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ABSTRACT 

The evolution of the large scale structures and the mean field 

were investigated in axisymmetric and plane mixing layers. Some 

aspects of the 1 inear instabil ity of an axisymmetric jet have been 

demonstrated. The axisymmetric geometry admits two additional length 

scal es with rel ation to the twa-dimensional shear 1 ayer: the radius of 

the jet col umn and the azimuthal wavel ength. The importance of these 

two length scales in governing the instability of an axisymmetric jet 

was explored. The special case of a thin axisymmetric shear layer was 

analyzed and the resul ts stressing the evol ution of different azimuthal 

modes were compared with some phase-locked data which was produced by 

subjecting the jet to axisymmetric and helical excitation. The 

importance of the initial spectral distribution in a natural jet was 

demonstrated when it is used as an input to the amplification curve 

obtained from 1 inear stabil ity theory to predict a measured spectral 

distribution at a further downstream location. 

The inc1 usion of the non1 inear terms in the stability analysis 

reveal s two main interactions: mean flow-wave interaction and wave

wave interaction. The modification of the mean flow of an axisymmetric 

jet was examined by exciting two azimuthal modes simul taneously. The 

interaction resul ted in an azimuthal modul ation of the mean velocity 

profile having a cosine shape. Effectively, the geometry of the jet 

was modified without changing the geometry of the nozzle. The coupling 

xiv 



xv 

between an excited periodic disturbance and the mean flow was analyzed 

and the spatial evo1 ution of both were compared with experimental 

results obtained in a p1 ane mixing 1 ayer. The behavior of the con

comittant Reynolds stresses 1s discussed in detail. 

The conditions under which one disturbance will transfer energy 

to another were derived and demonstrated in an axisymmetric jet. The 

interaction between a 1 arge amp1 itude p1 ane wave with a weak sub

harmonic component was shown to enhance the amplification rate of the 

subharmonic. It was further shown that the non1 inear interaction 

between two azimuthal modes can produce a third azimuthal mode which 

was not initially present in the flow. The coupling between a 

fundamental wave and its sub harmonic in a para11e1 plane mixing layer 

was demonstrated numerically. 



CHAPTER 1 

INTRODUCTION 

1.1 Historical Background 

The experiments and the theory reported in this thesis are the 

latest in a series of investigations concerned with the evolution of the 

turbulent mixing layer. Although the experiments were undertaken in an 

axisymmetric configuration, the theory was al so applied to the p1 ane 

mixing layer which was investigated in greater detail in other 

laboratories; the special aspects of the axisymmetric geometry were 

explored and are reported in this thesis. 

Most of the new concepts associated with ·the evol ution of the 

turbulent mixing layer were born in the laboratory or were stimulated 

by experiments. The discovery of the Brown-Roshko vortical structures 

(Brown and Roshko 1971) started a new trend of investigations exploring 

the importance of these stuctures in controlling the rate of spread of 

the mixing 1 ayer and the characteristics of its turbul ence. These 

structures, whose width is commensurate with the width of the shear 

layer, resemble the vortices generated by a Kelvin-Helmholtz 

instability at low Reynolds numbers (Freymuth 1966). They also 

appeared to be quasi two dimensional, prompting the suggestion that 

they are but a relic of the transition process and they cannot be 

sustained at the high Reynolds numbers prevailing in engineering 

1 
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applications (Chandrsuda, Mehta, Weir and Bradshaw, 1978). The 

persistance of the large structures at high Reynolds numbers was 

demonstrated not only in the 1 aboratory (Brown and Roshko; 1974), but 

it was also observed in geophysical flows at Reynolds numbers exceeding 

by orders of magnitude any possible engineering application. The 

perseverance of these structures in a highly turbulent environment and 

their regeneration after intentional destruction were demonstrated by 

Wygnanski, Fiedler, Oster and Dziomba (1979). These structures were, 

therefore, recognized to be an inseperab1e part of any turbulent mixing 

1 ayer inspite of the fact that the power spectra associated with the 

turbulence are quite broad. Winant and Browand (1974), who injected a 

filament of dye into the flow and watched it roll into lumps which 

proceeded to pair with one another further downstream, attributed the 

lateral spreading of the turbulent shear layer to the amalgamation of 

the vortical structures. This observation marked a major departure 

from the prevailing thoughts of the time which correlated the spreading 

rate of the flow and the ensuing Reynolds stresses with gradient 

diffusion linked to the local mean velocity profile. The model s 

describing the turbulent mixing layer by means of an eddy viscosity or 

an eddy diffusivity or· some transport equations meant to be used in 

predicting the Reynolds-stresses could not withstand experimental 

scrutiny and although such models are still being used in many 

engineering applications, they are no longer considered to account for 

the detailed physical phenomena they are suppose to represent. 
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. The interaction between the large eddies and chemical reaction, 

i.e., the mixing on the molecular scale, was investigated by Konrad 

(1976), Breidenthal (1978) and recently by Koochesfahani (1984) and by 

Roberts (1985). The large coherent structures playa prominent role in 

this process, by engul fing the different fl uids from both sides of the 

mixing layer and bringing them together in the center. The rollup of 

the fluid layers within a large eddy increases the contact area between 

the fluids but the details of the mixing process on a smaller scale are 

not at all clear. Bernal (1981) observed that the large eddies undergo 

a "mixing-transition" where the amount of the reaction product in the 

shear layer is dramatically increased. This observation was attributed 

to the generation of streamwise "streaks" which have usually a smaller 

scale than the large transverse eddies. The streaks adhere to 

preferred spanwise locations which depend on the experimental apparatus 

and can be altered by the addition of screens or turning vanes. The 

streaks are not visibly affected by the passage of the large transverse 

eddies seemingly coexisting with them without interaction. lasheras, 

Cho and Maxworthy (1985), observed that the scale of the longitudinal 

streaks is comparable to the scale of the large transverse eddies which 

result from a three-dimensional instability of the plane shear layer. 

lasheras attributes the observed "mixing-transition" to the generation 

of higher order instabili~ies, rather than to an onset of three 

dimensional ity. 

The first observation, suggesting that the rate of spread of the 

fully developed, turbulent shear layer is not universal, was made by 
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Wygnanski and Fiedler (1970). The lack of universality refutes the 

ideas of "moving equilibrium" promulgated over many years in the 

professional literature discussing turbulent shear flows. These ideas 

stem from the statistical approaches to turbulence and are best 

described by a quotation from Townsend's (1956) book: " ••• a moving 

equilibrium is set up in which conditions at the initiation of the flow 

are highly irrelevant ••• ". The mixing layer is extremely sensitive to 

the flow conditions existing at its initiation; it is by no means unique; 

the lack of universality was recently demonstrated in the small deficit 

self preserving wake (Wygnanski et al., 1984). 

It was initially believed that the state of the boundary 1 ayer 

on the splitter plate, just upstream of the initiation of mixing, 

affects the evolution of the shear layer (Batt, 1974; Champagne, Pao 

and Wygnanski, 1976; Bi rch, 1977; Hussain and Zedan, 1978; and Browand 

and Latigo, 1979). This is true to the extent that the devices used to 

trip the boundary layer, on the splitter plate or on the nozzle walls 

(depending on the configuration), not only increased the turbulence 

level but also thickened the boundary layer. Tripping devices enhanced 

the growth of the shear by no more than 30% and in some instances, 

depending on the velocity ratio between the unmixed streams, the same 

tripping devices even impeded the unperturbed rate of spread by 

approximately 10%. 

Active external excitation of a shear layer at moderately high 

Reynolds numbers has a profound effect on the evol ution of the mean 

flow as well as o.n the accompanying turbulent structure (Oster, 
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Wygnanski, Dziomba and Fiedler, 1978; Oster and Wygnanski, 1982; Ho and 

Huang, 1982; Fiedler and Mensing, 1984; Roberts, 1985). When the 

frequency of the excitation is an order of magnitude lower than the 

frequency corresponding to the most amplified waves near the trailing 

edge of the splitter plate, its effect on the mixing layer was long 

lasting indeed. The initial rate of spread of the mixing layer nearly 

doubled in many instances, until the Strouha1 number based on the 

excitation frequency and a representative local width of the 1 ayer 

indicated that the mean flow became neutrally stable to the external 

excitation. The growth of the shear layer was completely suppressed 

over a distance corresponding approximately to one wave-length at the 

excitation ~requency before resuming its normal rate of growth further 

downstream. The Reynolds stresses, which in the absence of external 

excitation correlate well with the lateral gradient of the mean 

velocity, were distributed in a most unfamiliar manner, w~ich proved to 

be consistent with the preservation of the momentum in the stream wise 

direction. These experimental observations, which seemed to obey some 

scaling 1 aws dictated by the inviscid stabil ity model, were greeted 

with great skepticism at the time because it seemed highly unlikely 

that a fully turbulent flow will behave in a manner describable by a 

linear and inviscid set of equations. Nevertheless, the simi1 arity 

between the large structures so clearly observed in turbulent flows 

and the patterns resu1 ting from an inviscid instability in a 

corresponding laminar state was too close to be ignored. 
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The rollup of travelling instability-waves into a periodic array 

of spanwise vortices in a p1 ane mixing 1 ayer was predicted by Michal ke 

(1965) and demonstrated experimentally by Freymuth (1966). The 

analysis was extended by Michal ke and his coworkers to incl ude the 

effects of compressibility, circular geometry, variations in the shape 

of the velocity profile and dhturbances propagating in the spanwise 

direction. The application of analysis to a parallel stream is rather 

restrictive because it implies that at some distance downstream only 

the most amplified wave will dominate the flow. In practice, however, 

the width of the mean flow increases with downstream distance shifting 

continuously the most amplified instability waves towards lower and 

lower frequencies. This effect was realised by Mattingly and Chang 

(1974), who tried to adapt the quasi-parallel stability calculations to 

their axisymmetric jet experiment. Crighton and Gaster (197.6) used a 

multiple scal e expansion, in terms of a small parameter defining the 

divergence of the mean flow, to calculate the growth rates and phase 

speeds of large scale but small amplitude, wavy disturbances in an 

axisymmetric jet. This expansion method was applied by Gaster, Kit and 

Wygnanski (1985) to a divergent plane mixing layer and compared with an 

experiment conducted in a fully turbulent flow. The applicability of 

the linear stability theory to turbulent flow is somewhat questionable, 

because there is no steady velocity field in existance upon which a 

small perturbation may be superimposed. One tends to select the mean 

velocity profil e as being the representative quantity of the steady 

motion, recognizing the possibility that such a profile might never 
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occur at any instance in time. By assuming that the random changes in 

the mean velocity occur on a time scale which is short in compariso~ 

with a representative period associated with the large coherent 

structures; and by neglecting possible exchanges of momentum among 

largely disparate scales; Gaster et a1. {1985} applied the inviscid 

stability theory with a large measure of success. This gave an impetus 

to the present investigation whose initial purpose was limited to the 

application of the linear model to the axisymmetric jet. 

The thin axisymmetric shear layer is unstable to a large number 

of discrete azimuthal modes (P1aschko; 1979) but the fully developed 

jet, at some distance beyond the termination of the potential core, is 

unstable to the helical mode only (Batchelor and Gill, 1962). The first 

comprehensive study of the response of an axhymmetric jet to a 

controll ed excitation was done by Crow and Champagne (1971). The 

excitation, however, being generated in the settling chamber was, of 

necessity, axisymmetric (mode m=O) in nature. Crow and Champagne 

observed the emergence of 1 arge wave-like structures which. attained 

their greatest total downstream ampl ification at a Strouhal number 

based on the jet diameter of 0.3; wave modes of higher frequencies 

peaked closer to the nozzle exit while those of lower frequencies 

persisted further downstream. The excitation a1 so affected the mean 

flow near the nozzle and although the level of the excitation is 

considered to be high, the structures observed resembled wave-like 

structures photographed earlier in the turbulent flow of a high 

Reynolds number, unexcited jet (Bradshaw, Ferris and Johnson, 1964). 
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Michalke (1971), Fuchs (1972), and Mattingly and Chang (1974) all 

recogni zed the importance of the hel ical (m=1) mode which shoul d be 

amplified in an axisymmetric jet at rates which are comparable, at 

least, to the amplification rates of the plane mode m=O instability. 

Experimental evidence for the existence of spinning modes in a high 

Reynolds number jet were observed by Moore (1977). Drubka (1981) 

observed these instabilities visually in the jet core region. Flow 

visualization based on laser induced fluorescence in a fully developed 

axisymmetric jet suggests that the spinning mode dominates the flow at 

large distances from the nozzle exit (Dimotakis, Lye and Papantoniou, 

1983). The experiments reported by Strange (1981) represent a 

systematic study in which an axisymmetric, high Reynolds number jet was 

excited at three modes (m=O; 1; and 2) independently. The measurements 

are compared with the linear stabil ity analysis (Pl aschko, 1979) and 
--

show that the growth rates of modes m=O and m=1 are comparable. The 

phase velocities and the radial distribution of the educed large 

structures compare quite well with the theory, but the streamwise 

rates of amplification do not. The unfavorable comparison with 

measured data appears to stem from the highly nonlinear response of 

the instability to the strong levels of excitation used. 

1.2 Some Goal s of the Present Investigation 

1) The linear inviscid stability theory applied to the turbulent 

mixing 1 ayers fail s to predict correctly the overall ampl ification 

of disturbances in the streamwise direction while predicting the 

lateral distribution of the perturbations extremely well. The 
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probable reason for the discrepancy was attributed to the 

linearization which assumes that nonlinear interactions 

are negligible. Available data indicates that the typical 

amplitudes of the excited perturbations can easily exceed 10% of 

the characteristic mean velocity; in this case the nonlinear 

effects cannot be negl ected. Second order terms of a 

monochromatic excitation contribute to the generation of a 

harmonic frequency and to al teration of the mean flow. The 

present investigation examines both effects. 

2) The monochromatically excited mixing 1 ayer diverges rapidly as 

long as the excited mode is being amplified; it stops diverging 

whenever the mean flow becomes neutrally stable to the excited 

wave. The Reynol ds stress associated with the excitation must, 

therefore, provide the balance restraining the gr~wth of the shear 

1 ayer. The 'radial distribution of Reynolds stress will be examined 

and special attention will be paid to the region at which the 

excited perturbations decay on the base of the linear model. 

3) Linear stability theory suggests that neutral or slowly decaying 

waves are non-dispersive over a broad band of frequencies and may, 

therefore, produce resonances which alter contents of the power 

spectrum (Kelly, 1967). The subharmonic resonance condi~ions are 

examined in a pl ane mixing 1 ayer and in the axisymmetric jet. 

4) The known pecul iarities of the axisymmetric jet are going to be 

investigated in detail: the step-wise variation of the predominant 

spectral peaks on jet velocity is analyzed (Gutmark and Ho, 1983). 
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5) The dependence of the various modes of instability on the 

dimensionl ess 1 ength-scal e describing the ratio between the width 

of the jet column and the width of the mixing layer is 

investigated. 

6) The generation of azimuthal standing waves resulting in the 

distortion of the mean 'velocity profile is also considered. 

The purpose of this investigation is, therefore, to examine the 

generation of large coherent structures (assuming that they are 

synonymous to instabil ity modes) and to observe their evol ution in the 

presence of the leading nonlinearities. 



CHAPTER 2 

EXPERIMENTAL APPARATUS AND METHODS OF MEASUREMENTS 

The apparatus, the measuring equipment and methods used to 

acquire the data are described in Section 2.1, while the technique used 

to decompose the phase locked measurements into azimuthal modes is 

explained in detail in Section 2.2. 

2~1 'The J~t'Faci1it~~nd the Experiment Used 
to Acgulre the Data 

A schematic diagram of the jet facility is shown in Figure 2.1. 

The air flow used in the experiment is supplied by a central high 

pressure source (100 psig). The air passes through pressure regulators 

and control val ves before entering the apparatus at the top of a 

rectangu1 ar pl enum chamber. It then passes through a series of 

perforated p1 ates and acoustic dampeners before entering a small er 

cylindrical plenum. This chamber, 78.74 cm long with a circular cross 

section 30.48 cm in diameter, houses two absol ute air filters, a 

honeycomb, and three screens. The flow finally exits through a spun 

aluminum nozzle having an area contraction ratio of 36:1. At the end 

of the contraction, the cross section remains constant over a length of 

one diameter (5.08 cm). The flow, therefore, attains a 'top-hat I 

velocity profile with a thin boundary layer surrounding it. 

11 
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A unique traversing mechanism (Figure 2.2), controlling the 

axial and radial movement of the hot-wire probes used for measurement 

of velocity, was designed. It positions eight hot-wire sensors which, 

equally spaced in the azimuthal direction and can be individually 

located at any radius; it is capable of moving all sensors 

simultaneously in the radial direction. A sp.eaker was pl aced at the 

base of the plenum chamber for the purpose of gene~ating controlled 

axisymmetric disturbances at the exit plane of the nozzle. Eight 

speakers were located at equal azimuthal spacing around the lip of the 

nozzle and were driven by a phase-shifting network for the purpose of 

generating higher order modes. The speakers were activated at the 

desired frequencies and amplitudes by a signal coming from a function 

generator and passing through a power amplifier. The jet velocity, Uj' 

varied between 3 m/sec and 8.5 m/sec, changing the Reynolds number 

based on the exit diameter of the nozzle (Re,O) from lott to 2.9 X 10tt, 

while the turbulence level at the exit plane of the jet changed from 

0.17 % at 3 m/sec to 0.094% at 8 m/sec. 

Hot-wire anemometers, built locally, or comparable Disa 

equipment were operated in a constant temperature mode throughout this 

investigation. The hot-wires were made of tungsten, 5 pm in diameter 

and had length to diameter ratio of 300, they were kept at an overheat 

ratio of 1.8 and had a maximum frequency response of 30 KHz. The 

signals were amplified to take advantage of the maximum dynamic range 

of the Analog to Digital Converter, which operated between 
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(a) Bottom view showing spiral grooves. 

(b) Top view showing jet nozzle. 

Figure 2.2 Traversing mechanism. 



;10 volts. All channels were sampled simultaneously with a rate of 

4096 Hz, giving a maximum frequency response (Niquist frequency) of 

2048 Hz. 
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In order to retain phase information, the excitation signal was 

recorded in addition to the 8 azimuthal velocity signals. The sampling 

frequency was 36 times higher than the frequency of the excited wave, 

giving a cyclical resolution of 2° relative to the fundamental 

component of the phase locked signal. A typical length of a velocity 

record used for averaging was 30 sample blocks, each of which is 

equival ent to 16 periods of the excitation frequency; the data was 

stored on a magnetic tape. The computer used for data acquisition was 

the DEC LS1 1123. 

The hot wires were calibrated in the exit plane of the jet 

against a standard pitot tube used in conjunction with a Baratron 

pressure transducer tube. Seven velocities were used for calibration. 

Before the initiation of data acquisition, the radial location of each 

of the eight wires was adjusted relative to mean flow, rather than by 

geometry. This was done by placing each one of the 8 hot-wires at the 

center of the mixing layer (r = Rl/2), where the mean velocity is 

reduced to 112 of the centerline value. After completing the fine 

alignment of the probes, the flow was traversed by all wires 

simultaneously in the radial direction. The location Rl/2 for each 

mean velocity profile was determined by using a least-square-fit to all 

data points at which the mean velocities were 0.35 ~ U/UJ ~ 0.65. 
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2.2 Decomposi~i!>~_Qf Pha!~_L~fked Da~a:. JI).~Q. 
Azimuthal Modes 

Let q(t,~) represent a signal having a periodicity T in the time 

(t) domain and 2~ in the azimuthal coordinate (t). For a constant ~ (+ 

may also be considered as a parameter), the signal can be expressed by 

a Fourier series: 

2.2-1a 

where a is the fundamental frequency, n is a positive integer, and the 

coefficients an and bn are determined by the orthogonality condition: 

T 

-0<.) = + t q(t •• ) dt; [:~~:n = i 
T 

10 
q (t,~) [COS(nat)] dt 

sin(n at} 

The fundamental component (qf) of the signal is determined by 

considering the fundamental periodicity (i.e., n=l) only: 

with 

2.2-1b 

2.2-2a 

2.2-2b 

where T is the dimensionless time expressed as a function of the period 

T (i.e., T = f). Using the periodicity 2~ in the azimuthal direction, 

the coefficients af(~) and bf(t) can be expressed as: 

CD 

af(t) = Co + 1: [cm cos(mt) + dm sin(mt)] 
m=1 

2.2-3a 



where 

and simil arly: 

where 

III 

bf(~) = eo + 1: [em cos(m~) + 9m sin(m~)] 
m=l 

1 f.1T () [em] = .! f.1T b ("') [c~s(m~)J d'" 
eo = fi 0 bf ~ d~; 9m 1T 0 f 'I' s1n(m~) 'I' 
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2.2-3b 

2.2-4a 

2.2-4b 

Substitutin9 equations 2.2-3 and 2.2-4a into equation 2.2-2a, one 

obtains: 

qf( T,~) = [ Co + t (em cos(m~) + dm sin(m~)J COS(21TT) 
m=l 

+ [ eo + 1: (em cos(m~) + 9m sin(m~)J sin(21TT) 

2.2-5 

Equation 2.2-5 represents a standing wave pattern since the amplitude 

of the wave (inside the square brackets) varies sinusoidally with ~ 

while the temporal periodicity is independent of the azimuthal 

coordinate. 
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For the axisymmetric case (m=O), one obtains 

where Ao is the ampitude of the wave and Yo is its phase; for higher 

order modes (m;O), 

qf,m(T,cj» = [em cos(mcj» + dm sin(mcj»] cos(2'rrT) 

x [em cos(mlj») + gm sin(mlj»)] sin(21TT) 2.2-6 

In order to express equation 2.2-6 as a combination of running waves, 

the following substitutions are made: 

Then, after using simple trigonometric relations, equation 2.2-6 has the 

form: 

2.2-8a 

where 

2.2-8b 

A+m and Y+m represent the amplitude and the phase of a forward running 

wave respectively, while A-m and Y-m represent the amplitude and the 

phase of a backward running wave. 



CHAPTER 3 

ON THE LINEAR INSTABILITY OF AN AXISYMMETRIC JET 

Some aspects of the linear instability of an axisymmetric jet 

are considered in this chapter. The unique features of the 

axisymmetric configurations are discussed in Section 3.1, while the 

initial evolution of the jet is discussed in Section 3.2. 

3.1 " Some Unique" Featu"res of the AxisyninietriC Coilfiguration 

3.1.1 The Relevant Scales of the Jet 

The axisymmetric geometry of a jet or a wake admits the 

evol ution of an infinite number of discrete azimuthal modes with a 

periodicity of 2 'If. In contradistinction to' purely two-dimensional 

flows, in which the number of instability modes is limited to the 

number of infl exion points in the mean velocity profil e (Howard, 1964); 

the azimuthal instability modes add a new degree-of-freedom to the 

axisymmetric configuration. Thus, the wavelength associated with the 

perturbation is no longer the single independent variable for a given 

mean flow. If the characteristic width of the shear layer is described 

by the momentum thickness (9), then the dimensionless ratio between the 

wavel ength (>.) and the width e represents the parameter governing the 

amplification of disturbances in the plane shear layer (Michalke, 1965). 

This ratio of length scales is commonly referred to as the Strouhal 

19 
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2' 'F e 
number (St,e = 1T Dc f ) where the wavelength of the perturbation is 

expressed by the quotient between the velocity scal e (Ud and the 

frequency Ff of the excited wave. 

The axisymmetric geometry admits an additional length scale 

describing the mean flow, i.e., the r~dius of the jet colum {Rl/2}. To 

explore the importance of this additional length relative to an 

azimuthal wavelength with which it may scale, the following dimensional 

analysis was carried out. 

The velocity and pressure fl uctuations used in the stabil ity 

analysis are described by 

u = Fu{r) exp[i{ax - at + m~}] + {*} 

v = Fv{r} exp[i(ax - at + m~}] + (*) 

(a) 

(b) 

w = Fw(r) exp[i(ax - at + mlj>}] + (*) (c) 

p = Fp(r) exp[i(ax - at + mlj»] + (*) (d) 

3.1-1 

where Fu(r), Fv(r) and Fw(r) are the amplitudes of the three components 

of the velocity perturbation in the streamwise direction (x), the radial 

direction (r) and the azimuthal direction (Ij», respectively, and Fp(r) 

represents the pressure perturbation. The symbol (*) refers to a 

complex conjugate term; a to the frequency of the wave, m to the 

azimuthal mode number and a is a complex constant whose real part (ar) 

gives the wave number whil e the imaginary part (ai) determines the 

growth-rate of the wave. 

The linear, inviscid and incompressible disturbance equation 

expressed in terms of the amplitude of the pressure fluctuation Fp 
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(Plaschko, 1979) is given by 

dUo 
2_ Tr ] ~r' - [ m2 

] dr "p + a2 Fp = 0 
Uo-c 

3.1-2 

where Uo(r) is the prescribed mean velocity profile and c = a/a, in 

which a/ ar is the phase velocity of the wave (Cph) 

Shifting the origin of the coordinate system to the center of 

the shear layer by defining a widt~ of the jet column R1/2' 

corresponding to the radial distance at which the local mean veloeity 

drops to 1/2 of its value on the centerline (UCR.), and then dividing 

each length by an equivalent plane momentum thickness 

e = 

00 

I ~ (1 - ~) dr o cR. cR. 

and each velocity by the jet centerline velocity UCR. produces the 

following dimensionless quantities: 

.... r- R1/2 
y = e 

.... 
; a = ae ; a = J! 

UcR. 

3.1-3 

The dimensionless form of equation 3.1-2 becomes 
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r'p+ [ ··1· . _ 2rr~",JF~_ [··ril2 +a2J~ =0 3.1-4 
'" (Rl/2) Oo-c ('" R1/2)2 P y+ -e- y+-e-

d where differentiation with respect to y is denoted by a prime -( = 
dy 

( ) I • 

Equation 3.1-4 stresses the importance of the new parameter, 

R1/21 a, describing the ratio between the radius of the jet and the 

width of the shear 1 ayer. The significance of this parameter is 

realized by recalling that in the two-dimensional mixing layer, a given 

ratio of al A, determines uniquely the sol ution for an ampl ified mode. 

In the axisymmetric case, a whole family of solutions, depending on the 

parameter Rl/21 a, exists. (See al so Michall<e and Hermann, 1982). 

2nR1/2 
Moreover, if the azimuthal wavelength (A~ = m) is substituted 

into the 1 ast term of Equation (3.1-4) (as will be done in Section 

3.2.1), then the equation reveals the importance of the ratio between 

the azimuthal and axial wavelengths as well. 

3.1.2 The Natural Evol ution of an Axisymmetric Mixing Layer 

The length of the potential core, determined from the constancy 

of the velocity on the centerline of the jet, is approximately 3.5 

UjD '" 
diameters for ReO = v = 2.7 X 104 (Uj = 8 m/sec) as shown in Figure 

3.1. The mixing layer is almost parallel near the nozzle (x/D .( 0.5) 

but it spreads down for 1 ~ x/D ~ 4, neverthel ess the ratio R1/2/ a 

decreases steeply from x/D = 0.125 (Figure 3.1). Mean velocity profiles 
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normalized by the local velocity of the jet on the centerline (Uct) are 

r-R12 
plotted versus e / for several downstream locations in Figure 3.2. 

The solid lines describe a family of fitted profiles having the form: 

3.1-5 

where Uo( n) = U/Uct• C1 and C2 are constants describing the symmetric 

and antisymmetric corrections to the classical hyperbolic tangent 

profile respectively, while C3 represents the divergence of the center 

of the mixing layer from the centerline of the jet. The last constant 

is re1 ated to C1 and C2 by the definition of the quasi-parall e1 

momentum thickness and is given by: 

2 2 2 
Ca = 1 - '! C2 - '3S C~ - !5' C~ 3.1-6 

This equation applies whenever a potential core having a constant 

velocity Uct exists. The velocity profiles shown in Figure 3.2 are not 

sel f-simil ar since e does not increase linearly with x (Figure 3.1). 

One may recall that the velocity profiles chosen by Michalke (1971) 

were also not self-similar. 

linear, inviscid and quasi-parallel stability analysis was 

applied to this family of the mean velocity profiles, for the first 

seven azimuthal modes (0 ~ m ~ 6). The dimensionless amplification 

rates (-ai e) were calculated as a function of the dimensionless 

frequency 2~18 for all the streamwise locations. Excluding low -uc; 
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Figure 3.2 Mean velocity profiles measured at several downstream 
locations. The symbols represent data points and the 
solid lines represent fitted profiles having the form 
qiven in EQuation (3.1-5). 
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frequencies, these calculations show that at x/D = 0.125 (corresponding 

to Rl/2/e = 77), the amplification rates of the first 4 azimuthal modes 

are almost indistinguishable from one another, only the maximum 

amplification rates of modes 4 through 6 fall slightly short of the 

maximum rates attained by the lower azimuthal modes (Figure 3.3a). As 

the mixing 1 ayer broadens (R1/2 decreases) the rel ative importance of 

the higher azimuthal modes (m ~ 2) diminishes and at the end of the 

potential core only the helical (m=1) and the axisymmetric (m=O) modes 

remained amplified (Figure 3.~f). At large values of R1/2/e 

(corresponding to x/D = 0.5), there is no observable difference in the 

amplification rate of modes 0 and 1; at R/a tt 13.1 (i.e., x/D = 1), the 

axisymmetric mode undergoes the strongest of amplification at all but 

the lowest frequencies. At R1/2/e = 6.6 (x/D = 2), the strongest rate 

of amplification for both modes is almost equal; the axisymmetric mode 

dominates the disturbances at high frequencies while the helical mode 

does so, at the low frequency range of the spectrum. At R1/2/e ~ 4.82 

corresponding to x/D ~ 3, the amplification rate of the helical mode 

dominates the flow at all frequencies; consequently one expects this 

mode to control the evolution of the fully developed axisymmetric 

wakes and jets (see Batchelor and Gill, 1962 and Mattingly and Chang, 

1974 ). 

The emergence of mode (1) as the dominant instability at the 

end of the potential core was al so predicted by Michal ke and Hermann 

(1982); their quantitative results are, however, quite different. In 

order to assess the source of these differences, the stability 
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calculations were repeated for the velocity profile used by Michalke 

and Hermann (1982) reproducing their results identically. A detail ed 

comparison between the two sets of calculations is provided in Figure 

3.4 for Rl/2/a = 13.1 and 3.85. The two velocity profiles are compared 

in Figure 3.4a ,b. .The sol id curve fits the data obtained in the present 

experiments (eq. 3.1-5) while the dotted profile corresponds to the one 

used by Michalke and Hermann. The calculated spatial amplification 

rates fcir modes 0 and 1 are shown in Figure 3.4c,d. 

The potential core, according to the present calculations, 

terminates at x/D = 4 and Rl/2/a = 3.85 while it is still a significant 

part of the mean profile according to Michalke et ale for lower values 

of Rl/2/e. The diameter of the jet column, as expressed by the 

location at which y = 0 is therefore an additional independent length 

governing the instabilities. 

One may conclude from this comparison that for identical values 

of Rl/2/a the veloeity gradient in the radial direction affects the 

range of amplified frequencies as well as the number of the amplified 

modes. The calculations made presently at RI/2/e ; 3.85 suggest that 

the amplification rate of the axisymmetric mode is insignificant 

relative to the helical mode for all frequencies considered; the 

calculations of Michalke et ale for identical Rl/2/a indicate that the 

ampHfication rates of modes I and 0 are identical for St,e > 0.25. 

The calculations presented also agree with the conclusions of Batchelor 

. and Gill (1962) who stated that axisymmetric perturbations cannot 

amplify in the fully developed jet. 
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Figure 3.4 Comparison of the stability of calculations obtained in the 
present investigation with those obtained by Michalke and 
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broken profile: -.-.-, m=O; ---, m=1. (d) Same as (c) for 
R1/ 2/e = 3.85. 
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The variation of phase velocities with St,e for various R1/2/e 

are plotted in Figure 3.5. For large St,e corresponding to high 

frequency oscill ations and for R1/2/ e ~ 10 all modes cal cul ated are 

nondispersive; the dispersiveness of the various modes spreads to higher 

St,e with decreasing R1/2/ e• At R1/2/e > 5 (corresponding to x/D > 3), 

the axisymmetric mode is dispersive over the entire range of its 

amplified frequencies while the azimuthal mode is not dispersive at 

all. At x/D = 3, the normalized phase velocity of the zeroth mode 

varies from 0.7 < ~ < 1 while the corresponding phase velocity of UCi 
mode 1 is 0.57 irrespecive of St e. The phase velocity of this mode , 
decreases slightly with increasing x/D varying from 0.63 at x/D = 2 to 

0.52 at x/D = 4. The large eddies in an axisymmetric mixing layer are 

convected downstream at a velocity of 0.65-0.5 UcR. at 2 ~ x/D ~ 4 

(Petersen, 1978; Bradshaw et al., 1964; Davies et al., 1963). It is 

suggested, therefore, that the first azimuthal mode is prevalent at the 

end of the potential core.· Flow visualization in an unexcited jet 

(Moore, 1972; Dimotakis et al., 1983) provides some additional evidence 

that this may be the case. 

The fact that for R1/2/e > 10 many modes are not dispersive 

over a broad range of frequencies permits resonant interactions to 

occur. The non-dispersive character of many modes (at R1/2/e > 10) 

over a broad range of frequencies admits a variety of resonant 

interactions. Some of these interactions will be discussed in Chapter 

5. 
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The changes occurring in the amplification rate of the most 

amplified wave with distance from the nozzle are plotted in Figure 3.6a 

for numerous azimuthal modes and the corresponding frequencies (St,e) 

are plotted in Figure 3.6b. The distance that a given mode amplifies 

becomes shorter with increasing mode number except for mode 0 whose 

amplification rate is overtaken by mode 1 at x/D :::: 2.5. The Strouhal 

number of the most amplified axisymmetric mode is much larger than the 

corresponding St,e of any other mode beyond x/D = 1 (Figure 3.6b). The 

Strouhal number related to the most amplified waves of all azimuthal 

modes decreases towards the end of the potential core. 

The radial distributions of the amplitudes of the u component 

of the oscillations at 0.125 ~ x/D ~ 4 are plotted in Figure 3.7 for 

modes a and 1. The axisymmetric mode is depicted by a solid curve 

while the helical mode by a dotted line. The differences between both 

modes are becoming more discernable with increasing x/D. For x/D ~ 1, 

these differences in the radial distribution of lull are small indeed, 

but the importance of the boundary conditions on the high speed side of 

the jet become more pronounced for x/D ~2. 
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3~2 ' The Init'ial 'E'vol uti on , of the 'AxiSymme'tr'ic Jet 

The following discussion is concerned with the initial evolution 

of axisymmetric jets with and without external excitation. In Section 

3.2.1, the limiting case of a thin mixing 1 ayer (R1/2/e » 1) is 

analyzed and the results stressing the evolution of different azimuthal 

modes are compared with some phase locked data produced by subjecting 

the jet to axi symmetric and hel ical excitatton. In Section 3.2.2 the 

natural (unexcited) initial evol ution of the axisymmetric mixing 1 ayer 

is considered. 

3.2.1 The Initial Evolution of the Externally Excited Jet 

Numerical calculations presented in Section 3.1.2 (Figure 3.3a) 

suggest that the initial rate of amplification of all azimuthal modes 

considered is approximately the same, provided R1/2/e » 1. 

A dimensional analysis of this effect is presented in Section 

3.2.1.1 and it is followed by an experimental verification discussed in 

Section 3.2.1.2. 

3.2.1.1 The' Thin'Axisymmetric 'Mixing layer. Define a small 

quantity e such that 

e :: e/R1/2 « 1 3.2-1 

and rearrange equation 3.1-4 to obtain: 

.... , 
-II .... 1 2Uo ] ~ I 2 2 .... 2 "'2 po Fp + [e(1+ey)- - -- tp - [m e (1+ey)- + a ] tp = 0 

Uo-C 
3.2-2 



Since y = 0(1) within the shear layer expanding 

(1 + ey)-l = 1 _ ey + (ey)2 - ••• 

provided (ey)2 < 1, results in: 

.... 1 

F;; - 2 ( .... uo .J Fp - [m2e2 + (i2] Fp 
Uo-c 

= - e {Fp(1 _ ey + e2y2 ••• ) 

36 

3.2-3 

3.2-4 

The terms on the right-hand side of equation 3.2-4 are smaller by order 

e relative to the corresponding terms on the left-hand side, and 

therefore can be neglected; hence: 

""I 

~Fp' - 2 (_Uo ) .... Fpl _ [ 2 2 ""2] P' 0 m e + a rp = 
0'0-2' 

3.2-5 

where the entire azimuthal information is contained in the square 

brackets of equation 3.2-5 in the product (m£)2, which may be rewritten 

as follows: 

m2e2 + (i2 = 62[( 'm )2 + a21 = 62 { of [1 + ( "m")21 
Rl/2 J ar Rl/2 J 

- ~ + 2iOrOf} 3.2-6 

where the complex eigenvalue a is expressed by its real and imaginary 

constituants a = ar + i Of. Since the streamwise wavelength Ax = ~1T 
r 

2nRl/2 
and the azimuthal wavelength A4> = m the term in the square 
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brackets of eq. 3.2-6 may be rewritten to give: 

Thus, whenever (~)2 « 1 equation 3.2-5 becomes independent of the 

azimuthal mode number and is equivalent to the plane Rayleigh equation 

expressed in terms of pressure fluctuations. Consequently, all 

azimuthal modes of order unity undergo identical evolution provided the 

shear layer emerging from a sizeable nozzle is thin (i.e., e/R1/2 « 1). 

The axisymmetric mode m=O evolves exactly as if the mean flow was 

two-dimensional, for other modes the simplification breaks down when 

the excitation frequency is low (i.e., Ax is relatively large). 

3.2.1.2 Experimental . Resul ts. The evol ution of the 

axisymmetric (m=O) and the helical (m=l) modes with downstream distance 

was investigated experimentally. The exit velocity of the jet was 8.1 

m/sec with ensuing Reynolds number Reo = 2.4 x 101f; the excitation 

frequency (Ff) was 204 Hz corresponding to a Strouhal number based on 

FfO 
the diameter of the noz.zle Sto = "'OJ = 1.28. Measurements were 

carried out at 9 streamwise locations between x/O = 0.3 and 0.7, for 

which the parameter 18 < R1/2/ e ~ 80 resul ting in a Strouhal number 

Ffe 
variation based on e 0.008 < ~ < 0.035. The streamwise distance 

- uJ -

covered in the experiment corresponded approximately to a single 

wavelength at the excitation frequency. Detailed description of 
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apparatus; the method of data-acquisition and processing is given in 

Chapter 2. 

Typical phase-locked perturbation velocities simultaneously 

recorded by 8 hot wires which were located at x/D = 0.45; r = Rl/2 and 

were separated azimuthally by approximately TI/4 are shown in Figure 

3.8. When the jet was excited by an axisymmetric mode (Figure 3.8a) the 

velocity signals recorded by each sensor at a given time were 

essentially identical. Exciting the jet in a clockwise mode produced a 

phase del ay among the various sensors with a circumferential 

periodicity of 2T1 (Figure 3.8b). A careful examination of Figure 3.8 

reveals that the velocity signal s are not al ways perfectly sinusoidal 

and the separation angle (~) between the two adjacent sensors may not 

be precisely TI/4. Nevertheless, the results prove that the jet can be 

excited by modes which are not axi symmetric and both frequencies and 

modes can be educed experimentally. 

The rel ative amplitudes of modes 0, 1 and -1, investigated at 

the 9 streamwise locations are shown in Table 3.1. Two quantities are 

tabul ated for each azimuthal mode number at every x/D considered (i) 

the maximum val ue of a given mode (ii) an amplitude which is averaged 

over all radial locations measured. 
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Table 3.1 The Evol ut;on of Azimuthal Modes in a Jet Subjected to 
External Excitation 

(a) Excitation of mode 0 

x/D AVERAGE MAX .. 

M=O M=-l M=+l M=O M=-l M=+l 

0.3 100.000 5.310 7.939 100.000 6.539 7.006 
0.35 100.000 5.708 5.708 100.000 6.593 7.836 
0.4 100.000 5.894 8.437 100.000 6.554 8.515 
0.45 100.000 6.816 7.886 100.000 6.554 8.535 
0.5 100.000 5.598 7.766 100.000 5.958 9.965 
0.55 100.000 4.187 7.317 100.000 3.920 8.552 
0.6 100.000 4.614 8.062 100.000 4.785 8.564 
O~65 100.000 4.301 8.408 100.000 5.557 8.221 
0.7 100.000 4.372 8.647 100.000 5.440 9.953 

" '" 

(b) Excitation of mode +1 

x/D AVERAGE MAX 
... . .... 

M=O M=-l M=+l M=O M=-l M=+l 

0.3 6.668 3.866 100.000 5.366 4.228 100.000 
0.35 7.322 3.202 100.000 6.692 2.371 100.000 
0.4 7.773 5.465 100.000 6.618 5.723 100.000 
0.45 7.755 7.519 100.000 7.045 8.594 100.000 
0.5 7.410 7.343 100.000 7.279 9.516 100.000 
0.55 8.277 8.039 100.000 9.416 8.307 100.000 
0.6 9.031 7.254 100.000 9.194 8.341 100.000 
0.65 8.572 9.361 100.000 9.260 12.725 100.000 
0.7 8.230 10.531 100.000 8.821 15.322 100.000 

In both cases, the excited mode was dominant through the entlre range 
of the investigation. 
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The divergence of the jet, as expressed by the rate of decrease 

of R1/2/ e and the rate Of. growth of e with x/D, is shown 1n Figure 3.9. 

External excitation affects de/dx in this flow as it does in the plane 

mixing 1 ayer (Oster and Wygnanski, 1982); it is a non-linear effect 

which is discussed in Chapter 4. For x/D i 0.45, where the flow is 

almost parallel, all the measured velocity profiles (Figure 3.10a) 

collapse onto a single curve which agrees quite well with the profile 

suggested by Michalke (1971), which is also plotted on this figure. The 

constancy of e in this region permits one to plot a single profile to 

represent the data in spite of the inherent lack of similarity in the 

expression suggested by Michal ke; measurements made at 1 arger x/D and 

plotted in the same coordinates show clearly the lack of similarity and 

deviate from the profile fitted by Michalke (Figure 3.10b). 

Consequently, for x/D ~ 0.5, the following analytical expression 

describing the mean velocity is used 

Oo(r) 
-,r.;- = 0.5 [l+tanh(~)] + Qtanh2(~) sech2 (~) + Wtanh(~) sech4(~); 3.2-10 

J 

_ [R1/2 r "J ~-b --1"r':""":7 
r "1/2. 

where Q and Ware constants representing respectively the symmetric 

and anti symmetric corrections to Michalke's basic profile, which can be 

recovered by letting Q = W = O. The constant b is related to Q and W 

by the definition of the momentum thickness which is determined 

experimentally and is given by 
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subjected to external excitation of a periodic wave having 
a frequency of 204 Hz and azimuthal mode number: ~,m=Oj 
m • m=1. 
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Figure 3.10 Streamwise similarity of mean velocity profiles when the 
jet was subjected to external excitation with Ff = 204 Hz 
and m=0. The solid lines are the analytical expression 
suggested by Michalke (1971). . 
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co 

+ l Q J [1 + 2WSech'+(t)] ianh3(t")sech2
(t) t dt} , It4 4b2 

-co 

3.2-11 

Thus for a given momentum thickness and val ues of Q and W, equation 

3.2-11 can be solved iteratively for b. 

The mean velocity profiles measured at x/D = 0.3 and 0.65 while 

the flow was excited by either mode 0 or mode 1, are plotted in Figure 

3.11. The mean flow is axisymmetric in all cases shown in Figure 3.11, 

as may be deduced from the 8 profiles measured at 8 different 

azimuthal locations separated from one another 'by ~~ = 45°. The 

abscissa in Figure 3.11 is r-
R
e1/2 , each probe was centered at r = R1/2 

while the value of e used was averaged over the 8 azimuthal locations. 

All the profil es fit the analytical expression given in 3.2-10 well; 

this expression is also plotted in Figure 3.11 for each one of the 4 

cases considered. For x/D = 0.3, Q and W vanish, reducing the 

expression 3.2-10 to Michalke's profile, while for x/D = 0.65, the value 

of Q = 0.2 for axisymmetric excitation and Q = 0.125 for mode 1 (Q) 

excitation. 

Cal cul ations of linear stabil ity theory were performed using 

the mean velocity profile given in equation 3.2-10. The radial 

distributions of the amplitudes of the streamwise velocity fluctuations 

obtained theoretically for mode 0 and 1 at eight downstream locations 

are drawn in Figures 3.12 and 3.13 (solid lines). These calculations 
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obtained with Ff = 204 Hz and m=l; ---, theoretical curves. 
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are compared with experiments by equating the areas under each curve. 

The experimental results obtained for the axisymmetric excitation are 

marked by triangular symbols in Figure 3.12, while the results marked 

by square symbol s correspond to the hel ical mode of excitation. The 

agreement between the theoretical and the measured amplitude 

distributions is fairly good for both modes; in fact, the axial 

evolution of the first two azimuthal modes is similar, as predicted in 

Section 3.2.1.1 for the limit e/R1/2 « 1. 

A critical assessment of the theoretical results associated 

with the limiting condition of e/R1/2 « 1 is done by comparing global 

quantities such as the overall amplification rates of the two modes, 

and then the detailed radial distributions of the amplitudes and the 

phase-angles of the u fluctuations for both modes of excitation. Three 

different criteria are used to define the overall amplification rate of 

the disturbances in the downstream direction: (i) the maximum val ue of 

the amplitude of u at each x station; (ii) the integral of lu lover the 

area confined between r = R.9S and r = R.10 corresponding to the radial 

positions where the mean velocity has the val ues of 0.95 and 0.1 

respectively; and (iii) dividing the integral calculated in (ii) by the 

area of the flow considered. The g~n of lui is always normalized to 

unity at the first station (xo) at which measurements were taken. All 

three methods assessing the rate of amplification in Figure 3.14 versus 

Ffe -or which, for a given Ff and Uj corresponds to a variation in e (or x) 

only. The amplification of both modes (triangles correspond to m=O 
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and squares to m=l) is al most identica'j irrespective of the criterion 

used for the range R1/2/e considered (i.e., R1f2 ~ 18). 

The different criteria produce, however, some markedly 

different results. While the maximum amplitude of u increases 

initially and saturates smoothly with downstream distance, the integral 

211F f e 
quantities shown in Figure 3.14b,c attain a local maximum at -u:;-:::: 

J 

0.07, which corresponds to the excitation at which e starts to increase 

rapidly with x. 

Although the maximum amplitudes of the oscillations or their 

area integrated average actually decay beyond Ste > 0.09 (Figure 

3.14a,c), the integral flu I r dr increases with Ste (Figure 3.14b) simply 

because the width of the shear layer increases. The total energy 

contained at the excitation frequency may increase with x in spite of 

the fact that the local amplitudes may actually decay; this apparent 

contradiction in terms stems from the divergence of the shear layer. 

The radial distribution of the amplitudes and the phases of the 

u component of the fl uctuations for both modes of excitation are 

compared at R1/2/e = 71, and plotted in Figure 3.15. The corresponding 

theoretical distribution of amplitudes and phases of both modes, which 

appears to be identical when drawn on the scale of this figure, agree 

fairly well with expedments. 

3.2.2 The Initial Evolution of the Natural Jet 

linear stability theory applied to a parallel, shear layer 

suggests that only the most amplified wave is bound to dominate the 

flow field some distance downstream (Michal ke t 1965), in spite of the 
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Figure 3.15 The phase locked amplitude (a) and phase (b) distributions 
in the forced jet with forcing frequency 204 Hz measured 
at R1/ 2/e = 71. A, data taken with m=O; G, data taken 
with m=l; ---, theoretical curve for m=O; ---, theoretical 
curve for m=1. 
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fact that at the initiatio,n of the flow the background disturbance may 

be so broad that it can be legitimately represented as nwhite noisen• 

The exponential amplification of the most unstable wave with 

downstream distance acts, therefore, as a natural filter. For a 

velocity distribution described by a hyperbolic tangent of the 

transverse coordinate, y, the Strouhal number (Sti) corresponding to the 

f·e 
most amplified disturbance (fi) is equal to Sti = ,T.;- = 0.017 where e 

J 

is the local momentum thickness and Uj is the jet velocity at the plane 

of the nozzle. Measurements reported in the literature (Gutmark and 

Ho, 1983; Husain and Hussain, 1979) indicate that 0.009 ~ Sti ~ 0.018. 

Moreover, since most of the jets emerge from smooth and well-designed 

nozzles, the boundary layers on the inner wall of the contractions are 

generally laminar and can be represented by the Blasius profile 

(Drubka, 1981). The initial momentum thickness at the pl ane of the 

nozzl e shaul d vary therefore as Uj l/2. Provided the flow does not 

spread radially with increasing distance (x), the most amplified 

frequency in the shear layer is given by 

U' 
fi = 0.017 .J. = Co U~12 

ei '" 
3.2-12 

where Co is constant. 

However, the prevailing frequency ascertained experimentally 

varies in a stepwise manner with increasing Uj (Gutmark and Ho, 1983) 

rather than following equation 3.2-12. 

It was suggested initially that the stepwise behavior of the 

predominant frequency resulted from probe interference (Hussain, Nagib, 
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1980, priv'ate communication). Experiments carried out by Einav et al. 

(1981) using simultaneously a hot wire probe and a l.D.A., which is a 

non-intrusive instrument, refuted this suggestion entirely. Gutmark and 

Ho (1983) attributed the stepwise behavior to an extremely small 

upstre~m disturbance detected in a pl enum chamber which produced a 

spatially coherent disturbance in the plane of the nozzle. Due to the 

1 arge area ratio between the cross section of the pl enum and the 

nozzle any acoustic wave in the plenum will produce a plane wave at 

the exit of the nozzle, and therefore the initial evolution of 

disturbances in a jet is expected to be axisymmetric. A coherent wave 

present in the plenum chamber does not decay along the contraction and 

nozzle (Blackwelder and Kovasnay, 1972), and may excite (in a linear or 

non-linear manner) an instability wave in the shear 1 ayer. The 

turbulence level in the center of most laboratory jets varies between 

, u' 0.2% < TT":" < 0.6%. Such background turbulence is seldom homogeneous 
- UJ -

and therefore one may easily expect coherent waves having an initial 

amplitude of the order of 1% to dominate the flow at the exit plane. 

Since there is no obvious mechanism dissipating these waves, they may 

dominate the instabil ity frequency at some range of velocities 

producing stepwise variation of the predominant frequency with UJ. 

This notion is explored and discussed in the following section. 

The relationship presented in equation 3.2-12 stems from the 

assumptions that the inviscid linear stability theory based on a 

hyperbolic tangent veloeity distribution is appl icabl e, and that the 

initial momentum thickness e is proportional to Ujl/2. Experiments show 

(Figure 3.16) that the characteristic shape of velocity profile is 
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retained at 0.125 < xlD < 0.25 for velocities ranging from 3-8 m/sec. 

All the measured profiles fit the equation: 

/ Oo(r) [ 1 r";Re1/2)~ 
~ = 0.5 1 - tanh (~ ~ 3.2-13 

which is plotted in the same figure (solid line). The variation of the 

momentum thickness with Uj at xlD = 0.25 is shown 1n Figure 3.16b, 

where the actual data points, marked by triangular symbols, fit the 

rel ation e a: Uj l/2 in the range of velocities considered. One therefore 

expects equation 3.2-12 to apply, provided the background disturbance 

level is uniformly distributed in the spectral domain. Power spectra 

measured on the axis of the jet in the plane of the nozzle indicate 

that thi sis riot the case, despite of the fact that the turbu1 ence 

level varied between 0.1% and 0.17%. Three curves representing power 

spectra of the streamwise velocity component measured on the 

centerline of the jet at xlD = 0 and corresponding to jet exhaust 

velocities of 3, 5 and 8 mlsec are plotted in Figure 3.17. The spectra 

were high-pass filtered at 20 Hz and normalized by the highest peak of 

the spectrum corresponding to Uj = 3 m/sec. The spectral distributions 

at all velocities tested are not homogeneous; the peaks in the spectra 

occur at identical frequencies regardless of the jet velocity. 

Simil ar peaks in the power spectrum were observed in the 

center of the shear layer at xlD ; 0 (i.e., near the tip of the nozzle) 

as described by the dotted lines in Figure 3.18a,b and c, corresponding 

to Uj = 3,5 and 8 mlsec respectively. These peaks are broader than 

their counterparts on the jet centerline and their relative amplitudes 
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might al so differ as a result of the amplification of disturbances in 

the boundary 1 ayer. Using the superposition property, the possible 

correspondence between the 1 inear stabil ity theory and the observed 

spectrum further downstream is first examined qualititative1y. The 

sol id ·lines in Figure 3.18a,b and c are the power spectra of the 

streamwise component of velocity measured at the center of the shear 

1 ayer at x/D = 0.25 and at Uj = 3,5 and 8 m/sec respectively. Each 

spectrum is normalized by its maximum value, which is also used to 

normalize the corresponding spectra measured at x/D = 0 and 

represented by dotted lines. The calculated amplification curves for 

the appropriate Rl/2/6 for each of the velocities chosen are plotted in 

Figure 3.18d,e and f underneath the spectra. For all three velocities, 

the prevail ing frequencies at x/D = 0.25 attained a. val ue approximate 

to the most unstable frequency (fi) in spite of the fact that the input 

(i.e., the spectrum at x/D = 0) was almost identical for all. However, 

the exact spectral distribution at x/D = 0.25 is strongly dependent on 

the input. For example, when the most amplified frequency at UJ = 5 

m/sec is in the neighborhood of 200 Hz (fi > 200 Hz), but if a distinct 

peak in the input spectrum at the vicinity of fi occurs at a lower 

frequency, then the exact value of fi and the prevailing frequency 

measured may not be the same. Thus, the val ue of the most energetic 

frequency observed at any point in the flow is an outcome of both the 

initial spectral distribution and the amplification curve. One might 

al so notice that the spectra observed at x/D = 0 and x/D = 0.25 have 

approximately the same level for frequencies greater than the neutral 

frequency; in fact, the input spectrum level might exceed the level of 
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the spectrum measured at x/D = 0.25 because of the decaying mode (due 

to viscosity) at this range of frequencies; this point will be discussed 

again in Section 4.2. 

Knowing the spectrum at a given x/D, one may attempt to 

predict the shape of the spectrum further downstream by using the 

superposition property of the linear stability model. This type of 

cal cul ation is quite restricted because it assumes that the mean flow 

is not altered during the interval nor does it account for dissipation 

or nonlinearities, nevertheless it was used for a range of downstream 

distances (0.125 ~ x/D ~ 0.25) where the flow hardly diverges and 

appl ied to a range of amplifed waves which, as shown in Figure 3.19, 

are not affected by viscosity. 

The broken line in Figure 3.19a is the spectral distribution of 

the streamwise velocity component measured at x/D = 0.125 and r = Rl/2 

when the jet exhaust velocity was 8 m/sec; the solid line represents 

the spectral distribution measured at x/D = 0.25 and r = Rl/2. The 

amplification shown at the bottom of Figure 3.19 is used as a transfer 

function applied to the spectrum measured at x/D = 0.125 to predict the 

spectrum at x/D = 0.25. The predicted spectrum is represented by the 

dotted line in Figure 3.19a. Since the maximum value of the predicted 

spectrum is used to normalize all spectra plotted in Figure 3.19a, the 

comparison between the predicted spectrum at x/D = 0.25 applies to the 

shape as well as the amplitude. 

The agreement between the predicted and measured spectra is 

fairly good. The most energetic frequency in the input spectrum (180 

Hz) decreased at x/D = 0.25 because it was not as strongly amplified 
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as the most unstable frequency (430 Hz). The small peak in the 

spectrum measured at x/D = 0.125 at f = 430 gained in significance but 

it did not become as strong as the peak at f = 550 Hz, which was 

amplified at a slower rate than f = 430, but was significantly above 

this frequency to begin with. 



CHAPTER 4 

THE INTERACTION BETWEEN THE MEAN FLOW AND EXCITED WAVES 

Some aspects of the inviscid instability were discussed in 

Chapter 3 where the linear model, describing the initial evolution of 

small-amplitude disturbances, was applied to a shear layer generated by 

an axisymmetric jet. The model predicts the frequency of the most 

energetic waves, the lateral distribution of their amplitudes and the 

development of the spectral distribution over short distances in the 

direction of streaming. Linear stability theory (Michalke, 1965) 

predicts that a continuous band of waves, corresponding to a band of 

frequencies, are exponentially amplified in the downstream direction x. 

Therefore, at some distance downstream (which depends on the initial 

conditions) the unstabl e waves will attain such an amplitude such that 

nonlinear terms can no longer be neglected. The inclusion of these 

terms in the stability analysis reveals two main interactions: (i) mean 

flow-wave interaction and (ii) wave-wave interaction. The first type of 

interaction is presented in this chapter while the second type will be 

analyzed in Chapter 5. 

The interaction between the mean flow and a growing wave can 

be determined from the mean momentum equation (Hussain and Reynolds, 

1970): 

62 



63 

Ui t~ .. , t) = Ui(~ + Ui(~ .. , t) + u1(~' t) (4.2) 

where 0i is the mean velocity, ui is the wave contribution, and u~ is 

the turbulent fluctuation. 

When the Reynolds number (Re) is high enough and the gradients 

of mean pressure (p) are negligible, equation (4.1) reduces to: 

au· a- a 
Uj ax; = - axj CUi" Uj) - axj <ui Uj> (4.3) 

The left-hand side of equation (4.3) is the nonlinear advective term of 

the mean velocity Oi' and the right-hand side of the equation is the 

derivative of the Reynolds stress of the turbulent and of the wave 

induced motions. It was shown by Weisbrot (1985) that the turbul ent 

Reynolds stresses can be negl ected re1 ative to the coherent stresses. 

Obviously, when the coherent are amplified, the mean flow has to be 

modified in order to balance this growth. 

To ill ustrate the modification of the mean flow resulting from 

the growing waves, the external excitation is used. In this case, the 

free shear flow is excited by the periodic wave train produced with the 

aid of speakers (axisymmetric jet) or a f1 ap (two-dimensional mixing 

1 ayer). In Section 4.1, it is shown that simultaneous forcing with 

different modes can modify the azimuthal structures of the mean flow 

fie1 d of an axisymmetric jet. In Section 4.2, the nonl inear interaction 
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between a 'forced wave l and the mean field of the two-dimensional 

mixing 1 ayer is discussed together with some aspects of the unforced 

case. 

4.1 The Az·imuthal· Siructureof a ·Forced Jet 

4.1.1 Theoretical Considerations 

Let U be the velocity vector of an aXisymmetric jet having 

components U, V, W relative to cylindrical coordinates ~(x, r, $). 

Suppose that the mean field which is parallel to the axis of symmetry, 

r = 0, and having veloeity components [Uo(r),O,O] is subjected to a 

small disturbance. Then one can use the following expansion: 

~(x,r,cjl,t) = !1(r) + &E.(x,r,cjl,t) + &2 .§.(x,r,cjl,t) + ••• 4.1-1 

where the vector ~ represents the entire field, ~ represents the mean 

field and E. and .§. represent the perturbation field. The equ;val ent 

four scalar equations are given by: 

V(x,r,$,t) = 0 + &Vl(x,r,cjl,t) + &2v2(x,r,cjl,t) + ••• 

4.1-2 

W(x,r,cjl,t) = 0 + &Wl(x,r",t) + &2w2(x,r",t) + ••• 
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where p is the pressure perturbation and e: is the small parameter 

(e:«1) representing the magnitude of the disturbance. Using equation 

(4.1-1), the linearized inviscid equations of motion [O(e:)] have the 

form 

'" L F = 0 4.1-3 

,. 
where the vector F has the components (UI' vl, Wl' PI) and L is the 

linear matrix operator: 

a - a dUo 
0 a 

at + Uo ax Or ax 

0 a - a 0 a 
at + Uo ax iF' 

.... 
L = 4.1-4 

0 0 3 - a 1 '3 
at + Uo ax r acp 

'a 1 + r 1. 'a a rax 3r 3cp 

Looking for a normal mode type of disturbance, then the vector 

E. can be written as: 

Fu(r) 

Fv(r) 
F = 

Fw(r) 
• exp[i( ax - at + mcp)] + (*) 4.1-5 

Fp(r) 
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where the symbol (*) represents the compl ex conjugate term, 8 is the 

frequency of the wave, m is the azimuthal. mode number and a is a 

complex constant in which the real part (ar) gives the wave number and 

the imaginary part (ai) determines the growth rate of the wave. Then, 

using equation (4.1-5), equation (4.1-3) can be reduced to a second 

order ordinary differential equation for the pressure component Fp(r): 

[ 
riJ2 2 J -7 + a Fp - 0 4.1-6 

where the ordinary derivative with respect to the radial coordinate r 

is denoted by ( )'. 

The equation to order &2, is: 

,. 
L ! = R.H.S. 4.1-7 

where ! has the components (U2, V2, W2, P2) and the R.H.S. incl udes all 

the nonlinear terms containing different components of the vector [. 

Since, for the purpose of the following analysis, the explicit form of 

the right-hand side of equation (4.1-7) is not needed, typical term of 

the R.H.S. is represented by 

3F-' 
R.H.S .... -Fj ffi 

J 
i,j = 1,2,3 4.1-8 

(in fact, all the terms involving derivatives with respect to the 

azimuthal coordinate are multiplied by l/r; some terms do not contain 

any derivatives at all; pressure terms are absent). Because the 
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homogeneous sol ution of equation (4.1-7) is the same as the sol ution 

given by equation (4.1-5), one is interested only in the particul ar 

solution of equation (4.1-7). Therefore, the complete solution up to 

order &2 can be written as: 

t(x,r,cjI,t) = .!1.(r) + e(1+&) f.<x,r,cjI,t) + &2 ~r(x,r,cjI,t) 4.1-9 

where the homogeneous part of ~ is combined with F and the particul ar 

part of ~ is denoted by the subscript pre 

Suppose that the jet is excited by two waves denoted by the 
... 

symbol s a and b, having the same frequency Pa= Pb= P. Then, since L is 

a Hnear operator, the sol ution f. can be written as the superposition 

of the two waves ([ = fa + Eb). Each component (f) of these vectors 

has the form: 

- n: X i( a x- P t+m cjI) 
fa(x,r,cjI,t) = qa(r) e -I,a e r,a a a + (*) 

Thus, the right-hand side of equation (4.1-7) can be written as: 

aF--
R.H.S .... -Fj .-.l = Ra i + Rb,i + Rab,i aXj , 

aFai 
Ra,i = -Faj -aXj 

i,j = 1,2,3 

4.1-10 

4.1-11 
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aFb',i aFa'" 
Rab,i = -Fa; -- - FbJ 

N aXj aXj 

The terms Ra,i and Rb,i represent the interaction of a wave with itself 

and the term Rab,1 represents the interaction of wave "a" with wave lib". 

Only the term Rab,i will be considered because the terms Ra,i and Rb,; 

can be deduced by letting a = b. Then equation (4.1-7) has the form: 

.. aFb' , aF ", 
L G - F "F a,' 

Pr,i - - aJ - - b;-aXj N aXj 
iJ = 1,2,3 4.1-12 

where Gpr,i is the particular solution of Gi-

In order to illustrate the modification of the mean flOW, one 
.. 

can use the fact that L is a linear operator and apply phase averaging 

to equation (4_1-12): 

.. aFb i aF' " 
<L Gpr,i> = <-FaJ aif - FbJ a!; > = <Rab,i> ;J = 1,2,3 4.1-13 

Recalling the relation: 

< A-a> = i Real (A-B*) = i Real (A*-S) 4.1-14 

and using equation (4.1-10), one finds that each element <rab> of 

<R~b,i> can be described by 

<rab> = S(r;a,aa,ab,ma,mb)-exp[-(ai,a+ai,b)X + i(ar,a-ar,b)X + i(ma-mb),J 

4_1-15 
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where S ;s some compl ex function of the radial coordinate and the 

eigenvalues B, a, m. 

Consider the following cases: 

(i) Forcing a single mode: 

In this case, the eigenval ues of wave "a" are the same as those 

of wave "bl! and therefore equation (4.1-15) reduces to 

<rab> :: S(r;B,a,m) • exp(-2a;x) 4.1-16 

Since the right-hand side of equation (4.1-16) is independent of 

the azimuthal coordinate ~, one concl udes that the azimuthal structure 

of the mean field of an axisymmetric jet remains axisymmetric when the 

jet is subjected to a single excited wave. 

(ii) Forcing aximuthal standing waves: 

Forcing standing waves is equivalent to forcing two waves 

having the relations: 

In this case, equation (4.1-15) reduces to 

<rab> :: S(r;B,a,m)·exp[-2a;x + 2im~] 

Substituting 

i, (r) 
S(r;B,a,m) :: IS(r)1 e 0 

4.1-17 

4.1-18 

4.1-19 

where lSi is the modulus and ~o is the phase of the complex variable S, 

gives 
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-20iX I ( ) I i(2m4l+4lo(r» 
crab> = e • Sr· e. 4.1-20 

Since the additional 'new mean flow' has to be real, the real part of 

equation (4.1-15) is considered 

4.1-21 

The solution to equation (4.1-7) can be obtained by using the separation 

of variables. Thus, each velocity component of the additional mean 

flow resulting from the excitation of standing waves should vary like 

cos(2m4l). This variation has a phase shift 4lo depending on radial 

position. The amplitude of the azimuthal cosine shape grows with 

downstream distance and depends on the radial position as well. 

(iii) Forcing two waves at identical frequency: 

In this case, the special limit when the ratio between the 

planar momentum thickness, a, and the jet radius, R1/2' is small is 

considered first. For this limit, which corresponds to the initial 

region of the jet, it was found (Chapter 3) that as long as the mode 

number m is of order 1 all modes have the same solution. Therefore, 

equation (4.1-15) can be reduced to: 

4.1-22 

Thus, providing that the effective azimuthal mode number, 2m, in the 

'standing wave' case is repl aced by the difference between the two 
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azimuthal modes, ma - mb, the previous case is repeated. However, in 

addition to the 'even' azimuthal shapes discussed previously, 'odd' 

shapes are possible when ma - mb is an odd integer. 

In general, when equation (4.1-19) is used, the real part of 

equation (4.1-15) can be rewritten as: 

-( OJ a+~ b)X 
«rab»real = e ' , ·IS(r}l.cos[(ar,a-ar,b)x + (ma-mbH + ~o(r)] 

= e -( ~ ,a+Oj ,b)X. 1 S(r) I· {cos«ma-mbH) 

·[cos( ~o(r»·cos« ar,a-ar,b)X) 

- sine ~o( r»·sin« ar,a- ar ,b)X)] 

- sin«ma-mb) ~).[sin( ~o( r»· sinCe ar,a- ar ,b)X) 

+ cos( ~o(r))·cos« ar,a- ar ,b)X)]} 4.1-23 

Solving equation (4.1-7) by the separation of variables method, one 

finds that the azimuthal shape of the additional mean flow has the 

form of cos(ma - mbH. The variation of this 'cosine shape' with 

downstream and radial coordinates is essentially the same as in case 

(ii). However, because of the new x dependence, arising from the 

difference ar,a - ar,b, which serves as an x dependent phase shift, the 

mean azimuthal structure at a given radial position might seem to 

'rotate' along the downstream direction. 

4.1.2 Comparison with Experiment 

The purpose of this section is to verify some of the 

conclusions obtained in Section 4.1.1. First, the prediction that the 
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azimuthal shape of the mean flow should be axisymmetric only when the 

jet is forced with a single mode is checked. 

With the aid of the main speaker and the azimuthal array of 

eight speakers. the jet was subjected to axisymmetric disturbances, 

higher order azimuthal disturbances (m = +1,+2), and the superposition 

of both kinds of disturbances. The jet exit velocity, Uj , was 8 mIs, 

the frequency of the excited wave was 204 Hz, resulting in an 

approximate local Strouhal number (Sto = Ff·O/Uj where Ff represents 

the frequency of the forced wave) of 0.03 at x/d = 0.65. This value of 

the local Strouha1 number guaranteed that the forced wave is within 

the last stage of its amplification (according to the linear stability 

theory). Thus, non1 i near phenomenon shoul d be observed. Fi gure 4.1 

shows the measured mean velocity profiles UT(r,,) corresponding to 

three different types of excitation. In each case, eight profiles, 

taken at eight azimuthal stations 45° apart, are plotted. Figures 4.1a 

and 4.1b demonstrate the axisymmtric structure of the jet when 

subjected to a single mode (0 or 1); all eight profiles fall onto a 

singl e curve. However, when the jet was forced by modes 0 and +1 

simultaneously, the mean velocity profiles were no longer axisymmetric 

(Figure 4.1c). (Note that in Figure 4.1c all profiles were matched at 

the center of the shear layer.) 

Next, it is verified that the azimuthal variation of the 

additional mean f1 ow has a cosine configuration [cos,(ma - mb)] when 

the jet is subjected to two waves having the same frequency and mode 

numbers rna and mb. Since 6/R1/ 2 = 0.04, this flow corresponds to case 
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(0) mode 0 

0 
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(b) mode I 

UT(r.4») 

Uj 

0 

1.0 

(c) modes a and I 

+5 

Figure 4.1 Azimuthal similarity of mean velocity profiles measured at 
x/D = 0.65 with forcing frequency of 204 Hz and mode num
ber: (a) 0; (b) 1; (c) 0+1. 
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(iii) in the limit 8/Rl / 2«1 discussed in Section 4.1.1. The 

circumferential variation of the additional mean flow was obtained by 

subtracting the azimuthal average from the mean velocity measured at 

each azimuthal location. The azimuthal average was obtained from 

averaging measured velocities obtained at eight azimuthal locations at 

a given radial position. The resulting circumferential configuration 

was then compared to the suitabl e cosine shape by using the Fourier 

decomposition. The triangul ar symbol s of Figure 4.2a are the data 

points obtained when the jet was forced by modes 0 and +1. For this 

case, six sets of data corresponding to six radial positions were 

measured. The circumferential variation of each set, which incl udes 

eight points obtained at a given radial position and eight azimuthal 

stations, is compared to the predicted cos, shape (solid line). Figure 

4.2b shows the results when the forcing modes were 0 and +2. Here, 

the data points (square symbols) are compared to the suitable cos2, 

shape. (Note that the first point at , = 0° is repeated again at , = 

3600
.) 

Finally, the question of what would be the mean azimuthal 

structure of the jet corr~sponding to the cases mentioned before is 

addressed. In order to calculate the azimuthal contours of equal axial 

mean velocity at a given downstream position, the following equations 

have to be solved: 
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Figure 4.2 Azimuthal variation of the normalized additional axial 
mean velocity profiles at x/D = 0.65, Ff = 204 Hz; 
(a) 6. m = 0+1; - predicted cos4- shape; (b)O. m = 
0+2; - predicted cos24- shape. 
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Uo(r) = 0.5 { l+tanh [ W . ( Rl/2 - ~:I·~ ) ] } ; 4.1-24 

where the total mean velocity UT(r, ~) is the superposition of the basic 

profile, Uo(r), and the perturbed mean velocity, um(r, ~), resulting 

from the azimuthal excited waves. The basic profl1 e is assumed to fit 

the form suggested by Michalke (1971). The perturbed profile has the 

cosine shape mentioned before, where n stands for the difference 

between the mode numbers of the excited waves. The dependence of the 

perturbed profile on the radial coordinate rel ative to the azimuthal 

cosn~ variation is neglected, and A(r), whose magnitude is rel ated to 

the amplitude of the excited waves, is taken to be the first term in a 

Taylor series expansion. Then a straightforward algebraic procedure 

for a given mean velocity contour level say Uac leads to the following 

equations: 

~ = 0.5[-Y + '~+4 ] 
Kl/2 

; = 2 . e· [ l+2(Uac-O~5)+2AcOSn~] 
RI/2 ln 1-2(Oac-O.5)-2Acosn~ 

4.1-25 

Four contour plots obtained for n = 1,2,3,4 are shown in Figure 4.3. 

For each val ue of n, two contours are plotted. The solid curve 

represents a low level amplitude of the predicted profile, while the 
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broken curve corresponds to a disturbance having a higher amplitude. 

In each case, the solid curves resemble a canonical configuration (an 

excentric circle; an ellipse; a triangle and a square), and the broken 

curves are combinations of n number of lobes. Figure 4.4 shows 

comparison between some of these theoretical contour plots (solid 

lines) and normalized shapes obtained experimentally (triangular 

symbols). For the purpose of visualization, broken line circles are 

plotted as well. Figures 4.4a and 4.4b correspond to the experimental 

azimuthal shapes of the mean profiles given in Figures 4.2a and 4.2b, 

respectively. The data points presented in Figures 4.4c and 4.4d are 

taken from the dissertation of Strange (1981), and the solid lines are 

the sol utions to equation (4.1-25). In these two cases, the jet was 

subjected to the standing waves, m = i2, and the data was taken at x/D 

= 2 (Figure 4.4c) and x/D = 4 (Figure 4.4d). Since the waves are 

strongly amplified in this range of downstream distances, Figure 4.4d 

corresponds to a higher amplitude level of forcing than the one in 

Figure 4.4c, which is in agreement with the corresponding values of the 

constant A (see al so Section 4.1.1, case (ii». In fact, further 

downstream (x/D = 12), Strange found that the jet regained its natural 

axisymmetric shape, probably because the amplitude of the decaying 

waves diminished relative to the background turbulence. 

The importance of these azimuthal shapes can be realized from 

the recent investigations of the ell iptic jet (Gut mark and Ho, 1983; 

Hussain and Hussa1n, 1983) where it was found that the efficiency of 

the elliptical jet in entraining surrounding f1 uid is higher than that 

of the circular jet. 
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Figure 4.4 Iso-velocity contour plots for forced jet with aribtrary 
scale. (a) <j, m = 0+1, Ff = 204 Hz, x/D = 0.65, 
Uac = 0.5; -, theoretical result, A = 0.45; (b) <l , 
m = 0+2, Ff = 204 Hz, x/D = 0.65, Uac = 0.5; -, theo
retical result, A = 0.4; (c) <l , m = .:!:. 2, Strange (1981), 
x/D = 2, Uac = 0.2; ---, theoretical result, A = 0.11; 
(d) <l , m = .:!:. 2, Strange (1981), x/D = 4, Uac = 0.2; -, 
theoretical result, A = 0.18. Dashed line represents 
circle for display purpose. 
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4.2 Mean Flow-Wave Interaction 

In Section 4.1. the modification of the mean flow resulting 

from the excitation by a wavy disturbance was demonstrated. In this 

section. the downstream evol ution of the disturbance. as well as the 

mean field of a perturbed shear layer is considered. Experiments show 

that the angle of divergence, of a perturbed shear layer is generally 

larger than the corresponding unperturbed flow. The increase in the 

momentum thickness (0) and the transverse coordinates YO.1. Y1/2. 

YO.95. where the normalized mean velocity has the values of 0.1. 0.5, 

0.95, respectively, with downstream direction for several initial levels 

of excitation, as described by Oster and Wygnanski (1982) is shown in 

Figure 4.5. (Note that Af is the amplitude of the flap used to 

generate the artificial disturbance.) The linear model applied to a 

parallel flow field predicts a rapid amplification of perturbations 

which fail, in general, to materialize experimentally. In the following 

analysis, the flow divergence of the mean flow is apparently 

responsible for slowing the exponential amplification of a disturbance 

with increasing downstream distance. The linear theory applied to the 

slowly diverging mean flow (Bouthier, 1972;. Crighton and Gaster, 1976; 

Gaster, Kit and Wygnanski, 1985), assumed that the mean field is 

prescribed and is decoupled from Reynolds stresses generated by the 

excitation, in the following discussion (4.2.1), an attempt is made to 

explore effects of the coupling between the mean flow and the 

amplitude of the excitation. In Section 4.2.2, these ideas are used to 

explain the role of the large coherent structures in free shear flows. 
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Figure 4.5 Forced mixing layer data of Oster and Wygnanski (1982) 
for R = 0.6 and Ff = 40 Hz: (a) the variation of momentum 
thickness; (b) the growth of the shear layer. 
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Finally, some aspects of the linear stability theory applied to slowly 

divergent flows are discussed in Section 4.2.3. 

4.2.1 On the Coupling between the Reynolds Stresses Produced by the 
Excitation and the Divergence of the Pl ane ",ixing layer 

The spread of the momentum thickness in the highly excited 

. shear layer as measured by Weisbrot (1985) is shown in Figure 4.6 

together with six representative Reynolds stress distributions across 

the flow. In the initial region (region I) corresponding to x < 560 mm 

the momentum thickness increases rapidly with increasing distance from 

the splitter plate (~ = 0.0265). A typical Reynolds stress 

distribution (see plot at x = 360 mm) in this region is positive (i.e., 

uv < 0) as might have been expected from a simple eddy viscosity model. 

This Reynolds stress, however, resides entirely in the coherent wavy 

disturbance as may be observed from the phase-locked data plotted 

using circle symbol s which are identical to the temporally averaged 

data shown in the same plot by + symbols. This indeed proves that the 

lateral rate of spread of the mixing layer is closely linked to the 

amplifying wave; the transfer of momentum from the mean flow to the 

di sturbance causes the divergence of the mean flow and the 

amplification of the wave. 

In region II, 560 mm < x < 840 mm. the width of the shear 1 ayer 

slightly decreases whereas the concomitant Reynolds stress reverses its 

sign uv > 0). Since the coherent Reynolds stress is equal to the 

overall stress as may.be observed from the plots selected at x = 660 

mm and x = 780 mm, the contraction of the mixing layer with x is 
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attributed to' the transfer of momentum from the periodic disturbance 

back to the mean flow. The rate of divergence or of contraction of the 

,mean flow is proportional to the rate of amplification or decay of the 

periodic disturbance respectively, as can be deduced by comparing the 

maximum values of the Reynolds stress at x = 360 mm and x = 660 mm. 

At x > 840 mm (region III), the mixing layer resumes its linear 

growth but at a much slower rate (~ = 0.007i). The coherent stresses 

associated with the external excitation no longer correspond to the 

temporally averaged Reynolds stresses; in fact, the two have an 

opposite sign. The Reynolds stress associated with the disturbance 

decays whereas the incoherent turbulent stress amplifies. 

The normalized distributions of the phase-locked Reynolds 

stresses measured at three x locations corresponding to the local 

Strouhal number which is less than (Figure 4.7a), equal to (Figure 

4.7b), and greater than Figure 4.7c) the neutral Strouhal numbers are 

replotted in order to explain the change in sign of the educed Reynolds 

stress as the shear layer becomes stabl e to the excited wave. The 

theoretical expression representing the Reynolds stresses obtained from 

the stability analysis explain the mirror image of the S shape 

distribution at the neutral point. 

Let the perturbed stream function, 11'11 be: 

(4.2-1) 

where A represents the variation of the amplitude of the disturbance 

with downstream distance x, 1I'1(y) is a compl ex eigenfunction denoting 
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the dependence of the perturbed stream function on the transverse 

coordinate and the symbol * deontes a compl ex conjugate term. v is a 

real frequency, a is a complex eigenvalue whose real part (ar) gives 

the wave number whereas the imaginary part (ai) determines the growth

rate of the wave. For the linear stability analysis applied to a 

parallel mean flow, A(x) is a real function given by 

(4.2-2) 

whereas for the more general case, when non-linearity is considered (as 

will be seen in Chapter 5), A(x) is a compl ex function. By using the 

relations 

(4.2-3) 

where u and v are the perturbed axial and transverse velocity 

components respectively, the expression for the phase averaged Reynolds 

stresses is given by 

(4.2-4) 

When equations 4.2-1 and 4.2-3 are substituted into equation 4.2-4, one 

obtains 
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(4.2-5) 

where the real and the imaginary part of tl' are denoted by tr and t; 

respectively. 

In order to extend the linear stability to damped modes, i.e., 

to solve the Rayleigh equation for values of the Strouhal number which 

are slightly greater than those corresponding to neutral stability, the 

inviscid limit procedure pointed out by Tam and Morris (1982) is used. 

Thus, the Rayleigh equation is integrated along the real V axis, except 

for a small gap in the vicinity of the critical layer, where the 

contour of the integration passes below the critical point (Vr = Vi = 0) 

in the complex plane. This integration path ensures that one 

approaches the neutral point via the 1 imit describing the ampl ified 

mode,' which is equivalent to taking the viscosity into account (see Lin, 

1955). The procedure was later extended to the solution of the full 

Orr-Somerfeld equation with which it agreed very well. 

In Figure 4.7b, the 1 ateral distribution of the imaginary part 

of the eigenfunction (t;) cal cul ated for both amplified and damped 

modes, corresponding to Strouhal numbers which are slightly below or 

slightly above the number corresponding to neutral stability, are 

shown. The lateral distribution of the real part of the eigenfunction 

is not sensitive to a smaller change in St around the neutral point and 

it retains the solution fr ~ sech(y), which applies precisely for the 

neutral stability point. 
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Substituting equation 4.2-2 into equation 4.2-5, yields 

4.2-6 

As the neutral point is crossed, the first term inside the brackets of 

equation 4.2-6 changes its sign because ~i and ~i do change their signs 

(see Figure 4.7d), while ~r and its derivative do not. The second term 

inside the brackets, which is much small er than the first one since exi 

+ . 0, changes its sign because exi changes sign. Thus, the educed 

Reynolds stresses have opposite signs for amplified and damped modes 

(Figure 4.7e), which expl ains the experimental resul ts given in Figures 

4.7a and 4.7c. 

The educed Reynolds stresses have to vanish at the neutral 

point (exi = .i = oi = 0), on the basis of the linear theory (equation 

4.2-6). However, by adding a small nonlinearity, which results in A(x) 

becoming a complex function, equation 4.2-5 can be reduced to: 

I {dAr dAi) <-uv> = or4r· Ar Ox + Ai Ox 4.2-7 

For the mean velocity profile, described· by a hyperbol ic tangent, 

equation 4.2-7, has the form: 

<-uv> = -g(x) osech2(y) ·tanh(y) 4.2-8 

where the function g(x) contains all the terms inside the. parentheses 

of equation 4.2-7. Thus, at the neutral point, the educed Reynolds 

stresses have the anti symmetric S shape distribution (Figure 4.7e), 

which agrees with the experimental evidence presented in Figure 4.7b. 
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The mean shear associated with the velocity profile causes a 

small disturbance to grow exponentially with downstream distance. 

When the wave attains a sufficiently high amplitude, as a result of the 

transfer of energy from the mean flow, the mean flow has to be 

modified, as was shown in Section 4.1. The modification of the mean 

flow will tend to increase the width of shear layer causing the local 

Strouhal number to increase. Therefore, the stability of the flow will 

change, modifying the characteristics of the disturbance (i .e., 

generating different eigenvalues and eigenfunctions). This feedback 

loop will evolve continuously with increasing downstream distance until 

the local Strouhal number approaches its neutral value on the 

amplification curve. At t~e neutral point, the Reynolds stresses vanish 

(as a consequence of the linear stabil ity theory) and, therefore, the 

spreading of the mixing 1 ayer stops, i .e., ~ = 0, resu1 ting in a 

creation of a pl ateau (see Figure 4.6). 

The parallel region (constant 8) lasts until the amplitudes of 

the natural low frequency disturbances which remain amplified become 

1 arge enough to contribute to the evo1 ution of the mean f1 ow. From 

this point on, the momentum thickness resumes its natural rate of 

growth with downstream distance. This phenomenon is demonstrated in 

Figure 4.6. At x = 1060 mm, the 910bal Reynolds stress exceeds the 

1 evel of the coherent stress and, therefore, the shear 1 ayer resumes 

its divergence. 

The ratio between the "wave" and the background disturbances of 

amplitudes al so determines the initial rate of' spread of the mean 
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velocity field. As the initial amplitude of the excited wave is 

increased, the second order (1.e., the coherent Reynolds stress) 

contributing to the change of the mean flow increases proportionally. 

Consequently, M increases and saturation, which is attained when the 

. flow becomes neutrally stable to the perturbation frequency, is 

achieved closer to the splitter plate (see Figure 4.5). 

The importa~ce of the initial ratio between the amplitude level 

of an excited wave and other disturbances is el ucidated when the flow 

is subjected to two periodic disturbances. The ratio of frequencies 

used in the experiments of Weisbrot and Wygnanski, and presented in 

Figure 4.8, was 2 to 1. The dark symbol s in this figure refer to a 

"strongly excited" case whil e "moderate excitation" is marked by open 

symbols. When the mixing layer was excited by the fundamental 

frequency only, the excitation 1 eve1 was sufficiently strong rel ative 

to the prevailing background disturbances that it inhibited the growth 

of the shear layer at Sta corresponding to the neutrally stable point. 

However, when the mixing layer is subjected to the subharmonic 

frequency alone (Figure 4.8b), the evo1 uti on of the momentum thickness 

corresponding to the different levels of excitation was not the same as 

above. For the high amplitude excitation, the flow developed as it did 

in Figure 4.8a, only now the plateau region is associated with a higher 

val ue of a, which, incidentally, occurs at a sl ight1y lower Sta. both 

Strouhal numbers correspond to the neutrally stable value for the mean 

flow at hand, the numerical difference is attributed to the shape of 

the mean velocity profile which is not identical in both cases. 
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The ampl itude of the weakly excited wave was not high enough rel ative 

to the natural disturbances existing in the flow to stop the shear 

layer from spreading. Thus, when the excited wave becomes neutrally 

stabl e, other natural waves of slightly lower frequency have been 

amplified enough so as to keep the interaction with the mean flow going 

and therefore, prevent the generation of a plateau in a. The spatial 

variation of the momentum thickness when the mixing 1 ayer is subjected 

to the fundamental disturbance and its subharmonic simultaneously is 

shown in Figure 4.8c. For the weak subharmonic case, one pl ateau 

associated with the fundamental's becoming neutral corresponding to the 

fundamental frequency, is formed because the ampl"itude of the 

subharmonic wave is not sufficiently elevated above the natural 

disturbances to sustain the growth rate, of the shear layer. For strong 

excitation, the plateau associated with the fundamental wave is missing 

because of the presence of a vigorous subharmonic wave which interacts 

with the mean motion (Figure 4.8b). The coexistence of two high 

amplitude waves, the fundamental and the subharmonic may cause a 

transfer of energy to 'other waves, especially to those having a lower 

frequency, as will be explained in Chapter 5. As a result, the only 

pl ateau observed corresponds approximately to the subharmonic of the 

primary subharmonic wave becoming neutrally stable. Ho and Huang, 

1982, found two pl ateaus in a, corresponding to the neutral Strouhal 

number of the fundamental and the subharmonic disturbances, suggesting 

little or no nonlinear interaction between them. This might have been 

the resul t of the low Re used in their experiment and the 1 ack of a 

fully developed broad turbulent spectrum. 
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The modification of the mean flow is significant only when the 

disturbance has gained a sufficient level of amplitude. The downstream 

distance requi red to achieve this thresho1 d depends on the initial 

amplitude. For a lower initial amplitude, a longer distance is 

necessary; throughout this distance the disturbance grows exponentially 

whil e the mean flow remains essentially para11 e1 until a threshold 

level is attained. Therefore, as long as the amp1 itude of the 

perturbations are small (weak excitation) and the presence of other 

disturbances is neg1igib1 e, the associated spatial development, 

corresponding to different excitation levels, will differ from one 

another only by a translation along the x-axis. 

The variation of the momentum thickness with downstream 

distance, as obtained by Oster and Wygnanski (1982) is shown in Figure 

4.9. The relevance of the frequency of the excitation to the spreading 

rate of the two-dimensional turbul ent shear 1 ayer is demonstrated in 

Figure 4.9a, whereas the importance of the velocity ratio R is shown in 

Figure 4.9b. For a given velocity ratio, R = UllU2t the important 

parameter governing this aspect is the local Strouha1 number (Micha1ke, 

1965). Therefore, one should rescale the spatial evolution of the flow 

using the local Strouhal number to representing the thickness of the 

shear 1 ayer, as discussed by Oster and Wygnanski (1982) and Roberts 

(1985). In addition, if the notion explained previously is used, then 

all the data points presented in Figure 4.9 collapse onto a sing1 e 

curve, as shown in Figure 4.10. The ordinate in this plot is the local 

Strouha1 number while the abscissa is a measure of the downstream 
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distance, shifted by a distance xo' in terms of wavelengths. The 

inclusion of the velocity ratio in the abscissa stems from the 

comparisons with the simul ations of Metcalf and Ril ey, as discussed by 

Oster et al. (1982) and analyzed by Monkevitz and Huerre (1981). 

4.2.2 On Large Coherent Structures in Unexcited Flows 

The ideas concerning the coupl ing between the mean flow and 

the excited wave might be extended to the spatial development of fully 

turbulent mixing layers in the hope of promoting some understanding of 

the mechanisms governing the behavior of turbulent free shear flows in 

nature. 

One may conjecture that the large scale structures, which have 

been sought in all turbulent free shear flows (Crow and Champagne, 

1971; Winant and Browand, 1974), are related to a continuous band of 

"wavy" disturbances having small to medium amplitudes and a random 

distribution of phases among themselves. The neutral point of the 

linear inviscid stability theory for a given width of the shear layer 

defines a characteristic length scale of these large scale structures. 

Since the Strouhal number at the neutral point is a constant which is 

al so proportional to the ratio of the momentum thickness to the 

wavelength of the prevalent disturbance (alA), the length scale of the 

coherent structure increases as the mean flow diverges. The 1 ength 

scale of the large structures which is correlated to the flow 

divergence changes with downstream distance, and therefore, a 

prescribed length-scale which represents a large structure at one 
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location may represent on1 y a medium to small scal e structure further 

downstream. The use· of the neutral Strouha1 number to define the 

lower limit on the sca1 e of the 1 arge structure impl ies that these 

structures are not affected by viscosity, they are the most energetic, 

and are mainly two-dimensional in nature, since their size is 

comparable with the width of the shear layer. 

The normalized power spectra of the axial component of 

ve10cHy associated with the turbul ent fl uctuations at several 

distances from the nozzl e of an axisymmetric jet, as measured by 

laurence (1956) and rescal ed by Tam and Chen (1978) are plotted in 

Figure 4.11. A check on the conjecture suggesting that the 1 arge 

coherent structures scale with the neutral Strouhal number is provided 

by marking the neutral frequency appropriate to each spectral curve. 

The neutral frequency on each case was determined by fitting the 

analytical expression (suggested by Michalke, 1971) to the mean 

velocity profiles measured by laurence. 

After determining 9 and R1/2 for each profil e, the val ues of neutral St 

obtained by Michal ke and Hermann (1982) could be used. The neutral 

Strouhal number based on x is found using 

fx = (fe) • [Rl/2). [ Rn ). (x) 
lJj lJj -r R1/2 1fr1 4.2-10 
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where Rn is the radius of the nozzle, Uj is the jet velocity in the 

plane of the nozzle and f is the frequency of the neutrally stable 

wave. These results are summarized in Table 4.1. The lower limiting 

length scale (highest frequency) of the large coherent structures can, 

therefore, be predicted (Figure 4.11). 

For simplicity, the interaction between the large coherent 

structures and the mean flow is treated as an interaction between a 

band of ampl ifying waves and the mean flow. Thus, the nonl inear 

interactions among the waves (which are discussed in Chapter 5) are 

ignored presently, the broad spectrum of the waves is considered by 

superposing discrete modes; and it is assumed that these waves may 

represent the more compl icated shapes of the 1 arge coherent 

structures. Under these assumptions, the excited flow differs from the 

naturally occurring flows by virtue of the fact that the initial 

amplitude and the degree of coherence of an arbitrarily selected wave, 

within the broad spectrum of the amplifiying waves, is controlled 

artificially. 

4.2.3 Comments on the Stability Theory Applied to Slowly 
Diverging Mean Flow Theory 

The main idea behind the 1 inear stabil ity theory appl ied to 

slowly divergent mean flow stems from the fact that the divergence of 

the mean flow is responsible for the slow down in exponential 

amplification of disturbances with downstream distance. Two scales are 

necessary to explain this theoretically; the first scale, E, represents 

the amplitude of the disturbance, while the second scale, ~, represents 



Table 4.1 Spectral Locations of Neutral Strouhal Number 

on Unforced Jet 

100 

x 
rn ( -b:f) neut ra 1 [W) neutral 

2.29 . 1.1 10 0.0477 0.99 

4.58 1.125 5 0.054 1.1 

8. 1.2 3 0.081 1.62 
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the divergence of the mean flow, (e.g., M). The spreading rate of the 

mean flow is attributed by virtue of the linearization to, background 

turbulence and to viscous effects. Therefore, it is permissible to 

assume that the two scales are not carrel ated and, in fact, when a 

series expansion is used, they have to obey the following sequence: 

4.2-11 

Relations 4.2-11 leads to the Rayleigh equation to order e: and to an 

amplitude equation (preventing the dominance of secular terms) to order 

e:~, in which the nonlinear terms of order e:2 representing the induced 

Reynolds stresses are not included. (Note that the analysis used in 

Section 4.1 is equivalent to assuming: 

1 » ~ = e:2 > 0 4.2-12 

Anticipating secular terms appearing in the order e:~, the 

theory introduces a slow divergent scale 

x = ~x. .!. + .!. + ~ a • 
'ax ax - ' ax 

a2 
+ a2 

+ ~ [ L + L ] + ~2 ~ 
3X2 3X2 - - -axax ax ax ax2 

4.2-13 

and the following expansion for the stream function: 

4.2-14 
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where the mean stream function, 'o(x,y), is assumed to be known and to 

contain the terms of order 6, 62, which are missing in the expansion. 

Substituting eq. (4.2-14) into the vorticity equation and equating terms 

having the same order of magnitude, one obtains: 

0(1): 0 = 0 4.2-15a 

o( 6): ( 
no 1. _ avo a J a2~o -
ay ay ayz - 0 

ax ax 
4.2-158b 

4.2-15c 

0(02): 0 = 0 4.2-15d 

{ [
a aio _a ) [a

2
'1'1 + a

2
'f1) = - at + 

ay ax axax axax 

4.2-15e 
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where the stream function of the perturbation is assumed to be of the 

form: 

6x 

'I = 'I + if = A(') '1(',y)eX~ 1 [t I u( t)dHt]} + if 
5XO 

Then, by using Leibnitz rule, the term of order & is given by: 

[Uo(X,y) - l'/Cl(X)][t~(x,y) - Cl2(X)tl(X,y)] 

- UH(X,y)ll(X,y) = 0 

4.2-16 

4.2-17 

avo 
where 00 ;s the mean axial velocity (00 = ay)' and differentiation with 

respect to y is denoted by a prime. Note that x is a frozen variable 

in eq. (4.2-17), i.e., only the y dependence of 00, 11 and their 

derivatives are needed. 

At order e6, one gets: 

"L { (' ,-U ) (2' dA 2' A atl 'A dCl)E '1'2 = - -1 a + 1 cl o· 1 Cltl-:- + 1 cl --:- + 1 11 -:- 1 
dx ax dx 

- dA II at~ atl dCl + Uo[- (tl - Cl2t1) + A(- - Cl2 - - 201Cl -)] El 
dx ax ax dx 

+ VO{t~1 - Cl2tDAEl + .!. {Uo)tiAEl 
ax 

4.2-18 
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... 
where L is the Hnear operator defined by eq. (4.2-15c). Since '1 is one 

of the homogeneous solutions of eq. (4.2-18) and El can be factored out 

from the right-hand side of the equation, all the terms included in the 

right-hand side of eq. (4.2-18) have secul ar behavior. Therefore, the 

solvability condition has to be applied to the entire right-hand side of 

the equation in order to get the ampl itude equation obtained by Gaster 

et al. (1985): 

where 

M(x) dA(x) + N(x)A(x) = 0 
dx 

00 

M(x) = I {2.~OI + Uo (0'1 - 3o>.u - O~ Ol} i dy 
_00 

a - -II a~l - ( III } "" + ~t -:: (Ub) - Uo --:- + Vo ~1 - a2tl) ~l dy 
ax ax 

4.2-19 

in which Vo is the transverse component of the mean velocity (Va = 

a'i'o "'" -:- and "1 is the adjoint eigenfunction satisfying: 
ax 

~1 
i 1 = --

00- al a 
4.2-20 
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Equation 4.2-15b poses some restrictions on the manner in which the 

divergence of the mean velocity field is expressed. For example, the 

similarity profile used by Gaster, Kit and Wygnanski (1985) which is 

assumed to be prescribed does not satisfy the vorticity equation to 

order 6. Nevertheless, the goal of the theory is to correct a spatial 

growth rate of the periodic disturbance to order & over downstream 

distance of 1/6. In this respect, the exact expression for the 

prescribed mean flow is of minor importance, yet, it is noteworthy. 

The decoupl ing between the mean field and the induced 

perturbations, (equation 4.2-11), used by the linear theory applied to a 

slowly diverging mean f1 ow, can be justi fied for a natural mixing 

layer. However, once a discrete periodic perturbation is superposed to 

the mean flow, the incl usion of terms of order (e2) are significant 

when considerations beyond the 1 inear stabil ity theory are undertaken. 

In fact, ignoring these terms resul ts in uncertainty rel ated to the 

mean velocity profile used in conjunction with this theory, i.e., should 

one use the unperturbed rate of spread of the mean motion or the 

perturbed one? 

One has to realize that the good agreement between the 

theoretical and experimental results, concerning the normalized 

distribution of eigenfunctions (see Gaster et al., 1985), is a direct 

outcome of sol ving the 10cal Rayl eigh equation [O( &)] at different 

downstream stations (quasi parall el mean flow concept), and in this 

respect, it is notrelated to the amplitude equation (eq. 4.2-19). 
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In Section 4.2.1, relation 4.2-12 described the coupling between 

the mean flow [0(6)] and the disturbance [O{e)]. In fact, if it were 

sol ved to order e3, one woul d obtain an ampl itude equation simil ar to 

eq. (4.2-19). However, the· x dependence of the mean flow in eq. 

(4.2-19) would have to be replaced by the additional mean flow 

resulting from [(~l·~·~]' in addition, terms resulting from the 

generation of a harmonic wave [(ij}·~tJ would have to be included as 

well. 

The ideas presented in this chapter are explored experimentally 

in the axisymmetric mixing 1 ayer for Rl/21 e < 0.8. The evol ution of 

the axisymmetric and hel ical modes are considered for a mean flow 

which is quasi parall el at 0 ~ xlD ~ 0.5 but diverges further 

downstream (see al so Section 3.2.1.2). Since the mean velocity profil es 

are not self-simil ar, as they were in some previous investigations 

(e.g., Gaster, Kit and Wygnanski, 1985), the amount of data which can be 

used for computational purposes (i .e., for forming derivatives with 

respect to the streamwise coordinate x) is, therefore, limited. The 

data collected at only 9 "x" stations located approximately 1/8 of a 

wavelength apart could be used for applying the linear stability model 

to a divergent flow in comparison with similar calculations (Gaster, Kit 

and Wygnanski, 1985) where 51 cross sections were used. In order to 

ascertain that this data may suffice for the computations, the resul ts 

of Plaschko (1979) were first reconstituted using the input describing 

the mean flow from 9 cross sections only. The results plotted in 
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Figure 4.12 show the comparison between the amplification rates 

ar FfO 
cal cul ated by Pl aschko for mode 0 at StO = --oJ = 0.50 (marked by a 

solid curve) and for mode 1 at StO = 0.30 (dashed line), and the results 

calculated presently using 9 streamwise locations only. The agreement 

is sufficienttly good to inspire confidence whenever these calculations 

are applied to the current experiment. For this purpose, the results 

described in Figure 3.14 are replotted using a different scale in Figure 

4.13 and are compared with linear stability calculations applied to the 

slowly divergent mean flow. The cal cul ated amplification of 

disturbances with downstream distance exceeds the experimental results 

by a factor of 2 to 3 (see al so Gaster, Kit, Wygnanski and Strange, 

1981). Surprisingly, however, the predicted amplification of the 

helical mode exceeds the calculated amplification of the axisymmetric 

mode (Figure 4.13) in contradiction with the dimensional arguments 

presented in Chapter 3 for R1/2~ »1. The reason for the discrepancy 

was attributed to the di fferent mean velocities encountered in the 

experiments (see Figure 3.9). This idea was verified by recomputing the 

amplification rates for mode 1 using the mean velocities applied to 

mode 0, the results of the calculation for both modes can hardly be 

distinguished (Figure 4.13). Why is, then, the mean velocity so 

different in the same experiment? The differences stem from different 

excitation amplitudes, the initial amplitude of the axisymmetric mode 

being higher resulted in a more rapid lateral spread of the shear layer 

(due to a nonlinear interaction) which, in turn, inhibited the 
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Figure 4.13 Spatial amplification of the excited wave with F
f

= 204 Hz 

and Uj = 0.1 m/sec. Experimental results: 8, for m=O; G, 

for m=l. linear stability calculations applied to the 
slowly divergent mean flow: -, m=0; - - -, for m=l; 
---~ for m=l using the mean flow applied to m=O. 
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amplification of the excited mode. Shifting the virtual origin of the 

mean flow associated with the helical mode upstream until the data 

shown in Figure 3.9 collapsed onto a single curve (Figure 4.14) 

eliminated the differences in the rate of ampl i fication of the two 

modes. This points out the shortcomings of the linear stability theory 

which decoup1 es the initial amp1 itude of the excitation from rate of 

spread of the shear layer while both effects are not separable. 

Because the flow remains paral1 e1 for the hel ica1 mode for a sl ightly 

longer distance (Figure 3.9) than it does for mode 0, it enables mode 1 

to amp1 i fy by a 1 arger factor (provided a; ~ 0 whil e the flow was 

parallel). Therefore, the calculation of total amplification with 

downstream distance based on the assumption of se1 f-simil ar1ty of the 

mean f1 ows with a known rate of spread (~) is not meaningful unl ess 

the corresponding absolute value of the initial amplitude is known. 
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CHAPTER 5 

NONLINEAR INTERACTION BETWEEN TWO WAVES 

The role of the Reynolds stresses in modifying the mean flow 

was discussed in Chapter 4. When the amplitude of a disturbance being 

represented by s, the time-independent nonlinear terms of order &2 in 

the equations of motion were then considered. In this chapter, the 

time-dependent nonlinear terms are considered in order to analyze the 

generation of new waves, the· interaction among them and their spatial 

development. 

In Section 5.1 the resonance conditions for the axisymmetric jet 

flow, for which the generation of new disturbances (e.g., a subharmonic 

wave) is possible, are derived (Section 5.1-1) and demonstrated 

experimentally (5.1-2). The derivation is based upon the work of Kelly 

(1967), who investigated the generation of a subharmonic wave in a two

dimensional mean flow which is subjected to periodic disturbances 

having a temporal growth. In Section 5.2, two coupl ed amplitude 

equations, describing the spatial evol ution of a fundamental wave and 

its subharmonic in a parallel tWO-dimensional mean flow, are derived. 

112 
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5.1 Resonance Conditions in an Axisymmetric Jet Flow 

5.1.1 Mathematical Considerations 

Let !!. be the veloeity vector of an axisymmetric jet having 

components U. V, W relative to cylindrical coordinates ~(x,r.~). The 

equations of motion are given by: 

av + V av + W av W2 + U av _ 1 ap 
~ ar r~- r rx--par (a) 

(b) 

(c) 

(d) 

5.1-1 

where P represents the pressure field and p is the fluid density. If 

the mean flow which ;s parallel to the axis of symmetry, r=O, and 

which has velocity components ({jOt 0, 0) is subjected to two small 

disturbances, the flow field vector, 9., can be expressed by the 

following expansion: 

9.(x,r,+,t) = .9.o(r) + &l®l(x,r,~,t) + &$2(x,r,+,t) 

+ &~(x,r,~,t) + O( &3) 

or by the equivalent four scalar equations given by: 

(5.1-2) 
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[ 

u(x.r.~,t)] [TT ( ) 1 [ ull(x,r.~,t) ] V(x,r,~,t) uo r ( 
W(x r .I. t) 0 Vll x,r,~,t) , ,'I', - + e ( ) 

(l)p(x r .I. t) - 0 11 Wll x,r,~,t 
p • 1'1', 0 Pll(x,r.~,t) 

(5.1-3) 

where ell and e12 represent the ampl itudes of the small disturbances 

which are superimposed on the mean parallel flow (U'o(r)). It is 

assumed that: 

o < O(en) ~ O(e12) = O(e) « 1 (5.1-4) 

For a normal type of perturbation, the vector .$1 and simil arly the 

vectors .$2 and ~ can be written as: 

~1(x.r,~,t) = 9.tl(r) exp[i(allx-allt+mll~)] 

+ 9.+11(r) exp[-i(atlx-Bllt+mll~] 

+ 9.I1(r) exp[i(allX-I311t-mll~)] 

+ 9.-11(r) exp[-i(atlx-allt-mll~)] (5.1-5) 

where all is the frequency of the wave, mu is the azimuthal mode 

number and a is a complex constant in which the real part (ar) gives 

the wave number and the imaginary part (ai) determines the growth rate 

of the wave. The radial amplitude distribution vector .9J,l(r) is given by 

!hI = [Ull(r), Vu(r). Wll(r). Pu{r)]; similar expressions describe the 

vectors !h2{r) and ~(r). The symbol (*) represents the complex 
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conjugate term; the symbols (+) and (-) represent a running wave in the 

direction of positive and negative •• respectively. 

If E is the exponential part of the disturbance. it can be 

defined by: 

E(±) = exp[i(ax-at ± m)] 

and consequently, the vectors ,9)11 9)2 and ~ may be expressed by 

9..u(x.r,.,t) = 9..tl(r) Etl + !lil(r) Eil + (*) 

9..l2(x,r,.,t) = 9..'t2(r) Et2 + !li2(r) Ei2 + (*) 

~(x,r •• ,t) = ~(r) Et + !nCr) Ez + (*) 

(a) 

(b) 

(c) 

(5.1-6) 

(5.1-7) 

When eq. (5.1-3) is substituted into eq. (5.1-1), and the linear 

superposition property is used to order £, the foll owing equation is 

obtained: 

= 0 (5.1-8) 
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where L~ is a linear partial differential operator applied to gjlt and 

the ordinary derivative with respect to r is denoted by fr( ) = ( )'. 

The equations for .9Jlt qt2' gj2 and their compl ex conjugate vectors can 

be obtained in a simil ar manner. Substitution of eq. (5.1-5) into eq. 

(5.1-8) yields: 

= 0 (5.1-9) 

ut _i V+' _ _i_ vt + ..l!!- wt 
1 'un 11 ullr 1 un r 1 

where l~ (gjl) is the 1 inear ordinary differential operator applied to 

(gjl). and Cll is defined by Cll = an/uu. 

The equation for !l+~l is derived by taking the compl ex 

conjugate of eq. (5.1-9). whereas the substitution of mil = -mtl in eq. 

(5.1-9) gives the equation for !lil. 

The equation to order &2 is given by: 



Tl exp{i[( all+al2lx-( ~1l+~l2lt ± (mll+ml2l~]) 

T2 exp{i[(all-a't2>x-(~1l-~l2lt ± (mll-ml2l~]) 

Ta exp{i[(all+al2lx-(~1l+~l2lt ± (mll-ml2l~]) 

T4 exp{i[(all-a't2>x-(~1l-~l2lt ± (mll+ml2l.]) 
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+(*) 

(5.1-10) 

where Tb T2J Ta and T4 are functions of the radial coordinate and the 

eigenfunctions alj, ~lj, mlji j=l,2. 

When one of the exponential s given on the right hand side of 

eq. (5.1-10) has the same time and spatial dependence as the 

homogeneous sol utions of LoHul) = 0 or Lo(!b2> = 0, the particul ar 

sol ution associated with this exponential grows 1 inearly with 

downstream distance and with time. This particul ar sol ution is 

referred to as a 'secular term' since it invalidates expansion (5.1-2) 

for downstream distances and times proportional to &-1. These secul ar 

terms contain the physics behind the nonlinear interaction between the 

two waves, as will be seen in Section 5.2. 

If !l;in represents a secul ar growing wave produced by the 

interaction between t.he waves .9.l1 and .9.l2, the eigenval ues associated 

with qll must satisfy one of the following resonance conditions: 

Ofn = all+a12 ; ~n = ~1l+~12 ; min = ±(mll±ml2l (a) 

(5.1-11) 

Ofn = all- a't2 ; ~n = ~ll- ~12 ; min = ±(mll±ml2l (b) 

and their complex conjugate relations. 
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5.1.2 Experimental Demonstration of the Resonance Conditions 

The resonance conditions are demonstrated experimentally by 

subjecting the axisymmetric jet flow to one or two discrete periodic 

disturbances whose frequency and azimuthal mode number can be 

controlled. Whenever these disturbances are excited artificially, the 

resonance conditions given in eq. (5.1-11) are reduced to: 

(5.1-12) 

When one of the two disturbances is the subharmonic of the other one: 

(5.1-13) 

where the subscript If' represents the fundamental wave and's' 

represents its subharmonic. By using eq. (5.1-12b), the generation of a 

new subharmonic wave is possible if: 

(a) 

(b) 

(5.1-14) 

(c) 

ai,in = ai,f + ai,s (d) 
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The conditions represented in eq. (5.1-14a-c) are associated with the 

periodic part of the wave whereas the condition (S.1-14d) is associated 

with its amplitude. Whenever the rate of growth is slight, the 

amplitude of the wave can be redefined to include this slow growth 

rate, emphasi zing the importance of the periodic conditions rel ative to 

the growth rate condition, as will be shown in Section S.2. 

When the excited waves are axisymmetric, the produced wave is 

al so axisymmetric (eq. 5.1-14c). Equations (S.1-14a and S.1-14b) can 

then be combined yielding: 

(5.1-1S) 

where cp is the phase veloeity of the wave defined by cp = Mar. The 

condition inherent in eq. (5.1-15) suggests that, in order for the 

fundamental wave to interact with its subharmonic, both waves must 

propagate in the same speed in order to allow sufficient time for the 

exchange of energy between them. 

The significance of eq. (5.1-15) is demonstrated in the 

following two experiments. The phase velocity and the spatial growth 

rate, calculated from the linear stability theory based on the 

unperturbed mean velocity profile at a distance xlD = 0.75, is given in 

Figure 5.1a and 5.1b respectively. The solid line represents the 

sol ution associated with the axisymmetric mode (m=O); the broken 1 ine 

corresponds to the heHca1 mode (m=1). At a radial position, at which 

the mean velocity was 5/8 of its center1 ine val ue, spectral 

measurements were taken. The spectral distribution of the axial 
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velocity component is shown in Figure 5.2a for the natural flow, and in 

Figure 5.2b for the case when the jet was subjected to an 'axisymmetric 

periodic disturbance at a frequency of 288 Hz. The emergence of the 

band of frequencies (Figure 5.2b) centered around the subharmonic 

frequency (144 Hz) in addition to the sharp peak of the forcing 

frequency (288 Hz) is in accordance with the resonance conditions, 

because the phase speeds of both waves are'close to each other (Figure 

5.1a). Conversely, exciting the jet strongly at a forcing frequency of 

144 Hz such that its spectral 1 evel is about 100 times above the 

background (Figure 5.2c) did not resul t in any significant response of 

the relevant subharmonic wave (72 Hz). The absence of a response is 

due to the difference in phase speeds between both waves (Figure 5.1a) 

as required by the condition in eq. (5.1-15). 

The additional necessity of matching the azimuthal mode numbers 

of the waves (eq. 5.1-14c) increases the possibil ity of non1 inear 

interactions. Table 5.1 summarizes the experimental results obtained 

when the jet was subjected to two periodic disturbances: a fundamental 

wave having a forcing frequency of Ff = 288 Hz and an azimuthal mode 

number, mf=-l; and a subharmonic wave with Fs = 144 Hz and ms=O. 

The first line in Table 5.1 shows the azimuthal amplitude 

distribution when the jet was subjected to a single disturbance. In 

both cases, where the jet was excited with a fundamental wave (288 Hz) 

or with a subharmonic wave (144 Hz), the 1 argest component of the 

resulting azimuthal structure of the disturbance was due to the forcing 

mode number, i.e., m=-l for Ff = 288 and m=O for Ff = 144 Hz. When the 
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Figure 5.2 Subharmonic resonance. x/D = 0.75 and r = RO•625• (a) natu
ral jet. (b) excitation at Ff = 288 Hz and m=O. (c) excita
tation at Ff = 144 Hz and m=O. 



Table 5.1 Subharmonic Resonance with mf = -1 and ms = a 

Amplitude Distribution (arbitrary scale) J 
F = 144 Hz • m = a s ' s F f = 288 Hz ; mf = -1 i 

m =·0 m = +1 m = -1 m = 0 m = +1 m = -1 I 
I 

I 

Individual 23.0 1.9 1.4 1.17 10.0 48.0 I 

Combined 24.2 8.8 22.3 4.1 10.7 47.5 I 

Gain 1.2 8.0 21.0 3.0 0.7 -0.5 I 

.... 
N 
W 
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jet was subjected to both disturbances simultaneously, the azimuthal 

amplitude distribution of the subharmonic wave changed significantly, as 

shown in the second line of Table 5.1. 

A net gain of the subharmonic ampl itude at m=-1 can be 

predicted theoretically from the resonance conditions (eq. 5.1-14). 

This is demonstrated in the third line of Table 5.1, where the 

amplitude distribution corresponding to the individual forcing is 

subtracted from that of the combined forcing resul ting in a net gain of 

the subharmonic disturbance at m=-l. 

The fact that each wave can be subdivided into azimuthal modes, 

as shown in Table 5.1, makes possible the differentiation between the 

different sources responsible for the growth of the amplitude of a 

disturbance. The case illustrated in Figure 5.2 was explained by the 

possibility of nonlinear interaction between two waves when their phase 

velocities are matched. This case might have been partially explained 

by the 1 inear stabil ity theory: the subharmonic wave associated with 

Figure 5.2b has approximately the maximum growth rate (Figure 5.1b), 

which is twice as much as the growth rate of the subharmonic wave 

associated with Figure 5.2c. Such an expl anation is no longer possibl e 

when the additional subdivision of each frequency component into 

azimuthal modes is introduced (Table 5.1). The linear stability theory 

cannot differentiate between m=l and m=-l because the linear stabil ity 

equation and the corresponding boundary conditions depend on the square 

of the azimuthal mode number m. Therefore, the fact that only the 

subharmonic wave at m=-l had gained most of the energy (Table 5.1) can 
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be explained only by the nonlinear interaction between the two 

di sturbances. 

In Tabl e 5.2. another exampl e of subharmonic resonance is 

demonstrated. The importance of this case stems from the use of the 

resonance conditions given in eq. 5.1-14 to generate a new subharmonic 

wave running in a counter-clockwise direction (bottom line) whereas 

none of the waves introduced arti ficially into the flow have any 

significant component in this direction (Table 5.2, top line). 

The generation of a subharmonic disturbance. which has been 

observed experimentally and referred to as a "pairing process" (Winant 

and Browand. 1974) is one of the more interesting nonlinear interactions 

occurri ng in free shear flows. Other kinds of nonl inear interactions 

are possibl e. as is demonstrated in ·Figure 5.3. The spectral 

distribution of the axial velocity component •. when the jet was 

subjected to an axisymmetric periodic disturbance with a forcing 

frequency of 288 Hz. is shown in Figure 5.3a. The level of excitation 

is so low that the spectral peak" corresponding to the forcing frequency 

does not exceed the maximum natural peak. and the spectral distribution 

is almost identical to the one obtained for the natural jet and given in 

Figure 5.2a. The spectral distribution corresponding to a strong 

excitation of an axisymmetric wave with a forcing frequency of 192 Hz 

is shown in Figure 5.3b. The subharmonic frequency. 96 Hz, gained such 

a small amount of energy because of the dispersion in phase velocities 

of both waves. However, when both excitations corresponding to Figures 

5.3a and 5.3b were combined. the resulting spectral distribution, as 



Table 5.2 Subharmonic Resonance with mf = 0 and ms = -1 

Amplitude Distribution (arbitrary scale) 

Fs = 144 Hz ; ms = -1 Ff = 288 Hz ; mf = 0 

m = 0 m = +1 m = -1 m = 0 m = +1 m = -1 

Individual 1.6 2.25 43.9 40.8 8.9 8.4 

Combined 4.6 33.7 39.8 38.5 3.5 6.0 

Gain 3.0 31.5 -4.0 -2.0 -5.4 -2.4 

..... 
N 
Cl 
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Figure S.3 Resonant interaction between two axisymmetric wave trains. 
x/D = 0.75 and r = RO•62S. (a) l~eak excitation at 28,8 Hz. 
(b) Strong excitation at 192 Hz. (c) Combined excitation. 



128 

shown in Figure 5.3c, indicates a significant gain of energy associated 

with the frequency of 96 Hz. This energy gain fulfill s the resonance 

conditions defined in eq. 5.1-12b; the eigenval ues associated with the 

produced wave are given by the difference between the corresponding 

eigenval ues associated with the two artificially excited waves. 

5.2 The Spatial Interaction Between a Fundamental Wave and Its 
subharhomlc in a lwo-Dlmensl0nal Parallel Mean Flow 

The equation of motion describing the two-dimensional, inviscid 

and incompressible flow in Cartesian coordinates is expressed by: 

{ 1.. + ~ 1.. _ alii 1..} v2 iii = 0 at ay ax ax ay . 

(5.2-1) 

where x is the streamwise coordinate, y is the transverse coordinate, 

and the stream function, iii, satisfies the following rel ations: 

alii alii 
U = ay ; V = - ax (5.2-2) 

where U and V represent the streamwise and the transverse components 

of the velocity vector respectively. Assuming that the mean flow is 

perturbed by a small disturbance of order E: « 1, the stream function 

might be expanded by the following power series: 

t(xtY,t) = ~o(y) + & 1/Il(X,y.t) + &2 1/I2(x,y,t) + ••• (5.2-3) 
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where the small parameter £ represents the maximum amplitude of a 

perturbation at an arbitrary x location. The first order perturbation 

is assumed to be a linear superposition of two disturbances in which 

one is the subharmonic of the other; both disturbances having a small 

magnitude such that: 

o < £f; £s ~ O{ £) (5.2-4) 

where the subscript IIf" represents a fundamental wave and the subscript 

"S" its subharmonic. For a wavy type of disturbance, a secul ar growth 

is anticipated in order £2, and therefore a slow scale is introduced: 

-x = £x 

(5.2-5) 

Consequently, the expression for the stream function is given by: 

1jI{x,y,t,x) = ~o{y) + £fAf(X)~f(y)ei(of~-aft) + £sAs(x)ts(y)ei(asx-ast) 

+ £2 1/12,(x,y,t,x) + O( £3) + (*) {5.2-6} 

where the asterisk (*) represents a complex conjugate term; a is a real 

frequency and 0 is a compl ex constant in which the real part (or) gives 

the wave number and the imaginary part (at) determines the growth rate 

of the wave. 
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When eq. (5.2-6) is substituted into eq. (5.2-1) and the linear 

superposition property is used to order &, the following equation for ~j 

is obtained: 

A { [ 3 - 3) [ 32 32 J -II 3 } . L ~j:: at + Uo ax 3X2 + ayz - UOax ~j = 0; J = s, f (5.2-7) 

Consequently, the equation for ~j is: 

Lj ~j = ! Gz - [U3 + _ O~ ] I tj = 0; j=s,f (5.2-8) 
UO-Cj 

- dio where the mean velocity Uo = Oy' Cj is defi ned by Cj = I3jl Uj and the 

derivative with respect to y is denoted by J.y :: ( )'. 
If Ej is the exponential part of the wave j, it can be defined 

by: 

(5.2-9) 

and consequently the stream function ~j may be expressed by: 

- .. "'* ,. - "'* - * * ~j(x,y,t.x) = ~j + ~j = Aj(x) tj(Y) Ej + Aj(x) ~j(Y) Ej (5.2-9) 

The equation to order &2 is given by: 

'" L ~2 = -R.H.S. (5.2-10) 

.. 
where the partial differential operator, L, is defined by eq. 5.2-7, and 

the right hand side of eq. 5.2-10 is given by: 
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A A 

A dAs A . dAf A A .0.* * A .0.2 2 
R.H.S. = Ms ES .-.- + Mf Ef --:- + NS Af AS Ef ES + Nf ftS E s 

dx dx 

where: 

(a) 

.. . [. * a ) ( *" *2 *) NS = ., tr as + af tt ay ts • as ts 

+ i [
6!!.1 + * .. * a J ( ... 11 ~ i6.Jl!) ~ af as"'s ay '*'f· -I IT (b) (5.2-12) 

(c) 

. 
and Tb T2t T2 and T4 are functions of the coordinates y,x,x and the 

eigenfunctions CXj and 13j. 

Since the homogeneous part of eq. (5.2-10) is the same as eq. 

(5.2-7), the homogeneous sol uti on to eq. (5.2-10) wil 1 add only a 

negligible correction of order e to the solution given by eq. (5.2-9). 

In addition, because eq. (5.2·10) is linear, only the particular 

solution which is associated with the possible secular terms (see 

Section 5.1) will be considered. Assuming that both disturbances, the 

fundamental wave and its subharmonic, propagate with the same speed, 

; .e., 
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af = 2as ; cxr,f = 2cxr,s (5.2-13) 

the right hand side of eq. (5.2-10) which corresponds to the possibl e 

secular terms is given by 

{R.H.S·)secul ar = (R.H.S·)f + {R.H.S·)s 

,. 

= [i~f d~ + e-(2CXi,s- CXi,f)X ~ Nt] Ef 
dx 

,.. 

+ [Ms d~ + e-cxi,f Ns A; At] Es 
dx 

(5.2-14) 

In the following analysis, the growth rate of the wave is assumed to be 

small and therefore both terms in eq. (5.2-14) are secul are Applying 

the solvability condition yields 

,. 

Mf dAr + e-(2a; ,s-cxi ,f)X ~ Nf = 0 
dx 

,. 

Ms dAs + e- cxi ,fx A; At Ns = 0 
dx 

(a) 

(b) 

and the adjoint eigenfunction, ij, is given by (see Kelly, 1967): 

(5.2-15) 

(5.2-16) 
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(5.2-17) 

Using the Rayleigh equation (eq. 5.2-8) and eq. (5.2-17), the expressions 

for Mj and Nj are given by 

(5.2-18a) 

(5.2-18b) 
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(5.2-18c) 

Incorporating the growth rate of the wave into the ampl itude, it then 

can be redefined as 

,. ai'x Aj=e:jAje-,J ;j=s,f (5.2-19a) 

and consequently 

,. .. 
dAj 1 dAj 1 a"X [ dAj] = --: - = 1: e ',J ai .; A; + "T.':" - e:J - e: . N'" uX dx dx J 

(5.2-19b) 

Substitution of eqs. (5.2-19) into eq. (5.2-15) yields: 

dAf ( Nf) 2 dx = -a;,f Af + Mf AS 

dAs ( Ns) * dx = -a;'S As + 'AS AsAf 

(a) 

(5.2-20) 

(b) 

Equation (5.2-20) describes the coupling between the fundamental 

disturbance and its subharmonic. When the ampl itudes of the 

disturbances are small, the linear stabil ity theory is sufficient to 

describe the downstream evolution of each wave. 

The sol ution to eq. (5.2-20) is obtained for the special case 

when the fundamental wave is the one associated with the neutral point. 

An excited fundamental disturbance attains its maximum amplitude at the 

neutral point. In addition, a parall el mean field is generated (see 
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Section 4.2) in accordance with the initial assumption of parallel mean 

flow. Note that for this case, when the growth rate of the 

fundamental disturbance vanishes, eq. (5.2-20b) reduces to the one 

I obtained by Kelly (1967). 

The normalized mean velocity profile used in the analysis is 

given by: 

Uo = 0.5 {t: + tanh(Y)} (5.2-21) 

where R = U1/U2 is the ratio between the two constant velocities on 

both sides of the mixing layer, and the associated momentum thickness, 

a, is 1/2. The neutral sol ution to the Rayl eigh equations associated 

with profil e (5.2-21) is: 

[l+R) ar,f = 1, CIf,f = 0; Sf = 0.5 r-R' ; tr = sech(y) (5.2-22) 

For the particul ar sol ution where the fundamental disturbance 

corresponds to the neutral point, certain singul arities appear in the 

expressions for Mf, Ns and Nf (eq. 5.2-18). The difficul ties associated 

with these singularities are overcome by integrating the integral s in 

eq. (5.2-18) along the real V axis, except for a small portion in the 

vicinity of the critical layer (V r = Vi = 0), where the contour of 

integration passes below the critical layer. 

This integration path ensures that the neutral point .is 

approached via the limit-describing amplified mode, which is equivalent 
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to taking the viscosity into account (see Lin, 1956 and Kelly, 1967). 

Using this integration path, the expressions for Mj and Nj are: 

(5.2-23a) 

Mf = -4 - 211; [t:) (5.2-23b) 

(5.2-23c) 



where 0 < 6 « 1. 
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~i 1f~(O) } 

Uo(O)-cs 

(5.2-23d) 

The downstream evol ution of the amplitudes of a fundamental 

disturbance and its subharmonic measured by Drubka (1981) in a natural 

axisymmetric jet is shown in Figure 5.4a. The two sets of data, 

corresponding to the two Reynolds numbers of 34 x 103 and 42 x 103, 

were measured in a radial position where the axial mean velocity 

reduces to 0.6 of its centerl ine val ue. The downstream coordinate is 

rescaled by the wavelength associated with the fundamental disturbance 

and the origin of the x coordinate corresponds approximately to the 

neutral point of the fundamental disturbance. The measurements are 

compared qual itatively to the numerical sol ution~ . of eq. (5.2-20) 

(Figure 5.4b). These solutions were obtained for a ;~ean profile having 

a velocity ratio of R = 0.6 and the initial ampl itude 1 evel s of the 

fundamental wave and its subharmonic were 0.2 and 0.08 respectively. 

This particular choice of parameters seems reas~1nable when it is 

compared to the experimental results obtained by lileisbrot (1985) for 

the two-dimensional mixing 1 ayer (see Figure 4.10).1;' 
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Downstream evolution of the amplitudes of a fundamental 
disturbance and its subharmonic. (a) data of Drubka 
(1981) obtained in a natural axisymmetric jet; r = RO.6 
(b) solution of eq. (5.2-,20), Ul /U2 = 0.6. Xo corresponds 
approximately to the neutral point of the fundamental 
wave. 
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The overall trends of the measured ~patial evol ution of the 

fundamental disturbance and its subharmonic (Figure 5.4a) show a 

qualitative similarity to the theoretical solution shown in Figure 5.4b. 

In order to obtain a quantitative comparison with the experimental 

results, the impact of the divergence of the mean field and viscosity 

must be incl uded. The results shown in Figure S.4a correspond to a 

range of downstream distances for which the momentum thickness has 

increased by 100% and consequently the fundamental disturbance is 

heavily damped according to linear stability theory. 

The initial phase shift between the fundamental disturbance and 

its subharmonic shifts the interaction 

downstream (Figures 5.5a through 5.5d). 

between the two waves 

A reduction in the initial 

amplitude level of the subharmonic wave relative to the initial 

amplitude level of the fundamental wave delays the interaction between 

the two waves. Thus, a certain amplitude level must be achieved before 

the disturbances can start to exchange energy. The supply of energy by 

the mean flow causes both disturbances, the fundamental and its 

subharmonic to grow on the average as they propagate downstream. A 

disturbance which loses energy to another disturbance over some 

distance may regain some energy further downstream from the 

disturbance which initially gained that energy and vice verse. 

Nevertheless, after a certain downstream distance, the amplitude of the 

subharmonic disturbance is always higher than that of the fundamental 

di sturbance. 
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Figure 5.5 Theoretical calculations of the downstream evolution of 
the amplitudes of a fundamental wave and its subharmonic 
as a function of the initial amplitudes. Afo ' Aso' and 
the initial phase difference between the waves. ~o' 



CHAPTER 6 

DISCUSSION AND CONCLUSIONS 

In the previous chapters, some aspects of 1 inking the 

instability mechanism to the development of free shear flows were 

demonstrated. The investigation was concerned with instabil ity 

phenomena common to different types of free shear flows, but mainly 

with the axisymmetric jet and the two dimensional mixing layer. The 

differences between the axisymmetric jet and the plane mixing layer 

arising from the different geometry of these flows make it possible to 

demonstrate various aspects of the same instability mechanism. 

In the plane mixing layer for which viscous forces are 

negligible in comparison with the inertia forces, the flow is 

susceptible to an instability (Rayleigh, 1892; Batchelor, 1967), which is 

governed only by the dimensionless ratio between the wavelength and 

the width of the shear 1 ayer (Michalke, 1965). The axisymmetric 

geometry has two additional length scales: the radius of the jet column 

and the azimuthal wavelength. It was found that the ratios between 

the jet radius and the width of the shear layer, and between the axial 

and azimuthal wavelengths of the disturbance are two important 

parameters governing the instability of an axisymmetric jet. 

When the ratio between the width of the shear layer and the jet 

radius is small, the axisymmetric mode was found to evolve in exactly 

the same fashion as for a two dimensional mean flow; all other modes, 
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having a small ratio between their axial and azimuthal wavelengths, 

undergo identical evolution. Consequently, in the initial region of the 

jet all azimuthal modes are equally important, as predicted by the 

linear stability theory. 

As the axisymmetric shear layer diverges and the ratio between 

the w.idth of the shear layer and the jet radius increases, only the 

axisymmetric and the helical modes retain significant growth rates (see 

al so Michalke and Hermann, 1982). The hel ica1 mode dominates the 

disturbances having a 1 arge axial wave1 ength whereas the disturbances 

having a small axial wavelength are controlled by the axisymmetric 

mode. At the end of the potential core, which scales with the jet 

radius, the helical mode emerges as the dominant instability (see also 

Batchelor and Gill, 1962). 

The initial evol ution of an axisymmetric shear 1 ayer depends 

upon the initial conditions (see a1 so Drubka, 1981). Due to the 1 arge 

area ratio between the cross section of the plenum and the nozzle, any 

acoustic wave in the plenum chamber will produce a plane wave at the 

exit of the nozzle, and therefore the initial evolution of the 

disturbances in a jet is expected to be axisymmetric. Because of these 

acoustic disturbances and the free stream turbulence, the initial 

spectral distribution is not homogeneous. Nevertheless, by using the 

superposition property of the 1 inear stabil ity theory and the natural 

initial spectral distribution as an input to the theoretical 

amplification curve, the spectral distribution further downstream can 

be predicted, provided the mean flow does not diverge much and the 

amplitudes of the disturbances are small. 



143 

The radial distributions of the eigenfunctions predicted by the 

linear stability theory were found to be valid over a long downstream 

distance (i .e., one wavel ength), when the jet was subjected to a 

periodic disturbance, whereas the predicted total amplification of the 

disturbances was incorrect. The agreement between the measured and 

predicted distributions of eigenfunctions, corresponding to various 

downstream locations, demonstrates the importance of the ratio between 

the width of the shear layer and the wavelength of the excited 

disturbance (see also Gaster et al., 1985). 

Linear stability theory predicts that a continuous band of 

waves, corresponding to a' band of frequencies, are exponentially 

amplified with downstream direction. Therefore, after a certain 

downstream distance (which depends on the initial conditions), the 

amplitude of the unstable wave will be so large that the nonlinear 

terms can no longer be neglected. The inclusion of these terms in the 

stability analysis reveals two main interactions: mean flow-wave 

interaction and a wave-wave interaction. 

When the Reynolds number is high and the gradients of the mean 

pressure are negligible, the time-averaged equation of motion shows 

that the nonlinear advective term of the mean velocity is balanced by 

the derivative of the Reynol ds stress of the turbul ent and coherent 

motions (Hussain and Reynolds, 1972). When the shear layer is subjected 

to a periodic disturbance, most of the Reynolds stresses are coherent 

whenever the wave is amplified, or it is neutrally stable (Weisbrot, 

1985). This fact makes the closure of the the time-averaged equation 

of motion possible. 
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The azimuthal structure of an axisymmetric jet, subjected to 

periodic disturbances, was predicted and verified experimentally. When 

the jet is excited by a single mode, the corresponding Reynolds 

stresses are independent of the circumferential coordinate and 

therefore the azimuthal shape of the mean flow is axisymmetric. When 

the jet is subjected to two azimuthal modes having the same frequency, 

the resulting additional mean flow has an azimuthal cosine 

configuration which is dependent on the difference between the two 

azimuthal mode numbers. The corresponding mean ci rcumferentia1 

structures of the jet will, depending on the amplitude of the excited 

waves, resembles either a canonical configuration (an excentric circle; 

an ellipse; a triangle; a square; etc.) or a combination of a number of 

lobes. Some of the predicted structures were verified experimentally 

(see also Strange, 1981). 

The spatial developments of the mean flow and a periodic 

disturbance in a two-dimensional turbulent mixing layer were assessed 

and verified experimentally. The modification of the mean flow due to 

the generation of coherent Reynolds stresses tends to increase the 

width of the shear layer causing the local Strouha1 number to increase 

as well. Therefore, the stability of the flow is changed, modifying 

the characteristics of the disturbance (i.e., generating different 

eigenval ues and eigenfunctions) and the resulting Reynolds stresses. 

This feedback loop will evolve continuously with increasing downstream 

distance as the local Strouhal number approaches its neutral value on 

the amplification curve. At a downstream distance corresponding to the 
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neutral Strouhal number. the Reynolds stresses vanish (due to the 

linear stability theory) and consequently a parallel mean flow region 

is generated. The parallel region ends when natural disturbances 

having a lower frequency gain sufficient amplitude such that the 

associated Reynolds stresses contribute to the mean flow. 

The local ratio between the width of the shear layer and the 

wavelength of the disturbance is an important parameter governing the 

interaction between the mean flow and a disturbance. The distributions 

of the Reynolds stress across the shear layer based on the linear 

stab,l ity theory are positive for Strouhal numbers small er than the 

neutral one and negative (when viscous terms are considered) for 

Strouhal numbers greater than the neutral one. The positive and 

negative distributions of the Reynolds stresses correspond. in the 

absence of other 'disturbances. to a transfer of momentum from the mean 

flow to the disturbance and vice versa. As a result, the shear layer 

diverges whenever the disturbance is ampl ified and contracts whenever 

the disturbance decays. However, the "5" shape distribution of the 

Reynolds stresses which was observed experimentally (Weisbrot. 1985) 

can be explained only by introducing a nonlinearity. This type of 

Reynolds stress distribution affects the shape of the mean velocity 

profile rather than the growth of the shear layer. 

The coupling between the mean flow and the disturbance is 

triggered when the amplitude of the disturbance has gained a certain 

threshold level capable of modifying the mean flow. If the amplitude 

of the disturbance remains small. the mean flow remains almost 



146 

parallel and the perturbation grows exponentially. Consequently, the 

spatial developments .of the mean flow and the disturbance, associated 

with various low levels of excitations, differ from one another only by 

a translation in the direction of streaming. 

The fact that the main interaction between the mean flow and a 

disturbance is 1 imited to a downstream distance corresponding to the 

wave becoming neutrally stable suggests that the wavelength associated 

with the neutral Strouhal number might be used to define a 

characteristic 1 ength seal e of the 1 arge coherent structures. 

Consequently, the length scale of the coherent structure increases as 

the mean flow diverges. The use of the neutral Strouhal number to 

define the lower limit on the scale of the large structures implies 

that these structures are not affected by viscosity, they al so contain 

most of the energy and are two-dimensional in nature, since their size 

is comparable with the width of the shear layer. 

The interaction between two disturbances becomes significant 

when the amp1 itudes of the disturbances are 1 arge. Then, the time

dependent nonlinear terms in the equations of motion can no longer be 

neglected. These terms represent the transfer of energy from one wave 

to another. Such a transfer is possible only when certain conditions, 

referred to as 'resonance conditions' are fulfill ed. The resonance 

conditions under which two disturbances can interact in an axisymmetric 

shear 1 ayer were derived and demonstrated experimentally. It was 

found that, for a fundamental wave to interact with its subharmonic, 

both waves must propagate with the same speed which allows sufficient 
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time for the fundamental wave to transfer energy to the subharmonic 

wave. Other nonlinear interactions can 1 ead to the generation of new 

disturbances. By using the resonance conditions, it is possible that 

the interaction between two waves will produce a third wave having a 

different frequency or a different azimuthal mode number. 

The exchange of energy between a fundamental disturbance and 

its sub harmonic as both waves propagate downstream was demonstrated 

numerically. The shear of the mean parallel flow is the source of 

energy suppl ied to the disturbances. The energy is shared by both 

waves; the disturbance having a larger amplitude transfers energy to 

the disturbance having a small er ampl itude. The transfer of energy 

from one wave to another causes a quasi-periodic variation of their 

ampl itudes with downstream distance; the rol e of the "giver" and the 

"receiverll of kinetic energy are interchanged with increasing downstream 

distance. Nevertheless, after a certain distance, the amplitude of the 

subharmonic disturbance is usually higher than that of the fundamental 

one. 
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