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ABSTRACT

Spatial variability of porous media often prevents precise physical

characterization of the system. In order to model moisture and solute

transport through this media, certain sacrifices in precision must be

made. Physical characteristics of the system must be averaged over

large scales, lumping the small scale variability into the large scale

characterization. Although this precludes a precise definition of the

small scale flow characteristics, parameterization is much more

attainable.

This study addresses methods for determining effective hydraulic

conductivity of unsaturated porous media. Effective conductivity is

used to describe the large scale behavior of the system. Different

methods for calculating the effective conductivity are presented and

compared. Results indicate that the unit mean gradient method produces

good estimates of the effective conductivity and can be applied using

limited field data. The zone of correlation of the hydraulic parameters

can be used in experimental design to minimize the errors associated

with estimation of the mean pressure.

An inverse method for evaluating the optimum effective hydraulic

parameters is presented. Results indicate the optimization procedure is

more sensitive to wetting than to drying conditions. Because of

interaction between the hydraulic parameters, concurrent optimization of

more than two of the parameters based on soil pressure data alone is not

advised.
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Anisotropy in an unsaturated soil was found to be a function of the

profile mean soil pressure. Results indicate the effective conductivity

for flow parallel to soil layering can be estimated from the arithmetic

mean of the unsaturated conductivity values for each of the layers and

is between the harmonic and geometric means of these data for flow

perpendicular to the layering.

Estimates of the effective unsaturated hydraulic conductivity

obtained through stochastic analysis agreed well with simulation

results. Deviations between the stochastic predictions and simulation

results are larger when the variability of the soil profile is greater

and begin to deviate significantly when the variance of ln K(0 0 ) exceeds

2
5.0 and the variance of a exceeds 0.02 1/cm .
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CHAPTER 1.

INTRODUCTION AND LITERATURE REVIEW

1.1 Problem Statement 

This dissertation examines how spatial variability affects

infiltration and the modeling of infiltration into variably saturated

soils. Emphasis is placed upon deriving effective hydraulic parameters

to be used in modeling the mean behavior of a heterogeneous soil

profile.

Although this dissertation concentrates on spatial variability in

porous media, variability is a problem that affects all natural

processes and the modeling of these processes. It is equally difficult

for a meteorologist to describe variable wind patterns as it is for a

hydrologist or soil physicist to describe variable physical properties

of a soil. In order to fully describe this variability, we must measure

and interpret large quantities of data. These data, which describes the

spatial variability of the soil characteristics, can be used to make

physical predictions based on these properties. This large data

requirement, however, is normally difficult to meet.

Until we are able to collect and process these data through rapid

and non-disruptive means, we will be forced to make compromises in our

interpretation of natural phenomena. These compromises normally take

the shape of spatial or temporal averaging. For example, surface water

hydrologists take rainfall and runoff measurements at fixed locations

and at discrete times. This information is then used as a
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representative, or average, measurement for a given area over a given

timeframe. In some cases, these average values give a fairly accurate

representation of the actual distribution. In other cases, they give

poor estimates. When this information is used to predict surface

runoff, the results will reflect this averaging process.

Like all physical systems, geological materials vary spatially.

Layering, aggregation, macropores, etc., cause the soil profile to be

highly variable. This variability affects the direction and velocity at

which water and solutes move through the profile. Field studies have

shown soil hydraulic characteristics can vary a great deal (Nielsen et

al., 1973, Smith, 1981, Byers and Stephens, 1983, Yeh et al., 1986,

Hopmans, 1987). Spatial variability causes difficulty in representing

the profile with a deterministic, or precisely defined, set of hydraulic

parameters. Uncertainty associated with this input information creates

difficulty in interpreting output from models which use these data.

When modeling flow in an unsaturated soil profile, the input

parameters can be evaluated through different methods. One possible

method is to measure the parameters deterministically. That is, take

measurements of the hydraulic characteristics throughout the entire

system. Because variations in the soil theoretically extend to

infinitely small volumes, an exact representation of the variability in

the system is not physically possible. Even in a moderately

heterogeneous material, taking a large enough number of samples to fully

characterize the material is impractical.
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Fortunately, in most cases an exact representation of the system is

not necessary. A representation of the general flow characteristics of

the system is normally all that is required. Thus, an alternative

method to describing the small scale variability of the system is to use

the equivalent homogeneous media concept. In application of this

concept, the heterogeneous system is treated as an equivalent

homogeneous system, and only the large scale behavior of the system is

considered. A single parameter set is used to characterize sections of

the equivalent system. The parameters can either be used to represent

the entire system or simply individual segments of the system and are

normally referred to as effective parameters. Unlike small-scale

variations which are infinite and often not identifiable, the effective

parameters can be identified using finite observation sets and

statistical information about the characteristics of the soil property

variability.

All field studies are essentially an application of the equivalent

media principle. In all but the most homogeneous systems, discrete

samples taken in the field do not precisely define the characteristics

of the system. In addition, soil characteristics cannot be expected to

vary regularly between discrete sampling points. Thus, the majority of

field studies are an application of the effective media concept.

Although this method also has limitations, it is more practical than

trying to quantify all of the spatial variability. The difficulty with

the equivalent media method is determining the effective parameter sets

and evaluating the scale at which they should be applied.
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Stochastic methods present another method to characterize the

system. The stochastic method treats the spatial heterogeneity by

assuming the parameters associated with specific points in the system

are random variables which can be characterized by statistical

parameters (i.e., mean, variance, correlation lengths). Stochastic

techniques allow one to examine the large-scale behavior of the system.

The difficulty with this method is evaluating the statistical

parameters, determining how the results relate to the actual system,

determining at what discretization level the parameters are to be

applied, and the large number of samples necessary to evaluate the

required parameters.

For some field situations, the deterministic sampling would provide

an adequate parameter set describing the spatial variability of the

system. However, for most general cases one would have to use either

equivalent methods or stochastic methods. This dissertation study

concentrates on both of these more general methods and examines their

ability to represent changes in soil water pressure and soil water flux

due to moisture flow in an unsaturated soil. The study will concentrate

on moisture flow in one and two dimensions. The remainder of this

chapter will present a review of the literature pertinent to this topic

and will outline the objectives and the scope of this study.
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1.2 Literature Review 

1.2.1 Unsaturated Flow in Porous Media

One-dimensional (1-D) vertical flow in an unsaturated porous media

can be described by Richards' equation:

a 0	 aaC(0)	 [ K(0)	 (0 - z) I
at
	

8z	 8z

where C(0) is specific moisture capacity (l/L), a function of the matric

potential 0 (L) (negative), t is time (T), K(0) is unsaturated hydraulic

conductivity (L/T), and z is the vertical coordinate, positive

downward (L). Specific moisture capacity is defined as:

C(0) = d 0
	

(1.2)
d 0

3	 3
where 0 is volumetric moisture content of the soil (L /L ). Solution of

equation 1.1 requires initial and boundary conditions along with

tabulated or functional relationships for C(0) and K(0).

Functional relationships for K(0), 9(0), and C(0) have been

developed by Gardner (1958), Brooks and Corey (1964), Mualem (1976),

van Genuchten (1980), and Russo (1988) among others. The exponential

hydraulic conductivity function (Gardner, 1958) relates unsaturated
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hydraulic conductivity to soil pressure through the relation:

K(0) = K(0 0 ) exp( a 0 )	 (1.3)

where K(0) is the unsaturated hydraulic conductivity, K(0 0 ) is the

hydraulic conductivity at 0 equal to zero, and a is a pore size

distribution parameter. Due to the simplicity of this equation, it is

rather attractive to both numerical and analytical analysis. However,

the equation does not apply well to some soils at high and low soil

pressures.

Russo (1988) presented an analytical expression relating the soil

moisture to the soil pressure which can be used in conjunction with

equation 1.3. The relation takes the following form:

s= 0 - Or P— [(1-.5a0) exp(.5a0)] (1.4a)  

Or:

where:

Osat - Or

0 — S (Osat - Or) + Or

fi = 2/(m+2)

(1.4b)

(1.4c)

S is effective saturation, m is a parameter which accounts for the

dependence of the tortuosity and the correlation factors on the water

content, Osat is saturated moisture content, and Or is residual moisture

content , a is the same as in the exponential conductivity equation.
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Application of these and other functional relationships requires

estimation of the hydraulic parameters in the formulas. If a general

representation of the flow characteristics of the system is sufficient,

then the medium can be examined through the equivalent homogeneous media

concept, and the parameters are viewed as effective parameters.

1.2.2 Effective Unsaturated Hydraulic Conductivity

For steady flow in saturated systems with flow parallel to the

layering in the profile with layers of equal thickness, it can be shown

that the effective saturated hydraulic conductivity is equal to the

arithmetic mean of the saturated hydraulic conductivity values for the

layers. For flow perpendicular to the layering, the effective saturated

hydraulic conductivity is the harmonic mean of these values. Bouwer

(1969) demonstrated through an electrical analog that the effective

saturated hydraulic conductivity for randomly heterogeneous soils is

best estimated by the geometric mean.

For unsaturated flow, these relationships do not necessarily hold

true. For 1-D steady flow normal to the layering in a layered soil, the

specific discharge can be expressed as:

d	 d
q = - Ki (0)	 (0 - z) = - K(H)	 (H - z)

d z	 d z
(1.5)

where q is the Darcy flux at any point in the profile, K(0) i is the

unsaturated hydraulic conductivity for the ith layer, 0 is the matric



31
A

pressure in the heterogeneous system, K(H) is the effective unsaturated

hydraulic conductivity in the equivalent profile, and H is the matric

pressure in the equivalent profile'. For saturated systems, the

hydraulic conductivity for each layer is constant and equal to the

saturated hydraulic conductivity for that layer. In addition, the head

varies linearly across the layer. Thus, for saturated conditions, one

camint eg r a teequa ti on 1.5 andr e l a t e Kmt o th e l(W. va l ues .1

However, for unsaturated systems, the hydraulic conductivity is a

nonlinear function of soil pressure. In addition, the head loss across

the layer is also nonlinear. Because of this, it is not generally

possible to derive analytical expressions for K(H).

Bosch and Yeh (1989) analyzed 1-D steady and transient flow in

unsaturated heterogeneous porous media. K(0 0 ) and a were assumed to be

randomly variable parameters. The analysis examined several different

methods for evaluating effective parameters for an effective

conductivity in the form of equation 1.3. Among the methods examined

were the arithmetic, geometric, and harmonic means of the parameter

values assigned to each soil layer, and inverse methods. The inverse

method minimized the difference between the simulated matric pressures

for the heterogeneous system and those simulated for the equivalent

media. The inverse method applied in this study used a single pressure

1. Throughout this text, the effective parameters will be denoted by the
symbol A . The deterministic parameters, those which can be assigned to a
single homogeneous unit in the profile, will be denoted without this symbol.
In addition, the mean soil pressure of the effective profile will be denoted
as H, while the heterogeneous soil pressure will be denoted as 0.
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profile curve to determine the optimum effective parameter set. Results

indicated that both the harmonic and geometric mean gave good estimates

of the heterogeneous pressure profile curve for steady and transient

conditions. Inverse estimates yielded poor results. Inverse estimates

based on multiple pressure profiles or pressure profiles for transient

conditions were not explored.

Yeh and Harvey (1990) analyzed unsaturated flow through columns of

two homogeneous sands and one layered sand composed of alternating

layers of the two sands. Outflow studies were conducted to

experimentally evaluate the effective unsaturated hydraulic conductivity

function for each of the columns. Hydraulic conductivity functions

calculated from direct averaging of the hydraulic functions for each of

the column layers and from stochastic formulas were then compared to the

observed function. Results showed that both the geometric means of the

hydraulic functions and the stochastic formulas gave relatively accurate

estimates of the observed unsaturated hydraulic conductivity function.

Kool and Parker (1988) demonstrated application of inverse

techniques for estimation of hydraulic relationships. Using a least

squares optimization function, the difference between the soil moisture

and soil pressure obtained through simulation of the soil profile to

those obtained by measurements in the profile was minimized. The

authors used the hydraulic functions from van Genuchten (1980) with

modifications for hysteresis (Kool and Parker, 1987). Their results

indicated that the effect of hysteresis may not be distinguishable from
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the effects of the soil heterogeneity and variability in the moisture

content measurement when the inverse method is used.

Sensitivity analysis performed by Kool and Parker (1988) indicated

saturated moisture content and the van Genuchten (1980) function alpha

parameter were most sensitive at the position of the wetting front.

That is, one would expect errors introduced by a poor estimate of these

parameters to be greatest at the wetting front in a wetting soil.

Sensitivity to parameter estimation errors during drying and

redistribution conditions is spread out through the entire profile.

Kool and Parker (1988) reported relatively low sensitivity of pressure

head and moisture content to the saturated hydraulic conductivity and n

in the van Genuchten (1980) function. These results indicate that

accurate measurement of moisture content and matric pressure at the

wetting front are critical if the inverse method is to be applied.

The study of Kool and Parker (1988) provided considerable insight

on the application of the inverse method for estimation of unsaturated

hydraulic conductivity relations for porous media. However, this study

focused on flow through a homogeneous material which could be

characterized by a single set of K(0) and OM relationships. The focus

of the inverse problem was on smoothing out differences induced by data

and model error. Problems resulting from sampling over multiple soil

layers were not examined. In addition, the authors did not examine the

question of the number of observed pressure profiles required to fit the

parameters through the inverse procedure or the relation of the selected

profiles to the fitted parameters.
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The use of stochastic methods allows one to develop analytic

expressions for effective parameters. In developing the stochastic

approach, one views the soil characteristics or parameters as spatially

random fields. As pointed out by Gelhar (1984), a key assumption and

underlying concept to the stochastic approach is the ergodic hypothesis.

Under the ergodic hypothesis, one assumes that a single realization

behaves in space with the same probability density function as the

ensemble of all possible realizations. Since it is impossible to obtain

all possible realizations of a stochastic process, one must always

assume ergodicity. This assumption is reasonable if the overall scale

of the problem is large compared to the scale of the heterogeneity. The

stochastic approach is also often limited to systems which are

statistically homogeneous. That is, the mean parameter values do not

vary in space, and their covariance functions are a function of

separation distance only, not direction.

The two basic hydraulic functions controlling unsaturated flow and

redistribution are the unsaturated hydraulic conductivity and the

specific moisture capacity. In applying the stochastic approach,

analytic expressions are assumed to relate these functions to matric

pressure. The parameters in these functions are either assumed to be

random stochastic processes or fixed constants.

An example of the stochastic approach was demonstrated by Yeh et

al. (1985a,b,c). The authors analyzed steady unsaturated flow with

vertical infiltration through an unbounded heterogeneous porous media.

The exponential hydraulic conductivity function, equation 1.3, was used.
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The capillary pressure head, the natural log of K(0 0 ) (ln K(0 0 )), and a

were represented as three-dimensional (3-D) statistically homogeneous

random fields. Based on these assumptions, perturbation approximations

of the stochastic flow equation were solved by spectral representation

techniques. The result of this analysis is a flow equation which

describes the mean flow of the system based on mean parameter estimates

and their perturbations. Analytic expressions were developed for

expected Darcy flux, variance of the pressure head, and effective

unsaturated hydraulic conductivity.

In the first of these papers, Yeh et al. (1985a) assumed the soil

was statistically isotropic. That is, the correlation scale was assumed

to be the same in all directions. This analysis also assumed that a was

constant throughout the profile. Based on these assumptions, analytic

expressions showed that for relatively large a, coarse textured soils,

the head variance decreases and a trend toward gravitationally dominated

1-D vertical flow exists. In these cases, characterization of the

hydraulic characteristics is less important. When a is small (fine

textured soils), 1-D results may not be appropriate. Results also

showed that the effective conductivity is dependent on the correlation

scale of ln K(0 0 ) and the mean hydraulic gradient. Based on their

findings, Yeh et al. (1985a) concluded that assumptions of a unit

hydraulic gradient may be reasonable for coarse textured soils with a

large a/ (/ being the correlation scale of ln K(0 0 )) but will be

questionable for a soil with a small a/.
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In the second in this series of papers, Yeh et al. (1985b)

investigated flow in a statistically anisotropic soil. Here the

correlation scale was not assumed to be constant in all directions.

Three cases were examined: first, a was assumed to be a deterministic

constant with flow in the vertical direction only; second, a was

assumed to be a deterministic constant with arbitrarily oriented flow;

and third, a was assumed to be a random parameter with arbitrarily

oriented flow. For the first case where a was a constant, results

showed that effective hydraulic conductivity approaches the arithmetic

mean when flow is parallel to the stratification, and it approaches the

geometric mean when flow is normal to the stratification. For the

second case, effective hydraulic conductivities in the direction

parallel and normal to the stratification approached arithmetic and

harmonic means respectively, and the values converged to the geometric

mean as ail (.2 being the correlation scale in the vertical direction)

became larger.

The most interesting of the cases analyzed by Yeh et al. (1985b) is

the case where a was assumed to be a random parameter. For a truly

heterogeneous soil, one would expect a to express as much variability as

ln K(0 0 ). Yeh et al. (1985b) derived expressions for the effective

unsaturated hydraulic conductivity and for the variability of the matric

pressure head. As reported in Yeh (1989), one can write the effective
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unsaturated hydraulic conductivity as:

A	 A	 A

K(H) = K(H 0 ) exp (a H)	 (1.6)

A	 A

where K(H) is effective unsaturated hydraulic conductivity, K(H 0 ) is
A

effective hydraulic conductivity at H=0, a is effective alpha, and H is

the mean soil water pressure. In order to decrease the complexity of

the problem, one can assume a correlation structure between the random

variables ln K(0 0 ) and a. Yeh et al. (1985b) examined the cases where

the two parameters were perfectly correlated and where the two were

perfectly uncorrelated. For these conditions, Yeh et al. (1985b) found
A

that K(H) was dependent on the moisture content and the hydraulic

gradient, as well as the statistical characteristics of the media.

Dagan and Bresler (1983) and Bresler and Dagan (1983) applied the

stochastic approach to vertical infiltration and redistribution in a

two-dimensional (2-D) spatially variable unsaturated profile. The

spatial variability was limited to the saturated hydraulic conductivity

in the horizontal plane. The flow was essentially limited to 1-D in a

series of vertically homogeneous columns. The other parameters in the

functional relationships between unsaturated hydraulic conductivity and

matric pressure and between moisture content and matric pressure were

assumed to be constant. Results of Bresler and Dagan (1983) indicated
,.,

that K(H) for a heterogeneous soil is a function of boundary conditions,

spatial position, and time as well as matric pressure. Because of this
A

complex nature, the authors concluded that a single K(H) relationship



38

may not exist for transient flow conditions. For the special case of
,..

steady gravitational flow, Bresler and Dagan (1983) reported K(H) is

expected to vary between the geometric mean (for the case of no ponding)

and the arithmetic mean (for the case of ponding).

Although the studies of Dagan and Bresler (1983) and Bresler and

Dagan (1983) provide insight to the application of effective parameters

for unsaturated flow, the assumptions made in the study limit wide

spread application. More general analysis where all of the hydraulic

parameters are varied in space are in order. In addition, 1-D flow

normal to layering was not addressed.

Mantoglou and Gelhar (1987a,b,c) modeled large-scale transient

unsaturated flow systems in a stochastic framework. Their analysis used

the exponential hydraulic conductivity function (eq. 1.3). They

assumed: 1) ln K(0 0 ), a, and C(0) were functions of position only and

not of head; 2) ln K(0 0 ), a, and C(0) were realizations of 3-D spatially

correlated random fields composed of a mean and a fluctuation about that

mean; 3) local fluctuations had a scale of variation much smaller than

the scale of the flow domain; 4) capillary tension head was a stochastic

process described by a mean and a perturbation; and 5) perturbations

were small.

Mantoglou and Gelhar (1987b) assumed correlation scales of the

hydraulic parameters in the directions parallel to stratification were

significantly larger than correlation scales in the direction

perpendicular to stratification. They also simplify their results to

apply only when the soil is relatively dry (i.e., mean soil pressure is
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small). Asymptotic results showed the variance of matric pressure head

is generally larger in the case of wetting conditions than it is in the

case of drying conditions. Results indicated the mean soil water

retention function would exhibit hysteresis induced by soil variability.
A

Mantoglou and Gelhar (1987c) evaluated K(H) for transient

unsaturated flow in stratified soils using a 3-D stochastic approach.

They again assumed correlation scales of the hydraulic parameters in the

directions parallel to stratification were significantly larger than

correlation scales in the direction perpendicular to stratification.
A

Their results showed that K(H) exhibited significant hysteresis and was

anisotropic. The degree of anisotropy depended on the mean flow

conditions (wetting or drying). Such hysteresis and anisotropy are

produced by spatial variability of the hydraulic soil properties rather

than hysteresis or anisotropy of the local parameters. Results
,..

indicated that in the wetting front of stratified soils vertical K(H)
,.,

was small while lateral K(H) was large. As a result, contaminants may

arrive at the water table much later than what would be predicted by a

classical 1-D model and extensive lateral contamination may occur.

Hopmans et al. (1988) examined the stochastic nature of soil water

pressure head and vertical and horizontal flux density under 2-D

unsaturated steady flow conditions using Monte Carlo techniques.

Variation of soil properties was expressed by scaling. Through this

simplification, the spatial variability can be described by a set of

scale factors relating the soil properties to a representative mean or

reference curve. Random autocorrelated scale factors were generated by
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a first-order nearest neighbor model and used to describe a stationary

random field of the hydraulic conductivity functions. Scale factor

values were assumed to vary only in the horizontal direction,

perpendicular to the mean flow, and were used to relate the soil

pressure and hydraulic conductivity at any location in the grid to

reference values.

The statistical properties of the soil hydraulic characteristics in

the Hopmans et al. (1988) study corresponded to those measured in a

650-ha watershed (Hopmans and Stricker, 1987). The soil water retention

curve and unsaturated conductivity data were fitted to the hydraulic

functions of van Genuchten (1980). Hopmans et al. (1988) found the

variability in fluxes for the unsaturated system decreased with an

increase in autocorrelation length. This finding agrees with earlier

findings of Yeh et al. (1985a) where the variance of the matric pressure

was found to decrease for more homogeneous soils. Variation in soil

water pressure head for 1- and 2-D systems tended to be equal for large

correlation scales. For large values of correlation scale, the head

variance is independent of the correlation scale and the dimension.

Some interesting findings are brought out by the cited studies.

With regard to the use of effective parameters, Yeh et al. (1985 a,b,c)

indicated that the choice of effective parameters was a function of the

soil characteristics. The results of Mantoglou and Gelhar (1987a,b,c)

back this conclusion. Yeh et al. (1985a) concluded hysteresis in the

soil may be a function of spatial variability in addition to normal

wetting-drying theory. Mantoglou and Gelhar (1987c) endorse this
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theory. Hopmans et al. (1988) indicate the accuracy of effective and

stochastic methods will be a function of the heterogeneity of the

system. These findings agree with those of Yeh et al. (1985 a,b,c).

The findings of Bresler and Dagan (1983), and also those of Mantoglou

and Gelhar (1987a), indicate the K(H) function is not constant, but

varies with the boundary and initial conditions of the problem. The

very nature of the effective parameter concept indicates that this

should be expected. Applied to the very non-linear problem of

unsaturated flow, one could merely hope to find the one set of effective

parameters which yields the best estimate for the flow characteristics

under most conditions.

The focus of this study will be to develop a method for evaluating

the effective parameter set which yields this best estimate for both

steady state and transient conditions and to determine the conditions

under which the effective media concept adequately represent the system.

Stochastic analysis has produced considerable insight into the

process of unsaturated flow and redistribution in heterogeneous soil

profiles. Despite their elegance, stochastic methods are limited due to

their analytic nature. To derive these explicit analytic relations,

certain assumptions must be made. These assumptions include the

assumption of ergodicity and statistical homogeneity, along with first

order approximations which normally accompany the derivation of the

analytical expressions for K(H). These assumptions limit application of

their results. Numerical analysis, since it is not constrained by these
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assumptions, provides a good method for checking results of the

stochastic analysis.

The cited research has shown that in some cases effective

parameters can be used to estimate soil pressure and water content in a

heterogeneous soil profile. However, specific techniques for measuring

the effective parameters are lacking. Most effort has been based upon

using optimization methods to evaluate best-fit models for the purpose

of most accurately representing the heterogeneous profile. Little

effort has been made to examine simpler methods such as simple averaging

procedures, and little is known about quantifying errors associated with

these techniques.

1.2.3 Anisotropy of Effective Unsaturated Hydraulic Conductivity

When applying the equivalent media concepts to 2- and 3-D systems,

one must consider anisotropy of the conductivity tensor. One can expect

that the K(H) will be different for the three principle directions.

Most numerical models of unsaturated flow represent the hydraulic

conductivity of an anisotropic porous medium as a product of the

saturated hydraulic conductivity tensor and the relative hydraulic

conductivity (Bear and Braester, 1987). The magnitude of the anisotropy

is normally treated as a constant throughout the entire range of

saturations. However, significant theoretical analysis and field

observations indicate the magnitude of the anisotropy is not constant
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but a function of the soil moisture, the hydraulic gradient, and the

soil characteristics.

Work by Zaslavsky and Sinai (1981) introduced the concept of

anisotropy in the matrix soil induced by soil layering. The case of a

perfectly stratified soil profile with layering configured at an angle

to the vertical axis is presented. When the soil layers are oriented at

an angle other than parallel to the vertical axis, a horizontal flux

component will result due to gravitational forces during infiltration.

The authors defined the anisotropy ratio as the ratio of the effective

hydraulic conductivity parallel to the bedding (K(H) 22 ) divided by the

effective hydraulic conductivity perpendicular to the bedding (K(H) 11 ).

For steady state conditions where each individual soil layer was assumed

to be homogeneous and isotropic at any point, the anisotropy ratio was

found to initially decrease from a value larger than one at saturation

and then increase after reaching a value of one as saturation decreased.

These results were based on an analysis of a two layer soil. In the

calculations, K(H) 22 was assumed to equal the arithmetic average of the

individual K.(0) values, where i denotes the soil layer. While this is

true for saturated conditions, it has not been shown to apply for

unsaturated conditions. Results of Zaslavsky and Sinai (1981) were

based on application of the exponential hydraulic conductivity function

where the hydraulic parameters ln K(0 0 ) and a were assumed to be

correlated.

Mualem (1984) examined variable state anisotropy for unsaturated

soils (anisotropy which is a function of the moisture state of the
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media). The conceptual model of Mualem (1984) consisted of a large

number of layers of different materials deposited in cyclic patterns.

Each of these layers was characterized by a different parameter in the
,

K(0) relationship. K(H) 22 was assumed to be equal to the arithmetic
,

meanoftheindividualK( ) .values. K(H) 11 was assumed to be equal to1

the harmonic mean of the individual values. The hydraulic parameters in

the K(0) functions were assumed to be correlated with one another. The

results of this analysis were basically the same as those of Zaslavsky

and Sinai (1981). Results also indicated that the anisotropy ratio is

larger for coarse textured soils and increases more rapidly in cases

where variability in the profile is large.

The results of Yeh et al. (1985b,c) also provide insight on

variable state anisotropy. Analytical results of this study indicate

that the anisotropy ratio depends upon the mean capillary pressure of

the soil. The ratio is a function of the magnitude and direction of the

mean hydraulic gradient, the products of the correlation scales of the

hydraulic parameters, the mean of the a parameters for the media, and

the orientation of the stratification. For the case where ln K(0 0 ) and

a are perfectly correlated,the anisotropy ratio will initially decrease

from a value greater than one and after reaching a value of one will

increase sharply for decreasing soil pressure. These analytical results

are consistent with the results of Zaslavsky and Sinai (1981). For the

case where ln K(0 0 ) and a were uncorrelated, the anisotropy ratio

calculated analytically increases as a function of the matric pressure

squared, with the increase beginning at saturation.
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Yeh et al. (1985c) explains variable state anisotropy for

unsaturated soils in the following manner. During steady state

infiltration into a sand layer overlying a clay layer, a discontinuity

of the hydraulic conductivity will exist. At high moisture content,

high matric pressure, the sand layer will be highly conductive while the

clay layer will have a proportionally lower conductivity. This will

lead to a large potential for lateral flow in the sand layer, while the

potential for lateral flow in the clay layer is lower. Because of the

large potential for lateral flow in the sand layer, the overall

potential for lateral flow in the profile as a whole will be high. This

can be interpreted as a large K(H) 22 . At some soil moisture and matric

pressure, the conductivity of both the sand and the clay will be equal.

At this point, the potential for flow in the vertical direction is high

due to low resistance in this direction. At this matric pressure, the

anisotropy ratio will be equal to one. At lower soil moisture and

matric pressure, the conductivity of the clay layer will be

proportionally higher than that of the sand layer. At this soil

moisture, the potential for lateral flow in the clay layer will be high

while that in the sand layer will be low. The lower conductivity of the

sand layer will cause resistance to flow in the vertical direction.

This will then lead to a anisotropy ratio greater than one at lower soil

pressures.

McCord and Stephens (1989) conducted tracer studies to evaluate the

effects of variable state anisotropy. The study was conducted on a

small sand dune near Socorro, New Mexico. Instrumentation was installed
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to monitor the movement of soil moisture and solutes in the unsaturated

profile. Natural rainfall was used to drive the flow. Effective

anisotropy ratios were estimated based on the movement of the tracer and

corresponding pressure head measurements. Transport was assumed to be

dominated by the advective component of the transport process and

diffusion was neglected. The anisotropy ratio was calculated as the

ratio between the hydraulic conductivity parallel to the surface of the

soil divided by the hydraulic conductivity normal to the surface.

Estimates of the effective anisotropy ranged from 5.1 to 24.9 at

pressure heads ranging from 40 to 60 cm of suction. Field and

laboratory measurements indicated the anisotropy ratio of the saturated

hydraulic conductivities was on the order of 1.5.

Despite this research and other field studies which indicate

variable state anisotropy (see Yeh et al., 1985c), the concept is still

poorly understood. Most of these studies have assumed K(H) takes on the

principle form of the effective saturated hydraulic conductivity. This

has not been demonstrated to apply for all conditions. Stochastic
,..

methods indicate the anticipated form of K(H) function and the

anisotropy function. However, it is not known how the assumptions made

in the derivation of the stochastic formulas affect the functions. It

thus appears that significant work remains in this area.
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1.3 Objectives of the Study

This dissertation study examines the effects of soil heterogeneity

on 1- and 2-D unsaturated flow. It is designed to answer a series of

questions raised through the literature review and to increase our

ability to understand moisture flow in spatially variable unsaturated

systems. Previously derived theories will be tested, and additional

results will be presented to clear up some of the confusion with regard

to this area of study. The objectives of this dissertation study are as

follows:

1) Evaluate currently used methods for determining effective

hydraulic parameters for the modeling of 1-D unsaturated flow

in heterogeneous porous media and relate the results to errors

introduced in field measurements of unsaturated hydraulic

conductivity.

Several techniques have been proposed and discussed for evaluating

effective hydraulic parameters for 1-D unsaturated flow simulation.

Numerical analysis will be used to analyze several of these methods and

to compare their merits and weaknesses. In addition, the application of

some of these methods to actual field data will be discussed and

demonstrated. This part of the dissertation study will expand upon work

performed by Yeh (1989), Bosch and Yeh (1989), and Yeh and Harvey

(1989). These studies have demonstrated the application of effective

parameters in evaluating the matric pressure profile of an unsaturated

soil. Results of these studies indicate promise in using the geometric
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and harmonic means of ensembles of parameter sets of hydraulic

characteristics. Additional work is required to further evaluate the

use of effective parameters and to develop guidelines for choosing

effective parameter sets.

2) Evaluate the errors associated with applying effective

hydraulic parameters in the analysis of 1-D unsaturated flow.

The overall variability of the matric potential profile and the

variance of the profile will be evaluated for various hypothetical

systems. Errors associated with the application of the effective

parameters will be quantified and evaluated. Stochastic theory of Yeh

et al. (1985a,b,c) will be tested for accuracy and applicability. The

effect of the arrangement of the soil variability on the accuracy of the

effective parameters and the overall variance of the matric potential

profile will also be quantified.

3) Test stochastic theory as it relates to 1-D steady state

and transient unsaturated moisture flow and relate the theory

to the results of the dissertation study.

Yeh et al. (1985 a,b,c) presented analytic expressions for the

variance of the matric pressure and the effective unsaturated hydraulic

conductivity in heterogeneous soil profiles for steady conditions. This

study will evaluate and attempt to verify these expressions for more

general application. This analysis will determine the effects of

different variances of the ln K(0) and a parameter set, different
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correlation scales of these parameters, and the effects of relative

saturation.

Mantoglou and Gelhar (1987a,b,c) derived formulas for effective

hydraulic conductivity and pressure variance based on stochastic

analysis derived for transient unsaturated conditions. These formulas

indicate hysteresis is induced due to large scale heterogeneity in

unsaturated porous media. Numerical simulation will be used to test

this theory and to test the formulas derived for transient conditions.

4) Perform a 2-D analysis to determine how spatial

variability affects variable state anisotropy.

Theoretical results and field experiments indicate the effective

anisotropy ratio for unsaturated soils, the ratio of the effective

hydraulic conductivity parallel to the bedding to that perpendicular to

the bedding, is a function of the moisture content of the soil. The

results of McCord and Stephens (1989) present field results which could

be interpreted as validation of the concept of variable state

anisotropy. However, the data presented are essentially for a single

mean pressure content and does not thoroughly test the theory. Yeh et

al. (1985c) discusses field studies where variable state anisotropy is

thought to have produced large lateral flow of pollutants in the

unsaturated zone. However, the concept of variable state anisotropy is

still largely untested. In addition, as discussed in the previous

section, effective hydraulic conductivity for flow parallel to the

bedding is normally assumed to equal the arithmetic mean of the
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individualKM.values for each of the soil layers. Although this isi

true for saturated flow, it has not been shown to be true for

unsaturated flow.

5 )
	

Apply the developed concepts to field observations.

The concepts developed through 1- and 2-D simulation will be

applied to field observations. Although field data of the type required

for testing of the theory is limited, an attempt will be made to test

some of the field techniques proposed in this study.

This study evaluates the meaning of field-measured unsaturated

hydraulic conductivity for a heterogeneous soil and determines the best

methods for determining effective parameters in field experiments. The

research will determine if, for transient unsaturated flow, one can

accurately represent a layered soil with an effective hydraulic

conductivity and the best methods for this analysis. The study will

evaluate when, in relation of soil variability, the equivalent approach

should be used.



51

CHAPTER 2.

SPATIAL VARIABILITY OF UNSATURATED POROUS MEDIA

2.1 Introduction

This chapter is devoted to describing spatial variability of porous

media and hydraulic parameters used to model unsaturated flow in porous

media. Field observations of spatial variability of soil

characteristics are reported and summarized. This information is used

as a basis for estimating these characteristics in numerical simulations

performed in this study. This chapter also includes an analysis of

published field data where additional soil characteristics were derived

and spatial variability examined.

2.2 Statistical Characterization

If one takes several measurements of a given property over a large

soil profile, this series of measurements can be characterized by a set

of statistical parameters. Two of these parameters typically include

the arithmetic mean and the variance or standard deviation of the set.

The variance is a measure of the spatial variability, if the

measurements were taken over space, or a measure of the temporal

variability if the measurements were taken over time. An additional

property which may be used to characterize the set of statistical

parameters is the correlation scale of these data. The correlation
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scale can be obtained from the autocorrelation function or the

semivariance.

The autocorrelation function, p(n, is defined as:

C(Ç)
(2.1)

2
Cy

2
where a is the variance of the Y, and C(r) is the autocovariance or

Y

simply covariance of Y with a separation distance of Ç. The covariance

function is defined as:

C(r) = E[Y(x) Y(x-i-n] - Y	 (2.2)

where E denotes the expected value of the product of the parameter

values, Y(x) and Y(x+ç) separated by a distance Ç, and ''' is the expected

value of Y(x) and Y(x+ç). This equation assumes second-order

stationarity. That is, .I-7 is constant throughout the sampling space, and

the covariance depends only on the separation distance and not on the

points of reference. Based on these definitions, the semivariance, or

variogram, can be calculated as:

2	 2
F(ç)

Y— c - c(0	 Y— 0 (1 - p(N) (2.3)
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The integral scale ()) is defined as:

roo
A = J.: PQ. ) dç —	

C(Ç)
Jo 	  clÇ

2
a
Y

(2.4)

A convenient model for the covariance function is the exponential:

2
C(Ç) = ay exp(-kl/A)	 (2.5)

2 ..1
The separation distance at which the covariance drops to a e , or

Y
-1equivalently, p(Ç)= e, is often a convenient measure of the

correlation scale. In the case of the exponential covariance model, the

correlation scale equals the integral scale. The correlation scale will

be labeled ,2 throughout this text.

Some of these statistical characteristics have been determined for

various properties of several types of porous media. This information

follows.

2.3 Field Observations 

Nielsen et al. (1973) performed one of the first extensive field

experiments quantifying the variability of hydraulic properties over a

field area. The soil analyzed was a Panoche clay loam with an average

sand, silt, and clay composition of 25 %, 30 %, and 45 % respectively.

Hydraulic conductivities at 30.5 cm depth intervals to a maximum depth
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2

of 182.9 cm were measured in twenty 6.5 m plots randomly established

2
over a 1.5 km field. Tensiometers were used to measure the vertical

distribution of soil water pressure in the profiles during infiltration,

and soil water content was determined from characteristic curves

evaluated from soil samples. Significant variability was found in the

particle composition, soil water pressure, bulk density, and saturated

and unsaturated hydraulic conductivity in the soil profiles. Nielsen et

al. (1973) reported an average and a variance of the saturated hydraulic

conductivity (Ksat) in the vertical direction of 1.5 cm/hr and

2	 2
0.003 cm /hr respectively.	 The variance of the unsaturated hydraulic

2	 2

conductivity (K(0)) decreased from a maximum of 0.003 cm /hr at

_7	 2	 2
saturation to 3x10 cm /hr at 54 % saturation.

Carvallo et al. (1976) measured K(0) versus depth in five

2
infiltration plots within a 100 m area in a Maddock sandy loam with an

average particle composition of 80 % sand, 11 % silt and 9 % clay.

Tensiometers were installed at seven depth intervals down to a maximum

of 152 cm. Soil water characteristic data determined from soil samples

were used in conjunction with tensiometer measurements to compute K(0).

Significant variability in K(0) was found both between plots and over

2	 2

vertical profiles. Variances of K(0) ranged from 0.1 cm /hr at

2	 2
saturation to 1x10

-5 
cm /hr at the residual water content.

Byers and Stephens (1983) obtained core samples in horizontal and

vertical transects in order to study the statistical and stochastic

properties of particle-size parameters and Ksat. Laboratory measured

Ksat was found to be log-normally distributed, with a mean and a
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2	 2
variance of 61.2 cm/hr and 1296 cm /hr . Vertical correlation scales

for the natural log of Ksat (ln Ksat) were found to vary from 1.5 to

0.08 m.

White and Sully (1990) reported measurements of K(0 0 ) and a from

the exponential hydraulic conductivity function (eq. 1.3). Their

measurements were obtained from an undisturbed pasture site in a loamy

sand soil, a was calculated from an analytical expression relating the

parameter to sorptivity (Philip, 1957), the change in the hydraulic

conductivity over the range of observed soil pressures, the change in

moisture content over this range, and a fitting parameter. In situ

measurements of the hydraulic conductivity were obtained using a disk

permeameter over a horizontal transect. The observed average and

2	 2
variance of K(0 0 ) were 2.2 cm/hr and 0.8 cm /hr respectively.

Hopmans et al. (1988) examined data collected in horizontal and

vertical transects over a 650 ha. watershed. Soil water characteristic

curves were determined for undisturbed soil cores. The

van Genuchten (1980) hydraulic functions were fit to these data and

parameters evaluated. The mean ln Ksat value reported was 1.7 with a

variance of 0.32 (Ksat in cm/day). Statistical analysis of the

properties of the three soil horizons identified showed that the fitted

hydraulic functions for each of the profiles were significantly

different and uncorrelated.

In addition to these values, correlation scales for various soil

characteristics have been reported in the literature. Some of the

reported values are presented in table 2.1. These data include values
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Table 2.1 Observed variances and correlation scales for various soil
characteristics.

3
Correlation Overall

Scale	 Scale
Source	 Material	 Parameter Variance (m)	 (m)

Bakr (1976) 1 	sandstone aquifer ln Ksat
Smith (1978)	 outwash sand	 ln Ksat
Delhomme (1979) 1 limestone aquifer ln Ksat
Binsariti (1980)	 basin fill aq.	 ln Ksat
Russo and	 Hamra Red Medi-	 ln Ksat
Bressler (1981)	 terranean soil

Luxmoore et al.	 weathered shale ln Ksat
(1981)	 subsoil

Sisson and	 silty clay loam ln Ksat
Wierenga (1981)	 soil (alluvial)

Viera et al.	 Yolo soil	 ln Ksat
(1981)	 (alluvial fan)

Devary and	 alluvial aquifer ln Ksat
Doctor (1982)	 (flood gravels)

Byers and	 fluvial sand	 ln Ksat
Stephens (1983) 	 in Ksat

Hoeksema and	 sandstone aquifer ln Ksat
Kitanidis (1985)
Hufschmied (1985) sand and gravel	 ln Ksat
Sudicky (1985)	 outwash sand	 ln Ksat
Yeh et al. (1985c) Panoche clay loam in K(0 0 )

a
Hopmans et al.	 loamy sand	 ln Ksat
(1988)	 O sat

n
a

2.3-4.8
0.6
5.3
1.0

0.3-1.0
0.4
6300
800

V
V
H
H

100
30

30000
20000

0.2-1.2 14-39 H 100

0.6 < 2 H 14

2
0.4 0.1 H 6

0.8 15 H 100

0.6 820 H 5000

2
0.9 0.08	 2 V 5

0.2-0.4 0.2-1.5 H 15
0.4 45,000 H 50000

3.6 0.5 V 20
0.4 0.1 V 20
2.5 2

7E-05 -
2 2

0.3 0.9 2 V 1.2
0.002 0.8	 2 V 1.2

0.002-.01 0.1-0.5 2 V 1.2
0.06-0.08 0.3-0.7 V 1.2
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Table 2.1 continued

3
Correlation Overall

Source Material Parameter Variance
Scale
(m)

Scale
(m)

2
White and loamy sand a	 0.4 (1/cm )	 0.5 H 10
Sully (1990)

Burden and silt loam Osat	 0.0022 20 H 80
Selim (1989) Or	 0.0086 22 H 80

2 2
Ksat 54.2 (cm /day )	 15 H 80

2
Mantoglou and clay loam a 6.7E-05	 (1/cm 2 )	 - V 2
Gelhar (1987c) sandy loam a	 0.0076	 (1/cm )	 - V 2

1
as cited in Gelhar (1986)

2
zone of correlation

3
V - denotes measurements taken in vertical transect
H - denotes measurements taken in horizontal transect

Parameter Definitions:

Ksat = saturated hydraulic conductivity
K(0 0 ) = unsaturated hydraulic conductivity at zero soil pressure
a	 = alpha from exponential hydraulic conductivity relation

(Gardner, 1958)
Osat = saturated moisture content
Or	 — residual moisture content
n	 — n from van Genuchten soil moisture relation

(van Genuchten, 1980)
a	 = alpha from van Genuchten soil moisture relation

(van Genuchten, 1980)
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for both horizontal and vertical transects. As the table shows,

considerable variability exists between the observed correlation scales

in the horizontal and vertical direction and also with respect to the

material. In general the correlation scale in the vertical direction

for the soil characteristics is on the order of 0.1 to 1.0 meter.

Some of the values reported in table 2.1 as the correlation scale

are actually the zone of correlation for the data set. The zone of

correlation is a measure of the spatial or temporal distance over which

two variables are correlated (Journel and Huijbregts, 1978). When

examining a plot of the variogram function or the covariance function,

this is referred to as the range. Since the correlation scale is

defined as the scale at which the autocorrelation function (eq. 2.1)

equals e
-1

, the correlation scale is less than the range.

2.4 Parameters of the Exponential Hydraulic Conductivity Function

The exponential hydraulic conductivity relation (eq. 1.3) is used

throughout this dissertation. Although a can be varied to incorporate

hysteresis, traditional hysteresis caused by soil pores was not examined

in this analysis. As discussed later, hysteresis can also be induced by

large scale soil heterogeneity. This type of hysteresis was predicted

by Mantoglou and Gelhar (1987a,b,c). The inverse approach will be used

in this dissertation to evaluate if this type of hysteresis can be

detected in heterogeneous soil profiles.
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After a log transformation, the exponential relation takes the

form:

ln K(0) — ln K(0 0 ) + a0	 (2.6)

In this form, in K(0) is a linear function of soil pressure. The

relation is defined by the intercept, ln K(0 0 ), and the slope, a. K(0 0 )

may or may not be equal to the saturated hydraulic conductivity of a

given soil.

An excellent review of the development and application of the

exponential unsaturated hydraulic conductivity function was recently

presented by Pullan (1990). Further details of the exponential

conductivity function are presented by Philip (1968,1969).

Pullan (1990) discusses application of this function, noting that due to

its simplicity it has been used to derive numerous analytical solutions

for steady flow in homogeneous unsaturated soils. Since effective

methods treat a soil profile in the same way one would treat a

homogeneous soil, these analytical solutions can also be applied using

effective parameters.

The literature was reviewed and analysis performed to develop a

data base for K(0 0 ) and a (eq. 1.3) and to evaluate the range of these

parameters for a wide range of soil textures. The results of this

literature review and analysis are shown in table 2.2. Many of the

values were obtained by performing a least squares linear regression

between reported ln K(0) and 0 values (Case et al., 1983). Additional
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values of a and K( -0 0 ) are presented in Amoozegar-Fard et al. (1984) and

in Bresler (1978).

In general, K(0 0 ) for coarse textured soils are larger than those

for fine textured soils, a, which relates the rate at which

conductivity decreases with decreasing soil pressure, also was generally

larger for coarse textured soils. However, there was a wide degree of

variability in the calculated values. This can be attributed to the

difficulty of fitting the simple exponential conductivity function to a

wide range of soil textures and pressures. Differences were observed

between K( .0 0 ) and a evaluated from wetting and from drying data. In

most cases, the calculated K(7,b 0 ) and a values were larger for the drying

curve than for the wetting curve. The range of a appears to be between

an upper value of 2.0 and a lower value of 1x10
-5 

(1/cm), and the range

of the K(71, 0 ) is 120.0 to lx10 -6 cm/hr.

As pointed out in Pullan (1990), a has been referred to by

different names in the literature. Due to the form of equation 1.3, it

-1
can be shown (Pullan, 1990) that a is a K-weighted moisture potential

and is equal to the absolute value of the critical pressure head

referred to by Bouwer (1964) and Raats and Gardner (1971) as well as the

macroscopic capillary length defined by Broadbridge and White (1988).

The quantity 2a
-1 

was originally referred to as the capillary length by

Philip (1983), but is currently termed the sorptive length (Philip,

1985, Waechter and Philip, 1985).

The work of Yeh (1985 a,b,c), Bosch and Yeh (1989), and Yeh (1989)

required making assumptions about the relationship between a and



Source
	

Soil Texture

Reisenauer (1963)
Mehuys et al. (1975)
Mehuys et al. (1975)

Mehuys et al. (1975)

Mehuys et al. (1975)

Mehuys et al. (1975)
Luthin and Day (1955)
Bouwer (1964)
Bouwer (1964)
Wind (1961)
Willis (1960)
Black et al. (1969)
Liakopoulos (1965)
Richards (1931)

gravelly sand
Tubac gravelly sandy loam < 2 mm
Tubac gravelly sandy loam
all sizes

Rillito gravelly sandy loam
< 2 mm

Rillito gravelly sandy loam
all sizes

Rock Valley gravelly loamy sand
Oso Flaco fine sand
50-500 pm sand - wetting
50-500 pm sand - drying
sand
sand
Plainfield Sand
Del Monte sand drying
Bennet sand

Talsma (1970)	 Molonglo sand drying
Talsma (1970)	 Molonglo sand wetting
Richards (1960)	 Pachappa sandy loam
Gardner (1960)	 Pachappa sandy loam
Carvello et al. (1976) Maddock sandy loam 122-152 cm
Carvello et al. (1976) Maddock sandy loam 61-91 cm
Carvello et al. (1976) Maddock sandy loam 0-15 cm
Clothier et al. (1985) fine sandy loam
White and Sully (1990) loamy sand
Richards (1960)	 Indio loam
Wind (1961)	 loam
Willis (1960)	 Diablo loam
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Table 2.2 K( .0 0 ) and a values for the exponential unsaturated hydraulic
conductivity function (eq. 1.3) for various soil textures.

K(00)
(cm/hr)

a
(1/cm)

1.1 0.03
2.5E-04 2.4E-04
1.9E-04 2.9E-04

4.7E-04 3.0E-04

6.3E-04 3.6E-04

6.2E-04 2.3E-04
97 0.09
35 0.06
30 0.03
8.3 0.09
3.0 0.03

28.9 0.10
6.1 0.02

1.7E-05 0.02
117.7 0.37
7.8 0.29
0.6 0.03
1.2 0.03
0.4 0.04
11 0.17

0.09 0.05
7.2 0.31
2.2 1.14
0.8 0.03
0.4 0.13

0.03 0.02
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Table 2.2 continued

Source Soil Texture K(00)
(cm/hr)

a
(1/cm)

Reisenauer (1963) silt loam 0.2 0.01
Nielsen (1960) Ida silt loam - 107 cm depth 3.7 0.03
Nielsen (1960) Monona silt loam - 122 cm 4.1 0.03
Nielsen (1960) Ida silt loam - 61 cm depth 6.3 0.03
Nielsen (1960) Monona silt loam - 91 cm 8.5 0.12
Nielsen (1960) Ida silt loam - 76 cm 7.4 0.12
Nielsen (1960) Monona silt loam - 61 cm 11.4 0.12
Nielsen (1960) Monona silty clay loam 30 cm 12.3 0.12
Cleary and Miller Caribou silt loam 0.14 0.01
Nielsen et al.	 (1973) Panoche silty clay loam 183 cm 0.08 0.02
Nielsen et al.	 (1973) Panoche silty clay loam 122 cm 0.0083 0.02
Nielsen et al.	 (1973) Panoche silty clay loam 30 cm 0.0083 0.02
Moore	 (1939) Yolo light clay 0.04 0.08
Wind (1961) clay 0.11 0.12
Richards (1960) Chino clay 0.09 0.05
Pavlakis and Barden Westwater clay H1 drying 2.2E-04 0.0067
(1972)

Pavlakis and Barden Westwater clay H1 wetting 1.1E-05 0.0016
(1972)

Pavlakis and Barden Westwater clay H2 drying 1.3E-04 0.0082
(1972)

Pavlakis and Barden Westwater clay H2 wetting 7.5E-06 7.8E-04
(1972)

Pavlakis and Barden Backwater Clay H3 drying 1.1E-04 0.0035
(1972)

Pavlakis and Barden Backwater Clay H3 wetting 1.4E-05 3.4E-04
(1972)

Pavlakis and Barden Backwater Clay H4 drying 7.6E-05 0.0032
(1972)

Pavlakis and Barden Backwater Clay H4 wetting 2.2E-05 0.0016
(1972)
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ln K(0 0 ). Specifically, it requires knowledge of the correlation

between the two parameters. This data set provides a good opportunity

to examine this correlation. Figure 2.1a presents a plot of the

calculated a values versus the calculated ln K(0 0 ) values for the 49

data pairs reported in table 2.2. A linear regression analysis between

a and ln K(0 0 ) produced a correlation coefficient of 0.57. Analysis of

variance showed a statistically significant relation between the two

parameters above the 99 % level.

There is some debate as to whether or not a is a normally or log-

normally distributed parameter (White and Sully, 1990). If a is log-

normally distributed, then it is probable that ln a should be more

strongly correlated to in K(0 0 ). A plot of ln a versus ln K(0 0 ) is

presented in figure 2.1b. The correlation coefficient between these

two parameters was 0.78. This indicates a stronger correlation between

ln K(0 0 ) and ln a than that observed between ln K(0 0 ) and a.

2.5 Parameters in Soil Moisture Relationships

Equation 1.4 was used to represent the functional relationship

between the soil moisture content and the soil water pressure. In order

to use this formula to simulate moisture flow in a heterogeneous

profile, it is necessary to have some prior knowledge of the statistical

characteristics of the parameters in the function. The saturated and

residual water contents have been measured extensively and

representative statistical characteristics for these parameters are
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+

+
(a)

alpha = 0.008 In k(H0) + 0.078

+

0.1

0.0

1

(a)

0.4

0.3

Figure 2.1 Hydraulic parameters in the exponential unsaturated hydraulic
conductivity function reported in table 2.2 for a log-linear
relationship (a) and a log-log relationship (b).
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available in literature. Some representative values are presented in

table 2.3. However, little work has been performed to evaluate /3 or m

of equation 1.4 from field data. The following describes an analysis of

field data in which m values were evaluated. The variability of the

other soil moisture parameters was also evaluated.

Wierenga et al. (1989) describes a field experiment at a site near

Las Cruces, New Mexico. A trench was constructed in the soil profile to

examine chemical and moisture transport during infiltration and

evaporation. The soil at the site was classified as a gravelly sandy

loam. During construction of the trench, a total of 594 disturbed soil

samples and 594 soil core samples were taken. The samples and cores

were taken from nine distinct soil layers. In situ saturated hydraulic

conductivity was determined using the bore hole permeameter method.

Laboratory Ksat measurements were made using undisturbed soil cores.

Soil moisture characteristic curves were measured using undisturbed soil

cores for low pressures and disturbed soil samples for higher pressures.

Equation 1.4 was fit to the observed soil moisture data. The

downhill simplex method of Nelder and Mead (1965) was used to obtain the

minimum residual sum of squares between observed and predicted relative

soil moisture content. The method consists of forming a simplex of

points around the theoretical minimum of the optimization function.

Each point in the simplex has associated with it a unique set of the

parameters being optimized along with the value of the optimization

function calculated based on the unique set. The optimization routine

then selects a new set of parameter values which reduces the size of the
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Table 2.3 Representative saturated and residual moisture content and
variability for various soil textures.

Source
	

Parameter Soil Texture Mean Variance Notes

Osat

Osat
Osat
Osat

Or

Osat
Or

Osat
Osat
Osat
Osat
Osat
Or
Or
Or

Osat

Osat
Or

Hopmans and
Stricker (1989)

Wierenga et al.
(1989)

Burden and Selim
(1989)

Nielsen (1973)
Cameron (1978)
Anderson and
Cassel (1986)

Carvallo et al.
(1976)

Russo and
Bressler (1981)

sand	 0.406 0.001 A horizon

sand	 0.391 0.002 BC horizon
sand	 0.437 0.003 D horizon
gravelly 0.321 0.001 vertical plane
sandy loam
gravelly 0.086 0.0004 vertical plane
sandy loam
silt loam 0.54 0.002 horizontal transect
silt loam 0.14 0.009 horizontal transect
clay loam 0.454 0.002 vertical transect

0.470 0.002 vertical transect
sandy loam 0.457 0.005 A horizon
sandy loam 0.391 0.010 Btg horizon
sandy loam 0.310 0.005 Bg horizon
sandy loam 0.096 0.001 A horizon
sandy loam 0.075 0.001 Btg horizon
sandy loam 0.044 0.001 Bg horizon
sandy loam 0.393 0.0002 vertical transect

0.367 0.002 0-90 cm average
0.078 0.002 0-90 cm average
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simplex around the minimum. Eventually, the routine returns the

parameter set which produces the minimum of the optimization function.

The optimization function used was:

,,	 2
Z (S 	S0 ) - minimum (2.7)

where S o is the observed relative water content at soil pressure 0 and
,

So is the predicted relative water content at soil pressure 0. In the
fitting procedure Osat was obtained directly from these data. Or was

assumed to be equal to the minimum observed moisture content. This was

normally at 15000 cm of suction. The optimization process involved

adjusting a and m to obtain the optimum fit. In order to prevent

division by zero in equation 1.4c, a constraint was set to keep m

greater than -2.0.

When both a and m were allowed to vary, the optimization produced

extremely large estimates for both a and m. A plot of two relative soil

moisture curves obtained using different a and in values is shown in

figure 2.2. Figure 2.2a illustrates the effect of varying a, while

2.2b illustrates the effect of varying m. It appears that in and a have

largely the same effect on the relation. Both affect the slope of the

curve and the point at which the curve breaks from saturation and begins

the exponential decrease. Also, a compensation effect appears to take

place. Figure 2.3 presents the observed data from the Las Cruces

trench site, sample 1-1, along with two predicted curves with different

in and a estimates. As indicated in the figure, estimates produced using
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Figure 2.2 Effects of the hydraulic parameters a and m on the relative
soil moisture relation (eq. 1.4) for variable a, m=1.0 (a) and for
variable m, a=0.10 1/cm (b).



+

+

1	 1	 I 1 11111	 I	 I	 1 I11111	 I	 1	 1 1 11111	 1	 I 	 I11111	 1	 1	 1 1 11111	 1	 1	 1 111111

4-,

1.0

0.8

-1.---_
-

-

-

-

-

-

-_
—
_
-

-

-

-

C
-

o -

C
o 0.6

-

u -

a.)
L...

-I

-

-

-.-, -

. y2
o

-

-

-

E -

0 0.4
>

-

11111 observed._.-3 -

0 -

alpha =
-	 — alpha =T)

-

L... -

-

^

-_
0.2 —

__
-

-

-

-

-

-

0.0 I II 	 111111	 1 	II 	I11!11

10 -3 	1 0 -2 	1 0 -1 	1	 10	 102	 10 3 	10 4 	10 5

suction (cm)

69

Figure 2.3 Fit of the Russo (1988) soil moisture relation to data of
Wierenga et al. (1989), sample 1-1.
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an in value of 1293 and an a value of 20.2 1/cm produced estimates very

similar to those predicted with an in and a set of 5.9 and 0.1 1/cm.

Generally, the range of a values obtained from O(m) data were much

larger than those obtained by analyzing K(0) data (table 2.2). However,

since no unsaturated hydraulic conductivity data were available from the

Las Cruces experiment, it was not possible to obtain an estimate of a

from K(0) data. The primary reason for analyzing these data was to

obtain estimates of in and its variability. For these reasons, it was

decided to fix a and optimize only m. A wide range of a values was

examined. After analysis of the results, an a of 0.1 1/cm was selected.

Table 2.4 presents a summary of the means and the variances of

the parameter estimates. The average saturated and residual moisture

3	 3
contents for these data were 0.32 and 0.09 cm /cm , with variances of

0.001 and 0.0004 respectively. The average in estimate was 7.5 with a

variance of 42.6. The distribution of the parameters is also of

interest. Calculation of the skewness coefficient (Press et al., 1989)

for each of these parameters indicated a significant positive skew for

both the saturated moisture content and for m. This indicates that

these two parameters may be log-normally distributed rather than

normally distributed.

2.6 Chapter Summary

This chapter presented a review of spatial variability encountered

in field settings. As the review has shown, considerable variability
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exists in natural porous media. This variability precludes precise

characterization of the hydraulic parameters of these systems. Rather,

the literature has shown that soil parameters vary widely over the field

and at best we can determine the statistical characteristics of this

variability. Thus, a logical approach is to use these statistical

characteristics to derive the effective parameters of the system.

Through simulation, the effective parameters will yield information

describing the mean behavior of the unsaturated system. The data

presented here will be used as a basis for simulation of unsaturated

flow in heterogeneous porous media. Through these simulations,

techniques for evaluating the effective hydraulic parameters for the

heterogeneous systems will be developed.

Table 2.4 Summary of the calculated means and variances of the saturated
moisture content (Osat), residual moisture content (Or), and exponential
parameter m (eq. 1.4), for the Las Cruces data set (Wierenga et al.,
1989).

Parameter	 Average	 Variance

Russo m	 7.488	 42.61

Osat	 .322	 .001

Or	 .088	 .0004
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CHAPTER 3.

STOCHASTIC ANALYSIS OF SPATIAL VARIABILITY

3.1 Introduction

As pointed out in the previous chapter, a wide degree of

variability exists in soil properties. This creates several problems

when one tries to quantify soil characteristics for purposes of

hydrologic modeling. One logical approach is to ignore some of the

small scale variability and assign soil properties which can be used to

predict the large scale behavior of the system. In addition, one would

like to quantify the errors associated with jumping from the small scale

approximation to the large scale approximation. Stochastic methods

provide a procedure for evaluating the large scale behavior of a

hydrologic system and for evaluating some of the associated errors.

In developing the stochastic approach, soil parameters are viewed

as random variables. A key assumption and underlying concept in this

approach is the ergodic hypothesis. A second assumption often made in

the stochastic approach is that of stationarity. Stationarity assumes

that any statistical property of the medium (mean, variance, covariance,

etc..) is stationary in space. That is, the property will be the same

at any point in the medium. If one assumes weak stationarity, then only

the first two moments, the mean and the covariance, must be stationary.

In the vocabulary of the stochastic processes, a phenomenon that is both

stationary and ergodic is said to be homogeneous.
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The following sections present a discussion of applications of the

stochastic method to steady state and transient conditions. Analytical

expressions for the variance of the matric pressure head, effective

K(0 0 ), and effective a for these conditions are presented.

3.2 Steady State Flow

Following the procedure of Yeh et al. (1985a), K(0 0 ) and a in the

exponential hydraulic conductivity function (eq. 1.3) are represented as

homogeneous random fields. The soil pressure head is also assumed to be

a homogeneous random field with a mean which varies slowly relative to

the correlation scales associated with K(0 0 ) and a. The variables can

then be expressed in terms of means and perturbations as:

0 = H + h E[0] = H E[h] — 0 (3.1a)

a — A + a E[a] — A E[a]	 — 0 (3.1b)

ln K(0 0 ) — F + f E[ln K(0 0 )] = F E[f]	 = 0 (3.1c)

where H, A, and F are the mean values of 0, a, and in K(0 0 )

respectively; and h, a, and f are the perturbations of these parameters.

E denotes the expected value.

As outlined in chapter 1, three basic cases were examined by Yeh

(1985a,b,c). These cases were: a constant for the entire profile, a
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random and correlated to in K(0 0 ), and a random and uncorrelated to

ln K(0 0 ). In this analysis, we are interested in the last two cases
A	 A

where a is variable. The analytical expressions for K(H 0 ), a, and the

matric pressure head variance for the cases where a is random and

correlated or uncorrelated to K(0 0 ) derived from the stochastic analysis

applied to steady state 1-D flow are presented in table 3.1.
A

As table 3.1 shows, K(H 0 ) is the same for both the correlated and

the uncorrelated case and is a function of the statistical properties of
A

the a values as well as those of in K(0 0 ). a is different for the two
A

cases. For the correlated case a is a function of the statistical

properties of ln K(0 0 ) as well as those of a. For the uncorrelated
A

case, a is a function of the statistical properties of a only. In both
A

cases, a is a function of mean soil water pressure. The mean soil water

pressure being the average of the pressures where the profile maintains
A

stationarity. As shown in Yeh (1989), nonlinear effects on a are larger

for the case where ln K(0 0 ) and a are uncorrelated than when they are

correlated. However, when the variance of the hydraulic parameters is
A

small, the overall effect of the nonlinearity on K(H) is small.

Yeh et al. (1985b) also presented analytical expressions for the

anisotropy ratio for heterogeneous materials. The anisotropy ratio is

calculated as:

A

A	 K(H)22
A= 

 A

	 (3.2)

K(H) 11
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Table 3.1 Definition of the effective parameters and pressure profile
variance for correlated and uncorrelated ln K(0 0 ) and a from the steady
state 1-D stochastic formulas (Yeh, 1989).

Parameter
	

Correlated	 Uncorrelated
ln K(0 0 ) and a	 ln K(0 0 ) and a

,

	 2	 2

K(H o )
	 exp[ F - 	af 	]	 exp[ F - 	af 	]

	

2(1 + A,P)	 2(1 + A.P)

2 	22 	2,.

a	 [ A - 
 [af (H	 + 2He) + 2a a (He + 1),P/e] ]	 [

2(1 + A,P) H
A

2
_ aa (2.2 + H)	 ]

2(1 + A,e)

22 	2	 2 	22 2

	

Uf/ (1 + He)	 (c
f 

+ a
a
H ).2

A,2(1 + A,2)	 A,e(1 + ke)

,

K(H 0 ) = effective K(0 0 ) value
,
a	 — effective a value

2
— variance of matric pressure values0-0

F	 = mean of random ln K(0 0 ) values

2
a
f	

= variance of random ln K(0 0 ) values

A	 = mean of random a values

2
c
a	

— variance of random a values

— correlation scale of both random K(0 0 ) and random a values

— coefficient of proportionality between a and in K(0 0 ),
for the correlated case

2	 2	 2

= aa / af

H	 = mean soil-water pressure

2
a 

11)



]

2
a H
a /1

1 + / 3. A
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A	 A

where A is the effective anisotropy ratio, K(H) 22 is effective

unsaturated hydraulic conductivity in the direction parallel to the
A

stratification, and K(H) 11 is effective unsaturated hydraulic

conductivity in the direction perpendicular to the stratification.
,	 A
K(H) 11 is the same as K(H) in table 3.1. Based on the assumptions

A
presented above and the corrections of Yeh et al. (1986), K(H) 22 can be

expressed as:

A	 2	 2

K(H)22 = Km exp [  af (1 + K) ]
2( 1 + ,P 1A )

(3.3)

for the case where ln K(0) 0 and a are correlated, and

,.	 2	22

K(H)22 - Km exp [ 
 (c

f 
+ c

a
H )

1
2(1 + .P 1A)

(3.4)

for the case where ln K(0) 0 and a are uncorrelated. K
m 

is defined as:

K
m 

= exp[F + AH -
2

af (1 + I-1),e 1 	]

1 + 2 1A1

(3.5a)

for the case where ln K(0) 0 and a are correlated, and

K
m 

= exp[F + AH - (3.5b)
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for the case where ln K(0) 0 and a are uncorrelated. The remainder of

the parameters are defined in table 3.1. Through equation 3.2, A is

calculated as:

A	
2	 2

A = exp [ 	t	
+

1 +
(3.6)

for the case where ln K(0) and a are correlated, and

2 	22
A

(Cr
f 
+ a

a
H )

A = exp [
1 + .2 1A

(3.7)

for the case where ln K(0) 0 and a are uncorrelated.

3.3 Transient Flow

Mantoglou and Gelhar (1987a,b,c) applied stochastic principles to

develop effective parameters for transient unsaturated flow systems in

spatially variable soils. Along with the mean and perturbation

equations, equations 3.1a,b,c, the authors also assumed the specific

moisture capacity could be defined in the same manner. Specific

moisture capacity was defined by Mantoglou and Gelhar (1987a) as:

C	 + c	 (3.8)
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where à. is the mean specific moisture capacity and c is the perturbation

about the mean. This equation defines the mean specific moisture

capacity as a constant, not as function of soil pressure. It thus

defines the mean function relating the moisture content to the matric

pressure as a first order linear function, i.e. 0 = + constant.

Mantoglou and Gelhar (1987a,b,c) derived analytical expressions for

the variance of the matric pressure and K(H), assuming ergodicity and

stationarity of the parameters. The soils examined were assumed to be

perfectly stratified with relatively large mean capillary suction (i.e.

dry soil). Under these assumptions, and for the special case of a

drying soil where the variance of the specific moisture capacity is

small, the pressure variance can be calculated as:

2	 2
2	 a

a 
H

=

2
A

(3.9)

For the same conditions, the effective unsaturated hydraulic

conductivity can be expressed as:

2	 2

f	 H
K.. =K exp( AH - 	
11	 G

A
(i =1,2,3)	 (3.10)

where K.. is the effective unsaturated hydraulic conductivity tensor in11

the directions of the principal statistical anisotropy axes of f, a and
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c. K
G 
was defined as:

K
G 
— exp (F)
	

(3.11)

2
The remaining parameters, a

f' 
and	 are as defined in table 3.1.

For the case where the soil is wetting but still in a relatively

dry condition, and the variance of the specific moisture capacity is

again small, the pressure variance can be approximated by the following

expression:

2
Gro =

2 2
C
a 

H 1
	  ( 1 + 	

2
A	 A L i ,e l

) (3.12)

L 1 is defined as:

a HL — J + 	1	 1 a x i

(3.13)

where J 1 is the mean hydraulic gradient in the x 1 direction (i.e.,

a ( i - z)/az with z the vertical coordinate positive downward), and x l is

the coordinate system directed in the direction of the stratification.

is the correlation scale in the x 1 direction. For vertical flow in1 

the direction of the stratification, z and x l are in the same direction.

For the same conditions, the effective unsaturated hydraulic
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conductivity can be written as:

2	22	 2	 2
ACf (1 +	 H )	 af	 H
K
11 

— KG exp( AH -

2	22	 2 2
A	

^	 Cf (1 +	 H )	 c
f	

H

K22 "-= K33 = KG exp( AH +     )	 (3.15)
2 (AL 1 ,P 1 )	 A

These equations are further restricted to cases where the mean in K(0 0 )

value is small and the perturbations of the parameters are uncorrelated.

These equations were rewritten in the form of equation 1.6 and are

presented in table 3.2. Some observations can be made from examining

these equations. First, for steady state conditions, L 1 equal to one,

the transient formula for the effective unsaturated hydraulic

conductivity for wetting conditions derived by Mantoglou and Gelhar

(1987b) is approximately equal to the steady state formula derived by
,

Yeh et al. (1985b). This can be seen by examining the equation for a

for the uncorrelated case in table 3.1. If All is large, then:

,
a = A -

	2 	 2
	C

a	
a
a
H

- (3.16) 
A	 2A,e

,

which is the same as a for the transient wetting case with L 1 equal to

one. The equations for the drying case differ both in their estimates

for K(H
o
) and a for steady state conditions. Second, for conditions

- 	  )	 (3.14)
2 (AL 1 ,2 1 )	 A
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Table 3.2 Definition of the transient effective parameters and pressure
profile variance in the direction of the principle soil stratification
for the case where ln K(0 0 ) and a are uncorrelated (Mantoglou and
Gelhar, 1987b,c).

Parameter
	

Drying	 Wetting

2

K(H 0 )
	 exp[ F ]	 exp[ F -

	 a
f 	]

2AL.2

	22 	 22	 22,

a	 [ A -
 Of 	3

	[ A -  a f. H  -
 C f
	 ]

	A 	 2AL,P	 A

22	 22
	a H	 a H	 1

a	 a [ 1 + 	  ]
	2 	 2	 AL.P

A	 A

,
K(H 0 ) = effective K(0 0 ) value
,
a	 = effective a value

2
— variance of matric pressure valuesco

F	 — mean of random ln K(0 0 ) values

2
C
f	

— variance of random ln K(0 0 ) values

A	 = mean of random a values

2
a
a	

= variance of random a values

,P	 = correlation scale of both random K(0
o
) and random a values

— coefficient of proportionality between a and ln K(0 0 ),
for the correlated case

2	 2	 2
= a-

a 
/ c

f

H	 — mean soil-water pressure

L am
	 + 	

- z)	 01-1
1 a z	 az

2
a

7,1)
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where the all/ax i is large, large L l , the effective unsaturated hydraulic

conductivity formulas for wetting and for drying are essentially equal.

Third, the equation for a for drying conditions is a constant and not a

function of soil pressure. This is also true for the wetting equation

for large L l . This differs from the expectations formulated from the

steady state stochastic equations.

3.4 Chapter Summary

Stochastic formulas of Yeh (1985a,b,c) and of Mantoglou and

Gelhar (1987a,b,c) present analytical methods for determining the

pressure variance and effective hydraulic parameters for heterogeneous

unsaturated systems. However, the formulas are based on numerous

assumptions which are largely untested and unproven. In addition to the

assumptions of ergodicity and statistical homogeneity, the solutions are

derived assuming the pressure head can be described through a constant

mean and a perturbation term. For steady state conditions, this

assumption is valid for the profile above the capillary fringe but not

valid within the fringe area. For transient conditions, this assumption

is valid for only a limited portion of the profile. The solutions also

assume first-order analysis (Yeh et al., 1985a) and drop higher order

terms which may become significant when the perturbation terms in

equations 3.1a,b,c are large. A further assumption made in the

stochastic analysis is that the mean terms of equations 3.1a,b,c are
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much larger than the perturbation terms. Thus, it is not known how well

the formulas apply to highly variable profiles.

The stochastic formulas require statistical characterization of the

soil. Specifically, if one applies the expressions listed in table 3.1,

the mean and variance of ln K(H 0 ) and a, along with the correlation

scale of the parameters and the correlation coefficient between ln K(H 0 )

and a, are required. In most field studies, these values are not

available. In these cases, the parameters must be estimated based on

limited field data. It is not known how this estimation may affect the

results of the analysis.

This study compares results from numerical analysis and field data

to the predictions of the stochastic formulas. This provides a good

test for validating the stochastic formulas and for determining which

conditions they can best be applied to.
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CHAPTER 4.

METHODS FOR ESTIMATING EFFECTIVE UNSATURATED HYDRAULIC CONDUCTIVITY

4.1 Basic Concepts 

The use of effective hydraulic parameters allows one to average the

heterogeneities of the profile and treat the media as an equivalent

homogeneous media. For identical boundary conditions, the equivalent

homogeneous medium will discharge the same flux rate as the

heterogeneous one. It follows that the K(0) relationship of this

equivalent homogeneous medium is the effective K(0) relationship of the

heterogeneous media. This chapter discusses methods which were

evaluated for their suitability for estimating effective unsaturated

hydraulic conductivity (K(H)).

Klute and Dirksen (1986) present methods which can be used to

estimate K(0) under laboratory settings with disturbed field samples.

Among the methods listed are the constant head method, the steady state

flux control method, the nonsteady state Boltzman transform methods, and

the sorptivity method. When K(0) is measured in the laboratory, the

evaluated function is assumed to apply to the entire column. This can

be assumed to be an averaged, or effective, function for the sample.

For the methods which depend on measurements of the soil pressure or

soil moisture content at discrete points in the sample, the evaluated

conductivity applies to the portion of the sample between the

measurement points.
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Green et al. (1986) discuss methods which can be used to estimate

K(0) through field measurements. Among the methods listed are the

unsteady drainage-flux method (or the instantaneous profile method), the

crust-imposed steady state method, the sprinkler-imposed steady flux

method, the ponded infiltration method, and the negative pressure

method.

The instantaneous profile method (Green et al., 1986) is often used

to measure K(0) in the field (Nielsen et al., 1964, Rose et al., 1965,

van Bevel et al., 1968, Nielsen et al., 1973). Application of this

method involves measurement of moisture content and matric pressure

throughout the profile during drainage. The distribution of moisture

throughout the profile at the beginning of drainage is used to determine

the volume of water which has left the profile during the specified time

frame. The unsaturated hydraulic conductivity at any point in the

profile can be calculated from the change in moisture content above the

point during a specified time interval, which yields the flux, and the

hydraulic gradient at that point. This follows directly from Darcy's

law. Since the matric pressure at that point and time is also known,

this yields a point for the K(0) curve. If this procedure is repeated

at different times in the drainage process, the K(0) function can be

evaluated.

Due to its nature, the instantaneous profile method is not a good

technique for measuring K(H). The point measurements taken of 6 and of

0 yield point estimates of K(0). While these estimates are applicable

to the observation point, they are not representative of the system as a
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whole. Thus, unless these point estimates are used to evaluate the

distribution of the K(0) functions throughout the profile, this method
A

should not be used to estimate K(H).

The crust-imposed steady flux method involves measurement of the

matric pressure directly below an artificial crust placed over the soil

surface. Water is infiltrated at a constant rate through the crust into

the soil. If one assumes a unit gradient condition (constant 0 in the

profile), then K(0) is equal to the infiltration rate at that particular

soil pressure. Through repetition of this procedure for different

infiltration rates, a K(0) function can be evaluated. For heterogeneous

soils, the single pressure measurement may not be representative of the

mean pressure in the profile. For these conditions, Green et al. (1986)

recommend two tensiometer measurements in the profile. The two pressure

measurements are used to determine the hydraulic gradient. K(0) can

then be calculated through application of Darcy's law. This value would

be a representative effective value for the portion of the profile

between the two measurement points. The sprinkler-imposed steady flux

method also follows along these lines, with the infiltration rate

controlled by sprinklers rather than an artificial crust.

Both the ponded infiltration method and the infiltration at

negative pressure method are methods developed for calculating the

sorptivity of the soil (Philip, 1957). Methods for relating the

sorptivity to K(0) are presented by Russo and Bresler (1980). These

field techniques involve measuring the infiltration rate and the

position of the wetting front for a ponded soil column. This
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information is used to evaluate the sorptivity for the entire soil

column. Since for a heterogeneous soil the wetting front could be

moving through many different layers over the duration of the

experiment, this method may not be appropriate for evaluating K(H).

Yeh (1989) found the unit mean gradient approach may be suitable

for determining K(H) of heterogeneous porous media under steady

infiltration conditions. He theorized that many soil-water pressure

measurements may be required to properly define the mean pressure.

Results of Bosch and Yeh (1989) found good agreement between the results

of the unit mean gradient approach and optimized parameter values.

The following sections outline methods which were tested as

possible techniques for determining effective hydraulic parameters for

heterogeneous porous media profiles. These techniques are applied and

evaluated in subsequent chapters.

4.2 Mean Estimates

One method for evaluating effective parameters is to simply average

the values for each defined layer in the profile. The different

averages which can be taken are the arithmetic, harmonic, and geometric

means. Findings of Bosch and Yeh (1990) indicate that the optimum set

of effective hydraulic parameters for unsaturated conditions is between

the geometric and harmonic means of the heterogeneous parameter set.

This estimation technique requires a good representation of the
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hydraulic parameters for each of the layers, so the mean values can be

calculated.

4.3 Unit Mean Gradient Method

The unit mean gradient method (Yeh, 1989) is a method for
A

determining K(H) for steady state conditions. Under the unit gradient

assumption, the unsaturated hydraulic conductivity equals the

infiltration rate at the corresponding mean pressure head in the profile

(Yeh, 1989). Each steady state infiltration rate can be used to
	A 	 A

evaluate a pair of K(H), H values. These pairs define the K(H) function

for the profile. The steps for this procedure are as follows:

1) Establish a steady state infiltration rate into the

profile.

2) Measure matric pressure in the profile.

3) Determine the average observed matric pressure (H).

4) Assume the unit gradient approximation,

d 0 / dz — 0 ; q — K(0)

,

from which K(H) will equal the steady state infiltration

rate.

5) Repeat steps 1 through 4 for different infiltration

rates.
	A 	 A	 A

6) Evaluate K(H 0 ) and a values from a plot of H versus K(H).
^	 ,,

ln K(H) — ln K(H 0 ) + aH
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The unit mean gradient method is rather simple to apply. However,

an accurate estimate of the mean pressure in the profile is required to

apply the method. 0 must be measured at discrete points in the profile.

Questions on the number of measurements necessary and the location of

these measurements are largely unanswered. In addition, the procedure

as outlined here requires steady state conditions. Obtaining steady

state conditions in the field can be difficult and the repetition of

this procedure for several different infiltration rates may be a

formidable task. The unit gradient method as discussed by Nielsen et

al. (1973) and also by Ahuja et al. (1988) has also been applied to

transient drying conditions. These authors were fairly successful in

duplicating the K(0) function predicted by the instantaneous profile

method with the K(0) function obtained assuming a unit gradient for the

transient drying conditions. During drying in some profiles, the mean

gradient would be approximately equal to one, and the same procedure as

outlined above for steady state conditions could be applied. This

method can also be applied to transient wetting conditions for portions

of the profile behind the wetting front. Under these conditions, the

pressure profile behind the wetting front is essentially constant.

Thus, the unit mean gradient method could be applied in this portion of

the profile as well.
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4.4 Stochastic Formulas

Yeh (1989) studied the effects of soil heterogeneities on pressure
A

profiles simulated for 1-D steady infiltration. The study examined K(H)

in heterogeneous soils and compared head variance and K(H) estimated

from simulations to stochastic results developed by Yeh et al.

(1985 a,b,c). Predictions of effective parameters from stochastic

formulas were found to agree with optimized parameter values. The

expressions relating the variance of the matric pressure profile and the

effective hydraulic conductivity parameters to statistical

characteristics of the soil are presented in chapter 3 and tables 3.1

and 3.2. These formulas are for steady state and transient unsaturated

flow respectively.

4.5 Inverse Approach

The inverse approach is a method used to numerically evaluate the

optimum set of hydraulic parameters. In this analysis, this

optimization is performed by minimizing the differences between the

matric pressure head of the heterogeneous profile and the matric

pressure head of the equivalent homogeneous media. The inverse fitting

method used the criteria:

n	 ,,	 2
E(0.-.)-- minimum0
i=1	 1	

1 (4.1)
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A

.
where 0. is the matric pressure at the i 

th
 depth calculated for thei

equivalent media, 0 i is the matric pressure at the i th depth in the

heterogeneous profile, and n is the total number of nodes or observation

points. This equation defines the residual sum of squares for error

(RSSE) between the two soil pressure profiles.

The downhill simplex method of Nelder and Mead (1965) was selected

to fit an effective parameter set to the heterogeneous profiles. The

method is described in chapter 2. The downhill simplex method was

selected because it was relatively easy to incorporate into the flow

model. In addition, the simplex method can be used in connection with

different hydraulic conductivity functions which may not be

differentiable. This makes the program more versatile. Results from

optimization with the simplex method were compared to results from

optimization using both the Powell method and the Levenberg-Marquardt

method (Press et al., 1989). For steady state simulations, all three

methods yielded the same parameter estimates within the prescribed

tolerance.

The optimization model is used as a driver for the flow model. A
A	 A	 A A	 A

set of hydraulic parameters (Osat, Or, m, a, and K(H 0 )) is selected, and

the flow model is run. For the effective parameter analysis, the

parameters were assumed to be constant for the entire profile. The

pressure values obtained through simulation for this equivalent

homogeneous profile were then compared to the pressure values obtained

through simulation for the heterogeneous profile given equivalent

boundary and initial conditions. The optimization routine then adjusted
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the effective parameters to arrive at a minimum RSSE for the simulation.

The parameter values producing this minimum were considered the optimum

effective hydraulic parameters. The point at which the adjustment is

terminated is set by a tolerance. Both a function tolerance and a

parameter tolerance can be input. One can input an absolute tolerance

or a relative tolerance. If, in the case of an absolute tolerance, the

function or the parameter does not change more than the tolerance, the

optimization will stop. In the case of a relative change, if the

relative change is less than the tolerance, the optimization will also

stop.

The inverse procedure was applied to both steady state and

transient conditions. For steady conditions, the optimization was

performed using one or more matric pressure profiles generated using

specified flux boundary conditions. For transient conditions, the

optimization was performed through comparison of two or more matric

pressure profiles generated with the same boundary conditions and at the

same time in the transient simulation. In order to simulate the

transient conditions in the unsaturated profiles, a functional

relationship for the specific moisture capacity was assumed. The

specific moisture capacity can be evaluated from equation 1.4:

C = (Osat-Or) [P(exp(.5a0)(1-.5a -0)) /3 -1 (4.2)

* (.25a2

This relationship was derived in Bosch and Yeh (1989).
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For this analysis, Osat and Or were assumed to be predefined and

were not included in the optimization procedure. This assumption was

made to simplify the optimization procedure. Russo and Bressler (1982)

indicated the impact of the variability of the other hydraulic

parameters is limited in comparison to the impact of variation in K(0 0 ).

A numerical analysis was performed to evaluate the effects of

variability of these two parameters on transient conditions. This

analysis is described in detail in section 5.2.3. The analysis

reinforces the findings of Russo and Bressler. In addition, as shown in

table 2.3, the overall variability of Osat and Or is small.

4.6 Chapter Summary

A

Various methods for estimating K(H) have been discussed in this

chapter. Although the application of these methods to field conditions

has been emphasized, the methods would apply equally well to laboratory

samples. Most of the methods for measuring unsaturated hydraulic

conductivity using discrete measurements are inadequate for estimating
A

K(H) unless the measurements are used to interpret the mean behavior of

the system. The unit mean gradient and inverse methods appear to be
A

good methods for estimating K(H). However, the application of these

methods is not very well understood, and the methods remain untested.

The chapters that follow describe the testing of these methods and make

recommendations on their application. Additional testing of the mean

methods and the stochastic formulas are also presented.



94

CHAPTER 5.

NUMERICAL METHODS

5.1 Introduction

This chapter describes the numerical methods applied in this study.

The first section describes the 1-D flow model used to simulate

unsaturated flow through heterogeneous porous media. A discussion is

presented on the stability and accuracy of the 1-D flow model and on the

sensitivity of the model to variation in the hydraulic parameters in the

profile. The second section describes the optimization model used to
A

evaluate K(H) for the heterogeneous profiles examined. It includes a

discussion on the sensitivity of the optimization model as well. A

section is also included describing a test of the ergodic hypothesis

assumed in this study as well as a section on the model used to simulate

2-D unsaturated flow.

5.2 One-Dimensional Unsaturated Flow Model 

5.2.1 Basic Framework

One-dimensional flow in an unsaturated soil profile can be modeled

using Richards' equation (eq. 1.1). A modified version of the finite-

element solution developed by Khaleel and Yeh (1985) was used to solve

the flow equation (Bosch and Yeh, 1989). The program uses linear basis

functions and a Galerkin finite-element weighting scheme. The model has
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been previously validated and tested with observed data, and results

have been compared to those generated by analytical and similar

numerical models (Bosch, 1989, Bosch, 1988).

Since unsaturated hydraulic conductivity and specific moisture

capacity are both functions of 0, one must iterate to solve

equation 1.1. The Newton-Raphson iteration technique was incorporated

in the finite element program for this purpose. This iteration

technique requires the derivative of C with respect to 0. The

derivative is calculated from equation 4.2 as:

d 
C — (Osat-Or) [ fi( 8-1)(exp(.5a0) (5.1)

d 0

* (1-.5a0)) f3-2 (.25a 2  + (fi(exp(.5a0)(1-.5a0))

* (-.25a 2
exp(.5a0)-.125a 3

0 exp(.5a0)) ]

The functional forms provided by equation 4.2 and 5.1 increase the

computational efficiency of the computer program considerably. However,

there are some problems associated with computing the exponential terms

at low soil pressures.

To simulate heterogeneous soil profiles, several vertical layers

were assumed. Following a procedure described by Yeh (1989), the

natural log of K(0 0 ) (ln K(0 0 )), a, Osat, Or, and m values were

generated for each layer. Two types of correlation are referred to in

this study. The first type of correlation is between individual
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parameters from layer to layer, for example K(0 0 ) for layer one to K(0 0 )

for layer two. Field data (Greenholtz et al., 1988, Bakr, 1976, Russo

and Bresler, 1980, Byers and Stephens, 1983) have shown the parameters

are not entirely random but spatially correlated. Therefore, each

individual parameter was assumed to be correlated over space and was

generated with a specified correlation structure. In this case, an

exponential autocorrelation function was used. The second type of

correlation which will be referred to is correlation between the set of

hydraulic parameters, for example K(0 0 ) for layer one to a for layer

one. The set of parameters was assumed to be either perfectly

correlated with all of the other parameters or perfectly uncorrelated.

A constant flux top boundary condition and a constant pressure lower

boundary condition were assumed for all of the simulations performed.

5.2.2 Model Stability and Accuracy

An analysis was performed to check the stability of the unsaturated

flow model. A variable time step was used in the model and the model

stability at large time steps had to be verified. For the special case

where K(0) and C(0) are functions of pressure only and not of position,

the flow equation can be written in the following form:

a 0 = K(0) a
2
0 _	 1 a K(0) a 0 (5.2)

8t	 c(0)az2	 c(0) a0	 az



1
Co = 	  

a K(0) At
-

(5.4)
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In this form, the equation is analogous to the advection-diffusion

equation. Much effort has gone into verifying the stability of the

advection-diffusion equation. The Peclet number (de Marsily, 1986) is

normally used as the stability criteria for developing the spatial

increment in the grid. If the exponential conductivity function (eq.

1.3) is assumed, the Peclet number for the unsaturated flow problem

simplifies to:

Pe = a Az	 (5.3)

The normal constraints for the Peclet number are, Pe � 2.0 (de Marsily,

1986).

The Courant number is another stability criteria that is commonly

used. For the flow equation, the Courant number can be expressed as:

C(5)	 a 0	 Az

The criteria normally used for the Courant number is Co � 1.0

(de Marsily, 1986). The Courant number can not be further simplified

and must be calculated at each node in the profile for each time step.

Although these expressions are for the special case where K(0) and

C(0) are functions of 0 only, they can be used as basic guidelines for

determining Az and At. Near saturation, such as near the water table,

C(0) approaches zero and Co becomes very large. Despite this, the

numerical solution shows no signs of instability near the water table.
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Thus, this constraint does not appear to apply within the capillary

fringe.

The finite element model allows variable time weighting. That is,

the coefficients can be either weighted forward in time (an implicit

scheme) or backward in time (an explicit scheme). The implicit scheme

is unconditionally stable (de Marsily, 1986). For this reason, the

implicit scheme was used for all the simulations performed in this

study. The accuracy of the solution can, however, be improved by

refining the grid.

An analysis was performed to establish some guidelines for the

spatial and temporal increments used in the dissertation analysis. The

input information for this simulation is shown in table 5.1. A

spatial increment of 1 cm was selected after analysis of the

distribution of a values and evaluation of the peclet numbers. The

maximum time step (max At) allowed in the simulation was varied and the

results of the simulations compared for accuracy.

The first test examined the model accuracy when drying conditions

were simulated. In this simulation, transient pressure profiles

simulated for 10, 30, and 50 hours were compared. The initial flux into

the soil was 3.0 cm/hr, and the final flux was 1.0 cm/hr. A comparison

was made of two simulations where the max At allowed for the simulations

were 0.01 and 1.0 hrs. The results obtained with a max At of 0.01 hrs

were assumed to be the most accurate and were compared to those obtained

with a max At of 1.0 hr. Differences between the pressure values

obtained through these two simulations were within the tolerance set for
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Table 5.1 Input parameter set for the 1-D flow model stability analysis.

parameter description	 input value

profile depth (cm)	 2000
number of soil layers	 400
simulation nodes	 2001
correlation scale (cm)	 50
average K(0 0 ) (cm/hr) 2	 2	 48.6
variance of K(0 0 ) (cm /hr )	 2569
average ln K(0 0 )	 3.40
variance of ln K(0 0 )	 1.07
average a (1/cm)

2	 0.103
variance of a (1/cm )	 0.0012
tolerance for convergence of	 0.10
pressure solution (cm)

pressure at bottom of profile (cm)	 0.0

ceasing iterations of the finite element solution. These results

indicate the finite element solution is not sensitive to the time step

when drying conditions are simulated.

The second test examined the stability and accuracy effects when

wetting conditions were simulated. In this case, pressure profiles were

simulated at 2, 6, and 10 hrs, with an initial flux of 1.0 cm/hr and a

final flux of 3.0 cm/hr. The max At allowed for the simulations

compared were 0.01, 0.1, and 1.0 hrs. Convergence of the solution for

the case where max At was set at 1.0 hr limited the actual max At in

that case to 0.17 hrs. Simulated pressure profiles for these different

values of max At were virtually identical. In the upper and lower

portions of the profile where the conditions are essentially steady

state, the solution is independent of the time step. It is at the
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wetting front where the effects of the time step appear. This can be

seen in figure 5.1 which shows the residuals for the 2, 6, and 10 hour

profiles. Differences between the simulated pressure profiles are

consistently largest at the wetting front.

Despite these differences in the wetting solution, it appears the

accuracy of the solution is well regulated by convergence. That is,

before the accuracy of the solution becomes too poor, convergence of the

iterative solution becomes a numerical problem. When the model

experiences a large number of iterations, the time step is automatically

reduced. This also appears to regulate the accuracy of the flow model

quite well. Also, the variability induced by the actual soil

heterogeneity is much larger than that induced by the spatial and

temporal grid divisions.

5.2.3 Model Sensitivity

Analysis has shown the 1-D flow model is quite sensitive to

variations in the K(0 0 ) and a parameter set (Bosch and Yeh, 1989).

However, sensitivity of the model to variation in Osat, Or, and m is

largely unknown. A sensitivity analysis was performed to evaluate the

sensitivity of the 1-D flow model to variance in each of these

parameters. The basic parameter set for this simulation is shown in

table 5.2. For this analysis, a profile with constant Osat, Or, and m

values and variable K(0 0 ) and a was compared to a profile where all of

the parameters were varied. The constant Osat, Or, and m selected were
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Table 5.2 Input parameter set for the 1-D flow model parameter
sensitivity analysis.

parameter description	 input value

profile depth (cm)	 500
number of soil layers	 100
simulation nodes	 501
correlation scale (cm)	 50
average K(0 0 ) (cm/hr)

z	 2	 57.5
variance of K(0 0 ) (cm /hr )	 2790
average ln K(0 0 )	 3.72
variance of ln K(0 0 )	 0.635
average a (1/cm) 2	 0.107
variance of a (1/cm )	 0.0008
tolerance for convergence of	 0.10
pressure solution (cm)

maximum time step allowed (hrs)	 1.00
flux into profile (cm/hr)	 3.00	 (wet conditions)

0.10 (dry conditions)
pressure at bottom of profile (cm)	 0.00

3 3 3 3
0.42 cm /cm , 0.042 cm /cm , and 3.9, respectively. These parameters

were the arithmetic averages of the set of values assigned to the soil

layers for the case where the parameters were varied. Simulations were

performed for drying and wetting conditions. The flux assigned for the

driest steady state simulation was 0.1 cm/hr, the flux assigned for the

wettest simulation was 3.0 cm/hr. Some of the drying pressure profiles

are shown in figure 5.2. Some of the wetting pressure profiles are

shown in figure 5.3. As the figures show, the effects of variability

of these three parameters are distributed throughout the entire profile

for the drying case but only at the wetting front for the wetting case.
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Figure 5.2 Pressure profiles for the drying simulation conducted for the
1-D unsaturated flow model sensitivity analysis, illustrating the
effects of variance in saturated moisture content, residual moisture
content, and m.
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Figure 5.3 Pressure profiles for the wetting simulation conducted for
the 1-D unsaturated flow model sensitivity analysis, illustrating the
effects of variance in saturated moisture content, residual moisture
content, and m.

104



105

For drying conditions, the effects of the variability are minor because

they are distributed throughout the profile. However, for wetting

conditions, the effects can be significant. In the case of wetting, the

variability affects the position of the wetting front.

The effects of the exponential parameter m was evaluated by fixing

Osat and Or and varying m. Some of the pressure profiles for the

wetting simulation are shown in figure 5.4. As this figure shows,

varying m and fixing Osat and Or does a fairly good job of approximating

the pressure profile where all of the parameters are varied. Again, the

approximation is better for drying than for wetting conditions.

There appears to be no direct relation between the variability of

these parameters and the velocity at which the wetting front advances.

Examination of figure 5.4 shows that at two hours the wetting front of

the simulated profile developed using the parameter set where all of the

parameters were varied was ahead of the profile developed using the

parameter set where only K(0 0 ) and a were varied. At four hours, the

wetting fronts are virtually identical; and at eight hours, the position

of the profiles are reversed. Thus, the speed at which the wetting

front advances varies with the position in the profile. With a constant

flux upper boundary condition, the depth to which the wetting front

advances depends on the fillable porosity in the soil. When the soil

moisture characteristics vary with depth, the fillable porosity will as

well. Thus, we expect to see this variation in the speed of the wetting

front.

It is interesting to examine the effects of variability of the
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Figure 5.4 Pressure profiles for the wetting simulation conducted for
the 1-D unsaturated flow model sensitivity analysis, illustrating the
effects of variance in m.
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parameters on variation in moisture content. Moisture content is

related to soil pressure through equation 1.4. If the hydraulic

parameters are allowed to vary with soil layer, the variability in soil

pressure will be amplified when translated to soil moisture. This is

shown in figure 5.5, which presents one of the moisture content

profiles for drying and wetting conditions with fixed Osat, Or, and m.

The corresponding figures for fixed Osat and Or and variable m are shown

in figure 5.6. As seen in the pressure profiles, the case where m is

allowed to vary yields values closer to the moisture content profile

obtained when all of the parameters were variable.

The sensitivity analysis indicates that the effects of Osat and Or

are insignificant in comparison to K(0 0 ), a, and m. It appears fixing
, 

A , A A

Osat and Or while optimizing K(H 0 ), a, and m is justified. Field

measurements reported in section 2.2.4 and in other reports (Warrick and

Nielsen, 1980, Carvallo et al., 1976) indicate that Osat and Or have the

lowest variability of the hydraulic parameters. In addition, other

studies (Russo and Bresler, 1982, Dagan and Bresler, 1983) have shown

that fixing these parameters does not significantly affect simulation

results and the impact of these parameters is insignificant in

comparison to the impact of variability in saturated hydraulic

conductivity.
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Figure 5.5 Moisture content profiles after five hours of drying (a) and
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Figure 5.6 Moisture content profiles after five hours of drying (a) and
after two hours of wetting (b) for the 1-D unsaturated flow model
sensitivity analysis, illustrating the effects of variance in m.
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5.3 Optimization Model 

5.3.1 Basic Framework

Much of the work in this study involves evaluating different

methods for determining effective parameter sets for heterogeneous

soils. An effective parameter set consists of a single set of parameter

values which best describes flow through the actual, heterogeneous soil

profile. One method used to evaluate the effective parameters was the

inverse, or optimization, procedure. Since this technique is designed

to determine the optimum or best parameter set, it was used as a basis

for evaluating the other methods. As described in section 4.5, the

unknown parameters are estimated by minimizing an optimization function.

In this case, the optimization function selected was equation 4.1.
A	 A

As described earlier, Osat and 8r were assumed to be fixed.
A	 A

	
,

Optimizations were performed to evaluate the parameters K(H 0 ), a, and m.

Any combination of the parameters can be optimized with the developed

model. When one of the parameters is fixed, an estimate of the

parameter to be assigned as the equivalent parameter for the soil

profile must be input.

The more parameters optimized, the more difficult the analysis
A

becomes. In the case of steady state analysis, the value assigned to m

is irrelevant with respect to the pressure profile. Transient flow
A

simulations must be used to optimize m or an estimate formed based on

the moisture content for the steady state simulation.
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5.3.2 Optimization Sensitivity

An analysis was performed to evaluate the sensitivity of the

optimization routine. The sensitivity of the optimization routine is

obviously connected to the sensitivity of the flow model. If the flow

model is not sensitive to large changes in any of the three evaluated

parameters, then it is impossible to place a great deal of confidence in

precise estimates of the parameters.

The optimization procedure compares matric pressures throughout the

heterogenous profile to those in the equivalent homogeneous profile. In

this case, both sets of pressure values are simulated by the flow model.

The pressures for the heterogeneous profile are simulated using a

different set of hydraulic parameters for each layer in the soil

profile. The equivalent pressure profiles are simulated using a single

set of parameters for the entire profile.

This sensitivity analysis examined the number of observed pressure

profiles required to obtain a good estimate of the optimum parameter

set. One can use either a single or multiple steady state profiles, a

single or multiple transient profiles, or any combination of the two.

The sensitivity analysis used the same basic profile as that described

in table 5.2. For this analysis, the profile was assumed to be

perfectly homogeneous, and the variance for each of the parameters was

set to zero. Theoretically then, the optimization should produce the

constant parameter set used in the initial simulation.
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Figure 5.7 shows the optimization response surface for the case

when a single steady state flux equal to 3.0 cm/hr was used as the
A

matching profile. In this case, the optimization searched for K(H 0 ) and
,
a. As the figure shows, a minimum of the residual sum of squares for

error (RSSE), equation 4.1, is not well defined for this case. This

indicates a difficulty in optimizing using this single matching profile.

Figure 5.8 shows the response surface when a single steady state flux

equal to 0.1 cm/hr was used. When the optimization is switched from a

profile generated with a relatively high flux to one generated with a

relatively low flux, the behavior of the response surface changes

significantly. At high fluxes, the RSSE is relatively sensitive to

changes in both K(H 0 ) and a. For lower fluxes, the RSSE is insensitive
A	 A

to changes in K(H 0 ) but very sensitive to changes in a. Due to the

exponential term in the exponential conductivity function, small changes

in a at low pressures can have a substantial effect on the K(H).

Whereas, large changes in K(H 0 ) will have less of an effect on K(H) at

low pressures.

Figure 5.9 shows the effects of using two steady state profiles,

in this case with fluxes equal to 3.0 cm/hr and 0.1 cm/hr. As this

figure shows, when two steady state profiles are combined, the

optimization response surface is well behaved. That is, there appears

to be a single minimum for the RSSE, indicating better opportunity to

evaluate the best effective parameter set. Note also that when the two

steady state profiles are combined, the RSSE is fairly insensitive to
A

relatively large changes in K(H 0 ) but sensitive to relatively small
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Figure 5.7 Response surface for the optimization sensitivity analysis
where effective a and K(H 0 ) are optimized using one pressure profile
resulting from a steady state simulation with a flux of 3.0 cm/hr.
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Figure 5.8 Response surface for the optimization sensitivity analysis
where effective a and K(H 0 ) are optimized using one pressure profile
resulting from a steady state simulation with a flux of 0.1 cm/hr.
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Figure 5.9 Response surface for the optimization sensitivity analysis
where effective a and K(H 0 ) are optimized using two pressure profiles
resulting from steady state simulations with fluxes of 3.0 and
0.1 cm/hr.
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,

changes in a.

An explanation for this can be found in the exponential unsaturated

hydraulic conductivity function and the flow model for steady state

conditions. The optimization seeks to derive the parameters which will

minimize the deviation between the effective and heterogeneous pressure

profiles. The mean soil pressure which will provide this minimum is the

average soil pressure in the heterogeneous profile. The soil pressure

is thus fixed. For steady state conditions, the unsaturated hydraulic

conductivity is equal to the flux passing through the soil. Thus, two

of the four parameters in equation 1.6 are known. If two steady state

profiles are simulated, there are two equations to define the remaining
A	 A

two parameters. Defining a in terms of the other parameters, a can be

calculated explicitly as:

ln CI
2

A

C11a = 	
—	 —
Hz - H 1

(5.5)

where q 2 is one of the steady state fluxes, q l is the second steady
A

state flux, and 11 is the corresponding average soil pressure. K(H 0 ) can

then be calculated with either set of data as:

A	

^.. ..1
K(H 0 ) = q exp(aH)	 (5.6)
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Figures 5.10 and 5.11 present the response surfaces obtained when
A	 A	 A	 A

the parameters chosen for optimization were a and m, and K(H 0 ) and m

respectively. These response surfaces were obtained using two steady

state profiles (3.0 and 0.1 cm/hr) and one transient drying profile (5

hours after flux is changed from 3.0 to 0.1 cm /hr). Corresponding

curves for wetting conditions are shown in figures 5.12 and 5.13.

These response surfaces were obtained using two steady state profiles

(0.1 and 3.0 cm/hr) and one transient profile (2.5 hours after the flux

was increased from 0.1 to 3.0 cm/hr).

Numerous conclusions were drawn from the optimization sensitivity

results presented here and from other runs. First, more than one steady

state pressure profile is required in order to evaluate a unique set of
A	 A

K(H 0 ) and a values. A high steady state flux tends to define the unique
A

value of K(H 0 ), and a low steady state flux tends to define the unique
A

value of a. A combination of two steady state fluxes, one high, one
A	 A

low, explicitly defines a unique set of K(H 0 ) and a values which yields

the minimum of the optimization function.

With regard to the optimization based on transient conditions,

including more than one transient profile with two steady state profiles

does not improve the optimization response surface for K(H 0 ) and a.
A	 A

There is less sensitivity to the parameter K(H 0 ) when m is fixed than
A
	

A	 A

when a is fixed. This indicates an interaction between K(H 0 ) and a

which widens the response surface. The response surface for optimizing
A	 A

K(H 0 ) and m under wetting conditions is more confined than under drying
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Figure 5.10 Response surface for the optimization sensitivity analysis
where effective a and m are optimized using two pressure profiles
resulting from steady state simulations with fluxes of 3.0 and 0.1 cm/hr
and one drying profile at 5 hours after the flux is changed from 3.0 to
0.1 cm/hr.
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Figure 5.11 Response surface for the optimization sensitivity analysis
where effective K(H 0 ) and m are optimized using two pressure profiles
resulting from steady state simulations with fluxes of 3.0 and 0.1 cm/hr
and one drying profile at 5 hours after the flux is changed from 3.0 to
0.1 cm/hr.
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Figure 5.12 Response surface for the optimization sensitivity analysis
where effective a and m are optimized using two pressure profiles
resulting from steady state simulations with fluxes of 0.1 and 3.0 cm/hr
and one wetting profile at 2.5 hours after the flux is changed from 0.1
to 3.0 cm/hr.
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Figure 5.13 Response surface for the optimization sensitivity analysis
where effective K(H 0 ) and m are optimized using two pressure profiles
resulting from steady state simulations with fluxes of 0.1 and 3.0 cm/hr
and one wetting profile at 2.5 hours after flux is changed from 0.1 to
3.0 cm/hr.
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A

conditions, indicating a greater sensitivity to m under wetting

conditions.

Kool and Parker (1988) found the placement of observation points

and the time used to compare the observed and simulated data are

critical factors in the inverse procedure. For wetting conditions the

observation points must be placed precisely at the wetting front in

order to improve the inverse problem. As seen from simulation results,

during wetting conditions 0 throughout most of the pressure profile is

constant. It is only at the wetting front that transient conditions

appear significant. Thus, in order to assess the effects of the

transient nature, the observation points must be placed at the wetting

front. The sensitivity analysis performed on the flow model also showed

that differences in estimates of the hydraulic parameter set can

dramatically affect the position of the wetting front.

In summary, the optimization sensitivity analysis produced these

recommendations for evaluating effective parameters using the inverse

procedure. First, use at least three profiles, two steady state and one
A	 A	 A	 A

transient, to define K(H 0 ), a, and m. If only K(H 0 ) and a are required,

two steady state profiles will explicitly define the parameters. The

transient analysis should include a wetting scenario as it appears to
A

better define the soil-moisture characteristic curve, in this case the in

parameter.
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5.4 Test of Ergodic Hypothesis 

The method of analysis used in this study is to generate a profile

consisting of multiple layers of homogeneous units, each layer having

associated with it a characteristic set of hydraulic parameters, and

simulate the movement of moisture through the profile. The matric

pressure profile generated from this simulation is then examined. The

mean matric pressures, the variance of the matric pressures, the

correlation scale of the pressure profiles, and K(H) for the profile are

evaluated and related to the statistical characteristics of the input

hydraulic parameters. The statistical characteristics of the hydraulic

parameters are the mean, the variance, and the correlation scale of

ln K(0 0 ), a, Osat, Or, and m.

One possible method of evaluating the relation between the

statistical characteristics of the pressure profile and those of the

hydraulic characteristics would be to run multiple simulations using

several realizations of random parameter fields. This would be very

computationally intensive and time-consuming. Rather than running

multiple simulations to evaluate these characteristics, the ergodic

hypothesis is invoked. That is, the probability distribution of a

single realization of random ln K(0 0 ) and a fields is assumed to be

representative of the ensemble.

To test this hypothesis several random sets of ln K(0 0 ) and a

values were generated. The sets were generated with different seed

values so that each profile would be different. Input information for
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the random parameter generator was set to yield the same mean, variance,

and correlation scales for these data sets. The mean and variance of

the in K(0 0 ) values input for these simulations were 3.0 and 1.0

respectively. The mean and variance for the a values were 0.10 and

1x10
-4 

1/cm. Because of the method used to generate the random field of

ln K(0 0 ) and a values (section 5.2.1), it is not possible to fix the

statistical characteristics of the actual generated parameters. By

changing the seed value, these basic characteristics of the realizations

are also changed. Thus, it was not possible to strictly fix the mean

and variance of in K(0 0 ) and a. This, in turn, affects the

characteristics of the simulated pressure profile. The variability of

these parameters was, however, kept to a minimum by using the full set

of generated parameters and by screening the data sets to find those

sets with comparable means and variances of these parameters.

A profile with a depth of 2048 cm was simulated for steady state

fluxes of 1.0 and lx10 -8 cm/hr. Results indicated that the mean

pressure for these simulations was fairly constant (within 5 cm). The

variance of these pressure values tended to vary. However, the variance

observed appeared to be directly related to the variance of the input

hydraulic parameters. The pressure profiles with the largest variance

had the parameter sets with the larger variances. Profiles which were

generated with parameter sets with means and variances approximately

equal had approximately the same pressure variances. Therefore, it

appears that the mean and variance of the pressure profile simulations

would be the same for two different realizations of ln K(0 0 ) and a data
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sets, provided the two data sets had the same mean, variance, and

correlation scale. The results obtained assuming the ergodic hypothesis

appear to be correct as long as they are associated with a specific

characterization of the hydraulic parameters.

5.5 Two-Dimensional Unsaturated Flow Model 

Simulations were also performed to evaluate K(H) and the anisotropy

ratio for perfectly stratified 2-D systems. The numerical model used

for these simulations was the VSAFT2 model (Variably Saturated Flow and

Transport in two-dimensions) described by Srivastava and Yeh (1990).

The model uses triangular finite elements and a banded matrix solver to

model flow in variably saturated porous media. The numerical solution

is based on the Galerkin finite element technique and can use either

lumped or consistent weighting to evaluate the storage matrix in

transient problems. The model uses the Newton-Raphson iteration

technique making use of the preconditioned conjugate gradient method for

solving Richards' equation at each iteration. The model can use several

K(0) and O() functional relationships. For these simulations, the

exponential hydraulic conductivity model, equation 1.3, and the OW

function of Russo (1988), equation 1.4, were used. Additional

information on this model is reported in Srivastava and Yeh (1990).
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CHAPTER 6.

EFFECTS OF SPATIAL VARIABILITY AND CORRELATION SCALE

6.1 Introduction

This chapter describes simulations performed to evaluate how

profile variability and correlation scale affect the variance of the

matric pressure head in the profile. Steady state simulations were used

2
to examine relationships between the variance of ln K(1k 0 ) (a )' thef 

2
variance of a (a

a
), and correlation scale of the hydraulic parameters

2

( P), and the matric pressure head variance (a ). For this analysis, and
0

2
throughout this dissertation, a is calculated from the difference

0

between the actual pressure at a specific location in the profile, 0(z),

and the mean pressure of the profile above the capillary fringe, H. The

mean pressure being the arithmetic average of all of the observed or

simulated matric pressures in the profile. For steady state conditions

the mean pressure is constant above the capillary fringe. For transient

conditions the mean is not constant. For wetting conditions the mean

varies above and below the wetting front. For drying conditions the

mean is non-constant throughout the profile. Using the method described

here it is not possible to define the variance of the matric pressure

profile for transient conditions. For this reason only steady state

simulations are examined in this chapter.
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6.2 Variability of Soil Pressure for Steady Flows 

6.2.1 Effects of Parameter Variability

2
This section examines how parameter variability affects co .

2	 2	 2
	Specifically, c f and a 	 adjusted and co examined. Descriptions of

the simulated profiles are in table 6.1. Hydraulic parameter sets

associated with the heterogeneous profile were produced using the

procedure described in section 5.2.1. Both the case where the parameter

set of ln K(0 0 ) values and the parameter set of a values were correlated

and uncorrelated were examined.

2	 2
The objective of this analysis was to adjust c f and °

a'
while

keeping the mean of the parameters and the correlation scale constant.

Unfortunately, the procedure used to produce the spatially correlated

parameters does not allow one to maintain a fixed mean when the variance

of the parameters are adjusted (see section 5.2.1). For this reason,

the mean of the parameters varies slightly throughout the simulations.

An effort was made to keep the change in the mean values to a minimum.

2	 2	 2
The first set of simulations examined how c

f 
affects a. a

f 
was

0

adjusted from 0.1 to 4.0. This range is consistent with the range of

variances which may be expected in field data (table 2.1). Over this

range, the mean of the ln K( -0 0 ) values, F, ranged from 3.07 to 3.46.

The steady state fluxes simulated ranged from 0.1 cm/hr to lx10
-8 

cm/hr.

2
H and c for each of these simulations is shown in table 6.2. As theo
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Table 6.1 Input parameter sets for the analysis of the pressure profile
variance as affected by variance in ln K(0 0 ).

simulation set number
parameter

profile depth (cm)
number of soil layers
simulation nodes
correlation scale (cm)
average K(0 0 ) (cm/hr)
variance of K(0 0 ) (cm 2/hr 2 )
average ln K(0 0 )
variance of ln K(0 0 )
'average a (1/cm)
ivariance of a (1/cm 2)
2 average a (1/cm)
2variance of a (1/cm 2 )

'in K(0 0 ) and a uncorrelated
21n K(0 0 ) and a correlated

1 2 3 4 5

2000 2000 2000 2000 2000
1000 1000 1000 1000 1000
2001 2001 2001 2001 2001

50 50 50 50 50
22.6 38.8 66.2 111.3 185.5
42.3 2221 20992 124329 570851
3.07 3.23 3.32 3.39 3.46

0.091 0.913 1.826 2.740 3.653
0.098 0.098 0.098 0.098 0.098
1E-04 1E-04 1E-04 1E-04 1E-04
0.102 0.102 0.102 0.102 0.102
1E-04 1E-04 1E-04 1E-04 1E-04

Table 6.2 Mean pressure and pressure profile variance for the analysis
of the pressure profile variance as affected by variance in ln K(0 0 ).

steady
state
flux

(cm/hr)

H

(cm)

1	 2
c
0

(cm 2 )

H

(cm)

simulation set number
2	 2 	3	 2 	4

	

(70	 H	 (70	 H

(cm 2 )	 (cm)	 (cm 2 )	 (cm)

2
ao

(cm 2 )

5
H

(cm)

2
co

(cm 2 )

1 	0.1 -56 28 -56 97 -57 176 -57 256 -57 335
1 	0.01 -79 49 -80 115 -80 192 -80 269 -80 346
1 0.001 -103 78 -104 141 -104 214 -104 289 -104 365
1 1E-04 -126 114 -127 173 -127 244 -127 317 -127 390
1 1E-05 -150 156 -151 212 -151 280 -151 351 -151 422
1 1E-08 -219 318 -220 364 -220 424 -220 487 -220 552
2 	0.1 -53 4 -54 20 -54 73 -54 137 -54 207
2 	0.01 -75 17 -76 5 -77 39 -77 88 -77 146
2 0.001 -98 37 -99 0 -100 16 -100 51 -100 95
2 1E-04 -120 66 -122 4 -122 3 -123 24 -123 56
2 1E-05 -143 101 -144 17 -145 0 -145 7 -146 27
2 1E-08 -209 241 -212 103 -213 44 -213 15 -214 3

'ln K(0 0 ) and a uncorrelated
21n K(0 0 ) and a correlated
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2
table shows, H varied little for each flux over the range of of values

examined. This indicates the inability to fix F had only a minor affect

on the simulation results.

2
Figure 6.1 presents a plot of c as a function of H over the

0
2

range of c f values examined for the case where ln K(0 0 ) and a were

uncorrelated. As the figure shows, the shape of the relation is fairly
2

constant, with c increasing with a decrease in the mean pressure head.0
2	 2

For a constant H, a increases linearly as a function of a
f .

 The rate0

of increase appears to be fairly constant over the range of mean

pressures examined.

2
Figure 6.2 presents a plot of c as a function of H over the

0
2

range of uf values examined for the correlated case. In contrast to the
2

case where the parameters are uncorrelated, c does not increase
0

2
linearly with an increase in cf for a fixed H. As Yeh (1989) has shown,

for the case where these two parameters are correlated there is a mean

2
pressure at which a is at a minimum. This mean pressure will coincide

0

with the point on the K(0) curve where all of the lines corresponding to

the generated K(0) functions for each layer cross at a single pressure.

This point occurs at a matric pressure equal to the inverse of the

constant of proportionality between ln K(0 0 ) and a, e in tables 3.1 and

3.2. This constant of proportionality can be calculated as the square
2	 2	 2

root of the ratio between a
a and af. Since af was different for each

2
simulation set, e is also different. As a

f 
is increased, the mean

pressure at which the minimum occurs increases. At pressures lower than

2
and higher than this pressure a appears to increase exponentially.

0
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Figure 6.1 Variance of the matric pressure head as a response to changes
in mean pressure for a range of variances of ln K(0 0 ), in K(0 0 ) and a
uncorrelated. Values listed are for the variance of ln K(00).
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Figure 6.2 Variance of the matric pressure head as a response to changes
in mean pressure for a range of variances of ln K(0 0 ), ln K(0 0 ) and a
correlated. Values listed are for the variance of ln K(00).



132

This exponential increase appears to be approximately the same

2
independent of c

f'
2	 2

The second set of simulations examined how a
a 

affects c .
0

2
Descriptions of the profiles examined are shown in table 6.3. c

a 
was

adjusted from 1x10
-6 

to 1x10
-3 

1/cm
2
. Over this range the mean of the a

values, A, ranged from 0.093 to 0.107 1/cm. The same range of steady

2
state fluxes were simulated as in the first set. H and c for each of

0

these simulations is shown in table 6.4. H varied over a slightly

larger range for this set of simulations.

2
Figure 6.3 presents a plot of a as a function of H over the

0
2

range of a
a 
values examined for the case where ln K(0 0 ) and a were

2
uncorrelated. As the figure shows, a increases much more rapidly with

0
2

decreasing mean pressure for cases where a a is large than for cases

2	 2	 2
where c

a 
is small , c is essentially constant for a

a 
values less than

0
2	 2

lx10
-6

1/cm , despite the fact that a f was equal to 0.9 for this

2
simulation set. For a fixed H, a also appears to increase fairly

0
2

linearly as a function c
a
. However, the slope of the increase increases

as H decreases.

2
Figure 6.4 presents a plot of a, as a function of H over the

V
2

range of a
a 
values examined for the correlated case. Again, for this

2
simulation set a takes on its minimum value at the point where the

0

multiple K(0) curves cross. In contrast to figure 6.2, the parabolic

2
nature of the function appears to flatten out at low values of c

2

a
. a

0
2

increases very rapidly with decreasing mean pressure for cases where c
a

2
is over 5x10

-4 
(1/cm ).
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Table 6.3 Input parameter set for the analysis of the pressure profile
variance as affected by variance in a.

Simulation set number
parameter

profile depth (cm)
number of soil layers
simulation nodes
correlation scale (cm)
average K(0 0 ) (cm/hr)
variance of K(0 0 ) (cm 2/hr 2 )
average ln K(0 0 )
variance of ln K(0 0 )
'average a (1/cm)
ivariance of a (1/cm2)
2average a (1/cm)
2variance of a (1/cm 2 )

1 1n K(0 0 ) and a uncorrelated
1 1n K(0 0 ) and a correlated

1 2 3 4 5

2000 2000 2000 2000 2000
1000 1000 1000 1000 1000
2001 2001 2001 2001 2001

50 50 50 50 50
38.8 38.8 38.8 38.8 38.8
2221 2221 2221 2221 2221
3.23 3.23 3.23 3.23 3.23

0.913 0.913 0.913 0.913 0.913
0.100 0.099 0.098 0.095 0.093
1E-06 1E-05 1E-04 5E-04 1E-03
0.100 0.100 0.102 0.105 0.107
1E-06 1E-05 1E-04 5E-04 1E-03

Table 6.4 Mean pressure and pressure profile variance for the analysis
of the pressure profile variance as affected by variance in a.

	steady	 simulation set number

	

state	 1 2 	2 2	 3 2 	4 2	
5 2

flux

(cm/hr)

H

(cm)

a
0

(cm 2 )

H

(cm)

ao

(cm 2 )

H

(cm)

co

(cm 2 )

H

(cm)

co
(cm 2 )

H

(cm)

a
0

(cm 2 )

1 	0.1 -55 81 -55 81 -56 97 -59 188 -61 307
1 	0.01 -78 81 -78 82 -80 115 -83 284 -85 473
1 0.001 -101 80 -102 83 -104 141 -107 400 -107 657
1 1E-04 -124 80 -125 86 -127 173 -129 532 -129 853
1 1E-05 -147 80 -148 89 -151 212 -152 674 -151 1061
1 1E-08 -216 82 -217 105 -220 364 -196 3 984 -199 1563
2 	0.1 -55 74 -54 58 -54 20 -53 4 -53 57
2	 0.01 -78 70 -77 48 -76 5 -75 48 -75 182
2 0.001 -101 67 -100 39 -99 0 -97 127 -96 327
2 1E-04 -124 63 -123 31 -122 4 -119 227 -116 474
2 1E-05 -147 60 -146 24 -144 17 -140 339 -136 613
2 1E-08 -215 52 -215 10 -212 103 -202 694 -174 3 885

1 1n K(0 0 ) and a uncorrelated
21n K(0 0 ) and a correlated
3 flux equal to 1E-07
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Figure 6.3 Variance of the matric pressure head as a response to changes
in mean pressure for a range of variances of a, ln K(0 0 ) and a
uncorrelated. Values listed are for the variance of a.
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Figure 6.4 Variance of the matric pressure head as a response to changes
in mean pressure for a range of variances of a, ln K(0 0 ) and a
correlated. Values listed are for the variance of a.
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In most cases in K(0 0 ) and a would neither be perfectly correlated

or uncorrelated. One would expect to find the two related, but

certainly not perfectly correlated. Thus, this information while not

directly applicable does provide a guideline of what one might expect to

find in field studies. It appears that at low mean pressures one would

2
expect a to be very large. At higher mean pressures one would expect

0
2	 2

lower a values. In addition, if a high a is observed in the field one
0	 0

could interpret this as meaning the hydraulic parameters for this

profile are also highly variable.

6.2.2 Effects of Correlation Scale

This section examines how the correlation scale of the hydraulic

2
parameters, ln K(0 0 ) and a, (,P) affects ao in a heterogeneous profile.
Again, both the case where ln K(0 0 ) and a were perfectly correlated and

where they were uncorrelated were examined. The objective of this

analysis was to vary ,e while keeping the statistical characteristics of

the parameters, the mean and variance, constant. A slight variation in

the actual mean and variance of the hydraulic parameters was observed

throughout the simulations.

Descriptions of the simulated pressure profiles are listed in

table 6.5. .e was varied from 5 cm to 500 cm. The steady state fluxes

2
examined ranged from 1.0 cm/hr to lx10

-8 
cm/hr. The resulting H and a

0

calculated from the simulated profiles are shown in table 6.6. As the

table shows, H varied considerably over the simulations. This could be
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Table 6.5 Input parameter set for the analysis of the pressure profile
variance as affected by correlation scale of ln K(0 0 ) and a.

Simulation set number

1 2 3 4 5 6 7

2000 2000 2000 2000 2000 2000 2000

1000 1000 1000 1000 1000 1000 1000
2001 2001 2001 2001 2001 2001 2001

5 10 25 50 100 200 500

32.6 33.7 35.9 38.8 44.4 51.4 57.4

1223 1388 1792 2221 3088 3908 3405

3.07 3.10 3.16 3.23 3.11 3.14 3.11

0.861 0.866 0.880 0.913 0.853 0.890 0.899

0.099 0.099 0.098 0.098 0.097 0.101 0.098

95E-06 98E-06 99E-06 96E-06 92E-06 95E-06 10E-05

0.101 0.101 0.102 0.102 0.103 0.109 0.112

86E-06 87E-06 88E-06 91E-06 95E-06 94E-06 75E-06

parameter

profile depth (cm)
number of soil layers
simulation nodes
correlation scale (cm)
average K(0 0 ) (cm/hr)

variance of K(0 0 )

(cm 2/hr 2 )
average in K(0 0 )
variance of ln K(0 0 )

1

1average a (1/cm) 2

2a variance (1/cm )

2average a (1/cm) 2

a variance (1/cm )

1
21n K(0 0 ) and a uncorrelated
ln K(0 0 ) and a correlated
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2
Table 6.6 Mean pressure (cm) and pressure profile variance (cm ) for the
analysis of the pressure profile variance as affected by correlation
scale of ln K(0 0 ) and a.

steady
state
flux
(cm/hr)

H
1 2

u
0

H
2 2

uo H

simulation set number

3	 2	 4	 2	 5	 2
	a 	 H	 co 	H	 u
	0 	 0

HaHa
6 2

0

7	 2

0

1

1 1. 0 -28 29 -29 44 -31 70 -33 87 -32 82 -32 72 -32 66

1 0. 1 -51 34 -52 50 -55 79 -56 97 -56 89 -55 72 -56 61

1 0. 01 -74 41 -75 61 -78 95 -80 115 -80 106 -78 82 -80 69
0 0011. -96 52 -98 77 -101 117 -104 141 -104 131 -101 101 -104 88

1 1E-04 -118 66 -120 97 -124 145 -127 173 -128 164 -124 130 -128 120

1 1E-05 -140 82 -143 120 -147 177 -151 212 -152 206 -147 167 -152 163

1E-08 -205 143 -208 206 -215 302 -220 364 -223 380 -217 332 -223 365

2
2	 1 ' 0 -29 16 -29 24 -30 37 -31 45 -30 49 -28 42 -27 32

2	 0 ' 1 -53 7 -53 10 -53 16 -54 20 -52 22 -50 21 -48 16

2	 0 ' 01 -76 2 -76 3 -76 4 -76 5 -75 7 -71 7 -69 6

2 0 ' 001 -99 0 -99 0 -99 0 -99 0 -97 0 -92 1 -89 1

2 1E-04 -122 1 -122 2 -122 3 -122 4 -120 4 -113 1 -110 1

2 1E-05 -144 5 -144 9 -145 14 -144 17 -142 17 -134 9 -131 6

1E-08 -211 33 -211 51 -212 82 -211 103 -209 108 -197 75 -193 51

1
21n K(0 0 ) and a uncorrelated
ln K(0 0 ) and a correlated
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an effect of the small variation in the characteristics of the hydraulic

parameters. However, the simulations were repeated to reduce this

effect and the variation in H persisted. Thus, the variability in H

appears to be a direct effect of the change in Y.

2
Figure 6.5 presents a comparison of a as a function of H over

0

the range Y simulated for the case where ln K(0 0 ) and a were

uncorrelated. As the figure shows, Y does not have a dramatic effect on

2	 2
the relation between a

0
 and H. As Y increases from 5 cm to 50 cm u
 0

appears to increase in a regular fashion. However, at correlation

scales greater than 50 cm the pressure variance decreases for high soil

pressures and then increases more rapidly for lower soil pressures.

2	 2
Examination of table 6.6 shows the u

f 
and ua were the largest for

set #4, where Y was equal to 50 cm. This indicates the variance of the

2
hydraulic parameters is causing the changes in u

'
 and not Y.

0
2

Figure 6.6 presents a comparison of a as a function of H over
0

the range of Y simulated for the correlated case. As seen in the

2
previous section, the u is parabolic with the minimum value determined

0

by the correlation coefficient between the set of ln K(0 0 ) and a values.

6,3 Stochastic Analysis of Spatial Variability and Correlation Scale 

6.3.1 Basic Concepts

These simulations provide a good basis for testing the stochastic

formulas of Yeh (1985a,b) derived by applying stochastic principles to
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Figure 6.5 Variance of the matric pressure head as a response to changes
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parameters, ln K(0 0 ) and a uncorrelated. Values listed are for the
correlation scale.
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Figure 6.6 Variance of the matric pressure head as a response to changes
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parameters, ln K ( ,b 0 ) and a correlated. Values listed are for the
correlation scale.
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steady state unsaturated flow (table 3.1). The application of these

formulas to the conditions described in the previous sections will be

outlined in the following sections.

6.3.2 Effect of Parameter Variability

2	 2
Using the equation for a listed in table 3.1, one can calculate cl

0	 0
2

as function of H for various values of a
f 
and compare these results to

those listed in section 6.2.1. The inputs for the equation can be

obtained from table 6.1.

Figures 6.7 and 6.8 present a comparison of the predictions of

2
the stochastic formula as a function of H over the range of u

f 
values

simulated for the case where ln K(0 0 ) and a were uncorrelated and

correlated respectively. As the two figures show, the fit of the

stochastic formulas is generally good for high pressures but deviates at

lower pressures. The formula fits better for the case where ln K(0 0 )

and a are correlated than where they are uncorrelated. This can be

attributed to failure of the stochastic formulas for profiles with large

variability of the hydraulic parameters (Yeh, 1989).

2	 2
The inputs for relating the u to a

a 
through the stochastic formula

0

can be obtained from table 6.3. Figures 6.9 and 6.10 present a

comparison of the predictions of the stochastic formula to those

obtained through simulation for the case where ln K(0 0 ) and a were

uncorrelated and correlated respectively. As figure 6.9 shows, the

stochastic formula overpredicts the pressure variance for the
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Figure 6.7 Comparison of the simulated pressure variances (dashed) to
the pressure variances predicted from the steady state stochastic
formula (solid) as a response to changes in mean pressure for a range of
variances in ln K(0 0 ), ln K(0 0 ) and a uncorrelated. Values listed are
for the variance of ln K(00).

143



—250	 —200	 —150	 —100	 —50
mean pressure head (cm)

144

Figure 6.8 Comparison of the simulated pressure variances (dashed) to
the pressure variances predicted from the steady state stochastic
formula (solid) as a response to changes in mean pressure for a range of
variances in ln K(0 0 ), ln K(0 0 ) and a correlated. Values listed are for
the variance of ln K(00).
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uncorrelated case. For the correlated case the stochastic formula

underpredicts the pressure variance, except at low mean pressures where

2
a
a 

is large.

6.3.3 Effect of Correlation Scale

2
The inputs for relating the a to the correlation scale,	 can be

0

obtained from table 6.5. Figures 6.11 and 6.12 present the results of

this analysis for the case where ln K(0 0 ) and a are uncorrelated and

correlated respectively. As the figures show, the stochastic formula

2
again overpredicted the simulated a for the uncorrelated case and

0

underpredicted for the correlated case. In general, the shape of the

functions is consistent with the simulations.

6.3.4 Discussion of the Results

Overall, the stochastic formulas appear to describe the relations

between the matric pressure variance and the mean pressure head as a

function of the statistical characteristics of the hydraulic parameters

quite well. Although there is some deviation in the magnitude of the

predicted and simulated values, the general shape of the stochastic

formulas appears to be correct. The values against which the stochastic

formulas were compared were the result of numerical simulation of flow

through a heterogenous unsaturated profile. We must assume that given

an actual profile with the same hydraulic characteristics, the actual
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Figure 6.11 Comparison of the simulated pressure variances (dashed) to
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pressure variance would be similar to the simulated pressure variance.

Thus, we would hope that these generalizations could be applied to field

analysis as well. What these comparisons do tell us is how the

assumptions and approximations made in the derivation of the stochastic

formulas cause the results to deviate from the precise numerical

description. Perhaps the most significant of the approximations made in

the derivation of the formulas in table 3.1 is the approximation which

drops all of the higher order terms (Yeh, 1985a). For conditions where

the variability of the hydraulic parameters is high, or the absolute

value of the mean pressure head is large, these terms can become

significant. Under these conditions the stochastic formula can be

expected to deviate significantly from actual conditions. Results of

this analysis indicate that for mean soil pressures below -200 cm,

2	 2 -4	 2
Cf above 2.0, and

a 
above 1x10(1/cm ) the errors introduced through

2
these approximations causes a significant deviation from the actual a

0

value.

Comparison of the stochastic formula predictions and the values

observed through simulations also indicates that the formulas fail for

high values of correlations scale (figure 6.11). Recall from the

earlier discussion that the stochastic formulas assume stationarity

which applies only to cases where the correlation scale is much less

than the scale of the flow domain. In this case when the correlation

scale exceeded 200 cm, one tenth of the length of the domain, the

formula started to deviate significantly from the pressure variance

observed through simulation.
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6.4 Relation Between Correlation Scales of Hydraulic Parameters 

and of Matric Pressure 

The data set presented in section 6.2.2 presents a good opportunity

to examine the relation between the correlation scales of the hydraulic

parameters of a given profile and the correlation scale of the matric

pressures in the profile. Autocorrelation functions (eq. 2.1) were

calculated for each of the simulated cases described in section 6.2.2

and compared to the autocorrelation functions of the input parameter

sets, ln K(Ik 0 ) and a. The objective of this analysis was to evaluate

how closely the autocorrelation functions of the two data sets agreed,

and how well the correlation scale of the hydraulic parameters estimated

the correlation scale of the pressure profile.

Some of the autocorrelation functions for the simulated pressure

profiles and for the input hydraulic parameter data sets are shown in

figure 6.13. As the figure shows, there is generally good agreement

between the autocorrelation functions for the two sets of data. This

agreement appears to be better for cases where the correlation scale is

small, less than 200 cm, than for cases where the correlation scale is

large. In general, it appears that a fairly close estimate of the

correlation scale of the pressure profile can be obtained using the

correlation scale of the hydraulic parameters.
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Figure 6.13 Autocorrelation functions calculated from matric pressure
data for a steady state flux of 1.0 cm/hr (solid) and from input
ln K(0 0 ) data (dashed) with correlation scales of 5, 50, and 200 cm.
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6.5 Ramifications of Variability on Measurement 

of Unsaturated Hydraulic Conductivity

The simulations presented in this chapter can be used to better

understand how spatial variability affects the measurement of

unsaturated hydraulic conductivity in the laboratory and in the field.

Simulations presented here have shown that matric pressure varies

significantly due to soil heterogeneity. In general the variance of the

matric pressure profile increases with decreasing soil pressure and with

increasing spatial variability. The effects of correlation scale appear

to be insignificant in comparison to the effects of parameter

variability.

These results indicate that if measurements of unsaturated

hydraulic conductivity are required at soil pressures below -200 cm

observations of the matric pressure and/or the soil moisture should be

closely spaced. The high variability of the pressure profile would

require this close spacing to reduce the scatter of the measurements.
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CHAPTER 7.

ANALYSIS OF METHODS FOR ESTIMATING EFFECTIVE UNSATURATED

HYDRAULIC CONDUCTIVITY

7.1 Introduction

In many cases, flow and transport in porous media can be modeled in

1-D. When the variability of the soil is small, so as to not to cause

horizontal flow in the profile, 1-D simulation provides a good estimate

of the processes occurring in the profile. In addition, despite great

advances in available computer hardware our ability to rapidly model 2-

and 3-D systems is constrained by computer simulation time and our

ability to adequately parameterize the system. This is particularly

true of the majority of personal computers now in use. Many currently

used and applied models are 1-D. For these reasons, an in depth

examination of effective parameterization in 1-D systems is in order.

This chapter deals with the definition, calculation and use of

effective parameters for 1-D flow models. These parameters are used to

simulate steady and transient moisture flow in 1-D systems.

Applications of stochastic formulas developed by Yeh (1985a,b,c) are

discussed and a general discussion of the structure of the matric

pressure profiles obtained through simulation of moisture flow in

heterogeneous unsaturated soils is presented. This chapter examines how

correlation scale and profile variability affect simulated soil pressure

and the calculation of effective parameters.
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7.2 Steady State Analysis 

7.2.1 Basic Concepts

Many of the techniques for evaluating effective conductivity

parameters discussed in chapter 4 can be applied to steady state

conditions. This represents the simplest case for simulation and

analysis although it may be difficult to achieve in field applications.

This section describes simulations that were performed to evaluate each

of the methods outlined in chapter 4. This section also includes a

discussion on the applicability of the methods to field situations and

quantifies errors associated with discrete sampling.

7.2.2 Description of the Profiles

A hypothetical heterogeneous soil profile was developed by

generating a series of hydraulic parameters and associating each with a

layer in the vertical profile as described in section 5.2.1. Soils in

the profile were assumed to be described by the exponential unsaturated

hydraulic conductivity function (eq. 1.3). For this analysis ln K(0 0 )

and a were assumed to be perfectly correlated. The case where the two

parameters are uncorrelated will be examined later.

In this analysis, three different profiles were examined. Each

case was characterized by a different correlation scale for the

parameters ln K(0 0 ) and a. Changing the correlation scale also changes
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the random parameter values generated. Because of this it is not

possible to change the correlation scale without changing the

statistical characteristics of the sampled set, i.e. the mean and the

variance. Descriptions of the input parameter sets used to generate the

three different hypothetical profiles are presented in table 7.1. The

values were selected to be consistent with field observations.

Table 7.1 Description of the hypothetical cases tested in the steady
state analysis.

Case 1	 Case 2	 Case 3

profile depth (cm)	 1000	 1000	 1000
number of soil layers	 100	 100	 100
simulation nodes	 501	 501	 501
correlation scale (cm)	 50	 25	 10
average K(0 0 ) (cm/hr) 2	 2	 6.8	 8.0	 9.2
variance of K(0 0 ) (cm /hr )	 26.5	 54.5	 106.5
average ln K(0 0 )	 1.66	 1.72	 1.78
variance of ln K(0 0 )	 0.58	 0.76	 0.85
average a (1/cm)	 2	 0.047	 0.047	 0.048
variance of a (1/cm )	 5.8E-05	 7.6E-05	 8.5E-05

averages and variances are for the top 200 cm of the profile

7.2.3 Description of the Simulations

Five different steady state fluxes were used in the simulations.

These fluxes were 1.0, 0.5, 0.1, 0.05 and 0.01 cm/hr. A flux type top

boundary condition was assumed. A lower boundary condition of fixed
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matric pressure, equal to 0, was assumed. An example of two of the

steady state profiles simulated is shown in figure 7.1. The figure

presents the steady state 0 profiles generated with a flux equal to

1.0 cm/hr for case one and case two. As the plot shows there was not a

large difference between the pressure profiles for the two cases. Both

cases used the same seed to begin the random generation of the K(0 0 ) and

a parameters. Thus, they were generated in the same basic pattern but

with different correlation scales. The two sets of K(0 0 ) values

assigned to each of the soil layers in the profile in case one and case

two are shown in figure 7.2. As the figure shows the two sets of data

are well correlated, with the values from case two slightly larger than

those from case one. The correlation scale for the case two data was

half that of the correlation scale for the case one data. The

differences in the correlation scale does not appear to have a large

effect on the pressure profiles. These findings agree with those of the

previous chapter. A plot of the data from the same simulation for case

three also showed little variation from these profiles.

7.2.4 Unit Mean Gradient Method

A

As described in section 4.3, K(H) can be evaluated for each steady

state flux simulated. The first step is to determine the mean suction

(H) for the matric pressure profile for each flux. H was calculated

following the procedure described in chapter 6. The mean pressure was

calculated for the top 200 cm for this analysis.
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two.
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A

K(H) is equal to the steady state flux in each the simulation. A
A

plot of the obtained K(H) values yields an effective unsaturated

hydraulic conductivity function as shown in figure 7.3. For the
A

exponential unsaturated hydraulic conductivity function K(H 0 ) can be
A	 A

determined as the intercept on the K(H) axis where H — 0. A single a

value can be calculated by fitting a straight line through the data

2
points , a is calculated as the slope of the line. H and a for the

0

simulations are presented in table 7.2. The estimated values of the

effective hydraulic parameters obtained through the unit mean gradient

method are shown in table 7.3.

A Monte-Carlo analysis was performed to evaluate the error which

could be expected if a limited number of matric pressure observations

were used to calculate the mean pressure rather than all the pressure

data. This analysis investigated the practicality of the unit mean

gradient approach for actual field application where the number of 0

measurements is limited. The initial Monte-Carlo sampling was

restricted to the top 200 cm of the profile and the total number of

observations (n) and the distance between the observations were

specified. The n matric pressure values were then randomly sampled with

the constraint that the depth interval between the samplings remain as

specified. The samples were taken from the population of nodal

pressures in the simulated heterogeneous pressure profile. The average

matric pressure for the n observations was then calculated. An expected

error between the actual mean pressure for the depth down to 200 cm and

the mean pressure obtained from the n samplings was evaluated through

A
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Table 7.2 Mean matric pressure and variance of the matric pressure
profile calculated for the top 200 cm of the simulated profiles for
cases one, two and three.

	

steady state -

	 1

CASE 1 2 	CASE 2

1
2	

CASE 3 2

	flux	 1	 1,	 1cro 	ao	 (.7-0

2	 2	 2
	(cm/hr)	 (cm)	 (cm )	 (cm)	 (cm )	 (cm)	 (cm )

1.00 -33.8 61.4 -34.5 65.2 -35.6 41.1

0.50 -49.3 36.2 -50.0 38.4 -50.9 24.4

0.10 -84.8 3.2 -85.1 3.4 -85.4 2.2

0.05 -99.9 0.0 -99.9 0.0 -99.9 0.0

0.01 -134.3 16.3 -133.6 17.0 -132.8 11.7

Table 7.3 Estimates of the effective hydraulic parameters obtained
through the different estimation methods for cases one, two and three.

Effective Parameter Estimate
Case 1	 Case 2	 Case 3

A	 A	 A
Estimation	 K(H 0 )	 a	 K(H0)	 a	 K(H0)	 a

Technique	 (cm/hr)	 (1/cm)	 (cm/hr)	 (1/cm)	 (cm/hr)	 (1/cm)

unit mean 4.8 0.046 5.0 0.046 5.4 0.047

gradient

mean estimates
arithmetic 6.8 0.047 8.0 0.047 9.2 0.047

geometric 5.2 0.046 5.6 0.046 5.9 0.047

harmonic 4.0 0.045 4.0 0.046 4.3 0.046

explicit 4.8 0.046 5.0 0.046 5.4 0.047

stochastic 4.7 0.046 4.8 0.046 5.0 0.046

formula
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repeated determination of the averages. The expected error was

calculated as:

e ( E abs - /)) ) / m (7.1)
1-1

where 1-ki is the i th average of the n sampled matric pressures, ;/) is the

average matric pressure for all of the nodal values in the sampling

depth, and m is the number of Monte-Carlo samplings. abs denotes the

absolute value.

The expected errors calculated for case one from two observation

points in the top 200 cm of the soil profile with separation distances

ranging from 10 to 100 cm are shown in figure 7.4. The minimum

expected error was observed for a separation distance between 80 and

90 cm for all of the fluxes. As shown in figure 7.5, this was also

true for cases two and three. Figure 7.5b shows the errors that would

be expected if four observation points were placed in these same three

pressure profiles. The minimum for the four point sampling is near

50 cm. This implies that the best sampling strategy using four

observation points would be to separate each by 50 cm, covering the

entire 200 cm of the sampling depth.

Additional investigation was performed to further explain the shape

of the expected error curves. One would expect that if the observation

points in the profile were too close together they would not yield a

good estimate of H. The chances of getting two or more pressure values
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Figure 7.5 Expected error in the estimate of the mean soil pressure
obtained through two (a) and through four (b) sample points located in
the first 200 cm of the case one, two and three soil profiles, with a
steady state flux equal to 1.0 cm/hr.
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lying well below or above the mean pressure would be greater if the

observation points were close together. Similarly, one would expect a

better estimate if the points were further apart. One would also expect

the optimum separation distance to be related to the length over which

the pressure values are correlated. The autocorrelation functions for

the top 200 cm of the pressure profiles for the three cases, with a flux

equal to 1.0 cm/hr are shown in figure 7.6. As indicated in the

figure, the pressure values are positively correlated up to a distance

of between 40 and 50 cm where the correlation becomes negative. The

zone of correlation, or range, for these pressure profiles for case one,

two and three are 48, 43, and 40 cm, respectively. As shown in

figure 7.7, the range for the hydraulic parameters, ln K(0 0 ) and a,

was 60 cm for the 20 values assigned to the top 200 cm of the profile.

Thus, the range of the pressure data was similar in magnitude to the

range of the hydraulic parameters. This agrees with the findings of

section 6.4. The autocorrelation functions for the pressure profiles of

these three cases generated using the other fluxes were virtually

identical to those shown in figure 7.6.

In order to evaluate a better representation of the autocorrelation

function of the pressure profile, the same data was analyzed down to 400

and 800 cm in the profile. This allowed calculation of the

autocorrelation function into the range where the pressure values were

negatively correlated. The autocorrelation function calculated using

the nodal pressures down to 400 cm with a flux equal to 1.0 cm/hr are

shown in figure 7.8. As the figure shows, the range for the pressure
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Figure 7.7 Autocorrelation function for the case one hydraulic
parameters for varying depths in the profile.
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profiles down to 400 cm were approximately the same as those observed

for the 0 to 200 cm data. However, the autocorrelation function

exhibits a sinusoidal behavior once it passes into the negative range.

This behavior was typical of the autocorrelation functions for the

hydraulic parameters as well (figure 7.7). The zone of correlation for

the hydraulic parameters for this section of the profile was again

60 cm.

The expected errors obtained through Monte-Carlo analysis for two

and for four point sampling in top 400 cm of the profiles are shown in

figure 7.9. The minimum expected error for two point sampling occurs

between 60 and 80 cm for all three cases. The minimum for four point

sampling occurs near 100 cm, again a strategy which would fully cover

the entire 400 cm section.

Contrary to what was observed when the observation area only

extended to 200 cm, we begin to see two minimums when samples are taken

to 400 cm. This phenomenon appears to be a consequence of the

sinusoidal nature of the autocorrelation function for the pressure data.

The expected error decreases rapidly as the separation distance

increases from zero. This corresponds to the area where the correlation

between the pressure data is decreasing. As the autocorrelation

function of the pressure data increases again the expected error rises

again. A second minimum occurs as the sampling distance approaches the

maximum distance.

This same phenomenon was also observed when the pressure profiles

down to 800 cm were examined. The ranges for these pressure profiles
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Figure 7.9 Expected error in the estimate of the mean soil pressure
obtained through two (a) and through four (b) sample points located in
the first 400 cm of the case one, two and three soil profiles, with a
steady state flux equal to 1.0 cm/hr.
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were 65, 55 and 48 cm for cases one, two and three respectively. At

distances greater than this the pressure was negatively correlated, with

a sinusoidal nature, again approaching zero at a separation distance of

approximately 125 cm. The separation distances which yielded the

minimum expected errors for the 800 cm profile were approximately 160 cm

and 180 cm for the two and four point sampling respectively. The

expected error curves also dipped in the range of 80 cm. The zone of

correlation for the hydraulic parameters in the top 800 cm of the

profile also increased over that for the data corresponding to the top

200 and 400 cm of the profile. The shape of the autocorrelation

function of the hydraulic data was also consistent with that obtained

for the corresponding pressure data

If the expected value of the square of the residuals between the

estimate of the mean pressure obtained using two sampling points and the

actual mean pressure is evaluated the following expression is derived:

,

, 2	 1	 2	 2
E[abi - Ip) ] —	 [E(h(x)) + 2E(h(x)h(x+r)) + E(h(x+n) ]	 (7.2)

4

where h(x) is the residual of the matric pressure at x, and h(x+Ç) is

the residual at a second observation point separated from x by a

distance Ç. E denotes the expected value. The expected values of the

two residuals squared are both equal to the variance of the residuals in

the profile which can be derived from data. The expected value of the

product of the residuals is the covariance function for a separation

distance of Ç. This equation then reduces to:



A

E[Oki
	 = 1	 2

[ ah + cov(ç) ]
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(7.3)
2

2
where

h 
is the variance of the residuals of the matric pressure and

cov(Ç) is the covariance function of h for a separation distance of Ç.

Thus the expected minimum for this function, and for the residual

between the estimate of the mean pressure head and the actual pressure

head will be at the point where the covariance function is at a minimum.

This confirms the results of the Monte-Carlo analysis.

Analysis of the autocorrelation function of the pressure residuals

showed that it takes the same shape as the autocorrelation function for

the matric pressure values. Thus, from figure 7.8 we would expect the

minimum estimation error would occur near 76 cm for case one when two

sampling points in the top 400 cm are used. As figure 7.9a shows, this

is exactly what is observed. These results were also consistent with

what was observed for the profile down to 800 cm.

In general, the expected sum of squares for error between the

estimate of the mean obtained through n sampling points and the actual

mean can be expressed as:

n - 1
E[(1-ki - 1,-10 2 ] = 1 2 [ n + 1 (2(n-i)) covalcç) ] (7.4)

2

The minimum can be expected where the sum of the covariance terms takes

on its minimum value. For the two point sampling procedure this

coincides with the minimum of the autocorrelation function. For the
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four point sampling procedure this would occur where the sum of the

autocorrelation functions for separation distances of Ç, 2ç and 3Ç is at

a minimum.

The optimum separation distance for a selected number of

observations is a function of the autocorrelation function of the

pressure profile. The autocorrelation of the pressure profile appears

to be directly related to the autocorrelation function of the hydraulic

parameters. Results of the analytical analysis indicate the best

separation distance for the sampling points is equal to the separation

distance at which the autocorrelation function of 0 takes on its minimum

value. This appears to coincide with the point where the

autocorrelation function of the hydraulic parameters takes on its

minimum value. The design of a sampling grid can thus be decided with

knowledge of the statistical characteristics of the hydraulic

parameters.

The results also clearly show that more sampling points yield

better estimates of the average pressure in the profile. Ten point

sampling yielded errors which were considerably less than the errors

obtained through two point sampling. However, two samples placed

strategically in the profile could be expected to yield estimates as

good as ten poorly placed samples. Common sense dictates that if a

profile of 100 cm is to be sampled using five tensiometers the five

should be spaced out to cover the entire 100 cm. Thus, it appears the

common common sense approach will also yield the best results.

Figure 7.10 presents a plot of H along with their 95% confidence
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limits obtained through two point sampling with separation distances of
A

20 cm and 80 cm versus K(H), for case one. The confidence limits were

calculated using the standard deviation of the mean estimates obtained

from each Monte-Carlo sampling. As the figures and table 7.2 show, the

expected errors are largest where the variance of the pressure is

highest. This data can be used to evaluate the range of the effective

hydraulic parameters which would be expected if two observation points

were used for the unit mean gradient method for the case one profile.

For the case where the separation distance was 20 cm one would expect
A	 A

estimates of K(H 0 ) between 18 and 2 cm/hr. The corresponding a

estimates would be between 0.059 and 0.037 1/cm. For the case where the

separation distance was 80 cm the maximum and minimum expected estimates

would be 6.0 and 3.8 cm/hr for K(H 0 ) and 0.049 and 0.044 1/cm for a.
, A

The true estimates of K(H o ) and a from the unit mean gradient method

were 4.8 cm/hr and 0.046 1/cm respectively. This clearly demonstrates

how critical the placement of the observation points is on the end

estimate of the effective parameter set.

As figures 7.10a and 7.10b indicate, the variance of the H estimate

at a mean pressure of -100 cm is zero. Yeh (1989) showed that for the

case where K(0 0 ) and a are perfectly correlated there would be a steady

state flux at which the variability in 0 would be zero. This flux

corresponds to the point on the K(0) curve where all of the lines

corresponding to the generated K(0) functions cross at a single point.

This point occurs at a matric pressure equal to the constant of

proportionality between ln K(0 0 ) and a. For the stochastic parameters
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generated in this study this occurs at 0 = -100 cm, which corresponds to

a flux equal to 0.05 cm/hr. The variance of the 0 profiles diverge from

this minimum for larger and smaller flux values. The expected errors

for this flux are the minimum values calculated.

7.2.5 Mean Estimates

The mean values of the hydraulic parameters assigned to each layer

were calculated for the three cases and are shown in table 7.3. As

these results show, the mean estimates were similar in magnitude to

those obtained through the unit mean gradient method. The optimum

parameter set was between the geometric and harmonic means of the data.

This is consistent with the results of Bosch and Yeh (1989).

7.2.6 Stochastic Methods

The coefficients for the stochastic formulas for the three cases

examined are shown in table 7.1. Using the equations in table 3.1 and

2
the observed mean soil-water pressure heads from table 7.2, a was

0

calculated and is presented in table 7.4. These values can be

compared to those in table 7.2.
A

The stochastic formulas were also used to evaluate K(H). These
A

values are also presented in table 7.4. As table 3.1 shows, K(H 0 ) is

not a function of the mean matric pressure and can be calculated from
A

the statistical characteristics of the hydraulic parameters, a is a
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Table 7.4 Matric pressure variances and effective unsaturated hydraulic
conductivity calculated from stochastic formulas for the steady state
analysis.

	Case 1	 Case 2	 Case 3

2	 A 2	 A	
2	 A

flux	 a

2	

K(H)	 a 

2

	K(H)	 a	 K(H)
0	 0	 0

2
(cm )	 (cm/hr)	 (cm )	 (cm/hr)	 (cm )	 (cm/hr)

1.00 81.9 0.99 79.2 0.96 49.9 0.92
0.50 48.0 0.49 46.2 0.48 29.0 0.47
0.10 4.3 0.10 4.1 • 0.10 2.6 0.10
0.05 0.0 0.05 0.0 0.05 0.0 0.05
0.01 22.0 0.01 20.8 0.01 12.9 0.01

function of the mean matric pressure and as such will vary with H. A
A

single set of K(H 0 ) and a values can be determined by plotting the

in K(H) points and evaluating the values from a straight line through

the data points. The values obtained through this method are presented

in table 7.3.

7.2.7 Inverse Approach

A

The inverse approach was used to evaluate the optimum K(H) function

for the heterogeneous soil profile. The optimization was performed

using the pressures above 200 cm in the profile so that a comparison to

the unit mean gradient results could be made. Various optimization

approaches were explored. The first approach optimized using a single

steady state realization of the matric pressure profile. As was found

by Bosch and Yeh (1989) and indicated by the optimization sensitivity
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analysis, the effective parameters obtained using a single curve proved

unreliable. Although the effective parameters obtained using a single

curve yielded a minimum for the pressure profile optimized on, these

values produced poor estimates under different boundary conditions.
,
	

A

This is to be expected since an infinite number of K(H 0 ), a pairs could

be used to solve the single flux equation.

The next approach was to evaluate the effective parameters using

two or more steady state realizations of the matric pressure profile.
A	 A

As was shown in section 5.3.2, K(H 0 ) and a can be calculated explicitly

given two steady state matric pressure profiles. The same five steady

state fluxes were used in this analysis as were used in the unit mean

gradient analysis. The explicitly calculated effective parameters are

shown in table 7.3.

The inverse approach was also used to determine an optimum

parameter set based upon transient pressure profiles. This analysis was

performed to evaluate if the parameters defined explicitly for the

steady state analysis applied well to transient conditions. For this
A	 A	

A

part of the analysis Osat, Or and m were assumed to be constant for the

entire profile for all of the cases examined. For heterogeneous soils

these parameters would be variable. However, this assumption was made

to examine a simplest case scenario. The case where all of the
A	 A	 A

parameters are varied is examined later. Osat, Or, and m chosen for the

three cases were 0.40, 0.10, and 0.50, respectively.

For the three cases examined here, including pressure profiles

obtained through transient simulation did not change the results of the
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inverse analysis appreciably. A more thorough investigation of the

effects of transient optimization are presented later.

7.2.8 Discussion of the Results

Although the three cases examined in this section all differed in

correlation scale, the effective parameter set for each varied little.

In addition, as can be seen from figure 7.1, the pressure profiles

simulated for the different cases were basically the same. The

magnitude of the estimated hydraulic parameters agreed with the

magnitude of the mean values for the parameter sets for each of the

three cases. That is, case three which had the highest average values
.	 ,

of K(0 0 ) and a also had the highest estimates of K(H 0 ) and a. In each
,	 .

of the three cases the optimum K(H 0 ) and a values were between the

geometric and harmonic means of the parameter sets. This is consistent

with the findings of Bosch and Yeh (1989).

2
A comparison of the magnitude of o to the variance of the basic

0

hydraulic parameters for the steady state analysis does not reveal any

direct relationship between the two. Results of chapter 6 indicated a

direct relationship. That is, more variability in K(0 0 ) and a

translated into greater variability in 0. These results also indicate

that the correlation scale is not directly related to the variability in

0 either. Correlation scale and variability in the hydraulic parameters

are not independent for this example. Thus the two may interact and

cancel their effects on the variability in 0.



181

The steady state simulations provided a simple means of comparing

the different methods of evaluating effective parameters. As table 7.3

shows, the values obtained through the unit mean gradient method were

equal to the optimum values calculated explicitly. Closer examination

reveals that the unit mean gradient method as applied here explicitly

defines a single set of effective hydraulic parameters. Since the

entire profile was used to develop the mean pressure value in the unit

mean gradient analysis, the method was forced to produce the estimates
A	 A

of K(H 0 ) and a which would yield the minimum deviation between the

effective and the heterogeneous pressure profiles. This is exactly the

same as the explicit calculations and the formulas are the same. Error

analysis presented here presents a means of associating an error

estimate with these parameters. This error analysis indicates sampling

strategies can be designed based on estimates of the correlation

structure of the hydraulic data so the mean hydraulic gradient can be

measured with a minimum amount of error.

K(H) obtained through the unit mean gradient method was used to

simulate transient flow through the unsaturated profile. Results of

this simulation are shown in figure 7.11. As the figure shows, good

agreement was found between the matric pressures obtained using the

effective parameters to those obtained using the heterogeneous soil

parameters, for the transient as well as the steady state simulation.

Similar results were found for wetting conditions. The stochastic

formulas yielded values which also agreed well with the optimum values.

This steady state analysis indicates the unit mean gradient and the
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Figure 7.11 Simulated pressure profiles obtained using the effective
parameters estimated from the unit mean gradient method and pressure
profiles for the heterogeneous profile.
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stochastic methods provide good estimates of K(H). Monte-Carlo

simulation indicates that errors involved with discrete sampling of

matric pressure would not cause the unit mean gradient method to produce

erroneous effective parameter estimates. In addition, the

autocorrelation structure of the hydraulic parameters can be used to

design sampling techniques which minimize the observation errors.
A

Although estimates of K(H) obtained using parameter estimates between

the geometric and harmonic means of the layer associated parameters

appear to yield reliable results, these methods require close

characterization of the parameter values throughout the profile. This

makes this method impractical for field application.

7.3 Transient Analysis 

7.3.1 Basic Concepts

This section describes an investigation of effective parameters

evaluated using transient simulations. The objectives of this analysis

are three-fold. First, it is necessary to evaluate if effective

parameters estimated for transient conditions are different from those

estimated for steady conditions. If so, then it is necessary to

evaluate which parameters best describe both conditions. A difference

between the two sets of parameters could have significant impact on

field methods where it is sometimes difficult to establish steady state

conditions. Transient simulations will be used to calculate optimum
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estimates of K(H 0 ), a, and m for both wetting and drying conditions.

This information will then be compared to results based on steady state

analysis. Second, transient analysis will be used to evaluate effective

coefficients for the soil moisture function, equation 1.4. The optimum
A A

values of Osat and Or were assumed to be known and the analysis
A

concentrated on estimating the m parameter in equation 1.4. Third, this

section attempts to evaluate whether or not soil heterogeneity produces

hysteresis effects. The concept of hysteresis induced by pore geometry

is well understood. However, results of Mantoglou and

Gelhar (1987a,b,c) indicate that hysteresis may also be induced by large

scale soil variability. These results are based on stochastic theory

and are largely untested. This analysis will provide an opportunity to

test this theory through numerical simulation.

Results of this analysis will also be used to test basic stochastic

theory. The formulas of Yeh (1985 a,b,c) will be tested to determine if

they can be applied to transient conditions even though they were

developed for steady state conditions. Additional concepts of Mantoglou

and Gelhar (1987a,b,c) will also be tested.

7.3.2 Description of the Profiles

A hypothetical heterogeneous soil profile was developed by

generating a series of hydraulic parameters and associating each with a

layer in the vertical profile in the same manner as described in

section 5.2.1. For this analysis the hydraulic parameters (ln K(0 0 ), a,
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m, Osat, and Or) were assumed to be uncorrelated. This is probably a

more realistic representation of field conditions and simplified the

analysis. Attempting to reproduce all of the possible combinations of

correlation and noncorrelation was deemed unrealistic.

A description of the input parameter set used to generate the

hypothetical profile used in the transient simulation is presented in

table 7.5. For transient simulation the flow model computations

become quite slow and in performing the optimization the total

computation time became restricting for long profiles. For this reason,

a total profile depth of 500 cm was selected for this simulation.

Overall variability of the parameters used in this analysis was similar

to that used in the steady state analysis of section 7.2.

7.3.3 Description of the Simulations

Several flow simulations were carried out in this analysis. The

first simulations were steady state simulations. The results from these

simulations provided a means for examining the profile variability and

established the initial conditions for the transient analysis. They

also provide a means of comparison to the results of the previous

section. The steady state simulations that were examined were for

fluxes equal to 3.0, 2.0, 1.0, 0.1, 0.01, 0.001, and lx10
-6 

cm/hr.

For the transient simulations where the soil underwent drying the

flux was changed from a larger to a smaller rate. Pressure profiles at

equal time intervals were examined. Similarly, for a profile undergoing
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Table 7.5 Description of the input parameter set used to generate the
profile for the transient simulation.

parameter	 value

profile depth (cm)	 500
number of soil layers	 100
simulation nodes	 501
correlation scale (cm)	 50
tolerance for pressure solution (cm)	 0.10
average K(0 0 ) (cm/hr) 2	 2	

34.92
variance of K(7,b 0 ) (cm /hr )	 1599.6
average ln K(0 0 )	 3.13
variance of in K(0 0 )	 0.79
average a (1/cm) 2	 0.102
variance of a (1/cm )	 3	 7.2E-05

3
average saturated moisture content (cm /cm )	 0.426
variance of saturated moisture content 3 	5.46E-043
average residual moisture content	 (cm /cm )	 0.0511
variance of residual moisture content	 6.23E-05
average soil moisture function exponent m	 9.44
variance of m	 40.78

averages and variances are for the top 400 cm of the profile

wetting the flux was increased and pressure profiles at equal time

intervals examined.

7.3.4 Optimization Results

Pressure profiles calculated for the steady state simulations are

z
shown in figure 7.12. Table 7.6 presents H and a for these

0

simulations. These values were obtained by examining the simulated soil

pressures for the top 400 cm of the profile, ignoring the area of the
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Table 7.6 Mean pressures and variances of the pressure profiles for the
transient analysis.

steady state	 2	 residual sum of
flux	 0	 a
	0 	

squares for error

2	 2
(cm/hr)	 (cm)	 (cm )	 (cm )

3.00 -19.36 73.66 29,463
2.00 -23.31 76.29 30,517
1.00 -30.04 81.05 32,420
0.10 -52.34 98.91 39,563
0.01 -74.52 119.34 47,734

0.001 -96.55 142.28 56,914
1E-06 -162.44 261.2g 78,388

capillary fringe. K(H 0 ) and a values calculated based on the steady

state results were 22.35 cm/hr and 0.1037 1/cm respectively.

The first attempt at optimization based on transient pressure

profiles used wetting and drying curves between the two steady state

fluxes 3.0 and 0.1 cm/hr. In this sequence of optimizations various

scenarios of fixed and optimized parameters were examined. In some cases
A

all of the parameters, K(H 0 ), a, and m, were obtained through

optimization. In other cases one or more of the parameters were fixed.

The results of these optimizations are shown in table 7.7. As the

table shows, there was a wide variation in the predicted optimum
A

parameters. To reduce some of this variability, K(H 0 ) was fixed and
A	 A

only a and m were optimized. Results of the steady state analysis

indicated that the stochastic formulas of Yeh et al. (1985a,b) provide a



K(H0)
(cm/hr)

a
(1/cm)

m

5.63 0.0373 0.0442
(24.80) 0.0831 1.2555

3.002 0.0517 (9.4)
29.90 0.1602 498.52
(24.80) 0.1541 499.77
99.96 0.1481 (9.4)
(22.35) (0.1037) 8.14

number of	 matching wetting	 effective parameters
A	 A

profiles	 time (s)	 or
used	 (hours)	 drying

4 2,4,6,8
4 2,4,6,8
4 2,4,6,8
4 2,4,6,8
4 2,4,6,8
4 2,4,6,8
4 5,10,15,20

drying
drying
drying
wetting
wetting
wetting
wetting
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Table 7.7 Results of the optimization analysis based on transient
profiles only, with initial conditions established for steady state
conditions with fluxes of 0.1 cm/hr and 3.0 cm/hr.

1

1

2values given in parenthesis were fixed in the optimization procedure
minimum value allowed in optimization to maintain unsaturated

conditions

good estimate of K(H 0 ). The value of K(H 0 ) chosen was calculated from
A

the stochastic formulas shown in table 3.1. The calculated K(H 0 ) value

for this profile was 21.1 cm/hr.

The next transient optimization for this data set used the

transient pressure profiles between the two steady state fluxes 3.0 and

0.001 cm/hr. These fluxes were judged as significantly far enough apart

to yield good estimates of the effective parameters. In the drying

analysis the initial conditions were established for a flux equal to

3.0 cm/hr. The flux was then reduced to 0.001 cm/hr and the pressure

profile examined at every 25 hours up to 100 hours. At 100 hours the
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drying had proceeded through most of the profile. Pressure profiles for

this simulation are shown in figure 7.13.

Similarly, the initial conditions for the wetting analysis were

established with a flux equal to 0.001 cm/hr and the pressure profile

examined at every 5 hours after the flux was changed to 3.0 cm/hr. The

final transient profile examined was at 20 hours. At this time the

wetting front had moved to approximately 400 cm in the profile.

Pressure profiles for this simulation are shown in figure 7.14.

Optimizations were then performed using the two steady state

profiles, q=3.0 and q=0.001 cm/hr, along with the four transient

profiles. By using four profiles, the effects of the soil heterogeneity

throughout the entire profile were included in the optimization. For

the case of drying these pressure profiles were for 25, 50, 75, and 100

hours. For the case of wetting these pressure profiles were for 5, 10,

15, and 20 hours. The optimization based on the drying conditions
A	 A

produced an a estimate of 0.0989 1/cm and an m estimate of 5.63. The
A

optimization based on the wetting conditions produced an a estimate of
A

0.1072 1/cm and an m estimate of 8.10. For both of these optimizations,
A	 A

K(H 0 ) was fixed at 21.1 cm/hr. Predicted K(H) curves, based on these

two estimates of the hydraulic parameters, drying and wetting, are shown

in figure 7.15. The effective soil moisture functions predicted based

on these two estimates of the hydraulic parameters are shown in

figure 7.16.

The K(H) curves in figure 7.15 exhibit hysteresis consistent with

conventional theory. That is, the unsaturated hydraulic conductivity of



0—
-

-

-

-

-I

/

-

—120—
	 heterogeneous profile

- — effective profile

—140—
-

-I

-

-

_
—

—160 	
0	 100	 200	 300	 400

depth (cm)

Figure 7.13 Initial steady state, 25, 50, 75, and 100 hours after the
flux was decreased from 3.0 to 0.1 cm/hr, and final steady state
pressure profiles for the transient simulation analysis.

191



-I

-

— heterogeneous profile

- — effective profile

—140 —
-

-

-

—160 IIIIIIIIIiIIIIIIIIIIIIIIIIIIII II IIIIIIII

0 —
-

-

-

-20

—40—

_
—60 —

Î(.)..... _
a) —80 —
u)u)
2

—100 —

-

0	 100	 200	 300	 400
depth(cm)

Figure 7.14 Initial steady state, 5, 10, 15, and 20 hours after the flux
was increased from 0.001 to 3.0 cm/hr, and final steady state pressure
profiles for the transient simulation analysis.

192



wetting optimized values
- — drying optimized values

I	 I	 I	 1	 1	 1	 1	 I	 1	 1	 I	 I	 III 1 	1	 1	 1	 I	 1	 1	 I	 1	 1111 	 1	 I	 1	 1	II	1	 1

0	 25	 50	 75	 100	 125	 150	 175	 200
suction (cm)

Figure 7.15 Effective unsaturated hydraulic conductivity functions
obtained through optimization of the wetting and drying simulation
profiles.

193



Q) -

-

-

-

\-I

-

-

-

-

-

-

0.0 Ili	 111111111111111[1i	 III	 111111111111mi

1.0 	 _
-I

-

-

-

-

-

-_
0.8 —

_
-

-

-

-

-

-

C 	_o 0.6 —_o _
D -

O -
(t)	 -

-
Q)	 _>

:4(7') 0.4 —
Q)	 _

,4--.

\

	 wetting optimized values
- — drying optimized values

-

-

0	 50	 100	 150	 200
suction (cm)

194

Figure 7.16 Effective soil moisture functions obtained through
optimization of the wetting and drying simulation profiles.
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the drying curve is greater than the unsaturated hydraulic conductivity

of the wetting curve for equivalent soil pressures. The effective soil

moisture function, however, is inconsistent with this theory. This may

be caused by two factors. One possible explanation for this is the

estimates of the effective parameters produced by the optimization

procedure are not accurate enough to pick up the hysteresis for this

case. Analysis of the optimization response surface for the drying
A

case, figure 7.17, indicates this may be the case. While a for this

optimization appears to be well defined, as shown by the narrow band
A A

over a small variation in a, m is not well defined. Figure 7.18 shows

the optimization response surface for the wetting case. As this figure
A

shows, m is better defined for the wetting optimization than for the

drying optimization. This is consistent with the findings in

section 5.3.2.

A method for eliminating this discrepancy is to constrain one of

the optimizations so that the parameters it produces are consistent with

physical theory. As an example, the wetting optimization produced the
A	 A

effective parameter set of 0.1072 1/cm and 8.10 cm/hr for a and m

respectively. In order for the estimates from the drying optimization
A

to be consistent with physical hysteresis theory the a estimate from

this optimization must be less than or equal to 0.1072 1/cm. Similarly
A

the m estimate must be greater than or equal to 8.10 cm/hr. With these

constraints, new estimates of a and m were calculated through the drying

optimization. The same profiles were used as in the non-constrained
A	 A

optimization. Estimates of a and m obtained through this
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Figure 7.17 Optimization response surface for the drying case of the
transient simulation analysis, where effective a and m were optimized.
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Figure 7.18 Optimization response surface for the wetting case of the
transient simulation analysis, where effective a and in were optimized.
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optimization were 0.1001 1/cm and 8.101. These values produce estimates

of the effective hydraulic conductivity function and the soil moisture

retention function consistent with physical theory on hysteresis.

However, this does not indicate that the heterogeneity in the profile at

the macroscopic scale produces hysteresis. It simply indicates the

optimization procedure can be combined with physical knowledge of the

system to produce estimates which are consistent with physical theory.

This analysis indicates that it is very difficult to define an

optimum parameter set, based on transient data, to be used to simulate

an effective or equivalent medium. Choice of the boundary conditions

and the mean soil pressure in the profile have a very large influence on

the effective parameters evaluated through transient optimization.

However, the previous steady state analysis indicates the unit mean

gradient method applied to steady state conditions yields fairly good

estimates of the K(H 0 ) and a parameters. The values calculated through

this method were consistent with most of the optimized parameter

estimates based on transient conditions. When applied to transient

wetting conditions the wetting front must be encompassed by observation

points. In order to accomplish this one must monitor the entire profile

or have prior knowledge of the position of the wetting front at the

desired sampling time, either of which would be extremely difficult.

Because of these difficulties in transient optimization, a
A	 A

recommendation is to determine K(H 0 ) and a values through the unit mean

gradient method and use optimization or discrete soil sampling to
A
	

A	 A

evaluate the m parameter. For this set of simulations, when K(H 0 ) and a
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were fixed at the values obtained from the unit mean gradient analysis,
A

22.35 cm/hr and 0.1037 1/cm respectively, and m was optimized based on
A

wetting pressure profiles, an optimum value of 8.14 was evaluated for m.

While these optimum values cannot be used to produce hysteresis in the

system, they do appear to be consistent with other optimized parameter

estimates obtained in other optimization runs. Optimization estimates

of all three of the hydraulic parameters based on transient conditions

appear unreliable.

7.3.5 Moisture Characteristic Function

In many field experiments data collected are often limited to few

if any measurements of the matric potential in the soil. More often

measurements of the soil moisture content are taken with neutron

moisture meters (Gardner, 1986). These measurements are used to monitor

the moisture distribution in a vertical transect of the profile. The

neutron moisture meter is widely used because it is easy to use and is

fairly reliable. This section will examine soil moisture data generated

for each of the individual layers and evaluate if the optimum parameter

set evaluated using the inverse procedure based on the soil pressure

data is consistent with the optimum parameter set evaluated based on

soil moisture data. The analysis of section 7.2.4 demonstrated that

K(H o ) and a can be estimated with limited soil pressure measurements for

steady state conditions. The estimation of m, however, requires

measurements of the soil pressure throughout the profile in order to
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accurately monitor the advance of the wetting front. If soil moisture
A

data can be used to evaluate m, the method would be much easier to apply

to field conditions.

In this analysis the soil moisture function for each individual

layer throughout the profile is described by the functional relationship

expressed in equation 1.4. If the soil pressure and the soil moisture

were monitored concurrently in each of these layers for a wide range of

soil moistures this data would yield the soil moisture functions for

each of the layers. Fitting the soil moisture functions should be the

same as fitting the soil moisture data from the field. The parameter

sets for each of the soil layers of the profile analyzed in this section

were used to calculate soil moisture as a function of matric pressure

for each layer. Estimates of soil moisture at discrete matric pressures

were combined into a single file. This file of OW data was then

analyzed using the method described in section 2.5 in order to evaluate

which parameter set would provide the best fit through the data points.

The equation fitted was equation 1.4. The parameters in this equation
A	 A

are Osat, Or, a, and m. For this analysis Osat and Or were assumed

equal to the arithmetic average of the values for each of the individual

layers in the profile listed in table 7.5.
A	 A

The optimization routine adjusted a and in to provide the best fit

through the soil moisture data set for the profile as a whole. Both the
A	 A	 A

case where a and in were adjusted and the case where in alone was adjusted
A	 A

were examined. When a and in were fit the values obtained were 0.63 1/cm

and 81.5 respectively. As was found in the analysis of section 2.5,
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there is a lot of interaction between these two parameters. This

interaction causes erroneous estimates of the parameters when both are
A

fit. The next fitting process fixed a at the value obtained from the
A

transient wetting simulations, 0.1072 1/cm. The in parameter which

produced the best fit through the soil moisture data was evaluated. In
A	 A

this case m was evaluated as 9.30. When a was fixed at 0.1037 1/cm, the
A

value obtained from the steady state analysis, the optimum in value

calculated based on the soil moisture data was 8.85. These values are
A

consistent with prior estimates of m obtained through optimization based

on 0 data. Soil characteristic curves generated using these parameter

estimates were virtually identical to those generated using the

parameter estimates obtained through optimization based on 0.

Simulations of the matric pressure distribution for steady state and

transient conditions showed similar agreement.
A

It appears that the in estimate obtained from fitting soil moisture
A

data will be in the same range as the in estimate obtained from fitting
A	 n•n

the 0 data. Fitting of both in and a to the soil moisture data produced

estimates of the parameter values inconsistent with the results obtained

by fitting 0 data. It appears that if the soil moisture data is being
A

used to fit the hydraulic parameters, a should first be estimated from
A

available soil pressure data and the fitting be limited to the in

parameter. The simplicity of this method provides a good alternative

for analysis of the effective parameters.
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7.4 Further Testing of Stochastic Formulas 

7.4.1 Basic Concepts

Initial comparisons of the predictions made by the stochastic

formulas in table 3.1 indicated good agreement with simulation results

(section 7.2.6). This section further examines application and limits

of these formulas. The basic form followed in this section is similar

to that previously used.
A

Results of Yeh et al. (1985b,c) and of Yeh (1989) indicated that a

may be a function of H rather than a constant for the profile. A series
A

of tests were performed to determine if a structured in this manner

improved the goodness of fit of the matric pressure values obtained

through simulation. Several matric pressure profiles were generated for

steady state conditions with different flux type boundary conditions.
A

K(H 0 ) was then evaluated from the stochastic formulas based on H from
	A 	 ,

the simulations. With K(H 0 ) fixed, a was calculated analytically for
.	 .

each simulation. These a values were then compared to a values

calculated from the stochastic formulas.

Applying these principles to the soil analyzed in section 7.2

produced the results shown in figure 7.19. The constant coefficients

used in the stochastic formulas for these three cases are shown in

table 7.1. As the figure shows, the stochastic formula fit the
	A 	 A

analytically calculated a values quite well for these three cases. K(H)

calculated from the stochastic formula for these three cases are plotted
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analysis.
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Figure 7.20 Effective K(H) calculated through the stochastic formula for
steady state conditions and through simulation as a function of mean
soil water pressure for case one, two and three of the steady state
analysis.
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A

in figure 7.20. The observed K(H) values for this simulation are also

shown in the figure. As shown, there was very good agreement between

the stochastic predictions and the observed values. Note also that
A

while K(H) for these three cases is nonlinear, a fairly good

approximation to the function could be made with a linear function where
A

a is a constant.

This nonlinearity has important ramifications on the method
A	 A

proposed for explicitly calculating the optimum K(H 0 ) and a values from

pressure data obtained for steady conditions. In this method two

simulated steady state cases were used in conjunction with the mean
A	 A

pressure head and the corresponding flux to estimate K(H 0 ) and a. If
A

K(H) is linear the estimates will be good. If the function is nonlinear

the estimates will depend on the choice of the simulations. As this

analysis shows, for these profiles the assumption of linearity of the
A

K(H) function appears appropriate for case 1 and case 2, but not for

case 3.

The pressure variances calculated from the stochastic formula and

the observed pressure variances are shown in figure 7.21. As shown in

the figure, the estimation of the pressure variance by the stochastic

formula was not very good, with large deviations from the simulation

results at lower soil pressures. These observations are consistent with

the findings section 6.3 and of Yeh (1989).

The stochastic equations were also applied to the soil analyzed in

section 7.3. The observed alpha values were calculated by setting the
,

K(H 0 ) value equal to the value predicted by the stochastic formula of
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and three of the steady state analysis.
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A A	 2

table 3.1. Comparisons of a, K(H), and c for the stochastic formulaso
to values observed in the simulations are shown in figures 7.22, 7.23,

A 	2
and 7.24 respectively. While a and a- predicted by the stochastic

0

formula did not agree very well with the values obtained through the

simulation, K(H) agreed quite well. In simulating the soil pressure in
A

the profile the estimation of the K(H) would be the most critical part

of the parameter estimation.

In derivation of the stochastic formulas certain key assumptions

are made (Yeh, 1985a,b). If the stochastic formulas are to hold true,

2	 2
then f and aa must be small. The remainder of this section discusses

simulations which were performed in order to quantify the range over

which the stochastic formulas are valid. This involves testing cases

2	 2
where cf and aa are large.

7.4.2 Effect of Alpha Distribution

In order to examine cases where the variance of ln K(0 0 ) and a are

large it is necessary to alter the distribution of a. Because of the

magnitude of a a normal distribution with large variances yields

negative values. Negative a values do not have any physical meaning.

2
Thus, in order to yield large a

a 
the distribution of a must be altered.

White and Sully (1990) present justification for a log-normally

distributed a parameter. This section compares how the distribution of

a affects the simulated 0 profile and the optimization. Aside from the

distribution, differences in the a characteristics (mean, variance and
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correlation scale) were kept to a minimum.

Table 7.8 lists the simulation parameters used for this analysis.

The K(0 0 ) values were the same for all of the test cases. As before,

K(0 0 ) was assumed to be log-normally distributed. For the simulations

where a was assumed to be normally distributed, the random a values were

generated in the normal fashion. For the simulations where a was

assumed to be log-normally distributed, random values of the natural log

of a (ln a) were generated normally and then converted to a values. For

the correlated case ln K(0 0 ) and a, for normal distribution, or ln a,

for log-normal distribution, were assumed to be perfectly correlated.

Because of these differences there were slight variations in the

statistical characteristics of a. The correlation scale for the

correlated and uncorrelated cases were evaluated from the semi-

variograms of the autocorrelation functions. Although the values

obtained were different, this parameter is only used to calculate a for

the correlated case and does not figure into the uncorrelated

calculations.

Only steady state fluxes were simulated for this analysis. The

steady state fluxes examined were 5.0, 1.0, 0.5, 0.1, 0.05, 0.01,

1x10
-4

, and lx10
-9 

cm/hr. The simulated pressure profiles for the case

where a was normally distributed are shown in figure 7.25. This figure

presents both the case where in K(0 0 ) and a were perfectly correlated

and where they were uncorrelated. The simulated pressure profiles for

the simulations which used the log-normally distributed a data are shown

in figure 7.26. These pressure profiles were analyzed to determine H
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Figure 7.25 Simulated pressure profiles for the test of a distribution
where a is normally distributed, for (a) perfectly correlated a and ln
K(0 0 ), and (b) uncorrelated a and ln K( -0 0 ) for steady state conditions
with fluxes equal to 1.0, 0.5, 0.1, 0.05, 0.01, 1E-04 and 1E-09 cm/hr.
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Correlated
normal a	 log-normal a

Uncorrelated
normal a	 log-normal a

2000 2000 2000 2000
400 400 400 400
2001 2001 2001 2001

55 55 80 80
2	 48.6 • 48.6 48.6 48.6

)	 2569 2569 2569 2569
3.40 3.40 3.40 3.40
1.07 1.07 1.07 1.07

0.0740 0.0741 0.0729 0.731
1.1E-04 1.2E-04 1.2E-04 1.2E-04
-2.614 -2.613 -2.631 -2.627
0.021 0.022 0.026 0.024

profile depth (cm)
number of soil layers
simulation nodes
correlation scale (cm)
average K(0 0 ) (cm/hr) 2

variance of K(0 0 ) (cm /hr
average ln K(0 0 )
variance of ln K(0 0 )
average a (1/cm) 2

variance of a (1/cm )
average ln a
variance ln a
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Table 7.8 Simulation parameters for the test of the effects of a
distribution.

2
and	 for each steady state simulation. These results are listed in

0

table 7.9.

As a comparison of the simulated pressure profiles and the data in

table 7.9 shows, the distribution of a has very little effect on the

simulation results. The pressure profiles generated from the normal and

the log-normal a data were virtually identical for both the correlated

and the uncorrelated cases.

Optimizations were performed to evaluate the effective parameters
A

for each of the simulated profiles. K(H 0 ) was fixed as the value

calculated from the stochastic formulas. The stochastic formulas were

assumed to also apply for the case where a was log-normally distributed.

K(H 0 ) for the case where a or ln a was perfectly correlated with
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Table 7.9 Mean soil pressure and variance of the soil pressure profile
for the test of the a distribution effects.

NORMAL a
	 LOG-NORMAL a

correlated uncorrelated	 correlated	 uncorrelated
steady a & ln K(0 0 ) a & ln K(0 0 ) ln a & ln K(0 0 ) ln a & ln K(0 0 )
state

_	 2
flux	 0	 uo

(cm/hr) (cm)
2

(cm	 ) (cm)
2

(cm	 ) (cm)
2

(cm ) (cm)
2

(cm )

5.00 -21.09 151.91 -21.73 199.03 -21.05 149.51 -21.73 201.61
1.00 -44.49 56.67 -44.91 150.90 -44.41 55.38 -44.84 154.86
0.50 -54.20 38.29 -54.46 155.02 -54.09 37.47 -54.36 159.52
0.10 -76.59 9.72 -76.52 177.21 -76.44 9.76 -76.36 183.48
0.05 -86.17 3.38 -85.97 193.40 -85.99 3.84 -85.79 200.75
0.01 -108.25 1.20 -107.78 243.65 -108.03 3.07 -107.53 255.17

1E-04 -170.61 79.67 -169.06 462.48 -170.27 90.13 -168.61 504.41
1E-09 -324.24 674.72 -317.68 1356.7 -323.66 775.48 -316.23 1641.0

,

ln K ( ,b 0 ) was 26.89 cm/hr. K(H 0 ) for the case where a or in a was

uncorrelated with ln K(0 0 ) was 27.63 cm/hr. The values for the normal

and the log-normal cases were essentially the same because the mean a

value for each was approximately equal. As described in the previous

section, optimum a values were calculated for each steady state

simulation. Optimum a values calculated for these simulations are

presented in table 7.10.

The stochastic formulas presented in table 3.1 present a means of

2
calculating a

0
 for the portion of the pressure profile where the mean
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Table 7.10 Optimum effective a values for the test of the a distribution
effects.

steady	 NORMAL a	 LOG-NORMAL a
state
flux	 correlated uncorrelated	 correlated	 uncorrelated
(cm/hr)	 a & ln K(0 0 ) a & ln K(0 0 ) ln a & ln K(0 0 ) ln a & ln K( -0 0 )

5.00 0.0798 0.0787 0.0799 0.0787
1.00 0.0740 0.0739 0.0741 0.0740
0.50 0.0735 0.0737 0.0737 0.0738
0.10 0.0730 0.0735 0.0732 0.0736
0.05 0.0730 0.0735 0.0731 0.0736
0.01 0.0729 0.0735 0.0731 0.0737

1E-04 0.0733 0.0741 0.0734 0.0743
1E-09 0.0741 0.0757 0.0742 0.0760

pressure follows the unit gradient approximation. That is, H is

constant and the total hydraulic gradient is equal to unity. The

stochastic formulas can also be used to calculate a and K(H). Using the

2 ,,
data presented in table 7.9, a and a predicted from the stochastic

0

formulas were calculated and are presented graphically in figures 7.27

and 7.28, respectively. Figure 7.29 presents a comparison of the K(H)

values.

As figure 7.27 shows, the pressure variance for the case where a or

ln a is uncorrelated to ln K(0 0 ) is greater than the case where the two

are correlated. The simulated pressure variances and those predicted by

the stochastic formula agree quite well at high soil pressures but

diverge as the pressure decreases. The case where a or ln a is
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correlated with ln K(0 0 ) agrees better with the stochastic formula than

does the case where the two are uncorrelated.
,

The a values calculated from the stochastic formulas agreed fairly
,

well with the analytically calculated a values for both the correlated
,

and uncorrelated cases. However, the optimum a values were nonlinear

functions of soil pressure for both cases whereas the stochastic

formulas are nonlinear for the correlated case but linear for the
A

uncorrelated case. The analytically calculated a values increase

exponentially as the soil pressure approaches zero. However, as the

soil pressure approaches zero a has less influence on the predicted

unsaturated hydraulic conductivity value.
A

Calculated K(H) values for both the correlated and the uncorrelated

cases followed approximately the same line. Values predicted from the

stochastic formula agreed well with the results of the simulations.

Despite the nonlinearity of the optimum a values, a plot of ln K(H)

versus H is essentially linear. The nonlinearity of a has only minor

effects on K(H) for the cases examined. Thus, the optimum a value for

this case can be assumed to be constant. The arithmetic mean of the a
,

data would provide a good estimate of a for this data set. Moreover, it

appears that the distribution of a does not have a large influence on

the matric pressure profile, its variance, or the effective hydraulic

parameters derived for the heterogeneous profile.
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7.4.3 Effect of Large Variance

An analysis was set up to examine the effect of larger variances in

the hydraulic parameter set on the evaluation of the effective

parameters and the pressure profile variance. Table 7.11 lists the

simulation parameters used for this analysis. The basic profile

characteristics were the same as those examined in section 7.4.2.

However, the variance of ln K(0 0 ) and ln a were increased substantially.

Both K(0 0 ) and a were assumed to be log-normally distributed. For the

correlated case in K(0 0 ) and in a were assumed to be perfectly

correlated. The correlation scale for the correlated and uncorrelated

cases were evaluated from the semi-variograms of the autocorrelation

functions of the hydraulic parameters.

Steady state simulations were performed with fluxes equal to

-20
1x10

-3
, lx10

-4
, lx10

-5
, lx10

-8
, lx10

-14
, and lx10	 cm/hr. The fluxes

were kept small to avoid saturated conditions in portions of the

profile. With the large variance examined, some of the layers had very

small K(Ip 0 ) values which produced saturated conditions for relatively

small fluxes. Saturated conditions would normally produce lateral flow

in the soil profile which could not be accounted for in the 1-D

simulation. Simulated pressure profiles for this analysis are shown in

figure 7.30. These pressure profiles were analyzed to determine the

mean pressure and the variance of the pressure for each steady state

simulation. These results are listed in table 7.12.
,
K(H) values are plotted as a function of mean soil pressure in
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Table 7.11 Simulation parameters for the large variance analysis.

correlated
ln a and ln K(0 0 )

Uncorrelated
ln a and ln K(0 0 )

profile depth (cm) 2000 2000
number of soil layers 400 400
simulation nodes 2001 2001
correlation scale (cm) 40 55
average K(0 0 )	 (cm/hr) 2 2 65.3 65.3
variance of K( -0 0 )	 (cm /hr ) 1.6E+06 1.6E+06
average ln K(0 0 ) 0.3946 0.3946
variance of ln K(0 0 ) 8.54 8.54
average a (1/cm)	 2 0.3583 0.4418
variance of a (1/cm ) 0.1549 0.2125
average ln a -1.449 -1.303
variance ln a 0.8539 1.067

Table 7.12 Mean soil parameters and variance of the soil pressure
profile for the large variance analysis.

	

correlated	 uncorrelated
steady	 ln a and ln K(0 0 )	 ln a and ln K(0 0 )
state

	2 	 2
flux	 0	 0	co 	 co

	2 	 2
	(cm/hr)	 (cm)	 (cm	 )	 (cm)	 (cm	 )

1E-03 -28.30 123.72 -30.80 1005.04
1E-04 -39.81 359.99 -38.08 1308.51
1E-05 -49.05 673.36 -44.47 1608.17
1E-08 -70.17 1440.06 -60.05 2216.60
1E-14 -102.17 2757.94 -83.31 2817.23
1E-20 -127.64 3951.21 -104.39 3674.33
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Figure 7.30 Simulated pressure profiles for the large variance test case
where (a) ln a and ln K(0 0 ) were perfectly correlated and (b)
uncorrelated for steady state simulations with fluxes equal to 1E-10 and
1E-20 cm/hr.
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A

figure 7.31. The predicted K(H) values from the stochastic formulas

are also presented in this figure. This includes both the case where

ln a and ln K(0 0 ) were perfectly correlated and the case where they were

uncorrelated. Only the stochastic formula for the uncorrelated case is

presented since the formula was developed for correlated a and ln K(0 0 )

and not for correlated ln a and ln K(0 0 ).

As figure 7.31 shows, the stochastic formula agrees fairly well
A	 A

with the simulated K(H). However, it appears that the a estimates of

the stochastic formula are inaccurate since the general slope of the

simulated data and the stochastic formula are different. Note also that

both the stochastic formula and the simulated data produce nonlinear
A

curves. This again indicates that a is not a constant, but a function

of soil pressure for this simulation. Interestingly, the simulation

data used constant a values for each soil layer. Thus, it appears the

heterogeneity of the soil profile changes the general trend of the

effective conductivity function from what it is for each of the soil

layers. Note also that the differences between the case where ln a and

ln K(0 0 ) are correlated and where they are uncorrelated grows as the

soil pressure decreases.

The a values obtained through optimization based on a single steady

state flux are shown in figure 7.32. The predicted values from the

stochastic formula are also presented. There is considerable deviation
A

from the a values predicted by the stochastic formula for this example.
A

The values obtained from simulation indicate that a is a function of

soil pressure and not a constant. The discrepancies between the two
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A	 A

sets of a values explains the differences in K(H). As expected, the

deviation is largest at the lower soil pressures.

The pressure variance at each of the observed mean soil pressures

2
for each of the simulated fluxes is shown in figure 7.33. a predicted

0

from the stochastic formulas are also presented in this figure. As the

figure shows, there is a large deviation from the values predicted by

the stochastic formula for this case. The stochastic formulas were

developed based on the assumption that the variance of the hydraulic

parameters is small. Thus, one would expect the stochastic formulas to

2
yield inaccurate estimates in cases of large variance such as this. a

0

from the simulations for both cases appear to be linear for this

simulation set.

Further analysis was performed to evaluate the point at which the

values for the K(H) function predicted by the stochastic formula began

to deviate from the simulation results. This was done by increasing the

variance of ln K(0 0 ) and ln a by constant intervals from a low variance

to a fairly high variance and examining the fit of the predictions of

the stochastic formula for each respective parameter set. The basic

simulation characteristics were the same as those shown in table 7.11.

The statistical data for the hydraulic parameters for each of the

simulations are shown in table 7.13. As the table shows the lowest

variance for in K(0 0 ) examined was 0.85, and the highest was 7.7. For a

z
the lowest and highest variance were 3x10

-4 
and 9x10

-2 
(1/cm ).

,

The procedure outlined above was followed in order to derive a K(H)

function from the simulation data for each of the sets of
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o

Figure 7.33 Variance from the mean matric pressure for the large
variance of a data set, results observed in simulations (symbols) and
from the steady state stochastic formula (line).
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Table 7.13 Statistical characteristics of the hydraulic parameters used
in the analysis of the variance effects on the fit of the stochastic
formulas.

1

Parameter Set Number

2	 3	 4 5

average K(0 0 ) (cm/hr) 291.1 793.0 1959.0 4531.9 9933.0
K(0 0 ) variance (cm 2/hr 2 ) 1.0E+05 3.8E+06 5.2E+07 4.7E+09 3.2E+10
average ln K(0 0 ) 5.25 5.44 5.56 5.66 5.75
variance of ln K(0 0 ) 0.85 2.56 4.27 5.98 7.69
average a (1/cm) z 0.1881 0.2226 0.2538 0.2862 0.3209
variance of a (1/cm ) 3.03E-03 9.11E-03 0.0245 0.0520 0.0932
average ln a -1.67 -1.59 -1.54 -1.51 -1.48
variance ln a 0.0854 0.17 0.34 0.51 0.68

characteristics shown in table 7.13. The fluxes used were basically the

same as those outlined above. In some cases the lowest flux had to be

increased slightly to obtain convergence. A comparison of the

simulation results to the predictions made by the stochastic formulas

for some of these data sets is shown in figure 7.34. As this figure

shows, the fit of the stochastic equation gradually becomes worse as the

variance in the hydraulic parameters increases. There is no abrupt

point at which the two no longer coincide. However, the fit of the

stochastic formula appears to be acceptable up to a variance of 5.0 for

2
ln K(0 0 ), and 0.02 (l/cm ) for a. Further examination indicated that

the variance of a has a more dramatic effect on the fit of the

stochastic formula and the overall variance of the pressure profile. At

low soil pressures the stochastic formula compares well with the
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Figure 7.34 Effective K(H) functions predicted by the stochastic formula
for steady state conditions (line) and through simulation (symbols) for
the analysis of the variance effects on the fit of the stochastic
formula.
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simulation results, even for the cases where the hydraulic parameters

had high degrees of variability.
A

It is also of interest to note the point at which K(H) becomes

nonlinear. For this data set it occurs between simulation set one and
A

two. The assumption of linearity of the K(H) function appears good up

2	 2	 2
to a

f
=1

'
0 and a

a
=0.003 1/cm . Examination of table 2.1 indicates this

A	 A

range will cover most soils. For most cases defining K(H 0 ) and a based

on two steady pressure profiles, a method which is appropriate only when
,
K(H) is linear, should provide good estimates of these effective

parameters.
A

Comparison of a obtained through simulation to those obtained from

the stochastic formula produced results similar to those shown in
A	 A

figure 7.32. The range of a, and the nonlinearity of the K(H) function,

increases with an increase in the parameter variance. Although at low
A

variances a could be considered a constant, the parameter should be

expressed as a function of soil pressure for cases where the profile

variability is higher. Predictions for the pressure variance made by

the stochastic formula were again considerably higher than the values

obtained through simulation at low soil pressures.

7.4.4 Application to Transient Conditions

The stochastic formulas of Mantoglou and Gelhar (1987a,b,c) which
,

predict K(H) for transient conditions were also tested. These formulas

were discussed in section 3.3 and presented in table 3.2. Using the
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,

data in table 7.5, predictions of K(H) for wetting and drying conditions

were compared with the optimization results obtained in section 7.3.

These results are shown in figure 7.35. The figure shows the values

calculated for the transient drying conditions, equation 3.10, and for

the transient wetting conditions, equation 3.14. Also included in the
,

figure are the optimization results and the K(H) function predicted from

the steady state stochastic formula. For the wetting formula a mean

pressure gradient, 0H/az, of -16 was used. This value was calculated at

the wetting front, from a plot of 0. Behind the wetting front and in

front of the wetting front the mean pressure gradient is zero. For this

gradient K(H) for wetting is essentially equal to the steady state K(H)

predicted from the formula in table 3.1.
,

As the figure shows, K(H) predicted from the stochastic formulas
,

provide a good estimate for drying conditions, but overpredicts K(H) for
,

wetting conditions. The predicted K(H) function for the wetting

conditions with the mean pressure gradient equal to -16 was essentially

equal to the function for the drying conditions. For this particular

simulation the hysteresis that was observed in the simulation was not

predicted by the stochastic formulas for transient conditions. The

estimated function from the steady state formulas predicted slightly

lower conductivities than those from the transient formulas.
,

Figure 7.36 presents a predicted from the stochastic formulas for
A

this same simulation. While a predicted from the steady state formula
,

is a function of mean soil pressure, a predicted from the transient
,

formulas are essentially constant. Note, however, that a obtained from
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the wetting conditions with 8H/8z equal to zero closely approximate the
A

steady state formula , a obtained through optimization based upon

transient conditions were 0.099 1/cm for drying and 0.107 1/cm for
A

wetting. Thus, the estimates of a from the stochastic formulas were in

the range of the values observed from optimization.

Figure 7.37 presents the pressure variance predicted from the

stochastic formulas for this simulation. The pressure variance

predicted from the stochastic formulas for transient conditions differed

slightly from the steady state predictions. At lower soil pressures the

transient formulas predict a larger pressure variance than do the steady

state formulas.

The expressions used to calculate the stochastic estimates for

transient conditions were for conditions where the mean soil pressure is

changing rapidly with respect to time. When this is not true, the

predicted values will differ somewhat. This may explain the failure of
A

the equations to predict hysteresis in K(H). In addition, Mantoglou and

Gelhar (1987a,b,c) show that for conditions where the mean soil pressure

is not changing rapidly with time the pressure variance will be smaller.

Considering the variability in the optimization procedure, the estimates

made by the transient stochastic formulas appear to be very good. The
, 	 A

estimates of K(H 0 ) and a from the transient stochastic formulas were
A

equal to 22.8 cm/hr and .101 1/cm. The estimate of K(H 0 ) from the

steady state stochastic formula was equal to 21.1 cm/hr. The estimate
A

of a from the steady state stochastic formula is a function of soil
A

pressure. However, the effects of this variability on the K(H) function
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A

are not very large. An a of 0.102 1/cm would yield approximately the
A

same line as that predicted by the steady state stochastic K(H)
,

function. K(H 0 ) calculated from the average ln K(0 0 ) and the average a

values for this profile were 22.87 cm/hr and 0.102 1/cm respectively.
,

Thus, applying these values to calculate K(H) for this profile would

yield approximately the same values as the stochastic formulas. This

appears to be true for most cases where the variance of the hydraulic

parameters is low. In addition, the optimization procedure based on
,

steady state simulations alone estimated K(H 0 ) and a as 22.35 cm/hr and

0.1037 1/cm respectively. These values would also yield a good estimate

of K(H).

7.4.5 Discussion of the Results

Estimates of K(H) obtained through stochastic analysis agree well

with simulation results. This is true for the estimates obtained from

the formulas derived for transient as well as for the formulas derived

for steady state conditions. However, K(H) predicted for wetting

conditions overpredicted the results of the wetting optimization.
,

Estimates of a from the stochastic formulas vary considerably from the

observed values, particularly at low soil pressures. However, in cases

of normal profile variability this does not have a large influence on
A

the fit of K(H). As was seen in section 7.4.3 in cases where the

profile variability is large a good fit for a is more critical.



238

Simulation results also indicate that a is a function of mean soil

pressure. This is particularly true for soils with greater variability.

The predictions of the pressure variance obtained from the stochastic

formulas tend to overpredict the values observed through simulation.

This is particularly true at lower soil pressures. The deviations

between the stochastic predictions and the simulation results for K(H),

2
a and a are also larger when the variability of the soil profile is

0
^	 2

greater. The estimates of a and a appear to agree better with the
0

simulation results for the case where ln K(0 0 ) and a are correlated than

for the case where they are uncorrelated.

Simulation results indicate the distribution of the a values, that

is whether a is normally or log-normally distributed, has only a minor

effect on the simulated pressure profile. In addition, the distribution

of a does not appear to affect the estimates of the effective

parameters. This may be important in field analysis where limited

available information will not allow one to determine the parameter

distributions.

Predictions made by the formulas derived through stochastic

analysis for steady state and transient conditions apply well to

heterogeneous soil profiles where the variance of the hydraulic

parameters is low. However, as demonstrated in this section, the

formula does not apply well to cases where the variance is high. It

appears that the formulas apply well up to a variance of in K(0 0 ) of 5.0

2
and a variance of a of 0.02 1/cm .
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7.5 Chapter Summary

This chapter demonstrated the application of the equivalent

homogeneous media concept to unsaturated porous media which can be

modeled through 1-D simulation. The analysis performed has concentrated

on perfectly stratified systems, where the stratification is

perpendicular to the primary flow component. Results indicate effective

parameters can be evaluated for these systems which will simulate the

mean behavior of the matric pressure profile quite well. Simulations

indicate a good fit for steady state conditions, transient wetting

conditions, and transient drying conditions. As indicated by the

analysis of section 5.3.2, fitting the transient wetting pressure

profiles proved to be the most difficult. Increased sensitivity to

wetting conditions indicates any optimizations performed based on

transient conditions should include a wetting profile. This should
A

better define the m parameter of the soil moisture function. Results

also indicate a strong sensitivity to local features of the

heterogeneous profile during wetting.

The steady state analysis of section 7.2 showed the unit mean

gradient method produces reasonably accurate estimates of K(H). In

addition, this method can be applied with a limited amount of

observation points and pressure profiles, making it a good candidate for

field application. If the zone of correlation of the hydraulic

parameters is known, this information can be used to better position the

observation points. Since previous experiments have shown the average
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zone of correlation for ln K(0 0 ) is approximately 50 cm, the recommended

separation distance between two observation points would be 50 cm.
A

Estimates of K(H) obtained through steady state techniques appear to

provide good estimates of the matric pressure profile when used for

transient simulation when knowledge of the soil moisture characteristics

of the heterogeneous profile are known.

The transient analysis indicated the estimates of the hydraulic

parameters based on inverse methods applied to transient conditions

yield widely varying results. The results obtained through this

application are highly dependent on the boundary conditions and the time

used to match the observed and simulated data. Although wetting and

drying optimization scenarios indicated hysteresis in the soil induced

by macro-scale soil heterogeneity, these results were widely varying.

Optimization estimates of all three of the hydraulic parameters based on

transient conditions appears unreliable. This appears to be due to

interaction between the parameters which causes difficulty in precisely

defining an optimum parameter set. When optimization is used to

evaluate the effective parameter set at least one of the three hydraulic
A
	

A	 A

parameters, K(H 0 ), a, and m, should be fixed.
A

The possibility of estimating in from soil moisture data collected
A

through field analysis was also examined. Estimates of m obtained from
A

fitting soil moisture data were in the same range as in obtained from

fitting the matric pressure data. The simplicity of this method

provides a good alternative for analysis of the effective parameters.
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Simulation results indicate the correlation scale of the hydraulic

parameters has a limited effect on the general shape of the simulated

pressure profile. However, analysis has shown the autocorrelation

structure of the pressure profile is affected by the correlation scale

of these hydraulic parameters. Thus, this scale can be used in
A

designing sampling strategies to evaluate K(H).

Testing of the stochastic formulas indicated the distribution of a

for heterogeneous profiles (whether it is normal or log-normal) does not

have a large effect on either the matric pressure profile or the
A

application of the effective hydraulic conductivity techniques. a

should be considered a function of mean soil pressure for conditions

where the variability of the soil is high. When the variability of the

soil is low the parameter is essentially constant. The formulas for
A

K(H) obtained through application of the stochastic analysis to steady

state and transient conditions yield good estimates of the conductivity
A

function. The stochastic formulas provide better estimates of K(H) for

conditions where the profile variability is low. As the variance of

ln K( -0 0 ) increases over 5.0 and the variance of a increases over

0.02 1/cm the accuracy of the stochastic formulas becomes questionable.

The accuracy of the formulas is better for conditions of high soil

moisture than for conditions of low soil moisture.
A	 A	 A

In summary the recommended procedure for evaluating K(H 0 ), a, and in

for purposes of 1-D simulation would be to use the unit mean gradient

method based on steady state conditions to estimate K(H 0 ) and a, and to
A

use one or more transient wetting profiles to estimate m. An
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A

alternative method would be to estimate K(H 0 ) based on field
A	 A

measurements and determine a and m through optimization. These

procedures appear to produce accurate estimates of the effective

parameters based on a limited amount of information. Although the

stochastic formulas, the inverse method, and to some extent the mean

methods also produced good estimates of these parameters they all

require considerably more information. Thus it appears that these

techniques would me more difficult to apply in field experimentation.
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CHAPTER 8.

TWO-DIMENSIONAL EFFECTIVE HYDRAULIC CONDUCTIVITY

8.1 Introduction

This chapter deals with the analysis of the effective unsaturated

hydraulic conductivity for two-dimensional perfectly stratified porous

media. The analysis will concentrate on systems where the

stratification is parallel to the gravitational axis and the primary

flow component. Effective anisotropy ratios for these systems will be

calculated and discussed in detail. As applied in this work the

anisotropy ratio will be defined as:

A

A	 K(H)22
A —  ,	 (8.1)

K(H) 11

A	 A

where A is the effective anisotropy ratio, K(H) 22 is effective

unsaturated hydraulic conductivity in the direction parallel to the
A

stratification, and K(H) 11 is effective unsaturated hydraulic

conductivity in the direction perpendicular to the stratification.

Since the analysis performed in chapter 7 was for a soil with perfect
A

stratification perpendicular to the direction of flow, K(H)
11 

is the
A

same as K(H) in the 1-D analysis.
	A 	 A

For saturated systems K(H) 22 and K(H) 11 for perfectly stratified

profiles where each individual layer is homogeneous and isotropic can be

calculated as the arithmetic and harmonic mean of the saturated
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hydraulic conductivity values for each individual layer (Freeze and

Cherry, 1979), respectively. This result is arrived upon by examining

Darcy's law (eq. 1.5) as applied to the media as a whole and to each

individual layer. For saturated media the hydraulic conductivity is

constant and the total head varies linearly with distance. In the case

of flow perpendicular to the stratification the total head loss across

the equivalent media is the sum of the individual head losses across

each layer. For this case, the effective saturated hydraulic

conductivity can be calculated as the harmonic mean of the individual

saturated conductivities of each layer. For the case of flow parallel

to the stratification the total flux through the system is the sum of

the fluxes through each layer. In this system the head loss across each

layer is the same and the effective saturated hydraulic conductivity is

equal to the arithmetic mean of the saturated conductivities of each

layer. For saturated systems, the anisotropy ratio will be constant,

equal to the arithmetic mean divided by the harmonic mean of the

saturated conductivities.

For unsaturated systems the hydraulic conductivity is not a

constant and the matric pressure head varies nonlinearly across the soil

layers. Due to the dependence of K(0) on the matric pressure and the

nonlinearity of the soil pressure, it is generally not possible to

develop expressions for the effective conductivities in unsaturated

systems.

One possible method for developing these expressions would be to

assume a functional form for K(0) and derive an analytical expression
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relating the matric potential to the parameters in the K(0) function and

the flux through the soil. For example, assuming the exponential

conductivity relation Yeh (1989) reported the following expression:

1
0 = ln [ exp(-a(z-O)) +  cl exp(-az) -  q J (8.2)
a K(00) K(00)

where z is elevation (positive downward), 0 is prescribed head at/

z = 0, and q is the flux at the surface. This equation can be applied

to soils with horizontal layering by applying it to the lowest layer

first and obtaining the pressure head at the interface between the first

and second layers. This pressure can then be used as 0
/ 
for the next

layer.

This expression, or expressions such as this, could possibly be

used to relate the effective conductivity of the equivalent media to the

conductivity of the individual soil layers. For the equivalent system a

single expression could be used to predict the pressure throughout the

entire profile. For the heterogeneous profile one expression would be

required for each soil layer. Each layer would be characterized by a

different set of hydraulic parameters, a and K(0 0 ). For systems where

the layers are perpendicular to the direction of flow the total head

loss across the system could be equated to the sum of the head losses

across each layer. For systems where the layers are parallel to the

direction of flow the total flux through the system could be equated to

the sum of the fluxes through each layer. In theory, this would relate

the hydraulic parameters for the equivalent media, K(H o ) and a, to the
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hydraulic parameters associated with each layer. However, the form of

equation 8.2 precludes any direct solution relating the hydraulic

parameters of the equivalent media to those of the individual soil

layers. Similar problems are encountered for other K(0) functional

forms as well.

Several studies have assumed K(H) 22 is equal to the arithmetic mean

oftheKM.values for each of the individual layers (Zaslavsky and

Sinai, 1981, Mualem, 1984, and McCord and Stephens, 1989). For parallel

layers of equal thickness, oriented in the vertical direction with flux

in that direction it is possible to write the effective unsaturated

hydraulic conductivity for the equivalent media as:

K(H)	 K(0)i (Di	(8.3)
n 41,

where n is the number of layers, (I) is the total head gradient for the

equivalentmedia,KM.is the unsaturated hydraulic conductivity for

layeri,andO.is the derivative of the total head for layer i.

Becauseofthenonlinearityof0,SandCare functions of position in

the profile and it is generally impossible to solve equation 8.3
A

analytically. For this reason, it is not known how K(H) relates to

K(10 . for unsaturated media. Numerical analysis was used to evaluate

this relationship.

1
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8.2 Numerical Analysis 

8.2.1 Description of the Methods

Unsaturated flow was simulated for a perfectly stratified 2-D

system with layering parallel and perpendicular to the principal flow

direction. VSAFT2 (Srivastava and Yeh, 1990), section 5.5, was used to

simulate flow in the 2-D system. The grid simulated was 100 cm in the

horizontal direction and 1000 cm in the vertical direction. The grid

consisted of ten equally spaced vertically oriented layers. Hydraulic

parameters for the exponential hydraulic conductivity function were

randomly generated using the procedure described in section 5.2.1 and

associated with each layer. Both the cases where ln K(0 0 ) and a were

correlated and uncorrelated were examined. The soil layers were assumed

to be isotropic, with a single K(1k 0 ) and a set applying for both

vertical and horizontal conductivity. The basic characteristics for

both of these cases are presented in table 8.1. K(0 0 ) and a values

assigned to each of the soil layers for each of the cases are presented

in table 8.2.

The analysis consisted of examining the matric pressure

distributions from a series of steady state simulations. The matric

pressure at the bottom of the media was assumed constant and equal to

0 cm. The flux at the top of the media was uniform and varied from 10

to lx10
-9 

cm/hr throughout the simulations. For each of the simulations

the matric pressure in the profile was horizontally averaged to yield a
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Table 8.1 Statistical characteristics of the hydraulic parameters used
for the 2-D analysis.

correlated	 Uncorrelated
in a and ln K(0 0 ) 	in a and ln K(0 0 )

profile depth (cm)	 1000	 1000
profile width (cm)	 100	 100
number of soil layers	 10	 10
element height (cm)	 10	 10
element width (cm)	 5	 5
correlation scale (cm)	 50	 50
average K(0 0 ) (cm/hr) 2	2	 51.2	 51.2
variance of K(0 0 ) (cm /hr )	 1359	 1359
average ln K(0 0 )	 3.67	 3.67
variance of ln K(0 0 )	 6.89	 6.89
average a (1/cm)	 0.1067	 0.0877
variance of a (1/cm	 6.20E-05	 1.05E-05

Table 8.2 K(0 0 ) and a values assigned to each of the soil layers for the
2-D analysis.

layer
number

horizontal
interval
width

K(0 0 )
(cm/hr)

correlated uncorrelated
a	 a

(1/cm)	 (1/cm)

1 0-10 23.97 0.1018 0.0925
2 10-20 13.49 0.0960 0.0914
3 20-30 19.00 0.0994 0.0897
4 30-40 22.01 0.1009 0.0837
5 40-50 20.43 0.1002 0.0884
6 50-60 46.81 0.1085 0.0892
7 60-70 85.00 0.1144 0.0888
8 70-80 97.25 0.1158 0.0842
9 80-90 74.06 0.1131 0.0837

10 90-100 109.72 0.1170 0.0855
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single mean pressure profile in the vertical direction. This

horizontally averaged pressure profile was examined to evaluate the mean

pressure in the portion of the profile above the capillary fringe, the

mean being H in the effective conductivity relation. The unit mean

gradient principle was applied to the portion of the profile where the
A

mean pressure is essentially constant, determining K(H) 22 as equal to

the steady state flux through the profile.

8.2.2 Simulation Results

Two representative plots of results of the simulations are shown in

figures 8.1 and 8.2. The figures present the matric potential in

the profile where ln K(0 0 ) and a were correlated for steady state fluxes

-8
of 10 and 1 x10	 cm/hr respectively. The total head for these

simulations are shown in figures 8.3 and 8.4. Investigation of the

plots shows the heterogeneity causes an irregular distribution of the

soil pressure in the top 400 cm of the profile. This irregularity

causes lateral flow in the system. Examination of the total head

gradient in the lateral direction (figure 8.3) shows the lateral flow

for the case where the flux is equal to 10 cm/hr is directed from left

to right. Interestingly, for the flux equal to 1x10
-8 

cm/hr the lateral

flow is directed from right to left (figure 8.2 or 8.4).

Recall from the 1-D analysis that for the case where ln K(0 0 ) and a

are correlated there is a point on the K(0) curve where all of the K(0)

functions for each of the soil layers cross. This coincides with the
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mean pressure at which the variability of the matric pressure would be

zero. This phenomenon also occurs in the 2-D simulations. Examination

of the KO,b 0 ) values associated with the soil layers shows that the more

conductive layers for saturated conditions are on the right hand side of

the profile. At high soil moisture, these layers have conductivities

equal to those in the less conductive layers for matric pressures lower

than those in the less conductive layers. The inverse is true at lower

soil pressures. Figure 8.5a helps to illustrate this point. The

figure presents a plot of the K(0) functions for the correlated case.

At the surface of the profile the flux is fixed by the boundary

condition. At this point the more conductive layers can carry the same

flux at lower soil pressures than the less conductive layers. At high

soil moisture, this imbalance in the matric pressure causes lateral flow

toward the more conductive layers. This flow is driven by the total

head gradient and a redistribution of soil moisture occurs toward the

right. At soil pressures below the cross-over pressure the trend is

reversed. This is due to the fact that at low soil moisture the layers

with low K(0 0 ) and a can carry the same flux as the layers with high

K(0 0 ) and a, but at a lower soil pressure. In both cases the

redistribution of soil moisture causes the matric pressure distribution

to reach uniform conditions at approximately 400 cm. Note also that the

flux in each of the layers throughout the center of the profile must be

variable. The total head derivative throughout this area is constant,

but the unsaturated hydraulic conductivity is different for each layer.

The flux must then vary from layer to layer.
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Figure 8.5 K(0) functions for the simulated profile for the 2-D analysis
where in K(0 0 ) and a are correlated (a) and uncorrelated (b).
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The correlation coefficient between a and in K(b 0 ) for the

correlated case was 0.01. The mean pressure at which the K(0) curves

intersect for the case where ln K(0 0 ) and a are correlated is equal to

the negative of the inverse of the correlation coefficient. For this

example this would be -100 cm. The simulated steady state profiles were

examined and it was found that a flux of 0.001 cm/hr yielded a mean

pressure above the capillary fringe of -99.1 cm. The pressure contours

for this simulation showed virtually no variation in soil pressure from

the surface to the capillary fringe.

As might be anticipated the case where the hydraulic parameters

were uncorrelated did not behave in this manner. For this case the low

pressure side of the profile remained on the right side where higher

saturated hydraulic conductivities dominated. There was no cross-over

point as observed in the correlated case. Lateral flow proceeded from

the left side of the grid to the right side for each of the steady state

conditions examined. In addition, the variability of the matric

pressure profile increased with decreasing flux and decreasing soil

moisture. This can be attributed to a divergence of the K(0) values at

lower soil pressures. This is illustrated in figure 8.5b which

presents the K(0) curves for the uncorrelated case. These 2-D results

are consistent with what was observed from the 1-D simulations.

The mean matric pressure in the horizontal direction was calculated

from the matric pressure contours for each of the simulations. Some of

these pressure profiles are presented in figure 8.6. As the figure

shows, the resulting average pressure profile indicated a very uniform
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Figure 8.6 Horizontally averaged matric pressure profiles for the 2-D
simulations for the case where ln K(0 0 ) and a were correlated.
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matric pressure above the capillary fringe with some deviation near the

surface where the largest variability existed. The mean matric pressure

above the capillary fringe was then calculated from the data for each of

the horizontally averaged profiles. These results are presented for

both the correlated and the uncorrelated case in table 8.3. Applying
A

the unit mean gradient principle to these data, K(H) 22 was assumed to

equal the steady state flux which yielded the mean matric pressures.

Simulations were then performed to evaluate K(H)11. One-

dimensional simulations were performed using the flow model described in

section 5.2. The profile was assumed to consist of the same layers as

in the 2-D simulations. The farthest right layer became the top layer

and flow was assumed in the vertical direction. K(H) 11 was calculated

from a series of steady state fluxes through application of the unit

mean gradient method. The data were then plotted and fitted to the

exponential formula to derive K(H o ) 11 and a ll for both the correlated

and the uncorrelated data sets. The effective hydraulic conductivity

data fit quite well with a single K(H) 11 function for flow perpendicular

to the bedding. As was seen in the previous chapter, this is the case

for most profiles with bedding normal to the direction of flow as long

as the variability in the profile is not extremely large. For the

correlated data the evaluated K(H )	 and a 11 values were equal too 11

28.6 cm/hr and 0.1035 1/cm respectively. For the uncorrelated data,
,	 A
K(H 0 ) 1/ and a ll were equal to 33.2 cm/hr and 0.0887 1/cm respectively.

A	 A

Figure 8.7 and 8.8 present plots of K(H) 22 and K(H) 11 for the

cases where ln K(0 0 ) and a were correlated and uncorrelated,
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Table 8.3 Mean matric pressure above the capillary fringe for the
horizontally averaged pressure profiles.

mean matric pressure
steady state

flux	 correlated
	

uncorrelated
(cm/hr)	 case	 case

	10.0	 -14.2

	

5.0	 -20.5

	

1.0	 -35.2

	

0.5	 -41.6

	

0.1	 -56.4

	

0.05	 -62.8

	

0.01	 -77.7

	

1E-03	 -99.2

	

1E-04	 -121.0

	

1E-06	 -164.8

	

1E-07	 -186.9

	

1E-08	 -209.5

	

8E-09	 -211.5

	

7E-09	 -213.1

	

6E-09	 -214.4

	

5E-09	 -216.2

	

4E-09	 -218.4

-18.3
-26.3
-44.9
-52.9
-71.6

-98.3
-125.1
-151.9
-205.5

respectively. As figure 8.7 shows, K(H) 22 and K(H) 11 for the case where

the hydraulic parameters were correlated were approximately equal.

Convergence problems with the numerical model prevented the calculation
A

of more data points on the dry end of the K(H) 22 curve.
A	 A

As figure 8.8 shows, both ln K(H) 22 and ln K(H) 11 appear to be

linear functions of mean pressure for the case where ln K(0 0 ) and a are
A

uncorrelated. At saturation K(H) 22 is expected to equal the arithmetic
A

mean while K(H) 11 will equal the harmonic mean. Because, the slope of
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A	 A	 A

the K(H) 11 curve is larger than that of K(H) 22 , K(H) 22 will always be

larger than K(H) 11 for the case where ln K(0 0 ) and a are uncorrelated.

The anisotropy ratio, equation 8.1, was calculated using the

effective conductivities for each simulated mean pressure. The

effective parameters for flow perpendicular to the bedding were used to
A

calculate K(H) 11 for the mean pressures obtained through the simulation

for flow parallel to the bedding (table 8.3). The anisotropy ratios

calculated for the correlated and uncorrelated cases are shown in

figure 8.9. As shown in the figure, as the mean pressure decreases

the anisotropy ratio for the correlated case decreases to approximately

one and then begins to increase. For the uncorrelated case the

anisotropy ratio increases immediately. Convergence problems with the

numerical model prevented calculating the functions to lower mean

pressures. This is believed to have caused some inaccuracies which led

to anisotropy ratios below one for the correlated case. Despite this,

the concave nature of K(H) 22 for the correlated case leads to the

conclusion that the anisotropy ratio for this case would begin to

increase rapidly at this point.

Recall that Zaslavsky and Sinai (1981), Mualem (1984), and McCord

and Stephens (1989) each reported the anisotropy ratio of unsaturated

soils would begin at a value greater than one for saturation, decrease

to one, and then increase as the soil became drier. It is important to

note that in each case the hydraulic parameters of the conductivity

function were assumed to be correlated. Zaslavsky and Sinai (1981) and

McCord and Stephens (1989) used the exponential hydraulic conductivity
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function, while Mualem (1984) used the Brooks and Corey (1964)

conductivity function. As demonstrated here, for functional hydraulic

conductivity relationships where the parameters are assumed to be

correlated there will be a mean soil pressure at which the effective

conductivity in both the direction parallel and perpendicular to the

flow are equal. At this point the pressure variance will be zero and

the anisotropy ratio will be equal to one. As seen for the uncorrelated

case this phenomenon is a function of the correlation between the

hydraulic parameters and is not generally true. In field conditions one

would expect neither perfect correlation or perfect independence of the

hydraulic parameters. To some degree this drop in the anisotropy ratio

would be anticipated in most soils.

8.3 Discussion of the Results 

,

Conventionally K(H) 22 has been assumed to equal the arithmetic mean

oftheK(0).values for each layer in the profile (Zaslavsky and Sinai,1

1981, Mualem, 1984, and McCord and Stephens, 1989). Using the data in

table 8.2, the arithmetic (K(0)
a
), geometric (R(0) ) and harmonic

g
(k(0)

h
) means of the K(0)

i functions were calculated. For a series of

soilpressurestherepresentativ e KW. va l ue for each layer was1

calculated and the respective mean was evaluated. These values are

presented in figures 8.10 and 8.11 for the correlated and the
A	 A

uncorrelated case, respectively. K(H) 22 and K(H) 11 evaluated through

the simulations are also presented in these figures. As the figures
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Figure 8.10 Arithmetic, geometric, and harmonic mean of the K(0)
functions for the simulated layers and effective K(H) obtained through
simulation for flow parallel and perpendicular to the flow, where
ln K(0 0 ) and a were correlated.



	 arithmetic mean
- — geometric mean
- - - - harmonic mean
***** K22 from simulations
I ill! Kll from simulations

31 0

1111111111111 1 11111 1 1 111111111 H 111 1111111111111 111111 11111110
-300	 -250	 -200	 -150	 -100	 -50	 0

mean matric pressure (cm)

Figure 8.11 Arithmetic, geometric, and harmonic mean of the K(0)
functions for the simulated layers and effective K(H) obtained through
simulation for flow parallel and perpendicular to the flow, where
ln K(0 0 ) and a were uncorrelated.

266



267

show, for the correlated case it is difficult to distinguish the values
,

calculated through the simulations from the mean values. K(H) 22

calculated through simulation is approximately equal to k(0) a . For the
,

uncorrelated case K(H) 22 calculated through simulation are slightly less
,

than k(0) a . K(H) 11 for the uncorrelated case falls between k(0)
g
 and

k oo h .

It is interesting to note for the correlated case K(0)
a 

is concave
,

upward while k(0)
h 

is concave downward. K(H) 22 calculated through the

simulations, which would be expected to behave similar if not equal to
,

k(0) , is also concave upward. K(H) 11 calculated through thea

simulations, which would be expected to behave similar to the harmonic

mean, is concave downward, similar in shape to k(0) h . For both the

correlated and the uncorrelated case the geometric mean is linear.

For the correlated case, as the variance of the hydraulic

parameters in the profile increase we expect the curved nature of these
,

functions to also increase. This was demonstrated for K(H) 11 in
,

previous chapters. For K(H) 22 the following explanation for this

increase is offered. For the correlated case, as the mean soil pressure

decreases the unsaturated hydraulic conductivity values throughout the

profile exhibit a larger variance (figure 8.5a). This increase occurs

from the pressure at which they are all equal. Greater variability in

the profile would cause a greater disparity between the conductive

capacity of the vertical layers. Certain portions of the profile become

more conductive than others causing the irregularities in the matric

pressure profiles that were seen in the contour plots of the simulated
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profiles. As was seen at lower soil moistures, these irregularities

produce an anisotropy ratio greater than one. We would expect the same

to occur as the mean pressure decreases.
A	 A

If, as we expect, the K(H) 22 and K(H) 11 values behave similar to

R(0)
a 

and R(0)
h 
we can gain insight into their behavior by examining the

R(0)
a 

and k(0)
h 

functions for cases of larger variances. Representative

curves for these functions for large variances are presented in

figures 8.12a and b for the correlated and uncorrelated case

respectively. As these figures show, the curves are consistent with the

previous discussion and prior analysis. The curved nature of k(0)
a 

and

k(0)
h 

increases substantially for the case where ln K(0 0 ) and a are

correlated and for a profile with high variability of the hydraulic

parameters. These values also diverge more rapidly for the uncorrelated
A

case if the variability in the profile is large. Assuming K(H) 22 and
A

K(H) 11 behave in this fashion, the anisotropy ratio will increase more

rapidly for cases of larger variance.

In chapter 7 the possibility of using the arithmetic, geometric, or

harmonic means of the ln K(0 0 ) and a parameters associated with each of

the individual layers was explored as a possible method of estimating
A

K(H)11- A comparison of the K(0) functions yielded through these

methods to R(0) a , k(0) g , and kWh was made to determine how the
A

representative K(H) 11 functions compared. It can be shown that the

effective unsaturated hydraulic conductivity function determined using

the geometric mean of the ln K(0 0 ) values and the arithmetic mean of a

is exactly equal to R()) 
g
. The values calculated using the arithmetic
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and harmonic means of the parameters differ significantly from the

estimates obtained using K(0)
a 

and R(0)
h. 

For both the correlated and

the uncorrelated cases the functions obtained using the arithmetic and

harmonic means of the parameters are linear. This is true only for the
A

uncorrelated case with the K(0)
a 

and K(0)
h 
functions. In addition a

calculated from the arithmetic mean of the a values associated with each

layer will always be larger than the harmonic mean of these data. This

will cause the two functions to cross at some pressure value. Thus, if

K (H) 22 and K(H) 11 were estimated from these mean values the functions

would behave incorrectly at low soil pressures. At these pressures
A A

K(H) 11 would be larger than K(H) 22 . For these reasons, direct averaging

of the hydraulic parameters associated with each heterogeneity in the

system does not appear to be a good method for estimating effective

unsaturated hydraulic conductivity.

For saturated conditions the anisotropy ratio is equal to the ratio

of the arithmetic mean of the saturated hydraulic conductivities of the

soil layers to the harmonic mean of these values. We can also calculate

the anisotropy ratio for unsaturated conditions in a similar fashion by

taking the ratio of k(0) a to kWh. The anisotropy ratio calculated in

this manner for the simulated profile are presented in figure 8.13 for

both the correlated and the uncorrelated case. As the figure shows, the

magnitude of the anisotropy ratios calculated as k(0) a / k(0)h is larger

than the values obtained through simulation. However, the general

behavior of the curves is the same as those obtained through the

simulations.
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A

Results of Bosch and Yeh (1989) and Yeh (1989) indicate K(H) 11 may

be better approximated by k(0) . Anisotropy ratios calculated as
g

ketk) a/k(0) are presented in figure 8.14. As this figure shows, theg

anisotropy ratio calculated in this manner fits the simulation results

slightly better than does k(0) a / kW h . This plot again indicates that
A
K(H) il is not equal to either K(0) h or R(0) g' but is somewhere between

the two.

Yeh (1985b) presented analytical expressions for evaluating the

anisotropy ratio for unsaturated soils. The formulas were derived based

on the assumptions outlined in section 3.2. The expressions used to
A

calculate the K(H) 11 are presented in table 3.1. The expressions used
A	 A

to calculate K(H) 11 and for A are presented in section 3.2. Using these
A
	

A	 A

relations and the information in table 8.1, K(H ) 11' K(H )22' and A for

both the correlated and the uncorrelated cases were calculated for

comparison to the values obtained through simulation. A comparison of

the effective conductivities for the correlated case are presented in

figure 8.15. Those for the uncorrelated case are presented in

figure 8.16. As the figures show, the stochastic formulas provide a

better estimate of the effective conductivities for the correlated case
A

than for the uncorrelated case. The stochastic formula for K(H) 11

overpredicts the value calculated through simulation while the
A

prediction for K(H) 22 is less than the value calculated through

simulation.

The anisotropy ratios for both of the cases calculated from the

stochastic formulas are compared to those calculated through simulation
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in figure 8.17. Input parameters are contained in table 8.1. As may

be expected from examination of the effective conductivity curves, the

anisotropy ratio for the correlated case is fairly accurate while the

estimate for the uncorrelated case is significantly less than that

calculated through simulation.

The stochastic formulas require an estimate of the correlation

scale perpendicular to the bedding. For the simulated profile a

correlation scale of 50 cm was used to generate the parameter values.

It was not possible to calculate an accurate estimate of the

correlation scale of the actual data since there were only ten layers.

As demonstrated by McCord and Stephens (1989), the stochastic formulas

are very sensitive to the correlation scale used. This is a possible

explanation for the inaccuracy of the stochastic formulas for the

anisotropy ratio. In addition, the stochastic analysis assumes the flow

domain is much greater than the correlation scale of the hydraulic

parameters. In this case the grid width was 100 cm. This would appear

to tax this assumption.

8.4 Chapter Summary

The analysis presented in this chapter has demonstrated through

numerical simulation that anisotropy of an unsaturated media is a

process dependent upon the matric pressure of the soil. This confirms

the results of stochastic analysis by Yeh (1985b) as well as field

observations of McCord and Stephens (1989) which appear to indicate
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variable state anisotropy. Because both K(H) 22 and K(H) 11 are functions

of mean pressure, the only possible way for A to not be a function of

the mean pressure would be for the two to be equal. This would only be

expected in isotropic systems.

Results of this analysis indicate the correlation structure of the

hydraulic parameters in the unsaturated hydraulic conductivity function

is extremely critical in determining the shape of the anisotropy

function as a function of matric potential. This was demonstrated by

the large difference in results between the case where ln K(0 0 ) and a

were assumed correlated and the case where they were assumed

uncorrelated.

The results presented in this chapter are based on simulations

using an unsaturated profile in which no local anisotropy was assumed.

That is, the conductivity relation for a given soil layer in the

vertical and horizontal directions were assumed to be equal. However,

K(H) and K(H) 11 were found to be significantly different. Results22

indicate K(H) 22 is approximately equal to the arithmetic mean of the

unsaturated hydraulic conductivities of the individual soil layers.

Differences between K(H) 22 and the arithmetic mean could have been

induced by numerical error in the model or in the method used to

determine the mean matric pressure in the soil. Since only one profile

was simulated it is not known how the function will behave for cases of

greater or less variability. However, this analysis tends to support

the use of K(0)
a 

for effective unsaturated hydraulic conductivity for

flow parallel to the soil bedding.
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K(H) 11 appears to fall between the geometric and the harmonic mean

of the conductivities of the individual soil layers. For the case where
A

in K(0 0 ) and a are uncorrelated, a fairly good approximation of K(H) 11

can be made by using R(0) h . The approximation does not work as well for

the correlated case.

One would expect to find the hydraulic parameters are neither

perfectly correlated or uncorrelated. The analysis presented in

section 2.4 indicates that while ln K(0 0 ) and a are correlated, it is

not a strong correlation. Thus, we would expect most soils to behave

neither as perfectly correlated or uncorrelated structures. However, in

terms of the effective hydraulic conductivity we would still expect
A

K(H) 11 to be between the harmonic and geometric means of the
A

conductivities of the individual layers and K(H) 22 to be approximately

equal to the arithmetic mean. For soils that were uncorrelated, the

effective conductivity functions appeared to be well approximated by the

exponential hydraulic conductivity function. For these cases a plot of
A

ln K(H) as a function of mean pressure was essentially linear. The

soils that had correlated hydraulic functions were poorly approximated
A

by a linear ln K(H) relation. Both forms become very nonlinear as the

variability in the soil becomes larger. This was seen both in the 1-D

analysis and in the analogy with the arithmetic and harmonic means. A

soil that expresses only mild correlation between the hydraulic
A.

parameters would also be expected to have slightly nonlinear ln K(H)
A

relations. For this reason, if a simple K(H) relation is to be applied,
,,	 A

where K(H 0 ) and a are constants and not functions of H, then it should
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only be used for cases where the profile variability is small. For
A

cases of larger variability a should be expressed as a function of mean

matric pressure.

Examination of the matric pressure profiles produced through 2-D

simulation showed for soils where the hydraulic parameters are

correlated the position in the profile with the highest conductivity

varies with mean matric pressure and moisture content. In a multiple

layer soil this would cause a large degree of variability in the

moisture distribution and solute transport. One would also expect

profiles with mild correlation between the hydraulic parameters to

behave in this fashion. This phenomena has been observed in the field

by Crosby et al. (1968, 1971a,b), Routson et al. (1979), and Sinai et

al. (1974).

In terms of field application it would appear that neither the

estimation method which uses the various means of the hydraulic

parametersorthernethoduThichusesthemearisofth e KM.functi onsi

would present a very good alternative for estimating the effective

conductivity function. Both would require quite extensive field

measurements. This goes against the reasoning for applying the

equivalent media concept. A more attractive method would be to apply
A

the inverse method described in the 1-D analysis to evaluate both K(H) 11
A

and K(H) 22 .

As was shown for the 2-D simulations, moisture is redistributed

throughout the profile to areas of highest conductivities. For the case

where the hydraulic parameters were correlated these areas varied
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according to the moisture status of the soil. The redistribution would

then cause certain areas to have greater flux than others. This

redistribution phenomena causes the effective hydraulic conductivity for

flow parallel to the bedding to be larger than that for flow

perpendicular in the bedding. This is precisely the phenomena causing

the anisotropy ratio to behave as function of the mean matric pressure

of the profile.
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CHAPTER 9.

APPLICATION OF THE RESULTS

9.1 Introduction

This chapter presents an example application of some of the results

of this study. This chapter demonstrates the application of the 1-D

effective conductivity concepts using data collected from field

experiments (Wierenga et al., 1989). Application of some of the more

important conclusions of the dissertation are applied and discussed.

The first section presents background information as well as the

optimization procedures performed in the derivation of K(H) 11 . The

second section compares the results of simulations performed using the

effective conductivity function to field observed matric pressures.

Concepts related to optimal experimental design for data collection to
,

be used for evaluating K(H) 11 are also presented.

9.2 Effective Unsaturated Hydraulic Conductivity

9.2.1 Estimating the Effective Parameters

Data collected by Wierenga et al. (1989) were used to evaluate

K(H) 11 for the studied profile. The study was treated as though the

soil layers were perpendicular to the gravitational axis. The

experimental site was located on the New Mexico State University College

Ranch, 40 km northeast of Las Cruces, New Mexico. The soil at the site
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was classified as a gravelly sandy loam. A discussion of the basic

design of this field experiment is presented in section 2.5. A more

indepth description of the study can be found in Wierenga (1988) and

Wierenga et al. (1989). A brief discussion of the infiltration

experiment is presented here as background.

Two plots were set up to conduct infiltration experiments. Water

was applied via drip emitters and soil water matric pressure monitored

in vertical and horizontal transects. Plot #1 was 9 in by 4 m. Plot #2

was 1.2 in by 12 m. Tensiometers were installed in both plots to monitor

the matric pressure during wetting. Neutron probe access tubes were

installed throughout the plots to monitor the soil moisture content

during infiltration. Prior to the experiment, a trench was dug to a

depth of 6 meters, which exposed a vertical cross-section on the border

of each of the plots. Several soil samples were taken during

installation of the trench. Visual analysis of the trench walls

indicated nine soil layers between the soil surface and the bottom of

the trench. In situ saturated hydraulic conductivity measurements were

taken using the bore hole permeameter method (Reynolds and Elrick,

1985). The in situ saturated hydraulic conductivity measurements were

conducted throughout the profile in a horizontal and vertical grid.

Matric potential measurements from plot #1 were used for this

analysis. Plot #1 was wider than plot #2 which should have caused the

flow in the center of this plot to behave more 1-D. Water was applied

four times daily for 17 minutes per application, resulting in an average

surface flux of 1.8 cm/day over the 86 days of the application.
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Evaporation was prevented from the irrigated area and the area

surrounding the plot by covering the area with pond liner. The advance

of the wetting front during this period was monitored with a neutron

moisture meter, with tensiometer measurements, and through visual

observations from the trench adjacent to the plot.

In order to apply the effective media concepts to this profile

certain assumptions had to be made. The first assumption made was that

the infiltration could be assumed to be 1-D. Examination of the soil

characteristics of this profile showed considerable variability over a

vertical cross-section. An example of this variability is shown in

figure 9.1. This figure presents a contour plot of the natural log of

the field measured saturated hydraulic conductivities for this study.

As the figure shows, there were areas of very low conductivity in some

sections of the profile. In addition, the profile exhibited little, if

any, lateral stratification of the saturated hydraulic conductivity.

Despite this variability, soil moisture plots presented in

Wierenga (1988) indicate flow through the center of the profile was

fairly 1-D. Simulations presented here simulate flow in the center of

the plot where boundary effects are minimized and 1-D approximations are

best.

A vertical transect through plot #1 at X=12.93 m and Y=-5.3 m was

selected for the simulations. Eleven tensiometers spaced in the

vertical direction every 0.5 m from 0.5 m to 5.5 m were located at these

coordinates. These coordinates correspond to an origin located at the

northwest corner of the trench. The transect was near the center of
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Figure 9.1 Contour plot of the natural log of the field measured
saturated hydraulic conductivity at the Las Cruces experimental site.
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plot #1, 0.5 m into the plot from the trench face. Simulations were

performed to a depth of 10 m to minimize boundary effects.

The second assumption made concerned the initial conditions assumed

for the profile. The initial conditions are necessary as a starting

point for the transient simulations. At the beginning of the

infiltration study the soil was too dry to obtain soil pressure

measurements from the tensiometers. Although soil moisture data were

available from the neutron probe measurements, the measured values were

less than the lab measured residual water contents, making it impossible

to relate the initial soil moisture data to the matric pressure through

soil moisture curves evaluated in the laboratory. The data selected to

evaluate the initial conditions were from matric pressure measurements

taken using disturbed soil samples collected during the installation of

the neutron probe access tubes for plot #2. Although plot #2 was a

considerable distance from plot #1 it was assumed that these

measurements could be applied also to plot #1. This is probably a good

assumption since the soil was in a very dry condition and the matric

pressure throughout the area was fairly uniform. The matric pressures

of these samples were obtained in the laboratory using a thermocouple

psychrometer. Examination of the soil pressure data for these samples

showed the gradient of the matric pressure head was fairly linear from

the lowest measurement at 6.5 m to 0.5 m. The gradient of the matric

pressure head between these two points was evaluated as -10 (z positive

downward). The matric pressure head at 10 m was assumed fixed at

-10000 cm by extrapolating this gradient down to 10 m. The matric
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pressure was assumed to increase linearly up to 0.6 in to a value of -600

cm. From 0.6 m to the surface, the matric pressure was assumed to be

constant.

The next step in the optimization procedure was to determine how

the effective parameters were to be evaluated. Examination of the

matric pressure data from the tensiometers showed that the matric

pressure in the vertical transect at X=12.93 in and Y=-5.3 in from day 50

to the end of the infiltration experiment was fairly constant. As

outlined in the previous chapters, the steady state matric pressure

profile can be used to evaluate the effective parameters for the

exponential hydraulic conductivity function. If two steady state
A	 A

profiles are available both parameters, K(H 0 ) and a, can be estimated.

Since only a single profile was available here, if the steady state
A	 A

method was to be used, a value for either K(H 0 ) or a had to be assumed.

For this case K(H 0 ) was calculated from the field measured saturated

hydraulic conductivity (Ksat f ) data. A vertical transect located at

X=12.75 m, Y=-0.60 m, was found to be geographically closest to the

simulated tensiometer transect. Ksat
f 
was found to be log-normally

distributed. K(H 0 ) was estimated as the geometric mean of the nine

values measured in this transect, equal to 471 cm/day. If this value is

used along with estimates of the steady state flux and the mean matric
A

pressure in the profile, a can be calculated from equation 5.5. For
A

this simulation a was assumed to be a constant and not a function of

pressure. As previously shown, this assumption is good as long as the

profile variability is not too large. The flux was assumed to be equal
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to 1.8 cm/day, the average application rate during the experiment. The

mean matric pressure was calculated from the tensiometer data at day 80
A

as -48 cm. Using these values a was calculated as 0.116 1/cm. As shown

in table 2.2, these values are consistent with observed values.
A	 A	 A

To simulate transient conditions estimates of m, Osat and Or must
,,	 A

also be made. Osat and Or were approximated as the arithmetic average

3	 3	 3	 3
of the analyzed samples, equal to 0.32 cm /cm and 0.08 cm /cm

A
respectively. Optimizations were performed to evaluate m based on

matric pressure measurements at the wetting front. Tensiometer data at
A

day 30 were selected to fit the m parameter. Based on this optimization
A

m was estimated as 258. The residual sum of squares for error (RSSE)

(eq. 4.1) between the observed matric pressures and the simulated matric

2
pressures based on these parameters was 4315 cm . This value is the

square of the deviations between the observed and estimated matric

pressures at day 30.

Other optimization procedures were also explored. Prior analysis

has shown that optimization of all three parameters produces unreliable

results. For this reason, at least one of the parameters was fixed for

each optimization. Additional optimizations showed a great deal of
A

variability in the optimum parameter sets. For example, when K(H 0 ) was
A	 A

fixed at 700 cm/day, a and m were evaluated as 0.053 1/cm and 1.06

respectively. The residual sum of squares for error for this

2
optimization run was 112,667 cm . This RSSE is based on two pressure

profiles, one transient profile for day 30, and one steady state profile

at day 80. Optimization with K(H 0 ) fixed at 471 cm/day, where a and m



289

were both optimized produced estimates of these parameters equal to

0.135 1/cm and 289 respectively. The RSSE based on the same two
2

profiles was 9748 cm . The residual sum of squares for error obtained

through additional optimizations were much larger than these values.

The optimization procedure had particular difficulty in positioning the
A

wetting front when m was fixed and a and K(H 0 ) were optimized.

9.2.2 Comparison to Field Observations

A
	

A	 A

Estimates of K(H 0 ), a, and m were used to simulate the advance of
A

the wetting front through the simulated profile. The values of K(H 0 ),

a, and m used in the simulation were 471 cm/day, 0.116 1/cm, and 258

respectively. Comparisons of the simulated advance and the observed

position of the wetting front are illustrated in figure 9.2. The

observed data points include the tensiometer reading at the lowest

observation point for that day and an estimate of the reading directly

below this reading. These estimates were based on the initial

conditions in the profile and were included in the figure to better mark

the position of the wetting front.

As the figure 9.2 shows, simulations performed using this effective

parameter set produced wetting fronts fairly close to those observed in

the field. It appears, however, that the wetting front is advancing

faster in the final stages of simulation than is predicted. This could

be due to a poor approximation of the lower boundary conditions or due

to an area of higher conductivity around 5 meters. The unsaturated
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conductivity in this area may have been significantly higher than in the

upper layers. This may be possible justification for encouraging the

use of steady state profiles or transient profiles which have passed

through most of the profile. Since the optimization procedure is very

sensitive to fitting the position of the wetting front, the effects of

local conductivity have a dramatic affect on the optimum parameters

derived. By using steady state and transient wetting profiles which

have passed through most of the profile the local effects will be

averaged out.

It is also of interest to compare the soil moisture retention curve

produced through equation 1.4 when these optimum values of a and m are
,, A

used to calculate soil moisture. The same values of Osat and Or were

used as were assumed in the optimization. A soil moisture retention

curve calculated with these parameters is shown in figure 9.3. Field

data observed in plot #1 near the simulated transect are also shown in

the figure. The field data were obtained by matching neutron probe

measurements with tensiometer measurements taken in the simulated

transect. The neutron probe access tube was located near the transect,

at X=13.18 m and Y=-5.21 m. The moisture contents measured from this

tube were matched to matric pressures measured at equivalent heights

using the tensiometer set located at X=12.93 in and Y=-5.3, for

equivalent days. The field measured soil moisture characteristic curve

followed the same trend as the lab measured characteristic curves for

this soil (see for example figure 2.4).

As figure 9.3 shows, the moisture characteristic function
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calculated using the optimum set of hydraulic parameters based on the 0

data predicted moisture contents considerably higher than those observed

in the field. This lack of fit could be caused by several factors.

Errors in either the instrumentation or the extrapolation of the

moisture content data to a different location from where the matric

pressures were observed could theoretically cause some differences in

these values. However, these errors would not be expected to produce

differences of the magnitude observed here. In addition, lack of

agreement between the laboratory observed residual moisture content to

the minimum observed moisture content could theoretically cause some

differences. Since a value of 0.083 was used for Or in the optimization

process, this is the lowest moisture content which could be predicted by

the optimum function. A minimum soil moisture of 0.05 was observed in

the field using the neutron probe measurements. This difference would

cause the fitted function to be slightly higher than the actual data

would appear to conform to. This also would not be expected to produce

the types of differences observed. A third possible explanation for the

lack of fit is that it is due to the choice of boundary conditions. For

the simulations a constant flux was assumed. In the field experiment

the applications occurred in pulses. Clothier and Heiler (1983) have

reported that pulse application may tend to speed infiltration through

the profile. It is possible that the large m value was a compensation

for this error in simulation. In addition, the pulse application at the

field would have initiated hysteretic conditions in the soil. These

conditions were not incorporated into the optimization procedure. A
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final explanation for the lack of fit is the optimum parameter set

derived based on the soil pressure data does not tend to predict the

soil moisture function very well.

The Russo (1988) soil moisture function was fit to the observed

soil moisture data using the procedure outlined in section 2.5. The
A	 A

first fitting procedure examined the optimum m parameter derived with a
A

assumed fixed equal to 0.116 1/cm. The optimum m parameter based on the

observed soil moisture data was 2.77. Infiltration into the examined

unsaturated profile was simulated with the parameter set
A
	

A	 A

K(H 0 )=471 cm/day, a=0.116, and m=2.77. The matric pressure profiles

simulated for the transient wetting conditions fit the observed matric

pressure profiles very poorly. Although the steady state mean pressure
A	 A

was the same, this is set by the K(H 0 ) an a values, the simulated

wetting front lagged the observed wetting front by a considerable
A	 A

distance. A second optimization was performed in which both a and m

were estimated based upon the observed soil moisture data. As was

observed in section 2.5, this produced estimates of these parameters

that were not consistent with measured values.

9.3 Application to Experimental Design

As pointed out in section 7.2.4, the zone of correlation, or range

of the matric pressure profile can be used to evaluate the optimum

locations for taking measurements of matric pressure in order to

determine effective hydraulic conductivity. Matric pressure
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measurements of Wierenga (1989) were analyzed to evaluate the range for

this data. The entire data set containing the matric pressure

measurements for plot #1 was analyzed. Tensiometer measurements used

were located in the X-Z plane at Y=-5.3 m, 0.5 m into plot #1. The

statistical program STATPAC developed by the USGS (1984) was used to

calculate the autocorrelation function for the matric pressure data as a

function of vertical separation distance between the observation points.

Differences in the X and Y positions were ignored. Matric pressure

measurements taken on four days, day 70, 75, 80, and 84, were analyzed

separately. The pressure profiles for each of these days were assumed

to be under steady conditions. The autocorrelation functions for each

of these days are shown in figure 9.4. As the figure shows, the

autocorrelation function for this data is very irregular. However, it

appears the range for this data is approximately 2 meters.

This range was then compared to the range of the natural log of the

field measured saturated hydraulic conductivity. As indicated in

section 7.2.4, simulation results indicated good agreement between the

range of 0 and K(0 0 ) data. To evaluate the range of ln Ksatf' all of

the measured Ksatf values were combined, the natural log was taken, and

the autocorrelation function was calculated. The Ksatf measurements

were taken in the X-Z plane at Y=-0.60 m. The results of this analysis

are shown in figure 9.5. As figure 9.5 shows, the range for ln Ksatf

is on the order of 1 meter. Thus, it appears the range of the observed

0 data is larger than the observed range of ln Ksatf . The laboratory

measured saturated hydraulic conductivity (Ksat i ) data were also
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Figure 9.4 Autocorrelation function for the Las Cruces matric pressure
observations for plot #1 on different observation days.
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examined to evaluate the range of this data. The range for ln Ksati was

found to be on the order of 0.5 to 1.0 m.

As outlined in section 7.2.4, the range of the matric pressure data

can be used to design the positioning of matric pressure measurements.

As shown in this section, if two sampling points are used it is

desirable to position these sampling points at least a range apart.

Assuming a range of 200 cm, if the effective hydraulic conductivity were

being evaluated for this profile, one would want to place the

observation points at least 200 cm apart. Examination of the

tensiometer readings for day 80 at X=12.93 m and Y=-5.3 m shows that if

observation points 200 cm apart were used the average matric pressure

measured at day 80 would be -51 cm. The variance of these observations
2
	

A

was calculated as 143 cm . Assuming again that K(H 0 ) equals 471 cm/day,
A

the corresponding a would equal 0.109 1/cm.
A	 A
K(H 0 ) and a were fixed at these values and the optimization program

A
was used to derive m using only the 30 day wetting profile. The optimum
A
m value obtained from this optimization was 240. The RSSE for this

2
optimization was 4685 cm . Simulated pressure profiles obtained using

these parameter estimates were approximately equal to those shown in

figure 9.2.

The average matric pressure evaluated from two sampling points in

this same profile, with a separation distance of 50 cm, was calculated

2
as -51 cm. The variance of these observations was 301 cm . Thus, if

the observation points were separated by only 50 cm the chances of
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getting a much lower or higher average matric pressure would be much

greater. This would lead to a poor effective parameter estimates.

9.4 Discussion of the Results 

Results presented in this chapter demonstrate the equivalent media

concept can be applied successfully to profiles with a large degree of

^
spatial variability. Although for this case K(H 0 ) was estimated from

field data, a fairly accurate estimate of the parameters could have been

obtained by assuming a representative value for either of the two

parameters. Observed values of K(1J 0 ) and a presented in table 2.2 could

be used to estimate either of the two parameters and the second

parameter could be calculated from equation 5.5 or 5.6.
"

Optimizations performed to evaluate m through the fitting of a

single wetting matric pressure profile provided an effective set of

parameters which were used to simulate infiltration into the test

profile. These simulated profiles matched fairly closely with observed

0 data. The soil moisture function generated based upon the effective

parameter set did not simulate the observed soil moisture data very

well. This indicates that it may be difficult to simulate solute

transport using the effective parameter set derived based on matric

pressures, since solute transport is strongly influenced by the soil

moisture. It also indicates that it may not be possible to derive the

effective parameters via soil pressure data alone.
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Optimizations performed to evaluate the effective parameter set

showed the procedure was very sensitive to the position of the wetting

front. For wetting conditions, the portion of the profile below and

above the wetting front are fairly steady. The overall variability in

this portion of the profile is low. However, small deviations in the

positioning of the wetting front between the simulated and the observed

matric pressure profile can produce very large RSSE values. Thus, the

wetting front position has a large effect on the optimization process.

The range of the tensiometer matric pressure measurements was used

to examine theory developed in section 7.2.4. In this section it was

found that the optimum distance between two or more matric pressure

measurements to be used to evaluate the effective hydraulic conductivity

function would be at or beyond the range of the matric pressures. The

range of the tensiometer data was estimated as 2 meters. Analysis of

the Las Cruces matric pressure measurements for steady state conditions

showed that two measurements separated by 2 m would be more likely to

produce estimates of the mean soil pressure close to the actual value

than would measurements separated by only 0.5 m. This is consistent

with the theory presented.

The range of the natural log of the field measured saturated

hydraulic conductivity was on the order of 1 m for the Las Cruces test

site. Thus, it appears that the range of some of the hydraulic

parameters underestimate the range of the 0 measurements in the profile.

This fact have to be taken into consideration during experimental

design.
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CHAPTER 10.

CONCLUSIONS AND RECOMMENDATIONS

10.1 Major Conclusions and Contributions 

This chapter presents the major conclusions and contributions of

this study. These conclusions are based upon the work presented and on

personal insight from the research. The research of this dissertation

focused upon simulation of unsaturated flow in heterogeneous porous

media. Most of the research effort centered on comparisons of simulated

flow profiles for the heterogeneous media to profiles for equivalent

homogeneous media. In order to keep the analysis fairly simple, and

interpretation of the results possible, only perfectly stratified soil

systems were examined. Since actual soil profiles are rarely so

perfect, results for these systems may be different. However, initial

application of the results to a field study indicates good agreement

between the theory developed through the simulations and actual field

conditions.

The primary conclusions of this dissertation study are:

1) Effective unsaturated hydraulic conductivity can be

evaluated for heterogeneous porous media and applied to

simulate both steady state and transient conditions. For

systems where the variability of the profile is small, the

parameters of the effective unsaturated hydraulic

conductivity function can be assumed to be constant. For

systems where the variability of the profile is large, the

effective parameter which relates the rate of change of the

effective unsaturated hydraulic conductivity to the mean soil

pressure will be a function of the mean pressure.



2) The unit mean gradient method provides good estimates of

K(H 0 ) and a based on a limited amount of data requirements.

The application works best for systems of lower variability.

3) Experimental design for measuring the effective

unsaturated hydraulic conductivity function for a

heterogeneous porous media with stratification perpendicular

to the principle flow component can be based upon the zone of

correlation of the hydraulic parameters of the profile.

4) Comparisons of the zone of correlation of the matric

pressure head and the zone of correlation of the hydraulic

parameters indicate fairly good agreement between the two.

These results are based upon simulations and field analysis.

5) Concurrent optimization of more than two effective

parameters from matric pressure data appears to yield

unreliable results. Based on these findings, it is

recommended that a maximum of two of the hydraulic parameters

be estimated through optimization using the matric pressure

data.

6) Variance of the matric pressure head increases

dramatically as mean soil pressure decreases. The rate of

increase is a function of the correlation structure between

hydraulic parameters in the heterogeneous profile and the

variability of the hydraulic parameters.

7) Anisotropy of unsaturated porous media is a function of

mean matric pressure, variability of the media, and

correlation structure between hydraulic parameters in the

media.

302
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8) The effective unsaturated hydraulic conductivity function

parallel to the flow direction can be estimated by the

arithmetic mean of the unsaturated hydraulic conductivity

values for each of the layers in the profile.

9) The effective unsaturated hydraulic conductivity function

perpendicular to the flow direction is not equal to the

harmonic mean of the unsaturated hydraulic conductivity

values for each of the layers in the profile. The actual

value appears to fall between the harmonic mean and the

geometricmeanofthel(00.values.
1

10) Comparisons of predictions of effective unsaturated
A

hydraulic conductivity, a, and variance of the matric

pressure head made by the stochastic formulas to the values

interpreted from simulations indicate good agreement when

variability of the soil profile is small. The formulas begin

to deviate from the simulation results as the variance of
z	 z

ln K(0 0 ) increases to over 5.0 cm /hr and the variance of a
2

increases to over 0.02 1/cm .

Results of simulations and initial application to field data
A

indicate the unit mean gradient method provides good estimates of K(H 0 )
,

and a for purposes of 1-D simulation. This method produces accurate

estimates of these parameters based on limited data requirements.

Strategically placing measuring instruments to monitor the matric

pressure distribution throughout the profile limits the data

requirements of this method. The zone of correlation of the hydraulic

parameters can be used in experimental design to minimize the errors

involved with estimation of the mean pressure in the profile

(section 7.2.4). Although this analysis has focused on applying this

method to steady conditions, the basic method has also been applied to
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transient drying conditions in homogeneous media (Nielsen et al., 1973,

Ahuja et al., 1988). For transient drying conditions where the soil is

not drying too rapidly, the mean matric pressure head derivative will be

approximately zero.

Attempts to optimize m based on matric pressure measurements were

fairly successful. Estimates obtained through optimization based on

wetting and drying pressure profiles for transient conditions were not

able to correctly interpret hysteresis. It appears the optimization

procedure is not sensitive enough to evaluate hysteresis induced by

large scale variances in the soil profile. Optimization results

indicate the optimization routine based on soil pressure is more

sensitive to wetting conditions than to drying conditions.

Simulation results indicate that a is a function of mean soil

pressure. This is particularly true for soils with greater variability.

Results indicate the distribution of the a values, whether a is normally

or log-normally distributed, has only a minor effect on the simulated

pressure profile. In addition, the distribution of a does not appear to

affect estimates of the effective parameters. This may be important in

field analysis where limited available information will not allow one to

determine the parameter distributions.

The error analysis of section 7.2.4 indicated the placement of

measurement devices for sampling the matric pressure distribution

throughout the profile can be optimized based on the zone of correlation

of the matric pressure. Additional analysis has shown that the zone of

correlation of the matric pressure data can be estimated from the zone
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of correlation of the hydraulic parameters. This information can be

used as a gauge for choosing the separation distance between the

measurements of the matric. Initial field analysis indicates the zone

of correlation of the pressure data may be larger than that of the

hydraulic parameters. This should be taken into consideration in

experimental design.

Results of the optimization analysis indicate considerable

interaction between the hydraulic parameters analyzed in this study.

This interaction causes difficultly in evaluating the optimum parameter

sets. For this study, we optimized K(H 0 ), a, and m of the exponential

unsaturated hydraulic conductivity function (eq. 1.6) and the Russo
A

(1988) soil moisture function (eq. 1.4). Results indicate that K(H 0 ) is

best estimated through field data or through explicit calculations based
A

on the mean matric pressure for steady state infiltration , a can either
,.

be estimated in the same manner as K(H 0 ) or optimized based on steady
A

state and transient simulations. m should be estimated through

optimization based on matric pressure data obtained through transient

infiltration experiments. Initial results appear inconclusive on the

reliability of estimates based on the moisture content measurements.
A
	

A	 A

Optimization of K(H 0 ), a, and m concurrently based on matric pressure

data is not advised.

Matric pressure varies significantly due to soil heterogeneity.

The variance of the matric pressure profile increases with decreasing

soil pressure and with increasing spatial variability. The correlation

scale of the hydraulic parameters appears to have little effect on the
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distribution of matric pressure and the variance of the matric pressure

head throughout the profile. Results indicate measurements should be

spaced closer together if low pressure measurements are required. The

high variability of the pressure profile at these pressures would

require this close spacing to properly monitor the variability in the

profile.

Simulations demonstrated that anisotropy in an unsaturated soil is

caused by changes in the flow pattern throughout the soil. Correlation

structure between the hydraulic parameters causes a reorientation of the

flow patterns from conditions of high soil moisture to conditions of low

soil moisture. For saturated conditions, the major flow conduits will

be through the coarse textured layers. For dryer conditions, major flow

conduits will be through the finer texture soils. This switching of the

flow patterns causes the variance of the matric pressure head to vary

with mean soil pressure.

Theoretical analysis, as well as simulation results, indicate the

effective unsaturated hydraulic conductivity function for flow parallel

to the layering (K(H) 22 ) can be estimated from the arithmetic mean of

the unsaturated hydraulic conductivity values for each of the layers in

the profile. This is consistent with the application of the equivalent

media concept to saturated profiles. Simulation results also indicate

the effective unsaturated hydraulic conductivity function for flow

perpendicular to the layering (K(H) 11 ) is not equal to the harmonic mean

of the unsaturated hydraulic conductivity values for each of the layers
A

in the profile. Results indicate K(H) 11 takes on the general form of
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the harmonic mean, but is in general greater than this mean and less

than the geometric mean.

Estimates of K(H) 11 and K(H) 22 obtained through stochastic analysis

agree well with simulation results. This is true for the estimates

obtained from the formulas derived for transient as well as for steady

state conditions. However, the unsaturated hydraulic conductivity

function predicted for wetting conditions overpredicted the results of
A

the wetting optimization. Estimates of a from the stochastic formulas

vary considerably from the observed values, particularly at low soil

pressures. Despite this difference, for cases of normal profile

variability, this does not have a large influence on the fit of the

effective conductivity function. As was seen in section 7.4.3, in cases

where the profile variability is large, a good fit for a is more

critical. The predictions of the pressure variance obtained from the

stochastic formulas tend to overpredict the values observed through

simulation. This is particularly true at lower soil pressures. The

deviations between the stochastic predictions and the simulation results

^	 ^	 2
for K(H), a, and cr are also larger when the variability of the soil

0

profile is greater. It appears that the formulas apply well up to a

2	 2	 2
variance of ln K(0 0 ) of 5.0 cm /hr and a variance of a of 0.02 1/cm .

2
The estimates of a and a appear to agree better with simulation results

0

for the case where ln K(0 0 ) and a are correlated than for the case where

they are uncorrelated.
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The major contributions of this study are:

1) The development of a strategy for evaluating the mean

matric pressure in a heterogeneous soil profiles to be used

in turn to estimate the effective unsaturated hydraulic

conductivity of the profile.

2) The development of an analytical expression relating the

expected error of the mean matric pressure measurement to the

autocorrelation function of the pressure data.

3) The development of an analytical expression to calculate
A	 A
K(H 0 ) and a from steady state measurements of the mean matric

pressure in a heterogeneous soil profile.

4) The development of a versatile optimization program for

evaluating effective hydraulic parameters for simulating

moisture flow through an unsaturated profile.

5) The verification of formulas developed through stochastic

analysis and the quantification of errors associated with the

formulas.

10.2 Recommendations for Future Research

A
Results of the simulation indicate it may be possible to evaluate m

from soil moisture measurements. This would eliminate the need for

closely spaced measurements of the soil pressure for transient

infiltration experiments. However, initial application of this theory
A

to field data indicated very poor agreement between the estimate of m

based on matric pressure data and that based on the soil moisture
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measurements. Further analysis of this application is necessary to
,.,

evaluate this method of determining m.

Comparisons of the zone of correlation of the matric pressure data

and the zone of correlation of the hydraulic parameters indicate fairly

good agreement between the two. Initial analysis of field data

indicates the zone of correlation of the hydraulic parameters may be

less than that of the matric pressure data. Estimates of the zone of

correlation of the pressure data are critical for evaluating optimum

placement of soil pressure measurements. Further work is required to

relate these two correlation scales.

The work of this dissertation analysis concentrated on a single

unsaturated hydraulic conductivity function and a single soil

characteristic function. It is anticipated that the use of other

hydraulic functions will not affect the basic results of this

dissertation. However, additional analysis using different functions is

in order to test this hypothesis.
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