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Abbreviations 

C        →   Constraint 

CDF       →   Cumulative distribution function 

CS       →   Complementary Slackness Condition 

FORM      →   First Order Reliability Methods 

FOSM      →   First Order Second Moment 

HLM       →   Hasofer-Lind Method 

IHS       →   Improved distributed Hypercube Sampling 

MBS       →   Multibody System 

MCS       →   Monte Carlo Simulation 

OF       →   Objective Function 

PDF       →   Probability density function 

PMF       →   Probability mass function 

SORM      →   Second Order Reliability Methods 

SRM       →   Structural Risk Minimization 

SVC       →   Support Vector Classification 

SVM       →   Support Vector Machine 

SVR       →   Support Vector Regression 

TA       →   Tolerance Analysis 

TO       →   Tolerance Optimization 
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Nomenclature 

Measure Space   →   Space of all toleranced geometrical measures 

Design Space    →   Space of all design variables 

Tolerance Space   →   Space of all tolerance assignments 

Failure      →   Emergence of a system, whose performance is not acceptable 

Performance measure →   A measure, directly used for recognition of an event, which 
        can yield system failure 

System parameter  →   A measurable real world quantity, which influences the  
        state of a system ("load") 

Event parameter   →   A measurable real world quantity, which is needed for  
        failure-event recognition, but is not a system parameter 
        ("resistance") 

Design variable   →   A measurable real world quantity, which affects failure  
       event occurrence. Both system parameters and event  
       parameters are design variables 
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1 Introduction 

The process of designing a mechanical system is nowadays strongly based on simulation of the 
dynamic system behavior. The system responses to predefined dynamic stimuli (simulation sce-
narios) are used to economically assess the system performance that results from a certain system 
design. Simulation of the dynamic behavior of a mechanical system generally requires a determi-
nistic system description in terms of fixed numerical values. In the real world, however, all 
measures that define a mechanical system (e.g. resistances and dimensions of system compo-
nents) are subject to uncertainty. As a result, both real-world system measures and real-world 
dynamic system responses are randomly distributed rather than deterministically fixed. The prob-
ability that the same system measures, which were used in system simulation, also result from a 
real-world manufacturing process is equal to zero. Hence, so is the probability that the predicted 
system performance is equal to a real system performance. 

In a design process that is based on a deterministic system description, the real system perform-
ance is assumed to be subject to slight variations only. In this case, the predicted system perform-
ance provides a fair approximation of any real system performance that can emerge. In order for 
this assumption to be valid, narrow distributions of all system measures are ensured, which re-
quires a great amount of technological and hence financial resources. For some mechanical sys-
tems, only slight changes of system measures can induce fundamental changes of the system per-
formance (e.g. as a result of impact of system components), such that some chosen system-
measure-distributions may still not be narrow enough. For other mechanical systems, wider sys-
tem-measure-distributions may yield an acceptable system performance also, meaning that the 
technological and financial manufacturing effort is possibly significantly overrated. Most ade-
quate distributions of the system measures yield both an acceptable performance of the mechani-
cal system and highest possible economic efficiency of the manufacturing process. In order to 
find such distributions, probabilistic, rather than deterministic system analysis must be per-
formed. This means that the statistical properties of the system performance must be calculated 
based on a full statistical characterization of all system measures. Probabilistic system analysis is 
not included in common design practice, because the applied methods are often inaccurate (al-
though highly mathematical) or computationally extremely expansive. In this thesis, a methodol-
ogy for optimization of the tolerances 1 of a mechanical system is proposed. This methodology is 
based on accurate probabilistic system analysis (tolerance analysis) and requires a feasible 
amount of computational resources. 

                                                 
 
 
1  Tolerances define the intervals, geometrical measures of a mechanical system are allowed to be located in.  
 Hence, rather than the geometrical measures themselves, it is the tolerances, a designer can set at free will. 

Master Thesis, by Henry Arenbeck Mai 31, 2007



1 Introduction  10 of 137 
 
 

The choice of tolerances can have a significant impact on the properties of the associated me-
chanical system. Too large tolerances can cause too frequent emergence of unfavorable system 
configurations, which do not allow fulfillment of the defined system task. Too narrow tolerances 
result in unnecessarily high production costs. In this thesis, optimal tolerances are defined as 
those that yield minimal production costs subject to an ensured probability of manufacturing of a 
functional (non-failing) mechanical system. The system manufacturing costs are calculated by 
utilizing an explicit mathematical relation. The probability of non-failure or, equivalently, the 
probability of failure can, in theory, be exactly determined if   

- the probabilistic distribution of all geometrical measures within their tolerance intervals and  

- an algorithmic procedure for classifying any set of geometrical measures (a geometrical con-
figuration) as yielding either a functional (non-failing) or a non-functional (failing) mechanical 
system (such a procedure involves simulation of the dynamic system behavior)  

are available. Analytical reliability approaches such as First- and Second-Order Reliability Meth-
ods (FORM and SORM) [Hal00] often yield unsatisfactory accuracy and cannot be applied in the 
case of a complex relation between geometrical measures and functionality of the mechanical 
system (e.g. failure regions are disjoint and subject to discontinuities). High accuracy can be 
achieved for arbitrarily complex mechanical systems if Monte Carlo Simulation (MCS) [Sho68] 
is applied. However, the associated computational demand can be extreme and hence infeasible 
in practice. In order to reduce the computational effort that is associated with MCS to a practi-
cally feasible level, the space of geometrical measures is decomposed explicitly into regions that 
correspond to a functional mechanical system and regions that correspond to a non-functional 
mechanical system [San06]. The border between these regions, which is referred to as "Limit 
State", is defined in terms of an analytical expression which is explicit with respect to the geo-
metrical measures. This expression is automatically generated, using a Machine Learning tech-
nique that is referred to as Support Vector Machines (SVMs) [Cri02]. Once an accurate analytical 
decomposition of the space of geometrical measures is available, any geometrical configuration 
can be classified efficiently (as yielding either non-failure or failure), such that MCS, which re-
quires a large number of such classifications, can be performed in a reasonable amount of time. 

The capability of efficient MCS-based calculation of the tolerance-dependent probability of 
manufacturing of a functional mechanical system allows optimization of the tolerances assign-
ments. Optimization could be performed by executing a grid search in the tolerance space. This 
brute force method would be extremely inefficient and, despite the capability for efficient MCS, 
can be expected to be infeasible in practice, where the dimensionality of the tolerance space is 
high. Efficient tolerance optimization (e.g. by means of sequential quadratic programming (SQP) 
[Baz06] ) requires availability of the gradients of both the objective function and the constraints. 
In order to provide these quantities, the tolerance-dependent probability of manufacturing of a 
functional mechanical system is approximated by an explicit analytical expression (a regression 
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function). This expression is automatically generated, again using techniques from the field of 
support vector machines [Smo04]. 

This thesis is organized as follows: 

In chapter 2 the basic concepts of reliability analysis, Monte Carlo simulation and support vector 
machines are introduced in a general manner. In chapter 3 all methods that were applied are de-
scribed in detail. Related theoretical concepts are explained if they were not introduced in chap-
ter 2. In chapter 4 all obtained results are presented. 

Throughout the thesis, multiple shaded sections are inserted into the text. In these sections, addi-
tional information on fundamental theoretical concepts are provided. These information are 
needed in order to understand the subsequently presented descriptions. The shaded sections can 
be skipped if the described concepts are already known. 

Some formulas in this thesis, which are particularly important (e.g. a formula that represents the 
result of a derivation), are framed. Formulas that are exceptionally important, because they are 
expressing most fundamental concepts, represent the final results of the derivations in a section, 
or are directly related to the methods that were applied in this thesis, are framed and additionally 
highlighted. 
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2 Theoretical Background 

The methods that are applied in this thesis are based on theoretical concepts from the following 
fields: 

- Multibody Dynamics; 

- Reliability Analysis; 

- Monte Carlo Simulation; 

- Design of Experiments; 

- Support Vector Machines; 

- Nonlinear Optimization. 

In this chapter, the fields that are most important in the context of the presented work and which 
are possibly unfamiliar to readers with expertise in mechanical engineering are introduced in a 
general manner. Application-related aspects of the remaining fields are briefly introduced at ap-
propriate sections in chapter 3. 

The descriptions in this chapter are generally aimed at providing a conceptual understanding of 
the presented theories. Most of the mathematical equations that are used later on are fully de-
rived. 

2.1 Reliability Analysis 

In this section basic concepts of reliability analysis for complex mechanical systems are re-
viewed. The section is aimed at providing an overview and a conceptual understanding of the 
core aspects of reliability analysis for readers who are not familiar with this field. Elements of 
probability theory that are directly related to the explained concepts are briefly reviewed in the 
shaded sections. 

Modeling and simulation of the dynamic behavior of a mechanical system is usually based on a 
deterministic characterization of that system. This means that all system parameters (e.g. dimen-
sions of its components) are defined in terms of fixed numbers. This description is an idealization 
which never reflects completely the corresponding real world situation. All measures emerging in 
reality are subject to random fluctuations. Hence, the behavior of a mechanical system, which 
depends on such measures, is subject to fluctuations as well. Depending on a randomly emerged 
outcome of system parameters, fulfillment of one or more of the system tasks might turn out to be 
impossible. Inability of fulfillment of a predefined system task is generally denoted as "failure". 
Estimating the probability of occurrence of failure and the risk, resulting from that probability, is 
the concern of reliability analysis. This process comprises the following steps: 
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1. Definition of system performance criteria, i.e., the criteria that indicate if failure occurs in the 
target system or not; 

2. Identification of all relevant system parameters that directly or indirectly influence the per-
formance-related system behavior;  

3. Quantification of the randomness of all identified parameters; 

4. Modeling of the relationship between system failure and system parameters; 

5. Evaluation of the randomness in system response, estimation of the probability of system 
failure, and calculation of the associated risk. 

Step 1 usually comprises definition of events whose occurrence yield or contribute to system fail-
ure. Such events can be: 

- Structural collapse because of fraction of one or more components of the mechanical system 
whose loads exceed the corresponding resistances; 

- Too high deviation of the trajectory of system components form a predefined nominal trajec-
tory; 

- Emergence of impact or kinematic singularities. 

All measures that are directly used for detecting such failure events (e.g. loads and resistances of 
system components) comprise a characterization of system performance and are therefore de-
noted as "performance measures". 

In step 2 all measurable real world quantities, that the emergence of system failure directly or 
indirectly depends on, are identified. These quantities are referred to as "design variables". This 
nomenclature can be intuitively misleading as it implies that these variables can be changed 
freely which is generally not true. An example of a design variable whose characteristics can be 
measured but not changed is the load acting on a mechanical system due to natural forces, such as 
wind and gravity. Furthermore, each design variable is subject to random fluctuations. Hence, it 
is only possible to select the properties of the random process that generates a design variable. 
The outcome of this process, however, cannot be selected. 

In the following, in order to distinguish between random processes or random variables and spe-
cific outcomes of these processes, the former are denoted by upper case letters and the latter are 
denoted by lower case letters. A random process is completely described by its "distribution", 
which is either the probability density function (PDF) or the cumulative distribution function 
(CDF). The CDF of a random variable X, ( )xFX , represents the probability of an outcome to be 
smaller than or equal to a chosen value x: 

( ) { }xXPxFX ≤=  (2.1)
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The PDF is found by differentiating the corresponding CDF: 

( ) ( )xF
dx
dxf XX =  (2.2)

The PDF can be interpreted as a measure indicating the likelihood of emergence of an outcome 
x. The probability of an outcome of X being located in an interval [ ]b,a  can be calculated as: 

{ } ( ) ( ) ( )aFbFdxxfbXaP XX

b

a
X −==≤< ∫  (2.3)

PDF and CDF of the commonly used standard normal distribution are visualized in Figure 2.1. 
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Figure 2.1: Standard normal distribution with zero mean and unity standard deviation. 

In step 3 the distributions of all design variables are defined. These distributions can be derived 
from collected exemplary data. In order to accomplish that, a distribution type can be selected, 
which most likely corresponds to the random variable under consideration. Commonly used dis-
tribution types for continuous random variables are: 

- Normal distribution: ( )
2x

2
1

X e
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- Lognormal distribution: ( )
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- Beta distribution: ( ) ( )
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 where ( ) ( )∫ −− −=
1

0

1r1q dxx1xr,qB  

  [ ]
[ ]
[ ]⎩

⎨
⎧

∉
∈

=
b,ax0
b,ax1

I )x(
b,a  

A normal distribution allows emergence of random variable outcomes between minus infinity 
and infinity. A lognormal distribution, whose shape can be very similar to that of a normal distri-
bution, allows emergence of any positive real random variable outcome. The beta distribution 
allows emergence of random variable outcomes from the interval [ ]b,a  only. The beta distribu-
tion can be non-symmetric, which means that its mean and modal value (the maximum point of 
the probability density function) can be different. 

The shape of a distribution function is generally highly dependent on several distribution parame-
ters that can be chosen freely. The normal distribution, for example, can be shifted and dilated by 
a corresponding definition of the mean value μ  and the standard deviation σ  respectively. For 
the beta distribution, the interval of nonzero probability density can be defined through parame-
ters a and b. In addition, parameters q and r determine the polynomial degree of the PDF and the 
location of its maximum (modal value). Therefore, after a distribution type has been selected, its 
parameters must be optimally chosen such that the observed outcomes, given by the collected 
exemplary data points, most likely correspond to the resulting distribution function. This process 
of adapting the analytical definition of a distribution function to a set of exemplary points is re-
ferred to as "point estimation". Point estimation methods should have the following properties 
[Hal00]: 

- Unbiasedness: The expected value of the estimate of a distribution-parameter is equal to the 
real parameter value; 

- Consitency: The distribution-parameter-estimate approaches the real parameter as the number 
of exemplary points approaches infinity; 

- Efficiency: The variance of the estimate of a distribution parameter is small; 

- Sufficiency: All information, which is required for computation of a parameter estimate, can be 
extracted from the given exemplary points. 

Common point estimation methods are: 

- The "method of moments", where the distribution parameters are estimated on the basis of the 
moments, which are calculated based on the given exemplary points [Hal00], and 

- The "method of maximum likelihood", where the likelihood of observing the given sequence of 
exemplary points is maximized [Hal00]. 
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The expected value or mean of a random variable X is defined as: 

{ } ( )∫
∞

∞−

= dxxxfXE X  (2.7) 

The expected value can be estimated based on a finite set of exemplary outcomes ix  of X, using 
the formula: 

{ } ∑
=

=
n

1i
ix

n
1XE~  (2.8)

The k'th moment of a random variable X is defined as: 

( ) { } ( )∫
∞

∞−

== dxxfxXEXM X
kk

k

 (2.9)

The k'th central moment of a random variable X is defined as: 

( ) ( ){ } ( ) ( )∫
∞

∞−

μ−=μ−= dxxfxXEXM X
k

X
k

Xk  (2.10)

Hence, the mean of a random variable is equal to its first moment and the variance is equal to its 
second central moment: 

( ) ( )XM,XM 2
2
X1X =σ=μ  (2.11)

After an analytical expression of a parameter-distribution has been derived, this expression can 
be tested in order to determine how well it fits to the given set of exemplary points. Methods al-
lowing that are for example the "Chi-Square Test" and the "Kolmogorov-Smirnov (K-S) Test" 
[Hal00]. Hence, if it is unclear which distribution type is most appropriate for a given set of ex-
emplary points, multiple point estimations can be performed and the one that yields best adapta-
tion to the exemplary points can be selected. 

The exactness of a distribution parameter x~ , derived in a point estimation procedure, depends on 
the number of processed exemplary points and the characteristics of the associated random proc-
ess. Information on parameter estimation accuracy can be provided by a corresponding "confi-
dence interval". A confidence interval, whose size depends on the used parameter estimation pro-
cedure, is an interval which holds the real parameter value with a certain probability. In other 
words, after defining a target probability Cp  ("confidence level"), one can calculate the corre-
sponding deviations a and b from the exemplary-points-based parameter estimate x~ , such that 
there is a chance of Cp  that the real parameter value x is located in the interval [ ]bx~,ax~ +− : 

[ ]{ } cpbx~,ax~xP =+−∈  (2.12) 
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Several methods for confidence interval calculation for the case of exemplary-points-based mean- 
and variance estimation can be found in [Hal00]. In subsection 2.2.2 a confidence-interval-based 
error quantification, which is associated to an estimation of the probability of failure of a me-
chanical system by means of Monte Carlo Simulation (MCS), will be explained in detail. 

Implementation of step 4 comprises the following sub-steps: 

1. Modeling of the dependence between the system parameters and all performance measures 

2. Definition of a procedure for detection of all events that can yield system failure using the 
derived performance measures and a set of parameters that characterize these events 

To accomplish sub-step one, a procedure for simulation of the dynamic behavior of the target 
system (e.g. a multibody system) must be defined. In this procedure, all physical effects that are 
relevant with respect to a realistic assessment of the system performance must be accounted for. 
In addition to a simulation procedure, post-processing routines must be developed. These routines 
must allow translation of simulation results into the according performance measures. Most gen-
erally, the simulation procedure can be interpreted as an algorithm, denoted S, that can be used to 
derive time-dependent measures from the system parameters. Such measures can be the position 
coordinates of the components of a mechanical target system or the emerging forces that act on 
that system. The post-processing routines can be interpreted as another algorithm, denoted P, that 
can be used to derive a set of scalar performance measures from the simulation output. A per-
formance measure can be the maximum stress in a system component, which can be calculated 
based on the dynamic forces, acting on that component. Using both algorithms S and P, a fixed 
set of system parameter outcomes x can be transformed into a set of scalar performance measures 
l intermediately yielding time-dependent simulation results ( )ty . The collection of algorithms S 
and P is denoted as A: 

( ) lxlyx
APS

t →⇔→→  (2.13) 

For accomplishing sub-step two an additional algorithm, denoted D, must be defined. This algo-
rithm specifies how to detect all events that can yield system failure, based on all performance 
measures l and all event parameters r: 

e
r
l D
→

⎭
⎬
⎫

 (2.14) 

The event parameters are all measures that are needed for event recognition. If, for example, frac-
ture of a component of a mechanical system is to be recognized, the maximum stress that this 
component can withstand could be provided as corresponding event parameter. Determination, if 
component fracture occurs, would in this case be accomplished by comparing the maximum re-
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sistible stress with the highest emerging stress. Event parameters are in general subject to random 
fluctuations. Hence, they are outcomes of random variables. 

System parameters x and event parameters r form the design variables [ ]TTTT rxx = . The col-
lection of algorithms S, P and D is denoted C: 

( ) e
r
x

xe
r
lyx CD

PS
t →⎥

⎦

⎤
⎢
⎣

⎡
=⇔→

⎪⎭

⎪
⎬
⎫→→  (2.15) 

The joint algorithm C assigns multiple binary classifications (a failure-related event occurs: 1, a 
failure-related event does not occur: 0) to any given set of design variables. 

Using algorithm C, the "design space", which is the space of the design variables, can be parti-
tioned into regions of presence and absence of system failure or a system-failure-related event. 
Based on that partitioning, the probability of system failure can be determined, taking the ran-
domness of all design variables into account. Application of numerical methods for determination 
of the probability of failure represents step 5 of reliability analysis. 

Figure 2.2 shows a possible partitioning of a two-dimensional design space. Six events are con-
sidered in this figure. System failure occurs, if event 1, event 2, both events 3 and 4, or both 
events 5 and 6 occur. The borders of all event-specific design space regions are indicated by red 
lines. The attached arrows show at which side of a border the corresponding event occurs. The 
system failure region that results from the visualized event-specific design space partitioning is 
marked red. The expected values of both design variables 1x  and 2x  are indicated by a super-
script (N). They form the nominal point of the system design. 

The probability of system failure can be defined as: 

( )∫
Ω

=
f

dfpf xxX  (2.16) 

with  mR∈x     →  design variables 
    RR:f m →X   →  joint probability density function of the design variables 
    fΩ      →  subspace of  mR , which corresponds to system failure 

This formula means that 'the probabilities of emergence of all system-failure-yielding design pa-
rameter values are summed up in order to obtain the overall probability of system failure'. This 
interpretation is a little bit sloppy in terms of mathematical exactness but it is intuitively easily 
understandable. Evaluation of equation (2.16) requires that the exact design space partitioning is 
known. 
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Figure 2.2: Partitioning of a two-dimensional design space based on multiple system-failure-related events. 

In order to completely characterize a random process X  that generates multiple outcomes 
mR∈x , the corresponding joint probability density function RR:f m →X  or joint cumulative 

distribution function RR:F m →X  must be known. The joint cumulative distribution function is 
defined as: 

( ) { }mm2211 xX...xXxXPF ≤∧∧≤∧≤=xX ,  where  [ ]Tn21 X...XX=X  (2.17) 

The joint probability density function can be found by calculating the derivative of XF  with re-
spect to all variables: 

( ) ( )xx XX F
dx...dxdx

df
m21

m

=  (2.18) 

The probability of an outcome of X  being located in the hypercube [ ]111 b,ax ∈ , [ ]222 b,ax ∈ , 
..., [ ]mmm b,ax ∈  can be calculated as: 

{ } ( )∫ ∫ ∫=≤<∧∧≤<∧≤<
m

m

2

2

1

1

b

a

b

a

b

a
m21mmm222111 dx...dxdxf...bxa...bxabxaP xX  (2.19) 
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The cumulative distribution function of ( ) [ ]Tm1k1k1
k X,...,X,X,...,X +−=X  can be calculated based 

on the cumulative distribution function of [ ]Tm1 X,...,X=X  as: 

( ) ( ) ( )mk1k1m1k1k1 x,...,x,,x,...,xFx,...,x,x,...,xF ∞= −+− XX k  (2.20) 

Accordingly, the joint probability density function of ( )kX  can be calculated as: 

( ) ( ) ( )∫
∞

∞−
+−+− ξξ= dx,...,x,,x,...,xfx,...,x,x,...,xf m1k1k1m1k1k1k XX  (2.21) 

If all random variables in X  are statistically independent, their joint probability density function 
can be calculated by multiplying all marginal probability density functions: 

iX ∀  independent ⇒  ( ) ( ) ( ) ( ) ( )mX2X1Xm21X...XX xf...xfxfx,...,x,xff
m21m21

==xX  (2.22) 

Figure 2.3 provides a review on how joint and marginal distributions can be transformed into one 
another for the case of two random variables X and Y. It is noticeable that a joint distribution can 
be transformed into any marginal distribution. However, even if all marginal distributions are 
known, the corresponding joint distribution can generally not be calculated. Doing so would re-
quire information on the dependency of the associated random variables, which cannot be ex-
tracted from their marginal distributions. Hence, in general, only the joint distribution of multiple 
random variables provides a complete characterization of the random process that generates these 
variables. 
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Figure 2.3: Relationships between joint- and marginal distributions. 

In Figure 2.4 the commonly used standard joint normal distribution of two independent random 
variables X and Y is visualized. It is noticeable, that the joint normal probability density function 
is rotational symmetric. Figure 2.5 shows some joint probability density functions for random 
variables that are "correlated", which means that they are linearly dependent. One can see that the 
distribution of Y depends to some degree on the outcome of X and visa versa. Hence, the out-
come of one random variable provides relevant information for estimation of the other. If, in con-
trast to that, two random variables are statistically independent, this will not be true: In this case, 
fixation of one variable doesn't have any effect on the outcome of the other variable. 

The degree of linear dependency between two random variables X and Y can be quantified by the 
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"correlation coefficient" XYr , which is defined as: 

{ } ( )( ){ } { }
YX

YX

YX

YX

YX
XY

XYEYXEY,XCovr
σσ

μμ−
=

σσ
μ−μ−

=
σσ

=  (2.23) 

The correlation coefficient is equal to the covariance of two random variables, normalized by the 
product of their standard deviations. It can be shown that [ ]1,1r −∈  is always true. A zero correla-
tion coefficient corresponds to zero covariance between X and Y. In this case, both random vari-
ables are denoted "linearly independent", "uncorrelated" or "orthogonal". The correlation coeffi-
cient being equal to 1±  corresponds to a deterministic dependency between X and Y. This means 
that for each given outcome of X the corresponding outcome of Y is uniquely determined and 
vise versa. 

 
Figure 2.4:  Standard joint normal distribution for two statistically independent random variables X and Y. 
 Left: Joint- and marginal normal probability density functions 
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Figure 2.5:  Joint normal distribution of two random variables, both having zero mean and unity variance,  
 for different correlation coefficients r. 
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Note that a zero correlation coefficient does not mean that the corresponding random variables 
are statistically independent. Any form of nonlinear dependency is not reflected by the correla-
tion coefficient. 

Several analytical approaches for estimating the solution of equation (2.16) exist. Commonly 
used procedures in that context are first order reliability methods (FORM) and second order reli-
ability methods (SORM). Both of these methods can be used to analytically estimate the prob-
ability of emergence of one specific event. For that purpose the "performance function" ( )xg  is 
utilized. If the considered failure event occurs, this function is less than zero, otherwise this func-
tion is greater than zero. Hence, the border between failure region (each point of this region 
represents design variable configurations that yield failure) and the save region (each point of this 
region represents design variable configurations that yield non-failure) is given by the equation 
( ) 0g =x  which, in general, defines a hyper-surface in the design space. This surface, which is 

denoted "limit state", has to be known in order to compute a solution for equation (2.16). An ex-
emplary design space resulting from two design variables and one considered event is visualized 
in Figure 2.6. 

1x

2x
Design space

save region: ( ) 0g ≥x

failure region: ( ) 0g <x

limit state: ( ) 0g =x

1x

2x
Design space

save region: ( ) 0g ≥xsave region: ( ) 0g ≥x

failure region: ( ) 0g <xfailure region: ( ) 0g <x

limit state: ( ) 0g =xlimit state: ( ) 0g =x

 
Figure 2.6: An exemplary design space, formed by two design variables. One single failure event. 

As all design variables are random variables, the value of the performance function, which is de-
noted as Z, is a random variable as well. After Z has been characterized by its distribution, the 
probability of emergence of the considered failure event e can be calculated as: 

{ } ( )0F0ZPp Ze =≤=  (2.24) 

If Z was normally distributed (which often represents a good approximation of reality), the prob-
ability of event emergence could be calculated as: 
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{ }
( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
σ
μ

Φ−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
σ
μ

−Φ=≤=
→

Z

Z

Z

Z
normal  Z

e 10ZPp  (2.25) 

where Φ  is the cumulative standard normal distribution function, which was visualized in Figure 
2.1 (right). It is noticeable that the quotient ZZ σμ  can be used as a measure of the probability of 
event emergence. This quotient is denoted as "safety index" or "reliability index": 

( )e
1

Z

Z
e p−Φ−=

σ
μ

=β  (2.26) 

First order reliability methods are based on linearly approximating the performance function or 
the limit state in order to estimate the distribution of Z or the failure region fΩ . 

The first order second moment (FOSM) method uses linearization of the performance function 
about the nominal point (The nominal point is formed by the expected values of all design vari-
ables. See Figure 2.6). Hence, a FOSM-based approximation of the performance function can be 
given as: 

( ) ( ) ( )∑
=

μ−
∂
∂

+==
n

1i
Xi

i
LL i

X
x
gggZ XμX  (2.27) 

The mathematical simplicity of this equation allows analytical calculation of the randomness-
related characteristics of LZ , provided that a full definition of X  is available. The expected value 
of LZ  can be obtained by inserting the expected values of all design variables into the perform-
ance function: 

( ) ( )
m21L XXXZ ,...,,gg μμμ==μ Xμ  (2.28) 

The variance of LZ  can be calculated as: 

{ }∑∑
= = ∂

∂
∂
∂

=σ
m

1i

m

1i
ji

ji

2
Z X,XCov

x
g

x
g

L
 (2.29) 

Hence, the FOSM-based safety index estimation is given as: 

L

L

Z

Z
FOSM σ

μ
=β  (2.30) 

An alternative FORM for estimating the probability of emergence of a failure-event is the 
Hasofer-Lind method (HLM). This method is defined for the "normalized design space", which is 
formed by the normalized design variables x̂ . These normalized design variables are found by 
shifting and scaling the original design variables such that zero mean and unity standard devia-
tion emerges: 
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ixx̂
i

ii
i ∀

σ
μ−

=  (2.31) 

Hence, if all design variables correspond to a normal distribution, all normalized design variables 
correspond to the standard normal distribution which is visualized in Figure 2.1. Figure 2.7 (A) 
shows an exemplary two-dimensional normalized design space. The performance function that 
results from design variable transformation is denoted ( ) ( )( )xxx ˆgˆĝ = . 

1x̂
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Figure 2.7:  Normalized design space, based on one failure event and standard normal distributions of all  
 design variables. A (left): Performance function, limit state and design point. B (right): Reliability  
 index and approximate limit state. 

The HLM aims at finding the "design point", which is the point on the limit state whose distance 
from the nominal point in the normalized design space is minimal (see Figure 2.7). The design 
variable configuration of this point, denoted *x̂ , represents the most probable failure configura-
tion (this means that of all design variable configurations that yield emergence of the considered 
failure event this one occurs most often), provided that the joint probability density function in 
the normalized design space is rotational symmetric. The magnitude of the distance between the 
design point and the nominal point represents the HLM-based safety index estimation: 

( ) *T*
HLM ˆˆ xx=β  (2.32) 

This estimation is based on linearization of the limit state about the design point and is associated 
with the following assumptions: 

- All design variables are statistically independent; 

- All design variables are normally distributed. 

Master Thesis, by Henry Arenbeck Mai 31, 2007



2 Theoretical Background  25 of 137 
 
 

The validity of the HLM-based safety-index estimation can be verified conceptually: The prob-
ability of emergence of a design variable configuration that is located in the approximate failure 
region (that is: the failure region, which results from linearization of the limit state; see Figure 
2.7 (B)), can be calculated by: 

- Performing a rotation of the coordinate system in the design space, such that one coordinate is 
directed normally and all other coordinates are directed parallelly to the approximate limit 
state; 

- Integrating the joint probability density function over the whole domain of all parallelly di-
rected variables yielding the marginal probability density function for the normal direction (this 
direction is indicated by a dashed black line in Figure 2.7 (B)); 

- Integrating the normal-direction-related marginal probability density function from ∞−  to 

HLβ−  or evaluating the corresponding cumulative distribution function at HLβ−  to obtain the 
sought probability of failure-event emergence. 

If all design variables are statistically independent and normally distributed, then the joint PDF in 
the normalized design space is the standard joint normal PDF which was visualized for the two-
dimensional case in Figure 2.4. This distribution is rotational symmetric. Hence, any marginal 
distribution, calculated for some direction in the design space, specifically the one that is oriented 
normally to the limit state, comes out to be a standard normal distribution. Therefore, the prob-
ability of emergence of a failure-yielding design variable configuration can in this case be calcu-
lated as ( )HLβ−Φ  (where Φ  is the standard normal CDF), which exactly corresponds to the deri-
vation of the safety-index, given by equation (2.25).  

Depending on the curvature of the limit state and the resulting design point, the HLM-based fail-
ure region estimate can come out to be too large or too small, which would yield the resulting 
estimate of the probability of failure to be too large or too small as well. If the former is the case, 
the calculated estimate is denoted "conservative". The exemplary situation that is visualized in 
Figure 2.7 (A) corresponds to that case, as the hatched region is falsely added to the failure re-
gion. Note that for all limit states yielding equal design points safety-indices and failure probabil-
ity estimates are identical. 

The design point *x̂  can be defined as the solution of the following optimization problem: 

Minimize: xx ˆˆD T=  (2.33) 
subject to: ( ) 0ˆĝ =x  (2.34) 

This problem can be solved using the Lagrange Multiplier approach. Possible solution algorithms 
can be found in [Hal00]. One of these algorithms, called FORM method 2, is based on Newton 
Raphson iteration and only requires evaluation of the performance function ĝ  and its first partial 
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derivatives ix̂ĝ ∂∂  for given values of the normalized design variables. Hence, even if the per-
formance function is defined in algorithmic form, FORM method 2 can be applied. In this case, 
the partial derivatives must be estimated numerically. 

The safety index, derived by HLM, is based on the assumptions of normal distribution and statis-
tical independence of all design variables. If the first assumption does not hold, equivalent nor-
mal distributions have to be used in HLM as substitutes for all occurring non-normal distribu-
tions. A normal distribution depends on two parameters μ  and σ . Hence, an equivalent normal 
distribution can be found by imposing two conditions, which relate the normal distribution with 
the corresponding non-normal distribution. Several propositions of such conditions exist [Hal00]. 
One of them (proposed by Rackwitz and Fiessler, 1976) requires the probability density functions 
and the cumulative distribution functions of both the non-normal and the equivalent normal dis-
tribution to be equal at the design point. These conditions yield good results as long as the con-
sidered non-normal distribution shows an acceptable degree of symmetry. If this is not the case, 
they have to be modified. 

If, in conflict to the second HLM-assumption, some design variables x̂  are correlated, they have 
to be transformed into a set of uncorrelated standard normal variables ŷ  before HLM-based 
safety index estimation is performed. Corresponding transformation formulas can be derived 
based on eigenvector calculation or Choleski factorization of the correlation matrix which is de-
fined as: 

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

1...cc
.........

c...1c
c...c1

ˆ

2m1m

m212

m121

XXXX

XXXX

XXXX

C  (2.35) 

Details on that topic can be found in [Hal00]. 

Note that the transformations that are performed to account for non-normal variables and corre-
lated variables are both non-linear. Therefore, a limit state, which is linear in the original design 
space, might be non-linear in the equivalent uncorrelated standard normal space.  

Second order reliability methods (SORM) are based on second order approximation of the limit 
state. This means that the curvature of the limit state is taken into account, yielding a more ap-
propriate failure region approximation and therefore a better estimation of the probability of fail-
ure. A second order function approximation is generally based on second partial function deriva-
tives. Hence, if the performance function is provided in terms of an algorithm, application of 
SORM involves numerical second derivative estimation which requires a great number of per-
formance function evaluations (this number increases quadratically with the number of design 
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variables) and can be subject to large numerical errors. Therefore, practical applicability of 
SORM may be limited because of high computational cost and still relatively large inaccuracy of 
the results 2. 

The presented reliability methods are designed for estimating the probability of emergence of one 
single failure-related event. In general, multiple events contribute in different ways to failure of 
an overall system. Modeling of how system failure is related to different single events and subse-
quent calculation of the probability of system failure are concerns of the field of "system reliabil-
ity evaluation". 

A simple system which fails if one of the considered events ie  occurs is referred to as a "series 
system". Its probability of failure is given as the probability of the union of all single failure-
related events: 

( )
{ }m21

system series

f e...eePp ∪∪∪=  (2.36) 

An example of a series system is a mechanical system which fails only if fraction of one of its 
components occurs.  Hence, in this case, each component fraction event is also a system failure 
event. 

A system which fails only if all considered events occur is referred to as a "parallel system". Its 
probability of failure is given by the probability of the intersection of all failure events: 

( )
{ } { }n21n21

system parallel

f e...eePe...eePp =∩∩∩=  (2.37) 

Failure of most real systems depends on both series and parallel connections of the considered 
single events.  

For more complicated systems, especially those that contain redundancy, the relationship be-
tween single failure-related events and system failure can be modeled in a systematic manner. 
Methods allowing that are for example the failure mode approach (FMA) or the stable configura-
tion approach (SCA). In the failure mode approach all possible ways a system can fail are identi-
fied. The obtained results are then visualized in either a "fault tree diagram", where the system 
failure event is decomposed into unions and intersections of sub-events, or an "event tree dia-
gram", which represents a collection of all possible sequences of single events that lead to system 
failure. Details on these techniques can be found in [Ste97].  

                                                 
 
 
2  This problem could be avoided by generating a surrogate of the performance function, allowing the second partial 
 derivatives to be calculated analytically. Surrogate generation will be discussed in Section 2.4. 
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After the system failure event has been defined in terms of unions and intersections of all failure-
related single events, the probability of its occurrence must be calculated. To accomplish that, the 
probabilities of emergence of all single failure events and the statistical dependencies between 
these events must be known. The former can be obtained by applying FORM or SORM. Informa-
tion about the latter is very hard to acquire. Because of that, the probability of system failure is 
often calculated in terms of an interval whose upper and lower bounds correspond to the assump-
tions of statistical independency and perfect correlation of all events respectively [Hal00]. 

Most systems have to fulfill multiple different tasks. If this is the case, the subsystems s that are 
associated with each system task are analyzed individually using the aforementioned methods, 
yielding the task-specific failure-probabilities sp . Furthermore, for each system task, the conse-
quences of not fulfilling it are analyzed and the seriousness of these consequences is quantified in 
terms of a scalar measure sc . The overall system can then be characterized in terms of the associ-
ated "risk" which is defined as: 

∑
=

=
ns

1i
sscpr  (2.38) 

with ns → number of tasks, the overall system has to fulfill 
 sp  → probability of non-fulfillment of task s 
 sc  → measure of the seriousness of the consequences of non-fulfillment of task s 

An example of a multi-task system is a full car which, among many other things, provides a 
steering system allowing the driver to navigate, and an illumination system of its controls, allow-
ing the driver to read these at night. Clearly, both of these tasks must be treated differently as 
non-fulfillment of the former induces a life-threatening situation, while non-fulfillment of the 
latter represents merely an inconvenience. Details on risk analysis can be found in [Ste97]. 

Failure-related events in mechanical systems are, among others, fraction of one of its components 
when the emerged stress-load exceeds the corresponding stress-resistance. For the case of toler-
ance analysis these events can be expected to be statistically highly dependent, as too large loads 
simultaneously effect multiple system components. Quantifying the degree of statistical depend-
ence after each fraction-event has been analyzed individually by FORM or SORM might be im-
possible. Alternatively, all events could be considered simultaneously in the same design space, 
as indicated in Figure 2.2. In this case, a joint failure region can be constructed, taking the logical 
dependence of system failure on all single events into account. The limit state that corresponds to 
the joint failure region, however, usually is of very complex shape and subject to discontinuities 
(see Figure 2.2). Therefore, first- or second order polynomial approximations of that limit state 
cannot be applied. FORM or SORM can be used only to approximate event-related design space 
regions, as only these regions are likely to be defined by a continuous region-border. Appropriate 
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logical connection of all single-event-related region approximations would, in theory, yield an 
approximation of the joint failure region of the design space. However, the same can be done 
more accurately, if Support Vector Machines (SVMs), which will be introduced in section 2.3, 
are used. Furthermore, even if a joint failure region approximation is given, evaluation of the 
multi-dimensional integral of the joint PDF of the design variables over that region can be diffi-
cult and subject to numerical inaccuracy. 

Hence, estimation of the probability of failure of complex systems, comprising multiple failure-
related events, by means of FORM or SORM can be mathematically very involved (especially in 
the case of non-normal design variables, statistically dependent design variables and statistically 
dependent failure-related events) and subject to great inaccuracy. Errors may be introduced by: 

- Substitution of all design variable distributions with normal distributions; 

- Linear or quadratic approximation of the limit state (this can be completely inappropriate, if the 
limit state is inadequately shaped or limit-state-discontinuities are present); 

- The necessity of estimating the statistical dependency between individually analyzed events; 

- Inexact numerical evaluation of the multi-dimensional integral in equation (2.16) for known 
analytical representations of integrand and integration-area. 

Furthermore, application of FORM or SORM requires existence of event-related performance 
functions or, in other words, real-valued indices, which can be used for threshold-based detection 
of event occurrence (e.g.: an event occurs, if the corresponding real-valued index is greater then a 
certain number, otherwise this event does not occur).  

An alternative method for estimating the probability of failure of a system is Monte Carlo Simu-
lation (MCS). This method is presented in detail in the following section. The accuracy of MCS-
based probability estimation doesn’t depend on the characteristics of the random process that 
generates the design variables (this means that any distribution and any form of statistical de-
pendency can be handled with equal accuracy), or the shapes of event-related and joint limit 
states. Furthermore, limit-state-discontinuities may be present and definition of a performance 
function is not necessary.  

Because of that, MCS is the logical choice when a system of high complexity, for which the 
FORM- and SORM-related errors can become significant, is to be analyzed without having to 
adapt the analysis procedure to the individual system-characteristics. 
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2.2 Monte Carlo Simulation 

In this section Monte Carlo Simulation (MCS) is introduced which provides an alternative way of 
estimating the probability of failure of a system. First, the basic principle of MCS is explained. 
After that, a measure of MCS accuracy is derived, revealing that great computational cost may be 
required to obtain practically useful results. Finally, ways to reduce computational cost by en-
hancement of MCS-efficiency are presented. 

As in section 2.1, fundamentals from probability theory, which are required to understand the 
presented concepts, are provided in shaded boxes. 

2.2.1 Basic Idea 

If a system is characterized by a failure probability fp , it is expected that if N realizations of that 
system are created, Npf  of them do not fulfill their predefined tasks. In other words: The expec-
tation of the number of failure-yielding system configurations, fN , is given as: 

{ } NpNE ff =  (2.39) 

Hence, the probability of system-failure can be defined as 

{ }
N
NEp f

f =  (2.40) 

and estimated as: 

f
f

f p~
N
Np =≈  (2.41) 

Failure-probability estimation based on equation (2.41) requires a great number of system reali-
zations N. Therefore, rather than collecting real-world observations of existing systems, these 
realizations and corresponding failure-related properties should be generated numerically, ensur-
ing unlimited availability. 

Generation (e.g. production) and test (that is: check, if all tasks can be fulfilled) of a system can 
be interpreted as a binary-valued random process yielding either failure (positive test result) or 
non-failure (negative test result) depending on which design variable outcomes randomly 
emerged. This process, denoted F, can be simulated by: 

- "drawing" a design variable outcome x  replicating the corresponding real-world design-
variable-generation process; 

- Classifying that outcome as either yielding or not yielding system failure. 
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A block diagram of this simulation procedure is given in Figure 2.8. Its implementation requires, 
that 

- the randomness of all design variables is fully characterized by means of the corresponding 
joint cumulative distribution function ( )xXF  and 

- an event detection algorithm C of the form (2.15) is available whose output can be used in a 
logical expression for system failure recognition 

Random process F

CEvent
Detector( )xXfOutcome

Generator
x e

AND ORLogical
Expression

{ }1,0ef ∈

Random process F

CEvent
DetectorCEvent
Detector( )xXfOutcome

Generator( )xXf ( )xXfOutcome
Generator

xx e
AND ORLogical
ExpressionAND ORLogical
Expression

{ }1,0ef ∈

 
Figure 2.8:  Simulation of a binary-valued real-world random process, generating a non-failing or a failing 
 system. 

The capability of simulating a random process F allows for production of an arbitrary number of 
exemplary process outcomes, without requiring real-world realizations of the associated system. 
Based on these artificially generated empirical data randomness-related characteristics of F can 
be derived. In particular, the probability of emergence of a failing system can be estimated using 
equation (2.41). This process of  

1. numerically calculating multiple outputs of a system which result from different realistically 
distributed system inputs, and  

2. using the set of all calculated system outputs for estimating parameters that characterize out-
put randomness  

is known as "Monte Carlo Simulation" (MCS). Each single system output calculation is referred 
to as a MCS "trial".  

Simulation of a random process F requires numerical replication of the real-world random proc-
ess X  that generates different design variable outcomes x . This process is fully characterized 
by the associated joint CDF ( )xXF  or, if all design variables are statistically independent, the 
marginal CDFs ( )1X xF

1
, ( )2X xF

2
, …, ( )mX xF

m
. 

Realistically distributed outcomes kx  of a statistically independent random variable kX  can be 
generated by repeatedly: 

1. Drawing a random number )(u •  from the interval [ ]1,0  based on a uniform distribution (algo-
rithms, allowing that, are available in many software packets) 

2. Finding the argument )(
kx • , that yields the drawn number )(u • , if plugged into the CDF of 

kX : find )(
kx • , such that ( ) )()(

kX uxF
k

•• =  
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This procedure is illustrated in Figure 2.9. Its validity can be proven mathematically or clarified 
conceptually. In the following, the latter will be done: 

A discrete random process X̂  that can generate m different outcomes m21 x̂...x̂x̂ <<<  can be 
characterized by the probability mass function (PMF) which assigns to each possible outcome 

kx̂  the corresponding probability of emergence { }kx̂P . A procedure for generating PMF-
accordant outcomes of X̂  must ensure that the frequency 

kx̂n  of selecting an outcome kx̂  is 
proportional to the corresponding emergence-probability { }kx̂P : 

{ } m,...,1kx̂P~n kx̂k
=  (2.42)

This can be achieved by first generating a number u between zero and one based on a uniform 
distribution and then relating this number to one of the outcomes using the rule: 

choose kx̂ , if ( ) ( ) { }k1kX̂1kX̂ x̂px̂Fux̂F +≤< −− ,  where ( ) { }∑
−

=
− =

1k

1i
i1kX̂ x̂px̂F  (2.43)

X̂F  is the cumulative distribution function of the discrete random variable X̂ . Rule (2.43) causes 
the length of the interval of u-values which yield selection of an outcome kx̂  to be equal to the 
emergence probability of that outcome. Hence, as the uniform distribution is used for u-value 
generation (this yields the frequency of emergence of u-values from a certain interval to be pro-
portional the interval-length), requirement (2.42) is satisfied.  
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Figure 2.9: Generation of an outcome of an independent random variable kX   

If, instead of a discrete random variable X̂  a continuous random variable X is considered, the 
distance between kx  and a neighboring element 1kx −  becomes infinitesimally small. Further, the 
probability of exactly drawing kx  becomes zero. Hence, rule (2.43) becomes: 
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choose kx , if ( ) ( ) ( )kXkXkX xFuxFuxF =⇔≤< ,  where ( ) ( )∫
∞−

ξξ=
kx

XkX dfxF  (2.44)

This rule is similar to the aforementioned procedure, keeping in mind that u results from a uni-
form distribution. 

2.2.2 Accuracy of Simulation Results 

The probability estimate fp~  that is derived by MCS, depends on the randomly chosen set of ex-
emplary design variable outcomes. Hence, multiple MCS executions of equal configuration will 
yield different results. In order to evaluate probability estimation accuracy, the randomness that is 
associated with this estimation must be quantified. This means that the probability estimate must 
be characterized as a random variable fP~ . 

Intuitively, the following characteristics of fP~  can be expected: 

- The modal and mean values of its distribution are equal to the real failure-probability fp . 

- The variance of its distribution decreases as the number of MCS trials, denoted n, increases 

- In the limit ∞→n  the variance of fP~  becomes zero, yielding the corresponding probability 
density function to be equal to a dirac impuls at fp  (this means that each realization of fP~  
yields the value fp ) 

In the following theses expectations are verified mathematically. 

A MCS trial can be interpreted as a random experiment which yields either occurrence or non-
occurrence of a predefined event (in this case: the failure event). An experiment of this type is 
known as a Bernoulli experiment. The probability of occurrence of a fixed sequence 

{ }n,i2,i1,ii s,...,s,ss =  of experiment outcomes can be specified as the probability of the intersec-
tion of all individual elements of that sequence: 

{ } { }n,i2,i1,ii s...ssPsP ∩∩∩=  (2.45) 

If all experiment realizations are statistically independent, which is the case in MCS, this equa-
tion can be simplified to: 

{ } { }∏
=

=
n

1k
k,ii sPsP  (2.46) 

If is  contains r event occurrences, each being characterized by an occurrence-probability of fp , 
equation (2.46) becomes: 

{ } ( ) rn
f

r
fi p1psP −−=  (2.47) 
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Multiple different sequences { }
in21 s,...,s,s  containing r event occurrences are existing. The prob-

ability of occurrence of one of these sequences is equal to the probability of the union of all se-
quence occurrences: 

( ) { }
in21fR s...ssPp,n,rf̂ ∪∪∪=  (2.48) 

As all sequences are statistically independent, this equation can be simplified to: 

( ) { } ( ) ( ) rn
f

r
fi

n

1i

rn
f

r
f

n

1i
ifR p1pnp1psPp,n,rf̂

ii
−

=

−

=

−=−== ∑∑  (2.49) 

The total number in  of possible sequences containing r event occurrences can be given as: 

( )!rn!r
!n

r
n

ni −
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=  (2.50) 

Inserting this equation into equation (2.49) yields the probability of r event occurrences out of n 
trials to be: 

( ) ( ) rn
f

r
ffR p1p

r
n

p,n,rf̂ −−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=  (2.51) 

Equation 2.51 represents the probability mass function of the discrete random variable R. The 
distribution described by Rf̂  is denoted "binomial".  

Applying the transformation np~r f=  results in the probability mass function of fP~ : 

( ) ( ) ( )ff

f

p~1n
f

np~
f

f
ffP~ p1p

np~
n

p,n,p~f̂ −−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=  (2.52) 

This function is visualized for 3.0pf =  and three different choices of n in Figure 2.10. As ex-
pected, as n increases, the distributions become more concentrated around the value fp , which is 
modal value as well as mean value.  
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Figure 2.10: PMF of MCS-based probability estimate and corresponding normal approximations for  
 different numbers of samples n. 
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It can be shown that, if the number of trials is large enough (this is usually the case in MCS), the 
binomial distribution, defined by equation (2.51), resembles a normal distribution with the mean 

npf=μ  and the standard deviation ( )ff p1np −=σ  [Sho68]. Rescaling that normal distribu-
tion, using the relation np~r f=  (this is the same relation, that has previously been used to trans-
form Rf̂  to 

fP~f̂ ), yields the normal 
fP~f̂  approximations, that are indicated in Figure 2.10. These 

approximations illustrate the validity of the claimed resemblance. 

For any scalar-valued random process X, which is characterized by a normal distribution ( )xfX  
of mean μ  and standard deviation σ , the probability of an outcome x being located in the inter-
val σ±μ 2  can be calculated to be: 

{ } ( ) %95dxxf2x2P
2

2
X ≈=σ+μ≤≤σ−μ ∫

σ+μ

σ−μ

 (2.53) 

Hence, there is a 95 % probability of r being located in the interval ( )fff p1np2np −± : 

( )[ ]{ } %95p1np2nprP fff ≈−±∈  (2.54) 

Dividing this relation by the number of trials n yields the equivalent relation: 

( ) ( ) %95
n

p1p2pp~P%95
n

p1p2p
n
rP ff

ff
ff

f ≈
⎭
⎬
⎫

⎩
⎨
⎧ −

≤−⇔≈
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡ −
±∈  (2.55) 

Hence, the relative error, which will not be exceeded in 95 % of all cases, can be given as: 

( )
np
p12

p
pp~

f

f

f

ff −
=

−
=ε  (2.56) 

Assuming the real failure-probability fp  to be very small, which can be expected in reliability 
analysis, and using the probability estimate fp~  instead of fp , yields the following practically 
applicable error estimation formula: 

r
12≈ε  (2.57) 

where r is the number of detected failure-event occurrences, contributing to the failure-
probability estimation nrp~f = . 

Equation (2.56) indicates, that the accuracy of MCS-based probability estimation increases with 
an increasing number of simulation trials n. In addition, the estimation accuracy decreases as the 
real failure-probability fp  becomes smaller. In the case of very small fp  only very few failure-
yielding design-variables may be randomly chosen or even none at all. Therefore, in that case, the 
failure-probability estimate can be subject to great relative fluctuations. Equation (2.56) indicates 
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further that the probability estimation accuracy is not influenced by the number of considered 
design variables. 

The MCS-based failure-probability estimate is subject to uncertainty for any finite number of 
MCS-trials n. Hence, the MCS output fp~  can be interpreted as being subject to normally distrib-
uted noise, falsifying the correct value fp . The influence of that noise can be reduced, but not 
eliminated. 

2.2.3 Enhancement of Simulation Efficiency 

If a system can be characterized by a probability of failure of 001.0pf =  (modern design prac-
tices aim at considerably smaller values in most cases), 100000n =  MCS-trials would yield on 
average { } 100nprE f ==  realistically chosen design variables outcomes that are located in the 
failure region. The accuracy of MCS can in this case be quantified as 2.01002 =≈ε . Hence, 
even in the case of relatively high failure-probability and a very high number of simulations the 
MCS-based probability estimate is still subject to a significant amount of uncertainty. This exam-
ple illustrates, that the set of trials required for accurate MCS-based failure-probability estimation 
can be extremely large and may therefore not be computable in a reasonable amount of time. 
Hence, practical applicability of MCS may depend on the ability to derive a failure-probability 
estimation of acceptable accuracy from a significantly smaller number of MCS-trials. Methods 
allowing that are referred to as "variance reduction techniques" 3. Examples of such techniques 
are 

- "importance sampling", 

- "stratified sampling" and 

- "adaptive sampling". 

These techniques are shortly introduced in the following. 

Importance sampling allows generating the design variable outcomes x  that are analyzed in the 
course of MCS to be based on a freely chosen distribution ( )xXf̂ . While the real distribution of 
X , ( )xXf , yields most design variable outcomes to be located in the save region of the design 
space, the distribution ( )xXf̂  can be chosen such that the corresponding outcomes will be concen-
trated in the vicinity of the limit state, yielding an increase of the number of system-failure detec-
tions fn . It has been shown that simulation efficiency can be increased significantly if the choice 

                                                 
 
 
3  The simulation efficiency is improved, if the variance of the failure-probability estimate is reduced (yielding  
 increased estimation accuracy) without increasing the number of MCS trials or altering the mean value of the  
 estimation. 

Master Thesis, by Henry Arenbeck Mai 31, 2007



2 Theoretical Background  37 of 137 
 
 

of ( )xXf̂  ensures that no design point is located within the so called "β  - sphere", which is a sub-
space of the design space, characterized by the condition: β<−β∈ xxx ˆˆ if sphereˆ T , where x̂  
are the uncorrelated normal design variables and β  is the reliability index.  

The probability of system failure can be defined as: 

( ) ( )∫
∀

=
x

X xxx dfep ff  (2.58) 

where ( ) 1ef =x , if x  yields system failure and zero otherwise. The given integral defines the 
expected value of ( )xfe  and can therefore be estimated as: 

( ){ } ( )∑
=

≈=
n

1k
kfff e

n
1eEp xx  (2.59) 

This formula corresponds to basic MCS. If importance sampling is used, equations (2.58) and 
(2.59) are adapted as follows: 

( ) ( )
( )

( ) ( ) ( )
( )

⇒
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
= ∫

∀ x
x

xxx
x
x

x
X

X

x
X

X

X

f̂
f

eEdf̂
f̂
f

ep fff ( ) ( )
( )∑

=

=
n

1k k

k
kff f̂

f
e

n
1p~

x
x

x
X

X  (2.60) 

Hence, any non-real distribution ( )xXf̂  can be used for design variable outcome generation in 
MCS, if each design variable classification ( )kfe x  is weighted with the quotient of corresponding 
real PDF value ( )kf xX  and used PDF-value ( )kf̂ xX . 

Stratified sampling can be interpreted as a discretized version of importance sampling. Here, the 
whole design space is partitioned into m mutually exclusive regions m21 R,...,R,R . The number 
of design variable outcomes to be used in MCS can be defined region-specifically allowing for 
the number of failure-yielding exemplary design points to be artificially increased. The probabil-
ity of system failure can in this case be calculated as: 

{ } ( )∑ ∑
= =

∈=
m

1j

n

1k
k

j
jf

j

e
n
1RPp~ xx  (2.61) 

where jn  is the number of exemplary design points, chosen for the design space region jR .  

If the design space region that sampling should be focused on is not known in advance, adaptive 
sampling can be applied. Here, the target area of sampling is continuously updated in the course 
of MCS using the information obtained from previous trials. Two adaptive sampling methods are 
"multimodal sampling" and "curvature-based sampling". In multimodal sampling the sampling-
PDF is defined as a weighted sum of multiple density functions, each focusing on a particular 
region in the design space. This sum is dynamically updated by repeatedly changing the used 
weights [Hal00]. In curvature-based sampling the sampling-focus is continuously optimized 
based on estimation of the limit state curvature [Hal00]. 
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2.3 Support Vector Machines for Classification 

Support Vector Machines (SVMs) originate from the field of statistical learning theory. Similar 
to neuronal networks, SVMs can be automatically trained to recognize certain characteristics in a 
set of numerical values, even if these values are "encoding" the target-characteristics in a very 
complex way. In contrast to neuronal networks, where the training-results are obtained incom-
prehensibly in terms of the neuron-weights, training of a SVM results in an explicit mathematical 
expression (this expression can be used later on to recognize the target-characteristics). Such an 
expression can be physically interpreted, allowing the training result to be checked for plausibil-
ity or to be used for gaining further inside into the relation between the provided data and the 
characteristics of interest.  

SVMs have proven to have good generalization properties. This means that they easily adapt to 
the overall trend that is displayed in exemplary data rather than the noise components in the data. 
Furthermore, training and application of a SVM can be implemented in a way that ensures high 
computational efficiency.  

In this section the fundamental concepts of SVMs for classification are introduced. After a classi-
fication problem and some associated notations are defined, the basic idea of support vector clas-
sification is presented in subsection 2.3.1. All remaining subsections are concerned with the spe-
cific mathematical procedures that were developed based on that idea.  

A classification problem aims at recognizing specific characteristics of an object on the basis of 
scalar parameters that are related to that object. Such parameters can be any set of numbers ex-
plicitly or implicitly holding the information that is to be recognized. A classification system is 
an algorithm which can be employed to automatically solve a classification problem. 

Support Vector Machines (SVM) provide a tool for automatically generating a classification sys-
tem on the basis of exemplary classification problem solutions. These solutions are provided in 
the form of multiple sets of object parameters and corresponding reference classifications (that 
means: for each exemplary set of object parameters, the classification (or decision), which states 
if the characteristic of interest is present or not, is already known). Hence, the relation between 
parameters and their classification can be "learned" without requiring any information on the 
physical nature of that relation. This learning process is referred to as "training". 

2.3.1 Basic Idea 

A trained SVM is a binary classification system that allows assignment of a binary decision (the 
characteristic of interest was recognized or was not recognized) to any given set of object-
parameters. The training of such a system requires the following data to be provided: 
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- exemplary sets of object-parameters: 

,R M
i ∈x  n,...,1i =  (2.62)  

with: M  →  number of parameters per object  
 n  →  number of exemplary objects 

- the correct classification of each object 4 : 

{ }1,1yi −∈  n,...,1i =  (2.63) 

Each exemplary object can be represented by a point in the space of its parameters. This is illus-
trated in Figure 2.7 for a two-dimensional case. 

x2

x1

y = -1

y = 1

x2

x1

y = -1

y = 1

 
Figure 2.11: Exemplary two-dimensional parameter sets and possible hyper-planes, separating them,  
 depending on their classification. 

In order to separate the exemplary objects according to their classes, a hyperplane 5 in the pa-
rameter space is defined.  All vectors x, fulfilling the equation  

Rb,Rx,w,0b M ∈∈=+xwT  (2.64) 

are part of such a hyperplane. Hence, a hyperplane is fully characterized by the quantities w  and 
b. The vector w  is always perpendicular to the hyperplane and therefore defines its orientation in 
the parameter-space. The scalar b determines the distance of the hyperplane from the origin of the 
coordinate system. 

                                                 
 
 
4  Depending on the classification of an object, either the value 1 or -1 is assigned to that object. This convention  
  simplifies the  subsequent mathematical formulations. 
5  The word "hyper-" generally indicates a dimensionality, which is too high for being visualized. Hence, any space 
 whose dimension is greater then three is a hyperspace and any plane defined in such a space is a hyperplane.   
 Although all presented concepts are illustrated for non-hyper spaces, the word "hyper" is still used to emphasize 
 that generalization to any dimension is possible. 
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After an appropriate hyperplane has been generated, classification of an object is accomplished 
by determining, on which side of the hyper-plane this object is located. 

In the course of SVM training an optimal hyperplane is found, ensuring best possible class-
specific separation of all exemplary objects. This process will be described in detail in subsection 
2.3.2. 

Equation (2.64) is linear in all parameters. Therefore, if an adequate hyperplane can be found 
(that is: a hyperplane, which allows the exemplary objects to be satisfactorily class-specifically 
separated), these parameter-sets are referred to as "linearly separable". 

In Figure 2.12 some non-linearly separable object-parameter-sets are visualized. It is noticeable 
that no straight line 6 exists, which allows both classes to be adequately distinguished. In a case 
like this linear separability may be achieved in a hyperspace of higher dimension, which is de-
fined by a nonlinear transformation of the parameter-space. For the exemplary case which is 
visualized in Figure 2.12, a three-dimensional space can be defined by introducing a third dimen-
sion that represents the distance of a point in the parameter-space from the origin. This space and 
the corresponding exemplary objects are visualized in Figure 2.13. In this visualization it is no-
ticeable, that the exemplary objects of both classes can be perfectly separated by the indicated 
plane. Hence, linear separability, which could not be achieved in the parameter-space, is possible 
in the transformed space. The plane that is indicated in Figure 2.13, partitions the transformed 
space into two subspaces, each corresponding to one object-class. 

The linear partitioning of the transformed space can correspond to a complex and highly nonlin-
ear partitioning of the parameter space. This is illustrated for the two-dimensional exemplary case 
in Figure 2.14: An exemplary object that is located either on the one side or on the other side of 
the separating hyperplane in the transformed space is located either in the red or in the green area 
in the parameter-space. These areas are separated by a circular border-line. 

In general, the separability of exemplary objects depends on 

- how the information that are required to identify both classes are encoded in the parameters, 
and 

- which transformation of the parameter-space is used. 

                                                 
 
 
6  A hyperplane in two-dimensional space is a straight line. 
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x1

x 2
Object-Distribution in Parameter-Space

x1

x 2
Object-Distribution in Parameter-Space

 
Figure 2.12: Exemplary objects, each characterized by two parameters. Both classes cannot be linearly  
 separated in the parameter-space. 

Object-Distribution in Transformed Space of Increased Dimension and Optimal Class-Separating Plane

f(x1,x2)=(x1
2 + x2

2)½

x1

x 2

Object-Distribution in Transformed Space of Increased Dimension and Optimal Class-Separating Plane

f(x1,x2)=(x1
2 + x2

2)½

x1

x 2

 
Figure 2.13: Exemplary objects, each characterized by two parameters in a hyperspace of dimension three.  
 Both classes can be perfectly linearly separated. 
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x1

x 2
Object-Distribution in Parameter-Space and Space Partitioning, Achieved through

Linear Class-Separation in Transformed Space

x1

x 2
Object-Distribution in Parameter-Space and Space Partitioning, Achieved through

Linear Class-Separation in Transformed Space

 
Figure 2.14: Exemplary objects, each characterized by two parameters. Separation of both classes by a plane  
 in a three-dimensional transformed space corresponds to separation of these classes by a circular  
 line in the parameter-space. 

The following subsection will provide a detailed description on 

- the training process (the process of finding a hyperplane in the transformed space which sepa-
rates the exemplary objects of both classes in an optimal way), and 

- the classification process (the process of calculating, on which side of the optimal hyperplane a 
test object, that is characterized by a set of parameters, is located). 

It will be shown that both the training problem and the classification problem can be formulated 
in a specific way, which allows solving these problems by exclusively calculating scalar products 
of transformed parameter-vectors (parameter-vectors are vectors that hold all parameter-values). 
These scalar products can be replaced by so called "kernel-functions", making an explicit calcula-
tion of the corresponding transformation unnecessary. This so called "kernel-trick" allows the 
presented ideas to be implemented efficiently, such that practical problems can be solved in a 
feasible amount of time. 
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2.3.2 Training and Classification 

The descriptions and mathematical formulations in this subsection are initially related to so called 
"hard-margin" SVMs, which aim at a perfect class-specific separation of all exemplary objects. 
Hard-margin SVMs are of minor practical relevance. However, this SVM-type can be used to 
conveniently illustrate important basic concepts. These concepts will be extended to derive the 
formulations of so called "soft-margin" SVMs, which allow exemplary objects that are used for 
training to be misclassified. Soft-margin SVMs are the more appropriate choice in most practical 
applications as, depending on the nature of the exemplary objects and the chosen transformation, 
full separability might be impossible, yielding the corresponding hard-margin SVM training 
process to be infeasible. 

In the first part of this subsection, optimization problems are formulated for both hard- and soft-
margin SVMs, aiming at finding the optimal hyperplane in the parameter-space. Furthermore, it 
is defined how a test-object can be classified after the optimization problem has been solved. 
Each optimization problem is initially formulated in a way which is intuitively understandable. 
Later, the initial formulation is transformed into the so called "dual formulation" which, at first 
glance, seems less plausible. Therefore, some background on dual formulations, aiming at an 
intuitive understanding, is provided in a shaded box. 

At the end of this subsection the equations related to training of soft-margin SVMs and classifica-
tion are modified such that kernel-based transformation of the parameter-space is included. The 
presented transformation, allowing for high computational efficiency, is possible only if the dual 
formulation is used for defining the optimization problem.  

The distance of a vector x  from a hyperplane that is defined by w  and b (see equation (2.64)) 
can be calculated as: 

( )
w
xwx bd

T +
=  (2.65) 

Hence, the left-hand side of equation (2.64) can be interpreted as a rescaled distance-measure: 

( ) bg T += xwx  (2.66) 

A vector x  can be located on either side of the hyperplane, depending on whether ( )xg  is posi-
tive or negative. 

Training of a hard-margin SVM requires all exemplary parameter-vectors to be fully linearly 
separable. This means that there must exist at least one hyperplane yielding the distance measures 
of all parameter-vectors of the same class to have equal sign. 
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Per convention, vector w  is oriented such that parameter-vectors of class 1yi =  yield a positive 
distance and parameter-vectors of class 1yi −=  yield a negative distance to the hyperplane: 

1yfor ,0b

1yfor ,0b

i

i

−=<+

=>+

i
T

i
T

xw

xw
 (2.67) 

Hence, a valid hyperplane, defined by the quantities w  and b, must fulfill the following equa-
tions: 

( ) n,...,1i,0byi =>+i
Txw  (2.68) 

Equation (2.68) can be fulfilled for multiple different hyperplanes. The optimal hyperplane is 
defined as the one whose distance δ  to the closest exemplary parameter-vector is maximal. This 
condition is illustrated for the two-dimensional case in Figure 2.15. Accordingly, in the course of 
the SVM training process the margin δ2  is maximized. The corresponding optimization problem 
can be formulated as follows: 

Maximize:  δ2  (2.69) 
Subject to:  ( ) n,...,1i,dy ii =δ≥x  

The constraints of that optimization problem yield no exemplary parameter-vector to be located 
within the margin. Parameter-vectors which are located on the border of the margin (these are 
marked blue in Figure 2.15) are, as will turn out later, of special importance. They are denoted as 
"support vectors" S

~x . Their rescaled distance from the hyperplane can be calculated using equa-
tion (2.66): 

( ) wxwx δ±=+= b~~g S
T

S , Sn,...,1s = , Sn = number of support vectors (2.70) 

Division of equation (2.70) by wδ  yields: 

( )
{ {

1b~~g

b

S

T

S ±=
δ

+
δ

=
w

x
w

wx

w

, Sn,...,1s =  (2.71) 

Using the rescaled vector w , the distance δ  of the support vectors S
~x  form the hyperplane can 

be calculated as: 

( )
w

x 1~d S =δ=  (2.72) 

Hence, maximizing the margin δ2  is equivalent to minimizing the 2-norm of the scaled vector 
w  or the square of this norm: 

minminmax22 2
12

2
1

2
1 →=⇔→⇔→=δ wwww

w
T  (2.73) 
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Optimization problem (2.69) can therefore be reformulated as: 

Minimize:  ww T
2
1  (2.74) 

Subject to:  ( ) n,...,1i,1byi =≥+i
Txw  

This problem could be solved using quadratic programming. An alternative way evolves by trans-
forming the optimization problem into its dual formulation, where the constraints are integrated 
into the objective function. 

 
Figure 2.15: Optimal hyperplane, hard-margin SVM [Iur06]. 

 

In the following, in order to support an intuitive understanding of the dual formulation of an op-
timization problem, this formulation is derived and illustrated based on a simple two-dimensional 
example. In this example a quadratic objective function is to be minimized, considering one lin-
ear constraint: 

Minimize:  ( ) 2x22TT R,Rf ∈∈+= Qtx,xtQxxx  
subject to: Rb,R,0b 2 ∈∈≥+ axaT  

where: 5.1b   ,
1
1

a   ,
0
0

t   ,
20
03

Q −=⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
=  
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This problem is visualized in Figure 2.16. 

 
Figure 2.16: A quadratic objective function and its minimum without (violet) and with (red) consideration of a 
 linear constraint. 

The absolute minimum of the objective function is marked by a violet bar. This minimum is not a 
feasible solution of the optimization problem because the constraint, which limits the solution 
space to all points that are located on the right-hand side of the indicated gray area, is violated. 
The minimum objective function value within the allowed solution space is marked by a red bar. 
This bar represents the solution of the optimization problem.  

In order to find this solution a modified objective function is minimized, which is constructed by 
adding a linear penalty-term to the original objective function: 

( ) ( ) minb,L →+α−+=α xaxtQxxx TTT  

This function is denoted as Lagrange function (MOF). The value of the added penalty-term is 
proportional to the distance of point x  to the border of the feasible space (the greyly marked area 
in Figure 2.16). The penalty term yields the value of the original objective function (OOF) to 
increase in the infeasible space and to decrease in the feasible space. The factor α , which is de-
noted "Lagrange multiplier", determines the influence of the penalty term on the original objec-
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tive function. Original objective function, penalty-term and Lagrange function are visualized in 
Figure 2.17 for the case of 2=α . In this visualization it is noticeable that the penalty-term yields 
the minimum of the objective function to be shifted towards the feasible space. This effect is am-
plified, if a larger Lagrange multiplier is chosen. 

 
Figure 2.17: A quadratic objective function and its modification (Lagrange function), caused by a linear  
 penalty-function with Lagrange multiplier 2. Penalty-function and Lagrange function (MOF)  
 have been shifted on the z-axis 

The result of choosing 5=α  is visualized in Figure 2.18. In this visualization it is noticeable that 
a choice of 5=α  yields the minimum of the Lagrange function to be located in the feasible area, 
"overshooting" the solution of the optimization problem. 

The minimum of the Lagrange function is shifted continuously with respect to α . Hence, it can 
be expected that there exists one value [ ]5,2* ∈α , which yields the minimum of the Lagrange 
function to be equal to the optimization problem solution. In Figure 2.19 the original objective 
function is visualized as a contour plot. Furthermore, the positions of Lagrange function minima 
that result from different values of α  and corresponding function values are given. The border of 
the feasible space is indicated as a gray line. The solution of the optimization problem which is 
located on the border-line of the inequality constraint is indicated by a red circle. It is noticeable 
that this solution can be characterized by a maximal value of the Lagrange function at its 
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Figure 2.18: A quadratic objective function and its modification (Lagrange function), caused by a linear  
 penalty-function with Lagrange multiplier 5. Penalty-function and Lagrange function (MOF)  
 have been shifted on the z-axis 

minimum. This is intuitively plausible. For all points x  that are located on the border-line of the 
feasible space bT −xa  is equal to zero. Therefore, the border-line-values of the object function 
are not changed for any choice of α . If the minimum of the Lagrange function is located outside 
the border-line, the corresponding function value must be less then all border-line-values. In par-
ticular, this function value must be less then the solution value (red circle in Figure 2.19). 

The solution of the presented optimization problem can therefore be found as: 

( ){ }αθ=α
α
maxarg* , where  ( ) ( ){ }α=αθ ,Lmin x

x
 

Application of this formula yields the minimum of the original objective function always to be 
shifted to the border of the feasible space. In general, however, this should only be done if that 
minimum is located in the infeasible space. If the minimum is located in the feasible space, the 
constraint is meaningless and should be discarded. This requirement can be fulfilled by only al-
lowing positive Lagrange multipliers, because in that case the minimum of the original objective 
function can only be shifted towards the feasible space, but not away from that space. This means 
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Figure 2.19: Original objective function and feasible area. Minima of the Lagrange function for different  
 values of the Lagrange multiplier and corresponding objective function values. 

that if the minimum of the original objective function is located in the feasible space, any allowed 
nonzero value of α  reduces the value of θ , yielding the maximum of θ  to correspond to 0=α . 
Hence, as required in this case, the constraint that is associated with α  is discarded. 

A mathematical formulation of the upper descriptions yields the so called "complementary slack-
ness" (CS) condition: 

CS: ( ) 0b  0    0b =+α⇔=α∨=+ xaxa TT  

"either, a positive Lagrange multiplier yields the minimum of the Lagrange function to be  
shifted onto the border of the corresponding inequality constraint, or the Lagrange multi-
plier comes out zero" or alternatively 

"only if a constraint is identically fulfilled, its Lagrange multiplier can be different from 
zero" 
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All aforementioned relations can be extended to cases of arbitrary dimension with an arbitrary 
number of linear inequality-constraints yielding the following general rule for generating the dual 
formulation of an optimization problem: 

- Original optimization problem:  

Minimize: ( ) n x nn R,R,f ∈∈+= Qtx,xtQxxx TT  (2.75)
Subject to: mn x m Rb,R, ∈∈≥+ A0bAx  (2.76)

- Dual formulation: 

Maximize: ( ) ( )[ ]αxα
x

,Lmin=θ ,  where ( ) ( ) ( )bAxαxαx T +−= f,L ,  mR∈α  (2.77)

Subject to: m,...,1i,0i =≥α    (2.78)

- Complementary slackness condition: 

( ) 0bi =+α xai ,  m,...,1i =  where [ ]TT
m

T
2

T
1 aaaA ,...,,=  (2.79)

Introducing a linear penalty-term for each constraint of the optimization problem that is given by 
equations (2.74) results in the following Lagrange function: 

( ) ( )( )∑
=

−+α−=
n

1i
ii2

1 1by,b,L i
TT xwwwαw  (2.80) 

Based on that function the dual formulation of optimization problem (2.74) can be given as: 

Maximize: ( ) ( )αwα ,b,L minmin=θ ,  where ( ) ( ){ } ( ){ }αwααw
w

,b,Lminargb,
b,

minmin =  (2.81) 

Subject to: n,...,1i0i =≥α  

The location of the optimal hyperplane that is associated with the solution of this problem (this 
hyperplane is defined by the values ( )maxmin αw  and ( )maxminb α , where ( ){ }αα θ= maxargmax ) 
yields by definition only the supportvector-based inequality-constraints to be identically fulfilled: 

( ) ii xxw ,01by min
T
mini =−+  → support vector (2.82) 

All other inequality-constraints are non-identically fulfilled at the optimization problem solution: 

( ) ii xxw ,01by min
T
mini >−+  → non support vector (2.83) 

Therefore, according to the complementary slackness condition 

CS:  ( )( ) 01by min
T
minii =−+α ixw  (2.84) 

it can be predicted that all Lagrange multipliers which correspond to non-support-vector-based 
constraints come out to be equal to zero.  
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In the following, problem formulation (2.81) is simplified by evaluating the necessary conditions 
for existence of a minimum of the Lagrange-function with respect to w  and b  and plugging the 
results into the problem equations.  

The Lagrange function is quadratic with respect to w . Therefore, there exists exactly one mini-
mum minw . Forcing all partial derivatives to be equal to zero (which must be fulfilled at the point 

minw ) results in the condition: 

min

n

1i
ii y0L

min

wx
w i

w

=α⇔=
∂
∂ ∑

=

 (2.85) 

The Lagrange function is linear with respect to b . Therefore, a minimum of the Lagrange func-
tion exists only if the Lagrange function doesn't depend on b . Forcing the partial derivative of 
the Lagrange function with respect to b  to be equal to zero yields the condition: 

0y0
b
L n

1i
ii

bmin

=α⇔=
∂
∂ ∑

=

 (2.86) 

Plugging conditions (2.85) and (2.86) into the Lagrange function yields: 

( )αw ,L min  ∑ ∑∑∑
= ===

α−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+αα−αα=

n

1i
i

n

1j
jjii

n

1j
jj

n

1i
ii2

1 byyyy i
T
jj

T
i xxxx  

 
321

0

n

1i
ii

n

1i
i

n

1i

n

1j
jiji2

1 ybyy

=

=== =
∑∑∑∑ α−α+αα−= j

T
i xx  

Using this formulation implicitly ensures fulfillment of condition (2.85). Fulfillment of condition 
(2.86), however, has to be ensured "manually" by adding this condition to the constraints. Hence, 
the dual formulation of optimization problem (2.74) for finding the optimal hyperplane in the 
case of a hard-margin SVM can be given as: 

Hard margin SVMs aim at perfect class-specific separation of all exemplary objects. For many 
training data sets that are used in praxis this cannot be achieved, yielding the upper optimization 
problem to be infeasible. Furthermore, even if perfect class-specific separation is possible, it may 
not be desirable. If, for example, the training data is subject to random noise, perfect adaptation 
to these data, including the noise, would mean adaptation to randomly emerged training-data-

Maximize: ( ) ∑∑∑
= ==

αα−α=θ
n

1i

n

1j
jiji2

1
n

1i
i yy j

T
i xxα  (2.87) 

Subject to: n,...,1i,0i =≥α  (2.88)

 0y
n

1i
ii =α∑

=

 (2.89) 
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specifics, which cannot be generalized (this effect is denoted as "overfitting"). Individual objects, 
which are violating the trend of the overall object distribution, should rather be allowed to be 
misclassified or to be located within the margin. This can be achieved by introducing a positive 
slack variable iξ  to each constraint of optimization problem formulation (2.74), resulting in the 
following modified constraints: 

C: ( ) n,...,1i,1by ii =ξ−≥+i
Txw  (2.90) 

 n,...,1i,0i =≥ξ  (2.91) 

A slack variable iξ  determines by which amount the corresponding original constraint 
( ) 1byi ≥+i

Txw  may be violated. Therefore, slack variables should be chosen as small as possi-
ble. To accomplish that, an additional linear penalty-term is added to the original objective func-
tion. The value of this penalty-term grows proportionally to the sum of all slack variable values: 

OF: minC
n

1i
i2

1 →ξ+ ∑
=

ww T  (2.92) 

Equations (2.90) to (2.92) define an optimization problem which yields the optimal hyperplane to 
be the one that results in the best trade off between a preferably large margin δ2  and a preferably 
small deviation from perfect class-specific object-separation. SVMs, which are based on this 
formulation are denoted "soft margin" SVMs. The factor C has to be defined a priori. Smaller 
values of that factor yield a greater amount of constraint violations to be accepted in aid of a lar-
ger margin δ2 . 

The following Lagrange function can be constructed for the upper optimization problem: 

( ) ( )( ) ∑∑∑
===

ξμ−ξ+−+α−ξ+=
n

1i
ii

n

1i
iii

n

1i
i2

1 1byC,,,b,L i
TT xwwwμαξw  (2.93) 

Here, iα  are the Lagrange multipliers of constraints (2.90) and iμ  are the Lagrange multipliers of 
constraints (2.91). Evaluating the necessary condition for existence of a minimum of the La-
grange function with respect to w , b  and ξ  yields: 

min

n

1i
ii y0L

min

wx
w i

w

=α⇔=
∂
∂ ∑

=

 (2.94) 

0y0
b
L n

1i
ii =α⇔=

∂
∂ ∑

=

 (2.95) 

n,...,1i,0C0L
ii ==μ−α−⇔=

∂
∂
ξ

 (2.96) 

Inserting this condition into the Lagrange function yields: 

( )μαξwmin ,,,b,L  ∑ ∑∑∑
= ===

ξμ−ξα+α−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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n
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The Lagrange function is linear in b  and ξ . Therefore, similarly to the case of hard-margin 
SVMs, conditions (2.95) and (2.96) have to be enforced "manually" by adding them to the con-
straints of the optimization problem. 

The complementary slackness conditions are: 

CS: ( )( ) 01by iii =ξ+−+α i
Txw , n,...,1i =  (2.97) 

 0ii =ξμ , n,...,1i =  (2.98) 

Equations (2.98) and (2.96) yield: 

C        0        0 iii <α⇒>μ⇒=ξ  (2.99) 
C        0        0 iii =α⇒=μ⇒>ξ  (2.100) 

Relation (2.100) reveals that Lagrange multipliers iα , which correspond to violated constraints 
(that means: 0i >ξ ), will come out to be equal to C. Hence, in the case of soft margin SVMs 

- exemplary parameter-vectors, which correspond to identically fulfilled constraints (that means: 
0i >α ), and 

- exemplary parameter-vectors, which correspond to violated constraints (that means: Ci =α ), 

will come out to be associated with non-zero Lagrange multipliers at the optimization problem 
solution. Hence, any exemplary parameter-vector, which is located on the border of the margin, 
inside the margin or on the wrong side of the optimal hyperplane is a support vector, meaning 
that a non-zero Lagrange multiplier is associated with that vector. 

Relations (2.99) and (2.100) additionally reveal that there exists an upper limit C of the Lagrange 
multiplier values. Hence, the dual formulation of the optimization problem that is associated with 
soft-margin SVMs can be stated as follows: 

Maximize: ( ) ∑∑∑
= ==

αα−α=θ
n

1i

n

1j
jiji2

1
n

1i
i yy j

T
i xxα  (2.101)

Subject to: n,...,1i,C0 i =≤α≤  (2.102)

 0y
n

1i
ii =α∑

=

 (2.103)

The objective function does not depend on the Lagrange multipliers μ . The requirement 0i ≥μ  
is implicitly enforced by constraint (2.102).  
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After the solution maxα  of this problem has been found ( maxα [ ](max)
n

(max)
2

(max)
1 ,...,, ααα=  

( ){ }αθ= maxarg ), the orientation of the corresponding optimal hyperplane can be calculated, us-
ing equation (2.96): 

∑
=

α=
n

1i

(max)
iiy imin xw  (2.104) 

For calculating the distance minb  of the optimal hyperplane from the origin any complementary 
slackness condition that corresponds to a support vector which is located on the border of the 
margin ( 0    C0 i

(max)
i =ξ⇒<α< ) can be used: 

i
T
minxw−= imin yb  for all i, yielding C0 (max)

i <α<  (2.105) 

Inserting equation (2.104) yields: 

∑
=

α−=
n

1i

(max)
iijmin yyb j

T
i xx  for all j, yielding C0 (max)

j <α<  (2.106) 

In order to achieve highest possible numerical accuracy, minb  should be calculated as an average 
value, considering all available equations (2.106). 

The optimal hyperplane is fully defined by minw  and minb . The rescaled distance of a test pa-
rameter-vector x  from that plane can be calculated using equation (2.66). Depending on the sign 
of this distance, vector x  is located either on the one or on the other side of the hyperplane. 
Hence, the classification y of a test parameter-vector x  can be calculated as: 

( ) ( ) ( )minbsign)(gsigny +== xwxx T
min  (2.107) 

Inserting equation (2.104) yields: 

( ) ⎟
⎠

⎞
⎜
⎝

⎛
+α= ∑

=
min

n

1i

(max)
ii bysigny xxx T

i  (2.108) 

The magnitude of the rescaled distance of a vector x  from the hyperplane, 

( ) min

n

1i

(max)
ii byg +α= ∑

=

xxx T
i  (2.109) 

can be used as measure of confidence of the decision ( )xy . 

Soft-margin SVMs, whose training and classification are based on equations (2.101), (2.102), 
(2.103), (2.106) and (2.108) are denoted "linear". 

As was illustrated in subsection 2.3.1, enhanced linear separability may be achieved in a hyper-
space of increased dimension, which results from subjecting the parameter-space to a nonlinear 
transformation. Hence, better results may be obtained, if training and classification are performed 
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in such a transformed space rather then the parameter-space. SVMs implementing that concept 
are denoted as "non-linear", as a linear separation of training objects in the transformed space 
corresponds to a nonlinear separation of these objects in the parameter-space. 

In order to perform training and classification in a transformed space, all parameter-vectors x  
that are used in equations (2.101), (2.102), (2.103), (2.106) and (2.108) must be replaced with 
their transformation ( )xΦ : 

( )xΦx →  ,  ML  ,RR: LM >→Φ  (2.110) 

It is noticeable that parameter-vectors exclusively appear as part of a scalar product in all relevant 
equations. Therefore, performing training and classification in a transformed space, which is de-
fined by Φ , means replacing all scalar products of the form j

T
i xx  by scalar products of the form 

( ) ( )jT
i xΦxΦ . Scalar products of transformed parameter-vectors can be calculated without actu-

ally performing the transformation Φ , if so called "kernel-functions" k are used: 

( ) ( ) ( )jij
T

i k x,xxΦxΦ =  (2.111) 

Each kernel-function corresponds to a particular transformation Φ . Often, this transformation 
cannot be expressed explicitly and the dimension L of the transformed space can approach infin-
ity. Replacing each scalar product of parameter-vectors in equations (2.101), (2.102), (2.103), 
(2.106) and (2.108) with a kernel-function yields the fundamental equations for training and clas-
sification in the case of non-linear soft-margin SVMs: 

Training: 

Maximize: ( ) ( )∑∑∑
= ==

αα−α=θ
n

1i

n

1j
jiji2

1
n

1i
i ,kyy ji xxα  (2.112)

Subject to: n,...,1i,C0 i =≤α≤  (2.113)

 0y
n

1i
ii =α∑

=

 (2.114)

Classification: 

( ) ( ) ⎟
⎠

⎞
⎜
⎝

⎛
+α= ∑

=
min

n

1i

(max)
ii b,kysigny xxx i  (2.115)

with: ( )∑
=

α−=
n

1i

(max)
iijmin ,kyyb ji xx  for all j, yielding C0 (max)

j <α<  (2.116)

Evaluating a kernel-function generally requires considerably less computational effort than calcu-
lating the corresponding scalar product. Therefore, in most real-world applications, the use of 
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kernel-functions allows training and classification in a higher- or even infinite-dimensional hy-
per-space to be performed in a practicable amount of time. One disadvantage of the use of kernel-
functions is the fact, that not for every transformation Φ  a corresponding kernel-function k can 
be found. Hence, the range of applicable transformations is limited.  

Some commonly used kernel-functions are: 

- Radial-basis function (RBF): 

( ) 2

2

2ek σ

−
−

=
ji xx

ji x,x , Parameters: σ  (2.117) 

- Polynomial function: 

( ) ( )p0c k +γ= j
T
iji xxx,x , Parameters: γ , 0c , p  (2.118) 

- Sigmoid function: 

( ) ( )β+γ= j
T
iji xxx,x  tanhk ,  Parameters: γ , β  (2.119) 

If the parameters of a kernel-function are changed, the transformation Φ  that is associated with 
this function changes also. 

2.3.3 Probability Estimation 

Probabilistic SVMs are based on translating the rescaled distance from the optimal hyperplane, 
( )xg , into the probabilities of the parameter-vector x  being a member of either of the two distin-

guished classes (-1 and 1). These probabilities can be estimated by inserting ( )xg  into a sigmoid 
function with parameters A and B [Iur06]: 

( ) { }xx |1yPp 1 −==−  ( ) BgAe1
1

++
= x  (2.120) 

( ) { }xx |1yPp 1 ==+  ( )x1p1 −−=  (2.121) 

The sigmoid function is used to estimate the probability that x  is a member of class -1 (equation 
2.120). Ones this estimate is available, the probability that x  is a member of class 1 is calculated 
as the corresponding complement (equation 2.121). 

Appropriate parameters A and B of the sigmoid function are determined in the course of the 
training process. Details on how this is done can be found in [Cha06] and [Wu04]. The distance-
dependent probability estimates that emerge for A = 1 and B = 0 are visualized in Figure 2.20. 
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Figure 2.20: Estimation of class-specific probability-measures (case: A = 1, B = 0) 

In the case of a probabilistic SVM the classification of a parameter-vector x  is derived based on 
the probability estimates ( )xip  rather then the rescaled distance from the optimal hyperplane 
( )xg : 

( ) ( ){ }xx i
i

pmaxargy = ,  { }1,1i +−∈  (2.122) 

If the sigmoid function value (equation 2.120) is greater then 0.5, equation (2.122) yields ( )xy  to 
be equal to -1, otherwise to be equal to 1. The decision boundary 0.5 corresponds to zero distance 
from the optimal hyperplane ( ( ) 0g =x ) only if B = 0. Therefore, if sigmoid function parameter B 
is non-zero, probability-based and distance-based decisions may be different.  

2.4 Support Vector Machines for Regression 

In order to solve a regression problem, the functional dependence between a multi-dimensional 
real-valued parameter-vector MR∈x  and a real-valued scalar Ry∈  must be determined. Hence, 
a parameter-vector is translated  

- into a logical value in the case of classification and  

- into a real value in the case of regression. 

The ideas of Support Vector Classification (SVC), which have been presented in the previous 
section, can be adapted to the regression task, yielding the theory of Support Vector Regression 
(SVR) which is introduced in the following. 

As in SVC, modeling of the relation between x and y is performed based on a training set of ex-
emplary problem solutions. Such a training set consists of: 
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- exemplary parameter-vectors: 
M

i R∈x , n,...,1i =  (2.123) 

with: n  →  number of exemplary parameter-vectors 

- associated function values 

Ryi ∈ , n,...,1i =  (2.124) 

The training process of SVR aims at finding an optimal linear regression function of the form: 

( ) by~ b, += xwx T
w  (2.125) 

Optimality is defined as the best compromise between: 

1. A preferably small approximation error, yielding a small empirical risk; and 

2. A preferably small sensitivity with respect to x , yielding high confidence in the generaliza-
bility of the training results. 

These optimality conditions are explained in the following. 

In order to measure the approximation error, a "loss function" has to be defined relating the dif-
ference between an empirically obtained function value iy  and the corresponding approximation 
( )ixy~  to a positive real-valued error measure ( )y~,y,e iix . Commonly used loss functions are: 

- Modulus error: 
( ) ( )ii xx y~yy~,y,e ii −=  (2.126) 

- Quadratic error: 

( ) ( )( )2ii y~yy~,y,e ii xx −=  (2.127) 

- Huber loss function: 

( ) ( ) ( )
( )( )⎩

⎨
⎧

−
ε≥−ε−−ε

=
otherwisey~y

y~yfory~y
y~,y,e 2

i2
1

i
2

2
1

i
i

i

ii
i x

xx
x  (2.128) 

In the case of SVR the so called "ε-insensitive loss function" [Vap98] is commonly used, be-
cause, as will turn out later, this loss function can yield the amount of data and the computational 
effort that are required for evaluating the regression function for a given parameter-vector to be 
relatively small. The ε-insensitive loss function is defined as: 

( ) ( ) ( ) ( )
⎩
⎨
⎧ ε≥−ε−−

=−=
ε otherwise0

y~yfory~y
y~yy~,y,e ii

ii
ii

ii
xx

xx  (2.129) 

All introduced loss functions are visualized in Figure 2.21. 
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Figure 2.21: Loss functions that are used in regression. 

The overall error that is associated with the approximation of a given set of training samples 
{ }iy,ix  by a regression function y~  can be defined as: 

( )∑
=

=
n

1i
i y~,y,eE ix  (2.130) 

If the ε-insensitive loss function is used, this equation becomes: 

( )∑
=

εε −=
n

1i
i y~yE ix  (2.131) 

Equation (2.131) yields exclusively those exemplary function values iy  whose distance from the 
corresponding function estimation ( )ixy~  is greater then ε to contribute to the overall approxima-
tion error. A linear regression function b,y~w  that is optimal in terms of optimality condition one 
must yield a minimal value of εE . 

The second optimality condition addresses the risk of overfitting that is associated with a regres-
sion function y~ . Overfitting means adaptation to characteristics that are exclusively specific to 
the training data and cannot be generalized. If overfitting occurs, the overall approximation error 
that is defined by equation (2.131) (the overall approximation error is also denoted as the empiri-
cal risk as this error represents a training-data-related risk estimation) can become very small, 
suggesting a good regression model, although new exemplary test data would yield approxima-
tion errors that are large. An example of a regression function that is subject to overfitting is 
visualized in Figure 2.22. In this visualization it is noticeable that the regression function adapts 
well to the red training points that have been used for its derivation. The blue test points, how-
ever, which emerged from the same real-world process as the training points, are approximated 
poorly. Hence, the generalization properties of the visualized regression function are unsatisfac-
tory.  
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Figure 2.22: A regression function with poor generalizability. 

In general, the generalization properties of a regression function can be linked to its complexity. 
If the training process, which is the process of adapting the regression function to the training 
data by adjusting its parameters accordingly, yields a regression function of very complex shape, 
overfitting must be expected. If, by contrast, the regression function that has been found in the 
training process is very simply shaped, overfitting is highly unlikely. The theory of Structural 
Risk Minimization (SRM) [Vap98] is concerned with mathematically formulating the relation-
ship between the complexity of a regression function or, more general, a learning machine (this 
denotation comprises the whole training process), and the expectation of the associated gener-
alizability. 

For the case of a linear regression function b,y~w  the expected generalizability can be shown to 
increase with decreasing dependence of the function values on an input-parameter-vector x  
[Smo04]. This dependence or, in other words, the sensitivity of the regression function with re-
spect to x  is generally denoted as "flatness". The flatness can be quantified by calculating the 
norm of parameter w  of equation (2.125). Hence, a linear regression function b,y~w  that is opti-
mal in terms of optimality condition two must yield a minimal value of w  or of wwT

2
1  7. 

                                                 
 
 
7  Note the similarity between SVR an SVC: In both cases, minimization of the length of vector w corresponds to  
 maximization of the expected generalizability. In SVC, a minimal hyperplane standard normal vector yields a  
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Considering both optimality conditions, an optimal linear regression function can be defined as 
the solution of the following unconstrained optimization problem: 

Minimize: ( )∑
=

ε
−+

n

1i
b,i

T
2
1 y~yC iw xww  (2.132) 

The scalar C is weighting the overall approximation error and therefore determines the compro-
mise between empirical risk and expected generalizability. A value of C must be chosen a priori. 
The objective function of problem (2.132) contains discontinuities which makes finding of a so-
lution very complicated. Because of that and to allow derivation of a dual problem formulation, 
the unconstrained optimization problem is transformed into an equivalent constrained optimiza-
tion problem. This transformation is accomplished by: 

- Introducing constraints that yield the difference between each exemplary function value iy  and 
the corresponding estimated function value ( )iw xb,y~  to be less then or equal to parameter ε of 
the ε-insensitive loss function: ( ) ε≤− iw xb,i y~y ; 

- Relaxing these constraints by positive slack variables iξ  and *
iξ ; and 

- Replacing the overall estimation error by the sum of all slack variables. 

The resulting equivalent constrained optimization problem is given as: 

Minimize: ( )∑
=

ξ+ξ+
n

1i

*
ii

T
2
1 Cww  (2.133) 

subject to: ( ) n,...,1i,y~y ib,i =ξ+ε≤− iw x  

 ( ) n,...,1i,yy~ *
iib, =ξ+ε≤−iw x  

 n,...,1i0i =≥ξ  
 n,...,1i0*

i =≥ξ  

Minimization of the sum of all slack variables ensures that each individual slack variable comes 
out to be equal to the magnitude of violation of the corresponding constraint. Because of that, 
each ε-insensitive loss function value of problem formulation (2.132) can be replaced by the sum 
of the two slack variables which correspond to the constraints that are associated with the same 
training sample as the loss function (note that only one of these two slack variables can be differ-
ent from zero): 

( )
ε

−=ξ+ξ iw xb,i
*
ii y~y  (2.134) 

                                                                                                                                                              
 
 
 maximal margin, resulting in a minimal "VC-dimension". The VC-dimension is directly related to the expected  
 generalizability. It is defined as the maximal number of points that can be perfectly class-specificly separated  
 ("shattered") for any distribution of both classes that is possible [Bur98].  
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Therefore, minimization of the sum of all slack variables is the same as minimization of the over-
all approximation error. Both the objective function and the constraints of problem formulation 
(2.133) are continuous.  

In accordance with the definition of the ε-insensitive loss function, optimization problem (2.133) 
yields exclusively those exemplary function values iy  whose distance from the corresponding 
function estimation ( )ixy~  is greater than ε to linearly contribute to the overall approximation 
error. All remaining training samples { }iy,ix  (these are located within the so called "ε-tube") 
yield fulfillment of the optimization problem constraints without requiring non-zero slack vari-
ables. Hence, they have no influence on the objective function value. 

An exemplary training set and two different optimal linear regression functions that correspond 
to different choices of cost-parameter C are visualized in Figure 2.23. The ε-tube that is associ-
ated with each regression function is marked as yellow area. All training samples that are located 
within that area and which therefore have no impact on the overall approximation error are 
marked green. All remaining training samples are marked red. It is noticeable that a reduction of 
C yields the flatness of the regression function to be increased at the expense of a higher overall 
distance of the training samples from the ε-tube. Hence, while the regression function on the left-
hand-side results from dominance of the approximation error term in the optimization objective, 
the regression function on the right hand side corresponds to a compromise between approxima-
tion error and function flatness. If the flatness term would be dominant over the approximation 
error term, the magnitude of w  would come out zero, yielding the regression function to be con-
stant with respect to x . 
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Figure 2.23: Optimal linear regression function and corresponding ε-tube for different values of parameter C. 

In order to apply kernel functions, allowing for nonlinear regression, optimization problem 
(2.133) must be transformed into its dual formulation. This can be done by applying the same 
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principles that were previously introduced for the case of soft-margin SVC. The Lagrange func-
tion can be given as: 

( )*** μμααξξw ,,,,,,b,L  ( ) ( )∑∑
==

ξ+ε+−+α−ξ+ξ+=
n

1i
iii

n

1i

*
ii

T
2
1 ybC i

Txwww  

  ( ) ∑∑∑
===

ξμ−ξμ−ξ−ε−−+α+
n

1i

*
i

*
i

n

1i
ii

n

1i

*
ii

*
i ybi

Txw  (2.135) 

where μαα * ,,  and *μ  are the Lagrange multipliers that are associated with the optimization 
problem constraints.  

The following necessary conditions for a minimum of L with respect to w , b, ξ  and *ξ  can be 
derived: 

0
w

minw

=
∂
∂L  ⇔  ( )∑

=

α−α=
n

1i

*
ii imin xw  (2.136) 

0
b
L
=

∂
∂   ⇔  ( ) 0

n

1i
i

*
i =α−α∑

=

 (2.137) 

0L
=

∂
∂
ξ

  ⇔  0C ii =μ−α− , n,...,1i =  (2.138) 

0L
=

∂
∂

*ξ
  ⇔  0C *

i
*
i =μ−α− , n,...,1i =  (2.139) 

Inserting these conditions into the Lagrange function yields: 

( ) ( ) ( ) ( )( )∑∑∑∑
= ===

α−αα−α−α+αε−α−α==θ
n

1i

n

1j

*
jj

*
ii2

1
n

1i

*
ii

n

1i

*
iii,,b,

yLmin, j
T
i*ξξw

* xxαα  (2.140) 

The complementary slackness conditions are given as: 

CS: ( ) 0yb iii =ξ+ε+−+α i
Txw , n,...,1i =  (2.141) 

 ( ) 0yb *
ii

*
i =ξ−ε−−+α i

Txw , n,...,1i =  (2.142) 

 0ii =ξμ , n,...,1i =  (2.143) 

 0*
i

*
i =ξμ , n,...,1i =  (2.144) 

Similar to the case of soft-margin SVC, the complementary slackness conditions, conditions 
(2.138) and conditions (2.139) reveal that: 

- all Lagrange multipliers are bounded to the interval [ ]C,0 , 

- violated constraints yield the corresponding Lagrange multipliers to be equal to C, 

- identically fulfilled constraints yield the corresponding Lagrange multipliers to be non-zero, 
and 
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- non-identically fulfilled constraints yield the corresponding Lagrange multipliers to be equal to 
zero. 

Therefore, all Lagrange multipliers that correspond to training samples which are located within 
the ε-tube will come out to be zero at the solution of the optimization problem. Support vectors 
are only those parameter-vectors that are located on the border or outside the ε-tube. 

The constraints of the dual formulation of optimization problem (2.133) can be given as: 

C:  C0 i ≤α≤ ,  n,...,1i =  (2.145)
 C0 *

i ≤α≤ , n,...,1i =  

 ( ) 0
n

1i

*
ii =α−α∑

=

 

After the Lagrange multipliers { } [ ] [ ]{ }T*
nmax,

*
2max,

*
1max,

T
nmax,2max,1max,maxmax ...,,,...,, αααααα=*α,α  

( ){ }*αα,maxarg θ=  have been found, parameter minw  of the corresponding optimal regression 
function can be calculated using equation (2.136): 

( ) ( )∑
=

α−α=
n

1i

*
imax,imax,, i

*
maxmaxmin xααw  (2.146) 

Similar to SVC, parameter minb  can be found by evaluating complementary slackness conditions 
(2.141) and (2.142): 

ε−−= i
T
minxwimin yb  for all i, yielding C0 imax, <α<  (2.147)  

ε+−= ixwT
minimin yb  for all i, yielding C0 *

imin, <α<  (2.148)  

As in the case of soft-margin-SVC, in order to achieve highest possible numerical accuracy, minb  
should be calculated by evaluating all available equations (2.147) and (2.148) and averaging the 
results. 

The regression function value that corresponds to a test-parameter-vector x  can be calculated as: 

( ) minb, by~ += xwx T
minw  (2.149) 

Inserting equation (2.146) yields: 

( ) ( ) min

n

1i

*
imax,imax,b, by~ +α−α= ∑

=

xxx T
iw  (2.150)

where ( ) ε−α−α−= ∑
=

n

1i

*
imax,imax,jmin yb j

T
i xx  for all j, yielding C0 jmax, <α<  (2.151) 
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 ( ) ε+α−α−= ∑
=

n

1i

*
imax,imax,jmin yb j

T
i xx  for all j, yielding C0 *

jmin, <α<  (2.152) 

Training and evaluation of a linear regression function is fully defined by equations (2.140), 
(2.145), (2.150), (2.151) and (2.152).  

Similarly to SVC, in order to find an optimal regression function which is nonlinear in the pa-
rameter-space, the dual optimization problem has to be solved in a non-linearly transformed 
space of increased dimension. As was shown before, this can be achieved by substituting each 
scalar product j

T
i xx  with a corresponding kernel function evaluation ( )ji xx ,k . The fundamental 

equations for training of a non-linear SVM-based regression function can therefore be given as: 

Training: 

Maximize: ( ) ( ) ( ) ( )( ) ( )∑∑∑∑
= ===

α−αα−α−α+αε−α−α=θ
n

1i

n

1j

*
jj

*
ii2

1
n

1i

*
ii

n

1i

*
iii ,ky, ji

* xxαα  

Subject to: C0 i ≤α≤ ,  n,...,1i =  
 C0 *

i ≤α≤ , n,...,1i =  

 ( ) 0
n

1i

*
ii =α−α∑

=

  (2.153)

In order to evaluate a non-linear regression function, equations (2.150), (2.151) and (2.152) have 
to be solved in the transformed space also. Hence, the fundamental equations for evaluation of a 
non-linear SVM-based regression function can be given as: 

Evaluation: 

( ) ( ) ( ) min

n

1i

*
imax,imax,b, b,ky~ +α−α=∑

=

xxx iw  (2.154)

where ( ) ( ) ε−α−α−= ∑
=

n

1i

*
imax,imax,jmin ,kyb ji xx  for all j, yielding C0 jmax, <α<  (2.155) 

 ( ) ( ) ε+α−α−= ∑
=

n

1i

*
imax,imax,jmin ,kyb ji xx  for all j, yielding C0 *

jmin, <α<  (2.156) 

As has been shown before, all training parameter-vectors ix  that are located inside the ε-tube are 
associated with zero-valued Lagrange multipliers imax,α  and *

imax,α . Hence, these parameter-
vectors, not being support vectors, can be omitted when equations (2.154), (2.155) and (2.156) 
are evaluated. If one of the other previously introduced loss-functions would have been used for 
calculation of the overall approximation error, a constraint violation would occur for all training-
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parameter-vectors, yielding all of them to be support vectors. Hence, only if the ε-insensitive loss 
function is used, the set of support vectors can be reduced, causing evaluation of a regression 
function to require less data and to be computationally less expansive. 
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3 Methods 

In this chapter, all applied methods are described. Tolerance optimization was performed in a 
three-tiered process. This process can be applied to any multibody system and is described in a 
general manner in section 3.1. In section 3.2 a mechanical system is presented, which has been 
chosen as an exemplary system for application of the proposed tolerance optimization scheme. 
Each of the remaining sections of this chapter is concerned with one tier of the presented scheme. 
In these sections, the procedures that were used in the context of the chosen application example 
are described in detail. 

3.1 The Basic Scheme of Tolerance Optimization for Multibody Systems 

In this section the basic three- tiered scheme for tolerance optimization, which includes 

- modeling-based detection of system failure (tier one), 

- tolerance analysis by means of Monte Carlo simulation (tier two), and 

- tolerance optimization by means of sequential quadratic programming (tier three) 

is introduced. Initially, the notation that is used throughout chapter 3 is defined. After that, the 
major challenges that are associated with tolerance optimization are discussed and the methods 
that were chosen to meet these challenges are presented. The resulting overall scheme for toler-
ance optimization is described at the end of this section. 

The dimensions of all components of a mechanical system can be quantified by a set of geometri-
cal measures  

[ ]p21 x,...,x,x=x  (3.1) 

As these measures randomly emerge as a result of real-world manufacturing, they cannot be iden-
tical to the corresponding desired or nominal measures 

[ ])n(
p

)n(
2

)n(
1 x,...,x,x=(n)x  (3.2) 

The allowed ranges of all geometrical measures x  are defined by both the nominal measures (n)x  
and the associated tolerances  

[ ]p21 t,...,t,t=t   (3.3) 
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Each tolerance it  specifies by which amount a real-world measure ix  may deviate from the cor-
responding nominal measure )n(

ix  8: 

[ ]i)n(
ii

)n(
i

!

i tx,txx +−∈  (3.4) 

In this thesis, Tolerance Analysis (TA) is defined as the process of determining the reliability 
index β  (see Section 2.1) that results from a certain definition of the tolerances t  of a mechani-
cal system: 

β→
Analysis Tolerance

t  (3.5) 

The reliability index is an equivalent measure of the probability of system failure. Reliability in-
dex and probability of system failure are linked through the equation  

( )β−Φ=fp  (3.6) 

where Φ  is the cumulative standard normal distribution function. Derivation of a tolerance-
dependent reliability index is done by means of Monte Carlo simulation, which allows the limit 
state and the probability distributions that are associated with the geometrical measures to be ar-
bitrarily complex. In the course of MCS, different geometrical configurations are successively 
drawn from the tolerance intervals and then classified as either yielding or not yielding system 
failure 9. The probability of system failure is estimated based on all calculated classifications, and 
then transformed into the reliability index.  

Each tolerance configuration t  can be associated with the manufacturing costs K that result from 
it. The relation between these two quantities is modeled by means of a simple explicit algebraic 
equation: 

( ) ∑
=

=
n

1i i

i

t
cK t  (3.7) 

The weighting coefficients [ ]n21 c,...,c,c=c  can be freely chosen, allowing the influence of each 
individual tolerance assignment it  on the overall manufacturing costs to be customized. Analyz-

                                                 
 
 
8 In practice, the maximum deviation towards smaller numbers and the maximum deviation towards larger  
 numbers are defined separately, requiring two tolerance measures to be associated with each geometrical  
 measure. In this thesis, for simplicity reasons, each nominal measure is assumed to be located in the middle of its  
 tolerance interval, causing only one tolerance measure to be needed. 
9  In general, not only the geometrical configurations x but also the performance criteria r are subject to uncertainty 
 (see section 2.1), such that all design variables x = [xT  rT]T rather then the geometrical configurations only 
 have to be classified in each MCS trial as either yielding or not yielding failure. The additional computational 
 costs that emerge from doing so are negligible, as the accuracy of MCS does not depend on the number of  
 analyzed random variables (see subsection 2.2.2). Nevertheless, all procedures that have been implemented and    
  that are described in chapter 3 are based on the assumption of deterministically defined performance criteria r. 
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ing and accurately modeling the dependence of the manufacturing costs on the tolerance assign-
ments exceeds the scope of this thesis.  

Optimal tolerance assignments optt  are defined as those tolerance assignments that yield minimal 
production costs subject to an ensured system reliability, defined by the reliability index minβ . 
Hence, optimal tolerance assignments can be found by solving the following optimization prob-
lem: 

Minimize:  ( )tK  (3.8)

subject to: ( ) minβ≥β t  
 maxmin ttt ≤≤  

Two major problems emerge when this optimization problem is to be solved. These problems and 
their proposed solutions are described in the following: 

1. Recognition of failure or non-failure of a mechanical system can be done by simulating the 
dynamic system behavior and analyzing, if the simulated behavior corresponds to the desired 
behavior. This process can be computationally very expensive, especially, if the simulation is 
based on a highly realistic system model. Tolerance analysis, which comprises calculation of 
a reliability index ( )tβ , is based on Monte Carlo simulation and therefore requires a very 
large number of different tolerance-accordant geometrical configurations x  to be classified 
or, in other words, to be related to failure or non-failure. If these classifications would be de-
rived based on simulation of the dynamic behavior of the mechanical system, the computa-
tional demand that is associated with tolerance analysis would be extreme and could not be 
satisfied in practice. This problem can be solved by employing support vector machines for 
classification. Support vector machines for classification can utilize an exemplary set of geo-
metrical configurations { }n21 xxx ,...,,X =  and corresponding reference classifications 

{ }n21 e,...,e,eE =  to automatically learn the relation ( )xe  between these two quantities. The 
classification system that results from this learning or training process can be used to analyze 
any geometrical configuration within a very small amount of time. If SVM-based classifica-
tion is employed in Monte Carlo simulation, the associated computational costs are feasible. 
In this case, simulation of the dynamic behavior of the mechanical system needs to be per-
formed solely in order to provide exemplary training data. Doing so should be possible in 
most practical applications, as the number of classified geometrical configurations that is re-
quired for SVM-training is comparatively small. 

2. Optimization problem (3.8) can be solved efficiently if the gradients of both the objective 
function, ( )tK∇ , and the constraint, ( )tβ∇ , are processed in each iteration step. The gradient 
of the objective function can be found by differentiating equation (3.7). In contrast to the ob-
jective function, the reliability index is obtained as the output of MCS-based tolerance analy-
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sis. Hence, a differentiable mathematical relation that defines the reliability index in terms of 
the tolerances is not available. Usually, if a measure is obtained as the output of an algorithm, 
the gradient of this measure can be numerically estimated by using a finite differences ap-
proach. In the case of the reliability index this is not possible because, as was shown in sub-
section 2.2.2, any measure that is derived by Monte Carlo simulation is subject to random 
noise. This noise can yield numerical derivative estimation to be subject to extreme error, as 
is illustrated in Figure 3.1. In order to obtain an accurate derivative estimation, the true func-
tional relation ( )tβ  must be extracted from a set of exemplary tolerance configurations 

{ }m21 ttt ,...,,T =  and corresponding "noisy" reliability index estimates { }m21 ,...,, βββ=Β . 
This can be done by means of support vector machines for regression. Tolerance analysis 
must in this case be employed for generation of the required exemplary data. Based on these 
data, a SVR-function can be automatically derived. Such a function is an explicit algebraic 
equation. It relates a tolerance configuration t  to an estimate of the true resulting reliability 
index β . Differentiating the SVR-function provides explicit formulas that allow analytical 
calculation of the reliability index gradient for any set of tolerance assignments. 
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Figure 3.1: Forward difference based derivative estimation using target-function-values that are subject to 
 noise. 

A scheme that results from the presented problem solutions and therefore allows for efficient 
optimization of the tolerances of a mechanical system is visualized in Figure 3.2. Applying this 
scheme comprises execution of the following steps: 
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Figure 3.2: Basic scheme for tolerance analysis and tolerance optimization. 

1. Generation of a modeling-based classification system which can automatically decide if a 
geometrical configuration x  does or does not yield system failure. This classification system 
is based on mathematical modeling of the real-world physical relations that are existing be-
tween the classification system input (geometrical measures) and its output (occurrence of 
system failure).  
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2. Training of a support vector classification system which replicates the decision of the model-
ing-based classification system. Exemplary training samples are obtained by generating mul-
tiple configurations ix  of the toleranced geometrical measures and classifying them using the 
modeling-based classification system. 

3. Integration of the SVM-based system for recognition of failure into a Monte Carlo simulation 
environment that allows estimation of the reliability-index β  based on a provided tolerance 
configuration t . 

4. Training of a support vector regression function for prediction of the tolerance-dependent 
reliability-index ( )tβ . Exemplary training samples are obtained by generating multiple toler-
ance configurations it  and calculating the corresponding reliability indices iβ  by means of 
MCS-based tolerance analysis. 

5. Solving of the optimization problem (3.8) yielding the tolerance configuration optt  that re-
sults in minimal production costs subject to an ensured system reliability minβ . 

3.2 The Exemplary Mechanical System 

The proposed tolerance optimization scheme was applied to a web cutter mechanism, whose per-
formance usually shows high tolerance sensitivity. A simplified drawing of this mechanism is 
shown in Figure 3.3. The web cutter mechanism can be interpreted as a special form of a planar 
four-bar mechanism. It allows to repeatedly cut across the width of a web which is moving in 
lengthwise direction. The web cutter is attached to the ground at points Q and O (see Figure 3.3). 
The components of the web cutter are interconnected exclusively by means of revolute joints 
whose axes of rotation are parallel to each other. The crank (body one in Figure 3.3) rotates 
counter clockwise. Its angular velocity is assumed to be constant. As the crank rotates, the dis-
tance between the cutting blade edges (denoted C and D) changes in an oscillatory pattern. Once 
this distance reaches a critical value while approaching its minimum, cutting is performed. At 
that time, the mean velocity of the cutting blade edges along the feed axis and the infeed velocity 
of the web must be equal. 

The dimensions of the web cutter are shown in Figure 3.4. Three geometrical measures were as-
sumed to be subject to uncertainty. Those are 

- the distance between points Q and A, which is denoted as 1x ; 

- the distance between points A and B, which is denoted as 2x ; and 

- the distance between points B and O, which is denoted as 3x . 
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Figure 3.3: Simplified sketch of a web cutter mechanism [Nik07]. 

 
Figure 3.4: Geometrical dimensions of a web cutter mechanism (in meters) [Nik07]. 

Depending on the outcome of these measures, the associated web cutter mechanism may (non-
failure) or may not (failure) be suitable for fulfillment of its tasks. Failure has been defined to 
occur, if a choice of geometrical measures yields one or more of the following events to emerge: 

- one of the components of the web cutter fractures because the emerging loads exceed the cor-
responding maximal loads; 

- impact of the cutting blades occurs; or 
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- the minimal distance between both cutting blade edges is too large. 

Fracture of a web cutter component would yield structural collapse of the overall mechanical 
system. Impact of the cutting blades would cause either instantaneous system failure because of 
too large resulting loads that the system cannot withstand or long-term system failure because of 
disproportionately high component-abrasion. A too large gap between the cutting blade edges 
would make fulfillment of the cutting-task impossible. Hence, in terms of reliability theory, the 
web cutter is regarded as a series system. 

In the following section a modularly structured classification scheme is presented. This scheme is 
based on simulating the dynamic behavior of the web cutter, using mathematical modeling of all 
relevant associated physical relations. Application of this scheme yields any geometrical configu-
ration [ ]321 xxx=x  to be analyzed in multiple successive steps, eventually allowing this 
configuration to be linked to either failure or -non-failure of the web cutter mechanism.  

3.3 Modeling-Based Detection of System Failure 

In this section is described, how a set of geometrical measures x  can be classified as either yield-
ing or not yielding failure (depending on whether the performance of the web cutter that results 
from these measures is acceptable or not) based modeling of the associated real-world physical 
relations. In subsection 3.3.1, a general scheme of modular structure is presented and the general 
purpose of each module is explained. In subsections 3.3.2, 3.3.3, 3.3.4 and 3.3.5 the designs of all 
presented modules are described in detail, incorporating all specifics of the chosen application 
example. Each of these subsections corresponds to one module of the general classification 
scheme. Fundamental aspects of simulation of a multibody system are explained in the shaded 
box of subsection 3.3.2. 

3.3.1 General Scheme 

A general modularly structured classification scheme has been developed, which can be used to 
automatically classify any mechanical system that can be modeled as a multibody system (MBS) 
as either yielding or not yielding failure (meaning that the mechanical system either does or does 
not allow fulfillment of the tasks this system was designed for), depending on the geometrical 
dimensions of its components. This scheme is visualized in Figure 3.5. 
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Figure 3.5: Modeling-based classification - basic scheme 

The simulator module is used to perform simulation of the dynamic behavior of the MBS. 

In this module, the MBS is defined by means of the following information: 

- The geometrical dimensions of all bodies the system is composed of; 

- The way these bodies are connected to each other; and  

- The way the bodies are connected to passive and active force elements (e.g. springs, dampers, 
actuators) which are imposing loads on the system depending on its state of motion. 

In order to determine the dynamic behavior of a MBS,  

- its initial configuration and  

- the time-dependent behavior of all external system inputs (e.g. natural loads and loads that are 
produced by the operator of the system)  

are defined. The latter corresponds to a specific form of environmental stimulus onto the system 
and hence comprises the scenario of the simulation. 

Most of the aforementioned information are provided a priori and saved as constants of the Simu-
lator module. Those constant information are: 

- The interconnection of bodies and force elements which can be extracted from the real-world 
structure of the modeled mechanical system; and 

- The external system input, which should bring the MBS into a response that allows for testing 
of the full range of its functionalities and may therefore correspond to multiple simulation sce-
narios.  
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The geometrical dimensions are the only simulation-related information that are inputs to the 
Simulator module rather then module-constants. As a result, the MBS is automatically adapted to 
any choice of these dimensions.  

When simulation of a MBS is performed, the following dynamic quantities are calculated for 
each considered time step: 

- The translational and rotational coordinates (position coordinates) of each single body;  

- The translational- and angular velocities and accelerations of each single body; and 

- The locations, directions and magnitudes of all forces and moments that are acting on each 
single body. 

The position coordinates fully describe the trajectory of all components of the modeled mechani-
cal system. They are processed in the Functionality Calculator module, yielding scalar functional-
ity indices that characterize the degree of success of system operation. A functionality index 
could be the mean squared deviation of the actual path of a specific point over time from the cor-
responding desired path. The process of calculating the functionality indices involves elimination 
of the time information.   

The dynamic forces, moments, velocities and accelerations are transferred to the Load Calculator 
module. In this module, the received information are used to calculate the normal- and sheer 
stresses in each body. These stresses vary from point to point over the body-volumes. Hence, 
they are functions of space and time. The maximum stress-resistance of a material is usually 
known only for the case of a pure normal stress load. Therefore, in order to check for material 
failure, the mixed load of each body, which consists of normal and sheer stresses, must be trans-
formed into an equivalent pure normal stress load 10. After this transformation has been accom-
plished, fracture of a body can be predicted by checking if at any point of the body volume the 
actual equivalent normal stress exceeds the corresponding maximally resistible normal stress. 
Correspondingly, the maximum stress over time and volume is calculated for each body and then 
transferred as load index to the Performance Evaluator module. 

There, both load and functionality indices are processed, taking performance criteria into account 
that are provided as module constants 11. In accordance to the aforementioned theory, this proc-

                                                 
 
 
10  Equivalent means that if a mixed stress load causes material failure, so must the corresponding pure normal stress  
 (that is: sheer stress free) load 
11  As was explained before, performance criteria are generally subject to uncertainty. In order to account for that, 
 they would have to be included in MCS, meaning that classification in each MCS would not only be based on 
 randomly generated geometrical outcomes but on randomly generated performance criteria also. Therefore, the 
 classification system should in general be able to adapt to any generated outcome of both geometrical measures 
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essing includes prediction of body-fracture by means of comparison of each load index with the 
associated performance criterion, representing the maximum normal stress the associated body 
can withstand. Output of the Performance Evaluator module is a logical value e that marks the 
modeled mechanical system as either functional (logical "false" (0)) or failing (logical "true" (1)).  

3.3.2 Simulation of the Dynamic Behavior of the Exemplary Mechanical System 

Modeling and Simulation of the web cutter mechanism was based on [Nik07]. The mechanism 
was modeled as a planar system that consisted of five rigid bodies. These bodies were assumed to 
be beams of constant density and constant cross-section. 

In the following, the main concepts that are associated with modeling a mechanical system as a 
planar multibody system and simulating the dynamic behavior of that system by means of in-
verse dynamics are shortly presented. 

Each body of a multibody system is associated with a local coordinate system whose position 
and orientation are fixed to the body (that means: the location of the coordinate system relative 
to the body does not change). In addition to the local (body-fixed) coordinate systems one global 
coordinate system is defined, whose position and orientation are fixed in space. 

The location in space of each body is defined by three "body coordinates", which are: 

- the global coordinates of the body's center of the mass r  (two values: the translational coordi-
nates) and 

- the angular displacement of the body's local coordinate system with respect to the global coor-
dinate system φ  (one value: the rotational coordinate) 

The configuration or "state" of a multibody system is defined in terms of the locations of all of 
its bodies. It is customary to collect all body-coordinates i,φir  that define these locations in one 
vector q , which is referred to as "state vector": 

[ ]TT
nb

T
2

T
1 rrrq nb21 ... φφφ= ,  nR∈q  (3.9)

with:  nb → number of bodies 

 nb3n ⋅=  → number of body-coordinates 

This vector defines the configuration of a multibody system fully and uniquely and is in general 

                                                                                                                                                              
 
 
 and performance criteria. Hence, in the most general case, performance criteria are provided as module inputs  
 rather then module constants. 
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a function of time. 

All elements of the state vector are independent, only if all bodies move freely in space. Usually, 
interconnections exist between the bodies of a system. These interconnections, which are de-
noted as "joints", introduce dependency between the coordinates of the state vector.  

Mathematical modeling of a joint yields one or more nonlinear equations of the form ( ) 0=Φ q . 
These equations are denoted "constraint equations". They express relations between the body-
coordinates that have to be fulfilled for the associated joints to effect the system in the defined 
way. 

Each constraint equation describes a hyper-surface in the state-space nR . Such a hyper-surface 
is composed of those body-coordinates q  for which the constraint equation is fulfilled. Hence, if 
there exists only one constraint equation, the associated hyper-surface represents the subspace of 
all feasible body-coordinates (that is: all body-coordinates that represent feasible configurations 
of the multibody system). The dimension of that subspace is n - 1.  

In general, multiple constraint equations exist: 

( ) mn RR:, →= Φ0qΦ  (3.10)

If this is the case, the subspace of feasible body-coordinates, which is also denoted as the "solu-
tion space", is defined by the intersection of all associated hyper-surfaces. This subspace has the 
dimension 

mnf −=  (3.11)

Any point of that space can be uniquely defined in terms of f independent coordinates. Hence, 
the number of degrees of freedom of a multibody system that comprises n body-coordinates 
which are constrained by m equations is equal to f. 

The time-dependent motion of a multibody system can be determined by 

- both predefined motion of one or more system components (fixing less then f degrees of free-
dom of the system) and external forces or  

- predefined motion of one or more system components only (fixing exactly f degrees of free-
dom of the system) 

If the former is the case, simulation of the dynamic system behavior involves numerical integra-
tion and is referred to as "forward dynamics". If the later is the case, simulation can be per-
formed by solving linear and nonlinear equations and is referred to as "inverse dynamics". In-
verse dynamics requires predefinition of the time-dependent behavior of f independent body-
coordinates (f is the number of degrees of freedom of the system which is under consideration). 
These predefinitions are done in terms of "driver constraints" of the form: 
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( ) fn RR:ˆ,t,ˆ →= Φ0qΦ  (3.12)

Appending the driver-constraints to the joint-related constraints yields n independent nonlinear 
equations ( ) ( )[ ] TTTT 0qΦqΦ =t,ˆ , which can be solved for the system state q  (using the New-
ton-Raphson algorithm [Nik88]), provided that the time t is specified. Therefore, simulation can 
be performed by successively increasing the time by a small increment and calculating the asso-
ciated system state, using the previous system state as initial estimation of the solution. A small 
increment in time ensures convergence of the Newton-Raphson algorithm to the desired solu-
tion, such that ambiguity-related complications are avoided.  

Calculating the first derivative of the constraint equations yields: 

( )
( ) ( )⎥⎦

⎤
⎢
⎣

⎡
−

=⎥
⎦

⎤
⎢
⎣

⎡
t,ˆ

0
t,ˆ

t qΦ
q

qΦ
qΦ

q

q &  (3.13)

where ( ) DqΦq =  is denoted as the "Jacobian". This system of linear equations can be solved for 
q&  by means of Gauss elimination at each time step of the simulation, provided that the system 
state q  has been calculated before.  

Calculating the second derivative of the constraint equations yields: 

( )
( )

( )
( )⎥⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
t,qq,γ

qq,γ
q

qΦ
qΦ

q

q

&

&
&&

ˆt,ˆ  (3.14)

where ( )qq,γ &   ( )( ) qqqΦ
qq &&t,−=  (3.15)

 ( )t,qq,γ &ˆ  ( )( ) ( ) ( )t,ˆt,ˆ2t,ˆ
t,tt, qΦqqΦqqqΦ qqq −−−= &&&  (3.16)

This system of linear equations can be solved for q&& , provided that the system state q  and its 
first derivative q&  are known. 

Hence, simulation in the case of inverse dynamics comprises at each time step it : 

1. Calculation of the system state ( )itq  by means of the Newton-Raphson algorithm; 

2. Calculation of the first system state derivative ( )itq&  by means of Gauss elimination; and 

3. Calculation of the second system state derivative ( )itq&&  by means of Gauss elimination. 

Hence, the motion of the multibody system, which is described by the quantities ( )tq , ( )tq&  and 
( )tq&& , is fully defined by both the joint-related constraints ( )qΦ  and the driver constraints 
( )t,ˆ qΦ . 

In general, when inverse dynamics is performed, one is interested in the forces that emerge as a 
result of the predefined system motion. The Newton-Euler equation relates the representation of 
these forces in the state-space, denoted as h , to the second system state derivative q&& . If the sys-
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tem state is defined in terms of planar body-coordinates, h  comprises the translational- and rota-
tional forces that are acting on the center of mass of each body. In this case the Newton-Euler 
equations are defined as follows: 

321321
&&

&&

&&

&&

&&

&&

444444 3444444 21
&& h

nb

2

1

q

nb

2

1

M

f

f

f

r

r

r

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

=

⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

φ

φ

φ

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

nb

2

1

nb

2

1

nb

nb

nb

1

1

1

M

...
M

M

...

J
m

m
...

J
m

m

 (3.17)

with: im  → mass of body i 
 iJ  → moment of inertia of body i 
 if  → translational force that acts on the center of mass of body i 
 1M  → rotational force (moment) that acts on body i 

The force vector h  represents the sum of all applied forces and all constraint forces. This vector 
can therefore be written as: 

ca hhh +=  (3.18)

where ah  and ch  denote the resulting applied and the resulting constraint force in state coordi-
nates respectively. The applied forces are usually generated by spring elements, damper ele-
ments, actuators and gravity. They can be calculated explicitly based on the system state q  and 
its first derivative q& . 

The constraint forces are the forces that are emerging in order to keep the constraints satisfied. A 
constraint force cannot cause an increase or a decrease of the mechanical energy of the multi-
body system. Correspondingly, the work that is associated with a constraint force must be zero at 
all time. The constraint force that is associated with each constraint equation can be represented 
as a vector in the state space nR . Only if each of these vectors is always perpendicular to the 
hyper-surface of the associated constraint equation, the zero-work-requirement is fulfilled, as 
only in this case any feasible change of body-coordinates qd  is directed perpendicular to all 
constraint forces ic,h , i = 1,…,m: 

0d =⋅ qh ic,  (3.19)

Vectors that are perpendicular to the constraint-hyper-surfaces are the gradients of the constraint 
equations. These vectors can be found as rows in the Jacobian matrix D: 
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( ) ( ) ( ) ( )[ ]Tm21 ... qqqqΦD q Φ∇Φ∇Φ∇==  (3.20)

Hence, in order to obtain the reaction force ic,h  that is associated with a constraint i, the gradient 
vector of that constraint must be appropriately scaled by multiplying that vector with a Lagrange 
Multiplier iλ . After this has been done for each constraint, the overall reaction force in the state-
space, ch , can be obtained by summing up all individual constraint-related reaction forces ic,h : 

( ) λDqhh T
ic,c =Φ∇λ== ∑∑

==

m

1i
ii

m

1i
 (3.21)

Inserting the upper relation into the Newton-Euler equation yields: 

λDhqM T
a +=&&  (3.22)

This equation can be solved for the Lagrange-multipliers, provided that the system state and its 
first and second derivatives and the applied forces are known. The Lagrange-multipliers can then 
be used to calculate each single constraint force ic,h . 

Hence, if in addition to the motion of the multibody system the time-dependent forces that are 
acting on each body are to be calculated, simulation in the case of inverse dynamics additionally 
comprises at each time step it : 

4. Calculation of all applied forces ( )itia,h , i = 1,…,na, that are emerging at the center of mass 
of each body and summation of these forces, yielding ( )itah ; 

5. Calculation of the Lagrange Multipliers ( )itλ  by means of Gauss elimination; and 

6. Calculation of all constraint forces ic,h , i = 1,…,m, by scaling the constraint gradients with 
the corresponding Lagrange multipliers. 

A schematic picture of the web-cutter model structure is provided in Figure 3.6. Each point that is 
indicated in this picture corresponds to the equally denoted point of Figure 3.3. Bodies (2) and (3) 
of the original mechanical system were partitioned into bodies (2) and (4) and (3) and (5) respec-
tively in the system model. This partitioning was done in order to simplify calculation of stresses 
based on the simulation results.  

The following interconnections between the bodies of the web-cutter-model were assumed: 

- Four revolute joints at points Q, A, B and O which connect the ground and body (1), bodies (1) 
and (2), bodies (2) and (3) and the ground and body (3) respectively; 

- Two rigid joints at point B which connect bodies (2) and (4) and bodies (3) and (5) respec-
tively. 
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Figure 3.6: Model of the web cutter mechanism as a planar multibody system. 

Revolute joints and rigid joints were modeled as follows: 

- If two bodies were connected by a revolute joint, one of these bodies was only allowed to per-
form rotational movement with respect to the other. The point where the revolute joint was at-
tached on the one body was assumed to always coincide with the point where the joint was at-
tached on the other body. This assumption yielded two constraint equations per revolute joint. 

- If two bodies were connected by a rigid joint, no relative motion between these bodies was 
allowed. Similarly to a revolute joint, the points of attachment on both connected bodies were 
assumed to always coincide. In addition to that, the difference in the angular orientation of both 
bodies was assumed to remain constant. These assumptions yielded three constraint equations 
per rigid joint. 

The origins of all local coordinate systems were placed to the center of masses of the associated 
bodies. The origin of the global coordinate system was placed at point Q (see Figure 3.6). 

The configuration of the web-cutter model was described in terms of fifteen body-coordinates q  
(three coordinates per body). All joints that were included in the web-cutter model (four revolute 
joints and two rigid joints) yielded these body-coordinates to be constrained by fourteen equa-
tions. Hence, the space of feasible (that is: constraint-accordant) system configurations was equal 
to a line in 15R , whose dimensionality is f = 1. 
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The multibody system was stimulated by a predefined movement of body (1). Both the angular 
velocity of beam one, ( )t1φ& , and its angular acceleration ( )t1φ&&  were chosen to be zero at the ini-
tial time point, which was defined as 0t init = seconds. During a period of 0.2 seconds the angular 
velocity was smoothly increased to a saturation value of ondsec

rad2π  by fitting a skipped cosine 
function between initial and saturation value. After the saturation value was reached, the angular 
velocity was held constant. Figure 3.7 shows the angular coordinate, velocity and acceleration of 
beam one that resulted from the aforementioned choices.  
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Figure 3.7: Predefined angular movement of beam one. 

Gravity was not accounted for in the simulation. The resistive forces that the web induces onto 
points C and D of the cutting blades while cutting is performed were modeled as follows: 

The distance between points C and D changed over time in an oscillatory pattern. Whenever this 
distance fell below a predefined value while the minimum distance was approached, a force of 
2000 Newton was applied instantaneously to points C and D. The magnitude of these forces was 
kept constant until the minimum distance point was reached. After that the web-resistance forces 
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were instantaneously removed. Whenever the web-resistance forces were applied, they were di-
rected perpendicularly to the line that connected points B and the mean of points C and D. 

The model of the web-cutter-mechanism was fully defined by providing the following informa-
tion: 

- The coordinates of all points that were attached to a joint or subject to an applied force. These 
coordinates were expressed in the local coordinate systems of all associated bodies. Hence, 
they were constant values 12. As the local point coordinates depend on the toleranced geometri-
cal measures, their definition was adapted to the input of the simulator module; 

- The mass and the geometry of each beam; Based on these information the moment of inertia of 
each beam was calculated; 

- Algorithmic relations allowing  

- evaluation of the constraint equations ( )qΦ , 

- evaluation of the constraint Jacobian ( )qD , 

- evaluation of the right hand side of the acceleration constraints ( )qq,γ &  and 

- calculation of the applied forces ( )qq,h ia, &  in state coordinates; 

- The points, the applied forces were acting on; and 

- The points, the constraint equations were associated with. 

Simulation of the dynamic behavior of the web-cutter model was done by means of inverse dy-
namics. The overall simulation time was set to 1.325 seconds allowing for one complete rotation 
of body (1) at target angular velocity. In order to implement the chosen simulation scenario, the 
following additional information were provided: 

- The initial time startt  (this was set to 0 seconds) and an initial approximation of the system con-
figuration ( )starttq ; 

- The step width in time tΔ  (this was set to 0.005 seconds) and the number of steps to be per-
formed; and 

- Algorithmic relations, allowing 

- evaluation of the driver-constraint equation ( )t,Φ̂ q  (only one driver constraint equation had 
to be defined, as the web-cutter model was a one-degree-of-freedom system), 

- evaluation of the driver-constraint Jacobian ( )t,ˆ qD  and the right hand side of the driver-
related velocity-constraint ( )t,ˆ

t qΦ−  and 
                                                 
 
 
12  Local coordinates of a point can be translated the corresponding global coordinates using the time-dependent 
 body-coordinates. Hence, while the local point coordinates are constant, the body-coordinates introduce time- 
 dependence of the global point coordinates.   
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- evaluation of the right hand side of the driver-related acceleration-constraint ( )t,γ̂ qq, & . 

 These relations uniquely defined the angular orientation of body (1) and its first and second  
 derivative as they were introduced previously (see Figure 3.7). 

At each time step it  of the simulation the following calculations were performed: 

1. Newton Raphson algorithm was executed to calculate the current system state ( )itq . The pre-
vious system state ( )1it −q  was used as starting value of the Newton Raphson iteration. Each 
iteration step comprised: 

- Calculation of five rotation matrices ( ) ( ) ( )521 ,...,, φφφ 521 AAA , using the rotational coordi-
nates 521 ,...,, φφφ ; Each of these matrices was associated to one of the local coordinate sys-
tems. The rotation matrices were used to calculate the global coordinates of vectors that 
were represented in terms of local coordinates; 

- Calculation of the global coordinates of all points using the translational body-coordinates 

521 rrr ,...,,  and the rotation matrices; and 

- Evaluation of the constraint equations and the Jacobian of both the joints and the driver and 
correction of the system state estimation. 

2. The first system state derivative ( )itq&  was calculated by means of Gauss elimination, using 
the current right hand side of the driver-related velocity-constraint and the Jacobian that was 
based on both the joints- and the driver. 

3. The first derivatives of all global point coordinates were calculated, using the first system 
state derivative ( )itq& . 

4. The second system state derivative ( )itq&&  was calculated by means of Gauss elimination, us-
ing the current right hand sides of joints- and driver-related acceleration constraints and the 
both joints- and driver-related Jacobian. 

5. All applied forces and applied moments were calculated. After calculating the physical forces 
and moments that emerged at the points they were applied to, these quantities were shifted to 
the centers of mass of each body. In order to achieve equivalency of both the center-of-mass 
related loads and the original loads (equivalency means that both loads induce the same mo-
tions of the associated bodies) all moments were transformed accordingly. The center-of-
mass-related loads were used to construct the vectors of applied forces in state coordinates 

( )itia,h . All of these vectors were summed up for calculation of the resulting applied force 
( )itah . 

6. All Lagrange multipliers ( )itλ  were calculated by means of Gauss elimination, using the cur-
rent second derivative of the system state, the current Jacobian and the current resulting ap-
plied forces. 

7. All constraint-related forces and -moments were calculated by: 
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- Multiplying each row of the current Jacobian with the corresponding Lagrange Multiplier, 
yielding a matrix that consisted of all constraint forces expressed in state-coordinates, ic,h ;  

- Extracting from this matrix (its composition is visualized in Figure 3.8) the constraint 
forces and -moments that were acting on the centers of mass of each body; 

- Shifting the extracted forces and -moments to the points the constraints were associated 
with and transforming the extracted moments such that the shifted loads were equivalent to 
the center-of-mass-related loads; and 

- Summing up all constraint forces and constraint moments that were associated to the same 
point; 

8. The constraint-related- and applied forces and -moments were brought to a form which sim-
plified post processing by: 

- Calculating the resulting loads at each point by summing up all constraint-related and ap-
plied loads; and 

- Decomposing the resulting force at each point into a component in longitudinal beam-
direction and a component in transversal beam-direction. 

9. The translational accelerations of all bodies were brought to a form which simplified post 
processing by decomposing them into two components which corresponded to longitudinal 
and translational beam directions respectively.  

10. The following quantities were stored in memory in order to be provided as output data after 
the simulation has been completed: 

- The current time step; 

- All body coordinates; 

- All point coordinates; 

- All resulting applied forces, the bodies, they were acting on and the points they were asso-
ciated with; 

- All resulting constraint-related forces, the bodies, they were acting on and the points they 
were associated; and 

- All resulting longitudinal force components, transversal force-components and moments, 
the points they were associated with, the bodies they were acting on, the longitudinal-, 
transversal and angular accelerations of these bodies and the angular velocities of these 
bodies. 
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Figure 3.8: Extraction of constraint forces and constraint moments in the case of a planar multibody system  
 whose state is described by means of body coordinates 

As an option, the motion of the web-cutter model that was calculated in the course of the simula-
tion could be visualized. An intermediate state of such a visualization is shown in Figure 3.9. 
This state corresponds to time point 0.93 seconds and a web-cutter model that was characterized 
by a geometrical configuration of [ ] [ ]0.17.01.0xxx 321 ==x . The forces that act on each 
body are indicated as arrows. The color of each of these arrows is equal to the color of the body 
the represented force is acting on. The lengths of the arrows are proportional to the force-
magnitudes. 
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Figure 3.9: Intermediate state of the simulation of the web cutter model, including the forces that are acting  
 on each body. The geometrical measures that are indicated in the lower right corner were not  
 part of the original MATLAB-based visualization. They were added afterwards. 
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3.3.3 Calculation of Functionality Indices for the Exemplary Mechanical System 

Two scalar functionality indices were calculated based on the time-dependent kinematic informa-
tion that were received from the simulation. The first functionality index was a logical value that 
indicated if impact of the cutting blades had occurred. The second functionality index was the 
minimum distance between the cutting blade edges (points C and D). 

A magnification of the cutting blade area showing the assumed shapes of the cutting blades and 
all kinematic quantities that are related to calculation of functionality indices are shown in Figure 
3.10. Calculation of both functionality indices was done using the time-dependent global coordi-
nates of points B, C and D (see Figure 3.6). For each time step 

- the vector CDr  which connects points C and D, 

- the magnitude of that vector representing the distance between points C and D, 

- the angle β  between vector  CDr  and the horizontal axis and 

- the angle γ  between the vector that connects points B and P and the horizontal axis 

were calculated as follows based on the known vectors Br , Cr  and Dr : 

[ ] CDCD rrr −== T
CDCD yx  (3.23) 

[ ] ( ) BDCBP rrrr −+== 2
1T

BPBP yx  (3.24) 

( )CDCD x,y2tana=β  (3.25) 

( )BPBP x,y2tana=γ  (3.26) 

The angle γ  was used as an approximation of the inclination of the cutting blades. This approxi-
mation was valid if points C and D were very close together, which represents the configuration 
of interest in the context functionality index calculation. 
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Figure 3.10: Cutting blades and kinematic quantities that are related to functionality index calculation. 
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If the web-cutter operates in the desired way, blade edge point C passes blade edge point D on its 
right hand side such that a very small minimum distance between points C and D can be achieved 
without impact of the cutting-blades. This desired trajectory is associated with a particular devel-
oping of angle β : While the cutting blades are in open position, the value of β  is approximately 
equal to °+γ 270 . When the cutting blades are closing, this value continuously decreases. After 
points C and D have passed one another, the value of β  approaches °+γ 90  until the cutting 
blades start opening again. Hence, passing of the cutting blades on the designated side is associ-
ated with values of β  from the interval [ ]°+γ°+γ 270,90 . 

In a similar way one can show that passing of the cutting blades on the non-designated side is 
associated with values of β  from the interval [ ]°+γ°+γ 90,270 . Not all of these values corre-
spond to impact. While the cutting blades are closing, impact is avoided until β  reaches the value 

α+γ , where α  denotes the incline of both blades which was assumed to be equal to 45°. Values 
of β  that are exceeding α+γ  correspond to a situation where both blades are occupying the 
same space, which is physically not possible. Such a configuration could emerge, as impact of 
rigid bodies was not accounted for during the simulation. 

In accordance to the aforementioned explanations, a configuration of the web cutter model was 
associated to impact of the cutting blades if the value of angle β  was located in the interval 
[ ]°+γα+γ 90, . If such a configuration was detected at at least one of the time steps that were 
analyzed in the course of the simulation, functionality index one, which was denoted 1l , was set 
to the logical value "true" (1). Otherwise this index was set to the logical value "false" (0): 

[ ]
⎩
⎨
⎧ °+γα+γ∈β

=
otherwise0

 tstep  timeoneleast at at  90,if1
l i
1  (3.27) 

For derivation of functionality index two, which was denoted 2l , the magnitude of vector CDr  
was computed for each time step and the minimal value of all computed magnitudes was se-
lected: 

{ }CDr
t2 minl

∀
=  (3.28) 

3.3.4 Calculation of Load Indices for the Exemplary Mechanical System 

Five load indices were calculated, each representing the maximum stress over time and volume 
that emerged in one of the beams that comprised the web-cutter model. Calculation of the load 
indices was done in four subsequent steps: 

1. Calculation of longitudinal and transversal cutting forces and cutting moments (see explana-
tions below), yielding three measures per body, each depending on one spatial coordinate and 
time; 
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2. calculation of normal and sheer stresses, yielding two measures per body, each depending on 
two spatial coordinates and time; 

3. transformation of normal and sheer stresses into equivalent normal stresses; and 

4. calculation of maximum equivalent normal stresses over time and volume, eliminating both 
spatial dimensions and the time, yielding one scalar measure per body, which is used as load 
index. 

These steps are further explained in the following. 

Assuming a beam to have no lateral dimension (meaning that all its matter is concentrated in a 
straight line), each point in longitudinal beam-direction can be interpreted as a rigid joint that 
connects both body parts that are separated at this point and disallows any relative movement of 
these parts. Enforcement of this requirement results in a certain force and a certain moment that 
act on both separated bodies. Such a force and such a moment are denoted as "cutting force" and 
"cutting moment" respectively. They are applied at the cutting point (the point of the assumed 
rigid joint) and each of them acts on both bodies in opposite direction. 

The cutting loads (these are both the cutting force and the cutting moment) depend on the posi-
tion of the cutting point, the loads that are applied on the body and the state of motion of the 
body. Explicit expressions that allow analytical calculation of the cutting loads can be derived by 
applying Newtons second law on a beam element of infinitesimal length. A schematic picture of 
such a beam element and all associated quantities of importance are shown in Figure 3.11. 

dxFT

FL

M M + dM FT + dFT

FL + dFLsL
..

sT
..

φ, φ
. ..

x = αl
x + dx = l(α + dα)

dxFT

FL

M M + dM FT + dFT

FL + dFLsL
..sL
..

sT
..sT
..

φ, φ
. ..
φ, φ
. ..

x = αl
x + dx = l(α + dα)

 
Figure 3.11: A beam element of infinitesimal length and the associated cutting forces. 

The longitudinal coordinate x is defined in terms of a dimension-less parameter α : 

lx α=  (3.29) 

where l represents the length of the beam. 

Enforcing equilibrium of the inertia force and the applied forces yields: 

( )LLLL dFFFdms +−=&&  (3.30) 

( )TTTT dFFFdms +−=&&  (3.31) 
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with  Ls&&  → Acceleration of the center of mass in longitudinal direction 
 Ts&&  → Acceleration of the center of mass in transversal direction 
 LF  → Cutting force in longitudinal direction 
 TF  → Cutting force in transversal direction 
 dm  → Mass of the beam element 

Enforcing equilibrium of the inertia moment and the applied moments yields: 

( )
2

dxdFF
2

dxFdMdJ TTT +−−−=φ&&  (3.32) 

with φ&&  → Angular acceleration of the beam element 
 M → Cutting moment 
 dJ  → Moment of inertia of the beam element 

The mass of the beam element can be expressed as αρ=ρ= AldAdxdm . Inserting this into equa-
tions (3.30) and (3.31) yields: 

Als
d
dF

L
L ρ−=
α

&&  (3.33) 

Als
d
dF

T
T ρ−=
α

&&  (3.34) 

The moment of inertia of a beam element can be expressed as 2
12
1 dmdxdJ = . Inserting this into 

equation (3.32) and setting each product of infinitesimal quantities to zero yields: 

lF
d
dM

T−=
α

 (3.35) 

Equations (3.33), (3.34) and (3.35) define the derivative of each cutting load with respect to the 
dimension-less length parameter α . In order to integrate these equations the external forces and 
moments that are acting on the beam must be incorporated as integration constants: 

( ) [ ]
( )∑∫ α
α

α

+αρ−=α
k

1,k,L
0

LL k,F
IFˆdAlsF &&  (3.36) 

( ) [ ]
( )∑∫ α
α

α

+αρ−=α
k

1,k,T
0

TT k,F
IFˆdAlsF &&  (3.37) 

( ) ( ) [ ]
( )∑∫ α
α

α

+αα−=α
k

1,k
0

T k,M
IMˆdˆFM  (3.38) 

with k,LF  → Longitudinal component of the k'th external force 
 k,TF  → Transversal component of the k'th external force 
 k,Fα  → Point of application of the k'th external force 
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 k,Mα  → Point of application of the k'th external moment 
 ( )α

SI  → Indicator function: ( ) 1IS =α  if S∈α , otherwise ( ) 0IS =α  

Equations (3.36), (3.37) and (3.38) are the cutting load equations for a moving beam in their most 
general form. 

The beams of the web-cutter model are subject to the following simplifications: 

- The cross section is constant: ( )α≠ AA  

- The mass is evenly distributed: ( )αρ≠ρ  

- External loads are applied to the beginning point and the end point only 

This special case is illustrated in Figure 3.12.  

lFT,S

FL,S

MS

FT,E

FL,E

MEA ≠ A(α) ρ ≠ ρ(α)

lFT,S

FL,S

MS

FT,E

FL,E

MEA ≠ A(α) ρ ≠ ρ(α)

 
 Figure 3.12: Loads that are acting on a beam of the web-cutter model. 

Solving the integrals of equations (3.36), (3.37) and (3.38) for this case requires the dependence 
of the longitudinal and transversal accelerations on α  to be known. In order to derive an accord-
ing analytical expression, the acceleration of an arbitrary point of a beam is expressed in terms of 
global coordinates at first and then decomposed into longitudinal and transversal components. 
The quantities that are used in this context are indicated in Figure 3.13. 
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Figure 3.13: A beam of the web-cutter model. 

The global coordinates ( )αr  of any point of the beam can be calculated as: 

( ) ( ) rC urr l2
1−α+=α  (3.39) 

with Cr  → global coordinates of the center of mass of the beam 
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 φ  → angular orientation of the beam 
 ( ) ( )[ ]Tsincos φφ=ru  → Unit vector in longitudinal beam-direction 

Differentiating this equations twice yields: 

( ) ( ) rC urr &&&&&& l2
1−α+=α  (3.40) 

The first derivative of unit vector ru  is given as: 

rr uu (&& φ=  (3.41) 

where ( ) ( )[ ]Tcossin φφ−=ru(  is the vector that results from rotating ru  90 degrees in positive 
mathematical sense. The second derivative of unit vector ru  can be calculated analogously, 
yielding: 

rrr uuu 2φ−φ= &(&&&&  (3.42) 

Inserting this expression into equation (3.40) yields: 

( ) ( ) ( )rrC uurr 2
2
1 l φ−φ−α+=α &(&&&&&&  (3.43) 

The longitudinal and transversal components of the acceleration can be computed by projecting 
( )αr&&  onto ru  and ru(  respectively, yielding: 

( ) ( ) 2
2
1

L ls φ−α−=α &&&&& r
T
C ur  (3.44) 

( ) ( ) φ−α+=α &&(
&&&& ls 2

1
T r

T
C ur  (3.45) 

Using these relations, the integrals of equations (3.36), (3.37) and (3.38) can be calculated explic-
itly, yielding the following special-case-equations for calculation of the cutting loads that are 
emerging in the beams of the web-cutter model: 

( ) ( ) [ ]
( )

[ ]
( )αα ++α+φ−αφ=α 1,1E,L1,0S,L

2
2
122

2
1

L IFIFlmmlF r
T
C ur&&&&  (3.46) 

( ) ( ) [ ]
( )

[ ]
( )αα ++α−φ−αφ−=α 1,1E,T1,0S,T2

12
2
1

T IFIFlmmlF r
T
C ur (
&&&&&&  (3.47) 

( ) ( ) [ ]
( )

[ ]
( )( ) [ ]

( )
[ ]
( )αααα ++α+−α−φ−αφ=α 1,1E1,0S1,1E,T1,0S,T

2
2
1

2
132

6
1 IMIMIFIFlmlmlM r

T
C ur (
&&&&&&  (3.48) 

with S,LF , S,TF , SM  → External loads that are applied at the beginning of the beam 
 E,LF , E,TF , EM  → External loads that are applied at the end of the beam 

The cutting forces are explicitly depending on one spatial coordinate which is expressed in terms 
of the dimensionless parameter α . In addition, they are implicitly depending on time through the 
time-dependent quantities Cr&& , φ&&  , φ& , S,LF , S,TF , SM , E,LF , E,TF  and EM .  

Equations (3.46), (3.47) and (3.48) were validated by using an alternative procedure for cutting 
load calculation which directly corresponds to the definition of these quantities. In this procedure 
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the cutting loads were calculated during the simulation. At each time step, multiple partitions of 
each beam into two segments (both separated by the cutting point) were considered. The chosen 
partitions yielded all cutting points to be linearly distributed over the lengths of the corresponding 
beams. For each partitioning (defined by the dimensionless longitudinal coordinate α  of the cut-
ting point) the acceleration of the center of mass of the first segment of each beam (counted in the 
direction of increasing values of α ) was calculated based on the state q  of the multibody system 
and its derivatives at the considered time step. All force-element- and constraint-related external 
loads that were acting on these beam segments were calculated as well. Newtons second law was 
employed to calculate the center-of-mass-related loads that were required in addition to the exter-
nal loads to bring each beam segment into the given state of motion. Shifting of these loads to the 
end of each beam segment yielded the cutting loads at the cutting point. This method of cutting 
load calculation is computationally much more demanding than application of equations (3.46) to 
(3.48), and the obtained results are subject to larger numerical error. Because of that, by default, 
equations (3.46) to (3.48) were used for calculation of cutting loads. 

Based on the cutting loads the normal and sheer stresses were calculated. At each longitudinal 
position of the beam the associated cutting loads generate a certain distribution of normal and 
sheer stresses over the cross section which is oriented perpendicularly to the longitudinal direc-
tion. These distributions are constant over the width b of the beam, but they change over its 
height h. Because of that the height-dimension was associated with an additional coordinate, de-
noted as y (the transversal coordinate). This coordinate was measured with respect the medium 
height 2h . A beam element, which was cut at position lx α= , and all associated dimensional 
quantities of importance are visualized in Figure 3.14. 

h

b

x

y

αl

h

b

x

y

αl
 

Figure 3.14: A beam element that is cut at longitudinal position αl. 

Normal stresses are induced by the longitudinal cutting force LF  and by the cutting moment M.  

The normal stresses that result from the longitudinal cutting force are evenly distributed over the 
cross section at the cutting position. They can therefore be calculated as: 

( ) ( )
hb

Fy, L
L,x

α
=ασ  (3.49) 
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The normal stresses that result from the cutting moment are linearly distributed with respect to 
the transversal dimension. They can be calculated as [Ger01]: 

( ) ( )
I

yMy,M,x
α

−=ασ  (3.50) 

with 
12
bhI

3

=  → Moment of inertia of the cross section at α  

The overall normal stresses are equal to the sum of longitudinal-cutting-force-induced and cut-
ting-moment-induced normal stresses. They were calculated as: 

( ) ( ) ( )
3

L
x bh

yM12
hb

Fy, α
−

α
=ασ  (3.51) 

Sheer stresses are induced by the transversal cutting force only. The upper and lower edges of the 
beam are free surfaces. Therefore, the sheer stresses that correspond to these edges (the associ-
ated transversal coordinates were: hy 2

1±= ) are equal to zero. Inside of the beam the sheer stres-
ses are continuously growing towards the medium height 0y =  where they are maximal. Based 
on equilibrium of the forces that are acting on an infinitesimal volume element of the beam in 
longitudinal direction the following formula can be derived [Ger01]: 

( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

α
=ατ 2

2
T y

4
h

I2
Fy,  (3.52) 

This formula was used for sheer stress calculation. 

Using both the normal and the sheer stresses the equivalent normal stresses were calculated. Any 
beam that fails as a result of the given mixed (that means: both normal and sheer stress induced) 
load, should also fail if it is subjected to the corresponding pure (that means: exclusively normal 
stress induced) equivalent load. The equivalent normal stresses can be estimated in several ways. 
Each of these ways is based on different assumptions concerning how the load at a point of a 
body can be measured in terms of a single scalar value. In this thesis equivalent normal stresses 
were calculated based on the distortion energy hypothesis. This hypothesis assumes the energy 
that is used for distortion of the material shape to be an appropriate measure of the material load. 
Based on that assumption the following relation between normal and sheer stresses and the corre-
sponding equivalent normal stress can be derived [Sch02]: 

( ) 22
x 3y,ˆ τ+σ=ασ  (3.53) 

This formula was used for calculation of equivalent normal stresses. 

The equivalent normal stresses that are emerging in a beam depend on three dimensions: the 
time t, the longitudinal special coordinate α  and the transversal special coordinate y. The time 
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was discretized in the course of multibody simulation (a time increment of 0.005 seconds and 265 
time steps were chosen). For discretization of longitudinal and transversal special coordinates 
200 and 50 support points were used respectively. Hence, for each beam, a grid of 265 by 200 by 
50 points was defined in the space of the associated coordinates t, α  and y, yielding five sets of 
2,650,000 grid points. For each of these sets the equivalent normal stresses at all grid points were 
calculated and the largest of all calculated values was passed as load index to performance 
evaluation: 

{ }iy,,ti ˆmaxl σ=
∀α∀∀

,    7,...,3i =  (3.54) 

with 2i −  → beam index 

Hence, each beam k was associated with one load index 2kl + . 

3.3.5 Evaluation of Performance of the Exemplary Mechanical System 

Failure of the web-cutter mechanism occurs if one of its components fails, impact of the cutting 
blades occurs, or the minimal gap between both cutting blade edges is too large (see Section 3.2). 
These events were related to the load indices in the following way: 

Real world Model 

Impact of the cutting blades occurs.  At least one of the configurations of the multibody 
system that emerged in the course of the simulation 
corresponds to two bodies occupying the same space, 
yielding functionality index one, 1l , to hold the logical 
value "true" (1). 

The minimal gap between both cutting 
blade edges is too large. 

The minimum of all distances between the cutting 
blade edge points C and D that emerged in the course 
of the simulation, 2l , exceeds a predefined maximum 
value 2r . 

One of the components of the web cut-
ter fails. 

At least one of the maximum equivalent normal 
stresses il , 7,...,3i = , that were calculated based on 
the results of multibody simulation exceeds the prede-
fined maximal normal stress ir  that the corresponding 
beam can withstand. 
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The overall performance of the web-cutter model was evaluated by means of the classification e 
(a logical value), which was calculated as follows: 

7733221 rl...rlrlle >∨∨>∨>∨=  (3.55) 

with il  → functionality and load indices (calculated based on simulation results) 
 ir  → performance criteria (defined a priori) 

A value of e = "true" (1) corresponded to failure, a value of e = "false" (0) corresponded to non-
failure of the web-cutter model. 

3.4 Efficient MCS-Based Tolerance Analysis Using SVC-Based Prediction 
of System Failure 

In this section it is described how the effect of tolerances of uncertain geometrical measures of 
the web-cutter was analyzed. Initially, the basic scheme for tolerance analysis is presented. After 
that, the problem of high computational costs is addressed and ways of reducing these costs are 
discussed. The efficiency of tolerance analysis was increased by classifying a geometrical con-
figuration by means of SVC, rather than multibody simulation. Implementation of this methodol-
ogy in the context of the application example is described in detail. 

The basic scheme of MCS-based Tolerance Analysis (TA) is visualized in Figure 3.15. Geomet-
rical measures [ ]321 xxx=x  were repeatedly drawn form the received tolerance intervals and 
then classified as yielding either a failing or a non-failing mechanical system. All geometrical 
measures were assumed to be statistically independent. Their outcomes were chosen by means of 
a random number generator that was based on a uniform distribution over the interval [ ]1 ,0 : 

( )( ) ( )ii
n

ii t2txx α+−= , 3,...,1i =  (3.56) 

with α  → Random number from the interval [ ]1,0  that was generated based on a  
   uniform distribution 
 ix  → Outcome of i'th toleranced geometrical measure 
 ( )n

ix  → Nominal value of i'th toleranced geometrical measure 
 it  → Tolerance that is assigned to the i'th toleranced geometrical measure 

Each execution of TA comprised 000,200c =  MCS trials yielding 200,000 uniformly distributed 
geometrical configurations kx , c,...,1k = , and corresponding classifications ke . Based on these 
data the probability of failure, fp , was estimated. In order to allow for that estimation, the real-
world random process that generated different geometrical configurations was characterized in 
terms of the joint probability distribution of the geometrical measures. As these measures were  
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Figure 3.15: Basic scheme for tolerance analysis. 

assumed to be statistically independent, the joint probability distribution could be constructed 
based on all marginal probability distributions. The shapes of the marginal probability distribu-
tions are visualized in Figure 3.16. Each of these distributions was assumed to be a normal distri-
bution whose mean was equal to the nominal value ( )n

ix  of the associated geometrical measure 
and whose variance was equal to the corresponding tolerance it , divided by two. In reality, if 
manufacturing of a component of a mechanical system yields a geometrical measure that is lo-
cated outside the associated tolerance interval, this component is rejected. Correspondingly, each 
normal distribution was cut off at the borders of the tolerance interval, meaning that all values 
that corresponded to a disallowed geometrical measure were related to a zero probability density. 
All non-zero values of the probability density were corrected such that the condition of a unit 
integral of the probability density function remained fulfilled. 
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Figure 3.16: Assumed marginal probability distribution of each toleranced geometrical measure. 

Based on the results of MCS the probability of failure was calculated as follows: 

Each generated geometrical measure ix  was scaled to the interval [ ]2 ,2− : 
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( )

i

n
ii

i t
xx2x̂ −

= ,  3,...,1i =  (3.57) 

Both the real-world random process, whose marginal probability distributions correspond to the 
aforementioned descriptions (see Figure 3.16), and the MCS-incorporated random process which 
is employed for generation of outcomes of geometrical measures in the course of MCS, were 
described in terms of the scaled geometrical measures [ ]T321 x̂x̂x̂ˆ =x . 

The scaled-measure-related marginal PDFs of the real-world random process were defined based 
on the standard normal probability density function. This function was set to zero outside the 
interval [ ]2 ,2−  and was scaled such that the unit integral condition was not violated: 

( ) ( ) ( ) [ ]
[ ]⎪⎩

⎪
⎨
⎧

−∉

−∈
−Φ−Φπ=φ

−

2 ,2x̂0

2 ,2x̂
22

1e
2
1

x̂

i

i
2

x̂

ix̂

2
i

i
,  3,...,1i =  (3.58) 

with Φ   → cumulative standard normal distribution function 

The scaled-measure-related marginal PDFs of the MCS-incorporated random process corre-
sponded to uniform distributions over the interval [ ]2 ,2− : 

( ) [ ]
[ ]⎪⎩

⎪
⎨
⎧

−∉
−∈

=
2 ,2x̂0
2 ,2x̂4

1
x̂u

i

i
ix̂i

,  3,...,1i =  (3.59) 

The joint PDFs of both the real-world- and the MCS-incorporated random process were calcu-
lated as the products of all associated marginal PDFs: 

( ) ( )
( )

( ) ( ) ( )( )
[ ]

⎪
⎩

⎪
⎨

⎧
−∈

−Φ−Φπ=φ=φ

++−

=
∏

otherwise0

2 ,2x̂,x̂,x̂
222

e
x̂ˆ 32133

x̂x̂x̂
2
1

3

1i
ix̂ˆ

2
3

2
2

2
1

i
xx  (3.60) 

( ) ( ) [ ]
⎪⎩

⎪
⎨
⎧ −∈==∏

= otherwise0
2 ,2x̂,x̂,x̂64

1
x̂uˆu 321

3

1i
ix̂ˆ i

xx  (3.61) 

Using the joint PDFs, the probability of failure was estimated by applying equation (2.60) of 
Subsection 2.2.3 (this equation was derived in the context of importance sampling): 

( )
( )∑

=

φ
=

c

1k ˆ

ˆ
kf ˆu

ˆ
e

n
1p

kx

kx

x
x

k

k  (3.62) 

with c  → Number of MCS trials 
 kx̂  → Rescaled versions of the geometrical measures that were generated in trial k 
 ke  → Classification of the geometrical measures that were generated in trial k 
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The calculated probability of failure was transformed into the corresponding reliability index β  
by solving the nonlinear equation ( ) fp=β−Φ , yielding: 

( )f
1 p−Φ−=β  (3.63) 

One execution of the modeling-based classification procedure that was introduced in Section 3.3 
required 12.5 seconds of computation on a standard personal computer. Hence, if this procedure 
would have been used to classify all geometrical configurations that were generated in the course 
of MCS, one execution of tolerance analysis, which comprised 200,000 MCS-trials, would have 
required 29 days of computation.  

Modeling-based classification was subject to a large number of simplifications that yielded the 
associated computational demand to be relatively small at the expanse of practical usefulness of 
the generated results. In order to obtain results that are useful in praxis, the mechanical system 
which is under consideration must be modeled sufficiently accurately. This means that preferably 
all relevant real-world physical effects that are influencing the system behavior should be ac-
counted for in the model of the mechanical system and in the simulation. Doing so can yield the 
computational costs that are associated with one execution of modeling-based classification to be 
substantially higher than the ones that are associated with the presented web-cutter example. Be-
cause of that, alternative and computationally less demanding ways of classifying a geometrical 
configuration were derived. 

In general, reduction of the computational costs can be achieved by 

- replacing the multibody simulation that is performed in the course of modeling-based classifi-
cation with computationally efficient Taylor-series-based simulation output estimation or 

- replacing the modeling-based classification by SVM-based classification prediction. 

Expressing of a function in terms of its Taylor series is only possible if that function is continu-
ous with respect to its input. If discontinuities exist, function approximation based on Taylor-
series expansion can be subject to extreme error. The output of simulation of the dynamic behav-
ior of the web-cutter was subject to large discontinuities with respect to the geometrical meas-
ures. These discontinuities resulted from instantaneous application of the cutting forces, once a 
certain configuration of the web cutter model was detected during the simulation. Correspond-
ingly, simulation output estimation based on Taylor-series-expansion could not be applied. 

Although Taylor-series-based simulation output estimation was not feasible in the context of the 
chosen exemplary mechanical system, this approach can be promising if the simulation output is 
continuous with respect to the geometrical measures. Because of that, the main ideas of this 
methodology are presented in the following shaded section. 
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As tolerance intervals are usually small, the geometrical measures that are drawn in the course of 
MCS are usually subject to slight differences only. Because of that, the resulting simulation out-
put may be subject to only slight variations as well. In this case the relation between geometrical 
measures and corresponding simulation results can possibly be expressed in terms of an explicit 
Taylor-series-based mathematical function. 

In order to simplify subsequent formulations, all scalar values that are obtained as outputs of the 
simulation (these are all calculated quantities at all considered time steps) are assumed to be col-
lected in a (very large) vector y  of length s. 

If the relation between the geometrical measures x  and the corresponding simulation output y  
can be expressed in terms of a Taylor series, a linear approximation of the simulation output can 
be defined as: 

hJT
i+= i,0i yy~ , ( )0xxh −= , s,...,1i =  (3.64)

with  [ ]Ts21 y~...y~y~~ =y  → Approximated simulator output 
 [ ]Ts,02,01,0 x...xx=0x  → Reference point of linearization 
 [ ]Ts,02,01,0 y...yy=0y  → Simulator output that results from providing the 
   reference point 0x  as inputs 
 iJ  → Gradient of the i'th output with respect to x , 
   evaluated at 0x  

A quadratic approximation of the output values can be defined as: 

hHhhJ i
TT

i 2
1

i,0i yy~ ++= , ( )0xxh −= , s,...,1i =  (3.65)
where iH  is the Hessian matrix, that is associated to the i'th output, evaluated at 0x . 

From equation (3.64) follows that a linear approximation of the simulation output is completely 
defined by the quantities 0x , 0y  and [ ]Ts21 J...JJJ = . According to equation (3.65), defi-
nition of a quadratic simulation output approximation additionally requires all Hessian matrices 

{ }s21 H...HHH = . 

The partial derivatives that the matrices J  and H  are composed of cannot be calculated exactly. 
They have to be approximated, using a finite difference approach. To accomplish that, the fol-
lowing basic formulas can be applied: 

( ) ( )

j

ii

j

i

h2
yy

x
y j0j0 hxhx −+ −

≈
∂
∂  (3.66)
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( ) ( ) ( )

2
j

iii
2
j

i
2

h
yy2y

x
y j00j0 hxxhx −+ +−

≈
∂
∂  (3.67)

( ) ( ) ( ) ( )

kj

iiii

kj

i
2

hh4
yyyy

xx
y kkkk hhxhhxhhxhhx j0j0j0j0 −−+−−+++ +−−

≈
∂∂

∂  (3.68)

with: ( )x
iy  → The i'th output of the simulation that results from an input vector x  

 kh  → Scalar that represents the perturbation of the k'th input value 
 kh  → Vector, whose k'th element, which is the only non-zero element, is equal 
   to kh  

From equations (3.66) to (3.68) follows that all data which are required for partial derivative 
estimation can be collected by successively perturbing one of the input values and calculating 
the corresponding output. If g input values [ ]g21 x...xx=x  are considered, 1g2 +  simula-
tions have to be performed, in order to configure a linear simulation output approximation. For 
configuration of a quadratic simulation output approximation 1g2 2 +  simulations are necessary. 

As the algorithmic errors that are associated with equations (3.66) to (3.68) can be represented in 
terms of sequences in kh , Richardson extrapolation can be applied to increase the accuracy of 
the derivative estimates. 

In general, as the magnitude of the perturbations kh  decreases, the algorithmic errors that are 
associated with the partial derivative estimations decrease as well. The errors that are introduced 
by computational inaccuracy, however, increase in this case. Especially the second partial de-
rivative estimates, whose derivation includes calculation of products of perturbations, show high 
sensitivity to computational error. Because of that linear simulation output approximation may 
be the better choice in some cases. Selection of the perturbations kh  should generally yield a 
good compromise, considering both error types. 

A general MATLAB function was developed which could automatically generate a replication of 
any other MATLAB function. In such a replication the relation between function input and func-
tion output was defined in terms of a linear or quadratic approximation of the original input-
output-relation. The data basis for definition of such an approximation, 0y , J  and H , was auto-
matically generated by calling the MATLAB-function that was replicated multiple times, each 
time providing a different function input that resulted from a particular perturbation of the refer-
ence input 0x . 

Rather than just replacing the simulation of the dynamic behavior of the web-cutter by a simula-
tion output estimator, the whole classification procedure was replaced by a classification predic-
tor. This predictor was chosen to be a SVC system. A SVC system directly models the relation-
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ship between a geometrical configuration x  and its classification e  without requiring informa-
tion about how such a classification is originally derived. Hence, SVC-based replication of a 
classification system can be used, even if the original signal processing chain of the replicated 
system, which converts an input x  into the classification e, involves intermediate values that are 
subject to discontinuities. 

Generation of a SVC system comprised the following steps 

1. Generation of exemplary geometrical configurations; This process is denoted as "Design of 
Experiments" or simply as sampling. In general, sampling should be devised in such a way 
that the set of all generated geometrical configurations (samples) and corresponding classifi-
cations can be expected to provide a maximum amount of information concerning the shape 
of the hyper-surface that separates both classes. Clustering of samples should be avoided, as a 
sample that is located very close to another sample presumably provides only little additional 
information. 

2. Classification of all generated geometrical configurations using the Reference Classifier 
module that was introduced in Section 3.3; 

3. Scaling of all generated geometrical configurations (to the interval [ ]1 ,0 ) and execution of 
SVC-system training, providing both the scaled geometrical configurations and their classifi-
cations as exemplary data; Scaling was performed in order to avoid problems that were re-
lated to numerical issues. A scaling factor and a scaling offset were derived for each geomet-
rical measure based on the set of all exemplary configurations. Both, all generated scaling 
factors and all generated scaling offsets were saved, such that new geometrical test-
configurations could be scaled in the same way. 

All exemplary geometrical configurations were chosen from the following intervals: 
( ) m 005.0xx n
11 ±∈  (3.69) 
( ) m 01.0xx n
22 ±∈  (3.70) 
( ) m 01.0xx n
33 ±∈  (3.71) 

where 
( ) ( ) ( )[ ] [ ]m 0.17.01.0xxx n

3
n

2
n

1 =  (3.72) 

were the respective nominal values. 

As each execution of modeling-based classification is, in general, associated with high computa-
tional costs, SVC-system training should be based on as few samples as possible while yielding 
highest achievable accuracy of the resulting class-separating hyper-surface (this hyper-surface is 
equal to the SVC-based limit state approximation). A SVC-system of high accuracy could be 
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obtained by sampling the whole space of toleranced geometrical measures very densely. This 
method would be very inefficient, as information about the shape of the limit state is provided 
only by those samples that are located in its vicinity. In order to concentrate samples in these ar-
eas, an iterative procedure was developed. This procedure allowed for efficient training of an 
accurate SVC-system and is described in the following: 

The first step of the iterative training procedure comprised generation of 400 exemplary geomet-
rical configurations that were uniformly distributed over the space of the toleranced geometrical 
measures. An even distribution of these samples was ensured by application of Improved distrib-
uted Hypercube Sampling (IHS). The Reference Classifier module was employed for derivation 
the correct classification of each sample. Both the generated geometrical configurations and their 
classifications were used for training of an initial SVC-system. 

In the course of ten iteration steps 1200 additional geometrical configurations were generated, 
classified using the Reference Classifier module, and then added to the initial training set. In each 
iteration step the number of training samples was increased by a predefined amount and a new 
SVC-system was generated based on the resulting extended training data. All added samples 
were generated using a standard random number generator that was based on a uniform distribu-
tion. It was ensured that classification of each added sample by the lastly generated SVC-system 
was associated with an estimate of the probability of classification-correctness that was less then 
a predefined value. In the following, the numbers of additional samples that were generated in 
each iteration step and the corresponding maximally allowed probabilities of classification-
correctness (the bracketed values) are listed in the order of the performed iterations: 

200 (99.0 %)   →  150 (93.6 %)   →  150 (88.2 %)   →  100 (82.8 %)   →   
100 (77.4 %)   →  100 (72.0 %)   →   100 (66.7 %)   →  100 (61.3 %)  →  
100 (55.9 %)   →  100 (50.5 %) 

SVM-based classification of a geometrical configuration yields a probability of correctness of 
50 %, if the associated vector of geometrical measures is located on the class-separating hyper-
surface of the used SVC-system. As the distance from that hyper-surface increases the probability 
of classification correctness increases also, eventually (for an infinite distance) approaching 
100 %. Therefore, the chosen iterative process ensured that the sampling density in the vicinity of 
the limit state (the border between failure region and save region) was successively increased, 
yielding the set of all samples to contain more and more information about the exact limit state 
shape. As a result, the SVM-based limit state approximation became more accurate with each 
iteration step.  

All generated SVC-systems were trained using a Gaussian kernel function. The reference classi-
fications of all training samples that were derived using the Reference Classifier module were 
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exact (not subject to noise). Hence, a danger of overfitting did not exist, such that the quality of a 
generated SVC-system could be measured by the achieved reclassification rate of the training 
data. Correspondingly, a very large penalty for false classifications was used. 

The mapping that is defined by the Gaussian kernel can be customized by appropriately selecting 
kernel-function-parameter 221 σ=γ . To derive a value of γ  that was most suitable for the train-
ing data, each training process included a two-scaled grid search in the γ -parameter-space. This 
grid search comprised the following steps: 

1. Initial grid search: 42 different SVC-systems were generated, each time using all training data 
that were available. Each of these systems was based on a specific choice ( )1

kγ , 42 ..., ,1k = , of 
parameter γ . The following choices were tested: 

( ) 9.0k9.171
k 2 ⋅+−=γ ,  42 ..., ,1k =  (3.73) 

 The training data were reclassified by means of each generated SVC-system. The parameter- 
 value ( )1

optγ  whose associated SVC-system yielded the highest reclassification rate was  
 determined. 

2. Fine grid search: 49 different SVC-systems were generated, each time using all training data 
that were available. Each of these systems was based on a specific choice ( )2

kγ , 49 ..., ,1k = , 
of parameter γ . The following choices were tested: 

( ) ( ) 04.0k11
opt

2
k 2 ⋅+−⋅γ=γ , 49 ..., ,1k =  (3.74) 

 The training data were reclassified by means of each generated SVC-system. The parameter- 
 value ( )2

optγ  whose associated SVC-system yielded the highest reclassification rate was  
 determined. 

The optimal value of γ  that was found after the second grid search step, ( )2
optγ , was selected as 

most suitable kernel function parameter.  

Application of the presented iterative scheme for efficient derivation of a sufficiently accurate 
SVC-system can involve a danger, which is described in the following: 

When the sampling density in the vicinity of the limit state is increased, adaptation to the training 
data yields the optimal class-separating hyper-surface to become more and more complex. As a 
rule of thumb, when the complexity of the hyper-surface increases, so do the dimension of the 
transformed space and the number of support vectors. The extension of the optimal hyper-plane 
in the transformed is always infinite. This means that the optimal hyper-plane extends beyond the 
areas that are filled with training samples into areas where no training samples present. As a re-
sult, the hyperplane that is derived in the course of SVM-training represents both an optimal 
class-separating border in the space that contains training samples and an extrapolation of that 
border in the space that does not contain training samples. Such an extrapolation may be com-
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pletely inappropriate and appear as artifact in a non-sampled area of the original untransformed 
space. Hence, each part of the space of toleranced geometrical measures that does not include any 
training samples can contain an extrapolation-related hyper-surface artifact. The danger of emer-
gence of such an artifact grows with the size of the sample-free space segment and the complex-
ity of the hyper-surface. Hence, in addition to a preferably high sampling density in the vicinity 
of the limit state, the sampling density should not be too low in the remaining areas of the space 
of toleranced geometrical measures. Colloquially speaking, this means that the exemplary data 
that is used for training should provide information not only about where the limit state is located 
but also about where it is not located.  

In order to account for the possibility of emergence of limit state artifacts in areas of low sam-
pling density, classification of a geometrical configuration (based on the results of the iterative 
training procedure) was performed as follows: 

Each geometrical configuration was by default classified using the initial SVC-system that was 
generated in the first step of the iterative training procedure. The obtained classification was ac-
cepted, if it was associated with a probability of correctness of more then 99 %. Otherwise the 
classification was discarded and a new classification was derived based on the final SVC-system 
that was generated in the last step of the iterative training procedure. This two-step classification 
procedure ensured that all geometrical configurations which were located in the areas of lowest 
density of training samples were classified based on the initially generated least complex SVC-
system, which could be expected not to encompass any limit state artifacts. Hence, limit state 
artifacts that were associated to the most complex, lastly generated SVC-system were discarded, 
if they were located in the area of lowest sampling density, which is the most probable area of 
their emergence. 

The computational effort that is associated with SVM-based classification of a geometrical con-
figuration grows linearly with the number of support vectors. As the initially generated SVC-
system, which is the least complex one, can be expected to comprise the least number of support 
vectors, classification, based on that system, can be expected to be least computationally demand-
ing. Therefore, using the two-step classification procedure, which allows a great number of geo-
metrical configurations to be classified by exclusively using the initially generated SVC-system, 
may not only result in higher classification-correctness but also in lower overall computational 
costs compared to classification of geometrical configurations by means of the finally generated 
SVC-system only. 

The described SVM-based methodology for classification of a geometrical configuration was 
incorporated into MCS as replacement for modeling-based classification of a geometrical con-
figuration. As a result, tolerance analysis could be performed efficiently. 
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3.5 Efficient SQP-Based Tolerance Optimization Using SVR-Based 
Prediction of System Reliability 

In this section it is described how the tolerance assignments were optimized such that minimal 
production costs could be achieved subject to an ensured system reliability. 

The general form of the optimization problem that is associated to the tolerance optimization task 
is given by equations (3.8). The form of the objective function of that optimization problem is 
specified by equation (3.7).  

In order to solve optimization problem (3.8) efficiently, an explicit algebraic expression had to be 
derived that related any tolerance configuration t  to the reliability index β  that resulted from this 
configuration. This derivation was performed by means of support vector regression. 

Similarly to support vector classification, generation of a SVR-system comprised the following 
steps: 

1. Generation of exemplary tolerance configurations (each tolerance configuration was com-
prised of specific choices of all considered tolerances); In general, the set of all tolerance con-
figurations and corresponding reliability indices should provide a maximum amount of in-
formation concerning the shape of the regression function. As in the case of SVC, this goal is 
usually not reached if clustering of exemplary tolerance configurations (that means: multiple 
configurations are only slightly different from each other) occurs; 

2. Estimation of the reliability index, which is associated to each generated tolerance configura-
tion, by means of tolerance analysis; 

3. Scaling of all generated tolerance configurations and all reliability indices to the interval [ ]1 ,0  
and execution of SVR-system training, providing both the scaled tolerance configurations and 
the associated scaled reliability indices as exemplary data. 

Two fundamental differences existed between SVC-system training (which was described in the 
previous section) and SVR-system training: 

- SVC and SVR were associated to different mathematical spaces. SVC and SVC-system train-
ing were performed in the space of the toleranced geometrical measures. SVR and SVR-system 
training were performed in the space of the tolerance assignments, which is denoted as the "tol-
erance space"; 

- All reference classifications that were derived for SVC-system training were exact. The exem-
plary reliability indices that were derived by means of tolerance analysis were subject to uncer-
tainty (noise), resulting from using only a finite number of MCS trials. 
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As the exemplary reliability indices were subject to noise, SVR-system training involved the 
danger of overfitting. Full adaptation of the SVR-system to the exemplary data would include the 
noise components of the reliability index estimates. These components emerged randomly in the 
process of MCS and could not be generalized. In general, a regression function that is trained 
based on noisy exemplary data should capture the overall trend of these data rather then perfectly 
adapting to each individual data point. Consequentially, exemplary reliability indices had to be 
allowed to be different from the corresponding regression-function-based reliability index ap-
proximations. To achieve that, the penalty for approximation errors, which was defined by means 
of parameter C, was not fixed a priori to a high value (as in the case of SVC-system training). 
Instead, this parameter was included in the grid search, such that a most suitable value could be 
derived. In addition to allowing low penalties of false classifications, one further fundamental 
modification of the training procedure was carried out: The method of evaluating the quality of a 
predefined set of kernel-function and SVR-training parameters in the course of the grid search 
was changed. Instead of using the whole set of exemplary data for both training of one SVR-
system and testing of how well the training results resembled the training data, 5-cross-validation 
was performed. This procedure required dividing the whole set of exemplary data into five 
equally sized subsets. For each parameter-configuration that was evaluated in the course of the 
grid search five different SVR-systems were created. Each of these systems was trained based on 
four subsets of the exemplary data. Each time training was performed, a different subsystem was 
excluded from the overall training data. The quality of each generated SVR-system was tested by 
checking of how well the exemplary reliability indices of the subset that was not used for training 
could be approximated. The quality of the parameter-configuration that the training of all five 
SVR-systems was based on was calculated as the mean of all derived single-SVR-system-related 
quality measures. If the SVR-systems that were generated in the course of the grid search would 
have been evaluated on the basis of the same data they were trained on, parameter-configurations 
that facilitated overfitting (that is: adaptation of the resulting SVR-system to the noise compo-
nents of the training data) would have falsely appeared as most appropriate. Only the described 
way of separating training- and testing-data ensured that parameter-configurations, which facili-
tated recognition of the overall trend of the exemplary data rather than recognition of their noise 
components, could be identified.  

3200 exemplary tolerance configurations from the intervals:  

[ ]m 005.0 ,000001.0t1 ∈  (3.75) 

[ ]m 006.0 ,000001.0t 2 ∈  (3.76) 

[ ]m 01.0 ,000001.0t3 ∈  (3.77) 

were generated. Improved distributed hypercube sampling was used to ensure an even distribu-
tion of all samples in the tolerance space. Reference reliability indices were derived for each 
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sample, using SVC-based MCS. Training of the SVR-system was based on a Gaussian kernel 
function. Three parameters were chosen prior to each training process: 

- parameter C that determined the influence of approximation errors on the shape of the regres-
sion function, 

- parameter ε  that determined the width of the ε - tube, 

- parameter γ  that determined the mapping that was associated with the Gaussian kernel func-
tion. 

Suitable values of these parameters were derived based on a two-scaled grid search with 
5-cross-validation in the parameter-space. 

In the course of the initial grid search all combinations of the following parameter-values were 
evaluated regarding their ability to facilitate generation of a satisfactory SVR-system: 

( ) 2k51
k 2C ⋅+−= , 9,...,1k =  (3.78) 
( ) k81
k 2 +−=ε , 9,...,1k =  (3.79) 
( ) k171
k 2 +−=γ , 37,...,1k =  (3.80) 

Each parameter-combination was used for generating five SVR-systems. Each of these SVR-
systems was trained using four out of a total of five training-data subsets. The quality of each 
SVR-system was measured by calculating the mean squared difference between the exemplary 
reliability indices that were not used for training and the corresponding regression-function-based 
reliability index approximations. The quality of each parameter-combination was measured by 
calculating the mean of the quality-measures of all five related SVR-systems. The parameter-
combination ( ) ( ) ( ){ }1

opt
1

opt
1

opt  , ,C γε  that yielded the smallest quality-measure was identified. 

In the course of the fine grid search, all combinations of the following parameter-values were 
evaluated in the same way as in the initial grid search: 

( ) ( ) 2.0k11
opt

2
k 2CC ⋅+−⋅= , 9,...,1k =  (3.81) 
( ) ( ) 3.0k11

opt
2

k 2 ⋅+−⋅ε=ε , 5,...,1k =  (3.82) 
( ) ( ) 05.0k11

opt
2

k 2 ⋅+−⋅γ=γ , 39,...,1k =  (3.83) 

Similar to the initial grid-search, the parameter-combination ( ) ( ) ( ){ }2
opt

2
opt

2
opt  , ,C γε  that yielded the 

smallest quality-measure was identified and selected as the most suitable one. Based on this pa-
rameter-combination, the final SVR-system was created using all available exemplary data. 

Analogously to SVC, the scaled version [ ]321 t̂t̂t̂ˆ =t  of a tolerance configuration t  was cal-
culated as follows: 

ii ttii ostt̂ −= , 3,...,1i =  (3.84) 

Master Thesis, by Henry Arenbeck Mai 31, 2007



3 Methods  110 of 137 
 
 

ββ −β= osβ̂  (3.85) 

with: { } { }kkkk

y yminymax
1s

∀∀
−

=  → Scaling factor of the quantity y, calculated  

   based on multiple exemplary values ky  

 
{ }

{ } { }kkkk

kk
y yminymax

ymin
o

∀∀

∀

−
=  → Offset of the quantity y, calculated based on  

   multiple exemplary values ky  

The regression function, expressed in scaled tolerance assignments, that was derived during train-
ing of the final SVR-system had the following form: 

( )
( )( ) ( )( ) ( )( )

∑
=

⎟
⎠
⎞⎜

⎝
⎛ −+−+−γ−

+=
SV

2SV
i,33

2SV
i,22

2SV
i,11

n

1i

tt̂tt̂tt̂

iecbˆˆ tβ  (3.86) 

with: SVn  →  Number of support vectors 
 ( ) ( ) ( ) ( )[ ]SV

i,3
SV
i,2

SV
i,1 ttt=SV

it  → Support vector i 
 *

imax,imax,ic α−α=  → Coefficient of support vector i 
 minbb =  → Bias of the optimal hyperplane in the  
   transformed space 

Inserting equations (3.84) and (3.85) into equation (3.86) yields the regression function, ex-
pressed in original tolerance assignments: 

( )
( )( ) ( )( ) ( )( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++=β ∑

=

⎟
⎠
⎞⎜

⎝
⎛ −−+−−+−−γ−

β
β

SV
2SV

i,33t3t3
2SV

i,22t2t2
2SV

i,11t1t1
n

1i

tosttosttost

iecob
s
1t  (3.87) 

In order to derive optimal tolerance assignments, the following optimization problem was solved 
by means of sequential quadratic programming (SQP): 

Minimize:  ( )
321 t

1
t
1

t
1K ++=t  (3.88)

subject to: ( ) minβ≥β t  
 005.0t000001.0 1 ≤≤  
 006.0t000001.0 2 ≤≤  
 01.0t000001.0 3 ≤≤  

The solution of this problem was calculated in an SQP-based iterative process. In each iteration 
step, a quadratic auxiliary problem was derived. This problem was defined by a quadratic ap-
proximation of the objective function and a linear approximation of the constraints. Both of these 
approximations were derived based on a function representation by means of Taylor-series, using 
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the current iteration point as reference point. Each auxiliary problem was solved iteratively. At 
each of these "inner" iteration steps, the minimum of the objective function was calculated alge-
braically. If some of the linear constraints caused that minimum to be located in the infeasible 
area (that is: an area that corresponded to violated constraints), the solution point was shifted onto 
the borders of the constraints that were violated and these constraints were "activated". This 
means that the following solutions were searched for only in the subspace that corresponded to 
all activated constraints being identically fulfilled (this subspace is denoted as the search space). 
At each further inner iteration step, it was checked for each active constraint, if the quadratic ob-
jective function still decreased in the direction of the constraint-associated infeasible area. If that 
was not the case, the respective constraint was "deactivated", meaning that the search space that 
was considered for subsequent solutions was not restricted by that constraint anymore. As soon 
as a feasible solution was found in the search-space and no constraints at the point of that solu-
tion had to be deactivated, the inner iteration procedure for solving the quadratic auxiliary prob-
lem was terminated. Based on the solution of the inner iteration process, the search direction was 
calculated. This search direction was the vector that connected the previous point of the "outer" 
iteration with the solution of the associated auxiliary problem (which was derived in the course of 
the inner iteration). Using both the previous point of the outer iteration process and the search 
direction a line in the tolerance space was defined. Inexact line search was performed to estimate, 
which point on that line yielded a minimum value of the original objective function. This point 
was used as the next iteration point of the outer iteration process. 

Derivation of the quadratic auxiliary problems that were solved during SQP-based optimization 
required both the gradient of the objective function and the gradients of the constraints to be 
known for any point t  that emerged in the course of the outer iteration 13. In order to provide 
these quantities, they were defined in terms of explicit analytical expressions. 

The gradient of the objective function can be expressed as: 

( )
T

2
3

2
2

2
1

T

321 t
1

t
1

t
1

t
K

t
K

t
KK ⎥

⎦

⎤
⎢
⎣

⎡
−−−=⎥

⎦

⎤
⎢
⎣

⎡
∂
∂

∂
∂

∂
∂

=∇ t  (3.89) 

The gradients of the constraints are mostly equal to canonical unit vectors, which are constant 
throughout the whole tolerance space. The only tolerance-dependent constraint-gradient is de-
fined by the gradient of the regression function for reliability index approximation, 

[ ]T321 ttt ∂β∂∂β∂∂β∂=β∇ . This gradient can be expressed as: 
                                                 
 
 
13 Quadratic approximation of the objective function generally requires the Hessian matrix to be known also. This  
 matrix was automatically approximated based on intermediate results that were produced in the course of the  
 inner iteration process. Initially (at the first iteration step) the Hessian matrix was set to the unity matrix. 
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 (3.90) 

The objective function and the constraints of optimization problem (3.88) and all corresponding 
gradients were provided to an SQP-based optimization routine. After defining a target reliability 
level minβ , this routine was used to calculate the corresponding optimal tolerance assignments. 
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4 Results 

In this chapter all results that were obtained by applying the aforementioned methods are pre-
sented. Initially (section 4.1), the outcomes of the iterative training process for generating a 
SVC-system for prediction of system failure are presented and analyzed. The quality of the gen-
erated SVC-system is evaluated. After that (section 4.2), the outcomes of Monte Carlo simulation 
using both modeling-based classification and SVC-based classification of geometrical configura-
tions are presented and compared. In section 4.3, the results of generating an SVR-system for 
estimation of the reliability index are presented. The quality of the generated SVR-system is 
evaluated. Finally (section 4.4) the results of SQP-based tolerance optimization are described. 

4.1 Generation of a SVC-System for Prediction of System Failure 

A SVC-system for the space of geometrical measures from the intervals 
( ) 005.0xx n
11 ±∈ , ( ) 01.0xx n

22 ±∈ , ( ) 01.0xx n
33 ±∈  

with: ( ) 1.0x n
1 = , ( ) 7.0x n

2 = , ( ) 0.1x n
3 =  

was created by applying the iterative process that was described in section 3.4. All optimal class-
separating hypersurfaces that were generated in the course of the iterative process and the used 
training samples are visualized in Figure 4.1 to Figure 4.11. In these visualizations, geometrical 
configurations that were classified (by the Reference Classifier module) as not yielding failure 
are represented as blue points in the space of the geometrical measures. All remaining geometri-
cal configurations, which were classified as yielding failure, are represented as red points. All 
samples that were added at each iteration step are strongly colored. All samples that resulted from 
previous iteration steps are lightly colored. The borders of the regions, from which additional 
samples were chosen, are indicated by gray meshes. It is noticeable that the sampling density in 
the vicinity of the real limit state could be successfully increased in the course of the iteration 
procedure, yielding the complexity of the shape of the approximated limit state to increase at 
each iteration step. Initially, the shape of the limit state approximation changed fundamentally 
from step to step. Later, shape adjustments were more and more localized. At iteration step four, 
a limit state artifact emerged at an area of low sampling density. This artifact remained present 
until exemplary geometrical configurations that were drawn in its vicinity yielded it to disappear 
in iteration step eleven. At iteration step ten two further limit state artifacts emerged. The exten-
sion of these artifacts was reduced in the subsequent iteration (step eleven). Although false classi-
fications were penalized very strongly, they were not always completely avoided. This is most 
obvious in Figure 4.2 (iteration step two), where three non-failure samples are located well in the 
approximated failure region.  
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Figure 4.1: Generation of an SVM-based limit state approximation. Iteration step one. 

 
Figure 4.2: Generation of an SVM-based limit state approximation. Iteration step two. 
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Figure 4.3: Generation of an SVM-based limit state approximation. Iteration step three. 

 
Figure 4.4: Generation of an SVM-based limit state approximation. Iteration step four. 
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Figure 4.5: Generation of an SVM-based limit state approximation. Iteration step five. 

 
Figure 4.6: Generation of an SVM-based limit state approximation. Iteration step six. 
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Figure 4.7: Generation of an SVM-based limit state approximation. Iteration step seven. 

 
Figure 4.8: Generation of an SVM-based limit state approximation. Iteration step eight. 
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Figure 4.9: Generation of an SVM-based limit state approximation. Iteration step nine. 

 
Figure 4.10: Generation of an SVM-based limit state approximation. Iteration step ten. 
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Figure 4.11: Generation of an SVM-based limit state approximation. Iteration step eleven. 

100,000 exemplary geometrical configurations were generated based on uniform distributions 
over the same intervals that were previously used for SVC-system training. These configurations 
were classified, using modeling-based detection of system failure, which was introduced in sec-
tion 3.3. 54,039 failure-yielding geometrical configurations were detected. These detections were 
based on 

- 30,041detections of fracture of beam 3, 

- 24,667 detections of impact of the cutting blades and 

- 1,918 detections of a too large gab between the cutting blade edges. 

None of the other considered failure events (fracture of beams 1,2,4 and 5) emerged. The gener-
ated geometrical configurations were reclassified based on each SVC-system that was created in 
the course of iterative training process. Using both the initially generated SVC-system (Figure 
4.1) and the finally generated SVC-system (Figure 4.11) the limit-state-artifact-robust two-step 
classification procedure, which was introduced in section 3.4, was implemented, yielding the 
resulting system for support-vector-based classification of a geometrical configuration. This sys-
tem was used as well for reclassification of the generated exemplary geometrical configurations. 
All reclassification results are visualized in Figure 4.12. In this visualization the percentages of 
false classifications are represented as bars. The red bars correspond to the numbers of falsely 
reclassified geometrical configurations, divided by the total number of geometrical configura-
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tions (one minus reclassification rate). The green bars correspond to the numbers of falsely clas-
sified failure-configurations, divided by the total number of failure-configurations (one minus 
sensitivity). The blue bars correspond to the numbers of falsely classified non-failure-
configurations, divided by the total number of non-failure-configurations (one minus specificity). 
It is noticeable that the overall classification results were continuously improved as the iteration 
process progressed. The strongest improvement occurred at the first iteration step. In this step the 
number of false classifications was nearly halved and the strong discrepancy between sensitivity 
and specificity was removed. All SVC-systems that were generated in iteration steps four to 
eleven involved artifacts of the limit state approximation that were located in the failure region. 
As a result, all of these systems yielded a disproportionately low sensitivity. The limit-state-
artifact-associated sensitivity degradation was reduced in the resulting (two-step) SVC-system. 
This system yielded the best overall classification results. 
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Figure 4.12: Performance of intermediate and resulting SVC-systems. 

The initially generated SVC-system was based on 30 support vectors. The subsequently gener-
ated intermediate SVC-systems used 65, 60, 118, 110, 125, 213, 241, 296 and 297 support vec-
tors respectively. The final SVC-system was based on 347 support vectors. As the computational 
effort that is associated with SVC-based classification of a geometrical configuration grows line-
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arly with the number of support vectors, utilization of the final SVC-system required nearly 
twelve times as much computational effort as utilization of the initial SVC-system. Hence, the 
two-step procedure for classifying a geometrical configuration, which reduced the influence of 
limit state artifacts, could also be expected to yield a gain in computational efficiency.  

The partitioning of the space of geometrical measures that is associated with the two-step classi-
fication procedure of the resulting SVC-system is visualized in Figure 4.13. In this visualization, 
the final limit state approximation is represented as a green surface. The borders of the 99 % con-
fidence space are visualized as blue and red meshes. All geometrical configurations that were 
located beyond these borders were, if classified by the initial SVC-system, associated with a 
probability of classification correctness that was greater then 99 %. Hence, only for geometrical 
configurations, which were located between the blue and the red surfaces, failure and non-failure 
were distinguished based on the greenly marked final limit state approximation. It is noticeable, 
that as a result, the influence of the erroneous limit state approximation segment, which is located 
on the left hand side of the picture, was mostly eliminated. Falsely classified geometrical con-
figurations are represented as yellow points. These points are concentrated at the borders of the 
space of geometrical measures and at localized areas of the limit state approximation, where the 
limit-state-shape is very complex. 

4.2 MCS-based Tolerance Analysis 

For this analysis 100,000 geometrical configurations were drawn from the intervals 
( ) 001.0xx n
11 ±∈ , ( ) 002.0xx n

22 ±∈ , ( ) 004.0xx n
33 ±∈  

Generation of each geometrical measure ix  was based on a truncated normal distribution that 
was fit to the tolerance interval ( ) ( )[ ]in

ii
n

i tx,tx +− , such that the interval borders ( )
i

n
i tx ±  were 

equal to ii 2σ±μ , where iμ  and iσ  were the mean and the standard deviation of associated the 
non-truncated normal distribution respectively. This distribution is visualized in Figure 3.16. 
Reference classifications of all generated geometrical configurations were derived using model-
ing-based detection of system failure. This process required 15.6 days of computation. All load- 
and functionality-indices that were calculated during derivation of reference classifications were 
saved for later analysis. The randomness of each scalar-valued load- or functionality-index can be 
illustrated by means of the associated histogram 14. This is done in Figure 4.14 to Figure 4.19. In 
each histogram, the index-domains that correspond to non-failure are marked green and are 

                                                 
 
 
14  Functionality-index two is logical-valued. It can therefore not be represented in terms of a histogram. 
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Figure 4.13:  Design space partitioning that is associated with the final SVC-system and falsely classified test  
 samples 

labeled with "S". The index-domains that correspond to failure are marked red and are labeled 
with "F". It is noticeable that failure-yielding values emerged only for load index three. This in-
dex represents the maximum equivalent normal stress in beam three. All remaining scalar-valued 
indices are located well in the associated save domains. Each histogram provides an impression 
of the shape of the probability density that is associated to the respective index. It is noticeable 
that these shapes are mostly highly complex and fundamentally different from a normal distribu-
tion and fundamentally different from each other. 

Processing of the load- and functionality-indices yielded 701 detections of failure. These detec-
tions were based on 

- 698 detections of fracture of beam 3 and 

- 3 detections of impact of the cutting blades. 

Using these results the probability of failure was estimated as: 

% 7.0
100000

701pf ==  
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Figure 4.14: Histogram of load index 1 that results from a truncated normal distribution over the tolerance  
 intervals that are defined by t1 = 0.001, t2 = 0.002 and t3 = 0.004. 
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Figure 4.15: Histogram of load index 2 that results from a truncated normal distribution over the tolerance  
 intervals that are defined by t1 = 0.001, t2 = 0.002 and t3 = 0.004. 
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Figure 4.16: Histogram of load index 3 that results from a truncated normal distribution over the tolerance  
 intervals that are defined by t1 = 0.001, t2 = 0.002 and t3 = 0.004. 
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Figure 4.17: Histogram of load index 4 that results from a truncated normal distribution over the tolerance  
 intervals that are defined by t1 = 0.001, t2 = 0.002 and t3 = 0.004. 
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Figure 4.18: Histogram of load index 5 that results from a truncated normal distribution over the tolerance  
 intervals that are defined by t1 = 0.001, t2 = 0.002 and t3 = 0.004. 
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Figure 4.19: Histogram of functionality index 2 that results from a truncated normal distribution over the  
 tolerance intervals that are defined by t1 = 0.001, t2 = 0.002 and t3 = 0.004. 
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The associated relative estimation error, which is not exceeded in 95 % of all cases, was ap-
proximated as: 

% 6.7
701
2

==ε  

The reliability index that corresponded to the probability-of-failure-estimate was calculated as: 

( ) 2.46pf
1 =Φ−=β −  

The same geometrical configurations that were used for reference-classification-based derivation 
of the upper tolerance analysis results were classified a second time by means of the generated 
(two-step) SVC-system. This process required 2.5 seconds of computation. Hence, application of 
SVM-based rather then modeling-based classification resulted in a decrease of computational 
costs by a factor of more than 500,000. SVM-based classification yielded a classification rate of 
99.9 %, a sensitivity of 86.2 % and a specificity of 100 %. 606 failure-yielding geometrical con-
figurations were detected by the SVC-system, resulting in an estimate of the probability of failure 
of: 

( ) % 61.0
100000

606p SVM
f ==  

The associated reliability-index was calculated as: 
( ) ( )( ) 5.2p SVM

f
1SVM =Φ−=β −  

Comparing these results with the reference values fp  and β , reveals that SVM-based classifica-
tion yielded the probability of failure to be underestimated by 13.5 % and the reliability-index to 
be overestimated by 2.1 %. 

4.3 Generation of a SVR-System for Prediction of the Reliability Index  

A SVR-system was generated based on 3200 exemplary tolerance configurations from the inter-
vals 

[ ]005.0 ,000001.0t1 ∈ m, [ ]006.0 ,000001.0t 2 ∈ m, [ ]01.0 ,000001.0t3 ∈ m 

and corresponding reliability indices that were generated by analyzing each generated tolerance 
configuration by means of SVC-based MCS (see section 3.5). The resulting regression function is 
visualized in Figure 4.20 in terms of seven iso-surfaces. Each of these surfaces represents all tol-
erance configurations, which, if plugged into the SVR function, yield a certain value of the reli-
ability index that was defined a priori. The reliability indices that are associated with the visual-
ized surfaces correspond to the failure probabilities { }7654321

f 10,10,10,10,10,10,10p −−−−−−−∈ . It is 
noticeable that the system reliability, while being low in most areas of the tolerance space, rap-
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idly increases in the vicinity of the area that is marked red. Using the visualized SVR function, 
the reliability-indices that had been used for training of this function were recalculated, yielding a 
mean relative difference between original and recalculated reliability-indices of 3.6 %. 

 
Figure 4.20: Seven iso-surfaces of the regression function for approximation of the reliability index. 

Next, 64,000 tolerance configurations, which were uniformly distributed in the tolerance space, 
were generated. Corresponding reliability index estimates were derived by means of SVC-based 
MCS. These reliability indices were re-estimated by inserting the respective tolerance configura-
tions into the SVR function. The mean relative difference between MCS-based (reference) and 
corresponding SVR-based reliability indices was equal to 4.6 %.  

A histogram of the generated reference reliability indices is presented in Figure 4.21. Based on 
this histogram it is noticeable that most analyzed tolerance configurations yielded a reliability 
index that was relatively low (this could be expected based on Figure 4.20). Furthermore it can be 
noticed that a considerable amount of tolerance configurations (nearly 4000) yielded a probability 
of failure which was exactly equal to zero. This means that when the respective tolerance con-
figurations were analyzed by means of MCS, no failure-yielding geometrical configurations were 
drawn. A probability of failure, which is equal to zero, corresponds to a reliability index which is 
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infinitely large. In the course of tolerance analysis, the reliability index was derived by numeri-
cally solving the nonlinear equation ( ) 0pf =β−Φ− . When the probability of failure was equal to 
zero, the following solution of this equation was obtained: 

( ) 74.9Inf =β  

Hence, in the course of MCS-based tolerance analysis, the same finite reliability index ( )Infβ  was 
assigned to each tolerance configuration that yielded an estimated value of the probability of fail-
ure, which was equal to zero. As a result, the trend of reliability-index-values that was displayed 
by the training data suggested a discontinuity at the border to the area of the tolerance space 
which corresponded to zero failure probability.  
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Figure 4.21: Histogram of reliability indices that were generated based on uniformly distributed tolerance  
 assignments and MCS. 

In order to analyze how the approximation error that was associated with the SVR function 
changed as a function of the reliability index, the reliability index domain was partitioned into 60 
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intervals. These intervals were identical to those that Figure 4.21 was based on. All reference 
(MCS-based) reliability indices that were located within each of these intervals and all corre-
sponding SVR-based reliability indices were identified. For each interval, using only those quan-
tities that were associated to it, the mean absolute difference between reference and correspond-
ing SVR-based reliability indices was calculated. The resulting interval-specific absolute ap-
proximation errors (the errors that resulted from approximating of the reference-reliability-
indices by means of the SVR function) are visualized in Figure 4.22. In this visualization it is 
noticeable that all reliability-indices that are located between the value 3 and the value 5.3 were, 
on average, overestimated by the SVR-system. This means that a positive offset existed between 
the regression function and the trend that was displayed by the reference-reliability-indices. The 
reliability-indices that correspond to a zero failure-probability were, on average, underestimated 
by the SVR-system. These results revealed that any SVR-based reliability-index approximation 
yielding a value, which was greater then three, was most likely subject to a large error. Corre-
spondingly, the SVR-function was used only when dealing with reliability-indices that were 
smaller then or equal to three. 
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Figure 4.22: Mean absolute approximation error as a function of the MCS-based reliability index value. 
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4.4 SQP-Based Tolerance Optimization 

The analytical representation of the generated SVR-function and the gradient of that function 
were provided to a solver for SQP-based nonlinear optimization. A target probability of failure of 

% 1.0p max,f =  was chosen. This choice corresponded to a reliability-index of 09.3min =β . The 
associated regression-function-based constraint and the resulting solution of optimization prob-
lem (3.88) are visualized in Figure 4.23. The optimization problem was solved within 0.15 sec-
onds of computation (33 line searches in the tolerance space were performed), yielding the fol-
lowing optimal tolerance assignments: 

3

3,opt

2,opt

1,opt

10
2.17
1.88
2.33

t
t
t

−⋅
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=optt  

The associated manufacturing costs were: 

( ) 3.1360K =optt  

The optimization problem solution was located on the border of the constraint ( ) minβ≥β t . Hence, 
the approximated reliability index that was associated to this solution was equal to the target reli-
ability index minβ . The real reliability index that resulted from the derived optimal tolerance as-
signments was estimated, using SVC-based tolerance analysis with 1,000,000 MCS trials. This 
process yielded the following results: 

( ) ( ) 15.3MCS =β optt  

( ) ( ) % 081.0p MCS
f =optt  

Hence, in contrast to what could be expected based on Figure 4.22, the reliability at the point of 
solution optt  was underestimated by the SVR-function. The relative difference between real and 
estimated reliability-indices was equal to 1.9 %. The relative difference between real and esti-
mated probabilities of failure was equal to 22.8 %. 
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Figure 4.23: Optimal tolerance assignment for a target reliability index of 3.09. 
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5 Discussion and Future Prospects 

The high complexity of both the limit state (see Figure 4.13) and the distributions of load- and 
functionality-indices (see Figure 4.14 to Figure 4.19) reveals that analytical reliability methods, if 
at all applicable, must be expected to be subject to great amount of error. Hence, the use of MCS 
for estimation of the probability of failure has proven to be an appropriate choice. 

It could be shown that a limit state function can be accurately approximated by a SVM-function, 
even in the case of a complex shape. The use of SVM-function-based classification allows for 
MCS-based analysis of geometrical tolerances in a feasible amount of time. The gain in computa-
tional cost that is achieved by replacing the original classification procedure, which is based on 
simulation of the dynamic behavior of the target mechanical system, by a SVC-system is ex-
treme. Even for a very simple application example, the computational costs that were associated 
with classification could be reduced by a factor of more than 500,000. In true practical applica-
tions, where the target mechanical system has to be modeled realistically, the gain in computa-
tional cost can be expected to be even larger. 

Although the generated SVC-system has been proven to be very accurate, tolerance analysis in its 
most basic form, using this system, was subject to noteworthy error. Hence, the sensitivity of the 
results of basic MCS with respect to the decomposition of the design space is high. Correspond-
ingly, any extension or modification of the presented scheme should maintain high accuracy of 
the limit state approximation.  

Simulation of the dynamic behavior of the target system must be applied in order to derive refer-
ence classifications for SVC-system training. 1600 of such classifications have been used to cre-
ate a SVC-system of satisfactory accuracy. This large number may not be realizable in practical 
applications. Therefore, further enhancement of the efficiency of the process of SVM training, 
allowing derivation of an accurate SVC-system based on a smaller number samples, should be a 
main focus of any future work. A SVC-system is trained efficiently when the training samples 
capture the greatest possible amount of information concerning the location of the limit state. 
Strategies of distributing training samples more intelligently, such that this goal is approached, 
should be developed [Bas07]. The inhomogeneous distribution of falsely classified test samples 
(see Figure 4.13) indicates that the accuracy of the limit state approximation varies from region to 
region, as clustering of the training samples could not be completely avoided (see Figure 4.11). 
Correspondingly, training efficiency can still be increased by ensuring a more uniform sample 
distribution. 

Figure 4.13 reveals that the density of falsely classified test samples is high in border areas of the 
space of geometrical measures and in areas of high limit state curvature. In order to avoid border-
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area-related limit state inaccuracy, the space of geometrical measures, which is considered for 
training, should be chosen slightly larger than the space that the trained SVC-system is applied 
on. High limit state curvature can emerge as a result of simultaneous consideration of multiple 
failure events. Therefore, rather than training one SVC-system for detection of failure in general, 
training of multiple SCV-systems for detection of each single failure-related event, should be 
considered. In this case, system failure can be recognized by logically combining all single-
event-related classifications. The SVM-functions that are associated with single failure-related 
events can be expected to be less curved and therefore to be more accurate than the SVM-
function that is associated to overall system failure, possibly making an event-specific SVM-
based decomposition of the space of geometrical measures preferable compared to the general 
decomposition, which was visualized in Figure 4.13. 

The problem of limit state artifacts revealed that training samples should not only provide infor-
mation on where the limit state is located but also on where it is not located. Hence, the presented 
iterative procedure for SVC-system training can be improved if additional samples are added to 
the training set in areas of low sampling density. Such samples can safely be classified by a SVC-
system rather than the computationally demanding original Classifier module, as the associated 
confidence is very high. 

Once a SVC-system is available, probability estimation can be performed by basic MCS. Further 
improvement of the efficiency of probability estimation by, for example, adaptive sampling is not 
necessary in the context of current computational resources. 

Using efficient SVM-based automatic tolerance analysis, an SVR function, which approximated 
the relation between the tolerance assignments and the reliability index, could be derived and was 
successfully employed in the process of iterative SQP-based tolerance optimization. The optimi-
zation results are plausible. However, the accuracy of the SVR function for high reliability indi-
ces is not satisfactory as a result of the zero-failure-probability-induced discontinuity in the train-
ing data. This problem can be solved by excluding all tolerance configurations, whose associated 
failure-probability is equal to zero, from the SVR-training set. In addition, the accuracy of the 
SVR-function can be increased by using a higher sampling density in the space of tolerance as-
signments. This can easily be done, as SVC-based tolerance analysis is decoupled from the com-
putationally expansive simulation of the dynamic behavior of the target mechanical system. In 
order to achieve identical noise ratios for all exemplary tolerance configurations, MCS-based 
tolerance analysis should not be based on a predefined number of exemplary tolerance configura-
tions. Rather, MCS should be performed, until a predefined number of failure events has been 
detected. Furthermore, an iterative training process, which is similar to the one that was applied 
in SVC-system training, can be implemented, allowing for concentration of the training samples 
in the vicinity of the target reliability index, which is the region of interest. 
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The real space of feasible (that is: non-failure-yielding) geometrical measures is bordered in each 
direction. This means that for any line that originates at the point of the nominal values an inter-
section with the limit state exists. The SVM-based design space decomposition that is visualized 
in Figure 4.13 is not bordered in each direction, because some limit state segments are located 
outside the subspace of geometrical measures, which was considered for SVC-system training. 
As a consequence, the nominal geometrical measures had to be assumed as fixed and could not 
be made variables of the optimization problem. If this would have been done, no optimal solution 
would have existed. In the course of the optimization process, the nominal point would step by 
step have been shifted further into the area of the space of geometrical measures, which is falsely 
non-bordered, successively increasing the allowed tolerances and decreasing the associated pro-
duction costs. In subsequent analyses, training of the SVC-system should be based on an ex-
tended subspace of geometrical measures, which includes the full limit state. This allows toler-
ances and nominal values to be optimized at the same time.  

As an alternative to MCS-based tolerance analysis, system reliability could be ensured based on a 
geometrical approach. The point of nominal values could be enclosed by a hypersphere, which 
represents an iso-surface that corresponds to a constant (small) value of the tolerance-induced 
joint probability density function of the geometrical measures. During iterative tolerance optimi-
zation, instead of constraining the probability of failure to a maximal value, this sphere could be 
constrained to not penetrate the limit state. By application of this methodology training of a re-
gression function would be avoided, possibly allowing for a higher computational efficiency. 

In order to check if the presented tolerance optimization scheme can be applied to a larger scale 
problem with high dimensionality of the design space and a limit state of possibly more complex 
shape, a more realistic application example should be implemented. 
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