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PREFACE

The purpose of the study described here was to see if a method

could be developed for predicting sediment yields from storms on small

watersheds for which little actual data was available. The intended use

of the resulting model is as a research tool for studying the erosion

process on such watersheds and as a component for the more complex

models needed to simulate this process on larger watersheds and small

drainage basins .

Work on the model actually began in early 1972 and has proceeded,

with several interruptions, to the present time. During this time

several individuals have made significant contributions to the study and

the results of their assistance are evident in the final product pre-

sented here. The most important contributions were made by the thesis

director, Dr. John L. Thames, whose ideas and suggestions kept the study

going and enabled the author to avoid many blind alleys during his re-

search. Without his assistance, it could not have been completed.

During the early part of the study, the author was called to

active military duty as a student officer at the United States Army

Armor School, Fort Knox, Kentucky. While there, he was not only per-

mitted, but encouraged, to continue work on the study through the

generosity of Major General George S. Patton, who was Assistant Com-

mandant of the Armor School at that time. General Patton not only
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permitted the use of computer facilities at the school for this study,

but also authorized the granting of academic credit by the Armor School

for the work done there.

Assistance was also provided by Dr. Melvin C. Young of The

University of Arizona and by Dr. Bart Childs of The University of

Louisville, Louisville, Kentucky. Dr. Young assisted in the preparation

of the model's computer printouts which are shown in Appendices C and D.

Dr. Childs provided assistance, early in the study, with the ALGOL pro-

gramming language and certain allied languages which at that time were

unfamiliar to the author.

Finally, thanks must be given for the help provided by the

author's parents, Mr. and Mrs, Wade G. Wells. Their patience and en-

couragement were as indispensible to the completion of this study as

was the technical assistance received, and their part in it is grate-

fully acknowledged.
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ABSTRACT

The digital computer model presented here is designed to predict

sediment yields from individual storms occurring on small watersheds.

It is also designed to use minimal amounts of actual storm data. In the

model, rainfall, runoff and the erosion process are represented by three

component models which can also function as separate entities. Rainfall

and runoff are treated similarly in that both are simulated by proba-

bility density functions of the Erlang distribution which are fitted to

their total amounts and maximum rates. The erosion process is parti-

tioned into several of its component processes, and each of these com-

ponents is then represented by a single mathematical function.

When tested, the model showed some deficiencies, particularly

in its representation of the actual regimen of rainfall and runoff.

Despite these deficiencies, however, it accurately predicted the ob-

served sediment yields from 17 of the 29 storms on which it was tested.

It appears that correction of these deficiencies will result in an im-

proved success rate,

ix



CHAPTER 1

INTRODUCTION

The use of digital computer models to represent hydrologic pro-

cesses has found ever-increasing application in the fields of hydrology

and hydrologic research . One such application is their use in the repre-

sentation of the many aspects of the erosion process.

Problems in erosion and sedimentation can range from the trans-

portation of sediment in flowing streams to its production on small

watersheds and its deposition in lakes and reservoirs. The problem

addressed here is that of predicting the amount of sediment removed from

small, catchment-type watersheds by a single storm. The problem is a

difficult one, not only because of the complexity of the processes in-

volved, but also because of the paucity of available data from which

predictions can be made. Because of this, the major objectives of this

study were to formulate a model which would, first, reliably predict

sediment yields, and, second, do so using minimal amounts of rainfall

and runoff data. A secondary objective was to design as much flexibility

as possible into the model in order to permit its ready adaptation in

wider applications.

Although some of the concepts used in the model are drawn from

the field of probability and statistics, the model itself is wholly de-

terministic. In it the erosion process is divided into three parts, and

1
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each part is treated separately by a single mathematical function of

rainfall and runoff. The model represents rainfall and runoff as dis-

crete time series, but, even though these series are derived from a

probability density function, the method of application does not make

use of any statistical principles, so the process remains entirely

deterministic.

General Description of the Model

The basic approach taken was to design the over-all model in a

modular fashion, representing each major process by a relatively inde-

pendent component model . These component models are linked together by

the main computer program which handles input, output and the transfer

of data among them. There are three component models, one for rainfall,

one for runoff and one for the erosion process itself.

The model is written in the FORTRAN IV programming language for

use on a CDC 6400 digital computer. It consists of a main program and

three subroutines. Its compilation time is about ten seconds, but its

running time depends on the number and length of storms to be simulated.

The three component models perform their simulations in the se-

quence shown in Figure 1. Both the rainfall and runoff models provide

inputs to the erosion model, and the rainfall model also provides inputs

to the runoff model. The representation of rainfall and runoff by these

models, if plotted, will assume a characteristic shape resembling that

of a unit hydrograph. Although this assumption constitutes a major

generalization, it is necessary because the two models are required to

work with rather meager amounts of actual data. Besides the three
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Figure 1. Flow diagram of complete sediment model.
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component models, the program includes an input section, an output sec-

tion and two arithmetically branched loops, a watershed loop and a storm

loop. These loops make it possible for the model, in a single computer

run, to accept any number of watersheds, and any number of stroms on

each watershed, as are desired. The model prints out its results on a

storm-by-storm basis showing all actual and simulated data . Just before

the end of the program a three-way branch routes the simulation process

to a new storm, a new watershed or to the end of the program.

The model uses 18 parameters in the actual prediction process,

eight watershed parameters and ten storm parameters. 	 These parameters

are classified, not by whether they involve storm or watershed data,

but according to which component model uses them. The storm parameters

are those used by the rainfall and runoff models while the watershed

parameters are used by the erosion model. Normally, the storm parameters

will represent actual data, while the watershed parameters, except for

watershed area, will be determined empirically.

Following the discussion and evaluation of the model are four

appendices. Appendix A explains how to arrange the model's inputs on

data cards. Appendix B is a listing of all variable labels and symbols

used, Appendix C is a printout of the model's computer program with

explanatory comments, and Appendix D is an example of the model's output.



CHAPTER 2

PREDICTION OF SEDIMENT YIELD

The prediction of sediment yield is performed by the erosion

model. This component model generates sediment data from a mathematical

representation of the two basic water erosion processes, sheet erosion

and channel erosion. The type of sediment produced by each of the two

processes is arbitrarily divided on the basis of particle size . In the

model all sediment which is fine enough to be transported in suspension

(< 0.062 mm) is assumed to be produced by the sheet erosion process

while the larger sediment sizes are attributed to the channel erosion

process.

The channel erosion process is represented in the model as a

single function of runoff. It involves only that fraction of the total

storm runoff in which flow is sufficiently concentrated to dislodge soil

particles from the soil mass and carry them off the watershed.

The sheet erosion process is treated as the product of two

separate sub-processes, rain splash erosion and overland flow pick-up.

Overland flow, for this purpose, is defined simply as that part of total

runoff which is not part of the channel erosion process. Conceptually,

the rain splash process begins when rain drops striking the soil surface

dislodge soil particles from the soil mass . These particles then lie

loosely on the surface until overland flow occurs. The overland flow

5
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pick-up process begins with the first occurrence of overland flow. When

this happens, some, but not all, of the particles dislodged by the rain

splash process are picked up and carried off the watershed.

This concept is rather artificial in two respects. First, it

assumes that there is no sediment available for transport until some is

made available by the rain splash process. This means that there is

never any residual sediment lying on the surface prior to the occur-

rence of rainfall. Second, it assigns the entire function of sediment

transport to the overland flow pick-up process, while the only function

attributed to the rain splash process is that of soil particle dislodge-

ment. Undoubtedly, the actual transport function is shared by these two

processes, but the assignment of this function entirely to overland flow

is done to simplify the model.

Another source of sediment is the removal of loose particles

from otherwise impervious surfaces. The model treats this as a special

form of the sheet erosion process. While impervious areas are not a

source of sediment, they can be holding areas for sediment splashed onto

them from the surrounding soil. Therefore, when overland flow occurs on

these surfaces, it can be expected to pick up these particles and carry

them away just as it does from the soil surface. The amount of sediment

produced from these areas is presumed to be considerably less than that

produced from the soil surface, and it is, therefore, expressed in the

model as a fraction of the sheet erosion process. By analogy it can be

inferred that a diminished form of the channel erosion process also

occurs on impervious surfaces. However, channel erosion, as it is
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treated in this model, contributes such a small part to the total sedi-

ment yield that its effect on impervious areas is considered negligible.

As sources of sediment the two processes of sheet erosion and

channel erosion are treated in the same general way. Because the amount

of sediment being produced at any given moment can vary widely with the

amount of rainfall and runoff occurring, it is necessary to partition

the storm into relatively short time intervals and compute the sediment

production for each interval separately. This is not to imply that the

sediment production in one interval does not depend on that of previous

intervals. Rather, it means that the model treats sediment production

as a continuous process which is sampled at discrete intervals, and it

bases its predictions on these samples. Thus, the sediment yield for a

storm is found by adding the sediment production for all of the inter-

vals together, and this treatment is basically expressed by the follow-

ing formula:

Y = E S.	 (2.1)
i=1 1

where

Y = the sediment yield for a given storm from a given process,

S. = the amount of sediment produced by that process during time1 interval, i,

and

t = the number of time intervals in the storm.

From the model's standpoint, the actual length of these time intervals

is immaterial, because it is designed to produce rainfall and runoff on
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a time interval basis, regardless of length. However, its present

formulation requires that all intervals in a given storm be equal.

TofindthevaluesofS.for each sediment source, the method

used by Negev (1967, pp. 25-29) in the land surface computation loop and

stream computation loop of his model was adopted, with several modifica-

tions, for use here. Because this modified method is still very similar

to the original method, the parameter labels used by Negev have been

retained whenever possible.

The Sheet Erosion Process 

The sheet erosion process begins as soon as raindrops begin to

hit the ground. Soil particles are detached by raindrop impact and made

available for transport by overland flow. The amount of sediment gener-

ated in the model by this process during a given interval is found by

RER. = KRER • HPP.
JRER
	(2.2)

where

RER. = the amount of sediment detached from the soil mass during

time interval, i

KRER = an empirically derived coefficient,

1-11)13 .=the amount of rain falling during time interval, i,

and

JRER = an empirically derived exponent.

As soon as overland flow begins to occur, some of the sediment

generated by the rain splash process is picked up and transported away
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from the watershed. The model treats this process as a function of both

the amount of available sediment and the amount of overland flow . The

amount of sediment available for transport during any time interval, i,

islabeledSRER.,and, before overland flow begins, it is given by the

equation

SRER. = E RER..
1	 j=1

(2.3)

The amount of sediment picked up by overland flow and carried away dur-

ing each time interval is given by

SERi = KSER • SRER i - OVO i
JSER	

(2,4)

where

SER. = the amount of sediment picked up and carried away by

overland flow during time interval, i,

KSER = an empirically derived coefficient,

OVQ . = the amount of runoff occurring during time interval, i,
i

and

JSER = an empirically derived exponent.

After overland flow begins, equation (2.3) no longer gives the

amount of sediment available for transport. The value of  SRER.	 ries

not only with the amount of sediment being added by the rain splash pro-

cess, but also with the amount being removed by the overland flow pick-up

process . Therefore, equation (2.3) becomes



SRER. = E RER. - E SER.1
j=i
	 J-1'j=1

(2.5)

1 0

which is simply a form of continuity equation. The parameter, SRER,

can be thought of as a reservoir of available sediment with its inflow

represented by the rain splash process (RER), and its outflow repre-

sented by the overland flow pick-up process (SER).

The process shown in equation (2.5) can also be represented by

separate equations for its inflow and outflow components. If we isolate

the process as it occurs during a single time interval, i, its inflow

component would be

SRER.	
SRERi-1 

+ RER
1

and its outflow component would be

(2.6)

SRER	 = SRER - SER	 (2.7)
1

which is the way it actually appears in the model.

The sheet erosion process can now be represented by a single

mathematical model . This is done by combining equations (2.2), (2.4)

and (2.5). Starting with equation (2.4) and substituting equation (2.5)

fornER.Tde obtain1
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SER	 l(SER • SRERI-1 	 cA7Q2-TSER

= KSER • [ E RER. - E SER i] • ,„ JSER

j=1	 j=1	 j-1	
,

Then substituting equation (2.2) for RER. in (2.8)

SER. = KSER • [[ E KRER • Hpp JRER]
1

j=1

-	 SER4 1 ] • OVQ. JSER

j=1

(2.8)

(2. 9)

Equation (2.9) describes the process for a single time interval. The

sediment yield for an entire storm, Ys , is obtained by substituting

equation (2.9) for S i in equation (2.1),

Y
s 
= E KSER • [[ E KRER • HPP. J.RE R]

i=1	 j=1

- E SER.
j=1 	J-1

.
JSER

•	 2OV
Q1 (2.10)

which is the complete model for the sheet erosion process in a given

storm.

Sediment Removal from Impervious Surfaces 

The sediment removed from impervious areas is labeled EIM and is

obtained by multiplying SER by a single coefficient, KIMP. This coeffi-

cient is derived empirically but can be thought of, principally, as the
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product of two factors. These are, that fraction of the watershed which

is impervious and the degree to which the sheet erosion process is

diminished on these areas. Because these factors are, themselves,

fractions, the value of KIMP can normally be expected to be rather small.

Because it is treated as a diminished form of the sheet erosion

process, sediment removal from these surfaces is given by

ELM.	 KIMP	 SER.	 (2.11)

where SER represents the entire sheet erosion process . Then the sedi-

ment yield for a given storm is

Y . = E EIM.
Si 	i=1

(2.12)

where Y
si 

is the sediment yield from all impervious surfaces of the

watershed,

The total yield, Y
w
, of the smaller size-class of sediment par-

ticles is the sum of the yields from this process and the sheet erosion

process, or

Y =Y + Y .,
w	 s	 si (2.13)

which can also be written as a sum over the time intervals,



Y = E SER. + EIM
W
 i=1	

1
(2.14)

13

as it appears in the computer program.

The Channel Erosion Process 

The mathematical expression for the channel erosion process has

the same general form as those for the other two processes. The amount

ofsedimentproducedineachtimeinterval,i,islabeledall.and is1

found by

GER
i 

= KGER • OVQ i
JGER	

(2.15)

where

KGER = an empirically derived coefficient,

and

JGER = an empirically derived exponent.

Since the channel erosion process is treated in the same way as

the sheet erosion. process, we can substitute equation (2.15) for S. in1

equation (2.1) and get

Y = E KGER • OVQ.
JGER

'C
	i=1

(2.16)

where Yc 
is the total storm sediment yield from the channel erosion

process . The value of Yc 
also represents the amount of sediment pro-

duced which is larger than 0.062 mm.



CHAPTER 3

THE EROSION MODEL

The erosion model appears as a segment of the main computer

program and performs all the sediment yield predictions described in

the previous chapter. In addition it summarizes the simulated data from

all of the component models for printout at the end of the program. A

flow diagram of the model is shown in Figure 2.

The erosion model is the central feature of the entire sediment

model, and the other two component models are formulated to fulfill its

input requirements. Inputs to the erosion model are of two types, values

for the seven watershed parameters discussed in the previous chapter and

periodic rainfall and runoff amounts provided by the rainfall and runoff

models. The watershed parameters are:

KRER--The coefficient of sediment production for the rain splash

process.

JRER--The exponent of sediment production for the rain splash

process.

KSER--The coefficient of sediment transport for the overland flow

pick-up process .

JSER--The exponent of sediment transport for the overland flow pick-

up process,

14
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KIMP--The coefficient for the diminished impact of the sheet erosion

process on impervious areas.

KGER--The coefficient of sediment production and transport for the

channel erosion process.

JGER--The exponent of sediment production and transport for the

channel erosion process.

The values of these parameters are determined empirically, and no attempt

has yet been made to relate them to actual watershed characteristics.

The rainfall and runoff inputs are in the form of discrete amounts for

each time interval and are synthesized from actual storm data.

The amount of sediment available for transport (SRER) is initial-

ized arbitrarily at 0.0. If experience indicates that this value is

unrealistic, the model can easily be altered to accept the initial value

as an item of input. Also, although it is not evident in the flow dia-

gram, the computer program is formulated to insure that SRER never be-

comes negative. Although this would rarely happen, it is possible when

extremely large amounts of runoff are occurring.

The running totals which are set to zero are for summarizing the

data from all three component models. After each interval's sediment

production is computed, these totals are updated by what is called the

summation section.

The two input blocks in the flow diagram do not indicate input

in the normal prograwliting sense. Rather, they mark the points at which

the rainfall and runoff amounts are introduced into the prediction

process. The rain splash process appears on the upper left of the
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diagram, and the other three processes are to its right and below it.

The last block in the diagram shows where the running sediment totals

are converted to yields in pounds per acre. In the printout the yield

from the sheet erosion process is listed as "suspended sediment," and

that from the channel erosion process as "deposited sediment."

In addition to the running totals, the erosion model also main-

tains two arrays which appear in the printout. The first Shows the

interval-by-interval production from the sheet erosion process, and the

second, the amount of sediment available for transport in each interval.

No arrays are maintained for the channel erosion process or for the re-

moval of sediment from impervious areas, because, for small catchments,

these processes are not expected to produce large amounts of sediment.

If it became necessary, however, the addition of these arrays would be

a simple matter.



CHAPTER 4

SYNTHESIS OF RAINFALL AND RUNOFF

In order to predict the sediment yield from a given storm, the

erosion model requires that the total rainfall and runoff be somehow

divided into periodic amounts, which correspond to each time interval,

before they are input to it . The most straightforward way to provide

these amounts is to extract them from available storm data and punch them

on cards to be read by the computer. Providing inputs in this way pre-

sumes that there is sufficient data from which these amounts may be ob-

tained. More important, it necessitates that, for every storm to be

simulated by the model, large amounts of specially prepared data must be

provided. To eliminate this necessity, the model is designed to synthe-

size these amounts from a few items of actual data and, in effect, pro-

duce a synthetic hyetograph and hydrograph for each storm. To do this,

the model requires seven items of real storm data.

1. Storm duration.

2. Total rainfall.

3. Total runoff.

4. Maximum rainfall intensity.

5. Maximum rate of runoff (peak discharge),

6. Time to maximum rainfall intensity.

7. Time to occurrence of peak discharge,

18
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The model fits two density functions of a probability distribu-

tions to these data, one for rainfall and one for runoff, then uses them

to synthesize the hyetograph and hydrograph for the storm. The density

functions used here are those of the Erlang distribution described by

Wagner (1969, p. 848). This is a distribution of interarrival times in

a Poisson process, and its probability density function (PDF) is

(XK)(XKt) K-1 e
-XKt

f(t) - 	 t > 0,(K-1)! (4.1)

where t is the length of interarrival times and K is a positive integer.

Replacing XK with X yields the gamma distribution, and for the purpose

of curve fitting, it appears that the two can be treated in the same

manner. Therefore, to eliminate the restriction that K must be integer-

valued, (K-1)! is replaced in the denominator with F(K), the gamma func-

tion of K, so equation (4.1) becomes

(XK)(XKt) K-1 e -XKt
f(t) - 	 t > 0,

F(K) (4.2)

and K can take on all positive values greater than 1. This substitu-

tion has been described for the PDF of the gamma distribution (Benjamin• 

and Cornell 1970, pp. 246-247), and, when tried here with the Erlang,

it appeared to work quite well. Equation (4.2) is the one actually used

in the model, so, for convenience it will hereinafter be called the

Erlang function and designated by the symbol, E(t).
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The values of the parameters, K and X can be varied to produce

different shaped functions which can then be fitted to available data.

For this purpose we may call K the shape parameter and X the scaling

parameter for a given function with the only restrictions being K > 1

and X > 0. Figure 3 illustrates several different functions along with

the values of K and X associated with them,

Also, a unique Erlang function can be defined from a single

point, its maximum. If a specific value for the maximum ordinate of an

Erlang function is given, along with its location of the abscissa, it is

possible to find the values of K and X which define that function. In

the model this maximum ordinate is the peak rainfall or runoff, and its

time of occurrence becomes the location on the abscissa.

When the Erlang functions are fitted in this way, the length of

the abscissa becomes the storm duration (or duration of runoff in the

case of a hydrograph), and each curve can be thought of as a continuous

time series of rainfall and runoff. A discrete time series is then ob-

tained by evaluating the function at regular intervals along the abscissa

and then arranging the results in their order of occurrence. The result-

ing sequence becomes the periodic amounts of rainfall and runoff required

by the erosion model .

Production of' Synthetic Data 

Although the fitting of the Erlang function takes place in the

model before the synthesis of the data, the synthesis process will be

discussed first, and this will facilitate a better understanding of the

fitting process. After Erlang functions are fitted to the rainfall and
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runoff peaks, each is sampled by evaluating it at regular intervals

along its abscissa. The points on the abscissa at which each function

is evaluated correspond to the mid-points of the intervals into which

the storm is divided. Storm duration in the model is always 1, so, if

there are n intervals in the storm, the length of each will be l/n.

Thelocationofeachmid-point,t„is given by

t.	 i/n - 1/2n,
1

i = 1,2,3...n	 (4.3)

where i is the sequential position of each interval in the storm, and

1/2n is half the interval length. The ordinates of the Erlang function,

labeled pi , are obtained by

. Pi i = 1,2,3,..n	 (4.4)

where E(t.) is the Erlang function evaluated for each value of t.. The

model's concept of each rainfall and runoff event is shown by the histo-

gram in Figure 4. The width of each histogram rectangle is l/n and

represents the length of each time interval. The mid-point of each

Interval is the value, t i , and its height, the value, p i . An Erlang

curve is superimposed on the histogram to illustrate its relationship

to the actual function. The tallest rectangle is the value to which the

function is fitted and represents actual storm data while the remaining

rectangles represent synthetic data.
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If the total rainfall or runoff in a storm is designated r
t
, the

amount occurring in each i nterva l ,
1

r
i
 = i	 r

t'	 i = 1,2,3...n, 	 (4.5)i 
• 

and the total synthesized amount of rainfall or runoff, labeled r
s
, is

given by

r = E r.,
S 1i=1

(4.6)

Figure 4 also shows that part of the area under the right-hand

tail of the Erlang curve is not included in the histogram. This exclu-

sion, which is characteristic of the model, will normally cause the

synthetic value, r
s
, to be slightly less than the real value, r t . The

total area under the Erlang curve is always 1, so, in order for r
s 

= r
t'

equation (4.6) would have to be rewritten

r = E r..
S 1i=1

(4.7)

However, except for values of K which are close to 1, the amount of

excluded area is very small, and in general

r
t 

= r
s 
= E r.,1

i=1
(4.8)
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Those cases in which K is close to 1 usually involve the runoff hydro-

graph, and they are handled by extending the recession limb until Ep i

exceeds some predetermined value. Also, because the excluded areas

represent very low rates of rainfall and runoff, their effect on the

model's predictions are negligible.

The values of the ordinate, pi , are not obtained by direct evalu-

ation of the Erlang function as equation (4.4) implies. Instead, another

symbol, P i , is assigned to these values and we have

-XKt.
0.10(0Ct). K-1 e	

1
1

, t > 0, i = 1,2,3...n (4.9)F (K)

which gives P. , a sequence of n values of the Erlang function. The
1

required values of p i are then obtained by

1 = 1,2,3...n.	 (4.10)

This arises from an apparent property of the function that, for inter-

vals of length l/n,

1=1

-XKt.
0.10(XKt.)

K-1 
e	 1
1 n,	 (4.11)r(c)

Equation (4.10) is necessary only to reduce all values of the function

to fractions of 1. The property described in equation (4.11) has only

been deduced from numerous applications of equation (4.9) using differ-

ent values for K, X and n and has not been proven mathematically.
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Fitting an Erlang Function

Because each Erlang function is fitted to the maximum rates of

rainfall and runoff, the variables associated with them are given special

notation. The maximum ordinate of the Erlang function is pm, and the

point at which it occurs is t
m
. The maximum synthetic value for rainfall

and runoff is r
m
, while the actual value is r. Again, looking at

Figure 4, it should be noted that tm is the mid-point of the base of the

tallest rectangle in the histogram, and the amount of rainfall and run-

off represented by this rectangle is

r
m 

= p
m 

• r
t

,	 (4.12)

which is simply equation (4,5) with r i replaced by rm and pi replaced by

pin .

Theoretically, r = r but because of the method used to fit
m P'

the Erlang function to the known maximum, rm 
is only a very close

approximation. The function is fitted by applying a sequence of increas-

ing approximations of the parameter, K, as follows. First, a value of K

is assumed and a corresponding value of X is calculated. Then, the re-

sulting function is evaluated at t
m
, and the resulting value of r

m 
is

compared to r. This is continued with successively larger values of K

until r
m 

is sufficiently close to r . The values of K and X which give

this fit then define the function which is evaluated to find the remain-

ing values of ri.
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To find the value of X for each assumed value of K, the first

derivative of the Erlang function can be used when the maximum ordinate

and its location on the abscissa are known. To do this we rewrite

equation (4.2) in a more convenient form:

E(t) = 1/1"(K)[(XK)(XKOK-1 
e-XKti, 

t	 0,

and take its first derivative, which is:

E'(t) = 1/r(K)[(XK)
2
(XKt)

K-2 
e
-XKt

I • [(K-1)-XKt].	 (4.13)

Inspection of equation (4.13) will show that the sign of the first

derivative depends only on the last term, (K-1)-XKt, because K, X and t

always have positive values. Also, the Erlang function is positive

throughout its range and has only one interior critical point, its

maximum. The value of this maximum always occurs at that value of t

where E v (t) = O.

Since the sign of E 1 (t) depends only on the last term, E'(t) = 0

only when (K-1) = XKt, or when

K-1
t - XK

(4.14)

Since the value of t when E t (t) = 0 is the given value, tm, by defini-

tion, all values for K and X must satisfy:



K-1
X- Kt

(4.15)
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and for any assumed value of K, a corresponding value for X can be found

by

(4.16)



CHAPTER 5

THE PROGRAM SUBROUTINES

The curve fitting and evaluation processes described in Chapter 4

are common to both the rainfall and runoff models and, thus, are per-

formed in three subroutines which can be called by them, rather than

being included in the models, themselves. The Erlang function is fitted

by Subroutine KPPA, and its evaluation is performed by Subroutine ERLNG.

A third subroutine, Subroutine GMKMA, is used to find values for F(K)

which is used in the other two subroutines as the denominator of the

Erlang function, Subroutine GnrimA is a library subroutine available on

the CDC 6400 computer at The University of Arizona. It is incorporated

into the model to eliminate the need for its calling outside programs

in order to work.

Subroutine KPPA

Subroutine KPPA is a 36-statement FORTRAN program designed to

fit an Erlang function to a known maximum value. It does this by com-

puting a sequence of increasing trial values for the maximum ordinate

and comparing them to the known maximum until a fit of desired accuracy

is achieved. The subroutine is called with four arguments.

1. PTM--the location on the abscissa for the maximum ordinate of

the Erlang curve.

29
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2. PPK--the known maximum to which the Erlang function is fitted.

3. RLAM--the value of X found for the fitted Erlang function.

4. RKAP--the value of K found for the fitted Erlang function.

The subroutine implements the fitting process by assuming trial

values for K then computing a trial maximum for comparison to the known

maximum. Because the location of the maximum ordinate is given, and K

takes on assumed values, the parameter, X, becomes a dependent variable

with a value depending on the assumed values of K. Thus, the fitting is

accomplished by a series of approximations for K.

It was found experimentally that if K is approximated with an

accuracy of 0.01, the maximum ordinate will generally be fitted to an

accuracy of 0.001 which is sufficient for the purposes of the model.

The subroutine can be described as a series of logically branched loops

nested around the program representation of the Erlang function, and a

flow diagram is shown in Figure 5. Each loop performs a series of compu-

tations called a trial. The steps, or operations performed, in each

trial occur in the following order:

1. A value for K is assumed.

2. A corresponding value for X is calculated.

3. The maximum ordinate of the resulting Erlang curve, called its

trial value, is calculated.

4. This trial value is compared to the known maximum.

In each of the loops the result of the comparison in step 4 determines

what will happen next. Either the value of K will be increased and the
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Figure 5. Flow diagram of subroutine KPPA.
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trial repeated, or its value decreased and control transferred to the

next loop.

Each of the three loops approximates the value of K to a pre-

determined degree of accuracy. This degree of accuracy is equal to the

amount by which K is increased for each successive trial and serves as

a convenient way of labeling the loops. Thus, the first, or inner, loop

is called the 1.0 loop, the middle loop, the 0.1 loop and the outer

loop, the 0.01 loop. The fitting process always starts in the 1.0 loop

and proceeds to the others in their order of accuracy. Control remains

in a given loop until that loop produces a trial maximum which exceeds

the known maximum. When this happens, the value of K is decreased to

its last preceeding value, and control is transferred to the next, more

accurate loop. When this process is completed in the 0.01 loop, the

function is fitted, and the last trial values for K and k are returned

to the main program as the fitted values.

An example will serve to illustrate this further. Suppose that

the fitting process has progressed to the 0.1 loop, and suppose that the

known maximum is 0.1500. Also suppose that the loop has assumed a value

of 4.30 for K and computed a trial maximum of 0.1494. Finally, let us

suppose that in the next trial, when K is 4.40, the trial maximum is

0.1503. Since the known maximum has been exceeded, K will be reduced

back to 4.30 and control shifted to the 0.01 loop. The first trial in

this loop will be run with K = 4.31, and the process will continue until

the trial maximum again exceeds the known maximum. When this occurs,

and because the process is now in the 0.01 loop, an Erlang function will
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have been fitted, and the final trial values of K and X are returned to

the main program.

Because the fitted values of K and X are actually those which

produced a trial maximum that equaled or exceeded the known maximum,

the model will always tend to overestimate this true maximum . While

this overestimation is very small, it is consistent, and, if greater

fitting accuracy is needed, it can be obtained by adding more accurate

loops to the subroutine.

In its operation the model always assumes an initial value of

2.11 for K. This particular initial value is necessary to insure that

subsequent values of K are always greater than 1, which is a requirement

imposed by the Erlang function. Using this initial value, the subroutine

can find values for K which range from 1.01 to 57. The upper limit is

imposed by Subroutine almmA to insure that F(K) does not exceed the

capacity of the computer. An error index, labeled IER, is set to the

value of 2 by Subroutine GMMMA when K exceeds 57. This index is re-

turned, via Subroutine KPPA, to the main program where it causes the

synthesis process to stop and an error message to be printed out. If

the model has other storms to simulate, it will move on to them, or, if

not, it will stop.

Subroutine ERLNG 

Subroutine ERLNG is a 27-statement FORTRAN program that evaluates

the Erlang function at regular intervals to provide the values needed in

rainfall and runoff synthesis. It is called with three arguments.
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L. RLAM--the value of the parameter, X, found by Subroutine KPPA,

2, RKAP--the value of the parameter, K, found by Subroutine KPPA.

3. JD--the storm duration expressed as the number of time inter-

vals.

The results of this subroutine's evaluations are stored in a common array,

labeled RX. The subroutine also performs the extension of the hydro-

graph recession limb for the runoff model.

This subroutine consists of a sequence of two loops enclosing

the Erlang function and its flow diagram appears in Figure 6. The loop

on the left is an ordinary DO-loop which performs the evaluations for

those intervals occurring in the storm itself. The right-hand loop ex-

tends the hydrograph by performing evaluations for those intervals which

come after the end of the storm until the amount of evaluated area under

the Erlang curve is > 0.99.

The method used to extend the recession limb is rather unreal-

istic because it does so on a purely numerical basis and makes no allow-

ance for watershed characteristics. The synthetic recession limb is

most realistic when the K-value used to generate the hyetograph is con-

siderably larger than that used for the hydrograph. When the K-values

of both are about equal or when that of the hydrograph exceeds that of

the hyetograph, the extension is very short, and, in some cases, the

hydrograph can actually end before the hyetograph does.

An index, labeled LL, controls the operation of the extension

loop. When a hyetograph is being generated, this common variable is

set to 0 by the rainfall model, and the loop is bypassed. However, for
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Figure 6. Flow diagram of subroutine ERLNG.
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a hydrograph the value of LL is set to 1 by the runoff model, and the

extension is performed. The length of the extension is controlled by

another variable, RXA. This variable keeps a running total of the

fraction of the area under the Erlang curve that has been included in

the hydrograph. Since JD represents the total area under the curve, the

extension process is stopped as soon as RXA/JD > 0.99.

An additional variable for storm duration, D, is used in this

subroutine and has two purposes. First, it is used in all evaluations

connected with the Erlang function to insure that floating-point arith-

metic is performed, and, second, since the value of JD is increased

during the hydrograph extension process, it retains the original storm

duration,



CHAPTER 6

THE RAINFALL AND RUNOFF MODELS

The primary function of the rainfall and runoff models is to

supply inputs to the erosion model. The central feature of both models

is the fitting and evaluation of the Erlang function described in the two

preceding chapters, but they perform several additional operations as

well.

Although they are separate components, the manner in which these

two models are linked together enables them to simulate some of the re-

lationships between the two processes they represent. In particular,

the runoff model incorporates procedures for lagging the runoff peak

behind the rainfall peak and for delaying the start of runoff until some

time after rainfall begins. The rainfall model, on the other hand, de-

termines when the peaks will actually occur and, indirectly, how long

the beginning of runoff will be delayed. The result of this linkage is

illustrated in Figure 7, A storm is represented by the two overlapping

curves which are its synthetic hyetograph and hydrograph. Their relative

positions are determined by the linkage described above, and the delay

and lag are indicated. Also shown in the figure is the hydrographexten-

sion. This simulates the continuation of runoff beyond the end of rain-

fall and is produced in the runoff model.

37
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SYNTHETIC HYDROGRAPH

HYDROGRAPH EXTENSION 

Figure 7. Relationship between the synthetic hyetograph and
synthetic hydrograph.
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The two models produce periodic amounts of rainfall and runoff

which are intended to simulate their actual occurrence in a storm. They

are stored in two arrays for use by the erosion model and are printed

out at the end of the program.

The Rainfall Model 

A flow diagram of the rainfall model is shown in Figure 8. It

performs 12 basic operations in sequence and has no branches. Because

the data used in testing the model included two maximum rainfall in-

tensities, a 5-minute maximum and a 15-minute maximum, it was adapted to

use both of these maxima without affecting its ability to synthesize a

hyetograph from only one maximum. To construct a synthetic hyetograph,

the model uses six items of input.

1. Total rainfall (inches).

2. 15-minute maximum (inches per hour).

3. 5-minute maximum (inches per hour).

4. Storm duration (hours).

5. Length of time interval (minutes).

6. Time to maximum rainfall intensity (no units).

The time to maximum rainfall intensity is expressed as a decimal

value which represents that part of the storm duration that has elapsed

at the time the maximum occurs. For example, a value of 0.20 would place

the maximum rainfall at the one-hour point in a five-hour storm. Mathe-

matical constraints imposed by the Erlang function preclude the use of a

value greater than 0,5, and it is usually best to keep its value
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Figure 8. Flow diagram of the rainfall model.
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below 0.4. The reason for the 0.4 limit is to provide greater assurance

that the values for F(K) do not exceed the computer's capacity.

In addition to synthesizing hyetographs, the rainfall model also

establishes a conversion factor for changing the time basis of inputs

from hours and minutes to intervals. It is possible to use any conven-

ient length of time interval, but the accuracy of the entire sediment

model appears to be greater when relatively short time intervals are

used. The length of time interval used here is five minutes to conform

to the shortest period for which actual data was available.

After establishing the conversion factor, the model converts all

of its inputs to an interval basis. Because none of the component models

are designed to handle fractions of intervals, all times must be ex-

pressed as whole intervals or as decimal values which will convert

directly to whole intervals. Therefore, the model will alter the time

parameters, such as storm duration and the time to maximum, to insure

that this requirement is met. Whenever the model encounters such a frac-

tion, it will, conventionally, add one more entire interval so that all

adjustments result in increases over actual times. Another convention

which is dictated by this requirement involves the actual location of

the time to maximum. Once the interval in which it occurs is deter-

mined, the model adjusts its value to place it at the mid-point of that

interval. As long as the time intervals are kept relatively short, these

conventions have little measurable effect on the model's over-all results.

In order to use both rainfall maxima, the rainfall model fits

an Erlang function to the 15-minute maximum then adds the 5-minute
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maximum to it . How this is done is illustrated in Figure 9. The first

hyetograph is derived from an Erlang function fitted to the 15-minute

maximum and sampled at 5-minute intervals. Its tallest rectangle is the

15-minute maximum. The second hyetograph is from the same function, but

its tallest rectangle is the 5-minute maximum. To construct this second

hyetograph, the difference between the two maxima, expressed as an

amount, is first subtracted from the total rainfall. A hyetograph like

the first one is then synthesized using this adjusted total, and the

difference between the two maxima is added to its tallest rectangle giv-

ing the second hyetograph.

The value to which the maximum ordinate of the Erlang function is

fitted, is that fraction of the total rainfall which occurs in the time

interval, t
m
. This value is obtained by taking the 15-minute maximum,

expressed in inches per interval, and dividing it by the adjusted total

rainfall.

The fitting and evaluation of the Erlang function are done by the

program subroutines. Before they are called, the index, LL, is set to 0

so the hydrograph extension loop in Subroutine ERLNG will be bypassed.

The actual synthesis is accomplished by multiplying the entries in the

RX-array by the adjusted total rainfall. Then, when the 5-minute maxi-

mum is added on, the hyetograph is complete. In its last operation

the rainfall model stores the Erlang parameters and the value of the

function's maximum ordinate so they can be printed out at the end of the

program.
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Figure 9. Construction of synthetic hyetograph by adding 5-minute
maximum to 15-minute maximum.
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The Runoff Model 

In addition to synthesizing runoff amounts, the runoff model de-

lays the start of the hydrograph, lags its peak behind the rainfall

peak and extends its recession limb beyond the end of the storm. Simi-

lar to the rainfall model, it performs a sequence of nine operations and

has no branches. Its flow diagram appears in Figure 10.

The runoff model receives three items of input from the rainfall

model.

1. Storm duration (intervals).

2. Adjusted time to maximum rainfall (no units).

3. Time interval conversion factor (no units).

It also requires four additional inputs.

1. Total runoff (watershed inches).

2. Peak discharge (inches per hour).

3. Average watershed infiltration capacity (inches per hour).

4. Lag time between the peaks of the hyetograph and hydrograph

(minutes).

The method employed to delay the start of the synthetic hydro-

graph is very simple . A single infiltration constant for the whole

watershed is supplied to the model as an input, and the start of the

hydrograph is delayed until rainfall intensity exceeds this constant.

Such a simplified approach to a rather complex process can be expected

to duplicate it only in a very general way, and it is anticipated that
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Figure 10. Flow diagram of runoff model.
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the method will require considerable refinement. Like all other times,

the delay is expressed as an integral number of intervals.

The lag between the hyetograph and hydrograph appears in the

model as the distance separating their maximum ordinates. The lag time

is converted from minutes to intervals and added to the location of the

hyetograph peak. The resulting sum designates the interval in which the

hydrograph peak will occur, and that interval's mid-point becomes its

actual location. For the fitting of the Erlang function, the hydrograph

delay must be subtracted from this location.

After the model has computed the delay and the location of the

hydrograph peak, it finds the actual value of that peak. This is done

in the same manner as in the rainfall model, except total runoff is not

adjusted. The hydrograph extension, though actually performed in Sub-

routine ERLNG, is initiated when the model sets the value of LL to 1.

The program subroutines are then called and an Erlang curve is fitted

and evaluated.

The hydrograph is synthesized by multiplying the total runoff by

the values in the RX-array, just as in the rainfall model. The hydrograph

delay is then added back onto the front of the synthetic hydrograph to

reestablish its proper position with respect to the hyetograph, and the

process is complete.

The two chapters which follow discuss the testing and evaluation

of the sediment model as it has just been described. The testing is of

a preliminary nature and is intended to, first, determine and, then, to

demonstrate the model's potential for achieving its stated objectives.
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Since the model is still in need of further development, the testing is

also expected to indicate where any future development effort should be

placed.



CHAPTER 7

TESTING THE MODEL

To evaluate the model it was tested using storm data for which

the actual sediment yields were known. The object of the test was to

see how well the model could predict the observed sediment yields for

each storm.

Test Data 

The data used for the testing was furnished by the Forest Hy-

drology Laboratory of the Southern Forest Experiment Station, U. S.

Forest Service and was gathered during 1960 from three abandoned-field

watersheds described by Ursic (1969, pp. 1-2). None of these watersheds

have any significant impervious areas, and none produced significant

amounts of the larger size-class of sediment. Therefore, the only part

of the model that could be tested was its representation of the sheet

erosion process. It is believed, however, that the results for the sheet

erosion process will give a good indication of the model's potential in

simulating the other two processes as well.

Only those storms which produced one pound of sediment, or more,

per acre on at least one of the watersheds were considered for use in

the test. There were 16 such storms, but, since only six produced this

required minimum on Watershed III, data from it were not used in the
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test at all. On the other two watersheds, 14 storms produced the re-

quired minimum on Watershed I, 15 on Watershed II, and 13 produced the

required minimum on both. This provided 29 storm-watershed combinations

for use in testing.

The data provided from these watersheds included the following:

1. Storm duration.

2. Total rainfall.

3. Total runoff.

4. Maximum rainfall intensities (for both 5- and 15-minute periods).

5. Instantaneous peak discharges.

6. Suspended sediment yield per acre per storm.

7. Deposited sediment yield per acre per storm.

Conduct of the Test 

The object of the test was to find, for each watershed, a single

combination of the four sheet erosion parameters, KRER, JRER, KSER, and

JSER, that would enable the model to duplicate the results of as many

storms as possible. The actual testing was done by running the model

several times on the CDC 6400 computer and adjusting these parameters

after each run until the best combination was found.

For each storm-watershed combination a hyetograph and hydrograph

were synthesized from the data presented in Table 1. These data are

divided into three groups, one for each watershed and one, labeled

"Common Data," which was used for both watersheds. The observed sediment

yields, which were used only for comparison with the model's predictions,

are given to the nearest pound per acre. The model's predictions are to
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the nearest 0.001 pound per acre, but this degree of accuracy was neces-

sary only to facilitate adjustment of the watershed parameters and does

not indicate a degree of accuracy inherent in the model.

There were three storm parameters for which no data were avail-

able, so they were assigned the following values:

1. Elapsed time to maximum rainfall intensity: 0.25.

2. Lag between rainfall and runoff peaks: 20 minutes.

3. Infiltration constant: 0,15 inches per hour.

The model as it is presented here, still lacks sufficient refine-

ment to justify a rigorous quantitative analysis, so its evaluation is

based primarily on judgment. To aid in evaluating its performance, a

set of more or less subjective standards was established to serve as a

criteria by which the results could be judged. The ability of the model

to duplicate observed sediment yields was rated as a success or failure

by the accruacy, or degree of fit, of its predictions. For those storms

which produced an observed sediment yield of 5 lb/A or more, an error of

+ 207e was accepted as a success, and an error of + la was considered a

good fit. For storms which produced less than 5 lb/A, an error of

+ 1 lb/A was accepted, and an error of + 1/2-1b/A was deemed a good fit.

Results 

The test results along with the values of the watershed parame-

ters which produced them are shown in Table 2 for Watershed I and Table 3

for Watershed II. The results are grouped as successes and failures and

the amount of error for each prediction is included.



Table 2. Test results, Watershed I.*
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Storm Date Actual Yield Predicted Yield Error

Successes:

28-29 Jan 1 1.708 +0.708 lb/A

1-2 Mar 18 18.439 +2.447.

8-9 Mar 5 4.590 -8.207.

10-11 Mar 1 0.593 -0.407 lb/A

14-15 Mar 1 1.687 +0.687 lb/A

15 Mar 1 1,054 +0.054 lb/A

6 May 4 4.026 +0.026 lb/A

16 Nov 2 1.991 -0.009 lb/A

Failures:

13 Jan 2 0.673 -1.327 lb/A

16-17 Jan 1 4.211 +3.211 lb/A

4-5 Feb 2 4.374 +2.374 lb/A

21 Apr 1 0.081 -0.919 lb/A
(-1250%)

28-29 Dec 2 3.822 +1.822 lb/A

31 Dec 2 4.307 +2.307 lb/A

* Watershed Parameters: KRER = 2.0, JRER = 0.19
KSER = 210.0, JSER = 2.19.



Table 3. Test results, Watershed II.*
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Storm Date Actual Yield Predicted Yield Error

Successes:

13 Jan 2 2.630 +0.630 lb/A

1-2 Mar 84 90.934 +8.25 7e

8-9 Mar 17 19,520 +14.827

14-15 Mar 5 4,577 -8.46 7.

15 Mar 9 7.436 -18.387

6 May 23 22.507 -2.147.

5 Oct 53 53.502 +0.95 7.

16 Nov 19 21.841 +15.22 7.

31 Dec 34 31.832 -6.387.

Failures:

16-17 Jan 5 23.224 i364.5 7.

28-29 Jan 2 5.219 +160.97.

4-5 Feb 9 15.879 +76.47.

10-11 Mar 4 1.311 -2.689 lb/A

16 Jun 12 6.118 -49.02 7.

28-29 Dec 1 6,640 +5.640 lb/A

* Watershed Parameters: KRER = 25.0, JRER = 0,50
KSER = 360.0, JSER = 1.70.
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Out of 29 storm-watershed combinations, the model achieved 17

successes with 11 good fits and had 12 failures. This is a success rate

of 597e or about 3 in 5 . When considered together with the assumptions

made, the success rate is high enough to call the over-all test a

success.

Watershed I 

The results from Watershed I showed eight successes with six good

fits and six failures. One storm, that of 21 April, was judged a failure

even though it met the criteria for a success because its predicted

yield of 0.081 lb/A was over 12 times less than the observed yield of

1 lb/A,

Among the failures, three storms (4-5 February, 28-29 December

and 31 December) were over-predicted by about the same amount. Their

yields were then successfully predicted with good fits by changing a

single parameter, KRER, from 2,0 to 1.0 . These supplemental results are

shown in Table 4. No other trends were noted among the failures.

Watershed II 

The results from Watershed II showed nine successes with five

good fits and six failures. No trend was observed among the failures so

no attempt was made to fit them to another set of parameters.

Among the successes, however, a slightly different set of parame-

ters produced eight good fits out of eight successes and seven failures.

Since these results only show an attempt to achieve better fits at the

expense of one additional failure, and not a second trend in watershed

behavior, they are not shown.
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Table 4. Supplemental test results, Watershed I.*

Storm Actual Yield Predicted Yield Error

4-5 Feb

28-29 Dec

31 Dec

2

2

2

2,187

1.911

2.154

+0.187 lb/A

-0.089 lb/A

+0.154 lb/A

* Watershed Parameters: KRER = 1.0, JRER = 0.19
KSER = 210.0, JSER = 2.19.

Observations 

The model produced about the same results on both watersheds

even though the observed sediment yields from Watershed II were greater

and showed more variability than those from Watershed I. The implica-

tion here is that the model can be used to represent different watersheds

with varying hydrologic characteristics and still achieve similar results.

Among the failures it is noteworthy that 75 7e (9 of 12) of them

involved storms which occurred during the months of December, January and

February. Further, all but one of these failures resulted from an over-

prediction of the observed sediment yields. The failures for the other

months all resulted from under-predictions. It is also interesting to

note that one of the storms, that of 16-17 January, was over-predicted

by about the same order of magnitude on both watersheds.

The model seems to achieve its best results on storms which pro-

duce high maximum runoff rates, which makes it appear to work better on
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Among the failures it is noteworthy that 75 7e (9 of 12) of them

involved storms which occurred during the months of December, January,

and February. Further, all but one of these failures resulted from an

over-prediction of the observed sediment yields. The failures for the

other months all resulted from under-predictions. It is also interesting

to note that one of the storms, that of 16-17 January, was over-predicted

by about the same order of magnitude on both watersheds.

The model seems to achieve its best results on storms which pro-

duce high maximum runoff rates, which makes it appear to work better on

short-duration, high-intensity storms. However, it also does well on

longer, low-intensity storms when their maximum runoff rates are high,

and, conversely, it has failed on some short, high-intensity storms

which did not produce high rates of runoff.

Comparison of Results to 
Supplemental Data 

After the model had been tested, the actual rainfall and runoff

charts from Watershed I were obtained and compared to the data synthe-

sized by the model . The three storm parameters for which common values

were assumed were compared first, and the results of this comparison are

shown in Table 5. In this table the effect of the infiltra .Eion

constant appears as the delay between the beginning of the storm

and the beginning of the synthetic hydrograph. The model's simu-

lation for the time to maximum rainfall varies, occasionally, from

the input value because of the adjustments described in Chapter 6. The

time to maximum runoff is given as that fraction of the total time,
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between the start of runoff and the end of the storm, that has elapsed

when peak discharge occurs. Its value depends on the lag time and the

hydrograph delay, as well as on the adjustments described in Chapter 6.

The actual lag for the watershed appeared to be between 5 and 10 minutes

instead of the 20 minutes assumed for the test, and the lag times be-

tween the observed rainfall and runoff peaks varied from 5 minutes to

3-1/2 hours.

To supplement this table and help illustrate some of the observa-

tions that follow, the actual and synthetic rainfall and runoff curves

for the storms of 1-2 March and 15 March are shown in Figures 11 through

14. These two storms typify the wide range of agreement between the

actual data and that synthesized by the model, and they are shown only

as examples. The storm of 15 March shows good over-all agreement

between the actual data and that of the model while the storm of 1-2

March shows very poor agreement. These two storms are used because the

model successfully predicted the sediment yields of both, but a similar

range of agreement can be found among the failures. The hydrographs are

compared to the Erlang curves which represented them, but, since rainfall

data are in the form of mass density curves, they are compared to the

cumulative density curves of their corresponding Erlang functions.

The hydrograph for the storm of 15 March and its corresponding

Erlang curve are shown in Figure 11 with the rainfall curves shown in

Figure 12. The point at which maximum rainfall and runoff actually

occurred are very close to the model's simulation, and it appears that

the 5- and 15-minute maximum rainfall intensities occurred in the same
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Figure 11. Hydrographs for storm of 15 March.
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Figure 12. Mass density curves for storm of 15 March.
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same time period. The actual and simulated lag times differed by ten

minutes while the hydrograph delays differed by only one minute. The

observed sediment yield was one pound per acre and the predicted yield

was 1.054 pounds per acre.

Figure Ushows the hydrograph and corresponding Erlang curve for

the storm of 1-2 March, and the rainfall curves appear in Figure 14.

The observed lag of two hours and ten minutes was one of the longest

while the observed hydrograph delay of five minutes was unusually short.

The simulated delay was one hour and 45 minutes. The most obvious dif-

ference between the actual and simulated curves was the time to maximum.

The simulated maxima for both rainfall and runoff preceded the actual

maxima by 7 to 8 hours. It is difficult to locate the 5- and 15-minute

maximum rainfall intensities since the storm exhibited several periods

of relatively heavy rainfall, but they do not appear to have occurred in

the same time period. The observed sediment yield from this storm was

18 pounds per acre while the predicted yield was 18.439 pounds per acre.

Observations from the Supplemental 
Data Comparison

In its current form the model does not do a good job of approxi-

mating either the shape or timing of most hyetographs and hydrographs.

No consistent relationship was observed between the accuracy of its

storm representations and that of its sediment predictions. In fact, two

storms for which the model failed in its sediment predictions, 13 January

and 31 December, were represented comparatively well.
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The model's hydrograph delays did not compare at all well with

the actual data, but, because of the method of simulation employed,

this was not unexpected. The assumed lag time was about twice the ob-

served times, and the value assumed for time to maximum rainfall, 0.25,

rarely matched the observed values. The assumption that the 5- and 15-

minute rainfall maxima occurred together was not always supported by

the actual graphs, and many runoff peaks did not directly follow maxi-

mum rainfall intensities, as was also assumed.

It is not possible to say with any certainty how much these in-

accuracies affected the model's sediment predictions. There is, however,

some indication that the effects of some of the parameters is not too

great. From the test results and the values obtained for the watershed

parameters, it appears that maximum runoff rates and total runoff were

the most influential factors in determining sediment yields,



CHAPTER 8

DISCUSSION AND EVALUATION

The success rate from the test and the patterns which emerged

among the failures demonstrate that the model shows definite promise but

still has some major deficiencies. Although it failed to predict actual

sediment yields for two out of every five storms, there is a thread of

consistency among the failures which suggests that further refinement

can be expected to produce better results.

Discussion 

The model in its present form does not do a good job of repre-

senting the shape and timing of most hydrographs and, although it is

not as obvious from the rainfall charts, most hyetographs as well. How-

ever, the success or failure of its predictions did not appear to be

influenced by this in any consistent way--that is, it often failed on

those storms which were well represented and succeeded on those that

were represented quite poorly. The indication here is that more work

needs to be done with the model to determine how accurately these graphs

must be represented and, as a result, how much source data is needed to

enable the model to make reliable predictions.

There appear to be three main causes of this inaccurate represen-

tation.. The first, and predictably so, was the fact that values for

64
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three of the parameters used in synthesizing the hyetographs and hydro-

graphs were assumed and seldom matched the actual values. This can

easily be remedied by obtaining and using the correct data. The other

two causes are partly a result of the first, but, in addition, stem from

deficiencies in the current formulation of the model. The first of

these is the failure of the model's synthetic hyetographs and hydrographs

to accurately represent the shapes of the actual ones. The second is

the inability of the model to approximate, with any accuracy, the time

delay between the beginning of the storm and the start of the hydrograph.

Currently, the model represents each hyetograph and hydrograph

as a simple, single-peaked curve, while the actual curves are normally

more complex. This can be ameliorated, at least somewhat, by an adapta-

tion of the current method of synthesis which involves the use of several

Erlang functions to represent each graph . Using the method described

in Chapter 4, a separate Erlang function can be fitted to every relative

maximum in a given hyetograph or hydrograph. The resulting series of

Erlang curves can then be placed in their proper positions along the time

axis by the rainfall and runoff models to give multiple-peaked synthetic

graphs. This change would necessitate the input of more storm data--

specifically, a value and location for each desired maximum.

The method employed by the model to delay the start of the

hydrograph is, admittedly, an oversimplification, and further work on

this feature is needed. Possible solutions to this problem range from

simply providing the amount of delay as an input to adding another com-

ponent model to perform this function more realistically,
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The correction of both of these formulation deficiencies in the

model would result in its requiring more input data, and one of its

original purposes was to hold this requirement to a minimum. However,

it is possible that the model does not need a very accurate representa-

tion of the actual regimen of rainfall and runoff in order to make

accurate sediment predictions. If this is true it should be possible

to determine how much accuracy is necessary, and, consequently, how

much source data is really needed.

Storm and Watershed Behavior 

There is some indication that the hydrologic characteristics of

the two watersheds might change significantly during a given year. Par-

ticularly, they appear to produce lower sediment yields during the

winter months than at other times. Of the eight failures that resulted

from over-predictions of observed sediment yields, all occurred in the

months of December, January and February. Among the four under-

predictions, only one, the storm of 13 January on Watershed I, occurred

during these months. This indication is also supported by the fact that

three of the winter storms on Watershed I were successfully predicted by

lowering the value of one watershed parameter.

It also appeared that certain storms produced unusually low

sediment yields on one watershed but not on the other, and in some, but

not all, cases this involved unusually small amounts of runoff as well.

Spatial variation of rainfall in a particular storm could be part of the

reason for this, but, because the two watersheds were within 1/4-mile of

each other and were well-instrumented, any such undetected variation
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should not be great. The storms which showed this difference to a marked

degree were those of 16-17 June and 5 October on Watershed I and the

storm of 28-29 December on Watershed II.

The causes of these apparent variations in storm and watershed

behavior are beyond the scope of this study, but they are pointed out

because of their possible effects on the model's predictions. The

model assumed that no variations of the types just described would occur,

but if they do, and if they are significant, they will have to be allowed

for in future applications.

Evaluation 

Over-all the model shows considerable promise, and the testing

done, so far, seems to indicate that its basic approach to sediment

yield prediction will work. There is definitely an indication that

sediment yields can be predicted from small amounts of storm data, and

this fact warrants further development of the model .

The model still shows several deficiencies in its method of syn-

thesizing rainfall and runoff, and future work should be aimed at cor-

recting these. Very little can be said about its representation of the

erosion process until its treatment of rainfall and runoff improves.

During the model's testing it became evident that a computer

method of adjusting the watershed parameters, such as an optimizing

routine, should be formulated and added to the model. Both the amount

of time and the number of computer runs spent in adjusting these parame-

ters were excessive and will be a major drawback to the model's applica-

tion until they are either eliminated or significantly reduced.
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Summary 

In order to predict sediment yields from small, catchment-type

watersheds using minimal inputs of rainfall and runoff data, a digital

computer model was designed which uses an Erlang density function to

synthesize the missing data, These synthetic data are then supplied to

a component model of the erosion process which uses them to compute

sediment yields.

A limited series of tests was run and the results seemed to

confirm the validity of the approach taken to the problem. Some rather

significant deficiencies were a so noted, however, particularly in the

model's representation of the actual regimen of rainfall and runoff.

The correction of these deficiencies is necessary before the true poten-

tial of the model can be evaluated and future work should be directed to

this end.

It appears that storm sediment yields can be reliably predicted

from relatively small amounts of selected storm data. The model pre-

sented here demonstrates considerable  promise as a method for doing so.



APPENDIX A

PREPARATION OF DATA FOR INPUT

For any storm-watershed combination, the model requires three

data cards, two for the watershed and one for the storm. When several

storms are to be simulated on the same watershed, the cards for each

storm can be placed together with one pair of watershed cards. The

correct arrangement of these cards is illustrated in Figure 15.

Watershed Data Card 

The watershed data card is the first of the two watershed cards

and, despite its name, includes data for both watershed and storm

parameters. Data on this card is punched as follows:

Columns 1-6, Watershed area in acres (two decimal places).

Columns 7-10. Lag time between rainfall and runoff peaks in minutes

(no decimal places).

Columns 11-16, Value for the parameter KIMP (4 decimal places).

Columns 17-21. Value for the parameter KGER (2 decimal places).

Columns 22-26. Value for the parameter JGER (2 decimal places).

Columns 27-32. Value for the parameter KRER (2 decimal places).

Columns 33-37, Value for the parameter JRER (2 decimal places).

Columns 38-43. Value for the parameter KSER (1 decimal place).

Columns 44-48, Value for the parameter JSER (2 decimal places).
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Figure 15. Typical arrangement of data deck for model.



71

Columns 49-54, Watershed infiltration constant in inches per hour

(3 decimal places).

Watershed Name Card 

The watershed name card is for identifying the watershed. The

name of the watershed is simply punched in alphanumeric characters

across the card (70 character limit).

Storm Card 

The storm card includes the rest of the storm data which was not

placed on the watershed data card. It also includes the date of the

storm and the branching index for the end of the program . It includes

the following data:

Columns 1-6. Total rainfall in inches (2 decimal places).

Columns 7-12. 15-minute maximum rainfall intensity in inches per

hour (2 decimal places). If a hyetograph is to be fitted to

only one maximum, its value is placed here.

Columns 13-18, 5-minute maximum rainfall intensity in inches per

hour (2 decimal places) . If a hyetograph is to be fitted to

only one maximum, zeroes are placed here.

Columns 19-26, Total runoff in inches (5 decimal places).

Columns 27-34. Instantaneous peak discharge in inches per hour

(5 decimal places).

Columns 35-40. Storm duration in hours (2 decimal places).

Columns 41-45. Time to maximum rainfall intensity (3 decimal places).

Columns 46-49, Time interval length in minutes (no decimal places).
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Columns 50-53. Suspended sediment yield in pounds per acre (1 deci-

mal place).

Columns 54-57, Deposited sediment yield in pounds per acre (1

decimal place).

Columns 58-63. Storm date, which is input as follows:

Columns 58 and 59--month

Columns 60 and 61--day

Columns 62 and 63--year.

Column 65. Index for branching at the end of the program. Code

for this is,

0--Another storm on present watershed follows.

1--Last storm on present watershed, go to next watershed.

2--Last storm on last watershed, this ends the computer run.



APPENDIX B

VARIABLE LABELS AND SYMBOLS

This appendix is in two parts. The first part lists and defines

the variable labels used in the computer program, and the second, the

mathematical symbols appearing in the text. Variable labels from the

program which are also used as symbols in the text are only listed in

Part 1.

Part 1: Variable Labels from 
the Computer Program

AD--Floating-point representation of the storm duration in inter-

vals.

ALAG--Floating-point representation of the lag between rainfall and

runoff peaks expressed in intervals.

AP--Floating-point representation of the sequential location of the

interval in which the maximum rainfall or runoff occurs.

ARAIN--Total rainfall less the amount represented by the 5-minute

maximum rainfall intensity.

AREA--Watershed area.

CIN--The infiltration constant expressed in inches per hour.

CNI--The infiltration constant expressed in inches per interval.

CSED--Actual yield of the larger size-class of sediment (> 0.062 mm).
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D--Floating point representation of the storm duration in intervals

(used only in Subroutine ERLNG).

DA--Day on which the storm occurred.

DKAP--Value of F(K) in Subroutines KPPA and ERLNG.

DUR--Storm duration in hours.

EIM--Amount of sediment removed from impervious surfaces during each

time interval.

EMX--Program label for the value of 
e -Wt-

EXP--This is not a variable label. On the CDC 6400 computer this

calls a function subprogram which finds the value, ex .

GER--Amount of sediment removed by the channel erosion process

during each time interval .

GSUMA--Yield of the larger size-class (> 0.062 mm) of sediment per

acre for a given storm.

GSUMS--Running total identifier for the amount of sediment produced

by the channel erosion process.

GX--Argument for the value of F(K) in Subroutine MIRA,

HPA--The 15-minute maximum rainfall intensity.

HPB--The 5-minute maximum rainfall intensity.

HPC--The difference, in inches, between the amounts represented by

HPA and HPB.

HPP--The amount of precipitation occurring in each interval. This

is a subscripted variable.

IER--The error index from Subroutine GMMMA. This causes the storm

simulation to stop when K exceeds 57.
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ILAG--Integer representation of the lag between rainfall and runoff

peaks expressed in intervals.

INI--The hydrograph delay expressed in intervals.

ISP--The branching index used in the model to route the simulation

to a new storm, a new watershed, or to the end of the program

(see also Appendix A and Figure 15).

ISUMS--Running total identifier for the amount of sediment removed

from impervious surfaces.

JA--The loop identifier in Subroutine KPPA.

JD--Integer representation of the storm duration in intervals.

JDD--Number of intervals in a storm plus the number of intervals in

its hydrograph extension.

JGER--Exponent of sediment production and transport by the channel

erosion process.

JRER--Exponent of sediment production for the rain splash process.

JSER--Exponent of sediment transport by the overland flow pick-up

process.

JP--Integer representation of the sequential location of the interval

in which maximum rainfall and runoff occurs.

KGER--Coefficient of sediment production and transport by the channel

erosion process.

KIMP--Coefficient for the diminished impact of the sheet erosion

process on impervious areas.

KRER--Coefficient of sediment production by the rain splash process.
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KSER--Coefficient of sediment transport by the overland flow pick-up

process.

LL--Index which causes the hydrograph extension loop in Subroutine

ERLNG to either be employed or bypassed.

MO--Month in which the storm occurred.

OLAG--Lag between rainfall and runoff peaks expressed in minutes.

OSUMS--Running total identifier for the amount of overland flow

that has occurred.

OVF--Total runoff.

OVQ--The amount of overland flow occurring in each interval. This

is a subscripted variable.

OVP--Instantaneous peak discharge.

PKAP--Storage variable for the value of K used to synthesize the

hyetograph.

PLAN--Storage variable for the value of X used to synthesize the

hyetograph.

PNI--Number of intervals in an hour. This is the conversion factor

referred to in Chapter 6.

PPK--Value of the known maximum to which each Erlang function is

fitted.

PSUMS--Running total identifier for the amount of precipitation that

has occurred.

PTM--Point on the abscissa at which the maximum ordinate of the

Erlang function is to occur.
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PXD--Storage variable for the value of the maximum ordinate of the

Erlang function representing rainfall.

RAIN--Total rainfall.

RKAP--Fittedvaluefor the parameter, K, found by Subroutine KPPA

and used by Subroutine ERLNG to compute interval-by-interval

values of the Erlang function.

RLAM--Fitted value for the parameter, X, found by Subroutine KPPA and

used by Subroutine ERLNG to compute interval-by-interval values

of the Erlang function.

RLMK--Value of XK in Subroutine ERLNG.

RLMX--ValueofXKLin Subroutine ERLNG.
1

RNI--Difference between the rain falling in a given interval and the

infiltration constant. Hydrograph is delayed until its value

becomes positive.

RSUMS--Running total identifier for the amount of sediment made

available by the rain splash process.

RX--ValuefoundforE(tiby Subroutine ERLNG, This is a subscripted
1

variable.

RXA--Running total identifier for the sum of all values of RX.

RXB--RXA expressed as a fraction of 1.

SED--Actual yield of the smaller size-class (.( 0,062 mm) of sediment.

SER--Amount of sediment transported from the watershed by overland

flow during each time interval.

SRER--Amount of sediment available for transport during each time

interval . This is a subscripted variable.
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SSUMS--Running total identifier for the amount of sediment removed

from the watershed by overland flow.

TI--Length of time interval in minutes.

TKAP--Trial value for the Erlang parameter, K, in Subroutine KPPA.

TLAM--Trial value for the Erlang parameter, X, in Subroutine KPPA.

TLMK--Value of XK in Subroutine KPPA.

TLMX--Value of X.Kt
m 

in Subroutine KPPA,

TM--Input value of the time to maximum for the synthetic hyetograph.

TKA--Trial value of the maximum ordinate of the Erlang function in

Subroutine KPPA,

TXD--TXA expressed as a fraction of L.

W1, .,W7--Alphanumeric storage locations for the watershed name.

WLA--Amount of the smaller size-class (.‹ 0.062 mm) of sediment pro-

duced in each interval . This is a subscripted variable .

WSUMS--Running total identifier for the amount of sediment produced

by the sheet erosion process.

WSUMA--Yield of the smaller size-class QS 0.062 mm) of sediment per

acre for a given storm.

XX--Argument for the value of K in Subroutine GMMMA.

XX1--Value of K-1 in Subroutines KPPA and ERLNG.

YR--Year in which the storm occurred.

Part 2: Mathematical Symbols 
from the Text

D--Storm duration,

r(K)--The gamma function of the Erlang parameter, K. This is the

denominator of the Erlang function.
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E(t)--The Erlang function.

E'(t)--The first derivative of the Erlang function.

K--The shape parameter of the Erlang function.

X--The scaling parameter of the Erlang function.

P.--The value of the Erlang function at the mid-point of any inter-
].

val, i.

pi
.--The value of the Erlang function at the mid-point of any

interval, i, expressed as a fraction of 1.

p
m
--The maximum ordinate of the Erlang function.

r.--The amount of rainfall or runoff occurring in any interval, i.

r
m
--The maximum synthesized amount of rainfall or runoff, on a per

interval basis, occurring in a storm.

✓ --The maximum amount of actual rainfall or runoff, on a per

interval basis, occurring in a storm.

r
s
--The total amount of synthesized rainfall or runoff occurring

in a storm.

✓ _ - The total rainfall or runoff actually occurring in a storm.

S.--The amount of sediment produced in any interval, i, by any

erosion process.

t.--The mid-point of any interval, i, in a storm. These are the

points at which the Erlang function is evaluated.

t --The location of the maximum ordinate of the Erlang function.
m 

t--The variable of the Erlang function.

Y--Total sediment yield for a storm by any erosion process.

y
c
--Sediment yield for a storm by the channel erosion process.



Y
s--Sediment yield for a storm by the sheet erosion process.

Y .--Sediment yield for a storm from impervious areas.si

Y
w--Sediment yield for a storm from impervious areas and the sheet

erosion process, Y
w 

= Y
s 
+ Y

si
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