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ABSTRACT

Imaging systems are central to numerous applications within both the defense and

commercial domains; however, the requirements of many such applications often

exceed the capabilities of traditional imaging architectures. This situation has re-

sulted in a great deal of recent interest in so-called computational imaging (CI).

CI systems are hybrid imagers in which the optical and post-processing sub-systems

are jointly optimized to maximize the task-specific performance. In this dissertation

we consider a feature-specific CI system that measures the linear projections (i.e.,

features) of the scene optically. This system is commonly referred to as feature-

specific imaging (FSI) or compressive imaging in literature. Most of the previous

work on FSI has been concerned with image reconstruction (i.e., using FSI to gen-

erate a conventional image). Previous FSI techniques have also been non-adaptive

and restricted to the use of ambient illumination.

We consider two novel extensions of the FSI system in this work. In the first

half of the dissertation we present an adaptive feature-specific imaging (AFSI) sys-

tem and consider its application to a face-recognition task. The proposed system

makes use of previous measurements to adapt the projection basis at each step.

Using sequential hypothesis testing we compare AFSI with static-FSI (SFSI) and

static/adaptive conventional imaging in terms of the number of measurements re-

quired to achieve a specified probability of misclassification (Pe). The AFSI system

exhibits significant improvement compared to SFSI and conventional imaging at low

signal-to-noise ratio (SNR). It is shown that for M = 4 hypotheses and desired Pe

= 10−2, AFSI requires 30 times fewer measurements than the adaptive conventional

imager at SNR = -20 dB. We also show a trade-off, in terms of average detection

time, between measurement SNR and adaptation advantage resulting in an optimal

value of integration time (equivalent to SNR) per measurement. We then extend
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the AFSI system to the case where class-conditional densities are unknown. We

make use of a nearest-neighbor based density estimation technique to compute the

class-conditional densities. Experimental results validating the AFSI system are pre-

sented. Finally we present an information-theoretic AFSI system for the recognition

task. We utilize the recently developed task-specific information (TSI) framework

to incorporate the knowledge from previous measurements and adapt the projection

matrix at each step. It is shown that for M = 4 hypotheses and desired Pe = 10−2,

the TSI-based AFSI system requires 3 times fewer measurements than the statistical

AFSI system at SNR = -20 dB. We also describe an extension of the TSI-based AFSI

approach which is suitable for recognition in the presence of nuisance parameters

such as illumination conditions and target orientations.

In the second half of the dissertation we present a FSI system based on the use of

structured light. Feature measurements are obtained by projecting spatially struc-

tured illumination onto an object and collecting all of the reflected light onto a single

photodetector. We refer to this system as feature-specific structured imaging (FSSI).

Principal component features are used to define the illumination patterns. The opti-

mal linear minimum mean square error (LMMSE) operator is used to generate object

reflectance estimates from the measured features. We study the optimal allocation of

illumination energy into each feature measurement in the presence of additive white

Gaussian detector noise and optical blur. We demonstrate that this new imaging

approach reduces imager complexity and provides improved image quality in high

noise environments. Compared to the optimal LMMSE post-processing of a conven-

tional image, FSSI provides a 38% root mean squared error reduction and requires

400 times fewer measurements for a noise standard deviation of σ = 2×10−3. Exper-

imental results validate these theoretical predictions. We then generalize the FSSI

system by making use of random projections (i.e., using no object prior knowledge)

to define the illumination patterns. Object estimates are generated using L1-norm

minimization and gradient-projection sparse reconstruction algorithms. The exper-

imental reconstructions show the feasibility of the proposed approach by using 42%

fewer measurements than the object dimensionality.
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CHAPTER 1

INTRODUCTION

The fundamental problem of communication is that of reproducing at

one point either exactly or approximately a message selected at another

point.

- Claude E. Shannon

Shannon formalized in his seminal paper that the entire communication system can

be partitioned into subsystems namely source/message, channel, encoder and de-

coder, and proved that for given source and channel statistics there exists a limit on

how reliably a message can be communicated from the transmitter to the receiver

[1]. This work essentially laid the foundations for the design of the encoder and

the decoder based upon the source of interest and the channel. With the advances

of information theory and coding theory the problems of communication have been

treated successfully and have reached a significant level of maturity [2]. Several re-

searchers have also utilized the communication-theoretic and information-theoretic

design principles for applications concerning imaging modalities and/or image pro-

cessing algorithms. In the context of imaging systems, the source/message repre-

sents the entire scene being imaged or some task/parameter of interest embedded

in the scene itself. For example, in a target detection task the source of interest is

a binary variable indicating the presence/absence of a target in the scene, and in a

target-localization task the source of interest is the location of the target if present

in the scene. Therefore, in the case of some scene parameter being the source of in-

terest, the scene itself may be considered as the modulation/encoding of the source.

Several reports in the literature have made use of communication-theoretic prin-

ciples for applications like image-restoration, image enhancement, target-detection
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(b)
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Figure 1.1: (a) Block diagram of a communication system, (b) Block diagram of a
conventional imaging system for the target detection task.

and super-resolution [3–10]. Note however that these approaches have been re-

stricted to the use of traditional imaging architectures in which the optical channel

(i.e., imaging optics) produces an isomorphic representation of the scene at the de-

tector array (i.e. the receiver). The decoder then post-processes the collected image

to perform the task of interest. Fig. 1.1(a) shows the block-diagram of a commu-

nication system. The communication-theoretic layout of an conventional imaging

system for the target detection task is shown in Fig. 1.1(b).

We note from the above discussion that conventional imaging (CONV) systems

are limited by the capabilities of the imaging optics and the post-processing algo-

rithms that extract the relevant information from the acquired imagery. In other

words the typical notion of a CONV imaging system is to consider the processes of

image formation and post-detection processing as separate components. This issue

has resulted in a great deal of recent interest in the so-called computational imaging

(CI) paradigm, which does not consider the optics and the electronic post-processing

sub-systems as separable [11–18]. The goal is to optimize these sub-systems jointly

with respect to a particular task or a class of tasks. Note that the communication-

theoretic layout described above still holds for CI systems. However, CI systems

have extra degrees of freedom such as the joint optimization of the optical channel
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Figure 1.2: Block diagram of a computational imaging system.

and the decoder, that can lead to better task-specific performance. Neifeld et al.

have recently developed a multi-domain optimization (MDO) framework that offers

joint optimization of optical and processing sub-systems [19, 20]. Note that the

measurement space in CI systems is mostly “non-image” like; however, it contains

the task-relevant information that can be extracted in the post-processing. Fig. 1.2

shows a general block diagram of a CI system.

Significant progress has been made lately towards 1) designing CI systems for

tasks like image reconstruction, object recognition, and depth of field/focus enhance-

ment etc., and 2) developing a mathematical framework to facilitate optimization

of the task-specific performance of CI systems. Cathey and Dowski presented a

wave-front coded imaging system that employs a cubic phase mask in the front-end

optics to improve the depth of focus [11]. Tanida et al. proposed the TOMBO

system based on multiplexing imaging sensors to achieve a thin optical configura-

tion, for the task of image reconstruction [21, 22]. Another successful CI system

is the DARPA MONTAGE camera, based on the multichannel and folded path

optics [19, 23, 24]. The design goal for the MONTAGE project was to generate

high resolution images using thin imaging systems. Brady and Gehm have also ex-

tended the principles of CI systems to design computational spectroscopy systems

[25, 26]. Recent work by Javidi et al. presents a computational integral imaging

system, for visualizing three-dimensional objects in a scattering medium [27]. It

is important to recognize that a measure of task-specific performance is essential

for designing CI systems. Metrics like visually weighted root mean square error

(RMSE) and probability of detection/misclassification are very commonly used to
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quantify the task-specific performance of imaging systems [16, 28–31]. Barrett et

al. have developed task-based metrics for image quality assessment in [32–34]. This

work has focused primarily on ideal observer models and their application to various

detection and estimation tasks. In addition to these metrics several authors have

considered information-theoretic metrics to upper bound the performance of CI sys-

tems. Prasad et al. have applied Fisher information to characterize the performance

of CI systems for tasks like depth of focus enhancement and digital super-resolution

[12]. Neifeld et al. recently developed a Shannon mutual information (MI) based

task-specific information-theoretic metric [35]. This metric is referred to as task-

specific information (TSI) and quantifies the task-relevant information available in

an optical measurement. Furthermore, Neifeld et al. used the TSI framework to

evaluate the performance of CI systems for a variety of tasks. [35, 36]

In this dissertation we are interested in a form of CI system that measures linear

projections (i.e., features) of the scene optically. Such a system is referred to as a

feature-specific imaging (FSI) system [16]. We present two novel extensions of the

FSI system in this work. The first extension is incorporating adaptation in FSI for

the task of object recognition. The second extension is non-adaptive and makes use

of active illumination for the task of scene reconstruction. Next, we briefly review

the background and past research work on FSI systems.

1.1 Background on feature-specific imaging

FSI is a CI technique in which the naturally illuminated input scene is projected

onto a predefined (low-dimensional) subspace prior to being measured [16]. The

overall FSI system may be viewed as an optical feature extraction component fol-

lowed by a computational feature exploitation component. The design of both these

components entirely depends upon the task of interest. In many cases it is of interest

to create a visually pleasing representation of the object space. In these cases it is

the task of the feature exploitation component to convert the non-image-like feature

measurements into a visually understandable image representation. Various forms of
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compressive imaging also fall into this category [29, 37–39]. In other cases a “pretty

picture” is not required and feature exploitation may operate directly on feature

measurements to accomplish such tasks as recognition, compression, transmission,

etc [40]. Several authors have described optical implementations of feature-specific

imagers [16, 29, 41]. A wide variety of features have been investigated including

random projections [37], discrete cosine projections [38], principal components [16],

independent components [16], wavelets [40] and Fisher features [40]. Through these

activities many potential benefits of FSI have been quantified including reduced

hardware complexity, increased frame rate, improved measurement signal-to-noise-

ratio (SNR), and higher feature fidelity yielding improved reconstruction quality

and/or task-performance (e.g., recognition rate) compared with conventional im-

agers. In this dissertation we present two candidate FSI systems along with their

optical implementations, for recognition and scene reconstruction tasks.

1.2 Recognition task

In the first half of this dissertation we are interested in the object recognition task,

and we consider face objects for recognition. Face recognition is finding widespread

use in a variety of applications such as human-computer interfaces, building security,

smart-card-based customer identification, and military/commercial surveillance and

tracking. A wide variety of algorithms have been proposed for achieving reliable face

recognition within these applications [42–50]. The vast majority of these algorithms

have been developed for use with a conventional image representation (i.e., a CONV

imager). Specifically, they operate as post-processing algorithms applied to an iso-

morphic representation (i.e., a pretty picture) of the input scene. Therefore, one of

the challenges that must be overcome by these algorithms is the high-dimensionality

of their input space. For this reason, almost all such algorithms employ some form

of feature-extraction pre-processing. A recent survey of face recognition methods

highlighted the importance of linear feature-extraction techniques such as principal

component analysis, discrete cosine transforms, and Fisher linear discriminant anal-
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ysis [44]. The need for a dimensionality-reducing pre-processor as a first step within

these recognition algorithms suggests that FSI is well-suited to face recognition ap-

plications.

Pal et al. and Duarte et al. have reported the use of FSI for object recognition

and demonstrated improved recognition performance when compared to CONV [30,

51]. However, the FSI systems reported in [30, 51] are static in nature i.e, the

projections remained unchanged during the measurement process. We refer to this

system as static feature-specific imaging (SFSI). Here we are interested in developing

an adaptive system that will make use of the past feature measurements to adapt the

projection space for the future measurements. We expect to achieve better task-

specific performance as compared to the static systems, by allowing the sensing

system to adapt based on previous measurements. A similar approach has been

shown to offer significant benefits for radar applications [52, 53]. The first half of

this dissertation thus focusses on incorporating the adaptation capability into FSI

systems for a M−class recognition task. We refer to this system as an adaptive

feature-specific imaging (AFSI) system [54].

The decision-making steps for the AFSI system are based on the sequential hy-

pothesis testing (SHT) framework. It has been shown in [55, 56] that SHT requires

fewer measurements on average compared to hypothesis testing approaches that uti-

lize a fixed sample size. We employ the multi-hypotheses extension of SHT described

in [56]. By integrating SHT with FSI we obtain a system that attempts to mini-

mize the number of measurements required to reach a desired level of classification

fidelity. The first recognition problem we consider in this study assumes 1) the class-

conditional signals to be known exactly a priori, and 2) the measurement noise to be

the only source of randomness within each hypothesis. Using this simple recognition

example we illustrate the usefulness of AFSI, and quantify its performance as com-

pared with SFSI and static/adaptive CONV systems. We understand that a more

general (i.e., real-world) face recognition problem would however consider variability

in illumination, pose and expression [44]. Towards this goal our next step in this

work is to relax the above assumptions and consider object variability/stochasticity
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within each hypothesis. The second recognition problem in this work thus extends

the AFSI framework to consider the case when the class-conditional objects are no

longer completely known. This implies that the associated densities do not just

depend on the Gaussian detector noise. It should be noted that this extension work

does not consider the variability by explicitly modeling face-object parameters like

illumination, pose and expression. A training set of face images with representa-

tive variations within each hypothesis, is assumed to be available beforehand. The

extended AFSI system uses the training data and past feature-measurements to de-

termine the optimal projection vectors for future measurements. We consider both

parametric and non-parametric approaches, as discussed in [44, 57, 58], to model

the class-conditional densities required by the SHT framework. We also present the

laboratory results comparing AFSI and SFSI systems, and demonstrate improved

recognition performance using adaptation.

It is important to recognize that the above mentioned statistical adaptation

method is not necessarily optimal in terms of recognition TSI. This is because it at-

tempts to maximize the average separation between various hypotheses which is only

optimal for a two-class problem [31, 59]. This motivates us to extend the AFSI sys-

tem further by developing an information-optimal adaptation mechanism. We make

use of the information-theoretic framework in [35] to define the recognition TSI. Us-

ing this information measure we describe an optimal method to adapt the projection

matrix based on previous feature measurements and priors. Previous work related to

information-theoretic recognition approaches have not directly optimized Shannon-

information because direct computation of MI becomes prohibitive with increasing

scene dimensionality [10, 60, 61]. The work in [10] approximates the MI measures

with Ali-Silvey distance functions. The work in [60, 61] proposes a greedy-search

algorithm to find the subset of projection vectors, from a given dictionary, that are

maximally informative about a specific class in the M -class recognition problem.

Also, note that these approaches do not consider the recognition-task in an adap-

tive framework. The novelty of our information-theoretic AFSI system resides in the

capability of designing/adapting projection space conditioned on past measurements
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and prior knowledge. We present comparisons of this information-theoretic AFSI

system with both SFSI and statistical AFSI systems. We also extend the TSI-based

AFSI approach to a M−class recognition problem with nuisance parameters.

Although our assumptions in this work do not address the real challenges en-

countered in practical face recognition, our purpose in this dissertation is to present

both statistical and information-theoretic adaptation mechanism for the FSI system.

In this work we also introduce a new metric that measures the average time required

to make a decision. The analysis of average detection time leads to an interesting

trade-off between measurement SNR and adaptation advantage.

1.3 Object reconstruction task

In the second half of this dissertation we are interested in the reconstruction task.

As noted earlier in this chapter, much of the previous work on feature-specific CI

has focussed on object reconstruction [16]. In addition all these previous systems

have been concerned with passive imaging modalities: imagers for which ambient

illumination is assumed. There are however, numerous imaging modalities that

rely on active illumination: imagers for which the illumination is structured. Both

temporally and spatially structured illumination is possible. Temporal structure

is commonly used in laser radar (e.g., pulses and/or coded waveforms) and digital

holography (e.g., reference beam phase sequences); whereas, spatial structure has

been pursued for use in 3D imaging (e.g., depth map extraction) and microscopy

(e.g., grating-based super-resolution) [62–69]. A unifying theme among these active

imaging techniques is the use of illumination degrees of freedom in order to achieve

improved performance.

In this work we are interested in extending the domain of feature-specific CI

to include the exploitation of illumination degrees of freedom. Toward this goal

we will present a feature-specific imaging system that utilizes spatially structured

illumination. We refer to such a system as a feature-specific structured imaging

(FSSI) system. FSSI projects spatially structured illumination patterns onto an
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object and collects the reflected light onto a single photo-detector resulting in fea-

ture measurements [17]. The illumination patterns are designed based on the use

of detailed object prior knowledge (i.e., first and second order statistics). The ben-

efits of the FSSI system over the passive FSI architectures reported in [16, 29] are

twofold: (1) the active modality enables imaging with zero ambient light levels, and

(2) the active modality reduces the complexity of the light-collection hardware. We

would like to note here that the FSSI system is very similar in principle to the linear

precoder-decoder design problem in communication theory. The idea here is to pre-

code the object along dominant eigenvectors, which allows efficient utilization of the

illumination energy and makes the FSSI system more robust to channel degradation.

We present comparisons of the FSSI system with a CONV imager in terms of re-

construction fidelity and validate the predicted performance improvements through

laboratory experiments.

Note that FSSI systems make use of the object prior knowledge in determining

the illumination patterns. However, the prior knowledge is not always available

to the system during the sensing process. It will therefore sometimes be useful to

design the sensing process independent of the object prior. Towards this goal, we

generalize FSSI by making use of random projections (i.e., using no object prior

knowledge) to define the illumination patterns [70]. We refer to such a system as a

random projections based feature-specific structured imaging (RFSSI) system. Sev-

eral reports exist on the use of random projections (RP) for sparse signal/image

recovery [29, 71–73]. The main appeal behind using RP is that one does not require

detailed prior knowledge about the object during the measurement process. In-

stead, sparsity (a form of object prior knowledge) is enforced during the reconstruc-

tion process through nonlinear algorithms based on L1-norm minimization and/or

gradient-projection [71–73]. The advantage of RFSSI system compared to FSSI sys-

tem is that the measurement mechanism uses a RP basis and so does not depend

on the object. We also present the experimental validation for the RFSSI system.
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1.4 Organization of the dissertation

This chapter presented a brief background on CI systems, and outlined our exten-

sions for the FSI system. Chapter 2 begins by reviewing the simple SFSI based

recognition approach and compares its performance with that of a CONV imager.

We then describe the AFSI based recognition approach and quantify its performance

as compared with SFSI and static/adaptive CONV imaging. The AFSI system that

will be presented in Chapter 2 assumes 1) the class-conditional signals to be known

exactly a priori, and 2) the normally distributed measurement noise to be the only

source of randomness within each hypothesis. Chapter 3 relaxes these assumptions

by considering object variability/stochasticity within each hypothesis. Because the

statistical adaptation mechanism developed in Chapters 2 and 3 is not optimal in

terms of recognition TSI, we extend the AFSI system further in Chapter 4 by de-

veloping an information-optimal adaptation mechanism. Next, we present the FSSI

and RFSSI systems for the object reconstruction task in Chapter 5 and Chapter 6

respectively. Chapter 5 describes the FSSI system by making use of object prior

knowledge for designing the illumination patterns. Chapter 6 presents the RF-

SSI system that makes use of random illumination patterns (independent of object

statistics).
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CHAPTER 2

ADAPTIVE FEATURE-SPECIFIC IMAGING: A SIMPLIFIED FACE

RECOGNITION EXAMPLE

In the first half of this dissertation we are concerned with the design of AFSI sys-

tem for the task of recognition. This chapter starts by reviewing the SFSI based

recognition approach and compares its performance with that of a CONV imager.

This discussion will illustrate the importance of the photon-count constraint on

recognition performance. Next, we describe the AFSI based recognition approach

and quantify its performance as compared with SFSI and static/adaptive CONV

systems. This section also introduces a new metric that measures the average time

required to make a decision. The analysis of average detection time leads to an in-

teresting trade-off between measurement SNR and adaptation advantage. The final

section of this chapter presents an alternate basis function which exhibits further

reduction in the number of measurements required at low SNR values.

2.1 Static feature-specific imaging based recognition

Feature-specific imaging is a technique in which the naturally illuminated input scene

is projected onto a predefined (low-dimensional) subspace prior to being measured

[16]. In this section we present the framework for SFSI based recognition and com-

pare the performance of SFSI with that of a static conventional imager (SCONV).

Figure 2.1 presents schematic representations of both the SFSI and SCONV systems

that can be used to measure the linear projections of an object irradiance distribu-

tion; we will refer to these projections as features. Fig. 2.1(a) shows the SCONV

schematic. A conventional imager forms an isomorphic representation of the object

on the detector array where the measurement is then corrupted by additive white

Gaussian noise (AWGN). The object irradiance is of dimension
√

N×√N and is
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lexicographically ordered into an N -dimensional vector G. All two-dimensional

quantities will be represented in this same way throughout this work. We assume a

system constraint which upper bounds the allowed measurement time or integration

time per measurement. We denote it by Tint and it basically represents the time

duration over which photons will be collected from the object on the detector array.

The image at the detector is given by TintG + nconv, where nconv is a zero-mean

AWGN vector with covariance matrix σ2[I]N . The noisy image is post-processed

to extract the features. The extracted L-dimensional feature vector is given by

rconv = PT (TintG + nconv), where P is the N×L projection matrix. The columns

of Pconv transforms the measured high-dimensional image into a low-dimensional

feature vector that can be used for classification purposes. This extraction process

is essentially similar to the dimensionality reduction step used by the state of art

recognition approaches [42–44, 50]. The feature vector rconv will be used in the

detection algorithm described in the next subsection.

Fig. 2.1(b) shows the SFSI system. This system computes the desired linear

projections optically thus avoiding the intermediate step of measuring the object

irradiance distribution. The L-dimensional measured feature vector is given by

rFSI = PT
FSIG + nFSI , where PFSI represents the N×L projection matrix that

is realized by the optical hardware. The reason for PFSI not being equal to P is

twofold. First is the system constraint Tint which ensures that the total number

of measured photons is less than or equal to the total number of incident photons.

This constraint results in PFSI = PTint/C, where

C = max
k
{

L∑
j=1

|Pkj|}. (2.1)

The second reason is that negative quantities in PFSI cannot be implemented op-

tically and so the dual-rail approach is used [16]. The dual-rail implementation

results in a doubling of the noise variance and thus the co-variance matrix of nFSI is

2σ2[I]L. Once again the feature vector rFSI will be used in the detection algorithm

described below. Fig. 2.2 presents an example optical layout of a FSI system based

on the implementation suggested in Refs. [16, 29]. In this layout the projection
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vectors (i.e. column vectors from PFSI) are implemented using a spatial light mod-

ulator (SLM). The measurement time Tint is split between the L projection vectors

from the projection matrix PFSI equally. The two-dimensional object G is imaged

onto the SLM and the transmitted light is collected onto a single photo-detector

resulting in the feature measurement. It is assumed that the object is matched with

the SLM resolution i.e. the imaging optics provides resolution at least equal to the

object pixel size. It is important to note that the channel SNR (i.e. SNR defined

by the integration-time constraint and detector noise) for both the FSI and CONV

systems is the same, and is given by SNR = 10·log10
Tint

σ2 when the object irradiance

is normalized to 1. However, the FSI system offers a clear advantage in terms of

higher feature-measurement SNR (i.e. feature-fidelity) because the same number of

total photons (incident from the object) are measured using fewer detectors. Next,

we will describe a simple two-class detection problem and compare the SFSI and

SCONV systems in terms of probability of error.

2.1.1 Two-class problem

Consider that one of the two known objects G1 or G2 is present. Consider L = 1

projection vector. The two hypotheses and the associated measurements for the

SCONV system are given by

H1 : rconv = PT (TintG1 + nconv)

H2 : rconv = PT (TintG2 + nconv). (2.2)

The priors associated with these hypotheses are denoted by P1 and P2 respectively.

We use the Bayesian paradigm [31, 59] as it minimizes the probability of error for a

given set of priors. The optimal test statistic is given by T (rconv) = rconv(P
T [G2 −

G1]) and the optimal decision rule is: Choose H2 if T (rconv) is greater than γconv or

H1 otherwise. The optimal threshold γconv is equal to 2σ2(PTP)lnP1

P2
+ (PTG2)

2 −
(PTG1)

2. The detection performance is given by the average probability of correct

classification PD = Pr(H1|H1)P1 + Pr(H2|H2)P2, where Pr(H1|H1) and Pr(H2|H2)

represent the conditional probabilities of correct classification. These probabilities
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Figure 2.1: Schematic representation of (a) feature extraction after measuring a con-
ventional image and, (b) optical feature extraction using a feature-specific imager.

are given by

Pr(H1|H1) =

∫

R1

Pr[T (rconv) < γconv; H1]drconv

Pr(H2|H2) =

∫

R2

Pr[T (rconv) > γconv; H2]drconv, (2.3)

where R1 and R2 denote the regions of acceptance for hypothesis H1 and H2 respec-

tively. The term Pr[T (rconv) < γconv; H1] represents the probability of T (rconv) being

less than γconv under the H1 hypothesis. The term Pr[T (rconv) > γconv; H2] repre-

sents the probability of T (rconv) being greater than γconv under the H2 hypothesis.

For P1 = P2 = 1
2
, PD is proportional to

J(P) =
[PT (G2 −G1)Tint]

2

σ2[PTP]
. (2.4)
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Maximizing J(P) yields the optimal projection vector Pconv
opt = G2−G1. This result

is well-known as the matched-filter [59]. It is important to realize that feature-

extraction acts as a post-processor for the SCONV system and therefore the inte-

gration time constraint noted in Eq. (2.1) does not affect the choice of Pconv
opt .

The two hypotheses and the associated measurements for the SFSI system are

H1 : rFSI = PT
FSIG1 + nFSI

H2 : rFSI = PT
FSIG2 + nFSI . (2.5)

The test statistic in this case is once again given by T (rFSI) = rFSI(P
T
FSI [G2−G1])

with the optimal decision rule: Choose H2 if T (rFSI) is greater than γFSI or H1

otherwise. The threshold γFSI is equal to 4σ2lnP1

P2
+ (PT

FSIG2)
2 − (PT

FSIG1)
2. For

P1 = P2 = 1
2

the detection performance PD in this case is proportional to

J(PFSI) =
[PT

FSI(G2 −G1)]
2

2σ2
. (2.6)

We suggest two options for finding a good PFSI . The first option is obtained by sim-

ply extending the SCONV result and thus normalizing P = (G2−G1) according to

Eq. (2.1). This results in P
′
FSI = (G2−G1)Tint

max(|G2−G1|) , where max(X) represents the largest

element of vector X. Note that this choice of PFSI does not necessarily maximize

J(PFSI) in Eq. (2.6) because P
′
FSI is not photon-efficient under the integration time

constraint. The second option is obtained by optimizing J(PFSI) under the given

constraint. In the L = 1 case it is possible to derive the optimal projection vector
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analytically and it is found to be PFSI
opt = Tint[sgn(G2 −G1)], where sgn(x) = x/|x|

for x∈<. In order to prove this result we only consider maximizing the numerator

expression of J(PFSI) in Eq. (2.6), as the denominator does not depend on PFSI .

Also we will denote the vector G2 −G1 as ∆G. Note that the photon-constraint

for L = 1 projection vector requires that max{| [PFSI ]i |} ≤ Tint, where [PFSI ]i is

the ith element of vector PFSI . This implies that the numerator term of J(PFSI)

(i.e., [PT
FSI(G2 − G1)]

2) is upper-bounded by T 2
int(

∑N
i=1[∆G]i)

2. We further note

that the term
∑N

i=1[∆G]i is upper-bounded by
∑N

i=1 | [∆G]i |. This implies that

the upper-bound of the cost-function J(PFSI) is given by

J(PFSI) ≤ T 2
int(

∑N
i=1 | [∆G]i |)2

2σ2
. (2.7)

It is straightforward to see that this bound can only be achieved by setting the ith

element of [PFSI ] equal to Tint[sgn([∆G]i)] in Eq. (2.6), and therefore the optimal

L = 1 projection vector is given by Tint[sgn(G2 −G1)].

Next, we compare SCONV and SFSI systems in terms of probability of error by

considering K measurements. In the case of SCONV K implies the number of image

measurements (equivalent to measurement SNR); whereas, in the case of SFSI it

implies the number of feature measurements. We will denote the probability of error

by Pe = Pr(H1|H2)P2 + Pr(H2|H1)P1, where Pr(H1|H2) and Pr(H2|H1) represent

the misclassification error conditional probabilities. Because the measurement noise

in Eq. (2.2) and Eq. (2.5) is AWGN, computing Pe for K measurements and noise

variance σ2 is equivalent to computing the same for K = 1 and noise variance σ2/K.

The misclassification error probabilities are given by

Pr(H1|H2) =

∫

R2

Pr[T (r) > γ; H1]dr

Pr(H2|H1) =

∫

R1

Pr[T (r) < γ; H2]dr, (2.8)

where, T (r) and γ represent the appropriate test statistic (i.e., for SCONV or SFSI)

and threshold respectively. The terms R1 and R2 represent the regions of accep-

tance for hypotheses H1 and H2 respectively. The term Pr[T (r) > γ; H1] represents
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the probability of T (r) being greater than γ under the H1 hypothesis. The term

Pr[T (r) < γ; H2] represents the probability of T (r) being less than γ under the H2

hypothesis.

Before we continue with quantitative comparisons it is important to recall that

the word “static” in both SFSI and SCONV implies that the projection vector does

not change with increasing K. The face objects chosen are of dimension 32×32

i.e. N = 1024. We use the face database from [74] to evaluate the recognition

approaches in this chapter. It consists of 499 sets of face images for 4 individuals,

each face of the dimension 32×32. All the comparisons that will be presented in

this chapter are averaged over the complete database. We do not explore the other

popular databases like CMUPIE, FERET and Yale’s AR database as suggested in

[44] because this work is intended to describe a new imaging technique (i.e., AFSI)

and not a solution to the face recognition problem. For the same reason we chose

the dimensionality of the face objects to be 32×32 as opposed to the face recogni-

tion community which in general prefers much higher dimensionality images [44].

Figure 2.3(a) shows an example of two faces between which we are trying to dis-

criminate. We choose the system parameters Tint = 0.1 and σ2 = 10 (which implies

SNR = −20dB). Figure 2.3(b) shows example images, under both hypotheses, as ob-

served by the SCONV system. Figure 2.3(c) plots the probability of error Pe versus

K for both the SCONV and SFSI systems. The solid line represents Pe for SCONV,

the dashed line represents Pe for SFSI with P
′
FSI and the dotted-dashed line repre-

sents Pe for SFSI with PFSI
opt . Observe that Pe decreases with K. This behavior is

expected as the measurement SNR increases with increasing K and thus detection

reliability improves. Another observation is that SFSI outperforms SCONV due to

higher feature-fidelity. This behavior is consistent with the comparisons reported in

[30]. Because PFSI
opt is the optimal projection vector under the photon constraint in

Eq. (2.1), SFSI with PFSI
opt is superior to SFSI with P

′
FSI .

In order to quantify the performance of adaptive systems it will be useful to take

a slightly different perspective on the data in Fig. 2.3(c). We will fix the desired

Pe = 10−2 and σ2 = 10 and study the required number of measurements K as a
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function of the integration time Tint. Figure 2.3(d) plots K versus Tint for both the

SCONV and SFSI systems. The solid, dashed and dotted-dashed curves represent

SCONV, SFSI with P
′
FSI , and SFSI with PFSI

opt respectively. Important observations

associated with this data include: 1) K decreases with Tint; this behavior is expected

as the measurement SNR improves with increasing integration time thus reducing

the number of measurements required to achieve the desired confidence Pe = 10−2.

Note that all three approaches converge to one measurement as SNR −→ ∞. 2)

SFSI requires fewer measurements than SCONV because of higher feature-fidelity,

and 3) SFSI with PFSI
opt requires fewer measurements than SFSI with P

′
FSI .

2.1.2 Extension to M hypotheses

Now we will extend the analysis to M > 2 hypotheses. We will generalize it further

by considering L > 1 projections. For SCONV the extracted L-dimensional feature

vector under the ith hypothesis is given by

rconv = PT (TintGi + nconv). (2.9)

Similarly for SFSI the measured L-dimensional feature vector under the ith hypoth-

esis is given by

rFSI = PT
FSIGi + nFSI (2.10)

Note that the measurement model here is same as before except that the dimension

of P is now N×L. Next, we will address the question of designing the projection

basis for a M -class problem. Recall that for M = 2 we can analytically express

the detection performance in closed form and optimize it to find the best projection

basis. However, it is mathematically intractable to do the same for an M > 2 class

problem. The method used here is based on the approach employed in [52, 53, 76],

in which the transmission waveforms are designed to produce maximum SNR at the

output of the receiver matched filter. This approach is provably optimal for the

two-class detection problem and is heuristically extended for M > 2. We begin by
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defining the between-class scatter matrix R as

R =
∑

j=1...M

∑

i=1...M,i 6=j

PiPj(Gi −Gj)(Gi −Gj)
T . (2.11)

The projection matrix P can be defined using this matrix. The L column vectors of

the projection matrix P are chosen as the L dominant eigenvectors of R. Note that

for a two-class problem the dominant eigenvector of R will be given by G2−G1. As

seen from section (2.1.1) this difference vector maximizes the detection performance

given by Eq. (2.4). In other words the projection vector G2 − G1 maximizes the

separation between the two hypotheses in the measurement space. However for

M > 2, the strategy of creating maximum separation is less obvious as there are

several possible combinations of distances to maximize. The approach of selecting

the L-dominant eigenvectors of R attempts to maximize the average distance among

all possible pairs of hypotheses. The weight factor associated with pair Hi and Hj

is chosen to be the product of the priors Pi and Pj. This approach was the best

among the several alternatives studied in [52]. Because the detector noise is AWGN

R does not depend on the noise co-variance. Note that the rank of R is M−1 which

implies that L = M − 1 eigenvectors of R will extract all possible discriminating

information for a M -class problem. Once again PFSI is created by normalizing the

matrix P according to the photon-constraint described in Eq. (2.1).

As we did for the two-class problem, we would like to quantify the number

of measurements (K) required in order to achieve Pe = 10−2 for σ2 = 10. The

expression for Pe for the M -class problem is given as

Pe =
M∑
i=1

Pr(H1....Hi−1, Hi+1, ...HM |Hi) Pi. (2.12)

The conditional probabilities in Eq. (2.12) are multivariate Gaussian density func-

tions and we make use of numerical techniques suggested in [75] to compute Pe.

We numerically solve Eq. (2.12) to find the value of K that is required to achieve a

specified Pe for a given set of system parameters. Recall that the projection matrix

is obtained using the scatter matrix R and it does not change with increasing K
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for the “static” systems. For our simulations we choose M = 4 and equal priors for

all hypotheses. Figure 2.4(a) shows an example of M = 4 faces among which we

are trying to discriminate. Recall from previous subsection that K is computed by

Monte-Carlo averaging over the 499 sets of M = 4 faces available in the database.

Figure 2.4(b) compares SFSI and SCONV in terms of K for L = 1 to 4. The solid

curves represent the performance of SCONV and dashed curves represent that of

SFSI. The different markers represent the different values of L. We see from this

data that K decreases with Tint. This behavior is similar to what we observed for

the two-class problem. With increasing L, SCONV requires fewer measurements to

achieve the desired Pe. However, saturation occurs from L = 3 onwards. The rea-

son for this saturation behavior is twofold. First recall that the rank of the matrix

R is equal to M − 1 = 3 and therefore L = 3 projections are sufficient to obtain

complete discriminating information. Second note that there is no SNR-cost asso-

ciated with measuring L > 3 projections using SCONV because features are being

extracted in post-processing. From the data in Fig. 2.4 we note once again that

SFSI outperforms SCONV. The performance of SFSI improves with increasing L as

expected; however, degradation occurs from L = 4 onwards. Because the matrix

R has rank equal to 3 the fourth projection vector provides no new discriminating

information but instead leads to photon loss. To put this differently, when we split

the photon-budget into L = 4 measurements, projections along the fourth eigenvec-

tor add no new information but instead reduces the measurement SNR for the first

three features.

2.2 Adaptive feature-specific imaging based recognition

So far we have compared the static versions of both conventional imaging and FSI

and shown that better detection performance is achieved when features are ex-

tracted optically. The improvement can be further enhanced by making FSI adap-

tive i.e. modifying the projection vectors at every stage of the experiment based

on knowledge obtained from previous measurements. Here we make use of the SHT
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framework and Bayesian updates to incorporate the adaptation in FSI [52, 55, 56].

We begin by explaining the measurement model for AFSI and adaptive-conventional

(ACONV) imaging. The measurement vector, for the AFSI system, under the target

hypothesis Hi is given by

rFSIk
= PT

FSIk
Gi + nFSI , (2.13)

where k is the iteration number and i = 1...M . The quantities rFSIk
and PFSIk

represent the L-dimensional feature vector and FSI projection matrix at the kth

iteration respectively. As before nFSI is AWGN with co-variance 2σ2[I]L.

Recall from the previous section that the feature-extraction step in CONV sys-

tems is mostly used for the dimensionality reduction of the high-dimensional image

measurement. This suggests that the dimensionality-reduction basis must be ef-

ficient with respect to the recognition task. Therefore, incorporating adaptation

capability in the CONV system will help in designing such projection matrix. The

extracted feature-vector for the ACONV system at the kth iteration is given by

rconvk
= PT

k (TintGi + nconv), (2.14)

The quantities rconvk
and Pk represent the L-dimensional feature vector and pro-

jection matrix at the kth iteration respectively. As before nconv is AWGN with

co-variance σ2[I]N .

Next, we describe the decision making procedure for AFSI and ACONV that

is performed using the SHT framework. SHT is a testing procedure for statistical

decision making based on a sequence of measurements. We begin by considering

a two-hypothesis (H1 and H2) example. SHT requires that at any stage of the

experiment we must choose one of the following: 1) Accept the hypothesis being

tested, 2) Reject the hypothesis being tested or 3) Continue the experiment by

making another measurement. The test applied after each measurement is based on

the likelihood ratio. This test is also referred to as the sequential probability ratio

test (SPRT) in some literature [55, 56]. As we would expect from the SHT definition

there are now three mutually exclusive decision regions. Mathematically the SHT
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test at the kth iteration can be expressed as: 1) Decide H1 if T (r(k)) = p(r(k)|H2)

p(r(k)|H1)
< B,

2) Decide H2 if T (r(k)) = p(r(k)|H2)

p(r(k)|H1)
> A, or 3) Make another measurement. Note

that r(k) = [rconv1 ....rconvk
] for the ACONV system and r(k) = [rFSI1 ....rFSIk

] for

the AFSI system. The quantity r(k) represents the k×L-dimensional feature matrix

capturing the entire measurement history of the experiment. The term p(r(k)|Hi)

represents the probability of r(k) under hypothesis Hi. Note that the number of

iterations required to make a decision is now a random quantity. This is because

the measurement models in Eq. (2.13) and Eq. (2.14) depend on random noise.

We will denote the number of iterations required for a single experiment by K.

(Recall that K was deterministic for static algorithms). The SPRT test requires, on

average, E[K] observations which is guaranteed to be less than the optimal number

required by a fixed-sample size test for a specified error rate Pe [15]. The function

E[·] represents the expectation operator. The thresholds A and B are designed such

that E[K|A, B; H1] and E[K|A,B; H2] are minimized for a given error rate. The

optimal thresholds are found to be A = P1

P2

Pe

1−Pe
and B = P1

P2

1−Pe

Pe
. The derivation for

these thresholds can be found in [55].

Next, we extend SHT to the M -hypotheses case. We apply the multi-hypotheses

extension given by [52, 56]. The steps involved are: (1) Start with equal prior

probabilities for the M hypotheses i.e. Pi = 1/M for i = 1..M . (2) The likelihood

ratio for a pair of hypothesis i and j after the kth iteration is given by

λk
i,j =

∏
m=1...k pi,m∏
l=1...k pj,l

·Pi

Pj

, (2.15)

where

pi,l =
1

(4πσ2)L/2
exp (− 1

4σ2
(rFSIl

−PT
FSIl

Gi)
T (rFSIl

−PT
FSIl

Gi)) (2.16)

for the AFSI system and

pi,l =
1

(2πσ2)L/2
exp (− 1

2σ2
(rconvl

−PT
l TintGi)

T (PT
l Pl)

−1(rconvl
−PT

l TintGi))

(2.17)

for the ACONV system. (3) If at the kth iteration we have λk
i,j > 1−P ∗e

P ∗e
for all

i6=j then the experiment stops and we decide in favor of Hi. If any one of these



40

inequality conditions is not satisfied at the kth iteration then we must continue by

taking another measurement.

Before taking the (k + 1)th measurement we would like to update the projec-

tion basis using information obtained from the previous k measurements. The new

projection matrix Pk+1 is obtained by selecting the L dominant eigenvectors of the

updated between-class scatter matrix Rk+1, which is given by

Rk+1 =
M∑

j=1

M∑

i=1;i6=j

Pk
j P

k
i (Gj −Gi)(Gj −Gi)

T . (2.18)

Recall that for the AFSI approach the projection matrix PFSIk+1
must also be

normalized according to the integration time constraint. The updated priors in

Eq. (2.18) are obtained by using Bayes rule

Pk
j =

Pr(rFSIk
|Hj)P

k−1
j∑

m=1...M Pr(rFSIk
|Hm)Pk−1

m

, (2.19)

where j = 1...M . Similarly we can derive the updated between-class scatter matrix

Rk+1 and updated priors for the ACONV system by replacing rFSIk
with rconvk

in

Eq. (2.19). Figure 2.5 shows the flowchart representation of the AFSI and ACONV

systems explained above. It is important to realize that the adaptation mechanism

described above only requires the computation of likelihoods and subsequently the

projection vector(s) after each measurement. Because the likelihoods and the pro-

jection vector(s) are computed in the M − 1 dimensional space with M ¿ N (i.e.,

the object dimensionality) in general, the overhead associated with each adaptation

is not significant.

Figure 2.6(a) illustrates an example of how priors are updated as the experiment

progresses using AFSI. The simulation details are once again: M = 4, Pe = 10−2,

σ2 = 10. The value of L is taken to be 1 and Tint is set to 0.1. Object 2 is the true

hypothesis in this experiment. The observations from this data are: 1) All the priors

start with Pi = 0.25 at the first iteration, 2) The priors are updated after each mea-

surement and the decision is not made until all the likelihood ratios corresponding

to a particular hypothesis become greater than 1−Pe

Pe
. In this particular experimental
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realization the decision is made after K = 11 iterations. Figure 2.6(b) shows the up-

dated projection vector after each iteration corresponding to the specific experiment

in Fig. 2.6(a).

2.2.1 Comparisons

We evaluated the performance of both AFSI and ACONV for M = 4, Pe = 10−2,

σ2 = 10 and L = 1, 2 and 3 in terms of E[K] as a function of detector integra-

tion time Tint. At each value of integration time E[K] is computed by performing

Monte-carlo averaging over 800 trials of SHT (i.e., 200 noised realizations per class)

for each set of M = 4 faces in the database. Recall from the previous section

that AFSI system extends the SFSI system by integrating it with the SHT frame-

work and incorporating adaptation capability. Before we begin comparing the SFSI

and AFSI systems, we will first study the effect of integrating SHT with SFSI. We

will refer to this system as SFSI-SHT. Note that the comparison between the SFSI

and SFSI-SHT systems will help us in quantifying the benefits of sequential testing

framework. Figure 2.7 compares the SFSI-SHT approach with SFSI which uses a

fixed number of measurements to achieve the probability of error specified by Pe.

The solid curves represent SFSI and dashed curves represent SFSI-SHT. The dif-

ferent markers represent the different values of L. We make several observations

from this data. First we note that E[K] is a monotonically decreasing function of

Tint. E[K] finally approaches unity (only one measurement required) because of

increasing SNR. Second we observe that both SFSI and SFSI-SHT systems require

fewer measurements as L increases from 1 to 3 because more discriminating infor-

mation becomes available. We also observe that SFSI-SHT outperforms SFSI for all

values of Tint. The improvement achieved by the SFSI-SHT system is a result of the

sequential testing framework. Observe that SFSI-SHT with L = 3 requires nearly

2.5 times fewer measurements than SFSI with L = 3 at Tint = 0.1 (or equivalently

at SNR = −20dB). Next we compare the AFSI approach with SFSI approach to

quantify the benefits of incorporating adaptation capability. Figure 2.8 plots the

required E[K] for both the AFSI and SFSI systems. The solid curves represent
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SFSI and dashed curves represent AFSI. The different markers represent the dif-

ferent values of L. First we note that E[K] is a monotonically decreasing function

of Tint due to increasing measurement SNR. Second we observe AFSI outperforms

SFSI for small Tint. The improvement achieved by the AFSI system is due to its

additional capability of adapting the priors and subsequently the projection matrix.

The adaptation advantage is highest at low values of Tint, and decreases with in-

creasing Tint as E[K] starts approaching unity. Also, we start losing the adaptation

advantage with increasing number of projections because increasing L results in de-

creasing SNR per feature measurement. Therefore, at low values of Tint AFSI with

L = 1 performs best followed by L = 2 and so on. Observe that AFSI with L =

1 requires 7 times fewer measurements than SFSI at Tint = 0.1 (or equivalently at

SNR = −20dB).

Figure 2.9 compares ACONV with SCONV in terms of E[K] as a function of

detector integration time Tint. The solid curves represent SCONV and dashed curves

represent ACONV. The different markers represent the different values of L. The

observations from this data are: 1) E[K] is a monotonically decreasing function of

Tint due to increasing measurement SNR. 2) ACONV outperforms SCONV due to

the adaptation capabilities. Because there is no noise-cost associated with measuring

more projections in conventional imaging, we do not lose the adaptation advantage

with increasing L. Observe that at Tint = 0.1, ACONV needs 2-3 times fewer

measurements than SCONV.

Figure 2.10 compares AFSI with ACONV. The solid curve with dots represent

ACONV with L = 3. The dashed curves with markers as circles, squares and dots

represent AFSI with L = 1, 2 and 3 respectively. At Tint = 0.1 AFSI requires 30

times fewer measurements as compared to ACONV. This gain eventually converges

to unity at high values of Tint.

So far we have studied the required number of measurements as a function of

the integration time per measurement Tint. However, from an engineering point of

view it is important to compare the AFSI and ACONV systems in terms of total

detection time. Towards this goal we define the quantity “average detection time”
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D = Tint×E[K], which represents the average time required to make a decision.

Figure 2.11 plots D versus Tint for the AFSI system with L = 1, 2, 3 and the ACONV

system with L = 3. We note that the average detection time D is non-monotonic

with Tint. This results from the trade-off between 1) adaptation advantage and

2) measurement-SNR. The initial decrease in D with increasing Tint is due to the

improved measurement SNR. However, note that any increase in Tint results in

a delay before the next adaptation occurs. Thus large Tint results in a reduced

adaptation advantage. This causes an increase in average detection time for large

Tint and produces the rollover in the D curves. This trade-off therefore results in

an optimal value of Tint that will ensure smallest average detection time for a given

set of system parameters.
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2.3 Optimizing the projections for AFSI system

In the comparisons so far we designed the projection matrix by choosing the eigen-

vectors of the between-class scatter matrix Rk in Eq. (2.18) and normalizing them

according to the integration time Tint. Recall that this approach is not optimal

with respect to the photon-constraint. We have already noted this behavior for the

two-class problem in Fig. 2.3(d) where PFSI
opt = Tint[sgn(G2 − G1)] was shown to

perform better than the normalized dominant eigen-vector P
′
FSI = Tint(G2−G1)

max(|G2−G1|) . We

have also noted that in general L = 1 projection works best at low values of Tint.

In this section we propose a method to design an alternate L = 1 projection vec-

tor PFSIk
for the M -class problem. We begin by approximating the between-class

scatter matrix Rk in Eq. (2.18) as R̃k = νkVkV
T
k , where νk and Vk represent the

dominant eigenvalue and the dominant eigenvector of Rk respectively. Note that νk

and Vk depend on the priors after (k − 1)th iteration and the set of face templates

{Gi; i = 1, ..M}. Clearly PFSIk
= Vk maximizes the average separation between

various hypotheses which is given by PT
FSIk

R̃kPFSIk
. However, this choice of PFSIk

is not photon-efficient under the integration time constraint. Therefore, we stretch

the positive elements of Vk to 1 and negative elements to −1 resulting in the optimal

projection vector as given by

Poptk = Tint[sgn(Vk)]. (2.20)

We refer to this projection design technique as the scatter-matrix approximation.

The dashed curves with diamonds in Figs. 2.10 and 2.11 demonstrate the perfor-

mance advantage of using AFSI with Poptk . We note that AFSI using Poptk requires

100 times fewer measurements than ACONV with L = 3 at Tint = 0.1 (or equiv-

alently at SNR = −20dB). Also, we observe an equivalent reduction in average

detection time D for AFSI with Poptk compared to the ACONV system.

In this chapter we presented a new FSI system and its application to a face

recognition task. The proposed FSI system is adaptive: it updates its projection

basis after each measurement. We have integrated this adaptation capability with

the help of SHT framework and Bayesian update rules. Comparisons of AFSI were
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performed with SFSI and CONV systems in terms of the number of measurements

required to achieve a specified probability of misclassification. We also introduced a

new metric that measures the average time required to make a decision. The analysis

of average detection time led to an interesting trade-off between measurement SNR

and adaptation advantage: at low values of Tint, we lose measurement-SNR and at

high values of Tint, we lose the adaptation advantage. Note that in this chapter

we have restricted our attention to the recognition problem for deterministic face

objects in presence of detector noise. The next chapter will extend the AFSI system

to consider stochastic targets.
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CHAPTER 3

ADAPTIVE FEATURE-SPECIFIC IMAGING FOR RECOGNITION OF

NON-GAUSSIAN CLASSES

The AFSI system in Chapter 2 assumes 1) the class-conditional signals to be known

exactly a priori, and 2) the normally distributed measurement noise to be the only

source of randomness within each hypothesis. In this chapter we will relax these

assumptions by considering object variability/stochasticity within each hypothesis.

Therefore, the class-conditional objects are no longer completely known which im-

plies that the associated densities do not just depend on the Gaussian detector noise.

We begin by presenting a brief review of the AFSI and ACONV measurement frame-

work for a recognition task. In the next section we discuss the components involved

in parametric and non-parametric recognition using the AFSI system. Simulation

results comparing the AFSI and ACONV systems are then presented. We also un-

derstand that it is important to analyze the robustness of AFSI system against null

class images (i.e., test images that do not belong to the M classes of interest). To-

wards this goal we also present a simple extension of the AFSI system to incorporate

the null hypothesis in the recognition framework. The final section of this chapter

presents experimental results validating the predicted performance improvements

from the AFSI system.

3.1 AFSI and ACONV measurement framework

The AFSI and CONV measurement framework is essentially the same as described

in Chapter 2. We will review it briefly here so that we can introduce some more

related notation. Recall from Chapter 2 that the L−dimensional feature vector ex-

tracted from the CONV image measurement is given by rconv = PT
conv(TintG+nconv),

and the L−dimensional feature measurement for the FSI system is given by rFSI =
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PT
FSIG + nFSI . The terms G, rconv, rFSI ,Pconv,PFSI ,nconv,nFSI and Tint have the

same meaning as before. The only difference here is that the class-conditional den-

sities for the object G are considered to be unknown. Fig. 2.1 shows the schematic

for both the CONV and FSI systems. We now present the measurement framework

for the ACONV and AFSI systems. The L-dimensional feature-measurement vector

for the AFSI system, at the kth adaptation step is given by

rFSIk
= PT

FSIk
G + nFSI , (3.1)

where PFSIk
represents the N×L projection matrix at the kth step as be-

fore. The system constraint in Eq. (2.1) is enforced at each step. The entire

feature-measurement history up to the current (i.e. kth) step is given by the

(k·L)−dimensional vector r
(k)
FSI , which can be expressed as [rT

FSI1
...rT

FSIk−1
, rT

FSIk
]T .

Similarly, we can collect the entire history of projection matrices and express it as a

k·L×N dimensional matrix P
(k)
FSI = [PFSI1 ...PFSIk−1

,PFSIk
]T . The quantities r

(k)
FSI

and P
(k)
FSI will be used in the classification algorithm described in the next section.

Next, we present the measurement framework for the ACONV system. The

extracted feature-vector for the ACONV system at the kth step is given by

rconvk
= PT

convk
(TintG + nconv), (3.2)

The quantities rconvk
and Pconvk

represent the L-dimensional feature vector and

projection matrix at the kth step respectively as before. Note that the im-

age measurement TintG + nconv is taken at each kth step which allows us to

reduce the detector noise variance by averaging and perform an efficient adap-

tation of the projection space. The entire feature-measurement history for the

ACONV system is given by the (k·L)−dimensional vector r
(k)
conv, which can be

expressed as [rT
conv1

...rT
convk−1

, rT
convk

]T . The entire history of projection matri-

ces for the ACONV system can be expressed as a k·L × N dimensional matrix

P
(k)
conv = [Pconv1 ...Pconvk−1

,Pconvk
]T . The quantities r

(k)
conv and P

(k)
conv will be used in

the classification algorithm described in later sections.
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3.2 AFSI based M−class recognition

In this section we will describe the two components required to employ the AFSI

system for a recognition task: 1) the SHT framework for decision-making, and 2) the

projection matrix update/adaptation mechanism. It will be then straightforward to

extend this recognition framework for the ACONV system in section. 3.3.

3.2.1 M−class recognition problem

The M−class recognition-problem can be stated as follows: Based on the feature

measurements from the AFSI system, r
(k)
FSI , we would like to classify the unknown

object G as belonging to one of the M hypotheses. We assume the availability of

training object examples within each of the M hypotheses. The training set for the

ith hypothesis is denoted by Si = {Gi,j; j = 1...Si}, where Gi,j is an example face

image corresponding to the ith class, and Si is the number of face images associated

with the ith class. The value of M is taken to be 4 in this study. Recall that the term

Hi denotes the ith hypothesis and the quantity Pi represents the prior associated

with hypothesis Hi, where i = 1...M . The face database from [74] is used to evaluate

the recognition approaches in this chapter. We split the database randomly to form

the training and the testing sets. The total number of face images in the training

set is 1796, with Si = 449 for i = 1...M . The dimensions of each face image is

32×32. The different individuals (classes) are characterized by image variations in

gender, race, etc., and the image examples within each class show the variations in

terms of illumination, expression, etc. The unknown object G belongs to the testing

set which consists of 200 face images (50 images per class). Note that the testing

examples are similar to the training examples but not contained in the training set.

Fig. 3.1 shows some example training images from each of the M = 4 hypotheses.

The decision-making steps (based on the SHT framework) remain the same as

described previously in Chapter 2. Therefore at each step of the AFSI experiment,

we either decide whether 1) we can make a decision subject to the specified con-

fidence level, or 2) we shall continue by taking further measurements. Recall that
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Figure 3.1: Training examples from M = 4 hypotheses; each row represents a
different hypothesis and each column represents a different perspective example.

for the SHT based decision-making framework, the test applied after each measure-

ment (i.e. kth step) is based on a likelihood ratio. The computation of likelihood

ratios requires the definition of class-conditional densities p(r
(k)
FSI |Hi). However, it is

difficult to define these densities because the probability distribution for object G

is unknown. This problem is well-known in the statistical recognition community

and several approaches to deal with this issue have been suggested in the litera-

ture [44, 57, 58]. Broadly these approaches of estimating the underlying probability

density function (pdf) from the available training data, can be characterized as para-

metric or nonparametric. The parametric approaches 1) assume traditional density

models with unknown parameters like mean, covariance, etc., and then 2) estimates

these parameters, within each hypothesis, from the respective training data [44, 47].
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The non-parametric approaches on the other hand, attempt to find the pdf that is

best associated with an arbitrary collection of data. Some example techniques are

Parzen-window estimation, kernel-density estimation, k−nearest neighbor density

estimation, etc. [44, 57, 58] In this study we consider two techniques for estimating

the class-conditional densities. The first approach is parametric and uses mean and

covariance information from the training objects within each hypothesis, to define

a multi-variate normal distribution for representing the respective class-conditional

density [44]. We will denote the AFSI system based on this parametric approach as

P-AFSI. The second approach is semi-nonparametric and is based on kernel-density

estimation techniques [57, 58]. This technique uses 1) the k-nearest-neighbor ap-

proach to find n closest training samples within each hypothesis, based on the avail-

able feature measurements and then 2) defines a multi-modal distribution with each

mode being a normal distribution centered on one of the n nearest neighbors. We

will denote the AFSI system based on this approach as NP-AFSI. We understand

that there exist more sophisticated and advanced density estimation techniques;

however, for the sake of this work we restrict ourselves to the above mentioned

approaches. We now describe how to compute p(r
(k)
FSI |Hi) for the P-AFSI system.

The P-AFSI system assumes a multi-variate Gaussian function for representing

the object pdf within each hypothesis. Thus, the object pdf conditioned on ith

hypothesis is given by

p(G|Hi) =
1

(2π)N/2(det (Σi))1/2
exp

(
−(G− µi)

TΣ−1
i (G− µi)

2

)
, (3.3)

where µi and Σi represent the mean and covariance of G conditioned on the ith hy-

pothesis. The term det (X) represents the determinant of matrix X. The quantities

µi and Σi are estimated from the training set Si and can be expressed as:

µi =
1

S

S∑
j=1

Gi,j,

Σi =
1

S

S∑
j=1

[
(Gi,j − µi)(Gi,j − µi)

T
]
. (3.4)
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Using Eqns. (3.1),(3.3) and (3.4) we obtain,

p(r
(k)
FSI |Hi) =

1

(2π)kL/2(det (ΣFSIi,k
))1/2

exp

(
−

(r
(k)
FSI − µFSIi,k

)TΣ−1
FSIi,k

(r
(k)
FSI − µFSIi,k

)

2

)
,

(3.5)

where ΣFSIi,k
= (P

(k)
FSI)

TΣi(P
(k)
FSI)+2σ2[I]kL and µFSIi,k

= (P
(k)
FSI)

T µi. Note that the

class-conditional density function in Eqn. (3.5) is defined in the feature-measurement

space and the associated parameters (e.g., mean and co-variance) are updated after

each step of the P-AFSI experiment.

Next, we describe how to express the class-conditional pdf for the NP-AFSI sys-

tem. The NP-AFSI system uses the following two-step process to define p(r
(k)
FSI |Hi):

(1) Use r
(k)
FSI to find the n nearest neighbors, for the unknown test object G,

within the training set of each hypothesis. We find the neighbors in the ith hy-

pothesis by a) computing the L2−distance d
(k)
i,j = ‖(P(k))T

FSIGi,j − r
(k)
FSI‖L2 , where

j = 1...S, and then b) selecting the n training objects from the set Si with small-

est d
(k)
i,j . Let the S−dimensional vector ϑ

(k)
i represent a list of indices that would

sort the elements of vector d
(k)
i = [d

(k)
i,1 ....d

(k)
i,S ] in ascending order. This implies

that [d
(k)
i ]

ϑ
(k)
i,1

< [d
(k)
i ]

ϑ
(k)
i,2

.... < [d
(k)
i ]

ϑ
(k)
i,S

, where ϑ
(k)
i,j represents the jth element of the

vector ϑ
(k)
i and 1 ≤ ϑ

(k)
i,j ≤ S. Therefore, the set of n neighbors for G in the ith

hypothesis can be represented by R
(k)
FSIi

= {G
i,ϑ

(k)
i,j

;G
i,ϑ

(k)
i,j
∈ Si, j = 1...n}. Note

that these distances and subsequently the nearest neighbors are computed using

the entire feature-measurement history and the dimensionality of this space grows

with iteration index k. (2) Use the elements from the set R
(k)
FSIi

to form the pdf

p(r
(k)
FSI |Hi) given by,

p(r
(k)
FSI |Hi) =

1

n
·

n∑
j=1

G̃j∈R
(k)
FSIi

1

(2π·2σ2)kL/2
exp

(
−‖(P

(k)
FSI)

T G̃j − r
(k)
FSI‖L2

4σ2

)
. (3.6)

Note that we have assumed that for the NP-AFSI system, the class-conditional

density is a multi-modal distribution with each mode being a normal distribution

centered on one of the n neighbors. Also, this approach of estimating the pdf

is adaptive in nature as it updates the estimates of nearest neighbors after each
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adaptation step (i.e., after each new feature vector measurement process). Next,

we will describe the SHT based decision-making process for a M−class recognition

problem.

The decision-making process is based on the M−hypothesis extension of the

SHT framework as suggested in [52, 56]. The steps involved are: (1) Start with

equal prior probabilities for the M hypotheses i.e. Pi = 1/M for i = 1..M . (2) The

likelihood ratio for any pair of hypothesis i and j after the kth iteration is

λk
i,j =

pi,k

pj,k

·Pi

Pj

, (3.7)

where pi,k = p(r
(k)
FSI |Hi) for the AFSI system. Note that p(r

(k)
FSI |Hi) is given by

Eqns. (3.5) or (3.6) depending upon whether the parametric or the non-parametric

approach is chosen for estimating the class-conditional pdf. (3) If at the kth iteration

we have λk
i,j > 1−Pe

Pe
for all i 6=j then the experiment stops and we decide in favor

of Hi. If any one of these inequality conditions is not satisfied at the kth iteration

then we must continue by taking another measurement. The term Pe denotes the

specified/desired probability of error. Note that the number of iterations required

to make a decision is a random quantity. This is because the measurement model in

Eq. (3.1) depends on an unknown test object and random noise. We will denote the

number of iterations required for a single experiment by K. We note from [55, 56]

that use of the SHT framework will result in achieving the desired probability of

error Pe only when the class-conditional densities are accurately known. Also, this

testing framework requires, on average, E[K] observations which is guaranteed to

be less than the optimal number required by a fixed-sample size test for a specified

Pe. The function E[K] represents the expectation of K averaged over the entire

testing set images and several noise realizations.

3.2.2 Update mechanism for the projections

So far we have discussed the measurement model for the AFSI system and how the

required class-conditional pdfs can be estimated using either a parametric or a non-

parametric approach. In this subsection we will address the question of designing
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the projection space for a M -class recognition problem, and how to update the basis

using the knowledge of past feature measurements. We will start with a brief discus-

sion of a recognition system without adaptation and without any photon-constraint.

For M = 2 and Gaussian class-conditional densities with equal covariance, it is pos-

sible to express the detection performance analytically and subsequently the optimal

L = 1 projection vector [31, 59]. The optimal projection vector in this case is given

by P = Σ−1[µ1 − µ2], where Σ is the covariance for both classes, µ1 and µ2 are the

means under the two hypotheses. However it becomes mathematically intractable

to express the detection performance analytically for M > 2 and non-Gaussian class

conditional densities, and therefore the problem of finding the optimal projection

vector then becomes very complex. Several reports in the literature suggest “intu-

itive” statistical design of projections and have demonstrated reliable recognition

performance. Some popular examples are projections based on eigenfaces [30, 42]

and fisherfaces [30, 43]. The eigenfaces are derived from principal component anal-

ysis (PCA). These projections attempt to maximize the total scatter across all the

classes and are known to be optimal for image reconstruction. Fisherfaces are based

on the generalized fisher discriminant (GFD) analysis. GFD attempts to maximize

the between-class separability while minimizing the within-class variabilty[57], and

some recent reports [30, 43] show fisherfaces to achieve significantly lower error

rates than eigenfaces. In this work we will make use of GFD based projections and

incorporate them into the AFSI system.

We now describe the GFD based design of projections for the recognition task.

The updated within-class scatter matrix after k iterations is given by

Σk
W =

M∑
m=1

Pk
mΣm, (3.8)

where Pk
m is the updated prior associated with the mth hypothesis after k iterations.

The updated between-class scatter matrix after k iterations is given by

Σk
B =

M∑
m=1

Pk
m[(µm − µ)(µm − µ)T ], (3.9)
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where µ is given by
∑M

m=1 Pk
mµm. The updated priors used in Eqns. (3.8) and (3.9)

are obtained by using Bayes rule

Pk
j =

p(r(k)|Hj)P
k−1
j∑M

m=1 p(r(k)|Hm)Pk−1
m

, (3.10)

where j = 1...M . The updated projection matrix after k iterations is obtained by

maximizing the GFD criterion given by

J(PFSIk+1
) =

det (PT
FSIk+1

Σk
BPFSIk+1

)

det (PT
FSIk+1

Σk
WPFSIk+1

)
. (3.11)

Equivalently, the N×L projection matrix PFSIk+1
can be created by choosing the L

dominant eigenvectors corresponding to the following generalized eigenvalue prob-

lem: Σk
BPFSIk+1

= Σk
WΛkPFSIk+1

, where Λk is a diagonal matrix of eigenvalues.

Note that the upper bound on L is M−1 because there can be at most M−1 non-zero

eigenvalues for this problem [31]. Recall that the projection matrix PFSIk+1
must

be normalized according to the integration time constraint in Eq. (2.1). Fig. 3.2

shows the flowchart representation of the P-AFSI and NP-AFSI systems explained

above. Note that the two systems differ only in terms of the assumptions related

to class-conditional densities. The P-AFSI system extracts mean and covariance in-

formation from the training objects within each hypothesis, to define the respective

class-conditional density. Thus, this approach has no dependence on the actual test

object. As opposed to this approach, NP-ASFI system 1) uses the measurements and

then 2) selects a pre-defined number of representative examples from the ith training

set to define the ith class-conditional pdf. This approach of estimating the pdf is

adaptive in nature and it reflects dependence on the actual test object. Also, recall

that both P-AFSI and NP-AFSI are based on the SHT framework which requires

accurate class-conditional pdf information to perform faster recognition. Therefore,

we expect the NP-AFSI system to require fewer measurements than P-AFSI to

achieve a desired classification level.

Fig. 3.3 illustrates an example of how priors are updated as the experiment

progresses using NP-AFSI. The simulation details are: M = 4, Pe = 10−2, n = 11,

σ2 = 10. The value of L is taken to be 1 and Tint is set to 1. Recall that the SNR
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Figure 3.2: System flow diagram for P-AFSI and NP-AFSI.
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Figure 3.3: Example to demonstrate the update of priors for a sample experiment
where a test object corresponding to the 4th hypothesis was actually chosen.

is defined as 10·log10
Tint

σ2 . Therefore, Tint = 1 and σ2 = 10 imply SNR = −10dB.

One of the face images from the testing set, corresponding to hypothesis 4 is chosen

as the input object G in this experiment. The observations from this data are: 1)

All the priors start with Pi = 0.25 at the first iteration, 2) The priors are updated

after each measurement and the decision is not made until all the likelihood ratios

corresponding to a particular hypothesis become greater than 1−Pe

Pe
. The thresholds

A and B in Fig. 3.3 are equal to 1 − Pe = 0.99 and Pe = 0.01 respectively. In

this particular experimental realization the decision is made after K = 7 iterations.

Table 3.1 shows the first 5 indices from ϑ
(k)
i for i = 1...M as the NP-AFSI experiment

progresses from iteration index k = 1 to k = 7. The simulation details are the

same as in Fig. 3.3. Note that the list of nearest-neighbors within each hypotheses

converge as more feature measurements are collected.
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Iteration k ϑ
(k)
1 ϑ

(k)
2 ϑ

(k)
3 ϑ

(k)
4

k = 1 {278, 22, 90, 88, 282..} {350, 328, 331, 327, 334..} {323, 333, 328, 320, 330..} {100, 119, 117, 116, 118..}
k = 2 {32, 221, 181, 174, 147..} {275, 179, 307, 76, 279..} {324, 331, 332, 328, 322..} {306, 307, 308, 305, 311..}
k = 3 {350, 330, 331, 333, 354..} {134, 120, 299, 44, 265..} {102, 239, 305, 97, 304..} {306, 307, 308, 305, 311..}
k = 4 {350, 354, 333, 331, 330..} {333, 329, 330, 332, 336..} {97, 167, 304, 41, 305..} {306, 308, 307, 305, 311..}
k = 5 {350, 354, 333, 331, 348..} {333, 329, 332, 330, 348..} {97, 167, 304, 41, 305..} {306, 308, 307, 305, 311..}
k = 6 {350, 354, 333, 348, 331..} {333, 329, 332, 348, 330..} {97, 304, 41, 167, 305..} {306, 308, 307, 305, 316..}
k = 7 {350, 354, 333, 348, 331..} {333, 329, 332, 348, 330..} {97, 304, 167, 41, 305..} {306, 308, 307, 305, 316..}

Table 3.1: List of first 5 indices corresponding to the nearest-neighbors in each
hypothesis as experiment progresses (Test object corresponding to the 4th hypothesis
was chosen in this sample experiment).

3.2.3 Results and comparisons

We evaluated the performance of both P-AFSI and NP-AFSI for M = 4, Pe = 10−2,

σ2 = 10 and L = 1 in terms of E[K] as a function of detector integration time Tint.

At each value of integration time E[K] is computed by performing Monte-carlo

averaging over 10000 trials of SHT, with each trial using a face chosen randomly

from the testing set and random detector noise. Recall that the training set for

each class consists of S = 449 face images and the testing set consists of 200 images

with 50 for each individual. Also recall that both P-AFSI and NP-AFSI are based

on the SHT framework which requires accurate class-conditional pdf information to

guarantee the desired Pe. This is definitely not the case here as the class-conditional

densities are unknown and have to be estimated after each kth adaptation step. In

order to have a fair comparison such that all the systems achieve Pe = 10−2, we

modify the monte-carlo averaging process (used to estimate E[K]). Let K = Km

for the mth monte-carlo trial of P-AFSI or NP-AFSI such that SHT converges to

make a decision i.e. all the likelihood ratio inequalities are satisfied in favor of one

of the M hypotheses at K = Km. This implies that E[K] = (
∑

m Km)/MC, where

MC is the total number of monte-carlo trials. Note that the current estimate E[K]

may not guarantee the desired Pe because the class-conditional densities are not

accurately known. Therefore, we need to modify our estimate of E[K] to E[K]± δ

such that Pe = 10−2. The value of δ can be estimated for both P-AFSI and NP-

AFSI systems by 1) running the mth trial up to Km + δ̃ iterations (where δ̃ > 0)

or stopping the mth trial at Km − δ̃ iterations (where 0 < δ̃ < Km), and then 2)

post-processing all the monte-carlo trials to find δ = δ̃ that results in Pe = 10−2.
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This modified monte-carlo averaging process is used throughout the remainder of

this chapter.

Fig. 3.4 compares P-AFSI and NP-AFSI (with n = 11, 51, 101, 151, 201, 251 and

301) systems in terms of the required E[K]. The monte-carlo averaging process

described above is used to estimate E[K] for each value of Tint. The dashed curve

represents P-AFSI and the solid curves with different markers represent NP-AFSI

with different values of n. Note that all the data points on these curves guarantee the

desired Pe = 10−2. First we observe that E[K] is a monotonically decreasing function

of Tint for both systems. E[K] finally approaches unity (only one measurement

required) because of increasing measurement SNR. Second we observe that NP-

AFSI requires fewer measurements than P-AFSI, to achieve the specified error rate,

especially at low values of Tint. This is expected because NP-AFSI adapts the

class-conditional density estimates after each iteration. Lastly we observe that NP-

AFSI requires fewer measurements as n increases from 11 to 301 because the class-

conditional pdf estimates become more reliable. Note that at Tint = 0.5 (i.e. SNR =

−13dB), NP-AFSI with n = 11 and 301 requires E[K] = 58 and 43 measurements

respectively, whereas P-AFSI requires E[K] = 70 measurements.

Next, we will study the variations in E[K] using NP-AFSI as n increases from

11 to 301, for different values of Tint. We will define the relative improvement

by the ratio E[K;n=11]−E[K;n=301]
E[K;n=11]

, where E[K; n = l] represents the estimate E[K]

using n = l neighbors. Fig. 3.5(a) shows the required E[K] as a function of n

for Tint = 0.25, 1 and 4. The different markers represent the different values of

Tint. Fig. 3.5(b) shows the relative improvement (in percent) as a function of Tint.

Note that at Tint = 0.5 (i.e. SNR = −13dB) we obtain 27 percent improvement

by increasing n from 11 to 301, and this improvement diminishes monotonically as

SNR increases.

We now discuss the effect of increasing L (i.e. number of features per measure-

ment) on the performance of both P-AFSI and NP-AFSI systems. Fig. 3.6 compares

E[K] for P-AFSI and NP-AFSI (n = 201) as a function of Tint, for L = 1, 2 and

3. The solid curves and dashed curves represent the NP-AFSI and P-AFSI systems
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Figure 3.4: Comparison of P-AFSI and NP-AFSI(n = 11...301) for M = 4, Pe =
10−2, σ2 = 10 and L = 1.

respectively, with different markers representing different values of L. Note that

we require more measurements with increasing L for both P-AFSI and NP-AFSI.

Note also that at Tint = 1 (i.e. SNR = −10dB), NP-AFSI requires E[K] = 12, 23

and 38 measurements for L = 1, 2 and 3 respectively, whereas P-AFSI requires

E[K] = 19, 27 and 57 measurements for L = 1, 2 and 3 respectively. Although more

features per measurement provide potentially more discriminating information, we

observe the required E[K] to actually increase with L. The increase in L results

in decreasing SNR per feature measurement i.e., loss in feature fidelity. We will

refer to this SNR loss as the “noise-cost” associated with increasing L. Note that

this noise-cost results in the loss of adaptation advantage and therefore the required

E[K] increases with L as can be seen from Fig. 3.6.

We note from Figs. 3.4-3.6 that NP-AFSI requires fewer measurements than P-
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Figure 3.5: (a) Comparisons of NP-AFSI with different values of Tint, for M = 4,
Pe = 10−2, σ2 = 10 and L = 1, (b) Relative improvement (by increasing n from 11
to 301) of NP-AFSI as a function of Tint.
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Figure 3.6: Comparison of P-AFSI and NP-AFSI(n = 201) for M = 4, Pe = 10−2,
σ2 = 10 and L = 1..3.

AFSI to achieve a specified misclassification error. Therefore, the remainder of this

chapter will only consider the k−nearest neighbor based class-conditional density

estimation.

3.3 Comparisons with ACONV system

In this section we first extend the recognition framework discussed above to the

ACONV system and then compare NP-AFSI with ACONV. Recall from Eq. (3.2)

that the extracted L−dimensional feature-vector for the ACONV system is given

by rconvk
= PT

convk
(TintG + nconv). Also recall from section 3.1 that the entire

feature-measurement history for the ACONV system is represented by r
(k)
conv and the

entire history of projection matrices is represented by P
(k)
conv. The SHT framework

remains the same as described above for the AFSI system. The only difference is
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that the class-conditional density in Eq. (3.7) will now be given by p(r
(k)
conv|Hi). We

consider the k−nearest neighbor based non-parametric approach for estimating the

class-conditional density p(r
(k)
conv|Hi) at each step. The steps involved in density

estimation are: (1) Use r
(k)
conv to find n nearest neighbors for the unknown test

object G within the training set of each hypothesis. We find the neighbors in the

ith hypothesis by a) computing the Mahanalobis distances d
(k)
i,j = [(P

(k)
conv)TGi,j −

r
(k)
conv]T ((P

(k)
conv)TP

(k)
conv)−1[(P

(k)
conv)TGi,j−r

(k)
conv], where j = 1...S, and b) selecting the n

training objects from the set Si with smallest d
(k)
i,j . Note that Mahanalobis distance is

commonly used in cluster analysis and is a useful measure for determining similarity

of an unknown sample set to a known one [31]. It reduces to Euclidean distance when

the projection vectors in P
(k)
conv are orthogonal. We denote the set of n neighbors for

G in the ith hypothesis by R
(k)
convi . (2) We then use the elements from the set R

(k)
convi

to form the pdf p(r
(k)
conv|Hi) given by

p(r(k)
conv|Hi) =

1

n(2πσ2)kL/2

n∑
j=1

exp
(
−d̃

(k)
i,j /2σ2

)
, (3.12)

where d̃
(k)
i,j = [(P(k)

conv)
T G̃j − r(k)

conv]
T ((P(k)

conv)
TP(k)

conv)
−1[(P(k)

conv)
T G̃j − r(k)

conv],

and G̃j ∈ R(k)
convi

.

The update mechanism for the projection matrix remains the same as described in

Eqns. (3.8)-(3.11). The update equations for the ACONV system can be obtained

by substituting PFSIk
with Pconvk+1

in Eq. (3.11). Note that there is no need for nor-

malization of Pconvk+1
because feature-extraction for the ACONV system is done as

a post-processing step (i.e. after image collection). Because there is no integration-

time constraint imposed on ACONV, the noise-cost associated with increasing L (at

each iteration) will no longer be present. Therefore we expect the performance of

ACONV to improve with increasing L. Also, note that the maximum value for L

remains equal to M − 1 because the rank of the projection matrix created through

Eqns. (3.8)-(3.11) is M − 1. The results of a simulation study are shown in Fig. 3.7,

comparing the ACONV and NP-AFSI systems for L = 1, 2 and 3. The dashed
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and the solid curves represent ACONV (with n =201) and NP-AFSI (with n =201)

respectively. The rest of the simulation details are the same as in Fig. 3.4. The

different markers represent the different values of L. We observe that NP-AFSI

outperforms ACONV and the improvement is highest at low values of Tint. The

NP-AFSI system (with L = 1) requires roughly 30 times fewer measurements than

ACONV (with L = 3) at Tint = 1 (i.e. SNR = −10dB), whereas it requires 8 times

fewer measurements at Tint = 8. Also note that there is no noise-cost associated with

increasing L for ACONV, as expected. Fig. 3.8 compares ACONV (with L = 3) for

n = 101, 201 and 301. The dashed curves represent the ACONV system with the

different markers representing the different values of n. Note that the performance

improves with increasing n as previously observed for NP-AFSI system.
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Figure 3.7: Comparison of NP-AFSI(n = 201) and ACONV(n = 201) for M = 4,
Pe = 10−2, σ2 = 10 and L = 1, 2 and 3.

From the comparisons so far we have demonstrated that the NP-AFSI system
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requires fewer measurements than ACONV for a given performance requirement.

In the previous chapter we defined “average detection time,” which is an important

measure from an engineering standpoint. The quantity “average detection time”

is given by D = Tint×E[K] and it represents the average time required to make

a decision. We now compare D for NP-AFSI and ACONV systems. The solid

and the dashed curves in Fig. 3.9 represent NP-AFSI (with L = 1) and ACONV

(with L = 3) systems, with different markers representing the different values of n.

We note that the average detection time D is non-monotonic with Tint as expected

from the discussions in chapter 2. The non-monotonicity basically results from the

trade-off between 1) adaptation advantage and 2) measurement-SNR. This trade-

off therefore results in an optimal value of Tint that will ensure smallest average

detection time for a given set of system parameters.
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Figure 3.8: Comparison of NP-AFSI with L = 1 and ACONV with L = 3 for
n = 101, 201 and 301, M = 4, Pe = 10−2, σ2 = 10.
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Figure 3.9: Average detection time for NP-AFSI (L = 1) and ACONV (L = 3) with
M = 4, Pe = 10−2, σ2 = 10 and n = 101, 201 and 301.

3.4 Extension of NP-AFSI to incorporate null hypothesis

In this section we extend the NP-AFSI system to incorporate a null hypothesis i.e.

making it able to recognize when an input test image does not belong to any of the

M = 4 hypotheses. We extend the current recognition problem to M = 5 hypothe-

ses with the fifth hypothesis representing the null hypothesis. The face database

in [74] consists of 12 more individuals (classes) in addition to the 4 individuals

that are already being used for the recognition task. All the face images from the

database corresponding to these 12 classes are used to form the training set (S5)

for the null-hypothesis. The total number of face images in S5 is 6000. We ran-

domly chose 50 face images from the UMIST face database from [77] to create the

testing set for the null hypothesis. Note that the UMIST database is different from

the training database. The new testing set for the NP-AFSI system now consists
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of these 50 images in addition to the 200 test images corresponding to the four

individuals of interest. Fig. 3.10(a) shows example training and testing images cor-

responding to the null hypothesis. The rest of the NP-AFSI system details remain

the same as described previously. We will refer to this extension of NP-AFSI system

as null-NPAFSI. Fig. 3.10(b) presents comparison between NP-AFSI (M = 4) and

null-NPAFSI (M = 5) for n = 101, 201 and 301. The solid and the dashed curves

represent the NP-AFSI and null-NPAFSI systems respectively, with different mark-

ers representing different values of n. The values of L and σ2 are set to 1 and 10

respectively. The desired misclassification rate remains Pe = 10−2. We observe that

at low SNR null-NPAFSI with n = 301 requires nearly 3 times more measurements

than NP-AFSI in order to maintain the specified detection performance. This is

expected as recognition complexity increases with increasing number of hypotheses.

Also note that the required E[K] decreases with increasing n for both the NP-AFSI

and null-NPAFSI systems.

3.5 Experimental setup and results

In this section we present an experimental optical FSI system based on the im-

plementation suggested in [16]. Figs. 3.11(a) and 3.11(b) depict the FSI system

diagram and the corresponding FSI experimental setup. We use this imaging sys-

tem to demonstrate the usefulness of the NP-AFSI approach presented in this work.

The set-up consists of 4 components: 1) a Sylvania LCD monitor to display the

object, 2) an achromatic doublet imaging lens to form the image on a spatial light

modulator (SLM), 3) electrically addressed transmissive liquid crystal SLM panel

dissembled from a Misubishi SL2U projector to modulate the object image with the

desired projection (by rotating the polarization of the input object field according to

the projection pattern), 4) light-collection optics, consisting of Melles Griot linear

polarizer and a lens, to direct the light transmitted from the SLM on to a single

photodetector. The 32×32 object when displayed on the monitor, has dimensions

of 6.7 cm by 6.7 cm. The distance between the object and doublet is 45 cm and
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Figure 3.10: (a) Example training and testing images for null-hypothesis. (b) Study
of NP-AFSI with M = 5 including null hypothesis. Simulation details are: n =
101, 201 and 301, Pe = 10−2, σ2 = 10 and L = 1.
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the distance between the doublet and the SLM panel is 5 cm. The image formed

by the doublet on the SLM is roughly of dimensions 0.7 cm by 0.7 cm (i.e. 400 by

400 SLM pixels). We make sure that the projection vector to be used for feature-

measurement, is aligned with the image on the SLM. Also, note that the SLM and

monitor are both controlled by the same computer via a dual-monitor display card.

The photodetector used in the experiment is a HP 81520A cooled Si PIN diode

connected to the analog input of a National Instruments USB-6251 data acquisition

card. The analog input is digitized through this National Instruments Data acqui-

sition device and fetched via the MATLAB data acquisition toolbox. The sampling

rate for the NI-6251 was set to 1 ksamples/sec and the samples were averaged over

a duration of 1 sec to obtain any single detector measurement. We note that the de-

tector read-out noise goes to zero with these parameters. We also perform dark-bias

removal from each feature measurement obtained from the detector. The polarizer is

tuned such that the detector measures minimum power when the projection vector

is set to all-zero and maximum power when the projection vector is set to all-one.

Note that for our AFSI system we will use the feature measurements collected via

MATLAB and our prior training data to determine the projection vector for fu-

ture measurements. This new projection vector is then communicated to the SLM

through the dual-display card.

Before describing the calibration procedure we discuss the details of the training

objects and parameters associated with the NP-AFSI recognition algorithm. For the

experimental setup we consider the 4-class recognition problem with 100 training

images within each class. The testing set consists of 16 test images (4 for each

class) lying outside the training set. All these images are chosen from the database

discussed previously [74]. For this study we set the value of L to 1 and normalize the

projection vector to 1. Also note that in order to deal with the negative quantities

of the single projection vector we use the dual-rail approach suggested in [16]. The

desired misclassification rate is set to 10−2.

Next, we describe the calibration procedure used in our experiment. The first

step is to spatially calibrate/compensate the SLM with respect to the photodetector,
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Figure 3.11: (a) AFSI system diagram, and (b) experimental setup of the AFSI
system.
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by using the all-one object and a set of known calibration projections. Each 32×32

calibration pattern is designed by setting all the pixels to zero except a 8×8 pixel

block centered at some specific position in the pattern. We use different gray levels

for the 8×8 pixel block and different positions along the image plane to spatially

calibrate the SLM. This calibration step essentially helps in determining the spatial

nonuniformity of the SLM, and compensating the nonuniformity before taking any

feature measurement. The next step is to curve-fit between the experimental feature

measurements and the corresponding theoretical predictions. To accomplish this

step we use the 400 training objects (100 per class) and a set of training projections.

The set of training projection vectors is obtained from Eqns. (3.8)-(3.11) by varying

the priors {Pi; i = 1...M,
∑M

j=1 Pj = 1}. We represent the theoretical predictions

and experimental feature measurements obtained using the training objects and the

training projection vectors, as Ktrain−dimensional vectors R and Rexp respectively.

We use 19 training projection vectors here and therefore the value of Ktrain is 7600.

We fit an affine-linear model given by Rcalib = a·Rexp + b such that the root-least-

squares error RLSE = (1/Ktrain)‖Rcalib−R‖L2
is minimized. The values for a and

b are determined by minimizing the RLSE, and are found to be 1.98×103/Volts

and −2.74 respectively. The resulting residual error after fitting the model is found

to be 1.8. This residual error is equivalent to 4 percent of the dynamic range of

the theoretical prediction vector R, and can be modeled as the additive noise term

defined in Eq. (3.1). We use this residual error value to substitute for σ in Eq. (3.6).

Various factors that could be contributing to this error are SLM imperfections, LCD

panel temperature variations and possible vignetting from the optical elements in the

setup. We make use of the fit parameters a and b to estimate the calibrated feature

measurement, which is then used to compute the class-conditional probabilities and

likelihood ratios in Eqns. (3.6) and (3.7). The SHT based decision-making steps

remain the same as described previously.

We now investigate the inter-class separation by using the projection vector that

results from Eqns. (3.8-3.11) by setting the priors Pi to 0.25 for i = 1...4. We de-

note this projection vector by P1. The training objects within the ith hypothesis are
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Figure 3.12: (a) Inter-class separation between the four hypotheses using theoretical
feature measurements,(b) Inter-class separation between the four hypotheses using
the calibrated experimental feature measurements.
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projected onto P1 resulting in the theoretical feature-vector Ri. Next, we use the

experimental setup to measure inner-products of the training objects belonging to

ith hypothesis and P1 resulting in feature-vector Rexpi
. The calibration parameters

a and b are then used to generate the calibrated feature-vector Rcalibi
. Figs. 3.12(a)

and 3.12(b) plot the first 25 elements of vectors Ri and Rcalibi
for i = 1...4. The

different markers represent the different hypotheses. We observe that the inter-

class separation between various hypotheses have reduced using the experimental

setup due to system imperfections and calibration error. Because we cannot accu-

rately identify the underlying pdf of this random calibration error, the SHT based

decision making procedure is not guaranteed to provide the specified detection per-

formance. However, it is our expectation that we should be able to overcome this

issue by the adaptation capability incorporated in the NP-AFSI approach. In order

to demonstrate the usefulness of adaptation we will compare the NP-AFSI approach

with the SFSI approach. The SFSI system is identical to the NP-AFSI system in

terms of the measurement model, the class-conditional density estimation and the

decision-making steps except that there is no adaptation capability. The projection

vector generated at the first iteration will be used throughout the experiment for the

SFSI approach. We now define the experimental recognition performance PD given

by # of correct decisions
# of trials

. Fig. 3.13 compares PD for NP-AFSI and SFSI as a function of

number of measurements K̃. The quantity K̃ represents the number of iterations we

allow before making a decision. Each data point on this graph is averaged over 800

monte-carlo trials (200 per class). The solid and the dashed curves with “square”

markers represent the NP-AFSI and the SFSI systems with n = 11 respectively.

Note that the detection performance achieved by the SFSI approach saturates at

0.75. The NP-AFSI approach outperforms SFSI by improving the recognition per-

formance to 0.9 (20% higher than SFSI) because of its adaptation capability. Next,

we compare PD for NP-AFSI system as a function of K̃, for n = 5, 11 and 21. The

solid curves with different markers in Fig. 3.13 represent the different values of n.

Note that PD improves with increasing n; however it does not reach the specified

performance level of 0.99 because of the system calibration error. We note that the
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recognition performance achieved using n = 5 and 21 is 0.9 and 0.95 respectively.
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Fig. 3.14 illustrates an example of how priors are updated as the NP-AFSI ex-

periment progresses using the imaging setup discussed above. The different markers

represent the different hypotheses. The value of n is set to 11 and the thresholds

A and B remain the same as defined previously. One of the face images, from the

testing set, corresponding to hypothesis 4 is chosen as the input object in this ex-

periment. We note that in this particular experimental realization the decision is

made after K = 13 iterations. The estimates of E[K], obtained from the NP-AFSI

experiment for PD = 0.9, are equal to 16, 13, and 6 for n = 5, 11 and 21 respectively.

In this chapter we presented the AFSI system for application to a M−class recog-

nition problem with unknown class-conditional densities. In this work we used two

approaches to estimate the class-conditional densities. The first approach used the

mean and covariance information, from the training objects within each hypothesis,

to define a multi-variate normal distribution for the respective hypothesis. The sec-

ond approach used the nearest-neighbor based kernel-density estimation approach

to estimate the densities. We noted that the AFSI system based on nearest-neighbor

density estimation requires fewer measurements to maintain a specified probability

of misclassification. In addition we also observed that the required number of mea-

surements reduce with the increase in the number of nearest neighbors involved in

class-conditional density estimation. We also extended the AFSI system to incorpo-

rate a null hypothesis in the recognition framework. The experimental validation of

the AFSI approach is presented. The adaptation capability helped the FSI experi-

mental setup to overcome the calibration errors thereby improving the recognition

performance when compared to the SFSI approach.
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CHAPTER 4

RECOGNITION USING INFORMATION-OPTIMAL ADAPTIVE

FEATURE-SPECIFIC IMAGING

So far in this dissertation we have extended the FSI system from [16] to incorpo-

rate adaptation and we demonstrated the benefits of adaptation compared to both

SFSI and CONV systems, through a face-recognition example. However, the statis-

tical adaptation mechanism developed so far is not optimal in terms of recognition

TSI. It attempts to maximize the average separation between various hypotheses

which is only optimal for a two-class problem [31, 59]. Recall that TSI is based

on the Shannon MI measure and refers to the task-relevant information available

in the measurements [35]. We make use of the information-theoretic framework in

[35] to define the recognition TSI. Using this information measure we describe an

optimal method to adapt the projection matrix based on previous feature measure-

ments and priors. In this chapter we will extend the AFSI system by developing an

information-optimal adaptation mechanism. We begin by making use of the simpli-

fied face recognition example from Chapter 2 to develop the information-theoretic

AFSI approach. Comparisons of the TSI-based AFSI and statistical-AFSI (from

Chapter 1) systems will be presented. We will also extend this TSI-based AFSI

approach to a M−class recognition problem with nuisance parameters.

4.1 Brief review of SFSI and AFSI

We begin by summarizing the comparisons between the SFSI and AFSI systems as

presented before in Chapter 2. This review will refresh the notation from Chapter

2 and allow us to present the baseline algorithms that will be compared against the

new approach. Note that for the M−class recognition task considered here, each

class is represented by a known object. Also note that for the sake of convenience the
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terms PFSI , rFSI and nFSI will be replaced by P, r and n respectively because we

are only concerned with FSI systems in this chapter. Recall that the L-dimensional

measured feature vector for the SFSI system, under the target hypothesis Hi is given

by

r = PTGi + n, (4.1)

where Gi represents the known object under ith hypothesis and i = 1...M . Note

that for the SFSI system the projection matrix remains the same throughout the

experiment. Also recall that the L-dimensional measured feature vector, for the

AFSI system, at the kth adaptation step and under the target hypothesis Hi is

given by

rk = PT
k Gi + n. (4.2)

Note that we have replaced the terms PFSIk
and rFSIk

as used in Chapter 2, with

Pk and rk respectively. The integration-time constraint from Eq. (2.1) is enforced

at each step of the AFSI experiment. The statistical adaptation mechanism for the

AFSI system is given in Eqns. (2.18)-(2.19). The SHT framework based decison-

making steps can also be reviewed from Chapter 2.

Next, we review the comparisons between SFSI and AFSI systems in Fig. 4.1

by quantifying the number of measurements (E[K]) required in order to achieve

Pe = 10−2 for σ2 = 10. The value of M is set to 4 as before and all the hypotheses are

considered to be equally probable. The face database from [74] is used to evaluate the

recognition approaches in this chapter. The details about this database and monte-

carlo simulations have been discussed previously in Chapter 2. The solid curves

and the dashed curves represent the SFSI and the AFSI systems respectively, with

different markers representing the different values of L. Observe that E[K] decreases

with Tint because measurement SNR improves with increasing integration time thus

reducing the number of measurements required to achieve the desired confidence

Pe = 10−2. E[K] finally approaches unity (only one measurement required) for

large Tint because of increasing SNR. Secondly we observe that the performance

of SFSI improves with increasing L. Note that the maximum value of L is taken
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to be M − 1 (i.e., 3 in this case) because M − 1 features are sufficient to obtain

complete discriminating information for the M−class problem considered here [54].

In addition to this, splitting the photon-budget equally among more than M − 1

projections leads to an inefficient use of photons and a resulting loss in feature

fidelity as seen in Chapter 2. Thirdly we observe that AFSI outperforms SFSI for

small Tint. This improvement results from the additional capability of adapting the

priors and subsequently the projection matrix. Note that the adaptation advantage

is highest at low values of Tint, and decreases with increasing Tint as E[K] starts

approaching unity. We also start losing the adaptation advantage with increasing

number of projections because increasing L causes reduction in SNR per feature

measurement. As a result we observe that at low values of Tint AFSI with L = 1

performs best followed by L = 2 and so on. Furthermore, on noting this trend we

suggested the scatter-matrix approximation method for designing L = 1 projection

vector Pk. We denote the resulting projection vector as Poptk . The dotted curve in

Fig. 4.1 demonstrates the E[K] corresponding to the single projection vector Poptk .

Note that although this alternate projection vector works well at low values of Tint,

the convergence to E[K] = 1 is very slow. Observe that AFSI with Poptk requires

only E[K] = 3 measurements at Tint = 0.1 (or equivalently at SNR = −20dB)

compared with E[K] = 50 for SFSI with L = 3 projections.

Note that the design approach for the projection matrix in Eqns. (2.18) and

(2.19), is optimal only when M = 2, and becomes sub-optimal for M > 2. The

main reasons are: 1) It only maximizes the average distance among all possible

pairs of hypotheses; the current choice of the weight associated with pair Hi and Hj

is ad hoc, 2) The current approach does not account for the noise-cost associated

with increasing L as seen from the comparisons in Fig. 4.1. For these reasons the

adaptation mechanism explained above does not guarantee the optimal extraction

of TSI at each iteration. In next section we will address this problem by presenting

an information-theoretic approach to adapt the projection basis.
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Figure 4.1: Comparison of AFSI and SFSI for M = 4, Pe = 10−2 and σ2 = 10.

4.2 Information-theoretic approach

In this section we will present an information-theoretic approach to adapt/design

the projection space for an AFSI system at each iteration. We will begin by using

the information-theoretic framework developed in [35] to define the TSI related to a

M−class recognition task, and then present an approach to optimize the TSI with

respect to the projection matrix. TSI is based on the Shannon MI and it quantifies

the task-relevant information present in the measurement. Using the TSI framework

we can write the AFSI measurement model for a M−class recognition problem as:

rk = PT
k Gx + n, (4.3)

where k is the iteration number. The term G represents the N×M object matrix,

in which the ith column is the N−dimensional object vector under ith hypothesis.

Therefore, G can be expressed as [G1....GM ]. The term x is the source variable and

it represents the M−dimensional random indicator vector that selects a particular
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object vector from the matrix G. Therefore, x ∈ {e1, · · · , eM} where ei is a M -

dimensional vector with 1 at the ith position and zeros elsewhere. Recall that we

have defined the prior probabilities associated with the ith hypothesis as Pi, where

i = 1...M , in the previous section. This is equivalent to denoting the probability

Pr(x = ei) by Pi in the TSI framework. Note that
∑M

i=1 Pi = 1 as before. As the

quantity x is the only parameter of interest for the M−class recognition task, it is

important to note that the entropy of x defines the maximum TSI content in the

measurement rk. The entropy of the source x is given by −∑M
i=1 Pilog Pi bits which

corresponds to log2M bits for equal priors. The quantities rk and Pk once again

represent the L-dimensional feature vector and N×L FSI projection matrix at the

kth iteration respectively. The term n is zero-mean AWGN with co-variance 2σ2[I]L

as before. The integration-time constraint, as defined in Eq. 2.1, is also imposed on

the projection matrix Pk. The M−class recognition TSI, after k iterations, can be

therefore expressed as

Jk = I(r(k);x), (4.4)

where I(r(k);x) is the MI between r(k) and x. The term r(k) represents the

(k·L)−dimensional feature-measurement vector capturing the entire measurement

history including the current measurement, and can be expressed as [rT
1 ...rT

k−1, r
T
k ]T

or equivalently we can say that r(k) = [(r(k−1))T , rT
k ]T . Similarly, we can collect

the entire history of the projection matrices and express it as the k·L × N dimen-

sional matrix P(k) = [P1...Pk−1,Pk]
T . Note that the information measure Jk will

be bounded by the entropy of x. We can use the chain rule of mutual information

to express the recognition TSI as follows [78]:

Jk = Jk−1 + Jk|k−1, (4.5)

where Jk−1 = I(r(k−1);x) and Jk|k−1 = I(rk;x|r(k−1)). The quantity Jk|k−1 is the TSI

obtained from the current measurement vector rk conditioned on the measurement

history represented by r(k−1). We will refer to Jk|k−1 as conditional-information.

Also, note that the term Jk−1 is independent of the current measurement vector

rk because it represents the TSI obtained from the previous measurements. There-
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fore, for an AFSI system we need to only select Pk so as to maximize conditional

information at each iteration. This will insure that the projection matrix at each

iteration step is information-optimal in terms of the recognition task. Note that the

decision-making steps (based on the SHT framework) remain the same as described

in Chapter 2. We will refer to this conditional-information based AFSI as CI-AFSI.

Fig. 4.2 shows the flowchart representation of the CI-AFSI system.

   No

Yes

SHT

One of the M = 4
targets is chosen

x

Design the new projection
matrix Pk+1 to maximize
conditional information Jk+1|k SHT

Target i
is present

rk = PT
k Gx + n

Measurement Model

Decision about the
target class using

Figure 4.2: Flowchart for CI-AFSI system.

Using this TSI-based formulation we can re-cast the design/adaptation problem

in Eqns. (2.18) and (2.19) as follows: After (k − 1) iterations with k ≥ 2, we wish

to find Pk according to

max
Pk

[Jk|k−1], such that max
l

L∑
j=1

|Pk|lj = Tint. (4.6)

Note that for k = 1 (i.e. the first projection basis) we will need to maximize J1

with respect to P1 subject to the integration time constraint. We deal with this

constrained optimization problem through a simple gradient update rule with the

enforcement of the constraint after each update. The optimization scheme involved

here is similar in spirit, to the one suggested in [79]; however, the cost function
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here is based on conditional information whereas [79] employs MI. The iterative

algorithm to optimize Jk|k−1 is:

1. At the optimization iteration index i = 0, initialize the projection basis Pk =

Pk(0) randomly satisfying the constraint given by Eq. (2.1).

2. Update the projection matrix using the gradient Z(i) =
[

∂Jk|k−1

∂Pk

]
Pk=Pk(i)

,

Pk(i + 1) = Pk(i) + γZ(i).

3. Normalize the updated projection matrix Pk(i + 1) such that the integration-

time constraint given by Eq. (2.1) is satisfied.

4. Set i to i + 1 and go to step (1) until the condition
∑L

j=1

∑N
l=1 |Pk(i + 1) −

Pk(i)| < ε is met.

The term γ is the step-size of the update. For k = 1, we will optimize J1 and the

steps will remain the same as given above except that the gradient now becomes

Z(i) =
[

∂J1

∂P1

]
P1=P1(i)

.

Now we describe the computation of the gradient Z. For k ≥ 2, the gradient can

be expressed as:

Z =

[
∂Jk|k−1

∂Pk

]

=
∂

∂Pk

[
I(PT

k Gx + n;x|r(k−1))
]

=
(
Ex

[
p(r(k−1)|x) [Gx] [Gx]T

]
−

Ex,rk

[
p(r(k−1)|x)

(
Ex|r(k) [Gx]

) (
Ex|r(k) [Gx]

)T
]) Pk

2σ2
.

where the function Eα [f ] denotes the expectation of the quantity f with respect to

the random quantity α. Because the quantity r(k−1) is normally distributed when

conditioned on x, the conditional probability p(r(k−1)|x) can be expressed as

p(r(k−1)|x) =

(
1

(4πσ2)

) (k−1)L
2

exp

[
−

(
r(k−1) − (P(k−1))TGx

)T (
r(k−1) − (P(k−1))TGx

)

4σ2

]
.

(4.7)
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The term Ex|r(k) [Gx] represents the average of Gx conditioned on r(k), and it can

be written as

Ex|r(k) [Gx] =

∑M
j=1[Gej]p(r(k)|x = ej)Pj∑M

m=1 p(r(k)|x = em)Pm

, (4.8)

where the conditional probability p(r(k)|x = em) can be computed using Eq. (4.7).

The derivation steps for the gradient in Eq. (4.7) can be found in Appendix A. For

k = 1, the gradient can be expressed as:

Z =

[
∂J1

∂P1

]

=
(
Ex

[
(Gx)(Gx)T

]− Ex,r1

[(
Ex|r1 [Gx]

) (
Ex|r1 [Gx]

)T
]) P1

2σ2
. (4.9)

Steps for the derivation of the gradient in Eq. (4.9) are similar to those in Ap-

pendix A. The conditional estimate Ex|r1 [Gx] in Eq. (4.9) can be computed through

Eq. (4.8) by replacing r(k) with r1. We make use of the Monte-carlo technique sug-

gested in [79] to estimate the gradients in Eqns. (4.7) and (4.9). We first generate

KMC random samples (x0, r0) from the distribution p(x)p(rk|x), and then use nu-

merical averaging to estimate the E[·] operators in Eq. (4.7). Therefore, the gradient

in Eq. (4.7) can be approximated as

Z ≈
∑
r0,x0

(
p(r(k−1)|x0)

[
(Gx0)(Gx0)

T − (
Ex|r(k−1),r0

[Gx]
) (

Ex|r(k−1),r0
[Gx]

)T
]) Pk

2σ2KMC

,

(4.10)

where

Ex|r(k−1),r0
[Gx] =

∑M
j=1[Gej]p(r(k−1)|x = ej)p(r0|x = ej)Pj∑M

m=1 p(r(k−1)|x = em)p(r0|x = em)Pm

. (4.11)

The value of KMC must be large so that the estimate of Z is reliable. Note that

the averaging operation in Eq. (4.10) is done with respect to the source variable x

and the L−dimensional feature vector rk. Therefore, the value of KMC will greatly

depend upon M , L and SNR. Note that for the TSI optimization steps explained

above we need to estimate Z at each optimization iteration step i. The estimate

Z(i) can be computed by substituting Pk = Pk(i) in Eq. (4.10). This becomes

computationally expensive if we were to estimate Z(i) using KMC samples at each
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optimization step i. We use the following recursive method to estimate Z(i) by

taking advantage of previously computed Z(i− 1):

Z(i) ← µZ(i− 1) + (1− µ)Zmod(i), (4.12)

where µ is the forgetting factor suggesting the importance of monte-carlo samples

generated for the (i − 1)th optimization step. Now we could use many fewer (than

KMC) new samples to estimate Zmod(i). This recursive approach works well when

the optimization step size γ is taken to be sufficiently small [79]. Recall from the

flowchart in Fig. 4.2 that the projections resulting from this TSI optimization will

be used for the kth iteration of AFSI, and then the SHT based decision-making

steps will be applied to r(k). In addition to TSI optimization (at each iteration

of CI-AFSI), this framework also gives us access to the gradients of conditional

information. These gradients can also be used to analyze the sensitivity/robustness

of FSI systems to variations in certain parameters.

Fig. 4.3(a) illustrates an example of how priors are updated as the experiment

progresses using CI-AFSI. The simulation details are once again: M = 4, Pe = 10−2,

σ2 = 10. The value of L is taken to be 1 and Tint is set to 0.05 (or equivalently SNR

= −23 dB.) Object 4 is the true hypothesis in this experiment. The observations

from this data are: 1) All the priors start with Pi = 0.25 at the first iteration, 2) The

priors are updated after each measurement and the decision is not made until all

the likelihood ratios corresponding to a particular hypothesis become greater than

1−Pe

Pe
. In other words the decision is made as soon as one of the M updated priors

becomes greater than A = 1− Pe and the sum of the remaining M−1 priors become

smaller than B = Pe. The derivation of these thresholds can be found in [55, 56]. In

this particular experimental realization the decision is made after K = 5 iterations.

Fig. 4.3(b) shows the updated projection vector after each iteration corresponding

to the specific experiment in Fig. 4.3(a). Next we examine the CI-based AFSI

system for M = 2 and with L = 1. It is previously known that for a two-class

recognition problem with no nuisance parameters (i.e. with known signals under

each hypothesis) there is no adaptation advantage [31, 54, 59]. Figs. 4.4(a) and
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4.4(b) show a particular experimental realization of CI-AFSI system with M = 2

and L = 1. Note that the projection vector does not change as the experiment

progresses; the decision is made after K = 5 iterations in this particular experiment

realization.

We evaluated the performance of CI-AFSI for M = 4, Pe = 10−2, σ2 = 10 and

L = 1, 2 and 3 by quantifying E[K] as a function of detector integration time Tint.

At each value of integration time E[K] is computed by performing Monte-carlo

averaging over 800 trials of SHT (i.e. 200 noise realizations per class). Fig. 4.5

compares the CI-AFSI approach with statistical AFSI. The solid curves represent

CI-AFSI and dashed curves represent AFSI. The different markers represent the

different values of L. We make several observations from this data. Once again

we see that E[K] is a monotonically decreasing function of Tint and approaches

unity (only one measurement required) for high Tint because of increasing SNR. The

second observation is that CI-AFSI outperforms AFSI; the improvement achieved

by the CI-AFSI system arises from its capability to optimally extract the recognition

TSI. The advantage is highest at low values of Tint, and decreases with increasing

Tint as E[K] starts approaching unity. Observe that CI-AFSI requires E[K] = 3

measurements which is roughly 3 times smaller than AFSI, with L = 1 projection,

at Tint = 0.1 (or equivalently at SNR = −20dB). This gain increases to 5 as Tint is

lowered to 0.05 (i.e. SNR of −23 dB). Also recall from Fig. 4.1 that SFSI required

roughly 50 measurements at Tint = 0.1 to achieve Pe = 10−2. The dashed curve

with diamond markers in Fig. 4.5 corresponds to the L = 1 projection vector Poptk ,

resulting from the scatter-matrix approximation presented in chapter 2. Note that

the performance of this approximation matches well with that of CI-AFSI at low

values of Tint. It is also important to observe that at low values of Tint, unlike

AFSI CI-AFSI does not suffer any noise-cost associated with increasing L. In the

statistical AFSI system we start losing the adaptation advantage with increasing

number of projections because increasing L results in decreasing SNR per feature

measurement. To balance between this noise-cost and discriminating information

for low Tint and L > 1, CI-AFSI sets L − 1 projections to zero. This trend can be
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Figure 4.3: CI-AFSI system results: (a) Example to demonstrate the update for
a sample experiment where object 4 was actually chosen. (b) Updated projection
vector at each iteration corresponding to the experiment in (a).
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Figure 4.4: CI-AFSI system results with M = 2: (a) Example to demonstrate the
update for a sample experiment where object 1 was actually chosen. (b) Updated
projection vector at each iteration corresponding to the experiment in (a).
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Figure 4.5: Comparison of AFSI and CI-AFSI performance for M = 4, Pe = 10−2

and σ2 = 10.

observed from Fig. 4.6 which shows an example update of L = 3 projection vectors

for Tint = 0.1 (or equivalently SNR = −20dB).

Next we take a slightly different perspective on the data in Fig. 4.5, for the pur-

pose of comparing statistical AFSI and CI-AFSI systems in terms of total detection

time. Recall that the quantity “average detection time” is given by D = Tint×E[K].

Fig. 4.7 plots D versus Tint for the AFSI and CI-AFSI systems with L = 1, 2, 3. Ob-

serve that the average detection time D is non-monotonic with Tint due to the

trade-off between 1) adaptation advantage and 2) measurement-SNR. Note that the

average detection time achieved by the CI-AFSI is 0.3, which is roughly half that

achieved by the best statistical AFSI system.

4.3 Extension to nuisance parameters

So far we have considered known signals with AWGN under each hypothesis i.e.

the class-conditional density was normally distributed. We will now extend the
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Figure 4.6: CI-AFSI example with M = 4, L = 3, Tint = 0.1, Pe = 10−2 and
σ2 = 10; the rows represent the iteration index and columns represent the 3 TSI-
optimal projection vectors at each iteration.

information-theoretic formulation in Eq. (4.3) to incorporate signal variability within

each hypothesis. We consider the following extension: under each of the M hypothe-

ses there are S > 1 known face-perspectives. Note that the task is still to recognize

from one of the M hypotheses and it does not matter which perspective actually

appeared. Therefore, the perspective is a nuisance parameter. Using the TSI frame-

work for nuisance parameters, as developed in [35], we can write the measurement

model for the M−class recognition problem as:

rk = PT
k Ḡρ̄x + n, (4.13)



93

0 0.5 1 1.5 2
0.1

1

5

T
int

D

 

 

AFSI (L = 1)
AFSI (L = 2)
AFSI (L = 3)
AFSI (L = 1) with P

opt
k

CI−AFSI (L = 1)
CI−AFSI (L = 2)
CI−AFSI (L = 3)

Figure 4.7: Average detection time for AFSI and CI-AFSI for M = 4, Pe = 10−2

and σ2 = 10.

where k is the iteration number. The matrix Ḡ has dimension N × M ·S and is

given by [Ḡ1...ḠM ], where Ḡi represents the N × S object matrix for hypothesis i

with each column representing one of the S perspectives. We assume that within

a particular hypothesis, each of the S perspectives is equally probable. Fig. 4.8(a)

shows some example perspectives for M = 4 hypotheses. The term ρ̄ is a M ·S×M

dimensional matrix and is defined as:

ρ̄ =




ρ 0 · · · 0

0 ρ · · · 0
...

...
. . .

...

0 0 · · · ρ




(4.14)

where ρ is a S−dimensional random indicator column vector and 0 is a

S−dimensional all-zero column vector. The quantity ρ is a randomly selected ele-

ment of the set {c1, · · · , cS}, where ci is a S-dimensional vector with 1 at the ith
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position and zeros elsewhere. The probability Pr(ρ = ci) is equal to 1
S

because all

perspectives are equally probable. The definition for the term x in Eq. (4.13) re-

mains the same as in Eq. (4.3). The role of the term Ḡρ̄ is to select a face-perspective

from each of the M hypotheses. For example, if ρ = ci then Ḡρ̄ results in the N×M

matrix whose jth column represents the ith perspective of the jth hypothesis, where

i = 1...S and j = 1...M . The quantities rk, Pk and n retain the same meanings

as in Eq. (4.3). The integration-time system constraint, as defined in Eq. (2.1), is

imposed on the projection matrix Pk. The definition of the M−class recognition

TSI remains the same as in Eq. (4.4) and is given by Jk = I(r(k);x). Recall that

the conditional information (CI) is given by Jk|k−1 = I(rk;x|r(k−1)). Note that the

information measure Jk will still be bounded by the entropy of the source variable x

i.e. −∑M
i=1 Pilog Pi bits. Here we have only considered one nuisance parameter i.e.

object perspective; however, more realistic scene models will incorporate a variety

of nuisance parameters like ambient illumination, position, magnification etc. Our

goal in this study is to demonstrate an application of the new information-optimal

adaptation mechanism. The extension to additional nuisance parameters will be

straightforward.

The information-maximization framework and the optimization steps explained

in the previous section remain valid. Therefore, we will need to optimize condi-

tional information after each iteration of the AFSI experiment in order to design an

information-optimal projection matrix at each step. The only difference is that the

gradients in Eqns. (4.7) and (4.9) will change because of the presence of nuisance

parameters. For k ≥ 2, the gradient can be expressed as:

∂Jk|k−1

∂Pk

=
(
Erk,x,ρ

[
p(r(k−1)|x, ρ)

(
Eρ|x,r(k)

[
Ḡρ̄x

]) (
Eρ|x,r(k)

[
Ḡρ̄x

])T
]

−Erk,x,ρ

[
p(r(k−1)|x, ρ)

(
Ex,ρ|r(k)

[
Ḡρ̄x

]) (
Ex,ρ|r(k)

[
Ḡρ̄x

])T
] ) Pk

2σ2
.

(4.15)

The quantity r(k−1) is normally distributed when jointly conditioned on both x and
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Figure 4.8: CI-AFSI extension to include nuisance parameters: (a) Example per-
spectives for M = 4 hypotheses, (b) example to demonstrate the update of L = 1
projection vector for CI-AFSI with S = 5, and (c) example to demonstrate the
update of L = 1 projection vector for CI-AFSI with S = 11.
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ρ. Therefore, the conditional probability p(r(k−1)|x, ρ) can be expressed as

p(r(k−1)|x, ρ) =
exp

[
− 1

4σ2

(
r(k−1) − (P(k−1))T Ḡρ̄x

)T (
r(k−1) − (P(k−1))T Ḡρ̄x

)]

(4πσ2)
(k−1)L

2

.

(4.16)

The term Ex,ρ|r(k)

[
Ḡρ̄x

]
represents the average of Ḡρ̄x conditioned over r(k), and

it can be written as

Ex,ρ|r(k)

[
Ḡρ̄x

]
=

∑M
j=1

∑S
s=1

[
Ḡcsej

]
p(r(k)|ρ = cs,x = ej)(

Pj

S
)

∑M
m=1

∑S
l=1 p(r(k)|ρ = cl,x = em)(Pm

S
)

, (4.17)

where the conditional probability p(r(k)|ρ = cl,x = em) can be computed using

Eq. (4.16). The term Eρ|x,r(k)

[
Ḡρ̄x

]
represents the average of Ḡρ̄x conditioned over

r(k) and x, and it can be written as

Eρ|x,r(k)

[
Ḡρ̄x

]
=

∑S
s=1

[
Ḡcsx

]
p(r(k)|ρ = cs,x)( 1

S
)∑S

l=1 p(r(k)|ρ = cl,x)( 1
S
)

. (4.18)

The derivation steps for the gradient in Eq. (4.15) can be found in Appendix B. For

k = 1, the gradient can be expressed as:

∂J1

∂P1

=
(
Er1,x,ρ

[(
Eρ|x,r1

[
Ḡρ̄x

]) (
Eρ|x,r1

[
Ḡρ̄x

])T
]

−Er1,x,ρ

[(
Ex,ρ|r1

[
Ḡρ̄x

]) (
Ex,ρ|r1

[
Ḡρ̄x

])T
] ) P1

2σ2
.

(4.19)

Steps for the derivation of the gradient in Eq. (4.19) are similar to those in Appendix

A and B. The computation of the conditional information gradient (as required

during TSI optimization) is done through monte-carlo simulations as described in the

previous section. The flowchart for the CI-AFSI system with nuisance parameters

remains the same as in Fig. 4.2 except that the class-conditional density within each

hypothesis is now a mixture of normal distributions.

Figs. 4.8(b) and 4.8(c) illustrates an example of how L = 1 projection vector

is updated, as the experiment progresses using CI-AFSI, for S = 5 and S = 11

respectively. The simulation details used in this example are: M = 4, Pe = 10−2,

σ2 = 10 and Tint = 0.05. Next, we evaluate the performance of CI-AFSI for S =

1, 5, 11 and 21. The other simulation details remain unchanged. Fig. 4.9 plots
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Figure 4.9: Plots of E[K] as a function of Tint for CI-AFSI with S = 1, 5, 11 and 21
(M = 4, L = 1, Pe = 10−2 and σ2 = 10).

the resulting E[K] with respect to Tint. The different markers represent different

values of S. An important observation from this data is that E[K] increases with

S. This is simply because any increase in the number of nuisance parameters makes

it more difficult to perform recognition at a fixed misclassification rate, and thus

increases the required number of measurements. We also observe that at high values

of Tint (i.e. high SNR), CI-AFSI with S > 1 converges very slowly to E[K] = 1.

This indicates that L > 1 projections could help, at high SNR, in achieving faster

recognition. Fig. 4.10 analyzes the performance of CI-AFSI for L = 1, 2 and 3. The

solid, dashed and the dotted curves in Fig. 4.10 represent S = 21, S = 5 and S = 1

cases respectively. The different markers represent different values of L. Note that

increasing L helps in achieving faster recognition at high SNR. Also, the amount

of improvement with respect to L is larger for the cases of S = 21 and S = 5 as

compared to S = 1.

We realize that the above CI-AFSI approach (for nuisance parameters) becomes
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Figure 4.10: Comparisons of CI-AFSI with S = 1, 5 and 21, L = 1, 2 and 3 (M = 4,
Pe = 10−2 and σ2 = 10).

computationally expensive with increasing S. This is because the computation of

the conditional information gradient involves monte-carlo simulation over S per-

spectives. Some practical tricks could be employed for large values of S like 1)

monte-carlo averaging over the diverse perspectives (only) within each class, and 2)

parametrization of each class with S̃ ¿ S parameters.

In this chapter we presented an information-theoretic extension of the AFSI sys-

tem for a M−class recognition task. The adaptation mechanism described in this

work is guaranteed to extract the recognition TSI (conditioned on past measure-

ments and priors) optimally at each iteration of a CI-AFSI experiment. We also

extended the CI-AFSI system to incorporate nuisance parameters in the recognition

framework. It was demonstrated that the required number of measurements (in

order to achieve a specified Pe) increases with the number of possible perspectives

(S) within each hypothesis.
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CHAPTER 5

FEATURE-SPECIFIC STRUCTURED IMAGING

So far in this work we have assumed ambient illumination for the FSI system and

considered the recognition task. It is possible to extend the capabilities of FSI by

exploiting illumination degrees of freedom. Toward this goal we will present a FSI

system that utilizes spatially structured illumination. We will demonstrate that

such a feature-specific structured imaging (FSSI) system can benefit from signifi-

cant reduction in sensor hardware complexity as well as significant improvement in

measurement fidelity. We will begin by describing the mathematical model for the

FSSI system for reconstruction task. Note that some of the notation and terms used

so far will be redefined in this chapter. Next section will present simulation results

comparing FSSI with CONV system. We will also present experimental results that

validate the predicted performance improvements.

5.1 Imager system analysis

Fig. 5.1 depicts the FSSI system that will be the subject of this chapter. This FSSI

system consists of three parts: (a) an illuminator that projects a sequence of spatially

structured intensity patterns onto the object, (b) light collection optics followed by

a single photo-detector for making feature measurements, and (c) a post-processing

algorithm that generates an object estimate from the sequence of measured feature

values. We assume that the illuminator resolution is matched to that of the object.

This assumption represents a cost/complexity burden for the light projection optics;

however, we envision a deployment that leverages this complexity by using a single

illuminator in combination with many collectors. Fig. 5.1 depicts, and in this work

we will analyze, only one collection channel of such a system.

We consider spatially incoherent illumination whose structure in the object plane
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Figure 5.1: System flow diagram for the FSSI approach.

is given by the irradiance vector P. Although the physical illumination pattern will

be two-dimensional (2D), we assume P to be lexicographically ordered for notational

convenience. Because the object is assumed to comprise a
√

N×√N pixel array,

P is a N−dimensional vector. The same convention will be applied to all other

2D quantities. We restrict attention to the mono-static configuration in which the

illumination and collection optics share a common optical axis. In this case the

irradiance pattern reflected from the scene will be a point-wise product between

P and the N−dimensional scene reflectance vector G. The light collection optics

imposes a spatial low-pass filter (LPF) that can be represented using the N×N

optical system matrix H. Note that the projection optics is assumed to provide

resolution at least equal to the object pixel size and thus in our initial efforts we are

ignoring effects due to the finite resolution of the projector. These definitions allow
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us to write an expression for the measurement R obtained from the FSSI system

R =
N∑

i=1

[Hdiag(P)G]i + n, (5.1)

where diag(P) represents the diagonal matrix whose entries are the elements of P

and n represents the additive white Gaussian noise (AWGN) associated with the

photo-detector and associated electronics. There are two important observations

concerning this expression: (a) R is a scalar quantity representing the output of a

single photo-detector - it is the feature measurement in the FSSI system and (b)

the illumination vector P operates on the object G before either the optical low-

pass measurement channel or the AWGN. The FSSI system depicted in Fig. 5.1

employs a sequence of illumination patterns SP = {Pi : i = 1, ...,M}, where M is

the number of features to be measured. Associated with each Pi is a measurement

Ri given by Eq. (5.1). We concatenate this collection of measurements to define the

measurement vector R = [R1, R2, ..., RM ].

Given the measurement process described above we now consider the post-

processing operator. The goal of the post-processor will be to provide an estimate

(Ĝ) of the object reflectance function (G). The quality of this estimate will be

quantified using the mean-squared-error (MSE) criterion:

MSE = E[Tr{(G− Ĝ)(G− Ĝ)T}] (5.2)

where Tr· represents the trace of a matrix and E[·] denotes expectation over both

the noise and object statistics. In this chapter we have restricted our attention to

linear post-processing operators so that the object estimate may be obtained from

the measurements via the linear reconstruction formula Ĝ = ŴR, where Ŵ is the

N×M dimensional reconstruction matrix. The linear minimum MSE (LMMSE)

[80] solution for Ŵ is found to be

Ŵ = RGH̃T [H̃RGH̃T + Rn]−1, (5.3)

where RG = E[GGT ] is the object correlation matrix, Rn = σ2IM , is the noise

correlation matrix (for independent identically distributed AWGN random variables
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each with variance σ2), IM is the M−dimensional identity matrix and H̃ is the

composite system matrix obtained by aggregating the optical LPF operator together

with the set of M illumination profiles. It is explicitly given by the elements H̃i,j =
∑N

n=1[[H][diag(Pi)]]n,i. It is important to note that the optimal LMMSE operator

differs from a simple pseudo-inverse (H̃T [H̃H̃T ]−1) because the LMMSE solution

exploits prior knowledge of both object and noise statistics [81]. This results in

a regularized inversion [H̃RGH̃T + Rn]−1 that is much better conditioned than

[H̃H̃T ]−1.

The preceding analysis has defined the measurement R and presented the opti-

mal linear post-processor for generating an object estimate Ĝ from R. This optimal

post-processor employs knowledge of both the noise and object statistics. It also

requires knowledge of the illumination sequence SP. We wish to select an illumi-

nation sequence that provides good MSE performance for small values of M . It is

well-known that linear projections based on principal components provide the min-

imum reconstruction error for any value of M [31]. This statement of optimality

is strictly true only in the noise-free case and for H = IN . Principal Components

become sub-optimal in presence of noise and/or optical channel degradations (e.g.,

blur). This is simply because the principal component (PC) features contain no

information about these non-idealities and thus define a sub-optimal measurement

subspace. Despite their sub-optimality, we have elected to study PC features for

use within our initial FSSI system studies. Random projections and/or projections

based on more sophisticated optimality criteria may also be employed according to

the needs of other specific applications.

PC features are determined by the statistics of the object space. Given a set of

example objects the resulting PC illumination patterns are simply the eigenvectors

of the object correlation matrix RG. For any value of M therefore, SP = {Pi =

Ei : i = 1, ..., M}, where the set {Ei : i = 1, ...,M} are the eigenvectors of RG with

ordered eigenvalues λ1 > λ2 > ... > λM . Because the PC features define a complete

orthonormal basis we can write any object as G =
∑N

i=1 αiPi, where i represents

the projection of G onto Pi. For all values of M < N the optimality of PC features
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guarantees that the object estimate

Ĝ =
M∑
i=1

αiPi (5.4)

provides the minimum MSE between G and Ĝ. It is important to observe that

a noise-free FSSI system with H = IN , would directly measure the set {αi : i =

1, ..., M} and could therefore generate an optimal object estimate via Eq. (5.4). The

unavoidable existence of noise along with the low-pass nature of the collection optics

requires the use of the more complicated inversion filter given by Eq. (5.3).

5.2 FSSI Performance

In this section we present a simulation study to quantify the performance of FSSI

systems. Fig. 5.2 provides some details concerning the object class of interest (i.e.,

military vehicles) and the associated illumination patterns used in our simulations.

Fig. 5.2(a) shows some example 64×64 pixel objects (object reflectance normal-

ized to 1). A complete set of 4000 such objects was used to derive the PC features

for our FSSI study. The number of training vectors should of course be larger than

their dimensionality in order to ensure that we have good estimates of even the

smallest eigenvectors of RG. However, as we will see, FSSI is primarily concerned

with the largest eigenvectors of RG and thus this requirement on training set size

can be relaxed. We have found that the eigenvalue spectrum of the imagery con-

sidered here follows an exponential distribution with a decay coefficient of 1.5 so

that the dominant 500 eigenvectors define 99% of the total object class variance.

Thus we find that 4000 training images provide excellent estimates of the largest

500 eigenvectors. Another important point regarding the training data is that it

consists of many shifted versions of the objects of interest. It is this construction of

the training set that results in the approximate shift-invariance of our FSSI system.

The largest five PC features for our training data are shown in Fig. 5.2(b).

The images in Fig. 5.2(b) can be interpreted as the irradiance patterns that will

be projected onto the object space in our FSSI system. In order to insure a fair
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Figure 5.2: (a) 5 objects (64×64) from the training set (4000 objects) used to find
the PC features. (b) First 5 PC features computed using the training set described
above. (c) Reconstruction of the object estimate for different values of M .
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comparison among FSSI systems using different values of M , we insist that the

total exposure energy E remain constant. This implies that an M = 1 FSSI system

would illuminate the object with the leftmost pattern in Fig. 5.2(b) using some total

exposure energy E. An M = 5 FSSI system would illuminate the object with the

sequence of five patterns shown in Fig. 5.2(b), each frame using an exposure energy

ei = E/5. The incorporation of such an energy constraint is important because

photons represent the finite resource that governs the fundamental performance

limit of every imaging system. All imagers will produce zero RMSE if measurement

energy is allowed to grow without bound and so it is of fundamental importance

to analyze imaging system performance in photon-constrained environments. In

order to gain some insight into the performance of FSSI for different values of M

we first consider the ideal noise-free FSSI system with H = IN . Fig. 5.2(c) shows

an original object along with five sample reconstructions using M = 10, 50, 100, 200,

and 4096. In this idealized case the root-mean-squared-error (RMSE) between G

and Ĝ is due entirely to the PC expansion truncation error and goes to zero for

M = N . Throughout the remainder of this work we will quantify the quality of

a reconstruction by use of the RMSE per pixel and we will express the result as a

fraction of the pixel dynamic range. The RMSE values for the five reconstructions

shown in Fig. 5.2(c) are 0.199, 0.142, 0.126, 0.116, and 0.0 respectively. Real-world

FSSI systems will suffer from blur associated with the light collection optics. This

observation will allow us to define a more realistic optical system matrix H. We

model the incoherent optical channel using a discrete point-spread-function (PSF)

h(i, j) =

∫ ∆/2

−∆/2

∫ ∆/2

−∆/2

sinc2[(x− i∆)/W ]sinc2[(y − i∆)/W ]dx dy (5.5)

where ∆ is the object pixel pitch and W represents the degree of optical blur asso-

ciated with the LPF defined by the collection optics. Lexicographic ordering of this

2D PSF yields one row of H and all other rows are obtained by lexicographically

ordering shifted versions of this PSF. This process generates the complete system

operator H representing the low-pass optical channel. Throughout the remainder

of this work we normalize ∆ = 1 and consider three different values of the blur
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Figure 5.3: Effect of increasing blur of the incoherent optical channel (i.e. increasing
W from 2 to 4).

W = 2, 3, and 4. These values of W produce blur ranging from mild to severe as

depicted in Fig. 5.3. This figure shows examples of conventional imagery obtained

via these three channels. Recall that the FSSI system operates by integrating all

photons onto a single detector.

Another important aspect of incoherent FSSI systems will be their inability to

directly represent negative elements of a PC feature vector P. We address this lim-

itation by use of a dual-rail encoding in which each PC feature is measured using

a pair of illumination patterns P+ and P−. These dual-rail illumination patterns

are defined according to [P+]i = [P]i if [P]i > 0 and [P+]i = 0 otherwise and

[P−]i = |[P]i| if [P]i < 0 and [P−]i = 0 otherwise. This pair of illumination patterns

(P+,P−) will generate a pair of measurements (R+, R−) according to Eq. (5.1) and

the final feature estimate is obtained by R = R+ − R−. We have previously shown

that it is suboptimal to allocate equal energy to the two rails of such a dual-rail im-

plementation and throughout this work we have used the optimal energy allocation

derived in [16]. An alternate method to deal with negative elements will be to add
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a bias to the illumination patterns before projection. This approach has the advan-

tage of reduced acquisition time as compared to the dual-rail approach for which

each illumination profile requires two measurements. A potential disadvantage of

the ”biased” approach might be the need for additional dynamic range in both the

illumination and collection systems. In this work we have limited our attention to

the dual-rail implementation.

We will compare the performance of FSSI to that of a conventional imager em-

ploying uniform illumination. The total illumination energy used by the conven-

tional imager is made equal to that of the FSSI system. The conventional imager

is assumed to be pixel-matched to the object (i.e., it imposes a spatial sampling

that satisfies the Nyquist criterion in the object space) thus eliminating aliasing in

the measurement process. Furthermore, the conventional imager is subjected to the

same optical blur and AWGN per pixel as the FSSI system. We refer to this compar-

ison system as CONV1. Because the FSSI system relies on a linear post-processing

algorithm to generate a reconstructed image, we will also compare FSSI with a con-

ventional system that employs post-processing. We refer to this comparison system

as CONV2. It assumes perfect knowledge of the PSF and the AWGN strength and

utilizes the optimal linear minimum MSE filter (i.e., the Wiener filter) [80].

Fig. 5.4 presents the results of our FSSI study. All performance results are

obtained using objects that are similar to, but not identical to the 4000 objects

used for defining the PC features. This data has been generated using E = 1,

W = 2, and two different values of AWGN variance. All data points result from

computing the average RMSE performance over 10 test objects and 1000 noise real-

izations. Fig. 5.4(a) is a plot of RMSE versus the number of measured features for

a moderate noise case with AWGN standard deviation σ = 2×10−4 and Fig. 5.4(b)

presents analogous data for the high-noise case with σ = 2×10−3. The solid curves

in both plots represent the performance of FSSI while the dotted and dashed curves

represent the performance of CONV1 and CONV2 respectively. For these two con-

ventional imagers the abscissas in Figs. 5.4(a) and 5.4(b) should be interpreted as

“number of frames” and we note that performance always degrades with increas-
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ing numbers of frames. This is due to the total energy constraint: increasing the

number of frames reduces the energy per frame and increases the number of noise

samples. Conventional imagers therefore always perform best using M = 1 frame.

We also note that CONV2 always provides better RMSE performance than CONV1

as expected.

There are several important observations concerning the FSSI data in Fig. 5.4.

First we note that FSSI performance is non-monotonic with M . This results from

the tradeoff between the PC truncation error and the total energy constraint. The

initial decrease in RMSE with increasing M is due to the reduced truncation er-

ror that results from increasing the number of measured features. Recall however,

that the energy per measurement is decreasing with increasing M . This results in

lower feature-fidelity for large M and produces the “roll-over” in the FSSI curves of

Figs. 5.4(a) and 5.4(b). The resulting optimal values for M are found to be M = 33

features for σ = 2×10−4 and M = 10 features for σ = 2×10−3. Next we observe

that FSSI performance is always superior to CONV1 and nearly always superior to

CONV2. Only for moderate noise and small M does CONV2 provide lower RMSE

than FSSI. If we limit our attention to the optimal numbers of features for each

algorithm (diamond symbols on Figs. 5.4(a) and 5.4(b)) we find that FSSI is always

superior to CONV2. For moderate noise FSSI provides a 25% optimal RMSE ad-

vantage as compared with CONV2 and for high noise this advantage increases to

38%. It is important to note that this performance is obtained by making only M

(i.e., 33 or 10) scalar measurements as compared with the 4096 measurements made

by CONV1 and/or CONV2. Fig. 5.4(c) presents some example moderate-noise im-

ages obtained from CONV1, CONV2, and FSSI with M = 33. The RMSE values

for these three images are 0.83, 0.2 and 0.15 respectively. We attribute the RMSE

improvement obtained via FSSI to the increase in measurement fidelity that results

from integrating all of the collected photons on a single photo-detector.

The total energy constraint that we imposed on the illumination sequence SP,

allows for a fair comparison among FSSI systems that utilize different values of

M . It also results in a tradeoff between the number of measured features and the
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energy per measurement. Thus far our results have assumed a uniform allocation

of energy among the M illumination patterns. It is known however, that the first

few PC feature vectors are more important (i.e., for MSE reduction) than latter

feature vectors, and therefore we might expect a non-uniform energy allocation to

be superior. It is possible to define the optimal set of energies. We begin by rewriting

Eq. (5.1) as

Ri =
N∑

j=1

[Hdiag(eiPi)G]j + n (5.6)

where ei represents the fraction of energy that will be allocated to the ith feature

measurement and we constrain
∑

ei = E. This results in a straightforward mod-

ification to the optimal inverse operator Ŵ wherein Pi is replaced by eiPi in the

definition of H̃. With this substitution, we find that Ŵ and therefore the MSE be-

comes a function of the vector of energies e = [e1, e2, ..., eM ]. Using this formulation

the MSE can be minimized by appropriate choice of e. It is clear that the optimal

value of e will depend upon both σ and M so that changing either of these quantities

will require re-optimizing e. In this work optimization of e has been performed using

a modified gradient search algorithm (e.g., the built-in Matlab function fmincon)

[82].

Figure 5 presents the optimal energy vectors for several values of σ and M .

Fig. 5.5(a) is a plot of the energy fraction ei versus the feature index i for the

moderate-noise case of σ = 2×10−4. Fig. 5.5(b) presents analogous data for the

high-noise case with σ = 2×10−3. The solid curves with symbols in these figures

represent the optimal allocations and the dashed lines represent the uniform alloca-

tions. We note that the optimization has allocated more energy to low-index (i.e.,

more informative) features as expected. We also note that for large M and/or high-

noise the optimization will allocate zero energy to high-index features. This makes

explicit the wastefulness of the earlier uniform allocation strategy. This behavior

is analogous to the tradeoff between resolution and SNR that results from conven-

tional LMMSE image post-processing [81]. Note that the optimal energy allocation

is not influenced by the projection optics because we’ve assumed them to be ideal.
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Figure 5.4: (a) RMSE vs. number of features for moderate noise (σ = 2×10−4),
(b) RMSE vs. number of features for high noise (σ = 2×10−3), and (c)Top Figure:
Example object; Bottom left : Measurement for CONV1 with M=1; Bottom middle:
Object estimate from CONV2 with M = 1; Bottom right : Object estimate from
FSSI with M = 33 (All three estimates for moderate noise: σ = 2×10−4).
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Figure 5.5: (a) Optimal energy distribution for moderate noise (σ = 2×10−4);
M = 40 and 60. (b) Optimal energy distribution for high noise (σ = 2×10−3);
M = 15 and 40.

The dot-dash curves in Figs. 5.4(a) and 5.4(b) demonstrate the performance advan-

tage of using FSSI with optimal energy allocation. We note that the FSSI RMSE

degradation that arose for large M in the case of uniform energy allocation has been

mitigated by use of optimal energy allocation.
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The data in Figs. 5.4(a) and 5.4(b) quantify the RMSE comparison between

FSSI and conventional imaging for two values of AWGN strength. We see that for

each σ there is an optimal value of M . Repeating these simulations for many values

of AWGN strength and extracting the resulting optimal values of M results in the

data shown in Fig. 5.6(a). We see that the optimal number of features decreases

with increasing noise strength. This is in accordance with our understanding that

the optimum M occurs where measurement noise balances PC truncation error.

Each of these optimal M values corresponds to the minimum RMSE for a particular

AWGN strength. Fig. 5.6(b) show the resulting minimum RMSE versus AWGN

strength. We note that for all values of noise the FSSI performance is superior to

that of conventional imaging and that the RMSE advantage increases with increasing

noise. The data in Figs. 5.7(a) and 5.7(b) show the RMSE comparisons for different

values of the optical blur. In this plot we use different line types to represent

different values of the optical blur W . We note that neither CONV2 nor FSSI are

significantly impacted by increased optical blur. This is because of reconstruction

RMSE being dominated by the low spatial frequencies which account for most of

the energy in the object class used here. We also note that FSSI provides lower

RMSE than CONV2 for all values of AWGN strength studied.

The results discussed thus far have been based on test images that are similar

to (but not contained in) the training data. In order to study the robustness of

PC-based FSSI we must test it using images that are completely different from the

training data. Fig. 5.8 shows five face images used for this test. Table 5.1 presents

the comparison of non-uniform FSSI with CONV2 for both similar and dissimilar

testing imagery. FSSI performance is expected to degrade when the testing data

becomes different from the training data. This behavior is confirmed from the data

in Table 5.1. We see an increase in the optimum M and a reduction in the RMSE

improvement obtained via FSSI. For moderate noise FSSI using dissimilar imagery

provides only a 24% optimal RMSE advantage (with M = 70) over CONV2 and for

high noise this advantage is only 21% (with M = 15). It is important to note that

even when the testing imager is different from the training imagery, FSSI provides
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Figure 5.6: (a) Optimal number of features required by FSSI to achieve the minimum
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Figure 5.7: (a) Comparison of conventional imaging and non-uniform FSSI for mod-
erate noise (σ = 2×10−4) and different blurs W = 2, 3 and 4. (b) Comparison of
conventional imaging and non-uniform FSSI for high noise (σ = 2×10−3) and dif-
ferent blurs W = 2, 3 and 4.
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Figure 5.8: (Test images used to quantify the robustness of FSSI.

Algorithm Moderate noise (σ = 2×10−4) High noise (σ = 2×10−3)
Similar objects Face objects Similar objects Face objects

CONV2 0.201 (M = 1) 0.21 (M = 1) 0.304 (M = 1) 0.305 (M = 1)

Non-uniform FSSI
0.15 (M = 33 on-
wards)

0.16 (M = 70 on-
wards)

0.188 (M = 10 on-
wards)

0.24 (M = 15 on-
wards)

Improvement of
non-uniform FSSI
over CONV2

24% 25% 38% 21%

Table 5.1: Comparison of the non-uniform FSSI with CONV2 for similar (to training
set) objects and face objects in Fig. 8.

an RMSE advantage over CONV2.

5.3 Experimental Validation

The experimental apparatus for FSSI consists of a (EPSON PowerLite S1+) pro-

jector under computer control that provides spatially structured illumination to the

scene. The illumination energy is controlled by specifying the duration of each pro-

jected pattern. A single 40 mm diameter, f/2 lens is used to collect the reflected

light onto a Newport (818−SL and 1830−C) photo-detector and power meter. The

measured optical power is sampled by the computer. Both the illuminator and the

detector are placed at a distance of 150 cm from the 2D scene. The scene defines

a 3.2◦ field of view as seen from the detector. The physical pixel size on the scene

is 1.31 mm and is therefore larger than the projected pixel size of 0.4 mm. The

effective value of optical blur for this setup was determined via calibration to be

W = 2. The baseline AWGN strength found in the current experimental apparatus

is σ = 4×10−4 operating at an integration time of 300 msec. Note that in order to

provide video-rate operation, we would require a measurement rate 9 times larger

resulting in a roughly three-fold increase in noise standard deviation.
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Figure 5.9: (a) Comparisons between theory and experiment for conventional imag-
ing and FSSI. (b) Top Figure: Example object; Middle left : Reconstruction for
CONV2 from theory; Middle right : Reconstruction for CONV2 from experiment;
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construction for non-uniform FSSI from experiment. (Noise standard deviation
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117

In order to compare our experimental results with those from simulation we

emulated larger values of noise by adding AWGN to the detector measurements

after sampling. Using this method we have generated the data shown in Fig. 5.9.

This data is based on the use of dual-rail illumination and the optimum energy

allocation described in the previous section. Fig. 5.9(a) shows the minimum re-

construction RMSE as a function of AWGN strength. All three imaging methods

have been validated. Simulation data for FSSI, CONV1, and CONV2 are repre-

sented by solid, dashed, and dotted curves without symbols respectively and the

associated experimental data are shown using curves with symbols. The data shows

excellent agreement between experiment and simulation. The average percentage

error between experiment and simulation is found to be 1.5%, 3.26%, and 6.76%

for CONV1, CONV2, and FSSI respectively. We also note that the predicted ben-

efit of FSSI is verified via these experimental results. We find that for AWGN

strength σ = 4.5×10−4, the experimental RMSE improvement obtained by FSSI is

22% compared with CONV2 and 86% compared with CONV1. Fig. 5.9(b) presents

example reconstructions for FSSI and CONV2 obtained using both simulation and

experiment.

In this chapter we presented a new FSI system based on the use of structured

light. We made use of principal component features to define the illumination pat-

terns. Compared to the CONV system we observe that FSSI can provide significant

RMSE reduction within a high-noise environment. FSSI also reduces the number

of required measurements thus providing potential benefits in terms of complexity,

frame rate, cost, power and/or bandwidth. The experimental validation of the FSSI

concept was also presented.
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CHAPTER 6

RANDOM PROJECTIONS BASED FEATURE-SPECIFIC STRUCTURED

IMAGING

In the previous chapter we made use of the object prior knowledge in determining the

illumination patterns. However, the prior knowledge is not always available to the

system during the sensing process. It will be therefore useful to design the sensing

process that is independent of the object prior. Towards this goal, we generalize

FSSI by making use of random projections (i.e., using no object prior knowledge)

to define the illumination patterns. We begin by describing the random projections

based FSSI (RFSSI) system. We make use of different kinds of sparsity (i.e. a kind

of object prior) during the reconstruction process. The last section describes the

experimental setup for the RFSSI system and evaluates its RMSE performance for

various kinds of sparse objects.

6.1 Imager system analysis

The RFSSI system layout is essentially similar to that of the FSSI system. We will

briefly review the setup again and introduce the notation that will be used in this

chapter. Fig. 6.1 depicts the RFSSI system. It consists of 1) an illuminator to project

a sequence of spatially structured intensity patterns onto a two-dimensional object,

2) light collection optics focussing the reflected light onto a single photodetector and

3) a post-processing algorithm to generate an object estimate from the sequence of

measurements. We assume that 1) the illuminator resolution is matched to that of

the object i.e. it provides resolution at least equal to the object pixel size, and 2)

the illuminator and the light collection optics share a common optical axis. The

object reflectance function is represented by the N−dimensional vector G. The

illumination pattern is considered to be spatially incoherent and is represented by
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Figure 6.1: System diagram for the RFSSI approach.

the vector P. Because the illuminator and light collection optics are assumed to

be in a mono-static configuration the reflected irradiance pattern from the object

will be a pointwise product between P and G. This reflected light is focused onto

a single photodetector resulting in the feature measurement given by

R =
N∑

i=1

[P]i[G]i. (6.1)

The feature measurement R in Eq. (6.1) is simply an inner product of P and G.

We now generalize the measurement model in Eq. (6.1) by considering a sequence

of K projections. The resulting K−dimensional measurement vector R is given by

R = ¯̄PG, (6.2)

where ¯̄P represents the K×N measurement matrix, ¯̄P = [P1,P2...PK ]T where Pi

is the ith projection vector of dimension N×1.

Before describing the postprocessing algorithm it is important to discuss the

assumptions related to object sparsity. The object reflectance vector G can be

represented as a N−dimensional real-valued vector α in an orthonormal basis ¯̄V

(of dimension N×N) so that G = ¯̄Vα. We will refer to ¯̄V as the representation

matrix and it can be expressed as [V1,V2...VN ]T where VT
i Vj = 1 for i = j

and equal to 0 otherwise. By sparsity of the object reflectance G we mean that
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the number of non-zero elements (M) in the vector α is much smaller than its

dimensionality i.e. M¿N . We will refer to such an object as “explicitly-sparse.”

Consider the example in Fig. 6.2(a) where we show two different 32×32 binary

sparse objects with M = 160 non-zero values. The representation basis ¯̄V in this

case is simply an identity matrix so that α = G and therefore these objects are

“explicitly-sparse” in the space domain. However, there are scenarios where the

coefficient vector α is not explicitly sparse but still compressible. This implies that

α has only M¿N elements larger than ε in magnitude, where ε¿max |α|. We will

refer to such objects as “mostly-sparse.” Consider the example in Fig. 6.2(b) where

we show two different 32×32 gray-scale truck objects (reflectance normalized to 1)

that are “mostly-sparse” in a wavelet basis. The wavelet basis ¯̄VDW is created using

the Daubechies’ wavelet filters of length equal to 4 with number of levels equal to

7 [31]. Fig. 6.2(c) plots the coefficient vector α representing the leftmost object

from Fig. 6.2(b) in the basis ¯̄VDW . Note from Fig. 6.2(c) that max |α| = 7.09

and the number of elements greater than ε = 0.18 is equal to 250. We create a

truncated coefficient vector αtrunc by retaining these dominant 250 coefficients of

α at their respective positions and equating the remaining elements to zero. The

truncated coefficient vector αtrunc is transformed back to the object space to form

Gtrunc = ¯̄VDW αtrunc which is shown in Fig. 6.2(d). Note that the visual quality

remains good when retaining only 250 coefficients of the wavelet expansion. We can

observe that the object in Fig. 6.2(d) is now explicitly sparse in the wavelet domain.

Next, we consider the design of the measurement matrix and the associated post-

processing required for the RFSSI system discussed above. The postprocessing algo-

rithm is to be designed such that it yields an estimate (Ĝ) of the object reflectance

(G). The reconstruction quality is evaluated using the root-mean-squared-error

(RMSE) criterion:

RMSE =
1

N
‖G− Ĝ‖L2 , (6.3)

where ‖x‖L2 denotes the L2−norm of the real-valued vector x and is given by

(
∑N

i |xi|2)1/2. Here we are interested in the case where the number of measurements

K¿N and therefore solving for Ĝ becomes an underdetermined problem. We use
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Figure 6.2: (a) Two example 32×32 binary sparse objects with M = 160. (b) Two
example 32×32 gray-scale truck objects. (c) Plot of coefficient vector α representing
leftmost object from (b) in wavelet basis ¯̄VDW . (d) Estimated object reflectance
Gtrunc obtained by retaining the dominant 250 coefficients from (c).
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the result by Candes et al. in [71] where it is shown that if (1) G is M−sparse, (2)

the elements of ¯̄P are independently chosen from the symmetric Bernoulli distribu-

tion Pr( ¯̄Pij = 0 or 1) = 1/2 and, (3) K≥M · log N/M then G can be reconstructed

exactly with high probability by solving the convex program

min
Ĝ∈<N

‖ ¯̄V
T
Ĝ‖L1 subject to ¯̄PĜ = R. (6.4)

Note that ‖x‖L1 denotes the L1−norm of the real-valued vector x and is given

by
∑N

i=1 |xi|. We will refer to this approach as L1. Candes’ result essentially says

that the measurement process need not rely on detailed object prior knowledge.

The “cost” of our ignorance will be the need to take roughly log (N/M) times more

measurements as compared to the case in which object prior knowledge (i.e., the

specific directions containing maximum object information) is available during the

measurement. Next, we will present simulation results to demonstrate the operation

of the reconstruction algorithm in Eq. (6.4). Fig. 6.3(a) shows a 32×32 binary object

reflectance pattern with M = 160 non-zero elements. Therefore, from the above

mentioned result of Candes, we would need K > log (N/M) = 300 measurements to

obtain RMSE= 0. We use L1 to reconstruct the reflectance estimate and Fig. 6.3(b)

shows the estimate Ĝ for K = 350 and K = 450. The solid curve with ’circles’

in Fig. 6.3(e) shows the resulting reconstruction RMSE, for the binary object in

Fig. 6.3(a), as a function of K. The RMSE trend with respect to K is monotonically

decreasing eventually going to zero. Note that the resulting RMSE values for K =

350 and K = 450 are 0.133 and 0 respectively. Fig. 6.3(c) shows a 32×32 gray-scale

object that is “mostly-sparse” in the wavelet basis ¯̄VDW . Although this object is

not explicitly sparse in the ¯̄VDW basis we can still apply the L1 algorithm because

of its “mostly-sparse” nature. Fig. 6.3(d) shows the estimate Ĝ for K = 350 and

K = 450. Note that the resulting RMSE values for K = 350 and K = 450 are 0.19

and 0.164 respectively. The solid curve with ’squares’ in Fig. 6.3(e) represents the

reconstruction RMSE for this “mostly-sparse” object. Note that the reconstruction

is not exact because the object is not explicitly-sparse as required by the Candes’

result in Eq. (6.4).
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Figure 6.3: (a) Example of 32×32 binary sparse object with M = 160. (b) L1
reconstructed estimate of the object in (a) for K = 350 and K = 450 (Simulation
data). (c) Example of a 32×32 gray-scale truck object that is “mostly-sparse” in
the basis ¯̄VDW . (d) L1 reconstructed estimate of the object in (d) for K = 350 and
K = 450 (Simulation data). (e) Plot of RMSE versus K resulting from applying L1
to the random projection measurements (curves with ’circles’ and ’squares’ represent
the objects in Figs. 6.3(a) and 6.3(c) respectively).
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We will now extend the model in Eq. (6.2) to the case where our observations

are noisy. Consider the new measurement model for RFSSI given by

R = ¯̄PG + n, (6.5)

where n represents the K−dimensional error/perturbation vector. We will assume

that this perturbation term has bounded energy i.e. ‖n‖L2 ≤ σ. For example, if each

element of n is a zero-mean white Gaussian (WG) random variable with variance

σ2
o then σ = σo

√
K. Candes et al. extends the L1 approach in [72] by incorporating

knowledge about the noise. The estimate Ĝ can now be obtained by solving the

modified convex program

min
Ĝ∈<N

‖ ¯̄V
T
Ĝ‖L1 such that ‖ ¯̄PĜ−R‖L2 ≤ σ. (6.6)

Candes et al. solve this convex program by recasting it as a second order cone pro-

gram (SOCP) [72]. Recently Figueiredo et al. has proposed a gradient-projection

based approach to solve a slight variant of the problem in Eq. (6.6) [73]. This ap-

proach attempts to minimize the weighted sum of the data fidelity term ‖ ¯̄PĜ−R‖L2

and the L1−norm ‖ ¯̄V
T
Ĝ‖L1 under no constraints. Figueiredo’s approach is shown to

be computationally faster than SOCP in [72] with no sacrifice in the reconstruction

quality. This method is referred to as gradient projection for sparse reconstruction

(GPSR) in [73]. We make use of the MATLAB routine for GPSR publicly available

at www.lx.it.pt/ mtf/GPSR. We now consider a simulation example based on the

use of GPSR. The error term n in Eq. (6.6) will be modeled as additive WG noise

with σo = 2 which is equivalent to 7% of the dynamic range of the corresponding

error-free measurement in Eq. (6.2). The measurement matrix ¯̄P is created using

random binary patterns as explained above. Fig. 6.4(a) shows the estimates Ĝ of

the object in Fig. 6.3(a) for K = 450 and K = 600. The resulting RMSE for this

object is plotted in Fig. 6.4(b). Observe that RMSE is monotonically decreasing

with respect to K. As opposed to the trend in Fig. 6.3(c) RMSE does not converge

to zero due to measurement noise. Using the knowledge that M = 160 we retain the

dominant 160 elements of the estimates Ĝ in Fig. 6.4(a) resulting in the modified
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Figure 6.4: Simulation example: (a) GPSR reconstructed estimate of the object
in Fig. 6.3(a), with noise (σo = 2) added to the projection measurements), for
K = 450 and K = 600. (b) Plot of RMSE versus K resulting from applying GPSR
to the noisy random projection measurements (σo = 2). (c) Estimates obtained by
retaining only M = 160 dominant values of the object estimates in Fig. 6.4(a).

estimates shown in Fig. 6.4(c). This approach is however not optimal and therefore,

we did not compare it with the GPSR method.

6.2 Experimental setup

Figure 6.5 depicts the experimental setup of the RFSSI system. The illuminator

used for the experiment is an Epson PowerLite S1+ projector. It is controlled by

a computer that provides a sequence of random binary-valued images. The light

collection optics is implemented using a f/1 biconvex lens with aperture size equal

to 25.4 mm. The photodetector used in the experiment is a Newport 818−SL

connected to a Newport 1830−C power meter. The integration time used for each

feature measurement is equal to 250 ms. Both the illuminator and light collection

optics are placed at a distance of 95 cm from the 2D object. The 2D object has

32×32 pixels with scene dimensions equal to 18 cm by 18 cm, and is implemented

through a poster-board image. Therefore, the scene defines a 10.7◦ field of view as

seen from the detector. The physical pixel size of the object is 5.6 mm and is larger
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than the projected pixel size which is roughly 3 mm.

Before describing the calibration procedure we discuss the kinds of sparse objects

(of dimension 32×32; N = 1024) being used for testing purposes. For experimental

validation of the proposed RFSSI system we consider three kinds of objects: 1)

Binary objects (“explicitly-sparse” in the space domain) with M = 160, 2) Gray-

scale truck objects “explicitly-sparse” in a principal component (PC) basis with

M = 160, and 3) Gray-scale truck objects “mostly-sparse” in a PC or wavelet

basis. We have already explained the first and the third kind of objects earlier

in this chapter. Here we describe the procedure of generating objects that are

“explicitly-sparse” in a PC basis. The PC basis is determined by the statistics of

an object ensemble [31]. For a set of objects S, the PC projections are defined

as the eigenvectors of the object autocorrelation matrix RS = E[GGT ], where G

belongs to S and E[·] denotes the expectation operator. Here we consider 4000

truck objects to define S and subsequently generate the PC basis ¯̄VPC . Each object

reflectance G will therefore be represented as a N−dimensional real-valued vector α

in the PC basis ¯̄VPC (of dimension N×N) i.e. G = ¯̄VPCα. The “explicitly-sparse”

objects (with M = 160) in the PC basis can thus be generated by retaining only

the largest 160 coefficients of |α|. Fig. 6.6(a) shows two example truck objects used

for generating RS and Fig. 6.6(b) shows their respective “explicitly-sparse” (with

M = 160) versions.

Next, we describe the calibration procedure used in our experiment. The idea is

to perform curve-fitting between the theoretical and experimental feature measure-

ments for a set of five known training objects. Fig. 6.7(a) shows the five training

objects. The number of measurements K for each training object is taken to be

600 i.e. the measurement matrix ¯̄P is of dimension 600×1024. The K−dimensional

theoretical measurement vector is given by R in Eq. (6.2). We will denote the

K−dimensional experimental measurement vector as Rexp. Fig. 6.7(b) plots the

first 100 entries of R and Rexp corresponding to the leftmost object in Fig. 6.7(a).

We fit an affine-linear model given by Rcalib = a·Rexp+b such that the root-least-

squares error RLSE = (1/K)·‖Rcalib −R‖L2 for each training object is minimized.
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Figure 6.5: Experimental setup for the RFSSI system.

(a) (b)

Figure 6.6: (a) Two of 4000 example truck objects used to generate a PC basis. (b)
Explicitly-sparse in the PC basis (with M = 160) versions of the objects in (a).
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The values for a and b determined using the training data are 0.93 and −157.7

respectively. The resulting residual error after fitting the model is found to be

RLSE ≈ 2. This residual error is equivalent to 7% of the dynamic range of the

theoretical measurement vector R, and can be modeled as the perturbation term

defined in Eq. (6.5) because it is bounded. Various factors that could be contributing

to this error are detector noise or read-out noise, illuminator temperature variations

and improper reflection model. Fig. 6.7(c) plots the first 100 entries of R and Rcalib

corresponding to the leftmost object in Fig. 6.7(a).

Now we will use the calibration parameters obtained above to generate experi-

mental reconstructions for several test objects. The steps involved in experimental

reconstruction are: 1) measure the readings associated with K (equal to 600 for

this study) illumination patterns defined by ¯̄P and store them in vector Rexp, 2)

transform Rexp into Rcalib by using the calibration parameters derived above and, 3)

use the GPSR approach to generate the object estimate Ĝ from Rcalib. Fig. 6.8(a)

shows two binary test objects along with their respective estimates obtained from

the experiment. Fig. 6.8(b) shows two explicitly-sparse objects in the ¯̄VPC basis

along with their respective estimates. Fig. 6.8(c) shows two “mostly-sparse” truck

objects in the ¯̄VPC basis along with their respective estimates. Fig. 6.8(d) shows

two “mostly-sparse” truck objects in the ¯̄VDW basis along with their respective

estimates. These experimental reconstructions demonstrate the feasibility of RF-

SSI by using only 600 measurements i.e. 58% of the object dimensionality. The

experimental RMSE, obtained by averaging over the test objects in Fig. 6.8, for

K = 600 (or equivalently 58%) is equal to 0.17. Fig. 6.9 shows the RMSE perfor-

mance, averaged over the test objects in Fig. 6.8, as a function of the number of

feature measurements K. The curve with circles represents theory and the curve

with squares represents our experiment performance. The data in Fig. 6.9 shows

excellent agreement between experiment and simulation.

Lastly we will compare the RFSSI and FSSI systems in terms of the number

of measurements required to achieve a specified RMSE. The number of measure-

ments required by RFSSI and FSSI to achieve a specified RMSE will be denoted by
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Figure 6.7: (a) Five training objects used for calibration. (b) Plot of first 100 entries
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Figure 6.8: Experimental results: (a) Two binary objects along with their respective
estimates. (b) Two explicitly-sparse objects in ¯̄VPC along with their estimates. (c)
Two mostly-sparse truck objects in ¯̄VPC along with their estimates. d) Two mostly-
sparse truck objects in ¯̄VDW along with their respective estimates.
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Figure 6.9: (RMSE comparison between theory and experiment for RFSSI system.

KRFSSI and KFSSI respectively. As noted earlier in this chapter, FSSI makes use of

substantial object prior knowledge (i.e. object autocorrelation matrix and PC basis

¯̄VPC) during the measurement process. From [17] we find that the reconstruction

RMSE for FSSI is lower-bounded by

RMSEFSSI =
1

N

√
Tr{RS −RS

¯̄P
T

PC [ ¯̄PPCRS
¯̄P

T

PC + σ2
o [I]]

−1 ¯̄PPCRS}, (6.7)

where Tr· denotes the trace operator, ¯̄PPC denotes the measurement matrix (of di-

mension KFSSI×N) and [I] denotes an identity matrix of dimension KFSSI×KFSSI .

The measurement matrix ¯̄PPC is created by retaining the KFSSI dominant eigen-

vectors from ¯̄VPC . We will denote the experimental RMSE performance of the

RFSSI system, averaged over the gray-scale test objects, as RMSERFSSI . To en-

sure a fair comparison between RFSSI and FSSI, we make sure that both sys-

tems use the same illumination energy for each pattern. This is done by enforcing
∑N

j=1 |[ ¯̄PPC ]ij| =
∑N

j=1 |[ ¯̄P]ij| for i = 1, ..., N . Table 6.1 compares KRFSSI and

KFSSI for several values of RMSE. It can be seen that KFSSI < KRFSSI as ex-
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RMSE KRFSSI KFSSI

0.212 150 1
0.204 200 2
0.192 300 4
0.173 400 6
0.168 500 7
0.163 600 9

Table 6.1: Comparison of KRFSSI and KFSSI for several values of RMSE (σo = 2)

pected.

In this chapter we have presented a FSSI system that uses binary random projec-

tions to define the illumination patterns. We used the nonlinear algorithms based on

L1−norm minimization and/or gradient-projection sparse reconstruction for object

reconstruction. We considered both “explicitly-sparse” and “mostly-sparse” objects

for testing the RFSSI system. The experimental validation of the RFSSI approach

was also presented.
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CHAPTER 7

CONCLUSIONS AND FUTURE WORK

7.1 Summary of the dissertation

Feature-specific imaging provides direct optical feature-measurement and therefore

can be used in applications for which the system goal is expressible in terms of linear

features. The advantages of FSI over conventional imaging in terms of improved

feature fidelity and recognition performance have been shown by several authors

[16, 29, 30, 35, 38]. The goal of this dissertation is to present two extensions of

the feature-specific imaging system: 1) incorporating adaptation capability which

is suitable for the recognition task, and 2) making use of illumination degrees of

freedom to improve the object reconstruction fidelity.

The first half of the dissertation focussed on adaptive feature-specific imaging

system for the recognition task. The AFSI system adapts its projection basis based

on the knowledge of previous measurements. We have integrated this adaptation

capability with the sequential hypothesis testing framework. Comparisons of AFSI

were performed with SFSI and conventional imaging in terms of the number of

measurements required to achieve a specified probability of misclassification. We

demonstrated that for M = 4 hypotheses and probability of error Pe = 10−2, AFSI

requires 7 times fewer measurements than SFSI at low values of Tint. ACONV

required 2-3 times fewer measurements than SCONV for the same conditions. How-

ever, as expected the adaptation advantage goes to zero at high SNR. We also

studied the AFSI system for M = 4 and Pe = 10−2 by varying the number of

feature measurements (L) at each step. It is observed that for low values of Tint

AFSI requires more measurements with increasing L. This trend was reversed for

high values of Tint. We also introduced a new metric that measures the average

time required to make a decision. The analysis of average detection time led to
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an interesting trade-off between measurement SNR and adaptation advantage: at

low values of Tint, we lose measurement-SNR and at high values of Tint, we lose the

adaptation advantage. This resulted in an optimal value of integration time per

measurement that ensured fastest detection. The class-conditional objects within

each hypothesis were assumed to be known in this study.

Next, we presented the AFSI system for application to a M−class recognition

problem with object variability/stochasticity within each hypothesis. In this exten-

sion we used two approaches to estimate the class-conditional densities. First ap-

proach used the mean and covariance information, from the training objects within

each hypothesis, to define a multi-variate normal distribution for the respective hy-

pothesis [44, 47]. Second approach used the nearest-neighbor based kernel-density

estimation approach to estimate the densities [57]. The AFSI system presented in

this extension adapts the projection space for future measurements, based on the

past measurements and training data associated with the M hypotheses. We noted

that the AFSI system based on nearest-neighbor density estimation achieves faster

recognition, maintaining a specified probability of misclassification. Comparisons

of AFSI were also performed with ACONV (i.e., adaptive conventional imaging)

in terms of the number of measurements required to achieve a specified Pe. It is

demonstrated that for M = 4 hypotheses and probability of error Pe = 10−2, AFSI

requires 30 times fewer measurements than ACONV at low values of Tint. We also

extended the AFSI system to incorporate null hypothesis in the recognition frame-

work. This capability is very essential for a “real-world” recognition system as it

must be able to identify when a test image/data does not belong to the classes of

interest. We observed that at low SNR the number of measurements required to

maintain a specified Pe increases by a factor of 3 when a null hypothesis is added to

the four-class problem. We have presented an experimental validation of the AFSI

concept. We noted that the adaptation capability helped the FSI experimental setup

to overcome the calibration errors thereby improving the recognition performance

compared to SFSI system.

We also presented an information-theoretic extension of the AFSI system for a
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M−class recognition task. The adaptation mechanism proposed in this extension

is based on the task-specific information framework developed in [35]. This new

approach is guaranteed to extract the recognition TSI (conditioned on past mea-

surements and priors) optimally at each iteration of a CI-AFSI experiment. In this

work we have also extended the adaptive system to include nuisance parameters. It

was demonstrated that the required number of measurements (in order to achieve

a specified Pe) increases with the number of possible perspectives (S) within each

hypothesis. We also observe that L > 1 feature measurements at each step help

to achieve faster recognition for S > 1 perspectives. In addition to reduction in

the number of measurements required for reliable recognition we note the following

potential applications of CI-AFSI. The information-theoretic adaptive framework

developed in this work can be easily extended to specific (i.e., continuous valued)

estimation problems with x representing the parameter of interest. Note also that

the expressions for the gradients of conditional information developed in this work

can also be used to analyze the sensitivity/robustness of FSI systems.

The second half of the dissertation focussed on a FSI system based on the use

of structured light. FSSI is a CI system that exploits active illumination. Feature

measurements are obtained by projecting spatially structured illumination onto an

object and collecting all of the reflected light onto a single photodetector. This

physical ”inner product” provides a direct measurement of a single feature and a

sequence of such features may be used to produce an image. We have studied the

use of principal component features to define the illumination patterns. Based on

these PC features we have found the optimal allocation of illumination energies and

the associated minimum mean squared error reconstruction operator. Compared

to conventional imaging we find that FSSI can provide significant RMSE reduction

within a high-noise environment. FSSI also reduces the number of required mea-

surements thus providing potential benefits in terms of complexity, frame rate, cost,

power and/or bandwidth. We have presented an experimental validation of the FSSI

concept. We also presented a FSSI system that uses binary random projections to

define the illumination patterns. Note that the feature-measurement process in RF-
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SSI system does not employ any object prior knowledge; however, it makes use of

object sparsity (i.e., a kind of object prior) during the object reconstruction pro-

cess. The object reflectance estimates were generated by using nonlinear algorithms

based on L1-norm minimization and/or gradient-projection sparse reconstruction.

We consider two kinds of ”explicitly-sparse” and ”mostly-sparse” objects for testing

the RFSSI system. We have presented an experimental validation of the RFSSI ap-

proach. The experimental reconstructions utilize only 600 measurements i.e. 58%

of the object dimensionality.

7.2 Scope of future work

There are a number of questions which need to be addressed with regard to the

extensions of FSI presented in this work. We noted several benefits of including

adaptation in the FSI system for the recognition task. Through the help of TSI-

based AFSI framework we now have access to the gradients of conditional infor-

mation (i.e., task-relevant information conditioned on the past measurements and

priors). It is very important from practical design perspective to analyze the sensi-

tivity/robustness of FSI systems towards various kinds of imperfections, by making

use of these gradients. The TSI-based AFSI framework can be extended to address

these design issues.

With the growing need of surveillance and tracking systems in relation to defense

and military applications, we envision multiple feature-specific imagers performing

distributed recognition or estimation towards the goal of longer and reliable moni-

toring. In the distributed sensor scenario we expect adaptation to help significantly

in prolonging the network lifetime. Extensions of AFSI system in this direction shall

be considered.

We also note that FSSI system presented in this work has considered only a

single light collection channel; however, we envision an eventual deployment utilizing

a single illuminator in combination with many collectors. Such a configuration

will leverage the high-cost of the illuminator and enable distributed imaging with
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structured light. We note that in this case the diffuse reflection assumption and

the 2D assumption become more critical. At sufficiently large distance from the

scene the 2D assumption may continue to hold true but the potential for specular

reflection must be included within the optimization for the projected patterns. This

can be viewed as a multi-criterion optimization in which a single projected pattern

is selected to optimize the information collected by all apertures. A sufficiently

detailed object model can be used to define such features even for very complex

reflectance models. Future work in this domain includes (a) determining optimal

feature classes for various task-specific performance metrics and (b) extension of the

FSSI concept to include adaptive feature extraction and (c) application of FSSI to

imaging networks to amortize the cost of high-performance illumination optics.
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APPENDIX A

DERIVATION STEPS FOR GRADIENT OF CONDITIONAL INFORMATION

In this appendix we will derive the gradient of conditional information corresponding

to the measurement model in Eq. (4.3). For k ≥ 2, the gradient is defined by

Z =
[

∂Jk|k−1

∂Pk

]
. Expanding the CI, Jk|k−1, as follows,

Jk|k−1 = I(rk;x|r(k−1))

= E

[
log

p(x|rk, r
(k−1))

p(x|r(k−1))

]

= E
[
log p(x|r(k))

]− E
[
log p(x|r(k−1))

]
.

Using Bayes’ rule we can further expand this resulting in

Jk|k−1 = E
[
log p(r(k)|x)

]
+E [log p(x)]−E

[
log p(r(k))

]−E
[
log p(x|r(k−1))

]
. (A.1)

For the measurement model in Eq. (4.3), p(r(k)|x) =(
1

(4πσ2)

) kL
2

exp

[
−(r(k)−(P(k))T Gx)

T
(r(k)−(P(k))T Gx)

4σ2

]
resulting in E

[
log p(r(k)|x)

]

to equal −kL
2

log (4πeσ2). Also, the second term on the right hand side in Eq. (A.1)

equals −∑M
j=1 Pjlog Pj. Note that the fourth term E

[
log p(x|r(k−1))

]
is indepen-

dent of the projection basis at kth step. Differentiating Jk|k−1 with respect to Pk

therefore leads to

∂Jk|k−1

∂Pk

= − ∂

∂Pk

{
E

[
log p(r(k))

]}

= − ∂

∂Pk

[∫
p(r(k)) log p(r(k))drk

]

= −
∫ (

1 + log p(r(k))
) ∂

∂Pk

[
p(r(k))

]
drk. (A.2)

Note that p(r(k)) =
∑M

j=1 p(r(k−1)|x = ej)p(rk|x = ej)Pj. For the sake of conve-

nience we will use the short-cut notation for p(rk|x = ej) and write it as p(rk|ej).
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We can re-write ∂
∂Pk

[
p(r(k))

]
as follows,

∂

∂Pk

[
p(r(k))

]
=

M∑
j=1

p(r(k−1)|ej)p(rk|ej)Pj

[
2

4σ2
(Gej)

(
rk −PT

k Gej

)T
]

= −
M∑

j=1

Pj [Gej]
∂

∂rT
k

[
p(r(k)|ej)

]

= −Ex

[
[Gx]

∂

∂rT
k

[
p(r(k)|x)

]]
. (A.3)

The function Eα [f ] denotes the expectation of the quantity f with respect to the

random quantity α and can be expressed as
∫

α
f ·pr(α)dα. Using Eqns. (A.2)−(A.3)

we obtain

∂Jk|k−1

∂Pk

=

∫ (
1 + log p(r(k))

)
Ex

[
[Gx]

∂

∂rT
k

[
p(r(k)|x)

]]
drk

= Ex

[
[Gx]

(∫
(1 + log p(r(k)))

∂

∂rT
k

[
p(r(k)|x)

]
drk

)]
. (A.4)

Using integration by parts and observing that
[
(1 + log p(r(k)))p(r(k)|x)

]
goes to 0

as ‖ rk ‖ tends to ∞, we can simplify Eq. (A.4) to

∂Jk|k−1

∂Pk

= −Ex

[
[Gx]

∫ (
p(r(k)|x)

p(r(k))

)
∂p(r(k))

∂rT
k

drk

]
. (A.5)
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Re-writing Eq. (A.5),

∂Jk|k−1

∂Pk

= −
∫

Ex

[
p(r(k)|x)

p(r(k))
[Gx]

](
∂p(r(k))

∂rT
k

)
drk

= −
∫

Ex

[
p(x|r(k))

p(x)
[Gx]

](
∂p(r(k))

∂rT
k

)
drk

= −
∫ (

Ex|r(k) [Gx]
) (

∂

∂rT
k

{
Ex

[
p(r(k)|x)

]})
drk

= −
∫ (

Ex|r(k) [Gx]
) (

Ex

[
∂

∂rT
k

[
p(r(k)|x)

]])
drk

=

∫ (
Ex|r(k) [Gx]

) (
Ex

[
p(r(k)|x)

2σ2

[
rk −PT

k Gx
]T

])
drk

=
1

2σ2

∫ (
Ex|r(k) [Gx]

) (
p(r(k))

[
rT

k −
(
Ex|r(k) [Gx]

)T
Pk

])
drk

=
1

2σ2

[∫ (
M∑

j=1

[
Gejr

T
k

]
p(x = ej, r

(k))

)
drk

−
∫

p(r(k))
(
Ex|r(k) [Gx]

) (
Ex|r(k) [Gx]

)T
Pkdrk

]

=
1

2σ2

[
M∑

j=1

p(r(k−1)|ej)PjGej

∫
rT

k p(rk|ej)drk−
∫

p(r(k))
(
Ex|r(k) [Gx]

) (
Ex|r(k) [Gx]

)T
Pkdrk

]

=

(
M∑

j=1

p(r(k−1)|ej)Pj [Gej] [Gej]
T −

Ex,rk

[
p(r(k−1)|x)

(
Ex|r(k) [Gx]

) (
Ex|r(k) [Gx]

)T
]) Pk

2σ2

=
(
Ex

[
p(r(k−1)|x) [Gx] [Gx]T

]
−

Ex,rk

[
p(r(k−1)|x)

(
Ex|r(k) [Gx]

) (
Ex|r(k) [Gx]

)T
]) Pk

2σ2
.

Next, we show the steps to derive the gradient Z =
[

∂J1

∂P1

]
(when k = 1). Note that

J1 is equal to E [log p(r1|x)] − E [log p(r1)]. Therefore, the gradient of J1 can now
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be expressed as:

∂J1

∂P1

= − ∂

∂P1

{E [log p(r1)]}

= − ∂

∂P1

[∫
p(r1) log p(r1)dr1

]

= −
∫

(1 + log p(r1))
∂

∂P1

[p(r1)]dr1. (A.6)

We can simplify Eq. (B.11) further, with the help of the steps used in the derivation

of
∂Jk|k−1

∂Pk
, resulting in

Z =
(
Ex

[
(Gx)(Gx)T

]− Ex,r1

[(
Ex|r1 [Gx]

) (
Ex|r1 [Gx]

)T
]) P1

2σ2
. (A.7)
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APPENDIX B

GRADIENT OF CONDITIONAL INFORMATION IN PRESENCE OF

NUISANCE PARAMETERS

In this appendix we will derive the gradient of conditional information corresponding

to the measurement model in Eq. (4.13). For k ≥ 2, the conditional information

can be expressed as:

Jk|k−1 = E
[
log p(r(k)|x)

]
+E [log p(x)]−E

[
log p(r(k))

]−E
[
log p(x|r(k−1))

]
. (B.1)

The terms E [log p(x)] and E
[
log p(x|r(k−1))

]
in the above expansion do not depend

on Pk. Therefore, differentiating Jk|k−1 with respect to Pk gives,

Z =

[
∂Jk|k−1

∂Pk

]

=
∂

∂Pk

{
E

[
log p(r(k)|x)

]}− ∂

∂Pk

{
E

[
log p(r(k))

]}
. (B.2)

Consider the first term on the right hand side of Eq. (B.2) for simplification,

∂

∂Pk

{
E

[
log p(r(k)|x)

]}
=

∂

∂Pk

[
Ex

[∫
p(r(k)|x) log p(r(k)|x)drk

]]

= Ex

[∫
(1 + log p(r(k)|x))

∂p(r(k)|x)

∂Pk

drk

]
. (B.3)

Similarly the second term on the right hand side of Eq. (B.2) can be re-written as,

∂

∂Pk

{
E

[
log p(r(k))

]}
=

∫
(1 + log p(r(k)))

∂p(r(k))

∂Pk

drk. (B.4)
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Also, note the following relations that hold for the measurement model in Eq. (4.13):

p(r(k)) = Ex

[
p(r(k)|x)

]

=
M∑

j=1

p(r(k)|x = ej)Pj

=
M∑

j=1

S∑
s=1

p(r(k)|ej, ρ = cs)Pr(ρ = cs)Pj

= Ex,ρ

[
p(r(k)|x, ρ)

]
(B.5)

where p(r(k)|x, ρ) =

(
1

(4πσ2)

) kL
2

exp

[
−

(
r(k) − (P(k))T Ḡρ̄x

)T (
r(k) − (P(k))T Ḡρ̄x

)

4σ2

]
.

Using Eqn. (B.5) we can simplify ∂p(r(k)|x)
∂Pk

and ∂p(r(k))
∂Pk

as follows,

∂p(r(k)|x)

∂Pk

=
S∑

s=1

Pr(ρ = cs)

[
∂

∂Pk

{
p(r(k)|x, ρ = cs)

}]

= −Eρ|x

[[
Ḡρ̄x

] ∂p(r(k)|x, ρ)

∂rT
k

]
(B.6)

∂p(r(k))

∂Pk

=
M∑

j=1

S∑
s=1

Pr(ρ = cs)Pj

[
∂

∂Pk

{
p(r(k)|ej, ρ = cs)

}]

= −Ex,ρ

[[
Ḡρ̄x

] ∂p(r(k)|x, ρ)

∂rT
k

]
(B.7)

Using Eqns. (B.3) and (B.6), and derivation steps from Appendix A, we note that

∂

∂Pk

{
E

[
log p(r(k)|x)

]}
= −Ex

[∫
(1 + log p(r(k)|x))Eρ|x

[[
Ḡρ̄x

] ∂p(r(k)|x, ρ)

∂rT
k

]
drk

]
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= −Ex,ρ

[[
Ḡρ̄x

] ∫
(1 + log p(r(k)|x))

∂p(r(k)|x, ρ)

∂rT
k

drk

]

= Ex,ρ

[[
Ḡρ̄x

] ∫
p(r(k)|x, ρ)

p(r(k)|x)

∂p(r(k)|x)

∂rT
k

drk

]

= Ex

[∫
Eρ|x

[
p(ρ|x, r(k))

p(ρ|x)

[
Ḡρ̄x

]] ∂p(r(k)|x)

∂rT
k

drk

]

= Ex

[∫ (
Eρ|x,r(k)

[
Ḡρ̄x

])
Eρ|x

[
∂p(r(k)|x, ρ)

∂rT
k

]
drk

]

= − 1

2σ2
Ex

[∫ (
Eρ|x,r(k)

[
Ḡρ̄x

])
Eρ|x

[
p(r(k)|x, ρ)(rk −PT

k Ḡρ̄x)T
]
drk

]

= − 1

2σ2
Ex

[∫ (
Eρ|x,r(k)

[
Ḡρ̄x

])
p(r(k)|x)

(
rT

k −
(
Eρ|x,r(k)

[
Ḡρ̄x

])T
Pk

)
drk

]
.

Following the simplification steps shown in Appendix A we can show that,

∂

∂Pk

{
E

[
log p(r(k)|x)

]}
= − 1

2σ2
Ex,ρ

[
p(r(k−1)|x, ρ)

[
Ḡρ̄x

] [
Ḡρ̄x

]T
]

+
1

2σ2

(
Erk,x,ρ

[
p(r(k−1)|x, ρ)

(
Eρ|x,r(k)

[
Ḡρ̄x

]) (
Eρ|x,r(k)

[
Ḡρ̄x

])T
])

Pk.

(B.8)

Similarly, using Eqns. (B.4) and (B.7) and derivation steps from Appendix A we

obtain,

∂

∂Pk

{
E

[
log p(r(k))

]}
= − 1

2σ2
Ex,ρ

[
p(r(k−1)|x, ρ)

[
Ḡρ̄x

] [
Ḡρ̄x

]T
]

+
1

2σ2

(
Erk,x,ρ

[
p(r(k−1)|x, ρ)

(
Ex,ρ|r(k)

[
Ḡρ̄x

]) (
Ex,ρ|r(k)

[
Ḡρ̄x

])T
])

Pk.

(B.9)

Using Eqns. (B.2), (B.8) and (B.9) we obtain

∂Jk|k−1

∂Pk

=
(
Erk,x,ρ

[
p(r(k−1)|x, ρ)

(
Eρ|x,r(k)

[
Ḡρ̄x

]) (
Eρ|x,r(k)

[
Ḡρ̄x

])T
]

−Erk,x,ρ

[
p(r(k−1)|x, ρ)

(
Ex,ρ|r(k)

[
Ḡρ̄x

]) (
Ex,ρ|r(k)

[
Ḡρ̄x

])T
] ) Pk

2σ2
.

(B.10)

Next, we show the steps to derive the gradient Z =
[

∂J1

∂P1

]
(when k = 1). Note that

J1 is equal to E [log p(r1|x)] − E [log p(r1)]. Therefore, the gradient of J1 can now

be expressed as:

∂J1

∂P1

=
∂

∂P1

{E [log p(r1|x)]} − ∂

∂P1

{E [log p(r1)]}

= Ex

[∫
(1 + log p(r1|x))

∂p(r1|x)

∂P1

dr1

]

−
∫

(1 + log p(r1))
∂

∂P1

[p(r1)]dr1. (B.11)
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On further simplification we obtain,

∂J1

∂P1

=
(
Er1,x,ρ

[(
Eρ|x,r1

[
Ḡρ̄x

]) (
Eρ|x,r1

[
Ḡρ̄x

])T
]

−Er1,x,ρ

[(
Ex,ρ|r1

[
Ḡρ̄x

]) (
Ex,ρ|r1

[
Ḡρ̄x

])T
] ) P1

2σ2
.

(B.12)
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