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ABSTRACT

A finite difference model was developed specifically for ana-

lyzing the Grand Island, Nebraska aquifer test. Time-drawdown data

for the aquifer test were fitted by least squares to an exponential

type equation. To facilitate calibration of the model, intelpolated

distance-drawdown profiles also were fitted to an exponential type

equation.

The treatment of aquifer boundaries and the assumption of iso-

tropic aquifer conditions affected the model computed water table pro-

file. The effect was significant enough as to defy making accurate

estimates of saturated hydraulic conductivity and specific yield. When

the analysis was extended to long time periods of discharge, problems

with the boundaries, particularly the distance to the lateral constant

head boundary, led to unrealistic estimates of pumping level.

The finite difference technique has its greatest application

as a research method for analyzing short-duration aquifer tests pro-

vided that the aquifer conditions are well defined, measurements of

pumping level are available and drawdown measurements have been secured

for at least two observation wells within close proximity of the dis-

charge well. Because of difficulties in maintaining convergence and

model stability, the finite difference model reviewed in this study

is too cumbersome to be considered a practical, field method for the

analysis of unconfined aquifer parameters.

xiv



CHAPTER 1

INTRODUCTION

In many localities groundwater constitutes a more dependable

and more readily available source of water than surface supplies.

Typically, groundwater is of good qlmlity and requires little treat-

ment before distribution to users. A total groundwater system dis-

penses with the problems of algae growth and evaporation losses

associated with large surface reservoirs. Groundwater reservoirs offer

a great potential to meeting the nation's needs for additional water

supply and storage capacity; however, as pointed out by McGuinness

(1963), difficulties in locating, evaluating, developing and managing

groundwater supplies hinder full utilization of this resource.

Groundwater studies to date have been predominantly in problem

areas rather than of a reconnaissance nature (Walton 1970, p. 1). The

field scientist thus faces the dual challenge of first conducting

large-scale investigations of groundwater resources and then presenting

his results to town councils, industrial concerns, the agricultural

industry or in essence to all who are in a position to develop water

supplies. As a prelude to the investigation of groundwater resources,

the researcher needs certain analytical methods as a means of classi-

fying and comparing the porous media systems that store and transmit

groundwater, and herein a strange paradox exists. In effect, .

1
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reasonable mathematical techniques have been developed for evaluating

artesian aquifers; however, unconfined aquifers, which supply the

largest percentage of all groundwater use, cannot be handled satis-

factorily with the existing analytical techniques. This study will

deal only with unconfined aquifer flow and will investigate a finite

difference method as an alternative to the rigorous mathematical

derivations for defining aquifer parameters.

Historical Background 

Early man recognized the importance of groundwater and created

some rather monumental structures for its collection and transfer.

Several of the. ancient structures ranging from the biblical Jacob's

Well to the kanats of Teheran described by Tolman (1937,

chap. 1). At the time of Tolman's writing, Jacob's Well was seven

and one-half feet in diameter and had a depth of 75 feet, although it

had been estimated that over half the well had been filled in by

falling debris. Prior to 312 B.C. the Roman Empire had used wells for

a portion of their water supply. Excavations in the Forum have re-

vealed more than 30 wells with an average depth of 16 feet. Poor water

quality of the near surface groundwater caused the wells to be aban-

doned and led to construction of the great aqueducts.

The Chinese are credited with inventing and perfecting the

art of drilling and casing wells. Using manual churn drilling and

bamboo casing, they sank wells to depths of 5000 feet. Pozzo di S.

Patrizio in Orviet, Italy, exemplifies some of the massive wells con-

structed in southern Europe. The well was 200 feet in depth and had
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a diameter of 42 feet. Within the well were two separate staircases

of 248 steps each. The staircases wound around a central shaft and

were constructed so that water-carrying asses could descend by one

staircase and ascend by the other.

Tolman (1937) describes the Persian kanats as being the

greatest works of ancient man for collecting groundwater. A kanat is

a system of shafts all connected together by tunnels lying on grade.

As reported by Fowler (1971) numerous of these kanats built about 250

years ago still conduct water to Teheran, Iran, although the primary

use of the water is for irrigation. Most of the kanats extend from

eight to 16 miles into alluvial outwash gravels and have been con-

structed to depths as great as 500 feet below ground surface.

All of the above structures were developed without any analy-

tical definition of aquifer parameters. In fact, early man probably

did not truly understand the origin and movement of groundwater. Even

today many wells are drilled without the benefit of groundwater ex-

ploration, an inexcusable practice for the large-scale development of

groundwater resources. A thorough appraisal of a groundwater system

can lead to the optimum location of water wells or may prevent an

uneconomical installation. Knowledge of the aquifer media can guide

well construction to minimize later management problems.

Aquifer Parameters 

Transmissivity and storage coefficient along with a definition

of the aquifer volume are the accepted parameters for classifying and
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assessing a groundwater reservoir. The concept of transmissivity is a

direct consequence of the Theis analysis in which the unknown hydraulic

conductivity and aquifer thickness are lumped into one unknown, trans-

missivity. Inclusion of transmissivity allows use of the type curve

method in which two equations are solved for two unknowns, namely,

transmissivity and storage coefficient. The term transmissivity is

acceptable for the analysis of artesian aquifers, since no dewatering

or refilling of the aquifer occurs. An unconfined aquifer is an open

gravity system with no confinement of its upper surface. As such,

there is dewatering during discharge which causes a decrease in the

saturated aquifer thickness, and therefore calculated transmissivity

displays time varying effects.

With an unconfined aquifer, the saturated aquifer thickness is

often unknown. This presents the further conplication of deciding

whether a given transmissivity value represents an aquifer of high

hydraulic conductivity and small thickness or one of low hydraulic con-

ductivity and large thickness. Either condition could subscribe to

roughly the same transmissivity. It is thus appropriate to disregard

the term transffdssivity and instead retain hydraulic conductivity and

saturated aquifer thickness as independent aquifer parameters.

Storage coefficient also has different implications when ap-

plied to unconfined aquifers. For artesian aquifers storage coeffi-

cient is defined as the volume of water released or taken into storage

per unit surface area of the aquifer per unit change in the component

of head normal to that surface (Ferris, Knowles, Brown and Stallman
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1962, p. 74). Water released from or taken into aquifer storage can

be attributed only to the compressibility of the aquifer material and

of the water. The storage coefficient is defined similarly for an un-

confined aquifer; however, the volume of water attributable to com-

pressibility usually is a negligible proportion of the total volume of

water released or stored. The storage coefficient then is sensibly

equal to the specific yield, which is the ratio of the volume of water

involved in gravity drainage or refilling to the volume of the zone

through which the water table has moved.

In estimating hydraulic conductivity at a particular well site,

primary attention will be focused on assumed homogeneous aquifer con-

ditions. Assumed homogeneity simplifies computations and makes for

easier comparison than attempting to describe and retain the thicknesses

of all possible layers along with an estimated hydraulic conductivity

for each layer. The aspect of layering can be indicated at least in

part by an evaluation of anisotropy. In the strict sense, anisotropy

is the ratio between vertical and horizontal hydraulic conductivities

for homogeneous porous media. In calculating anisotropy from aquifer

test data, one unavoidably is dealing with effects due to layering

along with possible effects due to the alignment and positioning of

individual grains.

Analysis of Unconfined Aquifers 

Stallman (1967) stated that unconfined flow differs from

artesian flow because of the features of: (1) vertical flow due to



6

movement of the water table, (2) delayed yield and (3) dewatering.

He concluded that no analytical equation existed for simultaneous

treatment of all three. As will be illustrated in Chapter 2, there is

an analytical solution which can handle each of the above peculiar

traits of unconfined flow; however, there is no obvious way of com-

bining the solutions. In addition, all of the analytical approaches

require severe simplifications of the aquifer and boundary charac-

teristics.

Finite difference techniques offer the advantage of providing

solutions for rather detailed descriptions of the aquifer, but here too

an approximation is involved, that of reducing the governing dif-

ferential equation to an algebraic expression. Any finite difference

solution is necessarily approximate. Moreover, reported finite dif-

ference procedures are cumbersome to apply and require large amounts

of computer execution time. References dealing with finite difference

applications devote little attention to calibration of the techniques

using field data. It remains to be demonstrated that a finite dif-

ference technique can in fact closely simulate the response of an

unconfined aquifer to pumping as well as serve as a useful tool for

estimating unconfined aquifer parameters.

Objectives 

The objectives of this study are:

1. To develop a successive line relaxation finite dif-

ference model for analyzing unconfined aquifer flow.



2. To calibrate the finite difference model using time-

drawdown data for the Grand Island, Nebraska aquifer test.

3. To utilize a sensitivity analysis to minimize the com-

puter execution time required by the model.

7



CHAFFER 2

PROCEDURES FOR ANALYZING TRANSIENT FLOW
IN UNCONFINED AQUIFERS

Many analytical procedures have been proposed for describing

transient, unconfined flow to a discharging well. From this relatively

large sampling three methods were selected which dealt specifically

with the peculiarities of unconfined flow as pointed out by Stallman

(1967). Finite difference procedures are newer, and accordingly few

references were located which dealt specifically with the time de-

pendent flow regime of a single well pumping from an unconfined aquifer.

Other related publications were included in an effort to illustrate at

least generally the nature of solution of nonlinear, parabolic partial

differential equations using finite difference techniques.

Approximate Analytical Techniques 

Glover and Bittinger (1960) stated that the assumption of con-

stant transmissivity was impossible to completely satisfy under un-

confined situations and proposed an iterative procedure which accounted

for the reduction in transmissivity due to dewatering of an unconfined

aquifer. The first equation in their two-step method was based on the

Dupuit-Forcheimer concepts and is used to calculate a dimensionless

drawdown parameter at radius r. That is,

8
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= 1
c-y- (1 -	 - 2g F du 1

1 (2.1)

where TITI replaces their symbol for the drawdown parameter. All other

symbols are as presented by Glover and Bittinger (1960) and are listed

under Nomenclature. The derivative 0/Du is then substituted into the

following equation:

A5r -2 f	 2u 1-71 duT 	,
u1

(2.2)

which gives the percentage of total discharge taken from storage beyond

radius r. The computed F/Q value from Equation 2.2 then can be sub-

stituted into Equation 2.1 for an improved estimate of the drawdown

parameter, with the whole process being repeated until the drawdown

parameter converges to a single value.

The Dupuit-Forcheimer assumptions require that the hydraulic

gradient across a vertical cross section be constant and that the

slope of the water table be small. Normally these conditions would be

satisfied only at rather large distances from the discharge well. Con-

sequently, Glover and Bittinger's technique would necessarily be re-

stricted to outside the region where the greatest response to pumping

occurs. Although not specifically noted in their article, many of the

usual assumptions of homogeneous, isotropic aquifer, specific yield

constant over time and space and constant discharge rate were intrin-

sic in Glover and Bittinger's solution approach.
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Boulton (1954) was perhaps the first to publish a solution for

unconfined flow to a pumping well under transient conditions. In ob-

taining his solution Boulton simplified two critical boundary equations.

All the squared gradient terns were deleted so as to reduce the free

surface boundary equation to a linear foil'. At the well face boundary,

flow velocity was assumed constant throughout the aquifer thickness.

The other idealizations of aquifer, well and discharge conditions were

typical of the analytical techniques and are listed on page 25.

As summarized by Stallman (1961), Boulton's solution can be

written as

114.6 Q s	 T	 2 [V(p, T)] . (2.3)

With his review of Boulton's equation, Stallman presented a fairly ex-

tensive tabulation of 2[V(p, T)] values and described how a type curve

could be developed for graphical solution of T and S. In evaluating

Boulton's technique, Stallman commented on the curvature of the type

curves and attempted to analyze published field data. A 100-foot

aquifer with a transmissivity of 100,000 d/ft and a storage coef-

ficient of 0.10 will serve as a reference for exemplification of

Stallman's conclusions. Stallman found that Boulton's integral was

nearly identical to the Theis well function at distances greater than

1000 feet fromthe pumping well or at times greater than nine hours

after the start of pumping. He felt that Boulton's approach was most

useful for analyzing time-drawdown data within the range 300 to 1000
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feet from the pumping well and for analyzing distance-drawdown data be-

tween 5.4 minutes and nine hours after the start of pumping. Since the

type curves displayed little or no characteristic curvature for times

less than 5.4 minutes or within a radius of 300 feet of the pumping

well, values of T and S were indeterminate within those limits.

Boulton (1955) extended the Theis nonequilibrium theory to

include the effect of delayed yield from storage. His solution was

developed in the context of an artesian aquifer overlain by fine-

grained material or an artesian aquifer containing a compressible bed

of fine-grained material; however, researchers, including Prickett

(1965), Clyma, Rebuck and Shaw (1968) and Boulton (1970) have reported

applications of the approach to the analysis of unconfined aquifers.

Boulton (1955) approximated the rate of drainage from fine-

grained material as

setS' e
-a(t - I)	 (2.4)

which is essentially the product of the incremental increase in drawdown

at time E (T in Boulton's notation), the coefficient of delayed yield and

an exponential decay function. Equation 2.4 was then added to the right

side of the one-dimensional radial coordinate continuity equation given

below

a 20 4_ 1 Ø _ S DO
—7 ir Dr T at •
ar

(2.5)

The solution of the combined equations thus took into account that

water secured from compaction of the aquifer and expansion of confined

water as well as that attributed to delayed yield.
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To facilitate application of the method to field data, Boulton

(1963) published numerical values of his solution. Prickett (1965)

then used those values to plot the two families of type curves shown in

Figure 2.1. The left side of Figure 2.1 or the Type A segment is es-

sentially the family of leaky artesian curves from Hantush and Jacob

(1955). The Type B portion is the result of Boulton's derivation and

is intended for late-time drawdown data. As summarized by Prickett

(1965), the complete type curve for matching to aquifer test data is

obtained with sufficient accuracy by joining the appropriate Type A and

Type B curves with a line tangent to both curves.

Embodied in Boulton's delayed drainage approach was the assump-

tion of a homogeneous, isotropic aquifer of infinite areal extent.

Transmissivity was assumed constant in both time and space; however,

the storage coefficient was allowed to vary over time. The well was

considered to be fully penetrating and the discharge rate constant.

Finite Difference Techniques 

Previous numerical studies which considered transient, uncon-

fined flow made no attempt at calibrating the methods to field data.

Two studies are discussed which compared finite difference results

to steady state,sand tank data. The numerical methods of Cooley (1970),

Verna and Brutsaert (1970) and Guitjens and Luthin (1971) are ap-

propriately discussed under the heading Proposed Transient Methods.

The application of finite difference models to groundwater basins has

little direct bearing on this study, and therefore only two such



r-i r-1

r-1

r-1
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studies are included. Of interest is the tremendous detail which

Freeze (1971) incorporated into his basin model, a type of comprehen-

siveness that does not appear warranted either in terns of the capa-

bilities of the current generation of digital computers or in terns of

the relative crudeness of the finite difference techniques.

Methods Calibrated with Sand Tank Data

R. V. Southwell originated the use of relaxation, which is a

method of successive approximations, in the early 1940's, and shortly

thereafter Yang applied relaxation to the problem of steady-state,

unconfined flow to pumping well (Hall 1955). To calibrate the re-

laxation model proposed by Yang, Hall built a 15-degree aquifer sector

with a height of 60 inches and a side length of 76.8 inches. In

comparing experimental and relaxation results, Hall found a maximum

discrepancy of about six percent in hydraulic potential values and a

close agreement in the positioning of the free surface. He concluded

that the relaxation method was reliable for determining the steady

state flow pattern around a water table well.

Hall (1955) noted the flexibility of the relaxation technique

in treating rather complex boundary conditions. This flexibility can

be illustrated by Yang's definition of the well face boundary shown

in Figure 2.2. The boundary was divided into three zones: top of the

aquifer to the intersection of the water table and well, seepage face

and pumping level to aquifer base. The boundary condition from F to

G consisted of no flow in the horizontal direction. From A to B
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Pressure Along
Well Face

Figure 2.2. Treatment of the Boundary at the Well Face
Allowing for the Effects of Surface Tension,
after Hall (1955).
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potentials were set equal to ho . In defining the seepage face, pro-

vision was made for the surface tension of water in that no horizontal

flow was allowed to occur from G to H. For the remainder of the

seepage face, from H to A, hydraulic potentials were set equal to the

elevation head plus a constant h', where h' had the limits of

H	 > h' > O.max — —

In applying Yang's relaxation technique, Hall (1955) found

that solutions were not always unique. An initial estimate of the

position of the water table had to be made. Too high an estimate

forced the model to calculate a higher water table position than that

which had been determined experimentally, whereas too low an estimate

caused a calculated lower water table position. As stated by Hall, it

was significant that the two initial estimates had yielded different

solutions in spite of the fact that convergence in both had been quite

rapid at the outset.

Taylor and Luthin (1969) advocated the use of numerical tech-

niques for the transient analysis of unconfined aquifers. An uncon-

fined aquifer including both saturated and unsaturated regions thereof

was represented by a matrix of nodes with values of hydraulic poten-

tial, pressure head, moisture content and hydraulic conductivity being

assigned to each node. They used a three-step procedure for each time

interval. At Step 1 Changes in moisture content were calculated for

all nodes in the unsaturated region in an explicit manner. Stored

values of potential, moisture content, pressure and hydraulic
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conductivity were then updated based on this initial computation.

Step 2 consisted of solving for potentials in the saturated region.

A modified Gauss-Seidel iterative procedure was used, with itera-

tions continuing until only negligible changes in calculated values

occurred between any two successive traverses of the matrix. The

last step was an adjustment of those boundary conditions which had

been altered in the course of Steps 1 and 2.

Taylor and Luthin (1969) used the sand tank data reported by

Hall (1955) to test their procedure. Hall's study was of a steady-

state nature with the simulated pumping level held constant and the

free surface at the opposite end of the tank fixed at the simulated

ground surface. For the numerical study the porous media also was

assumed to be homogeneous and isotropic. Flow was to a fully pene-

trating well which was pumped at a constant rate and which displayed

no well loss. To extend their solution, which used 96 nodes in rep-

resenting the aquifer, from an assumed initial saturation to steady-

state required four minutes of computer execution time. At the equi-

librium point computed water level in the well and the computed free

surface position did not differ by more than two percent from Hall's

experimental values.

Proposed Transient Methods

In solving for transient, unconfined flow to a discharge well,

Cooley (1970) considered forms of the alternating direction implicit (ADI)

and iterative alternating direction implicit (ITADI) finite difference

techniques as well as successive line overrelaxation (SLOP). For a
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brief description of the three methods, the reader is referred to the

section Computation of Potentials in Chapter 5. The aquifer region

was divided into rectangular meshes, and the finite difference equations

were so devised that mass was conserved at each mesh. Cooley found

that the solution for API oscillated, sometimes to a point at which

the solution became unstable. Because of oscillations only very small

time steps could be used, thus making API an unsatisfactory procedure.

Both ITADI and SLOR were stable and yielded nearly the same results

for all problems investigated.

In applying the ITADI and SLOR methods Cooley (1970) calcu-

lated a dimensionless potential at each node which was uniquely related

to a dimensionless moisture content. Using the most recently computed

dimensionless moisture content frequently caused divergence in the

solution process. For this reason he chose to underrelax the moisture

parameter prior to computing the conductivity parameter for the next

iteration. His method of detelmining the pumping level was patterned

after that used by Taylor and Luthin (1969). At the beginning of the first

two time steps, the pumping level was approximated from Darcy's law for

purely radial flow. This estimated pumping level was used to compute

well discharge by developing a mass balance over the region bounded by

the two columns of nodes nearest the well. Additional estimates of

pumping level were made using the assumption that pumping level was

linearly related to discharge rate, until a calculated discharge was

found that agreed to within 0.1 percent of the measured discharge rate.
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For the third and all subsequent time steps all hydraulic potentials

were extrapolated using a linear relationship between potential and the

logarithm of time. The extrapolated potentials at the well face were

then used to start the process for estimating pumping level instead of

the initial application of Darcy's law.

Cooley (1970) concluded that SLOR was easier to use than ITADI

and required less computer execution time. At the well bore, Cooley

(1970, Fig. 3) portrayed the differences in drawdown between the SLUR

and ITADI methods as not being distinguishable at the scale of the

graph. Commenting further on Cooley's Figure 3, it appears that for

pumping rates of 5 and 50 gpm, drawdown was roughly proportional to

pumping rate. Changing the position of the lateral constant head

boundary from 256 to 1280 feet had little or no effect on drawdown at

the well bore. As for the relationships of soil water tension and

moisture content and of hydraulic conductivity and moisture content, a

considerable increase in the defining constants had a relatively small

effect on the time-drawdown response.

Verma and Brutsaert (1970) studied transient flow in a rec-

tangular aquifer discharging to a stream using an explicit-implicit

finite difference scheme. The aquifer was assumed to be rigid, homo-

geneous and isotropic. For the unsaturated region, soil water tension

and moisture content were considered to be uniquely related, with no

allowance made for hysteresis.
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The authors (Verma and Brutsaert 1970) found that the particu-

lar features of a moving water table and a changing boundary condition

at the seepage face made the problem difficult to solve by implicit

numerical techniques. They felt that a total implicit scheme would

only be applicable for the case where the whole soil profile was nearly

saturated even though the water was under tension. For more general

cases of drainage they advocated an initial calculation of normalized

moisture content for all grid points using an explicit finite dif-

ference technique. The calculated moisture content distribution was

used to define the position of the water table boundary and to fix the

variable constants in the continuity equation. The potential distribu-

tion in the aquifer was then calculated using an implicit difference

technique. If the results of both explicit and implicit schemes

agreed, the values were deemed acceptable, and the procedure was re-

peated for the next time interval.

As acknowledged by Verma and Brutsaert (1970) calculation by

explicit finite difference methods is restricted to very small time

increments and thus requires an excessive amount of computer execution

time. On an IBM 360/65 digital computer, their entire scheme using

561 grid points required 25 minutes of execution time to carry the

solution under double precision from initial time to a time parameter

of 5. A time parameter of 5 would correspond to 0.94 days of drainage

for a 100-foot aquifer with a porosity of 0.25 and a hydraulic conduc-

tivity of 1000 meinzer units or roughly 0.093 feet/minute.
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Guitjens and Luthin (1971) included soil moisture hysteresis

in their numerical study of water table recovery near a gravity well.

The basic difference equation was developed from Darcy's law and the

equation of continuity using a backward time scheme. Hysteresis was

taken into account through the method of independent domains. To

achieve a greater accuracy while keeping execution time low, the sim-

ulated aquifer was reduced in size to a height of 250 cm and a length

of 320 cm from the well face.

At time zero the water level in the well was lowered to 150 cm,

and solutions were obtained for several time periods, including (1) 15

minutes, (2) 30 minutes and (3) 76 and one-half hours after the start

of pumping. Recovery profiles were then developed starting with the

pressure head profiles existing at each of those times. At each step

in the recovery computations calculated water levels in the well for

the three trials did not differ by more than 0.4 cm. As to the re-

mainder of the aquifer, recovery was generally fastest for Case (3),

which represented the profile with the lowest initial soil moisture

content. For Case (1) drainage persisted for one hour after the start

of recovery. Case (2) showed drainage continuing for one and one-half

hours, but Case (3) showed no further drainage, although 30 minutes

were required before rewetting was noticeable at all grid points.

Guitj ens and Luthin (1971) reported no stability problem in

solving iteratively by the Gauss-Seidel method, except toward the end of

the recovery sequence. Near the point of full recovery the number of
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iterations to compute the water level in the well increased markedly.

Mbreover, the time intervals had to be reduced whenever the pumping

level became negative, that is, lower than the aquifer base. They

concluded that the effect of soil moisture hysteresis on water table

recovery was negligible. They also felt that the relatively small

volume of aquifer occupied by the unsaturated region resulted in only

a small flow contribution.

Transient Analysis of Groundwater Basins

Trescott, Pinder and Jones (1970)  discussed the application of

an alternating direction implicit, finite difference model to an al-

luvial aquifer near Antigonish, Nova Scotia, Canada. Their analysis

was of a regional nature with the matrix of nodes established on a plan

view of the aquifer. Of pertinence to this study is the sensitivity

analysis reported. Transmdssivity was held constant over time; however,

different values of transmissivity were assigned to the various nodes.

Trescott et al. (1970) found that multiplying the inigally assigned

values of transmdssivity either by one-half or by two had little ef-

fect on the time-drawdown response of the aquifer. On the other hand,

alternate treatments of the storage coefficient produced relatively

large variations in time-drawdawn relationships.

Freeze (1971) solved for transient flow in a three-dimensional

heterogeneous, anisotropic, saturated-unsaturated, confined-unconfined

groundwater basin using a line successive overrelaxation finite dif-

ference technique. A nearly complete representation of the Jacob-

Cooper equation, which included variations in water density, the
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compressibility of water, vertical compressibility of soil, porosity,

specific moisture content and specific permeability, formed the basic dif-

ference equation for solution in the saturated region. Analysis of the

unsaturated region included hysteretic functional relationships between

conductivity and soil water tension and between moisture content and

soil water tension. The hysteretic functions were stored in the pro-

gram as tabulated values representing the wetting, drying and scanning

curves. Seven scanning curves were stored for each soil, with each

scanning curve consisting of 12 line segments.

For time steps after the first, pressure heads were predicted

prior to convutation using the following relationship,

pred) n	 =

	

_n-1	 n-2IY(	 (T
t 

- 1)T. .	 - T T.
t (2.5)

Lita where T
t
 - -

2Atn-1 '

With pressure heads, T, extrapolated in this way Freeze found that

there was no need for overrelaxation, and the relaxation coefficient was

set equal to one. Despite the stability of the line successive over-

relaxation technique, time steps were restricted by the nonlinearity of

the coefficients. Failure usually occurred in the form of oscillation

of pressure head about the correct value. In some cases converging

solutions did a turnabout and began diverging. To control these prob-

lems Freeze incorporated a mechanism into his program whereby when

divergence occurred, the time step size was reduced by a specified fac-

tor and the time step was recalculated.
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In his hypothetical basin model Freeze included wells as either

internal sources or sinks. A node containing a well was considered as

being outside the model, with the appropriate sides of the six sur-

rounding blocks treated as flux boundaries. He admitted that this ap-

proach would not provide an exact duplication of flow conditions near

a well. With FORTRAN IV as the program language and using an IBM

360/91 computer, Freeze estimated that a 2500 node matrix could be

solved for 200 time steps in five to 10 minutes.

Comparison of Approximate Analytical and 
Finite Difference Techniques 

A brief comparison of the characteristics of the approximate

analytical and finite difference techniques is presented in Table 2.1.

For all techniques the aquifer was assumed symmetric with respect to

the well axis, and the water table was horizontal at time equal to

zero. Well losses were assumed negligible. In all cases Darcy's

law was considered valid throughout the aquifer.

Table 2.1 is representative of those techniques discussed

above which dealt with transient, unconfined flow. Exceptions to some

of the stated characteristics of the approximate analytical methods can

be found in the literature; however, the intent in presenting Table

2.1 is merely to indicate certain contrasts between the two methods

rather than to develop a comprehensive inventory of techniques for

describing transient, unconfined flow to a pumping well.
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CHAP 1ER 3

FINUE DIFFERENCE REPRESENTATIONS
OF THE CONTINUITY EQUATION

The continuity equation in cylindrical coordinates for assumed

symmetry in the w direction is

K 30 4. 	(K 0) _ ag
3r' 	r Dr	 az	 Dz	 Dt (3.1)

Equation 3.1 is valid for unsaturated flaw in a rigid system. In ef-

fect no allowance is made for compaction of the porous media, nor are

changes in water density taken into account.

Adaptation of Equation 3.1 to saturated flow is readily accom-

plished by setting 30/3t equal to zero. For the case of hydraulic

conductivity being constant in both horizontal and vertical directions,

K can be taken outside the derivatives. Dividing through by K then

reduces Equation 3.1 to the Laplace equation,

1 30 20 	D 20 _77 
3r 

+ 	  +	 O.
2ar	 Dz 2 (3.2)

For adaptation to a finite difference procedure the aquifer

was simulated by a closed plane of r and z coordinates, with two fami-.

lies of parallel lines spaced logarithmically subdividing the plane

into rectangular meshes (Figure 3.1). Forsythe and Wasow (1960, p. 185)

26
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Distance from Well Centerline

Figure 3. 1. Components of Node Network Used to
Simulate Aquifer in Finite Difference
Analysis.
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designated the intersection points within the closed region as nodes.

The line segments between nodes were referred to as links.

The solution of Equations 3.1 and 3.2 by finite difference

methods requires that the differentials be replaced by algebraic

equations. The algebraic equations can be derived by several tech-

niques, in particular central differences, five point summation and

conservation of mass at each mesh. The remainder of this chapter will

deal with representations of the left hand side of Equation 3.1 using

each of the above methods. The right hand side of Equation 3.1 de-

pends on the chosen definition of moisture release and discussion

thereof will be reserved until Chapter 5. Although Equation 3.2 was

used to calculate potentials at all saturated nodes, its finite dif-

ference representations have not been included in this section. The

same methodology is applicable to both Equations 3.1 and 3.2, and

because of the simpler nature of Equation 3.2, the appropriate finite

difference forms can readily be deduced from the following difference

expressions.

Central Differences 

Central differences as described by Forsythe and Wasow (1960)

and McCracken and Dorn (1964) are perhaps the most frequently used

technique for deriving difference equations. Using Figure 3.2 as a

reference, the central difference estimate of the derivative 0r at

node (i,j) can be obtained from Taylor series expansions of . •01,J+1
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Figure 3.2. Node and Link Designations for
Central Difference Derivations.
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1and 0 . With the assumption that the derivative is continuous and

equal across the interval (ri _, to rill), the two expansions can be

solved simultaneously to provide a central difference estimate of 0r
In this section the central difference approximations of 0rr

and Ozz , the second order partial derivates of potential, are based

on second order Taylor series. Since the method for deriving dif-

ference expressions of 0 rr and 0 are similar, the following illus-zz
tration will consider only Orr. The second order Taylor series for

0i,j+, is

0- -	 = 0	 + h 0 + h 2/2 01,3+1	 i,j	 1 r	 1	 rr

and that for O.

0-	 = 0-	 - h 0 + h 2
/2 0	 .1,j-1	 1,j	 3 r	 3	 rr

(3.3)

(3.4)

Multiplying Equation 3.3 by h3 and Equation 3.4 by hi and then adding

the two equations yields

h O. .	 + h O. .	 = Oh + h )0.3 1,3+1	 1 1,3-1	 1	 3 1,j

h
1
h

3 
2 (h1 + h3)0rr (3,5)

1. The subscript r as well as z used later indicates the de-
rivative with respect to r and accordingly with respect to z. This
notation is not to be confused with the integer subscripts i and j
used to denote the coordinate position of a particular node.
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After algebraic manipulations, the desired difference equation assumes

the form 

0i,j+1	 T,j 	°i'i	 0i,j - 1 
hhI	 3 

- 	 2rr h
1 + h3

(3.6)      

As second order derivatives were developed only from second

order Taylor series, the first order derivatives readily could be

approximated using either first or second order series expansions.

Equation 3.1 contained first order derivatives of hydraulic conduc-

tivity as well as of hydraulic potential, which afforded several al-

ternatives for combining derivatives and orders of Taylor series.

Of these the following three were selected for application to the

model: (1) first order hydraulic conductivity and hydraulic potential

derivatives approximated by first order Taylor series, (2) all first

order derivatives approximated by second order Taylor series and (3)

the combination of conductivity derivatives approximated by first

order Taylor series with all potential derivatives approximated by

second order Taylor series.

First Derivatives ApproXimated by
First Order Taylor Series

Neglecting second and higher order terms, the Taylor series for

0i,j+, is

0- •	 = 0- •	 h1Ø1,3+1	 1,3 	 r (3.7)



0- -	 = (11 *	 - 11 701	 J-	 1 ,j	 J (3.8)
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Similarly,

Equations 3.7 and 3.8 can be solved simultaneously to eliminate

. . .After transposition of terms, the first order central difference

quotient of potential at node (i,j) can be represented as

0
1
-	 - 0or _ 	,3+1 	i,j-1 	(3.9)h

1 
+ h

3	 •

A similar approach was used for developing difference repre-

sentations of the other first order derivatives. After substitution

of the first order central differences as illustrated by Equation

3.9 and the second order central differences as illustrated by Equa-

tion 3.6 for the respective derivatives, Equation 3.1 becomes

(K.	 - K.	 ) (O.	 - 
1

	

0.	 )
1+1	 1,j-1	 ,j+1	 ,j-1 

	ail	 h3) 2

2 K. .0. .- 	 - 0 i l
hi + 'h3 	h1	 h

3

K. (0.	 - 0-	 )	 (K.	 - K.	 .) (0.	 - 0-,  1,j	 1,j+1	 1,j-1 4. 	1-1,j	 1+1,3	 1-1,j	 1+1,j)
r. Oh + h )j	 1	 3 (h2 + h4) 2

2 Kij 	- 0i,i 0i,i - 0i14,1pe
(3.10)

h2 h4	 h2	 h
4
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First Derivatives Approximated by
Second Order Taylor Series

Greater precision often can be obtained by using higher order

Taylor series, but at the expense of introducing more terns into the

already lengthy finite difference representation. The second order

approximation of the first derivative of potential at node (i,j) is

obtained by eliminating 0 rr' from the simultaneous Equations 3.3 and
3.4. The resulting difference expression assumes the form

h2 (O. .	 O ) + h2 (O. . -3	 1,3+1	 10	 1	 1,3	 1,3-1 
h1 h3 (h1 + h3)

Using similar expressions for 0z and the conductivity derivatives
plus the previously developed second order approximations of the second

order derivatives, Equation 3.1 can be written as

RI2 (K. .	 -K. .)+h2 (K.-	 )][112 (O.	 -O.	 412 (0	 -0	 )13 1,3+1 1,3	 1 1,j i,j-1	 3 1,j+1 1,j	 1 i,j 

Uhl h3 (h1 + h3)] 2

{

2Ki,i Oi,j4.1 0i,i 	Oij 	0i , j_i
+ h1+h3 -	 h1	 h3

+ 
Di

2
(K1-1.	 -K. .)+h

2 (K.	 -K.	 -)1Pa
2 (0-	 -O. .	

1
)+112 CO-4	 ,j 1,3	 2 1,j 1+1,3,	 4 1-1,j 1,3	 2	 ,j 1+1,3 

[112 h4 (112 + h4 )1
2

or (3.11)

(3.12)
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Combined First and Second Order Expansions
of First Derivatives

.	 First order expansions of the conduCtivity derivathies in com-

bination with second order expansions of all potential derivatives was

conceived as potentially eliminating some of the terms of Equation 3.12

while maintaining some of the attributes of higher order Taylor

series expansions. Since all of the necessary difference quotients

have been developed in the preceding sections, only the final equation

form will be given here.

2(K. .	 - K.	 1 II2 (01,3+1	 1,j-1- - -3 - i,j+1	
0i,i ) + hl 	- 0i,j _ 1 )]

h1 h3 (h1 + h3) 2

2(K.	 . - K. .) RIA ( • 1	 0)	 h2
2 (m

1-1,3	 1,3	 - L-E

h2 h4 Oh2 + h4 ) 2

2K. . [11 7 (0. -	 -	 .) +	 2	 -3_,J 	.)	 1 ,1	 1 93 

rj hl h31 + h3 )

2 K. 	- 0- '	 M	 (71
h _0+1 33	 1,j±1	1,3 	7-i,j	 Pi ,j_1 )

1 3	 h1	 h3

2 K. •	
1

O.
 -1

, 
,3
• - 0. ,i 	0i,j - 0i+1,i

h2 + h	

De
)

4 (
	

h2	 h4	 ) 3t •
(3.13)

Five Point Summation 

The five point summation technique is a variant of the central

difference concept and leads to equivalent difference expressions. In

both five point summation and central difference approaches, a



35

difference quotient is substituted for each differential in the de-

fining equation. With central differences this is accomplished term

by term, whereas five point summation allows for simultaneous substi-

tution of difference quotients for differentials.

The five point summation method was described for a cartesian

coordinate system by Young (1962) and for the Laplace equation in cylin-

drical coordinates by Greenspan (1965). Based on their discussions

the five point summation technique appears best suited for differential

equations of one dependent variable. Equation 3.1 in expanded form

contains partial derivatives with respect to hydraulic conductivity

and hydraulic potential or in effect two dependent variables. Hence

only the partials with respect to hydraulic potential were treated

in the five point summation style. The conductivity gradients re-

mained in differential form until the last phase of the development

where they were approximated by central differences.

Insertion of first order central differences for conductivity

gradients led to an expression equivalent to Equation 3.10. Like-

wise approximating Kr and Kz by second order central differences

would have produced an equation analogous to Equation 3.12. The fol-

lowing discussion was intended to illustrate an alternative, perhaps

more straightforward procedure for deriving finite difference equa-

tions. As such only the case of conductivity gradients approximated

by first order central differences was considered.
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In applying the five point summation technique the left hand

side of Equation 3.1 was set equal to a linear combination of five

potentials at adjoining nodes

4
(K 30-) +	 +	 (K	 = E	 a 0Dr	 ar	 r Dr	 az	 Dz m=0 m m

(3.14)

where the am 's are constants and the 0m 's are as defined in Figure 3.3.

Equation 3.14 can be rewritten in equivalent form as

z z	 o zz
+	

4
Kø+K

0 
Orr

1" 
0
1" 

-FKO +KO	 =E	 a0.
m=0 m. m

(3.15)

Expanding the potentials surrounding 0 0 by a second order Taylor

series leads to the following set of equations,

01 = Oo + hl Or + h1
2
/2 Orr '

02 = Oo + h2 Oz + h
2
2/2 0zz

(3.16)
03 	0	 r= 0 - h O + 11/2 Orr

and
	

04 = 00 - h4 Oz + h 24/2 Ozz .

Substitution of the Set 3.16 into Equation 3.15 provides the following

expression

Ko m
r r-	

K_O .+KO +KØ +KØ =aØ +aØ
T	 r. or 0 rr	 z z	 0 ZZ 	00

2+ a1h1/2 0rr + a20o

2+ a3h3/2 0rr a400

+ a h2/2 0 4- a 0 - a,h3Or2 2	 zz	3o

2
a4h4Oz + a4h4/2 0zz . (3.17)



Figure 3.3. Stencil of Nodes for Five Point
Summation Technique.
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Equating coefficients of like potential derivatives,

a
o + al + a2 + a4 = 0
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a1h1 - a3h 3 = Kr +

a h2 + a h2 = 2K1 1	 3 3	 o (3.18)

a2h2 - a4h4 = Kz

and a2 h
2 + a4 h2 = 2 Ko .2 	 4

Equations 3.18 can be solved simultaneously to obtain the am values.

(h2 - h.
4
) K	 2 Ko Z 

11-11z 4

( h
1
 -h

3
)K	 2K0	 ( h1 - h 3) Ko r ao - h1h3	 h1h3	 r h1h3

(2r + h 3) Ko	h3Kr
a1
	 rh1 (h1 + h3) h1 (h1 + h3)

a2

h
4
K
z 

2K
o 

h2 (h2 + h4 )	 h 2 (h2 + h4 )
(3.19)

(2r - hi) Ko hiKr
a -
3 rh3 (h1 + h3)	 h3

(h1 + h3 )

h
2
K
z _

2K
o 

h4 (h2 + h4)	 h4 (h 2 + h4 )

The basic five point summation difference representation of

Equation 3.1 is

4	 ao
E a 0 = — .
m=0 m m 3t

(3.20)

and a
4
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With the subscripts of potential expressed in notation consistent with

Figure 3.2, the expanded form of Equation 3.20 is

ea Ø. . + a O.	 + a O.	 . + a 0. .	 + a 0.	 . =	 .o I,)	 1 1,3+1	 2 1-1,)	 3 1,)-1	 4 1+1,)	 Dt (3.21)

Replacing Kr and Kz in the Set 3.19 by their first order central dif-

ference quotients and then substituting into Equation 5.21 yields

{ 

On - h )(K. . 	-K. . )	 2 K .; .	 (h i - h3) Ki,i
,1	 3	 1,)+1	 1,)-1	 ,) 4_ 	, 

h1h3 (h1 + h3)	 h1h3	 r.h h3 1 3

( 12 - h4)(Ki _ lj - Ki+1,j )	 2 K.

h-h (h + h )

	

z 4 2	 4	 h 2h4

[(2	 - K.	 ,.	 /-j: +h	:3) K. 	+ h3 (Ki	 1,j+ 	12,j-' 0i,j+1+	 r.h On + h j h Oa + h )) 1 1	 3	 1 1	 3
.1. [2 Kij	11,(Ki-1,j - Ki+1,i ) ,,,.

	

1_ , +	 '-' ]_--1.,jh2 (h 2 + 114 i	 h 01 + h.) 2
2 2	 4

(2r. - hi) Ki j_ hl (Kij+
+	

1 - Ki/) ,„.

1_,j-1—ill3Chl 4- h 3) 	h3(h1 + h3)2

2 K.	 h2(Ki_lj - Ki
+  	

+1,.) m.	= ae
,

h4(111 ,2 i + h4)	 (	 +	 ,2	 '1-1-1,3	 at '
h4 h 2 h4 )

(3.22)

Conservation of Mass at Each Mesh 

The conservation of mass at each mesh approach is patterned

closely after the derivation of the continuity equation although in a

finite difference framework. The conservation of mass, which is equiv-

alent to conservation of flow when dealing with an incompressible fluid,

o. .

j
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over individual meshes avoids the use of second partials of potential

and conductivity gradients with the result that this is conceptually

the simplest of the three approaches for developing difference ex-

pressions.

Conservation of flow for the radial mesh (i,j) shown in

Figure 3.4 can be denoted

@GQ ,	 _ Q ,.	 Q,.	 _ Q ,.	 = V.	 ___1+4,3	 i,j Bt
(3.23)

Replacing the flow rate, Q', by the product of cross-sectional area

times velocity yields

A. .	 V. .	 - A..	V. .	 + A.	 . V.	 . -A.	 . V.	 .
1 ,3+	 1 ,3 4*	 1 ,3 -4 1 ,3 - 4	 1- ,3 144,3	 1+;i,J

= vi j
	 (3.24)

If Darcy's law is assumed to be valid at all portions of the aquifer,

the velocity terms can be replaced by K times the derivative of poten-

tial with respect to distance,

A. .	 K. .	 (0 ). .	 - A. - , K• • „	 ).

	

1,3+	 r	 r 1,3 - 2

+ A.	 . K.	 . (0 )	 . - A.	 . K.	 • (0 )-
z	 1-q 	 z

(3.25)
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Figure 3.4. Node and Link Designations for Analysis by
Conservation of Mass at Each Mesh.



(0i,i - 0i,j _ 1 )

	

2	 2	Oh_ + h
5
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J4i
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K.	 (O.
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2h4 (h2 + h4
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2h4 (a4 + h6
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The area and volume terns can be determined readily from the known geom-

etry of mesh (i,j). Expressing these terns in the notation of Figure

3.4, Equation 3.25 becomes

h4 Ki - 4irr.	 h, K. . ,	
r
), . ,

+ Tr(r2442, -

= 27r(r 2.	 - r 2. ) h
4 —

Do 
. at

	2 	 2
	Tr (r.	 -	

-42-
) K.	 .r+yo

(3.26)

	After. dividing through by the volume, 271 2	 2

	

r(r.	 - r.	 ) h„,3+3i 	4

2 r.	 K. .	 Zr.	 K. .3+3/4. 1,3+3i
	r 1,3+1i	

3-i- 1 ,3 42- (0 )2	 2	 (Ø ). - 2	 2	 ' rfi,j-3ir.	 - r.	 r.	 - rJ 4*	 J-i'	 34*	 j -i-

+ 1-'2- ' 3 (0 ).2h
4	

1+1i,j rm	 De
= — .z	 2h4	 "jz ) i+i,j	 at (3.27)

Systems of finite difference equations in which mass is conserved

at each mesh and all potential gradients were approximated by first

order Taylor series have been used by Welge and Weber (1964) and Cooley

(1970). Substituting first order central differences of 0
r and 0z

into Equation 3.27 provides the following difference representation of

Equation 3.1



CHAPTER 4

GRAND ISLAND, NEBRASKA AQUIFER TEST

In 1931 Wenzel conducted what will be referred to as the Grand
Island, Nebraska aquifer test for the purpose of determining hydraulic
conductivity. The availability of time-drawdown data for 80 observa-
tion wells and the near homogeneity of the aquifer media made the test

particularly well suited for calibration of the finite difference model.

Other researchers also were impressed by the detail under which the
test was conducted and analyzed it using various analytical procedures.

This afforded a ready basis of comparison between finite difference

and analytically computed aquifer parameters.

Drawdown measurements for the Grand Island, Nebraska test

were secured on a rather arbitrary time scale. Analysis with the model

required that drawdowns be expressed on a common time basis. Be-

cause of suspected noise in the data, curve fitting of the time-

drawdown data was deemed more desirable for fulfilling this need than

mere interpolation of drawdown values. Calibration of the finite

difference model was further facilitated by curve fitting of con-

structed distance-drawdown profiles.

General Description 

Wenzel (1936, 1942) gave a rather detailed description of both

well and aquifer characteristics. The 24-inch irrigation well had a

43
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total depth of 40 feet and was perforated throughout the length of

casing. Three other irrigation wells existed within a radius of one

mile; however, none of these were operated during the test nor for

several days prior to the test.

Eighty observation wells were installed at distances ranging

from about three to more than 1200 feet from the test well. Fifty-

five wells were of one-inch diameter and were equipped with 18-inch

screen points. The remaining 35 wells were of three-inch diameter

and had drilling bits enabling them to be jetted into place. After

placement each observation well was pumped with a pitcher pump until

the discharge water became clear.

Because of possible effects on drawdown due to the initial

water table slope of about 6.9 feet/mile, one major line of observation

wells was established parallel to the water table gradient and

another perpendicular to the gradient. Three smaller lines projected

outward from the test well at roughly a 45-degree angle to a horizon-

tal projection of the gradient. A sixth line had been established for

a second test well but was in close proximity to the 24-inch irriga-

tion well. The test well and most observation wells were located in

a grass pasture, while the remaining observation wells extended into

an adjacent corn field. Prior to pumping depth to the water table

ranged from 1.6 to 9.0 feet with an average depth of 5.3 feet.

Aquifer characteristics were evaluated with the aid of a well

drilled 25 feet from the test well. Bedrock was encountered at 105

feet, indicating a saturated alluvium thickness of about 100 feet.
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Based on samples secured at intervals throughout the total aquifer

thickness, the alluvium was predominantly sand and gravel with a one-

foot sandy loam layer at 39 feet. Laboratory determinations of soil

texture, porosity, moisture content and saturated hydraulic conduc-

tivity for all samples were reported by Wenzel (1942, P. 118).

Twelve men working on alternate six-hour shifts were employed

for the test. Pumping was started at 6:05 a.m. on July 29, 1931, and

was terminated 48 hours later. Discharge was conveyed to a stilling

basin 25 feet east of the well, from which it flowed across a rec-

tangular weir and then through a small canal to a point distant from

the test site. The average rate of discharge measured at the weir was

540 gpm.

Analysis by Wenzel 

Wenzel (1936) calculated specific yield values using a pumping

method which he attributed to Meinzer (1932). Conceptually the dis-

charge well was enclosed by two concentric cylinders at which the rates

of horizontal groundwater flow were computed using Darcy's law. Over

a specified tine period the difference in quantities of flow entering

the outer cylinder and leaving the inner cylinder was divided by the

dewatered volume between cylinders to provide an estimate of specific

yield. With this approach Wenzel computed specific yield values for a

progression of increased pumping periods (see Table 4.1).
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TABLF 4.1

Variation of Specific Yield with Duration
of Pumping, after Wenzel (1936)

Pumping Period
(hours)	 Specific Yield

0- 6

0 - 12

0 - 24

0 - 36

0 - 48

0.092

0.117

0.161

0.185

0.201

For the period 0 - 48 hours after the start of pumping, using

the Theis equation Wenzel (1942) found a specific yield of 0.217

as conpared to 0.201 for the pumping method. By graphical extrapo-

lation of the trend in Table 4.1, he then estimated the actual spe-

cific yield to be between 0.22 and 0.23.

Saturated hydraulic conductivity was calculated using both

steady state and nonequilibrium techniques. The values ranged from

0.089 to 0.10 feet/minute, with an average of 0.094 feet/minute. A

weighted saturated hydraulic conductivity from the laboratory deter-

minations was 0.11 feet/minute.

For the irrigation well, Wenzel (1942) used an observed draw-

down of 20.0 feet at the end of the test to calculate a specific

capacity of about 27 gpm/feet. He felt that the theoretical drawdown
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at the well should have been 8.2 feet, which when divided by the ob-
served drawdown gave a well efficiency of 41 percent.

Analysis by Stallman 

Stallman (1963) attempted to simulate the flow field for the

Grand Island, Nebraska test using a resistance analog. His first

model concept was a partially penetrating well in a 100-foot iso-

tropic, homogeneous aquifer. For a constant pumping level and the

assumption of no drawdown at the water table, Stallman (1963, p. 222)

presented a relative potential distribution during the first few min-

utes of pumping.

With a pumping level of 20 feet, which was the measured value

at the termination of the test, the hydraulic conductivity was found

to be 0.050 feet/minute. Stallman suggested that an assumed value of

10 feet for the pumping level might have been more nearly correct for

the first few minutes of pumping, and using this value he obtained a

hydraulic conductivity of 0.10 feet/minute.

Stallman recognized the existence of a one-foot sandy loam

layer at 39 feet and reasoned that if the layer were continuous, it

could have constituted an aquitard. The modeling procedure was re-

peated for a fully penetrating well in a 31.4-foot homogeneous aquifer

under both isotropic and anisotropic conditions. The value of 31.4

feet represented the distance from the static water table to the top

of the sandy loam layer. The results for all case studies, each

modeled with a constant pumping level of 20 feet, are summarized in

Table 4.2.



Case Description
Kh

(ft/min)	 (ft/min) Y

100-foot isotropic aquifer
partially penetrating well

31.4-foot isotropic aquifer
fully penetrating well

31.4-foot anisotropic aquifer
fully penetrating well

0.050 0.050 0.0062

0.068 0.068 0.0001

0.12 0.0045 0.0028
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TABLE 4.2

Resistance Analog Determinations of Saturated Hydrau-
lic Conductivity and Specific Yield for the Grand
Island, Nebraska Aquifer Test, after Stallman (1963)

Stallman (1963, p. 233) did not feel that his numerical re-

sults were significant hydrologically but instead emphasized the need

for adequate definition of the test site, particularly in light of the

large variation in specific yield for the three case studies.

Analxsisby_Dag_an

Dagan (1967) applied his solution for unsteady flow to a

partially penetrating well in an unconfined, anisotropic aquifer to

a portion of the Grand Island, Nebraska test data. In obtaining the

solution for a well of finite thickness, he used a linear approxima-

tion of the water table boundary equation and assumed that specific

yield and pumping rate were constants. Since the effects of dewatering

were neglected, it had to be assumed that drawdowns were small.



49

For exemplification of his solution, 14 wells were selected repre-

senting distances of 184.9 to 516.6 feet from the discharge well. With

anisotropy defined as the ratio of vertical hydraulic conductivity to

horizontal hydraulic conductivity, his results showed an average ani-

sotropy of 0.13 and a horizontal hydraulic conductivity of 0.32 feet/

minute. Dagan stated that the value of 0.32 feet/minute should compare

closely to the hydraulic conductivity of 0.089 feet/minute calculated

by Wenzel (1942, p. 125) using the Theis equation; however, he felt

that due to anisotropic aquifer conditions most of the observation

wells included in Wénzel's calculation were too close to the pumped

well for the Theis equation to apply. For anisotropic aquifers, Dagan

asserted that the Theis equation did not apply within the radial dis-

tance from the well defined by

r < 1.2 M(Kh / Kv) 1/2 .	 (4.1)

Based on Dagan's average anisotropic value, use of the Theis

equation would only hold at radii greater than 333 feet from the

pumped well. Dagan chose six observation wells at distances greater

than 600 feet for analysis by the Theis type curve. The parameters he

calculated using the Theis approach as well as those based on his

equation have been arranged in order of increasing radius from the test

well in Table 4.3.
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TABTE 4.3

Values of Anisotropy, Hydraulic Conductivity and Specific Yield Obtained
by Dagan (1967) for the Grand Island, Nebraska Aquifer Test. --Param-
eters for wells less than 600 feet from the test well were calculated
using an equation developed by Dagan. Those at distances greater than
600 feet were evaluated by the Theis analysis.

Well
Id.

Distance
from test
well (ft)

Anisotropy
Kv / Kh

Horizontal
conductivity

(ft/min)
Specific
yield

16-B 184.9 0.073 0.21 0.070
17-B 254.7 0.076 0.23 0.077
27-W 270.0 0.11 0.25 0.080
48-C 285.0 0.21 0.25 0.082
61SW 316.6 0.17 0.27 0.097
80-N 342.0 0.085 0.29 0.084
18-B 375.3 0.14 0.30 0.11
76-S 382.7 0.13 0.38 0.080
19-B 424.6 0.16 0.36 0.10
7-A 429.3 0.16 0.36 0.079

81-N 445.8 0.15 0.31 0.12
8-A 478.9 0.14 0.36 0.091

20-B 499.7 0.12 0.42 0.17
63SW 516.6 0.11 0.38 0.17
9-A 604.0 0.36 0.16
21-B 649.7 0.24 0.25
65-W 716.5 0.36 0.17
40-D 722.7 0.33 0.25
10-A 754.6 0.33 0.13
30-W 804.5 0.38 0.24
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Analysis by Boulton 

In reviewing the Grand Island, Nebraska aquifer test, Boulton

(1970) concluded as had Stallman (1963) that the one-foot sandy loam

layer at 39 feet may have served as an aquitard. Observing that the

sandy loam layer was in near proximity to the bottom of the discharge

well, he then took the distance from the static water depth in the

well to the bottom of the well, a distance of 34.7 feet, as the satu-

rated aquifer thickness. Boulton also felt that the best analysis

of the test data could be made using both his equations in a sequen-

tial manner. (See Chapter 2 for a discussion of Boulton's equations.)

Boulton's delayed drainage equation (Boulton 1955) was intended

primarily for time-drawdown data, whereas the vertical flow equation

(Boulton 1954) could be adapted to either time-drawdown or distance-

drawdown data. Based on the premise that distance-drawdown data were

more suitable for finding transmissivity, the vertical flow equation

was used to calculate this parameter as well as to estimate anisot-

ropy and storage coefficient. Ten wells ranging from 95 to 573 feet

from the discharge well were used in the vertical flow analysis with

the results for times of 325 and 580 minutes after the start of

pumping as presented in Table 4.4.

For 2880 minutes after the start of pumping the vertical flow

and Theis type curves were almost identical. Consequently, the trans-

missivity of 94,000 gpd/foot as determined by Wenzel was adopted for

the second phase of Boulton's analysis which was a determination of

storage coefficients by the delayed drainage method. The calculated
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effective short-term coefficients of storage and effective long-term

coefficients of storage are as listed in Table 4.5.

All four wells for which time-drawdown data were analyzed

indicated a higher effective long-term storage coefficient (Si + S')

than any other investigator had reported. In fact, two of the (S i + S')

values in Table 4.5 exceed 0.318 which is the weighted average porosity

value for the aquifer material from six feet below the surface to the

top of the sandy loam layer.

Least Squares Fitting of Time-Drawdown Data 

The following empirical equation was selected for fitting

the time-drawdown measurements,

Y = C(1 - e -btn),	 (4.2)

where:	 Y - predicted drawdown, in feet

t - time in minutes after the start of pumping

C,b,n - constants determined by the least squares analysis

Equation 4.2 meets the initial condition of zero drawdown at time equal

to zero. In addition as time becomes very large, drawdown asymptot-

ically approaches a constant value of C.

No attempt was made to attach any physical significance to the

calculated values of C, b and n. Equation 4.2 is of a very general

nature and probably can be adapted to a large variety of data dis-

playing the noted initial condition and asymptotic property. The
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TABLE 4.4

Parameters for the Grand Island, Nebraska Aquifer Test as
Computed by Boulton (1970) Using His Vertical Flow Equation.

Parameter

Time after Start of Pumping
(minutes)

325	 580

Transmissivity

gpd/ft 94,000 89,000

Kh' ft/min 0.23 0.22

Kv , ft/min 0.0094 0.012

Anisotropy (Kv/Kh) 0.040 0.053

Storage Coefficient 0.0822 0.104

TABLE 4.5

Storage Coefficients for the Grand Island,
Nebraska Aquifer Test as Computed by Boulton
(1970) Using His Delayed Yield Analysis.

Well Id. Radius, ft S.	 + S' S.

17-B 254.7 0.378 0.089

48-C 285.6 0.373 0.078

80-N 342.0 0.277 0.058

7-A 429.3 0.286 0.059
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justification for inclusion in this study was the remarkable closeness

with which measured drawdown values could be matched using Equation 4.2.

Derivation of Normal Equations

The least squares method of equation fitting is basically a

linear approach. As advocated by Leland (1921) and Rainsford (1957)

a first order Taylor series can serve to transform a nonlinear equa-

tion such as Equation 4.2 into a linear form. This approach is con-

veniently illustrated by Wylie (1966), who also shows that for a given

case the Taylor series approximation leads to a closer match of the

data than could be obtained by the more frequently used logarithmic

transformations.

The general form of the first order Taylor series for functions

of three variables is

f(C,b,n) = f(CO3b0 ,n
0
) + fl(C0)(C - Co) + P(b0)(b - bo )

+ f'(n
o
)(n - n

o
)
	

(4.3)

where the subscript o denotes initial estimates of C, b and n. Re-

placing the functions in Equation 4.3 by the representations thereof

given by Equation 4.2,

Y = Co(1 - e -bot °) + (1 - e-bot °)(C - Co )

nn,
+ C

o
t 'e	

o
uo' CID - b

o
) +bCt olnt e	

o-bot -(1 n)o o o

(4.4)
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If the differences between initial and final values of the constants

are represented as

C' = C - C
o

b' = b - b
o
	 (4.5)

and
	

n' = n - n
o

Equation 4.4 can be simplified somewhat to

n
o	 no

Y = Co (1 - e -bot °) + (1 - e -bot ) C' + Co tn°e-bot b'

nono+bCt lnte bot n'00 (4 . 6)

Equation 4.6, which is the first order Taylor series approxima-

tion of Equation 4.2, constitutes the actual equation used for least

squares fitting of the Grand Island, Nebraska test data. Problems

of linearity have been removed as Equation 4.6 is linear for the case

where C
o' bo and no are constants and 

C', b' and n' are the only van-

ables. In effect the curve fitting procedure entails solving for those

values of C', b' and n' which will cause a minimal least sum of squares

fit between measured and predicted drawdowns. Placing the above state-

ment in a more mathematical context, the definitive expression for

the sum of squares is

W = E(Y - s)
2 	(4 . 7)
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where: W - sum of squares

Y - predicted drawdown

s - measured drawdown.

Substituting for Y from Equation 4.6,

[C (1	 -	 °_ e obt	 -b t °	 nW =	 b t °
o ) + (1 - e o	 ) C' + C t	 o	 b'

n
o

+bCt olnt e-bto n' - s] 2
o o (4.8)

Finding the minimal sum of squares involves taking the partial

derivatives of W with respect to C', b' and n' and then setting the

respective derivatives equal to zero. Three normal equations are thus

generated which can be solved simultaneously for the C', b' and n'

values. Development of the normal equations will be illustrated using

the partial of W with respect to C',

n
o	 n	 non

o	 -b
o
t 

) C' + C t
o
e
-b

o
t
 b'	 - 2E[C

o
(1 - e b ot ) + (1 - e

DC'

n
o -b 

+n
o

+bCt olnt e-bto n' - s] (1 - e o
00

(4 . 9)

By setting DW/DC1 equal to zero and using the properties of summations,

Equation 4.9 can be expressed as
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n	 no 2 	b0 = Cot(1 - e-bot	
+

) + C'E(1 - e -uo u

o
+ C

ob'Et °e -bo
t °

(1 - e --o' )

n
o

--	
o

+ b C n'Et	 e -bot (1 - eo' )00

- Es(1 - e -bot ) .

If the following substitutions are permitted,

E = (1 - e-bot °) ,

n	 noT = t o e o-bt

no
and	 L = t olnt e bto

Equation 4.10 can be simplified considerably to

0 = CEE 2 + C'EE 2 + Cb'ETE + b C n'ELE -O o

	

	 .o o

(4.10)

(4.11)

(4.12)

In like manner equations can be developed starting with the

partials of W with respect to b' and n', giving as the set of normal

equations: 

0 = CtE + C'EE
2 + C b'ETE + b C n'ELE - tsE

O
,

O 	-	 o o

0 = CEET + C'EET + C WET2 + -b C neELT - EST
o O- 	 00 (4.13)

and 0 - C EEL + C'EEL + Cb'ET1 + b C n'EL
2 - ESL

o o 
	.o o 
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Normal equations are typically represented in matrix form, in which

case the Set 4.13 becomes                  

EE c ETE b C ELE
o o o

EET C ET2 b C ELT
o o o

EEL C
o	

b C EL 2
O 0 

C'

b'

n' 

EE - C
o
EE 2-

- c
o EFT'

ESL - C
o 
EEL

(4.14)                 

Application to Grand Island, Nebraska Aquifer Test

Certain aspects of the curve fitting procedure were mentioned

in the preceding section. To recapitulate in a more straightforward

fashion, the first step is to obtain estimates of the constants in Equa-

tion 4.2. Definition of these constants, although only in an initial

sense, completely fixes the Normal Equations 4.13 or 4.14, which equa-

tions in turn can be solved simultaneously for value estimates of C',

b' and n'. As indicated by Equation 4.5, C', b' and n' represent the

difference between the initial estimate of that constant and its true

value, and therefore the C', b' and n' values can be added to C
o' 

b
o

and n
o 
to yield the desired minimum least squares constants.

In practice it was found that the procedure had to be treated

in a guarded, iterative fashion. That is, the constants found by

adding C', b' and n' to the initial estimates were either meaningless

or at best constituted improved initial estimates for a repeat of the

calculation sequence. Representing the Set 4.5 in the foil!' it was

actually utilized,
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and

= Ck +	 ,

b	 = b + b'k+1	 k	 k+1

n	 =
 11k

	n'k+1	 k	 k+1

(4.15)

where for k = 0, some arbitrary assignment of rk' b ' and nk had to be-	 k
made. Typically the procedure had to be iterated seven or eight times

until a satisfactory minimum sum of squares fit was obtained.

As noted above unreasonable values of Ck+1 , bk+, and nk+, fre-

quently resulted. Coping with this problem involved stopping that

particular iteration sequence and starting a new sequence using dif-

ferent Co' bo and no values. In essence the initial estimates had to be -

near the true values of C, b and n in order for the procedure to be

operative. The extent of required nearness is difficult to define, as

the amount of noise in the data was a factor. When noise was mini-

mal the procedure would work well if all three initial estimates were

within + 100 percent of the true values. The scheme also functioned

if two of the chosen constants were very close to the final values

and the third estimate deviated by as much as an order of magnitude

from its final accepted value.

Time drawdown data for 69 of the 80 observation wells were

fitted to Equation 4.2 using the method of least squares. A tabulation

of the calculated constants along with the average deviates of fit is

given in Appendix A. The average deviate represents the sum of the

absolute differences between measured and predicted drawdowns divided

by the number of drawdown pairs and was chosen for this study, because
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it readily gives a valid picture of the magnitudes of the differences

between measured and predicted drawdowns. As cited in Appendix A, the

first three drawdown measurements were omitted prior to fitting 71-A

and 72-A, the two closest observation wells. Despite a large expendi-

ture of time and patience, no successful fit was obtained for the to-

tal data set of Well 71-A. Rather than omitting the well entirely

from the analysis, a fit of 40 of the 43 time-drawdown pairs was deemed

acceptable. A successful fit had been obtained for Observation Well

72-A with only the first drawdown measurement deleted; however, re-

fitting with the first three measurements omitted provided C and n

values more in line with the trends indicated in Figure 4.1.

As shown in Figure 4.1, C tended to decrease with increasing

radial distance from the discharge well, while the n values tended to

increase with distance. Values of b ranged over several orders of mag-

nitude, and therefore the constant b was excluded from Figure 4.1.

From a distance of 12.3 feet, the location of well 72-A, to roughly

600 feet, securing appropriate initial estimates of the constants

posed no real problem. The wells were handled sequentially beginning

with those nearest the discharge well and gradually extending outward.

In most cases the calculated C, b and n values for one well served as

acceptable initial estimates for the next well in the sequence. Figure

4.2 shows the fit obtained for Observation Well 75-S. This particular

well was at a radial distance of 279.9 feet which was roughly in the

middle of the region of relatively easy computation; however, it was

selected for illustration because of possessing the median average

deviate of those wells fitted.
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Some comment on fitting time-drawdown data for wells at 600

feet and beyond may be in order. Examination of Figure 4.1 shows some

of the diversity found among the constant values. For two of the wells,

21-B and 53-C, both C and b assumed negative values. Considering

Equation 4.2 in the framework of negative C and b gives it a strictly

exponential Character, and in fact the data for 21-B and 53-C did dis-

play an exponential quality. Because of large variations in the cal-

culated constants at relatively close wells, fitting in the interval

600 to 900 feet was exceedingly painstaking. Despite much effort to

that end, no satisfactory technique other than trial-and-error was

found for making initial estimates of C, b and n which were within

the range where the iterative procedure could operate. For these

reasons the 11 wells at radial distances greater than 900 feet from

the discharge well were omitted from this study. Of this group obser-

vation Well 11-A had a drawdown of 0.10 feet after 48 hours of pumping,

while all others had a measured maximum drawdown of less than 0.10 feet.

Apparent Noise in Test Data

Differences in measured and predicted drawdowns when plotted

versus time tended to be cyclic with a period of about 24 hours and of

decaying amplitude. With the shallow depth to the water table, an

average of 5.3 feet, it was felt that transpiration by the surface

crops may have contributed to the apparent noise pattern. The draw-

down differences for three observation wells with varying depths to

the water table were plotted as shown in Figure 4.3. So that the

amount of drawdown would not be a significant influence, the wells were
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Time after Start of Pumping, hours

Figure 4.3. Differences between Predicted and Measured
Drawdowns Relative to Static Depth to Water.
--Depth to the static water table for Obser-
vatiofi Well 28-W was 2.72 feet, for 7-A 4.92
feet and 7.47 feet for 50-C.
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Chosen so as to have roughly the same radial distance from the dis-

charge well: 50-C, 425.2 feet; 7-A, 429.3 feet and 28-W, 430.0 feet.

Observation Well 28-A with an initial depth to water of 2.72 feet

displayed the largest amplitudes of oscillation for most time periods

up to about 30 hours after the start of pumping. After 30 hours the

cyclic pattern itself is difficult to identify. Because of the noisy

nature of Figure 4.3, no conclusion was formulated as to the relative

amplitudes of 7-A and 50-C.

Unless special provision has been made, pumps powered by in-

ternal combustion engines often display a cyclic pumping rate, a fea-

ture which would cause large deviations at those wells nearest the

discharge well with the effect becoming damped with distance. Three

observation wells of similar depth to water were selected: 2-A, 5.49

feet; 16-B, 5.28 feet and 22-B, 5.40 feet; and their differences be-

tween measured and predicted drawdowns were plotted as shown in

Figure 4.4. Well 2-A in close proximity to the discharge well

showed the expected largest amplitudes of oscillation. Although the

amplitudes were smaller, well 16-B showed a definite oscillation. Well

22-B at 775.3 feet from the discharge well had a noise pattern inde-

pendent from that of the other two observation wells. Although vari-

ation in pumping rate appears more accountable for the cyclic noise

pattern than the effects due to transpiration, it does not offer a

complete explanation.

A relative error term was calculated for each fitted well as

the ratio of the average deviate to the largest measured drawdown.
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As such the relative error was conceived as being independent of the

actual drawdown magnitudes involved. As presented in Figure 4.5,

there was a decrease in relative error in going from the discharge

well out to about 100 feet, which might be attributed to variations

in pumping rate. Between 100 and 200 feet the relative error assumed

a minimum value of 0.01 and then increased in a nonlinear fashion from

200 to 900 feet. Beyond 200 feet where drawdowns were small, the

relative error was possibly a result of the measuring device. Ex-

cluding the case of frequent measurements of a rapidly receding or

rising water table, the error of measurement with a steel tape tends

to be noimally distributed. That is, the error of measurement at a

given well is probably of the same magnitude as is incurred at any

other well. The point is that at large distances from the discharge

well, the normally small error of measurement constitutes a much

greater percentage of the drawdown and therefore could contribute sub-

stantially to the indicated relative error term.

Three postulated sources of noise in the test data have been

examined. Likely all three have exerted some influence on the data

as reported by Wenzel (1942), not to mention the possibility of human

error. It might be concluded that in addition to reducing the draw-

dawn measurements to a common time denominator, the least squares

fitting procedure also removed much noise from the data and thus pro-

vided an improved data set for further analysis.
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Distance-Drawdown Profiles 

Distance-drawdown profiles for specified times could be gene-

rated using Equation 4.2 and the constants listed in Appendix A. To

calibrate the finite difference model, this would require storing 207

constants, making calculations with those constants and then inter-

polating to find the appropriate drawdowns for comparative purposes.

This procedure appeared a bit bulky, and instead distance-drawdown

profiles were constructed for the times of 1/4, 1/2, 1, 2, 4, 8, 12,

24 and 48 hours after the start of pumping. Curve fitting each of

those profiles led to a more convenient procedure for comparing test

and simulated aquifer data.

The choice of equation type was guided by two objectives, the

first of which was that the chosen curve be easily integrated for use

in later calculations of dodatered volume. The second intent or ob-

jective was to preserve simplicity and in effect avoid the perils

described in the previous section where a three-constant equation was

fitted to the time-drawdown data.

Least Squares Curve Fitting

The method of least squares curve fitting was patterned after

that described for fitting time-drawdown data. The selected equation

was expanded using a first order Taylor series. Normal equations

were then developed and solved iteratively for the changes in the

values of the defining constants. In this manner both analytical

all exponential type expressions were fitted to the distance-drawdown

data.
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Analytical. Darcy's law can be represented as

dsQ = -271-r(M - s)K	 . (4.16)

Transposing the terns of Equation 4.16 and integrating both sides,

Q  r dr
2îK 	( 4	 s) ds,1	 r

or   lnr = -Nb + s 2/2 + C1 .27îK

(4.17)

(4.18)

The constant of integration, Cl , can be evaluated using the boundary

condition at the well face. Designating drawdown at the well face

(r = rw) as sw

C - 	  1	 Ivls 	 s2/2.1 27rK nrw	 w (4.19)

Upon rearrangement of terms, the quadratic nature of Equation 4.18 be-

comes apparent:

s 2/2 - Nb + (C1 - Q lnr/27rK) = 0 .
	 (4.20)

The two roots of Equation 4.20 are

s1 = M + [ q
2 - 2(C1 - Q lnr/2TrK)]

1/2

(4.21)

and
	

s 2 = M 
- 2 - 2(C1

 - Q lnr/27rK)] 112 .

The desired root is that which displays a decrease in drawdown

with increasing radial distance. Hence by taking the derivatives of

s l and s 2 with respect to r,



dr	 2-frK
2	 -Q1nr „I2 - 2(C1 - Q lnr/27TK)] -1/2

and	 ds
(4.22)

as
1

 mp,2 _Tr- 	2ffK	 L	 2(C1 - Q lnr/27T1()] -1/2
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The bracketed terms in the set 4.22 as well as Q and K will necessarily

be positive at all stages of well discharge. The lnr term will be

positive for r greater than 1. In effect the drawdown-distance gradient

for the root s 2 is negative, which is the necessary condition to insure

a decrease of s with increasing

Representing drawdown by the expression for s
2 and substi-

tuting for Cl ,

2	 Q r	 21/2s = M - [14 + 	  ln — - al s + s] 	 .TrK	 rw	 w	 w
(4.23)

Equation 4.23 would be valid for one-dimensional flow in an unconfined

aquifer providing that equilibrium conditions had been achieved; however,

no contention is being made that the above were met in the Grand Island,

Nebraska, test. Because of the physical implications of the defining

constants, hydraulic conductivity, K, and the drawdown at the well face,

sw' Equation 4.23 was appealing for fitting the distance-drawdown data.

Table 4.6 shows that the least squares hydraulic conductivity

values decreased with duration of the aquifer test. Interestingly

enough, the hydraulic conductivity value of 0.093 feet/minute for 0.25

hours after the start of pumping compared closely to Wenzel's (1942)
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average value of 0.094 feet/minute. As would be expected the amount
of drawdown at the well face increased with test duration. However,
before placing much weight on these observations, one must acknowl-

edge the relatively poor fit obtained between measured drawdowns
and those predicted by Equation 4.23. The average deviate varied from

a high of 0.38 feet near the start of the test to a low of 0.21 feet
at the termination of the test. As will be demonstrated in the en-

suing section, it was possible to secure significantly better fits

of the distance-drawdown profiles using a simple exponential relation-

ship.

Exponential. The basic exponential equation used to fit the

distance- drawdown data was

Y = Ce -br
n	

(4.24)

where: Y - predicted drawdown

r - distance from well centerline

C and n - constants determined by least squares fitting.

The exponent n was allowed only to accept values of whole numbers or

simple fractions. Fixing n in this manner greatly facilitated the

least squares fitting procedure. In fact, satisfactory fits were ob-

tained upon the first attempt without any need for readjustment of the

initial estimates of C and b. The relationship depicted by Equation

4.24 for positive C, b and n is a decrease in predicted drawdown with

increasing r. As to boundary conditions, at r = 0, Y = C and as

T 4 oe, Y -4- 0.
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Equation 4.24 was fitted by the method of least squares for

values of n equal to 1, 1/2, 1/3 and 1/4 (see Table 4.7). In con-

trast to the fits obtained with Equation 4.23, the exponential curve

in all cases provided a better fit near the start of pumping and a de-

cidedly poorer match of measured data later in the test. The lowest

average deviates of fit were secured with n = 1/3, and the form of the

equation used for describing distance-drawdown profiles in all sub-

sequent portions of this study was

Y = Ce -br1/3
	

(4.25)

The departures between measured and predicted drawdowils noted

for the later periods of analysis was of soue concern, For this rea-

son the exponential curve and measured drawdowns for eight hours after

the start of pumping were plotted as shown in Figure 4.6. Some of the

noise could be traced to the water table gradient existing prior to

the test. Upgradient wells occasionally fell above the curve, while

those downgradient often plotted below the curve; however, this ef-

fect appeared to be relatively subtle.

The problem was likely related to the fixing of the exponent

n. Allowing n to be calculated as part of the least squares anal-

ysis would have necessarily complicated the curve fitting procedure

as well as calculations of dewatered aquifer volume. As will be dis-

cussed later, the decision to accept the fit obtained with Equation

4.25 may have led to exaggerated calculations of dawatered aquifer

volume; however, the main impetus for constructing curve representa-

tions of the distance-drawdown profiles was for calibration of the



Nebraska	 Aquifer Test.

Y=Ce-brn

n= 1 n=1/2 n=1/3 n=1/4

0.13 0.06 0.05 0.07
0.16 0.07 0.06 0.08
0.19 0.08 0.06 0.09
0.22 0.09 0.07 0.11
0.26 0.10 0.09 0.12
0.29 0.11 0.11 0.14
0.30 0.12 0.12 0.16
0.31 0.13 0.13 0.17
0.33 0.14 0.13 0.16

Hours
after Start
of Pumping

0.25
0.50
1.00
2.00
4.00
8.00

12.00
24.00
48.00
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TABLE 4.6

Constants Determined by Least Squares Fitting
of Equation 4.23 to Distance-Drawdawn Data for
the Grand Island, Nebraska Aquifer Test.

Hours	 Average
after Start	 K	 Deviate
of Pumping	 ft/min	 ft	 ft

0.25 0.093 3.71 0.37
0.50 0.0822 4.21 0.38
1.00 0.0731 4.79 0.38
2.00 0.0651 5.44 0.37
4.00 0.0584 6.16 0.34
8.00 0.0531 6.89 0.30

12.00 0.0507 7.30 0.27
24.00 0.0479 7.87 0.23
48.00 0.0466 8.24 0.21

TABLE 4.7

Average Deviates in Feet between Measured and Predicted
Drawdowrs when the Indicated Exponential Curves Were
Fitted to Distance-Drawdown Data for the Grand Island,
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model. In this perspective an average deviate ranging from 0.05

to 0.13 feet was within a tolerable limit of error.

Calculation of Dewatered Aquifer Volume

Dewatered aquifer volume was calculated using a double integral

approach. The appropriate double integral in polar coordinates was

given by Schwartz (1960, p. 703) as

V = ff f(r,w) r dr dw .	 (4.26)

If the aquifer is assumed to be axi-symmetric, f(r, 	 becomes a func-

tion of r only. Using this premise and expressing Equation 4.26 as

iterated single integrals

V = J2	 [f	 f(r) dr] dw .	 (4.27)
w=0 r=r

Operating first on the inside integral, f(r) represents the amount of

drawdown as given by Equation 4.25. Substituting Equation 4.25 for

f(r),

= c f	 e-br 1/3 r dr .
r=1-

	
(4.28)

Replacing the lower limit of integration by the well radius for the

Grand Island, Nebraska test,

-b 1/3
I = c f	 e r	 r dr . (4.29)

r= 1
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Letting x = r1/3 and substituting throughout

CO

I = 3 C f	 x5 e-bx dx .
x=1 (4.30)

Integrating by parts repetitively gives as the analytic solution

I = -3 C x5 e-bx	 5 x4 e -bx 60 x2 e-bx+

b 2 	b4

4. 120 x e -bx + 120 e -bx
OD

b S	
b 6 (4.31)

1

The solution at the upper limit, x = OE), can be evaluated by setting

f(x) equal to x /b and g(x) equal to ebx. Equation 4.31 now assumes

the form,

= _ 3 	If(x) 	f' (x) 	f"(x) 	f''' (x) 
	lg(x) 	g' (x) 	g" (x)	 g'"(x)

f"(x) 4_ f v (x)l œ
g ,y(x)	 g v(x)j , •

Applying L'Hospital's rule recursively to Equation 4.32,

	

•urn f(x) 	lim f' (x) _ 	  = lim fv(x) 

	

g(x)	 g'(x)	 g" (x)

. 120 e -bx

	

= lim	 - 0 ,
b
6

(4.32)

(4.33)
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or in effect the value of the integral evaluated at infinity is zero.

Upon evaluation at the lower limit,

3 C e-bI - 	  [1 + S/b + 20/b 2 + 60/b 3 + 120/b
4

+ 120/h 5 ] . (4.34)

Substituting Equation 4.34 back into Equation 4.27 and integrating

from w = 0 to w = 27 completes the solution for the dewatered aquifer

volume, which is

67C e-b
V -	 [1 + 5/b + 20/b

2 + 60/b
3 + 120/b

4

+ 120/b 5 ] .
	 (4.35)

Specific yield per se is a difficult parameter to define. The

normal recourse is to introduce the term effective specific yield,

which for this study constituted the ratio formed by dividing the 
vol-

ume of well discharge by the &watered aquifer volume. Effective

specific value is a measure of specific yield which at best can ap-

proach but not likely attain the true value of 
specific yield. Effec-

tive specific yield values were computed using 
the dewatered aquifer

volume as given by Equation 4.35 and for the same sequence 
of times as

used for fitting the distance-drawdown data (see 
Table 4.8). Two im-

portant assumptions were implicit in this analysis: (1) 
the amount of

water removed from the well itself was negligible 
relative to the
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total discharge and (2) the amount of water in the capillary fringe

at any time after the start of pumping equaled the amount of capillary

water present under static conditions. The amount of water removed

from within the well casing could constitute as much as five percent

of the total discharge at 0.25 hours after the start of pumping; how-

ever, this percentage would become measurably smaller over time. The

amount of water retained in the capillary fringe is difficult to as-

certain, but in any case the amount would exceed that amount existing

prior to pumping. The effect of violating either or both these as-

sumptions would be too low an estimate of effective specific yield.

The specific yield values reported in Table 4.1 at all times

exceed those given in Table 4.8. In fact for times of 24 hours or

more after the start of pumping, Wenzel's values exceed those calcu-

lated using the ratio of discharge and dewatered volume by 
a factor

of about four. A concession will be made, because of the nature of

the selected distance-drawdown fits. As demonstrated 
in Figure

4.6, the exponential curve tended to overestimate drawdown from 
a

radial distance of 250 feet to a distance of about 800 
feet. In light

of the tremendous aquifer area between the two 
radii, it appears that

the calculations of dewatered volume may have 
been too high. Whether

or not there was sufficient error involved here to account 
for the

large discrepancy in effective 
specific yields remains to be demon-

strated.
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TABLE 4.8

Variation of Effective Specific Yield, which was Com-
puted as the Ratio of Volumetric Discharge over the
Dewatered Aquifer Volume, with Duration of Pumping.

Hours after
Start of Pumping

Effective
Specific Yield

0.25 0.016
0.50 0.024
2.00 0.028
4.00 0.031
8.00 0.033

12.00 0.035
24.00 0.040
48.00 0.052

TABLE 4.9

Dewatered Aquifer Volume at Selected Radial
Intervals from the Discharge Well Expressed
as a Percentage of the Total Dewatered
Aquifer Volume.

Hours
after Start
of Pumping

Radial Interval, feet

1 to 200 1 to 500 1 to 1000 1 to 2000 1 to 5000

0.25 50.64 78.44 92.32 98.31 99.91
0.50 42.66 71.36 88.20 96.85 99.78
1.00 34.26 62.56 82.14 94.20 99.41
2.00 26.07 52.38 73.86 89.72 98.53
4.00 18.83 41.75 63.66 82.95 96.62
8.00 13.08 31.90 52.65 74.09 93.15

12.00 10.49 26.93 46.45 68.37 90.32
24.00 7.30 20.21 37.26 58.84 84.54

48.00 -5,39 15.80 30.63 51.11 78.81
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Having the ability to calculate dewatered aquifer volumes pro-

vided an opportunity to examine which portions of the aquifer were

contributing to the discharge. This insight was felt important for

developing a model simulation of the Grand Island, Nebraska aquifer

test. The modeling sequence could only treat an aquifer of finite

extent, or expressed another way, the aquifer had to be truncated.

Table 4.9 gives the percentages of dewatered volume which would be in-

cluded providing the aquifer were truncated at the respective radial

distances of 200, SOO, 1000, 2000 and 5000 feet. Table 4.9 was formu-

lated using Equation 4.31 and is valid to the extent that the fitted

curves represented the actual distance-drawdown profiles. For times

0.25 through 2.00 hours, where reasonably good matches of distance-

drawdown data were obtained, the values in Table 4.9 are in line with

what logic might dictate. Examining the times of 24 and 48 hours

after the start of pumping, only slightly over half of the dewatered

volume was attributed to the interval one to 2000 feet. For the inter-

val one to 5000 feet the percentages were 84.5 for 24 hours after the

start of pumping and 78.8 for the 48-hour point. Recalling the type

and relative poorness of match obtained for the times of 24 and 48

hours, it appears that these estimates are biased toward the larger

radial distances.



CHAPTER 5

DESCRIPTION OF FINITE DIFFERENCE MODEL

The term model infers the basic computer program used in this

study. The program which is listed in Appendix B was developed spe-

cifically for the Grand Island, Nebraska aquifer test; however,

through judicious choice of input parameters, the model could be ap-

plied to any unconfined aquifer test in which a partially penetrating

well was discharging from an isotropic, homogeneous aquifer. The opera-

tion of the program entails reading in certain well, aquifer and dis-

charge parameters, for which the corresponding potential matrix and

water table profile are computed. The program has the advantage of

readily providing a more detailed description of the flow pattern to

a water table well than is usually attained using analytical techniques.

In addition the model provides insight as to the effects of various

parameters on the computed water table profile, several of which param-

eters are either ignored or necessarily held constant with the ana-

lytical approaches.

This chapter and the following chapter on evaluation and cali-

bration of the model are closely related, and the demarcation between

model description and model performance is not as precise as indicated

by the titles. Any meaningful description of the model would have been

difficult without frequent reference to the model's performance.
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Conversely in Chapter 6 alternate representations of certain model

features were examined, and accordingly the descriptions of those fea-

tures were presented in Chapter 6.

Although four. different finite difference equation forms were

used in this study, the simulation process will be illustrated only

for the conservation of mass at each mesh concept or more specifically

Equation 3.28. Since the models were developed similarly, separate

descriptions of each did not appear warranted. For ease of presen-

tation, the model description will follow the five-step sequence shown

in Figure 5.1. The input parameters, printing of results and estab-

lishment of the node matrix were more or less fixed model operations.

The branch from the assessment of the mass balance criterion to the

computation of hydraulic potentials reveals the iterative inner nature

of the computer program.

Input Operation 

Ten inputs served to describe the well and aquifer conditions.

Four additional inputs are used to establish the finite difference

grid and to define the relaxation coefficients, giving a total of 14

(see Table 5.1). Since all inputs could readily be expressed in dimen-

sions of time, T, and length, L, it was convenient to incorporate a

variable unit specification into the computer program. For analyzing

the Grand Island, Nebraska aquifer test, L was always specified as

feet and T as minutes. Hence the variable unit option was of no real

significance to this study; however it did lend a bit of generality

to the model without detracting from its overall utility.
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Figure 5.1. Generalized Flow Diagram of Finite
Difference Model.
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TABLE 5.1

Parameters Read into the Finite
Difference Model as Data Input

	1	 Well depth, L

	

2	 Well diameter, L

3	 Pumping rate, L 3/T

	

4	 Pumping level, L

5	 Saturated aquifer thickness, L

6	 Distance to lateral constant head boundary, L

	

7	 Saturated hydraulic conductivity, LIT

	

8	 Specific yield

	9	 Exponent for conductivity relationship

	10	 Height of capillary rise, L

	11	 Overrelaxation parameter for unsaturated region

	12	 Upper limit of overrelaxation parameter for

saturated region

	13	 Number of horizontal nodes

	

14	 Number of vertical nodes
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Another type of input not included in Table 5.1 was the simu-

lated times after the start of pumping. The choice of times or in-

directly the time steps was a critical one and deservingly will receive

further comment in Chapter 6. As a general statement the model was

limited to fairly short time steps when calculating potentials near the

start of pumping. For later periods of simulation the time steps

could be increased somewhat.

Returning to the ten inputs dealing with the physical aspects

of the aquifer test, the two inputs for the well were its diameter 
and

the distance from the static water table to the bottom of the well.

It was assumed that well losses were negligible and that the well was

perforated throughout its length. Consistent with the Grand Island,

Nebraska test, the model could handle only a partially penetrating 
well.

Adaptation to a fully penetrating well, although not difficult would

require internal modification of the computer program.

The pumping rate, Input 3, was considered to be 
constant pri-

marily because no other details on 
discharge were supplied by Wenzel

(1936, 1942). It also was felt that any effects due to a cyclic

varying pumping rate largely would have 
been removed through the curve

fitting procedures. The Choice of pumping level, 
Input 4, can be

any initial assignment greater than zero 
which serves to start the com-

putational process. Beyond this 
stage corrections in pumping level

are automatically made by the model. The 
pumping level also defines

the amount of water removed from within 
the well casing. Should the

first time period be sufficiently small that this 
volume is significant
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relative to the total pumpage, more serious consideration should be

given to the assignment of pumping level.

Inputs 5 and 6 relate to the vertical and horizontal dimensions

of the aquifer. The saturated aquifer thickness represents the dis-

tance from the static water table to the lower impermeable aquifer

base. Since the program was designed for a partially penetrating well,

this distance can be made large relative to the well depth. The

aquifer was considered to be axi-symmetric with its radial extent de-

fined by Input 6. This radial distance should be chosen sufficiently

large to insure the condition of constant hydraulic head at that point.

Since virtually all pumpage was assumed to be water removed from stor-

age, the amount of dawatered aquifer volume beyond the selected radial

boundary should be negligible.

The next four inputs are associated with the aquifer media.

Initial estimates of hydraulic conductivity and specific yield, Inputs

7 and 8, are necessary in order for the model to function. Hydraulic

conductivity and specific yield are intrinsic components of the con-

tinuity equation and derived solutions thereof and as such cannot be

separated from the equation. For example, application of either the

Theis equation to confined flow or Boulton's equations to unconfined

flow presupposes value definitions of specific yield and hydraulic

conductivity. Finite difference methods are not unlike the analytical

techniques in requiring an initial approximation of hydraulic conduc-

tivity. In 'regard to specific yield, there were at least two alterna-

tives for developing the modeling procedure. One was to take into
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Equation 5.1 could be expressed as

KsatHCK - (5.2)
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account the pumping level and well losses and by treating these as

knowns solving for specific yield. The other alternative, which was

the one selected, allowed pumping level to be a variable and assumed

values of specific yield. The latter approach appeared to offer a

more general application, particularly to those aquifer tests where

the pumping level was not measured in the course of the test.

Input 9 is listed as the exponent for the conductivity relation-

ship. Singh (1965, p. 22) used dimensional analysis to arrive at the

following relationship between hydraulic conductivity and moisture

content:

[0 - 0o K = Ksat	 -sat	 o
(5.1)

where: Ksat - saturated hydraulic conductivity

o 
- moisture content at which the continuity of moisture

is broken and below which flow will not occur

sat - moisture content at 
full saturation

- exponent found by curve fitting.

For purposes of this study the difference (Gsat - ) was considered- 

to represent the specific yield, S , and then by introducing a con-

stant

K = HCK ( 9 - 00 )N .	 (5.3)
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Input 9 thus constitutes the N in Equation 5.3. For Yolo Light Clay

Singh obtained a reasonable fit between measured and predicted hydraulic

conductivities using an exponent of 4.5. He then concluded that N would

range from three to six for most soils.

The moisture content of the porous media was assumed to be a

linear function of the soil water tension. That is,

9 = eT + f ,	 (5.4)

where:	 - soil water tension

e, f - constants.

The following boundary conditions were used to solve for e

and f:

9 = 9
sat	

at T = 0

and
	

• = 9
o	

at T = -h
c
	(5.5)

where h
c 
is the stated Input 10 and signifies the height of capillary

rise under equilibrium conditions. The resulting definition of mois-

ture release is

T• =	 + 9
sath

c

(5.6)

For more convenient adaptation to the computer program, 90 was sub-

tracted from both sides of Equation 5.6 giving as the final expression,

S •

e 2e .  Y 	+S .
o h

(5.7)

The relaxation coefficients, Inputs 11 and 12, were assigned

primarily on a trial and error basis with a major emphasis on the
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functionality of the model. For the unsaturated region Cooley (1970)

had underrelaxed calculated moisture content parameters prior to the

calculation of hydraulic conductivities. In effect he used a double

relaxation process in which computed hydraulic potential parameters

were first overrelaxed and then the moisture content parameters com-

puted from the potential parameters were underrelaxed. It was en-

visioned that by limiting Input 11 to values less than the 1.3 value

used by Cooley the need for double relaxations might be eliminated.

Computations in the saturated region were quite stable at

least for the case of isotropic, homogeneous media. As a result a

fairly large overrelaxation parameter could be used in the saturated

region, although this did not necessarily lead to the most rapid rate

of convergence. The selected method of treatment was to vary the over-

relaxation coefficient with iterations. At the start of an iteration

cycle the coefficient was set equal to Input 12. Its value was then

decreased linearly with iterations until it reached a value of 1.0 for

the last iteration.

Inputs 13 and 14 along with the aquifer dimensions are used

to define the node spacing or length of links. Logically if one were

interested in securing results with a minimum amount of computer execu-

tion time, the number of horizontal and vertical nodes could be held

to a minimum. Conversely if priority were placed on accuracy regard-

less of execution time, the density of nodes might be made quite large.

Consistent with the program listing in Appendix B, 40 is the maximum
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number of nodes that can be laid out in either direction; however, this

number could easily be increased by rewriting the dimension statements.

Establishment of Node Matrices 

The nodes in both vertical and horizontal directions were

established on a logarithmic spacing. In this way the node density was

made greatest at the two critical regions of the aquifer: the upper

aquifer boundary which was near the static water table and imediately

adjacent to the discharge well. Certain parameters such as hydraulic

conductivity and moisture content were alternately calculated and

stored in their respective matrices during each iteration. Other

parameters including the length of links and radial areas of meshes

were calculated prior to any computations of potential and then were

stored for ready access later in the program. In this section both

types of stored parameters as well as the procedure for positioning

the nodes will be discussed.

Figure 5.2 shows the location of nodes used to simulate the

capillary fringe and the upper portion of the aquifer out to a radial

distance of about 20 feet. The term capillary fringe denotes that

region imediately above the water table in which the pressure head is

negative and the moisture content decreases from a value of Gsat at

the water table to G
o 

at the top of the capillary fringe. The point

at which the moisture content equals Go is also referred to as the

height of capillary rise. The horizontal aquifer representation ex-

tends from the well centerline out to the constant head boundary .
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designated by Input 6. The sum of the height of capillary rise, TCAP,

and the saturated aquifer thickness forms the vertical dimension of the

aquifer simulation.

A saturated aquifer thickness of 100 feet was used in modeling

the Grand Island, Nebraska test. Although reference has been made to

a one-foot sandy loam layer at 39 feet, it must be borne in mind that

this observation constituted only a point sangle. Any assertion as to

the continuity of that layer is highly speculative. Considering the

physical framework of most alluvial aquifers, it is appropriate to

disregard the sandy loam layer and use an aquifer thickness of 100 feet.

Both r and z axes were established in a similar manner, and

therefore a description of node positions along the z axis will be

adequate to demonstrate the method. Treating the static water table

as the datum of zero elevation, the top of the aquifer was placed at

two feet, the assumed height of capillary rise, and its base at -100

feet. The log of the total distance between the top and bottom of the

aquifer was then divided by the number of vertical links to obtain

the quantity, EA. The uppermost row of nodes identified as Z(1) co-

incided with the top of the aquifer. Z(2) was placed a distance EA/2

below Z(1). The even indices of Z corresponded to the intersection

points of mesh lines and links. (See the points indicated by X

in Figure 5.2.) The distance between Z(2) and Z(4) and all other even

indices was EA. The odd indices of Z corresponded to the rows of nodes

and were placed midway between the elevations depicted by the even in-

dices of Z. Establishing the Z array as well as the R array in this
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manner provided a rectangular mesh with the accompanying nodes posi-

tioned at the center of that mesh.

In effect the number of elevations stored in the Z array was

exactly twice the number of vertical nodes. Cross reference between

a node row and its listed elevation was accomplished by multiplying

the vertical index of the node row by two and then subtracting one,

that is, for a vertical index of i the corresponding elevation was

stored in Z(2 x i-1).

Those parameters which were calculated and stored for later use

in the program, were assigned the following FORTRAN names: R2, R3,

Z2, Z5, A2, AREA and SYI. The R2 and Z2 arrays contained the distances

from a node to the vertical and horizontal sides, respectively, of the

associated mesh ) h3 and h4 in Figure 3.4. The distances between nodes

both vertically and horizontally were stored in arrays R3 and Z5.

AZ, AREA and SYI were used in the calculation of the amount of water

removed from storage. A2 constituted the mesh heights and AREA the

mesh areas. The entries in the SYI were equivalent to the left-hand

side of Equation 5.7 and represented the readily drainable moisture

content of the meshes under initial, equilibrium conditions. Above the

water table SYI was computed using Equation 5.7 with T set equal to

minus the elevation Z. SYI was assigned the value of specific yield,

Sy  for all nodes at and below the static water table.

Because of the symmetry provided by two sets of parallel lines

intersecting at right angles, all of the above parameters could be

stored as one-dimensional arrays. The parameters of hydraulic potential,
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H, readily drainable moisture content at any time, SYT, and the calcu-

lated potentials from the previous time step, SM, were necessarily

treated as two-dimensional arrays. Hydraulic potential was possibly

the most important parameter in the model simulation, and both the H

and SM arrays will be discussed further in the next section. SYT,

aside from the two-dimensional considerations, was assigned initially

in the same manner as SYI; however, the array values for the unsatu-

rated region were continually adjusted during the calculation sequence.

The remaining parameters PRES, NI, WTP and W7E all relate to

the separation or boundary between the saturated and unsaturated regions.

Values of PRES. or pressure head were calculated by columns starting at

the uppermost internal node of that column. The computations were termi-

nated when a PRES value equaled or exceeded zero. The integer index

of the node immediately above that point was then stored in the array,

NI. If PRES was greater than zero, linear interpolation was used to

find the elevation corresponding to a pressure of zero, that elevation

being designated WTP. WTP thus constituted the water table position

for that column; however, in practice it was found that underrelaxing

the computed WTP values enabled the model to accommodate a larger

initial time step.

A comparison of WTP after the first and final iteration cycles

as well as WTE, the relaxed water table position is given in Figure

5.3. Because of the manner of treating the well boundary, WTP after

the first iteration cycle depicted much greater drawdowns than were

obtained after the final iteration cycle. The relaxed profile or WTE
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Figure 5.3. Final Computed Water Table Profile, Relaxed
Water Table Profile and That Computed after
the First Iteration Cycle.
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values tended to compensate for some of this overshoot. The param-

eter used for relaxing the water profile was 0.75; however, the actual

choice of an underrelaxation parameter did not appear to be a critical

one.

Computation of Potentials 

The basic method described as Successive Line Overrelaxation

(SLUR) by Cooley (1970) was used to compute potentials at nodes.

SLUR infers a relaxation coefficient that at all times exceeds 1.0.

During the course of this study there were situations where the effec-

tive relaxation coefficient was 1.0, and therefore the finite dif-

ference procedure was given the more general term Successive Line Re-

laxation (SLR). In applying the SLR method with lines constituting

columns of the grid matrix, both saturated and unsaturated portions

of the aquifer were computed simultaneously. This feature was felt

necessary in order to insure continuity across the water table; 
how-

ever, it did detract from the model's performance. For the saturated

region there was a one-to-one correspondence between the number of

unknowns and the number of nodes. This feature provided a 
greater

stability and generally a more rapid convergence for 
calculated poten-

tials in the saturated region.

For the unsaturated region there were twice as 
many unknowns

as nodes. Hydraulic potentials as computed through the 
SLR procedure

were used to estimate values of hydraulic conductivity 
for the next

iteration. In effect the iteration process served to calculate 
in a
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trial-and-error fashion values of hydraulic conductivity as well as

to adjust hydraulic potentials relative to the boundary conditions at

the well face. The added unknown of hydraulic conductivity reduced

the size of time steps which could be accommodated in the unsatu-

rated region, and thus exerted a controlling influence on the simula-

tion technique.

The SLR. method is similar to the Alternating Direction

Implicit (ADI) procedure described by Douglas and Peaceman (1955).

For both methods the basic finite difference equation is arranged in

the form

+ B.Ø. 	 +	 = Di 	(5.8)

where for this study, i was the index integer for rows and j 
that for

columns. The only unknowns in Equation 5.8 are the interior potentials

of column j. A, B and C are assumed to be known, and the 
potentials

of adjacent columns are included with the coefficient D as knawns.

01
. and 0	 constitute potential values at 

the top and bottom of
i,	 NVN,j

column j, respectively. For potentials at the 
nodes immediately below

1 and above NVN, Equation 5.8 becomes

B 2Ø2 	C2Ø 3 	D2
	(5.9)

and
	

ANVN-1
0NVN-2,j BNVN-PNVN-1 ,j = DNVN 1 •
	 (5.10)

Whereas for nodes 3 <i < NVN-2, Equation 5.8 is applied directly. 
The

resulting simultaneous equations form a tridiagonal 
matrix which can

be solved by the Thomas algorithm as presented by 
Young (1962, p. 375).
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The primary difference between the ADI and SLR methods lies in

the number of iterations. With ADI each time step is divided into

two parts. Computations are made both for a partial time step with

node columns forming the simultaneous equations and for a partial

step with node rows as the simultaneous equations for solution by the

Thomas algorithm, which is essentially a two-iteration process. In

this study the SLR method was applied only to node columns  and uti-

lized a sequence of as pony as 20 iterations.

The iterative alternating direction implicit method (ITADI),

a modification of which was used by Cooley (1970), is similar to ADI.

Relative to the defining difference equations those for ITADI include

a forcing function which is the product of the sum of the coefficients

of the potential differences, the difference in potential values be-

tween the current and previous iterations at the node in question and

an iteration parameter. ADI does not contain a function of this type.

With SLR calculated potentials are relaxed between iterations in the

following manner

k 1	 k+ w(0. .
, j	 ,	 , 1 ,3

(5.11)

where:	 w - relaxation coefficient

mk-1
- relaxed potential value from the previous iteration

so. • - current calculated potential 
value

1,3

• - current relaxed potential value.
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This relaxation of potentials is handled independently of the solution

by the Thomas algorithm and is not included in the basic finite

difference equations.

The ensuing discussion will deal first with the computation of

potentials at interior nodes. That description will then be extended

to the boundaries depicted in Figure 5.4. It should be noted that this

presentation is reverse to the manner in which the model functioned.

As shown in Figure 5.5 the iterative boundary or Boundary I is com-

puted first. This column between the top of the seepage face and

Boundary IV has to be treated iteratively because of the unknown

values of hydraulic conductivity. For Boundaries 
IV and V hydraulic

conductivity is defined. Hence, the solution for 
those boundaries is

unique, and iterations are not required. The 
remaining four boundaries

are assigned rather than calculated. Boundary VI 
as a row of nodes

positioned at or above the top of the 
capillary fringe was maintained

as all times at a hydraulic potential of zero. The 
column representing

the constant head boundary, Boundary VII, 
too is assigned a zero po-

tential. Nodes along the seepage face, Boundary 
II, are set equal to

the elevation head. Boundary III nodes take 
on potential values equal

to the pumping level. It is only after all boundaries 
have been de-

fined that computation of potentials at the 
internal nodes is initiated.
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Internal Nodes

By making the following substitutions:

AE.
2 r .

1 14i
)	 (	 2.(h1	 -

2 )) '
3 	i"'"2-

2	 .
AW.

)
- 2Ch3 + 113)	 - 2

(5.12)

AN. -	 1
2 h4(h2 + h4 )

AS.
1

. 2 h4(h4 + h6
)

Equation 3.20 can be represented as

AE. K. .	 (0. . , - 0. .) - Aw. K. . (Ø 	- 0-	 1)
3 1,3+,2- 1,3+1	 1,3	 3 1 ,3 —i 1,3 

+ AN. K.	 . (0	 • - 0-1 1-42-,3	 i-1,3	 1,
- AS. K.	 .(0-	 i0	 -)1+i-,3 1,3	 +,,3

(5.13)

The term DO/at can be replaced by the Change in potential with respect

to time through use of Equation 5.7. Substituting (0 - z) for T

in Equation 5.7 and differentiating with respect to t yields

(5.14)
at hc
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Representing DO/at in difference notation, Equation 5.14 becomes

s e - e-1De =  y 1,j	 1,j .
at	 h n - n-1c t -.t

(5.15)

where n denotes the current time period of analysis and n-1 the pre-

ceding time period. Rewriting Equation 5.15 using the FORTRAN names

selected for the model simulation

H. .-SM.De	 S 	 1,3	 1,3 
at TCAP	 Tn

(5.16)

If T	 is set equal to a constant, VOLEL, for eaCh time period ofCAP x Tn

analysis, Equation 5.16 can be expressed as

De = VOLEL at	 - sm. .) .at	 1,j	 1,3 (5.17)

• Placing Equation 5.13 with the right-hand side as represented

by Equation 5.17 into the equation fouit of the tridiagonal matrix pro-

vides

AN. 	-	 + AN)	 + AN.

+ As. - VOLEL) H.	 + AS. K. H.	 .
1,3 1+;i,j 1+1,3

= -AE. K. .	 H. .	 - AW. K. .	 H. .	 - VOLEL x SM. . .	 (5.18)
3 1,3+3i 1,3+1	 3 1,34i 1,3 - 1	 1,3
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Equation 5.18 is used to compute hydraulic potentials at all interior

nodes of the unsaturated region. For application to the saturated

region, hydraulic conductivity was assumed constant and 90/at was set

equal to zero. Modifying Equation 5.17 in this manner provides the

following expression

AN.1-1..-(AE.1-1,1/L+AN. + AS.) H. . + AS. H.	 .1-1,3	 a.	 1,3	 1+1,3

= -AE. H. .	 -AW. H. „	 (5.19)3 1,3+1	 j 1,3-1 •

Iterative Boundary

Boundary I was treated as no flow in the r direction or in ef-

fect one-dimensional flow in the z direction. To meet this condition

in the context of Equation 5.13, the potential differences Ok ,i4.1

- Ø. 	and (0i,i - 0i,j _ 1 ) were set equal to zero. Rather than

writing out the resulting form of the finite difference equation,

only the values of the coefficients in Equation 5.8 will be given.

A. = AN. K.

	B i = - ANi 	- ASi Ki+i,i - VOLEL
	ii,j

C. = AS. K.	 .

D. = VOLEL x SM. . .
1,3

(5.20)
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The iterative boundary extended from the top of the capillary

fringe to the point of intersection between the well casing and the

water table. For instances where large oscillations of the water table

near the well occurred, this method of treating Boundary I could

cause model failure. More typically the procedure provided reason-

able results within only a few iterations.

Noniterative Boundary

The noniterative boundary was a joining together of Boundaries

IV and V. Boundary IVrwas necessitated by the inclusion of a partially

penetrating well and permits flow only in the z direction. Boundary

V is also a one-dimensional flow boundary, that being in the r direc-

tion. At the confluence of Boundaries IV and V flow was allowed to

enter the right side of the quarter mesh and then exit at its top edge.

In this way a continuous one-dimensional flow boundary was formed which

extended all along the impermeable aquifer base up to the bottom of

the well.

The appropriate equation coefficients for Boundary IV are

and

A. =AN.
1	 1

- AS.
1	 1	 1

C. = AS.
1	 1

D. = O .
1

(5.21)
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For the quarter mesh associated with node (NVN,1), the coefficients

are

ANVN=M\TVN'

B	 = - AN	 - AENVN	 NVN	 1
(5.22)

CNVN = AE1

and
	

DN,N = °

In order to include Boundary V in the same tridiagonal matrix, the

index integers of the defining coefficients were changed to Z, where

2, represented the sum (NVN + j). Hence the coefficients for Boundary

V are

A = AW. ,
it,	 3

B = - AW. - AE.
2,

C =AE.

(5.23)

and D = O.

An appraisal of the values calculated using Equations 5.21, 5.22 and

'5.23 will be reserved until Chapter 6. As a procedure they enhanced

model stability and expedited convutations.
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Solution Criteria

Solution criteria were used to indicate the convergence of
calculated potentials as well as to satisfy mass balance considera-
tions. During a particular iteration the absolute changes in poten-
tial prior to and after the iteration sweep were evaluated, with

only the largest value of change, BIG, being retained as an index of
convergence. Consideration was given to summing all the absolute

potential changes and then using an average value of potential change

for appraising convergence. Experimentation with both approaches showed

that whenever computations were stable, there was much similarity in

the depicted convergence trends. It was further observed that a bad

calculated value at any node of the matrix could adversely affect ad-

jacent nodes during the next iteration. With subsequent iterations

the region of bad results frequently became large enough to render all

computations meaningless. This type of development was more readily

identifiable by the criterion of biggest absolute potential change,

whereas average values tended to mask this occurrence.

For pu	 poses of this study a converging solution was charac-

terized by a monotonic decrease in the largest absolute potential

change with iterations. If the potential changes increased, the solu-

tion was said to be diverging. A maximum of 20 iterations was allowed

for convergence, with the lower limit of convergence, BPS, being set

at 10-6 feet. If during an iteration sequence the largest potential

change became less than EPS, iterations were terminated at that point.

In practice the largest potential change after the first cycle of 20
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iterations was typically 10-2 or 10 -3 feet, and thus the convergence
limit was not achieved.

Attempts at continuing iterations to the limit, EPS, showed
that convergence was always more rapid at the onset of iterations and
became progressively slower as the limit was approached. In effect
the required computer execution time was made considerably greater by

vigorous adherence to the limit of EPS. As will be discussed later

several iteration cycles were required to determine the position of

the pumping level, and for subtle adjustments of the pumping level the

extent of convergence was increased measurably during subsequent itera-

tion cycles. In this way the largest potential change frequently was

reduced to less than 10-4 feet. It will be acknowledged that continUiirtg

iterations to the limit of 10-6 feet would have provided more reliable

estimates of the amount of water removed from storage, but this ad-

vantage was far outweighed by the increase in execution time.

Frequent mention has been made of the mass balance criterion.

In effect after 20 iterations, a comparison was made between the com-

puted and measured amounts of water removed from storage. The measured

water removed from storage, QD, was defined by

QD = QM x T wWLDM
2 p0-1

4

where: QM - pumping rate

(5.24)

WLDM - well diameter

PLn-1 - pumping level at the termination of the preceding itera-

tion cycle.
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The term, (iWLDM2 x PLn-1)/4, represents the amount of water removed
from the well itself, a correction which proved necessary for analyses

at times near the start of pumping. QPNP or the simulated amount of

water removed from storage was determined by summing the products of

mesh volumes and the net change in moisture content of those meshes.

An error term was computed as

If QERR was less than 0.025 or about two percent, the mass balance

criterion was satisfied and the solution was accepted. When QERR ex-

ceeded 0.025 the pumping level, PL, was recalculated using the following

linear relationship between PL and the amount of water removed from

storage

PL	 -R+1	 (QD -) (PLk - PL ' )	pLk-1
QPNBP - QP k-1MP

(5.26)

where k indicates the number of iteration cycles for the chosen time

period of analysis. Computations were then continued for another

cycle.

The limit of QERR less than 0.025 was the sole solution cri-

terion for many of the early analyses reported in Chapter 6. The

criterion was attractive in that a solution was frequently obtained

with only a few iteration cycles; however, a problem arose as to the

uniqueness of the computed water table profile. More specifically,

different profiles could be calculated for a specific time depending
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on the selected time steps. Forcing QERR to a closer limit of 0.01 was

not a satisfactory alternative, since this caused an excessive increase

in the number of iteration cycles at early time periods of analysis.

Further investigation identified the problem as being an oscillation

of that portion of the water table nearest the discharge well. At

greater distances from the discharge well the profile appeared to be

stable.

To limit the effects due to oscillation a second solution cri-

terion was added to the model. The average absolute change in water

table elevation between two consecutive iteration cycles was calcu-

lated and identified as AX/DV. For all later analyses in Chapter 6,

the solutions were forced to meet the two-part criterion, namely, a

QERR of less than 0.025 and an AVDV of less than 0.10 feet. Either

limit was readily attainable by itself; however, the combination of

limits imposed a rather stringent control on the solution process.

Output Operation 

Printed output consisted of the computed hydraulic potential

matrix and water table profile for each selected time period. These

parameters alone are adequate for most analyses, such as describing the

flow pattern to a discharging well. Since the model was intended pri-

marily as a research tool, it seemed appropriate to also include certain

aspects of the solution process as output (Table 5.2).

A tabulation in the format of Table 5.2 was printed after each

iteration cycle. The largest absolute potential changes at each



TABLE 5.2

Largest Absolute Changes in Potential and Calculated Water
Removal from Storage for a Cycle of 20 Iterations

SOLUTION APPROACH FOR PUMPING LEVEL = -17.03 FEET

ITERAT TON
SATURATED
LARGEST

CHANGE
Z R

UNSATURATED
LARGEST

CHANGE

1 .1708E+00 21 2 .4137E+00 8 2

2 .2916E-01 12 8 .5826E-01 9 3

3 .2270E-01 12 7 .2140E-01 10 3

4 .1546E-01 13 6 .1700E-01 12 6

5 .1291E-01 13 5 .1344E-01 12 5

6 .8288F-02 13 4 *9177E-02 12 4

7 .6471E-02 13 6 .7733E-02 12 4

8 .5146E-02 13 5 .5658E-02 12 5

9 •3649E-02 13 4 .4561E-02 12 4

1D .2552E-02 26 6 .3380E-02 12 4

li .2133E-02 26 6 .2476E-02 12 4

12 .1760E-02 26 6 .1726E-02 12 4

13 .1466E-02 26 6 .1232E-02 12 4

14 .1254E-02 26 6 .8907E-03 12 4

.1079E - 02 26 6 .6398E-03 12 4

16 .9323E-03 26 6 .4576E-03 12 4

17 .8118E-03 26 6 .3438E-03 12 4

18 .7119E-03 26 7 .2537E-03 12 4

19 .6285E-07 26 7 .1184E-03 12 4
4

20 .5573E-03 26 7 .1408E-03 12

AVERAGE ABSOLUTE CHANGE IN WATER TABLE POSITION = .051 FEET

ERROR IN PREDICTED Q FROM STORAGE = .024

UPPER EDGE OF SEEPAGE FACE IS AT -2.57 FEET

WATER REMOVED FROM STORAGE = 1007.67 
CUBIC FEET

WATER PEMOVED FROM WELL =	 47,12 
CUBIC FEET

TOTAL = 1054.79 CUBIC FEET
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iteration were listed for both saturated and unsaturated regions. The

Z and R values denote the vertical and horizontal indices respectively

of the nodes at which the largest Changes occurred. This inventory of

node locations readily identified problem areas in the model simula-

tion. It might be pointed out that nodes near the iterative boundary

or adjacent to the interface between the saturated and unsaturated

regions were the nodes most subject to slow convergence.

The average absolute Change of water table position and er-

ror in predicted water release from storage were included for 
compari-

son to the solution criterion. The position of the upper edge 
of the

seepage face provided an indication of oscillations of the 
water table

near the well. The last item in Table 5.2 is the calculated 
total well

discharge as composed of both water taken from aquifer storage 
and from

the well itself.



CHAPTER 6

EVALUATION AND CALIBRATION OF THE MODEL

The development of the finite difference model was accom-

plished over a period of about two and one-half years: During that

time many of the inputs and internal features of the computer model

were reviewed and adjusted considerably. Those intrinsic model features

and model inputs which had significant computational implications were

selected for further study and exemplification in the context of model

evaluation and calibration.

In the first section of this chapter initial values of all

necessary input parameters are estimated from the analyses and descrip-

tions presented in Chapter 4. Based on these initial input values

the four unique finite difference representations as developed in

Chapter 3 are incorporated into simulation models for comparative pur-

poses. Only one of the four equation types is retained for further

analyses. Next the effects of node spacing are appraised relative

to both model perfoimance and model estimates of the amount of water

removed from storage, with a single node spacing being selected for

the next phases of the study. The process of making computations

first with the initial value of an input and then for a sequence of

values about that input is then applied to the choice of relaxation

coefficients.
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In the section Description of Aquifer and Boundaries two method's

of treating no flow boundaries are examined, foTir different positions

of the lateral constant head boundary are evaluated and anisotropic

aquifer conditions are reviewed. Saturated hydraulic conductivity and

specific yield are important parameters to the analysis of groundwater

flow and accordingly constitute the last phase of the model's calibra-

tion. The height of capillary rise as a constant in the moisture re-

lease relationship and the exponent of the conductivity relationship

were evaluated in that order prior to considerations of saturated

hydraulic conductivity and specific yield.

Because of strong interactions between certain inputs it is

necessary that they be appraised in a sequence such as the one described.

At each step of the sequence the choice of specific model features and

of best estimates of parameter values is governed both by the func-

tionality of the model and the match between model computed and test

data. Particular emphasis is placed on those aspects of model per-

formance which lead to a reduction in the required computer execution

time.

Initial Input Parameters 

The pumping rate, well depth, well diameter and aquifer thickness

values in Table 6.1 were taken from Wenzel (1942). His only reference

to pumping level was a measurement of -20 feet at the end of the test,

For calculating the drawdown profile at 15 minutes after the start of

Pumping, -15 feet is used as the initial estimate of pumping level.

The saturated hydraulic conductivity of 0.094 feet/minute corresponds



TABLE 6.1

Initial Values Assigned to Input Parameters

LENGTH UNIT OF FEET	 AND TIME UNIT OF MINUTE(S)

i WELL DEPTH	 - 77.1 FEET

2 WELL DIAMETER	

-	

2.0 FEET

7 PUMPING RATE	 - 72.0 CUBIC FEET
PER MINUTE(S)

4 PUMPING LEVEL	 - - 15.0 FEET

5 SATURATED AQUIFER THICKNESS	 - 100. FEET

6 DISTANCE TO CONSTANT HEAD BOUNDARY - 2000. FEET

7 SATURATED HYDRAULIC CONDUCTIVITY	 - .094 FEET
PER MINUTE(S)

8 SPECIFIC YIELD	 .21

9 EXPONENT FOR CONDUCTIVITY RE-	 - 3.00
LATIONSHIP

10 HEIGHT OF CAPILLARY RISE
	

2.0 FEET

11 OVERRt7 LAYATION PARAMETER FOR	 - 1.10
UNSATURATED REGION

12 UPPER LIMIT OF OVERRELAXATION	 - 1.60
PARAMETER FOR SATURATED REGION

13 NUMPER OF HORIZONTAL NODES	 30

14 NUMBER OF VERTICAL NODES	 30

LISTING OF TIMES IN MINUTE(S) :CI' WHICH SOLUTIONS ARE DESIRED
15.9
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to an average of the values reported by Wenzel. Specific yields

which he determined using the Theis equation and the pun-ping method

applied at the end of the test were averaged to provide the value of

0.21.

Selection of the exponent for the conductivity relationship

was aided by Figure 6.1, in which Equation 5.1 is plotted for four as-

sumed values of N. It is apparent that an exponent of 3 among'

those considered provides the most gradual changes in hydraulic con-

ductivity at the higher moisture contents. This feature was felt to

be advantageous in maintaining stability of the finite difference -

scheme. Without any infolmation as to the actual variation of hydraulic

conductivity with moisture content for the Grand Island, Nebraska test,

three was arbitrarily used as the initial value of Input 9. The as-

signment of two feet as the height of capillary rise, Input 10, was

felt to be reasonable for a predominantly sand and gravel medium.

Based on Table 4.9, a distance of 2000 feet to the constant head

boundary, Input 6, accounted for 90 percent or more of the dewatered

volume during the first two hours of discharge.

Cooley (1970) had used an overrelaxation parameter of 1.3 in

his model study. Tb avoid the divergence problem which he had noted,

a smaller coefficient of 1.1 was used to relax hydraulic potentials

in the unsaturated region. At this stage of the analysis the over-

relaxation coefficient for the saturated region was varied in a linear

fashion from 1.7 to 1.1.
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Normalized Moisture Content

Figure 6.1. Hydraulic Conductivity versus Moisture
Content for Different Values of the
Exponent N.
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Inputs 13 and 14 define the density of nodes. Since computer

execution time is roughly proportional to the number of nodes, there

is an incentive for using as few nodes as possible. A matrix of 25

horizontal and 25 vertical nodes on a logarithmic spacing was con-

ceived as a practical minimum node density for simulating the Grand

Island, Nebraska test. Of the total of 625 nodes, 96 were used to

describe the boundaries leaving only 529 for internal representation

of the aquifer. The size of time steps too is important in minimizing

computer execution time. The selection of _15 minutes as an initial

time step was felt to be a reasonable test of the model's ability to

accommodate large time steps.

Choice of Equation Type 

Models were developed using the finite difference representa-

tions of the continuity equation given by Equations 3.10, 3.12, 3.13

and 3.29. These models will be referred to as the First Central Dif-

ference (FCD), Combined Central Difference (CCD), Second Central Dif-

ference (SCD) and Ntss Balance (NB) models, respectively. Starting

with the inputs as listed in Table 6.1 all but the MB model failed to

achieve a solution. For the FCD and CCD models, modifying the time

periods to 3, 8 and 15 minutes or in effect using three time steps

did lead to a solution. Four time steps were used to obtain a solu-

tion at 15 minutes with the SCD model.

The average deviates between the computed distance-drawdown

profiles and the test data are given in Table 6.2. Although the telm
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TABLE 6.2

Execution Times and Average Deviates of Water Table
Position for Four Difference Representations of the
Continuity Equation at 15 Minutes after the Start of
Pumping

Equation Type

Execution Time
per Iteration

seconds
Number	 .

of Iterations

Average
Deviate

feet

Number
of Time
Steps

First Central
Difference 0.127 240 1.45 3

Combined Central
Difference 0.135 200 1.42 3

Second Central
Difference 0.145 460 1.35 4

Mass Balance 0.168 120 1.64 1

Mass Balance 0.168 340 1.43 3
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test data will be referred to frequently, what is really implied is the

distance-drawdown profile described by Equation 4.25 with the constants

C and b as defined by curve fitting to the fitted time-drawdown data.

Based on the lowest average deviate the best match of test and com-

puted data was obtained using the SCD model; however, there is a po-

tential difficulty in using an unweighted statistic such as the average

deviate. By the nature of a logarithmic spacing of node columns, the

greatest concentration of predicted water table elevations lay inmedi-

ately adjacent to the discharge well. Not only was the actual number

of observation wells limited in this region, but also there was a ten-

dency for the water table profile to oscillate within a radius of about

four feet of the well. Since at this preliminary stage of analysis

all computed drawdowns were smaller than indicated by the test data, a

downward oscillation significantly reduced the computed average deviate.

Conversely an upward oscillation during the last iteration prior to the

printing of the results would have depicted a high average deviate.

Because of a possible bias due to oscillation, the actual draw-

dawn values were compared as shown in Table 6.3. Of the four models

the SCD model provided the largest drawdowns out to a radial distance

of 9.29 feet, slightly beyond the region most subject to oscillation.

For radial distances greater than 9.29 feet the drawdowns obtained with

the CCD and SCD models were quite similar. The water table profiles

for the FCD and MB models were higher in elevation over the interval

12.76 to 32.99 feet but at greater distances closely matched the profiles

of the CCD and SCD models.
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Returning to Table 6.2 the calculation sequence covering strictly

the internal nodes was enclosed before and after by a time call routine.

Upon entering the sequence the total computer time consumed to that point

was called and stored. Upon exit of the sequence the time was again

called, with the difference between the two times divided by the number

of iterations forming the entries for Table 6.2. The FCD model with a

fairly simple equation form required an average of 0.127 seconds to com-

plete an iteration of the internal nodes. The CCD and SCD models with

slightly more complex equation forms in turn required greater execu-

tion times. The surprising result was the 0.168 seconds per iteration

used by the Mass Balance model, which possessed fewer term in its de-

fining difference equation than the other models. The explanation may

lie in the different treatment of hydraulic conductivity between the

central difference and MB models. For the FCD, CCD and SCI) models

hydraulic conductivity values were required only at individual nodes.

With the MB model it was necessary to interpolate hydraulic conduc-

tivity values at the boundaries between meshes. This was accomplished

by computing the moisture content at each node and then taking a

weighted average of the moisture contents between adjacent nodes. The

desired hydraulic conductivity values at the boundaries were then cal-

culated from the averaged moisture contents.

The required computer execution time is roughly proportional

to the product of execution time per iteration and the number of itera-

tions. On this basis the 10B model for one time step used considerably

less total execution time than any other model. The relatively high
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average deviate for this model was of some concern. Speculating that

the size of time step might have been a factor, the drwadown profile

at 15 minutes was recalculated using the times of 3, 8 and

15 minutes. As might have been expected almost three times as many

iterations were needed to achieve the final solution, thus making the

required execution time for the three time step version greater than

that of all other models except the SCD model. The drawdown values

in Table 6.3 show that utilization of three time steps did improve the

results. In fact the computed drawdowns now rather closely approxi-

mated those that were obtained using the CCD and SCD models. The

Mass Balance model thus has the demonstrated ability to provide either

good accuracy for moderate time steps or reasonable accuracy for

large time steps. This latter feature best met one of the basic ob-

jectives of this study which was to keep computer execution time to a

minimum.

Effect of Node Spacing 

Node density has a direct bearing on computer execution time.

For the internal nodes and roughly half the boundary nodes there is a

one-to-one Correspondence between the number of equations and the

number of nodes. Aside from considerations of execution time, node

density influences the accuracy of computed results. Since a dif-

ference model is a discrete representation of a continuous system, an

increase in the number of nodes within a given region helps transform

the model toward a closer representation of a continuous state.
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Computer Execution Time

The water table profile was calculated for 30 minutes after

the start of pumping using the MB model and the node configurations

listed in Table 6.4. Increasing the number of nodes from 625 to 1600

caused almost a linear increase in the amount of execution time per

iteration. The execution times presented in Table 6.4 were arrived at

in the same manner as those in Table 6.2 and represent an average for

computations of the internal nodes over the first iteration cycle.

It should be pointed out that the CDC 6400 computer used in this study

is a multi-programming unit, which stores up to ten programs in periph-

eral processors waiting for access to the central processor. The

programs in waiting are assigned priorities based in part on the con-

sumed execution time. In essence a particular program will have an

assigned number of time blocks when computation by the central proces-

sor begins. After that allotted time has been used, two things occur.

First, the priority of the program in question is reduced, and then an

assessment of the priorities of all the programs held in the peripheral

units is made. Should a program be found which has a higher priority,

an interrupt occurs and processing continues for the next series of

time blocks with that program. These interrupts contributed to the

execution time as determined by the calling routine mentioned earlier.

The only recourse short of manually counting cycles was to present the

comparisons of execution time for the early portions of the program or

more specifically the first iteration cycle which necessarily contained

the fewest interrupts.



TABLE 6.4

Execution Times and Average Deviates of Water Table PositionComputed with the Mass Balance Model for Various Square NodeMatrices and 30 Minutes after the Start of Pumping

Number Vertical Execution Time Number AverageVersus per Iteration of DeviateHorizontal Nodes seconds Iterations feet

25 X 25 0.168 240 1.38

30 X 30 0.241 200 1.29

35 X 35 0.350 160 1.39

40 X 40 0.450 180 1.03
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It was at this point that the two-part solution criterion was

imposed on the model, one dealing with mass balance considerations

and the other with the stability of the computed water table profile.

At the early stages of computation the mass balance criterion was sat-

isfied quite readily; however, the water profile criterion was not.

With ensuing iteration cycles the absolute change of water table posi-

tion converged to its limit of less than 0.1 feet, but at that point

the mass balance criterion often was no longer satisfied. With

further iteration cycles the average absolute change of water position

remained fairly constant while the desired match between predicted and

measured amounts of water storage was again restored.

The number of iterations ranged from 160 for the 35 by 35

matrix to 240 for the 25 by 25 matrix. Both the 25 by 25 and the

35 by 35 matrix models followed the pattern of solution outlined above,

although tle more sparse model required more iteration cycles to attain

the water table criterion as well as the second match of measured and

predicted water release from storage. Consequently there was a greater

inherent stability with the more dense matrix which acted to subdue

water table oscillations. The 35 by 35 matrix model also displayed a

more nearly linear relationship between the pumping level and the

amount of water taken from storage, a feature which aided its attain-

ment of the second mass balance.

The average deviates of water table position as presented in

Table 6.4 did not follow a consistent pattern. For a more detailed

appraisal the corresponding water table profiles were plotted as shown
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in Figure 6.2. At distances of 25 feet and greater from the discharge

well, the drawdown-distance profiles were virtually identical for all

node densities tested. Over the range of roughly four to 25 feet, the

25 by 25 and 30 by 30 node spacings yielded nearly identical results,

while a higher profile was obtained for the 35 by 35 density and a lower

profile for the 40 by 40 spacing. The previously noted oscillation of

the water table is quite apparent in the radial interval one to two

feet. If all entered inputs were precise particularly for the period

30 minutes after the start of pumping, the 40 by 40 spacing by coming

closest to the test data would be the appropriate choice. However,

since the inputs were subject to challenge, it was decided instead to

base further computations on the 30 by 30 matrix. Although no explana-

tion will be offered, the profile depicted by the 30 by 30 node density

was more stable and not as sensitive to oscillation, as the other

spacings. In addition the 30 by 30 matrix required only slightly more

total execution the than the smallest matrix tested.

Water Removed from Storage

Both a hyperbolic and a linear definition of the moisture re-

lease curve as shown in Figure 6.3 were incorporated into the Second

Central Difference model for computing the amount of water removed

from storage. The SCD model was selected, because of a demonstrated

ability to provide a slightly greater accuracy of results than the

other models, and also only a small time step, zero to one minute, was

used for the computations. For this time range the SCD model not

only is functional but also requires less net computational time than
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the Mass Balance model. It was further hypothesized that the calculated
volumes of water removed from storage were independent of model type

and similar results would have been obtained if the NB model for example

had been used for the analysis.

The hyperbolic moisture release relationship was adapted from

Gardner (1920) and had the following form

T = —9 + f
	

(6.1)

where: T - soil water tension

- moisture content

e,f - constants.

Transposing Equation 6.1 to obtain an expression for moisture content

as a function of T,

(6.2)

Upon examination of Equation 6.2 it is apparent that as T approaches

minus infinity, the moisture content asymptotically approaches zero.

It was felt preferable to allow the moisture content to asymptotically

approach 90. Modifying Equation 6.2 to this effect

	 + G (6.3)
T- f	 o

The constants e and f can be evaluated if two boundary conditions are

known. The first of these is for

T> 0,	 e
sat 

.
	 (6.4)
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The second boundary condition for the linear definition of moisture re-

lease was a moisture content of
o at T equal to minus the height of

capillary rise. In order to utilize the asymptotic property of Equation

6.3 the previous second boundary condition was restated as

= o + 0.01 at T =
	

(6.5)

After solving for e and f using the boundary conditions given by Equa-

tions 6.4 and 6.5 and substituting into Equation 6.3, the hyperbolic

moisture release relationship becomes

0.01 S hy C 
+

9 =	 Y(S	 .01)	 90
Y

(6.6)

Preliminary experimentation with the hyperbolic moisture release

curve given by Equation 6.6 using a node density of 25 by 25 revealed

a difficulty in meeting the mass balance solution criterion, in that

for all trials the computed water release values were extremely low.

Relative to the model, the meshes for nodes below the water table were

assumed to have a moisture content equal to the porosity value. Through-

out the unsaturated region moisture contents were assigned according

to the hyperbolic moisture release curve shown in Figure 6.3. With a

relatively sparse node density this latter assignment tended to fall

on the nearly vertical straight line portion of the moisture release

curve for all cases including those nodes immediately above the water

table. Attention was then shifted to increasing the number of vertical

nodes so that the assignments would include the lower, transitional

phase of the hyperbolic moisture release curve.
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Moisture Content

Figure 6.3. Comparison of the Hyperbolic as
Adapted from Gardner (1920) and
Linear Definitions of the Moisture
Release Relationship.
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Table 6.5 was developed to illustrate the effect of node density

on the calculated volume of water removed from storage for a hyperbolic

definition of moisture release. The entries are based on an assumed

constant pumping level of -10 feet over the period zero to one minute

after the start of pumping. With a pumping level of -10 feet, 31.4

feet 3 of water would be removed from the well itself with the remaining

40.6 feet3 being taken from aquifer storage during the first minute of

pumping. The matrix of 60 vertical nodes by 30 horizontal nodes with

a volume of 20.2 feet3 came closest to meeting the desired value. There

was a trend for calculated volumes to increase with increasing numbers

of vertical nodes, and it was felt that if a 70 by 30 or 80 by 30 matrix

had been utilized the 40.6 feet3 value could have been more closely ap-

proached; however, in view of the required computer execution time this

alternative was impractical. The 60 by 30 matrix needed 0.43 seconds

to complete an iteration, an amount that was deemed already excessive.

Increasing the number of vertical nodes could only have the effect of

further increasing computer execution time.

To obtain a more reasonable calculation of water removed from

storage in the framework of a fairly sparse node matrix, attention was

shifted to a linear definition of moisture release. The calculated

water volumes for a linear relationship between soil water tension and

moisture content are given in Table 6.6. All other aspects of the

model such as pumping level were similar for both Tables 6.5 and 6.6.

The expected larger calculated volumes of water release were quite

evident. In fact utilization of 40 or more vertical nodes frequently
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TABLE 6.5

Water Removed from Storage in Cubic Feet for
Different Node Densities and a Hyperbolic
Description of Moisture Release

Number of
Vertical
Nodes Number of Horizontal Nodes

20 30 40 50 60

20 0.26 0.28 0.26 0.20 0.14

30 0.80 0.86 0.77 0.62 0.41

40 4.36 4.62 4.11 3.30 2.09

50 4.03 4.25 3.76 3.01 1.83

60 17.87 20.21 18.14 13.99 9.36
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TABLE 6.6

Water Removed from Storage in Cubic Feet for
Different Node Densities and a Linear Descrip-
tion of Moisture Release

Number of
Vertical
• Nodes
	

Number of Horizontal Nodes

20 30 40 50 60

20 23.94 26.11 23.43 18.65 12.38

30 38.97 42.07 37.46 29.56 18.81

40 46.32 49.11 43.49 34.64 21.29

50 54.55 57.30 50.45 40.11 23.82

60 66.31 69.66 61.23 48.63 28.84
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resulted in more water taken from storage than the postulated value of

40.6 feet
3 . The best match of postulated and calculated water removals

was for a 50 by 50 node matrix; however, deference was given to the

30 by 30 matrix which provided the next closest match with considerably

less computation time.

It should be emphasized that this analysis is valid only at

the early stages of discharge. If a later time period' had been chosen,

particularly after the cone of depression had become well established,

the contrast between Tables 6.5 and 6.6 would not be as vivid. At the

point where the amount of water retained in the capillary fringe becomes

negligible relative to the total amount pumped, both moisture release

functions should provide substantially the same results.

The linear moisture release curve did have the advantage of

providing a smoother transition between the saturated and unsaturated

regions, especially for the sparse matrices. With the hyperbolic func-

tion there was a large difference between hydraulic conductivity values

immediately above and below the water table. If calculations were at-

tempted using the size of time steps deemed desirable for the aquifer

simulation, model failure frequently occurred at this region of sharp

contrast. The net effect was a restriction in the size of tire steps

which could be accommodated with the hyperbolic definition of moisture

release.

The values plotted in Tables 6.5 and 6.6 reflect not only 
the

effects of node spacing but also the convergence of 
calculated hydraulic

potential values. Scanning the row of 40 vertical 
nodes in Table 6.6
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it appears that the increase in the calculated volumes in going from

20 to 30 horizontal nodes was probably due to the more detailed simu-

lation of the aquifer. This trend WAS offset rather quickly by poorer

convergence for increasing numbers of horizontal nodes. Over the

range of 30 to 60 horizontal nodes convergence of the hydraulic po-

tentials steadily became poorer causing a considerably smaller calcu-

lated volume of water release.

Choice of Relaxation Coefficient 

No attempt was made to determine optimal relaxation coefficients

for the model simulation. It was decided that this would have been a

complex undertaking apart from the spirit of this study. After only

a few failures of the model, it also became apparent that the Choice

of relaxation coefficient could not be totally ignored. In discussing

the observed effects of the relaxation coefficients on model perform-

ance, emphasis will be placed on model stability and the maintenance

of a converging solution process rather than the minimization of itera-

tions required to achieve a criterion of potential change.

The selected method of treating the relaxation coefficient

for the saturated region was to allow it to vary with iterations.

Figures 6.4 and 6.5 were developed to conpare the average absolute

changes in hydraulic potential resulting from this linearly varying

relaxation coefficient to those obtained using a constant relaxation

coefficient. All computations were made with the Mass Balance model

for a time step zero to five minutes with an assumed pumping level of
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-10 feet. The dependent variable was found by averaging the absolute

changes in potential during each iteration for the internal nodes of

the saturated region.

The convergence trends for a constant relaxation coefficient

show an increased rate of convergence as the coefficient was increased

from 1.0 to 1.6. Computations for all relaxation coefficients in this

range were stable. With a coefficient of 1.8 convergence was still

monotonic although not as smooth as for the smaller coefficient values.

The solution based on a coefficient of 2.0 diverged.

In order to make the analysis reported in Figure 6.5 more gen-

eral, the relaxation coefficient 
was varied from the indicated upper

limits to a value of 1.0 instead of the 1.1 used previously. 
The de-

creases in average absolute potential Change were monotonic 
for all

trials reported. Four of the five trials attained 
a change of less

than 0.01 feet after 20 iterations, whereas 
for the constant coeffi-

cients only three of six trials produced that small 
a change.

Because of demonstrated stability over a 
wider range of coef-

ficient values, the feature of a linearly varying 
relaxation coefficient

for the saturated region was retained. As 
shown in Figure 6.5 the

range 1.8 to 1.0 provided the fastest 
convergence of hydraulic poten-

tials; however, the required number of 
iteration cycles to meet the

water table fluctuations and mass balance solution 
criteria was

greater for a coefficient which was varied from 
1.8 to 1.0 than for

those varied over the ranges of 1.6 to 
1.0 and 1.4 to 1.0. The range
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of 1.6 to 1.0 which provided both a fairly rapid convergence rate and
expediency in meeting the solution criterion was selected for all fur-
ther analyses.

In Figures 6.6 and 6.7 linearly varying and constant relaxation

coefficients were applied to the unsaturated region as well. The model

type and all associated assumptions remained the same as used in the

analysis of relaxation coefficients for the saturated region. Constant

coefficients of 1.0 through 1.6 projected a similar convergence rate.

The decreases in average absolute change also were quite similar when

the coefficient was varied linearly from 1.2 to 1.0, 1.4 to 1.0 and

1.6 to 1.0. The range 118 to 1.0 converged somewhat slower over the

first 12 iterations but thereafter depicted nearly the same pattern of

convergence. Of particular interest is the trend given in Figure 6.7

for the range 2.0 to 1.0. For the first few iterations the solution

diverged; however, as the value of the coefficient kept decreasing the

solution reversed this trend and began converging.

The results presented in Figures 6.4 through 6.7 are indicative

rather than conclusive. Portrayed features of stability and good con-

vergence for the first iteration cycle of the first time step does not

insure such at later time steps. Rather the importance of this anal-

ysis lies in the negative realm. If divergence and instability occur

whether by choice of too large a relaxation coefficient or for any

other reason, all computations beyond that point likely will be

meaningless. Experience with time steps beyond the first indicated

that the range 1.6 to 1.0 was a reasonable choice for the saturated
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relaxation coefficient. Despite the implications of Figures 6.6 and 6.7,

at later time steps a fairly small relaxation coefficient had to be used

for the unsaturated region. In practice similar model performance was

obtained using either a constant coefficient of 1.1 or a coefficient

which was varied linearly from 1.2 to 1.0.

Description of Aquifer and Boundaries 

The finite difference model was found to be quite sensitive to

the description of the aquifer and associated boundaries. The treatment

of no flow boundaries, the placement of the lateral constant head

boundary and consideration of anisotropic aquifer conditions serve to

illustrate this hypothesis. Fictitious nodes and one-dimensional flow

treatments of no, flow boundaries are compared. The assigned position of

the lateral constant head boundary establishes the radial extent of the

aquifer and thus measurably affects criteria of mass balance. Although

no results are included, an attempt was made at simulating layered aqui-

fer conditions. The chosen procedure was to assign appropriate hydraulic

conductivity values to nodes placed at the various layers. The resulting

contrasts in hydraulic conductivity values at adjacent nodes caused poor

convergence in the saturated region. Rather than resolving the conver-

gence problem, attention was shifted instead to anisotropic aquifer

conditions.

No Flow Boundaries

In applying fictitious nodes to Boundary I in Figure 5.4, an

imaginary column of nodes is placed inside the well. Since 
the hori-

zontal index integer at the well face has 
a value of one and increases



AN (AE.	 ANNVN AS) FINIVNNVN,j

= - AEiHNvN,j4.1 - AWiHNmi 1.

+ 
ASNVNHNVN+1,j

(6.9)
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going from left to right, the index of the imaginary node column is
appropriately zero. The condition of no flow in the horizontal direc-
tion is then assured by setting the difference in hydraulic potentials
across column (j=1) equal to zero. That is

çgi,2	 0i3O
	 o.	 (6.7)

When the SLR method is applied to columns, Equation 6., 7 as such cannot
be included in the solution process, and instead the no flow condition

has to be approximated. In effect after each iteration the computed

potential values for column (j=2) are assigned to the fictitious nodes

of column (j=0). The column (j=1) is treated at all times as if it were

an interior line of nodes.

For Boundary V the necessary no flow condition is

0NVN+1,j	 °NVN-1 = 0.	 (6.8)

where i = NVN+1 suggests a row of fictitious nodes. Because of the

column orientation, Equation 6.8 can be incorporated directly into the

tridiagonal matrix. Writing Equation 5.19 for row (i=NVN) provides

Equation 6.8 requires that HNvN+1,i equal HNvN _ I.,i , and hence Equation

6.9 becomes

(ANNVN ASNV ) HNVN-1,j	 (AE.

AEiHNvN,j+1	 AWjHNVN,j-1*	 (6.10)

In essence the row (i=NVN+1) need never be established. In the

context of fictitious nodes Equation 6.10 provided an effective method

+ ANN 	AS )HNVN	 NVN NVN,j
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for dealing with Boundary V. It might be added that Boundaries I and Iv
could have been made part of the solution process if the lines for the

SLR scheme were aligned along nodes rows rather than columns; however

Boundary V then would have to be treated in the approximate, replacement

manner.

The potential distribution obtained using fictitious nodes along

Boundaries I and IV and Equation 6.10 to define Boundary V and that

calculated using the one-dimensional flow concept described in Chapter 5

are given in Figure 6.8. The distributions were secured using the MB

model and represent solutions for one hour after the start of pumping.

In the upper left region of the aquifer out to a radial distance of

about 50 feet, the lines of equipotential are similar for both one-

dimensional and fictitious node treatments. Throughout the remainder of

the aquifer there are rather severe departures between the two sets of

equipotential lines.

In computing potentials at a no flow boundary by the one-

dimensional method, potential differences on each side of a particular

boundary node were set equal to zero. This forced the potential values

at that node, at the adjacent node within the aquifer and at a hypo-

thetical node outside the boundary all to be equal, a feature which not

only simplified the finite difference equations used for the boundaries

but also enabled the boundaries to be treated independently of the

iteration cycles. In effect the boundaries were fixed prior to and then

held constant throughout an iteration cycle. By computing these

potential values only once per cycle there was an obvious saving in

computer execution time. Moreover model stability is enhanced when
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potential values are adjusted to meet stationary boundaries rather than

the continually changing boundaries of the fictitious node approach.

Despite the computational advantage of the one-dimensional treat-
ment of no flow boundaries, the resulting potential distribution was
distorted near the non-iterative boundary. With fictitious nodes only

the potentials of those nodes immediately interior to and exterior to

the boundary node are maintained equal, and the boundary node itself can

accept a different value of potential. The difficulty with the one-

dimensional method was possibly twofold. First the insistence during

computation that the boundary node and adjacent interior and hypothetical

exterior nodes be of the same potential may not be an acceptable approx-

imation of a no flow condition. The second cAuse of difficulty might

have been the fixing of boundaries and consequent removal of any

provision for maintaining the condition of no flow during the iteration

cycle.

The computation of Boundary I by the one-dimensional approach

was made over half meshes of equal horizontal area, and as such that -

potential distribution compared favorably with that obtained using

fictitious nodes. Due to the logarithmic spacing of mesh sides, the

half meshes along the aquifer base were of large cross-sectional area

while the remaining vertical portion of the non-iterative boundary was

of relatively small flaw area. In an attempt to reduce the contrast

between the flow areas and thus improve computations, the height of the

half meshes constituting Boundary V was so Chosen that the areas of the

right side and top of the quarter mesh surrounding node (NVN,1) were

equal. This approach, termed modified one-dimensional, caused only a
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slight improvement in the spacing of equipotential lines, which

suggests that the problem is not simply one of flow area but instead

related to the computation features outlined above.

Figure 6.9 shows the variation of hydraulic potential with

distance for the row of nodes at Boundary V and the row immediately

above that boundary for one hour after the start of discharge. The

trend for the profiles over the radial interval one to 20 feet was a

gentle negative and then a gentle positive slope. . Beyond 20 feet the

slope gradually steepened with increasing distance from the well

centerline. Due to the partially penetrating well, the greatest reduc-

tion in hydraulic potential occurred some distance from the well, in

this case approximately 10 feet.

Hydraulic potential profiles computed by the modified one-

dimensional flow approach for one hour after the start of discharge are

given in Figure 6.10. In contrast to the results for fictitious nodes

these profiles manifested the steepest slopes near the well. Further

investigation showed that computed potentials for row (NVN) were

logarithmically related to distance, which is the general solution for

strictly radial flow. Although row (NVN-1) was strongly influenced by

Boundary V, its depicted profile was not logarithmic. In addition both

profiles in Figure 6.10 were insensitive to the effects of partial well

penetration. Because of the logarithmic solution this necessarily will

be true for all computations of Boundary V nodes by either the one-

dimensional or modified one-dimensional approaches.

The results secured with no flow boundaries defined by fictitious

nodes served as the standard of comparison for the results obtained with
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the other methods. This is not to infer that the use of fictitious
nodes was completely satisfactory. Convergence near fictitious node

boundaries although monotonic was relatively slow, in fact the slowest
of all nodes in the grid matrix. Typically after 20 iterations the

largest absolute hydraulic potential change along a fictitious node

boundary was at least an order of magnitude greater than the largest

potential change found anywhere in the grid computed using the one-

dimensional concept. Moreover the pumping level computed in the frame-

work of fictitious nodes was -22 feet after one hour of pumping, an

unreasonable value in view of the -20 feet reported by Wenzel (1942) for

the termination of the aquifer test. The pumping levels for the one-

dimensional and modified one-dimensional treatments were -18 feet and

-6.4 feet respectively.

The one-dimensional approach WAS selected for all further

analyses which involved time periods of up to and including one hour.

As demonstrated in Figure 6.8 the computed water table profile for the

one-dimenisonal approach compared closely to that obtained using

fictitious nodes at one hour after the start of pumping; however the

one-dimensional provided a better estimate of pumping level and required

less computer execution time. When longer time periods of two and four

hours after the start of pumping were simulated, this method of treating

the no flow boundaries too portrayed a pumping level greater than -20

feet, and the boundaries were then handled in the modified one-

dimensional style.
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Position of Lateral Constant Head Boundary

The water table profiles resulting from placement of the lateral

constant head boundary at distances of 1200 through 5800 feet from the

discharge well are given in Figure 6.11. So that the analysis was not

affected by variations in convergence, the same node spacing was used

throughout. In effect the basic grid as assigned for 30 horizontal and

30 vertical nodes was either truncated or added to in order to define

the different radial extents of the aquifer. The actual radial distances

considered and certain computational features are given in Table 6.7.

Figure 6.11 provides a certain insight into the parabolic

increase in horizontal aquifer area with increasing radial distance.

Although computed drawdowns when rounded off to the nearest hundredth of

a foot were zero beyond 150 feet from the pumping well, much of the

discharge water was obtained from that region. In fact there was a

small but finite amount of drawdown at every node column up to the

column maintained at a constant head, regardless if the boundary were

placed at 1200 or 5800 feet. An extremely small drawdown at a large

radial distance can contribute substantially to the total dewatered

aquifer volume.

For a radial aquifer extent of 5800 feet, enough material was

dewatered at large radial distances that drawdown near the well was

slight. Moving the lateral constant head boundary to 1200 feet deleted

many of the meshes of extremely large horizontal area. 
In an effort to

still meet the mass balance criterion the only recourse 
for the model

was to further increase drawdowns near the well.
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TABLE 6.7

Effect of Varying the Distance to the Lateral ConstantHead Boundary on Average Deviates of Water Table
Position and the Number of Iteration Cycles.

Number
Horizontal

Radial
Extent

Number of
Iteration

Average
Deviate

Id. Nodes Feet Cycles Feet

A 28 1200 17 0.51

B 30 2000 18 0.64

C 32 3400 14 1.03

D 34 5800 11 1.56

154
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Despite the lower average deviate for a boundary position of

1200 feet, the boundary was maintained at 2000 feet consistent with the
analysis of Table 4.9. The number of iteration cycles to achieve
solutions at one hour after the start of pumping was of some interest.
Using 30 horizontal nodes and a boundary position of 2000 feet (Case B
in Table 6.7) caused the maximum number of iteration cycles, whereas a
boundary position of 5800 feet (Case D) led to the minimum number of
cycles. In comparing the two it was found that for time steps zero to
15 minutes and 15 to 30 minutes, Case B met the solution criterion faster

than Case D. For the period 30 to 45 minutes both required the same
number of cycles. The major difference lay in the time step 45 to 60

minutes, where Case D satisfied the solution criterion with only one

iteration cycle. The 30 horizontal node matrix experienced a difficulty

in attaining a mass balance and needed a total of ten cycles. If ease

of meeting the solution criterion is a valid guideline, indications are

that the position of the constant head boundary should be adjusted for

each selected time period of analysis.

Anisotropic Conditions

The low values of anisotropy reported by Dagan (1967) and

Boulton (1970) offer a serious Challenge to the assumption of isotropic

porous media and therefore the finite difference model was modified to

handle different vertical and horizontal hydraulic conductivities. The

computed water table profiles for anisotropies of 0.2, 0.3 and 0.5 at

one hour after the start of pumping are presented in Figure 6.12.
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For the isotropic case or an anistropy of one, much of the

discharge was secured within close proximity of the well leading to

rather large drawdowns at that region. As the horizontal hydraulic

conductivity value became large relative to vertical hydraulic

conductivity, much of the discharge was taken at greater distances from

the well, and consequently drawdowns near the well were not as great.

On the basis of Figure 6.12 alone it is difficult to decide which

computed profile best matches the test data.

A separate semi-log plot not shown was used to compare the

slopes of the profiles over the range 40 to 100 feet. From a physical

standpoint radii of 40 feet and greater should be relatively free of

water table fluctuations due to short term variations in pumping rate.

The outer limit of 100 feet was based on the small drawdowns beyond that

radius. Computed drawdowns were onthe order of 0.2 feet or less, while

those for the test data did not exceed 0.5 feet. Because of the

approximate nature of the finite difference procedure, there was little

justification for using drawdowns of that small a magnitude.

Over the range 40 to 100 feet, anisotropy values of 1.0 and 0.5

depicted slopes closest to that of the test data. In fact the best

correspondence in slope would have been obtained with an anisotropy

between 0.5 and 1.0. While this suggests that the values reported by

Dagan and Boulton were too low, it must be remembered that inputs of

saturated hydraulic conductivity and the position of the constant head

boundary can also influence the slope of the computed 
profile. For

example restricting the radial extent of the aquifer to 
a distance

considerably less than 2000 feet could have steepened the 
slope
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sufficiently to justify choosing a lower value of anisotropy. For the

inputs as stated, it appeared reasonable to ignore considerations of

anisotropy and to assume isotropic conditions for further analyses.

Certain computational features relative to the choice of

anisotropy are given in Table 6.8. With the exception of a value of

0.3, there was an increase in the required number of iterations with

decreasing anisotropy. Convergence progressively became a problem with

the smaller ratios of vertical to horizontal hydraulic conductivity. In

fact the model failed when trying to compute profiles for anisotropy

values of 0.15 and less using time periods of 15, 30, 45 and 60 minutes,

and therefore more time steps would have been required to obtain a

solution. The trend of pumping levels is interesting. Despite a

decrease in drawdugns for the aquifer media adjacent to the well with

decreasing anisotropy, the pumping levels displayed just the opposite

effect. In effect reducing Ky relative to Kh greatly enlarged the

height of the seepage face.

Further Sensitiv ty Analyses

This section deals primarily with the parameters hydraulic

conductivity and specific yield. Associated with hydraulic conductivity

and specific yield are the inputs, TCAP and XP. These inputs serve to

define the functional relationships between soil water tension and

moisture content and between hydraulic conductivity and moisture and as

such are included as separate sensitivity analyses.



TABLE 6.8

Number of Iteration Cycles and Average Deviates
of Water Table Position for Different Assumed
Values of Anisotropy (vv" /K

'\	 h) •

Number of Pumping Average
Iteration	 Level	 Deviate

Anisotropy	 Cycles	 Feet	 Feet

0.2 22 -25.5 1.32

0.3 13 -24.6 1.15

0.5 20 -22.0 1.05

1.0 18 -18.6 0.64

159



160
Height of Capillary Rise

TCAP was the FORTRAN name assigned to the height of capillary
rise. As such TCAP fixed the upper extent of the simulated aquifer. In
addition the ratio, TCAP/S, defined the slope of the linear moisture

release relationship given in Figure 6.3. In the model operation it was
more convenient to let moisture content constitute the dependent

variable and soil water tension be the independent variable. This meant

using the inverse of the above ratio, which was given the name EK.

That is

EK = S/TCAP .	 (6.11)

The water table profile at one hour after the start of pumping

was computed with TCAP set equal to one, two, three and four feet

respectively. For values of two, three and four feet the profiles were

so similar as to defy adequate presentation by means of a figure.

Instead the actual drawdowns were listed as shown in Table 6.9. Beyond

a radius of three feet the maximum difference between drawdowns at any

particular point was less than 0.25 feet. Beyond a radius of 50 feet

this difference was reduced to 0.01 feet.

Convergence aspects did vary among the different choices of TCAP.

A TCAP of two feet provided the smallest absolute change in potential

immediately prior to the printing of output. Increasing TCAP to three

and four feet measurably reduced the rate of convergence. For a TCAP of

1 foot convergence was so poor that the results were omitted from

Table 6.9. A small TCAP leads to a large value of EK, which dictates

large Changes in moisture content relative to Changes in soil water
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TABLE 6.9

Effect of the Selected Height of Capillary Rise on Com-
puted Drawdowns for One Hour after the Start of Pumping

Radial
Distance

feet

Drawdown, feet 

Height of Capillary Rise, feet Test
Data

2
	

3	 4

1.00
1.31
1.70
2.21
2.88
3.74
4.86
6.32
8.21

10.67
13.87
18.02
23.42
30.44
39.57
51.42
,66.83
86.86

112.88
146.71
190.67
247.81
322.07
418.58
544.58
707.02
918.89

9.41
7.96
6.56
5.97
5.48
5.05
4.63
4.17
3.71
3.20
2.70
2.18
1.71
1.28
0.87
0.57
0.32
0.16
0.07
0.03
0.01
0.00
0.00
0.00
0.00
0.00
0.00

11.63
9.31
7.06
6.23
5.62
5.15
4.67
4.20
3.72
3.22
2.72
2.20
1.72
1.27
0.89
0.56
0.33
0.18
0.08
0.03
0.01
0.00
0.00
0.00
0.00
0.00
0.00

13.42
10.51
7.68
6.52
5.83
5.27
4.75
4.27
3.76
3.25
2.73
2.22
1.74
1.28
0.90
0.57
0.32
0.16
0.07
0.03
0.01
0.00
0.00
0.00
0.00
0.00
0.00

10.20
9.44
8.70
7.96
6.50
7.23
5.79
5.11
4.45
3.83
3.25
2.72
2.24
1.81
1.43
1.11
0.84
0.62
0.45
0.31
0.21
0.14
0.09
0.05
0.03
0.02
0.01
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tension. This feature leads to sharp contrasts in moisture contents of

adjacent meshes and potentially poor model performance.

Exponent of the Conductivity Relationship

The exponent of the conductivity relationship of XP in FORTRAN

notation was held at three in all preceding analyses. In this section

values of XP were tested over the full range of three to six as indi-

cated by Singh (1965). As shown in Figure 6.13, XP exerted a primary

influence on the profile lying between radii of three and 150 feet. An

XP of six came closest to matching the test data; however the trend of

the profile for a value of four more closely parallels that of the test

curve thus making four the appropriate choice.

The average deviate values in Table 6.10 confirm that a better

match was obtained with XP equal to six. In reference to Figure 6.1

using an XP of six led to relatively large changes in hydraulic conduc-

tivity at the higher moisture contents. This feature resulted in a

large number of iteration cycles to meet the solution criterion,

particularly for the time step of 30 to 45 minutes. Based on Table 6.10

it is also apparent that an exponent of four, which was selected as best

portraying the data trend displayed a computational advantage as well.

Saturated Hydraulic Conductivity

In analyzing the effects due to variation of saturated hydraulic

conductivity, the model simulation was extended to a 
period of two

hours. As forewarned the treatment of no flow 
boundaries by the concept

of one-dimensional flow no longer was acceptable, and 
instead the modi-

fied one-dimensional approach was used. Unfortunately 
the water table



30 100 30003	 10

Distance from Well Centerline, feet

Figure 6.13. Distance-Drawdown Profiles for the Test Data
and as Computed Using Assumed Values of the
Exponent of the Conductivity Relationship.

163



164

TABLE 6.10

Effect of the Selected Exponent in the Conductiv-
ity Relationship on the Number of Iteration Cycles
and Average Deviates of Water Table Position

Exponent Number
Iteration
Cycles

Average Deviate, feet 

Radius. Interv. al, -feet

1 to 20 20 to 2000

3 18 1.22 0.26

4 13 1.09 0.24

5 17 1.59 0.21

6 26a 1.07 0.18

aA solution criterion was not met after 15 cycles for the time
step 30 to 45 minutes.
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profile for the modified one-dimensional style differed from that of the

one-dimensional approach. A comparison of the profiles at two hours

after the start of pumping is given in Figure 6.14. Up to a radial

distance of about 190 feet, drawdowrs were significantly greater for the

one-dimensional treatment. Beyond 190 feet although not included in

Figure 6.14, drawdowns were greater for the modified one-dimensional

style. The large difference between the two profiles was of some

concern, and potentially all preceding analyses might have been altered

if no flaw boundaries were treated in the modified fashion. In the

absence of firm documentation as to the accuracy of the modified method,

this type of effort did not appear warranted.

Profiles for saturated hydraulic conductivity values of 0.04,

0.08 and 0.12 are presented in Figure 6.15. At a radius of about 50 feet

and beyond the'profiles were quite similar, with portions of the profile

nearer the discharge well tending to pivot about the SO-foot point. In

arriving at Figure 6.15 a profile was first computed using a saturated

hydraulic conductivity, HC, of 0.10 feet/minute, roughly the value

determined by Wenzel. In view of the horizontal conductivity of 0.32

feet/minute reported by Dagan (1967) and values of 0.22 and 0.23

feet/minute reported by Boulton (1970), the next trial was 
made with HG

set equal to 0.12 feet/minute. This caused a pivot in the
 wrong direc-

tion. HC was then sequentially reduced to a value of 0.04 feet/minute,

at which point the computed profile depicted a 
similar slope to that of

the test data.
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1
	

3
	

10	 30
	

100	 300

Distance from Well Centerline, feet

Figure 6.14. Comparison of Water Table Profiles for
One-Dimensional and Modified One-
Dimensional Treatments of No Flow
Boundaries at Two Hours after the Start
of Pumping.
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Specific Yield

The principal result of varying specific yield was a translo-
cation of the computed profile either upward or downward. As such the
slope of the profile was affected only slightly, and it was appropriate

to base comparisons on the average deviate values. The entries in

Table 6.11 were computed using eight time periods: 15, 30, 45, 60, 90,

120, 180 and 240 minutes, although deviates are presented for only five

of those times. Consistent with the above section hydraulic conductivity

was entered as 0.04 feet/minute.

For all time periods up to and including 120 minutes, lowering

the specific yield improved the match between computed and test data.

Reducing the specific yield to 0.05 provided an average deviate of 1.41

feet for a time period of 15 minutes, thus implying the best estimate of

specific yield to be still lower. At later time steps a value of 0.05

caused divergence and therefore the results were omitted from Table 6.11.

As shown in Equation 6.11 specific yield is used to define the

slope of the moisture release relationship. It was learned earlier that

too large a slope caused model failure. It now appears that too small a

slope can have a similar effect. A simple alternative would have been

to reduce the selected height of capillary rise, but this would have

severely restricted the size of the unsaturated region at early times of

analysis.

The position of the lateral constant head boundary became an

important consideration at the longer simulated time periods. In

Table 4.9 it was established that only 83 percent of the total dewatered

volume could be attributed to the radial interval one to 2000 feet after



TABLE 6.11

Average Deviates of Water Table Position Relativeto the Chosen Value of Specific Yield and theTime Duration of Pumping

Minutes
after Start
of Pumping

Specific Yield 

0.10 0.15 0.20

15 1.74 1.86 1.96

30 1.19 1.62 1.64

60 0.82 1.16 1.26

120 0.35 0.76 0.98

240 0.45 0.39 0.59
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four hours of discharge. By limiting the aquifer extent to 2000 feet in

the computer simulation, the best Choice of specific yield was indicated

as being 0.15. In effect the model showed that an increase in specific

yield could account for the missing 17 percent of dewatered aquifer

volume. For later time periods of analysis the problem became more

acute in that calculated pumping levels became lower than that reported

by Wenzel (1942). In fact when simulating the period 24 hours after the

start of pumping, the pumping level fell considerably below the bottom

of the well. As concluded earlier the position of the lateral constant

head boundary should be adjusted during the simulation; however it was

felt that the fitted distance-drawdown curves particularly at later

times were not accurate enough to justify this approach. Instead the

analysis was limited to the early times where the assumption of 2000

feet appeared to be reasonable.

Over the first four times listed in Table 6.11, the average

deviate decreased with increasing time for each specific yield tested.

This trend implies an increase in specific yield with time 
and might be

related to the position of the constant head boundary. 
If 2000 feet is

too small a radial aquifer extent for times after two hours 
of discharge,

it likely could be too large an extent at earlier times. Following 
the

previous line of logic, assuming too large an 
aquifer extent would lead

to a smaller than actual estimate of specific yield. Delayed 
drainage

could also cause an increase in the effective 
specific yield with time.

Definition of the moisture release relationship using Equation 5.7

assumed equilibrium conditions and 
does not take into account delayed

drainage.



The profile with the lowest average deviate was plotted as

shown in Figure 6.16. At this final stage of analysis it seemed

appropriate to include that measured drawdown at each observation well

which was obtained nearest the time of two hours after the start of

pumping. Two regions of concern were very near the well face and over

the range 30 to 250 feet. The region near the well is strongly

influenced by the treatment of the no flow boundary and is thus subject

to any problems thereof. Many of the inputs had their greatest impact

within a comparatively small radius of the well, and consequently

exerted little or no influence on the region 30 to 250 feet. The

profile for this region can be altered through variations of specific

yield. The only other parameters which appeared to have a significant

effect on this region related to the aquifer framework or more

specifically the position of the lateral constant head boundary 
and

anisotropic conditions.
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CHAPTER 7

SUMMARY AND CONCLUSIONS

The main objectives of this study were to develop a finite dif-

ference model and to calibrate that model using the Grand Island,

Nebraska aquifer test data. Least squares curve fitting provided an

effective technique for reducing the time-dragdown aquifer data to a

comma time basis. Curve fitting also removed much of the inherent

noise in the data due to variations in pumping rate, effects of trans-

piration and errors of measurement.

Generated distance-drawdown profiles for specific times were

fitted by least squares to both exponential type equations and an ana-

lytical equation derived from Darcy's law which contained hydraulic

conductivity as a variable. The least squares estimate of saturated

hydraulic conductivity at the termination of the aquifer test was 0.05

feet/minute; however, the analytical equation was based on steady

state, radial flow, a condition likely not attained during the course

of the test.

An exponential equation provided a superior match of the

distance-drawdown profiles than was secured with the analytical equa-

tion and therefore was used for all comparisons of test and model re-

sults. Through integration of the fitted exponential equation, an

effective specific yield value of 0.05 was calculated for the termina-

tion of the test.
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A single matrix of nodes spaced logarithmically in both hori-

zontal and vertical directions was used to represent the total aquifer

including saturated and unsaturated regions thereof. In the unsatu-

rated region hydraulic conductivity was defined as the product of

saturated hydraulic conductivity and dimensionless moisture content to

a power. The relationship between soil water tension and moisture

content was assumed to be linear.

With the static water table serving as the datum, the boundary

defining the lateral aquifer extent and that depicting the height of

capillary rise at all tires were maintained at zero potential. Poten-

tials along all flow portions of the well were assigned relative to the

pumping level. The remaining boundaries in the saturated region were

calculated prior to and then held constant during the iteration se-

quence. Because of the unknown values of hydraulic conductivity, the

boundary along that portion of the well above the seepage face had to

be treated as part of the iteration sequence.

Potentials at interior nodes were computed by columns, starting

at the interior nodes nearest the well and progressing out to the 
lat-

eral constant head boundary. Each column contained nodes from both

saturated and unsaturated aquifer regions, and potentials for the 
en-

tire columawere solved simultaneously by the Thomas algorithm. The

computation over all interior nodes was repeated  for 20 iterations or

until a minimum limit of potential change was met, whichever came

first.
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Immediately after calculation by the Thomas algorithm, potential

values at individual nodes were relaxed. For potentials in the unsatu-

rated region similar results were obtained using either a constant re-

laxation coefficient of 1.1 or a relaxation coefficient which was

varied linearly from 1.2 to 1.0. The feature of a linearly varying

relaxation coefficient for the saturated region improved model stabi-

ity and increased convergence. The chosen coefficient was varied from

1.6 to 1.0.

Upon termination of a particular iteration sequence, the amount

of water removed from storage was compared to the measured well dis-

charge, and the absolute Change of the water table position during

that sequence was identified. If there was an error in predicted wa-

ter removal from storage of 0.025 or more or if the water table change

equaled or exceeded 0.10 feet, a new pumping level was extrapolated,

and another sequence of iterations was performed. All computer simu-

lations were forced to meet this two-part criterion before the solutions

were accepted.

The model was effective in showing interactions between cer-

tain aquifer parameters and the computed water table profile. Like

most finite difference techniques the model used a large amount of

computer execution time. The large execution time requirement as 
well

as the need for a precise definition of certain boundaries limit the

model's usefulness as a technique for analyzing unconfined aquifer

parameters. These aspects of model performance 
will now be examined

in greater detail.
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Effect of Model Input Parameters on the 
Computed Water Table Profile 

Model results showed a strong consistency in the interaction

of those input parameters which related to the physical aspects of the

aquifer and the corresponding computed water table profiles. Re-

ducing the value of saturated hydraulic conductivity steepened the

slope of the water table particularly within close proximity of the

discharge well. Variations of specific yield affected much of the

total aquifer simulation and tended to translate the water table pro-

file either upward or downward.

For the period two hours after the start of discharge, a satu-

rated hydraulic conductivity of 0.04 feet/minute provided the closest

match between model and test profiles. The analysis of specific

yield was incomplete but suggested a value of less than 0.10 for the

two-hour period. These results compare favorably with the simple

determinations based on least squares curve fitting but are con-

siderably lower than those obtained by other researchers using ana-

lytical methods of analysis.

The parameter height of capillary rise which was used to de-

fine the slope of the linear moisture release relationships had im-

plications as to the texture of the porous media. For one hour after

the start of pumping an increase in the height of capillary rise pro-

duced steeper drawdowns of the water table out to a radial distance

of 10 feet. Beyond 10 feet virtually the same profile was obtained

for all assumed heights of capillary rise. Changes in the exponent
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of the hydraulic conductivity relationship altered the slope of the

profile out to a radial distance of roughly 100 feet after one hour

of discharge.

With considerations of mass balance constituting part of the

solution criteria, the position of the lateral constant head boundary

had a large impact on the depicted water table profile. Placing the

boundary at a large radial distance from the discharge well exposed

a large area of the aquifer to a finite amount of drawdown. Hence,

only slight drawdowns near the well were required to attain a mass

balance. Conversely, moving the boundary closer to the discharge well

increased drawdowns in the vicinity of the well.

The water table profile at large distances from the discharge

well was influenced considerably by anisotropy of the medium and to

a lesser extent by specific yield and the position of the constant

head boundary. At radii of 50 feet and greater decreasing values of

anisotropy from 1.0 to 0.2 gradually brought the computed drawdowns

closer to those of the test data. A difficulty in convergence pre-

vented the analysis from being extended to still lower 
values of ani-

sotropy. Over the range of 40 to 100 feet from the discharge 
well,

a decrease in anisotropy caused a departure of the slope 
of the pro-

file away from that of the test data, and therefore considerations

of anisotropy were omitted from further model evaluations.
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Required Computer Execution Time 

In this study an initial time step of 15 minutes was used suc-

cessfully, whereas previously reported finite difference models were

limited to initial time steps of about 0.1 minutes. The larger ini-

tial and subsequent time steps measurably reduced the execution time

required to achieve a solution for a specified number of hours after

the start of pumping.

The larger time step was due partly to the Choice of the con-

servation of mass at individual meshes concept for representing the

continuity equation. For models based on central difference approxi-

mations of the continuity equation, the initial time step was re-

stricted to three or four minutes.

A linear definition of moisture release provided a better con-

tinuity of potential and hydraulic conductivity values across the wa-

ter table boundary than could be obtained using a hyperbolic

relationship between soil water tension and moisture content. Mini-

mizing the contrast at this critical region was a key factor in

increasing the size of time steps.

Frequently there was an overshoot of the depicted water profile

after the first iteration cycle. Underrelaxing the water table profile

between iteration cycles maintained the profile nearer the final value

throughout the calculation process and also facilitated the use of

large time steps.

The execution tire needed for a particular time period was

roughly proportional to the number of nodes. Despite the use of a
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fairly sparse node grid, the model, when run on the CDC 6400 digital

computer using the FORTRAN Extended compiler, required an average of

about 25 seconds to both perform computations and print the output for

each time period. Based on current rate charges of the University of

. Arizona Computer Center, this amounted to slightly under three dollars

per tire period. For example, the longest run attempted used 15 time

steps to secure a solution for 24 hours after the start of pumping at

a cost of $41.34.

Applicability to Unconfined Aquifer Analysis 

The present status of the model adapts it to any partially

penetrating well in an unconfined formation, providing that the assump-

tions of isotropic, homogeneous media are reasonable. Since many in-

put parameters affect the slope of the water table more so than the

actual values thereof, time-drawdown data should be available for a

minimum of two observation wells within close proximity of the dis-

charge well. As a technique for analyzing unconfined aquifer param-

eters, its greatest potential lies in the short-duration aquifer tests.

For tests of 24 hours or greater, simulation by the finite difference

model becomes rather costly. Mbreover, analytical procedures such as

proposed by Boulton (1954, 1955) are simpler to use, and they can

provide reasonable results when applied to long-duration tests.

Within the realm of short-duration tests application of the

model is limited by the need for rather precise definitions of certain

boundaries and aquifer conditions. For example, the distance to the
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lateral constant head boundary which is difficult to determine by field

measurement nevertheless had a rather major influence on model compu-

tations. Unless a valid model can be developed in which the effects

due to the position of the lateral constant head boundary and to the

treatment of no flow boundaries are controlled to a greater extent,

the true perspective of the finite difference model will remain that

of a research tool rather than becoming a practical method for the

analysis of unconfined aquifer parameters.

Suggestions for Further Research 

There were certain shortcomings of the model which further

research effort might rectify. Also further applications of the model

were envisioned which had to be omitted due to limitations of both

time and computer funding. Several of these aspects will now be dis-

cussed as suggestions for further research.

Detailed Aquifer Test

A more detailed aquifer test could supply much of the rather

specialized data needed to thoroughly calibrate the finite difference

model. The test should include about the same number of observation

wells as used in the Grand Island, Nebraska test although more of

the wells should be situated at close proximity to the discharge well.

The water table immediately outside the well and the pumping level

should be measured at frequent time intervals. The hydraulic conduc-

tivity versus moisture content relationship should be determined in-

dependently of the model calibration. The outer extent of the
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dewatered cone could be found through the use of pressure transducers.

Measurements of hydraulic potential throughout the aquifer skeleton

by pressure transducers also would aid comparisons of model results.

Additional Model Applications

Consideration of an initially sloping water table largely has

been excluded from both analytical and finite difference analyses of

unconfined flow. By doubling the number of horizontal nodes and as-

suming symmetry parallel to the slope of the water table, this fea-

ture readily could be incorporated into the present finite difference

model.

Further research might serve to distinguish effects of layered

aquifer media on both the computed flow pattern and computational as-

pects of the model.

Much insight might be gained by simulating an aquifer test

from the start of pumping through well shutdown and the recovery

phase thereof. Only a numerical scheme can handle all of the 
above

in a continuous sequence.

Functional Relationships of Moisture Content

Having the exponent of the conductivity relationship corre-

lated to a description of the porous aquifer media 
would greatly facil-

itate application of the model. This would entail laboratory

measurements of hydraulic conductivity versus moisture 
content for

the types of media associated with unconfined aquifers.
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The moisture release relationship is of particular interest.

Nbre research effort might reveal a functional relationship of a time

dependent nature which could be accommodated by the model. Including

time varying effects would account for aspects of delayed drainage

and therefore would lend support to the use of short-duration aquifer

tests for finite difference determinations of aquifer parameters.



APPENDIX A

CONSTANTS DETERMINED BY LEAST SQUARES CURVE FITTING  OF TIME-
DRAWDOWN DATA FOR THE GRAND ISLAND, NEBRASKA AQUIFER TEST
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Well
Id.

Radial
Distance

feet C b n

Average
Deviate

feet

71	 -	 A 2.6 9.170 8.23E-01 .184 .1724

72 - A 12.3 5.495 3.95E-01 .232 .0522

84 - Sw 24.8 3.620 1.44E-02 .735 .0788

1	 - A 24.9 4.165 1.70C-01 .360 .0447

13 -	 B 29.9 5.802 2.24E-01 .202 .0628

44 - c 39.3 3.793 1.51E-01 .318 .0336

32 - 0 40.1 3.685 1.35E-01 .333 .0446

56 -	 Se 46.7 3.457 1.05E-01 .388 .0396

29 -	 4 49.7 3.399 1.01E-01 .381 .0396

2 - A 59.9 2.940 6.08E-02 .477 .0326

77 - N 63.2 2.858 6.00E-02 .472 .0276

57 - Sw 69.5 2.731 5.46E-02 .480 .0331

14 - 6 70.0 2.687 4.51E-02 .578 .0263

45 - C 80.5 2.527 4.60E-02 .507 .0199

58 - Sw 93.6 2.310 3.07E-02 .560 .0236

33 - D 95.1 2.369 3.72E-02 .553 .0234

3 - A 114.4 2.109 2.03E-02 .619 .0208

59	 -	 S%! 118.0 1.937 1.66E-02 .646 .0203

15 - H 120.0 1.918 1.52E-02 .661 .0170

73 - s 130.1 1.912 1.39E-02 .664 .0170

46 - C 130.3 1.783 1.39E-02 .669 .0148

34 - D 144.7 1.817 1.36E-02 .662 .0161

78 - N 160.0 1.726 1.10E-02 .687 .0149

4 - A 164.2 1.695 1.01C-02 .699 .0156

26 - W 170.0 1.532 9.73E-03 .702 .0141

16	 -	 B 184.9 1.350 5.90E-03 .775 .0128

47 - c 195.6 1.295 5.99E-03 .759 .0116

35 - D 214.3 1.320 5.21E-03 .772 .0191

60 - Sw 216.9 1.199 4.53E-03 .790 .0113

74 - S 225.2 1.094 4.48E-03 .786 .0109

5 -	 4 229.0 1.227 4.59E-03 .781 .0139

17	 -	 6 254.7 .979 2.80E-03 .R49 .0115

79 - N 261.5 1.091 3.30E-03 .803 .0104

27	 -	 Irt 270.0 .921 3.15E-03 .820 .0117

75 - S 279.9 .863 2.70E-03 .826 .0112

48 - C 285.6 .839 2.32E-03 .870 .0109

61	 -	 S,/ 316.6 .746 1.26F-03 .921 .0112

36 - D 323.8 .900 1.44E-03 .P98 .0113
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Well
Id.

Radial
Distance

feet C b n

Average
Deviate

feet

80 - N 342.0 .942 2.04E-03 .794 .0105

6 - A 354.1 .785 1.28E-03 .898 .0114

18 - 6 375.3 .606 9.54E-04 .939 .0094

76 - S 382.7 .681 1.80E-03 .853 .0079

49 - C 410.2 .501 7.98E-04 .956 .0060

62	 -	 SI! 416.5 .582 6.07E-04 .951 .0096

37	 -	 D • 423.2 .820 7.78E-04 .892 .0085

19 -	 B 424.6 .503 5.23E704 1.000 .0090

50 - C 425.2 .485 7.69E-04 .957 .0071

7 -	 A 429.3 .839 1.03E-03 .845 .0106

28 - 4 430.0 .685 1.15E-03 .853 .0096

81	 - N 445.8 .874 4.87E-04 .904 .0056

38 - D 448.2 .834 6.21E-04 .900 .0054

8 - A 478.9 1.155 8.93E-04 .786 .0077

20 - 6 499.7 .444 2.28E-04 1.054 .0059

63 - SW 516.5 .484 1.96E-04 1.055 .0044

51	 - c 535.4 .358 3.55E-04 1.012 .0049

39 - D 572.9 .538 9.24E-05 1.124 .0037

9 - A 604.0 1.731 9.95E-05 .927 .0049

64	 -	 S!! 616.5 .320 2.53E-05 1.324 .0046

29 - w 625.0 3.179 7.28E-05 .861 .0033

21	 - 649.7 -.616 -3.51E-04• .821 .0043

52 - C 685.3 .210 1.18E-04 1.120 .0038

65 - Sw 716.5 .202 1.63E-06 1.686 .0042

40 - D 722.7 1.008 1.68E-05 1.151 .0040

10	 -	 A 754.6 .	 .716 9.87E-06 1.264 .0037

22 - B 775.3 4.243 9.58E-07 1.275 .0025

30 - W 804.5 1.079 1.13E-05 1.149 .0047

66	 -	 SI!! 816.6 .156 1.77E-07 1.942 .0035

53 - C 834.6 -.161 -2.96E-04 .911 .0040

41	 - D 672.2 1.012 8.42E-05 .879 .0050

Wells 71-A and 72-A were fitted with the first three draw-
down measurements omitted.
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NOMENCLATURE

English 

Symbol 	Description	
DimonSions

A	 - area	 L2
- coefficients for five point summation

technique

C
1	

constant of integration

c,b,n	 - constants for least squares curve fitting

C 
o
 ,b

 o
 ,n

o
	- initial estimates of C, b and n

C',b',n'	 - differences between computed and estimated

- values of C, b and n

- drawdown parameter which equal 27sKm

- 1- exp(-bot °)

e,f	 - constants in moisture release relationship

- flow through a cylindrical surface of radius

r and height (M - s)	 L 3/T

f(x)	 x5/b

g(x)	 exp(bx)

h
o	 - distance from aquifer base to puMping level

h1 ,...,h6 	- distances between nodes or between nodes and

mesh sides

h
c	 , height of capillary rise

h'	 --. pressure head along seepage face

196
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Symbol Description	 Dimensions      

max
	 -pressure head needed to overcome resistance

to lateral flow due to surface tension at

well face

- integral f	 f(r) dr

i/i,	 - indices of coordinate position

- hydraulic conductivity	 L/T

- index of number of iterations or of itera-

tion cycles

K
o	 - hydraulic conductivity at node 0	 LIT

K
h

L/T
- saturated horizontal hydraulic conductivity

K
r	 derivative of hydraulic conductivity with

respect to r

K
y

L/T
- saturated vertical hydraulic conductivity

K
z	 - derivative of hydraulic conductivity with

respect to z

K
sat

L/T
saturated hydraulic conductivity

n
o- t	 lnt exp(-b

o
t o )

- initial saturated aquifer thickness

- summation integer

N	

- 

exponent for conductivity relationship

- index of time periods

- well discharge	
L3/T

Q'	 - flow rate	
L3/T



"Symbol

rw

s i ,s 2

S.1

sw

Y
S'

Tt

u
1

u
a

y

V

V

198
Description	 Dimensions 

- horizontal axis or distance from well

centerline

- well radius

- storage coefficient

- measured drawdown of the water table

- roots of quadratic equation

- effective early-time coefficient of storage

- drawdown at the well face

- specific yield

- total volume of delayed yield from storage

per unit drawdown per unit horizontal area

transmissivity	 L2/T

- time

, Atn/2Atn-1

no- At 	 e(-bot 
o )

- specific time at which drawdawn occurred

- r/(4KMt/ ,1/ 2
xi

- value of u at a particular radius r

2693 r2S.

Tt

2693 r 2S'
- Tt

- velocity
	 L/T

- volume
	 L 3
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Symbol

2 V(p,T)

W(U
ay

,r/13)

Description

- Boulton's integral

- sum of squares

- relaxation coefficient

- well function for water table aquifers

- r1/3

Dimensions 

Y	 - predicted drawdown

- vertical axis or distance above aquifer'

base

Greek 

'Symbol 	' Description	 Dimensions

a	 - constant

v/T
aS'

Yw 	- density of water	 M/L 3

- moisture content

o	 - moisture content at'hiich-the continuity

of moisture is broken and below which

no flow will occur

0
sat	 , moisture content at full saturation

_ 	Q 
271-KM2

Kt - 0.134 S M
Y
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,Symbol	 Description 	

Dimensions 

0	 - hydraulic potential

00,...,04	 - hydraulic potentials at nodes 0 through 4,

respectively

Or	 - first derivative of potential with respect

to r

0	 - first derivative of potential with respect

to z

Ørr	
- second derivative of potential with respect

to r

Ozz 	- second derivative of potential with respect

to z

7	 - relaxed hydraulic potential

X	 - drainable voids of aquifer media expressed

as ratio to gross volume

- pressure head either negative or positive

- cylindrical coordinate  

FORTRAN  

Symbol

A,B,C,D

Description  Dimensions

- coefficients of simultaneous equations 

AE,AN,AS,AW - coefficients of basic difference equation for

mass balance model

AQT	 - saturated aquifer thickness
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Description 

- horizontal area of mesh

- average absolute change in water table

elevation

- height of mesh

- largest absolute potential change during

an iteration

log (NQT + TCAP + 1) 
(NVN - 1)

- S/TCAP

- lower limit of absolute potential change

- Hydraulic potential

- Ksat/Sy

- vertical integer of nodes immediately above

water table

- number of vertical nodes

- pumping level

- pressure head

- measured volume of water removed from

'storage

- error in estimated amount of water removed

from storage

- well discharge

- estimated volume of water removed from

storage

Symbol

AREA

AVDV

AZ

BIG

EA

ED

EPS

H

HCK

NI

NVN

PL

PRES

QD

QERR

QM

QPMP

Dimensions

L2

3

L
3/T

3
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- Symbol	 Description

Dimensions
- distance from the well centerline

R2	 - distance from node to vertical mesh side

R3	 - horizontal distance between nodes

- specific yield

SM	 - hydraulic potentials for previous time step

SYI	 - readily drainable moisture content under

initial, equilibrium conditions

SYT	 - readily drainable moisture content at any

time after the start of discharge

- time

TCAP	 - height of capillary rise

VOLEL	
EK/(Tk Tk 1 )

WLDM	 - well diameter

WTE	 - relaxed water table elevation

WTP	 - computed water table elevation

XP	 - exponent of conductivity relationship

- distance from the static water table

Z2	 - distance from node to horizontal mesh side

ZS	 - vertical distance between nodes
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