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ABSTRACT

A system for Precipitation Estimation from Remotely Sensed Information using

Artificial Neural Networks (PERSIANN) is under development at The University of

Arizona. The current core of this system is an adaptive Artificial Neural Network (ANN)

model that estimates rainfall rates using infrared satellite imagery and ground-surface

information. In this thesis, the model is validated for both the Florida peninsula and the

Southwestern United States (using GOES-8 and ground-based data). The PERSIANN

System dramatically improves estimation performance in response to the diverse rainfall

characteristics of different geographical regions and time of year. Another important

feature investigated in this thesis is that the coverage of rainfall of an area is strongly

dependent on its size (window size), and this dependence exhibits a scaling law over a

range of sizes. Secondly, this coverage is dependent on the resolution at which it is

measured (pixel size). Therefore, an improved disaggregation scheme for GCMs is

proposed which incorporates the previous findings so as to allow the coverage to be

obtained for any area and any mean rainfall depth.
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Chapter One

Introduction

1.1 Purpose

In order to provide General Circulation Models (GCMs) with improved

representations ofthe time-varying boundary conditions that exist at the atmosphere-land

interface, land-surface submodels have become increasingly complex in their

representations of meteorology and hydrology. A simple approach to improve the

precipitation representation in GCMs was proposed (Warrilow et al., 1986; Entelchabi

et al., 1989; Famiglietti and Wood, 1990). The representation is based on some standard

assumptions: 1) Precipitation processes are homogeneous over the GCM grid (spatial

stationarity); 2) Precipitation intensity within the rainfall area can be represented by an

exponential distribution, the parameter of which can be computed as the ratio of the

fractional coverage of rainfall to the mean rainfall rate. Recent research has shown that

the spatial variability of the precipitation distribution within a GCM grid square is crucial

for land-surface hydrology parameterization of a GCM. The question of how to

parameterize the heterogeneous precipitation processes occurring within a GCM grid

square is a topic of active interest. Motivated by the desire to improve intragrid

precipitation representations, in order to apply GCM predictions of global climate change

to the study of regional climate change, many researchers have explored the linkage of

GCM grid-scale precipitation predictions with mesoscale (regional and intragrid scale)
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precipitation distribution patterns. Dickinson et al. (1989) used a nested GCM-limited

regional model to study the precipitation distribution patterns of the western United

States. However, the nesting approach is unable to resolve the problem of GCMs.

Therefore, certain simple parameterization (disaggregation) schemes are suggested to

introduce some spatial variability into the rainfall over a grid element, and the

distribution of rainfall obtained is used to update the surface hydrology. Meanwhile,

through a different analysis, it is possible to obtain important insights into the behavior

of complex models such as Artificial Neural Networks (ANNs). The new approach,

entitled Precipitation Estimation from Remotely Sensed Information using Artificial

Neural Networks (PERSIANN), is designed to be capable of extracting and combining

information from data of various types, such as infrared (IR) and microwave imagery.

Understanding the model behavior is crucial to the identification of improved

parameterizations, as well as to the process of tuning the model to observed data in order

to refine model performance.

In this thesis, the quality of the data of rainfall estimated by the ANN model

(PERS1ANN) is examined at various spatial resolutions (summer 1996). The only

possible source for monitoring the global distribution of precipitation is from satellite

rain estimations. This examination, in comparison with radar rain observations, enables

an appropriate GCM grid size and representative rain pixel size to be defined. In

addition, the rainfall disaggregation technique has been suggested for the purpose of

introducing spatial variability into the rainfall data over the GCM grid element, by
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changing window and pixel sizes. There are two important reasons for wanting some

spatial variability in GCMs. First, because GCMs are always being run at various spatial

resolutions (grid sizes), it is necessary to recalculate the value of the fractional coverage

from the original data whenever the grid size is changed. Second, although the finer a

pixel size is, the more accurate the calculated fractional coverage produced, where the

pixel size is limited at a certain level, it is possible to estimate the errors in the fractional

coverage.

1.2 Organization

This thesis is organized into five chapters as follows:

Chapter Two demonstrates popular JR-based models.

In Chapter Three, the rainfall distribution (Accumulated Rainfall) for two different

regions (Florida and the Southwestern United States) in the GCM subgrids (2.5° x 2.5°)

is discussed.

Chapter Four discusses the rainfall disaggregation technique, which has been

suggested for the purpose of introducing spatial variability into the rainfall data over the

GCM grid element, by changing window and pixel sizes.

Finally, in Chapter Five, the conclusions of this research are given.



Chapter Two

The Estimation of Rainfall Rate

2.1 Introduction

For monitoring the variability of weather and climate, accurate observations of the

global distribution of rainfall are necessary and are crucial to the development of a proper

understanding of the hydrologic cycle as it passes through the land, ocean, and

atmosphere.

For several years, precipitation has been measured by raingauges, but raingauges

facilitate only a relatively sparse sampling of rainfall, primarily over the land. Recently,

the use of radar enables the measurement of rainfall over large areas, but its coverage is

still limited to land surfaces and coastal regions. With the current rapid growth of

satellite technology, monitoring the global distribution of rainfall, even over the oceans,

will soon be possible.

Since the 1970s, the methods for the estimation of rainfall from multichannel

visible and infrared imagery collected by the Geostationary Operational Environmental

Satellites (GOES) have been under improvement. These techniques try to correlate the

rainfall rate with cloud top brightness temperatures provided by satellite. One approach

of measuring is based on the analysis of individual cloud pixel information (Bellon et al.,

14
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1992; Barrett et al., 1986; Arkin and Meisner, 1987; Lovejoy and Austin, 1979). Another

approach is based on the analysis of cloud image types and their variations over time

(Griffith et al., 1978; Wu et al., 1985; Scofield, 1987; Negri et al., 1984; Adler and Negri,

1988). While the methods mentioned above provide more information about the spatial

distribution and temporal variability of regional and global rainfall, they tend to suffer

from inadequate reliability, accuracy, and resolution in space and time (Arkin and

Ardanuy, 1989).

The new approach, entitled Precipitation Estimation from Remotely Sensed

Information using Artificial Neural Networks (PERSIANN), is designed to be capable

of extracting and combining information from data of various types, for example,

infrared and microwave satellite imagery and raingauge and radar data.

2.2 Review of Data and Methods

For rainfall rate estimations from satellite data, infrared, microwave, and visible

data are used. These three types of data are discussed briefly as follows:

2.2.1 Infrared Data

When clouds appear in a region, the brightness temperatures sensed from a satellite

are conveyed by the infrared images. In fact, these images detect the cloud top

temperatures of a sensed target. These temperatures are lower than the temperatures

during clear skies.
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In general, the cloud top temperature is low when rainfall intensity is high, but this

relationship is not always correct.

2.2.2 Microwave Data

Microwave imagery data enable the penetration of precipitation and clouds; these

data provide an accurate mechanism for the estimation of rainfall rates. The interval of

the wavelength of microwaves ranges from 3 to 300GHz. Compared to the infrared and

visible images, which only enable the detection of the radiation reflected or emitted from

a cloud top, microwaves may prove to provide a more accurate instantaneous rainfall rate

estimation (Barret et al., 1990).

2.2.3 Visible Data

Highly reflective clouds and thick clouds tend to be brighter than visible imagery

convey; they also tend to produce rainfall. However, the albedo of the land/ground

surface may influence the visible images. Some surfaces, such as ice and snow appear

bright in visible images. Over the oceans, the visible image is dark; thus rain clouds are

easily distinguished.

Use of each kind of data set entails limitations and advantages. One advantage to

these methods is that they combine several kinds of satellite data to improve the accuracy

of the rainfall rate estimation.

In this thesis, several popular JR-based models will be discussed. Section 2.2.4
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discusses the Convective-Stratiform Method (CSM). Section 2.2.5 describes the Negri-

Adler-Wetzel Method (NAWM). In Section 2.2.6, the GOES Precipitation Index

Method (GPIM) is illustrated. A brief summary of all these methods is given in Section

2.3.

2.2.4 The Convective-Stratiform Method (CSM)

This method estimates deep convective precipitation by discriminating different

rainfall rates into their convective and stratifonn components. The method was proposed

by Adler and Negri in 1988. The method uses a value, called a slope, for calculating the

difference in temperature between the coldest cloud pixel and the mean temperature of

neighboring pixels, in order to distinguish the different cloud types. The cloud types are

then either defined as cumulus or cirrus. The cirrus clouds are eliminated from the

formula. Another estimation method is the Infrared (IR) temperature map. The CSM is

modified to determine cirrus cloud types by using microwaves (Negri et al., 1993).

2.2.5 The Negri-Adler-Wetzel Method (NAWM)

First, the Griffith-Woodly Method (GWM) is one of the most widely applied IR-

precipitation estimation methods. It tracks the cloud to find the maximum cloud

coverage area. The NAWM (Negri et al., 1984) is a version of the GWM. In this

method, the temperature distributions of some parts of the coldest cloud areas are

assumed to be uniformly distributed. Using these assumptions, the calculation of rainfall
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volume can be performed on any sample. Experimental results show that the NAW

Method gives comparable results to the GWM.

2.2.6 The GOES Precipitation Index Method (GPIM)

This method was developed by Arkin in 1979 for the purpose of estimating rainfall

rates using the Geostationary Operational Environmental Satellite (GOES) over tropical

oceans. Arkin found that in infrared images, some pixels which have low temperatures

(lower than 237 K) are correlated to radar-generated rainfall data. This correlation was

found to be high and to vary with time and area of accumulation. The correlation

•increases when the averaged time interval and area increase (Richard and Arkin, 1981).

The equation for rainfall estimation used in this method is as follows:

where:

GPI	 =	 fraction x 3 x t	 2.1

At	

•	

time interval in hours

GPI	

•	

average rain depth (mm)

fraction	

•	

number of pixels with temperature lower than

237K, divided by the whole number of pixels in

an area.

2.3 Summary

Several JR-based rainfall rate estimation methods were presented in this chapter.
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A limitation of these methods is that the relationship between JR temperature, or the

cloud top temperature, and rainfall amount is affected by spatial and time variations. For

example, for the Florida region, the relationship between the cloud top temperature and

rainfall rate estimated would not be applicable to other areas with differing climates and

topography.

All of the review techniques indicate favorable estimates for long-term accumulated

precipitation (such as monthly), but provide variable results when applied to short-term

rainfall estimation (Hsu et al., 1996).



Chapter Three

An Evaluation of the ANN Model (PERSIANN)

for Rain Estimation

3.1 Introduction

As mentioned in the Chapter Two, the Artificial Neural Network (ANN) model has

an improved capability in function approximation and data handling. This chapter

investigates the possibility of using rain fields estimated by the PERSIANN system to

describe the basic features of precipitation, including both rain amounts and rain spatial

distribution, at the GCM subgrid scale, thereby discovering the potential applicability of

using satellite rain data for GCM rain modeling at subgrid scales. Current GCMs use

relatively coarse computational grids, typically 2.8° x 2.8° to 1 ° x 1° to calculate the

large-scale variations of atmospheric variables over the Earth, such as the atmospheric

circulation patterns, global temperature and moisture fields, while in their calculations.

Variables inside each grid box are assumed to be uniformly distributed. Previous

research (Gao and Sorooshian, 1994) has shown that such uniform treatments at the

subgrid scale for many physical variables, especially precipitation, could be unrealistic

and result in significant errors in some cases. Therefore, many research attempts have

been made to parameterize the subgrid features of precipitation through the observation

20
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data. The only possible source to provide global precipitation data for use in GCMs is

from satellite rain estimations. In this chapter, rain data measured from the ground-radar

(NEXRAD data), and composite data (radar and raingauge data combined) are used to

evaluate the accuracy of the rain estimated by the satellite-based PERSIANN system.

The possibility of applying the ANN model data to the parameterizations of the subgrid

rainfall in GCMs is then investigated. In this chapter, the PERSIANN system is applied

to the problem of estimating seasonally accumulated (long-term) rainfall. The choice to

use long-term accumulated precipitation is because of the high variability of individual

storms; in addition, short-ten-n (daily or shorter) temporal and/or spatial characteristics

of precipitation are difficult to identify and retrieve. For GCM climate studies, a more

practical alternative is to parameterize the long-term (monthly or seasonal) behaviors of

precipitation, which are statistically more stable and provide more persistent influence

on the climate than do short-term behaviors.

3.1.1 Scope

In this chapter, the seasonal (three months' duration) rain fields of the PERSIANN

system are compared with those of radar and composite data. The basic information

about the study area and data sets are introduced in Section 3.2. In Section 3.3, the

quality of results of the rainfall estimated by the PERSIANN system at various spatial

resolutions within a seasonal period (summer 1996) is examined. This examination, in

comparison with the radar rain observations, enables the defmition of the proper GCM
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grid size and proper rain representation pixel size with which to study the subgrid

features of rainfall with a relatively high degree of confidence. Finally, Section 3.4

provides a summary of the conclusions reached.

3.2 Study Areas and Data Sets

Two different study areas are chosen for this research. They are: (1) A rectangular

area around the Florida peninsula, covering Florida, part of South Carolina, Georgia,

Alabama, Mississippi, and Louisiana, and their surrounding oceanic regions, containing

longitude 74°W to 90°W and latitude 24°N to 38°N; (2) The Southwestern United States

and its surrounding oceanic regions, covering the range from longitude 100°W to 130°W

and latitude 25°N to 44°N. These regions were selected using two criteria: 1) The

availability of ground-based surface rainfall data of high spatial and temporal resolution,

and 2) The different geographical and climatological conditions influencing rainfall

estimation. In Florida, the rainfall system is tropical in nature, and in most seasons, this

region has rain. In the Southwestern United States, the summer rainfall system is

associated with the southwest monsoon, and is convective.

Figures 3.1 and 3.2 show the two study areas. Some noted blocks (GCM subgrids)

are used to illustrate the performance of the ANN model, denoted as (I) in Figure 3.1 and

(I) and (II) in Figure 3.2. In these figures, the red color on the study area shows that this

part is under radar coverage; the blue colored areas are not under radar estimation. The

rainfall data for the two study areas were compiled from the NEXRAD (NEXT



CO
c\Jco

co

o
CD

23



o oC
COCO

24



25

generation weather RADAR system) radar network; the composite data, and the satellite

JR images were obtained from the Geostationary Operational Environmental Satellite

(GOES-8). Radar can provide rainfall estimations for time intervals as small as 5

minutes in duration and spatial resolutions as small as 1 km2 . Systems of weather radar

used for precipitation estimation are either already actively in use or planned in the

United States, England, continental Europe, and Japan. Power law models of the form

R = aZ b ( where R = rainfall rate; a, b = power law parameters [i.e.: for Florida, a =

0.0033 and b = 0.71]; and Z = the radar reflectivity factor) are used to estimate rainfall

rates from reflectivity. These models are referred to as Z - R relationships. The

composite data analysis, including a bias correction of the radar estimates using the

gauge data, has been adapted by National Centers for Environmental Prediction (NCEP)

from algorithms developed by the Office of Hydrology (OH) and executed regionally by

the National Weather Service River Forecast Centers (RFC). The analysis schemes used

in composite data (radar/gauge) analyses utilize the optimal estimation theory that was

developed by Seo (1995). The optimal estimation method of rainfall fields uses

raingauge and radar data under partial data-coverage conditions (Stage IV Data ReadMe

File, 1998). This method is preferred over previous statistically based techniques

because it takes into account the variability due to fractional coverage of rainfall, as well

as within-storm variability. By objectively taking the spatial coverage into account, more

accurate estimates of the rain versus no-rain area are obtained. All available data

analyses for composite data have utilized a 4 km x 4 km grid resolution that was changed
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to a 0.25 0 x 0.25 0 resolution by a mathematical average method. For the Florida area,

the radar, composite data, and satellite images were processed to an hourly basis; for the

Southwestern region, the images were processed to an hourly basis. The data from the

two areas selected are for summer 1996 (June 1 to August 31, 1996). The details of the

remotely sensed and ground-based data used in these cases are presented in Table 3.1.

Table 3.1 Information about the two study cases

Name	 Study Area	 Satellite	 Ground-	 Temporal	 Spatial	 Note

(location)	 Name	 based Data	 Resolution	 Resolution

Florida	 24 °N - 38 °N	 GOES-8	 NEXRAD	 Hourly	 0.25 lat. x 6/1 - 8/31/96

Peninsula 74 °W - 90 °W	 Radar/gauge	 Hourly	 0.25 °long.	 7/9 - 8/31/96

South-	 25 °N -44 °N	 GOES-8	 NEXRAD	 Hourly	 0.25 °lat. x 6/1 - 8/31/96

western	 100 °W - 130 °W	 Radar/gauge	 Hourly	 0.25 ° long.	 7/9 - 8/31/96

U.S.
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3.3 Analysis

3.3.1 Spatial and Scatterplot Distribution

The performance of the model, when applied to the problem of estimating

accumulated rainfall, was explored first. Two case studies were run to test various

features of the model. In case I, the ANN model is tested for the Florida peninsula, for

summer, 1996. In case II, the model is examined for the Southwestern United States for

the same time period. In addition, we show the results generated for one GCM subgrid

in the Florida area, and for two representative GCM grid squares in the Southwestern

U.S. study area. For evaluation of the ANN model, we use different statistical methods;

these methods are considered appropriate for evaluating estimations. Figures 3.3a-e

show the ANN model estimate for the Florida area, the model estimate for the

corresponding GCM grid square, the observed data (NEXRAD ground-based

measurements) for Florida, and the observed data for the subgrid, and the composite data

for the GCM subgrid, respectively. In Figures 3.3a and 3.3c, comparing the rainfall

distribution patterns for the ANN model and radar data, both the ANN model and radar

rainfall distributions show high rainfall zones in the southern regions of Alabama and

northern Florida. Along the coast of the Gulf of Mexico and the southern tip of Florida,

however, the high rainfall zones are narrow, but portray a more concentrated rainfall

amount in the radar distribution than in that of the ANN model. The relatively dry

regions are also matched in northern Georgia, and the southern portions of South

Carolina and Mississippi. The maximum seasonal rainfall is 954 mm in the ANN model
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distribution, but is 1280 mm by radar measurements. The estimated mean precipitation

over the subgrid for this period was 548mm. 429mm was measured for the radar data

over the subgrid, during this time period. As a result, the relative error between the ANN

model estimation and the radar data is 21.7%. Figures 3.4a-b display the spatial plot

subtracting the estimated and ground-based results in the GCM grid square for the

Florida area. There is a tendency to underestimate at high rainfall values, and to

overestimate at medium and low rainfall values. In Figures 3.4a-b, the PERSIANN

System estimate in the majority of the subgrid in this region is overestimated.

When the study area moved from the Florida region to the Southwest area, the

results changed dramatically. Figures 3.5a, 3.5c, and 3.5e display the ANN model

estimate for the Southwest study area, and the corresponding GCM subgrids. Figures

3.5b, 3.5d and 3.5f give the summer observation (radar) results for the Southwest area,

and the GCM subgrids in this region.

In Figures 3.5a and 3.5b, comparing the rainfall distribution patterns for the ANN

model and radar data in the Southwestern area, both the ANN model and radar

distribution show high rainfall zones in northern Texas, western Kansas, southern

Nebraska, and eastern New Mexico. However, the high rainfall zones are much broader,

and indicate more seasonal rainfall levels in the radar distribution than in the ANN

model. The relatively dry regions are also matched in the other states for the two

different data sets. The maximum seasonal rainfall is 540 mm in the ANN model

distribution and in the radar distribution is 926 mm. The estimated mean rainfall for this
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period over the first site was 393mm, the second site estimate was 85.8mm. The radar

amount over the first block was 342mm, and the second block was 54.1mm. In Figures

3.6a-b, the composite amount over the first block was 116 mm, and the second block was

71.8 mm. The relative error between the ANN model estimation and radar data, for the

first subgrid is 12.9%, and for the second block is 36.9% in the Southwestern area.

Spatial plots of the adjusted estimated and ground-based results in the GCM subgrids in

the Southwestern area are presented in Figures 3.7a-b and 3.8a-b. Note that two of the

sites show a tendency to underestimate at medium and high rainfall values, and to

overestimate at low rainfall values. The subtraction of the radar data from the ANN

model, in the majority of these two subgrids, and the subtraction of the composite data

from the ANN model in the second subgrid tends to be underestimated. But, for the

composite data in these two subgrids, the subtraction of composite data from the model

tends to be overestimated.

For the next statistical analysis (scatterplot distribution), three criteria were used

to evaluate the performance of the estimation results of the model: correlation coefficient,

root mean square error, and bias.
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1) The seasonal Correlation Coefficient (CORR[s]) is defined as:

36

CORR[s]2 =
(

COV( MS, OS) 
2 

3.1 
VAR(Ms)VAR(0s),

CORR[s] falls in the range [-1, 1]. The closer the value is to 1.0, the closer the trend of

the observations comes to being matched by the model estimates.

2) The seasonal Root Mean Square Error (RMSE[s]) is defined as:

(Ms, - 0s1)
2 Y2

teA

N A — I

As the value of RMSE[s] approaches 0.0, model behavior more closely matches the

observation.

3) The seasonal estimation bias (BIAS[s]) is defined as:

BIAS[s] -

E (ms ; - os i )
ieA

3.3N A

where: grid index in the study area (A)

Ms, : model-produced seasonal rainfall on assigned grid index (i)

NA : number of grids in study area (A)

Os, : ground radar composite of seasonal rainfall on assigned index (i)

COV(Ms, Os) : covariance of model and radar of seasonal rainfall

VAR(Ms), VAR(0s) : variance of model and radar of seasonal rainfall

RMSE[s] - 3.2

If BIAS [s] > 0 , the model-produced estimate of seasonal rainfall is overestimated.
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Likewise, when BIAS [s] < 0 , the model-produced estimate for seasonal rainfall is

underestimated.

The statistical results from comparing ground-based and estimated results for

different GCM subgrids in the two different regions are presented in Table 3.2.

Table 3.2 Statistics of comparing model performance with different observation

data for summer 1996

Study Area Statistics ANN-Radar ANN-Raingauge ANN-Radar/gauge

GCMgrid-FL CORR 0.78 0.66

RMSE 65.48 93.07

BIAS 22.5 62.95

GCMgridl-SW CORR 0.86 0.91

RMSE 98.23 63.41

BIAS -137.037 -33.12

GCMgridII-SW CORR 0.53 0.82

RMSE 87.42 48.15

BIAS -72.92 -23.7

In these cases, the statistical results improve when going from ANN-Radar to ANN-

Radar/gauge.

Figures 3.9a-b give the scatterplots comparing observed and estimated results for

two GCM subgrids in the Southwest study area. In this case, the RMSE statistic

improves from 98.23 to 87.42 mm, and the BIAS statistic improves from -137.037 to

-72.92 mm. However, the CORR statistic becomes worse. For the two subgrids in this

study area, there is a tendency to underestimate at high rainfall rates and to overestimate
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Figure 3.9. Scatterplots comparing observed summer rainfall distributions
for GCM subgrids in the Southwestern U.S. with model estimates.
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at low rainfall rates.

The scatterplots comparing the ground-based and ANN model results at different

spatial resolutions are presented in Figures 3.10a-d. The model was used to estimate the

rainfall rate distribution at 0.25 0 x 0.25 0 (high resolution), 0.5 0 x 0.5 0 , 1° x 1°, and 1.5°

x 1.5 0 latitude-by-longitude pixel size over Florida. The results show that, for seasonal

rainfall, even at the spatial resolution of 0.25° x 0.25°, the correlation coefficient

between the ANN model and the radar estimation is high. Furthermore, as the average

grid size (low spatial resolution) is increased, the correlation coefficients possess

continuous improvements, but show no significant changes. The error indices of RMSE

and BIAS seem much larger at the resolution level of 0.25° x 0.25 0 (RMSE = 143.30

mm and BIAS = 12.44 mm) than do those at low resolution; however, this is mainly

because the area-average rain intensity at the higher resolution is much larger, which is

the feature we want to select for accurately calculating the rain coverage areas. As is

known, a grid size (window size) of 2.8° x 2.8° is commonly used in GCM simulations,

but previous studies have shown that the simulated precipitation patterns at this

resolution level are not as accurate as they are at high resolution simulations (1° x 1 ° or

higher) due to improvements in topographic representations at high resolutions. In order

to examine the effectiveness of subgrid rainfall parameterizations for the use of GCMs,

it should be interesting to observe whether GCM simulations made at relatively low

spatial resolutions, yet including subgrid parameterizations of rain are able to match the

simulations done at high resolutions without the parameterization. Therefore, in the
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following study, 2.5 0 x 2.5 0 was chosen as the typical GCM grid size, and 0.25 0 x 0.25 0

was used as the pixel size to represent rainfall within a grid box.

3.3.2 Quantile Plots (Cumulative Distribution Functions)

Quantile plots or Cumulative Distribution Functions (CDFs) portray the quantiles

of the distribution of sample data. They are also called empirical distribution functions.

Quantiles of importance, such as the median, are easily discerned from the plot. The

spread and skewness of the data, as well as any bimodal character it possesses, can be

examined. They have the advantage that arbitrary intervals are not required, as with

histograms.

Variations of quantile plots are used in hydrology for three purposes: 1) To

compare two or more data distributions; 2) To compare data to a theoretical distribution,

such as the normal distribution, and 3) To calculate frequencies of exceedance.

Figures 3.11a-b display the quantile plots comparing estimated and observed results

over the grids for the two study areas. For the GCM subgrid in Florida (Figure 3.11a),

there is a tendency to underestimate at low and medium rainfall amounts and to

overestimate at high rainfall values. Figure 3.11b shows that at low and high rainfall

values, the estimated results are underestimated over one of the subgrids, Subgrid One

in the Southwestern area. When observing the cumulative distribution function for the

two different data sets, in two different regions of the GCM grids, the cumulative

distribution function of the ANN model is closely matched by the radar estimates.



o
0	 0.5	 1
AccRainRate(Normalize values)

1

0
0	 0.5	 1
AccRainRate(Normalize values)

a) GCM grid(I) in Florida

Figure 3.11. Quantile plots or cumulative distribution functions of the
model results and observed data over the GCM grids in Florida and the
Southwest area for summer 1996.

42



43

3.3.3 Marginal Distribution

If one is interested in the behavior of one of a pair of random variables, regardless

of the value of the second random variable, the marginal distribution may be used. For

example, the marginal density of x, P(x), is obtained by:

+co

P(x) =	 P(x,y)dy, ,	 3.4

and similarly, the marginal density of y, P(y), is calculated by:

+00

	P(y) = jP(x, y)dx	 3.5

where P(x,y) is the joint probability distribution of x and y. Figures 3.12a-b show the

marginal distribution plots comparing the model and observed results in two different

directions (x,y) over the GCM subgrid in Florida for summer 1996. In these figures, the

red color depicts the model results, and the green color shows the radar data. When

observing the marginal distribution for the two data sets of the GCM subgrid of the

Florida area, the marginal density of the ANN model is closely matched by the observed

data in the x-direction and in the y-direction.
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3.4 Conclusions

Two regions, the Florida peninsula and the Southwestern United States, were

selected to evaluate the PERSIANN system at different GCM grid resolutions. Radar

and composite data were used as observed values for comparison purposes. The results

indicate that:

1) For case I (Subgrid Tin Florida), at high rainfall values (accumulated values),

the model results have a tendency to underestimate and to overestimate at medium and

low rainfall values. ANN-Radar and ANN-Radar/gauge possess a similar pattern. The

PERSIANN system values were overestimates of the actual data in the majority of

Subgrid I in Florida.

2) For case II (both subgrids in the Southwest), there is a tendency to underestimate

at medium and high rainfall values and to overestimate at low rainfall values. The

subtraction of the radar and composite data from the ANN model show that some areas

of the subgrids have been overestimated; whereas, other portions of the grid were

underestimated.

3) For Case two (both subgrids in the Southwest), the PERSIANN system was

compared with the radar data and composite data. The statistical results improved when

comparing ANN - Radar/gauge data estimations over the ANN-radar data estimations.

The PERSIANN system values more closely matched the composite data values than the

other values.
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4) In order to examine the effectiveness of subgrid rainfall parameterizations for

the use of GCMs, 2.5 0 x 2.5 0 as the typical grid size was chosen, and 0.25 0 x 0.25 0 (high

resolution) was used as the pixel size to represent the rainfall within a grid box.

5) The accuracy of the rain estimated by the PERSIANN system in different

regions, when applied to the GCM subgrids for a long-term period (monthly or longer),

is relatively high. For this reason, the PERSIANN rain data were applied to the

parameterization of subgrid rainfall in the GCMs; this will be demonstrated in the next

chapter.
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Chapter Four

Relationship between the Rain Fractional Coverage and the Rain

Volume in a GCM Grid Square and the Scaling Issues of Rain

Fractional Coverage

4.1 Introduction

In order to modify the traditional way of assuming a uniform distribution of

precipitation inside a GCM grid square, many researchers (Onof et al., 1997) proposed

using the exponential or logarithmically normal distribution function to describe rain

intensity in a GCM grid square. In these distribution functions, the rain fractional

coverage value in a GCM grid square is required. For example, Warrilow et al. (1996)

suggested using the mean rainfall and rain fractional coverage to define the exponential

distribution function. The advantage of Warrilow's suggestion is that the values of the

grid mean rain rate can be obtained from the GCM calculation; the fractional coverage

is assumed to be unity for large-scale rainfall and 0.3 for convective rainfall; therefore,

no additional information is required to determine the rain intensity distribution in any

grid square.

Using the NASA GISS GCM, Entekhabi et al. (1989, 1991) demonstrated that the

GCM results were strongly sensitive to the subgrid spatial variations of rainfall and
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soil moisture. In their studies, they experimented with the exponentially distributed

rainfall interacting with a y-distribution soil moisture in the GCM grid squares.

Since then, the rainfall fractional coverage has become one of the basic features

used to parameterize the GCM subgrid distribution of precipitation, and many research

efforts have been made to obtain realistic values of grid fractional coverage of

precipitation for given GCM grids. Eltahir and Bras (1993) considered precipitation to

be an egotic process and therefore, the temporal fractional coverage of precipitation in

a time period was used to represent the spatial fractional coverage. However, the results

were not validated by their observations. Based upon radar rainfall data, Famiglietti and

Wood (1990) suggested that the rain coverage area be proportionally increased with the

total rain volume. Gao and Sorooshian (1994) studied the hourly rainfall from raingauge

network data and found that the relationship between hourly rain coverage and rain

amount should be described as a random process, and that the long-term features of this

relationship could be retrieved through a random number generator using satellite

remote-sensing data.

In addition to studying the features of rain coverage areas, some researchers (Onof

et al., 1997) recently started to study how the rain fractional coverage values in GCM

grid squares vary with grid size (i.e. the window size) and with the rainfields representing

resolution (i.e. pixel size). There are two important issues for using rain fractional

coverage in GCMs. First, because GCMs are always running at various spatial

resolutions (grid sizes), it is necessary to recalculate the value of the fractional coverage
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from the original data whenever the grid size is changed. Second, although the finer a

pixel size is, the more accurate the calculated fractional coverage produced; when the

pixel size is limited at a certain level, it is possible to estimate the errors in the fractional

coverage.

4.2 Background

For over a decade, much effort has been devoted to enhancing the usefulness of

General Circulation Models (GCMs) as tools for the study of potential global climatic

fluctuations. In a typical atmospheric GCM, for example, with a grid element of 2.5° of

arc N-S by 3.75° of arc E-W (2.5° x 3.75°), a single value of the average rainfall is

provided for each grid square. This is physically unrepresentative in terms of spatial

coverage and intensity of distribution and is an inappropriate input for a surface

hydrological characterization. Therefore, a simple disaggregation scheme is commonly

applied to introduce some spatial variability into the rainfall over a grid element, and the

distribution of rainfall thus obtained is used to update the surface hydrology. Based upon

a proposal by Eagleson (1978), a simple exponential formulation has been adopted by

the United Kingdom Meteorological Office (Warrilow et al. 1986) and others. Given the

average rainfall depth, R, over that grid square and the proportion, A, of the square that

is wet (coverage), the cumulative distribution of depths is given by:



P(R R. = 1 - exp
(

4.1
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However, the empirical support for this formulation and currently assumed parameter

values are extremely limited, and other research has suggested that the exponential form

is not adequate (Collier, 1992). The problem of the choice of A is an important one, as

was demonstrated by Pitman et al. (1990). Climate simulations proved to be very

sensitive to the variations of A, which Pitman et al. took to be equal to 1, 0.5, and 0.1.

As A was thus decreased, the climatology changed from evaporation-dominated to

runoff-dominated. Johnson et al. (1991) studied the sensitivity of land-surface hydrology

for the value of A. As A was reduced from 0.6 to 0.15, the runoff coefficient for South

America increased from 0.13 to 0.44, and that for Africa from 0.10 to 0.45. The values

of A chosen originally by Warrilow et al. (1986) were unity for large-scale rainfall and

0.3 for convective rainfall events, although those researchers believed that values of 0.6

and 0.05 might in fact be more appropriate. These values were later updated to 0.5 and

0.1 respectively (Gregory and Smith, 1990). For airmass thunderstorms in Arizona,

Entekhabi and Eagleson (1989) used A 0.66. More recently, the problem of the choice

of A was addressed by Eltahir and Bras (1993), who found the choice of fixed values

inadequate. They suggested computing A as the ratio of the areal rainfall average to a

quantity called the climatological rainfall intensity. This method was applied to

convective rainfall from the Amazon basin. The method adopted here will be to assess

the influence of various factors on the value of the coverage, starting with variation of

the coverage with the size of the area considered (window size), and hence to develop
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the coverage with the size of the area considered (window size), and hence to develop

a method to derive satisfactorily representations of the mean and the distribution of the

rainfall coverage.

4.3 Scope

The approach presented in this study recognizes that spatial heterogeneity is

strongly scale-related. With this in mind, the objectives of this study are: (1) Discovering

the relationship R between average rainfall depth or rain volume and rain fractional

coverage at the GCM grid, or coverage A; (2) Evaluating the differences of the

relationship derived from the satellite estimation or ANN model output (PERSIANN)

and from the ground radar estimation; and (3) Studying the relationship that arises from

varying the grid or window and pixel scales.

4.4 Study Areas

Two different study areas have been chosen for this part. They are: (1) A

rectangular area around the Florida peninsula, containing longitude 74°W to 90°W and

latitude 24 °N to 38°N; and (2) The Southwestern United States, covering the range from

longitude 100°W to 130°W and latitude 25°N to 44°N. The experiments (rainfall

disaggregation technique) were conducted in two sets of windows (GCM subgrids) that

were located in Florida and in the Southwestern regions, as shown in Figures 4.1a-b by

the noted blocks. In these two figures, the red color indicates the portion under radar
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coverage, and the blue color indicates that portion not under radar coverage. The data

sets for the two study areas were compiled from the NEXRAD radar network and the

satellite IR images that were received from the Geostationary Operational Environmental

Satellite (GOES-8). For the Florida area, both the radar and satellite data sets were

processed to an hourly basis; for the Southwestern region, the data sets were processed

to a 30-minute basis. The data from the two areas selected are for summer 1996 (June

1 to August 31, 1996). The details of the two different data sets used in these cases are

presented in Table 4.1.

Table 4.1 Information about the two study areas

Name Number Size of Satellite Ground- Temporal Pixel Size Note

of GCM GCM Name Based Resolution in GCM

Blocks Blocks Data

Florida

Peninsula

1 2.5 'lat. x

2.5 °long.

GOES-8 NEXRAD Hourly 0.25 'lat.

x 0.25

Study

Period:

'long. Summer

1996

South-

western

1 2.5 ' lat. x

2.5 'long.

GOES-8 NEXRAD Half Hour

(30 min.)

0.25 'lat.

x 0.25

United 'long.

States
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4.5 Analysis of Rainfall Coverage

4.5.1 Definitions and Analysis Technique

The coverage, A, of an area centered on point c by rainfall at a time t, is defined

here as the proportion of pixels at time t which are wet on the portion of the satellite and

radar picture covering the area. Because of the measurement resolution of the satellite

and radar (1 hour for the Florida peninsula and 30 minutes for the Southwestern U.S.

data), we may say that it is the proportion of pixels for which the intensity is greater than

or equal to the resolution. This proportion is therefore a function of two scales: (1) The

pixel size, p, used in the satellite and radar picture; and (2) The size of the area over

which the coverage is calculated, which will be referred to as the window size, w. This

measured coverage can be denoted as A(p,w,c,t), with p and w in kms. Other

dependencies of this quantity are implicit in this notation; through the dependence of A

on the location and time, there is a dependence on rainfall type. The dependence on the

location will, for the purpose of modeling, be represented by different coverage values

for different climatic zones. This means that for a zone of analysis which is considered

reasonably homogeneous (e.g. Florida), we will consider the relation A(p,w,t) =

A(p,w,c,t), which generates a mean coverage independent of the actual location, as long

as it remains within the given zone. The determination of the relevant zones is a task

which requires much more data analysis and is not examined in this research. A(p,w,t)

is estimated by taking the average values of coverages at pixel scale, p, of windows of

size w, with different locations c, at time t, conditional on all these coverages being non-
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zero in value. The windows will be chosen as non-overlapping. For an analysis of the

dependence on p and w, A will also be estimated by averages taken over short periods

of time over which the coverage can be assumed to be stationary. This allows for an

improvement in the sampling properties of the estimators.

4.5.2 Dependence on Window Size

The examination of the variation of A(p,w,t) with w (window size) derives its

particular importance from the fact that meteorological models are being used for a

variety of grid-square sizes ranging from side lengths of a few hundred km down to sizes

smaller than 100 km, so that the disaggregation scheme must be robust to the variations

of w.

In this part, we first calculated the rain fractional coverage, A, and average rainfall depth

(rain volume), R, in the 2.50 x 2.5 0 grid square, using the following formulas:

number of pixels that have rain x a
A —  	4.2

N x a

and

— (Pi + P-, +...) x At x a
R - 	

N x a
4.3



where: • average rain depth (mm)

A	

•	

rain fractional coverage

Pi 1=1, 2, 3 =	 rain intensity (mm/hr)

At	 time interval in hours

a	

•	

pixel area (degrees squared)

• number of pixels in GCM grid.
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Then we calculated A and R for the Florida data set (summer 1996) on an hourly basis,

and also for the southwest, using half-hour increments for the same time period. Figures

4.2a-b give the relationship of A and R for the GCM subgrid in the Florida area, as well

as for the ANN model and radar data. We see that the rain coverage area, A, is

proportional to the increase in the total rain volume, R, and the coverage change rate

(slope) is the same rate for the two different data sets. As can be seen in these figures

(4.2a-b), for high total rain volumes (average rainfall depth), the variation of coverage

is high. For this reason, Gao and Sorooshian (1994) suggested that the relationship

between rain coverage and total rain volume should be described as a random process.

We obtained R values for the radar data and distinguished the rainfall type for the two

cases, as shown in Table 4.2, below.
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Figure 4.2. A and R relationship for GCM grid in Florida.
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Table 4.2 Different Rainfall Types - Two Regions

Subgrid R Value Result Example

Day of Year Time Figure

I - Florida R ^ 35mrn High Rainfall 203 17:00 4.32,4.5a-b

10mrn � R < 35mrn Medium Rainfall 174 03:00 4.3b,4.5a-b

K < 1 omm Low Rainfall 165 15:00 4.3c,4.5a-b
_

I-Southwest R ^ 20rnm High Rainfall 190 09:15 4.4a,4.6a-b
_

5mm � R < 201-nrn Medium Rainfall 224 14:15 4.4b,4.6a-b

R < 5mm Low Rainfall 173 10:15 4.4c,4.6a-b

Figures 4.3a-c display the variation of coverage with window size for the GCM grid

square in the Florida area, as well as for the ANN model and radar data. Figures 4.4a-c

give the variations of coverage with the subgrid in the Southwest area, including those

obtained using the ANN model and radar data. From these two figures, we find that: (1)

In most cases, for the same rain events, the satellite-based rain estimation (or the ANN

model) shows higher rain coverage than that of the radar data, because satellite

estimation uses cold cloud coverage to represent the real surface rain coverage; (2) In

all cases studying different rainfall type events, analyses showed a decrease of coverage

with increasing window size; (3) From Figures 4.3a-c and 4.4a-c, a quasilinear decrease

of rain coverage corresponds to the increase in window size for different rainfall type

events. However, in Figures 4.5a-b and 4.6a-b, the relationship is improved (correlation

coefficient) when the rain coverage is represented in an exponential format. Different

rain events (rainfall in different sites or in the same site but of a different type) possess;

and (4) At least two unique data points are required to determine a straight line.
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C) Southwest data, DOY:173at10:15
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a:HighRainfall, b:MediumRainfall, and clowRainfall.
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However, by looking at the semi-logarithmic plots in Figures 4.5a-b and 4.6a-b, these

plots seem to converge to one point at window size = 25 km (i.e. 0.25° x 0.25°); and

ln(A) = 0 (i.e. fractional coverage = 1). It can be explained by considering the situation

of a window in a rain region that has been shrunk into its smallest size, containing only

one pixel with rain. This common convergence point provides a useful feature for

determining the rate of variation of fractional coverage with the change in window size.

In Figures 4.5a-b and 4.6a-b, to determine the relationship between fractional

coverage and window size, a linear regression was used to calculate the regression

coefficients for the different rainfall type events studied. The details of the regression

coefficients obtained for the different events in these two cases are presented in Table

4.3.

Table 4.3 Parameters for the linear regression for the variability of

coverage with window size on the semi-logarithm plane

Area Day of Year	 (Rainfall

Type)

ANN Data Radar Data

Florida Peninsula 203	 (High) a = -0.0022 a = -0.0019
b= 0.2411 b = -0.0343

174	 (Medium) a = -0.0022 a = -0.0019
b = 0.1549 b = 0.1921

165	 (Low) a = -0.0031 a = -0.0045
b = 0.1780 b= -0.1966

Southwestern United 190	 (High) a = -0.0010 a = -0.0026

States b = 0.1666 b = 0.3235

224	 (Medium) a = -0.0084 a = -0.0094
h = 1.2360 b = 1.1198

173	 (Low) a = -0.0091 a = -0.0107
h = 0.9486 b = 0.9145
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This feature obviously simplifies the coverage calculation at different GCM spatial

resolutions; additionally, different rainfall type events at the same region have different

parameter values.

4.5.3 Dependence on Pixel Size

In this section, the dependence of A upon p (pixel size) in a fixed window size

of w = 2.5° x 2.5° is examined. The data available for examination are the satellite

(PERSIANN) data and the ground-radar estimation data. We show the variation of

coverage (A) with pixel size for the GCM subgrid in the Florida area for a high rainfall

type situation in Figures 4.7a-b, for three different time periods, and in Figures 4.8a-b,

for a GCM grid square in the Southwest area. Figures 4.9a-b, 4.10a-b, 4.11a-b, and

4.12a-b display the variations of coverage A with pixel size for the two regions, for the

different rates of rainfall (medium rainfall and low rainfall rates), and for three different

time periods for each rainfall type. In general, the features from these figures are as

follows:

(1) In Figures 4.7a-b and 4.8a-b: As the spatial resolution of the rain fields

becomes crude (increase in pixel size), the rain coverage quickly

approaches saturation (full coverage) because increasing the pixel size

causes rain coverage to increase linearly before reaching saturation.

(2) In Figures 4.9a-b, 4.10a-b, 4.11a-b, and 4.12a-b: the linear relationship

between rain coverage A and pixel size p is not sensitive to variations
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between regions or for rainfall rate amounts (low to medium); the rate of

change (the slope of the linear relationship) keeps approximately the

same value of 0.21 per degree increase of pixel size.

(3) In all cases, for the different rainfall type events, because of the

overestimation of the rain coverage by the satellite rain estimate, the

coverage change rate (slope) increases to a greater degree than does the

radar change rate when pixel size is being increased.

4.6 Conclusions

The GCM computational grid size can vary in a range from a high resolution of

less than 1 ° x 10 (lat. - long.) to a coarse resolution of larger than 2° x 2°. In this

experiment, three pixel sizes set at 0.25 ° x 0.25 ° , 1° x 1°, and 1.25° x 1.25°, were

used to test the variations of grid rain volume and fractional coverage with the grid scale.

From the experiment of changing the window sizes which correspond to the GCM grid

size, these results were found:

(1) From Figures 4.3a-c and 4.4a-c, a quasilinear decrease of rain coverage

corresponds to the increase in window size for the same rainfall. The

relationship is improved (correlation coefficient) when the rain coverage

is represented in logarithmic (i.e. exponential) format. Different rain

events (rainfall in different sites or in the same site but at different times)

possess.
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(2) In most cases, for the same rain events, the satellite-based rain estimation

shows higher rain coverage than the radar estimations.

(3) At least two unique data points are required to determine a straight line.

However, by looking at the semi-logarithmic plots, these straight lines

seem to converge to one point at a window size = 25 km (i.e. 0.250 x

0.25°); and ln(A) = 0 (i.e. fractional coverage = 1). It is reasonable

because the smallest window is 0.25 0 x 0.25 0 and the maximum value of

fractional coverage is one (1). Therefore, to determine the relationship

between fractional coverage and window size, only one data point is

necessary. This feature obviously simplifies the coverage calculation at

different GCM spatial resolutions. However, the relationship varies with

regions (Southwestern rainfall patterns differ from those of Florida) and

rain amounts (different rain events at the same region have different

parameter values).

(4) For low or medium rainfall, when the window size increases larger than

4° x 4° (400 km), because of the inclusion of large no-rain areas in the

windows, the fractional coverage value may drop sharply, as shown in

both Figures 4.5a-b and 4.6a-b.

(5) The parameter values for the regression straight line in the semi-

logarithmic plane are listed in Table 4.3. In general, the magnitude

(absolute value) of the slope reduces with decreasing rainfall amounts; it
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seems possible to use three slope values to represent the variation features

of rain fractional coverage for a special region and time period.

The features from the experiment of changing pixel size, i.e. using different spatial

resolutions of rain fields to derive the relationship between rain coverage and rain

volume (R) are:

(1) hi general, as the spatial resolution of rain fields becomes crude (increase

in pixel size), the grid rain coverage will increase linearly before reaching

the saturation point (full coverage). The linear relationship does not vary

greatly with the different regions, and for small to medium rainfall rates,

the rate of change (slope of the linear relationship) keeps approximately

the same value of 0.21 per degree increase of pixel size. However, for

heavy rainfall rates, the fractional coverage quickly reaches saturation

with the increase in pixel size.

(2) Because of the overestimation of rain coverage by the satellite rain

estimate, the coverage change rate (slope) increases at a greater rate than

that of the radar estimate, when pixel size is increasing.
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Chapter Five

Conclusions

In the parameterization of General Circulation Models (GCMs), it is commonly

assumed that precipitation processes are homogeneous over a GCM grid square, and that

precipitation intensity is uniformly distributed. In Chapter Three, the quality of the

rainfall estimated by the ANN model (PERSIANN) was investigated at various spatial

resolutions within a seasonal period (summer 1996), in two locations: Florida and the

Southwestern region of the United States. The rainfall disaggregation technique

(parameterization) which has been suggested to introduce some spatial variability into

the rainfall data over the GCM grid element, by changing window and pixel sizes, was

examined in Chapter Four. The results of this investigation indicate that:

(1) For Case two (both subgrids in the Southwest), the PERSIANN system

was compared with the radar data, the raingauge data, and composite

data. The statistical results improved when comparing ANN -

Radar/gauge data estimations over the ANN-radar and ANN-raingauge

data estimations. The PERSIANN system values more closely matched

the composite data values than the other values.

(2) In order to examine the effectiveness of subgrid rainfall parameterizations

for the use of GCMs, 2.5° x 2.5° as the typical grid size was chosen, and
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0.25 ° x 0.25 ° (high resolution) was used as the pixel size to represent the

rainfall within a grid box.

(3) The accuracy of the rain estimated by the ANN model (PERSIANN) in

different regions, when applied to the GCM subgrids for a long-term

period, is relatively high.

(4) In most cases, for the same rain event, the satellite-based rain estimation

shows a higher value of rain coverage than does that of the radar

estimation.

(5) In most cases, for the same rain event, a quasi-linear decrease of rain

coverage corresponds to the increase in window size. The relationship is

improved (correlation coefficient) when the rain coverage is represented

in a logarithmic format.

(6) In general, as the spatial resolution of the rain fields becomes crude

(increase in pixel size), the rain coverage linearly increases before

reaching the saturation point (full coverage). This linear relationship

does not vary greatly with the different regions studied. For small-to-

medium rainfall rates, the rate of change (slope of the linear relationship)

keeps approximately the same value of 0.21 per degree of increase in

pixel size. However, for heavy rainfall rates, the coverage quickly

reaches saturation with the increase in pixel size.
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Appendix

Density Matching of SOFM Layer

If N nodes are assumed to be on the SOFM layer, the training procedure is set to

distribute the input data into N clusters. The connection weight, Wi , of each node, j,

represents the cluster center of a group of input data. To present the original data, x,   

using the cluster center, wj , the error, e, can be written as: e = X- w
1

. Therefore,      

the average reconstruction error from those N clusters can be assigned as below:

E[w] =
j=11) ,

w(x )W-( P(x)dx	 A.1  

where
	

P(x)	 =	 the probability density function of input data x

D, i=1, N =	 partitioning of the data space into N sub-spaces (groups)

w(x)	 =	 define the cluster center of Di

The optimal clustering center can be found by finding the minimization of the average

reconstruction error.

The minimum value of E [w] can be reduced by increasing the number of cluster centers.

Under a fixed number of clusters N, the cluster centers, wi , can be found by taking the

derivative of equation A.1 with respect to wi(x).
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The probability density function, P(x), is equal to 1.0 when integrated over the entire

input space:

+co
P(x)dx = 1.0
	

A.2
-00

Defining m(x) as the number of SOFM nodes in a small volume, dx, of the input space.

By integrating over the input space, the total number of nodes must be the same as the

total number of nodes on the SOFM layer, as shown below:

+00

m(x)dx = N
	

A.3

-00

It is required that m(x) P(x) , such that the input density of the data is matched by

the SOFM algorithm. This implies that if one region is with a higher-density than

another, the assigned a higher number of SOFM nodes on the SOFM layer.
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