
Numerical analysis of the effects
of heterogeneities on dispersion

Item Type Thesis-Reproduction (electronic); text

Authors Gannon, John Michael,1960-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 20:09:03

Link to Item http://hdl.handle.net/10150/191964

http://hdl.handle.net/10150/191964


NUMERICAL ANALYSIS OF

THE EFFECTS OF HETEROGENEITIES

ON DISPERSION

by

John Michael Gannon

A Thesis Submitted to the Faculty of the

DEPARTMENT OF HYDROLOGY AND WATER RESOURCES

In Partial Fulfillment of the Requirements
For the Degree of

MASTER OF SCIENCE
WITH A MAJOR IN HYDROLOGY

In the Graduate College

THE UNIVERSITY OF ARIZONA

1987



STATEMENT BY AUTHOR

This thesis has been submitted in partial fulfillment of
requirements for an advanced degree at the University of Arizona and
is deposited in the University Library to be made available to
borrowers under rules of the Library.

Brief quotations from this thesis are allowable without
special permission, provided that accurate acknowledgment of source
is made. Requests for permission for extended quotation from or
reproduction of this manuscript in whole or in part may be granted
by the head of the major department or the Dean of the Graduate
College when in his or her judgement the proposed use of the
material is in the interests of scholarship. In all other
instances, however, permission must be obtained from the author.

SIGNED: 74- . >0 amelvON--    

APPROVAL BY THESIS DIRECTOR

This thesis has been approved on the date shown below:

Date/"/  



ACKNOWLEDGEMENTS

The research in this report was performed under the patient

guidance of Dr. Jim Yeh at the University of Arizona. Without his

encouragement and support this thesis would not have materialized.

In addition, all of the plots used in this report were performed

with plotting programs developed by Dr. Yeh.

The careful editing done by Dr. Dan Evans and Dr. Eugene

Simpson were also invaluable. They offered encouragement and added

insight into the physical and theoretical understanding of the

thesis material.

A special thank you goes to my loving wife Denise who has

had to bear the burden of these last two years both emotionally and

financially. She has been a great comfort to me.

To Mom and Dad, who brought me into this world and nurtured

my curiosity to learn. Your love and caring has made my dream a

reality.

Finally, I would like to thank my office-mates who have

helped me keep my sanity with their humor and good nature.

iii



TABLE OF CONTENTS

Chapter

LIST OF ILLUSTRATIONS 	
LIST OF TABLES 	
ABSTRACT 	

Page

vi
ix

1 INTRODUCTION AND THEORY 	 1

1.1 Theories on the Mechanisms of Dispersion 	 2
1.2 Previous Work 	 4
1.3 Purpose and Scope of This Study	 12

2 NUMERICAL METHODS 	 14

2.1 Flow Equations 	 15
2.2 Transport Equations 	 16
2.3 Stability Criteria 	 18
2.4 Mass Balance 	 18
2.5 Numerical Dispersion 	 19
2.6 Program Modification 	 20

3 NUMERICAL SIMULATIONS WITH A SINGLE
HETEROGENEITY 	 23

3.1 Procedure 	 26
3.2 Verification of the Computer Model 	 27
3.3 Results and Analysis With a Single

Heterogeneity 	 28
3.4 Results With a Variable Input Ratio  33
3.4.1 Centered Solute Input Source 	 33
3.4.2 Non-Centered Solute Input Source 	 35
3.5 Results and Analysis For an Elliptically

Shaped Heterogeneity 	 37
3.6 Results and Analysis of a Tilted

Heterogeneity 	 37

4 NUMERICAL SIMULATIONS WITH STRATIFIED MEDIA	 41

4.1 Solutions to be Tested 	 41
4.2 Outline of the Cases Simulated 	 44
4.3 Purpose 	 45
4.4 Procedure 	 45
4.4.1 No Vertical Flow Cases 	 45
4.4.2 Vertical Flow Cases 	 46
4.5 Verification of the Computer Model 	 49
4.6 Results and Analysis For Changing the

Number of Stratifications 	 50

iv



4.7 Results and Analysis For Changing the
Coefficient of Variation 	  50

4.8 Results and Analysis For Varying the Initial
Solute Source Size 	  55

4.9	 Results and Analysis of the Parabolic
Permeability Distribution 	  57

4.10 Results and Analysis of the Linear
Permeability Distribution 	  57

4.11 Results and Analysis of the Vertical
Flow Cases 	  61

4.12 Results and Analysis of the Transient
Flow Cases 	  63

5	 DISCUSSION AND CONCLUSIONS
	

70

5.1 A Single Heterogeneity 	
5.2	 Stratified Porous Media

APPENDIX A (Validity of Darcy's Law)
	

75

REFERENCES 	  76

V

70
71



LIST OF ILLUSTRATIONS

Figure

	2.1	 The Breakthrough Curves for the Analytical and Simulated
Solutions For the Homogeneous Case 	

	

3.1	 Diagram Showing the Flow Region For Single Heterogeneity-- 24

	

3.2	 Inverse Peclet Number Versus Velocity For Homogeneous
Case 	 29

	

3.3	 Inverse Peclet Number Versus Velocity For Single
Heterogeneity Case 	 29

	

3.4	 The Breakthrough Curves for the Analytical and Simulated
Solutions For the Heterogeneous Case (Vel. = 0.1 cm/s) 	 31

	

3.5	 The Breakthrough Curves for the Analytical and Simulated
Solutions For the Heterogeneous Case (Vel.=0.00005 cm/s)---	 31

	

3.6	 Slope Versus Velocity From Figure 3.5 	 32

	

3.7
	

The Breakthrough Curve For the Heterogeneous Case
(Val. = 0.001 cm/s) 	 32

	

3.8	 Diagram Showing the Non—centered and Centered
Solute Input Sizes 

	
33

	

3.9	 Longitudinal Dispersion Coefficient Versus Velocity
Centered Input Source 

	
34

	

3.10	 Breakthrough Curves For IR = 1.0, 0.5, 0.2
Centered Input Source 
	

34

	

3.11	 Longitudinal Dispersion Coefficient Versus Velocity
Non—Centered Input Source 

	
36

	

3.12	 Breakthrough Curves For IR = 1.0, 0.5, 0.2
Non—Centered Input Source 	  36

	

3.13	 Inverse Peclet Number Versus Velocity Rectangular and
Elliptical Heterogeneity 	 38

Page

21

vi



vii

38

39

39

40

46

3.14	 Slope Versus Seepage Velocity For Figure 3.13

3.15 Diagram Showing the Flow Domain For the Tilted
Heterogeneity 	

3.16	 Inverse Peclet Number Versus Seepage Velocity For
Tilted Heterogeneity 	

3.17	 Breakthrough Curve For Tilted Heterogeneity
(Vel. = 0.1 cm/s) 	

4.1	 Diagram Showing the Flow Domain For the Stratified Case
With No Vertical Flow 	

	4.2	 Diagram Showing the Flow Domain For the Stratified Case
With Vertical Flow 	 47

	

4.3	 Normal Probability Plot To Verify the Computer Model 	 51

4.4	 The Relative Dispersivity Versus Normalized Distance For
the Three Layered Case 	 52

4.5	 The Relative Dispersivity Versus Normalized Distance For
the Six Layered Case 	

4.6	 The Relative Dispersivity Versus Normalized Distance For
the Nine Layered Case 	

4.7	 The Deviation Between the Analytical and Simulated
Dispersivities Versus the Coefficient of Variation

4.7.1 The Relative Dispersivity Versus Normalized Distance For
Nine Layered Case (0 2k/K2 = 0.800) 	

4.8	 The Relative Dispersivity Versus Normalized Distance For
Six Layered Cases IR = 1.0, 0.67, 0.33 	

4.9	 The Relative Dispersivity Versus Normalized Distance For
Parabolic K Distribution 	

4.9.1 Diagram Showing the Linear K Distribution (Regional
Fluctuations Only) 	

4.10 The Relative Dispersivity Versus Normalized Distance For
K Distribution in Figure 4.9.1 	

4.10.1 Diagram Showing the Linear K Distribution(Regional and Local
Fluctuations) 	

52

53

54

55

56

58

59

59

60



vii i

	4.11	 The Relative Dispersivity Versus Normalized Distance For
K Distribution in Figure 4.10.1 	 60

	

4.12	 The Relative Dispersivity Versus Normalized Distance For
u = 0.2524 	 62

	

4.13	 The Relative Dispersivity Versus Normalized Distance For
u = 0.51332 	 62

	

4.14	 The Relative Dispersivity Versus Normalized Distance
Comparing u = 0.0 and u = 0.2524 	 64

	

4.15	 The Dispersivity Versus Distance For u = 0.0 and u = 0.2524 	 64

	

4.16	 Spatial Variance Versus Time For Transient and Steady State
Flow Cases (u = 0.0) 	 66

	

4.17	 Spatial Variance Versus Time For Transient and Steady State
Flow Case (u = 0.2524) 	 66

4.18 Dispersivity Versus Time For Transient And Steady State
Flow Cases (u = 0.0) 	 67

	

4.19	 Dispersivity Versus Time For Transient And Steady State
Flow Cases (u = 0.2524) 	 67



LIST OF TABLES

Table	 Page

3.1	 Average Velocity Versus Differential Head 	  26

4.1	 Table Showing the Different Cases That Were Examined In The
Stratified Examples 	  44

ix



ABSTRACT

The effects of heterogeneities on macrodispersion in porous

media were investigated using numerical simulations. Cases involving a

single heterogeneity were investigated initially. The size and location

of the input source strongly influenced the magnitude of the

longitudinal macrodispersion coefficient. A smaller solute input

source decreased the longitudinal macrodispersion coefficient when the

source was located up gradient from the heterogeneity and was not

centered (vertically).

A vertical flow component reduced the magnitude of the

longitudinal macrodispersion coefficient in all cases, and asymptotic

dispersion coefficients were approached at an earlier time than those

without vertical flow.

Dispersion in stratified porous media was also simulated. Cases

involving both a vertical flow component and no vertical flow were

studied. The asymptotic longitudinal dispersivity values are in close

agreement with stochastic solutions, as long as certain conditions are

met. Transient flow conditions were also shown to strongly influence

dispersion.



CHAPTER 1

INTRODUCTION AND THEORY

Dispersion is an important component in the transport of

solutes in porous and fractured media. Defined by Mary P. Anderson

(1984) as "...the spreading of a stream or discrete volume of

contaminant as it flows through the subsurface... .	 Moreover,

dispersion causes the contaminant to spread over a greater volume of

aquifer than would be predicted solely from an analysis of groundwater

velocity vectors." The spreading caused by dispersion is of interest to

scientists and engineers because it causes contaminants to arrive at a

water well or discharge point earlier than the arrival time predicted by

the average groundwater velocity alone.

This report presents the techniques, analysis, and results and

conclusions addressing the effects of heterogeneities on dispersion

using numerical simulations. The remainder of this chapter will look at

the previous research that has been done on this topic, as well as the

purpose and scope of the study. Chapter two will describe the finite

difference computer model MOC2, which was used in the simulations.

Chapter three covers the techniques, and the results and analysis of

simulating a single heterogeneity. Chapter four addresses the

techniques, and the results and analysis of simulating stratified porous

media. Chapter five discusses the results and addresses additional

research needs for the topics discussed in this report.

1.1 Theories on the Mechanisms of Dispersion 

1



2

The dispersion coefficient is the rate at which solutes spread.

In a homogeneous medium the longitudinal dispersion coefficient

(dispersion in the principal flow direction) can be defined in terms of

the rate of change in the spatial variance as (Fischer et al., 1979)

DL = dO 2x /2dt	 (1)

where	 02x = spatial variance in the x direction

t = time

DL	 longitudinal dispersion coefficient.

Dispersion is caused by both microscopic and macroscopic

effects. Mechanical dispersion on the microscopic scale is the result of

pore water velocities deviating from the average groundwater velocity.

These deviations consist of two components. The first component is the

result of the viscous behavior of water, which causes water in the

center of the pore space to have a higher velocity than water near the

periphery of the pore. The second component pertains to the tortuous

nature of porous media, and the variability in the pore sizes and

shapes. This diverts the flow of water around- indlvi -d-ual grains of

porous material, thus causing the microscopic water velocity to deviate

from the average. Molecular diffusion is generally included in

microscopic scale dispersion. Molecular diffusion occurs as the net

movement of particles from higher to lower concentrations (Fischer et

al., 1979). An effective diffusion coefficient in porous media is equal

to the diffusion coefficient of the ion in water (0d) times a tortuosity

factor to correct for the obstructing effects of the porous medium

(Anderson, 1984). The effective molecular diffusion coefficient is

thus:
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D = Dd.T	 (2)

where	 D = effective molecular diffusion coefficient

Dd = molecular diffusion coefficient in water

T = tortuosity factor (between 0 and 1)

Therefore, the coefficient of dispersion on the local or microscopic

scale is as follows:

Dij* = Dij + D	 (3)

where	 Dij* = coefficient of dispersion (second order tensor)

Dij = coefficient of mechanical dispersion

i,j = x and y coordinates

D = molecular diffusion coefficient

The macroscopic scale is that level at which aquifer properties

are averaged and the system is viewed as a continuum (Silliman, 1981).

That is, the hydraulic conductivity, hydraulic gradient, porosity and

other aquifer parameters are measured in some representative elementary

volume or REV. Macroscopic dispersion or macrodispersion is the result

of large scale velocity variations within the REV caused by

heterogeneities in the porous medium. This heterogeneous material often

has hydraulic conductivities that vary over several orders of magnitude.

It is now generally recognized that the presence of heterogeneities in

the subsurface, rather than microscopic dispersion, is responsible for

the appreciable spreading of contaminants documented in a number of

field studies (e.g., Anderson, 1984). In research by Pickens and

Grisak (1981) at the Chalk River Nuclear laboratories in Canada,

comparisons were made between microscopic and macroscopic dispersivities

(dispersivity is generally defined as the dispersion coefficient divided
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by the seepage velocity). The microscopic dispersivities were

determined from laboratory column tracer tests. A dispersivity of 0.035

centimeters was obtained for the sand layer. The full aquifer scale or

macrodispersivity value was determined using various tracer tests. A

macrodispersivity value of 50 centimeters was obtained with the two-well

recirculating withdrawal-injection tracer test. It is obvious that in

the field macrodispersion dominates over microdispersion, and is the

primary mechanism for the spreading of contaminants.

1.2 Previous Work 

In 1855 Adolph Fick published a paper entitled "Uber Diffusion"

in which he described how Fourier's heat flow led to a hypothesis to

describe the molecular diffusion process. Fick's first law can be

stated mathematically in one-dimensional form as

q = -D-dC/dx	 (4)

where	 q = the solute mass flux

D = the molecular diffusion coefficient

dC/dx = the concentration gradient

This relationship states that the mass of flux is proportional to the

concentration gradient. Using this relationship the following can be

obtained

dC/dt= D-d 2C/dx 2 .	 (5)

Taylor (1953) studied tracer movement through a tube, and found

that transport could be modeled using a Fickian process. He reasoned

that given enough time, a tracer particle could diffuse vertically and

would randomly sample all of the advective velocities. After enough
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time had passed a particle's time average velocity would be equal to the

instantaneous cross-sectional average of all the particles velocities.

This time is called a forgetting time or Taylor Period, and before this

time the transport process is not Fickian. Taylor also demonstrated

that the dispersion coefficient in flow through a tube is proportional

to the velocity squared. Although this relationship holds for tubular

flow, later experiments (Bear, 1969; Simpson, 1969) showed that the

dispersion coefficient in porous media is closely proportional to the

velocity.

The advection-dispersion equation for a conservative tracer was

introduced by Ogata (1958) as

C/k.=7DVC - V(VC)	 (6)

where	 the differential operator in three dimensions

C = concentration

t = time

D = hydrodynamic dispersion coefficient

V = seepage velocity.

and discussed in detail by Bear (1961, and 1969), and Fischer et al.

(1979). The first term on the right hand side represents dispersive

transport, and the second term on the right hand side represents

advective transport.

The advection-dispersion equation closely models transport in

homogeneous porous media (Bear, 1969), but its applicability in many

field situations has been questioned (e.g. Matheron and de Marsily,

1980; Gelhar et al., 1979; Anderson, 1984; and Dagan, 1987). The reason

for this skepticism is largely due to the problem of the dispersivity
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scale effect. Many investigators have demonstrated that the

dispersivity grows with residence time or displacement distance and the

approach to an asymptotic value can be slow (e.g. Matheron and de

Marsily, 1980; Gelhar and Axness, 1983; Gelhar et al., 1979; and

Silliman and Simpson, 1987). This scale problem is similar to the

problem Taylor experienced in tubular flow. Until this forgetting time

or Taylor period has been reached the transport is not Fickian, and the

advection-dispersion equation is not valid.

Mercado (1967) investigated advective horizontal displacement

through a stratified aquifer with randomly distributed hydraulic

conductivity values. He found that the dispersivity can be related to

the mean and the variance in hydraulic conductivity through a

relationship:

A . (12k/K2)x	 (7)

where A = dispersivity

012k . variance in the hydraulic conductivity

K = the mean hydraulic conductivity in the vertical

x = the mean displacement.

His analysis indicates that the dispersivity is proportional to the

coefficient of variation in hydraulic conductivity, and that the

dispersivity can grow linearly with distance. Mercado, however, did not

consider mixing between layers.

Gelhar et al. (1979), examined dispersion in a perfectly

stratified aquifer with flow parallel to the stratifications, and

treated the variability in hydraulic conductivity in the vertical

direction and concentration as stationary stochastic processes. Using a
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first order approximation analogous to that of Taylor (1953), a

stochastic differential equation was formulated. The asymptotic

longitudinal dispersivity was then related to the statistical properties

of the medium as follows:

A* . (2 k L2)/(3K2 aT )
	

(8)

where	 A* = the asymptotic dispersivity

12k . the variance in the hydraulic conductivity in the

vertical

K = the mean hydraulic conductivity in the vertical

a -i- = the local transverse dispersivity

L = the correlation scale in the vertical direction

This asymptotic dispersivity is valid only after a tracer is displaced

over a very large distance.

Matheron and de Marsily (1980) extended the analysis by Gelhar

et al. (1979). They found agreement with Gelhar et al. (1979) in the

asymptotic dispersivity solution(equation 8, page 6) only when the

covariance function of the hydraulic conductivity exhibits a hole effect

(the integral of the covariance function is zero). When other

covariance functions were used and the flow was strictly parallel to the

stratifications, a constant dispersivity value was not obtained.

They also considered cases where the flow is not parallel to

the bedding, and developed the following

A* = (02kL 2 )/(3K2aT)'[(1+3(L/aT)u)/(1+(L/aT)u) 3 ]	 (9)

where u = the vertical velocity/ the horizontal velocity.
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This vertical flow component was shown to decrease the time it takes to

achieve an asymptotic dispersivity as well as reduce its value. It is

obvious that as u approaches zero, the solution corresponds exactly to

equation 8 (page 6). The strong dependence of A* on the flow regime

suggests that it may be impossible to characterize a constant intrinsic

macrodispersivity value for a medium, since the macrodispersivity

is so strongly dependent on a variable velocity field.

Smith and Schwartz (1980, 1981a,b) developed a particle

tracking model and performed Monte Carlo simulations to estimate the

amount of uncertainty in the time and location of contaminant discharge.

They found that a moderate number of samplings of the permeability

reduces the uncertainty over a small number of samplings, but increasing

the number of sampling over a moderate number (no actual value was

given) does not substantially reduce uncertainty. It was found that

detailing the spatial arrangement of the hydraulic conductivity is more

important than obtaining more samplings of this parameter in defining

the uncertainty in contaminant arrival time and discharge location.

Their results also show that chemical transport is highly sensitive to

porous medium heterogeneities, and that uncertainty in model prediction

can be significant.

Hatton and Lightfoot (1984) tried to identify the dispersion

characteristics of simple stratified aquifers. They also found that the

dispersion coefficient is not constant, but it is time dependent. In

addition, they examined the effects of a variable input size on the

development of the dispersion process. They found that as the area over

which the solute is introduced is decreased, the solute is subjected to



a smaller range of velocities, and this ensures less initial spreading

of the solute in the longitudinal direction. Consequently, the initial

values for the dispersion coefficient will be smaller. As time

progresses, the transverse dispersive properties help to distribute the

solute over the whole aquifer, and thus the asymptotic behavior of the

dispersion coefficient is uninfluenced by the initial distribution of

solute.

Evaluating the macrodispersivity tensor in three dimensional

heterogeneous porous media is much more complex then in two dimensional

heterogeneous porous media. Gelhar and Axness (1983) examined the

dispersive mixing resulting from complex flow in three-dimensional

heterogeneous porous media using stochastic theory. They treated the

hydraulic conductivity as a three-dimensional statistically stationary

random field. The macrodispersivity is found to be related to the

variance of the log-saturated hydraulic conductivity and the correlation

scale. They also concluded that convection is the dominant physical

process in determining the longitudinal macrodispersion coefficient.

Neuman et al. (1987) describe a three-dimensional theory for

field scale Fickian dispersion in anisotropic porous media. Their

results differ slightly from Gelhar and Axness (1983). Gelhar and

Axness calculate the direction of the largest principal dispersivity to

be offset from the flow direction of the mean velocity toward the

direction of least spatial correlation (perpendicular to the layering).

Neuman et al. (1987) show that the principal dispersivity is offset from

the direction of the mean velocity at small and intermediate Peclet

9



10

numbers, but rotates toward the mean velocity as the Peclet number

increases.

Gdven et al. (1984) analyzed dispersion in a stratified

aquifer. They applied the moment method of Ans (1956) to describe the

vertical velocity variations, and to solve the governing advection-

dispersion equation for mass transport. Applicable Ans moment

equations are developed for the parabolic, step function, linear, and

cosine distributions of hydraulic conductivity.

Gdpta and Bhattacharya (1986) examined solute transport in

multidimensional evolving heterogeneous systems. They suggest that

dispersive properties may remain in a perpetual transient state as the

contaminant plume encounters different heterogeneities or transient

flows along the paths of migration. This means that a dispersion

process that has become Fickian after a certain forgetting time could

return to non-Fickian conditions if new heterogeneities are encountered.

Given and Molz (1986) analyzed dispersion in unbound stratified

porous media using both deterministic and stochastic approaches. They

investigated three-dimensional cases including the effects of different

input sizes. Their results agree with dLipta and Bhattacharya (1986),

but only agree with Matheron and de Marsily (1980) if the initial input

size is large. If the initial input size is small, the results of Given

and Molz (1986) deviate from those of Matheron and de Marsily (1980) in

the development of a constant dispersivity, but the actual asymptotic

value is the same in both.

Cala and Greenkorn (1986) examined the relationship between
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velocity and the dispersion coefficient for various heterogeneities.

Generally, the relationship is given as

DL = BVn	 (10)

where	 B = A constant

V = the average groundwater velocity

n = the empirically determined exponent

DL	 the longitudinal dispersion coefficient

For dimensional purposes it is often assumed that n is unity,

but this assumption may not always be valid. In their study the

exponent was found to be dependent on the flow regime, and can be

expressed in the following equation:

B = DL/Vn,	 (11)

and after dividing each term by LV (where L is the length of the flow

region), and taking the natural logarithm they obtained

ln 1/Pe = ln B/L + (n-1) ln V	 (12)

where Pe =LV/DL (Peclet number). Plotting the inverse Peclet number

versus the velocity on log-log scale yielded a graph whose slope is n-1.

In a homogeneous medium, and at very low velocities (0.00001 cm/s) n was

found to be 0.0, and the coefficient was independent of the flow

velocity. At this flow regime the spreading is predominantly caused by

molecular diffusion. As the velocity increases, n slowly increases

until it approaches a constant value of 1.2 at a velocity of 0.005 cm/s.

At this flow regime the spreading is dominated by mechanical dispersion,

and it is assumed that the coefficient is constant. A
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transitional regime is found between a velocity of 0.0001 and 0.005

cm/s.

Cala and Greenkorn assumed that a slope of 0.2 demonstrated

that mass flux was linearly proportional to the concentration gradient,

or in other words the dispersion was a Fickian process.

When a rectangular heterogeneity was included in the flow

region, n approached a value of unity as the velocity increased. This

graphically demonstrated a fourth flow regime. This new regime is

macrodispersion, and is the result of large scale velocity variations

caused by the heterogeneity.

Silliman and Simpson (1987) used a sandbox model to investigate

the scale effect in the dispersion of solutes in homogeneous and

heterogeneous porous media. The homogeneous case showed a constant

dispersivity, while the heterogeneous cases indicated a continuous

increase in dispersivity with distance. Their results are consistent

with other researchers (e.g. Matheron and de Marsily, 1980; Anderson,

1984; Gelhar et al., 1979; Pickens and Grisak, 1981b).

1.3 Purpose and Scope of the Study 

Effects of a single rectangular heterogeneity on dispersion have

been examined by Cala and Greenkorn (1986). However, the influences of

the shape of the heterogeneity, the size of the input source, and its

location have not been studied in the past. Thus, the first part of

this study extends their research to include the effects of a variable
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input size and location on dispersion. The effect of the orientation of

the heterogeneity is also investigated in this report.

The second part of the report examines dispersion phenomena in

perfectly stratified aquifers. The dispersion process in such aquifers

has been analyzed by many researchers in the past (e.g., Gelhar et al.,

1979; Matheron and de Marshy, 1980; and Güven et al., 1984). Using

stochastic approaches, Gelhar et al. (1979) and Matheron and de Marsily

(1980) also derived expressions for the development of the asymptotic

macrodispersivity. Güven et al. (1984) derived the asymptotic

macrodispersivity for deterministic stratified aquifers. However, most

of these analyses use the first order approximation which implies that

the variation in permeability has to be small. This assumption is

generally not valid in most aquifers where the permeability variations

could be substantial. In addition, the analyses focused on steady flow

situations which rarely exist in reality.

In this part of the report, the validity of the macrodispersion

theories developed by the previous researchers will be examined by using

computer simulations. The effects of large variations in permeability

on macrodispersivity will be analyzed, as well as the effect of

transient flow on the development of macrodispersivity for perfectly

stratified aquifers.



14

CHAPTER 2 

NUMERICAL METHODS

The numerical methods in this report were done using a two-

dimensional solute transport computer model (MOC2) developed by L. F.

Konikow and J. D. Bredehoeft (1978) of the United States Geological

Survey. It calculates the transient changes in the concentration of

nonreactive solutes in flowing ground water. The computer model solves

two partial differential equations. The first equation is the

groundwater flow equation, which describes the hydraulic head values at

each node in the aquifer. The second equation is the solute transport

equation which describes the chemical concentration distribution in the

system through time. These two equations can be coupled to obtain both

steady state and transient solutions. The model is written in Fortran

77 computer code, and in this report was run on the VAX mainframe system

at the University of Arizona.

When applying this computer model some basic assumptions are

made. These include:

1.) Darcy's law is valid and the hydraulic head gradients are the only

significant driving mechanism for fluid flow (see APPENDIX A).

2.) The porosity and hydraulic conductivity of the aquifer are constant

with time, and porosity is uniform in space.

3.) Gradients of fluid density, viscosity, and temperature do not affect

the velocity distribution.

4.) No chemical reactions occur that effect the concentration of the

solute, the fluid properties, or the aquifer properties.
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5.) Vertical variations in head and concentration are negligible.

2.1 Flow Equations 

Pinder and Bredehoeft (1968) derived the equation describing

the transient two-dimensional areal flow of a homogeneous compressible

fluid through a heterogeneous anisotropic aquifer. In Cartesian

coordinates this equation is written as

xi = S	 t + w	 i,j=1,2	 (13)

where Tij = transmissivity tensor

h = hydraulic head

S = storage coefficient

t = time

w = volume of flux per unit area (sink or source)

xi and xj = Cartesian coordinates.

In this equation w can be well pumpage, well injection,

evapotranspiration, steady leakage into or out of an aquifer through a

	confining bed, stream bed, or lake bed.	 The finite difference equation

is solved numerically for each node using an iterative alternating-

direction implicit (ADI) procedure. Within a single time step the

solution is oriented alternatively along columns and rows until the

heads converge within a specified error tolerance. In the first part of

an iterative cycle a set of linear equations are generated for each

column. Column by column these linear equations are generated and

solved. The second part of each iterative cycle generates a set of

linear equations for each row. Row by row these equations are generated

and solved. These cycles are repeated until the hydraulic head

solutions for the row and column steps converge within certain specified
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tolerance limits. Once the hydraulic head distributions are known, the

velocity at each node in the x and y directions can be found using

Darcy's law.

2.2 Transport Equations 

The equation that is used to describe the two-dimensional areal

transport and dispersion of a given conservative tracer in flowing

ground water was given by Konikow and Grove (1977) as

Cl.t) t. = (Di,j t)C/Xj)/C) Xi	 - Vx	 x - Vy JC/ày + F	 (14)

where i,j = 1,2

F = sink or source term which can be ignored in our case.

C = the concentration of the dissolved chemical species

= the coefficient of hydrodynamic dispersion

V X, Vy = the x and y velocity components.

The total derivative of C(x,y,t) is as follows

dC/dt =	 t + ,)C/c) x dx/dt + c1C/ c)y dy/dt	 (15)

where

dx/dt = V x ,	 (16)

dy/dt = Vy.

By substituting equation (14) into equation (15), and ignoring the sink

or source term we have

dC/dt = (Dij .;C/, xj)/ c) xi.	 (17)

The solutions of the system of equations comprising equations (16) and

(17) may be given as
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x = x(t),	 y = y(t),	 C = c(t). Given these solutions we can

obtain a solution to equation (14). This is accomplished numerically by

the method of characteristics using particle tracking.

The first step in the method of characteristics involves

introducing a set of moving points distributed uniformly in the solution

domain with initial coordinates Xp,0 and Yp,0 and initial concentration

C p, o. Five points per grid were used throughout the simulations. From

the solution of the flow equation the x and y velocities for each node

are obtained. The effects of convection on particle movement is then

done using our calculated velocities. The new coordinates of each

moving point are

Xp,n4.1 = Xp,o + dt Vx (X p, o,Y p, o)	 (18)

Yp,n+1 = Y p, o + dt Vy (X p, o,Y p, o).

After moving the particles, the coordinates of the moving point

(Xp0+1,Y p , n+1) are checked to see which block the moving particle lies

in. A temporary concentration is then assigned each block by

calculating the number of moving points per block, summing these

concentrations, and dividing by the number of points. The change in the

concentration due to dispersion is calculated by solving the explicit

finite difference form of the dispersion equation ( Konikow and

Bredehoeft, 1978).The new nodal concentrations at the end of time

increment n can be expressed as

Ci,j, n = Ci , j ,n* +
	

(19)

The first term on the right hand side is the concentration at node i,j

after convection, and ACi,j, n is the change in concentration due to

dispersion.
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2.3 Stability Criteria 

The explicit finite difference solution of the solute

transport equation has a number of stability criteria associated with

it. These may require the time step increment to be reduced to

accurately solve the solute-transport equation. These criteria include:

t < 0.5/[Dxx/(Ax) 2 + D/(y) 2 ]
	

(20)

t <1%/(Vy)max
	 (21)

t <ax/(Vx)max
	 (22)

where

	

	 Y= the function of the grid dimensions that particles will be

allowed to move ( 0 < r< 1).

These criteria did not present a problem with the computer model used in

this report because if any of these criteria(equations 20-22) were

exceeded the program subdivided the time steps until the conditions were

met.

2.4 Mass Balance 

Mass balance errors_ were calculated at specified time

increments in order to provide one means to check the numerical accuracy

and precision of the solution. The principle of conservation of mass

requires that the cumulative sums of mass inflow minus mass outflow must

equal the accumulation of mass. Two equations are utilized to determine

the mass balance error. The first method is used when the flux and the

accumulation in mass are relatively large, and can be expressed

by

El = 100.0 [Mf 4M5 ]/0.5[Mf +Am s ]
	

(23)

where El = error in the mass balance

Mf = the net mass flux
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AM s = the change in mass stored in the aquifer.

The second method is used when the mass flux is zero or very small, and

can be expressed as

E2 = 100.0[Mf -4M5]/[MO - Mf]	 (24)

where Mo = the initial mass of solute present in the aquifer. In all

cases the error was less than 10%, and in most cases it was less than

5%.

2.5 Numerical Dispersion 

The numerical errors in the simulated solutions were analyzed

using the method described by Daus et al. (1985). They incorporated the

grid Peclet number to determine the spatial discretization, and the grid

Courant number to determine the temporal discretization or time step.

The grid Peclet number is defined by

P = V dx/DL	 (25)

where	 V = the seepage velocity

DL = the longitudinal dispersion coefficient

dx = the length of each grid.

The condition that must be met for this equation is

P<2.0.

This condition was met in all the simulations except for the homogeneous

case. In the homogeneous case I obtained a grid Peclet number of 3.483.

The seriousness of this failed criterion was checked by comparing the

simulated breakthrough curve versus the analytical solution for a slug

input. The analytical solutions is as follows:

C/Co = L/(47rDLt) 1/2 * exp[-(x-Vt) 2/(4DLt)	 (26)

where	 C = the average breakthrough concentration
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Co = the initial concentration of the slug

DL = the longitudinal dispersion coefficient

t = the time in seconds

x = the displacement distance

V = the seepage velocity in the longitudinal direction

L = length.

Figure 2.1 compares the simulated solution to the analytical solution.

The two solutions correspond closely to each other. There is some

oscillation and smearing, but it does not appear to be very critical.

Therefore, it was concluded that a grid Peclet number of 3.483 did not

introduce a significant amount of numerical dispersion.

The grid Courant number can be defined as

C = V dt/dx	 (27)

where dt = the time step increment. The condition that must be met for

this equation is

C < 1.0.

This condition was met in all cases. A grid Courant number of 0.213 was

maintained throughout the simulations.

2.6 Program Modifications 

The computer model that is presented by Konikow and Bredehoeft

(1978) needed to be modified for the purposes of this report. The

arrays for the number of grids in the x and y directions were increased

from 20 to 200 to maintain the grid Peclet criteria. The equation to

calculate the local and transverse dispersion coefficients were changed

to incorporate molecular diffusion. The original equations were written

as
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TIME SECONDS

Figure 2.1 The breakthrough curve for the analytical solution(solid
line) and the simulation solution(dashed line).
Homogeneous case only. Seepage velocity = 0.1 cm/s

D1 = al , V, and
	

(28)

DT ' aT'V

where	 al = the local longitudinal dispersivity

a -i- = the local transverse dispersivity

V = the average ground water velocity.

The new equations that were incorporated into the program are (Raimondi

et. al., 1959) and (Harleman and Rumer, 1963):

DT = D + 0.0089 (401) 0 . 7 	(29)

D1 = D + 1.6785 (401)1.2
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where	 D = the molecular diffusion coefficient(1.1 x 10 -5 cm/s)

d50 = the 50 percent grain size diameter.

The final change involved calculating the average concentration at a

specified distance, and a write statement that sends the average

concentration and cumulative time to a data file. This data file is

then used by another program to calculate the longitudinal

macrodispersion coefficient and other parameters.
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CHAPTER 3 

NUMERICAL SIMULATIONS WITH A SINGLE HETEROGENEITY

The approach used to simulate dispersion with a single

heterogeneity was modeled after Cala and Greenkorn (1986). In this

chapter the effects of the following on the longitudinal dispersion

coefficient are addressed:

1.) A variable solute input size.

2.) The location of the solute input source.

3.) The shape of the heterogeneity.

4.) The orientation of the heterogeneity.

All of the simulations in this part of the report were conducted using a

slug input.

A single heterogeneity located at the center of the flow field

was used for all the simulations in this phase of the report. Figure

3.1 shows an example of the flow field. Flow is from left to right.

The top and bottom are no flow boundaries. The left and right ends are

constant head boundaries. The heterogeneity has a hydraulic

conductivity K1 , and the rest of the matrix has a higher hydraulic

conductivity K2. The simulated medium comprising the heterogeneity is

assumed to be homogeneous, as is the rest of the surrounding matrix.

The conductivity ratio is defined as the hydraulic conductivity

of the heterogeneity divided by the hydraulic conductivity of the

matrix,TR = K1/K2.

The width ratio is defined as the width of the heterogeneity

divided by the total width of the flow field, WR = W1/W2.
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Figure 3.1 The flow domain showing the solute input source, the
heterogeneity and the coordinate system

The input ratio is defined as the width of the input source

divided by the total width of the flow field.

The length ratio is defined as the length of the heterogeneity

divided by the total length of the flow field, LR = L1/L2.

The total length of the flow field is 30 centimeters, and the

total width is 2.875 centimeters. These are the dimensions that Cala

and Greenkorn (1986) used, and in order to verify the model accurately

these same dimensions were also utilized. The number of grids were

adjusted in order to meet the grid Peclet and grid Courant numbers.

Twenty grids were used in the y direction, and 40 to 120 grids were used

in the x direction.
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A d50 grain size of 0.0921 centimeters was used for the

homogeneous case. The 0.0921 centimeter value was obtained from Cala

and Greenkorn (1986). The d50 grain size for the heterogeneity varied,

and depended on the hydraulic conductivity contrast between the

inclusion and the surrounding matrix. For the inclusion the d50 grain

size ranged from 0.040 centimeters to 0.060 centimeters. These values

were approximated from conductivity values given by Todd (1980). The

hydraulic conductivity used for the homogeneous case was 0.206 cm/s

(Todd, 1980). A constant and homogeneous porosity value of 0.30 was

used in all cases. The error involved in using a constant porosity

value in a heterogeneous porous media has been shown to be small (Smith

and Schwartz, 1981a).

Specified average ground water velocities were used in all

cases. These values and the corresponding differential head values for

the homogeneous case as well as for the heterogeneous cases are shown in

tables 3.1. Darcy's law was used to obtain these differential head

values.

dh = (Vn dL)/K	 (30)

where	 dh = the differential head

V = the seepage velocity

n = the porosity

dL = the total flow length

K = the weighted average hydraulic conductivity.

The weighted average hydraulic conductivity was found by using the



TABLE 3.1

Average Velocity cm/s	 dh (Diferential 	head) cm

10 -1
5.0 x 10-2
2.5 x 10-2

4 • 37
2.135
1.068

10-2 0.437
5.0 x 10-3 0.213
2.5 x 10-3 0.107

10-3 0.0437
5.0 x 10-4 0.0213

10-4 0.00437
5.0 x 10-4 0.00213

10-5 0.000437

following relationship

K =	 + K2A2)/A
	

(31)

where	 K = the weighted average hydraulic conductivity

K1 = the hydraulic conductivity of the heterogeneity

K2	 the hydraulic conductivity of the matrix

Al	 the area of the heterogeneity

A2 = the area of the matrix

A = the total area of the flow region.

3.1 Procedure 

To simulate a column test breakthrough curve, the average

relative concentration was determined at the last column of grids. It

was calculated in the following manner

C/Co =Ci/(20 100)	 (32)

where	 C/Co = the average relative concentration

Ci = the concentration at each grid of the last column

26
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I = the number of grids in the y direction

100 = the initial starting concentration of the slug input.

Using the average relative concentration versus the cumulative time, the

longitudinal macrodispersion coefficient was calculated by employing the

method of moments (Cala and Greenkorn, 1986):
9e

DL 	(afn [t nV-L) 2 )/(21_/V)	 (33)

where DL = the longitudinal macrodispersion coefficient

t n = the cumulative time

fn	 C/CO

V = the average ground water velocity

L = the length of the column.

The inverse Peclet number was then calculated as follows

1/Pe = DL/LV.

The inverse Peclet number was then plotted versus the average ground

water velocity on log-log paper, and the corresponding exponent (n) from

DL = BVn
	

(34)

where DL = the longitudinal dispersion coefficient

B = a coefficient

V = the seepage velocity,

could be calculated as mentioned in chapter one.

3.2 Verification of the Computer Model 

The simulated results were compared to the analytical solution

for a slug input in homogeneous porous media. It was shown in Chapter

two that the simulated results are nearly identical with the analytical

solution (figure 2.1). This supports the validity of the model.
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In addition, Cala and Greenkorn (1986) performed column

experiments using unconsolidated glass beads. Their columns had the

same dimensions as the simulations in this report, but the simulations

were rectangular and not columnar in shape. Figure 3.2 compares the

experimental results (solid line) with the simulated results (dashed

line) for the homogeneous case. The simulated results are nearly the

same as Cala and Greenkorn (1986), and suggest that the computer model

is accurate in the homogeneous case.

Next, a single heterogeneity was simulated. The heterogeneity

had a WR = 0.5, a LR = 0.5, and a TR = 0.2. Figure 3.3 compares the

experimental results (solid line) with the simulated results (dashed

line). Again, the simulated results are nearly the same as the results

of Cala and Greenkorn (1986), and strongly supports the accuracy of the

model.

3.3 Results and Analysis with a Single Heterogeneity 

Cala and Greenkorn (1986) tried to show that by introducing a

single heterogeneity into a homogeneous flow field a fourth flow regime

exists. This fourth regime is where flow is governed by macroscopic

dispersion caused by the heterogeneity. Computer simulations conducted

in this report support the existence of this fourth regime. With a

permeability ratio equal to 0.2, and a width ratio and length ratio

equal to 0.5 a series of simulations were run. The velocity in these

simulations varied from 10 -5 cm/s to 0.1 cm/s. From figure 3.3 the
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VELOCITY CM'S (POWER OF TEN)

Figure 3.2 The inverse Peclet number versus seepage velocity for the
homogeneous case. Experimental results(solid line) and
simulated results(dashed line)
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Figure 3.3 The inverse Peclet number versus seepage velocity
Experimental results(solid line), simulated results

(dashed line), TR=0.2,SR=LR=0.5,IR=1. 0
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slope between velocities 5 x 10 -3 cm/s and 10 -1 cm/s is zero, and the

corresponding exponent (n) is one. According to Cala and Greenkorn

(1986) this exhibits a non-Fickian behavior. A better illustration of

non-Fickian behavior is shown in figure 3.4. The dashed line represents

the analytical solution for a flow field exhibiting Fickian behavior at

a seepage velocity of 0.1 cm/s. The solid line represents the simulated

results with a single heterogeneity. It is obvious from the bimodal

distribution that a single heterogeneity introduces considerable non-

Fickian behavior at this scale and flow velocity. Figure 3.5 represents

the same simulation except the seepage velocity is 0.00005 cm/s. At

this low seepage velocity the dispersion process is dominated by

molecular diffusion, and the single heterogeneity does not significantly

influence the spreading. Transport at relatively low velocities

exhibits definite Fickian behavior regardless of whether a heterogeneity

exists or not. The cut off point between Fickian and non-Fickian

behavior can be shown with the help of figure 3.6. The point on the

curve where the slope equals 0.2 is at a seepage velocity of

approximately 10 -3 cm/s. According to Cala and Greenkorn (1986) this is

the maximum Fickian velocity. At velocities less than 10-3 cm/s Fickian

behavior is exhibited, while at velocities above 10 -3 cm/s non-Fickian

behavior is displayed. Figure 3.7 shows the breakthrough curve at a

velocity of	 10-3 cm/s. The curve is no longer bimodal, but it is

strongly skewed to the right. This curve represents the transition

between Fickian and non-Fickian behavior.
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Figure 3.4 Breakthrough curves showing the difference between the
simulated (squares) and the analytical homogeneous
case(triangles)
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TIME SECONDS

Figure 3.5 Breakthrough curves showing the simulated case(squares) and

the analytical solution(triangles),SR=LR=0.5,TR= 0 . 2 ,IR= 1 . 0

Seepage velocity = 0.00005 cm/s



Figure 3.6 The slope versus velocity for the curve from figure 3.3

25.

20.

5 .

88000.	 58000.	 75000.

TIME SECONDS

1.0 1	 1 1 111111	 1	 1- 1 11111j	 1	 1 1 111111	 I	 1 1 111111	 1	 1 1 11111

32

^

0.5

w
a
o 0.0_I
m

-0.5

-

—

1-

—1.0	 1	 1 1 111111	 1	 1 1 111111	 1	 1 1 111111	 1	 1 1 IIIII1	 1	 1 1 11111 
-5	 -4	 -3	 -2	 -1	 0

VELOCITY CM'S

Figure 3.7 Breakthrough curve, SR=LR=0.5,TR=0.2,IR=1.0,
Seepage velocity = 0.001 cm/s



ZIF

33

3.4 Results with a Variable Input Ratio 

3.4.1 Centered Solute Input Source (TR = 0.2, WR = LR = 0.5)

Centered input ratios of 1.0, 0.5, 0.2 were simulated (figure

3.8). As the input size decreased, the scale dependent longitudinal

dispersion coefficient increased. Figure 3.9 shows the longitudinal

dispersion coefficient versus velocity for input ratios of 1.0, 0.5,

0.2. At velocities above 10 -3 cm/sec the input ratio has a pronounced

effect on dispersion. Below a velocity of 10 -3 cm/s the input ratio has

very little influence on dispersion. The reason that the longitudinal

dispersion coefficient increases when the input size decreases can be

seen in figure 3.10. The figure shows that the relative concentration

versus time curves form bimodal distributions. As the input ratio

	tax

'

Figure 3.8 Non—centered solute input source(upper diagram), and
n 	 centered solute input source(lower diagram)
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Figure 3.9 Longitudinal dispersion coefficient versus 
velocity.
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Figure 3.10 Breakthrough curves IR=1.0(squares), IR= 0.5(triangles),
IR=0.2(crosses)
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decreases the second pulse becomes larger. With a smaller more

concentrated input source a greater percentage of the solute mass

travels through the lower permeability inclusion, and produces a larger

delayed pulse. With this redistribution of solute the method of

moments equation produces a larger longitudinal dispersion coefficient.

3.4.2 Non-centered Solute Input Source (TR = 0.2, WR = LR = 0.5)

Figure 3.8 shows the difference between non-centered and

centered solute input sources. With a non-centered input source two

smaller more concentrated input sources are separated by grids of zero

concentration. These two input sources are still located on the left

boundary of the flow region.

In figure 3.11 the longitudinal dispersion coefficient versus

seepage velocity is plotted. It shows that for a non-centered input

source the dispersion coefficient increases with an increasing input

ratio when the velocities are greater than 10 -3 cm/s. This is the

reverse of what was found for a centered input source. Figure 3.12

helps explain the physical reasons for this discrepancy.This

figure shows the relative concentration versus time for non-centered

input ratios of 1.0, 0.5, 0.2. As the input ratio decreases, the second

pulse in the curve becomes smaller, and at an input ratio of 0.2 there

is no second pulse at all. The solute mass is being diverted around the

heterogeneity as the non-centered solute source decreases in size. This

produces a larger initial pulse as most of the solute mass travels in

the higher velocity matrix. This results in less spreading and a much

smaller scale dependent longitudinal dispersion coefficient.
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Figure 3.11 Longitudinal dispersion coefficient versus 
velocity

IR=1.0(squares), IR=0.5(triangles), IR=0.2 (crosses)

.
C.)

TIME SECONDS

Figure 3.12 Breakthrough curves IR=0.2(squares), IR=0.5(triangles),
IR=1.0(crosses)
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3.5 Results and Analysis For an Elliptically Shaped Heterogeneity 

To see what effect the geometry of the heterogeneity has on the

scale dependent longitudinal dispersion coefficient the shape of the

heterogeneity was changed from a rectangle to an ellipse. The

permeability ratio remained the same, but the length ratio was increased

to 0.7789. The increase in the length ratio was done in order to

maintain the sane number of low permeability grids as the rectangular

case. The width ratio of the rectangular case was also reduced to 0.30

for this same reason.

Figure 3.13 shows the inverse Peclet number versus seepage

velocity for an elliptical heterogeneity and a rectangular

heterogeneity. The two curves are almost identical. Figure 3.14 shows

the slope of figure 3.13 versus velocity. The maximum Fickian velocity

appears to be approximately 10-3 cm/s.

It is evident from figure 3.13 that the shape of a single

heterogeneity is not an important criterion in determining longitudinal

dispersion or the maximum Fickian velocity.

3.6 Results and Analysis of a Tilted Heterogeneity 

Simulations were conducted with the rectangular heterogeneity

oriented parallel to the no flow boundaries, and at some angle (0) to

the no flow boundaries (Figure 3.15). An angle of 11 degrees 47 minutes

was chosen for theta.

Figure 3.16 shows the inverse Peclet number versus the seepage

velocity for theta equal to 0 degrees and theta equal to 11 degrees 47

minutes. The maximum Fickian velocity for theta equal to 0 degrees is

5.0 x 10-3 cm/s. For theta equal to 11 degrees 47 minutes the chemical
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Figure 3.13 Inverse Peclet number versus velocity, Rectangular
heterogeneity(solid line), Elliptical heterogeneity(dashed
line)
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Figure 3.15 Flow domain showing the orientation of the heterogeneity
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Figure 3.16 Inverse Peclet number versus seepage velocity
Heterogeneity at an angle(dashed line), and parallel
to the flow direction(solid line)
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transport behavior appears to be Fickian throughout the range of

seepage velocities used. The slope at a seepage velocity of 0.1 cm/s is

0.1922, which is approximately 0.2. Figure 3.17 plots the relative

concentration versus time for a seepage velocity equal to 0.1 cm/sec,

and a theta equal to 11 degrees 47 minutes. The distribution is no

longer bimodal, and the curve appears to exhibit what would be expected

for Fickian behavior.

Therefore, orienting the single heterogeneity at some angle to

the principal flow direction must cause substantial mixing in the

vertical direction to take place. This mixing decreases the Taylor

period or forgetting time and allows Fickian behavior to be achieved at

the scale these simulations were preformed.

TIME SECONDS

Figure 3.17 Breakthrough curve for theta=11 0 47', velocity =0.1 cm/s
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CHAPTER 4

NUMERICAL SIMULATIONS WITH STRATIFIED MEDIA

The second part of this report examines dispersion in perfectly

stratified porous media using numerical simulations. Many other

researchers, Matheron and de Marshy (1980), Gelhar et al. (1979),

Gelhar and Axness (1983), and Given et al. (1984) have investigated

perfectly stratified porous media, and have developed stochastic and

deterministic solutions for longitudinal dispersivity. These solutions

include both the development of a constant dispersivity, as well as

solutions for the asymptotic longitudinal dispersivity. Many questions

remain unanswered regarding the validity of these solutions. Questions

such as:

1.) What are the errors involved in the first order approximation of the

analysis done by Gelhar et al. (1979)?

2.) What effect does transient flow have on the stochastic solutions?

3.) What effects do large variations in permeability have on the

stochastic solutions?

Using MOC2 these solutions were tested under highly controlled

conditions. In addition, some transient flow cases were examined.

4.1 Solutions To Be Tested 

The first set of simulations involved perfectly stratified

porous media. Each layer was considered homogeneous and the covariance

function of the permeability in the vertical exhibited the hole effect.

The ground water flow direction was parallel to the bedding. Gelhar et
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al. (1979) characterized the development of the dispersion process with

the following stochastic solution:

A/A*=1.0+ev[(2v+1.0) 2-2]erfc v 1 / 2 -2(v/7T ) 1 / 2 (2v+1))-/ 2 (2v+1)	 (35)

where	 A = the time dependent dispersivity value

A* = the asymptotic dispersivity value

v = aTVt/L 2

aT = the transverse local dispersivity

V = the seepage velocity

t = the cumulative time

L = the correlation scale(1/2 the thickness of each layer).

The asymptotic longitudinal dispersivity was also developed by Gelhar et

al. (1979):

A* = 02CL2/(3.K2.aT)
	

(36)

where	 K = the mean hydraulic conductivity in the vertical.

Both of these solutions were compared with the numerically simulated

results.

Guven et al. (1984) developed deterministic solutions for the

asymptotic longitudinal dispersivity, and these were used and compared

to those of Gelhar et al. (1979). The solution of Guven et al. (1984)

for a parabolic distribution of permeability in the vertical is as

follows:

A* = h 2/(a1.52.5)	 (37)
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where	 h = one half a parabolic cycle or wavelength.

Also, the solution of Guven et al. (1984) for a linear distribution of

permeability in the vertical was tested. This solution is as follows:

A* = h 2/(aT30)	 (38)

The second set of simulations involved statistically stationary

perfectly stratified porous media. Each layer was considered

homogeneous. However, unlike the first set of simulations, the second

set had the major principal ground water flow direction at an angle to

the stratifications. Matheron and de Marshy (1980) developed a

solution for the development of a constant longitudinal dispersion

coefficient using a Gaussian covariance function for the permeability.

This solution is as follows:

D(v)=02k 1,2/( 23K-aT)f(-1(1-xlv) exp_(-2m2B2X 2/2m2X

o
where	 m = constant value 4.461

1 )J( 2m2+1 ) 11 2 )dx (39 )

B = V1/(2Dî)

v = a1Vt/1 2

Vy = the vertical velocity component

L = the correlation scale

DT = the transverse dispersion coefficient

Matheron and de Marsily (1980) also developed a solution for

the asymptotic longitudinal dispersivity, and can be written as:
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A* = 0 21e L2/(3.0.a T ) [(1+3(L/aT)u)/(1+(L/aT)u) 3 ]
	

(40)

where	 u = the vertical velocity divided by the horizontal velocity.

Both of these solution were tested and compared with numerical results.

4.2 Outline of the Cases Simulated 

Table 4.1 summarizes the cases that were simulated in this part of

the report. The local transverse dispersivity was kept constant at 1

centimeter for all the cases.

Table 4.1 

(units for K are [cm/s])

Case	 /K2	 K4	 1:ç..5 	 !6	 L(cm) h(cm)

1	 0.3842 0.210 0.063	 16.05

2	 0.2899 0.210 0.063	 8.025

3	 0.3239 0.210 0.063	 5.35

	

4	 0.0653 0.210 0.126	 5.35

	

5	 0.8000 0.210 0.021	 5.35

	

6	 (The same as case 2 except the input ratio = 0.33)

7	 (The same as case 2 except the input ratio = 0.67)

	

8	 0.224 .042 .084 .126 .168 .210 .168 .126 .084 .042	 48.2 48.2

	

9	 0.267 .210 .187 .163 .140 .117 .093 .070 .047 .023	 48.2 96.4

	

10	 0.387 .303 .140 .257 .093 .210 .047 .163 .001 .117	 48.2 96.4

	

11	 (Same as case 1 except u = 0.25244 (vertical/horizontal velocity)

	

12	 (Same as case 1 except u = 0.51332

	

13	 (Same as case 1 except with transient flow)

	

14	 (Same as case 11 except with transient flow)
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4.3 Purpose 

In this chapter the following effects on the validity of the

stochastic and deterministic solutions were examined:

1.) Increasing the number of layers.

2.) Increasing the coefficient of variation (ek/K2).

3.) Decreasing the input size.

4.) Local variations in the hydraulic conductivity versus regional

variations.

5.) Increasing the vertical velocity component.

Additional simulations were run to observe what effect transient ground

water flow conditions have on the development of dispersivity.

4.4 Procedure 

4.4.1 No Vertical Flow Cases 

The dimensions of the flow region are variable in the x

direction, and are 107 centimeters in the y direction. The top and

bottom are no flow boundaries, and the left and right side are constant

head boundaries (figure 4.1). A slug solute input source was introduced

in the first column of grids. The average velocity was found using

Darcy's law in the same manner as described in chapter 3. The

longitudinal dispersion coefficient was found using the method of

moments equation (equation 33 page 27), and the average concentration

for these cases was the flux average concentration. The flux averaged

concentration is given by the following equation:
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C* =iCiQi/Q
	

(41)

where	 Ci = the concentration in each layer

Qi = the discharge in each layer

Q = the total discharge

n = the number of layers.

11

C1.
II

0
0

ki

14

sx

Figure 4.1 Flow domain for no vertical flow cases

The longitudinal dispersion coefficient was then multiplied by the

seepage velocity, and divided by the asymptotic dispersivity to obtain a

value for the relative dispersivity (A/A*).

4.4.2 Vertical Flow Cases 

Figure 4.2 diagrams the set up for the vertical flow cases.
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The stratifications were placed at an angle to simulate a vertical

velocity component. The boundary conditions and initial conditions

remain unchanged from the no vertical flow cases. The effective

hydraulic conductivity tensor was found using Mohr circles. The

transformation equations were as follows

Kxx ' (Kxxi+Kyyl)/2 + [(Kxx l -Kyy l ) cos 29]/2	 (42)

KYY = (Kxx i+ Kyy l )/ 2 - [(Kxxl-Kyyl) cos 28] 1 2

Kxy ' Kyx ' (Kxxl-Kyyl )/2 sin 28

Figure 4.2 Flow domain for vertical flow cases

where K xx '= the hydraulic conductivities in the principal directions.

K	 'YY

Kxx , Kyy , Kxy = the transformed components of the hydraulic

conductivity tensor.
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8 = the angle between the transformed direction and the original

principal direction.

Using Darcy's law the transformed hydraulic conductivity tensor

could be used to determine the average velocity. The average velocity

parallel to the no flow boundaries and perpendicular to them were found

using the following:

[Vx]

Vy

lkxx/n

Kyx/n

Kxy/1

Kyy/n J y

[4] (43)

V x = Kxy J x/n + Kxy Jy /n

Vy = Kyx J x/n + Kyy Jy/n

where	 Vx = the average velocity parallel to the no flow boundaries.

Vy = the average velocity perpendicular to the no flow

boundaries.

d x = the hydraulic head gradient in the x direction.

JY = the hydraulic head gradient in the y direction.

(Equal to zero)

Since the hydraulic head gradient in the y direction is equal to zero,

the equations for the velocity components become

Vx	 Kxx Jx/n	 (44)

Vy = Kyx J x/n

Using the average velocity in the method of moments equation, the

longitudinal dispersion coefficient was calculated. The arithmetic

average concentration was used, since no strata extended continuously

from one constant head boundary to the other.

In order to obtain the velocity components parallel (Vx ') and
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perpendicular (Vs ') to the bedding, the following transformation was

used.

Vx ' = Vx cos 8 + Vy sin 8	 (45)

Vy ' = -V x sin 8 + Vy cos 0

From these velocity components the following parameters could be

calculated:

U = Vy '/V x '	 (46)

B = Vy ' L/(2 DI-) (where L = the correlation scale) (47)

These parameters (u,B) are used in the stochastic solutions developed by

Matheron and de Marshy (1980).

4.5 Verification of the Computer Model 

Silliman and Simpson (1987) conducted a set of sandbox

experiments. The sandbox had the dimensions of 244 centimeters by 107

centimeters by 10 centimeters. One experiment examined a stratified

case with one fine layer surrounded by two coarse layers. The coarse

sand had a permeability of 0.206 cm/s, and the fine sand had a

permeability of 0.010 cm/s. The concentration versus time data were

collected at approximately 15 centimeters from the continuous input

source. The relative concentration (C/C*, where C* is the initial

source concentration) was plotted versus

V = X - vt/(2t) 112 	(48)

where	 X = the displacement distance

v = the average velocity

t = the cumulative time

on normal probability paper. If this plot forms a straight line,
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the concentration versus time is normally distributed, and thus

it exhibits Fickian behavior.

This same experiment was simulated with the computer model MOC2

in order to verify the model at this larger scale. Figure 4.3 compares

the simulated results with the experimental results obtained by

Silliman. It is evident from this normal probability plot that the

simulated results are nearly the same as the experimental results, but

with some deviation from the experimental results at small relative

concentration values.

4.6 Results and Analysis For Changing the Number of Stratifications 

Changing the number of layers did not cause the stochastic

solution to deviate from the numerically simulated results. Figure 4.4,

4.5 and 4.6 show the results for 3 layered, 6 layered and 9 layered

cases. The solid lines are from equation 35 (page 42) and the dashed

lines are the simulated results. The small fluctuations in the

simulated curves correspond to the numerical mass balance errors, which

fluctuated between + or - 5 %. The difference between the nine layer

case and the six layer case is insignificant. The three layered case

deviates more from the stochastic solution then the six or nine layered

cases, but this is probably not due to the number of layers, but rather

it is the result of a larger coefficient of variation. The three

layered case has a coefficient of variation that is larger (0.3842) than

the six layered (0.290) or the nine layered (0.3240) cases.

4.7 Results and Analysis For Changing the Coefficient of Variation 
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Figure 4.4 A/A* versus v (aTX/L 2 ), the 3 layered case, 0 2k/K2 = 0.3842

1•5
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5 '.

V

Figure 4.5 A/A* versus v, the 6 layered case, 02k/K2 = 0.29

10. 15.



53

V

Figure 4.6 A/A* versus v, the nine layered case, 02k/K2 = 0.3240

In examining what effect the coefficient of variation had on

the accuracy of the stochastic solution the number of stratifications

remained constant at nine. Changing the coefficient of variation had a

pronounced effect on equation 35 (page 42). Figure 4.7 examines this

discrepancy. When the coefficient of variation is 0.065, the

numerically simulated results are almost identical to the stochastic

solution. As the coefficient of variation increases the simulated

results begin to deviate from the solution of Gelhar et al. (1979). At

a coefficient of variation of 0.800, there exists a large discrepancy

between the simulated and the stochastic solutions.

The reasons for this discrepancy can be found if the solution
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0.4	 0.6

COEF • OF VAR.

Figure 4.7 0 2k/K2 versus d (A/A* s im — A/A*anal), aTX/L2 =
2.1312(squares), 3.197(triangles), 4.156(crosses)

of Gelhar et al. (1979) is analyzed. In obtaining their stochastic

solution, they assume that the velocity perturbations are small. This

restriction eliminates the second order terms in their equation (9)

(Gelhar et al., 1979). In order for this restriction to be valid the

coefficient of variation in the hydraulic conductivity must be much less

than 1.0 (020(2 << 1.0). When this restriction does not hold, as in

the case when 02k/K2 = 0.800, the early development in dispersivity

deviates from their results. However, it appears that the asymptotic

dispersivity value is not effected by large perturbations in the

velocity (figure 4.7.1), and their analysis supports this conclusion.
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Figure 4.7.1 A/A* versus v, nine layered case, 02k/K2 = 0.800.

4.8 Results and Analysis For Varying the Initial Solute Source Size 

Decreasing the solute source size caused substantial deviation

between the simulated and the stochastic solutions. Figure 4.8 shows

three cases that had six stratifications and coefficients of variation

of 0.29. Case one had an input ratio of 1.0, and the simulated results

are nearly identical to the results of Gelhar et al. (1979). Case two

and three had input ratios of 0.33 and 0.67. As the input ratio

decreases the deviations between the simulated and stochastic solutions

increase.

55
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Figure 4.8 A/A* versus v (aTX/L 2 ) for IR=1.0(squares), 0.67(crosses)
0.33(triangles)

Even though the early development of the two solutions deviate from the

simulated results, it appears as if the asymptotic solutions might

converge.
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Hatton and Lightfoot (1984) and Güven and Molz (1986) both

found that decreasing the area over which the solute is introduced

subjects the solute to a smaller range of velocities, which produces

less spreading of the solute in the longitudinal direction. This

creates pronounced effects on the early time dispersivity values, but

according to Hatton and Lightfoot (1984) and Güven and Molz (1986) the

asymptotic dispersivity values are independent of solute input size.

This is due to the fact that as time increases the transverse dispersive

processes act to distribute the solute throughout the flow region.

4.9 Results and Analysis of the Parabolic Permeability Distribution 

Figure 4.9 compares the simulated results with the results of

Gelhar et al. (1979) for a parabolic hydraulic conductivity distribution

in the vertical. The two are nearly the same, with some fluctuation due

to mass balance errors. This close agreement between the numerical

solution and the stochastic solution can be attributed to the small

coefficient of variation ( 2k/K2 = 0.224).

The solution of Gelhar et al. (1979) was also compared to the

deterministic solution of Gliven et al. (1984) for a parabolic hydraulic

conductivity distribution in the vertical. Assuming that the transverse

dispersion coefficient is constant the solution of Güven et al.

(1984)(equation 37) resulted in an asymptotic longitudinal dispersivity

value of 44.16 centimeters. The analysis of Gelhar et al. (1979)

produced a similar value of 43.123 centimeters (equation 36).

4.10 Results and Analysis of the Linear Permeability Distribution 
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V

Figure 4.9 A/A* versus v (aTX/L 2 ), solid line(Gelhar et al., 1979),
dashed line(simulated), Parabolic K distribution

Two simulations were performed using linear hydraulic

conductivity distributions in the vertical. The first simulation

consisted solely of the regional linear permeability distribution

(figure 4.9.1), and the results are shown in figure 4.10. It shows that

the simulated results deviate from the solution of Gelhar et al. (1979)

(equation 35). The second simulation not only included the regional

linear distribution, but also large local fluctuations in permeability

(figure 4.10.1). Figure 4.11 shows that the simulated results deviate

strongly from equation 35.
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Figure 4.9.1 A diagram showing the distribution of hydraulic
conductivity in the vertical for a linear K case (Regional
fluctuations only)

Figure 4.10 A/A* versus v, Linear K distribution(Regional), solid

line(Gelhar et al., 1979), dashed line(simulated)
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Figure 4.10.1 A Diagram showing the distribution of hydraulic
conductivity in the vertical for a linear K case
(Regional and local fluctuations)

Figure 4.11 A/A* versus v, Linear K distribution(Regional and local)

solid line(Gelhar et al., 1979), dashed line(simulated)
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The asymptotic longitudinal dispersivity solutions of Gelhar et

al. (1979), and Gilven et al. (1984) were also compared. For the case

involving only regional fluctuations the solution of Gelhar et al.

(1979) resulted in an asymptotic dispersivity value of 206.339

centimeters, while the analysis of Güven et al. (1979) produced a value

of 309.122 centimeters.

One reason for the discrepancy in equation 34 and the simulated

results is that the simulation does not have repetitive layers

(permeability covariance function does not exhibits the hole effect)

which is required for analysis of Gelhar et al. (1979) to reach an

asymptotic value. Their approach tends to underestimate the asymptotic

dispersivity, which is obvious from figure 4.10 and 4.11.

4.11 Results and Analysis of the Vertical Flow Cases 

The three layered case was simulated with a velocity component

perpendicular to the stratifications (vertical velocity component). Two

cases were examined. The first involved a u (vertical velocity divided

by the horizontal velocity) value of 0.2524, and the second using a u

value of 0.51332. The development of the constant dispersivity value

was compared to a stochastic solution developed by Matheron and de

Marsily (1980) (equation 39 page 43). The integral was solved with the

Gauss Quadrature method (Hornbeck, 1975) using 24 weighting functions.

Figure 4.12 and 4.13 compares the simulated results with the solution of

Matheron and de Marshy (1980) . The simulated and stochastic

solutions are nearly the same, and suggest that their approach is

valid under these conditions.
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Figure 4.12 A/A* versus v, u=0.2524, solid line (Matheron and de

Marsily, 1980), dashed line(simulated)

V

Figure 4.13 A/A* versus v, u=0.51332, solid line (Matheron and de

Marsily,1980), dashed line(simulated)
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Figure 4.14 compares the development of a constant longitudinal

dispersivity for u = 0, and 0.2524. It is evident from this figure that

as u increases, the development of an asymptotic dispersivity is

accelerated.

Figure 4.15 compares the actual dispersivity values with the

actual distances for u = 0, and 0.2524. Not only is the development of

the asymptotic dispersivity accelerated as u increases, but the actual

asymptotic dispersivity value decreases substantially.

The reason for this acceleration in the development of an

asymptotic dispersivity and the decrease in its value is due to the

vertical mixing caused by the vertical flow component. This vertical

flow component increases the transverse dispersive processes which

allows Fickian behavior to be achieved much earlier than with flow

strictly parallel to the bedding. In addition, the individual solute

particles sample the different seepage velocities as they travel in the

vertical _direction. This tends to retard the spreading of the solute

plume in the longitudinal direction, and thus reduces the asymptotic

dispersivity values.

4.12 Results and Analysis For The Transient Flow Cases 

Two three-layered cases were simulated. The first case

involved ground water flow that was parallel to the stratifications.

The second case involved ground water flow that was at an angle to the

bedding (u = 0.25244). The storage coefficient in both cases was 0.01

(Todd, 1980).
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Figure 4.14 A/A* versus v, solid line (u=0), and dashed line(u=0.2524)
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Figure 4.15 A versus distance, solid line (u=0), and dashed
line(u=0.2524)
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Figures 4.16 and 4.17 examine the variance in the concentration

distribution in the longitudinal direction versus time for cases one and

two. These figures compare the transient flow conditions to the steady

state flow conditions. In both case one and case two the transient

conditions produce larger rates of change in the variance during the

early time steps then when the flow is at steady state. As time

progresses the transient flow conditions approach steady state, and the

rate of change in the variance is almost equal for the transient and

steady state curves. If the dispersion coefficient is described as

DL = d12 x/dt	 (49)

where	 DL = the longitudinal dispersion coefficient

12k = the spatial variance of the solute in the longitudinal

direction

t = the time

then transient flow conditions produce a much larger early time

longitudinal dispersion coefficient then steady state conditions. As

the transient flow approaches steady state the dispersion coefficient

approaches that of steady state.	 By taking the slopes of the curves in

figures 4.16 and 4.17 the scale dependent longitudinal dispersion

coefficient was calculated, and dividing these dispersion coefficients

by the average ground water velocity resulted in the dispersivity

values.	 Figures 4.18 and 4.19 compare the dispersivity values versus

time for the transient and steady state cases.
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Figure 4.16 Spatial variance versus time for ground water flow parallel

to the bedding, solid line(transient case), dashed line
(steady state)
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Figure 4.17 Spatial variance versus time for flow not parallel to 
the

bedding, solid line(transient), dashed line(steady

state)
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Figure 4.18 Dispersivity versus time for the flow parallel to the
beddingsolid line(transient), dashed line(steady state)
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Figure 4.19 Dispersivity versus time for the flow not parallel to the
bedding, solid line(transient), dashed line(steady state)
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In Figure 4.18, it is obvious that the dispersivity has not

obtained an asymptotic value in either the transient or steady state

conditions, but in figure 4.19, the dispersivity has reached an

asymptotic value. These results support the conclusion that was made

regarding a vertical velocity component which is:

When ground water flow is at some angle to the bedding the time

it takes to develop an asymptotic longitudinal dispersivity value is

accelerated compared to when the flow is strictly parallel to the

stratifications.

It is apparent from figures 4.18 and 4.19 that the early time

dispersivity values are slightly larger in the transient flow cases than

in the steady state flow cases, but the difference is not very great.

The reason that dispersivity is not strongly affected by transient flow

can be shown with the help of the following equation:

A = DL/V	 (50)

where	 A = the dispersivity

DL	 the longitudinal dispersion coefficient

V = the seepage velocity.

As ground water flow deviates from steady state conditions the

dispersion coefficient has been shown earlier in this report to

increase. Along with the increase in the longitudinal dispersion

coefficient comes an increase in the seepage velocity. This increase in

the seepage velocity apparently offsets the increase in the longitudinal

dispersion coefficient, and allows the dispersivity value for the



transient state to be approximately the same as that obtained under

steady state conditions.
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CHAPTER 5 

DISCUSSION AND CONCLUSIONS 

5.1 A Single Heterogeneity 

In this report it was shown that with a single heterogeneity

both the solute input size and location are crucial components in the

dispersion process. Decreasing the input size does not always

correspond to decreasing the longitudinal dispersion coefficient.

Placing the smaller and more concentrated input source directly upstream

from the heterogeneity causes a substantial amount of the solute mass to

flow through the lower hydraulic conductivity inclusion. This increases

the spreading, and produces a large dispersion coefficient. Placing two

smaller and more concentrated input sources upstream and on either side

of the heterogeneity causes most of the solute mass to flow around the

heterogeneity. This decreases the spreading and produces a smaller

dispersion coefficient. Given and Molz (1986) point out that the

location of a small solute input source is crucial in determining early

time dependent dispersion coefficients.

Changing the shape of the single heterogeneity from a

rectangular shape to an elliptical shape, while maintaining the same

number of low permeability grids, did not substantially affect the

dispersive process. The nonuniform velocity profiles were similar in

both simulations, and it is these larger scale velocity variations that

produce most of the solute spreading.

The orientation of the heterogeneity greatly affected the

dispersive process. By placing the heterogeneity at an angle to the
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average seepage velocity more vertical mixing of the solute was able to

take place. This enhancement of the vertical mixing corresponded to a

concentration breakthrough curve that was nearly Fickian in shape. This

bell shaped concentration distribution showed less variance than the

bimodal distributions, and thus produced a smaller dispersion

coefficient.

These results using a single heterogeneity do not have any

direct application in the field, but do provide some insight into the

physical behavior of chemical transport in porous media. These

simulations demonstrate the four regime changes found in chemical

transport in porous media:

1.) Molecular Diffusion

2.) Superposition regime

3.) Mechanical Dispersion

4.) Macrodispersion caused by heterogeneities

They also express the important role of the seepage velocity in

determining whether transport is Fickian or non-Fickian. In addition,

this report demonstrates the importance of determining the size of the

contaminant source when predicting early chemical arrival times in

pollutant transport studies.

5.2 Stratified Porous Media 

The analysis by Gelhar et al. (1979) for calculating the time

dependent dispersivity and the asymptotic dispersivity in a perfectly

stratified aquifer were shown to be consistent with simulated results
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provided that certain requirements were met. One of these requirements

is that the aquifer consist of repeating layers. These repeating layers

have a permeability covariance function that exhibits the hole effect.

When simulations were conducted without this hole effect, the solutions

of Gelhar et al. (1979) deviated significantly from the simulations.

Another requirement is that the coefficient of variation be

small. In analysis by Gelhar et al. (1979) they state that the

coefficient of variation must be much less than unity, which restricts

the magnitude of the hydraulic conductivity contrast. In this report

the solution by Gelhar et al. (1979) was shown to be valid up to a

coefficient of variation of 0.38. At a e2k/K2 value of 0.800, their

method deviates substantially from the simulated results. This

deviation occurred only during the time dependent dispersivity, and the

asymptotic dispersivity values were not effected by the magnitude of the

coefficient of variation.

These two requirements make the approach by Gelhar et al.

(1979) impractical in most field situations. Having a permeability

covariance function that exhibits the hole effect is the exception and

not the rule in the field. Also, ln 02k values between 0.2 to 1.78 have

been reported in the literature (Freeze, 1975). Even if by some rare

chance these two requirements are met, their solutions were developed

for ground water flow parallel to the layers, which is generally not

found in nature.

The analysis by Güven et al. (1984) for the asymptotic

longitudinal macrodispersion coefficient in deterministic stratified

porous media were also shown to be consistent with simulated results.
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The simulated results never achieved an asymptotic dispersivity value

due to dimensional constraints (grid Peclet number), but they approached

a value that is approximately the same as the solutions developed by

Given et al. (1984).

The research done by Matheron and de Marsily (1980) for

calculating the time dependent dispersivity in a perfectly stratified

aquifer with a vertical velocity component was shown to be consistent

with the simulated results in this report. Increasing the vertical

velocity component accelerated the development of a constant

dispersivity, and substantially reduced the asymptotic value. These

findings suggest that an intrinsic dispersivity value in the field may

be impossible due to the variability in the vertical ground water flow

component. This variability is most evident in the seasonal

fluctuations in rainfall, which would cause the vertical ground water

flow component to vary in time. It has been shown by Matheron and de

Marsily (1980) and in this report that a variable vertical flow

component can cause the asymptotic dispersivity to change several orders

of magnitude in identically stratified porous media(figures 4.14 and

4.15).

Transient flow conditions have been shown in this report to

substantially increase the longitudinal dispersion coefficient, but to

have only marginal effect on the dispersivity. If ground water flow

varies temporally in magnitude but not in direction, it seems reasonable

to use the concept of an intrinsic macrodispersivity value. However, if

transient conditions exist in the direction of ground water flow the

idea of an intrinsic dispersivity value may not be justifiable.



74

Finally, the results and analysis made available from this

study illustrates the need for additional research to be done in

verifying the solutions of Gelhar et. al. (1979) and Matheron and de

Marsily (1980), and other solutions (Güven, Molz, and Melville, 1984),

(Gelhar and Axness, 1983), (Güpta and Bhattacharya, 1986). An obvious

direction for further research would be to construct a sandbox model of

the same dimensions used in this report, and perform laboratory

experiments with actual stratified porous media. Laboratory experiments

have an advantage over field experiments because tighter controls can be

obtained on boundary conditions, the shape and dimensions of the

heterogeneities, and other porous media parameters ( hydraulic

conductivity, porosity, etc.). The verification of their analyses could

lead to actual field applications when a macrodispersivity value for a

basin is desired. The impossibility of conducting a tracer experiment

at the regional scale is obvious, and the stochastic approach could

provide a useful tool in determining macrodispersivities in these

stratified cases.



APPENDIX A 

Validity of Darcy's Law 

Darcy's law is valid as long as the Reynolds number does not

exceed some value between 1 and 10. The reason for this break down in

Darcy's law is due to the increase in the momentum of the water

particles. This causes the water flux to no longer be linearly related

to the head gradient.

The Reynolds number is defined as follows

Re = V d10 e /u
where	 V = the seepage velocity

d10 = the mean grain size diameter

e = the density of the fluid

u = the dynamic viscosity of water.

In this report the largest seepage velocity that was used was

0.1 cm/s, and the largest mean grain size diameter was 0.0921 cm. If

= 1.0 gm/cm 3 , and u = 0.01 dynes/cm2 (Rouse, 1946), the largest Reynolds

number is equal to 0.921, which is smaller than unity.
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