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ABSTRACT

One of the most frequently reported problems in the automatic

calibration of conceptual rainfall-runoff (CRR) models is the inability

to identify a unique and conceptually realistic parameter set for a

model in use on a particular watershed. Sorooshian and Gupta

[1983,1985] and Gupta and Sorooshian [1983] have shown that model struc-

ture can be largely responsible for this problem. This thesis extends

this work by further investigating calibration problems resulting from

model structure, particularly when the CRR model contains one or more

threshold elements. Two aspects of this problem were addressed. In the

first, the practice of modeling nonlinear processes with linear models

is analyzed. In the second, reparameterization techniques to improve

parameter identifiability (Gupta and Sorooshian [1983]; Sorooshian and

Gupta [1985]) are demonstrated on a four-parameter simplified CRR model.

The results of these studies show that the parameter identification

procedure can in fact be hindered by model structure and that the inter-

dependence of model structure and parameter estimation methodologies

must be considered by CRR model users and developers if automatic cali-

bration is to be successful.

ix



CHAPTER 1

INTRODUCTION

Over the past few decades, advances in high technology have made

access to computing facilities both inexpensive and easily obtainable.

With this increased access, hydrologists have witnessed the evolution of

a new breed of hydrologic models, known as conceptual rainfall-runoff

(CRR) models (see for example, the Stanford model, Crawford and Linsley,

[1966]; Sacremento model, Burnash et al., [1973]). By simulating the

physical processes involved in the rainfall-runoff relationship, CRR

models can predict, for example, river flow volume given specific input

data.

According to Sorooshian and Gupta [1983], a typical CRR model

structure recognizes the existence of two vertically stratified soil

zones (an upper and lower zone commonly modeled by linear reservoirs)

related by the percolation process. The operations occurring on the

watershed are then represented by mathematical expressions linking the

elements of the model together (e.g. interception of rainfall, infiltra-

tion from surface to upper zone, percolation from upper to lower zone,

lateral subsurface flow from upper zone, etc).

Calibration and Verification of CRR Models 

The structure of most CRR models is such that they can be used

for forecasting on a number of different watersheds (of various sizes

and locations) provided that they are first calibrated for use on the

1
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basin of interest. Calibration simply means that the parameters of the

model equations are adjusted until the best representation of the physi-

cal processes occurring on the chosen watershed is obtained (i.e. until

the closest possible fit between model simulated and observed data is

obtained, given a particular input sequence and the corresponding

observed output for comparison). Sorooshian and Arfi [1982] point out

that the most critical aspect of the modeling process may be calibra-

tion, for even the most conceptually realistic and sophisticated model

may yield poor forecasts when improperly calibrated. Sorooshian et al.

[1983] note that the reliability of operational CRR models is highly

dependent on the adequacy of the calibration procedure.

Calibration can be achieved either manually or automatically.

In manual calibration, the experience and intuition of the local hydrol-

ogist, thoroughly familiar with the watershed and perhaps the model, is

required to adjust the parameters in a highly subjective, often time

consuming process. According to Sorooshian and Gupta [1983], in automa-

tic calibration, the capabilities and speed of the computer are utilized

to adjust the parameter values based on some mathematical error func-

tion, or estimation criterion, which is a direct or indirect function of

the parameters. An optimization algorithm, which seeks to optimize

(maximize or minimize as appropriate) the selected criterion, is re-

quired as well. In both manual and automatic calibration, a data set

representative of the various phenomena occurring on the basin is re-

quired. They also define the goal of calibration as obtaining a unique

and conceptually realistic parameter set which closely represents our

understanding of the physical system and gives the best possible fit
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between the model simulated and the observed hydrograph (for the

calibration data).

After a model has been calibrated, its performance should be

checked by a procedure known as verification. Using the parameters

determined by the optimization algorithm for the calibration data set,

the model's forecasting ability is investigated by a series of trial

"forecasts", on a data set other than that used in calibration (but

having similar characteristics). If the results of verification are

deemed satisfactory then the model is ready for a series of forecasting

runs and analysis of results to validate its operational status. As

Alley et al. [1980] note, the thoroughness of the calibration and

verification effort largely determines the credibility of a given model.

Problems with Automatic Calibration 

Although the procedure for rendering a particular CRR model

operational for a given basin sounds straightforward, many researchers

have reported problems with the calibration phase, particularly automa-

tic calibration. Gupta and Sorooshian [1983] report that the most

important problem reported in the automatic calibration of CRR models is

the inability to obtain unique and conceptually realistic parameter

estimates (see for example, Ibbitt [1970], Johnston and Pilgrim [1976],

Pickup [1977], Brazil and Hudlow [1981], and Sorooshian et al. [1983]).

If more than one "optimal" parameter set is obtained for different data

sets (assuming that the sets are equally representative of the events

occurring on the basin) then the problem of which parameter set to use

for forecasting arises. These calibration problems will lead to unre-
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liable forecasts -- a distressing consequence which means that the full

potential of CRR models cannot be realized by practicing engineers and

hydrologists. Recent research by Sorooshian and Gupta [1983,1985], and

Gupta and Sorooshian [1983] has identified a number of probable causes

of these difficulties, all of which affect the estimation procedure by

their influence on the response surface (discussed below) a key element

in the search methodology.

The elements of an automatic parameter estimation methodology

include:

a.) an estimation criterion;

b.)an optimization algorithm;

c.)a data set; and

d.)a verification procedure.

The optimization algorithm searches for the optimal parameter set over

the response surface (in the n-dimensional parameter space) generated by

the chosen estimation criterion and the given data set [Sorooshian and

Arfi, 1982]. Therefore, any irregularities encountered on the response

surface may lead to difficulties in identifying an optimal parameter

set, which in turn may lead to erroneous forecasts. Past research

(Ibbitt and O'Donnell, [1971]; Johnston and Pilgrim, [1976]) has shown

that these problems include parameter interaction, indifference of the

chosen criterion to values of threshold-type parameters, discontinuities

of the response surface, and the presence of local optima due to the

nonconvexity of the surface. (A well shaped response surface, in two

dimensions for example, if mapped like topography, would ideally consist
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of concentric circular contours, with a minimum criterion value at the

optimal parameter set.) Sorooshian and Gupta [1983] have identified

three major areas responsible for the above irregularities, including:

a.)model structural representation;

b.) data and their associated measurement
errors; and

c.) imperfect representation of the physical
process by the model.

A review of how the above affect the response surface shape will reveal

the manner in which they create calibration problems.

Problems Related to Model Structure

Sorooshian et al.[1983] reported the inability to obtain a

unique parameter set after calibrating the soil moisture accounting

model of the U.S. National Weather Service river forecast system (SMA-

NWSRFS) (see Peck [1976]) with three different years (wet, average, and

dry) of daily data. This prompted questions about whether the param-

eters varied seasonally, followed some type of trend, or whether the

model structure itself lead to parameter interaction and nonuniqueness.

An investigation of this latter question by Sorooshian and Gupta [1983]

showed that in fact, the evolution of CRR models has been greatly in-

fluenced by the computer languages they have been programmed in (e.g.

Fortran). More specifically, they found that certain watershed subpro-

cess equations have been modified and reparameterized to facilitate

their programming, rather than the estimation procedures used to identi-

fy their parameters. They cited the SMA-NWSRFS parameterization of the

percolation process and showed (in a controlled study using synthetic
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data) that it was responsible for the persistence of an extended valley

in the Z-X (two parameters found only in the percolation equation)

parameter space. After further study, their conclusion was that the

valley's presence was due solely to the structural representation of the

percolation function (i.e. it was inherent in the model structure), and

that identification of a unique parameter set through calibration

(manual or automatic) was therefore impossible. As Gupta [1982] noted,

the NWS percolation equation is similar to the Horton infiltration

equation, variations of which are used in many CRR models: therefore,

similar structural problems are thought to exist in currently operation-

al CRR models.

To solve this nonuniqueness problem, Gupta and Sorooshian [1983]

reparameterized the SMA-NWSRFS percolation equation, replacing Z with a

new parameter A, without changing the structural integrity of the model.

They demonstrated that it was possible to eradicate the elongated valley

and replace it (after rescaling the new parameter) with circular con-

tours, thus helping rather than hindering the estimation procedure. As

a result of this research, Sorooshian and Gupta [1983] had "demonstrated

that inadequacies in the structure of the models and the automatic

techniques used to calibrate them are primarily responsible for" the

inability to find a unique parameter set through calibration.

Other problems related to model structure reported by Sorooshian

and Gupta [1983] are caused by the imperfect representation of the

physical process by the model. In general, most existing CRR models

are simplified nonlinear, lumped parameter, time invariant, discontin-

uous representations of a complex nonlinear, distributed parameter,
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time variant, and continuous system." Obviously the estimation effort

will be affected by the degree of seriousness of these simplifying

assumptions.

Finally, the presence of threshold parameters leads to problems

both conceptually and operationally. Conceptually, abrupt thresholds

are rarely found in nature, and their presence in CRR models is probably

due to ease of computer programming. Operationally, the identification

of "true" values of threshold parameters is highly data dependent -- the

more the threshold is activated by the data, the more confidence one can

place in its estimate. If, for example, a particular data set activates

a threshold parameter only a small percentage of the time, its value can

be estimated with relatively little confidence. Consequently, the

parameters that interact with the threshold will be poorly identified as

well (see Sorooshian and Gupta [1983] for details).

Problems Related to Data

Sorooshian et al. [1983] report that the success of any calibra-

tion effort is highly dependent on the nature of the data used. This

brings up the question of quality versus quantity of data used. It is

generally accepted that calibration data should be as representative of

the various phenomena occurring on the watershed as possible, thereby

containing the most available information on the system. If such varied

data can be obtained, then there is a greater probabiltiy that all model •

parameters will be activated. The results of poorly activating data are

clear when one considers threshold parameters.



8

Consider the two parameter linear reservoir with threshold shown

in Figure 1. This element is found in a number of CRR models represen-

ting upper or lower zone moisture storage. If the threshold parameter,

M, (unit:length L) representing the height of the reservoir, is never

activated by the data, then the model output and therefore criterion

value will be insensitive to perturbations in the value of the thresh-

old. However, the rate parameter, K, (unit:time inverse T -1 ), will be

constantly active as a result of model structure. It's value will be

well identified. The resulting response surface will display an elon-

gated valley parallel to the threshold and straddling the rate param-

eter: the value of the threshold parameter is nonidentifiable as a

result of the noninformative data. As the activation of the threshold

is increased (i.e. the number of spills increases) the parallel contours

of the response surface become elliptical (with the long axis parallel

to the threshold values) and progressively more circular, indicating

increased identifiability. It should be clear that what is required for

a well conditioned response surface is not necessarily more data, but

the right type of data (i.e. data containing the most information avail-

able on the system is most desirable).

Sorooshian and Gupta [1985] have developed quantitative measures

based on the use of gradient type optimization algorithms (discussed

later) to evaluate the information content of various data sets, and

techniques to judge the relative worth of additional data (in terms of

improved parameter estimates). The reader is referred to this report

for a detailed discussion of the subject.



T
M

Qt
1..

u t

9

Figure 1. The 2-Parameter Linear Reservoir with Threshold
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Problems Related to Choice of Estimation Criterion. Clarke

[1973] reported that many of the techniques employed in state-of-the-art

hydrologic modeling failed to account for various sources of uncertain-

ty. In terms of data, this uncertainty takes the form of measurement

errors. Bard [1974] noted that if the selected estimation criterion

does not account for the stochastic properties of the data, then the

resulting parameter estimates will likely be biased, resulting in model

divergence in simulation studies. Addressing this problem, Sorooshian

and Dracup [1980] and Sorooshian [1981] proposed criteria to account for

autocorrelated and heteroscedastic streamflow measurement errors in the

calibration data. Their techniques are based on maximum likelihood

theory and have been shown to yield better conditioned response surfaces

than the more commonly used ordinary least squares (OLS) (Sorooshian and

Arfi [1982]; Sorooshian et al. [1983]). Sorooshian et al. [1983] also

showed that the heteroscedastic version (HMLE) yielded more realistic

parameter estimates, and that it was less affected by the nature and

length of data used for calibration than the OLS.

Problems Related to Choice of Optimization Algorithms

Once the properties of the response surface have been determined

by the various elements described above, the optimization algorithm can

search over the surface, in an effort to find the optimal parameter set.

Gupta and Sorooshian [1985] point out that the optimization algorithm is

one of the weakest links in current CRR model calibration methodology,

the inefficiencies of which are well known in the presence of a large

number of interacting parameters. They have shown that whether the
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optimal parameter set is identified may depend on the type of algorithm

chosen. Although the most frequently used algorithms in CRR modeling

are of the 'direct search' type (e.g. Simplex [Nelder and Mead,

1965]; pattern search [Hooke and Jeeves, 1961]; rotating directions

[Rosenbrock,1960]) Gupta and Sorooshian advocate the use of gradient

techniques, citing Bard [1974], who has had much experience testing

various types of optimization algorithms, as a proponent as well. They

point out that gradient methods are seldom used because of a belief that

the derivatives of the model equations with respect to the parameters

cannot be explicitly obtained due to the presence of threshold param-

eters in the models (see for example Johnston and Pilgrim [1976]; Moore

and Clarke [1981]). Based on an analysis of the modal behavior common

in CRR models, Gupta and Sorooshian [1985] developed methods for comput-

ing derivatives explicitly while preserving the models' threshold struc-

tures. After comparing Newton (derivative based) and Simplex (direct

search) optimization algorithms in simulation studies, they concluded

that the gradient methods were more efficient and had the advantage of

providing Hessian information at the search termination point (which can

be used for parameter sensitivity analysis and evaluation of the success

of the optimization run).

Problems Related to Structural Identifiabilitv

It should be noted that any one or combinations of two or more

of the above problems can cause so many of the calibration problems

reported on the literature. For example, all elements of the calibra-

tion methodology can be ideal, but a problem inherent to model structure
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could render optimal parameter identification impossible. Or, an inade-

quate model structure, noninformative data, and a subjectively chosen

estimation criterion can easily combine (and probably do) to yield a

very poor response surface. It is only through controlled studies, in

which individual model and calibration elements can be isolated, that

progress has been and will continue to be made in identifying specific

contributors to ill-conditioned response surfaces and consequent prob-

lems with parameter identification. It is precisely these types of

studies that have resulted in the conclusions described in this chapter.

The results of these studies have also prompted Sorooshian and

Gupta [1985] to strongly suggest that the two stages in the identifica-

tion of CRR models, model structural identification (or model choice)

and model parameter identification (calibration), should not be con-

idered distinct. Rather, a process where existing calibration method-

ology limitations influence model structure selection, or where the

chosen parameter estimation scheme determines the type of model stucture

chosen, is recommended. They note that the only way in which the CRR

model identification procedure can be successful (i.e. the chosen model

structure can be properly calibrated and produce reliable forecasts) is

if the model parameters can be identified based on the quantity and

quality of data, and the mathematical tools available. Apparently these

considerations have been largely ignored in the past. Gupta and

Sorooshian [1985] point out that the factor limiting the full advantages

of CRR modeling from being realized is not the inability of physical

hydrologists to develop sophisticated representations of the underlying

watershed processes. It has been instead this lack of consideration of
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compatability of model structure and parameter identification proce-

dures.

Sorooshian and Gupta [1985] have developed quantitative indices

relating to structural identifiability. For example, a measure known

as the sensitvity ratio can be calculated for each parameter in the

model. The resulting numbers are an indication of the amount that other

parameters compensate for changes in model output caused by perturba-

tions of the parameter under consideration (i.e. the degree of parameter

interaction in the multidimensional parameter space inherent in the

model structure can be estimated). Such an index could be applied to

various models under consideration to aid in the selection procedure.

If a model has already been selected, the indices for each parameter of

the model could be calculated and potential parameter estimation prob-

lems identified. Steps could then be taken (e.g. reparameterization) to

remedy the situation based on the information given by the sensitvity

ratios for each parameter.

Structure of Thesis 

This thesis extends the work of Sorooshian and Gupta [1983,1985]

and Gupta and Sorooshian [1983] by investigating the results of the

calibration problems discussed in this chapter, particularly those

relating to model structure. Two controlled simulation studies were

conducted and the results of each are presented here.

In Chapter 2, the common practice of modeling nonlinear water-

shed processes with different types of linear models is investigated.

Both the linear reservoir (with threshold) and an ARMAX model (Ljung and
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Soderstrom [1983]) are shown to be adequate representations of the

nonlinear process simulated. The consequences of using an inadequate

model element for these purposes are demonstrated, and it is shown that

the presence of such an inadequate element could go undetected, leading

to a series of related calibration problems. Implications for model

structure choice are presented as well.

The work in Chapter 3 is meant to support that of Sorooshian and

Gupta [1983] and Gupta and Sorooshian [1983]. The structure of a simple

four parameter model was investigated and it was shown that a logical

reparameterization resulted in improved response surface characteristics

that would enhance the parameter estimation procedure.

In Chapter 4, a general discussion and closing remarks are

presented.



CHAPTER 2

AN ANALYSIS OF STRUCTURAL INADEQUACY:
THE LINEAR RESERVOIR WITH THRESHOLD INVESTIGATED

Introduction 

Sorooshian and Gupta [1985] define the identification of CRR

models as a two stage process, consisting of:

a.) model structural identification; and

b.) model parameter identification.

Stage a essentially consists of choosing or developing the proper model

based on its intended use, available data, and familiarity with the

particular basin , among a number of other considerations. Stage b is

essentially model calibration. As discussed in Chapter 1, the most

important and frequently reported problem related to the automatic

calibration of CRR models is the inability to obtain unique and concep-

tually realistic parameter estimates for a particular basin (Gupta and

Sorooshian [1983]).

The difficulties involved in identifying a unique parameter set

have led Sorooshian and Gupta [1983,1985] and Gupta and Sorooshian

[1983] to investigate the causes of this problem. Their studies have

shown that structural inadequacies can be responsible for a poorly

conditioned response surface (i.e. the problem is inherent in the model

structure and noninformative data or a subjectively chosen estimation

criterion are not responsible) and the consequent nonoptimal parameter

estimates (which in turn will lead to unreliable forecasts). Their work

15
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also suggests that the model structural identification and parameter

estimation stages should not be approached independently. Instead they

propose (Sorooshian and Gupta [1985]) that existing calibration techno-

logies should influence model identification. In the same report, they

develop measures of structural identifiability, assuming that stage a

above (model structural identification) has been properly conducted.

Of course, if the model structural identification procedure has

been improperly conducted, and the resulting model inadequately repre-

sents the rainfall-runoff process, then the parameter estimation proced-

ure will be further complicated by this additional error. The degree of

seriousness of this problem will depend on just how inadequate the model

is. This study was undertaken to determine just that: given that

certain rainfall-runoff subprocesses are known to be highly nonlinear,

how good a representation can we achieve by modeling the particular

subprocess with a linear relationship (e.g. a simple two parameter

linear reservoir with threshold) and what will be the affects on model

calibration and forecasting? Because the use of linear elements in CRR

models is a common simplifying practice which makes the modeling problem

tractable, this is an extremely important question.

The degree of severity of the problem depends on how much the

parameters of the linear element can compensate for its inadequate

representation of the nonlinear process: one would expect that with

increasing nonlinearity of the observed process, the parameters can no

longer compensate for the inadequacy of the model element and that

simulated and observed outputs of that element would diverge. (Note

here the interdependence of model structural adequacy and the parameter
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estimation methodology, which lends additional support to the contention

that the two stages of CRR model identification are not distinct enti-

ties.) If this is truly the case, then calibration problems should be

expected where highly nonlinear subprocesses are represented by linear

elements: this idea is investigated in this study.

The forecasting capabilities of a CRR model employing such

elements should then be dependent on which rainfall-runoff subprocesses

are modeled with linear elements (i.e. just how nonlinear is the subpro-

cess represented by the linear element). Gupta [1982] argues that the

linear reservoir model of the lower soil zone is a comparatively more

accurate representation of its corresponding physical subprocess than is

the linear reservoir representation of the upper zone. He points out

that baseflow into a stream can be accurately modeled as the outflow

from one or more linear reservoirs (e.g. Linsley et al. [1975]). He

also cites work by Parker [1977] which indicates that the runoff and

interflow subprocesses (upper zone) are better represented by nonlinear

relationships.	 Consequently, we might expect to encounter calibration

difficulties and potential divergence problems in CRR models that employ

linear reservoirs to represent upper zone subprocesses (e.g. SMA-

NWSRFS). Gupta and Sorooshian [1983] state that because the output of

the upper zone fuels the quickly reacting components of the storm hydro-

graph, it is critical that the exact nature of the nonlinear relation-

ship be adequately identified. To determine how adequately this process

is modeled is precisely the point of this study.

It is important to recognize that the degree of structural
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inadequacy resulting from the presence of such an element in a CRR model

can be masked by a number of factors. Depending on the structure of the

particular model, the linear element may be only one of many contribu-

tors to the simulated hydrograph, and the fact that it is a poor repre-

sentative of the process it is intended to model may be deemphasized

(e.g. if the contribution of the linear element is in some way weighted

less than the other elements, or if the subprocess it represents is of

less importance, its potential shortcomings may go unnoticed). On the

other hand, if problems exist with other elements of the model (e.g.

percolation -- see Sorooshian and Gupta [1983]) then the problem will be

compounded, and the potential inadequacy of the linear element may be

indiscernable from that of the other elements. Still another factor

which can hide potential problems with the linear element is data

dependency. It is plausible that for certain types of data (e.g. well

activating versus poorly activating, or high magnitude versus low magni-

tude) the element performs well and for others it does not. If such

were the case, then it is possible that any inadequacies would go unde-

tected if only a certain type of data were used. Evidence in support of

this latter theory will be presented later in this chapter.

The point of this discussion is that if for any of the above

reasons, potential inadequacies (caused by modeling known nonlinear

processes with linear elements) go undetected, and all model elements

are thought to accurately represent the subprocesses intended, then any

calibration problems arising as a result of the structural inadequacy

may be attributed to the wrong cause. The hydrologist's effort will be

diverted to parameter estimation aspects of the modeling process rather
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than to developing a more realistic representation of the nonlinear

processes.

The goals of this study are to:

a.) determine how accurately known nonlinear
processes (e.g. upper zone) are represented
by the commonly employed linear reservoir
with threshold;

b.) determine whether the adequacy of the
representation is data dependent;

C.) identify,if structural inadequacies are
discovered, potential problems with
calibration and forecasting of CRR models
containing linear reservoir elements;

d.) compare the performance of the linear
reservoir representation with that of an
alternate model (e.g. a linear ARMAX
model); and

e.) suggest, if structural inadequacies are
discovered, guidelines for model structural
identification.

Study Description 

To determine the adequacy of linear components in modeling

rainfall-runoff processes that are known to be nonlinear, a controlled

study (using synthetic data) was undertaken. In the study, the two

parameter linear reservoir with threshold (single reservoir) was iso-

lated so that its performance could be investigated. For comparison, a

linear ARMAX model (autoregressive-moving average with exogenous inputs)

was tested as well.
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Generation of Observed Data

To generate the "true", or observed data, the same single

reservoir was employed. However, because of the desire to generate data

resulting from a nonlinear process, its functional representation was

modified to include a nonlinear component. The equations are shown

below:

STt = SOt+Ut (2.1)

Qt = T1 t*(K*STt A )+T2t*((K*MA )+(STt-M)) (2.2)

sot = T1t*(STt-K*STt A )+T2t*(M-K*Mt A ) (2.3)

where

STt = intermediate storage (before depletion of
contents by recession process parameter but
after addition of input (unit: length L));

SOt = storage after depletion by recession process
parameter (L);

Ut = input (L);

Q t = output of single reservoir (LIT);

K = recession process, or rate parameter (1/T)(a true
value of 0.6 was assumed in this study for
simulation of observed data);

M = threshold parameter (L)(a true value of 40.0 was
assumed);

Ti t = modal indicator ( value equals 1 when
reservoir is in mode 1 (ST t <M -- through
flow) or 0 when in mode 2 (STt>M -- overflow)

T2t = modal indicator (value equals 0 in mode 1
and 1 in mode 2);

t = time interval;
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A = exponenet controlling the degree of nonlinearity
of process.

Note that by adjusting the value of the nonlinear component (A) the

degree of nonlinearity of the observed process can be easily modified

for the purposes of this study.

Generation of observed process data by this method eliminates

data measurement errors. Therefore, the results that are obtained will

be due purely to the structure of the models chosen, because the

influence of data error has been removed.

Input Data Used

Three sets of input were run through the nonlinear model to

produce the observed outputs. The first data set was designed to pro-

duce three large overflow events (in terms of time and magnitude) at all

degrees of nonlinearity. The second was designed to produce three small

spills at higher degrees of nonlinearity, and some or none at lower

degrees. The third was designed so that no overflow would occur for any

degree of nonlinearity. Each input contained seventy-five data points

(representing for example, rainfall over seventy-five time increments)

yielding seventy-five values of observed output. The input data is

shown in Figures 2 through 4a.

Models Used

Two linear models were chosen for study, one of the CRR variety,

and the other of the ARMAX variety. The CRR type is the linear reservoir

with threshold (also known as the single reservoir) shown in Figure 1.
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As previously mentioned, the simple linear reservoir model is a subpro-

cess commonly used in CRR models where upper and lower zone storages are

used. The ARMAX model is included in this study for comparison: the

use of ARMAX models for hydrologic forecasting has been increasing due

to their simple structure and adaptability to both batch and recursive

estimation applications.

The mathematical representation of the linear reservoir with

threshold is as follows:

STt = SOt+Ut
	 (2.4)

Qt = Tl t*(K*STO+T2t*UK*M)+(STt-M))
	

(2.5)

sot = Tl t*((1-K)*STO+T2t(1-K)*M)
	

(2.6)

where all elements have been previously defined. (Note that while the

model is linear in each mode, it is nonlinear on the whole.)

The form of the ARMAX model is

Q(t) = a Q(t-1)+a2Q(t-2)+...+akQ(t-k)

+coP(t-b)+ciP(t-b-1)+...+c s _iP(t - b - s -1 )

+d0e(t-1)+d 1 e(t-2)+...+d n _1e(t-n)

where

P(t) = discrete time measurement of rainfall (L);

e(t)= discrete time measurement of stochastic
variation;

an 	parameters of AR portion of model;

(2.7)
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c n = parameters of X portion of model;

d n = parameters of MA portion of model; and

b,k,s = variables which represent discrete time
intervals.

Note that the model fitting routine actually identifies an ARXMA rather

than an ARMAX model. For convenience, however, the term ARMAX will be

employed.

Calibration of Linear Models

The next step in the study was to calibrate the models and to

identify any potential problems with either. A total of twelve calibra-

tion data sets were employed. They were generated by running each of

the three inputs through the nonlinear model four times, changing the

degree of nonlinearity each time. This is the equivalent of having data

from three storms, or series of storms (the different inputs), and

simulating four distinct watershed responses, each of a different degree

of nonlinearity. The four degrees of nonlinearity investigated were

generated by changing the value of the exponent A (see equations 2.2 and

2.3). In this study the values of A were 1.0, 0.8, 0.5, and 0.3. Note

here that when A = 1.0, the observed process and the model simulation

are identical. Thus, a perfect fit of observed and simulated data

should be obtained. As the value of A decreases in the true process, a

higher degree of nonlinearity is simulated (i.e. a situation where we

would expect the model to become increasingly more inadequate is simu-

lated). Figure 4b displays the results of running input 2 through the

single reservoir at the four different degrees of nonlinearity.
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To calibrate the single reservoir, the ordinary least squares

estimation criterion was employed (which is the stochastically proper

criterion because data measurement errors are nonexistent). A derivative

based optimization algorithm was chosen (see Gupta and Sorooshian

[1985]).

To fit a particular ARMAX model to the individual calibration

data sets, a routine developed by Sorooshian [1986] was employed. The

parameters of the models identified were estimated in batch mode, using

widely available IMSL subroutines (IMSL [1984]). The estimation crite-

rion employed by the routines is the maximum likelihood, which is equiv-

alent to the ordinary least squares when data measurement errors are

homoscedastic (Sorooshian and Dracup [1980]). Because there are no data

errors in this study, the two criteria are identical. The IMSL routines

use a modified steepest descent optimization algorithm.

Calibration Results. The results of the calibration runs are

displayed in Figures 5 through 10 and Tables 1 through 3. A summary of

the calibration of the single reservoir will be fol lowed by a review of

tha ARMAX model calibration results.

Table 1 presents the single reservoir calibration results in

terms of the root-mean-square (RMS) criterion, where the RMS is the

square root of the difference between observed and model simulated

output for each time increment squared, divided by the number of time

increments (seventy-five in this case). An RMS value of 0 represents a

perfect fit between observed and simulated data: higher RMS values

imply that the model performance is poorer.



Table 1. Single Reservoir Calibration Results 	 (RMS)

A
1

INPUT
2 3

1.0 0.07 0.00 0.00

0.8 0.18 0.18 0.05

0.5 0.14 0.30 0.15

0.3 0.05 0.24 0.25

29
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In general, all calibration runs were very good. Although it

was expected that as the degree of nonlinearity increased, the model

performance would worsen, this was most often not the case. The lowest

RMS values resulted for calibration runs when A = 1.0. This was

anticipated because at this value, both the observed process equations

and model equations are identical. However, what was not expected was

the improved model performance as the degree of nonlinearity increased,

for inputs 1 (A=0.8 to 0.3) and 2 (A=0.5,0.3). Only for input 3 did the

expected result occur.

Notice that these particular cases where improvement occurs

correspond to situations where the observed process is in overflow mode

an increasingly greater amount of time as the degree of nonlinearity

increases.	 If one considers the data generation equations (2.1 to 2.3)

it is clear why more overflow occurs at the higher degrees of nonlinear-

ity: the lower the value of the exponent A (i.e. the higher the degree

of nonlinearity) the more water is retained as soil moisture, and the

sooner the process will shift into overflow mode. At any rate, the

important implication here is that the more the true process is in

overflow, the better the performance of the single reservoir. This

claim is supported by the calibration results for input 3, a data se-

quence which was designed so that no overflow would occur for any degree

of nonlinearity. Here apparently, as the degree of nonlinearity in-

creased, the model was less able to simulate the true process. The

amount of model divergence however, is small enough that the calibration

run would be considered acceptable. Figures 5 through 7 show the
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results of calibration with inputs 1 through 3, at the highest degree of

nonlinearity (A=0.3).

Table 2 presents the single reservoir calibration results in

terms of the optimized parameter estimates. Two interesting results can

be noted here. First, notice that for each input, the recession rate

parameter (K) compensates for the increased degree of nonlinearity.

After viewing the excellent results of calibration, in terms of the RMS

criterion, it is apparent that this is the reason behind the success of

the calibration runs. Second, note the stability of the rate parameter

estimates for all three inputs, for a given degree of nonlinearity.

This suggests that forecasting on any type of data, so long as the

calibration data are the output of a process with the same degree of

nonlinearity, will be successful. To test this idea, a number of fore-

casting runs were made, and their results will be presented after a

dicussion of the ARMAX model calibration results.

The threshold parameter, M, is only well estimated when the data

is such that it is well activated. Thus, for input 2 (A=1.0, 0.8) and

input 3 (A=1.0 to 0.3) we would expect poor estimates for M, and for the

most part, they did result. The estimated value of 20.0 for the input 3

(A=1.0 to 0.5) runs are a direct result of the starting value of the

search algorithm (M=20.0). It is interesting that in two cases (input

2, A=0.8 and input 3, A=0.3) even though the threshold was not activated

by the input data, reliable estimates still resulted. One final obser-

vation is that because the threshold parameter value can be so well

identified in those cases where it is well activated, it does not com-

pensate at all for the increasing degree of nonlinearity.



Table 2. Single Reservoir Calibration Results
(Parameter Estimates)

A INPUT
1 2 3

TRUE VALUES -- K=0.6;	 M=40.0

1.0	 K 0.60 0.60 0.60

M 41.89 23.90 20.00

0.8	 K 0.27 0.28 0.39

M 42.08 39.41 20.00

0.5	 K 0.11 0.10 0.13

M 41.73 46.86 20.00

0.3	 K 0.05 0.04 0.05

M 41.57 46.97 41.45

Table 3. ARMAX Calibration Results 	 (RMS)

1
INPUT

2 3

1.0 1.72 1.39 0.20

0.8 2.28 0.63 0.13

0.5 2.72 1.62 0.05

0.3 2.88 2.00 0.03
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An ARMAX [1,1,1] was identified as the optimal model choice for

most calibration data sets, using the identification routine referenced

earlier (Sorooshian [1986]). Where a different optimal structure was

identified, its performance was only marginally better than a [1,1,1].

So for simplicity, an ARMAX [1,1,1] structure was chosen for each cali-

bration data set.

The results of the ARMAX model calibration are displayed in

Figures 8 through 10 and Table 3. The calibration hydrographs shown in

Figures 8 through 10 were generated with data sets corresponding to

those used in Figures 5 through 7 for the single reservoir. After

comparing the corresponding ARMAX and single reservoir hydrographs, a

slight lag of simulated behind observed data is obvious. This lag was

persistent over all of the input 1 and 2 calibration data sets, and is

responsible for the relatively higher RMS values shown in Table 3. This

lag is likely a result of the ARMAX [1,1,1] model structure. However,

this lag was not visible on any of the input 3 hydrographs.

This brings up an important point. Careful inspection of Table

3 will show that as the data becomes more peaked (inputs 1 and 2, A=1.0

to 0.3) for increasing degrees of nonlinearity, the resulting RMS values

increase, whereas when the data becomes more linear, (input 3, A=1.0 to

0.3), the RMS values decrease (i.e. model performance improves as the

observed data becomes more of a line when plotted versus time). These

interesting trends are directly opposite the general single reservoir

trends shown in Table 1, where the more the observed data was in the

overflow mode, the better the fit of observed and simulated data.
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Figure 9. ARMAX calibration run, 12, A=0.3.



1
15.000	 30.000	 45.000	 60.000	 75.00

TIME

39
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Although the trends are opposite, the magnitude of the single 
reservoir

RMS values is smaller than the ARMAX values, except for input 3

(A=0.5,0.3). This suggests that the ARMAX model will yield better

forecasts for data of this type. In the next section, the 
results of

forecasting with both types of models are presented.

Forecasting with Linear Models

To investigate some of the questions raised by the calibration

phase of this study, a series of forecasting runs was conducted. 
In

particular, because it was found that the parameter estimates identified

by single reservoir calibration were relatively stable, 
it was thought

that the single reservoir forecasts would be of high quality: this idea

is investigated in this section. Also, because the ARMAX model per-

formed slightly better than the single reservoir for the highly non-

linear input 3 cases, it was decided that its forecasting capabilities,

relative to the single reservoir, should be tested as well. The 
proce-

dure used in forecasting is described next.

Twelve parameter sets were identified by calibration for each

model (four sets (one for each value of the exponent A) for each 
of the

three inputs). To test their forecasting capabilities, three new 
input

data sequences were generated, with similar characteristics to 
the

original inputs (see Figures 11 through 13). As in the original data

generation procedure, each of the new inputs was run through the non-

linear model (equations 2.1 through 2.3) four times, increasing the

degree of nonlinearity each time (where the same values of the exponent

A were used). In this manner, twelve new sequences of observed 
output,



41

fl

[—I 	1
LArj

1 	I 1
30.000	 45.000	 60.000	 75.00

TIME

Figure 11. Input 4 (forecasting).



r---1

CD
CD 
	—T1

clb.000	 15.000	 30.000	 45.000	 60.000	 75.11)

T LME

42

Figure 12. Input 5 (forecasting).



CD
C7. 	
CDI	 J 1

15.000	 30.000	 45.000	 S0.000 	7E.00

TIME

Figure 13. Input 6 (forecasting).

43



44

similar to the original outputs, were produced.

Each parameter set for a particular degree of nonlinearity ( a

total of three--one for each input) was used to forecast over the new

observed data sets of the same degree of nonlinearity (of which there

were three) for a total of nine forecasts for each degree of nonlinear-

ity. Nine forecasts for each of the four degrees of nonlinearity yield-

ed a total of thirty-six forecasts for each model, or seventy-two fore-

casts overall.

Forecasting Results. The results of these forecasts, in terms

of the RMS criterion, are presented in Tables 4 and 5. Because of the

number of forecasts, only a select few of the resulting hydrographs will

be presented. A discussion of the single reservoir forecasts will be

followed by a review of the ARMAX model forecasts.

The results of the single reservoir forecasts are shown in Table

4. It should be noted first that RMS values for forecasts over data

sets with A=1.0 are close to or equal to zero as a result of the data

generation process. As noted earlier, when generating the original

observed data for calibration, using a value of A=1.0 in the nonlinear

model made the observed process equivalent to the linear model represen-

tion. Thus, the process and the model were the same, and the optimized

parameters from calibration were extremely close or equal to those

values assumed in generating the observed data (see Table 2). Because

the same parameter values were assumed to generate the observed data for

forecasting, a perfect or near perfect fit of observed and simulated

data resulted when A=1.0.

In general, all forecasts were very good, which is not



Table 4. Single Reservoir Forecasting Results (RMS)
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PARAMETER
SET
(I=input,A=exponent)

INPUT

A 4 5 6

I1,A=1.0 1.0 0.18 0.00 0.00

Il,A=0.8 0.8 0.29 0.27 0.15

I1,A=0.5 0.5 0.13 0.52 0.17

I1,A=0.5 0.3 0.10 0.43 0.23

1 2,A=1.0 1.0 1.07 0.02 0.00

1 2,A=0.8 0.8 0.48 0.40 0.13

1 2,A=0.5 0.5 0.49 0.55 0.20

1 2,A=0.3 0.3 0.47 0.24 0.29

1 3,A=1.0 1.0 1.31 0.19 0.01

1 3,A=0.8 0.8 1.74 1.45 0.04

1 3,A=0.5 0.5 1.74 1.86 0.13

1 3,A=0.3 0.3 0.10 0.43 0.23



Table 5. ARMAX Forecasting Results (RMS)
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PARAMETER
SET
(I=input,A=exponent)

INPUT

A 4 5 6

I1,A=1.0 1.0 10.43 1.15 0.24

I1,A=0.8 0.8 10.71 0.58 0.14

I1,A=0.5 0.5 11.01 1.56 0.19

I1,A=0.5 0.3 11.01 3.12 0.30

12,A=1.0 1.0 10.31 1.11 0.23

1 2,A=0.8 0.8 10.65 0.52 0.14

1 2,A=0.5 0.5 12.53 1.56 0.42

12,A=0.3 0.3 11.64 1.87 0.45

1 3,A=1.0 1.0 10.42 1.15 0.21

1 3,A=0.8 0.8 10.37 0.60 0.14

1 3,A=0.5 0.5 11.77 1.76 0.05

1 3,A=0.3 0.3 14.26 2.47 0.03
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surprising based on the results of calibration. The fact that for each

degree of nonlinearity, the parameter values were relatively stable

(i.e. always K, and M when properly activated by the data) for all

inputs was a sign that the model is structurally adequate, and that its

forecasts would be highly reliable. The forecasting results presented

here support this hypothesis.

It appears that the best forecasts generally resulted when data

similar to the type used in forecasting was used in calibration (see

Table 4). But, even when different data was used for calibration and

forecasting, excellent results were still obtained. This is yet another

signal that the single reservoir element may be a good representation of

the nonlinear upper zone processes.

One interesting point noted in the course of this study is that

when the observed data was of the large magnitude, input 1 and 4 varie-

ty (where the process was in overflow for nearly the duration of the

time period) a wide variety of parameter values would yield forecasts

ranging from good to excellent (e.g. K ranging from 0.04 to 0.6 and M

fom 20.0 to 47.0). This relative insensitivity of model output to

perturbations in the parameter values is a result of the linear reser-

voir threshold structure. The values of the optimized parameters are

relatively unimportant, as long as they are such that the simulated

output shifts into overflow mode at or near the same time as the ob-

served process. Once in overflow, both the model and the observed

process follow the same governing rule -- input equals output (see

equations 2.1 through 2.6). Thus, the parameters K and M can take on a

range of values and still produce acceptable forecasts. This important
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point will be discussed after a review of the ARMAX forecasts.

The results of the ARMAX forecasts (see Table 5) ranged from

good to excellent. As with the calibration phase of this study, the

best results were obtained from the forecasts on input 6 (which, like

input 3 for calibration, resulted in no overflow events for all degrees

of nonlinearity). The high RMS values for forecasts on input 4 and 5

data resulted again from a slight lag of simulated behind observed

output. These values are particularly high for the input 4 data due to

the large magnitude and steepness of the hydrographs.

The fact that the ARMAX model performed slightly better in .

calibration and forecasting than the single reservoir on the input 3 and

6 data at the highest degrees of nonlinearity suggest that it is a

viable modeling alternative when the process is known to be highly

nonlinear, and operational forecasting requires this type of low magni-

tude data.

Figures 14 and 15 display the results of forecasting with the

single reservoir and ARMAX models, calibrated with input 1 (A=0.3) data,

on the input 4 data set.

Structural Inadequacy Investigated 

One of the most important, yet subtle, implications resulting

from the forecasting phase of this study, was described in part a bit

earlier. This point relates to the observation that the linear reser-

voir can take on a wide range of parameter values, and still yield

acceptable forecasts, when the observed data are of a large magnitude

and in overflow mode for a large percentage of the time. This



49

e	 I 1

-74
i	 i

15.000	 30.000	 45.000	 60.000	 75.00

TIME

Figure 14. Single reservoir forecast. Il on 14, A=0.3.



	31-

60.000	 75.00
1	 1	 1

15.000	 30.000	 45m0

CD

4

•
C•J

CP

T IME

50

Figure 15. ARMAX forecast, Il on 14, A=0.3.
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phenomenon was explained as being the result of using a threshold-type

model, where in overflow mode, input is equal to output.

The implication here is that for this large magnitude flood-type

data, the model representation of mode 1 is relatively unimportant, so

long as the simulated process shifts into overflow mode at or near the

same time as the observed process. Once in mode 2, both the simulated

and process equations are identical. This means that the simulated

process only has to shift modes within a certain range of time to still

produce acceptable forecasts. It is this flexibility in when the simu-

lated process can change modes that translates into the fact that the

optimized parameters can take on a range of values and still produce

good forecasts.

If, for this type of data, the mode 1 representation is rela-

tively unimportant, then it is entirely possible that a model element

whose representation of mode 1 was poor, or inadequate, can still yield

good forecasts for mode 2. The point is that if such an inadequate

model element were in use, and the CRR model was only used with higher

magnitude data (e.g. for flood forecasting), then the structural inade-

quacy could go unnoticed because the output of the element would be

fairly accurate. However, even though the model output may be accurate

for certain types of data, many calibration problems would likely exist

due to this structural inadequacy. If such were the case, then the

practicing hydrologist could spend hours of misspent research time in

pursuit of the reason for these problems, never considering the thresh-

old element because of its good reproduction of observed flood events.
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To illustrate this point more clearly, the entire calibration

and forecasting study described previously was rerun to simulate the

above situation. The equations used to generate the new observed data

are now:

ST t = SOt+Ut;
	 (2.8)

Qt = T1*(K*STt A )+T2*(STt-((1 - K) *MA )); and
	

(2.9)

sot = T1((1-K)*STt A )+T2* ((1-K) * MA )
	

(2.10)

where all elements have been previously defined. The single reservoir

model equations (equations 2.4 through 2.6) remain the same. Note that

due to the form of equations 2.9 and 2.10, both the single reservoir and

observed process equations are equivalent in mode 2 (i.e. input equals

output), but in mode 1, the nonlinear process storage is defined by

SOt = ST tA-K*STt A

whereas the single reservoir storage is

SOt = ST -K*STt.

Note that the nonlinear process now differs from the original nonlinear

process (equation 2.3) by the quantity

STt-STt A .

This difference can be considered a loss to groundwater, evaporation,

etc. The point to notice is that the single reservoir has no provision

in its structure for such a loss, so by definition, it is structurally
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inadequate in mode 1.

The goal now is to repeat the single reservoir calibration and

forecasting study, and to demonstrate that good forecasts can result

from using an inadequate model. The resulting calibration problems will

be demonstrated as well.

The procedure followed in the first calibration and forecasting

study was repeated here, with two major differences. First, due to the

new data generation equations, new inputs had to be designed to achieve

the same characteristics as the original observed output (i.e. one input

overflows for all degrees of nonlinearity, another for only two values

of A, and the third does not cause any overflow events). Note also that

with this new generating scheme, more overflow events tend to occur at

higher values of A (lower degrees of nonlinearity), rather than lower

values of A, as with the original procedure. These new inputs, numbered

7 through 9 for calibration, and 10 through 12 for forecasting, are

shown in Figures 16 through 21. The second difference is that the ARMAX

model portion of the study was abandoned, for the purpose now is only to

show that an inadequate threshold-type model can yield good forecasts.

The results of calibration are shown in Figures 22 through 26

and Tables 6 and 7. Inspection of Figures 22 through 26 will show that

in fact, the model can only simulate the observed process when it is in

overflow mode.

Figure 22 displays the calibration run using input 7 (the data

producing high magnitude overflow events) with the highest degree of

nonlinearity (A=0.3). The model performance here is good, with some



Ca

15.000	 30.000	 45.000	 60.000	 75.0C.

TIME

AMIMP

54

Figure 16. Input 7 (calibration).
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Figure 19. Input 10 (forecasting)
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Figure 20. Input 11 (forecasting).
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Figure 21. Input 12 (forecasting).
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Table 6. Single Reservoir Calibration Results 	 (RMS)
Inadequate Model Study

A INPUT
7	 8 9

1.0 0.00	 0.00 0.00

0.8 5.30	 13.27 9.12

0.5 7.56	 17.93 12.48

0.3 8.16	 20.09 13.34

Table 7. Single Reservoir Calibration Results
(Parameter Estimates)
Inadequate Model	 Study

A INPUT
7 8 9

TRUE VALUES -- K=0.6;	 M=40.0

1.0	 K 0.60 0.60 0.60

M 40.00 40.00 40.00

0.8	 K 0.34 0.28 0.07

M 47.56 69.67 212.87

0.5	 K 0.30 0.03 0.03

M 51.17 364.06 301.72

0.3	 K 0.29 0.004 0.01

M 52.24 291.81 333.92

65
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divergence for the lower flow values.

Figures 23 and 24 show the calibration results using input 8

(the small magnitude overflow events) at A=0.8 and 0.5 respectively.

Note that in Figure 23 the model simulation can only match the overflow

peaks of the observed data (represented by the spikes on the hydro-

graphs). The remaining data (i.e when the observed process is in mode 1

(through flow)) is poorly represented by the model. As the degree of

nonlinearity of the process increases to 0.5, (Figure 24), the observed

process is such that no overflow events occur given this particular

input. The resulting model simulation is completely unacceptable.

The calibration runs shown in Figures 25 and 26 are the results

of using input 9 (the input producing no overflow events) with A=0.8 and

0.5 respectively. Figure 25 shows that even at a low degree of non-

linearity, the single reservoir's performance is poor. Figure 26 shows

that the model's performance is even worse as nonlinearity increases.

Table 7 presents the optimized parameters for the single reser-

voir calibration runs. Notice that for each input, as the degree of

nonlinearity of the observed process increases, the optimized parameters

of the model change to compensate for this increase. This compensation

is particularly noticeable for input 8 where A is less than 0.5 and

input 9 when A is less than 0.8. Note that these calibration events

coincide with Figures 24 through 26 (i.e. where with the given input,

the observed process is one where no overflow events occur). The param-

eters in these cases seem to be "stretching" to fit the data: however,

it appears that they are just unable to do so, and in the process, they

have taken on unrealistic parameter values.
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The results presented in Tables 6 and 7 and Figures 22 through

26 clearly demonstrate that a model that is inadequate in its represen-

tation of the through flow mode can still model the overflow mode well.

What remains to be demonstrated however, is that the parameters derived

from calibration of this inadequate model, can still yield acceptable

forecasts. This point will be taken up next.

Table 8 displays the results of these forecasts. However,

interpreting the results of the single reservoir forecasts based strict-

ly on the RMS values can be misleading without seeing the accompanying

hydrographs (the sheer volume of which prohibits their inclusion). But

the results can easily be described qualitatively: the only good fore-

casts were those made on the input 10 data (large magnitude flow data

which resulted in overflow events for all values of A) for all degrees

of nonlinearity. The large RMS values are a function of the magnitude

of the observed output and the steepness of the associated hydrograph.

The remaining forecasts were completely unacceptable. This interesting

and important point bears repeating: the only forecasts of acceptable

quality were those made on the data generated by the largest magnitude

input (i.e. where the observed process was in overflow mode for a large

percentage of the seventy-five time increments). Notice also that all

parameter sets yielded forecasts on this data ranging from good to

excellent. Another look at Table 7 will show that for this type of data

(of such a magnitude that long large overflow events will result) the

model can take on a wide variety of parameter values (K=0.004 to 0.6 and

M=40.0 to 333.9 in this case) and still produce reliable forecasts.

(See Figure 27, where the parameters used to forecast were K=0.01 and



Table 8. Single Reservoir Forecasting Results (RMS)
Inadequate Model Study

68

PARAMETER
SET
(I=input,A=exponent)

INPUT

A 10 11 12

I7,A=1.0 1.0 0.00 0.00 0.00

I7,A=0.8 0.8 5.41 12.03 9.37

I7,A=0.5 0.5 7.71 18.05 13.44

I7,A=0.5 0.3 8.27 19.32 14.50

1 8,A=1.0 1.0 0.00 0.00 0.00

1 8,A=0.8 0.8 5.97 11.87 9.24

1 8,A=0.5 0.5 16.64 14.81 10.29

1 8,A=0.3 0.3 15.19 16.97 12.21

1 9,A=1.0 1.0 0.16 0.18 0.07

19,A=0.8 0.8 10.71 12.03 8.49

1 9,A=0.5 0.5 14.80 15.59 11.05

1 9,A=0.3 0.3 16.40 16.52 11.71
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Figure 27. Single reservoir forecast, 19 on 110, A=0.3.
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M=333.9.) This insensitivity of model output to perturbations of the

parameters has some important implications which will be reviewed in the

final discussion section. To summarize, it has been shown that a model

which is structurally inadequate in the throughflow mode can still

yield good forecasts for the overflow mode, when the data are of the

large magnitude variety shown here.

Discussion 

The first phase of this study demonstrated that the two-param-

eter single reservoir element, commonly used to model the highly non-

linear upper zone rainfall-runoff subprocesses, is in fact an adequate

representation of these phenomena (assuming that the deviation of the

process employed to generate the observed data from the true process

itself is not that great). Thus, the calibration problems that were

expected to result from modeling the observed nonlinear processes with a

linear model did not materialize. In terms of parameter estimation, the

affect of increasing degrees of nonlinearity was absorbed by the reces-

sion parameter, K. The parameters estimated were stable for any degree

of nonlinearity (when well activated), and consequently, all forecasts

were very good. On the basis of this study, the use of the linear

reservoir to model upper zone processes can be recommended.

The ARMAX model was used in this study for comparison. Its

performance was strong in both calibration and forecasting, but always a

bit weaker than the single reservoir, except when the input data was of

small magnitude and the observed process was highly nonlinear. There-

fore, its use as a viable alternative to CRR models containing linear
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reservoir elements is suggested.

The most important aspect of modeling with this type of thresh-

old element was noticed during the forecasting phase of this study.

Again, this is the idea that a model element which is structurally

inadequate in mode 1 can still yield good forecasts on data that mainly

activates mode 2 (i.e. large magnitude data which results in lenghty

overflow events). This situation was simulated in the last part of this

study, and the above idea was shown to be correct. The results suggest

that it is possible that an operational CRR model can contain such an

element and still produce good forecasts. One may wonder however, if

the fact that the model element is inadequate in one mode really matters

if the forecasts are still good.

The answer is of course, yes, for a number of reasons. The

first, as shown here, is that forecasts on other types of data will be

of poor quality due to the unreliability of the estimated parameters. A

look back at Table 7 will show the variation and unrealistic nature of

the parameter estimates when the model is inadequate. Compare these to

the estimates shown in Table 2, where the model was adequate. Note

again the stability of the parameters for a particular degree of non-

linearity (allowing for the poor estimates of the threshold parameter M

when it was not activated by the data). These stable parameters re-

sulted in excellent forecasts, while the unstable parameters resulted in

poor forecasts.

Other problems would result from the presence of an inadequate

element in the CRR model structure. For example, any parameters that



72

interact with the poorly identified parameters of the inadequate element

will be poorly identified as well. This will lead to a low degree of

confidence in the estimated parameters and the model output. In addi-

tion, the inadequate element can only serve as a weak link in the

overall CRR model, and as is well known, a model is only as good as its

weakest link.

Based on the results presented in this chapter, and the above

discussion, it is suggested that the presence of this type of inadequate

element could easily be another reason why hydrologists have had such

difficulty with calibration of CRR models -- in particular, the inabili-

ty to obtain a unique and conceptually realistic set of parameters for

use on a particular basin. This idea is particularly striking when

Tables 7 and 2 are compared again. On the one hand there is the inade-

quate model, yielding a wide variety of parameter estimates, some of

them unrealistic. On the other is the adequate model, which yields a

stable set. Yet, both can give good forecasts for a particular type of

data.

The point is that, because of the good forecasts on the flood

type data (or for any of the reasons described in the introduction), the

hydrologist may be unaware of the structural inadequacy, and attribute

the poor calibration results to noninformative data, an improperly

chosen estimation criterion, etc. In other words, the type of data used

in forecasting can mask the fact that an inadequate element is present.

The hydrologist may spend hours of valuable time searching in the wrong

direction.

Note that the results of this study can likely be extended to
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model elements with many modes. If the data used is such that certain

modes are only activated for a short time, then the potential inade-

quacies may go undetected, while the influence of poor modal structure

_ will affect both calibration and forecasting results.

Thus the interdependence of model structure and parameter iden-

tifiability has been demonstrated once again. It is hoped that practic-

ing hydrologists will give strong consideration to this interrelation-

ship when choosing or developing a CRR model structure, for what good is

a model whose structure will not allow its parameters to be properly

identified.



CHAPTER 3

REPARAMETERIZATION TO IMPROVE
RESPONSE SURFACE CHARACTERISTICS AND

STRUCTURAL IDENTIFIABILITY

In the last chapter it was demonstrated that the presence of an

inadequate threshold element in a CRR model could easily go undetected

and result in a whole host of calibration problems. Those model users

who have in fact experienced problems with identifying unique and

conceptually realistic parameter estimates may consider investigating

the structure of the model in use. If the results of their studies

point to inadequacies of the type presented in Chapter 2, then they may

consider a new model structure entirely, or replacing a single model

element. For example, they might choose to replace the element used to

model upper zone processes with one containing a nonlinear component.

Alternatively, the upper and lower zone distinctions could be abandoned

if a suitable conceptual element could adequately represent the combined

processes, including both linear and nonlinear components.

One such element is the four-parameter model proposed by Diskin

and Simon [1977] shown in Figure 28. Both soil storage and depression

and interception storage are represented by a single storage element of

maximum capacity Cl. After Diskin and Simon [1977], the moisture con-

tents SOt of the element are augmented at the start of each time incre-

ment, t, by precipitation Ut and depleted by evaporation, to yield the

intermediate moisture storage value

74
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Figure 28. 4-Parameter Diskin and Simon [1977] model.
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Sit = SOt+Ut-Et.
	 (3.1)

The model contains two thresholds, Cl and C2, on which the

occurrence of runoff, Qt, depends. If STt is less than the value of C2

(mode 1-- no flow) then no runoff occurs. If STt is greater than C2,

but less than or equal to Cl (mode 2 -- through flow), then:

Qt = K1*(K1+1 )-1*(STt-C2)((STt-C2)/(C1-C2)) 1/K1
	

(3.2)

where Ki is the model parameter which describes the variability of the

infiltration capacity with the area of the watershed.

If Sit is greater than Cl (mode 3 -- overflow) then surface

runoff occurs. In this case:

Qt = (STt-C1)+K1*(K1+1) -1* (C1 - C2).	 (3.3)

The flow to groundwater Gt does not contribute to the runoff

hydrograph and is considered a loss. Its equation does not vary with

model modes, and is as follows:

Gt = K2*(STt-C2-Qt)
	

(3.4)

where K2 is a model parameter representing percolation.

The value of moisture storage at the end of the time increment,

SOt, is given by:

sot 	STt-(Qt+Gt).	 (3.5)

This model represents, in simplified form, all the elements of a

typical CRR model. Therfore, its use in place of an upper and lower
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zone representation is plausible. Note also that with some modification

(e.g. if another element were included to model baseflow with equation

3.4 representing input to that element rather than a loss) the four-

parameter model may be a viable replacement for the linear reservoir

model (with threshold) of the nonlinear upper zone processes. In any

case, it is this type of conceptual model that is required to replace an

inadequate element.

The purpose of this study however, is to show that even though

this type of conceptual element may be a more realistic representation

of the actual physical process, potential calibration problems due to

this type of threshold structure (one commonly encountered in CRR mod-

els) still exist. It will also be shown, that by a logical reparameter-

ization of model equations and a rescaling of parameters (after Gupta

and Sorooshian [1983], and Sorooshian and Gupta [1985]) the response

surfaces of the various parameter subspaces can be improved, which will

reduce the number of problems encountered in calibration.

Reparameterizationto Improve
Response Surface Characteristics 

Sorooshian and Gupta [1983], after working with the SMA-NWSRFS

CRR model, reported that certain calibration problems may be a result of

model structure rather than noninformative data, a stochastically im-

proper estimation criterion, etc. In particular, they noted that the

elongated valley present in the Z-X response surface (two parameters in

the percolation equation) was a calibration problem inherent to the

model structure. They pointed out that, since most CRR models use a

similar approach to modeling the percolation process, the inability of
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other researchers to obtain unique parameter sets for their models is

not surprising.

Their approach to solving the problem was the reparameterization

presented by Gupta and Sorooshian [1983]. In that study, using a sim-

plified six-parameter version of the SMA-NWSRFS model, the parameter Z

was replaced by the parameter A. After an appropriate rescaling, the

new A-X response surface exhibited greatly improved characteristics over

the old Z-X surface. Calibration problems were drastically reduced by

the elimination of the elongated valley in the Z-X parameter space.

In this spirit, this study was undertaken to show that

a.) calibration problems may exist due to model
structure, even when the model is thought to well
represent the underlying physical processes; and

b.) a reparameterization of the type proposed by Gupta
and Sorooshian [1985] can improve response surface
characteristics and therefore CRR model structural
identifiability.

Study Description 

The procedure followed in this study was relatively straightfor-

ward. First, a synthetic input data set was generated: its use was

intended to eliminate the influence of data measurement errors on model

performance. True model parameter values were assumed and this input

was run through the model to produce an observed output vector. The

assumed parameter values are as follows:

C1=50.0;

C2=20.0;

K1=2.0;and
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K2=0.6.

Evaporation was held constant at 0.25. The data was designed so that all

modes of the model were well activated (see Figure 29). Second, a set

of response surfaces was generated for the six two-parameter subspaces

of the four parameter model. The estimation criterion employed was the

ordinary least squares, which was stochastically proper due to the

absence of data measurement errors. Third, potential calibration prob-

lems were identified by analyzing the response surfaces. Fourth, a

reparameterization of model equations was conducted in hopes of alle-

viating the identified problems. Fifth, the reparameterized model was

used to generate a new set of response surfaces. And finally, sixth,

the new response surfaces were compared to the old to assess the success

of the reparameterization.

Study Results 

The response surfaces generated using the original model, before

any modifications were made, are shown in Figures 30 through 35. Note

the presence of elongated valleys in Figures 30, 31 and 35, and the high

degree of parameter interaction in all cases. To test whether or not

these surface characteristics were data dependent, different input se-

quences were run through the model. These inputs were designed so that

the different model modes were activated to various degrees. The sur-

faces generated with the different inputs were nearly identical to those

presented here, indicating that the elongated valleys and heavy param-

eter interaction are structural problems and are not data related. For
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Figure 30. Cl-K1 response surface.
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Figure 33. C2-K2 response surface.
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Figure 35. K 1 -K2 response surface.
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this reason, all response surfaces presented have been generated with

the input shown in Figure 29, which , as previously mentioned, was

designed so that all modes were well activated.

To illustrate a possible approach to reparameterization, atten-

tion was focused on the C 1 -C2 parameter space (Figure 34). Analysis of

this response surface shows that it is oriented at a 45 degree angle,

indicating the highest possible amount of parameter interaction. From

an estimation point of view, this is undesirable because changes in

model output due to perturbation of one of the parameters, can be

compensated for by changes in the other. Therefore, when a high degree

of parameter interaction is present, less confidence can be placed in

any parameters identified by the optimization algorithm, than when less

or no interaction is present.

A look at equations 3.2 and 3.3 may help explain the reason for

this interaction. Notice that the two parameters appear as the differ-

ence, C 1 -C2, implying that what need be determined by the search algo-

rithm is the optimal difference between the two parameter values rather

than the optimal value of each individually. Thus, the parameter values

are free to vary (within the limits prescribed by the remaining equa-

tions) while the difference between the two remains the same (see Bard

[1974]).

One solution to this problem would be to replace the quantity

C 1 -C2 with a new parameter, D (assumed value = 30.0). The new model

equations would then be:

Qt=K1*(K1+1) -1 *(STt-C2)*((STt-C2)/D) 1/K1	(3.6)
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in mode 2, and in mode 3,

Qt . (STt-(D+C2))+K1*(K1+1) -1* (D)	 (3.7)

where C1=D+C2. This idea was in fact tested, and the results will be

presented after a second modification is discussed.

As a second illustration of a possible approach to reparameter-

ization, the three K2 parameter subspaces were studied. A high degree

of interaction was noted in all subspaces (see Figures 31, 33, and 35

for the C 1 -K2, C2-K2, and K1-K2 response surfaces). Because K2 is only

present in the groundwater equation (3.4) further investigation of this

relationship was in order.

The groundwater equation (3.4) is reproduced here for clarity of

discussion:

Gt = K2*(STt-C2-Qt).
	 (3.8)

After studying the various model outputs it was noted that groundwater

flow in mode 3 was constant. This prompted the following substitution

of the new mode 3 equation for Qt (equation 3.7) into equation 3.8:

Gt = K2*(STt-C2-((STt-(D+C2))+K1*(K1+1) -1* (D)))	 (3.9)

Simplifying equation 3.9 results in the new equation for groundwater

flow in mode 3:

Gt - 1K2*(K1+1)*- D.- (3.10)

To eliminate K1-K2 interaction, a new parameter, B, was introduced,
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yielding the following relationship:

Gt = B*D
	

(3.11)

in mode 3 where B=K2*(K1+1) -1 (assumed value = 0.2)

The new model	 equations, with both modifications incorporated,

are as follows:

In mode 2

Q t = K1*(K1+1 ) -1 *(ST t -C2)*((STt -C2)/D) K1 ;and (3.12)

Gt =	 B*(K1+1)*(STt-C2-Qt)

where K2=B*(K1+1); and in mode 3,

Qt =	 (S7t-(D+C2))+K1*(K1+1) -1*D;	 and

(3.13)

(3.14)

Gt = B*D. (3.15)

To study the results of these modifications, new response sur-

faces were generated using the same well activating input. These sur-

faces are presented as Figures 36 through 41 (these surfaces correspond

to those of the old subspaces, shown in Figures 30 through 35). Note,

as done previously, that different inputs (of varying degrees of activa-

tion) were run through the model to determine whether the new surface

characteristics were data dependent. As before, the different data sets

had little influence on the new response surface characteristics. As

shown by the new surfaces, the degree of parameter interaction has been

drastically reduced in nearly all subspaces. Because these better
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Figure 37. D-B response surface.
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Figure 38. C2-K1 response surface.
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Figure 41. K1 -B response surface.
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characteristics are not data dependent, the modifications have truly

enhanced parameter identifiability.

In Figures 36, 37, and 40, the effects of replacing the differ-

ence C1-C2, with the new parameter D, are apparent. The degree of

parameter interaction has in all cases been reduced, in fact to zero in

the D-K1 (Figure 36) and D-C2 (Figure 40) subspaces (compare to Figures

30 and 34 respectively). This will surely improve the degree of confi-

dence in the parameters estimated.

The results of replacing the quantity K2/(K1+1) by the parameter

B are apparent when Figures 37, 39, and 41 are compared to Figures 31,

33, and 35 respectively. In all cases, parameter interaction has again

been reduced, even to zero in the C2-B and K1-B subspaces. In addition,

the concentricity of the C2-B response surface (Figure 39) has improved

over the old C2-K2 surface (Figure 33).

Note that the characteristics of the K1-B response surface

(Figure 41), and possibly those of the D-K1 surface (Figure 36), suggest

that the elongated valleys may be transformed into more elliptical or

circular shapes by rescaling the parameter Ki. A procedure for re-

scaling is covered in Gupta and Sorooshian [1983] and the reader is

referred to this report for an example. However, this rescaling would

likely lead to improved characteristics of the above response surfaces,

and better conditions in the C2-K1 subspace (Figure 38) as well.

Discussion 

The work presented here is simply an example of possible repa-

rameterizations of CRR models with structural problems, and the improved
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response surface characteristics that can result. Note that there are

numerous other possible modifications that could have been made. The

cases shown here are not necessarily representative of the best: rath-

er, the purpose of this study was to show that potential problems with

model calibration can exist due to model structure. This study, after

Sorooshian and Gupta [1983], verifies this idea once again. In addi-

tion, it was intended to show that CRR model structures are often such

that optimization algorithms cannot identify an optimal or unique param-

eter set due to the structure of the model itself.

The results of Figures 30 through 41 show clearly that the

modifications proposed here have served their purpose. By eliminating

parameter interaction in five of the six subspaces, and reducing it in

the other, model identifiability has been improved by the enhancement of

the parameter estimation procedure. Further improvements could certainly

be made by rescaling the parameter Ki. These types of improvements will

lead to increased confidence in estimated parameters, and improved

forecasting reliability of the CRR model identified.

The improvements realized by replacing the difference C1-C2 with

the parameter D merit special attention. Here is an example where the

difference between two threshold parameters is required. The results of

this study demonstrate that by replacing the two parameters with a

single, new parameter, interaction is reduced to zero. A similar situa-

tion is discussed by Bard [1974], who points out that there is a wide

latitude in choosing a value of a parameter like Cl, so long as C2 is

adjusted so that C1-C2 is nearly equal to the optimal difference. The

difference, he points out, is better identified than the individual
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parameter values. This "wide latitude" in the estimated values of Cl

and C2 is the cause of the high degree of interaction.

The improved response surface characteristics shown here,

coupled with the systems theory presented by Bard, suggest that when a

similar situation is encountered in hydrologic models, a reparameter-

ization of the type shown here is in order. Parameter interaction can

be eliminated, and the resulting increased confidence in the parameter

esimates will lead to more reliable forecasting results.

Suggestions for Future Research 

a.) The extended valleys present in the D-K1 and K1-B response

surfaces suggest that identifiability problems may exist with the

parameter Ki. Note that the value of Ki can theoretically vary from 0

to infinity, while the quantity K1/(K1+1) can only vary from 0 to 1.

Replacing this quantity by a parameter whose value is scaled from 0 to 1

may lead to promising results, in conjunction with, or separate from

those modifications preseneted here.

b.) To eliminate the need for cumbersome response surface studies, a

new index, known as the sensitivity ratio, was developed by Sorooshian

and Gupta [1985], as a measure of CRR model structural identifiability.

The sensitivity ratio is a measure which, when applied to each parameter

of a given model, will indicate how much the other model parameters will

compensate for changes in the output resulting from perturbation of the

parameter in question. (See the above report for a more detailed dis-

cussion.)
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This type of measure could be used in the CRR model identifica-

tion procedure in the following way. The sensitivity ratio of all model

parameters could be calculated and compared relative to each other. Any

relatively high values of the index would suggest potential structural

problems exist in equations involving the parameter in question. These

equations could be studied and modified if problems were thought to

exist. Following any modifications, the sensitivity ratio could be

recalculated, and if its new value were lower, it would be an indication

of a structural improvement.

The incorporation of this type of sensitivity measure into the

model identification procedure could eliminate the need for voluminous

response surface studies. But, because it is a new measure, its valid-

ity and usefulness remain to be demonstrated. The type of study under-

taken here would be an ideal situation in which to validate the useful-

ness of such a measure. Improvements due to any model modifications

could be verified by a response surface analysis. If the values of the

sensitivity ratios reflected the characteristics of the response sur-

faces, both before and after model modifications, then its potential as

a useful tool in the CRR model identification process would be obvious.



CHAPTER 4

GENERAL DISCUSSION

The common theme of this thesis has been calibration problems

that result from CRR model structure, particularly where that structure

includes some type of threshold element.

In Chapter 2 it was noted that because of this threshold struc-

ture, the inadequacy of a particular model element can go unnoticed if

only a particular type of data were used. The use of such an element in

operational forecating was postulated as being another reason for the

inability of the hydrologist to identify a unique and conceptually

realistic parameter set for a model in use on a particular basin.

In Chapter 3, the usefulness of reparameterization as a solution

to structural problems was demonstrated. It was shown that parameter

interaction could be substantially reduced by a logical reformulation of

model equations, without modifying the model structure. This reduced

interaction led to better conditioned response surfaces, which would

result in more efficient searches by the chosen optimization algorothm.

The real underlying theme of this thesis, however, has been more

than just calibration problems related to model structure. It has in

fact been the idea, put forth by Sorooshian and Gupta [1985], that the

two phases of CRR model identification, model structural identification

and parameter estimation, are not distinct phases, and should not be

treated as such. It is this independent treatment that has led to the

100
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problems reported in Chapters 2 and 3. Sorooshian and Gupta [1985]

suggest, as do the results of this work, that both the choice of model

structure and the limitations of available parameter estimation method-

ologies be considered simultaneously, for a model whose structure hin-

ders the optimal identification of its parameters is not a very useful

model at all.

Finally, the author would like to emphasize the usefulness and

value of the type of controlled studies reported on here. Although

these types of synthetic studies are often thought to be too theoreti-

cal, or of lesser value because real data is not used, a review of the

literature, particularly relating to the automatic calibration of CRR

models, will show that many of the major advances in this field have

resulted from similar work. It is only through this type of study that

potential problems can be isolated, and a thorough analysis of the

causes be conducted. It is for these reasons that continued research of

this type is recommended to further the improvement of the forecasting

reliability of CRR models.
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