I 
I I 

~l t:J 
-3 

E 

u 

Figure 5a. Displacement increment method. 

LOAD 

A 

Displacement 

Figure 5b. Difficulties encountered in some geometrically 
non-linear problems when load or displacement 
incrementation is used. 
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[KTJ {~U}R = {R} 

[KTJ {~U}~ = {~} 

The solution ot: Eq. (5.13) is then 

The unknown ~A is solved as 

The algorithm may be written as 

(i) Choice of load increment j 

(i i ) Modi fy component k of Uj 

(iii) Start iteration i 

(iv) Compute residual {~} 

(v) Compute [KTJ 

(vi) Solve [KTJ {~U}~ = {~} 

(vi i) 

[KT] {~U}R = {R} 

~U~ 
Compute ~A = __ k 

~UR 
k 

Ai + 1 = A.. + !J.A. 
1 1 
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(5.15) 

(5.16) 

(5.17) 

(5.18) 

(5.19) 



(vi i i ) 

(i x) 

Check for convergence 

Go to Step (i) if converged and step (iii) if not. 
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While it is not only difficult to decide the critical dis

placement component to be incremented, the algorithm fails to predict 

the response completely as in the case of snap back behavior. Figure 

5b highlights some of the difficulties encountered in a post buckling 

analysis under such a situation. If the loads are incremented, at a 

point A the solution jumps suddenly to AI thereby missing a large 

portion of the equilibrium path. On the other hand, if the displace

ments are incremented, at a point B the solution jumps to point BI. 

These difficulties led to the development of more sophisti

cated solution algorithms for post buCkling analysis of shells invol

ving snap through or snap back behavior. The earliest solution 

technique to deal with such problems was developed by Riks 94 and is 

known as the "Normal Plane" method. The basic idea is to modify the 

load level at each iteration, rather than holding the applied load 

level constant, so that the solution follows some specified path until 

convergence is reached. This path may lie in a plane normal to the 

tangent at the beginning of the load step (Figure 6a). Ramm95 has 

presented a modified Rickls method by updating the normal plane in each 

iteration rather than iterating on a constant normal plane (Figure 6b). 

Crisfield96 ,97 modified this technique by making the path normal to an 

arc instead of a plane (Figure 6c). This more popular technique is 

called "Arc-Length" method. Bergan98 ,99 introduced a current stiffness 

parameter for varying the load level during an iteration to minimize 
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" 

(a) Normal plane method 

Displacement .. 

(b) Updated normal 
plane method 

Displacement - ....... ...... ..... 

(c) Spherical path method 

Displacemen~ 

Figure 6. Arc length methods. 

'. 
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the residual force. An excellent presentation of numerous solution 

algorithms for nonlinear problems has been given by Rahman.IOO De

tailed investigation of these techniques and efficient solution algo

rithms based on Crisfield's "Arc-Length" methods have been presented 

in a recent study by Kolar. lOI 

5.4 Convergence Criteria 

A critical problem associated with iterative solution scheme 

is the selection of a suitable criterion for determining when to stop 

iterations, so that equilibrium is nearly achieved. In an incremental

iterative solution strategy, the solution obtained at the end of each 

iteration is checked to see whether it has converged within an accep

table tolerance. 'If the convergence tolerance is too loose, inaccurate 

results are obtained, and if it is too tight, much effort is spent for 

needless accuracy. The convergence tolerance must, therefore, be 

realistic. The converge~ce tolerance, used for nonlinear structural 

analysis, is usually based on (i) displacements, (ii) out of balance 

(residual) forces, and (iii) internal energy. 

5.4.1 Displacement Criterion 

The iterative displacements {U}i at iteration i are used to 

monitor convergence of nonlinear solution. Although several possible 

criteria can be used, directional or total norm of the displacements 

is usually used. 

Directional Norm. The directional norm can be specified as 
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II {flU}~ II 
--.,-:-- x 100 ..::. CT. 
II {U}111 J 

(5.20) 

where II{flU}~1I = Euclidean norm of inq-emental displacement for the jth 

degree-of-freedom at the end of an i terati on i, II {flU}~ II = Norm of total 

displacement for the jth degree-of-freedom at the end of ith iteration, 

CT. = Percentage value of the allowable convergence for jth degree-of-
J 

freedom. 

Total Norm. Unlike the directional norm where convergence is 

checked for each degree-of-freedom, which can be expensive, Total Norm 

is used for all degrees-of-freedom. This is stated as 

II {flU} i II 
11 {U}i II x 100 ..::. CT (5.21 ) 

where the norm is evaluated for all degrees-of-freedom. 

5.4.2 Residual Force Criterion 

If the residual forces in the structure are nearly equal to 

zero, then equilibrium is nearly achieved. Hence residual forces can 

be taken as a measure of checking convergence. Here again, the two 

commonly used criteria are 

Directional Norm. This can be stated as 

II {1jJ}~ II 
= 

II {R}~ II 
(5.22) 
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where {w}~ = residual forces for the jth degree-of-freedom at the end 
1 

of the ith iteration, {R}~ = applied forces for the Jth degree-of-
1 

freedom at the end of the ith iteration. 

This criterion is used for each degree-of-freedom to check for 

convergence. 

Total Norm. This can be stated as 

(5.23) 

where the norms are evaluated for all degrees-of-freedom. 

5.4.3 Energy Convergence Criterion 

In order to provide some indication of when both the displace

ments and forces are near their equilibrium value, Bathe and Cimento 1d2 

introduced the use of energy convergence criterion. In this criterion, 

the amount of work done at iteration i by the out of balance forces on 

the iterative displacements can be compared with the initial value. 

Thus, convergence is deemed to have been reached when, 

(5.24) 

Again, the choice and relative merits of various convergence criteria 

are discussed in detail in reference 100. 

In the present work, options to choose both the displacement 

criterion and residual force criterion have been provided in the com-

puter program, described in the next section. 
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5.5 Computer Program 

A computer program GNATS It/as developed for iieometri ca lly 

Honlinear Analysis of Ihin ~hells using DKCT elements. Some of the sub

routines developed for the linear analysis 80 have been used in devel-

oping this computer program. The program consists of one main routine 

and nineteen subroutines, with a total of approximately 2700 lines. 

The program has been implemented on the CDC CYBER 175 system, a 60-bit 

word machine, using the FORTRAN V language. The program requires eight 

temporary tape/disc drives for writing and reading some of the inter

mediate values and approximately 110 blocks of storage on the DEC-10 

machine. 

5.5.1 Capabilities and Limitation of the Program 

(a) 

(b) 

(c) 

(d) 

GNATS has the following capabilities and limitations: 

Element 

Geometry of Shell 

Boundary Conditions 

Loading 

: DKCT elements only 

Arbi trary 

(i) Curvil"inear displacements 

(ii) Cartesian displacements 

(i ) Pressure loads 

(ii) Gravity loads 

(iii) Point loads 



(e) 

( f) 

(g) 

(h) 

(J) 

Numerical Integration 

Tangent Stiffness 

Solution of Equations 

Nonlinear Solution 

Algorithm 
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(i) 7-point integration 

(ii) l3-point integration 

(i) With respect to curvilinear 

frame 

(ii) With respect to cartesian 

frame 

(i) Band solution 

(ii) Frontal solution 

: ~ i) KTl method 

(ii) KT2 method 

(iii) KT method 

(Can trace load-displacement response up to limit point only) 

Output Option (i) Displacements at nodes 

(ii) Stresses at Gauss points 

(iii) Reaction at nodes 
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5.5.2 Program Structure 

As mentioned earlier, the program consists of one main routine 

and nineteen subroutines, some of which will be described below 

briefly. 

(1) Main Program: This is a Master routine that reads all control 

variables, pre- and re-sets disc/tape units and initializes 

variables. It calls subroutines such as GDATA, STIFM, CONDEN, 

SOLVE, BSUB, TRAND, STRESS, CONVG and OUTPUT. It has one 

outer loop for load increments and one inner loop for itera

tions. It controls the formation of the tangent stiffness 

according to the algorithm desired and also the iteration loop 

by operating on the convergence requirements. 

(2) GDATA: This subroutine reads geometric, material and boudnary 

data. It also reads the load data. 

(3) STIFM: This is a large subroutine that computes the element 

tangent stiffness matrix and element consistent nodal loads 

(once only). This subroutine calls other subroutines such as 

SHAPE, GEMTRY, TCUBIC, BTADER, STRAIN and TRANS, the functions 

of which have already been explained in reference 80. This 

subroutine calculates separately the linear part of the element 

tangent stiffness matrix (once only) and the nonlinear part in 

global cartesian directions. The element tangent stiffness 

matrix and the element nodal load vector are then transformed 

into the curvilinear directions using the subroutine TRANS. 
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This subroutine uses tape 9 to read nonlinear part of the B 

matrix, tape 8 to write the transformation and linear part of 

the B matrices, tape 11 to write the element tangent stiffness 

matrix in curvilinear directions and tape 12 to write the 

transformed element nodal loads. 

(4) CONDEN: This subroutine reads from tape 11 the element tan

gent stiffness matrix and tape 12 or tape 1 to read element 

nodal loads or residual nodal loads as the case may be and 

condenses them with respect to the central node. The coef

ficients that are condensed are written on tape 2 before con

densation for later recovery of central nodal displacements. 

The condensed element nodal loads are then assembled to form 

a total structure nodal load vector. The condensed element 

tangent stiffness matrix is written on tape 3. 

(5) SOLVE: Thi s routi ne assemb 1 es and performs Gauss i an eli mi

nation of the equilibrium equations including the right hand 

side load vector in ascending nodal order, inserting boundary 

conditions where necessary. This uses tape 3 to read element 

stiffness and stores the eliminated equations on tape 4 for 

later use in the resolution and back-substitution stages. 

(6) BSUB: This accesses the eliminated equations in reverse order 

and carries out a back-substitution to find incremental dis

placements and reactions. 
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(7) TRAND: This subroutine transforms the incremental displace

.ments in the curvilinear directions obtained from BSUB into 

global cartesian directions. It also recovers incremental 

displacements at the central node using the coefficients read 

from tape 2. 

(8) STRESS: In this subroutine, the incremental displacements are 

added to obtain total displacements. It computes incremental 

and total stresses and residual nodal forces and transforms 

the residual nodal forces in local curvilinear components. 

This subroutine uses tape 8 to read linear part of B matrix 

and transformation matrix, tape 9 to write nonlinear part of 

B matrix and tape 1 to write the transformed residual nodal 

load vector. 

(9) CONVG: This subroutine calculates Euclidean norms of (a) re

sidual load vector, (b) applied load vector, (c) incremental 

displacement vector, and (d) total displacement vector and 

computes ratios of total and directional norms as explained 

in 5.4 and checks against the input tolerance limit for con

vergence according to the option desired. 

(10) OUTPUT: This subroutine has the opt~ons to output (a) incre

mental and total nodal displacements, (b) incremental and 

total stresses at Gauss points and (c) total nodal reactions. 



(11) FRONT: This subroutine is the well known Frontal solution 

technique due to Irons 103 and is taken from reference 35. 
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It assembles the element stiffness matrix and element load 

vector and solves for the incremental nodal displacements and 

reactions. 

A flow chart explaining the program structure is shown in 

Fi gure 7. 

The program has several data check statements to avoid costly 

runs with data errors. The program has been tested with several numer

ical examples. The results and discussion of the numerical examples 

are reported in the next chapter .. 



8 
Read geometrical, material, boundary 

and load data 

Loop on load increments, INC=l ,NINC 

Call STIFM 
and form [KT] and {R} (once only) 

j Call BSUB j 

I 
Loop on iterations, IT=l ,NIT 

I Ca 11 STRESS 
; and form {,~, ; 

1 Ca 11 CONVG 

Figure 7. Flow chart for GNATS. 
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Yes? 

=l? =2? =l? 

=3? 

t--t---'lI----f End loop on i terati ons 

1---_--1 End loop on load increments 

Figure 7. Flow chart for GNATS. 



CHAPTER 6 

EXAMPLES, RESULTS AND DISCUSSION 

To assess the validity of the Geometrically Nonlinear (GNL) 

formulation of the DKCT element, several numerical examples were car

ried out and the results are discussed in this chapter. First, the 

examples relate to the linear buckling cases. Here, the examples in

clude (i) columns, (ii) plates, (iii) ring, (iv) arches, and (v) 

shells. Second, examples of GNL analysis are presented. The examples 

include (i) plates, (ii) shallow arch and (iii) arbitrary shells. The 

results are compared with the available classical or numerical solu

tions. In the case of GNL analyses, the results are compared only up 

to the limit point. An attempt is also made to compare the economical 

aspect of the DKCT element with other elements. In a few examples of 

the linear analysis 80 the DKCT element was found to be more econom

ical than the compared elements. Hence it is felt to compare the 

economical aspect of this element in the case of GNL analysis. Al

though it is very difficult to compare the economy in a strict sense, 

a rough comparison is made based on the total number of degrees-of

freedom. For this purpose, in the GNL analysis examples, the total 

number of degrees-of-freedom employed in the present work, as well as 

by others (wherever possible) is presented in the appropriate figures. 
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In the figures, where the comparison refers to the same 

example and authors, this presentation is made only once to avoid 

repetition. While a discussion on the other aspects of the solutions 

is presented in each example, the discussion on this economical as

pect is presented at the end of this chapter. 

The load-displacement paths were plotted on a CALCOMP 

plotter at the computer center of the University of Arizona. As 

mentioned earlier, computations were carried out in single precision 

on the CDC CYBER-175 computer, a 60 bit word machine. Discretiza

tion of the structure is done by m x n divisions in a and sdirections 

with 2 mn number of elements. Unless and otherwise specified, the 

following techniques were adopted for the analyses. 

(i ) 

(i i) 

(i i i ) 

(i v) 

(v) 

used. 

Numerical integration l3-point integration 

Nonlinear algorithm KT2 solution algorithm 

Solution cf equations Band solution 

Convergence criterion Displacement criterion 

Convergence tolerance 0.0% 

For the examples in this chapter, the following notations are 

E = Young's modulus 

v = Poisson's ratio 

h = Thickness of the structure 

R = Radius of the structure 

L = Length of the structure 



78 

b = Width of the structure 

N, q = Uniformly distributed load 

p = Point load 

A = Load factor 

FEM = Finite Element Method of solution 

psi = Pounds per square inch 

6.1 Linear Buckling Examples 

Linear instability analysis is an approach to the calculation 

of the intensity of the applied load for buckling of an elastic struc

ture, where the effect of prebuckling deformations are neglected. 

Although the physical conditions associated with the collapse of 

structures involve the 'nonlinear aspects of instability as well as 

inelastic deformations, a linear instability analysis accurately de

scribes the circumstances of failure that are important in design. 

Linear elastic instability theory therefore furnishes a basis for a 

large share of practical design formulations. Even where nonlinear 

phenomena must be taken into account to define accurately the magni

tude of load to cause failure, the form of the solution is adequately 

given by linear instability analysis. 31 

When the effects of prebuckling deformations are neglected, 

the condition for stable equilibrium can be written as 

(6.1) 



where A is the intensity of the applied load or the load factor. 

This is a standard eigenvalue problem, the solution of 

which gives the eigenvalues A and the associated eigenvectors {U}. 

Here the eigenvalues represent the buckling loads and the eigen

vectors represent the mode shapes. However, the buckling load can 

also be obtained from the second variation of total potential 

energy that gives the condition for buckling as 
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(6.2) 

Eq. (6.2) represents the lowest load that causes the stiff

ness matrix to become indefinite from positive definite, which means 

that, the structure undergoes unstable equilibrium from the state of 

stable equilibrium. In the linear buckling examples below, the 

buckling loads have been evaluated by monitoring the sign of the 

determinant of the total stiffness matrix of the structure. 

6.1.1 Columns 

6.1.1.1 Column with Hinged Ends. Figure 8a shows a column 

with hinged ends, subjected to axial load of p, with the following 

properties. 

L = 100 in. (2540 mm) 

b = 1 in. (25.4 mm) 

h = 1 in. ( 25 . 4 mm) 



p p 

~ 

L 

(a) (b) ( c) 

Figure 8. Euler columns and ~esh for linear 
buckling analysis. 
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E = 12 x 105 psi (82.74 x 105 kPa) 

\l = 0 

The column is a'nalyzed with a mesh of 10 x 1 (Figure 8c) (20 

elements). The buckling load is compared with the well known Euler 

equation: 

81 

(6.3) 

where 

Pcr = buckling or critical load 

le = effective length of the column 

Table 1 presents the comparison of the results. The comparison 

shows excellent agreement with the analytical value. 

6.1.1.2 Fixed-Free Column. This is again a Euler column with 

one end fixed and the other free and loaded axially at its free end as 

shown in Figure 8b. The properties of this column are the same as the 

previous column. The column is analyzed with the same mesh as above 

and the result is again compared with the Euler equation (6.3). The 

results are shown in Table 2. The comparison again shown excellent 

agreement with the theoretical value. 



Table 1. Buckling Load for Hinged-Hinged Column 

Type of Solution 

Euler equation (6.3) 
This study 

Buckling load 
Pcr(pounds) 

98.696 
98.12 
(0.58%) 

Table 2. Buckling Load for Fixed-Free Column 

Type of Solution 

Euler equation (6.3) 
This study 

Buckling load 
P (pounds) cr 

24.674 
24.50 
(0.71%) 

(Percentage error is shown in parentheses) 
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6.1.2 Plates 

Here, simply supported rectangular plates of different aspect 

ratios (a/b), subjected to uniform compression on one side, as shown 

in Figure 9, have been analyzed~ The buckling of plates, pressure 

loaded arches and rings have been extensively treated analytically by 

Timoshenko and Gere. 104 

The following properties are assumed. 

E = 10.92 x 104 psi (75.29 x 104 kPa) 

v = 0.3 

h = 1 in. (25.4 mm) 

The plates are analyzed with a mesh of 4 x 2 (16 elements) and 

the results for the buckling load (N ) are compared with reference 104. cr 
Table 3 shows the results. 

Although the results agree reasonably well with the theoretical 

values, the buckling loads predicted by the present numerical study are 

lower than the analytical values. This has been observed in the case 

of columns also. One reason for this is, when the local curvilinear 

axes are chosen to coincide with the global cartesian axes, the stiff-

ness coefficients for the central nodal degrees-of-freedom become null. 

Hence, approximate displacements were introduced at the central node. 

This approximation causes the difference on the lower side of the 

theoretical values of the buckling loads. 



Sf 
T 

N 

~ 
b 

I 

1 r 
~ f' a ~I 

Figure 9. Simply supported rectangular plates for 
linear buckling analysis. 

84 

.~ 

CI. 

", 



85 

Table 3. Buckling Pressure of Simply Supported Plates 

alb Ncr (psi) 

Ref. 104 This study error 

0.2 266.48 264.2 0.86 

0.4 79.94 78.5 1.80 

0.6 50.73 50.5 0.45 

0.8 41.45 40.5 2.29 

1.0 39.48 39.2 0.71 

1.2 40.76 40.5 0.64 

1. 414 44.31 42.5 2.73 



6.1.3 Ring 

A full circular ring under uniform normal pressure, as shown 

in Figure 10, has the following properties. 

b = in. (25.4 mm) 

h = in. (2S.4 mm) 

R = lOa in. (2540 mm) 

E = 12 x 106 psi (82.74 x 106 kPa) 

v = 0.0 
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The ring is analyzed with a mesh of 10 x 1 for quarter sym

metry. This problem has also been solved by Chang 10S using deep shell 

elements with 36 degrees-of-freedom per element. The buckling pressure 

can be given by the equation: 

where 

kcr = buckling coefficient 

I = moment of inertia 

Table 4 presents a comparison of results. 

(6.4) 

The buckling pressure given by Timoshenko10 4 is based on the 

assumption that the pressure acts always normal to the surface, while 

the value given by Chang 10S is based on the assumption that the pres

sure is conservative. (Chang has also presented results that include 

pressure stiffness effect for a number of linear buckling problems. 

However, for the purpose of comparison, values corresponding to 



y 
s 

q 

~------------~----~x 
(b) Finite element mesh 

z 

(a) Geometry 

Figure 10. Circular ring under uniform external normal 
pressure. 
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Table 4. Buckling Pressure Coefficient for a Circular Ring 

Type of solution 

Analytical (ref. 104) 

FEM (ref. 105) 

This study 

3.0 

4.0 

4.01 
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conservative loadings have been taken from reference lOS). The result 

compares well with that of Chang. It is clear from the comparison 

with the result of Timoshenko that, neglect of nonconservative loading 

effects will produce buckling load on the unsafe side. 

6.1.4 Arches 

In this, examples of both shallow and deep circular arches will 

be studied and the results will be compared with the available standard 

solutions. 

6.1.4.1 Hinged Semicircular Arch. This deep arch with hinged 

supports is subjected to uniform normal pressure (Figure lla, 2a = 

180 degrees). Solution to this problem has been given in reference 104 

for nonconservative case and by Batoz 106 for conservative pressure 

using both shallow and deep shell theories, with D-K-T shell elements 

of 27 degrees-of-freedom. 

The properties of the arch is taken to be the same as that of 

the ring. The arch is analyzed with three different meshes and the 

results for the buckling coefficient kcr are compared with Timo

shenko 104 and Batoz 106 • The buckling pressure is given by Timoshenko 

by the equation: 

where 

2 
qcr = (~2 - 1) E I/R

3 

a 

= k E I/R3 
cr 

a = half the subtended angle. 

Table 5 shows the comparison of kcr ' 

(6.5) 

(6.5a) 



q q 

(a) . Hinged arch (b) Clamped arch 

Figure 11. Circular arches under uniform external normal 
pressure. 
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Table 5. Buckling Pressure Coefficient for Hinged Semi Circular Arch 

Solution type 

Analytical (ref. 104) 

Ref. (106) 
(FEr~ ) 

Present 
study 

shallow shell theory 

Deep shell theory 

12x1 mesh 

16xl mesh 

20xl mesh 

3.0 

4.0 

3.273 

3.315 

3.30 

3.295 
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The buckling coefficient has excellent agreement with the deep 

shell solution of Batoz, differing only by 0.67%. 

6.1.4.2 Hinged Shallow Arch. A shallow circular arch, shown 

in Figure lla, is under uniform normal pressure. The arch has the same 

properties as the ring and has been analyzed with different meshes. 

The angle 2a is taken as 1 radian for the arch. The buckling pressure 

is given by equation (6.5), when the pressure is nonconservative.· 

Table 6 shows the results of references 104, 105 and the present study. 

The result of the present study compares well with that of 

reference 105, with a difference of 3.66%. 

6.1.4.3 Clamped Circular Arch. Figure llb shows clamped cir

cular arch subjected to uniform normal pressure. The buckling pres-

sure for such an arch for nonconservative pressure is given by 

Timoshenko10 4 by the equation: 

q = (k2 - 1) E I/R3 
cr 

where k is the solution of the transcendal equation: 

k tana cot (ka) = 1 

(6.6) 

(6.7) 

(6.8) 

The k values correspondingtu a values are given in reference 104. 

The properties of the arch are again the same as the ring. Three such 

arches with a = 30°, 60° and 90° were analyzed with meshes of 12 xl, 

16 x 1 and 22 x 1, respectively, and the results for kcr are shown in 

Table 7. 



Table 6. Buckling Pressure Coefficient for 
Shallow Hinged Circular Arch 

Solution type 

Analytical (ref. 104) 

Ref. ( 1 05 ) (FEM) 

6xl mesh 
This 

8xl mesh 
Study 

12xl mesh 

38.478 

39.456 

41.90 

41.0 

40.90 

Table 7. Buckling Pressure Coefficient for 
Clamped Circular Arch 

Type of so'l uti on 
kcr 

a=30o a=60° 

Analytical (ref. 104) 73.322 18.141 

Ref. (105) (FEM) 75.313 19.598 
(2.72%) (8.03%) 

This study 80.50 23.40 
(9.79%) (29.0%) 

(Precentage error is shown in parentheses) 
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a=90o 

8.0 

9.002 
(9.0%) 

10.4 
(30.0%) 



Comparing the results of reference 104, this study gives ap-

preciab1e increase in buckling pressure when the arch becomes deep 

from shallow but, no further appreciable increase with increase in 

deepness of the arch. This study shows that the effect of pressure 

stiffness is significant for deep arches. 

6.1.5 Shells 
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External loads are usually carried by shells under the action 

of membrane compression. Shells are therefore susceptible to buckling 

since their thickness is very small. The study of buckling of this 

extensively used structure therefore becomes important. 

6.1.5.1 Clamped Spherical Shell under a Central Point Load. 

Figure 12a shows a clamped sphereica1 shell under a central point load 

with the following properties. 

R = 100 in. (2540 mm) 

h = 0.7235 in. (18.38 mm) 

E = 2.816 x 105 psi (19.42 x 105 kPa) 

v = 1/3 

CI. = 30 deg. 

The buckling problem of a clamped spherical cap under a central 

point load has been solved by Fitch 107 , using Marguerre's nonlinear 

shallow shell theory. The critical load has been given by Fitch in a 

non-dimensional form as 

(6.9) 
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p 

(a) Geometry 

1 radian 

s = 

(b) Fini-te' element mesh 

Figure 12. Spherical cap under a central point load. 



where 

Pcr = critical applied point load 

o - flexural rigidity 
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Fitch 107 has presented buckling loads for various shell param

eters p where, 

(6.10) 

H = rise of the shell 

The shell has been analyzed for symmetric buckling with 7 ele

ments (Figure 12b). Table 8 shows the results for kcr ' 

The buckling load coefficient agrees reasonably well with the 

shallow shell result of Fitch 107 with a difference of 5.31%. 

6.1.5.2 Axially Loaded Cylindrical Panel. Figure 13 shows a 

cylindrical panel with its curved edges hinged and straight edges free. 

The panel is loaded axially with uniform compression (N). No analyti

cal solution seems to be available to this problem. However, numer~cal 

solutions to this problem, using shell elements, have been given by 

Konig 108 and Chang 10S . The panel has the following properties. 

E = 10.2 x 106 psi (70.33 x 106 kPa) 

v = 0.333 

R = 18 in. (457.2 mm) 

L = 27 in. (685.8 mm) 

h = 0.063 in. (1.6 mm) 

a = 81.9647 deg. 



Table 8. Buckling Load for a Clamped Spherical 
Shell Under a Central Point Load 

Solution type 

Ana lyti ca 1 (ref. 107) 

This study 

(Percentage error is shown in parenthesis) 

13.18 

12.48 
(5.31%) 
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Figure 13. AXially loaded cYlindrical panel. 
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The panel is analyzed for symmetric mode, using a mesh of 4 x 4 

for one quarter area. Table 9 shows results of references 108, 105 and 

this study. 

The comparison shows that the critical stress obtained by this 

study is 8.8% less than Konig ' s108 , while that of reference 105 is 

5.32% more than the critical stress obtained by Konig. 

6.1.5.3 Axially Loaded Cylinder. A full cylinder with hinged 

ends under axial compression is studied for buckling (Figure l4a). 

Only axisymmetric mode of buckling is considered. Hence, a segment of 

the cylinder with a = 10° and half length of the cylinder, as shown in 

Figure 14b, is discretized with a mesh of 5 x 1. The buckling load for 

such cylinders whose length is less than the critical length is given 

by Timoshenko10 4 . 

and 

L = (R h/2) 1/2 
cr 3(1-}) 1/4 

E h2 
Ncr = -R -[ 3-( l~-..;.;...};:;-)-J .... l /;";;""2 

where N is the critical axial membrane stress resultant. cr 
The cylinder has the following properties. 

E = 106 psi (6.895 x 106 kPa) 

v = 0.3 

R = 100 in. (2540 mm) 

(6.11) 

(6.12) 



Table 9. Buckling Stress (ocr) for Axially 
Loaded Cylindrical Panel 

Type of solution °cr(psi) 

Ref. ( 108) 3x6 mesh 2920. 

Ref. (105 ) 7x7 mesh 3075. 

This study 4x4 mesh 2663. 
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_1 (a) Geometry 

'. 

(b) Finite element mesh 

Figure 14. Axially loaded cylinder. 



h = 1 in. (2S.4 mm) 

L = 17.282 in. (438.96 mm) 

a = 10 deg. 

Table 10 shows the results of references 104, lOS and the 

present study. 
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The comparison shows excellent agreement with the theoretical 

value with a difference of only 8.1%. 

6.1.S.4 Hinged Cylinderl under Normal Pressure. Figure lSa 

shows acyl inder with hinged ends subjected to uniform external pres

sure. For such a problem, Flugge 109 has derived buckling load expres

sions. Yamaki 110 and Almroth 111 have also given buckling pressure 

curves for different pa,rameters (])f the cylinder. This problem has also 

been solved by Wang anq Billingt(])n l12 using a semi-inextensional theory 

and also by Chang 105 . The follmoJing properties were assumed for the 

cyl inder. 

E = lOS psi (6.89S x lOS kPa) 

\) = 0.3 

h = 0.01 in. (0.2S\4 mm) 

R = 1 in. ( 2 S • 4 mm I) 

L = Sin. (127 mm)' 

The cylinder i~ analyzedl considering symmetric buckling with a 

mesh of 4 x 2, as shown in Figure lSb. The result of the present 

study is compared with that of references 112 and lOS. Table 11 shows 

the comparison. 



Table 10. Buckling Load for Axially Loaded 
Hinged Cylinder 

Type of solution .Ncr (lbs/in) 

Analytical (ref. 104) 6052.0 

Ref. 105 (FEM) 6047.0 

This study 6045.85 
(0.10%) 

(Percentage error is shown in parenthesis) 

Table 11. Buckling Pressure for Hinged Cylinder 

Solution type qcr(psi) 

Analytical (ref. 112) 

Ref. 105 (6x5 mesh) 

This study (4x2 mesh) 

0.58 

0.56 

0.62 
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(a) Geometry 

(b) Finite element mesh 

Figure 15. Hinged cylinder under external normal pressure. 
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The compari~on of the results shows that the buckling pressure 

given by reference 105 is lower than the analytical value. This is 

due to the inclusion of pressure stiffness effects in reference 105. 

The result of this study differs by 6.9% with the theoretical value and 

the difference could be lesser if a finer mesh had been used. 

The above results for a number of numerical examples from a 

variety of problems, indicate geod agreement with the available 

analytical and numerical values. This testifies to the accuracy of the 

DKCT element in linear buckling problems. It also checks the accuracy 

of the coefficients of [K ], which will be used in the subsequent non-
a 

linear analysis. Solutions where non-conservative loadings are con-

sidered clearly indi~ate the importance of this effect on the buckling 

load; without this effect, the computed buckl ing load wi,ll be on the 

unsafe side. 

Next, examples on full GNL analysis will be studied and the 

results will be compared and discussed with the available analytical 

and numerical values, to assess the behavior of the DKCT element and 

the accuracy of the nonlinear formulations. 

6.2 Geometrically Nonlinear (GNL) Analysis Examples 

6.2.1 Pl ates 

The GNL analysis of the shells can be quite expensive and hence 

testing the element and the nonlinear formulation can be done in a 

relatively economical manner by starting with plate examples. Plates 

have very simple geometry and costly transformation= to curvil inear 
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axes can be avoided by referring all variables to the global cartesian 

frames. Numerical results of plates with different geometry, boundary 

conditions and loadings will be discussed below. 

6.2.1.1 Clamped Square Plate ~nder Uniformly Distributed Load. 

One of the standard test problems used in the GNL plate analysis is the 

large deflection behavior of a uniformly loaded square plate with all 

edges clamped. Classical solution to the nonlinear von Karman equa

tions has been given by Levy 11 3. Finite element solutions to this 

problem has also been given by a number of authors (references 60, 114-

117) who have compared their solutions to the analytical solution of 

Levy. 

Figure 16 shows the geometry and finite element discretizations 

of a square plate. The plate has the following properties. 

E = 10.92 x 105 psi (75.29 x 105 kPa) 

v = 0.3 [508 mmJ 

a = 20 in. [2.54 mmJ 

h = O. 1 in. ( 2. 54 mm) 

A pressure of 0.3 psi was applied in six equal increments. Due 

to symmetry, a quarter of the plate was modelled with three different 

meshes. The mesh and the designated element are 

(i) 2 x 2 mesh - 8 elements - DKCT8 

(ii) 3 x 3 mesh - 18 elements - DKCT18 

(iii) 4 x 4 mesh - 32 elements - DKCT32 
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Six analyses were carried out with the above three meshes and 

two integration orders (7- and 13-point integrations). For all these 

analyses a full N-R technique (KT) was employed with three iterations 

in each load increment. The central normalized transverse displace

ments and their corresponding normalized loads are given in Tables 12 

and 13 for all the six cases. As the edge stresses obtained with 

DKCT8 elements were not satisfactory, the normalized extreme fiber 

stresses are given only for DKCT18 and DKCT32 elements in Tables 14 

and 15. The results for the central deflections are compared with the 

analytical solution of Levy l13 and the numerical solution of Brebbia 

and Connor l14 , who have used four noded shallow shell elements with 

20 degrees-of-freedom per element. For extreme fiber stresses, com

parison is made with Levy's solution and the numerical solution of 

Wood6o , who has employed three noded nonconforming plate bending ele

ments with 15 degrees-of-freedom per element. 

Figure 17 shows the normalized load-deflection curves of DKCT18 

and DKCT32 elements, using 13-point integration. Figure 18 shows the 

same curve for 7-point integration. Figures 19 and 20 show the com

parison of the two integration schemes for the DKCT32 and DKCT8 ele

ments respectively. The analytical solution for displacements was 

measured from the plot of reference 32 and for stresses from reference 

60. From Figures 17-20, it is seen that the results for the central 

deflections in all the six cases are in very good agreement with the 

analytical solution. In reference 114, the load deflection curve is 
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Table 12. Deflection of Clamped Square Plate 
Under Uniformly Distributed Load 

(13-point integration) 

Load Load W = w c / h 
incre-
ment p=qa4/Dh 

DKCT8 DKCT18 DKCT32 

50 0.840 0.840 0.830 
2 100 1.227 1.234 1.215 
3 150 1. 516 1. 540' 1. 518 
4 200 1.744 1.780 1.756 

5 250 1.932 1.980 1.196 

6 300 2.093 2.150 2.125 

Table 13. Deflection of Clamped Square Plate 
Under Uniformly Distributed Load 

(7-point integration) 

Load Load W = Wc / h 
incre-

p=qa4/Dh ment 
DKCT8 DKCT18 DKCT32 

50 0.836 0.837 0.824 

2 100 1.219 1. 231 1.213 

3 150 1.504 1.530 1.515 

4 200 1.728 1.773 1.752 

5 250 1.912 1.972 1.950 

6 300 2.070 2.140 2.119 
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Table 14. Stresses at Center of Clamped Square 
Plate Under Uniformly Distributed Load 

Load S = ai / Eh2 . 
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p=qa4/Eh4 Ngaus = 13 Ngaus = 7 
DKCTl8 DKCT32 DKCT18 DKCT32 

4.579 2.62 2.530 2.58 2.500 
9.158 4.09 3.988 4.04 3.939 

13.736 5.23 5.118 5.17 5.050 
18.315 6.14 6.033 6.07 5.946 
22.894 6.93 6.822 6.85 6.716 
27.473 7.63 7.520 7.54 7.400 

Table 15. Stresses at the Mid Point of an Edge 
of a Clamped Square Plate Under Uniformly Distributed Load 

Load S = aa 2 / Eh2 

p=qa4/Eh4 Ngaus = 13 Ngaus = 7 

DKCT18 DKCT32 DKCT18 DKCT32 

4.579 4.86 5.106 4.46 4.760 
9.158 8.28 8.816 7.57 8.196 

13.736 11.24 i2.090 10.25 11 .210 
18.315 13.83 15.004 12.59 13.882 

22.894 16. 17 17.683 14.70 16.332 
27.473 18.31 20.152 16.62 18.580 
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shown to have slight difference with the analytical solution of Levy, 

but this difference is not found in reference 32. 

The extreme fiber stresses at the mid point of an edge and at 

the center are next compared with the analytical solution of Levy l13 

and the numerical solution of Wood60 • Figure 21 shows comparison for 

stresses for DKCT1S and DKCT32 elements using l3-point integration and 

Figure 22 shows the same comparison for 7-point integration. Figure 23 

shows the comparison of DKCT32 elements for the two integration schemes. 

From Figure 21, it is seen that the results of DKCT32 elements have 

excellent agreement for the edge stresses with the analytical values. 

At the center, the results agree more with the numerical solution of 

Wood. The edge stresses of DKCT1S elements are slightly smaller, but 

at the center they are higher than the analytic~l values, with a maxi

mum difference of about 16%. From Figure 22, it is seen that for the 

7-point integration, the edge stresses for the DKCT32 elements agree 

reasonably with the analytical values. The edge stresses of DKCT1S 

elements are much less. At the center, the order of integration does 

not have much effect and the stress distributions remain almost the 

same. The effect of order of integration is again shown in the case 

of DKCT32 elements. It is seen that, while the integration order 

affects the edge stresses, it has not much influence for the central 

stresses. As mentioned earlier, the edge stresses obtained with DKCTS 

elements are in appreciable difference with the analytical solution and 

hence their values are not compared. 
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6.2.1.2 Simply Supported Square Plate under Uniformly Dis

tributed Load. The analytical solution to this problem is again given 

by Levy l18, using a double Fourier series. The numerical solution is 

given among others by Wood6o and Wilson l16 • The properties for this 

plate are same as the clamped plate. The plate is analyzed 

with (i) DKCT1S and (ii) DKCT32 elements, as shown in Figure 16 and a 

13-point integration scheme. A pressure of 2.0964 psi was applied in 

six load increments with a load factor of 0.OS3 for the first two 

increments and 0.166 for the next four increments. The KT technique 

is again used with two to three iterations in each cycle. The normal

ized central displacements and stresses are shown in Table 16. Figure 

24 shows the comparison of the load central displacement path with that 

of Levy l18 and Wood60 • The comparison shows that the DKCT32 elements 

give satisfactory results up to the normalized load of 4.0, but there

after the deflection increases with a maximum of 9.09%. The DKCT1S 

follows the trend of DKCT32 with larger increase than DKCT32. The 

maximum difference in the central normalized displacements for the 

DKCT18 elements is 11.SS% with the analytical solution. Figure 25 

shows the normalized load stress path at the center of the plate. The 

comparison here also is along the trend of the displacement path. The 

DKCT32 shows a maximum increase of 14.91%, while the DKCT1S shows 

16.39%. 

6.2.1.3 Clamped Circular Plate under Uniformly Distributed 

Load. Analytical solution to a clamped circular plate under uniformly 

distributed load, using Ritz energy method has been presented by Weil 
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Table 16. Deflections and Stresses for a Simply Supported 
Square Plate Under Uniformly Distributed Load 

Load Load W = w/h 5 = cra2/Eh2 
incre-

p=qa 4/Eh4 ment DKCT18 DKCT32 DKCT18 DKCT32 

1 1. 0.54 0.526 1.10 1.08 

2 2. 0.80 0.773 1.80 1. 79 

3 4. 1.10 1.081 2.78 2.74 

4 6. 1. 35 1.316 3.50 3.49 

5 8. 1.53 1.495 4.10 4.09 

6 10. 1.686 1.644 4.70 4.64 
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and Newmark l19 as a special case of clamped elliptical plates. Finite 

element solution to this problem is again provided by Wood6o using 

'nonconforming plate bending elements. 

Figure 26 shows the geometry and the mesh idealization for one 

quarter of the plate. The plate has the following data: 

R = 50 in. (1270 mm) 

h = 1 in. (25.4 mm) 

E = 10.92 x 105 psi (75.293 x 105 kPa) 

v = 0.3 

q = 2.7952 psi [8.0 kPa] 

The pressure q is applied in seven increments with a load 

factor of 0.25 in the first. increment and 0.125 in the next 6 incre

ments. Again, a full N-R technique (KT) was employed requiring 3 

iterations for most of the increments. The normalized central deflec-

tion and stress values for DKCT32 element mesh are shown in Table 17. 

Figure 27 shows the normalized load-deflection path for the 

center of the plate, compared with Newmark l19 and Wood6o . The results 

agree reasonably well up to the normalized load of 8.0 and thereafter 

the difference increases with a maximum of 7.99%. Figure 28 shows the 

comparison of normalized load-stress path at the center and at the 

boundary of the plate. Again, excellent agreement is seen for the 

edge stresses, while stresses at the center are higher than the ana

lytical value by a maximum of 11.58%. Wood60 reports a difference of 
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Table 17. Deflections and Stresses of a Clamped Circular Plate 
Under Uniformly Distributed Load 

Load Load S = ai / Eh2 
incre-

p=qa 4/Eh4 W = w/h -------------------
ment Center Edge 

4. 0.608 1.90 2.96 

2 6. 0.807 2.68 4.21 

3 8. 0.969 3.30 5.33 

4 10. 1.106 3.90 6.35 

5 12. 1.223 4.40 7.31 

6 14. 1.327 4.80 8.20 

7 16. 1.419 5.30 9.05 
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8% for the central stresses and 15% for the edge stresses, when using 

41 triangular hybrid elements. 

6.2.1.4 Clamped Square Plate under a Central Point Load. The 

problem of a clamped square plate under a central point load has been 

solved analytically by Adotte 120 using finite difference technique. 

The finite element solution to this problem has been given by Brebbia 

and Connor l14 . Due to symmetry, one quarter of the plate is analyzed 

using DKCT32 mesh. The geometry and the discretization are as shown 

in Figure 16. The plate has the following properties: 

a = 100 in. (2540 mm) 

h = 1 in. (25.4 mm) 

E = 10.92 x 105 psi (75.29 x 105 kPa) 

v = 0.3 

A total central point load of 3000 pounds was applied in 6 

increments with load factors of 0.083 for the first two increments and 

0.166 for the next four increments. The analysis was carried out using 

KT technique and 3 iterations per cycle. The normalized load-central 

deflection values are given in Table 18. Figure 29 shows the compari

son of the load deflection paths with the analytical and numerical 

solutions plot from reference 114. The central deflections agree well 

up to the normalized load of 400, but thereafter increase with a maxi

mum difference of 10.84% with the analytical solution and about 6.2% 

with the numerical solution of reference 114. 
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Table 18. Deflections of a Clamped Square Plate 
Under a Central Point Load 

Load 

p=pa2/Dh 
W = w /h c 

100. 1.354 

200. 1.970 

400. 2.720 

600. 3.267 

800. 3.700 

1000. 4.050 
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6.2.1.5 Clamped-Free Square Plate with Eccentric Concentrated 

Load. A square plate with two opposite edges clamped and the other 

two free is loaded by a concentrated load, as shown in Figure 30. No 

analytical solution to this problem seems to be available. Experi

mental and finite element solutions to this problem have been given 

by Kawai and Yoshimura l15 who have employed four noded conforming 

plate bending elements of 20 degrees-of-freedom per element for their 

numerical solution. The plate has the following properties: 

2a = 400.0 mm 

h = 1. 98 mm 

E = 2. 15 x 104 kg/mm2 

\l = 0.3 

A point load of 20 kg was applied in five equal increments and 

the analysis was carried out with about 3 iterations per cycle. Table 

19 shows the load displacement values at the points A and B of the 

plate. Figure 31 shows the comparison of the load-deflection paths at 

points A and B of the plate with the numerical solutions of Kawai and 

Yoshimura who have used 50 elements, which are reported to have good 

agreement with their experimental results. The deflections of the 

present study agree reasonably well with the numerical solution of 

Kawai and Yoshimura with a difference of only 2.565~ at A and 4.55% at 

B at their maximum values. 

The results of the plate examples studied so far indicate that 

the deflections are in good agreement with the compared values in the 
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Table 19. Deflections of a Fixed-Free Plate 
Under a Concentrated Load 

Load wtmm) 
incre- Load ------------------------
ment . p(kg) At A At B 

4. 0.47 0.356 

2 6. 0.94 0.620 

3 12. 1.29 0.860 

4 16. 1.56 1.040 

5 20. 1.72 1.150 
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examples of 6.2.1.1 and 6.2.1.5 and do not agree quite well in the 

other examples. The stresses agree very well at the clamped edges in 

the examples of 6.2.1.1 and 6.2.1.3 and are higher at the center in 

the examples of 6.2.1.1 to 6.2.1.3. The reason for this can be re

called from the linear buckling examples of columns and plates. The 

condensed central node plays as important role as the other nodes. 

When the chosen curvilinear axes coincide with the glogal cartesian 

axes the stiffness coefficients of the central node become zero. Any 

approximation introduced for the central node disturbi the complex 

nonlinear solution. When the relative transverse displacements in

crease with increase in loads, as in the case of simply supported 

plates, the difference in the nonlinear solution increases. This is 

also evidenced from the results for the edge stresses in the clamped 

plates. Near the edges, the displacements are very small and hence 

approximate displacements introduced for the central node did not af

fect the solution near the edges. Otherwise, the nonlinear load dis

placement path is quite smooth and reasonably agreeable in the examples. 

6.2.2 Arch and Shells 

After testing series of plate examples, the GNL formulation 

and the behavior of the DKCT elements will be tested on a variety of 

examples of arch and shells. The results will be compared with the 

available published analytical and numerical solutions. 

6.2.2.1 Clamped Shallow Circular Arch under a Central Point 

Load. Due to their simple geometry, circular arches are often cited 

examples ill the literature. The GNL analysis of circular arches have 



been performed by a number of authors using bar, beam or shell ele

ments. 
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Figure 32 shows a shallow circular arch clamped at both ends 

and loaded by a central point load p. One half of the arch is analyzed 

considering symmetric buckling with a mesh of 5 x 1 and the following 

data: 

E = 1 x 107 psi (6.895 x 107 kPa) 

v = 0.0 

R = 133.114 in. (338l.l mm) 

h = 0.1875 in. (4.7625 mm) 

a = 7.34 deg. 

Total load p = 40 lbs. 

No. of increments = 7 

Load factors = 0.25, 0.125, 0.125, 0.062, 

0.063, 0.062, 0.063 

The analysis was carried out with a full N-R technique (KT) 

with 2 to 3 iterations per cycle. This problem has also been solved 

by Brink and Kratzig121, Dupuis122 and Bathe 123 . The load-central 

normal deflection values of the present study are shown in Table 20. 

Figure 33 shows the load deflection paths compared with the numerical 

solution of Brink and Kratzig 121 , who have used 2 curved bar elements 

and Dupuis et al., who have used 32 beam elements. 

The structure deforms continuously into a symmetric stable 

configuration undergoing small rotations. The result of the study 
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Figure 32. Clamped shallow arch under a central point load. 
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Table 20. Deflections of Shallow Circular Arch 
Under a Central Point Load 

Load w Load Load 
P c incre- P 

(1 bs) (i ns) ment Obs) 

10.0 0.038 6 27.5 

15.0 0.060 7 30.0 

20.0 0.084 

22.5 0.100 

25.0 0.122 
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w 
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(; ns) 

0.149 

0.181 
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agrees well with that of Brink and Kratzig 121 who have used exact non

linear formulations considering large rotations. The maximum central 

normal deflection of this study is lesser than Brink's by 9.5% and 

more than Dupuis by 4.93%. 

6.2.2.2 Clamped Cylindrical Panel under Uniform External 

Normal Pressure. An often cited example in the literature for the GNL 

analysis of shells is a shallow cylindrical panel clamped on all edges 

and subjected to external normal pressure, as shown in Figure 34. 

Finite element solution to this problem has been given by a number of 

authors (references 50, 76, 96, 114, 117, 124-128). 

Due to symmetry, a quarter of the panel is modelled with a 

2 x 2 mesh and analyzed with the following data: 

L = 20 in. (508 mm) 

R = 100 in. (2540 mm) 

h = 0.125 in. (3.175 rnm) 

CL = 0.1 radian 

E = 450,000 psi (31.03 x 105 kPa) 

v = 0.3 

A pressure of 0.3 psi was applied in 9 unequal "increments and 

the analysis was carried out with KT2 technique and Frontal solution 

with 2 to 6 interations per cycle. The cylindrical panel softens up 

to about 0.24 psi and begins to stiffen thereafter due to membrane 

tensile stress in the longitudinal direction. The solution at this 

pressure oscillated, requ"iring more iterations to stabilize. The shell 



B 

Figure 34. Clamped cylindrical panel under external normal 
pressure. 
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does not experience snap through situation due to this stiffening ef

fect. The pressure-central normal displacement values of this study 

are given in Table 21. The load-deflection path is compared up to 

the point of inflection with Dhatt 76 , who has used D-K theory, 

Gallagher ' sl17 deep shell triangular elements (27 degrees-of-freedom 

per element) and Horrigmoe's-so hybrid flat triangular elements (5 dis

placements and 6 stresses degrees-of-freedom per node) and shown in 

Figure 35a. Figure 35a indicates that the deflection compares very 

well with Dhatt 76 and is less only by 4.6% at its maximum value. 

Comparison is also made slightly beyond this point with Horrigmoe1s 50 

solution and shown in Figure 35b. Figure 35b shows good comparison 

with Horrigmoe's solution. Horrigmoe 50 has also produced a number of 

results for the central deflections using both triangular and quadri

lateral elements with finer meshes, which are softer than the curve 

taken for the comparison. 

6.2.2.3 Hinged-Free Cylindrical Panel under a Central Point 

Load. Another often cited example in the literautre is a cylindrical 

panel with curved edges hinged and straight edges free, loaded at the 

center by a concentrated load, as shown in Figure 36. Finite element 

solution to this problem is given by a number of authors (references 

50, 62, 64, 96, 128-130. Due to symmetry, aqua rter of the shell is 

modelled with a mesh of 3 x 3 and analyzed with the followinq data: 

R = 2540 mm 

L/2 = 254 mm 

h =-12.7 mm 



Load 
incre-
ment 

2 

3 

4 

5 

Table 21. Deflections of Clamped Cylindrical Shell 
Under Uniform External Pressure 

Load w Load Load 
q c incre- q 

(psi) (ins) ment (psi) 

0.04 0.010 6 0.22 

0.08 0.024 7 0.24 

0.12 0.041 8 0.27 

0.16 0.061 9 0.30 

0.20 0.100 
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w 
c 

(i ns) 

0.123 

0.156 

0.210 

0.263 
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Figure 35a. Load-central deflection curve -1 for a clamped 
cylindrical panel under uniform normal pressure_ 
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Figure 35b. Load-central deflection curve -2 for a clamped 
cylindrical panel under uniform normal pressure. 
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R = 2540. rom 

L = 508. rom 

h = 12.7 mm 
E = 3.10275 KN/rom 2 

v = 0.3 

a. = 0.1 radian 

Figure 36. Hinged-free cylindrical panel under a central point 
load. 



ex = 0.1 radian 

E = 3.10275 kN/mm2 

v = 0.3 
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A load of 2.2 kN was applied at the center of the shell in ten 

unequal increments and the analysis was carried out with KT2 tech-

nique and band solution with 3 to 4 iterations per cycle. The solu

tion kept oscillating with increasing deflections at the load of 2.2 kN, 

indicating the reach of limit point and hence was stopped after 4 

iterations at this load. The shell undergoes shap through behavior 

beyond this load. 

The load-central norma'j G~flection values of this study are 

shown in Table 22. Figure 37 shows the load deflection paths of 

Horrigmoe's 50 3 x 3 quadrilateral elements, Surana 1 s 129 2 x 2 degen

erated isoparametric elements (40 degrees-of-freedom per element), 

Sabir and Lock ' S13U cylindrical shell elements and the present study. 

The present study gives a very flexible result. Hhile there is good 

agreement in the solution near the limit point as well as in the limit 

load, where there is only 2.28% difference in the deflection, there is 

considerable difference from the beginning up to a load of 1.5 kN. The 

deflection of this study is higher by about 28% on an average up to a 

load of 2.0 kN. This large difference in the deflection can be at

tributed to the Kirchhoff's effect, as there is as much as 20 to 30% 

more deflection in the linear solution itself compared with thei~ 

solutions. There seems to be no clear indication that the shear de

formation is neglected for this very thin shell in their studies. 



Load 
incre-, 
ment 

2 

3 

4 

5 

Table 22. Deflections of Hinged-Free Cylindrical 
Panel Under a Central Concentrated Load 

Load w Load Load 
P c incre- P 

(kN) (mm) ment (kN) 

0.50 1. 91 6 1. 75 

0.75 2.94 7 1.90 

1.0 3.92 8 2.0 

1.25 4.95 9 2.10 

w 
c 

(mm) 

7.27 

8.07 

8.54 

9.44 

1.50 6.06 10 2.20 11.21 

148 



-z 

o 
c 
CX) · .... 

~ 
-0 
Q..c 
~ 
• .... 

o 
c 
(j;) · Q 

.;) 
I..) 

OOF 

Horr; gmoe176 

Surana 105 

Sabir & Lock 125 

This Study 144 

- Horrigmoe (50) 
x Surana (129) 
t:. Sabir & LOck (130) 

o This study 

o ~ ________ ~ ________ ~ ________ ~ ________ I 

Q 

149 

10•000 4.000 a. (lOa 
we (rom) 

12.000 is .000 

Figure 37. Load-central deflection curve for a hinged-free 
cylindrical panel under a central point load. 



The thin shell that includes the transverse shear strain energy is 

expected to be stiffer than the shell that excludes it as in the 
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present case. This reasoning seems to be strengtherled iirom the next 

example of a spherical shell with similar loading and hinged boundaries. 

6.2.2.4 Hinged Shallow Spherical Shell und~r a Central Point 

Load. A shallow spherical shell, square in plan anI:! hinged along its 

edges is subjected to a central concentrated load, ~s shown in Figure 

38. This is, again, a standard testing example, cited in the litera

ture often. Analytical series solution to this pro~lem has been given 

by Leicester131 , whose solution is taken as the ref~renc:e solution for 

comparison. Finite element solution to this problem has been given by 

a number of authors (references 50, 62, 64, 76, 117, 124f, 127,129,132, 

133). Due to symmetry, a quarter of the shell has ~een modelled with 

a mesh of 2 x 2 and the analysis was carried out with the following 

data: 

Radius of sphere Ro=104.554 in. (2658.50 mm), R = 100 ir,l. (2540 mm) 

h = 3.9154 in. (99.45 mm) 

E = 10,000.0 psi (6.895 x 104 kPa) 

" = 0.3 

a = 30.9017 in. (784.9 mm) 

A central concentrated load of 2 kips was applied in the first 

increment and 1 kip in the next 8 increments. KT2 technique and Band 

solution was used with 3 to 4 iterations per cycle for the analysis. 

The normalized load-central normal deflection values arre given in 
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Figure 38. Hinged spherical shell under a central point load. 
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Table 23. At a load of 10 kips, the solution oscillated with increasing 

deflections, indicating the reach of limit point. Wood 62 reports a 

limit point load of 10.292 kips and mentions that the limit point loads 

obtaine9 by MatsuP24 is 11.15 kips, by Bathe64 is 10.157 and by Frey132 

is 10.0 kips. The solution plot of Gallagherl17 seems to give a limit 

point load of 11.026 kips. The shell exhibits snap through behavior 

beyond the limit point and the solution was stopped. Figure 39 shows 

the comparison of the normalized load deflection paths of Leicester 131 

(analytical), Gallagherl17 (3 x 3 deep shell triangular elements), 

Wood 62 (4 x 4 9-noded Lagrangian elements with 43 degrees-of-freedom 

per element) and the present study. Here again, the deflection of the 

present study is much larger than the analytical solution. It is ob

served that there is about 30 to 35% difference in the linear solution 

itself. However, the present solution agrees very well with that of 

Pica and Wood 62 , who have used a Mindlin formulation, where con

straints on shear deformation have been imposed with selective inte

gration for shear energy terms. It is, however, well known that the 

reduced or selective integration introduces spurious zero energy modes 

and sometimes fails to give converged solution. 

6.2.2.5 Pinched Cylinder. Figure 40 shows a cylinder pinched 

by a tensile pull by two opposite point loads at the center of the 

cylinder and the finite element idealization adopted for the analysis. 

The cylinder has the following properties: 

E = 10.5 x 106 psi (72.4 x 106 kPa) 

v = 0.3125 



Load 
incre-
ment 

2 

3 

4 

5 

Table 23. Deflections of Hinged Spherical Shell 
Under a Central Point Load 

Load wc/h Load Load 
P incre- P 

(kips) ment (kips) 

2.0 0.182 6 7.0 

3.0 0.278 7 8.0 

4.0 0.380 8 9.0 

5.0 0.490 9 10.0 

6.0 0.60 
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\"c/h 

0.73 

0.88 

1.09 

1.42 
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Figure 40. Pinched cylinder and a typical mesh. 



L = 10.35 in. (262.89 mm) 

R = 4.953 in. (125.81 mm) 

h = 0.093 in. (2.36 mm), H = 0.0859 in. (2.18 mm) 

There seems to be no analytical solution to this problem. 
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Finite element solution to this problem has been given by Chang 10S 

using deep shell triangular elements (36 degrees-of-freedom per ele

ment) with a mesh of 4 x 1 for 1/8th of the cylinder. There is a dis

crepancy in the length of the cylinder mentioned by Chang10S • While 

he mentions a length of 10.5 on page 146, he shows a length of 10.35 

on page 205. For this study, a length of 10.35 was assumed. Due to 

symmetry, one octant of the cylinder was modelled with 6 x 1 mesh. 

Incremental loads of 100 lbs was applied in each of the six fncrements 

and the analysis was carried out with KT2 technique and Band solution 

and 2 to 3 iterations in each cycle. The normal displacement values 

under the load are shown in Table 24. Figure 41 shows the plot of 

load-central normal deflection path compared with Chang 105 . The shell 

stiffens with increase in the pull. The result compares well with 

Chang up to a load of 300 lbs but thereafter this study shows more 

stiffening with a maximum difference of about 11%. Chang has reported 

zero energy modes in his element. This and the discrepancy in length 

could be the reason for the difference. However, the trend of the 

load displacement path agrees well. 

6.2.2.6 Clamped Spherical Cap under a Central Point Load. 

Another often cited example in the literature is a clamped spherical 

cap under a central point load (Figure 42a). Finite difference 
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Table 24. Deflections of a Pinched Cylinder 

Load Load w 
incre- P c 
ment (1 bs) (ins) 

100. 0.1097 

2 200. 0.1940 

3 300. 0.2770 

4 400. 0.3427 

5 500. 0.4070 

6 600. 0.4677 
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Figure 42. Spherical cap under a central point load. 
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solution to this problem has been given by Mescall 134 and finite ele

ment solution has been given by a number of authors (references 60, 87, 

135,136). Due to symmetry, a slice of the shell is modelled by 11 

elements (Figure 42b) and analyzed with the following data: 

R = 4.76 in. (120.9 mm) 

h = 0.01576 in. (4 mm) 

a = 10.9 deg. 

E = 10 X 106 psi (6.9 X 107 kPa) 

v = 0.3 

A total load of 43.98 lbs. was applied at the ape~ in 7 incre

ments and the analysis was carried out with KT2 technique and Band 

solution with 3 iterations in each cycle. The load-central normal 

deflection values are given in Table 25. Figure 43 shows the compari

son of the load-deflection paths of Wood6o who used 6 paralinear 

axisymmetric elements and Bathe87 who used 10 quadratic axisymmetric 

elements with no equilibrium iterations and the present study. The 

result of the present study compares well with Bathe up to a load of 

12.566 lbs and with Wood up to a load of 18.84 lbs but thereafter 

gives very stiff solution. This is due to the shell undergoing large 

rotations with increase in loads. As the present formulation accounts 

only for small rotations, the elements get stiffer in the region of 

1 arge rotati ons. 



Table 25. Deflections of Clamped Spherical Cap 
Under a Central Point Load 

Load Load w 
incre- P c 
ment (1 bs) (i ns) 

6.283 0.0073 

2 12.566 0.0158 

3 18.84 0.0269 

4 25.12 0.0390 

5 31.415 0.0505 

6 37.698 0.0614 

7 43.98 0.0713 
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6.2.2.7 Clamped Parabolic Shell under a Central Point Load. 

The last example in the GNL analysis of shells is a parabolic shell 

square in plan, clamped at its edges and loaded at the apex with a 

concentrated load (Figure 44). The equation of the lower surface of 

the shell is given by: 

x2 y2 
Z = H(l - i) (1 - b2) (6.13) 

where H = central rise of the lower surface of shell 

a,b = sides of the shell. 

No analytical solution seems to be available for this problem. 

Finite element solution to this problem has been given by Wood 137 and 

01iver 136 using degenerate isoparametric elements (40 degrees-of

freedom per element). Due to symmetry, a quarter of the shell is 

analyzed with 3 x 3 mesh and the following data: 

a = 300 in. (7620 mm) 

H 50 in. (1270 mm) 

h = 6 in. (152.4 mm) 

E = 30 x 106 psi (20.69 x 10 7 kPa) 

\) = 0.0 

A load of 4000 lbs was applied in the first incre~ent and in 

each of the subsequent 8 increments an increment of 2000 lbs was added. 

The analysis was carried out with KT2 technique and Band solution with 

3 iterations in each cycle. The normalized load-central normal 
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Figure 44. Clamped parabolic shell under a central point load. 
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deflection values are shown in Table 26. Figure 45 shows the compari

son of normalized load-central normal deflection paths of Wood 137 

Oliver and Onate 136 and the present study. Up to the first six load 

steps, there is excellent agreement with the solution of WOOd 137 and 

in the 7th increment it agrees very well with Onate 136 , but there

after stiffer solution is obtained. This again, as in the previous 

example, is due to the effect of large rotations in the shell with 

increasing loads. 

From the examples on the GNL analysis of shells, the results 

of the present study indicate good agreement with the compared solu

tions, in the region of small rotations. From the variety of examples 

in this chapter studied so far, the applicabi11ty of the nonlinear 

formulations has b~en clearly demonstrated. The DKCT element gives 

accurate solutions in the linear buckling problems. The accuracy of 

solutions is affected in some cases of GNL analysis of plates. In 

the GNL analysis of shells, the DKCT element is accurate in the region 

of small rotations. However, in the region of large rotations, the 

element fails to give accurate solutions. 

Regarding the economical aspect of the DKCT element, it can 

be seen from the plate examples of the GNL analysis that it is not in 

general economical. This is understandable as the DKCT element is a 

shell element, while most of the elements compared are plate bending 

elements. In the case of arch example, the comparison is made with 

the beam elements and naturally the DKCT element is more expensive. 

In the shell examples, it can be seen that the DKCT element is in 



Table 26. Deflections of a Clamped Parabolic 
Shell Under a Central Point Load 

Load Load wc/ h 
incre-

p=pa2/Eh4 ment 

1 9.2 0.3922 

2 13.8 0.639 

3 18.4 0.925 

4 23.0 1.247 

5 27.6 1.567 

6 32.2 1.875 

7 36.8 2.173 

8 41.4 2.452 

9 46.0 2.675 
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general more economical than the compared shell elements. Again, in 

the spherical cap example (6.2.2.6), the DKCT element is compared 

with the axisymmetric elements and is therefore understandably less 

economical. In order to establish the economy of the DKCT element, 

a proper comparison of this element with arbitrary deep shell 

elements should be made. At present the DKCT element with 27 degrees

of-freedom seems to be more economical than the alteY'nate degenerated 

isoparametric element, of 40 degrees-of-freedom. However, this needs 

to be further established with more study. 

A summary of the formulation, conclusion and suggestions are 

presented in the next chapter. 



170 

In Chapter 2, the basic tensor equations of kinematics of de

formation of an arbitrary thin shell have been presented. The linear 

and nonlinear strain equations have been derived in tensor notation. 

In Chapter 3, the linear DKCT element has been reviewed 

briefly. The element linear equations for strains and stresses have 

been derived. Expressions for linear element stiffness, consistent 

nodal loads and their transformations to local curvilinear coordinates 

have also been reviewed. 

In Chapter 4, geometrically nonlinear formulation of the DKCT 

element, for large displacement and small rotations, in a total 

Lagrangian approach, has been derived in detail, from the principles 

of continyum mechanics. This includes the nonlinear strain-displace

ment relation, element tangent stiffness matrix, the incremental and 

total equilibrium equations. 

In Chapter 5, solution techniques of the nonlinear equilibrium 

equations have been elaborated. Various modifications to the Newton

Raphson techniques in conjunction with various convergence criteria 

have been derived in detail. A computer program developed for the 

~eometrically Honlinear ~nalysis of Ihin ~hells (GNATS) has been ex

plained. The important subroutines of the program structure have been 

explained. The capabilities and limitations of the program have been 

mentioned. A schematic explanation of the program structure has been 

presented with a simple flow chart. 

In Chaptel' 6, the applicability of the GNL formulation has been 

demonstrated through numerous examples. These are standard examples, 
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solved analytically or numerically by others. Section 6.1 covers 

linear buckling cases of a variety of structures such as columns, 

plates, ring, arches and shells. Section 6.2 covers GNL analysis of 

a variety of plates, shallow arch and arbitrary shells. The result 

of each example has been compared with the published analytical and 

or numerical values, followed by discussion on the comparison. The 

results of the examples have been presented in the form of tables 

and computer plots. 

7.2 Conclusions 

A geometrically nonlinear formulation for a doubly curved 

triangular thin shell element based on the discrete Kirchhoff theory 

has been presented. The element has 3 nodes and 27 degrees-of":·freedom 

of displacements and their derivatives. The formulation of the 

element is with respect to the local curvilinear axes. The shell 

displacements, strains and stresses are computed in the natural 

curvilinear frames of the shell. This element with its nonlinear 

capabilities has been tested on a wide variety of problems. 

First, the element is tested for linear buckling problems. 

From the number of examples tested, it is shown to have a very good 

agreement on the computed buckling loads with the compared solutions. 

Next, the element is tested on a full GNL analysis of plates, arch 

and arbitrary shells. In the case of plates, the solutions of the 

present study in general are reasonably satisfactory. In the case of 

shells, where large rotations were encountered, the solutions are 
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very stiff and did not match with the compared solutions. However, 

in the region of small rotations, excellent agreement has been found 

with the compared solutions. In the examples of hinged-free cylindri

cal panel (6.2.2.3) and hinged spherical shell (6.2.2.4), the solu

tions of the present work are more flexible. In the later case, it 

agrees very well with a numerical solution based on Mindlin formula

tion, where shear locking was avoided. As nonlinear analysis of 

shells is very expensive any reduction in the number of element equa

tions is highly desirable. Hence this DKCT element with only 27 

degrees-of-freedom was compared for its computational economy. From 

the comparison, it seems that this element is more economical than 

the alternate degenerated isoparametric elements, but this needs to 

be established with more study. However, this element is less econom

ical than the beam, plate bending, shallow shell or axisymmetric 

elements. From the number of examples tested, the GNL formulation 

and the DKCT element have been found to be in general accurate. 

However, there are some setbacks in the formulation. 

When the local curvilinear axes coincide with the global 

cartesian axes, the stiffness coefficients of the centroidal degrees

of-freedom become null. Therefore, introduction of any approximation 

for the central node highly disturbs the nonlinear solution. This 

~as evidenced from the examples of columns and plates. While the 

error is insignificant in the linear buckling examples, the accuracy 

of the solution was not quite satisfactory in the examples of GNL 

analysis. This is due to the accumulation of error in load steps 



and iterations. The central node also causes minor difficulties. 

The stiffness coefficients of the centroidal degrees-of-freedom have 

to be written on a tape before condensation, for later use in the 

recovery of central nodal displacements. Hriting on or reading 

from a tape device is time consuming and increases the cost of the 

analysis. Also the process o~ condensing and recovering the cen

troidal degrees-of-freedom is cumbersome to program. 

The second setback is the restriction to small rotations. 
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Any GNL analysis will not be realistic without including large rota

tions, as slender structures such as rods, plates and thin shells can 

undergo large rotations under certain boundary and loading conditions. 

The complete load-displacement path, including snap through and snap 

back behavior of some arches and shells could not be carried out due 

to the restriction on rotations. The restriction to small rotations 

came as a result of tensor formulation with rotational degrees-of

freedom as nodal variables. The rotations are not tensorial vari

ables and therefore cannot be summed up in an arbitl'ary manner in an 

incremental procedure 138 . Since finite rotation cannot be represented 

by a vector, its coordinate transformation often required a complex 

and unorthodox treatment 126 • The element formulation ends up with 

highly complicated expressions involving products of trigonometric 

functions 139 . 

The third setback is the nonlinear solution algorithms. Al

though various modified N-R techniques using Band or Frontal solutions 

have been developed, giving a wider choice in the solution algorithms, 
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these are incapable of tracing the equilibrium path near the limit 

point and to points beyond. This means a complete equilibrium path, 

which is essential for a thorough understanding of the behavior of 

arches and shells cannot be achieved. 

Barring a few such setbacks, there are definite advantages. 

Among the shell elements available today, there are only two accept

able choices (i) the D-K shell elements and (ii) the degenerated 

isoparametric elements. Of these two, the DKCT element of the former 

class, has the following advantages. (i) It is formulated in the 

natural curvilinear coordinates. (ii) It is based on arbitrary deep 

she 11 theory. (i i i) It represents ri gi d body modes exactly. (i v) It 

totally avoids the problems of element locking (both membrane and 

shear locking) and therefore does not need the determination and use 

of numerical factors lito made the element work". (v) It preserves 

the full rank of the stiffness matrix. (iv) The element is simple, 

economical, efficient and accurate. Due to these advantages, the· 

present DKCT element is a strong candidate for the GNL analysis of 

th ins hell s . 

7.3 Suggestions 

As discussed earlier, the inclusion of large rotations is 

very important for a realistic GNL analysis of thin shells. Alternate 

method of formulation using nodal variables other than the rotational 

degrees-of-freedom should be thought of to circumvent the difficulties 

of including finite rotations. A further reduction in the element 
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variables can be considered, dropping the independent membrane dis

placement gradients such as u ,U a' C and v a as nodal degrees-of-
,a. 'f-' ,a. 'f-' 

freedom. It is extremely important to associate the GNL analysis with 

powerful solution algorithms such as Crisfield's "arc length methods" 

to trace the complete equilibrium path. As shell structures are pre

dominantly used in automobile, aircraft and spacecraft structures with 

great efficiency using composite materials, the GNL formulation should 

be extended to accommodate anisotropic material behavior. Also these 

structures are often subjected to dynamic loads and the formulation 

should therefore include dynamic effects. It is also important to ex

tend the formulation to nonlinear material behavior and possibly to 

include fracture phenomenon that arise from the high thermal and 

fatigue loads. 

7.4 Some General Remarks 

Thin shell structures are able to sustain heavy loads by 

virtue of their curvature. The curved middle surface produces a 

large variety of different response phenomena, especially in the 

geometrically nonlinear range. Stretching and bending modes interact 

in a considerably more unpredictable manner than in linear problems. 

Often the strain tensors change their participation during certain 

loading process, giving rise to surprising response phenomena. The 

investigation of thin shell structures particularly with unknown 

response behavior thus requires: 

(i) a precise description of their basic kinematic and dynamic 

equations. 



(ii) a discretization, modelling the undeformed and deformed 

geometry \'lith great care. 

176 

(iii) numerical algorithms, stable, convergent and adequately sen

sible to the intended phenomena. 

The nonlinear problems of shells are much more complicated 

than structures of other geometric forms and the increasing impor

tance of shell buckling is evidenced by numerous research works and 

books that are still being published (references 110, Ill, 139, 140). 

With the finite element technique as a powerful tool, research works 

are still being carried out on an appropriate nonlinear finite 

element shell theory141. As of today, the O-K shell elements and the 

degenerated isoparametric elements represent the state-of-the-art for 

nonlinear analysis of shells, but further improvements are clearly 

desirable. These improvements should address the problems of non

linear static and dynamic analysis. 
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