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ABSTRACT

A mathematical model study was made to compare simulated soil

temperature variations with a field situation. The study involved the

use of two plots, one of which was cleared of all vegetation and the

other left in its natural vegetative state. Each plot was watered at

the beginning of three different trial periods and as drying occurred,

the following atmospheric parameters were measured on an hourly basis:

incoming solar radiation, air temperature, relative humidity, cloud

cover, and wind speed. The above parameters provided input for solu-

tion of the energy budget equation to determine soil surface tempera-

ture variation. Using the soil surface temperature variation as an

upper boundary condition, and assuming heat movement by conduction, the

temperature at 5 cm increments down to 70 cm in the soil was calculated.

The two plots provided model testing for a bare soil surface

and also for a soil surface beneath a 30 percent and a 40 percent plant

cover. Actual and calculated temperature difference was in most cases

less than 2 ° F.

The mathematical model is applicable to any area where the

above parameters may be monitored.

ix



INTRODUCTION

Soil temperature is one of the most important factors con-

trolling plant growth and development. While measurements of soil

temperature are being carried out on a large scale and under a great

variety of conditions, the physical mechanism of the main energetic

processes (the exchange of heat between the soil surface and the deeper

layers of Che soil or air above, evaporation from the surface, etc.)

remain largely unexplored.

Statement of the Problem 

In problems which concern the heat regime of the soil, there

is a contrast between the stress laid on the measurement of soil

temperature, and the interpretation of the mechanism of heat transfer

and the role of the heat balance in the energetic state of the soil.

Many efforts have been made to determine soil temperature profiles.

Field methods exist for determining temperature profiles using thermo-

couples placed beneath the soil surface, but natural field conditions

must be altered to install them. Soil temperature records have been

analyzed mathematically assuming a homogeneous soil profile with a

periodic sinusoidal temperature variation at the soil surface. A need

exists for a mathematical model to determine soil temperature profiles

from atmospheric data. Hence subsurface soil temperatures could be

analyzed in their natural state, and the temperature variation with

time at the surface will be known and not assumed.

1
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Purpose of the Investigation 

The purpose of the investigation was to compare the soil pro-

file temperature variation simulated by a mathematical model to that of

a field situation. Various atmospheric parameters were measured or

estimated. They include: 1) total incoming solar radiation, 2) air

temperature, 3) relative humidity, 4) cloud cover, 5) wind speed,

6) exchange coefficient for convective heat transfer, and 7) surface

albedo. By knowing the above properties on an hourly basis, the surface

temperature variation with time was estimated; hence from the surface

temperature variation with tine, assuming heat movement by conduction,

the temperature variation at the lower soil depth was calculated.

Literature Review 

Very few reports, if any, have been previously published on

research directly related to soil temperature profile determination

using an energy budget approach. Most studies have used the energy

budget equation to determine evaporation rates from a drying soil.

Penman (1956) utilized the energy budget equation for estimating

evaporation rates. He utilized the aerodynamic equation for evapora-

tion and sensible heat flux. He stated that evaporation is a physical

process that must satisfy two basic requirements. There must be an

energy supply and some transport mechanism to remove the water vapor.

Appleby (1958) made a study of the energy budget that is

similar in nature to the current study. The purpose of the study was

to investigate the validity of Halstead's model (1957) of the energy
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budget at the earth/air interface programmed for an analog computer.

The equations developed by Halstead were used as a basis to predict the

distribution of wind, temperature, humidity, and the fluxes of heat,

momentum, and water vapor. Halstead combined the available knowledge

of the interactions among the processes of heat transfer by radiation,

soil conduction, atmospheric convection, and evaporation and attempted

to make micrometorological forecasts by quantitatively solving for the

four fluxes in the surface energy budget equation.

Suomi and Tanner (1958) estimated the evapotranspiration from

a crop from the disposition of solar and sensible energy available at

the earth/air interface. Measurements of the heat budget including

net radiation, heat transfer by soil conduction, air temperature

gradient above the crop, and vapor pressure gradient above the crop

were used in the Bowen equation to determine evapotranspiration rates

which were then compared to lysimeter readings.

Lemon (1959) conducted studies and field experiments to

evaluate the influence of the various boundary characteristics on the

energy budget at the earth's surface. Net radiation, sensible heat

flux, and soil heat flux were measured in order to determine evapora-

tion from the equation E = Rn - S - H.

Fritschen and van Bavel (1962) determined the components of

the surface energy balance equation over a wet bare soil surface.

Evaporation rate was determined from the change in weight of two

lysimeters. Net radiation was measured using miniature net radiometers

and soil heat flow was measured with heat-flow transducers located in

the center of the lysimeters. The sensible heat flux was then calculated
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as a residual component of the energy balance equation. The study

showed initially a high evaporation rate, and as drying continued

evaporation declined and more energy was utilized to heat the soil and

the air.

Tanner (1960), using the energy balance approach to determine

evapotranspiration from crops, found that the heat exchange at the

surface was 30 percent to 40 percent of the total radiation measured.

Tanner and Pelton (1960) estimated the potential evaporation

rate using the approximate energy balance of Penman in which the net

radiation Rn, had to be known.

Tanner and Lemon (1962) studied the amount of net radiation R,

that is used for evapotranspiration from a cornfield. They found that

for a 24-hour period with a moist soil up to 84 percent of R goes into

evapotranspiration.

During the late spring of 1961, van Bavel, Fritschen, and

Reginato (1963) carried out four experiments at the Water Conservation

Laboratory in Phoenix, Arizona. In the first experiment the energy

balance of an irrigated lysimeter surrounded by dry soil was studied.

The second experiment involved laying a sheet of polyethylene on the

surface of the lysimeter and ponding water. The third experiment

involved irrigating the field surrounding the lysimeter and again

ponding water on polyethylene. The fourth experiment involved the wet

field and a removal of the polyethylene and irrigation of the lysimeter.

In each case the appropriate energy balance equation was written and

the variation of the components was measured as drying occurred. They
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found the progressive drying of the soil surface affects the energy

balance profoundly by increasing the albedo and surface temperature,

and by decreasing the transport of soil moisture to the surface. In

consequence, net radiation decreased, evaporation decreased, and heat

flux from the surface into the air increased.

Sellers and Hodges (1962) developed a fluxometer for estimating

latent heat from bare soil and short grass. The measured value of

evaporation was then compared to the evaporation rate calculated using

the energy balance approach.

Sellers (1964) calculated a potential evapotranspiration rate

in arid regions using the energy balance equation. He solved the

equation in terms of evaporation' and two unknowns, surface temperature

and surface vapor pressure, which were determined by trial and error.

Sellers (1965a) made an extensive study of the components of

the surface energy balance equation at a cleared site near Tucson

International Airport, Tucson, Arizona. The purpose of the study was

two-fold: first, to obtain data on heat transfer from bare soil under

stability conditions ranging from very stable to very unstable; and

second, to check the accuracy of the fluxometer, previously mentioned,

as an instrument for estimating the vapor flux from bare soil.

Dryden (1967) employed a modification of the fluxometer to

determine the evaporation rate from a soil surface and then compared

his estimates to the energy budget equation approach.

Fuchs and Tanner (1967) employed the energy budget equation to

determine evaporation rates from a drying soil. Net radiation Rn, and
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soil heat flux G, were measured. The sensible heat flux H, was

determined utilizing the aerodynamic equation. The latent heat flux LE,

then became the residual of the energy budget equation with all other

variables being known. The soil surface temperature was determined

using an infrared thermometer.

Van Bavel (1967) studied the surface energy balance of a drying

soil and tested the Dalton equation for determination of evaporation

and sensible heat flux. He found good agreement between actual and

calculated evaporation rates, but failed to get acceptable calculated

sensible heat flux rates.

Conaway and van Bavel (1967) utilized the aerodynamic equation

to determine evaporation from a wet soil surface. The soil surface

temperature was determined using an infrared thermometer. The soil

surface vapor pressure was then determined from the surface temperature.

Welely, Thurtell, and Tanner (1970) deteLmined the sensible

heat flux using the eddy correlation technique. This was compared to

energy budget estimates of the sensible heat flux.



METHODS AND MATERIALS

The surface energy budget for a bare soil can be derived by

considering a soil column extending from the surface to that depth

where vertical heat exchange is negligible. The net rate G, at which

the heat content of the soil column is changing is equal to the sum of

the rates at which heat is added by the absorption of solar radiation

(Q + q) (1 - a), by the absorption of longwave counter radiation from

the atmosphere I+, by the downward transfer of sensible heat when the

air is warmer than the surface -H, and by the horizontal transfer of

heat into the column from the surroundings Fi, minus the rates at

which heat is being lost by longwave radiation to the atmosphere It,

by the transfer of sensible heat to the air when the air is cooler

than the surface H, by evaporation LE, where L is the latent heat of

vaporization (590 cal gm
-1), and by the horizontal transfer of heat

out of the column Fo. Written in equation form

G= (Q + q) (1 - a) + I+ -1+ - H - LE + Fi - Fo

The terms (Q + q) (1 - a) + I+ - It form the radiation balance R, and

subsurface heat flux into and out of the column is assumed to be zero,

thus the energy balance equation becomes

G = R - H - LE

implying that the net available radiative energy is used to warm the

air, evaporate water, and warm the soil. The above equation will be

modified somewhat when a plant canopy is introduced over the bare soil.

7
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The above equation can be written in terms of known variables

and AT, where AT is the air temperature T, minus the soil surface

temperature Ts. Hourly measurements of air temperature, relative

humidity, wind speed, incoming solar radiation, and cloud cover are

needed to solve the previous equation. Soil temperature must also be

recorded hourly for model validation purposes.

Description of the Experimental Area 

The experimental site was located in the Santa Rita Experimental

Range approximately 35 miles south of Tucson, Arizona. The site was

located in an area of predominantly blue grama [Bouteloua gracilis (HBK)]

grass cover at an elevation of about 3000 feet above sea level. The

layout of the experimental area is given in Figure 1, and consisted of

two plots, 2.4 m by 2.4 m. Borders were laid on June 6, 1970 consisting

of 12.5 cm by 24 cm boards buried approximately 7 cm into the ground.

Backfill was placed both inside and outside the border to halt any

leakage from plot irrigation. One plot was cleared of all vegetation

Plot I, and the other was left in its natural state Plot II. The soil,

classified as a sandy loam (Soil Conservation Service 1970), was

initially very powdery, loose, and dry. Approximately 200 liters of

water were applied to each on June 6, 1970 to facilitate the installa-

tion of thermocouples.

Atmospheric Variables 

The following variables were measured hourly for the duration

of each experimental run period.
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Air Temperature

Air temperature measurements were taken at a height of 1.8 m

using a Belfort Instrument Company chart recorder housed in a standard

U.S. Weather Bureau shed adjacent to the plots.

Relative Humidity

Relative humidity measurements were made using the same Belfort

recorder from which air temperature measurements were taken.

Wind Speed

Wind speed data were taken from a Meterological Research, Inc.

anemometer which drove a strip recorder. Measurements were taken in

miles wind run per hour and converted to centimeters per second. The

anemometer was erected near the plots away from all obstructions at a

height of 1.8 m.

Incoming Solar Radiation

An attempt to use incoming solar radiation data from The

University of Arizona failed to give satisfactory results with the model.

Afternoon scattered cloud cover caused discrepancies in incoming radia-

tion between the research site and the University. To overcome the

problem, a small, portable Belfort pyrheliometer was placed at the

research site and calibrated with the Eppley pyranometer located at

the University using data for three consecutive clear days. The

pyrheliometer showed a definite time-lag response in the afternoon

hours which was corrected by use of a correction factor. Table 1 shows

the hour (MST) and the correction factor applied. The radiation value
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Table 1.	 Pyrheliometer Correction Factor

Time Factor Time Factor

0100 1.00 1300 1.05

0200 1.00 1400 1.11

0300 1.00 1500 1.16

0400 1.00 1600 1.18

0500 1.00 1700 1.59

0600 1.00 1800 1.10

0700 1.00 1900 1.60

0800 1.32 2000 1.00

0900 1.29 2100 1.00

1000 1.14 2200 1.00

1100 1.02 2300 1.00

1200 1.02 2400 1.00
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obtained from the pyrheliometer was multiplied by the given factor for

the corresponding hour.

Cloud Cover

Cloud cover data were taken from the United States Weather

Bureau located at Tucson International Airport. The airport is located

approximately 20 miles north of the research site.

Soil Properties 

In order to determine the temperature response of a soil

column, the thermal diffusivity must be known. The diffusivity

determines the heating or cooling rate accompanying a given temperature

profile.

Thermal Diffusivity

A simple, approximate method to compute the thermal diffusivity

K, of a soil from soil temperature variations is to assume the soil

surface temperature T(0,t) at time t is given by

T(0,t) = T + ATo smut 	(1)

The solution to the one-dimensional heat flow equation

aT	 2 T 
at
_ = K

az
2

given the above boundary condition is

T(z,t) = T + ATo e-
z(u)/2 k)1/2 sin [wt - (w/2 k)	 z]

where T(z,t) is the temperature at depth z at time t.

(2)

(3)
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The term A = To 
e_2»2

 
represents the amplitude of the

temperature wave at depth z. From the ratio of the amplitudes at two

depths, the diffusivity K, can be calculated.

Al = exp[(z2 - z1)(w/2K) 112 ]
A2 

Or

w	 z2 - zl
)

2K -	 [2 ln Al/A2

Jackson and Kirkham (1958), Wiernega, Nielsen, and Hagan (1969), and

others have used the above approach to determine soil thermal

diffusivity.

The thermal diffusivity can also be determined if the thermal

conductivity X, and the volumetric heat capacity C, are known by

utilizing the formula K = X/C. De Vries (1952) gave the following

formula for the calculation of the thermal conductivity of moist soils.

X-
 XwXw + XsXsks + XaXaka 

Xw + Xsks + Xaka
	 (6)

where

X	 = the volume fraction with the subscripts s, w, and

a referring to the solid material, water and air

respectively

ks and ka = factors depending on the elliposidal shape of the

soil particles

The thermal conductivity of the soil can also be measured in situ 

using a line heat source method (de Vries 1963a). A thin probe with

a heating element and a theLwocouple is inserted into the soil and a

(4)

(5)



14

known amount of current is supplied to the probe during a short time

interval. The temperature of the probe increases and is measured with

the thermocouple in the probe using a potentiometer. The temperature

rise of the probe depends on the rate at which heat is conducted away

from the probe and therefore on the thermal conductivity of the 
soil

around the probe.

The thermal conductivity of a soil varies greatly with the

moisture content as shown in Figure 2. De Vries (1963b) 
lists values

for the thermal conductivity of various soil constituents 
as shown in

Table 2. Generally the thermal conductivity varies from 
4 mcal cm

-1

sec
-1 C

-1 at 8 percent moisture content by volume to 5.5 mcal cm
-1

sec
-1 C

-1 
at 20 percent moisture content by volume.

The heat capacity is easier to determine and 
can be calculated

from the general equation

C = XsCs + Xw

where

Xs = the volume fraction of solid material

Xw = the volume fraction of water

XmCm + XoCo 
Cs = Xs

Xo = the volume fraction of organic material

Co = the heat capacity of minerals

Cm = the heat capacity of organic material

The heat capacity for a sandy soil generally 
ranges from 0.3 cal

-3 . -1	 -3 . -1
cm	 C	 to 0.7 cal cm	 C depending on soil moisture content.

(7)

(8)
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Table 2. Thermal Conductivity of Various Soil Constituents *

Substance T °C (mcal cm-1 sec-1 ° C-1 )

Quartz 10 21

Clay 10 7

Organic Matter 10 0.6

Water 10 1.37

Air 10 0.06

After Sellers 1965b.

The soil thermal diffusivity term must reflect 
the change of

both the thermal conductivity and the 
volumetric heat capacity with soil

moisture content. Figure 3 shows the relationship between water 
content

and thermal diffusivity for a quartz sand, and 
according to Sellers

(1965b) and Moench and Evans (1970) the thermal 
diffusivity of most

soils lies between 0.001 and 0.012 cm
2 sec

-1 . The thermal diffusivity

for the plots studied was not directly measured, 
as this could possibly

entail a complete study within itself. Rather, 
the main objective was

to determine how well the model could simulate temperature 
profiles

with as few field measurements 
as possible. The soil thermal

diffusivity was calculated hourly using.the empirical formula

K = [(CX)
2 /C]

2	 (9)

where

(CX)
1/2 = the thermal property of the soil

= the heat capacity of the soil
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The term (CA)
/2 

is called the thermal property by Sellers (1965b) and

will be used in establishing the magnitude of the flux into the soil

accompanying the thermal regime. The range of values of the thermal

property between wilting point and field capacity is fairly small,

from 0.033 to 0.048 ly 'C
-1 

sec
-1/2 for sand. If the heat capacity

-3 . -1
ranges from 0.3 to 0.7 cal cm	 C , then a theoretical range of the

thermal diffusivity can be calculated. The equation used to calculate

the thermal property is given by

(CA)
2 = 0.0125 + 0.05 [tanh(1.5 w l/wm)]
	

(10)

where

w1 
= the initial soil moisture content adjusted hourly

wm = 
the soil moisture content at field capacity (0.5 cm of

water)

Likewise the equation used to calculate the heat capacity is given by

C = 0.20 + Xw	 (11)

The above equations yield a thermal diffusivity value ranging from

.004 to .006 cm
2 

sec
-1 which is within the boundary of given literature

values (Jackson and Kirkham 1958).

Soil Temperature Measurement

Soil temperatures were measured at two locations within each

of the plots. Temperature measurements were taken at the surface and

at 5 cm intervals down to 70 cm. Each measurement was replicated

twice from the surface down to 35 cm. The temperature profile was

measured using copper-constantan thermocouples. The thermocouples
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were inserted horizontally from a 15 cm diameter hole dug with a power

auger. A 0.625 cm by 5 cm wooden stake with small holes drilled at the

proper 5 cm intervals was inserted into the excavation, and the thermo-

couples were then placed through the holes into the vertical soil wall.

The stake provided for thermocouple stability and protection from

being dislodged from the wall as backfill was placed into the hole.

The thermocouples were attached to two Honeywell Electronik 15

24-channel recorders. A timer on the recorders allowed a 24-channel

printout once each hour. Six minutes were required for all 24-channels

to be recorded, thus the recording started on the hour and concluded

at 6 minutes past the hour.

Soil Water Content

The moisture content of the upper 5 cm of soil in the two

study plots was determined gravimetrically. Soil moisture samples

were taken daily on the first run to monitor the changing water 
content

with time, and for Runs II and III soil moisture content 
was determined

only for the starting day of each test. Four 
samples were taken each

day from Plot I during Run I, and an average soil moisture 
content was

determined on a dry weight basis. The dry 
weight was then converted to

cm of water Iw, using the formula

Pw (BD) d 
Iw = 100 pw

(12)

where

Pw = the soil moisture content on a dry weight basis

BD = the soil bulk density (assumed to be 1.6 gm cm-3 )



20

d = cm of soil depth

-3,
pw = the density of water (1 gm cm 3 )

Soil moisture samples were taken from Plot II only at the beginning of

each experimental run. Table 3 gives the soil moisture content for

both plots for the three run periods. Plot II had consistently higher

initial soil moisture values than Plot I. Plot irrigation in all cases

occurred the previous day before the initial soil sampling occurred.

Due to the coarse nature of the soil and a higher radiation load, the

one day lag in sampling allowed Plot I to dry at a faster rate by

evaporation than did Plot II.

The parameter d, in Equation (15) may also be referred to as

the active zone, or that depth in the soil to which evaporation occurs.

Previous work by Richards, Gardner, and Ogata (1956), Wiegand and

Taylor (1962), Gardner and Hanks (1966), and Cary (1967) 
has shown the

active zone for a fine sandy loam to vary from 1 to 5 
cm; however, due

to the coarse nature of the soil in the 
experimental plots, the active

zone was assumed to be 5 
cm. The active zone for the plant cover was

taken to be 20 cm after excavation in the plot 
substantiated this to

be a reasonable rooting depth.



Table 3. Soil Water Content

,Soil Moisture Content
(cm of water in Active Zone)

Date
Plot I	 Plot II

Run I 

	6-10-70	 0.51	 0.60

	

6-11-70	 0.32

	

6-12-70	 0.25

	

6-13-70	 0.20

Run II 

	8-7-70	 0.64	 0.72

Run III 

	9-10-70	 0.70	 0.75
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MODEL DERIVATION

Two models for determining soil temperature profiles were

derived. The first model is for a bare soil, and the second model is

for a soil beneath a plant canopy. Each model can be separated into two

components. The first component may be classified as atmospheric 
and

the second component as soil related. The subsurface temperature pro-

files are determined using a soil surface 
temperature boundary condi-

tion which is derived from the energy balance equation. 
The model

components, except for the mathematical determination 
of the subsurface

temperature profiles, were derived by Dr. William 
D. Sellers, Professor

in the Institute of Atmospheric Physics, 
The University of Arizona.

Bare Soil Energy Budget 

As previously stated, each term in the 
energy budget equation

R = H + LE + G, must be solved in terms 
of known variables and AT.

Table 4 contains the list of variables 
used in the derivation of both

models.

Net Radiation R

The net radiation R can be defi:ned as the 
incoming solar

radiation Q + q, minus the effective 
outgoing radiation from the

earth's surface I. Not all incoming 
radiation reaching the earth's

surface is absorbed. A portion of 
it is reflected and scattered back

to space. The soil surface albedo 
a, is defined as that portion of

22
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Table 4. Model Variables

Variables
	 Symbol	 Units

Net radiation	 R	 ly/hr

Sensible heat flux	 H	 ly/hr

Soil heat flux	 G	 ly/hr

Latent heat flux	 LE	 ly/hr

Albedo	 a	 percent

Emissivity	 c	 percent

Effective outgoing radiation	 I	 ly/hr

Stefan-Boltzmann constant	 a	 ly/min °K4

Von Karman constant	 k

Transfer coefficient	 D	 cm/hr
w

Soil surface roughness length	 z	 cm
os

Plant roughness length	 z	 cm
op

Air temperature	 T	 °F

Soil surface temperature	 T

Plant temperature	
T
p	

op

Previous hours average surface
temperature

Previous days average surface
temperature	 Ts 	 °F

Initial soil moisture content	
w
sl	

cm of water

Critical soil moisture content	Wks	
cm of water

Initial available plant moisture
cm

wpl

Critical plant moisture content	 w
kp	

cm

T
sl
	 °F
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Table --Continued 

Variables	 Symbol	 Units

Initial depth distribution of
soil temperature	 TDEP	 °F

Lower soil temperature
boundary condition	 T

1	
°F

Cloud cover	 N	 tenths

Wind speed	 U	 m/sec

Relative humidity	 RH	 percent

Precipitation	 P	 mm
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the incoming solar radiation reflected and varies from 5 to 45 percent.

A moist soil has a low surface albedo because of its dark color. A

dry soil, on the other hand, has a light color and hence a high

reflectivity. The incoming solar radiation absorbed at the earth's

surface becomes (Q+q)(1-a).

The surface of the earth, when heated by the absorption of

solar radiation, becomes a source of longwave radiation which is a

function of surface emissivity c and temperature T. A portion of the

longwave radiation is reradiated back to earth in the form of counter

radiation I+. Thus, the effective outgoing radiation I o , is 
the differ-

ence between the outgoing and counter radiation. The equation for net

radiation then becomes

R = (Q+q)(1-a) - I o 	(13)

The components of the effective outgoing radiation can be determined

by direct measurement or by empirical equations derived from data

provided by the measurements. One such equation is the Relative

Humidity Equation (Sellers 1965b) given by

I
o 
= 6(0.165 - 0.000769RH) ly min

-1	
(14)

where

c = the surface emissivity (0.90)

RH = the surface relative humidity in percent

The above equation must be modified if the sky is not clear. Clouds

increase the counter radiation which decreases the effective outgoing

radiation. The above equation must then be modified (Sellers 1965b) to

give
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I = 1 0 (1 - knm)	 (15)

where

k,m = constants

= the cloud cover in tenths

The quantity (1 - k) is a function of cloud height and type. Table 5

gives the quantity for various cloud types and heights.

Table 5.	 Ratio of Effective Outgoing Radiation with Overcast Skies
Oa = 1) to that with Clear Skies*

Cloud Type Height (m) 1 - k

Cirrus 12,200 .84

Cirrostratus 8,390 .68

Altocumulus 3,660 .34

Altostratus 2,140 .20

Stratocumulus 1,220 .12

Stratus 460 .04

Nimbostratus 92 .01

Fog 0 .00

* After Sellers 1965b.

The relative humidity used in Equation (14) is measured from a

height of 1.8 m instead of the surface. If large temperature differ-

ences occur between the two heights, errors in calculating the

effective outgoing radiation may occur. Hence, Sellers (1965b) showed

the true effective outgoing radiation Is , is approximated by

I
s 
= I + 4EaT

3
(T
s 

- T)
	

(16)
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where

T = the air temperature measured at 1.8 in

T
s 
= the surface temperature

= the Stefan-Boltzmann constant (8.14x10
-11 ly min

-1 K-4 )

Thus the final form of Equation (13) becomes

R = (Q+q)(1-a) - 1 0 (1 - knm) - 4caT 3 AT	 (17)

A compatible form of Equation (17) to be combined with the remaining

energy budget components is given by

R = al - a2 
- a

3
AT
	 (18)

where

a
1
 = (Q+q)(1-a)

a
2 
= I

o
(1 - knm )

a
3 
= 4caT

3

Sensible Heat Flux H

Assuming forced convection the sensible heat 
flux H, may be

calculated by the aerodynamic equation

pC k
2 uAT

H	 (ln z/z
o

) 2
(19 )

where

p = the density of air

C = the specific heat of air (.24 cal gm

k = the Von Karman constant (.4)

u = the wind speed measured at 180 cm
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= the height at which wind speed is measured

z
o 
= the roughness length (cm)

The term k
2u(lnz/z0 )

-2 
is commonly called the momentum transfer coef-

ficientDm. The density of air p, can be replaced by p/RT where is

the atmospheric pressure in mb, R is the gas constant for dry air

(2.8704x10
6
erg-gm

-10
1(
-1

), and T is the air temperature. Thus

Equation (19) becomes

H= p C D (T - T)
p m s 

RT
(20)

or a
4
AT.

Latent Heat Flux LE

The equation used to describe the transfer of latent 
heat is

given by

0.622 p L Dw (es - e z) a

LE=

where

L = the latent heat of condensation

D = the transfer coefficient
w 

e
s 
= the vapor pressure at the surface in mb

e
z 
= the vapor pressure at elevation z in 'rib

a = constant depending on the soil moisture 
content

Two stages of evaporation from soil are 
normally considered. In the

first stage, when the soil moisture 
content w, is greater than some

(21)

evaporation proceeds at about the potential ratecritical value wks'

E0, and is dependent mainly on external 
meterological factors. In the
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second stage, when the soil moisture content is less than the critical

valuewks , the evaporation rate depends on the moisture content of the

soil.

The constant a, given above then becomes 1 for w?.wks 
and w/wks

forw<wks . 
Equation (21) must be solved for two cases corresponding to

the two values that the constant a, may possess.

Case I a = 1:

An immediate concern in Equation (21) is the elimination of the

surface vapor pressure. This may be eliminated using the finite

difference form of the Clausius-Clapeyron equation

(es - esa ) =
,	 0.622 L esa (T

s - T)RT2
	 (22)

where

e = the saturation vapor pressure at air temperature
sa 

If the vapor pressure of the air at temperature T, is added and 
sub-

tracted from Equation (22), the equation becomes

e - esa 
+ e z 

- e z 
= (1)(Ts - T)
	

(23)

where

e = the vapor pressure of the air at z cm 
at temperature T

z 
= 0.622 L esa

(I) 
RT2

or

(e - e ) = (P(Ts - T) + (e sa 
- ez

)	 (24)
s	 z



Substituting Equation (24) into Equation (21) yields

0.622 L Dw
LE= 	  [(I)(T - T) + (e 	 - e)]

RT	 s	 sa	 z

0.311 D	 0.311 D 
If a6 =	 (e	 e z ) and al2 =	 (I) then Equation (25)sa

RT	 RT

becomes

	LE = 2(a12 AT + a6)L	 (26)

Case II a = wiwks:

Equation (21) must be solved again using w/wks 
as the value of

a. Before this can proceed, a = w/wks must be altered somewhat. The

soil moisture content w, may be defined as the average moisture content

over a period. If wsl 
is the moisture content at the beginning of a

period and ws2 is 
the moisture content at the end of the period, then

w is equal to 0.5(ws
1 ws2).

 The moisture budget equation

S = p	 E wsl ws2
	 (27)

where

S = the moisture surplus or runoff

p = the rainfall

E = the evaporation

is also employed. If the assumption is made that no runoff 
or rainfall

will occur during the test period, then Equation (27) becomes

w
sl 

= ws2 +E
	

(28)

If ws2 
= wsl 

E is substituted into w = 0.5 (wsl 
+ w ) the constants2 '

30

(25)

a becomes



0.311 p L D 
LE -	 (2w -E) [(T - T) + e	 - e liwks	

(30)
sl	 sa

31

a = 0.5 (wsl ws2)/wks 
or 0.5 (2ws1-E

)iwks	
(29)

The value of a shown in Equation (29) is then substituted back into

Equation (21) yielding

Equation (30) is manipulated to give a result similar to Equation (26).

Equation (30) becomes

	.311 D (Ts - T)	 .311 D (esa - e z )
LE [wk + 	 RT	 RT

..622 L Dw (Ts - T)	 .622 L D wsl(esa 
RT	 14S1-1-	 RT

Letting a6 and a12 equal the previously given values, Equation 
(31)

be
2 L wsi (a6 + a12 AT)

LE - 	
( 4k	 a

12	
+ a6 )

Equations (26) and (32) become the final forms 
of the latent heat flux

equation.

Denmead and Shaw (1962) reported that plants 
begin transpiring

below the potential rate when 75 percent of the initial 
moisture content

is reached, thereforewks 
is assumed equal to .75 w 51 for both models.

Soil Heat Flux G

The rate at which heat flows through a 
soil is directly pro-

portional to the temperature gradient at that depth. 
At depth z

G =	 X

 AT	 (33)

(31)

(32)
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where flow is positive downward when the temperature decreases with

depth. The constant X, represents the rate at which energy passes

through unit area of a substance when a temperature gradient of 1 ° C cm
-1

exists.

Use once again must be made of the one-dimensional heat conduc-

tion equation given as Equation (2)

BT IQ
2T

Bt 	9z2

where K = X/c is the thermal diffusivity. The above equation can be

solved for the case of a homogeneous semi-infinite soil whose 
surface

is heated in a periodic manner. Assume that Ts 
at time t is given by

T
s 

(t) = Ts + ATo sinwt
	 (34)

where

Ts (t) = the surface temperature at time t

Ts	 = the 
mean daily soil temperature

AT
o 

= the amplitude of the surface temperature wave

= the angular frequency of oscillation
 (2îr/24 for a

24 hour period)

Using the above boundary condition, Carslaw and Jaeger 
(1959) show the

solution to Equation (2) to be

T(z,t) =	 eT + AT	 -
z(w/2K)1/2

o	
sin (wt - (w/2K) 1/2 z)

where

T(z,t) = the soil temperature at depth Z at time t
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Sellers (1965b) shows that Equations (33) and (2) can be combined to

give

G(z,t) = AT0(wCX)
2 

e
-z(w/2K) 1/2

sin [wt - (w/2K)
1/2 z + 7/4]	 (35)

which is the basic equation used to determine AT.

At the surface, z = 0 and Equation (35) reduces to

G(0,t) = AT0 (wCX)
2 sin (wt + 7/4)	 (36)

Making use of the trigonometric identity sin (s 1 + s 2 ) = 
sin s cos s 21

	

+ cos s sin s 	Equation (36) can be expressed as
1

G = ATo 2
- (sin wt + cos wt) (wCX)

1/2Vi
	

(37)

If Equation (34) is solved for sin wt, the equation becomes 
sin wt =

(T - T )/AT. The equation also yields a value for cos wt when
s	 s	 o

differentiated with respect to t, cos wt = s
/t wATo. 

Substituting

these values back into Equation (37) gives

G = -ATo 
[Ts - Ts 4. 	3Ts 	(wCX)

2	 (38)
AT0	 9twAT0

Or
ATs

	

1/2-.	 Tr- ± —] (wcx)112	 (39)

G =	
1T

--	 s	 Atw

Adding and subtracting the air temperature 
T, inside the brackets and

letting AT/At = Ts 
- Tsl' 

Equation (39) becomes

G = y (wCX)
2 (1 + 2/0 AT +	 (wCX)

2
[T - Ts

(40)
+ 2 1w (T - Ts1)]
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where

T
sl 

= the previous hours average surface temperature

The final form of Equation (40) used in the derivation is

G = [187.45(CX)
1/2 ] AT +21.71(CX)

1/2 [T -	+7.64(T - Ts1
)]	 (41)

or a
7 
AT + a

8
.

The equations may now be combined to give AT. Taking the

computed equation for each component of the energy budget equation

R = H + G + LE, and combining them for Case I yiel4s

	al - a2 - a3 AT = a4 AT + a7 AT + a8 + 2 (a12 AT + a6)L	
(42)

Collecting terms and solving for AT yields

al - a2 - a8 - 2a6L 
AT = a3 + a4 + 2a12L

(43)

The above equation gives AT for the case of the 
soil moisture content

being above some critical value wks • 
Case II yields a somewhat more

complex solution. The equation for Case II is

2(a12 AT + a6)Lwsl
al - a2 - a3 AT = a4 AT + a7 AT + a8 +  	

(44)
wks + a12 AT + a6

Solving for AT yields a quadratic equation 
in the form

2	 (wks+ a6)(a3 + a4 +al2(a3 + a4 + a7)AT + 2Lwsp12 AT +

a7)AT - a12(al - a2 - a8)AT - (wks + a6) (al - a2 - a8) +	
(45)

2Lw s1a6 = 0



If new variables b3, b4, and b5 are defined, Equation (45) can be

reduced to

-b4 44 2 - 4 b3b5 AT
2b3

where

b3 = al2(a3 + a4 + a7)

b4 = a12(al - a2 - a8) - (wk + a6)(a3 + a4 + a7) - 2Lw 51a12

b5 = (wks+ a6)(al - a2	 a8) - 21ws1a6

As previously stated, AT is the difference between the surface tempera-

ture T
s' 

and the air temperature T. Thus, if AT is calculated hourly,

and the corresponding T is known, then the resulting surface temperature

can be calculated.

Effects of Plant Canopy on Soil Surface Energy Budget 

If a plant canopy is introduced over the soil surface, the bare

soil energy budget is altered significantly. In order to obtain a new

solution to the energy budget equation, a basic simplifying assumption

must be made concerning the canopy itself. The canopy is assumed to be

a sheet suspended over the surface with openings in it corresponding

to the amount of ground that can be seen looking directly down over the

plant cover at the ground TI. This simplifies calculation of the

transfer coefficient for sensible and latent heat flux. Although work

has been done (Cionco 1963, Lemon 1967) to determine the transfer

coefficient within a plant canopy, the solution is mathematically

involved. The log law for the wind profile with a varying roughness

length will be assumed to be adequate for transfer coefficient calcula-

tion.

35
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An energy balance equation for both the plant surface and the

soil surface must be written. Each equation will yield AT and ATs

where AT  = Tp - Ta and ATs = Ts - T a. Tp is the plant surface

temperature, T s is the soil surface temperature, and Ta is the ambient

air temperature. Each equation will be considered for two cases. The

soil surface energy budget will consider two stages of evaporation:

and 2) ww
ks
. The plant surface energy budget will also

1) ws >wks'

consider two stages of evapotranspiration: 1) wp >wkp , and 2) wp wkp .

Plant evapotranspiration rate is assumed to be regulated solely by soil

moisture conditions and not stomata opening or closure. Solving each

equation for the two stages gives rise to three 
sets of possible solu-

tions: 1) w	 ,w >w • 2) w<w ' 
w>w; and 

3)w<w ' w<ws ks' p kp'	 sksps ks p kp	 kp.

The case of ww
kp 

and w
s
>w
ks 

is not treated.

The energy balance equation beneath a plant 
canopy is consider-

ably more complex to solve, thus its derivation will be presented 
in

Appendix A and only the final equations for the 
three sets of possible

solutions will be given here.

Solution I:
w ^w ' w ^ws ks p kp

b2b3' + bl'b3
AT =

(47)
P	 blbl' = b2b2'

b2' ATp	 b3'
AT s =	

(48)
bl'

Solution II:
ws <wks' wp ?-wkp

b2 AT  + b3
AT =P bl

(49)

-b16	 (b16
2 - 4b15b17)

1/2

AT s =	 2b15
(50)



Solution III: 
w<wks' 

w<w
s	 p kp

b4 AT 2
 + (65 + b6 AT ) T + b7 AT + b8 = 0s	 p	 s

bll AT 2 + (b12 + b13 AT ) T + b9 AT
2 + b10 T + b14 = 0 (52)

s	 p	 s	 s

The two unknowns, AT and AT, are given in terns of ai, bi, ai', and

bi t which represent known variables.

Soil Temperature Calculation 

The model derivation for the soil surface temperature may now be

used to calculate the sub-surface temperature variation with time

assuming heat movement by conduction. The equation describing heat

transfer in a one-dimensional isotropic medium was given in Equation (2)

as

3T _ v @
2
T 

at	 — 3 ,2

where

T = the soil temperature at depth z

t = the time increment

z = the depth increment

K = the thermal diffusivity

Several problems are involved with use of the above equation. The

volumetric heat capacity C, and the thermal conductivity X, are not

constant with soil-water content thus giving a K value that is not

constant. Also, in the presence of temperature gradients, heat transfer

takes place not only by conduction but by convection. Nonetheless, if

the soil-water content distribution is uniform and essentially invariant
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with time, Equation (2) may adequately describe soil temperature

behavior.

Numerical Analysis

A simple difference equation approximating Equation (2)

n+1	 n	 n
T.	 - T. 	K(T' 	 2T. + TTi+1 	i-l)

At	 (Az)2

where j is the depth interval and n is the time interval (Richmeyer

and Morton 1967). The above equation was used to compute the soil

temperature variation to 70 cm below the soil surface from known soil

diffusivity, boundary, and initial conditions.

The temperature variation at the soil surface served as the

upper boundary condition. The soil temperature at 70 cm was used as

the lower boundary condition, and was found to be constant over the

period of each experimental run. The initial distribution of temperature

with depth must also be known. The limitation on the use of this

equation in order to insure stability in the numerical solution is,

according to Richmeyer and Morton (1967), that

2KAt <1
(A z)

2

Since the soil temperature was measured every hour and the diffusivity

has a value of approximately 0.005 cm
2 sec 

l,
 the stability criterion

could not be met by taking Az = 5 cm. Thus a 30 minute soil surface

temperature was used by taking the average of the hourly surface

temperature. The At term then became 1800 sec and (Az)
2
>2(.005) or

Az>iff. In the computation z was always 5 cm.
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APPLICATION OF MODEL TO FIELD SITUATION

Three experimental runs were made during the summer of 1970.

Each run was from 4 to 7 days in length, and in each case the plots

were initially watered and soil temperature variation was measured over

the drying period to compare with model predictions. The dates of the

three runs were: June 10-13, August 8-14, and September 10-15.

Run I--June 10-13, 1970 

The bare soil and the grass covered plots were watered on the

afternoon of June 8, 1970, and soil temperature monitoring began June 9

in Plot I and continued through June 14. Due to a malfunction in one

recorder, only soil temperature variation for the bare soil was

obtained during the test period. The model was applied for the 
period

June 10-14 beginning at 1400 June 10. Several initial conditions

were necessary and are given in Table 6 for the test period.

Table 6. Initial Conditions for Plot I (June 10-14, 1970)       

Symbol	 Magnitude Units

cm

cm

° F

° F

cm   

Wsl
	 0.51

W
sk
	 0.50

T
sl
	 102.00

T
s
	 79.00

0.75
os    

39   
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Figure 4 shows actual versus calculated soil temperature

variation at 5 cm intervals from 5 cm to 30 cm for the period 1400,

June 10 to 1300, June 14. The 5 cm peak temperature for June 10

occurred at 1500 while at 15 cm the peak occurred at 1800. The zone of

high temperature originating at the surface propagated downward with

decreasing intensity to the deeper soil layers. As it moved, it lost

heat by conduction to the cooler soil above and below. The daily

maximum temperature for the 5 cm depth increased from June 10 to June 11

then remained essentially constant. As the top soil dried out, its

heating rate was impeded by the poor conductivity of the soil and the

daily maximum tended to stabilize. The lower soil depths from 10 cm

to 40 cm remained moist throughout the observation period and responded

to the daily influx of heat by slowly becoming warmer for all time

periods.

Table 7 gives the total daily values of net radiation R,

sensible heat flux H, soil heat flux G, and latent heat flux LE, as

calculated by the model from Equations (18), (29), (41), and (26),

respectively. The equations give hourly values which are then summed

over the 24 hour period. Also given in Table 7 is the measured average

hourly values of cloud cover C, temperature T, wind speed U, relative

humidity RH, and precipitation P. As seen from the table, the net

radiation showed a steady decline from a peak of 535 ly day 
-1 

on June 10

to 204 ly day
-1 

on June 14. This was due to 1) an increase in soil sur-

face albedo which caused a greater reflection of the 
incoming solar radi-

ation and 2) an increase in the outgoing longwave radiation. 
Approxi-

mately 82 percent of the net radiation on June 10 went into evaporation
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of water and 19 percent was used to heat the air above the plot. The

additional 1 percent of energy was drawn from the soil mass itself to

aid in evaporation and sensible heat flux. Almost 98 percent of the

net radiation the second day went into sensible heat flux, the

remainder being used to evaporate water from a rapidly drying soil and

to heat the soil column. Average wind speed also increased on the

second day which tended to increase the sensible heat flux due to

additional turbulence. The remaining three days showed the net radiation

inducing a large daily sensible flux with the remainder of the energy

going to warm the soil. Evaporation had ceased after just two days of

radiation input. The evaporation rate seemed to halt in a short period

of time, but the initial soil moisture content at the beginning of the

observation period was only approximately 0.5 cm of water. The soil

also had a moderately coarse texture which does not lend itself to a

large moisture holding capacity.

Run II--August 8-14, 1970 

The bare soil and grass covered plots were irrigated on the

afternoon of August 7, 1970, and soil temperature monitoring began at

0800 the morning of August 7. The model was applied for the period

August 8-14 beginning at 0800 August 8. Several initial conditions had

to be known in order to apply the model for the given period. These

are given in Table 8.

Plot I

Figure 5 shows the actual versus calculated soil temperature

variation for Plot I. Table 9 gives the total daily values of net
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Table 8. Initial Conditions for Plot I and Plot II (August 8-14, 1970)

Magnitude
Symbol	 Units

Plot I Plot II

W
sl 0.64 0.72 cm

Wsk 0.50 0.50 cm

Wpl 3.00 cm

Wpk 1.00 cm

T
sl

80.0 ° F

T
s

82.0 ° F

T 80.0 °F
pl

T
p

82.0
oF

Z
op

6.0 cm

Z
os

1.0 cm
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radiation R, sensible heat flux H, soil heat flux G, and latent heat

flux LE, as calculated by the model. Also given in Table 9 is the

measured average hourly values of cloud cover C, temperature T, wind

speed U, relative humidity RH, and precipitation P. The values given

in Table 9 help explain the soil temperature variation for August 8-14.

As seen in Figure 5, the observed and calculated temperature

for August 8 agree very well. The temperature variation with depth

shows about an hour lag in peak temperature occurrence for each 5 cm

in depth. The latent heat flux LE, accounted for 94 percent of the net

solar radiation R for the day. Additional energy was drawn from the

air, 4.2 langleys, to aid the evaporation and soil heat flux process.

The temperature variation for August 9 shows a calculated lag

and a lower peak temperature for the day than actually occurred. This

may be explained by observing the average hourly cloud cover N, for

the day. Table 9 shows an approximate value of 8 tenths or 80 percent

average hourly cloud cover, however the data were from Tucson Inter-

national Airport and variation between the site and the airport may have

occurred. The time of significant difference between the actual and

calculated soil temperature profiles occurred from 1300 to 1600. Cloud

cover for these hours were 9, 6, 2, and 1 tenth, respectively. The

actual soil temperature profiles seemed to respond to a cloud cover less

than the 9 tenths and 6 tenths given for 1300 and 1400, thus the

actual temperature is higher than the calculated temperature from

1300 to 1600. Table 9 shows 54 percent of the net radiation for the

day was used for evaporating water. The amount of energy going into
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heating the air above the soil surface and warming the soil column are

essentially the same.

Figure 5 shows an improved agreement between the calculated and

actual temperature profiles for August 10. The 15 cm depth shows a

maximum difference between calculated and actual of only 2 degrees.

Table 9 shows that the net radiation had declined from a maximum of

250 ly the first day to 137 ly on August 10. This is due to an increase

in soil albedo from approximately 9 percent to 24 percent plus an

increase in the outgoing longwave radiation. The energy used for

evaporation is now only 14 percent of the total net radiation, as

62 percent of the energy is being used to warm the air above the soil

surface and 24 percent being used to warm the soil surface.

Figure 5 again shows a deviation between actual and calculated

temperatures from 1300 to 1700 for August 11. The average cloud cover

for this period was 7.5 tenths or 75 percent thus raising the possi-

bility of cloud cover variation between the site and Tucson International

Airport. Table 9 shows an increasing amount of energy being used to warm

the air above the soil. Soil heat flux was rather low, 7.5 ly; however a

3.2 cm sec
-1 average wind speed could account for the turbulence neces-

sary to transfer sensible heat flux in greater amounts than soil heat

flux.

Model prediction of soil telperature profiles for the remain-

ing two days was generally good. Data was lost from 1900 August 13 to

1000 August 14 due to generator failure, however the calculated values

are given for the period.
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Hourly values of simulated energy balance components for

August 8, 1970 are shown in Figure 6. The net radiation R, showed a

steady increase from 0800 to 1000. The data at this time indicated

cloud cover decreased the net radiation until 1300 at which time it

increased until 1500. The net radiation at night showed a gradual

decline in outgoing radiation as the soil surface slowly cools.

The latent heat flux accounted for a large portion of the net

radiation during the daytime and also remained positive for the night

hours, the energy for evaporation being drawn from the warm atmosphere

and lower soil column. Positive evaporation from moist soil at night

is not uncommon in dry arid regions (Sellers 1965b).

Sensible heat flux was positive until 1800 indicating the soil

surface was warmer than the overlying air layer. Soil heat flux was

also positive for the day until 1800, and the magnitude of the flux was

greater than that for the sensible heat flux from 0800 to 1800. During

this period the moist soil had a high thermal conductivity and responded

rapidly to the radiation input.

Plot II

Figure 7 shows the actual versus calculated soil temperature

variation beneath a 30 percent plant cover. The most apparent result,

when comparing the temperature variation of Plot I and Plot II, was a

temperature damping effect beneath the plant canopy. During the late

morning and early afternoon hours the vegetation intercepted at least

30 percent of the incoming solar radiation, thus the peak surface

temperature was reduced due to a lower radiation load. At night the
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vegetation reduced the outgoing longwave radiation from the soil

surface thus causing the surface temperature below the vegetation to

cool at a slower rate than the bare soil.

Table 10 gives the total daily values of net radiation R,

sensible heat flux G, and latent heat flux LE, for the soil beneath the

30 percent vegetation cover as calculated by the model. The measured

average hourly values of cloud cover C, temperature T, wind speed U,

relative humidity PH, and precipitation P, are the same as given

previously in Table 9 for Plot I. A comparison of Table 9 and Table 10

shows the daily latent heat flux LE, for Plot II to be less than Plot I

for August 8 and August 9, but becomes greater than Plot I for

August 10-13. This is due to the large net radiation input for Plot I

which essentially evaporated available moisture in a two day period.

Plot II, due to the vegetative canopy, received a daily net radiation

load of about 50 percent of the Plot I value; hence evaporation

extended over a longer period of time. Figure 8 compares the simulated

evaporation rates in millimeters (mm) of water per hour for Plot I

and Plot II for the seven day period.

The total daily sensible heat flux remained negative for the

first three days in Plot II and for only one day in Plot I. The net

radiation was insufficient to supply the latent heat flux and soil

heat flux in Plot I on August 8, therefore 4.2 langleys were drawn

from the atmosphere. Thereafter, the evaporation rate declined

rapidly and the net radiation provided an ample supply of energy for

the energy balance process. Plot II maintained a negative sensible
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Table 10. Total Daily Values in Langleys of Net Radiation R, Sensible
Heat Flux H, Latent Heat Flux LE, and Soil Heat Flux G,

for Run II, Plot II

Date	 Plot	R	 H	 LE	 G

II

8/8/70 127.5 -31.7 197.1 -37.9

8/9/70 106.7 -16.1 108.6 14.2

8/10/70 62.9 -9.6 46.5 16.0

8/11/70 78.2 42.8 18.0 18.2

8/12/70 4.9 13.1 1.0 -9.2

8/13/70 9.9 9.9 0.1 -.1

8/14/70 47.0 54.2 0.0 -7.2
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heat flux for August 8-10 because of the additional energy required

to drive the latent heat flux than was provided by the net radiation.

Run III--September 10-15, 1970 

Plot I and Plot II were irrigated on the afternoon of

September 9, 1970, and soil temperature monitoring began at 1700

September 9. The model was applied beginning 0800 September 10, 1970.

The initfal conditions used for the beginning of the period are shown

in Table 11.

Plot I

The initial soil moisture content for Plot I was 0.70 cm of

water as shown in Table 11. Evaporation rates were very high the

first day of the run period. A peak evaporation rate of 0.84 mm hr
-1

was reached at 1000, and the total evaporation for the 24 hour period

0800 September 10 to 0700 September 11 was 6.5 mm. The high evaporation

rate for the time period was aided by a relatively high afternoon wind

velocity of 4.4 m sec-1 .	 As shown in Table 12, the latent heat flux LE,

accounted for 386 ly on September 10. The net radiation R, supplied

236 ly or 61 percent of the energy consumed in evaporation. The

additional energy input came from the warm air layer over the plot and

from the soil column itself. Table 12 also shows a steady decline in

the net radiation with time as the soil dries and the surface tempera-

ture increases. The exception occurs September 12, 1970 and is due to

an increase in cloud cover for the day.

The sensible heat flux H, increased rapidly on September 10

and September 11 as the evaporation rate declines. The sensible heat
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Table 11. Initial Conditions for Plot I and Plot II (September 10-15,
1970)

Magnitude
Symbol Units

Plot I Plot II

W
sl 0.70 0.75 cm

Wsk 0.50 0.50 cm

Wpl 3.00 cm

Wpk 1. 0 0 cm

T
sl 90.0 °F

T
s 85.0 o F

Pi
82.0 °F

T
p 82.0 °F

op 6.0 cm

os 1.0 cm
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flux on September 14 and September 15 appears to be influenced by

wind speed. At this time evaporation has ceased and no cloud cover

was recorded.

Figure 9 shows the hourly simulated energy balance for

September 12, 1970. As seen from the figure the net radiation R,

fluctuated greatly from 1100 to 1800. The soil heat flux G, was

positive from 0800 to 1600 at which time it became negative. The soil

heat flux closely followed the net radiation. Sensible heat flux was

positive from 0800 to 2000 indicating much of the net radiation absorbed

at the surface was used to warm the air layer above the plot. The

latent heat flux was essentially zero for the 24 hour period.

Figure 10 shows the actual versus calculated soil temperature

variation for the test period. The peak temperature on September 
10

at 5 cm was approximately 12 °F less than for the same time September 11.

This is due to the large amount of radiation used in the 
evaporation

process on September 10. The peak temperature on 
September 12 at 5 cm

was 8 °F less than the calculated temperature 
for this time period. A

check of the cloud cover N, at this time revealed 
5 tenths coverage at

the airport, however N over the plots for the 
same time may have

actually been greater than 5 tenths thus accounting 
for a lower actual

soil temperature than the model calculated.

Plot II

Figure 11 shows the actual versus 
calculated soil temperature

variation beneath a 40 percent plant cover. 
Again, as previously

discussed in Run II, the most apparent 
result, when comparing the
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temperature variation of Plot I and Plot II, was the temperature

damping effect beneath the plant canopy. The peak temperature at 5 cm

in Plot I for the entire test period was approximately 10 OF higher

than for Plot II. The minimum temperature at all depths in Plot II

however, was consistently lower than the minimum teuperature at all

depths in Plot I for September 12-15. This is due to a prolonged

evaporation period in Plot II caused by a reduced radiation load.

The most noticeable discrepancy in the actual and calculated

soil temperature occurs from 1000 to 1600 September 12. As seen from

Figure 11, the maximum temperature at 5 cm on that date was approxi-

mately 4 ° F to 6 ° F less than the maximum temperature at 5 cm on

September 11 and September 13. A check of cloud cover conditions over

that time period revealed an average cloud cover of 66 percent. A

possible cause for the discrepancy could lie in the pyrheliometer

correction factor. The correction factor was determined on clear days,

therefore when the factor was applied to a 7 hour span of cloudy

weather, the incoming solar radiation may have been overestimated.

September 12, 1970 was the only day during the run experiencing cloud

cover in excess of 8 tenths for the period mentioned.

Table 13 gives the total daily values of net radiation R,

sensible heat flux H, soil heat flux G, and latent heat flux LE, for

Plot II as calculated by the model. The measured average hourly

values of cloud cover C, temperature T, wind speed U, 
relative

humidity RH, and precipitation P, are the same as given previously 
in

Table 12.
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Table 13. Total Daily Values in Langleys of Net Radiation R,
Sensible Heat Flux H, Latent Heat Flux LE, and Soil Heat
Flux G, for Run III, Plot II

Date	 Plot 	R	 H	 LE	 G

II

9/10/70 177.0 153.8 393.3 -62.5

9/11/70 102.0 58.0 24.0 20.0

9/12/70 30.3 15.3 10.0 5.0

9/13/70 79.6 64.0 4.0 11.6

9/14/70 68.0 40.0 3.0 25.0

9/15/70 29.7 30.1 0.0 -0.4

A comparison of Table 12 and Table 13 shows the latent heat

flux LE, for September 10, 1970 to be greater for Plot II than for

Plot I. Although the opposite might be expected, the greater

evaporation rate of the soil beneath the plant canopy was due to two

factors: 1) the greater roughness length of the canopy and hence

increased turbulence, and 2) a relatively high average wind speed 
for

the day of 2.4 m sec-1 .	 The latent heat flux decreased greatly on

September 11, 1970. This is due to a combination of factors 
including

a decrease in wind speed, a slight drop in ambient 
air temperature,

and an increase in relative humidity.



CONCLUSIONS

The model analysis compared favorably with the field data, and

the three experimental runs prove the utility of model simulation for

determining soil temperature profiles. Departures of the actual and

calculated temperatures can in most cases be attributed to the single

variable cloud cover.

Additional uses of the model may be to determine soil tempera-

ture profiles over large spatial areas assuming the soil moisture con-

tent is essentially uniform at the beginning of the trial period. Also

the model may be used to simulate changes in the soil temperature pro-

file based on artificial manipulation of the input parameters. The

model's ability as a predictive tool lies in the capability to know in

advance values of the input parameters; however, in arid areas of the

globe where cloud cover is minimal, the daily variation of incoming

radiation, air temperature, windspeed, and relative humidity may be

essentially the same. Value of the model stems not only from its

capability to simulate soil temperature profiles, but also from its

ability to simulate the energy balance at the earth's surface.

The results of the, model's performance can be judged only by

its ability to simulate the soil's temperature profile. The equations

used for the energy balance simulation appear to give a reasonable

representation of the physical processes occurring at the earth/air

interface, however, to substantiate the fluxes and net radiation

calculated, the model would require additional instrumentation. Addi-

tional study would be merited into the model's use as a method for

calculating soil evaporation and evapotranspiration from plants.
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APPENDIX A

MODIFICATION OF SURFACE ENERGY BALANCE

The introduction of a plant canopy over a soil surface results

in a partitioning of energy between the plant canopy and the soil

surface, thus an energy balance equation must be written for both and

solved simultaneously.

The plant energy balance will be solved initially. The two

stages of evapotranspiration are a = 1 and a = w/wkp 
as for the bare

soil case.

Plant Energy Balance 

The energy balance of the plant canopy may be expressed as

Gp = (-LEp + I+ - 2I 1-p + Its)(1	 TI) + Q(1 - ap)(1 - T)

+ Hs -Hp	 (1)

where

Gp = the plant heat storage rate

LEp = the plant latent heat flux rate

I+ = the counter radiation from the atmosphere

Itp = the longwave radiation from the plant surface

Its = the longwave radiation from the soil surface

ap = the plant albedo

Hp = the sensible heat flux from the plant surface

Hs = the sensible heat flux from the soil surface
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T = the amount of ground receiving solar radiation

depending on the sun angle (T=TI cosz, where z = zenith

angle)

The percentage of soil surface beneath the plant canopy

receiving solar radiation T, is approximated by TI cosz where TI is

the amount of ground cover in percent and z is the zenith angle.

Figure lA shows a sun-path diagram for Tucson, Arizona from which the

zenith angle for any hour of the day and month of the year may be

determined.

The energy balance of the plant is compromised of heating by

the absorption of longwave counter radiation I+, the absorption of

longwave radiation from the soil survace Ifs, the absorption of incoming

solar radiation Q(1 - op), and the absorption of sensible heat from

the soil surface Hs. Cooling occurs by the latent heat of evapo-

transpiration LEp, emission of longwave radiation Ilp, and the transfer

of sensible heat to the atmosphere Hp. Equation (1) must be solved for

known variables and AT .

Radiation Components

The radiation components of Equation (1) are given by

(I+ - 2Itp + Its)(1 - TI) + Q(1 - ap)(1 - T)	 (2)

The counter radiation I, can be defined as

I+ = Itp - I	 (3)



A	 _4AAn
oversatAt._ •TsmoiLreer romans-

wyrefori tiswomomp80

Z"fri Tara b*A1 7070

60	 WAIMPICVA460

V5° SWY1 s I all I 10 r 41
O'arl TM

67

Time of Year 
1. 21 June
2. 21 May-July
3. 21 Apr-Aug
4. 21 Mar-Sep
5. 21 Feb-Oct
6. 21 Jan-Nov
7. 21 Dec

30
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where

I = the effective outgoing radiation

Rearranging Equation (3) yields 14, - Itp = -I. This is simply the

negative of the effective outgoing radiation as given in Equation (3).

The longwave radiation emitted by the plant Itp, is given by the

Stefan-Boltzmann law

Itp = cpa T

where

cp = the plant emissivity

T = the plant temperature

In order to get Equation (4) into a form involving AT , spaT
4 is

added and subtracted from Equation (4) giving

m 	,4	 m4	 m4
Itp = cpal	 epla	 - spal

Or

Itp = 4cpaT 3AT + cpca4 or a3AT + cpaT4

The heat flux from the soil surface Its, can also be given by the

Stefan-Boltzmann law

Its = csaT5
4

Or

Its = 4csaT
3
 AT 	Esca

4

= a3' AT
s 
+ csaT4

where

a3' = csa3/cp

(4)

(5)

(6)

(7)

(8)



If Equation (2) is rewritten as

(I+ - Itp - Itp + I1's)(1 - TI) + Q(1 - ap)(1 - T)

then the equation becomes

(-I - Itp + Its)(1 - TI) + Q(1 - ap)(1 - T) 	 (10)

or

(-a2 - a3 AT - a3 AT + a3 t ATs + (Es - Ep) aT
4 )(1

- TI) + al(1 - ()T )(l - T)

Sensible Heat Hs, Hp

The aerodynamic equation given previously in Equation (19)

under Model Derivation applies for both Hs and Hp. The sensible heat

flux from the plant surface is given by

Hp
	 pCp Dp (Tp - T)

RT

where

Hp = the sensible heat flux from the plant surface

Dp = the plant transfer coefficient

The transfer coefficient Dp, is calculated in the same manner as the

coefficient for the bare soil. The roughness length Z, was obtainedop

from Sellers (1965b, Table 20, p. 150). Equation (12) may be written as

a4AT .

The sensible heat emitted from the soil surface that warms the

plant is given by

Hs =
pCpD(ATs - ATp )

(13)RT

The term AT  - AT is equal to T - T.p	 s

69
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Latent Heat Flux LEp

Case I a = 1:

The latent heat flux LEp, given previously in Equation (21) is

again used with minor modifications. The finite difference of the

Claussius-Claypeyron equation is

0.622 Lesa (T - T)
(es - esa) -	

RT
2 (14)

Again adding and subtracting the vapor pressure of the air at

temperature T, gives

es - esa + ez - ez =	 T	 (15)

Substitution of Equation (15) into Equation (21) gives

LEp
0.622LDp 

=
RT	

[cp(Tp - T) + (esa - e)]

Equation (16) can be written as a5AT + a6 where

0.622LDp 
(esa - e)0.622LDp AT 	 and a6	 RTP (1)	 =a5 =

RT

Case II a = w/wkp :

The final form of the aerodynamic equation is similar to

Equation (32) in the bare soil model and is given by

wpl
(a5AT' + a6

LEp =
al2AT	 all

P

or
alOAT + a9

(16)

(17)

(1 8)

LEp = (19)a12AT + all
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where

a9 = a6wpl

al0 = a5wpl
0.311Dp(esa - e) all = w

k 
+

p RT

a12 = 0.311Dpq) 
RT

Plant Heat Storage Rate Gp

The heat flux in the plant is solved in the same manner as heat

flux in the soil model. The final solution for the plant heat flux is

given by

Gp = [187.45(CX) 2 
AT + 21.71(CX) 1/2 [T - T

(20)
+ 2 1 w (T - Tpl )]

where

(CX) 2 = the thermal property of the plant

= the plants previous 24 hour average temperature

T
pl
	 = the previous hours plant surface temperature

All components for Equation (1) have now been defined in terms

of known variables and ATs 
and AT. Substituting the form of the

equations in ai , AT, and AT back into Equation (1) yields

a7 AT + a8 = (1 - TI)(-a5 AT - a6 - a2 - 2a3 AT +

(es - ep) T
4 + a3' AT) + a4' ATs + al(1 - T)
	

(21)

- a4' AT - a4 AT
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Collecting terms yields

[a4' + a4 + a7 (a5 + 2a3)(1 - T1)] AT = [a4' +

a3' (1 - TI)] AT
s 
+ [(es - Gp) T4 + al(1 - T) -	 (22)

(a2 + a6)(1 - TI) - a8]

If new variables bl, b2, and b3 are defined, then Equation (22) reduces

to the linear equation

blAT = b2AT
s 
+ b3
	

(23)

for Case I where

bl = a4' + a4 + a7 + (a5 + 2a3)(1 - TI)

b2 = a4' + a3'(1 - TI)

b3 = (es - ep)aT
4 + al(1 - T) - (a2 + a6)(1 - TI) - a8

For Case II, Equation (23) becomes 

alOAT + a9 
blAT = b2ATs 

+ b3 + a5AT + a6 a12AT + all (1 - TI)	 (24)

Again collecting terms, Equation (24) becomes

[(bl - a5) AT + (-a6 - b3 - b2ATs )](a12AT + all) =	
(25)

- alOAT - a9

where

bl = bl/(1 - TI)

b2 = b2/(1 - TI)

b3 = b3/(1 - TI)



Expanding Equation (25) and again collecting terms yields

a12(b1 - a5)AT 2+ [-a12(a6 + b3) + all(b1 - a5) + al0] AT

- al2b2AT AT - allb2AT - all(ab + b3) + a9 = 0s p	 s

If

b4 = a12(b1 - a5)

b5 = - a12(a6 + b3) + all(b1 - a5) + al°

b6 = - a12b2

b7 = - allb2

b8 = - all(a6 + b3) + a9

then Equation (26) may be reduced to the quadratic equation

64ATp
2 
+ b5AT + b6AT AT + b7AT + b8 = 0s p	 s

Soil Energy Balance 

The energy balance of the soil beneath a plant canopy can be

written as

Gs = -LEs - Hs + TQ(1 - as) +	 (1 - TI) + 14-TI - Its	 (28)

where

Gs = the soil heat flux

LEs = the soil latent heat flux

The net rate Gs at which the heat content of the soil column is changing

is equal to the sum of the rates at which heat is being added by

incoming short wave radiation Q(1 - as), incoming longwave counter

radiation from the atmosphere 14-TI, and longwave radiation radiated
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(26)

(27)
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downward from the plant I+pTI, minus the rate at which heat is being

lost by evaporation LEs, sensible heat flux Hs, and the emission of

longwave radiation from the soil surface Its.

Radiation Components

The radiation components of Equation (28) are given by

TQ(1 - as) + I+p (1 - TI) + I+TI - Its	 (29)

where

TQ(1-as) = the amount of incoming solar radiation absorbed
at the soil surface

I+p	 = the longwave radiation emitted by the plant

I+	 = the atmospheric counter radiation

Its	 = the longwave radiation emitted by the soil

The longwave radiation from the plant I+p, is given by

cpuT4 + 4cpaT 3AT
	

(30)

or a3AT + cpuT
4 .

The negative outgoing radiation is defined to be I+ -	 = -I. If I+p

is added to both sides of Equation (3), the equation becomes

I+ - Itp + I+p = -I + I+p
	

(31)

which is the effective outgoing radiation.

Assuming the plant radiates equally both up and down, the long

radiation emitted downward is given by

I+p = 46poT
3
AT + epuT 4	

(32)

thus Equation (32) becomes -a2 + a3AT + epaT
4

.



The longwave radiation emitted from the soil is given by

Ifs = 4esaT3
AT

s 
+ esoT4

If a3' is defined as ss a3/cp, then Equation (33) can be written as

a3'AT
s 
+ EsoT4 .

The longwave radiation components of Equation (29) can now be rewritten

as

(a3AT + cpuT4
)(1 - TI) + (-a2 + a3AT +EpTT4 ) TI

- (a3'AT
s 
+ csaT4 )

Sensible Heat Hs

The sensible heat flux Hs, is given by

p Cp Dm Hs =	 (AT
s 

- AT)RT

or a4'(AT
s 

- AT) where a4' is equal to Dm a4/Dp.

Latent Heat Flux LEs

Case I a = 1:

The equation for the latent heat flux is derived as before and

has a final form of

	LEs = a5I AT
s 
- a5'AT + a6'	 (36)

where

a5 = Dm a5/Dp

a6' = Dm a6/Dp
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(33)

(34)

(35)



Case II a = w/wks:

The latent heat flux for Case II is given by

LEs = alO'ATs - alO'AT + a9'
a12AT5 - al2ATp + all'

where

a9' = a6 w
sl

al0' = a5 w
sl

all' = Wks ±0.311 124 (esa - e)
The above equation is similar to Equation (19) for the latent heat flux

from the plant canopy. The AT term was replaced by AT
s 

- AT and the

appropriate initial soil moisture content w
sl' 

and transfer coefficient

Dm, were included.

Soil Heat Flux Gs

The equation for soil heat flux given previously in Equation (42)

of Model Derivation is again applicable. The equation is given by

a7'AT
s 

+ a8'	 (38)

where

a7' = 187.545 (CX)
2

a8' = 21.708 (CX)
2 [T

a 
- T

s 
+ 7.6394 (T

a 
- T

sl
)]

All components for Equation (28) have now been defined in terms

of known variables and ATs and AT 
. Substituting the form of the

equations in ai, ai', AT, and AT into Equation (28) yields for Case I
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(37)
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a7'AT
s 
+ a8' = a5 t AT - a6' - a4 t (AT

s 
- AT ) + al' + (a3AT

+ cpaT4)(1 - TI) - a5'AT
s 
+ (a3AT

p 
+ epaT4 - a2 - a3AT )TI

(39)

- a3 t ATs - EsaT
4

Collecting terms yields

(a5' + a7' + a4' + a3')AT
s = [a4' + a5' + a3(1 - TI)]AT

+ [al' - a6' - a8' - (es - ep)c5T4 - a2TI]

If new variables bi t , b2', and b3' are defined, then Equation (40)

reduces to the linear equation

bl'AT
s 
- b2'AT + b3'

where

bl t = a7' + a4' + a3' + a5'

b2' = a4' + a5' + a3(1 - TI)

b3' = al' - a6' - a8' - (es - cp)o-T4 - a2TI

For Case II Equation (41) becomes

bl'AT
s 
= b2'AT + b3' - a5 t AT + a6' + a5tAT

s

alO t AT
s 
- alO'AT + a9'

a12AT
s 
- a12AT + all'

Again collecting terms, Equation (42) becomes

al2(b2' - 2a5') + bl')AT AT + a12(a5' - bl')AT
2 
+ [a12(b3'Ps	 s

+b6') - al0' + all'(a5' - hi: )) AT
s - a12(b2' - a5 1 )AT 2

+ [all t (b2 t - a5') + alO t - a12(b3' + a6 t )1AT

+ all t (b3 1 + a6'	 a9') = 0

(40)

(41)

(42)

(43)
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If

b9 = a12(a5 1 - bl')

b10 = a12(b3 1 + b6') - al0' + all'(a5' - bl')

bll = -a12(b2' - a5')

b12 = all'(b2' - a5') + al0' - a12(b3' + a6')

b13 = al2(b2' - 2a5' + bl')

b14 = all l (b3 1 + a6') - a9'

then Equation (43) may be reduced to the quadratic form

b9AT
s
2 + blOAT

s 
+ bllAT 

2
 + b12AT + b13AT AT + b14 = 0	 (44)s p

The final equations of the soil and plant energy balance for

Case I and Case II may now be solved for three unique cases w
s

^w
ks'

w km	 '
• w <v,,7	 and w <rg	 w <w

*p kp' s ks' w p wkp ; 	s ks p kp

Solution I 
wwks' 

w ^wp kp

The two final equations satisfying the above conditions are

Equation (23) and Equation (41). Rewritting the two equations

blAT - b3 - b2AT
s 

= 0

b2 T AT + b3' - bl'AT
s 

= 0

yields two linear equations and two unknowns which may be solved

simultaneously. The final solution for T and Ts , respectively, is

given by

b2b3' + bl I b3 
AT -p 	bibi' - b2b2' (45)

b2'AT + b3'
AT
s 

= 
bll	 (46)and



AT
s 

= 	 2b15
-b16 -t- (b16

2 
- 4b15b17) 1/2

(48)

Equation (45) is solved initially for AT and that result is then

substituted into Equation (46) to determine AT.

Solution II w<w
ks

, w ^ws	 p kp

The two final equations satisfying the above conditions are

Equation (23) and Equation (44). Rewriting the two equations

blAT - b2AT
s 

- b3 = 0

b9AT 2 
+ blOAT

s 
+ bllAT 2 + b12AT + b13AT AT + b14 = 0s s p

yields a linear and a quadratic equation in the two desired unknowns

AT
s 

and AT . If the first equation is substituted into the second

equation, the form becomes

b9AT 2 + blOAT + bll (b2 2 AT 2 
+ 2b2b3AT + b3 2 ) + b12 (b5AT5	 s	 sS b12 	bl 	 s

b13 + b3) +	 (b2ATs 2 + b3ATs ) + b14 = 0bl

If new variables b15, b16, and b17 are defined, then Equation (47) may

be reduced to
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(47)

where

b15 = b9 + bll 
(b2)

2 
+ b13 (b2)

bl	 bl

(b2b3b11)	 (b2)	 (b3)
b16 = b10 + 2	 + b12	 + b13

b12	 bl	 bl

(b3)
2 (b3) 

b17 = bll	 + b12	 + b14
bl	 bl

Equation (23) is then solved as before giving

(b2AT5 + b3)AT = 	
bl (49)
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Solution III >	 ,	 >w
ws wks wp kp

The two final equations satisfying the above conditions are

given by Equation (27) and Equation (44). Rewriting the two equations

b4AT 2 + (b5 + b6AT )AT + b7AT + b8 = 0s	 p	 s

bll	 2AT + (b12 + b13AT )AT + b9AT 2 
+ blOAT + b14 = 0s	 p	 s	 s

yields two quadratic equations in two unknowns. The solution to the

above equations is acquired by trial and error. Each equation is solved

for AT and the absolute difference of the two calculated values

arbitrarily set not to exceed 1 °K. The temperature AT is incremented

by 0.1 °K until the two equations yield the desired 1°K difference or

less. Equation (44) is then solved for the other unknown ATE.
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