




















































































































































































































Figure 7. --Line integral around points of singularity
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(Carslaw, 1962).
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small circle about the well (Figure 7). The integral around the small
circle gives 2 iin the limit as its radius tends to zero. One can note
that such a condition depends upon the ratio of the radius of the well to
the distance from the well, to the point at which the potential is
fequired, that is to say (a/r).

The solution that Carslaw derived from these mathematical

operations is in the form of equation (1).

Carslaw's Solution

The solutions of many linear heat flow problems have been
obtained by operational methods; but in a majority of cases, the final
solution contains an infinite integral or an infinite series which can not
readily be expressed in terms of analytic or tabulated functions.
Consequently, the numerical evaluation and publication of such infinite
integrals and series becomes of major importance.

As an application of the use of Green's function to solve
problems in the conduction of heat, consider an infinite region bounded
internally by the circular cylinder r = a with the cylinder surface main-
tained at a constant temperature H, the zero temperature elsewhere at

the initial time t = 0. The solution is given by H. S. Carslaw and J. C.

Jaeger in the following form:

(00)
h=H-2H2 /;Luz Jolur) Yo(ua) - Jo(ua) Y(ur) du (4)
I o Jg(ua) + Yg(ua) u
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where:

is the drop in potential any distance outside the cylinder,

at any time. In ground water is expressed by ft
(

H 1is the original constant temperature, expressed in ft in
ground water

Jo and Y, are the Bessel functions of the first and second
types

L and K are dimensionless parameters where

L= Kt
al

K is a constant called by Kelvin in the field of conduction
of heat, the diffusivity

k=K o (analogy to T/S in the field of ground water
PC€  hydrology) (5)

in heat problems K is the thermal conductivity (analogy to
- transmisgsibility in field of ground water)

c is the specific heat
p is the density.

Analogy Between Heat Conduction
and Ground-Water Flow

The analogy in the field of ground-water hydrology to equation
(5) is the aquifer diffusivity and is equal to the transmissibility of the
. - . f th i f (T)
aquifer divided by the storage coefficient of the aquifer =)
The parameter A= r/a . (6)
where:
a is the radius of the internal cylinder

r is the distance from the cylinder.
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Equation (4) hasbeen written by J. C. Jaeger in a different form
as follows:

[ -}

2 -Lu?2 Colu, Au) du
h=H - = /e u 0 (7)
H u[Jg(u) + Yg(u)]
where:
Colu, Au) = Jo(u) Yo(ru) - Yylu) Jo(ru) (8)

The differential equation that describes the flow from a

cylindrical line source is in the form of Bessel's equation:

3%h
dre

+ L oh _g2ho0 (9)
r gr

where:

p=vq® (explained in equation 3)

The drop in potential h(r, t) at any radius r>a and at any time
t>0 is given by :

-1
h(r, t)= H Ko(rVp/D) (10)
p Ko(a-\/P/D)

where D is the thermal diffusivity of the region external to the cylinder

and

-1 oocHi

-1 Pt F(p) d (11)
[ =g [, e ,

C -1

h(r, t), as given in equation(l), has been obtained by Nicholson (1921)
using Weber's integral, and by Goldstein (1932), Carslaw and Jaeger
(1940) using operational and Laplace transformation methods

respectively.
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The integral does not appear to be directly expressible in
terms of analytic or tabulated functions. The important case of the
transient flux at the surface of the cylinder has been presented

graphically by Carslaw and Jaeger (1947) and is expressed by:

00
- 5_h> = 4Hk / exp(-Lut) __ du
SJrz=a an® % v [Jg(au) * Yé(au)}
_ 4Hk
= I(0, 1; L) 12
all? e
where: L = Dt ; i i :
: — and I (0, 1; L) is defined as:
a

D= T/S= diffusivity

00

~w2L) du =1(0, 1; L) (13)
O/exp (-u Jé(au) + Yé(au)

The function I (0, 1; L) has been tabulated by Jaeger and Clarke
(1942). The same formula (13) has been solved by Jacob and Lohman
(1952) in their method of testing the diffusivity of the aquifer by holding
a constant head, which means that the discharge varies with the time
and the drawdown is held constant. The formula they developed is
based on the assumption that the aquifer is of infinite areal extent, and

the coefficients of transmissibility and storage are constant at all

times and all places. The formula is developed from the analogy between

the hydrologic conditions in an aquifer and the thermal conditions in an

equivalent thermal system. The formula is written as:

Q=21 TS, G (L) (14)
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where:
00 2
41, - A
G(L) = T fxe Lx [.P.. + tan~1 Yo(x) d.x:I (15)
0 2 Jo(x)
Tt
L= .
s (16)

Sy constant drawdown, in feet, in the discharging well
rw effective radius, in feet, of the discharging well
and using the customary U.S. Geological Survey units, equation (14)and

(15)take the forms

o= TSwG (L) (17)

L=0.134 Tt (Using U. S. Geological Survey units) (18)

It can be shown that equation (15)is the same as equation (13),
aﬁd the solution given by Jacob and Lohman (Figure 8 and Table 1)
represents the solution of I (0, 1; L). They calculated G (L) for values
of LL between 10'4 and 1012. The solution of the integral (equation 13)
by Jacob and Lohman for all the range of the aquifer diffusivity (long
and short time.of pumping) was very helpful in the completion of this

work.

Evaluation of Equation (4)

In this mathematical model Darcy's equation is no longer the
equation of motion for the ground-water system. The mass discharge

is chaﬁging with time and the potential is changing both with space and

time.
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Table 1. --Values of G(L ) for values of L. between 10-4 and 1012,

-4

10 10”3 10~2 1071 1 10 108 108
1 56.9 18.34 6.13 2.249 0,985 0.334 0.346 0.251
2 40.4 13.11 4.47 1.716 0.803 0.461 0.311 0.232
3 33.1 10.79 3.74 1.477 0.719 0.427 0.294 0.222
4 28.7 9.41 3.30 1.333 0.667 0. 405 0.283 0.215
5 25.7 8.47 3.00 1.234 0.830 0.389 0.274 0.210
6 23.5 7.77 2.78 1.160 0.802 0.377 0.268 0.206
7 21.8 7.33 2.60 1.103 0.580 0.367 0.263 0.203
8 20.4 6.79 2.46 1.057 0.562 0.359 0.258 0.200
9 19.3 6.43 2.35 1.018 0.547 0.352 0.254 0.198
10 18.3 6.13 2.25 0.985 0.534 0.346 0.251 0.196

9¢



Table 1. --Continued

10° 108 108 107 10 10° 1010 1011
1 0.1964 0.1608 0.1360 0.1177 0.1087 0.0927 0.0838 0.0764
2 0.1841 0.1524 0.1299 0.1131 0.1002 0.0889 0.0814 0.0744
3 0.1777 0.1479 0.1266 0.1106 0.0982 0.0883 0.0801 0.0733
4 0.1733 0.1449 0.1244 0.1089 0.0968 0.0872 0.0792 0.0726
5 0.01701 0.1426 0.1227 0.1076 0.0958 0.0864 0.0785 0.0720
8 0.1675 0.1408 0.1213 0.1066 0.0950 0.0857 ©  0.0779 0.0716
7 0.1654 0.1393 0.1202 0.1057 '0.0943 0.0851 0.0774 0.0712
8 0.1636 0.1380 0.1182 0.1049 0.0937 0.0846 0.0770 0.0709
9 0.1621 0.1369 0.1184 0.1043 0.0932 0.0842 0.0767 0.0706
10 0.1608 0.1360 0.1177 0.1037 0.0927 0.0838 0.0764 0.0704

LS
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In order to evaluate numerically the infinite integral of the
right hand side of equation (4), for any value of L, the infinite range
of integration of u from zero to infinity may be limited to a finite
range of integfation from zero to u), owing to the rapidly decaying
nature of the term exp. (- u? L) with increasing u.

H. Goldenberg (1956) presented his work for the range where

qu 210, and found that as u——= 0, the term

Jolu) Yolru) - Y (u) J(wu) () Ln X (19)

while the integrand as a whole tends to infinity. For a suitable value
of uj, he adopted the following method:
o0

O w(r, t)] . / 121y Jolu) Yo(hu) - Yi(u) Jo(Ahu) du
2[1 H J 5 exp(-u"L) JZu)+Y2u) > u

K uz 1
N f exp(-u 2L) du . f exp(-
o

JE(u) + YE(u) u ¥,

Jo(u) Yo(du) - Yo(u) Jo( Au) di
32 (u) + YZ(u) u (20)

. - 2
where Jo(u) Yo( \u) - Yo(u) JO(Xu) is sufficiently close to (—[-]—) Lo\
over the range u= otou=u, and A may be taken as
A= Zpa) + 30, Y (duy) - Yolus) Io(du,) (21)
“zlg™® ol=2/ TolA¥2) 7 TolRal Yol AR
The factor A actually determines the damping effect due to the

rapid decaying of the exponential term (exp. -uL). As the expansion

of the integrand in equation (20) approaches infinity, the exponential
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term rapidly decays and the damping factor has to bring the integrand
to a limit u, in order to avoid the increasing tendency to infinity.
To do thus, the right hand side of equation (4) can be reduced

to the following:

e a)
—g- [1 - h_h'._iﬂ= A /;,ch(_uau& du _ A [ e?‘m-uZL)Z du
H o Jo(u) + Yo(u) u 5 J’é(u) + Y5(u) u
o0
exB-uz‘L du
-4 7%(u) + Y%(u) u
U1 o o

u
+ / le:x:p(—uZL) Jolu) Yo(Au) - Yo(u) Jo(Au) d_u
up T2(u) - Y2(u) a

I [ - h(r, t)}: A I(0, 1; L)
2 H

u
+[ 1exp-Lu2 Jo(u)Yo(Lu)-Y (Lu)Jg(u)-A du
2 72(u)+YE(u) a

(22)

With u; chosen as above,

exp(~u2']_,) du
u]  J4(u) + Y%(u) u

is negligible and, therefore, equation (22) is reduced to

2 /ulexp(-uzL) Jolu) YQ(Au) - Yo(u) Jo(Au) - A du
T 19, J&(u) + Y&(u)
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where
Uy ?s .ch.osen so that the range of integration from zero to
infinity of the infinite integral of equation (4) may be
reduced to the range from zero to uy
and

u, is chosen so that over the range 0 < u<u,, the Bessel term
Jolu) Yo(Au) - Y (u) Jo(Au) = A (24)

The right hand side of equation (23) was evaluated numerically
for r = 2a, r = 10a, r = 100a for a large range of values of the non-
dimensional parameter (L). The results are given in Figures 10 and
12).

The range which Goldenberg solved for equation (23) was
extended to satisfy the practical requirements in the field of ground-
water hydrology. Goldenb.erg‘s results have been interpolated by the
writer to give the damping effect A for a larger range of )\ up t‘o 10°
for a large range of parameter (L). The interpolated results have been

-~

rechecked using the numerical method (Figure 12).

" Upper Limit of the Damping Factor

Equation (21) which determines the damping effect, can be

written as follows:

A:%[%Ln)\ +Mi} (25)

where

M = Jgluz) Yolaup) - Yo(up) Jol auy) (26)



Figure 9. --Goldenberg's solution for heat conduction outside the
circular cylinder r = a, the cylinder surface maintained
at constant temperature.

Figure 10. --Extension to Goldenberg's calculation for larger values
of thermal diffusivity.

Figure 1l.--Goldenberg's solution for the flux crossing unit area of

cylinder surface, which is maintained at constant
temperature.
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if
M; tends to 2A

or 0= Ln\

L
I1
Atendstolorr=a
Carslaw (1959) solved equation (4) for small values of time
and very large distances from the well by using the asymptotic expan-

sions of Bessel's function. The solution is represented as follows:

Ha r-a H(r -a)(Dt). erfc =2

h t) = f
(ry )= g erie S Tnn * alTe iz ST g

2 2
+ Ha -2ar-7r“)Dt ;2 erfc)r—a b oo (27)

32 a3/2r5/2 24/Dr

for r = a; that is to say for = 1. Equation (27) reduces to

h(r, t) _ 28
= 1 (28)
or h(r, t)=H

If this result is inserted in equation (23) where

Tolw) Yo(hu) = Yo(u) Jo(Au) = A

A= _I\Z/I—z Jo(u&) Yo(xu&) - Yo(u&) Jo(x ul) (29)
then
h(r, t) _,
T =
and

2
A o, 1; L) must tend to zero.
According to J. C. Jaeger (1942),

Co(u. X u) = Jolu) Yol du) - Yo(u) Jo(dua) (30)
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D .
where for large values of L - _%:, the cylinder functions in equation (4)

a
may be expanded in the ascending series

.;_nco(u, Au)= Lok + % (1/2 u)Zn Cn()) (31)
n=1
where
Cy(A)=1()%+1)LnXk + A2 -1 (32)
c&=i_(R4+4R2+1)Lnx-%(R‘*-l) (33)

M;
for A—— » -Z_l- we get Lin )Y —— o 0 and )‘ = 1 and from equations
(31), (32), and (33), we get

& 2n

2 (/2w C (M) 0

n=1

1 .
and so > I1C(u, )u)——~———-> zero which means

Jou Y (du) - Yo(u) I (\u)—— 0 (34)
which means that the limiting value of li.e. , AL takes a higher value
which causes the s-th zero of equation (34) to tend to zero (U.S.
Department of Commerce 1964, p. 415, table 9.7).

This means that when A tends to the value of -I\Z-A—l or Mj tends to
the value of 2A, we obtain the limiting value of [ at which the drop in
potential h(r, t) is equal to zero.

The value of the damping factor for Goldenberg's results has
been calculated using Jacob and Lohman's curves for the evaluation of

the integral (0, 1; L). From equation (23), in choosing the Bessel term

Jolu) Yo(du) - Y (u) Jof lu) = A, the finite integral from u, to uj is
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eliminated and the eyuation is reduced to

h(r, t) 2A .
e A C A TR O (35)

The values of bi;;_ﬂ have been taken from Goldenberg's

curves for the limited range of (.= r/a). For the non-dimensional

0.134 .
parameter L = Siz_T_t (using U. S. Geological Survey units), the

parameter G (L) as defined by Jacob and Lohman in equation (15) is
calculated. Using equation (35), the value of the damping factor A can
be calculated. The curves in Figure 13 a and b show the relation
between the damping factor and the parameter ], (on semi-log paper)

5

covering the range of the parameter L from L= 107 to L = 101, The

curves have been interpolated and extended to cover a wider range of

from 100 to 105. The values of A were calculated from the extra-
polated curves for the same range of the non-dimensional parameter L
(from L = 10° to L= 1011). By using equation (35) and using Jacob
and Lohman's curves (Figure 8), the value of E(_%ILL) is calculated.
The interpolated results have been checked again using Goldenberg's
method of evaluation of equation (4). The results are shown in the
curves of Figure 12 and the value of M; (eyuation 25) was also plotted
in Figure 14. The limiting value of ) 1, was calculated from the
graphs for the same range of the parameter L, to suit the condition
(Tables 2, 3, 4, 5, 6,. 7 and 8).

l tends to )‘L as M; tends to 2A

i.e., as )\ tends to >‘L M; should tend to 2A.



Figure 13a.--Damping factor A versus \ for various values of L.

L L= Lt
Sa.Z
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Figure 13b. --Damping factor A versus ) for various values of L. Results given by author up
to the limit of ) = 10%.

L=_1t X =r/a
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Table 2. --Calculation of the damping factor A and Mj using Goldenberg's curves.

Tt 5 6
L =2t | 10 10
Sa .
)Y k 2 10 100 2 10 100
h/H 0.88 0.645 0.260 .9 0.7 0.39
L 0.134 x 10° 0.134 x 10% 0.134 x 10° .134 x 10% 0.134 x 10° 0.134 x 10°
Gibs) 0.155 0.155 0.155 .130 0.130 0.130
2 n) 0.446 1.4665 2.933 . 446 1.4665 2.933
A 1.216 3.5967 7.49677 .2077 3.5416 7.3654
M 1.986 5.727 12.0606 .9694 5.6172 11.7978
b
Tt
L = _
Saz
T = Transmissibility in gpd/ft
S = Storage coefficient
a = Well radius
t = Time in days
= r/a

69



Table 3. --Calculation of the damping factor A and Mj using Goldenberg's curves.

LTt ' 7 8
= =% 10 10
X\ 2 10 100 2 10 100
h/H  0.915 .750 0. 490 0.920 0.78 0.55
8 8
L 0.134 x 107 .134 x 107 0.134 x 10’ 0.134 x 108 0.134 x 10 0.134 x 10
G 0.114 .114 0.114 0.102 0.102 0.102
2 Ln) 0.446 . 4665 2.933 0.446 1.4665 2.933
A 1.2394 . 44298 7.1754 1.2304 3.3863 6.9265
M 2.48 . 886 14.035 2.0148 5.306 10.920
L= Tt .
Sa2 A= 1/2 Llln)w MiJ
T = Transmissibility in gpd/ft ‘ n
S = Storage coefficient
- Y Jo (Jun
a = Well radius Mi = Jou;) Yo()uz) o (v1)do(
t = Time in days

r/a

0L



Table 4. - -Calculation of the damping factor A and Mj using Goldenberg's curves.

1

TE
L= —y 108 1010
_ Sa“ |
2 2 10 100 2 10 100
h/H 0.95 0.805 0.605 0.98 0. 830 0.650
L 0.134 x 10°  0.134 x 10°  0.134 x 10 0.134 x 10'%  0.134 x 1010  0.134 x 101°
6y 0.0914 0.0914 0.0914 0.082 0.082 0.082
2 1) 0.446 1.4665 2.933 0. 446 1.4665 2.933
A 0.858 3.3426 6.7759 0.383 3.260 6.697
M 1.270 5.219 10.620 0.32 5.054 10.461
L = I_t_.
Sa?l
T = Transmissibility in gpd/ft
S = Storage Coefficient
a = Well radius
t = Time in days

r/a

1L
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Table 5. --Calculation of the damping factor A and M; using Goldenberg's

curves.

Tt
L = m 1011
)\ 2 10 100
h/H 0.99 0.85 0.68
L 0.134 x 101 0.134 x 10! 0.134 x 101
Gl 0.075 0.075 0.075
% log) 0.446 1.46865 2.933
A 0.2095 3.14 6.68
M 0.027 4.814 9.63
L =1t
Sal
T = Transmissibility gpd/ft
S = Storage coefficient
a = Well radius
t = Time in days

= r/a

Mi = Jo(u&)Yo(‘ uz) - YO(uZ)JQ( u)
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" | Table 6. --Interpolated data using Goldenberg's curves.

L
T '
L = 1010 ! Le 0!
2 |
) A Facth) h/H A Zacm) n/H

20, 000 14.55 0.7598 0.2402 14.0 0.6688 0.331
30, 000 15.20 0.7939 0.2060 14. 60 0.6975 0.3025
40, 000 15.60 0.8146 0.1850 15.10 0.7213 0.2787
50, 000 16.00 0.8357 0.1640 15.40 0.7357 0.2640
60, 000 16.25 0.8490 0.1510 15. 65 0.7475 0.2525
70,000 16.50 0.8618 0.1380 15.90 0.7595 0.2405
80, 000 16.70 0.8730 0.1270 16.10 0.7690 0.2310
100, 000 17.05 0.8904 0.110 16.45 0.7860 0.2140
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Table 7. --Interpolated data using Goldenberg's curves.

2 1,000 10, 000 ! 100,000
L =Tt A 101;t) n/H A 10,1, ) h/H A 1(0,;t) h/H
Sa2
6
10 11.2 0.130 0.072
10° 11.0 0.114 0.20 i
108 10.6 0.102 0.32
i
10° 10.25 0.0914 0.404 13.9 0.0914 0.191 |
10 |
10 10.0 0.082 0.478 13.5 0.082 0.205  14.3 0.082 0.253
11 ;
10 | 13.9 0.075 0.34
A= r/ a

L



Table 8. --Calculation of

t

| nmm—

ST
= =1
Storage s = 107! 8 =10
Transmissibility 200, 000 50,000 25,000 200, 000 50, 000 25,000
gpd/ft
3
2 x 10 5 x 10 2.5 x 10 2 x 10 5 x 1 2.5x 1
Time | t t
Days Years ST ST
10 0.023 2.34 x 10~2 4.48 x 102 6.34 x 102 7.1 x 1071 14.14 x 1001 20.0 x 10-1
547 1.5 1.65 x 1071 3.3 x 107} 4.68 x 10”71 5.22 10.43 14.7
-1 - -
1825 | 5.0 3.02 x 10 6.05 x 1000 8.55 x 107! | 9.58 19.10 27.0
3650 | 10.0 4.26 x 1071 8.55 x 10} 12,10 x 10°! | 13.50 27.0 38.2
8475 | 15.0 5.24 x 10°  10.45 x 10°1  14.80 x 10~} | 186.50 33.0 46.7
9125 | 25.0 6.76 x 1001 13.50 x 10!  19.10 x 10°1 | 21.40 42.7 60.5
18250 | 50.0 9.55 x 10°1  19.1 x 107} 27.0 x 10~} 31.00 60.5 85.5

GL
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At this limit of )‘L, the drop in potential is practically zero

and the interference factor is practically zero. If a second well, with

characteristics similar to the first well, is located at a distance equal
to twice the limiting value of \L (i.e., at 2 ,\L), each well will work
separately without any interference from the others. Figure 15 gives

the limiting value of the parameter ;& = ()‘L) for different values of the

non-dimensional parameter L.

Discharge at the Surface of a Well Acting
as a Cylindrical Line Source

The flux at the surface of a well can be calculated by using

Darcy's equation as follows (Figure 16):

g= - T E_
, ,:§ I]r:a

00 2 d
_ 4HT -Lu _du > (36)
all © [Jé(au) -Y au)]
(o]
= 4H§ I(0, 1: L) " (37)
al

for small values of L Jaeger and Clarke give the following formula: '

100, 1; L) = II "L \/ ~0.1469 1372

+O.203LZ—O.315L5/‘)‘+O.536L3+ ..... J -
(38)
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- 0.0588 L5724 0.0677 L3 - 0. 09 L7/2

+0.13¢ L% - oo } (39)
While this series expansion (equation 38) is readily applicable for
small values of L, it becomes inconvenient for moderate and large
values of L; and in{act, the tabulated values of I (0, 1; L) given by
Jaeger and Clarke were integrated numerically to avoid the use of the
series for large values of I.. Their upper limit of tabulation L = 103
for I (0, 1; L) was extended by H. Goldenberg (1956) to permit wider
total flux calculation (Figure 12). For large values of L, Jaeger and

Clarke (1942) recommended using the following formula:

2HT 1 Y

17 73 {mﬁ@‘ [Ta(aL) - 2vj2 =~~~ } (40)
where yv= 0.57722 is Euler's constant (Figure 10).

For two wells of similar characteristics and located at a
distance r apart, their discharge will be reduced by a factor called the
discharge efficiency factor. This factor depends mainly on the distance
between the wells and on the value of the non-dimensional parameter L
and on the radius of well. In this study, the author calculated this

factor for any number of wells located at equal distances and forming a

line array of wells.

Discharge Efficiency Factor

Figure 17 shows a battery of wells located along a line with

equal distances apart called d. All the wells are assumed to have equal.



Figure l6.

a. Temperature in the region bounded internally by the cylinder r = a
with zero initial temperature and constant surfage temperature H.
The numbers on the curves are the value of kt/a’(Carslaw, 1959).

b. Flux g at the surface of the region c. Surface temperature of the
bounded internally by a circular region bounded internally by
cylinder of radius a, with zero a circular cylinder with con-
initial temperature and constant stant initial temperature H
surface temperature H (Carslaw, (Carslaw, 1959).

1959).
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diameter. If well 1 is the only well pumping under an original head H,
its discharge can be calculated from Jaeger and Clark's equation
(equation 37). Thus, the discharge will be

_ 4HT
1=

I(0, 1; L) (37)

If well 2 starts pumping beside the first well, it will be influenced by
the first well. The second well can be considered as following
Jaeger's formula (equation 37) multiplied by a factor called here the
discharge efficiency factor C. For two wells pumping simultaneously,
this factor can be written as follows:

cz=——————-H‘};§r' t) (41)

h(r, t)
H

1]

1 -

Let us call the value (¥ t) for two wells located at a distance d apart
H

as Mg, then,
hy(d) h)(2d) h)(3d) )
L 1 = =M (42)
g = Md H H 3d
etc.

The discharge of the third well, which is supposed to be
located at a distance 2d from the first well and at a distance d from

the second well, will be influenced by the first two wells. The original

head H at the third well will be decreased by the valueil_l_}(#l which

hZ}(Id) which represents

represents the influence of the first well and

the influence of the second well. In order to determine the effect of
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the second well on the third well, the following equality with the first

well can be written as follows:

h2(d) _ H - hi(d
hfd ) Hl() | (%3)

baa) = [1 - Ma]by(@)

-h_gé{i) = Mg [1 ; Md] (44)

Thus, the discharge efficiency factor for the three wells pumping

together is as follows:

_hl 24 _had
H H (45)

which after substituting by equation (42) and (44), becomes

C3 =1 - Mzd - Md (l - Md) (46)
Following the same procedure, if four wells are simultaneously pump-
ing, then similarly one can write

h3(d) _ H - hi(d)- h2(d)
h2(q) H - hj(d)

_ 1 - _h2(d)
H- hj(d)

h2(d)/H
Lo T-hpay/H

Mg 1 - Md
1 - M4

1 - Mg

n

1

oy
w
2
i
e
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Mg 1 - Mg
1 - M i

Md[l - Md] - (Md)z[l - My

L

Mg I - Mg)® (47)

i

In general, one can write the following equation for any number of wells:

hn(d) _ M4 [1 - Md]“'l

H (48)

The discharge efficiency factor for four wells simultaneously

pumping (Figure 17) can be written as follows:

h1(3d) hz(2d) h3(d)
H H H

1 -{M_?,d - M,y [1 - Mzd] - Mg [1 - Md]z} (49)

Similarly, the discharge efficiency factor for five wells, pumping

Cy=1-

1}

simultaneously

h)(4d) h2(3d) hs(zd)_h4(d)
" H - H = H H

C5=1

1]

1 - { Mgg - M3q [1 - M3d] - My [1 -Mzd:, - My [I-Md]}
(50)
The efficiency factor can be written in its general form, which is a

form of a convergent series as follows:
2
Cp=1 - M(n_l)d-M(n_z)d{l-M(n_z)d}-M(n_3)d{l-M(n_3)d}

- M(n_4)d{l-M(n_4)d}3 - ~Md{1-Md}n_2‘

+ a correction series ‘ (51)
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The values of Mg, My, . . . . etc., are calculated for differ-
ent parameters L from the system of curves (Figure 12) whicn actually

represents the solution of the general equation (4).

Correction Series

First Cycle of Correction

Equation (51) represents one cycle of calculation. Actually,
the first well (well 1) will not maintain its original head H. It will also
be influenced by the effect of the adjaceunt well. For toe second cycle
of calculation at t > 0, the first well will maiitain a new original head
| which is equal to H - h(2d) (Figure 17). The correction in the discharge
efficiency factor for the case of two wells simultaneously pumping will

be

C,.  =|Bl(d)c _ hi(d) = hi(d)
cl H H  H - hid)
Ist cycle

Md
= Mg - "=
d I - Mg
_ . (Ma)é
1 - Mg (52)

In the case of three wells pumping simultaneously, the second cycle of

correction will be

C

Cohgd) - hed) [ b ho(d)
3¢ © q 0 -8 (d)  W-h(d) - hyd) (53)

Substituting by equation (42) and (44), equation (54) will be

, ' ’Md(l—l\,‘xd) Md l
C = - | Mg - M -
3c d 2d Y -1 R (d)

H - h}(d)
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Cic = - [Md - MZd] - [Md T I\_'I‘idd]
= - [Md - Msz - (Md)z (54)
1 - Mg

Similarly, the correction due to the second cycle for four wells

simultaneously pumping is

Y
M
Cqc = '[Mz.d - M3c£l' T(—_—ZK%—E . (55) =

The correction for the discharge efficiency factor due to second cycle
of calculation can be put in its general form for any number of wells

pumping simultaneously and having similar characteristics as follows:

. (Mg)2 , (Mga)? (M3 g) (M(n-1)d)%
ne® T|T-Mg 1-Mygq L-Myq ~~ 7777 L - M1
- [(Md - Mpg) + (Mpg - M3g)t - - - - - (Mn-&d‘Mn-ld)]
(56)

The general series for the efficiency factor (equation 51) can be written

again after the second cycle of calculation as follows:

C, = l-{M(h-l)d‘M(n-z)d{l 'M(n-a)d} ‘M(n-s)d{l -M(n—j)d}&

- e e e o e e e e e w = e - Md{l‘Md}n-a
{ (Ma)? - (Mpg)® (M(n-1)d) !
1-Mg 1 - Myy L - Miy1)a
-{ (Mg - Mad) + (Mag - M3g) - - - M_2)q - M(n-l)d}]

+ a correction series {57)



Second Cycle of Correction
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Starting with two wells, the second correction can be written

as follows:

Coe, = ,:hl(d)CJ o o_hid) h1(d)
. H H- Hyg) H - Hjaq) - b(d)

Substituting as before from equation (42) and (44), we get

Mg My
C2c2™ T Mg (1 - Mgl - Mzgq - (Mg)Z
- Mg d 2d - (Mg

_ _Ma 1 1
S l-Mg —l‘Mzd'(MdﬁJ

1 - Mg
Mad
_ (Ma)é Md - Mg
T 1 -Mg | (1 - Mg)t (Mg - Mag)
(Mq)4

ToMg Tl-2

where
Mad
F,_,= Md - g
(1 - Mg) + (Mg - Myq)
similarly,
M3q
F, ;= M2d - M4
T2 (1 - Maadlé + (Mg - M3gq)
Mnp+1d
F Mnd - ‘ME“"
n-{ntl) = nd

(1 - Mpd)¢ + (Mpq - Mpyt1d)

For three wells,

2
Cic, = Q."_Z_LFZ - (Mg)®  (M,q)?
1 - Mag =& I - Mg T-M,4

(58)

(59)

(60)

(61)



87
The general series for discharge efficiency factor, including

two cycles of correction, is as follows:

Cn=1-Mn1)d - M(n_z)d (1-My_p4) - M, _3 (L-M(n-3)a)

............ Mg (1 - Mg)"-2¢
(Mg}2 (Maq)? (Mn-1)d)
- (1-F o)+ tedl 1-F,_ +_-__£__L 1-F_ _ :
Mg A W VSR ERE Y l-M(n-l)d( n-(ntl]
- | (Mg - Mad) + (Mzq - M3g) - - - - - (Mp_2d - Mp_j4) ]
N Maaf L Mea? a2 (63)
I - Mg 1 - Myg 1 - Mzq 1 -Mjgq

The correction series after more than two cycles becomes so
small that it can be neglected. The discharge per well for a line

battery of wells pumping at the same time can then be as follows:

4HT
ql“’:a >~ G(L) - (64)
4HT
q““’:a > G(L)' Cq (65)

Equation (65) gives the discharge per well for a line battery of wells

Pumping simultaneously.

Number of Wells Affecting the
Discharge Efficiency Factor

Equation (63), in addition to the solution given for equation (4),
is used here to calculate the discharge efficiency coefficient C, for a
given non-dimensional parameter L and a fixed value of l The results

are plotted in Figure 18, which shows the relation between the number
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Figure 18. --Relation between the .efficiency > factor and the number of wells in an infinite line

array.
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of wells and the discharge efficiency coefficient Cn' For one pumping
well, the curve begins at Cp equal unity; when the second well is added
to the first, the value of C, drops rapidly. The rate of decrease in the
discharge efficiency coefficient is damped down as the number of the
pumping wells is increased up to the limit where the increase in the
number of the pumping wells with equal distances apart will no longer
affect the value of C,. The curves determine the number of wells that
contribute to the interference, and the distance measured from both
sides of the first well (the point of origin) can be considered as the
limiting distance of interference. Any well that is located within the
limiting distance of interference and pumping under similar diffusivity
as other wells, will have an effect on the total discharge of the line
battery of wells. The wells which are located outside the interfefence
limit are considered to be pumping under a different non-dimensional
parameter from that of the original well.

For a well located between two parallel boundaries, the limit-
ing interference distance can be used to limit the number of image wells
on both sides of the pumping well that have an effect on the pumping
well, and the algebraic sum of the drawdown caused by the real well
and the build-up produced by its images will satisfy the boundary con-
dition of the real problem.

Based on the mathematical model, the discharge efficiency

factor for one case of L = 1010 was calculated versus the number of
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wells in the array (Figure 18). It can be noticed that for each value of

, which limits the distance between wells in the array, there is a
certain number of wells that affects the efficiency of the pumping well
due to the interference between wells. The drop in efficiency is
associated with the increase in the number of wells located on both
sides of the pumping well and pumping simultaneously with it. The
efficiency drop will continue up to a certain number of wells, after
which there is no appreciable effect in the drop of efficiency, and the

curve will be asymptotic to the x-axis.

Muskat's Theory of Interference

Muskat developed a method for determining the drawdowns
caused by a well discharging, under equilibrium conditions, from an
aquifer that has a finite line-source boundary. To explain his theory,
Muskat used the image theory as a tool for the solution of the problem.

According to this solution, the problem becomes analogous to
finding the drawdown under conditions of steady-state flow caused by a
well discharging water from an aquifer bounded by a finite line source.

The potential described by this theory is as follows:

cosh(t+£,)-cos(n-"1g) cosh({+8p)-cos(+ no)]

= + 31,
P = Pe 2 ©Ee [cosh(é— £o)-cos(n~’70)xCOSh(5"Eo)'cos(’”‘ o)

(66)

in which
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P 1is the pressure at the point (g, n )
Pe is the pressure at the source

q is the discharge of well and is called after Muskat the
strength of well,

The solution described by equation (66) treats the well as a
line source.

C. V. Theis discussed Muskat's work and found that as no
drawdown occurs along the line source, Pe can be disregarded. In

terms of Q and T, q is equivalent to éﬁ.?T_z_E Hence, q/2 equals

114.6Q

T Consequently, the equation for the required drawdown is

S =

264Q Log cosh(tt fo)-cos(n- 7o) cosh(i+io)-cos(7+7o)
T cosh(¢-¥p)-cos(7-7,) cosh(t-iy)-cos(n+n,)

(67)
where the line source is infinite in length (C = ), equation (67) can be

shown to reduce to

264Q (ri)?
- =7 8
S = T LOglO (—r—l—:yz (68)

in which

r; is the distance from the image well to the point for which
the drawdown is desired

r,. is the distance from the real well to the point for which

the drawdown is desired.

Equation (68) is readily recognized by Thiem for steady-state

conditions.
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The drawdown, Swe caused by a well discharging from an
aquifer that has an infinite line-source boundary, is the difference
between the drawdown s, caused by the discharging well and the build
up s; caused by the theoretical recharging image well; hence,

Sw = Sy - 83 (69)

For the pressure distribution around an infinite array of wells,
Muskat again replaced each well by a mathematical two-dimensional
sink, each of strength proportional to the flux or the production
capacity to be associated with the well. All wells in the array are
assumed identical and uniformly spaced.

Muskat, in his theory of interference, assumed the applica-
bility of the principle of superposition which considers that the pressure
distribution resulting from the individual wells of the array is\ evidently

the algebraic sum of separate contributions. The summation is

expressed in the following form:

2 -d 2T X
p(x' y) = 4 Log{ cosh _1%'___) - Cos 2 } (70)

It was found that at distances from the wells equal to the

mutual spacing a, thatis to sayaty= +1, the equipressure curves

are, for all practical purposes, lines parallel to the array (cosh 27 Dl).
This means that the pressure is practically independent of x as soon as

one recedes from the line array by a distance of the order of the mutual

spacing.
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The relation between the flux coefficient q and the actual flux

into a well was given by Muskat in an approximated formula as
p= q Log, + 2q Log.lal; (71)

where r represents the distance from the well. The actual flux into

the well is found from Darcy's formula

o . 2rkrdp
u dr
a 4mk
= q (72)

where

u is the viscosity

k is the permeability
and

k/u is transmissibility where the aquifer thickness is taken
as unity.

The potential distribution around the line array of wells accord-
ing to Muskat's work is exactly the circular and hyperbolic function of a
complex variable (Figure 19). The figure shows that the flow line at
mid-distance between wells could be considered to be an impermeable

boundary from an analytic viewpoint. This means that for any pumping

well in the array, the rest of the other wells along the same line are

acting as if they were images for it. In fact, the second term in equa-

tion (71) gives the effect of interference. Accepting this analysis means

that all the image wells will pump under the same potential and time of
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pumping as the pumping well, which does not always hold true. The
interference of wells will cause each well to pump under a different
potential from the adjacent well.

The image wells are in fact acting ﬁnder different times of
pumping. As the images are separated by a greater distance from the
pumping well, their influence on the pumping well will be diminished;
it would be as if they were being pumped a shorter length of time than
the real well.

Due to Muskat's solution the pumping well feéls only the
interference from the adjacent wells on both sides, while the interference

from the rest of the wells in the array is neglected.



CHAPTER V
PHYSICAL INTERPRETATION OF

THE MODEL PROPERTIES

Components of Equation (4)

The part of equation (4) which is integrated from zero to
infinity can be divided into two parts; the first is the exponential part
e-Dtu? and the second is a Bessel function.

The first part, which is an exponential function that permits
the integral to converge, is called the decay function and is a function
of the following variables:

D= T/S, the aquifer diffusivity

u? = q is the potential function

t is the time.

In order to explain the physical nature of the decay function, it is neces-
sary to examine each of the various elements.

The aquifer diffusivity and the potential function vary with

time and the space coordinates, from the region adjacent to the well

to the region distant from the well.

96
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Hydraulic Diffusivity Change

In a previous report the author (1963) defined the locale near
the well as the ''local region" and the distant locale as the "'regional''.
The flow regimes characteristics are different in both regions. The
net gain in flow of water in the local region is principally from leakage
with a small contribution from storage. In the regional locale the flow
of water is controlled primarily by storage. For local flow to an
infinite line array, i.e., where wells are located along a line, the
movement of water simulates that from a conduit.

The movement of water in the first is controlled largely by
transmissibility changes with the storage coefficient remaining
essentially constant in the water table range; the movement of water
in the reservoir region is governed principally by storage coefficient
changes with the transmissibility undergoing a small change with time.
As time increases and the cone of depression expands over wider area,
there will be a greater difference in the relative contributions between
the conduit and the reservoir areas.

The mass discharge is changing between the conduit and
reservoir due to leakage interflow from the upper layers. Both the
amount that leaks from above and the storage coefficient vary as the
distance increases outwards from the conduit to the reservoir regions.
The assumptions of constant transmissibility and storage coefficient,

upon which Theis' solution of the basic differential equation
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(non-equilibrium formula) is based, are no longer true in this work.
Theis' solution indicated that the spread of the radius of the cone of
depression (r) is independent of the rate of discharge and inversely

proportional to the coefficient of storage S, thus

r =§)t (73)

where c represents the constant of proportionality. But in the problem
represented here, this constant varies with time and space coordinates.
It is a function of the variation in the aquifer diffusivity (T/S) and the
drop in potential over space and time, thus:

C=f(T/S, h) (74)

(%, vy, z, t)

Laplace Transformed Factor of the Potential Function

The second factor in the decay function is u (transfor med
form of Laplace transformation for the potential), which depends on
the drop of head as related to the original head at the surface of well.
The potential factor (u.z) is raised here to a square power, which makes
it more effective on the decay nearby the well (the conduit region); it is
less effective when approaching the reservoir region. The combined
effect of both the diffusivity and the potential factor, that is (-Duz)x' y, 2z, t
varies with space coordinates and time.

In approaching the inner boundary of the reservoir region, the
dg'lffusivity D increases to a much higher value than that in the conduit

region; it may be a thousand times greater than its value near the well.
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Cdnsequently, the decay function causes equation (4) to become discon-
tinuous and thus violate the continuity assumption of the diversion
theorm. It will decrease much faster than the Bessel term in equation
(4).

In applying the numerical evaluation to approach a solution,
as one'moves outward from the conduit to the reservoir regions, one
treats the system as if for each region a new Laplace transform
is applied.

The author, in his development of Goldenburg's solution to
cover a wider range for (X = r/a), introduced the term damping factor
A, which is defined as the factor that dampens the combined effect of
T/S and u? during the transition from the conduit to the reservoir
areas at a certain time. The damping factor is defined mathematically
by equation (21), in the form of Bessel terms at the limit yj. This
factor is a function of the Bessel terms and (A =r/a) at the point
where the potential is required, i.e.,

A=f (R, r/a) (75)
%,

The second term is actually the damping factor at the limit u;.
It was found that as the damping factor at the limit u, approaches
double the damping factor at the limit u), the drop in potential at that
point approaches zero, i.e.,

as Auy —————3> 2Au)
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h .
Then (-I:i-)u2 - zero (76)

These findings were used to evaluate the limiting distance

between the wells 2 L in the line array at which there will be no

interference between the wells.

Battery of Wells in a Line Array

The work was extended to calculate the discharge per well in a
line array of wells discharging simultaneously under constant head.
The head at the surface of each well will no’longer remain constant
when interference occurs between the wells inside the array. Each
well discharges under a varying head from the adjacent wells.

It was found that the Jacob-Lohman solution for the discharge
at the surface of a well, when it is pumping under constant head, will
give the average discharge per well in the array, if it is multiplied by
a coefficient called the discharge efficiency coefficient Cp, which
varies with the number of wells along the battery. For one well
discharging, the constant head at the well surface, which is used to

calculate the flux at the well, is H. When two wells pump simultaneously

, where

H-h](d
the original head is decreased by the amount equal to = )

hj(d) is the drop in head at the second well due to the pumping of the

first well alone. This means that if the second well is considered to

be pumping under a constant head equal to .I:I_:_hl._;_@_),, it will affect the

original head H at the first pumping well. Therefore, another cycle of
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correction should be repeated. Correction cycles are then repeated
again, until the residual error becomes small enough so that it can be
neglected. The same process is repeated for the case of three, four,
five, etc., wells, until the discharge efficiency factor is formulated as
a convergent series equation (63). By means of this series the discharge
efficiency factor can be calculated for any number of wells located
along a line array. It should be noted that the drop in potential at any
distance caused by the pumping of any well in the array should be
calculated from the curves representing the solution of equation (4).
For a given diffusivity, the factor may be calculated for any number of
wells along the array; it increases up to the limit where its value
becomes asymptotic to the number of well axes; that is, up to the limit
where its value becomes independent of the number of wells.

Region of Discontinuity Between the Local
and Reservoir Regions

Mathematicians such as Goldstein (1931) when they approached
the solution to equation (4) found that the integral converges for small
values of time. They used the asymptotic expansion of the Bessel
term Kj(qr) and K)(ga) in order to approach the solution. They also
used the approximate solution to solve for the long time of pumping and
found that, when t tends to infinity, the drop in potential to the original

head (_}_1.) tends to a/r. The approximation for large values of time was
H

found by using the ascending series for Kj.
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In order to determine the point where the continuity of equation
(4) fails the author in a non-successful trial tried to equate the two
prc?vious solutions in order to find the condition near the point of
discontinuity.

The reason why such a trial failed is that the drop in head at
the discontinuity section calculated by the asymptotic expansion (small
time) is not equal to the drop in head as calculated by the ascending
series (large time) at the same section. There will be always a dis-
continuity between the two solutions at any section in which we equate
the time in both solutions (Figure 20 a and b).

The decay function depends on the factor L, which is equal to

Tt
Sal

discontinuity due to the rapid decay of the function depends on the time

+ In the above solution for long and short time of pumping, the

rather than the diffusivity change or the discharge from wells.

The author, in his approach to a solution, noted that the term
of greater physical significance in its relation to the discontinuity of
the mathematical model is the diffusivity change rather than the time.
The’ aquifer is divided into local and regional as defined before due to

the difference in the storage coefficient.

The break in the continuity starts when the local region starts
to dewa:ter vertically. Sucha discontinuity does not exist in the flow-
ing case because the storage coefficient in both local and regional is

artesian. When the local (conduit) loses its flowing pressure and



Fig\ire 20.

a. GContinuity of the cone of depression in case of flowing wells.

Discontinuity of mathematical models in cases of small time and
large time of pumping.

b. Conduit and reservoir re

gions and the discontinuity of the
mathematical model.
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pumping is initiated, the conduit region will be dev;/atering vertically
and under water table conditions. The difference between the two
storage coefficients in the conduit and reservoir is large enough to
break down the continuity of equation (4).

Due to the variation between the pumping areas and the surround-
ing reservoir, the cone of depression in the dewatering areas will
behave differently from the cone of depression in the reservoir region
and wi.ll form a discontinuity in the regime flow (Figure 20 a and b).

Had the local areas been pumping under the same regional
characteristics, the water would be largely depleted locally, as shown
by the part of the curve oa (Figure 20 a and b). On the other hand, had
the regional been maintaining the same characteristic as the local, the
part of the curve od (Figure 20 a and b) would indicate a wider range
for the local areas, which is explained as a drop in head in the reservoir
region. The break in the continuity of the cone of depression at 0o,
a.s.it is extended from the conduit to the reservoir region is related
primarily to the change in the storage coefficient from the water table
to the artesian.

If the conduit area per unit length is assumed Ac and its storage

coefficient is Sc, and similarly the reservoir area is Ar and its storage

coefficient is Sr, then at equilibrium:

Ac Sc = Ar Sr (77)
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However, the reservoir area had always been much larger
than the conduit area; therefore, a large difference between the
reservoir and the conduit storage is anticipated in order to maintain
equilibrium. A small increase in the storage coefficient in the
reservoir region will be accompanied by a rapid decrease in the
reservoir area; which means an additional increase in the local areas
(oases). Consequently, it can now be seen that the main hydrologic
factor that governs the design is the factor (T/S) and its change with

time and space.

Limitation of Image Method

The method of images, which plays an im'portant part in the
mathematical theory of electricity, is singularly adaptable to the solu-
tion of problems in conduction of heat and in the field of ground water
hydrology. We imagine the aquifer to be continued in all directions
without limit, and we then obtain, by a suitable distribution of sources
and sinks, a potential function vanishing on the boundaries of the
aquifer. The distribution of sources and sinks outside the pumping
well is in this case determined by taking images of the original pump-
ing well. The significant assumption for application of this theory in
ground water hydrology, is that all the image wells pump simultaneously
with the same discharge and at the same time as the pumping well. In

this present work, if the image well is located beyond the conduit region,



especially in the case of the leaky artesian aquifer, the image will
maintain different conditions than that of the pumping well, which
will violate the linearity assumption necessary to the image method.
An image well located within the reservoir region, in order to pump
the same discharge as the real well, should operate under a smaller
time of pumping than the real well. From the work presented here,
one can limit the number of images for wells located between two
parallel boundaries, which were previously considered infinite in

number.
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CHAPTER VI
SIGNIFICANCE OF SOLUTION TO WATER
RESOURCE DEVELOPMENT IN THE

WESTERN DESERT, EGYPT (U.A.R.)

Hydraulic Boundaries of the Western Desert

As a hydrologic system, the Nubian sandstone may be répre-
sented as a conductive medium of vast areal extent, with a boundary
configuration that forms a potential field of approximately triangular
shape.

The River Nile, which forms one side of the triangle, is
coupled hydraulically along several finite reaches of the boundary
with the magnitude of potential or flux different for each coupled
segment of the boundary. The discharge hydrograph of the Nile at
Atbara and at Aswan (Figures 21 and 22) shows that it gains water
instead of losing it, although the river is exposed to high evaporation.
The gain in water at Aswan especially occurs during the summer
season where there is no rainfall and no overflow arrives at the
river from the eastern wadis.

A section across the Nile drawn by Gabert and others (1961)
near Shendi, north of Khartoum Sudan (Figure 23) which extends in a

NW-SE direction about 75 km on both sides of the river, indicates
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Figure 22. --Difference in daily discharge between Atabara and Aswan gauges.
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another possibility for ground water seepage from the Nile north of
Khartoum. In this area the ground water might be flowing in the sedi-
ments having a water table lower than the river. Recently,l “according

to a report from Copenhagen Dam Construction Company: ''the

geologists discovered a huge subterranean river that reportedly

carries enormous amounts of water from the Sudan to the Mediterranean''.
Technically it would not be a river, but an underflow channel of highly
pervious sediments which were deposited during river meandering in

the past.

The west leg of the triangle is an alignment of oases which
forms a sequence of line-sink segments. On the third side, the
fresh-salt water interface, which is formed by encroachment of the
Mediterranean Sea, represents a line sink. Ground water is
discharged to the surface as fresh water seeps or as evapotranspira-
tion along this sink which migrates in response to changing potential
in the regional hydrologic system. The recharging area for the
Western Desert is located in the western section of the Sudan (Darfour
Region; Sandford, 1935); it is far away from the oases that it can be

excluded as an element of balance to the hydrologic system.

1. Water, published by Water Information Center, Inc.,
January 21, 1965, Vol. 7, No. 2.
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Previous Hydrologic Work in the Western Desert

Several ground water contour maps were developed for the
Western Desert, U.A.R. (Egypt) by Ball (1927), Sandford (1935),
Murray (1952) and for the Sudan by Gabert and others (1961). All the
maps show that the highest piezometric surface lies north of El-Fasher
in Sudan, an area which receives an annual precipitation of about
300 mm (Figure 1). However, because of low humidity and the thick
cover of Kordofan sand over the watershed area, direct infiltration of
rainfall is limited.

The section across the Nile drawn by Gabert and others (1961)
near Shendi, north of Khartoum, forms another possibility for ground
water seepage from the Nile north of Khartoum, in areas where the
ground water can flow in the sediments to water tables lower than the
river.

In the Western region, from the mountains of Erdi, Ennedi
in Chad to the Marro mountains in Sudan (Darfour), which rise to
1300 meters above sea level, the annual precipitation is relatively
high. Ball and Sandford indicate that the runoff infiltrates either

directly to the sediments or Nubian gsandstone or infiltrates by means

of collecting channels, such as Wadi Hawar, which are filled with thick

masses of course unconsolidated sediments. The Wadi may be extended

to the North below the Nile and their is a possibility that the water lost

from Nile North Khartoum is recharged into it
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The principal problem in developing the oases is the design of

a pumping system that will maintain the water balance between the

conduit and the reservoir regions.

Hydrologic Parameters at El-Kharga Oasis

In a previous paper (1964), the author used Muskat's and
Bewley's theories of the potential distribution of an infinite array of
wells to study the hydrologic parameters of the Nubian sandstone
aquifer witﬁ reference to El-Kharga oasis.

In order to describe the relation between the reservoir and
conduit, we assume that the discharge coming from each well is equal
to the flow coming from the infinite line source within a distance equal
to the distance between two wells. The line source in such analysis
was replaced by a constant-discharge drain. This drain formula was
used then to describe the flow regime in the reservoir regions. The
general formula that describes the regional and local conditions was

found by the author to be as follows:

Q 4.4 Rw _ Q Jt _.gu (78)
229 7 Log 4~ e 406 3 \/ST

where

O is the actual flux into the well, in gallons per minute

T is the transmissibility, in gallons per day per foot

d is the distance, in feet, between wells in the pattern

Ry, is the equivalent radius of the pattern around the pumping

center



114

a is the distance between pumping centers (in this work called

r)
H is the original head
S is the storage coefficient

where

Log sz Log[dZ/Zr\ZN]Z : (79)

rw L?g[ds/ilzré/:,

The first term in equation (78) describes the local conditions

as a function of the distance between the pumping centers and the
distance between wells around the center.

The second term explains the regional condition as a function
of time and storage trans\missibility coefficients and the distance a.

Equation (78) is plotted here (Figure 24) to cover the range of
transmissibility between 200, 000 gallons per day per foot (gpd/ft) and
25, 000 gpd/ft and for the extreme cases of storage (10'4 and 10”1)
(Tables 9, 10, 11, 12.and 13). In this calculation, the distance
between the pumping centers was taken from the actual locations of
wells in the El-Kharga field (a = 10, 000 feet) and thé equivalent radius
(0. 25 feet) is also taken from the actual field data. The original head
His considered to be 50 feet (G. D. D. O. maps).

The field data of the discharge of wells which is kept dis-

charging all the time are plotted in Figures 25 and 26. The results

taken from such a study can be summarized as follows:
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Figure 24. --History diagrams for different cases of transmissibility and storage coefficient.
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Figure 25. --Field data of El-Kharga wells between the two limits of the history diagrams for

T = 50,000 gpd/ft
H= 50 ft

Ry = 0.25 ft

a = 10, 000 ft
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. --Calculation of factor L.

118

u“::;;:tmnty 100,000 gpd/ft 75,000 gpd/ft
Storage s=10"1 s=10"4 s=10"1 s=10"¢
Days Years L = yjt/sT L = |/t/ST
10 0.023 0.0316 1.00 0.116 1.16
547 1.5 0.234 7.40 0.855 8.55
1825 5.0 0.427 13.50 1.560 15.60
3650  10.0 0.605 19.10 2.200 22.00
5475  15.0 0.740 23.40 2.700 27.00
9125  25.0 0.955 30.20 3.500 35.00
18250  50.0 1.350 42.60 4.940 49.40
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~ h p—

- Table 10. --Calculation of factor M and N using equation 78. i

;; iii o 10810' log M
1,000 9.45 0.975 2.24
2,000 4.73 0.674 1.55
3,000 3.15 0.498 1.145
4,000 2.36 0.373 0.856
8,000 1.895 . 0.277 0.637
6,000 1.580 0.198 0.455
7,000 1.350 0.130 0.294
8,000 1.180 0.072 0.164
9,000 1.05 0.021 0.0483

10, 000 0.94 0.0097 0.0223

N log a% ‘]/{og / 22+5/

M =log4
ry = 1 1t

d = 1,000 1t



. Table 11. --Calculation of factors M and N.

ft
(£t) 1,000 5,000 10,000 30,000
N eN 4;4 N M N 3N 4-4 N M N eN 4-4 N M N 4;4 N M
a(ft) s a
1,000(15.48 240 1.057 0.0556.8 900 3.96 1.370 L7.76 2150 9.45 2.23 |8.17 3600 15.82 2.76
2,000 0.528 -0.636 1.98 0.683 4.73 1.55 7.92 2.06
3,000 0.353 -1.04 1.32 0.276 3.15 1.15 5.28 1.66
4,000 0.264 -1.33 0.99 -0.009 2.36 0.858 3.96 1.37
5,000 0.212 -1.55 0.792 -0.234 1.895 0.660 3.17 1.15
6,000 0.176 -1.74 0.660 -0.416 1.580 0.455 2.64 0.966
7,000 0.151 -1.89 0.566 ~0.568 1.350 0.300 2.26 0.815
8,000 0.132 -2.02 0.495 -0.702 1.180 0.161 1.98 0.680
9,000 0.117 -2.15 0.440 -0.828 1.050 0.046 1.76 0.564
10,000 0.1057 -2.25 0.396 -0.925 0.940 -0.069 1.58 0.455
S d—
P \ o° O O
404
N = log{ /zf/ng {d /22.5} M = I.og__a_ eN e} -t O
O O

021



Table 12. --Discharge versus time using equation 78.

=BT EE e

LN )

Tr‘“::;j;tbility 100, 000 200,000 25, 000
Storage 8 = 1071 s = 1074 § = 1071 8 = 1074 s = 107} 8 = 1074
Years Q Q Q Q . Q ‘ Q
gpd/ft width gpd/ft width gpd/ft width gpd/ft width gpd/ft width gpd/ft width
0.023 2.26 x 103 8.15 x 102  4.56 x 108 1,275 x 108 5.85 x 102  4.36 x 102
1.8 1.66 x 103 1.56 x 102 2.92 x 168  2.26 x 10°  4.90 x 102  0.735 x 10°
5.0 1.31 x 103 1.00 x 102 2.20 x 102 1.25 x 10°  4.27 x 102  0.425 x 10°
10.0 1.10 x 10° 6.3 x 10 1.8 x 10 0.895 x 10° 3.82 x 102  0.306 x 10°
15.0 1.0 x 10° 5.15 x 10 1.58 x 10> 0.735 x 10° 3.50 x 10 0.252 x 10
25.0 8.4 x 102 4.04 x 102 1.32 x 108  0.567 x 10° 3.12 x 10°  0.197 x 102
50.0 6.6 x 102 2.86 x 102 1.015 x 105  0.394 x 102 2.6l x 10°  0.141 x 10°
a = 10,000 ft ;— T = 200,000 gpd/ft 229 %— M- ‘26 QL= - H
§w==sgf;5 . 2 : - 122:338 :g:;:: 1- 220 .¥_ = - 0.0104
2- 229 _¥_ = - 0.0208
3- 229 ...:.,_ = - 0.0308
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Table 13. --Discharge calculated from equation (78) for given data below.
s | N 50,000 £
! t t , t
torage L rine \@Kf 1,000 £t 2,000 £t 3,000 ft 5,000 £t 6,000 ft 7,000 ft 10,000 ft 20,000 ft 30,000 ft 40,000 £
Coefficient \ Q Q Q Q Q Q Q Q Q Q
. Days Year . gpd gpd _gpd _gpd zgd gpd gpd gpd gpd gpd gpd
10 0.02 88.5 174 267 446 532 620 864
547 1.5 11.8 23.7 35.6 59 70.6 82 117
<
12 1825 5.0 6.6 13.1 19.7 32.9 34.3 52 64 119 160 180 175
g 3850 10.0 4.6 9.14 13.7 22.9 27.3 32 46 90.8 135 178 216
®
‘g 5475 15.0 3.74 7.5 11.2 18.7 22.4 25.9 37.3 74.4 110.5 146 180
9125 25.0 2.98 5.76 8.65 14.4 17.35 90.2 28.7 57.4 85.5 114 143
18250 50.0 | 2.03 4.08 6.10 10.2 12.20 14.3 20.3 41.0 61.0 80.2
F |
|
, 4 4
10 0.02 { 6.25 x 10° 25 x 10° 6.25 x 10° 8.05 x 10" 5.2 x 10° 4.03 x 10? 2.5 x 10 1.2 x 104 0.83 x 10
! g 2 2 2
B ; 547 1.5 ' 4.0 x 102 8.28 x 102 12.5 x 102 20.8 x 10° 24.5 x 102 27.8 x 10° 36.2 x 10 50 x 10 51 x 10
' !
3 1825 5.0 2.12 x 102 4.3 x 10° 5.5 x 102 10.85 x 10° 12.8 x 102 14.8 x 102 20 x 102 32.2 x 102 36.8 x 10° 36 x 102
@
2 2 2 2 2 2 - 2
é 3650 10.0 1.48 x 10 3.0 x 10° 4.55 x 10° 7.58 x 10° 8.95 x 10° 10.35 x 10 14.25 x 10 24.3 x 10 29.6 x 10 30.8 x 10 25 x 10
: 5475 15.0 1.205 x 102 2 2 2 2 7.26 x 10° 8.5 x 10° 11.85 x 10° 20.5 x 10° 25.8 x 10 27.5 x 10 26.6 x 102
p . .44 x 10 3.67 x 10 6.12 x 10 : . ’ .
- 9125  25.0 0.93 x 102 1.91 x 10° 2.81 x 102 4.66 x 103 5.62 x 10° 7.8 x 10% 9.1 x 102 16.3 x 102 21.1 x 10° 23.6 x 102 23.6 x 10°
18250 50 0 2 2 2 2 2 2 2 2 02 17.9 x 102
: .65 x 10 1.31 x 10 1.98 x 10 3.27 x 102 391 x 10 4.55 x 10 6.42 x 10 11.9 x 10 16.0 x 10 18.5 x 1 .9 x
l )
= 10,000 ft
= 50 ft

50,000 gpd/ft
in gpd/ft width

rfro-xTa

H U

229 Q;:-- 406 1R - g
a
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1. There is a rapid change in the storage coefficient within
the first three years of pumping, and the aquifer can now be considered
to be near the water table condition.

2. The transmissibility in El-Kharga lies between 30, 000
gpd/ft and 100, 000 gpd/ft with an average of 50, 000 gpd/ft for the
entire area.

3. The rapid decline in the wells between the third and sixth
year can be explained in that it is due to well plugging. The problem
of corrosion as discussed by F. E. Clarke (1962) can be the possible
explanation for such a rapid decline especially during the last three
years.

4. Increasing the radius of wells, as can be shown in the
present work, will increase the interference between wells and increase
the distance between ’the pumping centers.

5. The Jacob-Lohman equation of constant head is used to
explain the discharge history diagram for the aquifer behavior when
an extra head is added to the aqui‘fer (Figure 27). The result shows
that the discharge will rapidly decline if pumping resumes again under
a new head condition. The difference between the two head conditions
amounts only to the change that took place in the storage coefficient
during the period of pumping under the original head condition. This,

as shown in Figure 27, will cause the discharge to increase more



Figure 27. --History diagram calculated from Jacob-Lohman's (1952) constant-head formula
showing the effect if more head is added to the pumping system. The figure
shows that rapid declination will take place even if additional head is added to
the system. Curves are drawn for different radii of wells.
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than the original condition which the aquifer was pumping under the

original head and under artesian conditions.

6. The constant head formula by Jacob and Lohman is plotted

here for the same conditions for which the equation (78) is plotted, and
for both artesian and water table conditions (Figures 28 and 29). The
difference between the constant head formula (using U.S. Geological
Survey units) (Figure 30)

T sy G(L)
= 229

L= O.1§4Tt (80)
r§ S

explains the importance of the interference in the design of the well

locations in El —Khai- ga.

Factors Affecting the Discharge Efficiency

The discharge efficiency factor, which was discussed earlier,
assumes the complete penetration of wells. In some problems, where
the aquifer is very deep, the partial penetrations of wells became
necessary from the economical point of view (as in Baharia Oasis--

U. A.R. Z_—Egyp_f]). In such problems the discharge e"fficiency factor,
Cp, is also a function of the penetrated depth. The design of the depth
of penetration should satisfy the variation in the local diffusivity of the
aquifer with respect to time (i.e., the non-dimensional factor, L) so

as to avoid the depletion problem which may occur as a result of the

change in the storage coefficient.
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Figure 28, --History diagram for constant head (Jacob-Lohman's formula, 1952) for T = 200, 000
gpd/ft, Ry, = 1 ft, and H= 100 ft for different values of the storage coefficient

between artesian and water table.
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Figure 30. --Drawdown versus time, applying Theis' constant-discharge equation for the two
limits of storage coefficient.
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Muskat (1946) used the image theory in the cases of partial
penetration, infinite array, and the steady-state condition. His solu-
tions satisfy the steady-state equation of motion and the following

boundary conditions:

1y (1‘ §_?1>+ 2o .
- i

dr ar BZZ
& = constant = cbw atr = r,
® = constant = H atr = rg z <b (81)
Uz=___8CD= atz=0&h -
dz

The solution for large p is
= 4q[l_z l_Ko 2nmTpcos 2n P sin 2n 7T x + x Log Z_] (82)
mn n T
n=1
where
Ky the Hankel function (1837) of order zero (Jahnke, 1945)

p=r/(2h w= z/2h x = b/2h

1}

1]

P = 1/2h p =r1g/2h (83)

w

which means that the potential in the partial penetration is a function

of the following:

d = ¢ (g r/2h; z/2h; b/2h)
and
q=¢ th\
Sa )
& = ¢ (space distribution and diffusivity change). (84)
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The efficiency factor is also a function of

Tt
Cn=z= v (—S—;Z and space distribution). (85)

Equations (84) and (85) show that in the case of partial penetration, the
interference factor varies with the potential distribution around the
wells in the line array.
For a group of partially peénetrating wells, I. A. Tcharnii

(1962) gave an approximate m ethod to compute the discharge. He
assumed that at a certain distance from the partially penetrating well,
the flow may be considered to be plane parallel. Kochina (1962) found
“that this distance is roughly equal to the thickness of the layer. Muskat
(1946) found that the equipotentials for the partially penetrating case
rapidly changes to a radial type and can hardly be distinguished from
those for a radial system at a distance from the well equal to only
twice the sand thickness. This change to a radial characteristic will
take place even more rapidly with the increase in the penetration.

Development of the Water Resources at El-Kharga
Oasis as Indicated by the Mathematical Study

The wells developed in the oases in the Western Desert (U. A.R.)
were flowing initially. At that time there was no demarcation between
the local and the reservoir characteristics. The storage coefficient
Wwas artesian in both regions. When flow ceases and the wells must be

pumped, the hydraulic conditions in the region near the well (conduit)

establish a characteristic that is different from the region far away



from the wells (reservoir). Ultimately the only source of recharge to

the dewatering areas (local) is what comes from the reservoir region,
then a balance will be maintained between man's nced and its effect on
the ground water system, ecither in the form of drop in head or decline
of the discharge. The limit of the dewatering region depénds on these
factors:

a. the diffusivity change with time

b. rate of pumping from region

c. time of pumping

To start the design of the line array in the oases, one may
assume the limits of the dewatering areas at specific potential drop.
Moreover the ratio of the storage coefficient between the reservoir
and conduit regions can also be assumed. The transmissibility can
also be assumed to be constant. With these assumptions, the quantity
of water pumped from the conduit and the time of pumping are the two
factors exposed to change.

In order to keep the equilibrium between the local and the
reservoir as the assumption, we can either limit the time of pumping
and so the quantity of water that can be pumped can then be calculated.

At this point, if we can limit the guantity of water that is
required to be pumped from the dewatering region, the coefficient of

discharge efficiency can be calculated from equation (63). This also
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will give the distance between the wells in the line array, that will
satisfy the required design.(Tables 14 through 25).

One should notice that the farther the reservoir region is from
the conduit region, the more time is required for the released water
from the storage (from reservoir) to reach the conduit. If such time
became larger and larger, depletion may occur because replenishment
from the reservoir can not keep pace with conduit drawdown. This may
limit man's continuous need of pumping.

An alternative method of the design, is to assume the change
in the diffusivity within a certain period of time. The average
discharge efficiency factor can then be calculated, and from it the
average quantity of water that can be pumped is known. Also the
distance between the wells and the well diameter can be known.

Any of the two previous methods in the design would help
under proper assumption to keep the balance between the dewatering

and reservoir regions.

Design Elements Required

The change in the hydraulic diffusivity of the local hydrologic
system with respect to time is usually expressed in the non-dimensional
form (L = —T-,tz), which is of special importance in the design.

Sa

The main elements in the design of the infinite well arrays

can be listed as follows:
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Table 14. --Effistaneyc o factor for two wells.

2

X Mg O I ) ca

100 0.492 0.242 0.758 0.3193 0.189

500 0.358 0.128 0.772 0.1468 0.495
1,000 0.200 0.040 0.800 0.0500 0.75
2,000 0.168 0.0282 0.832 0.0339 0.798
3,000 0.133 0.0177 0.867 0.0204 0.812
4,000 0.092 0.00845 0.908 0.0093 0.898
5,000 0.068 0.06462 0.932 0.00496 0.9271
6,000 0.035 0.00122 0.965 0.00126 0.9637
7,000 0.017 0.00029 0.983 0.000295 0.9827

L = 107

A= /o



Table 15. -~Ef#icienx g 3 factor for two wells.

(My)2

}‘ nd ' 1 il ud CZ
1,000 0.30 0.1288 0.5712
2,000 0.285 0.0812 0.6015
3,000 0.258 0.09 0.652
5,000 0.185 0.042 0.773
6,000 0.158 0.0297 0.8123
8,000 0.108 0.01305 0.879
10,000 ~ 0.050 0.0026 0.9474

L = 108
g2




Table 16. --E téiciency: factor for two wells.

X My Mg)? (y)* c,
"
1,000 0.4 .160 0.2670 0.333
2,000 0.384 .1475 0.2400 0.376
3,000 0.358 .1280 0.199d 0.443
4,000 0.320 .1020 0.150 0.530.
5,000 0.300 .090 0.129 0.571
6,000 0.285 .081 0.1135 0.6015
7,000 0.255 .0650 0.0874 0.6576
8,000 0.233 .0542 0.0703 0.6967
9,000 0.208 .0434 0.0547 0.7373
10,000 0.175 .0350 0.0425 0.7826
20,000 0.100 .010 0.0111 0.8890
L = 10°
A=r/a
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N | Table 1?. --Discharge efficiency factor for two wells.

|

T

N My Mp?  a-up G ¢z
- 1- M,
1,000 0. 480 0.230 0.520 0.442 0.078
2,000 0.452 0.205 0.548 0.375 0.173
3,000 0.433 0.188 0.567 0.332 0.235
4,000 0.417 . 0.174 0.583 0.299 0.284
5,000 0. 400 0.160 0.600 0.267 0.333
6,000 0.375 0.140 0.625 0.2245 0.4005
7,000  0.350 0.122 0.650 0.188 0.462
8,000 0.330 0.109 0.870 0.163 0.507
9,000 0.317 0.1005 0.683 0.1475 0.5355
10,000 0.300 0.09 0.700 0.1285 0.5715
20,000 0.233 0.0545 0.767 0.0720 0.6960
40,000 0.185 0.0287 0.7860
60,000 0.150 0.0265 0.8235
80,000 0.124 0.0175 0.858
100,000 0.100 0.011 0.889
L = 1010



Table 18. --Efficiency factor for two wells.

137

BN My ()2 a-uy M2 cy
| 1 -,
1,000 0.532 0.284 ' 0.468 0.607
2,000 0.515 0.265 0. 485 0.515
3,000 0.495 0.245 0.505 0.485 0.02
4,000 0.475 0.223 0.525 0.4286 0.095
5,000 0.465 0.216 0.535 0.4037 0.1313
8,000 0.440 0.194 0.560 0.3464  0.2136
7,000 0.425 0.181 0.575 0.3148 0.2602
8,000 0.415 0.172 0.585 0.294 0.2910
9,000 0.400 0.160 0.600 0.2666  0.333
10,000 0.385 0.148 0.615 0.2406 0.374
20,000 0.325 0.106 0.675 0.15704 0.518
L = 1011

\= 7/



Table 19. --Discharge efficiency factor for three wells.

- M.)2 2
7& My Mg My(1 - My) ;-gli; ' ;!§9%;d My - Mg, C3
1,000 0.308 0.275 0.213 0.130 0.105 0.033 0.244
2,000 0.275 0.217 0.199 0.105 0.0602 0.058 0.361
3,000 0.250 0.157 0.188 0.0835 0.0290 0.093 0.448
4,000 0.217 0.108 0.170 0.0602 0.0130 0.109 0.540
5,000 0.185 0.050 0.151 0.0417 0.0026 0.135 0.619
6,000 0.157 0.040 0.132 0.0292 0.0017 0.0117 0.680
7,000 0.134 0.025 0.116 o.ozo§ 0.0007 0.109 0.728
8,000 0.108 0.013 0.0964 0.013 0.095 0.783
9,000 0.075 0.009 0.0695 0. 00865 ‘ 0.066 0.850
10,000 0.050 ~ 0.007 0.0475 0.0026 0.043 0.899

L = 108 \ \
M2 )
C3 =1 - Mg - Mgl - Mg) - 75 - 7o~ - (g - Mzq)

l: r/a

8¢1
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~ Table 20. --Discharge efficiency factor for three wells.

()2

M a - My) (uy)* M, - c
DY Ny 2d Ya@ - M) -, a = Mzq 3
1,000 0.408 0.380 0.242 0.280 0.236 0.028
2,000 0. 380 0.325 0.236 0.233 0.157 0.055
3,000 0.350 0.275 0.227 0.188 0.105 0.075 0.13
4,000 0.325 0.225 0.219 0.157 0.066 0.100 0.233
5,000 0.300 0.180 0.210 0.129 0.0396 0.120 0.322
6,000 0.275 0.168 0.199 0.105 0.0338 0.107 0.387
7,000 0.250 0.150 0.187 0.0835 0.0265 0.100 0.453
8,000 0.225 0.134 0.174 0.066 0.0208 0.091 0.514
9,000 0.200 0.125 0.160 0.050 0.0178 0.075 0.572
10,000 0.180 - 0.108 0.148 0.0396 0.0130 0.072 0.620
20,000 0.108 0.058 0.0965 0.0130 0.0035 0.050 0.779
40,000 0.058 0.017 0.0546 0.0035 0.00295 0.041 0.880
L = 10°
= r/a

6¢T



Table 21. --Discharge efficiency factor for three wells.’

) z
DY My M2q Mg (1 - My) ':i.’li; ?‘%‘%; Mg - Maq C3
1,000 . 480 0.458
2,000 .458 0.415
3,000 .423 0.376
4,000 .415 0.334
5,000 .395 0.300 0.248 0.258 0.128 0.095
6,000 .376 0.285 0.234 0.219 0.114 0.091 0.057
7,000 .355 0.270 0.229 0.195 0.100 0.085 0.121
8,000 .334 0.260 0.222 0.168 0.0955 0.068 0.181
9,000 .317 0.245 0.216 0.152 0.0795 0.072 0.236
10,000 .300 0.234 0.210 0.1285 0.0717 0.066 0.290
20,000 .234 0.185 0.178 0.0717 0.0417 0.049 0. 477
40,000 185 0.117 0.151 0.0287 0.0155 0.068 0.627
60,000 .150 0.090 0.1275 0.0265 0.009 0.060 0.687
80,000 .124 0.050 0.1080 0.0176 © 0.0065 0.074 0.744
100,000 .100 0.017 0.090 0.0110 0.00305  0.083 0.796
L = 101° X=r/a

o%1



Table 22. --Discharge efficiency factor for three wells.

-

)2 My )2
\ My Ny, Mg(1 - My) I!g"i; Ifgﬂi;; Mg - My, Cy

1,000 0.552 0.518 0.2465 0.68 0.552 0.034
2,000 0.518 0.475 0.2720 0.512 0.420 0.043
3,000 0.500 0.442 0.2790 0.432 0.325 0.058
4,000 0.475 0.417 0.2760 0.388 0.298 0.058
5,000 0.465 0.385 0.2480 0.430 0.241 0.080
6,000 0.442 0.378 0.2460 0.351 0.230 0.064
7,000 0.425 0.385 0.2440 0.313 0.210 0.080
8,000 0.417 0.356 0.244 0. 300 0.197 0.061
9,000 0.400 0.335 0.240 0.267 0.168 0.065
10,000 0.385 0.325 0.236 0.241 0.157 0.060

20,000 0.325 0.275 0.219 0.157 0.103 0.050 0.196

. 40,000 0.275 0.225 0.200 0.105 0.0866 0.050 0.354

60,000 0.250 0.185 0.187 0.0835 0.0417 0.065 0.442

80,000 0.225 0.145 0.1745 0.0655 0.0245 0.080 0.510

100,000 o;zos 0.090 0.165 0.055 0.009 0.118 0.563

L - 10!

A= r/a

%1



Table 23. --Efficiency factor for four wells.

1492

2 2 2 2
A My Mad M3q (Mg)“/1-Mg (Mz4)"/1-Maq4 (M3g) /1-M34 My-M2q Maq-M3q Mg (1-Maq) My (1-My) Cq
20,000 0.238 0.185 0.15 0.07 0.0287 0.0265 0.049 0.035 0.158 0.138 0.345
40, 000 0.185 0.124 0.085 0.0287 0.0176 0.009 0.0861 0.039 0.1085 0.1225 0.5287
60, 000 0.150 0.090 0.034 0.0265 0.009 0.0012 0.060 0.056 0.082 0.108 0.624
80, 000 0.124 0.050 0 0.0176 0.0065 0 0.074 0.059 0.0475 0.0955 0.710
100, 000 0.100 0.017 0 0.011 0.00305 0 0.083 0.017 0.0167 0.081 0.788
Table 24. --Efficiency factor for five wells.
2 3 2 2 , 2 2
l Mg4 M3qg M24d Mg M (1-M3q4) Mzd(l-ﬂzd) M;(1-Mg) (Mg)™/1-Mgq  (Mgy) /1-Kzd M3d) /1-M3q (M4qd)"/1-Mgq Mg-Mpq M24-M3q M34-Maq Cs
20,000 0.124 0.150 0.185 0.238 0.1275 0.123 0.105 0.070 0.0287 0.0265 0.0176 0.049 0.035 0.026 0.2677
40,000 0.05 0.09 0.124 0,185 0.082 0.0955 0.100 0.0287 0.0176 0.009 0.0065 0.061 0.039 0.040 0.4707
60,000 O 0.05 0.090 0.150 0.0475 0.0746 0.092 0.0265 0.0090 0.0065 0 0.060 0.040 N.050 0.5939
80,000 O 0 0.050 0.124 0 0.0450 0.083 C.0176 0.0065 0 0 0.074 0.050 0 0.7239
100 000 O 0 0.017 0.100 0 0.0165 0.071 C.011 0.00305 0 0 0.083 0.017 0 0.7980




Table 25. --Efficiency factor for six wells.

143

¥5q ¥34 Mag Mg Mag(l-Mg) Mgg(-Mg 0% My (- MaO-u? )2 p)®  agd? 00?50 MgMpy Mpg-M3a Mgg-Mgq Myg-Msg  Ce
1-My 1-Mpq  1-M3q  1-Mgq 1-Msd

20 000 ©0.100 ©0.124 0.150 0,185 0,238 0.1085 0.108 0.122 0.080  0.070  0.0287 0.0265 0.0176 0.0110 0.0490 0.0350 0.026  ©0.024  0.194
40 000 0.017 0.050 0.090 0.124 O©.185 0.0475 0. 0746 0. 083 0.0815 0.0287 0.0176 0.009  0.0065 0.00305 0.0610 0.039  0.040  0.033  0.459
60 000 © o 0.034 ©0.090 0.150 o 0. 0316 0. 0675 0.078  0.0265 0.009  0.0012 O 0 0.060 0.040  0.034 0 0.590
80.000 o o 0 6.050 0. 124 o 0 0. 0405 0.073  0.0176 0.0085 0 0 0 0.074 0.050 0 0 0.720
100 000 © o o 0.017 ©.100 o o 0. 0160 0.066  0.0110 0.00305 O 0 0 0.083 0.0170 0 0 0.790
L = 1010
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a. depth of well

b. distance between wells

c. discharge of wells
The three elements should be properly designed so as to satisfy the
economical aspects of the problem. The following procedure is
recommended by the author to design the pumping system in a line
array.

l. From information given earlier, the approximate value
of L. (equal -SE% ) can be assumed as a start.

a

2. For this value of L, the limiting distance between wells
in the array that produces zero interference can then be determined
from the curve in Figure 15.

3. From the few wells located as described above and widely
separated so that no interference is allowed, more information could
be obtained. A fence diagram of the area would give more information
on the subsurface geology. It would show whether there is a large
uniform thickness of confining materials covering the whole region
which would keep the pressure constant for a longer time, or whether
- the aquifer will soon change from an artesian to a water table condition.
By comparis.on with artesian aquifers in other parts of the world, the
rate of change can be approximated.

4, The change in the aquifer diffusivity can be determined

from field pumping tests which should be run at regular intervals of
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time. The step method of the pPumping test should also be made at
various times. The latter test will give additional information on the
local decay in head due to laminar and turbulence losses. If there is a
problem of corrosion or well plugging, it can then be quickly discovered
in the early stages from these tests.

5. A sufficient time should elapse before more information is
gathered about the aquifer and problems which may become evident,
such as corrosion, would need to be solved. Contour maps for the
area showing the various chemical constituents and the thermal
distribution with their relationships to the structural geology of the

area should be prepared.

6. From the pumping tests described above in number 4, the
range of the function L (equal _Te ) can be determined. A curve that
Sa
represents the interference factor, as related to the discharge for
various distances between wells, should be plotted. Also a curve

that represents the cost per mile should be given in the same diagram.

Different curves of the same type, as the discharge versus the distance

between wells for various values of L can be plotted. Such curves

help to decide the discharge efficiency factor that would limit the
design according to the economics of the problem.

7. It should be noticed from Figures 31 and 32 that the greater

the increase of the well diameter, the greater should be the distance

between wells in the line array. It is known that the wider the
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diameter of well, the more discharge can be obtained; yet, the

problem goes beyond this to how fast this water can be obtained and
how long it can last. Moreover, the distance between the wells, which
is a function of the discharge efficiency factor, is also a function of the
well diameter.

‘The curve in Figure 33, plotted by Muskat, represents the
relation between‘ what he called Sy, (the production capacity per well in
first line over the production capacity per well pair in both lines) and
the parameter dj/a. This is of interest especially to the applicability
of this work on the two line arrays in the problem of Egypt.

The first point is that, even when the line drive is very
distant from the producing wells and the distances of the two lines
from the drive become effectively equal, the shielding (defined by
Muskat, 1946, as the deviation of the ratio (Sh = 2__;) from unity which
measures the effect of the first line upon the second) falls no lower than
67 per cent, which gives a leakage of 33 per cent. This is due to the

fact that when the line drive is far from the wells, the wells even

though placed behind each other, would appear as if they are at

practically the same distance from the drive and hence should produce

the same quantity of fluid. The fact is, however, that the shielding

and leakage effects between the two lines of wells are determined only

by the nature of the pressure distribution around the wells and that this

is not appreciably affected by shifting the position of the line drive once
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Figure 33a. --The variation of the shielding effect (S,,) between two
lines of wells with the distance d)/a of the line drive

from the first well array (Muskat, 1946).
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Figure 33b. --The variation of the shielding effect (Sy,) between two
lines of wells with the distance ad between them

(Muskat, 1946).
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the latter is at a distance equal to the mutual spacing from the well
array.

The second point of interest is that the absolute value of the
pressure at any given point does not depend upon d;/a, but the shield-
ing and leakage is determined only by the shape of the equipressure
curves and streamlines about the wells, and these are practically
independent of dj/a when dj/a  0.5.

Muskat (1946) also found that for practical purposes, when

d= aandd= 2a

O

2
Q2" L+ Log a/2 rw

(86)

This also can be given another way which may be more suitable for
conditions in the El-Kharga and El-Dakhla (Egypt). If the two line
arrays are considered to be at infinite distances from the line drive
and the distance between the two line arrays is equal to the distance
between wells in both arrays, then the shielding effect will follow that
of equation (86). The steps of design mentioned before (page 145)
still remain true for the case of the two line arrays, with the addition
of the shielding factor that limits the discharge in the second array
Equation (86)is plotted by Muskat (1946) in

with respect to the first.

Figure 33 a and b.
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Effect of Staggering of Line Arrays

The discussion of this point is important in determining whether
staggered well systems (Figure 34 b) may have advantageous features
as compared to the rectangular well networks. In order to get the
maximum effects of the staggering, Muskat (1946) assumed that the
two lines are mutually shifted parallel to themselves by half of the well
spacing (Figure 34 b). The shielding factor was found by Muskat (1946)

to be

sinh 7mry/ a cosh{r (dy+tdy)/al
a1 - Log smrz dp/ a cosh {r (dz-dj)/at
Q2 Log sinh 7 r/ a coshlr (dytd})/af
sinh 27 d,/ a cosh {r (d,-d})/af (87)

Comparing equation (87) with equation (86), which applies to the case
when the two lines are not staggered, it seems that the only difference
between them consists in the replacement of the ratio

sinh 7 (dy+d;)/a cosh m (dp+d])/a
sinh 7 (d,-d})/a ’ cosh 7 (d,-d))/a

(88)

Now, cosh 7 z is almost exactly equal to sinh = z for z2 1. Hence,

since for all practical cases dZ;dl > 1, equations (87) and (88) will

not diffef appreciably unless (dp-dj/a) is small. Therefore, stagger-
ing the well arrays will have no effect on the shielding and leakage
characteristics of a system unless the distances between the lines are

made appreciably smaller than the spacing of the wells in the lines.



Figure 34.

a. Two parallel infinite array of wells.

b. Staggering distribution of wells in two infinite arrays.

c. The variation of the shielding effect between two lines of wells with
the well spacing a (Muskat, 1946).
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Based on the previous facts, it should be necessary for the
location of the second line array of wells in both El-Kharga and El-
Dakhla to keep at least the distance between the line arrays equal or
more than equal the distance between wells in the arrays themselves.
Sometimes the locations of wells are based on other considerations.
From the practical point of view, however, mere geometrical
symmetry is of little moment. For all practical purposes, staggering
the well system will have no appr eciable effect upon the leakage or

shielding characteristics of a multiple-well system.

Present Distribution of Wells at El-Kharga

Based on this mathematical model, the discharge efficiency
factor for a line array of wells was calculated for the case of two and
three wells (Figures 31 and 32). The calculation was done for various

values of L factor. Another example of six wells was also calculated

for only a value of L = 1010, A justification of the present spacing of

wells in Kharga oasis (about 4 kilometers), the discharge efficiency

factor was found to be 0.56. However, with a proper regulation of

pumping that we should not pump simultaneously the wells in the array,

the efficiency factor can be raised to higher value.



CHAPTER VII

SUMMARY AND CONC LUSION

—

Summary
The purpose of this research is to ascertain the principle
upon which the design of an infinite line array of wells depends. The
work is applied to a ground-water problem in the Western Desert,
U.A.R. (Egypt) and can be summarized into two main parts: (1)
establishing a theory of design and (2) its application to a line array

problem in the Kharga oasis (Western Desert).

Theory of the Design

Previous investigators assumed a constant aquifer diffusivity
and did not distinguish between the flow regime adjacent to an array of
wells and that in the surrounding region. If applied to the problem of

the Western Desert such mathematical models would predict more

severe dewatering than has actually occurred in the system. The

present work establishes hypothetically that, for highly artesian

aquifers, which do not receive recharge from rainfall, a balance in

the hydrologic system must be maintained between man's development

(pumping from the array) and recharge from surrounding region.

This work indicates that the method of image, which was originally

154
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developed in electromagnetic theory and which played an important
part in the previous mathematical models, can be modified for use in
the field of the ground-water hydrology. If the image well is located
beyond the conduit region, especially in leaky artesian aquifers, the
images will function under different conditions from those at the pump-
ing well. This violates one of the principal assumptions upon which
the theory of image is based; that is to say, the images function in the
same environment as does the pumping well. The concept of dividing
the flow regime into conduit and reservoir is established in this study.
This is accomplished by separating Carslaw's equation (4), describing
the potential distribution of regions bounded internally by a circular
cylinder, into two integral parts to maintain mathematical continuity
in the solution. The factor A is introduced and is defined as the
damping factor; it functions to dampen the combined effect of the
difference in thé hydraulic diffusivity and the square power of the
potential drop of the aquifer between the conduit and reservoir regions.
The damping factor is defined mathematically in equation (21), as a
function of the Pessel terms (first and second order) and the ratio

between the distance from well to the radius of well. It was found

during the analysis of the mathematical model that, as the Bessel
terms at the limit potential u, approach a value equal to twice the
value of the damping factor A, the drop in potential at such a point

approaches zero. This finding was used to calculate the limiting
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distance at which there is no interference between wells in the line
array.

The work is extended to calculate the discharge per well in a
line array of wells pumping simultaneously under constant head. It was
found that the Jacob-Lohman solution for one well, if it is multiplied
by a coefficient named as the discharge efficiency factor, which varies
with the number of wells along the array, will give the average dis-
charge per well in the array. The interference between wells in the
array was then developed in the form of a convergent series, for
which two cycles of correction are adequate to calculate the discharge
efficiency factor (C,). Further cycles of correction do not affect the
problem. The discharge efficiency factor was calculated for the cases

of two and three wells for various values of the non-dimensional factor

L (L= It ) and for up to six wells for a single value of the non-

Saz

dimensional factor L (L = lOlO). Further calculations can be carried

out following the same principle. Another curve was drawn that shows

the limiting number of wells which affect the efficiency factor.

Application of This Work to the
Western Desert (U. A.R.), Egypt

The River Nile was found, from paleo-climatic analysis and

the radioactive dating to have reached present conditions as recently

as 5000 years ago. Analysis of hydrographs at different gauging

stations indicates that the Nile is influent north of Khartoum (Sudan)
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and is effluent at Wadi Halfa (Egypt) and at Aswan. The river had
eroded several deep channels at Nubia during the Pleistocene. The
higher runoff during that epoch carried coarse materials to the bed
of the river and formed a highly conductive medium, which exists
today beneath the present channel. This subchannel aquifer is connected
hydraulically to the Nile at certain points. The connection of the Nile
with the Kharga oasis was previously established by Hellstrom (1940);
according to his theory the downcutting of the Nile into the aquifer,
thousands of years ago, played an important role for flow within the
Nubian sandstone. He postulated that the incision caused a gradual
lowering of the piezometric level within the Nubian sandstone and that
the activity of the flowing springs at Kharga began to diminish. Con-

sequently, the culture developed by prehistoric man in the oasis died.

Werner's compression theory (1946) indicates that, because

of the small permeability of the Nubian sandstone at Aswan, the Aswan

High Dam will not show an appreciable effect in rising the piezometric

head at Kharga during the next 100 years (Figure 5).

The analysis of the discharge-time data of present wells at

Kharga (data given by G. D. D. O. ) since 1958, showed the following:

1. The El-Kharga oasis is not a highly productive site, the

transmissibility lies between 30, 000 gpd/ft and 100, 000 gpd/ft, with

an average of 50, 000 gpd/ft for the whole area. It is believed that the
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transmissibility increases in the other cases to the north. The storage
coefficient in El-Kharga is presently near the value for free water
table conditions.

2. The rapid decline in the production of wells between the
third and sixth year of pumping niuy be relate:i to the well plugging.
The problem of corrosion is a possible explanation of such a rapid
declination (Figure 25).

3. A distance of four kilometers for well spacing at El-Kharga,
as shown by the Egyptian General Desert Development Organization,
is found to yield a discharge efficiency factor of 0. 56 in the production
of wells pumping simultaneously in the array.

4. Increasing the radii of wells, especially at El-Kharga
oasis, will increase the interference between wells and decrease the
discharge efficiency factor in the array. The increase in well radii
in the array should be associated with an increase in the spacing
between wells in order to keep a higher discharge efficiency factor.

5. Two methods of the design of a line array are shown here.
One is based on the prediction of the diffusivity change in the array
during a certain period of time and the second is based upon assuming
the limits between the dewatering areas and the reservoir. For both
methods, if the discharge is assumed, the time of pumping can be

predicted and the spacing between wells and the diameter of wells

in the array in order to keep the continuity of the flow. Or, if the
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time of pumping is assumed then the discharge can be predicted and
the spacing of wells in the array and their diameters can be deduced

from the drawn curves.
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Appendix 1. --Field data from Kharga Oasis.
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Mahariq I
Date Discharge Pressure
n3/day Km/cm™2

18/12/86 10000 2.5
23/12/56 10000 2
1/1/57 9700 1.9
5/1/57 10000 1.9
27/1/57 10000
18/3/57 10000 2
25/11/57 10600
25/1/58 10000 2
19/2/58 9800 2
25/3/58 10000 2.1
8/5/58 10000 2.1
17/6/58
14/7/58 8100 2.2
4/8/58 8000
8/9/58 4840
14/10/58 3750
23/11/58 3870
10/2/59 3580
23/3/59 3200
24/4/59 3540
80/5/59 3200
14/6/59 3240
5/7/99 3400
8/8/59 3240
27/9/59

3050

Level of well:
Total depth: 650
Casing: from 55.46 to 434. 61

Screen: perforated 115.89 blank 55
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Appendix l. --Continued
E—

%

Mahariq II
Date ' Discharge Prossurg
»3/day kn/cm”

11/8/56 10.750 4.20
16/8/56 11000 4.15
29/8/56 10250 3.25
18/3/57 » 10000 4.00
25/11/57 10500 4.10
25/1/58 7800
19/2/58 7800
25/3/58 7800
8/5/58 7800
17/6/58 7750
14/7/58 7400
4/8/58 . 7300
8/9/58 7870
14/10/58 6000
23/11/58 6300
10/2/59 6100
23/3/59 §500
24/4/59 5640
30/5/59 5440
14/6/59 5400
5/7/59 5410
8/8/59 5400
27/9/59 5400

Level of well: 55
Total depth: 650.4
Casing: from 55 to 495.54
Screen: perforated 144.25 blank 24. 36
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~Appendix 1. --C ontinued,‘l

Kharga IB
Date Discharge Preuurg

n3/day Ka/cu~
1/4/56 13500 2.8
8/4/58 13200 2.8
11/7/56 13500 3
19/2/87 13920 2.7
18/3/57 13800 2.75
25/11/57 13070 2.8
18/1/58 12500 2.7
16/2/58 12100 2.7
20/3/58 12200 2.75
9/4/568 11000 2.7
7/5/88 11000 2.7
17/6/58 9000 1.35
11/7/58 9300 1.2
3/8/58 8900
8/9/58 9000
14/10/58 8320
23/11/58 8380
10/2/59 8200
23/3/59 8060
24/4/59 8060
30/5/59 7800
14/1/59 7500 /
5/7/59 7285
8/8/59 7640
27/9/59 7800

Level of well: 84

Total depth: 649

Casing: from 84 to 412.8

Screen: perforated 124.028 blank 48.933
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‘ B
Appendix 1. --Continued |
!

Baris I
Date Digcharge Pressure
mJ/day
18/11/56 2400 2.0
18/3/57 : 2600 2.0
25/11/57 2600
14/1/58 2900 1.9
2/2/58 2900 1.5
22/4/58 2800 1.7
18/5/58 2200 1.8
17/6/58 2500, 1.15
12/7/58 2750 1.3%
1/8/58 2720 1.35
8/9/58 : 2300
14/10/58 2250
23/11/58 2020
10/2/99 1940
23/3/59 1960
24/4/59 2000
30/5/59 2020
14/6/59 2000
5/7/59 1800
8/8/59 1820
27/9/59 1800

TLevel of well: 51 T
| Total depth: 499.8
| Casing: from 51 to 321.07

"‘Screenz perforated 119.93 blank 18.3.

~im B e i
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Appendix 1.~-Cont.

Baris II
Date Discharge Pressure
m3/day kg/cm™2

18/5/87 1600 3.8
28/5/87 15000 3.6
28/11/57 16000 3.5
14/1/58 14500 3.6
2/2/58 14700 3.5
22/4/58 13500 3.6
18/56/58 13100 3.5
17/6/58 12600 2.4
12/7/58 14300 - 2.7
1/8/58 14045
8/9/58 13280
14/10/58 12500
23/11/58 3.6
10/2/89 11920 3.6
23/3/59 12240
24/4/89 11720
30/8/59 11220
14/6/59 11600
5/7/59 11600
8/8/59 11300
27/9/59 11560

ILevel of well: 37.5 :
‘[Total depth: 586.55 o
\Casing: from 37.5 to 313.84 o
;Screen: perforated 114. 85 blank 123.7 ?

- —
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Appendbcl.--Conﬁnued
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Baris IIl
Date -Discharge Pressure Date Discharge

m3/day Kn/cu™2 n3/day
18/2/56 3000 2.75 24/4/59 1960
19/2/56 3250 2.8 30/5/59 1900
21/2/56 3400 2.8 14/6/59 1960
22/2/58 3500 2.8 5/7/59 1950
23/2/56 3600 2.8 8/8/59 1800
24/2/86 3780 2.8 27/9/59 1770
11/7/586 3600 2.8 27/9/59 1770
20/2/57 3700 2.75
18/3/57 3600 2.75
25/11/57 3300 2.8
18/1/58 3000
16/2/58 2900
20/3/58 2600
9/4/58 2500
3/5/58 2100
17/6/58 1970 1.4
11/7/58 2400 1.2
3/8/56 2400
8/9/58 2500
14/10/58 2100
23/11/58 1850
10/2/59 1850
23/3/59 1960

Level of well: 89
Total depth: 580.70
Casing: from 89 to 408.02

Screen: perforated 64.214 blank 30 107
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Appendix 1. -~Continued '

Ganah |
Date Discharge Pressure Date Discharge
n3/day kg/em™2 m3/day
14/12/56 10000 3.2 5/7/69 7200
20/12/56 10000 3.6 8/8/59 7500
23/12/56 10200 3.8 27/9/59 7600
27/1/57 10150 3.6
18/3/57 10000 3.6
17/5/67 10200 3.4
25/11/87 10800 3.3
22/1/58 10100 3.4
12/2/58 10200 3.5
22/3/58 10000 3.6
29/4/58 10000 3.6
17/6/58 8500 2.4
14/7/58 8900 2.2
2/8/58 7800
8/9/58 6800
14/10/58 65400
23/11/58 5840 1.7
10/2/59 6360
23/3/59 7700
24/4/59 7040
30/8/69 7200
14/6/59 7100

Level of well: 67.27

Total depth: 647

Casing: from 67.27 to 426.94

Screen: perforated 115 93 blank 42.700
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: Bulaq
Date Discharge Proasugo Date Discharge
n3/day Km/ cm n3/day
14/9/46 7000 5 5/7/59 3800
23/9/56 7000 5 8/8/59 3800
11/10/56 6000 5 27/9/59 3700
18/3/57 6000 )
17/6/57 6000 5
9/6/57 5900 5
25/11/57 6000 5.5
19/1/58 4100
26/1/58 3800
1/2/58 4070
22/3/58 4070
22/4/58 4000
17/6/58 4150
12/7/58 4000 1.65
2/8/58 4200
8/9/58 4150
14/10/58 4150
23/11/58 3940
10/4/59 3900
23/3/59 3940
24/4/59 3770
14/6/59 3800

Leével of well: 28

Total depth: 495. 8

Casing: from 28 to 344.44

Screen: perforated 116. 31 blank 18.305



