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ABSTRACT

This dissertation considers modeling groundwater flow under imprecisely known

parameters and managing a plume of contaminant. A new approach has been developed to

study the effects of parameters uncertainty on the dependent variable, here the head. The

proposed approach is developed based on fuzzy set theory combined with interval analysis.

The kind of uncertainty modeled here is the imprecision associated with model parameters as

a result of machine or human imprecision or lack of information. In this technique each

parameter is described by a membership function. The fuzzy inputs into the model are in the

form of intervals so are the outputs. The resulting head interval represents the change in the

output due to interval inputs of model parameters. The proposed technique is illustrated using

a two dimensional flow problem solved with a finite element technique. Three different cases

are studied: homogeneous, mildly heterogeneous and highly heterogeneous transmissivity

field. The groundwater flow problem analysis requires interval input values for the

parameters, the output may be presented in terms of mean value, upper and lower bounds

of the hydraulic head. The width of the resulting head interval can be used as a measure of

uncertainty due to imprecise inputs. The degree of uncertainty associated with the predicted

hydraulic head is found to increase as the width of the input parameters interval increases.

Compared to Monte Carlo simulation approach, the proposed technique requires less

computer storage and CPU time, however at this stage autocorrelation and crosscorolation

are not configured in the presented formulation. In the plume containment problem two
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formulations are presented using the hydraulic gradient technique to control the movement

of the contaminants. The first one is based on multiobjective analysis and the second, on fuzzy

set theory. Multiobjective analysis yields a set of alternative strategies each of which satisfies

the multiple objectives to a certain degree. Three different techniques have been used to

choose a compromise strategy. Although they follow different principles, the same preferred

strategies are selected. It is also noticed that rapid restoration results in a large pumping

volumes and high costs. Using a fuzzy formulation for plume containment yields the optimum

pumping rates and locations in addition to the membership function at each pumping location.

The resulting membership functions at these pumping locations can be used to study the

sensitivity of each location to a change in objective function and constraints bounds. Overall,

both the fuzzy and multiobjective methodologies, presented in this dissertation, provide new

and encouraging approaches to groundwater quality management.
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Chapter 1
Introduction and Scope of Study

1.1 Introduction	 /

Modeling groundwater flow requires the determination of various hydrogeological

parameters such as transmissivity, storativity, aquifer thickness, effective recharge and

boundary conditions. Generally these parameters are measured at specific locations in space

and time. It is almost impossible to measure these parameters at every point in the modeled

space, therefore the value of these parameters at locations with no observations must be

estimated before starting the simulation to predict the independent variable, here the head.

One of the most common techniques to estimate the unknown parameters is kriging, that is,

a technique for optimizing the estimation of a quantity distributed in space and measured at

points on a grid. Then a calibrated set of parameters are determined and used all over the

simulation period.

The deterministic models are then used to predict the independent variable, head, at

every location in space and time. The predicted value is constrained by data availability and

the estimation method, resulting in two kinds of errors attached to the predicted value: the

measurement and the estimation errors. A deterministic approach is not capable of detecting

any of these errors. Consequently, scientists have begun to look at this problem from a

different view point. As the model parameters cannot be determined precisely, they are

assumed to be random variables. The observations are then used to determine the statistics
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of these parameters and the specific structure they follow. Introducing these random variables

into the flow equation results a stochastic partial differential equation, whose solution consists

of not only the mean value but also the statistics of the head at every location. This way of

modeling allows us to study the effect of input uncertainty on the output variables.

In the following section a brief review of the solution of the stochastic partial

differential equation is presented (de Marsily, 1986; Orr, 1993; Harter, 1994) followed by the

proposed new approach to deal with the uncertainty associated with model parameters.

1.2 Stochastic approach

A stochastic partial differential equation can be used to study groundwater flow if the

model parameters, boundary or initial conditions, and/or the model sink or source are

prescribed as stochastic processes. In this way some of the inputs to the flow equation are

assumed to be random, as described by their probability density function (pdf). The dependent

variable of the flow equation is then also a random function and the solution of the stochastic

equation yields the pdf of the dependent variable.

As an example, consider the transmissivities of an aquifer. It has been suggested based

on data (Freeze, 1975; Sudicky, 1986) that they follow a log-normal distribution. Using a set

of observations for T in an aquifer, the parameters of the pdf can be calculated and T is

prescribed as stochastic process. The stochastic PDE yields the expected value and the
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variance of the head at each point, hence characterizing the uncertainty in the predicted flow.

Perturbation technique, spectral analysis, and Monte Carlo simulation are some of the

methods used to solve stochastic partial differential equations. Briefly we shall describe each

method.

1.2.1 Perturbation Technique

This method is applied to a second-order stationary stochastic process which implies

that its expected value is constant and the covariance depends only on the separation distance.

In this technique the model parameter, for example K, is assumed to follow a second-order

stationary process with an expected value E(K)= Ï and a fluctuation k and E(k)=0. Also,

the dependent variable is assumed to have an expected value E(H)= Rand a fluctuation h

with E(h)=0. Substituting these functions into the partial differential equation and ignoring

the higher order terms, we get two terms, the mean term and the perturbation term. The

solution of these two equations yields the expected value and the covariance of the head. As

an example consider the one dimensional steady state flow equation:

d K(x) di/
dx	 dr

Let K and H be of first order by adding a small perturbation that is a fraction of their

fluctuation:
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K=i+f3k, H=g+Ph (1.2)

Where 0 s 13 s 1. Given the distribution of k, we seek the distribution of h. Substitute

Equation 1.2 into Equation 1.1 and expand as a function of 13, disregarding terms with [3 2

(assuming [3 is small):

k-	 p(	 d 2h	 dk	 d2-11
— + k —

dx 2 	dx 2 	dx dx	 dx 2
= 0	 (1.3)

The first term is called the mean term and the second term the perturbation term. For this to

hold for any small 13, each of these two terms must be equal to zero. Thus:

d 2H _	 dH0	 or — = -q1I? and	 =	 const
dx 2 	dx

(1.4)

Substituting this result into the second term,

d 2h	 q dk_
dx 2 j2 dx

or —dh = --q— k + a
dx j 2

(1.5)

here a is an integration constant. Then taking the expected value of the above equation yields

E ( dh) d E00 _q E(k) E(a)
dx dx -2 (1.6)

As E(h) = E(k) = 0, then E(a) = 0, and the above equation gives directly



18

coy () =	 cov (k)
dx 	k- 4 (1.7)

However for a stationary process with a differentiable covariance, the head covariance can

be written as (de Marsily, 1986):

covfh(x+s),h(x)] =
.k-4

Y

fcov[k(x),k(x+u)] du dy	 (1.8)
n•10

here s is the distance between two points in space. Now we calculate the expected value and

the covariance of the head under the condition that 0 2k is small to satisfy the first order

assumption. To account for larg value of ek and do not violate the first order assumptions,

it is suggested (Freeze, 1975) the use of logarithm ofK and assume Y=ln K is a second order

stationary process.

Matheron (1967) has used this method to study steady state flow in an infinite,

hetergeneous domain. Tang and Pinder (1977) applied this method to the transport equation.

Sagar (1978) used it for the flow equation. Gutjahr et al. (1978), Bakr et al. (1978) and

Gelhar and Axness (1983) have applied this technique to flow in a three dimensional aquifer

system characterized by a log-normally distributed hydraulic conductivity field. Winter et al.

(1984) applied it to the second order to the transport equation. Dagan (1989) has employed

this method to a uniform flow domain in a statistically homogeneous, isotropic infinite log-

normal hydraulic conductivity field. On (1993) provides a comprehensive review and
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discussion for applying the perturbation method to the solution of stochastic partial

differential equations.

1.2.2 Spectral method

This method is applicable to second-order stationary stochastic processes. If Y(x) is

a second-order stochastic process then the spectrum of Y is the Fourier transform of its

autocovariance function:

+06

4)(k) = 2- f C iks cov[Y(x+s), Y(x)] ds	 (1.9)
27c _.

Using the inverse Fourier transform, we can write

cov[Y(x+s), Y(x)] = C(s) = f e'kr 4)(k) dk	 (1.10)
•,.)

Then the representation theorem is used which states: if the second-order stationary stochastic

process Y(x) is of zero mean and of covariance, C(s), then one can define an associated

process Z in the complex domain that satisfies

Y(x) = f e d" dZ(k)
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this equation (Equ 1.11) is called Fourier-Stieltjes integral and

EVZ(k)dZ *(k2)1= 0 ,	 if k1 * k2

EVIZ(k)clZ *(k2)]= 4)(k),	 if k1 =k2
(1.12)

the asterisk in Equation 1.12 denotes the complex conjugate.

Gelhar (1976), Bakr et al. (1978) and Gutjahr et al. (1978) have used a one

dimensional steady state flow in an infinite domain to illustrate this method. Gelhar et al.

(1974, 1977, 1979a,b), Gelhar and Axness (1983), and Gelhar (1986) have made an extensive

used of this method for the transport equation.

1.2.3 Monte Carlo Simulation Method

This method is considered to be the most powerful and frequently used technique

where fewer constraints are required than the previous methods. It is a numerical method

which required large computer memory (CPU) and storage capacity. The rules defining this

technique are very simple. Let Y(x) be a stochastic process where x represents the spatial

coordinates, first we generate representations of Y in the probabilistic sense, i.e. a large

number of realizations of Y. For this purpose, we should know the pdf of Y and its covariance

if a spatial correlation is present, note that this step was not necessary in the previous two

methods.
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Next, for each of these realizations of Y, (e.g. hydraulic conductivity or source term,

or boundary conditions), the flow equation is solved numerically, giving the value of the

dependent variable, e.g. head h(x, ) where(represents the realization variable. Performing

statistical analysis for the ensemble of calculated solutions h(x, (,) for i=1,....,N, where N is

the number of simulations, yields the expected value, variance, histogram, and distribution

function at each location x. Note that, it is no longer necessary to assume that the dependent

variable h is stationary since its statistics can be calculated at each location.

A few difficulties are associated with this simulation method besides the assumption

that the statistics of the independent variables do exist. First, to get meaningful statistics a

large number of realizations has to be generated, from fifty to several hundreds or thousands.

Also, one should verify that the dependent variable statistics become constant as N increases.

Second, the solution can be a function of the mesh size (de-Marsily, 1986) because the

numerical solution requires the estimate of Y over a mesh. Third, the technique for generating

the random realizations of Y has to be selected, a task considered to be the main difficulty

with this simulation method. Generally, the most commonly used methods to generate a

correlated random field are: 1) turning bands method, 2) nearest neighbor method, 3) matrix

(LU) decomposition, 4) spectral methods and Fast Fourier transform method.

Delhomme (1979), Mantoglou and Wilson (1982) and Tompson et al. (1989) have

used the method of turning bands, developed by Matheron (1973), for the generation of
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correlated random field. Smith and Freeze (1979) and Smith and Schwartz (1980, 1981a,b)

have used the method of nearest neighbor for this task. Binsariti (1980) and Neuman (1984)

used the matrix decomposition method. Gutjahr, (1989) and Christakos (1992) used and

develop the spectral method to generate a correlated random field. Orr (1993) provides a

thoroughly description of the theory behind each of these methods and a guide line for model

choice.

To improve the generated random field, conditional simulations are used instead of

simple simulations, i.e. all the measurements are included in all the generated realizations. This

is a great improvement of the Monte Carlo method for practical applications. Most of the

method used to generate these conditional simulations are based on kriging. Delhornme

(1979) has used this technique for transmissivities. Such techniques are also used by Neuman

and Yakowitz (1984), Neuman (1984), Dagan (1982,a,b; 1989), Zhang (1993) and Harter

(1994).

1.3 Stochastically -derived Deterministic Approach:

This approach has been developed to overcome some of the difficulties that associated

with Monte Carlo simulation technique. Neuman (1993) and Neuman and Orr (1993)

presented a deterministic equation that provide a prediction of the flow and the transport in

the existing of parameters uncertainty and data availability. These equations are different from

the traditional deterministic flow and transport equations. In this approach the parameters
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are nonunique but depend on the local medium properties and the available information such

as the scale, location, quantity and quality of data. Zhang (1993) and Neuman and Zhang

(1993) demonstrate this technique by two-dimensional transport example. Their analysis

shows that the stochastically derived deterministic approach provides not only predictions of

flow and transport but also measures of the associate uncertainty.

1.4 Fuzzy Approach

In the previous section we have briefly illustrated how parameter uncertainty has been

modeled as a random process with a specific probabilistic structure using the stochastic

approach and the difficulties associated with this technique. In searching for a new technique

to model parameters uncertainty, fuzzy set theory is considered to be a reliable candidate.

Fuzzy set theory deals with the same problem with different view point. As the parameters

are not entirely random, they can be described as imprecise numbers, i.e. known to lie within

certain interval, then the fuzzy set theory are employed to describe them.

In this approach the parameters are assumed to be imprecisely known, that is, each

parameter is represented by three values and two functions, the lower bound, the upper bound

and the most credible value. Credible value here referes to the value that can represent the

parameter based on the available observations. The two functions describe the change from

the lower limit to the most credible value, and from the most credible value to the upper limit.

This representation is called the membership function of the parameter. This fuzzy description

of model parameters is then introduced to the deterministic model using interval analysis.
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Since the input into the model is represented as interval, the output, head, will also be in the

form of an interval. This new approach transforms the imprecision in the input into that of the

output. Description of this new approach and an example are provided in Chapter 3.

1.4 Objectives, Approaches and Scope of Study

This dissertation deals with modeling groundwater flow and managing a contaminant

plume in a complex hydrogeologic formation with imprecisely known parameters or objective

functions and constraints. For the flow study, a new numerical approach is proposed to

assess the effects of parameter uncertainty (in the sense of imprecision) on the dependent

variable. More specifically, the flow problem is formulated numerically using fuzzy set theory

coupled with interval analysis. In this approach the model parameters are considered to be

fuzzy numbers which are represented by their membership function. The resulting solution is

represented by the membership function of the dependent variable, the head.

In the groundwater contamination management problem, two formulations have been

used. The first is based on a multiobjective analysis and the second, on a fuzzy formulation

of the optimization problem. Both techniques are based on using the hydraulic gradient

technique to control the movement of the plume. In the first formulation three objectives have

been defined: the water supply discharge, the drawdown at the plume site and the pumping

cost. A trade off between these objectives reflects uncertainty here would be inherent in the

choice of a single objective. The solution of this multiobjective optimization problem results
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in a set of alternatives actions, then three different multicriterion techniques are then used to

rank these alternatives.

In the fuzzy formulation of the optimization problem, the objective function and each

of the constraints are assigned a membership function. The solution yields the membership

function for the optimal pumping rates. Analysis of these membership functions describe the

sensitivity of the pumping location to a change in a constraints; the fuzzy logic approach

appears to provide a better insight into the problem than the traditional formulation.

In Chapter 2, we present a brief introduction to fuzzy set theory and interval analysis

with emphasis on the philosophical background: why use fuzzy logic, what is the difference

between fuzziness and randomness?. The mathematical basis of fuzzy set theory is then briefly

presented and an example of using a fuzzy rule-based modeling technique is provided.

In Chapter 3, we propose a new approach for modeling groundwater flow under

imprecise parameters. A two dimensional flow example is used to illustrate the technique. The

transmissivity is assumed to be a fuzzy number and it is allowed to change from one element

to another. We examine the cases of homogeneous and heterogeneous media.

In Chapter 4, a multi-objective formulation of the groundwater contamination problem

is introduced. Three objective functions are analyzed and the so-called modified E-constraint



26

technique is used to generate a set of alternative strategies. A distance-based technique, the

ELECTRE 11 approach, and the Q-Analysis techniques are used to select a good compromise

alternative.

In Chapter 5, a fuzzy optimization formulation is introduced to model the plume

containment problem. The optimal pumping rates and locations are determined and the

sensitivity of each pumping location is examined against the credibility level.

In Chapter 6, we summarize the study, highlight the major conclusions and provide

recommendations for future research.
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CHAPTER 2

FUZZY LOGIC: PHILOSOPHY, THEORY AND APPLICATIONS

In this work we employ the fuzzy set theory to model parameters uncertainty,

therefore this chapter is devoted to present a brief introduction to fuzzy set theory and its

applications.

2.1 Introduction

Most of the people always ask themselves when investigating any proposition this

common question: "is it True or False?". They are always not sure which is true and which

is false. But the only thing they are sure of is that all propositions are either true or false. They

can say whether the sky is blue or whether the atoms vibrate or whether water is transparent.

The truth of these claims were formulated using two-valued kind of logic, yes or no, white

or black, 1 or 0, true or false.

Generally, they are matters of degree. All facts are matters of degree. The facts are

always fuzzy or vague or inexact to some extent. Traditionally all these facts are described

using mathematics that based on a black and white or Aristotle's binary logic. This artificial

system of rules and symbols is proven, in most cases, to be incomplete or insufficient to

represent vague or gray real world. This incomplete picture has led to the developing of a new

and more general logic. First a three valued logic was developed then an infinite-valued logic
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was derived that recently has been called fuzzy logic.

In this chapter we shall present an introduction to fuzzy logic, how and when it started

and who began to develop its mathematical definitions.

2.2 Philosophical Background

Through out ages, philosophers have put great efforts into devising a concise theory

of logic. Later mathematics, the so-called "Laws of Thought" were posulated. One of these

laws, "Law of Excluded Middle", Korner (1967), states that every proposition must either be

True or False. This law is known as the bivalence logic or the two valued-logic. It was

Aristotle who took the time to describe the two valued logic or the black-and-white laws of

logic, laws that most of scientists and mathematicians still use to describe and discuss the gray

or fuzzy universe.

Later Aristotle's binary logic was reduced to one simple statement" either this or not

this". The sky is either blue or not blue, it can not be blue and not blue. It can not be thing

AND nothing. Aristotle's law defined what was thought to be philosophically correct for over

two thousand years. In much of our science, math, and logic we have assumed a world of

black and white that does not change. The digital computer, with its high speed binary strings

of 1 and 0, stands as the symbol of the black and white logic.
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This binary logic has always faced doubt. Buddha lived in India almost two centuries

before Aristotle, his belief system was to see the world as it is with its contradictions, with

things and not-things (Kosko, 1993), with roses that both red and not red. Buddha's belief

were not transformed into mathematics. But it was Plato who indicated that there was a third

region beyond True and False where the propositions tumbled about. Other, more modem

philosophers echoed Plato's sentiments, notably Hegel, Marx, and Engels, (Kosko, 1993).

Logicians in 1920's and 1930's first worked out multivalued logic to deal with

Hiesenberg's principles of uncertainty in quantum mechanics (Birkhoff, et al. 1936; Cohen,

et al. 1977). The math principle says that if you measure some thing precisely, you can not

measure other things as precisely. This suggests that we really deal with three-valued logic:

statements that are true, false, or intermediate. Lately, the Polish logician Jan Lukasiewicz

sliced the middle "intermediate" ground into multiple pieces and came up with many-valued

or multivalued logic, (Lejewski, 1967).

Lukasiewicz then made the next step and defined an intermediate over a continuum,

a spectrum between truth and falsehood, between 0 and 1. On this any vague statement as

"the sky is blue" can has any truth value or degree or fraction between 0 and 1, any

percentage between 0% true and 100% true. The term "fuzzy" entered the scientific

vocabulary thirty years later when Zadeh published a paper called "Fuzzy Sets". Until then

logicians like Bertrand Russell used the term "vagueness" to describe multivalence. In 1937
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quantum philosopher Max Black published a paper in vague sets (Black, 1937) or what we

now call "fuzzy sets". The scientific community and philosophers did not pay attention to

Black's paper.

In 1965 Lotfi A. Zadeh published a paper called "Fuzzy Sets." The paper applied

Lukasiewicz's multivalued logic to sets or groups of objects. Zadeh named the vague or

multivalued sets "fuzzy sets", sets whose elements belong to it with different degrees, like the

set of tall people. Since then the theory started to attract more and more scientists and its

domain began to grow fast. There appears to be two reasons for this immediate attraction.

First, it is a convenient way of representing the gray in real world and its attempt to imitate

the way the people think with their motions and intuition. Second, the name "fuzzy", by

Zadeh, is an intriguing word.

2.3 Why Using Fuzzy Logic

In general the language of science, mathematics logic, and computer programming is

based on the black and white. It describes only 100% true or 100% false statements.

However, the so-called laws of science are not considered laws in the sense of logical laws

like two plus two equals four. Laws of science, which are really only models, state tendencies

we have observed from our position in the universe. The best we can say about them is so far,

so good. In the next instant they may change, their truth is a matter of degree. This enhances

the value of fuzzy logic for describing the laws of science. Vague or fuzzy mathematical
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language is what Zadeh was seeking when he published his first paper on fuzzy set theory.

It should be clear that not every statement is vague, in some cases the multivalent

logic reduces to the bivalent logic. Consider the logical statement "Two equals two" and the

mathematical representation "2 + 2 = 4" are precise and 100% true. But that does not affect

how the universe expands or how the moon shines or how a chocolate cake tastes. We can

never prove that a scientific statement is 100% true or claim a fact like "the grass is green"

or" e = mc2 ."

Multivalued-logic or fuzzy logic is considered to be more suitable as a method or

technique to simulate the vagueness associated with the real world than binary logic. In fact

binary logic can be described as a fuzzy logic with a sharp boundaries. Fuzzy logic is an

attractive area of research both as a mathematical theory and a practical application. As a

mathematical system, fuzzy sets expand current frameworks and build a world based on new

concepts. On the other hand, there were no good examples of practical use for long time, but

with the development of control systems and artificial intelligence., fuzzy sets have begun to

interest practical planners.

Modeling is one of the attractive area of research and most of the available modeling

approaches are facing many difficulties in dealing efficiently with problems that possess

complex ambiguous features. What we need is a technique that can meet our requirements
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for such contradictory world as "THING AND NOT-THING", subjective and objective

input, macroscopic and microscopic models, qualitative and quantitative variability, vague and

precise statements. The way in which humans think incorporate these kinds of contradictions.

Fuzzy logic meets these requirements to a certain extent. It is especially suitable for

expressing the vagueness of meaning found in natural language. However, the problem at

hand must be fully understood first. Once understood, a suitable kind of modeling approach

can be applied. Fuzzy modeling offers an approach with its own advantages and

disadvantages. Applying this technique in cases where other simpler technique would be

appropriate is considered waste of time and effort.

2.4 Fuzzy Modeling Approach

In using fuzzy logic for modeling, we must state clearly which part of the problem we

fuzzify (i.e represented as a fuzzy number) and for what purpose. Defining this part will

facilitate the construction of the fuzzy model. In the fuzzy modeling process, all the

boundaries of the states, relationships, constraints and goals of the system are represented

with a graded function, that is, all the boundaries are made vague but the logical structure

stays the same. Therefore, the effectiveness of using a fuzzy modeling approach must be that

the definition ranges become ambiguous, which gives rise to a haziness in the relationships

that go along with them. In this way, the artificial two-valued method of investigating the

truth of a proposition is extended and made more realistic.
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Making the boundaries of the relations vague has different meaning from statistical

variation. It can delineate ambiguous situations using inputs like individual subjectivity,

experiences and common sense. On the other hand, statistical variation expresses relative

frequencies with actual or subjective data. Therefore, when there is little data or when the

occurrence of events is not clear, probability will not express the amount of ambiguity in a

proper way. Next we shall discuss the relation between the theory of randomness, probability,

and the theory of possibility, fuzzy logic.

2.5 Randomness and Fuzziness

Many problems in the real world take place in an environment in which they are not

defined precisely. Traditionally, scientests have dealt with this kind of problem by assuming

the whole process is assumed to be random. Thus the probability principles are applied. This

puts the probability theory in a well established position that makes people try to describe

every event by means of this theory. For a long time scientists confused the theory of

probability with fuzzy set theory, stating that fuzziness does not add anything meaningful to

the standard probability. Moreover they have not hesitated to describe fuzziness as a

probability in disguise. Therefore, it is important to clarify this confusion. In fact, each theory

describes something different from the other, and there is no contradiction between these two

concepts as we shall explain.

For centuries we have used probability theory to describe uncertain events.



34

Probability has become our cultural default to describe uncertainty. What is probability? what

is randomness? what is chance? what is fuzzy? all these questions should be answered to

differentiate between fuzzy and probability. To start answering these questions let us consider

this experiment (Cosko, 1993): use a pencil and draw a circle on a plain paper. Look at the

circle and ask yourself is this a circle?. No one can draw an exact circle, except God. We only

can draw an approximation of a circle. Zooming close enough the imperfections in the

drawing will become apparent. Now, try to describe the inexactness in the drawing from a

probabilistic point of view. One may say: this drawing is probably a circle. On the other hand

from the fuzzy point of view one may say: this drawing is a fuzzy circle, or is to some degree

a circle and to some degree not a circle.

Which of the above expressions is more accurate? Probability tries to describe a

property that does not exist in the drawing, which is randomness. It is trying to say that the

drawing is or is not a circle. It represents the Aristotle's two valued logic. It can not describe

inexactness in reality, but it can describe the occurrence of an event, whether occurs or does

not occur, whether exists or does not exist: if we have little information we say it is probably

exists. The more information we gather about any fact the less there is room for uncertainty

or the closer the probability comes to unity.

Now consider the fuzzy logic viewpoint in the inexact drawing. It means that the

drawing is to some degree a circle and to some degree not a circle, this statement accurately
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describe the inexactness of the drawing "thing AND not-thing", it represents the multi-valued

logic. In reality we can't draw a sharp line between a circle things and noncircle things. The

fuzzy viewpoint portrays the ambiguity or the vagueness between a property and non-

property.

More on the differences between fuzziness and randomness is described by Bellman

and Zadeh (1970) Fuzziness depicts the imprecision that is associated with fuzzy sets, i.e. is

classes in which there is no sharp transition from membership to nonmembership. For example

statements like "r is much larger than y" , "the stock market has suffered sharp decline",

"corporation x has a bright future", convey information despite the imprecision of the

meaning of the italic words. Randomness, on the other hand, has to do with uncertainty

concerning membership or nonmembership of a non fuzzy (crisp) set. For example the

statement "the probability that corporation x is running at loss is 0.8", is a measure of the

uncertainty concerning the membership of the corporation x in the nonfiazy class of

corporations that run at loss. The statement "the grade of membership of John in the class of

tall men is 0.7", is a nonprobabilistic statement concerning the membership of John in the

fuzzy class of tall men.

In conclusion probability describes the chance of occurrence of an event, fuzzy theory

describes the vagueness associated with an existing event. Therefore, fuzzy theory may be

used in describing the gray real world. Fuzzy set theory is firmly tied to the human thinking

and behavior and sometimes called simulation of the human reasoning. It is said that the
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difference between computers, that can only process two-valued information, and people is

that the latter can deal with ambiguity. But now, fuzzy set theory attempts to hand over to

the computer and engineering this outstanding human ability, (Terano, et al. 1992).

2.6 The Basics of Fuzzy Set Theory

Zadeh (1965) developed the mathematical basis of fuzzy set theory delineating the

broadout lines for the mathematical fundamentals of this new theory. It was the set of tall men

that illustrated the mathematical idea behind fuzzy set theory. Zadeh tied the concept TALL

to a curve, as shown in Figure 2.1a, that describes to what degree each height belongs to the

fuzzy set of tall men. He called this curve membership function, i.e. every man is tall to some

degree. The fuzzy set of NOT TALL looks like the inverse of the TALL curve or membership

function, as also shown in Figure 2.1a. These membership function curves give more

reasonable meaning than the nonfuzzy set representation (Figure 2.1b) which uses the two-

valued logic. The nonfuzzy or crisp sets are represented with step functions providing sharp

interfaces between TALL and NOT TALL.

Tallness, like any other properties in the world, is a matter of degree. A curve shows

the smooth change that a unit step can never describe. This property is an advantage of fuzzy,

it links words and the curve. In the next section we present the mathematical definitions of

fuzzy set theory as described by Zadeh (1965), Bellman and Zadeh (1970), and Zimmerman

(1985).
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fuzzy set theory as described by Zadeh (1965), Bellman and Zadeh (1970), and Zimmerman

(1985).

2.6.1 Fuzzy sets

The mathematical definition of a fuzzy set can be stated as follows:

Let X = {x} denotes a collection of objects denoted generally by x, then a fuzzy set A in Xis

a set of ordered pairs:

A = { (x, IL A(x)) } ,	 x E X	 (2.1)

here PA(X) is termed the grade of membership function of x in A, and yA : X -Mis  a function

that maps X to the membership space M When M contains only two points, 0 and 1, A is a

crisp or ordinary set and its membership function becomes identical to the characteristic

function of this set. The range of the membership function is a subset of the real numbers. The

domain of the membership function is the interval [0,1], with 0 and 1 representing the lowest

and the highest grades of membership, respectively. Thus a fuzzy set A can be defined

precisely by associating with each object x a number between 0 and 1 which represents its

grade of membership in A.

Support of a Fuzzy Set

The support of a fuzzy set A is a set S(A) such that x E S(A) 4- PA(X) > 0. If ,uA(x) is constant

over S(A), then A is an ordinary (nonfuzzy) set.
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ri-Level set: 

The ri-level set of a fuzzy subset of A is the set of those elements that have at least a

membership:

A(a) = { x: g(x) ^ a },	 x e X	 (2.2)

All calculations with fuzzy numbers are done at given ri-levels.

Equality of Fuzzy Sets

Two fuzzy sets are said to be equal , written as A = B , Wand only if PA(X) = p B(x) for all x EX.

Union

The union of fuzzy sets A and B, denoted AuB, is defined as the smallest fuzzy set containing

both A and B with membership function:

11,4u8(x) = max (aA(x) , aii(x)) 	(2.3)

Intersection

The intersection of fuzzy sets A and B, AnB, is defined as the largest fuzzy set contained in

both A and B with a membership function:

1.1,4,13(x) = mill (gA(x) , ;LAW)	 (2.4)

Figure 2.2 graphs the union and the intersection of two fuzzy sets.
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Complement

the complement of a fuzzy set A, :4- , is the fuzzy set defined by the following membership

function:

(x) = 1 - $1.4(x)	 (2.5)

Figure 2.3 illustrate the membership of the complement of a fuzzy set.

Containment

A fuzzy set A is contained in or is a subset of a fuzzy set B, written as AcB, if and only if

p,(x) p(x) for every x in X In this sense, the fuzzy set of numbers in the close of 10 is a

subset of the fuzzy set of the numbers in the broad neighborhood of 10.

De Morgan 's Laws

De Morgan's laws state that the complement of the union of a two sets equal to the

intersection of their complements and the complement of the intersection of a two sets equal

to the union of their complements, mathematically can be written as:

AuB=Ani	 (2.6)

A n B= .)iuT3 (2.7)

These laws are also valid in case where A and B are fuzzy sets, however they do not give rise

to the excluded-middle law or to the law of contradiction of crisp sets. In other words, for

fuzzy sets the relations
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A u;iti	 (2.8)

A n -A- t 4)	 (2.9)

hold. The excluded middle law is a necessary characteristic for the two-valued logic. It means

that bringing together A and NOT-A gives the universe; that is this law maintains that there

is no third possibility between A and NOT-A. Since the law of contradiction is derived from

the double negation law and De Morgan's laws, it is similar to them. In fact, the complement

of a fuzzy set A is not a complement in the crisp sense.

2.6.2 Operations with Fuzzy Sets

Many other operations for fuzzy sets have been developed, here we shall concentrate

on the basic operations (Kaufmann and Gupta, 1991).

Algebraic Sum

The algebraic sum of the fuzzy sets A and B is denoted by A e B and is defined by

mA.8(x) = ILA(x) + liB(x) - RA(x) . p.B(x)
	

(2.10)

Algebraic Product

The algebraic product of A and B is denoted AB and is defined by

gAB(x) = RA(x) . pit(x)	 (2.11)

De Morgan's laws apply to the algebraic sum, the difference and the complement. In other
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words these relations are true,

A.13 =	 (2.12)

(2.13)

Normality of a Fuzzy Set

A fuzzy set A is normal if Sups pA(x)= 1, that is the supremum of PA(X) over Xis unity. A

fuzzy set A is subnormal if it is not normal.

Convexity and Concavity of Fuzzy Set

Let A be a fuzzy set in X, then A is a convex if and only if for every pair of points x,

y in X, the membership function of A satisfies the equality,

114(1x + (1 - 1)Y) � min aiA(x) ;LA CY»	 (2.14)

for 0	 1. The duality states that, A is a concave if its complement A' is convex. It can be

shown that if A and B are convex, so is A n B, and if A and B are concave, so is A u B.

2.6.3 Fuzzy Numbers

For a normal and convex fuzzy set, if the a-level set is a closed interval, it is called

a fuzzy number. Fuzzy numbers have a membership functions like the ones in Figure 2.4.

Since the a-level of the fuzzy numbers is an interval, all the operations will be performed

using interval arithmetics. For example addition, multiplication and division of two intervals
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[a, b] and [c, d] is given by,

[a, b] + [c, di = 1 coi co=u+v;	 ue[a, b], ve[c, 4 1	 (2.15)

[a, b] * [c, d] = {..,1 co=u*v,	 ue[a, b], ve[c, d] 1	 (2.16)

[a, b] I [c, d] = { .1 co=u*v,	 ue[a, b], ve[1, !] 1	 (2.17)
d c

In other words, if u and v are numbers that can vary anywhere within the intervals [a, b] and

[c, d] respectively, their sum is the range of variation (interval). The result is,

[a, b] + [c, d] = [a+c, b+d]

For example if the a-level of the fuzzy numbers 3 and 2 are as follow:

	[3.0,3.0]; 	«=1.0{[2.0,2.0]; 	«=1.0
3. =	 [2.5,3.5]; 	«=0.8 ; 2. =	 [1.5,2.5]; 	«=0.8

	

[2.0,4.0]; 	«=0.3 	[1.0,3.0]; 	«=0.3

the sum of these two fuzzy numbers can be written as:

[5.0,5.0]; 	«=1.0
i +3 =	 [4.0,6.0];	 a =0.8	a 	 lig

[3.0,7.0]; 	«=0.3

and the result, as shown in Figure 2.5, is the fuzzy number 3.

If we look at the calculation of 3 - 2, where

[a, b] - [c, d] — [a-d, b-c]
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Figure 2.5: Addition of the fuzzy numbers about 2 + about 3 = about 5
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we get,

	[1.0,1.0]; 	a=1.0
3 a - 2 =	 [0.0,2.0]; 	a=0.8g

	

[- 1.0,3.0];	 a =0.3

One note of caution for the operation with fuzzy numbers is that subtraction is not the

reverse operation of addition. In other words, (3 - 2) + � 3 , to prove this let us perform

these calculations using the above fuzzy numbers, we get

{[1.0,1.0];
(3. - 2.) + 2.=	 [1.5,4.5];

[0.0,6.0];

a =1.0
a =01
a =0.3

which is not the same fuzzy number 3 as before. The relationship between the multiplication

and division is of a same nature, (Kaufrnann and Gupta, 1991)

2.7 Techniques to Construct Membership Function

In spite of the growing number of papers on fuzzy set theory and its applications, it

is still having problems in determining the proper membership function. It is generally

accepted that membership functions may be determined subjectively and in many of

applications of fuzzy set theory they are determined almost arbitrary, often of triangular or

trapezoidal forms. In fact, there are several construction procedures or concepts of

membership functions proposed. Among them are those which determine membership

fimctions empirically with experimental measurements (Dombi, 1990; Leung, 1988; Duckstein
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and Heidel, 1988; Chameau and Santamarina, 1987; Norwish and Turksen, 1984;

Zimmerman, 1982), those that based on probability density function (Civanlar and Trussell,

1986; Hisdal, 1986&1988). In the following sections we will describe each of these

techniques.

2.7.1 Empirical Technique

This technique is usually applied when there is no available information but some

expectation on the behavior of such phenomena or parameter is known, i.e. monotonically

increasing, or monotonically decreasing or monotonically increasing then decreasing. For

example, in constructing a membership function for a model parameter for which we know

from previous experience in a similar situation that the value lies within a certain interval, then

a monotonically increasing and decreasing membership function can be used to represent this

parameter. Then, the model results can be used for refining the assumed membership function.

Norwich and Turksen (1982,1984) use an empirical technique to construct

membership functions of the set of tall people. Their technique is based on a questionnaire

analysis to a group of graduate and undergraduate students, then using the direct and reverse

rating methods to construct the membership function. In this case the membership function

is expected to be monotonically increasing. The membership functions are constructed for

each individual by having him repeatedly and randomly rate a given stimulus and then

averaging the responses, the results of their experiment are shown in Figure 2.6. Duckstein

and Heidel (1988) also used this technique to transform the value function into fuzzy set
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membership function.

2.7.2 Probability Distribution Technique

Civanlar and Trussell (1986) proposed a technique to construct the membership

function for a fuzzy set on the bases of statistical data. The statistically based fuzzy set has

a membership function constructed after the probability density function (pdf) of a defining

feature of its attribute. Any measurement based on statistics makes some allowance for

deviation from the measured value. This algorithm can be described as follow:

In order to define a reasonable membership function certain conditions have to be

satisfied:

1)E [p(x) I x is described according to the underlying pdf ] � c, where c is the confidence

level that should be close to unity.

2) 0 .̂  p (x) ^ 1, that is the membership function is defined over the interval [0,1].

3) fp2(x) dx should be minimized. This condition is required to obtain fuzzy set as small as

possible.

The optimum membership function defined by these conditions can be derived using

constrained optimization technique for infinite dimensional spaces (Luenberger, 1969). The

derivation is presented in details in Civanlar and Trussell (1986) and the optimum membership

function is found to be:
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M(x) 
. flp(x) if Ip(x) < 1

1	 if lp(x)	 1 (2.18)

where p(x) is the pdf or its estimate derived from the histogram of the feature used for

defining the fuzzy set, and the constant A is to be solved from

A f p 2(q) dri + f p(n) clri - c = 0
Ip(x)<1	 Ip(x):1

(2.19)

For a given pdf, A can be obtained by solving Equation 2.19 using numerical root finding

techniques. A numerical integration is also necessary if a closed form for the indefinite integral

of the pdf or its square does not exist. Civanlar and Trussell (1986) indicate that the necessity

or the sufficiency of the proposed criteria for constructing membership function can not be

proved because they are based on the consistency principle (Dubois and Prade, 1988).

However, they are reasonable requirements and they generate adequate membership funetion.

To illustrate this technique consider finding the optimal membership function for an

exponential density function

p(x) = k e - kx,	 x � 0	 (2.20)

Solving equation 2.)oc to get the optimal A result a parameter a which is a function of c the

confidence level and given by,
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Figure 2.7: A membership function constraucted from exponential pdf.
(After Civanlar and Trussell, 1986)
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(2.21)

and the resulting optimal membership function is shown in Figure 2.7.

Another example is to construct the membership function from gaussian probability

density function p(x) described as follows:

Following the steps as before the optimum membership function is determined by a single

scaler a which is a function of the confidence level c, the expression for the scaler a and the

optimum A, can be written as

1
c = — (1 - erf (a)) ea 2/2 + erf (—a )

16 	15
1(c) = 6; e° 212

(2.23)

and the generated membership function is shown in Figure 2.8

2.8 Fuzzy Rule-Based Modeling Technique

In modeling a physical process one either derives the mathematical equations that map

the input to the output of a system, or observe an output for a certain input and assess an

empirical relation. The second method is merely what is implemented by the fuzzy rule-based

models. The model incorporate a successive sets of rules in the form of "if---then"
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expressions such as: "If the permeability is high and the gradient is low then the flow is

medium". The "if' clause is called the antecedent or premise, dealing with premises, and the

"then" clause is called the consequent or outcome (Bardossy and Duckstein, 1994). The fuzzy

model consists of a number of these process rules grouped together (Terano et. al, 1992). In

the absence of the observed output for a certain input, the mathematical model will serve as

the rule generator, i.e. generate outputs for specific inputs.

This technique is first applied to control processes and it is generally called fuzzy

control. Fuzzy control was the first application of fuzzy theory to get attention, and it is a

field in which research has forged ahead. Control of cement kilns, electric trains, water

purification plants, and other facilities are actually carried out.

In modeling the component of the conventional and the fuzzy models are much alike,

except that fuzzy system contains a "fuzzifier" and a "defuzzifier". The fuzzifier is the

component that translate inputs into its fuzzy representation and defuzzifier is the component

that converts the output of the fuzzy process logic into "crisp" (numerically precise) solution

variable. A schematic diagram of model components is illustrated in Figure 2.9 (Cox, 1992).

It should be noticed that applying this technique to a complex problems that need an infinite

number of rules is tedious and computationally expensive unless the rules can be simplified.

2.8.1 Fuzzification Process

In this process the model parameters are fuzzified such that for a given input a set of
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Figure 2.9: Schematic diagram of rule-based modeling.
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outputs are generated. A membership function is specified for each parameter. Assessing of

the membership function is considered a crucial point in applying fuzzy set theory. There are

a few published methods for the assessment of the membership function (Dubois and Prade,

1980; Civanlar and Trussell, 1986; Turksen, 1991). In general, the membership function of

a fuzzy number can be evaluated as follows:

- the most credible value of the parameter is given a membership value equal 1.

- the lower bound and the upper bound of the parameter are given a membership

value of zero.

- the membership function is defined as zero outside the interval of the possible values,

and piecewise linear in between.

It is not necessary for the membership to be symmetric, it may be skewed to the left

or to the right. Since all the calculations are performed at certain a-level, the model

parameters are represented as intervals. Implementing these interval parameters into the

numerical model generates coefficient matrix and the right hand side in interval form. Solving

these linear system of interval equations is illustrated in Moor (1979) and Neumaier (1990).

The resulting variable will also be in an interval form. This resulting intervals represents a

measure of vagueness in model results due to vagueness associated with model parameters.

2.8.2 Logic Process

In this process the values of the fuzzified input are executed and the set of rules

associated with this input are generated. Consequently, a new fuzzy set representing each

output or solution variable is generated and the degree of fulfillment for each rule is
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calculated. The degree of fulfillment (DOF) of a rule i can be defined as the product of the

individual fulfillment grades for the "and" rule:

DOF; = II IIA (ak)

or, as the minimum of the fulfillment grades:

DOF, = min RA (ak)
k-1,.. ,.

(2.24)

(2.25)

2.8.3 Defuzzification Process

In this process the output of the fuzzy process logic is converted into a crisp

(numerically precise) solution variable that can be used as an output. This has been done using

two different methods. One uses the definition of the fuzzy mean (M(A— )) and the other uses

the notion of the median (C()) of each consequence. These definitions can be described as

follows:

fx gA(x)lx

M(A) -  	 (2.26)

tiA(x)dr

and the median as:

4:4)

f gA(x)dx = f gA(x)dx
	

(2.27)
47)
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The results of this defuzzification process is a numerically precise output that can be

used for practical applications.

2.8.4 Example Application

A one dimensional flow problem is used to demonstrate the above procedure. Assume

that the flow system is controlled by Darcy's law which relates the flow (q) to the hydraulic

conductivity of the medium (k) and to the hydraulic gradient (G). This law represents the

mathematical model that will be used to generate the rules. The input variables are the

hydraulic conductivity and the gradient. The assumed memberships for these variables are

shown in Figures 2.10a&b. Nine rules can be inferred form these control variables as shown

in the Table 2.1 below. The next step is to generate the membership function of the flow for

each rule. This has been performed by carrying out the calculations in an interval form for

each a -level. The generated membership functions for the flow (q) are shown in Figure 2.11.
,

Table 2.1: The inferred Rules

Hydraulic
Conductivity

Gradient

Low Medium High

Low LL LM LH

Medium ML MM MET

High _	 lit HM HH
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Figure 2.10a: Membership function of the hydraulic conductivity

Figure 2.10b: Membership function of the hydraulic gradient
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Figure 2.11: Membership function of the flux for the generated rules



1.0

0.0
10'5 	104	 10-3	 10-2	 10'1	 100

HL

HM

NH

1

0.8

0.2

Flux (ft/d)

(c) roles 7, 8, 9
Figure 2.11 (continued): Membership function of the flux for the generated rules

63



64

Now, for given input of the variables (k & G), the degree of fulfillment of the satisfied rules

are calculated. The fuzzy mean is then used for defuzzification. As an example, for a hydraulic

conductivity value of 3 ft/day and a gradient of 0.0006, four rules (MM, MI-I, HM, HET) are

fulfilled. The Table 2 below shows the degree of fulfillment of each rule:

Table 2.2: Degree of Fulfillments for each rule.

gm-0.67 lill:=0.33

111,4=0.5 0.33 0.167

0.33 0.167

Then, for each rule the fuzzy mean is calculated based on Equation 2.26. The final value for

the flux is calculated based on the weighted sum of the fulfilled rules as follows:

q -

4

ED0Fi q i
	 ,

ig4 

Using this formula, the calculated flux is 0.00216 find compared to the one calculated by

direct application Darcy's Law 0.0018 ft/d (0.0006x3). Of course we do expect some

difference which can be narrowed by adjusting the membership function.
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develop realistic applications. At present it has already been applied in most of the scientific

areas of research like regression models, decision making and mathematical programming,

evaluation, diagnosis, control, simulating human activities, robots, image recognition,

databases, information retrieval, expert system, and more. In all of these areas fuzzy sets

theory proved to be a competitive and powerful technique. It is interesting that fuzzy set

theory started at the University of California, Berekely, but has been applied very successfully

in Japan.

The future of fuzzy sets and its applications could be full of a smart inventions looking

more advanced than today's fuzzy cameras, razors, washing machines and smart weapons.

Small fast computers will invade our lives and work. Machines will get thinner and have finer

sensors and signal processors. They will generate their own fuzzy rules with neural nets and

will provide new perspectives, (Kosko, 1993).
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CHAPTER 3

GROUNDWATER FLOW SIMULATION USING A FUZZY
APPROACH

3.1 Introduction

This chapter presents a filmy logic based simulation of the flow in porous formations,

which are heterogeneous in nature, displaying a spatial variability of their geometric and

hydrologic properties. Moreover, the complexity and the irregularity of their spatial variations

make it difficult to model the flow through this kind of formations. In doing this a specific set

of parameters, such as the hydraulic conductivity, storage coefficient, aquifer thickness and

initial and boundary conditions would be required. Traditionally, these parameters have been

treated deterministically, i.e. the value of these parameters are well defined locally based on

measurements at selected locations. In this deterministic approach, the measurement and the

estimation errors are ignored. In fact, the measured values are subject to human and machine

imprecision. Also estimating the value of the parameters at locations where measurements are

not available involves a random error.

Recently, these parameters have been treated as random functions (RF) (Gelhar, 1986;

Dagan, 1986; Neuman et al, 1987; Neuman and Zhang, 1990), and the spatial variability of

the model parameters have been treated as a random process. However, this process is not

purely random but possesses a certain structure that makes it possible to characterize it by a
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probability density function (pdf). Thus the flow system is modeled by a stochastic partial

differential equation. The dependent variable of the flow equation, e.g., the head, is also a

random function and the solution of the stochastic flow equation yields the probability density

function (pdf) of the dependent variable. Generally these equations are solved using Monte

Carlo simulations technique.

There are a few difficulties associated with this simulation method. The major problem

is the generation of the random field or set of realizations for the random variables. Different

methods have been proposed for unconditional and conditional generation for the random

variable realizations (Freeze, 1975; Binsariti, 1980; Neuman, 1984; Delhomme, 1979;

Matheron, 1973; Dagan, 1982a,b) . Second, to get meaningful statistics, large number of

realizations have to be performed. This consumes computer time and storage to some extent,

that may be considered unrealistic for large problem. Neuman and Orr (1993), Neilman

(1993), and Neuman and Zhang (1993) offer an alternative by proposing a deterministic

equations that provide an optimum predictions of flow and transport taking into account the

available data and the associated uncertainty. This new technique, the stochastically derived

deterministic theory, is considered unique and powerful to eliminate the computational burden

of Mont Carlo simulation technique.

Another technique to overcome the computational burden is being presented in this

work. In developing this approach we asked ourselves the same question Neuman and Zhang

(1993) asked themselves: "Are deterministic flow and transport models a viable alternative
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to the computationally demanding methods?". The answer is yes, deterministic models can

be used to measure imprecision of the dependent variable due to imprecision in the model

parameters without any computational overload. The key to our approach is to use fuzzy set

theory to model the uncertainty associated with the available data and then implement these

parameters into the deterministic model.

In this technique model parameters, boundary conditions, initial conditions and

pumping rates may be considered as fuzzy numbers, i.e. to each variable there corresponds

a membership function (Chapter 2). The properties and assessment of the membership

function are described in Chapter 2. As the model parameters are fuzzy numbers, so is the

dependent variable, i.e. the head. At a given a'-level (Chapter 2) each parameter is

represented by an interval. We apply these interval parameters to the deterministic flow

equations and use the finite element technique with a solver for the interval matrix to obtain

the associated head interval. The resulting width of the head interval can be viewed as the

uncertainty associated with head as a result of uncertainty associated with the model

parameters. Repeating this for different a-levels generates the membership function of the

dependent variable, head.

We demonstrate this technique by a numerical example of two-dimensional transient

flow problem. The partial differential equation that describe the flow through porous media

and the fundamentals of Darcy's law are used to describe the flow system. First we apply this
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approach to a homogeneous case, that is the membership function for a given parameter is

the same in every cell in the domain. Next we let the membership function change from cell

to cell, i.e. we deal with heterogeneous case. In each case the width of the head and the flux

intervals are computed at each time step. This example provide a picture of how the width

of the dependent variable interval changes at early times and then at later times i.e. when the

system reaches steadystate.

Here we are presenting the basic aspects of this technique and open an avenue of a

relatively new and very rich research area. This technique can be considered as a natural

extension to the existing deterministic numerical modeling approach. Our future research will

concentrate on applying this approach to contaminant transport models.

3.2 Governing Equations

In this section a description of the partial differential equation that governs the

transient flow in porous media is presented. Combining the fundamentals of mass

conservation and Darcy's laws the flow equation can be written in a simple form as:

V . [K(x)Vh(x)] = S —ah
at

(3.1)

and Darcy's law as

q (x) = - K(x)Vh(x) 	 (3.2)
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with boundary and initial conditions,

h(x) = H(x) (3.3)

- q(x).n(x) = Q(x) (3.4)

h(x, t=0) = H0(x) (3.5)

where x is the two dimensional vector of the flow domain, K(x) is the hydraulic conductivity

tensor, S is the storage coefficient vector, h(x) is the hydraulic head vector, q(x) is the flux

vector, Q(x) is the prescribed flux vector, and H(x) is the prescribed head vector, and Hlx)

is the initial head vector.

The solution of these equations require the determination of the parameters set.

Generally, these parameters are measured at selected well locations. In the deterministic

approach, an interpolation or extrapolation technique is used to estimate the parameter vAlues

at the locations without measurements. The numerical model is then run once with the

calibrated set of parameters to predict the head and the flux in the whole flow domain. It

should be pointed out that these predictions are just estimates with associated errors. These

errors depend on the measurements precision and estimation technique.

A realistic approach to model parameter uncertainty is the conditional/unconditional

stochastic method. In this approach the inputs to the flow Equations 3.1 to 3.5 are

represented by the pdf of a random function. The measurements are used to estimate and
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analyze the properties of pdf of the parameters. In such a case the flow equations are

described by so-called stochastic partial differential equation. The most practical approach to

solve this kind of equation is Monte Carlo simulations. The disadvantages associated with this

approach have been described before.

Another practical approach to model the lack of data and the imprecision of the

measurements is to apply the notion of fuzzy set theory to the flow equation. In this approach,

each input into the flow equations is assigned a membership function. Depending on the

observations, we can define the lower bound, the upper bound and the most credible value

of each parameter. The functions that describe the change from the lower bound to the most

credible value and from the most credible value to the upper bound can be determined on the

bases previous experience or one can use the tecniques used in Chapter 2. One membership

function may be assigned to the whole domain, this considered to be a homogenous domain,

or a different membership function may be assigned to each element in the domain,

corresponding to a heterogenous doman.

In fuzzy set theory the mathematical operations may be performed at various a-levels,

in which case each parameter is represented by an interval. Solving the flow equations with

finite element technique, the resulting coefficient matrix and the derived force vector are also

in an interval form. Moore (1979) and Neumaier (1990) provide different algorithms to solve

an interval system of linear equations. In this work we choose the very simple algorithm

described by Moore (1979) just to demonstrate the technique. Future work can be devoted
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exclusively to comparing different solution algorithms. The results of solving this system of

equations are the head intervals at every point and every time step given an input of interval

parameters. The width of the head interval can be viewed as the variability in the head due to

the associated model inputs variability. Whereas, in the stochastic approach the outcome is

a pdf of the dependent variable, repeating the process here for different a-level results in the

determination of the membership function of the dependent variable, namely the head.

3.3 Flow Chart of the Numerical Model

The flow Equations 3.1 to 3.5 are solved numerically using Galerkin finite element

method with a lumped parameter routine (listing of the computer program is attached in

Appendix A). The upper and the lower bounds of the model inputs are used to calculate the

upper and lower bounds of the interval coefficient matrix. The mid point matrix is calculated

as the average of the upper and the lower bounds of the coefficient matrix. The inverse of the

mid point matrix is also computed. When the coefficient matrix does not depend on the

dependent variable, case of confined aquifer, this procedure is performed once at the

beginning of the simulation. In other cases this procedure has to be inside the time loop. The

time loop is started and the lower and the upper bounds of the right hand vector are

calculated. This system of linear interval equations is solved using an iterative algorithm

described below after Moore (1979). Then, at each time step, the right hand side is updated

and a new solution for the head is obtained as time progresses. Figure 3.1 displays the flow

chart of the numerical simulation model.
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1 yes 

	 t — t -+- dt

Figure 3.1: Flow chart of the numerical model.
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3.4 Solution Algorithm

In this section we consider finite systems of linear algebraic equations

Ax = b (3.6)

where A is an n x n matrix and b is an n-dimensional vector. Generally, the coefficients of A

and b are either real numbers or known to lie in certain intervals. Here we are interested in

the case where the coefficient of A and b are intervals.

The exact solution for this interval system of linear equations is difficult to obtain but

it can be enclosed into an interval vector (an n-dimensional rectangle). Moore (1979, p. 59)

studied the existence of solutions and states the following:

If we can carry out all the steps of a direct method for solving Equation 3.6 in

rounded interval arithmetic ( if no attempted division by an interval containing zero

occurs nor any overflow or underflow ) the system (Equation 3.6) has a unique

solution for every real matrix in A and real vector in b and the solution is contained

in the resulting interval vector X

Investigations of the interval iterative methods were begun by Hansen (1971) and

subsequently pursued by a number of other researchers. We can multiply both sides of

Equation 3.6 by a matrix Y (for instance an approximate inverse of matrix A) and define the

E = I - VA. If the norm of matrix E defined as
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	1E1 = max E 'Et»	 < 1
	

(3.7)

Then the sequence

	Ar(k+1) = EYb+EKkA A X.(k),	 (3.8)

with

Xi(°) = F-1,11117b	 E11),	 i=1,2,3,...	 (3.9)

is a nested sequence of interval vectors containing the unique solution to Equation 3.6 for

every real matrix in A and real vector in b. In rounded interval arithmetic, the sequence

defined by Equations 3.8&3.9 will converge in a finite number of steps to an interval vector

containing the set of solutions of the system of equations described by equation 6. As stated

by Moore (1979, p. 61):

Using the norm, Equation 3.7 , the system 3.6 has a unique solution x for interval

matrix A and interval vector b if II I -ybil < 1 for some matrix Y. Furthermore, the

solution vector x is contained in the interval vector Xrk) defined by equations 8&9 for

every k=0,1,2,.. Using rounded interval arithmetic, the sequence {" converges in

a finite number of steps to an interval vector containing the set of solution to

Equation 3.6.

To illustrate this solution algorithm a 2 x 2 system of interval equations is solved below. Let

the matrix A and the vector b be as follows:



76

	= {[5,6]	 [1,21	 g = [[2,31

	

[1,2]	 [7,8]	 [3,5]

the midpoint matrix and its inverse are calculated as:

	[5.5	 1.51
=

	

1.5	 7.5
= )1 -1=

0.19230 -0.038461
Y
-0.03846	 0.14100

Evaluating the matrix E = I-YA and the vector Yb, which are also interval matrices because

A is one:

	

E [[-0.0769, 0.0769]	 [-0.0769, 0.07691
=

	[-0.0513, 0.0513]	 [-0.0513, 0.0513]

[„10.2692, 0.38461
Yb =

[0.3461, 0.5896]

The norm of the matrix E is 0.1538, and the norm of the vector Yb is [0.2692,0.5896]. Using

Equation 3.9, the initial guess for the unknown vector X is

-0) = [[-0.31813, 0.696761
X

[-0.31813, 0.69676]

Then using an iterative process the sequence described in Equation 3.8 converges in four

iterations (convergence criterion=0.001) as follows,
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, (1)
X =

[P.16204, 0.491761 g(2)=
[[0.18040, 0.473251

[0.27470, 0.66110] [0.28700, 0.64874]

(3)
X =

[[0.18292, 0.470881
X =

[[0.18322, 0.470501

[0.28865, 0.64715] [0.28885, 0.64695]

As described by Moore (1979) this interval solution contains the solution for every real matrix

in A and real vector in b.

3.5 Solution of the Flow Equations

In this section we shall apply the above algorithm to solve the groundwater flow

model described in Equations 3.1 through 3.5. A simple example of domain and boundary

conditions is shown in Figure 3.2, for which the left and the right boundaries are constant

head and the upper and the lower boundaries are impervious boundaries. The finite element

technique is employed and the domain is discretized into elements as shown in Figure 3.3. The

solution of the interval systems of equations resulting from the finite element approximation

will be the head interval at each cell due to an interval parameters. In the following example

we assume that the boundary conditions, the initial conditions and the storage coefficient are

deterministic. Only the transmissivity is allowed to be a fuzzy number.

A case of one dimensional flow as decribed in Freeze (1975) is performed to test the

model results. Freeze (1975) used Monte Carlo simulation technique to study the problem of
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Figure 3.2: Schematic diagram for the example problem
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Figure 3.3: Finite element grid showing nodes and elements numbering
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parameters uncertainty for steady state flow and transient one dimensional flow problem. The

transimissivity is assumed to be a random variable with a lognormal prbability distribution

function. In our model the transmissivity is represented by an interval calculated as the mean

value plus/minus one standard deviation. Figure 3.4a shows the standard deviation for the

head using Monte Carlo simulation and Figure 3.4b shows the width of the head interval using

the proposed approach. The results show the same pattern, also the maximum predicted

standard deviation is about 30 percent and the maximum predicted interval width is found to

be about 40 percent. Knowing that for each curve in Figure 3.4a, 200 Monte Carlo simulation

are preformed and only one simultion for each curve in Figure 3.4b, the proposed approach

is considered efficient in reducing the computer time and storage

3.6 Example Applications

Three cases are considered to investigate how the width of the head interval chinges

with the change in the width of the parameter interval. In the first case the transmissivity is

represented by a unique membership function for the whole domain (homogeneous case), as

shown in Figure (3.5). In the second case, the transmissivity for a few elements in the middle

of the domain is supported by the interval [1,2] and in the rest of the domain is supported by

interval [20,30] (heterogeneous case). In the third case, the transmissivity is represented by

a random field selected from a normally distributed field with a mean of 10 ft/d and variance

of 1.0. The upper and lower bound of the transmissivity are generated by adding or

subtracting multiples of G to the generated random field. This has been done only to test the



1O 2	 3
	

4
	

5

Distance along X-axis (ft)

0.5

0.0

fun,

Figure 3.4a: Output plot of the head standard deviation for stochastic-conceptual
analysis of one-dimentional transient consolidation.

(After Freeze, 1975)

81

Time = 0.002 d

Time= 0.02 d

Time- 0.1 d

Time= 02 d

Timw 0.3 d

rir119= 0.7 d

Time= 1.0 d

Time= 2.0 d

Time= 3.0 d

Figure 3.4b: Change of head interval along x-axis



         

82 

1.0                      

Ce-Level                                                        

2 6
2

Transmissivity (tt /d)
10

Figure 3.5: Membership function of the transmissivity field.
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model at different interval for each element.

The initial head is assumed to be zero everywhere except at the right and left

boundaries where it is 1.0ft and 2.0ft respectively, these are constant head boundaries. The

storage coefficient is assumed to be 1.0. A transient simulation is performed until the system

reaches steady state. Figures 3.6a & 3.6b describe how the width of the head interval changes

with time along the x-axis due to a transmissivity interval [2,10]. These graphs show that at

early time the width of the head interval grow faster near the boundaries than in the middle

of the flow field. As the time increases the width of the head interval for the elements near the

boundary begins to decrease and startes to grow more elsewhere. Eventually as the system

reaches steady state the width of the head interval goes to zero enerywhere. This pattern

represent how the system is expected to perform until it reaches steady state.

The effect of different transmissivity intervals width on the generated head intervals

is now investigated. Cutting the transmissivity membership function at different a-levels

results in different transmissivity intervals. The higher the a-level the more precise the

parameter is., i.e. zero ce-level represents higher imprecision and unity a-level represents

deterministic parameters. The flow equationa are solved in each of the following cases of

transmissivity intervals [2,10], [3,9], [4,8] and [5,7]. The width of the head interval at a given

node at the center of the field is recorded as a function of time. Figure 3.7 sketches the

change of the head interval with time. As it is expected, the width of the head interval

increases as the width of the transmissivity interval increases, i.e. with low a-level, in other

words the uncertainty of head increases as the uncertainty associated with model parameters
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increase. Also, the membership function of head are illustrated in Figure 3.8a,b.

Next, the effect of the medium heterogeneity is investigated. The whole domain is

assumed to possess one transmissivity interval [20, 30] except four elements in the middle of

the flow field having a smaller transmissivity interval [1,2]. This case is compared to the

homogeneous case when the whole domain has transmissivity interval of [20,30]. Figure 3.9

represents the resultant steady state head, it shows clearly the effect of the smaller

conductivity at the middle of the flow field. Figures 3.10a&b display the difference between

the homogeneous and the heterogeneous cases. In Figure 3.10b the effect of a smaller value

for the transmissivity interval in the middle of the flow field is depicted by the broken line of

the head interval width in this region. Also, the presence of this change in the transmissivity

intervals generate width of head interval greater than the homogeneous case.

In the third case the transmissivity is represented by a random field, that is the

transmissivity interval is different from one element to another in the flow domain. 'This

random field is generated from a normal distribution with mean 10ft/d and variance of 1.0.

The upper and lower bounds of the transmissivity interval at each cell are generated by adding

and subtracting 2o to the generated random field, as depicted in Figure 3.11. The temporal

change of the width of the head interval along the x-axis is illustrated in Figure 3.12. These

curves show the same pattern as in the homogeneous case with smooth lines. The reason for

not getting highly broken lines is the transition of the transtnissivity from element to the next

one is relatively smooth. Although the maximum width of the transmissivity interval is

smaller than the case of the homogeneous interval [20, 30], the resultant width of head
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interval is greater than the homogeneous case. This result reflects the fact that as the

heterogeneity of the system parameters increases the uncertainty of the dependent variable

also increases.

3.7 Concluding Remarks

In the above example problem the notion of fuzzy set is used to represent incomplete,

imprecise and uncertain data sets. It is also used as a measure for the uncertainty associated

with the dependent variable due to imprecision of model parameters. This new approach,

fuzzy modeling technique, can be implemented easily with relatively simple modifications of

the existing deterministic numerical models. It may be considered as a natural extension to

these numerical models. This approach provides more realistic methodology to Handle the

problem of incomplete and imprecise data. It makes it possible to investigate the groundwater
,

flow problem from a more subjective view point.

This approach results in the head being an interval because parameters are given as

intervals. The width of the head interval may be viewed as a measure of the uncertainty in the

dependent variable due to associated uncertainty in the model parameters. This technique can

thus be considered as an alternative to existing techniques for modeling uncertainty with the

greate advantage of much smaller computational burden.
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CHAPTER 4

MULTICRITERION ANALYSIS OF GROUNDWATER
CONTAMINATION MANAGEMENT

The problem, methods, results and conclusions of this study are presented in the paper

appended (appendix B) to this dissertation. In the following sections we shall provide

summary of the research and the important findings.

4.1 Summary

Multicriterion decision making (MCDM) techniques were used to analyze a

groundwater contamination management problem from the viewpoint of conflicting multiple

objectives. The groundwater management model was used to find a compromise strategy for

trading off fresh water supply, containment of the waste, and total pumping costs in a

hypothetical confined aquifer affected by previous waste disposal action. A groundwater flow

model was used to formulate the hydraulic constraints. A linear system model was used to

describe drawdown and velocity as functions of the decision variables which were pumping

rates. The model determines the pumping location and rates. A modified E-constraint

method was used to generate the set of nondorninated solutions which were the alternative

compromise strategies. Three different MCDM techniques, Compromise programming (CP),

ELECTRA II and MCQA II, were used to select a "satisficing" alternative.
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4.2 Conclusions and Recommendations

Comparison of the results show that alternatives 1, 2, 7 and 15 are the preferred ones

using either one of the three techniques, although these techniques are based on different

approaches to MCDM and follow different algorithms for solution. Compromise

programming uses weights to determine distance based solutions with respect to an norm,

ELECTRE II uses pairwise comparisons among the alternatives, and MCQA II uses incidence

matrices with an norm to trade off three project indices (PSI, PCI, PD]) and determine the

ranking of the alternatives. Also, it was noticed that maintaining high groundwater velocities

is expensive and difficult. In order to meet a two year target date, large amounts of water had

to be pumped. Therefore, rapid restoration results in large pumping volumes and high costs.

Groundwater contamination management problems are of much importance and

should be treated in the best possible way from the conflicting point of view of environmental

quality, resource and economics availability. To achieve this, a new theoretical formulation

of the groundwater management model has been presented and it is considered a first

complete application of MCDM in this field. MCDM techniques may be used and the

applications of more than one technique may enhance the insight for the selection process.

In future research, a dynamic formulation for the problem will be developed, that should also

account for uncertainty and risk considerations. Furthermore, the conjunctive use of surface

and groundwater systems and the explicit treatment of water quality should be examined.
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CHAPTER 5

TWO-STAGE AQUIFER MANAGEMENT MODEL IN FUZZY
ENVIRONMENT.

The problem, methodology, results and conclusions of this study are presented in the

paper appended (Appendix C) to this dissertation. In the following sections we shall provide

a summary of the research and the important findings.

5.1 Summary

The hydraulic gradient control method is used in designing a contaminated

groundwater remediation system in a fuzzy environment. A two-stage formulation consists

of performing a hydraulic containment and then concentration reduction level. The decision

in a fuzzy environment can be viewed as the intersection of the fuzzy constraints and fuzzy

objective function(s). The decision variables, i.e. pumping rates, concentration reduction level

and hydraulic gradient are considered to be fuzzy variables to reflect the uncertainty of the

model parameters. Formulation of the optimization model is performed using fuzzy set theory

where both the objective function and constraints are characterized by their membership

functions. Two dimensional groundwater flow model and advective dispersion transport

model are combined with an optimization technique to obtain the optimum pumping strategy.

A sensitivity analysis of the optimum strategy is conducted by considering different credibility

or a-levels for the fuzzy variables. A case study is presented to illustrate the methodology.
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5.2 Results and Conclusions

The results of the optimization solution show that only six wells of the eleven are

active. The optimal membership function for the first and the second stages are 0.41 and 0.38,

respectively. Zero membership function represents the deterministic formulation and as the

value of the membership function increases the credibility of the remediation process

increases. Different remediation strategies are obtained by varying the membership function

from zero to the optimum value. Also, the slope of the membership function curve represents

the sensitivity of the pumping at certain location to the change in the credibility level. For

example, a sharp slope indicates that a particular location is not sensitive to the increase of

the credibility level. Conversely, a flat slope indicates that the pumping from a location will

increase significantly with an increase in the credibility level. Also, as the pumping rates

increase, the time required for plume removal decreases.

Fuzzy set theory has been used to formulate the optimization model for the design of

a groundwater remediation strategy. The new formulation invokes a more subjective

description of the groundwater cleanup problem by generating a membership function of for

the pumping rates. Each a-level represents a different strategy that can be used to achieve

the remedial action with a certain confidence level. Increasing the a-level results of higher

pumping rates that increase the credibility level of the remediation action. Also, adding more

uncertainty to the membership function of the constraints and the objective function (i.e.

increasing d , equation 8 ) increases the optimum pumping rate.

For real problems that include goals and constraints with uncertain bounds, fuzzy
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mathematical programming, which express this kind of ambiguity in terms of fuzzy sets,

presents a realistic and promising approach with which to analyze such problems. As for the

present example, the nature of the constraints and the objective function bounds are uncertain.

In addition it is better to define the solution to certain degree of satisfaction rather than

looking for the optimal which may be unrealistic. In other words, an approach that handles

objective sets following standards aimed at a particular degree of satisfaction is better

equipped to evaluate real problems than maximizing an objective function. In fact the

objective function is not essential, it is only introduced to limit the solution set to one. In

fuzzy formulation the objective functions and the constraints are treated in the same way. A

decision is considered to satisfy the goals and the constraint i.e the set of the decisions can

be defined as the intersection of the set of goals and the set of constraint. Therefore, the

relationship between the goals and the constraints in fuzzy environment are fully symmetric.
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CHAPTER 6

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

6.1 Summary

This dissertation has examined fuzzy approach to modeling groundwater flow and

containing a plume of contaminant. We have developed a new numerical approach based on

fuzzy set theory and interval analysis to model the uncertainty associated with model

parameters. The type of uncertainty modeled here is the imprecision, that is all the model

parameters are imprecisely known or known to lie within a certain interval with a given

degree of credibilty (ce-level). Each parameter is described by a membership function. The

fuzzy inputs into the model and the outputs are in the form of intervals. The resulting head

interval represents the change in the output due to model parameters given as interval.

Repeating the solution for different ce-levels yields the membership function of head.. The

proposed technique is illustrated using a two dimensional flow problem solved with a finite

element technique. This numerical modeling technique is considered a natural extension of the

existing deterministic models.

In the plume containment problem two formulations are presented using the hydraulic

gradient technique to control the movement of the contaminants. The first is based on

multiobjective analysis and the second, on fuzzy set theory. Here the fuzzy formulation

describes the uncertainty associated with the objective function(s) and the constraint bounds.
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Solution to the optimization problem yields the optimal pumping rates, locations and the

membership function at each location.

6.2 Conclusions

Analysis of the results leads to the following conclusions:

1-The imprecision in the model inputs can be transformed into taht in model outputs using

fuzzy set theory.

2- Fuzzy set theory combined with interval analysis enable us to use existing deterministic

models to assess model output uncertainty due to model input uncertainty.

2- Th analysis of groundwater flow problems requires interval input values for the parameters;

and the output can be expressed in terms of mean value, upper and lower bounds of the

hydraulic head.

3- The width of the resulting head interval can be used as a measure of uncertainty associated

with the head due to imprecise inputs.

4-The degree of uncertainty associated with the predicted hydraulic head increases as the

width of the input parameters interval increases.

5- Compared to Monte Carlo simulation approach, the proposed technique requires less

computer storage and CPU time, However this technique does not take into account cross

correlation.

6- Multiobjective analysis of the containment of a plume of contaminant yields a set of

alternative strategies each of which satisfies the objectives to a certain degree. Three different

techniques have been used to choose a compromise strategy. Although they follow different
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algorithms, the same preferred strategies are selected.

7- Maintaining high groundwater velocities is expensive. It is also noticed that rapid

restoration results in a large pumping volumes and high costs.

8- Using a fuzzy formulation for plume containment yields the optimum pumping rates and

locations in addition to the membership function at each pumping location.

9- The resulting membership functions at the pumping locations can be used to study the

sensitivity of every location to a change in objective function and constraints.

6.3 Recommendations

The extension for this work is almost unlimited. To be able to apply this technique to

a general groundwater flow problem, commercial programs like MODFLOW (McDonald and

Harbaugh, 1983) or MODXX (Jones, 1993) have to be modified to accept fuzzy input.

Different solutions algorithms for interval matrix have to be implemented and the sensitivity

of the numerical solution could be studied. the next phase would consist in converting the

transport models to accept fuzzy parameters and study the movement of the contaminant

under imprecisely known parameters. Finally this approach can be expanded and applied to

any physical modeling process involving uncertain input.
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LISTING OF TILE COMPUTER PROGRAM

program fuzmod
implicite real*8(A-H2O-Z)
dimension A(13,400),aa(400,400),H(400,2),B(400,2),X1(400)
dimension aal(400,400),y(400,400),x2(400), ptime(50),bb(13,400)
dimension hh(400,400), var(400), t(400,2), s(400,2),b1(400,400)
dimension a21(3,3), a22(3,3), a 11(3,3),a12(3,3),nec(400,4)
dimension qx(400,2), qy(400,2)
character*15 inpt, outl, out2, out3, out4, out5, ints

read(*,'(a)') inpt

open(1, file=inpt, status='unknown')

read(1,'(a)')outl
read(1,'(a)')out2
read(1,'(a)')out3
read(1,'(a)')out4
read(1,'(a)')out5
read(1,'(a)')ints

open(2, file=outl, status=tunknown)
open(3, file=out2, status='unknown')
open(4, file=out3, status=iunknown)
open(7, file=out4, status='unknown)
open(8, file=out5, status='unknown)
open(9, file=ints, status='unknown')

WRITE(2,*) 'LUMPED FORMULATION MODEL 	
READ(1,*) DX
WRITE(2,*) DELTAX = DELTAY = DX 	 - ',DX
READ(1,*) NR, NC
WRITE(2,*) '# OF ROWS 	 NROWS = ',NR
WRITE(2,*) '# OF COLUMN 	 NCOLS = ', NC
READ(1,*) MBW
WRITE(2,*) 'MATRIX HALF BAND WIDTH 	 - ', MBW
READ(1,*) DT
WRITE(2,*) 'TIME INCREMENT 	 - ', DT
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READ(1,*) ENT, nt
WRITE(2,*) END TIME and # of printing ------ =', ENT, NT
read(1,*) (ptime(i), i=1,nt)
READ(1,*) TH
WRITE(2,*) 'THETA 	  — ', TH
read(1,*) xtol
write(2,*) 'CONVERGENCE CRITERION 	 =', xtol
read(1,*) iol, io2

read(9, *) (t(i, 1), i=1,2*(nr-1)*(nc-1))
read(9,*)
read(9,*) (t(j,2), j=1,2*(nr-1)* (nc- 1))
read(9,*)
write(2,'(a,2x,a)') 'Transmissivity Vectors are read from unit 9
* from file', ints
read(9,*) (s(i, 1), i=1,2*(nr-1)*(nc-1))
read(9,*)
read(9,*) (s(j,2), j=1,2*(nr-1)*(nc-1))
write(2,'(a,2x,a)') 'Storativity Vectors are read from unit 9
* from file', ints
close(9)
close(1)

np = nr * nc
ne = 2*(nr-1)*(nc-1)
)0( = DX * DX
DL = XX / 2.0
Till = TH - 1.0

IF ( TH.LT.0.5) THEN
YY = XX / ( 4. * (1. - 2. * TH))
IF ( DT.GT.YY ) THEN

WRITE(*,*) 'THIS RUN WILL NOT BE STABLE'
END1F

ENDIF

do j=1,2
DO I=1,NP

H(I,j) = 0.0
enddo
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enddo

DO I=1,MBW
DO J=1,NP

A(I,J) = 0.0
bb(i,j) = 0.0

enddo
enddo

do j=1,2
DO I=1,Nr

H(I,j) = 2.0
enddo

enddo

do j=1,2
DO I=(NC-1)*NR +1,NP

H(I,j) = 1.0
enddo

enddo

* Generation of the element connectivity
do i=1,nr-1

ii=0.0
do j=2*i, 2*(nc-2)*(nr-1)+2*i,2*(nr-1)

nec(j,1)= j
nec(j,2)= ii*nr + i + 1
nec(j,3)= nec(j,2) - 1
nec(j,4)= nec(j,2) + nr
ii = ii +1

enddo
enddo
do i=1,nr-1

ii=1
do j=2*i-1, 2*(nc-2)*(nr-1)+2*i-1,2*(nr-1)

nec(j,1)= j
nec(j,2)= ii*nr + i
nec(j,3)= nec(j,2) + 1
nec(j,4)= nec(j,2) - nr
ii=ii+1

enddo
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enddo

GENERATION OF THE COEFFICIENT MATRIX

A11(1,1) = TH
Al 1(1,2) = - 0.5 * TH
Al 1(1,3) = - 0.5 * TH
A11(2,2) = 0.5 * TH
Al 1(2,3) = 0.0
A11(3,3) = 0.5 * TH
Al2(1,1) = DL / (3*DT)
Al2(1,2) = 0.0
Al2(1,3) = 0.0
Al2(2,2) = DL / (3*DT)
Al2(2,3) = 0.0
Al2(3,3) = DL / (3*DT)

A21(1,1) = TH1
A21(1,2) = - 0.5 * TH1
A21(1,3) = - 0.5 * Till
A21(2,2) = 0.5 * TH1
A21(2,3) = 0.0
A21(3,3) = 0.5 * Till
A22(1,1) = DL / (3 *DT)
A22(1,2) = 0.0
A22(1,3) = 0.0
A22(2,2) = DL / (3*DT)
A22(2,3) = 0.0
A22(3,3) = DL / (3*DT)

do jk=1,2

do i=1,nr
A(1,i) = 1.0

enddo

do I=NR+1,NR*(NC-2)+1,NR
do j=1,ne

if(i.eq.nec(j,2)) then
a(1,i) = a(1,i) + al 1(1,1)*t(j,jk) + a12(1,1)*s(jjk)

105



endif
if(i.eq.nec(j,3)) then

a(1,i) = a(1,i) + all(2,2)*t(jjk) + a12(2,2)*s(jjk)
endif
if(i.eq.nec(j,4)) then

a(1,i) = a(1,i) + al 1(3,3)*t(jjk) + a12(3,3)*s(jjk)
endif

enddo
enddo

DO I=2*NR,NP-nr,nr
do j=1,ne

igi.eq.nec(j,2)) then
a(1,i) = a(1,i) + al 1(1,1)*t(j,jk) + a12(1,1)*s(jjk)

endif
igi.eq.nec(j,3)) then

a(1,i) = a(1,i) + al 1(2,2)*t(j,jk) + a12(2,2)*s(jjk)
endif
igi.eq.nec(j,4)) then

a(1,i) = a(1,i) + al 1(3,3)*t(jjk) + a12(3,3)*s(jjk)
endif

enddo
enddo

DO I=NR*(NC-1)+1,NP
A(1,I) = 1.0

enddo

DO I=NR+2,2*NR-1
DO J=I,I+(NC-3)*NR,NR

do jj=1,ne
if(j.eq.nec(jj,2)) then

a(1,j) = a(1,j) + al 1(1,1)*t(ij,jk) + a12(1,1)*s(jjjk)
endif
if(j.eq.nec(jj,3)) then

a(1,j) = a(1,j) + al 1(2,2)*t(jj,jk) + a12(2,2)*s(jjjk)
endif
if(j.eq.nec(jj,4)) then

a(1,j) = a(1,j) + al 1(3,3)*t(jj,jk) + a12(3,3)*s(jj,jk)
endif
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enddo
enddo

enddo

DO I=NR+2,2*NR-1
DO J=I,I+(NC-3)*NR,NR

do ij=1,ne
if(j.eq.nec(jj,2)) then

a(2j) = a(2,j) + al 1(1,2)*t(jjjk)
* + a12(1,2)*s(jj,jk)

a(2,j) = a(2,j) + al 1(1,2)*t(jj+2*nr-1,jk)
* + a12(1,2)*s(jj+2*nr-1,jk)

go to 1
endif

enddo
1	 enddo

enddo

DO I=nr+1,(NC-2)*NR+1,NR
do jj=1,ne

if(i.eq.nec(jj,2)) then
a(2,i) = a(2,i) + al 1(1,2)*t(jj,jk)

* + a12(1,2)*s(jj,jk)
endif
if(i.eq.nec(jj,3)) then

a(2,i) = a(2,i) + al 1 (1,2)*t(jj,jk)
* + a12(1,2)*s(jj,jk)

endif
enddo

enddo

DO I=nr+1,(NC-3)*NR+1,NR
do jj=1,ne

if(i.eq.nec(jj,4)) then
a(mbw-1,i) = a(mbw-1,i) + al 1(1,3)*t(ij,jk)

* + a12(1,3)*s(jj,jk)
endif

enddo
enddo
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do i=2*nr, np-2*nr, nr
do jj=1,ne

igi.eq.nec(jj,4)) then
a(mbw-1,i) = a(mbw-1,i) + all(1,3)*t(jj+2*nr-2,jk)

* + a12(1,3)*s(jj+2*nr-2,jk)
endif

enddo
enddo

DO I=nr+2,2*NR-1
DO J=I,I+(NC-4)*NR,NR

do jj=1,ne
if(j.eq.nec(jj,4)) then

a(mbw-1,j) = a(mbw-1,j) + al1(1,3)*t(jj+2*nr-2,jk)
* + a12(1,3)*s(jj+2*nr-2,jk)

a(mbw-1,j) = a(mbw-1,j) + al 1(1,3)*t(jj+2*nr- ljk)
* + a12(1,3)*s(jj+2*nr-1,jk)

go to 2
endif

enddo
2	 enddo

enddo
C

DO I=nr+2,2*NR-1
DO J=I,I+(NC-4)*NR,NR

do jj=1,ne
iftj.eq.nec(jj,3)) then

a(mbw,j) = a(mbw,j) + al I (2,3)*t(jj,jk)
* + a12(2,3)*s(jj,jk)

endif
enddo

enddo
enddo
DO I=nr+1,(NC-3)*NR+1,NR

do jj=1,ne
igi.eq.nec(jj,3)) then

a(mbw,i) = a(mbw,i) + al 1(2,3)*t(jj,jk)
* + a12(2,3)*s(jj,jk)

endif
if(i.eq.nec(jj,4)) then

a(mbw,i) = a(mbw,i) + al 1 (2,3)*t(jj,jk)
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+ a12(2,3)*s(jjjk)
endif

enddo
enddo

do i=1,np
do j=1,np

aa(i,j) = 0.0
enddo

enddo

do i=1,np
aa(i,i) = a(1,i)

enddo

do i=1,np-1
aa(i,i+1) = a(2,i)
aa(i+1,i) = a(2,i)

enddo

do i=1,np-nr
aa(i,i+nr) = a(mbw-1,i)
aa(i+nr,i) = a(mbw-1,i)

enddo
do i=1,np-nr-1

aa(i,i+nr+1) = a(mbw,i)
aa(i+nr+1,i) = a(mbw,i)

enddo

if(jk .eq. 1) then
do i=1,np

do j=1,np

enddo
enddo

endif

DO I=1,MBW
DO J=1,NP

A(I,J) = 0.0
enddo
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enddo

enddo

* Inverse the midpoint matrix (aa + aal)/2

do i=1,np
do j=1,np

hh(i,j) = ( aal(i,j) + aa(i,j) ) / 2.
enddo

enddo

call hinv(hh,y,np)

* START CALCULATIONS

kt = 1
Id( = 1
do tt=dt,ent+0.00001,dt

do i=1,2
do j=1,np

b(j,i) =0.0
enddo

enddo

do jk=1,2

do i=1,nr
bb(1,i) = 1.0

enddo

DO I=NR+1,NR*(NC-2)+1,NR
do j=1,ne

igi.eq.nec(j,2)) then
bb(1,i) = bb(1,i) + a21(1,1)*t(j,jk) + a22(1,1)*s(jjk)

endif
if(i.eq.nec(j,3)) then

bb(1,i) = bb(1,i) + a21(2,2)*t(j,jk) + a22(2,2)*s(jjk)
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endif
if(i.eq.nec(j,4)) then
bb(1,i) = bb(1,1) + a21(3,3)*t(jjk) + a22(3,3)*s(jjk)

endif
enddo

enddo

DO I=2*NR,NP-nr,nr
do j=1,ne

if(i.eq.nec(j,2)) then
bb(1,1) = bb(1,i) + a21(1,1)*t(j,jk) + a22(1,1)*s(jjk)

endif
igi.eq.nec(j,3)) then

bb(1,1) = bb(1,1) + a21(2,2)*t(j,jk) + a22(2,2)*s(jjk)
endif
if(i.eq.nec(j,4)) then
bb(1,i) = bb(1,1) + a21(3,3)*t(jjk) + a22(3,3)*s(jjk)

endif
enddo

enddo

DO I=NR*(NC-1)+1,NP
bb(1,I) = 1.0

enddo

DO I=NR+2,2*NR-1
DO J=I,I+(NC-3)*NR,NR

do jj=1,ne
ifb.eq.nec(jj,2)) then

bb(1,j) = bb(1,j) + a21(1,1)*t(jj,jk)
* + a22(1,1)*s(jj,jk)

endif
if(j.eq.nec(jj,3)) then

bb(1,j) = bb(1,j) + a21(2,2)*t(jj,jk)
* + a22(2,2)*s(jj,jk)

endif
if(j.eq.nec(jj,4)) then

bb(1,j) = bb(1,j) + a21(3,3)*t(ij,jk)
* + a22(3,3)*s(jj,jk)
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enddo
enddo

enddo

DO I=NR+2,2*NR-1
DO J=I,I+(NC-3)*NR,NR

do jj=1,ne
if(j.eq.nec(jj,2)) then

bb(2j) = bb(2,j) + a21(1,2)*t(jjjk)
* + a22(1,2)*s(jjjk)

bb(2,j) = bb(2,j) + a21(1,2)*t(jj+2*nr-1jk)
* + a22(1,2)*s(jj+2*nr-1 jk)

go to 3
endif

enddo
3	 enddo

enddo

DO I=nr+1,(NC-2)*NR+1,NR
do jj=1,ne

if(i.eq.nec(jj,2)) then
bb(2,i) = bb(2,1) + a21(1,2)*t(jjjk)

* + a22(1,2)*s(jjjk)
endif
igi.eq.nec(jj,3)) then
bb(2,i) = bb(2,i) + a21(1,2)*t(jjjk)

* + a22(1,2)*s(jjjk)
endif

enddo
enddo

DO I=nr+1,(NC-2)*NR+1,NR
do jj=1,ne

if(i.eq.nec(jj,4)) then
bb(mbw-1,i) = bb(mbw-1,i) + a21(1,3)*t(jj,jk)

* + a22(1,3)*s(jjjk)
endif

enddo
enddo

112



do i=2*nr, np-nr, nr
do jj=1,ne

if(i.eq.nec(jj,4)) then
bb(mbw-1,i) = bb(mbw-1,i) + Ea 1(1,3)*t(jj+2*nr-2,jk)

* + a22(1,3)*s(jj+2*nr-2jk)
endif

enddo
enddo

DO I=nr+2,2*NR-1
DO J=I,I+(NC-3)*NR,NR

do jj=1,ne
if(j.eq.nec(jj,4)) then

bb(mbw-1,j) = bb(mbw-1,j) + a21(1,3)*t(jj+2*nr-2,jk)
* + a22(1,3)*s(jj+2*nr-2jk)

bb(mbw-1,j) = bb(mbw-1,j) + a21(1,3)*t(j+2*nr-1,jk)
* + a22(1,3)*s(jj+2*nr-1,jk)

go to 4
endif

enddo
4	 enddo

enddo
C

DO I=nr+2,2*NR-1
DO J=I,I+(NC-3)*NR,NR

do jj=1,ne
iftj.eq.nec(jj,3)) then

bb(mbw,j) = bb(mbw,j) + a21(2,3)*t(jj,jk)
* + a22(2,3)*s(jjjk)

endif
enddo

enddo
enddo

DO I=nr+1,(NC-3)*NR+1,NR
do jj=1,ne

if(i.eq.nec(jj,3)) then
bb(mbw,i) = bb(mbw,i) + a21(2,3)*t(jj,jk)

* + a22(2,3)*s(jj,jk)
endif
if(i.eq.nec(jj,4)) then
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bb(mbw,i) = bb(mbw,i) + a21(2,3)*t(jj,jk)
*	 + a22(2,3)*s(fjjk)

endif
enddo

enddo

do i=1,np
do j=1,np

bl(ij) = 0.0
enddo

enddo

do i=1,np
bl(i,i) = bb(1,i)

enddo

do i=1,np-1
bl(i,i+1) = bb(2,i)
b 1 (i+ 1 ,i) = bb(2,i)

enddo

do i=1,np-nr
b 1 (i,i+nr) = bb(mbw- 1 ,i)
b 1(i+nr,i) = bb(mbw- 1 , i)

enddo
do i=1,np-nr-1

b 1 (i,i+nr+ 1) = bb(mbw,i)
b 1 (i+nr+ 1 , i) = bb(mbw,i)

enddo

do i=nr*(nc-1)+1,np
do j=1,np

if(j.ne.i) then
bl(i,j)= 0.0

endif
enddo

enddo

do i=1,np
do kki=1,np

b(i,jk) = b(i,jk) + b1(i,kki)*h(Ickijk)
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enddo
enddo

DO I=1,MBW
DO J=1,NP

bb(I,J) = 0.0
enddo

enddo

C
C INCORPORATING BOUNDARY EFFECT
C

jn=2
DO 160 I=NR+2,2*NR-1

B(Ijk) = B(Ijk) - Al 1(1,3)*h(i-nrjk)*t(jnjk)
* - Al 1 (1,3)*h(i-nrjk)*t(jn+ljk)
* + A21(1,3)*h(i-nrjk)*t(jnjk)
* + A21(1,3)*h(i-nrjk)*t(jn+1jk)

jn=jn+ 2
160 CONTINUE

in = 2*(nr-1)*(nc-2) + 2
DO 170 I=NR*(NC-2)+2,NR*(NC- 1)-1	

,

B(Ijk) = B(Ijk) - Al 1(1,3)*h(i+nrjk)*t(jnjk)
* - Al 1(1,3)*h(i+nrjk)*t(jn+ljk)

jn=jn+ 2
170 CONTINUE

N1= np-nr
N2= nr*(nc-2)+1
in = 2*(nr-1)*(nc-2) + 1

8(nr+1jk) = b(nr+ljk) - al 1(1,3)*h(1jk)*t(1jk)
* + a21(1,3)*h(1jk)*t(1jk)

b(2*nrjk) = b(2*nrjk) - al 1(1,3)*h(nrjk)*t(2*nr-2jk)
* + a21(1,3)*h(nrjk)*t(2*nr-2jk)

B(N2jk) = B(N2jk) - Al 1(1,3)*h(n2+nrjk)*t(jnjk)



B(Nljk) = B(Nljk) - A1l(1,3)*h(np,jk)*t(nejk)

enddo

call solve(aal,aa,b,y,x1,x2,np,xtol,itr)

do i=1,np
h(i,l) = xl(i)
h(i,2) = x2(i)
var(i) = x2(i) - xl (i)

enddo

kkk = ptime(Ict) / dt
if(kk.eq.kklc) then

write(2,*)
write(2,'(a,e12.4)') 'Simulation time =', tt
write(2,'(a)')
write(2,'(/a,i10)') 'NUMBER OF ITERATIONS 	 —', itr

do ii=1,nr
iik = ii+nr*(nc-1)
write(2,'(20e12.4)') (h(in, 1), in=ii,iik,nr)
write(2,'(20e12.4)') (h(in,2), in=ii,iik,nr)
write(2,*)

enddo

write(3,*)
write(3,'(a,a,e12.4)') 'Width of the Head interval',

* '	 at Simulation time =', tt
write(3,'(a,a)')' 	

write(3,*)

do ii=1,nr
iik = ii+nr*(nc-1)
write(3,'(20e12.4)') (var(in), in=ii,iik,nr)

enddo
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write(7, 1(a,e12.4)) 'Time = tt
do il=nr-2,np, nr

write(7,'(e15.9)') var(il)
enddo

call flux(dx, nr, nc, t, h, qx, qy, nec)
write(8,'(a,e12.4)') 'Time = if
do ii=nr-1, 2*(nr-1)*(nc-1), 2*(nr-1)

write(8,'(6(e15.9,2x)))(abs(qx(ii,2)-qx(ii,1))),
(abs(qy(ii,2)-qy(ii,1))),qx(ii,1),qx(ii,2),

qy(ii,1),qy(ii,2)
enddo

= + 1
endif

write(4,'(3e12.4)) tt, var(iol), var(io2)

kk = kk + 1
enddo

STOP
END

subroutine hinv(h,y,np)
IMPLICIT REAL*8(A-H 2 O-Z)
dimension h(400,400), y(400,400), indx(400)

n = np
do i=1,n

do j=1,n
y(ij) = 0.0

enddo
y(i,i) = 1.0

enddo
call ludcmp(h,n,np,indx,d)
do j=1,n

call lubksb(h,n,np,indx,y(1,j))
enddo

do i=1,n
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*	 write(*;(10e12.4)) (y(i,j), j=1,n)
*	 enddo

*** end of hinv
return
end

SUBROUTINE LUDCMP(A,N,NP,INDX,D)
IMPLICIT REAL*8(A-H 2 O-Z)
PARAMETER (NMAX=400,TINY=1.0E-20)
DIMENSION A(400,400),INDX(400),VV(nmax)
D=1.
DO 12 I=1,N

AAMAX=0.
DO 11 J=1,N

IF (ABS(A(I,J)).GT.AAMAX) AAMAX=ABS(A(I,J))
11 CONTINUE

IF (AAMAX.EQ.0.) PAUSE 'Singular matrix.'
VV(I)=1./AAMAX

12 CONTINUE
DO 19 J=1,N

IF (J.GT.1) THEN
DO 14 I=1,J-1

SUM=A(I,J)
IF (I. GT. 1)THEN

DO 13 K=1,I-1
SUM=SUM-A(I,K)*A(K,J)

13	 CONTINUE
A(I,J)=S'UM

ENDIF
14 CONTINUE

ENDIF
AAMAX=0.
DO 16 I=J,N

SUM=A(I,J)
IF (J.GT.1)THEN

DO 15 K=1,J-1
SUM=SUM-A(I,K)*A(K,J)

15	 CONTINUE
A(I,J)=SUM

ENDIF
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DUM=VV(I)*ABS(SUM)
IF (DUM.GE.AAMAX) THEN

IMAX=I
AAMAX=DUM

ENDIF
16 CONTINUE

IF (J.NE.IMAX)THEN
DO 17 K=1,N

DUM=A(IMA)ÇK)
A(IMA)ÇK)=A(j,K)
A(J,K)=DUM

17 CONTINUE
D=-D
VV(IMAX)=VV(J)

ENDIF
INDX(J)=IMAX
IF(J.NE.N)THEN

IF(A(J,J).EQ.0.)A(J,J)=TINY
DUM=1./A(J,J)
DO 18 I=J+1,N

A(I,J)=A(I,J)*DUM
18 CONTINUE

ENDIF
19 CONTINUE

IF(A(N,N).EQ.0.)A(N,N)=TINY

*** end of ludcmp
RETURN
END

SUBROUTINE LUBKSB(A,N,NP,IND)ÇB)
IMPLICIT REAL*8(A-H2 O-Z)
DIMENSION A(400,400),INDX(400),B(400)
II=0
DO 12 I=1,N

LL=INDX(I)
SUM=B(LL)
B(LL)=B(I)
IF (II.NE.0)THEN
DO 11 J=III-1



SUM=SUM-A(I,J)*B(J)
11	 CONTINUE

ELSE IF (SUNI.NE.0.) THEN
II=I

ENDIF
B(I)=SUM

12 CONTINUE
DO 14 I=N,1,-1

SUM=B(I)
IF(LLT.N)THEN
DO 13 J=I+1,N

SUM=SUM-A(I,J)*B(J)
13 CONTINUE

ENDIF
B(I)=SUM/A(I,I)

14 CONTINUE

*** end of lubksb
RETURN
END

Subroutine solve (al,a2,b,y,x1,x2,n,xtol,itr)
IMPLICIT REAL*8(A-H 2O-Z)
dimension al(400,400), a2(400,400), b(400,2), x1(400), x2(400)
dimension x10(400), x20(400), ex1(400), ex2(400), el(400,400)
dimension yb1(400), yb2(400), y(400,400), e2(400,400)

write(2,'(10e12.41)') (b(i,1), i=1,n)

*** Calculating the E = I - y*A, and the vector y*b
do i=1,n

do j=1,n
el(i,j) = O.
e2(i,j) = O.

enddo
ybl(i)= O.
yb2(i)— O.
exl(i)= O.
ex2(i)= O.

enddo
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do i=1,n
do j=1,n

do ilc=1,n
el(ij) = el(ij) + y(i,ik) * al(ilcj)
e2(ij) = e2(ij) + y(i,ik) * a2(i1c,j)

enddo
enddo

enddo

do ii=1,n
el (ii,ii) = el (ii,ii) - 1.
e2(ii,ii) = e2(ii,ii) - 1.

enddo

do i=1,n
do j=1,n

el(ij) = - el(ij)
e2(ij) = - e2(ij)

enddo
enddo

do k=1,n
do kk=1,n

yb 1(k) = ybl(k) + y(lc,kk) * b(kk, 1)
yb2(k) = yb2(k) + y(k,kk) * b(kk,2)

enddo
enddo

*	 write(2,'(/10 el2 .4) 1) (ybl(i), i=1,n)
*	 write(2,'(/10e12.4)') (yb2(i), i=1,n)

*** Calculating the Norm of E-matrix and y*b-vector.
sumll = O.
sumul = O.
do j=1,n

sumll = sumll + abs(e1(1j))
sumul = sumul + abs(e2(1j))

enddo
do i=1,n

suml = O.
sum2 = O.

121



122

do j=1,n
suml = suml + abs(el(ij))
sum2 = sum2 + abs(e2(i,j))

enddo
igsuml .gt. sumll) sumll = suml
if(sum2 .gt. sumul) sumul = sum2

enddo

sum 1 = abs(yb1(1))
sum2 = abs(yb2(1))
do jj=1,n

igabs(ybl(jj)) .gt. suml) suml = abs(ybl(jj))
igabs(yb2(jj)) .gt. sum2) sum2 = abs(yb2(jj))

enddo
*	 write(2,'(10e12.4)) suml, sum2, sumll, sumul

*** Calculating the initial guess for the unknown x
do i=1,n

x10(i) = -suml / (1 - sun-ill)
x20(i) = sum2 / (1 - sumul)

enddo

Starting the Iteration process
itr = 1
do i=1,n
do j=1,n

exl(i) = exl(i) + el(i,j)* x10(j)
ex2(i) = ex2(i) + e2(i,j) * x20(j)

enddo
enddo
do i=1,n

x1(i) = ybl(i) + ex 1 (i)
x2(i) = yb2(i) + ex2(i)

enddo

do i=1,n
if(xl(i) it. xl 0(i)) xl (i) = x10(i)
igx2(i) .gt. x20(0) x2(i) = x20(i)

enddo

*** Ckeck for convergence



do i=1,n
if(xl(i) .gt. x2(i)) then

xtt = x1(i)
xl(i) = x2(i)
x2(i) = xtt

endif
enddo

xxl = abs(x1(1) - x10(1))
xx2 = abs(x2(1) - x20(1))
do i=2,n

xl = abs(xl(i) - x10(i))
xu = abs(x2(i) - x20(i))
if(xl .gt. xxl) xxl = xl
if(xu .gt. xx2) xx2 = xu

enddo
if( xxl .gt. xtol .or. xx2 .gt. xtol) then
do i=1,n

x10(i) = xl(i)
x20(i) = x2(i)

enddo
do i=1,n

exl(i) = 0.
ex2(i) = O.

enddo
itr = itr + 1
goto 10

endif

*** end of solve
return
end

subroutine flux(dx, nr, nc, t, h, qx, qy, nec)
implicit real*8(a-h,o-z)
dimension t(400,2), h(400,2), nec(400,4)
dimension qx(400,2), qy(400,2)

do jk=1,2

do i=1,2*(nr-1)-1,2
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do j=i, i+2*(nr-1)*(nc-2), 2*(nr-1)
qx(jjk) = - (t(j ,jk)/dx)*(h(nec(j,2),jk)-h(nec(j,4),jk))

qy(jjk) = - (t(jjk)/dx)*(h(nec(j,3),jk)-h(nec(j,2),jk))

enddo
enddo

do i=2,2*(nr-1),2
do j=i, i+2*(nr-1)*(nc-2), 2*(nr-1)

qx(j,jk) = - (t(j,jk)/dx)*(h(nec(j,4),jk)-h(nec(j,2),jk))

qy(j,jk) = - (t(j,jk)/dx)*(h(nec(j,2),jk)-h(nec(j,3)jk))

enddo
enddo

enddo

*** end of flux
return
end
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MULTICRITERION ANALYSIS OF GROUNDWATER CONTAMINATION
MANAGEMENT

Abstract

Multicriterion decision making (MCDM) techniques were used to analyze a

groundwater contamination management problem from the viewpoint of conflicting multiple

objectives. The groundwater management model was used to find a compromise strategy for

trading off fresh water supply, containment of the waste, and total pumping cost in a

hypothetical confined aquifer affected by previous waste disposal action. A groundwater flow

model was used to formulate the hydraulic constraints. A linear system model was used to

describe drawdown and velocity as functions of the decision variables which were pumping

rates. The model determines the pumping location and rates. A modified Donstraint

method was used to generate the set of nondominated solutions which were the alternàtive

compromise strategies. Three different MCDM techniques, Compromise programming (CP),

ELECTRA II and MCQA II, were used to select a "satisficing" alternative. Analysis of the

results showed that, although these techniques follow different principles, the same preferred

strategies were reached. Also, it was noticed that maintaining high groundwater velocities

is expensive and difficult. In order to meet a two year target date, large amounts of water had

to be pumped. Therefore, rapid restoration results in large pumping volumes and high costs.

(KEY TERMS: multicriterion; decision variables; compromise strategy; ranking techniques;

response function; velocity control.)
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Introduction

Multicriterion decision making ( MCDM ) techniques were applied to choose the

appropriate groundwater management scheme from a finite set of feasible alternatives. The

analysis was performed on a simplified, but realistic, groundwater basin contaminated by

previous waste disposal practices. The contaminated groundwater was contained and

withdrawn using a system of pumping wells, and sent to treatment facility outside of the

region. Pumping strategies were evaluated using combined groundwater flow simulation and

mathematical optimization methods. Feasible strategies were sought that tended to remove

the contaminant in a two year target time and achieve satisfactory yield at low or moderate

cost.

Simulation and optimization were combined by employing the response matrix

methods (Maddock, 1972 and Colarullo et al., 1984). Gorelick et al. (1979) considered the
,

management of a transient pollution source. Their model determined the maximum possible

concentration in an aquifer which gained water from a contaminated river. The management

solution was quite efficient and provided valuable information regarding the effects of

successive water quality constraints, as well as the travel times of the solute plume peaks from

the river to the supply well locations.

Willis (1979) analyzed the problems associated with the injection of waste water into

an aquifer system conjunctively managed for supply and quality. His analysis divided the

planning problem into groundwater flow management component and a pollutant source

management component. By decomposing the problem in this manner, the hydraulic heads,
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as determined from the flow management solution, were used to generate the groundwater

velocity field required for the the water quality management model.

Molz and Bell (1977) demonstrated the combined use of simulation and linear

optimization to control hydraulic gradients. Remson and Gorelick (1980) extended the

method to managing plume stabilization, dewatering and water supply. Both of these studies

employed the embedding technique (Gorelick, 1983), where the groundwater flow equations

are incorporated directly into a linear programming model as constraints. Gorelick (1982)

used the USGS method of characteristics solute transport model (MOC) as a component in

a groundwater quality management model applied to a complex, but hypothetical, regional

aquifer. Gorelick and Remson (1982) approached the dynamic management of groundwater

pollutant sources by using the concentration response matrix for a steady state flow field.

They considered an illustrative one-dimensional case involving multiple sources of

groundwater pollution. Gorelick et al. (1984), developed a single objective management

model which enabled one to consider linear or nonlinear water management problems with

a wide

range of applications. Makinde-Odusola and Marino (1989) developed a new approach to

solve the groundwater hydraulic management problems by coupling simulation model to a

dynamic programming optimization model.

Colarullo et al. (1984) used a groundwater management scheme to design interception

wells in a hypothetical aquifer for contaminant plume removal. The objective function was

to minimize the cost of pumping from a network of potential supply and interception wells
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over a planning period.

Willis and Roger (1984) formulated a multiobjective optimization problem allocating

ground water, over a series of planning periods, for supply and plume management. A

response technique was used to generate the response of the aquifer system. Parametric

linear programming was used to generate optimal pumping policies to determine the

relationship between the total water deficit, the maximum pumping rate and the minimum

permissible head values in the aquifer system.

Lefkoff and Gorelick (1985, 1987) developed a computer program called AQMAN

that used linear or quadratic programming with the drawdown response functions to identify

management strategies that control contaminant velocities during aquifer restoration process.

The objective function was to minimize the cost of aquifer restoration.

Ahlfeld et al. (1988) used the hydraulic control to design a groundwater remediation

system. Their formulations were designed to find the optimal pumping and injection 'rates

such that the contaminant was removed over a fixed time or to reduce it to a certain

permissible limit.

Greenwald and Gorelick (1989) presented a planning model for aquifer clean up using

particle travel time. The analytical solution for the advection transport equation was

combined with a nonlinear optimization model to determine the optimal pumping and injection

strategies. This analysis developed the relation between the pumping rates and the clean-up

time which was used as a management decision criterion. They concluded that high pumping

rates do not necessary result in a faster clean up because of the deflection of contaminant
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travel paths.

Wagner and Gorelick (1989) studied the effects of the uncertainty about the

hydrologic properties of the aquifer on the remediation process. They developed a stochastic

approach for modeling groundwater flow and contaminant transport and a two step model

for managing groundwater quality. The first step was to estimate the statistical parameters

(1.1, 2) and to generate the hydraulic conductivity realizations. The second step consisted

in combining the stochastic optimization with groundwater flow and contaminant transport

simulation for designing the remediation strategy. A hypothetical application was used to

determine the optimal pumping strategy at reclamation wells such that the concentration of

the water recharged into the river does not increase above a certain level.

This study presents groundwater contamination management within a multiobjective

framework. Its purpose is to find a set of nondominated solutions and to use selected MCDM

techniques to rank the alternatives so as to obtain a " satisficing " alternative. The three

conflicting objectives of water supply, waste containment, and total pumping costs are used

to illustrate the approach.

Groundwater Theory and Pumping Costs

The two dimensional groundwater flow equation can be expressed as

7'.[T(±).VsM] - S(±) as(l't) — fq(2,0 (±-± j) on D	 (B.1)
at	 j.i
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subject to the generalized boundary conditions,

[7(2)47.rit + sir = 0	 (B.2)

and initial conditions

s(±,0) = 0
	

(B. 3 )

where D is the spatial domain over which the flow equation is defined, is the boundary of
D and,

• is the observation point (x,y)
• is a source point (xi, yi),
s(t,t) is the drawdown [L],
TOO is the transmissivity tensor [12/T],
SOO	 is the storage coefficient [0],
q(±,t) is the discharge ( - injection, + pumping) [12 IT],

(±-±j) is a Dirac delta function [1/12 ],
Ar,„	 is the number of source points,

is a control parameter for boundary condition type. For a point on, if =0, there is
uninterrupted flow on (pumping does not interfere with natural recharge or
discharge); if =oe, there is a constant head condition on ; otherwise, there is à
mixed type boundary condition on and represents a capture coefficient [L/T],

• is the normal to the boundary curve,.

Maddock (1972) showed that there exists a continuous solution for the above flow equations,

= E f (±,±f t-E-3 q(11, D
N„ t

(B.4)
J-1 0

and for a discrete number of observation points, N0 , and for constant pumpage within a time

period, but varying between time periods, referred to as pulse pumping,
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N.

s(k,n) = E E (4,n-t) Q(1,1)	 (B-5)
jn1 tn 1

where, for time periods of length ô, Q(i,j), a volume of water, is defined as

Q(41) = f	 al:
	

(B.6)
11(i-11)

The 's are called drawdown response functions [l/L 2]. (k, j, n-i) represents the drawdown

at the km observation point at the end of the nth time period due to unit pumping at the j' well

during the im time period.

Colarullo et al. (1984) showed that velocity response functions exist such that

t

x(±, = vx#, 0 E! dt, t-E) q(ti,E) dO
j-1 o

and

r
vy(1, t) = vy1(±, t) + El j±	 t-C) q(i),E) dO

J-1 0

where vx,(x, t) and vyr(x,t) are the velocity components due to an initial velocity field and past

(before pumping. If there has been no past pumping, vi(x,t), is the steady state velocity.

For a discrete number of observation points and pulse pumping,

(B.7)

(B.8)



„
v.(k, n) = ve(k, n) + E E Jk, j, n-i) Q(1,i)

1-1 1-1

and

vy(k, n) = vyl(k, n) + E E yy(k, j, n-i) Q(j,i)	 (B.10)
J-1	 I-1

The velocity response functions,	 (k, j, n-i) and (4 j, n-i), represent the x and y

component, respectively, of the velocity at the lelobservation point at the end of the nth time

period due to unit pumping at the j th well during the ith time period.

The cost of pumping groundwater is proportional to the energy consumed. The

energy consumed in the ith time period by j ffi well, E(j, i), is proportional to

EU,	 Q(j, i) [s(j, i) + L(j)]
	

(B.11)

where the proportionality constant is 7water density times gravitational acceleration and

LW is the initial lift at the j well. Thus, the cost, C,, of pumping ground water from Ar, wells

over a design horizon of Ne time periods is given by the equation,

C
C =	 L 	 w	 QU, i) [s(j, i) + L(j)]

pi r-i (1 + r)'

(B.12)
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(B. 9)

Where cw 0) is the cost per quantity of water-per foot of lift and r is a present value interest
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rate.

The Problem

A heterogeneous confined aquifer used as a water supply has been affected by a waste

disposal site. It is assumed that the management entity has the following objectives: 1) to

maximize the fresh water supply volume, 2) to minimize the cost of containment, restoration

and pumping for water supply, and 3) to minimize the local drawdown effects at the

contaminated location of the aquifer to promote conservation. The aquifer was assumed to

be homogeneous and isotropic, to have a mixture of constant head and no flow boundaries

(Figure B.1) and to have 300 ft. of overburden. The natural hydraulic gradient was from

north to south and was assumed to be 0.002. With this gradient the plume migrated to the

south at about 0.864 ft./day. The contaminant plume and the potential locations for pumping
,

wells are also shown in Figure 1. The wells labeled 11, 12, 13 and 14 provided the pumping

for water supply, wells labeled 2, 5 and 8 provided the pumping for plume containment and

restoration.

Formulation of the Management Model

The three objective functions are as follows.

1. Water Supply

Yield from the well field to be maximized, is written as follows :



constant head
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+ Velocity Control Points
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Figure B.1: Location of pumping wells at plume site
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N. N,

	

= E E Q(k, n)	 (B.13)
rs n 1

where Q(k, n) is the volume of water withdrawn from the km water supply well during the

nm pumping period, Ar,., the number of wells and N, is the design horizon.

2.0 Contamination Remediation

Containment of the plume of contaminants requires a set of pumping wells be

constructed at the plume site. Minimizing the drawdown of these wells allows containment

of the plume with minimum discharge. The expression for the second objective is,

N. N.

	Z 2 = E E s(k, n)
	

(B.14)
k n 1	 ot.•1

where s(k,n) is the drawdown in the km containment well at the end of the nm time period and

N is the number of containment wells.

3.0 Cost Control

The pumping cost for both water supply and containment wells is to be minimized.

The expression for the third objective is,

44..; cw(k)
Z3 = L L 	 Q(k, n) [s(k, n) + L(k)]

k n1 n•1 (1 + r)"
(B.15)

where N, = N„+ N. Substituting equation (B.5) into equation (B.15) gives,
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v-,N•	 c (k)
Z

3 =LLLL  w	 (k, j, n-i) Q(k, n) Q(j, i)
log II -1 M i.1 (1 +

Nt 	c(k)E E	 Q(k, n) L(k)
k-1 n n1 (1 +

(B.16)

The above objective is of a quadratic type.

Constraints

1 - The aquifer is considered the sole source of water in the region. The system must supply

at least 1.0 cfs steadily over the year.

E Q(k, n) � 1.0	 n =	 (B.17)
k n 1

2 - Control points are chosen near the plume site and, at these points, a pressure trough is

produced to contain the plume. The velocity at the control points should be either zero or

in a direction away from the water supply wells.

v.(k, n) = vxj(k, n) + E E v.(k, j, n-i) Q(1,0 � V.	 (B.18)
j-1 in 1

N„
vy(k, n) = vyi(k, n) + E E vy(k, j, n-i) Q(j,i) � Vy 	(B.19)

where Vx and V, minimum required velocities in the x and y directions, respectively, and No

is the number of velocity control points.

3 - Pumping from a water supply well is constrained to be less than or equal to the design

capacity of the well,
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Q(j, i) Q.(1)	 (B.20)

The above set of constraints define a feasible set for the constrained optimization model.

Methodology and Results

Traditionally, management decision problems have been analyzed using a single

objective. In the last two decades, however, an essential need has emerged to identify and

consider the problem within a multiobjective framework. In the early 1950's, Kuhn and

Tucker addressed the multiobjective problem as the so-called vector maximization model.

Also, in 1960's, there occurred a philosophical development that form the basis for much of

our present day work in multiobjective models. This philosophy is stated in the hypothesis,

as advanced in March and Simon (1968), that "Most human decision making is concerned

with the discovery and selection of a satisfactory alternative ". This concept is known as a

"satisficing" concept and it is vital for many of our present day multiple objective models and

methods of solution. Charnes and Cooper (1961) proposed a nonparametric and response

surface fitting tool which they called the method of constrained regression. In their paper a

brief section discussed an approach to the solution of the management problems involving

multiple conflicting objectives. They named this technique goal programming.

Ijiri (1965) then proposed the inclusion of the so called " preemptive priorities

concept. He suggested that a priority be given to each objective in the problem. This concept

is achieved through finding the lexicographic minimum of an ordered vector.
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In the last two decades many approaches have been introduced to solve the

multiobjective problems. One alternative approach that has generated considerable interest

is based on the concept of combining objectives by means of utility theory. Other techniques

attempt to generate the so called efficient or nondominated solution (Zeleny, 1982), or to find

a compromise solution based on the minimum distance from an ideal point, this approach is

known as compromise programming. So-called out ranking techniques attempt to classify

the alternatives into rejected or non-rejected classes and rank them ( Roy, 1971). More

recent approaches utilize the concept of fuzzy membership function and results in a technique

known as fuzzy programming (Zimmermann, 1985).

The concept of nondominated solution is used to analyze and solve the problem under

consideration. A feasible solution of the multiobjective problem is said to be nondominated

if there exists no other feasible solution that will cause an improvement in any one of the

objectives without making at least one other objective worse ( Cohon 1978; Goicoech'ea et

al. 1982; Szidarovszky et al. 1986).

The so-called modified A-constraint method of sequential optimization is used to

generate a set of the nondominated solution. A set of the non-dominated alternatives and the

value of the objectives for each alternative are illustrated in Table 1. Also the pumping rates

from the plume site and the well field associated with each alternative are tabulated in Table

2. Figure 2 shows the nondominated solution in the pay-off or objective functions space.

Compromise programming, ELECTRE II and MCQA II are three different multicriterion

decision making techniques (MCDM) that are applied to rank the discrete set of
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nondominated alternatives.

TABLE 1. Alternative Set

Alt. # Z1 Z2 Z3

1 2.0 185.0* 890.0*
2 3.0 194.0 1057.0
3 4.0 207.0 1245.0
4 5.0 220.0 1448.0
5 6.0 236.0 1664.0
6 7.0 255.0 1895.0
7 8.0 273.0 2141.0
8 9.0 294.0 2404.0
9 10.0 315.0 2687.0
10 11.0 345.0 2991.0
11 12.0 374.0 3328.0
12 13.0 403.0 3694.0
13 14.0 432.0 4095.0
14 15.0 474.0 4531.0
15 16.0* 516.0 5021.0

* represent the best of each criterion.
Z 1 represents the sum of the pumping from the well field.
Z2 represents the sum of the drawdown at the plume site.
Z3 represents the total cost of pumping from the well field and plume site.
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TABLE 2. Pumping rates (ft3/sec) associated with each alternative

Alt. # period Q2 Q5 Q8 Q11 Q12 Q13 q14

1 1 1.27 0.07 1.56 0.00 0.00 0.22 0.78
2 1.14 0.06 1.52 0.00 0.00 0.22 0.80

2 1 1.27 0.07 1.56 0.00 0.00 0.22 0.78
2 1.29 0.08 1.64 0.00 0.00 0.70 1.30

3 1 1.32 0.07 1.60 0.00 0.00 0.36 0.94
2 1.41 0.08 1.74 0.00 0.07 1.00 1.63

4 1 1.38 0.08 1.65 0.00 0.00 0.56 1.16
2 1.52 0.09 1.86 0.00 0.24 1.19 1.85

5 1 1.44 0.08 1.70 0.00 0.00 0.78 1.39
2 1.64 0.10 1.98 0.00 0.42 1.41 2.00

6 1 1.51 0.09 1.76 0.00 0.00 1.02 1.65
2 1.75 0.11 2.10 0.00 0.65 1.68 2.00

7 1 1.58 0.09 1.82 0.00 0.00 1.26 1.90
2 1.88 0.12 2.23 0.00 0.88 1.96 2.00

8 1 1.69 0.10 1.95 0.00 0.23 1.55 2.00
2 1.99 0.13 2.38 0.00 1.22 2.00 2.00

9 1 1.80 0.11 2.09 0.00 0.50 1.88 2.00
2 2.10 0.14 2.53 0.00 1.62 2.00 2.00

10 1 1.93 0.12 2.26 0.00 1.00 2.00 2.00
2 2.21 0.14 2.70 0.02 1.98 2.00 2.00

11 1 2.04 0.13 2.24 0.01 1.52 2.00 2.00
2 2.38 0.16 2.98 0.47 2.00 2.00 2.00

12 1 2.14 0.14 2.56 0.01 2.00 2.00 2.00
2 2.56 0.17 3.31 0.99 2.00 2.00 2.00

13 1 2.28 0.15 2.83 0.48 2.00 2.00 2.00
2 2.73 0.19 3.64 1.52 2.00 2.00 2.00

14 1 2.45 0.16 3.12 1.02 2.00 2.00 2.00
2 2.89 0.21 3.94 1.98 2.00 2.00 2.00

15 1 2.73 0.20 3.67 2.00 2.00 2.00 2.00
2 2.93 0.21 4.03 2.00 2.00 2.00 2.00
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Figure B.2: Payoff space
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1- COMPROMISE PROGRAMMING:

This distance based technique designed to identify nondominated solutions which are

closest to the ideal solution by some distance measure (Duckstein and Opricovic 1980; Tecle

and Fogel 1986; Zeleny 1973,1974,1982). The ideal solution can be defined as :

Z • = (Z:, Z2*, Z3*)	 (B.21)

Here Zi* is the best value for each objective. An Lp metric is used to measure how close the

alternative is to the ideal point.

L = fEw ( •	
i  y	 1

Z
1*•

(B.22)

Here z,.. is the worst value of the ith objective function and w. the corresponding weight.

The alternative with the minimum distance with respect to p is selected as the compromise

solution. As in most studies only three points of the compromise set are calculated, p=1, 2,

and The results of applying this technique are illustrated in Table 3 for equal and variable

selected set of weights (w1=10, w2=7, w3=5). It is observed that in the case of equally

weighted objectives alternative 2 ranks first for p=1 and alternative 7 ranks first for p=2.

Because alternatives 1 and 2 fulfilled two objectives, they precede all the other alternatives

whenp=/. But forp=2 the problem becomes non-linear and the solution is expected to be

at the "center" region of the set of alternatives here it is alternative 7. For non-equal weights

alternative 7 ranks first when p=1 and alternative 10 ranks first when p=2. These results
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stem from the assignment of a higher weight to objective 1 than the other objectives.

TABLE 3. Ranking the alternatives using Compromise Programming

Rank #	 Equal Weights	 Varying Weights
Lp=1	 Lp=2	 Lp=1	 Lp=2

1	 2	 7	 7	 10
2	 1	 8	 6	 9
3	 3	 6	 5	 11
4	 4	 9	 8	 8
5	 5	 5	 9	 12
6	 6	 10	 4	 7
7	 7	 4	 3	 13
8	 8	 3	 10	 6
9	 9	 11	 2	 5
10	 10	 2	 11	 14
11	 11	 12	 1	 4
12	 12	 1	 12	 15
13	 13	 13	 13	 3
14	 14	 14	 14	 2
15	 15	 15	 15	 1

2- ELECTRE II:

ELECTRE II is an extension of the ELECTRE I technique which was initially developed in

Benayoun et al. (1966) and Roy (1971) and applied to water resource system cases in David

and Duckstein (1976), Gershon et al. (1982) and Tecle et al. (1988) among other studies. The

main idea in ELECTRE I is the use of pairwise comparisons among members of a set of

alternatives in order to eliminate a subset of less desirable alternatives, while choosing a
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preferred set. The methodology involves three concepts: concordance, discordance and

threshold values.

Concordance is the weighted nature number of criteria for which alternative i is

preferred over alternative j. It measures the satisfaction that the DM receives in choosing

alternative i over alternative j and is determined as follows:

w - + w-c(id) — 	
E w

(B.23)

Here w+ is the sum of the weights of the subset of criteria for which alternative i is preferred

over alternative j, and w= is the sum of the weights of the subset of criteria for which there

is equal preference between alternatives i and j. By definition

0 ^ COO ^ 1 (B.24)

Discordance is complementary to concordance concept. It measures the discomfort

of the DM in accepting alternative i over alternative/ To calculate the discordance matrix,

each criterion is assigned an interval scale range and the discordance index, D(i,j), also

between 0 and 1, can be calculated as follows :

1
D0,0 = — max {z(i,k) - z0;10)

R *
(B.25)

Here z(i,k) is the normalized evaluation of the alternative i with respect to criterion k, and It*

is the largest of the criterion scales.
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To obtain an outranking among the nondominated alternatives, threshold values (p,q),

both between 0 and 1, are selected. The value of p specifies the minimum limit of

concordance level whereas q defines the maximum level of discordance the DM is willing to

accept. The final result of ELECTRE I is an outranking relationship that gives a partial

ordering of the alternatives which may enable the DM to select a subset of preferred

alternatives, or sometimes, a single preferred one. In accordance with the rules of outranking,

alternative i outranks alternative j if and only if

C(f,f) � p and D(ii) S g (B . 2 6 )

The ELECTRE II methodology uses strong and weak outranking relationships among

the alternatives in order to bring about a complete preference order of the alternatives (Tecle

et al. 1987). This technique is applied to the present study and the results are shown in Table

4. Analysis of the results show that alternatives 1 and 15 are the most preferable alternatives

for equal and variable weights respectively. This is because alternative lachieves the second

and the third objectives, and is therefore expected to be ranked first with equal weights. For

variable weights, alternative 15 which achieves the most heavily weighted objective is

preferable to all the other alternatives.
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TABLE 4. Ranking the alternatives using ELECTRE II technique.

Rank	 Equal Weights	 Varying Weights

1	 1	 15
2	 2	 All other Alt.
3	 3
4	 4
5	 5
6	 6
7	 7
8	 15
9	 8
10	 9
11	 10
12	 11
13	 12
14	 13
15	 14

3- MULTICRITERION Q - ANALYSIS IL:

Q-Analysis is a technique designed to investigate the structure of the relationship

between two sets; in the present case the two sets are the set of criteria and the set of

alternatives, and the relationship between these two sets is presented under the form of 0-1

matrices called incidence matrix (A) . In brief; Fliessl et al. (1985) provide, after Atkin (1977),

the following algorithm for performing Q - analysis on described by a payoff matrix :

1- Transform the payoff matrix to an incidence matrix (A) using a slicing level (), the

element of the incidence matrix is 1 if the criterion is greater than or equal to the slicing level

and 0 otherwise. If the payoff matrix is in the form of a preference matrix (value function)
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then one slicing level for the whole matrix can be used. Otherwise, different slicing level for

each criterion may be used.

2- Evaluate the so-called shared-face matrix which is equal to

[ AA r - I ]	 (B.27)

here l is the matrix of all ones.

3- All the necessary information is in the upper triangular portion of the shared-face

matrix :

- The main diagonal is the so-called Q-vector.

- Reading across a row or down a column associated with an element provides a

measurement of the connectivity of that element with the other elements. Two elements (if)

at a given connectivity level q are in the same equivalence class if they share a number in the

incidence matrix at least is equal to q; or else, if the (ij) element in the shared-faced matrix is

at least equal to q.

MCQA II reduces an MCDM problem to the tradeoff between three conflicting

indices calculated for each alternative. These indices are: the project satisfaction index (PSI),

the project concordance index (PCI), and the project discordance index (PD]). These three

indices can be calculated as follows using K slicing levels (k), k=1,...K:

- Project Satisfaction Index (PSI):

psxo = E (k).V(i,k)
k

(B.28)
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in which ( k) is the krh slicing level and V(i,k) is the sum of the weights corresponding to the

criteria satisfied at level (k).

- Project Concordance Index (PC]):

q(i,K) =	 -	 (B.29)

PC(i) = E (k). q(i,k)	 (B.30)

here q,„ is the largest q level of alternative AN in the Q-analysis and q is the first time that

AN appears in an equivalence class with at least one other alternative.

- Project Discordance Index (PDI):

First form the incidence matrix A(k) = 1 - A(K), so as to obtain an incidence matrix

indicating nonsatisfaction of criteria, then perform a Q-analysis for the incidence matrix Â(k)

4040 =	 ,k) - 4„,„,0/0	 (B.31)

Paw = E (k)* 4(i,k)
	

(B.32)

MCQA II uses an LI, norm to combine the above indices to rank the alternatives with

respect to the ideal point of PSI= 1, PCI= 1, and PDI= O. Further details on this technique

are given in Hiessle et al. (1985) and water resources examples of application are presented

in Duckstein et al. (1989).
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This technique is applied to the present problem using different slicing levels and

metric numberp = 1 and 2. The results, presented in Tables 5, show that alternatives 1, 2 and

15 are the most preferred alternatives for equal and different weights respectively. This is

because these three alternatives give higher satisfaction index for the same reasons as stated

earlier for the CP and ELECTRE II results.

TABLE 5. Ranking the alternatives using MCQA II Technique

Rank # Equal Weights
p=1	 p=2

Varying Weights
p=1	 p=2

1 15 15 15 15
2 1&2 1&2 1&2 1&2
3 3 3 3 3
4 4 4 4 4
5 5 5 14 14
6 6 6 13 13
7 14 14 5 5
8 13 13 6 6
9 7 7 12 12
10 12 12 7 7
11 8 8 11 11
12 11 11 8 8
13 10 10 10 10
14 9 9 9 9

From the above results of the three techniques, it is found that alternatives 1, 7 and

15 are the most preferred ones. Alternative 1 does not allow for any increase in the water
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yield but on the other hand it gives a minimum drawdown at the plume site while achieving

a removal of the plume with minimum pumping. Alternative 7 allows for increasing the

pumping from the supply wells to 8.0 cfs, achieves increase of the drawdown at the plume site

which increases the velocities but also the costs. Alternative 15 gives the maximum allowable

yield from the well field and higher value of the drawdown at plume site. This alternative is

also the most expensive one.

Alternative 1 seems to be the satisficing one if increasing yield is not urgent. It

achieves a containment of the plume with minimum amount of water to be pumped from the

plume site at least cost. On the other hand, if it is important to increase the well production,

alternatives 7 and 15 are the most preferred ones and choosing between them depends on the

demand. Applying the pumping rates of alternatives 1 and 15, the results of the expected final

piezometric head configurations are illustrated in two and three dimensions at the end of

simulation in Figures B.3 and B.4.

Conclusions and Recommendations

Comparison of the results show that alternatives 1, 2, 7 and 15 are the preferred ones

using either one of the three techniques, although these techniques are based on different

approaches to MCDM and follow different algorithms for solution. Compromise

programming uses weights to determine distancebased solutions with respect to an norm,

ELECTRE II uses pairwise comparisons among the alternatives, and MCQA II uses incidence

matrices with an norm to trade off three project indices (PSI, PCI, PDI) and determine the
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Figure B.3a: Piezometric surface contour after second time period (Alt. # 1)
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Figure B.3b: Piezometric surface after the second time period (Alt. # 1)
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Figure B.4a: Piezometric surface contour after the second time period (Alt. # 15)
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Figure B.4b: Piezometric surface after the second time period (Alt. # 15)



156

ranking of the alternatives.

Groundwater contamination management problems are of much importance and

should be treated in the best possible way from the conflicting point of view of environmental

quality, resource and economics availability. To achieve this, a new theoretical formulation

of the groundwater management model has been presented and it is considered a first

complete application of MCDM in this field. MCDM techniques may be used and the

applications of more than one technique may enhance the insight for the selection process.

In future research, a dynamic formulation for the problem will be developed, that should also

account for uncertainty and risk considerations. Furthermore, the conjunctive use of surface

and groundwater systems and the explicit treatment of water quality should be examined.
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TWO-STAGE AQUIFER MANAGEMENT MODEL IN FUZZY
ENVIRONMENT.

Abstract

The hydraulic gradient control method is used in designing a contaminated

groundwater remediation system in a fuzzy environment. A two-stage formulation consists

of performing a hydraulic containment and then concentration reduction level. The decision

in a fuzzy environment can be viewed as the intersection of the fuzzy constraints and fuzzy

objective function(s). The decision variables, i.e. pumping rates, concentration reduction level

and hydraulic gradient are considered to be fuzzy variables to reflect the uncertainty of the

cleanup process. Formulation of the optimization model is performed using fuzzy set theory

where both the objective function and constraints are characterized by their membership

functions. Two dimensional groundwater flow model and advective dispersion transport

model are combined with an optimization technique to obtain the optimum pumping strategy.

A sensitivity analysis of the optimum strategy is conducted by considering different credibility

or a'-levels for the fuzzy variables. A case study is presented to illustrate the methodology.

Solving the optimization problem for different a'-level result the membership function for the

decision variables. As the a-level increase the liability of the remediation action increases and

the cleanup time appears to decrease.

(KEY TERMS: hydraulic control, fuzzy environment, membership function, a 	 decision

variables, pumping strategy.)
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Introduction

The design of a groundwater remediation system using the hydraulic gradient method

requires a decision about the location and rates of the pumping and injection wells. These

design variables affect the velocity field that is generated by the remediation scheme, which

in turn affect the rate and direction of the contaminant movement. Common practice is to

design a single stage remediation scheme for the whole remediation period, (Colanillo et al.

1984, Lefkoff and Gorelick 1985, 1987; Ahlfeld et al. 1988; Greenwald and Gorelick 1989;

Shafike et al. 1992), to contain and restrict the movement of the plume. Most of the previous

studies were done using deterministic formulations. Parameter uncertainty is introduced into

the problem by using Monte Carlo stacking technique (Gorelick, 1987; Wagner et al. 1992).

In this work fuzzy set theory (Zadeh, 1965, Bellman and Zadeh, 1970) is used as a

model formulation technique to account for uncertainty in decision variables. Fuzzy sets are

a mathematical concept proposed by Zadeh in 1965. The outstanding feature of fuzzy sets is

the ability to express inexact or approximate realities. Appendix A provide a brief introduction

to fuzzy set theory and its mathematical concepts.

Fuzzy remediation design is defined in two stages: the containment stage and

concentration reduction stages. Initially the pumping strategy is used to remove the

contaminated water and to produce a hydraulic gradient that prevents plume spreading. At

this stage a complete hydraulic control and drawback of the plume to its source is achieved.

During the next stage this hydraulic gradient is maintained. Clearly, the pumping policies will

differ from one stage to another. Using fuzzy set concepts results in a different pumping



165

strategy at each credibility level (ex-level).

A membership function is assigned to the objective function and to each constraint

depending on the perceived imprecision of each equation. The pumping rates, concentration

level and velocity distribution are considered to be the fuzzy elements of the model. The

objective of the formulation

is to find the pumping strategies that minimize the total pumping rate at each stage. Using

different h-levels, the membership functions of the resulting pumping rates can be obtained

and the optimum pumping rate can be determined.

It is the purpose of this study to introduce a new formulation for the design of a

groundwater remediation strategy using fuzzy set theory and study the effect , of the

uncertainty associated with the decision variables on the remediation strategy.

Methodology

The design of the remediation strategies makes use of simulation to models the

physical system. The groundwater flow and transport model is used to predict the response

of the system to alternative remediation strategies. The steady state groundwater flow and

transient transport system are described by the following equations:

V [ T(t) • VW)] + f = E q1

1-1	 j

(C.1)

subject to the generalized boundary conditions,



166

[T(2) • VSA +	 = 0	 (C.2)

initial condition,

S(±, 0) = 0	 (C.3)

and transport equation

V- be.D.Vc - bteVc - f (c-cf) - E q1 (c-ce) 6(x1 y1) = ber—

ac	 (C.4)

with boundary conditions

P	 'Cb = P 2 (c - c.)	 (C.5)

where,
• observation point (x,y)
• source point (xi, )
S(2) drawdown [L],
T(±) Transmissivity of the aquifer [L2/T],
qi(±) discharge (- injection, + pumping) [I 3/T],

(1 2i)dirac delta function [1/L2],
N„,	 number of source points,
a	 control parameter for boundary condition type for the flow equation.

control parameter for boundary condition type for the transport equation.
• normal to the boundary curve r,

fluid flow into the aquifer through top and bottom boundaries [LIT].
O	 porosity of the aquifer.

saturated thickness [L]
• Darcy's velocity vector [L/T],
• contaminant concentration
Cf 	contaminant concentration in leakage fluid [M/12]

contaminant concentration in pumped fluid [M/Li,
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Cb 	specified concentration value at the boundary [WO,
co 	specified initial concentration [M/L1,
D	 hydrodynamic dispersion tensor [I 2/T],
r	 retardation factor.

The response of the flow system is assumed to reach steady state within hours of the

implementation of an altered pumping regime. Therefore the steady state flow field and

transient transport are simulated in calculating the response of the system.

Optimization Formulation

Formulation of the management model requires an objective function and constraints. The

objective function to be minimized is the total amount of pumping subject to drawdown,

velocity and concentration constraints. The deterministic formulation can be written as

follows:

N
Min Z = E q i

i-1
Subject to:	 (C.6)

_
S s S—, V . 0, and C ^ C

>

where q, S, V and C are vectors of pumping rates, drawdowns, velocities, and concentration

respectively. N is the number of the potential well locations and § and dare the limits of

drawdown and concentration at specified observation points. This formulation does not

account for parameter uncertainty that can be modeled stochastically with more complex

formulation.
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Parameter uncertainty is introduced into the above formulation by using a fuzzy LP

formulation (Zimmermann, 1976). The objectives and constraints are given by the following

fuzzy inequalities:

c f q *.< z,	 A q e< b*,	 q*� 0	 (C.7)

where, q* is the vector of the pumping rates, A is the coefficient matrix of the constraints, b*

is the vector of the right hand side, and < is a fuzzy inequality. The meaning of the above

equations is that we have a problem in which the constraints A q* are about b or less and an

objective ct q is about z* or less. An example of the membership function for the fuzzy

inequality about b or less is shown in Figure C.1. Since the objective function and the

constraints are expressed by inequalities, we can write the problem in a matrix form Bq* <

b*, here matrix B is the same as matrix A but with the objective function in the first row. The

im inequality about b or less is defined by the following membership function:

ii(U3q1 i)= I(0,b 1) [Bet	
[Bqli -

+ (1 	 ) l(bi, bi+ ) [Bq l
1

(C.8)

where Art, x2) [x] = 1, if x1 s x � x2 , and zero elsewhere. Then, the fuzzy formulation

can be written as (Zimmerman, 1976):

Max
	Subject to:	 (C.9)
	1 	 g - [liq] i;	 i=1,...,m



b i (bi+ d)
d. 	

i

Figure C.1: A membership function representation of the fuzzy inequality
"about b or less"

1.0

169



170

where, À is the membership value to be maximized, and

1; i = b i I di 	[liq]i = [Bq}, Id,	 (C.10)

In this formulation, the solution to the fuzzy LP problem can be obtained using standard LP

algorithm.

Application:

The above formulation is applied to a hypothetical aquifer contaminated with brine

wastes which have been disposed on the site. The finite difference grid and the boundary

conditions are shown in Figure C.2. The flow domain is discretized into a 0.25-mile nodal

spacing and four transmissivity zones are used (Figure C.3). Two-dimensional steady state

flow in heterogeneous, isotropic aquifer is simulated to generate the head and velocity field

prior to the application of the remedial action (Figure C.4). In the absence of the interception

wells, the contaminant would advance toward the south-west area where groundwater

supplies are located. The potential well locations and the initial plume concentration (500

ppb) are illustrated in Figure C.5.

A two-stage optimization model based on fuzzy sets theory is formulated to determine

the optimal well location and pumping rate. The initial step, referred to as the first stage, is

to achieve hydraulic containment and to reduce the maximum contaminant concentration to

about 300 ppb or less. The second stage is to maintain the hydraulic containment and
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decrease the contaminant concentration to about 20 ppb or less. Equations 1 through 6 are

used to generate the response of the system to unit pumping from each proposed location. For

the drawdown and the velocity responses (Maddock 1972), the flow model is executed once

for each location. For the concentration

response the problem is highly non-linear. However, a step-wise linear concentration response

is assumed with a step length4f one year, i.e. for every potential well location concentration

a response matrix is calculated each year. A membership function, as in Figure 1, is assigned

to the objective function and each of the constraints. The optimal membership function (X)

is determined by solving the LP problem. Different a-levels are used to investigate the

uncertainty associated with the model parameters.

Results and Analysis:

The results of the optimization solution are presented in Table C.1: only six wells of the

eleven are active. The optimal membership function for the first and the second stages are

0.41 and 0.38, respectively. Zero membership function represents the deterministic

formulation and as the value of the membership function increases the credibility of the

remediation process increases. Different remediation strategies are obtained by varying the

membership function from zero to the optimum value. Also, the slope of the membership

function curve represents the sensitivity of the pumping at certain location to the change in

the credibility level. For example, a sharp slope indicates that a particular location is not

sensitive to the increase of the credibility level. Conversely, a flat slope indicates that the



Table (1). Pumping Rate Membership Functions

Stage j 	Q1 Q1 Q3 Q4 Q5 Q6

4:1)
07
CC

Cn

Cn

LL

0.00	 6.12 227 2.56 3.06 3.99 5.97

1110	 .	 7 • 47
1

2.65 2.95 3.49	 4.50 6.70

0.20 1 	7.92 3.02 3.34 3.92 5.00 7.46

0.30	 8.80 3.43 3.74 4.35 5.52 8.20

0.41	 9.74 3.91 4.17 4.83 6.07 9.01

C)
cy)

.,
Cn

13
C
0
C.)
CD

(1)

0.00 6.57 2.46 2.75 3.27 4.25 6.34

i
0.10	 7.47 2.83 3.14 3.70 4.75 7.08

0.20	 1	 8.37 3.20 3.54 4.14 5.26 7.83

0.30 9.22 3.60 4.01 4.28 5.71 8.50

i
0.38 9.95 4.00 4.26 4.93 6.20 8.50
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pumping from a location will increase significantly with an increase in the credibility level.

Curves representing the pumping rate membership functions for each location are illustrated

in Figure C.6. Each strategy achieves remedial action with a certain credibility level. As the

credibility level increases the pumping rates increase which increases the efficiency of the

remediation action. Also, as the pumping rates increase, the time required for plume removal

decreases.

The pumping strategy at the optimum membership function is implemented to observe

the plume behavior using a numerical simulation model. The capture zones are defined by the

stream lines shown in Figure C.7. The concentration distribution at the end of each stage is

illustrated in Figures C.8&C.9, respectively. It is shown that during the first stage, two years,

the concentration of the plume dropped from about 500 ppb to about 300 ppb. With

continued pumping the concentration dropped to the target limit of 20 ppb at the end of the

second stage.

Summary and Conclusions:

Fuzzy set theory has been used to formulate the optimization model for the design of

a groundwater remediation strategy. The new formulation invokes a more subjective

description of the groundwater cleanup problem by generating a membership function of for

the pumping rates. Each h-level represents a different strategy that can be used to achieve

the remedial action with a certain confidence level. Increasing the h-level results of higher

pumping rates that increase the credibility level of the remediation action. Also, adding more
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Figure C.6: Pumping rate membership function
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Figure C.7: Final streamlines and velocity distribution
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uncertainty to the membership function of the constraints and the objective function (i.e.

increasing d , equation 8 ) increases the optimum pumping rate.

For real problems that include goals and constraints with uncertain bounds, fuzzy

mathematical programming, which express this kind of ambiguity in terms of fuzzy sets,

presents a realistic and promising approach with which to analyze such problems. As for the

present example, the nature of the constraints and the objective function bounds are uncertain.

In addition it is better to define the solution to certain degree of satisfaction rather than

looking for the optimal which may be unrealistic. In other words, an approach that handles

objective sets following standards aimed at a particular degree of satisfaction is better

equipped to evaluate real problems than maximizing an objective function. In fact the

objective function is not essential, it is only introduced to limit the solution set to one. In

fuzzy formulation the objective functions and the constraints are treated in the same way. A

decision is considered to satisfy the goals and the constraint i.e the set of the decisions can

be defined as the intersection of the set of goals and the set of constraint. Therefore, the

relationship between the goals and the constraints in fuzzy environment are fully symmetric.
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