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ABSTRACT

This dissertation is a mathematical investigation of the so-called lake and the great
lake equations, which are shallow water equations that describe the long-time motion
of an inviscid, incompressible fluid contained in a shallow basin with a slowly spatially
varying bottom, a free upper surface and vertical side walls, under the influence
of gravity and in the limit of small characteristic velocities and very small surface
amplitude.
It is shown that these equations are globally well-posed, i.e. that they possess
unique global weak solutions that depend continuously on the initial data and on the
bottom topography. Provided the initial data is in a class of sufficiently differentiable
functions, it remains a member of that class for all times. In other words, the lake
and great lake equations have global classical solutions. Moreover, if the equations
are posed on a space-periodic domain and the initial data is real analytic, the solution
remains real analytic for all times. The proof is based on a characterization of Gevrey
classes in terms of decay of Fourier coefficients.
Finally, a partial mathematical justification of the formal derivation of the lake
equations is given. It is shown that solutions of the lake equation stay close to
solutions of the rigid lid equations—the three dimensional Euler equations in the
limit of small surface wave amplitude—in the following sense: For every error bound
6

there exists a time T = T() such that for all times t E [0, T] the difference between a

solution to the lake equations and the solution to the rigid lid equation corresponding
to the same initial data is less than E in a suitably chosen norm. Moreover, T tends
to infinity as the aspect ratio of the basin tends to zero.
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Chapter 1

INTRODUCTION

The main difficulty in global climate modeling is the need to separate effects of global
interest from phenomena that occur on shorter time and length scales. Any climate
simulation must include the dynamics of the atmosphere as well as global ocean
circulation and the behavior of the polar ice caps. Due to the size and complexity
of this problem, a full-scale long-time simulation of the primitive equations—the
equations which are believed to accurately model the underlying physical processes—
is out of reach.
Even simulation of the ocean dynamics alone is hard. The peak of the power
spectrum of the ocean occurs at horizontal length scales of about

20km. Compared to

the dimensions of the earth, these lengths are very small, and today's supercomputers
are still only on the verge of resolving them.
It is therefore necessary to approximate the primitive equations to obtain more
manageable models. Any such approximation should adhere to the following principles:
• The approximate model should only describe features of the flow that are relevant on long time and length scales.
• The scaling should be consistent with real ocean flow. Only terms that are
small for observed ocean dynamics should be neglected.
• The approximation should not introduce new free parameters.
• The approximate model should reflect the structure and conservation laws of
the primitive equations.
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• Solutions to the primitive equations should converge to solutions of the approximate model as the small parameters tend to zero.
Moreover, the approximate model should be well behaved the following aspects:
• The approximate model should be mathematically well-posed.
• It should be self-consistent, i.e. it should not evolve into a state which is inconsistent with the original scaling assumptions.
• It should be easy to implement numerically.
Much progress has been made in recent years to meet these goals, but there are still
many open problems. This thesis is part of an effort to develop approximate models
in a systematic and mathematically justifiable way. However, rather than trying to
study a

full-fledged global ocean model, we develop a mathematical theory for the

simpler class of models that were proposed by

[24, 25] to describe the large scale

motion of shallow lakes.

1.1 Shallow Water Models for Lakes
Approximate models can be obtained from the primitive equations via a formal
asymptotic expansion. Any such derivation proceeds along the following basic steps:
First, identify parameters or scaling factors which are small for flow on scales of physical interest. The choice is typically not unique, and depends on the specifics of the
primitive equations as well as on the notion of "interesting" dictated by the concrete
application. Second,

rescale the primitive equations such that all

variables corre-

sponding to physical quantities are dimensionless and of order one. The "smallness"
of each term is now expressed explicitly through the previously identified scaling factors. Third, write all variables as asymptotic series in the small scaling factors, and
separate out the contributions to the primitive equations at each order, to hopefully
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obtain a mathematically simpler and closed set of equations at the lowest

order(s) of

the expansion.
The primitive equations under consideration here are—from a physical standpoint—the simplest possible, namely the Euler equations describing the motion of
an

inviscid, incompressible fluid in three spatial dimensions. The fluid basin is a

"pool" rather that a "lake", in the sense that while we do allow for nontrivial bottom
topography, we require the lateral boundaries to be vertical. In other words, the
model excludes beaches. The upper surface of the fluid is free and assumed to be at
a constant pressure.
We are interested in the physical regime where
• the aspect ratio 6 (the ratio of typical horizontal to typical vertical length scales)
is small. A vertical scale is naturally given through the characteristic depth of
the basin. Horizontal scales are introduced through the width of the basin, the
radius of curvature of its boundary and through typical horizontal lengths on
which leading order variations of the depth occur.
• the

Froude number 6" (the ratio of typical horizontal speeds to the speed of

gravity waves) is low. Thus, we are interested in asymptotic models which do
not have gravity wave solutions.
• the ratio of the surface amplitude to typical vertical length scales is of order

e2 .

This scaling implies that the asymptotic models are posed on a time invariant
domain—a considerable simplification for the mathematical analysis.
In addition to the above scaling assumptions, we will also restrict the class of admissible initial data beyond the natural requirement that it be consistent with the
scaling.
• the initial configuration to leading order in 6 is columnar, i.e. is independent of
the vertical coordinate. Under this assumption, the leading order motion can

12

be exactly represented by a two-dimensional flow.
Leaving the details of the derivation for Chapter 2, we state the resulting equations
which will be the subject of our mathematical investigation in the main part of this
thesis.
The evolution of the vertically averaged velocity field u(x, t) is governed to leading
order in S and e by the set of nondimensional equations
(1.1a)

atu + (u • V)u + V h = 0 inn,
V • (bu)

=0

u•n=0

(1.1b)

in n ,
on as 2,

(Lk)

-

u(o)

(1.1d)

Here n denotes the horizontal domain, h(x, t) the surface height variation, b(x) the
depth of the basin and n(x) a unit outward normal vector on O. This system,
which we call the lake equations, has essentially been described by Greenspan [42,
page 235]. Moreover, the evolution of u(x, t) through order (5 2 is governed by the

great lake equations, which are

=

0 in n ,

(1.2a)

v Guinn,

(1.2b)

V • (bu) = 0inn,

(1.2c)

Ot v — u i V A v + V(h — -21 U • U + U • V)

on O,

u•n 0

(1.2d)
(1.2e)

u(0) = u".

We use the notation u- L = (u 2 , —n i ) and V A y 01v2 —32v1. The linear operator
is given by

v = Ltt = u + 8 2 ((u • V b)V b + Y)(V • u) V b
—

(b2 u • V —

lb -1 V (b 3 V • u)) .

(1.3)
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It is easily verified that for a flat bottom both the lake and the great lake equations
formally reduce to the two-dimensional Euler equations. Moreover, in reference [24]
it is shown that these shallow water models have a Hamiltonian structure, convect
potential vorticity, and enjoy a Kelvin circulation theorem in complete analogy with
the pure Euler case. Such structural similarities are our guiding principle and an
essential ingredient for obtaining many of the results in this dissertation.

1.2 Summary of Results
The derivation of the shallow water equations alluded to in the previous section is
entirely formal. In other words, it is a priori not clear if and in what sense their
solutions represent solutions to the primitive equations. In order to answer this
question, one must first establish a setting in which the simpler equations are globally
well posed. This is accomplished in a series of steps.
Chapter 2 gives the details of the shallow water asymptotics, and shows that the
lake and the great lake equations can be written in terms of an abstract initial value
problem for the potential vorticity, namely
atw

+ u • V CV = O,
U

(1.4a)

= K Lti ,

(1.4b)

=

(1.4c)

040)

w.

In particular, the great lake potential vorticity is given by w = 1) -1 V A v.
System (1.4) generalizes the two dimensional Euler equations in the following
sense: Whereas w=VAu -- a 1 u 2 — 02 u 1 for the Euler system, the relation between
the velocity and vorticity fields is now prescribed by a linear operator K, which can be
viewed as a perturbation of the inverse of the curl operator endowed with appropriate
boundary conditions, and is assumed to have similar smoothing properties. The
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specifics of the model are all incorporated into K, which is analyzed in detail in the
final two sections of the chapter.
Chapter 3 describes existence and uniqueness of weak solutions to (1.4). Their
construction employs a two-step regularization procedure. First, artificial viscosity
is added to the system, and a solution to the viscous equations is obtained as the
limit of a Galerkin approximating sequence. This is essentially a generalization of
Leray's theory of weak solutions to the Navier Stokes equations [60]. In the second
step one shows that the solutions so obtained converge to solutions of the inviscid
lake equations in the limit of vanishing viscosity. The uniqueness of the solutions is
proved by estimating the time evolution of the difference of two solutions in a suitable
Sobolev norm. This technique can also be used to prove continuous dependence of the
solution on the initial data and on the bottom topography. The main complication in
the latter estimates stems from the fact that the two solutions whose difference is to
be estimated correspond to different bottom topographies, satisfy different weighted
incompressibility conditions (1.1b) and are thereby members of different function
classes.
In Chapter 4 we show that for sufficiently smooth initial data, the global weak
solution is actually a global classical solution. Rather than using a viscous regularization, we first construct local classical solutions via a Galerkin scheme, and then
globalize them by proving an a priori estimate which is similar in spirit to the uniqueness estimate of Chapter 3.
Chapter 5 develops a theory for proving analyticity of solutions that relies on
a characterization of Gevrey classes in terms of decay of Fourier coefficients. As a
result, we obtain global analyticity for solutions of the lake and great lake equations
endowed with periodic boundary conditions.
The last chapter of this thesis gives a partial justification of the lake equations.
The ultimate goal would be to show that solutions of the lake equations remain close
to solutions of the full three-dimensional Euler equations with a free upper surface
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for an estimable time interval in some appropriate norm.
To fully justify the lake equations, it is crucial to first establish a setting in which
the three dimensional Euler equations for a basin with a free surface are locally
well-posed. A promising strategy is to find a suitable transformation that maps the
time dependent domain of the fluid onto a static domain, and to then apply known
techniques for proving local well-posedness to the transformed equations. Moreover,
having a fixed coordinate system will be important for the steps that follow.
Once the setting is established, one can begin to derive so-called a priori estimates—formal estimates of Sobolev norms on the spatial domain—with the goal of

obtaining bounds on the growth of the difference between a "lake solution" and the
"Euler solution" that corresponds to the same initial data. This requires restoring
the vertical component of the lake dynamics, which, by the very nature of shallow
water approximations, is not explicitly contained in the equations.
We hope to ultimately be able to make a statement of the following form: For

every error bound E there exists a time T = T(E) such that for all times t E [0, T] the
difference between a lake solution and the Euler solution corresponding to the same

initial data is less than s in a suitably chosen norm. Moreover, T tends to infinity as
the small scaling factors used in the derivation of the lake equations tend to zero.
As a consequence, we would extend the time interval in which a solution to the
three dimensional Euler equations is known to exist, provided that its initial data
is compatible with the scaling assumptions of the lake equations—a result which is
interesting in its own right.
It is possible to break up the argument into two separate parts, i.e. to isolate
the three dimensional free surface problem from the process of reducing the spatial
dimension from three to two. The key is to exploit the role of the so-called rigid
lid approximation—the three dimensional Euler equations in the limit of small sur-

face wave amplitude—as an intermediate stage in the formal derivation of the lake
equations. It is most important to note that the rigid lid equations are posed on a
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three dimensional, but time-independent spatial domain. Hence the first step in the
approximation, namely the derivation of the rigid lid from the Euler equations, rests
primarily on the well-posedness of the free surface Euler equations. It is the second
step, the derivation of the lake from the rigid lid equations, where the reduction of
the spatial dimension takes place.
The first step in this program, which crucially rests on the well-posedness of the
free surface problem, is as of yet open (cf. comments in Section 6.4). However, in
Chapter 6 we do succeed in proving that solutions to the lake equation with periodic
horizontal boundary conditions remain close to solutions of the rigid lid equations in
the norm of the Sobolev space Hm for m > 3 on a time interval that can be made
arbitrarily large by choosing S small.

1.3 Open Problems
Clearly, the justification of the shallow water asymptotics is not yet complete. In
particular, the following questions are still open:
• In what sense are solutions to the three-dimensional Euler equations close to
solutions to the rigid lid equations?
• Do the results extend to higher orders in the asymptotic expansion?
• How do the estimates behave under vertical averaging? This question is crucial
if one seeks to extend the theory of Chapter 6 to the great lake equations which
are derived by taking explicit vertical averages of the velocity field.
From a broader perspective, there are many possible extensions to both the model
and its mathematical theory which go far beyond the scope of this thesis. A certainly
non-exhaustive list of open problems is:
• Systematic introduction of viscous effects.
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• The treatment of sloping beaches. The lake equations have been derived under
the assumption that the lateral boundaries are vertical, so literally the basins are
"pools" rather than "lakes". There are arguments that the practical importance
of this assumption is minor, but a thorough investigation has not yet been done.
• Density stratification. The equations do not allow for vertically stratified flow
to leading order, which is essential for ocean currents such as the gulf stream.
• Introduction of essential geophysical parameters (Rotation of the earth, temperature, and salinity).
• Numerical comparison with competing models. The behavior of the lake equations is currently being studied numerically and will be compared to simulations
of the

Green-Naghdi equations [87]. This is of interest because the lake equa-

tions can be interpreted as the long time—small wave amplitude limit of the

Green-Naghdi equations.
• Coupling with atmospheric motion and other driving forces.
• Inflow/outflow boundary conditions. In the case where the lake equations are
really taken to describe a lake, rivers and other sources and sinks may crucially
affect the dynamics

18

Chapter 2

DERIVATION OF THE SHALLOW WATER MODELS

We present a systematic derivation of the lake and the great lake equations which is
due to Camassa, Holm and Levermore [24, 25]. The goal is to develop an understanding of the underlying physics and to lay the groundwork for a rigorous justification
of the lake equations in Chapter 6. Moreover, we rewrite the lake and great lake
equations in the abstract vorticity formulation (1.4), and show that, from an analytic
point of view, these vorticity equations are indistinguishable from the vorticity form
of the two-dimensional Euler equations.

2.1 Rescaled Euler Equations
The geometry under consideration is depicted in Figure 2.1. The horizontal position
coordinates are denoted

x = (x, y) and range over the horizontal domain Q, so that

the fixed lateral boundaries are located at

x E as2. The vertical position coordinate

z ranges from the fixed bottom at z = —b(x) to z = h(x), the height of the fluid over
the mean free surface at z = O. All quantities are assumed to vary horizontally on
typical scales X and vertically on scales on the order of the mean depth B.
Our basic equations are the three dimensional Euler equations which we write as
separate equations for the horizontal velocity vector u(x, z, t) and the vertical velocity

w(x,z,t),
1
at u + u • Vu + waz u + —Vp = O,

P
1
at w + u • Vw + waz w + —043 =0 ,
P

(2.1a)
(2.1b)

where p denotes the constant fluid density and p -= Ptot+ pgz is the modified pressure, which is the total pressure minus the hydrostatic pressure associated with the
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FIGURE 2.1. The geometry of the basin. The amplitude of the surface height h is
greatly exaggerated. The lateral boundaries are always assumed to be vertical.
stationary solution, as the latter does not accelerate the fluid [16]. Here the constant
of gravity g is taken to be positive. For a fluid of constant density, the continuity
equation reads

V • u + az w =

0

.

(2.1c)

We assume that the total pressure 10 tot at the free surface is zero. Furthermore, no
,

fluid crosses the top, bottom and lateral boundaries, so that the boundary conditions
we must impose are

P = PO

for x E Q

and z = h(x,t),

(2.1d)

w = at h+ u • Vh

for x E Q

and z = h(x,t),

(2.1e)

w = —u • Vb

for x E f2

and z = —b(x),

(2.1f)

n•u=0

for x E aQ and —b(x) < z < h(x, t).

(2.1g)

Using capital letters to denote the typical magnitude of all quantities, and setting

t = Tt*, w =- Ww* etc., we introduce a new set of dimensionless variables whose
magnitude is order one. In these new variables, after dropping the stars, the equations
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now read

UW1P
2
U
WazU + --Vp = 0,
U • VU +
— af u +
pX
B
X
T
w2
1P
UW
u • Vw + — waz w + — — az p = 0 ,
-11 af w +
pB
B
X
T

(L

— V •u+— az w =0,
x

Pp = pgHh

B

for x E S2 and Bz = Hh(x,t),

(2.2a)
(2.2b)

(2.2c)
(2.2d)

H UH
(2.2e)
V h for x E S2 and Bz = Hh(x,t),
Xu
T ath + -Ww = —
UB
(2.2f)
for x E S2 and Bz = —Bb(x) ,
Ww =
u•Vb
X
for x E as 2 and —Bb(x) < Bz < Hh(x,t). (2.2g)
n•u=0
-

All the scaling factors are still completely undetermined, and we will use physical
considerations to fix these free parameters. First, both terms in the incompressibility
condition (2.2c) should be of the same order because we want the displacement of the
fluid caused by the total height variation of a column of water to enter the equations
at leading order, hence

u w
B•

(2 .3)

Second, we want to look at the problem on a convective time scale, i.e. on the time
scale in which a fluid parcel travels a typical length scale. This means that the time
derivative and the nonlinear term in the momentum equations (2.2a) and (2.213) enter
at the same order, or

(2.4)
The relative order in which the pressure terms enter the momentum equations depends
only on the aspect ratio of the basin. In the shallow water situation which we are
considering here, the aspect ratio is assumed to be the small quantity

=—.
X

(2.5)
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This also means that horizontal motion is dominant. The pressure term as the horizontal accelerator should therefore enter the momentum equation (2.2a) at leading
order, which implies the scaling

P = pU 2

.

(2.6)

The assumptions made so far fix the scalings in all of (2.2) but the two free top
boundary conditions. Indeed, the remaining free scaling factor in (2.2e) is the ratio of
wave amplitude to depth H/B, and the free scaling factor in (2.2d) is then recognized
to be E 2 B/H. The quantity

e—

U
gB

(2.7)

is the so-called Froude number, defined to be the ratio of typical horizontal wave
speed to the speed of gravity waves. We will consider the low Froude number, very
low wave amplitude regime. More precisely, we demand that

H
B

2

(2.8)

This is consistent with the characteristic scales of global ocean flows (U = 2m/s,

B = 4000m, g = 10m/s 2 and H = 0.4m). Of course we do not claim to model a
real ocean because quantities that crucially affect the dynamics of the ocean (such as
Coriolis force, temperature, salinity and stratification) are excluded from the model.
On the other hand, the scaling of the quantities that are present is physical and
can be expected to carry over to more comprehensive models. On the level of the

rescaled Euler equations (2.2), the scaling (2.8) implies that the hydrostatic imbalance
enters the horizontal momentum equation to leading order, and thus assures nontrivial
leading order dynamics. We remark further that this scaling allows for order one depth
variations over horizontal lengths X so long as the minimal depth remains order one,
i.e. the scaling (2.8) is not violated. This is realistically required in many physical
situations. Other commonly used scalings need the assumption of small variations in
depth (see e.g. [84]).
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Altogether the rescaled three dimensional Euler equation with free upper surface
boundary conditions becomes

a

t

(2.9a)

u+u•Vu+wa z u+Vp=0,

S 2 (at w + u • Vw + waz w) + az p = O,(2.9b)
(2.9c)

V•u+az w=0,
for x E S 2 and z = E 2 h(x, t) ,

(2.9d)

w = e 2 (at h + u • V h) for x E 52 and z = Œ 2 h(x , t) ,

(2.9e)

p=h

-

w = —u . Vb

for x E S2 and z = —b(x) ,

(2.9f)

n•u=0

for z E aQ and —b(x) < z < e 2 h(x,t) .

(2.9g)

2.2 Derivation of the Approximating Equations
2.2.1 The Rigid Lid Approximation
We will derive approximating equations for the rescaled Euler equations (2.9) under
the assumption that e = o(S). In other words, we assume a scaling which is formally
consistent with taking the limit 6 -4 0 for (5 fixed, before asymptotically expanding
through order (5 2 .
The Euler momentum and continuity equations (2.9a—c) do not depend on E . The
boundary conditions however take a much simpler form in the limit E —> O. For future
.

reference, we once more write out the complete set of equations:

at u+u•Vu+waz u+Vp=0,

(2.10a)

S 2 (9w + u. Vw + waz w) + az p = O,

(2.10b)

V • u + az w = 0 ,

(

2. 1 O c)
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for x E S2 and z = 0 ,

(2.10d)

w =0for x E S2 and z = 0 ,

(2.10e)

w = —u • Vb for x E St and z = —b(x) ,

(2.10f)

p=h

n•u=0

for x E 0S2 and —b(x) < z < 0 .

(2.10g)

These equations are well known as the rigid lid approximation. The name reflects
that the velocity field behaves as if the free surface were fixed at z = 0. Nonetheless,
an approximation for the surface height can still be recovered through the dynamic
boundary condition (2.10d).
By projecting the momentum equation onto divergence free functions, the pressure
term vanishes and one obtains an initial value problem on the static domain

{(x, z) E R.3 : x E 52, —b(x) < z < 0}

(2.11)

which does not contain any reference to the dynamic boundary condition, and thus to
the surface height h. This justifies the name rigid lid approximation. The fact that
the domain is static simplifies the mathematical analysis considerably; see comments
in Section 6.4. The orthogonal complement of the divergence free momentum equation is an elliptic Neumann problem which can be solved for the pressure at any fixed
time t, and yields an approximation to the height of the free surface through the dynamic boundary condition (2.10d). Therefore, in the rigid lid approximation the time
dependence of the surface height completely decouples from the initial value problem
for the velocity field. The mathematical framework for this orthogonal decomposition
is summarized in the appendix.
It is useful to rewrite the kinematic top and bottom boundary conditions in terms
of vertical averages of the velocity. Since in the rigid lid approximation the top boundary condition (2.9e) becomes w = 0 at z = 0, we can integrate the incompressibility
condition in the z variable to obtain

o
w(x,z,t)

=

f

V • u(x, z', t)dz'.

(2.12)
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Furthermore, by using this identity, one obtains

V • (I

u(x,

t) dz i )= w + u • Vb

-b

(2.13)
z=-b(z,t)

so that the kinematic bottom boundary condition (2.10f) is equivalent to

• (I

u(x, z', t) dz )
i

(2.14)

= .

-b

2.2.2 Leading Order Model—the Lake Equations
The leading order equations can be obtained simply by letting (5
momentum equation (2.10b). We find that
to

0 in the vertical

az p = 0, so that integration with

respect

z under use of boundary condition (2.10d) gives p = p(x,t) = h(x,t).
The main assumption we make to reduce the dynamics to a two dimensional

problem is that the initial velocity field is columnar, i.e. is independent of

z.

A

columnar velocity field remains columnar under the time evolution (2.10a). This
becomes obvious by differentiating (2.10a) with respect to

z:

Ot az u + az u. Vu + u • Vaz u + az waz u + w5(5u) + Vaz p = 0.
Since az p

(2.15)

= 0, this equation is in fact a linear homogeneous partial differential equa-

tion for au which clearly has the trivial solution az u = 0. Thus, the columnar motion

ansatz is self-consistent and leads to the simplified horizontal momentum equation
at u + u • Vu + Vh = 0.(2.16a)
Moreover, (2.14) reduces to
V•

(

bu) = 0 .

(2.1 6b)

Together with the lateral boundary condition

rt • u = 0

for x E as2 ,

(2.16c)

▪
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this is a closed system for the leading order horizontal velocity u and surface height

h, which is called the lake equations. The vertical component of the velocity can be
recovered through (2.12), i.e.

w = —zV • u (2.17)
For a flat bottom, the system (2.16) formally reduces to the two dimensional
Euler equations for incompressible fluids—the role of the pressure being played by
the surface height h. Even in the general case, the lake equations differ from the
Euler equations only in that divergence condition is weighted by the depth function

b. This similarity is reflected in the mathematical theory which we construct in the
upcoming chapters.
2.2.3 The First Order Model
We now expand the dependent variables of the rigid lid equations as asymptotic series
in (5 2 :

u

u(0) • s2u(1)

p = p(0) 82p(1)

0(S4) ,

w = w(0) 6 2
w( 1 ) + 0 0 4 )

h=h

7

(°)

O(8),

PO + O(S) .
)

The leading order contributions are assumed to satisfy the lake equations, so that

w( 0) is determined in terms of u(°) via a relation of the form (2.17). The expansions
are inserted into the rigid lid equations and terms are matched through order (5 2 .
The key observation is that, through the vertical momentum equation, the first
order correction of the pressure only depends on leading order velocities. Written out
explicitly, this relation is
azp (i)

=

_or +V

= z(Ot u(0)
KZ

_

u (o)) (v u (0) )
(2.18)

26
As n = n(x,t) does not depend on z, we can integrate this equation and obtain—by
using the dynamic top boundary condition (2.10d)—that p (1) is a quadratic function
in z, namely
h(1)
(1)
p
—

, 1

2

(2.19)

We can use this expression to eliminate the pressure from the horizontal momentum
equation at order 6 2 —note that az u(°) = 0—to obtain

at u (1 )

u (0) vr u (1)

u (1 ) v u (0 )

u(o))zazu(i)

v h (i)

2,2_z2vn 0.
(2.20a)

The continuity equation and kinematic boundary conditions of the rigid lid system
are linear relations, which must be satisfied at all orders of an asymptotic expansion.
In particular, the first order velocity u( 1 ) satisfies

V. (I

u (1-) (x, ,t) dz') = 0,(2.20b)

-b

n.

=0

for x E 912 and —b(x) <

z < 0.(2.20c)

These equations, together with the lake equations (2.16), are a closed system for

u and h through order 5 2 . We do not restrict u( 1 ) to columnar or any other form
of two-dimensional motion. This means the flow at this order is determined by a
nonlinear hyperbolic partial differential equation in two spatial dimensions coupled
with a linear equation in three dimensions. As such, we expect the system (2.16),

(2.20) to be globally well posed, and thus to be intrinsically simpler than the rigid
lid equations for which such global results are not known to exist.
Nonetheless, the full first order equations are not the main focus of this investigation; instead we will use them to derive an equation which describes the evolution of
the vertically averaged rigid lid velocity field to order (5 2 —a fully two-dimensionalized
problem.
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2.2.4 Vertical Averages at 0(6 2 )—the Great Lake Equations

The goal of this section is to derive an equation for the vertically averaged velocity

+

=_ u (o)

(84)

through order 5 2 • The vertical average of a function is naturally defined by

1f
( x , z) dz
b
b

(2.21)

—

0(x)

We take the vertical average of the first order equations (2.20). To simplify the
result, it is helpful to use the following identities, which can be verified by elementary
calculus:

—

vo
z 0,

(0 (x , — b) — ,

= 7b ( x , — b) —
7

so that

u (o) v b
zOztt(1)

.

=

u(°) V

= u (o)

vu(1

)

V u o) z oz o.)
(

the second equality being true due to V. (b0 ) ) = 0. With this relation, the vertical
average of the momentum equation (2.20a) becomes

ati., ( 1 ) u( 0 ) vrt( i )

to )

„

.

vuo ,

b2vn =_

0.

(2.22a)

Comparing (2.21) with (2.20b), one sees that the divergence condition becomes

V.

(bu m)

,

(2.22b)

and it is clear that the lateral boundary condition remains of the form
n • ii (1) = 0

for x E 9 s2.

(2.220
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Combining this system with the lake equations (2.16), which describe the vertically
averaged velocity to leading order, we obtain a single set of equations for rt through
order P. The momentum equation becomes

at (0) +

p ri m) u (o) v (0) + (5 2(1))
8217(1)

V u (0) + V (h(0) (52h(1)) + 16. 62b2V m

(2.23)

Recall the definition of K, equation (2.18), from which we infer that

b 2 vm b 2( atv (vu(c))
VV
_ ( vv u (o)) _ (V. u (°) ) V) ( v u (o))
= (at + vu (° )

) (b2vv u(0))

+ (b 2 0) v — 2(V • 0 ) ) b 2 ) (vv • um)
= (at + vuo) V) (b 2 vv u (0) )

(2.24)

where the last equality is derived using the divergence condition V • (bu(°)) = O. With
this expression for b 2 Vic substituted back into (2.23), we obtain the desired closed
evolution equation for rt, namely

at rt • 'QV + Vh + 16 8 2 (at + v -g+ u • v) (b 2 vv • , ,t) = o (S l) . (2.25a)
-

The divergence and lateral boundary condition for rt can be obtained directly from
the rigid lid conditions (2.12) and (2.10g), because these linear conditions on u have
to be satisfied at all orders in the expansion. One obtains
V • (bri) = O, (2.25b)
n • ri = 0 for a G O

. (2.25c)

Since the 0 (54 ) term in (2.25a) is formally small, we are interested in a solution—
from now on denoted u and h—to (2.25) with the O(S) term replaced by zero. It is
convenient to introduce an auxiliary velocity field by
u+ ..8 2 b 2 VV • u,

(2.26)
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so that u, y and h satisfy

at v + u . Vv + (Vu)v + V(h — ..- 1u1 2 ) = 0
V • (bu) = 0
n. u = 0

in Q,

(2.27a)

in Q ,

(2.27b)

on O 2.

(2.27c)

-

Equivalently, y is related to u through the self-adjoint linear operator L defined in

(1.3).

2.2.5 The Structure of the Great Lake Equations
The following is a brief summary of properties of the great lake equations, the details
of which can be found in Camassa, Holm and Levermore [24, 25].
• The great lake equations do not support gravity waves. This property is inherited from the rigid lid approximation, and can be shown by linearization about
the trivial solution: The linear problem can be solved by Fourier methods when
the bottom is flat, and otherwise be analyzed using methods from geometrical
optics.
The absence of gravity waves is a desirable feature in situations when such
short scale features are of little physical interest, for example in long time circulations of lakes or oceans. If the model admitted gravity waves, numerical
methods derived from the model would either have to resolve them (which is
often impracticable), or remove them by filtering (which may work in particular
applications, but is unsatisfactory from a theoretical viewpoint).
• The lake equations enforce hydrostatic balance. The great lake equations provide a correction to hydrostatic balance which is fundamentally linked to the
effects of bottom topography. In particular, when the bottom is flat, the great
lake equations reduce to the two-dimensional Euler equations and the flow therefore remains in hydrostatic balance.
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• The great lake equations conserve energy

E=qu•vbdx,

(2.28)

convect potential vorticity

w = b 1 V A y ---- b

1-(aiv2 — 0214)

(2.29)

and any function thereof (we will in fact base most of the mathematical analysis
on the vorticity form of the equations, see Section 2.3) and possess a Kelvin
circulation theorem, i.e.

..

d

- f v • dx = 0

74

(2.30)

tit 7(t)

for any closed curve -y (t) moving with the flow.
The conservation of energy and potential vorticity can be understood as inherited from the three dimensional Euler equations through the rigid lid approximation [24]. Indeed, both the Euler and the rigid lid equations have exact local
conservation laws for vertically averaged energy and vorticity, which agree with
their great lake counterparts to order o(S 4 ).
• The great lake equations have a Hamiltonian structure, see [24].
• The great lake equations can be understood as the small surface amplitude limit
of the Green-Naghdi equations, which are columnar motion equations for an

inviscid incompressible fluid. The Green-Naghdi equations were first derived in
one spatial dimension and without bottom topography by Su and Gardner [98],
and later in more generality by Green and Naghdi [41], Bazdenkov, Morozov
and Potguse [17] and Miles and Salmon [73].

2.3 The Vorticity Formulation
The goal of this section is to recast the great lake equations into their so-called

vorticity formulation. This serves several purposes. Most importantly, the proof of
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the existence and uniqueness theorem in Chapter 3 makes substantial use of the fact
that the potential vorticity w b

-

1V

A y is bounded for all times, which can be

established directly from the vorticity equation. Moreover, the vorticity formulation
removes the pressure term from the equation, hence permits writing the argument in
a more compact way and, lastly, allows one to treat the Euler, lake, and great lake
equations within the same abstract framework.
An evolution equation for the potential vorticity is obtained by taking the curl
of the momentum equation (1.2a). The nonlinear term simplifies through use of the
identity

(u. V)(b -1 V A y) = —b -2 (u • Vb)V A y + b

-

1 (u

• V)V A y

= b -1 (V • u + u • V)(V A y)
=

—

b

-

1V

(2.31)

A (u I V A y) ,

which is true due to the weighted incompressibility condition V • (bu) = O. The
resulting equation for the potential vorticity (2.29) is therefore

(2.32)

at w + u • Vco = 0 .

In order to close this equation, we need to be able to compute u given w. To this end
we introduce the stream function 0 by solving the—as we will show below—elliptic
problem

co = b -1- V A L(b -1 V) in S 2 ,

(2.33a)

0 = 0 on 0 s2 .

(2.33b)

-

The operator L is the self-adjoint form (1.3) of the relation between u and y, equation

(2.26). Moreover, V I = (52 , —al ), and for now we assume that S2 is simply connected.
In the multiply connected case which is discussed in the next section, one has to specify
different boundary values on each connected component of aft Then u Kw is given
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by

u b-i

vio

(2.34)

In particular, it is easy to verify that u satisfies the weighted incompressibility condition

V • (bu) = 0.(2.35)
Mathematically, condition (2.35) makes b(x)dx the invariant measure of the Lagrangian flow th = u, where dx denotes the two dimensional Lebesgue measure.
Hence it is natural to pose (1.4) in Sobolev spaces with weight b, i.e. to endow Hn(Q)
for n E N with the scalar product

(cp, ,9) H .

E

aacp(x) 0"79(x) b(x) dx ,

(2.36)

0<laVn

where a E 112 is a multi-index and

a,

02c'2 . Our

main assumption is that the

bottom function b is nondegenerate, i.e. that there are constants b inin and b max such
that for every x E

0 < b min < b(x) <b..(2.37)
This nondegeneracy means that the norm associated with (2.36) is equivalent to
the canonical norm on Hn(f2), i.e. the weight b affects the geometry, but not the
topology. The degenerate case, namely b(x) = 0 on as2 or part of 5 s2 causes additional
complications and will be studied in subsequent work.
The weighted integral over the domain is abbreviated by (•), i.e.

(y)

f (x) b(x) dx ,

so that the L 2 ( 12) scalar product can be written (ço, '0)2

(2.38)
(0). Similarly, the

Lebesgue spaces LP(Q) and the Sobolev spaces W n 'P(Q)—the spaces of functions
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whose derivatives up to order n are in LP—are defined with respect to the b-weighted
integral. The nondegeneracy of b again assures us that the weighted norms are equivalent to the norms in the unweighted case, so that all well-known embeddings as can
be found in [2] still hold. Finally, we introduce the space of infinitely differentiable
and compactly supported functions which satisfy our weighted incompressibility condition,
D=

fu E C°(1, R2 ) : V. (bu) = 0 in 1l}, (2.39)

and denote by H and V its completions in the L 2 and El l norm respectively. The

L 2 -orthogonal (with respect to the b-weighted scalar product) projector onto H shall
be denoted by P, and Q 1 — P. Some of these properties are explained in more
detail in the appendix.
Let us now investigate the smoothing properties of K and verify that it imposes
the correct boundary and incompressibility conditions on u. As a preliminary step
we shall investigate the operator L by itself.

Lemma 2.1. For an arbitrary bounded domain with 5 S2 E C 1 and b E C I- P, the

restriction of L to the space H is a continuous, invertible, positive and self-adjoint
operator, explicitly given by

62
Pr Pu = P(u+ — Vb(Vb • Pu)) ,

3

(2.40)

for every u E L 2 (, R2 ).
Remark 2.1. This lemma is useful because the null space of the projector P is
contained in the nullspace of the curl operator, and we therefore can write (2.33) as

w = b -1- V A P.CP(b -1 V 1 0) in SZ ,

0=0

on OS2 .

(2.41a)
(2.41b)
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This can be seen, for example, by noting that

P(b-lvio)

= b -1 V

--

.(2.42)

The adjoint relation then is

b

-1-

V A Pv = b -1 V A v.

(2.43)

Proof. Assume first that u, y E D. This implies that V • u = —1) -1 u • Vb—the same
being true for v—so that integration by parts and use of the boundary conditions on

u and 2) gives
f(u,v) =- = (et t , v)L 2
=

(u, v) L 2 + S 2 f (b(u • Vb)Vb+ 1b 2 (V • u)Vb
st

— - V(b 2 u • Vb) — 1V(b 3 V • u)) • v dx
= (u, v) L 2 + S 2 f (b(u • Vb)(Y • Vb) + 1b 2 (V • u)(v • Vb)
n
+ 1b 2 (u • Vb)(V • v) +..- b 3 (V • u)(V • v))dx
= (u, v) L 2 -I- 15 2 (u • Vb, v • Vb) L 2 .

(2.44)

This shows that i satisfies the bounds
(u, v) ci IluilL2 ilv1lL2

(2.45a)

4u, u)  C2 Ilull 2L2 ,

(2.45b)

and

and can therefore be extended to a continuous, coercive and symmetric bilinear form
on Hil. Unique invertibility follows from the Lax-Milgram theorem and the explicit
form of G can be directly read off equation (2.45).
This leads to our main result on K.

0
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Lemma 2.2. For a bounded and simply connected domain with OS2 E C 3 , b E C 3 (Q)
and every w E H -1- ((2) there exists a unique function u = Kw E H. Moreover,

K is continuous as a mapping between the spaces II -1 (Q) H, L 2 (52) V and
H I () —> V n H 2 ( 12, 1HI2 ), and for some po > 1 satisfies the estimate

(2.46)

K
for all p> p o where the constant c depends only on po and Q.

Proof. Let ço, E C°(c) and define u b -1 V -Lv and y b -J- V -L-0. The fact that

the classical functions u and y are also members of IE can be verified with a direct
calculation. Now integrate by parts and use Lemma 2.1 to obtain

(c,o,b -1 VA ,C(b -1 V I 0)) 1,2 = f (b -1 V ± cp) • .C(b -1 V) b dx

11111,2 -

R

(2.47)

Due to the Poincaré inequality and the nondegeneracy of b,11b-1V± '11 12 is an equivalent norm on H 01- ( Q), so that we can bound the left side of (2.47) from above and
below by

VA

.co

-

lv LIML2
-

C4

11011H1

(2.48a)

and
Pt ,- 5- C5 (4‘ b-1 V A .C(b -1- V I S))L 2 •

(2.48b)

This proves continuity and coercivity of the bilinear form. We can now extend (2.48)
to Hl) functions by a density argument, so that the Lax-Milgram theorem implies

unique solvability of problem (2.33) for w E H -1- (Q) Hl)'. By continuously
extending the operator b -1 \7 1 to H 03- ( Q) functions, we can furthermore conclude that
uE

H, and that K: (S2) -+ H is continuous.

Provided that w E L'2), well-known regularity theorems for elliptic equations
allow us to conclude that 1,b E W 2 'P(S2) and satisfies an estimate
110162 ,CP Ph'

(2.49)
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where it is possible to choose the constant c independent of p as long as p > p o for
some p o > 1, see references [3, 40, 109]. Estimate (2.46) follows directly.
1 (Q) which
In particular if w E L 2 (52), then one can conclude that E H 2 (52) n I-1 6

implies u E V. Furthermore, if w E H 1 (Q), then V) E H 3 (Q) n H oi (Q) and u G

H2(, R2 n V. It is for this step that the regularity assumptions on 9 s2 and b need
)

to be as strong as stated, see [40,

105].

E

Remark 2.2. The regularity properties of K as stated in Lemma 2.2 readily translate
into Sobolev spaces of higher order, provided that the domain boundary and the
bottom function possess some additional regularity. More precisely, for b E Cm+ 1 (0)
and

aQ E Cm -E l one has the estimate

1 Kw 11, CP11w11—,

(2.50)

,,

for all p > p o where the constant c depends only on p o and SI
This will be essential for construction of classical solutions in Chapter 4. Moreover,
in Chapter 5 we will prove that the regularity properties of K naturally translate into
spaces of analytic functions.

2.4 Multiply Connected Domains
When the domain SZ is not simply connected—when the lake has islands—the velocity field ceases to be uniquely determined by the potential vorticity. Given n
islands S-2 1 ,

, 52,„ the missing parameters are the (constant) boundary values A =

, 9 s2 n .
Equivalently, we shall see that one can specify certain generalized circulations r =
(r i ,..., r n ) in order to uniquely determine u. This is well known for classical inviscid
(Ai,

• , A n ) of the stream function on each of the boundary components

as2 i ,

fluid flow [33, 70, 109], and we will show here that these concepts naturally extend
to the great lake equations (1.4).
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As before, we introduce a stream function //) and then compute the velocity field
as u b -I- V -L O. The boundary condition u • n = 0 on .9Q requires b to be constant

ao, of m 2. We can adopt the normalization O = 0 on

on each connected component

-

9 s2 0 , the outer boundary of Q, because u depends only on derivatives of the stream
function. So the problem one has to solve is
co = b

-

1

V A PrP(b

-

il'=O on

1

-

V 1 0) in Q ,
- -

ask, ,

= Ai on aQ, for i E 1,

(2.51a)
(2.51b)

,n

(2.51c)

We first study the family of irrotational (homogeneous) problems

1) -1- V A P.CP(b -1 V 1 71)) = 0 in Q,
an i = S. • for j = 0,
where i E 1,

, n,

(2.52a)
(2.52b)

, n. These have associated velocity fields defined by
ui =

(2.53)

Naturally, one would expect the following.

Lemma 2.3. For b E

cya), aç 2 E C 3 and every i E 1, ,n there exists a unique
-

solution 7Pi E C 3 (T2) to problem (2.52). The set of associated velocities { u i } is linearly
-

independent. Moreover, a function

(2.54)
is uniquely determined by the circulations

F i = f (P.CPu) dl,

as1

where i = 1,

,n.

(2.55)
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Proof. The operator on the left side of (2.52a) is strictly elliptic, as we have already
shown in the proof of Lemma 2.2. Here we do not have to account for distributional data, so that the existence of a unique solution bj is readily guaranteed by the

Schauder theory as can be found, for example, in [40].
We show the linear independence of {TO following Yudovitch [109]. Assume that

=

Ui

= 0.(2.56)

i=1
Now compute the flux of the vector field u through some diaphragm -yok , a curve
connecting a point on

as 2 0 with a point on OS4,
-

0 -au • nbdl =
-

Lk

f
i=1

Oi • td1 =

70k

E

AiSik = .

(2.57)

i=1

This proves linear independence. We remark that the unit normal n on -yok and the
unit tangent t in the direction from S-2 0 to 52 k are taken to form a right handed pair

(n,t).
Lastly, uniqueness of u is proved using potential theory methods as employed by

Marchioro and Pulvirenti [70] in the context of the Euler equations. We fix a point
xo E 52 and define a multivalued potential by

U(x) = fy(.) (PLPu) ' dl,

(2.58)

where 7(x) is a path from x o to some point x E a Lemma 2.1 and its proof do not
depend on the connectivity of the domain. Moreover, the weighted Leray projection

P is continuous on C2 (fl), again a consequence of the Schauder theory for elliptic
operators. We conclude that RCP is continuous and invertible on C 2 (Q) so that the
line integral in (2.58) can be interpreted in a classical sense.
The value of the line integral does not change under continuous deformations of
the path. Thus we can insert n diaphragms into the domain such that cuts along them
will leave S-2 simply connected. One can then deform -y(x) such that (2.58) decomposes
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into a line integral along a path 7'(x) within this simply connected region, and some
line integrals around the boundaries of the islands, i.e.

(13 ,CPu) • dl +

U(X) =
71
where k, E

E

r (2.59)
i

z=1

(0)

Z. Now suppose that y = — it denotes the difference of two solutions

to (2.54) which have the same circulations

r. The associated potential is then a

single-valued function

V(x)

=

f

(PCPv)
Y(0)

• dl.(2.60)

By construction V is harmonic and n • VV = 0 on

5 s2, so V is a constant. This

implies uniqueness of P,CPu, and hence uniqueness of u.

0

Remark 2.3. The main assertion of Lemma 2.3 can be expressed as follows: There
exists a nonsingular linear transformation S such that A =

sr.

We can now obtain the general velocity field u associated with problem (2.51) as
the sum of the general solution to the homogeneous problem, given by Lemma 2.3,
and a particular solution to the inhomogeneous problem, guaranteed by Lemma 2.2
as the solvability assertion is not affected by assuming a multiply connected domain.
Altogether we obtain a generalization of Lemma 2.2.

Lemma 2.4. Let S2 be a multiply connected domain with connectivity n +1 and as2 E

CVO.

Then for every tuple w

(co,r) with w E H -1 (Q) and

r

(ri, • • • ,F) there exists a unique function u

Kw E 1E11 which satisfies co =

b -1 V

A1

C 3 , and let b E

3

,CPu and

= fas/, (PCPu) •

dl.(2.61)

Moreover, K is continuous as a mapping between the spaces
L 2 (Q) El) Rn —0,7 and

H1(12)eRn

H 1(s 2) e
-

-

H,

vnH2(Q,R2), and for some P0> 1 satisfies the
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estimate

11K w

c IludILP

(2.62)

Irl

for all p > p o where the constants c and c' depend only on p o and S 2.
-

We finally remark that

r

is a constant of the motion for the great lake equations

(1.2) because of the boundary condition u • n = 0 on 0Q. Consequently, we can
treat the multiply connected case notationally identical to the simply connected case
by writing u = Kw while incorporating the circulations r into the definition of

K = K (T ). In other words, in the multiply connected case not only does K depend
on the geometry of the lake, but also on the initial velocity field.

2.5 Applications for the Shallow Water Equations
How applicable are our shallow water models to real-world situations? The answer is
that one has to try, and trying means doing numerical simulations. A mathematical
justification of the form we are seeking in Chapter 6 can at best give qualitative
assurances on the validity of the model, sharp quantitative results seem completely
out of reach.
Some numerical work on the lake equations is currently under way [87]. It is
expected that the lake equations describe large scale motion in a shallow lake with
reasonable accuracy. Of course, real lakes may have inlets and outlets, the modeling
aspects for which are still unresolved. In addition, lakes and oceans have beaches,
which requires the treatment of basins with nonvertical lateral boundaries. In that
setting, the scaling used in Section 2.1 needs to be modified near the lateral boundary.
In any case, we expect that the dynamics in the interior will still be described by the
lake equations, possibly with different boundary conditions, and therefore fall within
the mathematical framework presented here. A degeneracy of the bottom function
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would render the elliptic operator (2.33) degenerate, thereby introducing additional
technical difficulties.
Even in the simpler setting presented in this dissertation, the lake equations may
be sufficient for obtaining acceptable predictions of large scale flow for lakes with
beaches. This is because the only assumption on the minimal depth b min is that it be
greater in magnitude than the (very small) typical surface amplitude H. Hence, we
allow for situations where H

< b min < B, thereby permitting very shallow

shores.

It is natural to investigate whether one can study lakes with beaches as the limit of
lakes with vanishing shore depth.
On the other hand, direct application to larger bodies of water cannot be expected
to give good results without significant amendments to the model. Ocean flow is
highly stratified, so the assumption of leading order columnar motion is not valid.
Moreover, effects due to variations in temperature and salinity are significant, as is
the effect of the Coriolis force which is due to the rotation of the earth. Finally, wind
stress is one of the major driving forces of ocean flows [84, 78]. This would require
a new body force term in the lake equations, while lakes may be primarily driven
through their inlets and outlets, which would only change the boundary conditions.
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Chapter 3

WEAK SOLUTIONS

A necessary first step in the mathematical justification of a model is to establish a
setting in which the equations are well posed. Well-posedness means that a solution
exists, that it is unique and that it depends continuously on the data (the initial
datum and the bottom topography in the case of the lake equations). The predictions
of a models that does not meet all three criteria are physically meaningless, even if
solutions in some abstract sense exist. Moreover, knowledge about the correct setting
can be important for the development of good numerical schemes.
In this chapter we will introduce a weak formulation of the lake and great lake
equations in their vorticity form (1.4), and prove global well-posedness for the weak
equations. A weak solution is a function which satisfies the equation integrated against
a member of a prescribed class of test functions. A weak solution therefore does not
need to be differentiable or even continuous. Moreover, for many nonlinear evolution
equations weak solutions exist globally in time, while classical solutions are either
known to break down, or not known to exist after a finite time. Our primitive
equations, the three dimensional Euler equations, belong to the latter category. On
the other hand, the lake and great lake equations do admit global classical solutions,
which will be proved in Chapter 4.
Our construction of weak solutions generalizes work of Yudovitch [109] and Bardos
[8] for the Euler equations in two dimensions. We first consider the vorticity equations
(1.4) with an artificial viscosity term, and then take the vanishing viscosity limit. The
viscous system can be considered a generalization of the Navier-Stokes equations, for
which the existence of global weak solutions is known since Leray [60]. The added
viscosity guarantees sufficient regularity to rigorously prove a maximum principle for
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the vorticity. This is in turn necessary to show that the solution finally obtained in
the inviscid limit is indeed unique.
In the remainder of this dissertation, c will denote different constants that can
be chosen independent of all quantities explicitly referred to. Different subscripts are
used to indicate the change of constants from one formula to the next, but have no
meaning across sections or logically separate units of the text.

3.1 Existence and Uniqueness for an Artificial Viscosity System
In this section we will prove existence and uniqueness of solutions for a system with
an artificial viscosity term. We first establish the functional setting and prove some
identities that will be used frequently throughout the proofs. We will assume from
now on that OS2 E C 3 and b E C 3 (r2).
First define an operator A by

w , -b-iv • ovo

Ab on

(3.1a)
(3.1b)

0 =o on OSZ ,

i.e., -A can be thought of as a Laplace operator on Sobolev spaces with weight b.
Note that this definition does not depend on the connectivity of the domain. For

w E CNS2), one has
(Aw cp) = K Vw • Vço) 5_ Ilwil le

NI1H' ,

(3.2)

which shows that (Vw • Vço) can be extended to a symmetric, continuous and—due to
the Poincaré inequality—coercive bilinear form on 11 6
3 (Q), a closed subspace of H 1 (S2).
- ) is an isomorphism. Its
By the Lax-Milgram theorem, A: I-12) _. Hoi(Q), H -1 (11

positivity allows us to define arbitrary powers of A, so that we can identify the
H' norm on H(l) with I1A 1 / 2 .11 L 2 and the 11 2 norm on H 2 (5.2) n H(Q) with 11A.11HL2.
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Similarly, H -1 (n) = 14- (n)' can be endowed with norm 11A -1 / 2 •11 L2 and scalar product
(A-1/2. A -1/2.) 12.
,

For u E D and co E C"(n) one establishes through integration by parts (i.e. the
Gauss integral formula) that

((u • Vcc))

= ja zz • u w 2 b do —
-

IV

•

(

bu) w 2 dx — ((u • V w) w) .

(3.3)

The first two terms on the right side clearly vanish so that

((u • Vco)ço) = —((u • Vço) w),(3.4)
for every u E D and co, cp E C"(n). This relation can be extended by continuity to
all u E IE and co, E H 1 (Q).
Henceforth we will restrict ourselves to the case of a simply connected domain.
However, all statements of this chapter immediately generalize to the multiply connected case by the remark at the end of Section 2.4.
We consider the following system which consists of the potential vorticity equation

(1.4) with an extra viscosity term. In the next section we will then show how to pass
to the inviscid (v 0) limit

9tw-F-vAw+u•Vw=0 inn,
u=

(3.5a)

Kw inn,(3.5b)

= 0 on On ,

(3.5c)

co(0) = w.(3.5d)
We assume that K is a linear operator, continuous as a mapping between the spaces
H-1 ( -2 )
1E, H1 ( --2 )
H2(-2, —2)
W I"P(S2, R 2 ), and for some po >1
its n v and LP(Q)
satisfies the estimate

1 1(w

CP11w11,,,

for all p > p o where the constant c may depend only on po and a

(3.6)
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The following theorem then establishes global existence of weak solutions to the

problem (3.5).
Theorem 3.1. Given w in E L 2 (1), there exists a unique function

w E C ([0, co); w-L 2 (1)) n L

0

([0, co); H(l))

(3.7)

that satisfies the weak form of the system (3.5) given by
22

22

(OCA)(t2)) (OCLi(t1))

f (VIP • VW) dt — f ( (u VO) w) dt = 0 ,
t,

(3.8a)

u = Kw ,

(3.8b)

w(0) = w in ,

(3.8c)

3 ). The solution satisfies
for every [t i , t 2 ] c [0, oc) and every test function V; E H 0

the "energy relation"
Ilw(t)q2Hw IIL2 — 2v f 1lVw(e)112 de ,

(3.9)

for every t E [0,00). Moreover, if w i n E H 61 (11) one has

w G C([0, oc); H (S2)) n L

0

([0, 00); IVA

n Hid(12))

(3.10)

and the "energy relation"
Ilw(t)1 1 Lp

1 WmI l P
L

(3.11)

for every t E [0, co) and 2 < p < cc.
Remark 3.1. Physically, for p = 2 equation (3.11) is an inequality for the potential

enstrophy. Formally, however, it plays the role of the energy in Leray's theory of weak
solutions to the Navier-Stokes equations.
Remark 3.2. As the LP bound (3.11) holds uniformly for all p G [2, oc), it also holds
for p = oc provided the initial data is
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Remark 3.3. It is possible to prove a version of Theorem 3.1 with energy relation

(3.11) for co in E L(2). The proof requires some technical modification of our proof

given below, because the solution will be too weak to directly permit some of the
formal manipulations.
Proof. We will use an equicontinuity argument as has been applied to the complex

Ginzburg-Landau equation in [30]. In doing so, we slightly deviate from the procedure

that is commonly found in the literature on the Navier-Stokes equations [26, 102, 103],
although the main principles are analogous. The proof proceeds in nine distinct steps.
Step 1. Construct a family of approximate solutions con that have a consistent weak
form and energy relation. This can be achieved many ways, however it is technically
most convenient to use a Galerkin truncation to finite dimensional eigenspaces of

the operator A. Let Pn denote the L 2 -orthogonal (with respect to the b-weighted
scalar product) projection onto the span of the eigenvectors corresponding to the lowest

n eigenvalues of A. Now let co„ = co n (t) be the unique solution to the ordinary
differential initial-value problem

at w. + ii A w,. + Pn( u n • V wn ) = 0 ,
un
co n

= K . 42 5

(o) = wnin

(3.12a)
(3.12b)

(4

pn win

.

(3.12c)

The regularization of the initial data conin converges to co i n in L 2 ( -2) and satisfies
Hwinil L 2

mwin1L 2 . It can then be shown that the con satisfy the energy relation
ft

P:i 11 21,2 — 2v j 11V con(t 1 )42 2 de ,

ln(t)I2

(3.13)

and the weak form of the regularized equation (3.12a),
t2

( 1P W n ( t 2)

(0(4)72 (t1 ))

t2

(VIP
dt —
fJ t,
((u
• VCAi n )

f

for every [t1,t2] C [0, oo) and E H S 2) with O nPnO.
(

-

n

• V7,bn ) con ) dt = 0, (3.14)
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The nonlinearity in (3.12a) is a quadratic polynomial, hence locally Lipschitz, so
that local existence of a regularized solution wn is guaranteed by the Picard-Lindel6f
existence theorem applied to (3.12) posed on the finite dimensional space /3,12(Q).
The global estimate (3.13) then assures that wn is in fact a global solution. The
argument is classical so that we omit all details.
Step 2. Show that the sequence

fw1 is a relatively compact set in

C([0, oc); w-L 2 (Q)) A w- L

0

([0, oc); w- H 1

())

(3.15)

.

Remark 3.4. We denote by "A" the intersection of topological spaces equipped with
the relative topology induced by the inclusion maps. The spaces here are first countable topological vector spaces which implies that a sequence converges in the intersection if and only if it converges in each space separately, and furthermore that a
set is relatively compact in the intersection if and only if it is relatively compact in
each space separately. The sense of convergence in the particular spaces we are using
here can be summarized as follows. Given a topological vector space X with dual X',
a sequence of functions O n : [0, co) -4 X converges to 0 in C([0, oc); w-X), where w-X
denotes X endowed with its weak topology, when for every V) E X'

(3.16)

(0, 0. (t ))x ,x -* ( 0, 0.(t))x ,x
,

,

uniformly on compact subsets of [0, co). Similarly,
when for every T > 0 and

I

T

0 G L1

0

On --. 0 in w-L c ([0, co); w-X)
0

([0, oo); X')
fT

(0 ( t ) ) 0 n (t)) x , ,x dt .— I (0(0> 0(t))x , ,x dt ,
o

(3.17)

where q= pl(p —1) is the Holder conjugate of p, and p E [1, oc).
Proof of Step 2. We first derive a L 2 estimate for the regularized equation (3.12a)
by taking its scalar product with wn , integrating the dissipative term by parts and
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observing that the nonlinear term vanishes according to (3.4). Hence,
d
=

Wfl

(3.18)

—2 v 11 VWn

Integration in time gives (3.13) which implies the estimates
(3.19)

1P71-1,1 111,2

Ilwn(t)110
and

1
IlVw (e)t2 at' < 2v
ilwill112

(3.20)

ri

—

This shows that the sequence {w ri } is a norm bounded set in L 210c ([0, oc); H ol (12)) and
thus relatively compact in w- L

0

([0, oc); w-HRS2)), because norm bounded sets are

relatively compact in the weak-* topology which is identical to the weak topology on
a reflexive space.
It remains to be shown that {w iz } is relatively compact in C([0, oc); w- L 2 ()).
According to the Arzela-Ascoli theorem this is equivalent to the following.
(i) {w(t)} is a relatively compact set in w- L 2 () for every t > 0;
(ii) {co n } is equicontinuous in C([0, oc); w-L 2 (S2)), i.e. for every b E L 2 (Q) the sequence {(0cor,)} is equicontinuous in C([0, oc)).
Condition (i) is equivalent to boundedness in L 2 (52) for every t > 0, which follows
from estimate (3.19).
In order to show (ii), we begin by considering the case where is a finite linear
combination of eigenvectors of A. One obtains

(O WT*2)) (OWn(t1))1

=f

t2

t2
( 170 • VW) dt —
t2

y

•
dt)

1117016°

(f

dt

((un, • Vz,bn)
1

1

Mw

!

11

t2

+ VOn1112°

f

4 ( /42

dt

4

1 11 41, 4 dt )

-4

f t2

1
Pni121,2 dt ) 2

(3.21)
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where O n Pob V) for n large enough. The sequence {con } is bounded in
14g c ([0, oo); L2 (e)), hence {u n } is bounded in L' 0 ([0, oo); L 4 (52, R2 )). Furthermore,
{con} is bounded in Ll0c ([0, oo); Hl)), so that for every n G N, T < oc and
[ti, t] C [0, T],

1(0 cv 72(t2)) — ( V)c n(ti))1

+ c(0 , , w )
—
— t11
1

c(0 v ' 7 w in )

in

( 3.22)

Because the right side of this equation is independent of n, the set {(7.Pw n )} is equicontinuous in C([°, oo)).
We extend the class of test functions to L 2 (Q) with a density argument. Let s> O.
Choose OE to be a finite linear combination of eigenvectors of A such that

0E110 < 3+

1

•

(3.23)

By the triangle inequality and the uniform L 2 bound (3.19) on wn

I

Ow. ( t 2 ) ) — (Own ( t i )) = (( — /ke )(Lon (t2) — wn (ti))) + (Ike (con (t2) — con (ti)))1

(

< 2 HO — OeilL2P ul L
l1 2 +1(0e(wri(t2) — con(h)))1 •

(3.24)

From (3.23) we infer that the first term on the right is smaller that is. Applying
(3.22) and choosing lt 2 — t 1 1 small enough, the second term on the right can be made
smaller than s, so that the whole expression is less than E. This establishes (ii) and
completes the proof of Step 2.
The result of Step 2 is already sufficient to conclude the existence of a weakly
converging subsequence of {w n } to a limit

w E C([0, co); w L 2 ())
-

nL0

([0, oc); H 61 (52)) .

However, to pass to the limit in the nonlinear term of (3.8a) and the energy relation
(3.9), we need strong L 2 convergence, which is a consequence of the following.
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Step 3. Show that {con } is a relatively compact set in L

([0, oc); L 2 (0)) endowed

0

with its strong topology.
Proof of Step 3. The statement follows once we show continuity of the injection

C([0, oc); w-L 2 (Q)) A w- L

0

([0, oc); w-H 1 (Q)) Lloc ([0, oc); L 2 ()). (3.25)

We follow the presentation of Doering, Gibbon and Levermore [30]. According
to the definition of the A-topology in Remark 3.4, it is sufficient to show that
a sequence in L 2i0c ([0, oc); L 2 (Q)) converges to zero whenever it converges to zero
in both Ca°, oo); w-L 2 (Q)) and w-L 210c ([0, oo); w-H 1 (S2)). The proof makes crucial
use of the compactness of the embedding L 2 (Q) H(l), which implies continuity of w- L 2 () c—> Hi(). Suppose On

—> 0 in w-L

210

,([0,00); w-H 1 (Q)) and

C co); w-L 2 (Q)). The convergence in the latter topology implies that 4,(t) 0
weakly in L 2 and strongly in H -1 , uniformly on every fixed interval [t 1 , t 2 ] c [0, oc).
In particular, one has
t2

(3.26)

1104 2H -1 dt = 0.
Similarly, On0
norm of L

0

in w-L

0

([0, oc); w-H 1 (Q)) implies that {On } is bounded in the

([0, oc); 11 1 ( 11 )). In other words, there is a finite
t2

(3.27)

BlimsuP J 110.11H2 1 dt

For arbitrary E > 0 and T> 0 we now take the limit n co of the time integrated
interpolation inequality
t2
dt _G_ 62_
1
ft 11072,112

f

t2

t1

t2
dt
—
1
/1111
21
110
26 it, 110n11_/ -idt
7

(3.28)

to find with (3.26) and (3.27) that
t2

lim sup
n-+00

it:

111041,22 dt

B.(3.29)

As 6 is arbitrary, this implies On0 in the norm of L

00

([0, oc); L2(1l)).
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Step 4. Show that there is a subsequence of

{wrz } converging to a function w which

satisfies the weak form (3.8) and the energy relation (3.13).

Proof of Step 4. Steps 2 and 3 assert that there exists a subsequence of {w„} which
we will still denote by {w iz } that converges to a function
w E C([0, oc); w- L 2 ())

n L 0 ,([0, co H10 (s 2))
;

-

(3.30)

in the following sense:

w in C

00

); w - L 2 ( ));

wt.

w in w-L 210c ([0, oo); w - Hô(Q));

wn

w in Ll0c ([0, oo); L 2 ( -2)).

Note that w E L

0

([0, a)); H(Q)) as opposed to L 210 ,([0, oc); 11 1 (Q)) because I-1 (1) (Q) is

a closed subspace of II 1 (Q) and con (t) E 11 01- ( -2) for every n and t.
It remains to be shown that w satisfies the weak form (3.8a). Towards this end,
we show that for every test function lp from a dense subset of Hj each of the terms
in the regularized weak form (3.14) converges to the corresponding term in (3.8a).
This shows that w satisfies the weak form for any such lp and, by density, for every
E HRS2).
This said, it suffices to assume a test function //) which is a finite linear combination
of eigenvectors of A. The convergence (i) in C([0, oc); w-L 2 (Q)) implies that
(Oc'in(t))
for every t > 0 as n

oc. Convergence (ii) in w-Ii

0c

([0, oo); w-H ol (Q)) yields

t2

t2

ft,

(3.31)

Oct)(t))

(VO • VCVn)

dt --+ f (VIP • Vw) dt
t,

(3.32)
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To show the convergence of the nonlinear term we use the estimate
t2

L

Ou r,
,

fti

— ((u • VO)w))dt

V0 )
72

2

(w n — w)))dt

((((u n — u) • VOn ) wn ) ((u • v(or, — 0)) w ri ) + ((u.

I.

t2UML2

j

1

V071

111, 1 1 111, 11
c°

W 77

2

2/111,2

Il

V (On

011L's

1 111,
W71

2

) dt

(3.33)

( (u • VO) (w,. — w)) dt

t:2

Thus, in order to pass to the limit it is sufficient to have strong convergence of
{u n } in Ll00 ([0, oo); L 2 (S-2, IR2 )) and weak convergence of {wn } in LLD, oc); L 2 (Q)),
properties that follow directly from (ii) and (iii).
Finally, the convergence of the energy relation (3.9) follows from the fact that

coni n —> w i n in L 2 and that the convergence (i) implies
11W(t)11L2 < liM inf 11 W72, ( t ) 111, 2
72. -+00

(3.34)

for every t > O. This completes the proof of Step 4.
The first four steps constitute the minimal construction necessary to obtain an
existence, but not necessarily a uniqueness result via an equicontinuity argument.
These steps do not depend on any particular spatial dimension. However, uniqueness can be shown in the two dimensional case. For passing to the limit v 0 in
Theorem 3.2 below, we also need some further regularity, the "moreover" part in the
statement of the theorem.
Step 5. Show that for initial values w E 11 (1) (52), the sequence { wn } is a relatively

compact set in

C

••o); w-H (1) (1l)) A w L 2 ([0, cc); w-H 2 ( -2)) .
-

100

(3.35)
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Proof of Step 5. We take the L 2 scalar product of the regularized equation (3.12a)
with

Aw

n

and integrate by parts to obtain

i d
-

2 dt

MVwflj L 2+ v IlAwn,q2 = ((u n, • Vwn) Awn)

(3.36)

The nonlinear term is split up with a Holder and a Young inequality. Moreover, in
two dimensions the L" norm is controlled by the H 2 norm. Invoking the continuity
properties of K we get

IK(un. vw.) A w„) <unIoo Ilvw.11 2 + I lAwn, 1 1 21,2
< 2z Ilw.11 2.= II v w.11 2L2 + IlAwtt11 212

(3.37)

hence

4c

d
—
dt

Il Wn11-1

1

IIVWnq2

(3.38)

After neglecting the second term on the left, this differential inequality can easily be
solved, resulting in the bound
(- I t ilw.(t i ) 111 dt)
II\ 7 wri(t)112 5- II\ 7 (-411,2 exp 4c
Y0

(3.39)

We recall that (A., •) L 2 defines a scalar product on H di (S2) with respect to which the
projectors Pn are clearly orthogonal. This means that IlVwnin 111,2 <IVw M L 2. It was
already shown in Step 2 that {co n } is a bounded set in L 21.,([0, oc); H 01- (Q)). Therefore
estimate (3.39) shows that {co n } is a bounded set in L([0, oc); H 01 (Q)). In turn, we
see that the right side of (3.38) is bounded, so that a second estimate can be obtained
by integrating inequality (3.38) in time:

vw.(0 11 —

11N7 wtiin q2 +

f IlAwn(t )112
1

4ct

de < — sup Ilcon(t I )11 111-11 •

(3.40)

ti E [04]

I.e., the sequence {co n } is a bounded set in L 210c ([0, oc); H 2 (S2)) and, hence, is relatively
compact in its weak-* topology, which on this reflexive space is the same as the weak
topology.
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Relative compactness in C ([0, oc); w-H 01 (Q)) is proved by an equicontinuity argument as in Step 2. The pointwise boundedness is now guaranteed by the bound (3.39)
while the weak equicontinuity is proved exactly as before, using the Il l scalar product
and a test function //) E II -1- (Q) in the density argument.

Step 6. Show that {co n } is a relatively compact set in L

0

1 (Q)) .
([0, co); 1-1 6

This statement is directly analogous to Step 3 and is proved the same way.

Step 7. Pass to the limit. That is, identify the solution w obtained in Step 4 with
the limit of a convergent subsequence of {w } in a set of stronger spaces, and use this
information to recover the energy relation (3.11) from a regularized LP estimate.
Proof of Step 7. Steps 5 and 6 assert that there exists a subsequence of fw,d- which
we will still denote by {co n } that converges to a function w, that is now contained in

E C([0, co); w-HRS2)) n Lloc ao, oc); H 2 (S2) n H(12)),(3.41)
in the following sense:

oo); w-H 01- (Q));

w in C

(i)
W 1,

(iii) (4

w in w-Li0c ([0, co); w- H 2 ());
w in L

0

([0, oc); H ci-, (Q)).

According to Step 4, w satisfies the weak form (3.8a). In order to prove that w also
satisfies the energy relation (3.11), we first derive a LP estimate for the regularized
system and then show that we can obtain (3.11) in the limit when n -+ oc.
Let p > 2 be an even integer, take the scalar product of the regularized form

(3.12a) with 4 -1- and integrate by parts to obtain
id
Lp
p
-cfillwni1 P

v(P — 1)((Vwn . V wn ) 4 -2 ) + ((u n, • Vwn ) Pn wfi -1 ) = 0.(3.42)
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The second term is always positive and, hence, can be neglected. Then integration
in time gives

Pf

P
< Pn,in I)'
11W 12 ( t )11 PLP—

•
«unV

.

w.)

(3.43)

13

oo. Firstly, the convergence

We claim that this relation converges to (3.11) as n

in Ca°, oo); w-H 1- ( -2)) implies convergence in Ca°, oo); w-LP(S2)) and therefore

II w(t)il Lp < linr,r±.>iri,flicon(t)11
ec

L

,

(3.44)

Secondly, Lu nn' converges to w i n in LP because
Pnin

11L1'

-

inWin11}11
C Pn

(3.45)

and the 13 , are also orthogonal in I-/(1- , so that the right side converges.
7

Lastly, we estimate by using a Holder inequality, Sobolev embedding theorems
and the continuity properties of K that

((u. • V w.) P.4 -1 )1 5- MunilLoo IlVw.11 1,2 11 13.11r(c) 114 -1 42
c

z(L2)

(3.46)

Thus, the term inside the absolute value signs can be viewed as a continuous multiw in
linear form on (H 1 )P+ 1 x L(L 2 ). Because of this the strong convergence w r,
LZ, coo);11 01- (Q)) combined with the pointwise convergence Pr, -4 I in L 2 (Q) imply

that

ft ((u
((U rn, • V w ri ) Pri 4 -1 ) dt' -4 f ((u • Vw) w"') de .

(3.47)

o

Integration by parts analogous to the steps leading up to equation (3.4) immediately
shows that the right side is zero. This concludes the proof of Step 7.
Step 8. Show

that w E C GO, 00); H 1 (2)).
(

E
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Proof of Step 8. Step 8 follows from the facts that the weak form (3.8a) implies
the existence of a distributional time derivative at co E L 210 ,([0, oc); L 2 (5-2)) and that
the embedding

{cp E L 210 ,([0, co); 11 2 (Q) n H 01- (52)): Ot cp E L 210 ,([0, co); L 2 ( 1 ))} c-4 C([0, co); H2))
(3.48)
is continuous. The latter statement easily follows from more general results as proved
in [105, Theorem 25.5]. For the former we need to recover the time derivative of co in
a weak sense. From the estimates

Jo t

fo t

t
e 12.,2de ,
1( V7,b • Vco(e))1 2 de < 11 1Pq2 f 11.Aco()11

L

(3.49)

rt

(((t') . V) w(t1))1 2 de 5_ 11011i2 I Ilu(ti)q411Vw(e)q, de ,

(3.50)

o

and noting that the time integrals on the respective right sides are finite, we conclude
that the mapping

( t 0 P ) 1—>. v(VO • Vco) — ((u(t) • VO)co(t))

(3.51)

defines a function in L 210c ([0, oc); L 2 (52)). Let 0 G L 2 (5-2). The weak form (3.8a)
includes in particular
(w(t)) ,

(ow-) - v

Take a test function

I (vo •
t

vw) de +

0

f

t

((u • VO) co) de .

(3.52)

0

0 E Co)° ([0, co)), multiply the previous line with c10/dt, integrate

from 0 to oc and then integrate by parts to obtain

10

dB
((u(t) • VO) (.40)
(w(t)) — dt = —v f (VO • Vco(t)) 0(t) dt +
dt
0
o

0(t) dt .
(3.53)

Integration by parts is legitimate here because from our earlier remark it follows that

1

the integrand on the right side of (3.52) is a L '0 ,([0, oc)) function. Relation (3.53) is
equivalent to saying that
d

cI

@Pw(t)) = —uKVi,b • Vco(t)) + K(u(t) • VO)co(t))

(3.54)

go
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in the sense of distributions on [0, oc), so that we can write

Ot o.) = —vAco — u • V c4.) E L 210 ,([0, oc); L 2 ()).(3.55)

111

This completes the proof of Step 8.

Step 9. Show that the solution co is unique.
Proof of Step 9. Assume that û and Co are two solutions to equation (3.8) and set

ii = Kû, ft = KCD and ço = cl) — c7). From (3.55) we infer that
1d
v (A( p , so) =
2 dt 1144t)112 +

—

(ea • Vû) so) + ((u • V) (P)

= — Wit

—

(3.56)

ft ) • w ) so) — ( (ft • v (P ) so) •
)

The second term on the right vanishes due to (3.4), so that one has the estimate
id

2 dt ibP(0112 + vIlq7 (t)1111

Ilist — ill1L411V (L'IlL2 Ik°11L4
1

1

1

< ci I it — ft 12 Mû — ft 11 ,2p I c2) II.i I so 11
3
< C2 i p 1 12,2 vs

2

I so I I ,2, i

1

k 1 11c I I I (p 1 121 •
-

1

Hi

(3.57)

,

The second inequality has been achieved by a Sobolev embedding and the third
inequality holds due to the continuity of K. Now, applying the Young inequality
such that vil(t)11H1 terms cancels from both sides one obtains
d
Ic ll (P( t )q 2C3(1))

4

11W( t )11, 2 II Û ( t )11131 1 '

(3.58)

This linear differential inequality can be integrated directly and yields
t

P( t )11

2

4

5- ifrP(0)112 exp (c 3 (v) fo 11 (t)(t')U 1 dt 1 ) .

(3.59)

Since (.2/ E L 210 ,([0, co); H 1 (Q)), the exponential factor is finite, and hence the difference
between the two solutions remains zero if it is so initially.

0
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Remark 3.5. Uniqueness still holds when w i n E L 2 (Q). It is easy to check that in
this case (3.55) weakens to at cv E L

0

([0, oo);H

-

1

(Q)), so that (•) in (3.56) has to be

interpreted as the duality product between H 01- and H -1 , and (3.57) has to be argued
by density. The rest of the proof can remain unchanged.

3.2 The Inviscid Limit
In this section we will show that it is possible to pass to the limit y

0 in Theo-

rem 3.1. We obtain the following theorem on the inviscid equations.
Theorem 3.2. Given w in E L 2 (Q), there exists a function

w E C([0, oc); w L 2 ()) n 1.,

0c

-

ao, co); L 2 (Q)) ,

(3.60)

not necessarily unique, that satisfies the weak form of system (1.4), given by
t2
(OW(t2))

(OCL(t1))

(

(

.1 • VO)

w) dt = 0 ,

(3.61a)

u = Kw ,

(3.61b)

w(0) = w in ,

(3.61c)

for every [t 1 , t] C [0, oc) and every test function E 10 2). It satisfies the "energy
-

relation"

(3 .62 )

Ilw(t)IlL2 5_ Ilw11 1,2

for every t E [0, co). Moreover, if w in E L'(Q) then the weak form has a unique
solution

E C([0, co); w*-L'(Q)) n

co) x s2)

(3.63)

that satisfies

Ilw(t)1 1 L- 5_ Ilw 11L111

for every t E [0, oo).

( 3.64 )
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Remark 3.6. As for Theorem 3.1, it is possible to prove a version of the above
theorem for w i n G LP(S2). However, uniqueness of the solution can only be asserted if
w in E L'(S2).
Remark 3.7. Given a topological vector space X with dual X', a sequence of functions q5,: [0, oc) X' converges to 0 in C([0, co); w*-X'), where w*-X' denotes X'
endowed with its weak-* topology, when for every '0 G X

( Of ) ,

,x

,

K O(t),

(3.65)

,x

uniformly on compact subsets of [0, oc).
Proof. The proof will closely mirror the first four steps of the previous proof, albeit
in weaker spaces. It proceeds in five distinct steps and focuses on the case of L'
initial data. The proof of the first statement of the theorem, which holds even for

co in E L 2 (Q), can be abstracted from Steps 1-4 below by recasting appropriate LP or
L' statements in L 2 .
Step 1. Use Theorem 3.1 to construct a family of approximate solutions
{coy } C C([0, oc); w 11 01 ((2)) n 1, 210c ([0, Do); H 2 (Q) n H 01 ( Q))
-

-

-

(3.66)

that satisfy the weak form of the viscous equations (3.5), given by
t2

t2

(O W V( t2 )) (OVV(ti))

(V7/1 • V(// v )

dt —

t,

u„ = Kw, ,

((u,, VO) w v ) dt = O, (3.67a)
(3.67b)

w 1,(0) = w,(3.67c)
for every [t1,t2] C [O, oc) and every test function

E H oi- (Q), as well as the "energy

relation"

Ilwv(t)11LP

for every t G [0, co) and 2 < p < oc.

PiunlILP

(3.68)
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The regularized initial data necessary for the application of Theorem

3.1 can for

example be achieved by extending w in as zero outside
Q2v = fx E

: dist(x, as2) >

,

(3.69)

and setting

(3.70)

cx,) (Q) ,
wivniv * (w in X( 1 2v)) G C
where j, is a Friedrichs mollifier The regularized function

LP(S2) and satisfies Ilw!,11 11 LP <
—

w i n converges to w in in
y

LP -

Step 2. Show that {w} is a relatively compact set in C([0, oc); w- L 2 ()) and, moreover, if w in E L"(Q), then { w v } is relatively compact in

C([0, oo); w*-L"(S2)).

Proof of Step 2. We prove only the second statement, which by the Arzela-Ascoli
theorem is equivalent to the following.

(i) {w(t)} is a relatively compact set in w*-L"(S2) for every t > 0;
(ii) { w v } is

equicontinuous in Ca°, oo); w*-L"(Q)), i.e. for every 2,b E L 1 (52) the

sequence

{()w,)} is equicontinuous in C([0, oc)).

Since w in E L"(S 2), (3.68) holds uniformly for all 2 < p < oc, and hence
-

Ilwv(t)IlLoo ^.11w :1 1112., This directly implies

(i).

(3.71)
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In order to show (ii), we begin by considering the case where b E C(T(Q). One
obtains

I (Ow, (t2)) — (1Pcou(ti))1

pt2

t2

f

(VO •

VCA-tv)

t1

1

<u

((u, VO) cov ) dt

dt —

1

1
t2
rt2
( .1 dt) (i
(f

dt)

1

t2

\

2

1
4

dt)

1

11Wv11.21,2 dt

11141141,4 dt )
(f2
Jfi.

+ 11 V 011L's

\

rt2

(3.72)

The sequence { w v } is bounded in 1.40D c ([0, oo); L 2 (5-2)) so that { u„} is bounded in

LL([0, oo);

O (ft R2 )). Hence for every v >0, T < oo and [t i , t2] C [0, 7 ] ,

l(*w,(t2)) — (Ow (t 0)1 c(, w in ) (1t2 — ti + It 2 t 1 ).

(3.73)

Because the right side of this equation is independent of?), the set {(0b.),)} is equicon-

tinuous in C ([ °, oo)).
We extend the class of test functions to L 1 (S2) with a density argument. Let

e > 0.

Choose 0, E CNS.2) such that

(3.74)

110 —411Li < 3

+ 1•

By the triangle inequality

1<oco, (t2 )) — (tkw, (4) ) 1 = 1 (( o

—

oe ) ( b) (t 2) — w ( t )) ) +

110 — EML1 (11w (t2)IIL— + II wii(t1)111,—) +
,

pu (t 2) — co,( t 1 ) )) 1

(w(t 2 ) — wu(ti)))1

(3.75)

From (3.74) and the uniform L" bound (3.71) we infer that the first term on the right
is smaller that Applying (3.73) and choosing lt 2 — 41 small enough, the second
term on the right can be made smaller than
than

E.

AE, so that the whole expression is less

This establishes (ii) and completes the proof of Step 2.
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Step 3. Show that -kJ is a relatively compact set in L

0

([0,00);H -1 (Q)).

Proof of Step 3. The statement follows from Step 2 and the continuity of the embedding

C GO, oo); w-L2(Q)) c

oo); H -1 (Q)) ,

+

(3.76)
0

which is proved as in Step 3 of the proof of Theorem 3.1.

Step 4. Show that there is a subsequence of { w v } converging to a function co which
satisfies the weak form (3.61) and the energy relation (3.64).

Proof of Step 4. Steps 2 and 3 assert that there exists a subsequence of {w 1,} which
we will still denote by {co y } that converges to a function

w E Ca°, co); w*-L'(Q)) n Le-([o, co) x Q)

(3.77)

in the following sense:
(i) cv,

w in C GO, oo); w*-L"(Q));

(ii) w„ —> w in w*-L"([0, co) x Q);
(iii) co y -4 ch; in L A O, co); II -1 (Q)).
It remains to be shown that o.) satisfies the weak form (3.61a). Towards this end, we
will show that for every test function V) from a dense subset of H 01- , each of the terms
in the regularized weak form (3.67a) converges to the corresponding term in (3.61a).
This will prove that w satisfies the weak form for any such

0 and, by density, for

every 0 E W (Q ).
This said, it is sufficient to assume a test function //) E qc (Q).. Since (i) implies
convergence in C GO, co); w-L 2 (Q)), we infer that

(Ow, (t ) )

('Oco (t ) ) 7

(3.78)
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for every t > 0 as v —> 0. The viscosity term can be bounded as
t2

(V/P. Vw„) dt u IMIH2 f Ilw I1L2 dt •
v ft,
ti
t2

,

(3.79)

The last two factors on the right are bounded independent of ii, so that the left side
must converge to zero as zi -4 0. To show the convergence of the nonlinear term we
use the estimate

1N
t2

u,.

VO) w) — ((u. V7,/)) b..))) dt

= f (((
t2

(up

— ti) ' VO Wv ) + K (ti ' VO P / — WO dt
i

ti
t2

Ilti

11 P 11 L e° II WV 111,2 dt +
t it,

<J

ii

— UlL2 VI

f

t2

((u. VO) (wv — b.))) dt

(3.80)

Thus, in order to pass to the limit it is sufficient to have strong convergence of

fu v l in L

0

([0, oc); L 2 (SZ, R2 )) and weak convergence of { w v } in L 210c ([0, oc); L 2 (S2)),

properties that follow directly from (ii) and (iii).
Finally, for p

< oc, the convergence of the energy relation (3.68) follows from the

fact that w„i n —> w in in LP and that the convergence (i) implies

11 w (t) 11 Li, < lim inf 11 w v (t) hp
v--A

(3.81)

for every t > 0. As Ilw(t)11 L ,
IlwinlILP uniformly for all p < oc, it also holds for
El
p = oo, thus c4.) E L"([0,00) x S2).
Step 5. Show that the solution co is unique.
Proof of Step 5. In order to prove uniqueness, we first need to recover the time
derivative of w in a weak sense. One has the estimate

L

1 ( ( u (e) • V) w (t' ))
t

2

t
de < 1101112i, of Ilu(e)g4 Ilw(e)g4 de ,

(3.82)

and w E L oe ([0, co) X S2), so that the integral on the right is finite We conclude that
the mapping (t, 0) 1-4 ((U(t) • VO) w(t)) defines a function in 1.40c ([0, oc); 1-1-1(Q)).
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Let therefore E 11 03- (Q). The weak form (3.61a) includes in particular

(w(t)) = (Oco i n)+ f K(u • VO)co)

.

(3.83)

Take a test function 0 E Co' ([0, oc)), multiply the previous line with dO/dt, integrate
from 0 to oc and then integrate by parts to obtain

f

3 œ)

(0co(t)) d et (t) dt
—

f

c° ((u(t)

•

VO) co(t)) 0(t) dt .

(3.84)

Integration by parts is legitimate here because from our earlier remark it follows that
the integrand on the right side of (3.83) is a LL([O, co)) function. Relation (3.84) is
equivalent to saying that
d
Tt (Ow(t)) = ((u(t) •

VO) w(t))

(3.85)

in the sense of distributions on [0, oc). Even more, we can write

Ot co = —b -1 V • (buco) E L 210 ,([0, co); H'()).(3.86)
We also recall that co E L

0

([0, oc); L 2 (Q)). It follows that the following identity

holds in the sense of distributions on R:
id
2 dt

Ilw(t)11-1 = ( 5tw,w)n - 1 •

(3.87)

This identity is obvious for functions co E q° (R; II -1 (Q)) and can be extended by
continuity to all w E L 210 ,([0, oo);11 -1 (S2)) with at co E 1, 210c ([0, co); H -1 (Q)) by a density argument. It then follows that co E C([0, oc); H -1 ( -2)), see Wloka [105, Theorem

25.5].
Now assume that c2) and c7.) are two solutions to equation (3.86) that correspond
to identical initial data and set it = Kû, u = Kcp and cp — D. Our goal is to
compute the time evolution of cp in the H -1 norm. If we can show that this norm
remains zero for all times, the two solutions must be identical. Note that this does
not mean that we allow general H -1 initial data for (/) or D.

u
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First observe that for any two functions

y

E L 2 (Q,R2 ) and E L 2 (S2) one has

K A -1( b -1—
v (by)) 0) = -(y • VA -1- 0).

(3.88)

This is easily verified for smooth functions and extends by continuity. Using (3.87)
and then (3.88),

1d
v (bû)) (p) + (A -1 (b -1 T7 • (burn)) go)
110)11-1 =
2 dt
= (c2; it • V A -1 go) — (z 'u • V A -1 go)
— ft) • V A -1 (p) .

= (go it • VA) + (c7.)

(3.89)

The second term on the right is estimated

1 0.7.;

-

• VA -1(P)1

11cD111,-

f4L2 M 11 -1

(3.90)

Cl

using the global L" bound on cp and the continuity of K. The first term on the right
of (3.89) is estimated by noting that for every u E D and 7/) E qj(Q)

(A(u

•

vo) = ( v(u • vo) • vo)
= (vo • ( vu) • vo) + ( u • ( vvo) • Vo).

(3.91)

The second term on the right varnishes due to relation (3.4). Then, by taking //)
A -1 (p, still assuming classical functions,

•

VA -1v) =- 1(0 A(u VO)) 1 =

^

11742 1,2q ,

(v.
where

• VO)
=1.

This estimate extends by continuity to all u E W 1 'P (S2,R2 ) with V • (bu)

(3.92)

= 0 on S2

and u • n = 0 on 0Q, and all ço E L 2 (Q). Then

0,0 it • V 4 -1- (p)1

Ilfth w i,p11A -1 S0 0Ap.,2, < pc211A - 112 (P42 2q

P c3N11 2H-2/P (3.93)
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The last inequality in (3.93) is valid because cp E L' ([0, oc) x Q) implies that A -1 / 2 cp E
L"([0, co) X S2). Altogether one obtains

d
-.EN(t)11-1.-, < pc4 lko(t)112H---21/P* (3.94)
Since 1149 0)11 2H -1 = 0, we have in particular that P(0)112H-1 < 2 -P for every p. This
allows us to integrate this differential inequality away from the singularity when

P(t)il 2H -1 = 0 and we obtain the bound
(t) H1

(1+ c4o P.

(3.95)

Taking the limit p -4 oc shows that cp(t) = 0 on the interval [0, t o ] whenever +

c4 t o < 1. Tiling the half line [0, oc) with intervals of length t o and repeating the
argument then shows that ço(t) = 0 for every t > O. This completes the proof of
Theorem 3.2.

El

Remark 3.8. The above proof of uniqueness shows how one can work around an
inconsistency in the original proof given by Bardos [8]. Another method for doing so
has been pointed out by Kato [54].

Remark 3.9. The abstract result, Theorem 3.2, can actually be proved under the
weaker assumption OS-2 E C 2 by regularizing not only the initial data, but also the
boundary before applying Theorem 3.1. Similarly, the continuity requirements on

K can be weakened in the inviscid limit to continuity of K: L 2 (1) —›. V only. This
would reduce the continuity requirements on b and 8S2 in Lemma 2.2 by one order,
but burden the proof of Theorem 3.2 with cumbersome technicalities.

3.3 Continuous Dependence on the Data
Now we estimate how the solutions depend on bottom topography and initial data.
The strategy is very similar to that of the uniqueness argument in the previous section.
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Again we consider two solutions cis) and Co to the lake equations, but with bottom
functions

b and -6 respectively. Their difference cp = û -C.) is then estimated as before,

with some additional terms arising due to the difference in the bottom topographies.

b will also carry the hat. For
example, we will denote by fin the Hn spaces with weight b. Analogously, quantities
All quantities associated with bottom topography

associated with

6 will carry the bar.

-

An estimate on the time evolution of the F-I -1 norm can be obtained in a way similar
to the derivation of (3.89). Note that (3.88) holds whether or not V • (by) = O. A
direct calculation using (3.88) gives

1d
2 dt I1S°(t)g-i =

-- (A -1

(

-1

V (bitC)))(P) + (A -1 0 -1 V • (bfiLD))S0 )

= ((oft • V(b6 -1 A -1 c,o)) - (Co • VA -1 (p)
• VA -1- c,o)(6 -) dx

= (c'Oît • V(b(6 -1 - b -1 ) A -1 cp)5

( c.'o eft - it) • VA -1 c,o) ((pii • ;A -l y,)
-=-

(3.96)

11+-[2+/-3+/4•

We now derive bounds on the integrals /1 -/-4 . The first two can be estimated directly
by Holder inequalities. We employ the same strategy as in the derivation of (3.93),
so that for

1

P

+1 = 1 one has

- b -1 1 W

V
<cp

W 2g

1,2 g

1

14-1(PlIW 1,2 g

h°11 H - 1

(3.97)

1 - 1 /P

and similarly,

1 121P

-

Ma 1

(3.98)

- tL2 11A-1S°11Fil

(3.99)

-

In order to bound 1 3 we first estimate

1 I133 1
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L 2 difference of ii and ft requires a more subtle analysis than in the corresponding estimate of the uniqueness argument, equation (3.90). Recall that P denotes
Here the

the L 2 -orthogonal projector onto a so that we can write

it — ft = (1 — Kk -1 )it +K(c2,— (7))
= K(K -1 P— k -i hil + QU + Kw .

(3.100)

This form is particularly useful because Lemma 2.1 gives an explicit expression for

IC -1 P which, even in the case of the great lake equations does not loose more that
one derivative. Observe that Ei- = QL 2 (1,R 2 ) is contained in the null space of the
curl operator, so that

K -1 Pu =-- b -1 V A .CPu = b

-

1V

A PrPu = b

-

1V

A (u + -(52 Vb(Vb • Pu)) ,

(3.101)
for every u E L 2 (Q, R 2 ). Using this identity with bottom functions

b and b respec-

tively, it is easy to rewrite

(K -1 P

—

k — I-P)it

(52 ,,
,,
_
= b -1 V A (14 + — Vb(Vb • P11)) — 6 - 1 V A (it + — Vb(Vb • it))
3
3

-= (b -1 — b -1 )V A û
±

-'52

3

[ b -117 A (Vb(Vb • (P —1.)it)) +1) -1 V A (Vb(V(b — b) . t-1))
+ b -1 V A (V(b — )(V. €1)) + (b -1 — 6- -1 )v A (Vb(Vb • û))].

(3.102)
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Hence,

Ilk(k -1 P — k-lhal1L2
< ( 6 -1 — 6' -1 )V A ist IlL 2
-

C

[IIVRVI) • ( P — 1 )14 )110 +

b(v (b — 6) • ft)11 0

+ Ilv — -6)(v it)110 + 110' — b.-1 )V A (Vb(V 6 • û)) 1L2]
-

c

— bil L 2q

+ 116 —

+ C52 [11 (2 fi llL 2 + 11 6bIlw 1,2 q

< c p 116 —

cS 1 041, 2 •

(3.103)

In this estimate we have extensively used the fact that

b G C2 (fl). An estimate on Qû

is obtained as follows. The projection is computed by solving the Neumann problem

b -I- V • (bit) = —AO in 52,

(3.104a)

n• `77 b =n.ft on 0S2 ,

(3.104b)

7

and setting Qû

_VV). Then, invoking elliptic regularity, one estimates

Q u H L2 <M

V. (C6 —

11Fli

1 1-1 -

bIl L 2, 011 L 2p

P

bllog -

(3.105)

Altogether, we obtain the following bound:

1-1-31 5- c

ibP1111-1

< c ark (k - '15 — k -115 )itIlf,2
p

—

g 11 (P1111- 1

C

1101illf,2 + 11K gollt 2 )MFT -1
(3.106)

lI cio qi --1 -

Finally, 14 is estimated by proceeding as in (3.92), namely

1 1-4 = ( (i9 ft • VA -1 (p) = ((V A

01 11
< c p IA

—

' )) • (Vu) • (V A 1 49 ))
-

2 i,2q
11A-1 W11 w
l2

2,13 11 4 11-112/ P

(3.107)
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One can combine all these estimates for example, by using the L' bound on cp again,
into the differential inequality
d

dt lkgt)11--1 ^ cP (1lb — 4NA/1 , 2g + NIIR-3-)M

flt1 /P •

(3.108)

Comparing this differential inequality with the corresponding inequality (3.94) in
the proof of uniqueness, we see that the inequalities have the same structure, albeit
here we have an extra driving term depending on the difference of the the bottom
topographies. For cp smaller in magnitude than the L" bound on w guaranteed by the
existence result, Theorem 3.2—which is the range of ço for which the new estimate
might be of any interest—the two solutions cî.) and cp drift apart marginally worse
than exponentially in H -1 . The fact that this behavior is intrinsic in both (3.94) and

(3.108) suggests that it is the optimum obtainable by Sobolev estimation techniques.
Lastly we remark that H -1 estimates on differences of the potential vorticities imply
L 2 bounds on the velocity fields.
The foremost consequence of (3.108) is the continuous dependence of the solution
at a fixed time T on the bottom topography and the initial data. This can be seen
as follows: Given (3.108) with initial condition IIS°(0)1111-1, the solution of

dF
cp F 1-11 P ,
dt —

(3.109a)

F(0) = (I lb — blI w i,2q +N( 0 )1111-1) P-1 N( 0 )11 ;111 1 ,

(3.109b)

—

provides an upper bound on N(t)I1H-_1 for all times t > 0. This equation is easily
solved, namely

F(t) = (F 1 /P(0) + ct) .

(3.110)

Now let e > 0. Then there exists a p such that for every F(0) < 8 -. 3 - P and t <

1/(3c) one has F(t) < E. Together with (3.109b), this proves continuous dependence
of w in H -1 (Q) on b in W12() and w in in H -1 (52) on the interval [0,1/(3c)]. For
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arbitrary times T one can tile the time axis with intervals of length 1/(3c) and iterate
the argument. Thus we have the following.

Theorem 3.3. For every fixed time T and every g > 1, the mapping (b, w) w(T)
is continuous on W 1 ' 2 q(S2) x H -1 (Q) -- H-1(Q).
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Chapter 4

CLASSICAL SOLUTIONS

The solutions found in the last chapter are too weak to be used for establishing rigorous estimates on their closeness to the three dimensional Euler equations. Therefore,
the goal of this chapter is to show the existence of global classical solutions. More precisely, we will show that a solution with initial datum in the space Hm for sufficiently
large m will remain in Hm for all times.
Similar results for the Euler equations have been proved by Wolibner [106], Holder
[47], Leray [59] and Schaeffer [88], and more recently by Kato [52] and Ebin and
Marsden [32]. All these results are obtained in Holder spaces or spaces Cc for

k > 2,

use the Lagrangian flow formulation and are based on arguments similar to the Picard
theory for ordinary differential equations, with the added complication that the Euler
nonlinearity is not Lipschitz, but satisfies a so-called quasi-Lipschitz condition. For
a good exposition, see the book by Marchioro and Pulvirenti [70]. Swann [99] and
Kato [53] developed an Hm theory for local classical solutions of the Euler equations
in R3 , and Temam [100] obtained the corresponding result for bounded domains in
three spatial dimensions. Our proof uses Temam's techniques applied to the twodimensional situation, which leads to a very short and elegant proof which in all
likelihood is not new, but does not seem to be in the literature, either. See also
reference [79].
Lastly, we remark that it is not possible to construct classical solutions via a
viscous regularization as we have used in the previous chapter. The reason is that
the viscous equations have the additional boundary condition co = 0 on OR which
persists in spaces of classical functions as y tends to zero. In contrast, functions in
LP have no traces, so that when we take an LP limit as in the proof of Theorem 3.2,
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we correctly lose the zero boundary condition on c.,.) as the viscosity tends to zero.

4.1 Local Classical Solutions
We begin the construction of classical solutions with a local existence theorem. Note
that the regularity requirements on b and S2 are now higher than in Chapter 3 where
the constructed solutions were of low regularity. As before, the results are stated for
the case of a simply connected domain, but easily generalize to multiply connected
domains by the argument described in Section 2.4.
Theorem 4.1. Assume that b E Cm+ 2 (T2) and 8 Q G cm-F2 with m > 2. Then for
every p> 0 there exists a time T(p) > 0 such that for every initial datum w i n G H m (S2)
with w M Hm < p there exists a unique local classical solution to the abstract vorticity
equation (1.4) which satisfies

w E C([0,T);H m g)

n ckao, T); Hm -k (52))

(4.1)

for every integer k m — 2.
Proof. Uniqueness comes free, as local classical solutions are unique—even in the
larger class of global weak solutions—by Theorem 3.2.
To prove existence, we construct a solution as the limit of a Galerkin approximating sequence, which is a variation of the construction used in the proof of Theorem 3.1.
The initial set-up follows Temam [100], while some of the technical details are adopted
from Kato [53]. The proof follows five distinct steps.
Step 1. Construct a family of approximate solutions {w}.
One can avoid technical difficulties by constructing the Galerkin approximating
sequence with respect to a special basis. By the Lax-Milgram theorem, the mapping

1-1"2 01)
(4.2)
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is invertible. Moreover, the first embedding in

1_2( 1 )

Hm(cl)

Hm(52) 1

is dense and compact, so that the inverse of (4.2) is in fact a compact, positive and
self-adjoint operator on L 2 (S2). As such, it possesses a complete orthonormal family
of eigenvectors { o k } c Hin(Q) which satisfy

=

(cpk,

Ak (Cpk

for every E Hm() (4.3)
.

Let Pn denote the L 2 -orthogonal projector onto the span of the first n eigenvectors

{vi,

• • •

,y2,21.

We consider the vorticity equation (1.4) restricted to PO-Im(l),
atwn

(4.4a)

Pri(un • V con ) -= O,
un

— Kwn 7

(4.4b)

w7, (0) = wrzinPnCL)in

(4.4c)

The Picard-Lindeldf existence theorem for ordinary differential equations guarantees
the existence of a solution co„ for some interval of time. As a consequence of the a

priori estimates in Step 2 below, this time interval can be chosen independent of n.
Step 2. Show that {co n } is a relatively compact set in C([0,T);w-Hm(S2)) for some
T > O.

Proof of Step 2. We first show that {con } is a bounded set in L'([0, T); Hm()),
and characterize the minimum time T up to which we have such control.
To obtain an a priori estimate in }I', take the Ilm inner product of (4.4a) with
co n . Because of the special choice of our basis (4.3), Pn is Hm-orthogonal, and one can
directly apply Lemma 4.3 (which is proved at the end of this chapter) to estimate the
nonlinear term:
d
—
dt

2
h waH m = — 2(u 7, ' VW917Wn)m,

C P n lI 3H ,

•

(4.5)
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Upon integrating this differential inequality and noting that Iwone
sees that there exists a continuous function OW such that 0(0) =

11H- < 0(0

Fr, and

1

for every t < T =

(4.6)

independent of n.
To show that { wn } is a relatively compact set in C([0, T); w-Hm(52)), we once more
appeal to the Arzela-Ascoli theorem. We must verify that

(i) { wn (t)} is a relatively compact set in w-Hm(Q) for every t E [0,T);
(ii) {co n } is equicontinuous in C([0, T);w-Hm(S2)), i.e. for every b E Hm(12) the
sequence { ('çP, con).} is equicontinuous in C([0 T)).
Condition (i) is equivalent to {w(t)} being bounded in Hm(Q) for every t E [0, T),
and hence is a consequence of (4.6).
In order to show (ii), we begin by considering the case where E C"(Q). One
obtains, again with the aid of Lemma 4.3,

t2

OP, con (t2)). — K O, con (ti)).

(Pn Itn

J

• 77W n ) m

dt

t2

t1

11 POPIIH m + 1

Hnm

dt.(4.7)

The projectors Pn are uniformly bounded in fr +1 , and we have already shown that
{ wn} is bounded in L"([0, T);Hm(S2)). Thus the right side of (4.7) has an upper
bound which is proportional to lt 2 — t 1 1 independent of n. Thus, we have proved that
the set {(0, co n ) m } is equicontinuous in C ([0, T)).
Finally, the class of test functions can be extended to 7,b E FINS 2) by a density
-

argument as in the proof of Theorem 3.1 on page 49.
Step 3. Pass to the limit.

111
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Step 2 asserts that there exists a subsequence of {con } that converges to a function

w G C([0,T); w-HNS2)) .
By following the argument of Step 4 in the proof of weak solutions to the vorticity
equations on page 62, one finds that w satisfies the weak form of the equations (3.61).
Therefore, once we show that w is indeed a sufficiently smooth classical solution,
namely

w E C([0,T);H m (S2)) n

T); WI -1 (Q)) ,

we know that it must satisfy the vorticity equations (1.4) in a classical sense.

Step 4. Show that co E C([0, T); Hm(S2)).
Proof of Step 4. From (4.6) we have that

Ilw.(t)11wm is bounded by 9(t), so that

the limiting function must also satisfy Ilw(t)11H- < 0(0. This implies

lim supllw(t)Il wn 5_ 9 ( 0 )

-

e\ o

(4. 8)

i

On the other hand, the weak continuity into Hm implies

(4.9)

liminf Mw(t)11Hand thus

t\ O

Ilw ( t )11 H- = Ilw m

il
•

(4.10)

In a Hilbert space, continuity of the norm and weak continuity imply strong continuity,
i.e. co is strongly continuous at

t = 0.

By considering the initial value problem with w in

w(t o ), the above argument

readily shows that w is continuous from the right at any t o E [0, T). But since all our
estimates are invariant under time reversal, it must also be continuous from the left.
This completes the proof of Step 4.

111
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Step 5. Show that w E C k ([0, T); irn-k (Q)) for k < m — 2.
Proof of Step 5. First consider the case k = 1. By assumption 11 m -1 is a Banach
algebra, so that

ju •VwII
IIHm

lIcollam <C2IH2

cl

W Ilii"'

•

(4.11)

This shows that w u • Vco is continuous as a map from Hm into 11 m -1 . Since

at w = —u • Vw ,

(4.12)

and w E C GO, T); H m (52)), one also has ai w E C GO, T); Hm -1 (Q)).
The cases when k> 1 can be obtained by successive time differentiation of (4.12)
and repetition of the argument, so long as Hm -k is an algebra.

4.2 Global Classical Solutions
The result of the last section gives us enough local control on the solution to carry
out a more subtle estimate on the nonlinear term which establishes that classical
solutions actually persist globally in time.

Theorem 4.2. Assume that b E C m+2 (Q) and

as2 G C m+2 with m > 2. Then for

w in E H m (), there exists a unique global classical solution to the abstract vorticity
equation (1.4) which satisfies

E C([0, oo); Hm()) n C k ao, 00); Hm-k())(4.13)
for every integer k <m — 2.
Remark 4.1. The bounds on the Hm norm grow faster than any exponential function
as t

oo.
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Proof. The key idea is to derive an estimate on the Hm norm whose blow-up time
depends only on the L" norm of the initial vorticity. We already know from Theorem 3.2 that the L" norm of w is globally bounded by its initial value, which therefore
implies the existence of a bound on the Ilm norm which is global.
In contrast to (4.5), we now use estimate (4.17b) of Lemma 4.3 to control the
growth of the Hm norm of w:
d
Wm

=

—2 (u

Vw,w)m

c1/3 114 1711wil itP
e2 )
(m +1

1 +11winIlL4P112Htli

where = 2/(2 + (m — 1)p) and therefore

(4.14)

p < 2/((m 1)4 Integration of this

differential inequality gives

1

Ilwin11„71`, — C3 ( 1 + Ilw in Il L co)t
For a given

(4.15)

, we can always choose pc small enough so that this bound does

not become singular on the interval [0, t o ] for some fixed

to G
Since Ilw(t)11L,, <

for all t

1
C3 (1 +

(4.16)

> 0, we can then tile the time axis with intervals

of length t o and repeat the argument on each of these intervals. This proves that the
classical solution is in fact global.
Remark 4.2. The separate proof of existence of local classical solutions is necessary
to make the formal manipulations in estimate (4.14) rigorous. Conversely, the trick
used here cannot be directly applied to the corresponding estimate (4.5) in the proof
of Theorem 4.1, because we do not have uniform bounds on the L" norm of the

Galerkin approximating sequence.
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Correspondingly, we had to go through a viscous regularization when constructing
weak solutions to the abstract vorticity equations in Chapter 3, again because L'
bounds are difficult to establish for inviscid Galerkin truncated flows.

4.3 Estimates on the Nonlinear Term
In this section we prove a set of closely related estimates on the nonlinearity u • Vw
which are the key to the results of this chapter.
Lemma 4.3. For m > 2, w G H m (12), E H m4-1 (Q) and u Kw, the following

estimates hold:
(u vw

,o

rn

11

< c1P11w11 ,1 ; 11w11.1+: 1 1011H- -ki

(u v w, corn < cp 11w 1 , ,' 11w11 Ht'L ,

(4.17b)

2

1-

(4.17a)

where p, = 2/(2 + (m — 1)p) and the constants can be chosen independent of p.
Moreover,

(u. vw,0).
(u

11 w 11 2H- 1 1011H-A-i

< Pg..

(4.18a)
(4.18b)

H, estimates (4.18) are a

Proof. Due to the continuity of the embedding LP
direct consequence of (4.17).

We first prove (4.17) for functions w, G C 00 (r2), and extend the estimate with a
density argument. A direct calculation shows that
(u.

E

(0-(u • vw)).9a0)

E
10 15. 7n
,

(K(u .vaaw)aalp) E

o

ca, ((aPu.

vaa-ow)aao),

0<,3<a
(4.19)
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where a = (a i , a 2 ) is a multi-index and
2

2
(4.20)

Ea./

j=1

and 0 <j3 if and only if 0 < f3, for i = 1, 2. The first term in the outermost parenthesis
on the right side of (4.19) can be rewritten through integration by parts (3.4) as

• V 5 a 0) D a W) .

((tt • Va a W) 9 a 0) =

(4.21)

Hence, it vanishes if w = 7/). Furthermore, in the general case
Va a W) aa'{b) ^

((ti

110111-r+1
C2 11 11 111,1 ;

IMIHm+1
(4.22)

c3P 1-11 Ilwil Li T:1 114 Hi tti ikkIlivn+i •

Note that this estimate is not sharp; however, it is sufficiently sharp to gain control
of the same order as is possible with the remaining terms in (4.19).

Each of the terms in (4.19) is broken up with a Cauchy-Schwarz inequality and
can be estimated in terms of a single common expression as follows:
1

115(311 • v8a °wIl L 2 < 11.9Pull L g

1

where -q ± —
q*

-

1

11u1 1, 101, 11(.4)11
1- ,Ipt)(1-11)
A+ (11 A)
11WILAP(1-1L) 11W11}11-mA(1-P)
C3 Ilull(w 1,
11 11 11H n= +
-

< C4 p (1-A)(1-11) 11 W 111,1 ; 11 IHI1H1+nfi •

(4.23)

The Gagliardo-Nirenberg inequalities used in the third step of (4.23) are best written
in terms of two parameters A,

A=

/I

PI

E [0, 1] which are defined by
—

rn

2
= 2 + (m - 1)p

(4.24)
•

Moreover, we make the special choice of q = 2/A. In this notation it is straightforward
to check that the exponents of the Gagliardo-Nirenberg inequalities are indeed admissible. Finally, note that the last inequality in (4.23) uses the continuity properties
of K as stated in (2.50).
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The prefactor on the right side of (4.23) grows with a power of p which is less or
equal to 1. Thus for every 3 > 0,

( (0ou Vaa °w)OalP) Q23 114 1171
-

4t moll,

•

(4.25)

Once we insert this expression back into (4.19), the proof is complete.
Remark 4.3. This lemma improves on the estimates used in [53, 100] through the
application of "sharp" Gagliardo-Nirenberg inequalities to each term of a Leibniz
expansion of a nonlinearity. We have used similar ideas in [14, 61] to improve on earlier
estimates [13] for the nonlinear term in the complex Ginzburg-Landau equation.
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Chapter 5

ANALYTICITY OF SOLUTIONS

Let us now discuss Gevrey class regularity which is a stronger notion than the C"
regularity encountered in the previous chapter. It not only asserts that all derivatives
of the solution w are bounded, but also that these bounds depend on the order of
the derivatives in some prescribed way. Gevrey [39] used this notion as a setting in
which to extend Cauchy-Kowalevski existence arguments to classes of functions that
are not necessarily analytic (for a review of the analytic case see e.g. [49]). In fact,
they are special cases of the quasianalytic classes which had been introduced earlier
by Hadamard [43]. La Vallée Poussin [58] showed that, among the quasianalytic functions, the Gevrey classes are characterized by an exponential decay of their Fourier
coefficients (see also [55]). In turn, this characterization has recently proved useful
for showing that the solutions of various nonlinear partial differential equations are
analytic. Foias and Temam [36] developed this technique in the context of the twodimensional incompressible Navier-Stokes equations, thereby simplifying earlier work
of Kahane [50] that had been more in the style of Gevrey. Doelman and Titi [29]
subsequently applied the technique to the cubic complex Ginzburg-Landau equation,
and Ferrari and Titi [34] extended the results to a large class of analytic nonlinear
parabolic equations. In particular, the authors of the last reference have exploited the
fact that certain subclasses of a Gevrey class are normed algebras, which makes the
estimation of polynomial nonlinearities a triviality. This strategy has been used, for
example, to give a very compact proof of analyticity for the complex Ginzburg-Landau
equation with a nonlinearity of arbitrary odd degree [61].
In the first section of this chapter, we will define Gevrey classes and prove the
characterization theorem announced above. These methods will then be applied to
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our shallow water equation in Section 5.2, while the last section of this chapter gives
details of the necessary technical estimates.
A drawback of the Gevrey class approach to analyticity presented here is that it
makes crucial use of the explicit representation of the solution b.) in terms of its Fourier
coefficients. As a consequence, we cannot treat the lake or great lake equations with
prescribed lateral boundary conditions, and have to resort to a setting either on the
whole space R2 or on the two-dimensional torus 1 2 . Here, we restrict ourselves to
the latter; the strategy however applies to the R2 case with only minor changes. The
absence of lateral boundaries is not a big loss in terms of the underlying physics,
because the assumption of vertical lateral boundaries in Chapter 2 is already a poor
model for real lakes (cf. comments in Section 2.5).
Lastly, we remark that our calculation readily yields a proof of analyticity for
solutions of the Euler equations in any spatial dimension, for as long as a classical
solution exists [81]. Such a proof can be written in the velocity form of the equations;
the adaptation requires only minor notational changes. Results of this type have first
been derived by Bardos, Benachour and Zerner (see references [9, 10, 11, 20]) who use
estimates on the Greens function of the Poisson kernel in compexified space to describe
the region of analyticity. For results on the local propagation of analyticity see the
works by Baouendi and Goulaouic [6], Alinhac and Metivier [4, 5] and references
therein.

5.1 Characterization of Gevrey Classes in the Fourier Representation
A function w E C" is said to be of Gevrey class s for some s > 0 if there exist
constants p> 0 and M < oc such that for every x E 1 d and every a E Nd one has

ce l
la ckw ( x )1

M

I) •

(5. 1)
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Here we employ the usual multi-index notation in which
d

d

d

ilajai.

1 1 ai ! ,

a!

ai

-

(5.2)

The set of all functions of Gevrey class s is a vector space, denoted G 8 (Td). It is
closed under multiplication and differentiation. Moreover, the composition of two
functions of Gevrey class s is again of class s.
It is classical that G l (T d) is the space of real analytic functions Cw(T d); a proof
can be found, for example, in John [49, page 65]. For 0 < s 1 the class Gs(T d)
is a subclass of the analytic functions, while for 1 < s < oc it contains the analytic
functions. In fact, one has a hierarchy of spaces such that 0 < s i < s 2 < oo implies
the proper containments

(5.3)

Gs' (T d) c G 82 (T d) c C°°(T d) .

Moreover, the union of the Gs(T d) does not exhaust C"(T d) because there are quasianalytic functions that are not members of a Gevrey class [58].
In what follows it will be more convenient to characterize Gevrey classes in terms
of the fractional Sobolev spaces Hr(T d) with r > 0, rather than uniform bounds such
as (5.1).
To do so, we will use ;Cf0 to denote the Fourier coefficients of a function w E
L 2 (T (/), so that

w(x),

E

ff)k e ik. °
-

Wk =

I

W(X)

dx

(5.4)

Td

kE271- Zd

The Hr norm of a function w can be defined as

E

(1+ k2)r Ple

(5.5)

kE21- Zd

where kk. The space 11r(V) is then the set of all L 2 (T d) functions for which the
norm (5.5) is finite
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Lemma 5.1. Given s > 0 and r > O. Then w E G8(Td) if and only if there are

constants p, M E (0, oc) that may depend on r, s and w such that for every n E N
one has
1

+ k2y k2rt 10

E

11 Vnw hir- =

;0

711 s
12) < m —72)

(5.6)

leE27rZd

The proof is achieved by a direct application of the Sobolev embedding theorem,
see Adams [2].
This lemma enables us to characterize functions in G' in terms of the decay of
their Fourier coefficients. A result of the type was first due to La Vallée Poussin

[58, 69], although this attribution has been obscured in the recent literature. The
construction here uses the operator A = \/—A that, like —A itself, is nonnegative
and self-adjoint so that arbitrary powers can be defined by spectral theory. For each

s E (0, oc) we define a family, parameterized by
p ( erAil'

H r ( Td))

{w

T,

of normed spaces

E 11r(1d)

< °°

} '

(5.7)

The functions in any such space have Fourier coefficients that decay faster than

exp(-1- 0/ 8 ). The next theorem recovers the Gevrey class Gs(T d) as the union of
all such classes.
Theorem 5.2. For any s > 0 and r > 0,

D(er Alis : W(T)) (5.8)

Gs(Td) =

.

T>o
Remark 5.1. The use of the more general W rather than simply L 2 as the base
space does not complicate the structure of the proof, but it is advantageous for the
arguments that will follow.
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Proof. Let w E D(er gis : fir(T d)) for some 7 > 0 and let p=r1s. Then

n.

Ilv w11 2„ ,

2s

17 )

n

<

1 2.9
Pn

n k n i s ) 28
k2)? (P n!Pk12
!1_
(

E(1 + k2y e 2sPki/s It-41 2

(5. 9)

! )25

n.
(—
pn

w" •

le

w 11H, we obtain (5.6), whereby w E G s (T d).
On the other hand, let w E G s (T d). For an arbitrary r> 0 one has
2
k2)7 e2-rk1/8
'/
le
1 11)1e1 2
E(1+

By setting M =

(5.10)
co
(2 )- E
_E
(1+ k2r
,

17D k12.
--

k

m=0

Now let p and M be such that (5.6) is satisfied. By interpolating (5.6) between n = 0
and any integer n such that m/s < 2n, the inner sum appearing in (5.10) can be
bounded as
n!
+ k2y kT1,4 2 < A4-2(

)

n

(5.11)

Pm

This bound is best if we choose n = n n, [m/(2s)]+1, where [ •] denotes the "greatest
integer less than" function. Upon making this choice and applying the result in (5.10),
one arrives at the bound
oo

<

E

nt,

(2'0m 2 (77,2!)nm

m=o m!

= M2

Pm

E (2,)-(n,72!),
m=o

P

m! •

(5.12)

By making use of the Stirling formula [1] in the form
e

1

n (n!).
Jim —

1,(5.13)

the limit of the M th root of the M th term in the last series of (5.12) can be evaluated
as

1
n,,
27- 1
2/- (n rn !)n.,2T ,
— — um — = — — = — .
J im
p m—).co m
im- oo p
( ni! ) 17np 2s
sp

(5.14)
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Hence, by the Hadamard root test, the series in (5.12) converges for every T < PS,
El
whence w E D(er Alis : Hr(T d)).
Remark 5.2. The above proof gives a sharp relationship between the T of (5.7) and
the p of (5.6). Had we been less careful in our choice of the rt m used in (5.12) then

this relationship would have been missed.
Remark 5.3. The theorem also holds over R d . The proof can proceed in the same
way with Fourier integrals in place of Fourier sums
One reason Gevrey classes are useful in the context of nonlinear partial differen-

tial equations is that each G' is closed under multiplication. It would be particularly useful if this property extended to each of the approximating (normed!) spaces
D (eTA8 : H r (T d)). The

following theorem states that under certain conditions this is

indeed the case.
Theorem 5.3. If s > 1, T > 0, and r > dI2 then D(eT Alls : lir(T d)) is a Banach
algebra. This means that it is closed under multiplication and that there exists a finite

constant C(r, d) such that any two functions y and w in D(er Alls : lir(T d)) satisfy the
inequality

IlerAils ( vw )11 fir < C (r, d) IlerAlisyll fir 1 e TAlls w IHr •

(5.15)

Proof. The proof is a direct extension of the usual proof that Hr(T d) is a Banach

algebra when r> dI2 [2]. (The statement for the Sobolev case can indeed be recovered
from the above by setting T = O.) A proof of this theorem for the case when s = 1 is
given in [34], which we generalize for any s > 1.
By the definition of the HT norm,
2

2
Ileriv's (vw) 1

r=

E
E 'vi 'CI'i k
n j+k=n
--

(1 + n 2

)

T

e 2rnli

5

(5.16)
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+ k l /s, and note that

Now use the concavity of nh/s for s > 1 to estimate n 1 / 8 <
for 2r> 1,
+ (1 + k 2 ) T )

(1 + n 2 )r < 22T_1

(5.17)

so that with the Young inequality,
i2y/2 e,,-(ji/s+kifs)) 2

l
1HE ,
1(1
+ E E ruk
eTA's(vw)

2

,

n j+k=n

k2)712

e r(j i /s-l-k l / s )) 2

(5.18)

C

n j+k=n

The sums can be estimated by using the convolution inequality for sequences a = {a}
and b = {b k l,
(5.19)

Ma*bg Mae

which can be proved, without loss of generality assuming ai and b k positive, through
2

E( E cti bk) =E(E a b _i) (E ak bn-k)
i n

n

n j+k=n

=E

j

(11
j

ak

bn-i bn-k
n

k

2

< (E ai )

Eb2n

(5.20)

n

where the last step is achieved by applying the Cauchy-Schwarz inequality to the
innermost sum. A judicious application of this estimate to (5.18) gives
2
eT (V W4211' <(

C

eTkils

(EnI

) li erAl/s V

1

Hr
2

TAils
e
w 12

(5.21)
"

The final step is to estimate, again by using the Cauchy-Schwarz inequality, the two
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terms of the form

Ek Pk I e

rklis

=

E

Wk

1 (1 + k2y/2 e rk l is

(1 ± k2r/2

k

^ Il erAllsW

+
IH' (E(1
k

1
2
k2)—r ) •

The last sum converges whenever r > d/2.

(5.22)
0

The spaces D(e'r Al/s : 1-1r(T d)) are well-suited for application to parabolic partial
differential equations: T can be identified with time so that D(er Alis : fir(T d)) evolves
from being identical to

HT

at T = 0 to being a subset of Gevrey class s in an arbitrarily

short time. So if one can show that for some T > 0 the solutions to the equation
with H' initial data are in D(e tAlis :

11 r ( r1r1) for every t E (0, T] then one has proved

Gevrey regularity of class s over that interval.
Moreover, as we will show in the next section, by choosing a different time dependence for these norms, one can prove Gevrey class regularity for hyperbolic equations
in a very similar way.

5.2 The Main Result
Let us now proceed to show that the solution w of the abstract vorticity equation

(1.4) remains of Gevrey class 1 for all times, if it is so initially. In other words, we
will show that real analytic solutions propagate analytically. To do this, we employ
the time dependent seminorm MAres A w 11 where r > is fixed, s = s(t) plays the role
of T in the previous section, and 11'11 denotes the L 2 norm on T 2 • As the L 2 norm of

w is already controlled by (3.64), bounds on the seminorm II Ares A wIl already imply
bounds on the norm of D(e 3A- : Hr(T d)).
The most crucial ingredient is the following estimate on the convective nonlinear-

ity, which combines two more general results that we will prove in the next section.
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1

Lemma 5.4. For w E D(Ar + es A ) and b E D(A.r+ esA), r> and u = Kw,
(Ar e sA ( u

V ci.)), Ares A w)1 5_ c111
A r w1111A

r e sA wir

SesAw112

(5.23)

where c l and c 2 do not depend on s.
Given this estimate, and w i n, b and s(0) such that the assumptions of Lemma 5.4
are satisfied at t = 0, then by direct calculation

1d
A r-Fi e sA w, A r e sA w ) (Ar e s A atw, Ar e s A Le )
1lAre8Aw112
=
(
dt
= 11A. ,-Fh5A w 11 2 — (Ares A (u • Vw), Ares A cv)
< (à + s c211A r+ L11)11A r+ L sA w11 2 cdA r wil IlA r e 5A w11 2(5.24)
Theorem 4.2 guarantees the existence of global classical solutions, in particular we
know that there exists a function 0(t) such that 11,4"-112 w(t)11 < 0(t) for all t E [0, oo).
If we define s by

4t) = c2 0(t)s(t),

(5.25)

s(t) = s(0) exp (—c 2 10' OW) de)

(5.26)

—

which means that

the first term on the right of (5.24) can be neglected, and we find that
Pt

IlAre5("w(t)112

ilAre5(0)Awirol2

exp (C l0(e) d e ).

(5.27)

Hence we have derived global a priori bounds on w in the time dependent space

D(AresMA), which is a subclass of the real analytic functions for any t > 0. Moreover,
for every analytic w i n and b there exists an s(0) such that an estimate of this form is
true.
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The rigorous construction of global analytic solutions is now mechanical. Following the framework laid out in Chapter 4, one first constructs local analytic solutions
as the limit of a Fourier-Galerkin approximating sequence, and then globalizes the
result with the argument given in the proof of Theorem 4.2, the role of Hm now being
played by D(Ares( t ) A ). As Cw(T d) is the (inductive) limit of the spaces D(Ares A ) by
Theorem 5.2 as s 0, we have the following result.

Theorem 5.5. For real analytic w i n and b there exists a unique global analytic solution to the abstract vorticity equations (1.4) which satisfies

(5.28)

cv E C °° ([0, oc); 0') (7r d)) .

5.3 Estimates in D(Ar e

)

We will prove the estimates on the convective nonlinearity and the operator K which
have been summarized as Lemma 5.4 in the previous section.
To prove the nonlinear estimate, we use the Fourier representation, so that the
derivation is de facto independent of the spatial dimension d. We therefore formulate
the lemma as an abstract result for functions on T d , which can also be used to prove
(local) analyticity for solutions of the Euler or Navier-Stokes equations on T 3 .
\ where r>
Lemma 5.6. For u, 0 E D(Ar+lesA : L2oirciN))

g +1, u has mean zero on

T d , V. (bu) = 0 and b E W i '' (V), one has the estimate
(Ares A (u • VO), Ares A 0)
< ci(r) (11A r ull 11 11- r e 3A 011 +11A r e sA ull IlA r 011)11A r e sA 95 11
+ sc2(r) (11A r+l ull IlA r+l e sA 011 ± Vi r+l e sA ull 1lA r+1 011) hA r+l e sA 011 )
where c 1 and c2 do not depend on s and 11'11 l'-11 . 11 L 2 •

(5.29)
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Remark 5.4. The restriction to u having zero mean is not necessary in the case

where b is a constant, or can otherwise be removed by replacing 11 Kull with the full
norm Hull ,. in estimate (5.29).
It is helpful to first derive the following technical lemma
Lemma 5.7. Let r>

1

1 and s > 0. Then for all positive , 77 E R,

7- e .s _ 77 r e sri

I — 7/1(r(le — nr

_i e s le _771 + 77 r—l e s n)

+ s (le _ Tdr e sle — nl+, n r e sq)) .

(5.30)

°

Proof. Set f(0) _. Ores . By the fundamental theorem of calculus,
i d
o c-fA--f(A( -71) + 77) clA
f
i
.fi(A( -77) +77)1dA
o
— 77) + 71)
1-1 1-31]
[0
— 711 Asfl(A(

If(0 - f(ri)

L

(5.31)

Now compute
t

o)

= r e r-i e so + se r e se .

Since f(0) is a monotonic function for r > 1, the supremum in (5.31) is attained on
El

the endpoints of the interval [0,1]. This directly implies (5.30).

Proof of Lemma 5.6. We generalize the proof for the case

s = 0 which is given in

Constantin and Foias [26, Lemma 10.4]. First, note that V • (bu) = 0 implies that
2(u • V(Are 5A 0), Ares A 0) = -((Are 54 0) 2 , V • u)

= (Or eft Of , b -1 u • V b)
< c(b) IluilL- 11 A r e s A 011 2
_< c11 117.14 1111-A r e 5A 011 2 ,

(5.32)
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the last inequality holding on the condition that r >

g and u being a mean-zero

function. A term of this form is already present on the right side of (5.29); therefore
it is sufficient to find a bound of the form (5.29) for the expression
A 0)
E - .(A.res A (u • Vq5), Are 8A 0) — (u V(Ares A 0),Kes

(u

V0, A' esk0)

—

(u

V(Are 8A 0),

(5.33)

,

where V; Ares A 0. We now use the Fourier representations of u,

0 and

,

in which

we can write
u(x)

=
jE2T- Zd

v4= E

ik k e,

kE271- Zd
Ar e

sktp =

E i r e si

1E271- Zd

where 1

Ill. Hence, the first term on the right of (5.33) can be written in terms of

Fourier sums as
(u.

vo , A r e sko =

E E.

k

re st ,ç3i e ici-Fk+0.0)

n j+10+1=n
=

i (27r) d

;a

E

;

•

k

es 1.

(5.34)

j+k+1=0

In the second equality we have used the orthogonality relation for exponential functions on T d . Similarly, the second term on the right of (5.33) has the Fourier representation

(u • V(Are 8A 0),

= i (27r) d

Eu j • k lee k.

(5.35)

id k+1=0
-

By subtracting (5.35) from (5.34) and taking the absolute value, we obtain a bound
on E. Note in particular that

/P o = 0 by the definition of 't,b , and that the contributions
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to E from k =- 0 and t = 0 cancel out. We have

(27r)d

E

•

kk l r e si-

F.1

;

•

k kres k

j±k+1=0
j,k,100

E

k3k117;b1 k Ire/

— kreskl

Now apply Lemma 5.7 with = 1 and 7/ = k, so that

-7/1

=

—<—

k

= j,

to obtain

(27r)d <110-10110-il
j+k+1=-0

s (i r e si

kkr-iesk)

k r e sk))

(5.36)

j,k,1 0


Let us first consider the sum

=Ek E

E

j+k+1=0

kE2T-Z

fesi

jE27rZ

k00

j 0, k
—



E kr4lilA

r

esAulIM

(5.37)

loresAoil

(5.38)

kE27rZ
k 0


Similarly,

E
j+k-F1=0

ik

jkre8k

E
j

E2rZ
j 0

j,k,100



The remaining two sums in (5.36) are estimated by using j < k + 1 < kl, note that
k,1 > 2, so that

E uui
j+k-F1=-0
j,k,1 0

=

1 $-k1

kriesi <

3 1

E

lokl 1'61

1

jr+-esi

j+k+1=0



E

1q3k1

-

koo

i r-F e s3 1 11 ./113

j 0,—k
1

1
11-140

kE27Z
k 0


le1 2 10-5-k1



3

k

E

JE27rZ

leE271 Z

(5.39)
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and

EW
,

kr-kiesk

k

11-Ar+lesA011

OM

•

(5.40)

jE27rZ
j#0

j±k+1=0
j,k,1#0

+1,

Finally, provided that r>

E
kE2irZ
k#0

k 1 $101 =
-

E

ki— rik

kE271-Z
k#0

E

<

k2-2) 2

kE27rZ
k#0

kE27rZ
k#0

c (r ) 10

E1 .-'412)

'

(5.41)

011

Similar bounds hold for the remaining sums, so the one altogether obtains a bound
of the form (5.29).
Remark 5.5. The structure of this proof is analogous to the proof of Lemma 4.3:
One first exploits that the term with the largest number of derivatives vanishes due
to the divergence condition on u, and then estimates the remaining terms with inequalities of Holder and Gagliardo-Nirenberg type. In contrast to the earlier proof,
however, we have to perform this estimate in the Fourier representation, which not
only is the natural setting for the Gevrey norms, but also gives better control on the
constants when s = 0 in the limit as r becomes large. This control is essential for the
generalization to s > 0, where an infinite hierarchy of derivatives must be estimated.
Lemma 5.8. For b E

D(A r+ Ls A ) and r > 1, the

operator K as defined in Sec-

tion 2.3 is continuous from V(Are) into D(A r+ ]. es A )
We first prove a technical lemma
Lemma 5.9. For q5 E D(Ar + les A ) and every E> 0 one has the estimate
1
Ar e sA 112
9D< E 1l Ar+ es A 011 2 + E-2re

11011 2.

(5.42)
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Proof. Take the interpolation inequality

Ar+411 11 ,4'1 +411 9 m"
2r+i
where 0 =2T+1
1

--

25

(5.43)

square both sides, and apply the Young inequality on the right.

Thus, for every e> 0, one has

1i
IlA r+ 411 2Ell Ar++ 411 2 + ( 1 f9 ) —9 )
1i
< Ell Ar++ 411 2 E —(2r+i)

e
1-64

(5.44)

Finally, multiply this inequality by (2s)/i! and sum over i:

E251c°

i=0

1i

°°

11Ar+1+1:
011
E (25)i
.2 !

011 2
E.
11 Ar+2!
i=0

22

2

+

6

-2r

2s

e e 110112'

Parseval's identity then shows that this expression is equivalent to (5.42).

(5.45)

0

Proof of Lemma 5.8. We start with proving the lemma for K associated with
the lake equations only. The key step is to show the invertibility of the operator
L: D(Ar+2e8A) D(Ar-F2esAw
) , defined through

Lb A2r+2 e25A ( by A ( b -i y ±o)

(5.46)

for some A > O. Suppose this is true, then the elliptic problem for the lake equations,

w=

(5.47)

A (b -1 V 1 0)

is equivalent to

L7,b = A 2T+2 e 28A (b 2 w ) + A ,v)(5.48)
If we represent the duality product of D(Ar+ 2 e 8A\) through the L 2 inner product, it is
clear that
Dor+2esAy

{the completion of L 2 in the norm

r-2esAi

'11}
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so that the right side of (5.46) is bounded in D(Ar+ 2 es A ) 1 . More specifically, we can
estimate the first term on the right of (5.46) by using the algebra properties of the
F2e3Ay is
norm, and the assumption b, c0 E D(Ares A ). Moreover, V; E L2 Dor
-

bounded a priori in terms of the L 2 norm of co, for example. Thus the invertibility
of L implies continuity of K as stated in the lemma
To prove invertibility of L, it is sufficient to show that the form

((L.) •) is contin-

uous and coercive in the norm of D(Ar+ 2 e 8A ). We prove coercivity only, as this is the
less trivial property. Assume first that is an entire function and rewrite the form,
using the self-adjointness of A and the product rule as follows:
esA ( —AO

(Lb)

es
— bVb -1 •+ Ar+l
A11011 2

= MA r+2 e 8A 011 2— (Ar + les A (bVb -1 • VO),ArAe 3A 0) .

(5.49)

If we can show that the last term on the right is bounded by a fraction of the first two
terms, coercivity (and continuity) follows. We use the Cauchy-Schwarz inequality, the
fact that D(Ar+ 1 / 2 e 8A ) is an algebra, and Lemma 5.9 to find that
(Ard i esA (bv b 1 •
-

-

V), Ard

4 0) <

IlA r+ L 8A (bVb -1 )1111A r+ L 8A1Pil 2
111Ar-F2esA

This estimate can be extended by density to all
fixed À > c(b), the form

112

+ c(b) 11011 2 •

(5.50)

E D(Ar+ 2 e 5A ). Hence, for a

((L.) .) is continuous and coercive, i.e. L: D(Ar± 2 es A )

D(Ar+ 2 es A Y is an isomorphism by the Lax-Milgram theorem.
The great lake equations can be treated in exactly the same way by using the
form of L given by Lemma 2.1. This only introduces further terms that depend on b
into estimate (5.50), but leaves the leading order contribution unchanged.
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Chapter 6

JUSTIFICATION OF THE LAKE EQUATIONS

We give a partial justification of the lake equations. A solution of the lake equations
remains close to a solution of the rigid lid equation for an interval of time which
depends on their initial closeness, the depth of the basin and gradients of the bottom
function [80]. This result is based on a local Hm theory for the rigid lid equations
similar to the results of Chapter 4 and the work of Temam [100], and thus our measure
of closeness will the the H' norm for suitably large m. We are again forced to endow
the basin with periodic horizontal boundary conditions, albeit for a different reason
than in Chapter 5: We need an elliptic regularity estimate for the pressure term in the
space Hm with m> 3. However, the rigid lid equations (2.10) are posed on a domain
with vertical lateral boundary conditions which therefore has a corner singularity
where the lateral and upper boundaries meet. As a consequence, the regularity of the
boundary is insufficient for such elliptic estimates. This is a nontrivial obstacle. For
example, Dauge [27] has proved that the Stokes system
—Au + Vp= f, V .0

=0

(6.1)

on a cylindrical three dimensional domain S 2 has a solution p E Hm(Q) if u E
-

H m±l (O, R.3 ) and f E H m-1- (Q, R3 ) for any real number m G 2. In our situation,
however, the absence of viscosity in the Euler momentum equation forces m > 3. It
is an interesting open question whether this constraint can be relaxed.
In the last part of this chapter we briefly discuss the problems associated with a
full justification of the lake equations from the full free surface Euler system as the
primitive equations.
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6.1 Transformation of the Three Dimensional Euler Equations onto a Flat Domain
The main point of this section is to transform the Euler equations from a domain R
with varying bottom topography and possible time dependence of the upper surface
onto a domain S2 eq with top and bottom surfaces which are static and flat. The
change of coordinates will be set up in such a way that it translates the continuity
equation into a weighted continuity equation which is analogous to the generalized
incompressibility condition for the lake equations (1.1).
6.1.1 Notation
It is convenient to change our notation conventions. Three dimensional column vectors will be denoted by bold faced letters, while its horizontal components are set in
normal type. Thus

X=

(

xi)

x

(6.2)

x 3 ) = ( x:

We will systematically employ linear algebra notation where xt denotes the transpose
of x.
The possibly time dependent physical domain is given by

=

E

x E Qlake, b(X) <x3 < h(X, t)}
—

(6.3)

and has total depth d(x, t) = b(x) h(x, t). Its top and bottom surface are denoted
]OP

and F tb °t, respectively. Our goal is to convert the Euler problem to one on the

flat domain
Qeq —

lake X [

-

1, 0]

(6.4)

te. and r ebciot . The horizontal domain
with top and bottom surfaces again denoted by r:
of the basin R ake will be assumed to be the two-dimensional torus 7 2 in order to
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avoid the problem of corner singularities mentioned above. The formal calculations
however can also be carried out on a general domain Q iake C II0 with zero normal
flow boundary conditions.
In this notation, the non-dimensionalized Euler equations in three spatial dimensions read
OtIL + U t Vti +

(6.5a)

Vp = 0,

(6.5b)

Vu = 0;
and the top and bottom boundary conditions are

p=h

(6.5c)

on

u 3 = at h ± ut V h

or

u 3 = —ut Vb

on

,

"

top
'rt

7

(6.5d)
(6.5e)

6.1.2 Transformation of the Continuity Equation
The spatial coordinates will be transformed simply by compression or stretching in
vertical direction, i.e. through the map 0: SZ eciSZ t
Xi

X2

(6.6)

(h + x 3 d) •
To avoid losing the structure of the zero divergence condition (6.5b), we do not
transform the velocity field directly by composition with 0, but rather define a vector
field t, on S2 eq through

u(0) = Mv,,

where M = (V0 t ) t .

(6.7)
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For future reference, the explicit form of M is given by
(

M=

1

o

o

1

o)
o

ai h, + x 3 a i d 02 h d - x 3 a2 d d
o
d
(

o

d

0)

o

(6 .8)

—3 1 /7,— x 3 ai d ---52 h—x 3 52 d 1

and det M = d.
With this choice of M, the vector field u is divergence-free on

Q t if and only if y

satisfies a weighted divergence condition on Q eq , namely

V t (det M v) = V t (dv) = 0.(6.9)

A proof is easily achieved by noting that divergence free functions are L 2 -orthogonal
to gradients, so that for arbitrary

0

= 1,,,

l
=
l

ut

=

0,

V0 dx

ut (0) (V0)(0) det(Ve t )dx
eg

(Mv) t (V0 t ) -1 V (0(9)) det(V0 t ) dx
eg

=

vt V

(0(9)) det M dx .

(6.10)

/eq,

As 0 was arbitrary, this shows that y is orthogonal to gradients with respect to the
(det M)-weighted L 2 product. This statement is equivalent to (6.9).

The transformation (6.7) has, for example, been used by Heywood [46] and Beale
[19] with M = (V0 t ) t / det(Ve t ) as to preserve the divergence free condition under

transformation. However, because our goal is to justify the lake equations which have
a weighted divergence condition, (6.7) is more natural here.
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6.1.3 Transformation of the Momentum Equations

First consider the purely abstract relation

u(0) = Mv ,
and compute its

(6.11)

Jacobian in the equilibrium coordinates,
V (u(0)) t = (V0 t )

ut ) (0) V (Mv) t ,

so that

(Vut)(0) = (V0 t ) -1 V(Mv) t(6.12)
Similarly, taking the time derivative of

(6.11) gives

(Vut ) t (0) at e + (at u)(0) = at (Mv) .
In order to express the first term on the left in terms of the new variable y, we use

(6.12) and observe that by the chain rule

at e = —( v et ) t (ate -1 )(e) ,
so that

(v ut)t (e) at e = — ((Vet) v (mv)ty (v et )t (ate -1 )(e)
= —(v(mv)t) t (at e -1 )(o).
Altogether, one obtains

(at u)(0) = Ot (Mv) + (V(Mv) t ) t (at e - l)(e) .

(6.13)

Finally, define a pressure in the new coordinates by

P( 0 ) = q

(6.14)
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Taking the gradient on both sides gives
(V O t ) (V p)(9) = V q ,

so that
(6.15)

(V p) (0) = (V fi t ) -1 V q .

We now have the ingredients to write down the momentum equations in the new
variables. All terms in

(Du + (Vut ) t u + Vp)

(e) = 0

can be replaced, using (6.13), (6.12), (6.11) and (6.15) respectively. The result is
at (Mv) + (V(Mv) t ) t (8t 0 -1 )(0) + ((WV V(Mv) t ) t Mv + (VOT I- Vq = 0.
(6.16)
The third term, coming from the convective nonlinearity, further simplifies due to our

choice of M = (V Ot )t. In addition, by direct calculation

(1 + z 3 ) at dy

(at e -1 )(e) = (o, o,

d

,

)

so that the momentum equation in the equilibrium coordinates finally reads
at(Mv)

(1 + x3) Otd
d

53 (M v) + v t V (M v) + (M )t V q = 0.(6.17)

6.1.4 Transformation of the Boundary Conditions
The dynamical top boundary condition (6.5c) becomes

q=h

on 1..

The kinematic top boundary condition translates as follows:

at h = u 3 (e) — II' (e)V h
-= (M v) 3 — vt Mt V h
= d v 3 + vt V h + x 3 vt V d — vt V h ,

(6.18)
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and as FP
eq is characterized by x 3 = 0,

at h = d v 3on

(6.19)

rt-P
eq •

The transformation of the kinematic bottom boundary condition proceeds in a similar
fashion:

0 = 11 3 (9) + u t (9)V b
= (Mv) 3 + vtMtVb
d v 3 + vt V h + x 3 vt d + vt V b
Noting that d = b + h and x 3 = —1 on r becr, one obtains
V3 =

(6.20)

on r b(3t
eq

6.2 The Rigid Lid Equations
6.2.1 The Rigid Lid Equations on a Flat Domain

Recall that the rigid lid equations are obtained from the Euler equations by letting
the ratio of typical surface amplitude to typical depth tend to zero. This argument
was explained in detail in Section 2.2. For our current purposes, it suffices to note
that the rigid lid equations can be obtained from (6.5) by setting h = 0 everywhere
but in the dynamical top boundary condition. In the new variables, this gives the
system

Mat v + vt V(Mv) + (M -1 ) t Vq = 0

in S2 eq ,

(6.21a)

V t (bv) = 0

in Qeq )

(6.21b)

q=h

on F eq
t °P 7

(6.21C)

V3 =

0

on F eq Pt:

u rb
eciot ,

(6.21d)
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where M now takes the form

1

(
M=

0

0

1

o)

1

. (6.22)

—x3b-102b 1) -1

x,a,b x 3 ,92 b b

6.2.2 The Rigid Lid Equations on a Thin Domain
We introduce a thin domain scaling into the rigid lid equations (6.21) by making the
substitution b Sb, where b is of order one and (5 is small. As the horizontal scales
are of order one, S directly corresponds to the aspect ratio introduced in Chapter 2.
The rescaled equations still only depend implicitly on (5 through the transformation
matrix M. However, it is useful to make this dependence explicit by defining new
quantities

vo = ( sv3 )
and by introducing a corresponding transformation Ms such that Mv = M5 v5 . Thus

1

0
0
0) ,
1
M5 = ( 0
5x 3 0i b 5x 3 02 b b

mil. _=

(

0
0
1
0),
0
—Sx3b-l3ib —Sx 3 b -1 .92 b b -1
(6.23)
1

i.e. M5 is a small perturbation of a diagonal matrix of order one. In terms of the
delta indexed quantities, the rigid lid equations on a thin domain are
M5att75

(1

o
o

1

(

m-l=

V ts. V 5 (M5V5)
‘

(MTV Vsq = 0,

7ti (bvs) = O.

(6.24a)
(6.24b)

The boundary conditions (6.21c,d) remain unchanged.
6.2.3 A new Derivation of the Lake Equations
Upon taking the limit (5 —x 0 in (6.24), we see that
1 0 0
0
M5 —? 0 1 0 P. M0 ,MT1 —> 0 1 0
0 0 b-1
0 0 b

0

P._ Mg'.(6.25)
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Moreover, the vertical momentum equation formally requires 33q

,

0 for all t, so that

the horizontal momentum equation becomes

at v + v t Vv + V h = 0.(6.26)
Columnar initial data—which means 83 v i n -= 0 in the notation of this chapter—
remains columnar. This can be seen by taking 53 of (6.26) and regarding the resulting equation as a linear evolution equation for 53 v, an argument already applied in
Section 2.2.2.
In addition, columnar motion implies y 3 = 0, as can be seen by taking 53 of the
continuity equation (6.24b),

alv3 = a3 Vt (by) = 0,
—

and applying boundary condition (6.21d).
In summary, in the limit 8 --. 0 and under the assumption of columnar motion,
the rigid lid equations (6.24) reduce to the lake equations

at v+v t Vv+Vh=0,

(6.27a)

Vt (by) = 0 .

(6.27b)

The main goal of this chapter is to compare the lake with the rigid lid equations. To
do this, it is practical to write the lake equations in terms of three-vectors, i.e.

Moatv + v t V,s(Mov) + (MO) t Vsq = 0,(6.28a)

7st (bv ) = 0,(6.28b)
where q = q(x,t) = h(x,t) and y 3 = 0.
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6.3 Estimates on the Deviation of the Lake from the Rigid
Lid Flow
6.3.1 Derivation of the Pressure Equations and Elliptic Estimates
At any fixed time t, the pressure q of the rigid lid equations is given as the solution
of an elliptic boundary value problem in terms of the velocity field v. Written out
explicitly, this system exhibits a rather complicated dependence on the bottom topography. Thus the main task of this section is to show how to bring the pressure
equations into a simple abstract form.
Note that from now on all S subscripts are dropped for easier reading, even though
we will continue to carry all S dependences through the calculation. In particular,
all norms and gradients are defined with respect to the partial derivative 5-153 in x 3
direction, so that

E 12 Dacp DalPbdx ,
lal ^m
where D

(6.29)

eq

5NP(8 -1 53 )' 3 . We also set 11 = 1 2 eci and F = r eq .
-

If y and q solve the rigid lid equations (6.24), they satisfy

(L + L')q = F (y , y) + F' y)

in 1,(6.30a)

(B+)q = SG' (v , v)

on

r,

(6.30b)

where L, L', B and B' are linear operators; F, F' and G' are bilinear forms. Before
giving an explicit form for these functionals, we summarize their properties for future
reference.

Lemma 6.1. There exists a 80 so that for every 6 < So, m > 1, f E H m-1 (Q) and
g e H m-1/2
(F) the problem
(L + SL I )p = fin n,(6.31a)
(B + (5B')p = g

on F,(6.31b)
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has a solution p, unique up to a constant, which satisfies the estimate
1114 14 -+1

(6.32)

el f 11H- -1 + e2 MA H -112 (r)

where c 1 and c2 can be chosen independent of S.
The proof is postponed until later. We first state the fundamental estimates on
the "data functionals" of (6.30).

Lemma 6.2. For m> 3 and sufficiently smooth u, y and q one has
v)

II F ' ( v , v)1 1 „

II
II

,

Vq11 . _1
-

< c3 11b11.-±1 II ul1 H . 11v11.-

(6.33a)

< c4 vb1 1 ,44

(6.33b)

Gi(v, v) I IH- -1/2 (r)c 7 Ilvvt
(r)

^_ c8

(6.33c)

11q1 1 .,,,44 ,

e5 (11vb11, + sc6

(6.33d)

II v I
+ s c9

.

(6.33e)

Proof. We start with deriving the explicit form of our abstract pressure equations
(6.30), and prove the estimates of Lemma 6.2 as we go along.
First, left-multiply the rigid lid equation (6.24) with V (bM -1 .) and nt (bM -1 .)
respectively, where n denotes the outward normal on P eg :

at (V t (bv

± V (bM -1 (v t V(Mv))) ± Vt (b(MMt ) -1 Vq) = 0
(vt v (mv ))) nt (b(mmtrivo 0
(nt (bv)) nt
))

in , (6.34a)

on F. (6.34b)

The time derivative terms vanish due to the weighted incompressibility condition

(6.24b) and the kinematic boundary condition (6.21d), respectively. We will now
study the structure of the remaining terms. By direct calculation,

bM -1 (vt V)(Mb -1 by) = bM -1 ((vt V M)1, — Mb -2 (yt V b)bv Mb -1 (v t V)(bv))
= bM -1 (v t V M)v — (v t Vb)v

V(bv)

= bM -1 (v t VIVP)v — (v t Vb)(v, 0) t + V(bv) .

(6.35)
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In the last step of (6.35) we have introduced the decomposition M = Mo+ M 1 , where

0
= ss 3 ( 0

1 0 0)
m/
0 1 o
0 0 b
M0=

(

0 0
0 0)
02b 0 alb

it is straightforward to check that

o
bM 1 (v t VM0 )v = bM6-1 (v t VM0 )v , 5v 3 ( 0 )
vt Vb
-

and

0
0
) + 5v 3 ( 0 ) .
0
bM -1 (v t V.A/P)v = 5 x 3 (
tit Vb
vt (VV t b)v
We can now use (6.35) to write out the second terms in (6.34) completely. With the
divergence condition V t (bv) = 0, we obtain

Vt (bM -1 (v t V)(Mv)) = 5(5 -1 .93 ) (x 3 vt (VV t b)v + v 3 vt ‘7b)
+ (—V t ((vt Vb)v) + (Vv t ) : (V(bv)) t )
--. SF'(v,v)d- F(v,v).

(6.36)

Since m > -., Hm -1 (S2) is a Banach algebra and estimates (6.33a) and (6.33b) follow
by inspection. The quadratic terms in the boundary equation (6.34b) can be treated
in a similar way. By using that v 3 = 0 on

r we get

n t (bM -1 (v t V) (Mv)) = TS (X3 Vt (VV t b)v + v 3 vt Vb) ± v t V(b5v 3 )
at x 3 = 0
{0
8 v t (VV t b)v at x 3 = —1

-- 5G i (v, v) .
For m >

(6.37)

H m-1 / 2 (F) is an algebra, which in conjunction with the trace theorem

implies estimate (6.33b).
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We now turn our attention to the remaining terms in (6.34). The first step is to
decompose b(M/VP) -1 into contributions of different orders in (5:

b(M

Lq

1VIt ) -1

0 al b
0
b 0 0
0 .92 b
—Sx 30
= (0 b 0
0 0 b -181 b 02 1) 0
0
(0 0
2
0 ) .
00
+
b
0 0 1Vb1 2

(Sx3)

This can be used to decompose the operator V t (b(M.AP) -1 V.) into an elliptic second
order operator L and a small perturbation 8 L' , given by

=

V' t (bV q) + (5 -1- a3 (b -1 8 -1- Ow)

(6.38)

x2
L' q = —V (x 3 V &S .-1 NO — S -1 03(x3V t bVq) + 83 (1Vb1 2 S -1 03 q) .

(6.39)

Estimate (6.33c) follows directly—again by using the algebra properties of 1-r(12).
Similarly, the boundary operator rtt (b(MMt ) -1 V.) on F decomposes into a normal boundary operator B and a small perturbation SB', given by

Bq = ±S -1- b -1 (03 q)

(6.40)

B' q = Tx 3 (VbVq) ± 5 b -1- 41Vb1 2 0 -1 53 0

,

at x 3 = 0
{o
—(VbVq) — A -1 TWO -1 53 0 at x 3 = —1.

(6.41)

The choice of the sign in the first equation for B' depends on whether we consider
the top or bottom boundary. As before, estimate (6.33e) is a direct consequence of

(6.41).

0

Proof of Lemma 6.1. The statement follows essentially from the well-established
theory of elliptic boundary value problems as considered by Agmon, Douglis and
Nirenberg [3] and Schechter [89]. See also the textbooks by Gilbarg and Trudinger

[40] and Shimakura [95, Chapter VI].

111
Strong ellipticity of L is a direct consequence of the nondegeneracy of b. Moreover,

B imposes a standard Neumann boundary condition on F. Thus we have an estimate
of the form (6.32) for the problem

(6.42a)

Lp = f

in S2 ,

Bp = g

on F.(6.42b)

The independence of the constants on 8 can the seen by transforming the problem
back on the domain T 2 x [-6, 0], effectively replacing 8 -1 03 by 03 and thus completely
removing 8 from the equations and the norms. Moreover, the constants in the elliptic
regularity estimate may depend on properties the boundary, but do not depend on
the size of the domain [40].
This result is still true for the perturbed problem (6.31), because estimates (6.33c)
and (6.33e) show that L' and B' are regular perturbations which can be made arbitrarily small by choosing 60

small.

El

Lemmas 6.1 and 6.2 can be combined into the following.

Corollary 6.3. There exists a 80 so that for every 6 < 60 , m > 3 and

y

E H m (Q),

problem (6.30) has a solution q, unique up to a constant, which satisfies

Ildir+i ^ c 11 21 11-1- ,

(6.43)

where c can be chosen independent of J.

Corollary 6.4. For the lake equations (6.28), q and y satisfy the problem

Lq = F (v , v)

in St ,

(6.44a)

Bq = 0

on

r.

(6.4*

Proof. It is sufficient to observe that the explicit 8 dependence of (6.30) is exclusively
due to the 6 dependence of M, and that we have M = Mo for the lake equations.
Moreover, all partial derivatives

6-103 vanish, so that we can simply set 6 = 0 in

(6.30) without any terms becoming singular.

0
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6.3.2 Estimate on the Difference Between Rigid Lid and Lake Pressure
Let and i) denote the pressure and velocity fields of a solution to the rigid lid
equations (6.24), i.e.

= F(î, + (WV), '6) — I/ '4

— SB'4

B-4 =

in n ,

(6.45a)

on r .

(6.4510)

The corresponding quantities 6• and f, for the lake equations (6.28) satisfy the equa- .

tions
Lq = F(171, 3 )

inn,(6.46a)

Bq = 0

on r .

(6.46b)

By subtracting (6.46) from (6.45), we obtain an elliptic system for the pressure dif-

ference:

îl) — L'

F(î,,, i)) — F

L(4- q)
-

B(-8G' (,u3)
, —

4'

in n ,

(6.47a)

on F.

(6.47b)

Lemma 6.1 provides an estimate for 4-4 in terms of the right sides of (6.47), which can
be written by using the bilinearity of F and all the estimates provided by Lemma 6.2
and Corollary 6.3 as

114 —

+ F(v, î, —

ci 110) —
+ Sc111F'( 6 ,

)

—

+ (5c2 11G'(6,i)) — B,r-1/2 ( r )

C3 11 6 — v11.- (11f)11.- + 11'6 11 H+
-) sc,

(6.48)

6.3.3 Estimate on the Nonlinear Term
A close relative to the following estimate has already been proved in Section 4.3
for functions in two spatial dimensions. The proof given here can be kept simpler

113
because we strictly pursue an L 2 theory, and we essentially follow the presentation of
Kato [53].

Lemma 6.5. For m > 3, G H m (52) and
7. E t E Hrn (5

: Vt (bu) = 0 in SZ,Tz t u = 0 on

the following estimates holds:

(v"V 1P,'IP).

(6.49)

110gm

where c is independent of S < So for some fixed S o .

Proof. As usual, we first assume y and to be smooth, and extend the estimate by
density later. A direct calculation shows that

(v t 7704),,,,,

E ((pa(vtv,p))Db)
E (((vtvp-)paip) + E

Cc

((_,Of@ vt VDa P1P)D'IP))
-

0<f3<ot

lal ^ rn

(6.50)

where Dcl

\ (73 and the multi-index notation is as in
aial 512 0-153 )

(5.2). The first

term in the parenthesis vanishes through integration by parts. Each of the terms
is broken up with a Cauchy-Schwarz inequality and can be estimated in terms of a
single common expression as follows: For

11
for

v t VD a-P Oil L 2

1,31 = 1,

0'161,...,11041m <C

(6.51)

1[31 = 2,
11-D3vt VD'-'3011L2MVM

,

4

11011 w ial— „
,

C2 11v11„3 11011.H ;

(6.52)

for I f31 > 2,

11D P vt VD'3 0111,2 .11 11 11 H isirtkil w *-1.01+1,- < C 1 IvII H I•31 „ „ H 1.1-1,31+3 •

(6.53)

This directly implies the statement of the lemma, since the constants c 1 and c2 can
be chosen independent of S for small S.
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6.3.4 The Time-Dependent Estimate
We now estimate the time evolution of the difference between a solution to the rigid
lid equations (6.24) and a solution to the lake equations (6.28) in the Hm norm.
Again, we denote the quantities associated with the rigid lid equation V vs ,

4,

and /(;/ -_-,- M. Correspondingly, the quantities associated with the lake equation are

h, and M

denoted t,

bywMi —

mo . We define a difference between the velocity fields

M.

A direct calculation shows
id

= ( w ' 1C/lat i' matt) m
(w fit v(-4,-_i)tv m+(m3) (m _i ) t v m

Ly,ttv (kb' — mt)) m
—(w ,(4) — fotv (.70 i))
v 4) m
q)) m, ( w VI' -1
( wv
-

,

Ii + 12 + 13 + 14

.

(6.54)

We now derive bounds on the integrals /1 -14 . 14 simply vanishes, as can be checked by
direct calculation, because 53 q = 0. 13 is estimated with a Cauchy-Schwarz inequality
where—due to the nondegeneracy of b—the contribution of _D--1 can be absorbed into
the prefactor
<Cl

*II.- 114 — OH-4-i •

(6.55)

We then apply the main result of Section 6.3.1, equation (6.48), and obtain

< C2 I l w1 1.-

+ I M I wn ) + 5 C311wIIH- II vbIl lim-Fi 11'6 1112r. •

—

(6.56)

If we want to use this estimate to turn equation (6.54) into a closed differential
inequality, we need to express V — in terms of w and f), the latter of which is known
to be bounded a priori. Clearly,

w = ifl( f) — + — MY& ,
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so that
•i)

-

= 1Çti w -

- m)f)

= - l w j x 3b-l e Vrb,
and finally—once more due to the nondegeneracy of b—one obtains

—V

H

5_ C4 flWI H m + 8C5 Ilvb11 H - Ilf. 11H- •
,

(6.57)

Moreover, one has

I I 1": —
,

H am. + IkM H m <C 4

+ C6 Mv I H m,

(6.58)

where c4 and c6 can be chosen independent of S. We combine (6.56), (6.57) and (6.58)
into the estimate

<

(1IwIIH. + 011H-)
+ SC Ilv
IlwIlll. (11wIl11- + 110,r) .

(6.59)

The key to estimating /2 is the result of Lemma 6.5, which implies

(6.60)

1 2 5_ C9 I k' H H m kl'M H m.
-

Finally, rewrite /1 in the following way:
Ii

= -(w, - V) t Vw) - (w, - V (Mt))
< cs 11/1412-r, V -

+ Cijj W

H

77,

rn I - fd1H-110Hm+ 1

< cillIwt-(11whir +11 77/11H-)
C1211whamilf4H--F1 (11wIlam

5 11N7 b6-

Ilfix-) •

(6.61)

Altogether, we obtain the following closed differential inequality which controls the
time evolution of w:
id
2 at

5_

111 + C2 IlfdlEin, +111wIlr

5 C311Vbil fr+i

(6.62)
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or, after dividing through by iltvilEr
d

C211fqwn+illwIlw.

.

8c3 11VbIliin,+1

(6.63)

The first term on the right is inherited from the three dimensional Euler equations,
and causes the bound to become singular in finite time. The blow-up time will
depend on the initial H norm of w, i.e. on the "closeness" of the initial velocity
field to some solution of the lake equations. We will develop a precise statement of
this relationship below. The second term is a bounded growth term. As the lake
equations have global classical solutions, there exists a function

0(0 which depends

on v in such that Ilf/11 H ., +1 < 61 (t) for every t G [0, oc). As seen in Chapter 4,
grow super-exponentially as

(t) can

t oc. The third term is an additional driving term

which adds a component of growth that is independent of the initial velocity field,
and depends only on the geometry of the basin. This term is small for flat or thin
domains, and vanishes in the case of a constant bottom function.
A differential inequality of the type (6.63) does not have a closed form solution.
We can, however, make one more approximation and remove the third term from

(6.63) by combining it with the initial value: For a given Ilw(0)11 1r , the solution F
to

dF
dt
0 (t) F ,
< c i F 2 + c 2 (6.64a)
F(0) = Ilw(0)11H- 6g-19(0)11Vbh i m + 1 (6.64b)
provides a bound on w for as long is

F is finite We have used this technique

already in the discussion of bottom topography effects in Section 3.3. Equation (6.64)
is of Bernoulli type, and can be solved through the change of variables

G F -1 . One

obtains

exp (c 2

F (t) <
F -1

f 0(e)dt)

t
(0) — f exp(c2

i

t'

0(t")dt")

(6.65)
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This is a very rapidly growing bound. To get a better understanding of its behavior
for small initial data, let us assume that 0 is constant over time scales in the order of
the blow-up time of (6.65), so that

1
- F-1(0)e-c 2et _ sA .

F (t) <

(6.66)

The blow-up time T* of this bound is given by

T* =

c2 0
1
ln
c2 0 ci F(0) .

(6.67)

Thus, to increase T* by an amount of order one, we have to decrease F(0) by an order
of magnitude—and this holds only on time scales that are short with respect to the
super-exponential growth of O.
Several commènts are now in order:
• The basic structure of our estimates—including their rapid growth and finite
time blow-up—is inherited from the three dimensional Euler equations. As
such, any fundamental improvements would have to come from advances in
understanding the dynamics of the Euler equations. This is one of the most
difficult and challenging problems in theoretical fluid mechanics.
• We have achieved small data-thin domain well-posedness for the rigid lid equations: For any time T, every non-dimensional bottom function b, and integer

m> 3, there exists a scale constant (5 so that for every initial data close enough
.

to permissible initial data for the lake equations with respect to the HT' norm on

the domain
{

x E ile: x E T 2 , -Sb(x) <x 3 < O},

the Cauchy problem for the rigid lid equations has a classical solution on the
time interval [0, T].
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• As can be seen from (6.64b), one can trade in smallness of S for smallness of

11'7411mi-1

•

In the limit of a flat bottom, the third term in (6.63) vanishes.

But the lake equations with a flat bottom are nothing but the two-dimensional
Euler equations, so that we recover the well known fact that a two-dimensional
velocity configuration in the three-dimensional Euler equations remains twodimensional for all times.
• The norms in which our results are valid are still the scaled norms (6.29). This
implies that ilvs 11Hsm generally diverges as

(5 * 0 due to the 8 -1 weight for
—

vertical gradients. In other words, on thin domains the measure of closeness is
stricter than on thick domains Note, however, that horizontal gradients have
a scale invariant weight.
• It is an open question whether the constant c3 in (6.63) is proportional to some
positive power of (5, i.e. whether one can assert a higher degree of smallness of
the last term in this estimate.
Such results would require techniques developed by Hale and Raugel [44, 45]
and Raugel and Sell [86] for dissipative partial differential equations on thin
domains Their methods, however, do not naturally generalize to Sobolev spaces
of higher order due to boundary effects. One therefore might seek to translate
our methods into weaker spaces, which is also a nontrivial problem.

6.4 Remarks on the Free Surface Problem
6.4.1 General Remarks
The justification of the lake equations is incomplete unless one can show that solutions
of the rigid lid equations are close in some appropriate sense and for an estimable time
interval to solutions of the three dimensional Euler equations on a domain bounded
by a free surface under gravity. A necessary first step for obtaining such a result is
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to find a setting in which the free surface problem is locally well posed, and in which
one has an estimate of the minimum time interval of existence in terms of some norm
of the initial data.
Most mathematical studies of free surface problems have concentrated on the

Navier-Stokes equations, where the regularizing properties of the viscosity are used
in an essential way to obtain local existence of solutions (see, for example, Solonnikov

[96], Beale [18], and Matsumura and Nishida [72]). Moreover, by including surface
tension into the free boundary condition—which also regularizes the flow because
of its tendency to minimize surface area—Beale [19] was able to prove global well-

posedness for the Navier-Stokes problem with small initial data.
The inviscid free surface problem is much more difficult, and publications in the
field are few. The main obstacle, as we shall see in the next section, is our inability
to close an Hm estimate similar to (6.63) at a finite rung m: Although it is relatively
easy to obtain an L 2 estimate and there is "almost" enough structure in the boundary conditions to derive an Hm estimate, the pressure term introduces contributions
which seem to fundamentally prohibit closability. Therefore the natural strategy is
to work in spaces of analytic functions, or similar function classes in which one has
simultaneous control on all derivatives. Unfortunately the techniques developed in
Chapter 5 are not directly applicable, because here we cannot have periodic boundary conditions in the vertical direction, which are essential for our analytic theory to
work.
The most promising approach in the literature is work by Sedenko [91, 92, 93, 94],
who uses a scale of Banach spaces that induces a space with a limit topology which is
very similar to that of a Gevrey class. The idea goes back to Ovsjannikov [82, 83] and

Nalimov [75] (see also Deimling [28] for an expository treatment), who in particular
derived elliptic regularity estimates in such spaces. Elliptic estimates are crucial for
controlling the pressure term, which is precisely the point at which a naïve Hm theory
fails. By then basing the solvability argument on the implicit function theorem,
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Sedenko is able to show the short time existence of a solution to the compressible
Euler equations in a strict subclass of the analytic functions. Makarenko has used
this approach to address the justification of shallow water equations ([66, 67], so far
I have been able to obtain only abstracts of these papers).
Some work has been done on irrotational free surface flows. Kano and Nishida

[51] use classes of analytic functions to study free surface waves, and Yosihara [107]
has been able to obtain existence results in spaces of finite differentiability for a
two-dimensional irrotational free surface problem.

6.4.2 The L 2 Estimate for the Free Surface Problem
The purpose of this section is to illustrate the structure of L 2 and I-Im estimates
for inviscid flow with a free surface, and to point out the added complication in
comparison with the techniques employed earlier in this chapter.
As before, we consider the Euler equations transformed onto an equilibrium domain, i.e. we have the momentum equation (6.17), the continuity equation (6.9) and
boundary conditions (6.18), (6.19) and (6.20). As the divergence condition in this setting is

Vt (dv) = 0, the natural L 2 norm and scalar product are defined with respect

to the weighted integral

(cp) = f cp(x) d(x t) dx .
n
Therefore the norm M2L2 -,-: (cp cp) is time dependent, but uniformly equivalent to the
canonical L 2 norm for any interval of time on which d is nondegenerate.
We now define w Mv for notational simplification and compute the time evolution of w in this natural L 2 norm. From the momentum equation (6.17) we obtain
d

2 K w t pew ) + f wt w at d dx
52,,,
= 2(w t (1 + x 3 )at d cl -1 53w) _ 2 ( wt (vt vw ))

—
dt 11w1122
'I L

_ 2(wt (m-l)t vq) ±

f

st,

wt

w at d dx .

(6.68)
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The first term on the right can be rewritten through integration by parts in the x 3
component, namely

fr2

f

.3=o

0
wt (1 + x 3 )at dwdx

wt (1 + x 3 )at d 53 w dx =

X3 =-1
0

-1

f

0
Wt (1

+

X3)

at d W dx -

fw

t

w at d dx ,

(6.69)

so that

2(w t (1 + x 3 )5t dd -1 53 w) = f w t wat ddx
T2

X3=0

-

f

w t w at d

.

(6.70)

neg

The second term on the right of (6.68) is integrated by parts in all variables, so that

L

V
w t )w d dx = r eg w t w nt v d dx
eg

-f

w t w (dv) dx

-

f

wt vt v wddx.(6.71)
)

The second term on the right vanishes due to the divergence condition. Moreover,
we have nt v = 0 at x 3 = -1 from boundary condition (6.20) and nt (dv) at d at

x 3 = 0 from boundary condition (6.19), so that
2 ( w t (v t v)w ) = f wt w at d dx

T2

(6.72)
X3=0

The pressure term in (6.68) simplifies as follows:

( wt ( m -i.)t v q ) = ( v t v q ) = f nt v qd dx - f V t (dv) q dx
re,

(6.73)

SZeg

The last term vanishes, again due to the divergence condition. The boundary term
vanishes on the bottom boundary as explained before, while on the top boundary we
use nt (dv) =

Oh and q = h from (6.19) and (6.18) respectively. One finds that
( w t (m -i)t vq ) = f hat h dx = 1 d 11h11
2 dt " H 2L 2 ( 1.2 ) •
T2

(6.74)

Altogether, (6.68) becomes the exact conservation law
d/
0Mv112 +11 h 11, 2 (T2)) = 0.

—
dt

(6.75)
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If we want to generalize this result to Hm norms, we find that much of the above
structure persists: There is still the same cancellation of terms, where the role of

(6.72) is now played by the highest derivative contribution in a Leibniz expansion
of the nonlinear term, while the lower order contributions in this expansion can be
estimated as in Section 6.3.3. However, we still need an elliptic estimate for the
pressure term analogous to Lemma 6.1, which would require Cm+ 1 regularity of the
boundary. Here the free boundary is part of the evolutionary problem, so that the
best we could guarantee at rung H is Hm(112 ) regularity of h and therefore of the
boundary. Thus it is impossible to close the argument at any finite rung.
6.4.3 Alternative Approaches:

Virtual Lid Equations and Viscosity Methods
As the free surface problem for the Euler equations is a very delicate matter on its own,
one might want to look for a justification of shallow water theory which is stronger
than the result of Section 6.3.2, but nonetheless does not involve free surface boundary
condition. An interesting substitute is the correction of the rigid lid equations that
is obtained by Taylor expanding the free surface boundary conditions of (2.9) in E 2
and keeping terms up to order 6 2 :

atu + u t Vu -I- Vp = 0 ,

(6.76a)

vt u = 0

(6.76b)

;

with top and bottom boundary conditions

p + 6 2 h 03p = h
u 3 + 6-2 h 03 u 3 = E 2 (at h + ut Vh)
u 3 = —ut Vb

for x E Q
--iake and x 3 = O,

(6.76c)

for x E 9
--1ake and x 3 = O,

(6.76d)

for x E 9- 1 ake and x 3 = —b(x).

(6.76e)

We will call this system the virtual lid approximation. It is interesting because it allows
for gravity waves, and thus contains more physics than the rigid lid approximation.
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On the other hand, the well-posedness theory is easier for the virtual lid equations
than for the free surface Euler equations. One therefore expects that it will be possible
to make statements on the closeness of rigid lid to virtual lid solutions in an Hm setting
as employed in Section 6.3.2.
A very different approach to the justification of shallow water models would be to
consider viscous primitive equations and use them to formally derive viscous shallow
water equations. Since the well-posedness theory for viscous free surface problems is
well developed, we expect that it will be easier to justify the viscous shallow water
asymptotics than its inviscid counterpart. As a second step, one might consider
taking the inviscid limit on the level of the shallow water approximation, hence using
techniques similar to those employed in the proof of Theorem 3.2. The downside is
that the modeling aspects for the viscosity, in particular its scaling in aspect ratio
and Froude number, are not yet fully understood.
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Appendix A

FUNCTION SPACES

A.1 Weighted Lebesgue and Sobolev Spaces
In this section we give a brief overview of function spaces that are defined with respect
to a nondegenerately weighted measure. All of these spaces are topologically equivalent to their unweighted counterparts, so that we concentrate on notation and refer
to Adams [2], Triebel [104], or standard references on partial differential equations

[37, 38, 64, 76, 105, 108] for details.
Let Q

c Rd be an open domain with Lipschitz boundary. Further, let b: Q

b ri, ax ] c (0, oc) be a continuous, nondegenerate weight function. We abbreviate
the integral with respect to the measure b dx, where dx denotes the Lebesgue measure
on Rd , by

(w) = f (p(x)b(x)dx .
Then for 1 < p oc, the Lebesgue space LP(S2) is the space of equivalence classes of
functions that are p-integrable on Q for the measure b dz. It is a Banach space for
the norm
1

IlwIl L p = ( IwIP)P

(A.1)

For p = oc, L°°(Q) is the space of equivalence classes of measurable functions that
are essentially bounded on Q. It is a Banach space for the norm

= sup esslw(x)b(x)1.

(A.2)

xES 1
-

The space L 2 (Q) is a separable Hilbert space if endowed with the scalar product

(u, v ) L 2 = (u v ) .

(A.3)
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For 1 < p < oo and pl lq = 1, LP is the dual of Lq their duality product being
represented by the L 2 inner product. This implies that LP is reflexive for p E (1, oo).
Moreover, L" is the dual of L 1 , while the dual of L" is a superset of O.
For m E N, and 1 < p oo, the Sobolev space W m " (1) is the space of functions

w whose partial derivatives Ow of order 0 < led < m belong to LP(Q). It also is a
Banach space for the norm

11/1116,p=

E

haawilLp •

(A.4)

05Jal<In

As before, we use the multi-index notation
d

d

Ea

7

aa

:7 =1

In particular, Wm' 2 ( -2)

Hm(S2) is a separable Hilbert space if endowed with the

scalar product

(u, v) H ,,,

(u, v),,

E (aauaav).

(A.5)

0<jal<m

The spaces Ilm can be defined for any real number through Fourier methods when

= Rd or S2 = T d , or in general through the use of Holder norms [2, 37, 105].
Due to the nondegeneracy of b, the norms defined above are equivalent to the
norms in the unweighted case, and all well-known inequalities and embeddings hold.

A.2 The Helmholtz-Weyl Decomposition of the Weighted
Space L 2
Any vector field u in R3 which is sufficiently smooth and decays sufficiently fast at
infinity can be uniquely decomposed as the sum of a gradient and a curl,

u= VO+ V x A.
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The scalar potential 0 and the vector potential A are determined through the solution
of the Laplace equation, namely 0 = V • A'u and A = V x A -l u, a result which
goes back to work of Helmholtz in electromagnetism.
Since curls are divergence free, decompositions of this type are of basic interest
in fluid mechanics. In particular, they allow to incorporate the incompressibility
constraint V • u = 0 into the definition of the underlying function spaces, rather than
keeping it as a dynamical constraint.
In the abstract Banach space setting, this method is sometimes referred to as the
Helmholtz-Weyl decomposition, and a detailed development of its LP theory can be
found in the book by Galdi [38, Volume 1]. The L 2 theory is also discussed in Temam

[102]. This section gives a brief abstraction of Galdi's presentation for our weighted
space L 2 (S2, R2 ).
We introduce the space

D=fuE CN 12, R2 ) : V • (bu) = 0 in cl},(A.6)
and denote by H and V its completions in the L 2 and Il l norm respectively. Moreover,
we set
HI -a, {u E L 2 (S2, R2 ): u = V0 for some 0 E H'(2)}. (A.7)
Lemma A.1. L 2 ( 12, R2 ) =

Eff ED iff-L where e denotes the orthogonal sum with respect

to the b-weighted L 2 inner product.
Proof. It is easily checked that H and Hi- are orthogonal: Let u E D and w E IBI -L ,
so that there exists a q5 E 11 1. (S2) with V0 = w, and compute the inner product

1.

u•Vq5bdx = f n • uçbbida — f V • (bu)Odx = 0.
as/

(A.8)

n

As D is dense in H, this proves orthogonality. It remains to be shown that H e HI
exhausts the whole space L 2 (, R2).
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We give only a formal argument. Suppose that S2 is star-shaped and u E H 1 ((2)
satisfies

1

u•wbdx

,

0

(A.9)

for every w --.- b-ivio with V) E C oœ (Q). In other words, u is assumed orthogonal to
a conveniently chosen subset of IFIL Integration by parts shows that

L

VAtt/Pdx= 0

(A.10)

for every V) E GNS-2). As CNS2) is dense in L 2 ( 1), one has V A u = 0. In other
words, the differential 1-form u • d/ is closed and, by the Poincaré lemma, possesses

an antiderivative which can be written as the line integral
0(x) __ f u • d/ ,

(A.11)

7*

where 7(x) is a piecewise differentiable curve from a fixed point xo E S2 to x, and
which satisfies VO =- u. The argument can be extended to locally star-shaped domains (which include domains with Lipschitz boundary) and to u G L 2 ( 1Z, R2 ) by an

argument outlined in Temam [102, Remark 1.1.9], or by using very different methods
as presented by Galdi [38, Lemma III.1.1]. 111
Remark A.1. H can be given an explicit characterization in terms of the normal

trace operator -yn . Given the auxiliary space
E = fu E L 2 (Q,R2 ): 11V • (bu)42 < co} ,
there exists a continuous operator 7,,: E

H

/2

(0S-2,R2 ) such that

7,,u = n • u

for every u E C c° (S) ) (cf. Temam [102, Theorem I.1.2 ] —it should be noted that due
to the nondegeneracy of b, our definition of E coincides with that of Temam).
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Then we can write

IHI = fu E L 2 (Q,R2 ): V • (bu) = 0 ,-y, u = 0} .
i

(A.12)

The proof of this relation is based on the observation that, given a sequence of elements in D that is Cauchy in L 2 , the divergence condition provides uniform control

in the norm of E, which—given the trace theorem cited above—is sufficient to make
sense on 0, u in the limit.

In a similar way, one proves that

V= Iti E H 01- ( 12):
Again, for details see [102] or [38].

V. (bu) = 0} .

(A.13)
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