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ABSTRACT 

The Interacting Boson Model (mM) has been very successful in 

describ!.ng the collective properties of nuclei. This work concerns 

two systematic applications of the model, one involving configuration 

mixl.ng, and the other in vol ving octupole bands. 

The even isotopes of mercury are of special interest because 

of the coexistence of two sets of bands, of very different character, 

in the lighter nuclei. The neutron-proton IBM (mM-2) with 

configuration mixing provides a good description, both of states built 

on the normal ground state and of those aSSOCiated with a proton pair 

excitation across the Z=82 closed-shell gap. Eleven isotopes are 

studied, ranging from the middle of the neutron shell to very near the 

doubly closed shell at 208Pb. The same Hamiltonian is used for all 

the nuclei studied, with parameters which are constant or smoothly 

varying. 

There have been extensive IBM studies of low-lying positive 

parity bands, which are based on the ground state and the quadrupole 

degree of freedom. The present work comprises the first systematic 

mM study of the corresponding negative parity bands, which are based 

on the octupole degree of freedom. In this model, an f boson is 

coupled to a positive parity core, described by the usual sand d 

bosons. This is done within the original IBM framework, called IBM-1, 

which does not include separate neutron and proton degrees of freedom. 

xiii 



xiv 

The mM octupole model is presented and the phenomenology is 

explored, both for the full model, and for the SU(3) limit of the 

model. Calculated energy spectra and B(E3) transition rates are 

presented for nine deformed rare-earth nuclei. There is good 

asreement with available experimental data for these nuclei. 

It is shown that nuclei for which the two lowest octupole 

bands are K=2 and a cannot be described within the present model. In 

this case, it appears that separate neutron and proton octupole 

degrees of freedom are necessary. 

The exchange term in the Hamiltonian is shown to arise from a 

neutron-proton octupole-octupole interaction. A consistent octupole 

model j~ developed and successfully applied to the nucleus 168Er• 



CHAPTER 1 

INTRODUCTION 

Nuclear structure theory deals with the description of certain 

properties of atomic nuclei, such as energy levels and transition 

rates. Even if the exact form of the force law were mown for the 

strong interaction, the solution to the full many-body problem would 

be extremely complex for all but the lightest nuclei. One must thus 

build models in order to gain understanding of nuclear structure. 

The nuclear shell model has been highly successful in 

describing nuclei which have only a few active nucleons (particles or 

holes) outside of closed shells [Bohr and Mottelson, 1969; deShalit and 

Feshbach, 1974]. The assumption is made that these valence particles 

do not interact with the inert core made up of nucleons in closed 

shells, and that their interactions with each other are limited to 

pairwise interactions. The degrees of freedom involved are then said 

to be single particle, or single quasi-particle, in nature. 

On the other hand, if there are many valence nucleons, the 

particles appear to act collectively, rather than as individual 

nucleons or pairs of nucleons. The operative degrees of freedom are 

then said to be collective and the models which describe them are 

called collective models [deSha lit and Feshbach, 1974; Bohr and 

Mottelson, 1975]. Geometrical models, such as the liquid drop model 

[Rainwater, 1950; Bohr, 1952; Bohr and Mottelson, 1953] have been quite 

1 
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successful in describing various collective properties of nuclei. 

Different geometrical models are needed to describe different types of 

nuclei, such as rotational, vibrational and transitional nuclei. 

The Interacting Boson Model (IBM) provides a new method of 

treating collective phenomena in nuclei [Arima and Iachello, 1976, 1978, 

1979; Scholten, Iachello, and Arima, 1978; Arima et al., 1977 and 1978]. 

This model, which is algebraic in nature, is easily applied and works 

very well in describing the low energy properties of even-even nuclei 

[Arima and Iachello, 1981; Barrett, 1981]. In the IBM, different types 

of nuclei can be treated with the same Hamiltonian. 

Much work has been done in recent years, exploring and 

extending the IBM. This dissertation deals with two applications of 

the model. The basic features of the original IBM are discussed in 

Chapter 2, and the neutron-proton IBM is Similarly considered in 

Chapter 3. 

Chapters 4-6 describe a systematic study of the even isotopes 

of mercury using the neutron-proton Interacting Boson Model [Barfield 

et al., 1983; Barfield and Barrett, 1984]. Eleven members of the 

isotopic chain, extending from the middle to near the end of the 

neutron shell, are described with the same Hamiltonian. Shape 

coexistence in the light mercury isotopes is described with the use of 

configuration mixing [Duval and Barrett, 1982; Wood, 1982, 1983]. The 

heavy mercury isotopes are very near the doubly closed shell at 208pb, 

where single-particle effects are expected to be important. The 

description of these heavy isotopes probes one limit of applicability 

of the model. 



3 

Chapters 7-11 deal with octupole bands (collective negative 

parity bands) in even-even nuclei [Bohr and Mottelson, 1975]. These 

bands are less collective than their quadrupole counterparts and are 

less well understood. An mM octupole model is described and its 

phenomenology explored. It is then systematically applied to deformed 

rare earth nuclei [Barfield et al., 1985; Barfield and Scholten, 1985]. 

The resulting successes and failures give some new understanding of 

the octupole degree of freedom. 



CHAPTER 2 

THE INTERACTING BOSON MODEL, mM-1 

The most important aspect of the structure of low-lying 

energy levels in nuclei is pairing [Bohr and Mottelson, 1969; deShalit 

and Feshbach, 1974]. The mM assumes that even-even nuclei can be 

represented by. an inert core plus pairs of valence nucleons which 

interact weakly with each other [Arima and Iachello, 1981; Barrett, 

1981]. For medium and heavy-mass nuclei, these pairs are generally 

composed of like nucleons, since the valence neutrons and protons 

occupy different major shells. It is assumed that the most important 

collective degrees of freedom are associated with highly correlated 

pairs of identical nucleons, coupled to angular momentum L=O and 2 

[Arima and Iachello, 1981; Talmi, 1981a, 1983]. These correlated pairs 

are treated as bosons, denoted sand d for angular momentum L=O and 

2, respectively. If the fermion major shell is more than half-filled, 

the boson degrees of freedom are holes rather than particles, 

reflecting the particle-hole symmetry of the nuclear shell model. 

In the mM, the total number of bosons is conserved, 

(2.1 ) 

where ns(n
d

) is the number of s Cd) bosons and N is one-half the 

number of valence fermion particles and/or holes. In the original 

4 
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formulation, sometimes called mM-1, one does not distinguish between 

neutron and proton bosons. 

The identification of each pair of valence nucleons with a 

boson, which can be in one of only two states, s or d, results in a 

severe truncation of the original shell model basis space. This 

truncation greatly facilitates calculations and is justified by the 

success of the model [Arima and Iachello, 1981; Barrett, 1981]. 

2.1. The mM-1 Hamiltonian 

The boson operators are conveniently written in second 

t t quantized form, as combinations of creation (s , d , II = 0, ±1, ±2) and 
II 

annihilation (s, d
ll

) operators for sand d bosons. These operators 

obey boson commutation relations, as given in Appendix A, Eq. (A.1). 

The creation operators and the s boson annihilation operator transform 

as spherical tensors under rotation, but the d
ll 

do not. Spherical 

tensors can be constructed for these annihilation operators, as 

defined in Eq. (A.2). They are: 

The most general Hamil toniai~ [Scholten, 1980] for sand d 

bosons with at most two-bodY interactions c~n be written 



[
t t ( ( ](0) 

+ r L(C
L

/2) (d x d ) L) x (d x d) L) 
L 0 

[
t t (2) - (2)](0) 

+ (v 2/12) { (d x d) x (d x s) + h.c. } 
o 

[ 
t t (0) (0)](0) 

+ (v 012) { (d x d) x (s x s) + h.c. } 
o 

-l ](0) + (u
O

/2) (s t x s t)(L) x (s x s) 
o 

(2.2) 

where the dots and crosses denote scalar and tensor products, 

respectively, 

L:0,2,4 and f. : 12L+1 

This Hamiltonian has ten parameters, including the core energy, EO. 

Because the total number of bosons is conserved for a given nucleus, 

the parameters in Eq. (2.2) are not all independent. Using Eq. (2.1) 

the expression can be rewritten 

6 
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[
t t ](0) 

+ (v
2

/12) { (d x d )(2) x (d x S)(2) + h.c. } 
o 

[ 
t t (0) (0)](0) 

+ (v 0/2) { (d x d) x (s x s) + h.c. } 
o 

(2.3) 

where 

(2.4a) 

and 

Equations (2.3) and (2.4) are verified in Appendix B. The first three 

terms in Eq. (2.3) are constant for a given nucleus. They do not 

contribute to excitation energies and can be dropped, for most 

purposes. The Hamiltonian then has six parameters. 

It is often more convenien t to write the Hamil tonian in a 

multipole form [Arima and Iachello, 1981], 

(2.5) 
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where 

{ t - t (2) t - (2)} Q = (s x d + d x s) + Xed x d) 

and 

(2.6) 

Most IBM references define the quadrupole operator, Q, with the 

specific value of the parameter X = -{7/2. Here, we are adopting a 

more general form, with the expectation that the E2 transition 

operator will have the same form as the quadrupole operator (the so-

called consistent-Q formalism, CQF) [Warner and Casten, 1983]. 

This Hamiltonian has six parameters (not including X; see 

Section 2.2), and is completely equivalent to Eq. (2.2), except for the 

constant term, EO. The relationship between the multipole parameters 

and those of Eq. (2.2) is given in Appendix C. 

The advantage of the multipole Hamiltonian is that the 

essential physics is often contained in only two or three terms. 
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The parameters in the IBM-1 Hamiltonian are usually determined 

phenomenologically. The Hamiltonian is diagonalized in an appropriate 

basis space of sand d bosons, and the parameters are varied in order 

to find the best fit to the available experimental data. This can be 

done analytically for some special cases, as discussed in Section 2.3. 

In general, it is done numerically on a computer, using the computer 

code, PHINT [Scholten, 1983]. The input parameters used in the PHINT 

code are discussed in Appendix C. 

Once the eigenfunctions of the Hamiltonian have been 

determined, they can be used to find electromagnetic transition rates, 

isotope Shifts, and other properties of the nucleus. This is usually 

done numerically, using the computer code, FBEM [Scholten, 1983]. 

2.2.1. IBM-1 Transition Opera tors 

The most general one-body transition opera tor of mul tipolarity 

J!, can be written [Arima and Iachello, 1981] 

Reduced electric transition rates are defined 

(2.8) 

Reduced magnetic transition rates are similarly defined. 
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2.2.2. Reduced E2 Transitions and Quadrupole Moments 

For E2 transitions, Eq. (2.7) becomes 

T(E2) (t - d t )(2) + Q2(d t x d)(2) = a
2 

s x d + x s p (2.9) 

which has the same form as the quadrupole operator, Eq. (2.6). In 

principle, the ratio of the E2 parameters alf3
2 

need not be the same 

as the quadrupole parameter X. In practice, it is often convenient to 

make them the same, in which case Eq. (2.8) can be written 

(E2) t t t - (2) 
T = e [s x d + d x s + X (d x d)] = e Q (2.10) 

where e is the quadrupole effective charge, given in the units of e 

barns (or eb). The parameter X can often be determined by fitting to 

a ratio of experimental E2 transition rates, such as 

B(E2;2; + O~) / B(E2;2~ + O~) 

thereby effectively reducing the number of Hamiltonian parameters by 

one [Warner and Casten, 1983]. 

Electric quadrupole moments are also related to the E2 

transition operator and are defined 

• (2.11 ) 
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2.2.3. EO Transitions and Isotope Shifts 

Most electric and magnetic transitions involve a photon which 

carries off energy and angular momentum. Electric monopole 

transitions, however, take place via internal conversion [deShalit and 

Feshbach, 1974], which involves a Coulomb interaction between the 

nucleus and an atomic electron. Thus, they are a probe of the nuclear 

charge volume. The quantities used to report EO strength are p(EO), 

which is proportional to the nuclear mean-square radius, and 

where 

and 

R A
1/3 

o = rO 

r = 1.2 fm o 

For EO transitions between 0+ states, the X value is defined 

+ +) + + X = B(EO; O
2 

+ 0
1 

/ B(E2; O
2 

+ 2,) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 
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In the mM, the EO transition operator is given by Eq. (2.7) 

with J!,=O, 

-=<ao/{5)fid + Yons = aO
n

d + YON (2.16) 

where fis has been written as N - n
d

, so that 

(2.17) 

and the parameters have units of fm2. 

The second term in Eq. (2.16) is constant, for a given nucleus 

and does not contribute to transitions. The p(EO) transition matrix 

elements are given by 

(2.18) 

where Z is the proton number and RO is given by Eq. (2.14). 

The mean-square radius is given by 

, (2.19) 

where <r2)c is the contribution of the (closed shell) core to the 

nuclear mean-square radius. The isotope shift, which is the difference 

in the mean square radius between neighboring isotopes in their ground 

states, is given by 
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,,2 +, 2'0+ +, 2, + u<r > = <0, r '>A - <0, r 0'>A+2 

(2.20) 

where N'" denotes the number of valence neutron pairs, counted from 

the beginning of the shell (the number of boson particles). 

Similarly, the isomer shift, which is the difference in mean-

square radius between the first excited state and the ground state, is 

given by 

o<r2> = <2+" ... 2,2+, > _ <0+" ... 2'0+, > 3 [<2+'" ,2+> <0+'" '0+>] • • = Po , nd , - , nd , , (2.21) 

~~.!._l-nalytic Solutions 

As previously mentioned, it is possible to solve the IBM-1 

Hamiltonian exactly in certain cases (for certain dynamical symmetries 

of the Hamiltonian) [Arima and Iachello, 198,]. This follows from the 

group structure of the Hamiltonian and its associated Lie algebra. 

The IBM-1 basis space is six-dimensional, since there are five degrees 

of freedom associated with a d boson (d
11

, 11 = 0, ±1, ±2) and one with 

an s boson. Since the number of bosons is conserved, the relevant 

group is the unitary group in six dimensions, U(6). The general 

Hamiltonian can be regarded as a general rotation in the six-

dimensional space of Rand d bosons. Analytic solutions correspond to 

dynamical symmetries of the Hamiltonian, in which the Hamiltonian can 
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be written in terms of the Casimir operators of a complete chain of 

subgroups of U( 6). There are three group chain decompositions of U( 6) 

which include the angular momentum group, 0(3). These chains, which 

represent the limiting cases of IBM-1 are gi,ven in Eqs. (2.22)-(2.24) 

[Arlma and Iachello, 19B1]. 

I U(6) > U(5) > 0(5) > 0(3) > 0(2) 

II U(6) > SU(3) > 0(3) > 0(2) 

III U(6) > 0(6) > 0(5) > 0(3) > 0(2) 

(2.22) 

(2.23) 

(2.24) 

Each of these cases is briefly d:f.scussed. The energy eigenvalues and 

the basis states for I and II are referred to in Chapter 8 and in the 

Appendices. For this reason, they are covered in somewhat more detail 

than chain III. 

2.3.1. The U(S) or Vibrational Limit 

The eigenvectors of the limiting cases are labelled by the 

quantum numbers of the subgroups in the chain. For chain I, the 

quantum numbers are N, n
d

, v, L, and M, which label the totally 

symmetric irreducible representations of the groups U(6), U(S), 0(5), 

0(3), and 0(2), respectively. These quantum numbers are: 

N = the total number of bosons 

nd = the number of d bosons 

v = the boson seniority = the number of d-bosons not coupled 
pairwise to angular momentum zero 

L = the total angular momentum, and 

M = the z-projection of the angular momentum. (2.25) 
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One more quantum number is needed in order to uniquely specify each 

state. This was chosen by Arima and Iachello [1976] to be: 

n~ = the number of boson triplets coupled to angular 
momentum zero. 

The allowed states are given by Arima and Iachello [1976] 

and 

L = 2;\., 2;\'-2, 2;\.-3, ••• , ;\.+1, ;\. 

(2.26) 

(2.27) 

where L = 2;\.-1 is not allowed because of symmetry considerations. 

The U(5) basis states are written 

(2.28) 

This basis is closely related to the seniority scheme [deShalit and 

Talmi, 1963] and the basis states are like phonon states, as described 

in Eisenberg and Greiner [1970]. 

A Hamiltonian which is written in terms of only the Casimir 

operators of the subgroups in Eq. (2.22) is diagonal in the basis 

defined by (2.27) and (2.28), with eigenvalues [Arima and Iachello, 1976] 
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(2.29) 

Such a Hamiltonian is glven by Eq. (2.2) with the parameters, 

v 2 = v 0 = u 2 = Uo = EO = E S = 0, 

where the relationships between the parameters C
L 

and a, a, and y of 

Eq. (2.29) are glven in Appendix D. Analytic expressions for transition 

operators in this limit are given in Arima and Iachello [1976]. 

This limiting case of the IBM roughly corresponds to an 

anharmonic vibrator in the geometrical model. 

2.3.2. The SU(3) or Rotational Limit 

The subchain decomposition II, Eq. (2.23), is referred to as the 

SU(3) or rotational limit. It corresponds to an axially symmetric 

deformed rotor. In this case, the eigenstates are written [Arima and 

Iachello, 1978] 

I [N] (A,ll), K, L, M> (2.30) 

where (A,ll) label the irreducible representations of SU(3), Land Mare 
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the total angular momentum and its z component, as before, and K is an 

extra quantum number which is needed to completely specify the state. 

This K quantum number is the analog of the angular momentum 

projection along the symmetry axis in the geometrical picture (also 

called K). 

and 

The allowed states are given by 

A = 2N - 2ll - 6m ~ 0 

II = an even integer ~ 0 

m = an integer ~ 0 

o < K = min{).,ll}, min{A,1l-2}, ... , 1 or 0 

L = K, K + 1, ••• , K + max{A,ll} , 

except that for K=O, 

L = max{A,ll}, max{A,ll} - 2, ••• , 1 or O. 

(2.31) 

The lowest irreducible representation of SU(3) is (A,ll) = 

(2N,O), which corresponds to the ground state band (gsb), with states 

I [N] (A=2N, ll=O), K=O, L> (2.32) 

The second lowest irreducible representation is (A,ll) = (2N-4,2), which 

has basis states 
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I [N] (A=2N-4, lJ=2), K=O, L> , 

and 

I [N] (A=2N-4, lJ=2), K=2, L> , (2.33) 

corresponding to the beta band and gamma band, respectively. 

The Hamiltonian is diagonal in the SU(3) limit, if it can be 

written [Scholten, 1980] 

H = -2K Q-Q - K' L - L (2.34) 

where the parameter X in the quadrupole operator Q has the specific 

value -/7/2. Equation (2.34) corresponds to e: = a O = a
3 

= a
4 

= 0 in 

Eq. (2.5). The eigenvalues of this Hamiltonian are [Scholten,1980] 

(2.35a) 

where 

(2.35b) 

The SU(3) algebra in nuclei is well-known, having been 

developed by Elliott [1958] for fermions. More information about this 

limi ting case of the mM-1 can be found in Arima and Iachello [1978]; 

Schol ten, Iachello, and Arima [1978]; and Scholten [1980]. 



19 

2.3.3. The 0(6) or Gamma-Unstable Limit 

The last of the dynamical symmetries of IBM-1 is the 0(6) 

limit, group chain TIl of Eq. (2.24). Its nearest geometrical analog is 

a y-unstable nucleus. The eigenstates are labeled [Arima and Iachello, 

1979] 

I[N] (1, '[, nil' L, M> (2.36) 

where nil' L, and M have the same meaning as in Eq. (2.25), and '[ is the 

same as v (the boson seniority) of that equation. The quantum number 

(1 labels the group 0(6). The allowed states and energy eigenvalues 

are given in Arima and Iachello [1979]. This limit is obtained when € = 

a 2 = a 4 = 0 in Eq. (2.5). 

Vibrational spectra are distinguished by a 2-phonon triplet 

1T + + + + with L = 0 , 2 , and 4 at twice the energy of the 1-phonon 2 level, 

while rotational spectra follow the 1(1+1) rule. Typical 0(6) spectra 

+ + + + are similar to the U(5) case, but have the order 0 , 2 , 2 , 4 for the 

four lowest states. Examples of these spectra can be found in Arima 

and Iachello [1981] and are not given here. 

Most nuclei do not correspond to an exact dynamical symmetry, 

but can usually be characterized, approximately, by one of the limits, 

or by a transition between two of them [Scholten, Iachello, and Arima, 

1978]. Although the energy expressions given in Section 2.3 are 

qualitatively correct for many nuclei, a quantitative description 

usually requires a numerical solution of the Hamiltonian, either Eq. 

(2.2) or (2.5). 
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The group limits are useful in approximately classifying nuclei, 

as shown in Chapter 4. Also, the qualitative description of a group of 

nuclei, in terms of one or another of the group limits, can give useful 

insight, as shown in Chapter 8. 



CHAPTER 3 

THE NEUTRON-PROTON mTERACTING BOSON MODEL, IBM-2 

The IBM, as originally envisioned and described in Chapter 2, is 

a purely phenomenological model. No connection has been made between 

the Hamiltonian parameters and the underlying microscopic (shell 

model) structure. In this respect, it is similar to the geometrical 

model, in which vibrational and rotational degrees of freedom are 

described with no reference to nucleon degrees of freedom [Arima and 

Iachello, 1981]. In 1978, the neutron-proton interacting boson model 

(often called IBM-2) was introduced [Arima et al., 1977; Otsuka et al., 

1978]. This version treats neutron and proton degrees of freedom 

independently, making it possible to connect the boson parameters with 

the underlying fermionic degrees of freedom. The microscopic theories, 

which make this connection, are described in, e.g., Otsuka and Arima 

[1978]; Duval and Barrett [1981a]; Druce et ale [1985] and are not 

discussed here. 

3.1. The IBM-2 Hamiltonian 

In the IBM-2, the total number of bosons is 

where ns and nd have the same meaning as before, and '" 1T refer to 

neutron and proton, respectively. The number N (N) is one-half t.he 
" 1T 

21 
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number of valence neutrons (protons), counted from the nearest closed 

shell. If the shell is more than half-filled, the boson number 

represents holes, rather than particles, and is denoted N" (N'IT). 

The IBM-2 Hamilton'lan can be written 

(3.2) 

where H'ITV is the proton-neutron boson interaction and H'IT and H" give 

the residual interaction between like-bosons (proton or neutron). In 

principle, the general IBM-1 Hamiltonian could be used for Hand H • 
'IT " 

In practice, only the one-body terms and the first two-body term in 

Eq. (2.2) are kept. (This is the U(5) limit part of the IBM-1 

Hamiltonian.) It is usually written [Arima and Iachello, 1981] 

where 

, (3.4) 

and p = 'IT or '" and i, = .l2L+1). 

The proton-neutron interaction is assumed to be primarily 

quadrupole-quadrupole [Arima and Iachello, 1981], where the quadrupole 

operator has the same form as its IBM-1 analog, 

{ t - t (2) t - (2)} 
Qp = (s x d + d x s) + Xp (d x d) p (3.5) 

In addition, a Majorana force is added, of the form [Scholten, 1979] 
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+ l (3.6) 
k=1,3 

This term acts only on U(5) basis states which are antisymmetric to 

the interchange of proton and neutron bosons. Such states, which 

occur in IBM-2 but not in IBM-1, are not expected to be important at 

low energies. The Majorana term is used to increase the energy of 

states with mixed symmetry, relative to the fully symmetric states. 

In order to reduce the number of free parameters, the energies 

associated with proton and neutron d-bosons are usually taken to be 

the same [Bijker et al., 1980; Duval and Barrett, 1981b], e: = e: = e: , 
IT " 

and the IBM-2 Hamiltonian then becomes 

H = e: lid + K Q eQ + V + V + M 
IT'' lTlT "" IT\) 

(3.7) 

where fid = fidlT + fid'" K is the strength of the quadrupole-quadrupole 

interaction, and V pp' Qp, and MlT\) are defined in Eqs. (3.4), (3.5), and 

(3.6), respectively. The terms V
lTlT 

and V"V in Eq. (3.7) describe the 

residual interaction between like nucleons. These terms are usually 

small, compared to the first two terms in Eq. (3.7), and often one or 

both of them can be neglected. In order to look at binding energies, 

it is necessary to add the following terms to the Hamiltonian: 

EO + e: N + (u
O 

12) N (N -1) + e: N + (u 12) N (N -1) 
SlT IT IT IT IT sV V Ov V" 

• (3.8) 
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(See Eq. (2.3) for the IBM-1 analog.) For most purposes, they are not 

necessary. 

3.2. Configura tion Mixing 

Some nuclei neal" closed shells appear to have both the 

vibrational structure expected for a near-spherical shape, and 

rotational structure, which is typical of deformed nuclei [Wood, 1982]. 

This phenomenon of shape coexistence involves two configurations of 

the nucleus which have different numbers of active nucleons. In an 

IBM description, the two configurations have different boson numbers; 

N
V 

being the same but N1T different, or vice versa. The most common 

situation involves a difference in N (N ) of two bosons between the 
1T V 

normal configuration and the so-called intruder configuration, 

corresponding to a pair excitation across a shell or sub-shell gap 

[Wood, 1982; Heyde et al., 1983]. There is often evidence of mixing 

between the two configurations, as shown in Chapter 4, for the light 

mercury isotopes [Duval and Barrett, 1982; Barfield et al., 1983]. 

Configuration mixing can be treated in the IBM-2 using a 

technique developed by Duval and Barrett [1982]. Separate IBM-2 

calculations are done for the two configurations and the results are 

then mixed using the interaction 

v = a(s t x s t)(O) + B(d t x d t)(O) + h.c. 
mix 1T 1T 1T 1T 

where the intruder configuration is assumed to involve the proton 
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shell. There are three parameters in the mixing calculation, the 

mixing strengths ex and a in Eq. (3.9), and the pair excitation energy, fl, 

which gives the relative energies of the two unperturbed 

configura tions. 

The total mixing Hamiltonian is then given by 

H 
mix 

(3.10) 

where H, (H
2

) is the IBM-2 Hamiltonian for the first (second) 

configuration, as given by Eq. (3.7), and an amount fl has been added to 

the energies of the second configuration. The mixing Hamiltonian is 

discussed in more detail in Appendix F. 

3.3. IBM-2 Transit..!2.~...Qperators 

The transition operators are defined in the same manner as in 

the IBM-1 case, with 

(3.11 ) 

where T ($I,) is defined as in Eq. (2.7). For example, the E2 transition 
p 

operator is 

T(E2) {( t d- d t )(2) 'edt d-)(2)} (2) = e1T s x + x s + Xrr X 1T 

(3.12) 
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For simplicity, the neutron boson and proton boson effective charges 

are often taken to be equal, and the parameters X; and ~ are taken to 

be the same as the Hamiltonian parameters Xrr and Xv' respectively. 

The E2 transition operator can then be written 

When two configurations are present, this operator becomes [Duval and 

Barrett, 1982] 

T(E2) = ~ e Q (3.13) 
l.. ip ip 

i,p 

where i denotes the configuration and p = 'IT or v. The effective 

charges of the two configurations are not the same, in general. 

Similarly, the IBM-2 expression for p(EO) can be written 

(3.14 ) 

where the sum over i again includes the possibility of more than one 

configuration. The constant RO is defined in Eq. (2.14) and B
OiP 

is 

defined like its IBM-1 analog in Eqs. (2.16) and (2.17). A similar 

extension of Eq. (2.20) gives a general IBM-2 expression for the 

isotope shift: 
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The last term comes from 

Y N + Y N 
OlT IT 0" " 

(3.16) 

and the proton (neutron) part drops out for isotope (isotone) shifts; 

cf. Eqs. (2.16), (2.17), and (2.21). For more than one configuration, 

= L YOi" = 
i 

an additive constant. 

The isomer shift can be similarly defined. 

3.4. IBM-2 Group Limits 

The group structure for IBM-2 is U(6) xU(6), so the process of 

finding analytical solutions for dynamical symmetries of the 

Hamiltonian is more complicated than the IBM-1 case. The introduction 

of F-spin [Arima et al., 1978; Scholten, 1980], which is a boson analog 

to isospin, allows the group structure to be written as U(6) xU(2). 

For states which are completely symmetric to the interchange of 

proton and neutron bOBons (have maximum F-spin), this reduces to the 

group U(6), which was considered in Section 2.3. 
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The group limits of Section 2.3. are approached in the mM-2 

case, when the parameters in Eq. (3.8) satisfy the following conditions 

[Barrett, 1981]: 

U(5) limit: e:<fid> » K<Q • Q > 
IT V 

SU(3) limit: K<Q • Q > » e:<n
d

> 
IT V 

and X , X large and negative 
IT V 

0(6) limit: K<Q • Q > » e:<n
d

> 
IT V 

and X
lT 

:: -XV 

(3.18) 

(3.19) 

As in the IBM-1 case, the three group limits are useful for 

qualitatively characterizing groups of nuclei. 

3.5. mM-2 Basis States 

The calculation of IBM-2 energy eigenvalues and eigenfunctions 

is usually done numerically using the computpr code NPBOS [Otsuka and 

Schol ten, 1981]. The resulting eigenvectors can then be used to 

calculate transition rates and related properties using the computer 

code NPBEM [Otsuka and Scholten, 1981]. The relationship between the 

parameters of Eq. (3.7) and the input parameters of the code NPBOS is 

discussed in Appendix E. 

The basis states used in the calculations are products of 

neutron and proton basis states. The latter are U(5) basis states 

for neutron bosons and proton bosons, as given in expression (2.27). 



29 

The complete IBM-2 basis state can be written 

(3.20) 

The configuration mixing calculations are done using the 

computer code NPMIX [Duval, 1981], which calculates the energy 

eigenvalues and eigenfunctions. The computer codes NPBEMX and BEMIX 

[Duval, 1981] are subsequently used to calculate matrix elements for 

transition rates and other properties. 



CHAPTER 4 

INTRODUCTION TO THE MERCURY STUDY 

Many models have been developed to describe the collective 

properties of nuclei. Most of them, however, are applicable only to a 

limited part of a major shell. One of the strengths of the IBM is its 

ability to characterize isotopic chains extending across large sections 

of a major shell with the same Hamiltonian [Arima and Iachello, 1981]. 

In the present work, the even isotopes of mercury, 1:~HgI02 through 

2::Hg122 systematically studied using the IBM. 

Many calculations have been done on various subsets of the 

mercury isotopes, based on a number of different theories. Among the 

models used to describe the heavy isotopes, 196-20ltHg, are particle

vibration coupling [Covello and Sartoris, 1967; Alaga and Ialonga, 1976], 

pairing plus quadrupole [Kumar and Baranger, 1968; Uher and Sorensen, 

1966], boson expansion [Kishimoto and Tamura, 1976], triaxial or 

asymmetric rotor [Agrawal, 1978; Tanaka and Sheline, 1977], y

vibrational [Agrawal, 1978], anisotropic oscillator [Goss, 1977], and the 

Greiner method [Gneuss and Greiner, 1971]. Morrison has done IBM 

calculations in the 0(6) limit for 196,198,202Hg [Morrison, 1981]. Models 

used to describe 190-19ltHg include cluster vibration [Fenyes et al., 

1975], and rotation alignment [Mertin et al., 1978]. 

The light isotopes, 181t-188Hg, have been of considerable recent 

interest because of the apparent coexistence of two sets of bands 
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based on different shapes, one nearly spher~cal and the other deformed 

[Rud et al., 1973; Proetel, Diamond, and Stevens, 1974; Beraud et al., 

1977; Cole et al., 1977]. Several two-band mixing calculations have 

been performed for these isotopes [Dickmann and Dietrich, 1974; Kolb 

and Wong, 1975; Praharaj and Khadldkar, 1980; Guttormsen, 1981], 

including a preliminary study by Duval and Barrett [1982], who have 

developed a method of treating configuration mixing within the mM. 

This latter technique is employed in the present study. 

The application of the mM to the mercury isotopes close to the 

doubly closed shell at 2~:Pb 126 is noteworthy since collectivity is 

minimal near closed shells and the mM is a collective theory. The 

heaviest even mercury isotopes, 20ltHg and 206Hg, are not included in 

this study since shell model levels, rather' than collective levels, 

are expected to dominate their spectra. 

The emphasis in this work is on describing overall trends with 

constant or smoothly varying parameters, rather than obtaining the 

best possible fit to the experimental data for each nucleus. This is 

done in an effort to find a set of mM Hamiltonian parameters which is 

appropriate for the entire isotopic chain. 

As previously mentioned, a prominent feature of the spectra of 

the light mercury isotopes is the coexistence of sets of states based 

on two different shapes [Wood, 1982; Wood, 1983; Heyde et al., 1983]. 

This has been extensively discussed from both experimental [Rud et al., 

1973; Proetel, Diamond, and Stevens, 1974; Beraud et al., 1977; Cole et 

al., 1977] and theoretical pOints of vieJ\ti [Dickmann and Dietrich, 1974; 

Kolb and Wong, 1975; Praharaj and Khadkikar, 1980; Guttormsen, 1981; 



32 

Duval and Barrett, 1982]. The presence of two different configurations 

can be seen in the experimental spectra, shown together with the 

calculated spectra in Fig. 4.1. The heavy isotopes are dominated by a 

vibrational-like spectra (near the U(5) or possibly the 0(6) IBM group 

limit). The light isotopes exhibit, in addition, a set of states of 

rotational-like character (as near the SU(3) limit). 

The normal configuration for mercury involves N =1 (sometimes 
1T 

denoted as 1n, one proton boson hole), counting from the Z=82 closed 

shell. The neutron configuration for 198Hgl18' for example, is N,,=4 

(four neutron boson holes), counting from the N=126 closed shell. The 

vibrational spectra can be calculated by diagonalizing the IBM-2 

Hamiltonian, Eq. (3.7), in the space of one proton and N" neutron sand 

d bosons. In order to describe the rotational states, an alternative 

configuration must be specified and a separate set of IBM calculations 

made, based on that configuration. The alternate configuration used 

for the mercury isotopes involves a two-particle-four-hole excitation 

in the shell model proton space [Wood, 1982; Duval and Barrett, 1982]. 

This corresponds to two proton boson particles and one proton boson 

hole in the IBM space. The two configurations are depicted 

schematically in Fig. 4.2. For simplicity, the proton boson particles 

and hole are treated equivalently, even though the underlying fermion-

pair degrees of freedom originate in different major shells. 

Once IBM calculations have been done in model spaces with 

N = 1 (11T) and N =3 (31T) to describe the vibrational and rotational 
1T 1T 

states, respectively, the two calculations are combined using Eq. 

(3.10), as described in Section 3.2. 



2.5 

2.0 

~ 1.5 

0.5 

Experimental Spectra 
o'~~~~~~~~~~ 
180 188 196 180 

Moss Number 

Calculated Spectra 

188 196 204 

Fig. 4.1. Experimental and calculated energy spectra of 
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Fig. 4.2. Coexisting configurations in the mercury isotopes. 

(a) shows the normal 2-hole proton configuration, and (b) shows 
the 2-particle-4-hole configuration resulting from a proton pair 
excitation across the Z=82 closed shell. 
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The mixing between the two configurations is apparent in the 

experimental spectra shown in Fig. 4.1. Consider, for example, the 

first and second 4+ states in 186Hg and 188Hg• In the latter, the 

+ vibrational (11T) 4 state is lower in energy than the rotational (31T) 

+ 4 state. The states are close in energy and mutually repel, with the 

vibrational 4+ state being lower in energy and the rotational 4+ state 

higher in energy than would be expected without configuration mixing. 

In 186Hg, the situation is reversed. 



CHAPTER 5 

THE APPLICATION OF THE IBM-2 WITH CONFIGURATION MIXING 
TO THE MERCURY ISOTOPES 

The Hamiltonian used for the mercury isotopes is 

H = €(A
d 

+ Ad ) + K Q eQ + V + M ..... , , 
IT V IT V VV II V 

(5.1 ) 

where QlT' Qv, V Vv' and M1N are defined in Eqs. (3.4)-(3.6). The term V lTlT 

in the general IBM-2 Hamil tonian is not necessary for the mercury 

case; it is in fact zero for N
lT
= 1. There are ten parameters in this 

equation: €, K, X
lT

, XV' COV' C2V' X4v' F;1' F;2' and F;3" In principle, all 

of these parameters can be different for the two configurations. 

There are also three parameters involved in the configuration mixing, 

a, a, and /}., as discussed in section 3.2. 

5.1. Choice of Parameters 

Microscopic calculations [Otsuka and Arima, 1978; Duval and 

Barrett, 1981a] predict the neutron and proton number dependence of 

the parameters K, X , and X in Eqs. (5.1) and (3.5). These calculations 
V IT 

predict that K should have a maximum near the middle of the shell, 

decreasing more or less unifOl'mly on either side. They also predict 

that XV(~) should increase with neutron (proton) number, changing 

from negative to positive around the middle of the shell. The 

parameter € is expected to be roughly constant. At the time the 
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calculations under discussion were performed, there were no 

microscopic predictions concerning the other mM-2 parameters. 

However, they had been determined phenomenologically for the isotopic 

chains 78Pt, 760S [Bijker et al., 1980] and 7,. W [Duval and Barrett, 

1981b]. 

The values of the parameters used for the present calculations 

are given in Table 5.1. The value of the parameter £ for the N =3 
1T 

configuration, £31T, is constant for all isotopes and the values of £ 

for the N = 1 configura tion, £ 11T, are nearly constant. The K trends for 
1T 

both configurations follow the microscopic predictions [Duval and 

Barrett, 1981a]. 

The values of the parameter X used for 182_192Hg are the 
V 

microscopic predictions from Duval and Barrett [1981a]. They were 

reported only for neutron number ~ 112. The values of Xv for 19,._202Hg 

were determined by extrapolating the microscopic trend to larger 

neutron number. This was done in a manner consistent with the 

phenomenologically determined Xv values which were used for the 

neighboring platinum and osmium isotones [Bijker et al., 1980]. The 

same values of Xv are used for both configurations. 

11T The value of X = -0.4 is an extrapolation of the values used 
1T 

for 71tW, 760s, and 78Pt, which are -1.6, -1.3 and -0.8, respectively. 

This value of Xn leads to 0(6) results for the heavy mercury isotopes, 

since X
1T 

:: -Xv (cf. Section 3.4). The neighboring nucleus 196pt has 

been shown to be a good example of 0(6) symmetry [Cizewski et al., 

1978] and there is evidence [Morrison et al., 1981] suggesting an 0(6) 



Table 5.1. IBM Hamiltonian parameters for the mercury isotopes. 
All energies are in MeV; Xv and X~ are dimensionless. 

A 

38 

202 0.53 -0.23 1.15 -0.4 0.70 0.25 0.16 0.35 -0.170 -1.3 

200 0.54 -0.22 1.10 0.54 -0.165 

198 0.55 -0.21 1.00 0.37 -0.160 

196 0.56 -0.20 0.85 0.22 -0.155 

194 0.57 -0.19 0.65 0.10 -0.150 

192 0.58 -0.18 0.40 0.01 -0.145 

190 0.59 -0.17 0.15 -0.05 -0.140 

188 0.60 -0.16 -0.10 -0.10 -0.134 

186 0.61 -0.15 -0.25 -0.14 -0.125 

184 0.61 -0.14 -0.35 -0.17 -0.114 

182 0.61 -0.15 -0.40 -0.19 -0.120 

3 1T -'i 1T 
For all isotopes: C2V = ~4V = 0, 

For all isotopes and both configurations: ~1 = ~3 = 0, ~2 = 0.04, 

a = 0.15, B = 0.10 and ~ = 4.0 . 
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character for the heavy mercury isotopes as well. For X31T, the osmium 1T 

value [Bjjker et al., 1980] is used. Osmium has a 31T configuration. 

The parameter Cov' in the V vv interaction (Eq. 3.4), is varied 

smoothly from one isotope to another. The trend is very similar to 

that for 7SPt and 760s [Bjjker et al., 1980]. The same values are used 

for both configurations. The 31T configuration parameters C2V and C4V 

are both zero for all isotopes. The fact that relatively large values 

for the 11T C
2V 

and C
4V 

parameters are needed to describe the mercury 

spectra appearo to be a consequence of the near-closed-shell 

situation. For most nuclei, the spectral structure comes primarily 

from the pairing and quadrupole-quadrupole terms in the IBM-2 

Hamiltonian, Eq. (5.1), and the V vv term is relatively unimportant. For 

N1T=1 mercury, however, this is not the case. Since there is only one 

proton boson to interact through Q .Q , the residual interaction among 
1T V 

the neutron bosons (Vvv interaction) is comparatively large. 

The platinum, osmium [Bjjker et al., 1980], and tungsten [Duval 

and Barrett, 1981b] value of 0.04 MeV is adopted for the Majorana 

parameter ~2' constant for all isotopes in both configurations. For 

the rest of the Majorana force, ~1 = F;;3 = ° is used. 

For each isotope, calculations were carried out, as described in 

Sections 3.2 and 3.5. The calculated energy spectra, after mixing, are 

presented along with the experimental spectra in Fig. 4.1 (Chapter 4). 

The figure includes the 31T ground state rotational band up to J=6, and 

all of the 11T levels up to 2 MeV. 
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Figures 5.1 and 5.2 compare the calculated spectra with 

experiment. 'rhe experimental levels are from Lederer and Shirley 

[1978]. Spin and/or parity assignments for states in parentheses are 

listed as questionable. In both of these figures, the left-hand side 

gives spectra before mixing, and the right-hand side gives the final 

spectra, after mixing. For the unmixed spectra, a = 13 = 0, and an 

amount A has been added to the 31T eigenvalues. Figure 5.1 shows the 

11T and 31T ground state bands. The J~8+ states are not shown; the 11T 

8+ levels 11 b th f hi h th IBM is t d t are we a ove e energy or w c e expec e 0 

be valid, since the pairing assumption breaks down at about 2 MeV 

[Barrett, 1981]. Before mixing, the 11T and 31T spectra look like good 

quasi-vibrational and quasi-rotational spectra, respectively. After 

mixing, it can be seen that many of the states have been moved 

dram a tic ally • 

Figure 5.2 shows other states in the 11T configuration. The 

quasi-beta band heads (0+) and the quasi-gamma band heads (2+) for 

188Hg and 190Hg mix strongly with the 31T ground state band (gsb) 0+ 

+ and 2 states, respectively, as can be seen in Fig. 4.1. Similarly, the 

188Hg and 190Hg 4~ states mix with the 31T gsb 4+ states. The 186Hg and 

190Hg 3+ states mix strongly with the corresponding 31T 3+ states. y y 

These latter states are not shown in any of the figures, where, for 

simpliCity, only the gsb is presented for the 31T configuration. Figure 

5.2 also shows the lowest set of 1+ states and a third set of 2+ 

states. The 202Hg experimental spectrum is rich in levels which have 

been assigned angular momentum 1 or 2 and positive (or no) parity, 

e.g., (1,2)+ or (1,2). There are five such levels between 1.15 and 1.55 
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Fig. 5.1. Energy levels for the two ground state bands in mercury. 
The left-hand side does not include configuration mixing. The 
experimental levels are from Lederer and Shirley ['1978] • 
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MeV, two of which are shown in Fig. 5.2. Since this is near the closed 

shell at 208pb , the experimental spectrum is expected to include low-

lying shell-model states which are outside the mM model space. It is 

difficul t to tell which of the experimental states, if any, correspond 

to the calculated 1+ and 2+ states around 1.5 MeV. Similarly, for 

200Hg, there are two 1+ and three 2+ experimental states between 1.55 

and 1.65 MeV. + + The lowest of the 1 and the lowest of the 2 states 

are shown in Fig. 5.2. 

There has been no attempt to reproduce the dip in the 

experimental gab at 200Hg (Fig. 5.1). This dip has been of some 

interest [Morrison and Spear, 1981] and it is not well understood. 

A better fit to the quasi-gamma band head for each isotope 

11T could be obtained with appropriate changes in the parameter C
2V

' In 

the interest of a simple parameter trend, this has not been done. 

There are no experimental 2+ states close to the calculated 200Hg 2+ 
Y 

state at 1.04 MeV. + Curiously, there is an experimental 0 state at 

0.96 MeV. This state is not included in Fig. 5.2, since it is thought to 

be outside the mM model space. 

At the time these calculations were performed, there were no 

published experimental data on 182Hg levels. The IBM parameters for 

this isotope are based on trends from the other isotopes, and the 

assumption that the effective middle of the shell is at 181tHg. 

All the calculated energy levels above 1.5 MeV are somewhat 

high. The calculated 3+ levels are quite high, except for 200Hg and 

202Hg• However, there is general agreement with experiment for all 

the isotopes concerned. 
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5.3. Uncertainties in the Calculated EnergLes 

A few comments on the uncertainties involved in the calculated 

energLes are, perhaps, appropriate, even though these uncertainties 

cannot be estimated in a rigorous way. For the most part, the 

estimates gLven represent a change in energy due to a change in one of 

the parameters by a gLven amount, usually one unit in the least 

significant place. A discussion of the uniqueness of the parameter set 

is gLven in Chapter 6. 

The fitting of the 31T configuration for A ~ 190 is speculative. 

The dominant parameter is K31T• For 190Hg, the determination of this 

+ parameter is based on one experimental number,.a possible 2 state at 

1.56 MeV. A change of 1 keV in K31T changes the rotational states by 

10-20 keV. For A 31T > 192, the values of K are based solely on 

extra pol a tion. 

The choice of the 182Hg parameters is based on extrapolation 

and the expectation that the parameters and energLes should be 

roughly reflected about the middle of the shell. Since this nucleus 

is the only one of the isotopes studied to have neutron ~.!:ticle 

bosons, as opposed to hole bosons (e.g., the only nucleus below mid

shell), the 182Hg levels are somewhat speculative. 

A conservative estimate of the uncertainty in the calculated 

energLes of the intruder (31T) states in 181t_188Hg is 10-20 keV. The 

low-lying vibrational states (E ~ 1.5 MeV) also have an estimated 

uncertainty of 10-20 keV (considering a 5 or 10 keV change in € or K). 

The uncertainty in the higher levels is 40 keV or more. This is partly 
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because the higher energy states are more sensitive to the parameters 

and partly because, for the most part, the parameters are not fitted 

to these states. 

The dip in the gsb in 200Hg and the presence of so many levels 

in 202Hg makes parameter assignments somewhat questionable for these 

two nuclei. 

In many cases, the discrepancy between calculated and 

experimental energies is deliberately greater than the above 

uncertainties, in order to simplify the parameter trends. In other 

cases, especially for the higher energy levels, the discrepancy is 

probably partly due to the fact that the model is too simple. 

Having considered the spectrum in some detail, it is of interest 

to compare the number of levels predicted with the number of free 

parameters used. There are ten parameters in the IBM-2 Hamiltonian, 

Eq. (5.1), and three in the mixing Hamiltonian, Eq. (3.9). Since the 31T 

parameters could conceivably all be different from those for the 11T 

case, there are 23 possible parameters for each isotope, an enormous 

number. 31T c31T t' However, six of these are not used: C2,,' 4,,' and "1,3 for 

both configurations. Four parameters, X,,, both X
1T
's and E;2 are 

determined from microscopic calculations or established from the 

neighboring platinum and osmium isotones. Also, X,,, CO"' and E;2 are 

identical for both configurations. This reduces the number of free 

par.'ameters to ten. Six of these are constant across the shell: C
11T 
2'" 

11T 31T 
C4,,' E , a, a, and l!:.. . Hence, the only free parameters which are 
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11T 11T 31T allowed to vary from one isotope to another are £ , I<: , I<: , and Cov. 

As mentioned before, the first three of these are consistent with 

microscopic predictions. All four of them are consistent with the 

corresponding parameters used in the platinum and osmium calculations 

of B:ijker et ale [1980). 

With four free IXarameters per isotope, fourteen energy levels 

are predicted (including the 11T ground state) for each mercury isotope. 

5.5. E2 Transition Rates and Quadrupole Moments 

The E2 transition operator, which is glven in Eq. (3.13) can be 

rewritten 

(5.2) 

where e 11T = e 1V = e
1 

and e
31T 

= e 3v = e
3
• Reduced E2 transition rates 

and quadrupole moments for the first excited state are given by Eqs. 

(2.8) and (2.11), where .11.=2 in the former and J=2 in the latter. 

The ratio of the two quadrupole effective charges, ele l' in Eq. 

(5.2) is taken to be the same 

quadrupole interaction strengths, 

as the ratio of the corres ponding 

31T 11T 
I<: /1<: , for each isotope (see Eq. 

(5.1) and Table 5.1). This is reasonable, since the effective charge 

and the strength of the quadrupole interaction are both proportional 

to the mean square proton radius. Thus, the only new parameter needed 

to determine the reduced transition rates is e 1• (For branching 

ratios, not even this parameter is necessary.) The value 

for the mercury isotopes was determined by fitting 

of e 1 used 

the 2+-+0+ 
1 1 
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transition in 198Hg, giving e, = 0.'66 eb. This is consistent with the 

effective charge used for platinum and osmium of e = 0.'78 eb [B:ijker 

et al., '980). 

+ + The calculated absolute reduced transition rates, B(E2;2,+O,), 

4+ + + + B(E2; t2,), and B(E2;6t4,) are gLven in Fig. 5.3 for all the isotopes. 

These B(E2) values are in reasonable agreement with the available 

experimental data, which are from Rud et ale ['973]; Proetel, Diamond, 

and Stevens [1975]; Bokisch et ale [1979]; Petry, Neumann, and Evans 

[1968]; and Bourgeois et ale (1976). This is true, not only for the 

196 202 18"_188 heavy isotopes, - Hg, but also for Hg, where mixing between 

the two configurations is strong. 

The absolute B(E2) transition rates for which experimental 

values are available are listed in Table 5.2 for 198_202Hg• The IBM 

results are compared not only with experiment, but also with 

predictions from the following three other theories: particle 

vibration coupling [Covello and Sartoris, 1967; Alaga and Ialonga, 1976], 

pairing plus quadrupole (Kj.sslinger and Sorensen, 1963], and boson 

expansion [K:ishimoto and Tamura, 1976). In general, all the theories do 

+ + + + reasonably well in predicting B(E2;2tO,) and B(E2;4t21 and none of 

+ + + +) them gives uniformly good results for B(E2;22+2
1

) and B(E2; 22+01 • 

+ + + + The IBM branching ratios B(E2;22+01)/B(E2;22+21) for all of the 

mercury isotopes are given in Fig. 5.3. The other branching ratios for 

which experimental results are available are gLven in Table 5.3; they 

invol ve 18 .. _188Hg• The agreement between the calculated and 

experimental branching ratios is mixed. The results of three two-band 

mixing calculations are inCluded in Table 5.3, for comparison. 
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Table 5.2. Absolute B(E2) transition rates (in e 2b 2
) and 

quadrupole moments (in eb). 

IBM 

202Hg 
2+ 0+) B(E2; 1-+ 1 0.107 

B(E2; 4+-+2+) 
1 1 0.123 

B(E2; 2+-+0+) 
2 1 0.0016 

B(E2; 2+-+2+) 
2 1 0.084 

Q2+ 0.04 
1 

2 ° 0Hg 
2+-+0+) B(E2; 0.151 1 1 

B(E2; 4+-+2+) 
1 1 0.20 

B(E2; . 2;-+01) 0.0012 

B(E2; 2+-+2+) 
2 1 0.152 

Q2+ 0.47 
1 

198Hg 
2+-+0+) 0.198 f B(E2; 1 1 

B(E2; 41-+2~) 0.275 

B(E2; + + 22-+01 ) 0.0006 

B(E2; + + 
22-+21) 0.235 

Q2+ 0.40 
1 

Other Theories 
bed 

0.12 0.150 

0.18 

0.006 

0.064 

0.58 

0.170 0.196 

0.26 

0.012 

0.097· 

0.68 

0.206 f 0.271 0.206 f 

0.32 0.35 

0.017 0.004 

0.12 0.19 

0.75 0.70 

a Experimental 

0.123 ± 0.002 

0.191 ± 0.007 

0.007 ± 0.0002 

0.05 ± 0.02 

0.32 ± 0.14e 

0.17 ± 0.14e 

0.171 ± 0.003 

0.26 ± 0.03 

0.0014 ± O.OOOl e 

0.0017 ± O.OOOl e 

0.014 ± 0.002e 

0.017 ± 0.002e 

1.11 ± 0.11 e 
0.96 ± 0.11 e 

0.198 ± 0.001 

0.296 ± 0.013 

0.0025 ± O.OOOl e 

0.0030 ± O.OOOl e 

0.065 ± 0.007e 

0.079 ± O. 008e 

0.80 ± 0.18e 

0.66 ± 0.18e 



Footnotes for Table 5.2. 

aBokisch et a1. [1979]. 

bpartic1e vibration coupling [Bokisch et a1., 1979]. 

cpairing plus quadrupole [Kisslinger and Sorensen, 1963]. 

dBoson expansion [Bokisch et a1., 1979]. 

e 
The sign of the interference term, M02M02,M22" is not known. 

The first value is for positive h.Lerference, the second for 
negative interference. 

f 
Normalized to present or past experimental value. 
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Table 5.3. B(E2) branching ratios. R(Ji ; J
f

; J
f 

.. ) = B(E2; Ji-+J f ) 

IBM 

IBB Hg + + 0+) R(23 ; 21, 1 182 

+ + 2+) 15 R(4 2; 22' 1 
+ + 4+) R(6 1; 42, 0.8 1 

+ + 4+) 1.8 R(6 2; 42, 1 

IB6Hg + + 0+) R(22; O2, 37 
1 

+ + 2+) R(4 1; 22' 1.4 1 

+ + 2+) 1.3 R(4 2; 22' 1 
+ + 4+) 21 R(6 2; 42, 1 

IB4Hg + + 0+) R(22; O2, 8.9 
1 

+ + 2+) 1.0 R(4 1 ; 22' 1 
+ + 2+) 1.4 R(4 2; 22' 1 

a Beraud et ale [1977]. 

bpraharaj et al. [1980]. 

B(E2; Ji-+J f .. ) 

Other Theories Experimental 
a b c 

SOd 

79.8 77.5 81 ± 5e 

4.9 
e 

10.7 2.5 ± 0.3
f 

2.7 ± 0.2 

0.05 0.88 1.3 ± O.l
f 

2987 >1000 ± 300f 

a 
2.7 3.0 <0.9 f 

2.1 ± 0.9 

0.83 1.1 1.18 ± 0.21a 

5 35 30 ± 4a 

40.2 46.2 ± 9.6f 

1.1 4.0 ± 1. Of 

1.9 7.2 ± 1. 9f 

eHamilton et ale [1975]. 

f Guttormsen [1981]. 

CGuttormsen l 1981], sign of (Qg/Qd) = +1; both bands prolate or 
both oblate. 

d Bourgeois et ale [1976]. 
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The quadrupole moments of the first exoited states are 

presented in Fig. 5.4. The experimental data are from Bokisoh et ale 

[1979]. The effeotive oharge, e 1, having already been fitted to an 

experimental B(E2) value, no new parameters are needed to obtain these 

quadrupole moments. The signs of Q2+ are oorrectly predicted for the 
1 

isotopes for whioh experimental data are available. (These signs 

depend on Xv and Xn.) The oaloulated magnitudes are olose to two out 

of three of the experimental values. The caloulated and experimental 

resul ts for 198_202Hg are also gLven in Table 5.2, along with the 

quadrupole moments predicted by the partiole vibration coupling 

theory. 

The intention of the present work is to gLve a good overall 

oharaoterization of a whole ohain of isotopes with a simple set of 

parameters, rather than to gLve the best possible fit to anyone 

nuoleus. Henoe, it is not surprising that some of the experimental 

resul ts listed in Tables 5.2 and 5.3 are better fit by another theory 

than by IBM. These other theories were applied to only a few (one to 

four) of the meroury isotopes. On the whole, the IBM results for E2 

transition rates and quadrupole moments compare well with the 

experimental results and with the predictions of other theories for 

both the heavy isotopes (Table 5.2) and the light isotopes (Table 5.3). 

5..§!.._ EO _!.~.!!!!.~t1:~r.!.f!..2nd Is~!.~ Shifts 

The expressions for P(EO) matrix elements and isotope shifts 

are gLven in Eqs. (3.14) and (3.15). They involve five parameters. Four 

of them, S01n' B01V' Bo3n' and B03V' multiply the matrix elements of 
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Fig. 5.4. Quadrupole moments for the first excited states in 
mercury. 
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rid 11T' nd 1v' nd3v, and nd3v, respectively. The last parameter, which 

occurs in the isotope shift expression only, is an additive constant, 

YOV• (It is the sum of Y
01V 

and Y
03V 

in Eq. (3.15).) 

The available P(EO) data consist of P(EO; O;+O~) for l8ltHg [Cole 

et al., 1976] and X(EOIE2;2;+2~) for 186,188Hg [Beraud et alo, 1977). The 

quantity X is defined in Eqs. (2.12)-(2.14). 

Experimental isotope shifts are known for all the isotopes 

except 182Hg [Bonn et al., 1976; Dabkiewicz, 1980). Unfortunately, no 

data are available for isomer shifts. 

The values of the parameters SOh' S01V' and Y Ov are determined 

by fitting to the experimental 192_200Hg isotope shifts, which are 

dominated by the 1'11' configuration. The values of the parameters S031T 

and a
03V 

are subsequently determined to fit the X values for 186,188Hg• 

The parameter values are 

- -
B = 0.844 fm2, B = -0.269 fm2 

011T 01v 

- -B031T = -0.484 fm2, B031T = 0.161 fm2, Yov = -0.083. (5.3) 

The resulting calculated isotope shifts are given in Fig. 5.5. The 

experimental values from Dabkiewicz [1980] have been renormalized 

using ISv = -55.1±3.1 GHz/fm2 [Lee, Boehm, and Hahn, 1978). The p(EO) 

resul ts are given in Table 5.4 for 181t_188Hg• It should be noted that 

the theory does not predict the absolute sign of the peEO) matrix 

elements. 
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Fig. 5.5. Isotope shifts for the mercury isotopes. The parameters 
are given in Eq. (5.3). 



Table 5.4. p(EO) transitions. 

Theory 

188
Hg 0.14 

186
Hg 0.13 

184
Hg 0.10 

a Experiment 

o 07 +0.02 
• -0.01 

a 
Cole et a1. [1976]. 

b Beraud et a1. [1977]. 

CFitted to experimental value. 

Theory 

0.016c 

0.027c 

0.004 

b Experiment 

0.016 ± 0.003 

0.027 ± 0.004 

56 
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There is good agreement between the calculated values and the 

available experimental results for both the EO transitions and the 

isotope shifts. However, rather different sets of the EO parameters 

can be found which give similar isotope shifts but different isomer 

shifts. Therefore, in the absence of any experimental isomer shift 

data, it is not possible to tell whether or not Eq. (5.3) represents 

the "best" possible set of EO parameters. 

(EO) 
It appears that all five T parameters are necessary to 

obtain reasonable results, unlike the E2 case, where e = e • 
" n 

5.7. Summary 

In this chapter, various properties of the even isotopes of 

mercury have been described within the IBM-2 framework. The isotopic 

chain under consideration extends from the middle of the major shell 

to very near the closed shell. The same Hamiltonian is used across 

the shell with parameters which are constant or smoothly varying from 

one isotope to the next. The parameters were chosen to be consistent 

with the parameters used for the neighboring platinum isotones, 

whenever possible. 

In order to treat the shape coexistence which is observed in 

the light isotopes of mercury, separate IBM calculations are made for 

two different configurations, which are subsequently mixed. This 

treatment appears to work very well. The energy spectra are 

generally in good agreement with experiment for all the isotopes, 

including the heavy isotopes near the closed shell. The energy 

spectrum of 182Hg, for which there were no experimental data at the 
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time this study was made, is predioted on the basis of parameter 

trends. 

The E2 transition rates, isotope shifts and p(EO) results are in 

good agreement with those experimental values whioh are available, 

again indioating that the presoription of two mixed oonfigurations 

works well. Most of the E2 branohing ratios are also in good 

agreement with the experimental values. The quadrupole moments have 

the right sign and trend; however, there is not muoh experimental data. 

The IBM E2 transition rates and quadrupole moments were 

oompared to other theories, where possible. The results from all the 

theories appears to be generally oomparable. The advantage of the IBM 

is that it oan make valid prediotions not just for a few isotopes, as 

these ~ther theories do, but for nearly the whole isotopio ohain. 

The study of isotonio ohains is of interest, as well as isotopiC 

chains. 'fhere are two mercury Hamiltonian parameters which are muoh 

larger than the corresponding values of these parameters for the 

isotones of platinum, osmium, and tungsten. These par'ameters are c~~ 
11T and C4v in the V vv interaction, which is prominent for mercury, 

relative to the quadrupole-quadrupole interaotion. Henoe, the 

disparity between the mercury values of these parameters and the 

corresponding values for the other isotones is an understandable end-

of-the-shell effect. Thus, in the 82-126 neutron shell, the even 

isotopes of mercury, platinum, osmium, and tungsten have now been 

characterized with a consistent set of parameters. 

The results of this study are consistent with an 0(6) character 

for the heaviest mercury isotopes. Regarding the light isotopes, the 
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mM 11T and 31T configurations appear to be equivalent to the nearly-

spherical and deformed bands of the geometrical (shape coexistence) 

description. 



CHAPTER 6 

UPDATED MERCURY CALCULATIONS 

Since the publication of the material in Chapters 4 and 5 

[Barfield et al., 1983], new experimental information and new 

theoretical ideas have become available which are relevant to the 

mercury calculations. The parameter set given in Table 5.1 has been 

modified, based on these new data and ideas. These modifications and 

the corresponding energy spectra are discussed in this chapter, along 

with the consideration of 178,180Hg. Finally, the question of the 

uniqueness of the IBM-2 parameters is addressed. 

6.1. 182Hg 

Energy levels for 182Hg have been reported by Ma et ale [1984], 

who found that the energies in the deformed band are lower than the 

corresponding energies for l8ItHg. This is contrary to the prediction 

of Barfield et ale [1983], as shown in Fig. 5.1, and indicates that one 

or more of the 182Hg 31T parameters were incorrectly chosen. In fact, 

31T a change of 2 keV in the parameter K leads to good agreement 

between experimental and calculated energies for this nucleus, as 

shown in Fig. 6.1. 

As previously mentioned, all the heavier mercury isotopes have 

neutron boson hole configurations, while 182Hg has N,,= 10, a neutron 

boson ~.!:~icle configuration. Although microscopic calculations such 

as Otsuka and Arima [1978] and Duval and Barrett [1981a] predict that 

60 
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Experiment Theory 
gs band Deformed band Before mixing_ After mixing 

Obsr'd . .er~.!!._ N7T=1 N7T=3 N7T=1 N'1T=3 

947 6+ 
1018 4+ 

935 6+ 

1051 4+ 
1000 955 6+ 

- 614 4+~3] __ r 629 4+ 638 4+ 
> 
Q) 

:::.:::: 526 2+ 
~500 421 2+ 413 2+ 429 2+ C' .... ---- 363 2+ 368 0+ Q) 352 2+ 

~~t_.t - 342 0+ c= 
W 

o o o o 

Fig. 6.1. Energy levels for 182Hg • The IBM parameters are as 
37T listed in Table 5.1, except that K = -0.122 MeV. The experimental 

levels are from Ma et al. [1984]. 
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the K trend should be appoximately reflected about the middle of the 

shell (at N,,=11 here), they do not give quantitative guidance. In the 

absence of any experimental data below mid-shell, it is not surprising 

that the value of K31T originally chosen for 182Hg is not precisely 

correct. 

The IBM parameters used for the new calculation are identical 

with those in Table 5.1, except that the strength of the quadrupole-

quadrupole interaction for the deformed band has been changed from 

K31T = -0.120 MeV to K31T = -0.122 MeV [Barfield and Barrett, 1984]. 

In Fig. 6.1, the experimental results of Ma et ale [1984] for 

the nearly spherical gsb and the deformed band are given on the left-

hand side of the figure. It should be noted that the deformed-band 

levels indicated by dashed lines are ~~~2£olated values based on the 

observed energies of the 6+ to 12+ levels (not shown in Fig. 6.1), 

using the rotational energy formula E = EO + AJ(J+1) + BJ2(J+1)2, with 

A= 15 keV and B=-11.5 eV [Ma et al., 1984]. As such, these extrapolated 

+ + energies for the 0 to 4 levels represent !:!!!p'erturbed values, i.e., 

they do not contain the effects of mixing with the nearly spherical 

gsb levels. Consequently, these extrapolated values should be 

compared with the mM-2 results for N =3 before mixing. 
1T ---

These 

theoretical results are given in the middle of Fig. 6.1 and are in 

excellent agreement with the extrapolated values of Ma et ale [1984] 

(dashed lines). 

The theoretical results after mixing the near-spherical and 

deformed bands are shown on the right-hand side of Fig. 6.1. The 

+ strong mixing betwe~n the 2 states should be noted. Also, the energy 
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+ of the deformed 4 state has been increased s,lightly, compared with 

its unperturbed value. At first, this might seem to be a strange 

resul t. However, it must be remembered that all energies are measured 

+ with respect to the energy of the 0 ground state, which has been 

+ lowered by mixi.ng with the deformed 0 state. So, in this calculation, 

+ it is seen that the 0 gs has been lowered in energy 9 keV more than 

+ the deformed 4 state. This causes an apparent upward shift in the 

energy of the latter state. In this case, the shift is in the wrong 

direction with regard to the experimental value. However, the overall 

agreement between the known experimental values and the theoretical 

values after mixing is quite good. 

Comparing the theoretical values of E(O;> = 368 keV and 

E(2;> = 526 keV for 182Hg with the experimental values of E(O;> = 375 

keV and E(2;> = 535 keV for 184Hg [Lederer and Shirley, 1978J, it would 

appear that the deformed band has reached or is close to its minimum 

energy at 182Hg• Predictions for the nuclei 178,180Hg are considered in 

Section 6.3. 

6.2. J!~ated N~=1 Parameters 

+ New experimental energies for the O
2 

levels in some of the 

heavy mercury isotopes [Vergnes et al., 1984J are different from the 

previously reported values [Lederer and Shirley, 1978J. As shown in 

Fig. 4.1 (in Chapter 4>, the older data show a decrease in energy for 

the 0; levels with decreasing neutron number. The val ues of the 

parameter CO\) (see Table 5.1> were chosen to reproduce and continue 

this trend. The newer data, which do not show this trend, can be 
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reproduced with a constant value of CO,,=0.4 MeV. The 0; 'levels of 

Vergnes et ale [1984] and the new theoretical values are shown in Fig. 

6.2. 

The newly found collective 1+ state in 156Gd [Bohle et al., 

1984] indirectly affects the mercury calculations because it suggests 

that the strengths of the Majorana terms used in most of the IBM-2 

calculations to date have been too small. + This 1 level was found at 

3.1 MeV in an in~lastic electron scattering experiment (e,e'), which 

selectively excites collective states. + In the mM, 1 states are 

clearly not totally symmetric; they cannot be obtained in IBM-1. Thus, 

they are quite sensitive to the strength of the Majorana force. The 

M1 state (as it is called) in 156Gd can be reproduced by IBM-2 with 

the Majorana strengths ;2=0.2 MeV and ; 1:;.;3=-0.4 MeV [Bohle et al., 

1984]. In comparison, ;2=0.04 MeV was used by Duval and Barrett 

[1981b]; B:ljker et ale [1980]; and Barfield et ale [1983] to characterize 

the isotopes of tungsten, osmium, platinum, and mercury. The values of 

the parameters ;1,3 used by these workers are also much smaller than 

those of Bohle et ale [1984]. 

+ Although some of the heavy mercury isotopes have low-lying 1 

states, there is no evidence that these states are collective. 

+ Therefore, the calculated 1 levels should be higher in energy than 

those shown in Fig. 5.2, indicating that one or more of the parameters 

f;1,2,3 need to be increased (in absolute value). 

Another probable indication for the need for an increased 

Majorana force for the mercury calculations is the presence of the 

+ mixed-symmetry 23 states in Fig. 5.1 at about 1.5 MeV. There is no 
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experimental evidence for such states, except near the closed shel1, 

+ where 2 states could be non-collective. 

The calculations shown in Fig. 6.2 were done with the para-

meters t 2=0.2 MeV and t 1=t
3

=-0.4 MeV to see what effect this larger 

Majorana force would have on the mercury 11T spectrum. The parameter 

CO" was also changed, as previously mentioned, and the parameters e:, 

C2", and C4" adjusted to fit the gsb. The parameter set is given in 

Table 6.1. This calculation does not include configuration mixing. 

+ + The 1 and 23 levels have been shifted up out of the low 

+ energy spectrum, as desired. However, the calculated 3y levels, which 

+ were already too high in Fig. 5.2, have also been pushed up. These 3y 

levels, along with the 2+ and 4+ members of the quasi-gamma band, are 

shown on the right-hand side of Fig. 6.2. Recent microscopic 

calculations for 191t_202Hg [Druce et al., 1985] find t 2- 0, and t1 and t3 

of the order of -0.1 or -0.2 MeV, resulting in reasonable agreement 

+ + with experiment for the 3 levels. The 23 levels of Druce et al. 

[1985] are around 1.5 MeV, however. It appears that an optimal set of 

Majorana parameters has yet to be found. Such a set will likely 

invol ve t1~t3. 

The E2 transition rates resulting from the parameter set given 

in Fig. 6.1 are not significantly different from those of Fig. 5.3 and 

Table 5.2. The quadrupole moments for the first excited state are 

about 25 % larger than the corresponding ones in Fig. 5.4 and Table 5.2. 

The importance of the quadrupole moments in a good description of the 

mercury isotopes is discussed in Section 6.4. 
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[ 1984]. Other data are from Lederer and Shirley [1978], and 
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Table 6.1. Modified parameters set for 194-202Hg • 

N = 1 Parameters a 
'IT 

A E 

202 0.53 0.4 0.2 

200 0.55 

198 0.57 

196 0.59 

194 0.61 

(MeV) 

~1 = ~3 

0.15 -0.4 0.2 

a The parameters K, XV and X'IT are unchanged and are listed 

in Table 5. 1. 
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6. 3. Predictions for 17 e ,160 Hg 

+ The location of the 0 bandhead for the intruder band in the 

lighter isotopes, 178,180Hg, is of current interest both theoretically 

and experimentally. Since the parameter trends below mid-shell 

(A<184) are not well established, it seems best to try various 

possible parameter sets for these nuclei and compare the results. 

Hopefully, one would then have a viable prediction to be compared with 

the experimental results, when the latter become available. 

Calculations for these two nuclei have been done with three different 

parameter sets, which are given in Table 6.2 and described below. 

Parameter set 1 is that of Barfield et ale [1983] given in 

Table 5.1 and modified for 182Hg as discussed in Section 6.1. The 

parameters for 178_180Hg are extensions of the trends for the heavier 

isotopes. 31T 
In particular, the parameter K ,which primarily determines 

the position of the 3lT levels, is varied linearly below mid-shell at 

A=184 (N=104). 

A second parameter set is provided by extending the N = 1 
1T 

trends of Section 6.2 (Table 6.1) to the lighter isotopes and 

determining the values of the K 3lT parameters to fit 18/t_188
H g. This 

parameter set, called set 2, involves no fitting for 182Hg• The 

parameter K3lT is simply reflected about mid-shell 
11T (as is K ). The 

parameter CO" = 0.4 MeV has a value which is now much larger than 

that used for the neighboring mid-shell isotones of platinum and 

osmium [BjJker et al., 1980]. For simplicity, the 31T parameter CO" is 

31T 31T taken to be zero, along with C2" and C4". In this case, the position 

of the deformed band-head is determined only by K3
1T
, which varies 



Table 6.2. Mercury parameters employed for Figures 6.3 and 6.4. 
All energies are in MeV. 

A 

Set l a 

188 
186 
184 
182 
180 
178 

e: 

N = 1 
7T 

K 

0.60 -0.16 
0.61 -0.15 

-0.14 
-0.15 
-0.16 
-0.17 

-0.10 
-0.14 
-0.17 
-0.19 
-0.20 
-0.20 

0.40 

K 

-0.134 -0.10 
-0.125 -0.14 
-0. 114 -0. 17 
-0.122 -0.19 
-0.130 -0.20 
-0.138 -0.20 

-0.137 0.00 

All A 

!:J. = 4.0 
i;1 = i;3 = 0 

i;2 = 0.04 

c;~ = 0.25 

c!~ = 0.16 

!:J. = 4.0 
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Set 2a 

188 
186 
184 
182 
180 
178 

0.6L. -0.16 
0.65 -0.15 

-0.14 
-0.129 
-0.121 

i;1 = i;3 = -0.4 

Set 3a ,b 
198 
196 
194 
192 
190 
188 
186 
184 
182 
180 
178 

-0.15 
-0.16 
-0.17 

0.56 -0.21 0.40 
0.58 -0.20 
0.60 -0.19 
0.62 -0.18 
0.63 -0.17 
0.64 -0.16 
0.65 -0.15 

-0.14 
-0.149 
-0.158 
-0.167 

-0.129 i;2 = 0.2 

-0.137 
-0.145 c~~ = 0.20 

c!~ = 0.15 

-0.21 0.00 !:J. = 5.0 
-0.20 
-0.19 
-0.18 
-0.17 
-0.16 
-0.15 
-0.14 
-0.149 
-0.158 
-0.167 

a All other parameters have the same values for all three sets. 
These values are given in Table 5.1. 

bAll parameters except K and !:J. are the same for sets 2 and 3. 



70 

linearly, and by the two constant parameters £31T and I:!.. Since the 

Majorana parameters have little effect on the gab, the values 

discussed in Section 6.2 are used here, even though they are not 

believed to be correct, in general. 

The third parameter set results from an attempt to fit the 

deformed band with the same values of K for the two configurations. 

The pair excitation energy I:!. is increased to compensate for the 

stronger 31T quadrupole force. In this case, the 182Hg levels were used 

to determine how the parameter K should vary below mid-shell. Except 

for .,. 11T, .,.31T, and A 1 3 ~ ~ u, al set parameters are the same as those of set 

2. To see how well this simpler set of parameters works, the gs 

bands for both configurations (after mixing) are shown in Fig. 6.3 for 

178_198Hg• The fit is quite good, considering the simplicity of the 

parameter trends (cf. Table 6.2). The 11T quasi-gamma and quasi-beta 

levels are not shown; they are essentially the same as those in Fig. 

6.2, except for the effects of mixing. 

Figure 6.4 shows the position of the deformed band-head for 

178_188Ug, as given by the three parameter sets of Table 6.2. The 

corresponding 4+ levels are also shown. In all cases, the deformed 

levels in 180Hg are predicted to be higher in energy than the 

corresponding levels for 182Hg and l8ltHg, although they are much lower 

than the corresponding 188Hg levels. The nuclei 180Hg and 188Hg have 

180 - 188 the same boson number, with N,,=9 for Hg and N,,=9 for Hg. 
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Fig. 6.3. Ground state bands for 17B-19BHg • The IBM parameters 
are given in Table 6.2, set 3. The experimental levels are from 
Ma et ale [1984) and Lederer and Shirley [1978). 
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Fig. 6.4. The 0+ and 4+ levels of the intruder band for 17S-188Hg . 

The solid line corresponds to parameter set 1 and the dashed line to 
parameter set 2. The dash-dot line, corresponding to parameter set 
3, is only shown when different from the other two. 
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6.4. Uniqueness and Validitx of the IBM-~ Parameters 

The results of Section 6.3 indicate that essentially the same 

IBM-2 results can sometimes be obtained with different parameter sets. 

This conclusion has been reached in general by Barrett, Morrison, and 

Zabolitsky [1985], who find that energy levels alone are not enough to 

uniquely determine the IBM-2 parameters. In particular, the 

parameters X and X are hard to determine. These parameters have a 
" IT 

large effect on quadrupole matrix elements, but not on energy levels. 

Microscopic calculations for mercury such as Duval and 

Barret t [1981 a] and Druce et ale [1985] result in a value of X =+ 1 (for 
IT 

the normal 1lT configuration). This is quite different from the value 

of X =-0.4 used in the present work, which is an extrapolation of the 
IT 

X
lT 

values used for 74 W, 76 Os, and 7SPt, as discussed in Section 5.1. A 

parameter set with X =+1 leads to a U(5)-like picture for mercury, in 
IT 

contrast to the 0(6)-like description associated with X =-0.4 (cf. 
IT 

Section 3.4). Such a parameter set was developed for mercury in 1981 

as a possible alternative to the 0(6) set of Chapter 5. Apart from 

X =+1.0 versus -0.4, there is little difference between the U(5) and 
IT 

0(6) sets. They give very similar energy spectra and similar B(E2)'s 

and quadrupole moments for the heavy isotopes, for which X is large 

" and positive. The calculated quadrupole moments for the two X 
IT 

values differ for the lighter isotopes, for which X <0, but there are 

" no experimental quadrupole moments for these isotopes to distinguish 

between these two possibilities. Lacking any experimental evidence to 

support a U(5) picture for mercury, the 0(6) description of Chapter 5 

was adopted. 
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One possible method of testing the IBM-2 parameters involves 

using them as core descriptions for odd-A calculations. The particle-

core coupling model of Donau and Frauendorf [1977] has been used to 

test the mercury parameters of Table I (set 1 of the previous section) 

[Semmes, Leander and Wood, 1984; Semmes, 1985; Semmes et a!., 1985]. 

Results using this model (which is not to be confused with the 

Interacting Boson-Fermion Model) indicate that the 196,198Hg cores give 

reasonably good descriptions for all neighboring odd-A nuclei, while 

the 188_194Hg cores give spod descriptions for neighboring odd-A 

mercury isotopes, but not for the corresponding thallium and gold 

nuclei. Finally, in this model, the 186Hg core does not lead to a spod 

description for any of its odd-A neighbors. The core quadrupole 

matrix elements appear to be too small, in most cases [Semmes, 1985]. 

There is a possibility that U( 5) cores would succeed where the O( 6) 

cores failed. Preliminary results show that this is indeed the case 

[Semmes et al., 1985]. Further investigation of the U(5) parameter set 

is warranted and has begun. 

It appears that the odd particle can distinguish between 

al ternative IBM-2 parameter sets when existing electromagnetic data 

are ins ufficient to do so. 

As previously mentioned, the Majorana parameters have not been 

well-determined by the available experimental data. In this regard, it 

would be very useful to locate the mixed symmetry 2+ levels 
3 

experimentally for mercury isotopes in the range 192 ~ A ~ 19B. 

The results that have been presented illustrate the ability of 

the interacting boson model to describe a large amount of data over a 
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wide range of nuclei with a simple parameter trend. Although some 

work remains to be done in determining a "best" parameter set, the 

mM-2 treatment appears to work well in describing the low-lying 

collective features of the even mercury isotope~. 



CHAPTER 7 

INTRODUCTION TO STUDIES OF OCTUPOLE STATES 

Collective positive parity bands in even-even nuclei have long 

been studied and are well described by many theories, including the 

IBM. Collective negative parity bands have been less well studied, 

since, for most nuclei, they occur at higher energies than the low

lying positive parity bands. 

Octupole bands can be described with the IBM-1 formalism by 

adding an f-boson (with angular momentum L=3) to the s-d boson space 

[Arima and Iachello, 1975]. Such a treatment has been applied to 

octupole bands in 1 .. 0,lS0,lS2,lS"Sm [Scholten, Iachello and Arima, 1978], 

in lS2Sm [Konijn et al., 1982] and in lS6Gd [Konijn et al., 1981a]. The 

N=88 isotones l .. oNd, lS0Sm, lS2Gd, ls"Dy, and lS6Er have similarly been 

studied by Han et al. [1985]. The 1- and 3- states in 1 .. 2,1 .... ,1 .. 6Ba have 

been considered by Scott et ale [1980]. The 3~ and 3; states in 70Kr 

have been described by Hellmeister et al. [1979] and those in 

76,70,OO,82Kr by Matsuki et al. [1982]. The IBM in the vibrational limit, 

as well as two other models, has been applied to negative parity 

states in l .... Nd, lS0Sm, and lS6,lS0Gd by Berzin et al. [1978]. The 

nucleus 218Ra has also been studied in the vibrational limit 

[Fernandez-Niello et al., 1982]. An IBM treatment with the group SU(13) 

has been employed by Godzdz, Szpikowski, and Zajac [1980] to describe 

lsoGd. Chapters 8 and 9 of the present work examine the phenomenology 
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of an sdf mM-1 description of octupole bands with specific 

application to deformed rare-earth nuclei. 

The remainder of this chapter provides some background 

information regarding octupole phenomena in even-even nuclei. Section 

• 
7.1 considers the general experimental picture for octupole states and 

interprets it in terms of the hydrodynamic model. Other theoretical 

descriptions are briefly surveyed in Section 7.2 and the microscopic 

picture is considered in Section 7.3. Finally, Section 7.4 considers 

single-particle (or quasi-particle, qp) degrees of freedom and 

2-quasi-particle (2qp) admixtures in collective states. 

7.1. _~~erimental Features of Octupole Excitations 

The experimental indications for collective states in nuclei 

are: (1) the appearance of a given type of state over a wide range of 

neighboring nuclei, with excitation energies which tend to vary 

smoothly from one nucleus to another; and (2) enhanced electromagnetic 

transitions between certain states [deShalit and Feshbach, 1974]. 

'IT -Octupole I = 3 states are identified in inelastic scattering 

and Coulomb excitation experiments, which selectively populate 

collective states [Cohen, 1971]. The B(E3) reduced transition rates 

from these 3- states to the ground state (gs) are in the range 2-20 

single-particle units (spu) for most nuclei [Soloviev, 1976]. Inelastic 

scattering and Coulomb excitation experiments also identify quadrupole 

and hexadecapole collectivity, with enhanced B(E2)'s and B(E4)'s, 

respectively. 
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The most collective octupole states are found in spherical 

nuclei. For example, the first excited state in the doubly magic 

nucleus 208Pb is a 3- state at 2.61 MeV with B(E3; 3-+()+) = 39 spu 

[Ziegler and Peterson, 1968]. This same state has been identified in 

206Pb and 20ltpb, and there is evidence that it persists in the heavy 

mercury isotopes at about the same energy [Baxter et al., 1981]. Table 

7.1 lists the energies and absolute reduced transition rates to the gs 

for the lowest 3-, 2+, and 4+ states in 208Pb• The collectivity of 

these states has been established by (e,e') inelastic scattering 

[Ziegler and Peterson, 1968]. 

Moving away from the doubly closed shell, the low-energy 

octupole collectivity becomes split among two or more 3- states. This 

is seen, for example, in 198Hg [Baxter et a1., 1981] and in the krypton 

isotopes [Matsuki et al., 1982]. For well-deformed nuclei, octupo1e 

states appear in rotational bands with K1T = 0-, 1-, 2- and 3-. The 

collectivity is seen experimentally in transitions between the gs and 

1T -the I =3 members of the bands. Usually only two or three (sometimes 

only one) of these K bands are identified in a given nucleus. The 

lowest K- band tends to be 0- or 1 for the most deformed nuclei and 

3- for the least deformed. 

- + + As an example, Table 7.1 includes collective 3, 2 and 4 

states in the nucleus 168Er [TjQSm and Elbek, 1968]. Figure 7.1 shows 

the low energy spectrum of 168Er. The data are from Davidson et ale 

[1981] and Burke et ale [1985b]. All K bands with bandhead energy 

below 1800 keV are included, as well as bandheads between 1800 and 

2100 keV. This nucleus is chosen, not so much because it is "typical," 



Table 7.1. Examples of collective 2+, 3- and 4+ states in 
spherical and deformed nuclei. The lead data are from (e,e~) 
measurements [Ziegler and Peterson, 1968] and the erbium data 
are from (d,d~) scattering [Tj,sm and Elbek, .1968]. Absolute 
reduced transition rates are given when available. 

E(I7T) B(EI; I7T + 0+) 
1 

MeV a spu 

2.6 39.5 ± 2.2 

4.1 8.1 ± 0.5 

4.3 27 ± 9 

168Er 
B(EI; I7T + 01) I K7T E(l K7T) 

keV a spu 

2 0+ 79 200 
2 2+ 821 5.8 

4 0+ 264 b 
4 2+ 994 c 
4 3+ 1736 d 

3 1 1431 3.3 -3 2 1633 3.0 -3 0 1913 1.9 
3 3 -e 2257 3.1 

aSingle particle units Ring and Schuck [1980]. 

B (EA) = 1 3 2(1.2 A1/3) 2Ae2fm 2 ; 1 b = 100 fm2. 
sp 47T (A+3) 

bMultiple E2 excitation. 

cPartly direct E4 excitation. 
d E4 excitation; Warner, Casten and Davidson [ 1981] • 

eAssumed to be K=3. 
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but because it has been thoroughly studied experimentally. These 

studies include (d,d') [Tj16m and Elbek, 1968]; (a,a') Coulomb excitation 

[McGowan et al., 1978]; (n,y), (n,e-) [Davidson et al., 1981]; (p,p') 

~Ichihara et al., 1984]; (n,n'y) [Yates, Kleppinger, and Kleppinger, 1985]; 

(d,p), (t,d) [Burke, Maddock, and Davidson, 1985], (t,a) [Burke et al., 

1985a]; (t,p), (p,t) [Burke et al., 1985b]; and [Govil et al., 1986], 

inelastic scattering. 

In the actinide region, collective negative parity bands are 

sometimes seen at very low energies. The K~=O- bandhead energies for 

222,22It,226Ra and 226Th are below 250 keV [Hyde, Perlman, and Sea borg, 

1964]. 

In the geometrical picture, low-lying excited collective states 

in spherical nuclei are associated with small-amplitude surface 

oscillations of the nucleus [Bohr, 1952; Hyde, Perlman, and Seaborg, 

1964]. The nuclear surface is parameterized by expanding the radius in 

spherical harmonics, 

, 

where RO is the equilibrium radius. The excitation modes are 

classified according to their mul tipole order A, and are associated 

with excitation quanta (phonons) of angular momentum A and parity 

A (-1) • The z-component of the angular momentum in the intrinsic 

(body-fixed) frame is given by )l. The Hamiltonian for harmonic 
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vibrations, which leads to these eigenmodes, is given in, e.g., Ring and 

Schuck [1980]. 

The A=O mode represents a compression and expansion of the 

nucleus, without change of shape. The A=1 mode corresponds to a 

translation'of the nucleus or movement of the neutron center-of-mass, 

relative to the proton center-of-mass. The two lowest-order 

oscillation modes of interest are thus A=2 (quadrupole) and A=3 

(octupole). The energy spectra associated with such excitations are 

shown in Fig. 7.2, along with the dynamic shape deformations [Ring and 

Schuck, 1980]. The quadrupole phonon spectrum is approximately 

realized in vibrational nuclei and corresponds to the IBM U(5) limit 

discussed in Section 2.3.1. The octupole phonon spectrum is also seen 

in nuclei, although the two-phonon states are not usually identified 

[Mariscotti et al., 1983]. + -The collective 2 and 3 states in Table 7.1 

can be identified with A=2 and 3, respectively, in Eq. (7.1). Some of 

the 4+ states in Table 7.1 can be identified, at least in part, with 

the next higher term in the multipole expansion, A=4 (hexadecapole). 

When the nucleus becomes permanently deformed, the vibrational 

modes of order A are split into components 1-1 = 0, ±1, ••• , ±A. Because 

of symmetry considerations, the modes with 1-1 = ±A have the same 

energy ~ Let us consider the quadrupole and oct upole terms in Eq. (7.1) 

for a spheroidal or ellipsoidal nucleus. If the coordinate axes are 

chosen to be the principle axes of the ellipsoid, then the quadrupole 

coefficients and vanish and the remaining quadrupole 

coefficients can be related to the deformation parameters 8 and y 

[Ring and Schuck, 1980]. To third order, Eq. (7.1) becomes 
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Fig. 7.2. Nuclear shapes and harmonic energy spectra associated 
with quadrupole (A=2) and octupole (A=3) surface oscillations 
about a spherical shape. 
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The angular arguments of the radius, R, and the spherical harmonics 

have been omitted for simplicity. 

The vibrational excitations corresponding to Eq. (7.2) are given 

the labels K1T, where K=ll and 1T=(-1) A. The one-phonon quadrupole 

excitations are usually referred to as a and y vibrations and 

correspond to K1T = 0+ and 2+, respectively. The octupole excitations 

are labelled K1T = 0-, 1-, 2-, and 3-. Similarly, the next higher 

mul tipole (A=4) leads to K1T = 0+, 1+, ... , + 4 , which are identified with 

the hexadecapole degree of freedom. 

A rotational band is built on each vibrational state with 

angular momenta K, K+1, ••• for KiO. For K=O, axial symmetry results in 

( ) I 1T + 1T= -1 , in general, so that K =0 bands have only even-spin members 

and K1T =0- bands have only odd-spin members [Bohr and Mottelson, 1975; 

Soloviev, 1976]. In some odd-odd nuclei, both even-spin and odd-spin 

branches of K 1T = 0 - bands are seen, dis placed with res pect to one 

1T -another [Davidson, 1968]. This can also be true for 2qp K = 0 bands 

in even-even nuclei [Soloviev, 1976]. 

The coupling scheme in Fig. 7.3 shows the relationship between 

the various angular momenta and their projections on the symmetry 

axis (3). In this figure, j represents the gs angular momentum, which 

is zero for an even-even nucleus. For an odd-A nUCleus, j=l+s and 
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Fig. 7.3. Angular momentum coupling scheme for deformed nuclei. 

For a one-phonon excitation, the vibrational angular momentum A 
is coupled to the ground state angular momentum j to give the 
total intrinsic spin J. This is coupled to the collective 
rotational angular momentum R to yield the total angular momentum 
I, whose component along the nuclear symmetry axis is 

13 = J 3 = K = In ± ~I· 
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j3=g=A+1:, where A=R'3 and 1:=s3. The angular momentum j is coupled to 

the vibrational angular momentum A to give the total intrinsic angular 

momentum J. Finally, J is coupled to the collective rotational 

angular momentum R to yield the total angular momentum I. Since 

rotation about the symmetry axis is quantum-mechanically forbidden, R3 

= 0 and I3 = J
3 

= K = g+l.l or Ig-l.ll (J and A can be oriented oppositely 

with respect to the 3 axis). For a one-phonon excitation in an even-

even nucleus, j = 0, g = 0, and K = h.d. Alternatively, j could 

represent a 2qp excitation or a second vibrational excitation. 

The K bands in 168Er that correspond to one-phonon vibrations 

in the hydrodynamic picture can be identified by comparing Fig. 7.1 and 

Table 7.1. + + (The lowest 2 and 4 levels belong to the gs rotational 

band, which is also strongly populated in inelastic scattering.) The 

lowest K'IT= 0-, 1, and 2 bands all have significant octupo1e 

collectivity. The 3- level at 2257 keV is not shown in Fig. 7.1; it 

was observed in (d,d') [Tj6m and E1bek, 1968], but not in (n,y) [Davidson 

et a1., 1981]. The other negative parity bands in Fig. 7.1 are based on 

2qp configurations and are discussed in Section 7.4. 

The mM has been successfully applied to the positive parity 

bands in 168Er [Warner, Casten, and Davidson, 1981; Warner and Casten, 

1982]. All the positive parity bands in Fig. 7.1 can be well reproduced 

in mM-1 with two exceptions. 'IT + The K =3 band cannot be obtained 

within an sd-boson space, since it is of hexadecapo1e character. Also, 

mM-1 predicts a 4+ band at about 1600 keV, while the lowest 

experimental 4+ band occurs at 2030 keV [Warner, Casten, and Davidson, 

1981]. + + It appears that the 3 and 4 bands can be correctly described 
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with the addition of a g-boson (L=4) to the mM-1 basis space [WU and 

Zhou, 1984; Akiyama, 1985]. 

The collective negative parity bands in 16sEr are described in 

mM-1 with the addition of an f- boson to the sd boson s pace [Barfield 

et al., 1985; Barfield and Scholten, 1985]. They are considered in some 

detail in Chapter 9, along with octupole bands in nine other deformed 

rare-earth nuclei. 

~~-1~~~~~1 Des~ription~f-~~~Eole Phenomena 

Early phenomenological calculations involving an extension of 

the liquid drop model to A=3 are described in Davidson [1962,1964,1968]. 

Early microscopic calculations using RPA (random phase approximation) 

techniques to describe octupole vibrations in spherical nuclei are 

discussed in Gillet and Sanderson [1967]. Such calculations for 

deformed nuclei include Soloviev, Vogel, and Korneichuk [1964] and 

Faessler and Plastino [1968]. Neergard and Vogel [1970a,b] successfully 

described octupole bands in a wide range of deformed nuclei using RPA 

and Coriolis coupling. Similar calculations were done by Soloviev and 

co-workers [1969] and Grigoriev and Soloviev [1974]. 

Other RPA deSCriptions include Immele and Struble [1972], 

Hernandez and Plastino [1975], and Stringari [1981]. Octupole vibration 

calculations have been done in the coherent state model [Badea, Raduta, 

and Stock, 1978; Raduta and Sabac 1983], by boson expansion methods 

[Ogura, 1980] and in the quasi-particle phonon model [Soloviev et al., 

1981; Solovie" and Shirikova, 1981]. Other recent calculations include 

Zvonov and Mitroshin [1980] and Mikhailov, Usmanov, and Chariev [1984]. 
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Static octupole deformation of the nucleus provides an 

alternative to the octupole vibration picture [Ragnarsson, NUsson, and 

Sheline, 1978]. It has been applied primarily in the actinide region, 

where octupole bands are sometimes lower in energy than quadrupole 

bands. Early work along this line was done by Vogel [1967] and Moller, 

NUsson, and Sheline [1972]. 

In the octupole vibration + picture, 2-phonon 0 states are 

expected at about twice the energy of the low-lying octupole 

bandheads. Lack of evidence for such states [Kurcewicz et al., 1978] 

has stimulated interest in the octupole deformation possibility. 

Recent cal cUlations include Chasman [1980], Sheline [1980], Leander et 

ale [1982], Rohozinski and Greiner [1983], Frauendorf and Pashkevich 

[1984], and Nazarewicz et ale [1984]. 

A third interpretation of the collective negative parity bands 

in the actinides involves a-clustering and the dipole degree of 

freedom [Iachello and Jackson, 1982; Daley and Iachello, 1983, 1985; 

Daley and Barrett, 1986]. This model is based on the IBM and is 

referred to as the vibron model. It has recently been applied to the 

rare-earth nucleus 156Gd [Daley and Nagarajan, 1985]. 

Another mM-based model considers both octupole and dipole 

degrees of freedom in a U(16) treatment [Engel and Iachello, 1985]. 

Recent theoretical treatment of octupole states in spherical 

and transitional nuclei incl ude Zolnowski et ale [1975], Nom ura [1975], 

Kleinheinz [1981], and Abbas et ale [1981]. Odd-particle coupling to 

octupole states has been considered by von Egidy et ale [1979], Meyer 

et ale [1984], and Leander and Sheline [1984]. 
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Coupled quadrupole and octupole modes have been considered by 

Vogel and Kocbach [1971]; Kammuri and Kishimoto [1978]; Rohoztnski, 

Gajda, and Greiner [1982]; Barts, Inopin, and Shlyakhov [1984]; Dudelsky 

et ale [1985]; and BOning et ale [1985]. 

Rotation alignment and high spin states in octupole bands have 

been treated by Nomura [1976], Vogel [1976], Krumlinde and Marshalek 

[1975], Konijn et ale [1978], deBoer et ale [1980], Dracoulis [1980], 

Mikhailov and Brianson [1982], Peker et ale [1983], and Nazare.wicz and 

Olanders [1985]. The interplay between collective and single-particle 

degrees of freedom in low-spin states is considered in Section 7.4. 

Finally, recent work involving the octupole response function 

and the octupole resonances includes Moss et ale [1976]; Malov, 

Nesterenko, and Soloviev [1977]; Bortignon and Broglia [1981]; Kirson 

[1982]; Bar-Touv and Mordechai [1984]; Fujiwara [1985]; and Fujita et ale 

[1985]. 

7.3. Microscopic Structure of Octupole States 

Collective vibrational states are coherent superpositions of 

2qp states [Ring and Schuck, 1980]. In spherical nuclei the r91evant 

microscopic components are particle-hole (p-h) states, while in 

deformed nuclei they are normally described by 2qp Nilsson states. 

The shell-model components which are expected to make the 

largest contribution to given collective states can be found by 

considering the form of the single-particle response in the 

geometrical model: 
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where 1, s, and j refer to orbital, spin and total angular momenta and 

1 and f refer to initial and final states [Bohr and Mottelson, 1975J. 

For A odd, the initial and final states must have oPPOsite parity. 

This means AN = 1, 3, ••• , where N is the principal harmonic oscillator 

quantum number. For transitions within a major shell, one of the two 

states must be in the tmique parity orbital (lowered by the l-s 

interaction from the next higher major shell). In the 50-82 shell, 

this orbital is h11/2 (1=5, 'IT=-, spin up); in the 82-126 shell it is 

i13/2 (1=6, 'IT=+, S pin up). 

Another selection rule can be found by noting that the 

transition operator given in Eq. (7.3) has no spin dependence, so that 

the intrinsic spins of particles in the initial and final states must 

be the same; I!.S = o. Finally, orbital angular momentum must be 

conserved, leading to ll1 = 3 for octupole transitions. To show this, 

consider the normal parity orbitals in the 50-82 shell. They are s1/2' 

d3/ 2, d 5/2' and g7/2. An h 11 /2 particle (1=5) can couple with 1=2 or 

1=4 to obtain angular momentum L=3. However, d
3

/ 2 and g7l2 both have 

spin down, so that transitions to either of them from h11/2 involve a 

spin flip (llS= 1). Thus, the only A=3 transition allowed by expression 

(7.3) from an h11/2 level (1=5) is to a d
5/2 

level (1=2), leading to 

ll1=3. The particle-hole combination expected to give the largest 

contribution to octupole collectivity in the 50-82 shell is then 

(h 11 / 2, d
5/2

). A similar analysis in the 82-126 shell leads to (i'3/2' 
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f 7/2) as the only combination with "octupole character" in this shel]. 

Again, ~R.=3. 

The selection rules for those p-h configurations which are 

expected to make large contributions to octupole states, 

lIN = 1, ~S = 0, ~R. = 3 (7.4) 

have been obtained from the geometrical model. However, they are 

supported by experimental evidence [Bohr and Mottelson, 1975~ 

As the nucleus deforms, the (2j+1)-fold degeneracy of the 

shell-model orbitals is lifted, except for a factor of two. In 

general, reflection symmetry remains so that, referring to Fig. 7.3, 

states with j3=Q and j3=-Q have the same energy. (Reflection 

asymmetric shapes, corresponding to static octupole deformation, for 

example, are not treated here.) The Nilsson Model gives a good 

qualitative description of energy levels in deformed odd-A nuclei 

[Bunker and Reich, 1971 ~ The quasi-particle states are commonly 

labelled by the asymptotic quantum numbers of the major Nilsson 

component [deShalit and Feshbach, 1974]: 

Q1T[ Nn A I: ] 
z 

(7.5) 

The Nilsson sp state (7.5) is derived from a shell-model state with 

principal harmonic oscillator quantum number N, orbital angular 

momentum I. and spin up or down, relative to R. (j=R.+1/2 or j=R.-1/2). 

Then, 

N 
1T = parity = (-1) , A = R.3 

I: = s3 = t or ~ (±1/2) , Q = j3 = A + I: (7.6a) 



as shown in Fig. 7.3, and 

n
z 

= J/, - A = number of quanta partitioned along the 
symmetry (3) axis 
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(7. 6b) 

The labels E and n are not both necessary, and one or the other is 

often omitted. It is found empirically that the angular momentum of a 

nucleus with one nucleon in the state (7.5) is usually given by n. 

The Nilsson levels with shell-model parentage 1h 11/2 (N=5, J/,=5, 

s pin up) are: 

(7.7) 

Since each level has a degeneracy of two, twelve protons, for example, 

in the 50-82 shell can be accommodated by these levels. For prolate 

deformation, the energy of the levels increases with n. Similarly, the 

Nilsson levels related to the shell-model orbital 2d
5/2 

(N=4, J/,=2, spin 

up) are 

3/2'1411+], and 1/2'1420+] (7.8) 

The energy levels depend on the quadrupole deformation in a 

complicated way, since states with the same n1T and different shell-

model parents can mix. The solutions of the Nilsson Hamiltonian are 

given in Nilsson diagrams, which give the energies of the various 

orbitals in units of harmonic oscillator energy, as a function of the 

deformation parameter o. 
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Figure 7.4 is a Nilsson diagram for protons in the 50-82 shell 

[Lederer and Shirley, 1978]. The solid and dashed lines correspond to 

positive and negative parity, respectively. The proton numbers 

(encircled) identify sub-shell gaps. For well-deformed nuclei, the 

relevant deformation is IS = 0.27 (6
2 

III 0.3) [Ring and Schuck, 1980]. 

The experimental ordering of proton levels roughly follow the Nilsson 

diagram and the Fermi level for a given nucleus can be predicted from 

it. For example, the Fermi level for protons in the deformed terbium 

(z=65) isotopes would be expected to be 3/2+[411], from Fig. 7.4. The 

nuclei 155,157,159,161 Tb all have ground state spin 3/2+, as expected. 

The three lowest excited states of 1:~Tb96 have I1T = 5/2+, 712-, and 

5/2- [Bunker and Reich, 1971], also in accordance with Fig. 7.4. 

In deformed nucei, 2qp configurations can be obtained by 

"adding" Q values and mul tlipying parities of two Nilsson levels, 

gi. ving 

and 

• 

This can be seen schematically in Fig. 7.3 by replacing A and II by j2 

n 162 and ~'2' respectively. As an example, consider the nucleus 66DY96' for 

+ which the proton Fermi level is just above 3/2 [411]. From Fig. 7.4, 

the next higher proton level is 7/2-[523]. The two 2q1T configurations 

obtained by combining these levels can be written 
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(7.10) 

and 

Because like-particles prefer to couple with spins opposed, the K1T=5-

configuration (with ttl is expected to occur at higher energy than the 

K1T=2- configuration. Experimentally, there is a K1T=2- band in 162Dy at 

1148 keV and a K1T=5- band at 1486 keV [Fields et al., 1982]. 

Having reviewed the notation for 2qp Nilsson configurations, it 

is of interest to consider which such configurations are expected to 

be microscopic components of octupole states. Since there is no 

reason to suppose that the selection rules (7.4) do not hold for 

deformed nuclei, one expects the 2qp configurations with "octupole 

character" in the 50-82 shell to be those com binations of (7.7) and 

(7.8) which combine to give K1T = 0-, 1-, 2-, and 3- and l1I:=0. The 

latter requirement means that only the combination with the minus 

sign in Eq. (7.9) is considered. Similarly, in the 82-126 shell, the 2qp 

configurations which are expected to contribute largely to octupole 

states are 

(7.12) 

where the first Nilsson level has a 1i13/2 shell-model parent and the 

second has a 2f7/2 shell-model parent. 



7.4. Sin~-particle Degrees of Freedom and Admixtures 

in Collective States 
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As noted in Section 7.1, collective states are populated in 

inelastic scattering and Coulomb excitation experiments. Information 

on the 2qp nature of levels in nuclei is obtained in single-nucleon 

transfer reactions [El bek and Tj6m, 1969; Btmker and Reich, 1971]. 

Experiments such as (d,p) and (d,t) populate 2q" states and experiments 

such as (3He,d) and (d,3He) populate 2qn states. The 2qp states 

populated in the final even-even nucleus include the gs of the odd-A 

target nucleus as one of the two Nilsson components. Thus, if the gs 

level for the odd-A targets are known, the 2qp states populated in the 

final nucleus in these reactions can often be determined. 

Although the usual expectation for a "good" collective 

vibrational state is a superposition of many 2qp components, each with 

a small amplitude, in practice, many vibrational states are dominated 

by one or two 2qp components. The small correlated admixtures of 

other 2qp components can still provide appreciable collectivity [Burke 

et ale, 1985b]. In such a case, the collective state in question will 

be seen in appropriate pick-up or stripping reactions. 

Large 2qp admixtures in gamma bands are discussed by Soloviev 

[1969], Bunker and Reich [1971], Zemel and Dobes [1983] and Gelletly et 

ale [1985]. Such admixtures are fairly common in octupole bands; 

examples are given in Burke, Nelson, and Reich [1969]; O'Neil and Burke 

[1972]; Peker and Hamilton [1979,1980]; Konijn et ale [1981b]; Burke et 

ale [1985a, 1985b]; and Richter et ale [1985]. There is also evidence 

for admixtures of both 2qn and 2q" configurations in the same state 
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[Panar and Burke, 1979; Burke and Blezius, 1982; Burke et al., 1985aJ. 

The importance of microscopic effects in octupole bands is 

evident in the bandhead systematics for K'IT=2- octupole bands in the 

rare-earth region. Figures 7.5(a,b) and 7.6 show the bandhead energies 

'IT - - -for K = 0 ,1 , and 2 octupole bands, as a function of mass number, in 

deformed rare-earth nuclei. In all cases, evidence for octupole 

collectivity is given by significant B(E3) transition rates between the 

gs and the 3- member of the band. The data are from Veje et ale 

[1968J; Bloch, Elbek, and TjtSm [1967J; Grodtal et ale [1968J; TjtSm and 

Elbek [1968]; and Burke and Elbek [1967J: all are (d,d') experiments. 

There are no known B(E3)'s for K'IT=3- bands in this region. 

'IT -Figure 7.6 shows a dip in the K =2 bandhead energy in the N=94 

isotones at 160Dy• In fact, all the dysprosium isotopes (Z=66) have 

. 'IT -relatJ.vely low K =2 octupole bands. This dip can be understood in 

terms of the 2qp configuration {7 12-[523J~3/2+[411]JK'IT=2-, which is 

the same as expression (7.10) and was discussed earlier in connection 

with the nucleus 162Dy. Figure 7.7 schematically shows this 

configuration, along with the gs proton configuration in the Nilsson 

model, for the isotones 158Gd, 160Dy and 162Er. Although the Nilsson 

levels 7/2-[523J and 3/2+r411J are near the proton Fermi levels for all 

three nuclei, the 2q'IT configuration (7.10) is most easily attained in 

the dysprosium case, where it involves only the promotion of one q'IT 

from the Nilsson orbit just below the Fermi level to the next higher 

Nilsson level. Similar arguments can be made regarding the changes in 

'IT -K =2 bandhead energy in the hafnium and tungsten isotopes. 
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+ There are many low energy excited 0 states in the rare-earth 

region [Oothoudt and Hintz, 1973]. The structure of these states is 

highly complex, being in general a mixture of quadrupole (beta), 

pairing and 2qp excitations. Experimentally, strong population of 

excited 0+ states in two-nucleon transfer reactions [BrogUa, Hansen, 

and Riedel, 1973], and/or large values of the EO quantity X defined in 

+ 
Eq. (2.15) [Colvin and Schreckenbach, 1985] indicate that the 0 state 

in question is not very vibrational in nature. In many deformed nuclei, 

+ it is not obvious which, if any, of the low-lying excited 0 states to 

assign to the expected beta vibration. 

In concluding this chapter, let us consider the nucleus 168Er as 

an example of how spectroscopic information is used to characterize 

rotational bands in deformed nuclei. The Nilsson qv and q1T levels 

near the Fermi surface can be determined from the assignments for 

low-lying levels of the neighboring odd-A nuclei 167Er, 169Er, 167Ho and 

169Tm• These data are found in Bunker and Reich [1971] and Tuurnala, 

Katajanheimo, and Hammaren [1977]. The resulting set of Nilsson levels 

for 168Er is given in Table 7.2, where the Fermi level is denoted by F, 

the level just below (above) F is denoted by F-1 (F+1), and so forth. 

The proton levels are as expected for Z=68 and 15 = 0.27 in Fig. 7.4. 

Similarly, the neutron levels are as predicted for N=100 on a Nilsson 

diagram for neutrons in the 82-126 shell; cf., Lederer and Shirley 

[1978]. The 2qp configurations {F@(F+1)} are expected to occur at 

relatively low energtes. In this case, these are: 
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Table 7.2. Nilsson quasi-neutron and quasi-proton levels 

near the Fermi surface for 168Er • F denotes the Fermi level. 

Neutron levels Proton levels 

- [512t] F + 2 7+ [404-1-] 5 F + 2 
2 2 

1 [52H] F + 1 1+ [41H] F + 1 
2 2 

7+ [633t] - [523t] F I F 
2 2 

-5 [523-1-] F - 1 3+ [411t] F - 1 
2 2 
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(7.13) 

(7.14) 

(7.15) 

(7.16) 

The 11 lowest experimental bands in 168Er are shown in Fig. 7.1 

{in Section 7.1). In addition, the bandheads are shown for the next 

nine K bands (in boxes). 1T + + - - -The K = 2
1
, 3

1
, 11' 2

1
, and 0

1 
bands are 

identified as collective by their strong population in inelastic 

scattering [Tjom and Elbek, 1968) and Coulomb excitation [McGowan et 

al., 1978) experiments. The identification of 2qp bands in this nucleus 

is primarily based on single-nucleon transfer data, as obtained in 

169Tm(t,a)168Er [Burke et al., 1985a) and 167Er(d,p)168Er [Burke, Maddock, 

and Davidson, 1985) reactions. The 2qp assignments are from Burke et 

ale [1985a,b); But"ke, Maddock; and Davidson [1985); and references 

therein. The (t,a) reaction populates states in 168Er with large 

components of 2q1T configurations for which one of the Nilsson levels 

is 1/2+[411] (which is the gs of the target nucleus, 169Tm ). Similarly, 

the 167Er(d,p) 168Er reaction populates states with large components of 

2q" configurations containing 712+[633]' since this is the gs for 167Er• 

Although it is clearly collective, 'II' + the K =2
1 

(gamma) band has a 

large admixture of the 2q1T configuration {3/2+[411]1T @ 1/2+[411]~2+, as 

seen in the (t,w reaction. Similarly, the lowest octupole band has a 



104 

large component of the {7/2+[633)\I e 5/2-[512])1- configuration, as 

determined from (d,p) transfer. + + Both the O
2 

and 0
3 

levels are 

strongly populated in (t,p) and the former appears to have a large 2q\l 

+ component, {7/2 [633]\1 G 7/2+[633]", as seen in (d,p) and (t,d) 

2-neutron transfer reactions. 

There is no evidence for low-lying positive parity bands that 

are primarily 2qp in nature. On the other hand, there are a number of 

such 2qp bands of negative parity. The lowest negative parity band, 

1T -K =4 , is populated in both neutron and proton transfer reactions. It 

is a mixture of the configurations (7.13) and (7.15). There are also 

K1T=4- bands at 1905 keY and 2059 keY (shown in a box in Fig. 7.1). The 

former is predominantly the 2q\l configuration (7.13) while the latter 

is predominantly the 2q1T configuration (7.15). These three K1T=4- bands 

are mixed by the proton-neutron interaction, which presumably accounts 

or t e appearance 0 the band a low energy desp te s non-f h f K1T __ 4-1 t i it " 

collective" nature. 

The K1T=3~ band has been identified as the 2q\l configuration 

( TI -7.14) and the K =33 band at 1999 keY has been assigned the 2q'IT 

configuration (7.16). The K1T=3; band at 1828 keY is also populated in 

single-proton transfer, but has not been identified with a 

{ + -configuration label. The 712 [633]" 9 5/2 [512],,} configuration has 

been assigned to the If =6- band. Finally, the nature of the K'IT= 1; band 

with bandhead at 1936 keY has not been determined. It is weakly 

populated in the 167Er(d,p)168Er reaction, indicating a small component 

of a 2q1T configuration containing 7/2+[633], 
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Thus, all of the negative parity bands shown in Fig. 7.1, with 

the exception of the K'IT=1~ band, have been identified as collective 

(octupole) bands or as 2qp bands with Nilsson components near the 

Fermi surface. 



CHAPTER 8 

AN IBM DESCRIPTION OF OCTUPOLE STATES 

In order to describe octupole states in the lBM, the model 

space must be extended to include at least one boson with angular 

momentum L=3 and intrinsic negative parity. Such a boson is called an 

f boson [Arima and Iachello, 1978]. This can be done within either the 

" lBM-1 or the lBM-2 framework. Because of its relative SimpliCity, the 

lBM-1 formalism is usually chosen when an extra degree of freedom is 

added to the s-d basis space. This applies to f-boson, g-boson, odd-

nucleon and single-particle degrees of freedom. The octupole model 

described here is within the lBM-1 framework. 

8.1. Octupole Hamiltonian 

The Hamiltonian for the composite system of s, d, and f bosons 

can be written 

H = Hsd + Hf + Hsdf (8.1 ) 

where HSd is the usual mM-1 Ham:f.ltonian, as described in Section 2.1; 

H
f 

is the f-boson Hamiltonian and V
Sdf 

is the interaction between the 

f bosons and the sd-boson core. Although, in principle, an arbitrary 

num ber of f bosons can be handled [Arima and Iachello, 1976, 1978], 

only the simple case of one f boson is considered here. The f-boson 

Hamil tonian is given by 

106 
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(8.2) 

where E:f is the energy assooiated with an f boson and fif is the 

number operator for f bosons. It is assumed that the total number of 

bosons is conserved, 

(8.3) 

where n
f 

= 0 for positive parity states and nf = 1 for negative parity 

states. This means that the positive parity core to which an f boson 

couples is desoribed by 

(8.4) 

In a U( 5) basis, the basis states oan be written 

(8.5) 

where the d-boson arguments are defined in Eq. (2.25) and expression 

(2.28), and the subsoript "0" denotes the positive parity oore. 

The most general two-body expression for the f-boson-oore 

interaotion, in this oase, is obtained by substituting an f boson for a 



108 

d boson in the appropriate two-body terms in Eq. (2.2). This can be 

written 

-l t t(~ - (~J(OO + v 2df {(d x f) x (s x f) + h.c.} 
o 

- [t t (3) - (3)J(0) 
+ 17 u 2f (f x s) x (f x s) • 

o 
(8.6) 

The last term in Eq. (8.6) can be rewritten: 

(8.7) 

where fiiif = fif for nf = 0 or 1. The first term in Eq. (8.7) can be 

included in Eq. (8.2) and the total Hamiltonian then becomes 

, '" 5 '" r t t (L) - - (L)J(O) 
H = H sd + E:f n f + LI1 C dfL L l (d x f) x (d x f) 0 

(8.8a) 
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where 

(B.Bb) 

Octupole calculations are usually done using a "mul tipole" form 

of the f-sd interaction [Konijn et al., 19B1; Matsuki et al., 19B2], 

which can be written 

V sdf = Aond Of + A1 Ld • Lf + A2 Qd • Qf + A·Et.E· 
3· df df· 

, (B.9) 

where 

Lf = 2/7 (f t x f) ( 1) 

Qf = -2/7 (f t x f) (2) (B.10) 

t IS (d t x f)(3) 
Edf = 

and 

Ld = 110 (d t x d)(1) 

{ t - t (2) t - (2) 
Qd = (s x f + d x s) + Xed x d) } (B.11) 

The operators Ld and Qd are identical with the operators Land Q, 

respectively, in HSd (cf. Eq. (2.6». The monopole-monopole and dipole

dipole terms in Eq. (8.9) play a minor role and can often be ignored 

[Konijn et al., 1981a]. 

The last term in Eq. (B.9) is called the "exchange" term. It 

was added to the mul tipole terms for phenomenological reasons, since 
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1T a spectrum with K = 1 or 2 as the lowest octupole band cannot be 

obtained without it. This can be seen in Figs. 8.3 and 8.10 (in Section 

The normal ordering of the exchange term avoids a term 

in vol ving only d-boson operators,· which would otherwise result from 

commuting f and f ta Such a term belongs in Hsd and should not be 

duplicated in V sdf' The origin of the exchange term is considered in 

Chapter 10 and normal ordering is further discussed in Appendix G. 

The multipole form of the positive parity HamiltOnian, Hsd , is 

equi valent to the general form. However, the two highest-order 

mul tipole terms in Eq. (2.6) are not often used. The mul tipole form of 

V sdf is not equivalent to the general form, since general terms of 

order L=3 and 4 are missing. The exchange term represents a 

particular linear combination of all five mul tipole terms, including 

LdeLf and (d t
Xd)(2) eQf' 

The relationships between the parameters of the different forms of 

the f-sd interaction are given in Appendix H. 

The most general E3 transition operator with only one-body 

terms and one f boson is given by 

(E3) [t - t (3) t - t -(3)J T = e 3 (s x f + f x s) + X3(d x f + f x d) ( 8.13) 
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and the reduced E3 transition rate is given by Eq. (2.8) with R,=3, 

• (8.14) 

The expression for the E2 transition operator is the same for negative 

and positive parity bands; it is given by Eq. (2.10). 

Since octupole states can decay via E1 transitions, this 
I 

transiton operator is also potentially of interest. It is not, 

however, considered here. 

The Hamiltonian given in Eqs. (8.1), (8.2), and (8.9) can be 

applied to vibrational, rotational, transitional and, presumably, 0(6) 

nuclei. The transition from U(5) to SU(3) has been studied in the 

samarium isotopes by Scholten, Iachello, and Arima [1978] using only 

the quadrupole-quadrupole term in Eq. (8.9) for the f-sd interaction; 

( 8.15) 

Transitional barium nuclei [Scott et al., 1980] and five transitional 

N=88 isotones [Han et al., 1985] have also been described using Eq. 

(8.15). Both the quadrupole and the exchange terms were utilized for 

the study of octupole states in the krypton isotopes by Matsuki et al. 

[1982], and the complete multipole interaction of Eq. (8.9) was used by 

KOnijn et al. [1981a] to describe the rotational nucleus 156Gd. In all 

these cases, the SU(3) value of -{7/2 was used for the parameter X in 

the quadrupole operator Qd. 
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The present study applies the model to deformed nuclei and 

utilizes all the terms in the multipole Hamiltonian except the 

monopole-monopole term; 

(8.16) 

The Ad eAr term can reasonably be neglected, since the d-boson content 

of all low-lying states in deformed nuclei is about the same. This is, 

of course, not true for vibrational nuclei. The second and third terms 

in Eq. (8.16) are expected to dominate the f-sd interaction. 

The so-called consistent-Q Hamiltonian ~arner and Casten, 

1982; 1983] is adopted for the positive-parity Hamiltonian: 

( 8.17) 

In the notation of Warner and Casten, K=-a2, K'=-a 1, and ~=rsX. 

Alternative core deSCriptions and their effects on negative parity 

bands are considered in Section 8.3.2. 

The total Hamiltonian employed in this study is: 

where the operators are defined in Eqs. (8.10) and (8.11). The 

parameter X in the operator Qd is determined from experimental B(E2) 

values (along with the quadrupole effective charge e), in the 

consistent-Q manner [Warner and Casten,1983]. Therefore, this 
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In Chapter 9, Eq. (8.18) is 

applied to ten deformed rare-earth nuclei. 

8.2. Quadrupol~ag.rupole and exchan~ terms in the SU(3) limit 

The positive-parity core description glven by Eq. (8.16) is close 

to the rotational limit discussed in Section 2.3.2. Therefore, analytic 

expressions that are valid in the exact SU(3) limit should be useful 

for qualitative estimates in deformed nuclei. Such expressions can be 

used to consider the effects of the quadrupole-quadrupole and 

exchange terms, which dominate the f-sd interaction. The quadrupole

quadrupole and exchange terms for the case of an odd nucleon coupling 

to the sd core (in the interacting boson-fermion model, mFM) have the 

same form as the corresponding f-sd terms. The relevant matrix 

elements in the odd-A case have been found in the sue 3) limit 

[Scholten, 1980; 1981], and the desired results are easily obtained from 

them. 

Since the relevant coupling scheme for deformed nuclei is 

strong coupling, the energy eigenfunctions are more appropr:i.ately 

described in an SU(3) basis than in the U(5) basis of Eq. (8.5). In the 

limit as N~, the eigenstates can be written [Scholten, 1981] 

, (8.19) 

where Kc' Kf and K correspond to the projections on the nuclear 

symmetry axis of the core angular momentum, the "octupole-phonon" 

angular momentum and the total angular momentum, respectively. 
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Allowed values of K are given by 

(8.20) 

This can be seen schematically in Fig. 7.3, where nand 1.1 correspond to 

Kc and Kf , respectively. 

For the case of an odd fermion in a single degenerate shell-

model orbit, labeled by j, the IBFM quadrupole-quadrupole and exchange 

terms can be written [Scholten, 1981] 

where r and A are the interaction strengths. The (diagonal) matrix 

element of these two terms in the SU(3) limit is given by Scholten 

[1980, 1981]: 

lim <[N] (A,l.1), K ; f,K
f
; KI M I V I [N] (A,l.1), K ; f,K f ; KI M) 

N+co c c 
A»l.1 

(8.22) 

where 

B j = [( 2j-1)j (2j+ 1 )(j+ 1)( 2j+3) ]-1 /2 

For the octupo1e case, 

j = 3, K j = Kf , r = -2/3'5 A2 ' 
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and 

(8.23) 

In addition, the octupole expression corresponding to Eq. (8.22) has a 

21 
sign change, due to a factor of (-1) in the matrix element, which is 

negative for the odd-A case (I = half-odd integer) and positive for the 

octupole case (I = integer). The resulting energLes in the SU(3) limit 

are: 

and 

EQ = -2/35 A (A<3K 2 - 12) (2· 3· 4· 5· 7·9)-1/2) 
2 f 

for the quadrupole-quadrupole and exchange terms, respectively. 

(8.24) 

(8.25) 

An expression for the Qd· Qf interaction in the SU(3) limit is 

also gL ven in Arima and Iachello [1978], for the case in which the core 

is described by the lowest SU(3) irreducible representation (irrep), 

I'i'> = I[N-1] O.=2N-2, lJ=O), K =0, L=O> c c 
(8.26) 

The [N-1J in Eq. (8.26) is from Eq. (8.4). When corrected for a factor 

of 1/15, which is missing in Eqs. (9.9) and (9.12) of Arima and Iachello 

[1978], the result is 

(8.27) 
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where z2 is the interaction strength, corresponding to -2135A
2 

in Eq. 

(8.24). Substituting A = 2N-2 in Eq. (8.24) gives 

(8.28) 

In the limit as N goes to infinity, these expressions are the same. 

The total energy for negative parity states in the SU(3) limit 

is given by : 

(8.29) 

where E is the energy of the positive parity core, relative to the c 

ground state energy, 

Ec = E([N-1]( A,ll), K, L) - E([N] (A=2N,1l=0), K=O, L=O) (8.30) 

The energy eigenvalues for the irreducible representations of sue 3) 

are given by Eqs. (2.34) and (2.35). Positive parity bands, such as 

those in deformed rare-earth nuclei, can be approximately described by 

Eq. (2.35) with, for example, N=13, K=8 keV and K'=-9keV, which gives 

and 

E(2;) = [(~K-K') L(L+1) - KC(2N,0)] - [-KC(2N,0)] 

= 90 keV (8.31) 
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E(2;) = [(~K_K') L(J.A.1) - KC(2N-4,2)] - [-KC(2N,0)] 

= 1290 keV • ( 8.32) 

For N large and L small, the L(J.A.1) term is small compared to the 

CO.,ll) term, and can be ignored for rough estimates. Then, 

(8.33) 

If the sd core is in its grol.md state (not to be confused with 

the gs, for which n + nd = N, and n = 0), it is described in the SU(3) 
s f 

limit by Eq. (8.26), and Eq. (8.33) becomes 

Ec • -K[C(2N-2,0) - C(2N,0)] = K(8N+2) (8.34) 

which gives 848 keV for K=8 keV and N= 13. In this case, 

K = K
f 

= 0, 1, 2, or 3 (8.35) 

since K = O. The bandhead energies for these four K bands are given c 

by Eq. (8.29), with A = 2N-2; 

The K- bandhead energies resulting from Eq. (8.36) are shown in Figs. 

8.1(a) and 8.1(b), as a fl.mction of the strengths of the QdeQf and 



Fig. 8.1. Octupole bandhead dependence on f-sd quadrupole

quadrupole and exchange strengths in the SU(3) limit. 

(a) shows the effect of the quadrupole-quadrupole term alone, 

with A3 = o. (b) shows the effect of the exchange term alone, 

with A2 = O. In both cases, K = Kf , N = 13, E = E(Kf ,2N-2,0), 

Ec 900 keV, and Ef = 1000 keV. 
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a) E (MeV) 

-2 

b) E (MeV) 

-200 -100 

-1 

Fig. 8.1. Octupole bandhead dependence on f-sd quadrupole-quadrupole 
and exchange terms in the SU(3) limit. 
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exchange interactions, respectively. The quadrupole-quadrupole inter-

action separates the octupole bands, resulting in an energy ordering 

exchange interaction reorders the octupole bands, resulting in either 

the K-= 2- or 1- as the lowest band, in the absenoe of the Qd· Qf 

term. 

The explioi t boson num bel" dependence of the K- bands is fotmd 

by substituting Eq. (8.34) into Eq. (8.36), leading to 

Figure 8.2 shows the octupole bandhead energf.es as a ftmction of N-1, 

for various choices of the interaction strengths, A2 and A
3
• As 

before, K = K
f

• It oan be seen in Fig. 8.2(a-d) that increasing boson 

number aocentuates the bandhead splitting and reordering due to the 

t 
and E df • E df interactions, but does not change the basic 

features seen in Fig. 8.1. Both the quadrupole-quadrupole and exchange 

terms are present in Fig. 8.3(e). The interactions strengths are 

chosen, in this oase, so that the K =1- band is lowest in energy. 

If the positive parity core is in the seoond lowest SU(3) irrep, 

gf.ven in Eq. (2.33), then K = 0 or 2, oorresponding to beta and gamma o 

vibrational exoitations in the geometrioal pioture. In this case, A=2N-

6 and the oore energy is 

E~ • -K[C(2N-6,2) - C(2N,O)] = K(20N-16) (8.38) 
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1 
0 

A3= 0 

A3 = - 50 keV 

Fig. 8.2. Octupole bandhead dependence on boson number in the SU(3) 
limit. E = E(Kf ,2N-2,0), £f = 1000 keV, K = 8 keV and K = Kf • 
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and the SU(3) limit expression for the octupole band energies becomes 

= (ci:~) 1,3 
2 

for K = f 
(8.40) 

Since the beta and gamma bands are degenerate in the SUe 3) limit, Eq. 

(8.39) leads to two degenerate K bands for K
f 

= 0, and three 

degenerate K bands each, for Kf = 1, 2 and 3. 

In calculations using the Hamiltonian of Eq. (8.18), the S, y 

degeneracy is lifted; Ea > Ey for the consistent-Q method. The 

interaction terms in V sdf also break the Sue 3) symmetry, particularly 

the exchange term. The energy expressions given in this section serve 

as a rough approximation to the results obtained by numerical 

diagonalization of the total Hamiltonian, Eq. (8.18). 

8.LQalcul~~~ Bandhead~stematics 

Before applying the model of Section 8.1 to actual nuclei, it is 

of interest to explore the effects on octupole states of changes in 

the various parameters in the Hamiltonian. It is also important to 

consider the sensitivity of the results to the details of the sd-core 

des cription. 
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8.3.1. Dependence of Oct upole States on the parameters AI' A2 , and A3 

The calculated results reported in this section were obtained 

wi th the IBM-1 com puter code PHINT [Sohol ten, 1983], using the 

HamUtonian given in Eq. (8.18). 

parameter values are as follows: 

N=13, 

A1 =0, 

a 1=2.5 keV, 

E:f = 1000 keV, 

A
2

=-60 keV, 

a 2=-27 keV, 

Unless otherwise specified, the 

A
3
=-120 keV 

X=-1.4/15 (8.41) 

This parameter set approximately describes the nucleus 158Gd. The 

last three parameters lead to a positive parity spectrum which is 

roughly equivalent to the SU(3) limit result with the parameters K=8 

KeV, k'=-9 keV, and X=-{7/2 of Eq. (2.34). The input parameter names 

for the computer code PHINT are discussed in Appendices C and H. In 

this section, the PHINT names are given in the figures, along with the 

parameters names a
i 

and Ai to which they correspond. The quadrupole 

parameter X=Xll5 is reported as -1.4/{5 for easy comparison with the 

~ values of Warner and Casten [1982, 1983]. 

Figure 8.3(a) shows the dependence of octupole bandheads on 

the Qd· Qf strength, A2 (with A1 = A3 = 0). The solid lines are smooth 

curves through the points obtained in the calculations for the lowest 

band of a given K-. The x's indicate that one or more other bands are 

( 1T - ) present such as a second K = 1 band, which are not identified by 

K1T. The dotted lines are asymptotic extrapolations, for purposes of 

comparison with Fig. 8.3(b). The solid lines in Fig. 8.3(b) are 

identical with those of Fig. 8.1(a), and correspond to K =0. The dashed 
c 
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lines in this figure result from the second lowest irrep of SU(3), 

Kc=Oa or 2y (A=2N-6, 1l=2). The energies are given by Eq. (8.39), with 

E'=2000 keV; the K values correspond to Eq. (8.40). c 

The 5U(3) limit predictions agree quite well with the 

calculations, in this case. The lowest K1T=,- band in Fig. 8.3(a) 

appears to be based on the gab for A2 ~'O keV, and on the gamma band 

for A2 ~ 25 keV. It should be noted that states from different 

irreducible representations are not allowed to mix in the exact SU(3) 

1T - ( limit. One would expect a K =5 band nearby for A2 > 20 keV K c =2, 

K
f

=3). Such a band is not seen in Fig. 8.3(a) because the calculations 

were done for angular momenta up to I=4 only. 1T -The K =3 band which 

is associated with Kc=Oa appears about 400 keV above the corresponding 

,- band, for A2a30 keV. This is consistent with the relative locations 

of the K 1T=0; and K 1T=2; bands for this calculation; Ea - Ey=350 keV. 

Figure 8.3(a) shows a state labeled IK1T=OO- at about 3050 keV. 

This state is independent of the Qd· Qf interaction strength and might 

be expected to be related to the gamma band, because of its energy. 

+ -This is not surprising, since, in a weak coupling scheme, \<29 3
f 

gives 

I 1T=O-. This 0- level has a rotational band built on it (with even spin 

only). Thus, it appears to be an even-spin branch of the lowest K1T=O-

band. This subject is considered again in Chapter 9. 

Figure 8.4 shows the dependence of octupole bandheads on the 

exchange strength, A
3
• Again, the energies resulting from the 

numerical calculation are given in (a) and the SU(3) limit results are 

given in (b). As before, the second Sue 3) irrep, associated with the 

dashed lines in (b), is important for tmderstanding the calculated 
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results. 

Figure 8.5(a) shows the boson number dependence of the five 

lowest K- bands resulting from the parameter set given in Eq. (8.41). 

It also shows the boson number dependence of the lowest IK'IT=OO-

state. The corresponding five lowest levels in the SU(3) limit are 

shown in Fig. 8.5(b), indicating that the lowest 3- band and the second 

,- band are built on a gamma band core, for these values of the 

parameters A2 and A
3
• 

The next four figures are concerned with the energy ordering of 

octupole bands; this depends strongly on the parameters A2 and A
3

• 

Figure 8.6 shows the bandhead dependence on A3 for a fixed value of 

A2=-50 keV. The dashed lines separate regions with different energy 

ordering for the lowest three K- bands. The order of the bands is 

given in parenthesis for each region. The small circles indicate the 

presence of one or more extra bandheads below the lowest K1T=3- band. 

Similarly, Fig. 8.7 shows the octupole bandhead dependence on A2 for a 

fixed value of A
3

=-'50 keV. The ordering of the K- bands depends 

primarily on the ratio of the strengths of the exchange and 

quadrupole-quadrupole interactions. This is seen in Fig. 8.8, where the 

splitting between the two lowest K- bands is almost constant over a 

wide range of the parameter A
3
, when the ratio of A3/A2 is kept fixed. 

The splitting between the second and third K bands depends upon the 

absolute value of A
3
• This means that, in principle, the values of the 

parameters A2, A3 and e:f (which is an additive constant) can be 

determined, if three experimental octupole bands are known. 

Conversely, it means that if fewer than three octupole bands are 
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The energy ordering of the three lowest bands is given in parenthesis. 
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mown experimentally, it is probably not possible to determine these 

three parameters uniquely. 

Figure 8.9(a) gives another example of band order dependence 

It should be noted that the sue 3) limit 

predictions, shown in Fig. 8.9(b), do not repr'oduce this effect, since 

all K bands based on the same core (the same irrep o.,ll» cross the 

energy axis at the same place. 

The effect on octupole bands of the third term in the f-sd 

interaction, A,Ld-L f , is considered in Fig. 8.10. Fig. 8.10(a) shows 

that the ordering of the octupole bands is practically independent of 

the dipole-dipole strength, A,. This interaction, however, can have a 

pronounced effect on the order of levels within K- bands, as shown in 

Fig. 8.'O(b) for the first K
1T=,- band. The levels in the second and 

third K bands in Fig. 8.1 O(a) are not much effected by changes in the 

parameter A
1
, and are not shown in Fig. 8.'0(b). 

The dipole-dipole term, Ld - L
f

, appears to change the Coriolis 

coupling (&=±'), in this case, between the odd-spin members of the 

K
1T=,- and 0- bands. (The latter band has no even-spin members.) It 

appears, also, that the effect increases with the spin, I, which is also 

characteristic of Coriolis coupling [Stephens, '975~ since 

HC - -(I j + I j )/2.!1 
or + - - + 

( 8.42) 

where I , j , etc. are raising and lowering operators for the total 
+ -

angular momentum, I, and the octupole-phonon angular momentum, j=3, 

and .!1 is the moment of inertia. 
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Fig. 8.9. Octupole bandhead dependence on exchange strength for 
a constant value of A3/A2 = 4. SU(3) limit predictions are 
shown in (b). 
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In the geometrical picture, Coriolis (and centrifugal) "forces" 

arise because the intrinsic (body-fixed) frame is rotating. In 

Neergard and Vogel [1970a,b], for example, Coriolis coupling 

calculations are done (following the RPA calculations which establish 

the positions of the octupole bandheads), in order to give a good 

description of octupole bands. In an algebraic picture, no Coriolis 

term needs to be added to the Hamil toman, because the description is 

in the laboratory frame. A term which looks like Coriolis coupling 

com es from the L d -L d interaction in H sd' since 

Ld = I - jf (j=3) (8.43) 

Although the "Coriolis effects" thus arise naturally in the algebraic 

framework, the Ld - L
f 

term modifies them. The results in Chapter 9 

show that the Ld - L
f 

term is not often needed. 

8.3.2. Dependence of Octupole Bands on sd Core Description 

The Hamiltonian, which describes the positive parity states for 

the nuclei presented in Chapter 9, is given by Eq. (8.17) and repeated 

here: 

This Hamiltonian also describes the sd core for negative parity states. 

The above Hamil tonian has been shown to work well for the low-lying 

K+ bands in l6BEr [Warner and Casten, 1982J; the parameters employed in 



135 

this section are those appropriate for this nucleus. Unless otherwise 

specified, they are: 

N=16, 

A, =0, 

a 1=6.5 keV, 

£f=1240 keV, 

A2=-37 keV, 

a 2=-17.5 keV, 

A
3
=-'20 keV 

X=-1.4//5 (8.44) 

As mentioned in Section 7.4, it is not always possible to 

determine which of the Kn=O+ bands in a deformed nucleus corresponds 

n + . 
to the collective quadrupole K =0 (beta) band. For this reason, in 

the application of the model given in Chapter 9, the determination of 

the HSd parameters a, and a
2 

1s based on the gab and the gamma band 

only. This being the case, it is important to consider the effect of 

+ the calculated O
2 

(beta bandhead) energy on the negative parity bands. 

This can be done by adding a pairing term to the Hamil toman, giving 

(8.45) 

where the operators are defined in Eq. (2.6). The parameter a O can be 

+ varied to change the O
2 

energy. The results of such a calculation 

are shown in Fig. 8.1' for the ten lowest K- bands in 168Er• The 

strength of the quadrupole term, a 2, was adjusted as necessary in 

order to keep the gamma band energies approximately constant. The 0; 

energy in Fig. 8.11 is varied from 770 keY to 1460 keV, corres ponding 

to -30 keV ~ a
O 

So 200 keV. Smaller values of ao lead to distortion in 

the gamma band, and values of ao > 200 keV do not lead to further 
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The changes in 0; energy were obtained by adding a pairing term 

to the sd Hamiltonian. Other parameter values are given in 

Eq. (8.44). 
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increases in E(O;). The experimental 0; energy for 16sEr is 1217 keV 

and the calculated energy for aO=O in Fig. 8.11 is 1189 keV. 

The three lowest K- bands in Fig. 8.11 are based on K =0 and c g 
+ show little variation with 02 energy. The IK'IT=OO-, 10;, and 44- bands 

(KC =2
y

,K
f

=2) also do not vary much. The energies of the 0; and 4-

bandheads (degenerate in the SU(3) limit) are within 20 keV of each 

other over the entire range. The K'IT=1; and 1; bands (with Kc=2y' K
f

=1, 

and Kc=Oa' K
f

=1, respectively) appear to mix with each other. Such 

mixing is allowed in the SU(3) limit since they belong to the same 

irreducible representation. 'IT -Finally, the K =22 band could be assigned 

K =2 , K =0, or K =0
13
, K =2. 

c Y f c f 

Figure 8.12 shows the octupole band dependence on the 

quadrupole strength, a
2
• The dipole strength, a

1
, has been adjusted so 

+ as to keep the 21 energy constant. No pairing term is used in this 

calculation. The IK'IT=22+ energy varies linearly with the quadrupole 

strength, as shown in Eq. (8.32), where the quadrupole strength is 

given by -2K and L=2. This figure can therefore be interpreted as the 

- + dependence of the K bands on E(22). The gamma band head energy scale 

is shown near the bot tom of Fig. 8.12. The core energy also depends 

on the quadrupole strength, a
2
, as shown in Eq. (8.34) in the SU(3) 

limit, 

(8.46) 

Here, a
2 

replaces (-2K) of Eq. (8.34), as the quadrupole strength; cf. 

Eq. (2.34). This means that all the octupole energies, including 
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The gamma bandhead energy scale is also shown. The core energy 
dependence on the parameter a2 is roughly given by Eq. (8.34), 
with K replaced by (-a2/2). 
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those for the three lowest K- bands (which are bull t on the gab) 

increase and decrease with the gamma bandhead energy. The second 

1T -K =3 band is shown in Fig. 8.12, along with the ten K bands shown in 

the previous figure. This band is buUt on the sd core corresponding 

to the ().=2N-10,1l=4) SU(3) irrep, with K
f

=1 and Kc= 2 or 4. There are 

three K- bands (not shown) between the 1; and 3; bands. 

- + Figure 8.13 shows the dependence of B(E3;3 +(),) values on the sd 

quadrupole strength, a 2, and, consequently, on ~he gamma bandhead 

energy. The Hamil toni an parameters are the same as those in Fig. 8.12, 

(E3) 3/2 
and the T parameters of Eq. (8.13) are e

3
= 0.054 eb , and X3= 4.5. 

The lowest K- band is shown for each K (K=O, ',2,3). This figure shows 

that the transition rates are more sensitive to the core description 

than are the energi.es, for low-ly:l.ng states. It is interesting that 

1T -the B(E3) to the gs for the K =3, band is substantial, even though this 

band is buUt on the gamma band, in this model. B(E3) transition rates 

(E3) 
resul ting from various choices of the T parameters are discussed 

in Section 9.3. 

Octupole band sensitivity to changes in the strength of the 

Ld• Ld term in Hsd is not particularly relevant, since the strength of 

this interaction, a" is chosen to fit the moment of inertia of the 

gab. However, the positive parity core can be described by 

HamUtonians which are rather different from Eq. (8.17). The negative 

parity parameters must then be adjusted to compensate for changes in 

the binding energy, among other things. Two questions then arise: 

1) Can equivalent negative parity spectra be obtained 
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Z
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Hamiltonian parameters are as in Fig. 8.12, and are given 
in Eq. (8.44). The T(E3) parameters are X3 = 4.5 and e3 = 0.054. 
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with different cores? 

2) How different are the negative parity parameters 

for various choices of HSd? 

Two alternative cores are considered for the nucleus 168Er. The 

positive parity spectra are shown in Fig. 8.14 and the negative parity 

spectra in Fig. 8.15. In both cases, the lowest three K bands are 

shown, up to angular momentum 1:4. The next three calculated negative 

pari ty bandheads are also shown in this figure (in boxes). The 

Hamil tonian par am eters are gL ven in Ta ble 8.1. 

The first core Hamiltonian, H~!), is that of Eq. (8.17); this 

Hamiltonian is employed in Chapter 9 in a systematic study of deformed 

rare-earth nuclei. The first alternative core, H~~), is the exact 

Hamiltonian for the mM-1 SU(3) limit. It is gLven in Eq. (2.34), where 

-I<:' and -21<: correspond to the parameters a
1 

and a
2

, respectively. In 

the second alternative core description (set 3), the dipole-dipole term 

is replaced by did' cf. Eq. (2.5). The resulting Hamiltonian, which is 

not particularly useful for rotational nuclei, is preferable to H (1) 
sd 

for transitional and vibrational nuclei; it was included for this 

reason. It has the form 

( 8.47) 

The quadrupole parameter X is determined in the consistent-Q (CQF) 

manner, as described in Lipas, Toivonen, and Warner [1985]. 

The quadrupole strength, a 2, was adjusted for sets 2 and 3, so 

that the Kn:2~ bandhead has the same energy in all three calculations. 
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Table 8.1. Comparison of Hamiltonian parameters for three 
different choices of the positive parity Hamiltonian. All 
energies are in keV. The spectra are shown in Figures 8.14--
and 8.15. 

Set 1a Set 2b Set 3c 

£ 0 0 470 

a 1 6.5 10 0 

a2 - 17.5 - 7.9 - 13.8 

X 1.1/15 -/7/2 1. 6/15 

£f 1240 1450 1680 

Al 0 0 0 

A2 - 37 -30 - 34 

A3 -120 -95 -145 

A3/A2 3.2 3.2 4.3 

a H = a LoL + a QoQ CQF • sd 1 2 

b H = a LoL + a QoQ SU(3) X . sd 1 2 

c H A + a
2QoQ CQF • = £ nd sd 
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(3) ~ 

As shown in Fig. 8.14, Hsd does not give a good description of the K = 

2~ and 0; bands in 168Er• This could be improved by adding and L eL 

term to H~~), which is equivalent to adding an Ad term to H~!). Such a 

Hamiltonian is employed in the extended consistent-Q formalism [Lipas, 

Toivonen, and Warner, 1985], and could presumably be applied to 

rotational, vibrational, and O( 6) nuclei, alike, as well as transitions 

in between. 

The calculated results shown in Fig. 8.15 are more or less 

equivalent for the three lowest bands, except for the K~=O- band for 

set 3. This is not surprisLng since these bands are built on the gab, 

whose low spin members are well-described by all three cores. 

The negative parity parameters for the alternative cores (Table 

8.1) are rather different from those of set 1. This is particularly 

true of set 3. 



CHAPTER 9 

THE APPLICATION OF THE IBM OCTUPOLE MODEL 
TO DEFORMED RARE-EARTH NUCLEI 

The octupole model described in Section 8.1 is now applied to 

ten deformed nuclei in the rare-earth region. The nuclei studied were 

chosen primarily on the basis of available experimental octupole data. 

The majority of these nuclei have K'IT= 1 or 2- as the lowest octupole 

band. There is one example each for which the lowest K band is 0-

and 3-. The positive parity bands have all been considered to some 

extent within the IBM-1, in Warner and Casten [1983], for example. 

9.1. Determination of Param~te~~.!or Octupole Calculations 

The Hamiltonian employed in this study is given in Eq. (8.18). 

The E2 and E3 transition operators are given in Eqs. (2.10) and (8.13), 

respectively, and the reduced transition rates, B(E2) and B(E3) are 

defined in Eq. (2.8). 

9.1.1. Positive Parity Parameters 

The positive parity parameters are given in Table 9.1. These 

parameters were chosen so as to give the best possible fit to the gsb 

and gamma band of the nucleus in question, without regard to any 

excited K'IT= 0+ bands or to the parameter values used for neighboring 

nuclei. + The parameter a 2 is fitted to the 22 level (gamma bandhead), 

and the parameter a
1 

is fitted to the moment of inertia of the gsb, to 

the nearest keV in the corresponding computer code PHINT input 
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Table 9.1. Positive parity parameters employed in octupole study. 
The numbers in parentheses are the experimental uncertainties in 
the last digit. 

Nucleus Hsd 

a1 a 2 e 

keV keV eb 

154Sm 0.0 -36.0 0.15 

156Gd 2.0 -32.5 0.14 

158Gd 3.0 -27.5 0.14 

158ny 5.5 -27.0 0.14 

162ny 6.0 -20.0 0.13 

168Er 6.5 -17.5 0.13 

172yb 4.5 -22.5 0.12 

178Hf 5.0 -27.5 0.12 

182W 2.5 -36.0 0.13 

1860s 7.0 -35.5 0.14 

aR = B(E2; 2; 4 01) / B(E2; 21401). 

bVeje et al. [1968 ]. 

cRonnington et al. [1977]. 

T(E2) 

v'5x IBM 

-1.6 0.015 

-1.2 0.025 

-1.4 0.017 

-1.0 0.031 

-1.2 0.021 

-1.1 0.023 

-1.8 0.007 

-1.1 0.024 

-1.0 0.031 

-0.6 0.057 

dRonnington et al. [1977], Greenwood et al. [1978]. 

eGrotdal et al. [1968 ]. 

fMcGowan and Milner [1981], Buyrn [1976]. 

gGreenwood [1974], McGowan et al. [1978]. 

hCresswell et al. [1981], Greenwood [1975]. 

iRonnington et al. [1977]. 

jGunther et al. [1971]. 

kwarner and Cas ten [1983], Milner et al. [1971]. 

Ra 

Exp 

0.016(2)b 

0.026(1)c 

0.017(1)d 

0.032(2)e 

0.022(1/ 

0.022(1)g 

0.007(3)h 

0.024(1)i 

0.030(1)j 

0.079(4)k 
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parameters, ELL and QQ. (The parameters a, and a 2 are therefore 

determined up to the nearest 0.5 keV; cf. Appendix C). The parameter X 

in the quadrupole operator Q
d 

is determined by fitting the 

experimental ratio 

in the consistent-Q manner [Warner and Casten, 1983]. Normalization of 

the calculated + + B(E2;2
1
+0

1
) to the experimental value gLves the 

quadupole effective charge, e. This effective charge is not needed for 

octupole calculations, but the values are included in Table 9.1 for 

completeness, rounded to the nearest 0.01 eb. The quadrupole 

effective charge is nearly constant throughout the regLon studied. 

The calculated and experimental values of the B(E2) ratio, R, are also 

shown in Table 9.1. The consistent-Q method appears to work well for 

all the nuclei studied, except for 1860s. This nucleus would be better 

described by the extended consistent-Q method of Lipas, Toivonen, and 

Warner [1985], which includes an Ad term in the Hamiltonian. The 

calculated positive parity spectra are presented, along with the 

negative parity results, in Figs. 9.4-9.13, in Section 9.2. 

9.1.2. Determination and Validity of Negative Parity Hamiltonian 
Parameters 

The negative parity parameters are gLven in Table 9.2, along 

with the experimental ordering of the K- bands and the boson numbers 

for the nuclei. The parameters listed in Table 9.2 are those which 

gL ve the best overall des cription of the experimental data. They are 



Table 9.2. Negative parity parameters employed in octupole study. The experimental 
ordering of the octupole bands and the relevant boson numbers are included in this table. 

Nucleus TI K order Boson numbers E
f Vsdf 

T(E3) 

N N N Al A2 A3 A3/A2 e3 X3 \J TI 

keV keV keV keV eb 3 / 2 

154Sm 0 1 11 5 6 1430 10 -50 0 0.0 0.07 -0.50 

156Gd - - - 12 5 7 1100 10 -45 -75 1.7 0.07 -0.35 1 0 2 

158Gd - - - 13 6 7 1260 10 -60 1 0 2 -120 2.0 0.07 -0.30 

158ny - 1 - 0 - 13 5 8 650 0 -20 -90 4.5 0.07 -0.30 2 

162ny - - 1 - 15 7 8 2 0 a 

168Er - 2 - 0 - 16 9 7 1340 0 -42 -135 3.2 0.07 4.1 1 

172yb - 0 - 2 - 16 10 "6 1250 0 -57 -145 2.5 0.07 3.5 1 

178Hf - 1 - 15 10 5 750 0 -37 -150 4.0 0.07 1.7 2 

182w 2 - 13 9 4 480b 0 Ob -100b 0.07 0.3 

1860s 3 - 11 "8 3 930b 0 lOb Ob 0.07 0.3b 

a This ordering of K bands cannot be obtained within this model. 
b The experimental data is insufficient to determine this parameter with confidence. .... 

~ 
\0 
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not g1.ven for the nucleus 162Dy since the octupole bands in this 

nucleus cannot be described in the present model. This is discussed in 

Sections 9.2 and 9.4. 

The parameter e:
f 

is determined so as to make the average 

energy of the calculated bandheads the same as the corresponding 

experimental average (to within about 20 keV). The Ld • Lf strength, 

A
1
, is determined (when necessary) to correct level ordering within 

the lowest K- band. 

The parameters A2 and A3 are determined by the relative poSitions 

of the K- bandheads. The absolute values of these two parameters are 

less important, in this regard, than their ratio, A
3

/A
2

• This is shown 

for the nucleus 168Er in Fig. 9.1, which compares calculations in 

which the values of A2 and A3 are different, but the ratio is the 

same. Although the details of the two fits are different, the over-

all fit is comparable. The three lowest calculated negative parity 

bands are shown up to angular momentum l=5. In addition, the next 

five higher energy bandheads are shown, including the lowest even spin 

- IT-o band (lK = 00). Five experimental bands are shown, four of which 

are known to have oct upole collecti v1ty [Tj6m and El bek, '968], as 

shown in Table 7.1. The K IT= 1; band, which is briefly discussed at the 

end of Section 7.4, has not been experimentally characterized. All 

other negative parity bands in 168Er, up to about 2 MeV, are known to 

be primarily 2qp in nature, as discussed in Section 7.4. (Specifically, 

these are three KlT= 4- bands, three KlT= 3- bands and a KlT= 6- band.) 

For the purposes of comparison, the bandhead energ1.es (in keV) are 

IT - - - -g1.ven for the four bands, K = '1' 21, 01' and '2. 
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As previously mentioned regarding Figs. 8.8 and 8.9, three 

experimentally known octupole bands are needed in order to specify 

the parameters A2 and A3 (as well as €f) with confidence. Since there 

are many nuclei for which only one or two (or no) octupole bands are 

known, this presents a problem. It is sometimes possible to describe 

the known octupole bands utilizing only the quadrupole-quadrupole 

interaction or only the exchange interaction in V sdf. In such a case, 

the strength of the unimportant interaction can be set to zero. This 

has been done in the present study for lS1tSm, 182W, and 1860s. The 

parameter sets for these nuclei are certainly not unique. 

The parameters are especially lD'lcertain for 1B2W and 1860S, 

since only ~ experimental octupole band is known for these nuclei. 

In 182W, for example, even after setting A2= 0, one cannot lD'liquely 

determine the parameters €f and A
3

• The K
TI= 2- band is about equally 

well described with the parameter sets (Ef , A2, A
3

) = (480, 0, -100), 

(700, 0, -150), (900, -20, -200) and (470, 15, -100), in units of keV. 

There are, of course, many other possibilities. The higher energy K-

bands resul ting from these four parameters sets are quite different 

from one another. For this reason, the results for all but the lowest 

K- band for 182W and 1860S must be considered to be highly speculative. 

In addition, the parameters €f' A2 and A3 listed in Table 9.2 for these 

nuclei cannot be taken too seriously. 

In the case of 178Hf, both the quadrupole-quadrupole and 

exchange interactions are obviously needed; (A.3/A2) = 4 glves the 

correct interband splitting. However, the parameter sets (A2, A
3

) = 

(-40, -160) and (-45, -180) are probably as valid as the set employed 
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in the study, which is (-37, -150). Less negative values of these two 

parameters, such as (-20, -80), would not be valid, however. This 

region of the (A2, A
3

) parameter space is associated with Coriolis 

"bunching" in the lowest K- bands, as seen in 156Gd and 158Dy, but not 

1n 178Hf. 

Assuming that the experimental data is sufficient to determine 

A2, A3 and E
f 

with some degree of confidence, it is of interest to 

know how precisely these parameters can be meaningfully specified; as 

shown in Fig. 9.1 for 168Er, different sets of parameters can be fotmd 

which give equivalent spectra. Reasonable uncertainties for the 

parameters A2 and A3 can be estimated by considering the range within 

which these parameters can be varied without substantially changing 

the spectra. Let us assume that both parameters A2 and A3 are 

negative and that neither is less than about 20 keV in magnitude. 

Then, for example, a change of 1 keV in A2 or 3 keV in A3 results in a 

change of about 30 keV in the bandhead splitting between the KTI=O- and 

TI -K =2 bands. (Other changes in the resulting spectra, such as in the 

1-, 2- bandhead splitting, are smaller.) The estimated uncertainties 

are (A
3

/A
2

) ± 0.1, A2 ± 1 keV, and A3 ± 3 keV. Although these numbers 

have not been determined rigorously, they can perhaps serve as an 

estimate of the preCision involved. In this same spirit, one might 

attach an tmcertainty of ±20 keV to E
f

• 

The parameters E
f

, A
2

, and A
3

, as well as the ratio A3/A2 are 

shown graphically in Fig. 9.2, as a function of mass number. The 

dashed lines connect the N=92 isotones and the solid lines connect the 

gadolinium isotopes. 
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Fig. 9.2. Negative parity Hamiltonian parameters as a function 
of mass number. 

Solid lines connect isotopes and dashed lines connect isotones. 
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One notable feature in Fig. 9.2 concerns the nucleus 1580y, for 

which the parameters deviate from the general trends. The relatively 

small values of Ef and IA21 result from the K 1T = 2-, '-, 0- band 

ordering, which is out-of-order with respect to the other nucle!; cf • 

. Table 9.2. Since the nucleus 1620y cannot be correctly described at 

all with the present theory, deviations in the parameters for 1580y 

should not be surprising. 

There are discontinuities in the A2 and A3/A2 trends for the 

nucleus 172yb, also. 1T - - -Once again, the band order of K =, , 0 ,2 is 

out-of-order, with respect to the general trend, as shown in Table 9.2. 

Since there are deviations in the experimental trend for octupole band 

ordering, the ratio A3/A2 clearly cannot be smoothly varying, since it 

depends on the experimental K1T orders. The subject of K1T orders is 

discussed in Section 9.4. 

The ratio A3/A2 increases as the lowest K- band goes from 0-

to ,- to 2-. For K1T = 3- lowest, A2 and/or A3 must be positive. 

It should be noted that K- band energies go down with A2 <0. 

The f-boson energy, E
f

, compensates, bringing the calculated energies 

back up to the vicinity of the experimental values. Since the 

parameter A2 was arbitrarily set to zero for the nucleus 182W, the 

value of Ef is particularly low for this nucleus. It is possible that 

different choices for the parameters A2 and A3 for the nuclei 178Hf 

and uzw would resul t in a smoother trend for the parameter Ef • 
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Determination and Validity of T(E3) Parameters 

If two or more experimental B(E3)'s are lmown for a glven 

nucleus, possible values for the parameters e
3 

and X3 can be fOWld by 

inserting experimental B(E3)'s into Eq. (8.14) and solving the 

simul taneous equations 

(9.2) 

where a = e
3 

and b = e
3
x

3
• The necessary matrix elements are fOWld 

by running the computer code PHINT [Scholten', 1983] (to obtain energy 

eigenfunctions), foll owed by two cal cuI ati ons with the com puter code 

FBEM, as described in the PHINT manual [Scholten, 1983], using the 

option "SLCT-3 3- 0+." Input parameters E3=1, E3DF=0 give a set of 

<0711s + x fI13~>/n, labelled R(E3). Similarly, input parameters E3=0, 

E3DF= 1 res ul t in a set of <0711(d+ x f) (3) 113~> 17 (not /7). The rela-

tionships between the FBEM input parameters E3, E3DF and the 

parameters e
3
, X3 are glven in Appendix H. There are two Wlique 

solutions to Eq. (9.2) for each set of two experimental B(E3)'s, one of 

which can usually be rejected as Wlphysical. 
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Table 9.3 glves some examples of B(E3)'s resulting from various 

choices for the parameters e
3 

and X
3
, for the nuclei 158Gd, l68Er and 

172Yb. Also included in the table are the reduced matrix elements 

(called rmesf and rmedf in the table), the energles of the calculated 

3- levels, and available B(E3)'s. It should be noted that the absolute 

sign of the wave functions cannot be determined. Although the 

relative sign of rmesf and rmedf for a glven 3- state is meaningful, 

the absolute signs are not. 

Two rather different kinds of solutions to Eq. (9.2) are found 

in the present study, one for which X3 • 3±1, and one for which X3 • 

0.0±0.5. Such solutions are seen in the first two sets of results for 

the nucleus 158Gd. 1T -They glve almost the same results for the K =1 

and 2- bands, but the first set (with large X
3
) leads to very large 

values for B(E3)'s in higher bands; it has been rejected on this basis. 

1T -The second set (with X3 small) underestimates the B(E3) for the K =0 • 

For the nuclei 168Er and 172Yb, the experimental E3 strength is shared 

by several 3- states, rather than being concentrated primarily in the 

lowest one. A large value of X3 is needed, in order to obtain such a 

pattern. 

The available experimental 8(E3)'s are not always consistent, as 

seen in Table 9.3 for 172Yb. The first set of results is a good fit to 

the Coulomb excitation data, while the third set matches the inelastic 

scatter-ing results. The two parameter sets are not very different. 

For 168Er, the values of e
3 

and X3 were determined to glve a 

reasonable fit to the K1T= 1 and 2- bands. The prediction of 

appreciable E3 strength in higher bands is in agreement with the new 
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Table 9.3. B(E3)'s resulting from various choices for e
3 

and X
3

. 

MeV 

1- 1.12 
0- 1. 39 
2- 1. 81 
1- 2.34 
3- 2.46 
2- 2.67 
1 2.88 
0- 3.04 

1 1.43 
2- 1. 67 
o 1.91 
3- 2.30 
1- 2.40 
0- 2.65 
2- 2.72 
1- 2.78 

1 1.23 
0- 1. 74 
2- 1.84 
1- 2.74 
3- 2.79 
1- 3.18 

a a rmesf rmedf B(E3; 3- ~ 01)b (10-4e 2b 3 ) 

1. 60 
0.16 

-1. 21 
-0.25 

0.08 
-0.29 
0.20 
0.64 

1. 89 
0.94 
0.73 

-0.05 
-0.28 

0.12 
0.12 
0.44 

1. 69 
0.36 
1. 25 
0.21 

-0.02 
-0.35 

Calculation Experiment 

-0.29 
-0.08 

0.04 
-0.04 

0.16 
-0.06 
-0.03 

0.04 

163 
32 
81 
48 

326 
91 

1 
24 

164 
2 

75 
2 
o 
3 
2 
o 

82 
o 

66 
4 
3 
6 
1 
1 

126 
1 

71 
3 
o 
4 
2 
o 

e3 = 0.11 0.07 0.07 0.07 
X 3 = 3. 6 -0. 3 o. 4 O. 0 

-0.28 
0.04 

-0.16 
-0.10 
-0.02 

0.07 
-0.04 

0.03 

65 
94 
54 
68 
13 
40 

4 
31 

218 
41 
36 
o 
3 
o 
1 
8 

63 
83 
50 
61 
12 
36 

4 
27 

175 
43 
26 
o 
4 
1 
1 
9 

e3 = 0.07 0.07 0.065 0.07 
X 3 = 4.1 -0.3 4.2 0.0 

-0.30 
-0.14 
-0.03 

0.02 
-0.10 

0.04 

61 
41 
47 

7 
43 
o 

182 
11 
79 

2 
o 
7 

39 
39 
74 

9 
47 
o 

140 
6 

76 
2 
o 
6 

e
3 

= 0.07 0.07 0.085 0.07 
X 3 = 3.5 -0.3 3.0 0.0 

c d 

177 99 
33 33 

74 

61 66 
71 83 

33 
79 

31 

26 

65 37 
36 21 
47 76 

arm e s f = < 0 + I 1st x f' I I 3 - > / 17, rm e d f = < 0 + I I d t x f' I I 3 - > / 7 • 

bB(E3)+ = {e
3

(rmesf + I7X3rmdef)}2 • 

cCoulomb excitation; references are given in Table 9.4. 

dlnelastic scattering; references are given in Table 9.4. 
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results of Govil, et ale [1986]. 

There are no experimental B(E3)'s available for the nucleus 

1860S, although Yates et ale [1974] state that unpublished (d,d') data 

exist which show E3 collectivity for a state at about 1490 keV. 

Lacking experimental data with which to determine the parameter X3 

for this nucleus, the 182W value of 0.3 was adopted. 

The T(E3) parameter sets employed in the study are given in 

Table 9.2. The octupole effective charge, e
3
, is constant for all the 

nuclei studied. Therefore, the parameter X3' alone, is responsible for 

differences in the B(E3)'s for different nuclei. This parameter is 

shown as a function of mass number in Fig. 9.3. It is not known why 

the values of X3 for the nuclei 168Er and 172Yb are so much larger 

than any of the others. One thing that is different about these 

nuclei is that they have neutron boson .E!-.r!icles and proton boson 

holes. All other nuclei studied have bosons which are either all 

particle-like or all hole-like. Perhaps the transition rates are more 

sensitive to this than are the energy levels. The change from 

negative values below "midshell" to positive values above "midshell" is 

reminiscent of the X and X trends in IBM-2 parameters, cf. Table 5.1. 
" 1T 

The energy spectra for the nuclei under consideration are given 

in Figs. 9.4-9.13. The K- band assignments for the calculated energy 

levels in this study are based primarily on calculated B(E2)'s. The 

B(E2) information becomes ambiguous in regions of mixing, e.g., near 

band crossings in the SU(3) picture. This is ordinarily not a problem 
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Fig. 9.3. The T(E3) parameter X3 as a function of mass number. 



Fig. 9.4. Energy spectra for 154 Sm • 

The first and third experimental negative parity bands have been 

identified as octupole. The data are from Harmatz [1979] and 

Veje et al. [1968]. 
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Fig. 9.5. Energy spectra for 156 Gd. 

The KTI = 1- and 2- experimental bands have been identified as 

octupole. The data are from Konijn et al. [1981a], Backlin et al. 

l 1982] and Goldhoorn et al. [1981]. 
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Fig. 9.6. Energy spectra for 15B Gd • 

The lowest KTI = 1-, 0-, and 2- experimental bands have been 

identified as octupole. The data are from Greenwood et al. 

[1978] and Lee [1980]. 
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Fig. 9.7. Energy spectra for 158 Dy • 

TI The K = 2- experimental band has been identified as octupole. The 

data are from Anderson, Brenner and Meyer [1978] and Lee [ 1980] . 
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Fig. 9.8. Energy spectra for 162Dy • 

TI - -The K = 2 , 0 and 1 experimental bands have been identified as 

octupole, as well as the 3 state at 2318 keV. The calculated 

negative parity spectra are discussed in the text. The experimental 

levels are from Fields et ale [1982] and Warner et ale [1983]. 
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Fig. 9.9. Energy spectra for 168 Er . 

The KTI = 1 (1431 keV), 2- and 0- experimental bands have been 

identified as octupole, as well as the 3- state at 2257 keV. The 

data are from Davidson et al. [1981], Burke et al. [1985b] and 

Tj~m and Elbek [1968]. 
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Fig. 9.10. Energy spectra for 172 yb . 

The KTI = 1-, 0- and 2- experimental bands have been identified as 

octupole, as well as the 3- state at 2032 keV. The data are from 

Burke and Elbek [1967] and Cresswell et al. [1981]. 
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Fig. 9.11. Energy spectra for 17B Hf. 

TT The K = 2 experimental band has been identified as octupole. 

The data are from Fogelberg and Backlin [ 1971], Little et al. [1971] 

and Khoo "md L¢vh¢iden [ 1977] • 
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Fig. 9.12. Energy spectra for 182W. 

The KTI = 2- experimental band has been identified as octupole. The 

data are from Jeltema et ale [1977]. 
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Fig. 9.13. Energy spectra for 1860S. 

The data are from Yates et al. [1974], Thompson et al. [1975] and 

Spanhoff, Postma and Canty [1978]. 
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for the lowest K- bands. 1T -The presence of K = 4 bands, which start 

about 2.5 MeV, makes the assignment of 11T= 5- levels particularly 

difficult above the three lowest bands. For these reasons, most of 

the spectra shown give bandheads only, for fourth and subsequent 

octupole bands. mM results are somewhat suspect, anyway, above 1.5-2 

MeV, because the pairing assumption inherent in the model is not valid 

above the pairing gap. The sd basis space is too restrictive for 

describing these tdgher-lying excitatiqns [A rim a, 1983]. 

The positive parity spectra include gab and gamma band levels 

up to angular momentum I = 8 and 6, respectively. The corresponding 

calculated levels are shown, along with the first two levels of the 

+ Experimental excited 0 bandheads are shown in 

boxes, along with other low-lying bandheads. All exper1mentall~' known 

negative parity bandheads are shown, up to about 2 MeV. Levels up to 

11T: 5- are given for the lowest bands. Those experimental states with 

known octupole collectivity are specified in the figure captions. The 

B(E3) data are given in Section 9.3. 

The lSItSm spectra are given in Fig. 9.4. The level at 1811 keV 

was seen in (d,d') scattering by Veje et ale [1968], who were unable to 

distinguish between the assignments 3- and 4+. The neighboring 

isotone lS6Gd has a similar 3- level at 1852 keV in a known K1T = 2-

band. The IBM is able to reproduce a K1T =2- band at the requisite 

energy for lS6Gd, shown in Fig. 9.5, but not for lSItS m• Three lS6Gd 

levels between 2 and 2.1 MeV are populated in (p,p') scattering 

[Goldhoorn et al., 1981] and aSSigned 1T + I = 4 or 3-. These are shown 

in the box in Fig. 9.5. There are many other levels in lS6Gd with 
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established or suspected E4 character, including the Kn = 4+ bandhead 

at 1511 keV. Such states with hexadecapole character might be 

expected to occur in 15~Sm also. 

The 158Gd spectra are shown in Fig. 9.6. The calculated Kn= 1; 

band is about 300 keV higher that the corresponding experimental band. 

This is not surprising; the Hsd core is too simple for a correct 

description of the higher-lying bands. In this case, there are two Kn 

= 0+ bands and a 4+ band which are not considered in the core 

description. 

Figure 9.7 presents the 158Dy spectra. n -The K = 0 band is not 

well-reproduced in this nucleus. The octupole spectrum of the nucleus 

162Dy cannot be properly described with this theory. Figure 9.8 gives 

two examples of attempts to fit this nucleus. Set 1 fits the Kn = 2-

- n -and 0 bands, resulting in a K =1 band which is below, rather than 

above the other two bands. n - -Set 2, which reproduces the K = 2 and 1 

n -bands, results in a very high K =0 band. The parameters are (Ef , A2) 

= (950, -52) keV for set 1 and (1020, -25) keV for set 2. In both 

cases, A1 = 0 and A3= -155 keV. It appears that the K- band order 

(2-, 0-, 1-) is not possible in the present model. This is discussed 

again in Section 9.4. 

Figure 9.9 shows the spectra for 168Er. The calculated K'IT = 3-

bandhead is in good agreement with the collective experimental band at 

2257 keV. The second calculated 1- band is high, as was the case for 

158Gd• All other levels shown in the experimental box (negative 

parity) are 2qp bandheads, as discussed in Section 7.4. The lowest 

calculated Kn = 4- band is shown in the theory box. The decay modes 
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of the IK1T = 44 - states have not been investigated. 

The I1T= 0- state at 2175 keV has an even-spin band built on it. 

Hence, this is an even spin branch of a K1T = 0- band. It lies about 

400 keV above the lowest odd-spin 0- band. The second K1T = 0- odd-

1T -spin band occurs at about the same energy as the K = 4 band. These 

two (0- and 4-) bands, as well as the 1;, 3~ and even-spin 0- bands 

are built on the gamma band in this model. Since a gamma vibration is 

not axially symmetric, there is no restriction of the angular momenta 

to odd-spin only for resulting K1T= 0- bands. Experimentally, there 

are no known 0- states in deformed rare-earth nuclei, of which the 

author is aware. 

The 172Yb spectra are shown in Fig. 9.10. The gamma band is 

unusually high for this nucleus. In addition, there are low-lying K1T= 

3+ and 0+ bands which are not taken into account in the calculations. 

Clearly, the core Hamiltonian is too simple for this nucleus. The 

three lowest octupole bands are in reasona ble agreement with 

experiment. As shown in Chapter 8, these bands are not much affected 

by the core description. The high energi.es of the calculated 1; and 

3- bands are not surprising. 

The spectra of 178Hf, 182W, and 1860S are shown in Figs. 9.11, 

9.12, and 9.13, respectively. As previously mentioned, the second 

calculated octupole bands for the latter two nuclei are spectulative. 

They result from parameters which are not well-specified by the 

experimental data and, as such, are not true predictions of the model. 

They are shown as an indication of the results obtained with the 

parameters employed. 
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.2.-]~E3) Tr~si~on Rates 

The calculated B(E3) results are presented in Table 9.4. The 

mM results are compared with experiment and also with the RPA 

resul ts of Neergard and Vogel [1970a], which constitute one of the 

largest and most-often quoted theoretical study of octupole states in 

rare-earth nuclei. The energies of the 3- levels (in MeV) are listed 

also. Experimental levels are not included for 2qp 3- bands. 

Ten calculated 3- levels are listed for 156Gd, in order to 

compare with the (4+ or 3-) levels of Goldhoorn et ale [1981], which 

are shown in Fig. 9.3. Only those calculated levels belonging to the 

lowest 1- and 2- bands show any appreciable E3 collectivity. This is 

in marked contrast to the results for 168Er, for which the octupole 

strength is spread over many 3- levels. The last four experimental 3-

states listed for 168Er may not, in fact, correspond to the K7T 

assignments indicated in Table 9.4. 

In general, the IBM res ul ts are quite good for the firs t three 

bands. The energies of the higher-lying levels are often 300 keV or 

more higher that the experimental levels with which they are 

compared. Despite this, the pattern of known E3 strength is well 

reproduced. 

The comparison between the IBM and RPA results of Neergard and 

Vogel [1970a] is, perhaps, not very meaningful, since the two models 

are very different in nature. Also, the available experimental data 

were limited in 1970. It is interesting that RPA correctly predicts 

the K- band order for the one nucleus which the IBM does not, and 

incorrectly predicts the order in other cases. 
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Table 9.4. Comparison of IBM B(E3; 3- + ot) results with experiment 
and RPA results. The IBM parameters are given in Table 9.2. 
Energies are given in MeV and reduced transition rates in 10-4 e2b 3. 

K'lT IBM RPAa EXEeriment 

E(3-) B(E3) E(3-) B(E3) E(3-) B(E3)b B(E3)c 

154Sm - 1.09 124 1.01 129(29)d 110d 0 1.7 0 
1 1.57 51 1.3 183 1.58 77d 
-2 2.41 8 2.0 49 

156Gd 
166f 1 - 1.26 176 1.3 220 1.28 244(10)e -0 1.58 4 1.B 19 1.54 <lge 

63f 2 - 1.91 66 1.7 19 1.85 -1 2.41 0 -3 2.56 1 1.9 0 -2 2.75 0 -0 2.96 1 -1 3.13 0 -0 3.29 0 -3 3.42 0 

158Gd 
99 f 

1 1.12 164 1.2 113 1.04 177(lO)e 
0 - 1.39 2 f.7 49 1.40 33(4)e 33£ 
2 - 1.81 75 1.6 19 1.86 74f 
1 - 2.34 2 1.98 -3 2.46 0 1.B 0 

158Dy - 329(71)g 234h 
2 1.29 219 1.3 223 1.40 -1 1.50 29 1.5 3 1.54 
0 - 1.97 15 2.0 3 1.67 -3 2.33 1 1.8 3 -0 2.39 0 
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Table 9040--Continued 

KTI' IBM RPAa EX2eriment 

E(3-) B(E3) E(3-) B(E3) E(3-) B(E3)b B(E3)c 

162Dy - 149(10)e 134h 2 103 134 1.21 
0 - 1.6 26 1.36 39h 

1 - 1.9 1 1.74 26h 

3 - 2.0 3 2.32 31h 

168Er 
61(9)i 66 j 1 - 1.43 65 1.6 59 1.43 

2 - 1.67 94 1.7 79 1.63 7l(l4)i 83~ 
0 - 1.91 54 2.2 k 23 k 1.91 33~ 
3 - 2.30 68 2.27 79J ,1 1.4 3 -1 2.40 13 2.02 
0 - 2065 40 2032 31 j ,1 -2 2.72 4 
1 - 2.78 31 2.49 26 j ,1 -2 2.86 23 -0 3.06 2 

172Yb 
1 - 1.23 61 1.4 86 1.22 65(4)m 37n 
0 - 1. 74 41 1.9 37 1.71 36(9)m 21n 

2 - 1.84 47 1.7 24 1.82 47 (lO)ffi 74n 

1 2.74 7 
32n ,1 3 - 2.79 43 1.6 1 2.03 

178Hf 
2 - 1.33 76 1.4 139 1.32 76(14)0 -1 1.47 7 1.6 1 1.43 -0 2.09 0 2.2 4 

18~ -2 1.40 109 1.5 199 1.37 111 (17)P -1 2.05 57 1.7 0 

1860s 
179

q 
3 - 1.48 1.3 177 
2 - 1.91 112

q 
1.6 34 



Footnotes to Table 9.4. 

a[Neergard and Vogel, 1970aJ; results after Coriolis coupling. 

bCoulomb excitation. 

c Inelastic scattering. 

d [Veje et al., 1968J. 

e[McGowan and Milner, 1981J. 

f[Bloch, Elbek and Tj~m, 1967J. 

g[Ronnington et al., 1982J. 

h[Grotdal et al., 1968J. 

i(McGowan et al., 1978J. 

j[ Govil et al., 1986J. 
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k This result should be compared with the experimental 2qp 3- band at 
1.54 MeV (cf. Fig. 7.1). Such non-collective bands, which are outside 
of the IBM model space, are within the domain of the RPA model. 

lK value not experimentally determined. 

, Cresswell et al., 1981J. 

n(Burke and Elbek, 1967J. 

o[Ronnington et al., 1977J. 

P[G~nther et al., 1971J. 

qResults are speculative because of lack of experimental data with 
which to determine parameters. 
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9.4. The Band Order K'IT = 2-, 0-

As illustrated in Fig. 9.8 for the nucleus 1620y, the octupole 

band ordering with the K'IT=2- band lowest, followed by the K'IT=O- band, 

cannot be properly described by the present model. Possible reasons 

for this are: 

1) One or both of the K- bands in question are not collective. 

2) Their collectivity is based on dipole, rather than 

octupole degrees of freedom. 

3) The neutron and proton degrees of freedom need to be 

considered separately. 

In the case of 1620y, the first possibility is ruled out by the large 
, 

B(E3)'s shown in Table 9.4 for this nucleus. The second possibility 

could possibly be evaluated if E1 decay modes for octupole states in 

the rare-earth region were well-known experimentally. In the vibron 

model [Oa1ey, 1984], the lowest K'IT=2- bands are built on the gamma 

band, while in the present model, they are built on the gab. The 

necessary B(E1) data are not extensive enough to make a useful 

comparison between nuclei with K- band order (2-, 1-), for example, and 

In view of the known 2qp admixtures in octupo1e states, the 

third possibility is the most promising. The 2- band in 1620y is 

dominated by the 2qp configuration {7/2-[523] e 3/2+[411 ]}, according to 

Fields et a1. [1982]. This configuration is shown in Fig. 7.7, where it 

is discussed in connection with the N=94 isotones. Clearly, the 

microscopic proton structure is involved here. The presence of a 
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large 2qp admixture does not, of itself, necessarily mean that the IBM 

cannot be applied. For example, the nuclei 158Gd [Greenwood et al., 

1978; Burke et al., 1981], 168Er [Burke, Maddock, and Davidson, 1985] and 

172Yb [O'Neil and Burke, 1972] all have large 2qp admixtures in the 

1T -K =1 octupole bands; yet the present model works well in describing 

these nuclei. In addition, the above 2q1T configuration is expected to 

be responsible for the low energy of the 2- octupole bands in all the 

dysprosium nuclei, including 158Dy, for which the model works 

relatively well. 

Let us consider the question of the ordering of octupole bands. 

The degeneracy of the 3- octupole state seen in spherical nuclei is 

broken by the quadrupole deformation. For prolate deformation, this 

would be expected to result in a set of K bands, such as those shown 

schematically in Fig. 9.,4(a). The energy of the observed K- bands in 

a given nucleus depends on the location of the Fermi level, shown as a 

wavy line in the figure. Near the beginning of a well-deformed region, 

the Fermi level is closest to the 0- energy and the expected ordering 

is (0-, '-, 2-, 3-). As the spherical region is approached, the Fermi 

level is near the 3- level and the expected ordering becomes (3-, 2-, 

'-, 0-). The assumption of a smooth transition between these two 

situations leads to the schematic picture shown in Fig. 9.14(b). The 

dashed lines separate regions of different K- band ordering. The 

resul ting sequence of different band orderings is similar to that 

shown in Fig. 8.6, in which the K- bandhead energies are plotted versus 

the f-sd exchange strength, a constant non-zero f-sd 

quadrupole strength, A
2
• Thus, in the model, it appears that the 
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Fig. 9.14. A simple schematic picture of octupole band ordering. 

Dependence on the quadrupole deformation, 6
2

, is shown in (a). 

Dependence on the Fermi level~ EF , is shown in (b), going from a 

deformed region toward a spherical one. 
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parameter A2 corresponds to the quadrupole deformation, B
2
, and the 

parameter A3 corresponds to the Fermi energy, E
F

• 

The lowest three K- bands for each of the six regions in Fig. 

9.14(b) are listed below, along with examples of nuclei which exhibit 

this ordering, totally or in part. 

1) K 1T = 0- 1 - 2- lS'+Sm, 0-, -, , 1 

2) K1T = 1-, 0-, - lS80d, 1 - 0-, -2 , 2 

3) K1T = 1 - 2-, - 168Er, 1 - 2-, -, 0 , 0 

4) K1T = 2- 1 - 3 - 178Hf, 2- 1 -, , , 
5) K1T = 2- 3-, 1 - 182W, 2-, 
6) K1T = 3-, 2-, 1 - 1860s, 3-

In this simplistic picture, the ordering (2-, 0-) does not arise. 

However, if proton and neutron degrees of freedom are considered 

separately, two pictures like Fig. 9.14(b) might be envisioned. Large 

2qp admixtures might then be expected to result in changes in the band 

ordering. This would be particularly true if there were large 

admixtures of both 2q1T and 2q" configurations in a given band, since 

the proton-neutron interaction would lower the energy of the 

collective band even more. This situation is seen experimentally in 

the K1T=4- bands in 168Er, as discussed in Section 7.4. Another example 

concerns the K1T=S- bands in 178Hf [Ward and Chu, 1975]. A schematic 

depiction of such a mixing of 2q1T and 2q" configurations is shown in 

Fig. 9.15. 
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tmperturbed 2qp levels K- bands in nucleus 

Fig. 9.15. Mixing of 2qn and 2qv levels by the proton-neutron 

interaction. 

This picture is too simple, of course, for describing 

vibrational bands, in particular, since it does not include the many 

other configurations needed to obtain a coherent, collective state. 

However, the main features should still apply. 

The situation with respect to the 2- bands in the dysprosium 

isotopes is intriguing because, as seen in Fig. 7.6, there is a 

systematic decrease in bandhead energy between N=92 and N=98. This 

could be caused by the presence of a sizable 2qV admixture in these 

states, in addition to the 2q1T admixture already noted. One 

possibility is the configuration {5/2+[642]v e 1/2-[521]v} 2-, which 

would be expected to be lowest in energy for 16ltDy 98' since the two 

Nilsson levels involved are only 100 keV apart in the nucleus 16 3Dy 

[Btmker and Reich, 1971]. As the neutron number decreases, the Nilsson 

levels involved become farther away from the Fermi level, so that the 

configuration is less likely to contribute to collective 2- states. 
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The configuration {5/2+[642t]" e 1/2-[52H']}2- would not be 

expected to dominate an octupole state, because the two components 

have opposite spins; a spin flip would be needed. Even so, it might 

make a contribution. Such an admixture should be seen in the 

stripping reaction 161Dy(d,p)1620y, since 1610y has a 5/2+[642] gs. This 

experiment has been done [Backlin et al., 1967], and the K 1T:2- octupole 

bandhead is among the states populated. The 2q" configuration 

{5/2+[642]" e 1/2-[521],,} 2- was assigned to the K1T:2; band (shown in a 

box in Fig. 9.8) by Backlin et al. [1967J on the basis of its strong 

population in the stripping reaction. It is possible that the two 

K1T=2- bandheads are mixed, as shown in Fig. 9.15, with the lower level 

having most of the 2q1T (as well as the octupole) character, and the 

upper band having most of the 2q" character. 

The distinguishing feature in the 1620y octupole band order is 

not, however, the low-lying K1T=2- band, but the fact that it is 

In the normal ordering, the second 

One then expects 

differences in the neutron microscopic structure between 0- bands in 

lSBoy and 1620y. The Nilsson levels 5/2·+[642]" and 5/2-[523J" are on 

either side of the neutron Fermi level for l:!OY 96" They comprise the 

gs and first excited states of 1610y, respectively [Bunker and Reich, 

1971 J, and are only 26 keV apart in energy. The 5/2-[523] level is not 

seen in the low-lying spectrum of lS70y" 

The configuration {[642tJ" G [523-rJ}0-, perhaps in conjunction 

with a 2q1T configuration might explain the K1T:O- band which is "out

of-order" (below the 1- band) for 1620y• Fields et al. [1982] have 
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tentatively assigned this configuration as a large component of the 0-

octupole band in this nucleus and Soloviev [1976] predicts that this 

2q" configuration makes up 35% of this octupole state. 

Because of the need for separate neutron and proton degrees of 

freedom, the present model, in the IBM-1 framework, cannot deal with 

this situation in 162Dy. The addition of a second f boson (an f' boson) 

to the mM-.1 basis space would presumably lead to an adequate 

description of octupole bands which are "out-of-order." Similarly, an 

mM-2 model with an f boson should also work in this situation. 



CHAPTER 10 

THE OCTUPOLE BOSON INTERACTION 

The octupole exchange term in the IBM-1 Hamiltonian was 

originally added for phenomenological reasons, as mentioned in Chapter 

B. This chapter considers the origin of the exchange force, in terms 

of an octupole-octupole interaction, thus placing this term in the f-

sd interaction on an equal footing with the other multipole terms. 

The negative parity (NP) IBM-1 Hamiltonian is written in 

multipole form as 

(10.1 ) 

from Eqs. (B.2) and (B.9). The operators are defined in Eq. (B.10) and 

(B.11 ). 

In considering the origin of the octupole exchange force, let us 

first look at the IBM-2 case, in which the neutron and proton degrees 

of freedom are explicitly distinguished. The interaction thus obtained 

can then be mapped onto the IBM-1 basis space, in the same manner 

employed for s-d boson interactions [Scholten, 19BOJ. 
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Consider an octupole force of the form 

voct = _ K 
sdf 31N 

0(3). 0 (3) 

" 'IT 
(10.2) 

which is taken to be a pure neutron-proton interaction. The octupole 

operator can be written as 

p = ",'IT • (10.3) 

In order to simplify the notation in this chapter, the x's in the 

t t tensor products have been dropped; e.g., f x s = f s. The terms in Eq. 

(10.2) which contain two. f-boson creation or annihilation operators 

give no contribution in the limited model space containing only one f 

boson, and can thus be omitted. As a result, the interaction becomes 

(10.4 ) 

The tensor expressions can be recoupled in order to show the 

multipole nature of this interaction explicitly. This results in 
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voct = _ K {(S t s ) • (ft. f ) 
sdf 3'ITV v 1T 1T V 

10.2. Pr~2ction from mM-2 to mM-1 

In mapping the interaction (10.5) onto the mM-1 model space, it 

is assumed that the f-boson state of the mM-1 corresponds to the 

fully symmetric f-boson state of mM-2. For example, 

(10.6) 

and 
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where N = N + N = n + nd + n
f

, and occupation number notation is 
1T " S 

used inside the kets. The IBM-1 image of the octopole-octupole 

interaction can now be constructed by equating matrix elements 

between equivalent negative parity states. 

The mM-2 matrix element for the first term in Eq. (10.4) is 

found using the states gl ven on the right-hand (rh) side of Eq. (10.6), 

which glves 

= K3 N N IN 
1TV 1T " 

(10.8) 

The term involving the Hermitian conjugate (h.c.) glves the same 

resul t, so the total IBM-2 monopole matrix element is 

The corresponding IBM-1 matrix element is 

= -(N-1)C 1 

(10.9) 

(10.10) 
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The constant, C
1
' is obtained by equating the rh sides of Eqs. (10.9) 

and (10.10), giving 

C
1 

= -21<:3 N N /N(N-1) 
'lTV 1T " 

(10.11) 

Similarly, the IBM-2 matrix element for the last term in Eq. (10.4) 

(using the eigenftmction (10.7), with angular momentum I=3), is 

Evaluating the matrix element in the curly brackets in Eq. (10.12) 

gives 

= -7 {~ ~ ~} = -0.317 ( 10.13) 

Again, the Hermitian conjugate gives the same result, so 

= -21<:3 X3 X3 (N N /N(N-1») (-0.317) 
'lTV " 1T "1T 

( 1 0.14) 

The IBM-1 analog to this term, which is worked out in Appendix G, is 

( 10.15) 
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Equating the rh sides of Eqs. (10.14) and (10.15) gives 

(10.16) 

The quadrupole matrix elements are found and equated in a similar 

manner. The IBM-1 form of the octupole-octupole interaction is then 

(10.17) 

Considering the first term in Eq. (10.17), 

(10.18) 

where Eqs. (A.3b), (A.2c), the definition of the number operator (cf. Eq. 

(A.12a» and the fact that nfSf = nf' for nf = 0 or 1, have been used. 



When the coefficient is included, this term becomes 

where 

1<'3 = -1<'3 N N /N(N-1) 
1TV V 1T 

191 

(10.19) 

The first term in this expression gives rise to a simple renorm-

alization of the f-boson energy in Eq. (10.1), while the second term is 

just the monopole-monopole interaction in that equation. 

The second te rm in Eq. (10.17) con tri butes to the quadrupol e-

quadrupole interaction and can be absorbed by renormalizing the 

strength A2 in Eq. (10.1) and the parameter X inEq. (8.11). 

The third term in Eq. (10.17) corresponds to the usual normal-

ordered exchange term, as shown in Appendix G, 

clearly showing the relationship between the exchange force and the 

octupole-octupole interaction. 

If the dipole~dipole term and the core Hamiltonian are now 

included, the total Hamil tionian becomes 

(10.21) 
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where 

e:f = e: - 2K (N-1) 
f 3 

(10.22a) 

A' 
2 = A2 + K3(X31T + X3v'/2/S (10.22b) 

Q' 
d = {(s ta + d t s )(2) + X' (d td)(2)} (10.22c) 

(10.22d) 

and K3 is related to the strength of the neutron-proton octupole 

interaction as defined in Eq. (10.19). 

The exchange term, the monopole term and part of the 

quadrupole term in the f-sd interaction emerge as parts of the IDM-1 

image of a neutron-proton octupole-octupole interaction" The dipole-

dipole and entire quadrupole-quadrupole terms in V sdf can be developed 

similarly from neutron-proton interactions. Let us define an operator 

( 10.23) 

where the operators Ld and L
f 

are defined in Eqs. (8.11) and (8.10) 

respectively. Now consider the interaction 
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(10.24) 

For purposes of the f-sd interaction, the first term in Eq. (10.24) 

must be excluded because it involves only d boson operators, and such 

operators should only be found in H
sd

• The last term is a two-body f

boson term; it can also be dropped. The remaining terms, when mapped 

onto the mM-1 basis space lead to a term proportional to -K1'1lVLd eLf. 

A similar result is obtained in the quadrupole case, with 

(10.25) 

and 

(10.26) 

From such an analysis, one can relate the coefficients A1 and A2 in 

Eqs. (10.21) and (10.22) to neutron-proton interaction strengths. 

If the first term in Eq. (10.24) and the corresponding term in 

Eq. (10.26) are not discarded, then the core Hamiltonian, which is given 

in Eq. (8.17), as well as the negative parity Hamiltonian, Eq. (10.1), 

can be generated by the three neutron-proton interactions given in 

Eqs. ( 10.2), ( 1 0.24) and ( 1 0.26). Phenomenologically, there appears to 

be no advantage to such a treatment of the dipole-dipole and 

quadrupole-quadrupole terms. The usefulness of such a treatment in 

possible microscopic calculations remains to be seen. 
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10.4. E3 Transi tion Operator 

The octupole interaction of Section 10.1 is, of course, 

related to the E3 transition operator 

(10.27) 

where the octupole operator is defined in Eq. (10.3). Mapping this 

operator onto the IBM-1 model space, following the same procedure as 

before, yields 

TCE3) = e
3

{Cs t r + f t S)C3) +X3cdtr + f t d)C3)} C 1 0.28) 

where 

e
3 

= (N e
3 

+ N e
3 

)/N v v 1T 1T 
(10.29a ) 

is the octupole boson effective charge, and 

C 10.29b) 

If X3V and X31T have opposite signs, then very small values of the 

parameter X3 are tmderstandable. Such small values, as well as 

rather large ones, are seen in Table 9.2 for the nuclei studied in 

Chapter 9. 
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10.5. Consistent Octupole Model, COM 

The oct upol e transi tion operator and the Hamil toni an are now 

directly related, as is the case in the consistent-Q model for positive 

parity [Warner and Casten, 1983]. In analogy, we could call this the 

"consistent octupole" model (COM). Figure 10.1 shows the spectrum 

resul ting from a COM calculation for the nucleus 168Er. To reduce the 

number of free parameters, the additional assumption has been made 

that The s-d Hamiltonian is gLven by Eq. (8.17) and the 

core param eters are gL yen in Ta ble 9.1. The ne ga ti ve parity 

parameters in Eqs. (10.21) and (10.22), are E
f 

= 1070 keV, A1 = 0, A2 = 

-12 keV, 1<'3 = -15 keV and X3 = 4.8. The calculated negative parity 

spectrum, shown in Fig. 10.1, is essentially the same as that obtained 

with the usual f-sd interaction and shown in Fig. 9.9. 

Some B(E3)'s for 168Er calculated in the COM are compared with 

experiment in Table 10.1. The parameters were fitted to the (d,d') 

scattering results of Tj«Sm and Elbek [1968]. The octupole effective 

charge is 0.045 eb3/ 2• 

(E3) The T parameter X
3
, which is gLven in Eq. (10.28), need not 

be directly related to the Hamiltonian parameters X3V and X3n of Eq. 

(10.21). They may be treated as separately adjustable parameters. One 

would then have a more flexible octupole-octupole model, though not a 

"consistent" octupole model. Such flexibility may be needed for the 

description of octupole phenomena in some nuclei. 

In this chapter, it has been shown that the exchange force 

arises as one particular term in an octupole-octupole interaction. It 

can, in fact, be regarded as the result of the exchange of an octupole 



Fig. 10.1. Octupole bands in 168 Er calculated in the consistent octupole model. 

Five of the six lowest calculated negative parity bands are shown. Aneven-spin 

KTI = 0- band, with bandhead at 2.1 MeV, has been omitted for simplicity. 
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Table 10.1. Reduced E3 transition 

I1T B(E3; 3-+0;) 

Experiment 

(d,d,)b (a,a')C 

1- 55 61 ±1 

2- 50 71±1 

0- 32 

1-

3- 52 

a -4 2 3 1 spu = 17x 10 e b • 
b[Tj~m and El bek, 1 968]. 
c[McGowan et al., 1978]. 
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rates to the grolmd state for 16sEr. 

(10-4e 2 b3 )a 

Calculation 

59 

52 

34 

12 

41 
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phonon. In this respect, it is different from the exchange force in 

the Interacting-Boson-Fermion Model (mFM), since the exchange force in 

the latter case is a reflection of the Pauli exclusion principle for 

fermions [Talmi, 1981b]. 

The results of a COM calculation for the nucleus 168Er are very 

similar to the results presented in Chapter 9 for this nucleus. 

Whether or not this is true, in general, remains to be seen, pending 

investigation of the phenomenology of this new model. 



CHAPTER 11 

SUMMARY AND CONCLUSIONS OF OCTUPOLE STUDY 

A study of octupole bands in nuclei has been presented in 

Chapters 7-10, with particular emphasis on a phenomenological 

description within the Interacting Boson Model. While the basic 

features of this model were introduced some time ago, the present 

work is the first systematic study employing it. 

An outline of the experimental picture of octupole phenomena is 

presented in Chapter 7, along with a simple theoretical explanation in 

terms of a A=3 vibration built on the gs. The microscopic structure 

of octupole states and the presence of large 2qp admixtures in many 

collective states are also discussed in this chapter. Some examples 

are given to illustrate how information regarding the collective and 

sp nature of nuclear states is obtained. 

Chapter 8 describes the mM-1 + f-boson octupole model. It 

also considers the behavior of the two most important f-sd 

interactions in the exact SU(3) limit. Negative parity bandhead 

systematics are shown for the model and, in some cases, for the SU(3) 

limit of the model. The importance of the treatment of the core in 

describing octupole bands is also considered. 

In Chapter 9, the model is applied to ten deformed rare-earth 

nuclei. The determination and validity of the parameters is dis-

cussed, and energy spectra and reduced E3 transition rates are 

199 
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presented and compared with experiment. The calculated B(E3)'s and 

1T -I = 3 energies are also compared with theoretical results obtained 

with the semi-microscopic RPA + Coriolis-coupling method. The 

question of "natural" energy orderings for octupole bands is 

considered, in connection with the inability of the present model to 

describe a situation in which a K1T= 2- octupole band is lowest in 

energy, followed by a K1T= 0- band. 

The origin of the so-called exchange term in the f-sd 

interaction is considered in Chapter 10. This term is shown to arise 

naturally from a neutron-proton octupole-octupole interaction. A 

consistent octupole model is considered in which the same octupole 

operator is employed in the Hamiltonian and in the E3 transition 

operator. An example of a consistent octupole calculation is given. 

The SU(3) limit analysis shows that the lowest three K- bands 

are bull t on the ground state band, but that the next series of K 

bands are built on the gamma band in this model. In particular, the 

1T -lowest K = 3 band is usually built on the gamma band. In contrast, 

1T -in the geometrical model, the lowest K = 3 band, along with the 

lowest 0 , 1 and 2 bands, is bull t on the ground state. 

The energy ordering of the calculated octupole bands depends 

on the parameters A2 and A
3
• Three experimental octupole bands are 

necessary for the unambiguous determination of A2 and A
3

, along with 

the parameter E
f

• There are only a few nuclei for which this much 

experimental information is available. 

There is a general trend in the experimental energy ordering of 

octupole bands within the deformed region. As the mass number 
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increases, the two lowest K- bands go from (0-, ,-) to ('-, 0-), ('-, 

- - - 1T -2 ) and then (2 , ,). Finally, the K =3 band is lowest. There are 

deviations from this general trend, most notably for the Dy and Yb 

isotopes. These deviations result in parameter trends for A2, A3 and 

Ef , which are not smoothly varying with mass number. 

The description of the lowest three octupole bands appears to 

be essentially independent of the sd core description., as long as the 

gsb and the gamma bandhead are well-fitted. Higher energy octupole 

bands are, of course, sensitive to the details of the core description. 

However, they appear at energies high enough such that degrees of 

freedom outside the IBM model space are expected to contribute, and so 

are thus somewhat suspect. In fact, in those cases for which there 

1T 
are experimental data with which to compare, the second K = , 

bandhead is al ways 300-400 keV too high in energy; this is usually 

also true for the K1T= 3- bandhead (assuming that the 3- octupole band 

is not lowest). Despite this, the distribution of E3 strength appears 

to be correctly predicted by the model for these higher K- bands, as 

well as for the lowest three, when experimental data are available 

for comparison. 

Since the effective octupole charge, e
3
, is held constant in 

this study, the calculated B(E3)'s are essentially determined by one 

parameter, X
3
• Although the results are in good agreement with 

experiment, there is a great deal of variation in this parameter, as 

there is also in the case of the negative parity Hamiltonian 

parameters E
f

, A2 and A
3

• It would be interesting to see if micro

scopic calculations could be done to predict the octupole parameters. 
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The model predicts the occurrence of an even-spin branch of 

n 0- n -the K = band, with bandhead (IK =00 ) energy somewhere between, 

roughl~r, 2 and 3 MeV. Such states have not been seen experimentally. 

An octupole spectrum in which the lowest two K- bands are 2-

and 0- cannot be produced with this model. The explanation appears to 

be that separate neutron and proton degrees of freedom are necessary 

in order to obtain this band ordering, which is not "normal." The 

details of the microscopic structure are important here, since large 

2qp admixtures must be present to obtain such an "abnormal" K-

ordering. 

The presence of large 2qp admixtures is not restricted to cases 

invol ving unusual band ordering. It very likely accounts for 

deviations from the general trend of experimental band ordering and, 

consequently, for much of the variation in the octupole parameters. 

The 2qp admixtures depend on which Nilsson orbitals lie close to the 

Fermi surface. Since the model has no microscopic content, only by 

fluctuations in the parameters can such effects be taken into account. 

Also for this reason, it is not possible at this time to make 

predictions for nuclei whose octupole bands are not experimentally 

known. 

Single-particle and collective degrees of freedom are often 

considered to be completely different, since the former involves, by 

definition, only one or two nucleons in a nucleus and the latter 

involves all valence nucleons. Therefore, the discussion of large 2qp 

admixtures in collective states may appear to be a contradiction in 

terms. There is, in fact, no contradiction if the collective states 
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are considered to be coherent superpositions of the relevant 2qp 

(and/or, perhaps, Oqp) configurations. A state may indeed be dominated 

by a single 2qp configuration and still be collective, if the many 

other small components in the wave function are coherent. Such a 

state would be considered to be less "collective" than a state in 

which all the components have small probability amplitudes. 

The problem encountered in the IBM description of abnormal 

octupole band ordering (K1T= 2-, 0-) has no counterpart in the 

quadrupole case. This is certainly partly a reflection of the fact 

that there are only two possible band orderings for the quadrupole 

+ + + + case, (0 , 2 ) and (2 , 0 ), both of which the model can handle. Also, 

since octupole modes occur at higher energies than quadrupole modes, 

in general, they are assumed to be less collective. One would thus 

expect a better IBM description of quadrupole modes than octupole 

modes. 

For those nuclei with "normal" K- band orders, the model 

appears to work reasonably well in describing both energy levels and 

B(E3) transition rates. In addition, it identifies negative parity bands 

not previously associated with the octupole degree of freedom, such as 

the K1T=1- band in 168Er• 2 

A second f boson, which is distinguishable from the first one, 

could be added to the IBM-1 space. This would be expected to lead to 

1T - -a better description of octupole bands for nuclei with K = 2 , 0 or 

0-, 2- band ordering. However, there would probably be a problem 

pinning down the extra parameters with the available experimental 

data. 
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The present study is limited to well-deformed nuclei by the 

simple form of the positive-parity Hamiltonian. Octupole bands in 

transitional, vibrational, and 0(6) nuclei could be studied with the 

model if an nd term were added to the core Hamiltonian. 

The subject of electric dipole (E1) transitions has not been 

deal t with in this study. E1 transitions occuring in the energy region 

under consideration are not well-understood experimentally, and have 

not been systematically treated in the mM. 

extending the study to include E1 decays. 

Future plans include 

More experimental data are needed in order to establish the 

IBM parameters and to better understand the trends. 

In the present study, a broad base of systematic data is 

compared with a sophisticated model. It is only with such studies 

that progress is made in understanding nuclear theory. 



APPENDIX A 

ANGULAR MOMENTUM COUPLING 

There are many definitions and relationships which are useful 

in doing angular momentum algebra. For convenience, some definitions 

and formulae are listed in Section A.1. Unless otherwise specified, 

references for this material are Edmonds [1957] and deShalit and 

Talmi [1963]. Two examples of angular momentum coupling are given in 

Section A.2. 

1) Boson commutation relations are 

(A.1 ) 

2) The spherical tensor form of the annihilation operator is defined 

-(k) 
bq 

so that 

-s = s 

d = q 

and 

f = q 

(A.2a) 

(_1)(2+q) d 
-q 

(A.2b) 

(_1)(3+q) f 
-q 

(A.2c) 
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3) Tensor (cross) products are defined 

(A.3a) 

and scalar (dot) products are defined 

(A.3b) 

(A.3b) 

where 

(A.3c) 

4) Some symmetry and orthogonality relationships for Clebsch-Gordan 

coefficients (CGC) are 

(j1m1j2m2' J M) = (_1)(j1+j 2-J )(j m j m 'JM) 
2 2 1 2 

= (_ ~) (j 1+j 2-J ) (j -m j -m 'J-M) 
1 1 2 2 

= (-1) (j,-m 1) (J/j2)(j,m,J-M , j2-m2) 

= (_,,(j2+m2)(J/j,HJ-M j2m2' j1-m1) (A.4a) 



207 

and 
(A.4b) 

5) Matrix elements of the Hamiltonian are related to reduced matrix 

elements via the Wigner-Eckart theorem, which can be written (for this 

special case) 

(A.5) 

where T(O) is any tensor operator coupled to angular momentum zero 

and y represents all other quantum numbers needed to specify the 

state. 

6) Reduced matrix elements in the ~ space are given by 

7) If the tensors, T and U, are in different spaces, such as neutron d 

boson and proton d boson, or d and f boson spaces, 

(A.7a) 
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where the subscripts 1 and 2 refer to the operators T and U, 

respectively. Expressions for T and U in the coupled representation 

are 

and 

For example, 

(A. 7d) 

in particular, 

n' t n -1 ,. -
<s sJ!,'lIs lis s J!,> = J!,,1ns <5J!,J!,' (A.7e) 



209 

8) The relationship between coefficients of fractional parentage and 

reduced matrix elements of creation operators is [Bayman and Lande, 

1966] 

(A.8a) 

from which we 0 btain 

(A.8b) 

<d2l1d tllo> = 1/5 (A.8c) 

and 

<f3l1f tllo> = /7 • (A.8d) 

9) The reduced matrix element of the spherical tensor adjoint is 

found from 

(A.9a) 

which gives 

n -1, n A r 
<s s $/., IIslls s$/.,> = $/.,1'ns ~$/.,$/.,' , (A.9b) 

(A.9c) 

<Olldlld2> = IS (A.9d) 

and 

<Ollfllf3> = Ii (A.ge) 
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10) A special case of the change of coupling transformation is 

(A.10a) 

An exam ple of this is 

(A.10b) 

where we have used the following: 
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11) A useful relationship between CGC and 6-j symbols is [Lawson, 

1980] 

This expression, which is more cumbersome to use than Eq. (A.1 Oa), has 

the advantage that non-commuting operators are readily recoupled by 

this method, as shown in Section A.2. 

This section contains one specific example of d-boson coupling 

and one example of d-boson recoupling. 

The number operator for d bosons is obtained using Eqs. (A.2b) 

and (A.3b) 

= L d t· d - n 
q q q - d 

Al te rna ti vely , 

(A.12a) 
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(A.12b) 

(j-m) 
where Eq. (A.3a) and the CGC (jmj-m 100) = (-1) 13 have been used. 

Now consider a recoupling example, again using relevant 

equations in Section A.1 ; 

Commuting d and d t gives two pieces, which will be considered 
-m2 111 

separately. Noting that q = m
1
+m

2 
(from the CGe), the first piece is 

(A.14) 



The second piece is found using Eo. (A. 11 ), 

x L (2m12m2IKqH-n{2+112)(K/2)(Kq211212-111) 
q 
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(A.15) 

This equation involves the coupling of two identical boson operators, 

e.g., Such expressions also appear in Appendices B, C, and 

D. Because of symmetry considerations, only even values of the 

angular momentum are allowed; 

(A.16) 
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The final result is 

= (2K+1)/5) nd 

(A.17) 



APPENDIX B 

TERMS INVOLVING n IN THE IBM-1 HAMILTONIAN 
s 

This appendix considers the elimination of the s-boson degree 

of freedom involved in going from Eq. (2.2) to Eq. (2.3), first for 

N = ns + n
d

, and then for N = ns + nd + n
f 

(with n
f

=1). Equations 

(2.3) and (2.4) will be verified in the process. Finally, the 

corresponding situation with respect to the IBM-1 Hamiltonian employed 

by the computer code PHINT will be considered. 

Let us assume that nf=O and consider the one-body terms in the 

general IBM-1 Hamiltonian, as given in Eq. (2.2). Because the total 

number of bosons is conserved in the IBM, this is 

The last two terms in Eq. (2.2) can be rewritten in a similar way. The 

u
2 

term can be recoupled using Eq. (A.10a) (and N = ns + n
d

), 

( t )(0)](0) x s xs 
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The iidiid term can be rewritten using Eq. (A.17) with K=O, 

(B.3) 

with L even. The entire term becomes 

Considering the last term in Eq. (2.2), commuting stand s gives 

= s tess t _ 1)s = ii ii - ii = (ii - 1) ii s s s s s 
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Using Eq. (B.3), the Uo term in Eq. (2.2) becomes 

Combining Eqs. (B.l), (B.4), (B.6) and the C
L 

term in Eq. (2.2), replacing 

... 
the operator N by the number N, and comparing with Eq. (2.3) gives 

E' = o (B.7) 

(B.8) 

and 

(B.9) 

verifying Eqs. (2.3) and (2.4). 

Let us now assume that N = ns + nd + n
f 

and consider how the 

previous results are changed by the presence of an f boson. Clearly, 

for positive parity states, nf=O and Eqs. (B.7) and (B.8) hold. For 

negative parity states N should be replaced by N-n
f

, so that Eq. (B.7) 

becomes 

(B.10) 
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since fii'f = fi f for nf = 0 or 1. Similarly, 

(B.11 ) 

The positive parity core for the negative parity states is described by 

Eq. (2.5), which is equivalent to Eq. (2.3) (except for the EO term), as 

shown in Appendix C. The difference in negative parity energies 

resulting from the use of N = ns + n
d

, instead of N = ns + nd + n
f

, 

in Eq. (2.3) can be absorbed in the negative parity parameters e: f (in 

Eq. (8.2» and AO (in Eq. (8.9», for the constant term and the nd term, 

respectively. 

The IBM-1 computer code PHINT [Scholten, 1983] does numerical 

calculations using the Hamiltonian given by Eq. (C.1). The two-body 

terms of this Hamiltonian are exactly like those of Eq. (2.2). The 

one-body terms are written as 

e: N + e:'" s nd (B.12) 

where 

e:' = e: - e: 
d s 

(B.13) 

and then the e:sN term is discarded, along with the constant term, Eo. 

If we now consider the changes implied by ns = N - nd - nf , instead of 

ns = N - nd, we obtain an additional term, -e:sfif • This can be thought 

of as defining an effective f-boson energy e:;' = e:f - e:s ' in the same 

manner as the effective d-boson energy is defined in Eq. (B.13). 



APPENDIX C 

" 
POSITIVE PARITY IBM-1 PARAMETERS 

This appendix determines the relationship between the 

parameters of the general form of the IBM-1 Hamiltonian and the 

mu1tipo1e form. It also gives the mu1tipo1e parameters in terms of 

the actual input parameters of the computer code PHINT. 

Consider the general Hamiltonian of Eq. (2.2) with the € fi term 
s s 

Dropping the terms EO and 

constant for a given nucleus, gives 

r.:: {[ t t (2) - (2)1(0) } + (v2/y2) (d xd) x(dxs) ° + h.c. 

+ (U
O

/2>[(S t x s t) x (s x s)1bO) , 

where €' = € - € • 
d s 
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€ N, which are 
s 

(C.1 ) 
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The numerical calculation of excitation energies and 

eigenfunctions is done with the computer code PHINT [Scholten, 1983] in 

a U(5) basis, ~sing this Hamiltonian. All the terms in Eq. (c.n are 

diagonal in this basis, except for the v
2 

and Vo terms. 

The multipole form of HSd is given in Eqs. (2.5) and (2.6), which 

are repeated here, for convenience. 

+ a
3

(T
3 

• T
3

) + a 4(T4 • T4) , (C.2) 

where 

P = (d • d)/2 - (s· s)/2 

L = liD (d t xci)(1) 

Q = {(s t xd + d t xs)(2) + X (d t Xd)(2)} 

T3 = (d
t Xd)(3) 

and 

T4 = (d t x d) (4.) (C.3) 

Many of the terms in Eq. (C.2) can be written in the form 
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and can be recoupled as gl.ven in Eq. (A-16). The contribution of these 

terms to HSd can be written 

, (C.4) 

where 

B1 = 10 a 1, 

and 

(C.5) 

The one-bodY term and the various parts of the pairing term in 

Eq. (C.2) are already in the same form as their counterparts in Eq. 

(C.1 ): 

End + alt. p = End + (a o/4) (s ts t)(ss) 

The remaining peices of the quadrupole term need to be 

considered. The term (d t xs)(2) • (d t Xd/ 2) can be recoupled without 

commuting any d-boson operators, so that 
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The other terms invol ving X are determined by expanding the dot and 

cross products and commuting the second and third boson operators, 

" 

= Stdo L (2m,2012m,) + (s t Xd t )(2). (dXd)(2) 
m, 

In order to show that the first term in this expression vanishes, let 

us multiply by , = (2m ,0012m,) and employ the appropriate symmetry 

and orthogonality relations in Eqs. (A.4a) and (A.4b): 

Thus, 

L (2m 12012m,)(2m,0012m,) 
m1 

= L (-,) (2-m 1) (2/2)( 2m 12-m 1120)(-1) (2-m 1) (2/0)( 2m ,2-m 1100) 

m1 

l- t - t - (2) ] 
a2X (s xd)· (d xd) + h.c 

{ - [t t (2) - (2)J (0) } = 15 a2X (d xd) x(dxs) 0 +h.c. (C.B) 



The other terms in vol ving comm uta tion are 

(s t x <1'> • (d t x s) = 

and 

t t -5 n + (d x s ). (d x s) s 

• 

Expressing ns as N - n
d

, these two terms together become 

[ t - t t t -J a 2 (s xd)· (d xs) + (d xs)· (s xd) 

Finally, 

- {l- t t (0) (O)J(O) } = 15 a2 (d xd) x (ss) 0 + h.c. 
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(C.9) 

(C.10) 

(C.11 ) 

(C.12) 

Adding together Eqs. (C.4), (C.6), (C.7), (C.8), (C.11), and (C.12) gives the 

mul tipole Hamiltonian in terms of the operators of the general form, 

Eq. (C.1). Equating coefficients of the boson operators gives the 

relationships between the two sets of parameters. Thus 

Hmul tipole = 5a
2

N + Hgeneral 
sd sd 

where Hgeneral is given by Eq. (c.n, and: 
sd 

(C.13) 



and 

e:' = e: - 4a
2 

+ L (2K+l)/5 )B
K K 

v 0 = 15 (2a2 - a0/2) 

u2 = 215a2 
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(e.14) 

(e.15) 

(e.16) 

(e.17) 

(e.18) 

(e.19) 

(e.20) 

The term 5a2N does not appear in Eq. (e.l). However, Eq. (2.2) has an 

equivalent term which comes from e: Ii , so we see that the multipole 
s s 

Hamiltonian is equivalent to the most general Hamiltonian containing 
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only one and two-body terms. The presence of the 5a
2

N term has two 

unexpected res ul ts when com paring cal cula tions using the m ul tipole 

Hamiltonian, and calculations using Eq. (c.n with parameters glven by , 

Eqs. (C.14) to (C.21). They are: 

1) a difference of 5a
2
N in the binding energy, which is the 

ground state eigenvalue, and 

2) . a difference of -Sa
2 

in the effective f-boson energy, as 

d:f:scussed in appendix B, since N should really be 

replaced by N - ii
f

• 

This is not a real problem; the calculation of matrix elements for the 

m ul tipole terms, directly, is very cumbersome, and is not likely to be 

done by hand. In the computer code PHINT, the actual calculations are 

performed in the U(S) basis, with Eq. (c.n. When the multipole option 

is chosen, the parameters are converted to those of Eq. (C." via the 

PHINT equivalent of Eqs. (C.14) to (C.21). 

The input mul tipole parameters for the computer code PHINT 

[Schol ten, 1983J are different, in general from those of Eq. (2), so it 

is worth enumerating them. There has, in fact, been some confusion 

about this in the literature, as discussed in Lipas et ale [1983J, since 

the PHINT manual at one time has some factors of 112 missing. The 

m ul tipol e Hamil tonian, as given in the PHINT manual, is 

HSd = EPS iid + PAIR(P • P) + (ELL/2)(L • L) + (QQ/2)(Q • Q) 

(C.22) 
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where the operators are defined as in Eqs. (C.3), except that the 

coefficient of the (d t • d) (2) term in the quadrupole operator is 

t 
CHQIIS and p. ~ (which we have written elsewhere as P • P) is defined 

with a numerical coefficient of (112), rather than (1/4), as it is 

usually written; cf. Eq. (C.3), [Arima and Iachell0, 1981; Barrett, 1981; 

Lipas et al., 1983]. Consistency with the usual definition of the 

pairing operator, P, would make the coefficient of P • P in Eq. (C.22) 2 

PAIR. 

Another commonly used mul tipole Hamiltonian that is useful 

near the SU(3) limit is [Warner and Casten, 1983] 

Hsd = -K Q • Q - K'L • L + K"p t • P (C.23) 

where the operators are as defined in Eq. (C.3). 

The correct relationships among the mul tipole parameters, as 

gtven in Eqs. (C.2), (C.22), and (C.23) (with the operators as defined in 

Eq. (C.3» are: 

aO = 2 PAIR = K", e: = EPS 

a 1 = ELL/2 = -K', a
3 

= 5 OCT 

a
2 = QQ/2 = ':"K, a

4 
= 5 HEX 

and 

X = CHQ//5 (C.24) 

The energy unit for the parameters EPS, PAIR, ELL, QQ, OCT and HEX is 

MeV. 



APPENDIX D 

EVALUATION OF MATRIX ELEMENTS 

The evaluation of diagonal matrix elements is quite straight-

forward. Non-diagonal matrix elements are most easily found by 

writing them in terms of reduced matrix elements, using Eq. (A.5), for 

example. Let us consider the matrix elements of the IBM-1 

Hamiltonian, Hsd' which is given in Eq. (C.1). 

The first two terms of Eq. (C.1) constitute the Hamiltonian for 

the exact U(5) limit. Consequently, the corresponding energies can be 

written in terms of the Casimir invariants of U(5), as discussed in 

Section 2.3.1. Thus, the matrix elements of 

(D.1 ) 

are 

where E(N,n
d
,v,n

l1
,L,M) is given in Eq. (2.29) and the arguments are 

defined in Eqs. (2.25) and (2.26). The parameters a, a and yare 

related to the C
L 

as follows [Arima and Iachello, 1976]: 
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and 

The Vpp terms in the IBM-2 Hamiltonian can also be evaluated in this 

way, since they have the form of (D.1), as shown in Eq. (3.4). The last 

two terms in Eq. (C.1) are also diagonal in a U(5) basis; they are 

evaluated in Appendix B. 

The two non-diagonal terms in Eq. (C.1) can be found using Eqs. 

(A.5) through (A.g) and the basis states 

(D.4) 

where y represents the quantum numbers v and n~. Let us assume that 

ns = N - nd (nf = 0). The matrix element of the v2 term is given by 

(D.5) 

and that for the Vo term is 



Evaluating the reduced matrix elements, 

= In ICn -1) s s· 

<snSdndY'LIICs t xd t)(2)IIsnS-'dnd-'y,L,> 

= LL,2f ~ ~, ~ l <snslls tllsnS-\ <dndYLIi/lldnd-\,L,> 
( L L, 2 ) 
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(D.7) 

= rns rnd L(dnd-'y,L,;dlJ dnd)'L) (D.8) 

and 

(D.9) 
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K 
where we have used (-1) : +1 because K must be even. The last 

expression in Eq. (0.9) is written in terms of a two-body coefficient 

of fractional parentage [deShalit and Talmi, 1963]. For K:O, this , 

expression can be simply written in terms of the seniority, v. The 

reader is referred to appendix of Sohol ten [1980]. Thus, 

n - - (0) n +2 
<d dv'n~LMI(dXd) Id d vn~LM> 

= IS, 2 IS, (1/15) [(n
d

-v){n
d

+v+7)](1/2) 
v v+ n~n~ 

(D.10) 

where the last expression is written in terms of the number of d-

boson pairs coupled to zero, nf3' which is related to the seniority by 

Put ting the pieces together, Eq. (0.5) becomes 

: (In 1(2L+1») s 

(0.11 ) 

(0.12) 
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where the results have been left in terms of the reduced matrix 

elements of d t and d (which are given in Appendix A). 

Similarly, Eq. (0.6) becomes , 

= 15, 2 15, (11/5) in (n -1)(n
d

-v)(n +V+7)](1/2) 
V v+ nl!.n l!. L s s d 

(0.13) 

The evaluation of non-diagonal terms in the mM-2 Hamiltonian 

is done in the same way, keeping in mind that the neutron and proton 

boson operators are in different spaces. The matrix element of the 

(d t xd t)(O) term in the mM-2 mixing Hamiltonian is given by the 

hermitian conjugate of Eq. (0.11), and the s t s t term is given by Eq. 

(0.8). 

The results in this appendix can be adapted to negative parity 

states by employing Eq. (A.7b) with n = N-n
d

-1 and the basis states . s 

(0.14 ) 
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APPENDIX E 

IBM-2 HAMILTONIAN PARAMETERS 

This appendix concerns the parameters in the IBM-2 Hamiltonian 

and their relationships to the input parameters for the computer codes 

NPBOS [Otsuka and Scholten, 1981] and NPMIX [Duval, 1981]. 

The IBM-2 Hamiltonian is usually written 

H = did + K Q eQ + V + V + M 
1T \I 1T1T \1\1 1T\I 

(E.1 ) 

where Q is given by Eq. (3.5), V is given by Eq. (3.4) (p = 1T or v) 
p pp 

and the Majorana term, M , is given in Eq. (3.6). The NPBOS input 
1T\I 

parameters corresponding to the first four terms in Eq. (E.1) are as 

given in the NPBOS manual [Otsuka and Scholten, 1981], 

ED = E, RKAP = K, CHP = 

and 

Xn' CHN = X , 
\I 

CLP = 

(E.2) 

The Majorana input parameters are FS, FK, and FK3, and are related to 

the parameters of Eq. (3.6) in this way: 

FS = ~2' FK = ~1/2 + ~2' FK3 = ~3 - ~1 (E.3) 
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The parameters, f:: i , are often related as follows [Scholten, 1979], 

(E.4) 

so that FK = FK3 = 0, which is the default value for these parameters. 

It should be noted that the definition of Mnv in the NPBOS manual is 

somewhat different from our definition of Eq. (3.6). The relationships 

given in Table I of the manual [Otsuka and Scholten, 1981] are 

consistent with Eq. (1.6) of the same; however, they are different from 

Eq. (E.3). 

There are three parameters involved in configuration mixing, as 

discussed in Section 3.2. They are the pair excitation energy, !:J., which 

goes by the name EFIX in the computer code NPMIX, and the strength 

parameters, ex and a, which are called ALPHA and BETA, respectively, in 

NPMIX. In addition, effective charges for the two configurations are 

necessary to determine transition rates. The computer code BEMIX 

[Duval, 1981] calls these E1 and E2. It is the ratio of the two which 

is important, as seen in Eq. (3.2). The absolute effective charge for 

the normal configuration is called E, in BEMIX, so that 

e, = E 

and 

e
3 

= E(E2/E1) (E.5) 

where e
1 

and e
3 

are defined in Section 5.5. Information regarding 

other options is available in the NPMIX manual [Barfield, '985]. 
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In the calculation of transition rates by the computer codes 

NPBEM [Otsuka and Scholten, 1981] and NPBEMX [Duval, 1981], the values 

of the parameters X and Xrr can be read into the computer as XN and , v 
XP. However, the default values for XN and XP in the latest version 

of NPBEM are the CHN and CHP values used by the program NPBOS in the 

determination of the energy eigenvalues [Scholten, 1985]. 



APPENDIX F 

" 

IBM-2 CONFIGURATION MIXING HAMILTONIAN 

The mixi.ng Hamiltonian matrix, for a gLven angular momentum, is 

shown schematically in Fig. F.1. The non-diagonal matrix elements are 

, (F.1 ) 

where IIiL> is the ith eigenfunction of angular momentum L for the 

configuration I, IIIjL> :is the jth eigenfunction of angular momentum L 

for the configuration II, and V i :is gLven by Eq. (3.9). The diagonal m x 
part.s are 

(F.2) 

and 

(F.3) 

where A is the actual energy eigenvalue, as determined by the n . 

computer code NPBOS [Scholten, 1985], E is the energy relative to the 
n 

ground state of the configuration in question, AO is the ground state 

eigenvalue, and !J. is the pair-excitation energy. Note that AO is the 

binding energy or deformation energy. It is intrinsically negative. 

The unperturbed energLes for the second configuration, relative 

to the ground state of the first configuration, are gLven by 
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(F.4) 

where EII is the energy as given in the NPBOS o,utput [Otsuka and 
n 

Scholten, 1981]; the absolute value of the ground state eigenvalue, A
O
' 

is called the "binding energy" and is listed with the energies in the 

NPBOS output; and the value of A 1s the NPMIX input parameter EFIX. 

H 

Fig. F.1. mM-2 mixing Hamiltonian matrix. 



APPENDIX G 

" 
NORMAL ORDERING IN THE OCTUPOLE EXCHANGE TERM 

This appendix relates 

the normal ordered product, 

t - (3) t - (3) the expression (f xd) -(d xf) 

:(ft Xd)(3)·(d t xf)(3):, in order to 

with 

find 

the matrix elements of the exchange term. It also verifies that it is 

the nor~al ordered expression which is the mM-1 image of the 

corresponding term in the mM-2 octupole-octupole interaction. 

In order to find matrix elements of negative parity states, one 

needs the operator (f t x d) (3). (d t x f) (3), rather than the reverse, since 

is non-vanishing, in general, and the f-sd interaction is not intended 

to be applied to positive parity states. Since the exchange term is, 

t - (3) t - (3) 
however, often written :(d xf) -(f xd) :, it should be noted 

that 

(G.1 ) 

Without the normal ordering, the two expressions are, of course, 

different. 
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Expanding the dot and cross products 

Commuting the d-boson operators, 

gives the normal ordered product and an extra piece, 

The extra piece can be rewritten 

}: (_,,(m2-m4+m2) 
qm2 
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• (G.2) 

(G.3) 

(G.4) 



239 

... = - n f 
(G.5) 

using Eqs. (A.4~) and (A.4b) and noting that q=m
2

-m
4
, from the second 

CGC. Finally, since 

(G.6) 

we obtain 

(G.7) 

This equation is useful for finding matrix elements of the exchange 

term. Let us first find the reduced matrix element of (d t x f) (3) in a 

U( 5) basis. Using Eqs. (A. 7a), (A.8b), and (A.8d), 
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Similarly, Eq. (A.9a) gives 

The matrix element of the exchange term is then found, using Eqs. 

(G.7), (A.5), (A.6), (G.8), and (G.9): 

<dn+ l L II (d t Xf)(3) II dn R,. f· L> x Yl 1 Y , , 

(G.l0) 
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For the simple case of L=3 and n
d

=1, this becomes 

= 1 - 7 x 2 ~ (2L 1) {2 2 L}2 
I.. 1+ 3 3 3 
L1 

= 14 [{2 2 0}2 5 {2 2 2}2 9 {2 2 4}2] 
1- 333 + 333 + 333 

= -0.317 (G.11 ) 

(The 6-j symbols are listed in Botenburg et ale [1959J). 

Finally, let us show that 

(G.12) 

which is the "exchange" part of the mM-1 image of the octupole-

octupole interaction, as discussed in Chapter 8. Using Eqs. (A.4a) and 

(A.11 ), 



x L (2m
2

3m,I 3q)(3q 3m
4

12- m
3

) 
q 

L L d t d ft f (_n(3-m3)(3/2) 
= m,m2 m3m4 m3 m2 m1 m4 

using <-m
3 

= m
2 

+ M~, from a CGe, in the third step. 
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(G.13) 



APPENDIX H 

" 
NEGATIVE PARITY IBM-1 PARAMETERS 

This appendix gives the relationships between the parameters of 

the multipole form of the f-sd interaction and the parameters of the 

general form of V sdf. It also relates the parameters of the 

octupole-octupole model of chapter 10 to those of the general form. 

Finally, it gives these parameters in terms of the input parameters of 

the computer code PHINT [Scholten, 1983]. 

The general form of the total IBM-1 Hamiltonian, as given in 

Eq. (8.8), is 

(H.1 ) 

where 

(H.2) 

and 

t A [t t - - (L)](O) L. L CdfL (d x f ) x (d x f) 0 
L 

{r t t (3) - (3)](0) } 
+ v 2df L(d x f) x (s x f) 0 + h.c. 

(H.3) 
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The multipole form of the f-sd interaction as given by Eq. (8.9), is 

where the operators are defined as in Eqs. (8.10) and (8.11). Written 

explicitly, the dipole-dipole, quadrupole-quadrupole and exchange terms 

are 

~ ~(t - t t -) (2) t - (2)](0) 
Qd· Qf = -2v35 ~s xd + d xs + Xed xd) x(f xf) 0 

and 

(H.5) 

In order to compare Eqs. (H.3) and (H.4), the tensor expressions 

in the latter are recoupled to look like terms in the former. This is 

done in the same way in which the positive parity multipole terms are 

recoupled in Appendix C. 

Starting with the s-d pieces of the quadrupole term, 

= -2/35 A2 {[Cd t x f t) (3) x (s x f) (3)]~0) + h.c.} (H.6) 
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using Eq. (A-10a). Similarly, 

, 

, 

where we have used the symmetry properties of the 6-j symbol 

[deShalit and Talmi, 1963]. From this, we obtain the remaining piece of 

the quadrupole term and the dipole term: 

(H.8) 

Similarly, the exchange term can be recoupled to give 
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• (H.9) 

The multipole form of the f-sd interaction then becomes 

. .mult "... r::;: {[ t t (3) - (3)](0) } vsdf =AOndnf -2 ... 35 A2 (d xf) x (sxf) 0 + h.c. 

which has the same form as Eq. (H.3). Equating coefficients of like 

terms gives 

{ 2 3 L} 
-35 A3 2 3 3 ' L = 1, 5 (H.11 ) 

(H.12) 

and 
(H.13) 
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Evaluating the 6-j symbols in Eq. (H.11) gives 

C
df1 = -~A 1 4/(6/7)A2X 2A3 

C
df2 = -6A 1(6/7)A2X + (7/2)A3 1 

C
df3 = -3A 

1 
+ (11/6)/(6/7)A2 X - (19/12)A

3 

C
df4 = A1 + (5/2)/(6/7)A2 X - (35/12)A

3 

C
df5 = 6A

1 - (5/3)/(6/7)A2 X - (5/6)A3 (H.14) 

Let us now consider the octupole-octupole parameters. From 

Eqs. (10.16), (10.18), and (10.20), the f-sd interaction with an octupole-

octupole interaction can be written 

voct _ A L • L + A Q • Q + K £,(3). £,(3) 
sdf - 1 d f 2 d f 3 

-2K (N-1) fi 
3 f 



where the IBM-1 image of the 

octupole-octupole interaction, -K () (3) • () (3) 
3'1T\) V 1T. 

operator is de(ined 

and the IBM-1 octupole parameters are 

and 

K3 = -K3 (N N IN(N-1») 
'IT\) V1T 
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neutron-proton 

The octupole 

(H.16) 

(H.17) 

. .mult The first four terms in Eq. (H.15) are just v
sdf 

of Eq. (H.7) with 

and 

(H.18) 

In Chapter 10, the .last term in Eq. (H.15) is grouped with the third 

term, to give a total renormalized quadrupole-quadrupole interaction. 

Here, in order to compare Eq. (H.15) with the general IBM-1 Hamiltonian 

in Eq. (H.1 ), the quadrupole piece from the octupole-octupole 

interaction must be treated in a different way; 
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(H.19) 

so that the last term in Eq. (H.15) becomes 

~ t t - (2) t - (2) 
-2K

3
v(715) X3(d x s + S x d) • (f x f) 

(H.20) 

When the multipole terms are recoupled as before, the total 

Hamiltonian can be written 

( r.::-::' r.: ) , r t t (3) - (3)](0) l 
+ -2t'35 A2 - 2t'7 K3X3 l L(d xf) x(sxf) + h.c. f 

_ 14K X X {2 3 L}) i, r(d t xft)(L) (d f)(L)](O) 
3 3\1 31T 2 3 3 ~ x x 0 (H.21 ) 
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Equation (H.21) can be directly compared with Eqs. (H.1 )-(H.3), leading 

to the following: 

'-

€f' = € -2K (N-1) 
f 3 

u
2f 

= -2K
3 

v2df = -2/35 A2-217 K3X3 ' (H.22) 

and the C
dfL 

are as before, except that A3 has been replaced by 

-(2/5)K
3

X3vX
3

'IT· 

The general form of the mM-1 Hamiltonian, as it is written for 

the computer code, PHINT, is 

(H.23) 

Comparison with Eqs. (H.1) and (H.3) gives 

D(L) = C , 
dfL F3 = v - 2df ' 

and 

EPSD = (H.24 ) 
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The coefficient of fi
f 

is usually designated E
f

, rather than E;. This 

is the case, for example, in Chapter 9. 

The multipole form of the f-sd interaction, as given in the , 

PHINT manual [Scholten, 1983], is 

The monopole-monopole term does not appear here; it is in Eq. (H.23). 

Any combination of the terms in Eqs. (H.23) and (H.25) can be employed 

for the f-sd interaction. Since the actual calculations are performed 

with Eq. (H.23), the code PHINT converts the parameters of Eq. (H.25) to 

those of Eq. (H.23), using the equivalent of Eqs. (H.12) and (H.14). 

The correspondence between the multipole parameters of Eq. 

(H-4) and the PHINT input parameters is 

and 

EPSD = AO' 

FEX = -A 
3 

FELL = A
1
, 

(H.26 ) 

It should be noted that the operator Ld has sometimes been defined 

with a minus sign, leading to some confusion about the sign of Ld • L
f

• 

The present definition, in Eqs. (8.11) and (H.5), is consistent with the 

computer code PHINT, but the sign of Eq. (1.11) in the PHINT manual 

should be minus, not plus. 
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The PHINT input parameters associated with the octupole-

octupole interaction are as follows: 

, 

RKAP3 = K
3

, CHOP = 17 X3'JT ' 

and 

(H.27) 

In 1982, the SU(3) value for the quadrupole parameter X, which 

is -{7/2, was replaced by the more general form, CHQlrs, in the 

positive-parity operator Q. Q, but not in Q
d 

• Qf. The replacement has 

now been made in the negative-parity operator, as well. The updating 

of Qd· Qf involves multiplying the parameter FQQ by (-2 CHQ/I35), in 

the five D(L) equations corresponding to Eq. (H.14). 

Finally, in this appendix, let us consider the parameters 

associated with the E3 transition operator. This operator can be 

written 

(E3) r t - t t - t - ](3) T = e 3 LS x f + f x s + X3 (d x f + f x d) (H.28) 

In the consistent octupole model, X3 = X
3

' where the latter is a 

Hamiltonian parameter, defined in Eq. (H.17). In general, X3 and X3 

need not be the same. The E3 transition operator in the computer code 

FBEM [Scholten, 1983J, is 
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, 

+ { [E3SD (s t x d + d t x s) (2) + (E3DD//S) (d t x d) (2)] 

so that E3 = e
3 

and E3DF = 17 e
3x3. The default values for the 

strengths of the two-body terms are E3SD = E3DD = o. 

I 

! 
/ 
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