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Abstract

A simple single layer finite difference snow model was developed and compared

with the snow model in the Biosphere - Atmosphere Transfer Scheme (BATS) land

surface model. Both models were run from a constrained set of data and output from a

simple solar radiation algorithm developed for the study. Dew point, wind speed, air

temperature, precipitation, sky cover, and ceiling heights were the only meteorological

data required. The models were tested on a two year time series of data from the

NOAA-ARS research watershed near Danville, Vermont. The comparison of modeled

and measured water equivalent during both the entire snow season and accumulation

season showed that the BATS snow model performed better than the simple finite

difference model.
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Introduction

Snow accumulation and ablation models are tools used for flood forecasting,

water supply management, and have been recently used in land surface models for

providing accurate surface boundary conditions for general circulation models. All snow

algorithms, regardless of purpose, are limited by their data requirements and to a less

extent the computational complexity of their operating environment. Several complex

snow models have been shown to provide precise and accurate synthesis of the physical

processes within a snowpack. However, a fundamental goal of any model is to provide

the most accurate description of a process with the simplest and most efficient numerical

procedure possible. The consideration of this fundamental goal, together with the recent

increases in both the temporal and spatial measurements of meteorological data collected

by the National Weather Service and other agencies, provide the basis for further

investigating whether simple energy balance snow melt models can be developed from

relatively constrained data sets.

The objective of the research described in this thesis was to develop a simple

finite difference energy balance model and compare it to the "force-restore" numerical

energy balance scheme used in the Biosphere Atmospheric Transfer Scheme (BATS)

model (Dickinson, et al. 1993). Both models have no calibration requirements and both

operate with a very constrained set of input data: dew point, wind speed, temperature, sky

cover, and cloud ceiling heights are the only meteorological data required. The

investigation uses the NOAA experimental watershed in Vermont as a test site where a
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two year time series of meteorological data are available. Modeled solar radiation and the

two different numerical snow algorithms are evaluated by statistically comparing their

output with observed values at a point.

The question addressed in this thesis is whether a simple energy balance model

can be developed under a highly constrained set of data commonly available as

observations in the National Weather Service. Conclusions are drawn as to the

performance of the different algorithms used and regarding the feasibility of

implementing them, while insight is given to further research areas that need to be

addressed in order to implement simple energy balance models in the role of forecasting

stream flow.
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Chapter 1

Literature Review

This chapter provides a brief history on the development of snow hydrology and

specifically snow melt models. The development of several snow models are discussed,

along with their specific purposes, data requirements, and result of their application. It is

shown that in operational settings, the past use of energy balance snow melt models is

limited, thus demonstrating the need for further work in this area, and for development of

simple energy balance snow models such as the one created in this investigation.

Present day snow melt models are a product of knowledge obtained over the past

100 years on the physical processes governing snow hydrology. In 1956, the Army Corps

of Engineers and the U.S. Weather Bureau produced a comprehensive report, "Snow

Hydrology" (1956), that gives both a theoretical and a quantitative look at all aspects of

snow hydrology. It was a culmination of work by numerous authors and provided the

physical basis for many of the snow investigations that followed. During the same time

period, the theoretical aspects of the snow melt process and their relation to spring time

flooding was being independently researched by Russian scientists. Their work provided

excellent quantitative methods describing heat exchange processes and the components of

the snowpack energy balance. Semi-empirical equations for estimating incident solar

radiation on a snowpack were tested, and their subsequent expressions for estimating

atmospheric tranmissivity were developed from large data sets in Russia. Sivkov (cited

in Kuz'min, 1972) compared the actual measured daily solar radiation values with those
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estimated by the developed expressions and found that in 85% of the cases the difference

did not exceed 0.01 calorie. Other long term studies with actinometric data in Russia led

to the development of analytical expressions for estimating diffuse radiation that were

based on solar elevation and transparency of the atmosphere (Kuz'min, 1972).

Since the 1950s, numerous snow melt models have been created for forecasting

stream flow. One of the earliest models was the Stanford Watershed Model, which

contained a snow melt algorithm developed by Anderson and Crawford (1966, as cited in

Anderson 1976), while other early models include the U.S. National Weather Service

River Forecast System (U.S. Department of Commerce, 1972), and the U.S. Army Corps

of Engineers Streamflow Synthesis and Reservoir Regulation (SSARR) (U.S. Army

Corps of Engineers, 1972). All of these models use air temperature as an index of the

amount of energy exchange between the atmosphere and the snovvpack.

Anderson (1976) created a deterministic energy balance model which analytically

described each energy transfer process and heat propagation within the snowpack and its

environment. Data requirements for the model are measured incident radiation, reflected

radiation, wind speed, vapor pressure, air temperature, precipitation, and soil temperature.

The model calculates a mass and energy balance at a point and was developed primarily

as a research model. The model distributed the snowpack into numerous homogenous

layers, with an energy balance calculated at the surface as well as between each layer.

Physically based expressions for both conductive, radiative, and convective heat transfer

processes were developed and applied to each layer. Phase change in the snowpack was
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modeled within each time step with equations for modeling the snow densification

applied after each time step. All of the numerical expressions were incorporated into a

series of non-linear finite difference expressions, which were solved through an iteration

technique for each time step. The model was verified from snow pack temperature

profile measurements, density measurements, snow course, and lysimeter data. The point

energy balance model was applied to a small basin and compared to a well calibrated

temperature index model. Results from the comparison showed that the energy balance

model provided improved results, and several observations were made regarding the

operational setting in which energy balance models should outperform temperature index

models. The Anderson (1976) model furnished much of the theoretical knowledge and

the deterministic equations for almost every energy balance model that followed.

Allen (1976) developed a spatially distributed energy balance snow melt model

for use in sub-alpine basins. The model required measured solar radiation, air

temperature, wind speed, and precipitation as well as slope, aspect, elevations, percent

forest cover, and canopy density. A seven square mile high mountain watershed was

divided into 16 segments, and an energy and mass balance was calculated at a point

representative for each segment. Measured solar radiation was extrapolated by the model

and adjusted for the average slope and aspect of the segment. Precipitation and

temperature data were also interpolated to each segment from several measured locations

within the basin. Each segment was chosen to be adjacent to the stream and a simple
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routing method was applied. The model was built around the premise that solar radiation

is the primary source of energy for snow melt, and it therefore did not include an

algorithm for calculating the sensible or latent heat fluxes. The model also did not

simulate snowpack surface temperature, rather it was assumed to equal air temperature

allowing for a simple forward difference linear approximation to the heat transfer process

within snow. The snowpack was considered as one homogeneous layer and snow density

changes are calculated from a regression relationship based upon previous data in the

basin. The division of the watershed into segments made the model more sensitive to

slope and aspect and improved the simulation of incident solar radiation over the basin.

Comparison between observed and simulated discharges indicated satisfactory model

performance.

Gray and Landine (1988) developed an Energy Balance Snow Melt model

(EBSM) for Canadian Prairie watersheds. The model used empirical equations to

estimate the radiative and convective fluxes and algorithms to model the subsequent

changes in density and energy of the snow pack. The data required by the model are air

temperature, dew point, sky cover, and estimates of incoming net radiation. Soil

temperature is not required and ground heat flux is considered negligible. The EBSM,

SSARR, and the observed discharges were compared and it was shown that the EBSM

could be used in an operational setting and could estimate time of occurrence of snow

melt, melt quantities, and discharge rates better than temperature index models.
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Another operational energy balance model and this was developed in Finland by

Vehvillaninen (1990) and was compared to a degree day model on a 1900 km' basin with

an elevation range of 50 to 100 m. The purpose of the study was to determine whether a

physically based energy balance model could by used in an operational setting to simulate

snow accumulation and snow melt with minimum data over a large watershed. Results

indicated that the physically based snow cover model did not perform as well as the

degree day model over the basin, but the reasons for this failure as well as specifics on the

numerical procedures used in the model were not provided.

The development of energy balance snow models has lead to the creation of

different expressions for estimating fluxes. Specific expressions for modeling snow

surface energy exchange were summarized by Male and Granger (1981), who described

equations for radiation transfer and turbulent exchange mechanisms over snow together

with equations to describe the effects of atmospheric parameters (cloud cover, dew point,

wind speed) on snow surface energy exchange. Conclusions and recommendations were

made regarding the selection of algorithms to model a particular energy exchange

quantity. A complete model using climatological data to estimate the net radiative energy

for snow melt was presented by Granger and Gray (1990), which included empirical

equations to represent various components of the energy balance together with regression

equations to predict one component from the magnitude of another. This indicated that

climatological data from three stations in western Canada could indeed be used to

develop a snow melt model.
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The development of land-surface models for use in general circulation models

such as BATS (Dickinson et al., 1993) and BEST (Pitman et al., 1991) has lead to the

development of single point snow surface energy balance sub-models. Both the data

requirements as well as computational complexity vary from model to model. The main

purpose of these models is not to forecast snow melt discharge, rather it is to provide

accurate surface boundary conditions for general circulation models. These two models

provide numerical schemes to solve the snow surface energy and mass balance for

various model time steps. Yang et al., (1995) show that the rather simple single layer

energy balance algorithm in BATS is able to reproduce snow water equivalence

adequately in the mid-latitude of Russia. A more complex multi-layer snow model

developed by Lynch-Stieglitz (1994) for use in a land surface model showed that both

density and water equivalence could be adequately modeled throughout the entire snow

season.

A spatially distributed snow melt model that involves point energy balances

calculated on a scale of meters is being developed by Tarboton et al., (1994). The data

requirements are measured or derived radiation, humidity, temperature and wind speed

while static basin data requirements are digital elevation and canopy density. The model

uses physically based equations for calculating surface fluxes and uses an equilibrium

parameterization of the snow surface temperature to account for the difference between

the average snowpack temperature and the surface. Snowpack densification is held

constant and non-reflected solar radiation is assumed to be fully adsorbed at the surface.
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Preliminary results indicate that the snow model was capable of computing the required

fluxes, however the model is still being tested.

Jordan (1995) developed a complex energy and mass balance snow melt model

originally for the purpose of predicting temperature differences between tank tracks in

snow. The model divides the snowpack into numerous layers and calculates the

exchanges of heat and mass over each time step. The snowpack energy and mass balance

is calculated from a Crank-Nicholson numerical scheme in which the surface boundary

conditions are linearized. The data requirements for this model vary and preliminary

results indicate that the model performs very well, however the model is still being

developed and tested.

In conclusion, the literature indicates a general need for further development and

testing of simplified energy balance snow melt models. Anderson's (1976) research

model provided both a theoretical as well as a general prototype for future models, and

showed that energy balance models could perform better than temperature index models.

Only a few other models, specifically those of Allen (1976), Vehvillainen (1990), Gray

and Landine (1987), and recently Tarboton et al. (1994) have been developed and tested

in operational settings for predicting snow melt and subsequent runoff, though other

energy balance snowpack models have been developed for numerous other purposes.

However, specific information on model physics, numerical procedures, data

requirements, and results are limited. Therefore, there is an opportunity which this



project pursues to investigate whether simple snow algorithms can be developed under

constrained data requirements.
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Chapter 2

Solar Radiation Estimation

This chapter describes how direct and diffuse radiation were estimated in this

investigation. The equations are primarily based on work by Kuz'min (1972), Gamier

and Ohmura (1968), and Allen (1976). In some cases, more than one empirical equation

have been proposed to model a specific physical process and the criteria used to select a

specific formula for use in this study are as follows. Firstly, the formula must meet the

data constraints defined by the project. Secondly, the relative performance of the

equation in a cold regions environment is considered in relation to other equations cited

in literature. Finally, the complexity and empirical nature of the formula is considered.

These criteria are consistent with the overall question posed in this thesis, namely can

development of a simple energy balance snow melt model be achieved within the data

constraints defined in the project?

Direct and diffuse solar radiation are fundamentally important components in the

energy balance of the earth's surface. They are the driving mechanisms for all other

energy balance components. Gray and Landine's (1988) EBSM demonstrated that solar

radiation is often the dominant source of energy controlling the energy content of the

snowpack. These comments emphasize the pertinence of making accurate calculations

of incident solar radiation in any energy balance snow melt model. The following is a

description of the equations used in this model.
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2.1 Solar Radiation Model Development

The amount of solar radiation incident upon a horizontal surface at the top of the

atmosphere is given by Milankovitch (1930, as cited in Allen, 1976) as:

I()Is =	 sin(L)sin(D)+ cos(L)cos(d)cos(wt) 	 (2.1.1)
D

where:

= solar constant;

D = solar declination;

Dr = ratio of the earth-sun distance at particular time;

L = latitude;

d = solar declination;

wt = hour angle; and

D, the relative distance between the earth and sun, which is mostly a function

of the Julian day and is calculated by the following function:

D r = 1 + 0.033 cos(2n-3-63 — 1.405)	 (2.1.2)

To calculate the amount of radiation received on a horizontal plane at the surface

of the earth, the incident solar at the top of the atmosphere is multiplied by Pill, where P is

the atmospheric transmissivity and m is the optical air mass.

The amount of radiation received on a sloped surface with a given aspect can be

determined by calculating an equivalent parallel latitude and longitude for a flat surface

on the earth. Equivalent latitude is calculated as follows (Okanue, 1966 as cited in Allen,

1976):

Li = sin— l[sin(k)cos(z)cos(L)+ cos(z)sin(L)]	 (2.1.3)



where:

k = slope; and

z = azimuth.

The change in longitude, in radians, is calculated from:

a = arctan [ 
cos(k)cos(L) — cos(k)cos(cos(L)

sin(z)sin(k) 

The transmittance of radiation through the atmosphere is a function (Iqbal, 1986)

of:

a) Rayleigh scattering effect of air molecules;

b. attenuation of radiation due to aerosols;

c) absorption of radiation by water vapor; and

d) absorption of radiation by (02 , 03 , N2 ).

Numerous radiative transfer codes exist which account for these and other

constituents in physical and complex ways. However, because of the data constraints and

their complexity, these codes are beyond the scope of this project and are not considered

for use. Instead, the atmospheric transmittance and optical air mass are estimated from

empirical formulae presented by Kuz'min (1972). These formulae were mainly developed

and tested for use in winter conditions and are therefore favored over other alternative

equations for this reason.

Atmospheric transmittance is a function of vapor pressure and is initially

estimated by Savinov (1932 as cited in Kuz'min, 1972) in Table 1 (See Appendix A-1).

The atmospheric mass, or the amount of atmospheric masses traversed by a solar beam,

22

(2.1.4)
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depends on the sun's zenith angle and Table 2 from List (1968) is used to estimate the

atmospheric mass (See Appendix A-1). Atmospheric mass is then normalized for the

atmospheric pressure at that time. If atmospheric pressure is not available, a standard

atmosphere is assumed and an atmospheric pressure estimation is made based on the

following formulae (Guzzi, 1986):

Me =Mr(P/1013.25)
	

(2.1.5)

where:

M. = normalized atmospheric mass;

Mr = atmospheric mass from table; and

P = atmospheric pressure

with the estimated atmospheric pressure calculated from the following formula:

P = Po[exp(-0.0001184Z)] 	 (2.1.6)

where:

P = estimated atmospheric pressure (mb);

P. = standard sea level pressure (absent of other measurements); and

Z = elevation in meters.

The atmospheric transmittance is recalculated to account for the calculated atmospheric

mass calculations using Table 3 (Sivkov, as cited in Kuz'min, 1972; See Appendix A-1).

Cloud cover has by far the largest effect on the variation of solar radiation

reaching the surface of the earth (Army Corps of Engineers, 1956). Many different

empirical formulae with different data requirements exist to estimate the effect of clouds.
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In this project, the following relationship as given by the Army Corps of Engineers (1956)

is used:

I = Ic[1 — (0.018+ 0.024(Z))N] 	 (2.1.7)

where:

I = Solar radiation received at earth's surface;

Ic = Solar radiation received without clouds;

N = sky cover in tenths; and

Z = cloud height (ft).

2.2 Diffuse Radiation Model Development

The magnitude of diffuse radiation flux is several times less than direct solar

radiation. The theoretical determination of diffuse radiation intensity is difficult. Data

requirements for this task include information on the type of cloud, the optical properties

of the cloud, cloud amounts, thickness, and layers etc. This data will most likely never

exist in an operational setting, therefore it is estimated from solar elevation, sky cover and

vapor pressure and is calculated from the following formula (Berlage, as cited in

Kuzimin, 1972):

io = Bas — I)sin(h)	 (2.2.1)

where:

io = diffuse radiation;

B = atmospheric transmission coefficient;

Is = insolation at top of atmosphere;

I = insolation at surface with cloudless sky; and
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h = solar elevation.

Values for the coefficient B are determined from the atmospheric transmittance value

calculated in Table 3 (See Appendix A-1). Table 4 is then used to calculate the value of

B (Kuz'min, 1972; See Appendix A-1).

Diffuse radiation is greater when snow cover is present because of the direct solar

radiation being reflected by the snow surface. Kaltin (1939, as cited in Kuz'min, 1972),

quantified this difference. In this model, Table 5 is used to calculate the increased diffuse

radiation as a function of solar elevation over a snow covered surface (See Appendix

A-1).

The effect of cloud cover on diffuse radiation is very important. Cloud cover

causes an initial increase in diffuse radiation, then a drop as the amount of cloud cover

increases to a point where it limits the total solar radiation (Granger & Gray, 1990). The

following equation is used to describe this effect:

i = io(2.68 + 2.2n— 3.85n2 )	 (2.2.2)

where:

i = diffuse radiation at surface of earth;

io = clear sky diffuse radiation; and

n = sunshine hour ratio

This relationship was tested in Edmonton and Winnipeg, Canada by Granger and Gray

(1990) and showed good results.



26

2.3 Solar Radiation Model Operation

The solar radiation model developed in this project is designed to run on a six

hour (GMT) time step (see Figure 2.1). The input data necessary to calculate diffuse and

direct radiation for each segment or point are: Julian day, latitude, slope, aspect, dew

point, temperature, sky cover, and cloud height. Initial steady state variables such as

latitude, longitude, slope, aspect, and elevation are initialized for a given basin segment

prior to the model run. Arrays containing an average six hour temperature, dew point,

sky cover, and ceiling heights are input to the model for use in each six hour calculation

period. These values are assumed to uniformly to represent each point (or segment) over

the six hour time period.

For each six hour time step, Julian day, latitude, slope, and aspect are input

into subroutine SOL and used to calculate the sun - earth astronomical relationships:

solar declination, earth-sun relative distance, sunset hour angle, and maximum day length

along with latitude and longitude of equivalent slope. This is done for both the current

Julian day and previous Julian day. Subroutine SNOON is used to calculate solar noon

from the Julian day and equivalent latitude and longitude for both the current and

previous Julian days. Day length and solar noon for both the previous Julian day and

present Julian day are converted into radians by SOLAR. Sunrise, sunset, and yesterday's

sunset are calculated with reference to the corresponding solar noons and start and stop

times for the six hour period are then also calculated with reference to solar noon.
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Figure 2.1 Solar Radiation Model
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After the six hour time period has been defined with respect to solar noon, the following

tests are run in SOLAR to define the time limits of the solar day relative to the six hour

time period.

(a) If on the previous Julian day sunset occurred after the end of six hour time

period, integrate from beginning to end of six hour period.

(b) If on the previous Julian day sunset falls within six hour time period, integrate

from beginning of six hour time period to sunset.

(c) If the current day's sunrise falls in the six hour time period and sunset time is

less than the end of six hour time period, integrate from sunrise to sunset

otherwise integrate from sunrise to end of six hour period.

(d) If sunrise does not occur, but sunset does occur in six hour time period,

integrate from beginning of six hour period to sunset.

(e) If sunrise time occurs before six hour time period and sunset time occurs after

six hour period, integrate from beginning of six hour period to sunset.

After the amount of solar radiation incident upon the top of the atmosphere is

calculated, the transmissivity of the atmosphere is calculated in subroutine TRAN. Vapor

pressure in the air is calculated from the dew point and an initial transmissivity value of

the atmosphere is estimated from Table 1 using linear interpolation (See Appendix A-1).

The average zenith angle for the six hour time period is then calculated and the resulting

value is used in Table 2 to estimate the atmospheric mass (See Appendix A-1, Table 2).

This value is then normalized for elevation. The atmospheric transmittance is then
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recalculated by linearly interpolating Table 3 in subroutine TRANS to adjust for the

proper atmospheric mass (See Appendix A-1). Sky cover and cloud ceiling height are

used in SOLAR to calculate the effect of clouds on direct solar radiation.

The subroutine DIFF is used to calculate the amount of diffuse radiation for each

six hour time period. In subroutine DIFF, the coefficient B in equation (8) is calculated

from Table 4 (See Appendix A-1). However, the atmospheric mass is first extrapolated

to the corresponding atmospheric mass of Table 4, then the coefficient B is linearly

interpolated (See Appendix A-1). Diffuse radiation is calculated from the coefficient B,

zenith angle, difference between solar radiation at top of atmosphere, and incident at the

surface. If snow is present, the diffuse radiation value is linearly interpolated from Table

5 (See Appendix A-1). The effect of cloud cover is then calculated in SOLAR giving the

value to diffuse radiation received at the surface of the earth.

2.4 Incoming Longwave Radiation

Longwave radiation is an important component in the surface energy balance.

Water vapor, carbon dioxide, ozone, and other gases in the atmosphere emit longwave

radiation incident to the snowpack. Other sources of incoming longwave radiation are the

surrounding terrain and canopy. Numerous methods exist for estimating incoming

longwave radiation from available meteorological data. Male and Granger (1981)

summarize results from several of these methods. In this investigation a method

developed by Croley (1989), which has successfully been used to model snow melt

(Dingman, 1993), is used to simulate incoming longwave radiation. The expression
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calculates an effective atmosphere emissivity that is only a function of vapor pressure and

cloud cover, thus

4
Li = 6ataTa

where:

a= Stefan - Boltzmann Constant;

Ta= air temperature at 2m height;

Ea=-(0.53-0.065ea°5)(1+0.40C)(F);

ea = near surface vapor pressure at 2m;

(2.3.1)

C = sky cover expressed as a fraction; and

F = horizontally projected area of forest to total canopy

In this model, terrain sources are not considered because of the additional complexity the

subsequent geometric relationships would cause, and because their impact on the

calculated radiation fluxes is insignificant in comparison with the approximations already

used.
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Chapter 3

Snowpack Models

This chapter describes the simple finite difference snow model developed for this

investigation and the snow model used in BATS (Dickinson et al., 1993). A brief

description of the physical processes involved with heat and mass transfer in snow are

given, along with their corresponding mathematical formulation as used in this

investigation. Fluxes and physical processes dependent upon snowpack surface

temperature are described and the procedure by which they are estimated is given.

The fundamental underlying goal of any snow melt model is to accurately describe

the thermodynamic state of the snowpack. In order to do this, an energy and mass

balance of the snowpack is required. The snowpack (or part of the snowpack) is treated

as a control volume, and energy is exchanged with the control volume in the form of

fluxes. The exchange of energy is governed by the distribution of internal energy within

the snowpack, which is a function of the rate and magnitude of energy transfer within the

medium. The three modes in which energy is transferred in the snow medium are

conduction, radiation, and convection, where convection is the mode which incorporates

the exchange of mass. The relative magnitudes are dependent upon the physical

properties of the snowpack. The mass and energy balance follow the basic fundamental

laws of thermodynamics.

The physical processes that occur within a snowpack are numerous and the

development of any model will continually struggle to define the complexity needed to
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accurately describe the physical process involved. The treatment of the physical

processes with respect to time is also very important. Physical processes can be modeled

with mathematical functions that are either independent or dependent upon time. The

snow melt models reviewed prior to this investigation used various numerical approaches,

and treated time dependent processes differently with respect to past, present, and future

time steps.

3.1 Heat Transfer in Snow

Theoretically heat is transferred in a snowpack by the same mechanisms that

apply in any medium. The three forms of heat transfer are conduction, radiation, and

convection. However, it is assumed that radiative transfer of heat between ice grains is

negligible in snow. Both convective and conductive heat transfer mechanisms are present

in a snowpack and are accounted for in terms of a thermal conductivity K. Heat transfer

in snow is described by Fourier's law of heat conduction, thus:

aT	 a 2 T	 a2 T	 a2 Tpcp Tt = Kx— + Ky- + Kz	 (3.1.1)
ax2 	ay2	 az2

where:

p - density of the medium;

C - specific heat of the medium;
P

K - thermal conductivity;

t - time; and

T - temperature.
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Lateral heat transfer in a snowpack is considered negligible compared with vertical heat

transfer, so Fourier's law of heat conduction is reduced to its one dimensional form in the

z direction.

3.2 Conductivity Term

Anderson (1976) developed an equation that combined the effects of conduction

and convective transfer of heat through water vapor in snow into a single conductivity

term K, thus:

K = Ice + kd 	(3.2.1)

Conduction across ice grains and through air in the snowpack is represented by:
2

	

ke = 0.00005 +0.06p s 	(3.2.2)

Anderson also developed the following relationships to account for mass transfer or

convection of water vapor within the snow:

	kd =DeLsf	 (3.2.3)

with

1000 T n	De = Deo	 (	 )Pa 273•2

e• ( L sf _ 	1 

RwT2	
1.0)

Ov1/471'

e• = 3• 5558E10 exp(-6141.9/Ta)1 

and

Dee = effective diffusion coefficient for water vapor in snow at 0 degrees

Celsius and 1000 mb;

Ls ---- latent heat of sublimation;
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Pa = atmospheric pressure (mb);

n = temperature exponent = 14;

Da = diffusion coefficient (cm' sec -1 );

= saturation vapor pressure over ice (mb); and

= gas constant for water vapor 4615 mb cm3 K-1 gm 1

These equations were used by Marks and Dozier (1992), who indicated that

conduction due to transfer of water vapor in snow increased conductivity by an order of

magnitude in low density snow cover.

3.3 Snow Density

Snow density is a very important parameter in any snow model, but it is also a

very difficult parameter to estimate within a snowpack due to its variation in space and

time. For newly fallen snow, the density is a function of size and shape of the snow

crystals, as well as air temperature, humidity, and wind. Several empirical expressions

exist to describe new snow density as a function of temperature or humidity. In this

investigation, a value of 0.10 grams of water equivalent per cubic centimeter is used as an

approximate average value for new snow density (Army Corps of Engineers, 1956).

After snow falls on the basin, four physical processes cause the snow to

continuously evolve until it melts. Kojima (1967) and Anderson (1976) developed

theoretical expressions to describe the following processes: snow compaction, settling,

mass transfer changes in density, and melt metamorphism. The magnitudes of each

process can vary depending on time and snovvpack conditions. Pitman et al., (1991)
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developed a parameterization scheme based upon Kojima (1967) which accounted for

snow compaction. This was used by Lynch-Steiglitz (1993), in conjunction with modeled

change in density in response to phase change, to adequately model snow density

throughout the snow season. The Pitman et al. (1991) parameterization was:

—ddPt = 12 10-7 pgNmexp[ 14.643	 .
min(T + 273.16, 273/16 0.02p]

4000 

PNsn+	 (p new _ p)

where:

p= snow density;

T = average snow pack temperature (L-T2 temperature in this investigation)

P. = precipitation in snow water equivalent;

N. = mass of the pack ; and

g = force of gravity.

3.4 Snow Albedo

Snow albedo, or reflectivity, is a very important component of any snow melt

model. Typically the albedo of snow varies from over 0.85 to 0.40. Snow albedo is a

function of snow surface grain size, density, snow water content, and the zenith angle of

the sun. Numerous algorithms exist for calculating albedo. In this investigation the

snowpack is considered to be a single homogenous layer which limits the choice of

albedo algorithm to being an empirical expression in which albedo is a function of time

since last snow and whether the snow is melting.

The Army Corps of Engineers (1956) developed two curves to describe the

decrease of albedo since the time of last snow fall, with one curve describing the decrease

(3.3.1)
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in albedo during the melt season, and the other during the season of snow accumulation.

The numerical representation of these curves are described by Allen (1976) and are

adopted for use in this investigation. During the melt season when air or snow surface

temperature is greater than 273.16, the albedo decreases by 0.07 per day for the first three

days since snow fall. After this three day time period, the albedo decreases by 0.006 per

day. During the accumulation season when air temperature or snow surface temperature

is less than 273.16, the albedo decreases by 0.01 per day.

The restoration of the albedo from a value of less than 0.85 is assumed to occur

when snow equivalent to one centimeter of liquid water falls within a particular time

period, this being set equal to six hours in this investigation. If less than one centimeter

falls, the albedo is adjusted in accordance with the equation:

albedo t+At = (precip * 0.85) + (1 — precip)albedot
	

(3.4.1)

3.5 Extinction Coefficient Assumption

The extinction of solar radiation within a snowpack is the result of absorption and

scattering by individual snow particles. The assumption made in a single layer model,

such as the one developed in this study, is that there is no penetration of incoming

radiation within the snowpack. This assumption is not physically correct, however the

actual amount of energy penetrating to depths greater than 10 cm within the snowpack is

small. For example, Fukami et al. (1985) show that the thermal influence of solar

radiation occurs above 10 cm, and that the majority of absorption occurs between the

surface and 5 cm.
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3.6 Heat Transfer - Explicit Finite Difference Scheme

In order to implement a simple estimation of Fourier's heat conduction equation, a

three point forward finite difference grid of the snowpack was created (see Figure 3.1).

The reasons for using this type of finite difference scheme in this study are listed as

follows:

1. A goal of this study is to develop a simple algorithm that does not sacrifice

mathematical principles. The forward finite difference scheme allows a simple

solution to the Fourier's heat conduction equation and is relatively accurate

providing the proper time step considerations are made.

2. Incorporating phase changes within Fourier's equation, or within the time step

of the numerical solution, introduces an additional unknown and creates a

non-linear equation for which an iterative solution is required. In this project

phase changes are only considered after the time step allowing the use of the

forward difference approximation. Allen (1976) and Tarboton (1994) also do not

account for phase change until after each calculation time step, and they do not

indicate that this introduced a large amount of error.

3. All boundary conditions for the snow surface are incorporated into each time

step, with sensible, latent, incoming solar radiation, advected heat, and outgoing

longwave fluxes incorporated into the surface nodes. This adds a large amount of

complexity. If more accurate implicit numerical techniques are used, this

introduces a non-linear boundary condition, which must be either linearized for
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solution by using a tri-diagonal L.U. decomposition technique similar to that used

by Jordan (1995), or solved by an iterative technique, such as that used by

Anderson (1976). In this study the boundary conditions are also non-linear,

however a very short time step is adopted and this allows for a convergent

solution to the forward difference approximation. The disadvantage to this

procedure is that the time step depend on K, density, and snow depth; and a very

small time step is needed when snow depth is small.

3.6.1 Finite Difference Expressions

The forward finite difference approximation to Fourier's heat conduction equation

has the following form:

a2 T aTK— = „ p—

	

az2	 at

a2 T Tji+1 -2r.j+T.1

	

–	 1	 1-1 

( z)2

T. 1J+	 J–T.OT 	
	at —	 At

Fourier's heat conduction equation

space derivative approximation

time derivative approximation

Boundary Node Equation:

Applying the forward finite difference scheme to a snowpack, and conducting an

energy balance on the boundary node, yields the following equation:



Snow Pack Grid

Q
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Ta
Boundary
Conditions

Snow Surface

Mid-pt S.Pack

Base S.Pack

G	 Time
	 G

Le - latent heat flux
H - sensible heat flux
Lo - outgoing longwave rad. flux
Q - net inc. radiation and advect. flux
G - ground heat flux
Ta - air temperature

Figure 3.1 Snowpack finite difference grid
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21.874(Ti —273.16)
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aTcppT = H+ Le + S +Li +L0 + Adv + (midpackflux) (3.6.0)
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where H is sensible heat flux, Le is latent heat flux, S is incoming solar, L. incoming

longwave radiation, Adv is advected energy from precipitation. In finite difference form

where all fluxes independent of surface temperature are incorporated into Q , this

becomes:

and Solving for rii+1 gives:

21(At  (T.! 
1 

T4) +
pc i AZ2 '+

2AtQl 
pc AZ

2Ata  (TJ ) 4 T1T+1
pciAZ    

2Atkseil (T	 T.! )+ 2,Atkiat

pciAZ a 	1	 pciAZ

21.874(T i —273.16)
ea 6.11 x exp   

T. —7.66        

(3.6.2)

T1T+1	 2kAt 	2Atkiat	 2AtQl, 2Atksen Ta 	 2Ata  (TJ ) 4
pe1Az2 1-1) pciAZ	 pc	

ea ±
iAZ	 pciAZ pc iAz	 )

2Atkiat

pc iAZ
6.11 exp

21.874(T i —273.16) 21cAt	 2Atksen + 1
\

nciAz2 pciAZ
T.	 (3.6.3)

—273.16    

In order to have a numerically stable solution, the coefficients on T'Ti can not be negative

(Gerald & Wheatley, 1989).
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Therefore:

2KAt 2Atksen >0pciAz2 pciAZ

This last equation does not account for the two non-linear terms therefore, to account for

this, the estimate of At halved. As snow depth increases, the time interval can be

increased.

Mid-point snow pack node:

The mid-point node represents the entire snowpack apart from the relatively small

surface boundary. The energy balance on the mid-point node can be expressed as (Energy

conducted from boundary node) + (energy conducted from snowpack base) = (change in

energy of mid-point node). In finite difference form this becomes:

At +K

( J	 J
T1• —T •1— 

AZ At = pc iAZ(Ti+1 —14)	 (3.6.4)

T ,T+1	 KAt 	JT- — 2T1/
pciAz2 1+1	 i-1 (3.6.5)

In order to maintain stability (Gerald & Wheatley, 1989) the coefficient on TJ, cannot be

negative, hence:
(

2KAt, +1 >0
pc iAZ`

In practice, the stability requirements for the boundary node are more constrictive

than the mid-point node, therefore the time step is determined from the boundary node.
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3.7 Soil - Snow Boundary

The contribution of the ground heat flux to the melting snowpack is usually very

small in comparison with the magnitudes of the other fluxes (Gray & Prowse, 1992). The

data constraint imposed in this project are such that no soil surface temperature data is

available, therefore an assumption of a constant temperature boundary condition was used

for the soil - surface boundary condition.

3.8 Description of Surface Boundary Conditions

The boundary conditions are the energy exchange components at the surface of

the snowpack, and at the ground - soil interface, and take the form of fluxes. The

incoming net radiation and the advected heat from rain are combined into the term Q.

These quantities are independent of the snowpack surface temperature and are therefore

calculated prior to the time step (see chapter 2). The sensible and latent heat flux, and the

outgoing longwave radiation are all dependent upon the snowpack surface temperature as

discussed in the following text.

Several different methods exist for estimating the turbulent fluxes (Shuttleworth,

1992) and in this investigation a form of the "aerodynamic" method is used. In this

method, the transfer of sensible and latent energy to and from the snowpack is

proportional to a dimensionless drag coefficient, the windspeed, and the difference

between the temperature and moisture content at a fixed height above the snow surface

and that at the snow surface. The sensible heat flux is calculated from the following

expression:



0.622P aLe = Ls 	 p CdVa(ea — ess) (3.8.2)
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H= Cap a CdVa(Ta — Tss)	 (3.8.1)

where:

Ca = specific heat of air;

Pa = air density;

Ls = latent heat of sublimation;

Ta = air temperature;

Va = windspeed;

Tss = snow surface temperature;

P = atmospheric pressure (average value used in this investigation);

ea = vapor pressure of air;

e„ = vapor pressure at snow surface which is assumed to equal saturation

vapor pressure; and

Cd = drag coefficient

The drag coefficient is dependent on the magnitude of the eddies created when

wind blows across the snow surface, and is influenced by the stability of the atmosphere.

A neutral atmosphere drag coefficient can be estimated by:
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Cdn —	
k2 

[1n(Z111—Zd 1 2
) J

(3.8.3)

where:

Zd = zero plane displacement (0);

k = von Karmen constant (0.4);

Z. = roughness height (0.05 - 0.5); and

Z., = measurement height.

The roughness height depends on the roughness of the snow surface and several

investigations have shown that the range in roughness height values can vary over one

order of magnitude (Anderson, 1976). In this investigation an average value of 0.5 cm is

used throughout the snow season.

The neutral stability drag coefficient is adjusted in response to atmospheric

stability using the bulk Richardson number (Dickinson et al., 1993) which is calculated

by:

gZ(1—Tssaa)Ri —
2Va

(3.8.4)

where g is the acceleration of gravity, z is the measurement height. The drag coefficient

is then adjusted using one of the following formulae depending on whether the bulk

Richardson number is positive or negative.

Ri <0 	Cd = Cdn (1 +24.5(—C dnRi ) ° . 5 )	 (3.8.5)

Ri > 0
	

Cd = C dn/(1 + 11.5R ) 	(3.8.6)



The longwave radiation leaving the snow surface is determined by the Stefan

Boltzmann law thus:

L. = EcT(T„)4 	(3.8.7)

E = surface emissivity = 0.99;

= Stefan Boltzmann constant; and

Tss = temperature of snow surface (K).

3.9 Snowpack Mass Balance

The snowpack mass balance is accounted for after each time step. In the simple

finite difference model, melt occurs at the surface when the net energy fluxes at the

surface node are not in balance with a surface temperature of 273.16. The excess energy

is converted into potential melt. Melt at the surface is then assumed to refreeze whenever

the mid-pack node temperature is less than 273.16. When refreezing occurs, the latent

heat of fusion is released, and the mid-point temperature is increased. Runoff from the

snowpack can not occur until the mid-pack node is equal to 273.16. The model does not

account for any water storage capacity when the snowpack is isothermal. Sublimation

and condensation are calculated from the latent heat flux term at the end of each time

step.

3.10 BATS Snow Model and Force Restore Approximation

Within this investigation the snow algorithm used in the Biosphere Land Surface

Transfer Scheme (BATS) model was extracted and modified, so that it could run with the

46
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same forcing data, density algorithm, and albedo algorithm as the finite difference model.

This section describes the single layer BATS snow model. The model is based upon the

"force-restore" numerical approximation to Fourier's heat conduction which comes

directly from Deordorff (1978) and Dickinson (1988), and is used to model heat transfer

in the BATS snow model (Dickinson et al., 1993). The development of the numerical

procedure is briefly summarized below.

where:

Fourier's equation with a surface flux boundary condition is given by

aT	 a2 TC Kip— =at	 az2
K—aT = –Q(t, T)az

K = thermal conductivity;

(3.10.1)

C. = specific heat;

p = density; and

Q = energy input containing prescribed and temperature dependent terms.

Q consists of annual, daily, and random components of energy forcing, and is

expressed as:

Q(t) = EQ exp(invt) – a(T – Tref)	 (3.10.2)

a(T-Tref) are the surface temperature dependent terms consisting of the sensible and latent

heat fluxes.

The force restore approximation replaces the second order partial differential,

Equation (3.10.1) with:

–1 aTs	 Dd
v d 	+ (Ts – Ta) =	 Q(t) (3.10.3)
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-1 Ta	 )— —Da (T s — Ta)— + ( ia— m — r,
Va at

where:	 Ts = surface temperature;

Ts = the soil temperature at a large depth compared to the penetration depth of

the diurnal wave;

Tm = constant temperature at greater depths than the annual wave;

Dd = diurnal penetration depth defined as

in which

D	 2k
nvc (3.10.4)

k = thermal diffusivity; and

y e — 12dnay (diurnal) or 3267c5 (annual).

The force restore approximation is applied to heat transfer in snowpack through

the following equations:

where:

CAtaTsnowl 2ATat	 - snowl = B (3.10.5)

1

vdAt(.2k ) 2
B — 	 d	 —CdVa(Tss — Ta) — CdVa(q — cig) — Lfsm)

Psesks
27rAt 

+86400 Tsnow2

2nAt A = 0.5
86400

Substituting A and B into (3.10.5) gives the force restore approximation for the

temperature change at the snowpack surface with respect to time, thus:
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At  aT snowlvdAtD i
a (Q —T	  1	 40. s —CdVa(Tss — Ta) — CdVa(q— qg)—LfSm)at	 PsCsks F  27cAt — 2nAtT snow2 1L 86400 T snowl (3.10.6)

The first term to the right of the equal sign is the forcing term while the second term is

the restoring term. The forcing term consists of the surface fluxes used in the finite

difference model and are calculated in the same manner. The surface temperature at t+At

is calculated from:

where:

B+(l—A—Cder)t+AtT
snowl — (1+A—Cder )

(3.10.7)

v ,
a

AtD d / acis(Tsnowl))
C der — psesk s CdVa+ `r

,
- cl	 at

Cder is equal to the derivative of the sensible and latent heat fluxes which are calculated in

the same way as within the finite difference algorithm, except that specific humidity is

used rather than vapor pressure to calculate the latent heat flux.

The temperature at Tsa0w2 is approximated from (3.10.3) where Ta-Tm is set equal

to zero removing the effect the soil beneath the snowpack from the snowpack energy

transfer calculations. Tsn0w2 is calculated from:

Tt+At	 2nAt  D d= Tsnow2 +snow2	 365(86400) Da Tsnowl	 (3.10.8)

Melt is calculated by solving (3.10.7) for snow melt Sm. The snow melt is equal

to the energy required to balance the surface heat fluxes and change Tam0 , 1 to 273.16

degrees. After melt occurs, all of the melt is assumed to leave the snowpack.
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3.11 Shallow Snowpack Algorithm

The "force - restore" and explicit finite difference approximations are numerically

unstable with very shallow snowpacks. The specific minimum depth at which the

numerical problem occurs is a function of the time step and conductivity of the snow. In

this investigation when the snowpack was less than one centimeter water equivalent, the

energy balance of the snow pack was solved directly using Newton-Rapherson iteration

technique.

where:

f(Tn) 
Tn+1 Tn fi (Tn)

(3.11.1)

4f(Tn) = Q+CdpaCaVa(Ta — Tn) + LsCd
0.622pa 

(ea — ess)— can

0.622pa	 (21.87T4(Tn7—.62673.16 fl (Tn) = —C dp aC aVa — 0.99a4(T) 3 — LC d p (ea 0.611 exp

[ 21.874(Tn-7.66)—(21.874(Tn-273.16)]

(Tn-7.66) 2

When temperature is greater than 273.16 the temperature is set equal to 273.16 and the

excess energy is accounted for in the form of snow melt.

3.12 Snow Pack Model Operation

The snowpack model is designed to run on a six hour time step where arrays

containing the forcing data generated from the solar radiation model and other required
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meteorological data are input into the main snowpack driving algorithm. After the input

data is read, two primary tests are conducted to determine the specific path the model

takes to model snowpack changes. Firstly, if the snowpack is less than one centimeter

water equivalent the subroutine NEWTON is used to determine snowpack change.

Secondly, the type of precipitation and amount are used to determine various snowpack

model conditions and paths. The snowpack model is made up of five different main

sub-routines which are used to update albedo, density, and snowpack conditions based

upon the path the model takes from the primary tests. A flow chart summarizing

fundamental operations of the model is in Appendix 2.
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Chapter 4

Discussion

The overall goal of this study is to evaluate the performance of the simple finite

difference model described in the previous chapter, and the BATS snow model when

operated with a constrained set of data available in most operational settings. The

purpose of this chapter is to describe how this goal is accomplished. This is discussed in

three parts. Firstly, a description and evaluation of the data used to run the solar

radiation, finite difference, and BATS snow melt models is given; secondly, the results

given by the solar radiation model are presented and discussed; and finally, results from

the snowpack models are given along with a discussion on their relative performance,

problems, and some possible remedies.

4.1 Data

The data set used in this investigation is mainly from the NOAA-ARS W-3

watershed near Danville, Vermont. A detailed description of the watershed and research

station is given in "NOAA-ARS Cooperative Snow Research Project" (1977) and

Anderson (1976). The NOAA-ARS research station is located on the western flank of the

W-3 sub-watershed at an elevation of 552 meters. The station is situated on the eastern

edge of a 15 acre clearing, where forest cover is approximately 600 feet to the west and

about 200 feet from the center of the site to the northeast and southeast respectively. Data

used from the NOAA-ARS watershed consists of time series for the 1972-73 and 1973-74
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snow seasons. The data type, how they were collected, their estimated accuracy, and how

they were used in this project is given in Table 4.1.

Table 4.1 W-3 data

Data Type Method of
Collection

Accuracy Used in this project
for:

Air Temperature platinum resistance
element

1 degree
Fahrenheit

snowpack models,
solar radiaton
models

Vapor Pressure lithium chloride
dewcell

less than 5% above
32degree F and
greater than 10%
below 0 degree F

solar radiation
model, snowpack
models

Wind Speed 3 cup
anemomonter

2% snowpack models

Solar Radiation Eppley
Laboratories
Model 2
pyranometer

2% evaluation of solar
radiaton model

Preipitation shielded universal
gage

discussed below Snowpack models

Snow Water
Equivalent

snow course
consisting of 6
sampling points

discussed below Snowpack model
evaluation

Albedo Eppley
Laboratories
Model 2
pyranometer

3% albedo algorithm
evaluation

The precipitation and snow course data for the 1972-73 and 1973-74 snow

seasons were affected by both precipitation gage catch deficiency and by snow blowing

off the snow course. During both years the amount of snow blowing off the snow course
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exceeded the estimated precipitation gage catch deficiency. Anderson (1976) suggested

using the snow correction factor given in Table 4.2 for model tests.

Table 4.2 Snow Correction Factors

Year Accumulation Season Melt Season

1972-73 0.75 0.95

1973-74 0.97 0.95

The above are mean values relevant to each complete snow season, so the exact effect on

individual storms is variable.

The only data that was used in this investigation which did not come from the

NOAA research watershed is cloud cover data. The cloud cover data consisted of sky

cover, expressed as a fraction of the sky covered with clouds in tenths; and the ceiling

heights of clouds expressed as the elevation of the lowest cloud layer above the ground.

The estimated accuracy of these data are not given. These data were collected at

approximately one hour intervals by observers at the Montpelier, Vermont airport

approximately 25 miles from the NOAA research watershed. The two year data set used

in this investigation contained short time periods of missing data, typically lasting less

than six hours, and during these periods cloud cover data was interpolated from values

just before and after the missing data.

Pre-processing of the data consisted of averaging all the hourly meteorological

data into a six hour average value, to accommodate the six hour time step selected in

both the solar radiation and snowpack models.
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4.2 Solar Radiation Model

The solar radiation model was run from six hour averaged meteorological data

just described. The model estimates the direct and diffuse solar radiation at the ground,

the irradiance at the top of the atmosphere, and calculated solar irradiance at the surface

in the absence of cloud cover. Since net solar radiation is needed for the snowpack

models, the diffuse and direct solar radiation were combined into the net radiation term

which was then compared with the measured net solar radiation at the NOAA - ARS

research center.

4.2.1 Results

Results from the model are given in Figures 4.1 through 4.9 in the form of

monthly graphs. Inspection of the graphs indicate that during most time periods the daily

fluctuations in modeled radiation are in phase with the measured radiation values,

however the magnitude of the fluctuations are not a perfect match. The size of the

difference appears to be a function of time, with the discrepancy increasing later in the

season.

To evaluate the overall performance of the solar radiation model over the entire

snow season, the modeled six hour solar radiation was converted to a daily value and

plotted together with measured daily solar radiation in Figure 4.10 and 4.11 for the

1972-73 and 1973-74 snow seasons respectively. Summary statistics determined from a

regression analysis of Figures 4.10 and 4.11 are in Table 4.3 (See Appendix A-4 for

statistical formulations).
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DIR = direct solar at the surface, IRR = solar radiation at top of atmosphere, NC = direct
solar radiation no clouds, MOD = modeled, and MEAS = measured.
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Figure 4.2 January, 1973 solar radiation model output where DIF = diffuse radiation,
DIR = direct solar at the surface, IRR = solar radiation at top of atmosphere, NC = direct
solar radiation no clouds, MOD = modeled, and MEAS = measured.
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Figure 4.3 February, 1973 solar radiation model output where DIF = diffuse radiation,
DIR = direct solar at the surface, IRR = solar radiation at top of atmosphere, NC = direct
solar radiation no clouds, MOD = modeled, and MEAS = measured.
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radiation no clouds, MOD = modeled, and MEAS = measured.
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solar radiation no clouds, MOD = modeled, and MEAS = measured.
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Figure 4.9 April, 1974 solar radiation model output where DIF = diffuse
direct solar at the surface, IRR = solar radiation at top of atmosphere, NC
radiation no clouds, MOD = modeled, and MEAS = measured.
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Figure 4.10 1972-73 modeled versus measured solar radiation
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Figure 4.11 1973-74 modeled versus measured solar radiation
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Year Standard R2 Average Y intercept #
Error Cum. Error Observations

(cal/day) (cal/day)
1972-73 65.7 0.84 -31.7 36.1 140
1973-74 90.8 0.73 -44.9 52.8 120

4.2.2 Solar Radiation Model Discussion

The results demonstrate that the solar radiation model generally overestimates the

solar radiation late in the snow season and tends to overestimate on days in which very

little solar radiation reaches the earth's surface. Three possible causes of this discrepancy

are listed below.

(a) The cloud cover data collected at the Montpelier, Vermont airport does not

represent the cloud cover at the NOAA - ARS research watershed during those times

when discrepancies are greatest.

(b) The semi-empirical procedure used to account for the attenuation of solar radiation

in the solar radiation model is only a function of vapor pressure and solar angle. The

algorithm does not account for smoke or other atmospheric constituents which may

reduce the surface solar radiation in north east USA.

(c) The fact that the error is consistent late in the snow season (for example, see Figure

4.9) suggests that there may be a fundamental numerical problem in the way this models

estimates the solar radiation over six hourly time periods from the Milankovich

equation.
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Further testing of this model is required at a location where both meteorological

data and measured solar radiation are collected before definite conclusions can be

drawn. One remedy in the present results would be to introduce a seasonally dependent

calibration coefficient which compensates for the overestimation of solar radiation late

in the snow melt season.

4.3 Snowpack Models

The overall goal of this study is to evaluate the performance of the two snow

models operating with a constrained set of data. To accomplish this evaluation the same

forcing data, precipitation data, and rain - snow criteria were used for both models, and

the same density and albedo algorithms developed for the finite difference model were

used in the BATS snow model.

Each model's performance was compared both over the melt season, and also

during the entire snow season. The primary evaluation of the models is made for the

melt season results. This is partly because by focusing on the snow melt season, any

measurement error associated with snow blown of the snow course during the

accumulation season is minimized (see section 4.1); but it is also because in practice the

most important function of operational snow models is to predict snow melt, so their

evaluation should be biased towards this critical time period.

4.3.1 Melt Season Results

The finite difference and BATS snow models were run during the six week

1972-73 melt season and the three week 1974 melt season. Both models were
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initialized to the measured water equivalent at the start of the melt seasons. The

models were then run from the beginning of the melt season to the end without any

correction or manipulation.

To evaluate model performance, a comparison is made between modeled and

measured snow water equivalent for both snow melt seasons in Figures 4.12 and 4.13.

Figures 4.14 and 4.15 show the change in water equivalent, albedo, snow pack

temperatures, and fluxes as a function of time throughout the melt season. The

measured albedo and water equivalents are also plotted on the corresponding graph for

comparison. The overall performance of the two models is summarized in Table 4.4 by

calculating the following statistics from the data illustrated in Figures 4.12 and 4.13. A

detailed discussion of these figures is given in sections 4.3.3 and 4.3.4.

Table 4.4 Melt Season Statistics

1973 SBATS 1973FD 1974SBATS 1974FD

# observations 28 28 10 10

Std. Error of
estimate (cm

WEQ)

3.11 3.56 2.77 1.2

R^2 0.83 0.33 0.71 0.86

Average error
(cm WEQ)

1.73 -3.01 2.56 0.88
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Figure 4.12 Measured versus modeled water equivalent 1973 melt season
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Figure 4.13 Modeled versus measured water equivalent 1974 melt season
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Figure 4.15 1974 snowpack model output where RN = net heat flux, Ti = surface
temperature, T2 = mid-pack temperature, ALB = albedo, M = measured, E = explicit
finite difference model, and SB = BATS snow model.
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4.3.2 Discussion of Melt Season Performance

Table 4.4 gives an overall summary of the finite difference and BATS snow

model performance. It shows on average over the two snow melt seasons that the BATS

snow melt model performs better than the finite difference model. During the 1973 melt

season, the simple finite difference model performs particularly poorly, and this is

demonstrated by the overestimation in Figure 4.12, the R 2 value of 0.33, and the large

standard and average errors in Table 4.4. During the 1974 melt season, the finite

difference model performs much better than it did during the 1973 melt season, as

demonstrated by the improved value of R2 equal to 0.86. However, the BATS snow

algorithm has a higher R2 value and a lower error estimate over the two melt seasons.

4.3.3 1973 Melt Season

A closer look at the 1973 melt season (Figure 4.14) shows that the finite

difference model underestimates the melt considerably through almost the entire snow

melt season. The exception is from Julian day 105 to 110 when air temperature

approaches 290 degrees Kelvin and rapid melt occurs. Predicted snow surface and

mid-pack temperatures through most of the melt season coincide with the warm air

temperatures and indicate that melt is occurring during almost every six hour time period

(Figure 4.14b) The snowpack is also isothermal, so all melt generated at the surface

leaves the snowpack. Modeled albedo during the melt is in reasonable agreement with

the measured albedo, though the model slightly underestimates its magnitude (Figure

4.14d). Modeled solar radiation during the time period is overestimated by the solar
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radiation model (Figure 4.4 and 4.5) which, in combination with slight albedo error,

means the melt error will be magnified. On the basis of these observations, it is possible

that the calculations of snow surface dependent fluxes are in error in the model. Table

4.5 shows the contribution of these fluxes for the two models during the melt season in

comparison with those from the Anderson (1976) model, which was run at the same

location for roughly the same time period and gave excellent results. The "Rnet" in Table

4.5 is equal to the net incoming solar, net longwave, and advected energy from rain.

Table 4.5 indicates that the melt deficiency could be a function of the finite difference

model underestimating the sensible heat contribution for melting the snowpack.

Table 4.5 Relative Flux Contributions

1973 Melt Season Rnet %* Latent Heat Flux %* Sensible Heat
Flux% *

Finite Difference 79 -45 21

BATS snow model 55 -42 45

Anderson (1976) 50 -31 50

* 100% is the sum of the positive components

The BATS snow model systematically overestimates melt through most of the

1973 melt season. A possible cause for this overestimation is that in the BATS snow

algorithm (as discussed previously in section 3.14) all the predicted melt at the snowpack

surface is allowed to run off of the snowpack regardless of the deep snowpack

temperature. Dickinson et al. (1993) indicate that the subsurface temperature is

calculated at an approximate depth of one meter. In this investigation, the subsurface

depth is greater than the snow depth throughout the entire snow season, so there is no way
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to actually estimate the mid-point or average snowpack temperature in the modified

BATS snow model. It is for this reason the snowpack is assumed to be isothermal when

the surface temperature is greater 273.16, and the reduction in snow water equivalent

from melt is assumed to be instantaneous.

The second possible problem becomes apparent on examining the fluctuations in

the predicted snow surface temperature and their effect on the temperature dependent

surface fluxes. The periodic fluctuation of the snow surface temperature by roughly five

degrees can cause an overestimation of these surface fluxes which are directly

proportional to the snow surface temperature. The fluctuation errors will cause an

increase in net energy flux to the snowpack because the maximum snow surface

temperature is limited to 273.16 degrees. The comparison of relative flux contributions

given in Table 4.5 shows that the BATS snow model calculates a greater contribution

from sensible heat than the finite difference model, and this is a likely reason for it

computing greater melt than the finite difference model.

4.3.4 1974 Melt Season

Comparisons of the two models during the 1974 melt season show that both

models provide a good description of water equivalent changes. The relative flux

contributions from the two models is given in Table 4.6. and show that both the finite

difference and BATS snow models are in close agreement. However, the relative

contributions do not coincide with the relative fluxes in the Anderson (1976) model.



77

Table 4.6 1974 Relative Flux Contribution

1974 Melt Season Rnet % Latent Heat Flux% Sensible Heat Flux
%

FD 74 -13 26
SBATS 73 1 26

Anderson (1976) 49 -28 51

Close inspection of the 1974 melt season shows that both models capture the

timing of the melt events, but the finite difference model appears to synthesize the

magnitude of melt events better than the BATS snow model (Figure 4.15e). However,

during the melt seasons, the modeled solar radiation is overestimated by the solar

radiation model and this will favor the performance of the BATS snow model and cause

the finite difference model to underestimates melt.

4.3.5 Solar Radiation Model Influence

In order to better define the influence of solar radiation estimation error, the daily

measured and modeled solar radiation was analyzed for the 21 day period starting on

April 1, 1974 and the 45 day period starting on March 1, 1973. A comparison showed that

on average over the 21 day period in 1974, the measured solar radiation was only 71% of

the modeled solar radiation and over the 45 day period in 1973, the measured solar

radiation was only 80% of the measured solar radiation. To determine the effect of this

error on the snow models, the 1973 and 1974 snow melt season were re-run with the

modeled net solar input data for each six hour time period multiplied by 0.71 and 0.80

respectively, for the seasons in both the BATS and finite difference snow melt models.

The results of this adjustment are in Figures 4.16, 4.17, and Table  4.7.
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Table 4.7 Statistics from solar radiation adjustment for 1973 and 1974 melt seasons

1973
SBATS

1973
SBATS

Adj.

1973
FD

1973
FD
Adj.

1974
SBATS

1974
SBATS

Adj.

1974
FD

1974
FD
Adj.

# 28 28 28 28 10 10 10 10

Std.
Error
(cm
weq)

3.11 2.46 3.56 4.5 2.77 1.19 1.2 1.93
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The modifications demonstrate that the adjusted solar radiation improves the BATS snow

model while causing the finite difference model to further underestimate snow melt.

4.3.6 Snow Season Comparison

Results:

Comparison between the BATS snow model and the finite difference snow model

was made over the two complete snow seasons. Both models were run on a six hour time

step from the beginning of the snow year to the end without any corrections. The

measured and modeled water equivalent are plotted for the 1972-73 and 1973-74 snow

seasons in Figures 4.17 and 4.18, and the corresponding summary statistics are given in

Table 4.8. Figures 4.19 through 4.28 show the change in water equivalent, albedo, snow

temperatures, and fluxes as a function of time throughout the snow season.

Discussion:

A comparison between the measured and modeled water equivalent during the

two snow accumulation seasons shows that both models tend to underestimate the

accumulated snow water equivalent. One possible reason for this is the possibility that

the blow off error discussed in section 4.1. systematically reduces the field data. Figures

4.19d through 4.28d also show that the BATS snow model underestimates the water

equivalent more than the finite difference model. This is probably because the BATS

snow model allows all surface melt to leave the snowpack, while the finite difference

model, melt and subsequent reduction in water equivalent can only occur when the

mid-pack temperature is 273.16 degrees Kelvin.
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An examination of the overall performance of the snow models in Table 4.8

shows that on average the BATS snow model outperforms the finite difference model.

During the 1972-73 snow season, the finite difference model performs poorly as reflected

in the standard error value of 3.61 cm of water, which is consistent with the results in the

melt season comparison described earlier. The fact that the average error in Table 4.8 is

less than that in Table 4.4 indicates the error during the melt season is reduced by the

compensating error during the accumulation season. This is apparent by the scatter

around the 1:1 line shown in Figure 4.17. During the 1974 snow season, the finite

difference model performs much better then it did during the 1973 snow melt season.

The comparison between the modeled and measured snow water equivalent show a much

stronger correlation throughout the whole year.

Table 4.8 Snow Season Statistics

1973 SBATS 1973FD 1974SBATS 1974FD

# observations 78 79 46 46

Std. Error of
estimate (cm

WEQ)

2.31 3.61 2.21 2.02

RA2 0.85 0.43 0.77 0.82

Average error
(cm WEQ)

2.69 -1.18 2.9 -0.73



5.0	 10.0	 15.0	 20.0
Measured Water Equivalent

0.0	 15.0	 20.0	 25.0

Measured Water Equivalent

FD

SBATS

81

Figure 4.17 1972-73 measured versus modeled water equivalent comparison
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Figure 4.18 1973-74 modeled versus measured water equivalent comparison
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Figure 4.22 March, 1973 model output where RN = net heat flux, Ti = snow surface

temperature, T2 = mid-pack temperature, M = measured, E = finite difference model, and

SB = BATS snow model.
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Figure 4.25 January, 1974 model output where RN = net heat flux, Ti = snow surface
temperature, 12 = mid-pack temperature. M = measured, E = finite difference model, and
SB = BATS snow model.
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Figure 4.26 February, 1974 model output where RN = net heat flux, Ti = snow surface
temperature, 12 = mid-pack temperature, M = measured, E = finite difference model, and
SB = BATS snow model.
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Figure 4.27 March, 1974 model output where RN = net heat flux, Ti = snow surface

temperature, T2 = mid-pack temperature, M = measured, E = finite difference model. and

SB = BATS snow model.
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Chapter 5

Conclusions and Future Research

The purpose of this study was to develop a simple snow accumulation and

ablation model, and to compare it with the snow model in the Biosphere Atmospheric

Transfer Scheme land surface model. Both models were developed to run from a

constrained set of data similar to that which might be collected operationally by the

National Weather Service. In order to provide the snow models with the required forcing

data, it was necessary to develop and test a simple solar radiation model.

The following conclusions are based upon comparisons between the modeled

solar radiation and snow water equivalence, and their corresponding measured values for

the NOAA-ARS W-3 watershed near Danville, Vermont.

1. The solar radiation model overestimates net incoming solar radiation relative to

measured solar radiation, with an increasing discrepancy later in the snow season. The

error is big enough to affect both the melt rate and timing of melt during the 1974 melt

season. The error is consistent and is most likely a problem associated with the estimate

of solar radiation rather than the data. The discrepancy could be corrected by introducing

a seasonally dependent correction to provide an estimate of solar radiation data with

adequate accuracy during the melt season.

2. The finite difference snow melt model developed in this study consistently

underestimates melt during the two melt seasons for which comparison were made. A

possible source of error may be the surface flux calculations, which are a direct function
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of surface temperature. The exact cause of surface temperature error within the model is

not easily determined, but is likely associated with the forward difference approximation

scheme, and with the physical assumptions associated with treating the snowpack as a

single homogeneous layer.

3. The BATS snow model has a tendency to overestimate melt. One likely reason is that

there is no mathematically acceptable way to account for snowpack temperatures other

than the surface temperature in the model, so all melt generated at the surface must be

assumed to exit the snowpack instantaneously, and can not refreeze. A remedy would be

to develop a calibrated, empirical procedure to account for this model weakness. It was

shown that some of the observed error is merely a result of the overestimation of solar

radiation, and measured solar radiation values are therefore needed before such a

calibration procedure could be implemented.

4. Based upon the two years of data and the overall summary statistics calculated for the

melt season and the complete snow seasons, it can be concluded that the BATS snow

model outperforms the finite difference model. Obviously, further refinement and testing

of both snow models, as well as to the solar radiation model, would be beneficial before

categorical conclusions can be drawn as to their exact relative performance or their future

operational application.

Future work

Based upon indirect comparison with the Anderson (1976) snow model, some of

the modeling error observed in this investigation appears to be a function of the surface
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flux calculations. Measured turbulent flux data is not a part of the NOAA-ARS research

watershed data set and there is little actual measured turbulent flux data over snow in the

literature. Future work, which includes direct measurements of turbulent flux data for

both forested and non-forested snow environments, in conjunction with other measured

meteorological parameters, is needed to better evaluate model performance and to define

the relative contribution of surface fluxes to snow melt.

In this investigation, snow melt was modeled at a point. It is clear that to provide

snow melt rates for flood forecasting or other purposes, a distributed array of point energy

balance models each representing a physiographically defined region would need to be

implemented across the modeled watershed. Given the current capabilities of geographic

information systems, and the computational speed of computers, it is entirely possible to

run such fine gridded energy balance models from interpolated data across watersheds. It

is through this type of distributed modeling that point energy balance models of the type

tested in this investigation will find application as valuable operational tools.
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Appendix A-1

Table 1

e mm 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1

P1 .91 .86 .83 .82 .80 .79 .78 .78 .77 .76 .75 .74 .74 .72 .72 .71 .70

(Savinov, 1932 as cited in Kuz'min, 1972).

Note: e = vapor pressure in mm of mercury; P1 = the atmospheric transmittance at an

atmospheric mass of 1.

Table 2

Zenith Optical Air Mass
angle 1 2 3 4 5 6 7 8 9

20 1.07 1.08 1.08 1.09 1.10 1.11 1.12 1.13 1.14
30 1.17 1.18 1.19 1.20 1.22 1.23 1.25 1.27 1.28
40 1.32 1.34 1.37 1.39 1.41 1.44 1.46 1.49 1.52
50 1.59 1.62 1.66 1.70 1.74 1.78 1.83 1.88 1.94
60 2.06 2.12 2.19 2.27 2.36 2.45 2.55 2.65 2.77
70 3.05 3.21 3.39 3.59 3.82 4.07 4.37 4.72 5.12

80 6.18 6.88 7.77 8.90 10.39 12.44 15.36 19.79 26.96

(List, 1968). Note: the zenith angle represents the angle from the zenith to the elevation

of the sun.
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Table 3

Atmospheric Mass

Tans	 0.5 1.0	 1.5	 2.0	 3 .0	 4.0	 5.0 8.0

0.9	 .896	 .900	 .906	 .910	 .920	 .925 .930 .939
0.5	 .477	 .500	 .524	 .551	 .594	 .624 .649 .696

(Sivkov, as cited in Kuz'min, 1972).

Table 4

Calculation of B Coefficient

P2	 0.650	 0.675	 0.700	 0.725	 0.750	 0.775 0.800

B	 0.361	 0.351	 0.340	 0.332	 0.326	 0.321 0.315

(Kuz'min, 1972). Note: P2 = atmospheric transmittance.

Table 5

Sun
Elev.	 0	 5	 10	 15	 25	 30	 35 40 45 50 55

% inc	 65 23	 16	 16	 14	 13	 12 12 12 12 12

100

(Katlin, 1939 as cited in Kuz'min, 1972).
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Appendix A-3

Primary Symbols Used in Invstigation

Symbol	 Meaning

Cd 	Drag Coefficient

Cder	 Derivative of Sensible and Latent Heat Fluxes

C 	 Drag Coefficient

D Solar Declination

Da 	Annual Damping Depth

Dd 	Diurnal Damping Depth

D,	 Ratio of Earth-Sun Distance

ea 	Air Vapor Pressure

ess 	Saturated Vapor Pressure at Snow Surface

H Sensible Heat Flux

i	 Diffuse Solar Radiation Incident Upon Earth's Surface

i.	 Diffuse Solar Radiation Without Cloud Cover

I	 Incoming Direct Solar Radiation at Earth's Surface

L.	 Latent Heat Flux

Is 	Incoming Direct Solar Radiation at Top of Atmosphere

I.	 Solar Constant

K Thermal Conductivity

Me	 Normalized Atmospheric Mass

103



104

Symbol	 Meaning

Sky Cover (percent sky covered in clouds)

Pa 	Atmospheric Pressure

Q(t)	 Random and Annual Forcing Components

Richardson Number

time

Temperature

Va 	Wind speed

Cloud Ceiling Height

Snow Density



Appendix A-4

Stadard Error of Estmate is calculated from:

11/(Y—Ypre) 2
6yx -

N

where

Y = measured water equivalent;

' pre = modeled water equivalent;

N = number of observations.

R2 is calculated from:

R2 = 1 IOE—YPre)
2

E(Y—Uy ) 2

Average error is calculated from:

(E Y—Ypre)
N
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