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ABSTRACT

This dissertation considers the effect of measuring randomly varying local

hydraulic conductivities K(x) on one's ability to predict steady state flow within

a bounded domain, driven by random source and boundary functions. That is,

the work concerns the prediction of local hydraulic head h(x) and Darcy flux q(x)

by means of their unbiased ensemble moments (h(x)),, and (q(x)),, conditioned on

measurements of K(x). These predictors satisfy a deterministic flow equation in

which (q(x)), = —tz(x)V(h(x))„ + r,,(x) where tc(x) is a relatively smooth unbiased

estimate of K(x) and r(x) is a "residual flux." A compact integral expression is

derived for r(x) which is rigorously valid for a broad class of K(x) fields, including

fractals. It demonstrates that (q(x))„ is nonlocal and non-Darcian so that an effective

hydraulic conductivity does not generally exist. It is shown analytically that under

uniform mean flow the effective conductivity may be a scalar, a symmetric or a

nonsymmetric tensor, or a set of directional scalars which do not form a tensor. For

cases where r„(x) can neither be expressed nor approximated by a local expression,

a weak (integral) approximation (closure) is proposed, which appears to work well

in media with pronounced heterogeneity and improves as the quantity and quality

of K(x) measurements increase. The nonlocal deterministic flow equation can be

solved numerically by standard methods; the theory here shows clearly how the scale

of grid discretization should relate to the scale, quantity and quality of available

data. After providing explicit approximations for the prediction error moments of

head and flux, some practical methods are discussed to compute K(x) from noisy

measurements of K(x) and to calculate required second moments of the associated
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estimation errors when K(x) is log normal. Nonuniform mean flow is studied by

conducting high resolution Monte Carlo simulations of two dimensional seepage to a

point sink in statistically homogeneous and isotropic log normal K(x) fields. These

reveal the existence of radial effective hydraulic conductivity which increases from

the harmonic mean of K(x) near interior and boundary sources to geometric mean

far from such sources for a?, (the variance of ln K) at least as large as 4. They

suggest the possibility of replacing r,(x) by a local expression at distances of few

conditional integral scales from the interior and boundary sources. Special attention

is paid to the "art" of random field generation, and comparisons are made between

four alternative methods with five different random number generators.
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CHAPTER 1

INTRODUCTION

During the last two decades hydrologists have been forced to deal with "real

world" heterogeneities inherent in nature. As groundwater contamination has become

a major issue, and as more information and evidences on heterogeneities on different

scales have been gathered, the effect of heterogeneity on the quality of predictions of

flow and solute transport in the subsurface no longer could be ignored.

As noted by Dagan (1989),

Natural porous formations are heterogeneous, i.e., they display spatial

variability of their geometric and hydraulic properties... this variability is

of an irregular and complex nature. It generally defies a precise quantita-

tive description, either because of insufficiency of information or because

of lack of interest in knowing the very minute details of the structure and

flow field.

Of particular interest is the strong variability of the hydraulic conductivity, K(x), in

space. Analyses of core samples (e.g., Bakr, 1976, and Figure 1.1) and packer tests

in fractured rocks (e.g., Neuman and Depner, 1987; Clauser, 1992, and Figure 1.2)

have indicated variability of K(x) over several orders of magnitude, while porosity

values are much less variable, as illustrated in Figure 1.1.

Variances of ln K(x) are generally between 1 and 2, but can reach 10 in some

cases, particularly in fractured rocks (de Marsily, 1986, p. 80; see also Neuman and
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Figure 1.1: Permeability (millidarcy) and porosity space series from laboratory anal-
ysis of core samples from a bore hole in Mt. Simon sandstone aquifer in Illinois
(Bakr, 1976).
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Figure 1.2: Permeability of crystalline rocks and characteristic scale of measurements:
Bars mark the maximum permeability range when several values are reported; stars
represent single values. The shaded region is the author's personal view of the trend
(Clauser, 1992).
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Depner, 1988). The distributions of hydraulic conductivities in different geologic

media are found to be approximately log-normal, while the distribution of porosities

is usually regarded to be normal (see Neuman, 1982, and de Marsily, 1986, for lists

of references and discussions on that subject).

The variations in K(x) cause variations in velocities, which, in turn, enhance

solute dispersion in the subsurface. Further, measurements are practically limited to

selected locations and are frequently done on disparate scales (as demonstrated in

Figure 1.2), ranging from core samples to packer tests and pumping tests, assuming

local homogeneity. The task of quantitatively relating measurements and properties

on different scales is a difficult and intriguing one (see, for example, Cushman, 1986,

1990; Rubin and Gomez-Hernandez, 1990; Neuman, 1990; Follin, 1992). Although

the upscaling issue is beyond the scope of this work, it will be partially discussed in

the context of homogenization in the following introductory review.

The recognition that the hydraulic properties of porous media can be de-

scribed in statistical terms, and the lack of information about K(x) between mea-

surements, has led many hydrologists to view K(x) as a (correlated) random field.

Summarizing, the "randomness" of the hydraulic conductivity field is due to (1)

spatial variability of K(x), (2) uncertainty regarding the K(x) field, and (3) mea-

surement and interpretive, or model errors, stemming from the estimation of K(x)

from local measurements of flux and heads.

The spatial variability of K(x) and the uncertainty have also led hydrologists

to search for effective (or equivalent) hydraulic conductivities, which would yield the

average behavior of the system under different flow regimes, in a spatial and/or an

ensemble sense. The attempts to determine these fictitious parameters are central
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to both homogenization and stochastic theories (including this work), and will be

discussed in the following review. In this dissertation we adopt the statistical (or,

more precisely, the stochastic) viewpoint. Due to its generality and strength, the

statistical approach has become a major tool for predicting flow and transport in

heterogenous formations by an increasing number of hydrologists (e.g., Shvidler, 1962,

Matheron, 1973, Freeze, 1975, Dagan, 1976, 1989, 1986, Neuman, 1982, 1984, 1990,

de Marsily, 1986, Gelhar, 1976, Gelhar and Axness, 1983, Gutjahr et al., 1978,

Hoeksema and Kitanidis, 1985, Russo and Bresler, 1980, Ababou, 1988, Ababou and

Wood, 1990, Yeh et al., 1985, Naff and Veccia, 1986, Naff, 1991, Rubin and Dagan,

1988, 1989, Rubin and Gómez-Hernandez, 1990, Desbarats, 1992a, 1992b, and many

others). For example, in his book, Dagan (1989) explains:

... The mathematical framework used to describe heterogeneity and tran-

sition to average variables which is adopted here is the statistical one...

(Consequently) properties of flow and transport variables are represented

with the aid of random space functions (RSF; see Appendix A for a defi-

nition) and the actual porous formation (and processes) are regarded as

a realization of the ensemble of the RSF which describe them.

The statistical framework has been adopted by scientists and engineers in

virtually all fields. For example, R.E. Bellman (1963) stated that

The necessity of a theory of stochastic process for the description of

physical phenomena in conceptually, analytically, and computationally

tractable form is by now understood and accepted, and the steady trend

in theories from linear deterministic to non linear and stochastic must be

regarded as the primary goal of future research efforts.
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A major disadvantage of the statistical approach, however, is the need in many

data in order to obtain meaningful solutions (or estimates). A typical geostatistical

analysis requires a sample of at least 50 data points (rigorously, at least 1000 points;

D. Myers and S.P. Neuman, pers. com.). In practice, the ergodic hypothesis l has to

be invoked, ensemble distributions and a (spatial) correlation structure are inferred,

and a variogram model (which fits the correlation structure) is chosen. Consequently,

there is a potential for errors at each stage (fortunately, some of these errors can be

estimated by the statistical approach itself). As it will be demonstrated throughout

the dissertation, existing deterministic "solutions" of stochastic flow and transport

problems are, in fact, approximations, restricted to relatively simple forms of sta-

tistical structures and flow regimes, and suffer from some serious difficulties. The

theory presented in this work overcomes some of the major limitations (above); it

can (potentially) be extended to more complex flow regimes (e.g., unsteady flow),

and has some direct implications to transport (as demonstrated by Neuman, 1993).

1.1 Problem Definition

We consider steady state flow of water under isothermal conditions. The

governing balance equation on a local scale 4,, is

V - K(x)Vh(x) + f (x) = 0

subject to the boundary conditions (BC)

h(x) = H(x)	 x E FD
	

(1.2)

'In essence, the ergodic hypothesis suggests equivalence between ensemble and spatial moments.
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and

— q(x) • n(x) = Q(x)
	

X E TN 	(1.3)

where

q(x) = —K(x)Vh(x) (1.4)

is the (Darcian) flux, f(x) is a randomly prescribed source function, H(x) is a ran-

domly prescribed head on Dirichlet boundary segments FD, Q(x) is a randomly

prescribed flux into the flow domain, 9, across Neumann boundary segments TN,

n(x) is a unit outward normal to the boundary TN, and r is the union of FD and

TN. h, the hydraulic head, is the "solution" (or response, or "output" of the system).

All quantities (q, h, f, K) are defined on a local scale w, on which Darcy's law is

taken to apply. For simplicity, we assume that the boundary conditions H(x) and

Q(x) are statistically independent. (Others have looked at variations of this same

problem).

Because the hydraulic conductivity K(x) is random (and/or the boundary

conditions are random and/or the source is random), the response h(x) or q is also

random, and the equation is classified as a stochastic partial differential equation

(stochastic PDE), or a stochastic system, or simply a random equation, which has

the form of random Poisson equation (some definitions and properties of random

functions are discussed in Appendix A). Our goal, in this dissertation, is to contribute

towards the solution of this stochastic PDE.

For the one dimensional steady-state case there is an exact deterministic so-

lution for (1.1) subject to homogeneous Dirichlet and Neumann boundary condition

on each end respectively, with a concentrated (point) source f (x) = 6 (x — 0 (i.e., a
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unit source at x = ) 2 , which is given by (e.g., Stakgold, 1979, P. 70):

. 1
h(x,4. ) =- fo K(y) dy 0 < x <	 (1.5)

	1 	1
h(x, ) = fxK  (ody < x < 1 (1.6)

[More accurately, in (1.5) the boundary conditions are defined as h(0) = 0 (at x = 0)

and dh I dx = Oat x = 1, hence, h(x, ) = constant for < s < 1; in (1.6) h(1) = 0

(at x = 1) and dh I dx = Oat x = 0, hence, h(x,5) = constant for 0 < x <.J In fact,

the solution h(x,e) above is the Green's function, G(x, ), of the one dimensional

version of (1.1) subject to (general) Dirichlet and Neumann boundary condition on

each end respectively.] Needless to say, no such exact solutions generally exist for

more complex multidimensional problems associated with (1.1). Notice that the

above solution relates the (deterministic) response, h(x), to the parameter K(s),

assuming that K(x) is known at each point (or, alternatively, that K(x) is a known

function of x); when K(x) is random, (1.1) becomes a stochastic PDE, and we seek

to relate the (joint) statistics of the response, h(x) to that of K(x) at each point x.

Notice also, that while (1.1) is a linear partial differential equation (PDE),

the solution h(x) in (1.5) - (1.6) depends nonlinearly on the parameters. Indeed,

Frisch (1968) noted that

The principal difficulty of the problem (of stochastic partial differential

equations) stems from the fact, first observed by Kraichnan (1962), that

in spite of its apparent linearity, it is nonlinear in stochastic quantities,

because the solution of a linear equation depends nonlinearly upon the

2 The Dirac delta function is defined such that 6(x, x') = 0 if x � x', and f c°00 h(x)6(x — x9dx =
h(x').
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coefficients. This gives rise to very serious difficulties, which are of a

mathematical nature and are shared in common not only by the problem

of turbulence and the many-body problem. Typical among these diffi-

culties are the divergence of perturbation expansions, the appearance of

secular terms3 , and the fact that even the lowest order moments of the

solution depend on the complete set of all the moments of the coefficients.

1.2 Scope

In this chapter we first discuss the meaning of a solution to a stochastic PDE

in terms of ensemble moments, and list the major analytical and numerical methods

of solutions. Next, we discuss the concept of homogenization, and contrast upscaling

with the concept of effective hydraulic conductivity (in ensemble sense) as defined

by existing stochastic theories. We will exemplify the latter by presenting methods

to derive effective conductivities via perturbation solutions of the above PDE.

In Chapter 2 we present an operational approach to solve stochastic PDE's,

which leads to integrodifferential presentations of the solutions. We discuss the prop-

erties of such solution methods and demonstrate their applications to both steady-

state and transient flow problems. The transport problem will be introduced briefly.

In Chapter 3 we present a new integro-differential theory which is the heart

and main contribution of this dissertation. It leads to a better definition of effective

conductivity in bounded domains, accounts for information content via conditioning,

and leads to a weak approximation analogous to that of field theoretical diagrammatic

3 Secular terms appear in time-dependent (transient) problems. These are expressions propor-
tional to the positive power of time, t, which increase indefinitely as t —+ co; to be discussed later
on.
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approach in physics, but more general (in that boundaries are explicitly accounted

for, and so is information). The weak approximation is invoked in order to make

the solution tractable. We also provide explicit approximations for the moments of

prediction errors of head and flux.

In Chapter 4 we discuss solution of the stochastic PDE via Monte Carlo

simulations (MCS). Four methods for generating (unconditional, correlated) random

fields for Monte Carlo Simulations are reviewed and compared. A variety of tests

for random field generators are demonstrated. Special attention is paid to (pseudo)

random number generators. In Chapter 5 we briefly review the basics of the multigrid

methods, and use Monte Carlo simulations (with the powerful solver PLTMG) to

investigate aspects of the theory introduced in Chapter 3. In particular, we check

the above weak approximation by MCS for variances of Y = ln K as large as a?, . 4.

Effective conductivities under radial flow are investigated and compared with existing

theories. Ensemble means and variances of heads and fluxes are also calculated and

compared with known analytical results.

Chapter 6 lists conclusions derived from this work, and makes recommenda-

tions for future research.

1.3 Solutions of Stochastic PDE's in Terms of Ensemble Moments

A solution to a stochastic PDE consists of specifying the (joint) probability

density function (pdf) of the response, h(x), given those of K(x), f (x), H (x), and

Q (x).

Unfortunately, one cannot obtain the joint cumulative distribution function

(CDF) of the random response at all (infinite number of) points. Even for a finite set
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of points, one cannot obtain closed form equations for a finite number of moments.

This is the so called closure problem, which can be circumvented by either closure

approximations (e.g., perturbation methods) or by numerical approximations, i.e.,

by Monte Carlo simulations (MCS).

Often, the most relevant information is contained in the first two ensemble

moments4 of h(x), that is, the ensemble mean (or the expected value), the variance

(a measure of the uncertainty), and the covariance (or the variogram, a measure of

the underlying correlation structure and scale, or, alternatively, the spectral density).

In particular, when the random function is multivariate normal (or lognormal),

the second order representation is exhaustive, and may serve for deriving any other

higher statistical moments. (This is one of the reasons for dealing with Y = ln K

instead of (directly) with K in the stochastic hydrology literature.)

With respect to the first moment, i.e., the expected value of the response, ob-

viously, having a deterministic coefficient which can be used in the governing equation

instead of the random one (and thereby converts the stochastic PDE into a deter-

ministic one) is of great merit. This coefficient is, then, an effective parameter. The

existence of such an effective coefficient will become clear in Chapter 3.

The most widely used analytical method for analyzing random systems is

the (small) perturbation technique, which consists of expanding random quantities

around their mean values in Taylor series. The popularity of the perturbation ap-

proach stems from its relative simplicity and power. Because of its widespread use

in hydrology and other fields, we give three illustrations of the perturbation method

in Section 1.5.

4 Termed siatistical measures by Adomian (1983).
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Another class of analytical methods "invert" (or transform) the stochastic

PDE into random integral or integro-differential equations, mostly in the form of

Neumann or Volterra series. These methods are discussed in Chapters 2 and 3.

As it will be shown in the review that follows, closure approximations are

commonly limited to some form of stationarity of the hydraulic conductivity field,

subject to uniform mean flow conditions. All known approximations are limited to

mild heterogeneity (or small perturbations, where crl, < 1). Cases with intricate ge-

ometries and boundary conditions, with high variability, and various types of excita-

tions are usually impossible to handle with such methods. [Rubin and Dagan (1988)

used small perturbations to approximate (to first order) the first two moments of

heads in a two-dimensional, semi-infinite domain of stationary log-conductivity field,

with a constant head boundary normal to the mean flow (steady state). Naff and

Veccia (1986) approximated, to first order, the influence of impervious boundaries

upon head variance in a stationary log-conductivity field under mean uniform, steady

state flow in a domain of infinite horizontal extent, bounded by two (infinite) imper-

vious horizontal planes. In both cases, the geometry, boundary conditions, and flow

regimes are relatively simple; despite the existence of boundaries, in both cases the

domains are partly unbounded.] These limitations are the main motivation for this

dissertation. In particular, the method suggested in Chapter 3 is less restricted and

more general than the other analytical methods discussed here.

As it will be seen in the following review, in almost every solution method

of the stochastic flow equation, including the method proposed in Chapter 3, the

determination of effective conductivity plays a major role. Therefore, we devote the

following section to aspects of effective conductivity, in both the ensemble and the
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spatial sense. We then review some relevant examples of the latter, and highlight dif-

ferences and similarities between the ensemble and spatial concepts. A special section

is devoted to solutions of the steady-state stochastic flow equation by perturbation

methods.

1.4 The concept of homogenization

The problem of defining effective conductivity of random media has been sub-

ject to extensive research in different fields of physics and engineering. The (general)

idea of effective hydraulic conductivity is, "on the average", to reproduce the flow in

terms of fluxes and/or energy dissipation (or, alternatively, pressure, head, temper-

ature, or other dependent variables, depending on the system of interest).

In the previous section we defined an effective property as a deterministic

coefficient which may vary in space, and which, when used in the governing equation,

yields the expected value (or ensemble mean) of the response at each point. In the

case of Eq. 1.1, this means that an effective hydraulic conductivity would, ideally, be

a tensor, Ke (x), such that

V • Ke (x)V(h(x)) + (f) = 0, (1.7)

where the response is the head at each point, h(x). Similarly, the expected value of

the flux at each point would be

(q(x)) = — Ke (x)V(h(x)).	 (1.8)

As we will see, such a tensor does not always exist. When it does exist,

the effective hydraulic conductivity enables us to transform the random equations
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into workable deterministic ones, which produce deterministic estimates of heads and

fluxes. In other words, the effective parameter replaces the uncertain one, to produce

the average behavior of the system at each point in the field.

When the above averaging is done spatially, rather than in the ensemble, it

is termed homogenization, or upscaling or, simply, (block) averaging. In this case,

by introducing an upscaled property, one replaces a heterogeneous material by an

equivalent homogeneous one, to produce the average behavior of the field 5 .

Upscaling (or spatial homogenization) is used for finding the relationships

between small scale "measurements" and large scale "measurements", i.e., for "map-

ping" properties from one scale to another (e.g., based on their statistics), and for

predicting large scale response (and perhaps, the uncertainty associated with it) from

small scale measurements6 .

While in the ensemble sense, the variances of the (random) property and the

response are reflections of our uncertainti , in a spatial sense, these variances reflect

the extent of the heterogeneity.

Ke can also be defined in terms of energy dissipation. The dissipation function

E, defined as energy per unit weight of fluid dissipated by friction is (e.g., Dagan,

1989, p. 188):

E —qVh (1.9)

with residuals defined by h' h— (h) and q' = q (q). For stationary q and h' and

5 Note the similarity between this and the definition in the previous paragraph.
6 Very often, we cannot measure the properties directly; we only infer or estimate them from

measurements.
7See, for example, Ababou and Gelhar (1990).
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uniform mean flow, we have (Dagan, 1989)

(E) = (KVh V h) = J TK eJ = (q) TK: 1 (q)	 (1.10)

where J V(h), and JT and CIT are the transpositions of J and q respectively. Based

on the first law of thermodynamics, (E) > 0; hence, K e in (1.10) is positive definite

and invertible. In fact, it is also symmetric (cf. Dagan, 1989, p. 97).

According to Krôner (1977), the two definitions of effective conductivity,

(1.8) and (1.10), "are mutually consistent, which means that the "Hill condition"

(q)(Vh) = (qVh) applies" [as already shown in (1.10)].

Following Batchelor (1974),

	(E) = (K)J • J — (KV W V W)	 (1.11)

which, when combined with Eq. 1.10, and examined in the directions of the principal

coordinates (or eigenvectors), reveals the upper bound

ah ,

Ke, = (K) — (K(—, ))IJi2 < (K) KA 	(1.12)
oxi

where KA is the arithmetic mean, and the lower bound

= 	 )/(qi)2 < (K -1 )	 KT?	 (1.13)

which means that Ke > KH, where KH is the harmonic mean. Thus KH <Ke , < KA

for all i's. If K is log normally distributed,

exp(-4/2) < K,/KG exP(4/2 )	 (1.14)

where Y = In K, and KG = exp((Y)) is the geometric mean.

These upper and lower bounds are readily obtained for flow parallel and nor-

. mal to perfectly stratified layers, and were already found by Matheron (1967) who
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concluded that for uniform mean flow (i.e., on the average, parallel flow lines), the

effective permeability always ranges between the harmonic and the arithmetic mean

of the local permeabilities, for any spatial correlation (of permeability) and for any

number of dimensions (de-Marsily, 1986). In several other works (discussed be-

low) narrower bounds for effective conductivities have been obtained (e.g., Hashin

and Shtrikman, 1962, for multiphase medium). However, as pointed out by Dagan

(1989), they do not provide an improvement over the above bounds for a continuous

distribution of K between zero and infinity. The disadvantage of the arithmetic and

harmonic means as upper and lower bounds is that for large variances (4), they are

widely separated, and therefore, of limited use in such cases.

It should be noted that despite the similarity in definitions, there is a sub-

stantial difference between ensemble and spatial effective properties. In addition

to the necessary conditions for the existence of (point) effective conductivities (dis-

cussed in Chapter 3), any upscaling method requires the existence of at least two

distinct disparate scales of heterogeneity, such that the "large scale" contains enough

"small scales" of heterogeneity (as demonstrated in the following review). However,

as the (stationary) random field of interest becomes "infinitely" large (or, in a less

restrictive sense, when the boundary effects diminish to zero), the ensemble and spa-

tial averages become equivalent, through ergodicity; then, under mean uniform flow

conditions, the effective property can be equated with the upscaled property.

Auriault correctly points out that whatever method employed, phenomenolog-

ical investigation, or homogenization procedure, the basic assumption underlying the

methods is that both the medium and the excitation are homogenizable, i.e., there

exists an equivalent (large scale) description. When this basic assumption is not
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justified, the average parameters obtained are meaningless in that they are limited

to the particular flow regime (i.e., to the particular boundary values).

Similarly, Beran (1968, p. 126) noted that "for effective constants (or param-

eters) to be meaningful for a wide range of problems, we assume that both the joint

statistics of the constants and the imposed fields are homogeneous". In other words,

the random fields have to be statistically homogeneous (or stationary), and the mean

gradient has to be uniform. This is why the source term f in (1.1) and in (1.7) is

usually dropped in (spatial) homogenization theories. These are rather restrictive

conditions. Nevertheless, in the following sections and in Chapter 5, we will show

that, with some caution, those conditions can be relaxed in practice, and effective

conductivities can be defined for large portions of the flow fields under more general

conditions (e.g., for non-homogeneous conductivity fields and nonuniform mean flow

fields).

Because most homogenization methods assume ergodicity, there is frequently

no clear distinction between ensemble and spatial effective conductivity. This ambi-

guity occurs in many of the works we have reviewed; some authors refer to homoge-

nization in a spatial sense, while some other authors refer to it in an ensemble sense,

and yet some other investigators interpret it in both spatial and ensemble sense. For

this reason, we extend our review to include spatial homogenization methods.

For example, Auriault (1991) uses "homogenization" as a generic term, and

divides it into four different schemes:

• Homogenization for fine periodic structures

• Statistical modeling
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• The self consistent method

• Methods that use the (spatial) average theorems

where the "statistical modeling" of Auriault is equivalent to our "ensemble" ap-

proach. Unlike Auriault (1991) and as noted above, we discern between two major

approaches to effective properties: ensemble and spatial. We, however, adopt (the

remainder of) Auriault's classification for homogenization methods which we review

in the sequel. But first, we introduce a more rigorous definition of homogenization,

and some important implications, which will be discussed in more detail, later, in

the following chapters.

1.4.1 Nonlocal Effects

Cushman (1990) defines homogenization as the development of functional

forms for constitutive variables at the scale of interest. Constitutive variables are

parameters that "show our ignorance of, or lack of detailed information on the many

degrees of freedom of relevance to lower scales within the system", and usually result

from the solution to an inverse problem (ibid). If the constitutive variable depends

on what is happening at a "point" (in space-time) or a very small neighborhood of

the point, the variable is said to be local, and derived from a local theory (ibid). Of

course, such constitutive variables may still vary in space and time. On the other

hand, if the constitutive variable depends on information from regions distinct from

the neighborhood (of space-time) point where evaluation of the variable is to be

made, then the theories and constitutive variables are said to be nonlocal. According

to Cushman (1990), "nonlocal theories may result in constitutive variables that have

two or more additional degrees of freedom (or parameters), as they usually appear in



38

the form of functionals." (e.g., integrals). As will be shown in the next section and in

Chapters 2 and 3, random integral equations have a central role in homogenization

theories8. In particular, convolution integrals may result in a nonlocal mean flux,

which refutes the existence effective conductivity (depending on mean flow conditions,

as discussed in Chapter 3).

Tartar (1989, 1986) is especially aware of nonlocal effects induced by homog-

enization and integral equations. He explains why such effects are expected:

We were indeed looking for a convolution equation because our prob-

lem was invariant under translation in x or t, and we know that linear

operators commuting with translations have to be given by convolutions.

Tartar (1989) adds that his goal is to find "what kind of memory kernel can appear

by homogenization", and that this is important "because memory effects do occur in

models of continuum mechanics".

Neuman (1993) introduces nonlocality of solute flux as a major outcome of

an Eulerian-Lagrangian transport theory, and then compares his results with works

done in the area of turbulent diffusion by Kraichnan (1959) and Roberts (1961).

Non-locality of eddy diffusivity and of effective diffusion equations is also discussed by

Avellanda and Majda (1990), and by Kraichnan (1987) in conjunction with turbulent

diffusion (which is beyond the scope of this work). In the following two chapters we

discuss methods that utilize random integrals, which result either in nonlocal forms

or in expressions for effective conductivity. In the following section, we complete our

discussion on homogenization with typical examples for each method.

8 As well as for bounding effective conductivity of heterogeneous media, which is beyond the
scope of this work.
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1.4.2 Spatial Homogenization

Although we will not follow the spatial "effective" conductivity approach in

our solutions to the stochastic steady-state flow equation, in the following, we review

upscaling methods, for two reasons: first, as was mentioned above, and as will be

seen in the sequel, in several occasions, particularly when the self consistent approach

is used, there is no clear distinction between "ensemble" and "spatial" moments,

which implies erogodicity of some sort; second, some of the methods are extended to

nonuniform and unsteady flow conditions, and/or are compared, asymptotically, to

the ensemble approaches (discussed in the next section).

Periodic and Multi-Scale Structures

A perturbation method which is somewhat different from the one used in

our field (e.g., Dagan, 1989) is used in the context of periodic structures and multi-

ple scales by Auriault (1991), and by Hinch (1991; pp. 126-127) respectively. Both

authors emphasize two characteristic scales, macroscopic (or large scale) L and mi-

croscopic (or small scale) 1, such that (Auriault, 1991)

= c
i

«17 (1.15)

Auriault (1991) starts from the macroscopic Laplace equation (i.e., V. K(x)Vh(x) .

0) in a periodic porous medium, and the microscopic Stokes equation,

1v2v = -vp,
It

(1.16)

where ii and p are (fluid) viscosity and pressure respectively. Auriault then expands

asymptotic series for both velocity (A) and pressure, similar to Eq 1.19 (below), where
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he considers p both as a macroscopic and as a microscopic variable; then he follows

the derivation of Ene and Sanchez-Palencia (1975) of Darcy's law. Next, Auriault

defines a dimensionless characteristic

Vp
Q = 	 = 0(p11,av)v (1.17)

and concludes that the determination of an equivalent macroscopic description is

possible only if Q = 0(E-1 )9 .

A similar methodology was used by Mei and Arianlt (1989) in order to extend

the theory to media with several disparate spatial scales, where Eq. 1.15 refers now to

all hierarchies in the periodic medium (i.e., the medium is assumed to be periodic in

both parameters and responses, on all scales). Following Ene and Sanchez-Palencia

(1975), Mei and Arianlt (1989) take full advantage of the perturbation technique (be-

tween zero and second orders) and succeed in defining effective permeability tensors

on the different scales, which are positive definite and symmetric. Their upscaling

procedure starts from the spatial (cell) average of the micro- scale conductivity as

the effective conductivity of the next higher scale (their Eq. 2.21), and then continues

with larger scales, such that at each scale the effective conductivity corresponds to

the average zero order perturbation of the flux (or velocity).

Hinch (1991) starts from the elliptic heat conduction equation, which is iden-

tical to our Poisson (steady-state flow) equation

V • KVT = Q	 (1.18)

9 By f(x) = O[g(x)] as x	 x o we mean that f(x)/g(x) is bounded as x	 r o . In contrast, the
asymptotic notation f(x) g(x) as x —+ x, means that [f(x)Ig(x)]	 1 as r	 ro.
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where T is the temperature, and K and Q are given functions which have a fine scale

structure described by the short scale variable = x/E (Q is equivalent to —f in

Eq. 1.1). The asymptotic expansion is then done on the long scale x,

T(x , E) -- To ( , x ) +	 x ) + f T2 x	 (1.19)

and substituted into the governing equation. The main assumption is that at lead-

ing (or zero) order, the temperature does not vary on the microscale (only at the

macroscale), as expressed by

( aTo
K Tc).o	 (1.20)

Consequently, at leading order (i.e., on a large scale) the temperature satisfies a stan-

dard heat conduction equation with an effective heat conductivity K* and effective

source term Q* such that

(K*T) = Q*

	
(1.21)

where Q* (Q ( , x)), and

a A
K* = (K	 K	 (1.22)

where the ensemble average is taken over the -microscale. A -= A() is a coefficient

of linearity which emerges from the expansion and from the distinction between the

two scales; it depends on the details of K() and links between the leading order (0)

and the higher order (1), i.e.,

Ti(,x) = A( ) aax
(1.23)

Note that &AIN in (1.22) must be negative in order for K* < (K) = KA. On one

hand, the effective conductivity defined in (1.22) is not limited to mean (large scale)
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uniform flow, and is not limited to a specific distribution of K; on the other hand,

K is assumed periodic, which is generally more restrictive than a specified distribu-

tion. The dependency on the variance must be included in the second term in (1.22),

and hence, it should be implicit, in part, in A(e). However, it is not clear from the

text (i.e., Hinch, 1991) how this coefficient is calculated. Interestingly, Hinch (1991)

remarks that " ... higher order corrections (or expansion) will find that there is a

correction to the heat flux which is non -local, i.e., the heat flux at one point depends

on the value of the temperature gradients in the neighborhood of that point".

Keller (1987) systematically introduces theorems about effective conductivi-

ties of reciprocal media (a basic form of periodic media), and extend them to sta-

tionary random media. The most relevant theoremsl° are:

• Mendelson (1975): For a two dimensional statistically stationary (or homoge-

neous) and isotropic random medium, Ke = KG.

• Kohler and Papanicolau (1982): For a two dimensional statistically stationary

(but not necessarily) isotropic random medium, Kex = 11 key , where Ke. and

Key are the effective conductivities in the x and y directions respectively, and

ke is the effective conductivity of the reciprocal field 11K(x).

• Kohler and Papanicolau (1982): For a three dimensional statistically stationary

random medium, Kez > 1/K.

These conclusions are very similar to the earlier work by Matheron (1967) mentioned

above. While the above theorems are not limited to log-normal distribution, they are

10The theorems were proved primarily by using variational principles.
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yet based on, two component media, i.e., with two elementary conductivities Ifi. and

K2 subject to random geometrical arrangement; this implies a much more restrictive

condition, i.e., two delta distributions.

Following the Tailor-Aris method of moments, as generalized by Brenner

(1980,1982), Kitanidis (1990) derives the governing system of equations for the "ef-

fective" upscaled hydraulic conductivity of a periodic porous medium. The key as-

sumptions made in the method of moments are: (1) the conductivity function is

periodic, and in the limit, as the size of the elementary cell 1 -- oo, it is a stationary

random fieldll, (2) the boundary conditions are periodic, and (3) the flow is gradually

varying; particularly, the zeroth, first, and second central moments of the head field

computed over the averaging volume, V, reach a steady rate of change. The aver-

aging volume, in turn, is assumed to encompass one period of an idealized periodic

porous medium.

In Kitanidis' (1990) view, a periodic medium is only a conceptual or math-

ematical model of a formation whose parameters fluctuate about an average value.

According to Dykaar and Kitanidis (1992), the periodicity assumption places an

upper limit on the largest scale of the conductivity field. This is in contrast with

Dagan's (1986, 1989) view of periodic media as "ordered media which are seldom

encountered in natural formations".

According to the moment method, the effective conductivity is found in two

steps (ibid). First, in an n-dimensional locally isotropic12 flow domain, n uncoupled

11 The extension to stationary random function is controversial (see below).
12 Kitanidis' (1990) solution satisfies local anisotropy of K as well.
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partial differential equations

gi(x)Ê  a  (K(x)O) 	aK(x)
	i =1,...,n	 (1.24)

p. i ax,	 Oxp )	 aXi

are solved for the n unknown auxiliary functions g(x) in an n dimensional parallelop-

ipe. In 3-D, the flow domain has a volume V = 1 1 12 13 with sides /1 ,12 ,13 . Eq. 1.24 is

subject to periodic boundary conditions, which means that gi and all its derivatives

are the same at s = 0 and at s3 = /J . The functions gi are then used in the integral

=	 1
2Vv 

K ( agi + 	  dx Kbii	 (1.25)
"	 axi ax;

to determine the components of the effective conductivity tensor Ke, j , where Si; is

the Kronecker delta (8i; = 1 for i = j, and bi; = 0 otherwise), and K is the

spatial average of K:

R= —
1 

K(x)dx
V v

(1.26)

Kitanidis' (1990) analysis is based on a transient head response to an injected

impulse of water at some point in the medium; after enough time has elapsed for the

mound to spread out over an area larger than the scale of conductivity fluctuations,

an upscaled (or block) conductivity can be determined. Following Dagan (1982,

1989), when t > PS/K, where 1 is the scale of conductivity fluctuations, S is the

specific storage, and K is a typical value of conductivity, the flow is slowly or grad-

ually varying, the scale of head fluctuations is considerably larger than the typical

length scale of the hydraulic conductivity fluctuations, and the net rate of spreading

converges to a constant, i.e., it reaches a quasi-steady state. Similar conclusions were

reached by El-Kadi and Brutsaert (1985).

Kitanidis' approach is purely deterministic; local conductivities are specified

precisely at each point, with symmetric boundary conditions for each element in
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his superimposed grid (thus, emulating an infinite domain; cf. Durlofsky, 1991,

below). In the asymptotic case, when the period is extended to infinity, Kitanidis'

(1990) results become similar to the known small-perturbation results by Gutjahr

et al. (1978) and Gelhar and Axness (1983), who assumed a normal distribution of

Y = in K and small c4. Further, without invoking either the Gaussian distribution

assumption (in fact, without invoking the stochastic process approach at all) or

uniform flow, Kitanidis' results perfectly resemble the conductivity bounds for the

asymptotic cases of perfect stratification (discussed above).

Encouraged by these results, Dykaar and Kitanidis (1992) use a numerical

Fourier Galerkin spectral method to discretize Eq. 1.24, and then solve the resulting

system of equations with the conjugate gradient method, using FFT's for the matrix-

vector multiplication. However, they find that beyond a certain variance of in K

(or, equivalently, beyond a certain condition number of the transformed matrix), the

conjugate gradient method would not converge with the standard FFT deconvolution

procedure. Consequently, they attenuate the high-frequency components of (the

Fourier transformed) K by applying a low-pass filter, "which tends to round corners,

and fill in the sharp peaks and valleys of K(x)" (ibid). The filtering is implemented

by multiplying the discrete Fourier coefficients by weighting factors. The authors

do not present any criterion for judging the validity of this approach, and/or an

estimate of the error induced by the discrete sampling. However they cite three

possible sources of errors: (1) aliasing, caused by insufficient (discrete) sampling

rate of K(x), (2) Fourier series truncation, or low-pass filtering, and (3) numerical

round-off. Defending their low-pass filtering, they (ibid) claim that "all numerical

schemes, such as finite difference and finite elements, are subject to the same error
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sources", particularly, "the finite difference or finite element operator itself acts as

a filter to varying degrees, depending on the particular differential operator". We

discuss the above argument later in this section, and in Chapter 4. In Chapter 5 we

use a sophisticated multi-grid finite element method, with adaptive grid refinement,

which eliminates both the smoothing and the convergence problems.

The advantage of the Fourier Galerkin method used by Dykaar and Kitanidis

(1992), is its efficiency; a solution can be achieved in order Nin(N) operations and

order N storage, where N is the total number of sampling points used in a flow

domain. This allowed them to simulate very large fields in order to calculate upscaled

conductivities of very large blocks in stationary fields of ln K, such that ergodicity in

the mean would be justified, an REV (representative elementary volume) could then

be defined, and the block conductivity, Kb, could be considered as the corresponding

homogeneous constant. Their analysis shows that in two dimensional fields having an

exponential, isotropic covariance, about 80 integral scales are needed to achieve this

goal, each integral scale encompassing at least 8.5 conductivity values (or elements,

in our terms). These requirements were reduced by a factor of 4 for a Gaussian

covariance model. In three dimensions, with a Gaussian covariance structure, about

30 integral scales were needed to consider one realization as an infinite domain. The

results from the moment method show good agreement with simple "inverse" method

solutions (which consider the flow domain as a flow tube, and calculate the effective

conductivity as the ratio between the total flux and the imposed gradient), for both

stationary and bimodally distributed hydraulic conductivity fields consisting of shale

lenses embedded in sandstone. As was mentioned earlier, their result are in (striking)

agreements with the Landau and Lifshitz (1960) and Matheron (1967) conjecture,
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and Neuman et al. (1992) for the 3-D effective conductivity, up to variance (of In K)

of 6. It seems, though, that beside the efficient (but smooth) numerical spectral

method, the moment method does not have a significant advantage over the simple

inverse method (where block conductivity is calculated as the ratio between the total

flux and the imposed gradient), because the number of the generated conductivity

values has to be large in either case; rather than solving for the auxiliary functions

gi, one could solve directly for heads and fluxes.

From our point of view, the most interesting outcome of the works of Kitani-

dis (1990) and Dykaar and Kitanidis (1992) is the fact that the spreading mound is

not only transient, but also resembles radial flow. This implies that, in the above

asymptotic cases, there exists an "effective hydraulic conductivity", as long as the

investigated area is far enough from the singularity. This is in general agreement

with Dagan (1989), Naff (1991), and with our Chapter 5.

Durlofsky (1991) uses a numerical procedure to determine equivalent grid

block permeability tensors for heterogeneous, infinite periodic porous media under

uniform flow conditions. As in the homogenization theory of Bourgeat (1984) and

subsequent extensions by Saez et al. (1989) and Mei and Auriault (1989), Durlofski

imposes periodic boundary conditions, such that for each cell, one pair of opposing

faces is subject to equal fluxes and heads (hence, periodic in fluxes and heads), while

the other pair of opposing faces is subject to simple Dirichlet boundary conditions

(i.e., to an imposed uniform gradient in each ce11) 13. That is, he assumes that the

pressure variation is locally linear. The calculation of the equivalent permeabilities

13To distinguish from Mei and Auriault (1989), whose equation is driven by a source term of the
form V • k, allowing their pressure-like variable (S) to remain periodic on all faces.
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is based on spatial (arithmetic) averaging of the fluxes on two (adjacent, perpendic-

ular) faces. Durlofsky (1991) distinguishes between effective permeability, which is

"a property of the medium, and does not vary with the flow conditions", and equiv-

alent permeability, which, by his definition, is expected to vary under different flow

conditions.

Due to the particular choice of (essentially periodic) boundary conditions,

Durlofsky's (1991) equivalent permeability tensors are always symmetric and positive

definite.

Although the periodic media approach does not require a priori knowledge

of the principal directions of the equivalent permeability tensor, it requires a priori

knowledge of the two distinctive scales, in order to choose the unit cell. In fact, it can

be shown that below a certain cell size (which is case specific), the method is very

sensitive to cell dimensions. For a case with a simple block structure and distinc-

tive pattern, Durlofsky (1991) demonstrates the superiority of the periodic boundary

conditions over the common inverse method (which imposes no-flow BC parallel to

an imposed gradient, in a "flow tube" like blocks). Durlofsky admits, however, that

for the general case of heterogeneous media, "the equivalent grid block permeability

of the region can no longer be specified unambiguously, as they result from the local

flow field, which is not generally known a priori". Despite the inherent limitations

of the method, he presents results of numerical experiments with two different frac-

tal fields (though at least one of them shows a distinct pattern), where calculated

effective block permeabilities succeed in reproducing the average (spatial) heads and

streamlines. It seems that the boundary conditions chosen for each case, are not

necessarily periodic (in fact, in the second case, the common "flow-tube" is used).
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In conclusion, it seems that the main limitation of periodic media analyses

is the required equivalence between block size and "period", and the consequent as-

signment of "periodic boundary conditions" to each block. Auriault (1991) argues

that "If we limit ourselves to the discovery of the structure of the macroscopic de-

scription, periodic and random media are equivalent, if homogenization is possible".

It is not clear, however, what he means by "structure", and when is homogenization

possible. Similar arguments are given by Dykaar and Kitanidis (1992) and Keller

(1987). It seems to us, that although there is some similarity, random media are

(unfortunately) much more complex than periodic media; in fact, they add another

dimension, the probability space, to the problem. Particularly, in periodic media the

parameter fluctuations are bounded in a known manner, while in random media, the

moments, not the fluctuations, are bounded. In periodic media averaging is always

spatial, while in random media both spatial and ensemble averages may play a role

(cf. Keller, 1987).

The Self Consistent Method

The self consistent approach (also termed embedding matrix approach, and effective

medium theory) was originally used to estimate effective heat conductivity and di-

electric constants by Budianski (1965), Hashin and Shtrikman (1962), Beran (1968),

Landauer (1978), and others, and was adopted by Dagan (1979, 1981) to estimate

effective hydraulic conductivity of heterogeneous isotropic formations; it was later

extended by Poley (1988) and by Dagan (1989) to anisotropic formations.

According to the self consistent approach, the medium is viewed as a collection
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of blocks of different conductivity, shape, size and location, set at random with no

correlation between them. The self-consistent model concentrates on a representative

inclusion of permeability K.; of typical dimension Rik , and replaces the remaining

ones by an embedding homogeneous matrix of unknown permeability Ko , which

extends to infinity. The head h satisfies Laplace's equation in each block, as well

as continuity of head and normal flux at the interface between blocks. At infinity

(on the far boundary), h = —J • x, such that for a homogeneous formation the

flow is uniform (i.e., the gradient and hence, the flux are constant). The idea is

to isolate one block [Poley (1988) uses ellipsoids, and Dagan (1981) uses oblate

spheroids], to solve for h, and then to determine Ko of the surrounding matrix from

the requirement that the field be undisturbed. "If such a value can be found, one

can fill the entire space with composite spheroids of different sizes without affecting

the flow ... consequently, one can substitute K = Ko" (Dagan, 1979, 1989). This

is reminiscent of the method of superposition employed in electrical circuits for the

determination of effective resistance (although in this case, the shape of the resistors

is, justifiably, irrelevant). Perhaps the strongest assumption is that the disturbance

in the head field caused by any one inclusion is not affected by similar disturbances

due to other inclusions; another limitation is the dependence on the (assumed) shape

of the inclusion.

To allow using a known solution (Lamb, 1932) for flow around a (moving)

solid ellipsoid parallel to a principal axis in a homogeneous liquid, both Poley (1988)

and Dagan (1981) take all ellipsoids (or spheroids) to have parallel principal axes, and

then transform the coordinates of the (regionally) anisotropic medium to an isotropic

one. This way, the blocks become anisotropic and change dimensions, requiring that
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flow within the inclusions be assumed uniform in the (horizontal) x direction (par-

allel to both regional flow and the principal axis of the inclusions). Another way to

handle the global anisotropy is to equate Ka with Kh or K, (horizontal and verti-

cal "homogeneous matrix" conductivities, respectively), depending on the direction

of the mean gradient, without stretching the coordinates, such that the inclusions

remain isotropic. As was pointed out by Dagan (1989, p. 202), since the field is

considered uniform in the surrounding matrix, it is only the principal component of

Ke in the direction of J which counts. Despite the use of the same approach by

the two authors, there are differences between the derivations of Dagan (1979, 1981)

and Poley (1988) [Dagan's derivation seems to be more concise, consistent, and less

obscure than that of Poley]. Their derivations lead to different expressions for the

effective hydraulic conductivity. However, both expressions for the effective principal

hydraulic conductivities are functions of the probability density function (pdf) of K,

the principal directions of the effective conductivity tensor (assumed known), and

the (characteristic) shape of the assumed inclusions (see below). We concentrate,

below, on Dagan's (1979, 1981, 1989) derivation. Dagan (1979) borrows the general

solutions of Lamb (1932) for flow within and outside the inclusion (spheroid/cylinder

in the isotropic case, and oblate spheroids in the anisotropic case). He then uses the

boundary conditions along the interface and at infinity to define the constants for

the relevant solution. Once a solution for head is obtained, it is used to calculate the

contribution of a particular inclusion to the total gradient and flow, by averaging this

contribution over the total volume. Such averaging is justified by the assumption of

complete randomness of the block centroids, x i , such that its pdf is uniform (i.e., the

pdf of the block centroids, f(xi) = 1/V, where V is the total volume). Since the
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above contributions depend on the relative distances x — x i , the integration can be

carried out over x, with xi kept fixed at the origin.

The next step is to integrate all average contributions of all blocks of dif-

ferent conductivities over the infinite volume, provided that the pdf of the hy-

draulic conductivity, f(K), is known (correlation is ignored). Now, the average

flux, (q) = K0 J E(q'), where the flux fluctuation, q', is averaged for all possible

sizes of (similar) blocks, for all block conductivities (Ks) and locations (xi),

(q') -= L q'f(K )f(xi ) dKdxi	 (1.27)

Finally, Ke = (q)/J, and therefore, Ife is a function of f(K), Ko , and the char-

acteristic shape of the block. The very last step is to substitute If, = K0 and to

solve (iteratively) for K. This last step seems to be inconsistent, at first glance, be-

cause up to this point, a careful probabilistic technique combined with an accurate

hydrodynamic solution were employed; consequently, one would expect that in a sim-

ilar (consistent) manner, a probabilistic approach should be used for the interaction

between the surfaces of the different blocks.

For isotropic media, Dagan (1979) arrives at the following effective conduc-

tivity, Ke ,
{	 f(K)dK  1-1

Ife +(n-1)K0 =
fo (n-1)K0 + If]

(1.28)

where n is the number of spatial dimensions, and f(K) is the frequency distribution

of K. [Note that the integral in (1.28) resembles the ensemble mean of [(n — 1)/fc,

K]' .J A lower bound for the effective hydraulic conductivity is obtained if K, in

(1.28) is substituted by the harmonic mean KH, and an upper bound is reached for

K, = KA, the arithmetic mean. These bounds are also reached in the anisotropic
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case (below). Finally, the self consistent argument is made, that the conductivity of

the matrix surrounding each inclusion is equal to the effective conductivity, that is,

Ko = Ke , and hence

If, = 1 [fc) 	f(K) dK  1 -1
(1.29)

n o (n — 1)1f, + If j

No small variance assumption is made, but interactions between inclusions are not

accounted for. Interestingly, an expression equivalent to Eq. 1.29 was obtained by

Kirkpatrick (1973, Eq. 5.4) in his analysis of effective conductance of random resistor

networks (see review by Gomez-Hernandez, 1991). It is also interesting to note that in

order to solve the integral equation (1.29), one has to use successive approximations

(discussed in Chapter 2).

For anisotropic media, Dagan (1989) obtains the following principal horizontal

and vertical effective conductivities:

i
Keh =

( K —[fo 	lie )f( 1f7)(ed") + 2Ke, I

-1[f. (Key f(K)),.yd(eK„) 4_ K I

(1.30)

(1.31)

where e" = e(Kh/K) 1 /2 is the transformed eccentricity (i.e., the eccentricity in the

transformed coordinate system) and -y(e") is a shape factor which depends on both

the eccentricity and the principal component of the effective hydraulic conductivity.

In Eqs. 1.30 and 1.31 Ko of the surrounding matrix was replaced by the principal com-

ponents Kh. = Kh y = Kh, and K. The eccentricity can be defined as e = Ay„PtYh ,

the ratio of vertical to horizontal integral scales of In K (i.e., it expresses the mag-

nitude of the statistical anisotropy). Note that here, there are explicit relationships

between the principal directions of the effective and the statistical K tensors, and

that the variances of ln K is unlimited. One way to check the validity of the resulting
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effective hydraulic conductivity expressed by equations 1.30 and 1.31 is to examine

some extreme situations. Dagan (1989) consider cases in which:

• e	 oo	 = 1	 2-D medium, i.e., Keh --+ KG

• e	 7 = 0	 Stratified, i.e., Keh	 KA, Key

• e	 1	 = 2/3	 Isotropic medium, i.e., Keh = Key = K

In the isotropic case, equations 1.30 and 1.31 become identical to the 3-D version

of (1.29), that is K„ = Key = Ife . In the 2-D case (-y = 1), Eq. 1.30 becomes

identical to the 2-D version of (1.29), that is, K„ = Ife , but (1.31) becomes an

identity (i.e., Key = Key ). In the stratified case, (e = -y = 0), Key = KH in Eq. 1.31,

but Eq. 1.30 leads to an identity (ife, = Keh ) instead of If eh = KA. Perhaps for this

reason, rather than substituting the above limits (as described above) in (1.30) and

(1.31) explicitly, Dagan (1989) prefers to expand (1.30) and (1.31) in Taylor series

for the stratified case, assuming cr?, is small; in this way he obtains Key KH and

Ifeh ---+ KA.

Besides comparing the extreme cases with the known lower and upper bounds

of the effective hydraulic conductivity, Dagan's self consistent approach shows a

good agreement with isotropic effective conductivities approximated by Gutjahr et

al. (1978) and Gelhar and Axness (1983) for small variances (differing by only 1% in

3-D up to 4 2). Perhaps the most significant check on the method is that for the 2-

D isotropic case it yields Ife = KG, the geometric mean, with high degree of accuracy,

for any variance of ln K (up to 4 7), for a lognormal distribution of K (Dagan,

1989). Comparisons with results from numerical experiments by Desbarats (1987;

Monte Carlo simulations) and by Dykaar and Kitanidis (1992; large field inverse
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method) show good agreement in the cases of binary (or two-phase) permeabilities

(e.g., shale lenses embedded in sandstone). However, for general three dimensional

statistically homogeneous and isotropic conductivity fields, the self consistent method

gives a poor approximation for the effective conductivity for 4 > 1, as illustrated by

Dykaar and Kitanidis (1992). Desbarats (1987) demonstrates a very good agreement

between the self consistent method and 2-D numerical experiments with statistically

isotropic and homogeneous fields which possess some correlation, but less so for

uncorrelated fields; he concludes that the shortcoming of the method is that it is

unable to make any distinction between media with different covariance structures

(as is apparent in Eq. 1.29).

Geostatistical and Power Averaging

A considerable effort has been devoted by many researchers, to investigate and

develop geostatistical models for upscaling hydraulic conductivities in two and three

dimensions. Similar to the (ensemble) statistical models above, the conductivity is

represented as a spatial random function, where heterogeneity is described, primarily,

by the mean and the variogram of the point scale values [although, Monte Carlo

simulations (M CS) do require a pdf, and kriging of ln K implies lognormal distribution

of K]. In the following paragraphs, we will focus on works by Desbarats and co-

workers, whose goal is to empirically obtain expressions for conductivities at the

(large) block scale as spatial averages of point scale values, by means of numerical

experiments (or MCS).

Desbarats and Dimitrakopoulos (1990) find numerically that the spatial geo-

metric average is an excellent approximation of effective block transmissivity for two
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dimensional statistically homogeneous and isotropic log-normal fields under mean

uniform flow. [This was confirmed independently by numerical inverse MCS done

by us (in an earlier work).] They also find that the mean and the variance of

block-averaged values depend on the averaging scale relative to the integral scale; as

the ratio L/A increases (L being the domain's side, and A the integral scale), mean

block transmissivity decreases from the (ensemble) arithmetic average for L/A < 1

towards the ensemble geometric mean, while the variance of the block (averaged)

conductivity decreases to zero as L/A becomes large, as expected, from Vanmarcke,

1983). [The dependence of block conductivity on relative block size was indepen-

dently confirmed by our (early) inverse MCS with similar conductivity fields.]

The geostatistical model of block transmissivity provides relationships be-

tween the mean and variance of block-averaged quantities, the spatial area, and

the spatial correlation structure of the (point) transmissivity. Desbarats and Dimi-

trakopoulos (1990) find that if Y, is the spatial average log-transmissivity over a block

(or area), and Ys* is its kriged estimate (based on point data), the block transmis-

sivity estimate T: = exp(K*) is closer to the theoretical ensemble geometric mean,

than is the unbiased (corrected) block transmissivity Ts** = T: exp(4/2 + 9), where

is a Lagrange multiplier added to the kriging equations (in which the kriging vari-

ance is minimized) in order to satisfy the unbiasedness constraint E i 1 pi

being the weights used in the kriging estimation/interpolation). Hence, the former

(i.e., the biased estimator) is superior to the latter (unbiased estimator). The addi-

tional terms, exp(4/2 + 9), compensate for the variance reduction, or "smoothing

effect", common to all least-squares methods (see also Clifton and Neuman, 1982,

de-Marsily, 1986, p. 308, and Journel and Huijbregts, 1978, p. 572). Desbarats and
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Dimitrakopoulos (1990) bring an example of a sandstone unit in an oil reservoir,

where each "point" transmissivity is defined as the integral of permeabilities of core

samples over the reservoir thickness (implying arithmetic averaging over depth). Af-

ter subdividing their (rectangular) region into a regular grid of square blocks, and

kriging them on by one, they conduct steady-state flow simulations, imposing no-

flow boundaries along the mean flow direction, and prescribed heads on the other

(transverse) boundaries. The effective transmissivity is calculated from numerical so-

lution of the flow equation (apparently as the ratio between the average longitudinal

flux and the imposed gradient) and compared with both "biased" and "unbiased"

estimates of block transmissivity; this is repeated for blocks of different sizes, all of

which were smaller than the integral scale. They find that the latter bias correction

of kriged estimates leads to an artificial overestimation of the overall effective trans-

missivity of the flow field, while the original, uncorrected kriging estimator does not

introduce artifacts of block size in flow simulations. However, their results indicate

that the differences between the above estimates shrink as the block size increases;

this suggests that for L > A the artifacts of block size may be negligible.

Desbarats (1992a) uses spatial power averaging as an empirical method for up-

scaling hydraulic conductivity in three dimensional heterogeneous formations, where

"point" scale conductivity field is modeled as a stationary (i.e., statistically homoge-

neous), ergodic, and multivariate lognormal random field. The power average block

conductivity, Kb, is defined by him as

1/w
Kb = (11-7 jv Koowdv)

1
Kb = exp (—I ln K(x)dV)

V v

for w 0

for w = 0	 (1.32)

where the power w is a function of the covariance structure, the dimensions of the flow
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field, and cell dimensions (resulted from the discretization); the only way to find co is

by numerical experiments (ibid). Desbarats (1992a) conducts high resolution numer-

ical experiments (in fact, MCS) of steady state flow through 3-D random, lognormal

hydraulic conductivity fields with an isotropic exponential covariance structure, and

L/A = 3, 2,1. In order to calculate block effective conductivity, Desbarats adopts

the formulation of Rubin and Gomez-hernandez (1990) for the upscaled hydraulic

conductivity, Ku ,
fv gx (x)dV

K =	 (1.33)
fv Jx (x)dV

where gx and Js are the longitudinal flux and head, respectively, which are obtained

from the numerical solution to the flow equation V • q = 0. For < 2, Desbarats'

numerical experiments (200 realizations) show an excellent agreement between Kb

in (1.32) with co = 1/3 and Ku in (1.33); this agreement deteriorates for al, =

4 (apparently due to the limited number of simulations and/or the limited field

size). The experiments (MCS) show (again) the decrease in mean block conductivity

from the arithmetic mean for L/A < 1 to the theoretical (and experimental) value

(Aitchison and Brown, 1957)

= (K(x)1 11' = exp[(Y(x)) co(ol,/2)] 	 (1.34)

for L/A	 1, where Kw is the ensemble power mean of K(x) for the exponent co

(Desbarats, 1992a), which, after finding co, becomes the effective block conductivity.

Ababou (1989, 1990) notices that the above power average Kw could be expressed as

= KG exP[4( 1 /2 — 9)]
	

(1.35)

where K G = e0'(c)) is the ensemble geometric mean, and g = (1 — w)I2 is a geometric

factor. This relation is identical to an expression for effective conductivity of an
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infinite 3 -D anisotropic fields derived by Gelhar and Axness (1983); the factor g

in their paper is a function of the anisotropy ratio of the principal integral scales,

and is equal to 1/3 in the isotropic case, which corresponds to w = 1 — 2g = 1/3.

Consequently, Eq. 1.35 resembles, the relationships postulated earlier by Landau

and Lifshitz (1960), Matheron (1967), and results of MCS by Dykaar and Kitanidis

(1992) and by Neuman et al. (1992a; see Chapter 3). Although the latter authors

use a simpler (more "crude") definition of Ku than (1.33), i.e., they define block

conductivity as the ratio of the average flux through the upstream boundary to the

global imposed gradient, the results for Ku are very similar , differently than in (1.33)

Considering the infinite field case, Ababou (1988, 1990) conjectures the fol-

lowing expression for w in terms of the principal integral scales:

= , 2 AH-
n A i

where n is the field dimension and AH is defined as

1
= (--	 AT1

) -1

n i=1

(1.36)

(1.37)

By combining (1.36) - (1.37) for one of the principal directions in a two dimensional

domain (with K log-normal), and considering the definition of g (above), (1.35) takes

the form

K = KG e4 /2 exp °11 A2 	(1.38)
A 1 + A2 )

which (surprisingly) appears to be a particular case of a general expression obtained

by Paleologos (1993; see also Neuman et al., 1993). Although (1.38) does not partic-

ularly comply with Desbarats' experiments with anisotropy ratio of 10 : 1, it provides

correct values for w for the special cases of perfectly stratified and isotropic fields
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(Desbarats, 1992a); it would be worthwhile to test them for a broader spectrum of

anisotropy ratios in two and three dimensional fields.

A fairly substantial amount of work has been devoted to power averaging

of sand-shale sequences. This type of formation is characterized by a high vari-

ance, a bi-modal distribution, and a strongly anisotropic spatial covariance structure.

Desbarats (1987) discusses several different approaches and formulations, including

percolation theory, and concludes that there is no general and accurate method for es-

timating effective permeability in sand-shale sequences. Considerable mathematical

simplification is achieved when a binary permeability model is assumed, where per-

meabilities take on one of two possible values, K33 and Ksh, for sandstone and shale,

respectively. Practical experience with operation of sand-shale oil reservoirs, as well

as Desbarats's numerical experiments, seem to support this assumption (Desbarats,

1987).

A recently developed method for simulating spatially correlated indicator vari-

ables (termed indicator geostatistics) was used to investigate shale spatial covariance

in sand-shale formations; the method successfully reproduced patterns of sand-shale

heterogeneity observed in an outcrop of the Assakao sandstone and other similar for-

mations (e.g., Gomez- hernandez and Journel, 1989 and Gomez-Hernandez, 1991b).

The shale indicator is a binary variable that takes a value of 1 for shale locations

and 0 for sand locations. The covariance of the indicator variable is directly related

to the orientation and width-to-length ratio of shale segments. Journel et al. (1986),

Desbarats (1987a, 1987b) and Deutsch (1987, 1989) find the block conductivity to be

a function of shale proportion, block size relative to correlation scale of the indicator

covariance, and conductivity contrast between sand and shale. They propose a power
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average law for each principal direction, i, of the form

Kvi = (pKs h,"' + (1 — p).K..swi) 11w., (1.39)

where p is the proportion of shales, and wi are coefficients to be determined empiri-

cally (e.g., by MCS). The block is assumed to be oriented in the principal directions.

The method was applied by Bachu and Cuthiell (1990) to conductivities of several

core samples from a Canadian reservoir, where each core sample is considered a block.

Values of w i were obtained for the different core samples.

Summarizing, the power averaging method is based on inverse Monte Carlo

Simulations for defining block hydraulic conductivity with maximum generality. The

most common and straightforward inverse technique is to prescribe constant heads on

two sides and no-flow boundaries on all other sides of the block, emulating a (straight)

stream tube with imposed (mean) gradient; the principal directions of the block

conductivity tensor must be assumed. Techniques that are based on the concept of

periodic-media (e.g., Durlofsky, 1990; Kasap and Lake, 1990), naturally use periodic

boundary conditions, and do not require a priori knowledge of principal directions

of the block conductivity tensor; however, they must assume two distinctive scales.

In both methods, boundary effects are minimized and neglected; consequently, very

large fields (L > A) must be considered. Limitations and difficulties associated with

MCS are discussed in Chapt ers 4 and 5.

1.5 Solutions of Steady State Stochastic PDE by Perturbation Method

We recall that the effective conductivity is not essential for the solution of

the stochastic flow equation, but is rather a "desirable" property; when it exists, it
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can provide the mean response (head or flux) at each point in the domain, directly.

However, effective parameters do not allow calculations of higher moments of the

response, such as variance.

1.5.1 Dagan (1989)

[Much of the following review is based on lecture notes by Neuman (1992),

derived in large part from Dagan (1989).]

Dagan considers uniform mean flow in a statistically homogeneous, isotropic,

infinite log-normal conductivity fi eld subject to (uniform) mean gradient, J. The

perturbation method consists of expanding the head, h, in an asymptotic series (see

Appendix D)

h = h (°) 	h ( ' ) 	h (2) +.... 	 (1.40)

The flow equation V • (KVh) = 0 is written in terms of Y = ln K as (Dagan, 1989,

Eq. 3.3.7)

V2h = —VY • Vh.	 (1.41)

The latter is solved iteratively according to (Dagan, 1989, Eq. 3.3.9)

v2 h(i+i) _ _vy vh (i)	 (1.42)

with h( - ')	 0 and i = —1,0,1,2, .... The zero order approximation, h(°), satis-

fies V 20) = 0 and prescribed deterministic boundary conditions. The latter are

chosen such that Vh° = —J = constant. The head perturbations, h(i) for i > 0, sat-

isfy corresponding homogeneous (zero) boundary conditions (because the boundary

conditions are not random). As a result, (VI (0) 0 for all i > 0.
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From Darcy's law, the flux is

q(x) = —K(x)Vh(x) = —e (Y)+Yl Vh(x) = —KG eY 'Vh(x)

= — KG [1 + Y' + 
(r)2

	.] [Vh (°) Vh (1) Vh (2) 	.] (1.43)
2!

where KG = e (Y) is the geometric mean of K, and Y' = Y — (Y) are zero-mean

random fluctuations in Y(x). If the flux is expanded in the asymptotic series

(0) , q(1)	 q(2)q = q

it is easy to see that

(o) = —KGVh (°)
(1) = —KG(Y'Vh (°) -F Vh (1) )

q(2) = —KG (
(r)2

L- 17 h (°) 	h(1) Vh (2))
2

(1.44)

(1.45)

If we further assume uniform (Y) and of (Y'Vh(I)) in an infinite domain, take the

ensemble mean of heads and fluxes in the above equations, and solve the flow equa-

tions for each head perturbation subject to the corresponding boundary conditions,

we obtain, to first order in c4 (where c4 = (Y'2), the variance of Y)

(q) = q(0)	 q(1 ))	 q(2)) = KG [( 1 +	 / 2) j	 (1.46)

where

a = (Y'Vh (1) )	 (1.47)

To determine a, Dagan makes use of the Green's function method (e.g., Greenberg,

1971, and Fletcher, 1988), reviewed here briefly. Consider, for example, the operator
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equation 14

Lh - - f = 0	 (1.48)

subject to certain boundary conditions, where L is a (deterministic) partial differ-

ential operator, f is a source term, and h is the response (head, in our case). This

operator equation can be viewed as a general form of our (governing) flow equation,

(1.1). A solution can be constructed, in principle, by "inverting" the operator L.

The solution is then expressed in integral form as

L'[—f] = h(x) = — LG(x,x')f (x')dx' ,	 (1.49)

where the kernel (the fixed part) G(x, x') is the Green's function (for simplicity,

boundary integrals are omitted). The Green's function may be defined as head (or

response) at x produced by a point source of unit strength located at x'; hence, it is

also called an impulse response function and influence function. Note that h(x) is a

convolution of the Green's function with the source term. In general G(x, x') contains

information equivalent to the operator L, the boundary conditions and the domain.

When G(x, x') does not need to satisfy boundary conditions, e.g., in an "infinite

domain" (St oo), it is termed a fundamental solution or a principal solution or

an elementary solution or a free-space Green's function. A major difficulty is to

determine what the Green's function should be to suit a particular problem. The

subsequent evaluation of (1.49) is usually straightforward. Green's functions can be

obtained for relatively simple linear equations. For example, the Green's function

corresponding to the Laplace and the Poisson equations satisfies

V 2 G(x, x') + 8(x — x') = 0 	 (1.50)

140perator theory is widely discussed in Chapter 2.
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subject to (generally) homogeneous boundary conditions, where .5(x — x') is the Dirac

delta centered at x', and V 2 is the Laplacian operator with respect to x. The two

and three dimensional fundamental solutions, i.e., Green's functions for unbounded

(or infinite) domains are

1
Goo (x,x') = -y-r ln I x — x' i 2 — D	 (1.51)

Go(ox,x =
47r I x — x' I

Consider (1.42) with i = 0 (a zero order approximation):

v2 h0) _ vy . Jr,

where J is (again) the mean uniform gradient (Vh° = —J = constant). This equation

can be viewed as a Poisson equation, with —f replaced by its right hand side; it can

be then be "inverted" in the manner of (1.49), to yield

h (1) (x) . — f G co (x, x')N7 x0 Y (xi) • J dx'
J

= jo. Vx,G„,,(x, x')Y(x') • J dx'
	

(1.54)

where Green's first identity is used. By taking the gradient of h( 1 ) in (1.54), multi-

plying by Y'(x), and taking the ensemble mean, we obtain, to first order in 4,

a = f (Y'(x)r(x'))VVI,G,,(x, x') J dx'	 (1.55)
Q.

Note that Goo is the (deterministic) fundamental solution, of the Poisson equation

for a homogeneous medium. As was pointed out by Neuman (1992), in the case of

bounded domains the perturbation h( 1 ), and hence (Y'Vh( 1 )), are no longer stationary,

and (q( 2)) includes an additional term, —KGV(h( 2)). We recover this term in Chapter

1
3 — D	 (1.52)

(1.53)

3.
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Note that, in general, (q(x)) in (1.47), considering (1.55), is non-local (i.e.,

depends on the gradients in the entire domain, not only at x). Under uniform flow,

however, J = constant, and can be taken out of the integral. Then, from (1.47) and

(1.55), an effective conductivity tensor can be defined to first order as

Ke 	KG(1 +)I— k oc,

kc„ = KG f Cy (x, x')VV'Tx Goo (x, x')dx'	 (1.56)

where I is the identity tensor, and Cy (x, x') = (Y'(x)Y'(x')) is the (two-point)

covariance of Y = ln K.

By using Fourier transform (FT) and Parseval's theorem, Dagan (1989) ob-

tains (his Eq. 3.4.13)
KG kkT

kao
 = (2703/2	

A 
( —k)dk	 (1.57)

k2

where k is the wave number vector, and Oy is the FT of the covariance of Y(x),

i.e., the spectrum (or spectral density) of Y(x). Due to the symmetry of Goo , ic„„

is a symmetric, semi-positive definite, second rank tensor, and consequently, Ke is a

dyadic. For statistically anisotropic Y(x) with elliptical geometry, Dagan's expression

implies that the principal axes of Ke coincide with the principal axes of statistical

anisotropy. An expression similar to Eq. 1.57 has been obtained by Gutjahr et

al. (1978; see below) by direct application of the FT to head perturbations, and

later used by Gelhar and Axness (1983; see below). Neuman and Depner (1988)

generalized it such that 7c, and hence Ke , do not depend on Cy (or on the spectral

density of Y), but only on cr?, and on the ratios between the integral scales in the

principal directions (not on their values). In statistically isotropic fields k reduced
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to a scalar. For three dimensional media (1.57), and consequently (1.56), reduce to

k co = KG01713
	

3 — D

Ke r-:, KG(1+ 4,16),	 (1.58)

and for two dimensional media koo and Ke reduce to

ko. = KG4/2	 2 — D

Ke r-Z: KG	 (1.59)

(cf. Neuman and Depner, 1988; Gutjahr et al., 1978.) For perfect horizontal stratifi-

cation, the principal components of the effective conductivity, parallel and transverse

to the strata become

K„ ::---.. KG(1+ cq,12)

Ket,P...- KG (1— 4/2).	 (1.60)

The latter are first order approximations of the arithmetic and harmonic means

(the upper and lower bounds) of the log-normal K field. They are free of any as-

sumptions about the pdf of the conductivity field. When K is log-normal, one may

view if, = KG (1 + 4/6) for ol, < 1 as the first two terms in the expansion of

If, = KG exp(4/6) for any 4. This (latter) extrapolation was postulated by Lan-

dau and Lifshitz (1960), Matheron (1967), and Gelhar and Axness (1983), and was

shown to hold for 3-D isotropic random fields (as mentioned in the previous section

and in Chapter 3). Neuman and Depner (1988) validated the above extrapolation

with single-hole and cross-hole tests, for variances of up to 4 . 7; this was also ver-

ified numerically and independently by Neuman et al. (1992), Dykaar and Kitanidis

(1992), Desbarats (1992a), and Ababou et al. (1989).
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1.5.2 Shvidler (1962) and Matheron (1967)

[The following review is based mainly on Dupuy (1967). Matheron's and

Shvidler's works were written in French and Russian, and the review by Dupuy

is the only comprehensive summary available in English. Unfortunately, some of

the expressions in Dupuy's review are inconsistent with his appendices and/or with

Matheron (1967); in such (and other) cases we either translated Matheron's work

directly, or adopted what seemed to be the correct expressions.]

Shvidler (1962) was perhaps the first to apply a stochastic (or random field)

approach in hydrogeology. By using a perturbation method, Shvidler studied steady

state flow in an infinite bounded, mildly heterogeneous domain. According to Math-

eron (1967, p. 125), Shvidler defined a local permeability tensor in a stationary and

ergodic field,

K = (K)(I elZ 1 )	 (1.61)

where I is the identity tensor, k = K'/(K) (a zero mean fluctuation term), and E

is a small perturbation parameter. For simplicity, Shvidler considers only a scalar K

(i.e., local isotropy). Consequently, (1.61) becomes

K = (K)(1 -1- EK')	 (1.62)

The perturbation expansions for head gradient and flux are

Vh(x) = V MO) (x ) 6771(1) (x) 621711(2)(x)

q(x)	 co(x) sci(i)(x) e2 q(2)(x )	 (1 .63)

From Darcy's law, q(x) = — K(x)Vh(x), hence

q(() = — (K)Vh (°)
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q(i) = —(K)[Vh (i) + 1iVh (i-1) ],	 (1.64)

and from the continuity equation, V • q(x) = 0,

v 2 h (o) =

V2 h (i) + V • [k"S70 -1)) = 0.	 (1.65)

Upon assuming that the correlation scale is much smaller than the field dimensions,

Shvidler postulated that the field boundaries are "of no consequence" (Dupuy, 1967,

pp. 4-5), which is like assuming an infinite domain. Like Dagan (1989; previous

section), Shvidler uses the Green's function method to invert (1.65), such that

= —	 Goo(x, x')V [ff iVh (i-1)1dx',

and by Green's first identity, (Matheron, 1967, Eq. 21.6)

Vh (i) = —
u
 VVI,G(x,
e„

(1.66)

(1.67)

where Gc,„(x,x') is the fundamental solution of the Poisson equation. Matheron's

review implies that G„ is a deterministic function (most probably associated with

the uniform permeability (K) = constant). Next, Matheron (1967, p. 127) equates

VVIG(x, x') C dx' =	 (1.68)

(n being the number of spatial dimensions) implying that VV„T,G = IV 2G. By

assuming (ff'Vh( i-1 )) = constant, Matheron (or Shvidler) obtains

(Vh (i) ) = —1 I(k'Vh (i-1) ).	 (1.69)

Consequently, the average flux becomes

(q(i) ) = —(K)[I(Vh (i) ) + (k'Vh (i-1) )]

= —(K)(n —1)1(V0 ) ).	 (1.70)
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According Matheron (1967, P. 127), second order approximation in e implies

(q(1) ) = (VIP) = 0.	 (1.71)

By taking the ensemble average of (1.67), and considering (1.69)-(1.71) for i = 1,2,

Matheron arrives at Shvidler's tensor,

S = -(K) -2
11
 VVI,G00 (x,x')CK(x,x')dx'

	
(1.72)

where CK (x,x') is the covariance of K. [Note the similarity between Shvidler's

tensor and R oo in (1.56)]. Consequently, he obtains the following a second order

approximation (in c) for effective conductivity:

Ke (K)(I - e2 S)	 (1.73)

which is very similar to Dagan's Ke in (1.56). Likewise, S in (1.72) is a symmetric

positive definite tensor.

Matheron (1967, p. 130) refers to a "subisotropic" case (which Dupuy, 1967

considers as isotropic), where CK --+ CK(0) = 4, and VV„T,G = V 2 G [cf. (1.68)].

Consequently, S reduces to
s .. 1 ol

n (K) 2

where crk is the variance of K. Consequently, (1.73) reduces to

62 (4
Ke (K) n (10 2 )

From Appendix F, for log-normally distributed K,

(1.74)

(1.75)

01, [eCy (x,x' )CK (x, x') = KG(x)KG(x')	 11. (1.76)
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If we further approximate

(K) = KG e412 KG (1+ cf-N2) (1.77)

and, to first order, ecY P.,- 1 + Cy, we note that Shvidler's expressions (1.72)-(1.73)

approximate Dagan's expression for effective conductivity, (1.56), for 01,, < 1. As

will be seen in the following section, under nonuniform flow conditions, Shvidler-

Matheron's expressions for mean flow rate (Eqs. 1.102- 1.105 in the following section)

are also similar to those obtained by Dagan for mean flux (i.e., Eq. 1.56 above, and

Eq. 1.111 in Section 1.5.4 that follows). In Chapter 3 we use a different approach and

obtain an exact formal expression for the mean flux (q). After using a weak (closure)

approximation, we obtain expressions for mean flux and effective conductivity, which

are reminiscent of the approximations of Dagan and Shvidler-Matheron.

Matheron (1967) proves that in two dimensional statistically isotropic and ho-

mogeneous, log-normal K (and K -1 ) fields under uniform flow, If, = KG exactly, for

any variance (cf. Eq. 1.59, and Appendix G). Following Shvidler (1962), Matheron

(1967) makes the general conjecture that for lognormally distributed K in an n di-

mensional statistically isotropic and homogeneous medium, the effective conductivity

is

Ke = KG exp [0-y2 	- 1 )1
2 n

(1.78)

where KA = KG exp(4/2) is the arithmetic mean, and KH = KG exp(-4 /2) is

the harmonic mean. The validity of (1.78) has been established by several indepen-

dent studies and numerical experiments, including our work (see Chapter 3). The

expression for n = 3 was conjectured earlier by Landau and Lifshitz (1960).

Another interesting result from the Shvidler-Matheron analysis is the so called

variance reduction factor (VRF) for total flow through a (general) two dimensional
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bounded domain is (Dupuy, 1967)

VRFQ = (6l(2)2 =	 pK(x — x')W 2(x, x')dx' ,
(a3K ) 2 	A2

(1.79)

where Q is the flow rate through the entire domain, D, and (o- ) 2 = 4 /(Q) 2 , and

(cr'K ) 2 = a/ (K) 2 are the normalized variances. A is the area of the (entire) domain,

defined by Dupuy both as a "spatial measure", and as A = f 2 dx. pK (x — x') =

CK(x — x')/4 is the autocorrelation function, or tensor. [Dupuy, inconsistently

uses the same notation K(x, y) for both the autocorrelation function pK and the

covariance CK in the expressions for VRFQ , particularly, his Eq. 26 and his Appendix

B.] If the local permeabilities are anisotropic (second order tensors), then CK is a

fourth order tensor. W2 is a "weighting factor" such that

W2 (X, Xi) = Wi (X) WI (x')	 (1.80)

where Wi (x) is the normalized V h, i.e.,

-1
(x) = Vq,(x) [10 Vq,(x)] dx	 (1.81)

where ho is the zero order ("unperturbed") solution. Consequently, the integral in

(1.79) is always smaller than one. Note that in an infinite domain, VRFQ 0, which

leaves the merit of (1.79) questionable". Note also that W1 , and consequently W2

and VRFQ are non-local (cf. next section). In the case of mean uniform flow, the

unperturbed pressure gradient is constant everywhere, and the VRFQ is reduced to

a constant multiplied by the integral of the covariance of K. Indeed, for a rectan-

gular domain with no-flow boundaries along the mean flow direction and prescribed

15 Eq. 1.79 is taken from Dupuy's appendix; in the text, it appears without the factor 1/A 2 with
no justifiable explanation.
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r(x)r(x')
(1.83)
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heads on the transverse boundaries (i.e., upstream and downstream boundaries) the

variance reduction factor becomes (Dupuy, 1967)

1
V RFQ . — f pic (x — x')dx

A 2 n
(1.82)

i.e., VRFQ becomes the spatial average of the correlation function, and therefore, it

is directly related to the integral scale (cf. Appendix A; for a 1-D infinite domain

the remaining integral is identical to the integral scale).

In the case of radial flow VII is inversely proportional to r, and Shvidler's

weighting factor in (1.79) becomes 16

Dupuy (1967) shows how Shvidler's VRFQ changes dramatically (20 fold) from uni-

form to radial flow. More about radial flow in Section 1.5.4. Shvidler's emphasis

on total discharge rather than specific discharge apparently stems from the practical

concern of uncertainty in total discharge from a well penetrating a heterogeneous

formation.

1.5.3 Gutjahr et al.(1978), Bakr et al.(1978), Gelhar and Axness (1983),

Gelhar (1986)

Gutjahr et al. (1978), Bakr et al. (1978), and Gelhar and Axness (1983)

consider mean uniform flow in a three dimensional aquifer characterized by a log-

normally distributed hydraulic conductivity field, which is locally isotropic (i.e., K is

a scalar), with a known covariance function of Y = in K, which may be (statistically)

''However, comparing it to Matheron's (1967) Eq. 24.3, we suspect that Dupuy exchanged Q,
with (Q).
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anisotropic. As was mentioned earlier, if Y is Gaussian (i.e., normal), then the entire

statistical structure is exhausted by the first two moments, the mean (Y) and the

covariance Cy (x, x') = (Y(x)Y(x')) — (Y(x))(Y(x')). If the field is stationary (or

statistically homogeneous) then Cy (x, x') = Cy(d), where d = x — x'.

In order to solve the stochastic, steady state flow equation, Gelhar and Axness

(1983) start from (1.41), i.e.,

V • q(x) = V 2h VY Vh = 0. (1.84)

Next, they decompose both input and output into ensemble mean and zero-mean

fluctuations (i.e., Y = (Y) + Y', and h = (h) h', such that (Y') = (h') = 0),

substitute it in (1.84), take the ensemble average, and get

V 2 (h) V(Y) V(h) (VY' • VW) = 0. (1.85)

By subtracting this from (1.84), they obtain

7/2h' V(Y) • Vh' VY' • V(h) = —NY' • Vh' — (VY' • Vh 1)]. (1.86)

Assuming that the variance of Y is small (i.e., al, < 0.25), and that the fluctuations

are slow, they neglect the entire right hand side of (1.86), to yield their "first order"

approximations:

V2h' V(Y) • Vh' VY' V(h) 0. (1.87)

[This neglect is counter intuitive because derivatives of (relatively) high frequency

fluctuations are expected to be larger than derivatives of slowly varying averages

(which are not neglected); moreover, the neglect of (VY' Vh') implies no correlation

between gradients of hydraulic conductivity and head fluctuations, which, in turn,
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implies no cross-correlation between input and output perturbations.] Further, as-

suming that Y is (second order) stationary (or statistically homogeneous), V(Y) = 0,

and (1.87) is reduced to

V2W + VY' - V(h) r..-:, 0, (1.88)

which is a linearized form of the flow equations (because h' depends linearly on VY').

Note the similarity between (1.88) and the perturbation expansion (1.42), which for

i = 0 becomes

V2h(1) = —VY • Vh (°). (1.89)

Viewing the (above) decomposition of h as h = (h) + h' ,c,‘,- h(°) + h('), and recalling

that V(Y) = 0, one may conclude that by neglecting products of derivatives of

fluctuations, Gelhar and his co-workers obtained a first order approximation in cry ,

expressed by Eq. 1.88. On the other hand, as will be shown in the sequel, their

resulting effective conductivity is identical to that obtained by Dagan (above) through

consistent second order perturbation expansion. Neuman et al. (1987) show that the

derivation of Gelhar and Axness (1983) of the macroscopic transport equation "is

inconsistent in the sense that its derivation involves a first-order approximation of

the mean velocity at one stage, and a second-order approximation at another stage",

and therefore "it is consistent neither with a first order, nor with a second order

approach". In a recent review by Ababou and Gelhar (1990) they reiterate (1.85)

and (1.86) for stationary Y fields (instead of Eq. 1.88) and obtain

V 2 (h) = — (VY' • VW)	 (1.90)

V 2 W + VY' • V(h ) = —VY' • VW + (VY' • VW)	 (1.91)
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However, they notice that the above equations constitute a system of two (stochas-

tic) equations with three unknowns ((h), h', and (VY' • Vh')); consequently they

concluded that "a complete solution of this problem would require solving an infinite

hierarchy of equations governing higher order moments.. .which turns out to be an

impossible task in the general case" (ibid). This is known to be the standard closure

problem (Neuman, personal communication).

Based on the assumption that h' is second order stationary, Gutjahr et

al. (1978) and Bakr et al. (1978) solve (1.88) in Fourier space, by using spectral

representations of Y'(x) and h'(x) in terms of Fourier-Stieltjes integrals (discussed

in Chapter 4). Consequently, they find relationships between variances of heads

and hydraulic conductivity, as functions of the correlation scale and the mean head

gradient:

1-D

3-D

VRFh2D 1"---- Cr2h2 Pe. J 2 A 2
Cry

2 J 2 A2
VRF/i3D = a h 	 3

Y

(1.92)

(1.93)

where, here, J .:,-_ —V(h) (the mean head gradient). A is the correlation length (or

integral scale) of Y, and 01 is the variance of the head. Equations (1.92), (1.93)

show, quantitatively, the drop of head variance compared to the variance of the

log-conductivity, as a function of J, A, and the dimensionality of the model used.

Note the similarity between these equations and Eq. 1.79 of Shvidler (1962). Both

expressions show strong dependency of the variance reduction on the integral scale

and on the average head (or pressure) gradient. Since in Shvidler's case the reduction

is in the variance of the total flow rate through the domain (or block) rather than

(local) head variance, the latter is diminished more strongly with respect to the

conductivity variance. Similar conclusions were reached on the basis of Monte Carlo
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simulations by Smith and Freeze (1979).

It is worth mentioning that Mizell et al. (1982; see also Ababou and Wood,

1990) show that unless a hole covariance (which is characterized, in part, by a neg-

ative covariance) is used for a two dimensional stationary unbounded domain, the

variance of the head field becomes infinite due to artificial divergence of the spec-

trum at low wave numbers, known as an infrared divergence. Ababou and Wood

(1990) explain this phenomenon by the (artificial) reduction in the degree of freedom

from three to two dimensions.

In order to determine an effective hydraulic conductivity for an infinite second

order stationary field under uniform mean flow, Gutjahr et al. (1978) expand exp(Y')

in Taylor series, as in (1.43), and obtain a second order approximation for the flux

(first order in an:

Hence,

q(x) = —K(x)Vh(x) = —e [(Y) +31 Vh(x) = —KG eY 'Vh(x)
, (yrp

-KG [1 + Y +	 ][V (h) + V h i] (1.94)

(q)-•:., KG [.1(1 + 4/2) — (Y'Vh51 (1.95)

Rather than neglecting products of fluctuations (or their derivatives), particularly

(Y'Vh 1) in (1.95) above, the authors evaluate the latter, using the spectral repre-

sentation theorem (presented in Chapter 4). They find that for a two-dimensional

statistically homogeneous and isotropic Y field

(Y'VW) = J4/2.	 (1.96)
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Consequently, (q) = KGJ, i.e., the effective conductivity in 2-D is KG. A similar

analysis for 1-D and 3-D yields the familiar approximations for effective hydraulic

conductivities of n-dimensional fields under uniform mean flow [cf. (1.59), (1.58)]:

Ke Kg (1 — n = 1 (1.97)

Ke P.: Kg n = 2 (1.98)

cr?,
Ke Pz: Kg (1 + —

6
) n = 3 (1.99)

Gelhar and Axness (1983) later extrapolate the expressions for the (principal)

effective hydraulic conductivities (particularly Eq. 1.99) to large al, by viewing them

as the first two terms in the expansion of Eq. 1.78 (Matheron's conjecture). They also

extend the above formulae to statistically anisotropic media, and obtain an effective

hydraulic conductivity tensor of the form

Ke = KG(1 + 4/2 — (1.100)

where KGF P..."". koo in Eq. 1.57 above, such that (1.100) is identical to (1.56). Note

that the derivation of F by Gutjahr et al. (1978) in (1.100) leads to Eq. 1.57 without

resorting to Green's function.

Perturbation methods are limited to relatively simple cases, e.g., infinite (un-

bounded) domains, and stationary fields. Since convergence of the series resulting

from perturbation methods cannot be guaranteed, neither does the validity of the

corresponding solutions (Beran, 1968; Dagan, 1989; Ghanem and Spanos, 1991). As

the analysis has not been carried beyond second order, it is restricted to mildly het-

erogeneous media (small an. The accuracy of the truncation (e.g., to 2nd and 1st

order approximations) as a function of the variance of the perturbations can be im-

plied, for example, from Figure 1 of Neuman and Orr (1983; see also Chapter 3), and
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from Figure 8 of Dykaar and Kitanidis (1992), where expressions for Ke obtained

from numerical 3-D MCS are compared with linear and exponential expressions; the

figures indicate an exponential departure of Ke from its linear approximation, beyond

1.

Perturbation methods become more questionable when dealing with transient

(time dependent) problems. In addition to the limited variability inherent in these

methods, perturbation expansions of time-dependent problems include powers of time

(called secular terms) which dominate higher order terms, and thereby render them

non-asymptotic (this will become more clear in the following chapter). Frisch (1968)

brings two simple examples with perturbation expansions that are either divergent or

converge very slowly for large time values. Nevertheless (as is demonstrated through-

out this chapter), perturbation methods can provide insight, and with some intuition

may be extrapolated, to capture the behavior of systems with highly variable param-

eters and non-uniform flows (e.g., see next section).

1.5.4 Nonuniform Mean Flow

Under nonuniform mean flow J(x) = —V (h(x)) is no longer constant in space.

Consequently, neither upscaled nor point effective hydraulic conductivity tensors

(defined above) may exist.

Shvidler (1962) and Matheron (1967)

According to Matheron (1967), Shvidler (1962) defines the total energy dissi-

pated within the domain il under nonuniform mean flow as

Q Ho = — f qVhdx,
0
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where Q is the (total) flow rate through the domain SI (and consequently, through

the boundaries), and —Ho is a deterministic prescribed head on the boundary down-

stream, while the (deterministic) head prescribed on the upstream boundary is zero.

Shvidler's perturbation expansion, and (involved) derivation (along the line of Section

1.5.2) leads to (Matheron, 1967, Eq. 23.4)

(QH0) = Q0H0 — (K)E 2 T2 ,	 (1.102)

where Qo is the total flow corresponding to a uniform medium with hydraulic con-

ductivity (K) (i.e., a zero order approximation; see Matheron, 1967, p. 140),

and

T2 =
1-	

CK(x,x')\70 ) (x)Vh (°) (x')\77 xTGeo (x, x')dxdx 1 ,
1

(1.103)

Q.Ho = (K) j*cl V[h (0 ] 2 dx,	 (1.104)

The form of equations (1.102)-(1.103) is similar to that of equations (1.47) and (1.55),

particularly after dividing the formers by the constant Ho . Likewise, T2 in (1.103) is

(also) nonlocal. Moreover, for radial flow between two concentric circles with radii

Ro and R1 , Eq. 1.102 reduces to (Matheron, 1967, p. 143; radial coordinate system)

6.2 1 1:11	 12ir
	  — 1  	 dr	 dr'	 C K (d) 

.92G(x
'

 x') 
c/0	 (1.105)

Yo	 log	 Ro	 0	 ar ar"

where d = 2 + r'2 — 2rr' cos O.

By accounting for additional terms in the perturbation expansion of Shvidler

(1962) and by carrying it further, Matheron (1967) examined the existence of effective

conductivity of a two dimensional statistically homogeneous and isotropic porous

medium under radial flow conditions around a pumping well (as mentioned in Section
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1.5). He assumed constant head at the well (r = r) and zero drawdown at "large"

distance r r 1 oc. [These are rather problematic boundary conditions in two-

dimensions, in view of the corresponding Green's function (Gc,„ = —(1/27r) ln r),

which approach infinity as r —> oc; this, as well as the following results, will be

discussed in conjunction with Naff's analysis of radial flow.] Consequently, Matheron

concluded that "if the flow is not uniform (e.g., converging radial) then there is no

law of composition, constant in time, that makes it possible to define mean Darcian

permeability" (de-Marsily, 1986). However, for some extreme cases, Matheron (1967)

found that (Ababou and Wood, 1990)

for r/A —+ oc 	(1.106)

for ?IA	 0	 (1.107)

for the unconditional case, while for the conditional case with K = Ifw at the well

(where w denotes "well"), he found

for r/A	 oc 	(1.108)

for r/A —4 0	 (1.109)

Dagan (1989)

Following an intuitive reasoning by Saffman (1971), Dagan (1989) assumes

that

(q(x)) =	 W(x, x')Vx (h(x))dx'	 (1.110)

where W is an unspecified kernel, depending on the statistical properties of Y = ln K,

the choice of coordinates, and the shape of the domain IL Note that (q)(x) is non-

local, because it depends on the mean head gradient not only at x but all over the
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domain. Dagan further postulates that the kernel W tends to zero as the distance

Ix — x'l > A (i.e., beyond the integral scale of Y). Assuming further that (h) is

continuous and varies slowly at the A scale, Dagan expands it in Taylor series, and

obtains the mean flux as a series of decreasing order which, though local, depends

not only on the mean head gradient, but on its derivatives as well. In order to reach

a more compact form, Dagan further assumes an unbounded domain, stationary

Y field, and small c4. Recalling equations (1.47) and (1.55), which are based on

the small perturbation technique, and are valid for non-uniform flows when J =

J(x) remains under the integral sign, Dagan reconstructs a first order approximation

[0(4)] of the kernel W:

W(x, x') = + 4 /2) I 8(x — x') — Cy (x, x')V7xTGŒ,(x, x')1. (1.111)

In Chapter 3, we will find the exact kernel, W, for both bounded and unbounded

domains.

Dagan's derivation shows that even in the general case of mean nonuniform

flow, an effective conductivity can be defined for statistically homogenous formations,

provided that the correlation scale of the response, e.g., Ah, is much larger than the

heterogeneity scale, Ay (the integral scale of the log hydraulic conductivity). In his

subsequent development, Dagan (1989) shows that under radial flow, the error in-

curred to K, is of the order of 4(Ay/r) 2 , where r is the distance from the well; hence,

the error is negligible far from the well. Close to the well, however, the effective hy-

draulic conductivity is expected to be diminish (compared to Ke of uniform flow)

because of streamline convergence. Indeed, Gomez-Hernandez and Gorelick (1989)

find that the block effective conductivity in a bounded two dimensional unconfined

aquifer with pumping wells is between the harmonic and the geometric mean of K.
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The reduction in Ke towards the harmonic mean (KH) close to the well is also evi-

dent in our MCS (Chapter 5). Under spherical or radial mean flow in a statistically

homogeneous and isotropic medium, far from the well (r oo), streamlines are al-

most parallel, and the mean gradient is almost uniform. Consequently, J Pe. constant

[and can be taken outside of the convolution integral in (1.110)], and Ke is similar to

the effective conductivity under uniform mean flow (e.g., Eq. 1.56). Near the point

source, as r --+ 0, K(x) is fully autocorrelated, and is effectively constant. In 3-D,

ah	 Qo 
q(r) = —K— =

ar	 4irr2

where Q, is a given, deterministic flow (or pumping) rate. Hence,

d(h ) ._. (K_ 1\ Q0

dr	 '47r-r2

and

(q(0) = —(K-1)-1d(h(r))
dr

where (K- i) -1 -a- KH, the harmonic mean. A similar analysis for 2-D shows that

the effective transmissivity at the well (perimeter) is equal to the harmonic mean

(which is smaller than the geometric mean), such that at the limit T, -- Th when

Ay /r,, -4 oo. This lower bound is consistent with the classical expression by Craft

and Hawkins (1959; see also, Desbarats, 1992b) for effective (block) transmissivity in

a circular, radially symmetric flow field, with well radius nu and external radius re :

-1
re ( re  1

(1.115)T, = ln r. V.. T(r)r
dr) .

As was mentioned above and will be shown in detail later, the results of

Dagan's first order analysis are consistent with both the theory and our numerical

Monte Carlo simulations (discussed in Chapter 5), as well as the findings of Desbarats
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(1992b; discussed below), but in contrast with the findings of Matheron (1967) and

Naff (1991).

Naff (1991)

Naff (1991) uses a perturbation analysis, along the line of Gutjahr et al. (1978),

to solve for 2-D and quasi 3-D radial flow in a statistically homogeneous and isotropic

porous medium. In particular, he approximates first and second moments of head

(gradient) and specific discharge in the radial direction.

Following the traditional simplified small perturbations approach of the early

works of Gelhar and co-workers, as described in Section 1.5.3, Naff starts from the

local continuity equation V • q -= 0, substitutes K = exp[Y], and, arrives at Eq. 1.88

(above), rewritten here (his Eq. 5),

V 2 h' + VY' • V(h) = 0, (1.116)

where Y' and h' are zero mean fluctuations of h and Y = ln K. To reach this equa-

tion, Naff neglects products of perturbations and perturbation gradients, particularly

Vh'VY'. Consequently, there is no assurance that (1.116) is indeed a "first order

approximation" in cr-?, (see Neuman et al., 1987).

In his qausi 3-D analysis, Naff assigns a zero (constant) mean head at r = A,

(i.e., at p r/A = 1) where A is the horizontal correlation scale. In addition, he

assumes stationarity of both conductivity fluctuations Y' and head fluctuations h'

in the vertical direction, z, and in (all) angular directions O. Next, Naff introduces

a "zero order approximation" of the head gradient (which he equates with the mean

head gradient)

aoL  Q o

Or — 271- rKG



a(h)	 I
—(K)-57 ‘" ar

	—KG lexp(4/2) . -	 e —

	

a(h)	 yi ah'

(qr) =

(1.120)
)

Or
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(Naff's Eq. 10) which implies

(h)	 Q, 
ln(r/A)

27- KG

where Q 0 is the volumetric discharge per unit length of well, and KG is the geometric

mean of K. The employment of a zero order approximation (where cr?, = 0) in a

higher order analysis, poses substantial difficulties. For example, based on (1.117),

Naff concludes that "at this level of approximation, the geometric mean becomes the

effective hydraulic conductivity". However, if cr?, = 0, then (K) = KG = Ke , and

(1.117) is equivalent to

a(h)	 Q, 
(1.119)

Or — 2rr(K)

Moreover, under log-normality of K, KG exp(4/2) = (K), and Naff's Eq. 6, qr =

— Kahlar, leads to his Eq. 7, i.e.,

which implies that (K) is the zero order approximation, not KG. Naff combines

(1.116) and (1.117) to yield a random continuity equation in cylindrical coordinates

(Naff's Eq. 11),

O r Oh' 1 a2h 02h Q. ar
Or -4- -7: ao (1.121)Or r 0z2 27.KG Or

where the left hand side (LHS) is identical to the first term in (1.116) multiplied by

r, and the right hand side (RHS) is the second term in (1.116) multiplied by r (and

taken to the RHS). While the first term of (1.116) (the LHS of Eq. 1.121) is taken in

full cylindrical coordinate system, the second term in (1.116) (the RHS of Eq. 1.121)

is given in radial coordinates. In other words, vertical and angular components of
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conductivity fluctuations are neglected, despite analyzing vertical components of the

response (i.e., heads and fluxes). This, together with the zero order approximation,

renders the quasi-three dimensional analysis incomplete and inconsistent.

Naff uses the "zero order approximation", Eq. 1.117 (his Eq. 10), (inconsis-

tently) to calculate "first order" approximations of the first two moments of the

specific discharge (his Eq. 31). For example, his Eq. 29,

1
K e = KG {1 + al,[--2 + pa(p)]} ,	 (1.122)

[where pa(p) is given in Fig. 2 of Naff and Figure 1.3 belowin is obtained from his

Eq. 27,

Ke = KG {exp(a-P2) + 19 (p)}, 	(1.123)

where
(el" (A' I ar)) 

O(P) -=	 (1.124)
a(h)lar	 '

through truncation (down to the first two terms) of series expansions of both

exp[4/2] (assuming al, < 1) and the denominator of his Eq. 28, i.e., the denominator

of

/3(P) = 1 — cr?, Pc(P) •
However, Eq. 1.122 can be obtained directly, without the need to truncate a series,

upon dividing his Eq. 25,

( 371(r)-Fahri ) = 27rQ/f° G at a(P) '
(1.126)

by equation 1.117, to yield  

OW = akr/A)ct(P) -=-- cri, Pa(P), (1.127)   

exp(a?,)pa(p)
(1.125)

I 7The definition of the the "gradient factor", a(p), is rather involved and is not essential for the
following development; its role is best identified in Eqs. 1.122 and 1.129.
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Figure 1.3: Naff's Fig. 2: Effective hydraulic conductivity factor, pa(p); the dashed
curves are based on extrapolation for large p.
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and thereby, avoiding the singularity in (1.125), when the denominator approaches

zero. Consequently, Eq. 1.122 is a zero-order approximation. If, however, KG in

(1.117) is replaced by (K)), (1.117) becomes a first order approximation, and

(K)	 2
(3 (P) = ur, Pa(P) IG) = uYlla(P) exP(4/2).

Consequently,

Ke = KG exP(442)[ 1 + 01,Pce(P)]

= (K)[ 1 + efi, Pa(P)].
	 (1.129)

This implies that If, is larger than (K) for r < A, which is theoretically impossible

(as was mentioned earlier).

Eq. 1.117 is again used for the derivation of Var [qr] (the variance of the radial

component of the specific discharge), subsequent to Naff's Eq. 31. It is not clear,

how can qr be random if K is constant (i.e., if cr?., = 0 then one would expect that

Var[qT] = 0 as well).

Naff's results show an anomalous behavior of the effective conductivity, the re-

sponses (h and q), and their variances, around p r/A = 1. Naff (1991, pp. 311,313)

agrees that "the somewhat anomalous behavior of these curves 0.1 < p < 1.0 is not

well understood and can be disconcerting, as in the case of effective hydraulic conduc-

tivity". He later postulates that it may have been caused by the Gibbs phenomenon.

For the Fourier (transforms) method, the Gibbs phenomenon describes the classic

oscillatory behavior of the truncated Fourier series near a point of discontinuity, and

it influences the behavior not only near the point of discontinuity, but also over the

entire periodic domain (Lumely and Panofski, 1964; Dykaar and Kitanidis, 1992).

(1.128)
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"In this case, the behavior in the region 0.1 < p < 1.0 is to be disregarded, as it

does not relate to the physical problem", writes Naff (1991, p. 313). This alone may

discount any conclusion regarding the behavior of heads, fluxes, and particularly the

"effective hydraulic conductivity" near the well.

We suspect that, besides the constraints and inconsistencies mentioned above,

the boundary conditions are responsible, at least in part, for the nonphysical results.

For example, Naff imposes zero mean head at p =1 (i.e., at r = A); at the same time,

he assumes that both the Green's function associated with head fluctuations (in his

appendix B) and its radial derivative, approach zero at "infinity" (i.e., G 0 and

aG I Or 0 as r oo), and that G and its derivatives are bounded at r 0. Similar

restrictions are imposed on the spectral "representation" of h' (or, more precisely,

the complex Fourier amplitude associated with the head fluctuations h'), fe, where

Naff assumes that both and aridar are bounded at the above boundaries. This

may be too restrictive. As pointed out by Jackson (1962),

It should be clear that the solution to Poisson's equation with both h

and ah/an specified on a closed boundary (Cauchy boundary condition)

does not exist, since there are unique solutions for Dirichlet and Neu-

mann conditions separately, and these will in general not be consistent.

The question of whether Cauchy boundary conditions on an open surface

define a unique problem requires more discussion than is warranted here.

See also Morse and Feshbach (1953; pp. 692-706). Greenberg (1971; pp. 82-83) brings

examples of overly restrictive and overly loose boundary conditions at infinity, and

warns that

Stipulation of appropriate boundary conditions at infinity is an important
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part of problems in infinite domains. Quoting Friedrichs (Methods of

Mathematical Physics; Lecture notes), "conditions are appropriate if they

are strong enough so that at most one solution can satisfy them, and weak

enough so that there exists at least one solution satisfying them".

Naff's boundary conditions are somewhat inconsistent with the deterministic

solution for radial flow in cylindrical coordinates, as expressed by Eq. 1.117 (his

Eq. 10), and by Eq. 1.118, which implies (h) —> oo at infinity and (h) —+ —oo as

r 0. This also follows from the unbounded nature of the Green's function (or,

rather, the fundamental solution) for 2-D radial flow G(x, x0 ) = —(1/27r) ln r,

where r =I x — xo I. If the fluctuations in h' and Y' are bounded, as implied from

his appendix B, then their relative effect diminishes to zero both close to the well

and very far from it. This tendency is apparent in all the figures, and may be the

reason for the anomaly around p = 1.

Desbarats (1992b)

Desbarats (1992b) studies the effective block transmissivity in a 2-D square

heterogeneous domain, with constant-head on all boundaries, and a well pumping at

constant rate from the center. The conductivity is lognormal, statistically homoge-

neous and isotropic. Block transmissivities are obtained empirically by a weighted

spatial averaging of point transmissivities. Desbarats' objective is to find a (deter-

ministic) spatial averaging law for block scale transmissivities, using geostatistics and

MCS.

Desbarats defines an effective transmissivity Te, through

(h e — h to )
Q 0 = 27r Te , (1.130)

ln(c i re /r„,)'
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where re = (s/ 701/2 = L//  is an apparent external radius (the area S = L 2 ),

and c1 is a shape factor such that e 1 = 1 for a circular field, and c1 = 0.956 for a

square; h e is specified head on the boundaries (not the head at re ), and Q0 is the

(fixed) discharge rate. Desbarats introduces an alternative definition for the effective

transmissivity in radial flow, similar to (1.130),

(h —h)
Q o = 2ir Te2

ln(c2 re irto )'

where h is now the "average head", and the shape factor c2 equal 0.6065 and 0.6015

for circular and square domains respectively. He shows later that both definitions

agree with his "power averaging" (descibed below).

Desbarats suggests the following weighted geometric spatial average Ts, for

the effective transmissivity of block S,

where

1 jf Y(x) 
ln(Tsr )	 = W s r2 (x)

(1.132)

(1.133)
(x)

W =	
1

r2
	dx = 27r ln (c1

rip

These expressions are then combined with the geostatistical definitions of the first two

moments of Ysr , taking advantage of the Gaussianity of the (random) blocks resulting

from the Gaussianity of Y(x). Like in the uniform flow cases, Desbarats shows

(theoretically, and later experimentally) that the variance of block transmissivities

diminishes slowly to zero, as the block size increases with respect to the correlation

scale (i.e., as L/A oo; his Figs. 2, and 3a). Similarly, the expected value of the block

transmissivity, (T sr ) —4 TA	 (T(x)) as I,/ 	0, and (Ts,)	 Tg exp((T(x))) as

L/A	 oo (his Fig. 3).
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Desbarats also investigates the (practically) important effect of a given trans-

missivity at the well location, Ty„ (e.g., from core measurements), on the (conditional)

expected value of block transmissivity, and finds the relationship

E[Tsr I To] = con,	 (1.134)

where co is a constant, and a = Cov[Ysr, Y.], and

C ov[Ysr Y,D] = 
1 f Cy (x — x,„) 

dx, 	 —
W .1 s	 r2 (x)

(1.135)

Likewise, he finds the effect of T„, on the conditional variance of Ts„ and on the

conditional (first) moments of the drawdown.

The spatial averaging (1.132) is in very good agreement with corresponding

effective values obtained numerically through (1.130) for low to moderate variances

cr?, < 2, except for some outliers (particularly under high variances). Desbarats

attributes these outliers to extreme values of transmissivities at the well node in

some realizations, which is amplified by the harmonic averaging inherent in the finite

difference scheme. We have experienced similar outliers in our radial flow simulations,

despite grid refinement. [We attribute outliers to the random field generators, as is

demonstrated in Chapter 4.]

Desbarats calculates ensemble point effective transmissivities, and plots them

versus distance from the well, in comparison with Naff's (1991) results, in Figure

1.4 below (his Fig. 11). He finds that T, —> TH as r/A —> 0, and that T, increases

towards (but does not reach) the arithmetic mean far from the well. However, based

on similarity between flow at large distance from a well and uniform mean flow (as

explained above), Desbarats suggests that Te should, in fact, approach TG far from

the well. Two possible reasons for the deviation of Te from TG far from the well
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are: (i) the influence of the prescribed head, outer boundary condition, due to the

limited domain (or block) size (L/A < 10, or r/A < 5, and (ii) the finite difference

discretization. Desbarats' results (including his latter suggestion) are reproduced by

our MCS in Chapter 5. Interestingly, our use of prescribed flux boundary condition on

outer boundaries has caused the effective transmissivity to tend towards the harmonic

mean, close to the boundary.
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CHAPTER 2

OPERATOR THEORY OF STOCHASTIC PDE'S

2.1 Operator Representation

In the previous chapter we discussed methods for solving stochastic partial dif-

ferential equation (stochastic PDE) by using closure approximations. By "solving",

we meant relating the ensemble moments of heads, h(x), and fluxes, q(x), to the

ensemble moments of the parameter, K(x) (or its logarithm, Y = ln K), particularly

the first two moments. We discussed primarily perturbation techniques, in which

the governing (stochastic) PDE is left in its differential form, Y(x) is expanded in a

Taylor series, while h(x) and q(x) are either expanded in asymptotic sequences or

decomposed into "mean" and (zero mean) small fluctuations; under some restrictive

conditions, i.e., statistical homogeneity of Y in an unbounded domain under (mostly)

uniform mean flow, first order approximations (in al,) can be obtained for the first two

moments of h and q, in a closed form. Some of these methods resort, at a later stage,

to an integrodifferential form, particularly by using the Green's function approach

(e.g., Dagan, 1989). For more complex situations, particularly bounded domains and

nonuniform flow, the approximations either do not apply [because of unknown mixed

moments that are added to the equations] or an intuitive conjecture must be invoked

at some point [as in Dagan's (1989, pp. 77-78) analysis of nonuniform flow]; even

then, perturbation methods are limited to small variability (i.e., (4 < 1). In the

following, we discuss methods that develop, directly, explicit relationships between
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the ensemble moments of h(x) [or Vh(x)] and the statistics of K(x), by using oper-

ator representations and (stochastic) integrodifferential equations. In the following,

we show that this form of solutions has some definite advantages over the differential

form used in the small perturbation methods; these advantages will become more

obvious in Chapter 3, where we propose a new, more powerful integrodifferential

formulation.

The stochastic PDE

V. [K(x)Vh(x)] + f (x) = 0	 (2.1)

can be written in the general operator form:

Gh-Ff= 0	 (2.2)

where r is a linear stochastic differential operator (which includes random parame-

ters), f is an excitation (or a source term) which can be either random or determin-

istic, and h is the random response.

The inverse operator L- ' is a stochastic integral operator such that

h = .C -1 (—f). 	(2.3)

The stochastic operators L and L -1 in (2.2) and (2.3) transform a random variable

(or function) to another random function.

The relationships between differential and integral equations can be best

demonstrated by means of Green's functions (e.g., Greenberg, 1971; Fletcher, 1988).

Consider, for example, the partial differential equation

Lh + f = 0,	 (2.4)
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subject to certain boundary conditions, where L is a deterministic differential op-

erator. A solution can be constructed, in principle, by "inverting" the operator L,

yielding the convolution integral

f] = h(x) = — f G(x, xo )f (x.)dxo ,	 (2.5)
Jo

where the kernel (the fixed part) G(x, x.) is the Green's function, discussed in the

previous chapter (Section 1.5.1). An alternative form for the inverse operator can be

obtained by the eigenfunction method discussed in Appendix C.

Schetzen (1980) views differential and integral equations as two possible mod-

els of the same system:

Generally, the modeling used in the study of systems can be classified

as being either implicit or explicit. Implicit models are those in which

the system response is expressed as an implicit operation on the system

input. An example is ... a differential equation. Explicit models are those

in which the system response is expressed as an explicit operation on the

system input. An example is the modeling of the relation between the

system response and input by a convolution integral. Neither type of

model is all encompassing and each provides insights not provided by the

other. The model that is best to use thus depends on the specific questions

being asked and the specific understanding of the system operation being

sought. For example, ...the study of the spectrum of the system response

for a random input, normally is best achieved using explicit models.

While in (partial) differential equations the boundary and/or initial conditions

are imposed at a final stage of the solution, integral equations incorporate boundary
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conditions in two ways: (i) as limits or boundary integrals, and (ii) in the kernel

itself. The integral equation relates the unknown function not only to its values at

neighboring points (derivatives), but also to its values throughout the region, including

the boundary (Arfken, 1985).

The case with a deterministic operator L and random excitation f has been

studied extensively in the field of structural engineering (see Ghanem and Spanos,

1991, for references), while the hydrologic problem of steady state subsurface flow

with random boundary condition and recharge was tackled by Cheng and Lafe (1991).

The case where is stochastic is considerably more difficult, and only approximate

solutions to the problem have been reported in the literature. Interest in this class of

stochastic differential equations has its origins in quantum mechanics, wave propa-

gation, turbulence theory, random eigenvalues, and functional' integration (Ghanem

and Spanos, 1991).

It is common to split the stochastic operator .0 in Eq. 2.2 into a deterministic

part L, and a zero mean random part, R. (Frisch, 1968; Adomian, 1983; Ghanem and

Spanos, 1991),

(L R.) h + f = 0.	 (2.6)

When applied to (1.1),

= V • [KV] = L + 'R,	 (2.7)

(C) = L = V • [(K)V]

= V • [K 1V] ,	 (R,) = 0

A functional is a quantity which depends upon all the values a function f(x) takes in some
interval a < x < b; roughly speaking, it is a function of a function.
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K(x) = (K(x)) -I- K i(x) ,	 (K'(x)) = 0

q(x) = (q(x)) + q 1 (x) ,	 (q'(x)) = 0

where 0 denotes ensemble mean (or mathematical expectation), K'(x) = K(x) —

(K(x)), and q'(x) = q(x) — (q(x)) .

Solving for h results in

h = L'[—f] — L -1 7Z1	 (2.9)

which for an unbounded (infinite) domain takes the (explicit) form

h(x) = — /0. G(x, xo ) [f (x0 ) + 7h(x0)] dx,

— 10. G (x, x.) [f (x0 ) + V • K I (x0 )Vh(x0 )] dxo .	 (2.10)

This is an integrodifferential equation with a random forcing function f and random

kernel, IC = G(x, xo )R,. Bharucha-Reid (1972, p. 160) notes that "this form of the

random kernel (is)... a multiplicative perturbation of the (deterministic) Green's

function by the random operator R.".

Integral operators are "nicer" than differential operators since integration is a

smoothing process whereas differentiation has the opposite effect (Greenberg, 1978).

This property is especially important when dealing with random fields. "From the

probabilistic viewpoint, the integral equation formulation has the advantage that it

does not make use of derivatives of random functions, which need not exist" (Frisch,

1968) 2 . Adomian (1983) equates the integral operator L -1 (cf. Eq. 2.2) with a

stochastic filter. Consequently he views the resulting theory as a generalization of

2This is not the case, however, with our kernels, as seen in (2.10).
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ordinary filter theory. The method presented in the third chapter of this dissertation

takes full advantage of the smoothness and filtering features of the integral equations.

According to Arfken (1985), mathematical problems such as existence, unique-

ness and completeness may be handled more easily and elegantly in integral form.

However, this cannot be taken for granted when dealing with stochastic operators.

According to Bharucha-Reid (1972, p. 113), "at the present time there are no known

results which give necessary and sufficient conditions for the existence of the inverse

of random operators (i.e., operators with random coefficients) of the types3

L(Oh = — f (x)	 (2.11)

L(0h = — f (x, 0 	 (2.12)

where ( stands for "elementary events" in the probability (measure) space, and h and

f (x) are continuous scalar-valued functions." Equations 2.11 and 2.12 are equivalent

to Eq. 2.2, or Eq. 1.1. While in (2.11) the source term f is deterministic, in (2.12) it

is random. Fortunately, results on the inversion of random operators of the form

(r(() — A l)h = — f (x)	 (2.13)

(L(0 — A ph = — f (x, 0	 (2.14)

are known [here ,\ is the eigenvalue (see Appendix C) and I is the identity operator],

and can be used to establish the existence of the random solution of equations (2.11),

(2.12) (Bharucha-Reid, 1972). According to Curtain and Pritchard (1977), a trans-

formation between two normed linear spaces is said to be "invertible" if the algebraic

inverse exists (i.e., there exists L = S- ', such that S L a L -1 L and LS = LL -1 are

3Translated to our operator terminology, from more general "transformation" terms.
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identity transformations), and is continuous; moreover, "it can be shown that the

properties of continuity and boundedness are equivalent" (ibid). In other words, in

order for equations 2.9-2.10 to exist, the integrals (i.e., the inverse operators) have to

be bounded, which implies boundedness of the operators under the integral (except

at some singular points). The boundedness condition is particularly disturbing due

to the randomness of our operators. Because existence of inverse operators is closely

related to contraction and convergence of Neumann series (discussed in the following

sections), we defer our discussion on this (important) topic to Section 2.2.1.

The random integrodifferential equation (2.9) [or (2.10)] is the first step in

the solution of the original problem (1.1) or (2.2). Subsequent steps vary from one

method of solution to another. In most of these methods, the second step consists of

successive approximations, along the line of deterministic, one-dimensional solutions

of integral equations. At some point, the equation is averaged and approximated,

to yield the desired relationships between the statistical moments of the input (e.g.,

conductivity field) and the moments of the output (e.g., head field).

2.2 Expansion in Neumann Series

Variants of the method of successive approximations, or Expansion in Neu-

mann series are commonly used for solving deterministic and stochastic integrodif-

ferential equations. These variants include the methods of "Volterra-Wiener series"

(Schetzen, 1980; Markov, 1987), "Adomian decomposition" (Adomian, 1983, 1986;

Zeitoun and Braester, 1991), "Picard iterations" and to a lesser extent, "Hierarchy

closure approximation" (Bharucha-Reid, 1968). Throughout this chapter, we dis-

cuss variations on and limitations of these variants. The general idea is to invert
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the stochastic differential operator into a stochastic integro-differential form, then

expand it by successive approximations. At some point in the substitution process,

the series is averaged, and either approximated or truncated, to yield a tractable

kernel, from which joint statistical moments of the system output as functions of the

moments of the (input) random parameters can be obtained.

Averaging of Eq. 2.9 (repeated here for clarity)

h = L-1— f]— L -1 121	 (2.15)

yields

(h) = —L -1 (f) — 1, -1 (7?,h).	 (2.16)

We note that the mean of h depends on those of f and Rh. To allow determining

the latter, one applies the operator R. to Eq. 2.15,

= TZL- 1 [ —f] — 'R.L -1 R1.	 (2.17)

Substituting this into Eq. 2.15 yields

h = L'[—f] — L-l 'R.L'[— f] + L-l 'TZL -1 1Z.h.	 (2.18)

This substitution process can be continued indefinitely, which is equivalent to expan-

sion of (2.15) in a Neumann series, according to

h . (1 + L -1 1?) -1 1,- 1 [-f ] ,
	 (2.19)

provided that the inverse of (1 + L- l'R.) exists (Arfken, 1985, p. 881), and it is

legitimate to write

00

(1+ L- 1 7Z) - 1 = 1 — L- 1 1Z-- F (L- 1 12.) 2 — (L -1 12.) 3 +..  = E(-1) k (L -1 R) k . (2.20)
k=0
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This is analogous to expansion of (1 -I- x) -1 in a binomial power series (e.g., Grad-

shteyn and Ryzhik, 1980)
00

(1 HI- X) -1 == 1 - X Jr 2 -- x 3 -11-	 == E ( _ok x k	 (2.21)
k=0

which, however, converges only for 1x1 < 1. Eq. 2.21 is an identity which is readily

verified upon multiplying both sides by (1 + x). However, for l xi > 1 one must

include all (infinite number of) terms, otherwise the finite series diverges. In other

words, for practical purposes, the series diverges when 1x1 > 1. We therefore expect

the Neumann series to diverge, unless (Ghanem and Spanos, 1991; Kr6ner, 1977;

Adomian, 1983)

L -1 R, ll< 1
	

(2.22)

where '11 represents a suitable norm (see Appendix B for definitions of different

norms). According to Adomian (1983, p. 302), under the condition (2.22), the series

(2.23) converges uniformly. More on convergence later.

The Neumann series approach consists of writing according to (2.19) and

(2.20) (Adomian, 1983; Bharucha-Reid, 1972, p. 160; Ghanem and Spanos, 1991;

Greenberg, 1978, p. 349)

h = E(-1) k [L -1 1?.] k L -1 [-	 (2.23)
k=0

and taking ensemble mean. Clearly, the right hand side involves only (known) joint

moments of R. and f. In practice, the series is truncated after a final number of

terms.

An alternative (so called hierarchial) approach is to continue the substitution

(2.17)-(2.18) only to a finite number of terms,

n-1

h = (_1  (1, -1 1?.) k 	F (L -1 7Z)nh,	 (2.24)
k=0
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then take ensemble mean. Since joint moments of R. and h are unknown, it is common

to invoke the closure approximation (Ghanem and Spanos, 1991)

([1, -1 7Z] h) --z-..1 ([1,-17Z]n) (h). (2.25)

Specifically, upon taking the ensemble average of (2.18), which corresponds to n = 2

in (2.24) (the second term on the right hand side of the equation drops if R is

independent of f), so

(h) = —1, -1 (f) + 1, -1 (RL -11Zh). (2.26)

The corresponding hierarchy "closure approximation" is (Frisch, 1968; Adomian,

1983)

(1ZL-1R.h)',...-.. (R.L -1R.)(h). (2.27)

Heuristic arguments such as "local independence" have been made to justify the

decoupling behind the closure assumption in (2.25) and (2.27). The decoupling,

however, has no rigorous basis; it was criticized by Keller (1962), Kraichnan (1961;

see Frisch, 1968) and Adomian (1983), and was shown by the latter two authors

to be equivalent to the truncation of small perturbation series (i.e., closure at a

certain level of the hierarchy is equivalent to the same order of perturbation in a

perturbation solution). On the other hand, upon truncating the Neumann series

(2.23) after n — 1 terms, and comparing it with (2.24), one may wonder whether

dropping the last (originally coupled) term (as implied by the Neumann series ap-

proach) is better than adding it in a decoupled form [as in (2.24)]. Adomian (1983,

pp. 205-209) compared the two methods with results from numerical integration for

the case of a time-dependent ordinary differential equation, and found that the re-

sulting truncated Neumann series (after 12 terms) yielded more accurate results than
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the hierarchy method; it is not clear, however, how many terms were considered in

the hierarchy method.

To better understand the behavior of these solution methods, we observe on

the basis of (2.10) that (2.9) [or (2.15)] has the following one-dimensional analogue,

h(x) = g(x) + A f 1C(x, x o)h(x o )dxo, (2.28)

where A is a constant, and k is a kernel (which is frequently taken to be symmetric),

such that the second term in the right hand side is analogous to L- 'Rh. Though

confusing, a commonly used operator form of (2.28) is

h = g + AlCh. (2.29)

In the case of an infinite domain, g(x) is analogous to L- 1 [ — f], so

co
g(x) = — f œ G(x , x 0 )f (x 0)dx„, (2.30)

and A/C(x, x0) = — G(x, x o )1?.. In the special case of an algebraic (rather than dif-

ferential) operator R., (2.28) is an integral equation of the second kind (in our case,

the equation is integrodifferential). If the limits of integration are fixed, (2.28) is a

Fredholm equation; if one of the limits is variable, it is a Volterra equation.

The Volterra integral equation of the second kind is readily solved by Pi-

card successive approximations (e.g., Tricomi, 1957), leading to a Volterra series. A

similar iterative process for the Fredholm equation leads to a Neumann series (or

Liouville -Neumann series). Let F(x, x0 ) be the so called resolvent kernel of /C(x, xo)
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in (2.28) given by the Volterra or Neumann series

r(x, x o ) = E Ank (n+i) (x,xo),
	 (2.31)

n=0

where the iterated kernels kn (s, so) are defined as

k i (s , s o) = k(x, s o )

IC2( x , x 0) =	 /C(x,y) J 1C(y, , x o )dy

(2.32)

kn(S, X 0) = A (71-1) k(n-1)(X, Y) f	 Xo)dy.

Then

h(x) = g(x) + A J F(x,xo )f (x o)dx,	 (2.33)

(Courant and Hilbert, 1953; Tricomi, 1957; Arfken, 1985). Adomian (1983) calls

r(s,s 0 ) a generalized Green's function.

If the Neumann series converges, then a proper truncation of (2.31) may yield

an acceptable approximation for F(x, x o ). The success (or accuracy) of this approx-

imation depends, among other factors, on the quality of the initial guess (usually

taken to be h(s) h o (s) g(x)).

Unlike the Neumann series, the deterministic (one-dimensional) Volterra series

converges almost everywhere (excluding some possible singular points or poles) for

all A's, as long as the kernel is square integrable (and hence, bounded; e.g., Tricomi,

1957), i.e.,

MACM2 == fj/C 2 (x,y)dxdy .< A4 2 	(2.34)

where M is a finite upper bound.
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The series (2.31) can be viewed as a geometric series whose convergence may

be checked by the Cauchy ratio test (Tricomi, 1957, P. 51). Consequently, the deter-

ministic (one-dimensional) Neumann series converges if

I A I< IlkII -1, (2.35)

Similarly, Arfken (1985) and Stakgold (1979) show [based on (2.31)-(2.33) and the

ratio test for geometric series] that a sufficient condition4 for the convergence of the

(deterministic, one-dimensional) Neumann series is

IA 1 < I b — a I' lic1,72... (2.36)

where a and b are the limits of integration. Following the operator notation of (2.29),

h = (1 — AlC) - 1 g . (2.37)

Binomial expansion leads to (2.33). Consequently, the series converges only if II Ak II <

1 [cf. (2.22)]. At first glance, the latter condition seems, to contradict (2.36); however,

note that k in (2.37) is a (convolution) integral, not a kernel.

The kernel 1C of the homogeneous (with g(x) = 0) Fredholm equation of the

second kind, (2.28), can be expressed in terms of eigenfunctions, On and eigenvalues,

An , (discussed in Appendix C) as

œ 0,4 (x)(kri (xo )

	

(x , x o) = E 	
	n=1 	 A

(2.38)

(Tricomi, 1957; Arfken, 1985; cf. Eq. C.13 in Appendix C). A similar expression for

the iterated symmetric kernel (2.33) is shown by Bharucha-Reid (1972; p. 180) to

4 Arfken (1985, p. 881) shows an example in which the condition (2.36) does not hold, but
nevertheless the series converges.
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admit the (power) expansion

k(x, xo) = Ec.° 4(x)4(x°)
Ank=1	 k

n = 1, 2, ...	 (2.39)

all of which converge absolutely and uniformly in both x and x 0 (see Appendix D

for definitions). Expansion (2.39) is valid for n > 2 as long as the kernel IC is square

integrable (an L 2 -kernel). If /C is continuous and positive, then (2.39) holds for n = 1.

[A symmetric kernel 1C(x, y), x, y E [a, b] is said to be positive if for every function

f E L2 [a,b], fcbjcb, 1C 2 (x, y) f (x)f (y)dxdy > 0.]

In terms of eigenvalues, a necessary and sufficient condition for convergence

of the Neumann series (associated with the Fredholm equation) is that I A 1<1 )te 1,

where A, is the smallest eigenvalue of the corresponding homogeneous equation [when

g(x) = 0]. According to Porter and Stirling (1990), a sufficient condition for con-

vergence is that the largest eigenvalue of the integral operator be less than one. In

other words, the Neumann series converges only for sufficiently small IA I (Tricomi,

1957). In contrast, it is shown by Tricomi (1957; his section 1.5 and p. 72), that

a Volterra integral equation has no eigenvalues; this is why it converges uniformly

almost everywhere (see Appendix D).

Although the above analyses refer mostly to one dimensional deterministic al-

gebraic operators, the above conditions for convergence can be sometimes extended to

hold for random two and three dimensional spaces, particularly for bounded, square

integrable kernels. For example, Frisch (1968) shows that the (sufficient condition for)

convergence of the Neumann series corresponding to the random Helmholtz equation

v2u + k2 u = f , 	 (2.40)

[where k is the wave number (or frequency), and f is a source term] depends inversely
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on the domain size5 and on the upper bound of the random fluctuations, in a manner

similar to (2.36).

With this in mind, we can say that when Ak(x, x o ) = —G(x, x 0)R, (2.35) is

formally analogous to (2.22). Setting A1C(x, x 0 ) = —G(s , x 0 )7Z. renders (2.23) analo-

gous to (2.33). The corresponding resolvent kernel, Ii(x, x (,), which is associated with

the deterministic Green's function G(x, x 0 ) is nevertheless termed stochastic Green's

function by Adomian (1983). In this dissertation, the term stochastic Green's func-

tion will be given a different meaning. As averaged kernels of random integrodifferen-

tial equations consist of products of (derivatives of) Green's function and moments of

the random coefficients, the constant A in (2.33) can be also interpreted as (a power

of) the variance of the random parameter (e.g., 4). If we consider A 4, then

(based on Eq. 2.36) the variability of K must be small to enable convergence of the

Neumann series.

While steady-state problems lead to Neumann series, time-dependent prob-

lems lead to Volterra series Adomian (1983) shows that in a Volterra-type series, for

a bounded input (forcing function) and a stationary stochastic process on a bounded

time interval, say, on [0, T], beyond which the correlation vanishes (i.e., for t > T),

and where the kernels of the random integral operators have a finite bound, M (hence,

their fluctuations are also bounded), the series converges with an upper bound of

00 m2nin
(h(t)) < E 

 n! 	MeAlt.n=0
(2.41)

This upper bound, resembles the upper bound of the deterministic Volterra series

(e.g., Tricomi, 1957; Adomian, 1983, pp. 134, 311). Adomian reasons the bounded-

5 More precisely, on D's, where D is the diameter (i.e., the upper bound of the distance between
two points in the domain) of the n-dimensional domain.
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ness of the kernels by the boundedness of the random coefficients by the finiteness

of physical systems. Note that even in this case, (i) the upper bound reaches oo for

t -4 oc; (ii) for a finite time interval, the number of terms that have to be included

in the series to avoid error, increases with time, t, and (iii) expressions proportional

to the positive power of t (possibly the first few terms in the series) increase in-

definitely as t -) oc; these terms are called secular terms (Frisch, 1968). Hence,

although the limit (2.41) implies that the series converges to the random operator

which solves for (h), the convergent expansion cannot be used to study asymptotic

behavior of the solution (Frisch, 1968). This is a weakness of the Volterra series; be-

cause applications of successive approximations to time-dependent problems always

result in expansions in Volterra series, (including semigroup expansions, as will be

shown in Section 2.4.2), this weakness dominates time-dependent problems that use

variants of this method (cf. Serrano and Unny, later on, in Section 2.4.3). Note that

the failure of a finite order expansion, in this case, is not related to the strength

of the random fluctuations (i.e., it does not depend on the variance of the random

coefficients).

According to Bharucha-Reid (1972, p. 113), existence theorems for inversion

of random operators are directly related to contraction operators (below), which, in

turn, are directly related to the convergence (or simply success) of the successive

approximations. Arfken (1985, p. 881) states that the convergence of the Neumann

series is a demonstration that the inverse operator (1 - ) lC) -1 in (2.37) exists. The

close relationships between contraction and inversion of random operators, and con-

vergence of the Neumann series implies that the latter must be (either implicitly or

explicitly) assumed by any method of solution (and/or approximation). This is quite
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disturbing, particularly, when using methods that do not employ successive approx-

imations, but are required to assume existence of inverse of the (random) operators.

We explore some of these concepts briefly, below.

2.2.1 Contraction, Inverse Operators, and Convergence of the Neumann

Series

Equations 2.9, 2.15, 2.28, and 2.29 can be represented by the iterative process

(Hinch, 1991)

h = f (h) (2.42)

According to the Newton-Raphson (iterative) method this will converge to the root

h* if

I .f1 ( 11*) l< 1 (2.43)

that is, each iteration will decrease the error if the absolute value of the deriva-

tive of the function (or functional, or operator) is less than one, provided that the

iteration starts sufficiently close to the root (also called "the fixed point"). The

Newton-Raphson (iterative) method is then more efficient than Picard iteration (or

the successive approximation) method, due to its quadratic convergence.

The condition (2.43) for convergence is implied by the contraction mapping

theorem (Hinch 1991, p. 14; Curtain and Pritchard, 1977, p. 289). According to

Stakgold (1979), contractions (or contraction transformations) form an important

class of transformations for which the method of successive approximations works.

Stakgold (1979; p. 243) recasts (2.42) in the form

u = Tu	 (2.44)
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where T is a transformation of a metric space X onto itself. A contraction brings

points uniformly closer together, shrinking the distance between them by a scale

factor smaller than one. The contraction theorem states (Stakgold, 1979):

Let T be a contraction on a complete metric space. Eq. 2.44 then has

one and only one solution, which can be obtained by iteration from any

initial approximation whatever.

If X is a Banach space (a normed metric space; see Appendix B for definitions), and

F : X —+ X a contraction, then there is a unique x* E X, such that F(x*) = x*,

and x* is called the fixed point of F (Curtain and Pritchard, 1977).

Stakgold (1979) uses the contraction theorem to investigate conditions under

which the nonlinear deterministic Fredholm integral equation (where the kernel 1C

depends on the unknown function) tends uniformly to the one and only one contin-

uous solution. He finds the familiar sufficiency condition, M < 1/(b — a), where M

is an upper bound of the integrand, and a, b are the integral limits (cf. Eq. 2.36).

This means that either M or the size of the domain of interest have to be sufficiently

small. He obtains similar results for the linear Fredholm integral equation. [Note that

(based on Appendix D) the uniform convergence condition may be too restrictive.]

Similarly, Stakgold shows that the Volterra iterative scheme is always a contraction,

and therefore always converges successfully (for a bounded domain or limited time,

as discussed earlier).

Bharucha-Reid (1972) starts by presenting Eq. 2.44 in the Banach space

[which includes the probability (measure) space] as a basis for several random fixed

point theorems. He indicates that finding a fixed point of T is equivalent to obtaining

a solution to the operator equation; hence, fixed point theorems constitute a general
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class of existence theorems. Bharucha-Reid distinguishes between topological fixed

point theorems, which are strictly existence theorems [i.e., they do not provide a

method for finding the fixed point (or solution) of the operator equation], and alge-

braic or constructive fixed point theorems, which give a method for finding the fixed

point (e.g., by iterations or successive approximations). According to Bharucha-Reid,

the prototype of most algebraic fixed point theorems is the contraction mapping the-

orem, which "can be considered as a result of geometric interpretation and abstract

formulation of the classical method of successive approximations due to Picard" (ibid,

p. 107). His subsequent (algebraic) contraction mapping theorems (in Banach space)

provide sufficient (in contrast with necessary) conditions for existence and uniqueness

of the contraction operators, as well as error estimates. The (sufficient) condition

that dominates these theorems is quite restrictive:

11711 < 1. (2.45)

Subsequently, Bharucha-Reid presents random fixed point theorems, followed by the

random contraction mapping theorem. He stresses that random contraction mapping

theorems "are of fundamental importance in probabilistic functional analysis in that

they can be used to establish the existence and uniqueness of solutions of random

operator equations ...and can be utilized in the study of stochastic approximation

procedures". He then shows that if there exists a unique fixed point of a random

contraction operator, then if its Bochner integral exists (i.e., if VII E L I ; cf. ibid,

p. 21; see also Appendix B), one can define the expectation of the random fixed

point, and the fixed point of the expectation of the random contraction operator, i.e,

(T).

On the other hand, existence and uniqueness of solutions to (random) equa-
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tions are directly related to inversion theorems. According to Bharucha-Reid (1972,

p. 113), in the case of deterministic operators and random input, deterministic inver-

sion theorems can be used to obtain conditions for the existence of random solution.

In the case of random operators, however, the inversion theorems for deterministic op-

erators are not applicable, and probabilistic versions of the classical theorems are re-

quired in order to solve random operator equations of the form (2.11)—(2.14). Recall-

ing Arfken's statement that the convergence of the deterministic (one-dimensional)

Neumann series is a demonstration that the inverse operator exists, we return to its

random analogue.

Conditions for almost sure convergence (with probability 1) 6 of the Neumann

series of stochastic integrals when the random parameters are bounded are also pre-

sented by Tsokos and Padget (1974). Benaroya and Rehak (1987) could not conclude

whether the convergence of the Neumann series is restricted to small variations of

the parameters.

We have seen that boundedness of the (random) operators is essential in all of

the above contraction (and/or fixed point) theorems. Strictly speaking, 2-D and 3-D

Green's functions relevant to steady state flow, include singularities, and random (log-

normal) hydraulic conductivities are, theoretically unbounded; therefore, we cannot

a-priori assume bounds on our kernels. However, although the particular values of the

random parameters are unbounded in a strict sense, (0 their moments are bounded

(a fact that will be crucial in the next chapter), and (ii) in reality (physically), they

are, in fact, bounded. Moreover, most existence theorems for both contraction and

inversion of random operators allow some singular points, or even curves to exist

6 See Appendix D for a complete definition.
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within the domain or its boundaries. Bharucha-Reid (1972) reminds us that

Although results on the existence, uniqueness and measurability of so-

lutions are of theoretical interest, and are required for the systematic

development of the theory of random equations, we are obliged to recog-

nize that in most applied problems, it is not the solution that is of great

importance, but the statistical properties of the solution.

Despite the seeming equivalence between uniform convergence and contraction

(pointed out by Stakgold, 1979, above), Hinch (1991) relates contraction to asymp-

totic behavior rather than to convergence. As shown in Appendix D, the asymptotic

approximations (or semiconvergent series) disregard convergence; instead, they em-

phasize the validity of truncation. Hinch (1991) demonstrates a case where a series

diverges due to an unbounded (but invertible) differential operator, but is yet asymp-

totic; in another case, the convergence depends on the upper bound of the integral

and thus, any practical truncation entails a significant error. Similarly, Arfken (1985)

demonstrates the use of asymptotic but divergent series for establishing upper and

lower bounds of the incomplete Gamma function.

We have seen that the convergence of Neumann series is closely related to

invertability of operators and existence of solutions to steady-state problems. Hence,

any method that attempts to solve stochastic integrodifferential equations, shares in

common the restrictions that apply to Neumann series.

2.3 Applications of Integrodifferential Equations and Neumann Series

In this section, we review relevant works from different fields of engineering and sci-

ence, in which the governing stochastic PDE's are transformed to random integrodif-



116

ferential equations, with or without operator representation. Most of these works use

variants of Neumann and Volterra series in an attempt to solve the resulting random

integrodifferential equations, while some works use alternative methods.

2.3.1 Stochastic Representation of Microflow and Derivation of Macroe-

quations (Beran, 1968)

One of the "classic" examples of the derivation of Darcy's law from the micro-

scopic Stokes equation is given by Beran (1968). Beran starts from Stokes equation

for slow viscous flow,

172v = -7-Vh
'

	(2.46)
tt 

where 7 a. pg is the specific weight of the fluid (p being fluid density, and g ac-

celeration due to gravity), and /2 is the fluid viscosity. The (deterministic) Green's

function Gv (x, xo) corresponding to (2.46) satisfies

VG,(x, xo ) + (5(x — xo ) = 0	 (2.47)

subject to the homogeneous (Dirichlet) boundary condition Gy (x, x3) = 0 at the

solid-fluid interface, where v(x8) = 0 ). x, is a point on the surface of the solid

phase of the porous medium, and 45. is the Dirac delta function. Then

v(x) = f G(x, x0 ) 1Vh(x0 )dx0 ,
v , 	IlF

(2.48)

where V; indicates all points in the fluid including x and xo. We see that v(x)

depends upon values of Vh(x) over all (fluid) space, and hence, nonlocal. By intro-

ducing a function 0(x) such that #(x) = 1 in the fluid phase and 0(x) = 0 in the

solid phase, we can take the integral in (2.48) over all phases, including the solid,



i.e., (2.48) is multiplied by /3(x)0(x0) and then ensemble averaged, such that

(0(x)v(x)) = f 2 03(x) /3(x.)G(x, xo )Vh)dxoJ  tt

where, now, x and xo are any points in the fluid-solid volume V (the entire domain).

The reason for introducing 0(x) in addition to /3(x0 ) is the dependence of G(x, x.)

on two points, x and xo. Next, we note that (Beran, 1968, p. 281)

( 13(x)v(x)) = (fi(x))(v)	 (2.50)

where (y) is the average fluid velocity. This is due to the fact that y may take on

any value in the fluid where 13 = 1. Note that ( 13) = 0, the porosity; consequently,

(fiv) = (q) (cf. Dagan, 1989, p. 47-48, and p. 61). Defining a stochastic (or random)

Green's function 7 ,

G„,(x, xi) ) = fl(x)0(x0)G,(x, x0 ),	 (2.51)

(2.49) becomes

(q) = f 2-(Vh(x0 )G„(x,x0 ))dxo .	 (2.52)J  it

In general, the local pressure gradients 7h(x0 ) and the function Gv,(x, xo) are cor-

related. It was felt by Beran (1968, p. 282) that since Gv (x,x0) and Vh(xo) arise

from the solution of different boundary value problems8 , perhaps the correlation be-

tween them is small; moreover, "even though G(x, x.) and Vh(x0 ) may be correlated

in some instances, on the average, the overall correlation will be weak" (ibid). Ac-

cording to Beran, "if we assume this correlation is weak and may be neglected, or

that fluctuations in pressure gradients are small, then Eq. 2.52 becomes"

(q) = — [— L(G„(x, x.))dx] lity (h) .	 (2.53)

7 For the sake of coherence, we slightly modify (the original) derivation of Beran.
8 Note that Gy (x,x0) is associated with v, not with h.
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This decoupling of head gradient and the stochastic Green's function, and the as-

sumption that (VI) = constant, leads to a local Darcian expression, with perme-

ability

k = — (G„(x,) 0 ))dx0 	(2.54)

(where the hydraulic conductivity is defined as K = k-y hi). The decoupling in (2.53)

is a reminiscent of Eq. 2.27. It is interesting to note that, in general, the Green's

function Gy, is a vector, associated with q, which renders (2.48)—(2.54) nonphysical.

After introducing Eq. 2.48, Beran considers, for the rest of his derivation, only the

velocity (or flux) component parallel to the gradient direction (however, we have

kept the complete spatial representation, consistently, throughout the derivation).

He agrees that the reduction in dimensionality at that stage is a significant one; he

quotes Scheidegger (1956) that this is "appropriate for narrow-channel flow", but

adds that "to the extent that porous media can be described by capillary models,

presumably this is adequate, but the reader must keep this limitation in mind" (ibid,

p. 280). Under this approach, G„,, and ki are scalars associated with flow in the i

direction.

2.3.2 Kraichnan's Equation

Frisch (1968) presents a random operator equation corresponding to the

stochastic Helmholtz equation, which has a form similar to Eq. 2.15,

Ç = Go — L 1 RÇ. 	(2.55)

G,	 Ir'S(x) is a deterministic ("free space") Green's function corresponding to

the deterministic governing PDE with a constant coefficient. Multiplication by R,



119

substitution, and averaging, yields an operator equation of the form

(g) = Go + L- 1 (RL- 1 Rg),	 (2.56)

similar to (2.26). Frisch, then introduces the Kraichnan equation, based on Kraich-

nan's "random coupling model" and the diagram expansion method (or diagram ex-

pansion; Kraichnan, 1961) 9 . According to Frisch (1968), diagram expansions have

been used successfully in quantum-electrodynamics, the many-body problem, sta-

tistical mechanics, etc., and are equivalent to all-order perturbation series. "The

diagram method introduces Feynman diagrams in a very elementary way, which re-

quires no previous knowledge of field-theoretical concepts" (Frisch, 1968, p. 104).

Frisch writes the nonlinear Kraichnan's equation as

(g) = G, + L -1 (7-z(g)n)(g).	 (2.57)

Note that this is not a simple decoupling of R. and Ç, as the operator L -1 in (2.56)

is replaced here by (g). According to Frisch (1968, p. 123), "the remarkable point is

that the solution of (2.57) can be considered both as the exact solution of a model

equation° and as an approximate solution of the original equation. This ensure that

if Eq. 2.57 can be solved, the solution will be physically acceptable". The theory we

present in the next chapter leads, in a simple and direct way, to a weak approximation

of the form

(g) = G, + L- 1 (RL- 1 (g)R.)(g).	 (2.58)

This differs from (2.57) only by an extra L- 1 which, we suspect, has been accidentally

dropped by Frisch from (2.57). Indeed, a similar weak approximation proposed by

9 We leave the discussion of this (important) method to future work.
19 Frisch does not clarify the term "model equation".
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Neuman (1993) for solute transport, coincides exactly with Kraichnan's all-order

approximation for the same problem.

2.3.3 King (1987, 1989)

King (1987) defines a (random) Green's function, g(x, x0), for steady state

flow as the solution of

V • K(x)Vg(x, xo ) = 8(x — x0 ),	 (2.59)

subject to deterministic Neumann (prescribed flux) boundary conditions. Though

he introduces K as a tensor, he treats it as a statistically homogeneous and isotropic

scalar, K(x). King also defines a deterministic Green's function, G(x, x0 ), which

corresponds to a uniform domain with permeability (K) = constant. After some

manipulations, King obtains the following (random) integro-differential (second order

Fredholm) equation for g(x, x0),

g(x, xo) = G(x, x0 ) — f G(x, x0 ')(K)V„0 , • [1('(x0 ')Vx0 ,g(x0 ', x0 )1dx0 ', (2.60)

which is equivalent to

G = G — L -1 (K)RG .	 (2.61)

King then takes the Fourier-transform of (2.60) and employs a diagrammatic rep-

resentation of successive approximations (or Neumann series), adopted from "field

theory which is equivalent to a zero-state Potts model" 11 , and which he considers

as a perturbation expansion, to solve for the average Green's function (g(x, x0 )).

His criterion for terminating the iterative process is "that the correlation between

11 No reference given.
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distant points (small wave number) is small". This leads him to a term E(k) called

"self-energy, by analogy with solid state and particle physics" 12 , given by

E(k) = G-1 (k) — (g(k))-1	 (2.62)

where k appears to be the wave number vector (not defined in the text). The latter,

in turn, yields a scalar "renormalized" effective hydraulic conductivity

K, = (K) +
E(

k
k)
2

(2.63)

where k = iikii- Finally, King develops an expression for the effective hydraulic

conductivity similar to that of Gutjahr et al. (1978),

(K) [r
1 —, P.--_, - r---1--,K 	 an] , (2.64)

where n is the number of dimensions. Follwoing Matheron's (1967) conjecture, King

views this as a first order approximation to

K e = (K) exp [ - - a 1, 1 n] = KG eXp [a ?. , (. — 177-1 )]	 (2.65)

for lognormal K, and large cr?,, and concludes that the mean pressure and effective

hydraulic conductivity do not depend on correlation length. According to King

(1987), the main purpose of his work was to show that methods used in field theory

can be applied to problems of flow in heterogeneous media by recovering familiar

results from perturbation methods (including Bakr et al., 1978, Gutjahr et al., 1978,

Mizell et al., 1982, and Dagan, 1981, 1982). He concludes that although the method

presented still assumes small fluctuations in K(x), it does not require the assumption

of linear (uniform) flow, which renders it more general. We show in the next chapter

"No reference given.
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how a method which seems analogous to the diagram method can provide better

approximations to more general problems, consider both nonuniform flows and large

fluctuations in K(x).

2.3.4 Kraner (1977, 1986)

The linear stress-strain (a — e) relationships (Hooke's law),

cr = Ee,	 (2.66)

is similar to Darcy's law, a being analogous to q, E to —Vh, and E (the elastic

modulus, or elasticity), is analogous to K. [It should be mentioned that in the basic

stress-strain law, both the stress and the strain are second rank tensors, while the

elasticity may be a fourth rank tensor; consequently, the stress-strain law may be

non-local from the outset (see Kremer, 1977, 1986), and the fundamental solution

G(x, xo ) is also a tensor]. Consequently, there is much in common between methods

used for defining effective moduli and methods used to define effective conductivities

(and thereby solving for the first moment of h).

Kreiner (1977, 1986), in a work on bounds for effective elastic moduli (or elas-

ticity) of disordered materials, considered the Lippmann-Schwinger integral equation

e + I' (SEE = e o 	(2.67)

or equivalently,

E = (1 +r sE) -1 6a,
	 (2.68)

where e o is the strain in some arbitrary non-random reference medium with uniform

elasticity Eo (which is not necessarily isotropic, and not necessarily identical to (E)),
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and SE -. E — E 0. [Only when Eo = (E), then SE = E', the (usual) zero-mean

fluctuations]. Here r is an integral operator whose kernel is the "Green tensor" 13

r(x, xo) = VVG(x, xo),	 (2.69)

where G(x, x0) is defined as the Green's function of the uniform reference medium.

Because G(x, xo ) is symmetric, the tensor r is self-adjoint. According to Kremer, the

integral in (2.67) is defined despite the r -3 singularity (resulting from VVG(x, xo ))

in the sense of generalized functions, as long as SEE remains bounded.

Following Beran and MacCoy (1970), Krôner defines a prime operator or de-

viation operator, P, which projects the deviation part of the random function on its

right side, such that Pf E f' E f — (f), Pfg E (fg)' E. fg — (fg), etc, where f, g

are any random functions. Applying P to (2.67), we obtain, with PE,, = 0,

e' + pr (sE e =. e' -I- pr SEE' + pr bE(e) = 0.	 (2.70)

Premultiplying (2.70) by SE, solving for SEE' and taking the ensemble average, we

obtain

(SE e') = —((I + SE PF) -1 SE Pr SE) (e).	 (2.71)

On the other hand, when effective elastic moduli, Eeff , exist,

E eff(E) = (EE)	 (2.72)

(which is equivalent to our (q) = — (KVI) = — Ke V(h)). Consequently,

E ef f (e ) = (E)(e) + (SE e') .	 (2.73)

13The operator notation here is, again, confusing. r "alone" is an integral operator, while r(x, xo )
denotes the kernel of the operator.
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Hence, expanding (2.71) in binomial series (similar to Eq. 2.23, above), we obtain

the Neumann series for effective moduli,

Eeff = (E) — (6E Pr 6E) + (6E pr 6E Pr 8E) - • • • .	 (2.74)

The final result can be expressed in the form

Eef f = (EB),	 (2.75)

where

B a- (1+ Pr 6E) - 1 _--= I — pr 6E + pr SE pr SE • - - .	 (2.76)

[Note that in contrast with (2.75), Eef f	 (6EB).] The solution is formal in that

the resulting multiple integrals are not calculated. I' is formed by means of (deter-

ministic) Green's function belonging to the relevant boundary-value problem. Thus,

the kernels of these integrals consist of contractions of "Green tensors" (F's) and

products of parameter fluctuations. Along the line of (our) Section 2.2, Krôner re-

marks that "the convergence of the series is not generally established", and that "one

expects to obtain convergence if the formal inequality I r8E 1< I, and ...it may be

violated in composites with large (parameter) fluctuations" (cf. Eq. 2.22).

2.3.5 Markov (1987) and Shetzen (1980)

Along the line of Schetzen (1980; below), Markov (1987) considers an infinite

heterogenous medium whose heat conductivity coefficient is a statistically homoge-

neous and isotropic random function. The temperature field is governed by the (ran-

dom) Laplace equation for heat conduction, identical to the (random) groundwater

flow equation, i.e,

V - [K(x)Vh(x)] = 0.	 (2.77)
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The approximate solution is obtained through a "Volterra-Wiener functional series",

a variant of the Neumann series, similar to (2.31),

h(x) = To (x) + f 711 (x — y)K'(y)dy

+ 11 T2(x — yi,x — y2)1C(3r1)1C(Y2)dyidy2 +	 .	 (2.78)

with deterministic kernels To , T1 ,.... The difference between the Volterra-Wiener

series and the Neumann series is that in the former, the kernels are completely

unknown and have to be identified (a "black box" approach), while in the latter,

the components of the resolvent kernel are known (are usually defined as explicit

functions of the corresponding Green's function, as in Kremer's kernels, above), but

an approximation has to be made in order to make the solution tractable.

To "center" the terms in (2.78) about (h), Markov starts from

h(x)=J•x+Ef--IT,,(x— y i , • • • ,x — y.)P„k (Yi, • • • ,Y.)d3yi - • - dyn (2.79)
n=1

where Ja.- V(h(x)), and

Pnk(Yi, • • • , Y.) = A-VI)* • • K i (Yn) — M(Yi, • • • ,Yn)

M(Y17 • • • 7 Yn) = (h"(yi) • • • Ki(y n )),	 (2.80)

so that

(Pnk (3,1, • • • , y. ) ) = o,

n = 1, 2, .. ..

For slightly heterogeneous media with

IK / (x)i „..,- 1

(K)	 --•-• '

(2.81)

(2.82)
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Markov (1987) uses a perturbation method to identify the kernels in (2.78), (2.79).

This limitation may be too restrictive; it leads to

l(Kin(X))1 	1

(K)n

which, for n = 2, implies 4/(K) 2 < 1.

(2.83)

With

h(x) =	 T„,(x —	 • • ,x — y,i )Pnk (yi, • • • ,y,i)dyi ••• dyn,	 (2.84)

and h o (x) = J x, Markov finds

1 	[	 ,
j V ix 	dy,(x) =

471- (K) j	
(2.85)

so that the first kernel in (2.78) is

and

1	 1
Ti (x) = 47r(K) J V Fci , (2.86)

1 f 	1	 1 
h2(x) =	 VV

(471- (K)) 2 	—	
- Y21 jA"(Y1)K'(3r2)d3rIdY2'	 (2.87)

and so on. Terms like	 — y i rl, above, resemble the familiar 3- D fundamental

solution (or Green's function) for the flow (Laplace) equation (2.77), and the kernel

of the perturbation series above are similar to Krôner's kernels (as well as to ker-

nels formulated earlier by Dederichs and Zeller, 1973). Delighted by this similarity,

Markov remarks that "... the (Volterra-Wiener) series have thus been repeatedly em-

ployed in this theory without being recognized as such ...". Kernels proportional

to the moments of K and to respective contractions of gradients of Green's function

of the form lx1 -1 , were also constructed by Beran (1965) with the aid of variational
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principles. We have seen in the previous chapter that kernels of that form dominate

the (approximate) solutions of Dagan (1989), Shvidler (1962), and Matheron (1967).

Similar kernels arise also in the next chapter, as part of a more general and accurate

solution to the random flow equation.

We mentioned earlier that Markov's perturbation solution is based, to a large

extent, on Shetzen (1980). Rather than reviewing Shetzen's work, we merely high-

light its most relevant aspect. Schetzen (1980; p. 200) recognizes that

the (deterministic Neumann) series" representation of a physical system

may converge for only limited range of the system input amplitude. This

problem of convergence is the same as that encountered with the Taylor

series representation of a function. This similarity should be expected,

since ... the Neumann series is really a Taylor series with memory, so both

the Taylor and Neumann series should have the same basic limitation.

To circumvent this problem, Wiener (according to Schetzen, 1980) formed a new set

of functionals from the Volterra functionals. He called them G-functionals because

of their special orthogonality property when their input is from a Gaussian process.

The advantage of the G-functional series (or Volterra-Wiener series) is that it does

not suffer from the severe convergence problems of the Neumann series. In any case,

the difficulties in formulating higher order closure approximations are serious enough

to limit the applicability of the method to small random fluctuations (Schetzen, 1980;

p. 261).

14Termed "Volterra series" by Shetzen, despite the finite integral limits.
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2.4 Unsteady Flow and Semigroups

In the following, we will briefly review two works in the field of hydrology,

both of which attempt to use the (truncated) Neumann and Volterra series to predict

transient flow and transport in random hydraulic conductivity fields. [In fact, these

are the only known works in hydrology to use successive approximations for solving

the governing integrodifferential equations.]

2.4.1 Preliminaries: Time-dependent Formulation

Time-dependent (or transient) problems of groundwater flow can be formu-

lated as

a h(t) .
Lh(t) + f, 	(2.88)at

subject to the initial condition h(0) = ho . If L = L(t), this is an ordinary differential

equation (ODE) having the general solution (Curtain and Pritchard, 1977, p. 119)

h(t) = eL i ho + f: el-
(' 8 ) f (s)ds.	 (2.89)

In the case of a stochastic ODE, (2.88) can be split into a deterministic operator L

and a zero mean random operator R, as in (2.6), and in the absence of source/sink

it becomes (Frisch, 1968, p. 114)

Then the solution is

ah(t) 
at = EL + 7Z]h(t). (2.90)

t	 t
h(t) = jo expIL(t — 7- )Ih(0)8(r)dr + fo expIL(t — r)YR.(7)h(r)dr,	 (2.91)
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which is a variant of (2.89). Eq. 2.91 can be applied to stochastic PDE's (where the

operators depend on both time and space) by resorting to a semigroup formulation

(e.g., Curtain and Pritchard, 1977, p. 193).

2.4.2 Semigroups of Operators

Basic Concepts

[Based on Curtain and Pritchard (1977), Bharucha-Reid (1972), Frisch (1968), and

Ahmed (1991).]

Let X be a Banach space (defined in Appendix B)' 5 , and {T(t), t > 0}

a family of bounded linear operators in X, that is, for each t > 0, T(t) E A(X),

where A(X) denotes the space of bounded linear operators in X. The family of

operators {TM, t > 01 is said to be a semigroup of operators in X if

1. T(0) = I (identity)

2. T (t s) = T (t)T (s) = T (s)T (t) for all t, s > 0

3. limo° liT(t)u — ull = 0 for each u E X .

Properties (1) and (3) mean that the semigroup {TM, t > 0} [defined by property

(2)] is strongly continuous. If lim tio — I = 0, the semigroup {TM, t 0} is

said to be uniformly continuous. Property (3) implies that T(t) is strongly continuous

at t = 0, and hence, is known as the Co-semigroup. Note that by the second property,

T behaves as a product of exponents, and the third property looks like a contraction

15 A Banach space is basically an n-dimensional normed vector space.
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as t decreases towards zero. Indeed, if in addition II T(t)II < 1 for all t > 0, then

{TM, t > 0} is a contraction semigroup of operators (Bharucha- Reid, 1972).

If we can define a bounded operator A t = [T(t)—/]/t, and if hm t ioA tu exists

for each u E X, then there exists an operator A E A(X) such that hm t ioA tu = Au

as t 0, which is called the infinitesimal generator of a semigroup {TM, t > 0) on

X. The infinitesimal generator of a semigroup is a bounded linear operator if and

only if the semigroup is uniformly continuous (Ahmed, 1991).

Further, it can be shown that if (and only if) A E A(X), then there exists one

and only one semigroup, and it is given by S(t) eAt t > 0, where the latter is a

uniformly continuous semigroup of operators on X, and its infinitesimal generator is

A (Ahmed, 1991). Note that the exponential S is reminiscent of the (homogeneous)

solution of linear ordinary differential equations of the type u' — Au = 0.

Many linear stochastic problems can be formulated as (Frisch, 1968; Bharucha-

Reid, 1972)
du

= Gu = (L
Tit

(2.92)

where u((, t) is for every fixed t a random variable with values in the Banach space X.

Assuming that L is a deterministic linear operator on X, forming the infinitesimal

generator of a strongly continuous semigroup of contraction operators denoted by

S(t) = eAt (see above), and that R.(() is a random linear operator, which satisfies

almost surely HRH < M (i.e., it is bounded).

Bharucha-Reid (1972) shows (after Phillips, 1953) that under the above as-

sumptions T(t)u is strongly continuous and differentiable, that [similar to (2.92) ] ,

dT(t)u 
dt	

GT(t)u = (L -}-R.)T(t)u, (2.93)



and that the solution T(t) admits the representation

00

T(t) = E Tn (t),
n=0

where
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(2.94)

t
To(t) = S(t)	 and 	T(t) = fo S(t — 7- )7.S_ 1 (r)dr.	 (2.95)

It follows from the above results that for almost every event (, the random linear

operator Ld- 'R(C) also generates a strongly continuous semigroup of operators T(t, 0,

which is given by the following perturbation formula (Bharucha-Reid, 1972; Frisch,

1968)

T(t,C) = expfiL + 72.()]t}
t

= exp{Lt} + Jo exp{L(t — r )} R,(0exp{L-i-}dr

tr i
+	 exp{L(t — T)}7-40 exp{L(t — 7-2 )}1Z(C) exp{L-r2 }dri dr2

fo o

+	 (2.96)

Note that this equation can be obtained from (2.91) [or (2.104) below] by succes-

sive substitutions (or approximations) of h(t) [or u(t)], and assuming (2.99) below.

Note also that (2.96) is considered by the above authors a perturbation expansion,

although it resembles an ordinary Volterra series (see discussion of asymptotic sta-

bility of semigroup, below). Winter et al. (1984) and Neuman et al. (1987) use the

semigroup approach in conjunction with a perturbation method to predict diffusion

in random velocity fields; they employ an equation like (2.96), but with powers of E,

the perturbation parameter, multiplying each term in (2.96).

Since S(t) = CIA is a contraction operator for every fixed t, and for any

ilcontraction semigroup II eLt ii < 1, we have

I S(t )II = I I eLi Il < 1	 (2.97)
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(cf. Eq. 2.45) and from (2.96). It follows from here that

iiT(t, OM = II expfiL + 12-(at}ll

Aln tn
< 1+Mtd- ...+	 + ... = emt

n!
(2.98)

(cf. Eq. 2.41). Hence, the perturbation expansion (2.96) converges uniformly in any

bounded interval; in particular, it converges to the random operator T(t, (), which

is the solution operator of Eq. 2.92. Hence (Bharucha-Reid, 1972),

u(t,() = T(t,()u(0,()	 (2.99)

(cf. Eqs. 2.42, 2.44).

However, as was pointed out by Frisch (1968, p. 87; see also earlier discussion

on the asymptotic behavior of Volterra series) the convergent expansion cannot be

used to study asymptotic behavior of u(t, (), because as t --4 oc (e.g., when approach-

ing steady-state flow) the number of terms which must be retained to get a good

approximation increases indefinitely. This is due to the presence of secular terms like

Mntn/n!. This is also implied by the remainder (R)of the series et = En°°_,o tn In!,

which is (Arfken, 1985)
li < tnei

(2.100)
n — n! •

As part of their stability theory, Curtain and Pritchard (1977) analyze the

asymptotic stability of semigroups. Roughly speaking, stability implies that small

perturbations to the system do not radically alter the way in which the system is

operating (ibid). By definition, a strongly continuous semigroup Jt on a Banach

space X is said to be asymptotically stable if there exist constants M, 0, with 0 < 0

such that (ibid),

11,7t11 ^ mee t
	

(2.101)
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where „it T(t) above.

Note that (2.101) and (2.97) imply that 1141 < 0, and that the semigroup

operator has to be a strongly decaying operator (e.g., a negative exponential func-

tion). The property of generating asymptotically stable semigroup is called Liapunov

stability (ibid).

Given that L is an infinitesimal generator of an asymptotically stable semi-

group Jo Curtain and Pritchard (1977) investigate under what conditions L R. is

also an infinitesimal generator of an asymptotically stable semigroup. Consider, for

example, Eq. 2.92 (again):

for which the solution is

du

dt
(2.102)

u(t) = exp{(L 'TZ.)t}u(0), 	 (2.103)

or, alternatively, like in Eq. 2.91,

u(t) = exp{Lt}u(0)	 exp{L(t — 7-)}74r)u(r)dr. 	 (2.104)

They (ibid) show that (2.104) can be expanded in Volterra series (like Eq. 2.96), and

find that in order to generate an asymptotically stable semigroup consistent with

(2.101), it is necessary to have

IIRII <
	

(2.105)

which can theoretically be satisfied for any fl < 0. Practically, this means that HRH

has to be sufficiently small.

Curtain and Pritchard (1977) give an example of a simple one-dimensional

parabolic equation

az a2z
— =at	 ax2'

(2.106)
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such that x E [0,1], with z(0, t) = z(1, t) = 0 and z(x, 0) = zo (x); they find that the

semigroup Ji generated by the (spatial) operator on RHS of (2.106) has the limit

11 ,7211 ^ exp(-7r 2t). (2.107)

By comparing (2.101) and (2.105), we find INii < 7r2. However, a more thorough

investigation leads Curtain and Pritchard (1977) to the less restrictive condition

ii/Zii < 7r4 (which is still low).

2.4.3 Zeitoun and Braester (1991)

Zeitoun and Braester (1991) use the Neumann expansion to analyze transient

flow in heterogeneous formations with variations in both permeability and porosity

(0) without sources/sinks. After Laplace transforming their dimensionless govern-

ing equation, they divide it into a left hand side (LHS) that resembles that of the

Helmholtz equation (defined earlier), and a right hand side (RHS) which consists of

(derivatives of) their random parameters, the (transformed) random response, hp,

and the Laplace transform parameter s. They then proceed with inversion of this

stochastic PDE, making use of the Green's function associated with the Helmholtz

operator, and get an implicit solution for hp in the form of a stochastic integro-

differential equation with hp residing in two domain integrals (one domain integral

being associated with permeability fluctuations, the other with porosity fluctuations)

and boundary integrals. They eliminate hp from the boundary integrals without

explanation, and suggest to solve the remaining integro-differential equation (their

Eq. 25) by Monte Carlo simulations (why not do this directly, with their original

stochastic PDE?).
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As an alternative approach, Zeitoun and Braester (1991) suggest to solve their

integro-differential equation by means of Neumann series, starting with the boundary

integrals (which now contain only the deterministic Green's function) as initial guess.

They then assume that the permeability and the porosity are uncorrelated, normally

distributed, zero mean (statistically) homogeneous random fields.

In an attempt to find conditions for the convergence of their solution, Zeitoun

and Braester (1991) start from the general form of the Fredholm equation. They

represent the kernel by its eigenvalues and eigenfunctions as

CO

K(x,t). E An on (x)on (t),	 (2.108)
n=1

where An are eigenvalues and On are the corresponding eigenfunctions. [This is differ-

ent from Eq. 2.38 (the common definition of a kernel by its eigenvalues and eigenfunc-

tions), where A n, appears in the denominator; hence, we suspect that An in (2.108)

should be replaced by its reciprocal.] They then use successive approximations (like

in Eq. 2.33) to obtain a general expression for the iterated kernel, where both poros-

ity and permeability are random and normally distributed. They somehow obtain a

sufficiency condition for the convergence of the Neumann series,

1
< 	

max I An
(2.109)

where v = K'/(K) is the relative permeability fluctuations, so that a, (the standard

deviation of v) is equivalent to the coefficient of variation (CV) of the permeability.

The authors, however, do not give any indication as to the (order of) magnitude of

the eigenvalues associated with their kernel. From the examples in the preceding

sections, we expect the eigenvalues to be the arguments of Fourier series of the

kernel (or Green's function), and hence, be less than or equal to one, which implies



s
0-, < 1 +

max(q)'
(2.110)
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large cr,„ contrary to all of the (systematic) analyses reviewed here. If, however,

An in (2.108) is replaced by its reciprocal, ,Ç„ = AV (as recommended above), then

max I , r, 1= [min 1 A. 1]-1, and consequently, the sufficiency condition (2.109)

becomes cry < min

After setting the porosity variations to zero, and dropping the boundary con-

ditions, they find a sufficiency condition for convergence of the Neumann series of

their integro-differential equation (with random K, only),

where Icn, is the wave number, and s is the Laplace transform parameter. As part

of their analysis, the authors indicate that s decreases with time, and at the limit,

t -4 oc (steady-state), s —> 0. Consequently, at steady-state, o-,, < 1, which implies

small variability of K. This is contrary to (2.109), and to the authors' belief that

their Neumann series expansion method is amenable to larger variability than stan-

dard perturbation methods. Indeed, in their following example Zeitoun and Braester

(1991) use o-1, < 0.5, and their results are inconclusive.

Above all, Zeitoun and Braester (1991) do not show explicitly how moments

of the response (e.g., heads, fluxes) are related to moments of the random hydraulic

conductivity field.

Serrano and Unny (1985, 1989, 1990,1992)

Serrano et al. (1985) apply the semigroup approach to "evolution equations"

similar to (2.92),
ah-a7 + Ah = f,
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with initial conditions u(x, 0) = uo (x) (without specifying boundary conditions). For

the homogeneous case (i.e., f = 0), they write the inverse of (2.111) as

u(t) = jtuo, (2.112)

where jt , termed "evolution operator" I6 , is very similar to T(t) in (2.99); if it is also

a contraction semigroup, then Ji T(t). Following Curtain and Pritchard (1977;

p. 156) Serrano and Unny (ibid) present the solution to (2.111) in the form

u(i) = ‘.7tuc. f (s)ds, (2.113)

where jt , is, again, similar to the Green's function (hence, an "impulse response

function"). For the sake of simplicity and without loss generality, the semigroup

operators of Unny and Serrano can be viewed as Green's functions 17 associated with

the deterministic differential operators (as discussed below).

Unny (1989) considers the one-dimensional groundwater continuity equation

and the one dimensional dispersion equation, both having the general form of (2.92)

and (2.93), i.e.,

ah 
h = f

 
(2.114)

with Dirichlet type boundary conditions (although the dispersion equation should

not have a well-defined downstream BC), and some fixed initial conditions h(x, 0) =

ho (x). He first decomposes the random differential operator into a deterministic and

a random part,

= L (2.115)

"In their later publications, Unny (1989) and Serrano (1992) call it semigroup; Serrano (1990,
1992) refers to it in one place as both a strongly continuous semigroup and an impulse response
function.

17Though, in a narrow sense, because of restrictions associated with semigroups.
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then, writes the solution as a Volterra equation of the second kind with the integral

decomposed into a deterministic and a stochastic part (f is considered nonrandom),

pi	 Pi

h = Jt ho +	 jt _ s f (s)ds —	 ji_,Rh(s)ds	 (2.116)

(cf. Eq. 2.113), where Jt (the kernel) is a semigroup associated with the operator L

(although in the text, Jt is associated with L, not with L, it seems to be inconsistent

with Unny's subsequent derivation). Unny then expresses h in the right hand side

as an infinite series h = h i (cf. Eq. 2.94),

h = Ji lt ° +	 Jt-sf (s)ds — j Jt--31Z(h1 + h 2 + h3 + • • •)ds.	 (2.117)

By identifying h 1 as the preceding term, fot jt , f (s)ds, and so on, such that each hi

is expressed in terms of the preceding h i_ 1 , the random integral is expanded in what

seems to be the Volterra series, similar to (2.23) and (2.96),

t
h = 4.7t h0 +	 f (s)ds —

o
	f (r)dr ds

o 

According to Unny (1989) the last term in the series contains hi, which (however)

seems to be inconsistent with both the rationale of the Volterra series's and his

following derivation (Eq. 2.119 below). According to Unny,

The basic idea here is that a random semigroup operator, which may

be difficult to derive in particular cases, can be determined in an easily

computable series by decomposition of the differential operator into a de-

terministic operator whose semigroup is known or found with little effort,

18Which eliminates the necessity in the separation (Rh)	 (R)(h).

i Sf I T

10 0 0
(0d4"c17- ds — • • • . 	 (2.118)
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and a random operator whose contribution to the total semi group can be

found in series form. Basically, convergence arises because the succeeding

terms are multiples of increasing number of negative exponentials ...it is

known that the series converges rapidly, and that in some circumstances

considering one term is sufficiently accurate ...

Unny (1989) and Serrano (1990; discussed next) seem to be unaware of problems

associated with secular terms lack of asymptotic convergence of their series expan-

sions, and adhere to their particular "strongly dissipating" (or decaying) semigroup

operators (or Green's functions). However, Serrano (1992) uses relatively short time

intervals in his seminumeric analysis (probably, to avoid the problem with secular

terms).

Based on his latter argument, Unny (1989) truncates the series after one term,

then takes ensemble average, while separating between the kernel and the forcing

function (or source term), based on statistical independence of the two, to obtain the

expected value of the response,

(h) = Jt ho j. s ( f (s))ds — Yi_s(RJ.,)(f (r))drds. (2.119)

[As it will be shown in the sequel, we find Unny's and Serrano's attempts to validate

the above truncation to be unconvincing.]

Serrano (1992) uses semianalytical methods in conjunction with truncated

Volterra series to solve the one-dimensional perturbed (but not random) transport

dispersion equation,

ac	 02 e ac
Olt	 aX2 Ox	 Ox l

(2.120)

subject c(—oo) = c(oo) = 0, and c(x, o) = co (x), where c denotes concentration, D is
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the (deterministic) dispersion coefficient, y is the velocity, and 6v is a (deterministic)

velocity deviation (a fraction of u), which represents velocity perturbation; the per-

turbed part is treated as a forcing function. The semigroup operator associated with

the deterministic portion of (2.120) appears as a negative exponential, and resembles

the Green's function (actually the fundamental solution) associated with the differ-

ential operator on the LHS of (2.120). The resulting integro-differential equation has

the form of (2.113) with c appearing on both sides of the equation,

ac.
c(x,t). ,7(x,t)co — y f J(x,t —

Jo
(2.121)

Serrano then uses successive approximations to evaluate c(x, t) at some distance x,

given 45y = v. The strong dissipative nature of the kernel (the semigroup) brings

about near-convergence to the exact solution within two iterations (i.e., with the

first two terms in the series), for a given time (though, with a relatively small dis-

persion coefficient). Serrano shows that for such a system (i.e., 1-D Volterra series

with a strongly dissipative operator), when the kernel and the velocity fluctuations

are bounded (say by M), the series should converge if Mt/2 < 1, where M is the

bound on the absolute velocity fluctuations, and t is the elapsed time. Consequently,

Serrano concludes that for sufficiently small "time steps", solutions for the random

one-dimensional concentration field can be reached even for relatively high velocity

fluctuations. It should be mentioned, however, that so far, Serrano's analysis is of

deterministic nature, and does not guarantee to work even with low variances of

random parameters (or velocities, in this case).

Next, Serrano (1992) regards y in (2.120) as a correlated random field, where

6y is replaced by y' = y — (y) (zero-mean fluctuations), and estimates the mean

and variance of the concentration field (i.e., the response). Despite the fact that the
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LHS of (2.120) is no longer deterministic, Serrano continues to use the deterministic

semigroup (or impulse response function) in his derivations. In other words, he does

not consider that not only y but also c is random. Serrano (incorrectly) equates

the ensemble mean concentration with the zero order approximation of c (i.e., the

deterministic solution with (y) as the velocity in (2.120) after dropping its RHS). He

then generates one realization of y with a low variance (CV = 0.5) and long integral

scale (about three times larger than the 1-D interval of interest), and compares it

with the deterministic solution (his "mean" concentration). Of course, the simulated

concentration field looks different than the mean. The single result is inconclusive.

Next, Serrano estimates the concentration variance as a function of time and

space, as (his Eq. 15)

it 
j(x, S, i — 7)	

Oc°(s, 7) acy)
 dydr, (2.122)cr!

(x,t) 
= f t

,7(X, , t — 7)C(s	 ) 	as 	 .9 
0 o

where Cv (s —0 is the covariance of y, and c° denotes zero order approximation of (or,

the deterministic solution for) the concentration, c. Serrano does not explain how

he derived (2.122); it seems to stem from (2.121) above. There is some similarity

between (2.122) and a recent derivation by Neuman (1993). Serrano's calculated

standard deviation of concentration versus distance indicates a direct dependence of

concentration variance on concentration gradient, as expected from (2.122).

Serrano (1992) uses a similar approach to analyze the one-dimensional tran-

sient groundwater flow in a random transmissivity field. He separates the governing

equation to a "regular" LHS and a "random" RHS, in a manner similar to (2.120),

Oh	 (T) a2h	 i(t)
S a X 2

=	 + R.(x)h,
—0-i —	 S

(2.123)

with h(0, t) = h 1 , h(d, t) = h2, h(x, 0) = h o (x) as boundary and initial conditions.
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T and S are transmissivity and storativity respectively (S = const.), i is recharge,

and the random operator R is given by

ii ( , .92 OT'(x) a )
+  h' (2.124)1?.(x)h = 3 T (x)

ax as ) 

where T' = T — (T) is zero mean fluctuations. Again, serrano consider the LHS of

(2.123) as "deterministic", ignoring the fact that h is random.

Next, Serrano eliminates the (disturbing) time dependence by discretizing the

time domain in the differential equation at equal intervals At in the finite difference

way, with x as the only independent variable, such that (2.123) reduces to

d2 h
—	 + a2 h = b i + a 2 h, + Rh,

dx2
(2. 125)

where ho (x) is the head at the previous time step, a2 = S I ((T),At), and b = 1 1 (T).

Serrano then inverts (2.125) to get h(x) as a function of two (domain) integrals, the

kernels of which are the Green's function associated with the deterministic version

of the LHS of (2.125), i.e,

1	 1
h(x) = fo G(x, )[bi() + a2 h0 ()14 + jo G(x, )'Rg)h()de.	 (2.126)

Again, successive approximations (or Neumann series) must be employed in order to

solve (2.126). The mean head is approximated by the zero order approximation, i.e.,

(h(x)) = a2

1	 1p i
 G (x , e)ho()ck + 

pi
 G (x , 0 i k	 (2.127)

Similar derivations are repeated by Serrano (1990) in his analysis of (again, one-

dimensional) infiltration in random diffusivity fields. He believes that "since (the

Volterra series of semigroups) is not a perturbation approximation, arbitrarily large
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variances in the stochastic terms can be included" (Serrano, 1990). Here, too, Serrano

uses the deterministic impulse response function as the kernel of his random integrals,

and replaces the mean of the response (water content) by its zero order approxima-

tion. In order to verify his "large variance" assumption, he simulates infiltration in

random diffusivity fields generated with extremely low variances (cri) P-- CV r---- 10 -4 ).

As expected (because of the highly nonlinear/sensitive K (h), even then, for a partic-

ular (single) realizations, "the comparison of observed and simulated water content

at corresponding times was not satisfactory" (Serrano, 1990, p. 707), however (as

expected from the low variances), "the observed means were in good agreement with

the simulated means" (ibid).

In conclusion, although the works of Serrano and Unny 19 present some inter-

esting ideas, particularly the use of semigroups and the semianalytic (or seminumeric)

approach, they seem to be limited in several ways. In particular, Serrano, like Zeitoun

and Braester (1991), seems to "miss the point" in that he tries to verify stochastic

theories through individual realizations rather than through moments (as discussed in

the first section). Particularly disturbing is the lack of distinction between expected

value (ensemble mean) and single realization of the response in Serrano's work. The

inclusion of more than two terms in their Volterra series renders the solutions in-

tractable, even in one dimension; their argument that it can be extended to higher

dimensions in a straightforward manner has not been demonstrated.

Serrano and Unny have never verified their "large variance" claim. They do

not address the problems associated with the asymptotic behavior of the Volterra

series, particularly the appearance of secular terms and the bounds on perturbations.

I 9The emphasis here is on Serrano's work.
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The (above mentioned) asymptotic stability analysis and the contraction theorems

imply that (strongly decaying) semigroup operators must be associated with small

bounded perturbations (at least for one-dimensional models).

From the introduction to this section, it seems that several assumptions have

to be made before resorting to semigroup formulations. The Green's function ap-

proach is simple and intuitive; except for linearity, it does not rely on any assumption

with respect to the particular operator used, and it is not restricted to small variabil-

ity of the fields. The natural question arises: why should one prefer semigroups to

Green's functions? Unfortunately, Unny and Serrano do not address this question.

2.4.4 Conclusion

The above two examples demonstrate the gap between formal solutions of

stochastic PDE's, expressed by Neumann and Volterra series, and working solutions

with truncated series. None of the works described above has shown a rigorous justi-

fication for the truncation after one or two terms, nor have they addressed (directly)

the question of asymptotic behavior; instead, the authors in both cases brought un-

realistic (or irrelevant) examples with extremely low variability to "prove" that low

order truncation of series is adequate.

In the following chapter we introduce a new integrodifferential theory which

does not resort to Neumann series (or its variants); instead of truncating asymptotic

series it leads to an approximation which improves as the information content (and

hence, the conditioning) increases; consequently, it is not restricted to low variability

of the original field (but yet, to low variability of the conditional field; see Neuman,

1993). The closest analogy to this theory is Kraichnan's equation (2.57) obtained
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CHAPTER 3

NONLOCAL THEORY, EFFECTIVE CONDUCTIVITIES AND
WEAK APPROXIMATION

3.1 Problem Definition and Nonlocal Formalism

Most groundwater flow models are based on the premise that Darcy's law

applies on a scale (or scales) smaller than the dimensions of the flow domain being

modelled. However, this scale is seldom specified in an unambiguous manner and

its relationship to scales of measurement (Cushman, 1987), model discretization or

quantity and quality of available data (Clifton and Neuman, 1982), are generally ill-

defined. This chapter addresses formally such issues of scale and information content

by starting from the premise that Darcy's law,

q(x) = —K(x)Vh(x),	 (3.1)

applies when the flux q(x), the hydraulic conductivity K(x), and the hydraulic gra-

dient Vh(x) are representative of a bulk volume (support) w centered about the point

x, such that (1) u.) is small compared to the flow domain, Q , and (2) K(x) can be

evaluated locally at points x with the aid of existing measurement and interpretive

methods. We refer to values of K(x) as scalar values obtained in this manner as

"local measurements" with support w (the important case of variable support is be-

yond the scope of this work). Given a sufficient number of reliable measurements

with such supports, it is possible in principle to test the validity of Darcy's law on

the local scale w (for example, by conducting a number of flow tests under different
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pressure gradients and demonstrating that the resultant flow rate is proportional to

this gradient, as has been done during the packer testing of fractured granites near

Oracle, Arizona, by Hsieh et al., 1983). If it is thus found experimentally valid,

Darcy's law can be regarded as a local constitutive relationship. Upon combination

with the principle of mass conservation one obtains an operational theory of ground-

water flow which, as advocated by Cushman (1984, 1986, 1991), has a clearly defined

observational basis.

To keep matters as simple as possible, we consider the steady state continuity

equation

— V • q(x) + 1(x) = 0

subject to the boundary conditions

h(x) = H(x)

and

— q(x) • n(x) = Q(x)

X E f2	 (3.2)

x E FD 	(3.3)

X E FN 	(3.4)

Here f (x) is a randomly prescribed source function, H(x) is a randomly prescribed

head on Dirichlet boundary segments FD, Q(x) is a randomly prescribed flux into

9 across Neumann boundary segments FN, n(x) is a unit outward normal to the

boundaryF, and F is the union of I'D and FN. Rather than considering cross-

correlations between the source and boundary functions f(x), H(x), and Q(x) as

done formally by Cheng and Lafe (1991) we stipulate, for simplicity, that they be

prescribed in a statistically independent manner. In complex geologic media the

constitutive parameter, K(x), often varies from point to point in an apparently ran-

dom fashion. This has led many groundwater hydrologists to adopt the geostatistical
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working hypothesis that K(x) can be viewed as a random field (Delhomme, 1979;

Neuman, 1982, 1984; de Marsily, 1986). Though K(x) may exhibit directional depen-

dence at any point x, we continue in the tradition of existing stochastic subsurface

flow theories (e.g., Dagan, 1989) by treating it as a scalar. A rationale for treating

K(x) values from local packer tests in fractured crystalline rocks as representative of

a random field that is scalar on a local scale, but exhibits large-scale statistical and

hydraulic anisotropy due to spatial nonuniformity and the effect of fracture orien-

tations, has been offered by Neuman (1987) and applied successfully to multi-scale

field data by Neuman and Depner (1988).

To develop a groundwater flow model based on (3.1) — (3.4), one must have

some information about K(x). We assume that K(x) has been determined at selected

points x by means of standard methods such as local pumping or packer tests. We

further assume that based on these data, one can come up with a relatively smooth

unbiased estimate K(x) of the unknown random function K(x). Clearly, K(x) is a

deterministic function which, though slowly varying in space, nevertheless provides

(an estimated) representation of how the local valued scalar function K(x) varies

from point to point; K(x) is a smoothed, but not upscaled, version of K(x). The

question how to obtain such an estimate is not central to our work and remains

outside its scope. Nevertheless, we do recall later two known geostatistical methods

which, under some practical working hypotheses, make possible the determination

of K(x) on the basis of local K(x) data in a way which minimizes (though does

not completely eliminate) bias and provides information about the second spatial

moments of the associated estimation errors. The latter are defined as

K i(x) E _-- K(x) — K(x)	 (K'(x)),,	 0	 (3.5)
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where (K'(x)),, is the conditional ensemble mean of hydraulic conductivity fluctua-

tions about K(x), the subscript K indicating that conditioning is done on the same

data as those used to obtain K(x). Equivalently, (K'(x))„ is the conditional ensemble

mean of the estimation errors associated with K(x). It follows that K(x) is the con-

ditional mean of K(x), K(x) = (K(x))„. One of the proposed methods treats K(x)

as a global drift which does not generally pass through the measurement points and

results in zero mean, wide-sense ( second-order) stationary estimation errors Ki(x).

The other method treats K(x) as a kriging estimate which does pass through the

measurement points (unless they are corrupted by measurement noise) and results

in a zero mean, nonstationary K 1 (x) field. Other methods to determine K(x) may be

equally acceptable or better. Whereas our theory assumes that an unbiased estimate

K(x) of K(x) is available a priori, there is nothing in it to prevent one from improv-

ing (or determining) K(x) and/or other relevant parameters a posteriori by means of

suitable inverse methods. The latter implies conditioning not only on K(x) but also

on head and flux data. Though the theory does not require any prior assumptions

about the probability distribution of Ki(x), the same is not necessarily true about

some of its proposed applications and simplifications; this will become clear later.

Consider the conditional ensemble moments (h(x))„ and (q(x)),„ where again

the subscript K indicates that conditioning is done on those data used to obtain K(x).

We define the latter so as to form conditionally unbiased predictors of h(x) and q(x)

according to

h(x) = (h(x)),, -I- h i(x) (W(x)),, a.-- 0 (3.6)

q(x) = (q(x))„ + ce(x)
	

(0x))„ E: 0
	

(3.7)

where le(x) and q'(x) are the associated prediction errors. The aim of our work is
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to derive theoretical and working equations satisfied by the predictors (h(x))„ and

(q(x)),„ and by second moments of the prediction errors le(x) and q'(x).

Taking the conditional ensemble mean of (3.2) - (3.4) gives

- V. (q(x)),, + (1(x)) = 0 x E 11 (3.8)

subject to the boundary conditions

(h(x)),, = (H(x)) x E FD (3.9)

and

- (q(x))„ n(x) = (Q(x)) x E FN (3.10)

where (f(x)), (H(x)), and (Q(x)) are prescribed (unconditional) first moments of

the statistically independent random source and boundary functions f (x) , H(x), and

Q(x). It is thus evident that (q(x)),, satisfies a standard continuity equation driven

by ensemble mean source and boundary functions. Taking the conditional ensemble

mean of (3.1), considering (3.5) - (3.7), gives

(q(x)),, = -K(x)V(h(x)),, r,; (x) r„(x) = -(K'(x)Vh'(x)),, (3.11)

The predictor (q(x)),, of the flux q(x) is thus seen to consist of a Darcian flux com-

ponent, -frc(x)V(h(x)),„ and a residual flux component, r,c (x) = -(1C(x)VW(x))„.

The connotation "residual" is not meant to imply that  r(x) is necessarily small.

The residual flux is an unknown mixed moment of hydraulic conductivity and

gradient fluctuations about their respective conditional means. To render the de-

terministic equations (3.8) - (3.11) solvable for the dependent variable (h(x)),„ it is

necessary to express r,(x) as a function (or functional) that contains parameters (or

kernels) which do not depend on (h(x)),,. In the stochastic groundwater literature
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(cf., Dagan, 1989, and previous chapter) it is common to treat Y(x) = inK(x) as

a stationary field with small variance, 4 < 1, to expand the corresponding uncon-

ditional mixed moment in powers of 4, and to retain only a few leading terms of

this expansion. Consequently, the results are limited to mildly heterogeneous media.

Recently, Zeitoun and Bra,ester (1991) have attempted to overcome this small vari-

ance limitation by expansion in Neumann series according to an approach proposed

by Adomian (1983). Unfortunately, as seen in the first chapter, the convergence,

and more importantly, the asymptotic behavior of the Neumann series expansion

is limited to a relatively narrow range of conditions and we are therefore not con-

vinced that this approach applies to large 4 (all the examples quoted by Zeitoun

and Braester concern 4 < 1).

A key result of this work is the following development in of a formal expression

for r„(x) which is rigorously valid for a broad class of K(x) fields, including fractals,

under arbitrary steady state flow regimes in either bounded or unbounded domains St

(other works which consider boundary effects on homogeneous fields in a somewhat

related manner have been published by Naff and Vecchia, 1986, and Rubin and

Dagan, 1988, 1989)

To develop formal expressions for the residual flux r„(x) in (3.11), we re-

strict consideration to hydraulic conductivity fields K(x), source functions f(x), and

boundary functions H(x), Q(x) for which (3.1) — (3.4) admit a solution in all but

a few pathological cases. This means that there exists a random Green's function

g(x', x) which satisfies almost surely, or with probability 1 (i.e., for most, but not

necessarily all, realizations of K(x), f(x), H(x), and Q(x)), the random Poisson
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Vx, • [K(x')Vx,g(x', x)] + 6(x' — x) = 0
	

X',X E S1
	

(3.12)
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subject to the homogeneous boundary conditions

g(x', x) 0 / P r3c .._	 D (3.13)

and

Vx ,g(x', x) • n(x') a-- 0
	

(3.14)

where the grad operator Vx, is taken with respect to the space coordinates x'.

Expressing (3.1) — (3.4) in terms of x', substituting (3.1) into (3.2), multiplying

by g(x',x), and integrating over 1? yields

1. {vx,• [K(x')Vx,h(x')] + f(x')}g(x', x)dx' = 0
	

(3.15)

Applying Green's identity twice, considering (3.13) and (3.14), gives

fo {Vx , • [K(x')Vx ,g(xl, x)1h(x') + f(x')g(x', x)}dx' =	 (3.16)

K(x')Vx,g(x', x) • n(x 1)h(x')dx' — f 
N

 K(x')Vx,h(x') • n(x')g(x 1 , x)dx'.ID	 r

Substituting (3.3) — (3.4) and (3.12) into (3.17) while considering (3.1) yields, with

probability 1,

h(x) = /0 f (x')g (x', x)dx'

frD 	r
K(x')Vx,g(x',	 -I-x) • n(x')H(x')dx' f Q(x 1)g(x', x)dx' (3.17)

N

Similarly, we define the deterministic Green's function G„(x',x) as the solu-

tion of the deterministic Poisson equation

Vx , • [K(x')Vx , G, (x 1 , x)] + 8(x' — x) = 0
	

xf,x E 1
	

(3.18)
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subject to the homogeneous boundary conditions

G,, (x', x)=-,-- 0 .r.
X' E ID (3. 19)

and

V,,,G,,(x i , x) • n(x') -_=_ 0	 X' E FN 	(3.20)

Then, in analogy to (3.17),

h,,(x) = 1,„ (f (x'))G ,c (x' , x)dx'	 (3.21)

_	 tc(x')V,G(x', x) • n(x 1 )(H(x1))dx' + f (Q (x'»G ,,, (xi, x)dx'.
fr D	 rN

Upon combining (3.1) and (3.2), the resulting equation can be recast as

£h(x)+f(x)=O or (L + R)h(x) + 1(x) = 0 (3.22)

where G and R are stochastic operators, L a deterministic operator, defined such

that

L = V • [K(x)V] = L + R	 R = V • [Ki(x)V]	 (3.23)

(L) „ = L = V - [K(x)V] 	(R), E 0
	

(3.24)

Since g exists almost surely, there also exists with probability 1 an inverse operator

G-1 such that £L = LL = 1 and

h(x) = G -1 [— f (x)]
	

X E St	 (3.25)

It is clear that G -1 [— f (x)] is given by the right-hand-side of (3.17). Similarly, there

exists an inverse operator L -1 such that L -1 L = LL-1 = 1 and

h(x) = L -1 [—( f (x))1	 (3.26)
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where L -1 [—(f (x))] is given by the right-hand-side of (3.22).

From the almost sure existence of G -1 and the existence of L -1 it is clear that

(3.25) can be rewritten with probability 1 as

h(x) = L -1 [— f (x)] = (1 + 1, -1 1?) -1 L-1 [— f (x)]	 (3.27)

One can easily verify through premultiplication by (1 -I- L -1 /Z.), considering the iden-

tity (1 + L-1 7Z)(1 + L -1 7Z) -1 = 1, that

(1+ L -1 7-e) -1 = 1 - (1 + L-1 7z) -1 L- l1z.	 (3.28)

Similarly, postmultiplication by (1 + L-1 /Z.) and consideration of the identity (1 +

L -174-1 (1 + L -1 R) = 1 show that

(1 + L -1 R) -1 .1 - L-liz(l +L -1 7-z) -1

Substitution of (3.28) into (3.27) gives

G -1 = [1- (1+ L -1 7- ) -1 L -1 7z]L -1

and further substitution of (3.29) into (3.30) yields

G -1 = [1 — L -1 7Z. + L -1 741 + L -1 /?.) -1 L -1 R]L -1

(3.29)

(3.30)

(3.31)

From (3.25) and (3.27) it is obvious that (1 + L-1 7t) -1 L -1 operates the same way as

C-I and so (3.31) is equivalent to

G -1 =_- (1 - L -1 7-z+ L-1 R.G -1 7z)L -1
	

(3.32)

This form is reminiscent of Adomian's (1983) expansion in Neumann series mentioned

in the first chapter, but contrary to the latter, it contains only a few terms and is
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valid for every invertible L and L. Substituting (3.32) into (3.25), taking conditional

ensemble mean, recalling that f (x) is a statistically independent random function,

and taking into account (3.26), yields

(h(x))„ = (1 + L -1 (R..C-1 R.) „)h(x) (3.33)

Premultiplying by L and comparing with (3.8) and (3.11) reveals that

(R.C-1 7Z)„ h„(x) = V • r,,(x) (3.34)

From the analogy between (3.25) and (3.17) it follows that L -1 1Z,h„(x) is given by

the right-hand-side of (3.17) when f(x) in the latter is replaced by —Rh,c (x). Ap-

plying Green's identity to this expression while utilizing (3.13) and the definition

of R. in (3.23), premultiplying by R,, taking conditional ensemble mean, considering

(3.34) and our stipulation that H(x) and Q(x) be statistically independent random

functions, gives the desired expression for the residual flux in (3.35) and (3.42).

Note that one could add an arbitrary divergence-free vector field p(x) to the

right-hand side of (3.35) without violating (3.34); however, only p(x) E 0 would

satisfy the requirement that r„(x), and hence (q(x)) in (3.11), be identically equal

to zero under hydrostatic conditions.

Consequently,

r,,(x) = f a,(x, x')V„,h,c (x')dx' — 
r 

b„(x, x')n(x 1)(H(x'»dx'
Jo D

c (x xi)(Q (x1))dx'
rN

(3.35)

where a,(x,x'), b,c (x,x'), c(x, x') are kernels independent of (h(x))„, and h,,(x) is

the solution of the deterministic equation

V [tc(x)Vh,,(x)] (f (x)) = 0
	

X E St	 (3.36)



156

subject to the boundary conditions

and

where

h„(x) = (H(x))	 x E FD 	(3.37)

— q,,(x) - n(x) = (Q(x)) 	 x E 1IN	 (3.38)

q,,(x) = —K(x)Vh,(x)	 (3.39)

Note from (3.3) - (3.4) and (3.37) - (3.39) that

	h„(x) = (h(x)),, = (h(x))	 x E IID	 (3.40)

q„(x) - n(x) = (q(x)),, • n(x) = (q(x)) - n(x) 	 x E r,	 (3.41)

It is thus obvious that h,,(x) is simply the lowest order approximation of (h(x)),

which is easily determined by standard analytical or numerical methods (more on

this later). The kernels are defined precisely by the following expressions,

a,c (x, x') = (K'(x)K 1 (x1 )VV,Teg(x1 , x))„

b,,(x, x') = (1C(x)K(x')VV,Teg(xi, x))„

c,,(x, x') = (K'(x)1C(x')Vg(xi, x))„K(xr — (K'(x)Vg(xi, x))„ (3.42)

where g(x', x) is the random solution of (3.1) - (3.4) for the case where f(x) is a point

source of unit strength at point x', given by the Dirac delta function 5(x—x'), subject

to homogeneous boundary conditions H(x) Q(x) __ 0. In other words, g(x', x)

is the random Green's function corresponding to (3.1) - (3.4). Since the statistical

properties of g are unknown, none of these kernels can be evaluated quantitatively

without either high-resolution Monte Carlo simulations (of the kind we perform later)
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or approximations (of the type we propose below). Nevertheless, the kernels are suf-

ficiently well defined to reveal some of their most interesting fundamental properties.

Since g(x', x) is symmetric (Appendix E) and a„(x, x') is a quadratic form, we see

immediately that this kernel is a symmetric, positive-semidefinite, second-rank ten-

sor (a dyadic). On the other hand, b,,,(x, x') is a non-symmetric second-rank tensor

and c,,(x, x') is a vector. Lack of symmetry is thus seen to arise from boundary

sources. All three kernels are nonlocal (depending on more than one point in space)

and constitute system parameters which however depend not only on the statisti-

cal properties of the hydraulic conductivity field K(x), but also on the information

that one has about this field, as embodied in its estimate tc(x) and in the statisti-

cal properties of the estimation error K'(x). The latter is also true about the local

"hydraulic conductivity" K(x). Hence all the parameters entering into (3.8) — (3.39)

depend on both medium properties and information content (scale, quantity and

quality of data).

It is clear from (3.35) that r„(x) is generally not proportional to the local

hydraulic gradient but is given by a functional consisting of three spatial convolution

integrals, one of which involves V,,,h„(x') at points other than x. As such, r,; (x)

is generally nonlocal and non-Darcian. This in turn implies that the flux predictor

(q(x)),, is likewise nonlocal (depends on predicted head gradients at points other

than x) and non-Darcian (there is no effective or equivalent hydraulic conductivity

valid for arbitrary directions of conditional mean flow) except in special cases. As

mentioned in the previous chapter, a nonlocal expression for the unconditional mean

flux in a homogeneous K(x) field, in the absence of boundaries, has been discussed

by Dagan (1989, equation 3.4.43) based on a postulate by Saffman (1971). It involves
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Vx/(h(x')) rather than V.,h,,(x') under the integral and does not specify the nature

of a„(x, x') though Dagan has been able to identify the latter to first order in 4

a posteriori. We will demonstrate in Section 3.5 that Saffman's postulate is not

rigorously valid under general conditions.

Equations (3.8) — (3.39) and (3.42) constitute an exact deterministic system

of equations which can be solved for the predictors (h(x))„ and (q(x)),„ subject to

arbitrary random source and boundary terms, provided the kernels a(x, x'), b(x, x'),

and c(x, x') are known. Since these nonlocal parameters as well as the local param-

eter tc(x) and the functions (h(x)),, and h,c (x) are smooth relative to their random

counterparts, they can be treated approximately as finite dimensional functions, i.e.,

each can be expressed as the linear combination of a finite number of basis functions

in the standard manner of finite elements; such methods can then be used to solve

(3.8) — (3.39) and (3.42). The dimensionality N of each approximating function, i.e.,

the number N of basis functions employed (which controls the number of nodes and

elements in a finite element grid), should depend in a standard way on the degree of

smoothness of the function being approximated. Though we defer detailed discussion

of this topic to future work, we nevertheless see that our theory provides a direct an-

swer to the important question how should the scale of grid discretization (N) relate

to the scale of measurement (w) and to the quantity and quality of available data

(smoothness of conditional moments). Likewise, we propose that if one has sufficient

measurements of K(x), h(x) and q(x) on the scale w and/or of spatial head and

flux integrals (possibly weighted in a known fashion), one may in principle be able to

estimate the above parameters a posteriori by means of a suitable inverse method.

In the remainder of this work we use analytical and numerical approaches to
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investigate conditions under which the above nonlocal deterministic equations may

be recast in a more familiar local form by means of effective hydraulic conductiv-

ities under uniform and nonuniform mean flows in two and three dimensions; for

cases where such localization is warranted, we elucidate the nature of the effective

hydraulic conductivities with and without the common assumption that K(x) is log

normal; for cases where localization is not warranted, we propose a weak approxima-

tion (closure) which eliminates the need for moments of K(x) beyond (K 1 (x)Ki(x'))„

and improves with the quality of the estimate K(x); we investigate and verify some

aspects of the proposed weak approximation by high-resolution Monte Carlo simula-

tion under mean radial flow in strongly heterogeneous two-dimensional media using

an adaptive multigrid finite element solver; we develop an exact formal expression for

the prediction error moment (le(x)11/(x')),,, and explicit approximations for the latter

as well as for (cf(x)q'T(x')),,; we recall a two-stage geostatistical method to estimate

K(x) from noisy measurements of K(x); and we supply corresponding expressions for

(Ki(x)K 1 (x1 )),, under the assumption that K'(x) is log normal.

3.2 Effective Hydraulic Conductivity

Thanks to the rigorous nature of our expressions (3.35) - (3.42) for r„(x), we

are in a position to make some precise and fundamental statements about the exis-

tence and properties of effective hydraulic conductivities in steady state flow through

randomly nonuniform media. We start by noting that for r,(x) (and hence (q(x))„)

to be Darcian, it is necessary that there exist a symmetric, positive-semidefinite ten-

sor K" (x) of second rank (a dyadic) whose principal values (eigenvalues) do not

exceed K(x), and which is additionally independent of (h(x)),, and its gradient, such
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that

r,c (x) = ii(x)V(h(x))„	 x E s-/	 (3.43)

where SI is the closure of ft (the union of St and r). Then and only then is it proper

to write

(q(x))„ = —Ke (x)V(h(x)),,	 X E n	 (3.44)

where Ke(x) is a symmetric, positive definite "effective (or equivalent) hydraulic

conductivity tensor" given by

Ke (x) = tc(x)I — R(x)	 (3.45)

I being the identity tensor.

As discussed in Chapter 1, the above definition of effective (or equivalent)

hydraulic conductivity has an unambiguous operational meaning which differs from

meanings ascribed to similar terms by Desbarats (1987, 1992a,b), Gómez-Hernández

and Gorelick (1989), King (1989), Mei and Auriault (1989), Arbogast et al. (1990),

Desbarats and Dimitrakopoulos (1990), Kitanidis (1990), Morgan and Babuska

(1990), Durlofsky (1991), Gómez-Hernández (1991), and some other authors (the

latter two make an especially clear differentiation between effective and equivalent

hydraulic conductivities). It is more closely related to definitions based on uncon-

ditional stochastic theories of flow in infinite, statistically homogeneous hydraulic

conductivity fields such as those of Shvidler (1962), Matheron (1967), Gelhar and Ax-

ness (1983), Dagan (1982, 1989), King (1987), Poley (1988), and Naff (1991). These

and other authors derived approximate expressions for the unconditional equivalent

of r(x),, in uniform and/or radial mean flow regimes, from which they then devel-

oped ancillary approximations for effective hydraulic conductivity by taking the log
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hydraulic conductivity, Y(x) = ln K(x), to be Gaussian.

Equation (3.11) implies that since the residual flux r,,(x) is generally non-

Darcian and nonlocal, so is the conditional mean flux (q(x))„. Hence, in general,

there is no effective or equivalent hydraulic conductivity, Ke(x), valid at each x

in n under arbitrary directions of conditional mean flow, that relates (q(x))„ to

the conditional mean head gradient V(h(x)),, in the manner of (3.44). There are,

however, some special cases for which a Ke(x) can be defined. One such case is

where -s1 tends formally to a point (practically to w , the support of the hydraulic

conductivity measurements which we recall must have dimensions not exceeding those

of SI) while the mean source and boundary functions (1(x)), (H(x)), and (Q(x))

remain finite. Since uniqueness of the solution requires that at least one point on

F act as a Dirichlet boundary, the random Green's function g and its derivatives

tend to zero as ft shrinks to a point. Hence r„(x) in (3.35) tends to zero and (3.11)

reduces to

(q(x))„ = —,c(x)V(h(x))„	 (3.46)

implying that Ke (x) = IK(x). This merely confirms that the hydraulic conductivity

one calculates experimentally for a sample n (in the laboratory or in the field) by

imposing head and no flow conditions along the sample boundaries, r, and measuring

the resultant flow rate, approaches the estimate tc(x) of the scalar hydraulic conduc-

tivity K(x) as n tends to w. This finds support in numerical experiments conducted

by Desbarats and Dimitrakopoulos (1990, Fig. 7). Another case is the limit as the

variance of the estimation error Kqx) approaches zero; then clearly r(x) —> 0 for

each x in f/ and (q(x)),, is again given by (3.46).

In the special case where K(x) -.7. K is a random variable independent of x one
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has K'(x) K', the estimation error is perfectly autocorrelated within n, and K is

uncorrelated with h(x). This is easily seen upon substituting (3.1) into (3.2), dividing

throughout by the random constant K, and taking the conditional ensemble mean

while recalling that f(x) is a statistically independent function. Hence r,c (x) a 0,

(h(x)),, E. h,(x), and (q(x)), is once again given by (3.46).

The case most often discussed in the stochastic literature is that of an un-

bounded domain St, in which K(x) -- x = constant, K'(x) is statistically homoge-

neous, (f(x)) E-:-._ 0, and flow is controlled by boundary conditions at infinity which

result in a uniform mean hydraulic gradient, V(h(x)),, -a- J = constant (though we

retain the subscript K for consistency of notation, no actual conditioning is implied

by it in this special case). The same is true for Vh,,(x) and therefore (3.35) reduces

to

r„(x) = kJ (3.47)

where ic is a constant, symmetric, positive-semidefinite, second-rank tensor given by

ii = f (K 1 (0)K 1 (x')VVI1g(x', 0))dx'
flœ

(3.48)

x having been arbitrarily set equal to zero. It follows from (3.11) that the mean flux

(q),, is also constant and satisfies Darcy's law in the form

(q), = —KeJ
	

Ke = Ki — k
	

(3.49)

where Ke is a constant, symmetric, positive-definite, second-rank effective conduc-

tivity tensor. Equation (26) is clearly valid for arbitrary (uniform) directions of mean

flux.

To account for the effect of boundaries, we first consider the special case where

(f(x)) E- (Q(x))-=.- 0 and (H(x)) -.-a- (H) = constant so that the flow is static in the
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mean. Then Vh,,(x).-_- r(x) a 0 and (3.35) imply that

fri, (K'(x)K(x')VV,T,G(x 1 , x)),,n(x')dx' a 0	 (3.50)

for every x in n. As g does not depend on the choice of source and boundary

functions, only on the boundary configuration and K(x), (3.50) must be universally

valid. The same follows from the obvious fact that

frp K(x')N7,g(x', x)n(x')dx' a —1	 (3.51)

meaning that the total outflow rate across FE, due to a unit source, subject to a

homogeneous Neumann boundary condition, must be equal to 1; clearly, the gradient

of (3.51) is identically equal to zero.

Next, we consider a box-shaped flow domain SI with orthogonal plane bound-

aries centered about the origin of a cartesian coordinate system which is oriented par-

allel and normal to the box boundaries. On the boundary rp,_ traversed by the neg-

ative x 1 axis (H(x)) a. (H) 1 _ = constant, on the opposite boundary rp l+ traversed

by the positive x 1 axis (H(x)).7.,- (H) 1+ = constant, on the remaining four bound-

aries (Q(x)) a 0, and in the interior (1(x)) a- 0. If in addition tc(x) a K = constant

(but K'(x) is not necessarily homogeneous!), then Vh,,(x) a J = constant where J

has only one nonzero component, J1 = ((H)1 + — (11)1_ )/Li , L 1 being the distance

between the Dirichlet boundaries rp,_ and rp, + . This, together with (3.35) and

(3.50), imply that the residual flux can be expressed as,

r„(x) = k(x)J	 (3.52)

where k(x) is a (generally) nonsymmetric second-rank tensor given by

k(x) = f (K 1 (x)K'(x')VV,T,G(x', x)),c/x' — L 1 f (K 1 (x)K(x')VVI,g(x', x)),(ix'
ft	 rpi

(3.53)
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and rD, is either FD ,_ or rD ,+ . Here the lack of symmetry is a boundary source

effect stemming from the presence of K(x1 ), rather than K'(x'), in the integral over

"Dl • Hence according to (3.11), the conditional mean flux takes the form

(q(x))„ = —KV(h(x)),, + Tc(x)J (3.54)

where, in general, V(h(x)),, differs from Vh„(x) = J. We shall refer to this form as

quasi-Darcian in that (q(x)),, is linear in both V(h(x)), and J but is not proportional

to either of these two gradients, the tensor Tc(x) being additionally nonsymmetric.

Note that Tc(x) depends on K(x), the quality of its estimate K(x), the location

(if K(x) is statistically nonhomogeneous) and orientation (if K(x) is statistically

anisotropic) of the box, box dimensions, and the choice of prescribed mean head and

flux boundaries.

Assume now that, in addition to the above requirements, A-1 (x) is statistically

homogeneous and exhibits ellipsoidal (Vanmarcke, 1983) or (equivalently) geometric

(Journel and Huijbregts, 1978) statistical anisotropy. One can then define a sys-

tem of principal Cartesian coordinates, xP, and corresponding principal characteris-

tic lengths, A I , A2, A3, such that K(e) becomes isotropic when 9 is transformed

according to x* = A -1 xP where A is a diagonal matrix whose main diagonal con-

sists of A 1 , A2, A3. If the box-shaped flow domain fi and the working coordinates

x are oriented parallel to the principal coordinates, then symmetry implies that

V(h(x))„ a Vh,(x) EE J. This, coupled with the mass balance requirement that

r,,(x) remains constant in the direction of mean flow, imply that the residual flux

has only one nonzero component parallel to x 1 ,

rki (x 2 , x3 ) = Ki (x2, x3).11
	

(3.55)
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where Ki (x 2 , x3 ) is a directional quantity given by

Ki (x2 , x3) = J. (If i(x)1C(x1 ).92g(xi, x)/Ox i ax ii )„dx'

— L 1 f ( K ' (x) K (x' ) (9 2 g (x' , x) lax ' a x;i ) „dx'J (3.56)

The conditional mean flux has, likewise, only one nonzero component which can be

expressed by means of a scalar form of Darcy's law,

(q1(x2, x3))K = — [tc — Ki(s2, S3)].11. (3. 57)

where [K — Is  (x 2 , x3)] is an effective directional hydraulic conductivity. Note that

the latter is a function of K(x), the quality of its estimate K(x), box dimensions, and

distance from its Neumann boundaries.

If the box is at an angle to the principal axes of statistical anisotropy, sym-

metry is broken and V(h(x))„ is no longer uniform. Hence the latter is not equal to

J and Darcy's law does not hold; one must use instead the quasi-Darcian expression

(3.54). Only if Ki(x) is statistically isotropic will (3.57) apply for arbitrary choices

of x i , x 2 , x3 relative to a frame of reference attached to the medium. Even then, the

three quantities [K — Ki (x 2 , x3)], [K — K3 (x i , 5 2 )], and [K — K2 (x3 , x i )] will generally

differ from each other unless r/ is a cube. It is important to appreciate that these

quantities are strictly directional and do not form the principal components of a

tensor. It is further important to recall that they correspond to a closed box-shaped

flow domain with two prescribed constant mean head and four zero mean flow bound-

aries. As heads and fluxes along interfaces between finite elements or finite difference

cells in a numerical model are generally not prescribed in this fashion but are merely

required to satisfy appropriate compatibility criteria, the above quantities qualify
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neither as principal nor as directional equivalent hydraulic conductivities for such

elements or cells.

3.3 Weak Approximation of Residual Flux

To render our nonlocal theory workable near interior sources and boundaries

where localization does not appear warranted, one must either have sufficient data

to evaluate the unknown kernels in (3.42) by an inverse method as was suggested

earlier, or develop a working approximation for the residual flux r,,(x). We propose

to approximate the latter through a replacement of G(x, y) within third moments

under interior integrals, as well as within second moments under boundary integrals,

in (3.35) and (3.42) by its conditional mean (G(x, y)),„ so that

In (K'(x)Ii"(x')),,VVI,(G(x', x))„V.,h,,(x i)dx'

—	 (K'(x)K1(x1))„VV,Te(G(x', x))„n(x')(H(x'»dx 1ID
(K 1 (x)K'(x')),,V(G(x', x)) 1,K-I (x')(Q(x 1))dx'	 (3.58)frN

The approximation is "weak" in that G(x, y) is replaced by (G(x',x)),,, only under

integrals and not at individual pairs of points (x', x); the replacement is done in

a weighted mean sense, not locally. It is expected to improve as the conditional

ensemble moments of the estimation error Kqx) diminish in magnitude due to an

improvement in the quality of the estimate tc(x).

Substituting (3.58) into (3.11) and setting (f(x)) = (5(x — x 0 ), (H(x)) -a-

(Q(x)) a• 0 in (3.8)-(3.10) shows that (G),, satisfies approximately a linear integro-

differential equation

V • [(c (x)V (G (x, x0)), — /0 (Kqx)K 1 (x')),,VVI,(G(x', x)),,V,,G,,(x', xo)dx]
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— xo) 0	 (3.59)

subject to the homogeneous boundary conditions

(g(x, xo )),,	 0	 X E FD 	(3.60)

and

[K(x)V (g(x,x,)),, — fo (K'(x)K'(x'))„V71,(g(x' ,x)),VG,,(x' , xo)dxl • n(x) 0

(3.61)

for x on FN, where G,, is the solution of (3.18) — (3.20).

The approximation (3.58) also yields the following respective working equiva-

lents for the effective hydraulic conductivity expressions in (3.48), (3.53), and (3.56),

ie	 ( ( 0 ) ( x ) ) V V ( g ( x ' , 0))dx'

R(x)	 (Ki(x)K1(x1))„VVI,(g(x', x))dx'

—L1 f (K 1 (x)K 1 (x 1 ))„VT,Te (g(x', x)),dx'
rD1

a2ig(xl,x)\K
K1 (x 2 , x3 )	 (K'(x)K'(x'))„ 	 dx

fl	 OSIOX1

-L1	 (Ki(x)K'(x')),, a2(g(xi ' x)) K dx'
"DI	 axiaxç

The verification of the weak approximation is described in Chapter 4.

(3.62)

(3.63)

(3.64)

3.4 Effective Hydraulic Conductivity in 2-D And 3-D Lognormal Fields

Under Uniform Mean Flow

It is common in subsurface hydrology to treat Y(x) = In K(x) as a Gaussian

and statistically homogeneous field. It then follows from Appendix F that IC =
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(K) = Kg exp(cry2 /2) where Kg = exp(Y) is the geometric mean of K(x) and 4

is the variance of Y(x). Furthermore, (Ki(x)Ki(x1 )) = K: exp(unlexp[Cy(x -

x')] - 1) where Cy(x - x') = (r(x)Y1 (x')) is the covariance of Y(x). We start

by considering an unbounded domain 9 °0 with a uniform mean hydraulic gradient

V(h(x))„ = Vh„(x) = J = constant. We found earlier that here the effective

hydraulic conductivity is a symmetric, positive-definite, second-rank tensor given by

(3.48) - (3.49); like before, we retain the subscript K for consistency of notation

though no actual conditioning takes place in this case.

In statistically isotropic fields the effective hydraulic conductivity is a scalar,

K. By recognizing that this scalar must be a linear functional of K(x), Matheron

(1967) was able to prove that, in two-dimensions, If, --- Kg regardless of what 4
and Cy may be. We restate this proof in Appendix G by basing it on the exact

expressions (3.48) - (3.49) rather than on an abstract linear functional.

For the more general statistically anisotropic and three-dimensional cases we

follow a less rigorous approach. Upon introducing the above relationships into (3.48)

- (3.49) and disregarding terms of order 4 , we obtain

Ke c_-_ Kg (1 +
a

2' ) {I - f Cy (x')VVI,G0 (xi , x; x = 0)dx1
2	 0°0

where Go is the fundamental solution of the Laplace equation,

(3.65)

\7 2 G0(x, 0) +45(x) = 0 X E no° (3.66)

This is precisely the second-order result obtained via perturbation by Dagan (1989,

equations 3.4.9, 3.4.12, 3.4.16) and it corresponds exactly to a second-order result

obtained earlier via spectral analysis by Gelhar and Axness (1983) (see previous

chapter). Whereas the latter result involves the spectral density of Y(x), Neuman
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and Depner (1988) showed that Ke depends solely on 4 and the integral scales of

Y(x). According to them, the principal components of Ke are given by

where

0.2
K ei K g (1 + —X- - Fi)

2
i = 1,2,3	 (3.67)

Fi = 24 f r/2 r/2 fi
	  sin (/) dO dB	 (3.68)

7- Al .1. J.	 fT A -2 f

A being a diagonal matrix the nonzero terms of which are the principal integral scales

A i , and

	f ( 0) = (cos 0 sin 0, sin 0 sin 0, comk)	 (3.69)

To obtain an expression valid for large 4 , they adopted a conjecture due to Gelhar

and Axness (1983), similar to that proposed earlier for isotropic fields by Landau and

Lifshitz (1960) and Matheron (1967), that the expression in parentheses constitutes

the first two terms in a series expansion of exp(cr2d2 — Fi ), yielding

0.2
Kei exp ((Y)	 — Fi)	 i = 1, 2, 3	 (3.70)

2

To verify (3.70) numerically, our group (Neuman et al., 1992a,b) performed

high-resolution Monte Carlo simulations of uniform mean flow across a finite element

grid of 35 x 35 x 35 trilinear cubes in a statistically homogeneous, isotropic, log

normal K(x) field with an exponential covariance. Random realizations of K(x)

were generated with the turning band method of Tompson et al (1989) so as to

obtain an integral scale of five cube lengths. Point values of K(x), generated at

the centroids of the cubes, were assigned without change to the corresponding cubes.

The finite element flow equations were then solved in residual form by preconditioned

conjugate gradients (with incomplete LU factorization) using the ESSL-IBM package
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Figure 3.1: Ke IKg versus 4 for isotropic 3-D domain, after Neuman et al. (1992a).

DSMGCG (O. Levin, personal communication). Constant heads were imposed on

two opposing sides of the cubic flow domain, no-flow conditions on the remaining

sides. The global mass balance error, averaged over 500 simulations, increased from

0.002% for 4 . 0.25 to 0.5% for 4 . 7. The largest global mass balance error

during any simulation was less than 3%.

Figure 3.1 shows the ratio between Ke and Kg for this isotropic case as a

function of 4.
We see that the exponential expression (3.70) agrees very well with the nu-

merical results up to at least 4 . 7. A similar agreement with Monte Carlo results,
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generated with a different numerical method, has been reported recently by Dykaar

and Kitanidis (1992) for 4 as large as 6 and by Desbarats (1992b) for 4 < 3;

Ababou (1988) found earlier, on the basis of a single realization in a large domain,

that the agreement holds at least up to 4 5.3. This may explain why, when

applied by Neuman and Depner (1988) to data obtained from relatively small-scale

single-hole packer tests in fractured granites, according to which 4 > 7 and Y(x) is

statistically anisotropic, (3.70) showed consistency with the results of much larger-

scale cross-hole tests conducted and interpreted independently of the single-hole tests.

Note that the equivalent linearized expressions (3.65) and (3.67) underestimate If,

by an amount that grows exponentially with 4 as the latter increases beyond 1.

Dagan (1989) derived closed-form expressions for Fi for the case where Y(x)

has an axisymmetric covariance (his equations 3.4.17 - 3.4.18). Upon noting that for

uniform mean flow in a statistically homogeneous, isotropic 2-D domain, F = 4/2,

Dagan concluded on the basis of (3.67) that If, = Kg at least for small 4. As (3.70)

also yields If, = Kg for F = 4/2, the above numerical verification of (3.70) for

0 < 4 < 7 in 3-D constitutes an independent (though indirect) verification that

Ke = Kg in 2-D for both small and large 4.

3.5 Second Conditional Moments of Prediction Errors

To develop expressions for the second conditional moments of the prediction

errors hi(x) and q'(x) we start with a rigorous formalism. Combining (3.1) and

(3.2), substituting (3.6) and (3.7), subtracting its conditional ensemble mean from

the result, and recalling from (3.11) that r„(x) = —(K'(x)Vhi(x)),, we obtain

V. [K(x)Vie(x) + If .1 (x)V(h(x)),, + r(x)1 + f(x) = 0	 (3.71)
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In analogy to (3.17) and (3.25) we can write

11. 1(x) = .C- ' {—V . [K 1 (x)V(h(x))„ + r„(x)] — f(x)}

= fa {Vx, • [K 1(x1 )7,0 (h(x'))„ + r„(x')] + f'(x')}g(x', x)dx'

K(x')Grxig(x', x) • n(x')11' (x')dx'

+ IN K(x')V,11 1 (x1) • n(x')g(x', x)dx'

Application of Green's identity gives

(3.72)

le(x) = —1 [Vx , g(x', x) - r„(x') + K'(xT7„,g(x', x) • V' xi(h(x')),, + f(x')g(x', x)jdx'
st
K(x')Vg(x', x) • n(x')H'(x')dx' + f Qi(x')g(x', x)dx' 	 (3.73)ID	 r N

where

Q'(x) = [K(x)Vh(x) — tc(x)V(h(x)),, + r, ; (x)] • n(x)	 (3.74)

Since f(x), H(x), and Q(x) are statistically independent and have no effect on

g(x',x), taking the conditional ensemble mean of (3.73) yields the interesting formal

relationship

.i. r,,(x') • V., (G(x', x))„dx' = jo p,,(x', x) • Vx , (h(x')),,dx'	 (3.75)

where, in analogy to the definition of r„(x), p„(x 1 ,x) = —(K7(x')Vg'(x 1 ,x)),,. By

virtue of (3.35) and (3.18) - (3.20),

p,s (x, x0) = f (K / (x)K i(x')VVIg(x', x)),,Vx/G(x', xo )dx'	 (3.76)n

Multiplying the gradient of (3.73) by K'(y) and taking conditional ensemble

mean yields

(IC(y)VW(x)),, = — 1710 (1C(y)VI,G(x', x))„r,,(xi)dx'

Jo (K'(y)/fi(x')V7I,g(x', x))„ \7,,,(h(x')),dx 1 (3.77)



Similarly,

(K l (y)Vg'(x, x0))„ = —'7i.r1 (1C(y)V1,g(x i, x))„p„(xi , xo )dx'

— I (11"(y)If i(x')VV,Tog(xi , x))„Vx, (g(x', xop„dx'
J"

(3.78)

173

These are integro-differential equations for (Ifi(y)Vhi(x)), and (K'(y)Vg'(x, x.)),,,

respectively. When y takes the value x, (3.77) and (3.78) become integro-differential

equations for r,,(x) and p,; (x, xo), constituting implicit equivalents of the respective

explicit expressions (3.35) and (3.76). This shows that r(x) is generally not an

explicit functional of V(h(x))„ as postulated for the unconditional case by Saffman

(1971) and quoted by Dagan (1989, equation 3.4.43; see first chapter).

From (3.73), the second conditional moment of h'(x) is given formally by

(W(y)h'(x))„ = Jo /2 r,(3r i ) T V'y iVI,(g(y i , y)g(xi , x))„r,,(x')dx'dy'

+ f f r„(y')TVyi(g(y 1 , y)K'(x')V,T,g(x', x)),,V,e (h(xT„dx'dy'
o o

_FLI„ r.(x')TVr(g(x i , x)K'(y')VT,,g(y', y)),V,(h(y')),,c/x idy'

+ 10 fn 17,(h(y'))(1( 1 (y 1 )Vyig(y% y)K i(x')V,Tog(x', x)),,V„,(h(xT„dxidy'

+ .1.0 in ( f (3?) f (x'))(g(y', y)g(x', x)) dx' dy'

+ fr D .1r D (HV')H i (x 1 )) (K (y')\l' ,g (y' ,y)n(y i)K (x')V ,T,g (x' ,x)n(x 1 )) dx' dy'

+ f f (Qq3r i)q(x'))(g(y', y)g(x', x»,,dx'dy'	 (3.79)
rN i'N

By the same token,

(gV, Yo)g i (x, x0) ),, = fo fo Pn(Y 1 > 3' 0 )TV Y'Vie(g(Y i ,Y)g (x i ,x))KPK(x' ,xo )dx 1dy'

+ jo fo PK(Y i , Y0'7 3,, (g(3T 1 , Y)K'(x') \I",g(x', x)),N	 »xi (g(x', xo c/x idy'

+fo 1.1p„ (x' ,x0)7 x, (g (x' ,x)h" (yTqg (Y' ,Y)) KV y ' (G (Y' , Y 0)) Kdx 1 dy'
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+ f VT, (g(3'', Y.)). (KV') vgyig(Y', Y)K i(xi)V1c./g(xi, x)),:gx , (g(x', xo )),,dx'dy'
il fl

(3.80)

Substituting (3.6) and (3.7) into (3.1) and subtracting (3.11) gives

	q 1 (x) = —r„(x) — re(x)Vh'(x) — If i (x)V(h(x)),, — K i(x)Vie(x)	 (3.81)

Hence the second conditional moment of q'(x) is given formally by

(q'(y)q'(x) T),, = —r,,(y)r,(x)T

+K(y)V yVT (le(y)h 1 (x))„fre(x) + Vy (h(y))„(K'(y)K'(x)),,V T (h(x))„

+Vy (h(y))„(KV)VT le (x)) „K(x) + K(y)(K'(x)V y h' (y))VT (h(x))„

+ (1(' (y)V y h' (y)V'T le (x)) „K(x) + K(y)Vy ( 11, 1 (y)K' (x)VT 11 1 (x)) „

+(K' (x)10y)Vy le (y)) K VT (h(x)),, + Vy (h(y)),,(K' (y)K' (x)VT 11 1 (x)) „

-F(If i (y)Vy le(y)K'(x)VTh'(x))„	 (3.82)

To render the above formal expressions workable, an approximation is neces-

sary. Consistent with the weak approximation of r,s (x) in (3.58), one can approximate

(3.76) - (3.78) via

	p„(x, xo) P-' jo (1( 1 (x)If'(x 1)),,VVI,(g(x', x))„V.,G,,(x', xo )dx'	 (3.83)

(1C(y)Vie(x)),, '-., —V jo (IC(y)VI,g'(x', x))„r,.,(x i)dx'

—/0 (1( 1 (y)1C(x'))„VVI,(g(x', x))„V.,(h(x')),,dx' 	 (3.84)

(1C(y)V0x, xo))k ,-.L, —V jo (K 1 (y)VI,Ox', x)),,p,s (x', xo )dx'

—	 f (IC(y)1( 1 (x')),,VVI,(g(x l , x)),,V„,(g(x', x 0)),,dx'	 (3.85)
o
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Solution of the latter integro-differential equation for (K 1 (y)VG'(x,xo))„ makes pos-

sible the explicit evaluation of (Ki(y)Vh 1(x)),, according to (3.84).

In a similar manner, (3.79) and (3.80) simplify respectively to

(11' (y)h,' (x))	
0	

r „(y')T V y 	, (g' (y' , y)g' (x' ,x)) „r (x')dx' dy'

—j r(yl)T[Vy,(Ç(yF,y)) „p (x' ,x) — (K i (x')Vy ,G'(y', y))„VI,(G(x', x)),,]

Vx , (h(x')) „dx' dy'

—j r„(x') 7' [V x l (G (x' ,x)) p p7,' (y' , y) — (K'(y')V„,G'(x', x))„V,(G(y', y)).]

V y (h(y')) „dx' dy'

+ fu (.1 	(h(y'))„ (1C(y').K1(x'))„Vy ,V,To (G(y 1 , y)G(x', x))„V,(h(x'))„dx'dy'

+ 10 (f(YV(x'))(G(Y 1 , Y)g(x', x)),dx'dy'

+	 (y')H' (xi )) (K(y 1 )K(x 1 ))„VT,(G(y', y))„n(y')VI,(G(x', x))„n(x')dx'dy'

+ I f (Q/(y')oximg(yi,y)),,(g(xi,x)).dxidY1	 (3.86)
rN rN

(g' (y ,y o)g' (x,xo))	
0 0 

p„(y' ,y c,)T Vy ,VI,(G (y 1 ,y)g(x' ,x))„p,,(x' ,x0 )dx' dy'

- f„f„p.(yi,y0)T[vy , (G(yl,y))p„(xl,x)T

_(Ki(x , )VvOY',	 (g (3e, x)),,]Vx , (g(x', x0))„dx'dy'

—f	 p ,,(x' , x o )T [`7 (g (x' , x)) „p (y' , y)
JO O

— (K' (y 1 )N7 g' (x' , x)),,V;(G(y', y))„]V y ,(G(y', yo )),,c/x'dy'

+ foLV;,(g(y',yo))(K'(y')K'(x'))V 3r , VI, (g' (y' ,y)g' (x' ,x)) x , (G(x', x 0 ))c/x/dy'

(3.87)

The latter is an integro-differential equation for (G'(y,y0)G'(x,xo)), whose solution

makes possible the explicit evaluation of (hi(y)h'(x))„ according to (3.86).
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To approximate (3.82) in a manner consistent with the weak approximation

(3.58), it would be necessary to first develop integro-differential expressions for the

third and fourth moments in a manner analogous to the derivation of (3.77) — (3.80),

then replace g by (g)„ under integrals according to the rule discussed in connection

with (3.58). Rather than following this lengthy route, we present in (3.91), below,

only the much stronger but simpler approximation obtained by disregarding moments

of order higher than two in (3.82).

Upon consistent replacement of g under integrals by its conditional mean,

(g),,, (3.86) simplifies to the following expression for the covariance of the head

prediction errors,

(h' (y)11 1 (x)),, -�' — .1.2 Lr' (y')\7y ,VI,(g (y' , y)) ,,(g (x' , x)),,r„(x')dx'dy'

-I- j(1 in VI, (h(y')) „(K 1 (y i)K 1 (x'))„Vyi(g(y i , y))„VI, (g(x', x))„Vx , (h(x')) „dx' dy'

+ In LW (3?).1.' (xi)) (g (Y i ,Y)).(g (xi ,x)).dx i dY i

+ID fr p (fr (y i)11' (xi)) (K (3r i)K (x')) ,,,Vy. , (g (y' , y))„n(y')V1, (g (xi, x)),n(xi)dx'dy'

+ f I (Q i(y')ox img(y i,Y)).(g(x',x)).dx /dY'	 (3.88)rN ris,

where, according to (3.83),

p,(x, xo) '..• Jo (1C(x)/f 1 (x'))„ VV,To (g(x', x)),,Vx/G,(x', xo )dx'	 (3.89)

Likewise, we obtain from (3.84) the following approximation required for (3.91) below,

(K'(y)V1/1(x))„_-__-' — /0 (If i(y)K 1 (x')),,VVI,(g (xi , x)),,Vx, (h(x'))dx'	 (3.90)

Note that upon replacing y by x in (3.90), one obtains an alternative approximation

for r,(x) which is stronger than that in (3.58). The quality of all these approximations

is expected to improve with the quality of the estimate K(x).
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Upon disregarding moments of order higher than two in (3.82), we obtain a

much stronger but simpler approximation for the covariance of the flux prediction

errors,

(ce(y)q1(x) T),, .-, —r„(y)r„(x)T

-F/c(y)V I,VT (W(y)le(x))„,c(x)d- Vy (h(y))„(KV)K 1(x))„VT (h(x))„

+Vv (h(y))„(K'(y)VT It i (x)),,K(x)-1- K(y)(K'(x)V y h'(y))„\7T (h(x))„

(3.91)

The variance of the fluxes is then given by

(cii(x)ce(x)T ),, e_d —r(x)r,,(x) T

+K(x) 2 Vy VT RIe(y)12,'(x))„; y = x] + (1C(x) 2),,V(h(x))„V T (h(x)),,

—K(x)Vy (h(y)),,r,T(x) — ic(x)r„(x)VT(h(x))„	 (3.92)

3.6 Geostatistical Evaluation of Hydraulic Conductivity Moments

The theory presented thus far assumes that one has at his/her disposal an

unbiased estimate K(x) of the hydraulic conductivity function K(x). Our working

approximations further require that one know the second conditional moment of

the associated estimation errors (IV(x)1C(y))„. In this section we recall briefly a

two-step geostatistical approach to the estimation of Y(x) = In K(x) from noisy

measurements with support w , iterative generalized least squares (IGLS) followed

by residual kriging (Neuman and Jacobson, 1984; Neuman et al., 1987), coupled

with maximum likelihood cross-validation (MLCV) (Samper and Neuman, 1989a,b)

to minimize bias. In the first step, the estimate v(x) of Y(x) is taken to be a
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slowly varying "global drift" such that the "residual field" 1/1 (x) = Y(x) — v(x)

is conditionally homogeneous (wide-sense stationary in space). In the second step,

the quality of the estimator v(x) is improved via residual kriging which generally

reduces the conditional variance and correlation scales of Y'(x) but renders the latter

conditionally nonhomogeneous. The functional forms and parameters of the drift

and residual semivariogram models are estimated by means of IGLS and MLCV.

We supply expressions for K(x) and (K'(x)K 1(y))„ corresponding to both estimation

steps under the assumption that Y(x) = In K(x) is Gaussian. As shown in Appendix

F, if K(x) is log normal then

K(x) -= Kg (x)exp (-214(x)) Kg(x) = exp[v(x)] (3.93)

where v(x) is an unbiased estimate of Y(x) and cr.,(x) = ([r (x)] 2), is the conditional

variance of the estimation error Y'(x) Y(x) — v(x), the subscript v indicating that

conditioning is done on the same data as those used to obtain v(x). By the same

token,

(Ki (x)IC (y)) „ = K(x)K(y)lexpOlx)r(y)), — 1} (3.94)

where (Y'(x)r(y))„, is a conditional covariance. Hence K(x) and (IC (x)1C(y)) „

are easily computed from v(x) and (Y'(x)Y'(y)), which in turn can be evaluated as

described below. Let Y* be a vector of measured Y(x) values on supports co centered

about J discrete points x, such that

Y3* = Y(x,) p, = v(x,) Y'(x,) + j = 1, 2, ... J (3.95)

where i1 are unbiased measurement errors that show neither autocorrelation nor

cross-correlation with Y(xJ ). Hence

«1" + PO" + ttYr )v = V = (17"1"T )v 4- W
	

(3.96)
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where W is a diagonal matrix of measurement error variances which we consider

known. In a manner similar to Neuman and Jacobson (1984) we designate v(x) as

drift and represent it by a finite-dimensional function

v(x)	 E ems„,(x)
	

(3.97)
m= i

where M is a positive integer, c„, are coefficients, and 3m(X) are prescribed coordi-

nate functions. Neuman and Jacobson describe a stepwise regression method which,

for a set of trial basis functions, seeks the smallest value of M that renders Y'(x)

conditionally homogeneous; for such M, the quantities (Y'Y'T), and c„, are eval-

uated simultaneously by IGLS; Samper and Neuman (1989a,b) couple this process

with MLCV to reduce its bias.

Let -y„(x, ․) be the conditional semivariogram of Y'(x) defined as

1
-y„(x, s)	 —2 ([Yi (x s) — r(x)1 2),	 (3.98)

where s is a displacement (or spatial lag) vector. Viewing Yi* and pi as point values of

corresponding random fields Y*(x) and p(x) at x = xi allows defining a conditional

semivariogram 5 ,„(x, s) for the residuals Y*(x) — v(x) = r(x) p(x) as

1
s) E —2 ({[r(x s) p(x s)] — EY'(x) p(x)j} 2),

1
= -y, (x, s)	 —2 [a20(x s) (3- 20 (x)] (3.99 )

where s is the magnitude of s and cr(x) is the variance of p(x). If Y'(x) is condi-

tionally homogeneous then 0-2,(x) 4 constant and the conditional covariance

of Y'(x) depends only on s,

(Y'(x)Y'(x s))„, = C(s)	 (3.100)
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as does 7„, the two being related via

C(s) =	 — 7,(s)	 (3.101)

At s = 0, 7,(s) = 0; as s increases, 7,(s) tends to a constant "sill" cr? and C(s)

tends to zero. The components of V in (3.96) are thus given by

Vs = 017 — v (X j	 i)	 451io-,z2(xi)	 (3.102)

where 8i; is the kronecker delta (equal to 1 if i = j and to zero if i j). The latter

matrix is required by Neuman and Jacobson (1984) to estimate the drift v(x) and

to compute the covariance of the corresponding estimation error.

Neuman and Jacobson (1984) estimate 7y,(s) by the method of moments from

the so-called "experimental (or sample) semivariogram"

1	 j
ifv (s) =

2P(s) 
Ef[Y*(x, + s) — v(x + s)] — [Y*(xi ) — v(x)]} 2 	(3.103)
3. 1

where P(s) is the number of data pairs within a given tolerance (or window) of s. As

measurement error variances are considered known, one can obtain a corresponding

estimate of -y,(s) from (3.99), then select M in (3.97) as the smallest integer that

renders this estimate flat at high s values (implying the attainment of a constant sill,

which in turn is taken as an indication that Y'(x) is conditionally homogeneous), and

finally estimate (Y'(x)Y1 (x s)), by means of (3.100) - (3.101). The method suffers

from some bias which however is greatly reduced when one uses MLCV (Samper

and Neuman, 1989a,b) rather than the method of moments to calculate ''(s), and

cross-validation statistics rather than visual inspection to terminate the iterative

process. MLCV offers additional advantages over the traditional method of moments:

It provides information about the quality of the estimated semivariogram parameters

and can handle data associated with variable supports.
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The above geostatistical analysis allows simplifying (3.93) and (3.94) in the

following manner,

K(x) = Kg (x) exp (-1 70	 Kg(x) = exp[v(x)]	 (3.104)

(K'(x).1C(y)),, = K(x)K(y){exp[cr, — 7,(s)] — 1} 	 (3.105)

It is clear that K'(x)/K(x) is conditionally homogeneous because (K'(x)),,	 0 by

virtue of (FA) in Appendix F, and (IC (x)Ifi (y))„I tc(x)K(y) in (3.105) depends only

on the displacement s but not on the locations x and y.

It is often possible to obtain a better estimate of K(x) through a reduction in

the conditional variance and correlation scales of Y'(x) via residual kriging, but this

generally renders r(x) and Kqx)/K(x) conditionally nonhomogeneous. In a manner

analogous to Neuman and Jacobson (1984) we designate the generalized least squares

estimates of v(x) and Y'(x) by 1 (x) and f"(x), respectively, such that

Y(x) = v(x) Y'(x) = i)(x) ff'(x)	 (3.106)

We define the kriging estimate of Y(xi ) at some point x i as

k(xi ) = i(x1) flxi)	 (3.107)

where kqx1 ), the kriging estimate of Y'(x i ), is given by

kqx,) E
p.1

(3.108)

and rip = Yi; — Nxi), Yi; being Pi measurements of Y(x) at points xip surrounding

x i . Note that Pi must not exceed the total number of available measurements, P, and

that a given measurement may be used to estimate fNxi) at more than one point
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xi. The kriging coefficients aip satisfy the (Pi -I- 1) kriging equations (e.g., Clifton

and Neuman, 1982; ibid)

Pi

E air7v(Xip, Xir) aip7iA2ip [3i
r=1

P,

Ectir == 1	 (3.110)
r=1

for every i = 1,2, ... I, where cr#2 ip is the variance of it at xip and #i is a Lagrange

multiplier. These equations can be solved uniquely for air and #i provided -y, is

positive definite.

The estimation (or kriging) errors

e(xi) ff(xi) — Y(xi) = flxi) — fixi)	 i = 1,2, ... I	 (3.111)

have zero conditional mean by virtue of (3.110). Their conditional variance and co-

variance are, respectively (Clifton and Neuman, 1982; Neuman and Jacobson, 1984),

Ps

( e ( 44 ) 2 )v == E CtiP71, (N4P, 14 ) -1- fli
	 (3.112)

p=1

Pi

(e(Xi)e(X	 = --rt,(xi, xi ) + E ct ip-y,(x ip, xi ) +	 afr -y„(xir, Xi)

p=1	 r=1

Pi P.?

p = 1,2, ...	 (3.109)

+ E E cripair fryv(xip, xir) — bip,fruipuir]
p=1 r=1

By virtue of (3.111), we can rewrite (F.1) in Appendix F as

K(x) = exp[Y(x)] = exp[f7 (x) — e(x)]

Then, in analogy to (3.93) and (3.94),

K(x) = exp[f7 (x)] exp	 (e(x) 2),)
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(K' (x)K'(y))„ = ii(x)K(y){exp(e(x)e(y)), — 1) (3.116)

Though the conditional mean of Ki(x)/K(x) remains zero, its conditional second

moment now depends on the locations x and y due to the nonhomogeneity of e(x).

Note however that, since kriging is a linear estimator, e(x) depends only on data

locations xip and not on their values Yip*.
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CHAPTER 4

MONTE CARLO SIMULATIONS AND RANDOM FIELD
GENERATORS

The ultimate and most "straightforward" method for "solving" stochastic

PDE's is by Monte Carlo simulations (MCS). Monte Carlo simulations constitute a

versatile mathematical tool capable of handling situations where all other methods

fail (e.g., where high variances of hydraulic conductivities and/or intricate boundary

conditions and/or non-uniform flows are involved). Therefore MCS are used to verify

theories and closure approximations of the solutions of stochastic PDE's. In this

method, simulated (or generated) alternative (or equally probable) realizations of

the spatial process (e.g., hydraulic conductivity), which are statistically similar (i.e.,

have identical probability distributions and preserve the same covariance structure),

provide the inputs to flow models (see Fig. 8.3 of Christakos, 1992). These numerical

models (or PDE solvers) produce an output field (e.g., of heads, velocities, etc.) for

each (input) realization; the ensemble of output fields is studied statistically to yield

the moments (i.e., mean, covariance, variogram) and/or the probability distributions

of the output at each point in space. The generation of such realizations is the subject

of this chapter, and the numerical methods and models used by us for the (actual)

flow simulations are the subject of chapter 5.

When the input (generated) fields are similar statistically, but disregard actual

known (or measured) data values, the simulations are unconditional; when "measure-

ments", or known values, of the input parameter at some points in space are the same
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for all realizations, the simulations become conditional. Conditional (input) fields (or

realizations) are generally non-stationary, despite possible stationarity of the original

unconditional field.

MCS (i.e., simulations) of flows in random fields require large, high resolution

(fine) grids, to yield meaningful results. It is generally advised to have at least 5 grid

cells (preferably more than 10; Dagan and Indelman, pers. com.) per correlation

scale' (in each spatial direction, and, when relevant, in time); to avoid obstruction by

boundary effects (e.g., when an infinite domain is of interest), the domain size should

exceed the correlation scale by a factor of at least 10, and preferably much more. (e.g.,

Ababou et al., 1989; Dykaar and Kitanidis, 1992; Follin, 1992; Desbarats, 1992a). For

highly variable conductivity fields (i.e., when the variances of the log-conductivity is

greater than 1), and/or steep head gradients, further subdivision of each grid cell is

desirable to reduce numerical errors and smoothing (as will be discussed later). Such

MCS are computationally intensive, i.e., require ample computer power, in terms of

both CPU time and memory. In fact, even the present supercomputers are limited

(in terms of memory and allocated CPU time) to problems of relatively small size,

particularly in three dimensions (e.g., less than 100 x 100 x 100). Moreover, MCS are

numerical simulations; when applied to strongly varying fields, large numerical errors

may result, and special care has to be taken to minimize the errors. Furthermore, as

will be shown in the sequel, the field generation is far from being a "straightforward"

and a reliable procedure. As field generation is central to MCS, we devote the rest

of the chapter to this subject.

The choice of a random field generator (RFC) has a central role in Monte

lA measure of the distance beyond which correlation ceases.
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Carlo simulations. It becomes crucial when steep gradients are involved, as in the

case of converging radial flow; this is due to the sensitivity of the solutions to both

variability and deficiencies of the generated random fields. This sensitivity is implied

from (1.92), (1.93), (1.79) in Chapter 1, where the reduction factor (i.e., the ratio of

head variance to conductivity variance) is approximately proportional to the square

of mean gradient, (i.e., to J 2 ).

Knowing the random variables u l ,	 uk , the conditional density of uk+i ,	 , un

is given by (Papoulis, 1984; cf. Appendix A)

f (14+1,	 Un	 . . Uk) =
f (ILI, • • • , uk, • • • un) 

f(u i ,. . . , uk)
(4.1)

Consequently, from the chain rule, (Papoulis, 1984; Christakos, 1992)

f (tti, • • • , u,) = f (U1 )f (U2 IU1)
	

f (un 	(4.2)

If ui depend on the position xi in continuous space, they become spatial random

functions u(xi ), or simply a random field.

Following Christakos (1992), based on (4.2) one can calculate the probability

densities 1(u 1 ), f (u2 lu i ), ..., and f (un I u l, un_ 1 ). The corresponding probability

distributions can also be found, i.e.,

ri
f (WYF(u 1 )

Jo

F(u2lui) -= T
U2 

f (ylui)dY (4.3)

and so on. Next, the following system of equations of marginal and conditional

distributions is developed (Christakos, 1992):

F(u i )
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F(u 2 lu i ) = v2

F(Un ilii, • • • Un-1) = VnI
	 (4.4)

where v i , j = 1, , n are independent random numbers.

Finally, realizations of (univariate) u(x) can be generated by solving the sys-

tem (4.4) with respect to u i. If the generated realizations "honor" the measured

values at the data locations, they become "conditioned", and the simulations become

conditional. Otherwise, the generated realizations are unconditional. According to

Carr and Myers (1985), from the geostatistical point of view, unconditional simula-

tions are "the most mathematically rigorous and fundamental aspect of conditional

simulations... conditioning simply involves linear estimation and then differencing."

In practice, several techniques are available for generating random fields con-

sistent with the system (4.4); however, only the sequential simulation technique

utilizes (4.4) directly. The methods most commonly used for generating spatially

correlated random fields are:

1. Matrix (LU) decomposition.

2. Spectral methods and Fast Fourier transform (FFT).

3. Turning bands method (tbm).

4. Sequential simulation.

As will be shown in the sequel, the first three methods use finite linear combinations

of uncorrelated random variables; consequently, the common distribution of these

random variables should be such that it is preserved under finite linear combinations
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(Myers, 1989); as the normal (or Gaussian) distribution is the only distribution

with this property, it is most frequently used. [In addition, the normal distribution

is the simplest distribution, requires only the first two moments]. While the first

two methods generate only Gaussian fields, based on a single covariance function,

the sequential simulator features a rich family of spatial structures, not limited by

Gaussianity, including Indicator simulation2 . Each of the above methods can serve as

a basis for generating both unconditional and conditional simulations; however, the

conditioning of the sequential simulator is done by construction (Gómez-Hernández,

1991). In the following we will briefly review the basic steps used in the above

four methods for generating unconditional random fields whose pdf is multivariate

normal (or log-normal).

4.1 The LU Decomposition Method

The lower-upper triangular matrix technique was developed independently by

Barr and Slezak (1972), Clifton and Neuman (1982), Elishakoff (1983), and is part of

major software libraries, such as IMSL and NAG. It was recently extended by Davis

(1987) and Alabert (1987) to conditional simulations, and by Myers (1989) to the

use of cokriging for co-simulations of two correlated random variables (based on their

cross- covariance or cross-variogram).

The steps for (simple) unconditional simulations are as follows (Christakos,

1992, Harter, 1992):

(1) For a given covariance model, C(s), develop the corresponding covariance

2 Indicator formalism allows numerical or interpretive information to be commonly coded into
elementary bits (0-1) that are based on the exceedence of given threshold values (Journel and
Alabert, 1990).
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matrix C of size n x n, which must be a semipositive definite symmetric matrix, and

can be decomposed to a lower triangular matrix L and an upper triangular matrix

U, say by the Cholesky algorithm:

C = LU. (4.5)

(2) For a vector V of n independent standard Gaussian random variables,

N[0, 1] (i.e., zero mean and unit variance), define the vector

Y = LV, (4.6)

which has zero mean [this can be seen by taking the expected value of (4.6) ] , and

covariance

((Lv)(Lv ) 7) = L[vvT]u = Liu = c, (4.7)

as required. (I is the identity matrix, and T denotes "transpose"). This means that

once C is decomposed as in (4.5), the correlated vector Y (our random field) can

be readily computed by (4.6) for any vector V. The vectors V are readily created

for each realization by a (hopefully good) random number generator (RNG) 3 . This

means that no matter how many fields are to be generated, the covariance matrix

needs to be LU-decomposed only once. Moreover, the method is independent of the

number of dimensions of the random field (except for size).

The LU decomposition method is perhaps the most "straightforward" method

for generating correlated random fields, in that the covariance matrix is utilized

directly. However, (computer) memory requirements become prohibitive when rela-

tively small fields are generated, particularly in 3-dimensional domains. For example,

the generation of a two-dimensional field with 60 x 60 (square) elements (i.e., 61 x 61

3 Vector RNG's are available in most (computer) libraries.
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nodes), involves a correlation matrix of 3600 x 3600 components, which requires 68

mega-bites (MB) of memory; a 128 x 128 field, requires 242 MB of memory. Since

Monte Carlo simulations mostly involve large fields, this elegant method has been

taken over by faster methods, having lesser memory requirements.

4.2 Spectral Methods

The family of spectral methods, particularly those using Fast Fourier Trans-

forms (FFT) (Gutjahr, 1987; Christakos, 1992; see also references for the tbm,), take

advantage of the spectral representation theorem, which expresses a spatially cor-

related random process in terms of uncorrelated random process in the spectral (or

frequency, or wave number) domain (Harter, 1992). The methods are applied to

one-, two- and three- dimensional fields, and are limited to (second order) station-

ary random processes. These are, perhaps, the fastest methods for generating large

random fields.

The spectrum (or spectral density) of a statistically homogeneous and

isotropic process (or field), Y, is the Fourier transform (FT) of its covariance function

C(5) = Coy [Y(x + s), Y(x)] (e.g., De Marsily, 1986; Papoulis, 1984)

S(k) = —1 1+° ° C(s)e - t ksds,
2r -00

where k is the wave number. Using the inverse Fourier transform,

+0°C(s)= f . S(k)e iksdk.

(4.8)

(4.9)

The representation theorem states that if the second order stationary stochastic pro-

cess Y(x) is of zero mean [(Y) = 0], and of covariance C(s), then one can define a
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complex associated process Z that satisfies

+00
Y(x) = f co e i" dZ (k),	 (4.10)

such that

(dZ(ki)dZ*(k2)) = 0 	if k1 k2

(dz(kodz.(k2)) . S(k1 )	 if k1 = k2 	(4.11)

where dZ is also zero mean. Equation (4.10) is a Fourier-Stieltjes integral, and the

asterisk (*) in (4.11) denotes the complex conjugate.

The dZ(k) process can be constructed by setting

dZ(k) _= NI S(k)dk [a(k) + i fi(k)],	 (4.12)

where a and # are uncorrelated, zero mean, uniformly or normally distributed ran-

dom variables, with variance of

Equation (4.10) can alternatively be written as (Zimmerman and Wilson,

1990)
+.0	 Û

Y(x) = 2Re {10 e ik ' dZ (k)} P.-2, 2Re 
{
ieiks dZ (k)}

where ft is a maximum (cut-off) frequency. In a discretised form,

Y(x) 7,-- 2Re {m_1E e ikms dZ(k)}
m=1

(4.13)

(4.14)

where M is the number of harmonics,

km = (m + 1/2)Ak,	 (4.15)

and Lk = SVM. Combining (4.12), (4.14), and (4.15) yields

m-i
Y(x) ,'--:.,' 2Re { E eikins V S(km )Ak[a, + i i@m1}	 (4.16)

m=o
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Consequently, the FFT method consists of

(1) Determining the cut-off frequency ( 12) and the number of harmonics, M (e.g.,

based on analysis and suggestions by Tompson et al., 1989), and discretizing the

frequency (or wave-number) domain into intervals Delta k.

(2) For each m, (i) calculate km , according to (4.15), (ii) calculate S(k,n ), according

to (4.8), and (iii) generate uncorrelated, normally (or uniformly) distributed random

numbers am and firn •

(3) Use (4.16) to calculate Y(x) = ln K(x), at each location x (i.e., for each grid

node).

Similar to the turning bands method (below), the discretisation and trunca-

tion used in spectral methods is crucial. For example, too low a cutoff frequency ( 1k )

in (4.13) would reduce the variance of the generated field (Wilson and Mantoglou,

1982); more accurately, it would cause aliasing (Gutjahr, 1989; Harter, 1992), which

implies not only missing information contained in frequencies above the cutoff fre-

quency (or the so called Nyquist frequency), but also a wrong interpretation of high

frequencies as low frequencies; in other words, aliasing means that if the true spec-

trum has energy above the cutoff frequency, then the estimated spectrum will be in

error at all values (Lumely and Panofsky, 1964, pp. 54-55).

A detailed description of the spectral method for generating both conditional

and unconditional random fields is given by Harter (1992). Detailed analyses of the

effects of discretisation on the characteristics of the generated fields are discussed by

Mantoglou and Wilson (1982), Tompson et al. (1989), and Zimmerman and Wilson

(1990). Variants of the spectral method are described by Press et al. (1986), and

Christakos (1992).
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4.3 Turning Bands Method

The turning bands method (tbm) was first suggested by Matheron (1973); it

was further developed and used by Journel (1984), Journel and Huijbregts (1978),

Delhomme (1979), Mantoglou and Wilson (1982), Tompson et al. (1989), and Ababou

(personal communication). The method has gained popularity mainly due to its

ability to rapidly generating random fields of practically any size and any dimension-

ality. Although initially limited to (stationary) isotropic fields, one could transform

the generated fields into anisotropic ones, by using a suitable transformation of the

coordinate system (e.g., Mantoglou and Wilson, 1982). Recently, the method has be-

come controversial, for the reasons discussed below. The fundamental characteristic

of the turning bands method is that it produces a simulation of a random function in

n-D as a linear combination of independent simulations of (correlated) random func-

tions defined in 1-D, such that the covariance function and the mean are preserved.

The reduction in dimensionality, which is the most attractive property of the tbm, is

made possible by the fact that the transformation from 3- or 2-dimensional covari-

ance function into an equivalent 1-dimensional covariance function can be uniquely

defined (Matheron, 1973; Myers, 1990).

The basic steps of the turning bands method for generating random fields are:

(1) Determine the covariance model Cs (s) or the spectral density Sn(w)•

(2) Given the covariance (or spectral density) of the n-dimensional random field, find

the corresponding 1-dimensional covariance, Ci (s) (or spectral density, Si (w)).

(3) Generate a 1-dimensional multivariate, stationary, zero-mean process Zi ( ) on

each line, using an appropriate autoregressive-moving average technique, or a spec-

tral method (as above). Ideally, a 2-D or a 3-D covariance is attained only as a limit
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for an infinite number (N) of lines. In practice, a finite number of evenly spaced lines

(say, N = 100) is used. In three dimensions, one could either take a large number

of randomly distributed lines over a unit sphere (e.g., N = 100, as done by Tomp-

son et. al, 1989), or use N = 15 evenly spaced lines joining the mid-points of the

oposite edges of a regular icosahedron, which is a regular polyhedron with the max-

imum number of faces (i.e., 20 faces; Journel and Huijbregts, 1978). In other words,

from geometric considerations, 15 lines in 3-D constitute the best possible division of

space to evenly spaced lines (Myers, 1990). In two dimensions, any number of evenly

spaced lines can (theoretically) be be used; Wilson and Mantoglou (1982) show that

16 evenly spaced lines yield a reasonably accurate spatial covariance function (though

averaged over many realizations). However, as we will demonstrate in the sequel, at

least 32 evenly spaced lines are needed in order to avoid a distortion effect associated

with the appearance of line-like patterns in both the generated fields and their spa-

tial covariances; in fact, Ababou (personal communication) recommends using 1000

lines. Each of these lines is divided into small discrete intervals of equal size (e.g.,

Mantoglou and Wilson, 1982, Tompson et al., 1989), each of which represents one

(random) value.

(4) At each point in the field, say, xo , calculate the average contributions projected

from all lines onto that point, i.e.,

1N
Y(x0) = TN- EI Z(G,j), (4.17)

where j is the line index, and xo is orthogonal to G (see Figure 4.1). Note that

the application of the turning bands method involves discretisation at each step;

moreover, theoretically, the sum in (4.17) should be an integral (Myers, 1989). When

using the spectral method to generate the line processes, the Fourier transforms (FT)
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Figure 4.1: Schematic representation of a discrete random field and the turning bands
lines (adapted from Zimmerman and Wilson, 1990).
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that are usually employed introduce an additional discretisation problem (expressed

by the number of harmonics required), as well as a truncation problem (expressed by

the cut-off frequency). As will be shown, the accumulated effect of the discretisation

at different stages, and the use of truncated FT, result in "stripping" pathology

and/or "star" patterns seen in particular realizations (see also, Desbarats, 1987a;

Gutjahr, 1989, and Tompson et. al, 1989). These patterns can be attenuated by

increasing the number of lines and refining the discretisations; by doing so, however,

one increases the CPU time considerably, loosing some of the advantage the turning

bands method.

4.4 Sequential Simulations

The method of sequential simulations (also called the method of conditional

distribution, e.g., Johnson, 1987) was, perhaps, the first known technique for gen-

erating multivariate distributions. It was recently suggested by Journel (1984), and

implemented by Gómez-Hernandez (1991) and by Deutsch and Journel (1992) for

generating Indicator and Gaussian random fields.

Based on equation (4.2) above, given the joint pdf, f(u i ,...,u„), one can

calculate the marginal density f(u i ) of a "known" variable, and then, the conditional

(univariate) densities of the other (unknown) variables, f(u2lui), ..., and f (u. I
u 1 , . . • un-1)• The general simulation algorithm is as follows (Harter, 1992):

Given measured (or known) data values u l , ... , uk and their marginal distributions,

1. Select an unknown "data" point (value), uk+i , to be generated (i.e., select the

point for which you wish to generate a value of the random function u).
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2. Find the conditional density of that data point, and draw uk+i from it.

3. Select a second data point, uk+2, to be generated.

4. Find the conditional density for that data point, given the known data

u l ,	 , uk, uk+1 and their densities, and draw uk+2 from it.

5. Repeat the procedure until all unknown data points become "known" for that

particular realization.

In the case of multivariate normal distribution, the conditional pdf, f(uk+i, • • • ,un

u 1 ,... , uk ), is also n — k variate normal. The conditional expected value of ui (i > k)

is given by (Dagan, 1989)

i)	 41'	 k) = (U i)	 E A ii (u; - (u; )),	 (4.18)
j=1

where (u i ) is the unconditional mean of u i . The constant, deterministic coefficients

of A ij are solutions of the linear (simple kriging) system

E	 = Cil

J.1
1= 1,	 , k,	 (4.19)

where C = Coy [u i , ui] = ((u i — (ui))(u; — (ui ))). The conditional variance (also

known as kriging or estimation variance) of ui is given by (Dagan, 1989)

2 --= u(u lui , . . , uk) = u ui - E A i , cii ,
1=1

(4.20)

where cr,2, and o . 	the conditional and unconditional variances of ui respectively.

As the kriging errors are (ideally) uncorrelated, the procedure for generating new

values for each realization can be simplified to

1. Find (or calculate) Ai .; for the new data point i, based on the known covariance.
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2. Calculate the estimate (ui)„ at a new point by using (4.18).

3. Generate univariate normal, zero mean, random numbers with variance atz2c in

(4.20), and draw a random error ei.

4. The new value is then u i =	 ei.

Although it seems adequate only for conditional simulations, unconditional random

fields can be readily generated by drawing the first value from a (zero mean) normal

distribution with the unconditional variance cr, and then, each additional point

value is conditioned on the previously generated ones. As mentioned above, the se-

quential simulator is the most general (and hence, the most powerful) RFG. However,

like the turning band simulators, some "art" is needed to construct the best input for

each particular problem. While in the turning bands method, it is the discretisation

and truncation that have to be carefully considered, the input considerations for the

sequential simulator are similar to those of variogram estimation and kriging. For

example, the search neighborhood is recommended by Gómez-Hernández (1991) to

be at least as large as the "range" (which is approximately 1/3 of the integral scale

of the exponential variogram we were using); we found that at least four (preferably

five) integral scales should be set as the "radius" of the search neighborhood, and

at least two points at each quadrant are needed for a reasonable reproduction of the

(theoretical) variogram. As in kriging, at each new point, the kriging system has to

be solved. Because of the large neighborhood needed, the number of additional points

increases exponentially as the generation process progresses. Consequently, the sim-

ulator becomes one of the slowest RFG's. On the other hand, in the early stage of

an unconditional field generation, when only a few "data points" exist, the genera-
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tion of new points suffers from insufficient points to correlate with (or weights Aii to

use); hence, insufficient accuracy for the new generated points, and consequently, a

deficient overall accuracy.

Perhaps the greatest drawback of the sequential simulations is the so called

random path, which is the visiting sequence according to which new points are gener-

ated sequentially, at random locations. This requires an additional random number

generator (RNG), and introduces an additional source of error. In particular, num-

bers generated by this RNG which are larger than the number of nodes, are discarded

(Gómez-Hernández, 1991, p. 54). Nevertheless, with a new (and better) RNG, we

have found the sequential simulator (GCOSIM-3D, Gómez-Hernández, 1991)4 to be

superior, or at least not inferior, to other RFG's we have tested (see below).

4.5 Pseudo Random Number Generators

As mathematical and numerical algorithms are deterministic, they cannot

generate "random numbers", but rather pseudo random numbers. There is a vast

literature devoted to uniform random number generators (RNG's) and their variants

(particularly, the classic book is by Knuth, 1981). The intent of this section is not

to review them, but to briefly describe the most popular family of RNG's.

Most RNG's are linear congruential generators, which generate a sequence of

integers, 11 , /2 , /3 , ..., each between 0 and m — 1 (a large number) by the recurrence

relation (Press et al. 1986; Dagpunar, 1988)

.11 +1 = mod (al.; 	C, m),	 (4.21)

4 The code has been modified, and improved significantly by Lucy Caruthers and her colleagues
at the Computer center, University of Arizona.
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where m is called the modulus (ibid), and a and c are positive integers, called the

multiplier and the increment respectively. Usually, rather than an integer, a

real number between 0 and 1 is returned as /i+i /m (which is strictly less than 1).

The recurrence (4.21) will eventually repeat itself with a period that is obviously

not greater than m. If m, a and c are properly chosen, then the period will be of

maximal length (i.e., of length m). /0 is the seed, which, theoretically, is insignificant,

because all integers between 0 and m — 1 occur at some point anyway. [In practice,

however, the choice of seed affects the generated fields, and some RNG's include "seed

generators" which ensure the randomness of very long sequences (e.g., the RNG by

Maclaren, we used)]. Then I I becomes the "seed", and so on. Eventually, one hopes

to have a uniform distribution between 0 and 1, of uncorrelated "random" numbers.

This can be subsequently transformed into other distributions, like the Gaussian

distribution, using one of several different techniques (e.g., Press et al. 1986, and

IMSL).

The linear congruential method has the advantage of being very fast, requiring

only a few operations per call, hence its almost universal use (Press et al. 1986). It has

the disadvantage that it is not free of sequential correlation on successive calls (ibid),

particularly if the constants a, m, and c are not very carefully chosen. In fact, the

only difference between most famous RNG's, including those used by the IMSL and

NAG libraries, and between "good" RNG's and "bad" RNG's is in the values of these

constants (see, for example, Sharp and Bays, 1992). Another important factor that

affects the performance of RNG's, particularly when generating very long sequences,

is the "accuracy" of the computer (i.e., the number of bits available); at least a 32-bit

capability is recommended (e.g., by Sharp and Bays, 1992) for generating very long
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sequences (required for multiple large random fields), and some RNG's would not

"work" with less than 64 bit. Our experiments (described below) were done mostly

using the full 64-bit option on both the Convex C-240, and the RISC-6000 machines).

In order to break up sequential correlation, a shuffling procedure is often used (Press

et al. 1986, p. 194; Dagpunar, 1988, p. 35). This procedure is reminiscent of another

common technique for generating uniform distribution of pseudo random numbers,

the generalized feedback shift register method, recommended by Johnson (1987) and

Maclaren (1988), and described briefly by Dagpunar (1988).

There are several stringent empirical tests which check uniformity, correlation,

local randomness, latice behavior (particularly 2- and 3-dimensional serial patterns),

etc. However, none of them is completely exhaustive. One of the most effective and

visual tests is the serial test, in which sequential pairs of random numbers are used as

coordinates for plotting individual points (i.e., each two random numbers constitute

one point in an X — Y square plot). The same can be done in "3-D" (where each three

numbers define one point in a cube). If there are correlations, they would appear

as patterns in the plots. Figures 4.2 and 4.3 (from Sharp and Bays, 1992) show

how different combinations of m, a, and c (appear as M, A, and C in these figures)

in (4.21) affect the (undesirable) correlation structure. RNG's which exhibit good

(uncorrelated) randomness on 2-D plots, may fail dramatically in 3-D plots, or when

the number of triplets increases by a factor of two or more; a more dramatic change

appears when rather than choosing sequential numbers continuously, one picks two

(or three) consecutive numbers, skips n consecutive numbers (e.g., n = 5), picks the

next pair (or 3 numbers), skips another n numbers, and so on (e.g., Dagpunar, 1988).
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Figure 4.2: Serial plots in 2-D of 2000 nonoverlapping pairs of random numbers
(After Sharp and Bays, 1992).
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Figure 4.3: Serial plots in 3-D of 10000 nonoverlapping triplets of random numbers
(After Sharp and Bays, 1992).
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Obviously empirical testing of the whole cycle is not practically possible (Dag-

punar, 1988); since for our Monte Carlo Simulations we need 2-4 million numbers, no

test can practically assure a good performance of the RNG used. Moreover, passing

all tests does not guarantee that an RNG is "good", even for that particular (tested)

portion of the cycle. The easy (and perhaps the best) way to choose an RNG is

by its "reputation", making sure it had passed all possible tests, and... remaining

very very suspicious (Press et al., 1986) and unloyal (Johnson, 1987). [Indeed, we

remained suspicious while using one of the portable (i.e., machine independent) ran-

dom number generators, RAN2 (Press et al., 1986); after experiencing too many

outliers we suspected the performance of the original RAN2, and replaced it by the

new improved version (again, by Press et al., 1992), and yet, with very little loy-

alty, we have checked it against some other reputable RNG's. We found later from

Maclaren (personal communication) that the old version of RAN2 had failed to pass

some crucial (new) tests.]

4.6 Comparison and Conclusions

Comparison between random field generators is a difficult task, and to date,

there is no quick and rigorous way to define a "good" RFG. Theoretically, one needs

to generate an infinite number of realizations, and verify the joint probability distri-

bution for all points in space. A less rigorous approach would generate at least one

thousand realizations and verify the (marginal) distributions at each point and the

correlations between each two points in the field. Even then, the amount of work in-

volved would render it impractical, especially when, at the same time, a comparison

between several RNG's is done in order to choose the one which will "best" fit the
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particular RFG. As is shown in the sequel, the quality of the generated fields (based

on the first two moments), depends on the combined operation of the RFG and the

RNG.

[The following analysis is a product of a collaboration with Thomas Harter].

We used the five most promising and/or popular random number generators,

which had passed at least a few severe tests successfully, to test the four different

random field generators (RFC's) mentioned above. The initial motivation for these

tests was to find how many realizations are needed to approximate ensemble covari-

ances between the central four points (in fields of size 64 x 64) and any other point

in the field. (This was essential for the exploration of the "weak approximation",

discussed in Chapter 3). We found that the number of realizations (i.e., the sample

size) needed to yield "ensemble" covariances 5 to that reasonably resemble the desired

(theoretical) ones, depends significantly on the choice of RNG, and varies notably

from one RFG to another, exposing their flaws. Encouraged by the (modest) gen-

erality of this test, we proceeded with additional, more general RFG tests, which

are based on sampling the ensemble of realizations, rather than spatial fields. As

is shown in the sequel, these tests could reveal underlying defects of a random field

generator.

The chosen random number generators are:

• RAN2 (Press et al. 1992; a portable RNG).

• DPRAND (Maclaren, 1992; a portable RNG).

• IMSL based RNG (1991; machine dependent).

5 In this chapter, "ensemble" means sample of the ensemble.
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• NAG based RNG (1990; machine dependent).

• ESSL based RNG (1991; machine dependent).

where the latter three RNG's reside in the most renounced libraries. [The RNG from

the NAG library was also developed by Maclaren.] In the following figures, the first

letter in the above list denotes the particular RNG (e.g., "r" for RAN2, etc.).

The most common checks of a generated random field are its spatial (marginal)

statistics. In the case of log-normal fields, it is common to check the spatial statistics

of their logarithm, which is normally distributed. This includes

1. Visualization of the histogram, calculation of the first (four) moments, checks

for normality, outliers, and other statistics, as done routinely by the main

statistical libraries, like SAS and SPSSX (see Appendix H).

2. Visualization of the spatial covariances of some sample realizations, and the

average spatial covariance over many realizations.

The behavior of a spatial covariance of a particular realization depends, to a large

extent, on the size of the field (because as the lag distance becomes larger, there are

less sample points, and the corresponding calculated covariance function becomes

"random" itself). This becomes particularly disturbing as the relative size of the

correlation scale increases. By the same token, as is shown below, an "average"

spatial covariance may be misleading and overly smooth. Unless stated differently,

the following figures are based on square (64 x 64) log-normal random fields [K

exp(Y)] for which the corresponding normal fields have Ay = 5, cf?, = 1, and (Y) = 0

(the latter implies K = exp((Y)) = 1.
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Figure 4.4 illustrates spatial covariances of single realizations of 64 x 64 fields

(A = 5) generated by a sequential simulator (GCOSIM3D by Gómez-Hernindez

1991; upper figure) and the turning bands method (TUBA1, based on Mantoglou

and Wilson, 1982; lower figure) respectively. The calculation of the covariances in

each direction is enhanced by using FFT (Gutjahr, 1989), and the correct way to view

it is by "cutting" the plot along any symmetry line that passes through the mid point,

and regard the three dimensional plot as a collection of directional (two-dimensional)

plots of covariances (i.e., the plots are symmetric with respect to any straight line that

passes through the mid-point). While the (particular) field generated by GCOSIM

seems to be laterally anisotropic, the field generated by TUBAI is both diagonally

anisotropic and oscillatory (although, the oscilations are, in part, due to the limited

size of the domain).

Figure 4.5 shows calculated and theoretical average spatial (isotropic) covari-

ances and variograms in the X and Y directions of 50 realizations after filtering out

outliers, which, in turn, were determined by extreme values of integral scales (calcu-

lated numerically by the trapezoidal rule). Although the average spatial functions

seem to be sufficient for ensemble statistics calculations, as shown in the sequel, this

is a misleading picture. In fact, we found later that the random number genera-

tor used for the generations of these fields (the old RAN2) suffers from some major

flaws. Figure 4.6 shows a similar plot of averages over 100 (filtered) realizations,

with GCOSIM and a much better RNG (DPRAND). Yet, the deviations from the

theoretical covariance function in different directions are disturbing.

Figure 4.7 illustrates averages of (multidirectional) spatial covariances (like

Figure 4.4) of 50 fields generated by TUBA1 (tbm) with 16 lines (or turning bands),
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Figure 4.4: Spatial covariances of single realizations of 64 x 64 fields, with A = 5,
generated by GCOSIM3D (top) and TUBAI (bottom).
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Figure 4.5: Calculated and theoretical average spatial (isotropic) covariances and
variograms in the X and Y directions of 50 realizations after filtering out outliers.
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as recommended by Wilson and Mantoglou (1982). The distinct pattern of (16) lines

(or directions) is disturbing. In the subsequent field generation by the turning bands

method we used at least 32 lines (see below).

Figure 4.8 shows average spatial covariances and variograms of 500 realizations

(64 x 64) generated by the sequential simulator, GCOSIM, with larger correlation

scale (A = 8). The deviations from the theoretical covariance are more pronounced

here (and, for some reason, not so much for the variogram). Figure 4.9 shows multi-

directional "3-D" and "2-D" plots of the average covariances of the same fields. The

(spatial) covariances in these figures seem to be closer to the theoretical one.

Next we investigate ensemble statistics, particularly by "ensemble" covari-

ances. Beside being a direct check of input realizations to MCS, these calculations

do not suffer from undersampling at large lags (low frequencies). Figure 4.10 shows

averages of "ensemble" covariances in the x and y directions, as well as "minimum"

and "maximum" "ensemble" covariances (in any direction), over 1000, 500, and 200

realizations generated with the FFT method with an IMSL based RNG. In this plot,

the covariance functions were calculated for each pair of points and for each lag and

in each direction, and then averaged to yield the "mean covariances in the x and y

directions"; the extreme values of these covariances for each lag distance are plotted

as points; alternatively, all the calculated two-point covariances, for all lags, could

be plotted as a cloud of points distributed between those extremes. According to

this figure, the average covariance is almost identical to the theoretical one, even

for a sample the of (only) 200 realizations. It is clear (and expected) that as the

number of realizations decreases, the dispersion of the sample covariances increases

(as expressed by the gap between the minimum and the maximum calculated covari-
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Figure 4.7: Averages of (multidirectional) spatial covariances of 50 fields generated
by the turning bands method (TUBA1) with 16 lines.
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Figure 4.9: Average (multidirectional) spatial covariances and variograms of 500
realizations (64 x 64) generated by GCOSIM, with A = 8.
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ances); this implies a fourth moment (a variance of the covariance), which ideally

should approach zero. Note the deviations at large lags, that look like an aliasing

artifact (mentioned above). Figure 4.11 shows similar sample (ensemble) covariances

of realizations generated by the same RFG (based on the FFT method), but with a

different RNG, this time from the NAG library. The overall behavior is as before,

except that deviations at large lags do not show; this implies that what seemed to be

aliasing in the previous case may be simply an artifact of undersampling (obviously,

as the lag increases, there are less covariances to average).

Figure 4.12 shows similar (average) sample (ensemble) covariances, of fields

generated by the tbm method (TUBA1), using 32 lines and the portable random

number generator DPRAND. The figure exhibit a similar mean behavior and similar

range of variability as before, including the deviations at large lag distances. Figure

4.13 shows mean sample (ensemble) covariances of fields generated by the turning

bands method (tbm) and with the same RNG, except that this time the fields are

generated with 320 lines (i.e., by 10 fold more lines). The covariances do not indicate

a significant improvement over the previous ones. Figure 4.14 illustrates similar plots,

now of fields generated by the sequential simulator GCOSIM3D and (the portable)

RAN2. The slight deviations from the theoretical covariance seem to be insignificant.

The same is true in Figure 4.15, where the RNG was replaced by DPRAND; the

ideal behavior of the mean covariance at large lags implies some superiority of the

sequential simulator over spectral methods (like FFT and TUBA1). Figure 4.16

shows the same type of sample (ensemble) covariance plots, now with another tbm.

The deviations from the theoretical covariance clearly reveals a defect. Based on it,
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Figure 4.13: Averages of "ensemble" covariances in the x and y directions, and
minimum and maximum "ensemble" covariances (in any direction), over 1000 (top),
500 (middle), and 200 (bottom) realizations generated with the turning bands method
with 320 lines and the portable RNG DPRAND.
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Figure 4.14: Averages of "ensemble" covariances in the x and y directions, and
minimum and maximum "ensemble" covariances (in any direction), over 1000 (top),
500 (middle), and 200 (bottom) realizations generated with sequential simulator
GCOSIM3D and (the portable) RAN2.
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Figure 4.15: Averages of "ensemble" covariances in the x and y directions, and
minimum and maximum "ensemble" covariances (in any direction), over 1000 (top),
500 (middle), and 200 (bottom) realizations generated with sequential simulator
GCOSIM3D and (the portable) DPRAND.
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the programmer6 identified a bug, and fixed it. This demonstrates that such plots

constitute a test for RFG's (although they provide only "necessary", not "sufficient"

conditions for the acceptance of the generated fields).

Another way to inspect the ensemble behavior of the generated fields is to

plot sample (ensemble) covariances between the mid-points and all other points in

the field, as described above, now on true 3-D plots, with covariances of the log-

normal K fields instead of the (previous) normal Y fields. Note that according to

(3.94) [or alternatively, (F.3)], for log-normal random fields with Kg = 1 and 4 = 1,

°I = K.2, exp(4)[exp(4) — 1]P...,- 4.67. Figure 4.17 depicts theoretical covariances

between the mid (four) points and all the other points in the field. Figure 4.18 depicts

sample (ensemble) covariances of 1000, 500, 200, and 100 realizations, generated by

an LU decomposition based RFG (LUSIM; Harter, personal communication), with

an IMSL based RNG. In contrast with the previous set of plots, which emphasize

averages of sample (ensemble) covariances of In K, the set of (multidirectional) single

"ensemble" covariances of K is much more sensitive to the number of realizations;

while the sample of 1000 realizations in Figure 4.18 seems reasonable, and the sample

of 500 realizations is barely "acceptable", the "ensemble" covariances over 200 and

100 realizations are, in fact, unacceptable, with "peaks" of correlations between dis-

tant points, as high as the variance of K. This unfavorable behavior is somewhat less

drastic when using the NAG-based RNG, with the same RFG (LUSIM), as seen in

Figure 4.19. The NAG RNG is obviously advantageous in this case. An even more fa-

vorable behavior is exhibited when the same RFG is used with the RNG DPRAND 7

6The programmer's name is kept confidential.
7 Both the NAG-based RNG and DPRAND were developed by Nick Maclaren, University of

Cambridge Computer Laboratory, Cambridge, England.



Figure 4.17: Theoretical covariances between the mid (four) points and all the other
points in the field.
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Figure 4.18: "Ensemble" covariances of (clockwise, starting from the upper left)
1000, 500, 200, and 100 realizations, generated by an LU decomposition based RFG
(LUSIM), with an IMSL based RNG.
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Figure 4.19: "Ensemble" covariances of (clockwise, starting from the upper left)
1000, 500, 200, and 100 realizations, generated by an LU decomposition based RFG
(LUSIM), with a NAG-based RNG.
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as observed in Figure 4.20, below. Figure 4.21 depicts "ensemble" covariances of

fields generated by the turning bands method (TUBA1, with 32 lines) for 1000, 500,

200, and 100 realizations, again with DPRAND as the random number generator.

In this case, too, 200 realizations are still acceptable. Figures 4.22 shows "ensemble"

covariances of fields generated by the tbtn, (TUBA1) with 320 lines. Surprisingly,

they look inferior to the (preceded) ones generated with 32 lines. Figure 4.23 shows

the above number of realizations generated by the FFT method with the IMSL-

based RNG. The "good" behavior of the covariances for 200 and 100 realizations is

somewhat misleading because of the high variance in the mid-point (3-4 folds of the

theoretical variance). Otherwise, for the 500 and 1000 realizations, the covariances

are acceptable. Figure 4.24 depicts "ensemble" covariances of 1000, 500, 200 and

100 realizations, generated by the FFT method, with a NAG-based RNG. At 200

realizations, a peculiar and undesirable correlation emerges between the mid point

and a few points beyond the correlation scale. At 100 realizations, this peak corre-

lation overweight the correlation between adjacent mid-points. This indicates that

our "good impression" from the combination LUSIM and NAG-based RNG above,

may not be justified, and that these type of tests are not general enough. Figures

4.25 show covariances of fields generated by the sequential simulator (GCOSIM) with

DPRAND. The behavior is very good for 1000 and 500 realizations, acceptable for

200 realizations, but not for 100 realizations (again, the peculiar undesirable correla-

tion between distant points). Figure 4.26 shows covariances of fields generated with

the combination GCOSIM (sequential simulator) and RAN2. The covariances are

acceptable for 1000, 500, 200 and 100 realizations. Consequently, this combination

was selected as the "best" combination for our purpose (i.e., investigating the extent
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Figure 4.20: "Ensemble" covariances of (clockwise, starting from the upper left)
1000, 500, 200, and 100 realizations, generated by an LU decomposition based RFG
(LUSIM), with the portable RNG DPRAND.
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Figure 4.21: "Ensemble" covariances of (clockwise, starting from the upper left) 1000,
500, 200, and 100 realizations, generated by the turning bands method (TUBA 1) with
32 lines and the portable DPRAND.
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Figure 4.22: "Ensemble" covariances of (clockwise, starting from the upper left) 1000,
500, 200, and 100 realizations, generated by the turning bands method (TUBA1) with
320 lines and the portable DPRAND.
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Figure 4.23: "Ensemble" covariances of (clockwise, starting from the upper left) 1000,
500, 200, and 100 realizations, generated by the FFT method with the IMSL-based
RNG.
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Figure 4.24: "Ensemble" covariances of (clockwise, starting from the upper left) 1000,
500, 200, and 100 realizations, generated by the FFT method with a NAG-based
RNG.
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Figure 4.25: "Ensemble" covariances of (clockwise, starting from the upper left) 1000,
500, 200, and 100 realizations, generated by the sequential simulator (GCOSIM3D)
with DPRAND.
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Figure 4.26: "Ensemble" covariances of (clockwise, starting from the upper left) 1000,
500, 200, and 100 realizations, generated by the sequential simulator (GCOSIM3D)
with RAN2.
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of validity of the weak approximation and effective conductivities). Finally, Figure

4.27 shows the "ensemble" covariances of 1000 realizations generated by the defected

RFG. The "hump" of correlation (left to the major peak) is a clue to the anomaly

which was clearly observed in the previous plots (Fig. 4.16).

The following figures and the approach behind them are due to Thomas Har-

ter (personal communication). The turning bands simulator used in the following

analysis has a defect (or bug, as shown in Figures 4.16, 4.27); consequently it does

not represent the turning bands method, but is rather used to test the analysis itself.

Figure 4.28 illustrates (single) realizations generated by the four different

RFG's. The fields are normally distributed with the same characteristics as above

(i.e., 64 x 64 fields with K9 = 1, cd, = 1, ). = 5). There is very little one can conclude

from these plots, except that the fields (indeed) seem to be random and somewhat

auto- correlated. The only important conclusion from this figure is the (known) fact

that the theoretically unbounded variability is practically bounded (between 3 and

—3, i.e., within a range of 3 orders of magnitude).

Figure 4.29 shows the sample (ensemble) means of 1000 realizations (normal

fields); except for slight stripping by the tbm, it is inconclusive. Figure 4.30 shows

"ensemble" variances of 1000 simulations with the four (tested) RFG's. Strips in a

form of "rays" emanating from the lower left corner of the tbm fields give the first clue

to an anomaly. Figures 4.31, 4.32, 4.33 depict spatial covariances of single realizations

generated by the four different methods. Almost each figure shows anisotropy and/or

irregularity; the most irregular are the ones generated by the tbm, while it seems that

the least irregular are the ones generated by the LU decomposition method. Figure
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Figure 4.27: "Ensemble" covariances of 1000 realizations generated by a defected
RFG, based on the turning bands method.
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Figure 4.28: Realizations generated by four different random field generators
(Thomas Harter, pers. corn.).
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Figure 4.29: "Ensemble" means of 1000 realizations of normally distributed fields
generated by four different RFG's (Thomas Harter, pers. corn.).
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Figure 4.30: "Ensemble" variances of 1000 simulations with the four (tested) RFG's
(Thomas Harter, pers. corn.).
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Figure 4.31: Spatial covariances of single realizations generated by the four different
methods (Thomas Harter, pers. corn.).
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Figure 4.32: Spatial covariances of single realizations generated by the four different
methods (Thomas Harter, pers. corn.).
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Figure 4.33: Spatial covariances of single realizations generated by the four different
methods (Thomas Harter, pers. corn.).
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4.34 depicts averages of spatial covariances over 10 realizations, while Figure 4.35

shows the same for 50 simulations. The anomaly of the defected tbm starts to

show up, while the other RFG's start to show the desirable (symmetric) shape of the

theoretical covariance, with no particular distinction. Figures 4.36, 4.37 show the

deviations from the theoretical covariances for 10 and 50 realizations respectively.

The defected tbm exhibits striking star-like patterns which seems to stem from both

the anomaly showed earlier and the 16 lines of the tbm. The sequential simulator

(GCOSIM) shows some clear lateral anisotropy. In the following stage of the analysis,

Harter (personal communication) assigns a window of size 32 x 32 that "moves"

across the 64 x 64 field by one unit at a time, such that a total of 920 "ensemble"

covariances could be sampled, and the statistics of these covariance "fields" could be

investigated for the different RFG's with the different RNG's. His motivation was

the misinformation involved with the above test of "ensemble" covariances between

the mid-points and all other points. In the following tests, the mid-points move

along with the "window", such that a more objective judgement can be carried out.

The drawbacks, however, are (i) the fact that yet, only about 23% of the points in

the field can take the roll of mid-points (instead of 4 points in the previous case),

and (ii) the lose of covariance information for large lag distances, which has shown

to dominate the misbehavior of the "ensemble" covariances in some cases (as seen

above).

For example, the deviations from the theoretical covariance can be averaged.

Figure 4.38 shows the mean deviation from the theoretical covariance of field portions

as functions of the number of realizations (NMC). The field portions (32 x 32) were

generated by LUSIM (LU-decomposition), with five different RNG's; "r", "e", "d",
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Figure 4.34: Averages of spatial covariances over 10 realizations generated by the
four different methods (Thomas Harter, pers. corn.).
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Figure 4.35: Averages of spatial covariances over 50 realizations generated by the
four different methods (Thomas Harter, pers. corn.).
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Figure 4.36: Deviations (from the theoretical covariance) of average spatial covari-
ances over 10 realizations generated by the four different methods (Thomas Harter,
pers. corn.).
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Figure 4.37: Deviations (from the theoretical covariance) of average spatial covari-
ances over 50 realizations generated by the four different methods (Thomas Harter,
pers. corn.).
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Figure 4.38: Mean deviation from the theoretical covariance of field portions as
functions of the number of realizations (NMC). The fields were generated by LUSIM
(LU-decomposition), with five different RNG's; "r", "e", "d", "i", and "n" stand
for RAN2, ESSL, DPRAND, IMSL, and NAG, respectively (Thomas Harter, pers.
corn.).

"i", and "n" stand for RAN2, ESSL, DPRAND, IMSL, and NAG, respectively. As

expected, the means converge to zero as soon as a few hundred realizations are

averaged [or, combining the spatial and ensemble field portions, a few thousand

realizations (because there are 920 x NMC partial realizations)]. One may pick the

200 simulations (NMC = 200), as the threshold, and give the best "grade" to RAN2,

DPRAND, and IMSL, for this particular test; the rest of the RNG's does not fall

far behind, however. Figure 4.39 illustrates the same graph, but now, for the same

RNG (DPRAND) used by the four different methods [where "1', "1", "g", "t" stand
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Figure 4.39: Mean deviation from the theoretical covariance of field portions as
functions of the number of realizations (NMC). The fields were generated with the
portable DPRAND RNG, used by the four different methods [where -r, "I", "g",
"t" stand for FFT, LU-decomposition, sequential simulations (GCOSIM), and tbm,
respectively] (Thomas Harter, pers. corn.).

for FFT, LU-decomposition, sequential simulations (GCOSIM), and turning bands

methods, respectively]. In this case, the LU-decomposition and the FFT methods

show superiority, while the sequential simulator shows some inferiority.

Figure 4.40 shows the spatial average of "ensemble" mean log-conductivities

over 920 windows on fields generated by the (same) four different methods, with the

same RNG (DPRAND). Beyond 100 simulations, none of the methods seems to be

superior.
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Figure 4.40: Spatial average of "ensemble" mean log-conductivities over 920 windows
on fields generated with the same four methods [`I", "1", "g", "t" stand for FFT,
LU-decomposition, sequential simulations (GCOSIM), and turning bands methods,
respectively], with DPRAND (Thomas Harter, pers. corn.).
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In conclusion, none of the RFG's has demonstrated superior performances for

the 64 x 64 fields, but the defects of the particular tbm code could be exposed by some

of the tests. It seems that the combination RFG & RNG has to be accounted for, in

addition to the usual tests of RNG's. Based on these (combined) tests, we (hesitantly)

decided upon GCOSIM (Gómez-Hernández, (1991) as our choice of RFG for our

purposes. We must admit that we wonder how different (if at all) would have our

MCS results been, had we used a different RFG (e.g., based on LU-decomposition).
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CHAPTER 5

HIGH RESOLUTION MONTE CARLO SIMULATIONS FOR RADIAL
FLOW

5.1 Multigrid Methods and PLTMG

The multigrid methodl, first introduced by Brandt (1977) 2 , is an iterative

approach for solving algebraic equations arising from boundary-value problems on

discrete spatial domains, and considered by many to be the most efficient method

for solving elliptic partial differential equations. A unique characteristic of multigrid

methods is the use of series of coarser grids to accelerate convergence (Cole and Foote,

1990). As will be seen, the combination of fine and coarse grids provides optimal

resolution of all spatial frequency components of both the solution and the errors

associated with it (which we wish to minimize).

Starting with a governing equation of the form

L h+ f=0	 (5.1)

where, again, L is a linear differential operator, h is the solution (or response, or

dependent variable), and f is the source term, we define the error e as the required

correction to the approximate solution, y, or (Cole and Foote, 1990)

e = h—v	 (5.2)

'This brief introduction is based on Fletcher (1988), Briggs (1987), and Cole and Foote (1990).
2 Achi Brandt had published papers on this topic several years earlier, however, the 1977 paper

is the most comprehensive one.
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As the solution y does not satisfy (5.1), we are left with the residual

e.—f—Lv (5.3)

The error e then satisfies

Le..1,(h—v)=Lh—Lv.—f—Lv=e (5.4)

which is the "residual equation" from which e can be calculated. Given e for the

approximate solution y, the exact solution, h, is then estimated as h . v + e. This

defect correction (or iterative improvement) process [which is a (known) "trick" to

restore full machine precision and to overcome roundoff errors (e.g., Press et al. 1986,

pp. 41-42)1, is central to the multigrid method. It can can be summarized by (Cole

and Foote, 1990)

1. Given the approximate solution y, compute the residual e, using (5.3).

2. Solve (5.4), the residual equation, for the correction e.

3. Add the correction e to the approximate solution y to obtain an exact solution

h.

In practice, the continuous problem (5.1) is approximated on a discrete grid, having a

characteristic discretization scale A. At the discrete level, the operator L is approx-

imated by the (coefficient) matrix A, and the vectors V, B, W and R approximate

the continuous variables h, — f , e, and e above.

Multigrid methods work with a sequence of grids m = 1, ... , M, where the

grid size ratio Ani+i /A,, = 0.5. The methods are applicable to both linear and
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nonlinear systems. A linear system (for example) to be solved on the finest grid is

written

Amvm = BM 	(5.5)

where the matrix A contains the algebraic coefficients arising from discretisation, V

is the vector of unknown nodal values (i.e., the solution vector), and B is a vector

made up of algebraic coefficients associated with discretisation and known values of

V (e.g., that are given by the boundary conditions and source terms). When A

depends on V (i.e., A . A(V)), the equation is nonlinear. An approximation to

Vm in (5.5) is provided by the solution on the next coarser grid, Vm-1 . Similarly,

for an intermediate grid solution, Vm is a good approximation to the solution on the

next finer grid Vm+ 1 . If an approximation to the solution of Am+lymi-i = Bm+i i s

denoted by Vm+1,a, so that

vm+1 = vm+1,a 4. wm+1
	

(5.6)

then

Am+lwm+1 _ Bm+1 _ Am-f-lvm+1,a _ Rm+1 . 	 (5.7)

The correction, W'n+ 1 , and the residual, Rm+ 1 , are closely approximated by the

correction and the residual on the next coarser grid Wm and Rm, if they are smooth

enough, i.e., if the amplitudes of high frequency components are small. The highest

frequency (or rather, the shortest wave length) that can be represented on a discrete

grid, Am , is 2Am (e.g., Fletcher, 1988, and Briggs, 1987).

Iterative methods such as Jacobi, Gauss-Seidel, and SOR (successive over re-

laxation) remove high frequency components in a few iterations. It is the removal

of the low frequency components of the error, and equivalently of the residual, that
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causes the slow convergence of iterative (relaxation) methods on a fixed grid. How-

ever, a low frequency component on a fine grid becomes a high frequency component

on a coarse grid. Multigrid methods seek to exploit the high frequency smoothing of

relaxation methods.

If nothing is known about the solution, the process would start with the

solution on the coarsest grid, and obtained by either a direct or a conventional

iterative method. A high order interpolation is made to the next finer grid, and (say,

r) multigrid V-cycles (described below) are applied to improve the solution.

A single multigrid V-cycle starts from the finest existing grid. For example,

after solving AIVI = BI "exactly" on the coarsest grid (m = 1), the solution is

interpolated to the next, finer grid (m = 2), where the V-cycle begins to solve

A2v2 = B2 , iteratively, as in (5.6) and (5.7); however, rather than using many

iterations in an effort to reduce the residual R2 below a negligible error, e, the iterative

process stops after a few iterations, and the (intermediate) solution (on the fine grid,

in = 2) is projected to the coarser grid (m = 1), and is solved there completely (by

either a direct or an iterative method). The new (approximate) solution, or rather,

the correction, W', is, then, interpolated to the finer grid, and the process (i.e.,

the V-cycle) repeats itself as many times as needed (r times), until the residual (or

rather, its norm) IRm 'r I < E. In a full multigrid method (FMG), the (converged) V-I

cycles are repeated with increasing grid refinement (and, hence, an increasing cycle

length), until m = M. The full multigrid (FMG) method is shown schematically

in Figure 5.1 (adopted from Fletcher, 1988) The function /NT(Vrn, m) represents

a cubic interpolation, first in the x direction, and then, for all xrn+ 1 grid points, in

the y directions. The function MGI denotes one path through the multigrid V-cycle
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Figure 5.1: Flow chart for the FMG method (after Fletcher, 1988).
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(Fletcher, 1988), discussed and shown below.

A complete (single) V-cycle starting from the finest grid (in = M), consists

of the following steps:

1. Repeat a few iterations (or relaxation steps), v1 , to smooth the high frequency

components in the correction and the residual for each grid, m + 1. That is,

compute the residual vector, Rm+l, and transfer (or project) it to the next

coarser grid, m, using a "restriction (or projection) operator", / i , such that

Rm = /Mo Rm+ 1 . Then, approximate the (new) coarse grid correction, Wm,

using a few iterations (v1 ), calculate an updated residual, and project it to the

next coarser grid (m — 1), and so on, until the coarsest grid (m = 1) is reached.

2. Solve the exact or complete iterative solution of Al W 1 = Rl on the coarsest

grid.

3. Repeat interpolations of the correction, Wm, using a "prolongation operator",

4,n+ 1 (usually based on bilinear interpolation in two dimensions), such that

wm+i imm+1 = Wm, and perform a few iterations, v2 , on each grid (m + 1).

That is, on each grid, add the coarse grid correction to the finer grid solution,

similar to (5.6); improve the solution Vm by using a few iterations (u2 ) and get

a new (smaller) correction; then interpolate it (using high order interpolation)

to the next finer grid, and repeat the process until the finest grid, in = M, is

reached.

The multigrid V-cycle is repeated until satisfactory convergence on the finest grid

is achieved. According to Fletcher (1988), typically, ten cycles reduce the change in

the solution to 10-5 , when (5.1) is a Poisson equation on a uniform grid. The flow
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chart of the V-cycle is shown in Figure 5.2, (adopted from Fletcher, 1988).

The multigrid strategy can be viewed as an acceleration technique like the

conjugate gradient method applied to a basic iterative scheme. Alternatively, the

basic iterative scheme is interpreted as a smoother for the multigrid method, just as

it was treated as a preconditioner for the conjugate gradient method (Fletcher, 1988).

PLTMG (version 6.1) due to Bank (1990), is a powerful multigrid finite el-

ement package that adaptively refines a mesh of linear triangles until the solution

satisfies a number of stringent convergence criteria. PLTMG is a general solver for

elliptic partial differential equations of the form (1.1) in general two dimensional

domains, and handles non-linearity in both coefficients and source term. The finite

element discretisations in PLTMG is based on piecewise continuous linear triangular

finite elements. The package includes an initial mesh generator and several graph-

ics packages. It was initially developed as a prototype for testing and verifying the

properties of various multigrid and adaptive local mesh refinement algorithms. Since

then, the software has evolved with the research interests of the author (R. Bank).

The user can call for adaptive or user specified mesh refinement at any point along

the solution path. There are also options for adaptive derefinement and subsequent

re-refinement of an existing refined mesh. One can specify uniform grid refinement,

adaptive grid refinement, or a combination consisting of uniform refinement followed

by adaptive refinement. The adaptive procedure is based on the ideas of Babuska,

Rheinboldt, and their co-workers, and Bank and Weiser (see references). The proce-

dure used is commonly called a feedback scheme. Several algorithms, as well as some

alternative criteria are used in order to achieve a required accuracy (Bank, 1986).
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Figure 5.2: Flow chart for the multigrid V-cycle (after Fletcher, 1988).
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The general procedure for solving a nonlinear problem are (Bank, 1990):

• Begin with initial guess of the solution for a given triangulation, number of

vertices, and error tolerance;

• Solve a large set of linear equations, using the hierarchic basis multigrid itera-

tion (a form of the V-cycle) to approximately solve the associated linear system

(Bank and Dupont, 1980; Bank et al., 1988; Yserentant, 1985, 1986).

• For each triangle the error is estimated by solving a local Neumann problem in

the triangle. The local error is approximated by a quadratic polynomial that

is zero at the triangle vertices. In the simple case of linear source term, this

require the assembly and solution of a 3 x 3 set of equations in each element,

and leads to a global approximation of the error as a discontinuous piecewise

quadratic polynomial that is zero at all vertices of the triangulation.

• Triangles whose error estimates are above some threshold, are refined. Often,

this procedure results in a new triangulation, in which few new mesh points

have been added; however, for computational efficiency, a. geometric increase

in the dimensions of the problem is used.

Sparse Gaussian elimination is used to solve the coarse mesh equations. Sub-

sequently, the hierarchic basis multigrid method (the V-Cycle) is used (see Bank,

1990, p. 34 and the corresponding references for more details). This procedure is

also used as a preconditioner for an overall iterative process. The solution on the

refined meshes is done either by (preconditioned) conjugate gradient method (in

the regular case of symmetric matrix), or by (preconditioned) biconjugate gradient

iterations, for nonsymmetric matrix.
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PLTMG also provides a variety of graphical displays of convergence histories,

statistical data, and other interesting output. The solution includes both the de-

pendent variable and its gradient. The input can be in the form of either coarse

triangulation or as a "skeleton" of the region, which is the union of a set of non-

overlapping subregions, possibly only one.

The big advantage of PLTMG is its ability to accurately simulate the response

of a system (i.e., to solve the governing flow equation) near singularities like a point

sink, especially in a highly variable random field. This is a major consideration when

simulating random Green's functions; i.e, when solving the governing flow equation

of the form

Vx, - [K(x')V., g (x', x)] + b .(x' — x) = 0 x', x E n (5.8)

subject to some specified (deterministic) boundary conditions. Before solving (5.8)

numerically, one has to decide

• How to simulate a delta function (or an impulse, which is a singularity).

• What boundary conditions to use (both types and values).

In order to minimize the effect of the boundary conditions (BC), we have tried to

emulate an infinite domain, as much as possible. Recalling that the fundamental

solution3 expresses a response to unit withdrawal at some distance r, we note that

for any concentric cylinder (or circle) around the singularity (unit sink or source) in

a homogeneous domain, the flux q(r) = 1/27rr, is directed toward the sink. Conse-

quently, we prescribed the above flux at the outer circular boundary (i.e., Neumann

3That is, the Green's function in an unbounded domain.
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BC). This choice of boundary conditions was shown later to be more successful in

minimizing boundary effects than Dirichlet BC (used by Desbarats, 1992a).

A straightforward way to simulate a Dirac (delta) function is to approximate

the source term with the 5 sequence (e.g., Greenberg, 1971, p. 61):

6 ,--z-.1 
ke-kr2	

(5.9)
r

where k --* oo. We compared the resulting response (G) to the fundamental solution

in 2-D
1

U = —
2r 

ln(r/ro), (5.10)

where ro is some (small) reference radius. Indeed, as k increases, the shape of the

response becomes closer to the fundamental solution; this improvement vanishes,

however, for k > 103 . At first glance, the response to such a S sequence (illustrated

in Figure 5.3) resembles the fundamental solution. However, a comparison between

the fundamental solution in Figure 5.4 and the "impulse" response in Figure 5.3, as

well as the comparison in Figure 5.5, reveal a substantial difference between them.

Consequently, we replaced the 6 function with a point sink; rather than esti-

mating the singular 5 function, we surround it with a "well" (a small circle around

the center). At first, we imposed Neumann (prescribed flux) BC on the perimeter

of the "well", with the exception of a single point of prescribed head (Dirichlet) BC

(in order to attain a unique solution); in practice, however, this was equivalent to

assigning prescribed head (h = 0) on the inner circle, while maintaining the above

prescribed flux on the outer boundary (thereby enforcing the same "unit" flux into

the inner circle as well). Since all random field generators generate fields on square

grids, we had no choice but to translate the above BC to a square region. Conse-

quently, we prescribe q = 0.25 L on each side (L being the side length). A comparison
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Figure 5.3: Head response to a "delta sequence" as a delta function in a circular
domain.
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Figure 5.4: The fundamental solution in a circular domain.
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Figure 5.5: Comparison between the fundamental solution (upper left), the simulated
impulse response function (upper right), and the response to a unit sink (below) with
an inner radius of 0.001 units.
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between the responses to two different BC on the "well" (prescribed flux with a sin-

gle Dirichlet point and uniform Dirichlet BC on the inner circle) indicates that for

both BC the response is close enough to the fundamental solution, as illustrated in

Figure 5.7.

5.2 Effective Hydraulic Conductivity and Ensemble Statistics Under Ra-

dially Converging Mean Flow

To investigate the existence of effective hydraulic conductivities under a ra-

dially converging mean flow in a bounded domain, we performed high-resolution

Monte Carlo simulations of 2-D flow to a point sink in a statistically homogeneous,

isotropic, log normal K(x) field with an exponential covariance. We generated 500

random realizations of K(x) with a sequential simulator (GCOSIM-3D) developed

by G6mez- Hernández (1991; discussed in the previous chapter). Point values of K(x)

were generated at the centroids of unit square blocks that form a 64 x 64 grid and

assigned without change to the corresponding blocks. The flow equation was solved

with PLTMG Version 6.1 (Bank 1990), described in Section 5.1. The point sink was

approximated by a circle of radius 0.01 units at the center of the grid (designated

as the origin of coordinates) and treated as a Dirichlet boundary with zero head.

A total flow rate of unity was assigned along the outer boundary by proportioning

it equally between all boundary segments. Figure 5.6 illustrates the adaptive grid

refinement and solution for a uniform medium with K 1, starting from a coarse

initial grid of 6 x 6 square blocks and ending with a grid of 800 triangles that is much

finer near the sink than farther from it.

Figure 5.7 compares a corresponding numerical result on our standard grid
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Figure 5.6: Illustration of adaptive grid refinement and 2-D point sink solution for
K a-- 1 .
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Figure 5.7: Comparison of analytical and numerical 2-D point sink solutions for

K El.

(consisting initially of 64 x 64 unit squares which, in virtually all cases, were

subdivided adaptively into 65,760 triangles) with the analytical Green's function

Go = 1/2r ln(r/0.01), where r is radial distance from the center. A comparison be-

tween the numerical solution and the fundamental solution is strikingly good. The

slight discrepancy between the analytical and numerical solutions in the figure is an

artifact of our outer boundary shape and disappears when this boundary is replaced

by a circle (even though the analytical solution corresponds to an infinite rather than

a finite domain). Table 1 shows the number of triangles, nt, the number of vertices,
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nv, and the number of internal boundaries, nb, as well as the CPU time, and mem-

ory in mega-words (1 Mw = 8 Mb) required, on the Cray Y-MP at the San-Diego

supercomputing center (SDSC), for homogeneous fields of different sizes.

PLTMG:	 2-D flow on CRAY Y-MP,	 cdr, K = 1.0
Grid nt nv nb CPU (sec) Mem (Mw)

20 x 20 6632 3440 248 12 2.2
40 x 40 25824 13156 488 54 4.7
60 x 60 57824 29276 728 150 8.5

128 x 128 262376 131960 1544 1112 30.3

This implies that

• The number of triangles (nt) needed to satisfy a modest accuracy criterion is by

at least eight folds larger than the commonly used finite element discretisation

(e.g., a grid of 20 x 20 requires 6632 triangles, although they are, naturally, not

uniformly distributed).

• Due to limited memory allocation, the largest field size we can "afford" on the

Cray Y-MP (at SDSC) is 128 x 128. Since each simulation requires about 20

min CPU time on the Cray (and almost an hour CPU time on the Convex

C-2404 ), this significantly limits both the field size and the number of MCS.

Figure 5.8 depicts a single realization of the random head in the domain,

which we take to represent the random Green's function g(x', 0), as calculated with

PLTMG for a variance cr?, = 1 and an integral scale A = 2 (units) of Y(x), while

Figure 5.9 illustrates a single realization of g(x', 0) for c4 = 4 and A = 5. The

sample variances of g(x', 0) at a point about midway between the center of the grid

4 A minisupercomputer at the University of Arizona, with up to 1 gigabyte of memory, but
limited (allowed) CPU time.

5 Denoted by {•) in the following figures.
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Figure 5.10: Sample variance of g versus number of simulations for 4 . 1 and
A = 2, 5, 8.

and the outer boundary is plotted as a function of the number of simulations for

4 . 1 and A = 2, 5, 8 in Figure 5.10, and for 4 . 4 in Figure 5.11. It is

seen in these figures that the sample variance becomes quite stable as the number

of simulations approaches 500 when 4 . 1, but not so for A = 5, 8 when 4 . 4.

This is typical of most other points in the grid. Though it would be desirable to

continue the simulation, for reasons of expediency we adopt 500 as the sample size

for all statistics presented below.

Figure 5.12 illustrates how the sample mean {g(x',0)} of g(x', 0), averaged

along the four diagonals extending from the center of the grid to its corners, varies

with the dimensionless distance r/A relative to G9 (x', 0) for 4 . 1, 4 and A = 1,
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5, 8, where K9 G9 (x', 0) = Go (x', 0). As we consistently set (Y) = 0, our results

correspond to Kg = 1 and hence Gg = Go . We see that, in general, {g(x 1,0)} exceeds

G9 (x', 0) everywhere except at the sink where both are artificially set equal to zero.

The ratio between {g} and Gg climbs to a maximum within a short dimensionless

distance r/A < 1 and then decreases gradually to stabilize at a somewhat lower

value (only to start rising again as the outer boundary is approached). The ratio

generally increases as cr?, and A become larger. When A = 8, it exceeds 1 by a factor

of at most 1.3 for 4 1 and a factor of at most 3 for al, 4. Figure 5.13 exhibits

a similar pattern of behavior for the ratio {g(x', 0)}/G,c (x', 0) where KG,(x', 0) =

Go (x', 0). However, {G}/G, grows more rapidly with 4 than does {Ç}/G9 due to
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Figure 5.14: Sample variance of g versus dimensionless radial distance r/A for a?, = 1,
4 and A = 2, 5, 8.

the exponential dependence of rc on this variance. The sample variance of g(xi, 0)

increases with a?, and A everywhere except at the sink where it is zero (Figure 5.14).

It increases rapidly with dimensionless distance and tends to stabilize within one(for

cr?, = 1) or two (for cr?, = 4) integral scales from the center.

Figures 5.15 and 5.16 show how the sample variance of the specific flux varies

with actual and dimensionless radial distance, respectively, for the former range of

cd,, and A values. According to Figure 5.15, the variance at a given radius increases

with al, but decreases with A . At distances exceeding about one integral scale from

the source, the variance decreases at a rate more or less proportional to 1.-2 (Figure



10-2 7-

nnn•••n -

-

CT

277

10-4 	

0.5

.

\ N

N N
N

N N	 N

\s

N

	

\N, 	\
•.....	 \N

... •.	
\ '

...........::,

...

.%
s .
. •	 \ ....%

10

a: 1, X=2

cr 2 = 1, X = 5 

= •1 X = 8y  
0. 2 •••• 4, X = 2

cr 2 = 4, X = 5
Y 

	

_2 = A . 	=	_L ux .7_	 _
const./ r 2

Radial Distance r

Figure 5.15: Sample variance of specific flux q versus radial distance r for 4 1, 4
and A = 2, 5, 8.



Figure 5.16: Sample variance of specific flux q versus dimensionless radial distance
r/A for cr?, = 1, 4 and A = 2, 5, 8.

278



279

12) as proposed on the basis of theoretical considerations by Matheron (1967) and

confirmed analytically by Naff (1991). Closer to the source, the rate of variation

with distance is somewhat slower. This notwithstanding, our results support Naff

in his conclusion that if an effective hydraulic conductivity can be defined for mean

radial flow in two dimensions, then (ibid, p. 314) "the best estimates of the effective

hydraulic conductivity will be obtained from observations at some distance from the

well bore."

Next, we examine the question whether an effective hydraulic conductivity can

in fact be defined for such flow and, if so, what is its value? Dagan (1989, equation

3.4.49; see first chapter) has shown that, for small a?, , the effect of radial flow is to

reduce Ke below Kg by a quantity proportional to ol, 2A / 7.2 . This implies that far

from this sink, Ke = Kg . We can reach a similar conclusion directly, for arbitrarily

large cr?, , by recognizing that sufficiently far from the point source the mean flow

tends to be uniform and hence Ke must approach Kg. Dagan further suggested that

close to the sink, the flow is radially symmetric, implying (ibid, equation 5.4.3) that

Ke is equal to the harmonic mean Kh = Kg exp(-4/2) regardless of how K(x)

varies in real or probability space. All of this is confirmed and amplified by our

numerical results.

In Figure 5.17 we plot the ratio Ke IKg as obtained from our 500 simulations,

and averaged further over the four diagonals extending from the origin to the four

corners of the grid, versus r/A for the previous range of c4 and A values. The results

for A = 2 demonstrate that Ke /Kg is virtually 1 at radial distances exceeding 2-

3 integral scales from the sink and the outer boundary when c4 = 1, but these

distances increase to r/A > 4 from the sink and r/A > 10 from the outer boundary
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Figure 5.17: Ke l Kg versus dimensionless radial distance r/A for al, = 1, 4 and A = 2,
5, 8.
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when 4 4. It seems that in the cases of A = 5 and 8 the situation is similar but

masked to some extent by a more pronounced influence of the outer boundary. We

take this to confirm the above theoretical prediction that, in an infinite 2-D medium,

If, approaches Kg as radial distance increases when 4 is small, and to demonstrate

further that this prediction is valid for 4 at least as large as 4.

Our numerical results in Figures 5.8 and 5.9 support Dagan's (1989) sugges-

tion that, close to the sink, the flow is radially symmetric. In Figure 5.18 we plot

the ratio Ke /Kh as a function of r/A for the previous values of 4 and A . The plot

clearly confirms Dagan's (1989) theoretical prediction (based on this assertion) that,

regardless of 4 and A, If, tends toward the harmonic mean of K(x) as r/A becomes
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small; a similar result was obtained for small c4 by Desbarats (1992b, Fig. 11; see

first chapter). Figure 5.18 further demonstrates that the same is true near the outer

prescribed flux boundary. Our findings are contrary to Naff's ( 1991, p. 313; see first

chapter) conclusion that "when the flow tends to emulate a two-dimensional (infi-

nite) system, then Matheron's (1967) asymptotic results for radial flow are generally

realized: the apparent effective hydraulic conductivity becomes the arithmetic mean

near the well and the harmonic mean distant from the well."

Our unconditional Monte Carlo results suggest that, in the 2-D case when the

conditional variance of Y(x) does not exceed 1, it may be appropriate to approximate

r(x) in (3.35) by

r,;(x) k(x)Vh,,(x') (5.11)

for points x located beyond a distance of two to three conditional integral scales

(defined below) from point sources, and four such integral scales from linear boundary

sources; when the conditional variance is 4, the same is true for x located beyond

at least four conditional integral scales from point sources and ten such scales from

linear boundary sources. Here k(x) is the "residual hydraulic conductivity tensor"

k(x) ap,(x, x')dx 1 (5.12)

and ap,(x, x') is defined in (3.42). By taking r(x) to be locally homogeneous within

a distance of a few conditional integral scales from x, one may further approximate

the residual conductivity, in a manner similar to (3.48)-(3.49) and (3.70), via

k(x) f.? K(X)i - Ê(x) (5.13)

where k(x) is a symmetric, second-rank tensor with principal components

k	 Kg (x) exp [crx) Fi(x)]	 i = 1, 2, 3	 (5.14)
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and Fi (x) is a local equivalent of (3.68). The term "conditional integral scale" refers

here to the integral scale of the log estimation errors Y'(x) about the conditional mean

of Y(x). Since this integral scale can be reduced through the judicious acquisition of

data, it follows that one has in principle control over the distance beyond which the

localized expressions (5.11)-(5.14) are valid.

5.3 Verification of the Weak Approximation

To verify numerically the weak approximation (Chapter 2), we analyze further

the results of our two-dimensional Monte Carlo simulations. Ideally, we would like

to examine directly the conditions under which the approximation

(K'(x)1('(x')vv,g(x', x)),,v„, h„ (x')dx1

(K i (x)K i (x')),,VC71,(g (xi , x))V.,h,,(x1 )dx'	 (5.15)

may or may not hold. As this has so far been beyond our computational means, we

consider instead the related weak approximations

and

10. (K'(x)K'(x')g(x', x))„dx'(K i (x)1C(x'))„(G(xi, x))„dx'
n oo

(5.16)

(1( 1 (x)K'(x')G,.(x', x)),dx1 	j (1f 1 (x)K'(x 1 )),, (gr (x', x))„dx'	 (5.17)
f2 00 	fi00

evaluated at x 0, where Gr (xl, x) is the partial derivative of g(x', x) with respect

to the radius r in the x' system of coordinates.

We start with (5.16) by investigating the manner in which the ratio be-

tween (1C(0)Ifqx')gqx', 0)) = (1C(0)Ifqx 1)g(x', 0)) — (K'(0)1( 1 (x')) (g(x', 0)) and
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Figure 5.19: Spatial variation of ratio between sample means { If'(0)1('(x)g 1(x, 0))
and fIC(0)1C 1 (x)g(x, 0)} for a?, = 1 and A = 2.

(K 1 (0)Ifqx')g(x', 0)) behaves at individual points x'. This should enable us to com-

ment on the extent to which the strong approximation (analogous to one often made

in the stochastic groundwater literature)

(If'(x)1C(x')g(x', x)),, .-., (If i(x)1( 1 (x1)),,(g(x', x))„ (5.18)

is or is not valid for various crl, and A. Let {K1 (0)K 1 (x1g 1(x', 0)} be the sample

mean of If 1 (0)Ifqx')gqx', 0), and let {K'(0)Ifqx')G(x', 0)} be the sample mean of

K'(0)1f 1 (x9g(x', 0). Figure 5.19 shows how the ratio between { IC(0)1C(x')gi(x', On

and {K'(0)1C(x')g(x', On varies spatially after 500 simulations when al, = 1 and A =

2. We see that this ratio oscillates with a very high frequency and amplitude (note the

logarithmic scale). Though these oscillations may be partly due to numerical errors,
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they nevertheless raise a serious question about the validity of the local (strong)

approximation (5.18).

In contrast, we show in Figure 5.20 how the ratio between the spatial integrals

of flf 1 (0)K'(xi)gi(xi, 0)) and {K'(0)1C(xi)g(x', 0)), calculated by the trapezoidal

rule over the 64 x 64 grid of unit squares, varies with the number of simulations

and A for 4 1, and in Figure 5.21 for 4 4. We see that, in all cases, the

magnitude of this ratio becomes less than 1 after at most 350 simulations and appears

to be approaching very small values (zero?) asymptotically. At 500 simulations,

the maximum value is less for 4 1 than for 4 4. We therefore feel much

more comfortable about the weak approximation (5.16) than we do about the strong
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and {K 1 (0)K i(x)g(x, On versus number of simulations for	 4 and A = 2, 5, 8.
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approximation (5.18), and note that the former improves further as 4 decreases.

We continue with (5.17) by investigating the manner in which the ratio be-

tween (Ki(0)1C(x')g:.(x', 0)) and (1f 1 (0)1C(x')g,.(x', 0)) behaves at individual points

x'. This should enable us to comment on the extent to which the strong approxima-

tion (analogous, again, to one often made in the stochastic groundwater literature)

(1C 1 (x)Ki(x 1 )g,.(x', x))„ fLi (K'(x)Ifqx')),,(g r(x', x))„ (5.19)

is or is not valid for various 4 and A. Let IK'(0)/fqx')g:.(x', 0)} be the

sample mean of K I (0)Kqx')g:.(x', 0) and let {K'(0)1C(x')G,(x', 0)} be the sam-

ple mean of K 1 (0)Ki(x')gr (x', 0). Figure 5.22 shows how the ratio between

{K'(0)./f 1 (x')G:.(x', 0)} and {K'(0)187(x')g,(x', 0)} varies spatially after 500 simu-

lations when 4 = 1 and A = 2. We see again that this ratio oscillates with a very

high frequency and amplitude (note the logarithmic scale). Though these oscillations

may, like before, be partly due to numerical errors, they nevertheless raise a serious

question about the validity of the local (strong) approximation (5.19).

In contrast, we show in Figure 5.23 how the ratio between the spatial integrals

of IK'(0)./C(x 1 )g:.(x', 0)} and IK'(0)1C(x1g,.(x', 0)}, calculated by the trapezoidal

rule over the 64 x 64 grid of unit squares, varies with the number of simulations

and A for 4 . 1, and in Figure 5.24 for 4 = 4. We see that, in all cases, the

magnitude of this ratio becomes less than 1 after at most 450 simulations and appears

to be approaching very small values ( zero?) asymptotically. At 500 simulations, the

maximum value is less for 4 = 1 than for 4 = 4. We therefore again feel much

more comfortable about the weak approximation (5.17) than we do about the strong

approximation (5.19), and note once more that the former improves further as 4

decreases.



Figure 5.22: Spatial variation of ratio between sample means {1( 1 (0)Ki(x)g'.(x,0)}
and {Ki(0)A"(X)g,-(x,0)} for c4 = 1 and A = 2.
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Based on the above results, we consider our weak approximation (3.58) to be

more readily justifiable than the equivalent strong approximation (or analogues of

the latter commonly found in the stochastic groundwater literature), and to improve

with the quality of the estimate K(x) as the latter is conditioned on measurements

of K(x).
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CHAPTER 6

CONCLUSIONS

Our analysis leads to the following major conclusions:

1. Starting from the premise that Darcy's law applies locally with a random hy-

draulic conductivity field K(x) defined on a support co, we have considered the

effect of measuring K(x) on one's ability to predict steady state flow within

a bounded domain SI, driven by statistically independent random source and

boundary functions. Upon postulating the availability of a relatively smooth

unbiased estimate K(x) of K(x) based on local measurements, we proposed to

predict the local hydraulic head h(x) and Darcy flux q(x) on the scale co by

means of their unbiased conditional ensemble moments, (h(x)), and (q(x)),,,

where the subscript 1£ indicates that conditioning is done on the same data as

those used to obtain K(x). These predictors satisfy a standard deterministic

flow equation driven by ensemble mean source and boundary functions in which

(q(x))„ = —K(x)V(h(x)), + r(x) where r,,(x) is a "residual flux." We have

developed a compact integral expression for r(x) which is rigorously valid for

a broad class of K(x) fields, including fractals, and which demonstrates that

(q(x)), is generally nonlocal (depends on deterministic head gradients at points

other than x) and non-Darcian (there is no effective or equivalent conductivity

valid for arbitrary directions of conditional mean flow) except in special cases.
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2. Our expression for r,,(x) consists of three spatial convolution integrals with

kernels that cannot be evaluated quantitatively without either high-resolution

Monte Carlo simulation or approximation. Nevertheless, these kernels are suffi-

ciently well defined to reveal some of their most interesting fundamental proper-

ties. The kernel under the domain integral is a symmetric, positive-semidefinite,

second- rank tensor (a dyadic); that under the Dirichlet boundary integral is

a non-symmetric second-rank tensor; and that under the Neumann boundary

integral is a vector. These three nonlocal kernels constitute system parameters

which however depend not only on the statistical properties of the hydraulic

conductivity field K(x), but also on the information that one has about this

field, as embodied in its estimate K(x) and in the statistical properties of the

associated zero-mean estimation error K'(x). The same is true about the local

"hydraulic conductivity" K(x). Hence all the parameter in the deterministic

flow equations depend on medium properties and on information content (scale,

quantity and quality of data). As the quality of the estimator K(x) improves,

information is transferred from the nonlocal/non-Darcian residual flux term

r„(x) to the Darcian term K(x)V(h(x))„, and vice versa.

3. Our exact deterministic equations can be solved for the predictors (h(x))„ and

(q(x)),, subject to arbitrary random source and boundary terms, provided the

kernels are known. Since these nonlocal parameters as well as the local pa-

rameter K(x) and the functions (h(x))„ and h„(x) are smooth relative to their

random counterparts, they can be treated approximately as finite dimensional

functions. In other words, each can be expressed as the linear combination of a

finite number of basis functions in the standard manner of finite elements; such
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methods can then be used to solve the governing equations. The dimension-

ality N of each approximating function, i.e, the number N of basis functions

employed (which controls the number of nodes and elements in a finite element

grid), should depend in a standard way on the degree of smoothness of the func-

tion being approximated. Though we defer detailed discussion of this topic to

future papers, we nevertheless conclude that our theory provides a direct an-

swer to the important question how should the scale of grid discretisation (N)

relate to the scale of measurement (co) and to the quantity and quality of avail-

able data (smoothness of conditional moments). Likewise, we propose that if

one has sufficient measurements of K(x), h(x) and q(x) on the scale co and/or

of spatial head and flux integrals (possibly weighted in a known fashion), one

may in principle be able to estimate the above parameters a posteriori by means

of a suitable inverse method. The latter implies conditioning not only on K(x)

but also on head and flux data.

4. Thanks to the rigorous nature of our integral expression for r„(x), we are in a

position to make some precise and fundamental statements about the existence

and properties of effective hydraulic conductivities in steady state flow through

randomly nonuniform media. For r,(x) (and hence (q(x)),) to be Darcian,

it is necessary that there exist a symmetric, positive-semidefinite tensor ic(x)

of second rank (a dyadic) whose principal values (eigenvalues) do not exceed

K(x), and which is additionally independent of (h(x))„ and its gradient, such

that r,s (x) = k(x)V(h(x)),,. Then and only then is it proper to write (q(x))„ =

—Ke (x)V(h(x)),; where Ke (x) is a symmetric, positive definite "effective (or

equivalent) hydraulic conductivity tensor" given by Ke (x) = K(x)I — ii(x), I
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being the identity tensor. This definition of effective (or equivalent) hydraulic

conductivity is nontraditional in that it does not represent relations between

upscaled fluxes and gradients, but between relatively smooth estimates of fluxes

and gradients defined on the local scale w . As such, our definition has an

unambiguous operational meaning. In the unconditional case, it reduces to the

definition commonly employed by stochastic subsurface hydrologists. We list

below a number of special cases for which a Ke (x) can be defined rigorously.

5. When the flow domain SI tends formally to a point (practically to w ) while

the mean source and boundary terms remain finite, K,(x) tends to the scalar

K(x). This merely confirms that the hydraulic conductivity one calculates ex-

perimentally for a sample n (in the laboratory or in the field) by imposing

head and no flow conditions along the sample boundaries, F , and measuring

the resultant flow rate, approaches the estimate K(x) of the scalar hydraulic

conductivity K(x) as SI tends to w . The same happens for any flow domain

in the limit as the variance of the estimation error K'(x) approaches zero, or

in the special case where K(x) a- K is a random variable independent of x.

6. The case most often discussed in the stochastic literature is that of an un-

bounded domain SI,,„ in which K(x) E K = constant, Ki(x) is statistically

homogeneous, and flow is controlled entirely by boundary conditions at infinity

which result in a uniform mean hydraulic gradient, V(h(x))„ -.• J = constant

( we retain the subscript K for consistency of notation even though no condi-

tioning is implied by it in this case). Here the mean flux (q)„ is also constant

and satisfies Darcy's law in the form (q),, = —KeJ where Ke = KI — ,

being a constant, symmetric, positive-semidefinite, second-rank tensor and Ke
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an effective hydraulic conductivity tensor with similar properties but positive-

definite.

7. Consider a box-shaped flow domain SI with prescribed mean head on two op-

posing faces and prescribed zero mean flux normal to the remaining four faces.

If internal sources are zero in the mean while tc(x) __ K = constant ( but

K'(x) is not necessarily homogeneous !), then the flux predictor is given by

(q(x)),, = —KV(h(x)),, + ic"(x)J where J is the externally imposed hydraulic

gradient across the box and Tc(x) is a (generally) nonsymmetric, nonconstant,

second-rank tensor. Here the lack of symmetry is strictly a boundary source

effect which disappears when the influence of such boundaries dies out. This

and the fact that (q(x)),, is linear in both V(h(x)),,, and J but is not propor-

tional to either of these two gradients justifies referring to the above expression

as quasi-Darcian. The tensor 7c(x) depends on K(x), the quality of its estimate

K(x), the location ( if K(x) is statistically nonhomogeneous) and orientation (

if K(x) is statistically anisotropic) of the box, box dimensions, and the choice

of prescribed mean head and flux boundaries.

8. If Ki(x) is statistically homogeneous, exhibits ellipsoidal (geometric) statistical

anisotropy, and the above box-shaped flow domain ft as well as the working

coordinates x are oriented parallel to the principal coordinates of statistical

anisotropy, then the conditional mean flux is given by Darcy's law in the form

(qi (x 2 , x3 )),, = —[K — Kl (x 2 , x3 )]../1 where J1 is the externally imposed hydraulic

gradient ( taken to act parallel to x 1 ) and [K — K1 (x 2 , x3)] is an effective direc-

tional hydraulic conductivity. The latter is a function of K(x), the quality of

its estimate K(x), box dimensions, and location in the (x 2 , x3 ) plane normal to
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the mean direction of flow. If the box is at an angle to the principal axes of sta-

tistical anisotropy then flow symmetry is broken, Darcy's law no longer holds,

and one must use instead the quasi-Darcian expression introduced earlier. Only

if K'(x) is statistically isotropic will N I (x2 , x3))„ = —[K — Ki (x2 , x3 )]./1 apply

for arbitrary choices of x i , x 2 , x3 relative to a frame of reference attached to

the medium. Even then, the three quantities [K — Ki (x 2 , x3 )], [K — K3 (x i , x2 )],

and [K — K2 (x3 , x i )] will generally differ from each other unless n is a cube.

It is important to appreciate that these quantities are strictly directional and

do not form the principal components of a tensor. It is further important to

recall that they correspond to a closed box-shaped flow domain with two pre-

scribed constant mean head and four zero mean flow boundaries. As heads

and fluxes along interfaces between finite elements or finite difference cells in a

numerical model are generally not prescribed but merely required to satisfy ap-

propriate compatibility criteria, the above quantities qualify (in a strict sense)

neither as principal nor as directional equivalent hydraulic conductivities for

such elements or cells.

9. It is common in subsurface hydrology to treat Y(x) = In K(x) as a Gaussian,

statistically homogeneous field. Matheron (1967) considered uniform mean flow

in an unbounded, two-dimensional, statistically isotropic Y(x) field in which

the effective hydraulic conductivity is a scalar, If,. By recognizing that this

scalar must be a linear functional of K(x), Matheron was able to prove that

Ke is equal to the geometric mean, Kg , of K(x) regardless of how strongly the

latter fluctuates. We have restated Matheron's proof by basing it on our new

integral expression for r,,(x) rather than on an abstract linear functional.
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10. In the case of uniform mean flow within an unbounded, three-dimensional, sta-

tistically anisotropic Y(x) field the effective hydraulic conductivity tensor Ke

is described very well by a modified version ( Neuman and Depner, 1988) of

an expression originally proposed by Gelhar and Axness (1983). This expres-

sion is supported by high-resolution 3-D finite element Monte Carlo simulations

(Neuman et al., 1992) at least for (a) the statistically isotropic case where ( b)

the variance 4 of Y(x) = ln K(x) is as large as 7 and (c) the integral scale

measures one seventh the characteristic length of the flow domain. A simi-

lar agreement with Monte Carlo results, generated with a different numerical

method, has been reported by Dykaar and Kitanidis (1992) for 4 as large as

6; Ababou (1988) found on the basis of a single realization in a large domain

that the agreement holds at least up to 4 . 5.3. The same expression is

also supported by field evidence ( Neuman and Depner, 1988) from a fractured

granitic rock terrain for 4 > 7. Its verification confirms indirectly that, in sta-

tistically isotropic 2-D hydraulic conductivity fields, the scalar Ke is equal to

the geometric mean, Kg , for any variance or integral scale. In the statistically

isotropic case, the linearized version of the above expression for Ke underes-

timates the scalar IC, by an amount that grows exponentially with 4 as the

latter increases beyond 1.

11. To investigate the existence of effective hydraulic conductivities under a radi-

ally converging mean flow in a bounded domain, we performed high-resolution

Monte Carlo simulations of 2-D flow to a point sink in a statistically homo-

geneous, isotropic, log normal K(x) field with an exponential covariance and

an integral scale A . Our simulations confirm a theoretical prediction by Da-
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gan (1989), simplified considerably in this paper, that in the absence of an

outer boundary the corresponding scalar effective hydraulic conductivity, Ke ,

approaches the geometric mean, K9 , as the dimensionless radial distance r/A

from the sink increases when 4 is small. They demonstrate further that If,

is virtually equal to Kg at radial distances exceeding 2 — 3 integral scales from

the sink when 4 = 1, and r/A > 4 when 4 = 4, provided the outer boundary

is far enough. The latter boundary influences Ke within 2 — 4 dimensionless

distances when 4 = 1, but well within 10 such distances when 4 = 4. Our

simulations also confirm Dagan's (1989) theoretical prediction that, regardless

of 4 and A, If, reduces toward the harmonic mean Kh = Kg exp(-4 /2) as

r/A decreases. They demonstrate further that the same is true near the outer

boundary source. Our findings contradict Naff's (1991, p. 313) conclusion that

when the flow tends to emulate a two-dimensional system, then Matheron's

(1967) asymptotic results for radial flow are generally realized: the apparent

effective hydraulic conductivity becomes the arithmetic mean near the well and

the harmonic mean distant from the well."

12. Our unconditional Monte Carlo results suggest that, in the 2-D case when the

conditional variance of Y(x) does not exceed 1, it may be appropriate to approx-

imate r,c (x) by the local expression r,; (x) '--' k(x)Vh,,(x') for points x located a

distance of at least two to three conditional integral scales from point sources,

and four such integral scales from linear boundary sources; when the conditional

variance is 4, the same is true for x located at least four conditional integral

scales from point sources and ten such scales from linear boundary sources.

Here k(x) is a "residual hydraulic conductivity tensor," and "conditional in-
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tegral scale" is that of the log estimation errors Yi(x) about the conditional

mean of Y(x). Since this integral scale can be reduced through the judicious

acquisition of data, it follows that one has in principle control over the distance

beyond which such a local approximation is valid.

13. Our 2-D simulations show that the sample variance of the specific flux at a given

radial distance from the point sink increases with al, but decreases with A .

At distances that exceed about one integral scale from the sink, this variance

decreases at a rate more or less proportional to 7.-2 as proposed on the basis

of theoretical considerations by Matheron (1967) and confirmed analytically

by Naff (1991). Closer to the source, the rate of variation with distance is

somewhat slower. Our results thus support Naff in his conclusion that if an

effective hydraulic conductivity can be defined for mean radial flow in two

dimensions, then ( ibid, p. 314) "the best estimates of the effective hydraulic

conductivity will be obtained from observations at some distance from the well

bore."

14. To render our nonlocal theory workable near interior sources and boundaries

where localization may not be warranted, one must either have sufficient data

to evaluate the unknown kernels by an inverse method as was suggested earlier,

or develop a working approximation for the residual flux r„(x). We proposed a

weak approximation (closure) which eliminates the need for moments of K(x)

beyond (Ki(x)K'(y))„. Due to its conditional nature, the approximation is

expected to improve with the quality of the estimate K(x) as the conditional

ensemble moments of the estimation error Ki(x) diminish. The same approx-

imation also yields working expressions for the terms k, ii(x), and Ki (x2 , x3)
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which enter into our definitions of effective hydraulic conductivity.

15. Analogues of the proposed weak approximation have been investigated directly

by means of high-resolution finite element Monte Carlo analysis of 2-D flow to

a point sink. Our results suggest that weak (integral) approximations are much

more robust than their strong (local) counterparts, that they are acceptable for

4 at least as large as 4 and A at least as large as 8 (in a 64 x 64 domain),

and that they improve as the variance of the estimation error K'(x) goes down

due to an improvement in the quality of the estimate K(x), as a result of

conditioning on data.

16. Our weak approximation requires the solution of an integro-differential equation

for the conditional ensemble mean Green's function (g(x, y)),,. This might be

done by means of a quasi-analytical finite element scheme, followed by finite ele-

ment computation of the head predictor (h(x)),, and the flux predictor (q(x)),,.

As all three functions vary much more slowly in space than their random coun-

terparts, one should feel comfortable approximating them by quasi-analytical

and/or finite-dimensional functions as required by our proposed approach.

17. Though it is possible to express the head prediction error moment (h'(x)1/,' (y)),,

and the flux prediction error moment (41' (x)q'T(y)),, at a level of approximation

compatible with our weak scheme, we consider the resulting expressions to be

unduly complex. We therefore supplemented ( in the case of (le (x)le(y)),,) or

replaced ( in the case of (cf(x)q'T(y)),) these expressions by stronger but much

simpler explicit approximations which we hope to evaluate by finite elements

in the future.
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18. Our theory assumes that one has at his/her disposal an unbiased estimate

x(x) of the hydraulic conductivity function K(x). Our weak approximation

requires further that one know the second conditional moment of the associated

estimation errors (K 1 (x)Ki(y))„. The question how to obtain these quantities

is not central to our paper and remains outside its scope. Nevertheless, we have

recalled two known geostatistical methods which, under some practical working

hypotheses, make possible the determination of K(x) on the basis of local K(x)

data in a way which minimizes, though does not completely eliminate, bias.

The first method treats K(x) as a global drift which does not generally pass

through the measurement points and results in zero mean, wide-sense (second-

order) stationary estimation errors K'(x). The second method treats K(x) as a

kriging estimate which does pass through the measurement points (unless they

are corrupted by measurement noise) and results in a zero mean, nonstationary

K'(x) field. Other methods to evaluate K(x) may be equally acceptable or

better, including inverse methods as mentioned earlier.

19. The theory in this dissertation has dealt with the prediction of heads and fluxes

on scales compatible with the support w of K(x). Once the spatial distribution

of the corresponding predictors (h(x)),, and (q(x)),, has been determined, one

can integrate them spatially (in a weighted manner if necessary) to represent

averages such as those "seen," for example, by wells completed over depth

intervals which exceed the vertical dimension of w (as when this dimension is the

length of a core sample or the injection interval in a packer test). The question

whether such spatially averaged heads and fluxes can be related functionally

by means of "upscaled" parameters defined on supports larger than w can then
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be addressed directly.

20. The investigation of four different methods for generating random fields (abbre-

viated RFG's) with five different random number generators (RNG's) suggests

that the choice of a combination of RFG Sz RNG depends on the particular

purpose and needs; everything being equal, the sequential simulator is the most

powerful RFG, while the RFG based on LU-decomposition (of the covariance

matrix) is potentially most reliable. In our case, i.e., 64 x 64 square fields

(A = 5) with steep gradients and variances of ln K up to 4 (i.e., (4 < 4), at

least 500 realizations are needed to provide reliable ensemble moments of both

the (input) generated fields and the (output) simulated heads and fluxes. As

the number of simulations increases, the results (particularly the "two-point"

covariances) become less sensitive to the choice of RFG.
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APPENDIX A

RANDOM FUNCTIONS:

A random function (RF) is an infinite dimensional function, u(x), of the

spatial coordinate x (or of time, t). Let u i be the values of u at a point x =

xi (Dagan, 1989). The joint probability distribution function (or joint cumulative

distribution function, or joint CDF) F(u i ,u2 , ...uN), with N oo, contains all the

probability information about u. The passage to an infinite number of components

poses difficult problems, and the appropriate mathematical tool is that of functional

analysis; however, a less rigorous definition, but sufficient for most applications, is

commonly used (e.g., Dagan, 1989): it assumes that the joint CDF of u is known

for any set of arbitrary, but finite, number of points. Further, if the joint CDF of

u is invariant under translation of the points xi, and depends only on their relative

positions, then u is a stationary (or homogeneous) random function (or field). In

this case, all moments are independent of space (or time); particularly, the mean'

(u) = const, and the covariance Cu (or, alternatively, the autocorrelation coefficient)

depend only on distances (or time-lags) between the points, not on their actual

locations, i.e.,

Cu (x i , x2 ) = (u(x i )u(x2 )) — (u(x 1 ))(u(x 2 )) = C.(x i — x2 ) = Cu(r),	 (A.1)

1 0 denotes ensemble mean or mathematical expectation.
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where r is a separation vector. If only the first two moments satisfy these require-

ments (i.e., they are independent of space/time), the function is second order or

weakly or wide sense stationary.

The variance cr,24 and the autocorrelation coefficient pu are defined as

cr(x) = Cu(x,x) = (u(x) 2 ) — (u(x)) 2 ,	 (A.2)

pu(xi, x2) =
cr.(xi)cr.(x2) •

A stationary random function is isotropic if the joint CDF is also invariant under

rotation. In this case, the autocovariance and the autocorrelation coefficients become

functions of I ri, the modulus of the separation vector r, and Cu (r) = cr!pu (r).

Random functions u(x) whose joint CDF for any set of points xi are multivari-

ate normal (or Gaussian) are of special interest; here, the entire statistical structure

of u is exhausted by the first two moments [i.e., the mean (u(x)) and the covariance

C.(r)]. If a Gaussian RF is weakly stationary, then the residual u'(x) = u(x)— (u(x))

is stationary in a strict sense, and all the statistical moments of u(xi) can be easily

calculated (Dagan, 1989).

The conditional mean of a random variable u, given the random variable

= vo , is (Papoulis, 1984)

Cu(xi , x2) (A.3)

(u I v) 	(u) =	 u f (u I v)du,	 (A.4)

where f(u I v) is the conditional probability density function (conditional pdf)

f (u, v)
f(uv) = 	 ,

f(v)
(A.5)



00
(u i I u2 , ... , u) = f u i f (u i I u2 , . . . , uN )du i ,

- 00

(A.8)
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f (u, v) is the joint pdf of u and y, and the marginal pdf of y,

f (v) = r: f (u, v)du ,	 (A.6)

is also the total probability (Papoulis, 1984, p. 161). If the joint CDF for two variables,

F (u, v), is twice differentiable, then the joint pdf of u and y is, by definition

02 F(u, y) 
f (u, v) = 	

'	
(A.7)

auOy 

For a sequence of N variables, the conditional mean of u l , given u 2 ,. ., uN is

where f (u i I u 2 , ... , UN) is the conditional pdf, and (u 1 I u2 , ... , UN ) is, by itself, a

random variable, such that (Papoulis, 1984, p. 183)

((III I U 27 - - - ,UN) ) --= ( 111)•
	 (A.9)

Differentiation and integration of random functions:

A random function u(x) is called continuous in the mean square (m.s.) at a

point x if (Dagan, 1989)

lim ([u(x + r) — u(x)1 2) = O.
i ri —.(3

(A.10)

A random function u(x) is differentiable in the m.s. at x and has a random function

du/dx as derivative at x if

lim [u(x + r) — u(x)	 dli(X)1 2 0.
(A.11)r-oo	 7.	 dx j
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This definition is easily extended to partial differentiation. A necessary and suffi-

cient condition for du/dx to exist is that the covariance function Cii(x,x r) of the

random parameter be twice differentiable at the origin, i.e., as r --+ 0 (Dagan, 1989;

p. 15).

A stochastic integral U = fv a(x)u(x)dx is defined as the mean square (m.s.)

limit of the infinite sum Un = a(xi)u(xi)Axi, a(x) being a deterministic func-

tion. A necessary and sufficient condition for the existence of the stochastic integral

of a(x)u(x) over V (in the ordinary, Riemann sense) is that its variance cr6

satisfy (Dagan, 1989)

(r2 ) =	 a(x')a(x")Cii(x', x")dx'dx",

where the expected value of U is

(U) = f a(x)(u(x))dx.

(U'2 )

(A.12)

(A.13)

In the stationary and isotropic case, the integral scale of u(x) is defined as (Dagan,

1989, p. 19)
oo	 1/n

A t, = [n j* pn (r)rn fir] (A.14)

where n is the dimensionality of of x. The integral scale is a measure of the distance

between two points beyond which u(x) and u(x r) cease to be correlated.



APPENDIX B

SPACES, NORMS, AND STRONG CONTINUITY:

Spaces and Norms: (After Collatz, 1966; Curtain and Pritchard, 1977;

Bharucha-Reid, 1972)

A space R is called a metric space if for any two elements f,g E R there is a real

number d = d(f , g) called the distance, which is symmetric and positive semidefinite,

d(f , g) = d(g, f),	 d(f , g) >0	 V f,g E R	 (B.1)

(where V means "for all") with d = 0 if and only if f = g, and

d(f , h) _< d(f , g) + d(h, g)
	

f,g,h E R.	 (B.2)

A space is called linear (with respect to a field F) if there is defined an addition

and a multiplication of elements with numbers of the field F. These operations satisfy

the rules of vector algebra, particularly the associative and distributive laws.

A linear transformation, T, from a linear space X to a linear space Y over

the same field F is a map T : X —i Y, such that

T (ax + 13y) = aT x + OTy	 (B.3)

for all x, y E X and all cf,/3 E F.

A space R is normed if it is linear, and if each element f E R is associated

with a real number 11/11, the norm of f, which satisfies the three relations:
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1. 11 1 11 = o if and only if f = O (definiteness).

2. Ilf + 911 ^ 11111 + 11g11 (triangle inequality).

3. Ilcf I =I c I 11 f II (homogeneity for f E R, c E F)

A norm may be thought of as the distance d of a function (or variable) f from

its null value 0 (or from the origin), that is 11/11 = d(f, 0). The norm of elements

(points) x = (x 1 , ...,xn ) can be defined either by

	114 = max(p,	 lq),	 )9; real > 0	 (B.4)
3

Or
1/q

	11 3( 11 = [>.p xi lq	 ,	 1 < q < oc,	 > 0),	 (B.5)
3=1

where both the coefficients, pi , and the exponent, q, define the type of norm. In

particular, if p; 1, and q = 2, this becomes an Euclidean norm.

Similarly the norm of a function f can also be defined as

Ilf(x)11 = max [P(x)1/(x)11
	

(8.6)

where p(x) is a given positive function. For p(x) 1

11/(41 = max f(x) 1
	

(B.7)

In the case of functions with continuous (partial) derivatives on a closed interval (or

a closed n-dimensional region), the norm can be defined as

1/q

Ilf(x)11 =
J=0

[J i x I f (3) (x) l q dx

Or as

11/(x)11 = sup 	Ri(x) I fw(x) I,
j=0
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where f(°) = f, and superscripts indicate partial derivatives of some order (j); pi are

given continuous nonnegative functions.

The following are alternative definitions for a Banach space:

• A complete' normed linear space is called Banach space.

• A Banach space is an n-dimensional vector space with a norm.

• A nonempty set X is a Banach space if (1) X is a linear space, (2) X has a

norm, and (3) X is a complete metric space with metric d(x , y) = Ilx — Yll.

In particular:

1. The norm in (B.5), with x representing n-tuples of real numbers, is a real

Banach space with respect to coordinatewise addition and scalar multiplication,

and with the Euclidean norm where pl -a- 1, and g = 2.

2. The space C[B] of continuous functions on a closed and bounded domain B

with the norm (B.6) or (B.7) is a Banach space.

3. The Lebesgue spaces Lp , 1 < p < oo, with the function space L(S) defined

for any real number p, and any positive measure space which consists of those

scalar-valued measurable functions f (s) on S for which fs if(s)Ids is finite. The

Lp spaces are Banach spaces with norm defined by Hi p = Efs If(3)1Pdsl ilP

Bounded transformations:

T: X —* Y, where X and Y are normed linear spaces is said to be bounded if (Curtain

subset N of a metric space R is "complete" if there is a limit element f E N to each Cauchy
sequence 1,7, with the distance d(f,n , f)	 8 (Collatz, 1966).
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and Pritchard, 1977) 2

11Tx1IY 5. mlI zIlx
	 (B.10)

for some constant M > 0 and all x E X.

Norm of a linear bounded transformation: (Curtain and Pritchard, 1977)

If T is a linear bounded transformation between two normed linear spaces X, Y, we

define its norm 1171 11 as

11Th l = sup{ iiTxiiY
},

iixiix

where x E X and x 0 O. Consequently,

(B.11)

1 1Txtl Y ^ 117111114x, 	 (B.12)

and we can define the normed linear space A(X, Y) to be the space of bounded trans-

formations T : X -- Y with the above norm.

Strong continuity: (Curtain and Pritchard, 1977)

Let T(t) E A(X, Y) for every t E [a, b], then T(t) is strongly continuous at to if

IIT(t)x — T(t o)xliy -- 0 VsE X as t —> to (B.13)

Curtain and Pritchard (1977) bring, as example, the operator eAt , where A E A(X),

as a strongly (or uniformly) continuous operator. In fact, since eAt can be expressed

as a convergent series (see Appendix 1-D for definitions),

A 2 	An
eAt = 1 + A	 (B.14)

+ Y + • • • + V + • • •

where I is the identity tensor, then elli E A(X). [The operator eAt is fundamental

to the semigroup approach.]

2 11 ' iix denotes the norm of - on X.



APPENDIX C

THE EIGENFUNCTION METHOD

An alternative approach to the inverse operator, or Green's function method,

is the eigenfunction method (Greenberg, 1971). Since this method requires a good

deal of theoretical development, we will only highlight some of its major properties

and its relation to Green's functions and Fourier series expansions.

In order to solve (2.4) by the eigenfunction method, we consider the associated

Sturm-Liouville eigenvalue problem'

Lh + Ah = 0,	 (C.1)

subject to the same homogeneous2 boundary conditions as in (2.4). A is a parameter

(associated with the eigenvalues). The procedure is to expand the various quantities

in (2.4) in terms of the eigenfunctions On of (C.1):
00

h(x) = E an On (x)
n=1

oo

f(x) = E cn On (x),	 (C.2)
n=1

where the an 's are unknown, and cn 's are the coefficients3 of 1(x), and thus can be

computed from On and f:

(f, On) 
Cn =	 (C.3)

'Although Greenberg (1971) discusses the original ordinary 1-D problem, we generalize it here
to higher dimensions.

2 The homogeneity of the boundary conditions is basic to the eigenfunction method.
3If f(x) in (C.2) is a Fourier series, then cn are Fourier coefficients.
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where the inner product (f (x), g(x)) is defined as

(f (x), g (x)) a /11 f (x)g(x)dx,

particularly

(On, On) a: jo On(x)0(x)dx,
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(C.4)

(C.5)

such that (On , 0,n ) = 0 for m n, i.e., the eigenfunctions are mutually orthogonal.

Greenberg (1971) shows that in (C.2), an = — c„/An , where An are the eigenvalues

(see below).

For example, the nontrivial solution to the one dimensional boundary value

problem

d2 h
h(0)	 h(1) = 0 (C.6)

dx 2 = f(x) ;	
=

with the associated eigenvalue problem

d2 h
+	 =	 = = 0 (C.7)Ah	 O; 	h(0)	 h(1)

dx2

is

h(x) = A sinVx + B cos \ fitx . (C.8)

where A and B are constants. Now, the boundary condition (BC) h(0) = 0 implies

that B = 0, while the BC h(1) = 0 implies that either A = 0 or NA/ = nil-, where

n = 1,2,3, .... Consequently,

and

n2r2
A = 	 = A

12 	n'

h(x) = A sin (.2-7—ri x-) .=- A0n (x),

where A is an arbitrary constant, An are the eigenvalues (or characteristic values), and

the corresponding eigenfunctiorts (or characteristic functions) are On = sin(nrx//),
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which happen to be precisely the quantities needed for Fourier series representation

of functions defined over 0 < x < 1. In a sense, this is where the terms of a Fourier

sine series "come from" (Greenberg, 1971).

The general solution of (2.4) consists of first determining the eigenvalues

and eigenfunctions ç(x) of the associated Sturm-Liouville problem (C.1), then com-

puting Fourier coefficients cn of 1(x) with respect to these eigenfunctions, and finally

inserting these various quantities into

h(x) = —	 ( clz 	(C.11)
An

Note that the solution fails to exist if, say A, = 0 and e,	 O. If, however, c,	 0

then there is an infinite number of solutions (Greenberg, 1971, p. 48).

A substitution of (C.3) in (C.11) yields the following solution, h (Greenberg,

1971)

h(x) = {—	 (MxWn (x ) f (X l ) dX1

fl 	n=1 An(On) On)
(C.12)

In the case of a bounded domain, boundary (or surface) integrals should be added

to (C.12). A close look at the kernel of the integral (i.e., the fixed part, as discussed

below) in (C.12) identifies it as the Green's function (Greenberg, 1971)

G ( X X )	 (ki ( (X01 )71. (k (nX)n=1
(C.13)

Thus, the Fourier series expansion of any Green's function yields the eigenfunctions

and eigenvalues of the particular differential equation, and vice versa. Note that from

(C.13), the Green's function fails to exist if one of the eigenvalues of the associated

Sturm-Liouville system, say A, is zero. Summarizing, if zero is not an eigenvalue of

(C.1), then both the Green's function G and the solution h exists, and are given by

(C.13) and (C.11) respectively. If, on the other hand, some A, = 0, then the Green's
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function fails to exist, and either the solution h fails to exist, or it has an infinity of

solutions.



APPENDIX D

CONVERGENCE AND ASYMPTOTIC APPROXIMATION

Deterministic functions:

Convergence:

A series UN converges to its limit u if for any e> 0 there exists a number M > 0, such

that I UN — u l< e for all N> M, and in such case we write limN„ UN = u (e.g.,

Spiegel, 1971). Thus, an expansion converges if its terms eventually decay sufficiently

rapidly (Hinch, 1991). Note that convergence of a series does not guarantee accuracy

of its approximation by a finite number of terms (to be demonstrated in the sequel).

Uniform convergence:

A sum of a series of functions u 1 (x) + u 2 (x) + ... + uN(x) = SN(x) converges to its

limit S(x) in a region R if for any e> 0 there exists a number N, which in general

depends on both e and x, such that I SN(x) — S(s) I< e for all N > M. Note

that a necessary (but not sufficient) condition for this convergence to a limit is that

limN_,. UN(x) = O. If N depends only on e , not on x, the series converges uni-

formly to S(x) in R (Spiegel, 1971). In other words, if for sufficiently large N, the

remainder (or tail) of the series is less than an arbitrarily small e in a given interval,

the series converges uniformly (ArfIcen, 1985).
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Random functions:

Convergence almost everywhere (a.e.):

If the set of outcomes C such that

HIT1 UN(C) = U(C)N —•oo
(DA)

exists, and its probability equals 1, then the random sequence UN converges a.e (or

with probability 1), or equivalently it converges almost surely (a.s.). This is written

in the form

P{uN —4 u} = 1	 as	 N --- oo	 (D.2)

where P denotes probability.

Convergence in the Mean Square (or m.s.) sense:

A sequence of random variables uN(() converges to u(() in the mean square sense if

I UN — u I converges in the mean to zero as N —+ oo, i.e.,

liM (1 UN — U1 2 ) = O.
N—n co

(D.3)

Similarly, we define (Beran, 1968) Convergence in the r-th Mean:

A sequence of random variables uN (C) converges to u(C) in the r-th mean sense if

I UN — u I r converges in the r-th mean to zero as N —> oo, i.e.,

lim (I UN — u n . O.	 (D.4)
N—+œ

Convergence in Probability (p):

The probability P{I u — UN I> e} of the event {I u — UN
 

1> E} is a sequence of
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numbers depending on e. If this sequence tends to zero

lirn P{l u — uN I> e} = 0
n—roo

(D.5)

for any c > 0, then we say that the sequence UN tends to u in probability (or in

measure). This is called also stochastic convergence (Papoulis, 1984).

Convergence in Distribution (d).

If Fn (u) and F(u) denote the (probability) distributions of uN and u, such that

lim F(uN) = F(u)
n—roo

(D.6)

for every point u of continuity of F(u), then the sequence UN tends to u in distribu-

tion. In this case, uN(0 need not converge for any C.

Asymptotic approximation:

The partial sum E 2/Y=1 u(x) is said to be an asymptotic approximation to (or asymp-

totic representation of) a function u(x) as E	 0 if for each M < N

u(e) —	 ui(e)
0	 as e —> 0,	 (D.7)

UM(f)

i.e., the remainder is smaller than the last term included, once e is sufficiently small

(Hinch, 1991). Often the terms uN(e) are powers of e multiplied by some coefficient,

i.e., f EL a NEN which implies that e < 1. Therefore, asymptotic series are

also called asymptotic power series, or semi convergent series (Arfken, 1985). Both

Arfken (1985) and Hinch (1991) show examples in which partial sums of a series

are very good approximations to the (original) functions, while the complete series

expansions diverge.
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[Note the similarity between uniform convergence (above) and asymptotic

approximation; on one hand, uniform convergence implies asymptotic approximation,

but not vice versa (i.e., uniform convergence is more restrictive); on the other hand,

uniform convergence does not depend on a small parameter, c, as does asymptotic

approximation. This distinction is essential for the truncation of Neumann and

Volterra series, where practically, the asymptotic representation is more crucial than

the convergence of the series, and where c is analogous to cq, (the variance of log-

conductivity).]



APPENDIX E

SYMMETRY OF THE RANDOM GREEN'S FUNCTION

According to (3.12) - (3.14), g(x1,x) is the solution of

Vx, • [K(x')V.,g(x', x)] + (5(x' - x) = 0 	 x', x E St
	

(E.1)

subject to the homogeneous boundary conditions at x' on!'. Analogously, g(x, x') is

the solution of

V. ]K(x)Vg(x, x')] + 45(x - x') = 0	 x, x' E n	 (E.2)

subject to the homogeneous boundary conditions at x on F. Multiplying (E.2) by

g(x', x), integrating over SI, applying Green's identity twice, and rearranging gives

Jo g(x, x')V - [K(x)Vg(x', x)1dx + j:2 (5.(x - x')g(x', x)dx

= fr K(x)Vg(x', x) • n(x)g(x, x')dx - fr K(x)Vg(x, x') • n(x)g(x', x)4E.3)

(E.4)

Substituting (E.2), together with the corresponding homogeneous boundary condi-

tions, into (E.4) yields

I. {g(x, x')V • [K(x)Vg(x', x)] - V • [K(x)Vg(x, x')]g(x', x)}dx

= f K(x)Vg(x', x) • n(x)g(x, x')dx - f K(x)Vg(x, x') - n(x)g(x', x)&5)
rN	 r D
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(E.6)
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Since this must hold for arbitrary K(x), ft , FN, and rD , each of the integrands in

(E.6) must vanish independently of the rest. This clearly happens if and only if

G(x, x') = G(x', x )	 x, x' E SI	 (E.7)

The symmetry of G is thus seen to follow from the self-adjoint nature of the operator

V. [K(x)V] under homogeneous Dirichlet and Neumann boundary conditions.



APPENDIX F

RELATIONSHIPS BETWEEN COVARIANCES OF K AND Y

Let v(x) be an unbiased estimate of Y(x) -= In K(x) and let 4(x) =

([Y'(x)] 2), be the conditional variance of the estimation error Y'(x) = Y(x) — v(x).

Then

K(x) = exp[Y(x)] = exp[v(x) + Y'(x)] = Kg (x) exp[Y'(x)],	 (F.1)

where

Kg (x) = exp[v(x)].	 (F.2)

If Y'(x) is Gaussian then ( Mood and Graybill, 1963)

K(x) a--_- (K(x)), = Kg (x)(exp[Y'(x)]), = K g (x) exp ( crkx)) ,	 (F.3)

and hence

Ki(x) L=. K(x) — K(x) = — K g (x) (exp (lcr2 (x)) — exp[Y'(x)]) .	 (F.4)
2 Y

It follows that

(K' (x)Ki(y)),, =

K9 (x)K9 (y)({exp[i4(x)12] — exp[V(x)]}{exp[4(y)/2] — exp[Y'(y)]}),

= Kg (x)Kg (y){(exp[r (x) + Ily)]), — (exp[V(x)]), exp[o -ky)/2]

— (exp[Y'(y)]), exp[a 2y (x)/2] + exp[crr, (x)/2 + cr,(y)/21}

= Kg (x)Kg (y) exp ([01,(x) + o- (y)]) lexp(ilx)r(y)), — 1}

= Pc(x)tc(y){exp(Y l(x)Y'(y)), — I},	 (F.5)
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where (•), designates moments conditioned on v(x).
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APPENDIX G

MATHERON'S PROOF Re 2-D LOGNORMAL FIELDS

We consider the case of two-dimensional flow governed locally by

V. [K(x)Vh(x)] = 0.	 (0 .1)

The stream function tk(x) is known to satisfy (cf., Frind and Matanga, 1985) an

analogous equation

V. [k(x)vo(x)] = o,	 (G.2)

where k(x) a-- K(x) 1 . These two equations can be rewritten, respectively, as

V 2 h(x) + VY(x) - Vh(x) = 0,	 (G.3)

V 2 ,&(x) + VY(x) • VO(x) = 0, 	 (G.4)

where Y(x) -= ln[K(x) -1 ]. Since the latter is equal to —Y(x), (0 .4) can also be

written as

V 2 0(x) — VY(x) • V(x) = 0. 	 (0 .5)

In coordinates y that are rotated by 900 relative to x, (0 .5) takes the form

v 2 0(Y) + vY(Y) • VO(Y) = 0.
	 (0.6)

324

Since Y(x) is Gaussian, Y'(x) = Y(x) — (Y) and is/l(x) = Y(x) — ( 17) differ

only by sign, otherwise they are distributed symmetrically about zero. Hence r(x)
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and ffqx) have identical moments of all order and are thus identical in probability.

Hence random fluctuations in i&(y) about its mean, caused solely by variations in

Y(y), must be statistically identical to fluctuations in h(x) about its mean. Taking

ensemble moments of (G.3) and (G.6) thus reveals that when (h(x)) = (J, 0, 0)T then

(VO(y)) = (C, 0, 0)T where C is a constant.

The local form of Darcy's law,

q(x) = —K(x)Vh(x)	 (G.7)

has an equivalent (dual) form

4(x) = —k(x)vo(x)
	

(G.8)

a(h(x))/ax i 	a(h(x))/ax,	 '
ke _	 (4, (x)) 	 (k(x)ati,(x)/axi) 

a(0(x))/ari	 49(0(x))/asi .

These definitions imply, in analogy to k(x) = K(x) 1 , that

ke = k.	 (G.11)

From (3.48) - (3.49) it follows that

Ke = (K) — 12. (K i (0)K i (x')82g(x1 ,0)1a(x) 2 )dx',	 (G.12)

ke = (k) — Lœ (ki(o)k(30a2 (x',o)/a(x4) 2 )dx',	 (G.13)

where (x, 0) is the random Green's function associated with (G.2), i.e., the solution

of (G.2) under the sole action of a unit point source at the origin. Let k E. K I (K),

k --.=. k/(k), q a (K)g,i) a (K)Ç so that 77 and ii. satisfy

The corresponding effective hydraulic conductivities are defined, respectively, as

If	 (qi (x)) 	(K(x)ah(x)laxi) , = (G.9)

(G.10)

V • [k(x)V77]- F( 5 -.= 0
	

V -[k(x)V7)]+ 6 = 0,	 (0.14)
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where b. is the Dirac delta. It follows that (G.12) - (G.13) can be rewritten as

If, = (K) (1 — L(le(0)1c 1 (3e)a2n(x1,0)/a(x0 2 )dx)	 (G.15)

ke = (k) (i. — L œ (ki(o)ki(xi)a2 r3(xi ,o)1 a(s) 2 )dx)	 (G.16)

Since K(x) and k(x) are log normal, k(x) and k(x) have identical distributions and,

by virtue of (G.14), so do ri and 7). Hence the integrals in (G.15) and (G.16) are

identical, and we have

ke = (k) K
(K) '

(0.17)

Combining this with (0 .11) yields

If, = V(K)/(K- 1 ).	 (G.18)

Equation (F.3) implies that (K) = Kg exp(4/2) and (K -- ') = K; 1 exp(cr2d2). It

therefore follows immediately that

Ke = Kg .	 (G.19)



APPENDIX H

SPSSX OUTPUT: ANALYSIS OF A RANDOM FIELD

Count Midpoint	 One symbol equals approximately 12.00 occurrences
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	1 	 -2.0

	

6	 -1.7

	

21	 -1.4

	

42	 -1.1

	

99	 -.8

	

140	 -.5

	

252	 -.2

	

320	 .1

	

429	 .4

	

466	 .7

	

527	 1.0

	

471	 1.3

	

420	 1.6

	

342	 1.9

	

248	 2.2

	

143	 2.5

	

94	 2.8

	

49	 3.1

	

16	 3.4

	

7	 3.7

	

3	 4.0

* ** :
******:*
* * *** * *****.
* ******* *** ******* :**
**************************:
****** **** **** **** **** **** ***** *** :*
**** *** **** *** * **** ** * ***** ** ***** *** **
******************************************:*
**** ** **** *** **** *** **** ** **** *** **** **
* ** **** ******* ** **** *** **** *** **** :
*** *** *** *** *** *** **** ** *** :*
***** * ***** ** **** * :**
******* * ***:
******:*
* ** :
*

0	 120	 240	 360	 480	 600
Histogram frequency

Mean	 1.003	 Std err	 .015	 Median	 1.002
Mode	 1.046	 Std dey	 .942	 Variance	 .887
Kurtosis	 -.208	 S E Kurt	 .076	 Skewness	 .013
S E Skew	 .038	 Range	 5.860	 Minimum	 -1.889
Maximum	 3.971	 Sum	 4106.298

Valid cases	 4096	 Missing cases	 0
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(continues)

K

Valid cases: 4096.0	 Missing cases: .0	 Percent missing: .0

Mean 1.0025	 Std Err	 .0147	 Min -1.8890	 Skewness .0125
Median 1.0019	 Variance	 .8866	 Max 3.9712	 S E Skew .0383
5% Trim 1.0019	 Std Dey	 .9416	 Range 5.8602	 Kurtosis -.2083

IQR 1.2987	 S E Kurt .0765 

M-Estimators 

Huber (1.339)
Hampel (1.700,3.400,8.500)

	

1.0013	 Tukey (4.685)

	

1.0012	 Andrew (1.340 * pi)
1.0010
1.0009
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(continues)

Frequency

5.00
58.00

Bin Center

Extremes
-1.50000

Frequency	 Stem &

5.00 Extremes
Extremes

Leaf

(-1.9),	 (-1.8)
(-1.7)

549.00 -.50000	 ** * ** 11.00 -1 f
1434.00 .50000	 ************ 17.00 -1 t &
1445.00 1.50000	 ************ 29.00 -1 * O&
537.00 2.50000	 **** 47.00 -0 . 89
58.00 3.50000 83.00 -0 s 677
10.00 Extremes 92.00 -0 f 445

132.00 -0 t 22233
Bin width :	 1.00000 196.00 -0 * 0000111
Each star: 121 case(s) 214.00 0 * 0001111

278.00 0 t 2222233333
295.00 0 f 44444555555
293.00 0 s 6666677777
354.00 0 . 8888889999999
335.00 1 * 00000011111
325.00 1 t 222222333333
307.00 1 f 44444555555
250.00 1 s 666667777
228.00 1 . 88889999
172.00 2 * 000011
149.00 2 t 22233
84.00 2 f 455
86.00 2 s 667
46.00 2 . 89
34.00 3 * O&
17.00 3 t &
7.00 3 f &
7.00 Extremes (3.6),	 (3.8)
3.00 Extremes (3.8),	 (3.9)

Stem width:
	

1.00000
Each leaf:
	

28 case(s)

& denotes fractional leaves.
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(continues)

Extreme Values

5 Highest	 Case #	 5 Lowest	 Case #

3.97120 CASE3414 -1.88900 CASE2131
3.90020 CASE681 -1.82780 CASE2265
3.89950 CASE550 -1.1-9050 CASE1408
3.80770 CASE421 -1.78660 CASE1466
3.78430 CASE549 -1.65760 CASE63

3.60 + .48 +

***
2.40 + ** .32 +

**
*** **

1.20 + ** .16 +	 **
** **

*** *** * **
.00 + ** .00 +	 ** ****** **** *****

*** ** ** *****
** ***

-1.20 + ** -.16 +
***

**
-2.40 + * * -.32 +

**
**

-3.60 + -.48 +
+- 	+ 	 +---+ +--+ 	

-2.000	 .00000 2.0000	 4.0000 -2.000	 .00000 2.0000	 4.0000

Normal Plot	 Detrended Normal Plot

	Statistic	 df	 Significance

K-S (Lilliefors)	 .0108	 4096	 > .2000



(continues)

I
I
I
I

5.00000 +
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(0 note 1)
-(0 note 2)

I
I
I
I
I
I
I
1

2.50000 +

.00000 +
I_
I	 -
I
I
I
I
I
I
I
I

-2.50000 +
I
I
I
I
+

-(0)-CASE63
(0 note 3)

K

4096.00

Symbol Key: *	 - Median	 (0) - Outlier	 (E) - Extreme

Variables

N of Cases
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