
Statistical methods of analyzing hydrochemical,
isotopic, and hydrological data from regional aquifers

Item Type Dissertation-Reproduction (electronic); text

Authors Samper Calvete, F. Javier(Francisco Javier),1958-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:14:57

Link to Item http://hdl.handle.net/10150/191115

http://hdl.handle.net/10150/191115


STATISTICAL METHODS OF ANALYZING HYDROCHEMICAL, ISOTOPIC,

AND HYDROLOGICAL DATA FROM REGIONAL AQUIFERS

by

Francisco Javier Samper Calvete

A Dissertation Submitted to the Faculty of the

DEPARTMENT OF HYDROLOGY AND WATER RESOURCES

In Partial Fulfillment of the Requirements
For the Degree of

DOCTOR OF PHILOSOPHY
WITH A MAJOR IN HYDROLOGY

In the Graduate College

THE UNIVERSITY OF ARIZONA

1986



Dissertation Director	 Date
//9 t) , 2 7, 

THE UNIVERSITY OF ARIZONA
GRADUATE COLLEGE

As members of the Final Examination Committee, we certify that we have read

the dissertation prepared by 	 Javier Samper-Calvete 

entitled 

	

	 "Statistical Methods of Analyzing Hydrochemical, Isotopic, 

and Hydrological Data from Regional Aquifers" 

and recommend that it be accepted as fulfilling the dissertation reguiremeni

for the Degree of Doctor of Philosophy  

Date

Final approval and acceptance of this dissertation is contingent upon the
candidate's submission of the final copy of the dissertation to the Graduate
College.

I hereby certify that I have read this dissertation prepared under my
direction and recommend that it be accepted as fulfilling the dissertation
requirement.



STATEMENT BY AUTHOR

This thesis has been submitted in partial fulfillment of re-
quirements for an advanced degree at The University of Arizona and is
deposited in the University Library to be made available to borrowers
under rules of the Library.

Brief quotations from this thesis are allowable without special
permission, provided that accurate acknowledgment of source is made.
Requests for permission for extended quotation from or reproduction of
this manuscript in whole or in part may be granted by the head of the
major department or the Dean of the Graduate College when in his or her
judgment the proposed use of the material is in the interests of schol-
arship. In all other instances, however, permission must be obtained
from the author.

SIGNED:           



Todo pasa y todo queda,
pero lo nuestro es pasar,
pasar haciendo caminos,
caminos sobre la mar ...

Caminante no hay camino,
se hace camino al andar
y al volver las vista atras
se ve la senda que nunca
se ha de volver a pisar

(Antonio Machado)

This dissertation is dedicated to

my wife Josefa, my parents Ignacio and Josefa,

my brothers Jose Maria, Ignacio and Juan Carlos,

and my sisters Maria Asuncion and Maria Jesus.



ACKNOWLEDGMENTS

This dissertation is the culmination of years of dreaming,

struggling, learning and hard work that started with the encouragement

of my brother Jose Maria. He inspired my dream of seeking an advanced

degree at a university in this country. This dream would not have been

realized without the generous help and support of many people and

organizations to whom I am truly thankful.

I want to express my gratitude to Dr. M. Ramon Llamas of the

Autonomous University of Madrid and Dr. Stan N. Davis who supported my

work at the University of Arizona during the spring semester of 1982

and from 1985 to 1986 through two Research Grants of the U.S.-Spain

Joint Committee for Scientific and Technologic Cooperation. I would

also like to thank the Spanish Ministry of Education for funding my

academic work from 1982 to 1984 through a Fulbright Scholarship and the

American Geophysical Union for supporting my doctoral research through

the Horton Research Grant Award in 1984 and 1985.

I want to recognize the members of the Faculty of the Depart-

ment of Hydrology and Water Resources for the knowledge and inspiration

I received from them, especially from Dr. Shlomo P. Neuman, my disser-

tation director and academic advisor, and Dr. Stan N. Davis and Dr.

Eugene S. Simpson. They served on all of my academic committees,

shared with me both the good and bad times during my academic program

and, more importantly, introduced me to the challenge of creative

scientific thinking in hydrology. I am deeply indebted to Dr. Shlomo

iv



P. Neuman for his courage, understanding and friendship. Thanks are

due to Dr. Stan N. Davis for his unique understanding of the difficult

circumstances faced by foreign students. I would also like to thank

the other two members of my dissertation committee, Dr. Thomas Maddock

III and Dr. Donald E. Myers, for their many suggestions and insights.

Dr. T. Maddock III provided valuable help on the use of personal

computers. Dr. E. Myers initiated me to geostatistics, graciously let

me use his statistical software and kept me up to date with the geo-

statistical literature. Dr. Sidney J. Yakowitz and Dr. Suvrajeet Sen

of the Systems and Industrial Engineering Department made some sugges-

tions on the statistical and algorithmic parts of the dissertation.

I would like to express my gratefulness to the entire group of

hydrogeologists of the Autonomous University of Madrid for providing

the necessary information, maps and data about the Madrid Basin in

Spain. The discussions I had with Dr. M. Ramon Llamas, Dr. Isabel

Herraez, Dr. Luisa Rubio, Dr. Antonio Fernandez Uria, and Asuncion

Molina during my short stays in Madrid greately aided my understanding

of the hydrogeology and hydrochemistry of the Madrid basin. These

visits were made possible by Dr. Ramon Llamas and Dr. Andres Sahuquillo

who invited me to teach short courses together with Dr. Jesus Carrera

at the universities of Madrid and Valencia in Spain.

I want to thank Carl Mohrbacher for letting me use the data he

collected in the Tucson Basin for the statistical applications con-

tained in Chapter 2 of this dissertation. Special thanks are also due

to Mariano Hernandez who "bravely" used the statistical techniques

presented in this dissertation in his M.S. Thesis before they were



vi

fully operational. He and Amado Guzman were of much help in debugging

the geostatistical programs.

My most sincere gratitude and appreciation go to my American

friends in the Hydrology Department: Ronald Green, Gordon Wittmeyer,

David Goodrich and Steve Silliman from the U.S.A. and Amado Guzman,

Mariano Hernandez, Fernando Avila and Roberto Salmon from Mexico.

Joyce Rowan and Ann Russell made a wonderful job in editing parts of

the first draft of this dissertation. I am deeply indebted to my

friends Miguel Perez and Mariano Hernandez for drafting many of the

figures in their free time.

I want to thank the entire staff of the Hydrology Department

for their help and understanding. Very special thanks go to Augusta

Davis who graciously dedicated much of her time to guide me through the

confusing world of bureaucracy and provided all manner of support.

I wish to thank from my heart my wife Josefa for her under-

standing, support, and encouragement in all the difficult moments of my

academic program. She shared with me the joyful times and the hard-

ships throughout these years. She had the patience to dictate all the

dissertation while I was typing it with the word processor.



TABLE OF CONTENTS

Page

LIST OF ILLUSTRATIONS 	  xii

LIST OF TABLES 	 xviii

ABSTRACT 	 xx

1. INTRODUCTION  	 1

1.1 Problem Definition  	 1
1.2 Previous Work 	 3

1.2.1 Combined Flow and Chemical Models 	 3
1.2.2 Combined Hydrochemical and Isotopic Studies. . 	

•	

4
1.2.3 Combined Hydrologic and Isotopic Studies . . . 	

•	

6
1.3 Scope of the Dissertation 	 7

2. INTERPRETATION OF HYDROCHEMICAL AND ISOTOPIC DATA USING
MULTIVARIATE STATISTICAL DATA ANALYSIS TECHNIQUES 	 12

2.1 Description of Data Analysis Techniques 	 13
2.1.1 Principal Component Analysis  	 14
2.1.2 Factor Analysis 	 16
2.1.3 Correspondence Analysis 	 21

2.2 Applications of SDAT to Groundwater Chemistry . . . 	

▪ 	

27
2.2.1 Previous Work 	 27
2.2.2 Application to the Tucson Basin 	 29

2.3 Limitations of SDAT 	 52

3. GEOSTATISTICAL METHODS  	 54

3.1 Basic Definitions 	 55
3.2 Estimation of Intrinsic Random Functions  	 59
3.3 Estimation of Nonstationary Random Functions  	 66
3.4 Estimation of Semivariogram and

Covariance Functions  	 68
3.4.1 Method of Moments 	 68
3.4.2 Least Squares Methods 	 76
3.4.3 Jackknifing Methods 	 78
3.4.4 Maximum Likelihood Estimators 	 78
3.4.5 Cross-validation  	 81
3.4.6 Methods for Estimating Generalized

Covariance Functions  	 88

• vii



viii

TABLE OF CONTENTS--Continued

Page

4.	 MAXIMUM LIKELIHOOD CROSS-VALIDATION METHOD FOR
ESTIMATING SEMI VARIOGRAM PARAMETERS 	

4.1 Definition of the Problem 	
4.2 Properties of ML Estimators 	
4.3 Cross-Validation in a Global 	 Neighborhood 	
4.4 Statistical	 Properties of MLCV Estimates 	
4.5 Resistance of MLCV Estimates 	
4.6 Model	 Identification 	

90

91
93
93
98

106
109

4.6.1 Semivariogram Models 	 110
4.6.2	 Identification Criteria 	 114
4.6.3 Analysis of Cross-Validation Results 	 116

4.7 Minimization Algorithm 	 119
4.7.1 Computation of the Gradient 	 121
4.7.2 Computation of the Updating Direction 	 123
4.7.3 Optimum Step Size 	 125

4.8 Linear Error Analysis 	 128
4.9 Parameter	 Identifiability,

Uniqueness and Stability 	 132
4.9.1	 Stability 	 135
4.9.2 Parameter Identifiability 	 136
4.9.3 Uniqueness 	 144

4.10 Selection of Kriging Options 	 145
4.11 Extension of MLCV to Noisy Data 	 150
4.12 Extension of MLCV to Regularized Variables 	 155

4.12.1	 Introduction 	 155
4.12.2 Covariance of Variably Regularized Data	 • •	 .	 . 161
4.12.3 Modification of the MLCV Equations 	 166
4.12.4 Numerical	 Evaluation of Cov(ki,4j) 	 169
4.12.5 Remarks 	 170

4.13 Extension of the MLCV to Nonintrinsic Variables. .	 .	 . 170
4.13.1 Residual	 Kriging Method 	 171
4.13.2 Modified Residual 	 Kriging Method 	 177
4.13.3 Comparison of the Modified

NJ and the NJ Methods 	 179
4.13.4 Extension of Residual	 Kriging to

Regularized Nonintrinsic Data 	 179

5. APPLICATION OF THE MLCV METHOD TO SYNTHETIC
AND TRANSMISSIVITY DATA 	  182

5.1 Synthetic Data 	  182
5.1.1 Effect of the Number of Data Points on MLCV. . 	

▪

 182
5.1.2 Minimization Algorithm 	  187
5.1.3 Effect of Kriging Neighborhood Size on MLCV. . 	

▪

 189
5.1.4 Model Identification 	  191



ix

TABLE OF CONTENTS--Continued

Page

5.1.5 Parameter Identifiability,
Uniqueness and Stability 	  197

5.1.6 Statistical Tests of the
Cross-Validation Errors 	  208

5.1.7 Correlation Between Cross-Validation Errors. . 	  231
5.1.8 Covariance of Parameter Estimates 	  233

5.2 Transmissivity Data in the Calera Basin 	  236
5.2.1 Hydrogeology and Available Data 	  238
5.2.2 Results 	  238

6. GEOSTATISTICAL ANALYSIS OF HYDROCHEMICAL
AND ISOTOPIC DATA FROM THE MADRID BASIN 	 248

6.1	 Introduction 	 248
6.2 Hydrogeology of the Madrid Basin 	 249
6.3 Previous Hydrochemical	 and Isotopic Studies 	 252

6.3.1 Hydrochemistry 	 252
6.3.2 Isotopes 	 259

6.4 Available Data 	 261
6.5 Geostatistical	 Analysis 	 264

6.5.1 Sample Statistics 	 265
6.5.2 Sample Semivariograms 	 267
6.5.3 MLCV Semivariogram Estimates

and Kriging Contour Maps 	 267
6.6 Analysis of the Results 	 306
6.7 Hydrogeological	 Implications 	 310

7. CHEMICAL AND ISOTOPIC SPECIES IN GROUNDWATER 	 312

7.1 Chemical	 Constituents in Groundwater:	 Sources
and Processes Affecting their Concentration 	 313
7.1.1 Chemical	 Constituents 	 313
7.1.2 Factors Controlling the

Chemistry of Groundwater 	 315
7.1.3 Major Processes that	 Incorporate

Dissolved Constituents in Groundwater 	 322
7.1.4 Factors that Modify Groundwater Chemistry. 	 . • • 345
7.1.5 Physico-chemical	 Properties of Groundwater

and Major Ions 	 349
7.1.6 Chemical	 Equilibrium Models 	 359

7.2 Groundwater Isotopes 	 363
7.2.1 Radionuclides of Atmospheric Origin 	 364
7.2.2 Natural	 Stable	 Isotopes 	 369
7.2.3 Accumulation of Products of Radioactive

Decay 	
371



TABLE OF CONTENTS--Continued

Page

7.2.4 Isotope and Hydrochemical Studies 	  372
7.2.5 Isotopic and Hydrologic Studies 	  373

8. TRANSPORT OF DISSOLVED CONSTITUENTS IN GROUNDWATER 	  379

8.1 Mathematical Formulation of Solute Transport
in Aquifers 	  379
8.1.1 Single Species 	  379
8.1.2 Multicomponent System of Reacting Species. . . 	  383

8.2 Numerical Methods of Transport of Reactive
and Nonreactive Solutes 	  401
8.2.1 Single Nonreactive Species 	  402
8.2.2 Multiple Reacting Species 	  406

9. INVERSE PROBLEM OF SOLUTE TRANSPORT 	  410

9.1 Statement of the Problem 	  410
9.2 Discretization of Forward Problem 	  412
9.3 Derivation of Adjoint State Equations 	  416

9.3.1 Continuous Approach 	  416
9.3.2 Discrete Approach 	  421
9.3.3 Comparison of Results from Continuous

and Discrete Derivations 	  424
9.3.4 Case of Several Species 	  426
9.3.5 Summary 	  429

10. CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE RESEARCH 	  430

10.1 Summary 	  430
10.2 Multivariate Statistical Data Analysis Techniques. . 	  431
10.3 Geostatistical Methods 	  432
10.4 Numerical Solution of the Inverse

Problem of Solute Transport 	  436
10.5 Recommendations for Future Research 	  437

APPENDIX 1:	 DERIVATION OF THE COVARIANCE MATRIX OF
CROSS-VALIDATION ERRORS FOR GLOBAL NEIGHBORHOOD. . . 439

APPENDIX 2:	 GRADIENT OF THE NEGATIVE LOG-LIKELIHOOD
FUNCTION USING AN ADJOINT-STATE METHOD 	  440

APPENDIX 3:	 EXPRESSIONS OF Dy(h)/9Pk FOR DIFFERENT PARAMETERS
AND ISOTROPIC SEMIVARIOGRAM MODELS 	  443

APPENDIX 4:	 DERIVATION OF THE OPTIMUM STEP SIZE 	  446



x i

TABLE OF CONTENTS--Continued

Page

APPENDIX 5:	 DERIVATION OF THE FISHER INFORMATION MATRIX 	  449

APPENDIX 6:	 MLCV EQUATIONS FOR NOISY DATA 	  452

APPENDIX 7:	 DERIVATION OF THE RANGE OF THE SEMIVARIOGRAM
OF VERTICALLY-AVERAGED VARIABLES 	

 
455

APPENDIX 8:	 GEOSTATISTICAL PROGRAMS 	  
458

APPENDIX 9:	 DATA FOR SYNTHETIC EXAMPLES IN CHAPTER 5 	  469

APPENDIX 10: CHEMICAL EQUILIBRIUM THERMODYNAMICS 	
 
477

APPENDIX 11: ELEMENTS OF REACTION KINETICS 	
 
489

APPENDIX 12: GRADIENT OF 2 WITH RESPECT TO EACH
PARAMETER (CONTINUOUS APPROACH) 	  502

LIST OF REFERENCES 	  507



LIST OF ILLUSTRATIONS

Figure	
Page

2.1 Data clouds: (A) Cloud of N points in a P-dimensional space
and (B) cloud of P points in a N-dimensional space 	  15

2.2 Location of study area 	  30

2.3 Map of the study area showing the main geologic
features and the location of sampling points 	  32

2.4 R-mode factor analysis: Plot of Factors I and II 	  36

2.5 R-mode factor analysis: Plot of Factors I and III 	  37

2.6 R-mode factor analysis: Plot of Factors II and III 	  38

2.7 Q-mode factor analysis: Trilinear diagram of factors
showing Stiff diagrams for selected samples 	  40

2.8 Correspondence analysis: Plot of Factors I and II 	  44

2.9 Map of loadings on Factor I of correspondence analysis. • . 	• 45

2.10 Correspondence analysis: Plot of Factors II and III 	  47

2.11 Map of loadings on Factor II of correspondence analysis . . 	• 48

2.12 Correspondence analysis: Plot of Factors I and III 	  49

2.13 Map of loadings on Factor III of correspondence analysis. . 	• 50

3.1 Features of the semivariogram of a second
order stationary random function 	  58

3.2 Sample semivariograms of chloride concentrations
from the Madrid Basin: (A) Log-transformed data,
(B) Untransformed data 	  71

4.1 NLL function versus the sill for the synthetic data of
Chapter 5: Effect of the number of data points on the
convexity of NLL function 	  101

4.2 NLL contours in the parameter space for the set
of transmissivity data considered in Chapter 5:
(A) Sill-reciprocal of the range, (B) Sill-range 	  133

x i i



LIST OF ILLUSTRATIONS--Continued

Figure
Page

4.3 Parameter identifiability problems:
(A) Type I and (B) Type II 	  138

4.4 Relationship between the radius of the local neighborhood
RMAX and the minimum (Nmin), maximum (Nmax), and mean
(Nmean) number of points contained in the neighborhood. . . . 148

4.5 Contours of Nmean as a function of DMIN and RMAX 	  149

4.6 Number of points NK Used for kriging versus the minimum
distance DMIN for the hydrochemical data in the Madrid
Basin

4.7 Range of the regularized semivariogram aL as a function
of the dip	 and the range a of the point semivariogram . . . 160

4.8 Regularized variables over vertical segments (A) and
their associated geometric covariances (B) 	  162

5.1 Location of 100 data points selected
randomly from 900 generated values 	  184

5.2 True semivariogram (dashed curve), MLCV semivariogram
estimate (solid curve) and sample semivariogram
(broken line) obtained with 100 data points 	  188

5.3 Sample semivariogram (circles) and MLCV semivariogram
estimates obtained using three different models: (1)
exponential, (2) quadratic, and (3) spherical
with nugget 	  193

5.4 Sample semivariogram (circles) and MLCV semivariogram
estimates obtained using five different models: (1)
exponential, (2) quadratic, (3) spherical, (4) pure
nugget, and (5) exponential with nugget 	  196

5.5 Negative log-likelihood contours in the sill-range
parameter space for 50 data points and MAXR = 20 	  204

5.6 Minimization trajectories for 50 data points using a
neighborhood of 30 points 	  205

5.7 Negative log-likelihood contours in the sill-range
parameter space for 50 data points and MAXR = 30 	  207

151



xiv

LIST OF ILLUSTRATIONS--Continued

Figure
Page

5.8 Sample histogram of the normalized errors for 100
data points 	  212

5.9 Quantile plot of normalized errors for 50
data points and exponential semivariogram 	  214

5.10 Quantile plot of normalized errors for 100
data points and exponential semivariogram 	  215

5.11 Sample semivariograms of normalized errors
for 50 (heavy line and circles) and 100
(dashed line and triangles) data points 	  216

5.12 Sample semivariograms of normalized errors
for 200 data points and two values of DMIN:
(1) DMIN = 1 (squares) and DMIN = 2 (circles) • .	 OO	 217

5.13 Contour map of normalized errors for 50 data points 	  219

5.14 Contour map of synthetic data for 50 data points 	  220

5.15 Contour map of normalized errors for 100 data points 	  221

5.16 Contour map of synthetic data for 100 data points 	  222

5.17 Scattergram of observed and kriged values for 100
data points showing the straight line of slope one
(heavy line) and the line of best fit (dashed line) 	  223

5.18 Scattergram of observed values and cross-validation
errors for 100 data points showing the line of best fit . . . 225

5.19 Scattergram of observed values and normalized errors
for 100 data points showing the line of best fit 	  226

5.20 Scattergram of kriged values and cross-validation errors
for 100 data points showing the line of best fit 	  227

5.21 Scattergrams of kriged values and normalized errors
for 100 data points showing the line of best fit 	  228

5.22 Correlation coefficient between observed and kriged
values as a function of the number of data points 	  229

5.23 Observed (heavy line) and kriged (dashed line)
values along a one-dimensional segment of length 40 	  230



X V

LIST OF ILLUSTRATIONS--Continued

Figure
Page

5.24 Location of transmissivity
measurements in the Calera Basin 	  239

5.25 Sample semivariogram and spherical
model estimated using the MLCV method 	  240

5.26 Sill and range values as a
function of the iteration number 	  241

5.27 Evolution of the NLL function and the
DMSE with the number of iterations 	  243

5.28 Evolution of the mean difference and mean
square error with the iteration number 	  244

5.29 Evolution of the norm of the gradient
with the iteration number 	  245

5.30 Scattergram of observed and kriged transmissivity values. . 	  247

6.1 Map of the Madrid Basin showing the main geological
formations and the location of the rivers: (1) Henares
(2) Jarama, (3) Manzanares, (4) Guadarrama, (5) Alberche
and (6) Tajo 	  250

6.2 Vertical cross-section showing local, intermediate,
and regional flow systems in the Madrid Basin 	  253

6.3 Location of hydrochemical data in the Madrid Basin 	  263

6.4 Three-dimensional surface view of oxygen 18
values in the Madrid Basin 	  270

6.5 Semivariograms of oxygen 18: (a) sample semivariogram
of raw data (crosses), (h) sample semivariogram of the
residuals obtained after fitting a linear drift by
simple regression (circles), and (c) MLCV estimate
of the semivariogram of the residuals (solid curve) 	  271

6.6 Contour maps of kriged oxygen 18 values
in the Madrid Basin 	  274



xvi

LIST OF ILLUSTRATIONS--Continued

Figure
Page

6.7 Semivariograms of silica content: (1) sample
semivariogram of raw values (x), (2) sample
semivariograms of the residuals obtained after
fitting a linear (o) and a quadratic drift (+),
and (3) MLCV estimate of the semivariogram
of the residuals

6.8 Three-dimensional surface view of silica values in the
Madrid Basin showing the relative locations of the rivers . . 276

6.9 Contour maps of kriged silica values in the Madrid Basin. . . 280

6.10 Sample semivariograms of pH along four equally spaced
directions and MLCV semivariogram estimate (solid curve). . . 281

6.11 Contour maps of kriged pH values in the Madrid Basin  283

6.12 Sample semivariogram (dashed curve) and MLCV
semivariogram estimate (solid curve) for
log-electric conductivity in the Madrid Basin 	  285

6.13 Contour maps of kriged log-electric conductivity
values in the Madrid Basin 	  287

6.14 Contour maps of kriged electric conductivity
values in the Madrid Basin 	  289

6.15 Sample semivariograms (circles) and MLCV semivariogram
estimates (solid curves) for log-nitrate, log-chloride
and log-sulfate in the Madrid Basin 	  290

6.16 Sample semivariograms (circles) and MLCV semivariogram
estimates (solid curves) for log-calcium, log-sodium,
log-potassium and log-magnesium in the Madrid Basin 	  291

6.17 Contour maps of kriged log-bicarbonate concentrations . . . 	  295

6.18 Contour maps of kriged nitrate concentrations 	  296

6.19 Contour maps of kriged sulfate concentrations 	  297

6.20 Contour maps of kriged chloride concentrations 	  298

6.21 Contour maps of kriged calcium concentrations 	  299

6.22 Contour maps of kriged sodium concentrations 	  300

275



xvii

LIST OF ILLUSTRATIONS--Continued

Figure
Page

6.23 Contour maps of kriged potassium concentrations 	  301

6.24 Contour maps of kriged magnesium concentrations 	  302

6.25 Sample semivariogram (circles) and MLCV semivariogram
estimates (dashed curves) for carbon 14 data in the Madrid
Basin: (1) pure nugget model with analytical errors, (2)
spherical model with nugget considering analytical errors,
(3) spherical model with nugget for error-free data 	  304

6.26 Contour maps of kriged carbon 14 activities 	  307

7.1 Log activity of carbonate species as a function
of the pH 	  325

7.2 Evolution path of water dissolving calcite and dolomite
at 150C. (a) open system conditions; (b) closed system
conditions  329

7.3 Activities of dissolved silica species in equilibrium
with quartz and amorphous silica 	  334

A7.1 Range of vertically-averaged variables 	  456

A8.1 Program 3DGPSH: (a) geometry of the blocks
and (h) arrangement of integration points 	  464



LIST OF TABLES

Table	
Page

2.1	 R-mode factor analysis: factor
loadings and communalities 	  34

2.2	 Correspondence analysis: absolute (AC)
and relative (RC) contributions 	  43

4.1	List of valid isotropic semivariogram
models and their characteristics 	  111

5.1	 Effect of the number of data points on the MLCV estimates
of the sill and range of the exponential semivariogram . . . 186

5.2	 Effect of the size MAXR of the local kriging
neighborhood on the estimates of the sill, S*,
and range, a*, for various numbers N of data points 	  190

5.3	 Values of AIC, MAIC, HIC, and KIC for 50 data
points and three different models: (1) exponential,
(2) quadratic, and (3) spherical with nugget 	  192

5.4	 Values of AIC, MAIC, HIC and KIC for 100 data
points and five different models: (1) exponential,
(2) quadratic, (3) spherical, (4) pure nugget,
and (5) exponential with nugget 	  194

5.5	 Identifiability of the parameters using 100 data points
and various sizes of the local kriging neighborhood 	  198

5.6	 Identifiability problems using 40 data points 	  201

5.7	 Uniqueness of the solution for 50 data points: starting
values of the parameters and number of iterations 	  203

5.8	 Effect of dropping five data points
on the parameter estimates 	  209

5.9	 Statistical properties of the cross-validation
results for various numbers of data points 	  211

5.10 Covariance and correlation between cross-validation
errors around location (11,15) for 25 data points 	  232



xix

LIST OF TABLES--Continued)

Table	
Page

5.11 Covariance and correlation between cross-validation
errors around location (11,15) for 100 data points 	  234

5.12 Covariance and correlation between cross-validation
errors around location (18,5) for 100 data points 	  235

5.13 Covariance of parameter estimates
for various numbers of data points 	  237

6.1	 Sample statistics of hydrochemical and
isotopic data from the Madrid Basin 	  266

6.2	 MLCV semivariogram estimates for the hydrochemical
and isotopic data in the Madrid Basin 	  268

6.3	 Parameter values of the semivariogram of silica
residuals at each iteration of the modified
MLCV residual kriging method 	  978

6.4	 Cross-validation options and statistics of
the normalized errors for the major ions
in the Madrid Basin     293

6.5	 MLCV semivariogram estimates and values of AIC, MAIC, HIC,
and KIC for 14C in the Madrid Basin. Case 1: pure nugget
model and analytical errors. Case 2: spherical model with
nugget and analytical errors. Case 3: spherical model with
nugget free of analytical errors   305

7.1	 Dissociation reactions, equilibrium constants, and
solubilities of some sedimentary minerals at 25 0C,
1 bar of total pressure and pH = 7 	  321

7.2	 Radionuclides of atmospheric origin 	  365

A3.1 Values of the mean sensitivity Ik(h)
at H = a for the sill and the range 	  445

A10.1 Set of synthetic data used in Chapter 5 	  470



ABSTRACT

This dissertation is concerned with the development of mathema-

tical aquifer models that combine hydrological, hydrochemical and

isotopic data. One prerequisite for the construction of such models is

that prior information about the variables and parameters be quantified

in space and time by appropriate statistical methods. Various tech-

niques using multivariate statistical data analyses and geostatistical

methods are examined in this context. The available geostatistical

methods are extended to deal with the problem at hand. In particular,

a three-dimensional interactive geostatistical package has been

developed for the estimation of intrinsic and nonintrinsic variables.

This package is especially designed for groundwater applications and

incorporates a maximum likelihood cross-validation method for estimat-

ing the parameters of the covariance function. Unique features of this

maximum likelihood cross-validation method include: the use of an

adjoint state method to compute the gradient of the likelihood func-

tion, the computation of the covariance of the parameter estimates and

the use of identification criteria for the selection of a covariance

model. In addition, it can be applied to data containing measurement

errors, data regularized over variable lengths, and to nonintrinsic

variables. The above methods of analysis are applied to synthetic data

as well as hydrochemical and isotopic data from the Tucson aquifer in

Arizona and the Madrid Basin in Spain. The dissertation also includes

a discussion of the processes affecting the transport of dissolved

XX
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constituents in groundwater, the mathematical formulation of the

inverse solute transport problem and a proposed numerical method for

its solution.



CHAPTER 1

INTRODUCTION

1.1 Problem Definition 

To understand the mechanism of a groundwater system, hydrolo-

gists usually rely on a combination of geological information, geo-

physical surveys, chemical sampling, and isotopic data. By examining

these combined data one can develop a mental picture of the mode of

groundwater occurrence, sources of recharge and discharge, directions

of groundwater flow, groundwater age, and the interplays among flow,

age and hydrochemistry. This qualitative conceptual picture, though

often logical and coherent, is usually difficult to quantify and thus

seldom leads to a comprehensive mathematical model. Because of the

absence of a workable mathematical framework for the joint study of

diverse hydrogeologic data (hydraulic, chemical, isotopic), separate

methods of theoretical analysis have been developed for these seemingly

disparate classes of information. Thus, hydraulic data are usually

incorporated into numerical flow models that mathematically relate

hydraulic head variations in time and space to recharge, discharge,

pumpage, hydraulic conductivity or transmissivity, and storativity.

Chemical data obtained from water and soil samples are generally

interpreted in a qualitative manner (or quantitatively by means of

chemical equilibrium models) with only secondary attention paid to the

relations between groundwater flow and hydrochemistry. Isotopic

1
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information is used primarily for groundwater dating and paleohydro-

logic investigations, and to help identify recharge and discharge

processes in a qualitative sense.

I found only a few attempts in the literature to mathematically

combine the latter three classes of information. A variety of chemical

transport models have been developed, but these are used more in the

context of groundwater pollution than in the interpretation of environ-

mental groundwater chemistry. Most of these modes deal with conserva-

tive ideal tracers: incorporating chemical reactions into them has been

limited by an imperfect knowledge of reaction kinetics for many

important chemical processes.

Clearly a more systematic and mathematically-based method of

combined analysis for hydraulic, chemical, and environmental isotopic

data is needed to develop (a) a better conceptual understanding of the

hydrogeology of a given aquifer, and (h) more reliable mathematical

tools for the management of groundwater quantity and quality. I

believe this combined approach will improve estimates of aquifer flow

parameters (such as transmissivity and recharge) and transport parame-

ters (such as effective kinematic porosity, dispersivity, and sorption

coefficients), which in turn will enhance the ability of groundwater

flow and transport models to correctly predict aquifer behavior under

various possible future changes in chemical or hydrologic conditions in

the aquifer. As compared with the use of only isotopic data, this

combined approach should also improve the accuracy of determining

groundwater ages and of reconstructing regional paleohydrology. It

should save time, effort, and reduce costs by providing a theoretical
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basis for the rational design of hydraulic and chemical measurement,

sampling, and monitoring networks in the field. Finally, the integra-

tion of hydrological, hydrochemical, and isotopic data should enable

one to extract long-term, time-related information about the system.

1.2 Previous Work 

The state of the art in quantitative combined analyses of

hydrologic, chemical, and isotopic field data can be easily summarized

in a few paragraphs. I am not aware of any published mathematical

models capable of combining all three types of data simultaneously,

with the exception of a blueprint developed by Adar (1984). Adar's

approach consists of subdividing the system into mixing cells and

writing mass balance equations for water, solutes and isotopes in each

cell. Annual recharge rates can then be estimated by minimizing the

sum of squared mass balance residuals by quadratic programming. Other

attempts have been made to analyze such data in pairs, as discussed

below.

1.2.1 Combined Flow and Chemical Models

Most reported attempts to couple groundwater flow and chemical

models require steady-state flow conditions and numerous additional

simplifying assumptions. Schwartz and Domenico (1973) presented an

interesting simulation of the hydrochemical patterns controlled by

regional groundwater flow in an isotropic, heterogeneous aquifer. They

ignored dispersion and simulated chemical processes by using an

exponential kinetics model for dissolution and cation exchange. Their

model elucidated the manner in which various chemical processes
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interact and determined the effects of various parameters on the

development of groundwater chemistry. Mercado and Billings (1975) and

Mercado (1977) utilized a similar approach for carbonate aquifers. In

this case, the kinetic model was calibrated against field data from one

part of the aquifer to obtain chemical age estimates for other parts of

the same aquifer. They emphasized the importance of estimating the

rate constants, Ki, directly from the field data due to their depend-

ence on hydrologic parameters such as flow velocity. Palciuskas and

Domenico (1976) found that, for one-dimensional transport of a single

species, the travel distance required to reach saturation with respect

to an individual mineral increases as the groundwater velocity and

dispersion increase and as the rate of reaction decreases.

A combined model has been reported by Muller et al. (1982) to

predict radionuclide retardation in geologic media, and by Schulz and

Reardon (1983) to simulate ion exchange with mineral dissolution and

precipitation. Solute transport is simulated by mixing cells, and

chemical reactions are handled iteratively with a chemical equilibrium

model.

1.2.2 Combined Hydrochemical and Isotopic Studies

Most attempts at combined hydrochemical and isotopic studies

have been purely qualitative. Wendt et al. (1967) were among the first

authors to recognize the need for a chemical-isotopic model for

radiocarbon groundwater dating. Mook (1976) proposed a dissolution-

exchange model to account for the change in chemical and isotopic

composition of carbonate species. This model only considered a few
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reaction paths and did not take into account either dissolution or

precipitation of carbonate under closed system conditions. Wallick

(1973) presented another chemical-isotopic model where the isotopic

model was used only for checking the reliability of the chemical

model. The first radiocarbon dating model considering carbon hydro-

chemistry under open and closed system conditions was proposed by

Deines et al. (1974). This model, however, did not allow for precipi-

tation of carbonate minerals. Later models by Fontes and Garnier

(1979) and by Reardon and Fritz (1978) account for single-step precipi-

tation of calcite. In their model, Reardon and Fritz incorporated an

isotopic subroutine, named ISOTOP, in an existing chemical equilibrium

model, WATEQF (Plummer et al., 1976) to calculate the carbon isotopic

composition of the water. To consider concurrent dissolution and

precipitation of calcite minerals, Wigley (1976) formulated a one-

input-one-output mass-balance-mass-transfer equation under closed

system conditions. This model was later extended by Wigley et

al. (1978) to permit more than just one simultaneous input and output.

Recently, Cheng (1984) incorporated the model of Deines et al. (1974)

for open system conditions and the model of Wigley et al. (1978) for

closed system conditions as a subroutine, called CSOTOP, into the

chemical model PHREEQE (Parkhurst et al., 1980). The combined package

CSOTOP-PHREEQE can simulate the evolution of the hydrochemistry and

carbon isotopes of natural waters from open to closed system conditions

and enhances the number of possible reaction paths that can be con-

sidered.
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1.2.3 Combined Hydrologic and Isotopic Studies

Both radioactive and stable isotopes have been considered in

such studies. The radionuclides most commonly used in groundwater

dating are tritium, 3H, carbon 14, 14c, and chloride 36, 36C1. Davis

and Bentley (1982) reviewed the advantages and limitations of using

radionuclides as dating tools, and concluded that radiometric ages

should be considered at best as order-of-magnitude estimates of actual

ages. Zimmerman et al. (1965) used radionuclides to estimate recharge

rates by analyzing their variation along a vertical profile in a

recharge area. Mixing cell models have been used by Campana (1975),

Simpson and Duckstein (1976), Llamas and Martinez Alfaro (1981), Llamas

et al. (1982), and Campana and Simpson (1984) to simulate the transport

of radioisotopes and to estimate groundwater age distributions.

Among the naturally occurring stable isotopes, deuterium, 2H,

and oxygen 18, 180, are of special interest as they form an integral

part of the water molecule. The most important applications of these

isotopes are in the identification of: (1) recharge areas based on an

approximate relationship between the isotope content of infiltrating

waters and their altitude; (2) leakage between aquifers when each has a

distinct isotopic content; (3) mechanisms of salinization; (4) paleo-

climatic information; and (5) relationships between surface and

subsurface waters. The only attempt thus far to incorporate stable

isotopes in a hydraulic model is that by Adar (1984).
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1.3 Scope of the Dissertation 

The ultimate goal of this dissertation is to develop a mathema-

tical model to combine hydrologic, hydrochemical and isotopic data.

The appropriate mathematical framework for relating these different

types of information is provided by the solute transport equation

coupled with the groundwater flow equation and with chemical and

isotopic models. These equations can be used to predict hydraulic head

and concentration changes in time and space provided that flow,

transport and chemical parameters as well as the relevant chemical and

isotopic processes are perfectly known. However, groundwater sampling

is always limited to discrete points in space/time. These scattered

data suffer from sampling errors. Some sampled parameters contain

interpretation errors as they are determined by indirect measurements

as in the case of transmissivities which are usually calculated from

drawdown data obtained from pumping tests. Interpolation errors are

introduced when scattered data are used to generate maps, and averaging

errors arise from the variable size of the sampling instruments (as in

the case of wells having different depths). I propose to handle these

errors by means of a statistically-based mathematical framework that

incorporates hydrological, chemical and isotopic information to provide

improved estimates of the parameters which will in turn yield better

estimates and predictions of hydraulic heads and concentrations. A

requisite for the application of this mathematical framework is that

prior information about the variables and the parameters be quantified

in space and time by appropriate statistical methods. To date, little

has been done about the statistical characterization of chemical and
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isotopic data in space/time. A large portion of this dissertation is

therefore devoted to topics concerning the statistical characterization

and analysis of available data.

Chapter 2 deals with the interpretation of hydrochemical and

isotopic data using multivariate statistical data analysis techniques

such as principal components, factor and correspondence analyses.

After a brief description of the theory behind these techniques, they

are applied to study the hydrochemistry of the Tucson basin in Arizona.

The chapter concludes with a discussion of the potential applications

and limitations of these techniques.

Chapter 3 is devoted to geostatistical methods. It includes

the definition of some basic geostatistical terms, a review of various

kriging methods and a discussion on proposed techniques for estimating

semivariograms. Chapter 4 describes a maximum likelihood cross-

validation (MLCV) method for estimating semivariogram and covariance

functions. The original formulation of the MLCV method of Bastin and

Gevers (1985) is extended to a wider class of semivariogram models that

include a nugget-effect, an arbitrary number of parameters as well as

anisotropy. Other improvements of the method of Bastin and Gevers

included in this chapter are: (1) the computation of the gradient of

the likelihood function using an adjoint state method, (2) the computa-

tion of the covariance matrix of the parameter estimates, (3) the use

of identification criteria for the selection of semivariogram models,

and (4) the analysis of such issues as parameter identifiability,

uniqueness and stability of the solutions. Furthermore, the MLCV is

extended to cases where the data contain measurement errors and are
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regularized over variable supports. A modified version of the residual

kriging method of Neuman and Jacobson (1984) is presented which uses

the MLCV method for estimating the semivariogram of the residuals.

Another development on geostatistics offered in this dissertation is a

three-dimensional interactive geostatistical package for the estimation

of intrinsic and nonintrinsic variables. This package is especially

designed for groundwater applications.

Chapter 5 deals with the application of the MLCV method to

synthetic data generated with the turning bands method and transmis-

sivity data from the Calera Basin in Mexico. Chapter 6 is concerned

with the geostatistical analysis of hydrochemical and isotopic data in

the Madrid Basin.

Chapters 7 and 8 present a review on the general problem of

combining hydrological, hydrochemical and isotopic information.

Chapter 7 includes a qualitative description on hydrochemistry and

groundwater isotopes whereas Chapter 8 deals with the mathematical

formulation of subsurface solute transport. Chapter 7 starts with a

description and classification of the natural chemical constituents of

major interest in groundwater studies. After that, I discuss the

factors and processes controlling the chemistry of groundwater. To

complement this discussion I summarize the main physico-chemical

properties of the major chemical constituents. Chemical equilibrium

models, commonly used for the interpretation of water analyses, are

reviewed in light of their main characteristics and limitations. The

second section of chapter 7 is devoted to natural isotopes of most

frequent application in groundwater hydrology. Radionuclides of
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atmospheric origin such as 3H, 14C, and 36C1 have been used tradi-

tionally for dating groundwater. The accumulation of decay products

such as helium 4, 4He, has also been used as a dating tool. Other

isotopes of hydrologic interest include the natural stable isotopes of

oxygen, 180, hydrogen, 2H, and carbon, 13C. Reported applications of

natural isotopes in groundwater hydrology investigations are discussed

and reviewed. A survey of the literature dealing with the joint

interpretation of isotope and chemical analyses has shown that though

strongly recommended, it has not yet become a widespread practice. To

adequately describe the chemical and isotopic evolution of groundwater

one needs to account for all the physical and chemical processes

affecting the concentration of dissolved species in the water. If one

also desires to calculate concentration changes in a groundwater

system, the processes governing such changes must be quantified by

means of appropriate mathematical expressions. In chapter 8, I present

the mathematical formulation of subsurface solute transport under

various chemical assumptions. The mathematical nature of the problem

is found to be strongly dependent on the nature of the chemical

reactions considered to take place. Chapter 8 concludes with a

discussion of the numerical methods for the solution of the transport

problem. The transport of a single non-reactive species is governed by

the well-known advection-dispersion equation which is prone to

numerical difficulties because of its mixed mathematical nature. In

the case of multiple reacting species, two different numerical

approaches can be taken, depending on whether the transport and the

chemical equations are solved simultaneously or separately. The pros
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and cons of both approaches and their applications to date are dis-

cussed.

A statistically-based mathematical model that incorporates

hydrology, hydrochemistry and isotopes is proposed in chapter 9. The

problem of estimating the parameters, also known as the inverse

problem, is stated under combined steady-state and transient condi-

tions. The adjoint state equations needed for the computation of the

gradient of the estimation criterion are derived using two different

methods, one involving partial differential equations (continuous

approach), the other discrete expressions (discrete approach).



CHAPTER 2

INTERPRETATION OF HYDROCHEMICAL AND ISOTOPIC DATA USINGMULTIVARIATE STATISTICAL DATA ANALYSIS TECHNIQUES

With the increasing concern about groundwater quality over the

last thirty years, extensive chemical programs have been carried out in

many aquifers. Water samples are usually analyzed for their pH, total

dissolved solids, electric conductivity, hardness, silica content, and

the concentration of major ions. Field measurements may include water

temperature, total dissolved inorganic carbon, and dissolved oxygen,

and laboratory analyses may extend to alkalinity and minor constit-

uents. Inasmuch as chemical sampling is relatively inexpensive and

isotopic analyses are becoming more and more common, large amounts of

hydrochemical and isotopic data are available for many developed

aquifers. It is not unusual to have numerous samples of 10 or 15

variables distributed in space and time. These variables are expected

to exhibit some type of spatial and temporal correlation and may be

cross-correlated among themselves as a result of the prevailing

chemical and isotopic processes.

Hydrochemical and isotopic data have been traditionally inter-

preted in a qualitative manner by means of graphical data representa-

tions such as scattergrams, bar and circular graphs, fence, Stiff,

Piper, and Schoeller diagrams. The Piper diagram has been found useful

in identifying mixing processes and in detecting certain chemical

process such as cation exchange, mineral dissolution, precipitation,

12
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and sulfate reduction. Other approaches for analyzing hydrochemical

data include the definition of hydrochemical facies (Back, 1961) and

the use of chemical ratios like Na/Ca to study cation exchange and

Cl/HCO3 to detect possible contamination processes (Hem, 1970). The

interpretation of such ratios becomes very complex when several chemi-

cal processes occur simultaneously.

Multivariate statistical techniques, also known as statistical

data analysis techniques (SDAT), have been used extensively in the last

fifty years in a large number of scientific fields. These techniques

have been found useful for exploring and interpreting large data sets

and establishing relationships between variables and similarities

between samples or observations. Their application in the context of

groundwater chemistry has nevertheless been limited.

Before discussing the applications of statistical data analysis

techniques to the study of groundwater chemistry, a brief description

of these techniques is presented.

2.1 Description of Statistical Data analysis Techniques 

Let X be a PxN matrix consisting of the N samples or observa-

tions values of P variables. These variables could represent the

concentration of a given chemical, the activity of a groundwater

isotope, or the value of a hydrogeologic variable. The entry Xii of X

represents the value of the i-th variable at the j-th sampling loca-

tion. Matrix X can be written in terms of its columns xi as X= (xl,

The j-th column xj contains the values of the variables

at location j. The columns of X can be interpreted as points in a
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P-dimensional space (see Figure 2.1.A), X representing a cloud of N

such points. The i-th row of X contains the values of the i-th

variable at all the locations. It can be interpreted as a point in an

N-dimensional space (see Figure 2.1.B) so that X becomes a cloud of P

points in this space. Statistical data analysis techniques character-

ize the properties of these clouds by finding their principal direc-

tions and quantifying their spread. The ultimate goal of SDAT is to

find a set of q (q < P) new variables (usually unobservable) such that

the interpretation of the data is made simpler. In reducing the number

of variables from P to q, some information is lost. Thus, there is a

tradeoff between simplifying the analysis and retaining information.

One hopes that by using SDAT, the insight gained will compensate for

the .accompanying loss of information.

2.1.1 Principal Component Analysis

The purpose of principal component analysis (PCA) is to de-

scribe the dispersion of N points in a P-dimensional space by intro-

ducing a new set of orthogonal Cartesian coordinates so that the sample

variance (spread of the points) along the new coordinates is maximum

among all the possible linear combinations of the original variables

(Harman, 1970). The first component is such that the projections of

the N points onto it have maximum variance among all possible coordi-

nates; the second principal component has maximum variance subject to

being orthogonal to the first component, and so on. In terms of the

original coordinates x, z1 can be written as al.x, where al is a

unit vector of order P determined as the solution of
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Figure 2.1. Data clouds: (A) Cloud of N points in a P-dimensional
space and (B) cloud of P points in an N-dimensional space.
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Maximize var(al.x)

subject to al.al = 1

The solution al coincides with the eigenvector of the sample covariance

matrix C corresponding to the largest eigenvalue, cl (Gnanadesikan,

1977). The second principal component, defined as z2 = a2.x, is

obtained by solving the problem

Maximize var(a2.x)

Subject to a2.22 = 1 and a2.11 = 0

The optimum for this problem is the eigenvector of C corresponding to

the second largest eigenvalue, c2. Proceeding in this way one can show

that the principal components are defined by the eigenvectors of C.

The principal components coincide with the P eigenvectors al, 2.2,

dp of C and the variances along each component are given by the

corresponding eigenvalues cl > c2 > > Cp. The principal components

are defined to include a shift of origin to the sample mean u, so that

z = A (x	 u)—	 — —
(2.1)

where the rows of matrix A are the eigenvectors ai of matrix C. The
=7.

principal component transformation of the data is defined as

Z = A (X -	 1)	 (2.2)

where 1 is a row vector with all its entries equal to 1.

In the system of principal components the samples have some

desirable statistical properties such as (a) the sample variance along
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the i-th component is ci, (b) the sample covariances are null because

the components are orthogonal, and (c) the sum of the sample variances,

Ici, coincides with the sum of the original samples variances (those

along the original system of coordinates). This results from the fact

that matrix C is positive definite and its trace is invariant under a

linear transformation.

In PCA, the components of most interest are those associated

with the greatest eigenvalues (i.e., those having the greatest sample

variances).

If the original variables had been normalized to have zero mean

and unit variance, the principal components would be defined by the

eigenvectors of the sample correlation matrix R. The principal compo-

nent analysis of the covariance matrix C generally differs from that of

R. The latter is preferred because it is independent of the dimensions

of individual variables.

Principal component analysis can be generalized to nonlinear

problems by using a nonlinear coordinate transformation as discussed by

Gnanadesikan (1977).

Applications of PCA include the interpretation of data matrices

(Ibanez and Sanchis, 1983), the simultaneous simulation of several

correlated variables (Dagbert, 1977) and factorial kriging (Sandjivy,

1984).

2.1.2 Factor Analysis

In factor analysis (FA) each variable x is expressed as a

linear combination of so-called common and unique factors. The first
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group is common to all the variables while the second is associated

with specific variables. The purpose of FA is to find the minimum

number of common factors that can reproduce the correlation patterns of

the data. The common factors generate the covariance among the vari-

ables whereas the unique factors account for the fraction of the

variance of each variable that cannot be explained in terms of the

other variables.

In FA the original variables x are written as

x=Af+u	 (2.3)

where A is a (Pxq) matrix of factor loadings, f is the (lxq) vector of

common factors, and u is the (1xP) vector of unique factors. The

common and unique factors are selected so that they satisfy the condi-

tions

Cov(fi,uk) = 0	 (2.4)

Cov(uk,un) = Cukn = 6nk d2n
	 (2.5)

for all i = 1,2, ... q and k,n = 1,2, ... P

where snk is the Kronecker delta, and d2n is a positive quantity

defined below. These conditions state that the unique factors are

uncorrelated among themselves and with the common factors.

For N observations or samples, equation 2.3 becomes

X=AF+U= == = (2.6)

where X and U are (PxN) matrices, Fis a (qxN) matrix of factor scores,==	 ==

and A is the (Pxq) matrix of factor loadings. Computing the sample
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covariance of X in (2.6) and using equations 2.4 and 2.5, it follows
that

C = A ff ' ÇjjuA' 
+ (2.7)

where çff is the covariance matrix of the common factors. When the
common factors are assumed to be orthogonal, one has Cif = 14, where 14
is the identity matrix of order q. In this case (2.7) becomes

C = A A' + C= = = _uu (2.8)

Notice that (2.7) and (2.8) are not distinguishable. Take for instance

Cff = T T' where T is a lower triangular matrix, then (2.7) becomes==

C= A Cff A' + C	 = (A T) (T A)1 + C	 = A* A*1_ 	 = = = 	 _ + C_uu

where A* = A T. This indeterminacy of the factor analysis model is= =

used to perform a rigid rotation from the original solution F to a

"more desirable" solution (usually one that makes the interpretation

easier) F	 = Y F where Y is a (qxq) orthogonal matrix defining the=

rotation.	 In equation (2.8) the off-diagonal terms of the covariance

matrix are

Cik =	 au aki
j=1

(2.9)

and the diagonal terms are

qCii =	 aij + d2i
j=1

= h2i	 d2i
(2.1 0 )
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where aii are the entries of matrix A. The terms h2i and d2i are the

so-called communality and uniqueness of variable i, respectively. When

the initial variables are normalized to have zero mean and unit vari-

ance, the covariance matrix C is replaced by the correlation matrix

R. In this case, equation 2.10 is given by

Rii = 1 = h2i + d21 (2.11)

where now the communality and uniqueness add to 1. This relationship

is used to calculate the uniqueness from the communality.

The matrix of factor loadings A is usually estimated by the

principal factor method (Harman, 1970). This method utilizes the

properties of the reduced correlation matrix R*, obtained upon replac-

ing the diagonal elements of the correlation matrix, Rii (all equal to

1) by the communalities h2i. If all the communalities are equal to 1,

R* = R, and factor analysis coincides with principal components analy-

sis. If however di2 > 0 for some i, R*ii is less than 1 and the rank

of R*, r, is then less than P and matrix R* is no longer positive

definite. The rank r defines the minimum number of factors needed to

reproduce the observed correlation among the variables. Matrix A is

determined in a manner similar to that in principal component analy-

sis. The first factor 11 is such that its contribution to the total

communality is maximized. This is equivalent to finding the eigen-

vector al corresponding to the largest eigenvalue cl of R*. The first

column of A is then al c1112 where the factor c11/2 is introduced so

that the norm of the column vector is equal to cl. The second factor

is orthogonal to the first and its contribution to the remaining
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variance (after considering the first factor) is maximum. The second

column of A is defined by the 4igenvector correspondlng to the second

largest eigenvalue of R*. The remaining columns of A are calculated in

a similar fashion. The communalities, which are needed to define the

reduced correlation matrix, are usually estimated by successive itera-

tions starting from an initial guess. A lower bound for the i-th

communality is given by the multiple correlation coefficient of varia-

ble i with respect to the remaining variables (Harman, 1970). The

upper bound is obviously equal to 1.

According to (2.10), the squares of the factor loadings (a2ij)

can be interpreted as the contribution of the j-th common factor to the

variance of the i-th variable. The total contribution of the j-th

cormonfactor(.(Vi) to the variance of all the variables is given by

Vj =	 a
i=1

(2.12)

The sum of all the contributions (V) divided by the number of variables

P defines the completeness of the analysis (Harman, 1970).

Like PCA, FA does not account for nonlinear relations among the

variables. FA differs from PCA in that it is more explicit in assuming

the existence of a linear subspace of reduced dimensionality (q << P)

that reproduces the observed correlation between the original vari-

ables.

Thus far the original data matrix X has been interpreted as N

points in a P-dimensional space (see Figure 2.1.A). Since the common

factors were found by performing an eigenanalysis of the reduced
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correlation matrix R*, the approach is known as R-mode factor analysis

When the data are interpreted as a cloud of P points in an N-dimen-

sional space (Figure 2.1.8), the common factors are found by analyzing

the matrix Q = X' X. This is known as Q-mode factor analysis. There

exists a duality between the R and Q modes because R= X X' and Q = XIX
= =_- =

have the same eigenvalues. Let ilk and ck be the k-th eigenvector and
eigenvalue of R, respectively, i.e., R uk = ck Premultiplying both
sides by X' one obtains that Q (X'uk) = ck (Xlu() which shows that ck_ _

is an eigenvalue of Q associated with the eigenvector X'uk. Therefore,
performing a Q-mode factor analysis is equivalent to performing a

R-mode factor analysis.	 Since the number of observations is usually

much greater than the number of variables, this duality can result in

significant savings of computer time (Klovan and Imbrie, 1971).

2.1.3 Correspondence Analysis

Correspondence analysis (CA) performs both R-mode and Q-mode

analyses at the same time, thereby allowing the joint interpretation of

variables and samples in a single factor space. The samples and

variables are assigned weights so that the results are not sensitive to

the scaling of each variable. Furthermore CA gives a probabilistic

interpretation of the data. A detailed description of the theory can

be found in Benzecri (1973), David et al. (1977), Greenacre (1984), and

Lebart et al. (1984). Here I only sketch the main transformations that

are performed on the initial data.

2.1.3.1 Theory.	The data matrix X is normalized to obtain a=.

new matrix P defined through



P i j	 Xij/	 / Xij
i	 j

Next, one defines

Pi. = 	Xi j

P.j =	 X i j
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for all i and j	 (2.13)

for all i	 (2.14)

for all j	 (2.15)

The Pij values can be interpreted as probabilities (notice that

they add to 1), Pi. and P.  as marginal probabilities, and Pij/Pi. and

Pij/P.j as conditional probabilities. Upon dividing each entry Pij by

P.j, one obtains a matrix T that can be interpreted as N points in a==

P-dimensional space having coordinates Pij/P.j. For a given j, Pij/P.j

measures the relative proportion of variable i in sample j. In fact

one has

i1Pij/P.j = P.j/P.j = 1
=

Each column j of T can be interpreted as a frequency distribu-=

tion of the different variables i = 1,2, ... P along sample j.	 To

measure the proximity of two samples (columns of T) j and m one uses

the following weighted distance

P	 Pij
D2(j,m) = / (

i=1 P .j

Pim
-

P.m
(2.16)
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where the weights 1/Pi. are introduced to avoid large values. This is

the same as if the coordinates of each point were Pij/P.j (Pi.)1/2

Giving each sample a weight equal to P.i and recognizing that the

center of gravity of the columns has as coordinates (Pi.)1/2, one can

compute the cross-product matrix Was

Pii	 Pkj
Wik =	 P•j	

(pi.)1/2]	 (pk •)112]
j=1	 p.j(pi.)1/2	 P .(13k )1/2•j	 •

This can be interpreted as the correlation between variables i and k.

From this point on, correspondence analysis is similar to factor

analysis. One proceeds by calculating the eigenvectors and eigenvalues

of W. The eigenvectors define the set of factors and the eigenvalues

measure the sample variance along each factor. The factor loadings are

obtained by projecting the samples and variables onto the factor

space. Let fni and gni be the coordinates of sample j and variable i

on the n-th factor, respectively. As shown by David et al. (1977), the

coordinate gni of variable i on factor n is the weighted average of the

coordinates fni of the sample points j on factor n

Pii

gni =	 fnj	 / (X)l/2

j=1	 Pi.
(2.17)

where the weights Pii/Pi. are the relative effects of points j on

variable i, and Xn is the n-th eigenvalue. In other words, each

variable in the factor space is the center of gravity of the sample

points weighted as above. Similarly, the coordinate fni of a sample j



25

on factor n is the weighted average of the coordinates gni of the

variable points

fn.	 gni	 / (An)1/2 (2.18)

where the weights Pii/P.i are the relative effects of each variable on

that sample.

The factor loadings satisfy

p.i f2ni = An

j=1

7.	 2 .L P.	 -ni
i=1

which show that the contribution of a variable i (sample j) to the

variance along the n-th factor is given by pi.g2ni 	 f2np.) This

contribution, usually expressed as a fraction of An, is called the

absolute contribution (AC) of a variable (sample) to factor n. The

analysis of the absolute contributions is useful in determining which

variables and samples are responsible (contribute the most) for the

appearance of a given factor.

The factors define a system of orthogonal coordinates with the

origin at the center of gravity of the clouds of points. The center of

gravity represents the average conditions. The departure of a variable

i from the origin is given by
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P
v	 2 .
L g ni

n=1

The departure of sample j from the center of gravity of the points is
measured by

P
2f nj

n=1

The relative contribution (RC) of a factor n to the departure of a
variable i from the origin is defined as

g 2 ni
RCin =

1 g2ni
n

The relative contribution for a sample j is defined as

	f 	 '2ni
RCin =

f2niI

The significance of a factor n is given by the fraction of the

total variance explained by that factor

P
An /	 An

n=1

Usually, a reduced number r of factors is extracted. Then, the per-

centage of variance explained by the r factors is given by
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r	 P

Y. xn / y Xn
n=1	 n=1

2.1.3.2 Applications.	Correspondence analysis is useful for

identifying similarities between variables, finding clusters of sam-

ples, and determining the relationships between samples and variables.

The number of factors extracted being equal, CA generally explains more

of the variance than FA and is thus more complete.

In the context of groundwater chemistry CA can be useful

for: (a) finding similarities between the behaviors of various chemi-

cals, (b) identifying chemical processes like Na-Ca exchange, (c)

determining the sample locations at which specific chemical processes

are taking place, (d) establishing groups of samples that have similar

chemical characteristics, and (e) identifying mixing processes.

Several such applications are described below.

2.2 Applications of SDAT to Groundwater Chemistry 

This section is devoted to hydrochemical applications of SDAT.

After a brief review of previous work I present the application to the

Tucson basin.

2.2.1 Previous Work

Though data analysis techniques have been used extensively in

the earth sciences, their application to hydrology has been limited

possibly because of the influence of some agnostic views (Matalas and

Reither, 1967; Wallis, 1968). Reported applications of SDAT to the

hydrochemistry of groundwater can be summarized in a few paragraphs.
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The first application of R-mode factor analysis to study the

chemistry of groundwater was published by Dawdy and Feth (1967) who

interpreted the factors in terms of the squares of the loadings. They

associated each factor j with a source of ions i having the largest

squared loadings a2ij on that factor. The actual sources of the

constituents could not be inferred without using additional geologic

information. Negative correlation between two ions was interpreted as

mutual exclusivity resulting from a competitive process.

Ashley and Lloyd (1978) applied both R-mode and Q-mode factor

analysis to the hydrochemistry of two aquifers. They, however, did not

treat the factors as having any physical meaning. They interpreted the

factors by comparing the contours of the factors with those of the

original variables. According to them, "factor analysis is successful

in reducing large quantities of data and in indicating which of the

many chemical parameters have more significance". Dalton and Upchurch

(1978) found that factor analysis is advantageous for interpreting

hydrochemical data because it is not constrained by the use of a

limited number of variables. Compared with conventional trilinear

diagrams, factor analysis provides a greater precision in identifying

hydrochemical facies, interpreting the origin of the constituents, and

detecting mixing trends. Lawrence and Upchurch (1982) used factor

analysis in combination with hydrogeological information to identify

recharge areas in a limestone aquifer. They associated one of the

factors with sodium, chloride, and nitrate. Inasmuch as these constit-

uents have no significant lithologic sources in the area of study, they

attributed their concentrations to culturally-influenced surface runoff
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and waste sources that recharge the aquifer. The actual location of

the possible recharge zones was derived from the spatial distribution

of the factor scores. Other applications of principal component and

factor analyses to interpret chemical data are those of Olson (1982),

Ibanez and Sanchis (1983), and Benavente et al. (1983) who concluded

that the results obtained with these techniques were coherent with

those derived using conventional methods of analysis (diagrams and

scattergrams). The only application of both factor and correspondence

analyses is that of Usunoff (1984) who found these techniques useful in

studying the hydrochemistry of fluoride.

In the next section I describe the application of FA and CA to

the hydrochemistry of groundwater in the Tucson Basin, Arizona.

2.2.2 Application to the Tucson Basin

2.2.2.1 Hydrogeology and Description of the Basin. The study

area extends east of the city of Tucson and south of the Santa Catalina

Mountains (Figure 2.2). The geology of the Tucson Basin has been

described extensively by Pashley (1966) and Davidson (1973). The Santa

Catalina mountains which are the main source of materials in the area

are composed mainly of granitic and gneissic rocks. The mountains are

bounded on the basin side by the low-angle Santa Catalina fault.

According to Pashley (1966), the sedimentary deposits which have

Tertiary and Quaternary ages can be divided into surficial deposits and

three main formations. The surficial deposits are composed of gravels

and sands of fluvial origin. Underlying the surficial deposits is the

Fort Lowell formation which consists of silty gravel and has a
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Figure 2.2. Location of study area.
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thickness between 300 and 400 feet. Water in this formation is well

suited for public supply. Unconformably underlying the Fort Lowell

formation is the Tinaja formation which is composed of sandy gravels

that grade into gypsiferous clayey silt and mudstone. This formation,

which has a highly variable thickness ranging from 0 to 2,000 feet,

overlies the Pantano formation. The Pantano formation is made up of

weakly to strongly cemented conglomerates, sandstones, and mudstones.

Wells tapping this formation have high salinities and high fluoride

content (Davidson, 1973). The basin suffered two periods of tectonic

activity creating an extensive system of faults. The major faults and

formations are shown in Figure 2.3.

Water in the gneiss fills fractures and is unconfined north of

the fault and confined south of the fault. The artesian conditions are

preserved by the impervious mudstone that lies above the fault

(Pashley, 1966). Three types of wells can be defined in the study

area: (1) shallow wells drilled in the gneiss (see Figure 2.3); (2)

wells located at short distances south of the Catalina fault in which

the water rises suddenly when the fault is penetrated; and (3) wells

located far south of the fault.

The data consists of 77 chemical samples taken from Mohrbacher

(1984) including concentrations (in milliequivalents per liter) of

calcium, magnesium, sodium plus potassium, bicarbonate, sulfate,

nitrate, and fluoride. Plotting the data on a trilinear diagram,

Mohrbacher (1984) found three main groups of samples: a high sodium

group, a high sulfate group, and a bicarbonate-sodium-calcium group.
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These groups will be clearly identified by the Q-mode factor analysis

below.

2.2.2.2 Factor Analysis. Both R-mode and Q-mode factor analy-

ses were performed using the standard Statistical Package for the

Social Science (SPSS) available through the University of Arizona

Computer Center. To simplify the interpretation of the results,

VARIMAX rotation with Kaiser normalization (see Nie et al., 1970) was

used.

R-mode. Three factors were extracted from the eight variables

which account for 75.1% (32.7 + 24.8 + 17.6) of the variance. The

factor loadings and communalities are listed in Table 2.1. The com-

munalities of nitrate and fluoride are small, showing that the varia-

tions of these chemicals are explained mostly by unique factors. This

means that the F and NO3 concentrations do not depend linearly on the

concentrations of the other ions (though they may depend on them on a

nonlinear manner). The contribution of each factor as defined in

(2.12) is equal to 1.970 for factor I, 1.659 for factor II, and 1.478

for factor III. The completeness of the analysis is then equal to

0.637. Therefore, the analysis is 63.7% complete. The interpretation

of the factors is made in terms of the squares of the factor loadings.

Factor I accounts for 32.7% of initial variance and explains (0.9272)

86% of the variance of sulfate and (0.9042) 81% of that of calcium.

The almost equal high loadings of these two variables suggest that most

of the hydrochemical variability in the system is controlled by cal-

cium-sulfate sources which could be associated with the dissolution of

the gypsum layers present in the Pantano formation. The moderate
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Table 2.1 R-mode factor analysis:	 factor loadings and communalitites

Ion Factor I Factor	 II Factor	 III Communality

Ca .904 *(1) * .860

Mg * * .781 .633

Na+K .444 .910 * .955

HCO3 * * .594 .667

SO4 .927 * * .962

Cl * .701 * .851

NO3 * * .598 .295

F * .454 * .305

Factor loadings less than 0.4 (in absolute value) have been omitted.
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loading of sodium plus potassium on factor I is not significant because

most of its variance is explained by factor II.

Factor II accounts for 25% of the initial variance and explains

(0.912) 83% of the variance of Na+K, (0.7012) 49.1% of the variance of

chloride, and (0.4542) 20.6% of the variance of fluoride. This factor

identifies a high sodium-chloride and moderate fluoride source. This

source could be physically related to the water coming from the moun-

tains which crosses the Catalina fault. The fact that Na+K has signi-

ficant loadings in the first two factors might indicate two different

sources of this ion.

The third factor explains 17.6% of the initial variance of the

variables. Magnesium, nitrate, and bicarbonate have moderate loadings

on this factor. The squares of their loadings are 61% for Mg, 35% for

HCO3, and 37.7% for NO3. This factor is more difficult to interpret

than the other two because of the low communalities of Mg and NO3.

Nonetheless, factor III could be related to the hydrochemistry of the

quaternary and alluvial deposits.

Figures 2.4, 2.5, and 2.6 illustrate the location of the varia-

bles in the factor space. The plots of factor I versus II (Figure 2.4)

and III (Figure 2.5) show the grouping of calcium and sulfate along

factor I. The plot of factor II versus III (Figure 2.6) shows two

clusters of variables: Cl and Na+K along factor II and NO3, HCO3, and

Mg along factor III.

Q-mode. A Q-mode analysis was performed to identify similari-

ties between samples. Three factors were extracted which explain 96.5%

(78.9 + 10.9 + 6.7) of the variance. Since for each sample the sum of
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the squares of the loadings on all the factors is equal to the communa-

lity d2i of the sample (see equation 2.10), a new coordinate Hii of

sample i in factor j can be defined as (Klovan, 1966)

. a2ij / d2i

where aij is the loading of sample i on factor j. Then, for each sample

one has

r
1 Hij = 1

j=1

where r is the number of factors extracted. When r = 3, the samples can

be represented in a trilinear diagram (Figure 2.7) which reflects

better the clusters of samples. Figure 2.7 shows the existence of

three groups of samples. The largest group is located on the corner of

factor I and includes bicarbonate-sodium-calcium samples. This group

spreads along the side of the triangle towards the corner of factor II

where there is a second group of samples having large sodium concentra-

tions. Samples in the corner of factor III are high in sulfate and

isolated from the rest of the samples. Only two samples are located in

the central part of the diagram. Stiff diagrams of some selected

samples have been included in Figure 2.7 to illustrate the differences

between the clusters of samples. One observes a more or less gradual

change in the shape of these diagrams from the corner of factor I to

the corner of factor II. The three groups of samples identified by

Q-mode factor analysis correspond exactly to those identified by

Mohrbacher (1984) using a Piper diagram.
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The groups identified by Q-mode FA suggest some underlying

causal influences responsible for the observed hydrochemical varia-

tions. Three main types of waters are found in the area. Samples

having large loadings on factor I are of the bicarbonate-calcium-sodium

type and are located in the alluvial deposits. Pashley (1966) noted

that the basin fill deposits are cemented with calcium carbonate. The

dissolution of the cement may account for the calcium and bicarbonate

ions observed in this water type. Samples with significant loadings on

factor II have large concentrations of sodium and sulfate. These

samples correspond to springs and wells located along a fringe parallel

to the Santa Catalina mountains that intersect the Santa Catalina fault

or one of the normal faults in the area. The high sulfate content may

be due to dissolution of gypsum layers on the hanging wall of the Santa

Catalina fault or to weathering of pyrite deposits in the Catalina

gneiss. Sodium is most likely derived from weathering of plagioclase

in the gneissic mountain mass. The spatial and hydrochemical correla-

tion of the sodium-sulfate water type with the Santa Catalina fault

suggest that this water type could be the product of a deep circulation

through faults and joints in the gneissic mountain block. The high

fluoride content (Pashley, 1966) and the high water temperature (Olson,

1982) recorded in some of these locations provide further evidence for

such deep circulation. Samples having high loadings on factor III have

extremely large concentrations of sulfate, sodium, and calcium. These

concentrations could be explained by the dissolution of gypsum and

anhydrite layers (Davidson,1973).
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2.2.2.3 Correspondence Analysis. Correspondence analysis was

performed using software developed at the University of Arizona based

on the computer program of David et al. (1977). Three factors were

retained which account for 92.4% (52.7 + 27. + 12.7) of the variance of

the original variables. The absolute and relative contributions of the

variables to each of the three factors are listed in Table 2.2.

The first factor, which contains 52.7% of the original vari-

ance, reflects the regional variations of the hydrochemistry in the

area. From the relative contributions of the variables one can see

that the first factor explains 73.38% of the variance of Mg, 82.65% of

that of HCO3, 93.62% of SO4, and 84.36% of NO3. These four variables

contribute 93% to the appereance of factor I. The plot of factors I

and II (Figure 2.8) shows a clear opposition of sulfate to bicarbonate,

the latter being associated with Mg and NO3. Thus, samples having high

HCO3 content are low in sulfate and viceversa. Figure 2.9 shows a map

of the loadings of samples on factor I. Negative loadings corres-

ponding to high bicarbonate samples are located in the alluvial

deposits. Samples with positive loadings (high in sulfate) are located

along a trend parallel to the Santa Catalina fault and near the out-

crops of the Pantano formation. The discontinuity on the hydrochemical

patterns produced by the faults and the presence of gypsum layers is

consistent with the sharp contrast between the negative and positive

loadings zones.

Factor II explains 27% of the initial variance and reflects

local variations of the hydrochemistry. Calcium (28%), Na+K (30%), and

Cl (30%) are responsible for 88% of this factor which in turn explains
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Table 2.2 Correspondence analysis:	 absolute (AC)	 and relative (RC)
contributions

Ion AC(I) RC(I) AC(II) RC(II) AC(III)	 RC(III)

Ca 1.68 8.99 27.89 76.25 11.50 14.76

Mg 5.90 73.38 1.90 12.11 4.86 14.51

Na+K 4.10 18.53 30.20 69.73 10.83 11.74

HCO3 26.00 82.65 1.14 1.86 20.29 15.49

SO4 59.83 93.62 7.95 6.36 .06 .02

Cl 1.17 4.21 29.24 54.03 48.14 41.76

NO3 1.29 84.36 .34 11.46 .27 4.17

F .03 1.71 1.33 40.39 4.05 57.91
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76.25% of the variance of calcium, 69.73% of Na+K, and 54.03% of Cl.

From the plots of factor II (see Figures 2.8 and 2.10) one can see that

calcium has a positive loading and is opposed to Na+K and Cl which have

negative loadings.	 This could be associated with ionic exchange

between Ca and Na.	 Figure 2.11 shows the spatial distribution of

sample loadings on factor II. Positive loadings corresponding to high

calcium samples dominate on the study area. The most negative loadings

(high sodium samples) are located parallel to the Santa Catalina moun-

tains and correspond to wells drilled in the bedrock.	 Low negative

sample loadings (high chloride) are located near the washes.	 These

high chloride spots could be due to the recharge of polluted water

during flood events.

The third factor accounts for 12.6% of the variance and

reflects localized variations. This factor explains 57.91% of the

variance of F and 41.76% of Cl. The absolute contribution of Cl is

high (48%) while that of F is very low (4%). Factor III identifies a

second source of chloride different from that identified by factor II.

The plots of factor III (Figures 2.10 and 2.12) show that Cl and F have

significant loadings on factors II and III. Figure 2.13 shows the map

of sample loadings on factor III. Samples with negative loadings,

which are associated with high F (see Figure 2.12) are located parallel

to the Santa Catalina mountains. Pashley (1966) reported high F

concentrations in wells intersecting the Santa Catalina fault. Both

positive and negative loadings are observed south of the Santa Catalina

mountains. Although a fault might explain such a trend none has been

reported along this direction.
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The application of correspondence analysis with depth of wells

as a variable led to meaningless results.

2.2.2.4 Comparison of FA and CA. Contrary to FA where one must

interpret the results of R-mode and Q-mode analyses separately, CA

allows plotting the variables and samples in the same factor space and

thus makes the interpretation of the factors easier. In general, it is

not possible to establish a direct equivalence between the factors of

CA and those of FA because CA handles samples and variables simul-

taneously and assigns different weights to each. Though the CA and FA

results from the Tucson Basin are different, some common conclusions

can be drawn from both:

(a) Sulfate is one of the controlling ions of the hydrochemis-

try in the area according to factor I of CA and factor I of R-mode FA.

Bicarbonate ion also plays an important role as indicated by factor I

of CA and by the first factor of Q-mode FA.

(h) The similarity in the behavior of NO3, Mg, and HCO3 is

identified by factor I of CA and by factor III of Q-mode FA.

(c) Chloride and fluoride are closely related according to

factor III of CA and factor II of R-mode FA.

Other similarities of lesser hydrochemical significance can be

found between the results of CA and FA.

2.2.2.5 Conclusions.	 In the application presented here, CA

appears to be more complete than FA. CA shows patterns of variation of

hydrochemistry in the area. The first factor reflects regional varia-

tions and an opposition of sulfate to bicarbonate. The second factor

takes into account local variations and identifies a high sodium zone
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parallel to the Santa Catalina mountains, high chloride spots near the

washes, and local sodium-calcium exchange. The third factor reports

localized variations like the high content of F and Cl in two zones

which might be related to faults.

Among the factor analysis options, Q-mode provides better

results than R-mode. In the Tucson Basin, Q-mode identified three

clusters of samples. The first cluster contains samples of bicarbo-

nate-sodium-calcium type. These samples are located in the alluvial

deposits. The second factor identifies a group of samples having high

sodium, sulfate and fluoride concentrations. The water in these wells

derives from the mountains and discharges through springs and faults.

The third group is of the sulfate-calcium-sodium type. These samples

correspond to wells tapping gypsum layers in the Pantano formation.

R-mode factor analysis suggests possible sources of the

constituents. In the Tucson Basin, this technique identified three

major sources: a calcium-sulfate, a sodium-chloride and a third source

related to the hydrochemistry of the alluvial deposits (bicarbonate-

nitrate-magnesium).

2.3 Limitations of SDAT 

The statistical data analysis techniques presented above have

some limitations and drawbacks. Some of these have been pointed out

elsewhere (Matalas and Reither, 1967 and Wallis, 1966). Regarding

factor analysis, Matalas and Reither claim that "its usefulness for

studying interrelated hydrologic variables is questionable because of

the lack of knowledge about the sampling properties of the factor
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loadings, the fact that the factors are not directly observable, and

the inability to use the results in other analytic studies". Although

many of the comments of Matalas and Reither are germane, others are

open to serious question.

A drawback of correspondence analysis is that it cannot be used

with variables that can take on negative values (such as isotopic

ratios).

All the data analysis techniques considered in this disserta-

tion fail to detect nonlinear relationships between variables. In

addition, they do not take into account the spatial location of the

samples. The results obtained using SDAT are highly dependent on the

variables and samples considered in the analysis and usually require

additional information (mostly qualitative) for their interpretation.

Since the interpretation of the results is subjective, the use of

these techniques may easily turn into misuse and abuse.



CHAPTER 3

GEOSTATISTICAL METHODS

Geostatistics, a term coined by the French statistician

G. Matheron of the Ecole des Mines Superieur de Paris in France, is a

theory dealing with the estimation of regionalized variables. A

regionalized variable (ReV) is any function Z(x) that depends on the

spatial location x and that exhibits a stochastic spatial structure.

Examples of ReV 's in subsurface hydrology are hydraulic head in an

aquifer and the concentration of a chemical species in groundwater.

The spatial variation of these variables frequently shows a random

component associated with erratic fluctuations, and a slowly varying

aspect that reflects an overall trend or "drift" of the phenomenon

under study. Consider for example the spatial variation of the concen-

tration c(x) of sodium in a regional aquifer. Due to cation exchange

processes it is commonly seen that sodium concentrations increase from

recharge to discharge areas. This concentration trend would correspond

to drift of c(x). Fluctuations around this trend may occur due to

unpredictable local variations in the lithology of the aquifer. While

the trend in c(x) can be adequately described using deterministic

methods, its erratic fluctuations require a probabilistic interpreta-

tion. The need to describe the high frequency erratic variability of a

ReV was the motivation for introducing statistical tools in the analy-

sis of spatial variability.

54
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In geostatistics a ReV is interpreted as a realization of a

random function (RF) Z(x).	 Two immediate questions arise when this

probabilistic approach is taken.	 The first question is whether it

makes sense to consider a natural phenomenon which is known to be

unique as a random process. If the values of the variable were known

at every point in space, the answer to this question would be nega-

tive. However, the lack of perfect and complete measurements makes

uncertain our knowledge of the variable thus justifying the proba-

bilistic approach. The second question refers to the statistical

inference of the RF. Generally it is not possible to infer the dis-

tribution function of a RF Z(x) from a single realization. Nonethe-

less, this inference problem can be solved if additional assumptions

about Z(x) are introduced.	 The effect of these assumptions is to_

reduce the number of parameters needed to describe the distribution of

Z(x). For instance, the stationarity assumption that is defined next

can be seen as if the RF would "repeat" itself in space.

3.1 Basic Definitions 

In linear geostatistics only the first two moments of the RF

Z(x) are required.	 The first order moment of Z(x), m(x) = E[Z(x)],

generally a function of the location x	 is called drift or trend.
-

Second order moments of the RF Z(x) include the variance, the auto-

covariance, and the semivariogram which are defined respectively as

Var[Z(x)] = E { [Z(x) - m(x)]2 1	 (3.1)

Cov[Z(x),Z(x+h)] = C(x,x+h) = E{[Z(x+h)-m(x+h)][Z(x)-m(x)]}

(3.2)
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Y(x,x+h) = 1/2 Ei[Z(x+h) - z(x)]21
	

(3.3)

The semivariogram function y(x,x+h) is sometimes called the variogram

though strictly speaking the variogram is equal to 2y.

A random function Z(x) is strictly stationary if for any finite

set of n points xl, x2, ..., XII, and for any vector h, the joint

distribution function of the n random variables Z(xi), i = 1, 2, •.., n

is the same as that of the Z(xi+h), i = 1, 2, ..., n. Inasmuch as only

the first and second moments of the RF are used in linear geostatis-

tics, stationarity can be weakened to stationarity of the first two

moments. Accordingly, a RF Z(x) is said to be second order stationary 

or weakly stationary if

(a) E[Z(x)] = m	 for all x
	

(3.4)

(h) Cov[Z(x+h),Z(x)] = E[Z(x+h)Z(x)] - m2 = C(h)

for all x
	

(3.5)

i.e., the mean and the autocovariance exist but are not dependent on

x. The stationarity of the autocovariance implies that the variance is

finite and independent of x, Var[Z(x)] = a2 = C(0). Similarly, the

semivariogram is stationary, independent of x, and related to the

autocovariance through

Y(h) = 02 - C(h)	 (3.6)

Clearly for a second order stationary RF the autocovariance and the

semivariogram are equivalent as there is a one-to-one correspondence

between the two functions. Random functions with finite second moments
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not satisfying conditions (3.4) and (3.5) are nonstationary. Among the

nonstationary RE's, there is a class of functions for which these

conditions hold locally. If the drift function is smooth it can be

considered nearly constant over small regions. A RF that locally

satisfies (3.4) and (3.5) is said to be quasi second order stationary 

or locally second order stationary. Another class of RF includes those

having stationary first order increments. These random functions,

called intrinsic, satisfy the conditions

(a) E[Z(x+h) - Z(x)] = 0 (3.7)

(h) Var[Z(x+h) - Z(x)] = 2 y(h) (3.8)

Thus the increments Z(x+h) - Z(x) of an intrinsic RF have zero mean and

variance equal to the variogram. While a second order stationary RF is

always intrinsic, the reciprocal is not necessarily true. This is one

reason why in geostatistical applications the intrinsic hypothesis is

often preferred over the second order stationarity.

The semivariogram of a second order stationary RF reaches a

constant value called the sill which is equal to the variance of the

RF. The distance at which the semivariogram attains its sill is known

as the range (see Figure 3.1). Points separated by distances larger

than the range correspond to Z values that are uncorrelated. From

(3.6) one can see that y(0) = 0. However, the semivariogram sometimes

shows a discontinuity near the origin. This discontinuity is known as

the nugget effect.

When conditions (3.7) and (3.8) are only satisfied locally, the

RF is said to be quasi-intrinsic or locally intrinsic.
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Random functions that are neither stationary nor intrinsic are

called nonintrinsic.

3.2 Estimation of Intrinsic Random Functions 

One most popular application of geostatistics is estimating a

two- or three-dimensional field from a set of measurements Zi =

i . 1,2, ... N. This estimation problem is known as point or punctual

"kriging" (krigeage in French and krigeado in Spanish) named by

G. Matheron in honor of the South African mining engineer Daniel

G. Krige who first introduced an early version of the method. When all

the information available about Z(x) are the N measured values Zl, Z2,

... ZN, the best possible estimator (i.e., the one having the smallest

estimation variance) of Z at a location xo where Z has not been meas-

ured is the conditional expectation E[Zo / Z1,Z2, ... ZN] (Neveu, 1964,

p.116). This expectation, however, requires the knowledge of the joint

distribution of the N + 1 variables Zo, Zl, Z2, ... ZN. In practice

the inference of this joint distribution is not possible because the

information about the RF Z(x) is limited to a single realization. It

is only when Z(x) is multivariate Gaussian that the conditional expec-

tation can easily be obtained. In this case, only the first two

moments of Z(x) are required and the conditional expectation is identi-

cal to the best linear estimator (Journel and Huijbregts, 1978).

Between the linear estimator and the conditional expectation is the

disjunctive kriging estimator proposed by Matheron (1976) which is more

accurate than the linear estimator and has less severe prerequisites

than the conditionalexpectation. Other proposed nonlinear estimators
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include indicator and probability kriging (Journel, 1984). Though

better, nonlinear estimators require a substantial increase in computa-

tion time compared to linear estimators (Kim et al., 1977). Except for

lognormal kriging, all the geostatistical applications considered in

this dissertation are linear.

The kriging estimator of Zo for an intrinsic RF (usually

referred to as ordinary kriging) is given by a linear combination of

the N measured values

Z*0 =	 xi Zi
	

(3.9)
i=1

The kriging weights xi are obtained upon requiring that Z*0 be a

minimum variance unbiased estimator of Zo. The lack of bias condition

yields

1	 xi = 1
	

(3.10)
i=1

The estimation variance E[Z0-Z*0]2 is minimum when

/ Xj Yji
j=1

Yoi	 i = 1,2, ... N	 (3.11)

where Yji = Y(xj-xi), Yoi = (_xi), and u is a Lagrange multiplier

corresponding to the condition (3.10). Equations 3.10 and 3.11 define

a system of N + 1 linear equations with N + 1 unknowns, Ai, A2, ••• AN,

and p. The kriging variance 0.20 is given by
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a20	 Xi Yio	 P
i=1

(3.12)

When estimates are calculated at a number of locations, one can

compute the covariance matrix of the estimates. Let Zm and Zn be the

values of Z at xm and xn, respectively. If Xim and xin are the kriging
weights used for the estimation of Z*m and Z*n, respectively, then the

covariance of Z*m - Zm and Z*n Zn is given by

N	 N
CovE(Z*m-Zm),(Z*n-Zn)] = - ymn -	 x

i
m x

j
n y

ij

xim Yin	 / Xjn Yjm
i=1	 j=1

(3.13)

The kriging estimator is sometimes referred to as BLUE, i.e.,

Best Linear Unbiased Estimator. However, kriging is best only among

unbiased linear estimators. Only if the data are jointly Gaussian is

it also best among all unbiased nonlinear estimators.

Notice that ordinary kriging requires knowing the semivariogram

y(h) of Z(x). The kriging estimator of a second order stationary RF

(commonly known as simple kriging), however, involves both the drift m

and the covariance C(h). For a second order stationary RF with known

drift and covariance, the simple kriging estimator has a smaller

estimation variance than that of the ordinary kriging estimator

(Matheron, 1971). When both C(h) and in are estimated from the data

using minimum variance unbiased estimates, both simple and ordinary

kriging provide the same estimation variance. Inasmuch as neither the

i=1 j=1
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drift nor the covariance function are known in practice and since the

semivariogram exists for a wider class of RF than the autocovariance,

the intrinsic hypothesis is usually preferred to second order sta-

tionarity. Given the relationship between the covariance and the

semivariogram functions (equation 3.6), one can derive the kriging

equations for the case of stationary RF with unknown drift function

from those of an intrinsic RF just by replacing y(h) by the covari-

ance. In so doing (3.11) becomes

N
j=1 xi Cji + p = Coi	 i = 1, 2, ..., N	 (3.14)

where Cii = C(xj-xi) and Coi = C(x0-xi). The kriging variance G20 is

written in terms of the autocovariance as

N
020 = 02 - 1 xi Cio - p

i=1
(3.15)

Clearly, the kriging variance is reduced from the variance cy2 by the

N
amount of 1 xi Cio + p which takes into account the correlation among

i=1

the Zi values and Zo. 	 The multiplier p represents additional uncer-

tainty due to a lack of knowledge of the drift m. If the RF is 2nd

order stationary, the kriging variance is always less than 02 (Myers,

1982).

The kriging estimator in (3.9) is an exact interpolator, that

IS, Z*i = Zi, for all the N measured values. Notice that no assumption

is made about the type of distribution of Z(x). When Z(x) is Gaussian,
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the kriging estimator coincides with the conditional expectation. The

kriging weights Xi depend on the semivariogram Y(h), the relative

location of the sample points, and the locations of the point of

estimation. Points close to xp have generally more influence on the

estimated value than points farther away because their corresponding

weights are larger. If all the sample points are located at distances

away from 10 that exceed the range of the semivariogram, the estimator

reduces to the arithmetic mean with all the weights equal to 1/N and

the estimation variance is equal to the variance of the random func-

tion. Notice that the kriging variance is determined by the semi-

variogram and the sample pattern but not by the sample values. This

property has been widely used in the context of optimal network design

(Delhomme, 1978; Burgess et al., 1981; Hughes and Lettenmaier, 1981;

Sophocleous et al., 1982; Carrera et al., 1984; Bogardi et al., 1985).

The estimator given in equation 3.9 is a global neighborhood estimator

because all the N available measurements are used for estimating Zo.

However, when N is large the size of the kriging system of equations

becomes prohibitive. In such case a subset of No of the N available

points is used instead. The set No is usually defined in two ways: (a)

as the set of m points closest to point , or (b) as the points xj

such that Ixj-101 < R, where R is the radius of the local neighborhood

around point xo.

It is known from inference theory that the conditional expecta-

tion E(Y/X) has a variance not larger than that of the variable Y.

This explains why the kriging method usually produces smooth surfaces

that coincide with the measured values at the sample locations.
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The kriging estimator is a BLUE provided that the semivariogram

function y(h) is perfectly known. In practice this function has to be

estimated from the available data using the methods that are described

in a later section of this chapter. Its estimation is generally diffi-

cult and the quality of its estimate is difficult to quantify. Kriging

is considered to be robust in that the kriging estimates are not

sensitive to small deviations of the semivariogram from its true

value. However, studies of the consistency and convergence of the

kriging method are not abundant in the statistical literature. The

paper by Yakowitz and Szidarovsky (1985) is one of the few published

works on this matter. These authors found that in the absence of a

drift, when the semivariogram is known, continuous at the origin and

the measurements contain no errors, and the true semivariogram is

known, then the kriging error tends to zero as the number of data

points goes to infinity; in other words, the kriging estimator is

consistent. Furthermore, Z*0 tends to the true value Zo when N in-

creases regardless of the semivariogram used. If the measurements

contain noise, Z*0 converges to Zo when the semivariogram is correct.

This robustness of the kriging estimator is not surprising. Consider

for example the case where the assumed semivariogram differs from the

true one by a factor k (k > 0). One can see from equations (3.9),

(3.10), and (3.11) that k cancels out from the kriging equations and

the estimate Z*0 is thus insensitive to k. The kriging variance in

equation (3.12), however, is multiplied by the factor k, showing that

the computed kriging errors are affected by deviations from the true

semivariogram. Yakowitz and Szidarovsky (1985) have shown that the
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computed kriging variance converges to its true value as N goes to

infinity when the semivariogram used is correct, continuous near the

origin and there is no drift. Clearly, a correct estimation of the

semivariogram is most important for a meaningful evaluation of the

kriging results.

Kriging can also be used when the measurements contain errors

emi. Delhomme (1978) has shown that when these errors have zero mean,

a variance equal to s2i, are uncorrelated among themselves, and uncor-

related with the values of the variable Zi, the resulting kriging

system is similar to (3.11) except that the diagonal terms decrease by

- s2i.

In some applications the average value of the RF over some

domain V is desired

Z(x) = 1/V f	 Z(x+u) du	 (3.16)

(x+u) eV

Here x denotes the centroid of domain V.	 The estimation of such

spatial averages Z(x) is known as block kriging. The estimator

Z*v(x0) has a form similar to (3.9) except that the kriging weights Xi

now satisfy equation 3.10 with a modified version of equation 3.11 in

which yoi is replaced by y(xi,V), the spatial average of Y(xi-s) over

all seV. The kriging variance is given by

-	 t
a

2 Vo - - y n V,V) + L xi y(xi,V) +
i=1

(3.17)

where y(V,V) is the average of y(s-t) over all s,t e V.
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3.3 Estimation of Nonstationary Random Functions 

Many variables of practical interest do not satisfy the intrin-

sic hypothesis. Hydrogeological examples of variables that may exhibit

a spatial drift are hydraulic head, aquifer thickness, and the concen-

tration of an environmental tracer in an aquifer (Myers et al., 1982;

Gilbert and Simpson, 1985). Nonintrinsic random functions are usually

represented as the sum of two components, one equal to a deterministic

drift m(x), and the other random,e(x) (Matheron, 1971). The latter is

usually assumed to be intrinsic with zero mean and a semivariogram

Ye(h). This decomposition of Z(x) is then

Z(x) = m(x) + e(x)
	

(3.18)

with E[Z(x)] = m(x). The semivariogram of Z, y1(h) is given by

Yz(x,h) = 1/2[m(x+h)-m(x)12 + ye(h)
	

(3.19)

Proposed methods for estimating nonintrinsic random functions include:

(a) Assuming that the RF is locally intrinsic and using the

kriging equations for intrinsic equations in a local neighborhood.

(h) Assuming that the drift function a(x) has a known form such

as a low order polynomial and that the semivariogram ye(h) is known.

The universal kriging method (Matheron, 1969) stems from these assump-

tions.

(c) Assuming that the drift m(x) has a known form and can be

estimated from the available data. Once an estimate m*(x) of the drift

has been obtained, one performs kriging on the residuals R(x) = Z(x) -

m*(x). In an early version of this method due to Gambolati and Volpi
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(1979) the form of the drift is deduced from physical considerations

and its coefficients are then estimated using ordinary least squares.

Neuman and Jacobson (1984) pointed out that this version of residual

kriging is internally inconsistent. They proposed a modified version

of the method in which the drift is estimated in two phases. In the

first phase, which serves to identify the order of the polynomial

drift, the residuals are assumed uncorrelated. In the second phase,

the correlation among residuals is taken into account by using general-

ized least squares for estimating the drift. Inasmuch as the estima-

tion of the semivariogram of the residuals YR(h) affects the estimation

of the drift and vice versa, one has to estimate both Y R(h) and m(x)

iteratively until the sample semivariogram of the residuals in two

consecutive iterations remains unchanged. More will be said about this

method in the next chapter.

(d) Assuming that increments of order k of the random function

are second order stationary. This method, originally presented by

Matheron (1973) and later developed by Delfiner (1976), is based on a

generalization of the concept of intrinsic RF. If taking first order

increments filters out a linear drift, one expects to filter higher

order drifts by considering higher order increments of the RF. In this

method the drift is locally represented by a polynomial of order k.

The increments of order k of the RF have a covariance structure K(h)

referred to as generalized covariance. When the kriging equations are

written in terms of the generalized covariance, they attain a form

similar to that arising from universal kriging which are written in

terms of the semivariogram ye(h) (Carrera and Samper, 1985). Just as
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in the case of universal kriging, the estimation of a RF using the

generalized covariance method requires knowing the order k of the RF

and the parameters of K(h).

The primary application of the theory of nonintrinsic random

functions in subsurface hydrology has been the estimation of ground-

water hydraulic heads. For that purpose, Delhomme (1978) and Abou-

firassi and Marino (1983) used universal kriging, Gambolati and Volpi

(1979) applied direct residual kriging, and Binsariti (1980), Fennessy

(1982), and Neuman and Jacobson (1984) used iterative residual krig-

ing. Applications of the method of generalized covariance can be found

in Neuman and Jacobson (1984), Hernandez (1986) and Rouhani (1986).

3.4 Estimation of Semivariogram and Covariance Functions 

Having recognized the unfavorable effects that an incorrect

semivariogram can have on the evaluation of the kriged estimates, it is

clear that estimating the semivariogram (or the autocovariance) is

critical for geostatistics.

Methods for estimating semivariograms can be classified into

five categories: (1) method of moments, (2) least squares methods, (3)

jackknifing methods, (4) maximum likelihood, (5) cross-validation, and

(6) methods for estimating generalized covariance functions. I describe

each one of these methods below.

3.4.1 Method of Moments

The earliest semivariogram estimator was proposed by Matheron

(1963) who interpreted 2-y(h) to be 	 the mean of the	 variable
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[Z(x+h)-Z(x)g. An unbiased estimator of y(h) obtained from N(h) data

pairs EZ(xi), Z(xi+h)] is thus given by

y*(h) =
1  

EZ(xi+h ) -Z(xi)]2
2N(h) i -

(3.20)

where y*(h) is called the sample or experimental semivariogram. When

data locations are irregularly spaced, the number N(h) of data pairs

with separation distance h is generally small and the sample semivario-

gram has a very large variance (because the variance of the mean of a

sample of size N is inversely proportional to N). In order to increase

the number of data pairs it is thus common to consider a series of

intervals (hk,hk+1) of length Lk = hk+1 - hk along the direction

h. The value of the sample semi variogram at some intermediate distance

h*k, hk < h*k < hk.1.1 , is computed using all data pairs [Z(xi),Z(xj)]

having separation vector 1 xi-xj 1 that fall within the interval (hk,-

hk+1). For two- or three-dimensional variables this may not be enough

to yield a large value of N(h) since data locations are rarely

aligned.	 In this case, it is common to define a window tolerance

around the vector h. If LI) is the magnitude of this tolerance, then

y*(h*) is calculated from all data pairs i and j such that hk <

< hk.1.1 and

h. (xi - xi)

I
> cos (A )

where 1h 1 denotes the modulus of the vector h. In selecting the size

of the intervals Lk and the tolerance AcI) one has to compromise between
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ensuring a sufficiently large value of N(h) (Journel and Huijbreghts,

1978, recommend at least 30 data pairs) and not losing accuracy due to

the averaging process. There are no general rules for the optimal

choice of Lk and p(1) . In general fluctuations in the values of y*(h)

tend to decrease as Lk increases (Myers et al., 1982).

The statistical properties of the sample semivariogram are

generally difficult to study. The estimation variance E[1(h)-1*(h)]2

involves moments of fourth order which are difficult to estimate from a

single realization of a random function. It is known from inference

theory that y*(h) in equation 3.20 is an optimal estimator only when

[Z(xi+h),Z(xi)] are binormally distributed and all the observations are

uncorrelated (0mre, 1984). These stringent conditions are rarely

satisfied in real applications which explains why y*(h) has a very poor

statistical behavior. For example, it is very sensitive to the pres-

ence of abnormally high values. In addition, when the random function

has a highly skewed distribution (such as lognormal) the sample semi-

variogram shows an erratic behavior with frequent fluctuations. Figure

3.2 shows what happens to the sample semivariogram of chloride concen-

trations, c, in the Madrid Basin, Spain, when they undergo a logarith-

mic transformation. Such transformation causes the amplitudes of the

fluctuations to decrease and the semivariogram to exhibit a constant

sill. Krige and Magri (1982) also found that a logarithmic transforma-

tion leads to a relatively stable sample semivariogram for highly

skewed variables. Another advantage of the logarithmic transformation

is that the effect of extremely high values (outliers) is down-

weighted.
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Figure 3.2. Sample semivariogram of chloride concentrations from the
the Madrid Basin: (A) Log-transformed data, (B) Untrans-
formed data.



72

As pointed out by Matheron (1963), the sample semivariogram

suffers from large variability at large distances. Matheron also found

that for a one-dimensional intrinsic Gaussian random function with a

power semivariogram, y(h) = hP, the variance of the estimation error

e (h) = y(h) - y*(h) is proportional to y(h)/N(h). This indicates that
Y

a large variability of the sample semivariogram should be expected when

either N(h) is small or y(h) is large. Inasmuch as y(h) generally

increases with distance, the fluctuations of y*(h) tend to increase at

large distances.

Starks and Fang (1982) demonstrated with artificial data how

misleading the sample semivariogram can be when a drift is present.

' The asymptotic distribution of the sample semivariogram has

been investigated by Davis and Borgman (1982) who extended the results

found in the time series literature to higher-dimensional random

functions. Davis (1978) presented various nonparametric large sample

tests of hypotheses concerning semivariograms. The null hypothesis of

these tests in their simplest form is whether the semivariogram at a

given lag distance kAx has a hypothesized value y(kAx). These tests

can also be extended to the simultaneous testing of the semivariogram

values at several distances.

To overcome the problems associated with sample semivariograms,

resistant and robust semivariogram estimators have been proposed by

various researchers. With the exception of a few papers in the last

two years, the most recent literature on robust and resistant semi-

variogram estimators can be found in the proceedings of the NATO

Advanced Study Institute on Geostatistics for Natural Resources
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Characterization (Verly et al., 1984). Although there is no consensus

as to what constitutes a resistant estimator, I will adopt the defini-

tion of Dowd (1984) that a resistant estimator is one which does not

change much when a few data are changed. Robustness, on the other

hand, refers to the sensitivity of the estimate to deviations from the

adopted assumptions (such as the assumption of normally distributed

data). Resistant semivariogram estimators are intended to be less

sensitive to the presence of outliers than the sample semivariogram.

If Z(x) is Gaussian, then 1/2 [Z(x + h) - Z(x)]2 follows a chi-square

distribution with mean equal to the semivariogram y(h). Thus, the

semivariogram is the mean of a highly skewed distribution. Cressie and

Hawkins (1980) found that 1/21Z(x + h) - Z(x)11/2 has skewness and

kurtosis very close to those of a Gaussian distribution. Estimates of

location such as the mean and the median are applied by them to the

transformed differences 1Z(xi + h) - Z(x1)1 1 12• These estimates are

then raised to the fourth power to bring them back to the correct scale

and finally adjusted for bias. Other resistant and robust semivario-

gram estimators include the quantile semivariogram estimator by Arm-

strong and Delfiner (1980) and the nonparametric estimator of Henley

(1981). Dowd (1984) compared several different resistant and robust

semivariogram estimators on real data. He also proposed a new resis-

tant estimator that uses cross-validation to detect outliers. His

estimation method requires only marginally more computation than the

conventional cross-validation method. Omre (1984) presented a nonpara-

metric robust semivariogram estimator that requires estimating the

distribution function of the squared differences [Z(x+h)-Z(x)]2. He
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used weighted indicator functions to estimate this distribution func-

tion. A comparison of his estimator with the traditional sample

semivariogram and that of Cressie and Hawkins (1980) showed that the

latter two are very sensitive to deviations from the assumption of

Gaussian distribution and to biased sampling patterns. Omre's estima-

tor, though less efficient when the data are jointly Gaussian, performs

better if distributional or sampling deviations occur. A different

approach to semivariogram estimation is that of Switzer (1984) who

proposed a method to estimate the scale (sill) and shape (range)

parameters of the semivariogram by linearly transforming the original

data into a set of uncorrelated equal variance zero mean random varia-

bles. The new variables usually are taken as the differences between

data values at two uncorrelated locations. Although the method is well

suited for the computation of confidence intervals for the sill, the

range, and the nugget, Switzer did not provide a general procedure for

the optimal choice of the transformed variables. In addition, he did

not address the choice of the parametric family of semivariogram

models.

According to Armstrong (1980), possible sources of nonrobust

behavior of the sample semivariogram include artifacts, typographical

errors, unsuitable choice of distance classes, the presence of two or

more different populations due to the effect of different geological

formations (heterogeneity), skewed distributions like those of concen-

trations, and the presence of extremely high data values like those

commonly found for chemical concentrations in polluted aquifers. A

careful analysis of the data using ordinary cleaning and screening
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methods will according to her generally eliminate most of the previous

problems. One should also take into account the physical nature of the

data in distinguishing among outliers, skewed distributions and mixed

populations.

The above methods provide estimates of the semivariogram at a

given distance h. For kriging, however, one needs a semivariogram

function that yields positive variances for any linear combination of

the data values, lxi Z. For that the semivariogram function must be

conditionally negative definite (Journel and Huijbregts, 1978), namely,

-	 1. xixi .y(xi-x,j) > 0	 for any set of n points xi, x2, ...,

i=1 j=1

where in addition	 xi = O. Another property of the semivariogram is
i=1

that the limit of 1(h)/h2 as h goes to infinity must be equal to zero

(Matheron, 1971).	 A valid semivariogram function therefore cannot

increase with distance faster than h2.	 Any function satisfying the

previous conditions is a valid semivariogram model. Examples of these

semivariogram models are the quadratic (Alfaro, 1984) and the spherical

models which attain their sill at a finite range. The exponential and

gaussian models reach the sill asymptotically. Other valid semivario-

gram models are the power model, y(h) = hP, 0 < p < 2, the hole-effect

model, and the nugget-effect model which corresponds to a purely random

process. Inasmuch as it is not simple to check whether the sample

semivariogram y*(h) satisfies the conditions for a valid semivariogram,

one has to adopt a valid semivariogram model from those listed above.

In practice, one fits a semivariogram model to the sample
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semivariogram. The traditional approach of fitting a semivariogram "by

eye", as proposed by Clark (1979), has its advantages such as permit-

ting the user to include information that is difficult to quantify.

However, it is subjective, limited to intrinsic random functions, and

its quality remains unknown.

3.4.2 Least Squares Methods

Least squares offers an appealing alternative for the fitting

of a semivariogram model to the sample semivariogram. A possible

formulation of the problem is that of Tough and Leyshon (1985) who

estimated the parameters of spherical and exponential semivariogram

models by minimizing the weighted sum of residuals (WSR)

WSR =.1 wi [1(hi) - y*(hi)]2
1=1

(3.21)

where M is the number of intervals at which the sample semivariogram

y (h) is calculated, and wi are weights inversely proportional to the

variance of the residuals given by

N(hi)
wi - 	

N(h)L	 J
j=1

Inasmuch as y(hi) is a nonlinear function of the parameters,

nonlinear optimization methods are required to solve this problem. The

nonlinear minimization can be avoided by means of a suitable transfor-

mation. Instead of fitting the semivariogram one fits a convenient
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integral form of this function for which the Laplace transformation

reduces the problem to a linear one. This, known as the weighted area

method, has been proposed by Schuh and Tweedie (1979) for fitting the

exponential growth curves arising in biology. The suitable trans-

formation, however, depends on each particular semivariogram model. A

transformation that works for an exponential semivariogram does not

necessarily work for a spherical.

Bastin and Gevers (1985) proposed a slightly different formula-

tion of the least squares method. Instead of computing the sample

semivariogram as in (3.20) they minimized the squared differences

between the estimated semivariogram computed as y*(Xi-XJ)= 1/2(Zi- Z)2

and the model semivariogram y(Xi-XJ) for all i = 1,2, ... N, j = i+1,

..., N. Though simple, the ordinary least squares method disregards

the possibility that the observed y*(xi-xj) values may be correlated

which in turn can cause a situation where adding new measurements

results in deteriorated estimates. The use of generalized least

squares avoids this problem but requires knowing and inverting the

covariance matrix of the differences y*(xi-xj)-y(xi-xj) which in

general has an exceedingly large size. Least squares semivariogram

estimators have been compared with: (a) nonparametric estimators by

Yakowitz and Szidarovsky (1985), (h) moment estimators by Cressie

(1985), and (c) cross-validation estimators by Bastin and Gevers

(1985).
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3.4.3 Jackknifing Methods

Chung (1984) presented a jackknifing method for the estimation

of autocorrelation functions. The jackknifing method in its classical

form was first proposed by Quenouille (1949) to reduce bias and to

compute approximate confidence intervals. Suppose that P*N is the

estimate of a parameter P using N data values. Jackknifing consists of

dividing the data into G groups of n sample points, N = G n, and

obtaining an estimator P*_i of P based only on a sample of size (G-1)n

where the i-th group of size n has been deleted. The i-th pseudo

estimator is given by P*i = G P*N - (G-1) P*_i and the jackknife

estimator P'\' is the mean of the P*i estimates

G
P"= 1/G	 P*i

i=1

Usually the P*i's are approximately independent. Then the variance of

can be estimated using the sample variance of the P*i• For the

estimation of the covariance C(h), Chung (1984) used: (a) the usual

sample autocovariance estimator, (h) the median estimator of Andrews et

al. (1972), and (c) the median estimator after the fourth root power

transformation of Cressie and Hawkins (1980). From a series of one-

dimensional examples he concluded that the jackknifed median estimators

are superior to the ordinary estimators when random noise is present.

3.4.4. Maximum Likelihood Estimators

Let the vector Z be the set of the N random variables Z = (Z1,

, Zn) with a joint probability density function (p.d.f.) f(Z,P),



79

where P is the vector of the Np parameters defining the p.d.f. of Z._	 _

The likelihood function of P given Z, L(P/Z) is proportional to the_	 _ 

conditional probability density of Z given a set of parameters P.

Notice that the likelihood function can be regarded as a function of

the parameters. The maximum likelihood (ML) estimator P* of P is one

that maximizes the likelihood function L. Since the logarithm of L is

a monotonic function and attains its maximum when L is a maximum,

maximizing L amounts to minimizing

S = -21nL(P/Z)	 (3.22)

where S is the so-called negative log-likelihood (NLL) function.

Semivariogram or autocovariance parameters can be estimated by

maximizing the likelihood of: (a) the observed data values Zi, i=1,2,

... n, (b) the mean squared differences 1/NiiI [Z i-Zi]2, where Nii is

the number of data pairs such that lxi-xj1 < h, or (c) the crossvalida-

tion errors ei = Z*i-Zi, Z*i being the estimated value at location i.

The discussion on the latter case is delayed to the next chapter. The

ML estimator using squared differences proposed by Hawley (1985)

requires knowing the distribution function of the squared differences

for all values of h. In addition, it assumes that each squared

difference [Zi-Zi]2 represents an independent observation which is only

approximately true at best.

Hoeksema and Kitanidis (1985) developed a ML estimator of type

(a). They assumed that the function Z(x) was Gaussian with an exponen-

tial autocovariance and a nugget effect. To provide evidence for the

lognormal distribution of hydrogeological variables like transmissivity
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(or hydraulic conductivity) and storage coefficient, they compared the

estimation of autocovariance parameters for both untransformed and log

transformed data. For log transformed data they considered the

constant and linear drift cases. For log transformed data they only

considered the linear drift model. To compare the merits of each of

these models, Hoeksema and Kitanidis used Akaike's (1973) information

criterion (AIC). According to this criterion the best model is the one

that minimizes the quantity

AIC = S + 2K (3.23)

where K is the number of model parameters.

After applying their methodology to 52 data sets in 41 aquifers

they found that, except in one case, the log transformation was always

best. Regarding the method itself, the authors found some problems in

estimating the range of the covariance function. Their algorithm did

not converge unless this parameter was bounded between two strict

limits. They claimed that the nonlinear dependency of the covariance

on the range is responsible for the lack of convergence of their algo-

rithm. I believe, however, that the lack of convergence is associated

with parameter identifiability problems. More is said about this

question in the next chapter. Additional drawbacks of the ML method of

Hoeksema and Kitanidis (1985) are related to computational problems.

While small data sets do not contain enough information to estimate the

parameters of the covariance function, large data sets present diffi-

culties because of the computational burden associated with transfor-

ming and inverting the covariance matrices.
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3.4.5. Cross-validation

If the semivariogram function is to be used in the spatial

estimation of a ReV Z(x), it makes sense to devise a semivariogram

estimation criterion that minimizes the estimation errors of Z. The

cross-validation method, also known as the interpolation error method

(Bastin and Gevers, 1985), has been extensively used (Delfiner, 1975;

Davis and David, 1978; Delhomme, 1978; Hughes and Lettenmaier, 1981;

Candy and Mao, 1981; Baafi et al., 1982, Stark and Fangs, 1982; and

Aboufirassi and Marino, 1983), and recognized as an optimal estimation

method (Gambolati and Volpi, 1979; Dowd, 1984). Though some authors

refer to cross-validation as a jackknifing technique, here I follow the

recommendations of Journel (1980) in that one should distinguish

between cross-validation and jackknifing. While jackknifing is a

method for estimating statistical parameters based on splitting the

available data into groups, cross-validation is concerned with the

evaluation of prediction error. For a more detailed discussion on the

similarities and differences between cross-validation and jackknifing,

the reader is referred to Efron and Gong (1983).

Let Z(x) be a second order stationary RF with covariance C(h)

or semivariogram y(h), and Zl, ZN the values of Z(x) at N measure-

ment locations xj, ... IN. Cross-validation is a method for evaluating

the adequacy of a semivariogram model. It consists of deleting each

measured value Zi and estimating it using the rest of the measured

values. The estimate Z*1 of Z. is obtained by simple kriging as

Z*i =	 Xim Zm	 (3.24)

me Ni
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where Ni N = 1,2, ... N is a the subset of points used to estimate

Zi. Obviously i is not contained in Ni, otherwise Z*i would coincide

with Zi. Though not strictly necessary, the set Ni usually contains

the points closest to point i. The kriging coefficient Aim represents

the weight given to Zm in the estimation of Z at xi. In terms of the

autocovariance these coefficients are the solution of (see equations

3.10 and 3.14)

I Aim Cmn + pi = Cin
	 for all neNi	 (3.25)

me Ni

I	 Aim = 1	 (3.26)
me Ni

where Cmn = C(xm-In) and pi is the Lagrange multiplier corresponding to

point i. According to (3.13), the covariance Veii of two errors ei =

(Z*i-Zi) and ei = (Z*J-Zj) is given by

Veij = Cii +	 Aim Ain Cmn	 -	 Aim Cmi
meNi neNj	 meNi

- 	 xjn Cni
neNj

For i . j one has the variance of estimation cr2i

	

vell.. . 02 -	 Aim Cmi - Pia 1 - 
me Ni

(3.27)

(3.28)

Repeating the estimation process at M (M < N) locations, one can

compute the cross-validation errors

ei = Z*1 - Zi	 (3.29)
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In trial and error cross-validation one tries different sets

of covariance parameters until the cross-validation results (the errors

ei and variances 0.2i) have some desired statistical properties. Notice

that cross-validation requires knowing the covariance function. In

practice one has to proceed by successive approximations starting from

an initial estimate of this function. The sample semivariogram can be

used as a guide to select the initial estimate of the covariance

parameters, which are then adjusted so as to induce the desired proper-

ties in the cross-validation results. These properties include:

(a) the mean error ME should be close to zero

ME = 1/M	 ei = 0
	

(3.30)
i=1

where M is the number of locations at which cross-validation is perfor-

med. The mean error is of little use for the purpose of estimating the

semivariogram because kriging is an unbiased estimator regardless of

the semivariogram used (Yakowitz and Szidarovski, 1985). The unbiased-

ness of the kriging estimates ensures that E(ei) = 0 for all i, and

therefore E(ME) = O.

(b) the mean square error (MSE) should be minimum (Delhomme,

1978)

MSE = 1/M 1 e2i
	

(3.31)
i=1
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Since the mean error may not be equal to zero, the MSE does not neces-

sarily coincide with the variance of the errors VE. This variance is

related to MSE and ME by

VE = MSE - ME	 (3.32)

In practice, ME is close to zero and VE and MSE are almost equal. The

drawback of minimizing the MSE is that it does not take into account

the geometry of the measurement locations. Kriging errors are expected

to be larger at points fairly distant from most other measurement

points. The criterion of (3.31) gives the same weight to all errors.

Therefore large errors at the boundaries of the domain tend to have an

unduly large effect on the estimation of the covariance parameters

(Bastin and Gevers, 1985)

(c) The dimensionless mean squared error (DMSE) should be close

to one

M
DMSE = [1/M 1 (e/a02]'/2 . 1
	

(3.33)
i=1

Since G2i is the variance of ei, E(e12) = G2i, the expected value of

the square of the DMSE is equal to one. Condition (3.33) can also be

interpreted as a check of consistency between calculated errors (ei)

and the standard deviations (Gi) predicted by kriging (Delhomme, 1978).

(d) The average kriging variance (AKV) should be minimum

(Myers, personal communication)
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AKV = 1/M 1 a2i
	

(3.34)
1=1

The average kriging variance is also equal to the expected value of the

mean squared error in (3.31). Given this relationship between AKV and

MSE, one should expect both criteria to lead to nearly equal estima-

tes.

(e) The average kriging variance AKV of equation (3.34) should

be equal to the variance of the cross-validation errors

AKV = VE	 (3.35)

Notice that according to (3.32) the expected value of the MSE reduces

to the expected value of VE when ME is approximately equal to zero.

Then one has that the AKV is equal to E[MSE] = E(VE).

(f) The errors ei should be nearly uncorrelated with the values

of (Z*i-Zql) where Zr'l represents the local average of the variable in

the vicinity of point i. It is recognized that when the mean of the RF

is known, the errors ei and the kriged values Z*i are uncorrelated

(Journel and Huijbreghts, 1978). When the mean is unknown, the errors

are correlated with Z*i-D,i (Journel, 1980).	 Then the condition is

that

ENZ*1-Z1)(Z*i-Z'i)] = 0	 (3.36)

(g) The correlation coefficient p of kriged and measured values

should be close to one
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Z*i ,Zi = 1 (3.37)

Vieira et al. (1981) have used this condition to verify the validity of

a proposed semivariogram model for soil infiltration rates. From 1,280

field measured values they computed correlation coefficients for

increasing numbers of cross-validation points. Since their semivario-

gram model had no nugget, and was based on a large amount of data

(inconceivable in subsurface hydrology), it is pot surprising that they

were able to obtain a correlation of 0.955 with only 256 samples.

Under more restrictive conditions of data quality and quantity one

would expect smaller correlations.

(h) The errors (Z*i-Zi) or the normalized errors (Z*i-Zi)/ai

should plot as a straight line on normal probability paper (Starks and

Fang, 1982). In other words, ei/ai should be Gaussian with zero mean

and unit variance. Clearly, this is true when the original variable

Z(x) is Gaussian, but in general the normalized errors need not to be

normal. The conditions under which they are approximately Gaussian are

discussed in the next chapter.

Different authors emphasize different criteria. For instance,

Baafi et al. (1982) recommended properties (a), (e), and (h). Delfiner

(1975) incorporated properties (a), (f), and (g) in the geostatistical

package BLUEPACK. Candy and Mao (1981) used conditions (3.30), (3.31),

(3.33) and the normality of the errors while Dubrule (1983) recommended

(b) and (c).

To reduce the effect of extreme data values (outliers), some

authors suggest taking out of the cross-validation process those points
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that have large normalized errors. For instance, BLUEPACK neglects

those points for which -k < ei/Gi < k, where k = 2.5. Once the semi-

variogram has been estimated these points are used for kriging. This

screening of outliers provides a better correlation between observed

and kriged values, but can lead to underestimation of the true variance

of the variable. The question of what constitutes an outlier is not

trivial and the use of a pragmatic criterion to eliminate them may lead

to problems.

Though simple, the trial and error approach can be frustrating

and time consuming because adjustments of the parameters to improve

some of the criteria may result in large departures from satisfying

other criteria. The only systematic and comprehensive approach to

cross-validation is that of Bastin and Gevers (1985). In a very

interesting paper they presented an automatic method to estimate

semivariogram parameters by maximizing the likelihood of the cross-

validation errors. Their results show that this method is better (in

terms of the mean square error) than least squares, particularly for

small data sets where the latter can give highly biased estimates.

Though appealing, the approach of Bastin and Gevers is limited to

semivariograms without nugget effect. In addition, they provide

neither a measure of the accuracy of the parameter estimates nor an

objective criterion for the selection of the semivariogram model.

Further details as well as extensions of this maximum likelihood

cross-validation method are presented in the next chapter.



88

3.4.6 Methods for Estimating Generalized
Covariance Functions

The estimation of a RF using the IRF-k theory (generalized

covariance method) requires knowing the order k and the parameters of

the generalized covariance K(h). Most of the available geostatistical

packages based on the theory of IRE-k such as BLUEPACK, POLYPACK (Davis

and David, 1978), and AKRIP (Kafritsas and Bras, 1981) determine the

order k in the manner suggested by Delfiner (1976). The method con-

sists of calculating the cross-validation errors (Z*i-Zi) for increas-

ing values of the order k using the same generalized covariance model,

K(h) = - I hi, for all the Cvalues (usually k is less than 2). The

errors (Z*i-Zi) at point i corresponding to different k values are

sorted in increasing magnitude and assigned a rank order. Then for

each k one computes the average rank order over all the cross-validated

points. The optimum k is that which has the minimum average rank

order. Once the order k of the random function is known, the parame-

ters of the generalized covariance function (usually taken as a poly-

nomial) are estimated by weighted least squares (Delfiner, 1976). This

method of estimating the parameters of K(h) may lead to poor estimates

because of colinearity problems (Starks and Fang, 1982). Kafritsas and

Bras (1981) used an iterative regression method based on Delfiner's

work. A variant of this method utilizing cross-validation was

described by Davis and David (1978) and Hughes and Lettenmaier (1981).

Alternative methods using maximum likelihood and minimum variance

unbiased quadratic estimators have been presented by Kitanidis (1983,

1985). These methods, unlike the previous ones, provide measures of
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the accuracy of the parameter estimates, but require an assumption of
Gaussian distribution.



CHAPTER 4

MAXIMUM LIKELIHOOD CROSS-VALIDATION METHOD FOR
ESTIMATING SEMI VARIOGRAM PARAMETERS

Early in 1985 I started considering the application of maximum

likelihood theory to the estimation of semivariogram parameters in

conjunction with cross-validation. To the best of my knowledge, this

idea was new at that time. However, in April of that year Bastin and

Gevers (1985) presented a method quite similar to the one I was working

on. Although the fundamental idea behind the method I was developing

was no longer new, I found several ways to further improve the approach

of Bastin and Gevers. While they considered only semivariograms free

of nugget-effect with two parameters (a scale factor or sill and a

shape factor or range), I consider a wider class of semivariogram

models that include a nugget effect, any number of semivariogram

parameters as well as anisotropy. Other improvements and extensions of

the work of Bastin and Gevers offered herein include: (1) the use of a

highly efficient conjugate gradient method for maximizing the likeli-

hood function, (2) the computation of the gradient of the likelihood

function using an adjoint state method, (3) the computation of the

covariance of the parameter estimates, (4) the use of identification

criteria for the selection of semivariogram models, (5) the extension

of the method to the case of noisy and regularized data, (6) the

extension to nonintrinsic random variables, and (7) the analysis of

90
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such issues as parameter identifiability, uniqueness and stability of

the solutions.

4.1 Definition of the Problem 

Let e be the vector of the M cross-validation errors. These

errors evidently have zero mean, and a covariance matrix E(ee') = v_e

given by (3.27) where (I) indicates transpose. The errors are assumed

to be normally distributed which is always true whenever the original

data Z are also Gaussian. Various "a posteriori" statistical tests to

identify the cases where this assumption is violated are considered

later. When data are not Gaussian one should consider transforming the

data by means of a suitable function like the logarithm so that the

transformed variable is "less non Gaussian". This, however, may create

new problems. The likelihood of the covariance parameters P given the

set of cross-validation errors is given by (Bastin and Gevers, 1985)

L(P/e) = (27)-M/2 ly.e1-112 exg -1/2elye-le ]
	

(4.1)

where 1.1 indicates determinant. The corresponding negative log-like-

lihood is given by

NLL = Mln27 + ln() + e'ye-le	 (4.2)

Maximizing L in (4.1) is equivalent to minimizing NLL in (4.2). As one

can see from (3.27), the cross-validation errors ei are mutually

correlated. In practical applications, however, it is convenient to

replace the covariance matrix le by a diagonal matrix p_e containing

only the variance terms ai of equation (4.30), i.e., Deij = (Sij G2i
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where (Sii is the Kronecker delta. Replacing ye by 2.e in (4.1) or (4.2)
generally leads to suboptimal estimates of the covariance parameters

(Bastin and Gevers, 1985). A closed-form expression for le presented

later will shed some light into the effects of neglecting the correla-

tion among the cross-validation errors.

In terms of matrix De, the NLL function becomes

NLL = Mln2 + lncr2i + (ei/cri)2 (4.3)
i=1 i=1

The vector P of parameters Pl, P2, •.. Pk, ••• P Np to be estimated are

those defining the covariance C(h) of the original random field.

Notice that NLL is a nonlinear function of the errors ei and of their

associated covariance which in turn depend also in a nonlinear manner

on the covariance function. The highly nonlinear dependency of the NLL

function on the covariance parameters prevents one from using analyti-

cal single-step methods for its minimization. In practice the problem

is solved iteratively. Starting from an initial estimate 12D of the

parameters, one evaluates the NLL function for various parameter sets

until the set of optimum values P* that minimize NLL is found. The

initial estimate po can be obtained from the sample semivariogram

(equation 3.20) which can also be used in selecting a preliminary

covariance model. For the minimization of the NLL function a variety

of optimization methods are available. Among them I have selected

conjugate gradient methods that use Newton's method for determining the

Optimum step size. The gradient of the NLL function with respect to

the parameters is calculated using an originally derived method based
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on adjoint state theory. Details of the minimization algorithm are

discussed in section 4.7.

4.2 Properties of ML Estimators 

Before continuing with the discussion on the properties of the

maximum likelihood cross-validation (MLCV) method, some relevant

properties of maximum likelihood estimators are mentioned. For a large

sample size M, ML estimators are unbiased, consistent (the estimation

variance tends to zero as M goes to infinity) and asymptotically

unique, of minimum variance, and normally distributed (Deutsch, 1965;

Edwards, 1972). For small sample sizes the properties of ML estimators

become highly problem dependent. If sufficient statistics for the

parameters (those extracting all the information contained in the data

about the parameters) do not exist, their ML estimators may be biased,

not necessarily unique, and their properties will generally remain

unknown.

4.3 Cross-Validation in a Global Neighborhood 

Cross-validation can be performed in two modes depending on the

type of neighborhood used for kriging. In a local or moving neighbor-

hood, each kriged value Z*i is estimated using the Ni points closest to

point i. It is customary to use about 10 to 30 such points for each

i. Obviously, the kriging system of equations changes from point to

point. In a global or unique neighborhood, each point is estimated by

a linear combination of all other data. Here the cross-validation

kriging system of equations also changes from point to point. Inasmuch

as the size of the kriging system of equations is much larger for
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global cross-validation than for local cross-validation, the former is

used only for small data sets.	 However, Dubrule (1983) presented a

fast method for cross-validation in a global neighborhood. Instead of

solving M systems of NxN linear equations (M and N being the number of

cross-validation and data points, respectively), Dubrule's method

requires only the inversion of one (N+1)x(N+1) matrix A defined as

(4.4)

where C is the NxN covariance matrix with entries Cnm and 1 is a Nxl

column vector with all entries equal to one. Notice that A is the

kriging matrix that one would have to invert to estimate Z at a generic

location x using a global neighborhood. The matrix A is symmetric and

so is its inverse B. Dubrule showed that the m-th kriging weight Aim
•••n•

at point i is given by

Aim =	 bim/bii
	

(4.5)

where bim is the (i ,m) entry of B. Similarly the kriging variance a 2i

is simply

a2i = libii	 (4.6)

Thus, once A has been inverted, one can compute the cross-validation

errors as

ei = Z*i - Zi = -1 bim Zm/bii - Zi
	

(4.7)
m=1
mAi
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and the kriging variances according to (4.6). From (4.5) and the

unbiasedness condition it follows that

N
bim/bii = -1

m=1
Oi

or

N
1 bim = 0

m=1

Equation (4.7) can be rewritten as

N
ei = - 1/bii 1 bim Zm

m=1

for all i	 (4.8)

for all i	 (4.9)

(4.10)

Dubrule did not compute the covariance of the cross-validation errors.

As shown in Appendix 1, the covariance between errors ei and ej is

given by

Veii = bij/biibjj	 (4.11)

Clearly for i=j, Veii = 1/bii = (52i.	 Notice that, according to (4.5)

and (4.6), Veij can be written as

Veij = -Xij 0-2i
	

(4.12)

where obviously xii = -1. Since Veij = Veii, it follows that

x.. a2. .x.. a2
li	 1	 ji j	 and	 (4.13)

x. 702. .x../a2.
1J	 J	 J1	 1 (4.14)
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This shows that the weight given to point j in estimating Z*1 divided

by its cross-validation variance (52i is equal to the weight given to

point i in the estimation of Z*i divided by its corresponding variance

cr2i . This is a desirable property because a point k having a large

variance of estimation will be given a small weight Xik for the estima-

tion at other locations i. Another interesting property that follows

from (4.11) is that the correlation coefficient 102eii between errors

ei and ei is equal to

p2eij = v2 eij /VeiiVejj = b2ij/biibjj

Since p2eii < 1, from (4.5) and (4.15) it follows that

A.21j	 / bii	 Œ2j / a2j

and

X- . 	 < 1lj	 j1

(4.15)

(4.16)

(4.17)

Bastin and Gevers (1985) pointed out the fact that the N cross-valida-

tion errors ei are linearly dependent. Given the symmetry of B one can

easily prove from (4.9) and (4.10) that

ei bii = 0 (4.18)
i=1

This linear dependency means that the covariance matrix Ve is

singular. The solution to this problem is to select a subset of M

errors out of the N available in such a way that Ke be nonsingular.

According to (4.12), the covariance Veii between errors at two

locations i and j can be expressed as a fraction of the variance at any
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of the two locations. The coefficients xij and Xji relating Veij to

a2i and 02j respectively, are related by equations 4.13 and 4.14.

Clearly, if the two locations are far from each other, xij will be

approximately equal to zero and so will Veij. If the two points are

close to each other then Xij = Xji and according to equation 4.17,

X2ij < 1. This does not guarantee that the covariance be small. In the

case of regularly spaced data, two neighboring locations will have

similar kriging variances, o 21 = G2j. Then Xij =xji and the correla-

tion coefficient between the two errors will be given by x2ij. Unless

points i and j are near the boundaries, Xij will generally be less than

0.5 and therefore p2eij < 0.25. In general, the correlation between

cross-validation errors depends on the number and density of the data

locations. Examples that illustrate the extent of such correlation are

presented in Chapter 5.

Though the previous properties hold only for global neighbor-

hood cross-validation estimators, one expects that the properties of

local neighborhood estimators will approach the latter as the size of

the neighborhood Ni increases. The results of Vieira et al. (1981) as

well as those presented in chapter 5 strongly suggest that local

neighborhood kriging converges rapidly to global neighborhood kriging.

As the size of the local neighborhood increases, both kriging estimates

and kriging errors reach constant values after considering a finite

number of nearest neighbors. The actual size at which local neighbor-

hood kriging reaches constant values is strongly dependent on the

spatial pattern of the data points, the data values and the semi-

variogram. No general rules can be given regarding the proper choice
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between global and local neighborhood cross-validation schemes.	 For

most of the applications presented in this dissertation I have selected

local neighborhoods because these seem to require less computer time.

Unlike global neighborhood kriging, local neighborhood can be used for

estimating quasi or locally stationary random functions. On the other

hand, global neighborhood kriging produces smoother and more aesthetic

contour maps than those obtained with a local neighborhood. A more

in-depth comparison of the accuracy of unique and moving neighborhood

estimators is strongly recommended.

4.4 Statistical Properties of MLCV Estimates 

General properties of ML estimators were discussed in section

4.2.	 In this section I illustrate how some of these properties are

satisfied by the MLCV estimator.	 More specifically I discuss the

properties of the estimators of some selected parameters. The linear

dependency of C(h) on the sill S facilitates enormously the analysis of

the properties of its estimator S. Consider for instance the case of

a pure random process with a covariance C(h) = 6(h) S where 6(h) is the

Dirac's delta function. It is an easy exercise to show that the ML

estimator of S for pure nugget covariance coincides with the sample

variance which is known to be an unbiased and consistent estimator of

the true variance. A more interesting case is that of a transitional

covariance C(h,S,a) = S g(h,a) where a is the range and g(h,a) is the

autocorrelation function. It is well known that kriging estimates are

independent of the sill S and that kriging errors are directly
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proportional to S (Journel and Huijbregts, 1978).	 In the context of

cross-validation these properties imply that

(a) the errors ei are a function only of the range a, ei(S,a) =

ei(a),

(h) the estimation variances G2i(S1,a) and 02i(S2,a) corre-

sponding to two sill values S1 and S2, respectively satisfy

0 2 i(si,a ) = a 2 i(s2,a) sys2	 (4.19)

The ML estimators S* and a* of the sill and range, respectively

are those that minimize the NLL function. Assume for simplicity that

the cross-validation errors are uncorrelated and thus the NLL is given

by (4.3). The conditions for optimality are obtained upon calculating

the derivatives of NLL with respect to S and a and equating them to

zero. As noticed by Bastin and Gevers (1985), for uncorrelated cross-

validation errors the derivative MILL/ 3S is given by

3	
NLL(S,a) = [M -	 (ei/G-02]/S

as 	i=1
=0

S=S*
(4.20)   

which when equated to zero leads to a condition identical to that of

equation (3.33), i.e., DMSE = 1. Notice that this desirable property

has arisen naturally when imposing NLL/ as = 0. Then the condition

DMSE = 1 can be interpreted as the optimality condition for the sill.

In addition, this condition can be obtained for any value of the

range. In other words, DMSE = 1 insures the optimum estimation of the

sill for fixed values of the remaining parameters (range, ... etc).
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Other properties of the NLL not presented by Bastin and Gevers

are derived next. Let S* be the sill value that makes a NLL/ D S = O.

Then, from (4.3) and (4.20) one has

M
NLL(S*,a) = Mln27 + 	 ln[02i(S*,a)] + M
	

(4.21)
i=1

Subtracting the expression of NLL(S*,a) in equation 4.21 from that of

NLL(S,a) in equation 4.3 and using equations 4.19 and 4.20, one obtains

NLL(S,a) = NLL(S*,a) + M (lnS/S* + S*/S - 1) (4.22)

For a fixed value of the range a, the negative likelihood function

NLL(S,a) as a function of the sill has the following properties:

(a) DNLL(S,a)/ S = (1 - S*/S) M/S (4.23)

Clearly this derivative is equal to zero at S = S. Because of the

term M/S, the sensitivity of the NLL to changes in the sill increases

with the number of cross-validation points and decreases with increas-

ing values of the sill (see Figure 4.1).

(h) 32NLL(S,a)/DS2 = (2S*/S - 1) M/S2 	 (4.24)

which indicates that NLL is a convex function of S for 0 <S < 2S*._ _

This property is of interest because it increases the chance for the

existence of a global optimum. Figure 4.1 shows the NLL(S,a) function

for a synthetic example described in chapter 5 for which an exponential

covariance was used. Notice the effect of increasing the number M of

cross-validation points on the convexity of the NLL function.
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For the two-parameter covariance function considered here, the

estimation of S and a can be decoupled in the following manner. For a

fixed range a=a1 it is enough to perform cross-validation using any

sill value S = Sl. Let NLL(S1,a1) and DMSE(S1,a1) be the negative

log-likelihood function and the dimensionless mean square error,

respectively for a sill S1 and a range al. From the definition of DMSE

(equation 3.33) and from equations 4.19 and 4.20, one has

S* = S1 DMSE(S1,a1)2 (4.25)

Similarly, from (4.22) it follows that

NLL(S*,a1) = NLL(S1,a1) - M (lnSi/S* + S*/Si - 1) (4.26)

Knowing S* and NLL(S*,a1) one can use (4.22) to compute the NLL values

for other sill values. Next, one repeats the process for a set of

range values a2, a3, ... , and prepares a contour map of the NLL

function in the sill-range parameter space. Hernandez (1986) has used

this method to estimate the parameters of a spherical covariance for

the log-transmissivities in the Calera Basin, Zacatecas, Mexico. After

trying 5 different range values, his estimates of S and a were very

close to the optimum estimates which were obtained with the automatic

minimization algorithm presented in section 4.7 below. The method used

by Hernandez loses its simplicity when one has to estimate more than

two parameters as when a nugget-effect is present in addition to the

transitional covariance.

The estimation of S can always be decoupled from the estimation

of the remaining (No-1) parameters of the covariance function
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regardless of the number of such parameters. Except for Np = 2, this

decoupling, however, does not result in a simpler and more efficient

estimation algorithm. For this reason the estimation algorithm pre-

sented in section 4.7 does not rely on such a decoupling.

Next it is shown that the MLCV estimator of the sill is un-

biased (for any samples size) and consistent. The equation defining S*

can be obtained from (4.20) which states that

M	 ei
1/M	 [ 	 12 - 1

i=1 ai(S*)

Using equation (4.19) with S1 = S* and S2 = S to obtain

a2i(s*) = a2i(s) s*is

and substituting this result into (4.27) leads to

S	 M	 ei
S* =___ 	[	 ]2

M i=1 oi(s)

(4.27)

(4.28)

Since S and ai(S) are deterministic, taking the expected value of both

sides of (4.28) and recalling that E(ei2) = a2i(S), one obtains

E(S*) = S

In other words, S* is unbiased for any M and any number of parameters

N	 The estimation variance of the sill is

s2 m m	 1
E[(s* - s)2] =	

m	 j a2ia 2i 
E(ei2ei2) - S2
	

(4.29)
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Fourth order moments can be calculated using Gaussian moment factoring

(see for instance Kitanidis, 1983)

E(ei2ei2) = 2[E(eiej)]2 + E(e2)E(e2)

For uncorrelated errors this expression reduces to

E(ei2ej2) = 2(6ii 0 i2)2 + Gi2 ai2

Substituting this result into (4.29) one obtains

E[(S* - S)2] = 2 S2/M 	 (4.30)

Clearly, S* is a consistent estimator in that the estimation error

tends to zero as M goes to infinity. Furthermore, if the sill is the

only estimated parameter while all other parameters are fixed, the

estimator S* is also efficient or minimum variance. The minimum

variance bound (known as the Cramer-Rao bound) for the covariance

matrix of the parameter estimates is given by the inverse Q of the

Fisher information matrix F
=

EC(Pi-P*-0(Pj-P*j)] > Qij

where Pi is the i-th parameter and Fis defined as

2NLL
= 1/2 EC 	 ]

aPiaPi

(4.31)

(4.32)

In this dissertation, the inverse Q of the Fisher information matrix is

used as an approximation of the covariance matrix Vp of the MLCV

parameter estimates.
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Coming back to the case of estimating only the sill, i = 1, one

can see that after taking the expected value of (4.24) and dividing it

by 2, F11 reduces to M/2S2 and thus QII = EUS*-S)2].

Though the properties of S* have been derived here under the

assumption of uncorrelated cross-validation errors e, they can also be

proved for the general case of correlated errors. In fact, there is a

one-to-one correspondence between the equations in the two cases. The

equation corresponding to (4.21) for correlated errors is

ye(Si,a) = Ke(S2,a) S1 / S2 (4.33)

To compute the derivative of NLL in (4.2) with respect to S, the

following properties of matrix differentiation are needed (Schweppe,

1973)

3	 _ ve-1	 (y,) Ye-1—	 as
a	 1 Dlnlyel = Tr[
as	 —	 as

(4.34)

(4.35)

where Tr(V) denotes the trace of V.	 In addition, from (4.33) it

follows that

a
(Y.e) = 1Ws	

(4.36)
as —

Then, after equating 3NLL/ as to zero, one obtains

e1 e= M	 (4.37)_e _
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which is a generalization of (4.27). Then the NLL function at S = S*

becomes

NLL(S*,a) = Mln2ff + ln[11,2(S*,a)1] + M 	 (4.38)

where Ile(S*,a) is the covariance matrix Ke for a sill S* and a range
a. Equations (4.22) through (4.26) hold for the case of correlated

errors with the only exception of (4.25) where DMSE2 has to be replaced

by e'y2-1 e. The estimator S* is therefore given by

S* = e'V -1 e S / M_

The expected value of S* is

E(S*) = S/M E[elye-1(S)e] = S/M EfTr[y2-1(S)ele]}

Since ye(S) = E(ele), (4.40) reduces to

E(S*) = S/M Tr(I) = S

(4.39)

(4.40)

(4.41)

where I is the MxM identity matrix. The derivation of the estimation

variance of S* follows the same steps as for the case of uncorrelated

errors. After some lengthy manipulations one can show that S* is

consistent and efficient also for correlated errors.

4.5 Resistance of MLCV Estimates 

The resistance of an estimator is its sensitivity to variations

in the data values. Kriging estimates are not resistant because they

depend linearly on the data values. Kriging variances, however, are

independent of the data. In this section I analyze the resistance of
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the MLCV estimates P*. Since P* are obtained by minimizing the NLL

function, I discuss first the sensitivity of NLL to changes in the

data. Consider the effect of the data value Zj on NLL in equation

(4.2). Inasmuch as le is not a function of the data, one has

DNLL	 De
= 2 e'Ve-1
	

(4.42)
DZi	 aZj

Notice	 that the errors are linear functions of the data values and

thus De/aZJ can be computed easily from (3.24) for local neighborhood— 

or from (4.10) for global neighborhood. For the latter case

aei
= -

aZi

Substitution of (4.43) into (4.42) leads to

DNLL	 N N	 bij
= - 2	 ek Ve-lki

zi 	 k i	 b ii

which by virtue of (4.10) and (4.11) reduces to

aNLL
— = - 2eibij = - 2 ej/0 2j
azi

(4.43)

(4.44)

The second derivative of NLL is

a2NLL

a zj 2 
= 2/o- 2j
	 (4.45)
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Clearly, NLL is a convex parabolic function of Zi that reaches

its minimum at Zi = Z*i. Its curvature is inversely proportional to

a2j, revealing that NLL is most sensitive to data values at locations

having small kriging variances. Conversely, data values at locations

near the boundaries, where 02i is generally large, have less effect on

the NLL function. In addition to the spatial location of the data, the

resistance of the NLL function depends also on the semivariogram.

According to (4.44), the expected value of this sensitivity is equal to

zero. In fact its average value when all the points are cross-valida-

ted, according to (4.18), is also equal to zero. Then one should

expect the NLL function not to be significantly affected by changes or

deviations in the data values. Aberrant extreme data values, however,

can have a large effect on NLL. Though large sensitivities could be

used to identify influential data (outliers), one should be cautious in

interpreting such sensitivities. Other factors such as a very low

kriging variances 02i can be responsible for large sensitivities. The

behavior of the semivariogram near the origin, the spatial arrangement

of data locations and the physical nature of the process under study

are factors to be taken into account before a data value is considered

an outlier.

When local neighborhood kriging is used, a closed-form equation

for (ILL/Zi can be derived under the assumption of uncorrelated

errors. From (3.24) and (4.3) one has

	9 NLL	 M	 2ei	 M

Z	 i1	 2i	
Aim [6jm	 6jil =

	

i	 =	 a	 meNi
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M 2ei
- 2ei/a2j	 Xij

1=1 0.2i
(4.46)

where it has been assumed that Aim = 0 for m	 Ni. The first term

clearly corresponds to the sensitivity in (4.44).	 The second term,

however, represents the weighted average of the sensitivities 2ei/o2i

at the neighbors of point j, the weights being equal to the kriging

weights.

The sill is the only parameter of the covariance for which its

resistance properties can be ascertained by analytical means. Consider

for instance the MLCV sill estimator corresponding to local neighbor-

hood kriging and correlated errors of equation (4.39). Clearly from

(4.2) and (4.39)

S*/D Zi = S/M 9NLL/a Zj	 (4.47)

which according to (4.44) gives

as* S	 ej
=	 2

m 02j
(4.48)

aZ-J

where one can see that the resistance of S* increases as the number of

cross-validation points goes up. This result also applies to the local

neighborhood case for which (4.47) holds.

4.6 Model Identification 

The first step in the evaluation of a temivariogram is the

choice of an appropriate model for y(h). The conditions that y(h) must
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satisfy to yield positive kriging variances were discussed in section

3.4.1. In this section I present some of these known valid semivario-

gram models and describe criteria for choosing the appropriate model

among these.

4.6.1 Semivariogram Models

Only a few valid semivariogram models are available in the

literature. Among these, the models that are most commonly used have

been listed in Table 4.1. The semivariograms in this table are iso-

tropic, i.e., they depend not on the separation vector h but on its

modulus h. The power and the logarithmic models do not have a sill;

they therefore correspond to random functions with an unlimited capaci-

ty for spatial variation. The covariance and the variance are not

defined for such functions. The first six models in Table 4.1 have two

parameters, the sill S and the range a. The sill which is equal to the

variance can be attained at a finite range (nugget, quadratic, and

spherical models) or asymptotically (exponential, gaussian, and hole

effect models). The practical or effective range a' (distance at which

Y(h)=0.95S) is a' = 3a for the exponential model and a' = 1.732 a for

the gaussian. The hole effect model is the only one that does not

increase monotonically. It corresponds to a random function exhibiting

some degree of periodicity.

Any linear combination of Ne valid semivariogram models

Ne
Y(h) = 1 ci ï(h)
— i=1
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is also a valid semivariogram model for any ci > O.	 This y(h) is

called a nested model of Ne basic structures yi(h).	 Clearly, using

nested models increases dramatically one's ability to fit a proper

model to his data.

According to Journel and Huijbregts (1978) a semivariogram can

have geometric or zonal anisotropy. A model y(h) is geometrically

anisotropic if there exists a linear transformation of the original

coordinates x such that the semivariogram is isotropic in the new

coordinates x'. In other words, y(h) = y'(1 h'1) with h' = G h where G

is the transformation matrix. Since this transformation only affects

the range but not the sill which remains the same in any direction,

geometric anisotropy is also known as anisotropy in the range. In

two-dimensions, the contours of equal range describe ellipses which

degenerate to circles under the above transformation. Anisotropic

semivariograms y(h) that cannot be reduced to isotropic by a linear

transformation must be treated using the concept of zonal anisotropy.

Here y(h) is expressed as

Ne
Y(h) =	 Yi(lhil)

i=1
(4.49)

'here Yi (I hi 1) are basic semivariogram models (those listed in Table

.1) that can be isotropic or geometrically anisotropic.	 For the

atter case hi = Gi h, while for the isotropic case hi = h._ _ _	 _ _

In light of the previous discussion, the most general expres-

ion for a semivariogram is



Ne
y(h)

=
i•1 Si gi(	 ,ai)
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(4.50)

where y(h) is the combination of Ne basic isotropic or geometrically

anisotropic models Si gi(lhil ,ai), ai being the principal ranges, Si

the i-th sill and gi(1 hil ,ai) the i-th basic semivariogram. Each

isotropic basic model gi involves one parameter [the nugget-effect is

an exception as here g(h) = 1-6(h)]. If gi is geometrically aniso-

tropic, the number of parameters is 3 in two dimensions and 6 in three

dimensions. In practice the number of parameters that can be estimated

from the available data in a statistically meaningful way is generally

small (Kitanidis, 1983). For this reason, Ne is usually taken equal to

one unless nugget-effect is present in which case Ne = 2. Only in

exceptional cases does one use Ne = 3.

The MLCV method for estimating semivariogram parameters relies

on the assumption that the semivariogram model and the number of its

parameters Np are specified. A preliminary idea about the appropriate

type of semivariogram for a given data set can be obtained from the

sample semivariogram. This is based on qualitative considerations such

as the slope at or near the origin, the rate of increase at large

distances and the presence or not of a distinct sill. Adopting an

inappropriate semivariogram model may result in poor parameter esti-

mates. Alternative models are then considered and the estimation

process is repeated until satisfactory results are obtained.
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Next I discuss so-called "identification criteria" that can be

used to select the most appropriate semivariogram model among a set of

alternative functional forms.

4.6.2 Identification Criteria

Identification criteria have been derived using one of two

approaches. In the first approach one minimizes some measure of close-

ness between the true (yet unknown) semivariogram model and the pro-

posed model based on information theory. The first criterion based on

this approach is that due to Akaike (1974) which was introduced in

chapter 3 (see equation 3.23). Unfortunately, it lacks consistency

because the probability of choosing the wrong model does not go to zero

as the sample size increases (Kashyap, 1980). The so-called modified

Akaike information criterion (MAIC)

MAIC(P*) = S + Np 1nM	 (4.51)

is consistent and therefore preferred. Hannan (1980) presented another

nodification of the AIC, defined as

HIC(P*) = S + cNp ln[lnM]	 (4.52)

there c > 2. A different approach has been taken by Kashyap (1982) who_

eeks to minimize the average probability of choosing the wrong model.

is criterion

KIC(P*) = S + Np ln(M/27) + 1n1F1	 (4.53)
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involves the determinant of the Fisher information matrix F (see

equation 4.32).

All these criteria support the principle of parsimony which

states that, everything being equal, the model having the least number

of parameters is chosen. Another property shared by these criteria is

that, while they tend to select the simpler model, more complex models

(those with a larger number of parameters) are preferred as the sample

size M increases. The previous criteria were developed in the context

of time series analysis. They have been used in connection with

groundwater models applied to synthetic data by Carrera and Neuman

(1986b) who found that the KIC is better than the MC, MAIC, and HIC

because in addition to identifying the true model it is sensitive to

the quality of the data. Their conclusions suggest that one should

choose that model which, while having the smallest number of parame-

ters, includes all the relevant features of the process under consider-

ation. In the context of covariance estimation, the only published

application of information criteria is that of Hoeksema and Kitanidis

(1985) who used the AIC of equation 3.23. In this dissertation, I

report on tests of the AIC, MAIC, HIC, and the KIC criteria against

simulated and real data.

Though useful for comparing the performance of two different

semivariogram models, the above identification criteria do not provide

details about what alternative models should be considered to achieve a

better performance. In that sense, the analysis of cross-validation

results can be used in identifying the limitations and deficiencies of
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a given semivariogram model and suggesting possible ways of changing

such a model.

4.6.3 Analysis of Cross-Validation Results

Cross-validation results obtained with the optimum set of

parameters P* include the set of errors e* at M locations and their

associated covariance V*e (or D*e if they are assumed uncorrelated).

Inasmuch as e* and V*e (or D*e) are functions of the semivariogram

model used for cross-validation, the analysis of cross-validation

results can be used in identifying the limitations and deficiencies of

a model and suggesting ways of changing such model. This analysis,

however, is complicated by the fact that cross-validation results

depend also on the spatial pattern of data locations and on the data

values. The statistical properties of the errors e* depend on a

variety of factors that are difficult to isolate. The effect of data

location is partially taken into account by the kriging method which

assigns large estimation variances at locations where measurements are

scarce. The effect of data values has to be ascertained carefully

using the ideas presented in section 4.5.

Since the MLCV assumes that the errors are Gaussian, it is

important to check that the "a posteriori" errors e* do not contradict

this assumption. The distribution of the errors depends to some extent

on the distribution of the variable Z(x). In particular, if Z(x) is

Gaussian the errors e are also Gaussian because they are linear combi-

nations of the data. Even if Z(x) is not normal, based on the central

limit theorem one would expect the errors to become normal as the
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number of points used in kriging at each location increases. However,

the classical central limit theorem does not strictly apply when the

data are correlated. Limit theorems for dependent variables (Davis,

1978) could in principle be used, but their range of applicability

includes only cases in which the data values are weakly correlated

(such as when the nugget is large compared to the total sill and the

range is small). Since a general result for the distribution of the

cross-validation errors cannot be given for the situations arising in

practice (Yakowitz, 1986), one should always check their a posteriori

statistical distribution. My practical experience with synthetic data

indicates that, except for small data sets, the hypothesis that the

errors are normal cannot be generally rejected according to the statis-

tical tests described below. In working with real data such as hydro-

chemical and isotopic data from aquifers, these statistical tests may

reject the normality assumption when highly influential data values are

present.

For uncorrelated errors the hypothesis to be tested is that ee

N(0,De) or, in other words, that the normalized errors ei/ai are

standardized normal N(0,1). Statistical tests performed on the normal-

ized errors ei/Gi include an estimation of the mean (Me), variance

(a2e), skewness coefficient (Se) and coefficient of kurtosis (Ke), and

the Kolmogorov-Smirnov test of normality. Obviously, one should have

Me = 0, a2e = 1, Se = 0, and Ke = 3. The estimation variances for the

mean, variance, skewness, and kurtosis are approximately equal to 1 1 M,

2/M, 6/M, and 24/M respectively. Thus, one can easily check whether
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the sample estimators are in the appropriate range of variability by

testing for the following inequalities

Imel	 ( 1/m)1/ 2 t	 (4.54)

10.2e_11 < (2/m)1/2 t	 (4.55)

1 Set < (6 1M)1/2 t
	

(4.56)

1Ke-31 < (24/M)1/2 t
	

(4.57)

where t is equal to 2 for an approximate 95% confidence interval.

In testing for the normality of the standardized errors I have

found quantile plots to be extremely useful. Such plots are especially

helpful for judging the fit along the tails of the distribution. For

example, quantile plots having an inverted S shape indicate obvious

deviations from the Gaussian distribution. Since statistical tests of

goodness-of-fit such as that of Kolmogorov and Smirnov test (Law and

Kelton, 1982) are based on scalar measures of fit between the two

distributions, they do not provide information about the nature of

possible deviations from the hypothesized distribution.

The above statistical tests can also be applied to correlated

errors. For that, e* must be transformed into a new set of uncorre-

lated errors u* by means of

u* = L -1 e*_ _e (4. 58)

where Le is a MxM matrix satisfying

(4.59 )
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The statistical tests of normality are then applied to the values of u*

instead of e*.

If the errors e are assumed uncorrelated one must verify that

the computed errors e* lack spatial correlation. A sample semivario-

gram of e* could be used for this purpose. A contour map of errors may

reveal areas where these are excessive, either because kriged estimates

are larger than observed values (e > 0) or because kriging underesti-

mates the measured values (e < 0). Since each error ei has a different

variance (G2i), the sample semivariogram of the standardized errors

ei/a2i generally behaves better than that of the errors ei and thus

gives a better idea about the spatial correlation of the errors. By

mapping the normalized errors, one can see how well kriging evaluates

uncertainty. The usefulness of these contour maps is illustrated with

a synthetic example in the next chapter.

4.7 Minimization Algorithm 

In this section I present an algorithm for minimizing the

negative log-likelihood function NLL with respect to the Np semi-

variogram parameters P.	 The derivation corresponds to the case of

uncorrelated errors for which NLL is given by (4.3). Since NLL is

nonlinear in the parameters, its minimization requires an iterative

approach. I have selected conjugate gradient methods (Luenberger,

1973; Bazaraa and Shetty, 1979) which for quadratic functions reach the

optimum in at most Np steps. Selected discussions of various minimi-

zation algorithms include those of Bard (1974), Sargent and Sebastian

(1972), Yeh (1975), Gavalas et al. (1976), and Cooley (1985).
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A gradient search method for minimizing the NLL function

consists of the following steps:

(1) Choose an initial set of parameters P(r), r = 1

(2) Compute the errors e( r), variances G2i(r), and NLL(r)

(3) Calculate the gradient g(r) of the NLL function with

respect to the semivariogram parameters

g(r)	 9NLL

9 P P=p ( r )
(4.60)   

(4) Compute the updating direction d(r) by an appropriate

formula as given below

(5) Update the parameter values according to

p(r+1)	 p(r) + e(r) d(r)	 (4.61)

where e(r) is the optimum step size obtained by minimizing NLL along

the direction d(r)

(6) If appropriate convergence criteria are met, stop. Other

wise, set r = r + 1 and return to step 2

The initial set of parameters is arbitrarily selected by the

user. However, execution time is greatly reduced if the initial values

are close to the optimum. Although the optimum semivariogram always

differs from the sample semivariogram, the latter can always be used as

a guide for selecting the initial estimates of P. The quality of such

initial estimates clearly increases with the number of available data

Points. Other parameter sets can be used to start the minimization

algorithm to assess the uniqueness of the solution.
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Most of the computer time required by the minimization algo-

rithm is taken up by the solution of the kriging equations. Though

straightforward, this step is crucial for the maintenance of parameter

identifiability, uniqueness, and stability. These issues will be

addressed in greater depth in section 4.9.

The minimization algorithm stops whenever one or more of the

following stopping rules are satisfied: (a) r exceeds the maximum

allowed number of iterations; (b) 1NLLN-NLL(r-1)1 < 1NLL(r-1)161; (c)

119(1111	 _< e2; and (d) 11,9( 011	 < 11g(1)11 e 3 where ei are prescribed

positive tolerance values and 11.11 is an appropriate norm.

The values of el, e2, and e3 are problem dependent and for that

reason are difficult to determine in advance. My experience indicates

that rules (c) and (d) are not as useful as rule (h) because the norm

of the gradient keeps decreasing even as the parameters and NLL become

essentially constant. When NLL values are desired with precision up to

the m-th decimal figure, an estimate of el can be obtained by dividing

10-m by the magnitude of NLL. The choice of m obviously will determine

the quality of the estimates. Notice that if m is too small, the

algorithm may stop before reaching its optimum. In such a case, the

final parameter values will rarely be mistaken for the optimum values

because some conditions of optimality are known a priori, such as DMSE

= 1. This condition cannot be satisfied unless S = S.

4.7.1 Computation of the Gradient

The gradient in (4.60) is computed using an adjoint state

methodology similar in principle to that utilized later in chapter 9.
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Adjoint state methods have been successfully used in solving the

inverse problem of groundwater hydrology (Neuman, 1980a and b; and

Carrera and Neuman, 1986b). However, their application in the context

of semivariogram estimation is, to my best knowledge, new.

Let Pk be the k-th parameter of the semivariogram (or the

covariance). In what follows, derivatives with respect to Pk will be

denoted by (I).

The equations for the adjoint state given below are derived in

Appendix 2:

where

Pim Cmn + tpio = YiZn + XiCni
me Ni

1Pim ' Xi
me Ni

for all neNi	 (4.62)

(4.63)

Yi = DNLL/Dei = 2e/G2 1	 (4.64)

Xi = ALL/o2i . (1 - ei2/0.20/0-2i
	

(4.65)

Once the adjoint state variables qlj	 and 1Pi 0 have been computed by

solving (4.62) and (4.63), the gradient of the NLL function is given by

	NLL	 M
=	 y xim[ xi(02.-c.mo	 y ,pij(c.jm-c.ji)]

	a Pk	 1 =1 meNi	 jeNi

or in terms of the semivariogram

(4.66)

ALL	 M

/ XimE XiYlmi	 / tPij(Yiji-Yijm)]
a Pk	 i=1 meNi	 jeNi

(4.67)
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Notice the similarities between the adjoint state equations (4.62) and

(4.63) and equations (3.25) and (3.26). Both systems of equations

involve the same matrix and differ only on the right hand side. Thus,

once (3.25) and (3.26) have been solved for xim and using the

Choleski method, the same LU-decomposition can be used to solve for Pim

and requiring only one forward and one back substitution.

Expressions for 3y(h)P Pk for various parameters and four

semivariogram models are given in Appendix 3.

It is easy to show that for the sill, the expression for

ALL/BS obtained from (4.66) or (4.67) coincides with that given by

(4.20). This is helpful when debugging the computer code for the

adjoint minimization algorithm. A less obvious check of the computer

program is provided by the derivative of NLL with respect to the nugget

So (when present) which, according to (4.67), takes the form

DNLL	 M
=	 1 (1	 Xim) 4.1m

D So	 1=1 meNi
(4. 68 )

4.7.2 Computation of the Updating Direction

The updating direction d(r) in (4.61) can be calculated in

several ways. In the method of steepest descent d(r) is taken as

d(r)	 _ g(r)/[g(r)	 g(r-)]	 (4.69)

Though simple, this method performs poorly near the optimum (Bazaraa

and Shetty, 1979). In the Fletcher-Reeves conjugate gradient method,

the direction d(r) is taken as a suitable convex combination of the
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current gradient and the direction used in the previous iteration

(Bazaraa and Shetty, 1979)

where

d(r)	 _g(r)	 f3(r) d(r-1) (4.70)

g(r) • g(r)
13(r) - 	

9(r-1) • g(r1)

( r) = 0

if r A Np 1

if r = N 1 
(4.71)

where N is the number of parameters and 1 = 0,1,2, ... . In quasi-

Newton procedures like the Davidon-Fletcher-Powell and the Broyden

methods, the search direction d(r) is obtained by premultiplying the

gradient by a positive definite matrix H(r) that approximates the

inverse of the Hessian matrix

d(r)	 _ H(r)g(r)
= (4.72)

In the Davidon-Fletcher-Powell method H(r+1) is formed by adding to

H(r) two symmetric matrices of rank one (Bazaraa and Shetty, 1979)

d(r) d(r)	 H(r) Y(r) Y(r) H(r)
H(r+1) = H(r)	 e(r)

d(r) • y(r)	 y(r) • H(r) y(r)

(4.73)
where

y(r)	 g(r+1) _ g(r)	 (4.74)

and	 e(r) is the step size at the r-th iteration.	 H(1) is usually

taken as an NpxNp identity matrix. Broyden's method differs from that
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of Davidon-Fletcher-Powell in the way the inverse of the Hessian matrix

is updated (Luenberger, 1973)

H(r+1) . [ H(r)
7.;

H(r) Y(r) d(r) + d(r) Y(r) H(r)
74' - , , - =] a +

d(r) y(r)

Y(r) . H(r) y(r) 	 d(r) d(r)
+[ e(r) + a 	  ] 	

d(r) • Y(r)	 d(r) • y(r)

where
	 (4.75)

d(r) • y(r)
a -  	 if r = 1

Y(r)•H(r) y(r)

a= 1	 if r > 1

I have evaluated the performance of these methods on minimizing the NLL

function using synthetic data. The results obtained with a limited

number of cases suggest that the Broyden and Davidon-Fletcher-Powell

methods perform equally well and slightly better than the Fletcher-

Reeves method.

4.7.3 Optimum Step Size

At each iteration the parameters are updated according to

(4.61) where e(r) is selected so as to minimize NLL along the direction

d(r). As pointed out by Bazaraa and Shetty (1979), the overall perfor-

mance of iterative optimization methods is greatly affected by the

efficiency of the line search method. This is true in this case as

each evaluation of NLL takes a considerable amount of execution time.
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min

i

8
m
(r)

if 01(r) > 0 for all i•

for those j such that Q .(r) > 0 ]

(4.81)
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Consequently, line search techniques such as the Fibonacci and golden

section methods were discarded in favor of Newton's method which has

been found very efficient by Neuman (1980a) and Carrera and Neuman

(1986b) in solving groundwater inverse problems. This method does not

require any additional function evaluations. As shown in Appendix 4,

the optimum	 step	 size	 e(r)	 is	 the	 solution of the	 following	 nonlinear

equation

s[e(r)] .	 ui(Qi(r)	 2EiNvi — Qi(r)uivi2)	 =	 0 (4.76)
1=1

where

ui	 =	 1/[a2 1 (r)	 c2(r)	 e(r)] (4.77)

vi	 =	 ei(r)	 +	 E1(r)	 e(r) (4.78)

302 1(r+1)
0.(r)	 - (4.79)

•	 e(r) ( r)	 =	 o

3ei(r+1)
E1(r)	 =

e(r)	 .	 0
(4.80)

a	 e (r)

To avoid negative or zero values for ui, there exists a maximum value

em(r) that e(r) can take. The maximum value is given by
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The solution of (4.76) must be found in the interval [0,em(r)]. Given

the unknown behavior of s[e (r)] (which may be highly nonlinear),

nothing prevents (4.76) from having several roots in that interval. In

such case one is interested obviously in the one closest to zero. An

algorithm for finding the optimum e(r) is described in Appendix 4.

This algorithm starts from zero and searches for the smallest e(r) that

satisfies (4.76).

The derivatives Qi(r) and E(r) in (4.79) and (4.80) respec-

tively, which are needed in (4.76), can be calculated using an adjoint

state method similar to that used for computing the gradient of NLL.

As shown in Appendix 4, Q1(r) is given by

BY mi	
ay

jm
Qi(r) =	 Xim [2	 _x ii

)meNi	 jeNi	 90 r

and E(r) by

E(r) = 	 xim	 Wij	 CYji	 Yjm)
meNi	 jeNi	 30( r)

(4.82)

(4.83)

Here the adjoint state variables Wii and Wio satisfy the following

equations

Wim Cmn + Wio = Zn
	 for all neNi	 (4.84)

mENi

Wim = 0
	

(4.85)

meNi

Inasmuch as the semivariogram is function of the parameter values

gr+1) which in turn are related to e(r) by (4.61), the derivatives of
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the semivariogram with respect to e(r) can be evaluated using the chain

rule of differentiation as

9
1[P(r+1),h]

9 e - o(r)=0  

Np
=	 d(r)	 y[P(r),h]

k=1	 9Pk(r)
(4.86)

where dk(r) is the k-th component of d(r). The derivatives of Y with

respect to the parameters can be calculated explicitly as shown in

Appendix 3.

4.8 Linear Error Analysis 

The statistical properties of MLCV estimators were discussed in

section 4.4. The discussion there, however, was mostly devoted to the

properties of the sill estimator. This section presents a method to

compute the covariance matrix lp of the parameter estimates P for any

parameter type. It is assumed here that _kip is given by the inverse of

the Fisher information matrix F which was defined in equation 4.32.
==

Let Ei k and oik be the derivatives of ei and a 2i with respect to Pk,

respectively. Then, according to (4.3) (see also equation 4.76), one

has

DNLLM Q.k= y	 i	 Eik	 ei2
(1 + 2ei	 )

9 Pk	 i'l 0.2i	 Q.k	 cr 2.
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Assuming that near the optimum, the cross-validation errors ei and

variances a2i are linear in the parameters, namely, neglecting second

order terms, it follows that

	

32NLL	 M	 ei2
	  -	 oik 00 (2	 _ 1)/ 04i + 2	 Eik E/ 02i

	

DPOPq	 1=1	 0.2i

- 2 Iei(Eik Qiq + Eiq Qik)/G4i 	 (4.87)
i=1

Appendix 5 shows that after taking the expected value of (4.87), the

the Fisher matrix becomes

where

Fo	 (Qik Ç2iq/a2i	 Rikq)/2

1=1

2

Rikg	 / Xim 	 Xin D	  (Cmn - 2Cmi)
nieNi	 neNi	 Pk3 Pq

(4.88)

(4.89)

If one assumes that the second order derivatives of the covariance are

negligible, the components Fo of the information matrix reduce to

Fooik o0/2

i=1

Notice that in the one parameter (sill) case (k = q = 1), Qil = 021/S

and Rill = 0, for all i. In this case, equation (4.88) reduces to the

reciprocal of (4.30).

i =1
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Once matrix F has been obtained, the covariance matrix 110 of

the parameters is given by F. Inasmuch as the parameter estimates P*

are asymptotically Gaussian (Edwards, 1972), the statistic X

X = (P - P*) • Up-1 (P - P*) (4.90)

follows a chi-square distribution with Np degrees of freedom (Deutsch,

1965). Thus, confidence regions for the estimates can be readily

computed. Notice that X is a positive definite quadratic form, de-

fining a Np-dimensional closed ellipsoid with center at P*. This is

the ellipsoid of probabilities associated with X. The axes of this

ellipsoid are defined by the eigenvectors 1,4) and eigenvalues lp of

matrix V The length of the axes is given by (lp Xa)1/2 where X is

the chi-square statistic corresponding to Np degrees of freedom and a

confidence interval of 100(1 - a).

Since V is a measure of the quality of parameter estimates P*,=P
one usually wants 1/.10 to be "as small as possible". A partial measure

of the size of Vp is given by its trace. However, Vpkk is a good

approximation of the variance of parameter Pk only when the parameters

are uncorrelated. Another measure of the quality of the parameter

estimates is given by the ratio between the largest and smallest axes

of the ellipsoid of probabilities, which is proportional to the square

root of the condition number (CN) of V * The condition number of V is.10 .P

defined as the ratio of the largest to the smallest eigenvalues of 110,

and is widely used as a measure of ill conditioning in estimation

problems. The eigenvectors associated with the largest(s) eigen-

value(s) of V correspond to linear combination(s) of the parameters
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having large covariance of estimation. Small eigenvalues correspond to

linear combinations estimated with most confidence. Clearly, the

results of the eigenanalysis of ylo will reveal which parameters are

identifiable. The issue of parameter identifiability will be addressed

in the next section.

Strictly speaking, matrix yp at P = P* is only a lower bound

of the estimation covariance matrix of the parameters which in general

will be larger than ys due to nonlinearities. Unless prior information

is available for all the parameters (which is rarely the case in

practice), matrix yjo does not need to be positive definite. Positive

definiteness of V is important to insure local uniqueness and stabili-

ty of the computed parameters (Carrera and Neuman, 1986b).

According to (4.88), matrix yzp does not depend on the data

values but only on 0.2i, Qik,Xim, and the derivatives of the covariance

function. Thus, !JD is completely determined by the semivariogram and

the spatial location of the points used for cross-validation. There-

fore, in principle it is possible to select the M cross-validation

points and the NK kriging points so that y=p is smaller and more diago-

nally dominant which in turn will produce more reliable parameter

estimates.

The convergence of ys to the true covariance matrix is related

to the sample size M and the linearity of the cross-validation errors

and variances in the semivariogram parameters. Consider a nested

semivariogram model y(h) like that in equation 4.50. Unless Ne in this

nested model is equal to one, the cross-validation errors and variances

are nonlinear functions of both Si and ai. This nonlinearity is
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expected to be more pronounced for the ranges ai than for the sills Si

because y(h) is linear in the latter but not in ai. The dependency of

y(h) on the reciprocal of the range (bi = 1/ai) for most of the basic

semivariogram models (see Table 4.1) suggests that y(h) may be less

nonlinear in bi than it is in the range values. This is especially so

for models like the quadratic, spherical, and exponential where the

semivariogram is linear in the reciprocal of the range near the ori-

gin. Another advantage of working with the reciprocal of the range bi

is that -y/91) = - a2 y ha, i.e., for a > 1 the semivariogram is more

sensitive to changes in b than it is to changes in a. Figure 4.2 shows

the negative log-likelihood contours in the sill-range and sill-

reciprocal of the range parameter space for the example considered in

Chapter 5 involving log-transmissivity data. The NLL contours in

Figure 4.2.A are essentially the mirror image of those in Figure 4.2.B,

indicating that the algorithm in this case is indifferent to whether

one works with the range (a) or its reciprocal (b). I believe that in

other cases the minimization algorithm may converge faster when b is

used as a parameter, though I have no examples to support this asser-

tion.

4.9 Parameter Identifiability, 
Uniqueness and Stability 

The questions of parameter identifiability (PI), uniqueness,

and stability are of paramount importance in any parameter estimation

methodology. Though closely related, uniqueness, stability and PI are

different concepts.	 Failing to distinguish among them has lead to

frequent misconceptions. 	 For instance, some authors mistake
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nonuniqueness for instability. For a thorough theoretical discussion

of these properties, the reader is referred to Gupta and Sorooshian

(1983), Sorooshian and Gupta (1983), and Carrera and Neuman (1986b).

In this section I address the issues of identifiability, uniqueness,

and stability in the context of semivariogram estimation using MLCV

methods.

Parameter identifiability refers to the question of whether two

parameters sets Ej and p.2 can produce the same cross-validation results

for a given data set. In other words, pl and 112 are identifiable if

they lead to different cross-validation results (errors and variances

of estimation). Defined in this way, identifiability of semivariogram

parameters using the MLCV method is determined by the properties of the

kriging estimator. Uniqueness, however, is related to the likelihood

function. The parameter estimation problem has a unique solution121 if

no other parameter sets maximize the likelihood function. In other

words, uniqueness refers to the question of whether different parameter

sets may originate from the given data. For problems correctly posed,

in the sense of Hadamard (1932), identifiability is equivalent to

uniqueness. The MLCV estimation problem, however, may not meet the

conditions of well posedness and for that reason identifiability and

uniqueness are not necessarily the same. According to Carrera and

Neuman (1986b), if prior information about the parameters is not

included in the likelihood function, identifiability is necessary,

though not sufficient, for uniqueness. If prior information is avail-

able, parameter identifiability is neither necessary nor sufficient for

uniqueness. Inasmuch as independent prior information about the
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covariance parameters is rarely available, identifiability of these

parameters will generally be necessary for uniqueness.

Having a unique solution to the parameter estimation problem

is, however, of little interest if the solution is unstable. The

parameter estimates are said to be stable if a small change in the

measured values results in a small change in the estimated parameters.

Unstable problems are usually characterized by a slow convergence of

the minimization algorithm and by a dependence of the solution on the

initial parameter values. It is therefore easy to mistake instability

for nonuniqueness.

4.9.1 Stability

Stability is closely related to the notion of resistance of the

parameter estimates. In fact, if the parameter estimates are resis-

tant, i.e., if they are not highly sensitive to the data values, then

the estimation problem will be stable. Consider for instance the

resistance of the sill which for global neighborhood kriging is given

by equation 4.48. Furthermore, assume that the sill estimate S* has a

Taylor series expansion

N DS*
6S* = j=1 DZi 6Zi + (4.91)

upon neglecting higher order terms (for small changes in the data

values, 6Zi) and using (4.48) this becomes

S	 N
JS=	 2	 6 -Zj

M	 j=1 a23
(4.92)
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This clearly shows that for (SS* to be small, i.e., for the solution

to be stable, one must maximize M and minimize ej/ 02j. Con-

versely, if a problem is unstable one might identify those points j

that have the largest values of ej/ 02i. These data points could then

be eliminated from consideration or given relatively small weights in

the estimation process. However, one must be careful and search for

additional information (including qualitative) before such influential

data are discarded as outliers: leaving out legitimate data values may

lead to biased estimates of the parameters, especially for small data

sets.

The discussion thus far has been concentrated on the stability

and resistance of the sill estimator. An extension of this analysis to

other parameters is not straightforward and will not be pursued here.

4.9.2 Parameter Identifiability

As mentioned earlier, the identifiability of semivariogram

parameters in the MLCV method is entirely determined by the properties

of the kriging system, which in turn are related to the semivariogram

and the spatial pattern of data location. Difficulties in identifying

covariance parameters using maximum likelihood estimators were reported

by Hoeksema and Kitanidis (1985). They considered isotropic exponen-

tial semivariograms models with a nugget-effect of the type

y(dii) = so El - s(di ) ] + S1 El - exp( -dij/a)]

where di j . 1 xi-xj 1. Here two extreme cases are possible. When all

distances dij exceed the range a, dij >> a, the nugget So and the sill
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S1 are not identifiable. If, on the other hand, a >> dij for most of

the distances, only the nugget value and the product Sia are identifia-

ble, but not S1 or a individually. This is illustrated in Figure 4.3.

Figure 4.3.A shows four different spherical semivariograms having the

same range to sill ratio (a/S=150). When the distances between all

kriging points are less than 50, these four semivariograms are virtual-

ly unidentifiable. To be able to distinguish among these models, the

distance between some kriging points must exceed 50. This kind of

identifiability problem is referred to as type I. Type II of parameter

unidentifiability is depicted in Figure 4.3.B where three different

spherical semivariogram models with nugget effects have been plotted.

If all the distances between kriging points exceed 50, the three

semivariogram models are virtually identical because neither the nugget

So nor the sill S1 can be independently computed (only their sum So +

S1 is identifiable).

Both types I and II of identifiability problems are often seen

in practice. In general, the identifiability of the parameters depends

on the location of the measurement points, the type of semivariogram

model selected and the kriging neighborhood used.

Parameter identifiability problems are characterized by highly

correlated parameter estimates (a problem commonly known as colinear-

ity), large estimation variances (large covariance matrix y.40), inflated

and unrealistic parameter estimates, and very slow rate of convergence

of the minimization algorithm. The high correlation between parameter

estimates is usually associated with a large condition number of matrix

p. To overcome these problems, the modeler has a wide spectrum of
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Figure 4.3. Parameter identifiability problems: (A) Type I and
(B) Type II.
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options including the selection of a different semivariogram model, the

choice of another subset of measurements for cross-validation, and the

use of different kriging (local or global) neighborhoods. The proper

choice is one in which the distances between kriging points span the

entire interval (0,ae), where ae is the effective range or distance at

which the semivariogram attains a near-constant value. For nested

models, the effective range is the largest range among those of the Ne

structures. The effective range is usually taken as the distance at

which the semivariogram attains a value equal to 95% of the sill.

4.9.2.1 Choice of Semivariogram Model. 	In many instances,

selecting an inappropriate semivariogram model may result in parameter

identifiability problems.	 This is clearly so in the case of type I

identifiability problems (see Figure 4.3.a). While a two-parameter

spherical model is not identifiable, the slope of a linear one-param-

eter model can be readily identified. It is generally true that

reducing the number of parameters Np helps to reduce or eliminate

identifiability problems. Another way to enhance identifiability is to

incorporate prior information about the parameters into the likelihood

function. Though one might be tempted to consider the sample semi-

variogram as prior information, this is inconsistent because the same

data are also used for cross-validation. Only information obtained

independently from the data used for cross-validation can be regarded

as prior information. For large data sets one could split the measure-

ments into two groups and use one for cross-validation and the other

for calculating the sample semivariogram. The usefulness of the sample

semivariogram as a source of prior information would nevertheless be
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dubious because the covariance of these prior estimates would be

difficult to evaluate. Though the sample semivariogram cannot be used

as prior information to be incorporated in the estimation criterion, it

is essential for selecting the initial estimates of the parameters

required for starting the minimization process.

Independent prior information obtained from the analysis of

similar processes in different geological settings should be used with

caution. Hoeksema and Kitanidis (1985) analyzed the spatial structure

of hydrological variables in 31 aquifers: they show that covariance

parameters change from one aquifer to another by up to two orders of

magnitude.

Another apparent way to handle identifiability is to place

arbitrary upper and lower bounds on some of the parameters. Hoeksema

and Kitanidis (1985) restricted the value of the range. Though this

may greately improve the convergence of the minimization algorithm,

unidentifiability (if existent) is not eliminated because the optimum

values of the parameters often tend to coincide with their upper or

lower bounds, showing that the optimum values could be outside the

prescribed bounds. In half of the 52 examples given by Hoeksema and

Kitanidis, the computed parameters coincided with their bounds, indi-

cating that they were not identifiable.

Inasmuch as the number of parameters that can be estimated in a

meaningful way is generally small, I subscribe to the suggestion of

Carrera and Neuman (1986b) that one should select a (semivariogram)

model which, on the one hand, has the smallest number of parameters



141

while, on the other hand, is true to the structure of the variable

under consideration.

4.9.2.2 Choice of Kriging Neighborhood and Cross-Validation 

Points. Parameter identifiability (PI) problems may persist even when

the appropriate semivariogram model is used. Consider for instance the

type II PI problem of Figure 4.3.B. Unless a sufficient number of

kriging points are separated by distances between 0 and 80, the nugget

effect is not identifiable regardless of the choice of semivariogram

model.

Identifiability depends on the distribution of the distances

between the kriging points relative to the range of the semivariogram.

The value of the range, however, is unknown ahead of time. One must

therefore insure that these distances cover a sufficiently wide inter-

val of values between zero and a value exceeding the anticipated

effective range. However, not all the distances are equally important

to insure identifiability. For a given point i, the kriged estimate is

affected most strongly by the points closest to it. Let Ni be the set

of points used for kriging at location i and Nd i the subset of those

points that have the greatest influence on the kriging estimator at

point i. The kriging estimate Z*i and the kriging variance a2i ob-

tained using the points in Nci remain essentially identical to those

obtained using all the points in Ni. Though this definition of the

sub-neighborhood Nci is not rigorous, it will serve to illustrate the

identifiability problems associated with the MLCV method. Each sub-

neighborhood Nci, i=1,2, ,M, has associated with it a certain

distribution of distances. The overall distribution of distances for
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all the sub-neighborhoods will determine the identifiability of the

parameters. The distances should cover the whole interval (0,ae) for

the parameters to be identifiable. Consider, for instance, the case of

regularly spaced data locations. If the grid size is much smaller than

the range of the semivariogram, PI problems of type I arise because the

distances between the points in each Nci do not span the interval

(0,ae). In this case, dropping some data values increases the interval

of variation of the distances, thus increasing the chances of parameter

identifiability.

The points at which cross-validation is performed need not

coincide with those used for kriging. The number of cross-validation

points M can be any from 1 to N. Selecting a large M improves in

general the quality of the parameter estimates provided the parameters

are identifiable. Identifiability depends not only on the number of

cross-validation points but also on their relative locations.

An adequate choice of kriging points is much more important for

identifiability than the selection of the cross-validation points.

However, the choice of NK kriging points out of the N available data

points is not generally a straightforward matter. First, one has to

choose the number NK of kriging points, and then decide which points to

consider. There is a clear tradeoff for selecting the value of NK.

While a small number of kriging points can lead to poor and suboptimal

parameter estimates, a large NK can result in PI problems. The optimum

NK should be taken as the largest number for which identifiability is

Insured. General criteria for the selection of the NK most appropriate

kriging points cannot be given because each type of PI problem has
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different requirements. For example, PI problems of type I can be

corrected by setting a nonzero minimum distance DMIN between kriging

points. Clearly, NK decreases by increasing DMIN. My experience in

dealing with PI problems indicates that DMIN should be taken less than

10 to 15% of the range value. Notice, however, that PI problems of

type I may become PI problems of type II when an exceedingly large

value of DMIN is adopted. Another alternative for selecting the NK

points is by randomly drawing NK points out of the N available points.

In some instances parameters are not identifiable because of highly

biased sampling patterns which are frequent in subsurface hydrology:

wells are often located in clusters around areas of high yield and good

water quality. Inasmuch as random sampling patterns are expected to be

less prone to PI problems, random selection of the NK kriging points

should reduce and possibly eliminate these problems.

One could suggest using global neighborhood kriging as a

possible way to get round of PI problems. This, however, may only

reduce but not eliminate these problems because of the screening effect

of the kriging method. When local neighborhood kriging is used, one

has to specify the values of MAXR and RMAX. In the computer package

30GPSH (which is described in Appendix 8), the points xk of the neigh-

borhood Ni of the point xi are selected as the MAXR closest points to

point i such that the distance between xi and xk is less than RMAX.
Among the points in a neighborhood of radius RMAX around point i, the

MAXR closest points are selected. The number of points in Ni depends

on the value of RMAX. If RMAX is large, the number of points in Ni

coincides with MAXR and the points in the sub-neighborhood Nci are
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generally in a radius smaller than RMAX. On the other hand, for small

RMAX values there may not be MAXR points in the neighborhood of point

i. In this case the sub-neighborhood Nci has a radius equal to RMAX.

Usually the number of kriging points in Ni is taken small (15-30) in

order to avoid large kriging systems of equations. Some hints for

optimally selecting the values of RMAX and MAXR in practical applica-

tions are given in the next section.

4.9.3 Uniqueness

Inasmuch as independent prior information about the covariance

parameters is not usually available, identifiability of the parameters

is a condition "sine qua non" for uniquenes. Identifiability, however,

does not ensure uniqueness. Though global uniqueness cannot be ensured

in general, local uniqueness can always be achieved if the initial

parameter estimates are close to the optimum values.

In my extensive use of the MLCV method I have not found a

single case of identifiable parameters having a non-unique solution.

Even when the initial estimates are selected arbitrarily far from their

optimum values, the minimization algorithm still converges to the true

(global) optimum (provided that the parameters are identifiable). My

experience in using the sample semivariogram to assign the initial

estimates of the parameters indicates that a local solution can always

be obtained which usually corresponds to parameter values close to the

initial estimates.
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In summary, uniqueness is difficult to ensure in a global

sense. Local uniqueness, however, can be obtained if the initial

parameter estimates are derived from the sample semivariogram.

4.10 Selection of Kriging Options 

In this section I provide some criteria for choosing the points

to be used in kriging and cross-validation.

For small data sets (less than 30 values) one should obviously

use all the available data for both kriging and cross-validation. As

the number of available data points increase, both computation time and

possibly parameter identifiability problems will also increase. As a

first approximation, the computation time (CT) required to perform

cross-validation at M locations can be expressed as

CT = ci M (c2 + c3 Np) MAXRc4 (4.93)

where Np is the number of parameters being estimated, MAXR is the size

of the local kriging neighborhood, and cl, c2, c3, and c4 are constants

depending on the numerical method used to solve the kriging equation.

For the computer program AESP1 described in Appendix 8, c2 = 2.5, c3 =

7, and c4 = 2. Clearly, the value of MAXR dominates the computer cost

and thus one should look for ways to keep it as low as possible.

In selecting the number M of cross-validation points one must

take into consideration the following facts: (1) the computer cost

increases in proportion to M; (2) the standard deviation of the sill

estimate (see equation 4.30) is inversely proportional to the square

root of M; and (3) identifiability is generally enhanced by increasing
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M. One should notice, however, that while increasing M is not in

itself enough to eliminate identifiability problems, it provides more

accurate and stable estimates and makes more likely the chances of

having a unique solution (whenever the parameters are identifiable).

Though the optimal choice of M is problem dependent, one should select

the largest possible value for which the parameters are identifiable

and the computer time is kept at a reasonable level.

For the proper choice of the number of kriging points, there is

also a tradeoff between the quality of the parameter estimates and the

possibility of PI problems. However, contrary to the effects of the

number of cross-validation points, the number of kriging points NK

affects more strongly the identifiability of the parameters than the

quality of their estimates.

Some possible tools for characterizing the spatial location of

the measurements which can be useful in preventing PI problems are

presented below. Consider the hypothetical case in which the range a

of the semivariogram is known a priori. One possible way to define the

local kriging neighborhood at each cross-validation point would consist

of taking the radius of the neighborhood RMAX equal to the range a.

Then each neighborhood might include a different number of points Ni.

Let Nmin, Nmax and Nmean be the minimum, maximum, and mean values of

Ni, respectively. Another possible way to specify the size of the

kriging neighborhood is by setting MAXR = -meanN , and RMAX = a. In

practice, however, the range of the semivariogram is not known precise-

ly ahead of time. Thus, one should calculate the number of points Ni

in each neighborhood for different values of the radius RMAX, and plot
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the curves of Nmin, Nmax, and Nmean as a function of RMAX. Figure 4.4

shows these curves for the synthetic example presented in chapter 5

consisting of 100 data points. Then, using a safe guess as of the

range, one could estimate the size of the local kriging neighborhood by

taking RMAX = as and MAXR equal to the Nmean value corresponding to

RMAX = as. Though the curves of Nmin and Nmax are not directly used in

selecting the value of MAXR, they give an idea of the spreading of the

Ni values. Large values of MAXR, which usually arise in very dense

data sets, will clearly lead to large computation times and possibly to

PI problems too. The alternative in these cases is to limit the number

of kriging points NK with the hope of reducing MAXR. Clusters of data

points, if present, can be eliminated by leaving out points that are

closer than a prescribed minimum distance DMIN. For a given DMIN

value, (N-NK) points will be excluded. Then, one could repeat the

previous process for different values of DMIN. Clearly, increasing

DMIN will result in smaller MAXR values for a fixed RMAX value (see

Figure 4.5). This Figure shows the contours of Nmean as a function of

DMIN and RMAX for the set of hydrochemical data of the Madrid basin

which consists of 287 samples. In practice, one should enter with the

range value a, say 50., in the x-axis of Figure 4.5 and look for

combinations of (DMIN, Nmean) that satisfy (a) DMIN < .15 RMAX (see

line A in this figure), and (h) Nmean is not too large, usually less

than 30. For example, if the range is 50Km, taking MAXR equal to 30

and DMIN equal to 5.5 Km should ensure identifiability. Notice, how-

ever, that too large a DMIN value may result in a very small number of

kriging points. For the Madrid data the number of kriging points NK
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left after taking out the points closer than DMIN are plotted versus

DMIN in Figure 4.6. Clearly, for DMIN = 5.5 the number of data points

is reduced to about 60 which may be too small and could lead to poor

parameter estimates.

The spatial patterns of data location should always be analyzed

before using the MLCV method, especially when dealing with large data

sets. The curves presented in Figures 4.4, 4.5, and 4.6 can then be

used for selecting the values of RMAX, MAXR, DMIN, and NK. Two simple

computer programs were developed for preparing these figures; one for

finding the NK points left after dropping the points that are closer

than DMIN and the second for calculating the Nmin, Nmax, and Nmean

values as a function of RMAX for a fixed number of data points.

In general, RMAX should be larger then the presumed range of

the semivariogram. The values of Nmean and MAXR can be obtained from

curves similar to those in Figure 4.5. In general, the value of MAXR

should be as small as possible. My experience indicates that using 15

to 30 points for the local kriging neighborhood leads to relatively

reasonable computation times. Larger number of points, however, may be

required to ensure a sufficiently large number of kriging points (NK).

4.11 Extension of MLCV to Noisy Data 

Thus far the data values have been assumed to represent the

true values of the variable. In subsurface hydrology, however, the

data always contain sampling and measurement errors. These errors

arise from a variety of sources depending on the type of variable being

considered and on the techniques used for measuring its value.
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Consider, for instance, the concentration of a chemical in an

aquifer. Water samples, which are usually taken from pumping wells,

represent averages due to mixing in the well and in the aquifer. From

the time the sample is taken until measurements are made, the water

sample may come in contact with the air. Degassing of the sample can

produce chemical reactions that may change the original chemical

composition of the sample. Such properties as pH and total dissolved

inorganic carbon are affected by degassing. Most of the analytical

techniques used for measuring the concentration of a chemical species

in an aqueous solution involve reading errors, errors associated with

the finite accuracy of the devices used, and errors due to possible

interactions of the species in solution with the reactants added as

part of the analytical procedure. Another source of error that arises

when measuring the concentration of a charged species such as SO42- is

the presence of complexes. Chemical analyses usually indicate the

total concentrations of the constituents, but not the form in which the

constituents appear in the water. While some constituents like Cl are

present almost entirely in a simple ionic form, other constituents such

as SO42- are present in ion pairs and complexes. Sulfate complexes are

the most significant and can represent a high percentage of the total

sulfate. In general, the importance of complexes increases with

increasing concentrations.

When measurement errors are present, the true value Zi of the

variable at location i is related to the measured value Ui by

Zi = Ui + emi	 (4.93)
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where emi is the corresponding measurement error. As mentioned in

section 3.2, kriging can be extended to these cases. When the errors

have zero mean and lack correlation among themselves and with the

values of the variable, the corresponding kriging equations are similar

to (3.24), (3.25), and (3.26) with two modifications. First, the

kriging estimate Z*i is now written not in terms of the true values Zn

(that are unknown), but in terms of the measured values Un

Z*i =	 Ain Un
	

(4.94)
meNi

Second, the diagonal terms in (3.26) are increased by the variance of

the measurement error, s2n• Since the true values of the variable, Zi,

are not known, the cross-validation errors eki

eki = Z*i - Zi	 (4.95)

cannot be computed, only their sum with the measurement errors emi

eti = emi + eki = Z*i - Ui (4.96)

One could then write NLL in 'terms of these total errors eti and their

covariance matrix Vet, which according to Appendix 6 is given by

Vetij	 Vekij	 Xii s2i - Aji 52i
	

for i A j
	

(4.97)

Vetii = a2ti = a2ki 52i for i = j (4.98)

where the subscript (t) refers to properties of the total errors and

subscript (k) to cross-validation errors. Notice that the total errors

have larger variances than the cross-validation errors. In addition,



154

since the kriging weights are usually positive, the covariance between

total errors is generally smaller than that between cross-validation

errors. In other words, the total errors are less correlated than the

cross-validation errors.

The MLCV method in terms of the total errors eti differs from

that corresponding to noiseless data in that the variances 02ti are no

longer linear functions of the sill of the semivariogram because of the

correction introduced in the kriging equations. Properties like the

unbiasedness, consistency, and resistance of the sill estimator as well

as the convexity of the NLL function with respect to the sill can no

longer be proved analytically.

Though the properties of the sill estimator cannot be computed

analytically when measurement errors are present, one can still compute

the derivative of the NLL function with respect to the sill. As shown

in Appendix 6, this derivative is given by

aNLL	 m	 G2i	 e2ti
= /(1 - ----)/S -	 1Pij	 s2i/S

S	 i=1 a2ti	 a 
2 •	ti 	 i=1 jeNi

(4.99 )

which clearly reduces to (4.20) when the measurement errors have zero

variance. Substituting (4.98) into (4.99) and using (3.33), (4.63),

and (4.65), equation (4.99) becomes

(NILL
= M(1 - DMSE2) -	 Pj,j (s2i + Xij 52j)

3 S	 i=1 jeNi
(4.100)
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which when equated to zero leads to the following expression for the

dimensionless mean square error

M
D MS E 2 = 1 - 1	 Ipij (s2i + xij s2j)/M

i=1 jeNi
(4.101)

Clearly, when the data contain measurement errors the DMSE is not equal

to one. Only when all the measurements have the same variance s2, one

can show from equations (4.68) and (4.101) that DMSE = 1.

4.12 Extension of MLCV to Regularized Variables 

4.12.1 Introduction

The MLCV method discussed so far is applicable only to point

variables Z(x) that may or may not have associated measurement errors.

A regularized variable Z(x) is one defined on a domain V (see equation

3.16). The support V of the regularized variable can be one-dimension-

al such as a line of length L, two-dimensional (a surface of area A) or

three-dimensional (a region of volume V). Interest in regularized

variables stems from the inherent averaging associated with most

measuring devices. Transmissivities determined from pumping tests

represent averages around the well. The chemical or isotopic composi-

tion of a water sample taken from a pumping well represents the average

composition of waters along the screened portion of the well. The

averaging in this case is produced by mixing in the aquifer and the

well. Contrary to some mining applications where the support is con-

stant, in groundwater hydrology it usually changes from point to point



156

because data are usually collected in wells having varying depths and

screen lengths.

Though the geostatistical estimation of average values, common-

ly referred to as block kriging, is a simple matter once the point

semivariogram is known, the estimation of the semivariogram from

regularized data is not straightforward. In fact, I am not aware of

any systematic and comprehensive method for the estimation of semi-

variogram parameters from variably regularized data. In this section I

show how this can be achieved by extending the MLCV method to the case

of variably regularized data.

Past attempts to estimate the point semivariogram from regular-

ized data have been limited to line supports of constant length (see

Huijbregts, 1971; Clark, 1977; David, 1977; Journel and Huijbregts,

1978; and Depner, 1985). For an intrinsic RF, the semivariogram IL(h)

of a regularized variable 4.(x) is by definition

'YL(L) = E[k(x+h)-k(x)]2/2	 (4.102)

Similarly, for a second order stationary RF, the regularized covariance

CL(h) is defined as

CL(h) = Cov[k(x+h),ZL(x)] = E[k(x+h)k(x)] _ m2
	

(4.103)

The regularized semivariogram is related to the point semivariogram by

(Huijbregts, 1971)

1L(i) = P(h) - Y(h=0)] * G	 (4.104)

where (*) denotes convolution, defined as



{ (L - 1 w3I ) /I-2	 if 1 w31 < L
G(w) = G(w3) =

0 otherwise	 (4.108)
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y(h) * G =	 ly(h+w) G(w) dw
	

(4.105)

G(w) is the so-called geometric covariance of the support L given by

G(w) = f K(x)K(x+w) dx (4.106)

where K(x) is an indicator function associated with the support L and

defined as

K(x)	 =
/L10 if xeL

otherwise (4.107)

The	 geometric covariance	 G(w)	 is strictly a	 function of	 the

geometry of the support L. If L and Lw are the vertical line segments

centered at x and x + ‘02_, respectively, and B is the set containing the
points s such that seL and s+weLw, then G(w) is equal to the measure of_ _

B divided by L2. If (w1,w2,w3) are the components of w, the geometric

covariance for a vertical line segment of length L is given by

where 1w31 is the absolute value of w3. Notice that G(w) is only a

function of the vertical component of w. In addition, G is null for

1w31 > L. Then, the convolution in (4.105) involves one integration

variable (w3) and finite integration interval, (-L < w3 < L). Even if

y(h) is isotropic, the regularized semivariogram yL(h) is not generally

be 50 because of the nonsymmetry of the support L.
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Closed-form expressions for yL(h) are available only for a few

semivariogram models y(h) along selected directions (horizontal and

vertical) and are usually long and involved (see Huijbregts, 1971).

Journel and Huijbregts (1978) provide expressions for yL(h) along the

vertical direction for an exponential isotropic point semivariogram

y(h) model.	 For a spherical point semivariogram, they present only

dimensionless curves of yL(h).	 In practice, yL(h) must be evaluated

numerically.

From equation 4.104 one can see that yL(h) is made up of two

terms, the second one, y(h=0)*G, being independent of h. This term

which is denoted by y(L,L), represents the average of y(s-t) over all

s,teL. For a spherical semivariogram of range a and sill S, y(L,L) is_ _

given by (Journel and Huijbregts, 1978)

L2
Y(L,L) = S L/2a (1 - ----)	 for L <a

10a2
(4.109)

If the point semivariogram has a sill S, the regularized semivariogram

has a sill SL which is related to S by

SL = S - ï(L,L)
	

(4.110)

From (4.105), one can see that once 0) reaches the sill S, the

convolution product reduces to S times the integral of the geometric

covariance, which is equal to one (see equation 4.108). This sill

reduction corresponds to a reduction in the variance due to averaging.

The ratio between the variance of the regularized variable (SL) and
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that of the point variable (S) is called the variance function VF(L) of

ZL(x) (Vanmarcke, 1983) which for a spherical model is given by

VF(L) = 1 -
L	 L2

(1 -	 )
2a	 10a2

and for an exponential semivariogram by (Journel and Huijbregts, 1978)

a	 L
VF(L) = 2 (___)2 E._ _ 1 + exp(-L/a)]

L	 a
(4.112)

When the point semivariogram reaches a sill at a finite range, the

range of yL(h) depends on the direction of h. Let h, e , and 4 be the

modulus, azimuth and dip of h, respectively. As shown in Appendix 7,

the range al_ of yL(h) for an isotropic point semivariogram is given by1 a/cos 4
at_ =

Lsing5 + [a2 - L2 cos2gb ]1/ 2

if tan ,:p < L/a

otherwise
(4.113)

Notice that at_ depends only on (I) . The two extreme values of at_ corre-

spond to horizontal separation vectors h (4 = 0) for which at.. = a, and

to vertical vectors (4 = 7/2) where at_ = L + a. Figure 4.7 shows the

variation of the ratio atia as a function of the dip angle 4 , for

various values of the ratio L/a.

In addition to having a smaller sill and a larger range than

the point semivariogram, the regularized semivariogram often shows more

regularity near the origin. These qualitative features of 1' L(h) have

been used by Huijbregts (1971), Clark (1977), David (1977), and Journel

and Huijbregts (1978) to estimate Y(h) from regularized data ZL(x).
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4.12.2 Covariance of Variably Regularized Data

Let ZLi and ZLi be the average values of Z(x) over the parallel

line segments Li and Li centered at xi and xj, respectively (see Figure

4.8.A) and consider the covariance of ZLi and ZLi,

Cov(ZLi,ZLi) = E(ZLiki) - E(ZLOE(ZLi)	 (4.114)

For each data location xi with a nonzero regularization support Li	 0,

one can define a generalized indicator function Ki(x) such that

1/Li if xeL._	 i
Ki(x)	 =10

otherwise (4.115)

Then the covariance in (4.144) becomes

Cov(ki,ki) . f f Ki(s)Kj(t) {E[Z(xi+s)Z(xj+t)] - m2}dsdt
St -

(4.116)

where the integration is extended over the entire domain in which Z(x)

is defined. If the random function is second order stationary, (4.116)

reduces to

Cov(ZLi,Z14) = f f Ki(s)Ki(t) C(h+s-t) dsdt	 (4.117)

where h= xi-Ii. Changing the variable of integration and the order of

integration results in

Cov (ZLi ,ZLi) = C( h) * Gii	 (4.118)
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where Gij is the geometric covariance associated with the two line

segments Li and Lj defined as

G(w) = fKi(s) Kj(s+w) ds	 (4.119)

For two line segments Li and Lj such that Lj > Li > 0, Gij(w3) is given

by

12 w31
1/Li (1

Gij(w3) =	 Li +

0

i f 1 w31 < ( Li+L j) / 2

otherwise	 (4.120)

The geometric covariance functions Gii, Gjj, and Gii have been plotted

in Figure 4.8.B. Notice that for Li = Li, Gij coincides with Gii and

Otherwise these functions are all different. The area under the

G(w3) curve is given by

rii = f Gii(w3)dw3 = (Li + L)/2Lj	 (4.121)
W3

This integral is clearly equal to one for Li = L.	 In general, how-

ever, its value is less than one. As the ratio Li/Li increases, ru j

tends to its lower limit which is equal to 0.5. Notice that when h is

much greater than (Li + Lj)/2, equation (4.118) reduces to

Cov(4i,Z14) = C(h) rii 	 (4.122)

which shows that for sufficiently large separation vectors (relative to

Li + Lj) the integral ru i represents the ratio of the covariance



rij =	 lim
h»(Li+Li)	 Cij

Cov(ZLi,ZLi)
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between the average values ZLi and Zu to the covariance between the

point values Z(xi) and Z(j)

(4.123)

Another interpretation of rij arises when one considers the limit of

CovEZLi(xi),ZLi(xi+h)] as h goes to zero. This covariance is obtained

by setting h = 0 in (4.118). For a spherical covariance model such

that a > Li > Li, this covariance is equal to

(Li+Lj)	 (Li+Lj)3
S rij [1   + 	 , I

4a	 160a-,

When the range is much larger than Li this reduces to Srii, showing

that ru i represents the ratio between the covariance of the regularized

variables ZLi(xi) and ZLi(xi) to the sill value. The implication is

that while the covariance of ZLi(xi) and ZLi(xi+h) as h goes to zero is

equal to the sill (for a>> Li), the covariance of ZLi(xi) and ZLi(xi+h)

when h goes to zero is less than the sill. This means that variably

regularized data have a lesser spatial correlation than data regular-

ized over constant length supports. The loss of correlation, which is

measured by the ratio ru, is related to the contrast in the sizes of

the supports. The larger the contrast, the lesser the correlation.

The spatial correlation of variably regularized data is reduced with

respect to that of point data through the averaging process and the

variability of the regularization supports.



165

In analogy to the definition of the covariance of ZLi and kj,

one can define the semivariogram YLi,Li(h) as

2 yLi,u(h) = EEZLi(xi)-Zu(1(.j)]2
	

(4.124)

Using the indicator functions Ki(x) and K(x) defined in (4.115), this

semivariogram becomes

2YLi,Lj(h) = f E {[Z(xi+s)Ki(s)-Z(xj+s)Kj(s)]ds }2

(4.125)

and after some manipulation

21Li,Lj(h) = 2 f f y(h+s-t)Ki(s)Ki(t)dsdt -

- f f y(s-t)Elys)lyt)+Ki(s)Ki(t)Nsdt
St

(4.126)

Introducing the geometric covariances Gij(w), Gii(w), and Gjj(w), this

expression finally reduces to

YLi,Lj(h) = y(h) * Gij - y(= 0) * [Gii + Gjj]/2	 (4.127)

Notice that for Li = Lj, equation (4.127) reduces to (4.104). Substi-

tuting the point semivariogram y(h) in terms of the point covariance

(see equation 3.6) in equation 4.127 and using equations 4.118 and

4.121, one can relate yLi,Lj(h) to the covariance Cov(ki,4j) by

ni,Lj(h) = C(h=0) * (0i0-0jj)12 + S(rij-1) - Cov(ki,44)

(4.128)
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which for Li= Lj becomes

'L(i) = SL - CL(h)
	

(4.129)

where SL is the sill of the regularized semivariogram defined in

(4.110). Contrary to the case of point data, the covariance and the

semivariogram of average values are related not only through the sill

S, but also through the geometries of the regularization supports.

4.12.3 Modification of the MLCV Equations

The extension of the MLCV method to the case of variably

regularized data relies on a characteristic of the kriging method,

according to which (see Journel and Huijbregts, 1978) the kriging

estimator Z*Li of the average value ZLi(xi) using M average data values

Zu(xj), jeNi, is given by

Z*Li = / ÀinZLn
	 (4.130)

neNi

where the kriging weights satisfy the following set of modified kriging

equations

Ain Cov(ZLn,Z0 + pi = Cov(ki,Z0 for all jeNi
neNi

(4.131)

together with the unbiasedness condition (equation 3.10). The covar-

iance between two errors eLi and eLi is given by an equation similar to

(3.27) where the point covariance Cmn is replaced by the regularized

covariance Cov(km ,ZLn). In particular, the variance, a2Li, of the

error eLi is given by
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Cov(Zu,4i) -	 Aim Cov(km,ki) - pi	 (4.132)
meNi

Then, one can derive a negative log-likelihood function similar

to that in (4.3) in terms of the cross-validation errors eu of the

regularized values and of their corresponding variances c2j. 	For

kriging one can use either a global or a local neighborhood.	 In the

former case, Dubrule's results apply also to regularized data.	 The

averaging process does not affect the linearity of the variances of

estimation in the sill S of the point semivariogram. Furthermore, the

errors eu remain independent of the sill S. Therefore, the statis-

tical properties of the sill estimator S* derived in section 4.4 for

point data remain unchanged when data are variably regularized.

Some minor differences exist between the MLCV method for

regularized and point data. These differences concern the resistance

of the estimates and the equations behind the minimization algorithm.

From equation (4.48), one can see that the sill estimator S* tends to

be less resistant for regularized data due to the decrease in variance

associated with the averaging process. However, this is counteracted

to some extent by the expected decrease in the cross-validation errors

which now have a smaller variance.

The equations used in the minimization algorithm for regular-

ized data are similar to those corresponding to point data except that

the point covariance must now be replaced by the regularized covar-

iance. For example, the adjoint state equations for tpii and tpio in

(4.62) are now
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tpim Cov(ZIA,ZLn) + pio = YiZn + XiCov(kn,ZLi)
meNi

for all neNi	 (4.133)

and the gradient of the negative log-likelihood function in (4.66) is

MLL	 M
= y	 y Xim Xi	 [Cov(Zu,Zu) - Cov(ZiA,40] +
	1 =1 meNi 	1. 	 aPk

+ y 	[Cov(4j,km) - Cov(4j,401}	 (4.134)

	

jeNi	 DPk

Similarly, the expressions of Q1(r) and E(r) in (4.82) and (4.83) are

given now by

Qi(r)	 ximf9	 [Cov(Zu,Zu) - Cov(km,40] +

	

meNi	 De(r)

+ y Xii	 [Cov(Zu,km) - Cov(Zu,ki)j}	 (4.135)

	

jeNi	 9e(r)

and

E(r) = yAim / wii	 [COV(Zw,ZIA)	 Cov(Zu,40]
meNi	 jeNi	 Der)

(4.136)

The derivatives of the regularized covariance with respect to the

parameters of the point covariance are calculated from (4.118) as

aPk 

COV(ZLi,Zu) = f ci(h + w) G(w) dw	 (4.137)

Pk

where derivatives of the point covariance can be readily calculated

from Appendix 3.
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4.12.4 Numerical Evaluation of Cov(ZLi,ki)

Inasmuch as G(w) is only a function of w3, the covariance

between ZLi and ki can be written as

1w31
Cov(ZIJ,Z14) = f 	C(+ w3k)	 - 2 ---____]/Li dw3

w36I	 Li + Li
(4.138)

where I is the interval (-riiLi, riiLi) and k is the unit vector along

the vertical direction. After a change of variables, this becomes

1
Cov(ki,ki) = riif [C(h +	 + C(h - uriiLik)] (1-u) du

0	 —
(4.139)

An analytical evaluation of this integral is possible only for h along

the vertical or horizontal directions. Otherwise, one can divide the

integration interval (0,1) into J subintervals of length 1/J. and

approximate (4.139) by

r	 1, (1 - m/J)[C(h + yk) + C(h - yk)]_ _	 _ _
m=0

where y = rij Li mid. If one uses the Gaussian quadrature method to

integrate (4.139), one must first write this equation as

1
rii/4 f (1-u)	 [C(h + vk)	 + C(h - vk)]du

	

_	 _ (4.140)
4 "1

where v = rii Li (u + 1) 12. Then, the approximation of the covariance

is given by
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Ng

ri/4	 nn f(un)
n=1

where f(u) is the integrand function in (4.140), and nn and un are the

weights and abscissas of the Ng Gauss points which can be found in any

book on mathematical functions (see Abramowitz and Stegun, 1970).

The numerical evaluation of the derivative of Cov(ki,Zu) is

obtained from that of the covariance by replacing the point covariance

values by their derivative.

4.12.5 Remarks

The distribution of the lengths Li and Li is arbitrary.	 In

fact, one can have simultaneously point and regularized data values.

If both Li and Li are equal to zero, Cov(ki,Zw) is equal to Cij.

However, when only Li = 0, the equations derived previously are

slightly different. The indicator function Ki(s) reduces to the delta

function 6(s), and then Gii(w) = Ki(w) according to (4.117). Notice

that equation 4.120 is no longer applicable. The covariance of Zi and

ZLi is then given by

Li /2
Cov(Zi,Zu) = 2/Li 

-L
f j/2 C(h+tk)dt (4.141)

4.13 Extension of the MLCV to 
Nonintrinsic Variables 

The MLCV method for estimating semivariogram parameters can be

extended to the estimation of the semivariogram of the residuals R(x)
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of a nonintrinsic RF. The proposed methods for estimating nonintrinsic

RF were discussed in chapter 3. In this section I show how the MLCV

method can be combined with the residual kriging method of Neuman and

Jacobson (1984) to provide the estimates of the drift function m(x) and

the semivariogram 'R(h) of the residuals. In what follows the abbre-

viation NJ is used to refer to the method of Neuman and Jacobson.

4.13.1 Residual Kriging Method

Let Z be the vector of the N measured values Zi, i =1,2, ... N,

and m the corresponding drift vector. Then, according to (3.18), Land

m are related by

Z = m + R	 (4.142)

where R is the vector of the residuals at the sample locations. The

drift is assumed to be a polynomial of order p

Jp
m(x) =	 cj f(x)

j=1

(4.143)

where Jp is an integer satisfying Jp+1 > Jp, cj are coefficients to be

determined, and f(x) are prescribed linearly independent basis func-

tions (usually monomials of the type 1,x,y,x2, xy, y2, ... ). Substi-

tution of (4.143) into (4.142) leads to

Z=Fc+R
— =-.— —

(4.144)

where Fis an NxJp matrix containing the basis function values, fj(xj),

and c is the vector of the Jp coefficients, cj. The residuals R are
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assumed second order stationary with zero mean and covariance E(RRI) =

v_R•

If KR is known, one can obtain an unbiased minimum variance
estimate of c, c , by minimizing the generalized least squares criteri-

on (Z - F (Z - F c). The resulting estimate is given by

(Neuman and Jacobson, 1984)

_c = _V	 y_R-1 z	 (4.145)

where lc is the JpxJp covariance matrix of the estimation error (c-e )

given by

yL = ( F' KR-1 F)-1
	

(4.146)

Once c has been estimated, the estimates of the drift and the residuals

are obtained as

m = F c	 (4.147)

= Z -	 (4.148)

As shown by NJ, these estimates are unbiased. The covariance of the

estimates of the residuals E(RR) = eR is "smaller" than the cover-_
•nnnn•11

lance matrix VR of the true residuals R. This means that the sill of

the semivariogram YR(h) of the estimated residuals is smaller than

that of the semivariogram YR(h) of R.

In practice, neither the covariance KR nor the order p of the
drift are known beforehand. Neuman and Jacobson proposed to proceed in

two stages. In stage 1, the residuals are treated as if they were
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uncorrelated and thus IR is taken as the identity matrix I. Replacing

V_R by I amounts to estimating c by ordinary least squares. Starting

with p = 1, one obtains the residuals R and their sample semivariogram

y*p(h). If this semivariogram shows a distinct sill, stage 1 ends.

Otherwise, one sets p = p + 1 and calculates new residuals. Eventual-

ly, for some p the sample semivariogram of the estimated residuals will

show a more or less constant sill. This semivariogram is then used for

the second stage. Stage 2 starts by obtaining an initial estimate

N(0) of VA,R from the sample semivariogram of the residuals y*R(h).

Usually, Itb R(0) is derived from the semivariogram model fitted to

y*v(h). Fitting y(h) to y*R\,(h) is made by eye. Upon replacing yR

in the regression model by V n,R(0), one obtains a new set of residuals

00). These residuals are then used to compute the sample semi-

variogram y*RA,(0)(h) which in turn is utilized to derive a new estimate

WuR(1) of Vq,R • This iterative process continues until the residuals

and their sample semivariogram at two consecutive iterations remain

essentially constant. Once the order p, the coefficients c% of the

drift, and the semivariogram of the residuals 1R (h) have been esti-

mated, the estimate of Z(x) at an unsampled location XD is obtained as

Z* (x10) = ou(xp) + R*(xD)	 (4.149)

where m'\,(10)) is calculated from (4.143) using the estimated coeffi-

cients c%

Mrb(D) = 

Jp	
(4.150)

j=1
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and R*(I0) is estimated by kriging using the N available residuals R.

The kriging equations are not written in terms of the true semi-

variogram yR(h), which is unknown, but in terms of the semivariogram of

the estimated residuals YR%(h).

This stepwise iterative regression method for estimating the

global drift and the semivariogram of the residuals has been tested by

Binsariti (1980), Fennessy (1982), Neuman and Jacobson (1984), and

Hernandez (1986) for the estimation of groundwater levels. In all

these cases the method worked well and convergence was achieved in less

than four generalized least squares iterations. The order of the drift

function in all cases was 4 except for the case study of Hernandez in

which a linear drift (p=1) was found to be satisfactory. Common to all

these cases was the availability of many data (usually more than 100

points and almost 300 in one case). I strongly believe that this is

one of the main reasons why the regression method worked well in these

cases. Notice that the criterion for convergence is based on the

sample semivariogram Y*RA,(h) of the estimated residuals. As mentioned

in chapter 3, the sample semivariogram has a poor statistical behavior,

especially when the number of data points is small. In addition, it

suffers from large variability at large distances and is sensitive to

abnormally high data values. These problems, which are aggravated when

the number of data points is limited, mean that the sample semivario-

gram is a poor estimator of the true semivariogram. Though the NJ

method has not been tested with small data sets, I suspect that the

results (the estimates el' and YR%) will be dependent on the distance

Classes used to calculate the sample semivariogram of the residuals.
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Inasmuch as the sample semivariogram may depart from the true semi-

variogram, convergence of the sample semivariogram (in two successive

generalized least squares iterations) to a stable shape does not

necessarily mean convergence to the true semivariogram )(RI• In other

words, convergence to the true semivariogram (which is what one wants

to achieve) is only ensured when the sample semivariogram is arbitrari-

ly close to the true semivariogram. The variance of Ey*R(h) - yv,(h)]

decreases with the number of data pairs N(h) used to compute y*R'b(h)

which in turn increases with the number N of available data points.

Since for large N, y*R is "close" to yro, (in some probabilistic

sense), one expects the convergence in the sample semivariogram to be

approximately equivalent to convergence to the true semivariogram, thus

ratifying the previous assertion that the NJ regression method worked

well in all cases because of the large data availability. However, the

meaning of what represents "a large number" of data points depends on

a variety of factors and cannot be ascertained a priori. In general,

one should expect the accuracy of NJ estimates to improve with the

number of data points. However, since in practice the number of

available data is limited, these estimates will contain some bias.

This has been corroborated by Hernandez (1986) and myself by using a

modified version of the NJ method which incorporates the MLCV method

for estimating the semivariogram of the residuals. The details of this

modified version are given in the next section.

The number of data points must be larger than Jp to ensure the

existence of a positive definite covariance matrix V'R of the residuals

(Neuman and Jacobson, 1984). The number of monomials, Jp, needed to
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describe the drift depends on both the order of the polynomial and the

dimensionality of the problem. For polynomial basis functions, one can

show by induction that

J (p+1) one-dimension (4.151)

J = (p+1)(p+2)/2 two-dimensions (4.152)

Jp (p+1)(p+2)(p+3)/6 three-dimensions (4.153)

In stage 1 only the matrix F F', which is of order Jp, has to be

inverted. In stage 2 one has to invert the matrix KR and then the
matrix F'KR-1F. Since the order of KR is N, stage 2 always requires

much more computation time than stage 1. For very large data sets,

stage 2 thus takes up most of the execution time since at each general-

ized least squares iteration a different Vq,R matrix must be inverted.

The overall computer requirements of the NJ method are determined by

the number of data points and by the number of iterations needed in

stage 2.

Stage 2 is intended to provide refined estimates of cr‘, and

yr). In cases where this refinement is not significant (see Neuman

and Jacobson, 1984), one could question the usefulness of stage 2. The

approach of Gambolati and Volpi (1979) would be preferable in these

cases because of its lesser computational requirements. In general,

however, nothing ensures that the semivariogram estimates obtained with

ordinary and generalized least squares will be close. In fact, the

cases analyzed by Fennessy (1982) and Hernandez (1986) confirm that

there is a significant difference between them. Therefore the NJ
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residual kriging method should be preferred to that of Gambolati and

Volpi (GV), not only because the latter is inconsistent, but also

because the semivariogram estimated with the former method is closer to

the true semivariogram as the results of Hernandez (1986) and those of

mine (see chapter 6) suggest. Hernandez and I have found that the

range and sill of the semivariogram ye, estimated with the modified

method that I propose in the next section are larger than those derived

with the NJ method, which in turn are larger than those obtained from

simple regression (as proposed by Gambolati and Volpi). Since the

maximum likelihood cross-validation estimates are more consistent and

efficient than those obtained with the NJ and GV methods, it is clear

that, though not optimal the NJ estimates are closer to the optimum

values and thus better than the GV estimates.

4.13.2 Modified Residual Kriging Method

The modified version of the residual kriging method presented

here differs from the NJ method in the following aspects:

(a) The semivariogram of the residuals 1R (h) (required to

estimate KR in the second stage) is not estimated from the sample

semivariogram of the residuals as in the NJ method, but directly from

the residuals using the MLCV method. At the i-th generalized least

squares iteration, the drift coefficients, c(i), and the residuals,

R(i) are calculated by generalized least squares using a covariance_

matrix V R(i) derived from the semivariogram parameters Rb 0-1) esti-_...

mated in the previous iteration. From the residuals obtained at the
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current iteration, one calculates new parameter estimates P1,(i) using

the MLCV method.

(h) The criterion for convergence is not based on the conver-

gence of the sample semivariogram. Instead, one compares both the

drift parameters crb and the semivariogram parameters P'‘, at two consecu-

tive iterations. The iterative process ends when these parameters

attain stable values.

- Contrary to the NJ and GV methods, the modified version of the

NJ residual kriging method provides a cross-validated estimate of the

semivariogram of the residuals. Once the drift and the semivariogram

parameters have been estimated, the estimation of Z(x) is carried out

similarly to the NJ and GV methods.

In summary, the modified version presented here is similar to

the NJ method for stage 1. For stage 2, these are the steps needed:

Initialization step. Let c(0) and R(0) be the drift parameters and the

residuals, respectively, obtained at the end of stage 1, input the

residuals R(0) to the MLCV method to obtain the parameter estimates

P(0), and set i = O.

Main step:

(1)Minimize the generalized least squares criterion using the parame-

ter set P(i) to define the covariance matrix KR. Let c(1+1) and

R(i+1) be the corresponding drift and residual estimates.

(2)Obtain new semivariogram parameter estimates P(i+1) applying the

MLCV method to the set of residuals R(1+1).
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(3) If the parameters P(1+1) or c( 1+1) differ from their values at the

previous iteration P(i) and c(i), increase i by one and go to (1).

Otherwise, stop.

4.13.3 Comparison of the Modified NJ and the NJ Methods

Hernandez (1986) applied both the NJ and the MLCV-NJ methods to

steady state groundwater level data in the Calera Basin, Mexico. I

applied both methods to silica content and oxygen 18 ratios of ground-

water in the Madrid Basin, Spain. In all three cases the drift and

semivariogram parameter estimates obtained with the two methods were

different. The estimates of the sill and the range were larger for the

MLCV-NJ method, showing that the residuals are more strongly correlated

in space than suggested by the NJ method. This in turn means smaller

kriging errors. In other words, the NJ method is somewhat pessimistic

as it leads to larger errors of estimation. The two methods generate

very similar kriged estimates. This is not surprising in light of the

robustness of the kriging method (see section 3.2).

4.13.4 Extension of Residual Kriging
to Regularized Nonintrinsic Data

In this section I consider the case of a nonintrinsic RF, Z(x),

that has been measured at N sample locations xi, the support of each

sample i being a vertical line segment of length Li. The previous

residual kriging equations can be properly modified to cope with

variably regularized data. Let RLi and Fiji be the following average

values



Ru = 1/Li f	 R(xi+s) ds
seL._

Fuj = 1/Li f	 fj(xi+s) ds_ _
seL._

180

(4.154)

(4.155)

For average values, equation 4.144 becomes

= EL c	 El	 (4.156)

where KL is the vector of measured regularized values (Zu), RI is the
corresponding vector of average residuals, FL is a N x Jp matrix

containing the regularized basis function values (Fu), and c is the

vector of coefficients of the point drift m(x). The regression model

in (4.156) has the same structure as (4.144). One can therefore use

the same generalized least squares method to estimate the coefficients

C of the punctual drift and the parameters P of the semivariogram of

the point residuals by replacing in (4.145) to (4.148) R, F, and yR by

FL and y_RL, respectively. Matrix KRI. is the covariance matrix of

the regularized residuals j. This matrix can be computed from the

point covariance matrix y_R using equation 4.118

	

VRLij = Cov(Ru,Ru) = VRij * Gij
	

(4.157)

Once c and P have been estimated, the kriging estimate of the spatial

average of Z(x) over a domain Fn is obtained by adding the estimate of

the drift

Jp
i(rri) = 1/rn y c;	 f yx) dx

j="1	 rn
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to the kriging estimate of the residual R*(rn). For a three-dimen-

sional random function, the regularized basis function values Fiji are

evaluated as follows. The j-th monomial at point xi is given by xin1

yin2 zin3 where nl + n2 + n3 = p, and xi = (xi,yi,zi). Then,

Li/2
FLu = 1/Li f	 fi(xi+sk)ds =_

-Li/2	
_

Li/2
= 1/L1 f 

Li/2	
i.n1	 .n2 (zi + 5)n3 ds =x	 Yi

- 

1	 n3+1	 n3+1
= f.(x-) 	J	 [(Z1+L1/2)	 - (Zi-L/2) 	]

Li zin3 (n3+1)

Notice that Fiji coincides with fi(xi) for all those monomials having

n3 <1. Then, if p = 1, FL = F.



CHAPTER 5

APPLICATION OF THE MLCV METHOD TO SYNTHETIC
AND TRANSMISSIVITY DATA

The maximum likelihood cross-validation method presented in

chapter 4 has been used to estimate the semivariograms of synthetic

data and real transmissivity values. The application of the MLCV

method to hydrochemical and isotopic data is described in chapter 6.

An application of the method to groundwater levels can be found in

Hernandez (1986). Several geostatistical programs have been developed

during the course of my doctoral research. These programs include

30GPSH, a three-dimensional geostatistical package for the estimation

of 2nd order stationary, intrinsic and nonintrinsic functions, AESP1, a

program to estimate semivariogram parameters from point data using the

MLCV method, and AESP2, a program similar to AESP2 but for vertically

averaged variables. A brief description of these programs can be found

in Appendix 8.

5.1 Synthetic Data 

The capabilities of the MLCV method have been tested with data

characterized by a known semivariogram. For this purpose a realization

of a second order stationary two-dimensional random field was generated

using the turning bands computer program of Mantoglou and Wilson

(1981). The random field has a mean and variance equal to one and an

exponential semivariogram with a range a = 3 (effective range a'=9).
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Values of the random field were generated at the nodes of a 30 x 30

square grid. Only 200 of the 900 generated points were used to esti-

mate the semivariogram. These 200 randomly selected points are listed

in Appendix 9. Figure 5.1 shows the location of 100 of these points.

The MLCV method has been used to estimate the semivariogram of the

random field for increasing numbers of data points ranging from 25 to

200. The sample semivariogram was used in most cases to assign the

initial values of the semivariogram parameters. Other initial esti-

mates were considered only for the assessment of uniqueness. In all

cases the reciprocal of the range has been considered as a parameter

instead of the range itself. Local kriging neighborhood has been used

in all the applications of the MLCV method. Generally 30 points were

enough to obtain satisfactory results. The effect of the size of the

local neighborhood is described later in section 5.1.2. All the data

points have been considered for kriging except for the case of 200

points. In this case some points had to be left out for the purpose of

kriging to make possible the identifiability of the parameters.

The tolerance values defining the stopping criteria were: el =

10-10 for the convergence of the likelihood function, e2 = 10-3 for the

norm of the gradient, and 63 = 10-5 for the relative reduction of the

norm of the gradient. Up to 40 experiments were performed using this

Synthetic data set to illustrate the capabilities of the MLCV method.

5.1.1 Effect of the Number
of Data Points on MLCV

The sill, S and range, a of the exponential semivariogram were

estimated using increasing numbers N of data values. For N values less
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than or equal to 100, all the points have been used for kriging and

cross-validation (i.e., both the number of kriging points NK and the

number of cross-validation points M were equal to N). For N = 200 only

113 kriging points were used because of identifiability problems of

type I (see section 4.9.2): points separated a distance smaller than

DMIN = 2 were eliminated.

Table 5.1 summarizes the results obtained with 25, 35, 45, 50,

100, and 200 points. When 50 or more points are used, the estimated

parameters S* and a* differ from the true values by less than 12%.

For fewer than 50 points the estimates exhibit large variability. For

instance, the estimate of the range using 35 points is off by 81.2%.

The sill estimates are generally closer to the true value than are the

estimates of the range. This could be due to the greater sensitivity

of the semivariogram to changes in the sill than to changes in the

range: the mean sensitivity Ik defined in Appendix 3 (A3.7) is equal

to 6.15 for the sill and only -0.266 for the range. The low sensitivi-

ty of the semivariogram to changes in the value of the range results in

a low sensitivity of the cross-validation results (errors and vari-

ances) and the NLL function to this parameter. It is not surprising

that the estimates of the range are poorer than those of the sill.

The sample variance in Table 5.1 underestimates the "a priori"

variance which, being equal to the sill S, is one. This is due to the

autocorrelation between data (Journel and Huijbregts, 1978). This

implies that taking the sample variance as the sill of the sample

semivariogram, a practice often followed, can lead to biased estimates

of the sill. By the same token, the sample semivariogram constitutes a
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Table 5.1 Effect of the number of data points on the MLCV estimates of
the sill and range of the exponential semivariogram

N MAXR DMIN NK S* a* (S-S*)/S (a-a*)/a G2

25 24 0 25 .744 2.769 .256 .077 .7549

35 34 0 35 1.232 5.438 -.232 -.812 .9532

45 40 0 45 1.022 3.915 -.022 -.305 .8774

50 40 0 50 .886 2.676 .114 .108 .8224

100 40 0 100 .984 2.987 .016 .004 .8781

200 30 2 113 .984 3.233 .016 -.077 .8538

N	 = Number of data points
MAXR = Size of local kriging neighborhood
DMIN = Minimum distance between kriging points
NK	 = Number of kriging points
S*,a* = MLCV estimates of the sill S and range a, respectively
0.2	 = Sample variance
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poor estimator of the true semivariogram. Figure 5.2 shows the true

semivariogram, the MLCV semivariogram estimate and the sample semi-

variogram obtained with 100 data points. While the MLCV estimate is

very close to the true semivariogram, the sample semivariogram consis-

tently underestimates the true semivariogram at large distances.

5.1.2 Minimization Algorithm

The conjugate gradient method used for minimizing the NLL

function requires computing the updating direction at each iteration.

Four possible methods were proposed in section 4.7.2. I have evaluated

the performance of three of those methods using two examples. The

first example corresponds to the case of 50 data points using a local

neighborhood of 20 points. While the Fletcher-Reeves method requires

11 iterations, the methods of Broyden and Davidon-Fletcher-Powell

converge in only 7 iterations and followed identical minimization

paths. The second test was performed with 25 data points using local

neighborhoods of 20. In this case the Fletcher-Reeves method, which

required 9 iterations, performed almost as well as the Broyden and

Davidon-Fletcher-powell methods which took 8 iterations to converge.

Since the the Broyden and Davidon-Fletcher-Powell methods perform

equally well and slightly better than the Fletcher-Reeves method, the

method of Broyden has been utilized in most of the cases described in

this dissertation. The Fletcher-Reeves method has been used only in

problems with slow rate of convergence to check whether convergence

problems were related to the minimization algorithm. As most of the

numerical difficulties were due to lack of parameter identifiability,
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the Fletcher-Reeves method did not generally help to reduce the number

of iterations.

5.1.3 Effect of Kriging
Neighborhood Size on MLCV

In all the applications of the MLCV method considered here, a

local kriging neighborhood has been used. The size of the neighborhood

is specified by the maximum number of kriging points, MAXR, and the

maximum kriging radius, RMAX. By making RMAX sufficiently large, one

can ensure that each neighborhood contains the same number of data

points. In this section I discuss the effect of increasing the size of

the kriging neighborhood on the MLCV estimates.

Table 5.2 contains the parameter estimates obtained for various

values of MAXR and different numbers of data points. One can see that

increasing MAXR beyond 30 has little effect on the parameter estimates,

while 15 to 20 kriging points are enough to yield good estimates when

the number of data points is less than or equal to 50. For 100 points,

however, MAXR = 20 leads to parameter identifiability problems. Though

preliminary, the results in Table 5.2 suggest that the number of

iterations needed by the minimization algorithm decreases as MAXR

increases. This could indicate that a global neighborhood kriging is

more efficient in terms of the number of iterations than local neigh-

borhood kriging. This, however, does not necessarily mean that global

neighborhood is more efficient than local neighborhood in terms of

computer time. A more detailed evaluation of the merits of global and

local neighborhoods is certainly needed.
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Table 5.2	 Effect of the size MAXR of the local kriging neighborhood
on the MLCV estimates of the sill, S * , and range, a* , for
various numbers N of data points

N MAXR S* a* Iterations

25 20 .704 2.529 4

25 24 .744 2.770 5

35 10 1.245 5.714 8 (#)

35 15 1.078 4.894 5 (#)

35 30 1.180 5.145 3 (#)

35 34 1.232 5.438 7 (#)

50 20 .958 3.058 7 (#)

50 30 .889 2.688 12 (#)

50 40 .885 2.676 5 (#)

100 20 1.396 4.545 13 (##)

100 30 1.004 3.064 8

100 40 .984 2.987 4

(#)	 The initial parameters are not the same in all cases
(##) Slow convergence due to parameter identifiability problems
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5.1.4 Model Identification

This section is concerned with the use of identification

criteria for the selection of semi variogram models. The criteria

discussed in section 4.6.2 have been tested with 50 and 100 data

points. The models considered include pure nugget effect, exponential,

quadratic, spherical, exponential with nugget and spherical with

nugget.

Table 5.3 contains the values of the four criteria AIC, MAIC,

HIC, and KIC for 50 data points. Only the MAIC and KIC identified the

exponential model as being the best. Of these two criteria, that of

Kashyap distinguishes more clearly the exponential model as best. All

the criteria rate the quadratic model as being the least preferred.

Clearly, the AIC and HIC fail to identify the correct semivariogram

model, though the latter criterion rates the exponential and spherical

model with nugget almost equally. Also shown in Table 5.3 are the NLL

values and the number of iterations required by the minimization

algorithm. The fact that the NLL value for the spherical model is

smaller than the NLL for an exponential model explains why the MC and

HIC identified the spherical model as the best. One can see that when

the correct model (exponential) is used, the minimization algorithm

requires the least number of iterations. The larger number of itera-

tions needed in the case of spherical model with nugget is due to the

additional nugget parameter. The three models considered are shown in

Figure 5.3 together with the sample semivariogram. The exponential and

the spherical models are very close and have quite similar sill and

range values (see Table 5.3).
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Table 5.3 Values of AIC, MAIC, HIC and KIC for 50 data points and
three different models: (1) exponential, (2) quadratic, and
(3) spherical with nugget

Model	 1 Model	 2 Model	 3

MAXR 20 20 20

Number of
Parameters 2 2 3

Iterations 7 15 20

NLL 118.44 123.84 114.83

Nugget 0. 0. 0.2089

Total	 sill 0.9588 1.0711 0.8982

Effective
Range 9.174 12.229 8.394

AIC 122.441 127.845 120.837

Rating 2 3 1

MAIC 126.265 131.669 126.574

Rating 1 3 2

HIC 123.897 129.301 123.022

Rating 2 3 1

KIC 129.536 137.907 135.040

Rating 1 3 2
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Table 5.4 shows the results of model identification with 100

data points and five models. Here the exponential model is ranked best

and pure nugget as worst by all criteria. The quadratic model is rated

second best by AIC, MAIC, and HIC, and fourth by KIC, the spherical

model is third according to all criteria except AIC, and the exponen-

tial model with nugget is rated fourth by MAIC and HIC, second by KIC

and third by AIC. Figure 5.4 shows the sample semivariogram together

with the five candidate models. Since the exponential model is very

close to the true semivariogram, it can be taken as reference to judge

the adequacy of the other models. Notice that both the quadratic and

spherical models are very close to the true model near the origin. In

fact, the slope at the origin is 0.2716 for the spherical, 0.304 for

the quadratic, and 0.327 for the exponential. Though different near

the origin, the exponential model with nugget tends to the true model

for large distances. The sill estimates in all cases are within 12% of

the true value. The estimates of the range, however, exhibit a greater

variability.

The results in table 5.4 show that model 5 which has the

largest number of parameters yields the least NLL value. This does not

of course mean that model 5 is best. The information criteria support

the principle of parsimony according to which the best model has the

least number of parameters while including all the relevant features of

the underlying semivariogram. The pure nugget model, which has only

one parameter, fails to account for the spatial correlation between the

data. As in the case of 50 data points, the minimization algorithm

requires more iterations when nugget is present (in addition to other
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Table 5.4 Values of AIC, MAIC, HIC and KIC for 100 data points and
five different models:	 (1)	 exponential,	 (2)	 quadratic,	 (3)
spherical,	 (4)	 pure nugget, and	 (5)	 exponential	 with nugget

Model	 1 Model	 2 Model	 3 Model	 4 Model	 5

MAXR 30 30 30 30 30

Number of
parameters 2 2 2 1 3

Iterations 8 15 7 2 10

NLL 218.04 218.66 220.37 276.06 217.49

Nugget 0. 0. 0. 0.8958 0.0896

Total
sill 1.0046 0.9435 1.1122 0.8958 1.0154

Effective
range 9.1944 6.2068 6.1420 0. 12.0510

MC 220.04 222.66 224.37 278.06 223.49

Rating 1 2 4 5 3

MAIC 227.25 227.87 229.58 280.67 231.07

Rating 1 2 3 5 4

HIC 224.15 224.77 226.48 279.12 226.65

Rating 1 2 3 5 4

KIC 231.24 235.35 233.56 282.96 233.15

Rating 1 4 3 5 2
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correlation structures). Only two iterations are required for a pure

nugget model because the sill is the only parameter to be estimated.

It is not clear why the quadratic model requires 15 iterations.

The above two examples indicate that identification criteria

can be useful in selecting the most appropriate semivariogram model

among a set of candidate models. The criterion of Kashyap (1982) and

the modified Akaike's criterion correctly identified the true model in

both cases. The former criterion, however, seems better because it

identified the correct model more sharply. These conclusions are based

on a limited number of cases. A more extensive testing of these

criteria should be undertaken especially for cases where the data

contain measurement errors.

5.1.5 Parameter Identifiability,
Uniqueness and Stability

The question of parameter identifiability, uniqueness and

stability were discussed in section 4.9. Their importance in semi-

variogram estimation is illustrated here with several examples.

Inasmuch as independent prior information about the parameters

of the semivariogram is not available in the cases considered here,

identifiability is a necessary condition for uniqueness. Problems in

identifying the parameters may arise for various reasons. Consider for

instance the case of 100 data points using local neighborhoods of 20

and 30 points. The results obtained are summarized in Table 5.5. For

MAXR = 20, the estimates of the sill S* and the reciprocal of the range

b* are off by 39.6% and 51.5%, respectively, and the associated esti-

mation errors are quite large: the coefficient of variation for the
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Table 5.5 Identifiability of the parameters using 100 data points and
various sizes of the local kriging neighborhood

Case 1 Case	 2

MAXR 20 30

Initial	 parameters

Sill .890 .890

Range 2.5 2.5

Iterations 13 8

Algorithm Fletcher-Reeves Fletcher-Reeves

Parameter estimates

Sill 1.3969 1.0046

Reciprocal	 of
the range .2200 .3262

Estimation errors

Sill 1.0499 .3880

Reciprocal	 of
the range .1850 .1520

Coefficients of
variation

Sill .7516 .3862

Reciprocal	 of
the range .8409 .4658

Correlation between
parameters -0.982 -0.930
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sill is .7516 and for the reciprocal of the range .8409. The coef-

ficient of correlation between S* and b* is equal to -0.9821, implying

a high negative correlation. These are unmistakable signs of lack of

parameter unidentifiability. The fact that S* and b* are negatively

correlated implies that, near the optimum, NLL is not sensitive to the

simultaneous increase of S and decrease of b: a semivariogram with a

sill S* and range 1/b* cannot be distinguished (in terms of its NLL

value) from one having a sill S* + dS and a range 1/(b* - db), where dS

and db are arbitrarily small increments. This was classified as type I

identifiability problem in section 4.9.2. The reason for the lack of

identifiability is that most kriging points are separated by distances

smaller than the effective range of 10. To ensure that the radius of

each neighborhood is at least equal to 10, one needs many more than 20

kriging points (see Figure 5.1). This is also seen in Figure 4.4 which

shows the curves of Nmin, Nmean and Nmax for various values of the

radius RMAX. For a radius of 10, the Nmean curve indicates that more

than 25 points should be used, in other words, for RMAX = 10 the

average size of the kriging neighborhood is approximately equal to 26.

Thus, if one uses a smaller size (say 20), the corresponding radius of

the neighborhood is less than 10 (8.5 in Figure 4.4). The solution to

this identifiability problem is to increase the size MAXR of the local

neighborhood.

Table 5.5 shows that when MAXR = 30, the estimates are closer

to their true values. The estimation error for the sill is equal to

.388 and the coefficient of variation is now only 0.386. The estima-

tion error for b* is equal to 0.1520, with a coefficient of variation
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equal to 0.4658. This demonstrates that increasing the size of the

local neighborhood improves parameter identifiability. Also reduced is

the number of iterations required by the minimization algorithm. The

negative correlation coefficient between S* and b* for MAXR = 30 is

still quite large (-0.93), probably because of the linearity assumption

used to compute the covariance matrix of the parameter estimates.

Identifiability problems due to an improper choice of the

neighborhood size were also observed with 35 data points. These

problems were eliminated by increasing MAXR from 10 to 30. A conclu-

sion that one can draw from the use of local neighborhood kriging is

that even for small data sets (less than 30 to 50 points), the size of

the neighborhood must be at least 20 or 30 in order to ensure parameter

identifiability. This, however, may not be sufficient to guarantee

identifiability in all cases. In fact, identifiability problems have

been observed with N = 40 and N = 200 data points even when neighbor-

hoods of size 30 were used. One possible remedy to these problems is

to omit some points for the purpose of kriging. I have dropped points

that are spaced closer to each other than DMIN. For the case of 40

data points, a value of DMIN = 3 made the parameters identifiable.

Table 5.6 shows the results obtained with (1) DMIN = 0 and (2) DMIN =

3. When DMIN is equal to 0 all the points are used for kriging. In

this case the estimates S* and b* are poor, unreliable and highly

correlated. On the other hand, by setting DMIN = 3 only 26 points are

used for kriging. Parameter estimates are closer to their true values,

have smaller estimation variances and are less correlated. Notice that
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Table 5.6 Identifiability problems using 40 data points

Case 1 Case	 2

MAXR 20 20

DMIN 0. 3.

Number of
kriging points 40 26

Cross-validation
points 40 40

Initial	 parameters

Sill 1.0 1.0

Range 3.0 3.0

Iterations 10 8

Algorithm Broyden Fletcher-Reeves

Parameter estimates

Sill 1.7535 1.1469

Reciprocal	 of
the range .13094 .2374

Estimation errors

Sill 2.0978 .5224

Reciprocal	 of
the range .1743 .1555

Coefficients of
variation

Sill 1.1963 .4552

Reciprocal	 of
the range 1.3315 .6549

Correlation between
parameters -0.982 -0.871



202

taking DMIN equal to 3 not only eliminates identifiability problems,

but also reduces the number of iterations.

Before a unique solution can be found, one must be sure that

the parameters are identifiable. Identifiability, however, does not

guarantee uniqueness. One possible way to check for global uniqueness

is by starting the minimization algorithm using different parameter

sets. If the final parameter values depend on the initial estimates,

one can conclude that the solution is non-unique. Here I have tested

uniqueness for the case of 50 data points using local neighborhoods of

20 and 30 points. The parameters are identifiable in both cases. For

MAXR = 20 three sets of initial parameters were used which led to the

same final parameter estimates (see Table 5.7). Figure 5.5 shows the

NLL contours in the sill-range parameter space. These contours are

nearly elliptical in the vicinity of the optimum parameter values,

showing that the parameters are identifiable (at least near the op-

timum). These ellipses are more elongated along the range axis,

indicating that the NLL is more sensitive to the sill than to the

range, and thus the sill can be more accurately estimated than the

range.

Two initial parameter sets were tested for MAXR = 30. The

first set has a high range (a = 9) while the second corresponds to a

low range (a = .25). In both cases the algorithm converged to the same

solution (see Table 5.7). Figure 5.6 shows the trajectories followed

by the minimization algorithm. Far from the optimum the minimization

algorithm may get stuck- and sometimes proceeds by moving away from the

optimum values. Notice that the starting values of the range are



Table 5.7 Uniqueness of the solution for 50 data points: starting
values of the parameters and number of iterations

Starting values	 Final values

Sill	 Range	 Sill	 Range	 MAXR	 Iterations

.8224 2. .9588 3.0586 20 7

.8224 6. .9588 3.0588 20 6

.8224 .5 .9589 3.0594 20 13

2. .25 .8894 2.6883 30 12

3. 9. .8894 2.6883 30 13

203
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Figure 5.5. Negative log-likelihood contours in the sill-range
parameter space for 50 data points and MAXR = 20.



o
(1)

L-

205

•

▪ •
•r-
o •

_ 1*	 -a C
0 •,-
0
..0 o
S- CD
o>

_0 • ,-
-C 01E Cr)
•,- (r)

O cu a)
—	 L— = =
—00 On rt$ rcs

r---

0-)
'0
	 >

...	 •,— <1.)
0	 (..) 4-J
> = CU

.....	 E

E 4,
in co..,

c rzs...	 a.) •r- 0-

0) 
0
0- r-

"'" (.0	 ms
rcs •,—

O -1-.) +--)
RI •r-

..
•...	 r-

C G0

I	 1	 I	 1	 1111	 I	 F	 I	 1	 1	 1	 1-F111111

CO	 CO
	 co

c.i	
lus ‘."..

0



206

extreme because a = 0.25 corresponds almost to a pure nugget model and

a	 9 (a = 27) gives an effective range almost equal to the size of

the domain.	 In practice, one can use the sample semivariogram to

assign the initial parameter estimates. In this way, a local solution

can always be found near the initial values. Though global uniqueness

cannot be ensured, local uniqueness can be achieved if the initial

estimates are close to the optimum values. Figure 5.7 shows the NLL

contours for MAXR = 30. Here parameters cover a wider range of values

than in Figure 5.5. The sill varies between 0 and 5 while the range

spans the interval (0,12). Near the optimum (S* = 0.8894, a* = 2.6883)

the contours are nearly convex, indicating the presence of a local

minimum. As the range increases the contours elongate, showing a

distinct valley. The slope along the valley is small, explaining the

slow rate of convergence of the algorithm observed with the first set

of initial parameters. The fact that the algorithm converged to the

same optimum for the two initial parameter sets confirms that in this

case the solution is unique. The contours, however, indicate that for

large ranges the convergence is slow and the minimization algorithm may

stop far from the optimum. For a fixed size of the kriging neighbor-

hood, increasing the range may result in identifiability problems of

type I. These problems are characterized by NLL contours with flat

elongated valleys such as that in Figure 5.7.

The parameter estimates are said to be stable if a small change

in the data values results in a small change in the estimated parame-

ters. As shown in section 4.9.1, the stability of the sill estimate is

determined by the values of e1/a21. Though this result was derived for
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Figure 5.7. Negative log-likelihood contours in the sill-range
parameter space for 50 data points and MAXR = 30.
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global neighborhood kriging, it is expected to hold for local neighbor-

hoods of sufficiently large size. Here I have considered the stability

of the estimates obtained with 50 data points using local neighborhoods

of 20 points. Five points which have values of ei/G21 greater in

absolute value than 1.5 were removed and the estimation was repeated

without such points.	 The results obtained with and without these

points are listed in Table 5.8.	 From this table one can see that

leaving out legitimate points results in highly biased estimates of the

parameters. Both the sill and the range are underestimated by more

than 40%. Clearly, there is serious danger in dropping out points

having large values of ei/a2i, especially when dealing with small data

sets. Undoubtedly, additional tests are needed in order to decide

whether a data value constitutes an outlier.

5.1.6 Statistical Tests of the
Cross-Validation Errors

As the MLCV method assumes that the cross-validation errors e

are Gaussian, one must verify that the a posteriori errors e* do not

contradict this hypothesis. These errors are also assumed to lack

spatial correlation. In this section I discuss various statistical

tests for checking these assumptions.

Data generated by the turning bands method tend to have a

multivariate Gaussian distribution (Journel and Huijbregts, 1978).

This means that the cross-validation errors, which are linear combina-

tions of the data values (see equation 4.7), are also Gaussian. There-

fore the standardized errors ei/cri are expected to be normal N(0,1)

(for uncorrelated errors).
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Table 5.8 Effect of dropping five points on the parameter estimates

50 Data points 45 Data points

MAXR 20 20

Parameter estimates

Sill -0.9588 0.5288

Range 3.0586 1.790

Differences ***

Sill -0.0412 -0.4712

Range 0.0195 -0.4033

Correlation between
kriged and measured
values 0.480 0.412

***Estimated minus true value divided by true value
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The statistical tests performed on the standardized errors

include the estimation of their mean (Me), variance (a2e), skewness

coefficient (Se) and coefficient of kurtosis (Ke). Table 5.9 summa-

rizes the values of these and other statistics for numbers N of data

points ranging from 25 to 200. All the statistics in this table were

obtained by using an exponential semivariogram. Other parameters

listed in Table 5.9 are the mean error (ME), the mean square error

(MSE), the variance of the errors (VE), the average kriging variance

(AKV), the ratio VE/AKV, the dimensionless mean square error (DMSE),

the correlation coefficient between measured and kriged values, and the

correlation coefficient between errors and kriged values. The normal-

ized errors have a mean Me and skewness Se close to zero, a variance

a2e close to one, and a kurtosis varying between 2.253 and 2.968. In

all cases the estimates Me, 0-2e, Se and Ke are in the appropriate

ranges of variability, i.e., they satisfy the inequalities in equations

(4.54) to (4.57). Notice that while the DMSE is equal to one for all

values of N, the ratio VE/AKV oscillates slightly about 1. The correla-

tion between the errors and the kriged values is close to zero. As one

would expect, the correlation between observed and kriged values

increases with the number of available data. However, the actual

values of the correlation coefficient are small. More will be said

about this in a later section.

Figure 5.8 shows a histogram of the errors for 100 data

points. Though useful for a preliminary analysis of the statistical

distribution of the errors, the histogram does not provide a good

measure of how well the errors fit a normal distribution. For this



211

Table 5.9 Statistical properties of the cross-validation results for
various numbers of data points

NUMBER OF DATA POINTS

25 35 45 50 100 200

Normalized Errors

Mean -.0382 -.0172 -.0007 -.0040 .00005 0.0479

Variance 1.0200 1.0150 1.0110 1.0100 1.0050 1.0020

Skewness 0.4190 0.0430 0.1070 0.1390 -0.303 0.0500

Kurtosis 2.9680 2.8150 2.6680 2.5760 2.5230 2.8500

Mean Square
Error	 (MSE) 0.6034 0.5633 0.5812 0.6346 0.5311 0.4584

Variance of the
Errors	 (VE) 0.6259 0.5797 0.5940 0.6476 0.5365 0.4584

Average kriging
Variance	 (AKV) 0.6057 0.6245 0.6186 0.6396 0.5370 0.4640

VE/AKV 1.0350 0.9282 0.9606 1.0124 0.9990 0.9865

Dimensionless
Mean Square
Error (DMSE) 0.9999 1.0001 0.9999 1.0000 0.9999 1.0009

Correlation
between kriged
and measured
values 0.3752 0.6109 0.5804 0.4755 0.6640 0.7000

Correlation
between errors
and measured
values 0.0580 -.0564 0.0082 0.0337 0.0298 -.0211
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purpose, quantile plots are more appropriate. Figure 5.9 and 5.10 show

these plots for 50 and 100 points respectively. One can see that the

normalized errors fall close to a straight line of unit slope. Small

deviations from this straight line occur mostly at the tails of the

distribution. These deviations, which are not systematic, could be the

result of ignoring the spatial correlation between the errors. The

extent of such correlation can be characterized by computing the sample

semivariogram of the normalized errors. Such semivariograms for 50 and

100 points have been plotted in Figure 5.11. For distances less than

10, the sample semivariograms lie above the pure nugget line, indi-

cating that for small distances the errors are negatively correlated.

Further evidence that supports this finding is presented in the next

section. I anticipate that the degree of spatial correlation between

the errors increases with the density of the data. Assuming that the

errors lack correlation can lead to suboptimal estimates for large and

dense data sets. One possible way to reduce the correlation between

errors is to perform cross-validation at each location using only

points separated by distances larger than DMIN for kriging. That this

reduces correlation is seen in Figure 5.12: it shows the sample semi-

variogram of the normalized errors for N = 200 upon leaving out (for

the purpose of kriging) all points spaced more closely than DMIN = 1

and DMIN = 2.

To ascertain how well kriging evaluates uncertainty, one can

compare the calculated errors, ei, with the standard deviations, G.
 5

predicted by kriging. The spatial distribution of the normalized

errors will reveal areas where kriging does not provide accurate
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Figure 5.9. Quantile plot of normalized errors for 50 data points and

exponential semivariogram.
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Figure 5.10. Quantile plot of normalized errors for 100 data points
and exponential semivariogram.
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estimates, because either the errors are too large or too small com-

pared to their predicted variances of estimation. Figure 5.13 shows a

contour map of the normalized errors for the case of 50 points obtained

with an exponential semivariogram. With the exception of two small

areas, the normalized errors differ from one. The zero-contour line

separates the zones of negative and positive errors. The areas of

negative errors, i.e., those where kriging underestimates the observed

values, correspond to areas where observed values are above the mean of

the random field. By comparing the contours of the normalized errors

with those of the observed values in Figure 5.14 one can see that the

zero error contour line is very similar to the contour line of data

value equal to one. Zones where data values are below one have asso-

ciated positive errors.

The same trends of errors are observed with 100 points (see

Figure 5.15). Again, negative (positive) errors are located in areas

where data values are above (below) the mean (see Figures 5.15 and

5.16). A comparison of the contours of the normalized errors for 50

and 100 data points shows that for 100 points the errors are smaller,

suggesting that kriging estimates are consistent.

Figure 5.17 shows a scattergram of the data values Zi versus

the kriged values Z*i. Though the line of best fit (dashed line in

this figure) is close to a straight line of unit slope, the correlation

coefficient is only 0.664. The figure shows that for data values

greater than 2 kriging underestimates the true value of the variable,

and for data values below 0 kriged values are greater than the observed

values. The cross-validation errors ei, defined as (Z*i-Zi), are
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Figure 5.13. Contour map of normalized errors for 50 data points.
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Figure 5.14. Contour map of synthetic data for 50 data points.
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Normalized errors (100 data points)
30

Figure 5.15. Contour map of normalized errors for 100 data points.
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Figure 5.16. Contour map of synthetic data for 100 data points.
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Figure 5.17. Scattergram of observed and kriged values for 100 data

points showing the straight line of slope one (heavy

line) and the line of best fit (dashed line).
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negative (positive) for Zi values greater (smaller) than one (see

Figure 5.18). As shown in Figure 5.19, the normalized errors also

follow this trend.

According to property (f) in section 3.4.5, kriged values

should be uncorrelated with cross-validation errors. In all cases

considered here the correlation between the errors and the kriged

values has been found to be insignificant (less than 0.1). Figures

5.20 and 5.21 show the scattergrams of Z*i versus ei and ei/ai for 100

data points. These figures clearly indicate that the errors are

independent of the kriged values.

Similar to the findings of Vieira et al. (1981), the correla-

tion coefficient between observed and kriged values has been found to

increase with the number M of kriging points used for cross-validation

(see Figure 5.22). Though similar to Figure 6 in Vieira et al. (1981),

the curve in Figure 5.22 does not show a monotonic rate of increase.

The actual values of the correlation coefficient observed here are

smaller than those reported by Vieira et al. because they used an

extremely large number of cross-validation points (1,280 points !).

To illustrate better why the errors are negative (positive)

where data values are large (small), I have considered a one-dimen-

sional example corresponding to a realization of the same random field

considered thus far. Cross-validation was performed using 40 data

values regularly spaced along a line. Figure 5.23 shows the observed

and kriged values. Kriging gives smooth estimates that pass below high

data values and above low data values. Consequently, errors are

negative (positive) where data values are large (small).	 Notice that
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Figure 5.19. Scattergram of observed values and normalized errors for

100 data points showing the line of best fit.
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Figure 5.21. Scattergram of kriged values and normalized errors for

100 data points showing the line of best fit.
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negative (positive) errors are followed by positive (negative) errors,

explaining why the errors tend to be negatively correlated. Another

feature shown in Figure 5.23 is that kriging is unable to reproduce the

observed peaks in the data (see central part of the figure).

5.1.7 Correlation Between
Cross-validation Errors

As shown before, the cross-validation errors are generally

correlated.	 All the applications considered in this dissertation,

however, assume that these errors lack spatial correlation.	 In this

section I evaluate the validity of this assumption by calculating the

correlation of the errors under various conditions of data availability

using the results derived in section 4.3. Though these results hold

only for global neighborhood kriging, they should also apply to local

neighborhoods of sufficiently large size. According to the findings of

section 5.1.3, a local neighborhood of size 30 gives results almost

identical to global neighborhood kriging.

According to (4.12) and (4.15) the covariance and the correla-

tion between two errors ei and ei can be calculated from the kriging

weights Xij and the cross-validation variances a2i and a2j. Using 25

data points I have evaluated the covariances between the error around

point (11,15) and its neighbors. Table 5.10 lists the values of the

kriging weights, cross-validation variances, covariances and correla-

tion coefficients. Since all the weights are positive and small, the

covariance and correlation between the errors are negative and also

small. The largest correlation coefficient is equal to -0.2346,

showing that for this data configuration the errors almost lack spatial
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correlation. This is due in part to the large distances between data

points: the closest point to (11,15) is at a distance of 4.123 which is

almost half the effective range of the semivariogram.

By increasing the number of points, data locations get closer

and thus a larger correlation between the errors is expected. Table

5.11 lists the correlations among the errors around location (11,15)

when 100 data points are used. The correlation now is higher than

before, though still not too significant. The largest correlation is

equal to -0.532 and occurs with point (10,13) which is at a distance of

2.236 from point (11,15). Slightly higher correlations exist among

errors at the neighborhood of location (18,5). The correlation values

at this location are listed in Table 5.12. The largest value is equal

to -0.663 and corresponds to a point at a distance equal to 1 from

(18,5).

One can conclude that the cross-validation errors are weakly

correlated except between closely spaced data. The correlation can be

decreased by omitting points spaced more closely than a minimum dis-

tance DMIN.

5.1.8 Covariance of
Parameter Estimates

The MLCV method not only provides estimates of the parameters

but also a measure of the quality of these estimates. A lower bound

for the covariance matrix of the parameter estimates is given by the

Fisher information matrix F defined in section 4.8. The components of

F have been computed by using (4.88) and by assuming that the covar-

iance function is linear in the parameters. This assumption reduces,
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to some extent, the computation time needed to obtain F, but results in

negatively correlated estimates and large variances of estimation for

the sill (S) and the reciprocal of the range (b). Table 5.13 summa-

rizes the characteristics of the estimates of S and b for various

numbers N of data points ranging from 25 to 100. In all cases, the

coefficients of variation of the estimates of b are larger than those

of the sill S. This corroborates the conclusions reached in section

5.1.1 that the estimates of the range (or its reciprocal) are poorer

than those of the sill. As one would expect, the standard deviation

and the coefficient of variation of both parameters decrease as N

increases. The correlation coefficient between S and b increases with

N, possibly because the possibility of encountering identifiability

problems also increase with N. As the correlation between parameter

estimates increases, the determinant of the covariance matrix V
=P

decreases. Approximate 90% confidence intervals for the parameters

were calculated using (4.90).	 In all cases these intervals are wide.

Their lower limit is close to zero, and in some cases negative.	 The

assumption that the covariance function is linear in the parameters

clearly results in exceedingly large confidence intervals, highly

correlated estimates, and large variances of estimation. The computa-

tion of F according to (4.88) is strongly recommended if accurate
•••n•

measures of the quality of the parameter estimates are required.

5.2 Transmissivity Data in the Calera Basin 

The application of the MLCV method to real data is illustrated

here with transmissivity data from the Calera basin, Mexico.	 The
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Table 5.13 Covariance of parameter estimates for various numbers of
data points

Number of	 Data Points

25 50 100

MAXR 20 20 20

Si l l

Estimate 0.744 -0.958 1.004

Error of
Estimation 0.412 0.354 0.388

Coefficient of
Variation 0.554 0.370 0.386

90% Confidence
Interval (* 4 .629) (.197,1.720) (.171,1.837)

Reciprocal	 of
the Range

Estimate 0.360 0.326 0.326

Error of
Estimation 0.433 0.161 0.152

Coefficient
of Variation 1.200 0.494 0.462

90% Confidence
Interval (*,1.290) (*,.673) (.0001,.652)

Correlation
Between Parameter
Estimates -.860 -.840 -.930

Determinant of
Covariance
Matrix 0.008310 0.000962 0.000465
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application of the method to groundwater levels in this basin can be

found in Hernandez (1986). The purpose of the application considered

here is twofold: illustrate the applicability of MLCV to hydrogeologi-

cal data and analyze the convergence properties of the minimization

algorithm.

5.2.1 Hydrogeology and
Available Data

The Calera Basin is a heterogeneous, anisotropic, unconfined

aquifer with lenses of permeable sand embedded in a less permeable

clay-rich matrix. A detailed description of the hydrogeology of the

basin and the available hydrological data can be found in Hernandez

(1986).	 Transmissivities were determined at 49 locations in the

aquifer (see Figure 5.24).	 For reasons given by Neuman (1980a) and

based on the conclusions of Hoeksema and Kitanidis (1985), it was

decided to work with the logarithm of the transmissivities.

5.2.2 Results

A local neighborhood of 20 points was used to perform cross-

validation at each of the 49 locations. A spherical model without

nugget was selected based on the behavior of the sample semivariogram

of the data. Figure 5.25 shows both the sample semivariogram and the

spherical model estimated by the MLCV method. Twenty iterations of the

minimization algorithm were performed using the Fletcher-Reeves method

and starting with a sill S equal to 0.2 and a range of 5 Km. Figure

5.26 shows the evolution of the sill and the range with the number of

iterations. After some oscillations in the first iterations, the
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Figure 5.25. Sample semivariogram and spherical model estimated using
the MLCV method.
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parameters attain stable values at the 10th iteration. The optimum

values are S = .1727 and a = 4.78 km. Figure 5.27 shows the evolution

of the NLL function and the DMSE. Notice that the NLL reaches more or

less a constant value at the 7th iteration, 3 iterations before the

parameters converge. The reason for this is the low sensitivity of NLL

to changes of the parameters near their optimum values. The difference

between the parameter values at the 7th and 10th iterations are,

however, small. The DMSE oscillates about one, indicating clearly that

the condition DMSE = 1 can be achieved at many different values of the

range (actually this condition holds for any value of the range). The

DMSE keeps oscillating even after the NLL function has stabilized.

Figure 5.28 shows the evolution of the mean error (ME) and mean square

error (MSE). The ME is minimum for parameter values different than the

optimum, meaning that the ME criterion can lead to poor parameter

estimates. The MSE curve shows small oscillations which persist until

the 17th iteration. Notice that the MSE at iteration 6 is almost

identical to its final value. However, the value of the sill at this

iteration differ from its final value (see Figure 5.26). This shows

that the MSE is not a good criterion for estimating semivariogram

parameters. As shown in Figure 5.29 the norm of the gradient does not

decrease monotonically with the number of iterations. Moreover, it

continues decreasing even after the NLL function has attained a stable

value.

While the DMSE is equal to 1.00001, the ratio between the

variance of the errors VE and the average kriging variance AKV is equal

to 0.7290. The mean, variance, skewness and kurtosis of the normalized
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errors are all in their appropriate ranges of variability. The cor-

relation coefficient between measured and kriged values is equal to

0.8213 which is significantly higher than the values obtained with

synthetic data. A scattergram of measured and kriged values has been

plotted in Figure 5.30. Contrary to that in Figure 5.17, deviations

from the straight line of slope one are not systematic. The errors are

uncorrelated with both the measured and kriged values.

The negative log-likelihood contours in the parameter space

were shown in Figure 4.2. These contours indicate that the sill can be

estimated better than the range.
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CHAPTER 6

GEOSTATISTICAL ANALYSIS OF HYDROCHEMICAL AND
ISOTOPIC DATA FROM THE MADRID BASIN

6.1 Introduction 

Reported applications of geostatistics to hydrochemical and

isotopic data are scarce. Myers et al. (1980) and Kane et al. (1982)

applied various interpolation techniques including kriging to hydro-

chemical data. The semivariograms of chemical data presented by Myers

et al. (1982) indicate that some chemical species may show a spatial

drift. Gilbert and Simpson (1985) applied universal kriging to esti-

mate the spatial patterns of 241Am in soil samples at a nuclear testing

area on the Nevada Test Site.

In this chapter I present the results of the geostatistical

analysis of hydrochemical and isotopic data from the Madrid Basin,

Spain. The chapter starts with a brief description of the hydrogeology

and a review of past hydrochemical and isotopic studies in the basin.

The spatial statistics of the available data are then presented and

discussed. The MLCV method described in chapter 4 has been applied to

13 chemical and isotopic species. Contour maps of kriging estimates

and kriging errors for these species are also presented. The chapter

concludes with a discussion of the hydrogeological implications of the

geostatistical results obtained in this basin.
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6.2 Hydrogeology of the Madrid Basin 

The Madrid basin is an elongate sedimentary basin surrounding

Madrid in central Spain (see Figure 6.1). The basin is 160 kilometers

long, 30 to 60 kilometers wide, up to 3,000 meters deep, and it covers

an area of about 4,000 square kilometers. It is bounded by the Central

Range on the north and by the Tajo and Henares Rivers on the south and

on the east. The altitude of the plain varies between 900 meters

(above mean sea level) in the northeastern part to 380 meters in the

southwest. The basin is drained by the Tajo River and its tributaries,

which from east to west are: the Henares, Jarama, Manzanares, Guadarra-

ma, and Alberche. The gently rolling hills rarely reach more than

about 200 meters above the river valleys.

The climate is continental with a mean temperature of 140C.

The average precipitation is 400 to 600 millimeters per year.

The Madrid basin is a graben filled with arkosic sands con-

taining variable amounts of silt and clay. These materials were

deposited in alluvial fans during the Miocene and Pleistocene. The

texture of the grains is finer and more homogeneous in the northern

part of the basin than in the south (Lopez Vera, 1977). Three main

geological facies have been identified (Llamas and Lopez Vera, 1975):

(1)the detritic or marginal facies which constitutes the main aquifer,

(2) the chemical facies near the center of the basin, and the transi-

tional facies located between the other two. The exact boundaries of

the three facies are not known precisely. Based on the source of the

materials, the detritic facies can be divided into three groups (Llamas

and Lopez Vera, 1975): the Guadalajara group on the northeast which
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includes detritus from the schists and shales, and the Madrid and

Toledo groups which contain detritic materials from granites and gneiss

(see Figure 6.1). The chemical facies is in the central part of the

basin and is composed of gypsum, marl, and other evaporites. The

transitional facies contain gradational deposits formed by the inter-

fingering of the detritic facies with the chemical facies.

Though fractured, the rocks of the mountain ranges are con-

sidered impermeable. The chemical and transitional facies have very

low hydraulic conductivity although groundwater flow may occur in areas

where the gypsum has been removed by dissolution. As mentioned before,

the main aquifer is formed by the Madrid, Guadalajara, and Toledo

groups of the detritic facies. The aquifer is anisotropic, highly

heterogeneous and unconfined with lenses of sand randomly embedded in a

less permeable clay-rich matrix. Because of the heterogeneity of the

medium, hydraulic parameters show a wide range of variability. The

horizontal hydraulic conductivity, which varies between 0.4 and 2.8

meters per day, is 10 to 100 times greater than the vertical conduc-

tivity. Measured values of the storage coefficient range from 0.03 to

0.00008. Recharge to the basin occurs mainly by infiltration of

precipitation in the interfluves. Infiltration has been estimated from

model calibration by Carrera and Neuman (1982), stream flow studies by

the Servicio Geologico de Obras Publicas y Comisaria de Aguas del Tajo

(1973), conditional simulation by Fennessy (1982) and chloride balance

by Rubio (1984). These estimates range from 40 to 100 mm/year. The

aquifer discharges to the rivers (60%) and springs and swampy areas

(40%).



252

Since the early seventies, a large number of studies have been

published on the hydrogeology of the basin (Fernandez Uria and Llamas,

1983). These studies include a series of doctoral dissertations at the

University of Madrid (Lopez Vera, 1975; Martinez Alfaro, 1977; Rebollo,

1977; Villaroya, 1977; Sastre, 1978; Herraez, 1983; Fernandez Uria,

1984; and Rubio, 1984), reports by the Spanish Geological Survey, the

Geological and Mining Institute and other Spanish Government Agencies,

and publications in scientific journals. The most accepted conceptual

model for the flow in the basin consists of local, intermediate and

regional flow patterns as proposed by Toth (1963). Quasi three-dimen-

sional flow models by Carrera and Neuman (1982) and Martinez Alfaro

(1982) supported this hypothesis showing the existence of shallow local

flow systems near the rivers and creeks and a deeper regional flow

component sloping from east to west. Figure 6.2 shows the flow pattern

in a vertical profile perpendicular to the rivers. Recent hydrochemi-

cal and isotopic studies by Herraez (1983), Fernandez Uria (1984) and

Rubio (1984) also support the prevailing conceptual flow model.

6.3 Previous Hydrochemical 
and Isotopic Studies 

6.3.1 Hydrochemistry

The first study on the quality of groundwater in the Madrid

basin must be credited to Casiano del Prado who in 1884 described the

characteristics of the waters from springs and wells in the area.

Additional descriptions of the spring waters were included in the

Memoirs of the Geological Map of Spain at the beginning of this
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century. In these studies the variations in water chemistry were

related to changes in lithology with no mention to the role of

groundwater flow. It was not until the 1970's that groundwater

chemistry was interpreted jointly with the hydrogeology of the basin

(Llamas and Lopez Vera, 1975; Octavio de Toledo and Lopez Camacho,

1976). The dissertations of Lopez Vera (1975), Martinez Alfaro (1977),

Rebollo (1977), Vil I aroya (1977) and Sastre (1978) included

hydrochemical and isotopic data as part of regional hydrogeological

studies.

Sastre (1976) pointed out the presence of shallow brackish

groundwater in the eastern edge of the basin. According to him, this

phenomenon could be caused by the lithology or by the discharge of

regional flows in the area. Moreno de Guerra and Lopez Vera (1979)

found that the concentrations of silica were larger in the center of

the basin and in general decreased from the interfluves to the bottom

of the valleys.

Fernandez Uria and Llamas (1982) and Rubio and Llamas (1982)

found that the concentration of most major ions, electric conductivity

and hardness follow a lognormal distribution.

Bustamante and Martinez Alfaro (1982), Toves and Llamas (1983)

and Sahuquillo (1984) analyzed the chemistry of spring waters. Their

results indicate that these waters of relatively short circulation path

have a chemistry not modified by chemical processes. Though many other

hydrochemical studies have been carried out in the basin, the major

efforts to study the chemistry of groundwater in this basin are the

dissertations of Fernandez Uria (1984) and Rubio (1984). Fernandez



255
Uria (1984) studied the hydrochemistry of groundwater in the north-

eastern part of the basin located between the Manzanares River and the

eastern edge of the basin. His study was based on 130 samples, 70% of

which were collected and analyzed by himself during 1981 and 1982. The

rest of the analyses were borrowed from previous studies (which date

back to 1975). Fernandez Uria found that most of the samples had the

chemistry that one would expect based on their location in the flow

system. Deviations from this general trend were associated with mixing

processes in the wells and with heterogeneities in the lithology,

especially in wells located at or near the chemical facies. He studied

the relationships between hydrochemistry and groundwater flow by means

of 6 vertical profiles. For the interpretation of groundwater chemis-

try in each profile he took into account the lithology, the location of

the wells, and the flow system by drawing the stream lines (a two-

dimensional flow model in the vertical was solved previously). He

considered various chemical assumptions such as open and closed system

conditions. Based on his results, Fernandez Uria proposed the follow-

ing conceptual model for the hydrochemistry in this part of the basin:

(a) Open system conditions prevail in the unsaturated zone

which explain the observed low pH values in recharge areas.

(h) Dissolution of carbonate minerals takes place in the early

stages of groundwater flow through the saturated zone. This can result

in saturation when these minerals are present in large amounts.

(c) Dissolution of highly soluble minerals such as halite and

gypsum occurs in the transitional and chemical facies.
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(d) Weathering of silicates like albite (see equation 7.5)

takes place in the unsaturated zone as supported by the increase of pH,

silica and bicarbonate concentrations from recharge to discharge

areas.

(e) Cation exchange, mainly between Ca, Mg and Na, plays an

important role in modifying the cation composition of groundwater.

(f) Precipitation of carbonate occurs when groundwater flows

deep into the aquifer in recharge areas due to an increase in tempera-

ture.	 By the same token, carbonate redissolution takes place when

groundwater moves upward in discharge areas.

(g) Mixing of waters of different circulation times provokes

chemical reactions as a result of the change in the saturation index of

some minerals (see section 7.1.4.4).

Rubio (1984) in her dissertation studied the hydrochemistry of

the rest of the basin, i.e., the area located between the Manzanares

River and the southwestern corner of the basin. Her results are based

on 221 samples. Almost 90% of such samples were collected during 1981

and 1982 by Rubio while the remaining 10% correspond to previous

sampling campaigns. Using Stiff and Piper diagrams and based on

information on the lithology and flow system along 9 vertical profiles,

Rubio found five different types of waters: (1) a bicarbonate-calcium

type located in the recharge areas of the detritic facies, (2) bicar-

bonate-magnesium waters in the recharge areas located in the transi-

tional facies, (3) a bicarbonate-sodium-calcium group of samples

corresponding to discharge areas, (4) sulfate-calcium-sodium type of

waters in the chemical and transitional facies, and (5) a sulfate-
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chloride type group in areas of discharge of waters that have been in

contact with evaporites.

The chemical composition of a groundwater sample is determined

by the area where it is recharged and the circulation path followed by

the water. The reactions taking place during the recharge of ground-

water in the detritic facies are the hydrolysis of silicates and to a

lesser extent the dissolution of carbonates. In the transitional

facies where carbonate minerals are more abundant, carbonate dissolu-

tion predominates. Processes that modify the chemical composition of

groundwater along its flow through the saturated zone include cation

exchange, redox reactions, and processes of formation of clays which

are responsible for the depletion of silica in waters with large

residence times.

Most of the samples in the basin have an electric conductivity

below 1,000 PS/cm. Bicarbonate is the dominant ion in these samples.

Values higher than 1,000 are usually associated with high concentra-

tions of sulfate, chloride and sodium. These samples correspond to

wells in the transitional and chemical facies or to wells in areas of

regional discharge.

The vast majority of the samples have chloride concentrations

below 150 mg/1. The most frequent value is between 10 and 30 mg/l.

Though Cl concentrations increase from the interfluves to the valleys

in some subbasins (Alberche), in others they remain constant (Guadarra-

ma) and may even decrease such as in the Jarama and Henares subbasins.

In general chloride values are greater in the transitional facies than
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in the detritic facies. Extremely large values have been measured in

regional discharge areas.

Sulfate concentrations are generally less than 20 mg/1 in wells

located in the detritic facies, indicating the absence of highly

soluble salts in these materials. The main source of sulfate in these

areas is the concentration of rain water by evapotranspiration.

Sulfate values are usually above 100 mg/1 in the transitional facies.

Extremely large values have been observed in the confluence of the

Alberche and Tajo rivers, indicating that waters discharging in this

area have been in contact with evaporites. On the other hand, very

small sulfate concentrations (1 mg/1) have been measured near the banks

of the Alberche and Henares rivers. These low values could be the

result of sulfate reduction processes (Sastre, 1981).

Bicarbonate which is the dominant carbonate species in the

basin shows a homogeneous spatial distribution. According to Rubio

(1984) the concentration of this ion is mostly controlled by the

lithology. The highest values occur in the transitional facies where

carbonates are more abundant.

Nitrate concentrations in recharge areas range between 0.5 and

40mg/1 with an average value of 11 mg/l. In discharge areas the values

are smaller with a mean value equal to 5 mg/l.

The concentration of calcium in the basin is mostly determined

by the lithology and cation exchange processes. In recharge areas Ca

values are large (up to 250 mg/1) due to carbonate and silicate dis-

solution. Waters in discharge areas, however, are depleted in Ca

because of Ca-Na exchange. High calcium values in wells located in the
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transitional facies are associated with the presence of carbonate and

gypsiferous materials. The behavior of magnesium is similar to that of

calcium, though the actual concentrations of Mg are smaller.

The concentrations of sodium show a wide range of variation.

In wells located in the detritic facies, the Na values in the inter-

fluves are smaller than those in the valleys of the rivers. This trend

is parallel to the decrease of Ca concentrations. High Na values (up

to 1,000 mg/1) are recorded in wells tapping the transitional and

chemical facies.

The silica content of a groundwater sample is closely related

to its residence time (Rubio, 1984). Silica is usually dissolved in

the unsaturated zone and precipitates as water flows through the

saturated zone. Typical values of silica content in recharge areas

range between 20 and 50 ppm. In discharge areas these values are

usually lower. Fernandez Uria (1984) has pointed out the decrease of

silica values in the valleys from the Manzanares to the Henares Rivers.

Though pH values range from 6.2 to 9.3, most of the samples

have values between 7 and 8.5. A general trend of decreasing pH values

from recharge to discharge areas has been observed by Rubio (1984) and

Fernandez Uria (1984). However, the actual difference between pH

values in the two zones are small.

6.3.2 Isotopes

Though data on tritium, carbon 14 (14C) and oxygen 18 (180)

were included in the dissertations of Lopez Vera (1975), Rebollo (1977)

and Vil 1 aroya (1977), the merit for the first interpretation of
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environmental isotopes in the Madrid basin must be credited to Sastre

(1978) who found that old groundwaters were depleted in 180. He

related this finding to possible paleoclimatic changes. Herraez et

al. (1979) found a correlation between 14C and 180 that ratified the

results of Sastre. Based on the analysis of 21 14C data values and 53

of 180, Lopez Vera et al. (1981) arrived to the conclusion, however,

that neither 14C nor 180 provides enough evidence to support the

existence of different climatic conditions in the past. Based on a

larger number of 180 data (209 samples), Herraez (1983) and Herraez et

al. (1983) have found small but significant isotopic differences

between waters in recharge and discharge areas. Other conclusions

obtained by Herraez (1983) are:

(a) There exists a 6180 altitude gradient of 0.23 per mil per

100 meters. Waters recharged at higher elevations are depleted in

oxygen-18 (have more negative 6180 values).

(b) The average 6180 in recharge areas is between -6 and -8,

while in discharge areas ranges from -8 to -9. The difference in 6180

values between recharge (actual conditions) and discharge (past condi-

tions) corresponds to a change in temperature of 5 to 60C, the past

recharge conditions being cooler.

(c) In wells located in recharge areas 6180 decreases with

depth while in discharge areas there is no correlation between 6180 and

depth due to mixing of waters of very different 6180 values.

(d) The interpretation of 6180 values together with 14C activi-

ties shows that waters with the most negative 6180 values are 10,000 to
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20,000 years old while the least negative 6180 values correspond to

young waters, usually from springs.

(e) The variation of 180 in the basin can be explained in terms

of the flow system, the altitude at which recharge takes place, and

past changes in 6180 values due to different climatic conditions.

Regarding radioactive isotopes, Gomez Martos et al. (1980)

corroborated the existence of local, intermediate, and regional flows

based on 46 14C measurements. Llamas and Simpson (1979), Llamas and

Martinez Alfaro (1981), and Llamas et al. (1982) used mixing cell

models in conjunction with uncorrected 14C data for dating ground-

water. Their results showed a good correlation between radioactive and

hydrodynamic ages. Computed hydrodynamic ages ranged from 0 (for young

waters) to 100,000 years for waters in regional discharge areas. Lopez

Vera (1983) presented 14C corrected activities for 58 samples obtained

after applying various geochemical and isotopic correction methods (see

Fontes and Garnier, 1979).

6.4 Available Data 

The estimated total number of chemical analyses available in

the basin is 623 which includes samples of rain water, surface water

and groundwater from drilled and dug wells, springs, boreholes and

piezometers. These samples were collected by different institutions

and analyzed by different laboratories during the past 10 years. For

the applications considered in this dissertation, however, I have used

only (!) the data reported in the dissertations of Herraez (1983),

Rubio (1984) and Fernandez Uria (1984), and the report by Lopez Vera
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(1983).	 Samples with an ionic balance error greater than 10% were

eliminated, leaving a total of 287 chemical samples. The location of

these samples is shown in Figure 6.3. Rubio reported the following

analytical errors for her chemical analyses: 7% for dissolved CO2, 8%

for carbonate, 7% for bicarbonate, 10% for chloride, 5% for sulfate and

nitrate, 2.3% for calcium, magnesium, sodium and potassium, and 2% for

electric conductivity. The accuracy of pH measurements is 0.05 which

is almost equal to one sixth of the total range of variation of this

parameter.

The following isotopic data are available in the basin:

(a) Radionuclides: 92 values of 14C, 60 of 3H and 7 of 36C1,

(h) Stable: 220 of 180, 60 of 2H, 50 of 13C and 16 of 34S,

which include surface and groundwater as well as soil samples.	 The

number of groundwater samples is large only for 180 and 14C. In fact,

only the geostatistical analysis of these two isotopes provided mean-

ingful results. The analytical accuracy of 180 measurements is 0.2 per

mil units while for 14C varies between 0.8 and 13.2 pmc (percent modern

carbon).

Most of the data considered in this dissertation correspond to

samples taken at deep drilled wells (50 meters or more). Well depths

range from a few meters for dug wells to more than six hundred meters.

Wells drilled in the interfluves are generally deeper than those at the

bottom of the valleys.

With a few exceptions, most of the samples represent average

values due to the mixing provoked by pumping. The concentration

measured at a given location is representative of the vertical segment
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along which water flows into the well. Wells in the Madrid basin are

commonly screened at selected intervals (usually those coinciding with

sand lenses). In these wells the mixing takes place at the screened

intervals. However, in wells constructed with a gravel pack (a common

practice in this basin), mixing is more likely to occur along the whole

saturated thickness of the well.

Screen lengths in the basin range from 0 to 389 meters with a

mean value of 80 meters. This clearly indicates that the available

data cannot be considered as point values, but as averages over ver-

tical segments of variable length. In the geostatistical analysis

presented here, vertical variations are neglected by treating the data

as two-dimensional values. Though not pursued here because of time and

effort constraints, the application of the MLCV method assuming that

the data are three-dimensional average values is strongly recommended

in order to ascertain the extent of mixing in the wells.

6.5 Geostatistical Analysis 

This section contains the results of the geostatistical analy-

sis of electric conductivity (EC), silica, pH, bicarbonate (HCO3),

calcium (Ca), nitrate (NO3), chloride (Cl), sulfate (SO4), sodium (Na),

magnesium (Mg), potassium (K), carbon 14 (14c) and oxygen 18 (180).

This analysis involves the following steps: (1) computation of sample

statistics, (2) calculation of sample semivariograms, (3) drawing

contour maps of the data for detecting spatial drifts (when present),

(4) MLCV semivariogram estimation, (5) kriging, and (6) evaluation of

the results.
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6.5.1 Sample Statistics

Sample statistics for each variable were calculated to have a

preliminary idea about its variability and statistical distribution,

and to decide whether to consider a logarithmic transformation. Table

6.1 lists the sample statistics of the data for all the 13 variables

considered here. The concentrations of the major ions are in milli

equivalents per liter, electric conductivity (EC) is measured in micro

Siemens per centimeter, silica in parts per million, 14C in percent

modern carbon, and 180 in SNOW per mil delta units. The statistics in

Table 6.1 include the mean, median, standard deviation, variance, and

the coefficients of variation, skewness, and kurtosis. The logarithm

base 10 transformation has been applied to EC and all the major ions.

By taking the logarithm of these variables (a) their sample statistics

get closer to those corresponding to a Gaussian distribution (mean

equal to the median, null skewness, and kurtosis equal to 3), (h) their

quantile plots fit better to straight lines, and (c) their sample

semivariograms show better statistical properties with less pronounced

fluctuations (see Figure 3.2 for the case of chloride). One additional

advantage of working with the logarithm of concentrations is that it

ensures positive values when performing conditional simulations.

The untransformed variables (pH, silica, 14C and 180) exhibit

low variability. Their skewness and kurtosis are close to 0 and 3,

respectively. The rest of the variables show more variability (some

variables have coefficients of variation equal to 3), and have skewness

and kurtosis that depart from those of a Gaussian distribution (see for

instance the statistics of Cl, Na and Ca in Table 6.1).
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Table 6.1 Sample statistics of the hydrochemical and isotopic datafrom the Madrid basin

(1) (2) (3) (4) (5) (6) (7) (8) (9)

Y 257 -.44 -.40 .601 .361 1.49 .188 2.61

Y 273 -.20 -.14 .344 .118 2.47 .600 6.11

Y 277 .492 .501 .173 .030 .34 .034 2.83

Y 252 -1.00 -1.01 .577 .333 .57 -.683 3.89

Y 273 .196 .241 .345 .119 1.43 .595 4.08

Y 279 .245 .171 .419 .176 2.44 -.960 4.17

Y 265 -.119 -.156 .470 .220 3.00 -.495 3.79

Y 262 -1.52 -1.45 .356 .127 .24 .158 4.35

Y 273 2.633 2.659 .209 .043 .078 .267 2.77

N 261 7.550 7.630 .534 .286 .07 .315 2.83

N 192 26.80 26.37 13.80 190.2 .52 .006 1.81

N 188 -7.90 -7.88 .712 .507 .09 .034 2.83

N 60 62.30 61.59 31.30 981.0 .50 -.175 1.94

Variable

Sulfate

Chloride

Bicarbonate

Nitrate

Sodium

Calcium

Magnesium

Potassium

Electric
Conductivity

pH

Silica

Oxygen-18

Carbon 14

(1) = Logarithm base-10 transformation (Y=yes, N=no)
(2) = Number of data points
(3) = Sample median
(4) = Sample mean
(5) = Sample standard deviation
(6) = Sample variance
(7) = Sample coefficient of variation
(8) = Sample skewness
(9) = Sample kurtosis
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6.5.2 Sample Semivariograms

Sample semivariograms have been computed for all the hydro-

chemical and isotopic variables to detect anisotropy and spatial

drifts. They have been used also to assign the initial semivariogram

parameter values needed for the application of the MLCV method.

In general, sample semivariograms in the Madrid basin, which

are presented later together with the MLCV semivariogram estimates, do

not show significant anisotropy. Only the semivariograms of silica and

180 indicate the presence of a drift. The presence of a spatial drift

for these two variables was confirmed by drawing contour maps of the

variables.

6.5.3 MLCV Semivariogram Estimates
and Kriging Contour Maps

The results of the application of the MLCV method to the hydro-

chemical and isotopic data from the Madrid basin are summarized in

Table 6.2. The semivariogram model for each variable was selected

based mainly on the characteristics of the sample semivariogram.

Spherical and exponential models with nugget have been found satisfac-

tory in all cases. The choice between these two models was arbitrary

for some variables because both of them fitted equally well to the

sample semivariogram. The use of identification criteria for the

selection of semivariogram models, which was not pursued here because

of time limitations is, however, strongly recommended.

One can see in Table 6.2 that nugget is present in all the

semivariograms. 	 Its amount expressed as a percentage of the sill

varies between 9.7% for sodium and 61.7% for silica residuals.	 Five
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Table 6.2 MLCV semivariogram estimates for the hydrochemical and

isotopic data in the Madrid Basin

Variable

Oxygen 18
Residuals

Silica
Residuals

pH

Electric
Conductivity

Chloride

Sulfate

Bicarbonate

Nitrate

Calcium

Sodium

Magnesium

Potassium

Carbon 14

(1) (2) (3)	 Nugget Sill (4) (5) (6)

No Yes E	 0.1022 0.4197 24.3 9.293 27.88

No Yes E	 84.677 137.15 61.7 5.547 16.64

No No E	 0.0760 0.2091 36.4 1.099 3.290

Yes No S	 0.0177 0.0478 37.0 41.05 41.05

Yes No S	 0.0476 0.1246 38.2 17.14 17.14

Yes No S	 0.2156 0.4027 53.5 27.89 27.89

Yes No E	 0.0058 0.0327 17.7 17.69 53.07

Yes No S	 0.1184 0.2791 42.4 6.107 6.107

Yes No E	 0.1091 0.1772 61.5 11.05 33.15

Yes No S	 0.0159 0.1626 9.77 31.92 31.92

Yes No S	 0.1166 0.2223 52.4 27.32 27.32

Yes No S	 0.0786 0.1514 51.8 49.22 49.22

No No PN	 876.03 876.03 100. 0.000 0.000

(1) = Logarithm base-10
(2) = Spatial drift
(3) = Semivariogram model:

E = Exponential with nugget
S = Spherical with nugget
PN = Pure nugget

(4) = Nugget as a percentage of the sill
(5) = Range of the semivariogram
(6) = Effective range
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variables have a nugget greater than 50% of the sill (silica residuals,

calcium, sulfate, magnesium and potassium). The effective range varies

between 3.29 Km for pH and 53.07 Km for bicarbonate. Most of the

variables have a range between 20 and 50 kilometers. Based on the

values of the nugget (as a percentage of the sill) and range, one can

define several groups of variables: (1) pH and nitrate, (2) magnesium,

sulfate and calcium, and (3) sodium and bicarbonate. Details about the

MLCV of each variable are given next.

6.5.3.1 Oxygen-18. Oxygen 18 is one of the only two variables

that exhibit a spatial drift. The drift can be seen in Figure 6.4

which shows a surface view of 6180 in the basin. The largest (least

negative) 6180 values occur at the eastern edge of the basin. The

peaks of high 6180 are located at the interfluves which confirms the

findings of Herraez (1983). The sample semivariogram of the raw oxygen

18 data, which is shown in Figure 6.5, also indicates the presence of a

drift. Figure 6.5 also shows the sample semivariogram of the residuals

obtained after fitting a polynomial of order 1 by ordinary least

squares (simple regression). This semivariogram attains a more or less

stable value, indicating that the drift in this case is linear. Notice

that a linear drift is coherent with the 6180 surface in Figure 6.4.

The drift and the semivariogram of the residuals were estimated using

the modified MLCV residual kriging method described in section 4.13.2.

The iterative process was started with an exponential model having a

sill S equal to 0.33, a nugget So of 0.13 and an effective range a' of

15 Km. Convergence was achieved after two iterations with the fol-

lowing parameter values: S = 0.4197, So = 0.1022 and a' = 27.88 Km.
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Oxygen-18, Madrid Basin

Figure 6.4. Three-dimensional surface view of oxygen 18 values in the
Madrid Basin.
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Figure 6.5. Semivariograms of oxygen 18: (a) sample semivariogram of
raw data (crosses), (b) sample semivariogram of the
residuals obtained after fitting a linear drift by simple
regression (circles), and (c) MLCV estimate of the semi-
variogram of the residuals (solid curve).
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The MLCV semivariogram estimate has greater sill and range and smaller

nugget than the semivariogram of the residuals obtained with simple

regression. This means that the residuals obtained with the MLCV are

more correlated than those calculated with simple regression.

Cross-validation of the semivariogram of 6180 residuals was

performed at every other location using the following options: DMIN =

2 Km, RMAX = 100 Km and MAXR = 30. For the optimum semivariogram

parameters, the mean, variance, skewness and kurtosis of the normalized

errors were all in the appropriate ranges of variability. The dimen-

sionless mean square error (DMSE) was found to be equal to 0.9999 while

the correlation between kriged and computed residuals was 0.6065.

The estimated 180 drift m(x,y) has the following equation

m(x,y) = -7.3254 - 0.0099538x + 0.0088879y (6.1)

where x and y are Cartesian coordinates. The origin of coordinates is

located at the southwestern corner of the basin (see Figure 6.3). The

most negative 6180 values occur on the east where the topographic

elevation is largest (about 900 meters above mean sea level) whereas

the least negative values take place at the western edge of the basin

near the confluence of the Alberche and Tajo Rivers where the elevation

is about 380 meters. This difference in elevation can explain partial-

ly the observed differences in 6180 values. According to the 6180

altitude gradient obtained by Herraez (1983) (-0.23 per mill/100m), a

difference in elevation of 900-380=520 meters results in a 6180 differ-

ence of 0.23 * 5.2 = 1.196. On the other hand, the 6180 difference

between the two edges of the basin calculated from equation 6.1 is
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equal to -6.896-(-8.761) = 1.775. This difference is slightly greater

than that due to altitude effects. As pointed out by Herraez (1983),

the distribution of 180 activities in the Madrid basin is not entirely

governed by altitude effects. Other important factors determining the

180 activity are the flow system and climatic changes during the past

10,000 years.

Point kriging of 6180 residuals was performed at the nodes of a

regular grid of 5 Km of spacing. The kriged residuals were then added

to the estimates of the drift calculated from equation 6.1. The

resulting 6180 kriging estimates as well as their associated kriging

errors are shown in Figure 6.6. The map of kriged 6180 values illus-

trates clearly the east-west trend. Notice, however, that kriging does

not reproduce completely the 6180 peaks at the interfluves. The 6180

kriging errors are smaller toward the center of the basin where most of

the measurements are located. These errors are generally large (about

0.5) compared to the actual range of 6180 values in the basin. This

could explain why previous isotopic studies concluded that 6180 differ-

ences in the basin are not significant.

6.3.5.2 Silica. The concentration of silica is the second

variable that shows a spatial drift. The drift is revealed by the

sample semivariogram of raw silica values (see Figure 6.7) which

increases suddenly at a distance of 35 Km. Another indication of the

drift is obtained from a three-dimensional surface view of silica

values (see Figure 6.8). This surface illustrates that silica values

are larger toward the center of the basin (Guadarrama-Alberche and

Guadarrama-Manzanares interfluves) while the smallest values are



Contour Map of Kriged Oxygen-18 Estimates

X

Contour Map of Oxygen-18 Kriging Errors

Figure 6.6. Contour maps of kriged oxygen 18 values in the Madrid
Basin.
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Figure 6.7. Semivariograms of silica content: (a) sample semivario-
gram of raw values (x), (2) sample semivariograms of the
residuals obtained after fitting a linear (o) and a
quadratic drift (+), and (3) MLCV estimate of the semi-
variogram of the residuals.
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Silica Content, Madrid Basin

Figure 6.8. Three-dimensional surface view of silica values in the
Madrid Basin showing the relative locations of the rivers.
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located at the northeast edge of the basin. Notice that the valleys of

this surface correspond to the valleys of the rivers: the Henares

valley on the front, the Jarama, Manzanares and Guadarrama valleys

which are almost parallel to each other, and the Alberche valley on the

hidden side of the surface.

The drift was estimated using the modified MLCV stepwise

iterative regression method. Figure 6.7 shows the sample semivario-

grams of the residuals obtained after fitting linear and quadratic

drifts by ordinary least squares. A second order polynomial was

selected because the sample semivariogram of the corresponding residu-

als attains a more or less constant sill value with only minor fluctua-

tions. Fitting higher order polynomials did not yield better results.

Stage 2 of the method started by assigning initial values to the

parameters of the semivariogram of the residuals. An exponential model

of sill 125 ppm2, effective range of 13.5 Km, and nugget of 75 ppm2 was

used to start the iterative process. Table 6.3 lists the parameter

values at each one of the 4 iterations needed to achieve convergence.

Notice that the final MLCV semivariogram estimate lies above the sample

semivariogram of the residuals obtained with simple regression (see

Figure 6.7). This means that simple regression without generalized

least squares fitting underestimates the semivariogram of the silica

residuals.

The MLCV estimate of the silica drift, m(x,y), has the follow-

ing equation
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Table 6.3 Parameter values of the semivariogram of silica residuals at
each iteration of the modified MLCV residual kriging method

Semivariogram Parameters

Iteration Nugget	 (ppm2) Sill	 (ppm2)
Effective
Range	 (km)

1 75.0000 125.0000 13.500

-2 84.6712 137.1592 16.113

3 84.6773 137.1515 16.554

4 84.6773 137.1514 16.641
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m(x,y) = -0.19405 + 0.00922x + 1.84619y - 0.00221x2

+ 0.00794xy - 0.03235y2 (6.2)

Every other data point was cross-validated using local neigh-

borhoods of size RMAX = 100 Km and MAXR = 30. Points closer than 1.5

Km were not considered for kriging. All the statistics of the normal-

ized errors in the corresponding 95% confidence intervals. The cor-

relation coefficient between kriged and computed residuals is only

equal to 0.248 and the mean square error (MSE) is 121.34 ppm2. The low

correlation and large MSE are due to the large nugget value of the

semivariogram of the residuals which amounts to 61.7% of the sill.

Kriging of the silica residuals was performed at the nodes of a

regular grid of 5 Km of spacing using local kriging neighborhoods of 15

points. The kriged residuals were then added to the drift estimates

calculated from (6.2) to yield the kriged silica estimates. Figure 6.9

shows the contour maps of the kriged silica values and their correspon-

ding kriging errors. The largest silica concentrations occur at the

Guadarrama-Alberche interfluve. The concentration increases toward the

Alberche (east) and Henares (west) valleys. Silica kriging errors are

large in all the basin as one would expect based on the large nugget of

the residuals. The smallest errors occur along a fringe parallel to

the Central Range where measurements are more abundant.

6.5.5.3 pH. Some properties of pH in the Madrid basin include:

(a) low range of variability (6.50 to 9.35), variance (0.286) and

coefficient of variation (0.07), (h) lack of a spatial drift, and (c)

weak spatial correlation. Figure 6.10 shows the sample semivariograms
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Figure 6.9. Contour maps of kriged silica values in the Madrid Basin.
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Figure 6.10. Sample semivariograms of pH along four equally spaced
directions and MLCV semivariogram estimate (solid curve).
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of pH. Directional semivariograms were calculated along four direc-

tions forming 0, 45, 90, and 135 degrees with the x-axis. These

semivariograms indicate that the semivariogram of pH is isotropic.

Also shown in this Figure is the MLCV semivariogram estimate which is

an exponential model with an effective range of 3.29 Km, a sill of

0.2091 and a range of 0.076. These parameters were estimated using

local kriging neighborhoods of MAXR = 15 and RMAX = 10 Km. Though all

the data points were used for kriging, only half of them were cross-

validated. For the optimum parameter values the DMSE is equal to

0.9999, the MSE is 0.1981 and the correlation coefficient between

measured and kriged values is 0.517. The normalized errors have a mean

of 0.013, a variance of 1.007, a skewness of -0.521 and a kurtosis of

3.350. The large skewness, which is out of the 95% confidence inter-

val, is due to the effect of a few high pH values.

For the purpose of contouring, kriging of pH was carried out at

the 354 nodes of a regular grid of spacing equal to 5 Km. This spacing

may be too large compared to the effective range of the semivariogram.

However, decreasing the spacing results in an exceedingly large number

of nodes. Figure 6.11 shows the contours of kriged pH values and the

corresponding kriging errors. The smallest pH values (from 7.2 to 7.4)

are located at the Guadarrama -Al berche and Guadarrama-Manzanares

interfluves. High pH values occur along the Henares and Alberche

rivers. The range of kriged values is (7.2,8) which is less than one

third of the range exhibited by measured pH values. Clearly, kriging

has produced a smooth pH surface. The spatial distribution of pH is

parallel in many respects to that of silica content (see Figure 6.9).
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Figure 6.11. Contour maps of kriged pH values in the Madrid Basin.
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Because of the large spacing of the grid used for kriging, pH kriging

errors are large and exhibit very low variability. Their values range

from 0.45 to 0.50 which are approximately equal to the square root of

the sill.

6.5.3.4 Electric Conductivity. 	As noticed by Fernandez Uria

and Llamas (1982), the electric conductivity (EC) of groundwater in the

Madrid basin fits reasonably well to a lognormal distribution. I have

also found that working with the logarithm of EC results in a better

behaved sample semivariogram. The logarithm of electric conductivity

(LEC) shows a low variability (its coefficient of variation is only

0.078).

Figure 6.12 shows a sample semivariogram of LEC computed using

class intervals of 2 Km. This semivariogram levels off at a distance

of approximately 40 Km and shows a noticeable nugget. The parameters

of a spherical model with nugget were estimated using the MLCV method.

The MLCV semivariogram estimate which has been plotted in Figure 6.12

has a range of 41.05 Km, a sill of 0.0478 and a nugget equal to 37.0%

of the sill. Due to the large range of the LEC semivariogram and the

clustering of data locations (see Figure 6.3), the sill and range were

not identifiable when all the points were used for kriging. Identi-

fiability was made possible by excluding (for the purpose of kriging)

points separated a distance less than DMIN = 7.5 Km. Cross-validation

was performed at every other location using local neighborhoods of size

MAXR = 25 and radius RMAX = 100 Km. For the optimum parameter values,

the DMSE is equal to 1.016, the MSE is 0.0292, and the correlation

between kriged and measured values is 0.582. The normalized errors
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Figure 6.12. Sample semivariogram (dashed curve) and MLCV semivario-
gram estimate (solid curve) for log-electric conductivity
in the Madrid Basin.
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have a mean of 0.0525, a variance of 1.038, a skewness of -0.006, and a

kurtosis of 2.569 all of which are in their appropriate ranges of

variability. The largest normalized error is equal to 2.582.

For estimating the semivariogram of LEC, EC values greater than

2,000 pS/cm were excluded because of stability problems. Kriging

failed to provide accurate estimates at these locations as revealed by

the magnitude of their normalized errors which in some cases were equal

to -4.155. These extremely high EC values (up to 10,000 pS/cm) cor-

respond to wells located at or near the transitional facies and to deep

wells in the western edge of the basin (confluence of Alberche and Tajo

rivers), an area of regional discharge. Though excluded for cross-

validation, these samples were used for kriging. Contour maps of

kriged LEC values and LEC kriging errors are shown in Figure 6.13.

Large LEC values occur in the transitional facies and at the western

edge of the basin where discharge of regional flows takes place. By

comparing figures 6.13 and 6.3 one can see that the LEC contour line of

2.8 runs almost parallel to the boundary of the transitional facies.

The smallest LEC values are located at the Guadarrama-ALberche and

Guadarrama-Manzanares interfluves. Notice that the LEC values in the

Jarama-Henares interfluve are slightly higher than those at the valleys

of the rivers. This decrease of EC from recharge to discharge areas

was noticed by Fernandez Uria (1984). The contour map of LEC kriging

errors shows that errors are smaller in the center of the basin,

especially along a fringe parallel to the Central Range north of

Madrid.
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Figure 6.13. Contour maps of kriged log-electric conductivity values
in the Madrid Basin.
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Kriged estimates of EC were calculated from those of LEC using

the equations given in Appendix 8. The equation for computing the

kriging errors (equation A8.2) is only approximate and thus EC kriging

errors should be interpreted with caution. Figure 6.14 shows the

contour maps of kriged EC values and EC kriging errors. These contours

show similar features to those of LEC. Notice that the EC kriging

errors are too small due in part to the small variability of LEC and

also to-the fact that equation A.2 is only approximate.

6.3.5.5 Major Ions. The logarithm transformation has been

considered for all of the major ions in the Madrid basin. Also common

to all the major ions is that none of them exhibit a spatial drift.

Figure 6.15 shows the sample semivariogram as well as the MLCV

semivariogram estimates for log-sulfate, log-chloride and log-nitrate.

The parameter values of their MLCV semivariograms are listed in Table

6.2. The range of these semivariograms varies between 6.107 Km for

log-nitrate and 53.07 Km for log-bicarbonate. The nugget, expressed as

a percentage of the sill, ranges from 17.7% for log-bicarbonate and

53.53% for log-sulfate. Based on the range and nugget values, bicar-

bonate is the anion that shows the strongest spatial correlation while

nitrate has the weakest correlation structure.

Figure 6.16 shows the sample semivariograms and the MLCV

semivariogram estimates for the cations in the Madrid basin. The

parameters defining the MLCV semivariogram estimates are given in Table

6.2. From Figure 6.16 one can see that with the exception of log-Na,

the MLCV semivariograms are closed to the sample semivariograms. The

semivariogram of log-Na has the smallest nugget among all the chemical
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Figure 6.14. Contour maps of kriged electric conductivity values in
the Madrid Basin.
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and isotopic species in the basin. The other cations, Ca, K, and Mg,

show nugget values greater than 50% and relatively large ranges (from

33.15 to 49.22 Km).

The cross-validation options used for the MLCV of major ions

are listed in Table 6.4. Some highly influential points were left out

during the cross-validation of log-sulfate, log-chloride, log-sodium,

log-potassium and log-magnesium because of instability of the solu-

tions. These points include samples having either extremely large

salinities (EC above 2,000 uS/cm) or very small concentrations, usually

below the detection limits. Because of the clustering of data loca-

tions and the large range values, points separated a distance less than

DMIN (usually 4 to 8 Km) were excluded for kriging. To keep the

computational time at a reasonable level, only half of the data points

were cross-validated (the cases of log-bicarbonate and log-calcium are

exceptions). Local kriging neighborhoods were used for all the

variables with a number of kriging points ranging from 15 for calcium

to 40 for bicarbonate. The radius of the neighborhood for each vari-

able was always greater than two times the initial range estimate. The

DMSE is for all variables very close to 1. The coefficient of correla-

tion between kriged and measured log-concentrations is less than 0.5

for log-SO4, log-Cl, log-Ca, log-Mg and log-K. Slightly greater

correlation values are obtained for log-HCO3, log-NO3 and log-Na.

The sample statistics of the normalized errors of log-HCO3,

log-NO3, log-Cl, log-SO4 and log-Na are in the appropriate ranges of

variability. Those of log-K, log-Mg and log-Ca show exceedingly large

skewness and kurtosis possibly because of the effect of extremely low
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Table 6.4	 Cross-validation options and statistics of the normalized
errors	 for the major ions in the Madrid basin

SO4 Cl HCO3 NO3 Ca Na Mg K

Number of
data points 273 273 83 239 287 273 267 266

Points cross-
validated 128 136 83 120 287 136 132 133

Minimum
distance	 (Km) 8 8 4 0 2 8 8 8

MAXR 25 25 40 30 15 25 25 25

RMAX 100 100 100 35 60 100 100 100

DMSE 1.019 1.000 .999 1.00 1.000 .994 1.025 .993

Correlation .315 .353 .638 .593 .424 .685 .388 .340

Normalized errors

Mean .013 .013 .011 -.007 -.01 .061 .251 -.13(y)****
(Y) (Y) (Y) (Y) (Y) (N)

Variance .013 .988 1.012 1.008 .995 .993 .995 .975
(Y) (Y) (Y) (Y) (Y) (Y) (Y) (Y)

Skewness .060 .103 -.106 .246 .653 .018 1.249 .218
(Y) (Y) (Y) (Y) (N) (Y) (N) (Y)

Kurtosis 2.909 3.385 3.340 3.13 4.543 3.518 5.392 6.53
(Y) (Y) (Y) (Y) (N) (Y) (N) (N)

Maximum value 2.563 -3.079 -3.03 3.258 3.80 3.048 4.05 4.55

****Statistic is in the appropriate range of variability (Y=yes, N=no)
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data values. Notice that the largest normalized errors for these

variables are all positive and larger than 3.80, meaning that kriged

estimates are much greater than the observed values. To improve the

results one could repeat the MLCV estimation process excluding these

extremely low data values.

Point kriging of the log-concentration of the major ions was

performed at the nodes of a regular grid of spacing equal to 5 Km using

local neighborhoods of 15 kriging points and a radius equal to two

times the range. All the available data points were used for kriging,

including those not considered for MLCV. Figure 6.17 shows the con-

tours of kriged log-bicarbonate concentrations. Kriging estimates of

concentrations were calculated using equations A8.1 and A8.2. Figures

6.18 through 6.24 show the contour maps of kriged estimates and kriging

errors for nitrate, sulfate, chloride, calcium, sodium, potassium and

magnesium. The contours of kriged estimates are in agreement with

those drawn by hand by Rubio (1984) and Fernandez Uria (1984). Kriging

errors are large in all cases due to the approximations involved in

their calculation.

6.5.3.6 Carbon 14. The 14C activity of groundwaters in the

Madrid basin has been measured at 60 locations (Herraez, 1983; Lopez

Vera, 1983). These measurements which include data on recently re-

charged waters (114.5 pmc) and very old groundwaters (4.8 pmc). The

available 14C data correspond to samples taken during 1979-1982 and

analyzed at three different isotopic laboratories in Madrid, Paris and

Tucson. The analytical errors of 14C analyses range from 0.8 to 13.2

pmc.
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Figure 6.17. Contour maps of kriged log-bicarbonate concentrations.
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Figure 6.18. Contour maps of kriged nitrate concentrations.
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Figure 6.19. Contour maps of kriged sulfate concentrations.
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Figure 6.20. Contour maps of kriged chloride concentrations.
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Figure 6.21. Contour maps of kriged calcium concentrations.
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Figure 6.22. Contour maps of kriged sodium concentrations.
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Figure 6.23. Contour maps of kriged potassium concentrations.
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Figure 6.24. Contour maps of kriged magnesium concentrations.
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Lopez Vera (1983) compared four different methods for correc-

ting carbon 14 activities. His results indicate that the differences

between measured and corrected activities are not relevant for old

groundwaters according to all four methods. For samples having a 14C

activity greater than 90 pmc, however, these differences are highly

dependent on the correction method. Since none of these correction

methods seems to provide satisfactory results in the Madrid basin, I

decided to work directly with the 14C raw data.

Contrary to what one would expect, 14C in the Madrid basin does

not exhibit a spatial drift. Furthermore, 14C activities seem to lack

spatial correlation as indicated by the sample semivariogram of 14C

data (see Figure 6.25).

The MLCV method has been used to estimate the semivariogram of

carbon 14 taking into account the analytical error of each sample. A

spherical model with nugget and a pure nugget model were tested. These

two models are shown in Figure 6.25 together with the spherical semi-

variogram estimated assuming error-free data. The semivariogram for

data containing errors lies above that for noiseless data. The

difference between the two semivariograms ranges from 44.15 to 137.07.

Notice that these values are of the same order of magnitude as the

variances of the analytical errors. Clearly, the noise in the data

increases both the sill and the nugget (but not the range) of the

semivariogram by the amount of the variance of the errors.

The MLCV results obtained in the three cases considered here

are listed in Table 6.5. The spherical models estimated with and

Without analytical errors have identical nugget-to-sill ratios and
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Figure 6.25. Sample semivariogram (circles) and MLCV semivariogram
estimates (dashed curves) for carbon 14 data in the
Madrid Basin: (1) pure nugget model with analytical
errors, (2) spherical model with nugget considering
analytical errors, (3) spherical model with nugget for
error-free data.
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Table 6.5 MLCV semivariogram estimates and values of AIC, MAIC, HIC
and KIC for 14C data in the Madrid basin. Case 1: pure
nugget model and analytical errors. Case 2: spherical model
with nugget and analytical errors. Case 3: spherical model
with nugget free of analytical errors.

Case 1 Case 2 Case 3

Number of
parameters 1 2 2

Nugget 876.034 510.31 466.15

Sill 876.034 1581.49 1444.42

Nugget/Sill 1. 0.322 0.322

Range 0. 27.20 29.36

DMSE 0.9987 1.0024 1.0638

MSE 936.96 977.02 976.42

Correlation
kriged-measured
values 0.186 0.182 0.181

AIC 582.865 591.024 591.275

MAIC 584.960 597.307 597.558

HIC 583.864 593.481 593.732

KIC 572.902 573.246 573.833
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similar range values. Notice that all the identification criteria

select the pure nugget as the best model. This model ensures also the

least MSE among all the three models. It is not surprising that the

kriged and measured values are so weakly correlated given the lack of

spatial correlation of 14C.

Point kriging of 14C was performed at the nodes of a regular

grid for the purpose of preparing a contour map. Figure 6.26 shows the

map of kriged 14C values. Due to the lack of spatial correlation,

kriged estimates are smoother and exhibit a lower range of values than

the original data. Though crude, this map shows clearly two 14C peaks

that correspond to the Henares-Jarama and Guadarrama-ALberche inter-

fluves. Notice that the lowest 14C kriged values are not located at

the confluence of the Alberche and Tajo rivers (an area of regional

discharge), but along the Henares river.

6.6 Analysis of the Results 

Out of the 13 chemical and isotopic species analyzed in the

Madrid basin, only oxygen 18 and silica show a spatial drift. These

drifts are global in that they reflect variations in a scale similar to

the size of the basin. The oxygen 18 drift reflects the differences in

elevation while that of silica is determined by the lithology and the

flow system.

The fact that most of the chemical and isotopic species in the

Madrid basin do not show spatial drifts seems to contradict what one

would expect based on chemical and isotopic grounds. A plausible

explanation for this is that while concentrations are three-dimensional
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processes, the available data are basically two-dimensional because of

the vertical averaging. Another possible explanation is that due to

the slow rates of groundwater circulation, the observed spatial distri-

bution of the chemical and isotopic species in the basin may be the

result of past hydrologic conditions. In other words, the spatial

patterns of chemical and isotopic data may be reflecting flow condi-

tions prevailing in the aquifer in the past.

Almost all the chemical and isotopic species in the Madrid

basin show large nugget values, meaning that a large noise component is

present in the data. Possible reasons for this noise include:

(a) Sampling, measurement and analytical errors,

(h) The variability of well depth and screen length from one

well to another,

(c) The time lag between samples taken at different sampling

campaigns,

(d) The fact that chemical and isotopic samples have been

analyzed by different people at different laboratories,

(e) The inherent small-scale heterogeneity of the medium,

(f) Large-scale heterogeneities, which correspond to the

different geological formations in the basin. 	 Samples from wells

tapping the transitional and chemical facies have different hydrochemi-

cal characteristics than those from wells in the detritic facies.

I believe that the observed nugget values cannot be explained

in terms of just one of these factors. Sampling, measurement and

analytical errors may be responsible for a nugget equal to 10 or 20 %

of the sill. Consider for instance the concentration of the major
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ions. If all these errors amount to 10 % of the measured concentra-

tions, the corresponding variance of the log-concentrations can be

shown to be equal to ln 1.01 = 0.00995 (see Journel, 1980 for the

equations relating the mean and variance of Z with those of ln Z). By
comparing the variance of these errors with the nugget values listed in

Table 6.2 one can see that these errors may account for 100% of the

nugget of log-bicarbonate, 62.5% of that of log-sodium, 56.2% of that

of log-electric conductivity, 20.9% of that of log-chloride, 12.6% of

that of log-potassium, and less than 10% of the nugget of log-sulfate,

log-calcium, log-nitrate and log-magnesium. Though approximate and

thus questionable, these calculations show that sampling, measurement

and analytical errors cannot explain all the nugget exhibited by

chemical species. Similar arguments can be used for the pH, silica and

isotopic measurement errors.

The variability of well depths and screen lengths is in my

opinion a more important factor in determining the noise present in the

hydrochemical and isotopic data from the Madrid basin. This is espe-

cially true in areas of regional discharge where the properties of

groundwater change rapidly along the vertical direction. Groundwater

samples collected at different depths in the same piezometer near the

confluence of the Tajo and Alberche rivers show that the total dis-

solved solids (TDS) increases with depth from 0.8 g/1 at a depth of 40

to 50 meters to 3 g/1 at 105 to 120 meters (Lopez Camacho, 1980). The

TDS increases further to 8 g/1 at a depth of 170 to 185 meters. The

concentrations of other ions also show a similar pattern of vertical

Increase. Clearly, these pronounced vertical gradients can result in
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large nugget values when samples are collected at wells having dif-

ferent depths and screen lengths.

The actual role played by each of the factors listed above in

explaining the observed nugget values remains to be ascertained.

6.7 Hydrogeological Implications 

The results of the geostatistical analysis of the hydrochemical

and isotopic data from the Madrid Basin raise the question of the worth

and quality of such data. On the one hand, most of the variables do

not show spatial trends of variation. On the other hand, the spatial

correlation for many variables is weak because of the presence of a

large noise component. Under these conditions, the usefulness of

combining hydrochemical, isotopic and hydrologic data is more than

dubious.

Though the actual reasons that cause so poor geostatistical

results in the Madrid basin remain unknown, they are closely related to

the quality of the available data. The spatial distribution of chemi-

cal and isotopic species in a regional aquifer such as the Madrid

aquifer is a three-dimensional process. A proper characterization of

such process requires three-dimensional point data adequately distribu-

ted in space. Contrary to this requirement, the data available in the

Madrid basin are basically two-dimensional averages. Information along

the vertical direction is very limited. In addition, data locations

tend to be clustered around the centers of population, leaving many

parts of the basin essentially unsampled.
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In summary, the results of the geostatistical analysis of the

hydrochemical and isotopic data from the Madrid basin strongly suggest

that data quality is by far more important than data quantity in

dealing with three dimensional processes such as the spatial distri-

bution of chemicals and isotopes in regional aquifers.



CHAPTER 7

CHEMICAL AND ISOTOPIC SPECIES IN GROUNDWATER

The movement of a chemical or isotopic substance through the

subsurface is affected by various physico-chemical processes. Some of

these processes occur under partially saturated groundwater conditions,

and others take place in the saturated zone. In addition to pre-

dominantly physical processes such as groundwater flow and hydrodynamic

dispersion, the substance may undergo reactions with other dissolved

species or with the solid phase, or it may decompose through radio-

active decay or through biological activity. These processes may act

simultaneously at different rates. The fate of dissolved substances in

groundwater is therefore extremely complex. This, however, has not

prevented groundwater hydrologists from achieving some success in

modeling the flow of water and the transport of conservative con-

stituents through porous media. Likewise, water chemists and geo-

chemists have amassed considerable knowledge about many chemical

processes occurring in the subsurface from a combination of laboratory

and field studies. With the decreasing cost of isotopic sampling,

isotopic studies are being done more and more frequently. As a result

of the knowledge acquired about the physics and chemistry of ground-

water, it has become possible to formulate mathematical models for the

transport of at least some reactive solutes. Several of such models

312
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have been implemented on the computer and applied to some real-world

situations.

Water, H20, is a chemical compound that exhibits special

properties, including its stability in the liquid phase within the

range from 0 to 100 0C and its great capacity as a solvent for many

salts. As a result of chemical and biological interactions between

groundwater and the materials through which it flows, a number of

dissolved constituents in various concentrations are brought into

solution.

7.1 Chemical Constituents in Groundwater: Sources and 
Processes Affecting their Concentration 

Unlike studies concerning groundwater pollution where the main

concern is the migration of contaminants of potential hazard, here the

interest is placed in the fate of environmental species under natural

conditions. These environmental species include natural chemicals and

isotopes.

7.1.1 Chemical Constituents

Chemicals in groundwater can be present in the solid, liquid,

and gas phases. The discussion here is concerned with mobile chemicals

including dissolved species and dissolved gases.

7.1.1.1 Dissolved Species. Depending on their concentration,

dissolved species are grouped into three main categories: major, minor

and trace constituents. Major constituents are usually present in

amounts greater than 5 mg/l. Minor constituents are in the range of

0.1 to 5 mg/1. Species having concentrations below 0.1 mg/1 are
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considered trace constituents (Davis and De Wiest, 1966). Most dis-
solved species are charged (ions), though some, like silica, are

not. Major anions (negatively charged ions) include sulfate (SO42-),

chloride (C1-), bicarbonate (I CO3-), carbonate (CO32-), nitrate (NO3-)

and fluoride (F-). Major positively charged ions (cations) are sodium

(Nal), potassium (K+), calcium (Ca2+), and magnesium (Mg2+). Although

the hydrogen ion should be considered a trace constituent in natural

groundwaters, it plays a major role in many hydrochemical reactions and

therefore is not treated as such.

Some terms widely used to describe the chemical composition of

groundwater are (1) "total dissolved solids (TDS)" representing the

total amount of solids (in mg/1) remaining when a water sample is

evaporated to dryness; (2) "electric conductivity (EC)", an indirect

measure of the amount of dissolved ions; (3) "hardness" or the concen-

tration of ions in the water which react with a sodium soap to precip-

itate an insoluble residue; and (4) "alkalinity", defined as the amount

of strong acid needed to neutralize the bases in a water sample.

Routine groundwater samples usually include determination of

major ions, TDS or EC, pH, and optionally hardness and alkalinity.

Minor constituents and trace elements are rarely analyzed. Only now is

their importance being recognized and they are included more and more

frequently in chemical analyses. For example, the study of the

electrochemical sequence of groundwater requires data on redox poten-

tial (Eh), sulfide (SH-), iron and manganese cations, and dissolved

gases (oxygen). Examples of such studies can be found in Thorstenson

et al .(1979)  Jackson and Inch (1980), and Vogel et al. (1982).
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7.1.1.2 Dissolved Gases. Analyses of dissolved gases are not

often reported in groundwater quality studies in spite of their great

importance. Certain gases such as oxygen, 02, and carbon dioxide, CO2,

play an important role in the hydrochemistry of water in	 the un-

saturated zone.	 In addition, other gases such as hydrogen sulfide

(SH2) and methane (CH4) can affect the use of the water. Other common

gases that can be found in groundwater are N2 and Ar.

Inert or noble gases, which are of considerable paleohydrologic

interest, include He, Ne, Ar, Kr, Xe, and Rn (unstable). Inert gases

have been used to compute groundwater velocities (Sugisaki, 1961) and

to estimate the temperature of the water at recharge time (Mazor, 1972;

Phillips, 1981).

7.1.2 Factors Controlling the
Chemistry of Groundwater

The chemistry of natural waters is a dynamic process in con-

tinuous change throughout the hydrological cycle. The chemistry of

groundwater, however, is mostly influenced by processes that take place

in the atmosphere and in the saturated and the unsaturated parts of the

lithosphere. Therefore, for the purposes of this analysis I distin-

guish between three stages: (1) water in the stage of precipitation,

(2) water during infiltration through the unsaturated zone, and (3)

water flowing in the saturated zone.

7.1.2.1 Chemistry of Rain and Snowmelt. For the most part,

groundwater originates as rain or snowmelt that infiltrates down

through the soil layers into the saturated flow system. The chemistry
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of rain and snow thus constitutes the basic input to the subsurface

hydrochemical system.

In general, the chemical composition of rain and snow is

dictated by the chemical composition of the atmosphere, and is affected

by factors such as vegetation type, proximity to the seacoast, presence

of certain gases in industrial and urban areas, and volcanic erup-

tions. The variability of all these factors, in both space and time,

added to the uncertainty associated with the sampling of rain and snow

water, determine the large variability observed in their composition

(Dreyer, 1982). Chemical analyses of precipitation in various environ-

ments can be found in Custodio and Llamas (1976), Freeze and Cherry

(1979), and Hem (1970). These results show that rain and snowmelt are

very dilute (several milligrams per liter of dissolved solids), slight-

ly acidic (pH between 5 and 6), and oxidizing.

7.1.2.2 Chemistry of Water in the Unsaturated Zone. The soil

zone is the upper part of the unsaturated zone that is characterized as

being an extensively weathered and biologically active zone where

rooted plants grow. The chemistry of water as it moves downward

through the soil is influenced by a number of physico-chemical and

biological processes. First, evapotranspiration produces an increase

in concentration and salinity. For positive infiltration (recharge

conditions), this increase of salinity is inversely proportional to the

rate of infiltration (Custodio and Llamas, 1976). On the other hand,

if most of the percolating water undergoes evapotranspiration, the

dissolved constituents in the water may precipitate, forming a crust

that may be redissolved during the next wet period, yielding waters of
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a much higher salinity than that of the rain. Evaporation thus causes
the water that reaches the water table to always contain more dissolved

constituents than rain water.

Common features of the soil zone are the abundance of roots and

organic matter as well as its continuous supply of dissolved oxygen

through gaseous diffusion and aqueous transport from the atmosphere.

In addition, the soil has the capability of producing large amounts of

acid and consuming much of the available 02 • The most relevant source

of acidity in the soil zone is the carbonic acid, H2CO3, a weak acid

derived from the reaction of carbon dioxide, CO2, and water. The two

reactions describing the interactions between gaseous CO2(g) and its

dissolved species CO2(aq) and H2CO3 are (Freeze and Cherry, 1979)

CO2(g) + H20 = CO2(aq) + H20	 (7.1)

CO2(g) + H20 = H2CO3 	 (7.2)

Although the ratio CO2(aq)/H2CO3 is much greater than 1, all

the dissolved CO2 in water is commonly denoted as carbonic acid. The

CO2 is produced mainly by respiration by plant roots and organic matter

oxidation. A simplified example of the latter process is the oxidation

of carbohydrate CH20 to CO2(g) which follows the reaction

02(g) + CH20 = CO2(g) + H20 	 (7.3)

Other minor sources of CO2 in the soil zone are the reduction

of sulfates and nitrates under anaerobic conditions (absence of free

oxygen). These contributions of CO2 raise its partial pressure to
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values in the range of 10-3 to 10-1 bar, which are much higher levels

than those in the atmosphere. This increase in partial pressure of CO2

decreases the pH, which for PCO2 = 10-1 at 25 0C is as low as 4.5.

Under these acidic conditions, the dissolution of minerals is increased

as shown in the cases of calcite and albite:

CaCO3 + H2CO3	 = 	Ca++ + 2HCO3-

NaAlSi308(s) + H2CO3 + 9/2H20 = Na+ + HCO3- + 2H4SiO4
(Albite)

+ 1/2 Al2Si205(OH)4 (s)
(Kaolinite)

(7.4)

(7.5)

where (s) denotes solid phase. The dissolution of calcite is said to

be congruent, meaning that the products of dissolution are all dis-

solved species. In contrast, the dissolution of many other minerals

like albite is incongruent because dissolution products can include

minerals and amorphous solid substances. Although H2CO3 is consumed by

the dissolution of minerals, it is replenished according to (7.1) and

(7.2) through the new production of CO2, obtained from plant roots

respiration and organic matter oxidation. As long as new water becomes

available from infiltration, and provided that enough organic matter is

present in the soil, these mineral-water reactions will continue taking

place.	 In soils containing iron minerals such as pyrite (FeS2),

oxidation of reduced iron may be another source of acidity.	 In addi-

tion to inorganic acids, there are organic acids such as humic and

fulvic acids in the soil. However, their role in increasing the
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acidity of water is believed to be insignificant in most cases (Freeze

and Cherry, 1979).

Clearly, the unsaturated zone has a great potential to modify

the chemistry of water that infiltrates through it.

7.1.2.3 Chemistry of Water in the Saturated Zone. The chemis-
try of groundwater in the saturated zone is controlled by interactions

with the geologic materials through which it flows. The mineralogic

composition of these materials determines which chemical species are

available for dissolution. The extent of dissolution, however, depends

on other factors such as texture, porosity, density of fissures and

fractures, lithological variations, and other geological features.

These have an effect on the primary factors that determine the evolu-

tion of groundwater chemistry which are (1) pressure, (2) temperature,

(3) the order in which different materials are encountered by the water

in its flow path, (4) the residence time or the time the water is in

contact with geologic materials, and (5) chemical processes that modify

the relative concentrations of different species like cation exchange.

The flow system affects the hydrochemistry in different ways.

One factor, already mentioned, is the residence or travel time of the

water through the system. Other factors being equal, waters with

longer circulation times contain more dissolved solids. This natural

tendency of groundwater to evolve from low to high total dissolved

solids (TDS) as it flows from recharge to discharge areas was described

in detail by Chebotarev (1955) in a classic paper. Chebotarev observed

that this evolution was accompanied by the following anion sequence
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H C O3-	 HCO 3-	 S O42-	 SO42- "1" HCO 3-	 S O 4 2-	 C l- nn.>

C l- + so 42- cl- 
(7.6)

where time runs from left to right in the sequence. Geochemically,

Chebotarev's sequence can be explained in terms of two main variables,

mineral availability and mineral solubility (Freeze and Cherry, 1978)

where the latter is defined as the mass of mineral that dissolves in a

unit volume of solution under specified pressure, temperature and pH

conditions. Table 7.1 charts the solubilities of the minerals most

commonly found in sedimentary basins. The anionic sequence in (7.6) is

a generalization, and some systems may not follow the evolution to its

end. In other systems the sequence is reversed. For example, when

sulfate reduction occurs, concentrations of HCO3- increase and SO42-

decrease. Other examples of chemical processes that modify the compo-

sition of groundwater are discussed later in this chapter. A cationic

evolution sequence similar to that in expression (7.6) would be of

little use owing to the large variations of major cations caused by

cation exchange.

To facilitate the conceptual analysis of the hydrochemistry of

groundwater I distinguish between (a) the major chemical processes that

act assinksand sources for the overall composition of groundwater, and

(h) the factors and chemical processes that modify the actual composi-

tion of a given solution. The former group of processes include dis-

solution and precipitation processes including weathering of minerals,

oxidation-reduction processes, and processes involving surface reac-

tions such as adsorption and ion exchange. The latter group include
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Table 7.1 Dissociation reactions, equilibrium constants, and
solubilities of some sedimentary minerals at 25 0C, 1 bar
of total pressure, and pH = 7. Equilibrium constant valuesare given as pK values, pK = -log K. (After Freeze and
Cherry, 1979, p.106)

Mineral	 Dissociation	 Equilibrium	 Solubility
reaction	 constant	 at pH = 7

pK	 (mg/1)

Gibbsite	 Al203.2H20 + H20 = 2 A 1 3+ + 6 OH-	 14.	 .001

Quartz	 Si02 + 2H20 = Si(OH)4	 3.7	 12.

Amorphous
Silica	 Si02 + 2H20 = Si(OH)4	 2.7	 120.

Fluorite	 CaF2 = Ca2+ + 2 F-	 9.8	 160.

Dolomite	 CaMg(CO3)2 = Ca2+ + Mg2+ + 2 CO32-	 17.0	 90.1,480.2

Calcite	 CaCO3 = Ca2+ + CO3 -	 8.4	 100.1,500.2

Gypsum	 CaSO4 2H20 = Ca2+ + SO42- + 2H20	 4.5	 2100.

Sylvite	 KC1 = K+ + Cl-	 -0.9	 264,000.

Halyte	 NaCl = Na+ + Cl-	 -1.6	 360,000.

Epsomite	 MgSO4 7H20 = Mg2+ + SO42- + 7H20	 267,000.

Mirabillite Na2SO4 10H20 = 2Nal" + SO42- + 10H20 1.6 	 280,000.

1Partial pressure of CO2 = 10 -3

2
Partial pressure of CO2 = 10- 1 bar
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common-ion effects, salt effects, the effects of pH and temperature on

the previous major processes, and finally osmosis and ion filtration.

This distinction is, however, rather artificial, since in nature there

is a dynamic interaction between the effects of chemical processes of

the two groups.

7.1.3 Major Processes that Incorporate
Dissolved Constituents in Groundwater

Of all processes that can potentially bring chemical species

into solution, only those that contribute the most to the development

of groundwater chemistry will be considered, especially the dissolution

of minerals, surface reactions, and redox processes. The dissolution

of carbonate minerals deserves a separate treatment for several rea-

sons: (a) their ubiquity in many fractured and unconsolidated deposits

and frequent occurrence as dissolved constituents in groundwater; (h)

the distinct chemical characteristics (rapid rates and pH buffering) of

the chemical reactions involved; and (c) the close relationship between

carbonate hydrochemistry and the distribution of carbon isotopes, 14c

and 13C.

7.1.3.1 Carbonate Hydrochemistry. The pH of groundwater is

mostly controlled by the presence of bicarbonate ions and reactions

involving carbonate minerals among which calcite, dolomite and arago-

nite predominate. Carbon dioxide in the unsaturated zone dissolves in

water according to equations (7.1) and (7.2) where the law of mass-

action states that at equilibrium (see Appendix 10 on chemical equili-

brium concepts)



 

[CO2]aq
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KH- 
[CO2]g (7.7)

	

KCO2	 (7.8)
LCO279[1-120]

where KH is the constant in Henry's law, Kco2 is the equilibrium

constant and ] represents activity. It is a common practice to

denote all dissolved CO2 in water as H2CO3. Because the activity of

water at low TDS is unity and because partial pressure of CO2 in bars

coincides with its molality, (7.8) can be expressed as

[H2CO3]
KCO2 =

PCO 2
(7.9)

where it has, also been assumed that the activity coefficient of CO2 is

equal to one, which is approximately true for ionic strengths of less

than 0.2 (Garrels and Christ, 1965). For each PCO2 there is a corres-

	

ponding [H2CO3] and viceversa.	 Carbonic acid is a weak acid that

dissociates in two steps

H2CO3	 =	 H-1- + HCO3-	 (7.10)

HCO3-	 =	 H+ + CO32-	 (7.11)

with equilibrium constants K1 and K2, respectively. At equilibrium one

has

K1 = [e] [HCO3-] / [H2CO3]	 (7.12)

[H2CO3]

K2 = [H1-] [CO32-] / [HCO3-] 	 (7.13)
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Similar to the definition of pH, pK values are defined as pK = - logK.
Numerical values for pKCO2, pKi,and pK2 can be found in any book on

aquatic chemistry. Their values at 250C, for example, are pKCO2 =

1.47, pKi = 6.35, and pK2 = 10.33 (Drever,1982). The total concentra-

tion of dissolved inorganic carbon species, TDC, is

TDC = (H2CO3) + (HCO3-) + (CO32-) (7.14)

where ( ) denotes molar concentrations. Given the TOC of a solution,

the activity of each carbonate species as a function of pH can be

determined from (7.12)-(7.14). Note that for fixed TOC and pH, the

set of equations (7.12)-(7.14) defines a nonlinear system of three

equations with three unknowns: (H2CO3), (HCO3-) and (CO32-). Activi-

ties in (7.12)-(7.13) can be taken as unity for waters of low ionic

strength. Figure 7.1 shows these functions for a TOC of 0.01 1. These

types of graphs, referred to as Bjerrum plots, are useful in that they

show which species predominate in a given pH range. Figure 7.1 also

Shows that for pH of less than 6.4, H2CO3 is the predominant species

while for pH higher than 10.33, CO32- predominates. For pH between

these two values, bicarbonate is the prevailing species. Another

important conclusion that can be drawn from this figure is that in most

natural groundwaters (pH ranging from 5 to 9) the concentration of

CO32- is very low when compared to the HCO3- concentration (the latter

being the dominant species).

A fundamental principle of solution chemistry is that of

electric neutrality which states that chemical charges (positive and



Figure 7.1. Log activity of carbonate species as a function of the pH.
Total dissolved inorganic carbon is equal to 0.01 M. The
activities of H-1- and OH- are defined by pH. (After
Dreyer, 1982)
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negative) must balance. In a simple carbonate system, electric neutra-

lity requires that

(Hi) = (HCO3-) + 2 (CO32-) + (OH-) (7.15)

where the hydroxyl concentration can be derived from the pH according

to(A10.33) in Appendix 10. Since at pH = 7, (Ht) = (OH-), for (7.15)
to hold the solution must have a pH of less than 7. This explains the

range of observed pH values in the unsaturated zone before the dissolu-

tion of any carbonate minerals. Closely related to carbonate species

is the concept of alkalinity which measures the amount of bases present

in the solution. Carbonate alkalinity is that part of alkalinity due

to carbonate species where

Carbonate alkalinity = (HCO3-) + 2 (CO32-) (7.16)

In natural waters, the carbonate alkalinity accounts for most of the

measured alkalinity (Dreyer, 1982). Alkalinity is not affected by CO2

because CO2 does not formally appear in the charge balance equation.

The TDC, however, is affected by CO2 sinks or sources (Stumm and

Morgan, 1981). Alkalinity and TOC of a water sample can be measured

by titration with a strong acid.

Calcite, CaCO3, and dolomite, CaMg(CO3)2, are the two most

important carbonate minerals in groundwater systems. Their dissolution

reactions can be represented by

CaCO3 = Ca2+ + CO32-	 (7.17)

with



and

with

Kcal = [Ca2+] [CO32-]

MgCa(CO3)2 = Ca2+ + Mg2+ + 2CO32-

Kdol = ECa241 [Mg21] [CO32-]2
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(7.18)

(7.19)

(7.20)

where the solubility constants, Kcal and Kdol, are	 temperature and

pressure dependent. Calculated values of pKcal at 250C are in the

range of 8.34 to 8.47 (Drever,1982). Different values correspond with

different assumptions on the formation of complexes. The solubility

constant for dolomite is the subject of considerable controversy

because of its low reaction rate at low temperatures. The most

accepted value is pKdol = 17. Both solubility constants show an

unusual decrease with temperature that translates into larger

solubilities at lower temperatures. The solubility of these minerals

is very much dependent on whether the system is in contact with a

continuous source of CO2 (open system conditions) or is isolated from

the gas phase with no new supply of CO2 (closed system conditions). In

the first case the "chemical boundary condition" that applies is (7.9)

with PCO2 constant. For a closed system the appropiate condition is

given by (7.14) where the total dissolved inorganic carbon is

constant.

Garrels and Christ (1965) presented lengthy calculations

involving calcite solubility. Additional examples can also be found in

Dreyer (1982) and Morel (1982). Mathematically the hydrochemical

System is determined by equations (7.9), (7.12), (7.13), and (7.18) for
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calcite or (7.20) for dolomite, the electrical neutrality condition,

and the appropriate CO2 boundary condition.

The chemical evolution of groundwater in which calcite and

dolomite dissolve independently of each other is shown in Figure 7.2.

Initial conditions correspond to dissolution of CO2 in pure water at

equilibrium. Under open system conditions pH and (HCO3-) increase

along the evolution path until the water becomes saturated (Figure

7.2A). Note that (Hi-) and (HCO3-) increase along a 450 line in log

scale (i.e., linear increase in natural scale). Water percolating

through the soil may proceed up to the saturation line and then pro-

gress to disequilibrium off the line. Such is the case when water that

becomes saturated on the upper zone of the soil moves downward where

lower PCO2 prevails. The infiltrating water loses CO2 to the soil air

(degassing) causing a rise in the pH of the water. Insofar as the rate

of degassing is faster than that of precipitation of carbonate

minerals, the water becomes supersaturated (Freeze and Cherry, 1979).

If the dissolution of carbonate minerals occurs in the satur-

ated zone, where the rate of CO2 replenishment is very limited, the

PCO2 will decline as the dissolution goes on. As CO2 is depleted the

dissolution decelerates, and the rate of increase of HCO3- decreases

With pH (see Figure 7.2B).

A comparison of open and closed system conditions shows that

solubility is much greater under open system conditions (5 times

greater at PCO2 = 10-2). At saturation, open-system pH values are

lower (below 8) and HCO3- and Ca2+ concentrations are higher (Freeze

and Cherry, 1979). The fact that measured PCO2 values in limestone
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aquifers are well above atmospheric values together with the observed

pH values in recharge zones (in the range 7 to 8) suggest that open

system conditions are frequent in groundwater systems (Back and

Hanshaw, 1970; Freeze and Cherry, 1979).

The concept of open and closed system conditions provides a

useful framework within which to interpret chemical data. In Nature,

however, complications with respect to these models may arise from PCO2

and soil temperature variations, simultaneous dissolution of different

minerals, adsorption, cation exchange, and gas diffusion.

Closed-system or partly closed-system conditions prevail above the

water table in situations in which the unsaturated zone in recharge

areas is thick, as in many sedimentary basins. In the previous discus-

sion an independent dissolution of calcite and dolomite was assumed. If

both minerals are present in the hydrogeologic system, they may

dissolve simultaneously or sequentially, leading to very different

equilibrium relations than those displayed in Figure 7.2. Under the

common-ion effect (see section 7.1.3.4 for details) the dissolution of

one mineral affects the solubility of the other. In the case of the

groundwater that dissolves first calcite to equilibrium and then

encounters dolomite, dolomite will dissolve until equilibrium i s

reached, causing the water to become supersaturated with respect t o

calcite as the result of the influx of Ca2+ and CO32-. This coexisting

dissolution of dolomite and precipitation of calcite is referred to as

the incongruent dissolution of dolomite. The system evolves toward an

equalization of the rate of dolomite dissolution and calcite precipi-

tation. If the groundwater first dissolves dolomite to equilibrium and
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then moves to a zone where calcite exists, calcite dissolution and

dolomite precipitation will result. The previous considerations are

based solely on the Kcal and Kdol values, so only the direction of the

reactions can be established. The actual reaction rates, however,

determine the time necessary for equilibrium to be reached. Dolomite

precipitation, for example, is known to be a very slow process (Freeze

and Cherry, 1979). Where the groundwater dissolves both minerals

simultaneously, the chemical evolution is controlled by the effective

dissolution rates of each mineral as well as by temperature and PCO2.

At equilibrium with respect to both minerals the molar ratio Ca21-/Mg2+

can be derived from (7.18) and (7.20)

[Ca2+] K2cal

[mg2+] Kdol (7.21)

which at 250C is approximately equal to 0.6. Natural groundwaters,

however, exhibit a wide range of values for this ratio, possibly

because of the sequential and simultaneous dissolution of calcite and

dolomite, in turn affected by PCO2 and temperature. Cation exchange

reactions may additionally complicate the accurate interpretation of

this ratio. Other factors which may alter the carbonate chemistry of

groundwater include: (1) solubility-temperature relationships for these

minerals; (2) ionic strength and complex formation effects; and (3)

common-ion effects due to dissolution of other minerals like gypsum.

The roles these effects play on the chemical evolution of groundwater

are examined in Section 7.1.4.
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7.1.3.2 Chemistry of Dissolution and Precipitation. When water

comes into contact with minerals, dissolution progresses until either

(a) equilibrium concentrations are reached in the water, or (h) the

minerals are consumed. Some of these dissolution processes occur very

quickly, such as the dissolution of evaporites, but others are slow as

is the case of some silicate minerals. If a process is reversible,

mineral precipitation may occur whenever the saturation index is

greater than one.

Countless minerals are present in natural groundwater systems.

Here the discussion, however, is restricted to the minerals which play

major roles in the development of groundwater chemistry. Among them,

carbonate minerals were already considered in the previous section.

Other highly soluble minerals are halite (NaCl), sylvite (KC1), and

gypsum (Ca504 . 2H20). Solubilities and solubility constants for these

minerals at pH = 7 are given in Table 7.1. Less soluble minerals must

be transformed chemically or biologically before thay can dissolve.

One example is the hydrolysis of quartz and silicate minerals, common

in igneous and metamorphic crystalline rocks. Under the pressure and

temperature conditions prevailing near the surface of the earth, these

minerals are thermodynamically unstable and tend to dissolve when in

contact with aggressive water containing measurable amounts of H2CO3.

According to Dreyer (1982) the dissolution of quartz (Si02) can be

represented by the following equilibria:

Si02(quartz) + 2H20 = H4SiO4 pKi = 4 (7.22)

H45iO4 = H35iO4- + H-1- 	 pK2 = 9.9
	

(7.23)
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H3SiO4- = H2SiO42- + pK3 = 11.7 (7.24)

where pKi values, i = 1,2,3, correspond with 250C. Inasmuch as the

activity of low IDS water and solid phases are equal to unity, (7.22)

reduces simply to [H4S104] = K1 = 10-4. Based on this result, any

solution with a silica content greater than this value will be satu-

rated with respect to quartz. The solubility constant of amorphous

silica (noncrystalline), however, is 10-2.7, somewhat greater than

10-4, allowing for more silica dissolution. Similar to H2CO3, H4SiO4

is an acid (silicic acid), and therefore its dissociation, as shown by

(7.22) to (7.24), can be treated like the dissociation of carbonic

acid.

Analogous to the definition of total dissolved carbon given in

(7.14), one can define the total dissolved silica (DS) as the sum of

all ionized and uncharged silica species usually expressed as Si02.

From the equilibrium conditions (7.22) to (7.24) one can show that

(Dreyer, 1982)

K2	 K2K3
DS = [H4SiO4] (1 + 	 +

[Hi]	 [H1 ] 2
(7.25)

Thus the total dissolved silica concentration at equilibrium with

quartz or amorphous silica will increase dramatically at high pH as

shown in Figure 7.3. This figure also shows how the concentration of

each species changes with pH, and which of them predominates in differ-

ent pH ranges. For instance, in the pH range of groundwaters (6 to 9)

the dominant silicon species is H4SiO4. The solubility of quartz,

expressed as Si02 is only about 6 mg/1 at 250C while for amorphous
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Figure 7.3. Activities of dissolved silica species in equilibrium
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total dissolved silica (DS) when solution is at equi-
librium with respect to quartz. The dashed line is the
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amorphous silica. (After Dreyer, 1982)
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silica solubilities are between 115 to 140 mg/1. Measured values of

dissolved silica in groundwater, however, are in the range of 10 to

40 mg/1 (Davis, 1964) revealing that generally groundwater is under-

saturated with respect to amorphous silica. Aluminosilicates such as

feldspars and micas play an important role on the concentration of

silica in groundwater.

Thermodynamic considerations, and field and laboratory studies

on the weathering of crystalline and metamorphic rocks have shown that

feldspar minerals are altered to clay minerals when subjected to the

aggressive action of water. These incongruent dissolution processes,

an example of which was given in (7.5), invariably convey: (a) a pH

rise as hydrogen ion is consumed in most of these reactions, (b) the

release of silica and cations such as calcium, magnesium, sodium, and

potassium ions in various ratios, (c) an increase of bicarbonate con-

centrations, and (d) the formation of clay minerals such as kaolinite

and montmorillonite in the form of residues, which have higher Al/Si

ratios than the original minerals. The stoichiometry of these

reactions is usually established with the implied assumption that all

the aluminium is retained entirely in solid phases. In this way, for

known composition of the solid phases in the reaction, the stoichio-

metric coefficients of the remaining species are derived by adjusting

for mass balance. Once the stoichiometry of the reaction has been

established, mass law equations can be written for each dissolution

reaction under the assumption of chemical equilibrium. For the

albite-kaolinite system in (7.5) one would have
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Kalb-kaol = [Nat] [114SiO42 [H+]-1
	

(7.26)

When the necessary thermodynamic data are available (which is not

usually the case), expressions relating concentrations of different

dissolved species and pH at equilibrium can be derived, such as

[Na]
log(	 ) + 210g [H4S104] = - PKalb-kaol

[Ht]
(7.27)

which is the logarithmic form of (7.26). Expressions of the type of

(7.27) are the basis for the construction of the widely-used stability

diagrams (Stumm and Morgan, 1970; Drever,1982). These diagrams, also

called activity-activity diagrams, define the stability fields for

different minerals as a function of (a) the activity of silica and (h)

the ratio of activities [Me-I/CW-7 where Me+ can represent sodium,

calcium, magnesium, or potassium ions. Although the boundaries between

the stability fields are not clearly defined, many groundwater chemists

have found these diagrams useful in interpreting field hydrochemical

data (Freeze and Cherry, 1979). The mineral reconstitution (Freeze and

Cherry, 1979) or mass balance approach (Drever,1982) is another method

for the study of possible sources of dissolved constituents in natural

waters. The aim of the reconstitution method is to determine the

sequence of minerals that would cause the infiltrating water to acquire

the particular chemical composition of the water sample. In this

method water advection, solute dispersion, and reaction kinetics are

not considered. Nevertheless, applications of this method in

interpreting chemistry of groundwater samples (Garrels and MacKenzie,
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1967; Rubio, 1984) showed that it generally is possible to account for

the observed water chemistry using a relatively small number of

reactions with minerals of ideal composition. The third approach for

hydrochemical interpretation focuses on the statistical associations

between dissolved constituents and environmental parameters including

lithology, climate, topography, flow system conditions, etc., (Dreyer,

1982). Statistical associations cannot be read as cause-effect

relationships; however, the data thus presented permit cause-effect

relationships to be more easily deduced, especially when additional

information (usually qualitative) is available.

7.1.3.3 Reactions on Solid Surfaces. The products of chemical

weathering are often clay minerals, defined as fine-grained, crystal-

line, hydrous silicates with structures of the layer lattice type.

Most clay minerals are of colloidal size (10-3 to 10-6 mm). Because of

their high electrical charge and great surface area, colloidal size

particles have a great capability for sorbing and exchanging ionic

constituents.

The surfaces of oxides such as silica have hydroxyl groups of

the type Surface-OH, which in strongly acid solutions accept protons

and become positively charged. Conversely in alkaline solutions the OH

radical loses a proton and becomes negatively charged. The ion-

exchange capacity therefore is pH dependent, progressing, from low to

high pH, from a predominantly cation to predominantly anion exchange

capacity. The isoelectric point, or pH at which the net surface charge

is zero, is about 2 for silica, and depends heavily on the Al/Si ratio

for clay minerals (Parks, 1967). This point, however, varies with the
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adsorption of other species such as transition metals. The resulting

pH at which the charge on the altered surface is zero is the zero point

of charge.

The adsorption of a solute on a solid has been traditionally

quantified by means of adsorption isotherms, expressed as s = f(c),

which are functions relating the amount of adsorbed solute (s) per unit

mass of solid to the concentration (c) of the solute in the liquid.

The term isotherm derives from the constant temperature required for

the application of these functions, a condition which is more crucial

in gaseous systems where these functions were first developed than in

liquid systems.

Assuming that the adsorption process is reversible, equilibrium

principles can be applied to derive the isotherms, which at low or

moderate concentrations have the form

S = Kd ca	 (7.28)

where Kd and a are coefficients dependent on the adsorbed species.

Equation (7.28) is known as the Freundlich isotherm. In particular,

when a = 1, the isotherm is linear and the coefficient Kd, referred to

as the distribution coefficient, is widely used in studies of ground-

water contamination. In general Kd depends on the temperature, the

specific surface area of the solids and the presence of other ions in

solution.

If the number of adsorption sites 	 available on the solid

surface is finite, adsorption near saturation is better represented by

the Langmuir isotherm,
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K c
s = so

1 + K c
	 (7.29)

where K represents the equilibrium constant for the adsorption process

and so is the amount of solute sorbed in the solid phase after satura-

tion of all the adsorption sites. Note that when Kc << 1, (7.29)

reduces to (7.28) with Kd = 	K and a = 1.

The cation exchange capacity (CEC) of a colloidal material is

defined as the excess of surface ions that can be exchanged for other

cations. Usually CEC is expressed as milliequivalents per 100 grams of

dry material. Values of CEC of clay minerals range from about 2 to

200 meq./100 grams, depending on the pH and the nature of the ions

occupying the exchange sites (Dreyer, 1982). To illustrate the process

of cation exchange consider for example the exchange reaction for

calcium and sodium

Caads + 2 Nal" = 2 Naads + Ca2+
	

(7.30)

where the suffix (ads) represents adsorbed ions.	 At equilibrium the

distribution of species is given by the mass law equation

KNaCa -
ENaadsi2 ECa211

(7.31)
[Na]2 [Caads]

where KNaca is the exchange constant. The activities of ions in solu-

tion can be related to concentrations through the activity coefficients

YNa and YCa. For adsorbed constituents, however, activities are dif-

ficult to calculate, and are usually estimated by mole fractions XNa
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and Xca (Vanselow, 1932). The equilibrium expression (7.31) then

becomes

KNaCa -
(Ca2+) Y Ca X2Na

= KINaCa	 (7.32)
(Na)2 Y Na ka

where KI NaCa is the so-called selectivity coefficient which has been

found nearly constant over various ranges of the Na/Ca ratio. The

selectivity coefficient for any two cations determines the preference

of an ion for being adsorbed. When a groundwater of a particular Na

and Ca composition moves into a zone with different Na-Ca exchange

properties, the cation concentrations will adjust dynamically to the

condition of exchange equilibrium given by (7.32). Hydrochemical

processes such as this condition of dynamic equilibrium, as well as

mineral dissolution, and others can all contribute to the concentration

of cations. As based on the chemical nature of the ions, the affinity

sequence of adsorption can be established. For monovalent ions the

normal order of preference for adsorption in most clays is Cs+ > Rb+ >

K+ > Na+ > Li+ explaining in part the usual K+ depletion in groundwater

samples. For divalent cations the sequence is Ba2+ > Sr2+ > Ca2+ >

Mg2+. These sequences are generally affected by the initial concen-

trations of the cations in both solid and liquid phases. In other

words, the direction in which an ion-exchange reaction proceeds depends

not only on the chemical nature of the ions, but also on the initial

ratios of the adsorbed ion and the composition ratio of the two ions in

solution.
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7.1.3.4 Redox Processes. The reactions discussed so far

involved the transfer of protons (the dissolution of carbonate minerals

and the weathering of silicates). A different group of reactions,

those involving the transfer of electrons are considered in this

section. Reactions of this group are known as oxidation-reduction

processes or simply redox processes. An example of redox process

involving the transfer of oxygen is the oxidation of organic matter

according to (7.3). Oxidation is the loss of electrons and reduction

is the gain of electrons. In every redox system, one compound gains

the electrons and thus is reduced, and another loses the electrons and

is oxidized. For this reason redox reactions are broken down into two

half-reactions. In reaction (7.3), for example, the half-reactions are

02 + 4H+ + 4e-	 2H20	 (7.33)
(reduction)

CH20 + H20	 CO2(g) + 4H+ + 4e-	 (7.34)
(oxidation)

where e- denotes an electron. The dissolved oxygen 02 gains the 4

electrons yielded by CH20 (carbohydrate), and is reduced. Although

aqueous solutions do not contain free electrons, it is nonetheless

convenient to define the electron activity, [e], known as pE = -log[e]

in logarithmic form. The definition of pE is analogous to the pH

expression for proton activity. The pE measures the oxidizing or

reducing tendency of a solution. Equilibrium concepts are applicable

to the half-reactions of a redox process.
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In general the pE of a redox reaction is given by (Morel, 1982)

[Oxidant]
pE = (log  	 pK)/n

[Reductant]
(7.35)

where n is the number of transferred electrons. The electron activity

can also be expressed in terms of the redox potential Eh, defined as

the energy gained in the transfer of one mole of electrons from an

oxidant to H2. While the pE scale is nondimensional (like pH), the Eh

scale is measured in volts. Both scales pE and Eh are related by

pE =	 Eh
2.3RT

(7.36)

where F is the Faraday constant, R is the universal gas constant, and T

is absolute temperature. Equation 7.35 when expressed in terms of

redox potential Eh becomes the well-known Nernst equation

Eh = Eho +
2.3RT	 [Oxidant]

log ( 	
nF	 [Reductant]

(7.37)

where Eho is the standard redox potential, determined by

RT
Eho =	 ln K

nF
(7.38)

Redox processes involving the transfer of protons (those in which pH

can be affected) can be studied in equilibrium conditions by means of

pE-pH diagrams. These diagrams are analogous to the stability diagrams

used in the context of mineral dissolution. Stability fields can be
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then established for each reduced or oxidized compound of a redox sys-

tem. Details of the construction of these diagrams are given by Dreyer

(1982).

The oxidation of organic matter in the presence of free oxygen

is a widespread process and constitutes the main source of dissolved

CO2. It was already seen that CO2 produces H2CO3, which in turn is an

active agent in promoting mineral dissolution. Because the solubility

of oxygen in water is very low (9mg/1 at 250C), and because of the

limited rates of 02 replenishment, invariably most of the dissolved 02

is consumed by organic matter present in the soil. Other redox reac-

tions that consume dissolved oxygen are sulfide oxidation, nitrifica-

tion, manganese oxidation, and iron sulfide (pyrite) oxidation (Freeze

and Cherry, 1979). These reactions, in addition to consuming 02,

produce H+ which, if not spent in reactions with minerals, may result

in marked decrease of pH.

Although dissolved oxygen is an important factor in the charac-

terization of the hydrochemical nature of groundwater, very few studies

of dissolved oxygen in groundwater have been performed. Vogel et al.

(1982) report the use of dissolved oxygen as an indicator of recently

recharged groundwater. Infiltrating rain water in equilibrium with the

atmosphere will contain dissolved atmospheric oxygen. When the water

is sealed from contact with the atmosphere below the water table

several oxidation processes can be expected to gradually remove dis-

solved oxygen. If no mechanisms add 02 to the water, oxygen depletion

with age may occur, and the measurement of dissolved oxygen may provide

a simple qualitative method for locating recharge areas. However,
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contrary to this prevailing notion of oxygen depletion, Winograd and

Robertson (1982) found large amounts of dissolved oxygen in water from

deep aquifers in Nevada and Arizona. DeWald (1984) also found signifi-

cant amounts of dissolved oxygen in ground waters from artesian aqui-

fers within the semi-arid Upper San Pedro basin in Arizona. When all

the dissolved oxygen in groundwater is consumed, oxidation of organic

matter may continue if other oxidizing reactants such as nitrate, NO3-,

sulfate, SO42-, ferric hydroxide, Fe(OH)3, and manganese oxide Mn02 are

present. Sulfate reduction, for example, has been suggested as a

mechanism of generation of CO2 at large depths (Winograd and Farlekas,

1974). The oxidation of organic matter by sulfate follows the reaction

2CH20 + SO42- HCO3- + HS- + CO2 + H20 (7.39)

where sulfate is reduced to sulfide, HS-. This process is identifi-

able in well samples by the rotten-egg smell of H2S gas (a weak acid

that dissociates as H2S = HS- + H+). The generated CO2 in (7.41)

causes calcite dissolution which in turn causes the amount of carbonate

species TDC to increase. Inasmuch as sulfate reduction is faster than

the dissolution of sulfate-bearing minerals, another consequence of

(7.39) is the low SO42- values of the water (Custodio and Llamas,

1976). When these oxidizing agents are consumed, the conditions of

groundwater may become so reducing that the organic matter may even

degrade under anaerobic conditions, giving methane gas. Generally

groundwater redox conditions do not proceed this far because either (a)

organic matter is not available or (h) the bacteria that catalyze these

reactions do not have enough nutrients to survive.
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7.1.4 Factors that Modify

Groundwater Chemistry

The chemical processes discussed in the previous section are

usually affected by a series of environmental variables such as pres-

sure, temperature, and pH. Increase in concentration of dissolved

constituents and mixing phenomena also modify the chemistry of ground-

water. In complex sedimentary basins the order in which groundwater

finds different geologic materials determines its hydrochemical evolu-

tion. In such basins, other processes such as osmosis and membrane

filtration can also be significant under certain conditions.

7.1.4.1 Increase of Concentration. As water dissolves differ-

ent minerals, the concentration of dissolved species increases. This

concentration increase translates into a greater ionic strength, I,

which in turn causes the activity coefficients of charged species to

decrease. As a result, the activities of dissolved ions decrease. In

this way, a water already saturated with respect to calcite, Kcal =

[CO32-][Ca2+]Ca YCO3 (CO32-)(Ca2+) will dissolve more calcite untilY 

the increase in the concentration of calcium and carbonate ions compen-

sate for the decrease in the activity coefficients.

An increase in concentrations in shallow groundwaters can be

produced by evapotranspiration. The effects of evaporation on the

chemical composition of a water sample are complex and highly dependent

on the initial composition of the water. Precipitation of a salt,

during evaporation, gypsum for example, can be analyzed by the theory

of Hardy-Euster. According to this theory, if the ratio of the ions in

the salt is different than the ratio in the solution, evaporation will
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produce an increase in concentration of that ion which has the larger

initial concentration and a decrease in the concentration of the other

ion. Whereas this theory assumes a continuous evolution, evaporation

periods in shallow aquifers, however, are followed by infiltration

stages. During infiltration minerals with larger reaction rates

(halite) dissolve faster than those with smaller rates. As a result,

water is enriched in those constituents which dissolve faster. The

process is thus controlled by the rates of dissolution of the minerals

and not by their solubilities (Dreyer, 1982).

7.1.4.2 Temperature Effects. In general, equilibrium constants

depend on temperature. For many reactions, the Van't Hoff equation

(A10.26) provides an adequate way of calculating equilibrium constants

at different temperatures as a function of the enthalpy change of the

reactionAH0. Some chemical models use empirically-derived expres-

sions. For example, WATEQF (Plummer et al., 1976) uses the following

expression

logK=A+BT+CT2 +Dlog T

where A, B, C, and D are coefficients whose values are available for

some reactions.

Temperature affects both the solubility and the solubility

constant of a mineral. Nearly all minerals are more soluble at high

temperatures. Carbonate minerals, however, show strong and anomalous

temperature effects in that their solubilities are larger at lower

temperatures. The hydrochemical implications of these effects in deep

sedimentary basins are that temperature variations along the flow path
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may result in (a) precipitation of carbonate minerals when water moves

downward in recharge areas and (h) carbonate dissolution when water

moves upward in discharge areas. Fernandez Uria (1984) suggests that

these temperature effects could at least partially explain the observed

tendency for calcite supersaturation in the deep parts of recharge

areas and undersaturation in the shallow parts of discharge areas in

sedimentary basins.

7.1.4.3 pH Variations. Clearly, pH plays an important role in

any hydrochemical processes. It was seen earlier that the distribution

of carbonate species as well as the dissolution of carbonate minerals

are controlled by pH. The weathering of silicate minerals and the

solubility of silica can be reduced or enhanced depending on the

availability of hydrogen ions. Also discussed were the effects of pH

on sorptive capacity of clay minerals, in particular on their cation

exchange capacity. Redox processes that produce protons are also

affected by pH variations. The pH plays an overwhelming role not only

in the equilibrium chemistry of groundwater, but also in the kinetics

of many processes. Reaction kinetics are discussed in chapter 8.

7.1.4.4 Mixing Phenomena. A groundwater body is a dynamic

system where, in addition to water flow, dissolved constituents are

subject to mixing and dispersion. In general, the mixing processes

associated with diffusion and dispersion are very slow. Other mixing

phenomena can take place at the boundaries of the system, the interface

between geologic materials of different chemical compositions, and at

other hydrogeological discontinuities within the system. The mixing of

waters of different compositions produces a change in ionic strength.
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The concentrations of the various constituents tend to adjust to the

new conditions. Consider a water saturated with respect to calcite

that comes into contact with water that had previously dissolved

gypsum. The result is a solution having an increased ionic strength

and a higher content of calcium ion. The solubility product [CO32-]-

[Ca2+] 1CO3 (CO32-) Y Ca (Ca2) decreases as a result of the decrease

in the activity coefficients. This decrease, however, is accompanied

by an increase in (Ca2+), the final result being supersaturation with

respect to calcite. Calcite precipitates first because its solubility

constant (pK = 8.4) is much smaller than the solubility constant of

gypsum (pK = 4.5). This precipitation of a mineral when a solution

with a common ion is added is known as the "common ion effect".

7.1.4.5 Order of Encounter. Among the factors that can affect

the chemistry of groundwater, the order of encounter is probably one of

the most important and conclusive ones. This is especially true in

hydrogeologic systems such as those encompassing layered media or

complex sedimentary basins. Freeze and Cherry (1979) illustrate the

effect of the order in which various minerals are encountered by the

water as it flows through the subsurface. The first sequence that they

consider consists of the following materials: organic soil, limestone,

gypsum, sandstone (quartz and feldspar) and shale (montmorillonite

clays). In the second sequence the order of encounter is organic

soil-sandstone-shale-limestone-gypsum. The chemical composition of the

water at the end of each sequence is completely different. The water

in the first sequence is of calcium-sulfate type, and is undersaturated

with respect to calcite and gypsum. The final pH is 6.7 and PCO2 =
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10-1.6. In the second sequence the final water is of sodium-sulfate

type, and is saturated with respect to gypsum and supersaturated with

respect to calcite. The final pH is 8.9 and PCO2 = 10-4.4. Although

these examples correspond to simple systems, they clearly show the

strong influence exerted on hydrochemical evolution by the order in

which minerals are encountered by the water.

Physico-Chemical Properties of
Groundwater and Major Ions

In this section the hydrochemical characteristics of the major

dissolved constituents are briefly described. The following aspects of

each constituent are considered: (1) its main sinks and sources, (2)

the chemical processes in which it is involved, (3) its normal range of

concentration values in groundwater, (4) the magnitude of its sampling

and measurement errors, and (5) its hydrogeologic relevance. Also

discussed are the physico-chemical properties of groundwater, TDS, EC,

alkalinity, and hardness.

7.1.5.1 Chloride Ion. Chlorine in natural waters is in the

ionic form of chloride, Cl-. This ion is chemically stable. It is not

sorbed nor does it participate in redox processes or complexate signif-

icantly. Minerals containing Cl are fairly soluble (see Table 7.1) and

thus have been eroded by flowing groundwater in past geologic times.

All these characteristics explain why chloride ion can be considered as

an ideal tracer in many environments.

The main sources of Cl- in groundwater include (1) the dissolu-

tion of highly soluble evaporites such as halite and sylvite; (2) the

concentration of rain water and snowmelt by evapotranspiration; and (3)
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contamination by man's activities.	 Concentration values in potable

groundwater range from 10 to 30 mg/l. Much higher values can be

expected in areas rich in evaporites. Natural brines near saturation

with respect to NaC1 may have up to 200 g/1 of dissolved chloride. The

range of normal errors in laboratory determinations is from 2 to

5 percent (Hem, 1970).

7.1.5.2 Sulfate Ion. Sulfur occurs in groundwater mostly in

its most oxidized form as sulfate ion, SO42-. The reduced forms of

sulfur are sulfide, SH-, and hydrogen sulfide, SH2, which are produced

in the reduction of sulfate (equation 7.39), a reaction promoted by

bacteria under specific temperature and salinity conditions (Hem,

1970).

The most common sulfur minerals are sulfides of heavy metals

such as ferrous sulfide or pyrite which can be partially oxidized in

the weathering process to give soluble sulfates. Sulfate-bearing

minerals of most relevance are calcium sulfates in the form of gypsum

and anhydrite. Inasmuch as most of the major cations do not form

insoluble salts with sulfate (see Table 7.1), this ion can accumulate

in water in high concentrations.

In areas not affected by industrial wastes, rain water has

SO42- concentrations from 1 to 15 mg/l. Much higher concentrations (up

to 450 mg/1) can be observed in heavily industrialized areas due to

sulfur oxides produced in the combustion of fuels. The use of ferti-

lizers by agricultural activities may also constitute a relevant source

of sulfates.
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In fresh waters the concentration of sulfate ion ranges from

2 to 150 mg/l. In brackish and saline waters, sulfate concentrations,

usually associated with high calcium concentrations, can be up to 5,000

mg/1 (Custodio and Llamas, 1976).

The hydrochemistry of sulfate is complicated by its tendency to

form cation-sulfate complexes, and by its participation in biological

processes. For sulfate concentrations over 100 mg/1, determination

errors should be less than 5 percent. For lower concentrations, the

accuracy limit is 2 mg/l.

7.1.5.3 Carbonate and Bicarbonate Ions. The basics of equilib-

rium carbonate chemistry were already discussed in section 7.1.3.1.

Although the discussion here is restricted to carbonate and bicarbonate

ions, it must be done in the context of the carbonate system. Most of

the sources of these ions are conditioned by the availability of CO2

which, in the soil zone is produced mainly by respiration of plant

roots and by oxidation of organic matter. The dissolution of carbonate

minerals in the presence of CO2 is the main source of carbonate ions.

The weathering of silicates contributes additional bicarbonate ion (see

equation 7.5).

The normal range of free CO2 in groundwater is 10 to 20 mg/l.

Bicarbonate ion concentrations vary between 50 and 400 mg/1, although

values of 800 mg/1 are not unusual (Custodio and Llamas, 1976).

Concentrations up to 1,000 mg/1 can be found in waters depleted in

calcium and magnesium or whenever CO2 is produced deep in the aquifer

(Hem, 1970) as, for example, from sulfate reduction. In alkaline
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groundwaters with a pH about 8.3, carbonate ion concentrations can be

up to 50 mg/1 (Custodio and Llamas, 1976).

The accuracy of alkalinity titration, the method commonly used

to measure CO32- and HCO3-, is not expected to be smaller than 2 to

5 percent in most cases (Hem, 1970).

7.1.5.4 Nitrate Ion. 	Nitrogen in gaseous form is an abundant
element in the atmosphere.	 It also constitutes an important fraction

of nitrogen soil materials and organic substances. In geologic mate-

rials, however, it is only a minor element. The stable forms of

nitrogen are ammonia, NH3; ammonium, NH4+; nitrogen gas, N2; nitrite,

NO2-; and finally nitrate, NO3-, which is the form most commonly seen

in unpolluted groundwater. Traces of ammonium, ammonia, and especially

of nitrite in groundwater are unmistakeable signs of recent organic

pollution. The distribution of nitrogen species is strongly influenced

by redox processes which are catalyzed by microorganisms. The main

source of nitrogen other than dissolved N2 in natural groundwaters is

the fixation of atmospheric N2 that is transformed into NH3. Ammonia

is a base that dissolves in water releasing ammonium ion. The oxida-

tion of both ammonia and ammonium in the soil by dissolved oxygen

produces nitrites, which are also oxidized to nitrate NO3-. There-

fore, in oxidizing environments NO3- is the stable form of dissolved

nitrogen. Inasmuch as nitrate ion is not affected by solubility

constraints and because of its anionic form, nitrate is a very mobile

ion in groundwater. As groundwater becomes less oxidizing, nitrate ion

starts becoming reduced to nitrous oxide N20 or N2, a process referred

to as denitrification. This is a desirable process because it
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decreases the nitrate levels in groundwater.	 A more detailed

description of nitrogen hydrochemistry can be found in Freeze and

Cherry (1979).

Natural concentrations of NO3- in unpolluted groundwaters are

between 10 and 20 mg/l. Waters with concentrations above 45 mg/1 are

often considered unfit for human consumption.

Usual methods of NO3- determination are most accurate for

concentrations below 30 mg/l. The accuracy in this range of values is

a few milligrams per liter (Hem, 1970).

7.1.5.5 Silica. Concentrations of dissolved silica in ground-

water are commonly between 5 and 40 mg/1 (Davis and DeWiest, 1966)

which are well below the solubility of amorphous silica and of other

silicate minerals. This is in agreement with the observed low rates of

dissolution of these minerals. As mentioned in section 7.1.3.2, the

amount of total dissolved silica is almost independent of pH for pH

values below 9 (Figure 7.3). In this range silicic acid is the pre-

dominant species. According to (7.25), high pH values (above 11) can

result in unusually high silica contents (several thousands of mg/1).

Silicon species can be removed from solution by precipitating

with Al as poorly crystallized clay minerals.

For silica concentrations between 10 and 50 mg/1 the accuracy

of determination is 2 mg/l. This error is smaller for concentrations

below 10 mg/1 and progressively larger for silica contents above

50 mg/l.

7.1.5.6 Calcium Ion. Calcium is one of the most common ions in

groundwater.	 It is derived from dissolution of carbonate minerals
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(calcite, dolomite and aragonite), from sulfate minerals such as gypsum

and anhydrite, and from such silicate minerals as apatites and from

various members of the feldspar, amphibole, and pyroxene groups.

Although Ca2+ is the most common form of calcium in subsurface

waters, it complexes in significant amounts with bicarbonate and

sulfate ions when the latter are present in high concentrations. The

concentration of calcium in groundwater is mostly determined by car-

bonate equilibrium and cation exchange. The dissolution of calcite is

strongly enhanced by the presence of CO2. A few mg/1 of calcium may be

present in pure water, and almost 200 to 300 mg/1 in water containing

large quantities of CO2. The concentration of Ca2+ can also be modi-

fied by cationic exchange on the surface of clay minerals. The most

common of these exchange reactions is the exchange of Ca2+ by Ne.

Normal Ca2+ concentrations in groundwater range between 10 and

250 mg/l. As much as 600 mg/1 can be found if gypsum is present

(Custodio and Llamas, 1976). For concentrations of calcium ion above

10 mg/1 the accuracy of measurements is within 2 to 5 percent (Hem,

1970).

7.1.5.7 Magnesium Ion. Magnesium-bearing minerals are numerous

among igneous, metamorphic and sedimentary rocks. Although these

minerals have large solubilities, they dissolve at very, slow rates.

This explains why Mg2+ concentrations in groundwater are often so low

(1 to 40 mg/1). The hydrochemistry of magnesium is similar to that of

calcium, but it is complicated by the pronounced tendency of magnesium

to hydrate due to its smaller ionic radius. The solubility of magne-

sium carbonates is also affected by the presence of carbon dioxide.
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Generally Mg is not the dominant cation in groundwater. An

exception to this is the case of water almost saturated with respect to

dolomite that previously had lost calcium by calcite precipitation

(Hem, 1970).

Some hydrochemists have found the molar ratio Ca/Mg extremely

useful in explaining the sources of calcium and magnesium dissolution

(Custodio and Llmas, 1976). In complex systems, however, this ratio

exhibits large variations that may not be explained solely on the basis

of mineral sources.

When present in large amounts, magnesium tends to interfere

with calcium. This interference leads to unreliable measurements.

This is why the error in Mg measurements cannot be expected to be less

than 10 percent for Mg concentrations below 10 mg/1 and about 5 percent

for higher concentrations (Hem, 1970).

7.1.5.8 Sodium Ion. The primary source of sodium in natural

waters is the weathering of plagioclase minerals including albite. The

release of sodium ion is accompanied by the formation of clay minerals

(see reaction 7.5). In areas with evaporites, dissolution of halite is

also a very important source of sodium. In coastal aquifers, the

encroachment of seawater supplies large amount of dissolved sodium.

Sodium minerals are highly soluble and thus do not precipitate

until concentrations of several thousands of mg/1 are reached. At

these high concentrations, sodium ion may form carbonate and sulfate

complexes.

The exchange of sodium in clay minerals by calcium results in

the observed softening tendency of water along its flow path. This
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process is known to be reversible, therefore the exchange of calcium by

sodium in high-sodium waters is also possible.

The concentration of sodium in 	 groundwater is highly vari-

able. Values exceeding 10 mg/1 are normal in waters with total dis-

solved solids greater than 1,000 mg/1 (Davis and DeWiest, 1966).

In the past, it was common practice to report the combined

concentration of sodium and potassium in water analyses. The reason

was that these two ions were determined by the difference between the

total number of anion equivalents and the number of equivalents of

calcium and magnesium. This method led to high errors (up to 25 per-

cent or more) in the results of Na plus K as all the errors of the

analysis and of undetermined ions were included within Na plus K. The

accuracy of measurements when sodium is actually determined separately

from potassium is between 3 and 5 percent.

7.1.5.9 Potassium Ion.	The principal natural sources of

potassium in the subsurface are the weathering of K-feldspars and the

dissolution of sylvite (KC1). Even though the abundance of potassium

in the lithosphere is about the same as sodium, potassium is present in

groundwaters in smaller concentrations, usually less than 10 mg/l. The

resulting low mobility of potassium is due to (a) the relatively higher

resistance to weathering of many potassium minerals and (h) the fixa-

tion of K+ by adsorption in an irreversible manner.

7.1.5.10 Temperature.	The temperature of groundwater at a

given point in space and in time is the result of the combination of

heat sinks and sources, and depends on both the properties of the

medium and of the flow system. The uppermost part of an aquifer (upper



357

10 to 12 meters) is influenced by diurnal and seasonal variations of

air temperature. On the other hand, at large depths one has the local

geothermal heat source which in relatively small areas represents a

constant flux. Typical values of the vertical geothermal gradient

range from to 10C to 30C of temperature increase for 100 meters of

increasing depth. In shallow aquifers groundwater temperatures are

generally very uniform and reflect the mean annual atmospheric tempera-

ture and the average geothermal gradient. In regional aquifers,

however, the temperature distribution is intimately related to the

patterns of groundwater flow. The well-known fact that in discharge

zones water temperatures are higher than in recharge areas can be

explained by the progressive heating of the water as it flows through

the deeper and warmer parts of the aquifer. These temperature varia-

tions along flow paths may influence significantly the solubility of

calcite and silica.

7.1.5.11 Electric Conductivity. The electric conductivity of a

water solution is the capacity of the solution to conduct electric

current. Electric conductivity, which is usually measured in micro-

siemens per centimeter or micromhos per centimeter, is an indirect

measure of the ionic content of a solution.

Although one would expect a simple relationship between elec-

tric conductivity and ionic concentrations, this has not been found to

be the case. The amount and the nature of the ions as well as the

temperature of the solution are some of the factors that complicate

this relationship. Similarly, due to the presence of noncharged

Species in solution, no exact relationship has been found between
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electric conductivity, EC, and total dissolved solids, TDS. Hem (1970)

proposed

TDS = c EC (7.40)

where TDS is in mg/1, EC is in microsiemens per centimeter (uS/cm) and

c is a constant which varies between 0.55 and 0.75. Custodio and

Llamas (1976) presented other relationships similar to (7.40) relating

EC to the amount of dry residue at 1100C and to the sum of anions and

cations of a water sample.

Normal values of electric conductivity in rain are usually low

(2 to 40 uS/cm). In fresh groundwaters they range between 100 and

2,000 p5/cm. Conductivity measurements, especially those made in the

field, may contain errors of up to 10 percent (Hem, 1970).

7.1.5.12 pH. The importance of pH in relation to groundwater

chemistry has already been emphasized in previous paragraphs. General-

ly, natural groundwaters have pH values between 6 and 9. This

restricted range of values is due mainly to the buffering effects of

carbonate species.

The careful measurement of pH in the field is strongly recom-

mended (Hem, 1970) to minimize the degassing of the water sample and

the possible effects of temperature variations and microbiological

processes. Differences of up to several tenths of a pH unit can result

as a consequence of these changes. Approximate values to about half of

a pH unit can be determined in the field using test-paper sets. More

accurate methods (of down to .01 units) can be used in the laboratory,

but significant pH differences of several tenths of a unit may result.
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7.1.6 Chemical Equilibrium Models

The analysis and interpretation of complex aqueous chemical

systems is best accomplished with the aid of computer programs. Such

computer programs are based on some underlying aqueous chemical model.

An aqueous chemical model is a mathematical representation of a given

aqueous chemical system that allows the prediction of the thermodynamic

properties of the system. Most aqueous chemical models are based on

the ion association theory, and within this framework the problem of

species distribution in equilibrium models can be formulated in two

different but thermodynamically related ways: the equilibrium constant

approach and the Gibbs free energy approach. Both approaches are

subject to the conditions of mass balance and chemical equilibrium. In

the equilibrium constant approach, mass law equations are substituted

into the mass balance conditions, resulting in a non linear system of

equations. The Gibbs free energy approach is based on the condition

that the free energy change of a reaction ,AGr must be equal to zero at

equilibrium. Thus the problem is stated as the minimization of the

total free energy change of the system subject to the mass balance

constraint. In the former approach, equilibrium constants are needed,

whereas in the latter approach free energy values are needed. This

difference in the data requirements marks the main limitation of the

free energy approach, as data on equilibrium constants are more relia-

ble and readily available than free energy data.

Both thermodynamic approaches require the solution of a non-

linear system of equations. Optimization techniques such as pattern

search and gradient-based methods are appropriate for the minimization
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of the total free energy. The equilibrium constant approach is better

suited for the use of such methods as Newton-Raphson, successive

approximations or nested iterations.

Existing chemical equilibrium models for natural aqueous

systems based on the equilibrium constant approach can be divided into

two families according to the numerical scheme used to solve the equi-

librium equations. The first family uses successive approximations

whereas the second family uses the Newton-Raphson method. A third

group of chemical models is available for the simulation of reaction

paths.

7.1.6.1. Successive Approximation-Based Models. This family of

chemical models evolved from the early work of Garrells and Thompson

(1962) using the method of successive approximation to solve equilib-

rium problems in aquatic chemistry. Based on this approach, Kharaka

and Barnes (1973) developed the computer model SOLMNEQ. Another early

model developed from Garrells and Thompson (1962) is WATEQ by Truesdell

and Jones (1973). Second generation programs developed as improvements

or modifications of WATEQ include: WATEQ2 (Ball et al., 1979), WATEQ3

(Ball et al., 1981), WATEQF (Plummer et al., 1976), and WATSPEC (Wig-

ley, 1977) which is a shorter version of WATEQF designed for routine

hydrological analysis. EQ3 (Worley, 1979) is another chemical model of

this family. Details about the chemical characteristics, data require-

ments, and computer code information about these models can be found in

Nordstrom et al. (1978) and Ault (1982).

7.1.6.2 Newton-Raphson Models. 	The second family of chemical

models for equilibrium problems in aqueous systems originated from the
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work of Morel and Morgan (1972) who developed a Fortran computer model

called REDEQL. Modifications of this program have led to several

second generation programs such as REDEQL2 (McDuff and Morgan, 1973),

REDEL.EPAK (Ingle et al., 1980), GEOCHEM (Mattigod and Sposito, 1979),

and MINEQL (Westhall et al., 1976).

7.1.6.3 Reaction Path Simulation Methods. The general approach

of this type of models is to describe a partial equilibrium reaction

path in terms of ordinary differential equations which are linear and

thus can be solved by matrix algebra. The initial condition must be

calculated using a speciation chemical equilibrium model of the type

described previously. Progressive reaction states can be computed by

incrementing the progress variable of the reaction and iteratively

checking the aqueous phase for saturation. Dissolution or precipita-

tion of mineral phases at each step is then conducted to retain equi-

librium. Thus, by integrating a set of differential equations a

reaction path can be simulated progressively until overall chemical

equilibrium is reached by the system. This method has been used to

study the weathering of minerals by Helgeson et al. (1969). PATHI

(Helgeson et al., 1970) was the first published chemical reaction-path

model. Based on this model, Worley (1979) developed the chemical model

EQ3/6 that consists of EQ3 as the equilibrium model and EQ6 as the

reaction-path model. Another program of this family is MIX2 (Plummer

et al., 1975) which can be used to solve such problems as: (1) mixing

of two solutions, (2) titration of one solution into another, and (3)

addition or substraction of a net stoichiometric reaction to or from a

defined chemical system. MIX2 belongs to the WATEQ family which has
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been developed by the USGS. The reaction-path chemical model PHREEQE

(Parkhurst et al., 1980) represents the latest addition to this family.

7.1.6.4. Limitations of Current Chemical Models. In the words

of Nordstrom et al. (1978) in their detailed discussion of chemical

models, "no model will be better than the assumptions upon which it is

based". The most important assumption of most existing chemical models

is that of chemical equilibrium, which for certain natural processes

such as the weathering of silicates and processes involving biological

activity may not be justified. In groundwater systems the movement of

the water and the transport of solutes are generally very slow and

assuming equilibrium might be appropriate depending on the chemical

species involved. A major source of uncertainty when using chemical

models stems from the question of how reliable are equilibrium con-

stants. Differences of up to three orders of magnitude in some solu-

bility constants and complex stability constants have been found among

different chemical models. This uncertainty can have large effects on

the results obtained with these models. Thus, a carefully evaluated

thermodynamic data base is required if these models are to be utilized

in conjunction with solute transport models.

Most existing aqueous chemical models involve various mathemat-

ical approximations. For example, activity coefficients are calculated

using empirical equations such as those due to Davies (A10.24) and

Debye-Hückel (A10.22) which were derived assuming medium or low ionic

strength. Temperature effects on equilibrium constants as predicted by

the Van't Hoff equation (A10.26) are only approximate. Deviations from

the conditions under which these approximations were obtained may
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result in a significant source of error. Other limitations of chemical

models include: (I) the lack of reliable information on the activity of

neutral ion pairs, (2) the lack of agreement among models about the

total number of complexes to be considered, (3) the lack of agreement

among models about the correction of non-carbonate alkalinity, and (4)

the assumptions made about the redox state of aqueous systems. Most

models assume homogeneous redox equilibrium which need not be the case

in real systems. The previous limitations of chemical models translate

into errors to which one has to add the numerical errors involved in

the solution of the systems of equations. Most programs contain

warning messages when these errors become large. As the chemical

equilibrium problem is highly nonlinear and nonconvex, convergence and

nonuniqueness problems are unavoidable whenever poor estimates of

initial concentrations are supplied by the user.

The accuracy of these models is also affected by errors in the

input data. Chemical analyses of groundwater samples may contain

errors due to the sampling conditions, field determination of certain

parameters, chemical changes during the transport of water samples from

the field to the laboratory, and analytic methods of determination in

the lab. Such important parameters as pH and total dissolved inorganic

carbon have to be measured in the field before gaseous exchange between

the sample and the atmosphere takes place.

7.2 Groundwater Isotopes 

Three main groups of naturally occurring isotopes are discussed

in this section. The first group includes radionuclides of atmospheric
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origin such as tritium (3H), carbon 14 (14c), and chlorine 36 (36C1).
Natural stable isotopes such as oxygen 18 (180), deuterium (2H), and
carbon 13 (13C) are considered in the second group. The third group

includes the products of radioactive decay.

7.2.1 Radionuclides of Atmospheric Origin

A number of radionuclides which originate primarily in the

atmosphere are carried into the subsurface by infiltrating water.

Their concentration decreases with time as a consequence of radioactive

decay. Radionuclides of hydrologic interest are listed in Table 7.2.

Natural concentrations of 3H and 14C have been masked by artificially

produced amounts during the past thirty years. A large number of

general reviews on the use of 3H and 14C for dating groundwater have

been written (Payne, 1972; Plata, 1972; Davis, 1978; Freeze and Cherry,

1979). A fundamental assumption made when using atmospheric radio-

nuclides to date groundwater is that the natural production of the

radionuclides has remained constant with time. Given the probable lack

of accuracy in dating water, the errors due to the violation of this

assumption are probably minimal (Davis and Bentley, 1982).

7.2.1.1 Tritium. Because of its short half-life (12.26 years),

tritium 3H can only be used to date recent water. Factors affecting

tritium concentration in rain include: (1) the nature of atmospheric

circulation patterns; (2) distance from the coast; (3) local climatic

variations; and (4) artificial production due to nuclear tests. Not

only are original concentrations of tritium in precipitation poorly

known, but some other phenomena taking place in the subsurface can add
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Table 7.2 Radionuclides of atmospheric origin
(After Davis and Bentley, 1982)

Nuclide
Half-Life

(years)
Possible Initial Concentration

in Rain Water

Tritium
	

12.26
	

3.6 TU (before 1954)

	

14c	 5,730.	 0.2 (dpm/liter)

	

36C1
	

301,000.	 10-5 to 2 10-4 (dpm/liter)
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more uncertainty to the tritium dating technique. Evaporation, local

vegetation effects, and soil bacteria production can affect the tritium

concentration (Davis and Bentley, 1982).

Owing to the complexity of defining tritium concentrations at

the time of recharge, most studies using tritium measurements make only

qualitative assessments of groundwater age. The following guidelines

can be used as a rule of thumb for relating tritium concentrations to

groundwater ages:

(a) Water with tritium content less than 3 TU corresponds to

ages in excess to 20 years.

(h) Concentrations between 3 and 20 TU indicate the presence of

some tritium from testing of fusion devices, and the water may date

from the first testing period (1953-1961).

(c) Concentrations exceeding 15 to 20 TU indicate that water

was recharged after 1961.

The 3H-3He method is appropriate to determine the original

tritium content in groundwater recharge. This method is based on the

fact that tritium decays to 3He (stable isotope), and the natural

background concentration of 3He in water is very low.

The subsurface production of tritium, which does not exceed 0.5

TU in normal aquifers, becomes important only when dating old ground-

water.

7.2.1.2 Carbon 14. Following the pioneering work of the 1950s

about the use of carbon 14 to date groundwater, many efforts have been

made to utilize 14C for the computation of groundwater ages all over

the world (Pearson and White, 1962; Bradley, 1970; Payne, 1972; Bath et
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al., 1979). Yet despite this effort and the large amount of scientific

work devoted to the study of processes affecting the content of carbon

14, and despite the fact that 14C dating is the best developed age

dating method available today, a number of difficulties still exist

(Davies and Bentley, 1982).

The most important processes generating dissolved inorganic

carbon in the soil zone are the dissolution of carbonate minerals and

the weathering of silicates. These processes are promoted by the

acidic conditions usually prevailing in the soil. Additional processes

that can contribute dissolved carbon in the saturated zone include:

(a) Oxidation of organic matter during the later stages of the

groundwater in the saturated zone

(h) Sulfate reduction which takes place in the absence of

dissolved oxygen

(c) Cation exchange (like calcium-sodium exchange) that can

produce carbonate dissolution

Another process that may affect the carbon-14 and carbon-13

content of groundwater is isotopic exchange with the soil carbonate.

The use of 13C/12C ratios of the total dissolved carbon as

initially presented by Pearson and White (1967), has been universally

recognized to be useful for the correction of 14C dates. These ratios

are used to determine the respective proportions of a two-component

mixing process where the components are CO2 gas and solid carbonate.

An exhaustive revision of existing methods to estimate the initial

specific activity of 14C and a new approach for isotopic and

geochemical corrections of carbon 14 dates were presented by Fontes and
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Garnier (1979). They showed several examples of their method of

correcting dates and compared it with other methods. They also pointed

out the necessity of using a geochemically sound model to interpret 14C

data.

As proposed by Davis and Bentley (1982), 14C derived ages

should be considered only as order-of-magnitude estimates rather than

accurate ages. An error of 100 percent when chemical complications are

minimal may be found in some published estimates.

Real-world applications of 14C data to hydrologic investiga-

tions are discussed later in this section.

7.2.1.3 Chloride 36. Davis and De Wiest (1966) were the first

to suggest the use of chlorine 36 to date very old groundwater because

of its long half-life (301,000 years). 36C1 seems ideal for the range

of 50,000 to one million years which is beyond the range of 14C

dating. Chloride in groundwater is nonreactive and is regarded as the

least sorbed of ions. Thus, the geochemical interpretation of 36C1 is

much less complex than carbon 14. If the parameters controlling 36C1

concentration in rain water can be quantified, 36C1 in groundwater

will reflect physical rather than chemical influences, that is, the

effects of time, evapotranspiration, ion filtration and mixing.

Possible complications in 36C1 dating groundwater are: (1)

isotope fractionation due to membrane effects, (2) crossformational

flow of groundwater, (3) possible diffusion of dead chlorine from fluid

Inclusions, and (4) subsurface production. These effects are site

specific and should be analyzed on a case by case basis.
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7.2.2 Natural Stable Isotopes

Isotopes of a particular element have the same number of

protons, but a different number of neutrons. Thus they have the same

atomic number but different atomic weights. Though the chemical

properties of the different isotopes of a particular element are the

same, there are minor differences in mass. These differences are

significant among isotopes of lighter elements. The difference in mass

causes isotope fractionation in nature. Fractionation is any process

that causes the isotopic ratios in particular phases or regions to

differ from one another (Fritz and Fontes, 1980).

Stable isotope results are usually reported in (S units which

are defined as

So/oo = 1000 ( R	 Rst)/Rst	 (7.41)

where R and Rst are the isotopic ratios of the sample and of the

standard used for reference.

For 180 and 2H the usual standard of reference is the SMOW

(Standard Mean Ocean Water) which is a close approximation of the

average isotopic composition of ocean waters. Ratios of 13c/12c,

however, are reported with respect to the PDB reference (PDB calcite is

a marine calcite from the Pee Dee Formation of South Carolina).

Fractionation can be caused by physical processes such as

evaporation and condensation and by equilibrium and nonequilibrium

chemical processes.
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On the basis of a large number of analyses of meteoric waters

collected at different latitudes, Craig (1961) found that the 6180 and

S2H values relative to SMOW of such samples were linearly related by

62H . 8 6180 + 10 (7.42)

The only meteoric water samples that do not fit this relationship are

from closed basins were excessive evaporation occurs. Dansgaard (1964)

demonstrated a linear relationship between the 6180 values of average

annual precipitation and the average annual air temperature. The rela-

tionship between 6180 and the air temperature reflects the fact that

the isotope fractionation factor increases with decreasing tempera-

ture. This dependence of the isotopic content on the temperature has

been used by groundwater hydrologists for estimating (Fritz and Fontes,

1980):

(1) The altitude of recharge areas based on a linear relation-

ship between the isotopic content of the rain and the altitude at which

rain takes place,

(2) The amount of recharge based on the negative correlation

between the isotopic content of the rain and the amount of rainfall,

(4) Paleotemperatures based on the fact that precipitation

fallen under cool climate conditions are depleted in heavy isotopes.

The effect of temperature on the isotopic content explains why

continental precipitations are depleted in 180 and 2H as compared to

marine and coastal rains. For the same reason, winter precipitations

are depleted in 180 and 2H with respect to summer rains.
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Evaporation tends to increase the heavy isotopic content of the

remaining liquid phase. On a 62H - 6180 diagram, stable isotope

contents of evaporated waters fall below the local meteoric water

line. Exchange of 180 with rock minerals in high-temperature water

follow a horizontal line.

The 613C of meteoric waters is usually negative, but the

specific values are variable. The 613C of a groundwater is determined

by the 613C of the inflow water and the supply of carbon to, and

removal from the water during its transit through the aquifer.

The ratio 13C/12C is generally used to identify sources of

carbon, and is particularly useful in differentiating carbon derived

from organic matter (light) and carbon derived from carbonate minerals

(heavy).

7.2.3 Accumulation of Products
of Radioactive Decay

The fundamental idea behind the study of the accumulation of

decay products is that their concentrations can be used as an indicator

of groundwater age provided that these products tend to migrate into

the groundwater and also to move with a known relationship to the

movement of groundwater.

A number of decay products may be of interest in groundwater

investigations. At present, however, the accumulation of noble gases

appears to offer the most significant possibilities for dating (Bath et

al., 1979; Davis and Bentley, 1982). Of all the noble gases, 4He is

Probably the most useful due to its relatively rapid rate of

production. The subsurface accumulation of 4He is mainly from the
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neutralization of alpha particles, most of which come from heavy

radionuclides such 
as 238U and 232Th. The rate of escape of 4He is

largely unknown, and as a first approximation is assumed to be

constant; that is, a steady-state processes is assumed. If this is

true, a linear increase of 4He with time would be noted. Andrews and

Lee (1979) have compared 14C and 4He dating. Though both dating

techniques correlate fairly well, 4He dates are older by a factor of 3

or more. Undoubtedly, the weakest point of the 4He method of dating is

the assumption necessary to calculate the flux of 4He into the

groundwater (Davis and Bentley, 1982).

7.2.4 Isotope and Hydrochemical Studies

Many hydrologists have recognized the importance of jointly

interpreting isotopic and hydrochemical data. In 1976 this approach

was stressed at a conference on the Interpretation of Environmental

Isotopes and Hydrochemical Data in Groundwater Hydrology held in

Vienna. The works presented at this conference include the review on

multitracing and multisampling by Mazor (1976), the contribution of

Gonfiantini et al. (1976) about groundwater isotopes in Gran Canaria,

Spain, and the isotopic and hydrochemical considerations in radiocarbon

dating in the Tucson Basin, Arizona, by Wallick (1976). All these

works use graphical interpretation techniques to detect physicochemical

processes. The interest in using both isotope and chemical data lies

in their complementary character which can provide more accurate

estimates. Models based on one isotope can be checked by other

chemical and isotopic data.
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Other hydrologic applications of hydrochemical and isotopic

studies include: (1) identification of recharge areas (Neuman and

Dasberg, 1977; Gonfiantini et al., 1976; Adar, 1984), (2) indication of

sources of leakage (Fritz et al., 1976), and (3) analysis of the

occurrence of certain processes (e.g., mixing, leakage between aqui-

fers, dispersion on a regional scale, ion filtration, etc) as reported

by Schwartz and Muehlenbachs (1979) and Swanick (1982) in the Milk

River aquifer, Canada.

Along this line of scientific advance, combined isotope-

chemical models is the next step. Reardon and Fritz (1979) have added

a subroutine called ISOTOP to the WATEQF chemical model. This subrou-

tine performs a series of simulations on water samples where 14C and

13C are available. In addition, the subroutine may be used to compute

age differences between pairs of water samples along the same flow path

using congruent and incongruent carbonate dissolution models.

7.2.5 Isotopic and Hydrologic Studies

In theory, both stable and radioactive isotopes could be

treated as chemical species.	 That is, stable isotopes could be

considered conservative solutes whereas radioactive decay could be con-
.

sidered a first-order chemical reaction. This analogy between chemical

and isotopic species is especially useful when modeling both solutes at

the same time. Isotopes, however, exhibit certain characteristic

properties which are used for special hydrologic investigations.

7.2.5.1 Radionuclides. Tritium (3H) is fairly adequate to date

recent waters. In fact, the presence of tritium in a sample may reveal
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recent recharge periods. Tritium has also been used to estimate rates

of recharge. For that, the age of the water at each depth in the

unsaturated zone should be known as well as the mechanisms of

dispersion. Zimmermann et al. (1965) concluded as a result of their

radioisotope profile studies in West Germany that:

(1) Most summer rains did not contribute to the recharge of

groundwater,

(2) Molecular diffusion is active during downward movement,

(3) Evaporation tends to increase the heavy isotope content,

(4) Infiltration rates are in the order of 1 m/year,

(5) Recharge is in the range of 25 to 75 percent of the amount

of rain.

A number of questions remain to be adequately studied for this

method to give accurate estimates of recharge rates.

The earliest application of 14C for groundwater dating was

reported by Munnich and Vogel (1960) and Hanshaw et al. (1965). Since

then, a large number of studies have used carbon 14 content to estimate

flow rates and absolute groundwater ages (Pearson and White, 1967;

Vogel, 1970). There are two main complications in the interpretation

of 14C data. The first is the dissolution of carbonate minerals in the

recharge zone. Several geochemical models are available to correct 14C

for dissolution and precipitation processes (Fontes and Garnier,

1979). The second problem is mixing in the aquifer or in the well

itself at the time of sampling.
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The use of chlorine 36 in groundwater investigations seems very

promising. Potential applications of 36C1 in groundwater studies

include:

(a) Dating old groundwater,

(h) Evaluation of the effects of physical processes such as

membrane filtration on the hydrochemistry of groundwater,

(c) Mixing of waters (intrusion problems, changes in ground-

water chemistry).

36C1 was used for dating groundwater and as an environmental

tracer in the Carrizo Sandstone and in the Fox Hill Basal Hell Creek

aquifer (Bentley, 1978).

Mixing cell models (Simpson and Duckstein, 1976) have been used

in studying the transport of radionuclides and obtaining groundwater

age distributions (Przewlocki and Yurtsever,1974; Campana, 1975; Llamas

and Martinez Alfaro, 1981; Llamas et al., 1982).

7.2.5.2 Application of Natural Stable Isotopes.	Reported

applications of natural stable isotopes include:

(1) Identification of recharge areas and estimation of recharge

rates. The identification of recharge areas is based on the fact that

the isotope content varies as a function of altitude. The isotope

content of groundwater corresponds to a distribution of the product of

the isotopic concentration of the recharge at a given altitude by the

amount of rain which infiltrates there. It is implicitly assumed that

the isotopic content in the aquifer has remained constant in time. The

first study of this nature was attempted by Fontes et al. (1967) on the

aquifer of Evion (France). In Switzerland, Siegenthaler et al. (1970)
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obtained oxygen isotope gradients in several sides of the Alps and the

Jura and used these values to calculate the altitude of recharge of

springs. In a study in central Italy, Zuppy et al. (1974) pointed out

that the definition of the altitude of recharge based on isotope

gradients should take into account seasonal variations. Groundwaters

of local origin were used to establish the isotopic gradient in alti-

tude in the Canary Islands (Gonfiantini et al., 1976). Payne and

Yurtsever (1974) reported a study in Nicaragua were they introduced a

correction for the topographic effect. Neuman and Dasberg (1977) used

oxygen 18, tritium, chemical, and hydrologic data to identify mixing

phenomena in the recharge area of the Hula Basin, Israel. In the

Madrid Basin, Herraez et al. (1983) used environmental isotopes to

confirm the location of recharge and discharge areas. In the same way

Kallergis and Leontiadis (1982) defined the mechanisms of the Assopos

river plain in the Kalamos Attikis coastal brackish karst springs.

Fictitious results can be obtained if 180 is considered conservative in

areas where either geothermal exchange or evaporation takes place

(Fontes and Zuppy, 1976). Contrary to the previous works, which dealt

only with the qualitative assessment of the location and extent of

groundwater recharge, Adar (1984) used environmental isotopes together

with regional hydrochemistry to estimate recharge rates.

(2) Relationship between surface and subsurface waters. Real

world applications of natural isotopes in hydrologic investigations

include leakage from rivers (Siegenthaler and Schotterer, 1977),

leakage from lakes, and mechanisms and components of the runoff (Hooper

and Shoemaker, 1984).
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(3) Leakage between aquifers. Inasmuch as 180 and 2H are

conservative, these isotopes may be suitable tools to study the leakage

or mixing between aquifers provided that they are isotopically differ-

ent. When used simultaneously,	 2H and 180 define a straight line of

mixing between the representative points of the two end-members. Fritz

et al. (1976) used 2H and 180 as indicators of leachwater movement from

a sanitary landfill. The leachwater exhibits a marked enrichment of 2H

and 180 relative to adjacent unpolluted water. These isotopes could be

used to differentiate dilution by unpolluted water.

(4) Mechanisms of salinization. Generally the origin of the

total dissolved solids, TUS, can be explained from chemical studies.

When the solubility product of the major dissolved salts is reached,

however, it becomes more difficult to follow the chemical evolution of

a solution, and thus to determine its origin. 180 and 2H can be ex-

trememely useful to elucidate whether the salt content is due to

evaporation (with isotopic enrichment) or to dissolution of minerals

(with no isotopic enrichment). 	 In ideal cases, it might even be

possible to evaluate the respective contributions of dissolution and

evaporation (Gonfiantini et al., 1974).

(5) Paleoclimatic information. Inasmuch as the lighter isotopes

are associated with precipitation in cooler weather conditions, 180 and

2H changes could be associated with paleoclimatic variations. Bath et

al. (1978) used corrected 14C ages as the time scale to plot 180

variations. Apparently, 180 variations showed a good agreement with

paleotemperatures calculated with noble gases.
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(6) Regional groundwater flow tracers. Winograd and Friedman

(1972) used deuterium as a natural tracer of regional groundwater flow

in a study of the southern Great Basin in Nevada and California. They

considered one recharge and four discharge areas. In each area the

mean and the standard deviation of groundwater H2 content were

computed. The Kolmogorov-Smirnov test was used to find statistically

significant differences among different areas. Mass balance calcula-

tions taking the mean 62H value for each area were used to compute

average flow rates between adjacent areas. The strongest assumption

made by these authors is the constancy of the mean *12 value during the

residence time of the water in the aquifer.



CHAPTER 8

TRANSPORT OF DISSOLVED CONSTITUENTS IN GROUNDWATER

The first part of this chapter is concerned with the mathe-

matical framework within which the interplay among hydrology, hydro-

chemistry, and isotopes can be understood. The second part deals with

the numerical methods for the solution of the corresponding mathemat-

ical model.

8.1 Mathematical Formulation of 
Solute Transport in Aquifers 

8.1.1 Single Species

The equation governing the subsurface solute transport of a

single radioactive and sorptive species is the well-known advection-

dispersion equation (Bear, 1972)

p .(0 D pc - v c) - qd c + qr cr -X Oc - X(1-0)Ps

ac	 9s
Og =	 0 + (1-0)P ----]	 on R x T	 (8.1)

at	 ac

where R is the space domain, t is time, T is the time interval (to,tf),

0 is porosity, D is dispersion tensor, c is concentration, v is spe-

cific discharge or Darcy's velocity, qd and qr are fluid sink and

source terms respectively, cr is concentration of the source, qr, À is

a decay constant, p is density of solids, s is adsorbed mass per unit

379
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mass of solids, g is a solute source term, and v( ) and.( ) denote the

gradient and divergence operators, respectively. The boundary and

initial conditions for (8.1) are

(010vc -vc).n = - is (c-C) + G - v.nC	 on 1'1 x T	 (8.2.1)

(0Dvc -vc).n = - 13(c-C) + G - v.nc	 on r2 x T	 (8.2.2).7..7. 	 —	 —

c = c(o) at t = to	 on R	 (8.3)

s = f(c,Kdi, Kd2, ...) (8.4)

where C is prescribed concentration, G is prescribed solute flux (anal-

ogous to g but on the boundary, r), (3 is a parameter controlling the

type of boundary conditions, n is unit vector normal to r pointing

outward, and f is a linear or nonlinear sorption isotherm. Notice the

difference in the last term of the inflow (r1) and outflow (r2) bound-

ary conditions.

The function c(o) is either prescribed or represents steady

state concentrations. In the latter case, it satisfies

v.[O pvc(o ) - v oc(o)] - god c(o )	 cOr x Oc(o) -

A(1-0)ps( o ) = 0
	

on R	 (8.5)

subject to the boundary conditions

CO0vc(o) - voc(o)].n = °[c(o) _ co] A. Go _ vo nCo

on r1	 (8.6.1)



381

[0Dvc(o) - voc(o)].n = °[c(o) - Co] + Go - vo.nc(o)

on r2	 (8.6.2)

where the null superscript refers to time t = to.	 The volumetric

fluxes v and vo are obtained from Darcy's law as

v = - KVh	 on R x T
	

(8.7)

O. 	KVh(o)	 on R
	

(8.8)

where K is hydraulic conductivity tensor and h and h(o) are transient

and steady-state hydraulic heads, respectively. The transient hydrau-

lic head satisfies the flow equation

ah
v.(Kvh) + q = Ss ----

at
on R x T	 (8.9)

where Ss is specific storage and q is net fluid source term, q = qr -

qd. The corresponding boundary and initial conditions are

Kvh.n = - a (h-H) + Q—

h = h(o)	 at t = to

on rx T

on R

(8.10)

(8.11)

where H is prescribed head, Q is prescribed volumetric flux and a is a

parameter controlling the type of boundary condition. The function

h(o) is either prescribed or represents steady state head. In the

latter case it satisfies

v.[Kvh(o)] + qo = 0
	

on R	 (8.12)
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subject to the boundary condition

Kvh(o).n = -a, °[h(0) _ Ho] 	 Qo	 on r	 (8.13)

Equation 8.1 implicitly assumes the validity of Fick's law in

that the dispersive flux is expressed as - ODvc. This assumption has

been questioned by several researchers based on both laboratory experi-

ments (Fried, 1975) and theoretical considerations (Dagan, 1982). The

dispersion tensor includes the effects of both molecular diffusion D*

and hydrodynamic dispersion Dh. Molecular diffusion is an isotropic

process whereby ionic or molecular constituents move under the in-

fluence of their kinetic activity in the direction of decreasing

concentration. Hydrodynamic dispersion, however, is the result of

velocity variations within the medium. Assuming Dh proportional to the

seepage velocity u, where u= v/0, Scheidegger (1961) concluded that

(8.14)

where um and un are velocity components, HI is the magnitude of the

seepage velocity vector, and aiirrin is a fourth-order dispersivity

tensor. This author also found that for isotropic media the disper-

sivity tensor can be defined in terms of two constants: aL and aT, the

longitudinal and transverse dispersivities. These are related to the

longitudinal and transverse hydrodynamic dispersion coefficients by

DhL aL I ul and DhT = aT ul, respectively. The value of a L is

usually an order of magnitude larger than aT. Both coefficients have

been found to be scale dependent reflecting the known fact that
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dispersivities increase with distance from the tracer source.	 This

dependency of dispersivity on distance is an indication that dispersion

is not a Fickian process, at least in the early stages of the dis-

placement of a solute. In other words there is a period of time that

must elapse before the advection-dispersion equation 8.1 is appli-

cable. Although much effort has been spent to quantify dispersion near

the source, there is not yet a clear consensus among the different

researchers in the field (Anderson, 1984). In addition to the

dispersive term, (8.1) includes other terms such as the convective flux

(vc), the solute sink-source terms qdc and qrcr associated with fluid

sinks and sources, the decay terms -X0c and -X (1-0)ps for the solute

in the liquid and solid phases, the solute sink-source term Og which

can include chemical, biological and man-made sources, and finally, the

storage term

as 	BC
CO + (1-0)p ----] ----

@C 	Bt

which measures the rate at which the solute accumulates in both the

liquid and the solid phases.

The adsorption of a solute on a solid has been traditionally

studied by means of adsorption isotherms, s = f(c, Kdi, ...) which

implicitly assume chemical equilibrium between the solid and liquid

phases. Examples of these isotherms were given in (7.28) and (7.29).

8.1.2 Multicomponent System of Reacting Species

The transport equations presented in the	 previous section

apply to the case of a single species that does not react with other
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constituents. The transport of a species interacting chemically with

other species can also be modeled with those equations as long as the

interactions can be considered dependent only on the concentration of

one species.

In groundwater systems, however, most dissolved chemical and

isotopic species interact in various degrees with other constituents

present in solution or in the solid phase. The nature of these chemi-

cal interactions is complex. The description of such hydrochemical

systems requires the simultaneous consideration of all the species

involved in the reactions.

To discuss the mathematical nature of the transport of multiple

reacting species, I will adopt the classification of chemical reactions

given by Rubin (1983). The first distinction to be made among chemical

reactions is regarding reaction rates. Reversible reactions that are

"fast enough" (rapid reaction rates) in comparison with other processes

of the system can be studied by means of the local equilibrium assump-

tion (LEA). On the other hand, irreversible reactions and reversible

reactions that are not "sufficiently fast" have to be characterized by

chemical kinetics. The distinction between sufficiently fast and not

sufficiently fast reactions is a pragmatic one depending among other

things on the allowable error in the analysis being carried out. More

considerations concerning chemical equilibrium versus reaction kinetics

are given in Appendix 10. In the second subdivision of chemical reac-

tions, Rubin (1983) distinguishes between homogeneous reactions (those

occurring within a single phase) and heterogeneous reactions (those

that involve two or more phases). Among the latter type of reactions,
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Rubin further separates surface reactions (ion exchange and adsorption)

from classical reactions such as dissolution, precipitation, complex

formation, and redox reactions. The last distinction is rather arbi-

trary, as for instance dissolution and precipitation reactions involve

also reactions at the solid-liquid interface.

The mass balance equation for a mobile species, i, (equation

8.1) is now rewritten as

Dci
L(ci) - 0	 + ri = 0	 (8.15)

Dt

were L is a linear operator defined by

L( ) = v.00Dv( ) - v( )] 	 (8.16)

and ri is an overall solute source term that includes contributions

due to fluid flow, decay, and chemical reactions

ri	 -qd ci	 qr cri	 (ri)chem
	

(8.17)

The term (ri)chem represents the contribution of chemical reactions./ 

In addition to the appropriate boundary and initial conditions (equa-

tions 8.2 and 8.3) the mass balance equation must be complemented with

a suitable chemical-relation equation in order to completely define the

transport of each solute in the chemical system. These chemical-

relation equations are of algebraic type for reactions in chemical

equilibrium and differential for kinetically controlled reactions. In

the latter case the mathematical problem consists only of differential
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equations whereas in the former, both algebraic and differential equa-

tions are involved.

Although a hydrochemical system can be made up of many differ-

ent species, the actual number of chemical entities needed to com-

pletely describe the evolution of the system is less than the number of

species. This is true because the concentration of species involved in

a given reaction are related by its stoichiometry. Therefore, if Ns is

the number of species in the system and Nr the number of reactions,

only Nc = Ns - Nr entities, usually components, are required to unique-

ly describe the stoichiometry of the system (Morel, 1982). Components

are also referred by other researchers as master species, fundamental

building blocks, and tenads (Rubin, 1983).

8.1.2.1 Transport Under Equilibrium Conditions. As shown in

Appendix 10, chemical equilibrium corresponds to an energetic stationary

point where the total free energy of the system reaches a minimum

value. At equilibrium the concentration of species are related by the

mass law equation (equation A1017) which states that the product of the

activities of the reactants divided by the product of the activities of

the reactants (each concentration raised to a power equal to the

stoichiometric coefficient) is equal to a constant called the equili-

brium constant. Although the mass law equation is derived at fixed

conditions of pressure, temperature and ionic strength, it is possible

to derive expressions that account for the effect of the variation of

these conditions on equilibrium. Examples of these expressions are

given in Appendix 10. Chemical equilibrium equations can also be

derived on the grounds of the dynamics of the system. At equilibrium,
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both the forward and backward reaction rates must balance. This

kinetic approach to chemical equilibrium, however, is limited to 
simple

elementary reactions for which appropriate reaction rates can be

established. The chemical-relation equations for systems at chemical

equilibrium are of algebraic type. For instance, the mass law equation

of the j-th reaction states that

= 11 j = 1,2, ... Nr (8.18)

where K*j is the corresponding equilibrium constant that incorporates

the activity coefficients of the involved species, and vij is the

stoichiometric coefficient of species i in reaction j which is defined

as positive for resultants, negative for reactants, and null for

species not participating in the reaction. Notice that (8.18) estab-

lishes relations among concentrations ci of reaction participants that

must be satisfied regardless of other chemical and nonchemical

contributions. Usually it is not possible to separate the actual

contribution of each chemical process to the change in concentration of

each species. Then the mathematical problem is defined by (8.18) with

j = 1,2, ... Nr and (8.15) with i = 1,2, ... Nc , where (ri )chem in

(2.62) is set identically equal to zero. The problem thus consists of

Nc partial differential equations together with Nr algebraic equations

which give a total of Nc + Nr = Ns equations that coincide with the

number of unknowns (the concentration of the Ns species). This mixed

mathematical problem can be transformed under certain circumstances

into one involving only partial differential equations.
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To illustrate the mathematical nature of solute transport under

chemical equilibrium with homogeneous reactions, consider a system made

of three species, Sl, S2, and (S1)vi(S2)v2 that react according to

(Si)vi(S2)2	 vl S1 + v2 S2
	

(8.19)

The basic solute transport equations for this system are

14].
L(w1) - 0

	

	 + rwl = 0	 (8.20)
3t

W2
L(w2) - 0	 + rw2 = 0

Dt

	

K*12	 (covl (c2)v21c12

where wl an w2 are the two components of the system defined as

w l	 c l	 y l c 1 2

W2 	c2	 v2 c12

(8.21)

(8.22)

(8.23)

(8.24)

and rwl, rw2 are the source terms for wl and w2 respectively. Although

(8.20) through (8.22) define a mathematically mixed problem, if one

uses (8.23) and (8.24), the problem transforms into one of two non-

simultaneous partial differential equations (one for wl and on for w2)

and three algebraic equations (8.22), (8.23), (8.24). Once (8.20) and

(8.21) are solved for wl and w2, (8.22), (8.23) and (8.24) can be

solved for cl, c2, and c12 by solving the system of three nonlinear

equations.
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Heterogeneous reactions are those taking place at the solid-

liquid interface such as dissolution-precipitation reactions, sorption,

and ion exchange processes. An example of ion exchange is

vi Si + X(S2)v2 = v2 S2 + X(Si)vi	 (8.25)

which involves dissolved species Si,  S2 and solid constituents X(Si)vi

and X(S2)v2 where X denotes a sorbing or exchanging site. Let si and

s2	 be	 the	 concentrations	 of	 X(Si)vi	 and	 X(S2)v2,

the basic transport equations for this problem

a Ci	 BS].
L(Ci)	 —	 0

are

respectively.	 Then,

=0 (8.26)—	 (1-0) p	 +r1
at	 at

Dc2	 a s2
L(c2)	 -	 0	 -	 (1-0) = 0 (8.27)p	 + r2

at	 at

DS]. 	a s2
-(1-0) 	(1-0)	 = 0 (8.28)p 	—	 p

at

K*12	 =	 (c2) V2	 (si)	 (c1)- vl	 (s2)-1 (8.29)

Notice that the number of species is four, and since there is only one

reaction, the number of components is three and therefore three mass-

balance equations are needed which together with the equilibrium

condition define completely the problem. Substituting (8.28) and

(8.29) into (8.26) and (8.27) and manipulating conveniently the equa-

tions, one obtains a system of two simultaneous nonlinear partial

differential equations (Rubin, 1983). In the multiple reaction case
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the number of partial differential equations to be solved simultaneous-

ly is equal to the number of exchanging ions.

Similar to (8.18), K*12 in (8.29) is the equilibrium constant

for reaction (8.25) including all the activity coefficients. For

dissolved ions these coefficients can be calculated using the expres-

sions given in Appendix 10 (A10.22 and A10.24). Activities of adsorbed

constituents, however, are difficult to estimate and generally are

approximated by mole fractions. Using this approximation K*12 becomes

the so-called selectivity coefficient, which is not strictly a constant

but has been found to be nearly constant for small concentration

ranges.

The adsorption of a species Si on a solid phase can be repre-

sented similar to (8.45) as

v1 51 + X = X(Si)vi	 (8.30)

The equations defining the problem consist now of equation (8.26) and

K*1 - 
si

(8.31)
C iV 1 ( S T - Si )

where sT is the total number of adsorption sites, and (sT - si) are

those sites not occupied by the adsorbed species. From (8.31) one

obtains the Langmuir isotherm

si - ST (8.32)
1 4. K*1 civl
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Substitution of (8.32) into (8.26) results in a nonlinear partial dif-

ferential equation for cl. When the total number of sorbing sites sT

is large enough compared to sl, sT >> sl, then (8.32) reduces to the

Freundlich isotherm which for the case vl = 1 provides a linear iso-

therm, sl = Kd cl, where Kd = sT K*1. For this particular case (8.26)

is linear. If one assumes constant porosity 0, and in the absence of

solute sources, (8.26) can be rewritten as

D C
V .(CP C - UC) = R —	 (8.33)

D t

where

R= 1 +	 Kd	 (8.34)

is the retardation factor commonly used in groundwater contamination

studies. In (8.34) pb is bulk density which is related to the density

of solids by pb = (1 - 0)p, and Kd is the distribution coefficient.

Notice that the use of a retardation factor requires the assumption of

a linear isotherm, which in turn embodies a number of assumptions

sometimes overlooked by groundwater modelers. First, the use of a Kd

assumes that the solute of interest is present in very small concen-

trations relative to the concentration of exchangeable sites. In

addition, it disregards possible changes in the sorptive properties of

the medium that may occur due to other chemical processes, or to the

presence of other competing constituents. The use of the Kd approach

is also limited because of problems in measuring representative Kd

values in the laboratory. Furthermore, linear isotherms tend to give
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nearly symmetrical breakthrough curves whereas observed curves are

asymmetric and show extended tails (Cherry et al., 1984). These

discrepancies suggest that probably the local equilibrium assumption is

not adequate and that one should model adsorption as a kinetic pro-

cess. The validity of the local equilibrium assumption for modeling

the transport of a sorbing solute has recently been studied by Valoc-

chi (1985) who compared the LEA case with two kinetic models. His

comparison was based on the time moments of the breakthrough curves.

Valocchi concluded that criteria for LEA validity depend on a complex

interplay between macroscopic transport properties (seepage velocity,

dispersion, ...) and microscopic sorption properties (distribution

coefficient, ...).

The equations for dissolution-precipitation reactions are

similar to those of ion exchange (8.26) to (8.29) with the difference

that dissolution-precipitation reactions involve only one solid partic-

ipant. The analogue of equation (8.29) does not involve activities of

solid constituents as it is assumed that the solid phase has unit

activity. The constant K*12 is the the solubility constant. Obviously

an equation similar to (8.28) is no longer needed.

8.1.2.2 Transport Under Nonequilibrium Conditions. As pointed

out earlier, the chemical-relation equation for "insufficiently fast"

and irreversible reactions is a reaction-rate equation reflecting the

rate of concentration change due to the advance of the reaction. The

rate equation provides the expression of the chemical source term

(rOchem that appears in (8.17). Therefore transport problems in this
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group must have a chemical source term (ri)/chem. The resulting mathe-

matical problem consists only of partial differential equations.

For those readers unfamiliar with reaction kinetics I have

compiled a brief description of the main aspects of chemical kinetics

in Appendix 8. Generally, a reaction involves a set of intermediate

paths which must be identified in order to establish correct kinetic

expressions. This problem and other related topics are discussed in

this Appendix.

The chemical source term (ri)chem for solute i participating in

Nr homogeneous reactions having reaction rates Rj as defined in (A8.1)

is given by

Nr

(ri)chem	 0 Y vii Rj
j=1

(8.35)

For heterogeneous reactions, however, rates are defined per unit

surface area, and thus

Nr

(ri)chem	 a	 vii Rj
j=1

(8.36)

where a is specific surface defined as the surface area of the pores

per unit bulk volume of porous medium (Palciuskas and Domenico, 1976).

Consider the reaction given in (8.19), but under nonequilibrium

conditions with kf and kb representing the forward and backward reac-

tion rates respectively. Assuming that (8.19) is indeed an elementary

reaction (not involving intermediate steps ) and thus (8.19) represents

the true reaction mechanism, the production rate of S1 and S2 is equal
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(ci)v1(c2)v2.	 The	 solute	 transport	 problem	 is	 then

Dci
L(ci)	 -	 0 + 0 vl R = 0 ( 8 .3 7 )at

3c2
L(c2)	 - 0 + 0 v2 R = 0 ( 8 .38 )at

c12
L(c12)	 -	 0 - 0 R = 0 (8.39)

at

which constitutes a set of three simultaneous nonlinear partial dif-

ferential equations. The nonlinearity arises from the term R contrary

to the nonlinearity of (8.26) through (8.29) which involves time

derivatives.

Inasmuch as a detailed representation of heterogeneous kinetics

at a microscopic scale in porous media is impossible, heterogeneous

reactions are usually treated as if they were homogeneous. The macro-

scopic source term (ri )chem then accounts in an approximate manner for

all the microscopic physico-chemical processes involved. For that one

develops an expression for the heterogeneous kinetic rate at the pore-

scale and then averages over some representative elementary volume (see

Bear, 1972). These kinetic rates often include the specification of

diffusion to and from the interfaces and of purely chemical processes

(Rubin, 1983). Usually one of these processes is much slower than the

other and establishes the rate of the overall process, i.e., it is
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rate-limiting.	 Different rate expressions correspond to different

rate-limiting processes.

When the adsorption and desorption steps are sufficiently slow,

the concentration at the solid-liquid interface can be assumed equal to

that in the bulk solution. Then the reaction rate is determined by

pure chemical control. For the reaction in equation (8.25), the rate R

of production of S1 is equal to

R = kb (c2)v2 Si - kf (c1)v1 s2

and the transport problem is defined by

cl
L(ci) - 0	 + av1 R = 0

at

c2
L(c2) -0	 - GV2 R = 0

at

(8.40)

(8.41)

(8.42)

— (1 — 0) P
as].

o-R = 0	 (8.43) 
at

3 s2
- (1 -	 + aR

at
(8.44)

Notice that equations (8.41) to (8.41) are mathematically similar to

the ones for homogeneous reactions (equations 8.37 through 8.39). Thus

the mathematical formulation of heterogeneous chemically controlled

reactions is totally similar to that of homogeneous reactions.
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When dissolution and precipitation reactions are not "rapid

enough" with respect to the hydraulic residence time, then a kinetic

description of these processes is needed. Although this is only a

qualitative statement, the concept "rapid enough" can be quantified to

some extent by considering the dissolution rate constants k for

different minerals. Morgan and Stone (1985) have compiled a table of k

values measured at various pH intervals. The quantity 1/k provides a

characteristic time for the dissolution process. However, quoting the

words of Morel (1982, p.228):

The physical, chemical, and biological processes that
control the kinetics of solid precipitation and
dissolution in natural waters are highly complex,
intertwined, often poorly understood, and not readily
amenable to theoretical mathematical descriptions.

Heterogeneous reactions can be limited by an elementary chemi-

cal step or by diffusion. A layer of film is formed near the interface

where a concentration gradient exists. The dispersive flux from the

phase boundary to the solution is given by Fick's law as

D
=	 (cs - cb)

d
(8.45)

where D is the diffusion coefficient, cs is the concentration at the

interface, cb is the concentration in the well-mixed bulk solution, and

d is the thickness of the diffusive layer. The sign of (cs - cb)

determines whether the transport is towards the solution (F > 0), or

towards the interface (F < 0).
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Up to ten steps are involved in the dissolution process (Bales,

1985). The first one is the transport of dissolved species from the

bulk solution to the boundary layer formed around the solid inter-

face. Then the species is attached to the solid surface by boundary-

layer diffusion and surface diffusion. Once attached to the solid

surface, complexation and formation of an activated complex takes

place. After that the reaction products are dettached and diffuse back

to the bulk solution where they may also complexate. The net rate of

dissolution is dictated by the slowest step of this series. If the

slowest step is one involving diffusion of species from or to the solid

surface, the process is said to be transport-controlled. In this case

a concentration gradient develops in the boundary layer with the

concentration in the solution cb being smaller than the concentration

at the interface cs. The dissolution rate is given by equation (8.45).

On the other hand, if the chemical rate r is very slow, the overall

reaction will be chemically-controlled. For a first-order chemical

reaction of the type A = B for which the reaction rate R is given by

kcs, the steady-state rate R can be written as

( 8.46)

so that, when D/d >> k the reaction is chemically-controlled, and when

Did << k the reaction rate is diffusion-controlled. In the latter case

the net rate of production of solute in the solution in a closed

well-mixed system is given by (Mercado and Billings, 1975)

R _
	 kD/d	

cb
k + Did
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	dcb	 D

=	 G (Cs - cb)

	

dt	 d (8.47)

A similar expression was derived by Palciuskas and Domenico (1976) for
calcite dissolution. An example of chemically controlled process is

the dissolution of some iron sulfide minerals (Stumn and Morgan,

1981). For these minerals experimental rate laws are of the type

R = 1(1 (H+) + k2 showing that two parallel processes contribute to the

overall reaction.

There appears to be a good correlation between solubility of a

mineral and the rate controlling mechanism by which it dissolves. The

less soluble minerals all dissolve by surface reaction control (calcite

and silicates among others) while highly soluble minerals dissolve by

diffusion control such as gypsum, halite, and sylvite (Berner, 1981).

The kinetics of precipitation or crystallization involves two

steps: nucleation or formation of a critical nucleus and crystal

growth. Crystal growth involves the transport of dissolved species to

and from the surface of a crystal and various chemical reactions

occurring at the surface. Similar to the dissolution process, the rate

of growth is limited by the slowest step within the whole chain of

processes. The nature of the rate-limiting step is not usually known

(Berner, 1981). Complicating factors in developing kinetic rates for

both dissolution and precipitation processes are that these rates can

be affected by the presence of adsorbed inhibitors or in other cases by

the presence of catalyzers that permit the system to follow a reaction

path having a smaller activation energy.
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Consider for instance the dissolution of calcite, for which the

reaction is given in (7.17). Based on a thermodynamic representation

of the dissolution process, the net rate of dissolution R 
can be

expressed according to (A10.38) as

R = 1(1(1 - SI)
	

( 8.48)

where k' is a constant and SI is calcite saturation index (see A10.27-	 -

for its definition). 	 Calcite dissolution rates obtained under con-

trolled laboratory conditions, however, have the general form

R = k* (1 - SI) n	 (8.49)

where n is an empirically derived positive number (Morse, 1983).

Lasaga (1981a) recommends determining rate laws from experiments far

from equilibrium so that the net rate is due to either dissolution or

precipitation. One basic difference between (8.48) and (8.49) is that

near equilibrium (SI is close to 1), R in (8.48) becomes linear in

terms of AG (see A11.36) but that is not the case for R in (8.49).

Lasaga (1981b) explains these effects as due to the fact that rate

expressions of the type of (8.49) correspond to dissolution and preci-

pitation processes involving defects on the surface.	 Dislocation

effects are not equilibrium effects. As long as nonequilibrium surface

defects play an important role, the overall reaction cannot be con-

sidered close to equilibrium even for SI close to one.	 This is a

plausible explanation for the observed nonlinear kinetics.

For diffusion controlled dissolution-precipitation processes

the time rate of change can be calculated according to (8.47) although
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this expression may be of little use if parameters d and a cannot be

adequately measured. Morel (1982) suggests using a lumped exchange

coefficient E equal to Da/d.

The application of kinetics to chemical weathering is a rela-

tively recent development (Berner, 1981). Most past treatments were in

terms of quasi-equilibrium models. Wollast (1967) in his early experi-

ments with K-feldspars found a parabolic kinetic rate in that total

concentration of silica in solution increased proportionally to the

square root of time. The rate of dissolution was controlled by the

rate of diffusion of silica and other cations through a surface layer.

According to his model a protective surface layer of precipitate could

explain the parabolic kinetics. Similar parabolic kinetics were

observed by Claasen and White (1979) in laboratory experiments of

dissolution of tuffaceous igneous rocks. Berner and Holdren (1979)

found that the parabolic kinetics could not be reproduced when the

ultrafine and strained particles produced by grinding are removed.

Instead they observed linear kinetics for feldspar dissolution. Para-

bolic kinetics is then most likely an experimental artifact due to

grinding of laboratory samples (Berner, 1981). Experiments on dissolu-

tion of pyroxene and amphibole also suggest linear kinetics. Berner

(1981) agrees with Aagaard and Helgeson (1981) in that the limiting

step in dissolution of feldspars is not diffusion but chemical reaction

at the feldspar-water interface.

The dissolution rates of mineral weathering have been found to

be pH dependent, indicating that H+ reaction at the surface is rate-

limiting with rates of the form (H1-)1/m, m being between 0.5 and 1.
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The exponent value m is still a puzzling question.	 Lasaga (1981a)

derived the expression of the dissolution rate for the weathering of

albite assuming a Langmuir isotherm for the adsorption of protons. The

expression of the rate is

k(111-)
R = b [ 	  ] 1/(n+1)

1 + k(114)
( 8 .5 0 )

where n >0, and b is a constant. For k(H+) << 1, this rate reduces to_

the previously mentioned form with n + 1 = m. Observed values of n are

equal to 1 for orthopyroxene. Although this model embodies some

simplifications it is able to at least explain the nontrivial frac-

tional exponents of pH in dissolution rates of mineral weathering

(Lasaga, 1981a).

8.2 Numerical Methods of Transport of 
Reactive and Nonreactive Solutes 

This section includes a discussion of the numerical methods for

the solution of the solute transport problem. For the purpose of this

discussion, I consider first the case of a single nonreactive species

and then the case of a multicomponent system of reacting species. In

the first case I discuss different solution techniques for the advec-

tion-dispersion equation (ADE). I anticipate that numerical solutions

of this equation are prone to difficulties due to its mixed mathemati-

cal nature (hyperbolic and parabolic). The merits and disadvantages

of different solution methods in dealing with these numerical diffi-

culties are analyzed. The discussion of the transport of multiple

component systems, which also suffer from the illness of the ADE, is
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concentrated however on different ways to couple the mass balance

equations with the chemical-relation equations.

8.2.1 Single Nonreactive Species

For the sake of our discussion consider the ADE in a homogene-

ous and isotropic one-dimensional system. For a conservative species

which spreads only due to advection and molecular diffusion, for no

sources, and constant porosity, equation (8.1) reduces to

2c	 Dc	 3c
D*	 - u

Dx2	 Dx	 at

which in dimensionless form becomes

D 2c	 ac	 ac	 L2
- Pe 7	 =

a x*2	
77(	 at	 D*

(8.51)

(8.52)

Here x* = x/L, L is a characteristic length, and Pe the dimensionless

Peclect number defined as the ratio of the effects of hydrodynamic

dispersion to molecular diffusion

u L

Pe	
D*
	

( 8.53 )

For large Pe values hydrodynamic dispersion dominates and (8.52) has a

hyperbolic nature. For small Pe values, however, diffusion dominates

and the equation becomes parabolic. Consequently, in nonuniform flow

fields the ADE has a "mixed" character as Pe may change both in space

and in time.
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While Lagrangian methods are well suited for solving hyperbolic

problems, Eulerian methods are the best for parabolic problems. An

excellent discussion of both approaches for solving the ADE can be

found in Neuman (1981).

Most conventional numerical models for solving the ADE use

either finite differences or finite elements techniques for the space

discretization.	 Exceptionally some models use integrated finite

differences methods. Time derivatives can be approximated also by

finite differences or by finite elements, the former being the most

common. After both space and time approximations, the ADE reduces to

a system of algebraic equations which for conservative species are

linear and can be solved using different matrix solvers such as direct

methods, point iterative and block iterative methods. A recent compari-

son study of the efficiency of various numerical methods for solving

finite element formulations of the ADE has been presented by Yeh (1985)

who compared a direct solution method with three pointwise successive

iteration methods. For large problems iterative methods are more

efficient in terms of central processing unit (CPU) time.

Numerical methods of solving the ADE can be classified into

three main groups depending on the emphasis that they place on the

hyperbolic or parabolic nature of the equation. The first two groups

use either a Lagrangian or an Eulerian approach. The third includes

methods that combine the advantages of Eulerian and Lagrangian

approaches. In the Eulerian approach the ADE is discretized in space

by means of finite differences or finite elements using a fixed grid.

Finite difference approximations work well for dispersion-dominated
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problems. For large Pe values, however, central difference approxima-

tions yield solutions with large oscillations near sharp concentration

fronts which may result in overshooting, undershooting, and negative

concentrations. These oscillations can be reduced by restricting the

size of the spatial grid (Price et al., 1966). A more practical

alternative is to use upstream weighting schemes which eliminate

oscillations although at the cost of introducing numerical dispersion.

Numerical dispersion is the result of large truncation errors. Possible

ways of reducing numerical dispersion include using a finer grid and

using higher-order approximations in space. Both of these require

additional computation. An alternative Eulerian method to remedy both

oscillations and numerical dispersion consists of using high-order

finite element approximations (Van Genuchten and Gray, 1978).

Inasmuch as standard Eulerian methods yield unsatisfactory

solutions, and the more sophisticated methods may not be easily applic-

able to field situations, Lagrangian methods have been proposed as a

possible alternative for solving the ADE. Lagrangian methods use

either a fixed or a deforming grid. Not only are these methods highly

accurate but, are also able to use large time steps At such that u At

is much in excess of the internodal distance Ax. In many other methods

stability and convergence require At to be small enough so as to

satisfy the Courant-Friedrichs-Lewy condition uAt < SAX, where fa the

Courant number must be less than 1, and usually taken equal to 1/3.

Results obtained by Varoglu and Finn (1980) and by O'Neill and Lynch

(1980) using finite element Lagrangian methods are free of oscillations

and show only minor numerical dispersion near sharp concentration
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fronts. Although Lagrangian methods are more powerful than Eulerian

techniques they have certain limitations (Neuman, 1981). First, they

are not adequate in highly heterogeneous media where severe grid

deformations may cause large numerical errors. Secondly, moving grids

cannot handle problems involving multiple sources. When using moving

grids, the finite element matrices have to be evaluated at each time

step in contrast to what happens with linear problems solved in fixed

Eulerian grids. Finally, since velocities are computed independently

of the transport problem using a fixed grid, it would be convenient to

solve the ADE in a grid compatible with the latter.

Eulerian-Lagrangian methods take advantage of the simplicity of

the fixed Eulerian grid and the computational power of the Lagrangian

approach. Among these methods is the particle tracking method first

suggested by Gardner et al. (1964) and later extended to subsurface

transport by Pinder and Cooper (1970), Redel and Sunada (1970), Brede-

hoeft and Pinder (1973), and Konikow and Bredehoeft (1978). In this

method, convection is solved using the method of characteristics

applied to a set of moving particles. Dispersion is solved by explicit

finite differences on a finite grid. In another version of the par-

ticle tracking method, dispersion is accounted for by means of a random

walk process applied to each particle (Ahlstrom et al., 1977; Prickett

et al.,1981). Although these methods are free of numerical dispersion,

the theory behind them is vague, and the treatment of complex boundary

conditions and nonlinearities is not straightforward (Neuman, 1984).

Neuman (1981) proposed an Eulerian-Lagrangian method in which convec-

tion is solved on a fixed grid using the method of characteristics and
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dispersion is handled by finite elements on a different grid. Piece-

wise interpolation is used to link one grid to another. Although

one-dimensional results obtained with this method show that it is free

of oscillations and that numerical dispersion is minimal, some arti-

ficial dispersion is present due to the interpolation in projecting

concentration values between grids. In a more recent paper Neuman

(1984) presented an improved two-dimensional version of his earlier

method in which the solution process is automatically adapted to the

nature of each particular problem. Near sharp fronts, clusters of

particles are tracked forwards while far from such fronts, advection is

modeled by a more efficient modified method of characteristics called

single-step reverse particle tracking.

Published computer codes for solving different types of solute

transport problems are not numerous. Organizations such as EPA, NRC,

and DOE have sponsored reviews of various codes. Surveys of solute

transport models can be found in the report of the International Ground

Water Modeling Center (1983) and more recently in Javandel et al.

(1984).

8.2.2 Multiple Reacting Species

The mathematical nature of the transport of multiple reacting

species depends largely on the chemical nature of the reactions taking

place in the system. Chemical-relation equations are algebraic or

differential depending on whether the reactions are at chemical

equilibrium or are kinetically controlled. In the latter case the

resulting mathematical problem involves a system of simultaneous
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nonlinear partial differential equations, whereas in the former case

the mathematical problem is a "mixed one" as it consists of differ-

ential and algebraic equations. This mixed mathematical problem can be

tackled in two different manners. The first approach consists of

substituting the algebraic chemical-equilibrium equations into the

mass-balance partial differential equations and solving the resulting

system of simultaneous nonlinear partial differential equations. This

approach, referred to as the one-step procedure, was first proposed for

the modeling of noncompetitive exchange by Holly and Fenske (1968) and

was later extended to include multiple species competitive exchange by

Rubin and James (1973) and Valocchi et al. (1981); protonation, com-

plexation and competitive sorption by Jennings et al. (1982);

complexation, dissociation of water and competitive exchange by Miller

and Benson (1983); complexation, competitive sorption and dissolu-

tion-precipitation reactions by Kirkner et al. (1984); and adsorption,

ion exchange and complexation by Lewis (1984).

The second approach for solving chemical equilibrium solute

transport problems consists of decoupling the chemical and the trans-

port processes. Algebraic chemical equations are solved using existing

chemical-equilibrium models and the solute transport equation by means

of standard solute transport models. The solution algorithm requires

iterating between the two models until convergence is achieved at each

time step. This two-step procedure has been used to model the one-

dimensional movement of radioactive solutes by Rouston and Serne

(1972). Ahlstrom et al. (1977) in their random walk multicomponent

solute transport model have incorporated decay, adsorption, ion
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exchange and dissolution-precipitation reactions following the two-step

procedure. Other models using this approach are those of Grove and

Wood (1979), Strickert et el. (1979), Robins et al. (1979), and Walsh

et al. (1982). Recently the formal algorithms for iterating between

the two types of models have been analyzed by Kirkner et al. (1981).

Muller et al. (1982) have proposed coupling a mixing-cell model with a

reaction-path-simulation-code for modeling waste nuclide transport

considering up to ten chemical processes which include decay, dis-

solution-precipitation, chemical substitution, isotopic exchange,

cation and anion exchange, adsorption, bulk dispersion, matrix dif-

fusion, diffusion into dead-end pores, and ultrafiltration. Schultz

and Reardon (1983) also coupled a mixing-cell model to a chemical model

to study adsorption and exchange processes. A more recent application

of this approach to a field problem has been reported by Narasimhan et

al. (1985) who coupled the solute transport model TRUMP (Edwards, 1972)

and the chemical model PHREEQE (Parkhurst et al., 1980) into a combined

model called DYNAMIX. The link between the two models is not strictly

interactive in that no iteration between the two is made. In addition,

the sequence adopted for modeling chemical effects is rather arbi-

trary. A more efficient algorithm for linking the two models is

certainly needed.

Recently an apparently powerful computer program called HYDRO-

GEOCHEM (Tripathi and Yeh, 1985) has been developed which provides both

approaches as options. Additional features of this model include the

consideration of redox processes and the reduction of memory require-

ments and computational times.
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The two-step technique for solving multicomponent transport

problems has some attractive advantages especially in dealing with

systems involving a large number of components for which equilibrium

computations can be formidable. In these cases one can use available

powerful chemical-equilibrium models together with conventional trans-

port codes. On the other hand, existing chemical-equilibrium models

are large and very general, and for small systems may be inefficient.

Due to the high- nonlinear character of the problem, a formal and

rigorous algorithm for iterating between the two models is required for

the solution to converge. Otherwise the solution process may get stuck

at a dead point. As pointed out by Jennings et al. (1982) whose words

are cited here "it is alarmingly easy to stumble onto a nonconvergent

routine".

More efficient numerical schemes to handle the chemical compu-

tations are certainly needed. In currently available models the

chemical submodel takes up to 80 to 90% of the total computer time.

Clearly, this places a heavy computational burden that usually limits

modeling to only a few chemicals and relatively small grids (Narasimhan

et al., 1985).



CHAPTER 9

INVERSE PROBLEM OF SOLUTE TRANSPORT

9.1 Statement of the Problem 

The previous chapter has dealt with the mathematical formulation

of solute transport in groundwater. This mathematical model consists of

a set of solute transport equations coupled with the groundwater flow

equation and with appropriate chemical and isotopic models. These equa-

tions can be used to predict hydraulic head (h) and concentration (c)

changes in time and space provided that flow, transport, and chemical

parameters are perfectly known. This problem of predicting the aquifer

response (in terms of h and c) to planned stresses is usually referred

to as the direct or forward problem. In practice, however, the param-

eters of the mathematical model are not perfectly known because measure-

ments are scarce and often contain measurement and interpretation

errors. Furthermore, the numerical models used for solving the mathema-

tical problem usually require the average values over some domains. The

imperfect knowledge of the parameters of the model can result in a lack

of agreement between measured and computed heads and concentrations when

the model is applied using directly measured or interpolated parameter

values. The common approach is then to change the parameter values so

to produce a better match between observed and measured heads and con-

centrations. The problem of estimating the parameters of the model

410
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based on the available information on the dependent variables (h and c)

is known as the inverse or backward problem.

While the inverse problem cf groundwater hydrology has been

extensively studied during the last twenty years ( see Yeh, 1986),

attempts to solve the inverse problem of solute transport have been

limited. Umari et al. (1979) estimated the dispersivities of a hypothet-

ical two-dimensional aquifer system by using a quasilinearization tech-

nique which requires solving a sequence of linear programming problems.

The objective was the minimization of the discrepancy between observed

and calculated concentrations. This approach, which worked well when

small errors were introduced in the concentration data, was not tested

using errors of the magnitude frequently encountered in hydrology and

did not provide measures of the reliability of the parameter estimates.

Gorelick and Remson (1982) and Gorelick et al. (1983) used linear pro-

gramming for identifying sources of groundwater pollution in well

defined (known parameters) systems. Van Genuchten (1980, 1981) and

Parker and Van Genuchten (1984) coupled one-dimensional analytic solu-

tions of the solute transport equation with a nonlinear least squares

regression algorithm to estimate transport parameters. Strecker and Chu

(1986) coupled the solute transport model of Konikow and Bredehoeft

(1978) with a quadratic programming algorithm to estimate flow and

transport parameters. Unfortunately, the algorithm converged slowly

when both head and concentration observations were considered simulta-

neously.
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In this chapter I propose to extend the formulation of the

groundwater flow inverse problem of Carrera and Neuman (1986a) to the
inverse problem of subsurface solute transport. In this approach, the

optimum parameters are those that maximize the likelihood function of

the parameters given the available prior information about the param-
eters and the variables. To cope with the inverse problem of solute

transport, the estimation criterion of Carrera and Neuman must be mod-

ified to include a concentration residual criterion. The resulting

estimation criterion, o, then has the general form

0 = fO1[h(0)] + J2[C(0)]IdX

fRfT1J D1,h(0)] + J4[C,C(0)] + J5(y)jdXdt	 (9.1)

where x is vector of spatial coordinates, Ji's are known functions and

y is a vector of the parameters K, Ss, q, qd, qr, a, H, Q, go, qg, q19,,

a°, H°, Q°, cp, D, Cr, g, f3, C, G, clO,, go, 0, co, Go and Kdi, Kd2,
which were defined in chapter 8.

9.2 Discretization of Forward Problem 

In the process of discretizing (8.1) through (8.13) by the

finite element method, the dependent variables h, c and the flux v are

approximated using suitable basis functions, For instance, h(x,t)

iS approximated by hN(x,t) as

h(x,t) = hN(x,t) = X hi(t)i(x)
i=1

(9.2)

where N is total number of nodes and hi is the value of h at node i.
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Using the Galerkin finite element method for the spatial

discretization on R and r, and the finite difference method to

discretize the time derivatives, one obtains the matrix equations

EilhX - M20.-1 - b54-1 = 0	 k = 1,2, ..., L	 (9 • 3)

Ah ( 0) - bo = 0	 (9.4)

for hydraulic head, where

MI = Ael + B/Atiz
	

(9.5)

M2 = - A(1-01) + B/At2.	 (9.6)

	

= fRvq.KvEidx + Jr cj j dx 	(9.7)

Bij = fRSsEiEjdx	 (9.8)

bi = fRvidx + fr(aH+Q)qdx 	 (9.9)

Here 0	 el	 1, A is an N x N conductance matrix, B is an N x N capa-

city matrix, h2 is vector of hi values at time t2 where k represents

time step number, L is total number of time steps in the interval [to,

tf] and At2 = t2 -t2-1. Similarly, the finite element equations for

concentration are

M3 (v c)cP - M (v c)cP-1 - rP-1(v) = 0=	 —	 .4	 _

p = 1,2, ..., P	 (9.10)

F(vo,c)c(0) - ro(vo) = 0	 (9.11)



where

414

M3(V,C) = F(V,C)02 + E(C)/AtP	 (9.12)

14(v,c) = - F(v,c)(1-e2) + E(c)/AtP 	 (9.13)

Fii(v,c) = fRk)vEj.DvEi - v-viEj + (qd+),0iEj]dx

+ fRXP(1-(0)f*(c)iEjdx A- freEiEjdx +

+ fr2±.nEiEidx	 (9.14)

Eii(C) = fR[O-P(1-(0)-2f]&.ydX
3C 1 J — (9.15)

r i( v) = fR(qrc r+ q) i dx + fr ( 0C+ G ) q dx - fr ir_aCq dx	 (9.16)

Here 0	 e2 ‹ 1, F is an N x N transport matrix that depends on the

Darcy velocity, v, and concentration, c, E is an N x N capacity matrix

that depends on concentration, cP is vector of nodal concentration

values at time tP, P is total number of time steps at which concentra-

tions are calculated in [to, tf], and AtP = tP -tP-1. In general, P

L. Although not necessary, the time levels tk (at which heads are com-

puted) coincide with time levels tP in such a way that concentrations

are evaluated at t = t2,-1, t = tk, and possibly at some intermediate

times. In order to keep the structure of F the same for both linear and

nonlinear sorption, it is convenient to define f*(c) such that s =

cf*(c). In this way, if s is linear in c, f* reduces to a constant (the

distribution coefficient); otherwise, f* is a function of c.
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The finite element equations for Darcy velocities are obtained
in the manner outlined by Yeh (1981),

p = 0,1,2 .,.p

m = 1,2, ..
(9.17)

where vP is a vector containing the m-th component of velocity at each-m

node at time tP. For a given p, x is such that t,z	 tP < t2.+1.	 Matrix

Ym is equal to the product 8-1Um where H and Um are N x N matrices

defined as

= frgiEjdx	 (9.18)

3Ei
Uijm = fREi	 }(mu	 2_(

For reasons that will become obvious later, I write

(9.19)

E(V,C) CP = / (MP VP4. OP vP-1)	 E-5M -M -6M -M	 -

F(VO,C) c(0) =	 M	 V° + 
f

M	
o-8M -

rp-i(v) = v op-1	 E
L -7M

O) =	 0	 vo +_	 ro'rO(V L	 -

(9.20)

(9.21)

(9.22)

(9.23)

where terms not dependent on velocity have been grouped under f, fo, cr

and fro. The superscript of matrices Msm through M7m refers to the time

level at which they are evaluated. Replacement of h(0), c(0), h and c
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by their approximate values h(0), cN(0), 0 and cN in (9.1) yields a

discrete form of Q.

9.3 Derivation of Adjoint State Equations 

9.3.1. Continuous Approach

In the continuous approach, adjoint state equations are derived

from the governing partial differential equations (8.1)-(8.13). The

derivation includes the following steps:

(a) Defining the adjoint state variables T for transient head, T(0) for

steady head, T for transient concentration and T(0) for steady concen-

tration;

(h) Taking derivatives of equations (8.1) through (8.13) and equation

(9.1) with respect to each parameter, y.

(c) Multiplying each of the resulting expressions for the partial dif-

ferential equations (8.1), (8.5) (8.9), and (8.12) by the correspond-

ing adjoint state variable. In particular, the derivative of (8.1) with

respect to y is multiplied by T, the derivative of (8.5) is multiplied

by T(0), that of (8.9) by T and the one of (8.12) by T(0).	 The result-

ing expressions are then integrated over R and, if time dependent, also

over T;

(d) Applying Green's first identity to replace all divergence terms by

terms involving lower order derivatives, and substituting the appro-

priate boundary conditions into the corresponding boundary integrals.

Integrals involving time derivatives are integrated by parts;
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(e) Using (8.7)	 and (8.8) to replace all terms that involve v'

and v'0 = - by terms involving h' and 111(0) respectively;ay

(f)Subtracting the right-hand side of each expression obtained in this
manner from the	 left-hand side	 and adding to	 the derivative,

Q' = A2, of o in (9.1);
(g) Collecting al.iL terms involving the sensitivities h', h'(0), c'	 and
e(0) into a single term, I, and selecting the adjoint state functions

so as to insure that I is identically equal to zero. This yields a sys-

tem of adjoint state partial differential equations together with asso-

ciated boundary and terminal conditions.

The partial differential equation for T, the transient adjoint

of c, is

v.(0vT) + v-7T- T[qexcp+xp(1-4] +	 = - 4ikp+p(1-41ac

on R x T	 (9.24)

subject to the boundary and terminal conditions

(pDvT.n = - Tf3.	 on ri x T

(OvT + vT)*n = - T13	 on r2 x T

T = 0	 at	 t = tf	 on R

The steady state adjoint, T(0), satisfies

(9.25.1)

(9.25.2)

(9.26)

aV
=
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v- [ vT(0)] + v0•vT(0 ) - T(0)[q+),(1)+ xp(1 (OA)]

DC0)(j2+4) + T(to) [6+p(1 6) 3f 1 -pc(U), -

on R	 (9.27)

subject to the boundary conditions

(pvT(0)•n = - T(0)0	 on ri	 (9.28.1)

[OvT(0) + v0T(0)]•n = - T(0)F30	 on r2	 (9.28.2)

From (9.24) through (9.28) one can see that the "adjoint solute"

having the adjoint "concentration" T is transported "upstream", its

"inflow" boundary being r2 and its "outflow" boundary rl. Moreover, one

must solve for T backward in time and prior to solving for the steady

state adjoint, T(0). Contrary to the concentrations c and c(0) which

are governed by nonlinear equations, the adjoint state equations for T

and T(0) are inherently linear.

The transient adjoint, T, of hydraulic head satisfies

aJ3	 9TV*(K7T) + V•(CKVT) + 	 S
=	 STf on R x T	 (9.29)

subject to the boundary and terminal conditions

KvIrn = - cKvvn - a(T+TC) 	 on ri x T	 (9.30.1)= _	 = _

(9.30.2)Kvly-n = - cKv-r-n - a(T+Tc) on r2 x T= _	 = _ 

(9.31)j' = 0	 at	 t = tf	 on R
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which, again, must be solved backward in time. The partial differential
equation for the steady state adjoint, T(0), of head is

v.[K vT ( 0) ] + 5 5T ( t0) + vqc(0)107T(0) ] +

3 +
3h(0)	 (J11-J3) = O 	 on R	 (9.32)

subject to the boundary conditions

KvT(0)*n = -c(0)KvT(0)'n - ao[T(0)+T(0)Co]

on r1	 (9.33.1)

KvT(0)*n = -c(0)KvT(0)*n - ao[T(0)+T(0)c(0)]

On 1'2	 (9.33.2)

Expressions for the gradient of Q with respect	 to each
parameter, in terms of the original and adjoint state functions, are

listed in Appendix 12.

When the adjoint state equations (9.24)-(9.33) are discretized

in space by the Galerkin finite element method, and in time by the

finite difference method, one obtains the following system of matrix

equations:

T
P = 0	 (9.34)_

(FT02-ET/ AN TP-1 + [FT(1-e2)+ET/AtP]TP = rPc

p = 1,2 ... , P
	

(9.35)
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(9.36)

(9.37)

(9.38)

(9.39)

ET(0) T(0) = rT(0)

ky = 0

(A01-BT/At 2 l1-1 + [AT(1-81) + BT/At211A =
—	 -T

12, = 1,2, ... L

AT( o W0) = 14(o)

where

Frii = fR k)vEilvq-v.v E jEi+(qd+4)i Ej ] dx

	+ fro,p(1 - 04EiEjdx + frf3EiFjdx + fr2v-nciEidx	 (9.40)

Erii = - fR[cp +p(1-4EiEjdx	 (9.41)

3JR —i d..
,4 A

(9.42)rTi = JR —Eiux
ac

rT(0)i = fRI340)-(j2 +J4)+T(t0)k) +p(1-)...2!“ DE.dxdLtu)	 1 —	 ( 9.43)

Atyji = JR vEi •KvEjcix + Iraq r,idx	 (9.44)

Brij = - fRSsEiEidx	 (9.45)

J3bT. =- fr	 fr2aTcidx	 (9.46)a	 — —

bT(0) 1	 JR { Ei atlo ) (J ri.J 3 )-c( 0 )u, i .K yr (0) idx
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- f r1cO T (0 ) Cidx - f r 20T(0 ) c(0)idx

+ fOsli (to )qd X	
(9.47)

FT(0) and Ay(0) are similar to FT and Ay, respectively, the only dif-

ference being that time dependent terms are evaluated at to.

9.3.2 Discrete Approach

In the discrete approach, adjoint state equations are derived

from the finite element matrix equations (9.3), (9.4), (9.10), (9.11)

and (9.17) of the original problem. The derivation includes the follow-

ing steps:

(a) Defining a set of adjoint state vectors Y(0), T2',	 = 0,1,2 ... L

and T(0), TP, p = 0,1, .... P.	 To facilitate establishing the link_ _

between heads and concentrations, it is also convenient to define
adjoint state variables 4, p = 0,1,2, ..., P, related to the velocity,
vP'.
-m

(h) Taking derivatives of the systems of equations (9.3), (9.4), (9.10)

(9.11) and (9.17) with respect to each parameter, y;

(c) Premultiplying each of the above expressions by the corresponding

adjoint state vector and summing over all time levels. For example, the

expression obtained after taking the derivative of (9.3) with respect to

y is premultiplied by 4,2.-1 and then summed over R, from 1 to L. For

equation (9.10), one premultiplies by TP-1 and then sums over p from

1 to P. Equation (9.17) is premultiplied by 4 summed over m, and then

summed over p from 0 to P. The steady state equations (9.4) and (9.11)

do not require summation over p:
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(d) Subtracting the right-hand side of each expression obtained in this
manner from the left-hand side and adding to the derivative, o' = do/dY,
of o in (9.1);

(e)Collecting all terms involving sensitivity vectors into a single
term, I, and selecting the adjoint state vectors in such a manner that I
vanishes.

After performing the previous steps, the gradient of Q reduces
to

do	 L.
dy	 - Y tlj	 2."".lUl [Aill(0)-b10]

P
- / TP-l'OcP-MicP-1 riP-11
p=1—	 -3- -4-	

J	 I(O'rC(0)-r101-	 J

3,35

P=o m -m
aPA;Ihk fRIT -ay dxdt (9.48)

The transient adjoint, T, of the concentration is solved back-

ward in time starting from the terminal condition

TP = o	
(9.49)

and continuing with

TP-1*(M +L. ) = TPqM	 +

p = 1,2, ..., P	 (9.50)

where

3,34P r rCi	 JRJT	 qyit (9.51)
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	Olim = / 1-1-(cP-cP-113Eii 	 aFii r	 n

	

j=1 Atr) j j '3D5-	 acp	 2 j	 3— Le c (1 -e2)cr+ (9.52)

1
02im =	 f---.._17_(cp+i-cplaEij
	 @Fij

i=1 AtP 1	 j'acp	 acp	 re,)ci?+1+(1_	 -L L j	 e2)eil
(9.53)

The steady state adjoint, T(0), satisfies

where

1(0)*(F +4	 4
0 ) = T"[M -30 ] + C(0)= =	 — = = 	 -

ci(0 ) = fR T-4-m(J 2+,7 4 ) d x

(9.54)

(9.55)

N
,D	 1 1_1-[c-c.(0)] DEij 	

3Fij3im =	 1-	 1 /	 x	 /,-,%11
=1 At1j	 J J	 ac(0)+ 

ac m 1.,2c..Ft1-021c.ku) _I'
	m 	 J	 J

(9.56.1)

N 3Fii

(1)4iM =	 pc (o)9(°)m
(9.56.2)

The adjoint state vectors 4, which are needed to evaluate T54,

are computed explicitly from

/131 = _ TP-1402g5m+(1-02)q;11] - TNe24-114.(1-02)MP6m-em]

p = 1, 2, .... P	 (9.57)

Imo _MO ]
m ) - TO•re2M6+(i-u21Y6m -7Mag = _ T(0).(08m-Y9M)
	

L
(9.58)
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The transient adjoint vector, T, of head is solved backward in

time starting from the terminal condition

(9.59)

and then continuing with

=
P2

T	 '01	 T .M2 

P=131 m	 -m

1, 2, ..., L	 (9.60)

where, for a given k, pi and p2 are such that 01 = tx and tP21-1 = t&+1
and the vector n& is given by

aJ1
1115 = fRfT	 dxdt

ah&

The steady state adjoint, T(0), of head satisfies

P*
T(0).A = 44q12 4-	 - /	 •Ym

p=0

where p* is such that tP* coincides with t& for £.1 and

0 _ 
J 	 (J1+J3)dxn. - R

ahi(0)

(9.61)

(9.62)

( 9.63 )

9.3.3. Comparison of Results from
Continuous and Discrete Derivations

Both the continuous and the discrete methods yield linear ad-

joint state equations that must be solved in a given order, starting

from the transient adjoint of concentration, followed by the
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corresponding steady state adjoint, then the transient adjoint of
hydraulic head, and finally the associate steady state adjoint. Both

transient adjoint equations are solved backward in time, starting from

zero terminal conditions. A comparison of equations (9.34)-(9.47)

obtained by the continuous method, with (9.48)-(9.63) obtained by the

discrete method, shows that:

(a) Both methods yield similar matrices on the left-hand side of the

steady state adjoint equations (9.36) and (9.54) for T(0), and (9.39)

and (9.62) for T(0). Differences exist between the right-hand side

vectors in (9.36) and (9.54), and in (9.39) and (9.62). However, it

can be shown that both methods are consistent in the sense that they

lead to two different time discretizations of the same underlying equa-

tion. In other words, equations (9.36) and (9.54) for T(0), and (9.39)

and (9.62) for T(0) can be derived from the same differential adjoint

equations using different discretization schemes.

(h) The two methods generally yield different forms for the transient

adjoint equations (9.35) and (9.50) corresponding to T, and (9.38) and

(9.60) corresponding to T. However, one can show that when an appro-

priate time discretization scheme is used, the left-hand side of (9.38)

and (9.60) coincide. In addition, one can also show that equations

(9.35) and (9.50) are consistent as they are two different discretiza-

tions of the same differential adjoint equation.

An additional requirement for the two methods to yield similar equations

for T and T(0) is that both heads and concentrations be solved at the

same time levels, P = L and tP = te.
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9.3.4. Case of Several Species

9.3.4.1 Noninteracting Species.	The above results are easily
extended to the case of Ns noninteracting dissolved species having con-

centrations ci(x,t),i = 1,2, ... N. For each solute, i, one has a set
of partial differential equations similar to (8.1)-(8.6), the flow equa-
tions being the same for all of them. In deriving the adjoint state

equations using (for instance) the continuous approach, one would have

to define 2 Ns adjoint state variables for concentration [Ns for	 i and

Ns for Ti(0)].	 Each of these variables will satisfy equations similar
to (9.24)-(9.28).	 The adjoint state equations for head, however, would

differ from those in (9.29)-(9.31) in that they would involve the sum of

the Ti and Ti(0). For instance, the steady state adjoint equations

would be

Ns
v.[Kvw(0)] + So(to) + X c.(0)-Kvv(0) + 9	 (Jii-J1) = 01	 = 1 AO)	 -i=1

on R	 (9.64)

Ns	 Ns
K7T(0)-n = -	 ci(0)•KvTi(0) _ a°(0) _ ao X Ti(0)C9

i=1	 i=1

on r1	 (9.65.1)

Ns	 N,SK7T(0).n = -	 ci(0)•KvT-(0) - a0T(0) - a°	 ri(0)c1(0)_
--	 -1=1	 i=1

on r2	 (9.65.2)
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9.3.4. Case of Several Species

9.3.4.1 Noninteracting Species.	The above results are easily
extended to the case of Ns noninteracting dissolved species having con-

centrations ci(x,t),i = 1,2, ... N. For each solute, i, one has a set

of partial differential equations similar to (8.1)-(8.6), the flow equa-

tions being the same for all of them. In deriving the adjoint state

equations using (for instance) the continuous approach, one would have

to define 2 Ns adjoint state variables for concentration [Ns for Ti and

Ns for Ti(0)].	 Each of these variables will satisfy equations similar

to (9.24)-(9.28).	 The adjoint state equations for head, however, would

differ from those in (9.29)-(9.31) in that they would involve the sum of

the Ti and Ti(0). For instance, the steady state adjoint equations

would be

Ns
vqKvT(0)] + SsT(to) + X c 	

T
.(0).Kv .(0) + 	  (J1+J1) = 01	 = l	 ah(0)	 -i=1

on R	 (9.64)

Ns	 NS
KvT(0).n = - X c-(0)10T.(0) _ 0T(0) _ 	 1 T.(0)01	 = 1	 1	 i

1=1	 i=1

on r1	 (9.65.1)

Ns	 NS
KvT(0).n = - X c-(0).KvT-(0) - a0T(0) - a°	 Ti(0)c1(0)

i=1

on r2	 (9.65.2)
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The .expressions for the gradient of o 
would be analogous to those listed

in Appendix 12 with the difference that products of the type Tc would
have to be replaced by a summation over all solutes.	 For example m/aK
would become

32 _
- - fpfTTY x vhdxdt - frT(0) x vh(0)dxdt_	 —

Ns	 Ns
/ fDiTciviTi x vhdxdt -	 fcici(0)vTi(0) x vh(0)dxi=1 i=1

(9.66)

9.3.4.2. Interacting Species. The mathematical nature of the
solute transport problem as well as that of the adjoint state equations

depends on the chemical nature of the reactions taking place in the sys-

tem. As described in chapter 8, when all the reactions in the system

are far from equilibrium, the transport of Ns reacting species is gov-

erned by a system of Ns simultaneous nonlinear partial differential

equations. One can show that the corresponding adjoint state variables

satisfy also a system of Ns simultaneous linear partial differential

equations. On the other hand, when a number of reactions (Ne) are at

equilibrium, the solute transport problem consists of Ne mass-law

algebraic equations and (Ns-Ne) simultaneous nonlinear partial differen-

tial equations. The adjoint state variables in this case satisfy a sys-

tem of (Ns-Ne) simultaneous linear partial differential equations.
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9.3.5 Summary

Ajoint state equations for combined transient and steady state

advective-dispersive solute transport have been derived by two methods,

one involving partial differential equations (continuous approach), the

other discrete expressions (discrete approach). I have used the

Galerkin finite element method to discretize the space domain and the

finite difference method to discretize time derivatives. Although the

two methods generally lead to different sets of adjoint state matrix

equations, one can show that the two sets of equations are consistent in

the sense that they result from two different discretizations of the

same governing adjoint partial differential equations. For advection-

dominated problems the Galerkin finite element method is not always the

best approach. In such cases one may prefer other solution methods such

as the adaptive Eulerian-Lagrangian finite element method of Neuman

(1984). The associated adjoint state equations will differ from those

presented here.



CHAPTER 10

CONCLUSIONS AND RECOMMENDATIONS
FOR FUTURE RESEARCH

10.1 Summary 

The fundamental idea behind this dissertation is the develop-

ment mathematical models that combine hydrological, hydrochemical and

isotopic data. The appropriate mathematical framework for relating

these different types of information is provided by the solute trans-

port equation coupled with the groundwater flow equation and with

chemical and isotopic models. These equations can be used for the

prediction of hydraulic head and concentration changes provided that

flow, transport and chemical parameters as well as the relevant chemi-

cal and isotopic processes are perfectly known. In practice, however,

the available data are scattered and contain errors. To handle these

errors, a statistically-based mathematical framework has been proposed

which requires (a) identifying the chemical and isotopic processes tak-

ing place in the aquifer, and (h) quantifying spatially and statisti-

cally the information about the variables and the parameters. Various

multivariate statistical data analysis techniques have been used for

the first requirement, while for the second, the available geostatis-

tical methods have been extended to deal with the problem at hand.

These statistical methods have been applied to synthetic and hydro-

chemical and isotopic data from the Tucson aquifer in Arizona and the

Madrid Basin in Spain. Also included in this dissertation is a

430
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discussion of the processes controlling the transport of dissolved
constituents in groundwater, the mathematical formulation of solute
transport and a review of the numerical methods for its solution.
Finally, an adjoint state method for the numerical solution of the

simultaneous transport of several species has been presented.

10.2 Multivariate Statistical Data 
Analysis Techniques 

Multivariate statistical data analysis techniques such as
principal components, factor and correspondence analyses have been

found useful for exploring the large amounts of hydrochemical and

isotopic data usually available in many aquifers. They are at least as

powerful as conventional graphical methods of analysis and generally

have more discriminating power, thus making easier the interpretation

of the relationships between variables and samples. These techniques

have been applied to study the chemistry of groundwater in the Tucson

Basin in Arizona. The results obtained show that they are adequate

for: (a) finding similarities between the behaviors of various chemi-

cals, (h) identifying chemical processes (like cation exchange) and

determining the locations at which these processes take place more

intensively, (c) suggesting possible sources of the constituents, (d)

establishing groups of samples with similar chemical characteristics,

(e) indicating possible mixing processes, and (f) relating hydrochemis-

try to factors such as geology, mineralogy, topography, well depth,

screen length, flow system and water temperature when information on

such variables is available.
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These techniques, however, have some limitations and draw-

backs. They fail to detect nonlinear relationships. Their results are

dependent on the variables and samples considered in the analysis. In

addition, the proper interpretation of the results requires always

additional information on the geology, flow system, land and water

uses, ... etc.

10.3 Geostatistical Methods 

Most of the available geostatistical methods where developed

for mining applications and are not well suited for the analysis of

hydrological, hydrochemical and isotopic data. One characteristic of

these data is that they often exhibit a spatial drift in three dimen-

sions. The data are often regularized over variable supports, some-

thing most existing software packages are not able to handle. Further-

more, estimates of the average values of these variables over irregular

domains are required for many groundwater flow and solute transport

models; most existing software is limited to averaging over rectangular

blocks. The available software does not generally provide the

covariance matrix of the estimates which, however, is needed for

conditional simulation and for solving the inverse problem of solute

transport. These and other important features have been included in a

computer program called 3DGPSH. This program is a geostatistical

package for the estimation of one-, two-, or three-dimensional, sta-

tionary, intrinsic and nonintrinsic random functions having isotropic

or anisotropic semivariograms. The program has been implemented on the

IBM PC-XT microcomputer and can be used either in a batch or in an
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interactive mode. The latter is most useful for fitting semivariogram

models to sample semivariograms. This package has been used for all

the geostatistical applications considered in this dissertation.

The estimation of the semivariogram is critical for geostatis-

applications,	 for estimating semivariogramsProposed methodstical

have been reviewed in chapter 3.

maximum likelihood cross-validation

and Gevers (1985) has been improved

The original formulation of the

(MLCV) method proposed by Bastin

and extended in this dissertation.

While Bastin and Gevers considered only semivariograms free of nugget-

effect with two parameters, the formulation of the MLCV method

presented here allows a wider class of semivariograms that include a

nugget-effect, an arbitrary number of parameters as well as anisotro-

py. Other improvements of the work of Bastin and Gevers offered in

this dissertation include: (a) the use of an efficient conjugate

gradient method for maximizing the likelihood function, (h) the compu-

tation of the gradient using adjoint state methods, (c) the computation

of the covariance of the parameter estimates, (d) the use of identifi-

cation criteria for the selection of semivariogram models, and (e) the

analysis of such issues as parameter identifiability, uniqueness and

stability of the solutions. The MLCV method has been extended to cases

where the data contain measurement errors and are regularized over

variable supports. In addition, a modified version of the residual

kriging method of Neuman and Jacobson (1984) has been presented that

use the MLCV method for estimating the semivariogram of the residuals.

Though not necessary, the cross-validation errors have been assumed

uncorrelated in all the applications contained in this dissertation.
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The MLCV method has been tested with synthetic data obtained as

a realization of a stationary random field having an exponential

semivariogram with known parameters. The turning bands program of

Mantoglou and Wilson (1981) was used to generate 900 values of the

random field at the nodes of a square grid. The semivariogram of the

generated field was estimated using the MLCV method for increasing

numbers of data points N = 25, 35, 50, 100, 200 which were selected

randomly from the 900 generated values. The sample semivariogram,

which in most cases underestimated the true semivariogram, has been

used to assign the initial parameter estimates. The MLCV parameter

estimates converged to the true values when the number N of data points

was increased. In particular, for N = 100, the estimated parameters

were found to be essentially identical to their true values. Four

identification criteria have been tested for selecting the best model

from a set of alternative semivariogram models. Only the modified

Akaike and Kashyap criteria chose the correct model in the two cases

considered. The criterion of Kashyap (1982), however, seems to be the

best because it identifies more sharply the true model. The uniqueness

of the solutions was analyzed by starting the minimization algorithm

using different initial parameter values. Other conclusions drawn from

the analysis of this example include: (a) the effect of increasing the

size of the local kriging neighborhood on the parameter estimates

becomes negligible after using more than 20 to 30 kriging points, (b)

the likelihood function is more sensitive to the sill than to the

range, (c) the likelihood contours in the sill-range parameter space

near the optimum values describe ellipses which are more elongated
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along the range axis, indicating that the sill can be estimated more

accurately than the range, (d) MLCV semivariogram estimates are in all

cases closer to the true semivariogram than the sample semivariogram,

(e) the various a posteriori statistical tests performed on the

normalized errors indicate that the normality assumption for the set of

synthetic data cannot be rejected, and (f) the correlation coefficient

between the observed and kriged values increases with the number of

data points used for cross-validation but its values are usually low.

The MLCV method has been applied to transmissivity data from

the Calera aquifer, Mexico and to hydrochemical and isotopic data from

the Madrid Basin, Spain. The purpose of the first of these applica-

tions was to evaluate the convergence properties of the minimization

algorithm.

The geostatistical analysis of hydrochemical and isotopic data

from the Madrid Basin has more practical interest and represents to

some extent a novel contribution. A total of 13 chemical and isotopic

variables have been analyzed including pH, electric conductivity,

silica content, concentrations of the major ions, activity of 14C and

180 ratios. Contrary to what one would expect based on chemical and

isotopic grounds only two variables, silica and 180, show a spatial

drift. The drift was estimated using a modified version of the step-

wise iterative regression method of Neuman and Jacobson (1984) that

incorporates the MLCV method for the estimation of the semivariogram of

the residuals. The global drift was found to be quadratic for silica

and linear for 180. A common feature to all the semivariograms is the

presence of large nugget values which range between 9.7% for sodium and
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61.5% for calcium. The range or correlation scale varies between 3.29

Km for pH and 53.07 Km for bicarbonate. A plausible 
explanation to the

fact that most chemicals do not show a spatial drift is that while

concentrations are three-dimensional variables, the available data are

basically two-dimensional due to the averaging along the vertical

direction. Some possible explanations for the observed large nugget

values include: (a) sampling and measurement errors, (b) variations in

a scale smaller than that of the measurements, (c) variability of well

depth and screen length from one well to another, (e) the time lag

between different sampling campaigns, and (e) heterogeneity, as for

example some wells tap the chemical facies where hydrochemistry is

completely different than that of the rest of the basin. The role of

each of these factors remains to be ascertained.

The results of the geostatistical analysis of the hydrochemical

and isotopic data from the Madrid Basin suggest that most of the

available chemical data are low-quality data and thus they may be of

little use when combined with hydrological data. One possible conclu-

sion that can be drawn from these results is that more important than

the quantity of data is their quality.

10.4 Numerical Solution of the Inverse 
Problem of Solute Transport 

The statistical formulation of the inverse problem of ground-

water flow of Carrera and Neuman (1986a) has been extended to the

combined flow and solute transport problem. The proposed numerical

method for solving this problem uses the adjoint state theory for

computing the gradient of the estimation criterion. The adjoint state
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equations for combined transient and steady state advective-dispersive

solute transport have been derived by two methods, one involving

partial differential equations (continuous approach), the other dis-

crete expressions (discrete approach). The Galerkin finite element

method has been used to discretize the space domain and the finite

differences method to discretize the time derivatives . Although the

two approaches generally lead to different sets of adjoint state matrix

equations, it can be shown that the two sets of equations are consis-

tent in the sense that they result from two different discretizations

of the same governing adjoint partial differential equations.

10.5 Recommendations for Future Research 

Further work is needed to fully extend the MLCV method to the

case of correlated cross-validation errors. In addition, I recommend

to perform additional testing of the method especially using noisy and

regularized data. Other issues regarding this method that require

further analysis include: (a) the resistance of the parameter esti-

mates, (h) the effect of the linearity assumption on the computation of

the covariance of the parameter estimates, (c) the conditions under

which the cross-validation errors are near Gaussian, and (d) general

conditions for parameter identifiability, uniqueness and stability.

Additional work is needed to quantify the effect of mixing

processes on hydrochemical and isotopic data. Mixing in the wells can

be accounted for by using the modified MLCV method for vertically

regularized data. The analysis of the effects of regularization in the

hydrochemical and isotopic data from the Madrid Basin, which was not
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addressed here because of time constraints, is strongly recommended.

Also recommended is the geostatistical analysis of hydrochemical and

isotopic data from other geological settings such as bedrock aquifers

(volcanic, igneous and metamorphic) and aquifers in unconsolidated

materials (river and coastal aquifers). These studies should serve to

decide whether the results obtained in the Madrid Basin apply to other

hydrogeological environments.

With regard to the mathematical model that combines hydrologi-

cal, hydrochemical and isotopic data, I believe that there are many

areas open to further research. Some of these are listed below:

(a) Develop an efficient computer program to model the simulta-

neous transport of multiple reacting species,

(h) Develop a computer program for solving the associated

inverse problem which could use the adjoint state methods derived in

this dissertation,

(c) Test such computer programs with simulated data,

(d) Evaluate the capabilities of the programs with real data.



APPENDIX 1

DERIVATION OF THE COVARIANCE MATRIX OF
CROSS-VALIDATION ERRORS FOR GLOBAL NEIGHBORHOOD

The covariance of two cross-validation errors ei and ei could

be derived from equation (3.27). Here, however, a shorter derivation

is presented. Since these errors have zero mean, their covariance Veij

is simply E(eiej). From (4.10) one has

N	 N
Veii = 1/bib

	

	 bim bin E(ZnZm)
m=1 n=1

Using (4.9), the term E(ZnZm) can be replaced by the covariance Cnm.

In addition, since Bis the inverse of Am (4.4), it follows that

1 bin Cnm + biN4.1 = (Sim 	 for all j = 1,2, ... N
n=1

(A1.2)

where csim is the Kronecker's delta. Substituting (A1.2) into (A1.1)

leads to

Veii = 1/biibii	 bim ((Sim - biN4.1)
m=1

which using (4.9) reduces to equation (4.11).
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APPENDIX 2

GRADIENT OF THE NEGATIVE LOG-LIKELIHOOD
FUNCTION USING AN ADJOINT-STATE METHOD

In this Appendix I derive an expression for the gradient 2.1( of
the negative log-likelihood function NLL in (4.3) with respect to a

parameter Pk by means of an adjoint-state method.

Taking derivatives of (3.24), (3.25), (3.26), (3.28), and (4.3)
with respect to Pk leads to

e'i = - 1 xlim Zm	 (A2.1)meNi

meNi
( Xlim Cmn + Xim Clain) + Ilii ' Clin
	

for all neNi

(A2.2)

meNi X'im = 0	
(A2.3)

(0201 . (G2)' - 1 (X 'im Cali + Aim C'Ini) - Pli	 (A2.4)
meNi

NLLI = l'EXi(0.201 + Yi el-0	 (A2.5)
i=1

where the superscript (I) denotes derivatives with respect to Pk and Xi

and Yi are the derivatives of NLL with respect to a2i and ei,

respectively, given in (4.65) and (4.64).
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Next one defines a set of adjoint state variables q)ii and q)io,

i = 1,2, ... M, j Ni. Multiplying (A2.2) by tPij and (A2.3) by qiio, and

summing over i and j, leads to

M
1	 Y 1Pij [Illi - Clin + 1 ( xlimCmn + XimClmn) = 0
i=1 jeNi	 meNi

M

tPio yVim = 0
i=1	 meNi

( A2.6)

( A2.7)

Substituting (A2.1) and (A2.4) into (A2.5), and adding (A2.6)

and (A2.7) to the resulting expression gives

NLLl = T1 + 12	 (A2.8)

where the terms containing derivatives of the kriging coefficients and

of the Lagrange multipliers have been grouped into 12,

M
12 = Y	 Y Vim ( Ipio - YiZm - XiCmi + y 1PiiCjm) -

i=1 meNi	 jeNi

M
- y u'i (xi - 1 q)ii)
i=1	 jeNi

and the remaining terms are included in Ti,

M
Ti = 1	 1 Aim [x(02' - Clmi) + 1 tPij (Cljm - Clii)]

i=1 meNi	 jeNi

( A2.9 )

(A2.10)
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Inasmuch as the adjoint variables 11ii and IPio are arbitrary, they can
be taken so that T2 vanishes. Clearly, 12 = 0 whenever the adjoint
state variables satisfy (4.62) and (4.63). Under these conditions NLLI
coincides with Tl.



APPENDIX 3

EXPRESSIONS OF y(h)/aPk FOR DIFFERENT PARAMETERS
AND ISOTROPIC SEMI VARIOGRAM MODELS

This Appendix contains expressions of the derivative of y(h)

with respect to a parameter Pk for isotropic semivariograms having a

sill. The characteristics of these semivariograms are listed in Table

4.1

Sill. Inasmuch as Y(h) is linear in the sill S, for all semi-

variograms which have such a sill, one has

ay (h)

as
	 = y(h)/S
	

(A3.1)

Range. For the reasons given in section 4.8, it is more con-

venient	 to	 work

range	 itself.

tic model	 is

ay(h)
.-

with	 the	 reciprocal	 of	 the	 range,	 b,	 than	 with	 the

The derivative of y(h) with respect to b for the quadra-

2 Sh(1-hb)	 hb <	 1

0	 otherwise
I	 (A3.2)

ab

for the spherical	 model

ay(h) 3S/2 h	 (I - h2b2) hb < 1

ab 	I 0 otherwise

(A3.3)
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for the exponential model 

= S h exp(-hb)  
(A3.4)

for the Gaussian model

ay (h)

3b
	 = 2b h2S exp(-h2b2)	 (A3.5)

for the hole -effect model
	 and

(h)

D b
	 = - Sb/h [ hcos(h/b) - bsin(h/b)] 	 (A3.6)

One possible estimate of the average sensitivity of the semi-

variogram to variations in its parameters Pk can be obtained from the

derivative with respect to Pk of the area under the semivariogram curve

d	 H
'k(H) =	 ( f y(h) dh )

dPk	 0
( A3.7 )

Table A3.1 summarizes the values of Ik(H) at H equal to the

range, for k = 1 (sill) and k = 2 (range), for various semivariogram

models. It is seen that the mean sensitivity increases linearly with

the sill and the range. The sensitivity with respect to the sill is

largest for the nugget-effect model and is essentially the same for the

other three models. The mean sensitivities with respect to the range

are somewhat larger for the quadratic and spherical models than for the

exponential model.
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Table A3.1 Values of the mean sensitivity Ik(H) at H = a for the silland the range

Mean Sensitivity

Semi variogram
Model Sill	 Range

Nugget	 a

Quadratic .667 a - 0.333 S

Spherical .625 a - 0.375 S

Exponential .683 a e (*) - 0.266 S
(2.05	 a)

(*) a e = effective range = 3a



APPENDIX 4

DERIVATION OF THE OPTIMUM STEP SIZE

The optimum step size at the r-th iteration e(r) is determined

by minimizing the negative log-likelihood NLL along the direction

d(r). Let NLL( r+1), 02i(r+1), and ei(r+1) be the values of NLL, 02i,

and ei at the (r+1)-th iteration. Expanding 02i(r+1) and ei(r+1) in a

Taylor series about e(r) = 0, and retaining linear terms only, one has

0-2i(r+1) o2(r) oi(r)e(r) (A4.1)

ei(r+1) ei(r) + E(r)0(r) (A4.2)

where c2(r) and E(r) are given in (4.79) and (4.80) respectively.

Although ei (r) and a2(r) are not strictly functions of e(r), the

following notation is adopted for convenience

c52(r)	 30-2
i
(r+1)

De(r)	
- 	

De(r)  e(r)=0
= Q(r)	 (A4.3)   

3ei(r)	 Dei (r+1)    
= E(r)

e(r).0
(A4.4)    

De(r)	 De (r)       

Substituting (A4.1) and (A4.2) into (4.3), taking the deriva-

tive of NLL(r+1) with respect to e(r), and setting it equal to zero

leads to equation (4.76).
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The lower bound for e(r) is equal to zero, and the upper bound

em(r) results from requiring that a2i(r+1) 
in (A4.1) be positive for

all i. Next I describe an algorithm for finding the optimum step size

by evaluating the function s[e(r)] in (4.76) at increasing values of

e(r), starting from zero until the function s is equal to zero. Notice

that s(0) < 0 because NLL(r) must be a decreasing function along d(r).

A4.1 Algorithm for Calculating the Optimum Step 

Initialization step: Let el, e2 and yi be positive numbers, and Qi >

1. Set n = I and p = 1.

Main step:

(I) Set n = n + 1 and compute yn = Yn-1 Qp. If Yn
maximum step size em(r) go to step 2, otherwise go to step 3.

(2) Evaluate the function s at e(r) = yn. If s is negative go to

step I, otherwise go to step 3.

(3) Set p = p + 1 and compute Qp = (Qp-1)62. If (Qp-1) > el, go to

step 4, otherwise set yi = yn-1 and go to step I.

(4) Stop, the optimum step size is equal to yn.

This algorithm has been found to work well with Qi = 10, yi =

10-15, El = 10-5, and e 2 = .05.

A4.2 Computation of E(r) and Q(r)

oi(r) and E(r) can be calculated using an adjoint state method

similar to that described in Appendix 2. In fact, ç2(r) and E(r) can

be obtained as particular cases of that derivation. By inspection of

(A2.5), one can see that NLL' coincides with (020' when Y- = 0 and•Xj

= (Sii for all j.	 The corresponding adjoint state equations are

is less than the
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obtained from (4.62) and (4.63) by setting Yi = 0 and Xi = 1. The
resulting equations turn out to be identical to (3.14) and (3.10),
showing that the adjoint state variables for computing (0-201 coincide

with the kriging weights. Then from (4.67) one obtains

Da2i(r)
3Ymir =	 =	 x iffi [	 +	 X

ae (r)	 meNi	 De (r) je Ni	 De (r) (ïii

which after some arrangements leads to (4.82). In a similar way, ei'

coincides with NLL' whenever Xj = 0 and Yj = (Sij for all j. The

adjoint state equations can be derived from (4.62) and (4.63) to yield

equations (4.84) and (4.85). Then, ei' is obtained from (4.67) by

setting Xi = 0 for all i. The resulting expression for ei' is given by

equation (4.83).



APPENDIX 5

DERIVATION OF THE FISHER INFORMATION MATRIX

The Fisher information matrix which was defined in equation

4.32 can be obtained by taking the expected value of equation (4.87).

One should notice that both a2i and Qik are deterministic because they

do not depend on the data values. Thus, the first term in (4.86)

reduces to the first term in (4.88) (after introducing an 1/2 factor)

by virtue of E(e12) = a2i • Regarding the third term of equation 4.87,

I show next that E(eiEik) = 0 for all i and k. From the definition of

the cross-validation error ei, one has

efEik = (	 AinZn - Zi) 1 x(k) Zm
neNi	 meNi

where xim(k) . Dyim/DPk• Taking the expected value of this expression

and recognizing that	 im(k) = 0 by virtue of (3.26), one has

E(eiEik) =	 x111(k) ( / XinCnm - Cmi)
meNi	 neNi

which using equation 3.25 reduces to

E(eiEik) = -	 xim(k) pi . _ pi	 Aim(k) . 0
meNi	 meNi

(A5.1)

For the second term of equation 4.87 one has to compute the

expected value of EikEicl, which is given by

449
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E(EikEi01) =

	

	
X(k) x(q) Cmn	 (A5.2)meNi neNi

To eliminate the derivatives of the kriging weights, one proceeds as
follows. First one multiplies equation 3.25 by Xin and then sums over

n. Taking derivatives of the resulting expression with respect to Pk
and P leads to

2	 / Xin(k) xi(q) Cmn 	 2 /	 XinEXim(q)Cmn(k)+Aim(k)Cmn(q)]m n 	n m

2

Ain Aim c(kg)	 (AinCin)n m	 n DPOPg
(A5.3)

where Cnm(qk) represents the second derivative of Cnm with respect to

Pk and Pg. The second derivatives of the kriging weights and of the

multipliers with respect to the parameters have been neglected. Notice

that the second derivatives of the covariance function can be calcu-

lated directly, and thus are not neglected here. Inasmuch as the

kriging variances G2i are assumed to be linear in the parameters, from

(3.28) one can show that the right hand side of (A5.3) vanishes. In

addition, taking second order derivatives of equation (3.25) leads to

DImmcmi(k) xim(k)cmn(q)] = c(0) - Dimcrin(ko

(A5.4)

where it has been assumed again that the kriging weights and the

Lagrange multipliers are linear in the parameters. Substituting this

result into (A5.3), one has



451

E(EikEig) =	 xin[	 ximCmn(kg) - 2Cni(kg)]/2
	

(A5.5)

which immediately leads to equation 4.89.



APPENDIX 6

MLCV EQUATIONS FOR NOISY DATA

A6.1 Derivation of Equations 4.97 and 4.98 
By virtue of (4.96), the covariance between two total errors

eti and etj can be written as

E(etietj) = Memi + eki)(emj + ekj) = 6ij s2i
	 Vekij

+ E(emiekj) + E(ekiemj) (A6.1)

where Vekij is the covariance between the cross-validation errors eki

and ekj. Using equation 4.94 the fourth term of equation A6.1 can be

expanded as

E(ekiemj) = EC(	 XinUn - Zi) emj]
n€ Ni

Using (4.93) and recalling that emj are uncorrelated among themselves

and with Zn, leads to

E(ekiemj) = -	 Xin E(emnemj) = -	 A 	 52j =
neNi	 neNi

- Xij s 2j
	

(A6.2)

By the same token,

E(emiek i )	 s2i	
(A6.3)
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Substituting (A6.2) and (A6.3) into (A6.1), one obtains

E(etietj)	 6ij s21	 Vekij - Xji s2i - Xij s2j
	

(A6.4)

which for i h j coincides with equation 4.97. For i = j , the last two
terms cancel out because i does not belong to Ni (see equations A6.2

and A6.3). Then, for i = j (A6.4) leads to equation 4.98.

A6-.-2 Derivation of Equation 4.99 

The general expression for the derivative of NLL with respect

to a parameter Pk is given in equation 4.66. Because of the linearity

of the covariance in the sill S, this derivative for Pk = S reduces to

ALL	 M

	

=	 Xim [x(1 - cmi/s) +.y	 - C)/s]as	 1=1 meNi	 JeNi
(A6.5)

which can be rewritten as

DNLL	 M

	

=	 Xi -	 Xi IAim Cmi/S	 ij	 Aim (Cjm-Cji)/S
3S	 1=1	 1=1 meNi	 1=1 jeNi meNi

(A6.6)

The third term of this equation can be simplified by using equation

3.25 (after increasing the diagonal terms by s2n) while the second one

can be expressed in terms of the cross-validation variance a2i (see

equation 3.28). The resulting expression is given by

9NLL	 M

	

=	 Xi -	 Xi (S- a2i-pi)/S - /	 / 4)ij (pi+xijs2j)/S
9S	 1=1	 1=1	 1=1 jeNi

(A6.7)
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which after using (4.63) reduces to

ILL	 M
=	 Xi 0-2i/S -	 Aii s2j)/SDS	 i=1	 1=1 jENi

(A6 .8)

Notice that Xi in (4.65) is now written in terms of the total
errors and their variances. Substituting Xi into (A6.8) leads finally

to equation (4.99).



APPENDIX 7

DERIVATION OF THE RANGE OF THE SEMI VARIOGRAM
OF VERTICALLY-AVERAGED VARIABLES

When a 2nd order stationary random function Z(x) that has an

isotropic semivariogram is averaged over vertical segments of length L,
the resulting regularized function ZL(x) has a semivariogram yL(h) that

is also stationary but anisotropic. The range al_ or distance at which

yL(h) attains a constant value depends on the direction of the separa-

tion vector h. More specifically al_ is a function of the dip qb angle

of the vector h. In this Appendix, I derive the expression of al_ as a

function of (1) .

Consider two parallel line segments of length L separated by a

distance h (see Figure A7.1). The range aL is defined as the distance

h (h being the modulus of h) for which the minimum distance between the

two segments is equal to the range a of the point semivariogram. This

minimum distance can be along the horizontal direction if atancP < L

(see Figure A7.1.A) or along a non-horizontal direction if atanqb > L

(Figure A7.1.B). Associated with each '15 value there is a characteris-

tic length d*((p) given by L/tan(1). If d*(() is greater than the range

a, the range aL is attained when the horizontal distance between the

two line segments is equal to point range a (Figure A7.1.A). The value

of al_ is then given by

455
aL = a/cos (I)	 (A7.1)
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( A )

h_

x + h
Range a

( B )

X +h

Figure A7.1. Range of vertically-averaged variab es.
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If, on the other hand, d*((p) is less than a, the range al_ is

reached when the minimum distance between the two segments is equal to

a (Figure A7.1.B). The value of aL is given by the modulus of h which_
can be derived from the properties of triangle ABC in Figure A7.1.B.

Notice that two sides (AC = L and AB = a) and one angle (Tr/2 -(1) ) are

known. Then one has

a2 = aL2 + L2 - 2aL L cos(/2 -)

Solving this quadratic function one obtains

al_ = L sinqb + [L2 sin; - (L2 - a2 ) ]1 / 2

After some rearrangement, (A7.3) leads to (4.113).

(A7.2)

(A7.3)



APPENDIX 8

GEOSTATISTICAL PROGRAMS

In this Appendix I describe briefly a series of computer

programs for the geostatistical estimation of hydrogeological, hydro-

chemical, and isotopic data that were developed as part of this

research. The programs include: (1) 3DGPSH, a three-dimensional

geostatistical package for the estimation of stationary, intrinsic, and

nonintrinsic random functions; (2) AESPI, a program for the estimation

of semivariogram parameters from point data using the MLCV method; and

(3) AESP2, a program similar to AESPI but for the case of regularized

data.

Though I could have used available geostatistical packages like

3D-BLUEPACK, these tend to be expensive and are not always well suited

for the analysis of hydrological, hydrochemical, and isotopic data.

One characteristic of these data is that they often exhibit a spatial

drift in three-dimensions. The data are often regularized over vari-

able supports, something most existing software packages are not able

to handle. Furthermore, estimates of the average values of these

variables over irregular domains are required for many groundwater flow

and solute transport models; most existing software is limited to

averaging over rectangular blocks. The available software does not

generally the covariance matrix of the estimates, which however is

needed for conditional simulation and for solving the inverse problem
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of solute transport. These and other important features are included

in the computer programs described below.

A8.1 Program 3DGPSH 

Program 3DGPSH is a geostatistical package for the estimation

of one-, two-, or three-dimensional, stationary, intrinsic or non-

intrinsic random functions having isotropic or anisotropic semivario-

grams. The program has been implemented on the IBM PC-XT microcomputer

and can be used either in a batch or in interactive mode. The inter-

active mode is most useful for fitting semivariogram models to sample

semivariograms. The program has three main parts or components which

correspond roughly to its three main menus. Access from one part of

the program to another is always possible. The first part of the

program starts by reading the input data. Part 2 concerns the esti-

mation of the semivariogram, and part 3 involves the estimation of the

variable by kriging.

The program is written in FORTRAN and consists of a main

program and 56 subroutines with an estimated number of 6,000 lines of

code. The details of the program will be included in a users manual.

Here I describe only the main capabilities and options provided by

3DGPSH.

The input includes the number of data points (which currently

is limited to 400 points) and the dimensionality NIV of the problem

(the number of spatial coordinates). At each location i, one must

provide the NIV coordinates, the data value Z(xi), and the measurement

error s2i (if available). The program gives the option of taking the
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logarithm base 10 of the variable. After reading all this information

about the data, the following options are provided:

(a) Checking for duplication of samples and finding the extent

of the region occupied by the data. If two samples have the same coor-

dinates, one of them is deleted to avoid singular kriging matrices.

(h) Computing the sample statistics and histograms of the data

values which is useful prior to proceeding further with the analysis.

Sample statistics like the mean, median, variance, standard deviation,

coefficients of variation, skewness, and kurtosis together with sample

histogram provide a preliminary idea about the statistical distribution

of the variable of interest. Though geostatistics can be applied to

data having any distribution, the closer is the data to a Gaussian

distribution, the better are the behavior of the sample semivariogram

and the kriging estimates (see section 3.2). A logarithmic transforma-

tion should be considered when Z(x) has a negatively skewed distribu-

tion.

The second major component of 3DGPSH concerns the estimation of

the underlying semivariogram by trial and error cross-validation. For

estimating the parameters of the semivariogram one could use programs

AESP1 and AESP2 which incorporate the MLCV method. In the future I

intend to include AESP1 and AESP2 as parts of 3DGPSH. In the current

version of 3DGPSH, the estimation of the semivariogram starts by

computing the sample semivariograms. Up to 15 different sample semi-

variograms can be calculated including directional semivariograms,

plane semivariograms, and an all-directional semivariogram. They can

be displayed on the screen in different symbols and colors which is
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useful for detecting anisotropy and drift. Hard copies of the semi-

variogram plots can be obtained on a dot matrix printer or in a pen

plotter (see examples in Figure 3.2)

When a spatial drift is present, the sample semivariogram

generally shows a strong anisotropy and a rapid increase with dis-

tance. When this is not the case, the next step is fitting a semi-

variogram model to the sample semivariogram. This model can be a

combination of up to 10 different basic models which in turn can be

isotropic (those in Table 4.1) or geometrically anisotropic. Among

this wide family of models, the user selects the one that best fits the

sample semivariogram according to some qualitative judgement. Once a

model is selected, one can check the goodness of fit by displaying both

the sample semivariogram and the model on the console until a satisfac-

tory model is found. The program also allows checking the fit of a

given model to any of the computed sample semivariograms. This feature

is needed when fitting anisotropic semivariogram models.

The next step is cross-validation of the selected semivariogram

model. The program allows using a global or a local kriging neighbor-

hood for cross-validation. In the former case, the algorithm of

Dubrule (1983) is used so that the kriging system of equations is

solved only once. If, on the other hand, local neighborhood is se-

lected, the user must provide the size of the neighborhood by speci-

fying the maximum number of kriging points, MAXR, and the radius of the

neighborhood, RMAX. The output of cross-validation includes:

(a) A table of the measured (Zi) and kriged (Z*i) values, the

cross-validation errors (ei) and variances (0-20, the normalized errors
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(ei/o2i), and the number of points used for kriging at each location,

(h) A summary of the sample statistics of the normalized errors

including also their histogram,

(c) A table consisting of the values of the mean error, the

mean square error, the average kriging variance (AKV), the variance of

the cross-validation errors (a2e), the ratio of AKV to G2e, the dimen-

sionless mean square error, the correlation coefficient between
•

measured and kriged values, and the correlation coefficient between the

cross-validation errors and the values of (Z*i-Zy,

(d) The scattergrams of the measured values versus (1) the

kriged values, (2) the cross-validation errors, and (3) the normalized

errors.

After cross-validation, one has the option of trying a dif-

ferent set of semivariogram parameters or a different semivariogram

model.

To estimate the drift of a nonintrinsic random function, 3DGPSH

uses the stepwise iterative regression method of Neuman and Jacobson

(1984). Stage 1 starts by computing the sample semivariograms of the

original variable Z(x). Polynomials of increasing order p are fitted

to the data using ordinary least squares until the sample semivariogram

of the residuals attains a more or less constant sill. To visualize

the effect of increasing p, the program allows displaying the sample

semivariograms of the residuals corresponding to an order p together

with those for an order (p-1). A comparison of these semivariograms is

useful- in deciding whether to further increase the order of the poly-

nomial. Once the order has been determined, the program switches to
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generalized least squares. At any generalized least squares iteration

during this second stage, the program displays the semivariograms of

the current residuals and those of the previous iteration. The iter-

ative process stops when the sample semivariograms of the residuals at

two consecutive iterations are essentially identical. The program then

performs kriging of the estimated residuals and automatically adds the

kriged residuals to the estimated drift values.

The third part of 3DGPSH deals with kriging. The program

provides the options of point or block kriging. The blocks are verti-

cal prisms arranged in several layers and defined by polygonal zones in

the horizontal plane. All blocks in a given layer have a uniform

height. The geometry of the blocks is defined by the number of layers,

the thickness of each layer, and the polygonal zones in the horizontal

plane (see Figure A8.1.A). Layers can have different thickness. The

number of nodes defining the polygonal zones are specified by the

user. In particular, when a horizontal zone has just one point, the

block becomes a vertical segment. Zones in the horizontal plane may

overlap.

The options for kriging include the values of MAXR and RMAX.

If MAXR coincides with the number of data points the kriging matrix is

solved only once. For block kriging, the point-to-block and block-

averaged semivariograms are evaluated numerically by uniformly placing

integration points along rays joining the centroid of the zone with

each of its corners. Additional integration points are located along

lines (parallel to the sides of the polygon) joining the points in two

adjacent rays. The final arrangement of points resembles a spider web
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Figure A8.1. Program 3DGPSH: (a) geometry of the blocks and (b)
arrangement of integration points.
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(see Figure A8.1.B).	 In the future I intend to implement Gaussian

quadrature to calculate these integrals.

The results of kriging include the kriged estimates, the

kriging variances, and optionally the kriging weights which can be used

for performing conditional simulations (see Silliman, 1985). In cases

where the original variable Z(x) has been transformed by taking the

logarithm base 10, Y(x) = logio Z(x), the program provides the kriging

estimates Y* and the kriging errors ay2 of the transformed variable as

well as those of the original variable Z* and Gz2, which for ordinary

point kriging are calculated as (Journel, 1980)

Z* = exp[2.303Y* + 2.3032(ay2/2+P)]	 (A8.1)

az2 = M2exp(2.303202) f1+exp[-2.3032(ay2+u)][exp(-2.30321.1)-2]1

(A8.2)

where M = E[Z(x)], a2 = Var[Y(x)] and pis the Lagrange multiplier in

equation 3.14.	 Since the mean M of Z(x) is unknown, only relative

estimation variances can be calculated (Journel, 1980). 	 In program

3DGPSH, M is estimated by the sample mean of the Z.  values. Though the

quality of this approximation remains to be ascertained, my experience

with the set of hydrochemical and isotopic data from the Madrid basin

(see Chapter 6) suggests that this approximation may lead to large

estimation variances.

The program gives also the option of computing the covariance

and correlation matrices of the kriged estimates.
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A8.2 Program AESP1 

Program AESP1 is a modification of 3DGPSH for the estimation of

semivariogram parameters using the MLCV method. The program has two

parts. The first part is identical to that of 3DGPSH. The second part

differs from 3DGPSH in that cross-validation can be used to automati-

cally estimate semivariograms using the MLCV method. Though one can

perform cross-validation using both global and local kriging neigh-

borhoods, MLCV is currently operational only with the latter. The size

of the neighborhood is specified by MAXR and RMAX. Out of the N data

points, each Nc points are cross-validated using the NK (NK < N)

kriging points that remain after dropping all points closer than DMIN.

For the minimization of the negative log-likelihood function,

the user can choose the steepest descent, Fletcher-Reeves, Broyden, or

Davidon-Fletcher-Powell algorithms. The stopping rules are defined by

the maximum number of iterations and the tolerances el, e2, and e3.

After finding the optimum set of parameter values P*, AESP1

calculates their covariance and correlation matrices and computes the

90% confidence intervals for each parameter based on equation 4.90.

These confidence intervals are approximate because they assume that the

parameter estimates are uncorrelated. In addition, the program com-

putes the values of the four identification criteria described in

Chapter 4, namely, AIC, MAIC, HIC, and KIC. The cross-validation

output is similar to 3DGPSH with some added features which include the

coefficients of the linear regression of kriged values Z*(x) versus

measured values Z(x)
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Z*(x) = a Z(x) + b	 (A8.3)

where a and b are the slope and intercept of the regression line

respectively. Another feature of AESP1 not shared by 3DGPSH consists

of checking whether the sample mean, variance, skewness, and kurtosis

of the normalized errors are in the appropriate ranges of variability

(see equations 4.54 through 4.57).

At each iteration of the minimization process, AESP1 checks the

accuracy of the computation of the gradient of the NLL function. This

test is based on the fact that the derivative of NLL with respect to

the sill S can be computed analytically (see equation 4.20).	 For a

semivariogram	 consisting of Ne basic models each having a sill Si,

equation 4.20 holds for S = Si. The derivative of NLL with respect to

S is related to those with respect to the Si's by

DNLL	 Ne	 NLL
=	 Si/S

DS	 i=1	 DSi
(A8.4)

The accuracy of the derivatives ALL/DSi, calculated by means of the

adjoint state method, can be tested by comparing the right hand side of

(A8.4) with the derivative ALL/S obtained from (4.20). My experience

indicates that the computation of the gradient is generally most

accurate. The test cannot be performed when the data contain measure-

ment errors because the derivative 3NLL/aS is no longer given by

equation 4.20. After the r-th iteration the program provides the

values of the parameters P(r), the gradient g(r), the norm of the

gradient lig(r) 1, the updating direction d(r), the maximum step size
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em(r), and the number of iterations required to calculate the optimum
steps size e(r).

A8.3 Program AESP2 

Program AESP2 is a third generation program developed from

AESP1 for the estimation of semivariogram parameters from data regu-

larized over vertical segments of variable length Li. Though AESP2 can

be used also for point data by setting Li = 0 for all i, it is slightly

less efficient than AESP1. The modifications involve replacing the

point covariance as discussed in section 4.12.3. For the computation

of the values and derivatives of the regularized covariance, AESP2 uses

Gaussian quadrature with a number of Gauss points selected by the user.
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DATA FOR SYNTHETIC EXAMPLES IN CHAPTER 5
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Table A9.1 Set of synthetic data used in Chapter 5.

N is the data point number, X and Y are the x and y coordinates,
respectively, and Z is the data value.

X Y

1 ' 2.8E+01 3.0E+00 1.00594E+00

2 .0E+00 3.0E+00 1.17223E+00

3 9.0E+00 2.4E+01 3.33668E-01

4 2.8E+01 2.7E+01 1.26997E+00

5 6.0E+00 1.3E+01 9.12427E-01

6 1.8E+01 2.0E+00 -9.87469E-01

7 1.9E+01 4.0E+00 6.27538E-01

8 4.0E+00 2.0E+01 2.78317E+00

9 1.2E+01 1.1E+01 1.88344E+00

10 2.8E+01 2.0E+00 9.64403E-01

11 4.0E+00 6.0E+00 2.10703E-01

12 2.1E+01 2.9E+01 1.76224E+00

13 1.1E+01 1.5E+01 6.76859E-01

14 1.8E+01 6.0E+00 6.29127E-01

15 1.8E+01 5.0E+00 -3.04632E-01

16 1.7E+01 2.7E+01 1.59326E+00

17 1.1E+01 2.3E+01 9.18040E-01

18 2.1E+01 1.4E+01 -5.38741E-01

19 .0E+00 1.2E+01 2.13471E+00

20 1.5E+01 7.0E+00 1.33244E+00

21 1.2E+01 2.1E+01 1.65213E+00

22 2.2E+01 8.0E+00 7.89284E-01

23 2.6E+01 1.5E+01 7.22374E-01

24 2.0E+00 1.2E+01 1.63559E+00

25 2.0E+01 1.8E+01 4.71431E-01

26 1.1E+01 2.5E+01 1.31331E+00

27 2.0E+01 2.6E+01 1.41594E+00

28 1.2E+01 9.0E+00 3.37114E+00

29 1.4E+01 1.0E+00 -1.12809E+00



Table A9.1--Continued.

N X Y Z

30 5.0E+00 .0E+00 1.49995E+00

31 2.5E+01 1.1E+01 8.63504E-01

32 1.0E+01 1.5E+01 -2.33018E-01

33 2.6E+01 1.1E+01 2.63492E-01

34 4.0E+00 1.5E+01 2.21347E+00

35 5.0E+00 2.2E+01 2.03763E+00

36 8.0E+00 1.9E+01 -6.05265E-01

37 1.2E+01 7.0E+00 1.59198E+00

38 1.4E+01 1.8E+01 1.08314E+00

39 1.5E+01 1.1E+01 2.28339E+00

40 2.8E+01 2.8E+01 1.99352E+00

41 9.0E+00 2.7E+01 7.73711E-01

42 1.0E+01 1.3E+01 1.55902E+00

43 2.0E+00 1.7E+01 1.58703E+00

44 9.0E+00 8.0E+00 1.22442E+00

45 2.8E+01 2.1E+01 1.26526E+00

46 1.5E+01 1.4E+01 2.79803E-01

47 2.5E+01 1.6E+01 5.63017E-01

48 2.4E+01 2.8E+01 3.25691E-01

49 1.1E+01 6.0E+00 1.49036E+00

50 2.0E+00 1.8E+01 6.53601E-01

51 1.9E+01 6.0E+00 -3.01805E-01

52 2.4E+01 2.0E+01 2.53527E+00

53 1.0E+00 1.0E+01 3.02791E+00

54 .0E+00 6.0E+00 1.64072E+00

55 2.1E+01 2.6E+01 1.34140E+00

56 7.0E+00 1.3E+01 3.52054E-01

57 7.0E+00 .0E+00 2.50497E+00

58 9.0E+00 1.6E+01 -4.00043E-01

59 9.0E+00 2.9E+01 3.95286E-01
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Table A9.1--Continued.

X Y

60 1.0E+00 1.4E+01 1.52746E+00

61 1.0E+00 1.2E+01 2.18233E+00

62 2.0E+01 4.0E+00 -3.97020E-01

63 4.0E+00 .0E+00 1.19138E+00

64 .0E+00 2.5E+01 1.31816E+00

65 2.1E+01 1.1E+01 8.40433E-01

66 1.3E+01 2.8E+01 9.84241E-01

67 1.7E+01 5.0E+00 1.27891E+00

68 2.7E+01 2.1E+01 1.11910E+00

69 1.5E+01 3.0E+00 -8.67178E-01

70 1.5E+01 1.0E+00 -5.32777E-01

71 1.0E+01 2.8E+01 1.27833E-01

72 7.0E+00 6.0E+00 -1.66229E-01

73 8.0E+00 1.0E+00 1.69764E+00

74 1.1E+01 5.0E+00 7.74880E-01

75 1.3E+01 5.0E+00 9.59748E-01

76 1.6E+01 1.0E+01 1.85653E+00

77 5.0E+00 1.4E+01 1.06927E+00

78 2.0E+00 .0E+00 7.43814E-01

79 1.9E+01 1.0E+01 2.90899E-01

80 2.7E+01 1.8E+01 1.16033E+00

81 .0E+00 1.8E+01 -3.28857E-01

82 1.1E+01 1.1E+01 1.38787E+00

83 6.0E+00 8.0E+00 1.56251E+00

84 1.3E+01 1.0E+00 -5.30440E-02

85 2.8E+01 1.2E+01 -1.64890E-02

86 2.5E+01 5.0E+00 1.19656E+00

87 1.0E+00 2.3E+01 1.67048E+00

88 1.8E+01 2.1E+01 1.92914E+00

89 2.2E+01 2.5E+01 8.38921E-01
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Table A9.1--Continued.

X Y

90 1.5E+01 9.0E+00 3.50071E+00

91 4.0E+00 8.0E+00 7.56950E-01

92 6.0E+00 2.6E+01 1.74978E+00

93 1.2E+01 2.7E+01 2.16988E+00

94 .0E+00 1.1E+01 2.01112E+00

95 2.8E+01 2.5E+01 1.25192E+00

96 2.4E+01 1.8E+01 2.72805E+00

97 1.0E+00 7.0E+00 3.20151E-01

98 1.0E+01 2.4E+01 4.20752E-01

99 1.2E+01 1.0E+00 1.36742E+00

100 1.6E+01 9.0E+00 1.72431E+00

101 3.0E+00 8.0E+00 9.94322E-01

102 2.4E+01 1.0E+01 5.83802E-01

103 2.1E+01 1.0E+00 -8.42850E-02

104 8.0E+00 2.0E+00 2.25526E+00

105 2.5E+01 2.5E+01 9.74310E-01

106 2.9E+01 1.7E+01 7.73065E-01

107 7.0E+00 2.9E+01 1.63942E+00

108 2.9E+01 1.0E+00 -7.49190E-02

109 6.0E+00 2.8E+01 1.02433E+00

110 1.2E+01 4.0E+00 7.83458E-01

111 2.0E+01 1.3E+01 -1.07173E+00

112 2.0E+00 2.2E+01 2.13898E+00

113 2.1E+01 8.0E+00 2.29176E-01

114 2.9E+01 2.2E+01 1.67131E+00

115 1.8E+01 2.3E+01 1.69044E+00

116 2.8E+01 8.0E+00 -1.34483E-01

117 2.8E+01 1.1E+01 4.88308E-01

118 1.6E+01 4.0E+00 -2.27230E-02

119 1.3E+01 1.5E+01 -8.78360E-02
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Table A9.1--Continued.

N X Y Z

120 2.8E+01 2.6E+01 1.21014E+00

121 1.1E+01 1.4E+01 -5.34600E-03

122 .0E+00 1.3E+01 2.25848E+00

123 2.4E+01 1.0E+00 5.37562E-01

124 1.5E+01 2.9E+01 1.76831E+00

125 1.8E+01 2.9E+01 6.15504E-01

126 2.9E+01 1.2E+01 1.72794E+00

127 1.0E+01 1.9E+01 1.09530E+00

128 1.3E+01 1.6E+01 5.49517E-01

129 2.4E+01 3.0E+00 1.81147E+00

130 2.2E+01 5.0E+00 4.73129E-01

131 1.2E+01 2.4E+01 4.02600E-01

132 5.0E+00 2.5E+01 1.95571E+00

133 1.7E+01 7.0E+00 1.12490E+00

134 2.0E+01 1.6E+01 1.52817E-01

135 2.9E+01 3.0E+00 1.08355E+00

136 2.9E+01 2.7E+01 1.72656E+00

137 1.4E+01 7.0E+00 1.41695E+00

138 1.2E+01 1.6E+01 7.26944E-01

139 2.0E+01 1.1E+01 -4.98312E-01

140 9.0E+00 1.0E+01 8.06986E-01

141 1.9E+01 1.5E+01 -1.50803E+00

142 9.0E+00 1.1E+01 4.45808E-01

143 1.0E+01 2.1E+01 2.46775E+00

144 1.1E+01 2.2E+01 1.06140E+00

145 1.0E+00 2.5E+01 1.71326E+00

146 4.0E+00 1.1E+01 1.34564E-01

147 3.0E+00 2.9E+01 1.26589E+00

148 2.3E+01 6.0E+00 1.00464E-01

149 2.4E+01 1.3E+01 -5.43543E-01
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N X Y Z

150 2.0E+00 2.8E+01 1.16174E+00

151 4.0E+00 2.4E+01 4.49337E-01

152 2.9E+01 1.9E+01 1.95021E+00

153 .0E+00 2.0E+01 -6.50480E-02

154 2.5E+01 7.0E+00 6.50701E-01

155 1.1E+01 .0E+00 2.20743E+00

156 5.0E+00 2.0E+01 3.24130E+00

157 2.0E+01 2.3E+01 1.22753E+00

158 2.2E+01 1.3E+01 -1.96150E-02

159 7.0E+00 3.0E+00 6.89335E-01

160 1.1E+01 9.0E+00 3.39944E+00

161 9.0E+00 2.2E+01 1.56765E+00

162 1.2E+01 1.2E+01 1.76805E+00

163 2.2E+01 2.4E+01 1.86784E+00

164 1.3E+01 1.3E+01 7.94451E-01

165 3.0E+00 3.0E+00 4.53830E-01

166 1.8E+01 4.0E+00 5.27405E-01

167 5.0E+00 6.0E+00 -1.38450E+00

168 2.7E+01 8.0E+00 -3.00770E-01

169 1.7E+01 .0E+00 -2.94126E-01

170 2.3E+01 2.3E+01 1.87926E+00

171 4.0E+00 1.0E+01 4.94430E-01

172 1.8E+01 1.8E+01 5.61913E-01

173 1.6E+01 1.2E+01 1.25416E+00

174 2.8E+01 1.0E+01 3.42599E-01

175 1.1E+01 2.4E+01 4.96896E-01

176 1.7E+01 1.0E+01 2.31248E+00

177 7.0E+00 1.0E+01 7.55951E-01

178 1.6E+01 7.0E+00 1.70777E+00

179 1.2E+01 1.4E+01 1.07386E+00
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Table A9.1--Continued.

X Y

180 1.1E+01 2.1E+01 2.12418E+00

181 7.0E+00 2.3E+01 1.58873E+00

182 3.0E+00 1.7E+01 1.85616E+00

183 7.0E+00 9.0E+00 1.22098E+00

184 2.3E+01 2.6E+01 1.30036E+00

185 2.7E+01 .0E+00 -5.48175E-01

186 1.3E+01 2.2E+01 1.63864E+00

187 1.4E+01 2.0E+01 1.35403E+00

188 2.2E+01 9.0E+00 -1.86668E-01

189 1.2E+01 2.0E+01 7.81708E-01

190 1.3E+01 .0E+00 4.22095E-01

191 8.0E+00 1.1E+01 -1.46114E-01

192 2.2E+01 1.0E+00 -2.83372E-01

193 2.8E+01 1.4E+01 1.58124E+00

194 2.3E+01 2.2E+01 1.59125E+00

195 5.0E+00 4.0E+00 9.99182E-01

196 2.5E+01 1.7E+01 1.54861E+00

197 7.0E+00 1.4E+01 7.58568E-01

198 4.0E+00 2.7E+01 1.09407E+00

199 2.8E+01 2.4E+01 8.03943E-01

200 1.5E+01 2.2E+01 1.92488E+00
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APPENDIX 10

CHEMICAL EQUILIBRIUM THERMODYNAMICS

To understand the chemical behavior of a natural system one

needs to know (a) what the chemical composition of the system is, (b)

what the reactions taking place are, and (c) how these reactions

progress in time. The latter entails a description of the reaction

kinetics, namely, the governing differential equations and their rate

laws. This task is quite discouraging even for moderately complex

systems. Instead of knowing the detailed time evolution of the system

one must be content with determining the final composition after a

sufficiently large time, i.e., after the system reaches chemical

equilibrium. According to Morel (1983), the fundamental reasons why

chemical equilibrium is easier to describe than the kinetics is that it

is easier to describe the thermodynamic principles than the dynamics

(energetics) of the system. Knowing the chemical equilibrium of the

system provides no information about how the system will evolve from

nonequilibrium to equilibrium conditions. However, the thermodynamic

analysis of the system not only provides the final composition, but

also gives information on (a) the direction of a spontaneous change,

(h) the energy required for a reaction to take place, and (c) in some

cases, even the kinetics of chemical reactions. In addition, some

chemical reactions are very fast and thus can be considered to be at

equilibrium.

477



478

From a practical point of view this assumption leads to the

definition of partial and pseudo equilibrium models (Morel, 1983). In

the first model, slow reactions are ignored and only fast reactions are

accounted for by an equilibrium model. In the second model, the

kinetics of reactions that are neither very slow nor very fast (com-

pared to some time scale) are taken into account.

The study of energetic principles is also crucial to understand

the principal modern theory of chemical kinetics (the transition-state

theory which is discussed in Appendix 11). When necessary kinetic data

are lacking, equilibrium information can still be useful in describing

the kinetics of certain chemical reactions.

For the description of chemical equilibrium given below I will

follow Morel (1983). The reader interested in more details is referred

to this work or to Garrels and Christ (1965), and Stumm and Morgan

(1970).

Basic Definitions 

The free energy G of a system at a given state is defined as

the work necessary to bring the system from an arbitrary reference

state to its current state. Free energy is a state property. In addi-

tion, the free energy of a system is the sum of the free energies of

its components. Let ni and pi be the number of moles and the partial

molar free energy of the i-th species respectively. Then

G = /nP	 (A10.1)
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The state of equilibrium is defined as that at which G reaches

its minimum. The principal types of energies that are considered in

aquatic chemistry are those associated with the concentration of the

species and with their chemical nature. Chemical energy has to do with

the way atoms assemble to form chemical species. It is usually meas-

ured with respect to a reference state. Let 1ref be the chemical

energy of species Si. Concentration energy is the energy needed to go

from a reference concentration Xiref to a concentration Xi which is

given by

RT ln( Xi/Xiref ) (A10.2)

where R is the universal gas constant, T is absolute temperature, and

Xi is the molar fraction of species Si defined as the ratio of the

number of moles of species Si to the total number of moles N

ni
Xi = —

N
(A10.3)

For an ideal system, namely, one in which the free energy of Si is not

affected by other species in the system, one has

pi = pi° + RT ln Xi	 (A10.4)

where

pi o = pi ref _ RI ln Xiref
	

(A10.5)

In practice, it is preferable to work with molar concentrations rather

than with mole fractions. In molar units (A10.4) can be rewritten as
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u. =	 RT ln (Si)	 (A10.6)

where (Si) is molarity, and uio in (A10.6) is equal to pi° in (A10.4)

minus the term RT1n(N/V), where N/V is the total number of moles per

liter of solution.

Energetics of Chemical Reactions 

Consider a general reaction involving M species

V1 Si + V2 S2 +	 + Vi_lSi_l = Vi Si +	 + VM SM	 (A10.7)

where the vi's are the stoichiometric coefficients usually taken as

positive for products and negative for reactants.	 The degree of

advancement or progress of the reaction	 is defined as

3ni

(A10.8)

The progress variable	 is a function of time describing the quantity

of mass transferred in one step of progress of the reaction. The molar

free energies satisfy the well-known Gibbs-Duhem equation

ni dui = 0
	

(A10.9)

which can be easily verified from (A10.1), (A10.3) and (A10.4). The

free energy change for a reaction, usually denoted by AG (unfortunate

notation 0, is defined as

DG
AG =

(A10.10)
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Substituting (A10.4) into (A10.1), (A10.1) into (A10.10) and using
(A10.8) and (A10.9), one obtains

where

and

AG = AG 0 + RT ln Q

AG 0 =	 ni pio
i

Q = H XiVi
i

(A10.11)

(A10.12)

Equation A10.11 shows that the free energy change has two terms. The

first term AG0 (usually called standard free energy change) is constant

for a given reaction and depends on the stoichiometry and the standard

free energies of the species involved in the reaction. The second one,

RI lnQ, involves the concentration of the species in a logarithmic term

Q called the reaction quotient. If the species involved in the reac-

tion are all ions, Q is also known as the ion activity product.

Reactions with very large AG0 values (either positive or negative) are

very far from equilibrium and proceed to completion in one direction or

another. Chemical equilibrium is attained when

AG = 0	 (A10.13)

Mass Law Equation 

From (A10.11) and (A10.13) it follows that at equilibrium



A0 + RT lnQ = 0

which leads to the well-known mass law equation

Ti XiVi = K

where
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(A10.14)

(A10.15)

AG 0
K = exp ( -

RT (A10.16)

K is called the equilibrium constant which is related to the standard

free energy of the reaction AG0 and depends on temperature. Usually

the mass law equation is written in terms of molar concentrations

H (Si)Vi = K (A10.17)

where the equilibrium constant in (A10.17) has different units than K

in (A10.15). Strictly speaking (A10.17) is only an approximation

because the Gibbs-Duhem equation (A10.8) is not verified by (A10.5).

Mass law equations can be written for reactions involving

solutes, solids, and gases. Examples of these reactions are: (1)

dissolution and precipitation reactions where K represents the solu-

bility constant, (2) dissolution of gases where the equilibrium

constant represents Henry's law constant, (3) hydration reactions such

as the formation of carbonic acid from dissolved CO2, (4) acid

dissociation reactions for which K is called the acidity constant, (5)

complexation reactions, and (6) redox reactions.
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Nonideal Effects 

A characteristic of ideal systems is that the molar free energy
Pi of 

any species Si is not affected by other species in the system.

In real systems, however, chemical species interact in a variety of

ways. Examples of these interactions are covalent bonding, Van der

Waals interactions, electrostatic forces, volume exclusion, and solva-

tion effects. In dilute solutions these interactions between species

are due mostly to electrical forces which can be accounted for by

adding an additional term in the expression of the molar free energy in

(A10.4). This extra term is given by ZiF(P, where F is the Faraday con-

stant, Z. is the charge number of the ion, and is the electric poten-

tial. The molar free energy becomes now

pi = p ° i	 RT ln(Si) + RT lnyi	 (A10.18)

where

lnYi = ZiFqs / RT	
(A10.19)

and yi is the so called activity coefficient for Si. Usually (A10.18)
is written as

pi = pOi	 RT ln[Si]	
(A10.20)

where [Si] = (Si)Yi is the activity of species Si that can be inter-

preted as the thermodynamically active concentration of such species.

The mass law equation (A10.17) is then

[Si]Vi = K	

(A10.21)
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Expressions for the potential in (A10.19) can be obtained from the

theory of Debye and Hückel where

	

RI	 I
(I) = - AZi

(A10.22)

	

F	 1 + Ba I

where I is the ionic strength of the solution defined as

I = .5 1' Z 2 i (Si)	 (A10.23)1

A and B are constants depending on temperature T, and a is a size para-

meter. For high ionic strength, the Debye-Hückel theory does not

predict accurately activity coefficients. A widely used semiempirical

expression for yi is that of Davies where

11/2
ln yi = - A Z 21 (-bI + 	 )

1 + '1/2 (A10.24)

The size parameter a is eliminated. Instead an empirical parameter b is

added which has been found to be in the range of 0.2 to 0.3.

Pressure and Temperature Effects 

The above discussion has dealt with fixed pressure (P) and

temperature (T). The equilibrium constant at a pressure P, Kp, can be

calculated from that at a pressure Po from (Morel, 1983)

Kp	 AV()
in -- = - ------ (P - Po)Kp o 	RI

(A10.25)
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where AV 0 represents the change in volume of the system due to the

progress of the reaction. Even for reactions with large values of AV o ,
the effect of pressure on K has been found to be irrelevant for reason-
able pressure differences (P-P0 ). The effect of temperature on K is,
on the other hand, more noticeable. The equation relating equilibrium

constants at two temperatures T and To is known as the Van't Hoff equa-
tion which states that

KT
ln	 = -

KTo

AH0	 1
(___ _

R	 T	 To
(A10.26)

where AH0 is the change in enthalpy of the reaction, a variable which

measures the heat absorbed by the chemical reaction as it progresses at

constant pressure. If AH 0 is positive, K increases with increasing

temperature as is the case of the dissociation of water. On the other

hand, K decreases with increasing temperature whenever AH0 < O. This

is the case of the dissolution of some minerals such as calcite and

dolomite.

Expressions (A10.25) and (A10.26) are coherent with Le Chate-

lier's principle which states that a reaction proceeds towards the

direction in which external changes are neutralized.

Disequilibrium and Saturation Index 

The reaction quotient Q in (A10.12) is equal to the equilibrium

constant K when a chemical system is at equilibrium. At some other

state of the system, Q is larger or smaller than K depending on whether

the reaction is displaced to the right or to the left, respectively.
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The value of ratio Q/K thus indicates how far the system is from
equilibrium.	 Some authors express this ratio in logarithmic form

log(Q/K) which is equal to zero at equilibrium. The most common use of

these ratios is in the context of mineral dissolution and precipita-

tion. The ratio is then called the saturation index, s. For calcite in

contact with groundwater (see section 7.1.3.1) the saturation index is

s -
[ C a 2+] [CO3 2 - ] 

Kcal 
(A10.27)

If s > 1 the water contains excess of ionic constituents and therefore_

reaction (7.17) will proceed to the left, resulting in mineral pre-

cipitation. This water is said to be supersaturated with respect to

calcite. If, on the other hand, s < 1, the reaction proceeds by

dissolving the mineral and the water is said to be undersaturated.

Obviously equilibrium occurs when s = 1.

Kinetic Approach to Chemical Equilibrium 

The conditions of chemical equilibrium can also be derived on

the grounds of the dynamics of the system. Consider the simple revers-

ible reaction of (A10.7). Based on statistical thermodynamics the rate

of forward reaction can be expressed as

k f (s 1 )v1 (s 2 )v2	 ... (s i _ 1 )vi-1
	

(A10.28)

and that of the backward reaction by

kb (Si+1)vi +1 	...	 (Sm)vM	 (A10.29)
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where kf and kb are the forward and backward rate constants, respec-

tively. These equations reflect the principle of the law of mass

action which states that the driving force of a reaction is related to

the concentration of the reactants and of the products. At equi-

librium, both reaction rates must balance. This requirement is also

known as the principle of microscopic reversibility (Stumn and Morgan,

1981).	 Equating (A10.28) and (A10.29) one obtains

kf
il (s i )Vi	 . ____
i	 kb

(A10.30)

From (A10.30) and (A10.17) it follows that the equilibrium constant is

given by the ratio kf/kb. Expressions of rate reactions (A10.28) and

(A10.29) for reactions involving intermediate steps are found to be

frequently complex reflecting rate-limiting steps. Some experimental

law rates do not contain all the reactants and products, and instead

may reflect intermediate compounds. Thus the kinetic approach to

chemical equilibrium is greatly limited to simple reactions. On the

other hand, the thermodynamic approach is completely general, as it

relies entirely on the stoichiometry of the reaction and not on inter-

mediate steps.

Dissociation of Water 

Of great importance in aqueous solutions is the dissociation

of water as

H2O = H+ + OH-	
(A10.31)



488
This 

reaction at equilibrium is characterized by an equilibrium con-
stant Kw also called ionic product of the water.	 According to
(A10.21), one has

Kw
[ H -1-] [ OH - ]

= '.........n.
[H20] (A10.32)

The activity of the water being defined as unity at standard condi-
tions, (A10.32) reduces to

Kw = [H 1-] [OH - ]	 (A10.33)

The value of Kw at 25 0C is 10 -14 .



APPENDIX 11

ELEMENTS OF REACTION KINETICS

Chemical kinetics is concerned with the rate at which the

concentration of a species changes as reaction progresses in time.

Thermodynamic principles provide only information about the direction

of progress of a reaction (given by the magnitude of the free energy

change AG) and about its proximity to equilibrium. The link between

kinetics and thermodynamics is established through the thermodynamic

analysis of intermediate activated species which control the kinetics

of the overall reaction.

Knowing the paths or mechanisms whereby reactants transform

into products is essential to understand rates of reactions. In

general reactions involve multiple steps in a complex manner. Each one

of these steps is called an elementary reaction and the set of elemen-

tary reactions defines the overall reaction.

Chemical kinetics has three main aspects (Morgan and Stone,

1985), which are (1) the phenomenology, (2) the reaction mechanism, and

(3) the theory of elementary reactions.

Phenomenological Approach 

The phenomenological approach deals with macroscopic data to

derive the differential equations for R
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I d(S)

R =	 = f[(S),T,I, ...]
v dt

where R is the experimental rate law, v is the stoichiometric coef-

ficient, (S) is molar concentration, T is absolute temperature and I is

ionic strength. Using the progress variable defined in (A10.8),

(A11.1) becomes

1
R=

V	 dt
	 (A11.2)

I
R s =

As dt
	 (A11.3)

where A s is the surface area in contact with a volume V, and R and R s

are reaction rates for a homogeneous and heterogeneous reaction,

respectively. The units of R and R s are mol/l/sec and mol/cm 2/sec,

respectively. The order of a reaction is the sum of the exponents of

the concentrations factors in the experimental rate law. The exponent

of a particular species is called the order of the reaction with

respect to that species. The order of a reaction does not in general

coincide with the molecularity which stands for the number of solute

species reacting in an elementary reaction. The rate law f in (A11.1)

is usually taken as a known function of some powers of the concentra-

tions of the reactants and of the products. The proportionality

constants and the powers in f are determined by regression analysis

using laboratory and field data. Determining the correct stoichiometry

of the reaction and detecting possible intermediate paths is thus very
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crucial for the 

regression analysis to be meaningful and ultimately for
identifiying the reaction mechanism.

Reaction Mechanisms 

A reaction mechanism is defined as a set of elementary reac-

tions which account for both the stoichiometry and the observed rate
law for the overall reaction. A mechanism is simple if it consists of

a single elementary step. Complex mechanisms, which are more frequent,

involve sequential and/or parallel paths arranged in various manners.

In addition, intermediate species, neither reactants nor products, may

be formed during the reaction path. While the thermodynamic descrip-

tion of the overall reaction deals only with reactants and products,

the mechanistic description implies intermediate activated and cata-

lytic species as well (Morgan and Stone, 1985). This statement

explains why chemical kinetics is a more complex and therefore less

developed discipline than chemical thermodynamics or energetics.

The overall reaction for the hydration of CO2 is

CO2(aq) + 2H20 = HC0 -3 + H30+	 (A11.4)

with an empirical rate

d(CO2)
R - 	 - fk1f+k2f(OH - )1(CO2) - {k1b+k2b(H + )}(HCO - 3)

(A11.5)

where quantities in parentheses denote molar concentrations and kif,

kib, i = 1,2 are forward and backward rate constants respectively.

Note that the overall reaction rate in (A11.5) involves the

dt
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concentration of OH - species that is not included in the overall reac-

tion. A proposed reaction mechanism for (A11.4) consists of the fol-

lowing three reactions

1( 1
CO2 + H20 =	 H2CO3

k_l

k2
H20 + H2CO3 = HC0 -3 + H30 1-

k_2

k3
CO2 + OH - = HCO - 3

k_3

(A11.6)

(A11.7)

(A11.8)

where ki and k_i are forward and backward rate constants for reactions

(A11.6) to (A11.8). One can see that (A11.6) and (A11.7) are sequen-

tial and take place in series; (A11.8) however is in parallel with

respect to (A11.6) and (A11.7). It has been observed that (A11.7) is

much faster than (A11.6) and (A11.8) and thus can be considered at

equilibrium with

k2	 (HCO-3) (H30+ )
K2=

k_2	 (H2CO3)
(A11.9)

where the activity coefficients are included in the equilibrium con-

stant K2. Reaction rates for (A11.6) and (A11.8) are

R1 = k 1 (CO2) (H20) - k_1(H2 C O3)	 (A11.10)

R3 = k3(CO2)(OH - ) - k_3(HCO - 3)
	

(A11.11)
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The overall reaction rate R is given by R1 + R3. Substituting (H2CO3)
from (A11.9) into (A11.1°) and comparing the resulting expression of R
with (A11.5) gives

klf = 1(1 (H20)

k2f = k3

klb	 k-3

k2b =
K2

Elementary Reactions 

This aspect of reaction kinetics deals with questions such as

(a) how reactants approach one another (generally by diffusion), (h)

how they transform by making or breaking bonds, and (c) how products

separate away.	 For the sake of simplicity consider a bimolecular

reaction

A + B ---* AB	 (A11.12)

where formation of AB is preceded by the formation of an intermediate

compound AB *

k e 	kc
A + B	 AB*	 AB	 (A11.13)

where k e is the rate constant for the collision or encounter of reac-

tants and k c is the rate for the chemical step of formation of AB from
AB * . The rate of encounter is k e (A)(B) and the rate of chemical
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reaction is given by k c (AB *). If k c » k e the overall reaction is

diffusion controlled and the overall rate is determined by k e . If, on

the other hand, k e >> k c , the reaction is chemically-controlled.

Transition-State Theory 

Because of the relative ease to deal with thermodynamics

compared to kinetic analysis, much interest has been placed on theories

that link kinetics and thermodynamics. One of them is the transition-

state theory (TST) or also called activated complex theory (Beynon and

Gilbert, 1984). The name activated complex refers to a high-energy

compound formed from the reactants. Coming back to the bimolecular

reaction of (A11.12), the formation of the activated compound AB# is

K#
A + B	 =	 AB#	 (A11.14)

[AB#]
for which K# -	 represents the local equilibrium constant where

[A][B]

] are activities which are related to molar concentrations by their

corresponding activity coefficients YA, YB, and YAB#. There is an

energy barrier for the high-energy compound AB# which is equal to the

difference in the potential energy between the reactants and the

activated complex. Once this energetic barrier is surmounted, the

activated complex decays towards formation of the product AB

AB# AB 
(A11.15)

By assuming equilibrium between the activated complex AB# and the reac-

tants A and B, the rate law of the reaction is then
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d(AB)

YA YBR =	 = k (AB#) = kK#(A)(8)  	 (A11.16)dt
YAB#

which leads to an overall forward rate constant kf = k K#. In a first

approximation k can be assumed independent of pressure P, temperature

T, and ionic strength I. Then the effect of these parameters on kf can

be established by means of their effects on K# (an equilibrium con-

stant) which are presented in Appendix 10. Consider for example the

effect of T on kf. From (A10.16) one has

AG#
kf = k exp(-

RT
	 (A11.17)

where AG# is the free energy change of the activated complex. Express-

ing the free energy in terms of enthalpy H and entropy S, one has AG# =

AH# - TAS#. Substitution of this identity into (A11.17) and separation

of the temperature independent terms leads to

where

AH#
kf = 1 exp(-

RT

AS#
1 = k exp(-----)

(A11.18)

(A11.19)

Equation (A11.18) is the Arrhenius equation which describes the effect

of T on kinetic rates according to an activation energy E a which in
(A11.18) is equal to AH#. Application of the TST should be limited to
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Slow elementary reactions 
(Morgan and Stone, 1985). In complex

reactions that are rate-limiting, one should identify first the

elementary reactions and then apply the 1ST by measuring the entropies

and enthalpies for the activated complex formation. The rate constants

can be calculated according to (A11.18) and (A11.19).

An interesting feature shown in (A11.16) is the dependency of

kf on ionic strength I through the activity coefficients. By increas-

ing the ionic strength, the kinetic rate kf increases for reactions

between like-charged ions. Conversely, kf decreases when the ions have

opposing charges. Variations of kf are larger for ions with larger

charge numbers (Sykes, 1966; Espenson, 1981).

Complex Reactions 

A complex reaction is one that consists of a number of elemen-

tary steps which may take place in series (consecutive reactions) or in

parallel (concurrent reactions). Each step may be reversible (appre-

ciable forward and backward rates) or irreversible (negligible backward

rate). For concurrent reactions, the overall rate is the sum of the

rates for each reaction. In a consecutive series, however the overall

rate is controlled by the slowest step in the sequence. For reversible

reactions the net reaction rate is the difference between the forward

and the backward rates. Slow elementary reactions can be diffusion-

controlled or chemically-controlled.

For a reversible reaction such as

ki
vAA + vgB	 vcC +

k_i (A11.20)



VA dt
	•• n•nn 	 = ---

	

vg	 dt	 vc	 dt	 vp	 dt

the reaction rate is (Stumn and Morgan, 1981)

R= 	1
	 d(A)	 1	 d(B)	 1	 d(C)	 1	 d(D)
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= ki(A)VA(B)VB _ k_1(C)VC(D)VD	
(A11.21)

For a consecutive irreversible reaction such as

1(1	 k2
vAA	 vgB	 vcC	 (A11.22)

the rates are given by

d(A)

dt
	 = - ki ( A) v A
	

( A 1 1.23)

d(B)

dt
	 = k1(A)VA	 k2(B)vB	 ( A 1 1.24)

d(C)

dt
	 = k2(8)vB
	

(A11.25)

A concurrent reaction (one in which a single reactant gives

several products), such as

k2	 kg
A	 B	 A	 C	 A	 D

has a reaction rate

(A11.26)

R = (k1 + k2 +kg) (A)
(A11.27)
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where stoichiometric coefficients have been taken equal to one for
simplicity. A mechanism frequently encountered in overall reactions is
the case of consecutive reversible and irreversible reactions

ki	 k2
A =	 B	 C

k_i

for which

d(B)
= ki(A) - k -1 (B) - k2(C)

dt

d(C)
= k2(B)

dt

(A11.28)

(A11.29)

(A8.30)

If the reversible reaction is much faster than the irreversible reac-

d(B)
tion then it can be assumed that	 = O. It follows from (A11.29)

dt

and (A11.30) that

d(C)	 ki k2
= ____---- (A)

dt	 k_i + k2 (A11.31)

Equation A11.31 is a particular form of the Michaelis-Menten law. Rate

expressions for general combinations of mechanisms such as those in

(A11.20), (A11.22), (A11.26), and (A11.28) can be found in Benson

(1960). In general, the overall rate law for a complex reaction will

consist of additive terms (parallel and concurrent mechanisms), sub-

tractive terms (reversible reactions), 
and quotients of additive and
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substractive terms. The most general expression for R has the form
(Stumn and Morgan, 1981)

aj	 n	 (Xi)vii
i,j

R -
bm H (X)Vim

ifi	 i,M

(A11.32)

where (Xi) represents the concentration of a reactant, product, or any

other intermediate species, and the coefficients aj and bm are constant

terms, rate constants, or equilibrium constants.

Thermodynamic Representation of the Rate Equation 

The net reaction rate R can be related to the free energy

change AG of a reaction. At any stage of the reaction one has

AG = - RT ln K + RT ln Q = - RT ln (K/Q)
	

(A11.33)

This expression can be derived from (A10.11), (A10.12), (A10.14) and

(A10.15). Let R and R be the forward and backward reaction rates,

respectively. From (A10.28) and (A10.29) it follows that

=	
(A11.34)

The net reaction rate R is given by the difference between the forward

and the backward rates which by virtue of (A11.33) and (A11.34) becomes

A
R = R El - exP(- ----)]

RT
(A11.35)
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where A = - AG is the affinity or the driving force of the reaction.

Close to equilibrium AG = 0 and R in (A11.35) can be approximated by

AG	 ->	 A
R= R - - R

RI	 RT
(A11.36)

which establishes a linear relationship between the reaction rate of an

elementary reaction and its free energy change. Kinetics and thermo-

dynamics therefore can be connected in the near equilibrium region. If

-AG is positive (AG < 0), the net rate R is also positive and reaction

procceeds to the right. Likewise, a negative -AG (AG >0) leads to a

negative reaction rate R. Notice that (A11.36) holds only near equi-

librium although it applies for both elementary and complex overall

reactions. The linear relationship (A11.36) is commonly used in

studying irreversible reactions such as the weathering of silicates.

Far from equilibrium, for instance when the reaction is strong-

ly displaced to the left with AG being very positive, one can assume

that exp(- AG/RI) is much less than I. Then (A11.35) can be approxi-

mated by

R=R (A11.37)

which reflects merely that far from equilibrium either R or R dominate

over the other.

For a dissolution precipitation reaction, the quotient Q/K or

saturation index s is used to indicate the direction of progress of the

reaction. Notice that (A11.35) can also be written for this case as



501
R = R (1 - s)	

(A11.38)

where one can see that R is positive when s < 1 and negative whenever s
> 1. Inasmuch as the activity of solid phases is constant, the rate R
is also constant. Then the net rate of dissolution-precipitation can

be written solely as a function of the saturation index. Applications

of equation A11.38 to study the dissolution of calcite, gypsum, and
dolomite minerals in a limestone aquifer can be found in Mercado and

Billings (1975) and Mercado (1977).
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3d5IREVT( 0 ) 0 Vh(0) +c(0)VT(0) O Vh(0)]dx + fR K dx
3= —

where CO denotes tensorial product,

= - f
rl	 '

fT(TC +)(h-H)dxdt - f r
 2
fT(Tc +)(h-H)dxdt

Jr», 3;--45-d xdt

3Q
= - fr

1
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— 	 —

( Al 2 .1 )

(Al2.2)

(Al2.3)

3Q	 r
3H = Jr fT(TC +)a dxdt +f f
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tCTC +fla dxdt

ad5
f rfTw- (Al2.4)

%-2
7FIT = f
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r2 
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+ Jr 3j5 dx'
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(Al2.19)

(Al2.20)

(Al2.21)
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(Al2.23)
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For Dirichlet boundary conditions where a 4- co and f3	 , ( Al2.3) -

(Al2.4) and (Al2.21)-(Al2.22) are undetermined. According to (9.25),

(9.28), (9.30) and (9.33) one obtains

32 - r r r yr
Jr.ITL -.N n vT +cvT).11_ + *- jdxdt

o frfT[-K[vw(0) +c(WvT(0)].n + 
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