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ABSTRACT

The steady-state, water table profile of unconfined aquifer

systems bounded by streams is examined theoretically, and an analytical

solution is obtained that is more general than heretofore encountered in

the literature. The solution incorporates the Dupuit-Forchheimer assump-

tions as applicable to free-surface flows, and includes a non-horizontal

lower boundary and unequal drainage levels as variables.

A computer program is given to obtain solutions to numerical

problems. Some selected solutions are presented as non-dimensional type

curves for determining the location and magnitude of the highest point

on the water table between the two base levels.

The dimensionless ratio of recharge to hydraulic conductivity, P,

is found to determine the maximum elevation of the water table (hMAX).

For a symmetrical water table aquifer, this ratio is critical in deter-

mining hMAX for values of dimensionless H (ratio of the base level height

to distance between the two base levels) up to 0.05. For aquifers having

unequal base levels, the dimensionless ratio of A/P	 = H1 2 - H2 2 ;

H1 = H
1
 /I,'

' H2 = H2/L) determines the location of hMAX (or XMAX). For

values of A/P less than or equal to 0.1, hMAX is essentially located

halfway between the two base levels. In the case of aquifers having

equal base levels, but bounded by inclined lower boundaries, for any

given slope, XMAX depends on H.

viii



CHAPTER 1

INTRODUCTION

Nature of Problem and Objectives 

An aquifer can be defined as a formation, group of formations, or

part of a formation, that contains sufficient saturated permeable

material to yield significant quantities of water to wells and springs

(Lohman and others, 1972). When a uniform, homogeneous aquifer rests on

an impermeable layer and is bounded on two sides by base levels, the

position of the water table is influenced by:

1. The topography of the area.

2. The hydraulic conductivity of the aquifer.

3. The volumetric rate of infiltration or recharge reaching the

aquifer.

4. The distances between the two base levels.

5. The relative heights of the two base levels.

6. The thickness of the aquifer.

7. The slope of the bottom of the aquifer.

Each of these factors will be examined for its relative importance and

influence on the water table profile.

A steady water table profile receiving constant recharge from

above is in hydrodynamic equilibrium, as the rate of discharge from the

system equals the rate of recharge. In humid regions, under steady-state

1
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conditions, the water table assumes a shape approximating the land sur-

face above it.

The slope of the impermeable layer underlying the aquifer and the

relative heights of the base levels combine to produce a class of prob-

lems, which are illustrated in Figure 1. In this class of problems, most

authors consider the simplest boundary geometry in which the underlying

impermeable bed is horizontal and the heights of the two base levels may

or may not be equal (Figure la and b). Several authors (Davis and

DeWiest, 1966; Kirkham, 1967; Verruijt, 1970) present essentially the

same solution for these cases.

When the underlying confining bed is not horizontal, finding an

expression for the profile of the water table is difficult to obtain

analytically and is almost neglected in the literature. In this case,

the continuity equation remains unchanged, but the Darcy relationship

must take into account the variation in saturated thickness (Figure lc

and d). For the example shown in Figure lc, Huisman (1972) set up the

governing differential equation, then made the simplifying assumptions of

zero infiltration and constant discharge. With zero infiltration, the

water table profile will decay with time and h(x) will decrease in time.

Hence, these assumptions of zero infiltration and constant discharge do

not apply to a steady water table. Even with these simplifying assump-

tions, the solution of the resulting differential equation is quite

complicated, is only possible by trial and error, and will consequently

take a great deal of time (Huisman, 1972).
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(c)

(a)

Figure 1. Water Table Profiles under Various Boundary Conditions.
-- (a) Equal base levels, aquifer has horizontal base.
(b)Unequal base levels, aquifer has horizontal base.
(c) Equal br unequal base levels, aquifer has inclined
base. (d) Unequal base levels, aquifer has irregular
base.
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A general equation derived by the author, using the well-known

Dupuit assumptions applicable to Figure id and reducible to the simpler

expressions for Figures la through lc, is presented here. This equation

is compared with other existing equations of its kind to demonstrate its

increased generality. Computer solutions are obtained for a variety of

possible cases to illustrate the relative importance of the different

variables. Dimensionless type curves are prepared in some cases to

facilitate solution of actual problems. In a few cases the solutions

obtained are compared with numerical solutions given by Freesurf I, a

numerical procedure for dealing with the flow of unconfined aquifer

systems developed by Neuman and Witherspoon (1970a), which is not con-

strained by the Dupuit assumptions.

The Water Table 

The water table is defined in numerous texts (Davis and DeWiest,

1966; Hillel, 1971; Verruijt, 1970; Bear, 1972; Johnson, 1972) and

journal articles (Freeze, 1969; Lohman and others, 1972), and not all

published definitions are consistent with one another. For purposes of

this report, the water table will be regarded as the surface of zero

pressure in saturated, unconfined material. In this definition, the

atmospheric pressure is taken as constant in time and space, and equal to

zero. The capillary fringe is neglected. As a consequence of the above

definition, the elevation of the water table at any point above an

arbitrary datum is numerically identical to hydraulic head (or potential)

at that point.
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Hydraulic Head 

In a saturated porous medium, the hydraulic head, Ht , of the

liquid at any given point in the flow system measures the energy content

of the liquid at that point with respect to a given datum and is the sum

of three components: 1) elevation head, he , or the elevation of the

point above a given datum; 2) pressure head, hp , or the height of a

column of static water that can be supported at the point; and 3) velocity

head, hv , or the height to which the kinetic energy of the liquid is

capable of lifting the liquid. Thus,

H
t 

= he + hp + hv	 [1]

When energy is specified per unit weight of liquid, we have

H
t 
= z + 2 +

y 2g

and
2

h = z; h = 2- h = ve	 p y v 2g

where

z = elevation of the point above a given datum,

p = pressure of liquid at the point,

y = specific weight of liquid (y = pg),

v = seepage velocity (also called pore velocity),

g = acceleration of gravity, and

p = density of liquid.

In ground-water flow we are dealing with very small velocities

and the velocity head is usually neglected in specifying the total head

2
[2]

[2a]
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loss, AH
t' or energy lost per unit weight of fluid in overcoming fric-

tional resistance to flow within the individual pores (Figure 2).

In Figure 2, the head loss, AH, between sections A and B is given

by

PA	 PBEH= (	 + zA) - (	 + z
B 

)
Y [3]

neglecting v2/2g. The justification for neglecting v2/2g can be seen

from the fact that a seepage velocity of 30 cm/day, which is a typical

upper range ground-water velocity, produces a velocity head of only

6 x 10 -11 cm.
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ARBITRARY DATUM

Figure 2. Groundwater Flow through a Porous Medium Illustrating the
Components of Groundwater Head (Velocity Head Is Neglected).
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CHAPTER 2

GROUND-WATER FLOW

Darcy's Law 

The law governing the flow of groundwater through porous media

was established experimentally by Henri Darcy in 1856. The experiments

he conducted on the infiltration of water vertically through beds of sand

(Figure 3) led him to propose the following equation:

V _ KS
L (H

B + L - HA)
t [4]

where

V = volume of water passing in time, t;

K = constant depending on the porous material and the fluid;

S = cross-sectional area of the flow column;

L = length of flow column;

HA = depth of water above the discharge point; and

H
B 
= depth of water above the entry point.

Jones (1962) discusses the conditions and assumptions underlying

the validity of Equation [4]. The discharge per unit cross-sectional

area (V/t)/S is called the specific discharge or Darcy velocity, Vd. If

we define:

8
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nIMEN.MON/

HA

Figure 3. Schematic Representation of Apparatus Used by Darcy to
Establish the Law after His Name. -- After Childs (1969).
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B = HB + L

4)A = HA

A= (I)A	 (I)B	 [5]

AL = L

V
d = (V/t)/S

then we can write Darcy's law as

Vd AL [6]

Acp
and — is the gradient of ground-water head, also called hydraulicAL

gradient, J.

Equation [6] is Darcy's law which governs the flow of groundwater

through porous media. It states that the specific discharge is directly

proportional to the derivative of head in the direction of flow (Verruijt,

1970). In the limit as AL ÷ 0, and assuming that the real porous medium

can be replaced by a continuum, we have

K
	

[7 ]

Darcy's law, Equation [7], expresses a linear relationship

between the flux and the hydraulic gradient. This relationship breaks

down at high flow velocities. As the specific discharge increases,

Darcy's law has been shown by many investigators to be invalid (Bear,

1972). The upper limit of validity of Darcy's law is defined by a

critical Reynold's number variously reported by investigators as between
#
1 and 100. Thus,

Rc =	 < I (approximately)v —
	 [8]
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where

d = average grain diameter,

= kinematic viscosity of fluid, and

v = seepage velocity.

Some investigators report that deviations from Darcy's law may

also occur at very low gradients and in small pores (Hillel, 1971).

Dupuit-Forchheimer Assumptions 

Dupuit-Forchheimer (henceforth D-F) theory is based on the

following two assumptions as given by Kirkham (1967):

1. For small inclinations of the free surface of a gravity-flow

system, the streamlines can be taken as horizontal.

2. The velocities associated with these streamlines are proportional

to the slope of the free surface but are independent of depth.

We may also add that applications of D-F theory ignores the

existence of seepage faces at downstream boundaries. These two assump-

tions greatly simplify the solution of unconfined, ground-water flow

problems. However, Muskat (1946) showed the two assumptions to be

contradictory to the implications of Darcy's law. Harr (1962) termed the

assumptions as paradoxical. Kirkham (1967) removed the two paradoxes in

the D-F theory by creating what he called the D-F soil, consisting of

numerous vertical, infinitely permeable slots within the soil.

We can illustrate the first paradox by reference to Figure 4.

For ditch drainage, receiving infiltration from above, if all the
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DITCH
	

SOIL SURFACE
	

DITCH

.r„,	 • n•••• • •	 •n•••• • .• 49..•	 •••••	 •	 go, •

Figure 4. Horizontal Streamlines of D-F Theory Illustrating First
Paradox.
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streamlines are horizontal, then there will be discharge points such as

A, B, C, D, As we know, this does not occur.

Secondly, a rigid application of D-F theory will give us, instead

of a curved water table, two linear segments (Kirkham, 1967), as shown in

Figure 5. This is the second paradox arising from rigid application of

D-F assumptions.

Let us trace the movements of water along a streamtube of radius

r; for example, the streamtube enclosing HPOR, as shown in Figure 5.

Since D-F theory neglects head loss in the vertical, it means that all

the head loss, AH = HP, occurs along the line X = OR. If N is the

infiltration rate, then the flux into the streamtube is NTFT 2 . Darcy's

law also gives the flux as K(AH/X)7r2 , and we have

N7r2 = K(AH/X)Trr2

AH = ( IS, ) X
	

[9]

Equation [9] is the equation of the line El. It has been found

that although the D-F theory does not correctly predict the position of

the free surface in some cases, it gives the discharge accurately. One

reason it fails to give the correct free surface is that it does not

account for the seepage faces which invariably develop at the boundaries

of the flow region. This leads to a lower discharge level and, conse-

quently, lower predictions of head.

Equation of Continuity 

Darcy's law alone is not sufficient to solve problems of ground-

water flow. If we adopt a Cartesian coordinate system, it only gives



SOIL SURFACE 

RAIN (INFILTRATION)	 WATERH TABLE

DITCH DITCH

0

•	 ••	 ••	 •	 •• •-•

14

Figure 5. Vertical Head Loss Illustrating Second Paradox.
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three relations between four unknown quantities: the three components of

the specific discharge vector and the head (Verruijt, 1970). The D-F

assumptions actually amount to neglecting the vertical flow component

(Bear, 1972); still, when applied to steady two-dimensional, unconfined

flow, we have three unknowns and two equations. In order to obtain a

solution, we introduce the continuity equation (Bear, 1972).

The equation of continuity is a mathematical statement of the

physical principle of conservation of mass: whatever the pattern of

flow, no mass can be gained or lost.

A partial differential equation describing ground-water flow is

derived by combining Darcy's law and the equation of continuity. The

solution of this equation in particular cases depends on the introduction

of appropriate boundary and initial conditions. In the case of steady

flow systems, initial conditions are not required.



CHAPTER 3

EQUATIONS OF UNCONFINED GROUND-WATER FLOW

All equations describing ground-water flow under water table

conditions must incorporate the water table boundary conditions as well

as the geometry of the aquifer (which determines the saturated thickness)

into the governing partial differential equation.

Consider the reference prism shown in Figure 6. The horizontal

(x,y) dimensions are small compared to aquifer size and large compared to

pore size (Bear, 1972), but the z-direction has the dimension of the

total saturated thickness of the aquifer. It is assumed that the

horizontal base is completely impermeable. The x-y plane coincides with

the impermeable base of the aquifer.

In deriving the equation of the two-dimensional free surface

under steady-state conditions, the objective is to state mathematically

that the mass outflow rate is equal to the mass inflow rate, assuming

that there are no sources or sinks. The dimensions of the control

volume centered around point P(x,y,z) are as shown in Figure 6.

Let q' be the specific discharge through the entire saturated

thickness (per unit width of aquifer; dimension L
2/T) and then let q'

x

equal the component of the specific discharge in the x-direction, and q' 
Y

equal the component of specific discharge in the y-direction. The mass

inflow in the x- and y-directions during a period of time, (St (modified

after Bear, 1972, pp. 374-378) are, respectively (Figure 6):

16



Figure 6. Representative Elementary Volume with Free Water Surface and
Horizontal Impervious Base.

17
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(SY[(PcC x)1	 6x	 ]St and dx[(pq' )1
(Sy ] dt	 [10]

Y
	2 	 2

The mass outflow in the x- and y-directions in the same period of time,

1St, are, respectively:

(SY[(Pg' x)1	 ]St and dx[(pq' )1	 A]ft	 [11]

	

dx	 Yx + -7 ,y	 x,y +
2

where p is the density of the water. We assume steady-state conditions

and that the water is homogeneous and incompressible.

Let N represent the inflow volume of water per unit (horizontal)

area of the aquifer per unit time due to precipitation. It has the

dimensions of a velocity (L/T). Since we are dealing with a steady-

state system, the water table profile is not changing. The mass inflow

on the water table during a period of time, 1St, is then

pNdxSySt	 [12]

The difference between mass inflow and mass outflow in the x- and

y-directions during the period of time St is Equation [10] minus Equation

[11 ] :

6Y[(tocCx	 d)1	 (Pci'x)1	
+	 ,y	 Y

11St + (sx[(PW )1x	 dyx - — ,y	 x,y

	

2	 2

- (Pq' )1	 ]ft
Y x,y + 2

[13]

Since

a
(Pq t x)1 	= (Pcl' x)1dx	 Sx	 Dxx+ 	,y	 x - — ,y2

(Pc1 1 )1	 dy = (Pq' )1	 +
Y	

— (NI )-Sy
Y	 SY 3y	 Yx,y +	 x,y -2	 2

[13a]
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and continuity requires that Equations [12] and [13] be equal, in the

limit as dx,Sy,dt	 0 (using [13a] in [13]); we set Equation [12] equal

to Equation [13] to get

- (log ') - •	 (pc' ) + pN = o
a	 a

[14]

Assuming p to be constant, we get

- -57 (

cit x) - -57 (q 'y) jr N = °	 [15]

Since vertical flow is neglected, the D-F assumptions are implicit in the

above for q'
x 
and q' in an isotropic aquifer (Bear, 1972, p. 376) and weY

have Darcy's equation for horizontal flow:

ah= - Kh Dx

ahn t = _ Khy	 By

Substituting Equation [16] into Equation [15], we get

a	 a	 ah	 + N = 0-	 (Kh 
ah 

) + -537 och	 ) 

or

[18]
B 2h	 9 2h )	 , u ah 1 2	 r ah 1 2 1 4. N 	0Kh (	 +	 +

ax Jax
2	

ay2

This is the basic differential equation incorporating D-F

approximation for flow in an unconfined aquifer and is non-linear. We

can linearize Equation [18] by introducing h2 instead of h as the

variable (Verruijt, 1970). The second partial derivatives of h2 are:

[16]

[17]
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D 2 (h
2 ) 	a	 Bh

3x2	
[2h —ax = 2h	 ah 2--T + 2( — )

ax 	Dx

a 2 (h 2 )	 ah	 a 2h	 ah 2
ay2
	 - 77- Ph 77- = 2h	 2	2 (37)oy	 oy	 3y

	
[19]

For a homogeneous aquifer, K is a constant and using Equation [19] in

Equation [18] gives

K	 a 2h 2	
a
2
h
2

7 [	 2 ]	 N = °ax	 ay

and

I! V2h2 + N = 02

where

a 2 3 2

ax2 4. Dy2

is the Laplace operator. Bear (1972) gives an excellent discussion of

similar derivations for non-steady flows and also for anisotropic media.

He also considers cases when the bottom of the aquifer is not horizontal,

although he made no attempt to generalize. By assuming zero flow in the

y-direction, we can write Equation [20] as

K a 2 (h2 ) + N = 02	 2ax
[22]

Dupuit Ellipse 

When we have a horizontal, homogeneous, isotropic aquifer bounded

on two sides by streams or ditches of equal elevation, assumed to be

fully penetrating, and which also receives uniform infiltration from

[20]

[21]

V2 =
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above, the steady-state shape of the free surface is found to be part of

an ellipse (Figure 7).

In Figure 7, the quantity of recharge reaching the water table is

Q = NL, where N is the rate of recharge and L is the drain separation

considering unit width normal to the plane of the paper. Half of Q

discharges into each of the ditches. We have:

N[(L/2) - x] = (Q/L)[(L/2) - x] 	 [23 ]

From Darcy's law, the same amount in each direction of x is given

dhby Kh	
' 

and we have

Kh — = (Q/L)[(L/2) - x]dh
dx
	 [24]

Integrating Equation [24] with respect to x and determining the

constant of integration from the boundary conditions gives

h2 - a2 = (Q/KL)(Lx - x 2 )	 [25]

Since Q = NL, Equation [25 ] becomes

h
2 - a2 = (N/K)[Lx - x2 ]
	

[26]

Equations [25] and [26 ] are different forms of the classic D-F

ellipse (Kirkham, 1967) describing the steady-state, water table profile

between two ditches. The ellipse has foci F and F' at distances + c'

from the ellipse center 0', with c' given by

+ c' = + (a ,2 + b 2 ) 1/2

and

a' 2 = a2 (K/N + L2/4a2 )

[27]

[28]
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nn•••• nMINIMIND

SOIL SURFACE	 DITCHDITCH

RAIN ( I N FILTRATION )

Figure 7. Water Table Profile between Two Ditches (the Dupuit
Ellipse). -- After Kirkham (1967).

22
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where

a' = the semimajor axis;

b = the semiminor axis, O'C; and

C = the highest point on the ellipse (or water table).

To maintain the water at a height b, the equation of the stream

spacing is found by substituting h = b and x = L in Equation [26] to

give

L2 = ( —4K )(b 2 - a
2

)
	

[29]



CHAPTER 4

THEORETICAL DEVELOPMENT OF A GENERAL EQUATION

FOR THE WATER TABLE

Previous Work 

The problem of drainage has engaged the attention of several

authors who propose solutions to special cases. Schmid and Luthin (1964)

analyzed the problem of the water table in equilibrium with the rainfall

on sloping land. It was assumed that the parallel ditches are founded in

the impermeable layer. Childs (1971) and Towner (1975) analyzed essen-

tially the same problems, giving their own versions of solutions. These

solutions are not directly applicable to the problem of the water table

in equilibrium with rainfall on sloping land.

In applying the D-F approximations to ground-water flow over

sloping impermeable beds to transverse ditch drains in the presence of

uniform rainfall, Towner (1975) rightly noted that it is possible to

obtain analytical solutions, while Childs (1971) indicated that there was

no analytical solution except in a few special cases considered by

Wooding and Chapman (1966).

Attempts to find analytical expressions for the profile of the

water table have been frustrating on account of complex boundary condi-

tions and non-linearity of the resulting partial differential equations.

Some authors have suggested that such an equation is not important: "the

shape of the water table is not discovered, but usually this is not of

24
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great importance. The height at the highest point is the critical item

of the solution, and this is given" (Childs, 1969, p. 345).

The class of problems here considered is that of drainage of

groundwater in equilibrium with rainfall between two stream levels main-

tained at constant elevations and assumed to be fully penetrating. The

results are applicable to the problem of ditch drainage of lands.

Although the problem is familiar, the solution proposed is more general

than has heretofore been given in the literature. The equation is

reducible to those presented in the literature for simpler cases with the

introduction of appropriate boundary conditions. In the following treat-

ment, we shall be making reference to Figures la through ld.

Equation for the Water Table 

Figure ld shows two constant level streams in hydrodynamic

equilibrium with the unconfined water table aquifer which receives con-

stant uniform recharge from above. The aquifer is characterized by

variable thickness, i.e., the base of the aquifer is non-horizontal and

it need not be linear. The water table profile is constant in shape and

position with time.

Certain assumptions are made concerning the aquifer and ground-

water flow. The aquifer is assumed homogeneous and isotropic. It is

assumed that the position of the bed of the aquifer can be determined,

i.e., y = f(x) is known. The D-F assumptions are incorporated in the

derivation. The position of the ground-water divide need not be known,

and an expression is found for its location. The flow is assumed to obey

Darcy's law.
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The Darcy expression for the quantity of water, q(x), flowing

through unit width of the aquifer shown in Figure id is given by

ci(x) = - K(i - y) cd-14
	

[30]

where

(h - y) = saturated thickness of aquifer at x;

h = elevation of the water table above reference level, func-

tion of x;

y = elevation of bottom of aquifer above reference level, f(x);

and

K = hydraulic conductivity, constant.

Let the position of the divide be located at a point x = D, D

unknown. All the infiltration entering the region, 0 < x < D, flows in_

the negative x-direction towards the left stream or ditch, and all the

infiltration entering the region, D < x < L, flows in the positive

x-direction to the right stream. The line x = D is a no-flow boundary.

We can write the continuity expression for this condition as

q(x) = N(x - D)	 [31]

where N is the rate of infiltration reaching the water table in interval

considered and having the same length and time units as K in Equation

[30]. Combining Equations [30] and [31], we have

dh- K(h - y) — = N(x - D)dx

or

dh	 dh
dx Y dx =	 Œ(x D)

[32]

[33]



where

a = N/K

The integration of Equation [33] is given in Appendix A. The

result is

dy	 dyh = y + Vy2 + H + 2{g(x) + -f h( —)dx - f h( - )dx}12
	

dx	 Tx

[34]

where

xg(x) = - 1- ax2 + a x + (H2
2 

-	
2

H_ ) — - y H2	 1	 2L	 o 1
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[35]

and the position of the divide, D, is given by

D = -a 
+ — f h(	 )dx +aL aL	 dx	 2 [36]

For the general case (Figure 1d), Equation [34] gives the profile

of the water table elevation, h, implicitly in h. Solutions can be

obtained by trial and error or other methods. We shall see that the

equation reduces to those equations (explicit) usually presented for

special cases in this class of problems.

Comparison with Existing Analytic Equations 

If we make the bottom of the aquifer horizontal, as in Figures la

and lb, the equation of the water table is given by several authors, for

example, Verruijt (1970, p. 53) as

x Nh2 = H 1
2
 - (H

1
2 - H 2 2 ) IT + 	 x(L - x) [37]

Or



h = "Ad/H
1
2 - (H 1 2 - H2 2 ) lc- + N. x(L - x) L K

If we let y = 0 in Equations [35] and [34], and substitute Equation [35]

in Equation [34], the resulting expression can easily be shown to reduce

to Equation [38].

The simplest case in this class of problems is when H 1 = H2 = H

and the bottom of the aquifer is horizontal, i.e., y = 0. By substituting

these conditions in Equation [38] we get
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h= [39]

This particular case lends itself to an alternative solution, by

solving the governing equation (Equation [40]), which is a Poisson equa-

tion in h, by introduction of appropriate boundary conditions (Bear,

1972, p. 377):

K 2 2—V h + N = 02 [40]

Equation [40] is a second-order, ordinary linear differential equation,

the general solution of which in this case (one-dimensional flow) is

Nh2 = - -77 x2 + Ax + BK

where the constants A and B can be determined from the boundary condi-

tions at x = 0, h = H, and H2 = B. Equation [41] then becomes

h2 = - —N x2 + Ax + H2

Introduction of the boundary conditions at x = L, where h = H gives

NH2 = - —
K L

2 + AL + H 2

[41]

from which



A = L

and

N 2 Nh
2 
= - x + Lx + H2

[42]

Finally,

Nh =	 2 + T x(L - x)	 [43]

which we found from our more general Equation [34] by introducing

appropriate boundary conditions.
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CHAPTER 5

ITERATIVE SCHEMES FOR NUMERICAL SOLUTION

OF GENERAL EQUATION

Computational Algorithm 

Even though the equation developed for the water table in the

general case reduces to an explicit equation for simple cases, the

implicit nature of the expression for the water table elevation, h, sug-

gests that an algorithm be developed for finding solutions to numerical

problems. For Equation [34] on page 27, one may employ the Newton-

Raphson method or an alternative scheme devised by the author. The

Newton-Raphson scheme (described later) was found to converge much faster

than that described presently. The algorithm is presented because of its

simplicity. The only condition required is that the equation be correct:

1. Choose a point x at which h is to be calculated. Determine the

gradient of the base of the aquifer from the function y = f(x) at

this point.

2. Next, choose (or guess) a value for h. Call this hn. A good

guess is an estimate of h found for the explicit equation when

the base is taken as horizontal.

3. Substitute hn on the right-hand side of Equation [34] and

evaluate. Call the evaluation h
n+1 .
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4. Compare h
n and hn+1. If !hn+1 - hn 1 does not satisfy a pre-

scribed error tolerance, take h
n+1 as new hn and repeat steps 2,

3, and 4 until a satisfactory value is found.

Newton-Raphson Method 

The next iterative scheme to be described is the Newton-Raphson

method (McCracken and Dorn, 1964, pp. 133-135). If Equation [34] is

written in the form F(h) = 0, and h
0 is the initial guessed estimate of

h, the conditions for convergence of the Newton-Raphson iterative scheme

can be stated as:

1. h0 is sufficiently close to the solution F(h) = 0.

2. F"(h) does not become excessively large.

3. F' (h) is not too close to zero.

The first condition presupposes that one has an idea of the true

solution. Since the equation reduces to an explicit expression for a

horizontal bottom aquifer, this condition is assumed and the solution

given in this case is taken as our initial guessed estimate, h o . The

second condition is always satisfied. On differentiating F(h) with

respect to x, twice we see that F"(h) = 1. The third condition requires

that F' (h) not be too close to zero. Since F' (h) = h - ex, this condi-

tion requires that h - 8x be removed from zero. An exit is provided in

the program whenever the combination of h, 8, and x gets arbitrarily

close to zero. Program listings based on this algorithm are given in

Appendix C.



CHAPTER 6

COMPARISON WITH A NUMERICAL MODEL

Neuman and Witherspoon (1970a) proposed a finite element method

(based on variational principles) of analyzing steady seepage with a free

surface. The position of the free surface is determined as part of the

solution, and any seepage faces which may develop are accounted for. A

numerical program, FREESURF I, henceforth FS-1, based on the proposed

finite element method, was developed by Neuman and is listed in Neuman

and Witherspoon (1973).

Equation [34], derived by the author for predicting the position

of the free surface for steady unconfined ground-water flow, depends on

the D-F approximations. The computer program for obtaining the free

surface based on this equation is given in Appendix C. The assumptions

of D-F theory limit the applicability of this program to systems in which

the flows are mostly horizontal. Consequently, it is not possible to

obtain actual flow patterns. Furthermore, any seepage faces which may

develop are neglected in the solution. FS-1 is free from the assumptions

and limitations of D-F theory, and the program maps the distribution of

potentials throughout the flow region. Hence, it is possible to map

actual flow patterns and detect seepage faces which may develop. One

consequence of D-F theory is the assumption of constant head at the side

boundaries. However, using FS-1, one may impose either of two different

side boundary conditions -- constant head or constant flux. Comparison
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of water level profiles obtained in both cases are only slightly differ-

ent, although the distribution of equipotentials (as well as flow

patterns) were very much different.

FS-1 was used to obtain solutions to some of the cases considered

in this thesis, for purposes of comparison. In the process, however, two

constraints were encountered in using FS-1 for solving these cases. The

results were found to be sensitive, both to the type of boundary condi-

tions imposed at the sides and to the size of the finite element mesh

chosen. The size of the finite element mesh is the more critical of the

two constraints.

Since the results obtained are highly dependent on the mesh size,

it becomes necessary first to determine an optimal mesh size if meaningful

comparisons are to be made with the solutions obtained from the author's

analytical expression. Since the determination of such optimal mesh size

is outside the scope of this thesis, it suffices to use the results

obtained for two mesh sizes to illustrate the dependence of the results

on the mesh size (and boundary conditions) and how such results compare

with the author's. Table 1 shows this comparison. For a much smaller

mesh size than the one used in Table 1, and with a partially penetrating

boundary condition, FS-1 gives identical results to D-F theory (h max =

538.44, compared with hmax = 538.52 for D-F, for H/L = 0.002).

A secondary constraint stemming from choosing smaller mesh sizes

is that the computer storage required in several examples is beyond the

capacity of the central core memory of the University of Arizona Computer

Center's CDC 6400 computer. Furthermore, the time and effort required to



Table 1. Comparison of Analytical Results with Numerical Results
of FS-1.

H/L

D-F
Constant Head

Boundary

FS-1
Constant Head

Boundary

FS-1
Constant Flux

Boundary

100,000 0.002 538.52 356.33 420.60

50,000 0.004 320.16 301.34 346.55

20,000 0.010 223.61 219.69 219.94

10,000 0.020 206.16 205.31 210.16

5,000 0.040 201.56 202.73 205.20

2,000 0.100 200.25 201.13 202.13
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set up each problem could not be spared as part of the present study.

The comparison between the numerical results given by FS-1 and D-F theory

is in agreement to within 10%, even for the maximum difference for H =

0.004. The results are expected to be in better agreement with an optimal

mesh size. Refer to Figure la for symbols.

Limits of Validity of Proposed Equation 

At the beginning of this research, the author hoped to be able to

establish some practical limits on the range of validity of the analyti-

cal expression (Equation [34]) by comparing the results given by the D-F

based analytical expression with results given by other methods.

Analytical methods have been the only means of solving free surface

ground-water flow problems until fairly recently when numerical methods

have been applied. It has often been possible to check analytical or

numerical mathematical solutions to flow problems against physical models

of one kind or another (Hele-Shaw models, sand-box models, etc.). In

this case, however, there seems to be no report in the literature of a

physical model that corresponds to the cases treated in this thesis.

The author attempted a comparison with numerical solutions

obtained with FS-1. However, after many hours in the Computer Center,

and for reasons outlined below, it turned out that to do so would involve

much more time and effort than was available for this thesis. FS-1 was

written to handle a broader class of problems than the specific example

considered in this thesis. First, FS-1 gives results that vary with the

mesh size chosen. For this reason, an optimal solution has to be defined

based on some objective criterion. Second, the method requires
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considerable core memory space on the computer, which, in several cases,

exceeded the capacity of the University of Arizona Computer Center's CDC

6400 computer. These limitations could not be overcome in the time

available and so the author was unable to complete the task of setting

practical limits on the range of validity of the proposed analytical

equation.

Further work should be done with FS-1 and other numerical solu-

tions which may be developed to try and establish limits on the range of

validity of D-F based solutions. Cabrera and Marino (1976) have already

started along these lines by proposing a finite element solution, based

on Neuman and Witherspoon (1970b, 1971), for analyzing recharge to a

stream-aquifer system with a free surface resting on a horizontal base

aquifer (Figure la). This work could possibly be extended to include

aquifers resting on any type of base, inclined or irregular as depicted

in Figure id for which an analytical solution based on D-F theory has

just been proposed as part of this thesis.



CHAPTER 7

DIMENSIONLESS TYPE CURVES

As previously outlined in Chapter 4, Equation [34] may be solved

by computer and a listing of a program to do so is given in Appendix C.

However, to provide solutions for many cases of practical interest, the

author prepared a series of dimensionless type curves. The interested

reader with access to a computer may, of course, obtain particular solu-

tions not covered by these curves or develop additional curves as may be

needed. Two categories of solutions are given:

1. For aquifers on a horizontal base with unequal side boundaries

(Figure lb), find magnitude and location of point of maximum

elevation of water table. Aquifers with equal side boundaries

(Figure la) represent a limiting case.

2. For aquifers on a linear sloping base with unequal side

boundaries (Figure lc), find magnitude and location of point of

maximum elevation of water table. Aquifers with equal side

boundaries but still resting on a linear sloping base also belong

to this group.

The dimensionless variables are:

H 1	 HD x
x =	 ; h

D 
= —
h 

'• Hl = — '• H2 =	 •' and P = —KL	 L	 L 
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where

h = elevation of the water table above reference level, function

of x;

H1 = height of the left base level above the given horizontal datum;

H
2 = height of the right base level above the given horizontal datum;

N = the rate of replenishment (recharge);

K = hydraulic conductivity of the aquifer; and

L = horizontal distance between the two base levels.

In addition, e is the slope of the base of the aquifer expressed as the

tangent of the angle formed by the intersection of the base with the

horizontal.

Curves for a Horizontal Base 

Figures 8, 9, and 10 were prepared to find the magnitude and

location of point of maximum elevation of water table. The location,

XMAX, is given by the formula

11XMAX =	 +	 Lr K (H2 2 - H12 )]

If we define A = H22 - H12 and P = —' Equation [44] can be written as
K 

1	 1	 A
XMAX = -2- +	 ( T.; ) [45]

The magnitude of h at this point, hMAX, is given by the formula

2hMAX
2 = H1 + (A + P)

1
When H1 = H2 = H, A = 0, and, from Equation [44 ] , XMAX = -2- always. The

corresponding formula for hMAX in this case, on substituting A = 0 and

H1 = H in Equation [46], is

[44]

2

4P
[46]
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Figure 10. Plot of B vs. A for Various Values of P.



hMAX2 = H2 + —1 p
4

Figure 8 gives the logarithm of hMAX (ordinate) as a function of H

(abscissa) for various values of P ranging between 10-4 and 1.0. Kirkham

(1967) uses values of P in the range l0 	0.56 in his paper.

When A 0, the formulae for XMAX and hMAX are given by Equations

[44]and [45], respectively. Figure 9 gives XMAX (ordinate) as a func-

tion of the logarithm of A/P (abscissa). XMAX varies with A/P as can be

seen by inspection of Equation [45]. When A/P = 1, log (A/P) = 0, and

XMAX = 1. This means that the divide has moved up to the right base

level. Figure 10 gives log B as a function of log A for various values

of P, where

B = hMAX2 - H12

A = H12 - H22 , and

P = N/K.

All logarithms are to base 10. The derivations of Equations [44] and

[45]are given in Appendix B, following the derivation of the general

formula for h.

Curves for a Sloping Base 

The corresponding expressions for XMAX and hMAX in the case of

aquifers with a sloping base is much more complicated than those for

aquifers with a horizontal base. The extra parameter here is e, the

slope of the base of the aquifer expressed as the tangent of the angle
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formed by the intersection of the base with the horizontal. The

expression for XMAX is

XMAX = 1-+	 (	 - 1-12( 2-) + hMAX( -9-)2	 2	 P
	 [48]

This formula suggests a relationship between XMAX and a combina-

tion of A/P, e/P, and hMAX. When H1 = H2 . H, A = 0, and we can plot

values of XMAX vs. e for a chosen P and H. This case is represented by

putting A = 0 in the above equation. Then

XMAX = 2 -	 ) + hMAX( 
2
-)
	

[49]

Figure 11 was prepared for P = 10 -3 . Similar plots can be prepared for

other values of P. It shows a variation of XMAX vs. e for various H

values (0.1 to 1.0). Other values of H can be interpolated on the plot.

The limiting slope considered in each case is for e = H. The formula for

hMAX is quite complex, but to a first approximation hMAX can be calculated

from the above expression once the value of XMAX is known from the type

curve. The expression we have for hMAX is

2 hMAX2 - e • XMAX•hMAX + 	 (XMAX2 - XMAX) - z A• MAXz 

	

+ H 2 -e	 1•xmAx - H 1
2 = o

We use the Newton-Raphson method to solve this expression for

hMAX for various values of A, P, and A. The program calculates both XMAX

and hMAX. No simple relationship was found between hMAX and the other

variables. A = 0 corresponds to the XMAX given above, and A 0

corresponds to unequal heights of the base levels H1 H2 . Of course,

the reader can plot a set of curves for the range of values of interest
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from the values obtained from the computer program, along the lines of

the above discussion. Appendix B contains a development of the above

formula from the general expression for h.
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CHAPTER 8

DISCUSSION

While the problem of drainage over sloping lands has been investi-

gated by few authors (Schmid and Luthin, 1964; Childs, 1971; Towner,

1975), their individual efforts have been relatively problem-specific and

are, therefore, restricted in application to ditches buried on the

impermeable sloping base. The results and solutions are not applicable

to the cases considered in this thesis; namely, the problem of predicting

the water table profile between two base levels. These researchers, for

example Towner (1975), consider equidistant parallel ditches traversing

the slope and penetrating to the impermeable bed (Figure 12).

Schmid and Luthin (1964) had presented solutions to problems in

this category, but according to Towner (1975) they had incorrectly

assumed that the equipotentials were vertical, rather than perpendicular

to the sloping bed (Figure 13).

The assumption of vertical equipotentials is a consequence of D-F

theory, when extended to the case of non-horizontal beds. Even when D-F

theory (with its assumptions) is applied to an unconfined aquifer with a

horizontal base, it leads to the paradoxes explained in Chapter 2.

The extension of D-F theory to non-horizontal beds stretches the

theory a little and even Towner's inference that the equipotentials are

perpendicular to the sloping bed cannot be valid. Since the flow lines

(including the free surface, under steady-state conditions) are neither
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Figure 12. Cross-Section of the Groundwater between Drains on a
Sloping Bed. -- From Towner (1975).
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Figure 13. Example of Flow toward Two Ditches Located on a Hillside. --
The shape of the water table is calculated according to the
formula p/k = 0.25 and a = 1 (Schmid and Luthin, 1964).
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simple horizontal lines, in the case of horizontal beds (one of the

assumptions of D-F theory), nor parallel to the sloping beds (implied

extension of D-F theory), the distribution of equipotentials cannot be

simply described as perpendicular to the beds, horizontal or sloping.

There is no universal critical slope at which D-F theory breaks

down completely. Schmid and Luthin (1964) concluded that, at high values

of P/K (N/K in this thesis), the slope factor does not cause much devia-

tion from the formula for flat land. Slope becomes more important at the

smaller values of P/K.

While it is expected that solutions based on D-F theory will

become increasingly poor as an approximation as vertical flow components

dominate the flow regime, this will be offset by an increased rate of

recharge, and, as such, a critical angle of slope will depend on the rate

of recharge.

In general, workers in this area have confirmed the expectation

that, as slope increases, the results obtained by application of D-F

theory depart from that obtained by other exact methods. Wooding and

Chapman (1966) give a plot (reproduced in Figure 14) showing the

divergence of D-F results, their Equation 8, and the results obtained by

conformal mapping. The critical slope for the particular case they

examined appears to be 20 0 , with P/K 0.3, as shown in Figure 14.

Equation [34], presented as part of this thesis, reduces to

others specifically derived for simpler cases and gives the same results.

FREESURF I (FS-1) was also used to obtain comparable results for these

special cases. The results obtained in the more general case could not
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Figure 14. Critical Rate of Replenishment. -- p (= P/K) expressed as a
function of slope a of the impermeable layer for the exact
solution and solution of equation 6 (solid line) and for
equation 8 (dashed line) (Wooding and Chapman, 1966).
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be compared with other analytical results as they do not exist in the

literature reviewed.
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CHAPTER 9

CONCLUSIONS

A generalized equation has been derived for predicting the shape

of the water table between two base levels, with aquifers resting on non-

horizontal bases in mind. The equation reduces to those obtained in the

literature for less complex aquifer geometry, when appropriate boundary

conditions are introduced. The results obtained in both instances are

then comparable.

For an aquifer resting on a horizontal base, the solution for the

water table is explicit. The solution for aquifers resting on non-

horizontal bases is implicit and an iterative scheme was developed,

employing the Newton-Raphson method, for obtaining numerical solutions.

In both cases, type curves were developed to facilitate deter-

mination of the maximum height of the water table and its location, for

various values of the variables H 1 , H2 , L, e, N, and K. The knowledge of

the maximum height of the water table and its position is of practical

importance in drainage design problems and aquifer studies.

Similar type curves can be prepared for other values of the

variables of interest to the researcher by following the procedures out-

lined in the text (Chapter 5).

These results are necessarily constrained by the validity of the

assumptions of D-F theory on which they are based. The range of validity
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of D-F solutions has not been established in the literature. It is

recommended that this topic be pursued in order to define the range over

which D-F solutions can be relied upon.



APPENDIX A

DERIVATION OF THE EXPRESSION FOR h

Equations [30] through [33] are taken from the text (page 26)

where all the quantities are defined:

dhq(x) = - K(h - y)
	 [30]

q(x) = N(x - D)	 [31]

dh- K(h - y) TT( = N(x - D)	 [32]

dh	 dh
" dx	 dx =	 a(x	D)	 [33]

where a = N/K.

Rewriting Equation [33], we have

d	 1 2
7	 h ) - y	 = d	 r 1 2

73 dx	 dx {c".	 x - D x) }

Integrating with respect to x,

2
h - yh + f h(	 )dx =- 1

	 2
dx	

ax + aDx + constant
o

1
When x = 0, y(x) = y(0), h(x) = H1 , and constant = H 1

2 - y(0)H 1

1 2-2- h - yh + f	 )dx =- 1 
ax2	 1	 2

+ aDx + H 1 - y(0)H
dx	 1

o

When x = L, Y(x) = y(L), and h(x) = H2

1	 2T H2 - y(L)H, + f h( c-1-21
dx

 )dx = -	 aL2 + aDL +	 H 1 2

	

z	
- y(0)H i

o
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and

1	 2	 1	 2aDL = H2 -	 + y(0)H
1 - y(L)H

2 
+ f h( —

dy 
)dx + aL

2
	dx 	 2o

If we group constant terms together, we can define

1	 2	 1	 2f3 = T H2 - T 	+ y(0)11 1 - y(L)H2

1
=	 (H2

2
 - H 1

2
) - (y(L)H

2 
- y(0)H }

1

ŒDL =	 + h(	 )dx + Œ L 2
dx	 2o

where

dD=13-7+17-1h(
d.
d
.
y
x

)x+ h.

	

ab	 2o

Since we have

1 2	 dy	
-	 ax 2	 1	 2

dx
T h - yh + f h( — )dx =	 + aDx + -2- H 1 - y(0)H

1
o 2

we can substitute for D

1

	

x	 2	 a1 2.T h - yh + f h( `-=.21- )dx =	
L

-
dx	 Tax + T x+ f h (	 ) dX

dX

	

0	 0

1
+ a —

L x + T H
1

2 - y(0)H
12
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Or

and

Substituting for 13, we have
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1 2
-2- h - yh + f h( c-11.- )dx _ 1	 2 	1	 2

dx	 2 ax	a T X + H1 - y(0)H 1
o

+ 2-17 (H2
2 - H

1 
2 ) - x- {y(L)H

2 - y(0)H1 1

d
+	 f h( v 

)dx

	

L	 dx

This is the form of the expression which is programmed in Chapter 5. The

expression above can be simplified further to make it similar to the form

quoted in Chapter 4. If we define a function of x

1	 a	 xg(x) = - 
2- ax

2
 + — Lx + (H2

2 - H1
2 ) — - y(0)H

12 	 2L

- {y(L)H2 - y(0)H 1 l )1,-!

L1 h 2 - yh + f h( dy- )dx = g(x)	 1	 2	 x

	

+	 H	 +	 f h( s-r- )dx2	 dx	 2. 1	 o	 dx

x
h
2 
- yh = 4 H1 2 + g(x) + z-x f h( —

dy )dx - f h( -"1- )dx
2	 dx	 dx

	

2x	 dy	 -h2 - 2yh = H + 2g(x) +	 ) dxh( —dx )dx - 2 f 
h(

12
	

dx

Completing the squares

dy
Ch - y)

2 
= y

2 
+ H1

2 + 2{g(x) + 2S- f h(	 )dx - f h( —dx )dx} dx

Finally,

dy—h = Y + Vy
2 
+ H + 2g(x)	

f h(	
)d	 f h(	 )dx}

o odx x 	dx1
2

then

and



APPENDIX B

DIMENSIONLESS FORMS OF EXPRESSION FOR AQUIFERS

HAVING A SLOPING BASE

The form of the general expression programmed in Chapter 5 is

1	
x

17h2
 - yh + f h( -c-/L )dx = - T ax2

 + a 12-' x + 1.-H 1 2 - y(0)H 1dx
o

x (H 2 _ H 
1 2

) _
2L	 2	

{y(L)H2 - y(0)14 1 1

dy
+	 f h( -d—x- )dx

In order to simplify the following derivation without sacrificing the

generality of the results, we assume that y varies as a known function of

x (assumed linear). Then,

y = ex ,	 = 8
dx

y(0) = 0 ,	 y(L) = AL

If we assume that the above expression in h is satisfied by a given h, we

can bring h outside the integral and, substituting for y, y(0), y(L) and

we obtain
dx'

1	 1 _	 2 x	 1	 2
— h

2 
- xh = 7- (Lx - 

x2 ) + 7c'
2	 z	 (H22 - H1 )	 - H2 ex +	 H 1

This equation can be written in a dimensionless form, if we define

h H1	
H2h = — • X =	 • H1 =	 • and H2 =L' 	' 	 L

as
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1 2	 a	 2	 1	 2F(h) = — h - 6X1-1 +	 - X) -	 (H2 - H1 2 )X + H28X - —
1 

H1
2

2	 2

=0

Taking derivatives with respect to X we have

dF	 dh	 dh	 a	 1
dX = h 	 Ox	 T(7, -x- - eh - -2- (1 - 2X) -	 (H2

2
 - H12 ) + H26 =

When 21_11
dX 

0
' h = hMAX and X = XMAX

-OhMAX -	 (1 - 2XMAX) -4(H22 -H12 ) + H28 = 02

and

1
XMAX = 2— + 2— a(H2

2 
- H1

2
) - H2( —

a 
) + hMAX( —

a 
)

We can back substitute XMAX in F(h) for an expression for hMAX, and

1
F(hMAX) = 2 hMAX2 

- OXMAX-hMAX +
1. 

(XMAX2 - XMAX)
 2

- 

1
 (H2

2 - H12
)XMAX + H2OXMAX - 

2
 H12

=0

Both the last two expressions were referred to in the text (Chapter 2)

where P = a and A = (H22 - H12).

Aquifers Having a Horizontal Base 

The corresponding formulas for XMAX and hMAX in the case of

aquifers having a horizontal base follows easily from the above by

substituting 6 = 0 everywhere:

1	 1XMAX = 2— + 
2
 (H2

2
 - H12

hMAX
2 

= H1
2 

- XMAX(H12 
- H22

) + a(XMAX - XMAX
2

)
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PROGRAM LISTINGS
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PROGRAM WTABLE	 73/73	 OPT=0 TRACE	 FTN 4.6+420

PROGRAM WTABLE(INPUT,OUTPUT,TAPE1=INPUT,TAPE2=OUTPUT)
C	 WTABLE IS WRITTEN IN FORTRAN IV TO SOLVE EQUATION 34
C	 ON PAGE 27 OF THIS THESIS. DERIVATION OF EQUATION 34
C	 IS GIVEN IN APPENDIX A. BECAUSE OF THE IMPLICIT NATURE
C	 OF THIS EQUATION, THE NEWTON-RAPHSON ITERATIVE SCHEME
C	 IS EMPLOYED TO SOLVE FOR THE WATER TABLE ELEVATION.

C	 H1 . ELEVATION OF THE LEFT BASE LEVEL
C	 H2 = ELEVATION OF THE RIGHT BASE LEVEL
C	 P = RATE OF INFILTRATION ON THE WATER TABLE
C	 CX . HYDRAULIC CONDUCTIVITY
C	 XL = DISTANCE BETWEEN THE TWO BASE LEVELS
C	 SLOPE . SLOPE OF THE BOTTOM OF THE AQUIFER
C	 NN	 = NUMBER OF PROFILES TO BE CALCULATED
C	 DEL	 = XL	 NUMBER OF PLACES WATER TABLE ELEVATION
C	 WILL BE CALCULATED
C	 ERR/ . ERROR TOLERANCE FACTOR
C	 ITMAX = MAXIMUM NUMBER OF ITERATIONS

F(A) = (0.5*A**2)-(SLOPE*I*A)-(0.5*P/CK)*(XL*X-X**2)
8-0 . 5* (H 2**2- R 1 **2)*X/XL+(H2*SLOPE*X)-(0.5*H1**2)

FP(A) = A-(SLOPE*X)
ITMAX = 100
DEL	 0.05
ERRT = 0.00000001
READ(1,1001) NN
DO 100 I = 1,NN

• READ INPUT DATA
30	C	 PRINT INPUT DATA

READ(1,1003) H1,H2,XL,SLOPE,P,CK
WRITE(2,2001)
WRITE(2,2003) H1,H2,XL,SLOPE,P,CK

35
	

WRITE (2,2005)
WRITE(2,2007) X,H1,ITER

X = DEL*XL
ITER = 0

40
	

ZOLD	 H1
ZSTART=H1

• NEWTON-RAPHSON ITERATIVE SCHEME

45	 10 ZNEW	 ZOLD - F(ZOLD)/FP(ZOLD)
ITER = ITER + 1
IF(ABS(F(ZNEW)) .LE.ERRT*ABS(F(ZSTART))) GO TO 20
ZOLD = ZNEW
IF(ITER.GT./TMAX) GO TO 30

50	 GO 10 10
• WRITE CALCULATED VALUE OF WATER TABLE

20 WRITE(2,2007) X,ZNEW,ITER
IF(X.GE.IL) GO TO 100

1

5

le

15

20

25
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PR3GRAR WTABLE	 73/73	 OPT=0 TRACE	 FEN 4.6+423

X = I + DEL*XL
55	 ZSTART = ZNEW

ZOLD	 = ZNEW
'TER	 = 0
GO TO 10
MAXIMUM NUMBER OF ITERATIONS EXCEEDED

60	 30 WRITE(2,2009)
131 CONTINUE

1331 FORMAT(I2)
1003 FO3MAT(2F7.2,F9.2,F8.5,F5.3,F9.2)

65	 2301 FORMAT(1H1,17X,2HH1,13X,2HH2,8X,6HEXTENT,8X,5HSLOPE,
59X, 1HP, 12X,2HCI(.1)

2)33 FORMAT(10X,F10.2,5X,F10.2,5X,F9.2,5X,F8.5,5X,F5.3,5X,
$F9.2,//)

2335 FORMAT(28X,1HX,11X,1HH,4X,4HITER,/)
70	 2007 FOREAT(20X,F9.2,5X,F7.2,5X,I3,/)

2139 FORMAT (38H MAXIMUM NUMBER OF ITERATIONS EXCEEDED)

STOP
END
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