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ABSTRACT

An erosion simulation model based on the kinematic equations of

flow and advective transport of sediment with rill and interrill source

terms is written in a finite difference form. The accuracy of the

numerical solution is examined using the analytical solutions to the

model for some special cases. The parameter identifiability of the

model is examined using contour plots of the objective function re-

sponse surface. The erosion equation is non-dimensionalized to allow

for the examination of all parameter combinations. Two optimization

routines are used to identify parameters for theoretical, theoretical

with added error, and observed sediment concentration data.

The finite difference formulation used is a suitable numerical

scheme for this type of erosion model. Parameter identifiability of

this erosion model is difficult because of parameter insensitivity and

parameter interactions for some cases. Both the numerical scheme and

the random error have little effect on parameter identifiability.

ix



CHAPTER 1

INTRODUCTION

Background 

Models for erosion prediction on upland areas are important

tools in resource management. With increasing population pressures on

land and water resources, land managers are forced to make wise deci-

sions concerning how best to keep those lands from degrading. To help

make these decisions they need a reliable method of predicting the

effects of various land management practices on soil erosion.

The erosion prediction tool most widely used by land managers

has been the Universal Soil Loss Equation (USLE) (Wischmeier and Smith,

1978). However there has not been as much investigation into appropri-

ate USLE parameters to be used in the Western States as there has been

in the East. Also, there is a need for more versatile erosion models;

particularly models that can be used with a shorter simulation time

than the yearly prediction of the USLE, and models that give better

insight into the physical processes of erosion.

The USDA-Agriculture Research Service is presently involved in

a major program to replace the USLE. The erosion model that is chosen

as a replacement should be: applicable to all areas of the nation,

able to predict erosion on an event basis, and able to be used by the

public without much difficulty.

1
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Physically based erosion simulation models have the potential

to meet these requirements if cost effective procedures can be devised

to estimate model parameters from data obtained from limited field

experiments, and these parameters can, in turn, be related to measur-

able soil properties, vegetative cover and management practices.

Existing physically based erosion simulation models have no

established parameter values for a variety of situations. Values are

estimated by physical reasoning or are found by optimization from ob-

served data. Coupled with the fact that the erosion components are

driven by hydrologic models which also contain parameters that must be

identified, parameter identification becomes very difficult indeed.

This research was undertaken to investigate the problem of parameter

identifiability as part of the program to replace the USLE.

Review of Literature 

Erosion

Water erosion can be classified into four types: interrill,

rill, gully and stream channel erosion (Hudson, 1971; Foster and Meyer,

1977). Sheet erosion is the removal of a thin, relatively uniform

layer of soil particles from the land surface due to raindrop splash

and runoff. Rill erosion is the removal of soil particles from very

small channels called rills due to runoff. Gully and stream channel

erosion are also due to hydraulic forces exerted by surface runoff.

Rills, gullies, and stream channels are defined as follows: rills are

channels small enough to be obliterated by normal tillage, gullies are



3

small channels which are not obliterated by normal tillage, and stream

channels form a permanent feature of the landscape.

A typical watershed is considered to have all of the four types

of erosion features. Foster (1982) suggested the term upland erosion

for rill and interrill erosion in overland flow. The model in this

study is designed to simulate upland erosion.

USLE. The need for an equation or model to predict soil loss

in the agricultural fields of the central and eastern United States led

to the now widely used Universal Soil Loss Equation (USLE) (Wischmeier

and Smith, 1965). Over 10,000 plot-years of data from 37 locations in

21 states were analyzed to obtain estimates of the factors found in the

equation. This extensive data base and the simplicity of the equation

contributed to its extensive use in soil conservation planning. The

USLE is:

A = RKLSCP

where A = computed average annual soil loss per unit area; R = rainfall

factor; K = soil erodibility factor; L = slope-length factor; S =

slope-gradient factor; C = cropping-management factor; and P = erosion-

control practice factor.

The USLE is intended to estimate long-term average annual soil

loss from agricultural areas of the humid United States. As such, it

may not be a good model for other areas of the country and world, and

should not be used for single storm events.

To overcome the situations where the USLE is not applicable,

two alternative methods of modeling erosion have arisen. One approach
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is to make improvements or modifications of the USLE, and the other is

to formulate erosion/sediment equations based on fundamental erosion

mechanics (Lane and Shirley, 1985)

USLE Modifications. Onstad and Foster (1975) modified the USLE

by changing the rainfall energy factor to explicitly account for rain-

fall and runoff separately. This modification allowed estimation of

sediment yield for single storm events. They also presented a method

for estimating the relative proportions of interrill and rill sediment

in the total yield.

Williams (1975) modified the USLE by replacing the rainfall

energy factor with a runoff factor (volume of runoff x peak runoff rate

for a storm). The new equation, referred to as the Modified USLE or

MUSLE, eliminates the need for a delivery ratio and allows for estima-

tion of sediment yield for individual runoff events.

The CREAMS model (Knisel, 1980) couples an erosion/sediment

yield model (which incorporates USLE parameters and factors) with a

hydrologic model. The model estimates erosion, sediment yield and

chemical transport on an indivisual storm basis. The ANSWERS model

(Beasley et al., 1977) also incorporates USLE parameters and factors

into an erosion/sediment yield model coupled with a hydrologic model.

ANSWERS is designed to model complex watersheds, by using a distributed

parameter approach.

Fundamental Models. Foster (1982) suggested the advantages

fundamental models have over empirical equations. 1) Being more physi-

cally based they can be extrapolated more accurately (extrapolation to
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different locations, topography, vegetation, land use, weather pat-

terns, etc.); 2) they represent the physical processes more accurately

(rill and interrill erosion considered separately; detachment, trans-

port and deposition all considered separately); 3) they can consider

more complex areas (spatial variation of slopes, vegetation, and soils

can be accounted for); 4) they can consider channel erosion and deposi-

tion directly; and 5) they are more accurate for single storm events.

The importance of fundamental erosion mechanics was recognized

as early as the 1930's by Cook (1936). He listed seven variables as

being the principal controlling factors in the erosion process: 1)

soil erodibility, 2) climatic erosivity, 3) infiltration capacity, 4)

surface storage capacity, 5) degree of slope, 6) length of slope, and

7) cover protectivity. He stressed that each variable should be inves-

tigated singly and in various combinations if we are to understand the

erosion process.

Ellison (1947) attempted to analyze independently the four sub-

processes of detachment and transport by rainfall and runoff. He de-

fined soil erosion as "a process of detachment and transport of soil

particles by erosive agents", including both water and wind. He

described these processes as independent, sequential events unable to

be expressed as a single quantifiable result. The principal effect of

raindrops was to detach soil particles with overland flow serving as a

soil transporting mechanism.

Negev (1967) added an erosion component to an early and suc-

cessful hydrologic simulation model, the Stanford Watershed Model (SWM)
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(Crawford and Lindsley, 1962). He demonstrated the feasibility of dri-

ving an erosion model by directly incorporating runoff rates from a

hydrologic model, as opposed to using runoff indices.

Meyer and Wischmeier (1969) presented mathematical submodels to

simulate the four components of the upland erosion process: 1) soil

detachment by rainfall, 2) transport by rainfall, 3) detachment by run-

off, and 4) transport by runoff. By combining these four processes

into a computer program to route soil down slope, they were able to

demonstrate the use of such a model for understanding and predicting

the behavior of soil erosion by water. This study essentially laid the

groundwork for the present direction of erosion modeling.

David and Beer (1975) developed an erosion model and used a

version of the Stanford Watershed Model, called the Kentucky Watershed

Model (KWM) (Ross, 1970), to obtain estimates of overland flow. Each

of the four components of the erosion process were treated separately

and the results summed to give the total washload. Channel bank and

bed scouring was approximated by a simple power function of the mean

daily recorded streamflows.

An event model to predict runoff, sediment, and pesticide

transport was developed by Bruce et al (1975). It is a two stage con-

volution model similar to instantaneous unit hydrograph theory, but it

operates nonlinearly. The erosion from rill and interrill areas are

modeled separately, then are combined for total sediment and pesticide

transport.

Donigian and Crawford (1976) developed the Agricultural Runoff
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Management (ARM) model to predict pesticide and nutrient transport on

agricultural watersheds. It was assumed that all soil lost from upland

areas reached the channel and was transported to the watershed outlet.

Channel erosion and deposition were not considered, nor was channel

routing of sediment performed. The model contains considerable flexi-

bility for evaluating the effect of vegetative cover, tillage opera-

tions, and conservation practices on the sediment loss from a water-

shed.

Gupta and Solomon (1977) developed a distributed parameter

model for routing flow and sediment on large watersheds, based on a

system of square grids. Flow routing was performed by the Muskingum

routing technique, and each of the four erosion subprocesses occurring

on upland watersheds was represented. A channel component was also

included for routing the washload and bedload. Runoff and sediment

discharge can be computed for any point of a river.

A comprehensive watershed model was developed at Colorado State

University (Li, 1977). The model is based on equations for separate

erosion and transport processes on overland flow and channel areas.

The erosion model is driven by a kinematic flow model using a system of

grids and channels. The model includes overland and open channel flow,

bedload and suspended sediment, and sediment routing by particle size

classes.

Optimization

There are two fundamental decisions involved in the use of

automatic calibration procedures. First, is the type of objective
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function to be used as the criterion for measurement of best fit.

Second is the optimization method chosen, that will seek those values

of the unknown parameters which minimize or maximize the objective

function. There are several different objective functions and optimi-

zation schemes available for use. Although there is almost no liter-

ature dealing specifically with optimization of parameters in conceptu-

al erosion simulation models, there is a considerable amount of litera-

ture on optimization of conceptual rainfall-runoff models.

Objective Function. Diskin and Simon (1977) investigated

the effects that objective function selection has on parameter

optimization. They studied 12 different objective functions and devel-

oped procedures that will reduce the subjectivity involved in choosing

an objective function for a given case. They concluded that no single

objective function is adequate to serve as a universal tool for the

optimization of hydrologic models.

Clarke (1973) emphasized that selection of an objective func-

tion should be based on proper consideration of the stochastic proper-

ties of the process. By using the maximum likelihood estimation theo-

ry, Sorooshian and Dracup (1980) developed estimation procedures to

handle correlated and heteroscedastic streamflow errors in the calibra-

tion record. Their procedures automatically detect and then incorpor-

ate the error effects into the estimated parameters. Using a two

parameter model and synthetic data for various error conditions, they

demonstrated the ability of the new procedures to identify parameters

better than other objective functions.
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Optimization Method. Ibbitt and O'Donnell (1971), working with

a version of the Stanford Watershed Model (Crawford and Lindsley,

1962), investigated the effectiveness of nine different automatic fit-

ting methods. They concluded that the Rosenbrock (1960) method was the

most effective of the nine methods, but that difficulty in calibration

(particularly convergence) was experienced with all of the methods.

They defined the most effective method as "the one that most frequently

obtains the correct solution to a problem, irrespective of the cost of

obtaining that solution".

Pickup (1977) examined the efficiency of various methods of

calibrating a 12 parameter version of the Boughton rainfall-runoff

model. He concluded that the best algorithms were those of Powell

(1965), Rosenbrock (1960), and the simplex method of Nelder and Mead

(1965). An important finding was that even under ideal conditions

(using error free synthetic data created from known parameter values),

he was unable to obtain the "true" values of the model parameters,

regardless of the automatic calibration method.

Johnston and Pilgrim (1976) also encountered difficulty in the

calibration of the Boughton model. They were unable to find a "true

optimum" parameter set for a nine-parameter version of the Boughton

model on a gauged watershed in Australia. According to them and Ibbitt

and O'Donnell (1971), the difficulty encountered in automatic calibra-

tion of conceptual rainfall-runoff models is due to the following fea-

tures: 1) interdependence between model parameters, 2) indifference of

the objective function to the values of "inactive" parameters, 3)
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discontinuities of the response surface, and 4) presence of local opti-

ma due to the nonconvexity of the response surface.

Sorooshian and Gupta (1983) investigated the reasons for the

presence of these features. They concluded that inadaquacies in the

structure of the models and in the automatic techniques used to cali-

brate them are primarily responsible for these problems.

Research Objectives 

The objective of this research is to investigate the problem of

parameter identifiability for soil erosion models. Because solutions

of the equations describing soil erosion usually require numerical

methods, a second objective was to examine the effect of numerical

approximation on parameter identifiability.

Although several of the erosion models described previously

could have been used in this study, a model proposed by Lane and

Shirley (1978) was chosen. This model has been shown to give good

results for predicting erosion from upland areas of the southwest.

Although it is based upon the partial differential equations for kine-

matic flow and includes rainfall and runoff detachment, it is relative-

ly simple, including only 3 parameters related to erosion and sediment

transport. It also has the advantage that analytical solutions are

available for some special cases thus providing the opportunity for an

empirical examination of the accuracy of numerical finite difference

solutions.



CHAPTER 2

MODEL DESCRIPTION

Kinematic Flow Equations 

The numerical simulation model KINEROS (Smith, 1977) was chosen

to drive the erosion routine. KINEROS, a deterministic, distributed,

event oriented rainfall-runoff and erosion model, is an extension of

the surface runoff model KINGEN (Rovey et al., 1977).

In the original version of KINEROS the erosion component has a

separate transport capacity subroutine that contains six different

sediment transport laws, any one of which may be chosen for use. The

program can be used to simulate erosion in both planes and channels.

In this newer modified version, the user does not have a choice of

transport laws to use, and erosion is simulated on a single plane only.

It is intended to be used with rainfall simulator plot data for testing

and parameter identification.

The hydraulic equations upon which KINEROS is based are derived

from the principles of conservation of mass and momentum (Woolhiser,

1975). The conservation of mass gives rise to the continuity equation:

5h 4. 6(uh) _ in	 •7.t. 	)___67 	 _ vç _ 1) (1)

where h is the local depth of flow (0; t is time (T); u is the local

mean velocity (LIT); x is the distance from the top of the plane (0;

and R-i is the lateral inflow rate (L 3/T/L 2 ).

11



The conservation of momentum gives rise to the dynamic equa-

tion:

du + -,, Su	
=

+ g Sh	 g(S0 - Sf) - (R - i) (u - y)
St	 Sx	 Sx	 h

where g is the gravitational constant (L/T 2 ); So is the bed slope (di-

mensionless); Sf is the friction slope (dimensionless); and v is the

x-ward velocity component of the rainfall (L/T).

These equations for gradually varied, unsteady flow are based

on the following assumptions (Yevjevich and Barnes, 1970):

1) The slope of the bed surface, So , is small and is approximately

equal to the sine of the angle of inclination.

2) The flow is one-dimensional so that the vertical components of velo-

city and acceleration are negligible.

3) The pressure in the vertical cross section is hydrostatic.

4) Boundary friction and turbulence can be accounted for by introduc-

tion of a resistance term that is the same as at a corresponding

uniform flow depth.

5) The velocity distribution in the vertical cross section is the same

as the distribution in steady flow.

The kinematic wave approximation is used to reduce the momentum

equation to

D = Sf

The continuity equation is then put into the form:

	Sh	 6 ofim
—7-( - (R - i)

where the discharge per unit width, q = uh = ahm, and a and m can be

12

(2)

(3)

(4)
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specified using the Mannings equation or the Chezy equation. The form

of the kinematic wave equation in Kineros is:

-66 14 + -664 = (R -1 (5)

q =
	

(6)

where R is rainfall rate (L/T); i is infiltration rate (L/T); K is a

slope-resistance coefficient (L 2-{11/T); and m is a dimensionless expo-

nent.

The initial conditions are:

h(x,0) = q(x,0)	 0

where t	 0 is the time of ponding. The upper boundary conditions are:

h(0,t) = q(0,t)	 O.

The kinematic equations are solved using an implicit numerical

scheme to generate depths and flow rates at successive time and dis-

tance increments. The analytical solutions to the kinematic equations,

which are used to examine the accuracy of the numerical solutions, are

given in Woolhiser (1975).

Erosion Equations 

Foster and Meyer (1972) specified the approximate forms of the

erosion equations used in this model. In these equations, sediment

transport is defined as a purely advective process; dispersion is not

considered. The erosion equations used are:

(5(ch) + 6 (cq) = Ei + Er	 (7)ôt
where:

Ei = Ki R	 (8)

Er =	 q -cq)	 (9)
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where c is sediment concentration (F/L 3 ); t is time (T); q is discharge

per unit width (L 3 /T/L); x is distance (L); Ei is interill erosion rate

(FIT/L 2 ); Ki is an interill erosion parameter (F/L 3 ); R is rainfall

rate (LIT); E r is rill erosion rate (F/T/L 2 ); Kr is a rill erosion

parameter (L -1 ); B is a sediment transport parameter (FIT/Lin); and

K is a slope-resistance coefficient (L 2-m/T).

The initial conditions are:

h(x,0) = q(x,0) = 0

c(x,0) = Ki

where t = 0 is the time of pond ing. The upper boundary conditions are:

h(0,t) = q(0,t) = 0

c(0,t) = Ki

This erosion model has three important characteristics: 1) it

is based on the partial differential equations for kinematic flow; 2)

it has separate rill and interill erosion components; and 3) it has a

two parameter transport term. The model results in three parameters

which must be identified: Ki, Kr , and B. This type of erosion model

has been discussed in the literature by Bennett (1974), Hjelmfelt,

Piest and Saxton (1975), Foster, Meyer and Onstad (1977), and Lane and

Shirley (1982).

Hjelmfelt, Piest and Saxton (1975) obtained an analytical solu-

tion to the model for the rising portion of the hydrograph but not for

the recession. Lane and Shirley (1978) solved the equations for the

entire hydrograph using the Chezy resistance equation, and derived a

sediment yield equation by integrating the solutions to the model
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(refer to Appendix A). Their analytical solutions were used to verify

the numerical solution in this study. Because these solutions assume a

constant rate of rainfall excess, they lose accuracy when infiltration

and/or rainfall rates change with time. To enable this erosion model

to be used for events with changing rainfall excess rates and for other

resistance laws, the equations must be solved numerically. To deter-

mine an appropriate numerical scheme to use with this model, the parti-

al differential equations were written in a finite difference form and

incorporated as the erosion component in KINEROS.

Numerical Formulation 

Figure 1 shows the general notation for the numerical finite

difference scheme. The strategy of solving the erosion equation is to

find the sediment concentration at the advanced time and distance step

c(x + Ax, t + At), in terms of known values. The finite difference

formulation is as follows:

= [KR + K4-[w(eci+ (1-0)q1 +1 ) + (1-w)(8q 1+ (1-e)q1)] -

[w(1-0)qC1 -1-1 + (1-w)(0-qq 1 + (18)qC1H1

(10)

1	 i	 i+1	 i +1 i	 1

	

-E [ehC ii.1 + (1-8)(hCi - hCi 	) ] + - )3t [wqCsi 	+ (1 - w)(qCj - qCj.4.1) j 1

i+1	 1+1
rn

	

h.	
1

+ K
uoi+13+1 + J+

w	At	 Ax 	Kr Ou]

This scheme can be either explicit or implicit, depending on the values

of the weighting parameters w and O.



(w )

( 8)

(I—w)

X —•-

i + I

X - UNKNOWN

0-KNOWN

16

Fig. 1. Finite difference grid notation
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Convergence

The problem of convergence of the numerical scheme includes two

separate aspects: approximation and stability. There are numerous

references that discuss the problem of convergence in detail, including

Godunov and Ryabenki (1964) and Liggett and Woolhiser, (1967).

The approximation error of the finite difference scheme was

examined by using a Taylor series expansion of the terms in equation

10. An analysis of the approximation error is given in Appendix B. The

results showed that the difference equation approximates the differen-

tial equation to the first order. The approximation error E of the

left hand side of the difference equation is:

E _ At (52(hc) + 0Ax  62(hc) + o( At 2) + Ax 62( cic)
2 (St 2 	dx St	 2	 dx-

+ wt o2

5x

	 + o(x 2 )
Sx St

The approximation error is greatest near the upper boundary during the

rising and falling limbs of the hydrograph, because the values of

62(hc) 	62(qc)and 
	'6x2'

 are largest in this region of the solution domain.
at 2

If O = 1 and w = 0, the numerical scheme becomes an explicit

scheme, and is subject to the Courant condition to maintain stability

(Kibler and Woolhiser, 1970). If O = 0.5 and w > 0.5, the scheme is

unconditionally stable; however, for accuracy, it has been found that

it is a good idea to maintain the Courant condition. The Courant con-

dition requires that:

dt < 1
-67 - LA

— (12)

where u is the velocity of flow. In this investigation, a dt of 5
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seconds was used, and the dx was determined for each case so as to meet

the Courant condition.



CHAPTER 3

METHOD OF INVESTIGATION

Dimensionless Equation 

Parameter identifiability and the accuracy of the numerical

solution may change as different parameter combinations are used in the

model equations. Theoretically, the model should be examined using

every possible parameter combination, but obviously, this is an impos-

sible task. However there is a method which reduces the number of

parameters that need to be considered. This is done by expressing the

equation in dimensionless form. Verification of the accuracy of the

numerical solution and an investigation of the parameter identifiabili-

ty problem can then be done for critical combinations of the dimension-

less parameters.

To express the erosion equation in dimensionless form, the fol-

lowing normalizing constants must be used: H o = the normal steady state

depth of flow at a distance X 0 with rainfall rate R o , Q 0 = the normal

flow rate at depth = H o , T o = the kinematic time to equilbrium, R o =

the maximum rainfall rate, C o = the initial concentration, and X 0 = the

length of plane. These normalizing constants are used to define the

following dimensionless variables:

h =
*	 H

h. f, = AL,	 R. 	 _t._ _x
o ' *'4	 n R*	 -	 -	 - —c o 	To	 ox'-0	 o

By substituting these identities into the erosion equation, the follow-

ing normalized equation is obtained for a pulse lateral inflow of

19
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duration D *:

, SC*	 (SC* = R (1-C ) + K L h	 B	 C"* Tsr* 	"* 
3/2 

-67.* 	*	 *	 r 0 * 3 / 2 ( 717-1	 * )	 (13)

The initial conditions for this equation are:

h * (x,0) = 0, c *(x,0) = 1

where t=0 is time of ponding. The upper boundary conditions are:

h * (0,t) = 0, c *(0,t) = 1. The lateral inflow is:

R * (x,t)= R/Rmax for 0 < x * < 1, 0 < t * < D *, and R * (x,t) = 0 for D *< t *

where D* = D/To , and D = duration of rain.

The normalized equation results in two dimensionless parame-

ters:

-,-- and Kr L o
KiK

Ranges of combinations of the two dimensionless parameters that

may be encountered in the field are shown on the dimensionless parame-

ter plane (Figure 2). Any possible parameter combination can then be

found by dimensionalizing its related point on the plane.

Solutions of equation 13 in certain regions of the parameter

plane exhibit distinct properties. The domain in which the dimension-

less parameter B/KiK is less than one generates sedigraphs with a con-

centration that decreases with time. When this parameter is greater

than one the concentrations increase over time, and when it equals one

the concentration remains constant. In the upper portion of the plane,

where the parameter Kr Lo is large, the rate of increase or decrease

in concentration is greater than the rate that occurs when Kr L o is

20
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smaller.

Solutions of equation 13 for x* = 1 and D * = 1.5 for dimension-

less parameter values that represent the domains of the parameter plane

are shown by plots of c* vs. t* in Figure 3. The dimensionless solu-

tions were obtained by dividing the dimensional solutions by the appro-

priate normalizing constants. The dimensional solutions were obtained

from the equations shown in Appendix A.

Numerical Solution Accuracy 

The accuracy of the numerical solution of the erosion equations

was examined by comparing the output from the numerical model with the

analytical solution. Comparing the output allows the determination of

nearly optimal values of the weighting factors to be used in the finite

difference scheme. There are three weighting factors used in this mod-

el; a weighting factor on the time step (w) for both the hydraulic and

erosion equations and a weighting factor on the distance step (8) for

the erosion equations.

The time step weighting factor for the hydraulic component was

determined by comparison of the hydrographs from the numerical and

analytical solutions. The two weighting factors for the erosion compo-

nent were determined by comparing the sedigraphs from the two models.

Two types of sedigraphs were looked at, sediment concentration versus

time and sediment transport versus time. The total volume of soil loss

was also compared to examine the accuracy of the numerical solution.
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Parameter Identifiability 

The success of parameter identification and optimization for

any model is dependent on the shape of the response surface of the

objective function that is used in optimization. Contour plotting of

the objective function while perturbing two parameters allows for

observation of this response surface.

The objective function used in this study was a simple least

squares. When using this objective function to calibrate a model with

observed sediment concentration data, the function is:

minimize	 [(observed c(t) - simulated c(t)) 2]	 (14)

Because synthetic sediment concentration data (generated with the anal-

ytical solution using known parameter values) was used as the observed

data, the objective function in this study is:

minimize Z[(theoretical c(t) - simulated c(t)) 2]	 (15)

Contour plots were made for parameter combinations that repre-

sent the four major domains of the dimensionless parameter plane: RR-

rapidly rising concentration over time, SR-slowly rising, RD-rapidly

dropping, and SD-slowly dropping. For each domain two parameter combi-

nations were used to produce contour plots of the objective function on

the K r-B plane. Contour plots of the objective function on the Ki-B

and the Ki-K r plane were made for one parameter combination on each of

the four domains.

To examine the effect of the numerical scheme on parameter

identifiability, the contour plots were generated using the analytical

solution and then again using the numerical solution. The plots were
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generated with various durations of rainfall (time to hydrologic equil-

ibrium and time to sediment concentration equilibrium). Examination of

these plots gives insight into parameter identifiability of the model

and what effect the numerical scheme may have on parameter optimiza-

tion.

To examine the effect of errors in the data on parameter iden-

tifiability, the contour plots were generated using the analytical

solution with added error as the observed data. Both dependent and

independent errors were added.	 The analytical solution with added

independent error has the form:

c(t) 1 = c(t)[1+cve(t)]	 (16)

where:

c(t) 1 = perturbed concentration

c(t) = true concentration

cv = coefficient of variation

e(t) = normally distributed random number with a mean = 0, and vari-

ance = 1.

A cv of .01 and .05 were used to generate the contour plots.

The analytical solution sedigraph and the analytical solution

sedigraphs with added independent error for a representative simulation

are shown in Figure 4.

The analytical solution with added dependent error has the form

(Hoel, 1971):

c(t) 	 - 	  p[c(t-1)'-c(t-1)]	 c(t)[1+cvil-p 2 e(t)]	 (17)
cq-1
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where:

at = standard deviation at time step t,

at_i = standard deviation at time step t-1,

P = lag-one correlation coefficient,

c(t-1)' = perturbed concentration at time (t-1), and

c(t-1) = true concentration at time (t-1).

Other symbols are as previously defined for independent error. p val-

ues of .3, .5, and .7 were used with cv's that ranged from .0105 to .7

to generate the contour plots. The analytical solution sedigraph and

the analytical solution sedigraphs, with added dependent error for a

representative simulation, are shown in Figure 5.

Comparison of the contour plots with error to those without

error will indicate what effect "noise" in the data has on parameter

identification with this model.

Optimization 

The contour plots enabled examination of the response surface

of the least squares objective function that was used in the optimiza-

tion routines. The Rosenbrock method (Rosenbrock, 1960) and the sim-

plex method (Nelder and Mead, 1965) are the two optimization routines

used. Sorooshian (1980) found that the Rosenbrock algorithm results in

better estimates of highly active (sensitive) parameters, and the sim-

plex algorithm results in better estimates of inactive (insensitive)

parameters.

Rosenbrock's method will find the greatest or least value of a

function of several variables in an arbitrarily restricted region. The
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method takes successive steps along successive parameter directions.

Before a second step can be taken along the first search direction, one

step along each of the other directions is taken. If the step along a

given parameter direction is a success (i.e., no increase in function

value for minimization), the next step along that parameter direction

is larger and in the same direction. If the step was a failure, the

next step along that parameter direction is smaller and in the opposite

direction.

The simplex method approaches the minimum (in the case of mini-

mization) by moving away from the high values of the objective function

rather than trying to move in a line toward the minimum. If the func-

tion contains n parameters, a general simplex of n + 1 is formed, and

the function is evaluated at its vertices. The simplex is then moved

away from the largest function values by replacing the vertex with the

highest value with the one located by its reflection through the cen-

troid of the other vertices. The simplex adapts itself to the response

surface by extension or contraction of the reflected vertex.

The optimizations were performed using the analytical solution,

because it takes much less computer time to optimize with the analyti-

cal program than with the numerical one. It was also felt that, since

the numerical solution matched the analytical solution so well (this

will be discussed in the next chapter), the results from the optimiza-

tion of the analytical and numerical solutions would be nearly the

same. However, to verify this, a few optimizations were repeated using

the numerical program, and the results were compared with identical

optimizations using the analytical program.
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Optimizations were performed for one parameter combination in

each of the four major domains on the dimensionless parameter plane.

The optimizations were run for the solutions without error, with added

independent error (cv = .05), and also with added dependent error

(cv = .07, p = .7).

Parameters were also identified using optimization with rain-

fall simulator data collected from the Walnut Gulch Experimental Water-

shed. Walnut Gulch is a 150 kirri 2 watershed located near Tombstone, in

southeastern Arizona. The following description of the erosion plot

scheme is from Simanton and Renard (1982). The rainfall simulator used

was a trailer-mounted rotating-boom simulator. The erosion plots are

10 X 35 feet, and have slopes of 9 -12%. A diagram of the plot layout

with recording devices and a schematic of simulator nozzle path is

shown in Figure 6.

Rainfall amounts and application rates were measured with a

modified recording raingage placed between each plot pair (modified to

increase sensitivity to rainfall rate). Rainfall distribution over

each plot was measured with six plastic gages. Runoff from the plots

was measured by flunes that have a capacity of about four liters/sec-

ond. Sediment samples collected in liter sample bottles throughout the

runs were used along with the runoff hydrographs to produce the sedi-

graphs.

The plot data used for parameter identification was from a run

that had a very high initial soil moisture content. This allowed for

the assumption of a constant rainfall excess rate. Once the hydrologic

parameters were optimized, the observed sedigraph was used to identify
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Fig. 6. Schematic diagram of rainfall simulator
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the erosion parameters. The parameters were estimated using the Rosen-

brock method and the simplex method to minimize the least squares

objective function.



CHAPTER 4

RESULTS

Numerical Solution Accuracy 

The results of the empirical investigation into the accuracy of

the numerical solution were favorable. Hydrographs obtained by analyt-

ical and numerical methods are shown for representative parameter com-

binations in Figure 7. The numerically simulated hydrographs match the

analytical hydrographs very well. The only observable deviation be-

tween the numerical and analytical hydrographs occured near the point

of equilibrium or near derivative discontinuities for partial equili-

brium cases. This is due to the approximation error of the numerical

scheme.

By comparing analytical and numerical solutions for hydro-

graphs, it was determined that the approximate optimal weighting factor

on the time increment (w) is .6. Comparisons of the analytical hydro-

graph with the numerical using time increment weighting factors of .5

and .6 are shown in Figure 8.

A weighting factor of .5 results in a neutrally stable scheme.

Thus, there can be some instability that occurs before or at the time

of equilibrium, which is evident in the hydrographs. A weighting factor

of .6, although it may increase the approximation error, enables the

diffusion term to damp out any instability. Weighting factors greater

33
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than .6 also damp out any instability, but the approximation error

grows larger as well.

Simulated sedigraphs for the analytical and numerical solutions

at parameter values representative of the SD Domain on the dimension-

less parameter plane are shown in Figure 9. Figure 9a is of sediment

concentration vs. time, while Figure 9b is of sediment discharge vs.

time. The numerically simulated sedigraphs match the analytic sedi-

graphs very well. Parameter combinations used in all simulations and

response surface contour plots at each of the four domains on the

dimensionless parameter plane are shown in Table 1.

A list of the total volume of soil loss computed by analytical

simulation and the loss computed by numerical simulation are shown in

Table 2. A comparison indicates that the numerical solution is indeed

very accurate. The largest error in prediction was 3%, but almost all

of the numerical simulations had far below 1% error. The peaks that

occur in the numerically simulated hydrographs are rounded as opposed

to the sharp peaks produced by the analytical simulations (Figures 7

and 8). As a result, the sediment transport at this time is slightly

less for the numerical than the analytical simulation (Figure 9b).

This is the reason the total sediment loss from the numerical simula-

tion is always less than or equal to that from the analytical (Table

2).

By comparing analytical and numerical solutions for sedigraphs

it was determined that the approximate optimal weighting factor for the
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Table 1 

Parameter Combinations Used in Simulations
and Response Surface Contour Plots.

Domain of	 Param- Length	 Slope	 Rain-
Dimension-	 eter	 Chez v

of	 -	 of	 fall	 Ki	 Kr 	Bless Param- Case	 CPlane	 Plane	 Rate
eter Plane	 No.

ft - 5 	lb	 1 	lb 
(ft)	 (in/hr)(	 )(	 )(

sec	 ft3 ft sec ft 2 - 5)

RR

Kr Lo = 30 1 20 15 .05 1.7 .2 1.5 80.5

- 120 2 35 10 .07 2.1 .1 .857 31.75
KiK

SR

Kr Lo = .2 1 35 10 .07 2.1 .2 .0057 63.5

- 120 2 20 15 .05 1.7 .1 .01 40.25
KiK

RD

Kr Lo = 30 1 20 15 .05 1.7 .2 1.5 .0671

- .1 2 35 20 .15 2.1 .2 .857 .1549
KiK

SD

Kr Lo = .2 1 35 15 .1 2.1 .2 .0057 .0949

.1 2 35 10 .07 2.1 .2 .0057 .0529-
KiK



Table 2

(lbs)
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Total	 Volume of Soil	 Loss

Parameter Case Duration of Rain Analytic Numerical % Error
of Numerical

RR Domain

Hydr.	 equil. 17.2046 17.1898 .09Case #1

Case #1 Conc.	 equil. 26.0685 26.0507 .07

Case #2 Hydr.	 equil. 29.3870 29.3451 .14

SR Domain
Hydr.	 equil. 5.9747 5.9649 .16Case #1

Case #1 Conc.	 equil. 9.1427 9.1321 .12

Case #2 Hydr.	 equil. 0.8829 0.8810 .21

Case #2 Conc.	 equil. 1.3476 1.3455 .16

RD Domain
Hydr.	 equil. .0194 .0194 0Case #1

Case #1 Conc.	 equil. .0294 .0293 .34

Case #2 Hydr.	 equil. .0326 .0325 .31

SD Domain

1/2 Hydr.	 equil. .2260 .2256 .17Case #1

Case #1 Hydr.	 equil .4634 .4631 .06

Case #1 Conc.	 equil. .7025 .7021 .06

Case #1 2X Hydr.	 equil. .7648 .7644 .05

Case #2 1/2 Hydr.	 equil. .1036 .1005 3.0

Case #2 Hydr.	 equil. .2638 .2605 1.25

Case #2 Conc.	 equil. .4238 .4203 .83

Case #2 2X Hydr.	 equil. .5821 .5786 .6
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time increment (w) is .6 and the approximate optimal weighting factor

for the distance increment (6) is .5. Comparisons of the analytical

sedigraph with the numerical sedigraph using time increment weighting

factors of .5 and .6 with w = .5 are shown in Figure 10. Comparisons

of the analytical sedigraph with the numerical sedigraph using distance

increment weighting factors of .5 and .6 with w = .6 are shown in Fig-

ure 11.

With a time increment weighting factor (w) of .5, the finite

difference scheme for the erosion equation is neutrally stable just as

it was with the overland flow equation. The instability is evident in

Figure 10a. A weighting factor of .6 enables the diffusion term to

damp out any instability. With a distance increment weighting factor

(e) of .5 no instability occurs. A larger distance increment weighting

factor increases the approximation error (Figure 11b).

Parameter Identifiability 

Contour plots of the response surface for parameter combina-

tions that represent the four major domains of the dimensionless param-

eter plane are shown in Figures 12-18. As stated before, the contour

plots were made by perturbing the parameters around their true values,

while calculating the value of the least squares objective function

using the analytical solution for the true parameters as the "theoreti-

cal" data. Studying the plots gives insight into problems that may

arise in identifying the parameters of this model.
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Response surfaces of some representative parameter combinations

are shown in Figure 12. Figures 12a and c were generated using the

analytical model, while Figures 12b and d are the same response surface

but generated using the numerical model. It is apparent from observa-

tion of the plots that the numerical scheme has a negligible effect on

the response surface. This means that the numerical scheme should have

an insignificant effect on parameter optimization, which will be dis-

cussed later.

Contour plots of response surfaces that were generated with

varying durations of rainfall (D) using the same parameter combination

are shown in Figure 13. Investigation of the plots shows that the

duration of rainfall has little effect on parameter identifiability.

The effect of a longer duration of rainfall is an increase in the mag-

nitude of the objective function contours (increasing slope steepness);

however, the shape of the response surface remains the same.

Response Surfaces on the Kr -B Plane

Examination of the response surfaces on the Kr -B plane give the

most information on the parameter identifiability of the model. This

is, because of the 3 erosion parameters that must be calibrated, the Ki

parameter is the simplest. It is so simple in fact that, as will be

seen later, it is best to estimate its value as the initial sediment

concentration, and then calibrate the K r and B parameters while holding

Ki constant. Therefore, the response surface of the Kr-B plane is most

likely the one that will be affecting the user's optimization runs.
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(Ki = .2, Kr = 1.5, B = .067)
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Contour plots of the response surfaces for the four domains on

the dimensionless parameter plane (RR, RD, SR, and SD) are shown in

Figures 14 and 15. Each domain has two parameter combinations, making

a total of 8 plots.

Investigation of the plots reveals that, over most of the plot,

the Kr parameter is insensitive, and the B parameter is sensitive.

However, the opposite is true (Kr is sensitive and B is insensitive)

near the border on the left side of the plot where the Kr values are

small.

If parameters are in the RR and RD domains (rapid rise or drop

in concentration), the response surfaces are such that the objective

function minimum can be easily found. This implies that an optimiza-

tion scheme should have no trouble finding the true parameter values.

If parameters are in the SR and SD domains (slow rise or drop

in concentration), the response surfaces are such that the objective

function minimum is hard to find. The contours slope into a long val-

ley that has a very mild slope in the direction of the left bound of

the plot. This valley then continues to slope vertically along the

axis towards the value of B. It is very possible for an optimization

routine to become trapped somewhere in or near the long valley.

Response Surfaces on the Ki-B Plane

Contour plots of the response surfaces on the Ki-B plane for

parameter combinations representing the four domains of the dimension-

less parameter plane are shown in Figure 16. The B parameter is
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sensitive and the Ki parameter insensitive for the plots in the RR

and SR domains. The opposite is true for the plot in the SD domain.

The response surface with parameters in the RD domain has contours that

resemble a bull's eye. This bulls eye response surface is highly

desirable, since the optimization scheme will find the optimum quickly

and accurately. Optimization with the other response surfaces most

likely would give good results, unless the search gets stuck in the

long valley.

Response Surfaces on the Ki-K r Plane

Contour plots of the response surfaces on the Ki-K r plane for

parameter combinations representing the four domains of the dimension-

less parameter plane are shown in Figure 17. For the plots in the RR

and SR domains, the Kr parameter is sensitive, and the Ki parameter is

insensitive. The opposite is true for the response surface of the plot

in the RD domain, although the contours are sensitive to both parame-

ters in the lower right portion of the plot. The plot in the SD domain

has a large, flat area and a local minimum. This response surface

would be especially difficult to optimize.

Added Error

Observation of Figure 18 shows the effect of introduced error

on the response surface. Figure 18a is the response surface using the

analytical solution, Figure 18b used the analytical solution perturbed

with independent error terms, and Figures 18c and d used the analytical

solution perturbed with dependent error terms.
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The response surfaces are very similar. The only effect of the

error is an increase in the magnitude of the objective function values

in the areas close to the true parameter values. This was also the

case for all the other parameter cases, indicating that random error in

the data should have little effect on parameter identification with

this model. This is significant, because "noisy" data are often consi-

dered to contribute to the failure of optimization schemes to identify

parameters.

Optimization 

Rosenbrock Method

The results of the optimizations, using the Rosenbrock method

on the true data and data with added error, are presented in Table 3.

The Rosenbrock method requires an initial estimate of the parameter

values and a lower and upper bound for each parameter. The lower bound

for each parameter was given as zero, while the upper bound depended on

the parameter combination being used. For the Kr parameter, in the RR

and RD domains, an upper bound of 2 was used, while in the SR and SD

domains, an upper bound of 1 was used. These are the ranges to be

expected in the field.

For the B parameter in the RR and SR domains, an upper bound of

100 was used. This is the largest value of B that is expected to be

found in the field. In the RD and SD domains, an upper bound of 2 was

used. The upper bound of B for sedigraphs with decreasing concentra-

tion can be easily determined by the mathematical relation B < Ki K.
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The upper bound for Ki was always given as 1, as this is the largest

value to be expected in the field.

The Rosenbrock method requires a convergence tolerance on the

change in the objective function value. The optimization stops when

the convergence tolerance has been met, providing the change in the

parameter value was less than .01 times the parameter value. A conver-

gence tolerance of 1 X 10 -6 was used for all of the runs. The maximum

number of stage searches, which is also required, was set at 15 for all

of the runs.

The optimizations were first run using starting values that

were in the middle of the ranges given. They were run for optimization

of all 3 parameters, and also for optimization of Kr and B while hold-

ing Ki at its true value. As explained before, Ki is the initial con-

centration, so that a good approximation can be made of its value.

Inspection of Table 3 shows that the optimizations resulted in

the correct parameter values for the parameter combinations in the RR

and RD domains. However, the parameter combinations in the SR and SD

domains did not find the true parameter values.

The parameter combinations in the SR and SD domains were then

optimized again using parameter starting values that were closer to

their true values. In some cases, the subsequent optimization resulted

in optimized values closer to their true value, while in other cases,

the optimized values were farther from the true value. The correct pa-

rameter values were only found when optimizing K r and B using parameter

starting values near the true values. Recall that the response surface
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of the plots in the SR and SD domains had long mildly sloping valleys

that changed from horizontal to vertical at the border of the plot.

This is the reason for the trouble that occured with these optimiza-

tions.

The added error, in most cases, had little effect on the optim-

izations. The final parameter values that resulted from optimizations

using the data with added dependent and independent error, are nearly

the same as those using data without error. Recall that the added

error had little effect on the response surfaces. The only exception

was with the optimizations on data in the RR domain. The optimized

values of Ki and K r were affected by the error. The effect was greater

on Ki, and the dependent error had a greater effect than the independ-

ent error.

As stated before, the optimizations were done using the analy-

tical program. To examine the effect of the numerical scheme, the

optimizations were run again using the numerical solution. Table 3

also has the results of these optimizations. The values are very close

to the results from the analytical. The slight differences are to be

expected due to the approximation errors that result from the numerical

scheme.

Simplex (Nelder-Mead) Method

The results of the simplex optimizations on the true data and

data with added error are shown in Table 4. The simplex method requires

initial parameter estimates, but does not require lower or upper bounds

for parameters. The optimizations were run using most of the initial
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starting values that were used in the Rosenbrock method. The simplex

optimizations were run for all 3 parameters and again for optimizing K r

and B while holding Ki constant.

The simplex method requires a convergence tolerance for the

change in the parameter value, as well as one for the change in the

objective function value. The optimization stops when either of the

convergence tolerances are met or the maximum number of iterations has

been reached, whichever comes first. A value of 1X10 -6 was used for

both of the convergence tolerances for all of the runs. The maximum

number of iterations for all runs was 1500.

The simplex method also requires an initial step size. This is

the degree to which the parameters are perturbed from their initial

values on the first iteration. For most of the optimizations, an ini-

tial step of .2 times the parameter value was used; for a few others,

an initial step of .25 was used. The optimized parameter values were

then used as initial values, and the optimization was run again using

an initial step size of .01 times the parameter values.

Comparison of Table 4 with Table 3 reveals that the simplex

optimizations on the true data gave better results than the Rosenbrock

optimizations. The correct parameter values were found for all parame-

ter combinations except the one in the SD domain, which still had bet-

ter estimates than from the Rosenbrock method. An important point is

that all of these values were found using initial parameter values that

were in the middle of the ranges given in the Rosenbrock optimizations.
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These starting values had to be changed to improve the Rosenbrock opti-

mizations on the parameter combinations in the SR and SD domains.

The added error, however, had more effect on the simplex than

on the Rosenbrock optimizations. The effect on the runs in the RR and

RD domains was minimal, while that on the runs in the SR and SD domains

was substantial. With the parameter combinations in the RR and RD

domains the optimization results were similar to those from the Rosen-

brock optimization.

With the parameter combinations in the SR and SD domains, the

error affected the optimized values of all 3 parameters. The runs that

optimized only Kr and B resulted in poorer parameter estimates than the

runs which optimized all 3 parameters. Using initial parameter start-

ing values closer to the correct values improved optimization results

in only a few cases. Both types of data error (dependent and independ-

ent) caused the same magnitude of errors in the parameter estimates.

Rainfall Simulator Plot Data

The rainfall simulator plot data used was from a run that had a

very high initial soil moisture content. This allowed for the assump-

tion of a constant rainfall excess rate equal to the measured steady-

state runoff rate per unit area. The hydrologic parameters used were

found by optimization of the hydrograph. Two parameters were optimi-

zed: 1) hydraulic resistance K (ft• 5/sec), and 2) duration of rainfall

(minutes). The duration of rainfall was optimized, because the model

does not account for depression storage. The plot of the observed and

simulated hydrographs is shown in Figure 19.
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Fig. 19. Observed and simulated hydrographs for rain-
fall simulator plot data

Parameters: L = 35 (ft), W = 10 (ft), rainfall excess
rate = 1.653 (in/hr)

Optimized parameters: K = 4.1748 (ft- 5/sec), rainfall
duration = 29.675 (minutes)
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Using the observed sedigraph, the erosion parameters were opti-

mized with the Rosenbrock and simplex methods. The results of the

optimizations are shown in Table 5. Each optimization run resulted in

different optimized parameter values. The simplex optimization of all

3 parameters resulted in a negative value for the Ki parameter, which

is a physically impossible value.

The optimized and observed sedigraphs are shown in Figures 20

and 21. Despite the difference in optimized erosion parameter values

all of the optimized sedigraphs are almost identical, the only differ-

ences are in the beginning and end of simulation. The fact that the

equilibrium concentration for all of the optimized sedigraphs are the

same, indicates that there is a significant problem with parameter

insensitivity.
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for rainfall simulator plot data
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

Conclusions 

It is concluded that the finite difference formulation used is

a suitable numerical scheme for this type of erosion model, because the

numerical solution sedigraphs matched the analytical solution sedi-

graphs very closely. The numerical scheme also had little effect on

the response surface of the optimization objective function, and very

little effect on the optimization results.

It is also concluded that there is a serious problem of parame-

ter identifiability for this model. Because of parameter insensitivity,

it is difficult to identify the true parameter values. For sedigraphs

with a rapidly changing concentration (RR and RD domains on the dimen-

sionless parameter plane, Figure 2), the Rosenbrock and simplex methods

are equally effective at identifying parameters. When the concentra-

tion does not change rapidly (SR and SD domains), the simplex method is

more effective at parameter identification.

The Rosenbrock method performed slightly better than the sim-

plex in identifying parameters when the data contained random error.

However, the simplex only had problems with runs in the SR and SD do-

mains, and in these cases the Rosenbrock required good initial parame-

ter values to properly identify the parameters.
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Recommendations 

The optimization of the rainfall simulator data, using the

simplex method resulted in a negative value for the Ki parameter.

Despite the fact that this is an infeasible parameter value, the simu-

lated sedigraph, using the optimized parameters, fit the observed sedi-

graph well. Therefore, it is recommended, for optimizations, that the

Kr and B parameters be optimized while holding the Ki parameter con-

stant. The value of Ki should be set at the initial concentration

value (this value can be found from extrapolation of the concentration

curve back to time t = 0).

If the user does not feel comfortable with the estimate of Ki,

and wishes to optimize its value as well as the other two parameters,

then an optimization method that puts constraints or limits on the

parameter values should be used. These constraints will keep the Ki

parameter from optimizing to an infeasible (negative) value.

The simplex method is recommended for use over the Rosenbrock

method because the simplex method showed better overall success at

identifying parameters. However, if the data is suspected of having

considerable random error, than the user may wish to use the Rosenbrock

method, because the Rosenbrock performed slightly better on data with

random errors.

Initial Estimates

The initial parameter value estimates used in optimizations

are important. As seen with the Rosenbrock method, the success of

parameter identification can sometimes depend on the initial parameter
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values. The speed at which the optimization converges is also depen-

dent on initial estimates. Using the numerical solution, optimizations

can take a long time (20-30 minutes for each run on a VAX 11/750 is not

unreasonable), but with good parameter estimates, the time can be cut

considerably. The following approach is recommended to find initial

estimates:

The Ki parameter estimate should be found by extrapolating the

observed sedigraph back to time t = 0; this was also recommended by

Lane and Shirley (1982). As stated before, this can also be used as

the value to hold Ki at while optimizing only the K r and B parameters.

Because the Kr parameter affects the rate at which the concen-

tration increases or decreases with time, its value can be related to

the time at which the concentration reached 1/2 of its total change.

Figure 22 is a plot of the dimensionless time at which the dimension-

less concentration has decreased or increased 1/2 its total change

(t *112 ) vs. the dimensionless parameter K rL o. This plot was produced

by generating a number of sedigraphs using different values for the

Kr L o parameter and then determining t *1 1 2. The dimensionless time t *

is t/T o , or the dimensional time divided by the time to hydrologic

equilibrium.

When optimizing parameters with an observed sedigraph, Figure

22 can be used to determine an initial value for the Kr parameter.

First, find the total change in dimensionless concentration (difference

between initial concentration and maximum or minimum concentration

before rainfall has stopped). Then determine the time at which the
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t
*1/2

Fig. 22. t*112 vs. KrL o .
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change. Divide that time by the time to hydrologic equilibrilum to

non-dimensionalize the time. Using Figure 22, find the value of Kr L o

from the curve and then calculate Kr .

Because the B parameter affects the magnitude of the concentra-

tion, its value can be estimated by using the equilibrium concentra-

tion. The analytical solution for the sediment concentration at steady

state and before rainfall has stopped is given by Lane and Shirley

(1978) as:

(Ki 	p a _ e-(Krx) )
(18)

Kr X 

After non-dimensionalization of the equation and solving for B, the

equation becomes:

	

-Kr L o	 1

C *	 (e K L
B - [	 r o ] KiK

-K Lr
1 + (e	

o	 1
 )

K r Lo

(19)

Once the Kr and Ki parameters have been estimated, equation 19

can be used to find an initial estimate for B. The concentration that

is used should be the steady state concentration before rainfall has

stopped. The use of these techniques to estimate initial parameter

values is illustrated in Appendix C.

Recommendations for Further Study

Now that the numerical scheme has been shown to be appropriate

for this type of erosion model, the erosion equation should be solved

numerically to allow its use with a changing rainfall excess rate.
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Because of parameter insensitivity, it is recommended that the

right-hand side of the erosion equation be modified. In the present

model, the Kr parameter is both a deposition and a detachment parame-

ter. Because these are two distinct processes with different charac-

teristics, it makes sense to represent them with separate parameters.

Researchers have often modeled rainfall erosion by raising the

rainfall intensity to a power greater than one (Ekern, 1954; Wischmeier

and Smith, 1965; Foster and Meyer, 1975). In the present model, the

rainfall detachment term is a linear function of rainfall intensity.

Raising the rainfall intensity to a power greater than one should make

the rainfall detachment term (Ki) more sensitive.



APPENDIX A

ANALYTICAL SOLUTIONS TO EROSION EQUATIONS

The solutions were obtained by Lane and Shirley (1978), by the

method of characteristics in the domains 1 through 7 shown in Figure

A-1. The definitions of the domains and the solutions for concentra-

tion c as a function of x and t are given below.

Domain 1 

c(x, t) = Ki + Kr (B/K-Ki)uF(u)	 (A-1)

where:

u = KRm-i t m/m	 (A-2)
1	 im

F(u) = f v 1 exp(K ru(v-1))dv	 (A-3)
o

v = Khm-1 = K(Rt) m-1 	(A-4)

and:

KRm-1 t m <x<L	 (A-5)_ _

0 < t < D

Domain 2

c(x,	 = B/K + (Ki-B/K)(1-exp(Kr(xo-x))(((fx0) 2/mF(x0/m)

+ 1-K rx 0 ))/(K r x)
where:

xo = KRm-1 ((m(Rx/K) 1/111 -Rt)/R(m1-1)) m

and:

Km
-m Rm-1 tm < x < KRm-1 tm

0 < t <D_ _

(A-7)

(A-8)

(A-6)
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Fig. A-1. Domains in the x-t plane for solutions of ero-
sion equations
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(A-9)

(A-10)

(A-11)

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)

(A-20)

(A-21)

(A-22)

Domain 3 

c(x, t) = B/K + (Ki-B/K)(1-exp(-Krx))/(Krx)

and:

0 < x < Km-mRm-1t m 0 < t < D_ _
Domain 4 

c(x,	 = B/K + (Ki-B/K)(1-K rXp/mF(Xp/m))exp((K r Xp/D)(D-t)

where:

Xp = KRm-1 Dm

and:

K(1 --m)Rm-1 Dm + Km(RD) m l t < x < L D <t < oo

In Dmmains 5-7, let

a(u) = D + (Kpum -mu -1/(m+1))/R(m-1)

b(u) + K(mKpu-u-m/(m+1))/R(m- 1)

Domain 5 

c(x,	 = B/K + c oexp(-K r x)

where:

co = (c(a(1/RD), b(1/RD))-B/K)exp(K rb(1/RD))

with c computed using the formula from domain 4, Eq. A-11

Kp = (R(m-1)(t-D) + mh(t, x)/m+1))e(t, x)

and:

x 1 (t) < x < K(1-m)Rm4 Dm + Km(RD)m-i t	 D < t <

x 1 (t) = b(a -1 (t))

Kp = m(R0714-1/(m+1)

Domain 6 

c(x, t) = B/K + c oexp(-K r (x-x 0 ))



where:

x o = K((nr1-1)K o /m) rilintfl /R

K o = (R(rn-1)(t-D)+mh(t, x)/m+1))0 1 (t, x)

co = c(D, x0 )-B/K

with c(D, xo ) computed using formula from domain 2, Eq. A-6, and:

x 2 (t) < x < x i (t)	 D < t <

x 2 (t) = b(a -1 (t))

Kp = m(RD/m) 111+1/(0-1)

Domain 7 

c(x, t) = B/K + co exp(- K r (x-x0 ))

where:

co = c(D, x 0 )-B/K

with c(D, xo ) computed using formula for domain 3, Eq. A-9, and:

0 < x < x 2 (t)	 D < t < co_ _ 
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(A-24)

(A-25)

(A-26)

(A-27)

(A-28)

(A-29)

(A-30)

(A-31)



APPENDIX B

TAYLOR SERIES EXPANSION OF FINITE DIFFERENCE EQUATION

The approximation error of the finite difference equation can

be determined by expanding each term in Eq. 10 in a Taylor series:

(Shc	 (At) 2 6 2hc
hC1 +1 = hCi + ( at)

	6t +	 2	
--E-t-2 + O( t 3 )	 (B-1)

61-ic 	(x) 2 6 2hC
hCj-F 1 = hC3 + (hoc)

 . 5)'( +-2--T7 + °(6x3)	 (B-2)

+ hxhti+1	 (Shc	 (At) __hc 4_ (x) 2 62hc	 _____62h c
hc 1 = hci + (ex) — +

J+	 J	 • dx	 s • (St	 2	 767	 6x6t +	
(B-3)

(M.)2 62hc + 0(Ax 3 )0(ht 3 )

	

2	 6t2

When these expansions are substituted into Eq. 10, there

results:

6

	

6hc	 (ht) 62hc + Ox 62hc + O(t 2 ) + 6q c + ( 6x) 2qC + wa 62qC

	

6t	 2 	6t 2 	6x6t	 6x	 2	 6x 2 	6x6t

B hx 2 S 2q	 3	 w((ht)--66.+1+0(Ax 2 ) = KIR + Kr{-[qj + 6((x)	
4- 
()

2	
6)----(-	 O(&)))) +7

( 2 ) 6 2g6gc	 ( Ax) 2 62 gC
O(t 3 )+ eAxAt

2	 6t-	 6x626ct!)Nclq + 8( Ax 6x +	 2	 -.z+ 	 (

	0(x 3 )) + w((a) -- 	 (64)22
qc + 0 ( m.3 ) 	GUM. ó2qc)]}	 (B-4)

(St	 2	 6t4	 6x6t

The approximation error is obtained by subtracting the original

partial differential equation (eq. 7) from equation (B-4).
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APPENDIX C

ESTIMATING INITIAL PARAMETER VALUES

A sedigraph generated using the following parameters: Ki = .3

(lbs/ft 3 ), Kr = .2 (ft -1 ), B = 10 (lbs/sec ft 2 - 5 ), L = 25 (ft), W = 10

(ft), K = 3.5 (ft- 5/sec), and D = 101 (sec) is shown in Figure C-1. The

values of Ki, Kr , and B will be estimated using the methods outlined in

Chapter 5.

The value of Ki is estimated as the initial concentration .3

(lbs/ft 3 ) = 1 (non-dimensional).

The maximum concentration is 2.8 (lbs/ft 3 ) = 9.333(non-dimen-

sional), the total change then is 2.5 (lbs/ft 3 ) = 8.333 (non-dimension-

al). Observation of Figure C-1 shows that the concentration increased

to 1/2 of its total change at approximately 50 seconds (t 1 1 2). To non-

dimensionalize the time, the time to hydrologic equilibrium must be

determined:
1

t - 	e	 1 
(m

_ 1
— —)

Km R m

( C - 1)

Solving equation C-1 with the appropriate values results in te = 101.63

seconds; therefore, t*112 = .492. Referring to Figure 23, the value of

the dimensionless parameter Kr Lo is estimated at 3.5, which makes the

estimate of Kr = .14.

Substitution of the appropriate values into Eq. 19 results in

the following:
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5 1 1 2 2•
0 0 0 5 e 5
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t (seconds))

Fig. C-1. Analytical solution sedigraph

Parameters: Ki = .3 (lbs/ft 3 ), Kr = .2 (ft -1 ),
B = 10 (lbs/sec ft 2 ..․ ), L = 25 (ft),
W = 10 (ft), K = 3.5 (ft• 5/sec),
Rainfall excess rate = 2.1 (in/hr),
Duration of rain = 101 (sec)



9.333 4.

B = [j3.5 	1 .3(3.5) = 13.15
-3 - 5 -11 + ( e 	)
3.5

Comparison of the parameter estimates with their true values

shows that the estimation technique works quite well. However, when

the value of tn./2 is above .7 (which is the case for the rainfall

simulator data), the value of Kr Lo is very small, and the techniques

outlined here may not work well.
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