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ABSTRACT

The main aim of this study is to develop a suitable method for

the calibration and validation of mathematical models of large and com-

plex aquifer systems. Since the calibration procedure depends on the

nature of the model to be calibrated and since many kinds of models are

used for groundwater, the question of model choice is broached first.

Various aquifer models are critically reviewed and a table to compare

them as to their capabilities and limitations is set up. The need for a

general calibration method for models in which the flow is represented by

partial differential equations is identified from this table.

The calibration problem is formulated in the general mathematical

framework as the inverse problem. Five types of inverse problems that

exist in modeling aquifers by partial differential equations are identi-

fied. These are, to determine (1) parameters, (2) initial conditions,

(3) boundary conditions, (4) inputs, and (5) a mixture of the above.

Various methods to solve these inverse problems are reviewed, including

those from fields other than hydrology. A new direct method to solve the

inverse problem (DIMSIP) is then developed. Basically, this method con-

sists of transforming the partial differential equations of flow to alge-

braic equations by substituting in them the values of the various

derivatives of the dependent variable (which may be hydraulic pressure,

chemical concentration or temperature). The parameters are then obtained

by formulating the problem in a nonlinear optimization framework. The

method of sequential unconstrained minimization is used.

xi
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Spline functions are used to evaluate the derivatives of the

dependent variable. Splines are functions defined by piecewise poly-

nomial arcs in such a way that derivatives up to and including the order

one less than the degree of polynomials used are continuous everywhere.

The natural cubic splines used in this study have the additional property

of minimum curvature which is analogous to minimum energy surface. These

and the derivative preserving properties of splines make them an excel-

lent tool for approximating the dependent variable surfaces in ground-

water flow problems.

Applications of the method to both a test situation as well as to

real-world data are given. It is shown that the method evaluates the

parameters, boundary conditions and inputs; that is, solves inverse prob-

lem type V. General conditions of heterogeneity and anisotropy can be

evaluated. However, the method is not applicable to steady flows and has

the limitation that flow models in which the parameters are functions of

the dependent variable cannot be calibrated. In addition, at least one of

the parameters has to be preassigned a value.

A discussion of uncertainties in calibration procedures is given.

The related problems of model validation and sampling of aquifers are

also discussed.



CHAPTER 1

INTRODUCTION AND DEFINITIONS

1.1 Introduction

The process of modeling, that is, the representation of flow

through an aquifer, whether of water, chemicals or heat, by a mathematical

relationship, is an accepted method of studying aquifer behavior. Models

are widely used both to design real-world water managment systems as well

as to gain better understanding of the prototype itself. The availability

of high-speed digital computers has made it possible to model large and

complex groundwater systems. However, the task of calibration and

validation of such models, which must be accomplished before they can be

used for system management, is also complex. The classical methods of

pumping, dye tracer and other tests cannot be used because such tests can

cover only a small portion of the aquifer at a time, they are expensive,

if conducted in large numbers and the assumptions implicit in these tests

may not hold in the regional model. Although many models have been

proposed and used in the last two decades, a coherent theory for their

calibration and validation has yet to be developed. The major aim of this

study is to propose such a theory and thereby to develop a general method

applicable to a variety of aquifer models. This is done by posing the

calibration problem in a generalized mathematical context (in which

instance, it is called the inverse problem).

1
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To motivate the discussion of the inverse problem, various

groundwater models are critically reviewed in Chapter 2. This is done in

the spirit of comparing various classes of models as to their capabil-

ities and limitations, with the underlying idea of seeking a qualitative

solution to the model choice problem. Also included in Chapter 2 is a

discussion on errors in modeling which may be either due to inadequate

representation of the phenomenon or due to inadequate data. The propa-

gation of these errors determines, to a large degree, the success of

calibration and validation methods.

The generalized formulation of model calibration as the inverse

problem is explained in Chapter 3. Various types of inverse problems

which may exist in the modeling of aquifers by partial differential equa-

tions are identified and defined. The matching procedure and other

methods of solving the inverse problem are then reviewed. Related devel-

opments from disciplines other than hydrology are also discussed.

The theory of a direct method for solving the inverse problem is

developed in Chapter 4. Two main components of this method are spline

functions and nonlinear programming. As the use of spline functions is

new to groundwater problems, they are defined and explained in detail in

Chapter 4. Proofs of theorems concerning those properties of spline func-

tions which make them eminently suitable for solving the inverse problem

are in Appendix I. A method to compute splines is given in Appendix II.

Applications of the direct method developed in Chapter 4 are

described in Chapter 5. To check its validity, the method is first

applied to data generated from a model with known parameter values. Its

application to real-world data (hydraulic and chemical) in the Cortaro
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aquifer in the Tucson Basin is then described. It is shown that

complicated flow conditions such as anisotropy and heterogeneity can be

easily considered with this method.

Uncertainties in calibration caused by the inadequacy of data are

discussed in Chapter 6. Model validation and other problems having close

bearing on model calibration are also explained. This chapter is in the

spirit of suggesting topics for future research.

The remaining part of Chapter 1 will be devoted to giving formal

definitions of the terms that are frequently used in the later chapters.

To indicate that the calibration and validation problems are not

restricted to any particular type of models, the terms "direct problem,"

"inverse problem" and "properly posed problem" are defined in a general

setting. The reader may pass over them in the beginning and refer back

as these terms appear in the text.

1.2 Definitions 

1.2.1 Direct Problem (DP)

Let 0,F be some complete metric spaces and let Acp be a function

defined on domain and with range of values F. Consider the equation

Acp = f , 4c	and f	 F .	 [1]

If the solution cp of Equation [1] is to be investigated for a given A and

f, it will be called a direct problem. In the context of groundwater

hydrology, the hydraulic head h = h(x,y,z,t) is a member of 0 and the

source or sink term Q = Q(x,y,z,t) is a member of F. Both h and Q are

functions defined over four-dimensional real Euclidean spaces. The
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B	 T2 2 3 2 3 2operator A may simply be (--i- - .- V ), where V2 = (---7 + —7 + ---p-
Dx	 By	 az

However, other operators are possible as will be explained later

	1.2.2	 Model and Model Choice Problem

The operator in Equation [1],-which maps	 into F may be of

algebraic, differential, integral or some other type, such as integro-

differential, subjective, tabular, etc. A set which contains such

possible Lx's will be called a set of models {M.}. Preference of one

model of this set over all other models, due to physical, technological,

economical and other reasons, constitutes the model choice problem. In

the context of groundwater hydrology, A would generally be a linear

differential operator.

	1.2.3	 Properly Posed Problems in
the Sense of Hadamard

A problem like Equation [1] is properly posed if and only if the

following conditions are satisfied:

(1) The solution of [1] exists for any f c F.

(2) The solution of [1] is unique in 0.

(3) The solution of [1] depends continuously on the right-hand

side f.

In other words, the problem of solving Equation [1] is properly posed if

there exists a function Bf defined and continuous over all of F, which is

inverse to the function 0.

The first requirement states that the problem should not be over-

or underdetermined.
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The second requirement states that the solution be unique. If A

in Equation [1] is a differential operator, then it will have a unique

solution if and only if:

(1) A is completely known, i.e., all coefficients in A are

completely given.

(2) f is completely known, i.e., if f contains some input-output

function, it should also be known.

(3) Initial and boundary conditions on qb should be known.

The third requirement of proper posing arises from the fact that

in real problems, the right-hand side of Equation [1] is obtained from

measurements made with aid of actual instruments and is therefore known

only approximately. If at any point f the function Bf is discontinuous,

it may not be ordinarily possible to recover (ID uniquely from Equation [1].

Stated more precisely (Isaacson and Keller, 1966, pp. 21-25),

this condition requires that the solution depend Lipschitz continuously

on the data with a constant that is not too large. To explain, let

{f-lc:D be a subset of F, satisfying the first two requirements. If the

data {f.} is changed by a small amount {ff.} such that ff. + 5f. }c D,

then

(1)	 13[(f -	 (Sf . 1]
	

[2]

Now if there exists a constant M such that for any 6f,

I 11 1 <m J	 1 1	 ,	 [ 3]

then the results are said to depend Lipschitz continuously on the data.

Here 11.11 denotes the norm of a vector. If Equation [3] holds with a
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not too large NI =, NIff., 0 for some not too small c > 0 and for all {f.}

such that 116f.11 < E, then the third requirement is considered to be—

satisfied.

If any of the three conditions is not fully met, then the problem

is called improperly posed in the sense of Hadamard.

	1.2.4	 Inverse Problem (IP)

If, in Equation [1], (1), the dependent variable, is completely 

known, but A and f are only partially defined, then we refer to the

problem of completely determining A and f as the Inverse Problem. In the

context of groundwater hydrology, this is also the problem of model

calibration.

We shall show that if cp is known in all respects, then under

certain conditions to be defined later, the IP is properly posed. But

as it usually happens in the field, when cp is not completely known, then,

as proven by many investigators (e.g.,  Emsellem and de Marsily, 1971),

the IP is improperly posed.

	1.2.5	 Problem of Model Validation

The problem of testing the effectiveness of a calibrated model as

a predictive tool is referred to as the model validation problem. We

shall assume this effectiveness to be determined if a probabilistic

statement about the uncertainties in the predictions can be made.

	1.2.6	 Macroscopic Properties of the
Medium

All properties such as the coefficients of hydraulic conductivity,

storage, thermal conductivity and diffusion shall be considered on the
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macroscopic scale, i.e., details at the atomic and molecular level will

be completely neglected. The concept that these properties are defined

at all points in the medium, however, is still valid. For example, the

hydraulic conductivity, K, at a point, x, will be defined as

617'Kx = lim 	 '6v'-4.6v
[4]

where 6v' is a small volume of the medium enclosing the point x, K isv , is

the average hydraulic conductivity of this volume and 6v e 6v' is the

volume defining the point at which Kx is being evaluated. 6v, for

example, may be defined as a portion of the volume of a well at which

measurements are taken. Thus, while 6v is quite large, as compared to

the particle (or pore) size of the aquifer, it is very small when

compared to the total volume of an aquifer. When Kx appears in a

differential equation, we assume Kx to be defined in the 
sense of

Equation [4].

1.2.7 Heterogeneous Medium

A medium would be called heterogeneous (on the macroscopic

scale) with respect to a property, P, if P has different values at

different points in the medium. If P has the same value at all points in

a region, that region is homogeneous with respect to P.

1.2.8	 Isotropic Medium

A medium is isotropic at a point with respect to a property P if,

at that point, P has the same value irrespective of the direction from

which it is measured. Otherwise, it is called anisotropic.
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1.2.9	 Stationary Medium

We shall call a medium stationary with respect to a property P if

the property is time independent at all points. Otherwise, it is

nonstationary. We shall mostly be interested in stationary media.

1.2.10 Tensor Representation

If a material is anisotropic with respect to a property P, then

P is a second-order (in case we are dealing with three-dimensional

space) tensor, i.e.,

[P] =

p	 p
xx xy xz

P	 P	 P
yx yy yz

P	 P	 P
zx	 zy	 zz

The following possibilities exist in expressing the spatial

variability of a property, P, of a medium:

(1) Homogeneous and isotropic: P is a scalar and its value is

independent of both the location as well the direction.

(2) Homogeneous and anisotropic: P is a tensor but each scalar

element of the tensor is independent of location.

(3) Heterogeneous and isotropic: P is a scalar but its

magnitude is a function of space coordinates.

(4) Heterogeneous and anisotropic: P is a tensor with each of

its elements being a function of space coordinates.

Note that the case of heterogeneous and anisotropic material is the most

general in the sense that it contains the description of the other three

cases. If P is a tensor, it is denoted by [P]. The eigenvalues of [P]
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are called the principal values and the eigenvectors, the principal axes.

In case the coordinate directions coincide with the principal directions

of the media, then

[P] =

	—13	 0

	

0	 P

	0 	 0

0

0

P

where P , P and P
z 
are the principal values.x y

Various groundwater models are discussed and compared next in

Chapter 2.



CHAPTER 2

REVIEW OF GROUNDWATER MODELING

2.1 Introduction 

Although groundwater is traditionally defined as that body of

water that exists in the saturated zone below the ground surface, the

groundwater phase of the hydrologic cycle does not operate in isolation

of all other components and in fact may be greatly affected by the extent

of its communication with the atmosphere, surface water bodies and the

unsaturated zone. Thus, a groundwater model should take these into

consideration.

The occurrence and movement of groundwater should be considered

on at least two scales: (1) on a regional scale and (2) on a local scale

such as in the vicinity of an individual well or well field. In the

first case, we are interested in the water balance of a large aquifer

with known (or estimated) physical boundaries and the interest is not

centered on any one point of the aquifer. Models of this kind are needed

for the large-scale planning of the groundwater resource. Once a sub-

region is marked for development, the second type of model should be able

to give us greater details about this sub-region, which we shall need for

actual management. Figures la and lb define some of the terms used in

this report.

1 0
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2.2 The Natural System Behavior 

All groundwater of economic importance is in the process of move-

ment through permeable rock formation from a place of intake to a place

of discharge. This movement has been going on through a part of historic

time. On the average, the rate of discharge from the aquifer during

recent geologic time has been equal to the rate of input, so that, under

natural conditions, previous to -development of wells, aquifers are in a

state of approximate dynamic equilibrium.

Recharge to the aquifer may result (1) from the penetration of

rainfall through the soil, (2) by seepage from streams or other water

surface bodies, and (3) by movement vertically or laterally from another

groundwater body. There are two possible conditions in the recharge area:

Either the available amount of water for recharge is greater than the

amount that can flow laterally in the aquifer, in which case some of this

water is rejected and the carrying capacity of the aquifer determines the

intake rate, or the available water for recharge is less than the capacity

of the aquifer, in which case the intake rate is governed by the available

water and none is rejected. The natural mode of discharge by the aquifer

is to rivers, springs and lakes, and evaporation to the atmosphere. In

the process of development of an aquifer, this state of equilibrium is

disturbed. Depending on the location of a well, it may draw off water

from rejected recharge (if there is any), or intercept some natural

discharge or take water from storage. More often than not, however, if

pumped long enough, a well draws water from all three sources.

The motion of water in the soil is determined by two forces: The

driving force mainly due to the hydraulic gradient (electrical, chemical
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and thermal gradients also affect the motion, although to a much lesser

extent), and the opposing force due to friction between moving water and

the soil particles. While the determination of the hydraulic gradient is

comparatively easy, determining the resisting force is not. This is due

to the fact that the soil matrix is generally heterogeneous and aniso-

tropic in nature, making its exact structure impossible to define. Model

complexity is usually proportional to the extent to which actual condi-

tions are taken into consideration.

In planning for most uses of groundwater, not only the amount of

water available, but also its quality (physical, chemical and biological)

is of great importance. A groundwater model, therefore, should, after

processing certain given information, be able to give us the quantity and

quality of water that is available at the required point in space and time.

Unfortunately, the quality and the quantity are not always modeled

concurrently in present-day models.

The majority of the groundwater models in use today are deter-

ministic in nature. Only recently have some statistical and stochastic

models appeared in the literature. The deterministic or the physical

models are discussed first.

2.3 Deterministic or Physical Modeling 

The physical models are those in which the mathematical equations

describing the various processes are derived independently of the histor-

ical data. In other words, the model is to be described by the basic

concepts of mass, momentum and state, and known properties of fluid and

medium of flow. To simulate aquifer behavior under any given conditions

then, the problem essentially reduces to solving an initial and boundary
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value problem. The parameters connected with either the fluid or the

medium of flow may be found from controlled experiments or by the use of

historical data. The mathematical formulation of the problem is as

follows.

Let the spatial domain of definition of the flow be Q, a real,

simply connected, open space of dimensionality r (in practice r = 3,

the space coordinates). Points of Q are denoted by X = (x l , x2 , •.., xr)

except when r = 3, then X = (x,y,z). Let t denote time, t e [0,T), r is

the boundary of 0, and the cartesian products are E = rx(0,T) and

E = Qx[O,T). A groundwater model, M, is one member of a set of functions

that maps H onto R, where R is the space of real numbers. M may be a

differential equation which, for the case of laminar flow of a compres-

sible isothermal fluid in an elastic, porous medium, requires simul-

taneous solution of (Eagleson, 1970, pp. 261-321):

(1) the equation of mass conservation,

c)"

-V • (pq) = fl p	 +Sf3--^-	 a- S	 Z •
	P  at	 P Dt [5]

where	 V = E	 =
3x.	 Dx	 3y	 3z

Volume of fluid •s = degree of saturation = Volume of voids

p = pressure;

p = density of fluid;

q = fluid velocity relative to grain = ui + vj + wk;

i,j,k = unit vectors in three mutually perpendicular directions;

u,v,w = velocity components in directions of i,j,k;

Volume of voids 
n = porosity = Volume of solids



change in gross volume/unit gross volume , where a is of
Au

1 
= compressibility of fluid - Bulk modulus of elasticity

Ap/p where B is of the order of 10
-6 in2 lb

-1 , or
Ap

-114.22 x 10 -6 cm2 kgm ;

a = vertical compressibility of medium =

16

the order of 10 -6 in 2 lb -1 , or 14.22 x 10 -6 cm2 kgm-1 ;

z 
= normal intergranular stress on a horizontal plane.

(2) the equation of momentum (based on Navier-Stokes equations

neglecting convective acceleration terms):

lao 1	 [6]
n at	 — 7)— Vp - gVz* +

where, in addition to the symbols defined already, z* is vertical

direction and would be the same as the direction of the unit vector, k,

if one of the ordinate directions coincides with the vertical. p is

dynamic viscosity (FL-2T).

(3) the equation of state:

P = P(0,	 [7]

where 0 = volumetric water content.

It is very difficult to obtain the exact solution of this set of

equations. Hence, some simplifying assumptions are invariably introduced.

The most basic and important assumption in flow through porous media is

that because of the high hydraulic resistance to flow, time variation can

occur only very slowly. Therefore, it is assumed that the solution of

Equation [6] at any position and instant is very closely approximated by
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a steady-state solution at the state of the system which pertains at that

position and instant. The steady-state solution is given by a Darcy-type

velocity relation which is analogous to flow through capillary tubes.

Thus, instead of Equation [6], the equation of motion is taken to be

Darcy's law:

q = - [K] Vh ,	 [8]

where [K] represents the tensor of hydraulic conductivity.

Differentiating both sides of Equation [8] yields:

_	 . (pq ) 	V • {p[K]Vti}	 [9]

In order to consider the compression of the medium as the head, h,

changes, a compressibility term may be added to Equation [9] to obtain:

_v.(pq) _	 (K	 4. 9 (K Dh	 (K	 0K ph i

"- Dx" x Dxf 	Dy" y ay	 9z' z 3z'	 z 9z i
[10]

In this equation, a further assumption is made that the coordinate axes

x, y, and z are chosen in the direction of principal conductivities and

that the z-axis is vertical (which means that one of the principal

directions is vertical; even if this were not true, Equation [10] may be

applied because it may safely be assumed that the major compression of

the medium occurs in the direction of z). Combining Equations [10] and

[5], we have the general equation:

-- sa
3yz

 = 2-JK ph) +	 21/	 2—dic 9h)
9t	 "Dt	 9t	 9x' x 9xJ

	 f$ Ky ay ) 	9z' z Dz i

9h

	

+ ya — .	 [11]
z Dz

Equation [11] is usually further simplified by considering 
the nature of

flow and that of the medium, that is:

9s
(1) for saturated flow, s = 1 and — = 0.9t
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• (2) in a confined aquifer, a change in static pore pressure must

immediately produce an equal but opposite change in the

intergranular stress throughout the medium, or Aa z = -Ap.

(3) as p = yh, 2IL. —1	 where y = specific weight of theat	 y at'

fluid.

(4) in an unconfined aquifer, a local change in pore pressure is

transmitted to the soil gradually at a speed which is

dependent upon the rate at which the fluid content of the

volume can change. Usually, however, both the compres-

sibility of water and the aquifer are neglected in such a

case, because their magnitude are much less than the change

of fluid volume which accompanies changes in the water

table.

(5) in unsaturated flow, s < 1 and usually 
2_s_ / 0; compres-

sibility of both the fluid and the medium is, however,

neglected for confined as well as unconfined aquifers.

(6) in saturated flow, the hydraulic conductivity is a function

of space only and is independent of time, while in the case

of unsaturated flow it varies also with the moisture

content, O.

These assumptions, along with Equation [11], produce many of the

equations used in soil moisture flow.

Equation [11] is a parabolic, nonlinear partial differential

equation (PDE), and is valid for both the saturated, as well as the

unsaturated, zone. It has no closed-form solution, but an effort has
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been made to solve it numerically by Cooley (1970) and Freeze (1970).

Freeze has also considered the functional relationship between the

permeability, moisture content and the soil moisture tension, while

considering the unsaturated part of the flow. It should be obvious that

the accuracy of the results from this equation will greatly depend upon

the accuracy with which values can be assigned to the various parameters

such as a,	 s, 6, p and [K], etc., which, at best, is difficult.

For a confined, saturated medium, Equation [11] reduces to:

	Dh,	 Dh,	 Dh	ThK	 + —	 +	 --) + Q = S
s Dt	Dx ( x Dx	 Dy	 y	 Dz	 z zD

[12]

where Q = Q(x,y,z,t) is the net amount of water extracted or inducted

into the aquifer, and S
s 

is the coefficient of specific storage and is

defined as

a
S
s 
= y n(6 +) ,

0

where y o is the specific weight of the fluid and [K] represents the

hydraulic conductivity tensor (explained in greater detail in Chapter 4),

and accounts for the anisotropy. That is:

[13]

[K] =

K	 Kxx xy xz

K	 K	 Kyx yy yz

zx	 zy	 zz

[14]      

In case the medium is also heterogeneous, each component of K is a

function of spacevariables.
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When the medium is considered homogeneous and isotropic, then

[K] =

K 0	 0

0 K

0	 0 K

K	 cd
2
pg 

1-1
[15]    

where K is now a scalar, c is a constant, d is the average diameter of

grain, p is mass density and p is dynamic viscosity. For two-dimensional

flow, coefficient of transmissivity, T, is defined as K • m, where m is

the thickness of the aquifer, and the coefficient of storage, S, as

Ss • m, so that for the case of 
two-dimensional flow in homogeneous

isotropic aquifers, Equation [12] becomes:

Vh + Q =
2	S Th	 [16]

Notice that Equation [16] is a linear parabolic PDE and is not valid for

the unsaturated zone.

Another factor which is of special importance in flow through

unconfined aquifers is the effect of system inertia causing a time delay

in the response. In this case, Equation [16] will be modified to

V
2 (h(X,t)) + Q = 7TE (h(X,t-T))

	

S D	 [17]

where T is the time-delay factor (e.g., in delayed drainage) and X

represents the space coordinates.

Appropriate boundary and initial conditions must be adjoined to

Equation [16] to obtain a unique solution. These are discussed below:

(1) Initial condition pertains to the time coordinate and is

given as

	

h(X,O) = (X) ;	 X e	 .	 [18]
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(2) Boundary condition implies knowledge of the dependent

variable h or its functions along a spatial boundary. The

various forms of a boundary condition are:

(a) Known head distribution; in this case:

h(X,t) = x(X,t)
	

X,t c E ,	 [19]

and x(X,t) is specified (or estimated from measured

data). This is known as the first boundary value or

the Dirichlet problem. Such a boundary condition is

usually given when there are reasons to believe that

the head over a large section of the boundary is

uniform. For example, boundaries open to the

atmosphere so that groundwater emerges from them to

evaporate or to trickle down the boundary face may be

regarded as surfaces of uniform atmospheric pressure,

provided effects of surface tension and possible

restrictions to flow can be neglected. Similarly, a

water table receiving significant amounts of water from

downward percolation of surface water may also be

considered as a surface of uniform atmospheric

pressure, i.e., in this case h(X,t) = Z, where Z is a_

constant.

(b) Known velocity distributions; in this case, f(X,t) is

specified such that

ah(X,t)  _ f(X,t)
an

X,t c E ,	 [20]

where n is the direction of the normal to the boundary.
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This is known as the second boundary value or von

Neumann problem. The closed (impervious or nearly

impervious) boundaries of a groundwater body, such as

under- or overlying beds or contiguous rock masses (as

along a fault or the walls of buried rock valleys) are

often conceptualized such that the velocity normal to

these boundaries is zero, i.e., -K 
2h. 0, all along

n

such boundaries. The interface between two aquifers of

differing hydraulic properties is also usually

characterized in this way, i.e., at the interface:

(i) the head in one aquifer is equal to the head in the

other, and (ii) the normal component of velocity at any

point of the interface in both the aquifers is the

same.

(c) Mixed conditions known; in this case a relation of the

form:

Dh(X,t) =
Ti	

f (X t)	 E	 [21]f (X) h(X,t) + f 2 (X)	 3	 7 X 7 tE
1

is given. Such conditions usually arise when one part

of the boundary is pervious and another part is

impervious so that a combination of heads and

velocities is specified.

Notice that a boundary condition implies a knowledge at the

boundary for all te[O,T]. Unless the hydraulic head and velocities can

be controlled externally, it may be difficult to specify these conditions



23

for long times in the future. This points to necessary caution in

assigning values to boundary conditions.

The earliest closed-form solution to Equation [16] was obtained

by Theis in 1935, for the condition of a fully penetrating well of small

diameter in an infinite, homogeneous, isotropic, artesian aquifer. The

drawdown, s(r,t), for a pumping rate of Q is obtained as:

n 	C.3	 -

S(r,t) =	 -TT	 -9.--u du [22]

-u
where f 

e
	du is popularly referred to as the "well function" and is

r
2 S

written as W(u) and u = 4Tt .

Equation [22] and its graphic analogs (i.e., type curves) have

found the most extensive use in groundwater hydrology. The type curve

solution to this equation has been modified to include delayed drainage

(for the water table case) and leakage through aquitards (for the

confined aquifer case). See Ferris et al. (1962) for details.

2.4 Linear Systems Analysis 
in Groundwater Hydrology 

Recognizing that Equation [16], describing aquifer behavior, is

linear, and if the boundary conditions are also linear, then it is

apparent that the methodology of linear systems theory would be suitable

to solution of aquifer problems governed by this equation. The system in

this case is deterministic (or a white box) and the "impulse response

function" for Equation [16] in one-dimensional form has been derived.
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In a semi-finite aquifer with the boundary conditions such that

h(0,t) = H(0,t) and h(x,t)	 bounded as x ... and initial condition that

h(x,0) = 0, the impulse response function as worked out by Venetis

(1968), is

U(x,t) = '1;77f
 e-(S/T)x2/4t

21/T t3/2
fort> O. •	[23]

The response to any input H(0,t) can then be given by the convolution

integral:

h(x,t) = f U(x,t-T) H(0,T) dT .	 [24]
0

More appropriate for application to drawdown from a well is the

impulse response function as derived by Moench (1971), i.e.,

U(r,t-T) = { exp [ ( 7t 1-1T) ] } / 47T(t-T)	 [25]

and

h(r,t) = f Q(T) U(r,t-T) dT .
	

[ 26]

0

If Q(T) = Q in Equation [26], we reobtain Equation [22].

The importance of the impulse response function lies in the fact

that Q in Equation [26] and H in Equation [24] can now be considered both

as known and random functions of time. Moench and Kisiel (1970) have

used the convolution integral approach to estimate the recharge from an

ephemeral stream. This approach is more general than the classical

methods currently in vogue in groundwater hydrology.
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2.5 Analog and Digital Methods 

In order to deal with the crooked geometry (and hence the

irregular boundary conditions) of the aquifer and to deal with multi-

layer aquifers, use has been made of R-C type analog and viscous flow

(Hele-Shaw) models. The underlying mathematical model, however, in

these cases is still represented by Equation [16] except that if done

analytically, in the case of multi-layer aquifers, more than one

equation of the type [16] will have to be solved simultaneously. Since

the availability of high-speed digital computers, sophisticated

numerical techniques have been developed to consider not only irregular

boundaries and multi-layered aquifers but also the more general case of a

completely heterogeneous and anisotropic aquifer (e.g., finite element

technique: Neumann and Witherspoon, 1971). A general review of common

numerical techniques used to solve Equation [16] is presented by Rushton

and Tomlinson (1971). For the successful application of more complex

models which take heterogeneity and anisotropy into consideration, values

would have to be assigned to all components of the permeability tensor,

coefficient of storage, initial and boundary conditions and also to

recharge and discharge from the aquifer. No completely satisfactory

method has yet been devised to evaluate these quantities.

As noted earlier, in all equations of groundwater flow, the flow

dynamics are expressed by Darcy's law in place of the more formal and

complicated Navier-Stokes equation. This brings in some discrepancies

as studied by a number of investigators (e.g., Laushey and Popat, 1968).

In addition, the assumption of elastic behavior of porous media and water
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is not borne out by experience in all field cases (e.g., the phenomena

of subsidence). The above review has set the stage for a critical

consideration of errors in these equations.

2.6 Errors in Physical Models 

From what has been discussed, it is clear that errors are

introduced into physical modeling both at the formulation stage (i.e.,

derivation of the partial differential equation) as well as at the

solution stage. Equation [12], for example, is a better (but by no means

a perfect) representation of groundwater flow than Equation [16], which,

however, is the more widely used simply because it can be solved more

readily. One of the inherent assumptions in the derivation of

Equations [12] and [16] is that the change in hydraulic gradient, both

in space and time is linear (on a differential scale) and takes place at

a uniform rate. Without this assumption, the equation obtained would be

nonlinear and of a order higher than two. There, however, has been no

theoretical investigation of the errors that are introduced by the

imperfect representation of the system.

As the closed-form solution of a partial differential equation

can only be obtained in particularly simple cases (e.g., Equation [22]),

the use of these solutions in actual practice introduces an undetermined

amount of error. The accuracy of the Theis equation, for example,

depends upon how well the conditions of infinite aquifer, constant

discharge, full penetration of the well, etc., are actually approximated

in the field.
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In the numerical solution, some of the assumptions necessary for

closed-form solution need not be made and hence supposedly better

solutions can be obtained. But if no absolute solution is available,

experience can be the only basis for judging goodness of these

solutions. Also, numerical solutions are very flexible as to the

specifications of boundary and initial values. This is not to say that

the numerical solutions are free of errors. Two kinds of errors are

immediately recognized in numerical analysis: round-off errors

(depending on the "word length" in the computer) and truncation error

(due to discretization). Besides these we have what we may call

"inherent errors" which are due to imprecise specification of the

boundary and initial values (these are discussed later). The

propagation of the first two types of errors is an important topic of

study in numerical mathematics. Although the exact amount of error

introduced in any specific case cannot be determined, bounds on these

errors can be established. As a matter of fact, one of the aims of the

development of the mathematics of numerical methods is to reduce these

errors consistent with available computer time. In spite of the large

development in numerical methods, not all types of PDE can be solved --

the nonlinear partial differential equations are still a challenge in

this field.

Another kind of error is introduced due to the imperfect

estimation of the parameters. In groundwater flow problems, the two

parameters S and K have definite physical meanings and conceptually have

unique values, irrespective of what equation they are used in. In actual

practice, however, they are seldom determined independent of an
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equation (e.g., well tests). The Theis equation assumes constant values

for both S and K and the well tests give an average value (in the area

covered by the cone of influence), although both of these parameters are

variables in the field. The coefficient of storage changes in both

space and time because it is a function of the pressure under which water

is stored in the aquifer (e.g., the coefficient of storage should be

greater at greater depth) and the coefficient of permeability changes due

to heterogeneity of the porous matrix. Obviously, an error made in the

specification of initial and boundary conditions and in the estimation of

these parameters would be reflected in the results obtained from the use

of Equation [12] or [16].

2.7 Uncertainties Due to Lack of Data 

If the universal applicability of physical laws is accepted, it

must also be conceded that the future state of the system is determinate

and absolutely predictable provided the initial and boundary conditions,

the parameters and the inputs can be exactly specified. These quantities,

however, are estimated from few discrete observations in space and time

and, therefore, are seldom completely determined. Assuming the data

contained no instrument, reading, round-off or transmission errors, the

reconstructed initial state (which may be considered to include the

parameters also) will not be the same as the true state. At various

points the estimate will differ from the true state by an amount that

depends on the distance from the point in question to the nearest

observation station. The analysis error, defined by Thompson (1957) as

the difference between the true and the reconstructed state, is zero at
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or near the observation points. The error would increase as the

distance between stations increases. As the observation stations are

usually fixed and the disturbances to be measured are randomly

distributed relative to the stations, the analysis error, therefore, at

any point also is random. As a matter of fact, the best that can be done

in practice is to define an ensemble of possible starting points. The

hydrodynamical equations of flow (e.g., Equations [11], [12] and [16])

are equally applicable to any point in this ensemble. If the error in

the initial state is large compared to the true state, the predictions

may be completely unreliable, even if the input (source) forecasts are

perfect.

In a purely deterministic framework, one of the various points in

the ensemble is considered as the "best" to the exclusion of all others

and the prediction is based on this. This "best" state is usually

obtained by averaging out (e. g., average T and S in space) or by some

other method. The problem, however, is that the error in the results

obtained from a model is not static and may grow (or decrease) in both

time and space. This idea has been better explored in meteorology than

in hydrology. This may be mainly due to the fact that the atmosphere is

(compared to a groundwater system) a very unstable system, so that high

frequency disturbances alter its character frequently. For example,

even with a small analysis error to start with, in the prediction of

atmosphere, with perfect hydrodynamic equations, the error may grow so

fast that no reliable prediction of the atmosphere can be made, say,

after 24 hours. On the other hand, the groundwater system (and also
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most surface water systems) is usually a highly dampened system and on a

large scale, high frequency disturbances are dissipated quickly.

Thompson (1957), trying to find the limit of deterministic

predictability of wind velocities in atmosphere, related the root mean

square error of the predicted value at any time to the initial root mean

square error, period of forecasting and various other meteorological

factors. The error in this case was assumed to have certain statistical

properties and similar properties of the predicted value at various

times were computed theoretically. Gleeson (1968) examined the spread

of the ensemble of the initial states with time and pointed out, for

example, that the variance of any parameter increases or decreases in

time according to whether the correlation between the current value of

the parameter and its time derivatives is positive or negative.

Epstein (1969), in addition to the spread of points, examined the

behavior of the mean of the ensemble and concluded that the mean value of

the parameters is not the best for reliable predictions.

It is clear that the movement of errors cannot be treated on a

deterministic basis even if we use hydrodynamical equations for the

system, as errors are random and only some of their statistical properties

may be worked out (if not their probability distribution function). In

atmospheric sciences, this is what has come to be known as "Stochastic

Dynamic Prediction" (Gleeson, 1970). It should be intuitively obvious

that models that account for uncertainties are better suited for

managerial decision-making about future conditions.
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In relation to groundwater, not many error models of this nature,

however, are known. McMillan (1966), using steady-state equations and

considering uncertainties in the coefficient of hydraulic conductivity

and using numerical techniques, has worked out the uncertainties in the

predictions. As discussed by Bibby (1971), the results have only

theoretical significance because almost all important groundwater systems

are unsteady. Bibby has considered the uncertainties in initial

conditions, T and S, and again by numerical methods tried to find out the

error in the results. He, however, considered the errors due to

measurement only and assumed them to be normally distributed, independent

of the observed value and mutually uncorrelated. He found that, for

short durations, the error in the initial head was the most

significant in causing error in the final head in comparison to errors in

T and S. For a longer duration he found that the error in the final head

tended to a constant. Working directly with the Theis equation and

assuming a uniform distribution for the parameters, Sagar and Kisiel

(1972) came to similar conclusions. Better models of this nature,

however, are needed.

2.8 Mass Balance Models 

Another important class of commonly used deterministic ground-

water models is that in which the momentum equation is completely

ignored and the solutions are based on the principle of mass balance

only. These kinds of models are suited where only regional water budgets

are of interest and are not good for local problems such as in working

out the drawdowns from wells.
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In general, these models express the change in water level (or

piezometric pressure) as:

	

AH. 	= AH . + AH . + AH . - AH .	 [27]

	

1	 e,1 — y,1 —	 0,1	 n,1

where AIL = change in water table depth (or change in piezometric1

pressure) as measured from ground level (considered negative

with rising water table) in time interval i,

	AH .	 'discharge into aeration zone in i-th time interval,
e,1

AH . = water exchange with surface water bodies in i-th time
y,1

interval,

AH
0
 . = vertical water exchange with over- or underlying aquifers

(i.e., leakage) in i-th time interval,

AH . = infiltration of atmospheric precipitation in i-th time
n,1

interval.

In addition, generally in small scale models, terms pertaining to

water extracted through wells and the return water from irrigation are

also added to Equation [27].

All of the so-called "Watershed Models," i.e., Stanford, Texas,

Utah, etc., are invariably mass balance models with the main difference

(besides other differences such as methods of parameter estimation,

computer programming, etc.) between them being the way in which each term

in Equation [27] is evaluated. Not all the watershed models consider the

groundwater phase of the hydrologic cycle and those that do usually

employ empirical relations for evaluating the terms of Equation [26].

For example, in the Texas model (Claborn and Moore, 1970), all but one --

the infiltration term -- are calculated empirically.



2.9 Transporation of Chemicals and Heat 
through Flow in Aquifers 

Chemical and heat are transported in porous media by two major

processes: the first is due to the bulk flow of fluid, i.e., the

flowing fluid carries with it chemicals and heat proportional to the

velocities. This phenomenon is called dispersion. The second process

is that of molecular diffusion which causes chemicals and heat to move

because of chemical and thermal gradients. While the fluid must be in

motion for dispersion to occur, it is not necessary for diffusion.

Besides these, the phenomenon of absorption may also be important (e.g.,

for clayey soils), but this is not considered here. Thus, for unsteady,

laminar flow of Newtonian fluids, the total amount of chemicals and heat

transported is the sum of those transported by dispersion and diffusion.

The governing PDE's can again be written as for fluid flow

(Himmelblau and Bischoff, 1968), where mass balance for chemical "a" is

a	 3Ja 9,7 a M.aX	y 	z
+	 + VDy + W	 =	 + 9y	 +	 + Ka

and balance for heat is

P -35111 + PwPw (43e	 wE) = (aD IXx ;Y- 3z 	Re

where, in addition to symbols already defined,

(I)a = concentration of chemical a,
a

J. = mass flux of chemical a due to diffusion in direction i,

Ra = generation or destruction of chemical a (net amount),

o = density of fluid,

P
w 
= specific heat of fluid,

33

[28]

[29]
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p = density of rock and fluid complex,

P = specific heat of rock and fluid complex,

H. = flux of heat due to thermal gradient in direction i,

R e = generation or dissipation of heat (net amount),

6 = temperature.

Again we use Darcy's law to evaluate u, v, w, in Equations [27] and [28].

J.a and H. are obtained from Pick's law,1	 1

= - [D] Vq5a
1

and Fourier's law,

H. = - [C] V6
1

where [D] is diffusion and [C] is thermal conductivity tensor of rock and

fluid complex. Substituting Equation [30] in Equation [28], and

Equation [31] in Equation [29], and neglecting heterogeneity and

anisotropy for the time being, the required PDE's are

a
3q)

+ cleV(1)
a 

= D
a 

V
2

cp
a 

+ R
aDt

where D
a 

is the diffusion coefficient for the substance a; and

pC 30	 PwCw 2
K	

.V0 = V6	 R
6 

.
K Dt 
0

Both Equations [32] and [33] are linear parabolic PDE's and all the

comments in previous sections with appropriate change in variables are

applicable to these two equations.

2.10 Statistical Models 

Operationally, groundwater hydrology has traditionally been a

deterministic subject. Very few, if any, statistical models have been

[30]

[31]

[32]

[33]
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used in the field. A look at the two text books often used to teach

groundwater hydrology -- one old, i.e., Todd (1959), and one recent,

i.e., Walton (1970) -- shows that statistical models are not mentioned at

all. This, however, does not mean that statistics has not been

considered for use in this field. As a matter of fact, by its very

nature, the porous media should be admirably suited for a statistical

description. But most of this kind of work (such as Scheidegger, 1964,

and Beran, 1968) is theoretical in nature and has not come to be used in

practice.

Rockaway and Johnson (1967, 1970) have used the technique of

fitting of polynomial trend-surfaces to groundwater data for studying the

variation in the surface and the residuals from these surfaces over a pe-

riod of time so as to predict areas for potential groundwater development.

The method is based on the premise that the piezometric surface or water

table can be approximated by a mathematically computed polynomial

surface. No underlying models for flow dynamics are assumed. The plane

or gently curving surface, fitted by the least square method, is

considered to represent general or regional changes in the measured data.

The polynomial surface is fitted to the observed data up to a degree such

that the systematic change is adequately specified, thus representing

large-scale regional changes. The differences between this computed

surface and the actual observations, called the residuals, are then

associated with localized changes, but of course this is a large

assumption.

Polynomials of degree one and up are successively fitted to the

data and a statistical test employed at each stage to find the
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significance of improvement and then the best polynomial is selected.

This is done for various intervals of time, e.g., every month. The

residuals from the polynomial surface (usually quadratic) are computed,

plotted and contoured. In addition, the mean and standard deviation of

the residuals at each location are calculated and plotted on a similar

basis.

Rockaway and Johnson argued that in the areas where the actual

surface is higher than the computed one (or positive residuals), the

recharge should be greater than discharge and vice-versa. Obviously,

such areas would be more suitable for groundwater development than the

areas with negative residuals. They, however, found many anomalies in

the areas they investigated and (without further investigation of the

geology and morphology, etc.) these could not be explained by trend

surface alone. In connection with these studies it should be noted that:

(1) These do not give any quantitative estimates which may help

in designing better water utilization projects. Usually,

the results have to be interpreted subjectively.

(2) The interpretations of the results must be based on not

only the residuals but other pertinent geologic data

available. This means that the residuals obtained do not

uniquely determine aquifer behavior.

Huijbregts and Matheron (1970) present a mathematical outline for

selecting an optimal trend surface based on prior knowledge of a linear

operator such as is given by Equation [16]. A variance map gives the

reliability of the trend surface. The method bears further investigation.
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Kriz (1971) has used a regression equation between the water

level in an observation well (not affected by pumping) and a pumped well

to generate past history in the observation well. Obviously, the

assumption is that no hydrologic change has been made in the system for

the time period under consideration. The approach would have limited

value in forecasting future conditions because pumping reflects

socio-economic activity.

2.11 Stochastic Models 

Both univariate and multivariate "time series" models have been

used by Eriksson (1970a, -b) to predict future groundwater levels (or

piezometric heads). The usual assumptions of stationarity and linearity

are made. Basically, these models fall into the category of "system

identification" and are data-based. The theory of linear systems is the

most often used and underlies the approach; it would be of interest to

derive theoretically expected time series properties from linear

operators given by Equations [12] or [16]. The convolution integral can

play a role in checking the common linearity assumption in groundwater

hydrology, as in Equation [16]. The quality of results from this kind of

analysis depends largely on the quantity and the quality of data. Many

interesting qualitative conclusions can be drawn from the analysis, but

it is hard to discriminate between the individual effects of various

factors affecting the system unless the system identification is related

to conservation of mass and energy principles. Classically oriented time

series models have difficulty in predicting turning points brought on by
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major structural changes over the long-run, e.g., effects of mining,

subsidence and socio-economic activity.

2.12 System-Theoretic Concepts in Modeling 

In recent times, the concepts of general systems theory are

being increasingly used for modeling purposes. The main advantage of

this theory is its elegant and logical language and a complete

generality for modeling complex and diverse systems.

For continuous systems, Wymore (1967) defines an assemblage as a

sextuple Z = {S,P,F,M,T,a}, where

S = non-empty set of system states.

P = non-empty set of input values, includes constraints,

controlled inputs and uncontrolled inputs.

F = admissible set of input forcing functions, that is, a set of

functions defined on {t : t e T} and with values in P. F

is admissible if for functions f, g c F

(a) F is not empty;

(b) for t	 T, f(t+T) e F for all T e T; and

(c) if(t) : t > 0} U fg(t) : t > 01 E F, that is, the union

of two input functions belongs to the set F.

M = set of mappings from the Cartesian product F X T onto a, that

is, the mapping of a set of inputs at a specific time, t,

onto the set of state transition functions, a. For most

systems, M is simply the range of a.

T = the set of all real numbers; denotes time;
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a = set of all modes of behavior available to the system, that

is, a is the set of state transition functions defined on the

mapping of S onto S, including the identity mapping.

A system is defined as an assemblage, z = {S,P,F,M,T,a}, such that:

(a) a(f,t=0) = identity mapping of S onto S for all f E F,

exists.

(b) a(f(t+s), t)0 a(f(s), t) = a(f(t), s+t) where the composition

(0) of two functions f and g is defined as fog = h, and

where f is a mapping from A to B, g is a mapping from B to

C and h is a mapping from A to C; this property means that

we can displace the time origin of input function for a

fixed system and obtain the same result if we displace the

system over time for a fixed input function.

(c) a(f,t) = a(g,t) for all f, g E F and t	 T if f(t) = g(t)

for t c [0,T). Here we insure that the system is consistent

with respect to inputs; if the state transition function

remains invariant, it means that the inputs were the same.

It is not difficult to prove that the equations of groundwater

flow (Equations [16], [32] and [33]) satisfy these three relations and,

hence, represent a system. The correspondence between the assemblage,

z, and the above equations is as follows:
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Notation in Partial Differential Equations 

h,e, 6

range of values of Q, R a , Re

Q(x,y,z,t), Ra (x,y,z,t), R e (x,y,z,t)

range of h(x,y,z,t), cp a
(x,y,z,t), e(x,y,z,t),

that is, range of S, in response to F

time period over which F is active

a	 Equations [16], [32], [33]

a(f,0)	 initial conditions

To model a system, then, all the six sets defined above must be

specified. Once this is done, the output of the system for a given

member of {F} at any time t E [0,T) can easily be found. With different

possible sets of parameters, the PDE's discussed earlier define the

set M.

A modeling methodology much less general than the above but still

very useful is that based on theory of finite state machines. In this

theory, the system is considered to be discrete (which could be

deterministic or stochastic) such that the output (Z) and the state (S)

at any instant v are defined by

Z
v 
=f (n ,S )	 [34]vZ	 v

and

S
v-1-1 

= f
S
 (n

v
,S

v
) ,	 [35]

where n
v 

is the input in the v-th interval and f is the state transition

function (like Equations [16], [32] and [33]). Thus, the output of the
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system modeled by Equations [34] and [35] is sequentially obtained at

discrete time intervals. The transformations f
z 
and f are expressed as

matrices (either deterministic or probabilistic). Simpson, Kisiel and

Duckstein (1971) have used the technique in deciding about the sampling

frequency in aquifers, and Rogers (1971) has explained its used in

modeling eco-systems. However, system theory has yet to be rigorously

applied to groundwater modeling.

2.13 Problem of Model Choice 

In one form or another, the one question that has to be answered

in groundwater planning is: Given constraints on resources (monetary,

technical, human, etc.), how to get the required quantity of water

satisfying certain quality criteria, where the quality and quantity are

dictated by the project in consideration, i.e., domestic, irrigation or

industrial, etc.? In order to be able to answer the above question, a

knowledge of the following is required:

(1) On the regional level:

(a) the areas of natural recharge and discharge,

(b) quantitative estimates of natural recharge and

discharge,

(c) direction and velocity of flow,

(d) estimate of the total storage,

(e) quality of stored water,

source and amount of any pollutants.

(2) On the local level:

(a) the geologic structure as to its suitability for

drilling,
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(h) effect of pumping water on the surrounding areas,

(c) effects of various shapes of well fields as well as

that of the time variation in pumping.

None of the models answer all the above questions and, therefore,

the use of any one model gives us only partial knowledge about the

system. Even if it were possible to choose a model that is best from

physical considerations, it may not be possible to use it either because

not enough data are available or because the time and money required for

its use are not available. In fact, sometimes the data and economic

considerations may completely dominate the choice of the model.

In choosing one model from a set of alternative models, one must

consider:

(1) the scale of modeling (space and time),

(2) the objective of modeling,

(3) budget constraints,

(4) technical facilities in terms of personnel and inanimates,

(5) amount and kind of data available,

(6) sensitivity of the project to wrong (or imprecise) answers

or the risk involved.

It is no easy matter to decide on measures or criteria of effectiveness

for comparing models becuase these criteria may be scientific, non-

scientific, quantitative or qualitative. Kisiel and Duckstein (1972)

identify two classes of criteria: cost and effectiveness. The cost

includes expenditure on development, acquisition (if proprietary),

implementation and maintenance (or updating) of a model. The

effectiveness of a model can be judged by the variance of and bias in the
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forecast, error growth, transferrability to another site and use,

simplicity, sensitivty to variation in inputs, and stability. Keeping

one of the two variables (i.e., cost or effectiveness) constant, the

models can be compared with respect to the other.

The various groundwater models discussed in the previous sections

are summarized in Table 1 with some qualitative statements about their

properties. To some extent, this table may help in selecting a

suitable model qualitatively, but, of course, quantitative criteria need

to be developed for a better selection. The work of Lovell (1973) deals

with a similar problem from the point of view of watershed models.

Once a particular groundwater model is chosen, the next step is

to make it operational. This gives rise to the "Inverse Problem" which

is discussed in the next chapter.



Interaction with other
Components of Hydrologic Cycle

Technical Facilities
Required

Risk Due to
UncertaintiesVariance of Estimate Special Features Cost

(See Sagar and
Kisiel, 1972)
Widely used for
the design of
single wells

Not considered at all Basin considered homogeneous Considerable for
and isotropic and boundaries acquiring input
have to be very regular	 data

No computer necessary Depends upon uncertainties
in parameters

Considerable for
acquiring input
data

(See Gates, 1972)High-speed digital or
analog computer
needed

Usually not consideredDepends upon parameters as
well as numerical
technique

Irregular boundaries can be
considered

Considerable Not evaluatedNot consideredDigital computer
needed

Depends on parameters and
numerical techniques

Only regular boundaries but
input can be a function of
time

Considered explicitly Irregular boundaries can be
considered

Very large due to Not evaluated
excessive number
of parameters

High-speed digital or Depends on parameters and
analog computer	 Inumerical techniques
needed

ConsiderableDigital computer
needed

Risk of wrong
estimation can be
evaluated

Considered implicitlyDepends on parameters and
hnumerical techniques

Irregular boundaries can be
considered--Boundary
conditions should be linear

Not evaluatedMost of it on
data acquisition

No computer required Considered implicitly Only a large time unit can
be considered

Depends on the accuracy of
the estimates of
'components

Less than
physical model

Can be evaluatedDigital computer
needed

Considered implicitly
1HDepends on parameters and
numerical techniques

Boundaries considered only
implicitly

Digital computer
needed

Can be evaluatedDepends upon
system complexity

Considered explicitly Very general as far as
boundary conditions are
concerned

Depends on method employed

Digital computer
needed

Depends on parameters and
numerical techniques 

Boundaries considered only
implicitly

Less than
physical model

Considered implicitly Can be evaluated
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Table, . Comparison of Various Types of Groundwater Models.

Model Scale of Modeling Data Input

1. Linear PDE*
(closed form
solution

Local only S and T,	 initial
and boundary
conditions

2. Linear PDE
(numerical
solution)

Local and regional S, T,	 initial
and boundary
conditions

3. Convolution Local only S and T

4. Non-linear PDE Local and regional S,	 [K],	 initial
conditions, soil
moisture,	 etc.

5. Stochastic PDE Regional and local Statistical
properties of S
and T

6. Mass balance Regional only Evaporation,
infiltration,
etc.

7. Statistical
analysis

Regional and local Input-output
pairs

8. Stochastic
(time series)

Regional and local Input-output
pairs

9. General systems
and finite state
machine model

Regional and local Varies

*Partial differential equation



CHAPTER 3

MODEL CALIBRATION OR THE INVERSE PROBLEM

3.1 Introduction 

The Inverse Problem (IP) defined in Chapter 1 will be

reiterated and explained in this chapter, in the context of groundwater

hydrology.

The problem of calibration is identified by various names, such

as system (and state) identification, inverse problem, etc. In effect,

all these names refer to the process of making a chosen model operational.

For example, if Equation [16] is considered to represent the flow of

water through an aquifer, assignment of initial and boundary conditions

and values to S and T is required before the model is operational.

For ease of exposition, consider A as some operator (see

Chapter 1) such that the general equation of flow is written as

3u - PAu(X,t) + Q = 0 ,	 X c Qxr and t > 0	 [36]pt

n
D
2

(e.g., A = E	 (.) in case of Equation [16]), where u is the state2
i=1 ax.1

or dependent variable (h in case of Equation [16]) and P is the set of

parameters (T and S in Equation [16]). Of course, the parameters may

also be considered a part of the operator A, i.e.,

T 3
2

A = z g- -2-(•) •
i=1	 ax.

[37]

45



46

If an initial condition,

u(X,O) = E(X) ,	 XEQ ,	 [38]

and a boundary condition,

u(X,t) = n(X,t) ,	 Xer ,	 t > 0 ,	 [39]

are also given, then the solution of Equations [36] through [39] with

suitable hypothesis on	 and n uniquely determines u(X,t), Xa, t > O.

This determination of the dependent variable is called the "direct

problem" (DP) in hydrology.

The inverse problem (or problem of system identification or model

calibration) arises when u(X,t) has been actually observed (call the

observedvaluesofuasu)forsorneX.aatt.c[O,T) and it is required

to solve Equation [36] for

Inverse Problem Type I:	 Parameters, i.e., {P)

Inverse Problem Type II:	 Initial conditions, i.e., {}

Inverse Problem Type III: Boundary conditions, i.e., fril

Inverse Problem Type IV:	 The inputs, i.e., {Q}

Inverse Problem Type V:	 A mixture of the above in the event

decomposition into the above problems

is not possible.

The above classification of the inverse problem into Type I to V is

introduced to facilitate further discussion and also to focus on the

markedly different nature of the possible unknowns in the modeling of

groundwater.

The term "inverse problem" seems to be most appropriate because

u, the dependent variable in the direct problem now becomes the
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independent variable and thus the problem is to be solved in reverse.

Notice that while Equations [16], [32] and [33] are of second order in h,

(t) and e, respectively, these same equations are of first order only when

the inverse problem is considered. Both the direct as well as the

inverse problems may either be of discrete or continuous type. If

Equations [36] to [39] are solved so that u(X,t) is obtained as a func-

tion of X and t, such that u and all of its existing derivatives can be

evaluated at all points X,t6E, then it is a continuous direct problem. The

Theis equation (Equation [22]) is an example of this type. This,

however, can be done in exceedingly simple cases only. For complicated

boundaries and inputs, numerical methods are used, which give values of u

at few discrete points (Xi ,t i)cE only. This is the discrete form of the

DP.

Similarly, in case of the IP, if u is completely known as a

continuous function of X and t, then it is a continuous IP. On the other

hand, if u is known only at few discrete points in E, then it is a

discrete IF. In almost all field problems, u would be measured at few

discrete points in space and time and hence the inverse problem would be

of the discrete type.

It is obvious that, one way or the other, the inverse problem

must be solved before any model can be successfully employed for its

legitimate purpose (forecasting future system behavior under future

operating conditions). One method, and that very often followed, is to

use experience, subjectivity and non-numerical data such as geologic

studies to assign values to Inverse Problem Types I through V. A more
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formal development has been hampered because the inverse problem is

improperly posed in the sense of Hadamard (see Chapter 1).

Although it is apparent that in any practical field situation, in

the physical sense, the problem should always be properly posed; yet,

unfortunately in the usual mathematical formulation (given later in this

chapter), the inverse problem is inherently ill-posed. This is mainly

because of insufficient and inaccurate data as well as because of the

fact that different combinations of P, E, 71 and Q may produce the same

result, thus giving rise to non-uniqueness. Because the data are

inexact and the solution ordinarily is non-unique, we speak of optimal

estimation which may improve as more and more data are gathered. Thus,

the history of the system becomes of utmost importance.

As the solution of the inverse problem greatly depends on the

data, the design of the data-gathering network and development of

solution procedures are complementary. Hence, an attack on one may

indicate a way of solution for the other. These are important areas for

future research.

Equal attention has not bee paid to all the five kinds of inverse

problems. Type I (i.e., to find the parameters) has been the most

widely investigated. A short review of methods for solving the inverse

problems is provided below. Type I will be discussed first.

3.2 Solutions to Inverse Problem
Type I -- A Critique 

Extensive literature is available on the general problem of sys-

tem identification and it is not intended to be reviewed here (for such a
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review see Astrom and Eykhoff, 1970), except when pertinent to the

groundwater flow problem.

The inverse problem as discussed in the previous section is

shown schematically in Figure 2, and the usual method for solving the

inverse problem is shown in Figure 3. This method consists of the

following steps:

(1) Assume certain values for the unknown parameters.

(2) Solve the direct problem with this assumed value.

(3) Compare the results obtained in step (2) with the actual

observations.

(4) If the two do not correspond within a certain limit, then

with the help of a suitable algorithm (adjustment

algorithm), change the values of parameters in step (1).

(5) Repeat steps (2) through (4) until satisfactory value

of criterion function, expressing the difference between the

observed and the computed values, is obtained.

Different adjustment algorithms in step (4) and criterion

functions in step (5) distinguish one investigator's method from

another.

3.2.1	 Criterion Function

As discussed by Eykhoff (1968), different criteria can be used

for optimality, i.e., if b is a true parameter vector and 8 the estimated

one, then our interest may primarily lie in:
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(1) the minimization of some function of (B-b). As b is

unknown, we can only minimize the expectation of this

difference if sufficient a priori knowledge is available.

(2) the minimization of some function or functional of

e = u-u (Figure 3), i.e., the difference between the

measured output (including noise) and the model output.

This error may be used because e can be made measurable.

(3) the minimization of some functional containing the

measurable process outputs and the estimates of the state

vector and the parameter vector.

Often, the second criterion is used because the correspondence of

input-output relations is considered more important than parameter

correspondence. This is specifically true if the main aim of modeling is

prediction in the future and not basic understanding of the process

itself. Using a least square criterion, the problem then reduces to

the variational problem of finding B so that the functional J() is

extremized:

J() ' II 1^1 (b)	 II	 [40]

Phillipson (1971) proves that, if n, the noise, is considered random

(i.e., Gaussian) and additive in nature, then for linear systems, the

"maximum likelihood a posteriori estimate" of b is the same as obtained

for the least mean square error criterion in Equation [40].

3.2.2	 Adjustment Algorithm

A general survey of the search techniques using Equation [40] as

the optimality condition is provided by Bekey (1970). The method of



gradients is popular in groundwater hydrology. It is based on the

algorithm that lets the (i+1)-th estimate be:

0- 14)(i)	 (i)b	 = b	 - K V
b
J(b	 )

where V
bJ is the gradient vector and K is a suitable constant.

Usually it is desired that the adjustment algorithm converge

fast. If possible, it should also guarantee that the parameter values to

be obtained in any iteration be definitely better than those obtained in

the previous iteration, i.e., J() in Equation [40] should be a

continually decreasing function.

The important point in this methodology is that we are required

to solve the POE of flow repeatedly in step (2). This causes a number

of difficulties such as:

(1) complicated cases (such as when anisotropy is considered)

may be difficult to solve.

(2) when more than one parameter is to be determined, no unique

answer is guaranteed.

(3) when solving for parameters, initial and boundary

conditions and inputs will have to be exactly known and

vice-versa.

The various algorithms available in literature are discussed below.

3.2.3	 Linear Programming

Kleinecke (1971) uses linear programming to obtain optimum

values of the aquifer parameters. He imposes a rectangular grid on the

aquifer and discretizes Equation [16] at any node i to
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k kh.-h.
d kE K..D..W.	 + Qi = S.A.	 h13 13 ij L.1j1	 dt i

= 1, 2, ..., m

k = 1, 2, .	 , n ;	 [42]

OT

k	 k	 d kE T. .(h. - h.) + Q. = C. ---	 'h.	 for all i, j and ki 13 3	 dt 

where K.. = hydraulic conductivity between nodes i and j,13

P..D..W.
13 13 ij 

T. =	 = total flux per unit head difference between nodeslj	 L.1j

i and j,

D.. = average depth of flow between nodes i and j,13

W.. = average width of flow between nodes i and j,13

L.. = average length of flow between nodes i and j,13

h. = hydraulic head at node j and at time k,

Q. = pumping or recharge at node i,
1

S. = storage coefficient at node i,

A. = area of flow field associated with node i,
1

C. = S.A. = storage capacity of node i,

m = number of nodes,

n = number of time periods for which observations are available.

Each node is considered to represent a rectangular area around it (see

Figure 4). The criterion function preferred by Kleinecke is to minimize

Z, where

max! kl

	

Z = E	 ix.'

	

.	 1 [44]

[4 3]
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Figure 4 Grid for Linear Programming.



maxiI k iwhere x. = error at node i for time k. If we call the	 x.1 as x.,1	 k

then the constraints are

	E (h - h)Ti.	 k

	

3	 dt h Ci i	 U i	 xi = -Qi
3

and

k	 k	 d kE (h. -h.)T.. - —h. C. - V. + x. = -Q i3	 a. 13	 dt

where Ur. and	 are non-negative slack variables. The linear programming

problem then is to find T.., C. in Equations [45] and [46] so that Z in13

Equation [44] is minimized. The total number of constraints would

obviously be equal to 2mn.

The main drawback of this approach is that many of the T.. and C.
13

do not appear in the optimal solution, which means that these parameters

will have to be zero for Z to be minimum. There is no satisfactory

explanation for this, although Kleinecke speculates that with data base

spread over longer time, this may not happen. Whatever the length of

data, however, there is nothing in the linear programming algorithm that

would ensure the presence of all the basic parameters in the optimal

solution.

3.2.4	 Multilevel Optimization

Haimes, Perrine and Wismer (1968) formulate the problem of esti-

mating the aquifer parameters with a nonlinear criterion function and

attain it with multilevel optimization. They consider a rather special-

ized case of a cluster of production wells in an infinite aquifer. The

aquifer is divided into N wedge-shaped, homogeneous regions, each
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Figure 5. Multilevel Optimization.

(@1\1 1 = production well No. i)
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enclosing a single well as shown in Figure 5. A well is supposed to draw

water only from the area enclosed in the wedge and thus the lines

delineating the regions act as impervious boundaries for the well. If the

total number of wells is N, then values of transmissivity, Ti , storage

coefficient, S i , and location of the boundary a i (see Figure 5),

= 1, 2, ..., n, are found to be such that Z is minimized.

N M
Z 	'E	 E (h.	 - R.	 ) 2

i=1 k=1 1,k	
1,k

where M is the number of pressure observations in a well,
1

h.
k
 is the

,

calculated and h 	the observed pressure heads at well i at time k. As

theboundariesinthiscasearesimple(straightlinesis obtained

in closed form by the method of images (see Walton, 1970) as

m.
1

h.	 = h   W(u. ) -	 [ E W	 ]
1,k	 0	 4ffTi 	1,1	 i	

(ui,2)
47T t=2

[48]

whereW(u.
11

)andW(u
2 )

are well functions as defined in Equation [22].
, 

2	 2

	

r.S.	 a. S.
1 1

1
	1.4, 1

u.1	 4T.t
	  , where r. is the radius of the i-th well	 d .

1,	 11,2	 4T.t	 '
13
	an	

13

where a. is the distance of the k-th image from the production well and

m. is the number of images considered of the i-th well. t represents

time and h
0
 the initial head. Equation [48] can be written for

I = 1, 2, ..., N and k = 1, 2, ..., M and hence there are M x N such

equations. Besides these, the other constraints are, for i = 1, 2, ..., N

T. > 0
1

S. > 0
1

0. < a. < 0. + I (see Figure 5)1

[47]



2na. -.	 + 2
al-1	 76 i,1	 m.

1

where 6. . is the Kronecker delta.
1 ,3

Pseudovariables u., a. = a i _ 1 , i = 1, 2, ..., N, were introduced1

so that by considering a i as a parameter in the i-th subsystem, the

overall system was effectively decomposed into N independent subsystems.

Optimal values for T i , S i and u i were determined for each subsystem for a

fixed a. (first level optimization) by a direct search technique and the

optimal values of u i were then calculated (second level optimization) by

a Gauss-Seidel type alogrithm.

It is obvious that the problem considered by Haimes et al. (1968)

is somewhat artificial. It will be hard to find a cluster of fully

penetrating production wells in an infinite aquifer, all pumping at the

same rate. Also, the division of the aquifer into wedge-shaped

subregions is totally arbitrary and is, in fact, contrary to real-world

situations. Any one wedge may be heterogeneous in itself and the areas

contributing water to wells may be overlapping so that the existence of a

dividing line has no basis.

3.2.5 Hybrid Computation

Vemuri and Karplus (1969) look upon the problem of parameter

estimation of an unconfined aquifer as a control system problem in

distributed parameter systems and use a hybrid computer to solve it. For

a heterogeneous, isotropic, unconfined aquifer, the flow equations in two

space dimensions is

Tha [T(x,y,h) 21-1] +	 [T(x,y,h)	 WQ(x,y,t) = S(x y—

ax	 Dx	 Dy	 Dy	 , ,	 • ["]
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The problem then is to compute in a region, R, the values of T, S and the

boundary R (say DR) such that the functional J is minimized:

t i+ ,

J = f	 f [1-1(x,y,t) - h(x,y,t)] 2 dRdt
t. R

[51]

in which h and h are defined as before and the time interval of interest

[0,T) has been divided into intervals t i , i = 1, 2, ..., M, each interval

small enough so that T(x,y,h) in Equation [50] may be considered

independent of h.

The identification was achieved by first assuming a nominal

shape of the boundary aR of the region and a nominal set of values for

S. The only unknown parameter in Equation [50] then is T, which is

obtained by minimizing J in Equation [51]. The minimization of J in

Equation [51], however, is equivalent to using the maximum principle

(Sage, 1968, p. 138); that is, extremizing a suitably defined scalar-valued

Hamiltonian in Hilbert space. Vemuri and Karplus (1969) derived this

Hamiltonian, along with a set of necessary conditions in the form of a

pair of PDE's to minimize (or maximize) it, which in turn determined

optimum estimates of transmissivity. This pair of PDE's was solved on a

hybrid computer and a steepest graident method was employed to search for

the extremum of the Hamiltonian. Changes in S are accomplished by

changing a suitable number in the computer memory via the console. If a

change in the boundary geometry is warranted, it was accomplished by

changing a few wires on the analog patch board of the hybrid computer.

This method effectively computes only one parameter, i.e., T, the

other two, i.e., S and DR being assigned values subjectively by the
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investigator. The sensitivity of T to changes in S and DR was not

investigated which is important for interpreting the results. The

authors advocate the use of a hybrid computer as the solution of a

differential equation (two in their method) on a digital computer is

expensive, but the construction of an analog model of an aquifer

required to implement their method may not be easy either.

Vemuri, Darcup and Endmann (1969) also suggest that the use of

"sensitivity analysis" as a method for parameter identification. This

procedure, however, has not yet been applied to aquifer modeling.

3.2.6	 Subjective Calibration

As used by Gates (1972) to calibrate the Tucson basin digital

model, subjective calibration is effectively a trial and error procedure.

A suitable numerical scheme is set up to solve Equation [16]. The

unknown parameters, the recharge and discharge are assigned values based

on best available information and Equation [16] is solved to obtain h at

the grid points. This calculated h is compared to the observed h at the

same points. Any of the parameters are now changed subjectively (without
A

any automated algorithm) to obtain a better fit between h and h at as

many grid points as possible.

This method is perhaps the simplest and therefore is preferred by

field hydrologists who have a considerable knowledge of the aquifer they

are working in. Notice, however, that the fit between fi and fi after any

iteration may not always be better than the previous iteration. There is

no fixed criterion function and therefore even the same investigator will

not be sure of obtaining the same answers twice in an aquifer. The
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computer time involved will also depend upon the skill and the knowledge

of the individual performing the calibration.

3.2.7	 Collective Adjustment by
Subjective Programming

A definite improvement over the subjective calibration described

above, this method was developed by Lovell (1971) and tested on a digital

model of a part of the Tucson aquifer. A considerable amount of

subjective information about the aquifer is still required in this

method, but this is now quantified and used in a logical way.

A regular square grid is imposed on the aquifer and Equation [16]

discretized on this grid. The coherence of the data is now tested by

evaluating two indices -- "imbalance" and "trouble index" -- at each

node. Imbalance was defined as the amount of water in feet per year at

any node; not accounted for by the continuity equation and trouble index

is a number assigned to each node which will give an indication as to the

amount of adjustment needed at each node to remove the imbalance. In

addition, subjective "confidence bounds" are placed on data at each node

and "sensitivity" of water balance at a node to change in each parameter

value evaluated. The trouble index, the confidence bounds and

sensitivity then guide the determination of a parameter perturbation

coefficient. By an iterative procedure, the parameters are adjusted

until the desired improvement in model performance is obtained.

Coats, Dempsey and Henderson (1968), and Pliska (1968), adopted

calibration procedures in which bounds were placed on the unknown para-

meters which, through a randomization process, were allowed to take any
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values between these limits during the calibration procedure. The

inadequacies of the method are obvious and are not discussed further.

	

3.2.8	 Automatic Solution

Emsellem and Marsily (1971) developed a method which they called

"an automatic solution for the inverse problem," and applied it to the

determination of T for steady-state flow in a heterogeneous, isotropic

aquifer. T is determined as an average value over an area, this area

defining the scale of T is also determined in the process. They start

out by assuming the entire area as homogeneous and find a value of T such

that the norm of the error (or the selected criterion function) in

computed flow is a minimum. Subsequently, the area is subdivided into

smaller portions and with the same criterion function, the best T value

is calculated for each subarea. This process is stopped when no further

improvement in the criterion function takes place. The major point of

their analysis is their choice of the criterion function, which, they

claim, makes the answer to the inverse problem unique (a similar method

is also discussed by Scarascia and Ponzini (1972).

	

3.2.9	 Surrogate Parameter Approach

Labadie (1972) defines surrogate parameters as parameters

containing in them the effects of heterogeneity, anisotropy, boundary

conditions, recharge, etc. These pseudo-parameters are then determined

from data on drawdown on a production well or a group of production wells

(allowing for interference between wells) through optimization of an

error functional. Thus, the method is not suitable for determining
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regional values of parameters. Also, because heterogeneity, anisotropy,

boundary conditions and recharge are not estimated but are lumped in the

parameters, it is not clear of what use these parameters would be in a

design problem.

3.2.10 Method of Energy Dissipation

Nelson (1968) developed an energy dissipation method to evaluate

K for a heterogeneous, isotropic and noncompressible medium (so that

S = 0 for this medium), for which Equation [12] becomes

	KV
2
h + 

aK 911	 311	 DK 3h = 0 .

	

3x Dx	 Dy Dy	 Dz az
[52]

This is the equation of flow in the Eulerian framework. The Lagrangian

equation for the same case in terms of stream function, i, is

	_ 31p dx	 dy	 dz	 _ 0
Dt	 3x dt	 Dy dt	 Dz dt	 Dt -	 •

These two equations are then used to devise a PDE in terms of the

unknown K.

	d(lnK)  _  -V 2h ( Dh	 3h.1

dt	 12 'Dt	 3t )

where ph represents the total derivative of h, i.e.,Dt

Dh _ ph dx	 ah dy	 ah dz
Dt	 3x dt	 Dy dt	 9z dt	 Dt •	

[55]

Equation [54] being in the Lagrangian frame, t in this equation

is a parameter that denotes the location in the stationary Eulerian

x,y,z coordinates. Equation [54] is a first order PDE in K and can be

solved for K provided boundary values on K are provided, i.e., once the

value of K is known at one point on a streamline, its value at all other

points on the same stream line can be solved.

[53]

[54]
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The main drawback of the method is that it is applicable to

steady flows only and that K is required to be known at one point on each

streamline.

3.2.11 Related Work

Chen and Seinfeld (1972) discuss the estimation of spatially

varying parameters in partial differential equations. Depending upon

whether the unknown parameter vector is considered as a control variable

or a state variable, they formulate the problem in the context of control

theory or state estimation (or filtering) theory, respectively. As the

boundary conditions become more complex and the number of unknown

parameters increases, both formulations become very difficult compu-

tationally.

Cannon (1964) solved a different kind of parameter identification

problem. He considered heat flow in a homogeneous isotropic rod of

unknown diffusivity. He assumed that no measurements on temperature were

taken, but that an additional (besides the usual initial and boundary

conditions) condition on heat flow, such as heat input at one boundary

at a given time, was known. Under these considerations, Cannon proved

that diffusivity can be obtained uniquely. Under the same conditions,

Jones (1963) also gives a method to solve for diffusivity when it is a

function of time. The methods depend upon a closed form solution of the

flow equation and therefore can not be applied to a regional scale which

is of interest here.

Yeh and Tauxe (1971) apply the quasilinearization method as

developed by Bellman and Kalaba (1965) to a rather idealized and local
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groundwater pumping problem. This method may be an alternative to the

graphical type curve method but is not applicable to the regional flow

problem (Table 2 summarizes the various methods discussed so far).

Comparatively little has been done on the remaining types of

inverse problems. Specifically, virtually no work has been done on them

in the particular area of groundwater hydrology. The general work by

other disciplines in this area that has come to the attention of this

author is as follows.

3.3 Work on Inverse Problem Type II 

This problem is discussed by Lattes and Lions (1969). In the

context of Equation [36], defining A as in Equation [37], the problem is

to determine the initial condition u(X,O) = C(X), XEQ, given

u(X,T) = x(X,T) at T > 0, and appropriate boundary conditions.

An important thing to notice in this problem is that Equation [36]

is irreversible in time, i.e., cannot ordinarily be solved backwards in

time. Lattes and Lions solve the problem by a method which they called

the method of Quasi-Reversibility. Basically, the method consists of

choosing a new operator, O, "near" the original operator, -a- - A, in

Equation [36] for which Equation [36] can be integrated backwards in

time, i.e., for which the problem becomes reversible (hence the name of

the method). 0
c 
would be considered "near" the original operator if the

functional J(C) < 6, i.e.,

J(E) = f 111(x,T;) - x(X,T)I
2
dx < E
	

[56]

with
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Inf J(C) = o .

In Equation [56], u(X,T;C) is the solution of Equation [36] at time T for

an initial condition E and x(X,T) is the given solution at the same time.

Lattes and Lions (1969) show that many possible OE 's are

available and that the solution to this inverse problem is unique only

with respect to the 0 selected. Usually that 0 is selected which leads

to the simplest calculations. For Equation [36], they show, for

example, that with O E taken as

au
0 = 

at	 Au - eA
2
u , E > 0 , [57]

the inverse problem type II is properly posed and for E40, the results

obtained are quite close to the desired ones (i.e., J(C) in Equation [56]

becomes small).

3.4 Work on Inverse Problem Type III 

This inverse problem has been discussed by Phillipson (1971) in a

special context. He assumes that inexact measurements on initial and

boundary conditions are given and considers the problem of finding the

"true" estimates of the initial and boundary conditions which are optimal

in some sense. All three kinds, i.e., Dirichlet, Neumann and mixed

(see Chapter 2 for their definitions), of boundary conditions were

considered.

With reference to Equation [36], with A as in Equation [37] and

with Dirichlet boundary conditions, the problem is defined as follows:



Du - Au = Q in Mc[O,T) .

Boundary condition: u(E) = V i (E) on E

Initial condition : u(X,O) = V 2 (X) in

Obtain the best estimates of V
1 (E) and V2 (X) when inexact 

measurements on

u are given in Ox[O,T); on E and in Q as u, u
1 

and u2' 
respectively.

Phillipson (1971) formulated the problem in the least square sense, i.e.,

if u(X,t;V) is a solution of Equation [58], then obtain V i (E) and V2 (X)

so as to minimize J(V):

J(V) =	 f	 Di(X,t;V) - 11(x,t)1 2 dxdt + f [Vi (E) - 111 (E)] 2 dE
x[O,T)

+ f [V2 (x) - C12 (x)] 2dx	 [59]

Phillipson proved that a unique solution to this problem exists and he

devised an iterative method to obtain the solution. Note that

uniqueness is only with respect to the chosen criterion function.

3.5 Inverse Problem Type IV 

Inverse problem type IV has only been discussed under very

special circumstances, such as Moench and Kisiel (1970), for estimating

recharge from a stream. This problem has not been formulated in a

general form.

In the next chapter, the theory for a direct method to solve the

inverse problem is developed.
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CHAPTER 4

DIRECT METHOD FOR SOLVING THE INVERSE PROBLEM (DIMSIP)

4.1 Introduction

Essentially four different types of inverse problems were

identified in Chapter 3. It is possible that a given system is totally

unknown with respect to parameters {P), initial conditions fEl, boundary

conditions {71} and the inputs {0 } ; therefore all the four types of

inverse problems may exist simultaneously. More often, however, we

should expect that a few of the factors listed above are known at least

partially and/or approximately (by direct-measurement or from geologic

investigations) so that the problem will reduce to improving their

estimates and determining the remaining ones. Yet, the ideal goal in

establishing a method for solving the inverse problem would be to

assume the minimum possible knowledge for the above four factors. Also,

the method should be general enough so as to be applicable to many of

the groundwater models discussed in Chapter 2 without a major change.

It should be noticed that anisotropy has been consistently

neglected in all the methods listed in Table 2 (Chapter 3). This is

because all these methods require the original PDE of flow to be solved

repeatedly, which is difficult to do when anisotropy is considered. Also,

all these methods require that an initial estimate of (or upper and

lower limits on) the parameters be given. In case of homogeneous,

70
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isotropic aquifers, only two parameters are involved. An experienced

hydrologist may be able to guess the initial values or limits of these

parameters with the help of available data such as from pumping tests

(e.g., Lovell, Duckstein and Kisiel, 1972). When heterogeneous,

anisotropic aquifers are considered, the number of unknown parameters

is nine (to be identifed in section 4.5.1). The data from pumping tests

and other conventional sources are of no help in assigning values to this

large number of parameters. It will be shown that anisotropy does not

present any special problems in DIMSIP.

Observe that every aquifer has a unique set of physical

properties in respect to flow of fluids, chemicals and heat through it.

For example, it is easy to see that a given aquifer should have a

unique description for its coefficient of hydraulic conductivity.

However, the point to be emphasized is that the properties determined by

methods described in Chapter 3 and by the method to be outlined here, are

represented by the coefficients in the various PDE's used to describe the

flow. As detailed earlier in Chapter 2, these PDE's are only approximate

representations of the flow phenomenon. In particular, the assumptions

regarding the physical nature of the aquifer determine the actual form of

the equation of flow. Thus, for given data on h, the hydraulic

conductivity of a given aquifer may be evaluated by (a) using a model for

a homogeneous medium, and (b) using a model for a heterogeneous medium.

Ordinarily, the results of (a) and (b) will not match. In this sense,

the parameters are not unique, but depend on the model used to describe

the flow. Also, methods used to solve the inverse problem are not able

to point out the fact that a wrong model has been used. Thus, if
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isotropy is assumed at the start when the medium is, in fact, anisotropic,

then a solution to the inverse problem will not show this fact. It is,

therefore, preferable to start from the completely general case of a

heterogeneous and anisotropic medium with unknown principal directions.

This will be done in developing DIMSIP.

The basic concept underlying the development of the DIMSIP is

explained next.

4.2 Basic Concept: The "Algebraic Principle" 

The basic concept underlying this analysis is the following: the

distribution of the dependent variables h, qb and 19 in space and time

represents the total effects of the parameters, initial and boundary

conditions, and inputs, and hence a complete knowledge of these quantities

is contained in h,	 and O. Given exact and continuous observations on

the dependent variable, the question we ask is: Is it possible to

discriminate among and determine the values of the individual quantities

(P, E, fl, Q) that produced this data?

The basic premise of the Direct Method for solving the Inverse

Problem (DIMSIP) is that there is no need to solve the original PDE of

flow for solving the inverse problem. This is illustrated by a simple

example: that of one-dimensional fluid flow in a homogeneous,

isotropic and stationary aquifer in which case the equation of flow is:

T a 2h _ ah .
T at	 '

x, t e	 .	 [60]

Considering the continuous inverse problem (see Chapter 3), i.e., when h

is known in a manner such that spatial and temporal derivatives of h can

be evaluated, then simply
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T	 9h/Dt 
S2

h/Dx
2 [6 1]

TEquation [61] determines uniquely the hydraulic diffusivity () with

respect to Equation [60] and the given function on h. Because in this

formulation Equation [60] is considered as a simple algebraic equation

(linear in the unknown), no initial and boundary conditions are required

to be known for obtaining	 We call this principle of solving the

inverse problem by considering the flow PDE as an algebraic equation the

"algebraic principle." One should notice from Equation [61] that the

assumption of homogeneity and isotropy implies that for constant	 the

2
Dhvalues of — and —Dh are the same at all points (x,t) in the space under
9t 9x

2

consideration. Stallman (1956) took a somewhat similar approach to the

problem but he did not follow it through to the point where it could

successfully be applied to real flow problems. In a problem of practical

importance, the flow is multidimensional, the medium is both heterogeneous

and anisotropic, and the data on h, cp and e are discrete and contain

measurement errors. In order to extend the algebraic principle for

complex flow conditions, we require the following:

(1) Equations of flow in a heterogeneous, anisotropic medium in

an arbitrary coordinate system. Notice that the equations

described in Chapter 2 are written such that the coordinate

axes coincide with the principal directions. As the

principal directions are not known a priori, these equations

are not suitable for treating the general inverse problem.

Required equations are developed in section 4.3.
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(2) Techniques to estimate the derivatives of the dependent

variable from given discrete and inexact data. Spline

functions are employed for this purpose. These will be

explained in section 4.4.

(3) Techniques to recover the values of the unknown coefficients

from the derivatives obtained in step (2) above. This is

accomplished by using nonlinear programming and is discussed

in section 4.5. As will be discussed later (section 4.5.1),

the proposed technique is not applicable to steady-state

aquifer conditions.

The above are the three major steps in the application of

DIMSIP. Starting with the first step, a detailed development of all

three steps will be given in the remaining portion of this chapter.

4.3 Equations for Flow in Heterogeneous,
Anisotropic Media in an Arbitrary Coordinate System

In the following, only two-dimensional flow is considered.

Although the extension to three-dimensional flow is straightforward,

no useful purpose would be served because data suitable for three-

dimensional analysis are usually not available.

First, consider the equation for flow of fluids. The continuity

equation for saturated flow in a porous medium can be written as:

8u	 D	 Dh	 Dh	 Dh
- (T;-c + 

v
-57) -	 + v-a-T 	+ Q = s s 	,	 [62]

where x and y are some arbitrary coordinate directions. In the case of

a heterogeneous and anisotropic medium, u and v are given by
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-
U Kxx Kxy -I x

[63]
V K K

yx yy Y
^ ^

where I x and I
Y
 are hydraulic gradients in the x and y directions,

respectively. These, therefore, are the same as:

and

I=
Y	 Dy •
	 [64]

[K] in Equation [63] is an operator which maps I into q, where q is the

velocity vector with components u and v. [K] can be split into its

symmetric and skew parts. The symmetric part represents pure

extension or contraction along the principal axes and the skew part

determines the rotation of the velocity field. In Equation [63], the

velocity vector field has no rotation, because it is obtained by a linear

transformation on gradients of the scalar hydraulic head. Hence, the

skew part of [K] is zero so that K	 = K yx , or that [K] is a 
symmetric

xy 

tensor. The physical meaning of this equality is that the hydraulic

conductivity values of the soil in opposite direction are the same so

that [K] changes the lengths of the axes without deforming the system

A pictorial representation of [K] is presented in Chapter 5, where [K] is

determined for a part of the Tucson Basin. For the reasons given above,

the dispersion tensor [D] and the heat conductivity tensor [C] will also

be considered symmetric.



Expanding Equation [63], we get

Dh	 Dhu = K	 --) + K	 (-xx	 Dx	 xy	 Dy

and

v = K	 (- 112) + K	 (- 2h) .xy	 Dx	 YY

In Equation [65], K 	 should be considered as a coefficient thatxy

determines the contribution of the hydraulic gradient in the y direction

to velocity in the x direction and vice-versa. Thus, in the case of an

anisotropic medium, the directions of the hydraulic velocity and

hydraulic gradient do not coincide. Another thing to be noticed is the

negative sign used with I x and I in Equation [65]. This is to indicateY

that a negative hydraulic slope gives positive contribution to the

hydraulic velocity. This ensures that K and K
YY in 

Equation [65] shall
xx 

always be positive quantities. K xy , however, can either be positive or

negative, depending upon the choice of coordinate directions.

Substituting Equation [65] in Equation [62], and neglecting the

square terms (i.e., ( ) 2 , etc.), we obtain
Dx

D
2
n 	Dh 

91( xx	DKD
2
h	 D

2
h	 xy)

+ 2K	 +	 (

	

xy DxDy	 9x. Dx DyKxx 
Dx
2 + KYY Dy

2

3K	 3K 3hDh (  yy	 xY) 	= ss 	•
DY 3y	 Dx

[66]

Equation [66] is a second-order linear PDE and describes two-dimensional

flow in an anisotropic, heterogeneous medium in an arbitrary coordinate

system.

Similarly, the continuity equation for transporation of chemical

species a becomes:

76

[65]
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at 	u 3x 	v 3y	  - -	 (Jx) - -57 (Jy) + R
a@(Pa

	34)a	
a	 9	 a	

[67]

Again considering the diffusion coefficient D as a tensor, which is a

much more general case than considering only the direction values of D,

Fick's law becomes

D	 D
xx xy

D	 D
yx yy	 Dy

Again taking D = D 	 and expanding, we get,
xy  

ja D ( 3e	 a)	 D 	( 4)

X 	xx	 3x	 xy	 Dy

and

3
J
a 

= D	 (- 	 ) + D	 (	
,a

.

y	 xy	 Dx	 YY	 @Y

u and v in Equation [67] are given by Equation [65]. Substituting

Equations [65] and [69] in Equation [67], we get

a cpa 	,K 	311	 K 	@h.\ De	 (K	 + K	 D3 11) D(Ir)a
3t	 xx Dx	 xy 3y ) Dx	

xy	 yy y 3)

D

xx	

a	 ,2,a

D
° P+D	 uY+ 2	

D
2

cp
a 

4. 3(1) 
a 

( 
 3D	 DDxx	 xy 

xy 3x9y	 Dx '3x	 ay )2
	Dx	

yy 
Dy

2

	a DD	 DD
94)  ( yy 	xy) 	R
@Y 	3y	 3x	 a

The equation for flow of heat is similar to that for flow of

chemicals. Considering the thermal conductivity [C] as a symmetric

tensor, the heat flow equations becomes:

3x

act, a
[68]

[69]

[70]
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2	 D 2 e DO	 DO,	 r 2(3 + C 2
VV

Pz 36 + P p (u — v	 = ""xx 	2
ax " Dy

9t	 w w	ax	 Cxy DxDy

DC
DO	 xx
ax (	

xy
ax

	ac	 ac
 + DO (  yy 

DC C,	 xxy) 4. Re ,ay n 	 k.ay

where u and v are given by Equation [65]. From here on, for solving

the inverse problem, we regard Equations [66], [70] and [71] as adequate

general models of flow through aquifers. We now discuss the estimation

of derivatives from discrete data.

4.4 Estimation of Derivatives from Discrete Data

4.4.1	 Desirable Properties of the
Dependent Variable Surface

The data on the dependent variable is usually discrete and

unevenly distributed over the basin. In addition, such data contains

measurement error, both instrumental and human. To estimate the

derivatives of a function from such data is a difficult problem. The

fitting of a polynomial surface to given discrete data (say by least

squares as by Rockaway and Johnson, 1970) may be good enough for

interpolation purposes, but is not good for evaluting the derivatives.

This is because it is possible to construct many different surfaces

(e.g., polynomials of different degrees) which may exactly satisfy the

data and yet may be very different in shape. This is shown in Figure 6

for a one-dimensional case where two functions are shown to fit exactly

the given data while the derivatives are widely different. The least

squares method of fitting a surface requires that the distance between

the observed and interpolated points be a minimum. It does not,

however, impose any such condition on the derivatives. Our use of least

[71]
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Figure 6. Two Functions Fitting the Same Data Points but with
Widely Different Derivatives.
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squares led to unrealistic derivative values. As derivatives are of

primary importance in this development, we look for a method that has

reasonable properties regarding the convergence of derivatives of the

interpolating function. We found that spline functions (described in

the next sub-section) possess such properties. In addition to the

convergence property of derivatives, other factors that vouch for spline

functions are:

(1) The gradients and the second derivatives of the dependent

variable (u) must be small in order to satisfy the

assumption of laminar flow. Thus, the u-surface is only

slightly undulatory and should be represented by some low-

degree polynomial. But, depending on the extent of

variation of the flow properties of the medium, the shape of

the u-surface will change from region to region so that the

entire u-surface cannot be represented by a single

equation. To obtain a realistic u-surface, one must join

together pieces of different shapes (each piece being

represented by a low-degree polynomial) in such a way that

no discontinuities occur. Spline functions are capable of

approximating such surfaces.

(2) The first and second space derivatives and the first time

derivative of u must exist at all points of interest for

Equations [66], [70] and [71] to be applicable. Thus, not

only the function approximating the u-surface but also its

first space derivative must be continuous and differentiable.

cubic spline functions possess such a property.
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(3) The u-surface should be a surface of minimum potential

energy. This is because the groundwater system changes so

slowly that the u-surface can be considered to be

momentarily in equilibrium. It is this assumption of

momentary equilibrium that allows us to use Darcy's

equation in place of the Navier-Stokes equation in the

derivation of Equation [66]. Based on this assumption, it

is reasonable to conclude that the u-surface satisfies the

"minimum energy principle" of continuum mechanics. This

principle (see Zienkiewicz and Cheung, 1968, p. 19) states:

For a prescribed set of displacements and strains, the

equilibrium conditions are satisfied when the total

potential energy is at its minimum. As curvature of a

surface is a measure of its potential energy, this requires

that the u-surface at an instant should be a surface of

minimum curvature. Use of cubic splines will produce such a

surface.

(4) The approximating function must satisfy any boundary

conditions. In some regions of interest, inherent

boundaries such as impervious boundaries and boundaries of

constant head will appear. Spline functions can easily

satisfy these conditions. It will be shown later (section

4.4.4) that reasonable approximations can be obtained even

if boundary conditions are not known.

The description and mathematical development of spline functions

follows.
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4.4.2	 Definition of Spline Function

A spline is a mechanical device used by draftsmen, consisting of

a strip of some flexible material to which weights are attached, so that

the strip can be constrained to pass through or near certain plotted

points on a graph and guide the drawing of a smooth curve. The terni

"spline function" is intended to suggest that the graph of such a

function is similar to a curve drawn by a mechanical spline.

Mathematically, splines are functions defined by piecewise

polynomial arcs in such a way that derivatives up to and including the

order one less than the degree of polynomials used are continuous

everywhere. The use of such functions offer substantial advantages. BY

employing polynomials of relatively low degree, one can often avoid the

marked undulatory behavior that commonly arises from fitting a single

polynomial exactly to a large number of field observations. In addition,

much greater smoothness is obtained than with the traditional (piecewise)

interpolation procedures, which give rise to discontinuities in the first

derivative of the interpolating function. A spline function provides

continuity of the greatest possible number of derivatives of the

interpolating function consistent with the use of polynomials of lower

degree (that would be required to fit all data points exactly by a

single polynomial).

Though spline functions, without being so called, had been used

previously in a few isolated instances, they were named and singled out

for special study for the first time by Schoenberg in the middle 1940's

(see Greville, 1969a, p. ix). However, it is only in the 1960's that

they attracted wide attention and in recent years the literature in this
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area has proliferated rapidly. To our knowledge, this is the first

instance that they are being used in groundwater studies, yet it is our

intention to restrict ourselves to the development relevant to the

problem in hand. Detailed description of spline functions can be found

in Ahlberg, Nilson and Walsh (1967); Greville (1969a and b); Schoenberg

(1969); and Sard and Weintraub (1971).

In the following formal treatment of splines, xo , x l ,	 , xn

represent the n+1 sampling points (called knots in the following) on a

line , yo , y l ,	 yn are the values of the dependent variable u

observed at these sampling points.

Formally, a spline function (in one dimension) is defined as

follows.

Given a strictly increasing sequence of real numbers,

a <x0 < x	 xn 
Lb, a spline function, S(x), of degree m, with the

— 

knots x0' x1, 	
xn 

is a function defined on the entire real line

having the following two properties:

(1) In each interval (xi , x1+1), for i = -1, 0,	 n (where

x_ 1= - 0. and xn+1 
= co), S(x) is given by some polynomial of

degree m or less.

(2) S(x) and its derivatives of order 1, 2, ..., m-1 are

continuous everywhere.

While, in general, S(x) is given by different polynomials in adjoining

intervals (xi _ 1 , xi) and (xi , xi+1 ), the definition does not require this.

In a very special case, S(x) might be given by a single polynomial on the

entire real line. In other words, the class Sm(xo , xl ,	 xn) of



84

spline functions of degree m having the knots xo , xl ,	 xn includes

all polynomials of degree m or less.

A spline S(x) of odd degree (2k-1) with the knots xo , x l ,	 xn

is called a natural spline if it is given in each of the two intervals

(- 0., x0) and (xn , 00) by some polynomial of degree k-1 (rather than

2k-1) or less (in general, not the same polynomial in the two intervals).

We shall denote by n
2k-1 (x0 , xl ,

x) the class of natural splines
' 

of degree 2k-1 having the knots xo , xl ,	 xn. Evidently this class

contains IIk-1' where 11k1is the class 
of polynomials of degree k-1 or

less.

The spline is said to be periodic of period (b-a) if the

condition

s(P) = s(P)
'	

p = 0, 1, 2 ;	 [72]
a+	 b- 

is satisfied. Here the superscript denotes the order of

differentiation. Greville (1969b) has shown that a natural spline of

degree 2k-1 has the following unique representation:

2k-1
S(x) = p(x) + E C.(x-x.)

3	3	
' P c 11k-1

	j=0 
	 '

2k-1
where the function (x-x	 i	.)	 s defined as

3

( x -x.)
2k-1

3
for x > 0

2k-1
(x-x.)	 = 

r

3 -I-	 0	 for x < 0

and the coefficients C. satisfy the relations
3

[73]

[74]
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E	 C. xr = O . ;	 r = 0, 1, ..., k-1 .	 [75]

It follows from the definition of a spline function that the

derivative of a spline function of degree greater than zero is a spline

function of the next lower degree with the same knots. For reasons

which shall become clear from the folllowing discussion of their

properties, we shall use natural cubic splines (i.e., the case when

2k-1 = 3 or k = 2) for approximating the u-surface.

The theory of splines has been extended in a number of ways. Of

considerable importance is the extension to several dimensions. Shah

(1970), for example, established the existence and uniqueness of spline

functions in two dimensions with irregularly spaced knots. This theory,

however, is not developed to a stage where it can be directly applied to

field problems. We shall, therefore, restrict ourselves to the

application of double cubic splines which can be readily constructed from

one-dimensional splines. A double cubic spline S(x,y) is a cubic in x

for each y and a cubic in y for each x (see Ahlberg et al., 1967, p. 5).

4.4.3	 Intrinsic Properties of Natural
Splines

The following properties of natural splines stated in the form of

Theorems are of interest. Let

a < x0
 < x1 

< ,	 xn 
<. b	 [76]

— 

1 <k <n
— —

[77]

Theorem 1: Existence an&Uniqueness Property. For a given set

of data points satisfying [76] and k satisfying [77], there exists a

j=0 3
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	unique natural spline, S, S	 n
2k-1 (x	x2' . , xn) that interpolates

the given data points.

Theorem 2: Smoothness Property. Let S be the unique natural

spline interpolating data that satisfies [76] and let k satisfy [77].

Let f be any other interpolating function for the same data points such

that f c Ck-1 [a,b], and f(k) is piecewise continuous, than,

f [S (k) (x)]
2
dx < I [f (k) (x)] 2

dx .	 [78]
a	 — a

Here Ck-1 [a,b] denotes the class of all functions defined on [a,b]

which posses an absolutely continuous (k-1)-th derivative on [a,b]. For

cubic splines with k=2, the integral in Equation [78] is often a good

approximation to the integral of the square of the curvature for a

curve y = f(x) (actually the curvature is equal to

f
(2) (x)/[1 + (f

(1) (x))
2 ] 3/2). For this reason, the above relation is

often called the minimum curvature property. Its close relation to the

minimization of potential energy is explained thus: The potential

energy of a statically deflected surface is equal to the work done on

the surface to produce the deflection; this in turn is proportional to

the integral of the square of the curvature of the surface. In this

sense, Equation [78] establishes the surface of minimum potential energy.

Introducing an inner product as

(f,g) = f f
(2) (x) g

( 2) (x) dx
	 [79]

a

or a pseudo-norm as



b
ifl	 [ f 1 f

(

4) (x' } 2 dx 1 / 2 ,

a

it has been proved that the functional space of splines is a Hilbert

space with norm defined as in Equation [80]. An entire theory of splines

in Hilbert space has been developed (see references already cited). In

this setting, Theorem 2 states the important property that the natural

interpolation spline is also the "smoothest" approximation function with

respect to the norm defined in Equation [80].

Theorem 3: Convergence Property . Let f(x) be of class

C
2
[a,b]. Let { AO be a sequence of meshes on [a,b] with lim I

k
l I = 0.

k4oe 

If the splines of interpolation S A (x) to f(x) satisfy appropriate end
"k

conditions, then we have

[f ( P) (x) - S (.6,P 3 (x)] = 0( IlAk 11 2 P) ;	 p = 0, 1, 2 ;	 [81]

uniformly with respect to x in [a,b]. Here I1Ak II = max(h) wherei	 J

h
j 	x
= . +1 - x.. This theorem states that the p-th derivative (p = 03 	3

means the function itself) of the spline S converges to the p-th

derivative of the approximated function f on a sequence of meshes at

least as rapidly as the approach to zero of the (2-p)-th power of the

mesh norm. The effectiveness of the spline approximation can be

explained to a considerable extent by the above striking convergence

properties. We stress that other interpolation or approximation schemes

do not possess this property, which is very necessary for the solution of

inverse problems.

87

[80]
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Proofs for these theorems are outlines in Appendix I. A method

to construct natural cubic splines is given below.

4.4.4	 Construction of One-Dimensional
Natural Cubic Splines

Cubic natural splines are of degree three in each of the

intervals (x., x.) and of degree one in the two end intervals (-	 xi)3

and (x
n' 

00). Consider an interval a < x < b. Let the data be given at

(n+1) distinct points between a and b, i.e.' (x0' y0'
) (x

1
, y 1 ),

(x
n
, y

n
) where a = xo and b = xn • 

We seek a function S(x) that is

continuous with its first and second derivatives on [a,b] that coincides

with a cubic in each subinterval x. 1
• <x < x., j = 1, 2,	 n, and

thatsatisfiesS(x.)= Y j.,j = 0, 1,	 n. Designate by M., the

secondderivativesofS.)andbym.,the first

derivatives,j—e.,S t (x.).

We know that the second derivative of a cubic polynomial is

linear, hence we have on [x. 1 , x.]:
J - 	J

x.-x	 x-x.
Su(x)	 m.	 3 	m. 

	3-1 

3-1 h.	 h.
3

X.	 < X < X.
3-1 — — 3

[82]

where h.	 x.-x 1
. , i.e., the distances between subsequent observation

3 3-

points. Integrating Equation [82] twice and evaluting the constants of

integration, we obtain

(x.-x) 
2 (x-x. ,

L
)
2	 y.-y. ,

1
	M.-M.

3 	__IL__	 J 3 -1
S	 M-1	 2h.	

4. m.	
2.	

4.  3
h.

3-
	6'(x) = -	 .	 h.

3	 3	 h	 J '
J	 J	 J

X.
1
 < X < X.

	3- —	 3
[83]

and
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x)3 3 3	 2
M. ,h. x.-x

S(x) = M.  	 m
j	 6h

-.1) _  J - + J)
3-1	 6h.	 (Yj-1	 6	 h.

2
M.h. x-x

	

(Y	 j 6 	j-1	 x.	 < x < x. .	 [84]
h.	 '	 3-1 — — 3

In view of Equations [82] and [84], the functions Sfl(x) and

S(x) are continuous on [x. 1 _ x.]. That S'(x) be continuous at x.

requires

Equation [83] be equal. The left-hand limit of S'(x) at X. is obtained

	

by substituting x	 X. in Equation [83]. For getting the right-hand

limit,writeEquationMforx j f_xf_xj+1 ,andthenletx=x j .The

following are the expressions for the limits.

h.	 h.Y--Y•
)S1(x.-	 +  3	 3-1

6 j-1	 3 j	 h.

h.	 h.
Y3• +1 -Y3

Se(x.+)	 _ 	
+1 m 

3
. _ 	 7 1-1 m.

3	 6	 3+1	 hj+1

ThecontinuityconditionofS 1 00atx.,therefore, yields

h.	 h.+h.

	

J m J 7+1 m. 	hj+1 m. 	_ Yj+1 -Y j	 Yj -Yj-1
6 j-1	 3	 3	 6	 3+1	 .	 h.	 •113+1	

3

Observe that in Equation [86] y.'s are the values of the dependent

variable that have been observed at intervals h.; M.'s, the secondJ

derivatives of the dependent variable at sampling points, are the

unknowns. Equation [86] can be written for j = 1, 2, ..., n, that is, at

x1' x2' 
..., xn-1' 

thus giving a system of (n-1) equations. As there are

	

n+1 sampling points (xo , x l ,	 xn), there are n+1 unknowns

(m
0' 

m
1' 
,m

n
) . Inorder to b e abletosolveforM.'s, we need two

[85]

[86]
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more equations. The additional equations are obtained by specifying the

values of M at j = 0 and at j = n. These are called end conditions.

Appropriate end conditions may be

M = y"	 and	 M = y" ,0	 0	 n	 n
	 [87]

where y6 and 4 are known values at end points. In case boundary (i.e.,

end) conditions are not known, the following may be assumed

	

M0 
=M

1	
and	 M

n-1 
=M

Or

MO =Mn = 0 .

As shown by Ahlberg et al. (1967, p. 48), the effect of assuming [88] on

the interpolation decreases fast as we move away from the ends. In case

the end conditions are known in terms of the first derivatives (m)

(e.g., m = 0 at an impervious boundary), these can be used with a system

ofequationswhichhasm.'s as unknowns. Such a system will be

developedlaterinthissection.OncetheM.'s are determined, Equations

[84], [85] and [86] can be used to estimate the values of S(x), S'(x) and

S"(x) at any point a <x < b. The system of equations generated by

Equation [86] is written in the matrix form as Equation [90] on the next

page. Note that in case all h.'s are equal, Equation [90] becomes

particularly simple.

If the end conditions are to be imposed in terms of the first

derivatives, a system of equations similar to that of Equation [90] can

begeneratedform.'s. Here we find that on [x 1.	 x.] we have thej-'	 j

[88]

[89]

equations
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x.-x)
2
(x-x.1)

-1)	(x-x. )
2
(x.-x)

) -1	 ) S(x) = mj -1

	

2	 m .
	h .	 h2 .

2(x. -x) 
2
[2(x-x .

1 ) +h ]	 (x-	
) [2(x .-x) +h .]

+	 •	 ) -	 )
. 
	x)	

) 	[91]
Y3-1	 3	 + y
	h 	 h

3
	. 	 .

and

(x -x) (2x	 +x. -3x)	 (x-x. ) (2x .+x . -3x)
S ' (x) = m . 	 3-1 3 	- m . 	) -1	 )	

) -1 
) -1	 2	 2

	h .	 h .

)	 3-1 + 6	 (x . -x) (x-x . 1 ) .

	

3	 Jh .
3

The second derivative takes the form

2x . +x . -3x	 2x. +x . -3x
)	 ) -1	 J -1 S"(x) = -2m

j -1
2m

h2
	 h

. 2
. 	 .

Y j -Y j -1 
+ 6	 3	 (x.+x . -2x)

	

h .	 J	 J

so that the limiting values from the two sides of )c. are

and

	

2m.	 4m.
3

SIT(x.-) 	h.	 h .

Y. -Y
J - + 6 2

h .
3

-4m.	 2m.
S"(x.+)	 _ 3 +1 + 6 	6 Y3+

1 Y i
•h

j+1	
h
j+1	

2
h
j+1

The continuity conditions when imposed on S"(x) at x, results in the

[92]

[93]

[94]

requirement
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1	 1	 1	 1 	+	 Yi-Yi---- m.
'	

+
h.	 h.	 m.	 m	 = 3 j 2 j-3	 3	 3+1	 3	 hj+1	

3.4.1
	h.

3  3 ++ 3 
2h.
3+1

	

Equation [95] for j = 1, 2, .	 n-1 and the end conditions such as

m = y'	 and	 m = y'0	 0	 n	 n

or

and	 m = mM
0 = ml n	 n-1

or

m =m = 0 ,
0	 n

willcompletethesystemofequationsforthedeteminationofm.'s .

Notice that this is not the only way to compute natural splines.

In fact, in some case, the matrix in [90] may become ill-conditiond (a

matrix is called ill-conditioned if small changes in its elements cause

considerably larger changes in the elements of its inverse), thus making

the computations unreliable. Various useful algorithms are discussed by

Schumaker (1969). In case of equal intervals (which is to be used for

the field case to be discussed in Chapter 5), the method described works

very well. B-splines (Weldon, 1972) were used in the case of unequal

intervals (these can be used for equal intervals also). The

computational aspects of B-splines are summarized in Appendix II. A

method to construct the double cubic splines from one-dimensional cubic

splines follows.

[95]

[96]
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4.4.5	 Construction of Double Cubic Splines

We have explained above a method to construct one-dimensional

cubic splines. To construct double cubic splines in two dimensions, a

rectangular grid is imposed on the area under consideration. One-

dimensional splines are first constructed along all the horizontal

Du	 D
2
u(x-axis) grid lines and the derivatives -5-Tc and	 are evaluated. One-

Dx

dimensional splines are then constructed along the vertical grid lines

	

Bu	(y-axis) and B u2-and	 are estimated. The mixedxed partial is then
Dy By

obtained by the method of centered differences as follows. The mixed

partial derivative of u with respect to (x,y) at grid point (i,j) can be

written either in terms of the first x-derivatives or the first

y-derivatives. In terms of the x-derivatives,

dui.4.1,i 	du.	 .
2	 1-1,3 
uD	 .   -1,3 _ 	 dx	 dx 
Dx9y

and in terms of the y-derivatives,

du. .	 du. .
2	 1,3+1 	 1,3-1
u.1,5 	dy	 dy 
9xDy	 x.	 - x.3+1	 3-1	 2

Strictly speaking, the values of 	  obtained from Equations [97] and

[98] should be equal. This provided a test for checking the

reasonableness of the estimates of the first partial derivatives from

splines. In the application discussed in the next chapter, the values

obtained from Equations [97] and [98] agreed to a large extent.

[97]

[98]



95

Eventually, the arithmetic mean of the two values was used as the true

2
u. .
1,3 value of	 . The time derivatives of u are simply obtained by).(3y

fitting a spline function in terms of t at each space point. In this

way, six derivatives of the dependent variable are calculated for each

point (x,y,t) in the space under consideration.

In the third step in DIMSIP, the derivatives obtained from splines

are substituted into the flow equations [66], [70] and [71], thus

transforming them into algebraic equations. A method of estimating the

unknown coefficients from this transformed system is discussed in the

next section.

4.5 Estimation of Parameters from
the Transformed System

4.5.1	 Extension of the Algebraic Principle

The general equations of flow described earlier are valid for any

point in the flow region. A direct extension of the algebraic principle

enunciated earlier would be to simply have an many equations as the

number of unknowns at a point and then solve this system of linear

equations at various points. To explain, consider Equation [66]. The

xx 	yy	 xy	 xy NC
nine unknowns in this equation are K , K , K ,yy xy	 ' Dy	 x	 Dy

Q and S. In order to solve for these quantities at a point (x., y.), weI

need to form a system of nine equations at that point. Such a system may

symbolically be written as:

AX = B	 [99]

where X is the column vector whose elements are the unknowns listed

above. For X to be determined from Equation [99], B, a column vector,
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must be non-zero (in other words, the systems of equations should be

non-homogeneous). Thus, at least one of the nine unknowns will have to

be assigned a value or alternatively any eight unknowns may be deteimined

in terms of the ninth. For further discussion, we shall assume that Ss ,

the coefficient of specific storage, is known for the following two

reasons:

(1) The variation of S s in a given area is considerably smaller

than that of either [K] or Q. It may, therefore, be easier

to assign a value to S s than to the other unknowns.

(2) It was found that the basic equation of flow is least

sensitive to variations in S s (Bibby, 1971; Sagar and

Kisiel, 1972). A slight error in S s will therefore affect

the results only slightly.

Assuming S s to be known reduces the number of unknowns to eight. For

obtaining these, an important requirement is that A in Equation [99] be

non-singular. A will be non-singular if the columns (and also the rows)

of A are linearly independent. A study of Equation [66] reveals that the

BK	 DK
xx	 xy 

coefficients of	 and Dy 	are the 
same as the value of the derivative

Dx 

BK	 3K
Dh	 xx	 xy
---. Thus, if	 and 	  are considered separately, two columns of A
3x	 Dx -	 ay

3K	 DKxy
become identical making A singular. In order to avoid this, --I2S- andDx	 By

	

DK	 DK	 DK
xx 	xy 

are grouped together as (ax 	+ By
). For the same reason, v YY and

DK	 DK	 DK
xy are grouped together as ( ay YY + ax7). This grouping reduces theDx

number of unknowns to six.
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BK	 BK	 BK	 DKxxx ,Individually, the quantities - xy	 XY and ayYY are

important parameters in the sense that they represent the rate of

variation of the elements of the hydraulic conductivity tensor in space.

However, when grouped together as above, no useful interpretation of

their values can be made. One way to resolve this dilemma is to first

solve the inverse problem with groupings as above. The directions of the

principal hydraulic conductivities are determined from this solution.

Equation [66] is then transformed to the new coordinate system of the

principal axes. K	 and its derivatives will vanish in this formulationxy

The IP is then solved a second time to estimate the derivatives of the

principal hydraulic conductivities.

To obtain the six equations required to form Equation [99],

Equation [66] is written repeatedly at (xi , y ) for tk , k = 1, 2, ..., 6.

Thus, we assume that none of the nine unknowns listed earlier vary with

time. Equation [100], on the next page, is the matrix equation thus

formed. As Q, in reality varies with time, this assumption introduces

some distortion in the model. The Q obtained from such a solution to the

inverse problem should be regarded as an average value over the time

period under consideration. If, instead of [K], transmissivities [T] are

to be evaluated, the assumption of constant [T] in the case of unconfined

aquifers may introduce further error.

One important requirement for the above formulation to be

successful is that the six equations written at (x., y.) be linearly1 	 3

independent. That is, one should not be able to express any one of these

equations as a linear combination of the remaining ones. This means that
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each equation should have an independent piece of information. For a

groundwater system, this will be true if the system is observed in

varying states. Thus, this formulation is not applicable to steady-state

systems. Even for unsteady systems, this approach of solving a linear

system of algebraic equations has the following defects:

(1) Exactly six data sets are required in the above formulation.

If the available data sets are less than six, the problem

cannot be solved. If more than six data sets are

available, the extra data are not utilized.

(2) The noise due to discrete and imprecise measurements of

data makes the 6x6 matrix in Equation [100] ill-conditioned.

The process of inverting such a matrix is difficult and

unstable. It was found to be so when the approach was

tried on actual data.

(3) As explained earlier in section 4.3, K	 and K	 can takexx	 YY

only positive values. The above formulation does not

guarantee such an outcome.

Reformulation of the problem in terms of optimization removes

some of the defects mentioned above. The strict requirement in case of a

system of linear equations is that values of unknowns be found such that

the equations are exactly satisfied. This is possible only if the data

are exact. As the data contains noise due to measurement and interpo-

lation errors, each element of the matrix in Equation [100] is uncertain

so that it may be considered a random variable (to be discussed further

in Chapter 6). The existence of the inversie of such a matrix cannot be

guaranteed. Optimization relaxes this strict condition to obtaining
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values of unknowns that "best" (in some predefined sense but not

necessarily exactly) satisfy the data. Any number of data sets can be

used, although intuitively, more data sets will produce better results.

The requirements that K	 and K be positive can be specified asxx	 YY

constraints in the optimization formulation.

The optimization problem is defined and discussed in the next

section.

4.5.2	 Formulation as an Optimization
Problem

Consider a point in the flow region and represent the set of

unknowncoefficientsintheflowequationsbyx.,j = 1, 2, . , n, and
3

the set of derivatives determined with the help of splines as a..,ij

i = 1, 2, ..., m and j = 1, 2, ..., n, where m is the available number of

a 2h 3
2
h	 a

2
h

records in time. Thus, at time t = t. a. =
1' 11	 2' ai2 = Dy	

ai3 = axay'
ax

ah	 ah
ai4 =	 ais =	 and ai6 = 1.0; where all derivatives are evaluated at

t = t.. We assume again that S s is known 
and now denote it by xn+1 and

.	 ah
its multiplier (which is TO as ai,n+1 . In this frame, the flow

equations at a point will be:

gl =
 a1 1x 1 	a1 2x2	 •

g2 = a2 , 1 x1 + a2 2x2 + •

. + a1,nxn 
-a1,n+1

x
n+1

+ a2,nxn 
- a2,n+1

x
n+1

gm = am,1 x1 + am,2x2 + .	 +a m,nxn 
- am,n+1

xn+1	 [101]
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where gi , i = 1, 2, ..., m, can be thought of as residuals. The

optimization problem, then, is to determine a vector X* = (XI, ..., x l*1) .T

that solves the problem

Minimize f(X) = E w.(r.-g.) 2	 [102]

subject to the constraints Ci (X), i = 1, ..., k, which in this case are

xi	O ,

x2 >0 ,	 [103]

and

2
x
1
x
2 

- x
3 —
> 0 

•
[104]

The significance of the constraints will be explained in the next

subsection. In Equation [102], w i are the weights to be attached to each

observation. They would all be one if all observations are equally good

(or bad); ri 's are the true values of gi 's in Equation [101], which in

thiscaseareallzero., the objective function is

2
f(X) = E	 (g.)	 .

1=1	 1
[105]

andous ly ,Inff(X).-.0.111us,valuesofx.are to be found such that

all the gi 's are as close to zero as possible, subject to the constraints

in Equations [103] and [104].

4.5.3	 Formulation of Constraints in
the Optimization Problem

As explained in section 4.3, the elements on the main diagonal of

the [K], [C] and [D] tensors are positive. In the optimization problem,

these elements are represented by x i and x2 . This explains the two
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constraints in Equation [103]. The constraint in Equation [104] stems

from the fact that the principal values should always be positive. In

the following, we derive this constraint for [K].

The principal values are the eigenvalues of the hydraulic

conductivity

as Kx and

tensor.	 Representing

K , we have
Y

--k
XX	 X

-1(	 K
xy

K	 K	 -K
___	 xy	 yy	 X

a
1

b
l

the principal

=	 Kx

a
1

b
1

hydraulic conductivities

and

-7K	 -K
xx	 y	

Kxy a2
a2

[106]
K	 -K

xy	 YY	 Y__
b 2

Y b 2

where [al' 
b 1 ]

T and [a2' b 2
] T are the corresponding eigenvectors 	 or the

principal axes. That is, the vector [al' 
b
1
] T represents the direction

of Kx 
and the vector [a2' 

b 2
]
T the direction of K . The values of Kx andY

K from Equation [106] are
Y

and
1

1	 12
Ky =	 (x1 + x2) - -2-- [(x1 + x2 )

2 
- 4(x1 x2 - x3)]

7
 .	 [107]

The quantity whose square root is required in Equation [107] can be

2
simplified to (x1 -x2 )

2 
+ 4x3, which is non-negative. This shows that Kx

and K shall be simple (and not complex) numbers. From Equation [107] we
Y

have the following condition for K 	 K to be non-negative.Y

1
	1	 f	 ,

K = — (x 1
 + x2

 ) + —
1 [(x

1
 + x 2 )

2 
- 4Ax ix2 - )(3) J

T
	x 2	 2 
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1

(x
1 

+ x
2
) 
—
> [(x

1 
+ x

2
) 2 - 4 (x i x2 - x 3)

2
1
7

which is equivalent to

2x
1
x
2 

- x 	 0 [108]

Equation [108] could be written directly from the fact that for a

matrix to have non-negative eigenvalues, , the matrix should be positive

semi-definite. The intermediate steps are given because Equation [107]

is needed for computing the principal values in Chapter 5.

In determining the vector X* = (xi, ..., x I*1 )
T such that f(X) in

Equation [107] is minimized subject to the constraints in Equations [103]

and [104], two possibilities exist:

(1) X* may lie in the interior of the feasible region (set of

points satisfying the constraints). In such a case, the

constraints are inactive and the problem is equivalent to

unconstrained minimization of f(X).

(2) X* may lie on the boundary of the feasible region. Notice

that in this particular problem X* cannot lie on the

boundaries expressed by xi = 0 and x2 = 0, as such an X*

shall violate the constraint in Equation [104]. Therefore,

2
the only boundary that X* may lie on is x 1

x
2
-x

3 
= 0. The

implication of this becomes clear when Equation [104] (with

strict equality) is substituted in Equation [107]. It

shows that when X* satisfies the constraint expressed by

Equation [104], then Ky (or the minor principal permeability)

is zero. Unless there are reasons to believe that K mayY
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actually be zero in certain regions, such a result would

require a re-examination of the data and the method.

The principal axes are also immediately determined from

Equation [106]. Thus, the major axis (the direction of K x) would make an

angle a with the original x-axis such that

-K

K -K •
xx x

The minor axis would be orthogonal to the axis determined in

Equation [109]. Notice that principal values and principal axes are

invariant under all conditions of mathematical modeling.

The method of sequential unconstrained minimization (Fiacco and

McCormick, 1968) is used to solve the programming problem defined by

Equations [101] to

4.5.4	 Method of Sequential
Unconstrained Minimization

The method of sequential unconstrained minimization is based on

transforming a given constrained minimization problem into a sequence of

unconstrained minimization problems. This transformation is accomplished

by defining an appropriate auxiliary function in terms of the problem

functions(fMandC.(X) , etc.), to define a new objective function

whose minima are unconstrained in some domain of interest. By gradually

removing the effect of the constraints in the auxiliary function by

controlled changes in the value of a parameter, a sequence or a family of

unconstrained problems is generated that have solutions converging to a

solution of the original constrained problem.

xytan a = [109]

[104].
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A typical unconstrained auxiliary function may have the form

40, X i (r)] = f(X) + E X.(r)G(C i (X))
i=1 1

[110]

where r is a parameter, the {X i (r)} are weighting factors, and G(y) is

generally a monotonic function of y that behaves in some well-chosen

manner at y = 0. Typical choices are either that G(y) > 0 for y < 0

and G(y) = 0 for y > 0, or that G(y)	 + co as y	 0+. The former choice

usually is associated with procedures that are not concerned with

constraint satisfaction except at the solution, and are called the

exterior point methods. The latter, where constraint satisfaction is

enforced throughout, are called the interior point methods. Because

inequality constraints are easily handled by the interior point method,

it was used for the problem in hand. In this method the auxiliary

function (similar to Equation [110]) is constructed as

,f [X, X i (r)] = f(X) - r.	 E	 loge Ci (X) ,	 j = 1,2,...,03.	 [111]
3 i=1

That is,

x.(r)=r.>0 , i = 1, 2, .	 k for a fixed j
1

and

G[Ci (X)] = loge Ci (X) .

The following steps are followed in obtaining X*, the optimum value of X:

(1) Find a point X0 which satisfies the constraints. Because

the constraint Equations [103] and [104] are quite simple,

there is no difficulty in finding X0 .
 However, in cases
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where such a point is not readily available, the

optimization method itself is used to find it.

(2) Select an initial value for r = r l . Usually choosing r 1 = 1

is sufficient but other rules may be followed (see Fiacco

and McCormick, 1968, P. 191).

(3) Determine the minimum of the (I) function in Equation [111]

with r = rl . Any method applicable to unconstrained

minimization may be used. Fletcher-Powell (Fletcher and

Powell, 1963) method is used in the example in Chapter 5.

(4) Estimate the solution using extrapolation formulas

(Fiacco and McCormick, 1968, p. 188).

(5) Terminate computations if final convergence criterion are

satisfied.	 4

(6) Select r2 = ri /s, where s is the reduction factor. s = 4.0

is used in Chapter 5.

(7) Repeat from step (3) until convergence is achieved. For

greater detail and also for partial listing of computer

program, see Mylander, Holmes and McCormick (1973).

The intuitive basis of the interior point method is the following: the

term (-r E C.(X)) may be regarded as a penalty term added to the objective

i=1 1

function f(X), ensuring that a minimum of the (I) function is achieved in

the interior of the feasible region by balancing the avoidance of the

boundaries and the minimization of f(X). This can be made clearer by

considering a trajectory of steepest descent (greatest rate of decrease)

of (1(X, r 1) starting from Xo . By assumption, Ci (X0) > 0 for all i, and
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so cp(X, r 1) exists and has some finite value. Since the trajectory

defines a curve along which cp is continuously decreasing, no point on the

trajectory can yield a cp value exceeding qb(X 0 , r 1). Since the feasible

boundary is defined by C i (X) = 0 (for at least one i),	 +	 as the

boundary is approached from any interior point. Consequently, the

boundary can never be reached by the trajectory described and the

minimum of (I) must be a feasible (interior) point. When r is reduced as

prescribed by the method, the weighing of the penalty factor is decreased,

while the weighing of the objective function increases. In the limit

when r 0, the unconstrained minimum of gb approaches the constrained

minimum of f. That is,

k
lim r. E log (C.(X)) = 0

1
=1 	e

so that

lim	 r.) - f(X*) = 0 .
3

The above means, in effect, that the influence of the constraints on the

auxiliary function is gradually relinquished and finally removed in the

limit.

The advantage of the above approach lies in the fact that the

constraints need not be dealt with separately. The theoretical

difficulties are in such areas as prescribing general conditions that

guarantee convergence of either the minimizing sequence or the associated

modified objective function values, and in validating acceleration

procedures. Computationally, obtaining rapid convergence is a central
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concern and depends on the efficacy of methods for unconstrained

minimization and on procedures for effective extrapolation.

When the objective function f(X) is convex and the constraints

C.(X) concave, then it is called a convex programming problem. The

convexity-concavity conditions assure that the feasible region is convex

and, most importantly, that any local solution is also global. A twice

continuously differentiable function f(X) is convex if the matrix of

its second partial derivatives V
2 f(X) is positive semi-definite for all

X e S, where S is a nonempty convex set of points. The objective

function f(X) in Equation [102] is a quadratic form and hence is convex.

The constraints in Equation [103] are linear and hence present no

difficulty. The matrix of second partial derivatives of the nonlinear

constraint in Equation [104] is given in Equation [112].

Ô 1 0 0 0 0-

1	 0	 0	 0	 0	 0

V
2 C

3
(X) =	 0	 0	 -2	 0	 0	 0

000000

0 0 0 O 0 0

000000

[112] 

This matrix is not negative definite (a symmetric matrix 
A is said to be

negative definite if for every vector Y, Y
TAY < 0) and therefore the

constraint is not concave. Thus, the programming problem posed by

Equation [102] to [104] is not a convex problem. The important

implication of this observation 
is that we cannot guarantee that a given

minimum is a global minimum. We shall, therefore, 
have to find a number
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of local minima (by starting the problem from different points) until a

satisfactory minimum point is reached. From the computational experience

gained from the numerical example (to be described in Chapter 5), it is

apparent that by starting from five or six different initial points, one

can usually guess the location of the minimum. This, however, consumes

considerable computer time. The non-convexity of the general problem is

a serious drawback of the third step of DIMSIP. Note that the constraint

given by Equation [104] disappears if the principal directions are known

to begin with, in which case the programming problem will be convex.

A summary of the DIMSIP is given below.

4.6 Summary of DIMSIP 

4.6.1	 Type of Inverse Problem
Solved in DIMSIP

The direct method discussed in this chapter solves inverse

problem type V (section 3.2). Parameters, inputs and boundary conditions

are estimated by DIMSIP. Boundary conditions are solved for in the

sense that the net flow Q and hence the velocity (Von Newman condition --

see section 2.1) at points defining a boundary can be determined.

Notice that Q at a point is the algebraic sum of recharge, discharge,

leakage and pumpage at that point. Q, multiplied by the area under

consideration, gives the net inflow or outflow from the area in one unit

time. To separately estimate each quantity which makes up Q is a problem

which is not attempted to be solved by DIMSIP.



110

4.6.2	 Assumptions in DIMSIP

The following assumptions are made in DIMSIP:

(1) P, Q and n do not change with time. If there is a reason to

believe that a particular area is homogeneous, it is possible

to consider time variability. In such a case, the equation

of flow should be written repeatedly at one instant of time

at various points in the region to obtain the required

system of equations.

(2) The flow model is assumed to be linear.

(3) Data at all points in a region are observed simultaneously.

Because of the dampened nature of groundwater flow, slight

time differences in observing data may not cause

significant error. For example, if yearly data is observed

and if pumping is not going on in the area, a week's lag in

measurements may be acceptable.

(4) Enough data is available for estimation by splines. At this

stage, it is not possible to define as to what constitutes

"enough" data.

4.6.3 Computational Procedure

Computationally, DIMSIP proceeds as follows:

(1) Select a suitable model (linear) for flow in the aquifer.

It is preferable to choose as general a model as possible.

(2) Divide the area under consideration into a rectangular (not

necessarily square) grid. Interpolate data on the dependent

variable to the grid points, if the grid points are not the
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measuring points also. This is to be done for each time

period that the data is available. It is not necessary that

time intervals be uniform.

(3) Compute the required derivatives of the dependent variable

at all the grid points with the help of spline functions.

The spline functions should satisfy all known boundary

conditions in the region.

(4) Estimate the unknown coefficients with the help of non-

linear programming. If general (with unknown principal

directions) anisotropy is considered, different starting

points should be tried for obtaining a minimum of the

objective function.

4.6.4	 Comparison of DIMSIP with
other Methods

Repeated solution of the PDE of flow which is a characteristic of

most of the other methods is not required in DIMSIP. Thus, anisotropy,

which is not considered in other methods, presents no special problem in

DIMSIP. Also, boundary and initial conditions are not explicitly required

because once the required derivatives are evaluated, the flow PDE is

transformed into an algebraic equation. Thus, DIMSIP can be used in an

open area, that is, an area which has no physical boundaries. Methods

that use the matching procedure (Chapter 3) cannot be used under these

conditions. An important parameter which is not evaluated by DIMSIP or

by other methods is the saturated thickness of the aquifer. The major

disadvantage of DIMSIP is the requirement that at least one of the

parameters be assigned a value. For example, the coefficient of storage
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was considered to be known in the previous discussion. Some subjective

knowledge may be required to assign this value.

In Chapter 5, a test to check the validity of DIMSIP is

described. An application of DIMSIP to the Cortaro area in the Tucson

basin is also included in that chapter.



CHAPTER 5

APPLICATIONS OF DIMSIP

5.1 Introduction 

Applications of the direct method to solve the inverse problem

(DIMSIP), developed in Chapter 4, are described in this chapter. Two

examples are considered. First, DIMSIP is applied to hydraulic head (h)

data generated from a digital model, assuming a certain spatial

distribution of transmissivities (T), coefficients of storage (S) and an

excitation function (Q). This is done to see whether DIMSIP will recover

the known values of T and Q. Second, the method is applied to observed

data on hydraulic head and nitrate concentration in the Cortaro area of

the Tucson Basin in Arizona. In this case, a completely general model of

flow is assumed and the parameter-tensor, principal values and directions

and values of Q are computed. The results from these two examples will

be discussed in the following.

5.2 Application of DIMSIP to Data 
Generated from a Digital Model 

5.2.1	 Description of the Digital Model

Data are generated from the following model initially programmed

by Gates (1972) and subsequently modified to include aquifer anisotropy.

a rT,	 D	 Dh	 ah
• ax ``x Dx'	 (Ty -57)	 S 	Q

in which the coordinate directions are assumed to coincide with the

[113]

113
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principal direction and T
x 

and T are the principal values of the
Y

transmissivities. Equation [113] is written in the finite difference

form as:

1	 .
j)	 T

 .1
x
(i+	 3)

	 [h(i-1,j,n+1) - h(i,j,n+1)] +	 [11(1+1,j,n+1)
Ax

2 Ax
2

T (i,
- h(i,j,n+1)] +  y 	 pa(i,j-1,n+1)

Ax`

1
T (i, j+7,-)

- h(i,j,n+1)] +  y [h(i,j+1,n+1)
Ax`

- h(i,j,n+1)] = S[h(i,j,n+1)

- h(i,j,n)]/At	 Q(i,j)	 [114]

where the i,j notation is a standard matrix or grid reference system, n

refers to the time step, Ax = Ay is the nodal spacing and At is the time

step size. In this model, the transmissivities at points midway between

two nodes is taken as the geometric mean of the transmissivities at the

nodes. For example,

1

Tx 	j) = [Tx (i - 1, j) Tx (i, j)] -1 .	 [115]

Equation [114] is applied to a 20x20 grid with Ax = i- mile. The aquifer

is assumed to have impervious boundaries on all four sides. The

following values of the parameters are used in the model:

(1) Tx at points (i, j) (i = 6, 7, ..., 10; j = 2, 3, ..., 19)

= 1,000 gallons/ft/day (gpd/ft), T x at all other points =

T
x

50,000	 d/ft, and	 at all nodes point = 0.1.

Y
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(2) S at all node points = 0.05.

(3) Q (pumping rate) at (17,19) = 150 cubic feet/minute (cfm)

(15,9) = 200 cfm

(6,18) = 100 cfm

(10,18) = 100 cfm

(8,12) = 150 cfm

(5,8)	 = 200 cfm.

Equation [113] is solved by the alternating-direction-implicit algorithm

and values of h(i,j) (i = 2, 3, ..., 19; j = 2, 3, ..., 19) are generated

for t
k years, k = 1, 2, ..., 9.

5.2.2	 Model for Solving the Inverse
Problem

Although T
x 

and Ty are assumed to be varying in space in

Equation [113], only their average values for each nodal area are used in

Equation [114]. Thus, the continuous variation of T
x 

and Ty in space is

not explicitly considered in the finite difference equation. For this

reason, the following equation which neglects the space derivatives of T
x

and T is taken to be the model for solving the inverse problem,Y

	a 2h	 @
2
h	 DhT	 + T	 =0,

	

x axz	
,

Dy	 at [ 115 ]

in which S will be taken as 0.05 and T, T and Q will be assumed to bex y

unknowns.

5.2.3 Estimation of Derivatives

The finite difference approximation of derivatives (e.g.,

transformation of Equation [113] into Equation [114]) gives only average
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values over the distance between two nodes. Note that such

approximations do not possess the continuity or the minimum curvature

property as is the case with spline approximations. In this sense, the

estimates obtained from spline functions should be considered more

realistic than those from finite differences.

Natural cubic spline functions are fitted to the data {h(i,j)}

Dh D 2
h Dh 2

h	 311and -53,T, -7f., T ., -7
y
 and TE- are evaluated at all the 19x19 = 361 node

Dx	 D

points (boundary points are excluded). The results thus obtained are too

numerous to be presented in full (a total of 361x5x9 = 16,245 values are

obtained). To give an idea of the magnitudes, values of various

derivatives at two node points for t = 1, 2, ..., 9 years are shown in

Table 3(a and b). Notice that the hydraulic slopes at node point (9,19)

in the high transmissivity zone are gentler than those at point (3,8)

which is located in the low transmissivity area. These results agree

with the fact that the piezometric surfaces are flatter in the high

transmissivity zones. The sharp change in transmissivities at nodes

located on column 6 and 10 of the finite difference grid is, however, not

discernible in the pressure head maps produced by the digital model.

That is, the piezometric surface shows no sudden change in its shape at

columns 6 and 10. This can be explained by the fact that only means of

nodal transmissivities are used to compute the piezometric pressure from

Equation [114], thus obliterating the sharp break in transmissivities.

Because the results from DIMSIP depend entirely on the shape of the

piezometric surface, DIMSIP also does not show any sharp break in

transmissivities here. Another point to be recognized from Table 3(a and
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Table 3(a). Derivatives of h at Node Point (3,8), Located in Low
Transmissivity Area.

311
9x

Year feet/mile

9
2
h

Dx2

feet/mile 2

D 2h
911

Dy
2

Dy
2feet/mile	 feet/mile

Dh
Dt

feet/year

1 - 3.074638 -11.91317 1.045154 -2.403715 -2.383637

2 - 7.401184 -20.04538 2.332204 -2.768979 -2.886327

3 -10.23400 -22.31552 3.216439 -3.570467 -3.382857

4 -12.10395 -24.02538 3.360351 -1.918235 -3.418847

5 -13.23681 -24.81609 3.612055 -1.171733 -3.471055

6 -13.92969 -25.21882 4.106962 -1.676496 -3.503432

7 -14.41338 -25.70659 4.401040 -1.490480 -3.531118

8 -14.68870 -25.83050 4.665676 -1.281995 -3.532895

9 -14.84438 -25.90237 4.958956 -1.348153 -3.529303

Table 3(b). Derivatives of h at Node Point (9,19), Located in
High Transmissivity Area.

Year

911
Dx

feet/mile

D
2
h

Dh
Dy

feet/mile

D
2h

Dh
3t

feet/year

Dx
2

feet/mile
2

Dy2

feet/mile
2

1 -0.04711829 -0.5827656 0.6777194 -1.461117 -1.527551

2 -0.2194502 -2.017383 1.327672 -2.566031 -1.815998

3 -0.3776560 -3.309280 1.573338 -2.928829 -2.082858

4 -0.5100384 -4.338500 1.737709 -3.225052 -2.080869

5 -0.6101174 -5.152192 1.879624 -3.501746 -2.142364

6 -0.7044117 -5.898773 2.024285 -3.746912 -2.211873

7 -0.7844878 -6.547770 2.165919 -3.996710 -2.276142

8 -0.8581399 -7.137620 2.292093 -4.222155 -2.356059

9 -0.9233502 -7.664051 2.414234 -4.429406 -2.399320
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b) is that the change of derivatives from the 8th to the 9th year is

considerably smaller than the changes from the 1st to the 2nd year.

This is an indication that the shape of the piezometric surface is

approaching equilibrium. Because of the constant pumping rates in this

example, the approach of the shape of the piezometric surface to steady

state is quite rapid, which cuts sharply into the effective information

contained in {h(i,j)} and causes some instability in the process of

parameter estimation.

5.2.4	 Estimation of Parameters

The three quantities to be determined in this example are T, Tx y

and Q. There are only two constraints: T > 0 and T > O. The non-

linear constraint, Equation [104], that arises in the generalized case is

absent, which makes this programming problem convex. Before applying it

to all the 361 points, the method is first tested on a few of them. At

some points, a considerable reduction in the objective function f(X)

(which is the sum of squares of residuals; see Equation [102]) occurs in

20 seconds (on a CDC 6400 computer). There are points, however,

requiring a considerably longer computer time for a comparable reduction

in f(X). To avoid spending too much time on any one point, an upper

limit of 20 seconds per point is incorporated in the program. This leads

to the decision to solve the inverse problem at only a few representative

points. Analysis is performed at 80 arbitrarily selected points. On the

basis that f(X) be at most 0.05, 23 points are selected which are

presented in Table 4. The values of f(X) given in column 5 of this table

may be regarded as a measure of the extent to which T, T and Q satisfyx y



Remarks

Point on the corner

Points near the boundary

For derivatives at this
point see Table 3(a)

Points in the low
transmissivity area

Points near column 6
where transmissivity

from high
2.8x102

low to
values

Points on column 6 where
transmissivity changes

low to high values

iPoints n the high
transmissivity area

For derivatives at this
point see Table 3(b)

Points on column 10
where transmissivity
changes from high to low
values
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Table 4. Values of T, T and Q for the Test Problem.x y

Point
Location
in the
Grid

T (gpd) T (gpd)
(cfm)

f(X)

(ft/yr) 2x	 ft y	 ft

(2,2) 7.4x10
3

1.4x10
4

+ 0.046 9.4x10-4

(2,8) 3.8x10 3
1.8x104 - 0.294 1.2x10 -4

(2,9) 1.4x10 3
2.0x10 4

- 0.186 9.3x10
-5

(2,10) 3.6x10 3 1.3x104 - 0.349 6.8x10
-5

(2,11) 1.2x10 3
2.9x10

4
- 0.314 1.5x10 -4

(2,16) 1.5x10 3
2.1x10 4

- 0.097 -41.3x10

(2,17) 3.1x10
3

1.8x10
4

- 0.069 1.9x10
-4

(3,8) 1.9x10 3 1.1x104 - 0.151 7.1x10 -4

(3,15) 1.5x10 3 1.5x10 4
- 0.009 4.1x10 -4

(3,17) 2.5x10
3

0.5x10
4

- 0.151 5.1x105

(4,11) 2.8x10
3

0.9x10
4 -10.44 9.6x10 -4

(4,12) 1.0x10
3 1.9x10 4 - 0.345 4.1x10 -4

(5,2) 3.6x10
3 3.7x104 + 9.39 3.4x10 -3

3 4 -2
(5,9) 5.4x10 5.3x10 + 1.969

(5,16) 3.6x10 3 1.9x10 4 + 0.594 8.6x10 -3

(6,2) 0.5x10
3

3.1x10
4 +11.49 2.7x10

-3

3 4 -2
(6,6) 1.0x10 7.2x10 + 3.43 1.0x102

4 5
-2

(8,2) 1.4x10 3.5x10 +10.99 3.2x10
4 5 -3

(8,12) 1.9x10 0.7x10 +58.60 4.5x10

(9,19) 1.9x10
4 5.4x10

5 +36.55 5.0x10
-2

(10,2) 0.8x104 5.4x10
5 +14.25 3.2x10

-2

(10,9) 1.0x104 1.0x10
5 +10.21 1.4x10

-2

(10,18) 0.9x104 1.0x10
5 + 2.178 4.1x10

-3
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the data. The points reported in Table 4 are those at which agreeable

reduction in f(X) is obtained in the 20-second time limit. Although the

anisotropy (i.e., T	 T
x
) and the high and low transmissivity zones areY

detected by the method, the computed values of T
x 
and T and the ratio

Y
T /T are not exactly the same as were assumed in generating the data.x y

The main reason for this may be the idfference in the ways that

derivatives are generated in the model and in DIMSIP. The finite

difference model contains discontinuities in h at every node and T at

every mid-node. In DIMSIP, h and its first two derivatives, as well as

T, are considered continuous at all points in the region under

consideration. In addition, because the piezometric surface

approaches a constant shape too soon, there are only a few independent

data sets.

An application of the DIMSIP to the Cortaro area in the Tucson

Basin is described next.

5.3 Application of DIMSIP to the Cortaro Area 

5.3.1	 Description of the Cortaro Area

The Cortaro area (Figure 7), near the city of Tucson, lies

within the floodplain of the Santa Cruz River (an ephemeral stream), and

from near its confluence with Rillito Creek to a bedrock constriction in

the subsurface, which is locally known as the "Rillito Narrows."

Structurally, the Santa Cruz Valley is a typical example of the basin and

range province of the southwestern United States. Northward, trending

mountain ranges border the broad, flat alluvium-filled valley. The

Tucson Mountains are a complex assortment of volcanics bounding the
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Soils, Water and Engineering (formerly the Department of Agricultural

Engineering) of The University of Arizona.

The following steps were followed in applying DIMSIP to the

Cortaro area.

5.3.2	 Estimation of Derivatives of h
in the Coratro Area

The northwest corner of the Cortaro area is chosen as the

coordinate system origin with the boundary along the Tucson Mountains as

the y-axis (see Figure 8). The area is then divided into a 7x23,
1

-2 2

mile square grid. The water levels are read at the node points from

3h
2
h

2
h 

contour maps. Data from 1962-71 are used. Values of--, Dt	 d/ ay
2h 
)c.Dy and 

2hare computed with the help of spline functions at each of the

5x21 = 105 points for each of the ten years. Again, because of the large

number of results, these derivatives are shown at only two of the 105

points in Table 5(a and b). In order to emphasize the low magnitude of

the derivatives, they are written in feet/feet units. One difference

that is immediately noticeable between Tables 3 and 5 is the total

absence of any systematic change in the values of the derivatives in

Table 5. For example, in the finite difference model, the derivatives do

not change sign at a point and the magnitude changes slowly and

systematically. In the case of the Cortaro area, the sign as well as the

magnitude of the derivatives change from year to year in a seemingly

unsystematic manner. This may be attributed to the manner in which

pumpage and recharge varies in the Cortaro aquifer which does not follow

any fixed or simple pattern. Also, no approach to steady state can be
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observed in the Cortaro area. It is to be emphasized that such data is

far preferable for the application of DIMSIP than data used for the test

problem described in section 5.1.

5.3.3	 Estimation of Parameters in the
Cortaro Area

Equation [66] in Chapter 4 is the model used to estimate the

parameters. A value of 0.13 is used for the coefficient of storage at

all points. Because the nonlinear constraint T T	 -T
2 

> 0 will havexx yy	 xy —

to be included in this case, the minimization problem is non-convex. To

locate an appropriate starting point, a test is first carried out at a

few of the 105 points. By starting from different initial values, a num-

ber of local minima are determined. The initial values which give the

minimum value of f(X) is then used with all the other points in space.

The values of the objective function at various points are then compared

and the problem is solved again with different initial values at points

where the f(X) is appreciably greater than at other points. Once

suitable initial values are located, it takes less than 10 seconds (on a

CDC 6400 computer) to solve the problem at each point. The results

obtained are as follows.

The values of Txx' 
Tyy' 	T

 and T are shown in Table 6.
Y

Based on pumping test results in the Cortaro area, Anderson (1968), in

his electrical analog model of the Tucson Basin, used transmissivity

values ranging between a low of 0 near the Tucson and Tortolita Mountains

to a high of 180,000 gallons per foot per day. The values of T obtained

from DIMSIP are about one order of magnitude less than those from the

pumping tests. One explanation of this difference is that the two values
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represent parameters in different models. While a pumping test value is

obtained on the assumption of radial flow in a homogeneous, isotropic

aquifer of infinite extent, the ones in DIMSIP represent the parameters

of a regional model which assumes two-dimensional flow in a heteroge-

neous, anisotropic, finite aquifer.

To illustrate the shape of the hydraulic conductivity tensor, the

direction of the flow velocity at node point (4,20) for 1967 is deter-

mined in Figure 9. The magnitude of the velocity, however, cannot be de-

termined from Figure 9. Both the magnitude and the direction can easily

be calculated analytically by simply finding the vector sum of the veloc-

ities in the x- and y-directions which are calculated from Equation [65].

The angle between the original x-axis and the major principal

axis is found to be -89.36 degrees at all the 105 points considered.

This implies that the direction of Tx in Table 6 is the same as the gen-

eral direction of the Tucson Mountains (this direction was originally

assumed as the y-axis). Notice that the Santa Cruz River runs almost

parallel to that of Tx. 
Because the principal directions are found to be

the same at all points, we can assume one set of principal directions for

the entire area.

Values of Q are computed at each of the 105 points. The values

of Q represent the net amount of water flowing into or out of the area

surrounding a point. Notice that Q, which is, in fact, a function of

time, is not considered such while solving the inverse problems.

Therefore, the Q obtained is an average over 10 years, the period

under consideration here. Obtaining the algebraic sum of Q at all
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points and multiplying it by the area (25.25 sq. miles) under

consideration, we find that a net amount of 4,000 cubic feet (or about

30,000 gallons) of water per minute is being extracted from this area.

As explained in section 5.3.1, there are two open boundaries in this

area. It is found that the eastern boundary (column 6 of the grid) is a

positive boundary through which about 160 gallons of water flow in

every minute. The above quantity is based on assuming a saturated depth

of 300 feet in the area. Based on the same assumption, it is found that

the southern boundary is a negative boundary through which water flows

out at the rate of about 50 gallons per minute. This result is contrary

to what one would expect from the general direction of flow, which is

from southeast to northwest. Notice, however, that the flow is quite

small and it may be caused by local pumping.

We have shown that, except for initial conditions, the other

quantities such as parameters, boundary conditions and inputs can be

solved for by DIMSIP. The application of DIMSIP to chemical transport in

the Cortaro area is described below.

5.4 Application of DIMSIP to Nitrate 
Transport in the Cortaro Area 

The main source of nitrates in the Cortaro area is believed to be

the sewage effluent from the Pima County and Tucson Sewage Plants, part

of which is used for irrigation and the rest is released to the Santa

Cruz River. The secondary effluent contains appreciable residual

nitrogen, principally as ammonia, which is oxidized during its transit

downstream.
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Data on nitrate concentration () are available for October 1966,

January 1970, October 1970, January 1971, October 1971 and October 1972.

Equation [70] in Chapter 4 is used as the model for nitrate transport.

The steps to be followed in solving the inverse problem for nitrates are

essentially the same as for fluid flow. However, early in the analysis

certain inconsistencies in data came to light which make the data unfit

for a definitive study. Large errors in data are detected during the

application of spline functions. The space derivatives of cp are found to

be of the same order of magnitude as of h. This is a reasonable result

in view of the fact that the fluid motion accounts for a major portion of

the chemical transport. In contrast, the time derivatives of (I) are found

to be much steeper than those of h. This is shown in Table 7, where the

value of (I) and 2±. are presented for two arbitrarily selected node points.Dt

Since there is no plausible physical reason which can account for the

large differences in the (I) values from one time period to another, the

inference is drawn that there are large amounts of errors in data. On

investigation it is found that undetermined amounts of errors have indeed

been introduced during the titration analysis in some of the time

periods (Sebenik, personal communication, March 15, 1973).

Notice that the flow velocities u and,v must be known for

Equation [70] to be applicable. Since the data on h from which the flow

velocities are to be determined are observed only in October and not in

January, the values of u and y cannot be determined in the month of

January. This points to an important conclusion that the sample for

chemical analysis should be taken at the same time as the hydraulic

head is measured. If the heat flow analysis is to be performed, the
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Table 7. Values of (I) and	 at Two Node Points in the

Cortaro Area.

Location (2,2)

(PPm)

(4,19)

Time of
Observation

(I)
(PPm)

4
9t

(Plom/Yr)

4

(1010m/Yr)

Oct. 1966 6.0 +42.26 15.0 +17.20

Jan. 1970 25.0 -68.99 35.0 -18.04

Oct. 1970 5.0 -33.82 30.0 - 6.20

Jan. 1971 16.0 +25.19 35.0 + 4.30

Oct. 1971 20.0 +20.99 35.0 +	 1.25

Oct. 1972 8.0 -19.05 22.0 +21.87



between 0.1-20 m2
/day (1 meter 2 = 10.76 feet 2) and that of D

y between

0.01-10 m
2
/day. The ratio DID varies between 1-20. The variabilityx y
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temperature should also be measured at the same time as the hydraulic

head. For further calculations, the time periods for which hydraulic

velocities are available, that is, October 1966, October 1970 and

October 1971, are only considered.

On solving for D , D and D , a wide variation in theirxx xy	 YY
values is found. The principal directions also vary from point to point,

although at a majority of the points (70 out of 105), the principal

directions of the dispersion tensor coincide with those of hydraulic

conductivity tensor for the same area. The values of D
x 

are found to lie

in results is such that no definite conclusions can be reached regarding

D
x 

and D .
Y

Unfortunately, no earlier study of this nature is available for

comparison purposes. Most of the laboratory and field studies on

dispersion pertain to uniform flow in isotropic medium. Percious (1969)

D
studied the aquifer dispersivity 

(
-
E

'
 where D

R 
is the dispersion

V

coefficient in the flow direction and V is the average velocity of flow),

by recharge-discharge of a fluorescent dye tracer through a single well

in the Tucson aquifer. He found the dispersivity to vary between .15 m

and .25 m. Assuming an average velocity of .1 m/day, these values are

much smaller than those found by DIMSIP. The need for a definitive study

with better data is indicated.

No data on temperatures is available on the Cortaro area and

hence a study on heat flow cannot be made. It should be observed that
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under normal circumstances, the heat transport in aquifers is insigni-

ficant. However, DIMSIP can be used with advantage in studying heat flow

in those aquifers which are used for disposing waste water at high

temperature, such as from electrical generating power plants.

Propagation of uncertainties in solving the inverse problem is

discussed in the next chapter. Also included is a discussion on model

validation and problem of aquifer sampling.



CRAPTER 6

RELATED PROBLEMS, RECOMMENDATIONS AND CONCLUSIONS

6.1 Introduction 

This chapter is devoted to a discussion of those problems which

are related to and depend upon the calibration method. Three such prob-

lems are evaluation of the uncertainties in calibration, model validation

and space-time sampling of aquifers. Their interdependence may be

explained as follows. The uncertainties in calibration are caused by

errors in data. One should design the sampling network such that, con-

sistent with other considerations, these errors are as small as possible.

If the uncertainties in calibration can be explicitly evaluated, then it

may be possible to make probabilistic statements about the predictions of

the model. To a large extent, this will solve the model validation prob-

lem. To obtain definitive solutions to any of these problems, consider-

ably more work than that reported here is required. The development of

this chapter, therefore, is in the spirit of making suggestions for fu-

ture research. The uncertainties in calibration are discussed first.

6.2 Uncertainties in Calibration

6.2.1	 Effects of the Noise in Data

All methods used to solve the inverse problem are solely depen-

dent upon field data on u, the dependent variable -- u evolves

continuously in space and time, but in practice, it is only possible to

135
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measure it at discrete intervals such that a complete knowledge of u is

never available. The process of interpolation or extrapolation required

to estimate values of u at non-sampling points introduces an

undetermined amount of error in the u function. Even at the sampling

points, due to either instrumental or human factors, some errors are

invariably introduced. Thus, because the data on u are both inadequate

and inexact, the outcome vector (denoted in general by P) of performing

any operations on u, will always have uncertainties. There are two ways

to deal with these uncertainties. One way is to smooth or filter the

data before or duing the operations performed on it to obtain P. In this

procedure, a "best" (in some predefined sense) value of P is sought.

In DIMSIP, a least square criterion, Equation [102], is used. However,

other criterion such as minimization of sum of absolute values of errors

and minimization of the maximum error may be selected. Generally a best

estimate with respect to one criterion is not best with respect to the

other. In this sense, a best estimate is not unique.

The alternative method is to consider explicitly the effect of

errors in u on the determination of P. In this case, the dependent

variable u(x,y,t) may be considered a random variable for each

(x,y) c	 and t	 [0,T). That is, u defines a stochastic process with a

three-dimensional parameter space. In short, the family {u(x,y,t),

(x,y) 6 o, t	 [0,T)} is a random field. In this framework, the inverse

problem is solved when the probability distribution function (pdf) of P

(rather than a single "best" value) is obtained from a given pdf on u.

The P thus obtained would in turn be used to model the aquifer. Such a

model, we believe, would be capable of evaluating the uncertainties in
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its forecasts which may lead to better management decisions. In the

following, we explore a possible approach for evaluating the

uncertainties in DIMSIP.

6.2.2	 Evaluation of Uncertainties in
DIMSIP

Due to the presence of noise in data, we assume that the

observation vector is a random vector so that

Y. = y 
ti

 + e, ;	 i = 0, 1, ..., n+1 ;	 [117]

where y 	are the true value of y. (the	 the noise1	 1

and 0, 1, ..., n+1 represent the (n+2) sampling points. The number

(n+2) is chosen because it makes the later equations simpler to write.

To proceed further, Y i must be assigned a certain pdf. In the absence of

other infoimation, this will have to be done subjectively. From the

practical point of view, depending on one's confidence in the

measurement process, we may assign a number wi such that

Y. - w. <y	 <Y. + w.t. [118]

For example, we may say that the observations on water levels are

correctto+Sfeetinwhichcasew.=5 feet. Also from physical-1

reasons, we know that Y.
1

	be less than zero and its maximum value

cannot exceed a certain finite number. For example, for fluid flow, Y i

cannot be more than the depth to bedrock. Under these conditions, we

assumethattheY.'s have a joint multivariate normal distribution. To1

simplify matters, we also assume that Y's are uncorrelated and have

uniform variance, that is, each is independently normal with variance a
2

.
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The observed values of y i may be assumed to be the mean pi of Yi . The

value of o may be obtained by assigning a small probability to the event

that the true value o f Y. lies outside the interval defined in

Equation [118]. That is, we let

FTL	 y	 <	 + INT.)	 p ,— t. —
[119]

where p is small such as 0.01. a can be easily calculated from

Equations [118] and [119]. For example, with p = 0.01 and w i = 5, a

comesoutto2.0.Y.can be normalized to Z. by the transformation1	 1

Y. -

a
	 [120]

so that Z. are jointly distributed as a multivariate normal with mean

vector zero and an identity covariance matrix. In other words, Z.  are

independent and identically distributed (i.i.d.) with zero mean and

variance one.

To evaluate explicitly the uncertainties, the effects of the

errors in data are traced through each step of D1MSIP. The first

computational step of DIMSIP is the estimation of derivatives of u. As

explainedinsectionW,thesecondderivatives("can be

calculated by solving the matrix, Equation [90]. As suggested in the

same section, a similar equation can also be written for obtaining 
the

firstderivatives,111..The solution of Equation [90] may be written 
as

M = BD

whereMisthe(nxncolumnmatrixofM.'s, B is the inverse of the

matrix on the left-hand side of Equation [90]. Each element 
of B is a

functionofx.(the 'location of sampling point) only and 
hence is exactly

1

[121]
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determined. The existence of B is implicitly proven when the existence

of spline functions is proven (see Appendix I). Di , the elements of D,

are random variables, since they are functions of Yi . From Equation [90]

and because D
0
 and D

n+1 
are explicitly known (see section 4.4.4), we have

6 (
1+1	 1	 i 

h. 	i = 1, 2, ..., n ;D. =	 [122]h. 
1+1

Where h.	 x.
1
 -x. is the sampling interval. Making the transformation

1+

given in Equation [120], and rearranging terms, we get

D. = e.	 Z.	 + f.Z. + g i _,Z i _ i + r.

	

1	 1+1 1+1	 1 1

60 where e.	 -
1+1.11114

6a(h i +h 14.1 )

h.	 h.
1	 1+1

6a

h	1-	 .
1

6p. 	6p.(h.+h.	 )	 6p.
111+1	 1 1 1+1	 1-1

	r.	
11 .	 h.	 h.	 h.	 •1+1	

1+1	 1

[123]

[124]

From Equation [119], the mean values of Di 's are simply

E[D.] = r. .
1	 1

The variance-covariance matrix, V(D), of Di is computed and shown in

Equation [126] on the next page. As the matrix is symmetrical, only

lower triangular elements are shown. Thus, given pi , a and h i , the pdf

o f D. can be explicitly obtained. Observe that the D.'s are not
1	 1

uncorrelated. Coming back to Equation [121], the Mi may be written as

[125 ]
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M. =
1
 b..D. ;	 i = 1, 2, ..., n ;	 [127]

1	 j= 	lj j

that is, M. are linear combinations of D. and therefore M. also have a1	 1

joint multivariate normal distribution. The mean vector and the

covariancematrixforWcan also be computed in the same manner as has

been explained for D..
3

The second step in DIMSIP is the estimation of the parameters by

nonlinear programming. To trace the uncertainties through this step, the

problem is posed again in terms of solving a linear system of equations

as is done in section 4.5.1. Equation [100] in Chapter 4 represents the

linear system of equations which must be solved to obtain the parameter

vector. Writing this equation symbolically, i.e.,

AX = B ,	 [128]

where Xis the parameter vector (i.e., Kxx , Kyy' etc.),
 Ais the 6x6

matrixwhoseelementsareWand some of the m., and B is the column1	 1

vector with the remaining mi (time derivatives) as its elements. Since

M. and m. are now random variables whose pdf's have been dete niiined
1	 1

above, A and B in Equation [128] therefore are random matrices. The

problem, then, is to determine the pdf of X. There does not seem to be

any simple way of doing this. A possible method of obtaining the first

two moments of X is to assume A and X to be independent and simply take

expectation of both sides of Equation [125], i.e.,

E[A] E[X] = E[B] , 	 [129]

where, by E[A], we mean the matrix with E(a) as its elements.1)

Equation [126] can be solved for E[X]. A similar relation can also be
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developed for the second moment. However, the existence of the inverse

of E[A] cannot be guaranteed under all conditions. Another possible

approach is to obtain the pdf of X by simulation of Equation [127].

If successful, the above approach will provide the means to

obtain the pdf (or at least, the mean and the variance) of the

parameters. In addition, by obtaining the variance of the parameter

vector, for different values of w i in Equation [118], one can study

the sensitiveness of DIMSIP to errors in data. Depending on the

acceptable level of variance, an upper limit on the errors in data

(beyond which the data is useless for calibration) can be established.

The close dependence of model validation on the propagation of uncer-

tainties in calibration is discussed next.

6.3 Problem of Model Validation

After calibrating a model, one must establish the credibility of

the model's responses under future, yet unknown, 
conditions. A

calibrated model may not be valid because (1) a wrong hypothesis is

chosen at the start and (2) wrong parameters are 
selected during

calibration because of inadequacy of the data. 
Because factors (see

section 2.13, Chapter 2) other than the close 
proximity of the model to

the prototype enter into consideration, it is not uncommon to choose 
a

wrong model. For example, because of the 
difficulty of evaluating

anisotropy, it is often neglected even when its presence is suspected.

As suggested in section	 , the chances of 
choosing a wrong model are

considerably reduced when a generalized flow 
model is used. That DIMSIP

is capable of treating a generalized 
flow model is clear from the example
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in Chapter 5 on the Cortaro area. There may, however, still be errors

due to wrong choice of hypothesis because not all flow conditions (such

as turbulent flow of karstic conditions in which case Darcy's law is

inapplicable) can be simultaneously represented in one model.

There is a chance of selecting incorrect values of the parameters

because calibration is done from limited data which may not represent the

system behavior under all conditions and also because data usually

contain measurement and interpolation errors. In the case of natural

systems such as groundwater, one will have to wait for the system to

actually evolve before a comparison between the model prediction and the

system behavior can be made. In this sense, the validation of aquifer

models is a process that continues as the system evolves. In fact, with

each new observation, the model should be recalibrated. When new

observations do not change the parameter vector, it may be reasonable to

assume that the model is validated. As a temporary solution of the

validation problem, the uncertainties in the model prediction should be

worked out. Ideally, when the model is validated, the uncertainty should

approach zero.

With the approach discussed in section 6.2.2, the stochastic

description of the flow parameters will be obtained. The use of such

parameters in the flow PDE transforms them into stochastic differential

equations. Such equations are currently being explored by mathematicians

(for an introduction, see Saaty, 1967). The available results (as known

to this author) cannot be directly applied to problems such as aquifer

modeling. However, the application of stochastic PDE's to groundwater
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merits a deeper study. By assuming the parameters to be independent

random variables, and assigning them subjective pdf's, Bibby (1971) and

Sunada (1972) have studied the propagation of uncertainties in aquifer

models by simulation. In any case, it is to be emphasized that in the

absence of complete validation, such models are better suited to

management decisions than the purely deterministic ones. It should be

noted that the success of calibration as well as validation of an

aquifer model depends upon the appropriateness of aquifer sampling,

brief description of which is given below.

6.4 Problem of Aquifer Sampling 

In general, the purpose of aquifer sampling is to establish the

state of the groundwater body at a given time. Such knowledge is

essential for forecasting or prediction. Mathematically, the question 
we

may ask is: In what sense does a discrete sample measurement convey

information about the variation of a continuous field of values within an

infinite observation space? Notice that by a discrete sample 
value, we

mean a measurement influenced by a 
negligibly small space/time region of

its argument. To answer the above question, the basic 
assumption to be

made is that the values of the variable of 
interest at neighboring points

are correlated in some way so that a 
finite density of sampling points

can yield useable information about the 
function over all space. It

should be recalled that the flow PDE's, which we 
have used in the

preceding chapters, express the relationship between 
the values of the

dependent variable u at neighboring points. But 
because the parameters

of the PDE are not known to start with, spline functions 
are used to
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express this relationship. That both the density and the location of

sampling points affect the spline interpolation is shown clearly by

Ahlberg et al. (1967, pp. 103-105), and by Schultz (1969, pp. 279-345).

In fact, the theory so developed can be used to locate points where

measurements need to be made for better interpolation. The important

thing to be realized is that no finite set of the values of u can

define its values at all points and that it can only be inteipolated to

non-sampling points with errors. In this sense, the best sampling

scheme is one that gives the lowest residual error. It is in this

context that we need to develop a sampling theory.

The sampling problem, however, is not purely mathematical. For

a complete design of a network, we need to specify: (1) the density of

sampling, (2) location of sampling points in space and frequency of

sampling in time, (3) quantities (or the variables) to be measured, and

(4) the mechanics of measurement. These four factors are not independent

and a decision on one affects the decision on the others. For example,

if flow velocities can be measured, then the requirement regarding the

mechanics of measurement and the density of sampling would be quite

different than when hydraulic pressures are measured. The density,

location and frequency of measurement in a region is conditioned by

several factors such as climatic conditions, 
vegetation, geomorphological

structure, density of river system, soil conditions, depth 
of zone of

aeration, geologic features, and the use to which groundwater will be

put. Additional factors that play a large role 
in the design of sampling

schemes are finances, availability of trained 
personnel, nature of
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available instrumentation and accessibility. Also, there are certain

sampling points such as springs, lakes and rivers which are fixed by

nature. In this sense, a mathematical theory cannot be expected to

answer all the questions about sampling and some subjective decisions

will have to be taken. One such decision pointed out by the study on

the Cortaro area is that all variables of interest such as h, and 0

should be measured simultaneously in time.

6.5 Recommendations for Future Research 

In summary, we recommend the following for future research:

(1) The propagation of uncertainties in the calibration

procedure should be studied. An effort should be made to develop methods

for obtaining the distributions of the parameters rather than a single

best value.

(2) The validation problem should be solved in the context of

developing models which can take into account the uncertainties in

parameters, inputs and initial and boundary conditions.

(3) Sampling schemes should be developed so that, consistent

with other requirements, the state of the groundwater system at a given

time can be estimated with fair accuracy.

(4) The use of spline functions for solving various groundwater

flow problems should be investigated. Their use in drawing iso-contours

is suggested. Also, recognizing that the spline concept is essentially

variational (the minimum curvature property), their use in solving the

flow PDE by the finite element method should be investigated. The

subject of multidimensional splines merits a deeper study.
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(5) A search for a better and simpler method than the method of

the sequential unconstrained minimization used in this study should be

made.

6.6 Conclusions 

The following conclusions are drawn from this study:

(1) Five different types of inverse problems may exist in

modeling groundwater flow by partial differential equations. They are

the estimation of (i) parameters, (ii) initial conditions, (iii) boundary

conditions, (iv) inputs, and (v) a mixture of the above.

(2) The direct method to solve the inverse problem (DIMSIP),

developed in this study, solves the inverse problem type (v). It

estimates parameters, boundary conditions and inputs. DIMSIP does not

solve for initial conditions.

(3) A generalized flow model for heterogeneous and anisotropic

aquifers should be used to solve the inverse problem. This will reduce

the risk of distorting the model (and hence its parameters) by making

wrong assumptions regarding the nature of the medium.

(4) The partial differential equation of flow is not required to

be solved in DIMSIP. For this reason, heterogeneity and anisotropy can

be evaluated. In considering anisotropy, if the principal directions

are not known at the start, DIMSIP will solve for them.

(5) DIMSIP can solve the inverse problem in the absence of

initial and boundary conditions. Thus, the method is applicable to open

regions with no physical boundaries. However, if boundaries are known,

these can be easily taken into consideration.
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(6) There are two limitations of DIMSIP: (i) nonlinear flow

models such as the case when parameters are functions of the dependent

variable cannot be considered unless the functional relationship is

explicitly known, and (ii) one of the unknown parameters is required to

be known.

(7) Spline functions are admirably suited for estimating the

dependent variable surface. These functions possess the four properties

of (i) flexibility (i.e., piecewise representation of the surface),

(ii) continuity of derivatives, (iii) minimum curvature and

(iv) convergence of derivatives, which are not possessed by other

interpolating schemes. That the dependent variable surface in ground-

water flow should have the same four properties can be argued from

physical principles.

(8) Spline functions and the method of sequential unconstrained

minimization are successfully used for solving the inverse problem in a

test case as well as from real-world data.



APPENDIX I

INTRINSIC PROPERTIES OF SPLINES: PROOFS OF THEOREMS

Proofs of the three theorems on spline functions stated and used

in Chapter 4 will be presented here. These theorems represent those

properties of splines which make them admirably suitable for solving

groundwater problems. Most of the material in this appendix is

assembled from Greville ( 1969b) and Ahlberg et al. (1967). In the

following, it is assumed that data is given at n+1 distinct points

between a and b, i.e., (x0'
 y0), (x 1 ,

 y1),
	

(x
n' 

y
n
) where a = x0

and b = xn
. The properties of odd-degree splines are different from

even-degree splines and because only cubic splines are made use of in

Chapter 4, discussion is restricted to odd-degree splines.

Let

a < x <xl 
<	 . < x	 b

—O	n

be the abscissas of the data points and let the spline be of odd-degree

(2k-1) such that

1 <k < n .	
[I-2]

It is known that a natural spline of degree 2k-1 with 
the

indicated data points (knots) can be represented as

2k-1
s(x) = p(x) + E C.(x-x.)4.	 ' P E 11k-1

j=0 3 	3

and
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E C.xr = O ,	 r = 0, 1, ..., k-1
j=0 3

where k-1 
contains all polynomials of degree (k-1) or less.

Existence and Uniqueness 

The following Lemmas and Corollaries shall be made use of in the

proof of Theorem 1 on existence and uniqueness.

Lemma L-1. Let S be a spline of odd degree as in (I-3) and let f

be a function having the following properties:

(1) f e C
k-1 

[a, b] and f
(k) .is continuous in each open interval

(xi , xi+1 ), i = 0, 1, n, with xo = a and xn+1 
= b, when

appropriate.

(2) f(k-r-1) (x) S
(k+r) (x) = 0 (r = 0, 1, 	 k-2; x = a, b).

(3)	 f(a) S
(2k-1) (a-0) = f(b)

	(2c	 (b+0) = 0, then

b	 n
f f

(k) (x) S
(k) (x) dx = (-1)

k (2k-1)!	 E C.f(x.) .	 [I-S]

a	
i=0

Proof of Lemma L-1. By successive integration by parts, we have

k-2
f f

(k) (x) S
(k) (x) dx = E (-1)

r [f(k-r	 (b) S
(k+r)-1)	 (b)

a	 r=0

- f (k-r-1) (a) 
S(k+r) (a) ]

+ (-1)
k-1 f ft(x) S

(2k-1) (x) dx .	 [I-6]
a

The summation in the right member of (I-6) vanishes because 
of

property (2). Since 5
(2k-1) is a step function with the same knots as S,

the integral in the right member of (I-6) is 
a sum of integrals of the

form
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f(x) dx = n i [f(x14.1 ) - f(xi)]	 [I-7]

where n
i is the constant value of S

(2k-1) 
in (x., x. ). Summing the1	 1+1

right member of [I.-7] with respect to i and rearranging terms gives

E	 [S (21( -1) (c. -0)
i=0	 1	 1 - s (2k-1) (x.+0)] + f(b) 5 (2k-1) (b+0)

- f(a) S (2k-1)
(a-0) .

Now the last terms of [I-8] vanish by property (3), while successive

differentiation of [I-3] gives

(2k-1) (x.4.0) 	5 (2k-1)
(x.-0) = (2k-1)1 C.1

	

(i = 1, 2, ..., n) 	 [I-9]

In view of [I-8] and [I-9], [I-6] reduces to [I-5].

Corollary C-1. If, in addition to the hypotheses of Lemma L-1,

f vanishes at every knot of S, then

f f(k) (x) S (k) 
(x) dx = 0 .

a

Corollary C-2. Let [I-1] hold, let S be a natural spline given

by [I-3] with k > 1, and let f cCk-1 [a, b] be such that f (k) is

continuous in each interval (x.' 
x.1+1 )' i = 0, 1,	 n, with x = a and1 

x
n+1 = b, when appropriate, then

f 
f(k)fl

 S
(k)

(x) dx = (-1)
k
(2k-1)! E C. f(x.) .

a	 i=1 1	1
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If, in addition, f vanishes at every knot of S,

f f (k) (x) S (k)
(x) dx = 0 .

a

Proof of Corollary C-2. Since S e n
2k-1 (x0 , x1'	 xn) it

follows that S (k) is a spline of degree k-1 that vanishes identically for

x Lx0 and for x Lxn. Consequently, conditions (2) and (3) of Lemma L-1

are fulfilled, and the first conclusion follows. The last statement is a

consequence of corollary C-1.

Lemma L-2. If a function g vanishes for n > k distinct

arguments and g (k) is identically zero, then g is identically zero.

Proof of Lemma L-2. Clearly g e
k-1 and the conclusion

follows.

Theorem 1. For a given set of data points satisfying [I-1] and k

satisfying [1-2], there exists a unique natural spline S,

S e n (x
0' x	 xn) that interpolates the given data points.

Proof of Theorem 1. The statement that S interpolates the points

(xl , Y1), (x2 , Y2), (xn, Yn) is tantamount to the assertion that the

relations

S(xi) = yi ,	 i = 0, 1,	 n ;	 [I-10]

are satisfied. Expression [I-3] contains a total of n+1+k coefficients,

andsubstitutionofthisexpression,with x = x .,in the left member of

[I-3] gives n+1 linear equations in these coefficients, while [I-4]

provides k further linear equations. The theorem will be proved if it

can be shown that the overall linear system is non-singular.
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This will be established if it can be shown that the

corresponding homogeneous system has only the trivial solution in which

all n+1+k coefficients vanish. In other words, we need only show that

the only S o E n
2k-1 (x0' x1, xn) that interpolates the data points

(xo , 0), (x l , 0), ..., (xn , 0)

is the trivial one that is identically zero everywhere. To prove this,

let S0 be a natural spline with the required properties and consider the

integral a(S 0) given by

b
a(So) = f [S

(

l'-) (x)] 4 dx .
a

[I-12]

By Corollary C-2, identifying both f and s with S o , we conclude that
a(S0) = 0.

By definition of a(S 0 )' this implies that S
(k) 

vanishes0

identically. Consequently, by Lemma L-1, S o is identically zero as

required.

Smoothness and Best Approximation 

The following Lemma is required for proving that the natural

spline is the "smoothest, or best" interpolating function where, by

"smoothest," we mean that for a function g, the integral

a(g) = f [g
(k)

(x)]
2 

dx
	

[I-13]
a

is minimized, with k > 1.
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Lemma L-3. Let f
1 , f2 be piecewise continuous and such that

and let

and

then

f f
1
(x) f

2 (x) dx = 0a

f = f1 + f2

o(g) = f [g(x)] 2 dx
a

[I-14]

[I-15]

(g E L2 (a, b)) ;	 [I-16]

P(fl )	 P(f)	 [I-17]

with equality only if f = fl at all points of continuity of f2 .

Proof of Lemma L-3. In view of [I-14], [I-15] and [I-16],

P(f) = P(fl )	 P(f2 )

Since p(g) > 0 for any g, [I-17] follows at once. Equality holds in

[I-17] only if p(f2) = O. But this implies f2 = 0 at all points of

continuity, and consequently f = fl at such points.

Corollary C-3. Let f	 f2 
c Ck-1 [a, b] have piecewise continuous

k-th derivatives such that

f f (k) (x) f (k) (x) dx = 0
1	 2

a

and let f
2 
vanish for n > k distinct arguments in [a, b]. Let f be

defined by [I-15], and a(g) by [I-16] for any g. Then,

a(fi )	 a(f)
	

[I-18]

with equality only if f =
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Proof of Corollary C-3. Inequality [I-18] follows immediately

from Lemma L-3, with fi(k) , f (k)2 , f(k) assuming the roles of fi , f2 , f in

that Lemma. If equality holds in [I-18], then, by the continuity of

f(k-1) , f (k)	
O. By Lemma L-2, f2 (x) E 0, and so f = fi .

Theorem 2. Let S be the unique natural spline interpolating data

that satisfies [I-1] and let k satisfy [I-2]. Let f be any other

interpolating function for the same data points such that f c Ck-1 [a, b],

and f(k) is piecewise continuous, then

[S
(k)

(x)] 2 dx < f [f (k) (x)] 2 dx	 [I-19]
a	 a

with equality only if f = S.

Proof of Theorem 2. Applying Corollary C-2 and identifying f

with (f - S), we conclude that

f S (k) (x) [f (k) (x) - S (k) (x)] dx = 0 .	 [I-20]
a

We next apply Corollary C-3, identifying fi with S and f2 with (f - S). In

view of [I-20], the hypotheses • of the corollary are satisfied. The

conclusion of the theorem follows immediately.

Convergence Properties 

Only one theorem on convergence properties of cubic splines is

given here. For details about general convergence properties, see

Ahlberg et al. (1967) and the references cited therein.

We first define the mesh norm as follows. Let {L k } be a

sequence of meshes on [a, b]:

. < Xk,N = bk
[I-21]A

k
: a = x 	<X 	<k,0	 k,1
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Set

hk,i = xk,i - xk,i _ i

and define the norm of A
k 

to be

IlAkli '	 • max 	(hk,i) .
1	 3 

—

< N
k

[I-22]

[I-23]

We shall be concerned with sequences {A
k
} for which I1A

k
11 -+ 0 as k

Theorem 3. Let f(x) be of class C 2 [a, b]. Let {Ak } be a sequence

of meshes on [a, b] with lim 114 1„ 11 = 0. If the spline of interpolation
S (x) to f(x) on A

k satisfies appropriate end conditions, then we haveA
k

[f(x) - S (P) (x)] = 0 (j1A01 2-13 )
Ak

p = 0, 1, 2 ;	 [I-24]

uniformly with respect to x in [a, b]. If f"(x) satisfies a Heilder

condition on [a, b] of order a(0 < a < 1), then

f (P) (x) - S (13) (x) = 0(11Ak 11 2+a-P)A
k

p = 0, 1, 2 .	 [I-25]

Proof to Theorem 3. As in the text (Chapter 4), we designate by

M.thesecondderivatives,(y,andbym.,the first
3

derivatives, i.e., S (x.). By appropriate end conditions we mean the
Ak 3

conditions on M or in at x = a and at x = b. We are generally concerned

with end conditions, which, for convenience, we write in the form

2M0 + X0M1 = do ,	 pNMN...1 + 2MN = dN •	 [I-26]

We introduce the notation

h.
x . 	3+1 
j	 h.+h.j+1

(j = 1, 2, ..., N-1) .p. = 1 - A.
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The continuity requirement (see Chapter 4, Equation [86]) then becomes

[(y1.0 -Y i )/h i ., 1 1 - [(Y.-Y. 0/ 11 -]p.M.	 + 2M. + X.M.	 - 6 	 )	 )	 . [1-27].3 J -1 	J	 3 3+ 1 	h. + h 1

For the non-periodic spline, the defining equations, [I-26) and [1-27],

are now written as

2X0 0	 .	 0	 0	 0

Ul 
2	 X

1 	0	 0	 0

0	
P2 

2 	0	 0	 0

-

M0

M
2

[I-28]

2	 X
N-2	

0

. PN-1	
2	 X

N-1

0	 p
N	

2

MN-2

MN-1

M
N	 dN

d0

d
l

d
2

dN-2

dN-1

where d. (j = 1, 2, ..., N-1) represent the right-hand member of

[I-27]. For the periodic spline, the defining equations are



-2 X
1 0

u
2 

2	 A
2

0	 p
3 

2

M --1

M
2

M
3

d
1

d
2

d
3

dN-2

d
N-1

MN-2

N-1

MN
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[I-29]

2	 X
N-2	

0

UN-1	 2	 XN-1

0
N	

2

with MO = Mn and AN = h 1
/(h

N 
+ h

1
), p

N 
= 1 - AN The end conditions are

now classifiedintermsofM.as follows. At x = a:
3

	

6	 37 1 -Y0 
(1) 2M + M -	 (	 Y')0	 1	 h	 h

1	
0 '

1

(2) 2M0 = 23740 , and

(3) 2M
0
 + X0M1 = d .

 0

At x = b:

6	 YN-YN-1
)(1) MN _, + 2MN =	 (y;/	 h

N

(2) 2MN = 2y1,\I , and

(3) 11N MN-1	 2MN = dN •

We set Mk = (M,
	' K,0' Mk,1'	 Mk,N

T
kJ
I

d =k K,0' d1c ,1' ••'' dk
'
N
k 

,T 
in the non-periodic case and

[I-30]
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(M
I T

k,1'	 k,N	 ' (d k,1'	 dk,N )
T

in the periodic case. Let Ak

denote the coefficient matrix in [I-28] or [I-29] associated with the mesh

Ak . Then [1-28] for end condition (1) and [I-29] can be written in the

form:

Ak (Mk - dk/3) = (I k - Ak/3)d
k [I-31]

where 1k is a unit matrix. The right-hand member, in these two cases,

takes the form (dropping the mesh index k)

d
0 

- d
1

p
1
(d

1
-d

0
) -

1
(d

2
-d

1
)

p
2
(d

2
-d

1
) - A 2 (d 3 -d2 )

p
1
(d

1
-d
Nk
) - 1 (d2 -d 1 )

p 2 (d 2 -d 1) - X2 (d 3 -d 2 )

p
3
(d

3 -d2) - X 3
(d

4 -d3)

1
-3-

d
Nk 

- dN
k-1

11Nk (dNk
-dN

k-1
)	 XNk (dl-dNk)

Wenotethatd./6 is the divided difference f[xj _ i , x j , xj4.1 ] in the

periodic case, and when j / 0 or N in the non-periodic case,

d.	 [(f.
+13+1

 ] - [(f.-f. ,)/h.]
_ 	3 3	 3-j- 	= f[x.	 3'	 3x.	 x.	 ] .

6 -	 h. + h.	 3-1'	 +1
j+1

1This is equal to	 fu(y at some location	 in the interval

xj..1 <: Y:	 Xj.1.1. It is also true by the Taylor theorem that the

quantity d0 /6,
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do 	[(f1 -f0 )/h 1 ] - f6
6	 h 1

1is equal to y f"( 0)at some location in the first interval, and a

similar assertion can be made for dN . It follows, therefore, that

Il(Ik -Ak/3)dk W < p(f"; 3IlA k II) < 3p(f"; IlA k II), and we obtain from

[I-31] the inequality

11 Mk -dk/ 3 11	 II -111°11 (I k -Ak/3)dk II	 3p(f"; IlA k II)

since IlAk II < 1.

It is clear that Ilq-dk/3 II < p(f"	 Ak11), and it follows that

IIMk -f"k I I < 4p(f"; IIAk II)	 From the piecewise linearity of S" (x), weAk

obtain the inequality

If"(x)-S	 (x) I< 51j(f"; 	'k1 1)k

If f(x) satisfies a Holdert condition of order a on [a, b], then we find

for some K independent of k and x,

If"(x) -	 (x)I
-	

< SKIIAk Ila •k

In consequence of the interpolation property of S (x), an application of

Rolle's theorem yields the fact that in every interval [x, . , m .]
1(,3

"The norm of a matrix A is defined here as	 AlIII = max Ela. .I where a..
are the element of A.	 i j 1)

If f(x) satisfies the Holder condition of order a(0 < a < 1) on [a, b],

then for some constant, Kif(x) - f(x')I <K lx-x11.
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there exists a point
k,j for which f'(	 ) = S 	 •)• Thus, on this

Ak k ' 3
interval, we find that

1f 1 (x) - S' (x)1 = 1 	 f	 [f"(x) - S" (x)]dx1
Ak	 Ck,j	

Ak

f_ sliAk Il P(f"', IlAk il)

and a second integration yields the property

1f(x) - s A (x)I < F.11Ak 11 2 p(f"; 1lAk 11) .
-k

Relations [1-24] and [1-25] follow immediately. The non-periodic

case involving end conditions [1-30,2] is included by writing the first

and last of Equations [1-28] as 3Mk,0 = 3f(a)	 dk,0 and

31 ' Nk	 3f"(b) E dkNk
We still have 11A1-( 1 11 < 1.

4k ' 

The significance of the three theorems proven above to solving

the inverse problem in groundwater has been explained in detail in

Chapter 4.



APPENDIX II

COMPUTATION OF NATURAL SPLINES: B-SPLINES

The computational problem can be stated as follows. Given n

distinct sampling points x / < x2 < . . < x
n in an interval [a, b] with

= a and x
n 

= b, compute a natural spline function of degree 2k-1,

interpolating data {y.)n at the {x. }
n

.1 1	 1 1

As proved in Appendix I, the existence of a unique natural spline

function S(x) satisfying the above problem follows from the fact that it

is determined by the system of equations:

2k-1	 .	 n 2k-1
S(x.) =	 E	 a.x. + E C.(x.-x.) = Y.

3	 i=0 13 i=1 1 j 1+

j = 1, 2, ..., n

and

E	 C.x. = 0 ,	 m = 0, 1, ..., k-1 .	 [II-1]
11

i=1

The simplest algorithm for computing the spline would be to

solve the system of linear equations in Equation [II-1]. However, this

may not be possible because the system in [II-1] tends to be ill-

conditioned. The numerical instability encountered increases with the

dimensions of the linear system involved. Several alternative approaches

have been devised. The method of B-splines used for computations in

Chapter 5 will be described below. The material presented in this

162
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appendix is taken from Weldon (1972), Greville (1969b) and Schumaker

(1969).

The computational difficulty is overcome by using the fact that

the space n

	

2k-1 (x
j. , x 2 ,	 x) of natural splines is a linear space of

dimension (n + 2k). Many bases for this space have been suggested. For

computations, a very convenient basis is the so-called B-splines, which

are defined as follows.

Let the degree of spline be r = 2k-1. Choose

x-r < x-r+1 <	 < x < x and x < xn+1 <
	 • < X 1

. For
	0 	 1	 n	 n+r+

i = 1, 2,	 r -i-n+1 define the B-splines as:

	M.(t) = M[t; x.	 x.]
	1-r-1 

x1-1	 1

where M[.] denotes the (r+1)-th divided difference on the points

x 1 ,xi _r ,...,x.of the function M(t; y) = (r+1)(y-t) + . To clarify,

consider r = 3, that is, cubic splines for which

M.(t) = M[t; x.x. 	X. 	x.	 x • ]
1	 1-4' 1-3' 1-2' 1-1' 1

4(y(x j )-t) .31.
E

j=i-4	 4H	 (x.-x )
3 kk=0

(03)

3
4(y.

4
 -t)

+

3 - 4(y.1-3 -t)
3 +	 -	 + 4(y1 -t )

	1- 	 +
(xi -x i _ 2)(xi _ 3 -xi _ i )	 (xi_i-xi)

Equation [II-3] is a consequence of the definition of the divided

difference (Isaacson and Keller, 1966, p. 246). {M
1 (t)} 11+1 is often

called a basis of limited support since Mi (t) is non-zero only 
for
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	t c (yi _ 10 yi)	 Since the B-splines form a basis for

n
2k-1 

(x1' 
x2 640 X ), 

each spline S(t)6 n 2k-1 (x / , x2 ,	 x) has a
. 

unique representation:

r+n+1

	

S(t) =	 f	 C.M.(t)	 for x < t < xi=1 	11 	0	 — n+1 •

Now,

r+n+1
S(x')=-1CJI")(-)=.,j = 1, 2,	 n ;

i=1	
j	 Y3

provide n equations for the determination of the {C.}
r+n+1 Consider
1

dividing the intervals [xo , x l ] and [xn , xn+1 ] into r equal parts.

Since S (k)
(t) = 0 in these intervals (from the definition of 

natural

splines) we have

A
kS(x + jh o )	 0 ;	 j = 0, 1, ..., k-1

0

A
kS(xn 

+ jh 1
)	 0 ;	 j = 0, 1, ..., k-1	

[II-6]

where h o = (x1 - x0)/r, h l = (xn+1 - xn)/r, and the 
divided differences

(A in [II-6] is the forward difference operator) 
are taken with respect

to j. The equations [II-5], combined with [II-6], provide r+n+1 equations

for the r+11+1 C. 's. The computational algorithm may proceed 
as follows:

1

(a) Set x1
-i = x1

 -1h and x.i+n 
= Xn

 + ih for i = 1, 2, ..., r+1,

h = (xn - x1
 )/(n - 1).

(b) Compute M i (x j ); i = 1, 2,

(c) Compute AmS(x0 + jh o); j = 0, 1, ..., k-1. Compute

AkS(xn + jh o); h o = h/r.

T11+1
(d) Solve system [II-5], [II-6] for {Ci.

r+n+1; j = 1, 2,	 n.
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Because of the limited support nature of B-splines, only r+1, B-splines

maybe non-zero at any given point in [a,b]. This provides for a band

structure in the linear systems to be solved.

The computer package for computation of spline functions was

obtained from the Computer Center of Washington State University in

Pullman, Washington, and was adapted to the CDC 6400 computer at the

Computer Center of The University of Arizona.



LIST OF SYMBOLS

DIMSIP	 Direct method for solving the inverse problem.

DP	 Direct problem.

IP	 Inverse problem.

PDE	 Partial differential equation.

pdf	 Probability distribution function.

Operator.

[C] Thermal conductivity tensor (FT
-1 e -1 ).

[D] Chemical dispersivity tensor (L
2T -1 ).

d	 Average diameter of soil grain (L).

(a) Acceleration due to gravity (LT -2), and (b) Residuals.

h	 (a) Hydraulic pressure (L), and (b) Sampling interval (L).

Unit vectors in the directions of x, y, z, respectively.

[K]	 Hydraulic conductivity tensor (LT
-1 ).

Element of a set of models.

Saturated thickness of aquifer (L).

(a) Porosity (dimensionless), and (b) 
Direction of normal.

Of the order of (•).

(a) Set of parameters, and (b) 
Specific heat (dimensionless).

Pore water pressure (FL
-2 ).

(a) Input to the system, and (b) Pumping 
rate from a well

(L3T
-1 )•

Velocity vector (LT
-1 ).

Excitation term for chemical 
transport.
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Radial distance of a point from a well (L).

(a) Storage coefficient (dimensionless) and (b) Degree of

saturation (dimensionless).

Ss	 Specific storage (L -1
).

(a) Drawdown in a well (L), and (b) Degree of saturation

(dimensionless).

Coefficient of transmissivity (L 2
T -1 ).

Time corrdinate, t c [0,T).

Impulse response function.

(a) Dependent variable, and (b) Velocity component in

x-direction (LT -1 ).

V(.) Variance-covariance matrix of (.).

Velocity component in y-direction (LT).

W(.)W(.)	 Well function of (.).

Velocity component in z-direction (LT
-1 ).

x,y,z	 Space coordinates.

X	 A point in r-dimensional space, X = (x l , x2 , ..., xr).

a	 Compressibility of the medium (F
-1 L

2 ).

Compressibility of the fluid (F -1 L2 ).

Boundary of a metric space Q.

Y	 Specific weight (FL -3).

A	 Operator.

Errors in observations.

Dynamic viscosity (FL -2T).

7	 Metric space.

Initial conditions.
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n	 Boundary condition.

P	 Mass density (FL -3T2 ).

a
z	

Normal interogranular stress (FL -2 )

E	 Cross product X[O,T).

T	 Time lag (T).

(1),0	 Metric spaces.

V	 i -5-3-c + j -9-7. + k -5-i-- .

il
k	

Set of polynomials of degree k or less.

Set of functions defined on [a,b] with an 
absolutely

continuous k-th derivative on [a,b].

[A] T 	Transpose of A.

f(P)	 p-th derivative of f.

fP	 p-th power of f.

L
2	

L
2
-space.

E	 Equivalent.

U 	Union.

n	 Intersection.

Subset.

E	 Inclusion.
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