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ABS' 1 RACT

An empirical method is developed for constructing likelihood functions

required in a Bayesian probabilistic flash flood forecasting model using data on

objective quantitative precipitation forecasts and their verification. Likelihoods based

on categorical and probabilistic forecast information for several forecast periods,

seasons, and locations are shown and compared. Data record length, forecast

information type and magnitude, grid area, and discretized interval size are shown

to affect probabilistic differentiation of amounts of potential rainfall. Use of these

likelihoods in Bayes' Theorem to update prior probability distributions of potential

rainfall, based on preliminary data, to posterior probability distributions, reflecting

the latest forecast information, demonstrates that an abbreviated version of the flash

flood forecasting methodology is currently practicable. For this application,

likelihoods based on the categorical forecast are indicated. Apart from flash flood

forecasting, it is shown that likelihoods can provide detailed insight into the value of

information contained in particular forecast products.
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CHAPTER 1

INTRODUCTION

1.1 Background

It is the explicit mission of the National Weather Service (NWS) to issue

weather and flood forecasts to reduce loss of life and property damage (NWS, 1985).

Flash floods cause considerable property damage and over 80% of flood related

deaths annually in the United States (NWS, 1986). The NWS targeted flash flood

forecasts for improvement in both the accuracy, i.e. forecasting location and time of

event, and lead time, i.e. increasing the time from forecast issuance to occurrence of

the potential event (NWS, 1982b; National Advisory Committee on Oceans and

Atmosphere (NACOA), 1983; and NWS, 1986).

Zevin (1986) developed a flash flood forecasting model which uses a rainfall

forecast with other information to calculate the probability of flash flood occurrence.

The probabilistic flash flood forecasts are updated in time as new rainfall forecasts

are issued.

By using forecast rainfall information instead of observed conditions, lead time

can be increased. However, as lead time is increased, the accuracy of the forecast

is diminished. A mechanism is needed to provide an objective description of the

uncertainty of the flash flood forecast. This uncertainty in the accuracy can be

indicated by stating the forecast as a probability of occurrence. The probabilistic

flash flood forecast expresses the uncertainty of forecast accuracy in a systematic

manner.



12

In the model, the conditional probability of a flash flood is defined as the

probability that areal rainfall during the forecast period conditioned on a rainfall

forecast exceeds a guidance value determined from the soil moisture deficit. The

term forecast is applied to two predictive processes, that of the flash flood occurrence

and that of the rainfall amount.

This conditional probability of rainfall amount is evaluated in Bayes' Theorem.

A likelihood function of forecast and areal rainfall is required for this calculation and

indirectly for the Bayesian probabilistic flash flood forecast. The likelihood function

is a conditional function of a particular rainfall forecast given areal rainfall.

Possible use of this methodology in National Weather Service operations

necessitates development of the required likelihood functions.

1.2 Research Objective

The general objective of this thesis is to develop a method for obtaining these

likelihoods from databases. Although likelihoods are necessary in the Bayesian

methodology, they are not explicitly defined.

The approach taken sets up the form of likelihoods in general terms and then

specifies those terms on the basis of available data. Discretization of the data is

required to develop histograms representing the empirical conditional relationship

between forecast and areal rainfall. Likelihoods are derived directly from those same

histograms.
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1.3 Procedure

An empirical method for constructing the required likelihoods is developed

using quantitative precipitation forecasts (QPF) and their verification. Data are

supplied from the Techniques Development Laboratory (TDL) of the NWS.

Likelihoods derived from categorical and probabilistic forecast information for

several geographic areas, seasons, and time periods are shown and compared.

Updated probabilities of potential areal rainfall are calculated using these

likelihoods in conjunction with prior probability distributions in Bayes' Theorem.

Length of data record, type and magnitude of forecast information, and size of

discretized intervals of forecast and potential rainfall are shown to affect the

posterior probabilistic differentiation of amounts of potential rainfall.

The calculation of the posterior distribution demonstrates that an abbreviated

version of Zevin's flash flood forecasting approach is practicable. For this

application, likelihoods based on categorical forecast information are indicated.

Apart from flash flood forecasting, it is shown that likelihoods can provide

detailed insight into the value of information contained in particular forecast

products.
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CHAPTER 2

LITERATURE REVIEW

2.1 Uncertainty

Any prediction of an event in the future contains some uncertainty. The length

of time from prediction to event, the lead time, influences the degree of uncertainty;

as the lead time is shortened, the uncertainty may diminish but not be entirely

eliminated.

The prediction of an event without sufficient lead time for response is

valueless (Krzysztofowicz and Davis, 1984). A prediction which does not convey the

uncertainty in qualitative or quantitative terms fails to fully communicate all

information available to a decision maker. The decision maker requires consideration

of the tradeoff of lead time and uncertainty to make rational decisions (Krzysztofo-

wicz, 1987).

A forecaster can communicate the forecast and associated uncertainty to a

user, sophisticated or not, whereupon it becomes contingent upon the user to

incorporate the uncertainty into decisions or actions stemming from the forecast. A

user who fails to use the information on uncertainty in the forecast loses the value

added by the forecast (Krzysztofowicz, 1985b).

Kitanidis and Bras (1980a) stated that the uncertainty surrounding the forecast

of an event stems from four sources which can be summarized in two groups: (1)

variability of the state of nature initially and in the future; and (2) uncertainty of the
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model structure and parameterization used for prediction of the future state of

nature.

A quantifiable measure of uncertainty is probability (Hughes, 1980). Although

some ambiguity may exist as to the meaning of a probabilistic statement among

forecasters and users, a strict definition can be given for each forecast type (Hughes,

1980; Murphy et al., 1980).

2.2 NWS Forecasts

Within the NWS, probability forecasts of hydrometeorological events and

variables have been unofficially developed since the early 1950s. Hughes (1980)

provided an excellent historical overview and bibliography of probability forecasts

within the NWS. The NWS started issuing official forecasts of probability of

precipitation (PoP) in 1965. Other innovations and advances in probability forecasts

followed, including those of probability of precipitation amounts (PoPA) (Bermowitz,

1975; Bermowitz and Zurndorfer, 1979) and severe storms and thunderstorms

(Charba, 1977a-b). When issued for binary variables (occurrence/non-occurrence of

precipitation) or continuous variables (rainfall amount, expected landfall of

hurricane), the forecasts have the combined categorical information and the

uncertainty expressed as probability.

NWS objective forecast program development has progressed over the last few

decades from strictly deterministic forecasts derived from the Primitive Equation

(PE) model (numerical solution of partial differential equations representing
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atmospheric systems) to statistical regression models which associated output from

the deterministic models with observations of hydrometeorological variables (Glahn

and Lowry, 1972). These model output statistics (MOS) provided an objective

forecasting procedure which achieved greater accuracy in prediction of weather

phenomena not directly calculated in the PE model and permitted a probabilistic

statement of the forecast (NWS, 1980).

Given the necessary complexity of these operational models, considerable time

is required to produce a set of results even with advanced computer technology. Time

is needed to collect data from a variety of sources for input, determine parameteriza-

tion for given input variables, analyze resulting output, issue, and disseminate

forecasts within NWS structure (Kitanidis and Bras, 1980b; Georgakakos and

Hudlow, 1983; NWS, 1982a-b).

Quantitative precipitation forecasts (QPFs) can use information from both the

numerical and statistical models and a subjective component from national and/or

local forecasters (NWS, 1983). These models preserve the objectively derived outputs

from the national level, which take longer to determine and disseminate, and include

remotely sensed data sources such as radar and satellite imagery (NWS, 1984) and

subjective information in real-time from forecasters available at a local or regional

level. These forecasts can be formulated in categorical or probabilistic terms

(Bermowitz and Zurndorfer, 1979; Charba, 1983; Charba et al., 1988; Charba and

Moeller, 1989).
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Local QPFs have been developed which incorporate climatological data into

the forecast (Mogil, 1982; Mortimer et al., 1980). These local forecasts allow for

more responsive forecasting based on local hydrometeorological characteristics.

2.3 Bayesian Techniques

Models use updated information in sequential forecasting of time-dependent

hydrometeorological variables to improve the following forecast. Information has

been derived from observed discharge (Hoos et al., 1989), observed rainfall (Nnaji,

1982), multiple radar sources (Cluckie, 1991), rainfall and runoff model results of

previous time steps (Kitanidis and Bras, 1980a), and likelihoods of conditional

observations (Zevin, 1986).

The updating procedures which can be used in hydrometeorological

forecasting rely upon systems developed in other areas of engineering such as the

Kalman filter used by Kitanidis and Bras (1980a), Georgakakos and Bras (1982), and

Bergman and Delleur (1985) which requires a linear model and assumed Gaussian

distributions; Bayes' Theorem applicable regardless of shape of distribution function

(Epstein, 1962; Krzysztofowicz, 1985a; Zevin, 1986); filtering for nonlinear stochastic

systems (Puente and Bras, 1987); and potentially, Jeffrey's rule (Diaconis and Zabell,

1982) for instances when initial probability distributions are subjectively determined.

In the Bayesian updating system, the initial forecast needs a prior probability

distribution (Berger, 1985) subjectively or objectively determined (Murphy and

Winlder, 1974a-b) independent of the data source of the likelihood function (Epstein,
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1962; Krzysztofowicz, 1983), the second term needed in Bayes' Theorem. The

likelihood function is a family of conditional probabilities of a forecast given each

possible observation of the state of nature, which can be derived from the history of

observations and forecasts (Murphy and Winkler, 1987; Krzysztofowicz, 1983).

Calculation of Bayes results in a posterior probability distribution which has

value in the expected reduction of variance of the distribution from that of the prior

(Krzysztofowicz and Watada, 1986). Bayes' Theorem is an optimal processor of

information (Zellner, 1988; Krzysztofowicz, 1985a), its use indicated for updating

probabilities based on new information. In addition, use of Bayes has no require-

ments as to the probability distributions of the random variables (Epstein, 1962).

Winlder and Murphy (1971) discussed the use of Bayes Theorem in the

aggregation of information for determination of subjective probability forecasts.

Bordley (1982) develops a rigorous Bayesian solution for the combining of forecasts

and Winkler (1981) showed that an aggregation of information from multiple

forecasts can be accomplished by a Bayesian model whereby the posterior is a

weighted average of the forecasts.

A technique exists for estimating hydrologic spatial stochastic process

parameters from regional values using a Bayesian approach, referred to as empirical

Bayes regionalization (Kitanidis, 1986; Butcher et al., 1991). This method may be of

value to forecasters in determining prior distributions and likelihood functions for

specific locales from data at other areas or on regional scales.
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2.4 Current Trends

Hydrometeorological modeling has progressed to the linkage of meteorologic

and hydrologic processes using stochastic-dynamic models updated in real time with

information provided by state-of-the-art data collection systems (Kitanidis and Bras,

1980a; Georgakakos and Hudlow, 1983; Georgakakos, 1986).

For improved forecasting of hydrological events, the lead time must be

lengthened without sacrificing forecast accuracy. More forecasts for both primary

inputs (rainfall and antecedent soil moisture conditions) and forecasts of river stage

for ungauged locations, especially in situations where flash flood potential exists, may

be required (Greene et al., 1979; NWS, 1982b and 1983). Increased accuracy of

rainfall measurement using NEXRAD and satellite data in conjunction with gauge

networks will result in more accurate forecasts of rainfall accumulations and flash

flood probabilities (Walton et al., 1990).

The rainfall input to hydrologic forecasting models is an amount of rainfall for

a specified area in a particular forecast time period window. Areal averaging of point

measurements or point forecasts for this purpose can be accomplished by different

methods. Krajewski and Hudlow (1983) employed linear multivariate methods using

the covariance structure of the rainfall field estimated from radar and raingauge data.

Seo et al. (1990) used colcriging to merge raingauge and radar data in a stochastic

interpolation procedure. Georgakakos and Krajewski (1991) used covariance analysis

to estimate and evaluate forecast areal rainfall from radar. Lebel et al. (1987) used
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a variogram model to compare areal rainfall estimation accuracy of three linear areal

estimation techniques (Thiessen, spline, and kriging).

2.5 Flash Flood Forecasting

Nash and Sutcliffe (1970) stated that, in addition to a rainfall-runoff model,

flash flood forecasting requires "a method of continuous correction of the forecast

from observed error of earlier forecasts."

Kitanidis and Bras (1980a), Georgakakos and Bras (1982), NWS (1984)

presented algorithms which include updating mechanisms for streamflow stage

forecasting and flash flood forecasting.

Zevin and Davis (1985) described a probabilistic approach to flash flood

forecasting using Bayes Theorem to update forecasts using rainfall forecasts as

information. Zevin (1986) presented a complete methodology of Bayesian probabilis-

tic flash flood forecasting which is the basis of this current thesis.
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CHAPTER 3

BAYES' THEOREM

Bayes' Theorem is a relationship between several probabilities. It is the

means by which new information is incorporated with a previous determination of

the probability of an event to generate a revised probability conditioned on the

information. Many sources contain derivations of this relationship in mathematical

probability theory (see Winlder, 1972 or Benjamin and Cornell, 1970).

3.1 Description

Consider a discrete random variable X with i possible values xl , x2, ..., x 1 and

a second random variable Y having a particular value y. The conditional probability

distribution of X given that Y assumes the value y is denoted as:

P[ X=x; I Y=y] for i= 1,..., L

Bayes' Theorem combines a previous, or prior, probability assessment about

the variable X with new information Y conditional on X to produce an updated

probability distribution of X conditioned on Y.

A solution for this conditional probability is given by Bayes' Theorem:
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P[X= xi] P[Y=y I X=xi]

P[X=x i] P[Y=y X=xi] +...

P[X=xi I Y= y] = 
+ P[X=x2] P[Y=y I X=x2] +...

	 (3.1)

+ P [X= xi] P [Y = y X= xi]

or:

P [X= N Y= y] - 	
1
E P[X=)] P[Y=y I X=xi ]
i.i

for i = 1,..., I.

Standardized terminology is applied to the probabilistic terms in Bayes'

Theorem.

The unconditional probability distribution of the random variable P[X =xi] is

termed the prior distribution of X. This represents the assessment of the probability

of X before new information is available.

The conditional probability distribution, P[X=x; I Y=y], is labelled the

posterior distribution of X. It is calculated posterior in time to the determination of

the prior distribution. It is the updated probability of X after the new information Y

is known.

The summation in the denominator is a normalizing constant which ensures

the posterior to be a proper probability distribution, i.e.:

P[X=xi] P[Y=y I X=xi]
(3.2)
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i
E P[X=x; I Y=y1= 1
	 (3.3)

and:

0 < P[X=N1 < 1 for all i = 1,... I	 (3.4)

Each P[Y =y I X=xil is the probability of Y assuming the unique value y

given that X equals a particular x i. The conditional function of y on x i for all i =

1,..., I is the likelihood function. Although the individual likelihoods are probabili-

ties, the likelihood function is not constrained by Equations (3.3) and (3.4) and is,

therefore, not necessarily a conditional probability distribution. The likelihood

function can be any positive multiple of P[Y=y IX=xi] because the denominator will

normalize any magnitude effects.

3.2 General Use

Generally, the random variables in Bayes' Theorem can be considered as X,

a parameter of interest, and Y, sampling information relevant to the parameter.

Suppose there is an interest in the unknown value of X and some information is

known about Y. The interest in the parameter can be for inferences about X or

decisions based on X. Sampled information of Y is summarized in the observed

value y. Using the new information known about Y, a conditional probabilistic

statement of X given Y can be made.
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The prior distribution is the probability of X before additional knowledge of

Y is available. The likelihood is the relative distribution of the known information

conditioned on the possible values of the unknown parameter of interest. The prior

and likelihood are combined in Bayes' Theorem to evaluate the posterior distribution

of X on which decisions and inferences can be based. The posterior of X given Y

is the distribution of the parameter of interest given the sampling information.

3.3 Likelihood Function

Development of likelihood functions within a framework of a probabilistic

flash flood forecasting model is the topic of this work. An expanded description of

likelihood functions is warranted.

As noted, the likelihood function is not a strict probability distribution. In

classical statistics, a conditional probability distribution is a function of a variable X

conditioned on a given value of a variable or a parameter of interest Y, f(X variable

I Y fixed). This can be considered a sampling distribution of X given Y. The

posterior distribution is such a function. In Bayesian analysis, the likelihood function

is a function of a fixed value of a variable or parameter Y given all assumable values

of a random variable X, f(Y fixed i X variable).

Benjamin and Cornell (1970) defined the likelihood function in two ways: as

"the probability of obtaining the observed sample as a function of the true state of

nature" and interpreted as "the relative likelihood of the various states of nature

given the observed."
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They used "state(s) of nature" corresponding to "parameter of interest" and

"observed sample" as "information". The terminology emphasizes that the informa-

tion, Y, is fixed knowledge or observation. The parameter of interest or true state

of nature, X, is a random variable with an unknown value.

Likelihood functions are developed from data (Krzysztofowicz, 1983). To

build these functions, historical records of information and parameters of interest

must exist. From this database, the function of Y fixed and X variable f(Y I X) is

created. To continue to stress that this function is not a probability distribution, it is

written LEY I X] hereafter.

The likelihood function, because it is not a probability distribution, can be any

positive multiple of PLY i Xi]. It was noted that any change in magnitude will not

affect the posterior because of the normalizing constant in the denominator. It is not

the magnitudes of the individual likelihoods which are the important features of L[Y

I X] in defining the posterior. Rather, it is the magnitudes of the values of L[Y I

X =xi] relative to all xi and relative to the prior distribution P[X =xi] which will

determine the form of the resultant posterior distribution.

This relative differentiation of likelihoods is a manifestation of the joint

history of the information and the parameter of interest. A likelihood principle

shows the importance of this representation of historical sample information in the

likelihood function. The likelihood principle states "the likelihood function contains

all of the information from the sample that is relevant for inferential and decision

making purposes" (Winkler, 1972).
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The inferences and decisions will be made based on the updated probability

distribution of the parameter of interest given an observation. The next chapter will

discern the random variables to be used as information and states of nature in the

flash flood forecasting methodology.
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CHAPTER 4

MODEL SYNOPSIS

A synopsis of Zevin's model will help set the foundation for the current

research. First, a deterministic system is defined with model parameters which are

then expressed as random variables in a probabilistic model. This review is

necessarily brief, and the interested reader is urged to refer to the original (Zevin,

1986). For the remainder of this thesis, all references to the model and methodology

of Zevin are from the 1986 dissertation and, for purposes of brevity, will be cited

solely as "Zevin".

4.1 Deterministic System

Deterministically, a flash flood (FF) in a future time period, j, is indicated

during the present period, k, when the sum of future rainfall, termed "actual potential

rainfall" APR(k,j), determined from the beginning of period k through period j, plus

the actual accumulated rainfall since the last determination of the soil moisture

deficit up to the start of period k, AAR(k), exceeds the calculated guidance (G):

AAR(k) + APR(k,j) > G j = 1,2,...,J k = 1,2,...,K.

These areal rainfall parameters of the deterministic system, AAR and APR,

are not known with certainty and can be expressed as random variables in a

probabilistic system.
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4.2 Random Variables and Bayes' Theorem

Probability distributions for these random variables are obtained by Bayesian

methods based on information in the historical record of observations and forecasts

of rainfall. In each case, the rainfall information, observed OI, and forecast FI, is a

random variable. The probability distributions of AAR and APR are expressed

conditionally on OI and FI, P(AAR I Ol) and 1KAPR I F0 , respectively.

The conditional probability distribution for AAR is evaluated using Equation

(3.2):

P(AAR;) L(OI I AAR)
P(AAR; I 01) - i =	 1, 2,...N

(4.1)

and that for APR is given by:

E P(AARi)L(OI I AARi)

P(AAR; FI) -
P(AARi)L(FI I AARi)

j =	 1, 2, ... N
(4.2)

P(AARi)L(FI I AARi)

Each equation calculates a posterior distribution of a parameter of interest

conditioned on some information, where the parameter of interest is one of the

random variables, either AAR or APR, and the information is the corresponding

random variable, OI or FI. The prior distributions on the parameters of interest are

the distributions P(AAR) and P(APR).

The likelihood functions are the conditional functions of the information, CH

or FI, given the N values of the parameter of interest, AAR or APR, respectively.
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The likelihood function acts to update the prior probability using the historical

information.

4.3 Probabilistic Updating System

The posterior distributions of AAR can be convoluted with the posterior of

APR, resulting in a single probability distribution of rainfall amount, P(AAR +

APR). Assuming a probability distribution on G, the probability of flash flood

occurrence is evaluated by negative convolution of P(G) with P(AAR + APR).

The model also incorporates an updating procedure using Bayes' Theorem for

calculating posterior distributions as the system moves forward in time. Essentially,

as new forecasts occur on a periodic basis, the posterior distribution of APR at time

k, P(APR(kj+ 1) I FI(k)), is transformed to the prior distribution at time k+ 1,

P(APR(k+ 1j). An updating of the posterior on AAR also occurs.

The updating is effected by the use of the likelihood function in Bayes'

Theorem. The likelihoods containing information on the joint history of the rainfall

forecasts and potential rainfalls will vary, depending on the actual forecast issued.

This updating mechanism allows for a continuous evaluation of probabilities

of flash flood through a series of consecutive forecast periods. A probabilistic

statement of flash flood potential can be made for intervals extending through one

or more forecast time periods.
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4.4 Requirements

This study restricts itself to the development of the necessary inputs for the

evaluation of P(APR I FI).

The Bayesian methodology for P(APR I FI) requires a currently issued real-

time rainfall forecast, a likelihood function L(FI I APR), and an initial prior

probability distribution of potential rainfall P(APR).

In an operational mode, the rainfall forecast issued would be used to identify

the particular likelihood function to be retrieved from an archived database of

families of likelihood functions.

The initial prior can be either an objectively or subjectively derived

distribution for use in the particular circumstances (Murphy and Winkler, 1974a-b).

Climatological prior distributions of rainfall, or some conditional distribution of

rainfall given the actual meteorological conditions, are obtainable from extant

databases. Local forecasters may find subjectively formed priors adequate

(Krzysztofowicz, 1983).

Likelihood functions, those conditional functions of the particular forecast

given actual potential rainfall, are developed from databases. The data must consist

of paired forecast and rainfall information so that a conditional function can be

developed (Krzysztofowicz, 1983).
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4.5 Definitions

In the probabilistic system developed by Zevin, random variables are

introduced representing the rainfall forecast and actual potential rainfall. Let FI

"represent information about the potential rainfall in the form of a forecast". Then

FI(k,j) "is a precipitation forecast at the start of period k for j subsequent time

periods". APR(k,j) is "the potential rainfall from the start of period k for a specific

area for j subsequent time periods".

The conditional function L(FI(kj)I APR(kj)) is the likelihood required to be

developed. The parameter of interest is the actual potential rainfall APR(kj); the

information about the parameter is the forecast of rainfall FI(kj).

Actual potential rainfall is the variable which the prior and posterior

distributions model because it is a determinant of flooding potential. It needs

definition as it has no directly observable value; it is realized as a measure of the

future areal rainfall.

The desired result is a posterior distribution of this parameter given some

information. More specifically, it is a posterior distribution of the actual potential

rainfall for an area in a future specified time period conditioned on new forecast

information. The actual potential rainfall should be a value of areal rainfall in a

future time period to be incorporated in a flash flood forecasting system.

In the development of the likelihood function, a database of actual potential

rainfall during a forecast period is needed. Zevin considered APR to be the "true

state of nature as manifested in the verification data." Verification data containing
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observed rainfall, OR, are readily available. Thus, the use of observed measured

rainfall for an area is justifiable as actual potential rainfall for developmental

purposes.

Bayesian methodology requires information about the parameter of interest

as the conditioned random variable in the likelihood. The information is required

to be about the parameter but is not restricted in its form. Zevin suggested that the

information be a forecast of potential rainfall. Theory does not require a forecast

nor does it state in what form or relation to the parameter of interest the information

shall take. Some types of information may produce better likelihoods in the sense

that they are "sharper". However, the information does not have to be a forecast of

the parameter. If it is a forecast, it need not be a forecast exactly of the parameter;

it might differ in timing, area, and description. The information might be considered

to be the totality of information that went into the forecast.

In summary, actual potential rainfall is used as the parameter of interest in

Bayes' Theorem. Observed areal rainfall is chosen as the research definition of

actual potential rainfall.

A rainfall forecast is used as the information in Bayes' Theorem. It is

imperative to keep in mind that the forecasts themselves are used as information in

the Bayesian methodology. There is no formal requirement that the information be

a forecast nor that the information, if a forecast, be specifically of the identical

spatial and temporal attributes of the parameter of interest.
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The following chapter will investigate what sources exist for data on the

forecasts and observations of rainfall and how these fit the definitions of APR and

FI.
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CHAPTER 5

DATA

Likelihood functions in the present context represent the joint history of

forecast information and actual potential rainfall. Development of the likelihood

functions is obtained from data on these two variables (Krzysztofowicz, 1983; Zevin,

1986).

5.1 Data Source

Ideally, a single source would have the FI and APR paired in a format easily

retrievable by digital computer. Data availability and possible sources for rainfall

observations and forecasts are mentioned by Zevin (1986), including NMC

verification data sets on QPFs and the work of Muller and Maddox (1979).

Undigitized forecast and verification data on isohyetal maps and short record lengths

of both national and local QPF data provided the impetus to seek an alternate

source to those suggested.

The QPF work at the NWS Office of Systems Development (OSD),

Techniques Development Laboratory (TDL) contains both QPF data and verification

data for the conterminous United States. The data referred to in this report, and

those used in the research, have been generously provided by the TDL. Charba

(1983, 1987) detailed the QPF development and methodology.
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5.2 Data Description

This description of the TDL data follows Charba (1987). Both forecast and

verification data are provided for 1231 40 x 40 nautical mile grid boxes covering the

contiguous United States, shown in Figure 5.1. The data contain paired forecasts and

verification for two time periods, 1800Z-0000Z and 0000Z-0600Z (Z being

Greenwich Mean Time); for most days of the spring (March 16-June 15), summer

(June 16-September 15), and fall (September 16-December 15); for years 1975 to

1983 with the exception of 1978.

The forecasts are of two types, probabilistic and categorical. The probabilistic

forecasts are 4-tuple probability of precipitation amount (POPA) forecasts.

Exceedance probabilities are given for each of four rainfall amounts: ^ 0.25 in., ^ 0.50

in., > 1.00 in., ^ 2.00 in., designated hereafter by P 1 , P2, P3, P4, respectively. The

probabilities are calculated by multiple linear regression on meteorological variables.

Separate regression equations have been derived for each of the four amounts for

both forecast time periods and for the seven regions of the country designated in

Figure 5.1.

A categorical forecast is also provided. This is derived from the value of the

largest rainfall amount which has an exceedance probability greater than a threshold

probability value. There is a separate threshold probability for each of the four

rainfall amounts. The categorical forecast is interpolated between rainfall amounts.

Verification data are also provided in probabilistic and categorical form.

Hourly rainfall records for each gauge from the National Climate Data Center were
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combined into 6-hour rainfall amounts. This was done for every gauge within a grid

box for all grid boxes. The number of gauges in a grid reporting an observation of

6-hour cumulative rainfall exceeding each of four amounts (.̂  0.25 in., ^ 0.50 in., .̂ 1.00

in., ^ 2.00 in.) is expressed as a proportion of total gages in the grid. Charba (1987)

suggested these ratios to be the exceedance probabilities of rainfall amounts for any

point in the grid. A probability threshold value, one for each of the four amounts,

was applied against the respective actual probability value.

The categorical observed event is derived from the largest rainfall amount for

which the exceedance probability exceeds the threshold probability value for that

amount of rainfall. The categorical is interpolated between this amount and the next

highest rainfall amount based on the difference between the exceedance probability

and the threshold probability.

5.3 Location Selection

The foci of the investigation were sites which would have a local quantitative

precipitation forecast (QPF) procedure, a record of paired forecasts and actual

precipitation, and a history of flash flood events.

Four locations were chosen: the vicinities of Charleston, West Virginia,

Pittsburgh, Pennsylvania, San Antonio, Texas, and Springfield, Illinois. The first

three were chosen because NWS forecast offices in each city are developing local

QPF procedures (Zevin, 1988, personal communication). The western Pennsylvania
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and central Illinois areas are heavily gauged (Charba, 1987, personal communica-

tion), and all areas are flood prone.

The four geographic locations selected are designated on the continental

United States grid network in Figure 5.1. A 3 box by 3 box square, 14400 sq n mi,

is used for each of the four areas, with the cities of San Antonio, Springfield,

Charleston, and Pittsburgh located in the center box, 1600 sq n mi, of their respective

areas.

Three regions with different regression equations are represented: San

Antonio in the southeast (SE), Springfield in the southern plains (SP), and

Charleston and Pittsburgh in the northeast (NE). For convenience in the remainder

of this report, each multiple block area is referenced as the respective state name.

City names are reserved for the central block of each area.

5.4 Data and Model Definition: APR

Actual potential rainfall, the parameter of interest, was defined in the

preceding chapter as observed areal rainfall for the purposes of the current research.

Verification data include probabilistic and categorical values as mentioned.

The categorical verification, also referred to as the categorical observed rainfall,

COR, is interpreted as a single value of areal rainfall, that is as the APR for a

specific area. This interpretation is not intended as a representation of this value as

the areal average rainfall for a time period calculated by standard methods such as

the Thiessen polygon method, arithmetic averaging, or more sophisticated methods
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which incorporate radar and raingauge data (Krajewski and Hudlow, 1983;

Georgakakos and Krajewski, 1991).

The COR has the merit that it is produced within the TDL system and that

one well-defined value for the observed rainfall is sufficient for the current research.

For actual or real-time implementation of Zevin's model, an operational method of

determining areal rainfall while integrating rainfall data from multiple sources (e.g.,

gauge, radar, and satellite) will be needed. Several authors have addressed this issue

recently (Krajewski and Hudlow, 1983; Lebel et al., 1987; Seo et al., 1990;

Georgakakos and Krajewski, 1991).

For the purposes of this research, the COR is a suitable surrogate for the

APR. The development of likelihood functions proceeds identically using the COR

as a surrogate for APR as it would using the true value. If data on the APR were

available, there would be no need for surrogates.

5.5 Data and Model Definition: FI

The forecast information to be used in this research has been defined as a

rainfall forecast.

In the data provided from the TDL, there are precipitation forecasts, FI, in

two forms: a 4-tuple probability of exceedance forecast, P i i = 1,2,3,4, and a

categorical forecast, CFR. Four typical probabilistic forecasts are displayed

horizontally in Figure 5.2a. The CFR and COR associated with these probabilistic

forecasts are shown in Figure 5.2b.
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The four exceedance amounts of the forecasts shown in Figure 5.2a are: ^ 0.25

in., >0.50 in., > 1.00 in., and .̂2.00 in. These are forecasts of the summer season,

1800Z-0000Z forecast period for Pittsburgh. The forecast for 7/22/75 has

exceedance probability values from linear regression that are not bounded at zero.

Although this is not mathematically correct for probability theory, it is acceptable for

the information uses of the current research. The other three forecasts reflect

decreasing probabilities of higher rainfalls, typical of most forecasts. This probabilis-

tic consistency is not always the case. Probabilistic forecasts occur in which the

exceedance probabilities are not monotonic decreasing, anomalous to probability

theory but acceptable as forecast information. Bermowitz and Zurndorfer (1979)

assigned this inconsistency to the development of regression equations independently

for each category.

Implicit in our interpretation of the probabilistic forecasts is the trivial

P(rainfall _̂  0.0 in.) = 1. This is introduced because of the need to discretize the

probabilistic forecasts and observations.

Notice in Figure 5.2a that the exceedance probabilities of the forecasts for

8/29/75 and 8/13/75 are very nearly identical. However, as indicated in Figure 5.2b,

the categorical forecasts are different. The categorical forecast for 8/29/75 is 1.0092

in., while that of the 8/13/75 forecast is 0.5328 in. This results from the test of each

rainfall amount's exceedance probability value against the threshold probability value

for that rainfall amount. For the interval ^ 0.50 in., the probability threshold is

0.095. For both forecasts, the probabilities for that interval P2 exceed the threshold.
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The threshold probability is 0.046 for the next interval, ^ 1.0 in. The forecast for

8/13/75 fails to attain the threshold, P3 = 0.0403; thus, the categorical is greater than

0.5 in. but less than 1.0 in. The forecast for 8/29/75 exceeds the threshold (0.046)

of the .̂  1.0 in. interval, P3 = 0.049, but does not have P4 exceeding the correspond-

ing threshold. Therefore, the categorical forecast is interpolated between 1.0 and 2.0

in.

The COR is included to show the rainfall that occurred during the forecast

period. The CFR for 7/22/75 and 8/03/75 are nearly identical to the COR, that for

8/13/75 is less, and the CFR of 8/29/75 is greater. These results are not indicative

of any overall forecast accuracy, nor is the purpose of this report to assess forecast

skill.

Ideally and theoretically, the 4-tuple probabilistic forecast and the CFR would

be used in the form of a vector of information, I, as the conditioning variable in the

posterior distribution and as the conditioned variable in the likelihood, because I

contains all of the information, probabilistic and categorical in the forecast. In a

later chapter, the limitations in trying to use all of this information are examined.

Three 1-tuple forecasts and three 2-tuple forecasts are chosen for comparative

purposes to be the forecasts representing the rainfall forecast information. A 1-tuple

forecast contains one piece of forecast information, either probabilistic or categorical.

A 2-tuple forecast contains two pieces of forecast information. Both are either

probabilistic or one is probabilistic and the other is categorical forecast information.
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The categorical forecast is selected as one of the three 1-tuple forecasts of

areal rainfall. The CFR tends to forecast the maximum point rainfall in a grid box

(Charba, 1987). This is an acceptable choice of a 1-tuple forecast as the intention

of the methodology is to forecast flash floods.

P 1 and P4 are each selected as 1-tuple forecasts also. Each of the four POPA

forecasts is a numeric result of a separate regression equation. All the variables of

the multiple regression equations used to calculate P 1 , P2, and P3 are the same. The

multiple variables used to calculate P1 and P4 are not all common to both equations

(Charba, 1988, personal communication). These two were chosen to gain diverse

information from the POPA forecast.

Three combinations of variable pairs are used in 2-tuple forecasts. The first

pair of forecast information variables considered contains the CFR and P1. Also

considered as variables of a 2-tuple forecast, for comparative purposes, are two

probabilistic forecasts, the P1 and P4, and the categorical CFR combined with P4 .

In summary, the data defined in terms of the model requirements are as

follows.

A single value of observed areal rainfall is chosen as a surrogate for actual

potential rainfall. This value is the categorical verification, COR, provided in the

TDL data. It is imperative to understand that it is not being suggested that this value

will be adequate for real-time operation in NWS forecast systems.

A forecast of rainfall is used as the information in the Bayesian model. The

categorical forecast, CFR, is one option for the single valued 1-tuple forecast, and
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most development is based on it. Two additional 1-tuple forecasts are considered, the

probabilistic information parameters P 1 and P4.

Three 2-tuple forecasts are considered as well. The categorical forecast is used

in conjunction with each of two exceedance probabilities: CFR and P1 , and CFR and

P4; the other is comprised of two POPA forecasts, P 1 and P4 .

The development of likelihood functions follows directly using these

definitions and the TDL data. The next chapter will detail the procedure for

developing likelihood functions from data and the limits imposed by the discretiza-

tion of the data.
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CHAPTER 6

LIKELIHOOD DEVELOPMENT

The development of likelihood functions from data is the purpose of this

research. The previous chapters have defined the terms of Bayes' Theorem using

variables required in Zevin's model and mapped these variables to paired data.

Zevin suggested that likelihoods be represented as histograms. Obtaining the

likelihoods as histograms commences with model variables specified by results

available in the data.

6.1 Empirical Approach

An empirical method for likelihood development is presented. The process

first discretizes variables, then builds conditional relative frequency histograms. After

multiple conditional histograms are produced, they are combined to derive functional

relations between the variables. These last are the likelihood functions. A separate

likelihood function is needed in each interval of forecast discretization for each type

of forecast information.

6.2 Data Discretization

Discretization of the data is required to compute histograms representing the

empirical relationship between forecasts and observations. Discretizations of the

random variables, forecast information, and observed rainfall amounts are needed

for the development of these conditional relative frequency histograms and the
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subsequent likelihoods. Zevin cautioned that there are limits to the realistic

discretization of the random variables in terms of increased accuracy and available

computer memory.

The COR and CFR are discretized into five intervals 0.0-0.25 in., 0.25-0.50 in.,

0.50-1.00 in., 1.00-2.00 in., and greater than 2.00 in. corresponding to the established

rainfall amounts used in determining exceedance probabilities (B;rmowitz, 1975;

Bermowitz and Zurndorfer, 1979). Charba (1987) stated that too little data exist for

the discretization of 6-hour rainfalls over two inches.

Smaller intervals of the categorical observation and forecast were also

considered. A second discretization of the categoricals into equal quarter-inch

intervals corresponding to the original discretization of APR in Zevin was attempted.

Due to the TDL interpolation method for calculating both forecast and observation

categoricals, the categoricals are not distributed across all realistic values of rainfall

within each of the established intervals. The categoricals are restricted to values

close to the four rainfall exceedance amounts and zero. Increased discretization of

the categoricals into more than the five intervals was abandoned.

It is suggested that the quarter-inch discretization of the observed areal

rainfall be re-evaluated when an operational definition of actual potential rainfall is

determined.

The types of probabilistic information used in 1-tuple forecasts also need to

be discretized. P 1 is discretized into 5 intervals: 0.0-0.1, 0.1-0.2, 0.2-0.3, 0.3-0.4, and

0.4-1.0. For Pennsylvania, the highest value of this POPA forecast is approximately
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0.93, but in only 0.3 percent of the cases are the probabilities greater than or equal

to 0.4. Therefore, probability values greater than 0.4 were lumped together.

The second POPA forecast, P4, is discretized into 5 intervals: 0.00-0.002, 0.002-

0.004, 0.004-0.006, 0.006-0.008, and 0.008-1.0. Larger rainfall amounts are rarer

events, and the exceedance probability values are necessarily small. The discretization

is data-dependent; hence, all probability values greater than 0.008 are lumped into

one interval.

Note that, although regression derived exceedance probability values may be

less than 0.0 or greater than 1.0 for any of the POPA forecasts, the discretized

intervals are bounded at 0.0 and 1.0 for P1 and P4. The few anomalous negative

values were corrected to 0.0 and those greater than 1.0 were set equal to 1.0. This

is not a requirement of the Bayesian model; the probabilistic forecast is used as

information and not strictly as a value of probability.

For the 2-tuple forecasts consisting of categorical and probabilistic informa-

tion, the discretized intervals remain the same as those of the 1-tuple forecasts.

Use of the complete probabilistic information vector, I, as a forecast is

inhibited by the requirements of discretization, alluded to in the preceding chapter.

This vector of information contains each of the four forecast rainfall exceedance

probabilities:

I = [P1 P2 P3 P41
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each P i with values potentially ranging from less than 0.0 to greater than 1.0, due to

the calculation of probability by regression.

Bayes' Theorem, Equation (3.2), is then written as:

P(CON I I) - 
N 

P(COR)LU I CON)	

(6.1)
E P(COR)LU I COR)
i= 1

where P(COR i I I) is the posterior distribution of observed areal rainfall conditioned

on the information as a 4-tuple probabilistic forecast, P(COR i) is the prior

distribution of the observed rainfall, and La I COR i) is the likelihood function.

Expanded, the likelihood function is LaP1 P2 P3 P4] I CORi). If each of the Pi

were to be discretized into 10 intervals and the COR discretized into five intervals,

then a 4-dimensional histogram is needed for each of the five COR values. There

are 104 combinations of cells for which frequencies would need to be calculated, for

each of the five histograms. The eight-year seasonal database of paired forecasts and

events for a single-box or nine-box region is insufficient to fulfill the data needs for

a histogram with that many cells. Table 6.1 summarizes the effects of discretization

on the number of cells per histogram.

Even a reduced discretization of the four Pi to five intervals each requires that

625 cells would need frequencies developed for each histogram. This also exceeds

the potential of the data. For this reason, the 4-tuple forecast was reduced to a 2-

tuple or 1-tuple forecast.



NUMBER

OF

COR

INTERVALS

NUMBER

OF

FORECAST

VARIABLES

NUMBER OF

INTERVALS

PER

VARIABLE

NUMBER OF

CELLS

PER

HISTOGRAM

NUMBER OF

CELLS PER

HISTOGRAM

SETS

5 1 5 5 25

5 2 5 25 125

5 3 5 125 625

5 4 5 625 3125

5 1 10 10 50

5 2 10 100 500

5 3 10 1000 5000

5 4 10 10000 50000

10 1 10 10 100

10 2 10 100 1000

10 3 10 1000 10000

10 4 10 10000 100000
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Table 6.1 Effect of discretization on required number of cells.
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In addition to the requirement of increased available computer time to handle

more finely discretized data, a problem exists in that higher resolution reduces the

frequency of data points in categories of larger rainfall amounts where data are

naturally sparse. Muller and Maddox (1979) found that the small number of sample

data caused "unusual" distributions of high rainfall amounts. The individual

likelihoods obtained from histograms with data too finely discretized will be zero for

many cells, as there are too few large events to fill all cells even with coarser

discretization. Posterior probabilities for actual potential rainfall amounts calculated

with likelihoods having spurious zero values due to data discretization will give

erroneous results.

6.3 Conditional Relative Frequency Histograms

Likelihood functions are conditional functions used in Bayes' Theorem to

derive posterior distributions of a parameter of interest conditioned on information.

Zevin suggested that likelihoods could be produced and represented as histograms.

As indicated, the likelihood functions are conditional functions of a given forecast for

possible observed values.

Six forms of forecasts and one acceptable form of observed rainfall have been

defined. The observed rainfall definition is the categorical rainfall, COR, from the

data. This is the working definition of APR as discussed, a one-dimensional value

of areal rainfall. The values of forecast information are either defined as 1-tuple
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forecasts: CFR, P1, or P4, or as 2-tuple forecasts consisting of the categorical and a

POPA forecast, either P 1 or P4, or a 2-tuple forecast of the two POPA forecasts.

When the parameter of interest and information are interpreted as APR and

FI, the likelihood is formulated as L(FI I APR), the probability of the forecast

information given the several values of actual potential rainfall or alternatively the

likelihood of observing the ith amount of actual potential rainfall given the issued

forecast information. Allow APR and FI to be discretized in the five intervals as

defined above.

Histograms can be produced which reflect the relative frequency (interpreted

as probability) of each interval of FI in the data record. By selecting those forecasts

associated with each of the discrete intervals of actual potential rainfall, a conditional

histogram can be developed. For each of the five intervals of APR, we can build a

histogram of the relative frequency of occurrences of the five discrete interval values

of FI. The conditional term in all cases is P(FI i I APR). Each is a sampling

distribution of the FI given an observed value of APR.

The approach is as follows. Selecting the first interval of APR, 0.0 5_ APR <

0.25 in., find all such events in the data for a location, forecast period, and season.

For all such events, calculate the number of times each FI interval was issued.

Normalize by the total number of events in the first interval of APR. Repeat for

each of the remaining discrete intervals of APR. A set of conditional histograms

results.



52

The term 'set' is used to define all conditional histograms created from the

number of discrete intervals of the COR for a particular forecast type, season, region,

and forecast period. Thus, for five intervals of APR, a set consists of five histograms.

The procedure is identical regardless of the forecast information chosen. The

operating definition of APR for all instances is the COR from the data. Thus, for

all examples, there will be a set of five histograms. The only parameters changing

are the types of forecast, 1-tuple or 2-tuple, and the kinds of forecast information,

categorical or probabilistic. The number and magnitudes of discretized intervals of

FI are forecast dependent. Therefore, the number of bars or cells in a histogram will

reflect the discretization of the selected forecast information which is five intervals

for each forecast type.

6.4 1-tuple Forecast Likelihoods

Figures 6.1a through 6.1e are a set of five such relative frequency histograms

for the Pennsylvania area, summer season, 1800Z-0000Z forecast period. The effects

of the change in conditioning upon the relative frequency for each categorical

forecast interval are demonstrated by changes in the shape of the histograms.

Examination of Figure 6.1a, in which the conditioning is a COR in the range

0.0-0.25 in., shows that the distribution of CFR over five intervals is near 92% for a

forecast of 0.0-0.25 in. and diminishes to 0.09% for a forecast greater than 2.0 in. A

histogram of CFR conditioned on an interval of a larger value of the COR, 1.0-2.0

in., is shown in Figure 6.1d. The relative frequency of CFR 0.0-0.25 in. is reduced
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to 28% due to the conditioning, while that of the interval 0.5-1.0 in. has been

increased from 3% to over 33%. The relative frequency of the CFR greater than 2.0

in. has gone to zero.

In Figure 6.2 the set of five conditional histograms are combined into one

display. Each horizontal row of cells (rightward-pointing arrow) is a histogram

representing an empirically derived frequency distribution of the five CFR intervals

conditioned on one of the COR intervals, P[CFR; I COR] i = 1,...,5. Each cell

represents the frequency of a particular CFR interval given a specific COR interval

or a single likelihood value L(CFR1 COR).

A vertical column of cells, denoted by an upward-pointing arrow, represents

a collection of the relative frequencies for a particular CFR given each of the five

COR intervals. Each of these columns is a likelihood function, L[CFR I CORJ i =

1,...,5. These are the likelihood functions to be used in Bayes' Theorem. (In this and

following figures, the likelihood functions are shown by relative shading of histogram

bars).

In effect, these are descriptions of the joint history of forecasts and

observations. This history is used as information in the Bayesian process. The

information is contained both in the differences between separate likelihood

functions (forecast dependent) and the differences between cells of the same

likelihood function (observation dependent).

The form and function of the process remains the same for any 1-tuple

forecast information chosen. The discretization is based on the type of information.
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Figure 8.2 Histograms and likelihood functions, Pennsylvania, summer,

1800Z - 0000Z forecast.
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The type of information will derive a unique functional relation between the forecast

and observation.

6.5 2-tuple Forecast Likelihoods

The FI can be presented as multiple variable forecasts. Two variables, either

categorical and probabilistic or both probabilistic, are paired in three 2-tuple

forecasts.

The likelihood functions, in terms of the 2-tuple forecasts, are L([CFR P 1] I

COR i), L([CFR P4]  COR i), and L([i'', P41I COR ;) where all three forecasts have

each been discretized into five intervals.

For the case of a 2-tuple forecast, as with the 1-tuple forecast, relative

frequency histograms are developed from data. Each of the two forecast variables

selected are discretized so that two-dimensional histograms can be created.

Displayed in Figures 6.3a through 6.3e are a set of five conditional two-dimensional

histograms. The histograms are of the 2-tuple forecast, [CFR P1], for Pennsylvania,

summer season, 1800Z-0000Z forecast period.

Consider the case for which the COR interval is in the range 0.0-0.25 in.

(Figure 6.3a). Eighty-eight% of the occurrences of the 2-tuple forecast are for the

event in which CFR is between 0.0-0.25 in. and P1 is between 0.0 and 0.1. The

situation for which the CFR is 1.0-2.0 in. and P1 is between 0.2 and 0.3 occurs 0.41%

of the time. Now shifting the conditioning to COR between 1.0-2.0 in. (Figure 6.3d),

there is a reduction to 23% in the relative frequency of the 2-tuple forecast in which
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CFR is 0.0-0.25 in. and the P 1 is between 0.0 and 0.1. However, for the 1.0-2.0 in.

categorical and the 0.2 to 0.3 probabilistic forecast, the relative frequency has

increased to over 6% .

Likelihoods are derived directly from this set of two-dimensional histograms

in a manner similar to the one-dimensional case. For each specific 2-tuple forecast

[(CFR = i) (P 1 = j)] i =1,...,5 j = 1,...,5, where i and j represent discretized forecast

intervals, there is a relative frequency of occurrence for each one of the five COR

intervals. The arrow running vertically through Figure 6.3 is L([CFR P i ] ICON).

There are 25 likelihood functions defined from the set of histograms shown

in Figure 6.3. Figure 6.4 gives examples of seven of these likelihoods of 2-tuple

forecasts for the Pennsylvania region, summer season, 1800Z-0000Z forecast. These

seven likelihoods, designated by an upward-pointing arrow, are the only ones of the

25 which have exclusively non-zero values in all intervals.

The likelihoods contain the history of the particular 2-tuple forecast

conditioned on different levels of observed rainfall. The differences between

likelihoods and differences among the numeric values of cells for a single likelihood

function contain the historical information.

6.6 Trading Space for Time

Each histogram in a set should have values in every cell. If this were the case,

all possible likelihoods could be fully developed. Several factors affect the creation

of complete histogram sets.
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One, the level of discretization of the conditioning variable, COR, determines

the number of histograms in a set. Two, each histogram reflects the number of

variables of the forecast used to develop the histogram. A 1-tuple forecast produces

one-dimensional histograms, and 2-tuple forecasts produce two-dimensional

histograms. It follows that n-tuple variable forecasts lead to n-dimensional

histograms. Three, each variable, be it of a one or multiple variable forecast, is

discretized. The number of discretized intervals of the variables is a factor in

determining the number of cells. Four, the frequency values entered in the cells are

dependent on the empirical data, the forecast-observation pairs. These data are

necessarily limited in extent due to the length of the historical record, actual

climatological and meteorological factors, and forecast methodology.

The effect of the number of variables and the discretization of those variables

can be considered by looking at the total number of cells and those cells which

contain non-zero values. Non-zero values occupy 22 of the 25 cells shown in Figure

6.2, the 1-tuple forecast, but of 125 cells in the five histograms of the 2-tuple set

(Figure 6.3), less than one-half are filled.

In Figure 6.3 for the Pennsylvania area, summer, 1800Z-0000Z forecast

period, 84% of COR and nearly 92% of CFR are in the interval 0.0-0.25 in. P1 is in

the range of probability 0.0-0.1 88% of the time. Thus, more than half (.84*.92*.88)

of all occurrences are expected to be in one cell of the 125 possible cells in a set of

two-dimensional histograms.
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The problem is significant for the 2-tuple forecasts and is aggravated in the

case of higher order forecasts. Table 6.1 shows that the number of cells in a

histogram set for 3-tuple forecast to be 625 and 4-tuple forecast to be over 3000.

Frequency histograms developed from the data for a single grid box for each region

contain an average of 620 forecast-event pairs. Necessarily, a 3-tuple or higher

dimensional histogram will have vacant cells.

To alleviate this, the n-tuple forecast was limited to 2, and the database for

each location was increased by trading space for time.

Figure 6.5 displays a set of histograms for Pittsburgh, summer, 1800Z-0000Z

forecast period for the 1-tuple forecast CFR. The database is 1/9 that of the

database for the analogous histograms displayed in Figure 6.2. Because of this

reduced database, eight of the 25 cells are empty, whereas only three of 25 are

zeroes based on the larger area. All intervals of COR are represented, indicating

that COR discretization is acceptable.

Because no CFR ^ 2.0 was issued for Pittsburgh, perhaps the discretization

of CFR is wrong. However, because there are occurrences of COR ^ 2.0, it should

be anticipated that forecasts of larger rainfall amounts will be made. By increasing

the database ninefold, as in Figure 6.2, there are instances of CFR ^ 2.0 in the

adjacent forecast grids. These additional data serve to supplement the distribution

of forecast information without altering the general tendency of the Pittsburgh

histograms.
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Figure 6.5 Single grid histograms and likelihood functions of CFR.
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The increase in data also smooths out the distribution in isolated cells where

there are not joint occurrences of specific COR and CFR values because of

insufficient data record, e.g. 2.0 � COR and 1.0 .� CFR < 2.0. Fringe cells, which

are the indicators of poor correlation between forecast and observation, are also

more likely to have some frequency of occurrence with an expanded database.

Obvious in the two-dimensional histograms (Figure 6.3) are the cells

representing 2-tuple forecasts for which there are no occurrences. These zeroes stem

from a combination of the above factors. There are cells in each histogram of this

set which have non-zero values, indicating that the discretization of COR is

satisfactory. Extending the range of the discretization to intervals beyond 2 in. is not

practical because of the paucity of data for these larger rainfall amounts. Increasing

the discretization within the current range of the conditioning variable serves to

reduce the number of data points in any one interval. If the COR discretization was

such that there were no observations in an interval, then that interval would be

superfluous to any analysis.

The histograms in Figure 6.3 were developed from paired forecasts and

verification for nine grid regions. This database is an increase over that available for

a single grid box. The effects of the smaller database on completing 2-tuple forecast

histograms are significant.

Figure 6.6a is the histogram for a 2-tuple forecast conditioned on COR

between 0.0-0.25 in. for the Pittsburgh grid. Only six of 25 possible cells are filled.

Forecasts of P1 in interval 0.3-0.4 do not occur. Likewise, categorical forecasts of
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Figure 6.6 Single grid histograms of 2-tuple forecast [Pi CFR

conditioned on COR: (a) 0.0 < COR < 0.25; (b) 0.25 <COR < 0.5;

(c) 0.5 <COR < 1.0; (d) 1.0 <COR <2.0; (e) 2.0 <COR.
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greater than 2.0 in. do not occur. Similarly, in Figure 6.6e, the conditioned histogram

for COR greater than 2.00 in. indicates no occurrences for several categorical and

probabilistic forecast intervals. Only three of 25 cells have values in this histogram.

Overall, the available data are sufficient to fill only 26 of the 125 cells in the set of

five histograms.

Although three non-zero likelihood functions can result from this single grid,

the nine-fold areal expansion results in a mere doubling of complete likelihood

functions.

Thus, more paired data than those available for a single grid are required to

produce histograms which are as complete as the number and discretization of

variables will allow. The areal expansion from one to nine grids acts as a trade of

space for time to accomplish this, both for one- and two-dimensional histograms.

Even so, the resulting histograms may be considerably incomplete, especially in the

case of 2-tuple forecasts. This spatial expansion of the database used in histogram

development results in likelihoods applicable to the several grids of a region. Similar

results are found in the expansion from one to nine grids in other time periods,

locations, and seasons.

Optimal sizing of the regions to be considered meteorologically homogenous,

yet providing sufficient data, is beyond the scope of the current research but would

be a valuable study. Regression equations used by the TDL were developed for

seven climatological areas of the continental U.S. (Charba, 1987) and forecasts issued

on 1600 sq n mi grid, as shown in Figure 5.1. Current operational areal QPFs range
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in mesh sizes from 40 to 120 mi (Georgakakos and Hudlow, 1983), while areal

observation scales range from satellite image resolution of less than one mi to radar

fields over 100 mi (Greene et al., 1979). The size of the consolidated nine grids is

within the observational and forecast upper limits and well within the scale of

climatological data.

The concept of the nine-block database can be extended to operational

considerations. In certain geographic areas, there are grids lacking any or a sufficient

number of gauges such that adequate records do not exist for histogram develop-

ment. In these cases, a regional histogram of an area climatologically similar to the

under-gauged grid may be considered as a statistical surrogate.

Each histogram for the entire nine-box region is obtained by a summation of

the data pairs from all of the nine grids. There is no attempt to derive an

extrapolated areal forecast or verification from the data contained in the individual

grid boxes to the larger region. Histograms of areally expanded data have been used

for development of likelihood functions in subsequent sections unless otherwise

specified.

Use of likelihoods to calculate posteriors in Bayes' Theorem is undertaken in

the next chapter. Information contained in the likelihoods determines the change in

distribution of posterior from that of the prior. Comparisons among several types of

forecast variables across geographic regions, forecast periods, and seasons follow. The

effect of likelihoods with cells having arbitrary zeroes is addressed.
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CHAPTER 7

BAYES' CALCULATIONS

Histograms are developed solely to derive the necessary likelihoods. However,

the likelihoods are not an end product. Use of likelihoods in Bayes' Theorem in

conjunction with a suitable prior is intended for calculation of an update of the

probability of potential rainfall given the information in the forecast.

7.1 Likelihood Information

Qualitatively, information in the likelihood is of value if the updated posterior

distribution of potential rainfall differs from the prior distribution. Examination of

Bayes' Theorem, Equation (4.2), shows that the posterior will be shifted from the

prior if the likelihoods for discretized values of potential rainfall are different. Thus,

examination of likelihood functions in the sets of histograms produced from the

forecast-verification data pairs is warranted.

The individual likelihood of a given forecast interval (e.g., for 2-tuple [0.0 5

CFR < 0.25 and 0.0 5. P 1 < 0.11; for 1-tuple [0.0 .5 CFR < 0.25 ]) tells us how likely

the forecast is, given that the l th interval of COR has been observed. Murphy and

Winkler (1987) noted that differences in likelihood values, when forecast information

is fixed, indicate how well the forecast discriminates between the observed intervals.

Likelihood values which are identical in two or more cells are unable to discriminate

between intervals of COR. Likelihoods are dependent on the information used to
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build the histograms which includes forecast types, forecast variables, forecast period,

season of the year, geographic location, and number of grids.

Interjecting our notation into the comments of Murphy and Winkler (1987),

if for a forecast the L(FII0I) are very similar for different OI, then the forecast is

not very discriminating. In the extreme, if L(FII0I) are the same for all values of OI,

then the forecast provides us with no useful information about CH. Alternatively, if

the likelihoods are different for distinct observations, then the likelihoods are

informative.

Re-examination of Figure 6.2, based on 1-tuple forecast data for Pennsylvania,

summer, 1800Z-0000Z forecast period, shows some variation in cell values within

each of the five likelihood functions (vertical). A detailed examination of the

likelihood function for CFR 0.5-1.0 in. shows the likelihood values for COR between

0.5-1.0 in. and 1.0-2.0 in. to be almost identical. This indicates that the forecast

information will be of little value discriminating between these two observed rainfall

amounts. The relative probabilities for these amounts, as expressed in the prior and

posterior distributions, will not be significantly changed by the updating. Further

examination of this likelihood function indicates that discrimination between other

observed rainfall amounts can be obtained.

Similarly, the update produced by CFR 1.0-2.0 in. will not contain relative

probabilities between COR 1.0-2.0 in. and >2 in. which differ from the prior because

the likelihood values are almost identical. For a CFR 0.25-0.5 in., there is little

discrimination between COR 0.25-0.5 in. and 1.0-2.0 in.
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Re-examination of Figure 6.4, based on data for Pennsylvania, summer,

1800Z-0000Z forecast period, shows those likelihood functions for 2-tuple forecasts

with all non-zero cells. For the case P 1 0.1-0.2 and CFR 0.0-0.25 in., the likelihood

values for COR between 0.25-0.5 in. and >2.0 in. are almost identical (.1024 and

.1000). A second paired forecast, P 1 0.1-0.2 and CFR 0.25-0.5 in., also has likelihood

values very nearly identical for COR between 0.25-0.5 in. and 1.0-2.0 in. This

indicates that the joint probabilistic and categorical forecast information will be of

little value discriminating between these two pairs of observed rainfall amounts. The

relative probabilities for these amounts in the posterior distributions will not vary

greatly from the prior.

A quasi-objective test for identicalness of cell values was performed. Winkler

(1972) showed that the likelihood ratio (LR) summarizes all sample information

relevant to the two variables, in this case two COR intervals. The likelihood ratio is

expressed as:

L[FI I 0Ii1
LR - 	

L[FI 0;[
(7.1)

where FI is one of the 1- or 2-tuple forecasts in a particular interval and 0I i is COR,

OI is COR, 1 .� i <j 5.

Likelihood ratios for all pairs of cells within each likelihood function for 1-

tuple forecasts, and for all cells within each likelihood function along the main

increasing diagonal of 2-tuple forecasts, were calculated. The restriction in the latter
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case is due strictly to the abundance of zeroes in off-diagonal cells for all COR

intervals (refer to Figure 6.3).

Any ratio that was within 1.0 + 0.025 was selected to indicate that the two

cells were effectively identical and, therefore, the relative probabilities in posterior

would be identical to those for the prior for the two COR indicated by the particular

forecast information. A second criterion of 1.0± 0.10 is used to test LR in the 1-

tuple cases. Forecast information is evaluated using these criteria.

7.2 Zero Values

Cells with zeroes have been discussed and are obvious in reviewing Figures

6.2 and 6.3. The likelihood function for a CFR >2.0 in. contains zeroes in three of

the five intervals (Figure 6.2) and the corresponding 2-tuple function, with P1 0.4-1.0

also has three cells with zeroes (Figure 6.3). These zeroes will be carried through to

the posterior in a Bayes calculation. The posterior will have zeroes in these three

COR intervals; hence, there is no discrimination between these cells. The posterior

will be uninformative relative to the prior as a result.

It is appropriate to note here that not all zeroes in a likelihood function are

necessarily spurious, nor is the information conveyed to the posterior meaningless.

Apart from zeroes resulting from the data vagaries presented above (Section 6.6),

some zeroes in the non-diagonal cells of a set of histograms are indicative of efficient

forecasting. These zeroes can be expected in instances of the antithetical extremes

of observation and forecast pairs (e.g., CFR ^ 2.00 and COR � 0.25) as well as
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between the extremes in 2-tuple pairs (e.g., CFR ^ 2.0 and 0.0 5 P1 < 0.1). Even

with a large database, these zeroes would persist, an acknowledgement of good

forecasting. Zeroes on the diagonal could indicate poor forecasting in addition to any

of the data and discretization reasons alluded to previously.

Thus, if the zeroes are spurious, they convey misinformation to the posterior,

whereas if they are a feature of good forecasting, there is value in the information.

In fact, a likelihood function containing non-spurious zeroes in all cells except one

is the most informative (Murphy and Winlder, 1987). This can be shown by

considering that the OI interval for which L(FII0I) is non-zero is the only interval

likely and, therefore, is entirely likely. This is translated to the posterior such that,

for all CH intervals for which L(FI DI) is zero, the P(OlIFI) is zero. For the non-

zero CH interval, the P(OIIFI) is one; all uncertainty has vanished. This result is not

to be expected in flash flood forecasting!

7.3 1-tuple Forecast Likelihood Information

Figures 7.1a-c are the histogram sets for Pennsylvania, summer season, 1800Z-

0000Z forecast period, for each of the selected 1-tuple forecasts. The orientation of

each figure is identical to that of Figure 6.2: five histograms (horizontal) and five

likelihoods (vertical). (Note that Figure 7.1c is exactly identical to Figure 6.2).

The histograms conditioned on COR interval 0.0-0.25 in. are concentrated in

the lowest interval of each 1-tuple forecast. This is the tendency for all other periods,

seasons, and geographic areas. This non-remarkable observation is based on the data;
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Figure 7.1 Histogram sets for Pennsylvania, summer, 1800Z-0000Z forecast:

(a) P1; (I)) P4; (c) CFR.
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for the majority of days at these locations, there is either no rain or less than 0.25 in.,

and the forecasts reflect this.

Notwithstanding this feature, observation of Figures 7.1a-c indicates that there

clearly are distinctions derived from the joint history of the forecast and observed

information based on forecast variable and discretized intervals of each variable.

The five likelihood functions for each variable have numeric variation between

the cells. For P4 and CFR, there are some likelihood cells which contain zeroes,

spurious or not, but most contain non-zero values. Examination of the differences in

numeric likelihood values within a likelihood function indicates the informative value

which will be resultant in the posterior. Any differences will carry through in a Bayes

calculation, as information of the history of the forecasts, to ensure that the posterior

distribution is shifted from the prior.

P 1 , P4, and CFR have 5, 4, and 3 identical cell pairs, respectively, using the 1

+ 0.10 LR criterion. Ten of the 12 undifferentiable cell pairs are in the three middle

intervals of the forecasts (two are in the first interval of P4). For the likelihood based

on forecast interval 0.1-0.2 of P 1 , two pairs of the five COR intervals will be lacking

discrimination in the posterior (0.25-0.5 and 1.0-2.0; and 0.5-1.0 and 1.0-2.0) based

upon the 1 + 0.10 criterion. Similarly, for interval 0.2-0.3 of P1 , there will be two

pairs unchanged (within .10) from prior (0.25-0.5 and >2.0; and 0.5-1.0 and 1.0-2.0).

For P1 interval 0.3-0.4, there is one pair of COR interval indiscriminate from prior

(1.0-2.0 and >2.0).



74

The smaller interval + 0.025 around LR of unity indicates that no COR

intervals for likelihoods of forecasts P1 and P4 will be effectively unaltered from the

prior and only one for the CFR forecast (0.5 � CFR < 1.0 ; COR intervals 0.5-1.0

and 1.0-2.0).

The importance of the LR on discrimination between probabilities of COR

intervals from prior to posterior is two-fold.

First, in the context of Bayesian updating for flash flood forecasting, there will

be no change in the relative probability of the two COR intervals, 0.5-1.0 and 1.0-2.0,

from the prior to the posterior. Hence, given a CFR between 0.5 and 1.0 in., the

flash flood forecaster could not see any improvement due to the updating in

discriminating between the two COR intervals. There will be relative changes

between these two and the other three intervals, as well as the discrimination among

the other three. For the larger criterion, there are more cells indistinguishable from

others exacerbating the problem.

Secondly, posterior differentiation can be lost even with an informative

likelihood. Assume the prior is uniformly distributed (unlikely in most cases). Any

deviation in LR from unity will have a differentiating effect upon the posterior and

vice versa; an LR of one will have no effect.

However, if the prior is distributed such that the ratio of two COR intervals

in the prior is greater than one, say .41.1 = 4, then an LR greater than one will

accentuate the COR intervals ratio in the posterior. Of course, an LR equal to one

will not change the resulting ratio in the posterior. However, an LR less than one,



75

say .11 .4 =.25, will definitely alter the ratio of the prior, but the result in the

posterior will be a ratio between COR intervals of 1/1. Although the updating was

informative in changing the prior information, the result means that it is equally

likely to observe either of two intervals of COR given the CFR.

Figures 7.2a-c, 7.3a-c, and 7.4a-c present the sets of histograms (as in Figures

7.1a-c) for the 1-tuple forecasts, Pennsylvania, summer, 0000Z-0600Z forecast period;

spring, 1800Z-0000Z forecast period; and fall, 1800Z-0000Z forecast period,

respectively.

In Figures 7.2a-c, there are, respectively, 1, 3, and 1 identical pairs of cells at

the 1 0.025 level and 4, 4, and 3 at the larger criterion. The summer 0000Z-0600Z

forecast period has no zeroes in cells for the CFR, whereas the 1800Z-0000Z period

(Figure 7.1c) has three. However, for 0000Z-0600Z, there are some cells with zeroes

for P1 and P4 as opposed to none for the 1800Z-0000Z period.

In Figure 7.3a-c, spring, and Figure 7.4a-c, fall, it is seen that discretization

could be changed by lumping the two highest intervals of COR. This altered

discretization would serve to eliminate empty cells. The LR equalled 1± 0.025 for

two pairs of COR in spring using P1 forecast, and neither P4 nor CFR had identical

cells; using the 1 + 0.10 criterion, there were 6, 1, and 2 COR intervals with identical

cells for P1, P4, and CFR, respectively. In the fall, P1 had 0 and 3, P4 had 0 and 2, and

CFR had 1 and 2 pairs of identical cells for criteria 0.025 and 0.10, respectively.

Figures 7.5a-c, 7.6a-c, and 7.7a-c present the sets of histograms for the 1-tuple

forecasts summer, 1800Z-0000Z forecast period, for West Virginia, Illinois, and
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Figure 7.2 Histogram sets for Pennsylvania, summer, 0000Z-0600Z forecast:

(a) P1; (b) P4; (c)CFR.
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Figure 7.3 Histogram sets for Pennsylvania, spring, 1800Z-0000Z forecast:

(a) P1; (b) P4; (c)CFR.
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Figure 7.4 Histogram sets for Pennsylvania, fall, 1800Z-0000Z forecast

(a) P1; (b) P4; (o) CFR.
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Figure 7.5 Histogram sets for West Virginia, summer, 1800Z-0000Z forecast;

(a) P1; (b) P4; (c) CFR.
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Figure 7.6 Histogram sets for Illinois, summer, 1800Z-0000Z forecast:

(a) Pl; (b) P4; (c) CFR.
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Figure 7.7 Histogram sets for Texas, summer, 1800Z-0000Z forecast:

(a) P1; (b) P4; (c) CFR.
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Texas, respectively. All forecasts in West Virginia and Texas have some cells with

zeroes. Illinois has no zero cells for CFR and for each P 1 and P4 only one zero cell

in the respective histogram sets.

These figures (7.1 through 7.7) present some examples of the shape of

likelihood functions, the number and location of identical cells, and zero valued cells.

Table 7.1 summarizes information about the LR using two criteria by forecast

variable, period, season, and location. Summarized in Table 7.2 are those COR

intervals which lack discrimination due to each forecast variables information.

Regardless of criterion, the CFR has the least number of identical paired cells

overall, indicating that it is best able to discriminate between COR intervals from

prior to posterior in general. It is shown in Table 7.1 to have more discriminating

ability than the other two 1-tuple forecasts at 16 of the 24 forecast periods, season,

and location categories, while being the least discriminating only twice. Hypothesis

tests that the mean number of all CFR LR equal to 1 is less than the means of P 1

and P4 are significant at the 0.10 confidence level. Additionally, results in Table 7.2

indicate that CFR is able to discriminate among a wider range of COR intervals than

P4 and at least equivalent to P1 .

7.4 2-tuple Forecast Likelihood Information

2-tuple forecasts, used in the construction of likelihoods, may contain

additional information about the actual potential rainfall which is reflected in the

posterior distribution. The addition of the second variable increases the necessary



Likelihood Ratio 1 ± 0.025

Spring Summer Fall

18002 I 00002 1800Z 0000Z 18002 0000Z

P, 2 2 0 1 0 1

Pennsylvania P4 0 2 0 3 0 1

CFR 0 1 1 1 1 1

Pi 0 0 0 0 0 1

West Virginia P4 1 1 1 0 0 0

CFR 0 0 1 0 0 1

P, 2 0 0 2 0 0

Illinois P4 1 0 0 0 0 1

CFR 1 0 0 0 2 0

P, 1 0 1 0 1 0

Texas P4 3 2 0 0 0 1

CFR 1 0 0 0 0 1

Likelihood Ratio I ± 0 10

Spring Summer Fall

1800Z 0000Z 1800Z 0000Z 18002 0000Z

P, 6 5 5 4 3 3

Pennsylvania P4 1 4 4 4 2 3

CFR 2 4 3 3 2 4

Pi 2 2 3 4 0 5

West Virginia P4 2 5 1 4 1 3

CFR 0 0 3 2 0 3

PI 5 3 3 4 0 3

Illinois P4 2 2 1 3 0 1

CFR 3 2 I 4 4 1

PI 3 0 6 3 3 2

Texas P, 5 4 3 3 0 1

C1FR 1 1 1 3 1 1

Table 7.1 Number of 1-tuple likelihood ratios equal to 1.
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Likelihood Ratio 1 + 0.01 I

P, P, CFR

Intervals 1 2 3 4 1 2 3 4 1 2 3 4

2 5

3 19 1 21 14

4 14 26 6 10 3 20

5 3 4 6 5 5 2 3 6 3 2 3 4

Likelihood Ratio 1 ± 0.025

P, P4 CFR

Intervals 1 2 3 4 1 2 3 4 1 2 3 4

2

3 6 8 3

4 4 2 4 8

5 1 1 5 1

Table 7.2 Pairs of COR intervals not discriminated within likelihood function
by forecast variable.
(Limits of intervals 1, 2, 3, 4 and 5 are given in text.)
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number of cells per histogram and, with limited data, the number of zeroes. In

addition, if the second forecast variable is highly correlated with the first variable, the

added information may be quite small. It is acknowledged that the two variables

selected for each 2-tuple forecast are not independent. This analysis proceeds

because it would be suitable to other uncorrelated n-tuple forecast information.

The categorical forecast is derived from the four probabilistic forecasts. These

in turn are the results of TDL regression equations using meteorological variables.

The equations for the lowest three rainfall intervals, ^ 0.25 in., > 0.5 in., and > 1.0

in., are regressed on the same variables. The regression equation for the fourth

exceedance interval uses a different set of variables (Charba, 1987).

Correlations between the five forecast variables are shown in Table 7.3 for

selected forecast times and seasons in Pennsylvania. There is high correlation

between the categorical and the three probabilistic forecasts using similar equations.

The lower correlation between the fourth probabilistic forecast and the others is due

to the difference in regression equations. The high correlation between four of the

five variables is an argument against pursuing increased multiple parameter forecasts

because the likelihoods derived will not provide significantly more information than

one parameter alone.

Conceptually, there would be a 2-tuple forecast composed of a parameter

representing a binary variable of rain or no rain, the second parameter indicating the

amount of rain. A POP forecast would be the most suitable choice for the binary

variable, and the categorical or POPA forecasts as the rainfall amount indicator.



P 1 P2 133 P4 CFR

P l 1.0000 0.9945 0.9481 0.6790 0.8612

P2 1.0000 0.9737 0.7317 0.8796

133 _ 1.0000 0.8516 0.8898

P4 1.0000 0.7463

CFR 1.0000

Pennsylvania	 Summer	 1800Z

P i P7 P/ P4 CFR

P i 1.0000 0.9797 0.7254 0.1695 0.8255

P2 1.0000 0.8150 0.2420 0.8436

P-4 1.0000 0.4653 0.7607

P4 1.0000 0.3245

CFR 1.0000

Pennsylvania	 Spring	 1800Z

Table 7.3 Correlation of categorical and probabilistic forecast variables.
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Without an associated POP, we have selected three pairs of rainfall amount forecasts,

[131 P4], [P1 CFR], and [P4 CFR].

Shown earlier (Figure 6.3) are examples of likelihoods for 2-tuple forecasts

using P1 and CFR. This forecast is highly correlated between the two variables, but

the parameters are of different forms.

The pair of forecast variables chosen for the second 2-tuple forecast examined

in this chapter are the ones that have the lowest correlation. Because all forecast

variables are informative, the implicit assumption is that those pairs of variables

having a lower correlation will be more informative. P1 and P4 are the least

correlated forecasts, but either of the other two probabilistic forecasts could have

been substituted for P1 . Conceptually, again a POP would be the choice for an

indicator of rain, using a POPA forecast as the indicator of rainfall amount. The

third 2-tuple forecast consists of the CFR and P4 .

Examples of histograms of these forecasts given the several intervals of COR

are included in Figures 7.8 and 7.9 for the P 1 and P4 forecast and CFR and P4,

respectively, for Pennsylvania, summer, 1800Z-0000Z forecast period. For both 2-

tuple forecasts, the histograms show change over conditioning; therefore, the

likelihoods will carry information of the forecast through Bayes' Theorem. However,

only seven of 25 potential likelihoods are complete with no zero values in any cells

in Figure 7.8 and six in Figure 7.9, indicating the intensive data requirements to fill

all cells of 2-tuple histograms. The complete non-zero likelihoods for these forecasts

are summarized in Figures 7.10a-b.
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Figure 7.8 Histograms of 2-tuple forecast (P1 P4] conditioned

on COR: (a) 0.0< COR < 0.25; (b) 025 <COR <0.5;

(c) 0.5 <COR < 1.0; (d) 1.0 <COR <2.0; (e) 2.0 <COR.
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(a) 2.0< COR
0.0 - o.

(d) 1.0 < COR < 2.0
0.0- o.
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Figure 7.9 Histograms of 2-tuple forecast [ P4 CFR ] conditioned

on COR: (a) 0.0 < COR < 0.25; (b) 0.25 < COR < 0.5;

(c) 0.5 <COR < 1.0; (d) 1.0 <COR <2.0; (e) 2.0< COR.
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Figure 7.10 Non-zero 2-tuple likelihood functions:

(a) L[P1 P4]; (b) L[P4 CFR].
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Likelihood ratios for 2-tuples are determined as for 1-tuples, but because of

zeroes (spurious or not) on the margins of two-dimensional histogram sets only

likelihoods on the main diagonal are used. The main diagonal of a two-dimensional

histogram set is the set of 25 cells {(j,1,1), (j,2,2), (j,3,3), (j,4,4), (j,5,5)) such that

(j,1,1) represents the cell common to the lowest interval of each forecast and (j,5,5)

the cell common to the highest interval of each forecast for the jth histogram; j =

1,2,3,4,5. The intermediate cells (j ,2,2), (j,3,3), (j,4,4) lie along the diagonal

connecting (j,1,1) and (j,5,5). Five likelihood functions are thus defined on the main

diagonal, one for each i =1,2,3,4,5: Laj,i,i)1 !CORO, where COR i is the j th interval

of COR corresponding to the i th histogram of the set; j= 1,2,3,4,5.

Table 7.4 provides the number of likelihood ratios equivalent to 1 at the +

0.025 criterion and a synopsis of the degree of likelihood functions with zero cells.

Even though there are fewer LR equivalent to one than for 1-tuple forecasts at the

same criterion, the number of zero valued cells is limiting for the full completion of

all likelihoods.

For all locations, seasons, periods, and 2-tuple forecasts, only slightly more

than 10% of all possible likelihood functions have all non-zero cells (Table 7.5). Not

quite 25% of the 2-tuple likelihoods on the diagonal have all non-zero cells.

The effect of 2-tuple likelihood functions with some or all cells having zeroes

is to minimize the usefulness of these forecasts for posterior analysis.



Likelihood Ratio 1 ± 0.025

Spring Summer Fall

18002 I 0000Z 1800Z 00002 1800Z 0000Z

P1 P4 0 0 1 1 0 1

Pennsylvania P, CFR 0 0 0 0 1 0

P, CFR 0 0 0 0 0 1

PI P4 0 0 1 1 0 0

West Virginia P, CFR 0 0 0 0 1 0

P4 CFR 0 0 1 0 0 0

Pi	 134 0 0 0 0 0 0

Illinois P, CFR I 0 0 0 0 1

P4 CFR 0 0 1 0 0 0

Pi P4 0 2 0 0 0 0

Texas P, CFR 0 0 0 0 0 0

P, CFR 1 0 0 0 I 0

Zeroes in cells of likelihood functions along diagonal

Spring Summer Fall

1800Z 0000Z 1800Z 0000Z 1800Z 0000Z

Pi P4 10 11 2 5 10 10

Pennsylvania P, CFR 10 10 3 1 12 11

P, CFR 12 13 6 4 11 8

Pi P4 6 9 5 6 9 8

West Virginia P I CFR 10 8 5 6 13 10

P4 CFR 10 11 6 6 12 12

PI P4 4 6 8 12 7 4

Illinois P, CFR 3 6 7 1 11 8

P4 CFR 8 10 1 5 12 9

P1 P4 8 9 14 15 8 12

Texas P, CFR 4 4 11 14 10 8

P4 CFR 12 12 13 11 11 15

Table 7.4 2-tuple likelihood ratios and zero valued cells.
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5 Likelihood Functions on Diagonal

Spring Summer Fall

1800Z f 0000Z 1800Z 0000Z 1800Z i 0000Z

13,	 P4 0 1 3 2 1 0

Pennsylvania P, CFR 0 1 4 4 1 0

P4 CFR 0 1 1 2 1 2

PI	 P4 0 0 1 1 1 0

West Virginia P, CFR 0 0 2 2 0 1

P4 CFR 0 0 1 2 0 0

PI	 134 2 1 2 0 1 1

Illinois P, CFR. 3 1 2 4 0 1

P4 CFR 1 0 4 2 0 0

P, P, 2 2 1 1 1 1

Texas P, CFR 2 3 1 1 0 1

P4 CFR 1 1 1 1 1 1

25 Likelihood Functions

Spring Summer Fall

1800Z 0000Z 1800Z 00001 1800Z 00001

Pi P4 0 1 7 6 1 2

Pennsylvania P, CFR 0 1 7 7 1 2

Pt CFR 0 1 6 7 1 2

P1 P4 1 2 3 4 1 1

West Virginia P, CFR 2 2 4 5 1 1

P4 CFR 2 2 4 4 0 1

Pi P4 4 2 6 6 2 2

Illinois P, CFR 3 2 7 7 1 1

P, CFR 3 2 6 6 1 1

PI P4 5 6 4 1 1 2

Texas P, CFR 5 6 3 1 0 1

P, CFR 4 6 4 1 1 1

Table 7.5 2-tuple likelihoods with all non-zero cells.
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7.5 Prior Information

Utilizing Bayes' Theorem, a posterior distribution is calculated from likelihood

functions and prior distributions. This update of the probability of rainfall given a

forecast will be a more accurate representation of rainfall probabilities than the

prior, if the information of the history of the forecasts contained in the likelihood is

of value. In the preceding sections, likelihoods for forecast information were

developed, and it was shown that the LR indicates whether the information may be

of value in discriminating between cells. An effectively identical pair will usually be

differentiable from other COR intervals. As shown previously, likelihoods with

spurious zeroes give a distorted picture of the history of the forecast information.

A significant question remains as to which prior distributions are suitable for

use with the established likelihoods. This question has been addressed by Zevin.

Certainly, the initial prior must represent a probability distribution of rainfall for the

same area and forecast period as the likelihood.

Climatological priors which are the distributions of rainfall for particular

areas, seasons, and forecast periods based strictly on the available data record may

be used. Prior distributions based on severe weather conditions or based upon some

local meteorological information may be developed. Local forecasters might consider

subjective prior distributions based upon their knowledge and available information

at the time of updating.

Without addressing this problem further, two reasonable suitable prior

distributions have been developed from data for all areas, seasons, and periods.
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These priors are not intended for operational use but are used here only as

examples.

A climatological prior distribution of rainfall and a "severe storm" prior

distribution have been developed and will be used to calculate posterior distributions

in conjunction with the previously developed likelihoods.

The climatological prior is strictly the relative frequency of COR by location,

season, and forecast period.

The "severe storm" prior is calculated for the Pennsylvania region using

information from the adjacent West Virginia region. When a CFR > 1.0 in. is

indicated in the data, this reflects meteorological conditions anticipating severe

weather. Using this concept, the distribution of COR conditioned on CFR > 1.0 in.

was determined for the West Virginia region. This "severe storm" prior information

is used in conjunction with likelihoods for the Pennsylvania region in the following

examples.

The use of data from an adjacent nine-grid region ensures that the prior is

developed from data independent of those used to develop likelihoods but, because

of the proximity to the region of interest, the prior should not be an unreasonable

choice in shape or content. Similar "severe storm" priors are developed for the other

areas using data from nine-grid regions adjacent to those areas.
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7.6 Posterior Distributions

Tables 7.6 and 7.7 present calculated posteriors for all five possible CFR

intervals, using the aforementioned priors and likelihoods based on the CFR. The

information is for Pennsylvania, summer, 1800Z-0000Z forecast period. The

climatological prior is presented in Table 7.6; the "severe storm" prior is given in

Table 7.7. Included in the tables are means and variances of the priors and posteriors

as well as all information required to apply Bayes' Theorem, Equation (4.2).

Column 1 of each table lists the five CFR intervals. For each of these

intervals, there is a distinct posterior distribution. The posterior is a distribution of

the probability of occurrences of COR in each of the five intervals shown in column

2. The likelihoods listed in column 3 are the functions of the CFR from column 1

conditioned on the COR values in column 2. Each entry represents a specific

likelihood value L[CFRi I CORJ i,j = 1 to 5. The prior distribution, P(COR ;), is given

in column 4; the posterior distributions, P[COR ; I CFRi], are in column 5.

Comparison of the posterior and prior distributions for each of the forecast

values shows that the posterior is shifted from the prior distribution towards the

forecasted interval. The influence of zero valued cells in the histogram as a result of

insufficient data is evident in the highest forecast interval. The likelihood contains

zeroes in three categories, and this feature is carried through to the posterior. The

mean of the posterior conditioned on this highest forecast interval is less than the

mean of the posterior conditioned on the next to highest forecast because of the

zeroes in three cells.



CFR COR LIKE. PRIOR POST.

0.00- 0.25 0.9160 0.8413 0.9216 PRIOR MEAN: 0.2248

0.25 - 0.50 0.4724 0.0626 0.0354 PRIOR VARIANCE: 0.0825

0.0 - 0.25 0.50- 1.00 0.4185 0.0665 0.0333 POSTERIOR MEAN: 0.1685

1.00 -2.00 0.2818 0.0271 0.0091 POSTERIOR VARIANCE: 0.0333

2.00 < 0.2000 0.0025 0.0006

0.00 - 0.25 0.0428 0.8413 0.5661 PRIOR MEAN: 0.2248

0.25- 0.50 0.2008 0.0626 0.1976 PRIOR VARIANCE: 0.0825

0.25 -0.50 0.50- 1.00 0.1444 0.0665 0.1510 POSTERIOR MEAN: 0.3890

1.00 - 2.00 0.1909 0.0271 0.0813 POSTERIOR VARIANCE: 0.1732

2.00 < 0.1000 0.0025 0.0039

0.00- 0.25 0.0346 0.8413 0.3690 PRIOR MEAN: 0.2248

0.25 - 0.50 0.2756 0.0626 0.2187 PRIOR VARIANCE: 0.0825

0.50- 1.00 0.50- 1.00 0.3333 0.0665 0.2809 POSTERIOR MEAN: 0.5478

1.00-2.002.00 0.3364 0.0271 0.1156 POSTERIOR VARIANCE: 0.2347

2.00 < 0.5000 0.0025 0.0158

0.00- 0.25 0.0059 0.8413 0.2482 PRIOR MEAN: 0.2248

0.25 - 0.50 0.0512 0.0626 0.1603 PRIOR VARIANCE: 0.0825

1.00 - 2.00 0.50 - 1.00 0.0926 0.0665 0.3079 POSTERIOR MEAN: 0.7663

1.00-2.002.00 0.1909 0.0271 0.2587 POSTERIOR VARIANCE: 0.3210

2.00 < 0.2000 0.0025 0.0250

0.00- 0.25 0.0009 0.8413 0.5064 PRIOR MEAN: 0.2248

0.25 - 0.50 0.0000 0.0626 0.0000 PRIOR VARIANCE: 0.0825

2.00 < 0.50- 1.00 0.0111 0.0665 0.4936 POSTERIOR MEAN: 0.4335

1.00-2.002.00 0.0000 0.0271 0.0000 POSTERIOR VARIANCE: 0.0976

2.00 < 0.0000 0.0025 0.0000

Table 7.6 Posterior distributions from climatological prior.
(Note: LIKE. = Likelihood; POST. = Posterior)
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CFR COR LIKE. PRIOR POST.

0.00- 0.25 0.9160 0.2500 0.4455 PRIOR MEAN: 0.7401

0.25 - 0.50 0.4724 0.2031 0.1866 PRIOR VARIANCE: 0.3107

0.0- 0.25 0.50- 1.00 0.4185 0.2656 0.2162 POSTERIOR MEAN: 0.5199

1.00- 2.00 0.2818 0.2656 0.1456 POSTERIOR VARIANCE: 0.2429

2.00 < 0.2000 0.0156 0.0061

0.00 - 0.25 0.0428 0.2500 0.0753 PRIOR MEAN: 0.7401

0.25 - 0.50 0.2008 0.2031 0.2870 PRIOR VARIANCE: 0.3107

0.25 -0.50 0.50 - 1.00 0.1444 0.2656 0.2699 POSTERIOR MEAN: 0.8794

1.00-2.002.00 0.1909 0.2656 0.3568 POSTERIOR VARIANCE: 0.2784

2.00 < 0.1000 0.0156 0.0110

0.00- 0.25 0.0346 0.2500 0.0345 PRIOR MEAN: 0.7401

0.25- 0.50 0.2756 0.2031 0.2236 PRIOR VARIANCE: 0.3107

0.50- 1.00 0.50- 1.00 0.3333 0.2656 03537 POSTERIOR MEAN: 0.9591

1.00-2.002.00 0.3364 0.2656 0.3570 POSTERIOR VARIANCE: 0.2721

2.00 < 0.5000 0.0156 0.0312

0.00-0.250.25 0.0059 0.2500 0.0163 PRIOR MEAN: 0.7401

0.25 - 0.50 0.0512 0.2031 0.1152 PRIOR VARIANCE: 0.3107

1.00-2.002.00 0.50 - 1.00 0.0926 0.2656 0.2724 POSTERIOR MEAN: 1.1696

1.00- 2.00 0.1909 0.2656 0.5615 POSTERIOR VARIANCE: 0.2401

2.00 < 0.2000 0.0156 0.0346
,

0.00- 0.25 0.0009 0.2500 0.0709 PRIOR MEAN: 0.7401

0.25 - 0.50 0.0000 0.2031 0.0000 PRIOR VARIANCE: 0.3107

2.00 < 0.50- 1.00 0.0111 0.2656 0.9291 POSTERIOR MEAN: 0.7057

1.00 - 2.00 0.0000 0.2656 0.0000 POSTERIOR VARIANCE: 0.0257

2.00 < 0.0000 0.0156 0.0000

Table 7.7 Posterior distributions from "severe storm" prior.
(Note: LIKE. = Likelihood; POST. = Posterior)
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Means and variances, using the midpoints of the intervals, are calculated for

the posterior and the prior. A comparison of the variances listed in Table 7.6 shows

that the variance of the posterior is greater than the variance of the prior for

forecasts greater than 0.25 in.

In explanation, two items need to be considered. The climatological prior is

heavily concentrated in the lowest interval. The probability of rainfall in the interval

0.0-0.25 in. is 0.8413. The variance about the mean of such a distribution is very

narrow. Thus, for forecasts greater than the climatological mean, the influence of

the likelihood on the prior is to shift the distribution of the potential rainfall towards

the forecasted value and to increase the variance about the mean in the posterior.

A forecast for rainfall above 0.25 in. increases the uncertainty about the

quantity of potential rainfall even though the probability of larger amounts of rainfall

increases in the posterior. On the other hand, a forecast in the interval of 0.0-0.25

in. both increases the certainty about the quantity of potential rainfall and decreases

the probability of large amounts of rainfall. Based on these calculations, one would

expect the first forecast for rainfall above the climatological mean to add uncertainty

to predictions of future rainfall amounts, but that subsequent forecasts would reduce

that uncertainty.

Two methods of posterior evaluation are the shift in the mean of the

distribution and the reduction in the variance from that of the prior. In Table 7.6,

the mean is shifted but the variance is increased. This increase is expected because

the distribution of the climatological prior, concentrated in the lowest interval, has
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a narrow variance. The effect of the sample information contained in the likelihood,

when combined with this prior, is to shift the mean of the distribution and to diffuse

the posterior distribution over a broader range of values. A diffuse prior, one having

a relatively wide variance, will respond differently to the same sample information.

Although a strictly climatological prior may be used, it is unlikely to be the

choice when other information is available. Local meteorological conditions at the

time of forecast issuance will certainly affect at least the subjective interpretation of

prior probability, if not an objective methodology of probability of rainfall amount.

In essence, the system can be initiated with the climatological prior but will in fact

be "kick-started" with a more localized and immediate prior distribution.

Table 7.7 is similar to Table 7.6 with the exception that the prior has been

changed to reflect "severe storm" conditions. In the comparison of the priors and

posteriors, the posterior shows the effects of the likelihood and, indirectly, the effects

of the information contained in the history of the forecast, by being shifted towards

the forecast away from the prior.

Comparison of the variances in this case demonstrates the effects of using a

prior that is not as concentrated in one interval as was the strict climatological. Here

the variance about the mean for the posterior is less than that of the prior for all five

forecast intervals. The smallest posterior variance occurs when conditioned on the

highest forecast interval. However, this interval is subject to cells with zeroes, causing

a distribution questionable in its value.
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Figures 7.11 and 7.12 are visual comparisons of the two priors and each of the

five posteriors. Note that the posterior distribution P(COR I 1.0 < CFR <2.0)

derived from the climatological prior in Figure 7.11 is quite close to the "severe

storm" prior shown in Figure 7.12. This is anticipated because of the climatological

similarities between West Virginia and Pennsylvania. This also serves as an example

of the result of updating in time with new information by replacing the prior with the

calculated posterior.

A visual example of a Bayes' calculation is displayed in Figure 7.13. The

likelihood function is in the bottom row. A categorical forecast of 1.0-2.0 in. for

Pennsylvania, summer, 1800Z-0000Z forecast period gives rise to this likelihood. The

"severe storm" prior is reproduced in the middle row. The posterior distribution, in

the top row, is shifted to higher intervals reflecting the information contained in the

history of the categorical forecasts. Note that the ratio of the highest two intervals

in the posterior is only slightly different than the ratio in the prior because the LR

is approximately 1. However, the mean is shifted towards the forecast and the

variance is reduced.

This example, using the "severe storm" prior, can be expanded upon to

compare posterior distributions calculated with the likelihoods based on different

information parameters from the same forecast. Posteriors are calculated by Bayes'

Theorem for six cases; each case uses different information from the same forecast.

The tripartite forecast is for a CFR of 1.0092 in., P1 equal to 0.2446, and a value of

0.0084 for P4. These parameters are from the forecast of 8/29/75 shown in Figure



Climatological prior

P( CORI CFR > 2.0

P( COR 11 .0<CFR<2.0 )
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Figure 7,11 Climatological prior and posteriors conditioned on 5 Intervals

of CFR for Pennsylvania, summer, 1800Z-0000Z forecast.
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"Severe storm" prior

P( COR 11.0<CFR<2.0 )

P( COR10.5<CFR<1.0 )

P( COR10.25<CFR<0.5)

P( COR 10.0<CFR<0.25

0.00 - 0.25 - 0.50 - 1.00-
> 2.00

0.25	 0.50	 1.00	 2.00

COR (in)

Figure 7.12 "Severe storm" prior and posteriors conditioned on 5 intervals

of CFR for Pennsylvania, summer, 1800Z-0000Z forecast.

103



P( CORI1,0 < CFR < 2,0 )	MI I	 n
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Figure 7,13 Graphic Bayes' calculation; "severe storm" prior, likelihood,

and posterior.
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5.2a. In addition to these 1-tuple likelihoods, 2-tuple likelihoods, as discussed

previously, are included for comparison.

The results for that particular forecast period and prior distribution are shown

in Table 7.8. All posterior distributions are shifted to the right from the prior. It is

not unexpected that the six posteriors are different from each other because each is

generated from a different likelihood function. Each likelihood is a history of the

particular parameters of the forecast given the observed rainfall. The parameters

chosen do not share the same identical histories, although they may be highly

correlated.

Consider first posteriors derived from likelihoods of 2-tuple forecasts.

The data requirements for completing histograms of 2-tuple and higher

dimensional forecasts are great. If there are insufficient data to fill all necessary cells

of histograms, the likelihoods will have spurious zeroes as values in these cells. These

zeroes will be carried through to the posterior, resulting in a distribution providing

erroneous information as to the probabilities of rainfall amounts.

Examination of Bayes' Theorem, Equation (4.2), shows that these zero

probabilities will not be changed in subsequent updates: a zero in either the

likelihood or the prior distribution (the posterior of the previous update) will yield

a corresponding zero in the updated posterior. Once a zero is present, it cannot be

removed by more information.

Such is the case with the posteriors resulting from 2-tuple forecasts [CFR 1-2,

P1 0.2-0.3 1 and [P 1 0.2-0.3, P4 0.008-1.0] in Table 7.8. The highest interval rainfall,
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COR INTERVAL: 0.00-
0.25

0.25 -
0.50

0.50 -
1.00

1.00 -
2.00

2.00 < MEAN VARIANCE

SEVERE STORM PRIOR 0.2500 0.2031 0.2656 0.2656 0.1056 0.7401 0.3107

1-tuple POSTERIORS:

CFR 1.0 - 2.0 0.0163 0.1152 0.2724 0.5615 0.0346 1.1696 0.2401

P, 0.2 - 0.3 0.0248 0.2194 0.3850 0.3526 0.0182 0.9440 0.2422

P4 0.008 - 1.0 0.0252 0.0915 0.3152 0.4968 0.0713 1.1796 0.2781

2-tuple POSTERIORS:

CFR 1.0- 2.0 0.0239 0.1679 0.4137 0.3945 0.0000 0.9681 0.2071

P, 0.2 - 0.3

CFR 1.0- 2.0 0.0146 0.1020 0.2504 0.5535 0.0795 1.2371 0.2728

P4 0.008- 1.0

P, 0.2 - 0.3 0.0328 0.1491 0.3669 0.4512 0.0000 1.012 0.2189

P4 0.008 - 1.0

Table 7.8 Posterior distributions from different forecast information and "severe
storm" prior.
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COR ^ 2.0 in., is forecast with zero probability. This is not a direct product of

meteorological conditions, but is an artifact of the spurious zeroes in the likelihood

due to insufficient data. The variance of this posterior is seen to be the smallest but,

upon reflection, this too is a result of a zero in the likelihood function.

Probabilistic discrimination is made between COR intervals on the basis of

their relative frequencies. A likelihood function has the ability to discriminate

between COR amounts if the likelihoods of these amounts are different. The forecast

upon which this likelihood is conditioned is informative in proportion to the ability

of that likelihood to discriminate between COR amounts. A measure of the ability

of the likelihood function to discriminate between two COR intervals is the

likelihood ratio.

A forecast and its associated likelihood usually do not provide the same level

of discrimination for all rainfall intervals. Thus, a forecast may be more valuable for

discriminating between some pairs of rainfall intervals than others (refer to Table

7.2). An informative forecast used to update a prior distribution of potential rainfall

amounts will have an associated likelihood with a large ability to discriminate. The

posterior distribution will then be greatly changed from the prior distribution.

The posterior based on the 2-tuple forecast of P 1 and P4 is strongly influenced

by the minimal differentiation of COR intervals especially represented by LR = 1

for three pairs of intervals when P 1 is between 0.2-0.3.
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The posterior associated with the 2-tuple of CFR and P4 is shifted from the

prior the most, but the variance is greater than the prior for CFR alone and nearly

equal to that of P4 .

The data requirements to produce a complete set of histograms and

likelihoods for 2-tuple forecasts are significant restrictions. Even in the case where

a complete likelihood is developed [CFR P41, it is not clear that the 2-tuple

likelihood produces a better posterior than the CFR or P4 1-tuples alone. Yet, in

theory, Bayes' Theorem requires that all likelihood functions be developed without

spurious zeroes.

Thus, 2-tuple posteriors have (1) variances which are not greatly reduced from

the prior variance, (2) are sensitive to the LR of individual forecast parameters, and

(3) are more limited in calculation by the larger number of zero valued cells in the

2-tuple likelihoods because of the data requirements for the histograms.

Posterior distributions conditioned on 1-tuple forecasts each show a shift in

the distribution towards the forecast interval. Although the P4 forecast is shifted the

most, the variance is the largest of all forecast variables. Variances based on P1 and

CFR are nearly equal and less than the prior. The mean of the posterior conditioned

on CFR is shifted into the forecast interval, whereas the mean of the distribution

given P1 is not moved as far from the prior mean. Arguably, the CFR can be

considered the most appropriate forecast information in this case.

While 2-tuple likelihoods suffer from stringent data requirements, let us

consider the effects of discretization of the variable, using the CFR as an example.
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The problem of the choice of discrete intervals of the continuous variables is not

limited to this research. The discretization chosen is that of current usage in the

NWS.

In this ongoing example, the categorical forecast given is for 1.0092 in. This

value is very close to the lower limit of the interval 1.0-2.0 in. It was shown earlier

(Section 5.5) that a difference in forecast probability of magnitude less than 0.01

resulted in a categorical difference of almost 0.5 in. Now, if the categorical had been

1% less, such that it would have been in the next lower interval, a different posterior

distribution would have resulted.

The two posteriors based upon a minor change in the CFR are illustrated in

Figure 7.14. The means are shifted to the respective forecast intervals, and the

variances are both less than that of the prior but by different amounts. Clearly, the

selected discretization affects the resultant posterior distribution.

It has been pointed out that differences in the histograms (either shapes or

numerical values) will produce likelihoods that are non-constant functions across the

discretized intervals. This is reflected in the value of the information from the history

of the chosen parameter of the forecast. The question remains as to what constitutes

discrimination, either qualitative or quantitative.

Consider the three likelihood functions displayed in Figure 7.15 used to

produce posteriors conditioned on 1-tuple forecasts in Table 7.8. Although the

likelihood of P 1 shows numerical differences between the interval values, it exhibits

much less discrimination in all but the lowest interval in comparison with the
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Figure 7,14 Posterior distributions resulting from CFR's In adjacent

Intervals,
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Figure 7.15 Likelihood functions from a single forecast using separate

forecast information; P1 indiscriminate.
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likelihoods of CFR and P4. At the LR 1 + 0.1 criterion, there were three pairs of

equivalent intervals. The posterior for P1 , shown in Table 7.8, is shifted from the

prior but the distribution, overall, is changed less from the prior than are the other

two posteriors of 1-tuple forecasts.

All posteriors which are derived from forecasts using P1 as a parameter, 1- or

2-tuple, are not shifted from the prior as much as the those without P 1 . The values

of the mean of the prior and posteriors shown in Table 7.8 indicate this. However,

all variances are less than the prior variance.

It is not the case overall that P1 is an inappropriate choice or is to be valued

less as a forecast. For this forecast and prior, it can be said that the variables CFR

and P4 produce posteriors shifted further from the prior. However, a change in the

particular situation, the specific values of the forecasts, or the prior could result in

posteriors which favor the use of P1 as the forecast information.

Consider the case for which the forecast is given as CFR 0.0-0.25 in., P1 0.0

to 0.1, and P4 0.0 to 0.002. The three likelihoods of 1-tuple forecasts are given in

Figure 7.16. P4 stands out as being a relatively undiscriminating likelihood between

intervals 2, 3, and 5. The posteriors for these, shown in Figure 7.17, are shifted

towards the forecast interval from the prior for forecasts CFR and P1 , whereas the

P4 posterior shows the least differentiation from the prior. These examples show that

discrimination of rainfall amounts depends on the value of the forecast variable as

well as the type of forecast variable.
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Figure 7.16 Likelihood functions from a single forecast using separate

forecast information; P4 indiscriminate.
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Figure 7.17 Posterior distributions from likelihoods of separate forecast

Information; P4 indiscriminate.
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Some forecasts are superior under particular circumstances to other forecasts.

However, under another set of circumstances, different forecasts will lead to

improved posterior distributions. To investigate thoroughly which parameters are best

overall or under what conditions a parameter results in an improved update, an

evaluation of all forecasts and likelihoods must be undertaken. This evaluation will

be constrained by the same data problems detailed above.

Three problems have been alluded to in the course of this report which have

been encountered in the development of likelihoods and relate directly to calculation

of posteriors: data needs for the creation of histograms which strongly inhibits the

use of n-tuple forecast information to produce posteriors; discretization of the

variables which is shown in part to impact the posterior in the case of the CFR; and

discrimination of the COR intervals using criteria like LR shows that some forecasts

are better able to discriminate than others.

Let's review Figure 7.11. This is a complete set of posteriors produced from

the likelihoods of the 1-tuple forecast, CFR, in each of five intervals. In terms of

information processing, the posterior conditioned upon greater than or equal to 2.0

in. is inadequate. The data problem perseveres through a Bayes calculation because

the value of information of the history of the forecasts, or the lack thereof, is

contained in the likelihood. The posterior produced from such a likelihood reflects

this and contains intervals with misrepresentative zeroes.
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This problem will be exaggerated in a posterior conditioned upon a 2-tuple.

The 25 likelihoods would carry more zeroes through a calculation of Bayes' Theorem

to the posterior in more rainfall intervals given the status of current available data.

Until more data are available either in the future or via means akin to areal

expansion within homogeneous regions, the likelihoods of 2-tuple or any multiple

parameter forecasts will suffer from lack of data. Examination of Bayes' Theorem

shows that the posterior will contain this incomplete information.

The discretization could be altered, especially for the 1-tuple, such that the

two highest forecast intervals could be combined, the result being a single category,

the probability of rainfall greater than or equal to 1.0 in. This seems a reasonable

approach because both intervals represent heavy rainfalls for a six-hour period, and

the lack of data for the higher of the two intervals is not adding usable information

when zeroes are prevalent in likelihoods and posteriors. This reduction in intervals

would not significantly act as an improvement for the 2-tuple because there would

still need to be at least 20 cells filled in one histogram.

The discrimination problem shows the necessity of choosing the forecast

information correctly to produce an improved distribution of rainfall. The usefulness

of any variable can be determined only after an evaluation of all likelihoods,

forecasts, and priors. If forecast variables that minimize uncertainty in the posterior

can be determined for specific meteorological conditions and forecast information,

then the likelihoods developed can produce a posterior distribution of rainfall which

is improved from the prior.
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CHAPTER 8

DISCUSSION AND CONCLUSIONS

Zevin's methodology uses Bayesian techniques to produce sequential

probabilistic precipitation forecasts for multiple overlapping forecast periods. A

possible scenario of forecasts would see the production of concurrently issued

probabilistic flash flood forecasts for the next six-, 12-, 18-, and 24-hour periods

updated four times a day. The updating is accomplished by using information

concerning the potential rainfall over the forecast periods. This information is

condensed into quantitative precipitation forecasts. The likelihood of the forecast

given the actual potential rainfall must be known in order to calculate the updated

probabilities by use of Bayes' Theorem.

The purpose of this research was to develop techniques for the calculation of

the required likelihoods. This report develops an empirical technique for calculating

these likelihoods. The use of likelihoods in updating the rainfall probabilities is

illustrated.

During the course of this research, problems were identified; some were

seemingly inherent, while others were at least partially capable of being ameliorated.

The advantage of using likelihoods to examine the value of forecast information in

detail became apparent. The calculation of updated rainfall probabilities provided

a limited example of the potential for probabilistic flood forecasting.

In this chapter, the technique for the calculation of the required likelihoods

is reviewed. Its problems and limitations are given. The use of likelihoods in
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probabilistic forecasting, as well as their use in the detailed evaluation of forecast

information, is discussed. Consideration of the present and future possible use of

likelihoods by the National Weather Service for flash flood forecasting is given.

8.1 Developing Likelihoods

To develop likelihoods, data pairs of random variables representing the

parameter of interest and the information about that parameter are necessary. Zevin

has defined the information as a forecast of potential rainfall and the parameter as

the actual potential areal rainfall. Because the desired multiple overlapping forecast

products are not produced, forecast/verification data from the TDL are used as a

surrogate for developing the technique for constructing the conditional likelihoods.

The TDL forecast is issued as five variables of information. In this report,

three single forecast variables and three pairs of forecast variables were chosen and

used as definitions of the forecast in the likelihood function. The forecasts are issued

for any point in a single grid area (Charba, 1987).

The particular data base, that from the TDL, affords access to verification

data paired with the forecasts. Categorical observed rainfall is used as a surrogate for

the actual potential areal rainfall. The verification is for an area in which the forecast

is issued and is a verification of the same time period as the forecast.

Both forecast and verification data in the TDL data base are directly

accessible by computer. Currently, most NWS forecast products are isohyetical maps,

and data retrieval necessitates digitization of these forecast values.
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The likelihood function is the probability of the forecast intervals given the

verification. Discretization was necessary to determine the probabilities empirically.

These functions follow directly from histograms representing conditional probability

distributions of the discretized values of the forecast, given a single discretized value

of verification.

By discretizing both forecast and verification data, all verifications in a certain

discrete interval can be selected from the data record. All associated forecasts for the

same time period and location are also retrieved. This results in a pairing over time

of all verifications in one interval with the forecasts of the corresponding time period

and area.

The forecast/verification pairs were then sorted by the interval value of the

forecast variable. The frequencies of the forecast variable taking on values in each

interval are counted, and frequency and relative frequency histograms are developed.

The process is repeated for each verification interval.

The likelihood of a forecast conditioned on the categorical observed rainfall

(COR) is the probability of that conditional forecast as shown by the histogram. The

variable in the likelihood function is the COR; each likelihood function is a single

forecast value conditioned on all discretized values of the COR. These functions are

easily obtained from the set of histograms, as seen in Figures 6.2 and 6.3.

Because of the data problem alluded to in this report, nine single grids are

combined into a region as detailed in Chapter 6. The pairing process is exactly

duplicated as for a single grid, and the frequencies are summed over all nine grids.
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Because not enough data for each single grid exist to complete all histograms,

the nine-grid area acts to smooth the data. Although the nine-grid area does not

produce complete histograms for 2-tuple forecasts, it does act to fill more cells; thus,

the potential for zero values of likelihoods is decreased.

This procedure is repeated for the four regions, for three seasons, for two time

periods.

8.2 Application to Flash Flood Forecasting

The likelihoods developed from paired forecasts and verification data are used

in Bayes' Theorem to produce posterior distributions of future rainfall. The

construction of the likelihoods and the calculation of posterior distributions have

been demonstrated. The feasibility of using the Bayesian methodology follows

directly, but with certain limitations.

Zevin's methodology is a process of updating probabilities of rainfall through

time. The updating procedure requires a sequence of several concurrently issued

forecasts. One forecast issued is for a single forecast period, six hours, for example.

The other forecasts issued at the same time are for increasing multiples of the length

of the single forecast period, 2, 3, or 4, etc, until the longest realistic multiple period

forecast is reached. At the end of the single forecast period, concurrent issuance of

the several forecasts is repeated. A continuous overlapping of the multiple period

forecasts is achieved.
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The likelihoods developed in this report are for forecasts of six hours. In

conjunction with this likelihood, a prior distribution is needed to calculate the

posterior distribution by Bayes' Theorem. In Zevin's method, the initial prior for the

longest multiperiod forecast period is subjectively obtained.

Priors for the subsequent forecast periods of declining duration are obtained

in two steps: (1) the current prior is updated using Bayes' Theorem utilizing the

current forecast with appropriate likelihood, and (2) adjustment is made for rainfall

accumulated since the previous forecast. With each update, the influence of the

initial subjectively chosen prior is reduced.

The severe storm prior distribution used in Table 7.8 can be hypothesized as

the result of a series of such updatings. As an example, the posterior distribution

P(COR 1.0 < CFR <2.0) derived from the climatological prior in Figure 7.11 is

quite close to the "severe storm" prior shown in Figure 7.12. This prior can be

considered as the previously calculated posterior. The likelihood and this prior

produce the posterior distributions calculated in Table 7.8. This is a one-stage

update, equivalent to the last update in Zevin's methodology. For other than the last

update, the posterior and next prior are calculated as indicated in the previous

paragraph.

For flood forecasting, Zevin's methodology determines the probability that the

areal rainfall will exceed a guidance value determined from the soil moisture deficit.

If that probability exceeds a subjectively determined threshold, a flood watch or

warning is issued.
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This research has shown that it is possible to obtain the likelihoods required

for Bayesian components of Zevin's flash flood forecasting methodology, provided

that proper data are available: sequential multiperiod forecasts and acceptable areal

rainfall verification. Because there are currently no NWS forecast products of this

type, at present the likelihoods necessary for the implementation of Zevin's

methodology cannot be obtained. Zevin's methodology also requires the development

of suitable initial prior distributions and a probabilistic determination of the soil

moisture deficit.

8.3 Other Applications

The likelihoods developed have use apart from Zevin's methodology. The

histograms of the forecasts conditioned on the verification data are an assembly of

a descriptive history of those forecasts. Each discrete interval of verification data

provides a unique histogram of the forecasts issued during a particular forecast

period and at a particular place.

Currently, we cannot develop all likelihoods for probabilistic flash flood

forecasting using Zevin's methodology because the required QPF products are not

available. However, short-term probabilistic predictions could be made if real-time

current knowledge were formulated as the required prior probability. This could be

viewed as a two-stage gathering of information: a more subjective preliminary stage

followed by a quantitative update based on issued QPFs.
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The likelihoods can be used in a single Bayes' calculation to update the prior

distribution. This system could be used conjunctively with current local forecast

methods to incorporate the valuable information contained in previous forecast

behavior. No other required components of Zevin's method are necessary for the use

of these likelihoods in a simple Bayesian update. Thus, use could be made of the

likelihoods in a Bayes' calculation immediately if a suitable prior was formulated,

subjectively perhaps, and the verification, as demonstrated in Table 7.8, used in this

research is deemed acceptable. The probability of potential rainfall exceeding a bank

flow guidance value would be the probability of a flash flood.

As seen in the comparisons of likelihoods shown in Figure 7.15, there is a

discrimination within likelihoods which allows for detailed examination of the

effectiveness of particular forecast information in differentiating between potential

rainfall amounts. This is evident in differing posterior distributions as shown in Table

7.8.

Values in the two highest intervals, 1.00-2.00 in. and greater than 2.00 in., of

the three likelihood functions illustrated in Figure 7.15 will be used to demonstrate

this point. Whereas likelihood values based on CFR or P 1 are nearly the same for

these two intervals, the values based on P4 show a two-fold to three-fold difference.

Examination of the same two intervals for the posteriors in Table 7.8, derived

from these three likelihoods, shows the distinction in differentiation due to the

forecast information. In the prior, the ratio of the lesser interval to the larger is

approximately 17:1. The posterior based on the CFR information has nearly same
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ratio, 16:1, and that of the posterior based on P1 is only slightly higher, 19:1. Updates

based on these forecasts provide no new information on the question of which of

these two rainfall amounts is more probable in relation to the other.

On the other hand, the ratio of the two intervals based on P4 is significantly

reduced, to 7:1, due to the differentiation between these intervals in the likelihood.

All three forecasts indicate that the probability of rainfall greater than 1.0 inches will

increase; only the forecast based on P4 indicates that the increased probability will

be concentrated in the interval greater than two inches.

This detailed analysis of the forecast information's effect upon the posterior

could be an additional technique for evaluating forecasts.

8.4 Data Problems

During the course of developing these empirical likelihoods, three interrelated

problems were identified dealing with the data availability, discretization of random

variables, and discrimination of COR intervals.

The data supplied by the TDL fits the need for paired forecast and

verification so that the conditional probability functions can be developed. However,

quantitative and qualitative data issues of the Bayesian methodology arise.

Quantitatively, there is insufficient data for the completion of all cells in

multi-dimensional histograms. This necessarily leads to likelihoods with zero values.

In addition, given certain desirable levels of discretization of the variables, increased

data requirements are suggested. For the larger events and their forecasts, there is
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naturally less data available. Thus, the development of likelihood intervals for these

categories is data limited. Generally, finer discretization is warranted, but the

currently available data pairs are insufficient to meet the demand.

Qualitatively, for application to Zevin's methodology, definitional problems

of the desired variables and the commensurate data persist. The necessary data to

match the definitions of the methodology are not available because the forecast

products, as sequences of multiple period forecasts, are not produced. This does not

affect the technique established for development of likelihoods. Any pairings of

forecast and verification data can be used in conditional relationships as a basis for

likelihoods.

Additionally, the use of multiple variable forecast products, comprised of n-

tuples of information, in the development of histograms requires more data than use

of 1-tuple forecasts. Until more data become available, there will be a reliance on

less than the total information contained in the forecast.

8.5 Discretization

Discretization poses a problem in several areas. The empirical convolutions

used in Zevin's methodology call for verification data in equal-sized intervals. This

increases the number of histograms to be developed because each histogram is

conditioned on one discrete interval of the verification. Once a verification of

observed rainfall other than the categorical is established, the development of equal-
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sized intervals should be investigated. The data required for the required histograms

may preclude equal-size intervals.

Discretization of the forecast is two faceted. A forecast can be represented as

one or multiple variables. Which variable or variables to select in defining the

forecast is partly a discretization problem. Each selected variable must be discretized.

For categorical forecasts, the five established intervals are appropriate. For

probabilistic variables, the continuous range of 0.0 to 1.0 needs to be discretized

uniquely for each of the four exceedance intervals.

Whatever the selected discretization for any variable or forecast, the effect

that discretization has upon the data requirements needs to be well understood. The

more variables chosen to represent the forecast information, the higher the

dimension of the histogram. Each increase in dimension requires an increase in data.

The discretization of each variable determines the number of cells in the histogram.

This again affects directly the data requirements of likelihood development.

There is some minimal level of discretization that is necessary for the

development of the likelihoods. Without enough discretization, sufficient differentia-

tion between intervals will not occur to be useful in flash flood forecasting. Finer

discretization would allow a more detailed differentiation of the probability of flash

floods.

Apart from the discretizations effect on data is the effect on the likelihoods

and posteriors of borderline discretization. It has been shown that slight differences

in the probability value of a forecast interval affect the value of the CFR. This
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forecast information in turn will lead to different results in the update, as seen in

Figure 7.14.

Another level of discretization, the forecast periods, seasons, and geographic

regions, exists. Comparisons of histograms and likelihoods based upon these

categories were shown. These sizings are from the TDL. Any other forecasts and

verification data must meet the temporal and spatial needs of the methodology.

More, shorter forecast periods will have an effect upon the likelihoods, but there is

an increased data requirement involved. Borderline discretization problems will play

a role here as well.

8.6 Discrimination

Each likelihood is a history of the forecast information conditioned upon the

several discretized intervals of the verification. Each variable of the forecast,

categorical or probabilistic, uniquely conveys a part of that history. Not all types of

forecast information are equally valuable at discriminating the probability of the

categorical observed rainfall. Three distinct discriminations are evaluable.

Different variables or sets of variables of the forecast will tend to discriminate

certain intervals of the verification better than other variables.

A likelihood developed from one or more variables of a forecast will

selectively discriminate some intervals of verification rainfall more than other

intervals, dependent upon the information contained in the history of each variable.
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Different discretized values of a particular forecast variable will discriminate

the verification intervals better than other values of the same variable. However, no

discrimination occurs when the likelihood values of the discretized intervals within

a likelihood function are equal. Use of an objective likelihood ratio function can

identify the intervals which are equivalent.

8.7 Suggested Future Work

Sensitivity analysis on the chosen variables for different forecast situations can

help in finding optimum forecast variable combinations for use in likelihoods or for

choosing likelihoods to be used in calculating posteriors.

Further research should include an analysis of the value of information and

loss function analysis of the posteriors derived from likelihoods based upon different

forecasts. Work by Krzysztofowicz (1983; 1985b) and Krzysztofowicz and Davis

(1983a,b,c) can guide this task. This will determine which forecast variables are to

be used in specific meteorological circumstances. An investigation into data collection

and storage systems of paired forecast and verification data for Zevin's methodology

should be undertaken.

An expansion of the development of likelihoods for other regions, seasons,

time periods, and regional sizes should be pursued when the data sources become

available.
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Non-empirical methods for deriving the necessary likelihoods should be

approached. Parametric forms of the functions may prove to be a method to

circumvent the necessity for large amounts of data.

Additional investigations into the uses of these likelihoods to supplement

current NWS forecasting procedures are suggested. Optimization of local and

regional areas with homogeneous likelihood functions, consistent with NWS

operational forecasts and NEXRAD areal coverage, will be of value.

8.8 Conclusion

The development of empirical likelihood functions from NWS forecast and

verification data is shown to be feasible. The technique for constructing likelihoods

is applicable to (most) any forecast/verification data pairs. Use of TDL products in

a single Bayesian calculation showed likelihoods based on the categorical forecast to

be better than other 1-tuple forecast variables in updating prior information.

Likelihoods developed in this manner could be used in the Bayesian

methodology developed by Zevin for flash flood forecasting. Implementation of that

methodology requires further work on forecast and verification data compatibility

with the definitional requirements of the methodology.

The likelihoods have potential to be used apart from Zevin's methodology in

single period flash flood forecasting and in providing detailed insight into the value

of information contained in particular forecast products. There is potential for use

of the likelihoods in developing improved forecasting techniques within the NWS.



APPENDIX A

LIST OF ABBREVIATIONS

AAR Actual accumulated rainfall

APR Actual potential rainfall

CFR Categorical forecast rainfall

COR Categorical observed rainfall

FI	 Forecast information

G	 Flash flood guidance

I	 Forecast information vector

L	 Likelihood

LR Likelihood ratio

01	 Observed information

P1	 Exceedance probability rainfall ^ 0.25 in.

P2	 Exceedance probability rainfall ^ 0.50 in.

P3	 Exceedance probability rainfall ^ 1.00 in.

P4	 Exceedance probability rainfall ^ 2.00 in.

PE	 Primitive equation

POP Probability of precipitation

POPA Probability of precipitation amount

QPF Quantitative precipitation forecast
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