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ABSTRACT

Transmissivity, specific capacity, and steady state hydraulic

head data collected from the Cortaro aquifer in Southern Arizona are

analyzed statistically by means of regression and Kriging techniques.

The statistics obtained in this manner are used to develop a stochastic

model of the aquifer based on the finite element and Monte Carlo simula-

tion methods. Three stages of generated head uncertainties are con-

sidered; (1) non-conditional, (2) conditional on transmissivity data and

(3) conditional on both transmissivity and initial hydraulic head data

(or inverse method). We found that simulated head values in stage 1 and

2 are associated with high variance amounting to 144.0 ft 2 . When the

statistics obtained from regression and Kriging in stage 2 are processed

by means of the statistical inverse method of Neuman (1980), the result

is a drastic reduction in the input head variance amounting to 75 percent

reduction in the input head variance (i.e., 144 ft 2). From these results,

one may conclude that in order to minimize the variance of outputs gen-

erated by stochastic aquifer models, the input into such models must be

created with the aid of appropriate statistical inverse procedure.

xiv



CHAPTER 1

INTRODUCTION

1.1	 Background 

In the past decade, a state of awareness has gradually evolved

concerning uncertainty associated with aquifer modeling and its impact

on the development and management of groundwater resources. The present

generation of hydrologists has at its disposal a wide variety of power-

ful computer programs which are meant to predict the performance of

groundwater systems under the stress of development. One very important

challenge to the hydrologist is how to determine the various parameters

(e.g., transmissivity, storativity) and how to assess the uncertainty in

the output of his model. To what extent should he be able to reduce

this uncertainty by using as much information about the system as he can

possibly gather?

Stochastic modeling differs from deterministic in that some of

the parameters and/or of the model input functions are uncertain and, hence,

so is the output which must now be described in probabilistic rather than

deterministic terms. In the present study we will concern ourselves pri-

marily with the spatial variation of transmissivity and its impact on the

prediction of steady state in groundwater basins.

Transmissivity is treated as a random function of the space vari-

ables. A random variable is one without a definite value but with an

ensemble of possible value which it may assume in accord with a given

probability distribution (Meyer, 1975). A random function, on the other

1
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hand, is a function of a random variable and, therefore, it may also

assume different values depending on those of the independent random

variable.

Let Z(x) be a random function representing aquifer transmissivity

and defined over a continuum characterized by the horizontal spatial

coordinate vector, (x = x , x ). Assume that Z(x) is a random field which
1	 2

can be described by a stochastic process. A complete statistical descrip-

tion of Z(x) would then require specifying its joint probability density

function over the entire flow field. This joint density function is not

known in real life situations and, therefore, one must resort to simpli-

fying assumptions which facilitate the statistical inference process.

The most common simplifying assumptions are those of stationarity and

ergodicity. Strict stationarity implies that the probability law govern-

ing Z(x) remains constant in space, while ergodicity means that this law

can be derived either from repeated sampling of an ensemble of statis-

tically equivalent media at a given point in space or from a spatial

sample of a single medium (i.e., from a single realization of the sto-

chastic process). Since in reality one always deals with a specific aqui-

fer rather than an ensemble of such aquifers, one has little choice but

to invoke the assumption of ergodicity as a working hypothesis for the

stochastic approach.

The assumption of strict stationarity can often be relaxed in

favor of a weaker stationarity assumption related only to the first and

second moments of the stochastic process, Z(x). The mixed n-th moment of

Z(x) is defined as:
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i

E [Z Z} =
1 2

Z i lig(Z , Z • x	 x )dZ Z
1 2	 1	 2	 — 1	 —2	 1 2

where the exponents satisfy 0 < i + j = n, x and x are two arbitrary
—2

points in the field, Z E Z(x ),Z EZ(x ), and g(Z , Z , x , x 0 is the
1	 —1	 2	 —2	 1	 2 —1 —2

joint density function of Z(x) at Points x and x . The ensemble average
-- 1	 —2

of Z(x) at a given point, x, is called expectation and is given by the first

moment (i = 1, j = 0),

co

E[Z(x)] = Zg(Z; x)dZ	 (1.2)  

-CO

The spatial covariance (or autocovariance) of Z(x) is defined as:

C (x , x )=E{[Z — E(Z ) ][Z - E(Z )] 1
Z-1

 —2	 1	 1	 2	 2

= E[Z Z ] - E[Z ]E[Z ]
12 	1	 2

The variance (or natural dispersion) at a given point in space is:

2

a (x) = C (x, x)
z	 z

(1.3)

(1.4)

The variogram function is another second order quantity like the

covariance, which monitors the square of the change in the Z field between

any point x and another point x + A. It is mathematically defined as:

1
y	 =	 VAR[z(x) - z(x,)S)] (1.5)
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In the particular case where the expectation of Z(x) is independent of

x and the covariance, C (x , x ), does not depend on the actual locations
Z1 - 2

of x and x but only on the vector-is = x - x which represents their
—2 -2 -1

relative locations so that:

C (X , X ) = C (A)
Z1 -2	 Z

Y ( S) = C (0) - C (6)
z — 	z 	z-

Then Z(x) is said to be a second-order stationary, or weakly stationary

stochastic process. The term statistical homogeneity is often thought

to imply weak-stationarity. It is easy to see that for such a process,

the covariance obviously does not depend on the displacement vector, 6,

but only on its modulus, 4 =161, then the process is said to be not only

weakly stationary but also statistically isotropic. Analogous definitions

apply when the random function, Z(x) is dis cretized in space and repre-

sented by a vector Z.

1.2 Uncertainty Concepts in Groundwater Modeling 

The uncertainty associated with aquifer parameters such as trans-

missivity can be divided into two classes:

1. The intrinsic variation, or "dispersion" of the actual trans-

missivity about its mean due to the nonuniform nature of the

aquifer. The variance of this natural fluctuation is sometimes

called "dispersion variance." Since the dispersion variance

depends only on the actual spatial variability of the trans-

missivity and not on how much we happen to know about this
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variability, the dispersion variance is irreducible (i.e., it is fixed

and independent of the amount of information one has regarding the trans-

missivity).

If Z(x) is second-order stationary, its dispersion variance can

be represented by the integral:   

2	 1
a =
z	 D

dx y(x - y)dy	 (1.6)   

D D

where D is the flow domain over which Z(x) is defined. In certain situa-

2
tions the dispersion variance,a

z 
is a logarithmic function of the domain

D as it has been noticed by Krige (1951). Equation (1.6) is equivalent

to:

2

a = limit — E(Z(x ) - m)
z	 1\1-* co N i

(1.7)

where in = E(Z)

2. When estimating the transmissivity at a given point in space

based on incomplete and/or inaccurate data, one incurs an "esti-

mation error" at that point. The variance of this error is known

as "estimation variance." Since in principle the estimation

error can be made arbitrarily small by collecting additional and

more accurate data, the associated estimation variance is reducible.

In other words, whereas the dispersion variance is inherent to the

aquifer and, therefore, fixed, the estimation variance depends on

the information one has about the aquifer.
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The distinction between these two classes of uncertainty is of

fundamental importance and will be discussed at length in this disserta-

tion.

1.3 Review of Previous Work 

The last few years have witnessed a gradual tendency towards

stochastic modeling of groundwater. This is due to the recognition that

uncertainty in groundwater modeling is important and can be accounted for

more easily within a stochastic framework than in the traditional determin-

istic one. This tendency towards stochastic modeling is motivated by the

realization that hydrological environments are generally nonuniform in their

natural characteristics, and even in regions where considerable data are

available, one can never determine the exact spatial variability of these

characteristics. This means that one can never be certain about parameters

such as transmissivity and storativity. Uncertainty is also introduced

into groundwater models through initial and boundary conditions which de-

pend on data relative to hydraulic heads and fluxes. The objective of

stochastic modeling is to take such uncertainties into consideration, and

to assess their impact on the model prediction. A recent account, by

Neuman (1979) gives a comprehensive critical review of the state-of-the-

art in the stochastic modeling of groundwater systems.

Most of the attempts at stochastic modeling have been based on re-

peated numerical simulations of flow in discretized domains by means of

Monte Carlo methods. The idea here is to draw the values of the discrete

parameters such as permeabilities or transmissivities at random from popu-

lations described by known probability distributions. Until very recently,
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the elements of these populations were taken to be statistically indepen-

dent, implying that the discrete parameters were mutually uncorrelated.

The works of Bibby (1971), Meyer (1971) and Gates (1972) are

based on the assignment of random errors to hydraulic conductivity,

aquifer thickness and initialwater level. We can view these as estimation

errors due to uncertainty about the true value of these quantities.

The errors are assumed to be statistically independent and generated

either from a normal distribution (Bibby, 1971) or from triangular or

log-triangular distribution (Meyer, 1971). Gates (1972) studied the

worth of data using statistical decision theory, in addition to per-

forming an analysis similar to that of Bibby (1971). Sagar and Kisiel

(1972) estimated the errors in hydraulic head measurement near a pump-

ing well due to uncertainty in aquifer parameters and noted that these

errors grow with time.

Wu et al. (1973) visualized the porous medium as consisting of

macroscopic inclusions characterized by their length, thickness and

average density but without spatial relationship among the inclusions.

The location of the inclusions in the flow field was done at random.

A somewhat similar concept was utilized by Lippman (1973) who used a

finite element method to calculate the amount of flow in a two-dimensional

heterogeneous geological system generated by a "poisson lines" model with

Markovian properties.

A different approach was taken by Warren and Price (1961) in

their pioneering work on nonuniform porous media using a numerical model.
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They examined the influence of several probability distributions of per-

meability, without spatial correlation, on the resulting solutions using

Monte Carlo techniques. It is important to note that, conceptually,

the parameters do not fluctuate due to random errors, but due to the

actual nonuniform nature of the medium. One of their conclusions was

that when the distribution is lognormal the geometric mean of permea-

bilities represents an equivalent (or effective) permeability which pre-

serves the flow rate in a three-dimensional flow field at steady state.

A comparison between linear and radial flow patterns showed that effec-

tive permeability was essentially independent of the flow geometry for

both lognormal and exponential permeability distributions. They also

found a small but insignificant increase in the effective permeability

with increase in the ratio of vertical to horizontal permeability.

McMillan (1966) studied the effects of random variations of trans-

missivity on fluctuations in hydraulic head. He showed that for a wide

range of groundwater basin conditions, extensive areas may be considered

to be uniform without serious errors in the prediction of hydraulic head.

He took the transmissivity to be lognormally distributed and statistically

independent, implying lack of spatial correlation.

Freeze (1975) extended the approach of Warren and Price (1961)

to a multivariate problem in which porosity and compressibility as well

as hydraulic conductivity, are combined in one transient flow model and

described by frequency distributions infered from actual field data.

However, he considered only one-dimensional flow and divided the medium

into discrete blocks of equal length. For his model, each of these
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blocks was characterized by a uniform parameter value sampled from the

multi-variate probability distribution. The value in each block is

assumed to be statistically independent of those in the other blocks.

A steady state solution with constant boundary condition is also con-

sidered. Freeze concluded that:

1. An equivalent uniform hydraulic conductivity under transient

flow conditions, is not easy to define.

2. Uncertainties in hydraulic conductivity result in large uncer-

tainty in head, to the extent that traditional deterministic

approaches to groundwater modeling may be grossly in error.

In a comment on Freeze's conclusions, Dagan (1976, p. 567) stated

"....The head measurement in various piezometers around a pumping well

(see Wenzel's test) did not display the weak spatial correlation one

would expect from Freeze's analysis...", and "a more realistic modeling

of the porous formation would lead to distributions which are not so much

in variance with those based on deterministic models (using pumping

tests)." Gelhar et al. (1977) also commented on the weakness of a one-

dimensional model to represent 2- and 3-dimensional flow situations.

Freeze found that by gradually increasing the size of his blocks, uncer-

tainty in head values is also increased. Because in a given block the

hydraulic conductivity is completely autocorrelated, increasing the size

of the block is equivalent to increasing the average distance over which

the conductivity values are positively correlated (or the integral scale

of the stochastic process). Mathematically the integral scale,
o'
 is

defined as:
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1
T 
o = 

C (0) 
C z (4)dA	 (1.8)

0

From this point on, research efforts focused on the necessity of in-

cluding correlation structures in groundwater stochastic models.

The importance of considering the spatial structures of hydrau-

lic conductivity in the framework of stochastic modeling has been recog-

nized by Gelhar (1976), Bakr et al. (1978), and Gutjahr et al. (1978).

Their approach is to view the spatial variability of hydraulic conduc-

tivity in a continuum sense. Assuming second-order stationarity for

both head and hydraulic conductivity, they were able to use spectral

methods and study fluctuations of these functions with the aid of

Fourier-Stieltjes integrals. When the integral representations are

substituted in the stochastic partial differential equations governing flow

in an unbounded domain, one is able to produce a closed-form relationship

between the spectrum of hydraulic conductivity fluctuations and that of

hydraulic head fluctuations. The covariance of the head fluctuations

can be obtained by Fourier transform inversion. This analytical proce-

dure is somewhat similar to that of Buyevich and Safrai (1969) who. con-

sider porosity as the varying random function. Gelhar (1976) analyzed

the effects of one- and two-dimensional hydraulic conductivity pertur-

bations on flow in a sloping aquifer assuming a unidirectional mean gra-

dient. This latter assumption together with the use of log-conductivity

in the stochastic partial differential equation made the separation of

the stochastic elements possible in two- and three-dimensional analyses.
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Bakr (1976, 1978) extended the same approach to three-dimensional hydrau-

lic conductivity perturbations. A significant result of these studies

is a reduction, by an order of magnitude, in head variance in two and

three dimensions compared to that obtained in one dimension. The second

important finding is the strong dependence of head uncertainty on the

correlation length (or integral scale) of the hydraulic conductivity.

The analyses also showed that head perturbations have a greater correla-

tion length than the original hydraulic conductivity perturbations.

Gutjahr et al. (1978), using essentially the same spectral tech-

nique, addressed the question of the existence of an equivalent uniform

porous medium. The authors verified the accepted notion that under one-

dimensional steady state conditions, the effective hydraulic conductivity,

K
e
, is given by the harmonic mean of the hydraulic conductivity, K:

Ke =
 r 	1 1-1
	

(1.9)

In two-dimensionaltwo-dimensional flow, K
e 

is given the geometric mean:

L°g10KG = E [LogloK]

2	 2
In three-dimensional flow by K

G 
times (1 + a

z
/6), where a

z 
is

the variance of log-conductivity.

Matheron (1967) used a different approach to show that in two-

dimensional flow, K
e 
is identical to the geometric mean as long as K is

isotropic and log-normal. The same conclusion was confirmed independently

by Dagan (1978) using still another method of analysis.
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Stochastic models based on the continuum approach are useful

research tools. However, just like determistic analytical methods, their

usefulness is restricted to relatively simple problems.	 One limitation

of the analytical approach is that the variance of the log-conductivity

must remain relatively small. Another limitation is that the medium

must be infinite. The a priori assumption that all fluctuations are

statistically homogeneous limits the applicability of the methodology

not only to infinite media, but also to the treatment of only irreducible

uncertainty of a narrow class of natural phenomena, as will become clear

later in this dissertation.

Smith (1978) and Smith and Freeze (1979a, 1979b) have recently

developed a numerical Monte Carlo approach for two-dimensional bounded

domains assuming statistical homogeneity of the hydraulic conductivity

field, but not necessarily of the head fluctuations. The domain is repre-

sented by a grid of square blocks. In each of these blocks, the hydrau-

lic conductivity is uniform and made correlated with neighboring blocks

using a first-order auto-regressive scheme called the "nearest neighbor"

model by Martin (1974), Bartlett (1975), and Whittle (1963). Smith

(1978) and Smith and Freeze(1979a, 1979b) analyzed one- and two-

dimensional steady flows and concluded the following:

1. The uncertainty in hydraulic head increases with an increase

in either the variance in hydraulic conductivity or the strength

of correlation between neighboring conductivity values.

2. The magnitude of spatial variation of the uncertainty in pre-

dicted head values depends on the interaction of both medium
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non-uniformity (hydraulic conductivity variations) and the

nature of the flow system.

3. The uncertainty of head values is strongly influenced by the

spatial trend in the mean hydraulic conductivity.

The "nearest neighbor" model involves the discretization of the

covariance function over a square mesh. In fact, the covariance func-

tion is approximated by a piecewise constant graph. Obviously, this

type of approximation will not be very accurate unless the block dimen-

sions are small compared to the range of positive correlations of the

stochastic process being studied. Paul Switzer (1978), in his critical

account on lattice processes, wrote: "It is better not to analyze the

data in the context of a 'nearest-neighbor' lattice model because of

the artificiality of the angular orientation of the lattice and the

apparent inability of such models to relate to spatial variability, to

the mesh size, to the sampling, or to the 'plot size' of the individual

observations". Because the model is restricted to second-order stationary

parameter fields, its applicability is limited to the description of

irreducible uncertainties associated with a narrow class of natural

systems.

An alternative approach to discrete modeling which does not re-

quire Monte Carlo simulations has been suggested by Sagar (1978) and more

recently also by Dettinger and Wilson (1979). A somewhat related idea has

been used by Tang and Pinder (1977) to analyze uncertainty in dispersion

processes. The approach is to linearize the discrete form of the govern-

ing partial differential equation by expanding it in a Taylor series and
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expressing the first two moments of head in terms of the equivalent of

the flow parameters (e.g., transmissivity). Unfortunately, the lineari-

zation is valid only for parameter fields whose variance is sufficiently

small. In addition, one must remark that the aforementioned authors did

not suggest any method by which the input moments could be determined

in practice.

The recent work of Schwartz (1977) on dispersion of tracers in

nonuniform porous media recognized the importance of what he referred to

as "mode of aggregations" of megascopic heterogeneity randomly implaced

in the flow field, and their influence on solute dispersion. His work,

as well as those of Gelhar (1979) and Matheron and de Marsily (in press)

already demonstrate the need to account for spatial correlation in deal-

ing with hydrodynamic dispersion phenomena.

Most of the models discussed thus far assume that virtually

nothing is known about the actual spatial distribution of the parameters

a priori except their mean irreducible second moment. But surely, in order

to determine these, the aquifer must actually be sampled, at the sampling

points, the parameters (say transmissivity) will be known up to an accuracy

controlled by the sampling technique. Shouldn't this knowledge about the

actual or approximate values of transmissivity at specific locations be

somehow taken into account in the stochastic model? In other words,

shouldn't one be able to incorporate transmissivity point data in a statis-

tical simulating scheme so as to enhance our ability to simulate transmis-

sivities at specific points? The answer to these questions is yes.

Conditional simulation can be defined as a surface which has the same

variability as the studied phenomenon and passes through the experimental
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points (Delhoumte, 1978). In other words, the generated transmissivity

realizations are locally consistent with the measured values, parameter

undertainty is reduced and the stochastic model is referred to as

"conditioned upon measured values."

The idea of conditional simulation has first been applied to

groundwater hydrology by Delhomme (1979). His work is based on the geo-

statistical theory of Matheron (1971). Using the technique of Kriging

(see Chapter 3) a statistical simulation technique known as "turning

brands" method, Delhomme was able to simulate aquifer behavior without

assuming that the transmissivity fluctuations are either stationary or

have an irreducible variance. Fifty conditional simulations of log-

transmissivity were used by him to compute the mean and variance of head at

each nodal point in his mesh. The method being essentially Monte Carlo,

there are no restrictions on the log-transmissivity variance as in some

of the earlier models. However, despite conditioning, head variance

computed by Delhomme was relatively large. This led him to emphasize

the possible role that inverse "parameter estimation" methods should play a role

in obtaining a further reduction in the variance of the computed heads.

His expectations were based on the fact that some inverse techniques

are able to combine prior information about fluxes, thereby achieving a

higher level of conditioning than when only one such set of data is con-

sidered.

An inverse method which is capable of doing just that has been

developed recently by Neuman and Yakowitz (1979) and further perfected

by Neuman (1980). In this latter paper, Neuman was actually able to
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demonstrate that his inverse procedure is indeed able to achieve a con-

siderable reduction in estimation variance of the transmissivities.

More will be said about this later.

The inverse method of Neuman is a parameter estimation technique,

which treats both head and log-transmissivity, as random variables. The

estimation of transmissivities is accomplished by minimizing a composite

generalized least square criterion with respect to an estimate of trans-

missivity. The method includes a linear error analysis of the final

estimates which produces a covariance matrix of the estimation error,

expressing the uncertainty in the log-transmissivity estimates. The

details of the inverse algorithm will be discussed in Chapter 5.

De Marsily (1978) developed an inverse method which is entirely

based on Kriging and incorporates prior information about transmissivities.

1.4 Objective and Scope of Present Study 

The goal of the present study is to develop a new practical method

of conditional Monte Carlo simulation to investigate the effects of spa-

tial variability of transmissivity on a steady state groundwater model

in two-dimensional bounded and discretized domain. This approach relies

heavily on the technique of Kriging (Matheron, 1971) and on the inverse

method of Neuman (1980).

Kriging is a linear, optimal and unbiased stochastic interpola-

tor which gives an estimate of a random function at a point or an esti-

mate of the average value over a subdomain. In addition, it gives a

variance of estimation corresponding to this estimate. In the case when

the domain is discretized to n subdomains, a covariance matrix of Kriging
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errors can be computed as a by-product of the Kriging operations (Chap-

ter 3). Kriging is used in this study to obtain estimates and a covari-

ance matrix in two cases:

1. Transmissivity subdomains (or zones) in the Cortaro Basin are

Kriged using available transmissivity data.

2. Steady state head values are Kriged at nodal points of a numer-

ical groundwater model of the Cortaro Basin.

In the first case, the Kriging estimate of each zone is considered

to represent the effective transmissivity of that zone since the Kriging

estimate is a weighted linear combination of log(T) values for each Kriged

zone. In the second case, the hydraulic head distribution (steady state

condition) is considered as a non-stationary random function and in order

to Krige the head we prefer to determine a trend or "drift" function.

When this trend is subtracted at each head data point, the resulted residu-

als are assumed to be stationary and Kriging is performed on these residu-

als to obtain a set of Kriged estimates, h* (at nodal points of a finite

element mesh). An alternative method of Kriging referred to as "Kriging

with polynomial constraints" is also tried using the same trend function.

The variogram of head residuals are found to be anisotropic and has been

used successfully in both methods of Kriging.

A generalized covariance is not a suitable choice in hydraulic

head Kriging because of two reasons:

1. The hydraulic head correlation structure is essentially aniso-

tropic. The assumption of isotropy in this case is a poor one,

and its validity is questionable when applied in hydraulic head

Kriging.
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2. The estimation of parameters in a generalized covariance polyno-

mial is achieved by the use of regression (Delfiner, 1976), not

taking into account the correlation structures of the increments

themselves (Kriging errors).

The Kriging estimates and the corresponding covariance matrices

from the previous two cases serve as input to the inverse model of Neuman

(1980). The outcome of the inverse technique is a new estimate of trans-

missivity in each zone and an associated covariance matrix of the error

of the estimation. The new transmissivity estimates are shown to have

smaller variance than the Kriged estimates. This is attributed to the

inclusion of head and flux data in the estimation procedure.

Three stages of uncertainty are evaluated using the Cortaro Basin

as an example:

1. The study of uncertainty in computed head values when the trans-

missivity realizations are not conditional upon any actual trans-

missivity data at specific points in the aquifer (i.e., when

irreducible variance is considered). The non-conditional co-

variance matrix is computed by numerical integration of the vario-

gram function over the transmis sivity zones (Chapter 3).

2. Uncertainty in computed head values when transmissivity realiza-

tions are conditioned on available transmissivity data only.

3. Uncertainty in computed head values when transmissivity realiza-

tions are conditioned on available transmissivity as well as head

data via the inverse procedure of Neuman (1980), Chapter 5.



19

Realizations of the transmissivity are generated by a matrix

method in conjunction with a Multi-variate Normal Generator

(MVNG) (Yakowitz, 1977). This method consists of splitting a

positive-definite covariance matrix into upper and lower tri-

angles using Cholesky's decomposition technique. If one generates

an independent normal vector of zero mean and unit variance

N(0, I) and multiplies it by the lower triangular matrix, one

obtains a realization which possesses the same variance and

covariance as the original process being simulated. The possible

use of this method for the non-conditioned case was also cited

by Wilson (1979).

In principle, the conditional simulation approach, in this study,

is similar to that of Delhomme's approach except that he uses the "Turning

bands" method to generate log-transmissivity realizations assuming an

isotropic variogram function. The MVNG can be applied to all possible

stages of uncertainty in irregularly discretized domains. Other advan-

tages over "The Turning bands" method are economy in terms of computer

time and practical simplicity in use. The versatility of the MVNG method

enables one to investigate other sources of intrinsic uncertainty once

their spatial variables are known (e.g., recharge distribution) with no

restrictions such as stationarity or irreducibility of variance. The

only restriction which one may encounter is the non-positive definite-

ness of the covariance matrix and this may arise in the case of strong

correlation between points or zones or it may be as a result of round-

off errors when the matrix is being computed. A remedial procedure for

slight non-positive definiteness will be discussed in Chapter 6.
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The realization of transmissivity (220 in all) for each of the

three stages of uncertainty studies are a stochastic input for a steady

states groundwater model of the Cortaro Basin. The mean and the vari-

ance of head are computed for the 220 realizations for each nodal point

in the groundwater model in order to assess the distribution of uncer-

tainty in computed head values.

The most important conclusion of this work is the demonstration

of the dramatic reduction of uncertainty (about 50 percent in average

standard deviation and 75 percent in terms of average variance) in com-

puted head values when the inverse procedure of Neuman (1980) is employed.



CHAPTER 2

SPATIAL VARIABILITY OF TRANSMISSIVITIES AND
RELATED AQUIFER CHARACTERISTICS

2.1 Introduction

The first part of this chapter discusses the natural variability

of transmissivity and related aquifer properties (e.g., hydraulic conduc-

tivity, specific capacity) and their statistical representation in pre-

vious stochastic models. The second part discusses a regression model

relationship between transmissivity and specific capacity in the Tucson

Basin.

2.2 Probability Space Law of Material Properties

Early work dealing with spatial variability of aquifer proper-

ties such as hydraulic conductivity and transmissivity, centered around

a search for a frequency distribution that would describe the probabil-

ity of occurrence of the aquifer property at any given point. In these

early studies there was no consideration of spatial correlation. The

assumed frequency distributions were taken to be univariate and were

inferred histograms of sample data.

The first attempt to study heterogeneous permeability was appar-

ently that reported by Law (1944). He found that a log-normal distribu-

tion fitted the permeability data of several hundred core samples from

an oil field in Southern California. The work of Law (1944) was later

supported by Bulness (1946). Subsequent works proved that hydraulic

conductivity is approximately log-normally distributed (Davis, 1969).

21
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A theoretical justification for the apparent log-normality of naturally

occurring materials was given by Aitchison and Brown (1957) and Cramer

(1958). According to these authors, log-normality is the consequence

of multiplicative effects. Benjamin and Cornell (1970) explained how

the log-normal distribution represents aspects of breakage process, such

as sediment transport by streams. The final size of a particle depends

on collisions with particles of many sizes travelling'at various veloc-

ities. This multiplicative process may produce a particle-size distribu-

tion that is log-normal. Since hydraulic conductivity is related to

particle size (Todd, 1959), the log-normal distribution of hydraulic

conductivity may result from a log-normal distribution of particle size.

Warren and Price (1961) described field data of permeability, computed

from pressure build-up tests, indicating a log-normal distribution.

Johnson and Greenkorn (1962) worked on permeability data from sandstone

formations showing a log-normal law. Similar conclusions were reached

by Bennion and Griffiths (1966), Ilyich et al. (1971) and Bakr (1976).

Willardson and Hurst (1965) presented 1,500 field measurements of hydraul-

ic conductivity in soil profiles using the Auger Hole method, confirming

these conclusions. The work on statistical distributions of hydraulic

conductivity has been summarized by Freeze (1975), Bakr (1976), and Neu-

man (1980). Bennion and Griffiths (1966) presented data from reservoir

rocks which show deviations from log-normality due to a certain amount of

skewness.

In the present investigation, the emphasis is on spatial varia-

bility of transmissivity and specific capacity which, of course, are
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directly related to hydraulic conductivity. These two variables also

appear to have a log-normal distribution. McMillan (1966) presented

data of transmissivity from the Log Angeles Basin and from 16 well tests

in the San Gabriel Valley, California, which indicates approximately a

log-normal distribution. Farengets and Kolyada, 1979; Jetel, 1974;

Krasny, 1974; and Rousselot, 1976, also reached similar conclusions.

Gates (1972) found the frequency distribution of transmissivity in the

Tucson Basin to be log-normal. Supkow (unpublished), on the other hand,

held the view that transmissivity has a negative exponential distribu-

tion. However, his analysis was performed on transmissivity values ob-

tained from the calibration of a numerical model of the Tucson Basin,

not on actual field or laboratory measurements.

Figure 2.2.1. is a frequency distribution plot of 56 selected

well pumping tests in the Tucson Basin, the locations of which are

shown in Figure 2.2.2. Figure 2.2.1. shows an approximate log-normal

spatial law for high value of T. The fit is poor for low T values because

the wells are not arranged randomly in space: they were drilled prefer-

entially at locations with a high transmissivity. In Figure 2.2.3. the

cumulative frequency of log-transmissivity is compared with a theoreti-

cal log-normal model having a mean and variance equal to the sample mean

and variance of the 56 data points. Apart from minor deviations at the

tails of the distribution, the theoretical model shows a close corres-

pondence to Weibel cumulative frequency distribution (Benjamin and

Cornell, 1970, page 7) of the log-transmissivity data. Specific capacity

from the same 56 wells also appear log-normally distributed as indicated

by Figure 2.2.4.
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The fact that transmissivity is log-normal is of fundamental

importance for this study. The stochastic representation of transmis-

sivity and its interpolation, by means of Kriging, relies on the validity

of the log-normality assumption. In most applied groundwater modeling,

one deals with a two-dimensional depth-averaged groundwater flow equa-

tion. Transmissivity is then, an average property which results from the

integration of the flow equation over aquifer depth, the value of which

is traditionally determined, over the field of interest, by aquifer test

or estimated from lithology and electric logs or from specific capacity

data. Transmissivity data is usually fragmentary and corrupted with

instrumental and interpretation errors. If log(T) is taken to be a normal

and second-order stationary stochastic process, then the first and second

moments define the process uniquely.

2.3 Regression of Transmissivity on Specific Capacity Data 

The hydrologist will commonly have at his disposal many more meas-

urements of specific capacity data than of transmissivity data. This

deficiency in transmissivity data can be remedied by considering a sta-

tistical relationship between transmissivity and specific capacity.

Theory as well as experience suggests that it is often possible to fit

a linear regression model to data of log-transmissivity plotted against

log-specific capacity data. The usefulness of such a linear model has

been demonstrated earlier by Delhomme (1974) and Rekaya (1977) in rela-

tion to several aquifers in France. Besides providing an estimate of

transmissivity at points where only specific capacity was measured, the

regression model also enables one to determine the error variance of the
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log-transmissivity estimate. This error can be incorporated in the

Kriging equations (Delhomme, 1974), as will be shown later in the text.

Let T and S denote the logarithm to the base 10 of transmis-
L

sivity and specific capacity, respectively. If a linear relationship

between TL and SL 
is assumed, then the theoretical model given by:

T
L.	 o

$	 $ S
L
	= 1, . • . , n•i

is called a simple linear regression of T on S . The quantities $
o 

and

$lareunknownparametersande.are random errors assumed to be uncor-
1

2
related and to have zero mean and an unknown variance,ae so that:

2
E[e.] = 0	 and VAR(e ) = a

e1
i= 1, . . , n.

We now find estimators of the unknown quantities $o and $ based

on	 $ and $
o

(called least square estimators) are obtained by minimizing the sum of

squares of the error e.:
1

SS = E(T	 - $ - $ S ) 2
.	 L.	 0	 .Li

(2.3.1.)

with respect to $ and $ . The estimate of T
L' 

T
L 

is then given by the
1

regression equation (least square line):

/s.

T = b + bS L	 0.3.2.)
L	 0

2

The usual unbiased estimator for a is given by the variance of the

estimate:
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	2	 1 	ae	 n - 2=	 E(T 	 - b - b S )
2

ijo	 iLi
(2.3.3.)

and its square root is called the standard error of the estimate.	 If
A

a value of T is computed by equation 2.3.2. from a corresponding valueLi

of SL then a 95 percent confidence interval for TL (see Afifi and Azen,

1979, page 133) is:

(2.3.4.)

where

—
S = the mean value of S

(n - 2) = the value of the t-distribution random variable such
0.95

that the probability is 0.05 that the absolute value

of this random variable is bigger than t	 with
0.95

n - 2 degree of freedom.

The last term in equation 2.3.4. is twice the standard deviation
A

of the estimation error, a when T
L. 

is computed using an unknown value
j	 J

of SL, .
J	 (S

L. 
-	 ) 2

LJ
2a. = a [1 + —1 + 	 ] 1/2 t	 (54)

J	 e	 n n	
2

0.95

E(S	 -	 )i Li 	L

t	 (54) = 2, then
0.95

(S
L. 

-	 ) 2
j	 L	 1 / 2

1T	 + G [1 + 
;

.+ 	 ]	 t	 (n - 2)L. — e	 0.95
2

E(S
L. 
-)

i



(s	 -	 ) 2
2	 2 	L	 L

6. = a [1 +j	 e	 n n
E (S

L - SL)
 2

.

	

i	 j

Equation 2.3.5. is used to assign estimation error variance of transmissivity

when only specific capacity is known.

Figure 2.3.1. shows the regression line of T on S for the Tucson

Basin data shown on Figure 2.2.2. The 95 percent confidence interval is

almost constant along most of the regression line and this is because the

value of n and the denominator of the last term in equation 2.3.5. is

relatively large which reduces equation 2.3.5. to:

2	 2
a = a

e
	 for any j

except for large values of SL .

 This regression was used to obtain trans-

missivity estimates for known values of specific capacity in the Tucson

Basin. The computed regression equation is:

/s

T = 3.4106 + 1.2058 S
	

(2.3.6.)

with a regression coefficient of 0.905 and a standard error of regres-

sion equal to 0.223.



6.400

32

6.000

5.600

2
o_
(D 5.200
. c

1Z
. 3
0
0 4.800

0
Q

0 4.400
o
_J

4.000

3.600

X

/\Reg ression
Line

Log ioT =3.411+1.206 S L

3.200
0.000	 0.400	 0.800	 1.200	 1.600	 2.000

Log io (Specific Capacity) in GPM
2.400

Fig. 2.3.1. Plot of log-transmissivity versus log-specific
capacity showing estimated regression line with
95% confidence intervals.



CHAPTER 3

KRIGING OF LOG-TRANSMISSIVITIES

3.1 Theory 

Kriging was defined by Matheron (1969, 1970) as the probabilis-

tic process of obtaining the best linear unbiased estimator (BLUE) of

an unknown spatially varying quantity. The term "best" implies that

the squared error norm (or estimation variance) associated with the

error of estimating the quantity is minimized. The principle of obtain-

ing an estimate by minimizing its squire error norm goes back to the

early work of Wiener (1949). D. G. Krige (1951) proposed a regression

procedure whereby he assigned weights to a linear estimator scheme for

his problem of estimating the grade of ore. Matheron cast these ideas

in a probabilistic framework and developed them into a comprehensive

theory of "Regionalized Variables" on which Kriging is based. However,

in a recent paper, Ganbolati and Volpi (in press) have shown that Kri-

ging can also be explained by using purely deterministic arguments.

This chapter is devoted to the discussion of the probabilistic

theory of Kriging which includes development of the basic Kriging equa-

tions and the covariance matrix of Kriging (i.e., estimation) errors,

taking into account sample data uncertainty.

3.1.2 Kriging Theory

Consider a vector x = (x 1 ,x 2 ) representing a point in the domain

of the aquifer, D. Let z(x) be the value of a quantity of interest at a
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point x (in this chapter the quantity of interest as log-transmissivity).

We will view z(x) as the realization of a random function Z(x) at x.

This latter function could be completely described by its joint proba-

bility density in relation to all points (x + p)GD where p is a displace-

ment vector. However, we will concern ourselves only with the first two

moments of Z(x) assuming their existence. The first moment, or the expec-

tation, of Z(x) is:

E[Z(x)] = m(x)

where m(x) is referred to as the mean of Z(x) at point x, or as "drift."

The second moment, or autocovariance, of Z(x) is defined as:

C(x,p) = E[(Z(x) - m(x))(Z(x+p) - m(x+p)]

= E[Z(x)Z(x+p)] - m(x) .E[Z(x+p)] - m(x+p) E[Z(x) + m(x)m(x+p)]

so that:

C(x,p) = E[Z(x)Z(x+p)] - m(x)m(x+p) 	 (3.1.1)

If the random function is second-order stationarity, the mean does not

depend on x. Furthermore, the second movement does not depend on x but

only on the vector p, i.e., C(x,p) = C(p) for all x6D. If the process

is also isotropic, C depends not on p, but only on its absolute value,

P = IPI, so that C(x,p) = C(p) for all xeD.

In the mining industry, the assumption of second-order station-

arity with a finite variance, C(0), does not always hold: Krige (1951)

has shown that in the Rand gold district area, the variance of gold

content increases exponentially as the sampling area increases. He was
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able to fit the following approximate expression to the variance of the

gold content, as a function of the area investigated:

VAR(gold content) = a log .1717-

where

a = constant

V = the size of area

v = size of core

Since second-order stationarity does not always hold, it is nec-

essary to adopt a weaker hypothesis than second-order stationarity. This

has led Matheron (1971, p. 53) to the introduction of his so-called

"intrinsic hypothesis." The "intrinsic hypothesis" does not require the

mean, m, of the random function, Z(x), to be constant. Instead, it re-

quires only that the difference between the mean values at two points,

x and x + p, M, be finite and independent of x, depending only on the

displacement veCtor, j2:

i(x, p) = E[Z(x + p) - Z(x)] = VP)]

In other words, only increments of Z(x), (Z(x + p) - Z(x)), are assumed

to be second-order stationary, not Z(x) itself. This makes the vario-

gram (or intrinsic function) depend only on p:

1(2) =	 wa[c.:(x+4) - z(x))
	

(3.1.2.)

A random function which is second-order stationary always obeys

the intrinsic hypothesis. In this latter case, y(p) and C(p) are related.

Equation (3.1.2.) can be expanded to yield:
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Y(P) = li2E[Z (X	 p) - 2z(x + p)z(x) + z (x)]

2y (2) = E [Z 2 (x + 2) - 2E[Z(x)Z(x+p] = E[Z 2 (x)]

= E[Z 2 (x + p] - m 2 - 2E[z(x)z(x + p)] + 2M 2 + E(Z 2 (x)] - M 2

2y(p) = VAR(Z(x) - 2C(p) + VAR(Z(x))

Y(p) = VAR(Z(x)) - C(p) = C(0) - C(p)

where

VAR[Z(x)] = dispersion variance Of Z(x)

The "intrinsic hypothesis" can be extended to non-stationary random func-

tions in which higher-order differences are assumed to be stationary.

The K-th-order intrinsic random functions will be discussed under the

theory of "Universal Kriging" in Chapter 4 in connection with hydraulic

head.

3.1.2	 The Condition of Positive-Definiteness

The covariance and variogram functions characterize the variability,

or degree of irregularity, of a stochastic field. Theoretically, the

covariance function must be positive semi-definite and the variogram must

be conditionally semi-definite. This implies that for any positive inte-

ger, n > 0, any set of n points, x l , x2,. .	 x in D, and any system--n

of n non-negative real numbers, X1, X2, . . .	 X n 
we either

- x.) > 0 or	 EX.X.C(x. - x.) > 0 .
-

(3.1.3.)

According to Bochner's classical theorem, a continuous function is posi-

tive semi-definite and only if its Fourier transform is non-negative.



37

In two dimensions, the Fourier transform of C(p) or - -y(p) is equivalent

to the Fourier-Bessel transform (derivatiOn of equation (3.1.4.) is in

Appendix A).

f(w) -	 PC(10)J0(1)0d10	 (3.1.4.)
2ff

where

f(w) = Forrier-Bessel or spectral density function

J = Bessel function of first kind and zero order
o

= frequency of the variations

The property of positive semi-definiteness is related to the lowest fre-

quency component and can be tested merely by letting w = 0 in Equation

(3.1.4.):
,00

1
f(0) = — pC(p)dp > 0

2ff
(3.1.5.)

In section 3.1.8., we will discuss theoretical models of variograms which

are commonly used in Kriging and satisfy the above requirements.

3.1.3 Kriging Under the Intrinsic Hypothesis Using Uncertain Data

Let us assume that z(x) has been measured at n points x , x
-1 -2

• , x with some error, e(x ,.) and denote the measured value by_a -n

z (x.). The error, e(x)is visualized as the realization of a random
e -a

function, E(x), with the following properties (Delhomme, 1974):
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1. The errors are uncorrelated in space (this requirement could,

in principle, be related):

E[C(xi).6(xj )] = 0 Vi	 j

E[0(xi)] = GI Vi

2. The mean is equal to zero

E[-e(x. ) ] =0 Vi

3. The errors are orthogonal to (i.e., uncorrelated with) Z(x)

E[e(x.)Z(x)] = 0 Vx, xi inHED

The objective is to estimate the spatial average of log-transmis-

sivity over finite subregions ("blocks" or "zones") in the flow domain,

D. Let V denote the zone, and z*(v) the corresponding log-transmissivity

estimate. The so-called Kriging estimate is computed as a weighted aver-

age of point values measured in the immediate vicinity of zone IT,

z*(v) = EX,z (x.) =EX.[z(x ) + e(x.)]e -a 	-I (3.1.8.)

Here z*(v) and z (x.) are numbers which can be considered as realizations
e -2

of the regionalized random variables, Z*(v) and [Z(x.) +-€ (x.)], respec-

tively. Equation (3.1.8.) can be generalized in terms of these regional-

ized variables as:

Z*(v) = EX i (Z(x.1) +-e(x.))
	

(3.1.9.)

The Kriging estimate z*(v) in (3.1.8.) must satisfy the following

two conditions:
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1. Lack of bias: This means that the expectation of the Kriging

(i.e., estimation) error should be equal to zero,

E[Z*(v) - Z(v)] = 0

Substituting for Z*(v) from Equation (3.1.9.) we obtain

E{EX [Z(x ) + €(x)] - Z(v)} = 0
ii	 1

or EX.m - m = 01
1

and hence

EX1 = 1 (3.1.10.)

2. Optimality: This is meant in the sense that the mean square

Kriging error, expressed as:

E[(z*(v) - Z(v)) 2 1	 (3.1.11.)

is to be made as small as possible. Thus, it is seen that z*(v)

is a BLUE, or "best linear unbiased estimator" or Z(v), where

"best" means optimal in the above sense.

Kriging leads to a constrained optimization problem where the

mean squared error in (3.1.11.) is to be minimized subject to Equation

(3.1.10). Before we discuss the minimization of Equation (3.1.11), we

must define the concept of Block Variance.

The average value of the random function, Z(x), over the block,

v, can be represented by the stochastic integral:

Z(v) =	 Z(x)dx	 (3.1.12.)
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The block has a variance in the domain D denoted by a 2 (v/D),

a 2 (v/D) = VAR[Z(v)] = EHZ(v) - m) 2 ]

= E[Z 2 (v)] - m 2 	(3.1.13.)

Substituting (3.1.12.) for Z(v) in Equation (3.1.13.) and changing the

variable of integration in one of the integrals to y, we get

2
(V/D) = E [-

1 r
V

2 
Z(x)Z(2) . dxdy] - m 2

iv v 

E [Z (x) Z (/) dxdy - M2

Recall from the definition of the covariance that:

C(x - 2) = E[Z(x)Z(2)] - m 2

= c(0) - Y(x - 2)

Thus, we can rewrite a 2 (v/D) in terms of the variogram function as:

6 2 (V/D) = C(0) -
V 

y(x - 1)dxdy. 	(3.1.14.)      

iy '

Mathematically, block variance is thus defined as the point variance,

C(0), minus the average value of the variogram over the area of the zone

in question. It is important to note that by averaging the quantity

Z(x) over the area v its variance is reduced, i.e., a 2 (v/D) < C(0).

Let the Kriging error for a block, v, be denoted by E(v) and

expressed as:
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E(v) = Z*(v) - Z(v)	 (3.1.15.)

Substituting (3.1.9.) for Z*(v), we obtain:

E(v) = EX.(Z(x
i
 ) + €(x)) - Z(v)-- 	 -1

Thus the variance of E(v) becomes:

VAR(E(v)) = EQXE . Z(x.) + C(x )) - Z(v)] 2 1
i1

(
	- a	 . -1

	

nn	 nn
= EFEXiX.Z(x.)Z(x . ) + 2 EaiX.Z(x)C(x)

	

ij	 J  J	
,	 .

nn
- 2EX.Z(x )Z(v) + EEC(x )C(x.) - 2EX iC(x )Z(v)

i l -1 	ii -1	 i	 -1

	

+ Z 2 (v)]
	

(3.1.16.)

If the expectation operator, E, is applied to each term inside the

brackets, all terms containing products of C and Z will drop out as a

consequence of all assumed orthogonality between C and Z. The fourth

term in Equation (3.1.16.) can be rewritten as:

nn	 n
EEX.X.E[C(x.)E(x)] = EXcy1 j	 -a -j 1 1
ij	 i

by virtue of the fact that:

E[C(x.)E(x.)] =0 ViOjj
2	 •	 j=CY V1= 
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where G 2 represents the uncertainty corresponding to the i-th sample paint.

Equation (3.1.16.) thus becomes:

nn
VAR[c(v)] = Ea.X.E[Z(x )Z(x )] - 2X iE[Z(x1)Z(v)]j

+ EX 2 G 2 + E[Z 2 (v)]
i ll

(3.1.17.)

In Equation (3.1.17) we have:

E[Z(x.)Z(x.)] = C(x. - x.) + m 2
-a -j	 j

E[Z(x )Z(v)1 = C(x. - v) + m 2
-a

E[Z 2 ( ) ] = a 2 (v/D) + m 2

Substituting these expressions into Equation (3.1.17.), we get:

nn
VAR(c(v)) = ZEX.

j
XC(x. - x.) - 2a.C(x. - y) +--j

EA0-2 + a 2 (v/D)i
(3.1.18)

In order to obtain the final Kriging equations, the quadratic form in

X:, Equation (3.1.18.) is minimized using a Lagrange multiplier technique

subject to the constraint in Equation (3.1.10.).

Let P be the Lagrange multiplier and 2' the Lagrange functional:

y(x , x
2
, . . . , x

m
, p)	 vAR(c(7)) - 2p (a i -1) = 0

1 
(3.1.19.)
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To minimize.', its partial derivatives with respect to X. (i = 1, .

, n) and p are set equal to zero. This gives rise to n + 1 simultaneous

equations in n + 1 unknowns:

i = 1, . . . , n

which are the desired Kriging equations. The latter can be written in

terms of the covariance function, C, as:

EXC(x. - x.) + X cr — p = C(x - v)
j

i
-1 --j

X. = 1	 i = 1, 2, .	 , n	 (3.1.20.)
J J

where

C(x - x) = covariance between sample points separated by a

	

distance Ix.	 x.I
-m

C(x - v) = covariance between i-th data point and block v
-1

a2 = measurement error variance of the i-th sample point

p = Lagrange multiplier

Equation (3.1.20.) assumes the existence of a covariance function.

In situations in which such a covariance does not exist, the equation is

still valid when one substitutes —y for C, provided that the intrinsic

hypothesis holds. The Kriging equations then become:
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EX.y(x. - x.) -	 + p = y(x - v)•
J —2	 11

EX. = 1
iJ

i = 1, 2, . , n	 (3.1.21.)

The Kriging equations (3.1.20.) or (3.1.21.) represent a system of simul-

taneous linear algebraic equations. This set has a unique solution in

terms of the weights,X i , and the Lagrange multiplier, .p, if and only if

C or -y are positive definite. Once the Xi - p are computed using a

suitable direct numerical technique, they are substituted into Equation

(3.1.22.) below to obtain an estimate of z(v) for the block, v:

z*(v) = EX,z (x.);	 1, .	 , n	 (3.1.22.)e

3.1.4	 Estimation (Kriging) Variance

This is a measure of the uncertainty associated with the Kriging

estimate, z*(v). In the absence of measurement noise, the estimation

variance, VAR[c(v)], is less than the dispersion variance (or true vari-

ance) of the random function Z(v), a 2 (v/D), thanks to sampling. Equation

(3.1.18.) gives an expression for the estimation variance when the X i

values are optimal. Rearranging Equation (3.1.20.), we can write:

EX.C(x - x.) = C(x - v) - X.a 2 + p
j	 1 1

(3.1.23.)

Substituting Equation (3.1.22.) and denoting VAR[E(v)] by OE, we find that:

= a 2 (V/D)- EX„C(x. - y) + p 	 (3.1.24.)
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Equation (3.1.23.) and (3.1.24.) can be rewritten in terms of Y by simply

substituting C by -y by virtue of the previously computed relationship

between C and y. This relationship can be rewritten as:

C(p) = c(0) - 1 (2) .

The C(0) terms will cancel out in both (3.1.23.) and (3.1.24.).

Notice, also, that the uncertainty of the sample variance does

not add explicitly to the Kriging variance but influences it through the

optimal weights, X.

3.1.5	 Covariance Matrix of Estimation (Kriging) Errors

Kriging errors corresponding to the distinct blocks, v and v ' ,

in the domain D can be written as:

6 = E(V) = Z*(v) - Z(v) = EX.(Z(x ) + e(x )) - Z(v)
i 1 	,--i 	(3.1.25.)

E l = E(V t ) = Z*(17 7 ) - Z(v t ) = EX:(Z(x.) + E(x.)) - Z(v T )
j

Our objective is to compute the covariance of the two errors, c and E t ,

incurred by the process of Kriging. Since these errors are assumed to

have zero mean, the covariance can be written:

COV(c, c') = E[cc']	 (3.1.26.)

Substituting 6 and E l from Equation (3.1.25.) and expanding, we obtain:

n	 n'
COV(c, E Y) = E{[EX.(Z(x ) + C(x.)) - Z(v)][EX'.(Z(x ) +i -i	 -a	 J. J	 -ji 

c(x.)) - z(v ')}
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= E EX.X.E[Z(x.)Z(x.)] + EE.XX.EF€(x.)Z(x.)]1 j	 -a --J
ii	 j	 -3

n n T 	n n
+ E EX.X.E[Z(x )e(x. 	

.j)] + E EXXE[E(x.)C(x )]
ii 1 J 	-1	 j	 -a -I

- EX	 (K:E[Z(v)e	 )] - EX.E[Z(x.)Z(v)]i J	 -J

E X.E[Z(v i )C(x )] + E[Z(v)Z(v')] (3.1.27.)

assumed to be uncorrelated with Z(x.)

Z(v), hence the quantities E[E(x.)Z(x.)] and E(C(x )Z(v)] are identi--a	 1	 -1
cally equal to zero. In addition, we assume second-order stationarity

for the random function, Z(x), thus Equation (3.1.27.) reduces to:

n n'	 n n'
COV(E,e) = E EX4X4C(x. - x.) + E EX.X!	

iCOV(C , C.) -J-J -- .. 1 31 Jj	 j

n',
EX.C(x. - v) - EX iC(xi - v') + COV[Z(v)„Z(v')] (3.1.28.)

I— -1

where

COV(E, E') = covariance of the Kriging error between v and v'

X , X = optimal Kriging weights for v and y ' , respectively
i	 j

C(x - x) = covariance between the i-th data point used to
-j

Krige v and the j-th data point used to Krige v'

C(x - v') = covariance between the i-th data point used in

Kriging v and the block v'

C(x. - v) = covariance between the i-th data point used to

Krige v' and v
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COV(Z(v), Z(v'))	 the covariance between blocks v and v'.

The diagonal elements of the covariance matrix are nothing but the

Kriging variances in Equation (3.1.24.). This can be verified by sub-

stituting (3.1.23.) into (3.1.28.) for v E V I .

3.2. The Variogram Function 

Ths most important aspect of Kriging is determining the covari-

ance or variogram functions. The inference of these functions is differ-

ent and requires a good deal of experience, particularly when data is

scarce and not sampled on a regular grid. In such cases, the estima-

tion of these functions may become a highly subjective exercise. In

Kriging, these difficulties can be circumvented to some extent by employ-

ing a procedure of variogram validation. The method of estimation de-

scribed below was developed by Y. Kim and P. Knudsen (1977).

3.2.1 Determination of the Variogram

In practice, a variogram is almost always computed using dis-

crete data points. For this purpose, the integral in Equation (3.1.2.)

is replaced by the summation:

1 N
y(p) = — E[z(x.) - z(x. + p)} 2
—	 2N •	 73 —.7

(3.2.1.)

In Equation (3.2.1.) it is assumed that there are N pairs of samples,

each separated by a distance p and lying on a straight line along which

variogram computation is being performed. In reality, however, spacings

between data points are seldom uniform. Consequently, the parameter p in

Equation (3.2.1.), which represents a uniform grid spacing, must be
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modified to allow for an interval instead of well-defined grid distance.

The modified version of Equation (3.2.1.) has the form:

E(p.)[z(x,) - z(x, + p.)1 2
J	 --J	 --J

2E (p.)
.	 J

where

p. = displacement vector whose magnitude falls within a pre-

determined interval, and whose direction falls within a

predetermined angle of spread, or 'window"

pi = 110 .1

For example, if the interval is one mile, all pairs of data

points separated by a distance between 0 and 1 miles are included in the

computation. The next class size may be two miles, and so on. Consider-

ing pairs which fall within a given interval oriented within a given

angle of spread (window) enables one to compute y(p) according to

Equation (3.2.2.). The resulting variogram is, thus, of the incremen-

tal sample data.

An average variogram is often computed by using all the data

points in all directions (i.e., by setting the window equal to 180 0 ).

This is especially useful in some practical situations in which available

data points are very limited and one does not suspect the presence of

anisotropy in the stochastic field under investigation. Equations (3.2.1.)

and (3.2.2.) are both used by Kim and Knudsen (1977), to judge the

amount of success in determining an appropriate computational interval.

(3.2.2.)
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In the case of a successful choice, the difference between the two com-

puted variogram values using Equations (3.2.1.) and (3.2.2.) is insig-

nificant. If, on the other hand, the distance between adjacent nodes

is a regular grid, the two equations yield identical sets of computed

variograms.

The computed variogram usually has a jagged appearance. At

relatively large distances, the variogram values are generally less

certain than near the origin (p = 0) due to the relatively small num-

ber of data pairs corresponding to large values of p. Thus, fitting a

particular theoretical model of a variogram function to the data may be

a difficult task, especially at large p values. We shall now discuss

some of these theoretical models and the problem of fitting them to the

data.

3.2.2	 Interpretation of the Variogram Function

The variogram can be interpreted as a measure of the uncertainty

involved in the extrapolation of data to a given distance. The rate at

which the variogram function varies near the origin characterizes the way

in which the value of information decays as one moves away from a given

measurement point (see Figure 3.2.1.). In other words, the behavior

near the origin reveals the degree of continuity between data points.

The maximum or asymptotic value of the variogram is called the "sill,"

and the distance along the p axis between p = 0 and the point at which

the sill is reached is called "range." The sill represents the disper-

sion variance of the random variable, C(0), and the range represents the

zone of influence of the random variable beyond which the sample points
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Continuous Type 
Parabolic behavior of variogram near
origin. High degree of variable con-
tinuity. Twice differentiable at
p = 0.

Linear Type 
Average degree of variable continuity.
Tangent oblique to origin. Once dif-
ferentiable at p = O.

—Range

Nugget Type 
Jump at the origin showing local dis-
continuity in variable, with continuity
at large scales characteristic of gold
deposit and transmissivities.

Random Type 
Complete lack of variable continuity.

Figure 3.2.1. Diagrammatic illustrations of variograms.
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are no longer mutually related, or correlated. Examples of four classi-

cal types of variogram behavior are illustrated in Figure (3.2.1.):

1. Continuous type: The variogram near p = 0 can be fitted to a

parabola and, hence, it is said to exhibit a parabolic behavior

near its origin, which implies a high degree of continuity of

Z(x). The variogram, in this case, is twice differentiable at

p = O. An example of this behavior is the evolution of the

piezometric head as a function of time in deep wells (Delhomme,

1978).

2. Linear type: Linear behavior near the origin represents an aver-

age degree of continuity. Such a variogram is only once differ-

ential near the origin. An example is the thickness of geologi-

cal formation (Delhomme, 1978).

3. Nugget type: A discontinuous behavior near the origin occurs in

cases where two distinct points in D which may be very close to

each other nevertheless exhibit different values of Z(x), the

difference being characterized by a variance equal to the jump

at the origin. This jump is known as "nugget effect" (see CO

in Figure 3.2.1c). It occurs when the random field behaves

differently at small scale than on a large scale. The nugget

effect indicates a reduction in the degree of correlation near

the origin, possibly due to small-scale heterogeneities such as

small inclusions (nuggets) of one material in another. Such

behavior is quite frequent in the analysis of gold nugget depos-

its and log-transmissivity data (M. Rekaya, 1977). An apparent

"nugget effect" can occur when the data are collected at invervals
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which are not small enough to show the existence of continuity

at small scale. Measurement errors can also, sometimes, lead to

an apparent "nugget effect."

The "nugget effect" can be represented by means of the

Heaviside step function:

Y(2) = [1 - H(P - 0 )] + Yo (P)	 (3.2.3.)

where

y (p) is a function representing the smooth part of the
o

variogram

and

[0 for p < 0
H(p - 0) =

1 for P > 0

Transmissivity data analyzed by Rekaya (1977) show CO values

up to 50 percent of sill (or dispersion variance) value. A

similar phenomenon will be seen to occur in the log-transmis-

sivity variogram for the Cortaro aquifer which is discussed in

the next section. Since small-scale variability is not repre-

sented by such a variogram, the same is true about the result-

ing Kriging estimates. Consequently, the associated Kriged map

is smoother than in cases in which a "nugget effect" is absent.

4. Random type: This type of variogram is shown at Figure (3.2.1.).

It represents a complete lack of continuity in the variable

Z(x), or pure randomness. Whatever the distance between two

samples, they are entirely uncorrelated with each other. This

is common in some gold deposits and for this reason is commonly

nugget effect."
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3.2.3 Theoretical Variogram Models

We have seen that variograms must possess certain properties

and, therefore, one should not try to fit arbitrary functions to the

variogram data. The most common isotropic variograms satisfying the

condition of positive definiteness (Equation 3.1.5.) are:

1. Linear variogram:

y(p) = a + blpl; a, b > 0

2. Power variogram:

y(Z) = CO[l - H(p -	 KI P l a	 0 < a < 2

3. Exponential variogram:

y(p) = c0[1 -	 - 0)] + K(1 - exp( -alp1)

4. Gaussian variogram:

y(p) = c0[1 -	 - 0)] + K(1 - exp( -alpi 2 )

5. Spherical variogram:

3
Y(P) = CO[1 - H(p - 0)] + K(1.5 -121 - 0.5(a) ); p < aa
1
y(p) = CO + K	 p > a

where

C = K + CO = sill value if variogram is bounded.

Figure (3.2.2.) depicts these models for CO = O. Appendix A

contains proof of positive definiteness for the spherical and

the exponential models which have been used in this study.

Some of the variograms of Log(T) analyzed by Delhomme (1978)

' exhibited a "hump" known as "hole effect" as illustrated by the Aquitaine

Aquifer example in Figure (3.2.3.). This effect is indicative of negative

correlation which may result from one or both of the following causes:
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Fig. 3.2.2. Basic variogram models (after Delhomme, 1976).
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}n



f(0) - C(0)
27

pe	 dp + C(0)
21r

o

CO

—aP 2

p 2 e	 dp

o

co

—aP 2

(3.2.6.)
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1. Averaging the variogram in all directions when in reality the

variogram is anisotropic.

2. The presence of alternating zones of high and low transmissivity.

To model the "hole effect" we suggest the following theoretical

model:

-alp12
y(p) - CO[l - H(p - 0)] + K[1.0 + (bhp! - 1)e	 (3.2.5.)

where a and b are parameters to be determined by a non-linear

least square fit. The model can be proven to be positive definite

as follows:

The covariance, C(p), can be written as:
-a p 2

C(p) = C(0)(1 - bp)e

Substituting into Equation 3.1.5.) gives:

The integrals can be evaluated according to Spiegel (1968, p. 98):

CO

-ap 2

pe dp = -
1
2a-

o

e co

	-ap 2 	Tr-r
p 2 e	 d P - 	

2a
3/2

o

Substituting into Equation (3.2.6.) yields:

f(0) = C(0) 	1	 bC(0) 

	

2 .-ff	 2a	 3/2
41/F a
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For f(0) > 0, one must require that:

1
4 ir a —	

b 	or	 b < 1
1.133/2

— Vrr41:Tra

(3.2.7.)

which is the criterion for positive semi-definiteness of the

variogram in (3.2.5.).

Figure (3.2.3.) shows the experimental variogram of the Aqui-

taine sandstone aquifer fitted to the model of Equation (3.2.5.). The

model is positive definite with a = 0.0028, b = 0.0232, and -- = 0.438

< 1.13.

3.2.4 Verification of Model Validity

Before a variogram model is accepted, it is first necessary to

validate it against the available record. Such a validation can be per-

formed by eliminating from consideration one observation point at a time,

and then testing how well can its value be predicted by Kriging based

only on the remaining points. Let (z,)i be the measured value of Z(x )
e	 -1

at the point of interest, and let z* be the Kriging estimate of Z(x•)
i	 —1

obtained during validation. In order for the model to be correct, we

must require that:

1. The Kriging errors be unbiased, i.e.,

1
in =	 Z[(z ) - z*] = 0e	 N .	 e i	 .1

(3:2.8.)

where m
e 

is the sample mean of the computed Kriging errors,

and

2. The Kriging error variance be close to the theoretical variance,

2Œ1, i.e.,
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1
a
n

2
ei

E[(z) - z*1 2 /(5 2 = 1k. (3.2.9.)

where a 2 stands for normalized error variance.

The overall accuracy of the Kriging model can also be measured

by the mean square error, a , defined as:
ms

1
a	 ={ — E[(z ), - z*]

21/2
}ms	 N	 e	 i

(3.2.10.)

3.2.5 Validation Test for the Nord Aquifer

The Nord aquifer is situated in Northern France and consists of

fractured chalk. Transmissivity data were provided by courtesy of Dr.

Jean-Pierre-Delhomme, formerly with the Ecole des Mines de Paris in

Fontainebleau. There is a total of 144 transmissivity values which,

together with their coordinates, are listed in Appendix B. A spherical

variogram model is fitted to the experimental data (or raw variogram)

by the following method:

One usually starts by fitting a tangent at the origin to deter-

mine the intercept at the origin, which is interpreted to be the nugget

effect, CO. The sill of the variogram (K + CO) is set equal to the sam-

ple variance of all data points. Knowing CO and (lc+ CO), one can com-

pute K. Finally, the tangent at the origin intersects the sill at a

distance equalto (2/3)aas illustrated in Figure (3.2.23.), thus making

it possible to determine the value of the parameter a.

The experimental variogram,together with the corresponding theo-

retical curve, is shown in Figure (3.2.4.). The variogram is now
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modified by trial-and-error. Knowing that the total variance is

(K + CO) and that the tangent of the origin of the optimal model inter-

cepts the sill at a distance equal to 2a/3 gives a starting point. The

a parameter is changed slightly at each trial test until the model pro-

duces the required error statistics of validation.

The final theoretical model, in our case, is:

	IPI	 IPI 
y(p) = 0.15 1 1 - R[4-0] 	+ 0.51	 - 0.5(	 )3],

	

14.2	 14.2

10 <14.2	 (3.2.11.)

Y(P) = 0.15 + 0.51 , (Pi > 14.2

In this model, the sill is 0.66 and the range is 14.2 miles.

3.2.6 Validation Test for the Cortaro Aquifer in Arizona

The Cortaro Aquifer is part of the greater Tucson Basin. A

detailed description of the relevant geology and hydrology is given by

Fogg (1978) and Neuman et al. (1979). The 149 available transmissivity

data are listed in Appendix B.

The variogram is represented by a composite spherical model:

P	 3
-	 0.5( ) ](p) = 0-.255 + 0.190[1.5() for p < 1.1 mile

1 1.1 1.1

y (p) = 0.445 for p > 1.1 mile

y	 (p) = 0. 25 5 + 0.190[1.5(27)
P	 3

	0.5(T.7)	 ] for p < 2.3 mile
2

y 
2

(p) = 0.445 for p < 2.3 mile

Y* (p) = (y 1 ( p) + Y 2 ( P))/2
	

(3.2.12.)
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where

y*(p) = the overall variogram which represents the average of

two structural components (referred to as nested

structures).

The two components here combine to provide a model that describes the

experimental curve in Figure (3.2.5.). The sample mean of log-trans-

missivity is 3.85 and the sample variance is 0.445.

The validation shows that:

in  = -0.0188,

a
N 

= 0.967,

and

a	 = 0.0524
ms

3.3 Numerical Solution of Kriging Equations 

The Kriging system of Equation (3.1.21.) can be written in

matrix form as:

C(0) C
12 In 1 Xi IV

C(0) C 1 X 221 2n 2V

• •

N1 C
N2

C(0) 1 NV

1 1 1 1
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For any given subdomain (or zone) one first determines the num-

ber of data points, N, within a given radius (7 miles, in our case) of

search about the center of the zone. Thus, the number N can vary from

one zone to another, depending on the density of data in and around

each zone. After N data points are determined for each zone, an NXN

matrix of covariances, C(x. - x), between the N data points is com-

puted. The right-hand-side vector in Equation (3.1.210, C(x - v),i 

is computed in the following manner:

1. The zone v, which may be a triangle, quadrilateral or pentagon

identified by the coordinates of its corners, The polygon is

enclosed within a rectangular area and the latter is covered

with a regular square pattern of points (a maximum of 100

points is allowed in the program). David (1977, p. 280) found

that 16 points and sometimes even 9 or 4, are adequate to give

an accurate result. 100 points would give the accuracy which is

more than can be justified in light of the uncertainty in the

variogram parameters. Subroutine PTLOC of Kim and Knudsen (1977)

is used to decide which points lie inside and which outside the

zone.

2. The covariance C(x - v) is computed as the arithmetic average

of the covariances between the point x. and each of the K mesh-a

points lying inside the zone v

1 K
C(x - v) = — E C(x. - x.)

K j 	j

where X. is the j-th mesh point inside the zone v.

(3.3.1.)
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3. The system of Kriging equations is then solved by an 'MEL

subroutine (LEQT1F) based on Gaussian elimination to yield N

optimal Kriging weights, X
i' 

and one Lagrange multiplier,p.

3.3.1 Estimation Variance

The estimation variance in Equation (3.1.24.) can be easily

computed if the block variance, a 2 (v/D), is known. The Block variance

is simply the integral of the covariance function over the zone and can

be calculated numerically via a double summation over all K grid points

covering the zone:

1 K K
a 2 (V/D) = — E E C(x -

KK j
(3.3.2.)

Subroutine COVAR (modified after Kim and Knudsen, 1977) performs this

computation for each zone. The second term in Equation (3.1.24.) is

computed easily using values of covariances obtained in Equation

( 3.3.1.) and the corresponding optimal weights, X.

3.3.2	 Covariance Matrix of Log(T) Kriging_ Errors

The covariance of the Kriging error between zones v and v ' is

given by Equation (3.1.28.) and can be rewritten as:

n n'
COV(E,6') = COV[Z(v), Z(v 1 )] + E E À.X.00v(c , C.)

13 	i	 J13

n n'	 n'
+ E E X.	 .X!c(x - x. - E X'C(x - y)1 j	 —j	 jii

- E X.C(x - v').	 1 (3.3.3.)
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where

X. = the n optimal weights used to Krige zone v1

X' = the n' optimal weights used to Krige zone v'

The first term in Equation (3.3.3.) is a double integral in

which one end of the displacement vector sweeps zone v and the other

end sweeps zone v':   

1
COV(Z(v), Z(v I )) =

vv' 
C(v - v l )dxdy	 (3.3.4.)   

iv iv'

The two zones, v and v', are discretized with the aid of N and N'

points, respectively. Then, the integral in (3.3.4.) is approximated

by the summation:

1 N N'
COV[Z(v), Z(v')] 	 — E E C(x - x')
	

(3.3.5.)
j

where

x. = the coordinates of a point inside zone v

x = a point inside zone v'

The second term in (3.3.3.) contributes to the covariance matrix only

=
cyif x. = lc! for some i and j, in which case COV(E., ) =	 a2;

-1	 1 j

otherwise, COV(E , E ) = O. The fourth and fifth terms contain C(x - 17)
i	 j

and C(x - v') and are computed like in Equation (3.3.1.).
-1

A maximum of 16 points are used to discretize each zone in order

to compute the covariance matrix.



CHAPTER 4

KRIGING OF HYDRAULIC HEADS

4.1	 Introduction 

Whereas log-transmissivity can often be assumed to represent

a stationary process, the same is generally not true about hydraulic

heads. The latter are almost always associated with a non-constant

mean, or drift, m(x). Furthermore as we will show below, the variogram

of the hydraulic heads is often anisotropic. Thus, one cannot use the

simple Kriging equations developed in Chapter 3 to deal with hydraulic

heads except, possible in very small neighborhoods or subregions of the

aquifer.

Let Z(x) be a random function representing hydraulic head. We

shall assume that Z(x) can be expressed in terms of two components as

Z(x) = m(x) + Y(x)	 (4.1.1)

where

m(x) = E[Z(x)] .

Here m(x) is the deterministic component of Z(x) called trend or drift,

and Y(x) is the random deviation of Z(x)from its mean. Y(x) is assumed

to possess a spatial covariance structure which can be represented by a

variogram, or covariance function, similar to those described in Chap-

ter 3. The difference is that whereas in Chapter 3, m(x) was assumed

to be given a priori (as an arbitrary constant), in the present chapter

66
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we must deal with the problem of estimating the nature of m(x) in addi-

tion to estimating the variogram of Y(x). This is difficult because on

one hand, the variogram of Y(x) cannot be determined without prior

knowledge of m(x), while on the other hand, m(x) cannot be properly deter-

mined from the data without knowing the covariance structure of Y(x).

Thus, the functions m(x) and y(x) must be determined simultaneously.

Another complication often encountered in the.Kriging of hydraul-

ic heads is variogram anisotropy. The anisotropic nature of Y(x), when

Z(x) represents hydraulic head, is suggested by practice and confirmed

by theory. For example, Gelhar (1976) studied the nature of Y(x) arising

from a two-dimensional stochastic model based on a diffusion-type ground

water flaw equation in which log-hydraulic conductivities (or transmis-

sivities) are taken to be an isotropic stationary process. His analysis

showed that when m(x) is linear, Y(x) is an anisotropic process. Bakr

(1976) extended Gelhar's analysis to three dimensions and showed that

when m(x) is linear, Y(x) is again anisotropic. A recent theoretical

study by Dagan (pers. comm.) on theoretical variograms for Y(x) confirms

these findings. His study also suggests that the variogram function is

generally not bounded (i.e., there is no constant sill) but increases with

distance without limit. The theoretical analysis show that the autocor-

relation of Y(x) is pronounced most strongly in a direction perpendicular

to the mean direction of flaw, and is weakest parallel to this direction.

Despite its importance, the concept of anisotropy as applied to

hydraulic head fluctuations has been ignored in all previous Kriging

applications. As will be shown in this dissertation, such anisotrophy

must be taken into account if the Kriging of heads is to be meaningful.
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4.2. Existing Kriging Approaches to 
Nonstationary Processes 

There are currently three Kriging methods capable of handling

nonstationary random phenomena. These are:

1. "Universal Kriging" developed by Matheron (1969, 1973) and

introduced into the hydrology literature by Delhomme (1976).

In fields other than hydrology, case studies were described

by Haas and Jouselin (1976) and Chiles (1976). The methodology

of "Universal Kriging" has been discussed by Delfiner (1976).

2. "Generalized covariance" developed by Matheron (1969, 1973) and

originally applied to problems in hydrology by Delhomme (1976).

Although some people view this method aS being distinctly dif-

ferent from Universal Kriging, in this dissertation the two

methods will be regarded as variations on the same theme.

3. An "ordinary least squares approach" in which m(x) is determined

independently of Y(x) by a linear or nonlinear least square fit

to the data. This approach was advocated by Gambolati and Volpi

(1979) in connection with groundwater levels in the area of

Venice, Italy.

The following is a brief description of each of the above three

methods.

4.2.1 Universal Kriging

In universal Kriging, the random function Z(x) is defined as the

sum of two terms in the manner of equation (4.1.1). The function m(x) in

(4.1.1) is assumed to vary slowly in space and can be represented, at
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least locally, by a polynomial of the form

m(x) =	 a f (x)
	

(4.2.1)
Z=0

where a are constant coefficients and f(x) are linearly independent

polynomial basis functions. The latter are often taken to be monomials

of first and second order, and f
o 

is generally set equal to unity. Thus

if m(x) is represented by a first order polynomial in two dimensions,

then L=2 and

m(x) = a + a 1 x1 + a 2 x2

If m(x) is represented by a second order polynomial, then L=5 and

m(x) = a + a 1 x1 + a2x2 + a 3x 1
2 + a 4x 1 x2 + a 5x2

2 
•

In three dimensions, L=3 in the first order case, and L=9 in the second

order case.

Let us assume that Z(x) has been measured with precision (i.e.,

there is no measurement error) at n points x , x......, x within the2	 -T1

neighborhood of a point x, and one is interested in estimating the value—o

of Z(x) at x . The Kriging estimate of Z(x ),	 z*(x ) is defined as a
—o	 —o	 —o

weighted average of all point values measured in the neighborhood of

x , z(x.), according to
—o

z*(x ) = A. z(x.)
—o	 i —a

i=1
(4.2.2)

where the A
i 
are appropriate weighting coefficients. The error of esti-

mation, or Kriging error, at x is defined as



70

E(x ) = Z*(x ) -Z(x ) .-o	 -o	 -o

Notice that E(x ) is a random function since Z*(x ) and Z(x ) are them--o	 -o	 -o
selves random functions, the realizations of which are z*(x ) and z(x ),-o	 -o
respectively.

The weights, A
i
, are determined so as to satisfy the lack of

bias condition

E [E (x )	 = E [Z*(x ) - Z(x )	 = 0	 (4.2.3)

and the optimality condition which requires that the variance of the

Kriging error,

var[E(x )] = EJ[Z*(x ) - Z(x )] 2 }
	

(4.2.4)

be minimum.

The lack of bias condition (4.2.3) can be written with the aid

of (4.2.2) as

rn
E I	 X. Z(x.) - Z(x	 0	 (4.2.5)1 -si=1

Substituting (4.1.1) and (4.2.1) into (4.2.5) and recognizing that

E[Y(x)] = 0, we obtain

n	 L	 L
Z A. Z a f (x ) - Z a f (x ) = 0

1	 k 2. -1.i=1 	2 =0	 2=0

which can be reorganized to read

X
i
f

i
) - f (x ) = 0 ;	 2= 0,1,2,....,L (4.2.7)-D

i=1

Note that for k=0, (4.2.7) gives

X. = 11
i=1

(4.2.8)
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which is the same as (3.1.10) obtained earlier in Chapter 3 for the

case where m was constant.

The variance of the Kriging error defined in (4.2.4) can be

rewritten with the aid of (4.2.2) as

var[c(x )] =	 X. Z(x.) - Z(x )]
1=1 1 -2 	-°

n n
X.X. E[Z(x.) Z(x.)]

i=1 j=1

- 2	 X E[Z(x ) Z(x )] + E[Z 2 (x)].
j	 -j -0

i=1

By virtue of (4.1.1), the above can be rewritten as

n n
var[c(x )] =	 X.X. E[Y(x.) Y(xj )] - 2	 Xi E[Y(x.)

i=1 j=1 1 J 	1=1

n n
Yx )] + E[Y 2 (x )] +	 I X. X. m(x.)m(x.) - 2	 x.m(x.)m(x )j -2 -3	 2 -a -0

i=1 j=1	 i=1

m2(x )

The lack of bias condition (4.2.5) implies that

n
m(x ) =	 Z X. m(x)
-o

	

	 2 -2
1=1

so that all terms including m in the above expression for var[E(x )]

cancel out. Thus, if we define the covariance C(x.-x.) as-

C(xl-x.1 ) = E	 [Z(Ei) - m(x...i)][Z(l) - 111(2.c1 )]}

= E[Y(x 4 ) Y(.?..y]
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we finally obtain

n n
var[e(x )] =	 A A C(x.	 .-x) - 2	 A. C(x.-x ) + C(0)-o	 i j -a	 -2 -0

	

i=1 j=1	 i=1

(4.2.9)

where

C(x.-x.) is the covariance between Z(x.) and Z(x.), and C(x.-x )-j	 -o

is the covariance between Z(x.) and Z(x ).	-a	 --o

In order to obtain the final set of Kriging equations, (4.2.9)

is minimized using the Lagrange multiplier method subject to the con-

straints (4.2.7). Let p z be the 2, th . Lagrange multiplier and 2 the

Lagrange functional

2(A1 ,A2, , An , 111, 11 2, p ) = var e(x )
-0  

- 2	 1 p z j	 Aiz	 .f(x) - f (x )	 (4.2.10)
2, -02,=0	 i=1

To minimize y its partial derivatives with respect to A i and p are set

equal to zero. This gives rise to N+L simultaneous algebraic equations

in n+L unknowns,

0 ; i = 1,2, 	  n

0	 ;	9 = 1,2, 	  , L

which take the form
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! X. C(x. -x.)	 p f (1C,) = C(X -x )
j=1	 -7	 9=0 9' 9' -2	 --o

i1 X.f (x.)	 =	 f (x ) ; Z = 0,1,2,...., L .9.	 Z -y
=

(4.2.11)

These are the desired Kriging equations arising from "Universal Kriging".

The Kriging equations in (4.2.11) assumes the existence of a

covariance function. In cases where such a covariance does not exist,

the equations are still valid when one substitutes the negative vario-

gram, -y for C, provided that the intrinsic hypothesis holds. The latter,

as we shall recall, implies that the mean m(x) in a restricted neighbor-

hood can be assumed to be constant and the variogram function can replace

the covariance function, C, in equation (4.2.11). In cases where second

order stationarity can be assumed, we can follow the procedure outlined

in section (3.1.1) to show that

2y(4) = E{ [z (x+ 	- Z(x) - m(x4D + m(x)1 21

= E [Y 2 (x+4)] - 2 E[Y(x)Y(x44)] + E[Y 2 (x)]

= C(0) - 2 C(4) + C(0)

Or

y(4) = C(0) - C(4)

just like when m was constant, because Y(x) is a stationary process.

In terms of y the Kriging equations therefore become
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X. y(x.-x.) +	 f (x.) =	 (x,-x ), i = 1,2,...., n
j=1	 -2	 Z=0 9' 9' -2	 -o

7 x f (x1 ) = f (x )	 ;	 = 1,2,...., L .
1=1

As long as the basis functions, f z (x), are linearly independent, and

C(s) and -y(x) are positive definite, the Kriging system is non-singular.

Thus, it has a unique solution.

After determining the vector of optimum X
i 
values, X	 , from

-opt.

(4.2.11) or (4.2.12), one can compute the Kriging (estimation) error

variance from (4.2.9). Substitute (4.2.11) into (4.2.9), we obtain

a 2 = -
i=1 

X. C(x.-x ) +	 f (x )
	

(4.2.13)

where

a 2 = var[e(x )1
-o X=X

- -opt. 

It is interesting to note that the coefficients, a , of the

polynomial drift function do not enter into the Kriging equations and

therefore, there is no need to evaluate them unless one is interested

in an explicit expression for the drift. When m is constant, 9,=0, and

equations (4.2.11) reduce to those of simple Kriging

XC(x.-x.) - p o = C(x.-x )	 i = 1,2,...., n
j=1 i 

-a -j

1	 (4.2.14)=
j=1
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Similarly, the estimation variance in equation (4.2.13) becomes

0 2 =	 A. C(x. -x )
oi -ai=1

(4.2.15)

The great problem of "Universal Kriging" is that the "true" or

underlying variogram or covariance (i.e., y or C in the above Kriging

equations) cannot be estimated directly from the data. Although efforts

have been made to construct the variogram by a trial-and-error procedure

(i.e., assume y and verify by Kriging), this is a difficult task to

achieve. In addition, this approach is arbitrary since the estimated y

may not approximate the actual underlying variability pattern. Thus,

Universal Kriging is used only

1. When the drift is present only in part of the system and the

variogram function can be estimated from another part of the

system where stationarity can be reasonably assumed.

2. When there is no drift along a given direction across the entire

system, one can determine the variogram from data lying along

this direction (e.g., perpendicular to the average hydraulic

gradient in an aquifer). This variogram is then assumed to

represent all other directions as well, implying statistical

isotropy. This assumption is difficult to justify because aniso-

tropy is the rule rather than the exception in many cases.

In practice, Universal Kriging is often applied to small neigh-

borhoods over which the drift can be safely approximated by a low-order

polynomial. Thus, if the data are sufficiently dense, the Universal
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Kriging equations should be applicable to arbitrary drift functions.

The method has been tested for various data by Walden (1972). According

to this author, the Universal Kriging (UK) algorithm leads consistently

to the highest spatial correlations and the lowest error measures when

compared to other methods. However, we must recognize that the number

of UK constraints increases as the degree of the polynomial becomes

larger, implying that the number of required data poihts goes up. If

the number of data points is small, one may expect the Kriging error

variance to be relatively high.

4.2.2 Generalized Covariance Method

Let us assume that Z(x) generally can be represented by

Z(x) = Y(x) + m(x)	 (4.2.16)

where m(x) is a polynomial of degree (K-1). Let us assume that Y(x)

is second-order stationary with zero mean, i.e.,

E[Y(x)] = 0

E (x+h) Y (x)	 = cov [Y (x) , Y (x+4) 	 (4.2.17)

The intrinsic hypothesis of order K states that the same holds true for

K-order increments of Z(x). We will show that this is the case by using

a one-dimensional example.

K=0. The intrinsic hypothesis of Materon (1970) discussed in

Chapter 3 states that the first-order increments of Z(x) are stationary

with constant mean. The increments can be written as
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Z(x+6) - Z(x) = Y(x+6) - Y(x)

which is second-order stationary by virtue of (4.2.17). The variogram,

in this case, can be inferred directly from such increments because the

constant mean, m is filtered out automatically in the above equation.

When m is a function of x, Z(x) is non-stationary and so are its first-

order increments. In this case, the intrinsic hypothesis of the first

order no longer holds. If K=1 and in = a
o
+a

1
x
' the increments of Z(x)

are second order and can be written as

[Z(x+24) - Z(x+ ,5)] - [Z(x+6) - Z(x)] =

[Y(x+24) - Y(x+4)] - rf(x+4) - Y(x)] .

This is a second-order stationary by virtue of (4.2.17). Thus, we can

see that the first-order polynomial is filtered out of second-order in-

crements of Z(x).

If K=2 and m = a +a x+a x2 the increments of Z(x) are third-order
0 1	 2

and can be written as

[Z(x+2Z) - 2 Z(x+) + Z(x)] - [Z(x) - 2 z(x- 4) + z(x-24)]

[Y(x+24) - 2 Y(x+s) + Y(x)] - [Y(x) - 2 Y(x- 4) + Y(x-24)]

This is second-order stationary by virtue of (4.2.17).

In conclusion, considering K
th 

order increments of Z(x) is equiv-

alent to considering first-order increments of Y(x) when m(x) is a poly-

nomial of degree K-1. Working in terms of Kth order Z(x) increments is

called "generalized covariance" method; working in terms of first-order

Y(x) increments is called "Universal Kriging".
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Kriging Errors. Defined as

E(x ) = Z(x )	 X Z()
i=1 i -1

(4.2.18)

when m(x) is polynomial of degree (K-1), the right hand side of equation

(4.2.18) represents a Kth order increment of Z(x) by virtue of the lack

of bias condition (4.2.7). For example, if K=0, (4.2.7) implies

X. = 11
i=1

and equation (4.2.18) can be written as

(4.2.19)

E(x ) =	 Xi [Z(x ) - Z(2si)] .	 (4.2.20)
i=0

Equation (4.2.19) and (4.2.20) show that E(x ) is a linear

combination of first order Z(x) increments.

If K=1, equation (4.2.7) implies (for 1-D case)

and

X. = 1,	 X.x. = x
1	 1 1

i=1	 i=1	
o

c(x0 ) 	X.EZ(x0)i=1 
1

(4.2.21)

=fln {[Y(x )+a +a x
o
] - IY(x.)+a +a x

il 	o	 1	 oli
i=1

=	 Ai 1[Y(x)	 11(xi )]	 a l (xo 

=1
1
 X.[Y(xo) - Y(x.)]

1	 1
J1
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because

X al(x -x) = al(x
o 

-	 X
i
x
i
) = 0i	 o	

.
i=1

by virtue of (4.2.21) above. Thus, (x) is a linear combination of

first order Y(x) increments which we showed earlier are equivalent to

Kth order Z(x) increments.

We have shown that if the constraints in (4.2:7) are satisfied

then

e(x ) = Z(x ) -	 X Z(x.)
i=1 i

=	 X [Y(x ) - Y(x.)]
i	 -oi=1

and the variance of the Kriging error e(x ) is-o

n n	 (K)
var[e(x )] = E[e(x )e(x )] =ZZXXC(x.-x.)-o	 -r) -o	 i j	 -ai=0 i=0

(4.2.22)

where X
o 
= -1 and

(K)
C(x -x,) = E[Y(x.)Y(x.)] 	 .

-j	 -s (4.2.23)

The function C
(K) 

is known as Generalized Covariance of order K. Note

that it is identical to the covariance function C of Universal Kriging;

only the notation is different.

The above one-dimensional analysis can be extended to two-

dimension analysis. When x = (x 1 ,x2 ) in the plane, the generalized

increment represented by equation (4.2.18) is considered to be admissable

of order K if and only if:
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i1
	xi Xj2

l	 2i = 0 .=
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(4.2.24)

For all integers j 1+j 2 0 such that j 1+j 2 - L < K. For example:•

K = 0:	 1 A=O

K = 1:	 A. =	 X.xli =	 A x
2i 

= 0i 1 

K = 2:	 A
i ==Dx. =1Xixx2i = 0i	 21 

X ixii =	 XixL = 0.

The constraint equation in (4.2.11) or (4.2.12) of Universal Kriging

imply the above conditions which say that Kriging error is a generalized

increment since the X. represent an admissable combination for any Kth

order drift polynomial. Thus, the Universal Kriging system represented

by equation (4.2.11) or (4.2.12) can be utilized to generate admissable

Ai combinations which can be used to determine C
(K)

Statistical Inference of Generalized Covariance. The Generalized

Covariance of order K can, according to Delfiner (1976), be inferred from

n data points as follows:

a.Selectonedatapointatxandndatapoints,x.(i=b ....,n),—o

in the neighborhood of x .—o

b. Construct a generalized increment of order K, E(X), using equa-

tion (4.2.18) so that the weights, A
i 
satisfy the condition of a general-

ized increment of order K, equation (4.2.24). The A
i 
are usually com-

puted as a solution of "Universal Kriging" equation (4.2.12) or (4.2.13).
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Delfiner (personal communication) suggested that the variogram which is

used in the generation of these increments can be inferred (not neces-

sarily an optimal variogram) from least squares residuals. In order to

compute more than one increment for each data point, the Kriging neigh-

borhood is varied several times around the point. Thus several increments

can be computed corresponding to one data point. The total increments

generated for the whole field must be more than 200 for meaningful regres-

sion analysis (Delfiner, 1976).

c. Assume that the increments are second-order stationary with zero

mean. Then the variance of these increments can be expressed as a func-

tion of the generalized covariance C (K) as in equation (4.2.22).

d. Assume that C
(K) 

can be expressed as a polynomial function of 4

(K) 	K	 P+1	 ap
	  r(DP! 

	42P+1

C(4) =	 (-1)
P=0	 (2P+1)! r r (2P+n+1)

	

\	 2 /

which can be simplified as

2P+1
C(4) =	 1 a

* 
141

P=0

(4.2.25)

(4.2.26)

(K)
The C(4) is a valid isotropic Generalized Covariance provided the coef-

ficients ap (these are not drift coefficient of course) satisfy

K	 K-P
Zax	 0	 for all 1x1 > 0 .	 (4.2.27)P —P=0

In particular we have

for K = 0
	

a
o 

0

for K = 1
	 a

o	
0, al	 0

for K = 2
	

a
o 
2 0, a 2 2 0, a l 2 -2Va

o
a 2 •
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The condition imposed on C (K) in equation (4.2.27) insures the C (K) is

a positive definite covariance function.

e. Substitute equation (4.2.26) into equation (4.2.22) to give

2P+1K * n n
var[e(x)]	 E[e2(x )] ii =	 X ap X	 X i Xi

P=0	 i j
(4.2.28)

2P+1	 n n	 2P+1
Let (INii )	 =	 XiXi 12Si

then equation (2.2.28) becomes

2P+1
E[e 2 (x )]	 =	 X a (IN..)

—0 jj	 P=0 P	 JJ
(4.2.29)

Equation (4.2.29) is a regression equation of 2 (x).. on the (2K+1)
—0 JJ

variable, IN 1 	IN 2 	IN2K+1
jj'	 jJ'	 jj

*
f. Determine the coefficients a

*
o , a l ,	 aK by "ordinary" least

squares regression. The details of the regression equations are ex-

plained in Delfiner (1976).

Even though the above estimation procedure is automatic, it

suffers from the problem of non-optimality. The generalized increments

are correlated and an "ordinary" least squares procedure is not meant

for correlated variables. Consequently the coefficients of the General-

ized Covariance are not optimal and may suffer from an unknown amount of

bias. Only if the increments are computed from widely separated data

points so that the former can be regarded as uncorrelated, will the ordi-

nary least square procedure be justified. Another point worth mention-

ing is the assumption that the increments are statistically isotropic.

The latter assumption cannot be verified.
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4.2.3	 Ordinary Least Square Fitting of Drift Function

Ganbolati and Volpi (1979), in a paper entitled "Ground water

contour mapping in Venice by stochastic interpolators" advocate an

approach in which the functional form of the drift, m(x), is obtained

from physical consideration. The authors claim that the functional'

form of m(x) should be based on what one believes to be the main trend

of the event, based not only on the data but also on hydrological con-

siderations.

For example, if the water levels in the aquifer show a cone of

depression, a logarithmic functional form could be the suitable choice

for m(x). Once the functional form of m(x) has been established in this

manner, its coefficients are determined by an ordinary linear or non-

linear least squares fit to the data. Since m(x) is now a known deter-

ministic function, one can compute the residuals, Y(x) = Z(x) - m(x),

which can then be used to construct the variogram function. The esti-

mated drift function is incorporated in the Kriging equations.

If we substitute -y instead of C in equation (4.2.9) we obtain

the Kriging error variance

n n
var[e(x )] = -	 X,X. y(x.1.-xj ) + 2	 X.	 (x -x )

o	 i=1 j=1 I 	i=1 1 —1

(4.2.30)

since y(0) = O.

Equation (4.2.30) differs from equation (8) of Ganbolati and

Volpi (1979), suggesting that the latter may be in error. The minimiza-

tion of (4.2.30) subject to the following constraints
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! X. m(x ) = m(x )
i=1 1 —i

X i = 1
	

(4.2.31)

can be achieved using the Lagrange multiplier method.

Let y be the Lagrange function defined as

2(xl,x2,... n 11 1,112) = .var[e(x )] - 2	 X4 - 1)
-0

i=1

- 2 1.12Z X i m(x.) - m(x )
i=1

(4.2.32)

The minimization of Y is performed by taking its derivatives with

respect to each X i
, ;I', and 1u2, and equating these derivatives to zero:

0 i = 1, 	  ,n

311 Z 
= 0	 = 1,2

This yields the following Kriging equations,

X. y(x.-x.) + 11 1	 1-12 m (x . ) = Y (x . -x )
j=1 J -a

i=1,2, 	  n

X. =
j=1 3

X m(ly
jj	

= m(x ) (4.2.33)
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which are identical to equation (10) in Ganbolati and Volpi (1979).

The only difference between the Kriging equations (4.2.33) and those

of Universal Kriging is the analytical representation of the drift func-

tion. In Universal Kriging, m(x) is a local polynomial with undetermined

coefficients, whereas in (4.2.33) the drift function is a global determin-

istic function. Thus, there are fewer constraints on the Kriging system

than in Universal Kriging even when the local polynomials are of degree

one. If the covariance is known, the first constraint of equation

(4.2.33) is not required (Ganbolati and Volpi, 1979). However, if the

variance, C(0) is not known (only the variogram function is known), the

first constraint ought to be included in the analysis. The approach of

Ganbolati and Volpi has a weak point similar to what we discussed pre-

viously concerning the determination of the Generalized Covariance Coef-

ficients; ordinary (as opposed to generalized) linear or non-linear

least squares fit of the kind advocated by Ganbolati and Volpi is based

on the assumption that the theoretical residuals, Y(x) =	 Z(x) - m(x),

where M(x) is the least square estimate of m(x), are mutually uncorre-

lated. This contradicts the second step in their procedure which consists

of determining the variogram (representing the spatial correlation struc-

ture of Y(x) on the basis of the computed residuals, Z(x.) - M(x.). In

this sense, their method is inconsistent, and may therefore suffer from

an unknown amount of bias in the computation of both il(x) and y(x): If

m(x) is biased, one should not expect to obtain an accurate variogram

from residuals computed on the basis of M(x).
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4.3	 Generalized Least Squares Method 

In the present study, we introduce an iterative generalized

least squares method leading to an unbiased minimum variance estimate

of the drift function, m(x). After estimating m(x) in this manner, the

variogram of the corresponding residuals is computed and its experimental

points are fitted to a spherical scheme using the tangent method ex-

plained in Chapter 3.

Let Z(x) be a random function whose drift is given by the poly-

nomial, m(x,a), a being a vector of L unknown coefficients, a. Thus

the theoretical residuals defined as

Y(x) = Z(x) - m(x,a) 	 (4.3.1)

have zero mean,

E[Y(x)] = 0	 (4.3.2)

We will assume that these residuals can be characterized by a

variogram

y(4) = C(0) - C( 4)	 (4.3.3)

where	 C(4) = E[Y(x)Y(x+4)] , 4 being a displacement vector.

Suppose that Z(x) has been measured at N points, x., and let

these measured values be represented by the N-dimensional vector Z .

The latter is related to the vector Z of actual Z values at the measure-

ment points by

z ' = z + y	 (4.3.4)

where ço represents measurement noise having the properties

E(Ç9) = 0	 (4.3.5)

E(0 T) = V
	

(4.3.6)
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Let m(z) be the vector of m(x,a) values at the measurement

points, and let Y be the corresponding vector of the theoretical resi-

duals. Then, according to (4.3.1) and (4.3.3), we can write

+ 9 = Z' - m(a) .	 (4.3.7)

Equation (4.3.3) implies that the variogram function, y(s), can be used

to compute a covariance matrix, Vy , defined as

E[Y YT] = Vy .	 (4.3.8)

If we assume that 0 and Y are uncorrelated, then (4.3.6) and (4.3.8)

imply

E[(Y + 0) ( Y + 9) T1 = V + V	 .	 (4.3.9).y .9

On the other hand, according to (4.3.2) and (4.3.5), we have

E[(Y +	 = 0	 (4.3.10)

Equations (4.3.7) and (4.3.9) - (4.3.10) suggest that the best

(minimum variance) unbiased estimate of a, a, is obtained by minimizing

the generalized least square criterion (see Schweppe, 1973)

J(a) = LI' - )1 T (V + V )
-1 

LI' - m(a)].y =9 (4.3.11)

with respect to a. For the particular case where m(x,a) is linear in a

and given by

m(x,a) =	 alfz(x)
2,=1

(4.3.12)

where f (x) are known functions of x, the minimization of J(a) in—

(4.3.11) leads to the normal equations

FT (V + V ) -1 (Z i - F a) = 0	 (4.3.13)- =Y
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Here F is an Lxn matrix whose general component is defined as

F
i
 = F (x ). Solving for a, (4.3.13) givesZ 	 -1

a = [FI (Vy + Vt00) -1 F] -1 FT (177 + V(p) -1 	. (4.3.14)

Defining the estimation error, es , as

e = a - a-a	 - -

one finds that (see Schweppe, 1973)

(4.3.15)

E(e ) = 0	 (4.3.16)

E(ea e )	 [FT (11_. + V ! ) -1 Frl •	 (4.3.17)_  

In the particular case where the variance of the measurement

noise, ço, is very small compared to that of Y, the vector of the theore-

tical residuals can be estimated from

Y = Z' - m(a)
	

(4.3.18)

where Y is the estimate of Y associated with a. The vector Y should

have a covariance matrix not too different from V, and therefore, a=y

variogram not too different from y(Z). If the variogram computed on the

basis of Y differs markedly from y(4), the latter must be modified, and

the generalized least squares procedure repeated in an iterative manner

until the covariance structure assumed a posteriori becomes sufficiently

close to the structure assumed a priori for Y. It is important to know

that this iterative approach allows y to be treated as an anisotropic

function of the displacement vector, 4.

Our generalized least squares approach consists of two stages:

In the first stage we determine the degree K, of the global polynomial
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representing the drift, m(x), by ordinary least squares. In the second

stage, we use an iterative generalized least squares procedure to refine

our estimate of both the drift and the variogram.

In the first stage, we have no a priori knowledge of the correla-

tion structures (which we are trying to estimate), so we assume initially

that the hydraulic heads are uncorrelated. This means that V = I. If,=

in addition, one neglects measurement errors, we get from (4.3.14)

a = rFTFri FT z ,	
(4.3.19)

Equation (4.3.19) is used to compute the coefficient vector, a, for

drifts represented by polynomials of various degree, K (K=1,2,3 and 4).

The lowest degree polynomial which gives a reasonable variogram is

adopted to initiate the iterative generalized least squares procedure

of stage 2.

First, the variogram of residuals computed at the end of stage 1

is utilized to construct the covariance matrix, V. The remainder of

stage 2 consists of steps:

1. Solve equation (4.3.14), using Gauss elimination scheme [sub-

routine SLE, David, (1977)], to compute the vector of coefficients esti-

mates, a.

2. Compute the drift function, M(x), by substituting a into the
K-degree polynomial, equation (4.3.12). Then use M(x) to compute the

corresponding residuals

y'(x.)	 = z'(x.) - m(x.)
	

(4.3.20)

for each data point, x..



90

3. Compute the variogram of residuals obtained in step 2, and fit

the experimental variogram to a suitable theoretical model of the

positive-definite type.

4. Construct a covariance matrix, Vy , based on all N data points,

using the variogram obtained in step 3. Return to step 1.

The iterative process is continued until the variogram of the

residuals (computed in step 3) of two consecutive iteiations are not sub-

stantially different.

4.3.1	 Discussion

Our objective in using a generalized least squares procedure is

to provide a rational approach to the problem of interpolating a non-

stationary random variable such as the hydraulic head in an aquifer.

This approach is consistent with the theory of least squares method as

applied to a correlated variable. This consistency is lacking in the

previous methods of solution. The "Universal Kriging" approach stumbles

on the variogram inference and a tedious trial-and-error approach may

lead to a non-unique solution of the problem at hand since the "true"

underlying variability is not properly represented, particularly in cases

where anisotropy of the variogram function is overlooked.

The Generalized Covariance approach, even though automated, still

suffers from the inconsistency associated with non-optimal estimation of

the parameters of the Generalized Covariance. The same is true about the

ordinary least square approach of Ganbolati and Volpi (1979).

In the generalized least square approach, the drift function

m(x) and the corresponding variogram of the residuals are simultaneously
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estimated which is the only rational approach to the problem. The drift

cannot be estimated without the variogram and vice-versa. In this dis-

sertation we are not investigating which method of interpolation works

best.

The theory of Kriging is based entirely on the knowledge of the

measure of variability which is usually the crux of the problem even in

cases where stationarity can be taken as a reasonable assumption. Once

the variogram and the drift functions are properly determined, the prob-

lem of interpolating a non-stationary random function, such as hydraulic

head, reduces to the simple problem of solving a system of simultaneous

Kriging equations.

4.4. Analysis of Water Level Data from the Cortaro Aquifer

The aquifer under consideration belongs to the Cortaro Basin

which occupies an area of almost 150 square miles in the extreme north-

west portion of the Great Tucson Basin. A comprehensive account of the

geology and hydrology is given by Fogg (1978). Measured water levels

for the year 1939-1940 are considered by Anderson (1972) who regarded

them as representing a steady state regime. A study by Fogg (1978)

revealed the water level measurements which fall within the period 1940-

1947 can be considered in some areas (3 to 4 miles away from the Santa

Cruz River) to represent a steady state regime. Fogg (1978) constructed

a contour map based on 93 data points from 1940, combined with data

from 1947. Fogg's revised contour map, together with Anderson's 1972

data map, are shown in Fig. (4.4.1). Eighty-six points of the 93 data

points are adopted in the present study and are listed in Appendix B,



--- - ANDERSON'S 1[1972] 1940 WATER LEVEL CONTOURS, FEET
FOGG'S [1978 MODIFIED 1940 WATER LEVEL CONTOURS, FEET
1940 DATA POINTS
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SCALE

I	 0	 I	 2
	

3	 4

Fig .4.4.1. Groundwater contours for 1940 according to Anderson
(1972) and Fogg (1978).

(After Neuman et al., 1980.)
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together with their coordinates. We have excluded seven points of the

93 data points because they are associated with abnormally high or low

values.

4.4.1 Experimental Variogram without
Consideration of Drift

If one disregards drift in developing the experimental variograms

for the Cortaro water level data, the result is as shOwn in Fig. (4.4.2).

The figure shows that the variogram (computed with 30 0 angle of spread,

or 30 0 "window") differs in different directions. The highest values of

y are obtained in the E-W direction, parallel to the average hydraulic

gradient. The lowest values of y are found in the NE-SW direction. Fur-

thermore, the variograms appear to grow without limit with distance in

every direction. Since these directional variograms are averaged over a

relatively large angle of spread (a situation dictated by the available

data), some detail is lost and the actual degree of anisotropy may be

more pronounced than is indicated by figure (4.4.2). In order to show

that this behavior could, in principle, be due to the effect of drift,

let us consider what happens when m(x) is not constant. In this later

case, the real variogram
'
 y real' is related to the apparent variogram,' 

y
app

,  obtained by neglecting m(x), through

y (4) 1
=

real	
7 var Z(x+s) - Z(x)

_ E f [Z (&) - m(x+6)] - [Z (x) - m(x)]2 1 — —	 — —

= 7 E [Z (A.) - Z(x)] 2 -	 [m(x+S) - m(x)]Z
1

= Y(4) -	 [m (x+) - m(x)] 2

2

anp
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Fig. 4.4.2. Directional, raw variograns of 1940 water
level data of the Cortaro aquifer in Southern
Arizona.
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or

Yapp	 = Yreal (1)	1 [111(1-172:5) 	 m.(2)1 2 	(4.4.1)

Thus, y
app 

y
real

. If m(x) happens to be linear or nearly linear in x,

the apparent variogram will tend to grow parabolically without limit, the

largest rate of growth being parallel to the gradient of m(x). Since

the rate of growth of y
app 

is not the same in every direction, the vario-

gram appears to be anistropic, even if y
real is isotropic. At small dis-

tances, the parabolic behavior in Figure (4.4.2) is small and

y
app

(A) = 
''real -- 	 Figure (4.4.2) this appears to be the case for

distances not exceeding 1 mile. If the data are sufficiently dense with-

in this radius, one may be justified in using simple Kriging in a small

neighborhood within which the effect of drift appears to be negligible.

In general, the radius of this neighborhood increases as the gradient of

m(x) decreases.

In situations where the data are sparse and m(x) has a significant

gradient, the apparent variogram may be highly biased: This appears to

be the case in Figure (4.4.2). In order to eliminate this bias, we will

attempt to filter out the effect of m(x) from the water level data of the

Cortaro aquifer. We will do this in two stages. In stage 1, we will

determine the degree of the polynomial function representing m(x) by

using ordinary least squares globally over the entire aquifer. In stage

2, we will adopt a polynomial of the degree determined in stage 1 to

represent m(x), and determine its coefficients by the method of iterative

generalized least squares.
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4.4.2	 Stage 1: Ordinary Least Squares Fit
of Drift Function

In this stage, m(x) is treated as a global polynomial over the

entire aquifer and fitted to the data by ordinary (as opposed to general-

ized) least squares. The procedure starts by assuming that m(x) is

linear in x. Later, the degree of the polynomial is gradually increased

until the sill of the resulting variogram reaches a more or less con-

stant value implying that the K-degree polynomial provides an acceptable

approximation for the drift.

Figures (4.4.3) through (4.4.6) show directional variograms cor-

responding to 1st , 2nd , 3rd , and 4 th degree polynomials respectively

representing m(x). These variograms are computed by averaging all data

within a 30 0 window. As the degree of the polynomial increases the sill

of the variogram is seen to decrease and gradually approach a constant

value. In the first degree case of Figure (4.4.3), the apparent vario-

grams are strongly anisotropic, although to a lesser extent than in the

zero-degree (constant m) case of Figure (4.4.2).

The results for the 4 th order polynomial do not show a marked

anisotropy, and have the lowest sill value. Since these results are

quite similar to the 3
1 d 

degree case, they are considered to be satis-

factory. An attempt to consider polynomials of degree higher than 4

has led to singular matrices [F
T 
F in equation (4.3.19)]._

We cannot expect the directional variograms corresponding to

the four previous polynomial fits to exhibit the true anisotropic be-

havior of the residuals because these variograms are computed by averag-

ing over 30 0 windows.
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head data of the Cortaro aquifer in Southern
Arizona.

99



4.0

N
I-
U-

N
0

--x 2.°	 ,s•14•.•-•----._..---'...	 -- E-W •-•••••

NW -	

•• ... ... ....'.. .....
-(3-	 \-\-•-'	 ..,	 ___:--r.-;•-<•..-... n --

• .	 .•........„	 .	 •••_•_. ..	 •,	

/ '' .	 • -e . . .'• .......... 7 ... •n .

	co: ./...•;.....--	 SE	 n../

:p,/

Ar::»

100

86 DATA POINTS

0.0
4.0

p, DISTANCE (MILES)

0.0
	

2.0 6.0
	

8.0

Fig. 4.4.6. Directional variogram of hydraulic head residuals
from fourth order polynomial drift representation
that is fitted to the modified 1940 hydraulic head
data of the Cortaro aquifer in Southern Arizona.
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4.4.3	 Stage 2: Iterative Generalized Least Squares
Fit of Drift Function

In Stage 1, m(x) was expressed by global polynomials which were

fitted to the data by ordinary least squares without considering correla-

tions between the residuals. The results suggest that m(x) can be

approximated by a 4th order polynomial. We now want to refine our re-

sults by taking into account the correlation structure of the residuals.

This is achieved by means of the iterative generalized least square pro-

cedure outlined in section 4.3. Based on the results of stage 1, the

iterative procedure will assume that m(x) can be represented by a 4th

order polynomial over the entire aquifer.

The average variograms for the first three iterations are shown

in Figure (4.4.7); the variogram obtained in stage 1 is also shown for

comparison. The first iteration yielded an average experimental vario-

gram which, when fitted to a spherical theoretical model by the tangent

method explained in Chapter 3, gave a sill value of 214 ft 2 and a range

of 2.55 miles. The results of the second and third iterations are very

close to each other. The third iteration gave a sill of 190.0 ft 2 and

a range of 2.55 miles. The computations were stopped after the third

iteration.

Results of the Third Iteration. Four directional variograms of

hydraulic head residuals, the outcome of the third iteration, are shown

in Figure (4.4.8). A comparison of these variograms with Figure (4.4.6)

show that anisotropy is augmented by taking correlation into account

during the least square procedure. An ellipse of anisotropy is con-

structed according to the method suggested by Knudsen and Kim (1978).
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Each directional variogram in Figure (4.4.8) is fitted to a spherical

model. The range of influence for each direction (say N-S direction)

is plotted in the direction along which the variogram is computed. The

ranges of influence of the four directional variances from Figure (4.4.8)

are plotted in this manner in Figure (4.4.9). This plot resembles an

ellipse, indicating that the variogram function is anisotropic. The major

axis of anisotropy appears to be in the NE-SW directi6n. Figure (4.4.9)

gives the angle of anisotropy as 45 0
 (the angle between the major axis

of anisotropy and the east direction) and the anisotropy factor (ratio

of the major axis to the minor axis) is nearly equal to 2.0.

The average variogram (computed using all data points in all

directions) was fitted to the spherical model

	

y(4) = 190.0 [1.5 (7) - 0.5 (-2-.-5-5) 31	 (4.4.2)

s	 2.55

	

y(S) = 190.0	 s > 2.55

This theoretical model fits the experimental variogram data fairly well

as shown in Figure (4.4.10). Substantial deviations between the two

curves are only evident at large distances.

The fourth degree polynomial representing m(x) in the third

iteration has the form

m(x) = a
o 
+ (a 1 x 1+a 2x2 ) + (a 3x 1 2+a4x 1 x 2+a 5x2 2 ) + (a 6 x 1 3 +

4a7x1 2x2 +a8x1x2 2+a9x2 3 ) + (a10x1	
2	 2

+allx1 xl+a 12x1 x22 4.

,r 3+. , 4)a1 3x1 -2	 /
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Fig. 4.4.8. Directional variograms of hydraulic head residuals
from 4th order drift polynomial obtained in the
3rd iteration, the Cortaro aquifer in Southern
Arizona.
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Fig. 4.4.10. The average variogram in Fig. 4.4.8 fitted
to a spherical variogram model.
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where the coefficients take the values

a
o 
= 88324.07 a6 = 786.20 alo = 0.616

a l = -15783.07 a 6 = -40.51 a ll = 1.345

a2 =	 -13488.44 a 7 = -81.58 al2 = 1 .527

a 3 = 1128.67 a g = -72.99 a 1 3 = 0.984

a4 = 1839.20 a9 = -20.04 a 14 = 0.185

The best way to incorporate anisotropy is to assume that the

average variogram (equation 4.4.2) possesses an anisotropic behavior

and in the Kriging validation test the only parameter to be adjusted

to meet the required standards of validation is the range of the vario-

gram. The other parameters remain constant. This procedure is suggested

by Knudsen and Kim (1978). We found that the range of the average vario-

gram, in this case must be reduced in order to obtain a satisfactory

validation result. This is anticipated because the range of the average

variogram is larger than the minor axis of anisotropy. Thus, the param-

eters of the average variogram when taken as anisotropic gives more cor-

relation lengths than the "real" variogram. This is not contrary to our

expectation or intuition.

The variogram model represented by equation (4.4.2) with an

anisotropy factor of 1.8 and anisotrophy angle of 45 0 does not produce

a satisfactory validation test (in the Kriging of residuals). The range

of the variogram has to be reduced to meet the requirements of validation.

However, by trial and error procedure, it is found that an exponential
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theoretical model, with an anisotropy factor of 1.8 and an angle of

anisotropy equals to 45 degrees, gave a satisfactory Kriging errors

statistics. The exponential model is

Y( 4) = 190.0 [1.0 - e -2.554 1
	

(4.4.3)
> 0

Notice that the range of the exponential model in equation (4.4.3) is

about 0.4 mile. Figure (4.4.11) compares the exponential model of equa-

tion (4.4.3) to the experimental average variogram data. The parameters

involved in the Kriging validation test are as follows

mean error = m
e	 zi z i )

n	
*

1=1

*2
error variance	 a2 _	 -z)

e 	n 11
	.

normalized error variance = 0 2 =I 1 {(z.-z.)/an n 	ii KA
i=1	 1/

n	 *	 2
•

Three Kriging procedures are used for validating the variogram in equa-

tion (4.4.3).

a. Simple Kriging. Using the Simple Kriging equations (4.2.14)

with the variogram in (4.4.3) we Kriged the residuals obtained in the

third iteration to yield the following validation parameters:

me = 0.183 ft, 0 2 = 1.866 ft 2 and a 2 = 0.969

b. Kriging with Global Polynomial Constraints. Kriging now involves

the real head variable and the previously determined fourth order poly-

nomial (obtained in the third iteration of stage 2). This Kriging
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Fig. 4.4.11. Comparison between the average variogram
of head residuals in Fig. 4.4.8 and the
exponential variogram model represented by
Eq. (4.4.3).
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procedure is similar to the method suggested by Ganbolati and Volpi

(1979) except that in our case we are dealing with an unbiased and opti-

mal estimate of the drift function and the constraints on the
i-s'

1 X. = 1 are not needed since C(0) is now known (Ganbolati and Volpi,
i=1
1979). Equation (4.2.33) then can be rewritten as

X.
j=1

y(x -x ) + 1.1 m(x.) = y(x -x)
-j	 —a.	 —

i = 1,2,...., n

X X. m(x.)	 m(x )
—o (4.4.4)

The preceding equations together with the variogram function of equation

(4.4.3) are used in a validation test whose results are as follows:

2me = 0.1379 ft ;	 = 2.06 ft 2 ; a	 = 1.00

c. Universal Kriging. Using the variogram in equation (4.4.3)

together with "Universal Kriging" equations (4.2.12), and assuming a

second order local polynomial for the local drift, we obtain the follow-

ing validation parameters:

me = 1.54 ft ;	 = 4.66 ft 2 ; (5 2 = 1.1 .

We conclude from these validation results that the variogram

function inferred from the head residuals are adequately validated for

the a and b procedures but not for the "Universal Kriging" procedure.

The "Universal Kriging" validation parameters are not satisfactory since

the parameter, me' is relatively large implying that Kriging estimates

may be seriously biased. In addition, the Kriging error variance, a2
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of 4.66 ft 2 indicates high Kriging errors with corresponding high esti-

mation variances. The Kriging validation test in b seems to be best for

the parameter m
e even though the error variance a 2 is slightly higher

than in a. The latter increase in variance can be anticipated because

we have imposed the polynomial contraints which draw demands on the

data points, thus increasing the Kriging variance of estimation. De-

spite this increase in error variance, Kriging with global polynomial

constraints gave a better Kriging result than "Universal Kriging" where

Kriging estimates are more than twice as accurate. The latter conclu-

sion was also reached in the work of Ganbolati and Volpi (1979). The

authors explained this relative increase in Kriging accuracy by what

they believed to be the suitable choice of the drift function, m(x).

We would question their reasoning on the following grounds.

A local polynomial drift representation in "Universal Kriging"

practice is a sound judgment since a local representation with a low

degree polynomial is always safer than a global polynomial representa-

tion, particularly if the drift function varies smoothly in space.

These local polynomials of undetermined coefficients in "Universal

Kriging" are always associated with a relatively large number of con-

straints which introduce additional degrees of freedom. These constraints

have to be met with enough data points within the limited range of the

variogram. On the other hand, the polynomial constraints in the Kriging

approach of Ganbolati and Volpi (1979) amounts to a maximum number of 2

which is less than a first order polynomial constraint in the "Universal

Kriging" approach. The additional constraints in "Universal Kriging",
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if not met by a dense data points, would definitely lead to large

Kriging errors. Available hydraulic head data of the Venice and the

Cortaro aquifers are not dense enough to give a satisfactory "Universal

Kriging" validation test of the type discussed earlier in this section.

In section (4.6) we will discuss the hydraulic head Kriging on

the nodes of the Cortaro finite element mesh using the methods of simple

Kriging and Kriging with global polynomial constraint.

4.5 The Covariance Matrix of Hydraulic Head Kriging Errors 

The inverse method of Neuman and Yakawitz (1979) and Neuman

(1980), to be used later in Chapter 6, requires, besides the covariance

matrix of log-transmissivity estimates, also the covariance matrix of

Kriging errors hydraulic head estimates.

The Kriging error, E, is considered a random variable and can

be expressed at a point x as:

6(x) = Z(x) - Z
* (x) = Y(x) - Y (x)	 (4.5.1)

Similarly, the Kriging error at another point x' is

E(x')	 = Y(x') - Y* (x')	 .	 (4.5.2)

Then

cov[e(x)E(x')] = E[e(L)E()_f)] = E [37 (2.0 - Y (x) [Y(x') -	 x)i}

	

= [y(x)y(x') - y(x)y* 	*	 *	 *(x') - y(x)y(x') + y(x)y(x")]

(4.5.3)

Recalling that the Kriging estimators are in the form

n'

y - (x )	 xi Y(x.) and Y (x') =	 X Y(x!)
 -2

i=1
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and that the lack of bias condition in equation (4.2.3) says

E[s] = E[e'] = 0

we can write the following:

E[Y(x)Y(x')] = C(x-x')

n'
E[Y(x)Y (x f )] =

E[Y (x)Y(x')] =

c(x-x!)
j —

A. C(x.-x')1	 —

The covariance between point x and x' can thus be written as

n'
cov(e,e') = C(x-x') -	 À C(x-x') -	 X

i 
C(.1i7E')

nn
	+X1AÀ	 .C(x-x')

	

i j	 -j (4.5.4)

Equation (4.5.4) will be used to compute a 156 by 156 symmetrical co-

variance matrix to be used in Chapter 6.

4.6 Head Kriging on the Cortaro Finite Element Mesh 

In section (4.4) we have compared Kriging validation tests cor-

responding to three methods of Kriging using the head data of the Cortaro

aquifer. In all these validation tests we utilized the variogram model

represented by equation (4.4.3) with its associated parameters of anis-

otropy. We found that simple Kriging and Kriging with global polynomial

constraints are justified according to these errors validation tests.

The Universal Kriging method resulted in Kriging errors validation param-

eters which are not acceptable on the grounds that Kriging estimates are

biased (i.e., me is abnormally high) and associated with abnormally high
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Kriging errors. Thus, we refrain from discussing this method any fur-

ther and concentrate on the use of the other remaining two methods.

1. Simple Kriging. Using the simple Kriging equations (4.2.14)

with the variogram model of equation (4.4.3) we Kriged the head residuals

obtained in the third iteration to obtain estimates of these residuals

at the nodal points of the finite element mesh of the Cortaro aquifer

shown in Figure (4.6.1). The Kriged residual estimates are added to the

corresponding drift estimates which are computed from the fourth order

polynomial drift representation at each nodal point of the finite element

mesh. We recall that m(x.) is the fourth order global polynomial which-a

has been previously discussed in this chapter. We should point out that

the eastern strip of the finite element mesh falls outside the eastern

edge of the imposed polynomial where drift values are not appropriate

(due to edge effect). So, we have no choice but to provide alternative

drift estimates on the eastern edge of the mesh in order to extend

Kriging to these nodes which cannot be possibly covered by the fourth-

order polynomial. This has been achieved by adopting the estimates from

the subjectively interpolated water level map of the Cortaro aquifer

which has been constructed by Fogg (1978) for a steady state calibration

model of the Cortaro equifer.

Figure (4.6.2) is a contour map of steady state Kriged head esti-

mates (solid lines). The Kriged water level contours are compared with

corresponding contours of the subjectively interpolated Fogg's contours

(broken lines). A fair agreement between the two sets of contours is

only evident in the upper half of the western edge and in the southern
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Fig. 4.6.1. Finite element mesh of the Cortaro aquifer.
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*
Fig. 4.6.2. Comparison between Kriged head estimates, h ,

and those computed by Fogg (1978).	 —
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tip of the aquifer model, otherwise there exists a wide disparity between

the contours of the two sets particularly in the Northeastern region.

These results can be explained by Fig. 4.6.3 which displays the distribu-

tion of Kriging error standard deviation. The two sets of head estimates

of Fig. 6.4.2 are only in good agreement where the standard deviation of

Kriged head is relatively small. Fogg's water level contours, in the

northern and northeastern parts of the modeled area, 'imply a non-flow

boundary on the northern edge of the finite element model. According to

our Kriged head map of Fig. 4.6.2 (solid lines), a non-flow boundary can

be only assumed to exist along a narrow reach on the northern boundary of

the aquifer model where contour lines are approximately perpendicular to

this boundary.

2. Kriging with polynomial constraints. The variogram function rep-

resented by Eq. (4.4.3) together with the Kriging equations (4.4.4) are

used to compute steady state hydraulic head estimates, h ,at the finite

nodal points of the Cortaro aquifer. We recall that the drift function,

m(x), is the same 4th order polynomial which was used in the simple Kriging

procedure. In the present method, m(x) values at nodal points of the

finite element mesh are incorporated in the Kriging system as constraints.

Thus, the drift values, m(x), are not added explicitly as in the method

of simple Kriging.

Figure 4.6.4 shows a comparison between two sets of steady state

Kriged head estimates, h
n
. The solid lines contours represent head esti-

mates obtained by the method of Kriging with polynomials constraints

[i.e., computed by the aid of Eq. (4.4.3)], the broken line contours
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Fig. 4.6.3. Kriged head standard error of estimate, aK'
distribution obtained in the application of

simple Kriging techniques.
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Kriged head estimate, h, (simple K)

Kriged 'head estimate, h, (K. with constraints)

TI2S-
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Fig. 4.6.4. Comparison between Kriged head estimates, h ,
computed by the method of Kriging with polynomial
constraints, and those obtained by simple Kriging
method.
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represent head estimates obtained by the previously mentioned simple

Kriging method [i.e., computed by the aid of Eq. (4.4.3)]. The preceding

figure shows that corresponding contour lines in both compared sets are

generally in good agreement almost everywhere in the modeled area. Kriged

head estimates, h , obtained by the method of Kriging with polynomial con-

straints are listed in Table 4.6.1. These estimates are preferred to the

head estimates computed by the simple Kriging method, 'because they are

associated with a better Kriging validation results as we have shown in

Section 4.4. The same estimates will serve as input to the inverse pro-

cedure of Neuman (1980) which will be discussed in the next chapter.

Figure 4.6.5 is a map contours of equal standard deviation of

Kriging estimation errors. The map shows that the errors of estimation

are largest along the northern and eastern boundaries of the modeled

area and decrease toward the western boundaries. A similar trend of

uncertainty about Kriged head estimates, h , is also shown by Fig. 4.6.3

for the case where a simple Kriging procedure is employed. This trend

of uncertainty about Kriged head estimates is consistent with the dis-

tribution and density of the available head data of the Cortaro aquifer.

Certain aspects of the correlation structure of head Kriging

error, , can be illustrated graphically by plotting S.. along two per-

pendicular lines coinciding with the variogram principal anisotropic

axes. The elements S.. represent positive correlation between e. and E.
13	 1

foranytwocontignonsnodesi.S..can be defined as

cov(c.,c.)
S.
ij	 [c017(e..) JJ
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Table 4.6.1. Kriged head estimates, h
n at finite element meshpoints	 (feet).

Node h
n Node h

n
Node h

n
Node h

n Node hn
1 1884.0 37 2083.4 73 2099.8 109 2157.2 145 2253.4
2 1937.9 38 2099.6 74 2112.3 110 2156.2 145 2253.8
3 1898.5 39 2128.7 75 2120.4 111 2150.9 147 2239.2
4 1972.2 40 2191.5 76 2131.1 112 2153.6 148 2230.8
5 1940.6 41 2181.6 77 2131.5 113 2185.3 149 2232.9
6 1906.0 42 2057.9 78 2138.7 114 2228.1 150 2262.1
7 1991.9 43 2066.0 79 2169.5 115 2248.3 151 2263.0
8 1966.0 44 2077.4 80 2236.4 116 2163.2 152 2248.6
9 1942.1 45 2091.8 81 2231.4 117 2174.7 153 2263.5

10 1990.7 46 2101.0 82 2248.0 118 2163.5 154 2272.9
11 1964.2 47 2116.8 83 2116.1 119 2165.8 155 2277.1
12 1955.4 48 2145.5 84 2129.3 120 2158.0 156 2285.7
13 1949.4 49 2206.7 85 2134.8 121 2162.9 157 2284.1
14 1982.0 50 2193.3 86 2140.1 122 2212.2
15 1996.9 51 2223.2 87 2139.4 123 2253.6
16 1991.1 52 2071.5 88 2145.4 124 2250.5
17 1988.1 53 2083.7 89 2172.4 125 2186.7
18 1988.8 54 2098.3 90 2219.9 126 2180.3
19 1997.0 55 2114.9 91 2249.5 127 2175.0
20 2007.4 56 2120.3 92 2132.1 128 2167.3
21 2013.4 57 2128.7 93 2145.9 129 2175.1
22 2017.3 58 2156.8 94 2138.8 130 2218.7

23 2023.9 59 2221.0 95 2140.3 131 2274.2
24 2037.4 60 2209.0 96 2142.6 132 2249.1

25 2065.8 61 2230.2 97 2151.0 133 2204.2

26 2028.1 62 2262.2 98 2177.0 134 2202.5

27 2031.9 63 2080.4 99 2249.5 135 2190.8

28 2045.0 64 2091.3 100 2247.8 136 21812.6

29 2055.2 65 2097.9 101 2253.0 137 2195.5

30 2069.9 66 2118.0 102 2249.9 138 2247.5

31 2100.6 67 2127.2 103 2152.1 139 2248.5

32 21610.1 68 2135.2 104 2157.1 140 2211.3

33 2040.2 69 2162.9 105 2144.4 141 2212.7

34 2041.1 70 2231.7 106 2144.5 142 2206.7

35 2055.2 71 2220.1 107 2144.5 143 2206.0

36 2071.3 72 2247.8 108 21510.5 144 2230.4
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Fig. 4.6.5. Kriged head standard error of estimate, av ,
distribution obtained in the application of the

method of Kriging with polynomial constraints.
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where the values of cov(c.,c.), cov(c..) and cov(c ) are computed by1 j	 11	 jj
the aid of Eq. (4.5.4).

Figure 4.6.6A and Figure 4.6.6B compare S.. values produced by

the two method of head Kriging, namely, simply Kriging (broken lines) and

Kriging with polynomial constraints (solid lines). The preceding two

figures show :3.. varies along a line passing through the nodes 77, 67, 56,

46, 36 and 29, which runs approximately parallel to thè minor axis of the

variogram function represented by Eq. (4.4.3) (see Fig. 4.6.1), and

another line passing through nodes 77, 78, 79, 80, 81 and 82, which runs

parallel to the major anisotropic axis of the same variogram function.

The curves of S.. versus distance between the nodes clearly demonstrate13

theanisotropicnatureofS...The maximum distance over which the head

estimation errors remain positively correlated is seen to be as large as

1-2 miles in the simple Kriging case and may exceed 5 miles as shown in

Fig. 4.6.6B in the case of Kriging with polynomial constraints.
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Fig. 4.6.6. Comparison of S ij values obtained in simple
Kriging method and those obtained by Kriging
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CHAPTER 5

ESTIMATION OF TRANSMISSIVITIES BY INVERSE METHOD

5.1 Introduction 

Delhomme (1979) has performed conditional simulation (using

Kriging coupled with "turning band" method) on transmissivity data from

up to 45 pumping tests conducted in the Bathonian aquifer in Normandy

(France). He generated 50 conditional log-transmissivity realizations.

Using a steady state groundwater flow model, the author found that some

of these realizations have lead to a good reproduction of the observed

hydraulic head distribution in the aquifer, whereas others have not.

From this he concluded that head valued constructed from available log-

transmissivity data are consistent with the observed head, but not suf-

ficient to guarantee a good fit in each head realization. This implies

that computed head uncertainty is still high enough despite the favor-

able influence of conditioning on transmissivity data. It will be shown

in the next chapter of this dissertation that Delhomme's conclusions are

also consistent with the Cortaro aquifer data. In light of these con-

clusions Delhomme (1979, p. 14) stated: "The results point out the need

for additional investigation, using both hydraulic head and log(T) data

sets in a comprehensive stochastic approach of the uncertainty about

groundwater flow".

In other words, in order to achieve a significant reduction in

simulated head variance, transmissivity estimates are not only condi-

+.4„.1	 mpAqiired transmissivity data, but also on measured head, h,
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values. This can be done by means of the inverse method developed by

Neuman (1980). Before discussing the inverse method of Neuman we would

like to define the inverse problem, in general, and the difficulties

associated with its method of solution.

Consider the following equation for steady groundwater flow in

a non-homogeneous aquifer

• (T 711) - q = 0	 (5.1.1)

where V is a gradient operator, T is transmissivity of the aquifer, h is

hydraulic head and q is a sink term. For a two-dimensional aquifer,

Eq. (5.1.1) can be rewritten as

9	
T ph (1, 2h)	 _+	 0	 (5.1.2)3xl (- 3x)	 ox2	 ox2

where x l and x2 are spatial coordinates x = (x1,x2). The direct problem

is defined as that when T, q, and the boundary conditions are known,

whereas h is unknown. The inverse problem is defined as that where h and

q are known, but T is unknown. The problem of estimating T and other

aquifer characteristics with the aid of a numerical model is also referred

to as "parameter estimation" or "parameter identification". In order to

solve the inverse problem, one must overcome two sources of difficulty.

The first difficulty arises from the high sensitivity of the transmissivity

estimates to noise in the water level data. The reason for this high sen-

sitivity stems from the fact that the noise terms appear in the governing

equations as derivatives. It is well known that errors in derivatives of

noisy data can be artibrarily large, no matter how well the data are



127

approximated. The second source of difficulty stems from the fact that

even in hypothetical case where the data are precise, the solution to the

inverse problem may be non-unique. This may be caused by insufficient

information about lateral flow rates or by the lack of sufficiently large

hydraulic gradients in some parts of the aquifer (Neuman, 1973).

Recently, Neuman and Yakowitz (1979) and Neuman (1980) described

a new approach to the problem of estimating aquifer transmissivities on

the basis of steady state water level data. The new approach is founded

on statistical theory, and it allows one to take advantage of a priori 

information about the transmissivity.

The work of Neuman and Yakowitz (1979), Neuman et al. (1980) and

Neuman (1980) provides an inverse method which is consistent with the

Kriging approach and can integrate head and transmissivity prior informa-

tion in a comprehensive stochastic approach.

In the present study we are concerned with the recent work of

Neuman (1980). This work consists of minimizing a non-linear composite

least square error criterion with the aid of Fletchor-Reeves-conjugate

gradient algorithm coupled with Newton's method for determining the step

size taken in an iterative scheme. The gradient of this error criterion

is evaluated by a finite element scheme based on an extended version of

the theory developed by Chavent (1971).

This method has an advantage on the earlier work of Neuman and

Yakowitz (1979) in that it can cope with relatively high noise amplitudes

in the initial water levels. In addition, a sensitivity matrix is not
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required to determine the step size in the iterative procedure. This

results in less computational effort and economy in computer storage.

In this chapter, we will discuss the inverse approach of Neuman

(1980) and apply its formulation to the transmissivity and hydraulic

head data of the Cortaro aquifer. In this manner, we will obtain log-

transmissivity estimates for 124 transmissivity zones of the Cortaro

aquifer in Chapter 6.

5.2 The Inverse Approach 

The material given in this section is based on the works of

Neuman and Yakowitz (1979), Neuman et al. (1980) and Neuman (1980).

The finite element equation governing flow in two dimensions is

A h =	 (5.2.1a)

Equation (5.2.1a) is a discretized form of Eq. (5.1.1). The matrix A

is a linear function of the transmissivity vector T, A = A(T), and

defined according to Narisimhan, Neuman and Witherspoon (1978) by the

following:

and

A
nm	 e	

(bnbm 
+ c

n
c
m
); n m

e 4A e
(5.2.1b)

A
nn	

rtin A
nm	

for n = m	 (5.2.1c)

h and Q are the true vectors of "true" heads and flow rates respectively

defined at N nodes of the finite element mesh previously shown in Fig.

4.6.1. The b and c are coefficients to be defined later, in Chapter 6.
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Let the Kriged estimate of head, the vector h , be written as

h = h + E
- -h (5.2.2)

where e is the associated Kriging error vector. The estimate of a in-h

(5.2.1), Q * , will also be written as

=

where e is an error vector associated with the estimate, Q .-Q

(5.2.3)

The model-

ing errors in Eq. (5.2.1a) could be accounted for by adding an N-dimensional

noise vector, f..4. to (5.2.1a):

Ah = Q+e
— —d (5.2.4)

By substituting (5.2.2) and (5.2.3) into (5.2.4) and rearranging, we

obtain

=	 E_	 + •(5.2.5)

The statistical properties of e and e are unknown in most practical

situations. Neuman (1980) has shown that at least for nodes lying in

the interior of the finite element grid (i.e., not on the boundary), the

error effects of	 and	 on the estimation of transmissivity, if they-Q
are small, are often negligible in comparison to that of E-h. Thus in-

stead of working with (5.2.5), one may be justified in working with the

following expression,

A h - Q	 A e
—h (5.2.6)
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The latter can be solved for h

h - A-1a* .	 (5.2.7)

We will assume that the mean and covariance of e are given by
-h

E (4) = 0	 (5.2.8)

T)coy E 
(
' E

T)E E	 =	 . 
h

V
(	

(5.2.9)=

Here V
h
 is a known positive definite symmetrical matrix whose elements=

are determined by Kriging as discussed in Chapter 4.

Neuman (1980) preferred to work with the logarithm of transmis-

sivity,

Z(x) = log(T(x))	 (5.2.10)

rather than with T(x). We found earlier that Z(x) is better behaved

than T(x) as far as Kriging is concerned. This is explained by the fact

that T(x) is log-normally distributed (see Chapter 2 for details) and the

logarithmic transformation of T(x) produces a variable which is normally

distributed. The fact that Z(x) is normally distributed has the follow-

ing advantages:

1. In groundwater modeling practice, we are concerned with equivalent

or effective transmissivity of subregions or zones. In a steady

state groundwater flow the effective transmissivity is taken to

be the geometric mean of T(x) within this zone, the corresponding

equivalent effective transmissivity in the log-domain, Z(x) is the
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arithmatic mean which is equivalent to the Kriging estimate,

Z (V) for the zone V.

2. The Kriging estimate for the zone V
o
, Z (V

.o
), in this case, is

equivalent to the conditional expectation, E{z(V0)1z(x1),  

z(x )1. This estimate by definition, is the best possible un-
-T1

biased linear estimator of Z(V ) (Delhomme, 1969).
o

Let T = (T 1 ,T 2 , 	 T
I
) be a vector of "true" effective trans-

missivities where I represents the number of zones into which the aquifer

is divided. Let z = (z1,z2),   ,z
I
) be the equivalent vector of log-

transmissivities such that

z. = log10 Ti , i=1,2, 	  , I

and let Z be an estimate of Z. Then, according to the method of Neuman

(1980), Z is chosen to be that particular vector which minimizes the com-

posite least-square criterion J(i) where

J( 2) = J11 ( 2 )	 J z ()
	

(5.2.11)

Here, Jh (z) is a criterion of model fit defined as

=	 - A- 1 ()21"Y 1717, 1 url* - A- 1 (2)Q* ]	 (5.2.12)

The term J (z) is a criterion of parameter plausibility defined asz —

*	 T	 1	 *J
z
(Z) = (z -Z) V	 (z -z) (5.2.13)

where z is an I-dimensional vector of Kriged log-transmissivity estimates

of I = 124 zones. These are related to the true values by
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z = z+ c	 (5.2.14)

where c is the Kriging error whose mean and covariance are given by

E[c] = 0
	

(5.2.15)

cov(c,c) = E[e T
] = Vz 	(5.2.16)

V being the covariance matrix of Kriging errors as defined previously
=Z

by Eq. (3.1.28).

Equations (5.2.6) to (5.2.9) and (5.2.11) to (5.2.16) describe

the basic structure of the inverse problem as defined by Neuman (1980).

5.3 Analysis of Estimation Error 

We are interested in the covariance of the estimation error

defined as

e	 =	 - Z
	

(5.3.1)

where Z is the "true" unknown transmissivity vector to be estimated, and

Z is the estimate of Z obtained by minimizing J(Z) in Eq. (5.2.11). In

addition, we are also interested in the first two moments of head estima-

tion error defined by

(5.3.2)

where h is the computed estimate of the "true" head vector, h, as given by

= f(Z) = A(Z) -
 s*
	

(5.3.3)
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The procedure adopted by Neuman and Yakowitz (1979) assumes that e and,
-h

consequently, ez , will be small enough that f(Z) can be closely approxi-

mated by a linear part of its Taylor series about 2,

f(Z) = f(2) + SN (Z-2)	 (5.3.4)

where SN is NxI Jacobian matrix defined by==

SN =	 f(Z)I
9Z	 ^Z=Z

(5.3.5)

The components of the matrix SN are called "sensitivity coefficients".

The linearization in (5.3.4), together with (5.2.8) - (5.2.9) and

(5.2.14) - (5.2.16) leads to the linear regression model

= X Z

where

h - f(i) + SN 1	 x = [SN]
T =

where

E Le_r] = 0

V(c) =
0 yzj

Here, the parameter vector ZL can be estimated by minimizing the least

square criterion defined by



s
ij	 1/2

[V(e) v z)]

V.. (e
-2 )i 

(5.3.11)
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J (2 ) =(T - X 2L )T	 T17E-1 (T - x 2 )L -1	 =	 —	 = =L (5.3.6)

in which 1t represents estimates of Z corresponding to the linearized

moded. From the theory of linearized least squares and from linear re-

gression discussed in Chapter 4, we have the following:

E[z] = 0
	

(5.3.7)

and

[SNT -1	 -1
V(e ) = 	 V, SN +-	 =n (5.3.8)

Similarly, from Eq. (5.3.1), (5.3.2) and (5.3.4) we deduce that

E[eh] = 0	 (5.3.9)

V(eh) = E[(SN ez ) T (SN ez)] = SNIV(e z )(SN)	 (5.3.10)

The correlation matrix of , S, has the following components:— =

A

The covariance matrix V(e) together with the inverse estimates, z, will

be used in Chapter 6 as input into the Multivariate Normal Generator

model. This will give us transmissivity realizations which in turn can

generate corresponding steady state hydraulic head realizations. The

latter can provide point-wise head variances which can be compared with

the trace of the matrix V(41).
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5.4 Numerical Approach 

In order to minimize J(Z) in Eq. (5.2.11), Neuman (1980) uses

the Fletcher-Reeves conjugate gradient algorithm coupled with Newton's

method for determining the step size to be taken at each iteration. The

gradient of J(Z) is evaluated by a finite element scheme based on an

extended version of the theory developed by Chavent (1971).

Using variational calculus coupled with the Galerkin method,

Neuman (1980) obtained the following set of adjoint finite element

equations:

PP
A
nmm = - 2	 [h(x ) - h*()] W)

m	
xp	 Pr n=1	 P=1 r=1	

(5.4.1)

where A, h, h are as previously defined in this chapter.

m 
is defined by

J
(I) =	 T

m
(x')dx', where the function T(x,x') is defined as the "Adjointm 	 —

D'
state" of h(x) under a least square error functional to be minimized in

the problem.

WPr is a matrix equivalent to V-1h
= are basis functions as those used in deriving the finite element

matrix equation (5.2.1) and satisfying the relationship

(5.4.2)mn
) = 6

nm

where x is the coordinate of the n
th 

node in the grid of triangular
-11

finite elements and 6
nm 

= 1 of n = m and zero otherwise.

The only unknown in Eq. (5.4.1) is the "joint state" vector (f)m .

The latter is obtained by the following two steps:
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1. Solve Eq. (5.2.1) with the appropriate boundary conditions, using

an L-U-Cholesky's decomposition of A for the head vector h.

2. Use the same L-U decomposition to solve (5.4.1) for • vector.

Equation (5.4.1) is solved for im in an iterative scheme. In each itera-

tion the gradient of J is computed in order to determine the step size

to be taken at each iteration. The derivative of J with respect to Z
i

is given by Neuman (1980) as

DJ	 -1	 *
= T . 2 n(10)	 cl) D . + 2	 (V2 )..(z.-2.)

32.	 m mi	 J JmED.	 j=11

(5.4.3)

(i = 1,2,...,1)

where D . is defined as
mi

h
n 
-h

	D.	m /	 (bb + c c )

	

mi	 mneeD. neD. 4 A	 mne
1 nm

(5.4.4)

where b
n
, c

n 
and A

e 
are defined previously. Equation (5.4.3) is computed

for (i=1,....,I) each time an estimate of Z, z is obtained in the itera-

tive procedure which will be discussed in the next section.

In order to compute the inverse estimation error covariance

matrix, V(e ) expressed by Eq. (5.3.8) and the corresponding correlation
- --Z

matrix expressed by Eq. (5.3.11) we require the knowledge of the "sensiv-

ity matrix", SN. From the definition of A 	Section 5.2, Eq. (5.3.3)

can be rewritten in the form

f(T)  *= D T - Q 	 = 0	 (5.4.5)_
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where D is an NxI matrix whose components are as defined in Eq. (5.4.4).

If f
n 

is the nth component of f then the total derivative of f
n 
with

respect to i. can be written as1

	df
n	

9f
n

dZ. 3i.

	

1	 1

N	 3f	 9i-1
m

m.1
 31 mm

0	 (5.4.6)

If we take the partial derivative of f(T) with respect to Z in Eq.

(5.4.5) we get the following relationship

3f	 3f
. 

3f
n	

@T
i

3.	 3. 	ai.
1	 1	 1

= D
ni 

T9,n(10) (5.4.7)

and from (5.3.3) we have

3f
3h n - Anm	 (5.4.8)

Substituting for the derivatives from (5.4.7) and (5.4.8) into (5.4.6)

and rearranging we get

A	 SN . = -D . T. 9n(10)
nm mi	 ni 1

m=1
(5.4.9)

From the previous L-U-decomposition of A
nm 

in the last iteration step,

Eq. (5.4.9) is solved for the components of SN. These components are

substituted into Eq. (5.3.8) to obtain the log-transmissivity estimation

covariance matrix, V(ez).
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5.5 Method of Solution 

The composite least squares criterion defined in Eq. (5.2.11)

isrion-linearintheparametersz.(i=1,2,....,I). Neuman (1980) uses

a Newton modification of the Fletcher-Reeves conjugate gradient method

(Luenberger, 1973), to minimize J(2) in Eq. (5.2.11).

The philosophy of most grandient methods used to optimize a non-

linear functional such as J(Z) depends on the use of the following itera-

tive recursive relation

i(r+1)	 i(r)	 _.(r) ,(r)u ( 5. 5.1)
for r = 0,1,...,k-1

where a
(r) 

is a scalar and d (r) is the negative of the gradient vector

whose elements are defined by

(r)	 3Jg (r)

 2. ^ = ^(r)
Z 	 Z

(5.5.2) 

and

d (r) = - 1
(r)

The scalar a
(0

(for the rth iteration) is selected so as to minimize

J(Z + a (r) d (r) ) which is regarded as a function of a (r)

^ (r)	 ( )	 ( )

da (r) 	a ‘r. d

d	

Nrr)1
(5.5.3)

It is rarely possible to evaluate the minimizing a (r) exactly.

In the original Fletcher-Reeves method, a (r) is determined by a line

search procedure parallel to d
(r) . When a

(r) for the rth iteration is

estimated it must verify the following condition



139

^(r)	 (r)	 (r)	 -(r)J(Z	 +a	 d	 ) <JZ) (5.5.4)

If J does not decrease, a new value of a (r) is chosen, and so on. This

search procedure would require a large amount of computational effort

which would wipe out the advantages gained in using Chavent's method to

compute the gradient vector at each iteration. Instead of this ad-hoc

approach, Neuman (1980) used Newton linearlization method to estimate

a
(r)

, a modification of Fletcher-Reeves method. Neuman (1980) obtained

the following expression for the estimate of a (r)

(r) T	 *-(r)v	 (Z-Z")(b	 ) V- I (1-itfl (r) ` + (d (r) \ T -- I
=h — —	 =Z	 —

(13 (0 ) T T.1 b (r)	 (d(r))T	 ,(r)
=h — 	 1Z -`=.̀

(5.5.5)

where b (r) ah
(r)

3a (r)

The iterative procedure to minimize J(Z) consists of the follow-

ing steps

1. The Kriged log-transmissivity values, z(Vi), (i=1,2, 	  ,I)

^are set equal to z (0) for r = 0.

2. Let r be the current iteration number. Compute the estimates

-(r)
z	 . From these estimates compute A

(r) 
using Eqs. (5.2.1b)

and (5.2.1c).

(r)
li(r)	 „(r).-

3. Solve for	 from the relation,	 ) 1 *Qfl 	 by performing

one forward and one backward substitution. Evaluate Jn
(r) accord-

ing to (5.2.11).

^(r)
4. Solve (5.4.1) with h	 and the decomposed form of A

(r)
, for the

"adjoint state" vector ±(r) by performing one forward and one

ct (r)
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()backward substitution subjected to the condition that (I
r

)m	 = 0

for all nodes m at which the head is prescribed.

5. Compute the I-dimensional vector d (r) according to

d	 = (r)	 (r-1) (r-1)
-	 + a	 d

where

(5.5.6)

0

(r-1)

(r)	 (r)
Z.	 •
(r-1) (r -1)

_g.	 • _g.

-(r+1)	 (r)	 (r)6. SetZ	 =Z	 +ad

if r = KI

if r KI

K = 0,1,2,...

(5.5.7)

where a
(r) 

is the step size given by Eq. (5.5.5). The

911 (r)

N-dimensional vector b - 	
 

is computed according to
@a

Neuman (1980) using the following equation:

-(r)
(r) Dhm 

A
nm act(r) 

-	 Zn(10) X DK ,i(r) i,(r) d (r)	 (5 . 5 . 8)
K. nK nK K

and subjected to the condition that b (r) = 0 for all nodes m at

which the head is prescribed.

7. Return to (2).

The iterative procedure can be halted at any stage of the computa-

tion whenever one or more of the following stopping rules are satisfied:

a. r exceeds the maximum allowable number of iterations.
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b. J (r) > ao J (r-1)
or J (r) > a J (r-1)

n	 on

where a
o 

is a prescribed positive number between 0 and 1.

c. (r) H al where al is a prescribed positive tolerance and

1i	 (r) 11
is an appropriate norm of _a (r) .

Once the iterative procedure converges satisfactorily, the L-U-

decomposition of A
(r) 

is used to solve Eq. (5.4.9) for the "sensitivity"

matrix SN whose components are substituted in Eq. (5.3.8) to obtain the

log-transmissivity estimation error covariance matrix, V(e ).
- --Z



CHAPTER 6

STOCHASTIC MODELING OF AQUIFER BEHAVIOR

6.1 Groundwater Flow Model 

We are concerned with the problem of steady flow in a non-uniform

isotropic aquifer which is customarily described by the Poisson equation

V-(TVh) - q = 0	 in D	 (6.1.1)

subjected to the generalized boundary condition

- TAh • n = Sol(h-H) + (P2Q	 on F	 (6.1.2)

Here V is a two-dimensional gradient operator in the horizontal plans

(x 1 ,x2), T is transmissivity, h is hydraulic head, q is rate of fluid

generation per unit of aquifer, D is a region in the horizontal plane

denoting the aquifer, r is the boundary of D, n is a unit vector normal

to r, Q is flux normal to the boundary prescribed on r, and Çoi and 402

denote the type of boundary condition prevailing at any point along r:

if (P 1 	-, (6.1.2) becomes aNeumann (prescribed flux) condition; other-

wise (6.1.2) is a Fourier (mixed) condition.

When (6.1.1) is discretized by a finite element or a finite dif-

ference method, on obtains a matrix equation of the form

A h = Q	 (6.1.3)

Where A is a square matrix of order N, and h and Q are N-tuples, N being

the number of nodes or grid points used in discretization of the region D.
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Let us consider a particular finite element scheme in which the

aquifer is represented by a network of linear triangles, e, and let hn

be the head at the n
th 

nodal point as shown in Fig. 4.6.1. Application

of the Galerkin procedure as outlined for example by Narasimhan, Neuman,

and Witherspoon (1978) shows that with this scheme, the components of A

can be expressed as

A
nm	 4L

e 
(bnbm + cncm

) ; n	 m
	

(6.1.4)

A
nn 

= -	 A
nm

m#n

where Te is 
the transmissivity of the element e, and the summation is

taken over all the elements, e, and nodes m, in the immediate neighbor-

hood of the node n. For any such element e, the nodes may be labeled

locally as i=1,2,3 (n and m represent global labels). If the coordinates

of x. are represented by (x.,y.), then the terms in (6.1.3) associated
-a

with element e are

bl = y2-y3 cl = x3-x2

b2 = y3-yi c2 = y1-x3

b3 = y1-y2 c3 = x2-xl

and A
e 

=	 (b1b2-b2c1) .

The finite element network is partitioned into I subregions or

"zones" 17., 1 < i < I so that

Te = T.	
for all e c V
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Equation (6.1.3) can be visualized as a stochastic finite element equa-

tion since Te is a stochastic random variable. The latter is generated

at random according to

Te

 = e2-3 zS(Vt)

where z S (Vi	
th) is the i simulated log-transmissivity corresponding to the

.th
i	 zone within which e is included. Note that z s (Vi) could be non-

conditional, conditional, or doubly conditional as we will explain

shortly.

The Nth component of (1, Q
n
, represent the net effect of all sinks

and sources acting in the immediate neighborhood of node n. The Q compo-

nents are taken to be deterministic and so are the head values, h
n
, on the

boundary of the finite element model.

The simulated log-transmissivity, z
S (Vi ) for each transmissivity

zone can be expressed as the sum of two components:

ZS (Vi	 = z.	 E.	1 	 1
(6.1.5)

.thwhere z. is an estimate of Z in the i	 zone and c. is the corresponding

error associated with this estimate. By aid of the preceding equation

we will generate three types of realizations of log-transmissivity for

the Cortaro aquifer, corresponding to three stages of uncertainty. These

three stages of uncertainty are:

1. Non-conditional simulations. These simulations represent irre-

ducible uncertainty characterized by the dispersion variance or

the variogram function, y(4), as well as variance of the sampling

errors (Chapter 2).
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2. Conditional simulations based on Kriging. These simulations are

conditioned on available transmissivity data as will be explained

later in this chapter.

3. Conditional simulations based on inverse solution. These simula-

tions are conditioned on log-transmissivity measurements as well

as on steady state water level measurements. A detailed account

of the inverse approach is given in Chapter

The three types of log(T) realizations mentioned above serve as

stochastic input into the steady state finite element model of the Cor-

taro aquifer represented by Eq. (6.1.3). Corresponding to each type of

log(T) realization, there is an associated realization of computed hy-

draulic heads. The final step in the analysis is to compute pointwise

(at each node) mean and variance of the computed hydraulic head realiza-

tions for each type of simulation. This provides maps of the mean and

variance of head for each type using a total of 220 realizations.

Our aim in these three different stages of simulation is to see

to what extent it is possible to gradually reduce our uncertainty about

transmissivity estimates as the information about the groundwater system

increases. Furthermore, this should enable us to identify that type of

information which has the greatest importance in estimating transmissivi-

ties.

6.2 Conditional Simulation of Log-transmissivity

The Kriging procedure discussed in Chapter 3 provides mean log-

tranamissivityestimates,z.Ez(Vjover subdomains or zones,
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V.(i=1,   ,I). If all the underlying assumptions are correct, then

these estimates are unbiased and have minimum variance. The correspond-

* z*
ing values of transmissivity, T

i = 10 
i
, represent the best estimate of

the geometric mean of T over each subdomain, based on available measure-

ments of T in V. and its neighborhood. The geometric mean of T, TG , can

be defined as

logio(TG) = E[log io (T)]

In a recent review of work dealing with statistical characterization of

aquifer heterogeneity, Neuman (1979) concluded that if the mean hydraulic

gradient in two-dimensional flow is near uniform, this domain can be

represented by an equivalent uniform material whose effective transmis-

sivity is given by the geometric mean, TG' of the true transmissivities

(which varies from point to point), provided that the latter are log-

normally distributed. If the true z i = logio (TGi) were known, one could

use them to compute, the true parameters, TG • , to be assigned to each V.

Since z. is only an estimate of logTGi , it must not be confused with the

latter.

Since spatially average quantities have a smaller variance than

pointquantities(seeChapter3),amapofz.or T Gi values will generally

be smoother than a corresponding map of log(T) or T values, respectively.

Similarly, since the dispersion variance of log(T) is assumed to be known,

theestimation(orKriging)varianceofz,can never be larger than the

dispersion variance and will generally be smaller (see Chapter 3). As a

result, the Kriged map of z values will be generally smoother than the
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map of true z
i values. In other words, the Kriged map cannot describe

details which have not been observed, particularly when the variogram

function has a "nugget" component. If we want to obtain an idea about

missing details, we must resort to Monte Carlo simulation. This will

have to be done in such a way as to insure that the simulated realiza-

tions preserve the statistical properties of the original "true" log-

transmissivities as expressed by their variogram. In ,addition, the

simulated values of log(T) must coincide with measured values at points

where such values exist, or be within the measurement errors of these

values. When the latter condition is satisfied, the Monte Carlo simula-

tion is said to be "conditional" on the measured values.

Since the covariance matrix of the Kriging errors in Eq. (3.1.28)

depends only on y(4), on the geometry of the system and its subregions

V., on the location of the measurement points, and on the imposed samp-1

ling error variances [but not on the measurement values of Z(x)J, preser-

ving these factors will automatically insure that the covariance structure

oftheKrigingerrors,e(V.), will be preserved. By preserving the struc-

ture of E(V.), Z(V.) Twill be allowed to deviate from Z (V.) by large
1

amounts where the variance of the estimation error is large, but only by

small amounts where this variance is small. In this manner, the simulated

realizations of :Z(V.) Twill be conditioned upon the measured values of
1

Z(x) at the N points x . Each of these realizations will represent an

equally likely version of reality, conditioned upon the knowledge of N

specific sample points of Z(x).

—n
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The conditional simulation procedure developed by Matheron (1972,

1973) relies on the fact that Kriging errors are orthogonal to the Kriging

estimates, i.e.,

E[Z * (x) 6(x')] = 0

for all x and x' in the domain of the aquifer, D. His procedure consists

of two steps. In the first step, one synthesizes a large number of ran-

dom realizations, Z s (V), having the same variogram as Z(x), but not nec-

essarily the same values, not even at the measurement points. The

synthesis of Z s (V) can be performed by various techniques such as, for

example, spectral analysis (Mejia and Rodriguez-Iturbe, 1974). Matheron

(1972, 1973) utilizes a method called "turning bands" which will be ex-

plained later in the text. The realizations generated by both of these

methods have distributions close to normal, as one usually requires for

log(T). In the second step, each realization, Z s (V), is conditioned upon

(i.e., made consistent with) the measured values of Z(x) at x., i =

1,2, 	  ,N. This is done as follows: The "real" average value of Z(x)

overthesubdomainV,Z(.T.),can be expressed in terms of the Krigedi

value, Z (V.), as

z(17.)	 (Vi)	 [Z(Vi)	 Z (V.)]
	

(6.2.1)

If 	 isomorphic with it

[i. e .,z
S
(7.)liasthesamecovariancematrixasZ(V.)], then using the

i

same Kriging weights used in obtaining the estimate Z
*
(V.),

Z
*
(Vi) =	 A. Z(x.)-s

i=1
(6.2.2)
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leads to a decomposition analogous to Eq. (6.2.1),

zs(v, ) =z (V.) + [zsi(v ) - z (v.)]S	 S
(6.2.3)

where

Z
S 1
(V.)=	 X. Z (x )

i=1 1 S

Here [Z s (Vi) - Z s (Vi)] is isomorphic with [Z(V i) - Z (Vi)], is identical

tothatof[Z(V i)-Z(V.)], and thus, the former can be substituted for1

[Z(Vi) - Z (V i)], in (6.2.1). In this manner, one can compute a condi-

tional realization, Z c (Vi), by superimposing the residual, [Z s (V	 (V )]i	 s

on :Z (V.) as follows:
1

Z c (Vi) = Z (Vi) + [Z
S
(V

i
) - Z

S
(V

i
)]
	

(6.2.4)

We notice that since the mean of the term in brackets is zero, the mean

ofZ(V.)issimplytheKrigingestimate,Z(V.). Furthermore, the co-c	 1

variance structure of Z (V.) is the same as that of Z(V.).C 1	 1

Realizations of Z (V.) can be generated with the variogram of
c

the random function Z(x). The first step is to generate non-conditional

realizations, z s (x), of the random function Z(x), with an imposed three-

dimensional and isotropic covariance C(4). The realizations, z 5 (x) have

a Gaussian distribution with zero mean. In order to obtain z (V.), thec

realizationz
S
Wareaveragedoverzones,V.,as follows.
—	 1

z (V.) =C 1
1

z(v.)
K=1 

(6.2.5)

for i=1, 	
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where I is the number of generated conditional variate in the domain

D and K is the number of simulated points within the zone V..

6.2.1 The "Turning Bands" Method

This method was initiated by G. Matheron (1972, 1973) and applied

in ore grade estimation by Journel (1974). The realizations, zs (x), are

constructed from one-dimensional realizations generated along lines in

three-dimensional space. A three-dimensional analysis is adopted by

these authors because of its analytical simplicity and its suitability

in ore grade simulation problems.

In three-dimensional space, consider the line L 1 shown in Fig.

6.2.1a. On L 1 consider the one-dimensional random function R(x, ). The

latter function is second-order stationary with zero expectation,

E[R(x_ )] = 0, and of one-dimensional covariance, C (1)
(4, ). Is.„. and

- I-1	 -1,1 
6	 are the projections of x and 6 on L 1 respectively. The projections
-1.1	 _	 _

can be represented as

x„	 = x • u ,
-L 

=	 •
1

where u is a unit vector parallel to the line L l . The subscript 1

denotes the number assigned to the line L in space.

On x , one considers a three-dimensional random function defined

by the relation Z 1 (x) = R(x1- ) for all x in three-dimensional space.
- 1

Z 1 (x) is assumed to be stationary of order 2 with zero expectation and

three-dimensional covariance,

E[Z i (x) Z 1 (x+4)] = E[R(x.11 ) R(xl, +AL1 )]

= C
(1)

(
L1
6 ) = C(6)
-
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The three-dimensional covariance C(4) can be expressed in terms of the

one-dimensional covariance as

C (1) (4• u) duC (4 ) = -1- f2Tr
11 unit tircle

(6.2.6)

To generate a realization z
i of Z1, the value of8R(x, ) (realization of

the random function Z1) simulated at a point XL 	L 1, is assigned to
-LI

all the points interior to the band centered on the plane (x„ = constant).

The thickness of the band is the spacing of the values Je(x,) on the

line L I .

Let us now consider N directions defined by the unit vectors,

U.1, 112, u uniformly distributed on unit half sphere and cor-_N 

responding to N lines through on the sphere to the origin of the sphere.

On each line, L. consider the realization je(x ) of a random function
-t.

6e(xL ) isomorphic with R(x, ). The N random functions {R(xL. , i=1, N1

are independent and each of these functions is one-dimensional, then

z i (x) = Je(xLi )	 for all x

According to Journel (1977) the simulated value z s (x) at a point x can

be computed as the sum of N contributions of the N lines to give

N
z (x) =	 z.(x)s-
	V-14- i=1	 1 -

(6.2.7)

The N Limas, L. , 
are deduced from each by utilizing a matrix of rotation1

[for detailed account consult Journel (1967, 1977)].
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zS (x) is a three-dimensional realization which is assumed to be —

isotropic, second order stationary, whose covariance is estimated by

C* (4) =	 C(1)(4.u.)
—AT i=1

(6.2.8)

If N 03, C (4) tends towards the isotropic covariance expressed by the

integral in Eq. (6.2.6) which can be rewritten in spherical coordinates

(see Fig. 6.2.1b) to give

27	 7/2
C(4) = 	f de f	 c (1) 14 coscplsin011) = 4- f c1 (4)d4

6
0	 0	 0

(6.2.9)

Equation (6.2.9) provides a unique correspondence between covariances

in three-dimension and those of one-dimension. Thus, one can easily

Evaluate C
(1)

(4) once an analytical expression of C(4) is known. This

can be achieved by taking the derivative of both sides of Eq. (6.2.9)

with respect to 4 and rearranging to give

d
71 [4 C(4)] = C 1 (4) (6.2.10)

Using Fourier transform it can be shown that the function C
1
(4) is a

positive definite function, thus it can be used to generate one-

dimensional realizations on the previously mentioned N lines.

The next problem is how these lines are arranged in space and

how one can generate these one-dimensional realizations on these lines.

In practice, N is never infinite. According to Journel (1977)

one may consider 15 lines that join the mid-points of opposite edges of
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a regular icosahedron which descritizes a unit sphere in three-dimensional

space. The mid-points which determine the 15 lines can be obtained as

five triplets of points. Consider the triplet whose coordinates are

given by

(K,1,1+K) , (1,-1-K,K) , (1+K,K,-1)

where K is chosen so that the three points form an equilateral triangle

formed by connecting the mid-points of a triangular face of the icosa-

hedron, K is a root of K 2 + K - 1 = 0 both roots give the same triple

of points. If we consider the triple points as vectors from the origin

they are pairwise orthogonal.	 The remaining four triples can be obtained

by applying the rotation matrix,

r 1/ 2 -(K+1)/2 K/2

RM
K+1

K/2 -1/2
2

K/2 1/2
K+1
2

The points of the fifteen lines then are obtained as the scalar multiple

of these fifteen points.

6.2.2 The Moving Average Method

The only problem remaining is to generate the one-dimensional

realizations on the fifteen lines.

In many practical cases, the one-dimensional covariance can be

written as a convolution product.
CO

C (1) (4) = f(u) * f(u) =	 f(u) f(Z+u)du	 (6.2.11)
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where f(u) = f(-u). If we take the Fourier Transform,, of (6.2.11)

we get

,F(C
(1) 

(4)) =	 (f (u)) ,;'(f (u))
	

(6.2.12)

Thus, f(u) can be easily determined by taking the square root of the

left side of (6.2.12). A real solution is obtained if and only if C
(1)

is a positive definite covariance. This factorization is analogous to

the factorization of a positive definite covariance matrix which will be

discussed in the next section.

In the moving average procedure, a one-dimensional function,

R(u) can be obtained simply by

•	 CO

R(u) = f f(u+t) TR (dt)	 (6.2.13)

where TR (dt) is a 
one-dimensional random measure with a Dirac covariance

measure and zero mean.

E[TR(dt)] = 0

E[TR (dt)TR(dt')] = 0	 dt	 dt'	 (6.2.14)

= 1	 dt = dt'

The covariance C
(1) (4) of R(u) can be easily constructed from (6.2.13)

C
(1) (4) = E[R(u) R(u')] = E
	

f(u+t) f(u+t'+4)TR (du)TR (du')I
CO

= if f(u+t) f(u+t'+4) E[T R (du)TR (du')]

(6.2.15)
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By virtue of (6.2.14) Eq. (6.2.15) reduces to
co

C
(1)

(4) = f f(u+t) f(u+t+ ) E[T
R (dt) 2 ] = 0 2 f *

which is simply the convolution product of the function f, multiplied

by the variance of the random function R(u). In practice, a discrete

approximation of the random measure TR (dt) is used. First we start

drawing independent realizations of a random variable TR the value of

which are afixed to the mid-point of a regular grid defined on the line

L, 	  - Kb, - (K-1)b,....0, b+2b, 3b, 	  ,8b,.... . Thus the integral

in Eq. (6.2.15) can be approximated by

R. =	 TR	 f(Kb)	 (6.2.16)
K=-œ i+K

where b is the grid width or (band). The series in (6.2.16) converges

if If(Kb)1 + 0 as IK1 + ... If this series decreases rapidly, we can

approximate the integral in (6.2.13) by a finite sum of terms.

The final stage in constructing a three-dimensional realization

at a point x is by determining the projections of this point on the fif-

teen lines on which one-dimensional realizations have been generated by

Eq. (6.2.16). Each projection will coincide with a band having a specific

R
i 
value which is being taken as a contribution to z (x). The fifteenS —

line contributions are summed up as in Eq. (6.2.7) to produce a realiza-

tion of Z (x). This procedure is repeated for other points, x, as re-

quired.

The "turning bands" method involves a tremendous number of corn-

putations when it is required to generate realizations for blocks or
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zones, particularly in three-dimensional space. The method cannot incor-

porate sample errors and the variogram function must be isotropic.

In the present study we introduce a Multivariate Normal Generator

Procedure which has the advantages of incorporating sample errors and

anisotropy. In addition, this method can handle generating realizations

for irregular zones or "domains".

6.3 Multivariate Normal Generator (MVNG) 

Kriging errors are spatially correlated and their expectation

is equal to zero (lack of bias condition). Even if weak stationarity

holds for the original variable Z(x), it does not generally hold for the

Kriging errors (Delhomme, 1979). Log(T) spatial variability can be con-

sidered as the sum of two parts. The first part is the Kriging estimate

(e.g., mean), z (x) and the second part is the fluctuation around this

estimate (Kriging error),

Z(x) = Z (x) + E(x)	 (6.3.1)

The Kriging error, E(x) is the component to be simulated by MVNG and

here, it is assumed to be normally distributed. The assumption of normal-

ity is consistent with Kriging, since normal processes are, theoretically,

the outcome of additive effects and so are Kriging errors which are, them-

selves, the outcome of error components corresponding to the data points

used in estimating a point or a zone (error increments). Then for N

Kriged zones, the normal probability density can be written as
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where

E is N-dimensional column vector of Kriging errors, corre-

sponding to N Kriged zones;

U is N-dimensional vector representing the mean of E (equal

to zero in our case);

1 is (NxN) covariance matrix of Kriging errors.

Equation (6.3.2) is an N-variate normal density function whose parameter

are [0,1 ]

In order to generate realization of E, it is enough to generate

random components of another N-dimensional vector, y by drawing them from

a univariate normal distribution„AV(0,1). The vector y will then belong

to the N-variate normal distribution ,*(0,I) where I is the identity

matrix. Since is symmetrical positive-definite it can be decomposed by

means of the Cholesky algorithm in the following manner,

(6.3.3)

where M is a lower triangular matrix with non-zero diagonal terms. If

we relate the vector E and through

= M

then it is obvious that E[L] = u and

1-
cov(e) = ELL E T] = E[(M1)(110]

= M E[)
T] = M I MT =

(6.3.4)

as desired.
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When X is estimated from Kriging according to Chapter 3, it may

sometimes be non-positive-definite due to round-off errors, especially

when the Kriging errors are strongly correlated. For slightly non-

positive definite matrices, Mejia and Millian (1974) suggested a remedial

procedure to alter any non-positive definite matrix to a positive-definite

one. The latter procedure consists of the following steps.

Step 1: Determine the eigenvalues of X and define M' such that

M' M I
T = M MT + n = X=	 - -	 -

where n is a diagonal matrix whose diagonal elements, n. ,

are equal to the absolute value of the most negative eigen-

value of X:

0

r1 =

0

Step 2: If M' M IT is positive-definite, use Cholesky algorithm to

decompose X , otherwise, set M M
T equal to M I M' T and go

back to Step 1.

Our experience suggests that this iterative procedure may some-

times converge at a very slow rate. In order to reduce the number of

iterations, our practice has been to add a small positive number to the

valuesofn...This reduces the number of iterations quite considerably.

The method is intended for matrices which are slightly non-positive-

definite.
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6.4 Convergence of (MVNG) Scheme 

Since the Kriging error, e, has a zero mean, we can rewrite

Eq. (6.3.4) as

(6.4.1)

The preceding equation is used to generate realizations of the Kriging

error vector, e. One important question relates to the number of realiza-

tions that must be generated in order to obtain a meaningful sample. To

answer this equation, we ran a total of 300 simulations for the Cortaro

aquifer, grouped into 15 sets. The first set contains 20 realizations

and the subsequent sets are gradually augmented by a step of twenty reali-

zations. For each of these sets, we computed the mean of each component,

E.. (i=1, 	  ,I)

NS
1 7

	

E	 = - L E.	 i=1,2, 	  ,I
ri	 NS	 lj

J

where NS is the number of realizations in each set, i refers to the i
th

component in the vector e. The Euclidean Norm for each set is computed

according to

Il IIE rc2 _i_ E 2  e2.
—r L-r1 r2 rI

(6.4.2)

The H	 H values are plotted against the number of realizations, NS,--r

corresponding to the above mentioned fifteen sets, in Fig. 6.4.1, for

N=10 and N=124 transmissivity zones. The comparison of the two curves

indicates that the curve corresponding to N=10 converges faster than the
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curve corresponding to N=124. The two curves also indicate that the rate

of convergence becomes very slow at NS=300.

To study the number of realizations required to compute a meaning-

ful second moment, we compute the Euclidean norm of the variance vector,

E	 of the same sets of realizations according to-V'

Hf.-v H	 =	 [EN2il	 9272	 612/1] 2

	
(6.4.3)

where I is equal to the number of log-transmissivity zones. The Euclidean

Norm of the variance vector against the number of realizations, NS, is

shown in Fig. 6.4.2. This figure suggests that convergence in the Eucli-

dean Norm of the variance is approximately reached after N=280. Thus,

we can conclude that MVNG would lead to acceptable first and second mo-

ments after about 280 realizations.

6.5 Non-conditional Simulations of Cortaro Aquifer 

The finite element network of the Cortaro aquifer is partitioned

into124transmissivitysubdomainsorzones,V.(i=1,2, 	  ,I=124) as

shown in Fig. 6.5.1. Each transmissivity zone includes one or more

triangular elements of the 167 elements in the network and is assigned

an average value equal to the mean of the transmissivity data, 3.85.

Our objective in conducting non-conditional simulations is to

study the possible attributes of conditioning or transmissivity sample

values. We assume that log-transmissivity (not its Kriged estimate)

is second order stationary stochastic process. Thus, the mean and co-

variance function are derived directly from the variogram function which

represents the total irreducible dispersion variance of log-transmissivity.
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Fig. 6.5.1. Modeled area of the Cortaro aquifer partitioned

into zones within which transmissivity is uniform.

Zones are numbered sequentially.
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In order to include the effects of sample data uncertainties in

non-conditional simulations the variogram function should be modified

to include these sample uncertainties. Let Z(x) be a random variable of

log-transmissivity. This variable has been measured at n points, x l , x 9 ,

x with some error, e(x.) and denotes the measured values by z e (xi ).—n

The error e(x) is visualized as a realization of a random function G(x)

with the following properties (Delhomme, 1974);

(1) E[G(x.) G(x.)] = 0	 V i	 j	 (6.5.1)-a	 -1

E[G2(x. )] = a2	 (6.5.2)ei

(2) The mean is equal to zero

E[G(x.)] =0Vi	 (6.5.3)

(3) The error is orthogonal to (i.e., uncorrelated with

Z(x) Z e (x).

E[G(x.) Z e(x)] =0	 Vx, x. in D	 (6.5.4)

where Z (x) is a random function of the measured values, z (x). At eache —	 e —

measurement point we have,

Z(x) = Z(x) + G(x)	 (6.5.5)

The "real" variogram, yreal' 
as a function of the separation vector 4 and

can be written as

y(4) =	 E[(Ze(x) + G(x)) - (Z e (x+6) + G(x+4 ))] 2

1
=	 E[(Ze(x) - Z e (x+4)) + (G(x) - G(x+4))12
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1
=	 E[(Ze(x) - Z e (x+Z)) 2 + 2 (Z e (x)	 Z e (x+4))

(G (x) - e(x+4)) + (e (x) - G(x+Z)) 2 ]

By virtue of Eq. (6.5.3) the preceding equation becomes

	y(4) =	 E[Ze(x) - Ze (x+4)] 2 +	 E[G(x) - G(x+Z)1 2

1	 1

	

=	 y
e

(
-
) +	 E[e(x) - G(x+Z)1 2 (6.5.6)

where ye (4) is the variogram computed by the measured values, z e (x). The

second term of (6.5.5) accounts for the sampling error variances which

can be expanded to give

12-," E[(€(x) _ e (x +4 ))21 =
	
E[€ 2 (x) - 2 G(x)C(x+4)

+ G 2 (x+Z)]

By virtue of (6.5.1) and (6.5.2) the preceding equation becomes

E[( € (x) - e (x+ ))2 ]	 E[62(x)]	 221 E[€ 2 (+)]

[a2	 =a 2	 -2a
2	 el	 el

x	 x+4

Then the variogram which includes sampling error uncertainty can be

estimated by

y(4) = ye (4) + F 2 	(6.5.7)
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The average sampling variance, P, for the Cortaro log-transmissivity

data is equal to 0.052.

simulations becomes,

The variogram function for the non-conditional

3
yi(4) = 0.302 [1 - H(0)] + 0.194

[ 
1.5 * 4 .0 5(.-) (-5--)

2.3	 ]

4 <	 2.3

3A 12(4) = 0.302 [1 - H(0)] + 0.194 [1.5 * 0.5

<	 1.3

Y(4) = [11(6 ) 12(4)1/2.0 (6.5.8)

The non-conditional covariance matrix is represented by the

first term in Eq. (3.3.3) and defined in terns of the covariance, C,

by Eq. (3.3.4). The latter equation is a double integral representing

the elements of the covariance matrix which can be estimated by numerical

integration using Eq. (3.3.5) as has been explained previously in Chap-

ter 3.

In hydraulic head simulations a constant head is imposed at all

the boundary nodes of the finite element model. The constant head values

are adopted from the Kriged head values of Table 4.6.1. Pumpage data are

adopted from Fogg (1978). Nodes with prescribed pumpage are shown in

Fig. 6.5.1.

Equation (6.3.4) can be rewritten as

z
c 

= M v + 3.85
	

(6.5.9)
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where

zc is an N-dimensional vector of computed log-transmissivity

realization

M is a lower triangular matrix obtained by Cholesky's L-U

decomposition of the non-conditional covariance matrix.

is N-dimensional vector (0,1).

N = 124

220 log-transmissivity realization were generated using Eq. (6.5.9).

Equation (6.1.3) is solved for each realization at each of 157 nodal

points of the Cortaro groundwater flow model shown in Fig. 6.5.1.

6.5.1 Results of Non-conditional Simulations

Figure 6.5.2 shows hydraulic heads corresponding to the first

and fiftieth log-transmissivity realizations. The two realizations are

very different from each other everywhere except at the boundaries at

which the head is maintained constant. Figure 6.5.3 shows the distribu-

tion of pointwise standard deviation of head. The maximum standard devi-

ation is about 20 ft. The contours are concentric due to the effect of

the constant head boundary conditions.

Figure 6.5.4 displays the pointwise mean of the 220 non-

conditional head simulations. We found that using 150 realizations or

more gave a constant nodal mean at nodes 46 and 77 and the global average

standard deviation becomes fairly constant over all the aquifer. In con-

ditional simulations based on the inverse solution, we will demonstrate

that the stochastic process is actually converged to the first and second

mnmpnts in the case when the number head realizations is equal to 220.
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Fig. 6.5.3. Distribution of pointwise standard deviation
of 220 generated head realizations corre-
sponding to 220 logT non-conditional
realizations.
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We would like to note that all subsequent simulations maintain

the same constant head boundaries and the same pumpage rates used in the

non-conditional simulation case.

6.6 Conditional Simulation Based on Kriged
Estimates (Cortaro Aquifer) 

Equation (3.1.21), (3.1.28) together with the variogram function

represented by Eq. (3.2.12) are used to obtain log-transmissivity esti-

mates and a corresponding covariance matrix of the Kriging errors asso-

ciated with the 124 Kriging estimates of log(T) subdomains shown in Fig.

6.5.1. The computations are implemented by a computer program called

"UKRIG". The 124 Kriged estimates are listed in Table 6.6.1.

Conditional Covariance Matrix (Based on Kriging)

This matrix is computed with the aid of Eq. (3.1.28) and is found

to be positive definite (i.e., all eigenvalues are positive) so we do not

have to resort to the remedial measures suggested by Mejia and Millian

(1974).

In order to gain insight into the correlation structure of the

Kriging errors we computed the correlation matrix, S whose components

are defined by

cov(s.,E.)
1 

S ij
[cov(E.,e.)cov(e.,E.)]

a.	 J	 J

(6.6.1)

Figure 6.6.1a shows cross-sections of S.. for both conditional (solid
1.)

lines) and non-conditional (broken lines) correlation structures along

a line passing through the centroids of zones 11, 16, 22, 29, 37, 47,

nnA SR_ Another cross-section is shown in Fig. 6.6.1b). The latter
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Table 6.6.1.	 Kriged transmissivity estimates, T x (10 4xft 2 /day).

Zone
*

T Zone Zone Zone T
*

1 2.1677 37 0.8995 73 0.7465 109 0.1871
2 2.3605 38 0.7889 74 0.4539 110 0.2793
3 1.4355 39 0.5248 75 0.2985 111 1.1668
4 2.0654 40 3.7154 76 0.3034 112 0.7621
5 2.4434 41 3.5892 77 1.4556 113 0.3589
6 2.5235 42 1.7620 78 1.6943 114 0.1982
7 2.4322 43 1.4521 79 0.7871 115 0.2128
8 2.1478 44 0.8035 80 0.4571 116 0.2559
9 2.4660 45 0.8035 81 0.4498 117 0.5861

10 2.9785 46 0.7430 82 0.3606 118 0.4325
11 2.7925 47 0.6531 83 0.2291 119 0.3606
12 2.7990 48 0.5309 84 0.2291 120 0.3105
13 1.9364 49 0.3148 85 1.1272 121 0.4395
14 2.9992 50 3.7325 86 2.0277 122 0.4853
15 2.6303 51 2.8774 87 1.5488 123 0.4808
16 2.7861 52 1.3964 88 0.5916 124 0.6012
17 1.9364 53 1.2078 89 0.4875
18 1.9364 54 0.7852 90 0.2884
19 2.8119 55 0.7079 91 0.2014
20 2.8119 56 0.5984 92 0.7871
21 1.9364 57 0.5383 93 1.5849
22 2.3823 58 0.3148 94 1.8030
23 2.3823 59 0.3148 95 0.6808
24 1.7378 60 2.4266 96 0.4178
25 3.3037 61 2.6669 97 0.2495
26 3.3884 62 1.3868 98 0.2286
27 2.7290 63 1.2764 99 1.7219
28 3.2211 64 0.8433 100 0.8913
29 2.3121 65 0.7516 101 0.5585
30 1.5849 66 0.3656 102 0.4406
31 0.9506 67 0.3155 103 0.2588
32 3.0903 68 0.3148 104 0.2477
33 3.0690 69 1.3646 105 1.4060
34 3.0832 70 1.5241 106 0.8531
35 1.6866 71 0.9886 107 0.4775
36 1.3213 72 0.9268 108 0.3090
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passes through zemes 15, 21, 28, 36, 46, 57, and 68. For the conditional

case, the maximum distance over which the estimation errors are corre-

lated is six miles for the cross-section centered on zone 11 and five

miles for the one centered on zone 15. The corresponding non-conditional

sections have a maximum correlation distance of three miles. Other cross-

sections exhibit different correlation lengths, implying that Kriging

estimation errors cannot be considered stationary, a fact which has been

noted by Delhomme (1979). On the other hand, the non-conditional cross-

sections do not exhibit any non-stationary behavior and are characterized

by a smaller rance of correlation similar to the variogram function used

in constructing the non-conditional covariance matrix.

6.6.1 Kriging Estimation Variance

Figure 6.6.2 is a contour map showing log(T) Kriging estimation

variance distribution. The maximum Kriging variance is about 0.24 and

located in the north and east of the Cortaro basin where we have few

control points. These relatively high estimation variances can be ex-

plained by recognizing Eq. (3.1.24) and its terms. This equation is used

to compute the estimation variance, 4 of a zone v and can be rewritten as

4 = o 2 (V/D) - V X i C(x - v) + 1.1
 8

(6.6.2)

The effect of conditioning amounts to a reduction in the block variance,

a 2 (V/D) , and this can be achieved by virtue of the second term in Eq.

(6.6.2). The third term is a penalty term since it augments 0 2 and may

substantially reduce the desired effects of conditioning in the following

two situations:
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(a) Scarcity of data. If data are scarce within the limits of the

variogram range, the contribution of the second term in reducing

the numerical value of a 2 becomes increasingly less important

as the number of data points used to Krige a given zone becomes

small.

(h) Sampling uncertainty. In the Cortaro aquifer the average log-

transmissivity sampling error variance amounts to 0.052 (trans-

missivity units are in ft 2 /day). All the transmissivity data

points, except two, are associated with sampling error uncer-

tainties. The influence of these uncertainties is manifested

by reducing the conditioning effort (Delhomme, 1974).

(c) Hydraulic head realizations. Equation (6.3.4) can be written as

a vector equation as

z
c (6.6.3)

where

z
c 

is an N-tuple vector of simulated log-transmissivity

M is a lower triangular matrix obtained by decomposing the

covariance matrix, Z, of log-transmissivity Kriging errors,

a by-product of the Kriging procedure.

y is a random vector N(0,I).

220 log-transmissivity realizations were generated using Eq. (6.6.3).

Equation (6.1.3) is solved for each realization at each of the 157

nodal points of the Cortaro groundwater flow model shown in Fig. 6.5.1.
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6.6.2 Results of the Conditional Simulation
(Based on Kriged log(T))

Figure 6.6.3 shows hydraulic head realizations corresponding to

the first and fiftieth log-transmissivity realizations. The corresponding

contour lines do not show a wide difference as in the case of non-

conditional simulations. Figure 6.6.4 is a map of head standard devia-

tion of 220 computed head realizations. The maximum uncertainty occurs

in the north-eastern corner of the aquifer which is closely related to

the uncertainty distribution of log-transmissivity shown in Fig. 6.6.2.

The contours are less concentric and more skewed than in the non-

conditional case. We can also observe that the gradient of head standard

deviation is greatest near the constant head boundaries in the north-

eastern region of the aquifer. The latter effect is caused by high un-

certainties in transmissivities. We conclude that our gain, on the

average, due to conditioning is not substantial. This is because of the

scarcity of data in the eastern region of the aquifer, in addition to

that, our variogram range is relatively small (2.3. miles) when compared

with the average distance among transmissivity data points in the eastern

region of the aquifer. Another reason is that transtissivities sampling

error variances, 0 2 , strongly augment the covariance elements in the con-

ditional case resulting in an increased uncertainty. If the variogram in

our case has a range of five miles or more the effects of conditioning

may have been greatly improved.

Figure 6.6.5 displays the pointwise mean of 220 head conditional

realizations (broken line) together with hydraulic head contours computed

by using Kriged estimates listed in Table 6.6.1. The two sets of contours
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Fig. 6.6.3. Comparison between the first and the fiftieth
conditional (on T data only) generated head
realizations (feet).
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Fig. 6.6.4. Distribution of pointwise standard deviation
of 220 generated head realizations corresponding
to 220 log(T) conditional realizations.
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realizations and heads computed using Kriged
transmissivity estimates.
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are in good agreement over most of the aquifer. If we compare the head

contours in Fig. 6.6.5 (solid lines) with the corresponding Kriged head

contours in Fig. 4.6.4 (solid lines) we can see that a good agreement

between the two head sets is found in the north-west corner of the

aquifer (contour 1925, 1950, 1975, 2000, 2025 and 2050) and as we go

toward the south the agreement between corresponding contours becomes

very poor. This demonstrates the fact that Kriged estimates of log(T)

are not sufficient to model the Cortaro aquifer since uncertainty in

computed head values is still high (standard deviation is about 13.2

feet).

6.7 Estimation of Log-transmissivities in 
the Cortaro Aquifer by Inverse Method 

Our input data to the inverse model explained in Chapter 5 con-

sists of the following:

a. Kriged steady state hydraulic head data. Each nodal point of the

finite element mesh in Fig. 4.6.1 is assigned a Kriged hydraulic

head value, h
n' 

according to Table 4.6.1. We recall that these

Kriged head estimates, h
n 

, are obtained by the method of Kriging

with global polynomial constraints as previously explained in

Chapter 4. Contours of these Kriged head values are shown in

Fig. 4.6.2 (solid lines).

The uncertainty associated with the Kriged estimtes, h
n

,

are expressed by the corresponding Kriging estimation variances

which constitute the main diagonal of the Kriging errors covari-

ance matrix, yh , whose characteristic correlation cross-sections
are displayed in Fi. 4.6.6. Since hydraulic head Kriging errors
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are shown to be weakly correlated, the number of subdiagonals

of the Kriging head estimation covariance matrix, yh , which
enters in the inverse computational procedure is 20, including

the main diagonal of this matrix. The decision to use 20 sub-

diagonals was made because the inclusion of additional subdiagon-

als has not resulted in an appreciable change in the computed

inverse estimates. The actual input, however; is not the co-

variance matrix itself. The covariance matrix is first inverted

and then decomposed to an upper and lower triangular form using

the Cholesky's method. The preceding matrix operations are

easily achieved using (IMSL) subroutines designed for positive

symmetrical matrices (subroutine LINV1P for the inversion opera-

tion and subroutine LUDECP for the Cholesky's decomposition).

b. Log-transmissivity prior information. Each of the 124 transmis-

sivity zones shown in Fig. 5.2.1 has been given a Kriged estimate

of log-transmissivity, z
i 
according to Table 6.6.1. These z

i

values will represent estimates of the "true" effective log-

transmissivities in each zone. The log-transmissivity estimates

are complemented by a corresponding Kriging errors covariance

matrix, V which has been discussed in Section 6.6. The matrix

is first inverted by subroutine LINV1P prior to its use in the

computational procedure of the inverse method of Neuman (1980).

c. Boundary conditions. Recharge rate estimates, Q
n
, are known to

be effectively zero everywhere except for some nodes (see Fig.
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6.5.1) which represent pumping wells with known estimates of

discharge rates, and on the aquifer boundaries. The recharge

values on the boundaries are considered to be unknown and all

boundaries are kept constant at the corresponding Kriged values,

hn .

6.7.1 The Inverse Solution Results

The iterative inverse procedure outlined in Section 5.5 converged

after 99 iterations. The computed 124 log-transmissivity estimates, T)

have a mean value of 4.00 and a variance of dispersion around this mean

equals to 0.187. These estimates, T are listed in Table 6.7.1.

Figure 6.7.1 shows a comparison between the contour lines of the

input Kriged head values, h and contours computed with the inverse

estimates, T. The figure shows that the computed estimates, T, lead

to a good fit in the north-western corner of the modeled area and a poor

fit elsewhere. This can be explained by a low and high uncertainty in

the input data in the respective two regions. We can also observe that

the computed head values, h, are associated with a relative amount of

smoothing, an effect imparted by the discretization of the flow field.

Figure 6.7.2 shows a comparison between contour lines of hydraulic head

computed with transmissivity inverse estimates T and hydraulic head con-

tours computed with the Kriged transmissivity estimates, T
*
. This figure

shows a good agreement between the two sets of hydraulic head data in

the north-wester corner of the modeled area and a poor agreement else-

where. This result can be explained by the fact that both head and trans-

missivity data points are relatively dense in the north-western region of

the modeled area.
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Table 6.7.1. Inverse transmissivity estimates, T x (100 4x ft 2 /day).

Zone 
	

Zone	 Zone	 T	 Zone

1 1.7146 37 0.9268 73 2.3771 109 0.1160
2 1.5846 38 3.2663 74 5.0524 110 0.2350
3 1.5167 39 1.0053 75 0.3872 111 1.1095
4 2.1178 40 2.0826 76 2.0825 112 0.9925
5 1.8668 41 0.8044 77 2.1096 113 0.3604
6 1.6500 42 0.8139 78 5.2591 114 0.1321
7 1.4971 43 1.0225 79 1.9340 115 0.1322
8 1.9947 44 0.9017 80 1.3198 116 0.2264
9 2.3246 45 0.5183 81 1.2993 117 0.5146

10 1.9451 46 0.8631 82 0.3689 118 0.2604
11 1.2573 47 4.5522 83 0.1626 119 0.1764
12 1.6652 48 1.0153 84 0.4128 120 0.1576
13 1.5958 49 0.4190 85 1.7976 121 0.3068
14 1.9370 50 3.1208 86 5.0889 122 0.2675
15 0.9855 51 1.5256 87 4.2753 123 0.1936
16 1.4437 52 1.1157 88 1.4558 124 0.5444
17 1.2266 53 1.7552 89 0.8150
18 1.5968 54 1.1117 90 0.1888
19 1.2540 55 0.5138 91 0.0916
20 0.9509 56 0.7389 92 0.8897
21 0.9105 57 4.9114 93 1.9397
22 1.7637 58 0.7051 94 4.7718
23 4.5035 59 0.4187 95 2.2432
24 4.8759 60 2.0520 96 0.5333
25 1.3015 61 2.5171 97 0.0906
26 0.8439 62 2.0916 98 0.0971
27 1.5383 63 2.7903 99 1.7408
28 3.6857 64 1.4983 100 1.5924
29 3.2736 65 0.7113 101 1.0529
30 2.6475 66 0.6844 102 0.4591
31 3.4736 67 5.1623 103 0.1168
32 1.0869 68 2.5066 104 0.1595
33 0.8659 69 1.3755 105 1.1837
34 1.3119 70 2.8501 106 1.0800
35 1.2058 71 1.7760 107 0.7466
36 0.6680 72 2.8310 108 0.2637



TI IS

Kriged Head values (feet)

Inverse Head values computed using t in feet

TI2S

sP 2'./.‘% C.,-

TI3S

MID

186

Fig. 6.7.1. Comparison between Kriged head contours, h
and those computed with transmissivity inverse
estimates, T listed in Table 6.7.1.
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The difference between the hydraulic head computed by the inverse

method at any point in the aquifer and the observed or Kriged head input

at that point, is termed "residual error", (h
n
-h

*
n
). The sample standard

deviation of the residual errors in the present calibration is equal to

10.3 feet, whereas, the average standard error of estimate of the Kriged

head input is equal to 13.2 feet. This implies a case of model "over-

calibration". Overcalibration is undesirable in most cases because it

may cause an increase in the inverse error variance of log(T) which, in

some situations, may be as large as that of the original (prior) log-

transmissivity data.

Figure 6.7.3 is a map depicting contours of equal variance of

log-transmissivity inverse estimates, z. When one compares the contours

of the input Kriging estimation variance in Fig. 6.6.2 with the contours

in Fig. 6.7.3, one finds that a reduction in the initial log-transmissivity

estimation variance (i.e., Kriging estimation variance) has been achieved

in every transmissivity zone in the aquifer. Thus, there is no evidence

of overcalibration. The trace of the Kriging log-transmissivity covariance

matrix, V, is equal to 22.6, whereas the trace of the covariance matrix=Z

of the inverse estimation errors, V(e ) is equal to 15.7. Thus, the in-=

verse procedure has reduced initial uncertainty by about 30 percent.

Figure 6.7.4 and 6.7.5 show how Kriged transmissivities, those

computed by the inverse and those of Fogg's trial-and-error calibration

results vary from zone to zone along seven different cross-sections

oriented in the east-west direction. Sections A-D of Fig. 6.7.4 show poor

trend similarity between the inverse transmissivity estimates and those
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Fig. 6.7.3. Contours of estimation error variances
associated with the inverse transmissivity
estimates of logT, T in ft2/day.
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of Fogg's (1978). We should point out that the computed inverse trans-

missivity profiles are not expected to share a similar trend with Fogg's

(1978) computed transmissivities particularly in the northern region

(cross-section A-D) where our Kriged head map is not very similar to

Fogg's (1979) hydraulic head map which guided his trial-and-error cali-

bration procedure. Fogg's head contour lines imply a non-flow

boundary condition on the northern edge of the modeled area, whereas

our Kriged map does not suggest these conditions. The influence of the

northern boundary seems to extend southwards. The profiles of transmis-

sivity variations in cross-sections E-G of Fig. 6.7.5 are seen to agree

in trend more closely than those in the preceding cross-sections of Fig.

6.7.4.

6.8 Conditional Simulations Using the Inverse Results 

The linearized error analysis in Section 5.3 produces an expres-

sion for the covariance matrix of transmissivity inverse estimation

error, V(e) in terms of transmissivity Kriging error covariance matrix,

1/z and hydraulic head Kriging error, yh . The elements of V(e ) are com-
puted according to Eq. (5.3.8).

Figure 6.8.1 shows two correlation cross-sections defined by S..

for the inverse estimation errors along lines passing through the cen-

troids of zones 11, 16, 22, 29, 37, 47, and 58, and zones 15, 21, 28,

36, 46, 57, and 68. In both cross-sections the distance over which the

estimation errors are correlated exceeds six miles, and the correlation

structures look quite similar in both cross-sections. However, the
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errors correlation values, S il , centered on zone
11 in A and on zone 15 in

Zone numbers correspond to Fig. 6.5.1.
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latter observation does not exclusively imply that inverse estimation

errors are stationary phenomena.

6.8.1 Hydraulic Head Realizations

where

Equation (6.3.4) can be written as a vector equation as

= My+ z

is a vector of simulated log-transmissivity—c

is a vector of inverse log-transmissivity estimates

(6.8.1)

M is a lower triangular matrix obtained by an L-U decomposition

of V(ez ).

y is a random vector N(0,1)—

220 log-transmissivity realizations are generated using Eq. (6.8.1).

Equation (6.1.3) is solved for h for each log(T) realization at each of

the 157 nodal points of the Cortaro groundwater flow model shown in

Fig. 4.6.1.

6.8.2 Results of the Inverse Conditional Simulations

Figure 6.8.2 shows the first and the fiftieth hydraulic head

realizations corresponding to the first and the fiftieth log-transmissiv-

ity realizations derived from the inverse statistics. Corresponding iso-

contour lines of these two realizations do show a narrow range of disparity

when compared to log-transmissivity conditioned realizations discussed

in Section 6.6. Figure 6.8.3 shows the distribution of head standard

deviation of the 220 head realizations. The maximum standard deviation

of hydraulic head is about 10 feet and is localized in the north-western
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Fig. 6.8.2. Comparison between the first and the fiftieth
generated head realizations derived from the

inverse statistics.

Head value in feet.
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0	 2 Miles

Fig. 6.8.3. Distribution of pointwise standard deviation of
220 generated head realization using inverse
statistics.

(Values in feet.)
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corner of the modeled area. The average standard deviation of computed

head is about 6.0 feet.

Figure 6.8.4 displays the pointwise mean of 220 inverse condi-

tional realizations (represented by broken lines) together with the cor-

responding contours of heads computed using inverse transmissivity

estimates, T (represented by solid lines). The two sets of contours are

in excellent agreement over all the aquifer, implying that head realiza-

tions have actually ccinverged in the mean. We will show later that con-

vergence in the second moment is also achieved.

6.9 Comparison of Head Uncertainty 
Profiles of the Cortaro Aquifer 

Figures 6.9.1and 6.9.2 display cross-sections of head standard

error of estimate for the three stages of uncertainty which we studied

in this dissertation. The first cross-section passes through a line

from node 13, on the northern constant head boundary to a node 157 on

the southern constant head boundary (Section AA' in Fig. 4.6.1). The

second cross-section passes through a line from node 73, on the western

boundary to node 82 on the eastern boundary of the modeled area (Section

BB' in Fig. 4.6.1). Each of the preceding two figures display four un-

certainty profiles labeled A to C are drawn from the following figures:

1. A is drawn from Fig. 6.5.3.

2. B is drawn from Fig. 6.6.4.

3. C is drawn from Fig. 6.8.3.

The profile labeled D represents head standard error of estimation as

computed by Eq. (5.3.10).
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Fig, 6.8.4. Comparison between pointwise mean of 220 head
realizations computed using the inverse statistics

and heads computed using inverse transmissivity,
estimates, T.

Head in feet.



199

25
i."--:u_
z 20o

<	 ....-•-'	 ..---..... ..	 n......1...	 ....	 ..,	 .N----	 -.....-
w 15	 v
o

6 7 8 9 10 11 12 13 14 15 16 17 18
MILES	 (NODE 157) S

Fig. 6.9.1. Cross-sections of head standard error of estimate
corresponding to three stages of uncertainty asso-
ciated with generated head values (cross-sections
A to C).

Cross-section D represents head standard errors
of estimation computed by Eq. (5.3.10) (see Sec-
tion AA' in Fig. 4.6.1).



25

u_ 20

CONDITIONAL
I—::	 ,ese.-

r
r

	/ 	 \ 
1,,Z	 /

0	 .

	

/	
1

I=	 1
NON-CONDITIONAL ./	 .	 n

>15 	•\ 	 1

III	 •	
.\	 1

0	 ,	 1
,	 1/	 ,

0	 n 	 \ 1
CC	 /	

.' E3	 \ \
a	 /	 /	 \ 1
0 10	 • 1z	 / /	

C	 \ 1
.ct	 / /
1--	

.	 .....x	 \ i
u)	 • .	 INVERSE / *NNIN .\. I

/ r

c)	 / ;	 .!	 IN;N, \I
.1	 . /•.....--
Lu 5	 / / ;-'--:.--1--."--- 	D	 '-n,.I. tt
=	

..11
/ //	 I
//

• 1

0
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

W (NODE 73)	 MILES	 (NODE 82) E

Fig. 6.9.2. Cross-section of head standard error of
estimate corresponding to the same stages
of uncertainty as in Fig. 6.9.1.

See Section BB in Fig. 4.6.1.

200



•	 201

Figure 6.9.1 depicts a relatively high standard deviation in the

northern region and it shows a progressively decreasing standard devia-

tion as we proceed southwards. All the profiles (A to D) maintain a

similar trend. This common trend is dictated by the strong influence of

the constant head boundaries. In the northern region uncertainty in

generated head values is the highest because the line AA' in the northern

region passes through points in the aquifer which are farthest from aqui-

fer boundaries than any other point in the aquifer. However, as we pro-

ceed southward, the east and west boundaries of the model area become

convergent, thus bringing these two boundaries in the immediate vicinity

of the cross-section AA' resulting in a gradual reduction in generated

head uncertainty. Trend similarities among the uncertainty profiles

imply a strong influence exerted by the constant head boundaries.

The preceding figure also shows that the difference between A

(non-conditional simulations) and profile B (transmissivity conditioned

simulations) is not very substantial, implying that conditioning on trans-

missivity by Kriging did slightly reduce uncertainty in generated head

values. In Fig. 6.9.2 we observe that profile B maintains a relatively

high uncertainty in generated head values which is contrary to our intui-

tion. This discrepancy can be explained as follows:

From Section 6.6 we recall Eq. (6.6.2). The preceding equation

is an expression of log-transmissivity estimation variance and can be

rewritten as

G 2 = a 2 /D) -	 X. C(x.-V) + 1.1
a.	 -2 (6.9.1)
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The first term in Eq. (6.9.1) is what was previously defined as the

'block variance'. Block variances of transmissivity zones constitute

the main diagonal of the non-conditional transmissivity covariance

matrix. The effect of conditioning on transmissivity data amounts to

a reduction in the block variance a 2 (V/D), and this can be only achieved

by virtue of the second term in Eq. (6.9.1). The third term in Eq.

(6.9.1) is a penalty term which tends to augment the numerical value

of a 2 and may substantially reduce the desired effects of conditioning

on transmissivity data, particularly if transmissivity data is not dense

enough within the limits of the variogram range. In other words, the

contribution of the second term in reducing the numerical value of a 2

becomes increasingly less important, as the number of transmissivity data

points become small. This situation (i.e., scarcity of data) does exist

in the north-eastern and eastern region of the Cortaro region and ex-

plains profile A and B of Figs. 6,9.1and 6.9.2.

Both of Figs. 6.9.1 and 6.9.2 show that the inverse method has

drastically reduced head uncertainty (variance of generated head) from

an average standard deviation of 12 feet (profile B) to an average stan-

dard deviation of about 6.0 feet (profile C). This amounts to 50 percent

reduction in average standard deviation corresponding to about 75 percent

reduction in average generated head variance. The preceding two figures

also show that the inverse standard deviation profile (profile D) com-

puted by the aid of Eq. (5.3.10) [square roots of the diagonal elements

of V(e.)] agrees quite closely with our Monte Carlo results, profile C.



CHAPTER 7

SUMMARY AND CONCLUSIONS

7.1 Summary 

Transmissivity, specific capacity data, and steady state

hydraulic head data from the Cortaro aquifer in Southérn Arizona are

analyzed by regression and Kriging methods.

Transmissivity estimates are obtained from known values of

specific capacities using a log-log linear regression scheme. Kriging

is then applied, using these estimates to obtain Kriged estimates of

transmissivity for zones of the finite element mesh of the Cortaro

aquifer. Associated with the later estimates is a Kriging errors co-

variance matrix. Before the application of Kriging to hydraulic heads,

a trend or "drift" function together with the variogram function of head

residuals (i.e., residuals from the trend) is obtained by the method of

generalized least squares. Then, both the drift and the variogram func-

tions are used to Krige hydraulic head on the nodes of the same finite

element mesh. A Kriging errors covariance matrix is also computed as a

by-product of the Kriging procedure.

The transmissivity and hydraulic head statistics obtained in this

manner are used to develop a stochastic model of the Cortaro aquifer

based on the finite element and Monte Carlo simulation methods. Further-

more, the input to this stochastic model is refined by the application of

a suitable statistical inverse procedure.

203
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7.1.1 Statistical Analysis of Transmissivity
and Specific Capacity Data

Most of the initial transmissivity data at existing well sites

are interpolated from known specific capacity and transmissivity data

obtained from a smaller number of pumping tests in the Tucson Basin.

A log-log linear regression model is found to fit transmissivity and

specific capacity data. The linear regression model allows one to ob-

tain log-transmissivity estimates at well sites where only specific

capacities are known. A by-product of the linear regression procedure

is an estimation variance associated with each interpolated log-

transmissivity estimate.

Transmissivity estimates obtained from the linear regression

scheme together with their associated regression estimation error vari-

ances serve as an input to a block or zone Kriging scheme. The zones

can assume any polygonal shape. One hundred-twenty-four transmissivity

zones for the Cortaro aquifer are Kriged Oving a transmissivity estimate

for each of the 124 zones. A by-product of the Kriging procedure is a

Kriging estimation errors covariance matrix. Since this matrix is

positive-definite, the L-U-decomposition method of Cholesky is utilized

to split the covariance matrix into upper and lower matrices. Then a

Multivariate Normal Generator Model is employed to generate 220 condi-

tional realizations of log-transmissivity for the 124 zones of the

modeled aquifer. These realizations in turn serve as an input to a

Monte Carlo scheme based on a finite difference model of the Cortaro

aquifer. In this manner, 220 realizations of hydraulic head are obtained

for the 157 nodes of the finite element mesh.
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Similar simulations are conducted in the case where transmissiv-

ity data are ignored and the variogram of log-transmissivity is the only

measure of variability adopted in these simulations.

Pointwise statistics (mean and variance) are computed for each

set of 220 generated head realizations.

7.1.2 Hydraulic Head Kriging

Whereas log-transmissivity is considered to be a second-order

stationary random variable, hydraulic head is a non-stationary phenomenon.

Thus a drift or trend function, m(x) must be determined in order to ob-

tain head residuals, (h - m(x)) which can be assumed to be second-order

stationary. A trend or drift function is obtained by fitting available

steady state hydraulic head data to a linear fourth order polynomial by

the aid of an iterative generalized least square procedure.

The variogram of the head residuals together with the polynomial

drift estimate, M(x), are utilized in two methods of Kriging. In the

first method head residuals are directly used to Krige nodal points of

the finite element mesh of the Cortaro aquifer. At each nodal point a

drift estimate is explicitly added to the residual estimate, Y
n
, to con-

stitute the head estimate, h , at this particular node. In the second

method, the drift values computed from the fourth order polynomial are

incorporated in the Kriging system as constraints. The latter method

is similar to the method of Kriging developed by Ganbolati and Volpi

(1979). Comparison of head estimates from these two Kriging methods

shows an excellent agreement between the two Kriged head sets. In addi-

tion to hydraulic head estimates at the 157 nodal point an associated
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covariance matrix of head Kriging errors is also computed as a by-

product of the Kriging procedures.

7.1.3 Estimation of Log-transmissivity
by Inverse Method

A further refinement of log-transmissivity estimates can be

achieved by the application of a statistical inverse method. Kriged

log-transmissivity and Kriged head estimates (output of the second

Kriging method) together with the associated Kriging errors covariance

matrices serve as input to the statistical inverse procedure developed

by Neuman (1980). This procedure combines the head and transmissivity

prior information in a comprehensive stochastic scheme the output of

which is a new set of log-transmissivity estimates together with an

associated covariance matrix of the inverse estimation errors.

Finally, the inverse log-transmissivity estimates complemented

by the inverse errors covariance matrix are adopted as an input to our

multivariate generating scheme by the aid of which 220 log-transmissivity

realizations for the 124 transmissivity zones are generated. Now, these

doubly conditioned realizations serve as an input to our finite element

groundwater model to generate head realizations. In a similar manner,

pointwise sample statistics are computed for the generated head realiza-

tions in order to construct head variance distributions.

The inverse Monte Carlo generated head variances are compared

with corresponding head variances computed independently from linearized

error analysis, a post-optimal statistical analyses of the inverse pro-

cedure developed by Neuman and Yakowitz (1979).
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7.2 Conclusions 

The following conclusions can be drawn from the statistical

analyses and stochastic modeling of the Cortaro aquifer.

7.2.1 Statistical Analyses of Transmissivity
and Specific Capacity Data

Transmissivity and specific capacity data collected in the Tucson

Basin have revealed the following statistical properties:

1. Transmissivity and specific capacity data can be described by

an approximate log-normal distribution model.

2. Log-transmissivity and the corresponding log-specific capacity

data collected in the Tucson Basin can be related by a linear

regression model by the aid of which transmissivity values can

be interpolated providing that specific capacity is known. The

resulting transmissivity estimates are associated with a regres-

sion error estimation variance expressing the reliability of the

obtained estimates.

7.2.2 Kriging of Hydraulic Heads

1. The variogram of head residuals from a fourth order polynomial

drift representation is found to have a relatively short range

(about 0.4 miles). The variogram is also found to be anisotropic.

2. Kriged hydraulic head estimates, h obtained by Kriging head

residuals (from 4th order polynomial trend surface) and those

obtained by Kriging with polynomial constraints are shown to be

in excellent agreement almost everywhere in the modeled area.
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3. When "Universal Kriging" technique was applied to hydraulic head

data of the Cortaro aquifer, the results of head Kriging were

not satisfactory as revealed by the Kriging validation test.

Kriging estimation errors are found to be abnormally high. This

drawback should not be interpreted as a weakness inherent in the

"Universal Kriging" algorithm as has been claimed by Ganbolati

and Volpi (1979). The Kriging developed by Ganbolati and Volpi

(1979) assumes a priori a global deterministic drift or trend

function similar to our present approach. This procedure is

characterized by less constraints in a manner that reduces the

variances of head estimates considerably. On the other hand,

"Universal Kriging" procedure is characterized by relatively

numerous constraints resulting in high Kriging estimation errors

which can only be alleviated by the presence of numerous data

points within the Kriging neighborhoods.

7.2.3 Conditional Simulations Based
on Transmissivity Data

1. When Kriging techniques are combined with a Multivariate Normal

Generator the outcome is a powerful stochastic modeling scheme

which can be applied to all hydrologic variables whose statisti-

cal properties are known (i.e., storativities, porosities, re-

charge rates). In addition to its diversity in use, our stochas-

tic modeling approach has the following advantages:

a. Practical approach to aquifer modeling and simplicity in

use.
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b. It provides the hydrologist with statistical information

which is essential to the proper interpretation and assessing

uncertainty in parameter estimation.

c. It offers a method of generating correalted variables in

irregular subdomains or zones.

d. It is consistent with the recent statistical approach of the

inverse problem.

e. Economic in terms of computer time.

f. The stochastic approach is not restricted to an amount of

variability or variance of the system parameters; the coef-

ficient of variation of the driving uncertainties can be any

number. The only possible restriction is the number of sub-

domains involved in the analysis. This number is limited by

computer storage capacity.

2. Generated head realizations are found to converge faster in the

first and second moment as the fluctuations of these realizations

around the mean become damped by virtue of conditioning or initial

• head and prior-transmissivity data. This is conspicuously shown

when generated head realizations are conditioned both on initial

hydraulic head and transmissivity data (inverse method).

3. Generated head simulation results in the Cortaro aquifer show

that transmissivity estimates based on prior-transmissivity infor-

mation alone are not reliable estimates since the generated heads

are associated with a relatively high uncertainty. The average

standard deviation of generated head is found to be 12.0 feet.



210
One has no choice but to use an inverse procedure to obtain

transmissivity estimates which has an acceptable predictive

capability.

4. From the comparison of uncertainty profiles which arise from

conditional (based on T data only) and non-conditional head

simulations, we conclude that reduction in generated head un-

certainty due to the effect of conditioning on transmissivity

is not significant because of the following two reasons:

a. Scarcity of transmissivity data in the eastern region of

the aquifer.

b. The variogram of log-transmissivity has a relatively short

range (2.3 miles).

7.2.4 Estimation of Transmissivity by
the Inverse Method

Our work leads to some important conclusions regarding the esti-

mation of aquifer transmissivity by the inverse procedure developed by

Neuman (1980).

1. The inverse method of Neuman (1980) can be applied to a realistic

field data. The method also can cope . with high uncertainty in

the input head data (Kriged estimates of h). The Cortaro aquifer

inverse results demonstrate that the present inverse procedure

is capable of computing log-transmissivity estimates with error

variances which are significantly smaller than that of the input

Kriged log-transmissivity estimates. By virtue of the inverse

procedure, the sum of the Kriging estimation variances of the in-

put log-transmissivities is reduced by 30 percent.
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2. The preceding variance reduction in log-transmissivity Kriging

estimation variances is equivalent to 75 percent reduction in

generated head variances as shown by the results of the Monte

Carlo stochastic model.

3. Generated hydraulic head variances derived from our Monte Carlo

stochastic model agrees quite well with the corresponding vari-

ances that are computed by the linearized error analyses developed

by Neuman and Yakowitz (1979).



APPENDIX A

PROOF OF POSITIVE DEFINITENESS FOR
SPHERICAL AND EXPONENTIAL COVARIANCES

Fourier Transform in 2-D 

The fouri6r transform of a covariance function y C(p), can be

written in n arbitrary dimensions as:

1
f (w) = -

— 	211

i(w.P)
e — C (2) d2	 (A.1)

D
n

where

f(w) = the spectral density of the random field, D of n dimen-

sions

w = a frequency vector

= the displacement vector

w.p = the scalar (or dot) product of w and p vectors

The integral in (A.1) can be expanded in a real and complex

terms as:

	f(w) = -1- 	COS(w•2)C(p)d2. +
—	 2m*	 27

SIN(w.2)C(p)dE	 (A.2)  

Dn 	Dn

Since for real fields the function f(w) and c(p) are symmetrical func-

tions, the imaginary term in (A.2) is equal to zero, and we have:
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f(w) = -1-27
o   

213

1f(w) = 7-rr COS (w 2)C(P)(12.

D
n

(A.3)    

If the stochastic process is homogeneous and isotropic and

n = 2, the generalized integral in (A.3) can be rewritten as:

f (w) = 1
—

)D2

COS (w*.) C(p)dp	 (A.4)

Note that C(p) - C(p , p) is a surface whose contours on the pp -1	 2	 1 2

plane are circles.

Introducing polar coordinates in (A.4), we get:

CO

COS(wpCOSO)1C(p)pdp'

o

• f(w) =
27

0 CO

J (wp)C(p)pdp
0

(A.5)

where

J
o
(x) = the Bessel function of order zero

W = lw! = (w2 

▪ 

w2)1/2

1	 2

P	 ' p i = (
32 

▪

 p2) 1/2

1 	2

c(p) is a positive definite covariance function if and only if

its Bessel - Fourier transform (Equation A.5) is a positive or equal to

zero, i.e.:
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f(w) > o

We are interested only in the lowest frequency, w = O. Letting w = 0

in (A .5), we get:

CO

f(0) = —1 C(p)pdp > 0	 (A.6)

o

1. Spherical covariance:

A spherical covariance can be defined as:

C(p) = C(0)(1 -	 -P- +1( 12) 3 )	 (A.7)
2a 2a

0 < p < a

C(0) = 0 for	 p > 0

Substituting C(p)from (A.7) into (A.6) and changing the

upper limit of integration from m to a, gives:

C(0)
f(0)	 -

a

(1 - 1.5 2-

o

a

a
+ 0.5(i:a.)-) 3 )pdp

a ea

27r

C(0)

27
[ pdp -

1.5
p 2dp + —

1

2a 3
p
4
dP]

a
Jo o 0

C(0) 2a 2	 otnN	 2
a ) = 2t1aL . a > 0

27	 2	 2	 10	 27	 10

The spherical scheme is thus positive definite within the

range of a. Since

proof is complete.

Q(p)pdp = 0, by virtue of (A.7), our
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2. Exponential covariance:

An exponential covariance can be written as:
_ 2.

C(p) = C(0)e a (A.8)

Substituting C(p) from (A.8) into (A.6) yields:

f(0) =
c(0)

2

e a pdp 

Integrating by Parts:

-p
CO co

_ P
f(0) = C(°) [ pae ae a dp

27

co

o

2

f(0) =
C(0)

(- a 2 e- )	 -
a C(0)

> 0
27 2	 71-

0

This completes the proof.



APPENDIX B

TRANSMISSIVITY AND HYDRAULIC HEAD DATA

This appendix includes the following lists of transmissivity and

hydraulic head data in the following sequence:

1. Nord aquifer log lo-transmissivity data togethér with their

coordinates (distance in miles and transmissivity in meter 2 /

second).

2. Tucson aquifer logio-transmissivity data together with their

coordinates (distance in miles and transmissivity in feet 2 /day.

3. Cortaro aquifer hydraulic head data together with their coordi-

nates (distance in miles and head values in feet).
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B.1 Nord Aquifer Logio-transmissivity Data

NO. X-COOR.(MILE) Y-COOR.(MILE) L0G10 (T)

1 10.9361 59.9002 -2.2218
2 10.9361 59.6516 -2.3010
3 11.6818 58.4089 -2.5229
4 11.6818 57.7875 -2.0000
5 23.6121 53.6865 -2.4559
6 24.6063 53.4379 -1.5229
7 28.3341 53.1894 -1.5229
8 25.3514 52.4408 -1.8234
9 25.6005 52.0709 -1.5224

10 28.5831 50.5796 -1.4559
11 17.7712 48.9640 -3.000C
12 15.21357 46.3 5 43 -2.5229
13 15.1615 44.8630 -2.6990
14 11.1847 43.4960 -, 2.0 4 64
15 6.9594 40.2648 -3. 6 990
16 27.3403 47.3485 -1.8234
17 27.5889 46.9756 -2.6021
18 27.5889 46.7271 -1.699C
19 27.8374 46.7771 -2.6021
20 31.5656 49.1369 -2.3010
21 30.8200 48.4664 -2.301C
22 30.8200 48.2184 -3.0458
23 30.6957 48.0941 -1.6990
24 30.1715 47.4727 -1.5729
25 29.2044 47.2242 -1.00CC
26 31.8142 44.987? -1.5229
27 49.0883 42.3775 -4.8234
28 57.5390 45.2358 -3.3C10
29 60.1215 44.4902 -7.8861
30 58.0361 43.1231 -2.4554
31 64.9954 43.9688 -2.0458
32 65.4925 44.6144 -2.6990
33 64.2498 41.2474 -1. 5 229

217
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34 64.374C 42.9989 -1.5229
35 62.7585 43.1231 -1.8239
36 64.1255 42.5018 -2.1549
37 64.2498 42.0047 -1.8239
38 64.1255 41.6319 -1.6990
39 64.0012 42.0047 -2.3979
40 63.8769 41.5076 -2.7447
41 60.8944 18.5250 -1.9208
42 60.7701 38.4007 -1.8239
43 62.7585 40.8862 -1.1549
44 64.9954 42.2532 -1.7696
45 66.8595 43.1211 -2.8239
46 64.7469 42.0047 -1.6021
47 65.1197 41.8804 -2.2218
48 64.7469 41.6319 -1.3468
49 65.2440 42.5018 -1.5229
50 66.1139 41.7561 -2.0969
51 67.4809 39.3949 -2.4559
52 66.3624 39.6435 -3.6990
53 73.3218 42.0047 -3.0000
54 69.7178 41.2590 -2.3010
55 9.9419 36.6609 -1.3468
56 21.8723 35.0453 -2.6990
57 23.9849 35.8904 -1.4559
58 23.6121 31.8026 -2.0000
59 24.4820 33.9269 -1.5229
60 10.8119 29.5773 -1.4559
61 13.6702 28.0860 -2.0000
62 23.7364 28.5R31 -2.6576
63 33.9269 24.2315 -1.0000
64 43.3717 34.5482 -1.6021
65 46.9756 34.6725 -1.6021
66 55.3020 33.6783 -1.5229
67 52.0709 26.4704 -1.1249
68 50.5796 20.3810 -1.2718
69 60.5215 37.2823 -2.1549
70 59.9002 37.0337 -1.6990
71 57.9118 37.0317 -1.920C
72 59.2788 35.6667 -1.6990
73 65.4925 23.1150 -1.851 9

74 65.3682 20.6295 -1.5686
75 65.9896 19.3868 -1.6021
76 59.9002 19.3868 -1.6021
77 60.2730 18.2683 -2.1549
78 66.3624 19.1382 -.8 2FP
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79 66.9838 19.2625 -2.0000
80 67.4809 17.0256 -1.3010
81 68.5994 16.1556 -.8239
82 72.5761 16.1556 -1.1549
83 70.9606 15.9071 -1.1549
84 69.5936 15.9071 -1.1549
85 75.8073 15.9071 -2.2218
86 73.0732 20.5052 -2.6990
87 87.8619 25.6005 -2.0000
88 74.4402 25.3519 -2.3468
89 88.2347 21.8723 -3.8239
90 88.6075 21.6217 -2.8239
91 88.7318 21.3752 -3.7696
92 88.4832 21.6237 -2.7 1 47
93 74.0674 16.0314 -1.1549
94 75.5587 15.9071 -2.2218
95 76.6772 15.4100 -1.4948
96 77.1743 18.6411 -2.3979
97 77.9199 18.6411 -1.0000
98 77.1743 16.9011 -1.3010
99 77.4228 16.2799 -1.6990

100 76.1801 13.7944 -1.1871
101 60.2730 6.8351 468
102 67.0780 9.5691 - 4 . 0000
103 59.0302 3.7282 -2.5229
104 58.5331 5.2195 -2.3010
105 59.0302 5.8409 -2.6576
106 58.9060 2.3612 -2.1010
107 61.0186 2.1127 -2.3010
108 61.3915 5.8409 -2.6990
109 63.2556 5.5923 -2.3010
110 61.2672 3.4797 -3.0000
111 63.3798 2.P583 -2.9031
112 65.2440 2.2369 -2.5229
113 66.7352 3.8525 -2.3010
114 65.8653 5.7166 -1.6990
115 80.7782 4.1010 -3.0000
116 81.2753 1.7398 -2.3010
117 90.3473 12.0546 -2.6071
118 92.3357 P .0778 -3.154
119 91.0930 1.1185 -3.9208
120 89.8502 1.4913 -2.6990
121 88.7318 6.5865 -2.699C
122 58.5331 35.6667 -1.6990
123 59.0302 35.4181 -1.6990
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124 59.1545 35.2939 -1.6990
125 59.2788 35.1696 -1.6990
126 60.1487 34.9211 -1.757C
127 63.7527 37.4065 -1.000C
128 61.5157 37.1580 -1.3010
129 63.3798 36.9094 -2.0000
130 61.8886 36.6609 -1.0000
131 63.7527 36.C395 -1.8861
132 64.2498 35.7910 -1.7447
133 62.2614 35.1696 -1.0000
134 60.2730 29.8258 -1.3979
135 62.8827 27.5889 -1.2218
136 61.0186 25.7248 -1.8861
137 65.9896 31.1928 -2.8539
138 72.0790 31.0686 -2.5229
139 83.2637 28.8316 -3.0000
140 87.4890 29.2044 -2.0458
141 87.2405 29.5773 -1.9586
142 88.4832 27.8374 -2.2596
143 88.7318 28.8316 -2.3468
144 88.7318 28.3345 -1.9208



B.2 Tucson Aquifer Log io-transmissivity Data

NO. X-COOR.(MILE) Y-COOR.(MILE) LOG(T)

1 3.1600 18.2200 3.5625
2 3.7800 18.0600 4.8969
3 3.6000 17.6800 3.7644
4 4.2400 17.2000 4.6383
5 4.0000 16.7000 4.8038
6 4.0000 16.0600 4.7684
7 4.5200 16.2000 4.6708
a 5.2000 16.1600 4.4158
9 4.7200 15.3000 4.1878

10 5.2600 14.6800 4.3731
11 6.3400 14.9400 4.8183
12 7.0400 13.8000 3.8705
13 6.0600 13.8000 4.4741
14 9.0000 17.1000 3.7159
15 12.9600 18.6000 3.3328
16 10.1400 16.0600 3.4897
17 11.4000 16.1000 2.8567
18 13.6600 16.8000 3.8343
19 8.9000 14.6400 3.3606
20 /0.5400 14.5400 3.6556
21 13.1200 15.4600 3.5391

22 12.4400 14.1000 3.0273

23 13.3400 14.5600 4.0187

24 12.8200 13.8000 3.4046

25 12.3400 13.3200 2.9899

26 7.5600 12.7600 3.9919

27 7.5600 11.6600 3.8086

28 9.0600 12.9200 4.8832

29 9.0600 12.6000 2.9661

30 9.3400 13.0000 4.7017

31 12.4800 12.7000 2.8567

32 8.5800 11.6400 4.1700

33 10.0600 11.9000 4.5164
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34 10.8800 11.4000 4.1017
35 10.3000 10.2600 4.0770
36 11.1000 10.3600 4.5289
37 12.3600 10.6200 3.1206
36 6.4000 9.3600 2.7360
39 12.0000 9.5000 4.3992
40 11.6000 8.2000 4.0656
41 12.6000 6.5000 4.1483
42 13.0000 8.5400 4.1255
43 12.6000 6.1000 4.0212
44 12.3400 7.2000 3.9163
45 13.0000 7.8400 3.6077
46 13.3400 8.1000 4.0253
47 13.7400 9.1400 4.0154
48 11.6000 7.2000 3.5625
49 14.8400 9.2000 3.6625
50 15.3600 9.4800 3.4522
71 15.6600 9.3600 2.9320
52 16.6000 8.7600 3.8312
53 17.0000 8.7400 4.1163
54 17.9000 6.2600 3.7425
55 16.1800 8.3600 J.0508
56 18.4000 8.3000 3.3976
57 18.5000 8.2200 4.89/1
58 14.8400 7.6000 3.6103
59 15.9000 7.6000 4.2735
60 /6.1200 7.8600 4.3191
61 17.1000 7.7600 .0414

62 17.7400 7.8600 4.1055
63 19.2000 7.7400 3.8790
64 18.4000 7.4000 4.2867

65 19.4400 7.2000 3.2362
66 14.4800 7.7400 2.7093

67 14.5000 7.4000 2.6191

66 17.3000 7.2000 4.3365

69 20.7000 7.7400 3.1443

70 20.6600 8.1400 4.5676

71 21.0600 8.2600 4.3276

72 21.8000 7.9000 4.8324

73 22.8600 8.1600 4.86,66

74 22.9400 9.8000 2.5682

75 11.4200 6.4200 2.9759

76 12.4600 6.1400 3.4649

77 12.5600 3.8000 4.7022

78 12.8400 3 .8000 3.5606
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79 12.0400 2.6600 4.5952
60 14.1000 2.5000 3.3371
81 13.8000 1.7600 3.7921
82 12.8600 1.2400 4.5986
83 12.3600 1.1000 4.4646
84 12.1000 1.1000 4.4840
85 13.8400 1.1000 1.7762
86 13.2000 4.4000 3.8022
87 13.8000 6.5600 3.6486
88 14.0800 3.2000 2.8971
89 /4.3600 5.8000 3.7750
90 14.5600 5.8000 3.7679
91 14.4400 5.8000 3.5062
92 15.1000 6.0800 3.6763
93 14.8800 5.700u 3.3290
94 15.1000 5.6000 3.4456
95 15.0000 6.6000 3.7048
96 16.5000 6.3000 4.0460
97 17.2000 6.4000 4.1014

98 17.9000 6.5000 4.3675
99 18.0000 6.7400 4.2584

100 18.9000 6.7200 3.6850

10 1 18.5000 6.8600 4.2217

102 20.2000 6.3400 4.1735

103 16.2000 J.7000 3.4479

104 16.9000 5.8000 4.2185

105 17.4800 6.2000 4.0506

106 17.8000 5.3000 4.3612

107 18.5200 6.0400 3.9712

108 18.2800 5.3400 4.1239

109 19.6000 5.6800 4.2723

110 20.0400 4.6600 4.0099

111 15.7600 4.6800 3.5186

112 16.2600 4.5400 3.6960

113 17.4000 5.0000 4.0508

114 17.5400 4.3000 3.8665

115 17.9000 4.3000 4.0120

116 16.7000 4.6000 3.7425

117 14.5000 3.6400 3.3566

118 14.6400 3.6600 3.4293

119 14.4000 2.9000 3.4755

120 15.2400 3.5600 2.4773

121 15.7400 2.6000 3.6763

122 17.1000 2.5000 4.2082

123 17.5400 3.4000 4.1735
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124 19.2000 4.0600 3.5223
125 19.7000 4.0600 3.5081
126 19.7000 3.1400 3.60'29
127 19.2000 2.0000 4.0212
128 20.6000 5.8000 4.4055
129 23.4800 7.0200 3.7275
130 24.6400 7.0200 4.4330
131 21.0800 4.9200 4.0550
132 20.7000 4.3000 3.7351
133 20.7600 3.6600 3.3530
134 21.3603 3.6000 3.6561
135 21.7000 3.6000 3.0278
136 23.2600 5.9000 4.3002
137 22.8600 5.6600 4.2774
138 22.4600 5.6800 4.3290
139 22.4600 5.4600 4.1909
140 23.4000 5.2000 4.0/45
141 22.6000 4.6800 3.3036
142 22.9200 4.8000 3.7867
143 23.5000 4.6600 3.9755
144 21.3000 2.0000 3.8705
145 22.3400 2.0800 2.6928
146 23.2000 2.1000 2.7034
147 25.2000 1.3000 3.5302
148 28.4000 6.4000 4.9776
149 6.8000 14.6000 4.8894
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B.3 Cortaro Aquifer Hydraulic Head Data 

NO. X-COOR.(MILE) Y-COOR.(MILE) HEAD (FEET)

1 .2800 73.6400 1885.0000

2 .0800 23.2700 1974.0000

3 .3300 23.5000 1890.0000

4 .5300 23.1400 1933.0000

5 .9800 23.3500 1920.0000

6 1.3300 23.3000 1951.0000

7 1.2600 22.5100 1983.0000

8 1.5300 22.5400 1971.0000

9 2.1300 22.4500 1967.0000

10 2.2000 22.2500 1987.0000

11 2.1500 21.6700 1999.0000

12 2.0600 21.6100 2000.0000

13 2.2700 21.6700 2004.0000

14 2.3800 21.6100 1996.0000

15 2.4500 21.6000 2000.0000

16 2.5600 21.6300 2014.0000

17 2.5700 21.4600 2007.0000

18 2.0500 21.2500 2006.0000

19 1.7000 21.1000 2008.0000

20 1.9100 21.0900 2009.0000

21 2.5800 21.1700 2008.0000

22 2.5800 21.0500 2010.0000

23 1.7600 20.7800 2022.0000

24 1.8600 20.6500 2017.0000

25 1.8300 20.5500 2028.0000

26
27

2.2900
2.4000

20.6500
20.6000

2020.0000
2022.0000

28 2.9100 20.7500 2028.0000

29 3.6300 21.0200 2032.0000

30 1.9500 20.4400 2023.0000

31
32

2.3800
3.6700

20.2700
20.2900

2033.0000
2044.0000

33 2.3500 19.9700 2034.0000
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34 2.6300 19.7400 2040.0000
35 3.7600 19.8900 2061.0000
36 4.8900 21.4400 2081.0000
37 6.9300 21.4000 2152.0000
38 7.8800 20.9400 2184.0000
39 8.4300 20.8700 2204.0000
40 3.0000 19.1000 2049.0000
41 4.1300 19.3700 2072.0000
42 5.6300 20.0100 2135.0000
43 2.9300 18.7500 2049.0000
44 2.8800 18.6400 2053.0000
45 2.7300 18.3800 2039.0000
46 2.8800 18.3400 2046.0000
47 3.6300 18.6700 2067.0000
48 4.6600 19.0700 2081.0000
49 4.7800 19.1700 2089.0000
50 4.2300 18.9000 2086.0000
51 4.1600 18.5000 2070.0000
52 3.7800 17.8900 2080.0000
53 2.4100 17.6000 2137.0000
54 4.9300 18.2500 2093.0000
55 5.2300 19.0000 2097.0000
56 5.2500 18.6700 2101.0000
57 5.6300 19.2900 2089.0000
58 5.2900 17.7700 2120.0000
59 6.0300 17.7000 2134.0000
60 6.1900 17.6700 2145.0000
61 7.0500 18.0300 2128.0000

62 6.3300 17.2700 2146.0000

63 7.7300 16.6200 2161.0000
64 7.5000 16.2100 2181.0000

65 8.2000 16.2600 2177.0000

66 7.1100 15.7000 2180.0000

67 7.4300 15.7700 2182.0000

68 7.7000 14.8500 2207.0000

69 7.7500 14.7500 2203.0000

70 8.0100 14.9800 2207.0000

71 8.9900 14.9400 2205.0000

72 9.9300 15.1100 2236.0000

73 11.0600 16.2700 2228.0000

74 9.0100 13.2000 2280.0000

75 10.6300 14.2200 2310.0000

76 10.8300 14.0700 2310.0000

77 10.9800 13.8700 2267.0000

78 10.5100 12.5900 2316.0000
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79 9.2000 11.6400 2307.0000
80 9.0200 11.3500 2338.0000
81 9.3300 11.4500 2307.0000
82 10.1300 11.7700 2273.0000
83 10.1500 10.7200 2330.0000
84 10.3600 10.7100 2337.0000
85 10.6800 10.8300 2330.0000
86 9.9600 18.7700 2227.0000
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Grid width or band [L]

Vector of the rth iteration defined by
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C	 (x -x.)
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LIST OF SYMBOLS AND ABBREVIATIONS

Variogram parameters (in Chapter 4)

Conductance of "stiffness" matrix [L 2T-1 ]
th 

coefficient of trend or drift function

Parameters' vector in generalized regression scheme

Estimate of a in generalized regression scheme

Estimates of linear regression parameters corresponding
to the "real" parameters 8 0 and 8 1 respectively

Coefficients associated with the element e and defined
by the local coordinates (x.,y.) in the finite element1	 3_scheme

C( 0)
	

Covariance in the case = 0 (or dispersion variance)

between two sample points separated by the
I x. - x.I-1

between the i ' datadata point and zone or

Isotropic covariance as a function of the modulus of
= 141

One-dimensional covariance function of the argument (

Kth order generalized covariance as a function of the
displacement vector,

Kth order generalized covariance between values of a
random function located at x. and x.

-1

Covariance
distance

Covariance
block V
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C
Z (xl,x2 )	 Spatial covariance corresponding to the random variable —

Z between points x i and x2

d (r)
The negative of gradient vector defined by the derivative

of J with respect to Z.

D	 Domain of the aquifer, region in the horizontal plane

D	 Coefficient matrix as defined by Eq. (5.4.4)

Element of the finite element mesh

e. .thLog-transmissivity experimental error at the i
sampling point [L 2T-1 ]

--Z Error vector associated with the inverse Log(T) esti-
mates defined by 2

Error vector associated with the inverse estimate h [L]

Error vector associated with a and equal to a-a--a

Expectation sign

f( )	 Function of an arbitrary argument ( )

f (Z)	
th 

linear independent polynomial basis function

L x N matrix referred to as "design matrix" whose
components are defined by F. = F t (xi )

Transpose of F

Equal f with a negative argument, [f(-)]

hGradient vector at the rt iteration

th.Norm of 
g.(r) 

at the r	 iteration

Vector of "true" hydraulid head [L]

Vector of Kriged hydraulic head estimates [L]

Vector of hydraulic head estimates computed by
inverse [L]

H(4-0)

H

Heaviside step function

Prescribed constant head boundary [L]

Number of transmissivity zones in the domain D
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Identity matrix

j( )	
Bessel function of the first and zero order for theO 
argument ( )

J(i)	 Composite least squares criterion as a function of the
vector of the inverse log-transmissivity estimates,
2, [L 2 ]

Criterion of model fit [L 2 ]

Criterion of parameter plaucibility [L 2 ]

Least squares error criterion in the linearized error
analysis of the inverse problem [L 2 ]

(r)	 th
Value of composite least squares criterion at the r -

iteration [L 2 ]

J
h
(r)	 Value of the criterion of model fit at the r

th iteration
[L2 ]

Hydraulic conductivity of the medium [LT-1 ]

,
e	

Effective hydraulic conductivity [LT-1 ]

KG	
Geometric mean of hydraulic conductivity [LT -1 ]

m(x)	 Expected value or "drift" of log-transmissivity or
hydraulic head random functions

M(x)	 Estimate of m(x)

m(x )	 Drift or mean value at the point x—o

m(a)	 Drift or mean as a function of the "true" parameter

vector a

m
e	

Sample mean of Kriging errors

Upper triangular matrix of log-transmissivity Kriging

errors covariance matrix, E, and MT is its transpose

Unit vector normal to flow direction

N(0,I)	 Normally distributed with mean 0 and unit variance, I

NS	 Number of simulated realizations

P(E)	 Multivariate Normal Probability density function of

N-variates represented by the error vector E
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Vector of "true" flow rate [L 3T -1 ]

Q 	 Vector of flow rate estimates [L 3T-1 ]

n	 Net effects of all sinks (flow rates) acting in the
immediate neighborhood of node n [L 3T-1 ]

1=1	 Flow rate function [L 3T-1 ]

Correlation matrix of Kriging or inverse estimation
errors

SL	 Logarithm to the base 10 of specific capacity

1 	Sample average of S
L data

SN	 (NxI) Jacobian matrix or "sensitivity matrix" the com-
ponents of which are called sensitivity coefficients
[TL 1]

SS	 Regression sum of squares

Transmissivity [L 2 T -1 ]

Vector of "true" transmissivities [L 2T-1 ]

Te 	Transmissivity of the element e [1. 2T -1 ]

T.	 Transmissivityoftheithzone,V.[L2T-1]

T.	 Kriged transmissivity estimate of the ith zone [L 2T-1 ]

TG	 Geometric mean of T [L 2T-1 ]

TGi	
Geometric mean of T for the 

.th zone [L2 T -1 ]

T
L	

Logarithm of T to the base 10

Log-transmissivity estimate obtained in the linearLi 	ioT	
th observed specificregression of TL and SL 

for the
capacity

TR	
One-dimensional random function with a Dirac covariance

One-dimensional random function of the argument ( )

Realization of the random function R( )

N-dimensional vector representing the m4an of N-variates

measure
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Unit vector

Transmissivity zone

.th transmissivity zone

✓ Covariance matrix of hydraulic head Kriging errors=h

V(e )	 Covariance matrix of log io (T) inverse estimation errors

17 (24.1 )	 Covariance matrix of inverse head estimation errors;
e41 = h - h [L 2 ]

✓ Covariance matrix of log-transmissivity Kriging errors
=Z

✓ Covariance matrix of hydraulic head in the generalized.Nz
least squares procedure

V(e r)	 Covariance matrix of regression error vector, E r

✓ Covariance matrix of measurement noise vector ço in
water level measurements

Horizontal spatial coordinates x = (x 1 ,x2 ) [L]

A matrix defined by the sensitivity matrix, SN

and the identity matrix, I

The projection of the point x on the line L I in

the domain D

Y(x)	 Random deviation of head function, Z(x) from its trend

or drift, m(x)

Z(x)	 Random function of log io-transmissivity or hydraulic

head, Z(x) E h(x)

z (x.)	 Sampled realization of the random variable Z (x) at the
e —1	 ithe 

—
experimental point

z (x)	 Kriged estimate of Z(x) at x E (X1,X2)

Z (V)	 Random function of Kriged estimate of Log(T) of zone V

Vector of true unknown log-transmissivity

Vector of inverse estimates of Z

7	
Parameter vector whose estimatejs obtained by minimizing

a least square criterion, J (Z )L -I
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E .ri 

Vector of inverse log-transmissivity estimates for
the rth iteration
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Conditional realization of Log
10 (T) for the i

th 
zone

Non-conditional realization of simulated log /o (T)
corresponding to the ith zone 

Non-conditional realization of simulated random function
Z(x)

th .Scalar at the r	 iteration in the minimization procedure
of the inverse problem

(3 0 , 1	 Unknown parameters in log-log linear regression
(r-1)

Parameter at the (r-1) th iteration defined by the vectorsz 
and a(r-l)

"True" isotropic variogram as a function of the modulus
of the displacement vector 4, 4 =

Ye(4)	 Variogram computed by the measured values ze (x,)-m(i=1,.. .n) as a function of the modulus of 6, 6 =

Overall variogram of logio(T) which represents the
average over two structural components defined by
y i and y 2

r(
 )	 Gamma function of the argument ( )

Boundary of the finite element model

E(xi )	 Realization of the Kriging error random function, E(x.)

E(V)	 Rancom variable of Kriging error for the zone V

N-dimensional vector of Kriging estimation errors,
associated with the Kriging estimates vector, z -

N-dimensional noise vector of Logio (T) [L 3T-1 ]

N-dimensional error vector associated with the estimates
a- [L 3T-1 ]

N-dimensional vector of the sample means of n variates
of log-transmissivity [L 2T -1 ]

Error mean of the .thi	 variate [L 2T -1 ]

y(4)

W
Y (4)



234

Euclidean norm of E
—T

N-dimensional vector of variances corresponding to n—v
variates of log-transmissivities

Euclidean norm of
-

Diagonal matrix whose elements are n

Variogram parameter equal to [C-CO]

X	 ith
Kriging weight

X	 Optimimum vector of Kriging weights, X—opt

1-1	 Lagrange's multiplier

k
th 

Lagrange multiplier

N-dimensional random vector drawn from a normal distribu-
tion N(0,I)

n	 N
th 

linear basis function used to construct the finite
element matrix, A

Directional vector defined by (x2-x1) [L]—

6.0	 Projection of the vector 6 on the unit vector, u

^ (x)	 Sample variance of the random variable Z(x)Z —

G2	 Experimental error variance of log-transmissivity

a2	 Dispersion variance of log-conductivityf

ai	 J th log-transmissivity estimation variance corresponding
J

	

	 to TLi computed by using the linear regression model
of T

L 
on S

L

ai .thMeasurement error variance of the i sample

a2	 Kriging estimation variance

02	 Normalized variance of Kriging errors (dispersion
variance)

—(3 2	 Average sampling error variance for all measurement
points of T data

a2(v/D )	 Block variance for the block V within the domain, D
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G
ms

0 2 .
el

al

Mean square error of log(T) Kriging errors

Experimental error variance for the i th log-transmissivity
measurement

Prescribed tolerance limit for the convergence of the
gradient vector norm, d gr il in the inverse iterative
procedure

Average distance over which a random function values
are positively correlated or "integral scale"

Noise vector in hydraulic head measurements [L]

Adjoint state vector

T(x,x')	 "Adjoint state" function of h(x) [L-2 ]

Frequency of the vibrations

6(x)	 Random function of measurement error whose realization
is e(x)

	D 	 9
V	 Gradient operator 	( ) +----,	 ( ) +---,	 ( )

oxl	 0x2	 ox3

A
e

	

	
Area of the element e as defined by c n 

and b
n

coefficients

7	 Pi

(NxN) matrix of log-transmissivity Kriging errors

MVNG	 Multivariate Normal Generator

Infinity sign

V	 For all

COV	 Covariance
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