
Simulation of stream pollution under stochastic loading

Item Type Dissertation-Reproduction (electronic); text

Authors Nnaji, Soronadi.

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:10:47

Link to Item http://hdl.handle.net/10150/191065

http://hdl.handle.net/10150/191065


SIMULATION OF STREAM POLLUTION

UNDER STOCHASTIC LOADING

by

Soronadi Nnaji

A Dissertation Submitted to the Faculty of the

DEPARTMENT OF HYDROLOGY AND WATER RESOURCES

In Partial Fulfillment of the Requirements
For the Degree of

DOCTOR OF PHILOSOPHY

In the Graduate College

THE UNIVERSITY OF ARIZONA

1981



THE UNIVERSITY OF ARIZONA
GRADUATE COLLEGE

As members of the Final Examination Committee, we certify that we have read

the dissertation prepared by	 Soronadi Nnaji

entitled
	

Simulation of Stream Pollution under Stochastic Loading

and recommend that it be accepted as fulfilling the dissertation requirement

for the Degree of Doctor of Philosophy    

4)1 
Date

2-63 X.1 
Date

Date	 /7	

/kL1
Date

L/

‹. ri 
Date      

Final approval and acceptance of this dissertation is contingent upon the
candidate's submission of the final copy of the dissertation to the Graduate
College.

I hereby certify that I have read this dissertation prepared under my
direction and recommend that it be accepted as fulfilling the dissertation
requirement. 

0-6
Date   



STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of
requirements for an advanced degree at The University of Arizona and is
deposited in the University Library to be made available to borrowers
under rules of the Library.

Brief quotations from this dissertation are allowable without
special permission, provided that accurate acknowledgment of source is
made. Requests for permission for extended quotation from or reproduc-
tion of this manuscript in whole or in part may be granted by the head
of the major department or the Dean of the Graduate College when in his
judgment the proposed use of the material is in the interests of
scholarship. In all other instances, however, permission must be
obtained from the author.

SIGNED:     



ACKNOWLEDGMENTS

I wish to thank Drs. Donald Davis, Duane Dietrich, Lucien

Duckstein, Martin Fogel, and Eugene Simpson for serving as members of my.

dissertation committee. Special thanks are due to Dr. Fogel for

directing this effort and to Dr. Davis for serving as my academic

advisor and for his guidance during the initial phase of the research.

I am grateful to the staff of Duke Power Company, Charlotte,

North Carolina, for providing the data used in this study and to my

colleague, Dr. Ben Sill, Department of Civil Engineering, Clemson

University, for serving as an intermediary.

I thank Mr. Owolaby Ajayi for his help while the author con-

ducted the research in absentia, and Ms. Candice Corley for editing and

typing this work.

Most of all, I express my deepest appreciation to my wife,

Beverly, and my daughters, Ngozi and Chioma, for their support and

endurance all through the duration of the research.



TABLE OF CONTENTS

Page

LIST OF ILLUSTRATIONS  	 vi

LIST OF TABLES 	  vii

ABSTRACT 	  viii

1. INTRODUCTION  	 1

1.1 Randomness in Stream Contaminant Transport  	 2
1.1.1 Stream Contaminant Transport  	 2
1.1.2 Input  	 3

1.2 Problem Addressed  	 3
1.3 Approach to the Problem  	 5

2. MODELING OF POLLUTION TRANSPORT  	 8

2.1
2.2

Preamble 	
Mechanisms and Equations of Transport 	
2.2.1	 Molecular Diffusion 	
2.2.2	 Turbulent Diffusion and Dispersion 	

8
10
10
13

2.3 Literature Review 	 16
2.4 Definition of the Solution Representation 	 19

2.4.1	 Moment Functions 	 22
2.5 Input Process 	 23

2.5.1	 Input Definition 	 24
2.5.2	 Input Representation 	 26
2.5.3	 Input Representation without Sampled Data • .	 • 28

2.6 Fundamental Solution 	 30
2.7 Construction of the Solution Representation 	 32

2.7.1	 Contribution from Initial Condition 	 33
2.7.2	 Contribution from External Sources 	 34
2.7.3	 Computational Method 	 35

2.8 Error Bounds on the Solution Representation 	 36
2.8,1	 An Envelop Method for Error Bounding 	 37

iv



3.

TABLE OF CONTENTS -- Continued

Page

40SIMULATION OF STREAM CONCENTRATION 	

3.1	 Data for Simulation Experiments 	 40
3.1.1	 Stream Parameters Estimation 	 43
3.1.2	 Estimation of Input Parameters 	 44

3.1.2.1	 Empirical Probabilities and Sample
Statistics 	 45

3.2	 Simulation with Observed Sequence 	 50
3.2.1	 Model Verification and Error Bounding 	 50

3.3	 Simulation with Generated Input Sequence 	 54
3.3.1	 Sampling from Empirical Distributions 	 54
3.3.2	 Sample Size Estimations 	 57

4. ANALYSIS OF SIMULATION RESULTS 	 60

4.1	 Moment Functions and Distribution Functions 	 60
4.2	 Probability of Exceedance in (t1 ,t 2 ) 	 68

4.2.1	 Upper Bound on Exceedance Probability 	 69
4.3	 Probability Distribution of Derived Variables 	 74
4.4	 Applications 	 75

4.4.1	 Sampling Interval for Stream Surveillance	 .	 •	 • • 78
4.4.2	 Stream Quality Standards 	 79

4.4.2.1	 Dosage-Effects Relationship 	 81
4.4.2.2	 Estimation of Risk 	 83

4,4.3	 Construction of Minimum Cost Discharge Policies 86

5. SUMMARY AND CONCLUSIONS 	 92

5.1	 Summary 	 92
5.2	 Limitations and Suggested Future Work 	 97

5.2.1	 Modeling the Transport Process 	 97
5.2.2	 Stochastic Simulation Experimentation 	 98

5.3	 Conclusions 	 99

APPENDIX A:	 DERIVATION OF SOLUTION REPRESENTATION FOR
FLUX INPUT 	 101

APPENDIX B:	 THE MAIN ROUTINE AND SUBROUTINES OF SSSPT . . . . 106

APPENDIX C:	 PROGRAM SSSPT 	 108

LIST OF REFERENCES 	 117



LIST OF ILLUSTRATIONS

Figure Page

2.1 Hypothetical Sample Function of Input 	 25

2.2 Sampled Input Reconstruction 	 27

3.1 Pollution Monitoring Stations 	 42

3.2 Empirical DF of Input Magnitude 	 47

3.3 Empirical DF of Time between Events 	 48

3.4 Empirical DF of Input Duration 	 49

3.5 Bounds on Simulated Stream Concentration 	 53

3.6 Generalized Algorithm for Monte Carlo Simulation 	 55

3.7 Choice of Optimal Sample Size 	 59

4.1 Mean Concentration Function 	 62

4.2 Standard Deviation Function 	 63

4.3 Moment Functions of Stream Concentration 	 65

4.4 Empirical DF of Stream Concentration 	 67

4.5 Reliability Function 	 76

4.6 Complementary Distribution Function of Dosage 	 77

4.7 Sampling Interval for Stream Surveillance 	 80

4.8 Survival Times of Rainbow Trout in 0.14 mg/L Solution
of Potassium Cyanide 	 82

4.9 Value Risk of Stream Concentration 	 85

4.10 Expected Cost of Handling Waste Water 	 89

4.11 Optimal Discharge Policy 	 91

vi



LIST OF TABLES

Table Page

3.1 Covariance Matrix of Input Variables 	 46

3.2 Statistics of Input Variables 	 46

3.3 Input Values for Model Verification 	 52

4.1 Exceedance Probabilities for C* = 2.0 	 73

vii



ABSTRACT

A risk-based approach for addressing several non-structural

stream quality management objectives is presented. To estimate risk,

the input process, the stream contaminant transport, and the consequence

of contamination are modeled mathematically.

The transport of soluble contaminant introduced at a point into

a turbulent stream medium is modeled as a boundary value problem in

which the contaminant satisfies the Kolmogorov forward equation within

the medium. Observed properties of turbulence are used to justify the

adoption of this equation. The fundamental solution, as the proba-

bilistic response of the stream to an instantaneous unit flux input, is

derived and used as the kernel in a stochastic integral representation

of the transport problem. The bulk input is used as the forcing func-

tion in the integral equation. It is modeled as a sequence of indepen-

dent pulses with random magnitude and duration and also with random

interval between the incidence of adjacent pulses ,.

Stochastic simulation is used to construct the moments and the

probability distribution of stream concentration and those of several

variables associated with the exceedance of the concentration above a

specified threshold. The variables include the dosage and the time to

the first exceedance. The probability that an observed stream concen-

tration exceeds the threshold within a given interval of time is also

constructed.

viii



ix

Generalizations of the Chebyshev inequality are extended to the

case of a stochastic process. Upper bounds on the constructed proba-

bility distributions are calculated using these extensions.

Based on previous studies, a rectangular hyperbolic relationship

is assumed between dosage and consequence. The relationship is combined

with the empirical dosage density function to obtain estimates of value

risk of stream concentration for various thresholds. Given an accept-

able risk, the corresponding threshold may be used as the stream stan-

dard. The reliability function, defined as the complementary density

function of exceedance times, may be used as a gauge of the effective-

ness of pollution abatement measures. Other illustrated areas of appli-

cation include the construction of a minimum cost contaminant discharge

policy and the determination of the optimal sampling interval for stream

surveillance.



CHAPTER 1

INTRODUCTION

The manner in which natural resources are developed and utilized

can greatly affect the quality of the environment within which the

development and subsequent utilization take place. For example, acid

mine drainage, urban and agricultural runoff, irrigation return waters,

and industrial waste waters are pollution contributors which are a con-

sequence of man's activities and the disposal of which present manage-

ment problems in the receiving media. For the purposes of this study,

the medium of interest is a stream reach, considered as the system,

receiving waste water at one or more points along the reach.

Observed data have shown that both the input from these sources

and the mechanisms by which the contaminant is transported downstream

are random processes so that stream contaminant level is random both in

time and space. Such randomness creates an added dimension to the

management problem.

The goal of this study is to use known concepts in the theories

of random fields to develop a simulation model that explicitly incorpo-

rates the randomness in both the input and the stream contaminant trans-

port mechanisms and the output from which may be applied to the design

of stream quality control systems. In the remainder of this chapter, we

1
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identify the specific sources of randomness in stream contaminant level

and in the process give the organization of this study.

1.1 Randomness in Stream Contaminant Transport 

1.1.1 Stream Contaminant Transport

Transport of contaminants in streams is the combined effect of

convective motion and molecular diffusion. Transport is also effected

by dispersion and diffusion due to such macroscopic processes as turbu-

lence and eddies associated with stream boundary irregularities, such as

dead zones, islands, and channel bottom roughness. The mean convection

motion can be predicted deterministically from the principles of hydro-

dynamics. The other effects are, however, random in character. The

stream is regarded as dispersive whenever it is considered that the

random effects play a significant role in the spread of the contaminants.

While molecular diffusion has been studied in detail, much less

is known about turbulent diffusion and dispersion, which are the domi-

nant processes in natural streams, However, existing theories, based on

observations of the turbulence phenomenon, are statistical in nature and,

thus, only statistical predictions of stream concentration levels can be

made. Consequently, a more complete analysis of contaminant transport

in dispersive streams needs to superpose the fluctuations due to the

above-mentioned random effects on the deterministic transport due to

convective motion. The above mechanisms of contaminant transport and

the literature on stochastic modeling of stream contaminant transport

are reviewed in sections 2,2 and 2,3, respectively. In section 2.4, the

transport of dissolved or suspended contaminants within the dispersive
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stream is modeled as a boundary value problem in which the contaminant

particle satisfies the Kolmogorov forward equation within the medium.

Observed properties of the turbulence phenomenon are used to justify the

adoption of this equation.

1.1.2 Input

First, it is observed that the input into a stream reach may be

a continuous or discontinuous process. A perennial tributary of a main

stream is an example of a continuous input. Observed data show that,

for many streams, the input level fluctuates significantly with time.

Discontinuous inputs are observed in situations, for example, when

ephemeral streams constitute the tributary to a main stream. Under this

category may be included runoff events from urban catchments. The dis-

continuous input is also a random process not just because of observed

randomness in the total contaminant discharged per event, but also

because the time of occurrence and the duration of input and the shape

of the pollutograph are all random. Such input may also be exemplified

by industrial and municipal waste waters which are discharged into the

receiving waters intermittently. Specifically, in section 2.5, input is

modeled as a stochastic intermittent process in which the instants of

pulse appearance, the duration and magnitude of pulses are random

variables.

1.2 Problem Addressed 

Predetermined effluent and stream standards are used as instru-

ments of stream quality control by the Environmental Protection Agency

(EPA) and by state and local agencies. Stream standards are based on
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the establishment of threshold values for a particular contaminant. The

values are based on the intended use of the stream. On the other hand,

effluent standards dictate the amount of a contaminant that can be dis-

charged from an outlet irrespective of the size of the stream or its

intended use. In either case, the standards are required to take account

of natural variability in the contaminant.

Hunter (1977) has described the statistical methods used by the

EPA to develop effluent standards. The methods are also used by state

and local agencies in monitoring ambient stream quality. Two of the

methods are described briefly below in the context of ambient stream

quality. Common to all the methods is the sampling of contaminant levels

at one or more locations along the stream.

In the first method, the observations are transformed in such a

way that their histogram becomes symmetric and is easily characterized

by a Gaussian distribution. The transformation usually selected is the

logarithm of the data. For example, the EPA adopts, as an effluent

standard, that contaminant level which has a 0.00135 ("3 sigma limit")

probability of being exceeded if a Gaussian density function is assumed.

The second method consists of using the observations to calcu-

late plotting positions which are then plotted and smoothened in order

to obtain a frequency curve. The 50th and 99th percentiles are then

read off the curve and a variability factor, v, is computed as the ratio

of the 99th to the 50th percentile. The stream standard for daily

observations is then given by v -c", where a is the long-term average

stream contaminant concentration at the location of interest.
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The above methods have the following limitations:

1. They do not take the input explicitly into account so that it is

not possible, using predicted contaminant levels, to regulate

known and controllable input.

2. They are data based and tend to suffer from small sample prob-

lems. When a reasonable data base exists, the constructed

empirical frequencies find application only at locations along

the stream at which they were obtained and only if the process

has been shown to be stationary.

3. The current methods do not consider the time element of the

process so that they cannot address the question of, for example,

the probability of an exceedance of the threshold in the next

time interval.

To address the limitations, recent research efforts, which we

review in section 2.3, have used analytical tools and/or Monte Carlo

simulation procedures to develop water quality models that relate input

to ambient stream contaminant concentration. Some of these models have

been used to construct the moment functions and the probability distribu-

tion functions of particular contaminants in the stream. None of these

studies modeled the input as an intermittent stochastic process as is

done in this study. Further, there have been no attempts to explicitly

relate input to such effects as fish kills downstream.

1.3 Approach to the Problem 

In order to relate input to effects in an explicit manner, we

consider various random variables, associated with the ambient stream
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concentration, which are defined with reference to the threshold. The

derived variables may include the dosage, i.e., the magnitude of the

exceedance over the duration of the event and the number of and time

between exceedances. Note that the duration of an exceedance corresponds

to the exposure time of an indicator (human or biota) to a stream con-

taminant level higher than the threshold. Studies have shown, for

example, that a school of fish will undergo various physiological

changes depending on the stream concentration and the exposure time.

Given an effects-versus-dosage relationship and corresponding

dosage probability function, one can construct the risk of utilizing the

stream as a waste water receptacle. Risk is defined in this study as

the probability of effects, such as fish kills, which are detrimental to

the biotic indicator in the stream environment. A threshold, then, is

understood to be a stream concentration below which risk is acceptable,

while a stream standard is the threshold corresponding to a given 

acceptable risk. The stipulation of this risk is the decision problem

of the regulatory agency.

From the above and in order to estimate risk, one needs informa-

tion on the causal factors (input pollution), the outcome (ambient

stream concentration), the exposure (dosage or other derived variables),

and the detrimental effects. Towards this end, a stochastic model that

simulates the processes of input and stream contaminant transport is

developed.

In section 3.3, by using an integral formulation to express

stream concentration at points downstream from the location of input, a

vector of input sequences is generated through Monte Carlo simulation.
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Each input sequence is then used as the forcing function of the integral

equation. The kernel of the equation is obtained by solving the

Kolmogorov forward equation, subject to a unit flux input at the

upstream boundary of the stream reach. The resulting vector of simu-

lated stream concentration traces is analyzed in Chapter 4. The moment

functions and the probability distribution of stream concentration are

obtained in section 4.1, and the probability of exceedance in a given

time interval is obtained in section 4.2.

As a matter of analytical interest, surrogates for the exceedance

probabilities are constructed in subsection 4.2.1 by modifying an exten-

sion (Mallows, 1956) of the Chebyshev inequality to apply to a stochastic

process. The surrogates are given as upper bounds on the exceedance

probabilities. The probability distributions of the derived variables

are constructed in section 4.3.

Examples of the areas of applicability of the results of this

study are given in section 4.4. In particular, numerical examples are

given for in-stream quality surveillance, stream standard stipulation,

and optimal control of discharge.

The stochastic modeling of stream contaminant transport is

reviewed in the next chapter,



CHAPTER 2

MODELING OF POLLUTION TRANSPORT

In this chapter, the mechanisms of pollution transport and the

differential equations that have been used to model such transport are

reviewed. The auxiliary (initial and boundary) conditions which contami-

nant particles must satisfy are also discussed.

The fundamental solution, i.e., the response of the stream to

instantaneous point source, is given. The solution representation for

the practical case of multiple input particles is given as an integral

equation in terms of the input function which is assumed to be a

stochastic process.

2.1 Preamble 

The processes by which dissolved and suspended matter are dis-

persed in open channel flow have been studied both theoretically and

empirically. Streeter and Phelps (1925) developed the first theoretical

predictive model of pollution transport in streams. They used oxygen

deficit in a stream as a measure of pollution and assumed that the con-

centration of oxygen at any given time is governed by two sets of reac-

tions: oxygen depletion through biochemical oxygen demand, and the

reaeration of the stream resulting from the absorption of oxygen from

the atmosphere. They further assumed that both reactions are of the

first order and so were able to derive a coupled exponential type

8
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solution for the biochemical oxygen demand and the oxygen deficit for

any given initial conditions. Their model does not contain diffusive

and dispersive terms.

The model of Streeter and Phelps (1925) has been extended by

Dobbins (1964) and other investigators by considering additional sources

and sinks of oxygen demand. Neither the original work nor these exten-

sions included the fact that transport of contaminants is influenced by

factors such as convection, molecular and turbulent diffusion, secondary

flows originating from bends and obstructions, and quite generally

effects arising from a host of environmental factors of which it is not

possible or practical to take into account exactly. Research efforts

that have attempted to incorporate some of these factors are discussed

below.

Sayre and Chang (1968) have reviewed several precepts that have

been used to model contaminant transport. These include the semi-

empirical Fickian diffusion theory, Taylor's theory of diffusion by con-

tinuous movements, Kolmogorov's theory of local similarity in turbulence,

the theory of longitudinal diffusion by differential convection due to

velocity gradients, and diffusion theory as applied to the transport of

sediments. Taylor's theory has been the most widely used to relate the

rate of turbulent diffusion to Lagrangian turbulent properties.

In this study, the transport equation derived on the basis of

the Fickian theory is given a probabilistic interpretation and is

adopted for the purpose of constructing the moment functions and proba-

bility distribution of stream contaminant concentration,
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The entities that are being transported and the mechanisms

governing the transport of contaminants in a stream medium are reviewed

in the next section.

2.2 Mechanisms and Equations of Transport 

Consider a contaminant particle in the stream medium. The path

followed by this particle depends on the factors which we enumerated in

section 2.1. Principally, the particle is subjected to convective

motion and three modes of spreading -- molecular diffusion, turbulent

diffusion, and dispersion. The effect of the convective motion is to

cause drift in the particle. The molecular diffusion, turbulent diffu-

sion, and dispersion mechanisms are discussed further below, starting

with molecular diffusion.

2.2.1 Molecular Diffusion

Molecular diffusion is a microscopic process which results from

random collisions between the water and the contaminant molecules, the

latter being the entities performing motion. The collisions are a con-

sequence of the adhesive forces between the two types of molecules. The

collision rate has been estimated to be of the order of 10
21 

collisions

per second. It is, therefore, plausible to assume that the random posi-

tion of this molecule even a fraction of a second later will be indepen-

dent of its present position . Now, the displacement resulting from a

collision is small, being of the order of the distance between the mole-

cules. It follows that, if the position of this molecule is sampled at

intervals of the order of one second or more, the total displacement as

the sum of independent random displacements is normal.
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Thus, under molecular diffusion, the motion of the contaminant

molecule in a stream medium may be considered to be Gaussian-Markov

process. Hence, if the molecule is at a position, x
o
, at time t

o
, its

position, x, at a future time, t, depends only on xo . The immediate

consequence of this consideration is that x is completely characterized

by its conditioned density function, p(x,t1x 0 ,t0), when the initial

density function, p(xo ,t0), is given. A governing equation for the mole-

cule under this condition is given by the partial differential equation

below (Dynkin, 1965, p. 168):

ap	 92
[a(x,t)p] -	 [b(x,t)p] - n(x,t)pDt	

Dx
2 (2.1)

where it is understood that p = p(x,t1x 0 ,t0). The parameters b(x,t) and

a(x,t) are, respectively, the instantaneous mean and variance of the

change in the displacement of the molecule. The parameter n(x,t) is the

instantaneous rate at which contaminant molecules are lost to the medium

through decay or absorption by channel walls; a(x,t) provides a measure

of the intensity of diffusion of the molecules. Equation (2.1), which

describes the motion of a single molecule, is known as Kolmogorov's for-

ward equation, named after A. N. Kolmogorov who performed the first

systematic treatment of this class of Markov processes.

On a practical scale of measurement, the contaminant level may

be defined as the number, c , of molecules of the contaminant contained

in an element of fluid volume, i.e., c' is the number density of the

contaminant. From the law of thermodynamics, it is known that the

microscopically highly complex motion of molecular diffusion gives rise
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to macroscopic phenomena whose departure from the mean value tends to be

very small. Thus, provided the number of particles contained in a fluid

element is relatively large, cf may be considered to be deterministic.

In our context, p(x,tixo ,to ) may be defined as the proportion of

an ensemble of particles cf released at location x
o 

at time t
o 

and

arriving at x at time t, i.e.:

c f (x,tix ,t )
o o p(x,tlx ,t ) =

o o	 cf(x ,t )
o o

(2.2)

where c 1 (x,tlx ,t ) is the ensemble mean number of particles per unito o

volume arriving at (x,t) and c f (x ,t ) is the ensemble mean number pero o

unit volume released at (xo'to). Assuming ergodicity, c f (x,tlx ,t ) and
o o

c f (x ,t ) are simply the number of particles per unit volume of water.o o

The contaminant mass density, i.e., the contaminant concentration,

c(x,tix ,t ), is, therefore, the product of c f (x,tlx ,t ) and the mass
o o	 o o

of a molecule of the contaminant. From equation (2.2):

c(x,t1x0 ,t0) = c(xo ,t0) p(x,t1x0 ,t0 )	 (2.3)

The discussion above explains the link between a probabilistic

and a deterministic representation of the transport process by molecular

diffusion. We discuss dispersion and turbulent diffusion next and

justify the use of equation (2.1) as the equation of motion under these

transport mechanisms.
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2.2.2 Turbulent Diffusion and Dispersion

Turbulent fluid motion is a macroscopic process which has been

defined by Hinge (1959, p. 2) as an irregular condition of flow in which

the various quantities (performing motion) show a random variation in

time and in space. Thus, compared to molecular motion at this macro-

scopic scale of measurement, observed velocity and contaminant concentra-

tion in turbulent motion are random processes, the randomness being

inherent in the turbulent mixing. The spreading of the contaminant due

to the random fluctuations is termed turbulent diffusion. Turbulent

dispersion, in contrast, is due to velocity gradients resulting from

(wall) turbulence generated by friction forces at solid boundaries

and/or (free) turbulence generated by flow of layers of fluid with

different velocities past and over one another.

The exceedingly complex nature of turbulence makes an exact

mathematical treatment of turbulent transport impossible. Because of

this difficulty, an approximation has been to regard the fluctuations

about the mean flow as being formally similar to molecular diffusion.

Then turbulent transport terms can be treated by the same methods as

applied to non-turbulent transport phenomena (Hinge, 1959, pp. 306-312;

Csanady, 1973, pp. 57-58).

Some observed and derived characteristics of turbulent flow make

this analogy plausible. For example, one can define (Hinge, 1959) a

characteristic eddy size as the mean distance over which the transported

quantity is assumed to be conserved. An eddy of this size thus becomes

a separate unit that may be viewed as analogous to the molecule in

molecular diffusion. Batchelor C1953) observed that fluid elements in
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turbulent flow wander in a manner that suggests that their motions are

independent. Taylor (1959) has observed that "diffusing distributions

are superposable," which means that material transport in a turbulent

fluid flow may be considered as a linear process. Yotsukura and

Kilpatrick (1973) have confirmed this assertion. Also, a Markovian

assumption on eddy displacements is reasonable in view of the observa-

tion by Batchelor and Townsend (1956) that an eddy tends to "forget" its

initial position given a sufficient time between observations. They

also showed that uniform flows in a confined channel constitute homo-

geneous (spatially invariant) turbulent fields which satisfy the require-

ments of Taylor's theory for the case of longitudinal dispersion which

we consider in this study.

Thus, equation (2.1) may be considered to apply to the case of

turbulent transport, but now eddies, which are the fluid elements

carrying with them contaminant molecules, are the entities performing

motion. Assuming homogeneous turbulence so that the conditional density

function is now a function of x xo 
rather than a function of both x

and x
o
, the parameter functions become:

a(x,t) = a(t), b(x,t) = b(t) and n(x,t) = fl(t)

and equation (2.1) takes the form:

la _ a(t) a 2
p 

b(t)	 - fl(t)p , t > toat	 D2	 ax	 ax
(2.4)

where x
o 

and t
o 

are fixed initial quantities and p = x(x-xo
,tix ,t ) is

o o

the probability density function of an eddy being at a location x at
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time t given that it was at x
o 

at a prior time t
o
. In view of equation

(2.3), one may write:

	3C 	 a(t) 3 2 C	 3C

	

t	 2	
Dx

2 b(t) -37-c - 1(0 , t > toD - 3 (2.5)

where C E C(x-x
o
,tiX ,t ) and the fluid elements referred to in the pre-o o

vious subsection correspond to the eddies. Thus, the combined effect of

turbulent diffusion and dispersion is represented by equations (2.4) and

(2.5). The use of equation (2.5) for modeling contaminant transport

implies that the fluctuations in the stream concentration about the mean

concentration are negligible.

It is in the form of equation (2.5) that the transport equation

has been used in stream concentration modeling. The model has been

derived using different arguments (see Csanady, 1973). In this study,

we adopt the probabilistic form of equation (2.4) and continue to refer

to this form as the Kolmogorov forward equation. Use of equation (2.5)

gives results which may be interpreted as the mean function only.

In the remainder of this study, we shall consider that the con-

taminant is conservative so there is no loss of particles due to decay

or chemical reaction. The rate of loss of particles due to absorptions

by in-stream obstructions such as islands and channel walls are consid-

ered negligible. Hence, ri (t) may be assumed to be zero. In the next

section, we review recent literature on stochastic modeling of stream

pollution transport.
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2.3 Literature Review 

Thayer and Krutchkoff (1967) developed a stochastic model for

biochemical oxygen demand (BOD) and dissolved oxygen (DO) in streams in

the form of joint probability distribution function. Their model was

based on Dobbins' (1964) model except that the mechanisms controlling

the BOD and DO rates were assumed to be stochastic in nature and mani-

fest as birth and death processes on a macroscopic scale of measurement.

Using precepts governing the birth and death processes, the

authors constructed a joint probability difference equation for the BOD

and DO states of a stream. They defined the probability generating

function for the joint probabilities of finding the system in specified

states. By taking limits, the authors arrived at a differential equa-

tion which they solved analytically for deterministic initial conditions.

In the latter case, the binomial distribution was considered to be a

reasonable choice for input. Moment generating functions for the amount

of BOD and DO were also constructed by the authors. They subsequently

obtained the mean and the variance of BOD and DO as a function of the

coefficients in the Streeter-Phelphs/Dobbins models.

Moushegian and Krutchkoff (1969) extended the above advance to

permit segmentation of the stream, the advantage being that stream

reaches may be identified with approximately constant coefficients which

may be different from those of other reaches. A further extension is

that these authors considered a generalized initial condition in the

sense that, at the time of start of travel t = to 
and for some stream

location, the states of pollution and dissolved oxygen can both have

Probability distribution functions. Custer and Krutchkoff (1969)
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extended the work of Thayer and Krutchkoff (1967) to estuaries. They

postulated a random walk model with decay in contrast to Thayer and

Krutchkoff's birth and death model.

The case of random input was considered in a report submitted to

the Environmental Protection Agency's Water Quality Office by Stochastics

Incorporated (1971). Input BOD was assumed to be a discrete random

variable. Consequently, the contaminant was assumed to enter the medium

at each point in time according to some discrete probability

distribution.

Thayer and Krutchkoff (1967), Moushegian and Krutchkoff (1969),

and Custer and Krutchkoff (1969) all used a probability generating func-

tion approach in order to get at the first-order moment functions of

stream concentration. A moment function, using this approach, is given

in terms of the first and second differentials of the generating func-

tion. In contrast, we adopt a stochastic integral formulation to arrive

at the first- and second-order moment functions of stream concentration.

The forcing function of the integral equation is the generated input

sequence, while the kernel of the equation is the conditional density

function, p(x,tixo ,t0 ).

A number of investigators have applied Monte Carlo simulation in

water quality modeling. Some treatments considered randomness in the

parameters of an otherwise deterministic model, while others considered

randomness as inherent in the stream concentration. A few studies have

considered randomness in the initial conditions and system parameters

and also in the state variables. We give, below, a brief review of a

representative sample of these studies. We note, in passing, that the
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majority of these studies investigated the transport of degradable con-

taminant in the form of biochemical oxygen demand (BOD), dissolved

oxygen deficit (DOD), and the dissolved oxygen (DO) content of the

stream.

Kothandaraman and Ewing (1969) considered randomness in the BOD

and DO reaction rate coefficients. Based on available data, they

modeled the BOD first-order decay rate and the stream reaeration rate as

normally distributed. Along the same lines, Esen and Bennett (1971)

incorporated the time element, thus extending the work of Kothandaraman

and Ewing, by modeling the above rate coefficients as random work

processes.

Shih (1975) applied the Monte Carlo simulation approach to

regional water quality control. Stream flow and input concentration

were considered as random in a water quality model that was a component

of a chance constrained optimization model. The optimization model was

designed to determine the optimum input level that meets the stipulated

DO threshold in the stream.

Morse (1978) considered input as a random forcing function in a

non-linear Volterra integral formulation in order to construct the first-

order moments of stream temperature subject to random initial conditions.

Whitehead and Young (1979) applied Monte Carlo simulation to a

dynamic stochastic model of stream water quality. They considered

randomness in the stream flow and input as well as in the reaction rate

parameters. They generated ROD and DO profiles for almost two hundred

summer seasons and found that these generated profiles agreed very

closely with observed data.



19

In some of the studies, authors have found varied degrees of

sensitivity of the parameters on the generated probabilities of the

state variables. In particular, Whitehead and Young (1979) found BOD

and DO predictions insensitive to the coefficient of variation of the

parameters. Kothandaraman and Ewing (1969) and Burges and Lettenmaier

(1975) found the probability distribution function of BOD and DO to be

very sensitive to uncertainty in the rate coefficients.

Definition of the solution representation is addressed in the

next section.

2.4 Definition of the Solution 
Representation 

The integral transform method is adopted for the purpose of con-

structing the solution representation C(x,t), i.e., the concentration of

the stream at time t and at a location x downstream from the point of

input. The validity of this method rests on the superposition principle

which states that the response of a linear system receiving a sequence

of inputs can be computed by determining the response to each input con-

sidered separately and then summing the individual responses to obtain

the total response, i.e., C(x,t) in our case.

Let x0 be the location of the upstream boundary of the stream

reach, Three possible sources of contamination of the reach are iden-

tified. The first source, denoted by ye (x0 ,t), is the input from

sources external to the stream such as tributaries and industrial out-

falls; x0
 will then be the point of discharge into the reach. The

second source, denoted by yu (x 0 ,t), is the contamination arriving at x0
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from upstream of the stream reach. y (x0' 0 and yu (x0 ,t) are 
given ase 

flux (MT
-1

L
-2
). The third source is the stream concentration along the

stream reach at t = t o and is denoted by C0 (x,t 0 ).

Consider that the concentration, Ce (t), and the discharge, Qe ,

from the external source are available. Then the load (MT
-1) is given

by the product C(t)Q. The external input flux, ye (x0 ,t) is, therefore,

given by:

ye (xo ,t) = Ce (t) Qe/A

where A is the resultant wetted cross-sectional area of the stream at

xo . For uniform flow in the stream, A = Q/V, where Q and V are the con-

stant stream discharge and velocity, respectively. Substituting for A

and writing Q = Qe + Qu gives:

ye (x0 ,t) = Ce (.t) QeV/Q

with qu being the upstream discharge.

For the contribution yu (x0 ,t), from upstream, we write:

Yu (

x0't ) = cu (xo ' t )
 Qu IA

where Cu (x0 ,t) is the upstream concentration at xo . Writing:

Y (x0 ,t) = ye (xo ,t) + yu (xo ,t)

and substituting, we have:



t x
C1 (x ' t) = f f y(x l ,t')p(x-x t ,t-t'lx',t')dxIdtl

t x
0 0

(2.8)
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y(xo ,t) = [C(t)Q(t) + cu (xo ,t)Qty(v/Q)
	

(2.6)

Given that stream contamination transport is a linear process,

we may write:

t x

C1 '
(x t) = f f y(x T ,C)p(x,t1xy,t 7 )dx'dt'

to xo
(2.7)

where Ci (x,t) is the contribution to C(x,t) due to the input sources.

Since we have assumed homogeneous and time invariant turbulence, equa-

tion (2.7) is now given by:

We are concerned with the situation when the input is concentrated at

the upstream location, xo , of the reach. With no loss in generality,

we write the input as:

CO

= f y(x T ,t')6(10-x0)dx'

where 6(x'-x0) is the impulse function centered at xo. Substituting in

equation (2.8) gives:

C1'
(x	 = f y(x0' t')p(x-x0' t-tlix0' t')dt'

	
(2.9)

0
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which is the solution representation for the case of an external input

and/or upstream contributions to the reach.

Let C2 (x,t) be the contribution to C(x,t) due to the initial

stream concentration at an upstream location x0 < x' < x. Then: —

C2 (x,t) = f Co (x',t o)p(x-x',t-t o lxl,t o )dx'	 (2.10)
X0

In sum, we may write:

C(x,t) = Ci (x,t) + C2 (x,t)	 (2.11)

For completeness, we proceed to discuss the construction of the moment

functions using equation (2.9) above.

2.4.1 Moment Functions

Because of the linearity of the process, the nth order moment

function of stream pollution may be constructed by means of an n-tuple

integral transformation of the nth moment function of the input function

by use of equation (2.9) above. Thus, the first-order moment which is

the mean stream pollution is given by:

E[C(x,t)] = f E[y(xo ,t 1 )]p(x-xo ,t-t'lx0 X)dt'
t o

(2.12)

where E[y(x0 ,t 1 )] is the mean input pollution.

Correspondingly, the second-order moment, i.e., the temporal

correlation function, is given by:



t s
R
c
(x,t, ․) =ffR( t i ,s 1 )p(x-x0 ,t-t'lx

0'
 t')

t t Y
0 0

• p(x-x
0'
 s-s'lx0 ' s')ds'dt'
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(2.13)

where (x,t) and (x, ․) are instants on the time axis at a distance x

along the stream reach and:

R
c
(x,t, ․) = E[C(x,t)C(x, ․ )]
	

(2.14)

Ry (t l ,s') = E[y(x0 X)y(x0 ,s')]	 (2.15)

the latter being the correlation function of the input. The covariance

function, Cov (x,t, ․), is defined by:

C (x,t, ․) = R
c
(x,t, ․) - E[C(x,t)]E[C(x, ․ )]	 (2.16)

ov

where E[C(•,•)] is the mean stream contamination function. The covari-

ance function reduces to the variance function Vc
2
(x,t), when t = s.

In the next section, we discuss the class of input processes

considered in this study.

2.5 Input Process 

In section 1.1, it was observed that input may be either a con-

tinuous or an intermittent process, depending on the source. Input from

perennial streams is an example of a continuous random process.

On the other hand, input from most rural and agricultural catch-

ments in semi-arid areas and from urban catchments is intermittent in

nature, Because of this intermittency, the time distribution of input
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is discontinuous, zero flows being points of discontinuity. The inci-

dences and the duration of an event, the total load per event as well as

the time between event are all random.

Further, industrial and municipal waste waters are usually held

in holding tanks and then discharged into the receiving medium. In some

cases, the discharges are scheduled at regular intervals and, hence, are

directly or indirectly under the control of the plant manager. In some

other cases, the discharge times are unscheduled or when scheduled the

actual discharge times are displaced from the scheduled times due to

several reasons. For example, unscheduled releases may be necessitated

by storm sewer overflows from a municipal facility or chemical spills

from an industrial plant. Since the quantity and times of the

unscheduled releases are unpredictable, the duration, quantity of pollu-

tion, and the time between discharges are all, in general, random vari-

ables. The general model used to represent the input sequence is

described in the following paragraphs. The emphasis is on input as an

intermittent process since a single event with an extended duration can

be viewed as a continuous process.

2,5.1 Input Definition

Figure 2.1 shows a hypothetical sample function of the typical

input we consider. The input variables are identified as follows:

is the time interval between the end of the nth event and the start of

the (n+l)th event or simply the time between events, dn is the duration,

and tn 
is the time to the incidence of the nth event. The total mass,

Y
n 

of the pollutant discharged during the nth event is given by:
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4 ncluI



t
n
+d

n
Y
n =	 f	 yn (t')dt't

n
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(2.17)

where yn (t') is the rate of contamination (ML
2
T-1).

2.5.2 Input Representation

We model input as a sampled data process and thus represent it

by an impulse sequence modulated by the ordinate at the sampling point

(see Figure 2.2b). This representation implies that the sampling dura-

tion is negligible when compared with the time, A, between samples,

i.e., the sampling period. The smaller A is the more accurate is the

representation of the process, though the more expensive it is to sample

it. For an intermittent process, the ordinates are zero during the

interval between events. However, for the purpose of modeling the entire

sequence, the duration of the events and the interval between events are

subdivided into multiples of A. In section 3.3, we use a A value of 10

minutes.

Let T be the time length of the input sequence, so that:

T= E
	

+d) 	(2.18)
n=1

where m is the total number of events during T. Given T and A, the

total number, K, of sampling points is K = T/A, truncated upwards. Let

y(kA) be the ordinate of the input process at the kth sampling instant.

A fundamental objective, when working with sampled data, is to recon-

struct the continuous data before applying it to the system of interest.
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Several models are available for effecting such reconstruction. For

this study, we adopt a first-order polynomial interpolator given by:

Y(C) = y(kA) + (t' 	kA) 
A	 {y[(k + 1)A] - y(kA)1

kA < t' < (k + 1)A (2.19)

which is a linear interpolation between the kth and (k+l)th sampling

instants.

The above model is used in section 2.7 as the forcing function

in equation (2.9), which gives our representation, C(x,t), for stream

contaminant transport. In the next subsection, we consider the situa-

tion when only the total mass, Yn , defined by equation (2.17), is

available or when the time distribution of input is assigned special

shapes for design purposes.

2.5.3 Input Representation without
Sampled Data

The time distribution of contaminant concentration in urban run-

off has been observed to be skewed to the right, thus exhibiting early

flush effects; to be skewed to the left, thus exhibiting late flush

effects; or to exhibit both flushing patterns during a runoff event

(see, for example, Weibel, Anderson, and Woodward, 1964; McElroy and

Bell, 1974), In constrast, contaminants discharged from industrial and

municipal plants are usually well mixed and, hence, have uniform

(rectangular) distribution, To incorporate this special time distribu-

tion into an event-based representation of the input, we adopt the Beta

density function which is given below as equation (2.20):



(t-t
n

)
h(t-tn ,dn) = [d

n 
- (t-t)] K2- K1-1

(2.20)

K1-1

K2
-1

d
n 8
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where d
n 

is input duration, t
n 

is time to the start of the nth event,

K 2-K1 > 0, t
n 

<_ t<_t
n 
+	

dn
, 0 < d

n 
< oe, and 8 is the Beta function

defined by:

8 = r(yr(K 2-K1)/r(K 2 )
	

(2.21)

where r(.) is the Gamma function. The function is skewed

to the right and, hence, exhibits early flush when K 1 < 0.5K 2 and to the

left and, hence, exhibits late flush when K1 > 0.5K2' It is symmetrical

about half the duration when K
1 = 0.5K 2'

• it is uniform when K
1 = 1 and

K
2 
= 2. Thus, the Beta density function has the advantage that it can

assume varied shapes. For given parameter values, this shape is fixed

and the hypothetical time distributions shown in Figure 2.1 become

identical.

Given t
n 

and d
n
, equations (2.18) and (2.19) apply. In this

case, the flux, y(kA) is obtained by multiplying the total mass, Yn ,

DIL
-2

) by the ordinate of the density function at kA. During sampling

instants between events, y(kA) is equated to zero. Thus, the Beta dis-

tribution is being used simply as a weighting function and may be

incorporated into the input representation by writing:

y(kA) = Y h(kA - t )n' (2.22)
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where h(kA - tn) = 0 for tn+dn < kA < tn+dn+sn. Recall that sn is the

time interval between the end of the nth event and the beginning of the

(n+l)th event.

Construction of the fundamental solution is addressed in the

next section.

2.6 Fundamental Solution 

The fundamental solution, that is, the kernel of the integral

equation (2.11) is the response of the stream to an instantaneous plane

input. In frequency terms, it is the proportion of particles discharged

uniformly across the channel cross-section at (x0 ,t) that arrive at the

downstream location, x, at time t. In the limit, as the number of

particles becomes very large, it is the probability that a contaminant

particle is at a location x at time t, given that it was at location x0

at time t o .

To derive the fundamental solution, it is first considered that

the following auxiliary conditions hold:

1. The stream extends to very long distances in both upstream and

downstream from the location of the contaminant discharge into

the stream.

2. fy(x,to)p(x,tit o ,x')dx' = y(x0 ,t 0 )

p (x,t1x0 ,t0) = (5(x-x0 )	 t	 0	 (2.23)
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Under the above conditions, the solutions is given in Papoulis

(1965, P. 543) as a Gaussian distribution with mean, p(t), and variance,

a
2
(t), given by:

11(0 = f b(C)dty	 a
2
(t) = f a(t')dt'	 (2.24)

0	 t o

The parameters b(C) and a(C) are, respectively, the instantaneous mean

and variance of the change in displacement of the particle. Since we

assumed uniform flow b(C) = b and we have:

p(t) = b(t - to )	 (2.25)

On the strength of Taylor's (1954) theory, we have:

,a 2 (t) = D (t - t o )
2

0
(2.26)

for very small dispersion times where Do is the Lagrangian turbulence

intensity and:

a2 (t) = 2D(t - t 0 )
0

(2.27)

for very large dispersion times where D is the turbulent diffusion

coefficient.

The parameters Do and D are related through D = Do tL , where tL

is the Lagrangian integral time scale of turbulence. Because D0 is a

microscopic property of turbulence, it is most difficult to estimate

under field conditions. Consequently, equation (2.27) is usually used



p(X-X
0
 ,t- t

0
 IX

0
 ,t

0 )
[47rD(t-t0 )] 1/2

expf-[x - xo - b(t- t 0)]
2
/4D(t-t o)}
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to represent the variance, particularly since D can be readily estimated

from time of travel studies. Thus:

(2.28)

It is obvious, then, that equation (2.28) is not applicable for pre-

dicting stream contaminant transport at short dispersion times. Fischer

(1967) has suggested that Taylor's (1954) theory, as represented in

equation (2.28) above, is applicable to transport in natural streams

provided that the ratio t/t
L 

is greater than 6. In subsection 3.1.1,

given data from a sample stream, we compute the minimum dispersion time

required before equation (2.28) is applicable to the stream. The solu-

tion representation is constructed in the next section.

2.7 Construction of the Solution Representation 

The contribution of contaminant, from sources external to the

stream reach and from the initial condition of the reach, to the con-

taminant level at a point downstream are considered separately. The

stream reach is considered to be semi-infinite in both cases. This is a

reasonable boundary condition because, physically, a particle discharged

into a stream would normally be transported downstream. Dresnack and

Dobbins (1968) have demonstrated that, although the diffusion model,

equation (2.28), theoretically predicts transport upstream, the values

of D and b estimated for natural streams precludes such upstream trans-

port in practice. In what follows, the solution representation is

deduced from that obtained under an infinite medium consideration.
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2.7.1 Contribution from Initial Condition

Equation (2.10) is the appropriate expression for this case and

the auxiliary condition is that the input is zero at x = xo . Following

Carslaw and Jaeger (1959, p. 59) and allowing for the convective term in

the transport equation, we have:

C
2
(x

'	
= f C(x'

' t 0
 )p(x- 

'
x' t

0
 Ix'

' t 0
 )dx'
	

(2.10)
xo

where C(x'
' t 0

 ) is an arbitrary initial condition and:

p(x-x T ,t
0
 Ix',t0
	 2
) = 1— [ITD(t-t

0
 )]

-1/2 [exp(W1) - exp(W2)]
	

(2.29)

W1 = [x - x' - b(t-t 0)] 2 /[4D(t-t 0)]

W2 = [x + x' - b(t-t 0
 )]

2/[4D(t-t
o
)]

}	

(2.30)

Similarly, when the initial stream concentration is a constant, Cc ,

along the stream reach, we have:

C
2
(x

'
t) = C

c 
erf

Ti - b(t-t 0 )
(2.31)                

2 1/b( t - t o )                      

where erf(.) is the error function defined by:

2
erf(v) = — f exp(-C

2
)dE

0

(2,32)
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2.7.2 Contribution from External Sources

The auxiliary conditions to be satisfied are that of zero

initial condition within the reach and flux input. The solution repre-

sentation is 'constructed in three steps. First, the solution is given

for a unit step input and then derived for a unit step flux input using

the first result. Finally, using the unit flux input result, the solu-

tion representation is constructed for an arbitrary flux input.

The solution for the case of a unit step input is obtained by

following Carslaw and Jaeger (1959, p. 60). Here also we allow for the

convective term in the transport equation. Denoting the result by	 we

have:

{

ip(x,t) = 4" erfc    
X - b ( t-t o )

2 1/D(t-t ,)
u

+ exp

e
xb
D

erfc    

(2.33)

Using equation (2.33) above, we derive, in Appendix A, an expression for

the stream concentration for arbitrary flux input, y(x0 ,t 1 ):

C
1
(x,t) = f y(x0 ,t')p(x-x0 ,t- t i lx

0
 ,t')dt e

0 

(2.9)

where



p(x-x0 ,t-t y 1x0 ,t 1 ) = [arr(t-t y )] -1/2 exp
x - xo - b(t-t' ) 2
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26(t -t')  

x - xo - b(t-C)--b
+ 1-21- erfc

21/D(t-t')
(2.34)  

is the fundamental solution or kernel of the integral equation (2.9).

Note that when b = 0, that is, in the case of diffusive transport with-

out convection, the result above corresponds to that given by Carslaw

and Jaeger (1959, p. 76).

2.7.3 Computational Method

Expressions for the numerical evaluation of the solution repre-

sentation derived in the previous subsections are written in finite

difference form for the input-reconstructed model. To effect the

numerical integration, we adopt the trapezoidal rule. However, the

expressions are general, so that any integration rule may be used.

We partition the interval (t,t0) with the points {tk = kA}:

t
0
 <t

1
<...<t

k
<	 t.

and write from equations (2,31)	 and	 (2.9):

x - xo - b(ti -t0 5-
C2 (x,jA) = Cc erf (2.35)

2;/b(t j -t 0 )

j-1	 (k+1)A
C1 (x ' jA)

=	 E	 f	 y(ty)p(jA-C)dt'	 (2,36)
k=0
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where t = jA is the dispersion time. For clarity, we have dropped x

and x
0 in the expression on the right side of equation (2.9). Substi-

tuting for y(t I ) and applying the trapezoidal integration rule to each

interval in equation (2.36) gives:

j-1	 A
C
1
(x

' jA) = E [ -fyk
(p
j-k-1 + pj-k

)
k=0

	A 	
A.	 ](Yk+1	 (APj-k-1 + p

j-1AC
1 (xjA) = -27 E [y P

k=0	
+ Y	 P.	 ]	k j-k	 k+1 j-k-1

(2.37)

(2.38)

The solution representation, C(x,jA), considering both contami-

nant sources is, therefore, given by:

C(x,jA) = Ci (x,jA) + C2 (x,jA)	 (2.39)

In the next section, we develop a simple method for constructing

bounds on C(x,jA), given corresponding bounds on the system parameters.

2.8 Error Bounds on the Solution Representation 

There are three sources of error in numerical computations.

These are error in measurement and parameter estimation, roundoff error

caused by computing with numbers rounded off to a finite number of

digits and truncation error caused by truncating infinite sequences of

arithmetic operations. The truncation error for numerical integration

formulas are given in terms of the derivatives of the integrand. For

example, the order of the derivative is two for the trapezoidal rule
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which we applied in section 2.7. Since, however, we assume that the

sampled data points are connected by straight lines, the rule is exact.

Because of the above and since, in principle, the truncation and round-

off errors can be made arbitrarily small by doing enough computation, we

do not consider them any further.

The purpose in this section is to present a method for obtaining

computer evaluated error bounds that are printed out together with the

computed solution, given the corresponding bounds on the stream param-

eters, b and D. The bounds reflect the uncertainty in b and D due to

measurement and random errors. The approach is not rigorous since we do

not require that the absolute difference between the true solution and

the approximation be less than a given value. See Moore (1966, 1979)

for methods of obtaining rigorous error bounds based on Interval

Arithmetic.

2.8.1 An Envelop Method for Error Bounding

The basic idea needed for this purpose is that of interval

extension of real numbers and functions (Moore, 1966). Thus, an interval

(bound) [c,c] = C is said to be an extension of the stream concentration

c(x,t) if c(x,t) c C. We have dropped the arguments x and t in [c, -:]

for clarity. If the parameters may vary independently plus or minus a

given percentage of the nominal values, then we may regard the param-

eters as bounds such that

D = [D,T •] and b = [b,17]
	

(2,40)



38

where the superscript bar and the subscript bar, respectively, denote

the upper and lower bound of the parameter value. Given that D o and d o

are the respective nominal values of the parameters, we define:

D = (1 - a)D o

-15 = (1 + a)D o

and (2.41)

b = (1 - 8)b o

-17 = (1 + 8)b o

where a and 8 are the respective percentage variation in estimates of

the nominal values.

It often happens that an analyst does not have the measurements

with which to obtain 130 , Do , 8, and a. We suggest a regional type of

analysis to obtain b, b, D, and D directly. This may involve identi-

fying streams, within the same region, receiving waste waters of the

same nature as the stream of interest. One may then select those with

data on b and D and use the largest and smallest values as the required

bounds. Thus, given [b, -1;-] and [D,D], the possible combinations of end

values are:

b,D ; b,E ;13,D ; I;j5

The procedure, then, is to perform the computation with each pair of end

values and to determine the upper and lower end values of the solution,

for each x and t, from:
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= max[c(b,D),	 c(6-,D), c(13T,B)]

c = min[c(b,D), c(b, -51), c(6-,D), c (o- ,)5)]
}	

(2.42)

where c(b,D)is the computed stream concentration when the lower bound on

the stream velocity and the upper bound on the dispersion coefficient

are used in the computation.

Now, given [c,c], the midpoint of the bound is used as an

approximation, c(x,t), of the stream concentration when there are no

measurement and random errors in estimating the stream parameters. This

approximation is in error by almost l(c-c)/21. For given x, a plot of

—
c(x,t) and c(x,t) with time, t, gives the envelop curves of stream con-

centration. They also give an indication of the sensitivity of stream

contaminant transport to variations in stream parameters.

In the next chapter, we describe computer experiments to verify

our integral formulation of the stream contaminant transport problem.

In the process, we illustrate the application of the method of this sec-

tion using real data from a small stream.



CHAPTER 3

SIMULATION OF STREAM CONCENTRATION

Two algorithms, designed to simulate the sample trace of stream

concentration, are described in this chapter. Both algorithms use the

integral equation (2.9) in the form of equation (2.38) and the kernel

function, equation (2.34). The first algorithm uses a portion of an

observed sequence of liquid waste releases into a natural stream as

input. This algorithm is used both for the purpose of model verifica-

tion and for applying the method described in section 2.8 for bounding

error in the simulated stream concentration.

The second algorithm, in contrast to the first, uses sample

statistics of the input variables computed from the entire sequence of

observed liquid waste releases. This algorithm is used to execute

simulation experiments that are used to construct moment functions of

stream concentration, probabilities of exceedance of the concentration

above a specified threshold, and probabilities of selected derived vari-

ables. The input variables investigated include the time between dis-

charge events, the magnitude, and the duration of contaminant discharge

per event.

3.1 Data for Simulation Experiments 

Normal operating procedures for the Oconee Power Station located

near Clemson, South Carolina, necessitate intermittent releases of

40
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liquid wastes. The generated wastes are stored in a holding tank. Dis-

charge times are unscheduled and the total volume of waste water

discharged is random so that the quantity of contaminant is also random.

These discharges enter the Keowee River at a point directly below the

Lake Keowee dam, as shown in Figure 3.1.

Duke Power Company, the owner and operator of the power station

and associated facilities including the dam, has sponsored several

studies designed to determine the conditions that affect mixing rates

and transport of the discharge as the waste moves downstream. One of

these studies provides the estimates of the stream parameters used in

this study.

In addition to these special studies, Duke Power monitors, on a

routine basis, the concentration of a number of constituent radio-

nuclides at the outfall (location A in Figure 3.1) and at locations B

and C downstream from A. The element tridium is used as the contaminant.

Although radioactive, it has a half-life of 12.26 years, so that we con-

sider it to be conservative non-decaying) in the time frame of this

study.

Duke Power releases additional reservoir water to generate power

to meet high energy demand situations. The time and duration of a

release is not fixed, although when it occurs the stream is extremely

diluted because of the very high discharge rate (50 m3 /sec) compared

with the normal stream discharge of 1.1 m
3 /sec. Simulating stream con-

centration from immediately after cessation of a release, one may

consider the initial stream concentration to be zero, Further, since

these releases are of almost daily occurrence, the concentration



42

Figure 3.1 Pollution Monitoring Stations.
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measurements at B and C are not appropriate for model validation pur-

poses. Therefore, no model validation is undertaken.

3.1.1 Stream Parameters Estimation

Normal seepage through the dam, which constitutes the discharge

of the Keowee River downstream of the dam, is constant at 1.1 m3 /sec.

The mean stream velocity has been estimated by Edge and Sill (1978) to

be:

b = 2.63 km/day

They also estimated the turbulent diffusion coefficient, using the

direct method and time of travel data, to be:

D = 0.56 km
2
/day

Now, the mixing length, L, which is the distance from the point

of release of the contaminant and beyond which the contaminant is com-

pletely mixed across the channel cross-section, is given by (Fischer,

1967):

1.8 k
2
b 

L- Rb*
(3.1)

where k is the distance between the point of maximum velocity and the

farthest bank, b* is the friction velocity, and R is the hydraulic

radius of the channel. Distance is measured in kilometers and time in

days. The shear velocity is given by:
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b* = (gRS e ) 2	
(3.2)

where g is the acceleration due to gravity, S e is the slope of the

energy line which coincides with the channel slope in uniform flow which

is assumed in this study. Using the above formulas and measurements

from the study of Edge and Sill (1978), the mixing length is estimated

to be:

L = 4.6 km

which is equivalent to a minimum dispersion time of 1.75 days.

In terms of the discussion in section 2.6, Taylor's theory and,

hence, equation (2.28) are not applicable to the stream reach of

interest for distances less than 4.6 kilometers.

3.1.2 Estimation of Input Parameters

The input parameters to be estimated are the empirical proba-

bilities of the input variables. These variables include the magnitude

per input event, the duration of the event, and the time between events.

First, we test the hypothesis that the three sequences of input vari-

ables are stochastically independent. Acceptance of this hypothesis for

the data analyzed means that the joint probability distribution of the

variables is the product of their individual probabilities. Each vari-

able may, therefore, be generated separately in a Monte Carlo

simulation.

The data used in the test and subsequence paramter estimation

were collected between January and June of 1980 and include the date,
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start and end discharge times, and the magnitude, in curies per event,

of each constituent radionuclide contained in the discharge. In all,

there were 267 events and these occurred over a period of 163 days.

Values for the input variables were abstracted from the above data set.

To test for stochastic independence, each sequence was first

divided into two categories. The cutoff point was the median value of

the sequence. A 2x2 contingency table was constructed for each pair of

variables and the x2 statistic computed from the entries in the table.
The largest x2 value obtained was 3.59, indicating that the hypothesis
of stochastic independence between the input variables should not be

rejected at the 5% level of significance. The degree of freedom is one.

The largest x2 was obtained for the input magnitude and duration pair.

This may be expected since there is a causal relationship between the

two variables.

Table 3.1 shows the matrix of correlation coefficients of the

input variables. The low entries observed in the matrix confirm the

conclusion from the above test that the variables are stochastically

independent. Therefore, we examine the sequences separately.

3.1.2.1 Empirical Probabilities and Sample Statistics. The

empirical probabilities and sample statistics were computed using the

Subroutine STATS (Appendix C). The entire sequence of each input vari-

able was used for this purpose. The sample statistics are given in

Table 3.2, while the empirical probability distributions are given in

Figures 3.2, 3.3, and 3.4 . The empirical probability distributions will



Table 3.1 Covariance Matrix of Input Variables.

Duration	 TBE /
	

Magnitude
(days)	 (days)
	

(curies /event)

Duration 1.00 -0.05 -0.19

TBE -0.05 1.00 -0.07

Magnitude -0.19 -0.07 1.00

!TBE is time between events.

Table 3.2 Statistics of Input Variables.

Statistic

Input Variables

Duration
(days)

TBE
a/

(days)
Magnitude

(curies/event)

Mean 0.091 0.582 0.412

Standard deviation 0.054 0.488 0.591

Skew coefficient 3.050 1.916 1.595

b/ 0.019 0.185 0.001

Minimum 0.002 0.015 0.000

Maximum 0.403 3.324 2.558

46

al 	is time between events.
11/ r

1 
is the lag one autocorrelation coefficient.
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Figure 3.2 Empirical DF of Input Magnitude.
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be used as sampling distributions, in section 3.3.1, for generating the

input variables.

In the next section, we describe computer simulation experiments

for verifying the integral representation of stream pollution transport.

3.2 Simulation with Observed Sequence 

The sequence of the first twenty liquid waste discharge events,

spanning a period of 10.3 days, was used as the forcing function in the

integral equation (2.36) to obtain the corresponding trace of the stream

pollution concentration. Stream parameter estimates given in subsection

3.1.1 were used. The purposes are: 1) to verify the integral repre-

sentation used in this study, and 2) to demonstrate the error bounding

approach described in section 2.8.

3.2.1 Model Verification and
Error Bounding

In verifying the representation, an attempt is made to demon-

strate that the resulting stream concentration trace is not in contra-

diction with physical realities of stream pollution transport. To do

this, it suffices to use known characteristics of the transport process

to infer the reasonableness of the output. For example, a model simu-

lating the time variation of dissolved oxygen in a stream should be able

to show the characteristic oxygen sag. For inert and conservative con-

taminants, no such obvious characteristic exists. However, the

following characteristics may, at least, be expected to be satisfied for

the model to be considered verified:
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1. Stream pollution concentration cannot be a negative quantity.

Because of causality, the stream concentration (output) must lag

the input if only by a very small amount of time.

2. A dynamic model must eventually attain stationarity given

boundary conditions and a stationary input of extended duration.

Table 3.3 shows the input variable values for the twenty events

used in the model verification. Figure 3.5 shows the resulting simu-

lated stream concentration using data in Table 3.3 and the estimate of

mean stream velocity and turbulent diffusion coefficient given in sub-

section 3.1.1. The time span of input (10.3 days) and the location (x =

5 km) for which simulation was made have been indicated in Figure 3.5,

which also shows that stream concentration attained steady state between

the interval t = 9.5 and t = 15 days since input started. The recession

of stream concentration starts well after the cessation of input and,

hence, demonstrates that output lags input.

Figure 3.5 also shows the upper, c(x,t), and the lower, c(x,t),

bounds on the simulated stream concentration using the given parameter

estimates as nominal values and allowing, arbitrarily, a 10% error in

the estimates of both the mean stream velocity and the turbulent disper-

sion coefficient, i.e.:

b = (1 ± 0.1)b 0 , D = (1 ± 0.1)D 0

The fourth plot on the figure is the mid-value, c(x,t), as discussed in

section 2.8. It is seen to be very close to the stream concentration,

c(x,t), simulated from the nominal parameter values. Thus, in a



Table 3.3 Input Values for Model Verif ication. '

Event
Duration	 TBEJ2/
(days)	 (days)

Magnitude
(curies/event)

1 0.081 0.377 0.000
2 0.068 0.585 0.484
3 0.081 0.297 0.437
4 0.091 0.160 0.000
5 0.068 0.242 0.673

6 0.094 0.138 0.000
7 0.077 0.701 0.005
8 0.090 0.566 0.000
9 0.056 0.625 0.570

10 0.097 0.505 0.909

11 0.076 0.175 0.000
12 0.067 0.746 1.065
13 0.103 0.138 0.897
14 0.075 0.776 0.000
15 0.058 0.343 1.263

16 0.082 0.674 0.003
17 0.089 0.292 0.645
18 0.099 0.256 0.000
19 0.059 0.850 0.010
20 0.067 0.481 0.699

a'For first twenty events, spanning 10.3 days.
12/

TBE is time between events.
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Figure 3.5 Bounds on Simulated Stream Concentration.
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situation where only the bounds on the parameters are available, c(x,t)

is a good approximation to c(x,t). The error for the example of this

study is .083, which is less than (c-c)/2 = .846, the maximum error at

t = 12.

Monte Carlo simulation of stream concentration is performed in

the next section using generated values of the input variables.

3.3 Simulation with Generated Input Sequence 

The motivation for simulating stream concentration with

generated input sequence is to construct corresponding stream concentra-

tion traces from which moment functions and the probability distribution

of the stream concentration and those of the derived variables may be

obtained. It was observed in section 1.3 that the probability distribu-

tion of the derived variables provides more appropriate basis for

stipulating stream standards. Also, the probability distribution and

the moment functions of stream concentration find application in several

other stream quality management applications, some of which are dis-

cussed in subsequent sections.

Figure 3.6 shows the generalized algorithm for the Monte Carlo

simulation. The algorithm is implemented as the program SSSPT

(Appendix C). SSSPT stands for Stochastic Simulation of Stream Pollution

Transport. A brief description of the functions of the main and sub-

routines of SSSPT is given in Appendix B.

3.3.1 Sampling from Empirical Distributions

In order to generate the input variables, we sample from their

empirical distributions which have been computed from subroutine STATS.
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Initialize Seed Value,
System Parameters
Size of Dimensioned Variables

Generate Sequence of Input
Magnitude, Time between

Event, Duration

Repeat
NR-1
times

Convert Input to Output Using Stochastic
Integral Formulation to Generate Time

Trace of Stream Pollution

Ensemble of Time Traces of
Stream Pollution
Concentration

Figure 3.6 Generalized Algorithm for Monte Carlo Simulation.
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The use of the empirical distributions frees the analyst from assump-

tions of theoretical distributions with their attendant robustness. A

usual argument against the use of empirical distributions is the fact

that, in most data analysis, sample sizes are small. This does not

apply in this study since a sample size of 267 independent events is

quite large. In small sample situations, the sample moments computed

from STATS may be used to estimate the parameters of assumed theoretical

sampling distributions.

The algorithm which is developed for sampling from the empirical

distributions uses the inverse transformation method in a straightforward

search. Let Y be the input variable with distribution function F(y).

Let F
-1 (y) denote the inverse function of F(y). Then:

Y = F
-1

(u) (3.3)

where u is a uniform variate with probability density function 13(0,1).

The arguments denote the lower and upper limits on u, i.e., 0 < u < 1.

The empirical distribution function through the jth frequency

class may be written as:

	

F. = E p.	 j = 1, 2, ..., NCLAS	 (3.4)
•	 i=1 1

where p i is the relative frequency of the ith class. Let the class

width of the histogram be denoted by X. The algorithm is written:

1. Generate u from 13(0,1).

2. If u < F
1 
go to 8.
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3. Do through 7 for j = 1, ..., NCLAS-1.

4. If Fi4.1 	u	 Fi go to 7.

5. y = [i - 1 + (u - F i)/(F. +1 - Fi)]X.

6. Go to 8.

7. Continue.

8. If u	 F
1 ,
 y = uX.

This algorithm is programmed as subroutine GENE (Appendix C) for

generating all three input variables for given replication and event.

The next section describes the approach for obtaining an optimal number,

NR, of replications in a simulation run.

3.3.2 Sample Size Estimations

The precision of the simulation results may be assured by pre-

determining the size of the sample, i.e., the number of replications.

The approach one might follow to attain this end has been developed by

Bury (1975, pp. 357-361), who showed that the smallest sample size, NR,

such that there is an ra assurance that the results cover at least 0% of

all possible measurements of the variable of interest, may be obtained

implicitly from:

n = 1 — [NO
N-1 

- (N - 1)0
N
	

(3.5)

The values of n and 0 are given as fractions in equation (3.5) above.

The basic condition for the applicability of equation (3.5) is that the

samples be independent. The condition is satisfied in our simulation

effort since we used independent replications of the input sequence and,

hence, obtained the same for the output -- stream concentration at any
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given time t and fixed location x downstream from the input point. The

variable n(N) is used as a measure of precision, while the computation

time, C
s
(N), an expression for which is given in equation (3.6) below,

is used as a measure of the cost of the simulation for each N:

C s (N) = 0.05 + 1.70 N	 (3.6)

These two measures are combined in the proposed utility function, U(N):

U(N) = n(N){1	 exp[-C s (N)]}	 (3.7)

A multiplicative utility function is adopted to emphasize the

dependency of both measures on sample size. The function shows

diminishing returns since intuitively one would expect that an increased

precision not only increases the cost of simulation, it also increases,

at a faster rate, the turnaround time.

To obtain the optimal value of N, NR, one reads off the smallest

value of N at which U(N) attains its maximum value, which is unity.

This is shown in Figure 3.7 to be about 50 and 100 for 0 values of 0.90

and 0.95, respectively. We take 0 to be 0.90 so that the results of the

set of simulation runs for which NR = 50 are used for the analyses

undertaken in the next chapter.
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CHAPTER 4

ANALYSIS OF SIMULATION RESULTS

The moment function and the distribution functions (df) of

stream concentration are calculated in section 4.1 using the NR simulated

stream concentration traces. The df of exceedances above a given

threshold and associated upper bounds on the distribution are calculated

in section 4.2. The upper bounds assume knowledge of the first-order

moment functions only. Finally, the df of the derived variables (dosage

and time to first exceedance) are calculated in section 4.3. All cal-

culations are performed for a given location, x, km downstream from the

input location. For clarity, the argument, x, is dropped from the

expressions written below. It is, however, specified in the figures and

tables that follow.

4.1 Moment Functions and Distribution Functions 

Let NR realizations, i.e., replications, be generated. The time

span of the simulation is subdivided into J equal intervals and the

value of time at the end of the jth interval is denoted by t, j = 1, 2,

J. At each of these times, the value:

C(t1)'C(t2)'—"C(-t.)'
	 C(t)

60
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of the process is a random variable. The mean of this variable over the

NR replications is given by:

N1	 R
-d(t.) = —	 E	 C.(t.)

J 	NR 1=1 1 j
j = 1, 2, ..., J	 (4.1)

An estimate of the covariance function is:

NR
1 Cov(t.,t ) =	 E	 C.(t.)C.(t )	 NR 	Z.(t.) -E(t )j k	 NR - 1	 j 1 k	 NR - 1	 j	 ki=1

(4.2)

Thevariancefunction,var(t.), is obtained by writing j=k in equation

(4.2). The mean and the standard deviation for the cases when x = 5,

10, 15, and 20 km are shown in Figures 4.1 and 4.2. It may be observed

that the mean functions are of the same functional form as the simulated

stream concentration (Figure 3.5) using the observed sequence. The

standard deviation function appears to be relatively constant after an

initial period during which it has an increasing trend.

Since both the duration of an input event and the time between

such events are random variables, the time span, t(i), for the ith

replicate is also a random variable. The broken line in Figures 4,1 and

4.2 indicates the mean input time span defined by:

1 NR	 NR {NE=	 1
e	 NR E te(i) = — E	 E [d(i,j) + s(i,j)]

i=1	 NR i=1 j=1

= 3.04 days	 (4.3)
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Figure 4.1 Mean Concentration Function.



1
2 4 8

1	
6 10

0.0 —

Time, t, days

Figure 4.2 Standard Deviation Function.

63

0.8 —

0.6 —

0.4 —

0.2 —



64

where NE = 7 is the number of input events, NR = 50 is the number of

replications, d(i,j) is the duration of the jth event for the ith repli-

cate, and s(i,j) is the time between the jth and the (j+l)th event. The

standard deviation of t
e for the data used is 1.11 days.

Let t be the time at which the mean stream concentration func-P

tion, Cm (t), attains its maximum value and C
m (t 

p) the concentration at

this time. Figure 4.1 indicates that t increases while C (t )
m p

decreases with x. This agrees with observations in time of travel

studies. A plot of these two variables against x will be useful when,

for example, it is of interest to know the location downstream when the

pollutant starts and/or stops being a hazard, assuming a threshold con-

centration.	 Values obtained for t and C (t	 )
m	 p

are tabulated below:

x (km) 5 10 15 20

t	 (days) 7.8 7.84 7.98 8.09

C 
m

 (t 
p

)	 (microcu/liter): 1.28 1.22 0.95 0.35

The coefficients of skew and of variation were also computed.

Figure 4.3 shows the time distribution of these two coefficients. The

bathtub shape of the coefficient of variation function suggests that the

ability to predict stream concentration improves up until about t = 3.4

days and deteriorates from about t = 8 days. The constancy of this

coefficient between these times suggests the attainment of stationarity

(steady-state) by stream concentration. Recall that second-order

stationarity is defined in part by the constancy of the mean and vari-

ance functions. Figure 4.3 also contains a plot of the mean and standard
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deviation functions for reference. Note that the skew and coefficient

of variation functions are dimensionless, while the mean and standard

deviation are given in units of microcurie/liter.

The skew function is not as smooth as the coefficient of varia-

tion function, but also has a bathtub shape. There is initially a

tendency towards symmetry. The average skew coefficient of 1.10 in the

plateau zone means that the distribution of stream concentration remains

significantly skewed with time. This agrees with observations from time

of travel studies. Stream concentration at locations farther downstream

than x = 5 km displayed the characteristics observed above. The differ-

ences are that the plateau region progressively started later and was of

smaller duration. This means that the ability to predict stream concen-

tration decreases with distance downstream. Decisions made on the basis

of such predictions are correspondingly more uncertain.

The empirical distribution function of the simulated stream con-

centration is given by equation (3.4) and is plotted in Figure 4.4 for

values of t = 2, 5, and 10 days, representing times of buildup, steady

state, and recession of stream concentration. The figure shows that the

concentration-time function is not symmetrical since the probability of

exceeding some given threshold is lesser than the probability of the

stream concentration falling below this value. The probability of

exceedance in a given interval of time and the upper bound on the prob-

ability are constructed in the next section,
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4.2 Probability of Exceedance in (ti,t2) 

Stream water intakes into community water supply systems exist

sometimes downstream of industrial or municipal waste discharge points.

When discharge from these sources is known to occur, it is necessary to

know the time period during which the intake point will have to be

closed. Given the stochastic nature of the input and transport pro-

cesses, it may be of interest to select that interval of time during

which the stream concentration has a high probability of exceeding some

stipulated threshold.

In this section, the NR traces of simulated stream concentration

are used to construct the above probabilities and their upper bounds.

The bounds depend only on the first-order moments of stream concentra-

tion. Their construction involves a simple extension of two Chebyshev

type inequalities to corresponding bounds on a stochastic process.

To proceed, define Qi as the event that the threshold C* is

exceeded at t 1 
and 2 

as the event that stream concentration, C(t),

exceeds C* at least once within (t 1 ,t 2). These events are not mutually

exclusive and the set of all outcomes that belong to at least one of

them is their union, C2 1 U Q2 , such that:

P[C(t)>C*, t i<t<t 2 ] = P[C(t)>C*] + P[N(C*)>.1, t1f_t<t 2 ]

- P[C(t)>C* , N(C*)>11	 (4.4)

where N(C*) is the total number of times C(t) crosses C* with positive

slope in (t 1 ,t 2). In words, equation (4.4) states that the left side is
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the probability that C(t) is greater than C* at any instant of time

within the interval (t 1 ,t 2 ).

With C* fixed and at given starting time t
1, the simulated

stream concentration for each replica either exceeds or fails to exceed

C*. Hence, each replication at t
1 generates one Bernoulli event with

probability of exceedance, P[C(t1)>C*1. The maximum likelihood estimate

of this probability is simply r i /NR where r 1 is the number of exceedances

out of NR replications. Similarly, for the second term the maximum

likelihood estimate is given by r 2 /NR where r 2 is the number of times

the total number of exceedances within (t
1
,t

2 ) is at least one. For the

third term, the events of interest are N(C*)>1 and C(t i )>C* in (t 1 ,t 2 ).

Letting r3 be the number of replications when both events occurred, the

third term is estimated from r
3 /NR. Thus:

P[C(t)>C*, t i<t<t 2 ] = (r1 + r2 - r3 )/NR	 (4.5)

4.2.1 Upper Bound on Exceedance
Probability

It is of interest to construct the least upper bound on

P[C(t)>C*, t1<t<t 2 ]. Such a bound will provide an upper limit to the

corresponding probabilities that may be constructed from the traces of

simulated stream concentration. The problem of constructing the above

bounds in terms of known or assumed information on the distributions of

the process has been referred to in the literature as the "Chebyshev

Problem." Such information may be numerical, as, for example, assuming

knowledge of the moments of the process, or it may be geometric, as, for

example, specifying that the distribution is unimodal, monotonic, and/or
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symmetric in some range of the value of the random variable. For this

study, two cases are considered. In the first case, only the mean and

variance functions are assumed known. In the second case and in addi-

tion to the above assumptions, the distribution of stream concentration

is assumed to be unimodal. This is a realistic assumption for most

contaminants.

Case 1: Consider the version of the Chebyshev inequality given

by Feller (1966, p. 150):

P[C(t)>C*] < E[(C + w) 2
]/(C* + w) 2	

(4.6)

where E{.] denotes expectation and w is a positive constant. The right

side attains its minimum value and, hence, gives the least upper bound

when:

w = f2E[C 2
(0] + C*E[C(0]}/{2c* - E[C(t)]}	 (4.7)

Let stream concentration, C(t), be standardized by writing:

Z(t) = {C(t) - E[C(t)p/a(t)	 (4.8)

where a(t) is the standard deviation of stream concentration, then Z(t)

has a zero mean and unit variance. Writing inequality equation (4.6) in

terms of Z(t) and incorporating the minimizing value of w from equation

(4.7) gives:

P[Z(.t)>Z*1 < 1 1 (1 + Z*
2

)
	

(4.9)

Or



where

P[C(t)>C*] < 1/(1 + Z* 2 )

Z* = {C* - E[C(0]}/a(t)
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(4.10)

Z* > 0	 (4.11)

Inequality equation

exceedance probability

standard deviation

Case 2:

(4.9),	 therefore,

at given instants

of stream concentration

If, in addition,

is unimodal,

< 1 - L(Z*)

1.33° Z*
2

gives the least upper bound on the

of time using only the mean and

at that instant.

it is known that the distribution of

then, following Mallows (1956, p. 152),

Z* > 0	 (4.12)

1.29 > Z* > 0

(4.13)

Z* > 1.29

stream concentration

one may write:

P[Z(t)	 Z*]

where

L(Z*) =

(1 + Z*
2 )

0.44 °
1

1 + Z*
2

To construct the above bounds for the probability of exceedance

in an interval (t1 ,t2), the entries for the mean and standard deviation

in equation (4.11) are the maximum of the respective function in the

interval. This will move the bound upwards relative to inequality

equations (4.9) and (4.12). However, the least upper bound property is

not necessarily lost since the resulting inequality still holds for a
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time instant, albeit the instant at which the moment function attains

its maximum value in the interval. Thus:

Z* = (C* - RHA)/RHS
	

(4.14)

where

RHA = max E[C(t), ti<t<t2 ]

RHS = max G[C(t), t 1<t<t 2 ]

and the condition that Z* > 0, i.e., C* > RHA, also holds.

Table 4.1 shows the exceedance probabilities for the different

time intervals. The upper part of the table shows the case when the

intervals are taken from the reference time t
1 
= 2.0. The lower part

shows the case when the interval is fixed at 1.0 day and t1 changing as

shown. The threshold value, C*, is 2.0. Both parts of the table show

that the exceedance probability increases with time and that this trend

ceases when recession of stream concentration sets in. This may be

expected since as the mean and standard deviation decrease during the

recession the probability that the threshold is exceeded during this

period should decrease. The case when stream concentration was consid-

ered to have a unimodal distribution gave a consistently tighter bound

than the Chebyshev inequality,

From Table 4.1, the time interval during which the stream con-

centration has the highest probability of exceeding the threshold (C* =

2.0) is between 7 and 8 days since input started. These values are, of



Table 4.1 Exceedance Probabilities for C* = 2.0.a/

No. of Days
Chebyshev

Bound
Mallows
Bound

Simulated
Exceedance
Probability

t
1

t
2

2.0 2.5 0.037 0.016 0.001

2.0 3.0 0.090 0.040 0.020

2.0 3.5 0.179 0.079 0.060

2.0 4.0 0.302 0.134 0.100

2.0 4.5 0.411 0.215 0.160

2.0 3.0 0.090 0.040 0.020

3.0 4.0 0.302 0.134 0.100

4.0 5.0 0.476 0.301 0.120

5.0 6.0 0.551 0.401 0.160

6.0 7.0 0.583 0.444 0.160

7.0 8.0 0.592 0.455 0.160

8.0 9.0 0.592 0.455 0.160

9.0 10.0 0.310 0.138 0.100

a/
x = 5 km; NR = 50;	 = 0.5 day.

73



74

course, conditioned on the mean time span of input which is 3.04 days

for this example.

4.3 Probability Distribution of Derived Variables 

The derived variables to be considered are the time to the first

exceedance (exceedance time) and dosage -- the integral of the

concentration-time curve over the duration of the exceedance.

When a pollution control measure exists upstream from a stream

use location, the exceedance time is helpful in determining the reli-

ability of the measure, i.e., the probability that the threshold concen-

tration, C*, is not exceeded during the period of observation. The

reliability, R(t s ), is then defined as:

R(t) = 1 - P[T s	
t
s

]
	

(4.15)

where P[T < t] is the probability that an observed exceedance time is
s — s

less than or equal to a specific time, t s .

The dosage is important when one wants to investigate the role

of concentration and time on the physiological response of fish or other

indicator biota to extended exposure to stream contamination. For our

purpose, dosage, Gi , is defined symbolically by:

i (s) - C*]ds	 (4.16)

where t
1 

and t2 
are understood here to stand for the starting and ending

time of the exceedance for the ith replicate.
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The derived variables above are abstracted from the NR replica-

tions of simulated stream concentration in subroutine SURV. This sub-

routine calls STATS which, in turn, computes the moments and the dis-

tribution functions of each variable. The upper bound in each case is

computed from equations (4.11) and (4.12).

In computing the distribution functions of Ts and G, special

note is taken of the fact that some replications produced no exceedances.

Using the dosage for illustration, the resulting mixed distribution

function, P[G < g], is given by:

P[G < g] = p(g = 0) + P(G < glg > 0)p(g > 0)

= p(g = 0) + P(G < glg > 0)[1 - p(g = 0)] 	 (4.17)

where p(-) is the probability of the argument occurring and is estimated

from the observed relative frequency of non-exceedances.

Figure 4.5 shows the reliability function, computed from equa-

tion (4.15) and its upper bound. The bound is obtained by substituting

the mid-values of the histogram class intervals for C* in equations

(4.11) and (4.12). Figure 4.6 shows the exceedance probability function

[1 - P(G < g)] of dosage as well as the upper bound computed as above.

Several applications of these and other results of this study

are described in the next section.

4.4 Applications 

Three areas of application of the results of this study are

described and numerical examples given in this section, These areas

include the determination of the sampling interval for stream
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surveillance, the setting of stream standards, and the optimal control

of pollution discharge into a stream.

4.4.1 Sampling Interval for
Stream Surveillance

Compliance with federal and/or state water quality standards is

one of the primary objectives in the design of a water quality sur-

veillance scheme. The Environmental Protection Agency (EPA) provides

designers the basic techniques for designing such schemes. These tech-

niques are based on the premise that the stream quality is sampled at a

regular interval, A.

Consider the situation when a given sample, C(t), exceeds the

threshold, C*; then a violation, or what we have heretofore referred to

as an exceedance, occurs. It happens that such a sample may indicate

non-violation while, indeed, a violation has just occurred between the

instant of this sample and the previous sample or that a violation may

occur between the instant of this sample and the next sample. Thus, the

smaller A is, the less likely that a violation will be missed, but the

more expensive the monitoring process will be, The use of a model, such

as we have developed in this study, enables one to obtain an optimal A,

L. To proceed, one constructs a measure of effectiveness and a corre-

sponding measure of cost of attaining the level of effectiveness.

Assuming that exceedances are rare enough events as to be inde-

pendent and, hence, may be assumed to constitute a Poisson process,

Beckers and Chamberlain (1974) have developed a measure of effectiveness

of the use of various A's, The expression given, which is assumed for

this study, is:



„ A) = T [ exp(-A/T) - exp( -A/d) 
A	 (T/d) - 1
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(4.18)

where T is the mean time between exceedances and d is the mean duration

of an exceedance.

Consider that stream surveillance is done in stages of T days

duration. Then, given A, the corresponding number, NT, of samples is

t/A. The cost measure is taken as the total sampling cost, Cl (A), which

is assumed, arbitrarily, to be:

C
1
 (A) = 0.3 + 0.5 NT
	

(4.19)

where the coefficient values are also arbitrary. The cost-effectiveness

(CE) function is defined simply as the ratio of the effectiveness to the

cost. Considering T as the exceedance time, which is the same as the

time between events for a Poisson process, the above ratio is plotted

against A in Figure 4.7 with C* as parameter. The plots show that, for

all three threshold values, a point of inflection exists around A = 0.75

day. Each CE function is seen to be concave before and convex after this

value of A and tends to strict concavity with increasing C*. The higher

C* is the more correct the assumption of a Poisson exceedance law. It

is, therefore, appropriate to select the optimal sampling interval, A*,

on the basis of the CE function shape for large C*.

4.4.2 Stream Quality Standards

As has already been defined in section 1.3, a stream standard is

that threshold below which the risk of stream contamination is accept-

able, Also in section 1,3, it was suggested that both the magnitude of
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pollution and the exposure time be included in the definition of the

stream standard. Indeed, legal considerations (U.S. District Court,

1958) make it imperative that regulators be cognizant of the role of

time in modifying toxicological responses. The results of section 4.3

are applied in this section to demonstrate our risk-based approach to

stream standards stipulation.

4.4.2.1 Dosage-Effects Relationship. In addition to stream

biota, humans may serve as stream pollution indicators. Since the

pollutant affects the indicator by being toxic to it, the toxic effects

on a human could be dermal and may range from a nuisance skin irritation

to the more hazardous corrosion of the skin. The effects on, for

example, a school of fish may be nil, may be to cause overturning, or

may be lethal, depending on the concentration and the exposure time.

Figure 4,8 shows the effects of a fixed concentration of potassium

cyanide on rainbow trout fish with exposure time t. Thus, within 30

minutes of exposure at this concentration, there were no significant

physiological effects on the fish. Time t = 30 may be considered as the

overturning time, At 160 minutes exposure time, all fish are observed

to have overturned and are all dead by 200 minutes of exposure to the

pollutant. Conceivably, one may select one of these effects, i.e., zero

overturning, 100% overturning, or extinction, for the purpose of estab-

lishing a concentration limit (threshold, C*).

Most of the previous studies on dose-effects relationship have

used death as the physiological effect to be produced. These have limi-

tations which have been discussed in detail by Wilber (1969) who also
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showed that, for sublethal concentration of toxicants, the dose-effect

relation is best described by a rectangular hyperbola:

(4.20)

where a,	 and y are parameters; g is the dosage; and tp is a measure of

effect. Equation (4.20) may be rewritten as:

g) g _ (4.21)

For the data of Figure 4.8, the dosage is given by the product of the

survival time and the constant concentration of 0.14 mg/liter.

4.4,2.2 Estimation of Risk. Given dosage probability distribu-

tion and the dosage-effect relationship, one can, in principle, obtain

the corresponding probability distribution of effects (consequences).

This latter probability distribution was termed the risk in section 1.3.

The term value risk is reserved for the situation when risk definition

includes both the value of an effect and is probability. The risk is

economic when value is measured in monetary terms. For the purposes of

this study, the expected value concept is used to represent risk of

stream contamination.

For the value function, equation (4.21), adopted the expected

risk is defined as:

EN(g)1 = f ip(g)f(g)dg	
(4.22)

where f(g) is the dosage probability density function. It should be

understood that all terms in equation (4.22) are conditioned on the
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threshold, C*, since the exceedances of stream concentration and, hence,

dosage are defined with reference to the threshold. Expressing EN(g)]

in terms of the central moments of g through a Taylor series expansion

gives:

E[(g)] = ti(j) +	 tr(i)S 2
2	 -	 g

(4.23)

for a three-term expansion. The constants g and S are the mean and

standard deviation, respectively, of dosage, while e(i) is the second

derivative of the value function evaluated at g = g. From equation

(4.21):

tr(i)	 — 2Y	 3( g _

Substituting in equation (4.23) and rearranging gives:

2
yS

EN(g)1 = a + Y	 + 	 g 3
(i	 (g - f3)

(4.24)

(4.25)

Figure 4.9 shows a plot of E[tP(g)] against C* 
using arbitrary

parameter values given by: a = 0.15; [3. = 0.00; and 
y = 0.90. Simulated

—
values of g and S for corresponding C* are 

listed below:

C*: 0.50 0.75 1.00 1.25 1.50 1.75 2.00

—
g	 : 4.24 3.17 2.34 1.65 1.14 0.78 0.54

S	 : 4.73 4.21 2.67 3.17 2.70 2.29 1.92
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Given an acceptable value risk, say 10.00 units, one may read off the

corresponding threshold, i.e., the stream standard to be 1.7 microcuries

per liter.

4.4.3 Construction of Minimum Cost
Discharge Policies

The objective is to construct waste water discharge policies

that minimize total expected waste handling costs over a specified time

period and subject to stream quality standards. This is the stream

quality management problem from the viewpoint of the plant manager.

The method of control is to regulate the input where one or more

of the input variables is under the control of the plant manager and,

hence, are deterministic. For example, the decision variable may be the

duration of discharge or the proportion of the volume of waste generated

from the plant that is discharged into the stream. The illustrative

example below is limited to the situation where the decision variable is

the duration of a constant discharge into the stream from the plant

outfall.

A certain cost structure is superimposed on the decision process

such that, for a given action, i,e„ specification of input duration, it

is assumed that a known cost is incurred which depends on the resulting

stream concentration. Given the initial stream concentration, C0' the

plant manager must choose from among ND possible discharge durations.

These durations are indexed on K = 1, 2, ..., ND, where ND is the time

required to empty the waste water storage tank given that it was

originally full. The stream concentration during the ith period is
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written as C., i = 1, 2, ..., NT, to reflect the discrete time nature of1

the cost function which is constructed as follows.

The cost, e(K,C 0), as the sum of the effluent charge, 0 0 (i,K,C0),
and the waste storage

0
0
(i

'
K

'
C
0) =

cost, 0 1 (K,C0 ), is given for each K and Co by:

C.	 < C*1{ Y16'(Ci-CO)

(4.26)

A[Y1 (Ci-00 ) Y2 (C i-C*)] C.1 > C*—

and

0 1 (K,C0) = y 3A(ND - K)Q (4.27)

so that

NT
6(K,C 0) = 0

1 (K,C0
 ) +	 E	 0i=1 0 (i,K,Co ) (4.28)

where A is the sampling interval; Q is the input rate in m3/day; and y

y2 , and 13 are constants. The constant yl is the tax rate when

Co < C. < C* and y 2 > yi is the tax rate when C. > C*. Thus, 0 0 (i,K) is1	 1 —

the cost to the plant manager for using the stream as a waste receptable.

In contrast, 8 1 (K,C0) is the cost of storing the waste water that was

not discharged. The constant 1 3 may, therefore, be viewed as the unit

cost of storage.

Since C. is a function of the other input variables which are1

random, the cost is also random and may only be described in terms of

its probabilistic characteristics. In this example, the interest is in
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a discharge policy that leads to minimum expected costs. Thus, the

objective function may be written:

Z(C0) = min E[e(K,C0 )]	 (4.29)

The expectation may be written out as:

NT C*
E[C(K,C0)] = ylA E f (Ci-00)p(Ci lK,C0)dCi

i=1 C
0

NT CO

+ A E I [Yi (C*-C o) + Y 2 (C. -C*)]p(Ci lK,C0 )dC.i=1 C*

+
1 (K ' C0 )	(4.30)

It is not possible to obtain K* analytically, even for the above

linear cost structure, because K is contained in the right side of

equation (4.30) implicitly, in addition to the fact that the functional

form of the density function, p(C i lK,C0) is not assumed known a priori.

Consequently, we calculated E[C(K,C0)] numerically, for each K and Co

combination, using a slight modification of item (1) of Appendix B. The

modification is to generate the sequence of input magnitude from the

empirical distribution function considering that input is continuous for

the duration under consideration. When simulating for a duration

DUR2 > DUR1 , the input is the same up until DURi . Figure 4.10 shows a

plot of the .expected cost against input duration index for the case when

initial stream concentration is zero and given the following arbitrary

parameter values;
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= 0.10	 y
2 = 0.50

y
1 y

3 = 0.35

A = 0.10 day	 Q = 15.0	 C* = 2.0

The optimal duration index, K*, is indicated in the figure to be 3.75,

so that the corresponding duration is K*A = 0.375 day. For each Co
value that K, i.e., K*, corresponding to the minimum expected cost is

identified, thus giving an optimal policy, K*(C0), which is plotted in

Figure 4.11. As would be intuitively expected, this figure shows that

the optimal discharge duration decreases with increasing initial stream

concentration.

This section concludes Chapter 4. We reiterate that no valida-

tion analyses have been performed on the results obtained in this study.

However, the inclusion of the sample problems demonstrates the applica-

bility of the methods expounded to stream quality management. The

following chapter summarizes the contents of this study and presents

discussions and conclusions therefrom.
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CHAPTER 5

SUMMARY AND CONCLUSIONS

5.1 Summary 

Stream pollution loadings are significant enough to cause major

receiving water concerns. Congress has passed seven acts and amendments

over the last thirty-three years to facilitate water pollution control.

The Environmental Protection Agency (EPA) is the federal regulatory

agency mandated to implement the provisions of these acts, primarily

through effluent standards. In limiting cases, stream standards are

used by the Agency.

Stream standards establish threshold values which are based on

intended use and stream characteristics. It allows for a cost-effective

use of the stream and, therefore, is the non-structural approach to

stream quality management which is addressed.

For our purpose, risk was defined as the probability of harm to

human health and stream environment. Threshold is the concentration

below which risk is acceptable, while the stream standard is the

threshold for a given acceptable risk. To estimate risk, we need infor-

mation on the causal factors (input), the transformation process (stream

pollution transport), and on the effects of the input at locations

downstream.
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In most of the models that have been constructed for the trans-

port of pollutants in stream media, it is usually implied that the

fluctuations of pollution concentration about the mean stream pollution

function are negligible. In some cases (Ledbetter and Gloyna, 1964),

observed data do not justify the mean transport assumption. Our adoption

of a stochastic approach to model and analyze pollution transport in

streams was motivated by this observation. We considered that the

mechanisms of stream pollution transport are inherently stochastic and

that the input into the stream is a stochastic process.

The general objective of this study has been to develop a simula-

tion model that explicitly incorporates the randomness in both the input

and the transport of passive dissolved or suspended pollutants in a

homogeneous turbulent stream. In the process, exposition was given

regarding the nature of both laminar and turbulent flows as they relate

to the mechanisms of transport in stream media. Based on the physics 
of

the transport mechanisms (Hinge, 1959), we made the basic assumption

that the motion of the eddies, the entitites 
effecting pollution trans-

port in turbulent flows, is Markovian. This assumption enabled 
us to

adopt the Kolmogorov forward equation as the 
governing equation of

pollution transport.

The difference between this equation 
and the Fickian model,

which has received theoretical credence on the strength of Taylor's

(1953, 1954) theory and which has been the basis 
of most stream pollu-

tion modeling efforts, is primarily 
a question of interpretation. Thus,

the dependent variable in the Kolmogorov 
forward equation is the prob-

ability transition function of a pollution 
particle cloud (eddy), while
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it is the mean stream pollution concentration in the Fickian model.

Hinge (1959, p. 325) has observed that these two representations of the

dependent variable are identical. Since the governing equation is

linear, stream pollution transport is modeled as a linear process.

The input was modeled as a sequence of independent pulses with

random magnitude and duration and also with random interval between the

incidence of adjacent pulses. Thus, the input process was modeled, in

general, as an alternating renewal process.

Since the input is a random process, one expects the output to

be random and it is the probability distribution of this output, both in

time and space, that is often of interest in practical stream quality

regulation. The problem, however, is that in any non-trivial formula-

tion of the pollution transport problem the derivation of such a

distribution is not possible analytically. Because of this difficulty,

we adopted a stochastic simulation approach. The approach basically

involved sampling from the distribution of the input variables in order

to construct an input sequence. The sequence served 
as the forcing func-

tion in the stochastic integral formulation 
which we used to model

stream pollution transport . A solution of the Kolmogorov forward equa-

tion for unit flux input was derived and 
used as the kernel of the

integral equation.

The simulation model was run for 
many replications of input

sequence to obtain a corresponding vector 
of traces of stream concentra-

tion at a point downstream from 
the input location. The vector was then

used to construct the moments and the 
probability distribution of stream

pollution concentration at various time 
instants and also the moments
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and the probability distributions of several variables associated with

the exceedance of the stream concentration above a specified threshold.

These derived variables included the duration and magnitude of an excur-

sion above the threshold and the time to the first exceedance of the

threshold. The use of the stochastic integral formulation to obtain the

above probabilities and moment functions appears to be new.

In particular, we constructed the probability that an observed

stream concentration will exceed a given threshold within a given

interval of time. Such time interval may represent the exposure time of

fish or other stream biota to stream pollution. Since we incorporate

the concept of time, our result is an improvement over current methods

which do not consider the time intervals in the stipulation of stream

standards. It is suggested that the incorporation of exposure times is,

hitherto, not part of the standard because current methods are limited

to first-order type of analysis which do not suffice.

A generalization, due to Mallows (1956), of the Chebyshev

inequality was extended to the case of a stochastic process. The

resulting bound, as an upper bound on the exceedance 
probability above,

is sharper than would otherwise be obtained from the Chebyshev

inequality. This bound provides an upper limit 
on the values of

exceedance probability that may be expected to result from 
the

stochastic simulation experiments conducted 
for this study. It also may

be used to construct a conservative stream quality 
standard.

The results of this study were applied towards 
the resolution of

several stream quality management problems. The 
areas of application

that were illustrated included the determination 
of optimal sampling
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interval for stream surveillance, stipulation of stream quality stan-

dards, and the construction of minimum cost discharge policies. The

first two are examples of the management problem viewed from the regula-

tory agency's vantage point. The third application represents an

example of the polluting entity's problem. We also illustrated two

examples of a system analyst's post modeling problem -- determining the

optimal number of replications and analyzing the sensitivities of the

output to variations in systems parameters.

An alternative to our integral formulation approach would be to

use numerical methods such as finite-difference methods that have been

used for simulating one-dimensional diffusion transport of stream and

groundwater contaminants. Explicit schemes of this class of numerical

methods require stability conditions to be met and depending on the

values of the stream parameters these conditions may be highly restric-

tive. In contrast, the implicit schemes are usually unconditionally

stable for any size of the time increment. However, the size of this

increment is still limited by the accuracy required in the output. Very

large increment values result in poor estimates of concentration because

of large truncation errors produced. When validation data are absent,

such as the case in this study, it will not be possible to determine

whether or not the estimates are poor and, hence, whether 
the increment

value is small enough.

A further limitation of the finite-difference methods is that

they are essentially methods of 
effecting numerical differentiation and

so are more prone to continuity in addition 
to computational stability

problems. This is contrasted by the smoothing effects of the
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integration process. Finally, we note that by using the integral

formulation approach the stochastic nature of the input process is

incorporated in the formulation in a natural way.

In sum, the short-term response of the stream may be investi-

gated by the methods of analysis presented in this study. Since the

input considered is a random intermittent process, the solution approach

must of necessity be stochastic. While the mixing process in the stream

may make a deterministic modeling tempting, in the final analysis, the

deciding factor as to which modeling philosophy to adopt should be

whether the observed fluctuations in a given stream system are large

enough to affect control decisions with economic and/or social payoffs.

In the case when fluctuations are significant, by using stochastic

methods, they may be taken into account explicitly in order to arrive at

more rational decisions concerning stream quality management,

5.2 Limitations and Suggested Future Work

5.2.1 Modeling the Transport Process

The Kolmogorov forward equation was used, by analogy with

molecular diffusion, to describe 
the transport of pollutants in turbulent

streams. A limitation of this 
diffusion approximation of diffusion and

dispersion mechanisms, which govern 
transport in turbulent streams, is

that there is an initial 
period within which longitudinal dispersion is

not properly described by the above equation. 
An example of such an

initial period was quantified 
in section 3,1.1. The use of results

derived from the Kolmogorov 
forward equation during this period leads to

errors the magnitude of 
which was not investigated in this study,
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Even in this case that we modeled the stream as a linear time

invariant (constant parameters) system the derivation of the fundamental

solution was quite involved. Also, though the integral formulation is

unchanged if the time invariance assumption is relaxed, in the light of

observations of non-Fickian behavior of some streams, it is doubtful

that the method of Appendix A for obtaining the above solution is

directly applicable.

The analyses of this study have been performed for a non-

degradable contaminant. The extension of our effort to the case of a

degradable contaminant is straightforward and involves obtaining the

fundamental solution using equation (2.4), i.e., for the case c(t) # O.

The remainder of the analyses is unchanged. It will be of interest to

extend the present work to the case of a vector of contaminants yielding

a multiple input and multiple output model. As a first step, it may be

advisable to assume that the contaminants are non-interacting.

In the light of observations of non-Fickian behavior of some

streams, it is suggested that the time variant model is investigated.

5.2.2 Stochastic Simulation
Experimentation

The final exercise in the modeling process is the investigation

of the sensitivity of the output to perturbations in the system param-

eters and to different management strategies. 
In the case when some of

the system variables, the input variables in 
this study, are assumed to

be random it is usually implied that probability laws can be postulated

and validated for these variables. 
Then the sensitivity analysis is

accomplished using stochastic simulation methods.
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These methods, particularly for multi-variate systems, are very

time-consuming and, hence, expensive to implement. Because of the

expense involved, only a limited number of runs is possible and these

usually do not suffice to characterize the input and, hence, the

sensitivities of the output. In this study, only in a few cases were

more than 50 replications made for any one analysis. Thus, the

necessity to perform a large number of replications in order to attain a

given level of precision in the simulated output is a significant limi-

tation in the implementation of stochastic simulation in general and the

model of this study in particular.

Variance reduction techniques (Kleijnen, 1974) may be used to

improve the precision of simulated outputs. These techniques are essen-

tially more sophisticated sampling procedures which yield the same

expected value of the output variable as the "straight on" sampling pro-

cedure but with a smaller variance. The most applicable techniques for

our simulation experiments are the methods of Antithetic Variates and

Common Random Numbers. An investigation of the usefulness of these tech-

niques for our problems will serve as a worthwhile extension of the

current effort.

5.3 Conclusions 

Input pollution and the transport of stream contaminants may be

modeled as stochastic processes. Stream concentration may be modeled by

the integral formulation presented in this study. The complexity of the

fundamental solution and the stochastic and intermittent nature of the
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input preclude the solution of the integral equation analytically.

Thus, a simulation approach was adopted.

The use of the empirical distributions as sampling distributions

for generating the input variables frees the analyst from assumptions

of theoretical distributions with their attendant robustness. The

algorithm for sampling from such distributions was provided and shown to

be easy to implement.

Construction of both the moment functions and the distribution

functions of stream concentration as well as those of the derived vari-

ables, via the stochastic integral formulation, appears to be new. These

stochastic properties represent a set of basic tools for addressing

various non-structural stream quality management objectives. Their

applicability was demonstrated with illustrative examples in stream sur-

veillance, stipulation of stream standards, and optimization of waste

water discharges.

The risk-based stream standard stipulation which is introduced

in this study considers the fact that stream water pollution is essen-

tially a biological problem by relating the dosage, a derived variable

which incorporates both stream concentration and exposure time, to

effects on biota. Current standards are usually defined in chemical

rather than biological terms. As expounded in this study, the risk con-

cept provides enough information to judge the optimality of a 
waste dis-

charge schedule and suffices to determine whether downstream effects are

negligible or not. When more than one discharge policy is under consid-

eration, a comparative risk assessment may be used to choose between

them.



APPENDIX A

DERIVATION OF SOLUTION REPRESENTATION FOR FLUX INPUT

From equation (2.33), the solution representation for constant

input is given by:

Y
0(x,t) =	 [erfc(x - bt + exp[xil erfc(x	 btIl	 (2.33)

2	 D21/51-

where Yc is the constant input. 
To derive the solution representation

for a flux input, we proceed from equation (2.33) above as follows.

First, we consider the case of a constant flux, F0' per unit

time per unit area. The flux, f:

f = - D 3x
	 (A.1)

satisfies the same differential equation as stream pollution, i.e.:

Df
= 

n D 2 f	 Is 3f
Dt	 Dx2	

ij Dx
X > 0, t > 0	 (A.2)

The solution of equation (A.2) with f = Fo is given from equation (2.33)

by:

F0 [it -2--- ertc 
- bt) + exp (x l erfc(x	 btilD

21/Dt	 21/Dt
(A.3)
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Now, substituting for f in equation (A.1) and integrating gives:

F co
+ bt

 dx
,_ 0	 [i	 (' - bt]

 + exp[
xlioV - --E f erfc x 	erfc x'
Dx	 267	 2

x' - bt

	45-t-

F
= Tf.)	

erfc
(]

dx' + 
0
 f exp[

x'b 
erfc[x' 

+ bt]
dx'

F
0 7

2D	 D211-51- 	2151-

(A.4)

Let the first term of equation (A.4) above be V
1 
and the second term be

V
2. 

To obtain the solution representation for an arbitrary flux, Y(t),

we invoke Duhamel's theorem, which, for the first term, may be written:

V = —
1 

f Y(t') - {f erfc
[!' - b(t- t') 

1	 2D	 at0	 21/D(t-t')

[ 	 )Tdx'dt 1V
1 

= -f5 f Y(t') f	
- b(t-t 1 

erfc
at

0	 21/b(t-t')
(A.5)

-

t -	 -
1	 x, - b(t-C)	 (x' - b(t-t')) 

V
1 
=El-f Y(t') f   exp	 dx' dt'4D(t-C)	

2

O x 2/7D(t-C)
3 — —

(A.6)

Adding and subtracting term b(t-C) in equation (A.6) gives:
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=	 ,(,,)
1
	x,	 b(t-t , ) - b(t-t') + (t-t') 

2
Lx

-""

2V/TrD(t-C)3

exp (x' - b(t- tr)) f-
4D(t-C)	 dx' dt' (A.7)   

11 	Y(C)_ f x'	 - b(t-t') (x' - b(t-C)) -
dx'2 0 	(t-t') J

x
exp

)

2vD(t-t') 214)(t-t')

+ f 2b(t-C) 1-
(x'	 - b(t-t 

')) dx' dt'	 (A.8)exp
x 21/D(t-t') 21/D(t-C)

[x'	 - b(t-t 1 )]/[2iTrD(t-C)]	 (A.9)

hence:

dw = {1/[2/D(t-t') 3 ]}dx'

when:

op	 =
f

X' = x ,	 w = [x - b(t-t')]/[2/TrD(t-t')3 J = w1

Substituting the above transformation in equation (A.8) gives:

1 D 1	 1
V1 =	 D	 I	

[f 2w exp(-w2)dw +bf 2 exp(-w2
)dw]dt'2	 r-

iff o i/i7ET wl A717
wl ,

Let:

w =

(A.10)
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Now, the first of the inner integral is exp(w2) and the second is

erfc(w
2
). Therefore, equation (A.10) becomes:

[Tc_ - b(t- t') V
1 
= 1 	f Y(tt) exp

21 .T5 0 /1E-7E7 	21/D(t-C)

—
b	 x - b(t-t1

dt'+	 f Y(C) erfc
0	 --21D(t-C)

(A.11)

where we have substituted for w from equation (A.9).

For the second term of equation (A.4), we have:

NI 2 	fo Y(C) f exp
D	

erfc x' + b(t-t') 

21/D(t-t')
} dx'dt'	 (A.12)

1x l b
=	 f Y(C) f exp D

x' - b(t-C) 

2/TrD(t-C) 3

(x' + b(t-C))
exp -

exp -
(x' + b(t-C)) 

4D(t-C)
dx'dt' (A.13)    

Adding and subtracting b(t-C) in equation (A.13) as shown:     

1	 Y(C)	 x' - b(t-C) 	 exp
V2 = —2D of (t-t') fx 2/7D(t-t') 

(x' - b(t-C)) dxldt' 4D( t-t' )     

The above inner integral is the same as the first inner integral of

equation (A.8), so that we may write directly:

1 	 Y(C) 
V2	

exp -
2/rT5 0 17;q77

(x - b(t- t')) 2
-

2ID(t-t')
dt'	 (A.15)



Now, the solution representation is given by:

0(x,t) = V1 + V2

i.e.:

105

e(x,t) =	
Y(t')I    exp

0 1/7D(t-t T )

(x - b(t-t'))
2--

21/D(t-t')
dt'

+ f bY(t') erfc
D

0

X - b(t-C) 

21/D(t-C)
dt'	 (A.16)



APPENDIX B

THE MAIN ROUTINE AND SUBROUTINES OF SSSPT

The main routine:

1. Calls subroutine GENE which generates the sequences of each of

the three input variables given corresponding empirical proba-

bility distribution computed from subroutine STATS called by

GENE.

2. Sets up generated input variables for convolution integration

[equation (2.38)], using the function subprogram FUN which com-

putes the ordinates of the kernel function [equation (2.34)].

3. Performs convolution integrations to obtain NR replications of

time traces of stream concentration. In cases when the initial

condition is considered, its contribution, given by equation

(2.35), is computed from function subprogram F.

4. Calls STATS to compute sample statistics and probability dis-

tribution of stream concentration.

5. Calls subroutine BOUNDS which computes a) the 
probability that

the threshold will be exceeded in a given time interval using

the NR simulated stream concentration traces, and 
b) upper bound

on this probability using our extension 
(described in

subsection 4.2,1) of Mallows' (1956) result.
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6. Calls subroutine SURV which abstracts the vector of each derived

variable from the stream concentration traces; the variables

include the time to the first exceedance, the duration of the

exceedance, and the dosage, i.e., the magnitude of the exceedance

over the duration. SURV calls STATS which computes the moments

and empirical probability distribution of each variable. The

distributions are used as instruments of stream standards stipu-

lation in subsection 4.4.2, while the moments are applied in

subsection 4.4.1 to stream quality surveillance.
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PROGRAM SSSPT
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