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ABSTRACT

Stochastic two-stage programming, a main branch of stochastic programming,

offers models and methods to find the optimal objective function and decision variables

under uncertainty. This dissertation is concerned with developing an approximate procedure

to solve the stochastic two-stage programming problem and applying it in relative field. Five

methods used in evaluating the expected value of function for distribution problem are

discussed and their basic characteristics and performances are compared to choose the most

effective approach for use in a two-stage program. Then the stochastic two-stage

programming solving method has been established with the combination of a genetic

algorithm (GA) and point estimation (PE) procedure. This approach avoids the inherent

limitations of other methods by using PE to estimate the expected value of recourse function

and the GA to search optimal solution of the problem. To extend the advantage of GA the

modified genetic algorithm (MGA) is built to improve the performance of GA. Finally, the

whole procedure is used in several examples with different kinds of variable and linear or

nonlinear style objective functions. A stochastic two-stage programming model for an aquifer

management problem is set up with considering conductivity and local random recharge as

the source of uncertainty in the system. The designed procedure includes the response matrix

process that replaces the partial differential flow equation, Girinski potential process and a

pre-setup process that makes the response matrix process application in general aquifer

random field possible. Other chosen problems are solved with designed approach to

illustrate the effects of uncertainty source in the stochastic programming model and

compared with results with ones given in literatures.
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1. INTRODUCTION

1.1 Statement of the Problem

Uncertainty occurs in everywhere of the world. To match the real situation,

uncertainty is considered in many analyses, simulation, and engineering design problems.

Sometime, the direct incorporation of uncertainty into an optimal decision process is

difficult in many real design problems due to the incomplete information about the

uncertainty, difficulties representing uncertainty in the model, and lack of appropriate

solution procedures. Stochastic programming utilizes several general approaches to

consider uncertainty in different problem formulations. In general, the problem classes

are: the distribution problem, chance-constraint programming and multistage problem

with recourse.

The focus of this research is the use of stochastic two-stage programming

methods to optimize groundwater management systems. Groundwater management aims

at managing groundwater stresses, such as pumping and recharge. The stresses and

hydraulic head are directly treated as groundwater management decision variables and

constraints. As in other resource management problems, groundwater management is

generally performed in the field where the uncertainties exist. These uncertainties result

from a lack of understanding of the physical system itself and its characteristics (e.g., soil

properties) as well as, unmanaged variables (e.g., local pumping) and natural variability (e.g.,

rainfall recharge) which are beyond the control of the decision maker. Most classical

groundwater management methods only consider the deterministic parameter situation

and do not adequately reflect inherent uncertainty. Thus, the stochastic two-stage
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programming is introduced.

Stochastic two-stage programming combines both the long-term anticipatory

strategies and the short-term adaptive adjustments of decision_ In the first stage, a set of

decisions is to be made in the present. In the second stage, adaptive decisions are addressed

based on future uncertainties that must satisfy the constraints resulting from first stage

decisions. The objective function consists of the deterministic cost incurred "here and now"

as the decisions are put into effect as well as a statistically distributed "wait and see"

recourse cost incurred after the stochastic elements of nature are realized. For example, in a

groundwater management problem the first stage decision variables represent well

installation and pumping capacity variables which must be decided in the present. The

second stage variables consist of the discharge and recharge rates that are determined in

the future as conditions unfold.

Stochastic programming has been widely applied to engineering problems. However,

the standard algorithmic procedures developed for deterministic optimi7ation problems can,

only very rarely solve this type of problem and specialized approaches proposed for solving

stochastic models are limited to special cases. This work attempts to find a more efficient

and general method for stochastic problem solution.

This dissertation consists of three articles for journal publication that are included in

the appendices. The main body of the dissertation includes a literature review and present

work summary. The author summarizes the scope of the dissertation and its uniqueness, and

also gives the direction for further work.
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First, general stochastic programming methods are briefly reviewed, then basic

methods for solving the distribution problem, an integral component of the two-stage optimal

model, are evaluated (Appendix A). Then, the stochastic two-stage programming and its

solution method are examined. From this, a new approach for solving two-stage program is

established which is based on the genetic algorithm (GA) and point estimation (PE)

procedures (Appendix C). Several two-stage stochastic programming overview application

problems including the integer stochastic programming, and nonlinear stochastic

programming are solved with these procedures to demonstrate its main advantage, simulation

efficiency and application in a general case. Finally, the groundwater management problem

and the main methods used in groundwater management problems under the uncertainty

condition are examined (Appendix B).

1.2 Literature Review

1.2.1 General Stochastic Programming

Stochastic programming is characterized by a set of decisions and an objective

function. Portion of the data remains unavailable except in a certain probabilistic sense. The

decision maker must select an alternative, which best satisfies the underlying objective.

Stochastic program has its origins in the mid-50s, it was first introduced by Beale (1955),

Dantzig (1955), Tintner (1955) and Charms and Cooper (1959) for use with linear

programming (LP) and decision making under uncertainty conditions. But general

formulations of stochastic optimization problems appeared much earlier in the literature of

mathematical statistics including within the theory of sequential analysis and statistical
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decision theory. All statistical problems such as estimation, prediction, filtering, regression

analysis, and statistical hypotheses testing contain elements of stochastic optimization.

Nevertheless, there are differences between the typical formulation of the optimization

problems that come from statistics and those from decision making under uncertainty

conditions.

The use of stochastic programming models are motivated by problems arising in the

situations when decisions must be made on the basis of existing or a priori information

without making additional observations. Also, stochastic programming may involve a large

number of decision variables and random parameters. Original statistical methods are useful

in which situations additional observations can be made during the decision process.

Additionally these methods emphasize rather solutions, or the procedures that are applicable

when only a few decision variables exist.

A probability space (O, A, P), yielding a description of the possible environments, 12,

and all possible events, A, with associated probability measure P, can be written in general

form as:

Find x eX c	 (1)

Opt Go(x) = E [go(x, w)J	 (2)

subject to G,-(x) = g,-(x, w) 0, i = 1, m,	 (3)

go(x, w) is objective function, g,-(x, w) r x fl--> R) is the im constraint, i = 1, ..., m; x is the

decision variable vector; w is the stochastic input parameter vector; and ELI is expected

value operator.
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The constraints can be written in several forms. If a certain level of reliability is

desired then the chance constraint form is written as:

prob. {G,(x,w) 0, 1 =1,...,m} ^ a	 (4)

where a is the reliability level that ranges from 0 to /.

A limit may also be imposed on the expected value of the constraint:

E	 wil	 0 , i = 1, ..., m	 (5)

Other possible probabilistic definitions of feasibility involve the mean and variance

of the random variable, gi(x, w):

E{g,(x,w) } + fi(var g,(x,w))	 0	 (6)

fi is some positive constant acting to weight the two terms; Var is the variance operator.

Several classes of solution methods can be applied to this problem including

analytical, nonlinear programming, and approximation methods. The choice of method

used in solving stochastic programming problem is dependent upon the nature of the

problem, availability of information about constraints, model complexity, and also, the

form and accuracy of results desired.

Analytical techniques include the derived distribution and integral transformation

techniques. The derived distribution method is also known as the transformation of

variable technique. Suppose that a random variable W, is related to another random

variable x as W = g(x), so that the probability density function (PDF) of x is known. The

cumulative distribution function (CDF) of W can be obtained from:

H w (w) = P(W w) = Fx [g -1 (w)]	 (7)
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The PDF of W is then obtained by taking the first derivative of li„,(w) with respect to W.

The integral transformation techniques like Fourier, Laplace, and Exponential

transforms utility the definition of integral transforms to produce the characteristic or

moment generation functions. The statistical moments of a random variable x, can then

be derived from its characteristic function. However, the exact evaluation of the

characteristic function in the model is often not possible because the simple functional

relationships for the PDF of the random variables can not be given in the explicit form.

Moreover, the practical functional relationships are quite often nondifferentiable and that

makes the expected value integrals impossible to derive analytically.

In principle, any nonlinear programming (NLP) technique developed for solving

deterministic programming could be used to solve the stochastic programming when the

explicit function relationships and probability measures P are known. The most widely used

NLP approach is the stochastic quasi-gradient algorithm presented by Ermoliev and

Nurminsky (1973). This method superficially resembles some methods of nonlinear

programming, but differ from them significantly since, instead of exact values of

functions and their derivatives, statistical estimates of these values are used. In general

case, NLP methods lack flexibility and require tailoring of the algorithm in the specific

problem.

The above review shows that the analysis method or general NLP method is not a

general approach for solving the stochastic programming problem, due to its inherent

limitations.
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1.2.2 Distribution Problem for Stochastic Programming

As a practical alternative to the analytical and NLP approaches, approximation

methods can be used to solve the stochastic programming problem. These methods have

been developed to estimate the statistical moments about the underlying random

processes and yield approximations of the statistical properties of the uncertain model

output.

Distribution problems result from assuming the decision variables are chosen only

after the random variables are realized. For instance, the method requires the

distributions of the solution vector X = x(A, b, e) and the optimal values f = ct X in a

stochastic linear programming problem. The goal is to determine the probability

distribution of the optimal solution vector as well as the objective function value. The

distribution problem is widely used in the forecasting of expected costs or outputs from a

system that is needed for budgeting resource allocations in advance in order to prepare

for anticipated expenses. Also, the distribution problem is an integral component of a

two-stage optimization problem which requires evaluating the expected return from a

system given a first stage decision.

Prekopa (1995) summarized the various approximation methods for computing

the expected value and other characteristics of the optimum solution. The most

immediate and generally applicable method is Monte Carlo (MC) simulation. MC was

first suggested by Dantzig and Madansky (1961) for use in the recourse stochastic

problem. In this approach a large number of realizations of the random parameters are

drawn, using pseudo-random numbers. The resulting linear programs are then solved and
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classified in order to generate empirical approximations to the distributions of the

optimal decisions and values sought. The theoretical basis of this simulation is given by

the strong law of large numbers. Prekopa (1995) provided direction on the determination

of the sample size, N, using Bienayme'-Chebyshev type inequalities or the central limit

theorem. One limitation of this method is the time required to generate and solve many

random optimization problems.

The second class of approximation procedures is the discretization technique.

First, consider the stochastic linear programming (SLP) problem (although a general

problem can be considered):

Optcrx	 (8)

subject to	 Hx �h	 (9)

Ax .�b	 (10)

x 0	 (11)

A, b and c are partly or entirely random and H and h are deterministic. The discrete

method assumes that (A, b, c) have a finite number of possible values: (AN, bN,	 ),

where i 1, s, with probabilities pi  I =1, s. Thus, discrete random variables can

be considered directly or the continuous variables can be discretized. The optimization

problem is solved for each set of (AN, bN, cN ) for i =1, s, after giving the values and

probabilities. Defining the objective function value as ,u(i)	 i)T (i the expectation of

the SLP problem is;

E(P)= EA/am
	

(12)
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This approach or its variants have been used in numerous applications. Wolsey

(1970) proposed a method that working with a sufficiently fine approximation, computed

a hierarchy of least and most favorable distribution for decision variables and objective

function by successively refining partitions of the corresponding discrete probability

space.

Bereanu (1971) also used the Cartesian integration method (CIM) to solve SLP

with multiple random variables. The method uses a multi-dimensional Gaussian

quadrature formulation for multiple numerical integrations. The method is general in that

random variables may appear in A, b or e jointly, but the total number of random

variables are limited.

Dempster and Papagaki-Pupoulias (1980) applied quantile arithmetic to

approximate the distribution of optimal values and decisions in a stochastic linear

programming model. This method is based on an approximation of the probability

distribution of random variable with a suitable three-point discrete distribution and then,

treating random variables at each arithmetic operation as independent random variable.

The idea is to replace the original distribution with probabilistic interval arithmetic in

order to compute an approximate distribution for the optimal objective and decision

variables in each decision region.

Latin hypercube simulation (LHS) (McKay, 1988), an approximate sampling

method, is one of the approximation approaches. The essence of LHS is to select, in a

stratified manner, random samples for each stochastic input parameter over its range,

such that the overall uncertainty of the model output can be reasonably described by
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finite samples. The key point for LHS is that the sample points cover the entire parameter

space.

FOSM, the first-order second moment method (Benjamin and Cornell, 1970; Ang

and Tang, 1975), and the variance propagation method (Berthouex, 1975), result from the

truncation of the multivariable expansion of Taylor's series about the expected value of

the variables. Only first order terms are retained and higher-order terms are ignored.

In an attempt to reduce the computational effort in estimating model uncertainty,

Rosenblueth (1975) proposed a point-estimation procedure involving the use of symmetric

random variables. Lind (1983) and Harr (1989) later extended this approach to consider

asymmetric random variables and improved the practical applicability of the method.

Point-estimation methods are related to discretization techniques through the

evaluation of model output at specified points in the input parameter space. The goal of

these methods is to approximate the probability distribution function of the random

variable at "concentrated" points in such a manner that certain statistical characteristics

of the random variable are preserved. Then, the "concentrated" points are used to

evaluate the uncertainty of the model outputs. Use of "concentrated" points reduces the

total number of evaluations required, thus resulting in significant computational savings

An alternative point estimation method that further reduces the required number

of function evaluations was presented by Han (1989). Harr's PE reduces the 2N function

evaluations required by Rosenblueth's PE to 2N.
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1.2.3 Stochastic Two-Stage Programming

Stochastic programming with recourse is a main branch of stochastic

programming. The standard form of stochastic two-stage programming with fixed

recourse is defined as:

MinF(x) = c r x + E{z(x, co)}	 (13)

subject to	 Ax = b	 (14)

	

x > 0	 (15)

where	 z(x, co) = Min{q T (co)y}	 (16)

subject to	 Wy = h(co) T(co)x	 (17)

	y _ ^ 0	 (18)

F(x) is the objective function; c is a known vector in le . b is a known vector in el; A and

W are known matrices of size mi x n, and m2 x n2 , respectively; and W is the recourse

matrix; Z(x,co) is the recourse cost; x and y are first and second stage decision variables,

respectively; co e 12 is the random event; and T(co) is the technology matrix. Corresponding

to a given realization, co, the second-stage problem data, q(co), h(o) and T(w) are known.

According to the parameter characteristics, the objective function and constraints

have different forms: fixed recourse means W is deterministic, simple recourse implies W =

-./j, and complete recourse represents the second-stage problem is feasible for all values of

the first-stage variable, x EX.

Frauendorfer (1992) identified three methods for solving stochastic programming

problems with recourse: bounding, approximation, and decomposition. Several bounding

methods have been proposed. The error bound method by Kall and Stoyan (1982), can be
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applied to general recourse problems, but has significant limitations. For example, the

recourse function must be a continuous, concave-convex saddle function, the constraints

must be convex for all x, and the expectation function must be integrable. The sublinear

bounding technique (Birge and Wets, 1989) requires that both the technology matrix and

objective coefficients are deterministic, and further, that the marginal distribution function of

the transformed random variables is known. This method replaces an expectation integration

with finite 2m' linear recourse problem points. Thus it requires the solution of 2m' linear

programs per iteration where m' is the basis dimension of the recourse problem. Due to

construction the outlined algorithm amounts to solving 2m' linear programs per iteration, the

sub-linear bounding technique depends linearly on the dimension of the underlying

probability space.

Birge and Wets (1986) discussed different approximation schemes that were

characterized by the approximation of the integrand or the probability measure in the

objective function. One focuses on estimating the recourse function with a finite collection of

points to find the upper and lower bounds; another approximates the probability measure

through the discretizations of probability measures that support the extreme points. In these

processes, it is assumed that the recourse function is convex and subdifferentiable. Qua si-

gradient techniques, another type of approximation scheme, were first introduced by

Ermoliev in the mid-60s and described by Wet (1983). Quasi-gradient techniques are

designed to solve complex optimization problems with convex recourse functions. Each uses

the gradient search concept from the deterministic optimization. But in the stochastic quasi-

gradient method, the sequence of the optimal approximation solution {4 J = 0, I, ...} is
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constructed using the statistical estimate of the objective function and its gradient based on

the iterate {x°, x', ..,x'} obtained within the optimization process. However, their

convergence rates tend to be slow and its success depends strongly on how efficiently

objective function values, quasi-gradients, and step sizes are evaluated. The semi-stochastic

approximation method improves the convergence of the approach (Marti, 1980) by replacing

the stochastic quasi-gradients with deterministic descent directions during some iterations.

Decomposition methods attempt to reduce the feasible region of subproblem in a

two-stage stochastic program. Dantzig and Glynn (1990) combined Benders'

decomposition with importance sampling in one such approach. Here, the expected value

integral is approximated by a finite sum using importance sampling, and evaluates the

cost differences of recourse functions on a relatively small set of lattice points along M-

coordinate directions while sampling the marginal distribution corresponding to each

independent random component (where M is the total base case number or independent

component number). After the sample space is defined, the objective function is

determined using Benders' decomposition method.

Higle and Sen (1991) also used Benders' decomposition with elements of

stochastic approximation. Their approach uses a piecewise approximation of the

objective function and adds cuts to the master problem resulting from solution of the last

subproblem. Since a new cut is added at each iteration, large second-stage problems may

result and the corresponding computational effort grows for large problems with many

random variables. Regularized stochastic decomposition (Yakowitz, 1994) introduced a

cut dropping scheme to stochastic decomposition in order to overcome the size of the
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master problem. Both stochastic decomposition and its extension are limited to solving

problems with uncertainty in the right hand side of the subproblem.

The L-shaped method by Van Slyke and Wets (1969) also used cutting plane

techniques to solve two-stage programming problem. In order to approximate the nonlinear

term of the recourse function, a so-called outer linearization is performed and two types of

constraints are sequentially added until a stopping criterion is satisfied: feasibility cuts and

optimality cuts.

When the stochastic program includes nonlinear terms or the continuous random

variables are explicitly included, a finite dimensional linear programming deterministic

equivalent no longer exists. Some nonlinear programming procedures are needed. For

example, the regularized decomposition method by Ruszczynski (1986) combines a multi-cut

approach for the representation of the second-stage function that is included the objective in

a quadratic regularizing term. Inclusion of this additional term increases the efficiency of the

initial iterations and prevents the degenerate of iterations at the end of the process. The

regularized decomposition method uses a term of the form allx — av11 2 with a ^ O, allowing a

tuning of the regularization with the other terms in the objective function and requiring no

extra computation in the optimality test step.

In general, a variety of nonlinear programming methods for solving two-stage

programming problems are available. Most assume gradients of the recourse function are

available and relatively inexpensive to acquire. The exception is Lagrangian approach

which places the first and second-stage links into the objective function so that repeated



28

subproblem optimizations are avoided in the search for directions (Birge and Louveaux,

1997).

In summary, the requirements for a convex, continuous and differentiable

function, or quasi-gradient information limit their applicability to many practical

problems. For example, discrete random variables yield non-differentiable functions so

that derivative methods can not be applied.

1.2.4 Stochastic Programming Applications in Groundwater Field

Stochastic programming has been used in various engineering fields. Here its

application in the groundwater field is reviewed. Groundwater management focuses on the

determining groundwater stresses (pumping or recharge) and treats these stresses and

hydraulic head directly as decision variables. Its applications include general water supply

and groundwater dewatering during construction. Groundwater management decisions can

be interpreted as surrogate economic variables and the groundwater management model

becomes a hydraulic-economic model when economic costs are considered.

The objective of the groundwater management model is to reduce costs of well

pumping (operation and maintenance) and well construction (installation). Several sets of

constraints can be included. First, the groundwater flow hydraulics provide an understanding

of the behavior of a particular groundwater system. Second, the sets of constraints are the

physical and operational constraints.

Like other management models, the groundwater management problem involves

many uncertain factors stemming from incomplete information about the aquifer properties,
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such as aquifer thickness, hydraulic conductivity, storatitivity, porosity as well as boundary

conditions, which render the groundwater management problem more complex.

Since the pioneering work by Freeze (1975), the field of stochastic groundwater

management has experienced tremendous growth. However, in the design of solution

procedures for stochastic programming problems, one is faced with two major difficulties

that are generally overlooked in the design of a solution procedure. The exact evaluation of

the objective function is difficult, and moreover, these functions are quite often

nondifferentiable. The solution procedure takes different forms depending upon the objective

functions and constraints. Two kinds of stochastic analysis procedures are used here. The

first procedure focuses on the influences of uncertainty regarding boundary conditions in the

groundwater flow and hydraulic physical parameters. For instance, recharge, leakage,

rainfall, impervious boundary, hydraulic conductivity and/or are all random variables. These

procedures study the influence of random variables on the groundwater flow, flow velocity,

piezometric potential and head. Delhomme (1979) presented a geostatistical approach, a

conditional simulation with MC method to generate two or three-dimensions of spatial

variability transmissivity field. Cheng and Lafe (1991) applied an integral equation technique

to the stochastic boundary problem of groundwater flow in order to study the effect of the

boundary condition on flow. Rubin and Dagan (1989) considered the influence of a given

head boundary by representing H and the log of the transimissivity Y, as space random

functions, and analyzed the expression for the head variogran and head log transimissivity

covariance. These expressions offer the means to evaluate the influence of the boundary on

the joint Y, H random fields.
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The second type of procedures emphasize the stochastic groundwater modeling.

Freeze (1975), and Smith and Freeze (1979) pioneered the MC approach. This method is

general but has high demands on computer time, as a large number of simulations are

required. Sagar (1978) provided a Galerkin finite element procedure, but only a hand-

calculated one-dimensional example was completed. Other solution methods include:

Green's function technique, the embedding matrix method (Dagan, 1982), the spectral

analysis algorithm (Bakr et al., 1978), Fourier transform theory, error or perturbation

analysis, and a numerical solution procedure based on the integral equation formulation and

the boundary element technique (Cheng and Lafe 1991). For most of these methods, the

stationary assumption is an important condition. For nonstationary flow, the major

approaches include MC and moment equation methods based on unconditional analysis (Li

and MoLaughlin 1991).

In terms of the optimization problems, Provemcher and Burt (1994) used dynamic

programming (DP) to solve the stochastic model. Following the approximate policy iteration

approach of DP, the Taylor series approximation was employed to solve the resulting

nonlinear equation for specified values of x and q.

Andricevic and Kitanidis (1990) applied stochastic differential dynamic

programming (SDDP) to develop pumping plans for groundwater management and

monitor system with minimizing the expected value of a weighted sum of pumping and

exceeding of a specified concentration standard. The DP method is very straightforward

because of its ease in application and calculation; but it does not have a standard solution
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procedure like LP, and has dimension problem when many variables are present in the

model.

Flokes, Gutjahr and Gelhar (1978) used the expected type objective function in

chance-constrained model to an aquifer system. After transferring the objective and

constraints into deterministic forms, it was easily solved using the linear programming  or

nonlinear programming methods. Tung (1986) described a model that determines the optimal

pumping pattern in a well field. In Tung's study, uncertainties included: the transirnissivity

and storage coefficient for a confined aquifer. The Cooper-Jacob well equation was used to

form the response matrix, and first-order estimation used to estimate the mean and variance.

Ellis (1987) used these same procedures to solve the water quality stochastic model. Wagner

and Gorelick (1987) also developed chance-constrained process model. Chance-constraint

models have the advantage that they are no larger than the corresponding deterministic

models and are relatively easy to solve. Their main disadvantage, however, is that only the

probability of violating a constraint is controlled, while the extent and consequences of a

violation, when it does occur, are not taken into account.

Morgan, Eheart and Valocchi (1993) published a chance constrained programming

technique for a stochastic model. An index, a, was introduced to count the frequency of

success required. If any constraint from a given realization was violated then a failure result

for that realization reliability was maintained by constraining the number of failures. Then

the equivalent deterministic formulation of the chance-constraint problem is solved using

mixed integer chance-constrained programming techniques.
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Zhao and Tung (1996) applied the point estimate and linear programming methods to

determine well location and optimal discharge rates.

Ritzel and Eheart (1994) applied genetic algorithms (GA) in a formulation that

considered the uncertainty of aquifer hydraulic conductivity for a hydraulic containment

system. This problem involves finding the set of optimal solutions on the trade-off curve

between the reliability and cost. In their study, the realizations of the hydraulic conductivity

field were generated, then the response coefficients were then generated for each realization

using a finite difference model (Konikow and Bredehoeft, 1978). Finally, the containment

problem under parameter uncertainty was solved with the GA based on the LP model for the

set of realizations.

Ranjithan, Eheart and Garrett (1990) developed a method using neural networks to

screen realizations of hydraulic conductivity in order to determine which realizations should

be used in a subsequent of the model. This neural network procedure is used to identify the

few realizations of random parameters that will most affect the construction of the final

design. Once the neural network has been trained in this manner, a large number of hydraulic

conductivity reali7ntions can be screened and considerable computational savings are thus

realized relying on these "pessimistic" realizations.

Wagner, Shamir and Nemati (1992) used a stochastic program with recourse

model for a pumping operation problem to examine the impact of considering future

costs on the final design. In their study, the extension of the finite generation algorithm, a

decomposition method, was used to solve the stochastic model with an embedding

process which simulated groundwater flow. However, they used only single-stage
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decision variables for well discharge rates. They calculated expected values using either

MC method or by inserting all realizations as constraints in the LP model.

From this review it is seen that the stochastic two-stage programming solution

method is focused on two targets. The first, is to obtain the optimal solutions and the

other is to make the computation time reasonable. Some methods, like analysis or NLP

based methods, have strong theoretical support for finding optimal solutions. However,

they also have strict assumptions such as linearity, convexity and continuity. When these

assumptions are not satisfied, the procedures may fail. Alternatively, approximate

methods have advantages in computational effect but may not converge to the optimal

solution. Thus, the developed approximate method for solving the stochastic two-stage

programming attempts to balance between the solution quality and computation time of

search process.

Besides the consideration of uncertainty conditions, the groundwater management

model has itself a specific difficulty, the groundwater flow representation, that becomes

more serious when uncertainty is taken into account. Any new approximate procedures for

solving the groundwater management under uncertainty must have the ability to handle the

complex system representation and the difficulties posed by its inherent uncertainty.

1.3 Scope of the Study

In this dissertation, a new method for solving the stochastic two-stage programming

is developed based upon genetic algorithms and point estimation procedure. Appendix A

discusses the basic methods used in evaluating the expected values for the distribution
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problem and compares their basic characteristics and performances in different conditions.

Based on the result of Appendix A, Harr's PE is chosen to calculate the expected value of the

recourse function in a two-stage programming problem while a new solution approach for

two-stage programming is shown in Appendix B. Also included, is a detailed development

of the procedure as well as its application to a groundwater management problem. To

improve the GA itself, a modified GA procedure, (MGA), is developed. GA and MGA are

then used to solve integer and nonlinear stochastic two-stage programs to compare the

methods (Appendix C). A detailed summary of these three papers is presented below.

1.3.1 Approximation Method for Distribution Problem

In the solution of a stochastic two-stage problem, the expected value of the second

stage objective function must be evaluated numerous times in order to identify the optimal

solution. This expected value calculation is a basic step in solving the stochastic two-stage

programming problem. In other problems, known as distribution problems, the expected

return is the only objective. The first paper, (Appendix A), which focuses on this issue,

compares four approximation methods (first order second moment approximation, Latin

hypercube simulation, Rosenblueth's and Harr's point estimation methods) with the results

of MC simulation. Each method is evaluated for different probability distributions and

different coefficients of variations (CV). All performed reasonably well but some had

advantages for specific problems. Therefore, testing of the different methods is

recommended prior to their use in a particular problem.
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1.3.2 Solution Procedure for Two-Stage Programming and Its Application

The second paper presents a solution method for the application of a full two-stage

stochastic programming formulated for a groundwater management problem, utilizing the

GA method as the optimization method. Harr's PE method is used to compute the expected

value of the second stage objective function using the first stage variables chosen by the GA.

As noted, GA can solve problems with continuous or integer decision variables that appear in

linear or nonlinear relationships. In the developed procedure, the groundwater management

applications also employ the response matrix method that replaces the partial differential

groundwater flow equations.

1.3.3 Modification of Genetic Algorithm and Use of Point Estimation Methods in General
Problems

The developed two-stage stochastic problem solution approach links GA and point

estimate methods. As noted this approach only uses function values, thus avoiding the need

for gradient or quasi-gradient information. However, its drawback is that it requires a large

number of function evaluations. Therefore, a modified GA, (MGA), is presented in an

attempt to reduce this effort. The third paper presents general results from this approach for

several literature problems. It also includes a comparison between results from the original

published procedure and the MGA method. As a baseline for comparison, a GA-MC

algorithm has also been created. Four linear and nonlinear problems from the literature

are solved and results compared between methods and with literature values.
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2 PRESENT WORK

The basic methods, example results, and the conclusions of this study are

presented in the three papers that are appended to this dissertation. The following is a

brief summary of the most important conclusions from the papers.

Five alternative approximate methods for solving the distribution problem

presented in paper one were studied through solving several problems. In three test

problems, all of the methods produced a higher variance as the input parameter CV

increases. Each method has its advantages and drawbacks, and should be carefully

chosen for use in the appropriate problem.

An alternative scheme is presented in paper two for solving two-stage problems

that avoids some limitations of the previous methods. The approach combines

approximation methods for rapid estimation of the expected value function and GA to

allow for generality in solving the first stage problem. Specifically, the approach can solve

problems with integer or continuous variables, as well as, linear or nonlinear function and

constraint problems.

A complete stochastic programming with recourse model that combines all design

and operation decision variables was used to analyze a groundwater management system.

The first stage variables represent the location and capacity for discharge wells and recharge

basins. Second stage variables are the extraction for each well and recharge rates for each

basin. Within the procedure, GA chooses the first-stage variables and evaluates the overall

objective cost. Harr's PE process carries out the second stage objective function evaluation
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based on the LP results and feeds back the expected value, with regard to the random

parameters in the second stage to the first stage evaluation process.

The uncertain input is a result of aquifer conductivity and local random recharge

sources, so the whole system may be uncertain, not only the RETS. The results from paper two

indicate that the uncertainty due to the local recharge basin has a significant effect on

management results.

The main purpose of MGA is to accelerate the convergence of simulation and

improve the performance of the method. From the results of paper three, the MGA performs

better than GA on the whole, although there is no guarantee of an optimal solution will be

found in a finite time with either method.

2.1 Author's Contribution

Under the direction of advisor, author developed the whole frame work and

detailed programs of methodology and procedures, independently, based on the reading

relative references. It includes the basis for the approach, program development and the

application problems testing and analysis. In establishing the approach, author introduces

the genetic algorithm into the stochastic two-stage programming field and establishes a

strategy for general application. The relative C  FORTRAN programs of whole

procedure were developed by author in the DOS environment of PC computer with the

exception of the genetic algorithm part that was developed by Grefenstete (1990). The

test problems were chosen from the project case and the references. The groundwater

management problems came from the Gramte Reef Underground Storage Project
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operated by the Salt River Project and remaining test problems were found in journals

and dissertations.

2.2 Uniqueness of Work

The unique features of the work are:

1.A new procedure for solving stochastic two-stage programs developed.

2. A new methodology for groundwater management developed.

3. Point estimation methods were introduced to solve the distribution problem to

quickly compute the expected value and variance of the second stage objective function.

4. MGA developed to speed up the convergence and improve computation times

for the two-stage optimization model.

To our knowledge, this application is the first to use genetic algorithms to solve

stochastic two-stage programming problems. The new procedure has wide potential for

application in general two-stage programming, including integer stochastic programming and

nonlinear stochastic programming. Benefits of the GA and PE approach include a need for

function value evaluation in its optimal search process, so to avoid the special requirements

of function continuity, derivative evaluation and the uncertainty source location. Also, the

approach can quickly estimate the expected value of the recourse function, and make its

general application possible. Also, it has been successfully used here for linear, nonlinear and

integer stochastic programming problems. The method, unlike other methods that consider

only RI-IS random variables, can treat the general case with random variables in the

constraint matrix, RHS and objective function. To determine the expected value of the
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second stage problem, a point estimate (PE) approach was applied. This approach saves

computation simulation time while maintaining the required accuracy. Note, PE has not

previously been used in two-stage stochastic programming.

A new method for groundwater management is forwarded based on the structure

of stochastic programming with recourse for both design and operation decision variables

using the GA-PE process.

A modified genetic algorithm (MGA) has been developed to extend the GA. The

MGA takes advantage of a group optimal points during the GA search procedure. It is

very straightforward and easy to use. Its main idea is analogous to incremental dynamic

programming in which the range of the decision variables is reduced at each generation

based upon the last GA results.

2.3 Future Study

The main focus of future development will be the further improvement of the

convergence rate of the GA based optimal search method, since the approximation

method has a slower convergence rate than that of gradient based methodologies. One

way to improve the convergence rate, is to improve the overall solution process of GA.

Evaluation of function values is one basic advantage of GA, but the amount of simulation

may still be very large when multi-variable and high accuracy requirements are

encountered. The MGA procedure is one attempt in this direction. There is room for the

development of a better procedure for the interval setup during the MGA procedure.
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PE is the method used to evaluate the expected value in this procedure; but it

lacks the flexible of the realization. Thus means that the realization of the PE method can

not be changed for practical problem. Specifically, if one of the fixed concentration

points is infeasible, the PE method may not be appropriate for the application. How to

make the PE flexible requires further study.
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ABSTRACT

The goal of the distribution problem is to find the probability distribution function

of the optimal objective function and decision variables. Various methods have been

examined to solve this problem. Monte Carlo simulation can be applied but may be time

consuming; therefore, alternatives are proposed and investigated in this work. Five

uncertainty methods, including Monte Carlo, have been applied and tested on three

problems to demonstrate their utility and efficacy. One approach, Latin hypercube

simulation, can be categorized as a quasi-Monte Carlo technique while the others are

point estimation approaches. The three problems are selected to illustrate the effects of

the source and magnitude of uncertainty in linear programming problem. Random

parameters are considered in the coefficient matrix and right hand sides of the

constraints. The numerical results demonstrate that different uncertainty sources can

significantly affect the predictive accuracy of the various uncertainty methods.
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INTRODUCTION

Uncertainty occurs in all engineering design and analysis problems. Decisions and

design processes can directly or indirectly account for that uncertainty through the use of

safety factors. Directly incorporating uncertainty in design problems within an optimal

decision process is extremely difficult in many real systems. Stochastic programming

addresses uncertainty and includes several general approaches for different problem

formulations, such as distribution problems, chance constrained problems and recourse

problems.

The work reported here considers the distribution problem. The distribution

problem results from assuming decision variables in a stochastic programming problem

are chosen after the random variables are realized. The goal of the distribution problem

is to determine the probability distribution of the optimal solution vector and the

objective function value. This problem is useful in forecasting expected budgeting and

resource costs or outputs and is an integral component of a two-stage optimization

problem that requires determining an expected return for a given first-stage decision.

In each case, the mathematical and computational problems are usually difficult.

To overcome these difficulties, several approximate methods are discussed and compared

in order to identify the most appropriate procedure for the various uncertainty conditions.

Approximate methods are used because engineering problems are often non-

differentiable. In addition, alternative approximate schemes, if sufficiently accurate, can

have broad applications to all problem types.

In this paper, past work in this area is reviewed, then the five uncertainty methods
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are introduced. Finally, solutions of the three stochastic linear programming problems are

discussed: device replacement, water supply, and groundwater management problems.

Then, a series of simulations are carried out to compare the methods' performances.

These problems are of particular interest because they include random variables at

various locations in the models.

BACKGROUND

Stochastic programming models were first introduced by Beale (1955), Dantzig

(1955), Tintner (1955) and Chames and Cooper (1955) for linear programs with random

coefficients for decision making under uncertainty. General formulations of stochastic

optimization problems appeared much earlier in the literature of mathematical statistics with

regard to the theory of sequential analysis and statistical decision theory. All statistical

problems such as estimation, prediction, filtering, regression analysis, and statistical

hypotheses testing contain elements of stochastic optimization. Nevertheless, there are

differences between the typical formulation of the optimization problems that come from

statistics and those from decision making under conditions of uncertainty.

Stochastic programming models are primarily motivated by the problems which arise

in situations when decisions must be made on the basis of existing or assumed, a priori

information about random quantities when additional observations are not possible. In

mathematical statistics, situations in which additional observations can be made during the

decision process are common. In addition, the emphasis of mathematical statistics is on

closed form solutions, thus the procedures are applicable to problem with a few decision
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variables. Stochastic programming, which arose as an extension of linear programming, may

involve a large number of decision variables and random parameters.

Given a probability space (.0, A, P), that gives a description of the possible

environments D and all possible events A with associated probability measure P, a stochastic

programming problem can be written in a general form as:

	Find XE XGR"	 (1.1)

	Opt. Go(x) = ago(x,w)]	 (1.2)

subject to G(x) gi(x,w) 0, i = I,	 m,	 (1.3)

go(x,w) is objective function; ax,w) with r x	 R is the th constraint,	 1, m; x is

decision variable vector; w is stochastic input parameter vector; and Ef.1 is the expected

value operator.

When a certain level of reliability is desired, constraints can be written in chance

constraint form, as:

	prob. {G i (x ,w) 0 , i = 1, . . , 	 _̂  a	 (1.4)

where a is the reliability level that ranges from 0 to I.

A limit may also be imposed on the expected value of the constraint; or:

agi(x,w)]	 0 i = 1, m	 (1.5)

Other possible probabilistic definitions of feasibility can involve the mean and the

variance of the random variable gi(x,w), such as:

E{g,(x,w)} + Avar gi (x, )) 5.. 0	 ( 1.6)

where )6' is some positive constant acting to weigh the two terms.

This paper emphasizes the so-called distribution problem that attempts to
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optimize the expected value of the objective function E[go(x,w)]. As stated previously,

the distribution problem results from assuming that the decision vector X in the above

model is chosen only after the random variable vector is realized. For example, the

results will give the distributions of the solution vector X = x(A, b, c) as well as the

optimal values f = CX in a stochastic linear programming problem.

Several classes of solution methods can be applied to this problem including

analytical, nonlinear programming and approximation methods. The methodology of

solving stochastic programming is dependent upon the nature of the problem at hand: the

availability of information, resource constraints, model complexity, type and accuracy of

results desired.

Analytical techniques include the derived distribution and integral transformation

techniques. The derived distribution method is also known as the transformation of

variables technique. Suppose that a random variable W is related to another random

variable x as W=g(x) and the PDF of x are known. The cumulative distribution function

(CDF) of Wean be obtained from:

- w (w)= P(W .� w). F,J,g - 1(w)] (1.7)

The PDF of Wean be obtained by taking the first derivative ofilw(w) with respect to W.

Integral transformation techniques like Fourier, Laplace, and Exponential

transforms, use the characteristic or moment generation functions resulting from the

definition of integral transforms. The statistical moments of a random variable x are

therefore derived from its characteristic function. However, an exact evaluation of the
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characteristic function of the model is often not possible because the simple functional

relationships for the PDF of the random variables can not be given in explicit form.

Moreover, practical functional relationships are quite often nondifferentiable and this

makes the expected value integrals impossible to derive analytically.

In principle, any nonlinear programming  (NLP) technique developed for solving

deterministic programming could be used to solve the stochastic optimization programming

problem when the explicit function relationships and probability measures P are given. The

stochastic quasi-gradient algorithm presented by Ermoliev and Nurminsky (1973) is one

such NLP approach that superficially resembles some nonlinear programming methods,

but differs significantly because the exact values of functions and their derivatives are

replaced by the statistical estimates of these values. In general, NLP methods lack

flexibility and require tailoring of the algorithm to the specific problem.

As a practical alternative to the analytical and NLP approaches, approximation

methods can be used solve the stochastic problem. These methods have been developed

to estimate the statistical moments of the underlying random processes and yield

approximations of the statistical properties of the uncertain model output.

Prekopa (1995) summarized various approximation methods for computing the

expected value and other characteristics of the stochastic programming problem. The

most immediate and generally applicable method is Monte Carlo (MC) simulation. MC

was first suggested by Dantzig and Madansky (1961) for use with the recourse stochastic

problem. In this approach a large number of realizations of the random parameters are

drawn, using pseudo-random numbers, and the resulting linear programs are solved and
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classified to generate empirical approximations for the distributions of the optimal

decision variables sought. Prekopa (1995) provides direction on how the sample size, N,

using Bienayme'-Chebyshev-type inequalities or the central limit theorem is determined.

A limitation of this method is the time required to generate and solve many random

optimization problems.

The second class of approximation procedures is the discretization technique.

Consider the stochastic linear programming (SLP) problem (although a general problem

could be considered):

Opt. Crx	 (1.8)

subject to
	

Hx <h	 (1.9)

Ax	 (1.10)

x > 0	 (1.11)

A, b and C are partly or entirely random and H, h are deterministic. The discrete method

assumes that (A, b, C) have finite numbers of possible values: (A i, 1, s, with

probabilities pi, i = 1, ..., s. As a result, discrete random variables can be considered

directly or continuous variables discretized. Given the values and probabilities, the

optimization problem is solved for each set of (A i, bi, 0 for i =1, s. Defining the

objective function value as pi =---CTixi, the expectation of the SLP problem is:

E(p)= Epig
	

(1.12)

This approach or permutations of it have been used successfully in numerous

applications. Wolsey (1970) proposed a method that computes a hierarchy of least and
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most favorable distributions for decision variables and objective functions by

successively refining partitions of the corresponding discrete probability spaces.

Bereanu (1971) also used Cartesian Integration Method (CIM) to solve SLP's

with multiple random variables. This method, a multi-dimensional Gaussian quadrature

method, allows for multiple numerical integration. The approach, though general, limits

the total number of random variables that may appear in A, b, or C.

Dempster and Papagaki-Pupoulias (1980) applied quantile arithmetic to

approximate the distribution of optimal values and decisions in a stochastic linear

programming model. Their method is based on an approximation of the probability

distribution of random variables with a suitable three point discrete distribution and

treating random variables at each arithmetic operation as independent random variables.

The idea is to use probabilistic interval arithmetic to compute an approximate

distribution for the optimal objective and decision variables in each decision region.

In addition to the broad classification of solution techniques, much work has been

performed on specific problems. For example, in the asymptotic distribution of the

optimum and random Knapsack problem, the asymptotic problem is used to find the

solution of stochastic optimization problems when only partial information is available

about the random variables' probability distributions. Numerous articles have been

published on this topic (e.g., Dupacova and Wets (1988); King and Rockafellar (1993);

and Shapiro (1993)). A second widely studied problem, the random Knapsack problem,

attempts to find the probability distribution of the optimum value of a random 0-1 integer

program (Frieze and Clarke (1984); Schilling (1990) and Szkatula (1994)).
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In summary, no general approach with the exception of Monte Carlo simulation is

available to solve the distribution problem. Simulation, while likely accurate, is quite

time consuming. In recent years, a number of methods for quickly approximating the

statistical moments of complex functions have appeared in the literature. The distribution

problem can be considered as one such function. The next section describes four of these

methods and uses Monte Carlo simulation as a basis of comparison.

Uncertainty Analysis Techniques for Estimating Mean and Variance

Five numerical approximation approaches are used here for determining the

statistical moments of the objective function and optimal solution. The approximation

methods are Latin hypercube simulation and the first-order second moment method, and

point estimation methods, Rosenblueth's and Harr's methods. The following sections

provide background on this class of methods and briefly outline the numerical procedures

for each method.

Tung (1996) reviewed a number of the so-called uncertainty methods for

estimating statistical moments of general functions. He identified three categories:

analytical approaches, approximation methods and Monte Carlo simulation. These

classes are parallel to the methods described for solving the distribution problem.

Analytic approaches include derived distributions, transform techniques and entropy

methods. However, due to their complexity and the implicit nature of the model

relationships, uncertainty analysis of optimization problems cannot be performed

analytically. Approximation techniques, on the other hand, have potential application to
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these complex models. Zhao and Tung (1996) performed a preliminary comparison of

Harr's point estimation method with MC simulation for a simple groundwater problem

under one set of conditions with promising results.

Monte Carlo Simulation

MC simulation is a sampling procedure in which a large number of realizations of

random variables are generated and the function is evaluated for each vector (assuming it

is deterministic). After all vectors are evaluated, the optimal objective function and

decision variables, can then computed. It is possible then to estimate the probability

distribution functions of the model output. Since MC is a sampling process, the error in

the estimates decrease as the sample size increases; however, no standard criterion exists

to determine the appropriate sample size for a general problem. The tradeoff is between

the minimum possible computation time and the accuracy of results.

MC simulation consists of three steps:

Step 1: Produce M vectors of random input based on each random variable's

probability distribution.

.x1; i = I, 2, ..., M.	 (1.13)

Step 2: Solve the model for each realization and save model output.

Y; = f(xi); i= 1, 2,	 M
	

(1.14)

Step 3: If i is equal to M then calculate E(.) and Var(.) for objective function and

decision variables based on the results in step 2.
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1 M	 IV

E(Y)-̂ , 	1Y (1.15); Var(Y) --= — (Y, - E(Y)) 2
M	 M

(1.16)

MC simulation's advantages are that it is easy to understand, converges to

accurate results and is applicable to general problems. It is assumed that the probability

distribution and the associated population parameters of the random variables are known.

Using that information and given that a sample output is generated, it is possible to

determine the statistical distribution of that output. Its limitation, however, is that it may

require significant computation time. In addition, MC may be difficult to apply in cases

of correlated random variables.

Latin Hypercube Sample Method

Latin Hypercube Simulation (LHS) (McKay, 1988), a sampling method, is used to

select, in a stratified manner, random samples for each stochastic input parameter over its

range such that the overall uncertainty of the model output can be reasonably described

by finite samples. The key point for LHS is that the sample points should cover the entire

parameter space.

To complete LHS, K sets of N random input parameters are generated and the

corresponding model outputs are computed. The difference between LHS and MC is the

technique used to generate the K sets. In LHS, the possible range of each of the random

input parameters is divided into K equal probability intervals. For example, if a random

variable Xi over the interval h i) follows a PDF, the range is partitioned into K

intervals;
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1, = c, 0 <C11 <...< CIK1 <CjfÇ = h,	 (1.17)

where the probabilityP(c,,,	 c1 +1) = YK for] = 0, 1, 2, ..., K-1. LHS then randomly

selects a single value in each of the intervals to form the K values for the th stochastic

input parameter. This process is repeated for all random input parameters.

The random input vectors are then formed by randomly selecting one of the K

values for each input parameter. A total of K vectors are generated in this manner by

using each input value only once. The four-step process is as follows;

Step 1: Produce K sets of random input parameters based on equal probability

intervals process for each random variable distribution:

X 1 ; i = 1, 2, ..., K.	 (1.18)

Step 2: Form K input vectors, Xi, by randomly sampling from the input parameter

sets, X.

Step 3: Solve the model for each realization and save the outputs.

IÇ= f(X1 ); = I, 2, ..., K.	 (1.19)

Step 4: Calculate the E(.) and Var(.) for the objective function and decision

variables.

K
E(Y) 4- —

1	
(1.20); Var(Y) :4 -E (Y, – E(Y))2

K ,=1 	K
(1.21)

LHS produces an unbiased estimate of the mean and distribution function of the

model output. Like MC, it is very straightforward in principle and easy applied.

However, LHS requires fewer function evaluations than MC. The basic criterion for the
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sample size, K, is that the samples should cover each interval of the distribution function

uniformly. McKay recommends a minimum sample size of 20 for small input random

parameters or 2N for the general case, where N is the number of random variables. On

the down side, it is an approximation technique and may not produce accurate results in

all cases. Also, it is sensitive to the PDF of the input variables.

First-Order Second-Moment Method

The first-order second-moment (FOSM) method, also known as the first-order

variance estimation method (Benjamin and Cornell, 1970; Ang and Tang, 1975), and the

variance propagation method (Berthouex, 1975), results from the truncation of the

multivariable expansion of Taylor's series about the expected value of the variables. In

FOSM, only first-order terms are retained and higher-order terms are ignored.

The FOSM procedure is as follows. Consider that the output Y of a system can be

expressed as function of the N random input parameters as:

Y =	 (1.22)

The Taylor series expansion of above equation including only the first order term is:

Y f(Xo )+7	 x0,)
	

(1.23)

X0 is an N-dimensional column vector of random input parameters; and f(.) represents

the functional relationship for the model. go, =VA° is the gradient of f(.) with respect

to the th input parameter Xi at the expansion point, Xo. When X0 is the mean of the input
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parameter values, the mean and variance of the model output, Y, can be estimated by:

E(Y)= it 	f(I-1)
	

(1.24)

Var(Y)= ,

2 g`f2g
	

(1.25)

i11 	ay are the mean and standard deviation of the model output, respectively; £2 is the

covariance matrix of random input parameters. If all random variables are independent,

then the variance of the model output Y reduces to:

Var(Y)= a y2 
Egi2ai2	 (1.26)
i=1

The gradient term, g, can be computed analytically or if the function is non-

differentiable, numerically.

The FOSM method is simple and straightforward and, most importantly, only

requires N+1 function evaluations. Because it does not require knowledge of the PDF of

the random input parameters, the analysis is simplified. However, this advantage is also a

disadvantage of the method because it is insensitive to the distributions of stochastic

parameters in the uncertainty analysis. In addition, since it is a first-order approximation

it loses the higher-order information and may not produce accurate results for nonlinear

or discrete functions.

Rosenblueth's Point Estimate Approach

In an attempt to reduce computational effort in estimating model uncertainty,

Rosenblueth (1975) proposed a point estimation procedure for models involving symmetric

random variables. The approach was later extended to accommodate asymmetric random
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variables and to improve the practical applicability of the method by Lind (1983) and Harr

(1989). The following discussion is related to the extended Rosenblueth method.

Point estimation methods are related to discretization techniques by evaluating

model output at specified points in the input parameter space. The basic notion of these

methods is to approximate the probability distribution function of the random variable

with "concentrated" points in such a manner that certain statistical characteristics of the

random variable are preserved. Then, the "concentrated" points are used to evaluate the

uncertainty of the model outputs. This concentration of points reduces the total number

of evaluations required thus resulting in a significant computational savings.

To achieve these cost savings, the PE procedure approximates the original PDF of

each random variable, i, by assuming that the entire probability mass of Xi is concentrated at

two points X. and Xi+ . It is assumed then that each random variable is represented completely

by these two points. All 2AT combinations of these random variables are then evaluated and

combined to determine the point estimate of the statistical of model output. The extended

Rosenblueth's procedure is summarized below.

Consider a multivariate problem Y, Y=f (X1, X2, X3, XN).

Step 1. Calculate concentration points and their corresponding probabilities for the N

random input parameters:

Xi+ A +4 o (1.27); pi+ = z + z
	 (1.28)

= ,u + Zi_o- . (1.29); pi_ =1— p i+ ; 1=1, 	N	 (1.30)

pi and ai are the mean and standard deviation of the th random parameter Xi,
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2

+ 
=	 (--rt )	 (1.31); Z1  = 4, - y 1 ; i = 1, ..., N
 2	 2

(1.32)

n is the skew coefficient of the th random parameter.

Step 2. Set up 2N input data sets based on 2N concentration points X. (1 = I, ..., N)

X1S, X282 	; X Ng N ; 8, = +or — for = 1, N	 (1.33)

Step 3. Compute the model output for the 2N combinations;

Y.; = f( -11716,, X282 	  XATSN );	 2AT	 (1.34)

Step 4. Compute E(.) and Var()

E(Ym) E	 Epcsi,...,gorn( x,8 1 ' X25 2 ' 	  X N8 N)	 (1.35)
c9N --,-,—

	STD(Y)= E(Y 2 ) E2 (Y)
	

(1.36)

If the number of random variables, N, is small, then Rosenblueth's method provides

good statistical estimates at a lower computational effort than MC. However, since all

combinations of the Xi_ and Xp., a total of 2N function evaluations, are necessary for functions

of N random variables, the number of combinations can be significant if N is large.

Harr's Point Estimation Method

An alternative point estimation method that further reduces the required number of

function evaluations was presented by Han (1989). Harr's PE reduces the 2N function

evaluations required by Rosenblueth's PE to 2N Harr's procedure for assessing the model

output uncertainty is as follows. As in earlier methods, given a model Y =f(X) in which Y is

the output function, X is a vector N random variables with known mean vector, p, and
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covariance matrix (C).

Step 1. Apply eigenvalue-eigenvector decomposition to the correlation matrix R for

the random vector X as:

R = VAV T 	(1.37)

V is an eigenvector matrix consisting of N colurnns of eigenvectors, V = [ V, , VN ]; X is a

diagonal matrix with N eigenvalues on the diagonal, X = diag(	 ,.I.N); and the

superscript T, denotes the transpose operator.

Step 2. Compute 2N points in the parameter space by:

= ,u +	 Dvi 	= 1, ..., N	 (1.38)

D is the diagonal matrix containing the standard deviations of the random vector X, and vi is

the th eigenvector of the correlation matrix R (for independent random variables the 'RI = 1).

Step 3. Compute 2N model output values Y, Y =fa71, X2, X3, ..., XN):

Yi, = h(X,+ ); = 1,	 N	 (1.39)

Step 4. Compute the nih moment about the origin for the output Y by:

N
Y,m

E(Y in) =  	 ( 1.40)

where
ym =	 m

2
= 1,	 N	 (1.41)

The standard deviation of the output can be computed using equation (1.36).

Table 1.1 summarizes the number of function evaluations required for each

uncertainty analysis method. Clearly the advantage of this method is that it requires fewer
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function evaluations while incorporating some of the input parameter statistical

information. However, Harr's PE does not include information other than the first two

moments as compared to Rosenblueth's which uses the input skew coefficient. As a

result, the accuracy of the estimates may be reduced compared to Rosenblueth's PE.

Table 1.1: Number of function evaluations required for each uncertainty analysis method. N
is the number of random input parameters, M is a large number. To compute the expected
value by FOSM only one function evaluation is requiredr Method 	  MC	 LHS	 FOSM Rosenblueth's PE 1L  Harr's PE

L Simulation #	 >111-	 2N*	 N+1 L 2N   L 2N

* Literature recommends a minimum of 20 for all N.

COMPARISON PROBLEMS

Three problems are solved to compare the approximate method's accuracy and

efficiency. The first problem, CEP 1, appears in the stochastic programming literature and has

been solved in recourse programming using different techniques. Here we assume a set of

fixed first-stage decisions and examine the second stage independently. The second problem

is a linear groundwater problem. The third problem is related to water supply decisions and is

taken from El-Shorbagy et al (1995). A summary of the problems and results with brief

discussion is presented as well as further discussion and comparisons between problems and

methods are included in the next section.

CEP1 Problem

CEP1 is a capacity expansion planning problem for a manufacturing plant that

produces several parts of various types on several machines. Briefly, given n types of
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machines with original capacity Zi (i = I to n) , the objective is to determine the expanded

capacity of each machine type so that the capacity expansion cost and the expected cost of

weekly labor plus tooling is a minimum. Again, in this paper we assume that the expansion

capacity decision has been made and we focus on determining the expected labor cost and its

variability.

CEP1 has fifteen decision variables that appear linearly in the objective function and

constraints. The only random variable is the demand, coi, that appears in the right hand side

of the three constraints. It is assumed that coi (i I, 2, 3) follow uniform distributions with

mean and range shown below. The original first stage decision vectors, X and Z, were

fixed as X= {133.3, 933.3, 0.0, 26001 and Z= {0.0, 1375, 500, 30001. Substituting these

vectors the model becomes:

MinY = E{2.6y1 + 3.4y12 + 3.4y13 + 2.5y14 + 1. 5y21 + 2.3y22 + 2y23 + 3.6y24

+4y31 +3.8y32 +3.5y33 +3.2y34 +400(s 1 +s2 + s3 ) } (1.42)

subject to O.6y11 + 0.6y12 + 0.9y13 + 0.8y14 + co, (1.43)

0.1y21 + 0.9y22 + 0.6y23 + 0.8v 24 +s2 (r) 2 (1.44)

0.05y31 + 0.2y32 + 0.5y33 + 0.8y34 +s3 (1.45)

+ Y21 + Y31 � 0 (1.46)

Y12 + Y22 4- Y32 � 1375 (1.47)

y13 + y23 + y33 	500 (1.48)

Y14 + Y24 + Y34 � 3000 (1.49)

y 	 0, s 	0 (1.50)

where	 col E (0, 600) co2 E (1200, 1800) co3 E (2400, 3000)

={300, 1500, 27001 a { 173.2, 173.2, 173.2)
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The relative differences in the estimates of expected value and standard deviation

of the objective function, using the different methods, are shown in Figures 1.1 to 1.4.

The relative difference is defined as the difference between the estimate from the

uncertainty methods and the estimate from the MC simulation, divided by the estimate

obtained from MC simulation. Figures 1.1 and 1.2 show the relative difference of

expected value and standard deviation for the objective function assuming co is uniformly

and normally distributed, respectively. Figures 1.3 and 1 A show the variation in the

relative difference of expected value and standard deviation, respectively, as the

coefficients of variation (CV) of the random input parameters are changed for the five

uncertainty methods. The relative difference in all cases was less than four percent

(except for the extremes with LHS in a normal distribution case). In most cases, LHS

resulted in the worst approximation. The FOSM consistently provided the best results

over the entire range of CV's.

Groundwater Management Problem

The goal of this groundwater management problem is to minimize the total cost of

controlling the groundwater levels over two 5-year periods to a desired level. These problems

arise during construction and, as in this example, pose potential hazards to buildings or

landfills due to long-term artificial aquifer recharge. The study area is twelve square-miles

with a two layered stratified aquifer (Figure1.5). The upper zone is a 300-foot unconfined

aquifer while the lower layer is 700 ft deep. The initial water surface is located 200 feet

below the land surface. Four quarter square mile recharge areas supply water to the aquifer at
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a constant rate of 0.25 ft/day. Nine extraction wells are located around the site to provide

local drawdown and counteract the rise due to recharge. Four observation wells are defined

in the study at which the water levels must be maintained below desired levels.

The decisions in this problem are the pumping rates for each well for each time

period. The pumping cost is assumed to be linear function with a deterministic coefficient

corresponding to a near constant lift. Bounds on the pumping rates are included in the model.

The random input parameters include the soil hydraulic conductivities, K. Due to the

random hydraulic conductivity, the piezometric heads in the aquifer are also functions of K.

The functional relationships among the head h, conductivity K , and the pumping rate, q axe

represented by the governing laws of conservation of mass and momentum. These equations

are a set of nonlinear partial differential equations. For an aquifer with uniform layer

thickness, these equations can be approximately linearized using the Girinski potential

process (Lall and Santini, 1989). The G-potential results from a transformation of the original

water surface elevation into the mapped space. After G-potential mapping, the original

nonlinear relationships among the variables can be linearized in the new space. A detailed

model explanation is included in Appendix 1A.

Figures 1.6 and 1.7 show the results for the expected objective function value and

standard deviation, respectively. All methods performed well for the expected value

while all except LHS did well (less than 8% error) for the standard deviation. Generally,

as for CEP 1, the uniform distribution case was better approximated than that for the

normal distribution although the actual standard deviation was lower for the normally

distributed input parameters.
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Water Supply Problem

The third problem represents a water supply planning problem in which the

operations of a recharge basin, water treatment plant, secondary wastewater treatment plant,

and tertiary treatment facility are determined. Two ten-year time periods were considered as

the planning horizon. The decision variables represent the water allocations from the supply

facilities to different users during different time periods. The objective function is the

expected value of the uncertain operation cost. The operation costs include treatment and

pumping costs (assumed to be linear functions of the treated and delivered amounts of

water). Uncertain parameters that appear in the right hand side of the constraints include

available water in the river (AV), potable demands (DP) and the reuse demands (DU). The

total number of independent random input parameters is ten.

A two-stage stochastic program with recourse of this problem was formulated by El-

Shorbagy et al (1995) to determine the design capacities of the different project elements. To

define capacities for this application, a deterministic version model of the original two-stage

stochastic problem was solved with all random variable replaced by their mean values. The

capacities found in the deterministic model were X = {152.7, 28.7, 132.0, 0.0 } . Substituting

these capacities in the general model results in:

MinY = E{11215x 1 +22429x3 +22429x4 +67288x 5 +67288x 6 +58316x7 +67288x8

+67288x9 +44859x 10 +44859x11 +125604x12 +13458x13 +13458x 14 +13458x 15

+45083x 16 +2243x17 +5195x18 +10389x20 +10389x21 +30302x22 +30302x23

+ 24674x24 + 29436x25 + 29436x26 +19047x27 +19047x28 + 53245x29 + 5627x 30

+ 5887x31 + 5887x32 + 1915 lx33 +1039x3, + qe (x35 + x36 + x37 + X38 ± X39 ± X40

+x41 +x42 +x43 + x44 )) 	 (1.51)
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subject to:	 0	 j=1,...,44 (1.52)

x3 + x8 + x37 	40	 (DP1 1 ) (1.53)
x20 +x25 +x39	50	 (DPi 2 ) (1.54)
x4 + x9 + x38 _̂  50 	(DP') (1.55)

X21 + X26 + X40 _̂  60	 (DP2 2 ) (1.56)
X5 + X14 + X4i ^ 30	 (DU1 1 ) (1.57)

X22 + X31 + X43 ^ 40	 (DU1 2 ) (1.58)
X6 + X15 + X42 	35	 (DU2 1 ) (1.59)

X23 + X32 + X44 ^ 45	 (DU22 ) (1.60)

+ x2 	120 	(AV') (1.61)

X 18 + X 19 ...<_. 120	 (A V2 ) (1.62)
x8 	12	 (DP11) (1.63)
x25 	15	 (DP12) (1.64)
x9 	15	 (DP21) (1.65)

x26-̂ 1818	 (DP22) (1.66)
x5 	9	 (DU1 1) (1.67)

X22 ^ 12	 (DU12) (1.68)
x6 	10.5	 (DU21) (1.69)

x23 	13.5	 (DU22) (1.70)
+ x7 	152.7 (1.71)

xis + x24 	152.7 (1.72)
x2 	28.7 (1.73)
x 19 	28.7 (1.74)

x 10 +x11 	132.0 (1.75)
x27 + x28 	132.0 (1.76)

x 12 � 0.0 (1.77)
X29 	0.0 (1.78)

X3 + X4 +X5 +X6 - x16 -X35 � -5 (1.79)
X3 +X4 +X5 +X6 - x 16 +x20 +x21 +x22 +x23 - x33 - x35 - x36 < -5 	(1.80)

+X2 +X35 +X37 +x38 +x41 +.X42 ^ 168.25 (1.81)
- x3 - x4 - x5 - x6 +x 16 +x18 +x19 +x35 +x36 +x39 +x40 +x43 +x44 214.25(1.82)

1.1x1 +1.1x 7 -	 = 0
	

(1.83)

	

1.1x18 +1.1x24 - x33 = 0
	

(1.84)

	

1.15x2 x8 - x9 = 0
	

(1.85)
1.15x 19 - X25 - X26 = 0

	
(1.86)

X7 - 11X 10 1.1x 11 + X12 + X13 0
	

(1.87)



Variable DPI' DP1 2 DP2 1 DP2 2 DUI' DU1 2 DU2 1 DU2 2 AT/' AV 2

E(.) 40.0 50.0 50.0 60.0 30.0 40.0 35.0 45.0 120.0 120.0
Sd(.) 10.0 12.5 12.5 15.0 7.5 10.0 7.5 11.25 30.0 30.0
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X24 - 1.1X27 - 1.1X28 ± X29 + X30 = 0
1.05x 1 2 - x14 - x is - x17 = 0
1.05x29 - x3 , - x32 - X34 = 0

1.2X3 +1.2; - x10 = 0
1.2x20 1.2.X25 - X27 = 0

1.2x4 + 1.2x9 - x11 =0
1.2x2 1 + 1.2x26 - x28 = 0

(1.88)
(1.89)
(1.90)
(1.91)
(1.92)
(1.93)
(1.94)

Using the capacities as fixed, the decisions become questions of the water

allocations. Uncertainty is introduced in this problem in the right hand side bounds due to

unknown water demand or availability. Table 1.2 lists the mean value and standard

deviations of these input parameters. Figures 1.8 and 1.9 are plots of relative differences

of the mean value and standard deviations of the objective function for different

conditions. It appears that LHS and Rosenblueth's algorithms performed well for the

expected values for all both distributions and all coefficients of variation. Finally, Figures

1.10 and 1.11 plot the changes in relative difference of the expected value and standard

deviation for varying coefficients of variation of the random input parameters. Again the

results are mixed depending upon the input parameter distribution. LHS, however,

provided good results (less than 7% error) in all cases. The next section discusses the

results from the example runs in context with each other and with respect to the problem

solved.

Table 1.2: The mean and standard deviations of input parameters in water supply
problem
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RESULTS AND DISCUSSION

The three test problems were solved using the five uncertainty methods in order

to demonstrate their efficiency in problems with varying degrees of uncertainty in the

right hand side (RHS) of the problem. Additionally, the random input parameter,

hydraulic conductivity ic in the groundwater problem, directly affects the response

function (13) and the Girinski potential constant so that groundwater problem has

uncertainty both in the RHS and the constraint coefficient matrix. Table 1.3 summarizes

the uncertainty input for each of problems.

Table 1.3:Summary of number of uncertain input parameters and location in each test
roblem

Problem Number of random input
parameters (N)

Uncertainty location

CEP 1 3 RHS
GW 2 RHS and constraint coefficient matrix
WS 10 RHS

Table 1.4 summarizes the computation time and number of function evaluations

required for each problem and uncertainty method. Convergence of the MC simulation

was confirmed for each problem for the base condition of about 850 realizations. The

number was then set to 1000 for WS problem and 850 for remaining problems.

To examine the effect of sample size on the LHS result, a sensitivity analysis is

carried out in three examples. The results show that sample size has only a slight effect

on CEP1 and GW which have only a few random inputs. The maximum relative errors

are 1.27% and 0.2%, respectively for expected value in the CEP1 and GW problems
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(Figures 1.12 and 1.13), when the sample size is changed from 20 to 100. For the larger

problem, WS, a large effect was noted and the maximum error was 4.6% (Figure 1.14).

Table 1.4: Computation time' and number of function evaluations required for each
roblem and method

CEP1 Problem Groundwater ÇGW) Problem Water supply (WS) Problem
Uncertainty
method

Computation
time (sec)

Number of
Function
Evaluations

Computation
time (sec)

Number of
Function
Evaluations

Computation
time (sec)

Number of
Function
Evaluations

Monte Carlo
Simulation

2568 850 2580 850 3800 1000

FOSM 14 4* 11 3* 46 11*
MS 55 6 58 4 115 20
Rosenblueth
PE

23 8 14 4 3911 1024

Harr' s PE 19 6 15 4 79	 20

1 A11 simulations were executed on a 486-80MHz personal computer .

* Note that only one function evaluation is required for FOSM to estimate the mean value.

The results in Figures 1.1, 1.6 and 1.9 illustrate that all methods gave reasonable

results for estimating the expected value of the optimization problems (except in the

extreme cases). Rosenblueth's method likely had the best overall performance. However,

given the number of random variables in the WS problem more function evaluations are

required than for MC simulation. Because Rosenblueth's method requires 2N evaluations

it is competitive when the number of random variables is small but quickly loses its

advantage with even a reasonable number of random variables. FOSM does well for

CEP1 and GW but poorly for WS: FOSM underestimated the mean in all cases. Harr's

method is consistently good, but not the best. LHS yields the weakest results for CEP1

and GW but results similar to Rosenblueth's for WS. This result is encouraging for future

work with larger problems since the number of function evaluations for LHS increases

linearly as the number of uncertain input parameter increases. It is also notable that LHS
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overestimated the mean in all cases.

As the coefficient of variations (CV) of the input is increased, variation in the

expected value estimates occurs (Figures 1.3 and 1.10). In CEP1, the relative errors in the

estimates decrease as the CV is increased; in WS the opposite occurred, but the total

trend suggests that errors increased with a higher number of CV.

In contrast to the expected value, the estimates of the standard deviation (SD) can

have significant error, particularly when the input follows the normal distribution. No

clear trend of over- or under-estimation was indicated here. The relative error in SD for

CEP1 was reasonably small for all cases.

The PE methods use the input random variable mean, standard deviation and

correlation matrix but do not incorporate distribution information. In contrast, the MC

and LHS develop different realization sets for different random variable distributions. In

the examples studied, the same mean and standard deviation were used for both the

normal and uniform distribution which results in a larger variability for the normal

distribution (Appendix 1B). Consequently, the objective function uncertainties for the

uniform distribution are less than those form normal distribution except for WS. This

result is not seen in the PE methods.

Alternative first-stage solution points were studied for the WS and GW problems

in order to compare the performance of the estimation methods. In the WS problem the

different first stage solution impacts several right hand side parameters. Results using the

estimation procedures and X 1 = {161.8, 38.8, 88.0, 47.89} are shown in Figures 1.15 and

1.16. The magnitude of the errors is similar to that for the original first stage solution
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although the standard deviation was underestimated for the second point.

The GW model is solved for three different first stage variable sets with the

alternative procedures. In all cases the random variables were assumed to be uniformly

distributed with CV's of 0.1. The results in Figures 1.17 and 1.18 show that Harr's PE

method has the least relative error regarding MC in both expected value and standard

deviation for all cases.

To determine the effect on the decision variables an analysis was carried out for

CEP1 problem with varying levels of uncertainty. Tables 1.5 to 1.14 list the all of non-

zero expected values and standard deviations for each method for all CV's. When the

decision variable is significant, the expected values from all methods were close to the

value obtained from MC (i.e., Y13, Y22, Y34, and S3). The standard deviation estimates

were reasonable but not as well matched as the expected values. As expected, the

standard deviation increases with increasing CV for each method with a single exception.

All methods assume that the set of generated random variables results in a

feasible optimization problem. However, in some cases feasibility can not be guaranteed.

The realizations for MC, LHS and FOSM are flexible and can be adjusted to account for

infeasibilities but the infeasible results would not be included in the computation of the

problem's statistics. The concentrated points in Harr's PE and Rosenblueth's PE are

fixed given the mean, standard deviation and correlation matrix of the random variables.

Thus, they cannot be changed for a particular problem and their results are ambiguous if

infeasible points are included.
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CONCLUSIONS

Five alternative estimation schemes have been applied to three stochastic

optimization problems in order to solve the distribution problem. Results are promising,

but no method was superior in all cases. Compared to Monte Carlo simulation, the errors

in estimates varied with the probability distribution of the random input variable and its

level of uncertainty.

The results indicate that any of the approaches can be used when the number of

the random input parameters is small. The only significant difference is in their

computation times. Rosenblueth's method is acceptable for small problems but may

become cost prohibitive (and thus has no real advantages over MC) for larger problems.

The three remaining methods offer significant improvement in computation time

for larger problems. FOSM, however, is the most erratic in terms of mean value estimates

since it only uses a single point as its estimate. As such, these methods offer promise to

be used as part of a procedure for solving two-stage problems. It is recommended that

several subproblems be solved first and the alternative methods compared to determine

the best for the problem at hand

The form of the random variables and their correlation may also affect the

selection of the approximation procedure. MC or LHS as sampling methods, can consider

the distribution of the random input variables. However, LUS can not handle correlated

random variable correlation, MC may have difficulty under general conditions. On the

other hand, the PE methods do not use distribution information but can easily incorporate

variable correlations.
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Figure 1.1: Relative difference of expected value of objective function in CEP1 using
different uncertainty methods. Expected value of Z from MC simulation equaled 199789
and 204447 with regard to uniform and normal distributions, respectively. CV-0.57 for
both distributions. Relative difference is defined as (expected value by uncertainty
method - expected value by MC)/ (expected value by MC).
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Figure 1.2: Relative difference of standard deviation of objective function in CEP] using
different uncertainty methods. Standard deviation of Z from MC simulation equaled
107743 and 84184 with regard to uniform and normal distribution, respectively. CV=0.57
for both distributions. Relative difference is defined as (standard deviation by uncertainty
method - standard deviation by MC)/ (standard deviation value by MC).
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Figure 1.3: Relative difference of expected value of objective function in CEP1 using
different uncertainty methods with various CV under uniform distribution. The interval
of CV is equal to (0.1, 0.57). Relative difference is defined as (expected value by
uncertainty method - expected value by MC)/ (expected value by MC).
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Figure 1.4: Relative difference of standard deviation of objective function in CEP1 using
different uncertainty methods with various CV under uniform distribution. The interval
of CV is equal to (0.1, 0.57). Relative difference is defined as (standard deviation by
uncertainty method - standard deviation by MC)/ (standard deviation by MC).
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Figure 1.5: Discharge and recharge well zone for groundwater management problem
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Figure 1.6: Relative difference of expected value of objective function in the
groundwater management problem using different uncertainty methods. Expected value
of Z from MC simulation equaled 519732 and 510810 with regard to uniform and normal
distributions, respectively. CV 0.195 for both distributions. Relative difference is
defined as (expected value by uncertainty method - expected value by MC)/ (expected
value by MC).

1

2:FOSM, 3:Rose. PE, 4:Harr's PE

—0— Uniform distribution —6—Normal  distribution

Figure 1.7: Relative difference of standard deviation of objective function in the
groundwater management problem using different uncertainty methods. Standard
deviation of Z from MC simulation equaled 107865 and 104148 with regard to uniform
and normal distribution, respectively. CV 0.195 for both distributions. Relative
difference is defined as (standard deviation by uncertainty method - standard deviation by
MC)/ (standard deviation value by MC).
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Figure 1.8: Relative difference of expected value of objective function in the water
supply problem using different uncertainty methods. Expected value of Z from MC
simulation equaled 682861600 and 636244000 with regard to uniform and normal
distributions, respectively. CV = 0.25 for both distributions. Relative difference is
defined as (expected value by uncertainty method - expected value by MC)/ (expected
value by MC).
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Figure 1.9: Relative difference of standard deviation of objective function in the water
supply problem using different uncertainty methods. Standard deviation of Z from MC
simulation equaled 271327400 and 214531000 with regard to uniform and normal
distribution, respectively. CV = 0.25 for both distributions. Relative difference is defined
as (standard deviation by uncertainty method - standard deviation by MC)/ (standard
deviation value by MC).
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Figure 1.10: Relative difference of expected value of objective function in water supply
problem at X = (157.73, 28.69, 132.0, 0.0} using different uncertainty methods with
various CV under uniform distribution. The interval of CV is equal to (0.05, 0.25).
Relative difference is defined as (expected value by uncertainty method - expected value
by MC)/ (expected value by MC).

Figure 1.11: Relative difference of standard deviation of objective function in water
supply problem at X = (157.73, 28.69, 132.0, 0.0} using different uncertainty methods
with various CV under uniform distribution. The interval of CV is equal to (0.05, 0.25).
Relative difference is defined as (standard deviation by uncertainty method-standard
deviation by MC)/(standard deviation by MC).
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Figure 1.15: Relative difference of expected value of objective function in water supply
problem at X={161.8,38.82,88.0,47.89} using different uncertainty methods with various
CV under uniform distribution. The interval of CV is equal to (0.05, 0.25). Relative
difference is defined as (expected ale by uncertainty method - expected value by
MC)/(expected value by MC).

Figure 1.16: Relative difference of standard deviation of objective function in water
supply problem at X {161.8,38.82,88.0,47.89} using different uncertainty methods
with various CV under uniform distribution. The interval of CV is equal to (0.05, 0.25).
Relative difference is defined as (standard deviation by uncertainty method-standard
deviation by MC)/(standard deviation by MC).
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Figure 1.17: Relative difference of expected value of objective function in groundwater
management problem with different first-stage variables. The operation condition is that
all of random variables are belong to uniform distribution with CV 0.1. Relative
difference is defined as (expected value by uncertainty method - expected value by MC)/
(expected value by MC).

Figure 1.18: Relative difference of standard deviation of objective function in
groundwater management problem with different first-stage variables. The operation
condition is that all of the random variables belong to uniform distribution with CV= 0.1.

Relative difference is defined as (expected value by uncertainty method - expected value
by MC)/ (expected value by MC).



Table 1.5: Ex ected value of each variable in CEP1 for different CV with MC
CV 0.1 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.57
Y12 0.82 0.82 0.83 0.83 0.83 0.83 0.83 0.833 0.87
Y13 333 334 334 335 333 330 327 323 315
Y14 0 0 0 0.07 1.94 5.44 9.70 14.67 23.59
Y22 1374 1374 1374 1374 1374 1374 1374 1374 1374
Y23 138 136 134 132 131 131 132 134 136
Y33 26 27 29 30 32 34 36 38 41
Y34 3000 3000 3000 3000 2998 2995 2990 2985 2976
S2 171 173 174 175 176 175 175 174 172
S3 280 280 279 278 279 281 283 286 292

Table 1.6: Ex ected value of each variable in CEP1 for different CV with LHS
CV 0.1 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.57
Y12 1.25 1.25 1.25 1.25 1.25 1.25 1.25 1.25 1.25
Y13 241.1 271.2 273.5 276.7 281.3 288.6 299.9 318.6 312.5
Y14 0 0 0 0 0 0 1.6 13.87 22.5
Y22 1374 1374 1374 1374 1374 1374 1374 1374 1374
Y23 210.3 191 190.2 188.9 186.4 181.6 173.3 157.6 161
Y33 41.1 29.5 27 24.3 21.2 17.9 13.9 10.3 11.1
Y34 3000 3000 3000 3000 3000 3000 2998. 2986. 2977.
S2 137.5 149 149.5 150.3 151.8 154.7 159.7 169.1 167
S3 279.4 285.2 286.5 287.9 289.4 291 294.3 306 312.5

Table 1.7: Expected value of each variable in CEP1 for different CV with FOSM
CV 0.1 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.57
Y13 333.3 333.3 333.3 333.3 333.3 333.3 333.3 333.3 333.3
Y22 1375 1375 1375 1375 1375 1375 1375 1375 1375
Y23 166.7 166.7 166.7 166.7 166.7 166.7 166.7 166.7 166.7
Y34 3000 3000 3000 3000 3000 3000 3000 3000 3000
S2 162.5 162.5 162.5 162.5 162.5 162.5 162.5 162.5 162.5
S3 300 300 300 300 300 300 300 300 300

Table 1.8: Ex ected value of each variable in CEP1 for different CV with Rosenbluth's PE
CV 0.1 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.57
Y13 333.3 333.3 333.3 333.3 333.3 333.3 333.3 333.3 320.4
Y14 0 0 0 0 0 0 0 0 14.5
Y22 1375 1375 1375 1375 1375 1375 1375 1375 1375
Y23 153.9 145.5 141.4 137.2 133 128.9 124.7 120.5 127
Y33 12.8 21.1 25.3 29.5 33.6 37.8 42 46.1 52.6
Y34 3000 3000 3000 3000 3000 3000 3000 3000 2985.
S2 170.2 175.2 177.7 180.2 182.7 185.2 187.7 190.2 186.3
S3 293.6 289.4 287.4 285.3 283.2 281.1 279 276.9 285.3

84



Table 1.9: Ex ected value of each variable in CEP1 for different CV with Harr's PE
CV 0.10 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.57

Y12 6.94 6.94 6.94 6.94 6.94 6.94 6.94 6.94 6.94

Y13 329 329 329 328 323 318 313 308 301

Y14 0.00 0.00 0.00 1.23 6.64 12.05 17.46 22.95 31.25

Y22 1368 1368 1368 1368 1368 1368 1368 1368 1368

Y23 139 139 139 140 145 150 154 156 156
Y33 32.41 32.41 32.41 32.41 32.41 32.41 32.41 35.45 42.82

3000 3000 3000 2999 2993 2988 2983 2977 2969
S2 185.4 185.4 185.4 184.8 181.9 179.0 176.1 175.0 175.0
S3 283.8 283.8 283.8 284.8 289.1 293.4 297.8 300.6 303.6

Table 1.10: Standard deviation of each variable in CEP1 for different CV with MC
CV 0.1 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.57

Y12 4.49 4.49 4.50 4.50 4.50 4.50 4.50 4.50 4.73

Y13 34 68 85 102 116 129 141 153 169

Y14 0 0 0 0.56 6.79 15.40 24.76 34.47 49.79
Y22 5.57 5.57 5.57 5.57 5.53 5.53 5.53 5.53 5.53

Y23 60 78 89 101 111 120 129 137 149
Y33 54 60 63 67 72 76 81 86 93

Y34 0 0 0 0.56 1.86 14.07 24.06 34.04 49.48
S2 152 154 155 156 158 158 159 160 161
S3 180 180 180 181 182 183 185 187 191

Table 1.11: Standard deviation of each variable in CEP1 for different CV with LHS
CV 0.1 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.57
Y12 5.45 5.45 5.45 5.45 5.45 5.45 5.45 5.45 5.45

Y13 23.6 53.7 67.8 82.4 97.9 114.9 132.8 148 165.1

Y14 0 0 0 0 0 0 6.4 32.1 48.8

Y22 5.4 5.4 5.4 5.4 5.4 5.4 5.4 5.4 5.4

Y23 89.3 88.2 94.2 101.2 109.1 117.7 127.3 136.1 148.6
Y33 77.4 56.7 52 47.4 43 38.7 35 30 34.4

Y34 0 0 0 0 0 0 6.3 32.1 48.8
S2 137.6 146.5 149 152.1 155.7 160 163.6 164.1 165.1
S3 166.7 168.4 169.2 170 171.1 172.5 173.6 181.5 188.4

Table 1.12: Standard deviation of each variable in CEP1 for different CV with FOSM
CV 0.1 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.57

Y13 33.3 66.7 83.3 100 116.7 133.3 150 166.7 192.4

Y23 33.3 66.7 83.3 100 116.7 133.3 150 166.7 192.4
S2 174.4 177.8 180.3 183.3 186.8 190.8 195.2 200 208.2
S3 173.2 173.2 173.2 173.2 173.2 173.2 173.2 173.2 173.2
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Table 1.13: Standard deviation of each variable in CEP1 for different CV with Rosenbluth's PE
CV 0.1 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.57
Y13 33.3 66.7 83.3 100 116.7 133.3 150 166.7 179.6

YI4 0 0 0 0 0 0 0 0 14.5

Y23 27.4 54.5 68.2 81.9 95.7 109.5 123.3 137 147.1
Y33 22.2 36.6 43.8 51 58.2 65.5 72.7 79.9 91.1

Y34 0 0 0 0 0 0 0 0 14.5
S2 166.2 163.3 162.5 162.1 162.2 162.7 163.5 164.8 163.9
S3 173.6 174.2 174.6 175.1 175.6 176.3 177 177.7 181.2

Table 1.14: Standard deviation of each variable in CEP1 for different CV with Harr's PE
CV 0.10 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.57
Y12 15.53 15.53 15.53 15.53 15.53 15.53 15.53 15.53 15.53
Y13 34.9 67.5 84.0 98.6 107.0 115.8 124.9 134.4 149.1

Y14 0.00 0.00 0.00 2.74 14.84 26.95 39.05 51.31 69.87
Y22 15.53 15.53 15.53 15.53 15.53 15.53 15.53 15.53 15.53

Y23 70.5 91.1 103.9 116.4 124.8 133.6 142.7 146.2 146.2
Y33 72.5 72.5 72.5 72.5 72.5 72.5 72.5 71.4 71.5

Y34 0.00 0.00 0.00 2.71 14.8 27.0 39.0 51.3 69.9
S2 138.8 143.1 146.2 149.6 152.1 154.9 157.9 159.1 159.1
S3 177.0 177.0 177.0 177.1 177.8 179.1 181.0 183.3 188.4
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APPENDIX lA

The groundwater problem stochastic model, which has random variables in the right

hand side and a response matrix for a given situation, can be represented as the following:

Objective function:

2	 9

	Min. E{Z(q,)} = EfE Ec„q„}	 (1A.1)

subject to	 X„ ^ q,, _̂  0	 t ---- 1,2; i	 1,...,9	 (1A.2)
9

	j— 1, ... ,4;	 (1A.3)

9	 9

	E/ 8.2Aq11-FE)6 ()qi2 ^ -6../2( ) j=	 (1A.4)
i= 1	 i=1

(4,2)
a),	 75,	 602 — 9 ,

Sdi =5.773
	

Sd2 = 1.732

t is time period number (total 2) and j is observation well number (total 4); Xi, is the

capacity of the i m pumping well at time period t; Q, is pumping rate of the ih well at

time period t; and Cll is cost coefficient of Q„. C.;-:,,() represents the G-potential of head

control at thet observation point and time period t; fl("), a function of random

variables, is the response function at observation point j, in time period t', due to the

pumpage at wells i in time period t for the random variable realization is stochastic

parameter vector for each layer conductivity. All of elements are in the uniform

distribution with —(65, 85 ft/day), —(6, 12 ft/day). w i is the mean value of the im

random variable; Sd, is the standard deviation value of the i t h random variable.
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A deterministic model of the above problem was first solved to satisfy the

reliability of the G-potential response matrix application in groundwater modeling. After

substituting the mean values of each random variable into the above model, and

representing the discharge rate, Q, with X (Table 1.15):

Table 1.15: Discharge rate Q and variable X conversion table
X/ X2 X3 X8 X9 X10 •• • X 1 7 X18

'1' 11 '721 q31 • •	 •	 • q81 q91 q12 ... (182 (192

the deterministic model of the original problem is given by the following:

Objective function:

18

Min{Eci x i
	 (1A.5)

subject to
9

_̂  Gil j = 1, ..,4;
1=1

9	 18E /3 ,x,	 /3,2.,2 _, j = 1,...,4;
1=1	 1=1.0

Y.> x i > 0	 i = 1,...,18

(1A.6)

(1A.7)

(1A.8)

Here flit:: was set up with the upper layer conductivity equal to 75 ft/day and lower

layer conductivity equal to 9 ft/day. Each of the elements of the response matrix is

constant now. This is the reason it is called the deterministic model.

The deterministic model focuses on the effect of GP on the model results. After

substituting parameters into the model and solving with, the optimal discharge rates were

solved for the nine pumping wells as shown in Figure 1.5, these discharge rates came

from above model by replacing the original partial differential flow equation by a

response matrix based on the G-potential data. One should ask whether or not it has the
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same effect as the flow equation? To answer this question, let us consider following. If

the response matrix was as effective as the partial differential equation process, the

groundwater system should yield the same behavior when the same system is solved with

both procedures. That means if the response matrix base method has a set of optimal

discharge rates under satisfying a given control groundwater level and other constraints,

the flow equation procedure should yield similar results. MODFLOW is a 3D finite

difference groundwater flow model with which to simulation groundwater flow behavior

based on the partial differential flow equation. It can be used directly in this case as a

partial differential equation base method.

According to the previous analysis, the discharge rates from the response matrix

base LP model solutions, were used as the input into MODFLOW well data file. The

MODFLOW model, which has exactly same system parameters and time period as

response matrix base LP model, was then executed. The head from output of

MODFLOW was checked at all 4-observation points for each time period in order to

compare the required control head (10 ft). The head values obtained in the MODFLOW

model are shown in Table 1.16. All heads at observation points are very close to the 10 ft

required control groundwater level. The response matrix method is just as effective as

partial differential flow equation procedure.

Table 1.16: The head at each observation point with MODFLOW result
Observation point # row # Column # H at t-- --- 1 H at t=2 (11)

1 14 u 9.988 9.938
2 14 16 9.988 9.938
3 18 12 9.989 9.940
4 18 16 9.989 9.941
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APPENDIX 1B

When the CV and mean value are same for both uniform and normal

distributions, the effect interval ratio between the uniform and normal distributions is

about 0.577.

From the definition of CV we have: CV = . a is standard deviation and p is

expected value. The expected value and standard deviation for uniform distribution are as

follows:

	b  + a	 (b — a) 2 b — a
= a =

2	 12

a and b are the lower bound and upper bound, respectively. After simplifying:

a =	 b=p+icr

The interval of uniform distribution is equal to: b - a = 21hcr

As the 3o- law in the normal distribution, random variable has 0.997 probability to

get its realization in the interval (-3a, 3a), and the effect interval length is 6o-. Finally,

the interval ratio is equal to:

R b 
- a 

= 
2-1-3a 

= — 0.57735 E	=   
6cr	 3

From the above analysis, it is known that the variable with normal distribution has

a larger interval than one with uniform distribution. In other words, normal distribution

has a higher variation than uniform distribution under the same given conditions. Two

examples follow. Case 1: CV=0.25, p4 ,
 cr=1 for both uniform and normal distributions.
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From: a = 4 —1[3- = 2.2679 , b = 4 +	 = 5.7321; so b-a = 5.7321-2.2679= 3.4642 and

6o- =6. Finally, R = 0.57735. Case 2: CV=0.5, p=4, cr=2 for both uniform and normal

distributions. The b-a= 6.9282 and 6o-12, so the ratio R = 0.57735.

The effect intervals for both uniform and normal distributions are plotted in

Figures 1.19 and 1.20.
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LOCATING AND OPERATING GROUNDWATER RECHARGE SYSTEM
UNDER THE UNCERTAINTY

Maili Wang and Kevin Lansey 1

Department of Civil Engineering and Engineering Mechanics
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ABSTRACT

Groundwater management decisions are made under uncertain conditions related

to the inflows, demands and soil parameters. Decisions typically include decisions made

at the present, such as well location and capacity, and future decision based on likely

events, such as recharge or extractions. This type of problem can be posed as a two-stage

stochastic optimization problem. However, three difficulties arise. An optimization

procedure is presented to overcome these difficulties. First, the groundwater flow

equations are nonlinear so the Girinski potential is applied to linearize a stratified

unconfined aquifer system. The response matrix approach can then be substituted for the

partial differential equations describing flow. The second difficulty is the required

evaluation of an expected objective function in the second stage. Harr's point estimation

scheme is used to quickly perform this evaluation and this general method does not limit

the location of the uncertain parameter in the model. The third barrier is the first-stage

discrete decisions. Therefore, a genetic algorithm is used to solve the overall problem. To

complete the paper, an example system is solved to demonstrate the methodology.
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INTRODUCTION

Groundwater management is aimed at managing groundwater stresses, such as pump

and recharge, treating the stresses and hydraulic head directly as management decision

variables. As in any other resource management problem, groundwater management

decisions are generally made in environments where uncertainties exist. These uncertainties

stem directly from the aquifer's natural properties, such as aquifer thickness, hydraulic

conductivity, storage coefficient, porosity and boundary conditions. These uncertainties make

the ground water management problem more complex. Most classical groundwater

management methods consider the deterministic parameter situation. Sensitivity analysis,

trial and error solution processes and parameter programming are the main approaches that

accommodate the uncertainty in the early stages of water resource planning idealizing

stochastic models as deterministic in order to avoid complexity due to the uncertainty.

With the gradually growth of geophysical knowledge regarding subsurface flow

along with the continuous development of computer techniques, effective groundwater

management models have become practical and viable. Stochastic programming has a wide

application range from general water supply to groundwater dewatering during construction

phases. Although the chance constraint programming with deterministic equivalents

technique, optimal control, two-stage programming and dynamic programming were used to

solve groundwater management problems, the present ability of numerical solutions of

general stochastic programming is severely limited and there exists room for new and

effective solution methodology. Specifically, most of groundwater problems utilize defective

data, undifferentiable functions, implicit relationships and even discontinuous variables that
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render the problem solving process difficult. In this paper we establish a new approach more

efficient, more general to the groundwater management problem.

BACKGROUND

In stochastic analysis, input parameter uncertainty is specified in the form of a

probability density function (PDF) and the moments of the distribution. The results from a

simulation model in this analysis are probability density functions of each modeled output.

Since the pioneering work by Freeze (1975), the field of stochastic groundwater management

has experienced tremendous growth. However, work has continued using analytical and

simulation approaches to determine the uncertainty of groundwater heads and flows as a

result of uncertainty in boundary conditions and groundwater parameters (Delhomme (1979),

Li and MoLaughlin (1991), Rubin and Dagan (1989)).

Provemcher and Burt (1994) used dynamic programming (DP) to solve the stochastic

model. The approximate policy iteration approach of DP was used, then the Taylor series

approximation was applied to solve above nonlinear equation for specified values of x

and q.

Uncertainty can be included in single stage optimization problem by considering

uncertainty in the objective or in the constraints or so the constraint uncertainty is considered

through chance constraints that define the reliability level for constraint satisfaction. This

problem form can be solved by deterministic LP or NLP methods. Their main disadvantage

is that only the probability of violating a constraint is controlled, while the extent and

consequences of a violation, when it does occur, are not taken into account. Flokes, Gutjahr
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and Gelhar (1978) first used the expected type objective function and chance-constrained

model for a linear operation problem. Tung (1986) described a model which determines the

optimal pumping pattern in a well field for a confined aquifer. Considering thus,

uncertainties introduced by the transimissivity and storage coefficient. Cooper-Jacob's well

equation was used to determine the response matrix, and first order estimation was applied to

estimate the mean and variance. Wagner and Gorelick (1987) used a chance-constrained

process to solve the stochastic programming problem with a nonlinear program.

Morgan, Eheart and Valocchi (1993) presented a new chance constrained

programming technique. They generated a set of groundwater conditions and evaluated each

during the search for an optimal solution. The number of realizations with failures was

constrained. The problem was solved using mixed-integer chance-constrained programming.

Andricevic and Kitanidis (1990) applied stochastic differential dynamic

programming method to develop pumping plans for a groundwater monitoring system

while minimizing the expected value of the weighted sum of pumping and exceeding of a

specified concentration standard. This method is easy to apply; and calculations are not

difficult.

Wagner, Shamir and Nemati (1992) applied a stochastic program with recourse

model to a pumping operation problem. In their study, the extension of the finite generation

algorithm belonging to the decomposition method was used to solve the model that

contained the embedding process for groundwater flow simulation. But they had only one-

stage decision variables as well discharge rates, so their model is not exactly two-stage

stochastic programming. They calculated the expected value with the MC method and also,
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by inserting all realizations as constraint equations and solving then. The consequence is that

the number of constraints proved too large to solve, and these problems limited the approach

application.

Zhao and Tung (1996) applied the point estimation approach and linear

programming to determine well location and optimal extraction rates for a true expected

value objective function. They compared three uncertainty analysis methods: the first

order variance estimate (FOVE) method, Harr's point estimate (PE) method and the Latin

hypercube sampling (LHS) process. Based on their study, both LHS and FOVE need to

increase the model running time to improve the accuracy of estimation. PE provided a

general framework for the estimating of any order moments without significantly

increasing the computational burden.

The above problems considered that all decisions were made at a single point in time.

Stochastic programming with recourse involves a two-stage decision process. The first-stage

decisions are made at present and a set of second stage variables is determined in the future

based on the uncertain future. The objective consists of the deterministic cost incurred "here

and now" as the decision is put into effect, and a statistically distributed "wait and see"

recourse cost, which is incurred after the stochastic elements of nature are realized. Thus,

two-stage stochastic programming combines the long-term anticipatory strategies and the

associated short-term adaptive adjustments.
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GROUNDWATER MANAGEMENT MODEL

The main objective of groundwater management model, as defined in the previous

section, is to determine optimal extraction or recharge strategies and related well locations

under required constraints and optimal criterion.

A stochastic programming with recourse model can be formulated for this problem

since there are two styles of decisions. The first are the "here and now" decisions for well

and recharge basin location and capacity; the other are the "wait and see" decisions for

extraction and recharge rate at each well and recharge basin. The constraints may include

hydraulic head, discharge and recharge limitations, well and pump capacities.

The first-stage decisions are 0-1 or general integer variables representing

extraction well installation and capacity. The second-stage variables are the extraction

and recharge rates. The second-stage objective is to minimize the cost of pumping or to

maximize the recharge water value during the period of operation. Since the hydraulic

conductivity, K(0, is an uncertain parameter, aquifer water levels are also uncertain

since they are functions of conductivity. Thus, the second-stage objective is an expected

value.

The first stage constraints include the boundary conditions and the potential

locations for wells and recharge basins. Three types constraints are included; 1)

groundwater flow equations (eq. 2.4); 2) piezometric head bounds at each observation

point (eq. 2.5) and 3) the pumping, and recharge capacities for each well and basin (eq.

2.6). The management model can be written as:
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T	 I+L

Objective function: Min { 	Ec11 x 1.1- E[Z(x,)]}

subject to	 0 and integer, t=	 i= 1,...,1,

TR- 	0	 i=I+ 1, ... ,I+L

(2.1)

(2.2)

T	 I

where Z(x,)= Min{ E(EcA„ — (2.3)

subject to V K ()hV h + q8[(x - x * )(y - y * 	R(x, y) y (2.4)

hi, 5..	 ; (2.5)

Q(x,,)	 q i,	 O;	 O, 	1-1,...,4 1=1, ,L (2.6)

(2.7)

where t is time period number, (total T); i is potential pumping well number (total 1); 1 is

recharge basin (total L); j is observation point number (total J); xi, is the capacity index

of the th pumping well and recharge boundary for period t; ci, is the cost coefficient of

and is stochastic parameter vector for each layer of conductivity and local recharge.

7---?" is upper boundary of recharge; qi, is extraction rate from the th well during period t and

c',, is its cost coefficient; rit is recharge rate of the th basin during period t and au is its

objective function coefficient; K is a hydraulic conductivity vector; and h is the vector of

hydraulic head above the base of the aquifer; q is a purnpage vector; 811 is the Dirac Delta

function. x, y are the coordinate sets of well location; R is a vector of natural recharge; and

Sy is the specific yield. Et.] is the expectation operator; hi, and h., are upper and lower

boundaries of head at the observation point in the tm period. Q(xi ) is the pump capacity

corresponding index
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This formulation poses three major difficulties. First, the groundwater flow equations

are a set on nonlinear PDE's. That is computationally expensive to evaluate once, let alone

many times within an optimization model. Second, the expected value evaluation of the

second-stage objective can also be time consuming exercise. Finally, some decisions are

discrete which pose issues regarding this speed of convergence to an optimal solution

approach to overcome these issues are described below.

SOLUTION APPROACH

Girinski Potential and Response Matrix

The general governing partial differential equation (Boussinesq's) represents

transient, horizontal flows (Dupuit assumptions) in an aquifer system (eq. 2.4). This equation

is nonlinear with respect to the dependent variable h.

Two approaches have been taken to represent groundwater flow system in

optimization models: the embedding approach and response matrix methods (also known as

algebraic technological function (ATF)). The embedding approach first suggested by

Wanakule, Mays and Lasdon (1986), directly incorporates the nonlinear flow equations in the

optimization model, typically within an optimal control framework. The advantage of this

method is that it has accurate results and can be used for general systems. However, it may be

computational burdensome.

The response matrix method is assumes that the aquifer behaves as a linear system

and only considers the relationship between the input (recharge or extraction) and the output

(piezometric head) at specific points of interest. The PDE is substituted by a linear equation
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in which the response or change in head with respect to a stress is multiplied by the

magnitude of the stress to determine the resulting change in head.

The response matrix approach can be used in a linear system directly, such as in a

confined aquifer. In a more generally, the aquifer flow system is a nonlinear system and the

assumption are not strictly satisfied. Some pre-treatments are needed to meet the linear

system assumption requirement. However, it has been used as an approximation for general

unconfined systems and in special cases in transformed systems. One such transformation is

valid for stratified aquifers with uniform layer thickness. This approach is described here but

the direct application of the response matrix method will also be valid in the solution

framework described. The linearizing approach used here is the GP transformation that was

first introduced by N. K. Girinski. Lall and Santini (1989) later described the reformulation

of the groundwater problem using the Girinski potential (GP) and the response matrix

formulation. Before setting up the response matrix, the GP process maps the aquifer head

into GP space. After the GP transformation, Boussinesq's equation takes the form:

V 2 G + q[8(x - )(y - y * )]- R(x, y)=	 (2.8)
a a

The representation of the above equation with dependent variable G (GP of

piezometric head), is similar to that for a confined aquifer with a dependent variable Ø (the

piezometric head). In this domain, the unconfined, stratified aquifer flow system behaves as

a linear system and the response matrix form can be substituted for eq. 2.8. The GP method

is explained in more detail in Appendix 2A.
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The response matrix is generated by solving the flow simulation model with unit

pumpages at a single pumping well. The responses in the GP rather than the original head are

used to create the response matrix with elements, j. Since the system is linear,

superposition is used to determine total GP "drawdowns" that can be equated to water

surface drawdown (eq. 2.13). After applying GP and response matrix processes, the

simplified groundwater management model is:

T I +L

Objective function: Min{Elc„x„+ E[Z(x,)])	 (2.9)
t-4 i=1

subject to	 x	 0 and integer,	 T;i =1,...,1,

1.7 x„ 0 1=1+1,...,I+L	 (2.10)

T I

where	 Z(x,)= Mini E(Ecwit —Ea1111)}	 (2.11)
t=1	 1=1	 1=1

	subject to	 Q(xii) git -̂  0 ,x(prot rkt -̂ O

t=1,...,T,- i=1,... ,I, 1=1, . .,L

	t' 	 L	 I
iii,v)rit

1, 1,

Git Git ()	 Vj, t,

=

(2.12)

J; t'=1,...,T (2.13)

(2.14)

(2.15)

fij 1 is response function, -9-; , at the /I observation of the well and the th period due to a

unit discharge rate at the th well and the period; ail° is response function -, at theft'

observation well and the e th period due to a unit recharge rate at the th basin and the e

period; G11 (K) is GP at the fh observation well in the th period; Gil and Gil are the upper
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and lower bounds on the GP, corresponding to the head bounds at the"' observation well in

the tat period.

Thus the partial differential equation is replaced by the GP response matrix linear

equation. A comparison between GP response matrix method and partial differential flow

equation was carried out (Wang 1999, dissertation) the result is satisfactory.

Pre-set up Process for Response Matrix

The response matrix procedure is designed for a deterministic optimization model.

When used for stochastic programming, a problem arises because the response function

changes with the random input for realization of random variables, the system has new

parameters, so a new response matrix, that represents the system characteristics, must be

created.

To evaluate the expected value term, using a general method an approximate

relationship between the input and response matrix is developed. This relationship is useful

for Monte Carlo simulation but is not needed for other methods for estimated the expected

value relationships such as sampling methods or the point estimation method described in the

next section. The functional form between the response functions and the random input was

linear for the example problems. This assumption is also not necessary, since a general

function can be used to develop this function, prior to beginning the optimization process.

The samples of random inputs are generated from their PDF's. The groundwater flow model

is executed for each set. For the example the responses with respect to the GP are computed,
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and least squares regression is applied to determine an equation of the formula (for the

example):

a rt	 ft
Pi/ = La t." jik (nk 	 b11 t" (2.16)

where fii," is a linear estimation of response function fi co," and V . ' are regression

coefficients and 4 is the realization of the Km random variable. A linear regression model

determines the minimum error between )0 and its linear estimation (regarding the decision

variables ciik" and bfi" ):

MinF = [fi (m) _ (E c id! k(n)+ 	 )1	 V t, j, , t
	

(2.17)
rn=1	 k=1

Minimizing the objective function F, the coefficients ciik" and b11" are calculated.

This process is repeated until all of fl has an associated estimate function. After the

regression equation of )3 is found, a regular R-squared value is calculated to confirm the

accuracy of the regression equation. Remember that the R-squared value is a general

statistical standard used in regression analysis and ranges from 0 to / (representing worst to

best scenario). The R-squared value is explained as follows:

R2=1
 SSE 

SST

	

SSE = E — )2 and SST = Œyi2 —	 Yi )2 , Yi is function sample, f)j is function

regression value. The )0 regression and its R-squared value test are explained detail in

Appendix 2B.

(2.18)
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Point Estimate Approach

The calculation of expected value for the evaluation of the second-stage objective

function is the second major issue. In general, the expected value cannot be found directly by

an analytic solution but may be estimated numerically with an approximation method such as

MC simulation. Monte Carlo simulation, however, requires significant computational effort

and efficiency is an important issue for stochastic programming problems. Several

approximate approaches such as point estimate and sampling methods have potential to

alleviate this problem by reducing the required number of realizations. Methods include first

order second moment approximation, Rosenblueth and Harr's point estimation methods, and

Latin hypercube simulation that is one sampling method. These four methods have been

applied to solving the expected value or distribution problem (Wang and Lansey,1999). In

the application to groundwater management, Harr's method was most accurate. This result is

presented in the results section so only Harr's method is described in detail here.

The concept of the point estimate method was originated by Rosenblueth (1975) and

applied to uncertainty analysis involving symmetric random variables and was later extended

to handle asymmetric random variables. The practical applicability of the point estimate

method was further developed by Lind (1983) and Harr (1989). Harr's point estimate

method related a discretization technique for evaluating model output at specified points

in the input parameter space. This method utilizes the first two moments (mean and

variance) of the random input variables and their correlation in order to produce the

concentrated points. The objective function is only evaluated at these selected points,

thus reducing the sample size. It can be used for single or multiple variable problems.



106

The theoretical basis of Harr's PE method is the orthogonal transformation using

eigenvalue-eigenvector decomposition which maps correlated random variables from

their original space into a new domain in which they become uncorrelated.

The procedure for Harr's methods is as follows:

Step 1. Apply eigenvalue-eigenvector decomposition to the correlation matrix R for

the random vector X as:

R V AV T 	(2.19)

V is an eigenvector matrix consisting of N columns of eigenvectors, V = [V . ,VN ]; is a

diagonal matrix with N eigenvalues on the diagonal, X, = diag (2 h, ...  A N ); and the

superscript T denotes the transpose operator for a matrix.

Step 2. Compute 2N points in the parameter space by

X,± =	 -1--N Dv, , t = 1, N	 (2.20)

D is the diagonal matrix containing the standard deviations of the random vector X, and vi is

the ids eigenvector of the correlation matrix R (for independent random variables the !RI = 1).

Step 3. Compute 2N model output function values Y, Y= f( X1, X2, X3, ..., XN ),

which is the second stage objective in stochastic two-stage problem.

Y = h()Ç);	 1, N	 (2.21)

Step 4. Compute the nih order moment about the origin for the output Y by

N —

Y

E(Y = 
	

(2.22)

where
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/,	 N	 (2.23)

The standard deviation of the output can be computed as

STD(Y)JE(Y 2 ) — E2 (Y)	 (2.24)

As seen a set of pre-selected points are to be evaluated to estimated function of

concern in this case, the second-stage objective at each iteration of the first-stage

problem. Thus, the response function must be known at each of those pints and can be

determined and saved before the optimization process. To apply MC in which many

combination are evaluated the linear regression model is necessary.

Genetic Algorithms

Genetic algorithms (GAs) are a family of combinatorial optimization methods that

search for solutions of complex problems using an analogy between optimization and natural

selection. They were developed by Holland (1975) to mimic some features of natural

evolution; it can also be described as an adaptive optimization search method. The main

advantage of GA is that it only needs to evaluate the objective function and does not require

gradient information. The calculations are simple and fast because the GA is able to search

complex multi-model decision spaces and efficiently handle non-convexities that cause

difficulties in traditional optimization methods. Unlike traditional gradient based

optimization methods, genetic algorithms use a random search procedure inspired by

biological evolution, cross-breeding trial designs and allows only the fittest designs to survive

and propagate to successive generations.
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A simple genetic algorithm is an iterative procedure that maintains a constant size

population P(t) of candidate solutions. During each iteration step, called a generation, the

structure of the current population is evaluated, and on the basis of those evaluations, a new

population of candidate solution is formed. The general GA consist of the following process:

encoding, fitness and scaling function, selection, recombination and performance measure.

These evolutionary processes represent competitions between individuals for resources in the

environment. Because some individuals are better than others, they are more likely to survive

and propagate their genetic material.

The GA method is not a random search for a solution to a problem. The GA may

use stochastic processes but the result is distinctly non-random. GA has been used in a

number of application areas, such as multi-dimensional optimal problems, in which the

characters strings of the chromosomes are used to encode values for the various

parameters optimized. In the field of water resources, GAs have been used by Wang (1991)

to calibrate rainfall runoff models, and by McKinney and Lin (1994) to optimize well

pumping rates. Ritzel and Eheart (1994) solved a multiple objective groundwater pollution

containment problem under uncertain conditions with a GA. The benefits of the GA are that

it can optimize discrete or continuous decisions and has been shown to converge to globally

optimal solutions. The GA is used here to solve the first stage problem with its well location

and capacity decisions while LP models solve the second-stage problem.
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Overall Method

The procedure is designed to solve stochastic programming with recourse models for

a groundwater management problem combining the genetic algorithm, a point estimate

approach and GP response matrix methods. The overall optimization algorithm (Fig 2.1)

proceeds after a series of initialization steps for the system at hand (Step 1 to 3 below). To

determine the optimal solution, a generation of first-stage variables are produced that define

the well locations and recharge basin capacities. The second-stage objective is then estimated

for each element of the generation using linear programming by solving for the 2N random

input vectors defined by Harr's method. The two-stage objective (f(x), eq. 2.9) can then be

analyzed for each element based on the generations results the algorithm ends or another

generation is produced and the process continues. The basic procedure is as follows:

Step 1. Initialize data and setup all control data, such as cost coefficients, parameter

matrix and tolerances.

Step 2. Establish response matrix for groundwater flow system in the GP space.

Step 3. Calculate the eigenvector and eigenvector matrix for a random vector to

carry out the PE method for the second-stage objective function expected value calculation.

Step 4. Genetic algorithm process:

I. Develop population of x i, for all well locations and recharge basin capacities

i and time period t,

II.Evaluate objective function F(X),

a. Find 41 with Harr's point estimate process by solving the set of linear

programming problems for the extraction and recharge rates,
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T I

b. Calculate F(X) = EE	 +E[Z (x, )]

1=1 i=1

III. If the GA termination condition is satisfied stop; otherwise, go to I.

This algorithm has been coded with Borl and's Turbo C  3.0) and Microsoft

FORTRAN Power Station (ver. 7.0) on an MM compatible personal computer. The basic

GA source code, GENESIS (ver. 5.0), was developed by Grefenstete (1990).

EXAMPLE PROBLEM

The problem considered here involves a simple groundwater management system.

The study area covers twelve-square miles with a two layered stratified aquifer (Figure 2.2).

The upper aquifer is an unconfined aquifer with a depth of 300 ft; the lower layer is a 700-ft

deep confined aquifer. In addition, a local infiltration basin system recharges the aquifer at an

uncertain rate. The goal of this management problem is to minimize total "cost" to control

the groundwater level at less than or equal to 10 ft above the datum for two time periods

which total ten years; in length while maximizing the net recharge to the aquifer.

The groundwater management problem is formulated as a stochastic program with

recourse described earlier (eq. 2.9-2.15) with two time periods (T), nine well capacity

decisions (I), four recharge basin capacities (L), and four observation points (.1). Four

allowable well model. The random variables are the hydraulic conductivity of the two layers

and the local recharge rate. Note this recharge can also represent local extraction. The

random variable impacts all elements of the response matrix. The right hand side vectors

are also functions of random variables.
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RESULT AND DISCUSSION

To confirm the appropriateness of Harr's method, the example problem was

solved using the GA approach and four methods computing second-stage objective.

Harr's point estimate, Rosenblueth's point estimate, Latin hypercube sampling processes

and Monte Carlo simulation. These methods for evaluating an expected value are

described elsewhere (Wang and Lansey (1999)).

The results for the example problem with local recharge are shown in Table 2.1

and Figure 2.3. When the objective value from MC process is chosen as "standard" the

maximum relative error is 47% for Roseblueth's PE, and the minimum relative error is —

1% for Harr's PE. However, the GA-MC process required about 644 minutes to

determine the optimal solution while GA-LHS took 115 minutes and GA-Harr's PE used

only 26 minutes.

After examining the efficacy of the procedure, more precise simulations were

carried out using Harr's PE in the solution algorithm. All conditions were the same

except the trial numbers in GA were increased. The results are shown in Figure 2.4. The

pump and recharge rates at each potential well are shown in Figures 2.5 and 2.6.

From the above results it appears that GA-PE process is very effective in solving

two-stage stochastic programming problems. To confirm this conclusion, an additional

300 generations were completed using MC to estimate the expected value function. The

final optimal solution from the first 1000 generations (GA-PE) was used as part of initial

generation for the GA-MC process. As seen in Figure 2.4, the first 1000 trials are

completed with GA-PE approach, and final 300 trials are completed using the GA-MC
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procedure. No significant improvement occurred in the 300 generations with the GA-MC

approach. The objective function improved from 1.034x10 7 to 1.022 x 10 7 and the optimal

solution was also very similar.

To examine the impact of the different stochastic elements, three cases were

studied for the example problem including local recharge. The first considers the

uncertainty of both aquifer conductivity and local recharge rate. The second case

considers the uncertainty introduced by the uncertain hydraulic conductivity while third

case only considers the local recharge rate as uncertain. The first two cases results in

randomness in the response matrix and right hand side of the constraints while the third

case has uncertainty in the right hand side only. The GA-PE and GA-MC procedures

were used to solve the problems and the results from the three cases are shown in Figures

2.7 to 2.9. As seen, there is no significant difference in the objective function values

between PE and MC. The path to convergence did vary particularly for the two random

parameter case. Again, the simulation times vary significantly. GA-PE required about 16,

11 and 6 minutes for case one, two, and three, respectively; while GA-MC used about 16,

14.4 and 14.2 hours, respectively. All runs were completed on a Pentium II 300Mhz PC.

It is noticeable that the optimal solution cost was highest for case one with three

uncertain parameters and case two with the random over conductivity, K's a relatively

low range, was the lowest cost.

A series of sensitivity analyses were also completed on the parameters in the GA. The

main parameters are crossover rate, mutation rate, population size and generation gap. The

results show that there is a best parameter set of GA processes for an individual problem. For



113

instance, the optimal parameters for the groundwater management problem are 0.3, 0.005,

0.8 and 70 for the crossover rate, mutation rate, generation gap and population size,

respectively (Figure 2.10-2.16). Solving the problem with these parameters compared to the

default parameter set, results in the convergence were shown in Figure 2.17; the difference at

the final solution is about 17.5 percent. The result is normalized to the best solution among

the first 50th generation, i.e., f50 (scale = fi f50 x 100 %).

CONCLUSION

A general methodology for solving a groundwater management problem posed as

a two-stage optimization problem is presented and applied. The method incorporates

methods for simplifying the groundwater system representation with point estimation

schemes for quickly evaluation the expected cost, and a genetic algorithm (GA) to handle

the discrete well decisions.

From the example problem, the point estimation scheme has been shown to be

adequate and converge to the optimal solution as compared with more time-consuming

Monte Carlo simulation and other estimation methods. In addition, it allows uncertainty

to be introduced in the RHS and in the coefficient matrix of the second-stage problem. It

is also seen that the GA is a robust search technique that can handle continuous and

discrete variables but the algorithm's parameter set should be chosen with care. Since it

is a search technique it potentially can be very time consuming to solve but it is expected

to identify the global optimal solution.
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Two points must be reinforced with respect to the PE and groundwater flow

modeling. Harr's PE chooses a set of 2N random parameters for evaluation prior to the

optimization evaluation. Therefore, it is possible to create a large problem with a single

objective that includes weighted objectives for each of the 2N parameter sets. The

approach in this paper was to solve each of these 2N problems independently.

The second impact of these 2N sets is in the groundwater modeling. Here we

developed an approximate relationship for the response function and the random

parameters. This relationship was linear over the parameter range considered which was

helpful in the other expected value evaluation schemes, in particular MC, since the

response function was immediately known from an evaluation of a linear equation. Since

the parameter sets are known a priori one may generate the desired response function

prior to the execution of the optimization model. Thus, the groundwater system must

only act as a linear system but the change in response does not necessarily have to be

linear.
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Figure 2.2a: Discharge and recharge sites in groundwater management with aquifer
recharge problem. (The length unit is ft.)
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Table 2.1: Objective function value of groundwater management with aquifer recharge
problem vs. trial number in GA process with different methods for computing second-
stage objective.

Trial # MC LHS Rose. PE Harr's PE
50 1.33E+07 1.53E+07 1.90E+07 1.32E+07
108 1.19E+07 1.53E+07 1.59E+07 1.18E+07
225 1.04E+07 1.39E+07 1.52E+07 1.18E+07
310 1.04E+07 1.32E+07 1.34E+07 1.11E+07

Figure 2.3: Method comparison for GA process in groundwater management with aquifer
recharge problem with uniformly distributed random variables. I. GA parameters: ( I )
total trial number 300 (2) population size 50 (3) crossover rate 0.6 (4) mutation rate
----- 0.001 with gray code process. II. number of simulation for each method: (1) 300 for
MC (2) 20 for LHS (3) 8 for Rosenblueth's PE (4) 6 for Harr's PE.
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Figure 2.4: Objective function convergence with GA-PE for groundwater management
problem. I. GA parameters for GA-MC process: (1) total trial number = 300 (2) population
size = 50 (3) crossover rate = 0.6 (4) mutation rate = 0.001 with gray code process. H. MC
parameters: (1) realization number = 300 (2) all random variables are independent with
uniform distributions.

Figure 2.5: Optimal discharge Q for groundwater management problem (based on the
solution of Figure2.4).
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Figure 2.6: Optimal recharge R for groundwater management problem (based on the
solution shown in Figure 2.4).

Figure 2.7: Solution convergence for case one with random K and Q. I. GA parameters
for both GA-PE and GA-MC processes: (1) total trial number = 1000 (2) population size
= 50 (3) crossover rate = 0.6 (4) mutation rate = 0.001 with gray code process. II. MC
parameters: (1) realization number = 300 (2) all random variables are independent with
uniform distributions.
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Figure 2.8: Solution convergence for case two with random K only. GA parameters for
GA-MC process: (1) total trial number = 300 (2) population size = 50 (3) crossover rate =
0.6 (4) mutation rate = 0.001 with gray code process. II. MC parameters: (1) realization
number = 300 (2) all random variables are independent with uniform distributions.
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Figure 2.9: Solution convergence for case three with random Q only. GA parameters for both
GA-PE and GA-MC processes: (1) total trial number = 1000 (2) population size = 50 (3)
crossover rate = 0.6 (4) mutation rate = 0.001 with gray code process. II. MC parameters: (1)
realization number = 200 (2) all random variables are independent with uniform
distributions.
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Figure 2.10: Crossover rate sensitive analysis results for GA-PE process (3D). (1) total
trial number = 1000 (2) population size = 50 (3) crossover rate is changed from 0.2 to
0.95 (4) mutation rate = 0.001 with gray code process. The result is normalized to the
best solution at the 50th generation with population size equal to 50, i.e, fso
( fte X 100%).
/ J 50

Figure 2.11: Crossover rate sensitive analysis results for GA-PE process (2D). (1) total
trial number = 1000 (2) population size = 50 (3) crossover rate is changed from 0.2 to
0.95 (4) mutation rate = 0.001 with gray code process. The result is normalized to the
best solution at the 50`11 generation with population size equal to 50, i.e, fso
(I/ X 100% ).
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Figure 2.12: Mutation rate sensitive analysis results for GA-PE process (3D). (1) total
trial number = 1000 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate is
changed from 0.001 to 0.01. The result is normalized to the best solution at the 50 th

generation with population size equal to 50, i.e,f50 ( 
J x

 100%).
50

Figure 2.13: Mutation rate sensitive analysis results for GA-PE process (2D). (1) total
trial number = 1000 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate is
changed from 0.001 to 0.01. The result is normalized to the best solution at the 50 th

generation with population size equal to 50, i.e,f50 ( f X 100%).
50
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Figure 2.14: General gap sensitive analysis results for GA-PE process (3D). (1) total trial
number = 1000 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate = 0.001
(5) general gap is changed from 0.3 to 1. The result is normalized to the best solution at

the 50th generation with population size equal to 50, i.e,f50 ( 
J x

 100%).
 50

Figure 2.15: General gap sensitive analysis results for GA-PE process (2D). (1) total trial
number = 1000 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate = 0.001
(5) general gap is changed from 0.3 to 1. The result is normalized to the best solution at

the 50 th generation with population size equal to 50, i.e,f50 (	 x 100%).
f50
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Figure 2.16: Population size sensitive analysis results for GA-PE process. (1) total trial
number = 1000 (2) population size is changed from 40 to 200 (3) crossover rate = 0.6 (4)
mutation rate = 0.001 with gray code process. The result is normalized to the best

solution at the 50`h generation with population size equal to 50, i.e,f50 (	 x 100%).
fso

Figure 2.17: Result comparison between default and best parameter sets in GA-PE
process. I. Default parameter (1) crossover rate = 0.6 (2) mutation rate = 0.001 (3)
generation gap= 1(4) population size = 50. II. Best parameter (1) crossover rate = 0.3 (2)
mutation rate = 0.005 (3) generation gap = 0.8 (4) population size = 70. The result is

normalized to the best solution during the first 50 th generation, i.e,f50 (	 x 100%).
./ 50
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APPENDIX 2A: Girinski Potential

La11 and Santini (1989) described the reformulation of the problem using the Girinski

potential (GP) which allows the reduction to a form suitable for a unit response formulation

of the management model. GP was first used by N. K. Girinski in solving the certain ground

water problem. GP is the integral of all values of the potential at all possible positions on the

vertical line under consideration.

GP G(x, y), along the line (0 <Z < h), for the unconfined flow condition in a

stratified aquifer system, is defined as:

h

G(x, y) = f K(x, y, z)(z - h)dz
	

(2A.1)

After integration, the multi-layer aquifer GP with each layer homogeneous and isotropic is:

2 	n	 1 n
G =	

h
„+1 — - Ed, (K - K,, l )h + -Ed 2. (K, - K,„)	 (2A.2)

2	 2

K. is hydraulic conductivity at layer i; h is the hydraulic head; and d. the aquifer

layer i depth. Halek and Svec (1979) had detailed explanations for the approximate

linearization of Boussinesq equation using GP. When the below inequality is satisfied the

error caused by linearization is not too large to neglect:

)1

Ed, (K, — K,+i )h _̂ 	 (2A.3)

Based on GP linearization of the partial differential equation for transient conditions,

Boussinesq's equation is stated as:

1
V 2 G + Q[8 (x - x * )(y - y *

)]_
R(x, y) =	 (2A.4)

aâ



130

The representation of above equation with dependent variable g, is also similar to

that for a confined aquifer with a dependent variable (the piezometric head). Within the

limits of the approximation, the unconfined stratified aquifer flow problem may now be

treated using linear superposition and the response matrix optimization approach.
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APPENDIX 2B: Response Matrix Regression

Following deterministic model simulation, the stochastic linear program was solved

using the pre-setup procedure. Pre-setup procedure refers to all of the response matrix sets

used in stochastic LP that were established before solving the LP model.

To pre-set up the )6' sets used in the above model, 5 values are chosen from upper

layer conductivity 4 and 6 values from lower layer conductivity	 . The total 540

(= MTH K ) MODFLOW simulations give all GP data for each observation point and time

period with chosen random variable realizations. After getting the )6 sets at each observation

point for each time period, an array of /3 at each observation point is formed. For instance,

the array at observation point 1, for time period 1, due to pumping well 1, from period 1, is as

Table 2.2:

Table 2.2: Response matrix value (11) vs. conductivity

K \ K 6.00 7.00 8.00 9.55 10.80 12.00

85.00 0.4484 0.4550 0.4589 0.4681 0.4764 0.4845
80.00 0.4434 0.4487 0.4562 0.4647 0.4732 0.4819
75.76 0.4391 0.4446 0.4525 0.4616 0.4706 0.4796
70.00 0.4328 0.4390 0.4457 0.4574 0.4670 0.4769
65.00 0.4275 0.4341 0.4415 0.4552 0.4641 0.4745

The fi value surface with regard to upper layer and lower layer conductivities is

shown in Figure 2.17. According to the data shown in Table 2.2 the following regression

equation was solved with GAMS student version 2.05/S which is a reliable and efficient

optimal searching programming package for LP, NLP and integer programming.
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From
30	 2

11)]MinF = E[fi II" (In) — (Eciik il k(m)+ bil 2
m=1	 A=1

(2B.1)

cm " = 8.0 x 10 -4 , c1i2" = 6.88 X le and b11 11 = 3.365 x 10 -1 . The estimation of fi using

different conductivities on both layers can be represented as:

Pun = (8.0 x	 +(6.88 x 10 -3 ) 2 + 3.365 x 10 -I 	(2B.2)

Similarly fi, each element of response matrix, has an estimation explanation:

t = cjil f	 ciatt	 bfitt	 V i, j, t , t	 (2B.3)

During an optimal model simulation procedure, the response matrix will be set up instantly

for each given random variable realization. Eight equations are checked randomly and the

results are shown in the Table 2.3:

Table 2.3: R 2 value of regression equations
Equ. 1 2 3 4 5 6 7 8 9

r 2 0.9887 0.9873 0.9926 0.9887 0.9904 0.9936 0.9920 0.9939 0.9943

Figure 2.18: Response matrix value f3 vs.	 and K1
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ABS'I RACT

An alternative procedure for solving stochastic two-stage programming problems has

been developed. The approach consists of genetic algorithm optimization with point estimate

procedures. It has some advantages over traditional methods, such as evaluating function

values only, no continuous or gradient requirements and it can solve integer or continuous

problems. To improve the performance of the method the extension of standard genetic

algorithm is suggested and coded. Finally, the overall procedure is applied to several example

linear and nonlinear problems.
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INTRODUCTION

In many situations, particularly in engineering, decision makers are faced with

making large investments at the present while attempting to predict potential future returns or

costs associated with those investments. In this context they are attempting to minimize the

overall cost of a project under an uncertain future. These problems can be posed as two-stage

optimization problems. Two-stage optimization problems allow for long-term anticipatory

strategies and opportunities for short-term adaptive adjustments.

The difficulty in solving these problems is that the objective consists of a

deterministic cost incurred "here and now" as the decision is put into effect and a

statistically distributed "wait and see" recourse cost that is incurred after the stochastic

elements are realized. The recourse cost is usually considered as an expected or mean

future cost. This raises two issues. First, most optimization algorithms, to solve the first

stage problem, require the evaluation of the recourse cost which, in itself, is an

expectation and difficult to compute. Second, those optimization algorithms also require

the gradient of the expectation with respect to the first stage decisions. This gradient is

likely more difficult to compute than the recourse cost.

This paper presents an alternative scheme for solving two stage problems that

combines the use of genetic algorithms for overcoming the need for gradient or quasi-

gradient information and approximate methods for estimating expected values of functions,

in this case the optimal second stage objective function value. Several example problems are

solved and solutions compared with published results and with other solution approaches.
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BACKGROUND

The standard form of stochastic linear two-stage programming with fixed recourse is

defined as:

MinF(x) = e T x + E{z(x, ct))}	 (3.1)

subject to	 Ax = b	 (3.2)

x > 0	 (3.3)

where	 z(x, co) = Min{q T (co)y}	 (3.4)

subject to	 Wy = h(co) — T(co)x	 (3.5)

y 0	 (3.6)

F(x) is the objective function; c is a known vector in Ir1 ; b is a known vector in led; A and

Ware known matrices of size mi x ni and m2 x n2, respectively, and W is called the recourse

matrix. z(x, co) is the recourse cost; x and y are first stage decision variable and second stage

variable, respectively. co c .0 is the random event, and T(co) is the technology matrix.

Corresponding to a given realization co, the second-stage problem data q(co), h(co) and T(co)

become known. Finally, Ell is expected value operator.

According to the parameter characteristics, the objective function and constraints

have different forms. Fixed recourse means W is deterministic, simple recourse implies W-

/1, and complete recourse is that the second-stage problem is feasible for all values of

first stage variable x EX.

Stochastic programming with recourse is a branch of stochastic programming.

Frauendorfer (1992) identified three types of methods for solving stochastic programming

problems with recourse; bounding, approximation, and decomposition methods. Several



137

bounding methods have been proposed. The error bound method by Kall and Stoyan (1982)

can be applied to general recourse problems. However, it has significant limiting

assumptions such as the recourse function must be a continuos, concave-convex saddle

function, the constraints must be convex for all x, and the expectation function is integrable.

The sublinear bounding technique (Birge and Wets, 1989) requires that the technology

matrix and objective coefficients are deterministic and the marginal distribution function of

the transformed random variables is available. The method replaces expectation integration

with finite 2m' linear recourse problem points. Thus it requires the solution of 2m' linear

programs per iteration where m' is the basis dimension number of the recourse problem. The

solution times of sublinear bounding technique depend linearly on the dimension of the

underlying probability space.

Approximation schemes such as those discussed in Birge and Wets (1986) estimate

the recourse function with a finite collection of points, discretize the probability measure

throughout conditional expectation and discrete probability measures with support on

extreme points. These methods require that the recourse function is convex and

subdifferentiable.

Quasigradient techniques that were first proposed by Ermoliev in the mid-1960's are

another type of approximation schemes (Wet, 1983). Quasigradient techniques are designed

to solve complex optimization problems with a convex recourse function. They used the

gradient search idea as in deterministic optimal methods except a sequence of optimal

approximate solution {xJ, J = 0, 1,... } are constructed by using statistical estimates of the
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objective function and its gradients, based on the previous iterate {x°, , .x-14} obtained

within the optimization process. However, the convergence rates tend to be slow and the

success of the application depends strongly on how efficient objective function values,

quasigradients, and step sizes are evaluated. The semi-stochastic approximation method

improves the convergence of the quasigradient technique (Marti, 1980). The essential idea is

to replace the stochastic quasigrdients with deterministic descent directions during some

iterations.

The L-shaped method by Van Slyke and Wets (1969) used a cutting plane technique

to solve the two-stage problem. Its basic idea is to approximate the nonlinear term (recourse

function) in the objective of these problems by a so-called outer linearization. Two types of

constraints are sequentially added; feasibility cuts and optimality cuts until satisfying the stop

criteria. Since the L-shaped method requires the solution of all possible subproblems at each

iteration, the computation effort to solve the problem can be significant.

Decomposition methods attempt to reduce the feasible region of the subproblem.

Dantzig and Glynn (1990) combined Benders' decomposition with importance sampling in

one such approach. Here, the expected value integral is approximated by a finite sum using

importance sampling through evaluation of the recourse function for a relatively small set of

lattice points along M coordinate directions, where M is the total base case number or

independent component number. The key point of the process is to produce the importance

sampling distribution, determine the sample size and the marginal distribution corresponding

to each stochastic independent component. It also requires a convex recourse function. After
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getting the importance sample space, the objective function is determined using Benders'

decomposition.

Higle and Sen (1991) also used Benders' decomposition with elements of stochastic

approximation. Their approach uses a piecewise approximation of the objective function and

adds cuts to the master problem resulting from solution of the last subproblem. Since a new

cut is added at each iteration, large problems may result and the corresponding computation

effort can be substantial especially for large problems with many random variables.

Regularized stochastic decomposition (Yakowitz, 1994) introduced a quadratic term and a

cut dropping scheme to stochastic decomposition to improve results and to overcome the size

of the master problem. However, both stochastic decomposition and its extension are limited

to solving problems with uncertainty in the right hand side (RHS) of the subproblem.

When the stochastic program includes nonlinear terms or when continuous random

variables are explicitly included, a finite dimensional linear programming deterministic

equivalent no longer exists. Some nonlinear programming procedures can be used. The

regularized decomposition method by Ruszczynski (1986) combines a multicut approach for

the representation of the second stage value function with the inclusion in the objective of a

quadratic regularizing term. This additional term is included to avoid two classical

drawbacks of the cutting plane methods. One is that initial iterations are often inefficient.

The other is that iterations may become degenerate at the end of the process. Regularized

decomposition method uses a term of the form alx-al 2 with a O. This term allows tuning
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of the regularization with the other terms in the objective function and no extra computation

in the test for optimality.

In general, a variety of approaches to solve two-stage programming come from

nonlinear programming methods. However, most of these methods assume that gradients of

recourse function are available and relatively inexpensive to acquire. The exception is

Lagrangian approach. The basic notion here is to place the first and second stage links into

the objective so that repeated subproblem optimizations are avoided in finding search

directions (Birge and Louveaux, 1997).

In summary, most of the above methods require either convex, continuous and

differentiable, or some quasigradient information to guarantee the feasibility and optimality

of methods. These requirements limit their applicability for many practical problems. For

instance, discrete random variables result in non-differentiable functions and derivative

methods cannot be applied.

Overview of Present Work

An alternative scheme is presented for solving two-stage problems that avoids the

limitations of previous methods. The approach combines approximation methods for rapid

estimation of the expected value function and genetic algorithms (GA) to allow for generality

in solving the first stage problem.

Wang and Lansey (1999) applied several approximate methods for evaluation of the

expected value of the second stage objective. Four approximation methods (first order
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second moment (FOSM) approximation, Latin hypercube simulation (LHS), Rosenblueth's

(1975) and Harr's point estimation (PE) methods were compared with Monte Carlo (MC)

simulation. Each method performed reasonably well but some had advantages for specific

problems. Therefore, testing of the different methods was recommended prior to their use for

a particular problem. As a result of this work, Harr's PE method will be used to solve the

expected value problem when necessary in the algorithm presented herein. Harr's method

develops a series of points to be evaluated based upon the uncertainty levels of the input and

the problem structure as determined by computing eigenvalues for the problem. It requires

2N function evaluations to estimate the first two moments of a function where N is the

number of random inputs.

As noted, a genetic algorithm was used as the overall optimization method. GA's can

solve problems with continuous or integer decision variables that appear in linear or

nonlinear relationships. Thus, as noted below it only uses functional values thus avoiding the

need for gradient or quasi-gradient information. However, its drawback is that it still requires

a large number of function evaluations when the problem has many decision variables and a

high accuracy requirement is defined. Therefore, a modified GA is presented to attempt to

reduce this effort for fine-tuning continuous solutions.

By combining these two concepts, genetic algorithm-point estimation (GA-PE)

and modified genetic algorithm-point estimation (MGA-PE) optimization processes have

been implemented. As a baseline for comparison, a genetic algorithm-Monte Carlo (GA-
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MC) algorithm is used to solve each problem. Four problems are solved and results

compared between methods and with literature results.

Harr's Point Estimation Method

Harr's point estimation method (Han, 1989) is related to discretization techniques

by evaluating the model's output at specified points in the input parameter space.

Compared to MC simulation, Harr's point estimation approximates the probability

distribution function of the random input variables with a selected set of points. The

objective function is then evaluated at these points and the statistics of this term are

computed. Thus, Harr's method estimates the mean and standard deviation of the

model's output with a significantly smaller number of evaluations than required by MC

resulting in significant computational savings.

The steps in Harr's algorithms are as follows:

Step 1. Apply eigenvalue-eigenvector decomposition to the correlation matrix R for

the random vector X as:

R =VAV T 	(3.7)

V is an eigenvector matrix consisting of N columns of eigenvectors, V [VI , VAT]; is a

diagonal matrix with N eigenvalues on the diagonal, X. = diag (	 , AO; and the

superscript T denotes the transpose operator for a matrix.

Step 2. Compute 2N points in the parameter space by

i = /,	 N	 (3.8)
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D is the diagonal matrix containing the standard deviations of the random vector X, and vi is

the el eigenvector of the correlation matrix R (for independent random variables the RI = 1).

Step 3. Compute 2N model output function values Y, Y=f(X1, X2, X3, ..., XN),WhiCh

is the second stage objective in stochastic two-stage problem.

= h(Xi± ); i = 1,	 N	 (3.9)

Step 4. Compute the te order moment about the origin for the output Y by 

N

E(Y "7 ). 	  (3.10)

where  

+	 .= (3.11)   
2  

The standard deviation of the output can be computed as

STD(Y)= E(Y 2 ) — E2 (Y)	 (3.12)

From above the steps 1 and 2, it can be seen that 2N points, which are much like

the 2N realizations in MC process, are generated in Harr's PE process at fixed points

prior to the optimization process. Therefore, the computation of output function (Step 3)

can be done either solving the individual model as an expected value subproblem with

2N evaluations or embedding all 2N models with their weights defined above in a single

weighted objective large problem and the problem solving at one time. The former

approach is taken here.
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Standard Genetic Algorithms

Genetic algorithms were introduced by Holland (1975). Goldberg (1989) provides

a history of GA development. Since GA's use some features of natural evolution to

develop candidate solutions, they have been described as adaptive optimization search

methods. Unlike traditional gradient based optimization methods, genetic algorithms use

a random search procedure inspired by biological evolution, crossbreeding trial designs

and allows only the "fittest" designs to survive and propagate in successive generations.

As such, the algorithm is able to search complex multi-modal decision spaces and can

efficiently handle non-convexities that cause difficulties for traditional optimization

methods while generally determining a global optimal solution.

A genetic algorithm has five fundamental steps: (1) problem encoding; (2) fitness and

scaling function evaluation; (3) selection; (4) recombination and (5) performance

measurement. The main differences between GAs and normal search methods are:

1. GAs work with a coding of the parameter set, not with the parameter

themselves.

2. GAs search from a population of points, not from a single point.

3. GAs only require payoff (objective function) information, not trend, derivative,

or other auxiliary data.

4. GAs use probabilistic, not deterministic, transition rules.

A standard genetic algorithm is an iterative procedure that maintains a constant size

population of candidate solutions. During each iteration step, called a generation, the fitness
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(objective function) of all of the individuals (or structure) in the current population is

evaluated. Based on those evaluations, a new population of candidate solutions is formed by

performing operations such as crossover, fitness-proportionate reproduction and mutation on

the individuals whose fitness has just been measured. The GA uses stochastic processes, but

the result is distinctly non-random. A proof that GAs converge to an optimal result is given

by Michalewicz (1992).

Modified Genetic Algorithm

A main weakness of standard GAs is that their computational effort increases

dramatically as the number of decision variables and the discrtization and accuracy of

those variables increase. In an attempt to avoid this problem, a modified genetic

algorithm (MGA) is developed in this study.

The MGA is a standard genetic algorithm with a self-reducting decision variable

range function. The essence of the MGA is analogous to incremental dynamic

programming in which the range of the decision variables is reduced at each generation

based upon the previous generation's results. By maintaining the same number of

intervals for a variable in a smaller range, their accuracies increase. For a smooth

function, the results should converge to the global optimum. However, some of the

advantage of a GA are lost in that the range allowed for a random search is also reduced

thus the global solution might be missed.

The MGA process is as follows. The first iteration of the MGA is equivalent to a
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standard GA with a relatively coarse discretization of the solution vector. From the GA

output, the solutions are grouped and sorted into a Pareto set of selected dimension (10

has been used here). The maximum and minimum values for each decision variable for

the next generation are identified from this set. To avoid losing the potential best solution

point in this process, the allowable maximum and minimum values are increased or

decreased by one interval, respectively, except for variables at their bounds. Based on

these ranges, a set of new allowable ranges for each decision variables is defined with an

equal number of discrete intervals. The next GA is solved and the above process is

repeated until a stopping criterion is satisfied. The criterion used herein are that the

differences in the objective between two generations is less than a defined value and

between generations all decision variables change less than a second tolerance. The

MGA flow chart was shown in Figure 3.1.

TWO-STAGE PROBLEM SOLUTION PROCEDURES

As noted, three procedures were formulated using the optimization methods and

uncertainty analyses. To provide a baseline for comparison, the standard GA was linked

with MC analysis and defined as GA-MC. Solutions from GA-MC were compared with the

GA combined with Harr's point estimation method for solving the expected value sub-

problem (GA-PE). Finally to examine the benefits of using the MGA, it was linked with the

Harr's method (MGA-PE). The flow chart (Figure 3.2) shows the general process for all

procedures.
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All procedures used here were coded in Borland's Turbo C+ (v. 3.0) and Microsoft's

FORTRAN Power Station (v.7) on a personal computer. The GA was solved with GENESIS

version 5.0 developed by Grefenstete (1990).

APPLICATIONS

To demonstrate the procedure, four stochastic optimization problem examples

have been solved. Another two nonlinear problems were also studied to give the

comparison between the GA and MGA. The first five problem formulations are presented

in this section and the results and discussion follow in subsequent sections. The final

problem, investment model, was explained and analyzed in Appendix 3A.

Rosenbrock's Function

Rosenbrock's function (Rosenbrock, 1960), a two dimensions nonlinear function,

has a steep curved valley along the curve X2=X 1 2 with one global minimum point and

many local minimum points. Rosenbrock's function is also one of the test functions

which are quite often used to compare the performance of the optimal search algorithms.

The Rosenbrock's function is as the following:

f (X) =100(x2 — 4 )2 + (1 - x, )2 (3.13)

An emphasize here is that Rosenbrock's function is a deterministic function and is used

to confirm the MGA performance. To simplify the process the intervals for both decision

variables are set up as: (- 4 .� X 1 4) and (- 4 X2 4).
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CEP!

CEP1 is a capacity expansion problem from stochastic programming literature and

was investigated by Higle and Sen (1990) and Yakowitz (1991) for the case of uncertainty in

the right hand side constraint variables. CEP1 considers a manufacturing plant that produces

several parts of several types on several machines. If there are n types of machines and each

has original capacity of Zi (i = 1 to n) , then the objective is to determine the expanded

capacity of each type of machine. The cost of new capacity and the expected cost of weekly

labor plus tooling is to be minimized while satisfying operational and capacity constraints:

subject to

AlinE c 
J
.x . + ElQ(z,W)]
 J

—X1. + z 
J
. < h1

< T
J J

.j= 1

0 5.. zi U1

05_xj

m n

Q(x,co). Min{	 ÷Ep,s,
1=1 j=1	 1=1

subject to

where:

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Eayyy + s, co,	 i=1,...,m	 (3.20)

in

Lyy zi 	(3.21)
i=1

y 	 0	 Vi,j	 (3.22)

m and n are the number of part types and machines, respectively; xi is the number of

hours of new capacity of type j; ci is the cost of new capacity of type j and q is the cost



149

of producing part i on machine).	 is the production rate part i on machine) in parts per

hours; hi is the number of currently available hours on machine j for each week; ui is the

total usage of machine j allowed each week and Zi is the weekly operation hour of

machine ]. yisi is the operation hour of machine) on part i. Finally, ti is maintenance hour

for all machines; T is the total maintenance hour for all machines; coi is the weekly

demand for part i; pi is the price of subcontracting for part i, (pi -̂  qii); and si is the

number excess parts of type i obtained from subcontractor.

CEP1 is in the two-stage stochastic programming with eight first stage variables and

fifteen second-stage variables. All coefficients were constants except the RHS parameters.

The objective function and all constraint equations are linear relationships. It was solved

considering randomness only in the right hand side of the second stage constraints. coi ( =1,

2, 3) were the stochastic variables with uniform distribution as following:

col e (0, 600); co2 E (1200, 1800); co3 E (2400, 3000).

This problem variables, and data are defined below.

n= 4, m = 3, T = 100, c1 =(2.5, 3.75, 5.0, 3.0), hi =(500, 500, 500, 500),

pi —(400, 400, 400), ti ----(0.08, 0.04, 0.03, 0.01), ui =(2000, 2000, 3000, 3000)

-0.6 0.6 0.9 0.8

0.1 0.9 0.6 0.8

.05 0.2 0.5 0.8

2.6 3.4 3.4 2.5

1.5 2.3 2.0 3.6

4.0 3.8 3.5 3.2

Substituting these values, the model is:

Min[2.5x 1 + 3.75x2 + 5x3 +3x4 + E{Q(z,W)}]	 (3.23)
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subject to —x.J +z. 5_500, j=1,...,4 J

0.082' 1 + 0.04z2 	0.032'3 +0.01z4 � 100

0	 Z	 [2000, 2000, 3000, 3000]

(3.24)

(3.25)

(3.26)

j=1,...,4 (3.27)

where Q(x,co)= Min{2.6y11 +3.4y12 + 3.4y13 + 2.5y14 +1.5y21 + 2.3y22 + 2y23 (3.28)

+3,6y24 +4y31 +3.8y32 +3.5y33 +3.2y34 +400(s 1 +s2 + s3 )}

subject to 0.6y11 + 0.6Y12 + 0 . 9Y13 + 0 . 8Y14 + (3.29)

0. ly21 + 0.922 + 0.6yr + 0.8J	 Y24 ± S2 ^ (92 (3.30)

0.05y31 + 0.2y32 + 0.5y33 + 0.8y34 +S3 _̂  c03 (3.31)

yij + y2i + y3j 	j=1,...,4 (3.32)

,Vi,j (3.33)

Water Transfer Problem

A nonlinear urban water transfer problem was adapted from Lund and Israel (1995)

and is used as the third demonstration problem. The objective here is to minimize the cost of

meeting urban water demands through the first stage purchase of an annual contingent water

contract and second stage decisions consisting of water conservation and purchases of spot

market transfers. Contingent water contracts typically involve a fixed payment for the option

to transfer water if certain conditions occur, such as drought, plus an additional payment for

the actual transfer if it is needed. Spot market transfers are made on a short-term basis,

usually within a given year. Dependent on local market conditions, the cost of these transfers

is generally higher in dry years, and generally higher than the cost of utilizing a contingent

water option.
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The random parameters in this problem are water availability and demand in the

coming year for which the contingent water contract is made. Thus, a scenario consists of a

realization of water availability combined with a realization of water demand, leading to a

scenario space offl= S x R, where S is the set of availability realizations and R is the set of

demand realizations. For simplicity, water availability and demand are considered to be

independent. Otherwise, a simulation model could be used to generate supply demand

scenarios with an appropriate correlation structure. For scenarios in which the water

availability and the amount of the contingent contract are less than demand, the difference

must be made up through second stage decisions involving spot market transfers and water

conservation. Assuming the objective is to minimize the expected cost of meeting water

demand, the problem was formulated by Lund and Israel as a two stage stochastic

programming model as:

MinZ = co Q +EEP,Ps tcqUq„ + c,U„, + 77(U,„) 7 1
seS rER

subject to Uqrs Q	 Vr,Vs

(3.34)

(3.35)

+ Uq„ + Utr, + Icrs 	dr 	Vr, Vs (3.36)

0	 Vr, Vs (3.37)

Q is the amount of annual contingent water contract; Uqrs is the amount of annual contingent

contract actually used in scenario (r, s); Ut,.. is the amount of spot market transfer water

purchased in scenario (r, s); U,„ is the amount of water conservation in scenario (r, s); a s is

the water available in realization s occurring with probability Ps; i and y are constants; dr is

the water demand in realization r occurring with probability Pr; and CO 3 cq and c, are the unit
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costs of the annual contingent contract, utilizing water from the annual contract, and using

water from spot market transfer, respectively. All volumes are in units of Mm3, and the unit

costs are S/Mm3 .

As seen, the resulting model is nonlinear in the objective function and linear in

the constraints. Due to the finite discrete probability scenarios, the stochastic two-stage

program can be solved by nonlinear programming. However, if the original discrete

probabilities are replaced with continuous variables, a second two-stage programming is

formed:

where

subject to

subject to

MinZ = co Q + E{Z(Q,co)}	 (3.38)

0 � Q � Q.	 (3.39)

Z(Q,co)= MinfcaUla, + cLJ + 77(U„ ) 7 1	 (3.40)

Uq,,, Q	Vo 	(3.41)

a„+Uqco + UM, + Ucco d, V co,	 (3.42)

	

Q,Uaa,,U„„U„ 0	 (3.43)

=(0),,(od)	 (3.44)

(O a — u(aa ,ba ); co d — u(ad ,bd )

coa and cod are independent uniform distribution variables, and the continues distribution

variable co replaces the (r, s) scenario. The original problem was solved using MGA and GA

and the full stochastic model was used to solve the continuous random variable case.
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Groundwater Management

The fourth application is managing a simple two stratified layers groundwater

system covering twelve square miles aquifer. The upper aquifer is unconfined with a

depth 300 ft, and lower layer is 700-ft deep. Nine potential extraction wells, which have

three option pump sizes (500, 1000 and 1500 gpm), surround a four square mile recharge

area (Figure 3.3). The recharge rate in four basins is constant during each of two periods.

Four observation locations with a defined maximum water level are defined inside this

system.

The groundwater management problem was formulated as a stochastic programming

problem with recourse. The goal of the problem is minimize the total cost to control the

groundwater mound resulting from recharge. The maximum water levels must be less than or

equal to 10 ft above a defined datum. To maintain these water levels, new extraction wells

will be installed at some of the potential locations and their capacity and pumping rates over

time will be determined.

The well capacity and its associated construction cost appear in the first stage while

the expected pumping rates are the second stage decision variables. The first stage

constraints include the limitation on pump capacity and the potential locations of discharge

wells. The second stage constraints are the governing groundwater flow equations, the

piezometric head requirement at each observation point and time period and the pumping

capacity limit. The flow equations for a general aquifer flow system are nonlinear. However,

for a stratified aquifer system they can be transformed to a linear space using the Girinski
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potential (La11 and Santini, 1989). By applying this transform, the water levels are

transformed to Girinski potentials (GP) and the GPs are bounded instead of using bounds on

the piezometric heads. After this transformation is applied, the model can be stated as:

where

2	 9

Objective function	 Min{ 	Ec„,„±E[Z(x,)]}	 (3.45)

subject to	 x	 0 and integer, t=1,2; i=1,...,9	 (3.46)

2	 9

= Min{ 	cA„}	 (3.47)
i=1

subject to 	Q(x11) _̂q„ 0	 t=1,2;	 (3.48)

9

l-1, —4;	 (3.49)

9	 9
V-1 21

fifi ( -)qii Efi.,2.,2()q,2 ^ U./2 (3.50)

= (4)

t is number of time period (2); j is the number of observation locations (4); xi, is the

capacity index of the /I' pumping well during time period t; ci, is the cost coefficient of

xit; Q(xi ) is the pump capacity corresponding to the index x11; q, is the pumping rate for

the th well during period t; c'i, is the cost coefficient for qi,; X 1 is the upper bound on the

th pumping well capacity during time period t;	 is the G-potential at the

observation point during time period	 16( ) is the response function at observation

point j for time period t' due to the pumping at well i during period t; is the vector of

aquifer hydraulic conductivities. All elements of	 are assumed to be uniformly
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distributed with the mean and standard deviations of	 85 ft/day) and	 12

ft/day).

Since the pump size for each discharge well has three discrete options, x is an

integer. Thus the problems is a two-stage program with an integer first stage and linear

second stage. Uncertainty appears in the coefficient matrix and in the RHS since both are

functions of

Before beginning the optimization, the response matrix, fl, must be computed for

each observation point based on the Griniski potential transform. Next, an approximate

relationship between /3 and the random hydraulic conductivities is then determined using

linear regression analysis to determine the parameters of a function for each response

matrix element (see Wang and Lansey (1999) for more details).

Groundwater Management with Aquifer Recharge

Groundwater management system with recharge is the last problem considered.

The same study area and aquifer character conditions were considered in the previous

problem. There are same amounts of potential discharge and observation wells, but with

slightly different locations (Figure 3.4). In this case, the recharge rate in the recharge

basins is a new decision variable rather than a given constant value. In addition, a local

recharge cell supplies water to the aquifer an uncertainty rate. This random flow, q, is

general and could also represent a well field with uncertain withdrawals. Now the

random inputs are the conductivities for the upper and lower layers and the local recharge
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rate. The goal of this problem is to minimum total system cost and control the

groundwater level equal or less than 10 ft above the datum for two time periods total ten

years. The cost is the initial well construction cost minus the net value of recharge water

that comprises the second stage.

First stage decision variables represent the discharge well and recharge basin

installation cost and their capacities. Second stage variables are the pumping rate for

each chosen well and recharge rate for each cell in each time period. The second stage

costs are assumed to be linear functions of decision variables with deterministic

coefficient. Two sets of constraints corresponding to two stage decision variables are also

included. The first-stage constraint set includes the bounds on extraction or recharge

capacity and the limits on the potential well and recharge basin locations. The second

stage constraints are groundwater flow governing equation in terms of the Girinski

response function, the piezometric head requirement at each observation point and

discharge pumping capacity limit as defined by the first stage decisions. The stochastic

model can be represented as following:

where

	2 	 9
Objective function Min{Z Zc„x„ + E[Z(x,)]}

t=1

subject to	 x„ ^ 0 and integer, t=1,2; i=1,...,9

2	 9	 2	 4
	Z(X,) "= Min{	 c;,q „ —Z Zahrit

f-_,1	 1.1

4	 9
subject to	 ()rii.	 j=1,...,4;

(3.51)

(3.52)

(3.53)

(3.54)
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4	 4	 9	 9
V" 21	 22	 2La ii ()rn + E ( x ii ()r12 -/3 1 ( )q 1 —/ j2i2 (),y i2 � GI/ 2 () j=1,...,4; (3.55)
1=1 	1=1	 1=1	 i=1

0 q11 Q(x„); 0 �. R„ t=1,2; 1=1,...,9,1=1,...,4 (3.56)

(3.57)

rk is the recharge rate of the th basin at time period t; au is the coefficient of rfr; Rft and

R are the recharge capacity of basin 1 and its upper bound, respectively. € () is the

response function at observation point j in time period t' due to the recharge at basin 1 in

time period t; is the stochastic parameter vector consisting of the hydraulic

conductivities and local recharge rate. The remaining parameters have same definitions

as in the previous problem. All of random elements are assumed to follow uniform

distribution; 4 —(65, 85 ft/day), 2 —(6, 12 ft/day) and —(0.1, 0.8 ft/day).

RESULTS AND DISCUSSION

Rosenbrock's function is a deterministic nonlinear problem. As seen in Figure 3.5

and Table 3.1, it is seen the MGA reaches the global minimum pointf(1, 1) = 0.0 after 3500

evaluations, while GA finds a local minimum points f(0.997, 0.997) = 8.5x10-4 after 5900

evaluations. The GA result is still a good approximation of the global optimal point but MGA

is faster and more accurate.

CEP1 is a stochastic two-stage linear programming and is used to demonstrate the

method's ability to solve continuous problem. This model was first solved by an equivalent

deterministic LP model to get a common starting point. The deterministic LP means that
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all random variables in the model were replaced by their mean values and the model was

solved with the standard simplex method. The three solving procedures, GA-MC, GA-PE

and MGA-PE, were used to solve the stochastic model called basic model. The results

are shown in Table 3.2 and were nearly identical with the MGA having a slighter better

solution due to a finer decision variable discretization. In addition, two cases of CEP1

with different constraints are solved to compare with the results solved by other methods.

Case I adds an additional constraint Z2 500 with results shown in Table 3.3. Case II is

for adding additional constraint Z2 0 with results shown in Table 3.4.

These results (Table 3.2-3.4) are almost identical to the results obtained by

Elshorbagy (1995) using the RSD algorithm. They vary as a result of decision variable

discretization. The convergence of MGA is illustrated in Figure 3.6 and Table 3.5. For

instance, the interval of variable, X1, is initially set from 0 to 2000. After four iterations it was

reduced to [0, 21.31

The water transfer problem has the nonlinear objective function and linear

constraints with random variables in matrix A and RUS. Due to the finite discrete

probability scenarios, the water transfer problem is actually a general nonlinear

programming after considering each scenario as the constraints and a weighted objective.

This problem was solved with GA and MGA procedures directly without MC or PE for

the expected value calculation. The results are similar to Watkins and McKinney (1996)

as shown in Table 3.6 and Figure 3.7 and 3.8.
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Considering the available water and water demand as continuous random

variables results in a fully nonlinear stochastic two-stage programming with random

variable in matrix A and RHS. It was solved with three procedures, GA-PE, GA-MC and

MGA-PE. The final solutions from three processes are close and the objective functions

have little differences (Table 3.7).

In the groundwater management problem, the model was solved with two

procedures here, the GA-Harr's point estimate and GA-MC processes. The results are

shown in Table 3.8 and demonstrate that the two methods converge following a similar

path. However, GA-MC process required about 9 hours and 30 minuets to reach the

solution while GA-PE determined its solution in 27 minutes.

To introduce more unknowns in the first-stage, multiple pump capacities were

considered. If only one pump capacity (1500gpm) was allowed, the objective function

was 14 percent larger than if three pump sizes were allowed (500, 1000, 1500 gpm).

However, as expected the solution converged much faster (Figure 3.9). The reason for the

result is evident since multiple pumps provide more flexible decisions. To satisfy the

constraints with multi-size pumps, the pump size with possible the least cost and closest

to the desired capacity can be chosen.

A sensitivity analysis to examine the impact on the solution due to the coefficient

of variation (CV) of the lower layer hydraulic conductivity was also carried out. The

objective function value only varied 4% when CV value was more than doubled from
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0.075 to 0.195 (Figure 3.10). The parameter is not significant in model results since this

parameter has little affect on mound dissipation in the upper aquifer layer.

hi the multi-period groundwater management with aquifer recharge problem, the

result comparison between the MGA and GA is given in Figure 3.11. Here the focus is on

these approaches only and the MC is dropped. After 840 iterations, the MGA reaches the

solution with the optimal function value of 7.3x 107. At the same iteration, the best

solution obtained by GA has an objective function value of 1.5x 108. The GA still only

approached the solution (7.7x 107) after 1300 iterations.

During the MGA process, the tendency is that most decision variable intervals

decrease as the iteration number increases. For example, the intervals of variable X6 and

X9 are 2.3 and 15 percent of their initial intervals after 14 iterations as shown in Figure

3.12 and interval of R2 decreases to 1.23 percent of initial interval (Figure 3.13).

However, some intervals decrease and increase (Tables 3.9 to 3.11). A possible

explanation is that the variable interval must be modified when other decision variables

are changed during the optimal solution search process in a multi-variable problem.

The applications of GA in nonlinear programming were also illustrated in the

investment problem (Appendix 3A). GA and MGA procedures were used to solve the

models, and Figures 3.14 to 3.18 compares the two methods and the optimal solutions for

investment problem.

Table 3.12 provides a comparison of simulation time between GA and MGA for the

tested problems. Clearly, MGA has better performance than GA in all tested problems.



161

CONCLUSIONS

An alternative approach for solving complex two-stage stochastic programming

problems has been developed. The procedure was applied to problems with continuous

and integer variable, linear and nonlinear functions and constraints, random variable in

RHS and/or matrix A, and problems with discrete probability and continuous probability

distributions. From the example problems, GA-PE and MGA-PE processes determined

optimal solution close to the global solution in reasonable times. The main weakpoint of

this procedure is that it may have slow convergence and, in the case of MGA, may not

find the global optimal solution.

Within the approach, the point estimation scheme has been shown to be effective

in approximated the second-stage problem and converge to similar solution as Monte

Carlo simulation. The point estimate procedures, however, save significant computation

times compared with the MC simulation and can converge fast and efficiently.

The overall GA and MGA solution schemes are also effective procedures. Taking

advantage of their function evaluation only, the whole procedure can easily be used for

various forms of stochastic programming problems (linear, nonlinear and integer

programming problems) and obtain solutions similar to those obtained in previously

published studies.

Improvements are possible using other approaches to solving continuous

problems using GA's, such as modifying the decisions for changing variable ranges. Also

a scheme of combining PE for early generations to provide fast convergence then
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switching to other methods such as MC for estimating the second stage problem may

prove effective.
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Figure 3.1: MGA flow chart
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Figure 3.2: General process for solving two-stage optimization problem
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Table 3.1: The minimum Rosenbrock's function searching results with GA and MGA

Trial # 50	 425	 726	 987	 1777	 1966	 2463	 3075	 3210	 5900
MGA 0.605 5.97e-2 1.52e-2 7.86e-4 1.14e-4 1.24e-6 7.29e-6 3.95e-6 0.00
GA	 4.793 3.52e-1 9.94e-3 9.27e-3 2.51e-3 1.89e-3 8.44e-4 8.44e-4 8.44e-4 8.4e-4

Figure 3.5: Result of Rosenbrock's function with GA and MGA methods. GA parameters:
(1) trial number = 6000 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate
= 0.001 with gray code process.

F(X)

0	 500 1000 1500 2000 2500 3000 3500 40(X) 4500 5000 5500 6000

Iteration #

Table 3.2: Optimal results for CEP1

Deterministic LP GA-MC GA-PE MGA-PE
Xi= 0.0 533.3 133.3 0.0
X2= 277.8 1066.7 933.3 836.1
X3= 796.3 0.0 0.0 54.7
Xi= 2500.0 2600.0 2600.0 2501.3
X5= 0.0 0.0 0.0 0.0
X6= 777.8 1375.0 1375.0 1333.3
X7= 1296.3 500.0 500.0 554.7

X8- 3000.0 3000.0 3000.0 3000.0

Obj. 276223.1 218188.3 217309.0 215929.0
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Table 3.3: Results for CEP1 with additional constraint (Z2 500)

Deterministic LP GA-PE MGA-PE
X1 = 0.0 0.0 0.0
X2= 0.0 0.0 0.0
X3= 11661 1200.0 1166.9

X 4 = 2500.0 2600.0 2500.3
Xs= 0.0 0.0 0.0

X6 - 500.0 475.0 499.9
X7= 1666.7 1700.0 1666.9
X8 - 3000.0 3000.0 3000.0
Obj. 286325.0 249907.0 248470.0

Where	 X4 were exact first stage variables	 X4 in CEP1, and X5,., X8 were
corresponding the first stage variables	 Z4.

Table 3.4: Results for CEP1 with additional constraint (Z2 0)

Deterministic LP GA-PE MGA-PE
X/ = 0.0 0.0 0.0

X2- 0.0 0.0 0.0
X3- 1833.2 2000.0 1840.0
X4= 2500.0 2600.0 2501.3
X5= 0.0 0.0 0.0
X6= 0.0 0.0 0.0
X7= 2333.2 2333.3 2333.3

X8= 3000.0 3000.0 3000.0
Obj. 306379.3 272540.0 271440 .0

Those results are exactly same as those obtained by Yakowitz with RSD algorithm.
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Table 3.5: The first-stage variable boundaries in CEPI problem. MGA parameters: (1) total
trial number = 800 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate = 0.001
with gray code process (5) tolerance control = 1% (6) the sub-interval number = 16 (7)
maximum running # for GA =6.

Variable # Iteration 1 Iteration 2 Iteration 3 Iteration 4
X1 upper bound 2000.0 533.3 106.7 21.3

Lower bound 0.0 0.0 0.0 0.0
X2 upper bound 2000.0 1333.3 906.7 866.9

Lower bound 0.0 800.0 800.0 828.5
X, upper bound 3000.0 200.0 93.3 61.4

Lower bound 0.0 0.0 40.0 47.1
X4 upper bound 3000.0 3000.0 2640.0 2522.7

Lower bound 0.0 2400.0 2480.0 2490.6

Figure 3.6: Decision variable interval in CEP1 with MGA method.
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Table 3.6: Optimal solutions for different methods in water transfer problem with discrete
random variables

Method GA MGA Watkins etc.
Obj. fun. Value	 ($) 5903200 5903200 5302400

Optimal solution Mm 3 48.43 48.39 48.2

Table 3.7: Optimal solutions of the water transfer problem considering the random variables
as continuous

Method GA-MC GA-PE MGA-PE
Obj. fun. Value ($) 5750520 5749000 5749000

Optimal solution Mm 3 41.27 42.75 42.95

Table 3.8: Comparison of groundwater problem resulting for MC and Harr's PE methods
for solving the second-stage problem. I. GA parameters: (1) total trial number = 300 (2)
population size = 40 (3) crossover rate = 0.6 (4) mutation rate = 0.001 with gray code
process. II. MC parameters: (1) number of realizations =300 (2) all random variables are
independent with uniform distributions. III. The objective function value is computed
using equation 3.33.

Trial # Obj. function with
GA-MC

Obj. function with
GA-Harr's PE

40 1.904000e+06 1.910000e+06
65 1.656000e+06 1.663000e+06

129 1.303000e+06 1.310000e+06
189 1.303000e+06 1.310000e+06
247 1.232000e+06 1.241000e+06
308 1.134000e+06 1.142000e+06
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Figure 3.7: Result of water transfer problem with GA method. GA parameters: (1) total trial
number = 1000 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate = 0.001
with gray code process.

Figure 3.8: Result of water transfer problem with MGA method. MGA parameters: (1) total
trial number = 80 (2) population size = 20 (3) crossover rate = 0.6 (4) mutation rate --
0.001 with gray code process (5) tolerance control = 0.015% (6) the sub-interval number
= 32 (7) maximum running # for GA = 18.
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Figure 3.9: Convergence of GA-PE for varying number of allowable pump capacities in
groundwater management problem. GA parameters: (1) total trial number = 1000 (2)
population size = 50 (3) crossover rate = 0.6 (4) mutation rate = 0.001 with gray code
process.

Figure 3.10: Variation of objective function value with varying CV of lower layer
hydraulic conductivity in groundwater management problem. GA-PE was used to solve
the problem. GA parameters: (1) total trial number = 300 (2) population size = 50 (3)
crossover rate = 0.6 (4) mutation rate = 0.001 with gray code process.
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Figure 3.11: Comparison of GA and MGA convergence for the groundwater management
with aquifer recharge problem. 1. GA parameters: (1) total trial number = 1700 (2)
population size = 60 (3) crossover rate = 0.6 (4) mutation rate = 0.001 with gray code
process. II. MGA parameters: (1) total trial number = 60 (2) population size = 20 (3)
crossover rate = 0.6 (4) mutation rate = 0.001 with gray code process (5) tolerance
control = 1% (6) the sub-interval number = 8 (7) maximum running # for GA = 18.
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Figure 3.12: The feasible interval tendency of discharge variable in groundwater
management with aquifer recharge problem solved by MGA. MGA parameters are same
as the explanation in Figure 3.11.
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Table 3.9: Upper boundaries of discharge rate changed with iteration number of MUA in
groundwater management with aquifer recharge problem. The discharge rate is gpm, and
iteration # is the number of running a GA with new intervals.

# X, x, x3 X., x5 x, x, )(8 x9

1 1500 1500 1500 1500 1500 1500 1500 1500 1500

2 1215 715 715 215 715 715 1500 1215 1500

3 1275 575 630 245 100 630 715 1390 1215

4 1355 465 690 280 80 665 575 1500 1390

5 1455 375 415 320 90 700 465 1215 1170

6 1500 430 350 365 105 655 530 985 1275

7 1295 345 190 415 150 625 430 845 1145

8 1445 395 90 475 150 635 490 755 1205

9 1500 450 450 545 150 645 560 670 1265

10 1500 515 200 625 150 655 640 585 1320

11 1500 590 100 715 150 665 730 510 1375

12 215 480 0 815 50 675 835 460 1305

13 175 505 0 845 50 685 955 415 1320

14 140 460 0 880 50 690 770 370 1340

Table 3.10: Lower boundaries of discharge rate changed with iteration number of MGA
in groundwater management with aquifer recharge problem. The discharge rate unit is
gpm, and iteration # is the number of running a GA with new intervals.

# x i x2 x3 x, x, x6 x, xs x9

1 0 0 0 0 0 0 o o 0

2 785 0 285 0 0 285 0 0 0

3 725 0 225 0 0 370 0 0 0

4 645 0 165 0 0 420 0 0 230

5 545 0 90 0 0 465 0 0 450

6 415 0 45 0 0 510 0 230 585

7 260 0 0 0 0 540 0 370 715

8 110 0 0 0 0 560 0 300 800

9 0 0 0 0 0 575 0 235 875

10 0 0 0 0 0 590 0 175 950

11 0 0 0 0 0 600 0 250 1020

12 0 310 0 615 0 610 0 215 1205

13 0 285 0 585 0 645 0 180 1190

14 35 255 0 550 0 655 0 145 1170
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Table 3.11: Boundaries of recharge rate changed with iteration number of MGA in
groundwater management with aquifer recharge problem. The recharge rate unit is ft/day,
and iteration # is the number of running a GA with new intervals. Rh, and Ril (i =1,...,4)
are the upper and lower bound of the th recharge basin, respectively.

Sim. # R R, R11 R2u R2I R3u R31 R4u R4I
1 0.8 0 0.8 0 0.8 0 0.8 0
2 0.27 0 0.8 0.05 0.8 0 0.8 0
3 0.11 0.01 0.31 0.04 0.16 0 0.32 0
4 0.4 0 0.33 0.05 0.18 0 0.26 0
5 0.2 0 0.2 0.05 0.4 0 0.18 0
6 0.2 0 0.21 0.06 0.5 0 0.13 0
7 0.1 0 0.14 0.06 0.4 0 0.8 0
8 0.1 0 0.14 0.07 0.5 0 0.8 0
9 0.1 0 0.15 0.07 0.6 0 0.8 0
10 0.1 0 0.15 0.08 0.7 0 0.6 0
11 0.1 0 0.16 0.08 0.8 0 0.4 0
12 0 0 0.12 0.09 0.2 0 0.3 0
13 0 0 0.11 0.1 0.2 0 0.2 0
14 0 0 0.11 0.1 0.1 0 0.1 0

Figure 3.13: Recharge variable interval during iteration in the groundwater management
with aquifer recharge problem. MGA parameters are same as list in Figure 3.11.
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Figure 3.14: Investment problem results with GA method. GA parameters: (1) total trial
number = 8800 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate = 0.001
with gray code process.
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Figure 3.15: Comparison between GA and MGA for investment problem. MGA parameters:
(1) trial number = 300 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate =
0.001 with gray code process (5) tolerance control = 1% (6) the sub-interval number = 16 (7)
maximum running # for GA = 6. GA parameters are same as ones in Figure 3.14 expect trial
number is 3600.
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Figure 3.16: Result one of equivalent investment problem with GA method. GA parameters:
(1) total trial number = 300 (2) population size = 50 (3) crossover rate = 0.6 (4) mutation rate
= 0.001 with gray code process.

Figure 3.17: Result two of equivalent investment problem with GA method. GA
parameters: (1) trial number = 300 (2) population size = 50 (3) crossover rate = 0.6 (4)
mutation rate = 0.001 with gray code process.
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Figure 3.18: Result of equivalent investment problem with MGA method. MGA
parameters: (1) trial number = 40 (2) population size = 20 (3) crossover rate = 0.6 (4)
mutation rate = 0.001 with gray code process (5) tolerance control = 1% (6) the sub-
interval number = 16.
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Table 3.12: Comparison of computation times between GA and MGA for test problems
Problem GA MGA

(Minute) (Minute)
GW * 12.07 10.57
CEP1 + 156.18 106.47
Investment+ 17.5 5.95
Rosenbrock's function * 2.0 1.2

, Water transfer + 100.42 30.62

with Pentium fl 300Mhz PC computer.
÷ with 486 80Mhz PC computer.
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APPENDIX 3A: Investments Problem

Nonlinear stochastic problem is a hard problem due to its nonlinear and stochastic

characters. We do not want to set up a new theory or system and only want to test the

performance of GA process. The nonlinear stochastic programming problem is an investment

problem by Birge (1997). Suppose one can invest $10,000 in either of two investments, A or

B. he would like a return of $25,000. but the investment has different returns according to

two future scenarios. In the first scenario, A returns just the initial investment while B returns

3 times the initial investment. In the second scenario, A returns 4 times the initial investment

and B returns twice the initial investment. The two scenarios are considered equally likely.

To reflect the goal of achieving $25,000, the objective that squares any return less than

$25,000 is used. The overall formulation is then.

subject to
MinZ = 0.5(y12 ± y22)	 (3A. 1)

xa + xb 10	 (3A.2)

xa + 3x b +	 25	 (3A.3)

4xa + 2x b + y2 25	 (3A.4)

	

xa ,x b ,yi ,y2 _̂  0	 (3A.5)

From the model we can see what is actually a nonlinear programming when the finite

discrete possibilities are input the model.

In investment problem, the ability of method applied in nonlinear program was tested

and the comparison between the GA and MGA was given in Figure 3.14 and 3.15. After

3600 trials the MGA converges to optimal point (x =2.4, y =7.6) closed the globe optimal

point (x * =2.5, y * =7.5 After Birge 1997), but GA spent 8800 trials and still walks back and

forth around the location optimal point. From this example problem an interest thing shows



182

up. The investment problem has four variables, and further checking the model carefully it

can be found that only x i, is independent variable and rest three variables can be represented

by xi, with the given linear relationships among the xi, and remain three variables. After

simple converting the original model is equal to the following model.

MinZ = (2x a — 5)2 (3A.6)
0 xa �.10 (3A.7)

When satisfying the all variables positive requirement, we get the xa = 2.5 , then

from the linear relationships xb �.. 10 — xa , 2xa — 5 and y2 _̂  5 — 2X, the optimal

solution is x a * = 2.5 , x: = 7.5 , yl * = 0 and y2 * = 0. GA and MGA are used to solve the

equivalent problem, GA spent 74 trails to get optimal solution and MGA found the solution

with 64 trails that are shown in Figure 3.16 and 3.17. Why "same problem" has so different

performance with the same solving methodologies? The reason can be explained as

following, first the equivalent problem has less variable number than original problem, then

the main thing is GA chooses the candidate variable value by random procedure with cross,

mutation and inverts operators. It does not consider any relationship between the variables

when it determines the each variable value for next generation. So in this situation, a lot of

candidate variable sets produced by GA are fail or useless because the sets of variables

chosen by GA are not satisfied with the required relationships. In the equivalent problem of

investment model, the relationships between the variables do not longer exit for GA, each

candidate variable is absolutely satisfied the constraints. The fail due to the breaking the

relationships will disappear in the GA evaluation process. It is different as gradient base
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research methods that can consider the relationship in the process.

After inputting discrete probability realization values input the investment problem

model, the problem is actually a nonlinear programming problem. It was solved with GA

and MGA processes. The optimal investment strategy was shown in Figure 3.18.
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