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ABSTRACT 
Hyper-spectral (HS) sensors are the instruments of choice for remote sensing applications involving 

environmental monitoring, littoral survey, and military assessment.  Accurate band-to-band sensor 

radiometric calibration is critical for successful data mining of such HS spectral sets.  Current calibration 

is often performed with methods not necessarily developed for HS applications.  This work describes two 

advances which facilitate laboratory source calibrations.  First, an analytical solution to the attenuation of 

flux within an integrating sphere, the best laboratory source of non-directional radiance for numerous 

radiometric applications, is given.  Relative component attenuations due to integrating sphere coating, 

exit port escape, and atmospheric absorption are derived employing a geometrical PDF of summed 

probabilities.  Equations providing the attenuation ratios and mean number of reflections for the three 

outcomes are obtained, yielding the three partial mean pathlengths and variances of all quantities.  This 

work then describes an approach allowing accurate radiometric calibration of HS sensor bands using 

well-characterized and stable multi-spectral transfer radiometers.  The resulting high-quality calibration 

enables the best representation of the truth spectral signature of the imaged scene.  In order to obtain the 

best calibration with the least instrument complexity and expense, it is critical that the radiometer 

samples the source with the fewest samples at those optimal wavelengths which predict that source with 

the highest accuracy.  The optimal source-specific bands are determined efficiently by application of the 

Direct Search methodology described here.  Using the minimal selection of multi-spectral radiometer 

measurements obtained from the optimized transfer radiometer bands, one can obtain a complete and 

accurate calibration set for the continuum of calibration coefficients required for a robust HS application.  

Degradation of the prediction is documented for several typical error sources encountered with 

calibration, thereby defining limitations on the usefulness of the optimization approach.
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INTRODUCTION 
Hyper-spectral (HS) sensors are a significant advance in remote sensing, imaging a scene with a linear 

push-broom configuration in a continuum of spectral bands.  Each image of the scene is interpreted as a 

data ‘cube’, in that the scene is actually a multi-layered montage of that scene at many wavelengths.  

Separate bands yield their own information about the scene, including emissivity, temperature, and 

chemical composition.  Given accurate radiometric calibration of the contiguous HS bands, the HS data 

provide the most complete spectral signature of the imaged scene.  One example of a well-calibrated HS 

sensor is Airborne Visible/Infrared Imaging Spectrometer (AVIRIS), producing data products since 

1989.  AVIRIS images 224 contiguous bands of 10-nm bandwidth from 380 to 2400 nm.  The instrument 

and its radiometric calibration processes are described in Appendix B.  Figure 1 is such a data cube 

imaged by AVIRIS acquired in 1994.  The two black planar regions correspond to atmospheric 

absorption bands. 

 

Figure 1  AVIRIS image of Moffet Field, CA 

(courtesy R Green, JPL). 
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One difficulty with obtaining an accurate radiometric calibration for a HS system is the knowledge of the 

calibration source used in the laboratory at high spectral resolution.  One proven approach to such 

calibration is to measure the source at multi-spectral (MS) resolution and then accurately infer the 

spectral output at the required HS resolution. 

 

Data acquisition at MS resolution is generally defined as that from 50 or fewer bands spanning the 

spectral region of interest.  The Multispectral Thermal Imager (MTI) Satellite is one such MS sensor, 

imaging the target scene in 15 channels spanning the spectrum in separate bands from the visible-near 

infrared (VNIR) through the long-wavelength infrared (LWIR).  Vicarious (off-board) calibration of MTI 

is performed by comparing HS ground truth measurements to the in-orbit MS reflectance measurements 

of the scene as recorded by the MTI sensor.  Expected uncertainties for vicarious approaches range from 

2-5%.  The ground truth measurements are used in conjunction with laboratory calibration data obtained 

from National Institute of Standards and Technology (NIST) traceable sources prior to launch of the 

satellite. 

 

A standard NIST-traceable laboratory radiance source is a Spherical Integrating Source (SIS), providing 

diffuse, non-directional (Lambertian) illumination for calibration efforts.  The typical SIS is a sphere 6-

36 inches diameter, interior coated with a highly reflective (ρ≈97%) diffuse material, usually BaSO4 or 

PTFE.  The SIS exit port, much smaller than the sphere diameter, provides an outlet for the reflected 

sphere illumination source.  Tungsten-halogen calibration lamps (NIST primary lamp standards) are the 

sphere’s illumination source.  The lamp output undergoes numerous Lambertian reflections within the 

sphere to directionally randomize the flux prior to escaping the exit port of the SIS, resulting in the non-

directionality.  Figure 2 is an image of a Gigahertz-Optik model UM SIS, of similar manufacture as the 

radiance source used for the following discussions.  The exit port is centered in the image, surrounded by 

the illumination bulb (FEL lamp) housings.  Figure 2 of Appendix A also provides a notional 

representation of a SIS. 
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Figure 2 Gigahertz-Optik UM series SIS. 

A SIS provides non-directional radiance at the exit port, useful for radiometric calibrations, 

measurements of source flux density, and quantifying reflectance of materials (courtesy Gigahertz-

Optik). 

 
Figure 3 demonstrates a typical laboratory application, with a radiometer positioned for measurements of 

the SIS. 
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Figure 3  UM Series 50 cm SIS and radiometer positioned for source measurements. 

(courtesy Gigahertz-Optik). 

 
SIS interiors are coated with highly reflective non-specular coatings such as BaSO4 or PTFE if designed 

for use in the visible-near infrared (VNIR) and shortwave infrared (SWIR).  The coating spectral 

reflectance 
λρ values are near unity in these bands, and an incident photon is reflected in a Lambertian 

(non-directional) sense from the coating.  The Remote Sensing Group (RSG) at the University of Arizona 

uses a LabSphere 40-inch SIS for its laboratory calibrations.  This SIS is coated with Spectraflect®, a 

proprietary BaSO4 -based reflectance coating with typical values of 
λρ  = 0.98 at 600 nm in the VNIR, 

0.93 and 0.86 at 1.4 and 1.9 µm respectively in the SWIR.  Even given such high reflectance, a 

significant ratio of the illumination flux is absorbed by the loss mechanisms of the sphere prior to exiting 

the sphere port.  The primary loss mechanism is the SIS coating, followed by water vapor attenuation 

particularly in regions of the SWIR.  Absorption by atmospheric molecules and aerosols within the 

sphere contributes to the total loss to a lesser degree as well.  All attenuation sources vary with 

wavelength.   
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The expectation of SIS source flux attenuation by the coating was provided by Goebel in his seminal 

paper 0 in 1967.  The reduction in spectral flux is non-proportional to the spectral reflectance, due to the 

non-linearity of the governing flux-reflectance relation, given by Eq.  (1).  Here λF  is the illumination 

flux fraction exiting the port at that wavelength, λρ  is the coating spectral reflectance,  XPf  is the ratio 

of exit port to sphere area, and bulbf  is the ratio of one FEL to the sphere area. 
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Eq.  (1) has definined flux expectation at the exit port for the calibration community since 1967.  

Attempts have been made to account for the other loss mechanisms, with a variety of approaches.  Some 

researchers approximate the mean free photon pathlength within the SIS, then apply an extinction 

computation obtained using software packages such as MODTRAN.  Others avoid absorption within the 

sphere by purging, a process which eliminates water vapor within the sphere.  This procedure is both 

expensive and time-consuming.  Another option for approximation of the atmospheric attenuation 

employs Monte Carlo techniques in order to approximate the mean free pathlength and spectral 

attenuation.  This research derives a complete solution for the component loss mechanisms, whether they 

are atmospheric or coating.  The expectation of spectral attenuation for an arbitrary ray traversing a SIS 

from source emission, through a large number of Lambertian reflections, to escaping the exit port is 

derived exactly as an expectation value.  Closed-form solutions to this problem are provided in Appendix 

A.  Previous approximations to these exact analytical solutions introduced significant error due to 

underestimation of the true mean pathlength and the interdependence of atmospheric and coating 

attenuation.  These expectations and their variances are determined by straightforward mathematical 

expressions, for any SIS parameterized by sphere diameter, coating spectral reflectance, atmospheric 

optical depth, and exit port diameter. 
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Departures from NIST traceability increase the uncertainty of a radiometric calibration.  Thus, laboratory 

calibration at HS resolution is either not as accurate as MS results, or limited by expense to a select few 

laboratories, such as the AVIRIS calibration facility.  Alternatively, proper selection of MS bands allows 

the use of high accuracy MS transfer radiometers (TR) to predict the source output at HS calibration 

resolution while maintaining the traceability.  The employment of well-characterized and stable MS TR 

allows accurate radiometric calibration of HS sensors.  In principal, individual TR band radiances may be 

measured with accuracies approaching 0.1%, while overall accuracies of 2-4% are achieved in practice 

after accounting for all systemic errors 0.  When paired with NIST-traceable radiance sources, such as an 

integrating sphere illuminated by multiple FELs, high-accuracy TR provide calibration coefficients 

(transfer factors) allowing for pre-launch calibration and in-orbit calibration assessment.  The quality of 

the calibration obtained with the use of TR is enhanced by good measurement practice, and realistic 

uncertainty budgets.  Deviation from the true radiance of the HS source was found to total 3-4% in a 

typical application [3].  The TR serve as the calibration instruments for cross-calibration measurements 

of multiple integrating spheres, and radiometric calibration of MS and HS sensors.  Uncertainties and 

error sources typically contributing to the method include blackbody uniformity and stability, lamp 

alignment or power supply, and drift 0. 

 

TR calibration of HS sensors has been successfully implemented for the Earth Observing System (EOS) 

program, as is discussed in Appendix B.  Five TR are employed in the EOS calibration, with the RSG 

supplying two of the five, the UA VNIR and UA SWIR TR.  Each of the three EOS VNIR TR utilize 6-7 

bands; the EOS UA SWIR has ten.  TR-based sensor calibration is now an established technique in the 

field of HS remote sensing due to the attributes of simplicity, accuracy, and cost-effectiveness.  Use of 

the TRs that were part of the EOS work to calibrate a different set of instruments may not provide 

adequate accuracies at HS resolution, as the bands of the EOS transfer radiometers were selected so as to 

match the sensor for the EOS mission.  Those bands are satisfactory, but not optimal, for HS source 

reconstruction. 

 



 16 

The RSG has recently constructed two narrow-band TR similar in design to the previous EOS 

instruments specifically for HS source prediction.  The first TR provides the SIS radiances at nine fixed 

MS bands in the VNIR with a spectral range of 0.35 to 1.1 microns, the second at nine bands in the 

SWIR, spectral range of 1.2 to 2.5 microns.  The work described here is motivated by the requirement to 

obtain the optimal MS filter band placement for these TR which provide a high-accuracy HS source 

prediction.  The optimal band selection allows the use of this pair of MS TR as the instruments for cross-

calibration measurements of multiple integrating spheres and HS sensors.  The calibration methodology 

employed with the VNIR and SWIR TR will be similar to the validated EOS technique.   

 

This pair of transfer radiometers will be used for cross-calibration of two HS sensor packages.  The first 

HS sensor, Advanced Responsive Tactically Effective Military Imaging Spectrometer (ARTEMIS), is 

scheduled for station on an orbital platform, the USAF Tactical Satellite3 (Tac-Sat3).  The second sensor, 

COMPact Airborne Spectral Sensor (COMPASS), is airborne.  Both will image a continuous set of fixed 

bandwidth spectral bands throughout the VNIR and SWIR.  The number of bands in the ARTEMIS set is 

projected to be approximately 220, to account for some overlap between adjacent bands.  COMPASS 

images in 256 bands 0.  The TR will be used at various facilities to vicariously calibrate the COMPASS 

airborne sensor; the results of the COMPASS calibration will then be used to cross-calibrate ARTEMIS, 

the orbital sensor.  Figure 4 is an engineering drawing of the ARTEMIS package. 

    

Figure 4  Cut-away drawing of the ARTEMIS imager. 

(courtesy Raytheon Co.) 



 17 

The radiance source for the laboratory calibration is a model UMBB-500 SIS, a 36 inch sphere 

manufactured by Gigahertz-Optik.  The SWIR spectral region has unique concerns not present in the 

VNIR, and primary among these are the several water absorption bands.  Strongest absorption bands are 

localized to 1.4 and 1.8-2.0 µm.  Other molecular absorption bands are present to a lesser degree as well.  

To reduce the uncertainty introduced by atmospheric attenuation, the SIS is purged of water vapor prior 

to calibration. 

 

The MS measurements obtained from the radiometer pair will serve as the primary data from which to 

reconstruct the entire HS spectrum from 350 to 2500 nm, a calibration which ensures that the processed 

image data is as close to the ‘truth’ as possible.  The band-averaged radiance measurements of the 

calibration source are measured with the TR at the fixed narrow-band filter center-wavelengths installed 

on the TR filterwheel, which is rotated to obtain the individual source measurements.  The filterwheel 

houses the radiometer interference filters, and positions each filter over the radiometer aperture.  These 

band-averaged measurements are then interpolated to provide the source prediction at all calibration 

wavelengths. 

 

The interpolation yields the most accurate prediction when the samples are obtained at the optimal 

wavelengths specific to that source.  These bands result in the global minimum of prediction error 

obtainable from the space of all band combinations (subject to the number of samples defined by the TR 

filterwheel) within the source spectral bandwidth.  Samples taken from bands other than this optimal set 

result in a prediction of greater error.  Equivalently, samples obtained from a second source different 

from the first (a different sample space) at the optimal interpolating bands selected for the first (the 

source interpolation basis) will result in a prediction of the second source with greater error than an 

interpolation provided by band samples optimized to that second source.  Therefore, source prediction 

based on interpolation of measurements depends on the optimal band-centers for that source, and a 

guarantee that the source is stable in time.  Of equal importance, as is developed in Appendix 3, the 

prediction-by-interpolation methodology relies on highly-accurate measurements of the stable source. 
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In context of the required result, which is a HS source prediction of acceptable accuracy based on a small 

number of TR measurements, an interpolation-based prediction is the most straightforward approach.  

The method provides the transfer factors after interpolation of the gain-corrected measurements, using 

the optimized interpolation algorithm.  In order to implement this scheme, a method for defining which 

bands in the sample space in fact provide the prediction of least error is needed. 

 

Numerical optimization applied to the band selection task results in the optimal selection for 

reconstruction, while avoiding the need to evaluate the entire sample space.  The sample space in this 

regard consists of all possible combinations of band center wavelengths.  An exhaustive search of the 

entire sample space, which analyzes all possible band combinations, would provide the optimal solution 

but would take a prohibitively long time to conduct.  As is shown in Appendix B, optimizing to only 6 

bands which predict a typical laboratory source would require over 200 years of processing, and 

increases exponentially with the number of bands. 

 

Given that the spectral profile subject to reconstruction is not defined mathematically, the most 

promising approach for the band selection optimization employs solvers of the Direct Search (DS) class.  

DS algorithms ignore the derivatives of the solution space, and are successfully applied to multi-variable 

minimization problems where false convergence to a local, not global, minimum is likely.  Other 

optimization methods such as gradient search run this risk.  Unlike derivative-based optimizations, DS 

methods make no assumptions about the topography of the search space, such as whether it is 

continuous, discrete, or quadratic. 

 

Stochastic DS optimizers are those DS solvers which employ a random search implementation.  

Examples of the stochastic optimizers include simulated annealing, genetic algorithms, and the Nelder-

Mead simplex method 0.  We employed the genetic algorithm (GA), a stochastic DS solver, to first 

converge to a sample space near the global minimum solution.  The generalized pattern search (GPS), a 
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deterministic DS optimizer, was then applied to the sample sub-space selected by the GA, allowing 

convergence to the global minimum.  The tandem application of these DS solvers allows a definition of 

the optimal MS band selection, both the number of samples and their placements, specific to a unique HS 

source prediction. 

 

The optimization method relies on interpolation of the truth curve reconstruction between the selected 

bands using the preferred interpolation scheme, determined a priori.  This discrete subset of values 

returned from the truth curve supplies an approximation of the truth curve, using the profile-specific 

interpolation.  The preferred interpolation algorithm is selected based on performance merits, given 

considerations such as the prediction error resulting from interpolation, and robustness of the resulting 

prediction to source deviation and instability.  Three interpolation options were analyzed for this effort.  

The three are cubic spline, piecewise Cubic Hermite interpolating polynomial (PCHIP), and Bulirsch-

Stoer rational function interpolation.  Each of the three was used for predictions within the VNIR and 

SWIR sub-band spectral regions, as well as the entire spectral partition (350 nm - 2.5 µm).  All were 

tested against the measured UMBB-500 SIS values, and artificially-generated truth data.  Using the 

PCHIP method in the VNIR allows reconstruction of the spectral output in the VNIR with total error of 

0.13 % using 8 filters, with the total error decreasing to 0.07% with employment of 12 strategically 

placed filters.  Similar results were obtained for the SWIR partition, with the ARTEMIS SWIR TR band 

selection being based on the results of that work.  The optimized selection satisfies the system 

requirement for the allocated source prediction error.
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PRESENT STUDY 

Laboratory Calibration Sources 
Pre-flight calibration of HS sensors is facilitated by a non-directional radiance source, often an 

integrating sphere, throughout the HS sensor sensitivity.  For this work, a TR with a finite number of MS 

bands is the calibration instrument which provides the measurements of the SIS radiance, and upon 

interpolation, provides the gain factors at selected bands of the HS sensor.  The methodology requires a 

spectral profile of specified resolution, to use as truth for determining the absolute error obtained by a 

source prediction.  Representative truth curves may be based on manufacturer-supplied values for the 

source, or on one-time measurements obtained from elaborate, well-characterized HS sensors.  For this 

work, the truth spectral profiles are those of representative integrating spheres, described as Planck 

curves modulated by absorption features.  The optimization method predicts the truth curve irradiance 

between the selected bands using the selected interpolation algorithm.  For the HS source used in these 

investigations the PCHIP, a cubic spline variant, provides the most accurate prediction. 

 

Two categories of spectral radiance profiles typical in the field of remote sensing calibration were used 

as truth for the HS retrieval procedure, allowing performance comparison for the methodology between 

disparate inputs.  All were obtained from NIST-traceable SIS sources, and resulted in similar 

performance.  The profile employed for the TR band selection process is that of spectral radiance 

measurements of a Gigahertz-Optik UMBB-500 36-inch NIST-traceable gas-purged SIS, spanning 350 

to 2500 nm.  Those source measurements were obtained with a monochrometer at 10-nm resolution, 

interpolated to 1-nm resolution using cubic spline interpolation.  This sphere is the radiance source to be 

used with the pair of ARTEMIS calibration TR. 

 

The second profile, spanning the wavelengths 250-2500 nm, is a spectral radiance curve generated by a 

high-fidelity SIS simulation which was designed for this project.  The SIS simulation models the RSG 40 

inch Labsphere SIS, with a Spectraflect
®
 reflectance coating, and no atmospheric absorption.  This 
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profile is also generated to 1-nm resolution, and was used as truth for DS band selection performance 

evaluation. 

The RSG Sphere Model 
In order to categorize the DS approach for band selection optimization, it is useful to construct a high-

fidelity computer model of an integrating sphere.  This model is NIST-traceable, in that it follows the 

NIST directive NBS SP250-20 0 and bases predictions on irradiance measurements from a NIST-

traceable lamp (FEL).  This directed approach is summarized in Sec. 2.3 of Appendix B.  The model is 

configurable for any integrating sphere configuration using input files (coating spectral reflectance, 

illumination bulb profiles, and sphere architecture).  The first two input files are manufacturer-supplied 

values, and the third defines the sphere configurations as to exit port and sphere diameters, the number of 

bulbs and power supplied, and so forth.  A summary of the model is provided here. 

• Compute the Fractional Areas  

The fractional areas of the sphere components f of the exit port and the illumination bulbs are computed 

according to Goebel’s equation for fractional areas 0 given each component size.  For example, the exit 

port fractional area fport is defined for the sphere diameter sD and exit port radius XPR  as 
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• Compute Spectral Fractional Efficiency for the SIS 

The flux spectral fractional efficiencies λF  for each value of wavelength and spectral reflectance λρ are 

computed according to Goebel's formula for fractional efficiency, Eq.  (1).  A graph of typical spectral 

fractional efficiency for a Spectraflect
®
 reflectance coating is given in Figure 5.   
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Figure 5  Fractional reflectance for a typical SIS. 

 

This figure demonstrates the reduction in flux expected after numerous reflections with a SIS.  Recall 

that typical spectral reflectance for one reflection within the sphere is near unity.  At the peak of 

reflectance, only 20% of the photons will exit the port after transit within the sphere, involving typically 

hundreds of reflections.  The data shown is for the 40 inch RSG sphere configuration with a 5-inch 

diameter exit port. 

• Compute The Spectral Irradiance Over the Bandwidth 

A  Maxwell-Boltzmann curve is computed using the NIST-defined linearization process 0, based on 

manufacturer-supplied FEL spectral irradiance values.  The curve is generated at the required resolution, 

1 nm for this application. 

• Generate the Truth Curve 

The model output is generated by modulating the fractional spectral reflectance of Eq. (1) by the spectral 

irradiance curve to get the exit port irradiance, computed to the bounds of the spectrum.  A sample of the 

generated output is displayed in Figure 6. 
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Figure 6  SIS model spectral irradiance output. 

The model allows for generated values in units of spectral irradiance (W/cm
3
) as shown, or units of 

spectral radiance (W/sr cm
3
) after normalization by 4π steradians. 

Atmospheric Absorption within a SIS 
 The preceding sphere model estimates the flux at the sphere exit port assuming no atmospheric 

absorption.  The attenuation as computed is caused by the sphere coating only, as no analytical solution 

to atmospheric attenuation of SIS flux within a sphere has ever been obtained.  Prior to this work, Monte 

Carlo techniques were generally used to determine the atmospheric absorption for sphere codes.  Other 

researchers approximate the mean photon pathlength within a SIS, and apply an extinction based on 

software packages such as MODTRAN.  A third option is to purge the sphere of water vapor prior to 

sample measurement, a procedure which is both expensive and time-consuming.  Purging was applied to 

the UMBB-500 SIS prior to taking the measurements used as truth for the TR band selection 

optimization. 

 

As part of the SIS model implementation, it was necessary to determine the atmospheric attenuation and 

the related mean path length of a photon prior to escaping the exit port.  Senior staff leading the TR 
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design effort expected that the attenuation would be estimated using Monte Carlo approaches, but instead 

I approached the effort using mathematical and statistical methods.  The consensus was that no closed-

form solution was possible, based on the literature.  Prior work had attempted solutions with a variety of 

methods, but were all either as computationally expensive as Monte Carlo methods, or are very limited in 

applicability 0.  Based on symmetry arguments, I was confident that an analytical solution was possible. 

 

The work was successful, and resulted in a set of mathematical equations in closed form which predict 

the mean path length for an ensemble of photons.  Also derived are the three component mean path 

lengths for those photons absorbed by the coating, those absorbed by the atmosphere within the SIS, and 

those that escape the exit port.  Most importantly, closed form solutions for the component absorption 

profiles have been obtained and verified in computer simulations.  These findings were published by 

Applied Optics in Jan 2008, and are reprinted here as Appendix A.  These attenuation solutions are easily 

implemented in SIS models, in identical manner as the flux spectral fractional efficiency formula of Eq.  

(1).  No longer will Monte Carlo techniques need to be implemented, providing a considerable savings in 

time and avoidance of coding errors which corrupt the results.  The alternative of purging a sphere will 

no longer be required. 

Mean Number of Transits within the SIS 
A summary of the approach applied to the atmospheric attenuation problem is provided in this section.  

This review provides a flavor of the method with which the solution was obtained.  Appendix A provides 

a complete description of these findings.  Here we derive the mean number of transits a photon can be 

expected to complete prior to exit port escape, the only outcome possible for the following simplified 

analysis.  To allow this to be true, we construct an ideal sphere with a non-absorbing coating ( λρ = 1), 

and in vacuum (no atmosphere, absorption coefficient per unit length, ,0=λα ).  The photon reflects in 

a Lambertian manner, unless it escapes the exit port as allowed by the governing law (the geometric 

PDF).   
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This analysis derives n , the mean number of reflections within a gas-purged SIS with unity spectral 

reflectance, prior to escaping the exit port.  Extension of the method in a similar manner allows deriving 

the complete solution to the attenuation problem, with the required SIS coating and atmospheric 

attenuation. 

 

At initial time t0, we suppose that there are a total of flux(0) = 0γ  photons in the sphere, prior to the first 

reflection.  Upon incidence with the sphere wall, an individual photon is reflected, as λρ = 1.  A 

reflected photon has probability of exiting the sphere through the exit port equal to the SIS fractional area 

ratio, the ratio of the exit port area to the total SIS area.  We state that this is indeed the true probability 

of exit, with the justification that no area element of the sphere wall dA  is preferred.  Any location on the 

sphere may serve as the ‘sink’ for the next incidence point.  The fractional area ratio ≡ f is given by Eq.  

(2). 

 

f alone determines the mean number of reflections within the ideal sphere (atmospheric absorption 

,0=λα λρ = 1) prior to escape through the exit port.  After the first reflection, the probability of the 

photon exiting the SIS is f .  Remaining within the sphere after the reflection, there will be on average 

(as 0γ  is large) ( )ff −=−= 10001 γγγγ  photons.   

 

Upon the next reflection, there are ( )2

0112 1 ff −=−= γγγγ  photons, and after n reflections 

( )n

n f−= 10γγ  photons remaining in the flux packet.  For calculating the mean number of reflections, 

we set 0γ  = 1, without loss of generality.  This geometric series can be fashioned into a discrete (un-

normalized) probability distribution in n, where ( )nP  is the probability of the photon remaining within 

the sphere after n reflections, continuing to accrue additional pathlength. 
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This un-normalized probability distribution is written as ( ) ( )n
fnP −= 1 , where ( )f−1 < 1. 

The geometric series ( )
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−−
     (3) 

which provides the normalization required to allow ( )nP status as a legitimate discrete Probability 

Distribution Function (PDF), 

( ) ( ) .1
n

ffnP −=      (4) 

This derived PDF is known as the geometric PDF, more generally written as ( ) ( ) 11 −−= nffnP ,  for 

n = 1, 2, 3, ……  

 

The geometric PDF models the probability of a success, in this case f , for a succession of random 

independent trials, with probability of failure ( )f−1 .  The functional form of this discrete probability 

distribution is shown in Figure 4 of Appendix A. 

 

One can interpret ( )nP  as the probability of a photon exiting the sphere at time tn, the time of the 

(n+1)
th

 reflection.  Equivalently, 0γ (1-CDF) is the flux remaining in the sphere at the (n+1)
th

 reflection 

where CDF is the Cumulative Distributive Function of ( )nP .   The derivative of the Fourier Transform 

of this probability distribution yields its moments, for our purposes the mean and the standard deviation.  

Using the stated notation, we apply this method to calculate the first and second moments in Appendix A.  

This derivation is performed to ensure that the indexing choice does in fact represent the modeled 

process, the reflections within an SIS. 
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Given the results derived in Appendix A, the computed mean number of reflections fn /1=  yields 

the mean number of transits, ,
1

1
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f
n

+
=+  with standard deviation 

2

12
1

1

−=
−

≈

−
=

n
f

f

f
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nσ

     (5) 

The process described allows a determination of the mean number of reflections n  and its variance for 

the photons exiting the port of an ideal sphere ( ,0=λα λρ = 1).  It is shown that the geometric PDF 

governs these processes, and by extension of the method as in Appendix A, the full solution to flux 

attenuation is solvable in closed form.   

 

Extending this method to determine the attenuation ratios and the partial mean pathlengths inclusive of 

atmosphere is somewhat more difficult.  The simplified approach described above allows only one 

outcome, the probability of exit through the port.  Allowing for a non-unitary value of coating absorption 

requires only an extension of the method, as both outcomes (absorption by coating or exit) are possible 

on any transit.  Including atmospheric absorption is difficult, as absorption by atmosphere may occur 

prior to any other outcome (impact with the sphere boundary).  This requires development of a variation 

of the geometric PDF, wherein the different loss mechanisms kick in at different indices n.  The solution 

is described in Appendix A, and requires a PDF normalization which is entirely new.  The resulting PDF 

has been named the quasi-geometric PDF by the 2
nd

 author of Appendix B.  This new PDF shows 

promise for analysis of similar problems involving physical processes of a step-wise nature where the 

different processes take affect non-simultaneously.  After application of the quasi-geometric PDF, the 

resulting attenuation ratios are obtained and given in Eq.  (6).  As expected, the sum of the three ratios is 

unity: 
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In the above l̂ is the one-reflection mean transit length, a quantity determined by the sphere geometry as 

defined in Appendix A, and λα  is absorption per unit length.  λα  is related to atmospheric 

transmittance λτ as ( )λλ τα −= 1 .  The exiting flux fraction, i.e. the partial extinction ratio Aport, is the 

throughput or fractional efficiency of the SIS.  It equates to the fractional efficiency as defined by Eq.  

(1) for the gas-purged sphere ( λα = 0).  Aatmos and Arefl are the losses to atmosphere and coating, 

respectively.  Computer simulations for several SIS parameterizations verified the theoretical predictions. 

DS Optimization Applied to Band Selection 

Overview 
This work is motivated by the goal of selecting the minimum number of band center wavelengths which 

achieves a benchmark prediction accuracy upon interpolation to HS resolution.  The objective is 

determination of that subset of the truth curve irradiances, which when interpolated to the required 

resolution, produces the best reconstruction in a least absolute error sense.  For these discussions, the 

optimal band selection is defined as the set of radiometric MS measurements which minimizes the 

integrated absolute error between the HS source (the ‘truth’ curve) and the interpolated reconstruction.  

Residual absolute error is selected as the figure of merit for this general discussion, in order to avoid 

detector-specifics such as signal-to-noise ratio, saturation, and like factors which impact optimizing to 

metrics such as integrated relative (rather than absolute) error.  Other definitions of optimal are equally 
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valid, while dependent on the specific application, and the approach described is equivalent in 

implementation. 

 

Appendix B presents a summary of HS source prediction using the DS methodology.  Comparison of the 

tested interpolation algorithms, error analysis, robustness of the method to perturbation of the truth, and 

methodology optimizations are the topics central to Appendix C. 

 

The selection method for filter center wavelength is as follows.  A genetic algorithm (GA) evaluates each 

of several trial solutions (fixed-length vectors of band placements) at an algorithm iterate.  Each vector of 

wavelengths is paired to corresponding radiance values of the truth curve at those wavelengths.  The 

evaluated vector of filter placements (band wavelengths, or genes) constitutes an individual of the 

population.  The population of individuals is evaluated for fitness at each iterate (generation) of the GA 

by the objective function, with the fitness evaluation condition being reduced reconstruction error.  The 

best solution is that selection of filterband wavelengths which, when interpolated to construct the 

approximation, yields the minimal reconstruction error.  The GA objective function for this task is the 

integrated absolute error between the truth curve and the interpolated reconstruction, at 1 nm resolution.   

 

GA is perfectly suited for the problem at hand:  a continuous curve is reconstructed by interpolating a set 

of values (spectral measurements obtained from selected filter positions).  The error between the original 

HS truth curve and the interpolation is obtained.  Filter placement is modified, a new interpolation 

computed, and a new integrated absolute error is obtained; the best approximation is reserved.  The GA 

manages these processes efficiently, keeping only those results which improve the approximation.  

Details of the GA as designed for this application are discussed in Sec. 2 of Appendix B. 

 

After the GA converges to a solution, the generalized pattern search (GPS) algorithm 0 is applied to 

explore regions of the sample space around the final GA result.  The GPS algorithm is another of the 

class of DS methods, and converges to the local minimum, or limit point, in the nearby sample space.  
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GPS obtains objective function candidates of better fitness in alternatively expanding and contracting 

meshes near the initial GA result, converging to the limit point in that sample space.  The GPS 

processing reduces the error by an additional 13-21% as compared to GA-only optimization.  The GPS 

evaluates solutions using the identical objective function as the GA. 

 

The number of bands sampled by the radiometer is fixed by the number of filters on its filterwheel.  For 

example, typical filter bandwidths may be of order 10 nm, and the band form approximated as Gaussian.  

Regardless of the specifics, the result is still one scalar value of DN per band, one band corresponding to 

one interpolant point returning the best reconstruction.  The radiometer produces an equivalent set of 

scalar values (voltages, or digital numbers, DN) generated by the incident flux on the detector over the 

bandwidth of each filter on the filterwheel.  Correspondingly, each gene provides a radiance 

measurement of the spectrum centered at the filter wavelength, and these measurements are used to 

reconstruct the spectral curve with the optimal interpolator. 

 

Detector spectral responsivity and uncertainties are not a factor in implementation of the method.  Any 

arbitrary detector has a wavelength-dependent responsivity curve that is available from the manufacturer.  

Prior to the measured SIS spectral radiance curve reconstruction obtained from the vector of filterband 

measurents, the user of this method compensates the detector output by the detector responsivity.  Taken 

in total, these corrections effectively allows substitution of the radiance value evaluated at the truth curve 

for the gene (band position) returned by the DS, albeit with added error due to noise and responsivity 

uncertainty.  The optimal interpolator then reconstructs the truth curve with minimal error. 

 

Selection of the optimal interpolation scheme is determined a priori based on performance requirements 

specific to the application.  The best choice of the available interpolation algorithms is fundamental to 

obtaining the minimal error in the final reconstruction.  Each interpolation algorithm is optimal for a 

particular functional form, and will provide the best reconstruction of a spectral band depending on the 
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truth curve’s functional shape.  After the band placement is optimized, the HS curve (or sub-band 

partition) must be reconstructed from the set of radiometer measurements using that interpolator. 

Selecting the Interpolator 
The GA objective function computes the error between an interpolated vector of filter positions 

generated by the GA process and truth radiance values spanning a spectral band.  The number of filter 

samples (bands) was varied from the minimal set of eight to as many as 32.  Prediction error improves in 

a power-law relationship as the number of allowed bands increases, and approaches an asymptote as the 

number of samples gets large.   

 

Three interpolation algorithms were employed for source prediction.  The three interpolators were 

PCHIP (Piecewise Cubic Hermite Interpolating Polynomial) 0, cubic spline, and Bulirsch-Stoer rational 

function interpolation 0.  A key element to successfully implementing the method is selection of the 

optimal interpolation algorithm.  Myriad choices of interpolators are available to the user, and each has 

its strengths and weaknesses depending on the form and features of the function to be reconstructed.  In 

this application, the spectral curve requiring reconstruction is a quite smooth Planck curve, with minimal 

absorption features.  The primary features of the spectral curve are a peak of radiance near 800 nm, and 

weak water absorption features in the SWIR near 1450 and 1940 nm.  Given these constraints, the PCHIP 

interpolator proved superior to both the Bulirsch-Stoer and not-a-knot cubic spline in terms of minimal 

integrated absolute reconstruction error of the truth curves to which they were applied.  In addition, the 

Bulirsch-Stoer algorithm was much more expensive in processing time than the other two interpolation 

options, by an order of magnitude. 

 

Figure 7 allows for a performance comparison among the three interpolation methods PCHIP, Bulirsch-

Stoer rational function interpolation, and cubic spline.  These data are obtained from the optimizations to 

the VNIR sub-band of the UMBB-500 SIS. 
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Figure 7  Relative interpolator performance in VNIR. 
 

These discussions are pursued in detail in Sec. 3.1 of Appendix C, particularly the mathematical 

differences among the interpolators.  Sec 2.3 of Appendix B addresses NIST-traceability issues resulting 

from the employment of non-standard interpolators such as those used here. 

Redundancy Gain 
Sec. 2.2 of Appendix B includes discussions on the necessity of redundantly applying the DS 

methodology.  Several cycles of the DS process are conducted, each returning a solution of equal-length 

band candidates and its associated error upon termination.  Here a cycle is defined as one application of 

the DS method, from random initialization through termination.  A cycle optimizes to a fixed number of 

genes (bands).  These solutions are a set of local minima, nearly always unique and varying in prediction 

accuracy.  The improvement gained by redundancy in the method is expressed in a figure referred to as 

the redundancy gain factor.  This factor is the ratio of absolute integrated reconstruction error of the first 

(or any consistently selected) DS cycle to the most accurate obtained from all cycles conducted with that 

number of allowed band samples.  Redundancy gain is realized whether the user modifies GA 

parameterizations such as Crossover or mutation rate between cycles, or keeps them constant. 
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The Crossover parameterization was varied between cycles of the applied GA.  The error obtained by one 

cycle is found to be 25% larger on average than the best prediction obtained after iterating the GA of 

order 10 cycles.  Applying the GPS to each of the 10 iterations leads to a further improvement of about 

15% giving an overall improvement of 40% over the single-cycle GA-only result.  These findings 

indicate that successful implementation of the GA approach requires redundant application of the GA 

process, with different random number generator seeds for each cycle.  The optimal solution returned for 

each cycle is logged, and the best of these solutions reserved as the global best.  Redundancy also 

provides a family of solutions of similar fitness, allowing for consideration of filter availability in a TR 

design. 

 

The redundancy gain factors obtained from full-spectrum optimizations of the UMBB-500 36 inch and 

modeled 40 inch SIS provide a sample space of 50 trials for statistical analysis.  For the analysis, we 

define the redundancy gain factor as the mean improvement obtained by comparing the minimum error 

result for a band sample (eleven cycles of GA with Crossover varying from 0.3 to 0.8 of the population, 

prior to and after GPS application) with a consistently selected parameterization setting (the control set).  

The control set is the error obtained from the cycle with Crossover being half of the population, prior to 

GPS refinement. 

 

The redundancy gain statistics (mean µ, and standard deviation σ) realized with the full-spectrum 

optimizations is summarized in Table 1.  These values are computed as the ratios of integrated absolute 

error of the control set to the final best results of the eleven parameterizations, with and without GPS 

refinement. 
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Table 1 Redundancy gain factors, full-spectrum optimizations 

PCHIP, NO DS  PCHIP WITH DS SPLINE NO DS SPLINE WITH DS  

µ σ µ σ µ σ µ σ 

36 Inch SIS 1.21 0.16 1.40 0.22 1.27 0.18 1.41 0.25 

40 Inch SIS 1.34 0.27 1.46 0.28 1.26 0.26 1.44 0.34 

 

The results of Table 1 are obtained as the ratio of an arbitrarily selected (and consistent) representative 

GA parameterization, compared to the best of the eleven varied parameterizations.  The redundancy gain 

means prior to GPS refinement provide a sense of the error reduction one can expect solely from iterating 

the GA process.  The results obtained from the GA iteration refined by GPS are less straightforward, as 

the gain obtained is a convolution of the two processes, GA and GPS.  In most cases, the minimum error 

for a set sample size after GPS was not the minimal error set for that sample size prior to GPS 

refinement.  In the 36 inch SIS full spectrum analysis, 29 of the 50 GPS-refined minima were obtained 

by GPS processing on GA results with integrated absolute error greater that the absolute minimum 

returned by the GA process.  The 40 inch SIS full-spectrum analysis outcomes were equivalent, with 

again 29 of the 50 minimum integrated absolute error solutions returned by the GPS process being 

obtained from less superior GA-only candidates. 

 

We remark that the GA implemented for this work employs a random initialization of the initial 

candidate solution population.  For non-academic implementations, population initialization is non-

random, with the initial solutions being formulated with estimates of optimal candidate solutions.  

Succeeding cycles will likely be initialized to optimal solutions obtained from preceding cycles.  The 

implemented form of initialization will of course result in significantly reduced redundancy gains. 

HS Source Prediction Using a MS Band Selection 
Target accuracy for the HS retrieval is generally defined in advance, as a contributor to the total system 

error budget.  A target systemic error of 3% or less is typical, with an allocation of the total budget to the 
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TR band measurement and subsequent source prediction.  The results obtained with the optimization 

allow determination of the minimum number of MS bands as defined by that error budget.  For example, 

the spectral radiance profile generated by the UMBB-500 36-inch SIS calibration source between 350 

and 2500 nm can be reproduced using only 15 bands with less than 0.3% integrated absolute error, given 

the bands selected by the method.  More, or less, than 15 bands may be demanded by the allocated error, 

and the method supplies decreasing error with a greater number of generating bands. 

 

The optimized band selection approach was applied to the full spectrum of the UMBB-500 SIS, and to 

the VNIR (350-1100 nm) and SWIR (1100-2500 nm) partitions separately.  Band selection optimization 

was applied to the modeled 40-inch RSG SIS with the full-spectrum curve, and to the SWIR partition.  

Applying the GA process to both the measured 36-inch and modeled 40-inch SIS radiance profiles was 

performed primarily for academic interest, as the SWIR Transfer Radiometer will obtain transfer 

coefficients with measurements from the UMBB-500 36-inch SIS only.  However, these results do 

indicate that the GA can be applied to optimal filter placement for spectral curves obtained from different 

sources.   

 

Absorption dips in the SWIR near 1450 and 1940 nm have been previously noted.  These two regions 

correspond to water vapor absorption bands, although the radiance profiles used as truth included no 

atmospheric absorption.  The measured 36 inch SIS radiance spectrum was obtained from a gas-purged 

sphere, and the modeled radiance profile includes no atmospheric absorption.  The noted absorption 

features in the SWIR partition of the radiance profiles are primarily due to absorption by residual water 

content within the sphere coating itself. 

Pseudo-Truth Curve Testing 
Evaluation of the DS is approached with a test case methodology.  The test case involves randomly 

selecting a subset of a truth curve, from 8 to 20 wavelengths, and obtaining the source spectral radiance 

at those locations.  The radiance values are used to construct a new ‘pseudo-truth’ curve with the 1 nm 
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resolution of the original truth curve with the selected interpolator.  The DS process is applied to the test 

curve to determine a set of optimal bands.  The original generating wavelengths are known, and the 

absolute global minimum would result in an error-free reconstruction. 

 

We refer to this testing process as Pseudo-Truth Curve (PSTC) Testing; a sample PSTC result is 

provided in Figure 8, which is Fig.  1 of Appendix B reproduced here.  These results are obtained using 

PCHIP interpolation of eight band samples in the SWIR spectral partition, and compare the band 

selection solution obtained by the DS approach to the PSTC generating bands.  The PSTC bandset and 

DS results are offset at constant spectral radiance values for ease of interpretation.  The optimization 

converged to within one nm of bands 2-5, within 4 nm of bands 1 and 6, and less accuracy on the final 

two bands.  The reduced accuracy in band placement for the final two bands, correspond to regions of the 

spectral partition with the least radiance (the longest wavelengths of the SWIR).  The GA gains little 

improvement in optimizing the band placement here in the integrated absolute error metric, instead 

gaining the most improvement at the shortest wavelengths, with the greatest radiance values.   
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Figure 8  DS prediction of the source radiance assumed for the PSTC testing. 

 

Perfect convergence was never obtained by the DS optimizations, but the prediction accuracy obtained 

was always better than 99%.  PSTC test results also allow insight to the overall algorithm behavior.  The 

test band selection does not include any biasing of the generating band selection, so it is common to have 
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generating bands closely spaced or widely separated.  This in turn influences the behavior of the GA 

process.   

 

The algorithm accurately converges to the correct generating band placement in regions of large spectral 

radiance, less so in the tail region.  This behavior can be attributed to the evaluation condition, the 

objective function, which evaluates individual fitness by integrated absolute error.  This choice of 

objective function favors reconstruction accuracy in regions of highest spectral radiance, where 

integrated absolute error is most susceptible to sub-optimal band placement.  This tendency is 

compounded when the original PSTC generating bands at lesser spectral radiance are closely spaced.  

The GA pursues optimizations that minimize the integrated absolute error by placing bands elsewhere.  

One can expect that the GA, when applied to the reconstruction task, will attain the best optimization in 

regions of high spectral radiance where the maximum reduction in integrated absolute error can be 

obtained, at the expense in the tail region.  Discussion of these results is the subject of Sec. 2.4 of 

Appendix B. 

Hyper-Spectral Curve Reconstruction 
Two 1-nm resolution SIS curves are used as truth for evaluating the DS method of band selection.  The 

first is measured spectral radiance values obtained from a NIST-traceable 36-inch model UMBB-500 SIS 

spanning 350-2500 nm.  The 36-inch SIS data was obtained from a vapor-purged sphere to reduce 

atmospheric water absorption.  The second profile is the modeled sphere output of the RSG 40-inch SIS 

from 250-2500 nm neglecting atmospheric absorption, and is a NIST-traceable model.  Variation in 

magnitudes of the two spectral radiance profiles is due to the differences in configuration between the 

two spheres.  It is noted that both spectral curves are similar in form.  For both, water absorption by the 

sphere coating in the two SWIR bands is evident.  Applying the DS approach to differing versions of 

truth furnishes confidence in the robustness of the approach for general MS to HS source estimation.  

The results obtained with optimizations to the artificially-generated source profile are omitted in 

Appendices B and C, and are reserved for the following discussions. 
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Full Bandwidth Optimization 
Several DS cycles were conducted as the number of allowed band samples was incremented, and the 

prediction of least error for each band length was selected as the representative reconstruction error for 

that size of filterwheel.  The expectation of decreased error as the number of allowed samples is 

incremented was verified. 

 

The relative error obtained between the measured and artificially-generated curves should be similar as a 

ratio of reconstruction error to the total curve integrated radiance, but for the wider 40-inch SIS 

spectrum.  The spectral width difference leads to the expectation of a slightly larger comparative 

reconstruction error for the 40 inch SIS with the wider span, for an equivalent number of reconstructing 

bands.  This is due to the error in interpolation being of order n
4
, where n is the point spacing 0.  Point 

spacing is necessarily larger for the greater span of the modeled SIS spectrum, given an equal number of 

bands used for reconstruction. 

  

For the following error plot graphics, the dependent variable is the percent integrated absolute error 

resulting from the prediction, which is calculated as 
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36-Inch SIS Full-Spectrum Optimizations 
The 36-inch UMBB-500 SIS profile optimizations allowed from 8-32 band samples.  The forthcoming 

VNIR partition analysis allows for up to twelve filter samples, while the SWIR allows for up to twenty.  

The full-spectrum optimizations allow for the sum of band samples allowed to the two partitions.   
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The minimum error for each sample size given PCHIP and cubic spline interpolation displays an 

asymptotic behavior, as shown in Figure 9.  The best reconstruction in the sample set was realized for 31 

filters with the PCHIP interpolation and is shown in Fig.  6 of Appendix B with the filter placements 

marked.  The peak of curve irradiance is at 828 nm; the optimal 31-band reconstruction places two bands 

at 813 and 824 nm, prior to the peak, and the next band well past at 912 nm.  This placement by the 

PCHIP interpolator very near the peak irradiance is frequently noted in the results.  PCHIP reconstructs 

that spectral interval based on irradiance before, at and after the peak.   
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Figure 9  Minimum residual error by number of band samples. 

Percentage prediction error for the Hermite interpolators, for each configuration of allowed band 

samples, UMBB-500 SIS full spectrum (350-2500 nm). 
 

Four strategic bands are fixed by PCHIP at the 100 nm wide absorption feature between 1430-1530 nm 

in the SWIR, while only three are required to reproduce the second absorption feature of 200 nm width 

from 1850-2050 nm.  A band is placed at the minimum irradiance of the absorption feature, similar to the 

placement at the irradiance peak.  Band spacing prior to the peak is relatively evenly spaced at 

approximately 50 nm, and again evenly spaced averaging 70 nm between the peak and the first 

absorption feature. 
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GPS refinement provides a mean 20.8% improvement for PCHIP, and 18.4% improvement for cubic 

spline for the full bandwidth optimizations.  The improvement is demonstrated in Fig.  8 of Appendix B.  

The individual improvement in residual error gained by GPS refinement is independent of the number of 

filter samples; the refinement gain by sample size was quantified, and was clearly random.  One cycle in 

particular, a 25 band sample PCHIP, exhibited notable improvement with the GPS processing.  GPS 

follow-on optimization of that GA cycle shifted the GA-optimized band positions by only a few 

nanometers for most of the 25 placements in the vector, but reduced the residual error by 25%. 

 

An equal number of optimizations were conducted with PCHIP and not-a-knot cubic spline interpolation, 

allowing performance comparison.  The PCHIP was able to predict the source at HS resolution with 

consistently less integrated error.  Ratio of the residual error returned by the not-a-knot cubic spline 

interpolator to the PCHIP for each sample size is shown in Figure 10.  The mean ratio of cubic spline to 

PCHIP integrated absolute error is 1.38. 
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Figure 10  Cubic spline and PCHIP interpolator performance comparison. 

The relative integrated absolute error obtained with cubic spline interpolation is 

normalized by the PCHIP error obtained for each of the allowed band samples. 

 



 41 

40-Inch SIS Full-Spectrum Optimizations 
DS optimization was applied to the modeled radiance truth curve of the 40-inch SIS, as the allowed band 

samples ranged from 8-24 in number.  Full-spectrum SIS optimizations were performed with the three 

interpolation algorithms PCHIP, Bulirsch-Stoer rational function interpolation, and cubic spline.  The 

absolute integrated error for these predictions was larger than those obtained with the full-spectrum 

predictions of the 36-inch measured radiances.  Comparison with the 36-inch error curve of Figure 9 

demonstrates the larger prediction error obtained with the modeled 40-inch data.  The integrated absolute 

error ratio for equivalent band sample sizes between the two profiles was averaged, resulting in a mean 

ratio between the two of 2.92 for PCHIP and 2.17 for cubic spline interpolation.  The ratio of integrated 

absolute error increases as the number of band samples.  The percent prediction error for the three 

interpolators as the number of bands allowed is incremented are shown in Figure 11. 
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Figure 11  Prediction Error, 40-Inch SIS Profile 

8-24 Bands Sampled, 3 Interpolation Algorithms 

At least two sources contribute to the larger reconstruction error.  The modeled curve is noisier than the 

measured 36 inch UMBB-500, as the spectral radiance at each point (nanometer of wavelength) is 

perturbed by the measured spectral reflectance of the Spectraflect
®
 coating.  The resulting profile then 

displays a rougher topography for the interpolation performed by the DS process.  The measured 36 inch 
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spectral radiance profile is much smoother.  In addition, the spectral span of the 40 inch profile is 100 nm 

greater, in the near-ultraviolet.  The wider spectrum results in greater average spacing between 

interpolation points, and hence a larger reconstruction error.  A smoothing procedure was applied to the 

modeled profile, wherein cubic spline interpolation was applied to interpolant points spaced at 10-nm 

intervals of the modeled data.  The optimization was repeated with the smoothed profile, and improved 

the predictions only marginally.  The smoothed profile error curve is shown as Figure 12. 

Smoothed Data: PCHIP vs Spline
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Figure 12  Smoothed 40-Inch Profile Prediction Error 

As with the 36-inch optimizations, the GA initial results were improved with the GPS refinement.  In this 

instance, the GPS processing resulted in a mean improvement of the initial error by a factor of 9.2% for 

the PCHIP results, and 12.3% for the cubic spline.  The improvement obtained with the GPS refinement 

was only half that realized by applying the GPS process to the 36-inch GA-only results. 

 

Referencing Figure 11 it is noted that the Bulirsch-Stoer and cubic spline interpolators have equivalent 

accuracy for the twelve sample results.  This was the only instance observed where the Bulirsch-Stoer 

interpolator was not markedly inferior to the other two selections.  The likely reason is that the prediction 

form returned by all three interpolators was nearly that of an exponential, the functional form to which 
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the Bulirsch-Stoer interpolator is best suited.  The sparseness of the sample set (twelve) was such that all 

information other than the unperturbed Planck curve was lost upon interpolation.  The Bulirsch-Stoer 

(BS) and cublic spline (CS) reconstructions of the RSG SIS radiance curve for twelve filter samples are 

shown in Figure 13; the reconstructed curves show little variation from the classic Planck form, and 

display similar accuracy. 
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Figure 13  12-Band 40-inch predictions. 

VNIR Optimization 
DS optimization was applied to the VNIR partition (350-1100 nm) of the 36-inch SIS irradiance curve.  

The VNIR partition of the spectrum is monotonically increasing, then decreasing, over the entire 

bandwidth.  Monotonicity favors PCHIP interpolation, and this was verified by the optimization results.  

12 samples are sufficient to allow PCHIP reconstruction of the VNIR partition at 1-nm resolution with 

only 0.07% total integrated error.  For comparison, the SWIR partition requires 20 samples to reduce the 

total integrated error over the sample space to 0.08%, as discussed in the next section.  The 12 sample 

reconstruction and error function are shown in Figures 1-2 of Appendix C.  Discussions of the VNIR 

optimization results are the subject of Sec. 3.3 of Appendix C.  As stated in those discussions, the 
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Bulirsch-Stoer algorithm returns solutions with error a factor of 2.5 greater than the average PCHIP 

minimum, the cubic spline somewhat better at 1.6 that of the PCHIP error. 

 

The band selection for the VNIR version of the ARTEMIS TR pair was complete prior to 

implementation of the DS band selection approach, so application of the method to the VNIR partition 

was performed for academic interest.  Band selection for the nine bands of the VNIR TR was 

accomplished using the best engineering judgment of expert RSG staff, and the transfer factors are 

obtained from cubic spline interpolation of measurements at those bands. 

 

Comparison of the VNIR sub-band prediction resulting from the bands selected by the RSG SMEs with 

the optimized 9-band prediction furnished by the DS method verified the expertise of the RSG staff.  The 

best approximation for the VNIR region spanned by the 9 bands obtained by the DS was augmented by a 

band at 1200 nm, the first selected band obtained in the optimal results of the forthcoming SWIR 

analysis.  This composite of ten bands results in a cubic spline reconstruction of 0.17% of the total 

integrated VNIR radiance.  Using the nine bands selected by the RSG subject matter experts (SME) 

augmented by the 1200 nm SWIR band 1, the returned cubic spline reconstruction error is 0.27%.  For 

PCHIP interpolation, results are even better with the 9-band prediction resulting in error of 0.10%.  The 

SME selection performance is even more remarkable given that the nine filters selected were chosen 

from the set of those commercially available.  Availability was not factored into the optimization 

objective function, which was free to optimize to any band. 

SWIR Optimization 
DS optimization was applied to the SWIR partition (1.1-2.5 µm) of the 36-inch SIS profile.  The results 

of the SWIR optimizations are the basis upon which the band selection of the ARTEMIS SWIR TR is 

based.  For this reason, sufficient optimization redundancy was applied so as to furnish confidence in the 

results, while providing multiple band placement solutions of similar prediction accuracy so as to allow 



 45 

consideration of commercial band availability.  Custom manufacture of a critical band selected by the 

optimization is always an option if required, but was not for this effort. 

 

As was the case for the VNIR partition, the PCHIP interpolation was clearly best suited for the HS 

reconstruction.  The residual reconstruction error according to the number of allowed bands for the three 

interpolators is shown in Figure 14, which is Figure 3 of Appendix 3 reproduced here.  As the number of 

band samples is incremented, the residual error decreases in an asymptotic manner.  At the upper limit of 

20 filter samples, the reconstruction error reduces to less than 0.08% of the total integrated SWIR 

radiance of 39.11 radiance units. 
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Figure 14  Interpolator error function, SWIR partition. 

 

Error reduction rate is the rate of change of the prediction error as the number of allowed bands 

increases, the derivative or slope of an error curve such as shown in Figure 14.   A localized decrease in 

the error reduction rate is noted between 9 and 12 band samples for both the Bulirsch-Stoer and cubic 

spline interpolation algorithms.  This behavior is evident when the error is normalized to residual PCHIP 

error, shown in Figure 4 of Appendix C.  If the increased error were due to a random fluctuation in the 

algorithm performance, it would appear as an isolated event.  The observed error increase was clearly 
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non-random, as the error increases in a deterministic manner from eight to eleven samples.  The root 

cause for the poor performance of these two interpolators for the smaller band selections is due to the two 

absorption features at 1430-1530 nm and 1850-2050 nm.  The PCHIP interpolator is able to reconstruct 

both these features given nine or more band samples.  Cubic spline and Bulirsch-Stoer were unable to 

reproduce the wider feature centered at 1950 nm until twelve or more bands were allowed.  All three 

interpolators were able to reproduce the narrower feature at 1480 nm with eight or more samples. 

 

The best reconstruction of the truth curve for twelve samples and the resulting error function are 

displayed in Figures 5-6 of Appendix C, with the filter placements marked in Figure 5.  The 

reconstruction error for this band set is 0.22% of the total partition radiance.  The truth curve and 

reconstruction nearly overlap throughout the partition.  For the SWIR optimizations, GPS refinement of 

the GA solutions results in a factor of 13% improvement, averaged over the allowed band samples. 

Power-law Relation of the Error Curves 
The primary contributor to the asymptotic behavior notable in the samples-to-error functions is that 

interpolation accuracy degrades by the order of n
4
, where n is the interpolant point spacing.  Sec. 3 of 

Appendix B describes an analysis of the power-law relation performed on the optimization data.  The 

findings of that analysis are useful in two very important regards.  The power-law analysis allows for an 

indication as to the prediction error reduction rate anticipated by additional spectrum sampling.  Such 

information is critical to the TR design, as the designer is able to base the number of sample bands 

needed based on sound data and not merely an educated guess. 

 

The power law relationship also provides an indication of sufficient redundancy in applying the 

optimization.  Previously we quantified the gain realized with redundant application of the optimization 

method, at least 10 cycles with the number of allowed bands constant with the objective function used 

here.  The recommended number of cycles will vary according to the application, and the power law 

analysis provides an indication of sufficient redundancy.  Given sufficient redundancy, a plot of the error 
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function assumes a smooth power law profile.  A noisy plot, where the data exhibit noticeable variance 

around the best-fit power law curve, indicates that insufficient cycle redundancy is preventing 

convergence to the global minima.  Sec. 3 of Appendix B discusses the method, and Figures 9-10 of that 

section display power-law fits to the UMBB-500 full-spectrum and SWIR results, respectively.  The full-

spectrum results are best modeled by a power law exponent of 2.5, while the SWIR obeys a power law 

exponent of 3.5.  The data also suggest that insufficient redundancy was applied for the full-spectrum 

optimizations, as the error data oscillate about their assigned power law curve.  Greater redundancy may 

be required for convergence given the larger spectral bandwidth of the full-band optimization.  The 

primary cause for the noisy full-spectrum as compared to the SWIR results may be that the SWIR was 

optimized at great redundancy, in order to obtain the best result for the ARTEMIS SWIR TR. 

Effects of Extrapolation between Partitions 
Sec. 3.5 of Appendix C compares the prediction accuracy obtained by combining optimized band 

selections within neighboring sub-band partitions to that obtained by optimizing to the joined sub-bands 

unitarily.  This analysis reflects practical considerations in the employment of TR for source prediction.  

Detector spectral response constrains the TR design, limiting the useful bandwidth of any radiometer.  

Photosensitivity declines in the longer wavelength limit of the VNIR near 1 µm for a Si detector, while 

available SWIR detectors such as a typical InSb design have poor sensitivity in the VNIR below 1.1 µm.  

A dual-band TR system such as the ARTEMIS implementation must consider these constraints, with 

band selection optimizations limited to those bands with good signal-to-noise ratio. 

 

Sec 3.5 compares results from the full band optimizations with no sensitivity constraints, to that obtained 

by conducting individual optimizations for the VNIR and SWIR partitions separately subject to the 

constraint imposed by spectral response.  The band selections obtained from the two sub-band partition 

optimizations are joined to form a unitary interpolation basis, with extrapolation of partition endpoints 

throughout the low-sensitivity region.  The unitary optimizations used for comparison are those with an 

equal number of samples as the sum of the samples within the aggregate sub-band partitions. 
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The VNIR bands are constrained to 1050 nm or less, and the corresponding SWIR constraint allows no 

bands at less than 1150 nm.  After constraint, 25 joined VNIR-SWIR candidates result, ranging in length 

from 14-20 bands for interpolation throughout the full-bandwidth spectrum.  The 7 most accurate source 

predictions of length 14-20 bands obtained from the 25 combinations are compared to the most accurate 

equal-length predictions resulting from the unconstrained full-bandwidth optimizations.  The sensitivity 

constraint imposes required interpolation of the individual sub-band prediction to the boundary band 

choice in the neighboring partition, and additional error. 

 

Figure 7 of Appendix C compares the prediction error for those 7 best aggregate interpolations to those 

of the 7 unconstrained full-band unitary equal-length optimizations.  These results indicate that when 

sufficient band samples are allowed such that the relative share of prediction error localized to the sub-

bands approaches 50-50, the quality of the joint constrained prediction is identical to that of the unitary 

equal-length optimization.  Parity was attained at 16 total allowed bands sampled from the full-spectral 

band. 

Robustness to Source Variation 
For calibration applications, the source radiance profile is a known quantity a priori.  Minor variations in 

the laboratory source are to be expected for reasons including atmospheric conditions, illumination bulb 

color temperature or power supply, and integrating sphere coating spectral reflectivity. 

 

The SIS model was configured to model typical changes, allowing evaluations of source perturbations on 

prediction accuracy.  The band placements obtained from the previously documented 40-inch full-

spectrum DS optimizations obtain spectral radiances at those wavelengths from the perturbed truth curve, 

and are interpolated.  The predictions resulting from interpolation of the perturbed radiances are 

evaluated for error against the perturbed truth as before.  The error figures between the original 

optimization and the deviated are compared in Sec. 4 of Appendix C. 
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Two sources of truth spectrum variation are modeled individually; an aged sphere coating with decreased 

reflectance in the SWIR, and a perturbed truth spectrum resulting from illumination bulbs at a different 

color temperature.  Convolution of the two is also evaluated.  The results of the perturbation analysis are 

provided in Table 3 of Appendix C.  In general, the predictions were robust to the deviations, with 

increases in prediction error ranging from negligible up to 50% that of the original integrated absolute 

error. 

Coating Degradation Effects 

The degree of degradation assigned to the coating input results in a large diminution of flux at the exit 

port.  The reduction in spectral flux is non-proportional to the reduction in spectral reflectance, due to the 

non-linearity of Eq.  (1), the governing flux-reflectance relation.  The simulated degradation is severe in 

order to clearly demonstrate the effect on the method, with SIS output diminished on average by nearly 

20%, and as much as 26% near the curve peak.  The perturbation also shifts the curve peak from 828 nm 

to 814 nm.   

The PCHIP interpolator is more sensitive to feature shifts such as peak wavelength than the cubic spline.  

Here the PCHIP optimization places a band sample near the original curve peak, which is shifted to the 

blue.  The PCHIP interpolation results in mean error 33.6% greater than the original.  The cubic spline is 

able to reconstruct the degraded curve with 2.8% less integrated absolute error on average than its 

corresponding prediction of the original profile.  Figure 15 demonstrates the unperturbed truth curve and 

the prediction obtained with PCHIP interpolation.  The 14 corrupted band measurements are circled. 
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Figure 15  PCHIP prediction, aged coating model 

Color Temperature Effects 

The distribution temperature of the illumination source may contribute to variation of SIS exit port 

radiance.  The peak output of any given bulb may vary spectrally according to Wien’s displacement 

law T/Kµm2898max =λ , leading to variation in the SIS output.  A change in bulb color temperature 

was modeled with a shift of the bulb irradiance peak to 910 nm, reflecting a bulb temperature deviation 

from 3220 to 3185
◦
 Kelvin.  A new profile was generated with the distribution deviation, and tested with 

the bands optimized to the original SIS configuration profile. 

 

The cubic spline again demonstrates superior robustness to the radiance peak perturbation as compared to 

PCHIP, with 33% additional error.  For PCHIP, the mean increase in error is 53%.  Though the FEL peak 

output only shifts 10 nm, from 900 to 910 nm, when modulated by the coating spectral reflectance, the 

sphere peak of irradiance shifts 20 nm to the red, from 828 nm to 848.  The result obtained with the 

optimal 14-band PCHIP selection and the deviated profile is shown in Figure 16. 
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Figure 16   PCHIP prediction, color temperature deviation. 

Combined Coating Aging and Color Temperature Effects 

The 40 inch SIS model was perturbed with both coating degradation and bulb color temperature modified 

in tandem, as described previously.  Given the dual perturbations, the PCHIP algorithm proved robust, 

with increased error averaging only 2.5%.  For comparison, the cubic spline integrated absolute error 

increases by a mean 28.8%.  Applying both perturbations results in the peak of curve irradiance 

unchanged at the original wavelength of 828 nm.  Absorption bands and flux peak (profile local maxima 

and minima) retain similar wavelength locations upon perturbation.  Figure 17 shows the 14 band cubic 

spline prediction given dual perturbation, and Figure 18 provides the equivalent PCHIP result. 
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Figure 17  14 band spline, dual perturbation. 
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Figure 18  14 band PCHIP, dual perturbation. 
 

It is useful to corrupt the profile so profoundly that the prediction no longer reflects the functional form 

of the profile, in which case specific properties between the cubic spline and PCHIP interpolators 

become manifest.  The aging function applied to the coating is greatly magnified, and the distribution 

temperature shifted by fifty nm to yield a distinctly different profile than the original subject to the 

optimization.  Figure 19 plots the resulting 14-band cubic spline interpolation of the extremely deviated 

truth radiances. 
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Figure 19  14 band spline, extreme perturbation. 

 

The extreme perturbation deviations from the original profile were primarily localized to the VNIR 

partition, with lesser deviations to the SWIR sub-band.  PCHIP performance deficiency in reproducing a 

perturbed full-bandwidth spectrum is primarily due to sample placement at the peak of curve radiance.  

The DS paired with the PCHIP interpolator consistently places a filter at the curve maximum radiance, 

near 825 nm for both the 36 inch and 40 inch SIS spectral curves.  This placement is evident in Figure 

18.  Cubic spline placement, by comparison, is on either side of the curve maximum as is shown in 

Figure 19.  This interpolator-specific placement is noted frequently in the results.  Figure 10 of Appendix 

C evaluates additional aspects of interpolator-specific behavior. 

Error Reduction with Auxiliary Data 
All the optimizations conducted for the HS prediction studies assume that the spectral radiance 

measurements subject to interpolation are error-free.  The interpolation prediction is generated through 

the truth profile data with no added noise.  In practice, the residual error will be larger than the figures 

cited here due to the systemic error realized in the acquisition of the measurements, whether from source 

deviation or noise in the radiometric device.  A well-characterized and stable TR will provide source 

measurements of high quality, while alternative devices such as a spectrometer result in less-accurate 
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measurements of the source.  Sec. 5 of Appendix C investigates the effects on the prediction results when 

source measurements of lesser accuracy augment the high-accuracy (typically 0.1% band-averaged error) 

measurements obtained by a radiometer.  For these discussions, normally-distributed (mean 0.1%, 

standard deviation 0.15%) error is assumed for each TR spectral radiance measurement, and normally-

distributed error of with mean 0.5% and standard deviation 0.75% of the truth radiance is added to the 

truth data to reflect a typical spectrometer measurement. 

 

For the analysis, we use the optimal selection of 18 bands obtained in the unconstrained full-spectrum 

UMBB-500 sphere optimization.  Although the optimization was unconstrained, allowing band selection 

freely within the full spectral bandwidth, the optimal 18-band selection includes no bands in the VNIR-

SWIR low-sensitivity gap of 1050-1150 nm.  These optimal bands represent the filter center-wavelengths 

of a hypothetical paired TR system of VNIR and SWIR TR.  The VNIR TR samples 8 bands at less than 

the near IR limit of 1050 nm, and the SWIR the remaining ten.  No SWIR bands sample the source at less 

than 1150 nm.  The integrated error between the HS source and the noise-free 18-band interpolated 

prediction is 0.18%, and increases to an average 0.24% over 300 independent trials of randomly applied 

0.1% TR error.  If the error were uncorrelated, the error should be 0.21%, and this result indicates that 

the error sources do correlate. 

 

The 18-band dual-TR measurements would then be augmented by a secondary source, either 

measurements from another TR or spectrometer data.  Based on the 18 existing bands, a secondary DS 

optimization was conducted.  This optimization selected additional bands from the source, which when 

interpolated with the original measurements, results in the best prediction.  The constrained optimization 

was performed for allowed band sample size of 8, 10, 12, or 14 secondary TR / spectrometer 

measurements, resulting in augmented predictions based on allowed band samples ranging from 26-32 

bands.  Bands of the secondary measurement source were constrained as to sample space, with no band 

samples allowed in the degraded radiometer sensitivity sub-band of 1050-1150 nm.  When constrained to 
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select additional bands separate from a pre-selected optimal set in order to improve a prediction, 

placement in the SWIR is predominant.  Only the 14-band augmentation includes VNIR bands. 

 

Figure 20 displays a representative outcome, where 8 bands for augmentation to the primary selection are 

localized within the SWIR.  The primary interpolant band centers are indicated by circles, the augmented 

band placements are marked by a diamond. 
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Figure 20  Typical band selection for augmentation of a primary selection. 

 

The augmented interpolations of length 26, 28, 30, and 32 source measurements result in better accuracy 

than the 18-band result, decreasing nearly linearly in integrated absolute error from 0.12% with the 26 

band selection, to 0.09% error for the 32 band selection (noise-free).  These predictions are of similar 

accuracy to those obtained from the unitary optimizations of equal length as shown in Figure 9. 

Results of the following error analysis are summarized in Table 6 of Appendix C, and are reproduced 

here for convenience as Table 2.  The noise-free augmented predictions are the entries of row 4, for 

comparison with the unitary predictions entered in row 1. 
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Table 2  Error comparison of augmentation data 

 26 BANDS 28 BANDS 30 BANDS 32 BANDS 

Unitary 0.11 0.09 0.08 0.10 

Unitary TR 0.19 0.20 0.16 0.22 

Unitary 

Spectrometer 

0.68 0.80 0.60 0.81 

Noise-Free 0.12 0.11 0.10 0.09 

TR primary 

/ Secondary 

0.19 0.18 0.17 0.16 

TR primary 

/ Spectro 

0.27 0.26 0.25 0.29 

Spectrometer 0.66 0.63 0.65 0.64 

Key: 

Unitary: Unconstrained band selection, 26-32 bands, no noise 

Unitary TR:  Unitary with mean 0.1% normal noise 

Unitary Spectrometer:  Unitary with mean 0.5% normal noise 

Noise-Free:  Interleaved  18 unconstrained and 8-14 constrained, no noise 

TR primary / Secondary: Interleaved with mean 0.1% normal noise 

TR primary / Spectro: Unconstrained w/ 0.1% noise, constrained w/ 0.5% noise 

Spectrometer: Interleaved w/ mean 0.5% noise 

 
Row 6 of the table displays the results obtained when the 18 primary TR measurements have added 

radiometer noise as previously defined, while the 8-14 optimized spectrometer measurements include 

normally-distributed error with a mean of 0.5% and standard deviation of 0.75%.  The resulting hybrid 

measurements were averaged over 300 trials to produce the TR primary/Spectrometer error figures. 

 

For comparison, the prediction error resulting from calibration relying only on less-accurate spectrometer 

measurements is provided in row 7 of 
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Table 2.  These figures were derived by including the typical spectrometer uncertainties to all the bands, 

primary and secondary, then interpolating the results.  When convolved with the interpolation error, the 

added noise results in a prediction with mean error 3.7 that obtained with a radiometer-based system.  A 

prediction based on 215 spectrometer measurements spaced at 10 nm intervals throughout the unitary 

spectrum with typical 0.5% error results in a prediction error of 0.54% when 300 trials are allowed.  In 

all cases but the 30-band set, the prediction is worse for the unitary optimization with spectrometer noise 

(row 3), than the dual-optimization result (row 7).  This finding indicates that DS optimization of band 

selection is less effective as measurement uncertainty grows large.  The error introduced to the prediction 

by low-quality measurements overwhelms the accuracy provided by the DS approach. 
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FUTURE WORK AND SUMMARY 
Remote sensing capabilities, initially with MS sensors, and more recently with HS assets, rely on 

accurate band-to-band radiometric calibration.  HS sensors sample a scene with hundreds of separate 

spectral bands, each requiring accurate gain correction.  HS sensors are increasingly the instruments of 

choice for many remote sensing applications such as environmental monitoring or military assessment 

and discrimination.  Conversion of image data in the solar reflective to surface reflectance requires 

absolute radiometric calibration coupled with an atmospheric correction scheme.  Given accurate 

radiometric calibration of the contiguous HS bands, the HS data provide the most complete spectral 

signature of the imaged scene.   

 

One difficulty with obtaining an accurate radiometric calibration for a HS system is the knowledge of the 

sources used in the laboratory at high spectral resolution.  There are effectively two techniques possible: 

measure the source with a well-understood and accurate HS system, or measure the source at lesser 

resolution and infer the spectral output at the required spectral resolution.  In reality, most laboratory 

calibration is a hybrid of the two.  Regardless of how one categorizes or conducts the calibration process, 

conformance with the methods and procedures as directed by the National Institute of Standards and 

Technology (NIST) is paramount, in order to preserve the calibration traceability. 

 

Deviations from the national laboratory’s traceability increase the uncertainty of the radiometric 

calibration.  As a result a laboratory calibration at HS resolution is either not as accurate as that at MS 

resolution, or is limited by the expense of HS calibration at or by a national laboratory.  The key then to 

the absolute radiometric accuracy of an HS calibration in a typical laboratory will be the selection of the 

spectral bands, the quality of the MS radiometer used to transfer calibration between sources, and the 

method for interpolating/extrapolating to HS resolution.  The calibration must also maintain the 

traceability as regards the calibration source, ensuring stability of a well-characterized uniform radiance 

source. 
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A proven method of HS calibration is based on the employment of well-characterized and stable 

radiometers of MS resolution.  Such high-accuracy MS devices are referred to as transfer radiometers 

(TR).  Individual TR band radiances may be measured with accuracies approaching 0.1%, with absolute 

accuracies of 2-4% achieved in practice after inclusion of all systemic errors.  Uncertainties and error 

sources typically contributing to the method include source uniformity and stability, geometric alignment 

of sources and radiometers, or drift and noise in the electronics of the TR. 

 

Past work with TR demonstrates their utility.  The employment of TR for sensor calibration has been 

successfully implemented for the Earth Observing System (EOS) program in support of EOS 

instruments, including the Moderate Resolution Imaging Spectroradiometer (MODIS) and the Landsat 7 

Enhanced Thematic Mapper Plus (ETM+) imagers.  EOS instruments are of MS resolution, and TR were 

used for cross-comparison of the sources used for the absolute radiometric calibration of those mentioned 

Terra sensors.  AVIRIS, a HS imager, also employs TR for its laboratory calibration.  The TR measures a 

NIST-traceable source, then transfers the calibration of that source to the output from a 40-inch Spherical 

Integrating Source (SIS).  AVIRIS views the calibrated SIS to provide calibration coefficients (transfer 

factors) for each AVIRIS band.  The AVIRIS calibration methodology is a hybrid approach in that the 

NIST-traceable source has known spectral output in 50 bands and a model is used to interpolate or 

extrapolate the output to other bands.  The above-mentioned calibration programs exemplify 

representative current HS techniques, combining established MS methods, employment of TR, and 

newly-implemented HS approaches. 

 

Two advancements in laboratory calibration as applied to remote sensing are presented in this work.  The 

first advancement is the development of closed-form solutions which govern the component spectral flux 

attenuations within the primary laboratory calibration source, a SIS.  The second advancement is the 

development of an approach which simplifies and enhances the accuracy of laboratory calibrations of HS 

sensors using TR of MS resolution. 
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Solutions to Component Flux Attenuation within a SIS 
A SIS transforms the flux from its illumination bulb sources into a diffused output using numerous 

reflections within the sphere to directionally randomize the flux prior to escaping the SIS exit port.  The 

non-directional radiance obtained from a SIS is widely used in applications other than sensor calibration 

such as quantifying the reflectance of materials.  The component attenuation quantities, particularly the 

attenuation due to atmosphere within the SIS, were previously approximated as no analytical solution to 

atmospheric attenuation of SIS flux within a sphere has ever been obtained. 

 

Typical methods would approximate the mean photon pathlength within the SIS, then apply an extinction 

computation obtained using software packages such as MODTRAN.  Previous work in the literature 

assumes a one-reflection mean transit length equal to the sphere radius, and the ensemble mean number 

of transits as the ratio of sphere to exit port areas.  These approximations introduced significant error, as 

the first underestimates the mean transit length and the second ignores the effects of atmospheric and 

coating attenuation.  Another solution to the atmospheric attenuation includes purging the sphere of water 

vapor, an expensive and time-consuming procedure.  Still other researchers have designed source-

specific Monte Carlo simulations, with the associated complexity. 

 

This work derives a solution for these unknown attenuations, using a novel variation of the geometric 

PDF.  The resulting equations determine the mean flux extinctions due to all loss mechanisms within the 

sphere (including the exit port).  These loss quantities are determined for any SIS parameterized by 

sphere diameter sD , coating spectral reflectance λρ , atmospheric optical depth λα , and exit port 

radius XPR .  The complete derivation yields the fractions of the input flux lost to the exit port, to 

atmospheric attenuation, and to the SIS coating (BaSO4, PTFE, gold).  These component spectral 

attenuations or partial extinctions are derived as the ratios portA , atmosA ,   and reflA  

where 1reflatmosport =++ AAA .  The quantity portA , the ratio of exit port flux to total illumination 

bulb flux, is the sphere fractional efficiency. 
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Prior to deriving the solution for the partial attenuation ratios, the defining equation for sphere fractional 

efficiency λF  was derived by Goebel 0, and is exact only for a gas-purged sphere.  Goebel’s equation for 

sphere fractional efficiency is Eq.  (1) of this text.  λF defines the flux fraction exiting the SIS and 

available for radiometric purposes.  In a typical laboratory calibration, Eq.  (1) will not exactly predict 

the fractional efficiency as compensation for atmospheric attenuation as the flux repeatedly transits the 

sphere is not accounted.  The revisions to the Goebel fractional efficiency equation correct for this 

shortcoming. 

 

The approach used for the full solution employs the concept of photon absorption/escape probabilities.  

Following any one reflection from the sphere coating, or initial bulb emission, four possibilities exist, 

and all are intrinsically linked by the physics of the sphere.  These four ordered probabilities are: 

a) The photon is absorbed by gases before completing a transit of the sphere, with probability 

λαl̂=ap  ,      (8) 

l̂  being the mean transit length after one reflection, as quantified in Appendix A ; 

b) The photon transits the sphere and exits through the exit port (not allowed for the first transit 

as a consequence of SIS design), with probability  

( ) fpb λαl̂1−=       (9) 

c) The photon transits the sphere and on striking the wall is absorbed by the sphere coating, with 

probability on the first transit 

( )( )λλ ρα −−= 1ˆ1 lcp      (10) 

and with probability on all subsequent transits 

( )( )( )λλ ρα −−−= 11ˆ1 fpc l  ;    (11) 

d) The photon traverses the entire length l̂  and is diffusely reflected by the sphere wall to 

commence another transit.   
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Here f is the ratio of the exit port area to that of the entire sphere.  The cycle from one reflection, or 

initial emission, to the next reflection is referred to as a transit. 

 

The exact ordering of these probabilities, as well as reflecting the step-wise decrements of the quantities, 

is critical to the exact derivation of the attenuation ratios, and hence the mean numbers of photon transits 

and their variances.  For instance, at emission, the first cycle allows for atmospheric or coating 

attenuation only; SIS bulbs are strategically placed so that no line-of-sight path to the exit port is 

allowed.  At the second cycle (sphere boundary event), the exit port flux is removed from the total flux 

first; only the remainder is then susceptible to coating absorption.  Only after the flux loss from exit port 

escape, followed by coating absorption, is computed, can the atmospheric attenuation component be 

accounted. 

 

In order to implement this sequence, two modifications to current statistical methods are required.  

Physical processes of a similar nature to the SIS can be described with the geometric PDF, if only two 

outcomes are allowed.  Extension of the existing geometric PDF to describe processes with multiple 

outcomes as described by Eqns. (8-11) requires formulation of a similar PDF, the Multi-Variable 

geometric PDF.  Further, a novel renormalization scheme was required to compensate the Multi-Variable 

geometric PDF for the situation where the various loss mechanisms are step-wise introduced. 

 

The implementation of these techniques is well-demonstrated in Appendix A.  The resulting attenuation 

ratios are provided there, and previously as Eq.  (6).  It is noted that the exit port loss portA  as defined in 

Eq.  (6) reduces to the fractional efficiency SF  for the gas-purged sphere as calculated by Goebel upon 

setting the atmospheric attenuation factor λαl̂  to zero.  In addition to the introduction of the new 

governing PDF, variances in all the mentioned quantities are derived. 
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Optimized MS Band Selection for HS Calibration 
In order to minimize the system error, this work establishes an approach which optimizes the selection of 

a minimal number of spectral bands which result in a high-accuracy prediction of the calibration source.  

This approach for TR band selection obtains an inversion solution to the band center-wavelengths by 

employing two optimizations obtained from the class of Direct Search (DS) solvers.  These optimizers 

are applied to the problem, converging to the band placements within the source spectral bounds.  The 

optimized solution results in the highest-fidelity source reconstruction upon application-specific 

interpolation.  Selection is based on both the optimal number of bands as well as their center wavelengths 

which achieve a required level of accuracy.  Optimizing to a minimum number of bands adds value in 

that it permits the development of simpler and less expensive radiometers. 

 

HS information processing and source prediction have been discussed in the literature.  Much work has 

been done in speech and pattern recognition using such algorithms as linear prediction 0 and bounded 

support expectation maximization (EM) 0.  These prediction methods have been shown to be 

theoretically sound for those applications, and are difficult to implement.  Other efforts attempting 

dimensionality reduction and feature extraction for HS and MS data sets have been documented, 

including entropy methods 0, interference suppression via basis set projections 0, and bi-orthogonal 

subspace decomposition 0.  Such efforts have the aim of information extraction, and typically apply to 

sensor images.  The techniques discussed in this work allow prediction, not extraction.  No evidence of 

source predictions at HS resolution based on a minimal subset of the data is found in literature, whether 

based on the inversion approach or other methods. 

 

The approach optimizes to the source radiance expectation, the ‘truth’ curve.  Representative truth curves 

may be based on manufacturer-supplied values for a source, or on one-time measurements obtained from 

elaborate, well-characterized HS sensors.  The genetic algorithm (GA), a stochastic DS solver widely 

used in minimization of multi-variable problems, is applied.  An iterate of the GA consists of examining 

a number of candidate approximations to the truth curve by interpolating a predefined number of spectral 
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radiance values obtained from the truth curve at band center-wavelengths selected by the algorithm.  The 

optimal interpolation algorithm is selected by the user, based on its performance for that application.  The 

absolute integrated error between each interpolation and the HS truth curve is computed, and the 

candidate band vectors are sorted in order of decreasing error.  Filter placement is modified within the 

less accurate reconstructions according to the algorithm, while the best approximations are reserved 

intact.  The new selection of radiance values are interpolated, with generally less error.  The process is 

repeated until a suitable set of bands is determined..  The generalized pattern search (GPS), another of the 

DS solvers, follows converging to the global minimum of the GA-selected sample sub-space.  The 

tandem application of these DS solvers allows a definition of the optimal MS band selection, both the 

number of samples and their placements, specific to a unique HS source prediction.  It should also be 

made clear that the approach requires little a priori expertise in the nuances of optimal band selection. 

 

The degree of convergence furnished by the method was demonstrated with the use of artificial truth 

curves.  Perfect algorithm convergence returns the original generating center-wavelengths and zero error 

between the artificial curve and the interpolated approximation.  While perfect convergence was never 

observed, reconstruction error of less than 0.4% with GA-only optimization results, is further improved 

with GPS refinement, and predicts the pseudo-truth profile with up to 99.99% fidelity. 

 

Three interpolation algorithms were selected for research with the approach.  The three interpolators 

were cubic spline, PCHIP (Piecewise Cubic Hermite Interpolating Polynomial), and Bulirsch-Stoer 

rational function interpolation.  Each is optimal for specific applications.  The cubic spline is probably 

the most well-known and widely used in the scientific community for curve reconstruction from a finite 

set of data points, and is usually quite satisfactory in reconstructing well-behaved functions.  The cubic 

spline and PCHIP returned the best results; the Bulirsch-Stoer interpolation algorithm consistently 

returned the largest error regardless of the partition to which it was applied, required an order of 

magnitude more processing at each interval, and frequently resulted in singularities of the rational 
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function denominator.  Source prediction of the artificially generated test data results in cubic spline to 

PCHIP mean comparative error of 1.18, and Bulirsch-Stoer to PCHIP mean comparative error of 1.64.   

Nearly universally, the PCHIP interpolator returned the minimal reconstruction error to all partitions 

investigated (SWIR, VNIR, full-spectrum). 

 

Functional representations of source prediction error as a function of the number of allowed band 

samples increases are presented as figures throughout this work.  These error functions are of a power-

law and asymptotic form.  This asymptotic behavior follows from interpolation theory, in that accuracy 

degrades by the order of n
4
, where n is the interpolant point spacing.  A method of power-law analysis is 

derived which serves two purposes in a diagnostic role.  The analysis allows for an indication as to the 

prediction error reduction rate anticipated by additional spectrum sampling.  Such information is critical 

to the TR design, as the designer is able to base the number of sample bands needed based on sound data 

and not merely an educated guess.  The power law relationship also provides an indication of sufficient 

redundancy in applying the optimization, which provides an indication as to when the method has 

converged to the optimal solution in a global sense. 

 

Implementation considerations are accounted for in this work, by performing constrained optimizations 

which limit the available band selection options to those with good signal-to-noise ratio or spectral noise-

equivalent power (NEPλ).  Detector spectral response defines the useful bandwidth of any radiometer.  

Photosensitivity declines in the longer wavelength limit of the VNIR near 1 µm for a Si detector, while 

available SWIR detectors of InSb design have poor sensitivity in the VNIR below 1.1 µm.  Separate 

optimizations were performed within these sub-bands, constrained aggregates of the two, and the full 

unitary spectrum.  A dual SWIR-VNIR TR system is categorized as to accuracy, both noise-free and 

inclusive of typical TR measurement uncertainty. 

 

Demonstrating the system-level approach, allow a notional systemic error budget of 2% integrated error, 

and 0.2% the allocated budget for the prediction error resulting from interpolating the optimal TR band-
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centers.  Results documented here indicate that 16 bands can predict the source spanning the VNIR and 

SWIR from 350-2500 nm.  Several candidates (optimal band center-wavelengths vectors of equal length 

in the number of allowed samples) of similar fitness are furnished by the method.  The designer has 

freedom to select the TR bands by cost and availability, using all the solutions provided by the method 

which satisfy the 0.2% prediction error budget, even those less-optimal solutions. 

 

Method efficacy is demonstrated with an augmentation analysis, which predicts the method performance 

expected when a band-optimized dual-TR system incorporates measurements of equal or lesser quality to 

the prediction obtained from the set of measurements furnished by the TR alone.  The auxiliary data are 

obtained at bands optimized for augmentation, by application of the method subject to that constraint.  It 

is shown that the two-step optimization results in a prediction of similar quality to that obtained by an 

unconstrained solitary optimization, allowing the equal number of bands.  Degradation of the prediction 

in the presence of noise is quantified.  It is shown that correlation cross-terms between the interpolation 

and measurement noise contribute to the total error figure, as the convolved errors are greater than that 

obtained from a root summed squared value. 

 

The results from that analysis allow insight into expected system accuracy.  In order to categorize the 

source used for this work, a spectrometer obtained measurements at 10-nm intervals across the band, then 

interpolated those measurements with cubic spline to 1-nm resolution.  Spectrometer uncertainty is 

typically 0.5%, five times that of a TR.  If mean error corresponding to the typical spectrometer value is 

included with the source measurements used as truth here at 10-nm intervals and similarly interpolated, a 

prediction with 0.54% error results.  215 spectrometer measurements are used for this prediction.  

Alternatively, allowing 26 optimized MS bands will predict the source with 0.11% error exclusive of 

noise, with the same 26 bands predicting the source with 0.19% error inclusive of typical mean 0.1% TR 

uncertainty.  Augmenting the set of optimized measurements of an 18-band dual-TR system which 

provides a source prediction with 0.24% error (inclusive of TR uncertainty) with 8 additional band-

optimized spectrometer measurements increases the prediction error to 0.27%.  These results are 
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substantial, as the effect of augmenting high-quality data with that of lesser quality in a calibration setting 

is often debated.  This analysis provides an indication that augmenting high-accuracy TR measurements 

with lower-quality spectrometer data degrades the prediction generated by the sparser primary-only TR 

measurements, due to the introduction of the greater spectrometer measurement uncertainty. 

 

For the applications intended, the expected calibration radiance curve is a known quantity a priori.  

Calibration measurements of the source used as truth for the band selection optimization may later 

diverge from those of the original radiance profile.  The optimal interpolator (PCHIP, cubic spline, other) 

will most likely reconstruct the perturbed version of the original truth curve with less accuracy.  Possible 

sources of variation include atmospheric attenuation, illumination bulb color temperature or power 

supply, and integrating sphere coating spectral reflectivity.  This work demonstrates that the method 

maintains integrity in the prediction accuracy, even when the measurements are those obtained from the 

source after severe perturbations.  Source deviations much greater than would be realized in a laboratory 

calibration environment are modeled.  The resulting prediction error between the new version of truth 

(the perturbed source, which we still want to accurately predict) and the interpolation is derived for a 

series of likely deviations.  The resulting prediction error is typically 30% greater than the original error 

prior to perturbation. 

 

Properties of the piecewise cubic Hermite interpolators PCHIP and cubic spline were analyzed for 

robustness under perturbation, and different capabilities between the two are documented.  The cubic 

spline interpolator is optimized upon paired filter placement in regions of the profile where the slope is 

non-constant (inflection points).  The cubic spline also predicts a source with band selections of greater 

diversity than PCHIP, in that solutions of dissimilar band placements result in similar error.  This 

robustness gives the cubic spline interpolation an advantage over PCHIP for reproducing curves 

divergent from the original truth curve, depending on the form of source deviation.  The PCHIP 

interpolator is most sensitive to a shift of the source spectral radiance peak wavelength, as the optimal 

PCHIP accuracy relies on placement of a sample band near the peak of curve radiance.  Cubic spline 
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placements in that region are on either side of the flux peak (again, inflection points).   It is useful to note 

that in some cases where the cubic spline prediction of a perturbed profile exhibits lesser a increase in 

error than PCHIP, the PCHIP error is still less in absolute terms.  Recall that the cubic spline predicts a 

given profile with generally 30-50% greater error than the PCHIP interpolator, given an equal number of 

samples. 

Future Work 
Several opportunities for additional study in the calibration advancements described here are apparent.  

In a general sense, the two fundamental advances presented here have applications in other fields.  The 

most promising extension of these advancements is that of the statistical categorization applied to 

attenuation within a SIS.  While the defining flux attenuation ratios and mean partial pathlength 

expressions are of great value in and of themselves, the methods described here can also be extended to 

other physical processes of a similar nature, where an initial quantity is step-wise reduced by a series of 

independent events such as those governed by the newly-formulated Multi-Variable geometric PDF. 

 

The method and closed-form solutions to the expectation of attenuation and mean pathlength enable easy 

computation of sphere output at the exit port and obviate the need to produce Monte Carlo codes to 

model a SIS.  The solution approach is well-defined in Appendix A, a purposeful intention which allows 

adaptation of the solution approach to similar problems.  The normalization scheme required to 

compensate the non-coincidental sequence of attenuations (atmosphere only for cycle one, atmosphere or 

coating for cycle two, then all three outcomes for all subsequent cycles) is succinctly described in 

Appendix A, but was non-trivial in the derivation.  The effort required in deriving the normalization of 

the step-wise Multi-Variable geometric PDF, or pseudo-geometric PDF as it were, leads to a belief that 

this new PDF can be widely extended to other physical processes of a similar nature that were previously 

thought to be ungovernable in a statistical sense.  
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DS optimization is successfully applied to the selection of MS band center-wavelengths allowing 

accurate prediction of a HS source, for this application the spectral radiance profile of an integrating 

sphere.  Numerical optimization approaches have been applied to a wide variety of applications, and are 

not new.  For this work, the optimizations not only indicate the optimal band configuration, but are used 

to categorize the sample space and the interpolator behavior.  The general approach as employed here 

utilizes results analysis to further refine the problem which we aim to solve.  This problem-oriented 

approach can be extended to similar applications requiring feature extraction, or inversion problems 

involving prediction of a characterized relationship by interpolation of a data subset to the specified 

resolution. 

 

Potential further studies discussed apply specifically to the DS methodology as applied to the TR band 

selection optimization.  If desired, the user can easily implement a penalty function to the DS objective 

function, which limits choices of available band selections to those readily available.  It is also 

straightforward to implement a cost function, which prioritizes the fitness of a candidate according to 

filter cost and availability.  Neither the penalty or cost functions were implemented in the general effort 

undertaken here, but both can be easily allowed. 

 

Even given a stable source, variations in the output of the radiance source are expected.  In the event that 

the source spectral profile does deviate, and that deviation is permanent, increased error in the source 

prediction is likely to result affecting the system accuracy.  Supposing that sufficient calibration error is 

introduced by the source deviation, a new DS optimization may need to be performed with measurements 

of the deviated calibration source.  The DS method is applied to the new ‘truth’ curve, newly optimal 

filter placements derived, and the filter wheel modified at minimal expense.  This approach has been 

discussed as an option to ensure optimal system performance.  Another alternative may exist.  It should 

be possible to design a variation of the DS approach which incorporates an objective function optimized 

for evaluation of a non-stationary source.  While it is likely that the resulting band selections will not 
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provide predictions as accurate as those obtained by the current instantiation, the trade-off in robustness 

to deviation may be worthwhile. 

 

Absolute integrated rather than relative error is selected as the optimization criterion for the objective 

function.  This choice of objective helps to avoid detector specifics such as signal-to-noise ratio and 

saturation which are reflected in integrated relative error.  This benefit is obtained at the expense of the 

quality of the transfer factors obtained in spectral regions of low radiance.  A useful study investigates 

the relative merits between the two objective function alternatives.  This analysis was not conducted here, 

but would provide useful guidance particularly as the method is extended to other similar applications.  

 

It would be useful to pursue the redundancy gain factor studies by sorting the individual cycle prediction 

error values in order from least to greatest and obtaining the moments of the data in order to develop a 

more thorough statistical description of the gain.  Those statistics can be compared with the variances of 

the error figure data as discussed in the power-law analysis, and additional trends in behavior of the 

predictions may be obtained.  Referring to Figures 3-4 of Appendix C, the deviation in the power-law 

expectation of the error figure is traceable to the absorption bands in the SWIR.  Similar deviations in 

other applications may be reflected in the power-law fitting procedures discussed in Sec. 3 of Appendix 

B.  Obtaining variances from the redundancy gain statistics may help to indicate whether a poor value of 

prediction error is due to insufficient redundancy, or a profile pathology such as the absorption features. 

 

It is noted here that the initial seeding of the GA at each cycle consisted of random selections within the 

spectral partition being optimized.  This random seeding was instituted to obtain a valid statistical 

description of the sample space and method performance.  In a non-academic application of the method, 

the user will initialize the GA band selections with wavelengths know to provide a good prediction, 

based on prior evaluations and known interpolator characteristics.  For example, the user will always 

place an initial sample at feature minima and maxima if using the PCHIP.  This deterministic seeding is a 

form of solution refinement, where successive cycles of the GA are seeded with the best result from the 
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previous cycle.  An interesting study would compare the redundancy gain factors resulting from the 

random initialization, with those obtained with the refinement seeding. 
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APPENDIX A:  ANALYTICAL SOLUTION FOR 
INTEGRATING SPHERE SPECTRAL EFFICIENCY 

INCLUSIVE OF ATMOSPHERIC ATTENUATION 
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Abstract:   

An analytical solution to the attenuation of flux within an integrating sphere due to SIS coating, exit port 

escape, and atmospheric absorption is derived employing a geometrical probability distribution of 

completed sphere transits.  This is used to determine the mean number of completed sphere transits and 

its variance. Equations that provide the attenuation ratios for the three extinction mechanisms are derived 

using the energy-balance and summation of reflections methods.  The mean length of a transit of the 

sphere and its variance are presented and used to derive expressions for the mean and variance of photon 

pathlengths in the sphere.  
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1. Introduction and Overview 
A source of non-directional radiance is useful in many radiometric applications, and the best source 

of such radiance in the laboratory environment is a spherical integrating source (SIS).  A SIS transforms 

the flux from its illumination bulb sources into a diffused output using numerous reflections within the 

sphere to directionally randomize the flux prior to escaping the exit port of the SIS.  The non-directional 

radiance obtained from a SIS is widely used for photometer calibration [1], measurements of source flux 

density, and quantifying reflectance of materials [2]. 

The expectation of spectral attenuation for an arbitrary ray traversing a SIS from source emission, 

through a large number of directionally random reflections, to escaping the exit port is obtained by 

considering the probability of photon loss through open ports, absorption by the SIS coating, and 

attenuation by atmospheric molecules and aerosols within the sphere.  The attenuation varies as a 

function of wavelength, the primary extinction mechanism being absorption by the SIS coating, followed 

by water vapor attenuation within the SIS, particularly in regions of the visible-near-infrared (VNIR). 

The solution to attenuation of the SIS source flux by coating spectral reflectance λρ   has been 

provided by Goebel [3].  For example, the Remote Sensing Group (RSG) at the University of Arizona 

LabSphere 40 inch SIS is coated with Spectraflect®, a proprietary BaSO4 -based reflectance coating, 

which has typical values for λρ  of 0.98 at 600 nm, 0.93 at 1.4 µm, and 0.86 at 1.9 µm.  The spectral 

attenuation for a representative SIS configuration with diameter sD = 40 inches and exit port 

radius XPR =2.5 inches is shown in Fig. 1, which was computed using our high fidelity sphere model and 

manufacturer-supplied values of λρ . 
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Figure 1. 
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Fractional reflectance for a typical SIS, as computed using the procedure derived by Goebel [3].  At the curve 

peak, 19% of the source flux remains unabsorbed by the SIS coating, and is subject to further attenuation by 

atmospheric effects during SIS transit. 

 

The atmospheric transit attenuation can also be severe, particularly in regions where water vapor 

absorption lines dominate. Flux loss is further compounded by increased λρ at those absorption bands, 

due to water content within the sphere coating itself.  In the VNIR, the most significant absorption occurs 

at 1.4 and 1.8-2.0 µm.  In order to avoid absorption within the sphere, one can purge the sphere, a process 

which eliminates water vapor within the sphere.  This procedure is both expensive and time-consuming.  

Previously, researchers have approximated the mean pathlength within the SIS, then applied an 

extinction computation obtained using software packages such as MODTRAN (MODerate spectral 

resolution atmospheric TRANSsmittance algorithm and computer model) [4].  Typical approximations to 

mean pathlength, for example Myers and Andreas [5], assume a one-reflection mean transit length (a 

quantity defined here as l̂ ) equal to the sphere radius, and the ensemble mean number of transits (a 

quantity defined as n ), to be the area ratio of the SIS to the exit port, 
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 These approximations for  l̂  and n  introduce significant error, as the first underestimates the mean 

transit length and the second ignores the effects of atmospheric and coating attenuation. 

This paper presents an analytic determination, using statistical techniques, of the mean flux 

extinction, the fractional diminution of flux due to all loss mechanisms within the sphere (including the 

exit port).  These loss quantities are determined for any SIS parameterized by sphere diameter, coating 

spectral reflectance, atmospheric optical depth, and exit port diameter.  Statistical techniques are 

appropriate because for any useful light level the number of photons is very large. Two simplifying 

assumptions are required: that the sphere coating may be characterized as a Lambertian (diffuse) surface 

and that the SIS is a true sphere. The approach is not applicable to a sphere with interior baffling or other 

application-specific interior obstructions; for these Monte Carlo techniques are required, as implemented 

(for example) by Crowther [6]. 

The solution is presented in a three step process.  First the mean single-reflection transit length l̂  is 

obtained.  A simplified version of the full solution, omitting spectral attenuation by gases or coatings, is 

then introduced and used to derive the moments (mean and variance) of the governing law.  The simple 

model is then expanded to the complete solution, employing attenuation probabilities.  The complete 

derivation yields the fractions of the input flux lost to the exit port, to attenuation due to the atmosphere 

and to attenuation by the spectral reflectance λρ  of the SIS coating (BaSO4, PTFE, gold).  These 

component spectral attenuations or partial extinctions are derived as the ratios, portA  , atmosA  and reflA  

where 1reflatmosport =++ AAA .  The quantity portA , the ratio of exit port flux to total illumination 

bulb flux, is the sphere fractional efficiency. 
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The method and closed-form solutions to the expectation of attenuation and mean pathlength enable 

easy computation of sphere output at the exit port and obviate the need to produce Monte Carlo codes to 

model a SIS.  The method can be extended to other physical processes of a similar nature, where an 

initial quantity is step-wise reduced by a series of independent events. 

 

2. Mean Single-Reflection Pathlength 

The mean single reflection transit length l̂  of an arbitrary photon within the SIS is a fundamental 

quantity to a qualitative determination of the atmospheric extinction.  The atmospheric attenuation, a 

spectrally dependent quantity, is defined here as λα . The quantity λα is an absorption per unit length, 

( )λλ τα −= 1 , where λτ  is the atmospheric transmittance.  As l̂  is generally measured in inches (or 

centimeters), λα will have units of inches
-1

 (or cm 
-1

).  The mean atmospheric attenuation due to gases 

and aerosols, for one reflection within the sphere, is then λαl̂ . Fig.2 is a simplified diagram of a typical 

SIS which illustrates the problem to be solved.  It is universally the case that the bulb placement is such 

that no ray exits the port without at least one reflection.  Given the above configuration, ll =ˆ , the 

mean value of the random raylength. 

The derivation of the mean path length in the sphere between consecutive reflections is 

straightforward under the assumption that the sphere wall lining is a uniformly diffusing surface, i.e. a 

Lambertian reflecting surface. The defining property of such an ideal surface is that the luminous 

intensity per unit area in any direction varies as the cosine of the angle between that direction and the 

normal to the surface [7]. We require the variance of this path length as well as its mean value and have 

for this reason repeated the previous derivation [8] of the latter. 
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Figure 2. 

 
 

Integrating sphere of diameter DS and exit port radius RXP, with arbitrary ray length l . 

 

 Consider a photon diffusely reflected at an angle θ  to the normal from an element of surface 

Aδ  at a point P on the sphere wall.  The path length l  to the next wall impact is θcosSD , as we show 

in Fig. 3a. The element Aδ  lies in the plane tangent to the sphere at P; light diffusively reflected from it 

is emitted in all directions in the hemisphere above the tangential plane (see Fig. 3b) with probability 

θcosI  where I  is a constant for a given surface element subject to a given illuminance. The mean 

single-reflection path length l̂  is obtained by using a spherical polar co-ordinate system ( )φθ ,  centered 

on the normal to the surface element, by noting azimuthal symmetry over φ , and by summing path 

lengths over all emission directions in the hemisphere with weighting θcosI  to obtain 
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The mean square path length is similarly obtained as
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and hence the variance in the single-reflection path length is  

18

2
222 SD
=−= ll

l
σ  .    (4) 

Figure 3. 

 

 
Fig 3a:  Section through the integrating sphere, showing that the normal to a reflecting element Aδ  at P is a 

radius of the sphere, and that any reflection from P at an angle θ  to the normal follows a chord to next 

impact on the sphere wall with a path length of θcosSD=l . 

(b)  The unit hemisphere of all emission directions from P showing, as a shaded zone, the element 

θθπ dsin2  of solid angle at a diffuse reflectance angle of θ . 
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3. Mean Number of Sphere Transits 

 

The mean number of sphere transits n , or equivalently the mean number of reflections 1−n , prior 

to escaping the exit port, is determined for a gas-purged SIS with unity spectral reflectance, with 

statistical methods being used to obtain the variance of n .  This simplified problem is considered first to 

illustrate the methods employed in Sec. 4 to derive the solution to the complete problem, in which there 

is attenuation by the required SIS coating and by the atmosphere within the SIS. 

 The probability of a photon in an integrating sphere making a given number of transits of the 

sphere before being lost through a port, or absorbed, is described by a geometric probability distribution. 

That this is so can be seen by considering, for example, a sphere with no atmospheric absorption and 

with a lining that is a perfect Lambertian reflector, i.e. lossless, apart from a single port occupying a 

fraction f  of the sphere surface. Consider a flux of  photons emitted, as though it were diffusely 

reflected, from a point on the sphere wall. In a true sphere with a diffusely reflecting surface the photons 

reflected at any point are incident with equal probability on all other points of the sphere [9] and in 

consequence a fraction fp =  of them are lost through the port after each transit. For any one photon 

the probability of exit after one transit is p , the probability of remaining within the sphere after one 

transit is pq −=1  , of remaining after two transits is 
2q  and of still continuing within the sphere after 

1−n  transits is 
1−nq . Hence the probability of exiting on the next transit, that is after n  transits, is  

( ) ( ) ...3,2,1,1
11 =−== −−

npppqnP
nn    (5) 

This distribution ( )nP  is an example of a Geometric Probability Distribution Function (PDF) [10]. The 

sum over all values of n  is the geometric series 

( ) ( )∑ =−=∑
∞

=

−∞

= 1

1

1

11
n

n

n

ppnP     (6) 

and hence this is a properly normalised probability distribution.    Fig. 4 provides an example of the 

Geometric PDF given a set value for p, which uniquely defines this distribution. 
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Sample Distribution ( )nP , Geometric PDF, Probability of photon exit on (n+1)

th reflection, for f = 0.015. 

 The number of reflections before exit, r , in the above example is one less than the number of 

transits, that is 

1−= nr  .     (7) 

The probability distribution for the number of reflections is obtained from Eqs. (5) and (7) as  

( ) ( ) ...2,1,0,1 =−= npprP
r

 .    (8) 

Denoting mean values by , the mean number of reflections 1−= nr  ,  

( ) 121 222 +−=−= nnnr  , and hence the variance in the number of reflections 

222
rrr −=σ  is the same as that in the number of transits, i.e. 

22
nr σσ =  .     (9) 

In general we are interested in path lengths and hence in numbers of transits rather than of reflections. 
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 The mean number of transits can be evaluated as a weighted sum over all possible values of n  

as 
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where use is made of the relation given by Hansen ([11], 5.14.2) 
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to sum the series. Similarly 
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where we have used Hansen’s relation 5.14.8 [11] 
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The variance in the number of transits is  

2

222 1
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p
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=−=σ  .    (14) 

 An alternative derivation of the mean number of transits and its variance is given in Appendix 

A using the result that the derivatives of the Fourier Transform of this probability distribution yield its 

moments.  The first moment is simply related to the mean and the second to the variance of the 

distribution. The mean number of transits computed in this way is again pn /1=  and the standard 

deviation in the number of transits is 

2

11
−≈

−
= n

p

p
nσ      (15) 

 Determination of the mean number of reflections, r , by any method other than through the 

mean number of transits is fraught with difficulty. For the simple model discussed in this section it can be 

done as follows. We visualize r  consecutive transits in which many rays equally irradiate in each transit 
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the whole surface ( )Af−1  with the initial flux 0γ  and avoid the port of area fA . The irradiance 

added at each reflection is the same because we have removed absorption from the model. These rays 

then exit the port after r  reflections. Equating the irradiance ( )Afq −10γ  produced in this way with 

the standard expression ( ){ }fA −− 110γ  yields the previously quoted value for the mean number of 

reflections  

( ) ( ) 1111 −=−== pfrq  .   (16) 

However, once absorption, either atmospheric or by the diffusing surface, is included this approach fails 

because the irradiance reduces at each transit and the mean number of reflections does not produce the 

same irradiance as the true distribution of reflections. 

 Finally we note that the fraction of the spherical surface removed to form the aperture or port 

is  

2

4
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As is shown by Goebel [3], for XPR < 0.1 sD , the ratio f can be approximated by 
22 /
S

DRXP , with error 

less than 1%.  In the case of the RSG 40 inch sphere with an exit port diameter of 5 inches, the 

approximation introduces error < 0.4%.   

  

4. Solution with Atmospheric and Reflection Losses 

 

Extinction Mechanisms and the Geometric Probability Distribution 

In Sec. 3 we introduced the method used to complete the full solution to mean path length and 

attenuation expectations due to λρ  and atmospheric molecules/aerosols, λαl̂ . For simplicity, we 

employed the construct of the ideal sphere, with unity coating reflectivity and no atmospheric 
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attenuation.  The approach used for the full solution employs realistic values of λα  and λρ , yielding 

the photon absorption/escape probabilities.  Following any one reflection, or initial emission, four 

possibilities exist, and all are intrinsically linked by the physics of the sphere.  These four ordered 

probabilities are: 

e) The photon is absorbed by gases before completing a transit of the sphere, with probability 

λαl̂=ap  ,     (18) 

l̂  being the mean transit length after one reflection; 

f) The photon transits the sphere and exits through the exit port (this does not happen in the first 

transit), with probability  

( ) fpb λαl̂1−=  ;    (19) 

g) The photon transits the sphere and on striking the wall is absorbed by the sphere coating, with 

probability on the first transit 

( )( )λλ ρα −−= 1ˆ1 lcp     (20a) 

and with probability on all subsequent transits 

 ( )( )( )λλ ρα −−−= 11ˆ1 fpc l  ;   (20b) 

h) The photon traverses the entire length l̂  and is diffusely reflected by the sphere wall to 

commence another transit.  

The cycle from one reflection, or initial emission, to the next reflection will be referred to as a transit. 

 These processes in the sphere are set out in Table 1 and may be summarised by writing the 

probability of loss (including by absorption) of a photon in the first transit as g  and in all subsequent 

transits as p  . Expressions for g  and p  are given in Eqs. (23) and (24). The probability of loss in the 

n
th

 transit is then the quasi-geometric probability distribution 

( )
( ) 2,1

1,

2 ≥−=

==′
−

npqg

ngnP

n
    (21) 
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where 1−= pq  .  This is a properly normalised probability distribution as  

( ) ( )∑ =−+=∑ ′
∞

=

−∞

= 2

2

1

11
n

n

n

pqggnP  .    (22) 

Table 1.  Partial extinction or fractional loss per transit for the first transit and for subsequent transits of the 

sphere. 

Loss Mechanism Fractional Loss per Transit 

 1=n  2≥n  

Atmospheric absorption λαl̂=′a  λαl̂=a  

Exit through port 0=′b  ( )λαl̂1−= fb  

Reflection loss ( )( )λλ αρ l̂11 −−=′c  ( )( )( )λλ αρ l̂111 −−−= fc  

 

 

Reflection and Atmospheric Partial Extinctions and Throughput  

The full problem discussed in section 4.1 is described by the geometric probability distribution ( )nP  of 

Eq. (5) which gives the partial extinction or fractional loss per transit for the first transit and for 

subsequent transits. The components of that loss are set out in Table 1.  The combined fractional loss per 

transit is  

( ) 1,ˆ11 =−−=′+′+′= ncbag λλ αρ l   (23) 

 ( ) ( ) 2,1ˆ11 ≥−−−=++= nfcbap λλ ραl   (24) 

The partial extinction, i.e. fractional loss, in all transits due to atmospheric absorption, atmosA  , is the 

sum of λαl̂=′a  in the first transit plus a fraction ( )cbaa ++  of the portion ca ′−′−1  of the flux 

remaining after the first transit; i.e. 
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The reflection partial extinction is evaluated in the same way as 
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and the throughput or partial extinction due to the port is 
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 . (25c) 

These partial extinction ratios are spectral quantities. The exiting flux fraction, i.e. the partial 

extinction ratio ( )λportA , is the throughput or fractional efficiency of the SIS. It equates to the 

fractional efficiency SF  for the gas-purged sphere calculated by Goebel [3] and Eqns. (25) reduce to his 

on setting the atmospheric attenuation factor λαl̂  to zero.  The three partial extinction ratios given by 

Eqns. (25) sum to unity, as required. 

 An alternative derivation of Eqns. (25) may be obtained by the “summation of reflections” 

method of Goebel [3] in which the sequential attenuations from each loss mechanism are computed and 

summed as a geometric series.  The method is as follows:  given an initial flux packet of 0γ  photons, for 

the first cycle the flux loss  due to atmospheric absorption is λαγ l̂0 , followed by coating absorption 

( )( )λλ ραγ −− 1ˆ10 l .   

  After the first transit we have 

( ) λλ ραγγ l̂101 −=       (26) 



 88 

photons remaining, and in the next cycle the losses are λαγ l̂1  (atmosphere), ( )( )λλ ραγ −− 1ˆ11 l  

(coating), and ( )fλαγ l̂11 −  (exit port escape).  For all subsequent cycles, indexed by n, the initial flux 

is 

( )( ) 11ˆ1 −−−= nn f γαργ λλ l     (27) 

and the flux loss components are λαγ l̂n  (atmosphere), ( )fn λαγ l̂1−  (exit port escape) and 

( )( )( )fn −−− 11ˆ1 λλ ραγ l  (coating).   

We then sum the fluxes nγ  reflected after each transit to obtain the total inter-reflection flux 

( )
( )( )∑

−−−

−
==

∞

=1
0ˆ111

ˆ1~

n
n

f
γ

αρ
αρ

γγ
λλ

λλ

l

l
    (28) 

by using the usual expression for a geometric series and noting that  

( )( )( ) ( )ff λλλλ αραα lll ˆ111ˆ1ˆ −+−−−+  can be written as ( )( )λλ αρ l̂111 −−− f .   Given 

γ~, we can then sum the partial extinctions at each transit to obtain the partial attenuation ratios as before: 
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Mean Number of Transits and Photon Path Length  

Expressions for the mean number of transits and the variance therein are obtained from the probability 

distribution ( )nP′  of Eq. (22). The mean number of transits is 
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where the summation is effected using Eq. (11). Similarly 
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where we have used Eq. (13) to evaluate the series. The variance in the mean number of transits is  
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Eqns. (29-31) reduce to Eqs. (10, 12, 14) respectively, as required, when pg = . 

 The specific form of the combined path length of a photon in the sphere that is of interest is 

the sum of completed transits to wall or exit port, excluding any partial transit in which the photon 

suffers atmospheric absorption. This is because the quantities of interest are wall irradiance and flux 

exiting the port. Any final partial transit made by an absorbed photon is irrelevant in calculating these 

quantities. The average completed-transit path length made by a photon may be written 

nd l̂=      (32) 

where l̂  is the mean length of a transit for Lambertian reflection in a true sphere with no atmospheric 

absorption and n  is the mean number of completed transits. 

Combining the above results for n  with those in Sec. 2 for a single transit of the sphere,  

( )gp
p

D

p

gp
d −+=

−+
= 1

3

21
l̂  .    (33) 

 In a sphere with significant atmospheric absorption there are two expressions that can be 

written for the average transit length. The first, l̂  , given by Eq. (2), is appropriate for no atmospheric 

absorption, i.e. all transits are completed, and if used when absorption is present may be described as the 

average length of all attempted transits. The second is the average of all completed transits, l , and is 

shorter because photons on longer transits are more likely to be absorbed thus preferentially removing 
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longer transits from the average. In computing the probability of a photon being absorbed in its next 

transit it is easily shown that l̂  is the relevant quantity to use. That l̂  is the relevant quantity to use in 

computing the path length d  of Eq. (32) is less obvious but follows from the fact that in any path 

comprising a number of transits all attempted transits (apart possibly from the last) are completed, i.e. the 

path is necessarily made up of completed transits chosen at random according to the rules of Lambertian 

diffuse reflectance; in contrast l  is an average taken over all completed transits that preferentially 

excludes longer transits. 

 Computing the variance in this mean path length is more difficult. There are two problems in 

the simple approach of combining the variances in l̂  and n  according to the usual rules for products 

as 

22222 ˆ
nd n σσσ l

l
+=  .    (34) 

The first is that we are in effect averaging over n  transits and must therefore reduce the variance in the 

mean transit length by a factor of n . The second is that atmospheric absorption will introduce a small 

negative correlation between transit length and number of transits. Photons diffusely reflected in such a 

way as to have a larger than average number of short transits will be likely to complete a larger than 

average number of transits. Ignoring this leads to an overestimate of path length variance. The effect will 

be small unless atmospheric absorption is dominant and sufficiently large that the number of transits is 

very small; with a moderate number of transits the correlation should largely disappear. Hence we may 

estimate the variance in the completed-transit path length as  

2222 ˆ
nd n σσσ l

l
+=  .    (35 ) 

It follows from Eqs. (4 ) and ( 31) that  

( )( )[ ]878
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D
dσ  .  (36 ) 
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 It is instructive to take the extreme case in which atmospheric absorption is the only loss 

mechanism and to compare the expressions for a reflecting vessel with the corresponding expressions for 

an infinite medium. For an infinite medium the mean path length for photons is determined by an 

exponential PDF [10], 

λα
1

=d      (37) 

and the variance in the path length is 

2

2 1

λα
σ =d  .     (38) 

For photons in a reflecting vessel (in which the probability of absorption in a transit is λαl̂=p ) the 

path length variance is 
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If the reflecting vessel were such that all transits were of the same length so that 02 =
l

σ  then we see 

that the path length variance is reduced by a factor ( )λαl̂1−  ; this results from the removal of 

incomplete transits from our definition of path length. For a diffusely reflecting sphere the transit length 

variance 8ˆ 22
l

l
=σ  of Eqs. (3) and (4) alters this only slightly to yield a reduction by a factor 

( )8ˆ71 λαl− . The overall conclusion is that the contribution to path length variance from the variance 

of transit lengths in the sphere is small to negligible and in consequence confirms the conclusion above 

that the effect of correlations may be ignored.  

Simulation Verification 

A computer simulation was designed to test the derived equations.  SIS parameters exit port radius, 

sphere diameter, atmospheric attenuation, and coating reflectivity were variables for the simulation.  

Using an initial photon packet of 10
7
 photons, the packet was allowed to attenuate until less than ten 
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photons remained.  Each photon event (coating absorption, exit port escape, or atmospheric absorption) 

was recorded, and compared to the theoretical prediction of Eq. (25).  For every SIS parameterization, 

the simulation results verified those predicted. Further verification of the predictions by obtaining flux 

measurements of a SIS for comparison, while useful, is beyond the scope of this paper. 

It is noted that for agreement with the theoretical prediction, the SIS model must reflect the 

ordered probabilities.  At the second cycle (sphere boundary event), the exit port flux is removed from 

the total flux first; only the remainder is then susceptible to coating absorption.  Only after the flux loss 

from exit port escape, followed by coating absorption, is computed, can the atmospheric attenuation 

component be accounted.  

 Tables 2-5 provide sample sets of computed values of average number of transits n , mean 

transit length l̂ , fractional efficiency SF  for a gas-purged sphere, partial absorption ratios a, b, c 

exclusive of the first transit, and fully compensated partial absorption ratios cba ′′′ ,,  (inclusive of the 

first transit) given representative SIS parameters diameter sD , exit port radius XPR , spectral coating 

reflectance λρ , and atmospheric attenuation λα .  The mean number of transits prior to attenuation for 

each outcome ,,, baini = or c, (exit port escape, coating absorption, or atmospheric absorption, in 

order) is also provided in Tables 2-5.  These are derived as follows from the component attenuation 

probabilities: 

• Exit port: 

f
na

1
=      (40a) 

• Coating absorption:  

( )( )f
nb −−

=
11

1

λρ
    (40b) 

• Atmospheric absorption:  

( )f
nc

−
=

1ˆ

1

λλ ραl
    (40c) 
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The results calculated are notional values for an arbitrary wavelength, and the associated values of λρ  

and λα .  These tables represent the predictions of Eqs. (25); the simulation results agree to much better 

than the accuracy provided, of order 10
-7

, the inverse of the initial photon packet size. 
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Tables 2-5: Tabulated values of n , partial mean reflections ,,, baini = or c; l̂ ; fractional efficiency 

SF  of a gas-purged sphere; uncompensated (for transits n ≥ 2) partial absorption ratios a, b, c, and 

compensated (for transits n ≥ 1) partial absorption ratios cba ′′′ ,,  for SIS parameters diameter sD , exit 

port radius XPR , spectral coating reflectance λρ , and atmospheric attenuation λα .  The results calculated 

are notional values for one arbitrary wavelength only. 

Table 2 

λλ αρ ,,, SXP DR  n  an  bn  cn  l̂  

2, 25, 0.97, 10-4 26.417 155.24 33.549 622.57 16.667 

 

SF  a b c a′  b′  c′  

0.17237 0.17016 0.7874 0.042432 0.16451 0.79119 0.044303 

 

Table 3 
 

λλ αρ ,,, SXP DR  n  an  bn  cn  l̂  

4, 40, 0.95, 10-5 16.709 98.99 20.204 3987.7 26.667 

 

SF  a b c a′  b′  c′  

0.16103 0.1688 0.82701 0.0041902 0.16027 0.83523 0.0044985 

 

Table 4 
 

λλ αρ ,,, SXP DR  n  an  bn  cn  l̂  

2, 30, 0.98, 10-4 37.985 224 50.224 512.49 20 

 

SF  a b c a′  b′  c′  

0.17949 0.16958 0.7563 0.074118 0.16552 0.75818 0.076301 

 

Table 5 

 

λλ αρ ,,, SXP DR  n  an  bn  cn  l̂  

6, 36, 0.93, 10-5 10.329 34.971 14.706 4612.2 24 

 

SF  a b c a′  b′  c′  

0.27532 0.29538 0.70238 0.0022396 0.27457 0.72289 0.002545 
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5. Conclusion 
An analytical solution to the attenuation of flux within an integrating sphere due to SIS coating and 

atmospheric absorption has been provided.  It is shown that a Geometrical PDF using summed 

attenuation probabilities is best suited to providing this analytical solution.  These probabilities are 

derived from the atmospheric attenuation expectation λαl̂  (given an atmospheric attenuation per unit 

length λα  and an accepted value for the mean transit length of a ray traversing the sphere 3/2ˆ
SD=l , 

where sD  is the sphere diameter); coating spectral reflectance λρ ; and the exit port fractional area 

ratio, f . 

This analysis yields Eqns. (40), which provide the mean partial transit expectations for the three 

attenuation outcomes, ,,, baini = or c. These outcomes are exit port escape (a), sphere coating 

absorption (b), and atmospheric attenuation (c).  Due to indexing the number of transits/reflections, a 

crucial requirement for employment of the Geometric PDF, it is required to compensate the partial 

attenuation ratios (exit port escape, sphere coating absorption, and atmospheric attenuation) in a careful 

manner which reflects the physics modeled.  The end result, using quantities which are all defined, is a 

concise set of mathematical equations predicting the component attenuation ratios.  These equations are: 

• Partial Extinction Ratio, for atmospheric attenuation:  

( )[ ]
( ) ( )f

f
A

−−−

−−
=

1ˆ11

ˆ11ˆ

atmos

λλ

λλλ

ρα

αρα

l

ll

 .     (25a) 

• Partial Extinction Ratio, for sphere coating:  

( )( )
( ) ( )f

A
−−−

−−
=

1ˆ11

ˆ11
refl

λλ

λλ

ρα

αρ

l

l

    (25b) 

• Partial Extinction Ratio, for exit port escape:  
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 .   (25c) 

Sphere fractional efficiency, a quantity which is well known, is shown to be a special case of the 

derived Partial Extinction Ratio portA  for exit port escape, in the case of no atmospheric attenuation, 

0ˆ =λαl .  

Computer simulations for several SIS parameterizations were conducted, and verified the 

theoretical predictions.  Eqns. (25) will be useful, as they obviate the previous methods of atmospheric 

attenuation compensation of a SIS.  The previous methods included atmospheric purging of the sphere 

and Monte Carlo simulation, the former expensive and time-consuming; the latter time-consuming and 

error-prone due to coding mistakes.  The methods described here can also be extended to other physical 

processes of a similar nature, those governed by a multi-variable Geometric PDF. 

 
Acknowledgments:  The authors extend there gratitude to Stuart Biggar of the Remote Sensing Group at 

the University of Arizona for input provided over the course of theory development. 
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Verification of the Moments 

 
Using the choice of variable z = n - 1, the Geometric PDF is written  

( ) ( )z

n ffzP −= 1 , where z = 0, 1, 2, 3….n - 1.  We define the Fourier Transform of the Geometric 

PDF, the characteristic function, as ( )ωφ .The mean of ( ) zzPn ≡ , follows from the derivative of the 

characteristic function, as 

( )
)1(|/ 0 Ai

d

d
z == ωω

ωφ
 

with the second moment as 

( )
)2(| 02

2
2

A
d

d
z =−= ωω
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Proceeding to find the first moment, one derives the characteristic function; 

( )=ωφ FT ( ) )3(}{ aAzPn  
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Applying the geometrical series convergence for 

( )[ ]
z

z

iwef∑
∞

=

−
0

1 → ( )[ ] ( )[ ] )4(1111/1 Aefforef iwiw <−−−  

allows for writing ( )ωφ  in closed form, 

( ) ( )[ ] )5(11/ Aeff iw−−=ωφ  

The derivative of ( )ωφ  is easily calculated, yielding 
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Evaluated at ω=0, one obtains the mean of zz ≡ ,  
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The quantity z  is the mean number of reflections for an arbitrary ray in the sphere and  one obtains 

from it the mean number of transits
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Continuing in the method, the second moment is derived  
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Solving for
2n , the second moment of n, gives 
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with variance  
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This value of 
2

nσ is the accepted value for the Geometric PDF, which verifies that the choice of 

index z, is valid. 
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PREDICTION BASED ON AN OPTIMAL SELECTION OF 

MULTI-SPECTRAL DATA 
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Abstract. Two optimization techniques from the class of direct search solvers, the genetic 

and generalized pattern search algorithms, are applied to hyper-spectral source prediction. 

The number of filter bands to be sampled and their placements are the variables subject to 

optimization. The algorithms provide the optimal placements by sampling the stable source 

radiances at multi-spectral resolution, estimating the original source spectrum upon 

interpolation to hyper-spectral resolution, and retaining the most accurate prediction. The 

integrated absolute error between the source prediction and the hyper-spectral source truth is 

minimized. The interpolation estimate of the source approaches zero error asymptotically, as 

the number of allowed band samples is increased. The source spectrum of 2.15 µm bandwidth 

is reconstructed with 13 bands and relative absolute error of less than 0.5%. The method can 

be applied to any radiance spectrum or sub-spectrum partition, and is useful in transfer 

radiometer design or minimizing the number of spectrometer measurements required for 

hyper-spectral source prediction. 

Keywords: Hyper-spectral imaging, numerical optimization, optical sources and standards, 

detectors and sensors, radiometry.
 
 

1 Introduction 
Hyper-spectral (HS) imaging sensors sample a scene in the order of hundreds of separate 

spectral bands. As such, they are the instruments of choice for many remote sensing 

applications such as environmental monitoring [1], littoral survey [2], and military assessment 

and discrimination [3]. Each separate band yields its own information about the scene, 

whether that is emissivity, temperature, chemical composition, or reflectance. Accurate band-

to-band radiometric calibration is critical for successful data mining of such HS spectral sets. 

Conversion of image data in the solar reflective to surface reflectance requires absolute 

radiometric calibration coupled with an atmospheric correction scheme [4]. 

One difficulty with obtaining an accurate radiometric calibration for a HS system is the 

knowledge of the sources used in the laboratory at high spectral resolution. There are 

effectively two techniques possible: measure the source with a well-understood and accurate 

HS system such as the Spectral Irradiance and Radiance Responsivity Calibrations with 

Uniform Sources (SIRCUS) facility [5] available at the National Institute of Standards and 

Technology (NIST), or measure the source at multi-spectral (MS) resolution and infer the 

spectral output at the required spectral resolution. In reality, most laboratory calibration is a 

mixture of these two, as described in this section. Given accurate radiometric calibration of 

the contiguous HS bands, the HS data provide the most complete spectral signature of the 

imaged scene. 
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One example of a well-calibrated HS sensor is the Airborne Visible/Infrared Imaging 

Spectrometer (AVIRIS), producing data products since 1989. AVIRIS images 224 contiguous 

bands of 10-nm bandwidth from 380 to 2400 nm. The instrument is stationed on any of four 

airborne platforms, including a modified U-2 for high-altitude terrestrial imaging [6]. 

Radiometric calibration of AVIRIS is accomplished in both the AVIRIS calibration 

facility and with vicarious methods using regularly scheduled calibration flights over well-

characterized surfaces. The laboratory calibration process involves separate spectral and 

radiometric calibrations. Spectral calibration is performed on a selection of AVIRIS channels 

with a calibrated spectrometer, measuring the individual band response at approximately 

nanometer intervals. Radiometric calibration is via a calibrated transfer radiometer that 

measures output from a pressed halon reference illuminated by a NIST-traceable irradiance 

source. The measurements of the halon reference afford radiometric calibration of the 

radiometer. The radiometer then transfers the calibration of the NIST-traceable source to the 

output from a 40-inch Spherical Integrating Source (SIS). AVIRIS views the calibrated SIS to 

provide calibration coefficients (transfer factors) for each AVIRIS band [6]. The method is a 

hybrid approach in that the NIST-traceable source has known spectral output in 50 bands and 

a model is used to interpolate/extrapolate the output to other bands. 

Every step away from the original national laboratory’s traceability increases the 

uncertainty of the radiometric calibration. Thus, laboratory calibration at HS resolution is 

either not as accurate as MS results, or is limited by the expense of HS calibration at or by a 

national laboratory. The key then to the absolute radiometric accuracy of an HS calibration in 

a typical laboratory will be the selection of the spectral bands, the quality of the MS 

radiometer used to transfer calibration between sources, and the method for 

interpolating/extrapolating to HS resolution. 

The employment of well-characterized and stable MS transfer radiometers allows accurate 

radiometric calibration of HS sensors. In principal, individual transfer radiometer band 

radiances may be measured with accuracies approaching 0.1%, while absolute accuracies of 

2-4% are achieved in practice after accounting for all systemic errors [7]. Conversion of these 

band radiances to HS values lead to deviations from the true radiance of an HS source by less 

than 4% [8]. 

An instance of the successful implementation of transfer radiometers (TR) is their 

employment with the Earth Observing System (EOS) program. Five transfer radiometers were 

developed for EOS, three in the visible-near infrared (VNIR) band and two in the short 

wavelength infrared (SWIR). The Remote Sensing Group (RSG) of the University of Arizona 

supplied two of the five, the UA VNIR and UA SWIR TRs. NIST supplied one each in the 

VNIR and SWIR, and Goddard Space Flight Center provided the fifth instrument which spans 

the full VNIR/SWIR range and was also HS in nature. The five transfer radiometers were 

used for cross-comparison of the sources used for the absolute radiometric calibration of the 

sources used in the calibration of several Terra sensors. Sources examined included the 40-

inch SIS in the laboratory of Raytheon/Santa Barbara Remote Sensing (SBRS) for the 

Moderate Resolution Imaging Spectroradiometer (MODIS) and the Landsat 7 Enhanced 

Thematic Mapper Plus (ETM+) HS imagers [8]. 40 inch spheres in calibration facilities at Jet 

Propulsion Laboratory, Pasadena; NEC Corporation in Yokohama, Japan; and the Mitsubishi 

Electric Corporation in Kamakura, Japan were sources for the EOS imagers as well [9]. 

The past work with TRs demonstrates their utility and that the uncertainties and error 

sources typically contributing to the method include source uniformity and stability, 

geometric alignment of sources and radiometers, and drift and noise in the electronics of the 

transfer radiometer [7]. Conversion of the TR data to the MS bands of the Terra sensors 

caused limited uncertainties since the spectral bands of the spacecraft sensors were very 

similar to those in the TRs. The proximity of the spectral bands means that there is little to no 

interpolation or extrapolation required. Use of the TRs that were part of the EOS work to 

calibrate a different set of instruments may not provide adequate accuracies at HS resolution, 
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as the bands of the EOS transfer radiometers were selected so as to match the sensor for the 

EOS mission. Those bands are satisfactory, but not optimal, for HS source reconstruction.  

This paper presents an optimization technique which determines the bands best-suited for 

deployment in a MS TR for use in HS characterization of laboratory sources. Selection is 

based on both the optimal number of bands as well as their center wavelengths which 

achieves a required level of accuracy. For these discussions, the optimal band selection is 

defined as the set of radiometric MS measurements which minimizes the absolute error 

between an HS source ‘truth’ curve and an interpolated reconstruction. Residual absolute 

error is selected as the figure of merit for this general discussion, in order to avoid detector-

specifics such as signal-to-noise ratio and saturation which are reflected in integrated relative, 

but not with integrated absolute error. The following section gives a brief overview of 

optimization algorithms and specifically the approach adopted for the current work. The 

results obtained after application of the band-selection algorithms to truth source prediction 

and analysis of method performance are discussed in following sections. 

The optimization approach described is useful at many levels. Accuracy of the predicted 

HS source is clearly important. It should also be made clear that the approach requires little a 

priori expertise in the nuances of optimal band selection. Optimization of the number of 

bands to a minimum value is important because it permits the development of simpler and 

less expensive radiometers. 

2 Application of the DS Optimization 
The objective of this work is to develop a method of band selection which determines the 

optimal subset of spectral samples that can best reproduce the original ("truth curve") 

radiances. Clearly, one could simply use a brute force approach, selecting a minimal spectral 

interval and cycling through all possible band combinations. Such an approach will lead to 

the optimal solution but would take a prohibitively long time to perform. Consider the 

example of selecting from 200 possible bands (400-2400 nm spectral range at 10-nm 

intervals) and determining the optimal five bands. The evaluation procedure would need to 

examine 10,000 possibilities per second to search the entire space of band combinations 

(200
5
) within a year. Optimizing to only 6 bands within the same interval will require over 

200 years of processing. 

Given that the spectral profile subject to reconstruction is not defined in closed form, a 

reasonable solution is an inversion approach employing Direct Search (DS) optimization. DS 

algorithms ignore the derivatives of the solution space, and are successfully applied to multi-

variable minimization problems wherein the function to be optimized has several local 

minima [10]. Other optimization methods such as gradient search run the risk of convergence 

to a local, not global, minimum. Unlike derivative-based optimizations, DS methods make no 

assumptions about the topography of the search space, be it continuous or discrete, quadratic, 

etc. 

Further, for the problem as formulated, use of stochastic optimization methods holds 

promise. Stochastic optimizers are a class of the DS solvers used in minimization problems 

wherein the algorithm inputs are noisy, or the searching implementation is random. Of the 

stochastic optimizers, simulated annealing, genetic algorithms, and the Nelder-Mead method 

are among those widely used [11]. For this work, the authors employ the genetic algorithm 

(GA), a stochastic DS solver, to first converge to a sample space near the global minimum 

solution. Application of the generalized pattern search (GPS) follows, a deterministic 

optimizer, which converges to the global minimum of the selected sample sub-space. The 

tandem application of these DS solvers allows a definition of the optimal MS band selection, 

both the number of samples and their placements, specific to a unique HS source prediction. 

The goal of this work is to determine whether an objective and efficient means of band 

selection could be developed that satisfies a set of radiometric calibration requirements. Thus, 
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performance comparison of the implemented methods with other stochastic optimization 

variants is beyond the scope of this work. 

Since the first discussions of GA optimization nearly fifty years ago, they have found 

wide use, particularly in applications involving feature extraction and mining of large data 

sets [12]. In a related work outside the field of radiometric calibration, the GA was used to 

compare measured and theoretical emission spectra. That research allowed refinement of 

rotational molecular constants [13]. Variables subject to the optimization process of the GA in 

the referenced work included the spectral bandwidth ν∆ of the emission lines, center of 

emission ν , and strength (intensity) of the line. 

Here, the DS optimizers are used in conjunction with the choice of an interpolation 

algorithm to optimize band placement for HS source prediction construction. The paired 

interpolation algorithm is selected after consideration of factors such as absolute accuracy, or 

robustness of the prediction to variations in source color temperature and absorption. In terms 

of absolute accuracy given a stable source, a cubic spline variant was found to be the optimal 

interpolation among those tested. The GA is applied first, converging to a sub-space near the 

optimal solution. The GPS follows, with additional optimization of the initial GA solution. 

An iteration of the GA consists of examining a number of candidate approximations to the 

truth curve by interpolating a predefined number of spectral radiance values obtained from 

the truth curve at band center-wavelengths selected by the algorithm. The absolute integrated 

error between each interpolation and the HS truth curve is computed, and the candidate band 

vectors are sorted in order of decreasing error. Filter placement is modified within the less 

accurate reconstructions according to the algorithm, while the best approximations are 

reserved intact. The new selection of radiance values are interpolated, with generally less 

error. The process is repeated until a suitable set of bands is determined. 

The GA employs the concepts inherent in the process of natural selection, wherein a 

population of organisms evolves optimized to its environment. (The authors italicize the 

initial introduction of GA-specific terms for the first usage only, for clarification.). In general, 

any instance of the GA reduces to the following common processes: 

 

Population:  The GA iteratively optimizes to a sized population of candidate solutions, 

initially random values. For this application, each vector of band-center wavelengths 

constitutes an individual (or chromosome) of the population. The component band-center 

wavelengths of each individual are genes. A population of several individuals is evaluated for 

fitness at each iteration (generation) of the GA where the fitness evaluation condition being 

minimized is the absolute integrated error between the interpolation and the truth curve. A 

population of 20 individuals was used for this work, with the number of genes per individual 

varying from 8 to 32 bands. 

Fitness evaluation, the Objective Function:  Depending on the GA application, trial 

solutions may be either a vector of variables x to be evaluated in a mathematical function 

directly, returning a fitness scalar value ( )xfy = , or a vector of variables which are evaluated 

for a given condition. The evaluation condition, termed the objective function, returns a scalar 

value which the GA sorts in a minimization (or maximization) sense. 

The objective function for this application takes as input a fixed-length vector of 

candidate filter band-center wavelengths, and returns the (scalar) absolute integrated error 

between the truth curve and the interpolated reconstruction, at 1-nm resolution. The best 

solution is that selection of filter band-center wavelengths which yields the minimum 

reconstruction error. 

Termination criteria: Upon attainment of a preset value for overall population fitness 

(referred to as diversity), the GA terminates. Alternatively, the GA may terminate after a 

fixed number of generations, or a similar criterion. We refer to the entire GA process, from 
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random initialization through termination, as a cycle. A cycle optimizes to a fixed number of 

genes (bands). 

Selection:  With each generation, a consistent number of the best individuals are selected 

according to least error. These Elite Parents are placed unchanged into the next generation. 

Reserving 10 percent of the population as Elite Parents resulted in the best algorithm 

performance for this application. An additional subset of remaining optimal parents is 

selected as the Crossover Parents, which augment the subspace of genes provided by the 

Elite Parents for recombination in the succeeding generation. 

Crossover:  A set number of the individuals in the succeeding generation are constructed 

by assembling randomly selected genes (bands) from the Elite and Crossover Parents into 

new individuals called Crossover Children. The defined number of Crossover Children is a 

parameterization of the GA, and for this application the best results were obtained by 

applying successive cycles of the GA within a range of values near one-third of the 

population as the number of Crossover Children. 

Mutation:  The remaining individuals in the succeeding population are constructed from 

a combination of the Elite and Crossover Parents, with randomly selected mutations. 

Mutations are wholly new genes (bands) within the spectral partition that replace original 

Parent genes. The number of mutations and the random placements within the individual 

Mutation Children are drawn from selected probability distributions using random number 

generators. This GA parameterization is referred to as the evolutionary scaling, or mutation 

rate. 

The appropriate settings for GA parameters vary according to the application. The current 

work found that there are no ‘best’ fixed settings, but a range of settings for many of these 

parameters, particularly in regards to mutation rate and Crossover. Variation of mutation rate 

and Crossover gives greater confidence in the end result. 

The current work uses only band-center wavelengths, ignoring band shape and width, 

providing one radiance value per band. Detector spectral response of the radiometer using the 

spectral bands is also ignored, except that it limits the upper and lower bounds for the spectral 

band. A typical silicon detector, for example, is responsive only over a spectral range from 

350 to 1100 nm. The GA search in this case would be limited to that spectral range. 

Allowances for the band form and detector response can be incorporated in the objective 

function, and will improve the final result. They were not included in this evaluation of the 

GA, for simplicity. We remark that unless some assumptions as to standard bandwidth and 

filter shape are made, the problem may rapidly grow untenable in terms of degrees of freedom 

and complexity. 

2.1 Refinement of the preliminary GA solution 
After the GA converges to a solution, the generalized pattern search (GPS) algorithm [14] is 

used to explore regions of the sample space around the final GA result. The GPS algorithm is 

another of the class of DS methods, and converges to the local minimum, or limit point, in the 

nearby sample space. GPS obtains objective function candidates of better fitness in 

alternatively expanding and contracting meshes near the initial GA result, converging to the 

limit point in that sample space. The GPS processing reduces the error by an additional 13-

21% as compared to GA-only optimization, given the identical objective function of the GA. 

2.2 Application redundancy gain 
Redundancy in application of the DS methodology is essential to successful implementation 

because of the stochastic nature of the GA. Several cycles of the DS process are conducted, 

each returning a solution of band candidates and its resulting error upon termination. These 

solutions are a set of local minima, nearly always unique and varying in prediction accuracy. 
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It was found that at least ten complete cycles of DS optimization were preferred to ensure that 

the best of that cycle series was in fact nearly the optimal, global best solution for that number 

of filter bands. 

The improvement gained by redundancy in the method is quantified via the redundancy 

gain factor, the ratio of absolute integrated reconstruction error between the first cycle of the 

DS process as compared to the most accurate which is obtained from all those cycles 

conducted with that number of allowed band samples. Redundancy gain is realized whether 

the user modifies GA parameterizations such as Crossover or mutation rate between cycles, or 

keeps them constant. 

For this work, Crossover was varied between cycles of the GA indicating that the error 

obtained by one cycle of the GA is approximately 25% larger than that obtained by iterating 

the GA of order 10 cycles. Applying the GPS to each of the 10 iterations leads to a further 

improvement of about 15% giving an overall improvement of 40% over the single-cycle GA-

only result. An added benefit to having a family of solutions of similar fitness allows for 

consideration of filter availability in the TR design. 

2.3 Interpolation algorithm selection, traceability 
considerations 
As described above, MS data are used to predict a HS source upon interpolation (and 

extrapolation, to the HS bounds). The objective function computes the error between the truth 

spectral radiance and the predicted spectral output of the source based on interpolation of the 

vector of filter positions generated by the DS process. Thus, the interpolation scheme plays a 

key role in the evaluation. Given the band placement provided by the optimization, the HS 

curve must be reconstructed from the set of radiometer measurements at those bands using the 

interpolator paired to the DS optimizers. Clearly, the use of an improper interpolation scheme 

will lead to unacceptable errors. 

For this analysis, three interpolation algorithms were evaluated. Two interpolators were 

variations of piecewise cubic spline, PCHIP (Piecewise Cubic Hermite Interpolating 

Polynomial) and not-a-knot cubic spline. Cubic spline interpolation, also referred to as 

piecewise cubic Hermite interpolation, knits modified Lagrangian/Newtonian cubic 

polynomials between a series of interpolant points in a piecewise fashion, which results in a 

realistic (to the eye) interpolation. The third interpolation algorithm employed was Bulirsch-

Stoer rational function interpolation. The interested reader is directed to the references [15-

17] for description. 

Recall that the goal is to generate a spectral curve corresponding to the output from a 

laboratory SIS. The optimal interpolation algorithm for SIS radiance curve reconstruction is 

determined by the functional form of the radiance profile itself.  The spectral profiles subject 

to prediction in Section 3 are well-represented as classic Planck curves, modulated by 

absorption features. The most significant absorption features are noted in the SWIR, at 1.4 

and 1.9 µm. These two regions correspond to water absorption bands due to residual water 

content within the sphere coating. 

The recommended approach for generating a representative Planck curve is by 

linearization followed by interpolation of Planck’s Law for spectral radiance, Eq. (1) 
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as discussed in NIST NBS SP250-20 [18], a procedure summarized here. Eq. (1) terms Kb, T, 

and λε  are Boltzmann’s constant, temperature in Kelvins, and the spectral emissivity of the 

source, respectively. Briefly, irradiance values at a selection of wavelengths λ are obtained 
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using a NIST-traceable tungsten halogen lamp as the source, which determine the coefficients 

a and b of the linearized representation of Eq. (1): 
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Having obtained the values of a and b, the spectral irradiance can then be computed at 

each wavelength (with the ansatz that 1...2

210 ≅++++ n
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This quantity in λ
n
 is a smoothing polynomial which improves the accuracy of the 

approximation, and is interpolated between the original irradiance measurements. The 

smoothing polynomial is best limited to a cubic polynomial in n, typically solved with cubic 

spline interpolation. The resulting formula allows construction of the appropriate Planck 

curve (in the absence of absorption) at all wavelengths λ. 

This approximation to Planck’s Law shows that it can be viewed as the product of an 

exponential function and a power law. The optimal interpolator would be well-suited to 

reconstructions of this form of expression; power law, exponential, or rational function. The 

described fitting process (linearization and 5
th

 degree polynomial fit) to Eq. (1) is the de-facto 

NIST-traceable standard. Cubic spline interpolation has been employed in recent NIST-

standard radiance measurements, with promising results [19].  In light of that research, the 

alternative interpolation techniques investigated here have merit, at the expense of the 

traceability. The authors make no claim made that any of the three interpolators tested is the 

optimal interpolator among all available interpolators. The current work finds that the PCHIP 

cubic spline variant returns the best reconstruction from those tested, and is the interpolation 

used for the results presented in this paper. Further investigations may lead to better fitting 

selections for a specific application, perhaps one of the several other forms of cubic Hermite 

interpolation that are available. 

2.4 Algorithm convergence 
Short of the impractical exhaustive search of the entire sample space, the degree of 

convergence to the true global minimum solution obtained by the DS methodology is an 

unknown. In order to estimate the degree of convergence obtained by the optimization, the 

DS approach was applied to a designed test case. A "pseudo-truth" curve (PSTC) is generated 

by interpolating a number of spectral radiance-wavelength pairs to 1-nm spectral resolution. 

The generating radiance-wavelengths pairs are randomly drawn from a typical SIS spectral 

radiance profile. A series of PSTC, each comprising a test case, are created by varying the 

allowed number and placements of such pairs. The DS process is applied to a PSTC, resulting 

in a selection of optimal bands constrained to be equal in number to those generating the test 

curve. The same interpolation algorithm is used to generate the PSTC and the HS PSTC 

prediction. Configured in this way, the reconstruction error would be zero given perfect 

algorithm convergence to the original generating wavelengths, which are known. 

Figure 1 shows the PSTC for a test case based on eight bands. Also shown in the figure 

are the original eight bands used to generate the PSTC, the selected bands obtained by the DS, 

and the HS prediction based on those bands. 

 



 109 

1000 1500 2000 2500
0

200

400

600

800

1000

Wavelength, nm

R
a
d
ia

n
c
e
 W

/c
m

3
 s

r

GA Approx

PSTC

PSTC Bands

GA Bands

 

Fig. 1. DS prediction of the source radiance assumed for the PSTC testing. These 

results are obtained using PCHIP interpolation of eight band samples in the SWIR 

spectral partition, and compare the band selection solution obtained by the DS 

approach to the PSTC generating bands. 

 

The bands selected by the DS process are nearly identical to the randomly selected 

generating bands as can be seen in the figure. The DS converged to within one nm of bands 2-

5, within 4 nm of bands 1 and 6, with less agreement on the final two bands. The predicted 

spectral output and the PSTC curve differ only minimally by 0.02% in integrated absolute 

error, and this difference cannot be discerned from the graph. The relative error at 1-nm 

resolution is graphed in Fig. 2, as the ratio of error between the DS-based prediction and the 

PSTC spectral radiance at that wavelength. 
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Fig. 2. The relative error as a function of wavelength resulting from DS band 

selection applied to the PSTC shown in Fig. 1. The figure of merit is the ratio of 

error to the value of spectral radiance at that point, at 1-nm resolution. 

 

Qualitative evaluation of the PSTC test results in Fig. 2 indicates that the DS-selected 

bands agree closely with the original bands used to generate the PSTC where the SIS radiance 
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is large. This behavior can be attributed in part to the objective function since it favors 

reconstruction accuracy in regions of highest spectral radiance, where error is most 

susceptible to sub-optimal band placement. The effect is compounded when the random 

bands generating the original PSTC are closely spaced at wavelengths having low spectral 

radiance. The GA pursues optimizations in those cases that minimize the absolute integrated 

error by placing a single band in the low-radiance portion of the curve and the second band 

elsewhere. Applications requiring that the accuracy not exceed a given value for all 

wavelengths would rely on an objective function more suitable to that requirement, but the 

GA search would operate in a similar fashion as described above. 

Figures 3 and 4 show PSTC results obtained from an 18-band test case. The pair of figures 

shows similar results to Figs. 1 and 2 with the predicted and truth curves having the best 

agreement at high radiance. The disagreement between the DS-selected bands and the original 

PSTC bands are greatest at the high and low radiances. As described above, bands are placed 

at high radiance levels to improve the curve fit in those spectral regions at the expense of 

bands at the longer wavelengths (low radiance). While there are clearer visual differences 

between the bands selected versus the original bands, the reconstruction accuracy for the 18 

band set is still better than for the 8-band case and has an accuracy of 99.99%. 
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Fig. 3. 18-band DS reconstruction of the radiance source assumed for the PSTC test. 

These results were generated with PCHIP interpolation, and compare the generating 

band placements to the optimization selection.  
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Fig. 4. Relative error as a function of wavelength for the DS reconstruction of the Fig.3 PSTC. 

 

3 HyperSpectral Curve Reconstruction 
The PSTC approach described in the previous section gives confidence that DS optimization 

applied to band-selection results in an accurate prediction in an ideal construct where the 

interpolation method matches identically for both the original and predicted source curve. 

Actual laboratory sources are not as well behaved. Representative truth curves may be based 

on manufacturer-supplied values for a source, or on one-time measurements obtained from 

elaborate, well-characterized HS sensors. A single source profile is used in this work, 

measured spectral radiance values obtained from a gas-purged 36-inch model UMBB-500 SIS 

spanning 350-2500 nm. This sphere is a NIST-traceable radiance source to be used with a pair 

of TRs, one in the VNIR, one in the SWIR. Required accuracy for HS retrieval is generally 

defined in advance as a contributor to the total system error budget. An overall error of 3% in 

the knowledge of the source output is typically needed including allocations of the total 

budget to the TR band measurement and subsequent source prediction. The results obtained 

with the optimization method provide an approach to determine the minimum number of MS 

bands as defined by that error budget. It is shown below that the spectral radiance profile 

generated by the UMBB-500 36-inch SIS calibration source between 350 and 2500 nm can be 

reproduced using only 15 bands with less than 0.3% absolute integrated error. 

3.1  Full-spectrum optimization 
Total allowed band sample sizes varying from 8 to 32 bands were evaluated against the 36-

inch UMBB-500 SIS profile. The minimum error returned by the method for each sample is 

shown in Fig. 5. The dependent variable in the graph is the percent total absolute integrated 

error resulting from the reconstruction, calculated as  
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The limits for the UMBB-500 truth curve are 1λ = 350 nm, n = 2151, nλ = 2500 nm, and the 

integrated radiance for the truth curve is found to be 
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Fig. 5. Minimum residual error by number of band samples for the DS 

reconstruction of the radiance from the SIS source profile. 

As expected, the minimum error decreases with increasing number of bands. The importance 

of Fig. 5 is that the improvement with additional band sampling can be quantified and the 

asymptotic behavior displayed in the figure implies that a relatively small number of bands 

(16-20 bands) will provide source predictions of similar accuracy as those from a system with 

many more bands. 

The best reconstruction among the cases examined is that with 31 allowed filter samples, 

as shown in Fig. 6 with the filter placement marked.  
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Fig. 6. Minimum error reconstruction of the 36-inch UMBB-500 spectrum.  Case 

shown is based on the optimization with 31 allowed bands.  The truth curve and 

interpolation overlap; the band placement is demarked with circles. 

 

The graphical values as a function of wavelength for the 36-inch UMBB-500 profile are in 

spectral radiance units (W/sr cm
3). The authors note that the use of mW units in the integrated 

radiance values, and the use of Watts for the spectral radiance profile figures, is intentional. 

The difference in magnitude units is intended only to simplify the results presentation, and is 

consistent throughout the text. 

The shape of the source profile matches those described previously, a Planck-based source 

modified by the spectral reflectance of the SIS wall. The peak of curve radiance is at 828 nm. 

The optimal reconstruction places two bands at 813 and 824 nm, prior to the peak, and the 

next band well past at 912 nm. This placement by the PCHIP interpolator very near the peak 

radiance is frequently noted in the results, and is a result of the monotonicity requirement of 

the interpolator. Band spacing prior to the peak is relatively evenly spaced at approximately 

50 nm, and again evenly spaced averaging 70 nm between the peak and the first absorption 

feature. Four bands are placed by the DS within the 100-nm wide absorption feature between 

1430-1530 nm while only three are required to reproduce the 200 nm wide absorption feature 

between 1850-2050 nm. Note that a filter is placed at the minimum spectral radiance of the 

2
nd

 absorption feature, also an artifact of interpolation monotonicity. 

The integrated residual reconstruction error for the 31-band optimization is 0.0624 mW/sr 

cm
2
. Fig. 7 displays the ratio of prediction error to spectral radiance as a function of 

wavelength.  

 

 

Fig. 7. Relative error as a function of wavelength for the DS reconstruction of the 

31-band source prediction shown in Fig. 6. 

 

The ratio of integrated residual reconstruction error to integrated spectral radiance of the 

truth curve is 0.08%, a value that compares favorably with the predicted accuracy cited during 

PSTC testing, where accuracies of better than 99% in reconstruction were obtained. The 

VNIR and SWIR regions of the unitary spectrum are noted on the plot, as well as the band-

center wavelengths selected by the DS. 

GPS provides an appreciable gain in GA-only source prediction accuracy.  Figure 8 

expands upon the results from Fig. 5 to include the minimum error after the GPS. The mean 
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improvement is 20.8% and all cases showed improvement. No correlation between number of 

filter samples and level of improvement was found. 
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Fig. 8. Comparison between residual errors resulting from application of GA-only 

optimization to that of tandem GA-GPS optimization. 

 

Typical radiometers designed to monitor laboratory sources operate in two spectral 

regimes, the VNIR and SWIR. The distinction is made primarily because of the availability of 

silicon-based detectors for the 350 to 1100-nm spectral range. Thus, a useful performance 

analysis is obtained by partitioning the full spectrum into the VNIR and SWIR. The VNIR 

partition of the 36-inch SIS is defined as 350-1100 nm, and the SWIR from 1101-2500 nm. 

The HS prediction method was applied to the full spectrum unitarily, as the number of 

allowed bands was increased. The analysis presents the number of band placements localized 

to each of the two partitions. The radiance in the VNIR partition for the SIS increases 

monotonically from the UV edge at 350 nm to the peak of radiance at 825 nm, and decreases 

monotonically from the peak to the VNIR boundary at 1100 nm. The radiance in the SWIR 

partition is primarily decreasing over its interval, except for the absorption features caused by 

the SIS coating as noted previously. 

Table 1 gives the total integrated radiance error for the full spectrum for 10 to 24 bands. 

The table also gives the number of bands allocated to the VNIR and SWIR spectral regions as 

well as the percentage of the total error contained within each region. The results suggest that 

the optimization places the bands so that error is uniformly balanced between the partitions. 

As the error in one or the other partitions begins to dominate, the new placement for the next 

sample size is placed in the deficient partition. This analysis illustrates that a system-level 

approach has merit in the design of a multiple TR system, wherein separate instruments are 

employed within distinct sub-bands contributing to a joint unitary prediction. Optimal 

systemic performance is obtained by consideration of these coupling dependencies, when 

designing a system for use in sampling a typical laboratory source. 
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Table 1. DS placements for 10 to 24 bands in the full unitary spectrum, as sorted by 

sub-band partitioning. The table shows the minimum integrated error obtained 

within the unitary spectrum, the number of bands placed within the two spectral 

regions (VNIR or SWIR), and the percentage of total error localized to each. The 

VNIR sub-band entails the spectral range from 350 to 1100 nm, and the SWIR from 

1101 to 2500 nm. Column 2 absolute integrated error is in radiance units, (mW/sr 

cm2).  Integrated radiance for the source profile is 82.01 mW/sr cm2. 

NUMBER 

SAMPLES 

INTEGRATED 

ERROR 

VNIR 

PLACEMENTS 

SWIR 

PLACEMENTS 

VNIR 

ERROR 

SWIR 

ERROR 

10 0.6825 3 7 43% 57% 

11 0.7148 5 6 13% 87% 

12 0.5613 5 7 28% 72% 

13 0.3310 5 8 28% 62% 

14 0.3384 4 10 72% 28% 

15 0.2329 6 9 40% 60% 

16 0.1649 5 11 59% 41% 

17 0.1579 7 10 37% 63% 

18 0.1452 8 10 37% 63% 

19 0.1474 7 12 60% 40% 

20 0.1070 7 13 57% 43% 

21 0.1256 10 11 42% 58% 

22 0.0927 8 14 52% 48% 

23 0.1167 10 13 58% 42% 

24 0.0845 10 14 45% 55% 

 

3.2  Interpolation power-law relationship 
Figure 5 demonstrates that source prediction accuracy improves asymptotically as the number 

of allowed band samples increases. The primary contributor to this asymptotic behavior is 

that interpolation accuracy degrades by the order of n
4
, where n is the interpolant point 

spacing [20]. If theory holds, we would find that the asymptotic curves of Figs. 5 and 8 follow 

a power law relationship written as  

4,32):(8 sampled bands ofnumber  the
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Our results indicate that the ideal power law relationship, m ≈ 4, is generally not obtained. 

The selected method of fitting the data to a power law solves for the value of c given m using 

the first datum (x1 =8 bands), as m is varied. A series of power law curves are generated for 

each (c, m) pair, and inspecting the goodness of fit for the several curves with the actual error 

vector )( ixy allows a determination of the exponent m which best fits the data trend. The 

methodology is demonstrated in Figs. 9-10. 
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Fig. 9. Fit of reconstruction error obtained from GA optimization of 8-32 allowed 

bands to the full-spectrum 36-inch UMBB-500 profile to a series of power law 

curves.  The power law generating the curves is as given by Eq. (7), for m = 1.5 to 4, 

in m =0.5 increments.  A power law with m = 2.5 approximates the results. 
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Fig. 10. Fit of reconstruction error obtained from GA optimization of the SWIR 

partition of the 36-inch UMBB-500 profile to a series of power law curves.  The 

power law generating the curves is as given by Eq. (7), for m = 1.5 to 4, in m =0.5 

increments.  A power law with m = 3.5 approximates the results. 

 

The power-law analysis is useful in two ways. Determination of the exponent m yields an 

indication as to the prediction error reduction rate anticipated by additional spectrum 

sampling. Low values of m are an indication that the prediction error is approaching the 

nearly linear asymptotic region of the residual error function. A smaller value of m than the 
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expected m ≈ 4 is an indication that the minimum number of samples x1 is to large, the initial 

sampling is over determined. The optimization allows more band samples initially than would 

result in a sharp power-law relation, and sampling is such than all optimizations are 

performed in the linear asymptote. The linear behavior is seen in the interval of Fig. 5 where 

greater than 20 bands are being sampled in the full-band spectrum. This provides the method 

user an indication that allowing further samples only minimally improves the prediction. 

As well as an indication of the asymptote, the power law relationship yields an indication 

of sufficient redundancy in applying the optimization. In previous discussions we quantify the 

gain realized with redundant application of the optimization method, at least 10 cycles with 

the number of allowed bands constant with the objective function used here. The 

recommended number of cycles will vary according to the application, and the power law 

analysis provides an indication of sufficient redundancy. Given sufficient redundancy, a plot 

of the error function assumes a smooth power law profile.  A noisy plot, where the data 

exhibit noticeable variance around the best-fit power law curve, indicates that insufficient 

cycle redundancy is preventing convergence to the global minima. 

Figure 9 plots the results of the power law analysis for the full-band 36-inch UMBB-500 

profile, sampled from eight to 32 bands. Inspection of the figure indicates that a power of m ≈ 

2.5 approximates the results. The same m ≈ 2.5 findings were obtained with other tested 

profiles. The predicted m ≈ 4 relationship is observed for results obtained when the 

optimization was applied to only the SWIR partition of the 36-inch UMBB-500, with band 

samples varied from eight to 20 bands. Figure 10 plots the family of power curves with those 

data. Figure 10 demonstrates global convergence as the data points do not noticeably oscillate 

near their assigned power law curves. Some deviation is noted in Fig. 9, indicating that 

greater redundancy may be required for convergence given the larger spectral bandwidth of 

the full-band optimization. 

The value of the power law exponent m yields information as to the rate of error reduction 

one can expect with additional source sampling. The error rate can be approximated by the 

derivative of Eq. (7), which is itself a power law relationship proportional to
1−
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the linear-asymptote region of the error function the fitting procedure provides an indication 

that additional sampling is not justified in terms of system cost and complexity. For example, 

applying the VNIR partition results allowing 8-12 samples to the power law analysis finds 

that a value of m ≈ 1.5 results.   Even given such sparse sampling, the error curve is in the 

linear asymptote. Compared to the SWIR partition of the test profile, the VNIR partition is 

accurately reproduced with fewer interpolation points, as it has no absorption features. The 

SWIR partition requires more bands for interpolation in order to reproduce its two water 

absorption features, and thereby gains more accuracy as the number of samples is increased.   

The full-band analysis incorporates both partitions, and results in a value somewhere between 

those found in the SWIR and VNIR power law results. This analysis and the results of Table 

1 suggest that the VNIR interpolation is over-determined for the number of band samples 

tested. If the VNIR optimization were repeated starting with fewer band samples than the 

initial eight, the power law relationship would likely approach the predicted m ≈ 4. 

 

4 Conclusions 
An inversion procedure by which a prediction of the output of laboratory sources at HS 

resolution based on interpolation of an optimal selection of bands at MS resolution has been 

presented. Two optimization algorithms selected from the class of direct search methods, the 

genetic and generalized pattern search (GPS) algorithms, are applied in tandem to select the 

optimal set of MS spectral bands which best predict a target HS source. The selected band set 
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is optimized in that it returns minimized deviation from the target HS source upon 

interpolation/extrapolation within the spectral region of interest. 

This source prediction approach can be applied to band selection for a MS transfer 

radiometer, accurately predicting the radiance source and transfer factors for cross-calibration 

of HS sensors. The approach provides an objective method for band selection for the case of 

determining the optimal location for a given number of bands. In addition, the method can be 

used to determine the minimal number of bands allowing the HS prediction of a spectral 

source that meets the required radiometric accuracy. 

The PCHIP, a cubic spline variant, is the algorithm employed for interpolation of the 

selected bands given its attribute of absolute prediction accuracy compared to others tested. 

Differing HS radiance profiles were subjected to the optimization with consistent results, 

indicating that the approach is applicable to similar efforts. 

The optimization criterion employed is the minimum integrated error between the truth 

curve and the interpolated reconstruction. Initially, trial solutions of a fixed number of band 

placements are evaluated for fitness by the GA, with the best solution reserved and refined in 

succeeding generations. After GA convergence, the preliminary solution is refined with 

subsequent application of the GPS algorithm. The additional GPS refinement allows the user 

to obtain the limit point within the preliminary sample space provided by the GA, and 

improves the initial accuracy by up to 20%. To ensure confidence in the resulting 

optimization, the process is applied redundantly. 

This work emphasizes application of the method to MS transfer radiometer (TR) band 

selection. The optimization provides integrated prediction error as a function of the number of 

TR center-band wavelengths. The system designer applies the procedure using the HS source 

radiance profile as truth, obtains the error function, and selects the optimal band selection 

according to the error budget.  

The degree of convergence furnished by the method was demonstrated with the use of 

artificial truth curves. Perfect algorithm convergence returns the original generating center-

wavelengths and zero error between the artificial curve and the interpolated approximation. 

While perfect convergence was never observed, reconstruction error of less than 0.4% with 

GA-only optimization results, is further improved with GPS refinement, and predicts the 

pseudo-truth profile with up to 99.99% fidelity. 

Comparison of the results obtained from the GA-band-selection process to subjective 

approaches used by radiometer designers at the University of Arizona shows that the 

approach selects similar bands but with lower errors.   The HS reconstruction obtained from 

the nine bands indicated by the DS method introduces significantly less error (0.10% absolute 

integrated error) than the reconstruction obtained from interpolation of the nine bands 

recommended by the experts (0.89% absolute integrated error). The power of this approach is 

that it will allow the radiometric scientist to characterize laboratory sources with lower-cost 

MS instruments without the need for HS sensors. 

Researchers using the techniques we describe may define the optimizing criteria 

differently than the one implemented here, depending on their definition of the optimal 

selection of MS bands and accuracy requirements. For example, the user may design the 

objective function to optimize solutions for relative error at each interpolation point, 

regardless of the level of spectral radiance at that point. Optimizing to integrated error is 

preferred here in the interest of generality, but the method is equally valid when application-

specific concerns drive selection of the objective function. The user may also implement 

penalty functions which prioritize the fitness of a candidate according to filter cost and 

availability. Penalty and cost functions were not implemented in the general effort 

undertaken. 

The assumption is made that a HS source prediction is based upon interpolation of a lesser 

set of spectral radiance measurements of the source, assuming that the measurements are 

error-free. Based on that assumption, our goal with this work is to select the least set of exact 
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measurements which enables the prediction. Upcoming work quantifies the increased error 

when allowance for the uncertainties in the measurements upon which the prediction is based 

is included. 

Whether or not one includes error in the measurements upon which the interpolation is 

based (the interpolant points), we also describe a results-driven technique which yields an 

indication of confidence in the derived solution. Based upon the acceptance that interpolation 

accuracy degrades on the order of n
4
, where n is the interpolant point spacing, we provide a 

methodology that is useful in two regards. The described power-law analysis first allows 

determination of process convergence to the true global solution, an indication whether or not 

the stochastic optimization requires additional redundancy in application. The power-law 

analysis also provides an indication as to the most efficient number of spectral radiance 

samples, useful in a system-level design approach which balances complexity vs. prediction 

accuracy. Over-sampling of the source which results in only minimal improvement to the 

source prediction can then be avoided. Over-sampling of the source is evident when the 

permitted samples result in an error function which deviates from the expected n
4
 relation. 

This paper presents only a summary of the primary findings of MS to HS source 

prediction using the Direct Search methodology. Comparison of the tested interpolation 

algorithms, error analysis, robustness of the method to perturbation of the truth, and process 

optimizations are omitted with the aim of conciseness and generality. Future work documents 

our findings in these regards. 
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Abstract. Two of the Direct Search optimizers, the genetic algorithm and generalized pattern 

search, are successfully applied to multi-spectral band selection with the aim of hyper-spectral 

source prediction. The choice of interpolation, number of filter band samples, and band 

placements are the optimization criteria resulting in a hyper-spectral source reconstruction 

with minimal error. The method is applied to a representative application, the band center-

wavelength selection for calibration Transfer Radiometers from which a set of hyper-spectral 

expectations are deduced. The pair of radiometers, one in the VNIR and one in the SWIR, 

provide multi-spectral radiance measurements of high accuracy for interpolation to form the 

source prediction at other wavelengths, with minimal error. These expectations define transfer 

coefficients enabling the calibration of a hyper-spectral sensor. Method performance is 

quantified as probable sources of error in the calibration process are included, and we 

compare the robustness of the interpolation options to these perturbations. We evaluate the 

effect on the prediction when incorporating for interpolation additional measurements of 

varying quality to those obtained at the optimized bands. In the process, limitations on the 

effectiveness of the method are demonstrated based on the quality of the multi-spectral data 

upon which the predictions are based. 

Keywords: Hyper-spectral imaging, numerical optimization, optical sources and standards, 

detectors and sensors, radiometry. 

1 Introduction and Overview 
The employment of well-characterized and stable multi-spectral (MS) transfer radiometers 

allows the accurate radiometric calibration of hyper-spectral (HS) sensors. MS instruments 

image a target with of order 50 or fewer bands, while HS sensors image in the hundreds of 

bands spanning the spectral region of interest. Each HS band provides unique information 

about the scene including emissivity, temperature, and chemical composition. Conversion of 
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image data in the solar reflective to surface reflectance requires absolute radiometric 

calibration coupled with an atmospheric correction scheme [1]. Provided that such accurate 

radiometric calibration has been performed, the HS data set yields the best representation of 

the truth spectral signature of the imaged scene. 

When paired with National Institute of Standards and Technology (NIST) traceable 

radiance sources, usually an integrating sphere illuminated by multiple FELs, high-accuracy 

transfer radiometers (TR) allow prediction of source radiance at other wavelengths between 

the measuring bands. The prediction provides calibration coefficients (transfer factors) 

enabling pre-launch calibration, as well as post-launch calibration assessment. The quality of 

the calibration obtained with the use of transfer radiometers is enhanced by good 

measurement practice and realistic uncertainty budgets. In principal, individual TR band 

radiances may be measured with accuracies approaching 0.1%, while overall accuracies of 2-

4% are achieved after accounting for all systemic errors [2]. 

The Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) is a first-generation HS 

sensor, having produced data products since 1989. The AVIRIS sensor images 224 

contiguous bands of ten nm width from 380 to 2400 nm. AVIRIS radiometric calibration is 

accomplished in both the AVIRIS calibration facility and using vicarious methods involving 

regularly scheduled calibration flights over well-characterized surfaces. Based on the 

calibration data, AVIRIS obtains transfer factors for each sensor band using a calibrated 

transfer radiometer [3]. The calibration process is summarized in our previous paper [4].  

AVIRIS calibration is representative of current HS calibration techniques, combining 

established multi-spectral (MS) methods, employment of TRs, and newly-implemented HS 

approaches. 

The employment of TRs for sensor calibration has also been successfully implemented for 

the Earth Observing System (EOS) program in support of EOS instruments, including the 

Moderate Resolution Imaging Spectroradiometer (MODIS) and the Landsat 7 Enhanced 

Thematic Mapper Plus (ETM+) imagers [5]. 

In previous work [4], the authors present an approach for TR band selection employing an 

inversion solution by Direct Search (DS) optimization. The inversion approach determines the 

MS band center-wavelengths that provide the optimal prediction of a HS source, for this 

application the spectral radiance profile of an integrating sphere. Such profiles are best 

described as Planck curves modulated by absorption features. The MS measurement selection 

is optimal in that it provides the most accurate prediction of the HS source upon interpolation 

to the source spectral bounds using a specified interpolator. The optimization technique can 

be extended to similar applications requiring feature extraction, or inversion problems 

involving prediction of a characterized relationship by interpolation of a data subset to the 

specified resolution. 

Methods of HS information processing and source prediction have been discussed in the 

literature. Much work has been done in speech and pattern recognition using such algorithms 

as linear prediction [6] and bounded support expectation maximization (EM) [7]. These 

prediction methods have been shown to be theoretically sound for that application, and are 

difficult to implement. Other efforts attempting dimensionality reduction and feature 

extraction for HS and MS data sets have been documented, including entropy methods [8], 

interference suppression via basis set projections [9], and bi-orthogonal subspace 

decomposition [10]. Such efforts have the aim of information extraction, and typically apply 

to sensor images. The techniques discussed in this paper are accurately described as 

prediction or extrapolation, not extraction. 

2 The Direct Search Approach 
The DS methodology provides an optimized selection of MS bands that predict the true 

source spectrum at HS resolution, with a user-defined interpolation. The search space is equal 
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in dimension to the number of allowed MS bands, and bounded by the spectral bandwidth 

subject to prediction. 

The size and definition of the search space involved in this realm consists of every 

possible combination of band center-wavelengths in the spectrum of interest, and the nature of 

the problem can not be defined mathematically. The non-numerical nature of the optimization 

precludes the use of standard optimization techniques. DS algorithms are successfully applied 

to such applications, as they do not require a mathematical formulation of the search space 

nor its gradient f∇ . These techniques ignore the derivatives of the solution space, and reduce 

the risk of convergence to a local rather than global minimum. Stochastic optimizers are a 

class of the DS solvers used in minimization problems which employ a random search 

implementation useful here due to the size and definition of the search space involved. Of the 

stochastic optimizers, Simulated Annealing, genetic algorithms, and the Nelder-Mead method 

are among those widely used [11]. 

The sample space for the optimization is the fixed number of allowed band center-

wavelengths subject to interpolation, drawn as integer band-centers from the spectral region to 

be reconstructed. The genetic algorithm (GA) is first applied to the source prediction 

optimization, and converges to a sample space near the global minimum. At each algorithm 

iterate, a set number of candidate approximations to the truth curve are constructed by 

interpolating the spectral radiance values obtained from the truth curve at those band center-

wavelengths selected by the algorithm. The integrated absolute error between each 

interpolation and the HS truth curve is computed, and the candidate band vectors are sorted in 

order of decreasing error. The most accurate predictions are reserved for the next iterate, the 

sub-optimal candidates are replaced by new candidates with band placements modified 

according to the algorithm. These candidates yield a new set of interpolations with generally 

less integrated error, and the process is repeated until the termination criteria is satisfied. A 

brief discussion of the approach is provided here; the methodology is described in more detail 

in our previous manuscript [4]. 

 

Population:  The GA iteratively optimizes to a sized population of candidate solutions, 

initially random values. For this application, the population individuals are equally fixed-

length vectors of band-center wavelengths (genes) corresponding to the number of bands for 

interpolation. The population is individually evaluated and ranked for fitness at each iteration 

(generation), the fitness condition being minimized integrated absolute error between the 

interpolation and the truth curve. 

Fitness evaluation, the Objective Function:  The evaluation condition, termed the 

objective function, returns a scalar value of reconstruction error for each individual. It takes as 

input the fixed-length vector of candidate band-center wavelengths, constructs the 

interpolation, and outputs the resulting prediction error for fitness ranking. 

Termination criteria: The GA terminates upon attainment of a preset value for overall 

population fitness (a figure of merit similar to population variance, referred to as diversity), a 

fixed number of generations, or similar criterion. We refer to the entire GA process, from 

random initialization through termination, as a cycle. A cycle optimizes to a fixed number of 

bands. 

Selection:  With each generation, a consistent number of the highest ranked individuals 

are retained intact for the next generation as Elite Parents. They and other less quality 

candidates (Crossover Parents) contribute their genes for recombination in the succeeding 

generation. 

Crossover:  A portion of individuals in the succeeding generation are constructed by 

assembling randomly selected genes from the Elite and Crossover Parents into new 

individuals (Crossover Children). 
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Mutation:  Remaining individuals in the succeeding population are constructed using 

combined Elite and Crossover Parents, with randomly selected mutations. Mutations are 

wholly new bands within the spectral partition, replacing original Parent genes. 

 

The generalized pattern search (GPS), another of the class of DS methods, [12] is next 

applied, and explores regions of the sample space around the initial GA sample space. The 

GPS finds candidates with less error in alternately expanding and contracting subspaces near 

the initial GA result, converging to the limit point in that sample space. The GPS is from the 

class of deterministic DS solvers, and optimizes to the same objective function as the GA. The 

DS algorithms are straightforward in implementation. This inversion approach provides an 

optimal solution, and requires little expertise in the nuances of band selection. 

Both measured and artificially-generated integrating sphere test data were utilized as HS 

truth subject to prediction. The application data are measured spectral radiance values of a 

Gigahertz-Optik model UMBB-500 integrating sphere at 10 nm resolution interpolated with a 

cubic spline to 1 nm resolution. The generated test data are spectral radiances predicted by a 

high fidelity NIST-traceable sphere simulation of different configuration than the UMBB-500, 

at 1 nm resolution. The uncertainties inherent to acquisition of the measured data have no 

bearing on the method validity, and the effects of error in the measurements on the resulting 

prediction are discussed in following sections. 

The method can be applied to the entire spectrum unitarily, or the full spectrum can be 

partitioned and the process applied separately to each partition. The aggregate error obtained 

after summing the integrated error localized to each partition is generally larger than that 

obtained from applying the process to the entire unitary band, and we quantify this for a 

typical application. This discussion assumes an equal number of samples are allowed between 

the aggregated partitions and the unitary band. The resulting error in the interpolation may be 

larger at the partition limits as the interpolation process is forced to extrapolate a fit to the 

partition boundaries. 

3 HyperSpectral Curve Reconstruction 
The profile used for the results of this section is measured spectral radiance values obtained 

from a gas-purged 36-inch model UMBB-500 SIS spanning 350-2500 nm. This sphere is a 

NIST-traceable radiance source to be used with a pair of TR, one in the VNIR, one in the 

SWIR. The optimization is applied to the full-range spectrum unitarily, then to the VNIR 

(350-1100 nm) and SWIR (1100-2500 nm) partitions separately. The unitary optimization 

results are given in our previous paper [4], and referenced here as needed. 

3.1 Interpolation Algorithm Selection 
HS source prediction based on MS data can be accomplished by accurate interpolation (and 

extrapolation, to the HS bounds). The DS objective function we employ computes the error 

between an interpolated vector of filter positions generated by the DS process and truth 

spectral radiance values spanning the HS band. Thus, the interpolation scheme plays a key 

role in the evaluation. 

The optimal interpolation algorithm for SIS radiance curve reconstruction is determined 

by the functional form of the radiance profile. Typical spectra are well-represented as classic 

Planck curves, modulated by absorption features. The most significant SIS absorption features 

of the tested profile are noted in the SWIR, at 1.4 and 1.9 µm. These two regions correspond 

to water absorption bands due to residual water content within the sphere coating. 

Reviewing our previous work [4], the test profiles may be represented as the product of 

exponential and power law functions. The optimal interpolator would be well-suited to 
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reconstructions of this form of expression; power law, exponential, and product or ratio of the 

two. 

For this work, three interpolation algorithms were applied. Two interpolators were 

variations of the piecewise cubic spline; PCHIP (Piecewise Cubic Hermite Interpolating 

Polynomial) and not-a-knot cubic spline. Cubic spline interpolation, referred to as piecewise 

cubic Hermite interpolation, knits modified Lagrangian/Newtonian cubic polynomials 

between a series of interpolant points in a piecewise fashion, which results in a realistic (to the 

eye) interpolation. The third interpolation algorithm employed is Bulirsch-Stoer rational 

function interpolation. These three interpolators are widely used and well-characterized [11, 

13]. The previous work discusses the tested interpolation algorithms, but makes no 

performance comparison. That analysis was reserved for this manuscript. 

The piecewise cubic spline is a standard non-linear interpolation method used in the 

physical sciences, as it lends itself to efficient computation and robust performance. The cubic 

spline interpolates between neighboring data points using a cubic polynomial, with certain 

assumptions being made about the first, second or higher order derivatives of the interpolating 

polynomial, generally at the end points. A partial listing of cubic spline interpolant variations 

include the natural (second derivative of one or both end points is zero), complete (boundary 

points have defined first derivatives), or not-a-knot (third derivative is continuous not at the 

end points, but their interior neighbors). In all variations but PCHIP, the first and second 

derivatives of the cubic spline interpolant are continuous throughout the interval of knit points 

[13, 14]. The not-a-knot interpolation variant is hereafter simply referenced as cubic spline. 

The other variation of cubic Hermite interpolation applied to HS prediction is PCHIP 

interpolation. PCHIP is optimized for interpolation of data where the interval between 

interpolated points is monotonic, and it eliminates any unrealistic oscillation between adjacent 

data points. PCHIP reconstructs the continuous interpolant with a cubic polynomial, with the 

allowance that the second derivative at the interpolant points is not necessarily continuous. It 

is noted that requiring the first derivative to be zero at an interpolant point guarantees 

monotonicity over that interval, but the resulting interpolation is generally inaccurate for most 

applications [13]. 

Bulirsch-Stoer rational function interpolation was applied to the problem as well. 

Bulirsch-Stoer is not a piecewise interpolation, but interpolates all points between the 

boundary points according to the rational polynomial function returned by the algorithm. The 

rational function returned by the Bulirsch-Stoer is diagonal, in that the degree of the 

generating polynomial numerator and denominator is equal for an odd number of interpolant 

points, or less by one in the numerator for an even number of interpolant points. The rational 

function interpolation can be the optimal method for interpolation of data represented by a 

function with one or more poles, or zeroes in the denominator of the physical process 

generating the data [11]. The Bulirsch-Stoer interpolator was applied to full-spectrum source 

prediction with poor results. Source prediction of the artificially generated test data results in 

cubic spline to PCHIP mean comparative error of 1.18, and Bulirsch-Stoer to PCHIP mean 

comparative error of 1.64. Given such inferior performance, Bulirsch-Stoer interpolation is 

not recommended for similar source prediction applications. The poor performance obtained 

with the optimizations employing Bulirsch-Stoer interpolation limit the discussions of this 

interpolation selection for HS source prediction. 

The authors make no claim made that any of the three described above is the optimal 

interpolator for the curve to which it was applied. The current work finds that the PCHIP 

cubic spline variant returns the best prediction of all profiles and their partitions, from among 

the three tested. Further investigations may lead to better fitting selections for a specific 

application, perhaps one of the several other forms of cubic Hermite interpolation that are 

available. We remark that it is generally accepted that using higher order than cubic 

interpolation is not worthwhile. 



 127 

3.2 36 Inch SIS Full Spectrum Optimization 
The measured values as a function of wavelength for the 36 inch UMBB-500 profile are in 

spectral radiance units (W/sr cm
3
), as displayed on the following profile graphics. The 

UMBB-500 SIS output was measured after vapor-purging of the sphere to reduce atmospheric 

water absorption, though water absorption by the sphere coating in the two SWIR bands is 

evident. 

As described in our previous work, optimized source predictions spanning the full 

measured bandwidth of the 36 inch UMBB-500 SIS profile were obtained as the allowed band 

samples were varied from eight to 32. The forthcoming VNIR partition optimizations allow as 

many as twelve filter samples, while the SWIR allows as many as twenty. The unitary 32-

band optimization allows for the sum of the two partitions. This allows evaluation of the 

results obtained after partitioning a wide band spectrum and performing the DS method on the 

partitions separately, to those obtained from a unitary optimization. 

The objective function employed optimizes to absolute integrated error, and for results 

presentation these values will be given in percentages, calculated as  
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The minimum error obtained from the optimizations displays an asymptotic behavior as 

the number of allowed bands increases. The asymptote is primarily determined by the 

interpolant point spacing n, with the resulting accuracy in interpolation being of order n
4
. The 

relation of interpolation error to the number of interpolant points allows a useful analysis, 

indicating both the rate of error reduction obtained with additional sampling, as well as the 

degree of convergence to the global minimum which is obtained with process redundancy [4]. 

The best final reconstruction in the sample set was realized for 31 filters with the PCHIP 

interpolation, with residual reconstruction error of 0.0624 mW/sr cm
2
 (0.076%), computed 

according to Eq. (1) [4]. 

An equal number of optimizations were conducted with PCHIP and not-a-knot cubic 

spline interpolation, allowing performance comparison. The PCHIP was able to predict the 

source at HS resolution with consistently less integrated error. The ratio of residual error 

returned by the not-a-knot cubic spline interpolator to the PCHIP for each sample size 

averages 1.38, indicating that in terms of absolute accuracy given a stable source, PCHIP is 

the preferred interpolation algorithm for similar spectral radiance profiles. No trends in 

relative performance between the two interpolators according to the number of allowed band 

samples are evident in the results. 

3.3 VNIR Optimization 
DS optimization was applied to UMBB-500 SIS VNIR partition (350-1200 nm). The VNIR 

partition of the spectrum is monotonically increasing then decreasing over the entire partition, 

a topography favoring PCHIP interpolation. The results verify that PCHIP provides the 

superior prediction among the three tested interpolators.  The VNIR partition spectral radiance 

curve is monotonic to the degree that 12 band samples allow profile prediction with only 

0.07% integrated absolute error. The 12 sample PCHIP reconstruction is shown in Figure 1, 

overlaid with the truth. The interpolating band selections are marked as circles on the plot. 
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Fig. 1. VNIR profile reconstruction, PCHIP interpolation. The prediction and the 

truth data are shown, but the high-accuracy prediction results in overlap. Generating 

bands are demarked by circles on the curve. 

 

The error function is graphed in Figure 2, as a ratio of error to the spectral radiance at that 

wavelength. The optimized band placements are superimposed as circles on the error plot, and 

serving as the interpolant points, have zero error at those wavelengths. 
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Fig. 2. Localized relative error for the VNIR reconstruction of Figure 1, PCHIP 

interpolation. 

 

Given typical radiometer accuracy of 0.1% within an arbitrary band, these results indicate 

that 12 VNIR partition band samples are adequate to predict the HS source as constrained by 

the systemic error budget. Lesser accuracy within the VNIR is localized to the near-UV tail of 

the spectrum, with instantaneous error of less than 0.6%. The interpolation underestimates the 

spectral radiance in this region, where the error ratio is negative. This region of minimal flux 

in the Planck distribution tail is deemphasized by the objective function criterion of integrated 

error, in lieu of the profile spectral radiance maximum near 825 nm. Relative error within the 

region of peak radiance from 700-1100 nm compares to typical radiometer 0.1% accuracy. 

The Bulirsch-Stoerr algorithm predictions have mean error 2.5 that of the PCHIP when 

averaged throughout the sample space of 8-12 bands. The mean cubic spline error is a factor 
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of 1.6 greater than PCHP.  The cubic spline and Bulirsch-Stoer error relative to PCHIP trend 

upward for fewer than eight or greater than twelve filter samples, which is evident when the 

data are normalized to the PCHIP interpolation results. 

The optimal filter placement given PCHIP interpolation is presented in Table 1 for the 

number of band samples subject to optimization. The band center-wavelengths are in nm, and 

the final placement in the monotonic increasing region prior to the profile spectral radiance 

peak is emboldened. 

Table 1. Optimal band-center wavelength selections for the VNIR partition of the 

UMBB-500 SIS profile, 8-12 band samples allowed. 

 

# BANDS FILTER POSITIONS, NM 

8 377 410 621 739 815 868 1029 1102   

9 376 409 621 737 814 863 1036 1151 1173   

10 359 406 411 622 740 816 864 1036 1151 1174   

11 357 364 412 420 622 737 816 866 1035 1156 1178   

12 360 400 412 621 738 812 826 907 983 1080 1112 1137 

 
Note that all the optimal band placement vectors shown in Table 1 share a set of four 

critical band placements. These four bands are located prior to the curve peak radiance at 828 

nm. These critical common VNIR bands are located near 410 nm, 621 nm, 738 nm, and 815 

nm. For the 8-11 band sets, the GA optimizes the placement with these four bands, followed 

by the next placement near 865 nm, well past the curve peak of radiance. The 8-11 sample 

sets then share common band placements near 1035 nm, 1151 nm, and 1174 nm. The twelve 

band set, with more degrees of freedom than the smaller band sets, places its initial bands 

similarly to the 8-11 sample sets, the next band at the curve peak of spectral radiance, and the 

remaining five band placements at significantly different locations in the tail than the lesser 

band sets. 

3.4 SWIR Optimization 
Band selection optimization is applied to the SWIR partition, for our purposes 1.1-2.5 µm. 

PCHIP interpolation demonstrates superiority for HS prediction of this sub-band of the test 

profile, as it does for the full-spectrum and VNIR partition optimizations. The minimum error 

for each sample size among the three tested interpolators is shown in Figure 3 as a percentage 

of the residual error to the total integrated radiance. As the number of allowed band samples 

increases, the residual error decreases in an asymptotic manner. In the limit of 20 band 

samples, the PCHIP reconstruction error reduces to less than 0.08% of the total integrated 

SWIR radiance of 39.11 mW/sr cm
3
. 
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Fig. 3. Integrated error results according to interpolation method. 8-20 bands are 

sampled in the SWIR partition.  

 

As discussed, the error function ( )nε should obey a power-law relationship of order n
4
 in 

the number of allowed sample bands, with the rate of error reduction 
nd

d ε following a cubic 

power law [4]. A localized decrease in the error reduction rate is noted between 9 and 12 band 

samples for both the Bulirsch-Stoer and cubic spline interpolation algorithms. This deviation 

is evident when the error is normalized to residual PCHIP error, as in Figure 4. Random 

deviations in error reduction rate are due to deficiencies in method application, particularly 

insufficient redundancy of the stochastic method [4]. These deviations are isolated, not 

distributed over a range of band samples. The observed relative error increase is clearly non-

random, as the normalized error increases in a deterministic manner from eight to eleven 

samples.
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Fig. 4. Reconstruction error of Bulirsch-Stoer and cubic spline normalized to the 

PCHIP interpolator. The elevated ratio of error between 8 and 12 band samples is 

due to PCHIP superiority in reproducing SWIR absorption features. 

 
The root cause of poor performance with these two interpolators within this interval is 

attributable to the two absorption features at 1430-1530 nm and 1850-2050 nm. The PCHIP 

interpolator is able to reconstruct both these features given nine or more band samples. Cubic 

spline and Bulirsch-Stoer were unable to reproduce the wider feature centered at 1950 nm 

until twelve or more bands were allowed. All three interpolators were able to reproduce the 

narrower feature at 1480 nm with eight or more samples. 

Twelve samples provide an accurate SWIR partition prediction with PCHIP interpolation. 

Referencing Figure 3, the error function is approaching the asymptotic region, with the 

corresponding decrease in error rate reduction
nd

d ε . The PCHIP reconstruction error for 

eight samples is 1.07%, and decreases to 0.22% by twelve samples. Given that the best 

approximation at twenty samples returns integrated absolute error of 0.08%, the twelve 

sample configuration has eliminated 78% of the residual error difference between eight and 

twenty samples. The necessary number of sampled bands is determined by the system error 

budget, and the form of the optimization error function provides a figure of merit in the 

system design. The rate of error reduction and the location of the function asymptote are 

determining factors to consider when weighing the gain in prediction accuracy from 

additional band sampling against added system cost and complexity. 

The optimal band placement for eight to twelve SWIR partition samples and PCHIP 

interpolation is provided in Table 2. For conciseness, the results for 13-29 bands are omitted. 

Filter center wavelengths are in nm.
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Table 2. Optimal band-center wavelength selections for the SWIR partition of the 

UMBB-500 SIS profile, 8-12 band samples allowed. These results are obtained with 

PCHIP interpolation. 

 

# BANDS FILTER POSITIONS, NM 

8 1108 1158 1321 1457 1498 2024 2180 2286   

9 1105 1151 1330 1450 1498 1802 1976 2123 2281   

10 1108 1158 1330 1448 1492 1861 1939 2033 2165 2271   

11 1106 1153 1319 1459 1514 1634 1859 1936 2034 2163 2269   

12 1103 1149 1320 1459 1515 1632 1780 1845 1943 2018 2410 2461 

 
Referencing Table 2, for all band lengths 8-12, the first three placements are similar. 

These three positions serve to reconstruct the monotonically decreasing smooth segment of 

the radiance profile prior to the first absorption feature centered at 1480 nm. All five band 

vectors then place two filters to reconstruct the first absorption feature (highlighted in 

standard bold font). The 8-band optimization places one band in the second absorption 

feature, with the remaining two bands completing the reconstruction out to 2500 nm. The 

second absorption feature is better reconstructed by two (nine band samples) or three bands 

(ten samples or more). The band selection within the second absorption feature is indicated by 

the bold italicized font. 

The highest-accuracy reconstruction of the truth profile with twelve samples allowed is 

displayed in Figure 5, with the band centers marked. The reconstruction error for this band 

prediction is 0.22% of the total partition radiance. The truth curve and reconstruction overlap 

throughout the partition. 
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Fig. 5. Least-error SWIR prediction, twelve band samples allowed. 

 

The residual reconstruction error is demonstrated at nm resolution in Figure 6. Large 

deviations are evident near the two water absorption bands, where the spectral radiance 

prediction over-estimates the true values, and displays ringing behavior. These deviations are 

reduced significantly as the allowed number of band samples is allowed to increase. When 15 

samples are allowed, the error localized to the absorption bands is halved. 
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Fig. 6. Instantaneous Residual Error, PCHIP Twelve Sample Reconstruction. 

3.5 Inter-Band Extrapolation Effects 
We compare the source prediction accuracy obtained by combining the band selections within 

distinct sub-band partitions spanning a spectral region of interest to form an interpolation 

basis, to that obtained by conducting an optimization throughout the entire band unitarily. The 

unitary optimization allows the equal number of samples as the sum of the samples within the 

aggregate sub-band partitions. This discussion is motivated by practical considerations in the 

employment of TRs for source prediction. Detector spectral response is a fundamental 

constraint in TR design, limiting the useful bandwidth of any radiometer. Photosensitivity 

declines in the longer wavelength limit of the VNIR near 1 µm for a Si detector, while 

available SWIR detectors InSb design have poor sensitivity in the VNIR below 1.1 µm. A 

dual-band TR system is best designed with an optimization based on these constraints, with 

band selection limiting the available options to those bands with good signal-to-noise ratio or 

spectral noise-equivalent power (NEPλ). 

The following discussion compares results in the integrated absolute error metric between 

optimizing to the full band with a predetermined number of allowed bands with no sensitivity 

constraints, to that obtained by conducting individual optimizations for the VNIR and SWIR 

partitions separately subject to the constraint imposed by spectral response. The band 

selections obtained from the two sub-band partition optimizations are joined to form a unitary 

interpolation basis, with extrapolation of partition endpoints throughout the low-sensitivity 

region. 

The sub-band selections obtained in the VNIR (Table 1) and SWIR (Table 2) each provide 

a basis of five candidate vectors for interpolation, each vector to be reduced in length by the 

sensitivity constraint. Allow the VNIR boundary to be defined as 1100 nm, with the longest 

band wavelength constrained to 1050 nm or less. The SWIR band short wavelength boundary 

is likewise fixed at 1100 nm, with the corresponding constraint of no bands at less than 1150 

nm. After constraint, the five candidate vectors from each sub-band vary in length from 7-9 

bands in the VNIR, and 7-11 bands in the SWIR. When combined, 25 full-band candidates 

result ranging in length from 14-20 bands for interpolation throughout the full-bandwidth 

spectrum. The 7 most accurate source predictions of length 14-20 bands obtained from the 25 

combinations are compared to the most accurate equal-length predictions resulting from the 

unconstrained full-bandwidth optimizations discussed at the start of this section and in our 

previous work.  The sensitivity constraint imposes required interpolation of the individual 
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sub-band prediction to the boundary band choice in the neighboring partition, and additional 

error. 

The residual errors in percentage are given in Figure 7 for the 7 best aggregate 

interpolations. These values are noted on the plot as the constrained results. For comparison, 

the residual errors in percentage resulting from unconstrained optimizations of equal length 

are also provided. These full-band unitary optimization results are discussed in our previous 

work [4].  Also included in this figure are the relative ratios of the total error localized to each 

partition, VNIR and SWIR.  These values are absolute, and each VNIR-SWIR pair sums to 

one.  For example, given the 14-band result, 0.875 of the error is localized to the SWIR, and 

0.125 of the total error is localized to the VNIR.  For the 14-band case, the constrained 

optimization returns integrated error of 0.59%, and the unconstrained error is 0.41%. 
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Fig. 7. Full-bandwidth prediction error (in %) for the extrapolation analysis. The 

unconstrained predictions allow unitary optimizations to the entire 350-2500 nm 

bandwidth. When constrained, the interpolators must extrapolate through the 

radiometer low sensitivity region from 1050-1150 nm. Also shown is the relative 

error localized to the sub-band partitions (error shares to VNIR and SWIR, 

individually) for the constrained case. 

 

For the five best aggregate predictions of length 14-18 bands, the VNIR bands are 

supplied by the nine-band allocation of Table 1 (VNIR), reduced to a seven-vector by the 

constraint. Those bands provide the best prediction when mated to each of the constrained 

Table 2 SWIR allocations of length 7-11, resulting in the full-band vectors of length 14-18. 

The best 19 and 20 band selections are obtained from the 10 and 11 band (8 and 9 

constrained) VNIR selections, paired to the 12 band (11 constrained) SWIR candidates. We 

note that the relative error between the SWIR and VNIR partitions is three-to-one for the 16 

band constrained pairing, where 7 bands are available in the VNIR, and nine in the SWIR. As 

the number of allowed bands is incremented to 17, the next placement is in the SWIR 

partition, reducing the comparative error to nearly equal between the two sub-bands; it is then 

that the error between the constrained and unconstrained band selections is equivalent. The 

equivalency continues with increasing band availability, as does the equivalency in relative 

error between the two sub-bands. 

Figure 7 reinforces previous findings [4], where the number of band placements separately 

localized to the VNIR and SWIR sub-band partitions were quantified as the total number of 
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allowed bands within the full-band optimization was increased. That analysis shows that the 

optimization places additional bands in the SWIR as they become available at each increment 

in the number of total allowed bands, until the ratio of total error localized to the VNIR and 

SWIR sub-bands is nearly two to one. The next available band is then placed in the VNIR, 

balancing the relative error between the partitions. Additional SWIR bands are then added 

until the two-to-one error ratio returns. This pattern continues until the total number of 

allowed bands approaches twenty, after which the primary features in both sub-bands are 

sufficiently determined. A one-to-one sub-band placement pattern then dominates. 

4 Robustness to Truth Variation 
DS optimization selects those band placements which predict a stable HS source with minimal 

error subject to the allowed number of band samples and specified interpolator. Method users 

will later obtain radiometer measurements divergent from the radiance profile used as truth 

for the band selection optimization. The optimal interpolator (PCHIP, cubic spline, other) will 

most likely reconstruct the perturbed version of the original truth curve with less accuracy. 

Likely sources of variation from the original truth curve could include lowered spectral 

reflectivity of the sphere coating due to aging, different spectral color temperature from the 

illumination source, or dissimilar atmospheric absorption in select spectral bands. Radiometer 

error also contributes, and is accounted in the next section. These discussions assume source 

divergence only. 

A computer model is implemented to quantify the effects of source perturbations on 

prediction accuracy. The band placements obtained from the DS selection optimizing to the 

unperturbed profile obtain spectral radiances at those wavelengths from the perturbed truth 

curve, and are interpolated. The predictions resulting from interpolation of the perturbed 

radiances are evaluated for quality in the error metric, using the perturbed source as the new 

truth to compute the error according to Eq. (1). We compare the error between the original 

predictions with bands optimized to a given source, to those obtained if that source is 

unstable. 

Two sources of truth spectrum variation are modeled here. The first simulates a degraded 

sphere coating, with decreased reflectance in the SWIR. The second variation simulates a 

perturbed truth spectrum resulting from illumination bulbs at a different color temperature. A 

convolution of color temperature and coating degradation is also evaluated. The spectral 

radiance profiles subject to these perturbations are artificially generated NIST-traceable test 

sets generated by a SIS simulation spanning the wavelengths 250-2500 nm. The simulation 

models the Remote Sensing Group’s 40 inch Labsphere SIS, with a Spectraflect
®
 reflectance 

coating, and no atmospheric absorption. Separate spectral radiance profiles were generated by 

the simulation which models the variations. 

4.1 Coating Degradation Effects 
The RSG SIS computer model modulates the illumination bulb spectral irradiance by the 

LabSphere-supplied Spectraflect
® 

coating spectral reflectance values in order to predict the 

SIS exit port irradiance. For this study the spectral reflectance values are modified in an 

exaggerated manner by applying an aging function. The aging function provides a point-by-

point scale factor applied to the original reflectance curve, as shown in Figure 8. 
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Fig. 8. Simulated degradation of a SIS reflectance coating. Spectral reflectance for 

Spectraflect® is shown as the solid line, and the aged coating as dashed. 

The spectral reflectance variation applied is orders greater than that measured by the 

manufacturer even under extreme environmental conditions [15]. This modeled reflectance 

loss results in an even more pronounced diminution in the output flux at the exit port. The 

reduction in spectral flux is non-proportional to the reduction in spectral reflectance, due to 

the non-linearity of the governing flux-reflectance relation, given by Eq. (3). Here λF is the 

flux fraction of all illumination flux exiting the exit port, λρ is the coating spectral 

reflectance, XPf  is the ratio of exit port to sphere area, and bulbf  is the ratio of one FEL to 

the sphere area [16]. 









−−−

=

∑
=

numBulbs

i

XPbulb

XP

ff

f
F

1

11 λ

λλ

ρ
ρ

    (3) 

 
The effect produced is that of reduced reflectance in the visible and LWIR. The ‘aged’ 

coating values are input to the computer model, and a new SIS radiance truth curve generated. 

The simulated degradation is severe in order to best demonstrate the effect on the resulting 

prediction, with SIS output diminished on average by nearly 20%, and as much as 26% near 

the curve peak   Using the band selections optimized to the original truth curve and the 

corrupted radiance measurements from the ‘aged’ truth curve, cubic spline and PCHIP 

interpolation is applied and the reconstruction error so obtained is compared to the original 

error. The reconstruction error values given are the percentage error of the total integrated 

radiance of the perturbed curve. 

Comparison of reconstruction error between the undeviated truth curve used for 

optimization, and the profile resulting from aging the coating is given in Table 3 for the 14, 

16, and 18 band sample optimizations. 
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Table 3. Comparison of prediction error resulting from perturbations of the 

optimization profile. The prediction error resulting solely from the DS approach is 

given for the undeviated truth profile. The error metrics are provided for deviation of 

the truth by aging the sphere coating spectral reflectance, modeling a shift in 

distribution temperature, and combined coating and bulb temperature deviations. 

The last entries demonstrate the accuracy degradation to an extreme example of the 

latter. 

 14 

BAND 

PCHIP 

16 

BAND 

PCHIP 

18 

BAND 

PCHIP 

14 

BAND 

SPLINE 

16 

BAND 

SPLINE 

18 

BAND 

SPLINE 

Undeviated 0.88% 0.66% 0.51% 1.05% 0.74% 0.52% 

Aged 

Coating 

1.26% 0.73% 0.75% 0.93% 0.79% 0.50% 

Cooled 

Bulbs 

1.46% 0.82% 0.86% 1.96% 0.87% 0.55% 

Combined 

Perturbation 

0.81% 0.80% 0.48% 1.79% 0.83% 0.54% 

Extreme 

Perturbation 

2.18% 0.98% 1.12% 4.08% 1.10% 0.61% 

 
The applied perturbation shifts the curve peak of spectral radiance to shorter wavelengths 

from 828 nm to 814 nm, in addition to the radiance diminution. These exaggerated effects are 

applied only to exacerbate the resulting prediction deviation. The PCHIP interpolator is most 

sensitive to the shift of the source spectral radiance peak wavelength, as the optimization 

places a band sample near the original curve peak, which is shifted to the blue.  The cubic 

spline is able to reconstruct the degraded curve with 2.8% less integrated absolute error on 

average than that obtained using the uncorrupted truth profile. The PCHIP interpolation 

results in mean error 33.6% greater than the original error resulting from interpolating the 

original truth data used to optimize the band selection. Restrictions on the interpolation 

derivatives by cubic spline at the interpolant points better predicts the actual corrupted curve. 

We reinforce that the magnitude of corruption applied to the irradiance curve as modeled here 

is extreme, but useful to best visualize the differences in interpolator robustness to variation. 

4.2 Color Temperature Effects 
The distribution temperature of the illumination source, typically one or more FELs, is also a 

contributor to variation of SIS exit port radiance. The peak output of any given bulb varies 

spectrally according to Wien’s displacement law T/Kµm2898max =λ , causing 

variation in the SIS output. Distribution temperature may also be referred to as source color 

temperature in general discussions [17]. 

The previous 40 inch SIS analysis was conducted with input illumination bulb (1000 W 

Quartz Halogen Osram Sylvania Model T6) spectral irradiance values provided by the 

manufacturer, with a peak output at 900
 
nm. A change in bulb color temperature was modeled 

with a lateral shift of the bulb irradiance function to 910 nm, reflecting a bulb temperature 

deviation from 3220 to 3185
◦
 Kelvin. Modeled differences in spectral emissivity which affect 

the actual Planck profile of the FEL were not included for simplicity, as the shift alone 

introduces sufficient corruption for our purposes. A new profile was generated with the 

distribution deviation, and tested with the bands optimized to the original SIS configuration 
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profile. The error metrics resulting from the distribution temperature deviation are entered in 

Table 3. As with the aged coating perturbation, the cubic spline exhibits more robustness to 

the radiance peak perturbation. For PCHIP, the mean increase in error is 53%, with 33% 

additional error for the cubic spline. Though the FEL peak output only shifts 10 nm, from 900 

to 910 nm, when modulated by the coating spectral reflectance, the sphere peak of irradiance 

shifts 20 nm to the red, from 828 nm to 848. PCHIP interpolates between the bands with a 

third degree polynomial, with no requirements on the derivatives at those points. This 

property results in an accurate interpolation given interpolant points at a function local 

minima or maxima, but subject to additional error for translations of those features. 

4.3 Aged Coating with Color Temperature Degradation 
The 40 inch SIS model output was varied in a convolution of both the coating degradation and 

bulb color temperature deviations previously described. The compound effect will be more 

severe than either effect modeled separately. The flux at the exit port is severely reduced. The 

effects of the convolved perturbations are tabulated in Table 3. 

 Given the dual perturbations, the PCHIP algorithm proved robust, with increased error 

averaging only 2.5%. For comparison, the cubic spline integrated absolute error increases by a 

mean 28.8%. Applying both perturbations resulted in the peak of curve irradiance unchanged 

at the original wavelength of 828 nm. Absorption bands and flux peak (profile local maxima 

and minima) retain similar wavelength locations upon perturbation. Figure 9 plots the cubic 

spline interpolation of the perturbed spectral radiances obtained given the convolved 

distribution temperature and coating deviations, at the band selections optimized to the 

original truth profile. The PCHIP performance is minimally degraded, as the profile is 

primarily only scaled by the dual perturbation, with the feature locations remaining largely 

static as compared to the original profile to which the band selection was optimized. PCHIP 

accuracy depends on static feature location. The cubic spline performance deficiency is 

noticeable in the flux peak region, where the profile functional deviation results in a less-

optimal prediction. 
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Fig. 9.  Cubic spline source prediction given the 14-band interpolation of the  dually-

perturbed truth curve. 

The modeled perturbations to the artificially generated SIS profile are greater in scope 

than any realistically encountered in a real-world application, and indicate that the HS source 

prediction will maintain integrity. In order to magnify the distinct properties between the 

cubic spline and PCHIP interpolators, we corrupt the profile even more profoundly than the 

previous perturbation. The aging function applied to the coating is greatly magnified, and the 
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distribution temperature shifted by 50 nm to yield a distinctly different profile than the 

original subject to the optimization. This analysis is strictly academic, as the scale of these 

perturbations is intentional and not realistic. 

The extreme perturbation shifts the curve peak of spectral radiance from 828 nm to 848 

nm, with a reduction in integrated flux of 32%. With these large deviations from the profile to 

which the band selection was optimized, the nuances between the interpolations are clear. 

This is useful in discrimination of the interpolation options for which the method is intended. 

Figsures 10 A and C demonstrate the cubic spline and PCHIP interpolations respectively in 

the region near the curve VNIR peak  The cubic spline requires smooth derivatives at the 

endpoints (band positions) and applies a third degree polynomial between the neighboring 

interpolant points. The perturbed form of the peak is exacerbated by the reduction in flux, 

resulting in an under-estimate of the true deviated peak values by the spline. The PCHIP, 

which samples the flux near the peak, is less affected. Near the SWIR absorption bands, the 

different requirements on the interpolation derivatives imposed by the two algorithms are 

clear. In Figure 10 D, the discontinuity of the second derivative at the interpolant point for the 

PCHIP is demonstrated. The cubic spline requires continuous derivatives at interpolant points, 

resulting in the more natural, but not necessarily more accurate, reconstruction of the SWIR 

absorption feature. 
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Fig. 10. 14-Band PCHIP and cubic spline interpolations of modeled sphere profiles 

after extreme perturbation. The bands optimized to the undeviated profile are 

interpolated with spectral radiance measurements upon deviation. The deviated 

profile is the dashed curve, and the interpolation the solid line. Band placements are 

demarked with circles. Figsures 10 A and C demonstrate interpolator characteristics 

near the flux peak in the VNIR, while B and C demonstrate the cubic spline and 

PCHIP characteristics near the minor absorption features in the SWIR. 
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5 Error Reduction with Auxiliary Data 
The MS band selection optimization by the DS method provides the solution of least 

acceptable error which satisfies a system error budget, assuming that the spectral radiance 

measurements subject to interpolation are error-free. The interpolation prediction is generated 

through the truth profile data with no added noise, as to do so introduces less-optimal 

solutions with no benefit. In practice, the residual error will be larger than the figures cited 

here due to the systemic error realized in the acquisition of the measurements, whether from 

the source deviation or noise in the radiometric device.  A well-characterized and stable TR 

will contribute minimally to the systemic error, providing a source measurement as accurate 

as 0.1% of the true value [2]. Alternative data acquisition hardware, such as a 

monochrometer, results in less-accurate measurements of the source. For the following 

discussions, we refer to such a less accurate radiometric device (for example a 

monochrometer) as a spectrometer, in order to differentiate from high-accuracy devices 

(radiometers). 

HS source prediction is shown to be optimal with the MS band center-wavelengths 

generated by the DS method. These MS bands represent TR narrow-band filter center-

wavelengths which provide band-averaged spectral radiance measurements of a stable NIST-

traceable source, and predict the HS transfer factors at different target wavelengths. Perhaps at 

a later time, it may be required to improve upon the original prediction accuracy component 

of the system error, by incorporating additional high-accuracy source measurements from 

other bands not sampled by the TR. These auxiliary bands, with equivalent or larger error than 

the TR measurements, are combined with the TR measurements for interpolation and generate 

a new HS source prediction. We quantify the prediction error resulting with inclusion of these 

additional data. 

Two likely methods of augmenting the primary TR measurements are investigated. The 

source calibration may employ a secondary TR with equal accuracy to the primary, but with 

different band centers optimized to predict the same source as the primary. The secondary 

bands are selected by a later DS optimization which accounts for the existing primary bands 

and optimizes to augmentation bands which interpolate to the minimum error upon 

combination with the primary TR measurements. We assume equivalent measurement 

accuracies for the primary and secondary TRs, with average uncertainty being 0.1% of the 

truth band-averaged spectral radiance. This error is assumed to be normally distributed. The 

second method of augmentation analyzed incorporates spectral radiance measurements from 

the bands of the secondary optimization, but with radiance measurements at those bands from 

a less-accurate device, for this instance a spectrometer. Here we assume that a spectrometer 

measurement is obtained with accuracy normally-distributed about the truth spectral radiance, 

with mean error of 0.5%. 

The DS optimization is applied to the auxiliary band selection, with the constraint that the 

sample space of possible placements includes only those band center-wavelengths not already 

those of the primary TR. Assuming both primary and secondary TR filter bandwidths of 10 

nm, the two-sided constraint disallows candidate band selections in spectral regions within +/- 

10 nm of any band center wavelength of the primary TR bands. This constraint may not 

necessarily hold for a spectrometer, but will for a secondary TR. As it is unlikely that the 

interpolation prediction is much improved by a redundant spectral radiance augmentation near 

a band-center of the primary TR, an unconstrained optimization is unlikely to select a 

radiometer (or spectrometer) measurement within the constrained region even if free to do so. 

For this discussion, we use the UMBB-500 sphere measurements as truth, and the optimal 

selection fixed at 18 bands obtained in the unconstrained full-spectrum optimization. 

Although the optimization was unconstrained, allowing band selection freely within the full 

spectral bandwidth, the optimal 18-band selection includes no bands in the VNIR-SWIR low-

sensitivity gap of 1050-1150 nm. These optimal bands represent the filter center-wavelengths 
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of a hypothetical paired TR system of VNIR and SWIR primary TRs. The primary VNIR TR 

samples 8 bands at less than the near IR limit of 1050 nm, and are shown in Table 4. 

Table 4. VNIR primary radiometer band centers in nm. 

381 412 582 616 746 816 866 1034 

 
The SWIR primary samples the remaining ten bands constrained to band centers of greater 

than 1150 nm, those of Table 5. 

Table 5. SWIR primary radiometer band centers in nm. 

1155 1319 1458 1514 1633 1859 1937 2018 2409 2459 

 
The 18 combined bands provide spectral radiance measurements across the full 

bandwidth, VNIR and SWIR. The results of this analysis are obtained with PCHIP 

interpolation. The integrated error between the HS source and the 18-band interpolated 

prediction is 0.18%, when no error is included in the radiance measurements. First we 

compare the error resulting solely from the interpolation of the 18 primary TR bands (noise-

free) to that obtained after including measurement uncertainty.   Normally-distributed (mean 

0.1%, standard deviation 0.15%) error is added separately to each TR spectral radiance 

measurement, modeling the data typically obtained from a HS source by the primary TR. The 

noisy data points are interpolated to form a source prediction, the error between the prediction 

and the truth is determined, then averaged over 300 independent trials of randomly applied 

error. The error resulting from the noisy interpolations averages 0.24%, an increase in 

integrated absolute error of 33% from the ideal (error-free) prediction. If the error were 

uncorrelated, the error should be 0.21%, and this result indicates that the error sources do 

correlate. 

5.1 Augmentation with Secondary TR Measurements 
The benchmark error for an augmented approach would be the error figures obtained from the 

unconstrained noise-free unitary VNIR-SWIR optimization [4]. That optimization allowed 

freely-placed bands within the full spectral bandwidth. The numerical values of the noise-free 

source prediction error obtained with those optimizations for 26-32 allowed band samples are 

provided in the first row of Table 6. Rows 2 and 3 of Table 6 are averages of 300 trials of the 

unconstrained band set with added TR and spectrometer measurement uncertainties 

respectively. For the TR measurements, the uncertainty is normally distributed as described, 

while for the spectrometer, mean noise of 0.5% and 0.75% variance is included. The 

predictions resulting from a two-step exclusionary optimization should be of lower quality 

than these respective benchmarks due to any constraints imposed.
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Table 6. Comparison of prediction error resulting from incorporating auxiliary 

measurements of varying quality. The cited values are percent absolute integrated 

error. 

 26 BANDS 28 BANDS 30 BANDS 32 BANDS 

Unitary 0.11 0.09  0.08 0.10 

Unitary TR 0.19 0.20 0.16 0.22 

Unitary 

Spectrometer 

0.68 0.80  0.60 0.81 

Noise-Free 0.12 0.11 0.10 0.09 

TR primary 

/ Secondary 

0.19 0.18 0.17 0.16 

TR primary 

/ Spectro 

0.27 0.26 0.25 0.29 

Spectrometer  0.66 0.63 0.65 0.64 

Key: 
 Unitary: Unconstrained band selection, 26-32 bands, no noise 

Unitary TR:  Unitary with mean 0.1% normal noise 

Unitary Spectrometer:  Unitary with mean 0.5% normal noise 

Noise-Free:  Interleaved  18 unconstrained and 8-14 constrained, no noise 

TR primary / Secondary: Interleaved with mean 0.1% normal noise 

TR primary / Spectro: Unconstrained w/ 0.1% noise, constrained w/ 0.5% noise 

Spectrometer: Interleaved w/ mean 0.5% noise 

 
 In order to obtain a system configuration which best reflects realistic calibration 

techniques, the secondary measurement source is constrained as to sample space. No band 

samples are allowed in the degraded radiometer sensitivity sub-band of 1050-1150 nm, nor in 

the spectral overlap of 10 nm filter bandwidths for both primary and secondary measurement 

devices as previously discussed. The degradation resulting from the joint optimizations can be 

compared to the prediction error. 

The constrained optimization was performed for the secondary band centers, a series of 

optimizations for each allowed band sample size of 8, 10, 12, or 14 secondary TR / 

spectrometer measurements. The optimal auxiliary selection is that set of secondary band 

placements, when included with the band centers of the 18-sample primary TR, provide the 

most accurate source prediction upon interpolation of the expanded series of truth (no 

included measurement error) radiance values. The augmented interpolations then are of length 

26, 28, 30, and 32 source measurements. The four augmented predictions result in better 

accuracy than the 18-band result, decreasing nearly linearly in integrated absolute error from 

0.12% with the 26 band selection, to 0.09% error for the 32 band selection. The source 

prediction error resulting from augmentation of the noise-free primary TR measurements with 

the secondary TR auxiliary data is shown in Table 6 as the noise-free entry (row 4). 

In the absence of measurement noise, the reconstruction error resulting with the 

augmentation approach (row 4) is only slightly greater than that obtained with the 

unconstrained optimization to 26-32 MS bands (row 1), This result indicates that later 

utilization of a secondary TR in tandem with an initially band-optimized primary TR enables 

source prediction with error comparable to a band-optimized TR with a filter selection the 

size of the combined primary-secondary configuration. 
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The augmentation selections of 8, 10, and 12 auxiliary bands were all placed in the SWIR 

partition. It was only with the largest augmentation selection of 14 bands that the optimization 

allows band placements in the VNIR. The prediction accuracy obtained by augmenting the 

primary TR measurements with those of the optimal secondary TR is determined as before. 

Normally distributed radiometer noise with mean and variance values given previously is 

added independently to each of the measurements. The resulting prediction error for the four 

dual-TR configurations is shown in row 5 of Table 6. These data reinforce that correlation 

cross-terms between the interpolation and measurement noise contribute to the total error 

figure, as the errors are greater than that obtained from a root summed squared value. 

5.2 Augmentation with Spectrometer Measurements 
Next we model the outcome when the calibration incorporates spectrometer source spectral 

radiance measurements with the measurements obtained from the primary TR. These 

measurements are obtained at the spectral bands provided by the dual optimizations. For this 

model, the 18 primary TR measurements have added radiometer noise as previously defined, 

while the 8-14 optimized spectrometer measurements include normally-distributed error with 

a mean of 0.5% and standard deviation of 0.75% of the truth spectral radiance at that band. As 

before, the cited reconstruction error is the mean integrated absolute error resulting from 300 

interpolations. The results are shown in row 6 of Table 6, the TR primary-spectrometer 

augmentation prediction error. 

For comparison, the prediction error resulting from calibration relying only on less-

accurate spectrometer measurements is provided in row 7 of Table 6. These figures were 

derived by including the typical spectrometer uncertainties to all the bands, primary and 

secondary, then interpolating the results. When convolved with the interpolation error, the 

added noise results in a prediction with mean error 3.7 that obtained with a radiometer-based 

system. A prediction relying on 215 spectrometer measurements spaced at 10 nm intervals 

throughout the unitary spectrum with typical 0.5% error results in a prediction error of 0.54% 

when 300 trials are allowed. In all cases but the 30-band set, the prediction is worse for the 

unitary optimization with spectrometer noise (row 3), than the dual-optimization result (row 

7). This finding indicates that DS optimization of band selection is less effective as 

measurement uncertainty grows large. The error introduced to the prediction by low-quality 

measurements overwhelms the accuracy provided by the DS approach. 

Recall that the error resulting from the 18 interpolated TR primary bands, with no 

auxiliary measurements and with typical error, averages 0.24%. Augmenting the 18 primary 

TR measurements with of order 10 addition high-accuracy measurements at optimized 

spectral locations reduces the primary-only error by approximately 25%, but is likely an 

insignificant improvement taken in total with other contributors to the systemic error budget. 

Most importantly, augmenting high-accuracy TR measurements with lower-quality 

spectrometer data significantly degrades the prediction generated by the sparser primary-only 

TR measurements, due to the introduction of the greater spectrometer measurement 

uncertainty. 

6 Summary and Conclusions 
Previous work by the authors [4] describes a technique for placement of spectral bands which 

coarsely sample a stable hyper-spectral (HS) source, then predict that source at the desired 

resolution. Two optimization algorithms selected from the family of Direct Search (DS) 

methods, the stochastic genetic algorithm (GA) and the deterministic generalized pattern 

search (GPS), are sequentially applied to explore the sample space of allowed band sample 

wavelengths within the spectral profile requiring prediction, converging to a solution set of 

spectral bands which reconstruct the HS profile with minimal error. The source reconstruction 
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is formed via interpolation of the profile samples at the selected wavelengths by a preferred 

interpolation algorithm. The choice of interpolator is based on performance characteristics 

influenced by application concerns such as source stability and source-specific features. For 

the investigations conducted here, the spectral profiles are typical integrating sphere spectral 

radiances in the VNIR and SWIR, as measured at the exit port. Artificially generated and 

measured profiles are used as truth, and are best described as smooth Planck curves of 300-

2500 nm width at 1 nm resolution, with peak radiance near 800 nm and weak absorption 

features in the SWIR near 1450 and 1940 nm. 

The DS optimization is successfully applied to transfer radiometer (TR) band selection, 

TRs being established tools widely used in calibration of HS sources by furnishing transfer 

factors derived from a minimal set of multi-spectral narrow-band data measurements obtained 

from the source at select bands. A well-characterized radiometer is highly accurate, providing 

gain-corrected spectral measurements with accuracies approaching 0.1%.  The optimizations 

result in a series of optimal band-center wavelengths varying in the number of allowed source 

samples. This allows for determination of the minimal number of TR sample bands 

(excluding measurement uncertainty) which satisfies the allocated share of the HS source 

prediction system error budget. The DS approach also enables categorization of the explored 

sample space, useful for forecasting trends in accuracy and performance expected with 

modifications to the system configuration. 

Performance of three interpolation algorithms is compared, with the primary evaluation 

attributes being absolute accuracy of the source prediction and integrity in the event of source 

deviation. Two of the three are variations of the piecewise cubic spline, the not-a-knot cubic 

spline and the PCHIP (Piecewise Cubic Hermite Interpolating Polynomial). Both splines 

interpolate using cubic polynomials between interpolant points in a piecewise fashion, with 

differing constraints on the first and second derivatives at those points. Both algorithms can 

be successfully implemented as the preferred interpolator, while the PCHIP algorithm does 

demonstrate superior performance in this application. Depending on the spectral partition to 

which the methodology is applied, the not-a-knot cubic spline predictions result in 50% more 

integrated error than the PCHIP cubic spline, a difference which decreases as the number of 

allowed source samples for interpolation gets large. Both cubic spline variants exhibit similar 

robustness characteristics in the event of source perturbations, wherein the source radiance 

profile is non-stationary in the face of perturbations caused by distribution temperature or 

increased absorption. The third interpolation algorithm employed is Bulirsch-Stoer rational 

function interpolation, which is shown to be unviable for HS source prediction based on a 

limited number of MS samples. 

Evaluations of performance are documented for source prediction when the optimizations 

are conducted throughout the full-width (unitary) spectrum, or individual VNIR and SWIR 

partitions. A benchmark accuracy of 0.08% integrated prediction error with the source subject 

to prediction for this optimization is comparable to the stated accuracy inherent to a well-

characterized TR. Integrated error totaling 0.076% is obtained with PCHIP interpolation 

optimizing to the full unitary spectrum, when interpolating the 31 bands selected by the 

method. For that data set, 15 bands were localized to the VNIR region, and 16 to the SWIR. 

In our previous work [4], we quantify the number of bands localized to the VNIR and SWIR 

sub-bands within the full bandwidth optimization as the total number of samples is allowed to 

increase. It was shown that more bands are required in the SWIR sub-band than the VNIR to 

realize the most accurate prediction of the full spectral bandwidth. The integrated flux 

localized to the VNIR band is 62% of the total spectral flux, but is reproduced with fewer 

samples due to the absence of absorption features which are present in the SWIR. 

The differentiation of the VNIR and SWIR partitions within the unitary spectrum is 

necessary for TR design, as the detectors typically employed in those spectral sub-bands have 

finite spectral responses. Distinguishing the sub-band partitions within the unitary spectrum 

allows optimization to only those bands which can be incorporated into sensor design. For the 
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stated benchmark 0.08% integrated prediction error, we find that 12 bands in the VNIR 

partition (62% of the total profile flux), and 20 bands in the SWIR (38% of the total profile 

flux), satisfy the required benchmark. The DS algorithm objective function defines the 

optimal selection, and as implemented here optimizes to integrated absolute rather than 

relative error. Our definition of optimal is most sensitive to accurate prediction in regions 

with greatest spectral radiance, for this profile the VNIR. The spectral radiance in the SWIR 

is significantly less, particularly in the tail of the radiance distribution, and the optimization 

criterion requires 20 bands in the SWIR in order to reduce the error to 0.08%. 

Noting that the total placements summed between the two partitions is 32 in the separate 

VNIR and SWIR optimizations, these findings reinforce those of the unitary optimization, 

where 31 bands were required within both partitions to meet the benchmark. Optimizing to 

each partition separately, combining the partition band selections, and then interpolating to 

the unitary spectral band is shown to result in a prediction with error equivalent to that 

obtained for a unitary optimization, when sufficient band samples are allowed. Equivalency 

was obtained when the sum of samples allowed in the two partitions is 17 (7 in the VNIR, 10 

in the SWIR) or more, given the profile subject to prediction. 

The optimal reconstruction, being obtained from the truth spectral profile, will generally 

result in an increased error when measurements are obtained from a source deviating from the 

original HS ‘truth’ curve. Even with a relatively stable source, temporal changes in the color 

spectrum of the SIS output radiance will occur, with sources of perturbation including coating 

degradation, illumination bulb drift, or spectral absorption due to atmosphere. These changes 

are modeled in a manner which may be encountered in typical HS applications, and the 

deviated radiances are interpolated by the band selection optimized to the unperturbed truth. 

This evaluation finds that the degree of degradation in the corrupted prediction varies widely, 

with increases in relative error of 30-50% according to the interpolator applied and final form 

of the perturbed profile and its defining features. In some cases the prediction improves, with 

less error than the reconstruction based on the truth measurements. The prediction accuracy is 

most sensitive to shifts of the flux peak to other wavelengths. 

The prediction error values cited are those resulting from the ideal interpolation of truth 

band-averaged spectral radiance measurements, with no added noise. In an applied calibration 

setting, the results will vary from those discussed here due to systemic error realized in 

acquisition of the measurements, perhaps from source deviation or radiometer noise. Added 

noise convolves with the prediction error, and this effect is quantified for an application 

employing a pair of TRs in the VNIR and SWIR, and an application which predicts a source 

with a spectrometer. Normally-distributed noise with a mean of 0.1% is individually applied 

to each TR measurement, with 0.5% noise similarly added to the measurements to represent 

typical spectrometer data. The band selection is identical for both systems, as the 

methodology predicts the optimal bands for interpolation irregardless of acquisition 

uncertainty. 

Given noisy TR data, we find that the prediction error increases by 70% over that obtained 

by interpolating noise-free truth values. The tested data varies in noise-free prediction error 

from 0.9% - 0.11%, and increases with the mean 0.1% noise to the range 0.16% - 0.22%. 

When the noise model represents that of spectrometer data, the error increases over five-fold. 

These values indicate that the expected error figure for an application is greater than the root 

sum of squares, indicating that the interpolation and measurement errors are correlated. 

We model the eventuality that a system is designed incorporating the bands selected by 

the stochastic DS method, and later find a need to improve the prediction by augmenting the 

MS bands in that operational system. A constrained optimization was performed, which 

optimizes to auxiliary bands within the same profile, but distinct from those already sampled 

with the primary device. The model represents a dual radiometer system, one in the VNIR 

and one for SWIR measurements, with a total of 18 bands between the two. 8-14 auxiliary 

bands were selected by the constrained optimization, disallowing overlap between the narrow 
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band filters. The optimization finds that assigning the auxiliary bands to the SWIR band 

yields the greatest error reduction, in most cases. Typical error reduction using both the 

primary and auxiliary measurements is 27%, which may be an insignificant improvement in 

context of the system error budget. We also show that if the primary data measurements are 

obtained with noise typical to a TR, and the auxiliary data measured with a spectrometer and 

its larger uncertainty, the prediction is degraded as compared to the prediction obtained with 

only the original high-accuracy TR measurements. The increase in error averages 11% above 

that resulting from only the primary TR data, clear evidence that measurement accuracy is 

essential to successful source prediction. Furthermore, for low-quality measurements, the 

magnitude of the uncertainty is such that band placement optimization is of no use. 
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