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ABSTRACT

Three information measures are discussed and used as objective functions for optimiza-
tion of wireless sensor networks (WSNs) and radar systems. In addition, a long-term
system performance measure is developed for evaluating the performance of slow-fading
WSNs. Three system applications are considered: a distributed detection system, a dis-
tributed multiple hypothesis system, and a radar target recognition system.

First, we consider sensor power optimization for distributed binary detection systems.
The system communicates over slow-fading orthogonal multiple access channels. In ear-
lier work, it was demonstrated that system performance could be improved by adjusting
transmit power to maximize the J-divergence measure of a binary detection system [1].
We define outage probability for slow-fading system as a long-term performance mea-
sure, and analytically develop the detection outage with the given system model. Based
on the analytical result of the outage probability, diversity gain is derived and shown to
be proportional to the number of the sensor nodes. Then, we extend the optimized power
control strategy to a distributed multiple hypothesis system, and enhance the power op-
timization by exploiting a priori probabilities and local sensor statistics. We also extend
outage probability to the distributed multiple-hypotheses problem. The third application
is radar waveform design with a new performance measure: Task-Specific Information
(TSI). TSI is an information-theoretic measure formulated for one or more specific sen-
sor tasks by encoding the task(s) directly into the signal model via source variables. For
example, we consider the problem of correctly classifying a linear system from a set of

known alternatives, and the source variable takes the form of an indicator vector that
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selects the transfer function of the true hypothesis. We then compare the performance
of TSI with conventional waveforms and other information-theoretic waveform designs
via simulation. We apply radar-specific constraints and signal models to the waveform

optimization.
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CHAPTER 1

INTRODUCTION

In this dissertation, we show three system optimization problems with three different in-
formation measures. Two applications are about transmit power optimization for wireless
sensor networks (WSNs) and the other is radar waveform optimization. These systems
are characterized by various system statistics, and design parameters are optimized based
on the system statistics. For WSNs, the design parameters are the transmit sensor powers,
and for the radar system, the design is over the spectral content of the transmit waveform.

After briefly introducing the practical systems and explaining the motivation of each
system optimization, we will discuss what types of performance measures can be used
as objective functions for system optimization, why a performance measure based on
an information measure is preferred among the various kinds of performance mea-
sures, and how we can select/design an information measure specialized for the detec-
tion/classification problem.

Strategies to improve the lifetime of battery-powered WSNs have been an intensively
studied topic due to the difficulty of replacing batteries in geographically deployed sen-
sors. We consider distributed detection/classification systems where a network of sensors
each observe the event status of a source, make their own local decision, and forward
the decision to a fusion center through a non-ideal fading channel. Based on the local
decisions, the fusion center makes a final decision according to a fusion rule. However,
the focus here is not on the local decision or the fusion rules, but on efficient power
control strategies for conserving the power used by WSNs. Based on the given WSN

system model and the proper information measure, the transmit power of sensors can be
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optimized.

In a radar system, target information is obtained by transmitting a waveform and ana-
lyzing the received observation. Linear FM is traditionally used as a radar waveform since
it provides a good range resolution, high pulse-compression ratio, and a simple hardware
implementation. The maximum detection range is improved by using a long pulse width
carrying high energy without sacrificing bandwidth. Recently, transmit waveforms can be
easily and digitally manipulated due to the advent of digital radar systems with a fast pro-
cessor. This means that software-defined radar systems can show remarkable flexibility
and versatility in capturing the information of targets. In this case, the waveform does not
have to be a Linear FM. Instead, we can use any optimized waveform based on a priori
information on the given system model including target signatures in order to obtain more
reliable information about the target. Therefore, optimal waveform designs are recently
getting more attention [2][3][4][5][6][7][8]. Based on the given radar system model and
the proper information measure, the transmit waveform can be optimized.

In order to find a proper optimization scheme for these applications, we need to inves-
tigate a reasonable objective function characterizing the given system models. Tradition-
ally, signal-to-noise ratio (SNR), and mean-square error (MSE) have been successfully
used since these performance measures are intuitive and work well. However, SNR and
MSE are based on only the second moment of a statistical process while information
measures are based on a complete probability distribution function. Therefore, more re-
searches based on information-theoretic optimization method are active now in various
science and engineering fields.

Note that it is almost impossible to confirm that one specific performance measure
is the best measure in all cases since the system performance depends highly on the

statistics of the input data. However, in many cases, information measures are bet-
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ter than traditional measures and have been adopted for many system optimizations
[T1[2][8][9][10][11][12]. Therefore, after selecting and designing information measures
based on system behaviors, we perform system optimizations and analyze the perfor-
mances expecting that the information measures are statistically more suited for charac-
terizing the given system.

We use three different information measures: J-divergence, total J-divergence, and
Task-Specific Information (TSI). All of these information measures depend on the statis-
tics of the observations and target classes (or target hypotheses). For example, J-
divergence is a symmetric Kullback-Leibler distance measure between two conditional
distributions, p(y|Ho) and p(y|H;), for binary detection problem. Each distribution of
the observation y is conditioned by each target class, H, or ;. Therefore, J-divergence
is related with the observations and target classes. For multiple-hypothesis detection prob-
lems, we use total J-divergence and TSI, both of which exploit a priori probabilities of
the target or source. Total J-divergence is a pair-wise weighted sum of the individual
J-divergences while TSI is a mutual information between the observation and a virtual
source. The virtual source (or source variable) is a direct encoding of the classification
task into the signal model via a discrete random variable. The number of potential re-
alizations of the discrete source variable is the same as the number of hypotheses and
the a priori probabilities of the source variable are the same as for the classification task.
Therefore, identifying the source variable is equivalent to making a classification decision.
Total J-divergence has the limitation that only the pair-wise distances among the multiple-
target classes are considered while TSI has the advantage that the overall divergence or
dispersion among the multiple-target classes is fully considered by directly estimating the
target classification task or virtual source. By maximizing these three information mea-

sures, we can capture enhanced source information (target classes or hypotheses) from
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the observations. We will discuss the detailed definitions of these information measures
and give some explanation/simulation results on the relationship between the information
measures and probability of error later.

Now, we briefly introduce the previous researches related with WSNs and optimized
radar waveform design. First, Section 1.1 gives a brief introduction to the previous re-
searches on WSNs. Then, Section 1.2 describes previous research on radar waveform

design.

1.1 Power Control Strategy for Distributed Wireless Sensor Network and Its Analysis

Research on local decision and fusion rules for distributed sensor networks can be traced
back to the early 1980s ( [13], [14], [15] ) and are still in process ( [16], [17], [18], [19]),
but studies of optimal power control strategies are only recently being explored
( [11, [20], [21], [22]). Thomopoulos [23] et al showed that the local likelihood ratio test
(LRT) is optimal in the presence of a fusion center under the Neyman-Pearson criterion
where the decision scheme maximizes the probability of detection for fixed probability
of false alarm. These decision rules were then evaluated and improved in the presence
of network delay and channel errors in [24]. On the other hand, Hoballah and Varshney
investigated the optimal local rule under the Bayesian criterion in [15], and the rule was
expanded to consider the presence of non-ideal channels in [18].

Sadjadi developed local decision logic and fusion rules for generalizing the distributed
detection problem of Tenney to distributed multiple hypothesis detection[25]. He ob-
tained optimal detectors by minimizing an average cost function and finding the opti-
mal decision regions. Chao showed optimum partitionings of decision regions based on
multi-bit decisions to avoid the information loss by local hardlimiting process in [26].

In [27], [28], Wang studied local sensor decision logic and sensor fusion with a double-
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bound testing method for both serial distributed sensor networks and parallel decision
networks. Oh introduced a multiple-target tracking algorithm with a dynamic model of
multiple targets for sensor networks [29]. However, power optimization strategies unique
to multiple hypothesis scenarios have not been explored.

Recently, the emerging optimal power allocation issue has been considered in the con-
text of estimation of an unknown parameter or detection of an unknown source. Xiao et
al [21] introduced optimal power scheduling for the joint estimation of a Gaussian source
in an inhomogeneous Gaussian sensor network by minimizing total power consumption
while satisfying a mean-squared distortion constraint. Zhang [22] introduced an optimal
power allocation scheme over a multiple access channel by maximizing J-divergence un-
der a fixed total communication power constraint on the sensors of a distributed binary
detection system. We extend the optimal power allocation for distributed binary hypothe-
sis system to distributed multiple-hypothesis system and apply an additional local power
optimization based on local sensor statistics to obtain an extra local power gain. In addi-
tion, we define and develop outage probability for slow-fading WSNs. Outage probability
is a long term system performance measure to evaluate the performance of binary and
multiple hypothesis sensor networks.

In Chapter 2, J-divergence is used as an objective function to optimize the power of the
individual sensor. Here, the objective function is an instantaneous performance measure
since it quantifies the system performance with J-divergence calculated based on instan-
taneous system states. In general, system performance can be enhanced if more system
resources are applied. For a simple communication problem, if transmission power is
increased, better estimation/detection can be achieved at a receiver since the system SNR
increases. Next, two new concepts called detection outage and detection diversity are

introduced to quantify the long-term system performance. Detection outage is defined as
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Figure 1.1: Outage Probability(P;,) vs. Average measure(E{J(-)})

the probability that instantaneous J-divergence is smaller than a certain threshold. For a
slow-fading system, outage probability is a more useful measure than average measure.
The reason can be explained by Figure 1.1. Systems A and B have the same average
J-divergence since areas under the J-divergence curves of systems A and B are same.
However, in the viewpoint of outage probability, system A is almost everywhere above
the threshold(.Jy) while system B is below the threshold for more than 50 percent of the
time. Therefore, system A is usually active while system B is in outage for more than 50
percent of time. System A is practically stable and manages efficiently the given system
resource while system B is wasting the system resource. Therefore, outage probability
can be a more meaningful performance measure than average J-divergence.

Based on the detection outage probability, detection diversity order is defined as the
slope of the outage probability curve (versus system power consumption) when outage
probability curves are plotted in logarithmic scale. We show that even with a simple
uniform transmission strategy, full detection diversity can be achieved and is proportional
to the total number of sensors in the network. However, if the transmission power is
optimized across sensors, an adaptive power gain can be achieved in addition to the full
diversity gain.

In Chapter 3, we introduce the concept of local power control, which is performed by
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minimizing the average power of the local D-dimensional transmit symbol constellation
for distributed multiple hypothesis detection. Then channel power control is performed
to maximize the total J-divergence, which is an instantaneous performance measure based
on the instantaneous channel realization in distributed multiple-hypothesis detection sys-
tem. The total J-divergence optimization results in optimized amplifying factors prior to
transmission over the channel. We analyze the combined local-channel power control

scheme using classification outage, which is redefined for the multiple hypothesis system.

1.2 Waveform Design for Radar System

The problem of radar waveform design for improved detection, parameter estimation,
and/or classification has been an intensively studied topic. One result that has been
explored recently is the one by Bell, who developed information-theoretic principles
whereby waveform optimization is achieved by maximizing the mutual information be-
tween a Gaussian ensemble of extended targets and the received signal [2]. This approach
yields a spectral waterfilling (WF) strategy for obtaining the waveform’s energy spec-
trum. In other work, the WF strategy by Bell was applied to multiple-target parameter
estimation by defining a weighted linear sum of mutual information terms in [7]. In [30],
the Kullback-Leibler(KL) distance measure is used for waveform optimization. In [31],
waveforms for target classification were optimized in the time domain for multiple-input,
multiple-output (MIMO) radars by minimizing MMSE or maximizing the mutual infor-
mation between the observation and the target impulse response. In [3][4][5][6][8], wave-
forms for target classification were designed according to SNR considerations, which led
to an eigensolution based on an overall target difference correlation matrix[32]. Wave-
form design based directly on detection considerations has been studied in [33]. In [8],

the approach in [2] was applied to the multiple target classification problem by defining a
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probability-weighted spectral variance across the transfer functions of the various target
hypotheses and using this spectral variance in the waterfilling operation. To the extent
that accurately estimating the target transfer function yields good classification perfor-
mance, these approaches yield improved performance. However, we are motivated to find
a more effective and direct information measure optimized for the specific task of target
classification. This measure should be directly related to target class identification, not
necessarily to estimating target profiles that are then used in a classification algorithm.
The concept of task-specific information (TSI) was first proposed as an analysis tool
in [34][35] where it was used to optimize features that would be extracted for the final task
of recognition in imaging systems. We now develop and apply TSI for active waveform
design with the goal of discriminating between known target hypotheses. We introduce
a virtual source variable x, which is in the form of an indicator vector that selects the
true target transfer function from among the ensemble of target hypotheses. The TSI
formulation maximizes the mutual information between the received measurements and
the source variable x rather than the measurements and the transfer functions. If the
frequency-domain vector of observations is y, then TSI is defined as I(y;x) = h(x) —
h(x|y) where h(-) is entropy. For example, if the goal is to correctly identify the target
from among four equally likely hypotheses, then the maximum task-specific information
that can be extracted is h(x) = 2 bits, which is consistent with the four-class recognition
problem. Waveform design with TSI does not assume the frequency components of an
observation to be independent, which is a necessary assumption for using the waterfilling
solution from [2]. The fact that multiple observations are correlated when parameterized
by an underlying discrete source variable is accommodated by the TSI design framework

and leads to additional performance improvement.
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1.3 Dissertation Outline

The rest of this dissertation has three main chapters. Chapters 2 and 3 treat the prob-
lem of power control for WSNs, and Chapter 4 treats waveform design for radar systems
performing target recognition.The overall structure of each chapter is organized as fol-
lows. After introducing a system model, we apply a given information measure to the
system model and used the measure as an objective function for optimization problem.
Then, the system is optimized by a numerical approach and the optimization performance
is compared with the performances of uniform power/energy scheme or a conventional
optimization scheme. In order to compare the system performances, outage probabil-
ity is defined/developed for slow-fading WSN while probability of error is numerically
generated for radar system.

In Chapter 2, the system model of the detection problem for distributed wireless sen-
sor network is introduced, and we develop the J-divergence measure based on the given
system model in Section 2.1. In Section 2.2, the concepts of detection outage and de-
tection diversity are introduced with the assumption of a uniform transmission strategy
across different sensors. In Section 2.3, we optimize the power transmission strategy
subject to total and/or individual sensor power constraints.

In Chapter 3, we extend the detection problem of Chapter 2 to a multiple-hypotheses
detection problem by adopting the pair-wise sum of J-divergence measure. At first, the
system model of distributed classification in WSNs is explained in Section 3.1. In Section
3.2, the local power optimization is explained and the total J-divergence measure is de-
rived. In Section 3.3, after briefly explaining a uniform power transmission scheme with
local power optimization, we derive the asymptotic total J-divergence that we use to gen-
eralize detection outage probability for the multiple hypothesis problem. The relationship

between asymptotic total J-divergence and classification outage(or multiple hypothesis
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detection outage) is also demonstrated. Using the extended outage probability, we an-
alyze the power gain and classification diversity achieved through local power control.
In Section 3.4, channel power optimization (symbol amplification) is combined with the
local power optimization procedure of Section 3.3. Classification outage performance is
evaluated under a) a total power constraint, and b) total and individual power constraints.
Section 3.5 summarizes the results of Chapters 2 and 3, and gives some concluding re-
marks on the power optimization strategies for WSNs.

Chapter 4 begins by describing the system model for radar target recognition, and the
concept of TSI is explained by defining a virtual source that encodes the target classifi-
cation task into the signal model. Then, the optimization method with TSI is introduced.
In Section 4.2, we develop the gradient of TSI with respect to waveform frequency co-
efficients for a monostatic radar configuration and briefly evaluate the global optimality
of the gradient-based optimization process through Monte Carlo simulations. In Section
4.3, we introduce TSI for MIMO radar configurations. In Section 4.4, the performances of
the proposed TSI-based waveform and other waveforms are compared through computer
simulation results. Conclusions for the waveform design problem are made in Section
4.5.

Final conclusions and some suggestions for future work are provided in Chapter 5.
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CHAPTER 2

DETECTION OUTAGE AND DETECTION DIVERSITY IN DISTRIBUTED
WIRELESS SENSOR NETWORK

In this chapter, we discuss power control strategy and detection outage for binary hy-
pothesis system by using J-divergence which is a symmetric distance measure defined by

adding two Kullback-Leibler distance measure.

2.1 System Model

We adopt a similar model to that in [22], which is described as follows. At each observa-
tion period, the detection target can be abstracted as two hypotheses: H for the absence
of the target and H for the existence of the target, where we have I sensors that make
local observations and send local decisions to the fusion center. For simplicity, here we

focus on orthogonal multiple access channels between the sensors and the fusion center.

Sensor | | Channel 1 |
u =Y (x) . n T abu ta ]

o] Sensor 2 | Channel 2 |Y2| Fusion
iy = V5 () - v, =abu, tn,[ | Centep

} } w =Yo(y)

Sensor K | Channel K |y
ug = V() T )‘K:am’KJr”K_K’

Figure 2.1: Distributed detection with a fusion center.

Specifically as shown in Fig. 2.1, sensor k collects a local observation xj, that may be
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corrupted by an observation noise; then makes its local decision according to the rule:

0 under H
uy, = (1) =
1 under H;
with £ = 1,..., K. Afterwards, node k£ amplifies the local decision result by a factor of
aj and transmits the signal over the kth channel, which is modeled by a random amplitude
gain b, (assuming a coherent reception at the fusion center) and an additive white Gaus-
sian noise (AWGN) n;. We assume that both b, and n;, are independently and identically
distributed (i.i.d.) over k, but remain constant within the kth observation period. Note
that Fig. 2.1 only shows one time snapshot (one observation period) of the system. Since
we assume that the source and the channel state are also i.i.d. over time, we could first
focus on just one snapshot and later apply the result to analyzing long-term performance
(for which we will discuss average and outage performances, respectively).
For sensor k, the false alarm probability Pr(k) and the detection probability Pp (k)

are given as

Pr(k) = plux = 1|Hy),

We further assume that z;’s are independent over k conditional on a particular hypothesis.

As such, the joint conditional probability mass functions of the local decisions are as
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follows [22],
P(u|Hy) = H Pp(k)" (1 — Pp(k))d—),
P(ulH,) = H Pp (k)" (1 — Pp(k))d—ue),

where u = [uy, ..., ux]T .

At the fusion center, the received signals are represented as
y=BAu+n

where y = [y1,...,ux|t, A = diag{a1,as,...,ac}, B = diag{by,bs,...,bx}, and
n = {ny,...,nc}. As such, the conditional probability density function of the received

signals given the true hypotheses are [22]
p(y|H;) Zp ylwp(ulH;), i=0,1. @.1)

The final decision at the fusion center, uo, is determined by ug = 7o(y) with v,(-) the
fusion rule.

As in [22], here we are not focusing on the design of the optimal fusion rule.
Instead, we argue that the detection performance is optimized if the J-divergence

J(p(y|Ho),p(y|H;)) is maximized [22]. Particularly,

J(p(y|Ho), p(y|H1)) = D(p(y[H1)|p(y|Ho))

+ D(p(y|Ho)|p(y|H1))

where D(p;||ps) is Kullback-Leibler distance measure between two probability density
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functions [36]. For the detection performance measure, there are usually three differ-
ent criteria to adopt: the detection error probability (or probabilities of detection and
false alarm for Nearman-Pearson detectors when a priori information is unknown), dis-
tance related bounds (such as J-divergence [37]), and the asymptotic relative efficiency
(a.k.a. ARE [38]). Although the J-divergence is not being popularly used as the other
two criteria, as pointed out in [22], the J-divergence usually leads to tractable analytical
frameworks for distributed detection systems and has been adopted by many researchers,
e.g.,in [37, 39, 40, 38]. In addition, it has been established in [37] that the detection error

probability p. is related to the J-divergence via the following inequality:

pe > p(Ho)p(H1)e "2,

As such, the J-divergence provides us a lower bound to the detection error probability and
this bound monotonically decreases as J increases. In addition, the author of [38] has
proved that there are fundamental connections between the J-divergence and the ARE.
Furthermore, as established in [40], the J-divergence and Bhattacharyya bound both be-
long to a more general class of distance measures: the Ali-Silvey class of distance mea-
sures; meanwhile, the J-divergence is a symmetric version of the Kullback-Leibler dis-
tance, which is asymptotically the error exponent of the Chernoff bound from the Stein’s
lemma [36].

As discussed in [22], with AWGN channel noises, the system conditional probabilities
in (2.1) can be approximated by Gaussian densities and the resulting J-divergence is given

as

J() = %TT’ [R+BA(C, + £¢")A"B] -[R + BAC,A"B”]™]

+ %TT R+ BA(C, + £&7)ATB"] -[R + BAG,ATBT|"'] - K, (2.2)
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where

€:EO_ED

C, = diag{Pp(1) — P5(1),..., Pp(K) — PA(K)},

Co = diag{Pr(1) — Pp(1),..., Pr(K) — PA(K)}.

T'r[-] stands for the trace operation and R is covariance matrix of the channel noise vector

n.

2.2 Uniform Transmission Strategy: Asymptotic .J(-), Detection Outage, and Detection

Diversity

In this section, we focus on the simplest transmission scheme: uniform transmissions,
) . . K

where a;’s are the same. For the convenience of notation, we define ) ,_, az = Py

such that a} = %, Vk. Note that we keep P, fixed as we are investigating how the

system performance scales with /C, for the sake of comparison fairness. In addition, we

set R = diag{o?, ..., 0%} and we denote the channel SNR as s, = b2 /02, Vk. As such,



the J-divergence in (2.2) becomes

J()
1§iﬁ+abu%@m4%<)—M%@)()]
2 op + aibi[Pp(k) — Pp(k)?]
1 o 0f + a2 [Pp(k) + Pr(k)* — 2Pp (k) Pp(k)]
D D X (XS R
:1ioz+%bQ[PF<k>+PD< )2 — 2P (k) Pr (k)]
24 op + Betbi [Pp(k) — Pp(k)?]
1 a0+ ttb?[PD(k)JrPF( )2 — 2Pp (k) Pp(k)]
H T tb%( )= P2 -r

B
Il

1

1 Z K+ Pospor(k
2 K + Piosefr(k

+

Z Piorsilap(k
K+ Ptotsk;BF

(1) + a(-))

1
2
1
2

1 K+ Pospop( )_ )
3 2 [ <}C+Ptot3kBD( k) ! ]

1 K&mw — Bo(k)]
Z K+ PtotSkBD( )

2

where the system constants (which are assumed to be known)

OzF(k’) =

Br(k) = Pp(k) —

Pp(k) + Pp(k)* — 2Pp(k)Pp(k),

O[D(k) =

Pr(k) + Pp(k)? — 2Pp(k)Pp(k),

Pp(k)?,

Bp(k) = Pr(k) — Pr(k)?,

and

Jl(') _ Z PtotSk[OéF( ) ﬂF

P K+ Piosefr(k

PtotSk OéD BD( )]
Z K+ PtotSkBD( ) '

28
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2.2.1 Asymptotic J-divergence .J, for large-scale networks

To gain some intuitions, let us first investigate the asymptotic performance when the num-
ber of sensors gets large. We first work on Ji(+), i.e., the first part of J(-).
Case 1: 0 < ap(k) — fr(k) < 1. It can be shown in Appendix A.1 that the following

inequalities hold:

Puslar(k) — Br(k)] = P2siBr(k)ap(k) — Br(k)]
K P> K2

Ptotsk aF BF( )]

M=

e
Il
—

k=1

Ma

< Ji(") (2.3)

i
I

In the case of a homogeneous sensor network, i.e., ap(k), ap(k), fr(k), and Sp(k)
are the same over k£ while s; being i.i.d. over k, according to the strong Law of Large

Numbers (LLN), we obtain the following limits as I — oo:

K
Z Povsklar(k) — Br(k)] — Pt Elsi(ap(k) — Br(k))],

K
k=1
ko p2 g2 r(k)|lar(k) — Br 2 2
ZPM 0 (k)[lc<k) Br (k)] — P E[sifr(k)(ap(k) — Br(k))]

totsk P — Pr(k
wdz: s (Ros(5)  fo()

— 0, (2.4)

since E[s(ar(k) — Br(k))] and E[si8r(k)(ar(k) — Br(k))] are finite in practical cases.

Therefore, with 0 < ar(k) — Sr(k) < 1, we have
lim () = P Blsi(or(k) — (k)] 2.5)

Case 2: —1 < ap(k) — Sr(k) < 0. We can show in Appendix A.2 that the following
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inequality holds:

Pslar(k) — Br(k)] o= P2siBr(k)ap(k) — Br(k)]
K -2 K2

Piotsi| OéF — Br(k)] _

]~

bl
Il
—

k=1

M?:

> Ji(+) (2.6)

i
I

Similar to Case 1, it can be proved that limg_,o J1(-) = Pt E[sk(ar(k) — Br(k))] for
Case 2.

In summary, we have the following result for .J; (-):

lm Ji(-) = Py Elss(ar(k) — Br(k))] 2.7)

K—oo

for |ap(k) — Br(k)] < 1. Following similar procedures, the following result can be

proved for J,(-):

Kh_{rgo Jo(+) = Pt Elsk(ap(k) — Bp(k))] (2.8)

when |ap (k) — Bp(k)| < 1. Combining (2.7) and (2.8), we obtain the following theorem.

Theorem 2.2.1 In a homogeneous detection system under two conditions: |ap(k) —

Br(k)| <1, |ap(k) — Bp(k)| < 1, the J-divergence for a large K is as follows,

Joo := lim J(-) = P E[ni]
K—oo

sk(ar(k)+ap(k)—Br(k)—Bp (k)
5 .

with N =

It can be proved in Appendix A.3 that the two conditions in Theorem 2.2.1 always

hold in the distributed detection system that we proposed. From Theorem 2.2.1, we see
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that when the number of sensors increases, the J-divergence becomes saturated eventually
unless the total transmission power keeps increasing (i.e., P;,; keeps increasing). A nat-
ural question to ask: Do we gain any benefits by deploying more sensors if P, is fixed?
The answer is positive if we are concerned with the long-term system performance in a

fading environment, which will be discussed in the following section.

2.2.2 Detection Outage and Detection diversity

In this section, we investigate the long-term system performance that is a statistical quan-
tity, which can be calculated over a large number of observation periods given our assump-
tion that the system parameters are i.i.d. over time. For a network with slow-fading chan-
nels, it is not meaningful to discuss about average performance since each observation
period only goes through one fading state. In particular, a meaningful average measure
stands for the expected (over random realizations) performance for a given observation
period. However, since here we assume that each observation period only goes through
one random state, we are not able to experience the “expected” performance regarding
this particular event. On the contrary, if during one observation period, the random states
change across all possible values, the system output will experience an “expected” ver-
sion of the performance. In other words, in our setup, each observation period is either
doomed by a bad random state or blessed by a good random state; in the former case,
an outage occurs. Therefore, it is more meaningful to evaluate the outage performance
across time. As such, similar to the outage concept developed in the wireless communica-
tion community, we define the detection outage probability as the fraction of observation
periods that experience bad random states, which lead to low J values. Specifically, we
have

Py, = Prob{J(:) < Jo}
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where .Jj is a predefined threshold. For the proposed distributed detection system, the

following theorem holds.

Theorem 2.2.2 In a homogeneous distributed detection system, with E[ny] being finite,

for Jy < J and a sufficiently-large K, the outage probability is given as

Py, ~ eXp(_ICITIk (C))

or

—logpy, ~ KL, (c)

where c = % and 1, (c) is the rate function (defined next in (2.9)).

Proof: The detailed proof is given in Appendix A.4.
For a special case of i.i.d. Rayleigh fading channels between the sensors and the

fusion center such that f,, (z) = 55 exp{—:%}, it can be shown [41] that

I, (c) = suplfc—logM,,(6)]
R
= suplfc + log(1 — bd)]
R
c b
= (- —1)+log-
(3 —1) +log -
Jo Jo
= —1 -1 2.9
Ptot52 o8 Ptot(s2 ’ ( )

where M,, (0) = 1+w is the moment generating function for 7, with b = §2. Therefore,

at high power regime where P;,; > %, we have [, (¢) =~ log P, such that

—logpy, ~ KL, (c)

== —logpy, ~ Klog Piy. (2.10)
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The above result implies that if we draw — log p;, over log P, the slope is K at high
power regime, where K is the total number of sensors. In other words, the outage prob-
ability p;, decreases exponentially over K. Similar to the concept of spatial diversity in
multiple antenna systems, where the diversity order is defined as the slope of the packet
error rate curve (at high signal to noise ratio regime), we define the detection diversity
order as the slope of the detection outage probability curve (at the high power regime).
From the result in Theorem 2.2.2, we see that the proposed distributed detection scheme
achieves a full diversity order, which is equal to the total number of nodes in the system.

We now further illustrate the concept of detection diversity via a numerical example.

We set s, = 0(2;32 |rk\2 where d, is the transmission distance from sensor & to the fusion
k7k

center (dy = 100 m for all k’s), 07 = —70 dBm for all £’s is the channel noise power,

Gy = —30 dB is the nominal gain at the unit distance d;, = 1 m, and |ry| is an i.i.d.

Rayleigh fading random variable with unit variance. We further set Pp(k) = 0.5 and

Pr(k) = 0.01 for all £’s, and set Jy = 1.2.
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Figure 2.2: Outage probability versus P, with the uniform transmission strategy.

In Fig. 2.2, we draw the outage probability over F;,;, where we see that at reasonably
high P,,; values, the slope of the three-node case is three times as large as that of the

one-node case, while the slope of the nine-node case is nine times as large as that of the
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one-node case. We conclude that even with the simple uniform transmission strategy with

Piot
K

a% = , the full detection diversity of order K can be achieved.

10

Average J-Divergence

—o— 1 node

3 nodes
— — -9 nodes
—&— 27 nodeg

;
N 10° 107

Figure 2.3: Average J-divergence versus P, with the uniform transmission strategy.

In Fig. 2.3, we draw the average J-divergence achieved with different numbers of
nodes, where we see that the average performance shows no significant improvement
when we increase the number of nodes for a fixed F;,;. While this verifies the results in
Theorem 2.2.1, it cannot lead to the conclusion that a three-node system is as good as a
nine-node system in a slow-fading environment. In such an environment, outage proba-
bility should be the correct criterion to use, and more nodes stand for a higher diversity

gain that we could explore.

2.3 Optimal-power Transmission Strategy: Adaptive Power Gain and Full Diversity

Gain

2.3.1 Optimal-power transmission with a total power constraint

If channel states are available to the fusion center and there exist downlink control chan-
nels from the fusion center to all the sensors, the fusion center could calculate and adjust

the transmission power of each sensor node in an optimal way. Such a strategy can be



formulated as follows.

max J

s.t.

[~ =
s ~—
TN
IA

SIS
= 0
vV
=
=l

where the design variables are ay’s.
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K, .11)

The convexity conditions and the optimal solution for (2.11) are given in [22], which

is not the focus here. Instead, we are interested in the resulting outage performance.

Using the same numerical setup as for calculating the data in Fig. 2.2, we draw the outage

probability versus P, in Fig. 2.4, where we see that the resulting curve has the same

slope at high power regime as the uniform transmission strategy. In other words, a full

diversity order of K is still achieved. Furthermore, the left shift of the outage probability

curve stands for an adaptive power gain that is obtained by optimally controlling the

transmission power at each node.

Outage probability
.
o

107

—©— 9 nodes, uniform transmission

9 nodes, optimal transmisson
with atotal power constraint

107
10

tot

Figure 2.4: Outage probabilities for the power-optimal transmission strategy and the uni-

form transmission strategy.
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2.3.2  Optimal-power transmission with both individual and total power constraints

In a practical system, each sensor may have an individual power constraint imposed by
its battery or certain transmission regulations. As such, we can modify the optimization

problem given in (2.11) as follows,

max  J()
K
s.t. Za% S Ptota
k=1
0<ap<ay k=1,...,K, (2.12)

where a;'** is determined by the square root of the individual maximum allowed power.

Since the added individual power constraints are linear constraints, there is no change
on the convexity conditions given for (2.11) such that the optimal solution can be simi-
larly solved. Sequential optimization techniques discussed in [41] can also be applied to
solve (2.12), which is skipped in this chapter. Accordingly, we draw the detection outage
probability in Fig. 2.5 for the case with both the individual and total constraints, against
the case with only the total power constraint. We see that with extra individual power
constraints, full diversity can still be achieved while the power gain is reduced compared

with the case without individual power constraints.
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CHAPTER 3

POWER CONTROL STRATEGY FOR DISTRIBUTED MULTIPLE HYPOTHESIS
DETECTION

In this chapter, we discuss power control strategy for multiple hypothesis system by using
total J-divergence which is a pair-wise sum of individual J-divergences used in Chapter 2

and classification outage to evaluate the system performance of slow-fading WSNss.

3.1 System Model

We introduce a similar system setup as that used in Chapter 2, but the system model is
extended for multiple hypothesis detection and includes a local modulation scheme f(-)
based on the local decision statistic for extra power gain. At some observation time,
detection of the event source (for example, detection of multiple targets or target classifi-
cation) can be abstracted as multiple hypotheses: Hi, Hs, ..., Hy. There are K sensors
that make local observations about the source and transmit local decisions to the fusion
center. For simplicity, we assume that the local decisions are transmitted to the fusion
center over orthogonal multiple access channels as shown in Figure 3.1. Specifically, sen-
sor k collects a local observation x;, that has been corrupted by observation noise. Each
sensor then makes its own local decision u; according to a local decision rule denoted

symbolically as

U I’}/k(l'k) c {1,2,,7‘[}
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Sensor 1 Channel 1 [ Y
u, = 7,(x,) @ yy=a,bfy(ur)+n,

X | Sensor 2 Channel 2 [Y.| Fusion
@ Y= a;bfi(uz)+n, WC_e;tfyr)
- . /o

. .

Channel X | %
@ yf,F a’AbAfS( u K) +n,\

Sensor X | u,
U, = %(x)

Xz

Figure 3.1: Distributed Multiple Hypothesis Detection with a Fusion Center.

Node £ then maps its local decision wuy to a transmit symbol according to some modula-
tion scheme, f;(uy), amplifies the transmit symbol by aj, and transmits the signal over
the kth fading channel. In general, the modulation scheme f,(uy) can be scalar (e.g.,
amplitude modulation) or multi-dimensional (e.g., phase shift keying (PSK) or frequency
shift keying (FSK) ). The fading communication channel is modeled as a set of random
amplitude gains by, and the signal received at the fusion center is corrupted by additive
white Gaussian noise (AWGN). We assume that the b;’s and n;’s are both independent
over k. Later in this chapter, we use outage probability which is introduced in Chapter
2 to quantify long-term system performance over multiple independent and identically
distributed (i.i.d.) realizations of the channel gain coefficients.

From now on, we use a bold capital letter for a matrix and a bold lower-case letter for
a vector. K is the total number of channels. # is the total number of hypotheses, and D
is the total number of dimensions used for the local modulation scheme.

We can characterize an individual sensor by its transition probabilities

P(ux =1|H;) forlandi=1,2,... H.

We further assume that the local observation z;’s and the local decision u;’s are inde-

pendent over £ when conditioned on a particular hypothesis [1] [42]. As such, the joint
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conditional probability mass function of the local decisions is

P(u|H;) ﬁ P(ug|H;) (3.1)
k=1

where the local decision vector is u = [uy,... ,u;C]T. In Chapter 2, these transition
probabilities can be represented only with respect to probability of detection,Pp (k) and
probability of false alarm, Pr(k) due to two hypothesis problem. However, for multiple

hypothesis problem, we use the above notation without using Pp (k) and Pr(k).
We now allow each sensor to adaptively control its transmit symbol constellation ac-
cording to its own unique decision statistics. Let f;(-) be the optimization of the transmit
symbol constellation. The optimized modulation symbols are transmitted to the fusion

center over a fading channel. At the fusion center, the received signals are

y = BAf;(u) +n (3.2)
where B = diag{by,bs,...,bxc}, A = diag{as,as,...,;ac}, fs(u) =
[fs(ul)a fs(u2)7 B fs(ulC)]T’ y = [yla Y2, .- - 7yIC]T’ and where n = {n17n27 SR 7nIC}T is

the additive noise vector. The conditional PDF of the received signal given hypothesis H;
is

p(y|H;) Zpy!u (ulH;). (3.3)

The final decision at the fusion center, u, is determined by a fusion rule denoted symbol-
ically by ug = yo(y).
In general, {P(H;)|: = 1,2,...,H} may be unknown but can be estimated with a

given local transition matrix and local decision probabilities. For example, a vector of a
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priori source probabilities could be estimated according to Py, (H) = | P(uy) where

P(up =1|Hy) -+ P(up=1|Hy)
L, =

is given. ﬁ(uk) is a locally estimated vector of decision probabilities obtained by av-
eraging in time over many independent decisions. For example, suppose the kth sensor
operates for some period of time and makes 100 decisions. If the sensor chooses the sec-
ond hypothesis (u; = 2) three times, then ﬁ(uk = 2) = 3/100. However, this approach
yields estimates of the decision probabilities, not of the source prior probabilities. The
two are related by Py(H) = L' P(uy), but unfortunately this can lead to negative
prior probabilities because they are calculated from estimated P (uy) rather than the true
local decision probabilities. Therefore, we have instead performed a simple nonlinear

optimization:

min  ||By(H) — L' P(uy)|
H o~
=1

P, (H;) > 0 for all 4.

The final global estimate ﬁ(HZ) is calculated by averaging over the K sensor estimates
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(ﬁk(Hi)) according to

3.2 Power Control Strategy

3.2.1 Local Power Control

In this chapter, we adopt two power optimization strategies-local power control and
channel power control-to take advantage of local sensor statistics and channel statistics.
As for the local power control, we allow each sensor to adaptively control its trans-
mit symbol constellation according to its own unique decision statistics. Let {Jx(l) =
fs(up = |l = 1,2,--- ,H} be the local modulation symbols of the kth sensor where
the modulation function f,(-) adjusts the symbols based on local decision probabilities,
{P(ux = h)|h =1,2,--- ,H}. The local power control minimizes the average power of

the modulation constellation. Let this optimization for the kth sensor be stated as

H
min PW, = S (DI2 - Pluw =1
5o 60(2) Sk (H) 12_1] KO - Pluy =1)

s.t.  F(-) = const (3.4)

where the constraint F'(-) can be any communication performance measure between the
kth sensor and the fusion center. The design variables are 5 (1), 0x(2), -+ , (). The
basic goal of the local power control is to find an optimal local constellation configuration
that minimizes the average constellation power while keeping a given communication per-

formance. We could let the constellation configuration be completely arbitrary, but this
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approach would likely lead to impractical implementations and increases the optimization
procedure considerably. Instead, we essentially implement F'(-) as a structural constraint
by assuming a symbol constellation in the form of some traditional modulation scheme
(QAM, FSK, etc) with spacing determined by desired communication performance. Once
the constellation structure and size are set, we can then optimize the average power of the
constellation through linear translations of the constellation and by judicious assignment
of decisions to symbols in the constellation. Note that communication performance is
determined by the constellation structure, not by its translational shifts. We later show an
example using a translated QAM constellation including a fair comparison to the perfor-
mance of a system with a non-translated QAM modulation transmission. This example is
shown in 3.3.4 and 3.4. We also show an example using scalar modulation in 3.3.3. Op-
timization of the transmit symbol constellation as defined by (3.4) is referred to as local
power control while optimization of the average power transmitted by each sensor based

on channel states is referred to as channel power control.

3.2.2 System Performance Measure, Total J-divergence & Channel Power Control

Rather than considering optimal fusion rules, we instead argue that detection performance
is generally improved if the total J-divergence J**'* is maximized. In particular, the total
J-divergence measure is defined by a weighted sum of pairwise J-divergences, J¥ =

J(p(y|H;),p(y|H;)), according to [43][44]

H H
Jretet = % Z Z J(p(y|H;),p(y|H;)) - P(H;) - P(H;)
H
=" > Jp(y|H), p(y|H,)) - P(H;) - P(H;). (3.5)

i=1 j=i+1
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The second line of (3.5) is possible because J* is symmetric and J¥ = 0 when i = j. The
pairwise J-divergences are J = £[D(p;|p;)+D(p;||p;)] where D(p;||p;) is the Kullback-
Leibler (KL) divergence measure between two probability density functions [36]. Thus,
the J-divergence is a symmetric version of the more general KL distance measure.

The KL distance is the average of the difference between two log-likelihood functions.
Let log(p;) and log(p2), respectively, be the two conditional log-likelihood functions for
hypotheses H; and H». The KL distance is defined as E1 [log(p1) —log(p2)] = Eilog(L})]
where £ [-] is the expected value with respect to p;. From this definition, the KL distance
is interpreted as the average of the log likelihood ratio between two conditional PDFs p;
and p,. Because the likelihood ratio is an optimal detection method that appears in both
Neyman-Pearson and Bayesian detection, we can conclude that J-divergence is closely
related with detection performance. In fact, for the binary Gaussian detection problem,
J-divergence becomes the SNR at the receiver and the probability of error is ) ( @)
where ()(+) is the Gaussian Q-function and J(-) is the J-divergence between the two hy-
potheses. Asymptotically, J-divergence determines the error exponent of the Chernoff
bound from Stein’s lemma [1], [36].

For distributed detection systems, the simulation results of [1] show that probabil-
ity of detection can be enhanced by increasing J-divergence. Even though J-divergence
is not a direct performance measure like probability of detection or probability of er-
ror, it usually leads to tractable analytical frameworks for distributed detection sys-
tems with Gaussian assumptions and has been adopted by many researchers, such as in
[371, [39], [40], [38]. J-divergence also provides a lower bound to the probability of error
by P, > P(H,)P(H,)e~’/? [37] in a binary detection system.

We apply J-divergence to the multiple-hypothesis detection system defined in (3.5)

because of its relationship to detection performance and its ability to provide a tractable
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analysis. For example, /%! provides a lower bound for the multiple-hypothesis detection
problem by PPound > (' — jiotal ywhere Pbound is defined as pair-wise sum of the individual
probabilities of error between two hypotheses (P2und = ZZil Z;{:l P9y and C'is a
constant (C' = 3.7, Z;{:l P(H;)p(H;)). A detailed proof is given in Appendix B.1. We
can reduce this bound by increasing the total J-divergence. Therefore, we can design a

power control strategy by maximizing the total J-divergence according to

max Jtotal ()

st.  Tr[AAT] < P,

0=A =X VP,

where A is the K x K diagonal amplification matrix defined earlier, P;, is a total
power constraint, and P, is a K x K diagonal matrix of individual power constraints.
VP e denotes the component-wise square root of P,,,,, and the inequality < means
that v/P,,,.. — A is positive semidefinite[1]. The individual diagonal terms of /P4,
need not be the same.

Note that the pairwise J-divergence J% directly depends only on the conditional prob-
ability densities, p(y|H;) and p(y|H,), but apparently not at all on the source’s prior
probabilities. Hence, it is not immediately obvious how a local optimization procedure
can have any effect on system performance. Closer inspection of (3.2) and (3.3), how-
ever, shows that J% does depend on the transmit symbol constellations used by the various
sensors. Since the symbol constellations are the design variables in the local power op-
timization, J% does indeed depend on a priori probabilities of source. Essentially, the

local optimization reduces the average power of the symbol constellation for each sensor,
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which we will see later allows the amplification coefficients ay, to be increased while still
meeting average power constraints on the total transmission power.

As discussed in Chapter 2, with AWGN channel noise, the system conditional prob-
abilities can be approximated by Gaussian densities and the resulting individual J-

divergence J¥ is given as

J(p(y|H:), p(y|H;)) =
%Tr [R+BA(C; +£¢")A"B"] - [R + BAC,A"B"| '] +

%Tr [R+BA(C; +££")A"B"]- [R+BAC,A'B"| '] - K (3.6)

where C; is a K x K diagonal matrix with elements

H H
Cilk, k) =Y > {0k(l) = 6(m)}>Puy, = I|H;) - P(uy = m|H,)

for 1€ {1,2,--- H},

6260_617
T

&= { S () P = UH:), S Ga(D) Plug = UHy), ., Y0 6 () Plu = U[H) |

R is the covariance matrix of the channel noise vector n, and X is the dimension of
the received signal vector y at the fusion center. More details on the derivation of (3.6)
are given in Appendix B.2. Finally, the total J-divergence of the system is obtained by
applying (3.6) to (3.5). In the next section, we consider the performance benefit of local

optimization when average transmit power is equal across sensors.
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3.3 Classification Outage of a Uniform Transmit Strategy with Local Power Optimiza-

tion

In this section, we discuss a scheme where local power optimization and uniform chan-
nel power control cooperate such that the average transmit power P of each sensor is
equal, and analytically derive classification outage probability through asymptotic total
J-divergence for distributed multiple hypothesis detection. We use the classification out-
age to evaluate the diversity gain of uniform transmit strategy in a multiple hypothesis

system.

3.3.1 Uniform Transmit Strategy

First, define the average power transmitted by the kth sensor as P, = PW} - ai where
PW} = Zle |6%(1)|? - P(ug = 1) is the minimized constellation power obtained through
local optimization. In other words, the asterisk denotes that the constellation has been
selected to minimize the average power in the symbol constellation. The total transmit
power constraint for all sensors is P, = Zle Py, which for uniform transmit power

requires that P, = %. Substituting for PW}7, the amplifying factor for the kth sensor is

ap = \/ TSN 5;572. =D Note that the amplification factor is inversely related to the
pre-amplification average power of the symbol constellation. Thus, the local optimization
step has allowed larger a; while still meeting the total power constraint. Even in Uniform
Transmit Strategy, the local amplifying parameter a;, are not constant, while a; = \/%
which is a constant in the power control strategy defined in Chapter 2 since there is no lo-
cal optimization. The optimized constellation, J;(-) changes the system parameters in the
total J-divergence measure as shown in (3.7). The dimension of the received signal vector

y at the fusion center is the same as the number of sensors K since the system is modeled

as having orthogonal communication channels. We set R = diag{c},03,...,0%} where
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a,% is the noise power of the nth channel. From (3.5) and (3.6), the total J-divergence is

Jmml_% i i i azbi{wjr — i + ¢2;J} +i aibi{wzk Vi + ¢k } P(H,)P(H;)
k=1

2 2127 272
i=1 j—i+1 k=1 O + aibitin op + apbiy

where ;;, = Z Z — 65(m))? - Pu(uy, = I|H;) - Pe(uy, = m|H,)]
=1 m=Il+1
H

2= 160 - (Prup = U[H;) — Po(u = 1|H,))),

=1

(3.7)

where 7 and j are hypothesis indices, k is the index of an individual sensor, and [, m are
the indices of transmission symbols. Applying the uniform per-sensor power constraint

and defining the kth channel’s SNR as s, = b7 /o2, the total J-divergence becomes

Piots {¢k - ¢zk + ¢ZJ}
Jtotal _ A k
7,21];1 ; K- Zh 1 |5*( )|2 ’ P(Ulc = l) + Ptotsk{@/’z‘k}
K .
Protsi{Vie — Vi + qbg
+ - P(H;) - P(H,
Z K- ZZ‘ | |5*( )2 Plue = 1) + Progse{tjn} ) PU)

1 & Protsi{tbjn — i + &7}
52 Z Z IC- PWi+ Pogsi{tu}

=1 j=i+1

n Z Piorsi{ti — i + ¢Zj

-P(H;)- P(H;). 3.8
]C PWk: +Ptot8k{wjk} ( ) ( ]) ( )

In the following, we will analytically derive the classification outage with (3.7), show a
simulation result by the uniform transmit strategy, and then compare the analytical di-
versity gain of the classification outage probability and the gain obtained through the

simulation result.
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3.3.2 Asymptotic total J-divergence J, and Classification Outage

Intuitively, J-divergence can be increased by increasing the number of sensors. If a to-
tal power constraint is enforced, however, there is an asymptotic limit to the increase
since a finite amount of power must be distributed among more and more sensors. In
this section, we derive the asymptotic total J-divergence expression and show its rela-
tionship to classification outage probability in a homogeneous sensor environment. We
begin by defining the two terms that constitute each individual J-divergence, J¥ =

Jp(y|H). p(y|H))) = T + T in (3.5) and 3.7 as J7 = § 30, il o)

-2 Uz +aibiwik

.. 202 fol ol ij . .
and J; = 3 Zle akbkj;;; > ;%Jq’;:ﬁ’“ ) We use these expressions to derive the upper and
lower bounds for J%. We then show that J% converges to an asymptotic value by show-
ing that the upper and lower bounds converge to the same value as K goes to infinity. We

first consider J”.

Case 1: For (1;;, — i + ¢}/) > 0, the lower and upper bounds for .J;’ are

K K

Z 1Dtot5k{¢jk — Vi + cbif} _ 2: Ptzotsil/’ik{l/’jk — Y + ¢Zj}
* %2
K g
ij Ptotsk{lb‘k — Vi + ¢ZJ}
<277 <) 2 - (3.9)
— K- PW;

where P, Sk, and 1, are positive values. A detailed proof is given in Appendix B.3.
Consider a homogeneous sensor network where v, 1, and ¢§3 are the same for each
sensor and the s;’s are i.i.d., then by the law of large numbers (LLN), as K — co we

obtain
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K

Prorsi{tbje — va + 07} -

;; - IC]k PW,glf = = PotElsi{vg — va + )}/ PWE],

K p2 2. ol i i

Z Psiti{¥jn ip““ + o} — P2.FE [Si%k{%’k — Vi, + (/b?}/PW;ﬂ

. g
P2, $24h L — s ij
such that Z 10151 k{;bjk @ik + o} —0 (3.10)
— K2 - PW;

because sy, Yk, <bf€j are finite and PW} # 0. Therefore, for (¢, — ¥, + ¢Zj) > 0, we
have

se{tin — Y + 97}
PW;

1
lim Ji] = §PtotE

K—oo

Case 2: For (¢, — ¢, + ¢§j) < 0, the lower and upper bound for ij are

K ij
Z Ptotsk{wjk — Vi + ¢k]} < 2Jij <
K-PW; -t =
=1
K ij K iJ
Z Prosidie — Y + &7} Z P2, s2ud ik — Vir + ¢ 3.11)
k=1 K- Py k=1 K2 - PW; |

where Py, Sk, Vi, and PW) are positive. A detailed proof is given in Appendix B.4.

Similar to Case 1, for (¢;5 — ¥, + qb;;,]) < 0, we have

se{jr — Y + ¢Zj}
PW

o
lim Jij = §PtotE

K—oo

Hence, the limit is valid for any (v, — i + gb}‘j), and by similar procedures it can be
shown that

se{Vik — Vi + ¢2~]}
PW

1
hm J;J = §PtOtE

K—o0




51

Therefore, by combining the asymptotic expressions for ij and J;j , we obtain the fol-

lowing theorems.

Theorem 3.3.1 In a homogeneous distributed detection system with finite E [n,ij } and

nonzero PW, the large-KC asymptotic pairwise J-divergence between p(y|H;) and

p(y|H;) is

JZ = lim JY(-) = P E ]

0o
K—o0

i
spdy

where 1 = P

Theorem 3.3.2 In a homogeneous distributed detection system with finite E [ni"*'] and

nonzero PW7, the asymptotic total J-divergence is

J = 30 30 {lim JUC)} - PUL) - P,

~
I
—_
<
Il
~.
+
=

=1 j=i+1
H H
= Ptotz Z E [771?] P(Hz) P(H])
i=1 j=i+1
H H '
= DE Z Z ny, - P(H;) - P(Hj)
i=1 j=i+1
= PiE "] (3.12)

where nieil = 31 Zj{:Z 1 n?-P(H;)-P(H,). That is to say, ni** is linear combination

of random variables 0} where P(H;) are fixed values.

The asymptotic total J-divergence depends on the channel statistics, local statistics,

.. ij
and the local symbol constellation since 7],? = ‘;ﬂ“ﬁ,’“ where sy, is the kth channel’s SNR,
k
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(sz is calculated by local statistics and symbol constellation, and PV is the minimized
constellation power obtained through local optimization. In other words, The asymptotic
total J-divergence increases with increased channel SNR and can be optimized by min-
imizing the power of the transmit constellation. From this result, we can say that the

local-channel power control scheme can be used to increase instantaneous J-divergence.

3.3.3 Long-Term System Performance Measure

The total J-divergence measure in (3.7) is an instantaneous performance measure because
it depends on an instantaneous realization of the channel gain coefficients. The measure
can be used as an objective function for power control schemes. In this section, we now
employ classification outage as a long-term system performance measure. Classification
outage is derived by applying the total J-divergence measure to the definition of the out-
age probability, ps, = Prob{J®" < J,} defined in Chapter 2. This enables us to assess
the average performance of our power control strategies over many realizations of the fad-
ing communication channel. For the proposed distributed multiple hypothesis detection

system, the following theorem holds.

Theorem 3.3.3 In a homogeneous distributed multiple hypothesis detection system with

a finite E[ni°'), for Jo < J°' and a sufficiently-large K, the outage probability is given

as [42][41][45][46]
P, ~ exp(=KI,(c))
or
—logpy, ~ KI,(c)
where ¢ = %, I,(c) = sup,cg(tc — log M, (t)) with M,(t), the moment generating

function of n which is an i.i.d random variable n{°** over k, and K determines the classi-
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fication diversity order of the system.

The rate function [, (c) is related to the following expression. For {ni°"® : k €

1,...,K}} that are i.i.d random variables, ¢ < E{n‘®} when J, < J. We then
{ ) ) T]k; o0

have

K
: 1 1 total _
Kh_rgo—zlog [Prob{Ean < c}] =1,(c).

A detailed proof is shown in [45], [46], [41]. From an example of a Rayleigh fading
channel system, the diversity gain can be analyzed as follows. The rate function, ,(c), is

defined to be

I, (c) = sup(tc — log M, (1))

teR

where

H H
n =" > ! P(H,)- P(H,)

i=1 j=i+1
H H ij
Sk@;
=2 > pu PUH) - P(H))
i=1 j=i+1 PW;
H H ij
Sk 2¢kj
=1 j=i+1
Sk
=—-0,.
9 k

The variable 7{°" is a weighted sum of random variables 1,”. However, for given sensor

statistics and a given modulation scheme, it becomes an exponential random variable due
to the fixed value 6. Therefore, 1" is exponentially distributed with the mean 020y

where /sy, is i.i.d. Rayleigh-distributed with p_s:(t) = % exp{—%}. Since 1,(c) is
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nonnegative and convex over ¢, we obtain

I,(c) = sup[tc + log(1 — 0?0 - )]

teR
1 1 020
- (— _ = log(——
(35— De+los(Z0)
Jo Jo

= —log(————) — 1.
Ptot029 Og(Ptoto_Qe)

Jo
Ptot029

As P,,; — oo, then —— 0. Therefore,

logpj, ~ —K - log(Piot). (3.13)

This result is verified in Figures 3.2, 3.3, 3.4, and 3.5. The proportional gain, /C, is
the classification diversity order, and if we increase the total power constraint P, the
reduction in outage probability in log scale is proportional to K.

Figure 3.2 shows classification outage probability versus the total power constraint
for varying number of sensors in a four-hypothesis distributed detection system. From
the figure, we can see the benefit of local power control since channel power control
has not been optimized. Local power gain is shown as a left shift of the curve. The
figure was generated by simulating 10° independent realizations of the discrete source
and the fading channel coefficients (or equivalently, the channel SNR values). For each
realization, total J-divergence was calculated using (3.8). Finally, we counted the number
of times the total J-divergence fell below a specified threshold. The following parameters
were used to generate the results shown in Figure 3.2. The channel SNR was set according
to s, = J%Sz]rk]z where ¢, is the transmission distance from user k to the fusion center
(e, = 100 m for all £’s), o2 = —70 dBm is the channel noise power for all £’s, Gy =

—30 dB is the nominal gain at the unit distance ¢, = 1 m, and the |r|’s are i.i.d. Rayleigh
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fading random variables with unit variance. We further set ten arbitrary, but different,
local transition matrices {Ly|k = 1,2,---,9}, which implies a heterogeneous sensor
environment. The outage threshold was set to .Jy = 0.05. In this example, we considered
amplitude modulation and four hypotheses. After estimating each of the local decision
probabilities P (ug) with 100 local decision samples, local power control is performed by

minimizing the average constellation power according to

H
min PWp = [6:()- Plux = 1). 3.14
35 (1),6%(2),+ .0k (H) k ;’ k( )’ ( L ) ( )

The symbol constellation was constrained such that the minimum distance among the
four symbols was unity. Therefore, we can set [0 (1), 0x(2), 0x(3), 0x(4)] = [1, 7+ 1,7 +
2,7 + 3] where the design parameter is 7. We also ordered the symbols in descending
order of estimated prior probability. This is a logical step since minimum power should
be allocated to the most frequently occurring symbols and vice versa. After substituting
the optimal symbol constellation into (3.8), results for five and ten nodes using only local
power control were generated in Figure 3.2.

It is seen that, at reasonably high P,,, the slope of the ten-node case is two times
larger than the slope of the five-node case. In the next subsection, we specifically address

local power control for a system with multi-dimensional local modulation scheme.

3.3.4 Total J-divergence with D-dimensional Local Modulation

For a more general case, we can use a multi-dimensional (D-dimensional) local mod-
ulation scheme such as QAM, FSK, or any arbitrary modulation. To explicitly handle
multi-dimensional modulation, we modify the observation vector y to become I x D
matrix Y = [y1,y2,...,yp| where K is still the number of sensors and D is the

maximum dimension of transmitted symbols. Thus, a matrix-variate normal distribu-
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Figure 3.2: Outage probability versus F,,; with the uniform channel power transmission
strategy in heterogeneous sensor configuration. “Local” in parenthesis means that Local
power control is performed

tion for P(Y|H;) should be considered, but each column of the observation matrix
Y is independent of every other column under the Gaussian assumption used in (3.6).
This implies J(p(Y|H;),p(Y|H;)) = Zgzl J(p(ya|H:i), p(ya|H;)) since P(Y|H;) =
P(y.|H;)P(y2|H;) ... P(yp|H;) where the vector y, is the K-dimensional observation.

Each optimal symbol component (52}C d) () is transmitted with uniform power £t since

K-D
the dimensional components d are also independent {P(k,d) = féf% k=1,2,....K,d =
1,2,...,D}. lis the local decision index at each sensor. The system works like a system

with /C - D independent components due to independent channels and independent sym-
bol dimensional components and still satisfies the classification diversity K for the given
local modulation scheme (D is a fixed value). For a given local power constraint, we
can get better local power gain than that of the scalar modulation because the multi-
dimensional modulation provides more geometrical distances between symbols. Re-
cently, software defined radio furnishes flexible modulation schemes that give additional

source power gain. Finally, from J(p(Y|H;), p(Y|H;)) = S0, J(p(yalH;), p(yal H;))
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and (3.16), the total J-divergence with multi-dimensional local modulation is

i PtOtSk{l/Jj,(k:,d) = Vi (ka) + q%d)}
~K.D- Zl’il yéz*k’d)(l)P - P(up = 1) + Potsip{¥i,a) }
. XK: Provsi{wi ) — ) e.a) + ‘ﬁgv,d)} .
D 1670 (D12 - Plug = 1) + Poysi{tj )}
ProtsiAW tk.a) — Vi k,a) + (bgf,d)}
K-D-PW o+ Piasi{tima}t

ProtS1{ Vi (k,a) — %‘,(k,d) + Cb(k,d)}
K-D- PW{‘;gd + Provsi{s,mna b

Jtotal lii Z
2 :

P(H;) - P(Hj)

- P(H;)- P(H;)

where 1 (1.4) = Z Z — 8y (m))? - Plug = U|H;) - P(ux = m|H;)]
=1 m=Il+1
i 2
Sy = > 00y (D) - (Plur = 1|Hy) = Pluy = 1|H)))]",
=1
(3.15)

PWi o = S 1000y (DI?P(uy = 1), d is the dimensional index of the transmission
symbol, 7, j are the indices of multiple hypotheses, & is the sensor or channel node index,
and [, m are the hypothesis indices of transmission symbols.

Similar system parameters from Figure 3.2 were used to generate Figure 3.3 for a
multi-dimensional system. Differences include the threshold J; = 0.1 and the 2D symbol
constellation (QAM), which has less average symbol power than the 1D-symbol trans-
mission system. To make a fair and simple comparison, we apply a simple structural
constraint to the local power control by setting d,(l = 1) = (( — 7,{ — 7),0x(l = 2) =
(—C—7,(—71),0(l =3) = (-C—7,—C—7),and O4(l = 4) = ((—7,—C —7)
where ( is a given constant and the design parameter is 7. The square QAM structure can

be translated based on the local decision probabilities. 7 can be obtained based on local
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Figure 3.3: Outage probability versus F;,; with the uniform channel power transmission,
2D-local modulation, and heterogeneous sensor configuration
decision statistics P(uy = [), which then defines the optimal symbol constellation.

In Figure 3.3, it is seen that, at reasonably high P, the slope of the outage probability
is proportional to the number of nodes in the system. The power gain achieved by local
optimization manifests itself as a shift of the curve. An interesting point is that this local
power gain is achievable even for a single-node system, and the shifts for one, three,
and six nodes are approximately equal. That is to say, the gain obtained through local
power control is not related to the number of nodes, but instead is strongly related to
the a priori source statistics. However, full classification diversity order is observed even
under uniform average power allocation. Although classification diversity order is related
to large-XC asymptotic divergence, it is seen in Figure 3.3 that even systems with small /C
(such as one or three) achieve full diversity order. Although we have only derived diversity
order using asymptotic total J-divergence for a homogeneous sensor environment, it can
be seen that classification diversity also applies to a heterogeneous sensor environment.
In the next section, we simultaneously apply both power control strategies - local power

control and channel power control - to a distributed multiple hypothesis detection system.
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3.4 Local-Channel Power Transmission Strategy

3.4.1 Optimization with a Total Power Constraint

If local decision probabilities are available at each local sensor, the sensor can adjust
its local transmitting symbol in an optimal way. On the other hand, if the propagation
channel states are also known, then the optimized symbol constellation of each sensor
can also be optimally amplified within given total and individual power constraints. Such
a strategy is formulated as follows. Recall that the average transmit power transmitted
by the kth sensor is {Pya)ld = 1,2,...,D} = {PW p - af, »ld = 1,2,..., D} =
F, 060y (D> - Plug = 1)af, yld = 1,2,..., D} where D is the dimensionality of
the symbol constellation. In the previous section, the average power P of each sensor
was constrained to be equal, meaning the amplifying factor was decided based on the
optimized symbol constellation. In this section, we use multi-dimensional average powers
P4y of each sensor as additional design variables. This additional freedom leads to an

optimization problem defined as
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D H H K ij
1 Pliaysi{ s ed) = Yithd) + Oy
Jtotal D — = )
max () 9 Z Z Z [Z 22{21 ‘5&’(1)([)’2 .

d=1 i=1 j=i+1 [ k=1 Plug = 1) + Praysi{via}
. i ProtSi{ Vi (k,a) — Vj, (k) + Qﬁ,d)}
el DRI )I2 - Pur = 1) + Pieaysi{¥sha
1 & Ple,ayse{¥j,,ay — ik + ¢l&7d)}
i Zl jzﬂ ; ; PWea) + Poaysid i}

Pr,aysed Vi tk.a) — Vj,ka) + 4252;7(1)}
PWi o + Peaysi{tsma}

D K
Zzp(k,d) < Piot,

d=1 k=1

- P(H;) - P(Hj)

- P(H;)- P(H;) (3.16)

P(kd)zo kzl IC and dzl,,D

where (hd) = Z Z Sty (1) = 050y (m))? + Plug = U|H;) - P(uy = m|H;)]
=1 m=Il+1
H 2
Sy = D [0y (D) - (Pl = U[H;) = Pluy, = [|H)))]".
=1

The optimized constellation power of the kth sensor is {PW; ;) |d = 1,2,...,D}. The
average transmitted power in the dth dimension is P(’jc, Q= a%,ﬁ Q) PW(*;% 4 Where the
asterisk means optimized value. Therefore, the amplifying factor a4 is controlled by
d(k,a)(1)* and P(’;% ) which are respectively the local power control and channel power
control. Therefore, we can optimize system performance by performing both local power
control and channel power control.

For a scalar modulation system, once the P;’s are found, the amplification factors a;’s

can be found. The objective function is non-decreasing with increasing F;,; because

{aithotal(Pl,PQ, - Pc)>0lk=0,1,--- IC} (3.17)
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where the P};’s are non-negative. A detailed proof is given in Appendix B.5. In the multi-
dimensional modulation case, the total J-divergence J*"!(Py 4y, Poa), - , Pyc.ay), i
still non-decreasing since it is a linear sum of non-decreasing scalar modulation systems.
Therefore, we can get the optimal power allocation at the boundary of the power con-
straint, Z’,le ZdD=1 Pay = P by a convex optimization algorithm for the concave
region of the object function[1] [22]. Though the objective function is not necessarily
concave in general, for the parameters of interest in this chapter all of the objective func-
tions are concave and we apply the following convex optimization algorithm to find the
optimal power allocation.

To get the optimal solution, we apply Lagrange multipliers to (3.16) to obtain

K D K
T =X OO0 Pty = Pot) + DY varPuay  (3.18)

d=1 k=1 d=1 k=1

where A and {v x|k = 1,2,...,L,d = 1,2,...,D}} are Lagrange multipliers. After
applying the derivative to (3.18), we can get the Karush-Kuhn-Tucker conditions and
calculate the optimal power in the same manner with [1]. In cases where the objective
function is not concave, another technique such as the interior point method [1][47][48]
must be used.

For a simulation result, we use the same setup as that of Figure 3.3, except we assume
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Figure 3.4: Outage probability versus F;,. local and channel power control strategies are

applied in a six-node system.

homogeneous local sensor statistics according to the transition matrices

0.7

0.1
Ly =
0.1

0.1

and we optimize the local+channel power control according to (3.16).

0.1
0.7
0.1
0.1

0.1
0.1
0.7
0.1

0.1
0.1
0.1

0.7

for all k,

Figure 3.4 shows numerically generated classification outage probability versus the

total power constraint for the three different optimization strategies in a six-node system.

The three strategies are: 1) no power control, 2) local power control (symbol constellation

optimization) with equal transmit power (from the previous section), and 3) optimization

of both the symbol constellations and the amplification factors (local and channel power

optimization). Note that all three curves have the same asymptotic slope but have dif-

ferent translations due to different power optimization schemes. Therefore, each system

has the same diversity order, but for a given value of the power constraint, the curve
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corresponding to local-channel power control has the lowest probability of outage.

3.4.2 Optimization with Individual and Total Power Constraints

In a practical system, each sensor may have an individual power constraint imposed by
its battery or certain transmission regulations. The total power constraint above does
not model this scenario; therefore, we now modify the optimization problem to included

individual power constraints as well. Define a new optimization problem as

max Jtotal ()

D K
s.t. Z Z Piay < Piot,

k=1 k=1
0< Pray < PP™(d), k=1,...,Kandd=1,...,D  (3.19)

where the optimization is again over the Py 4)’s and P;"**(d) is the individual maximum
allowed power. Since the additional power constraints on the individual sensors are linear
constraints, there is no change on the conditions given for (3.16), such that the optimal
solution can be similarly solved.

To find the solution to (3.19), the P, 4)’s are first optimized with the total power con-
straint, but without the individual power constraints. If some of the P, 4)’s are more than
their upper limits, P"**(d), then the optimal power for that sensor lies on the boundary
of the individual power constraint and they are forced to equal P"**(d). These sensors
are then removed from F,,; and the optimization procedure continues with the remain-
ing sensors. This iteration continues until all power constraints are satisfied and a global
optimum is obtained [41]. Figure 3.5 compares classification outage probability for the
case with both total and individual power constraints to the case with only the total power

constraints in a nine-node system. We see that with the additional individual power con-
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Figure 3.5: Outage probability of an optimal system with individual power constraints
and a total power constraint in a nine-node system.

straints, full diversity is still achieved but the power gain is reduced compared with the
case without individual power constraints. We consider the power allocation to each sen-

sor in the next subsection.

3.4.3 Power distribution across sensors

In Table 3.1, homogeneous sensor statistics are adopted in order to clearly show the effect
of the local power control. We define five different total power constraints in increasing
order according to P1 < P2 < P3 < P4 < P5. We also order 10 sensors in decreasing
order of channel strength. In other words, the channel gain coefficient is strongest for
sensor 1 and weakest for sensor 10. When we apply the lowest power constraint, all of
the transmitted power is focused on sensor 1 because power is extremely limited and the
first sensor’s channel has the highest SNR. As more power is allowed, the power begins to
be distributed to the next highest SNR channel, then the next highest, and so on. Finally,
for the highest total power constraint, sensor 10 is utilized, but only for the system with

local power optimization (LP). In fact, at every power level except the weakest, the system
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Table 3.1: Power distribution by local power control in percentage of total power allocated
to each sensor

Sensor
Fror | Scheme |31 15 [ 6 7 8 ] 9 10
py LNLP_ [ 100 [ 0 | 0 [ 0 [ 0 [0 [0 [0 ][00
P || 100 0 | 0 | 0 | 0 |00 0 0] 0
py | NLP (431734412242 0 | 0 [ 0 [0 [0 [0 [0
LP || 374732012350 702 0 | 0 | 0 | 0 | 0 | 0
p3 | NLP 28042576 2098 [ 11.21 | 679 [382[339] 0 | 0 | 0
LP | 23.64 | 2250 | 19.17 | 12.04 | 8.76 | 6.55 |623 | 1.11| 0 | 0
py | NLP 213212071 | 18.07 [ 1222 950 | 7.66 | 7.40 [3.12] 0 | 0
LP | 18.15 | 1822 | 16,50 | 12.36 | 10.39 | 9.05 | 8.85 | 5.71 | 0.78 | 0
ps | _NLP_|[[17.71 1786 | 1625 | 1233 1045 | 9.17 | 8.98 | 5.98 | 126 | 0
LP | 15.04 | 15.60 | 14.62 | 11.90 | 10.56 | 9.63 | 9.50 | 7.30 | 3.83 | 2.03

with local power control is able to exploit one additional sensor compared to the system
with no local power control (NLP). Power distribution in the absence of local power
control is explained in detail in [1]. The main goal of Table 3.1 is to show the effect of the
local power control. By comparing LP with NLP for the same total power constraint, we
can see that the system with local power control can often exploit more sensors than the
system without local power control, thereby achieving higher power gain and improved
outage probability. The reason is that the optimized local constellation consumes lower

power for the same detection performance.

3.5 Conclusion of Power Optimization for Sensor Network

Chapters 2 and 3 consider sensor power optimization problem and outage probability as
a long-term performance measure. In Chapter 2, we investigated a distributed binary de-
tection system in a slow-fading environment, where each sensor amplifies and transmits

the local decision to a fusion center. We introduced two new concepts termed as outage
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probability and its diversity to quantify the long-term system performance. The power
control strategy was analyzed with asymptotic J-divergence and the relationship between
asymptotic J-divergence and detection outage probability was showed analytically. This
relationship leads to the classification diversity gain under the homogenous sensor envi-
ronment. We proved that for a homogeneous system with a uniform transmission strategy,
a full diversity gain of order K is achievable where K is the total number of nodes in the
network. We further showed that by optimally adjusting the transmission power for each
node, an adaptive power gain is obtained in addition to the full diversity gain. We also
showed that with extra individual power constraints, the power gain will be reduced while
the full diversity gain is still achievable.

In Chapter 3, a local-channel power control scheme applicable to distributed multiple
hypothesis detection systems in slow-fading environments is introduced. Instead of using
J-divergence, we defined and used total J-divergence measure for distributed multiple hy-
pothesis system optimization. We generalized the outage probability of Chapter 2 for the
multiple-hypothesis problem and showed that the classification diversity still holds. We
showed via simulation that classification diversity is observed even in heterogeneous sen-
sor environment. Then, using the classification outage probability as a long-term perfor-
mance measure, we showed that the distributed multiple hypothesis system is efficiently
improved through both local power optimization and channel power optimization. The
local power optimization is based on local decision statistics and results in optimized
transmit symbol constellations while the channel power optimization is based on channel
fading states and results in optimized amplifying factors. Individual power constraints

were also considered.
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CHAPTER 4

WAVEFORM DESIGN WITH TASK-SPECIFIC INFORMATION

In this chapter, we discuss Waveform Design by using Task-Specific Information which

is an efficient and direct classification measure for radar system.

4.1 System Model

Consider a discrete, frequency-domain measurement model where the [ measurement is

y() = w(l)g(l) +n(l), (4.1)

where w(l) is the [ frequency-domain waveform coefficient, g(I) is the ['* target
transfer function coefficient, and n(l) is additive Gaussian noise. For measurements
taken at £ frequencies, the £ x 1 measurement vector is then y = Wg + n where
y = w@),y?2),....y L))" g = [9(1), 9(2), ..., g(£)]", the £ x L waveform ma-
trix W is diagonal with entries w(1), w(2), ...w(L), and n is a vector of independent
Gaussian noise samples. For the case where we are trying to identify one of H known
hypotheses, the target transfer function can take one of H possible realizations. Let these
known realizations be gi,8o,...,8x, and define the £ x H target transfer matrix as
G =[g1,82,- -, 8x].- The measurements can now be described by y = WGx + n. The
vector x is an indicator vector {x = ey|h = 1,2,..., H} where e, is a vector with a one
in the h'" position and zeros elsewhere. For example, if the first hypothesis is the true hy-

pothesis, then x = e;, which selects the first column of G. The pdf of the measurement
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vector conditioned on X is

p(ylx) ]
_ 1 exp | (y — WGx)" (y — WGx)
(2mo?) 3 I 207

~ e —LZ(y(i) - w(i){GX}(i))2] -

(27“72>% 20° i=1

There are H possible realizations of x - one realization for each target hypothesis. Thus,
the virtual source variable x encodes the classification task into the signal model and
correctly detecting x is equivalent to correctly detecting which target is present. If the
hypotheses are equally likely, then the task-specific entropy prior to taking any measure-
ments is H (x) = log,(#) bits, which is the maximum information that can be produced
by any observation. Earlier information-based waveform design methods based for esti-
mation use the mutual information between y and the target transfer function ensemble G.
While it is also true, for our signal model, that correctly estimating the transfer function
is equivalent to correctly detecting which target is present, the MI between measurements
and transfer function ensemble assumes that all frequency components carry independent
information. For stationary Gaussian random processes, this is true, but there are an in-
finite number of realizations of a Gaussian random process and the entropy is infinite.
In contrast, a scenario where the decision to be made is from a finite set of hypotheses
implies that some measurements carry redundant information. For example, suppose a
particular element of the measurement vector can be measured with such high fidelity
that the correct target hypothesis can be detected with negligible error. The remaining
elements of the measurement vector add no additional fask-specific information because
they can be inferred from the decision and known structure of the finite number of signals.

By introducing a source variable, we enable the correlation between measurements that
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is present in a finite-hypothesis scenario.
Using the above measurement model, TSI is defined as the mutual information be-
tween measurements y and source variable x, 7SI = I(y;x), and the waveform opti-

mization problem is

max TSI =I(y;x)

st.  TrlWWT| < E,, (4.2)

where T'r[-] is the matrix trace and FE,, is a constraint on the allowable waveform energy.
There is no closed-form solution to this optimization problem because y is a Gaussian
mixture. To find the waveform W that maximizes TSI, we adopt the gradient search
method using the gradient of TSI with respect to the waveform as described in the next

section.

4.2 Waveform design with Task-Specific Information for Monostatic Radar

In this section, we focus on waveform design with TSI for monostatic radar. In the opti-
mization problem of (4.2), TSI is used as the objective function. We use a gradient search
method to find the waveform energy spectrum that maximizes TSI. The derivative of 7S

with respect to the i'" frequency component, w(7) is

TSI _ Oh(y) — h(y[x)]
Ow(7) ow(i)
_ O[=Ellog, p(y)] + Eflog, p(y[x)]]
ow (i)
OE(log, p(y)]
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Continuing with (4.3) for the given monostatic system model, we obtain

orsi W
W = EEX’}' [diag{Gx} - Gx — Eyxy [diag{Gx}] - Exy [GX]] (4.4)
T
where 2051 — | OTSL OTSI orSL | | diag{Gx} is a diagonal matrix including

oW Ow(l)? ow(2)? " " "7 dw(L)

the vector Gx on the main diagonal, Ey|, [Gx] is calculated by

£, [Gx] = e {CX}PIX)P(xs)

sz:l p(y|xn) P (%)

and Eyy, [diag{Gx}| is similarly calculated. The detailed proof is given in Appendix
C.1. As we see in (4.4), waveform design with TSI takes advantage of the correlated
information between different frequency components by considering the overall shape of
a target transfer vector Gx triggered by the virtual source x.

The primary difficulty with (4.4) is that there is no closed-form solution for the re-
quired expected values since the distribution of y is a Gaussian Mixture. However, we
can numerically calculate the expected value through Monte Carlo methods because we
know the conditional probability distribution, p(y|x) and a priori probability, P(x). Thus,
we can evaluate

@

A%

W Z {diag{GXO} A{Gxo} — Exjy, [diag{Gx}] - Exjy, [GX]} 4.5)

N0
total ¥0,%X0

where Ny, 1s the number of Monte Carlo realizations necessary for estimating the re-

quired expected value, X is one of the Ny, samples drawn from P(x), y is one of the
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Niotar samples drawn from p(y), and

Exlyo [GX] _ ZZ{:l{th}p(y0|Xh)P<Xh). (46)

> P(Yolxn) P(x4)

Equation (4.4) does not include the waveform energy constraint £,,. We next consider
an L-dimensional spherical coordinate system for defining an unconstrained optimization

problem.

4.2.1 L-dimensional spherical coordinate

The optimum waveform under a fixed energy constraint will lie on an £-dimensional
spheroid. We can exploit this fact by converting the waveform to an £-dimensional spher-

ical coordinate system according to

w(l) = +/E,cosb
w(2) = +/Eysinb cosby

L—2
we_1 = VEy, H sin6; cos O,
=1
L—1
w(l) = VB, []sin6; 4.7)
=1

where E,, = Tr[WWT]| = Zle(w(i))Q. After applying the coordinate transform
of (4.7), we can parameterize the waveform coefficients with angles and the radius
{(0;, Bp)i = 1,2,...,L — 1}. If we fix the energy constraint F,,, a spherical search
space is parameterized only by (£ — 1) angles {6;|i = 1,2,..., L — 1}. For example, a
two-tap waveform is defined by one angle to a point on a circle with fixed radius by £,,,,

and a three-tap waveform is defined by two angles describing a point on the sphere of
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radius . Alternatively, we can view the spherical coordinate strategy as a projection of
the original design parameters [w(1), w(2), ..., w(L)]" onto the fixed spherical surface.
Therefore, we can establish an unconstrained optimization problem by applying (4.7) to
the objective function of (4.2). However, we need to calculate the derivative of TSI with

respect to the waveform angles, so we define a Jacobian transform from (4.7) and apply it

oTSsI

S where

OTSI _ [9LSI OTSI OTSIIT and @ = [0, s,

]T
00 001 7 002 7T 00, :

oTS
to%toget RN ]
The unconstrained optimization problem can be solved by a gradient search algorithm.
After obtaining the optimal angles ®, we convert them back to the £-dimensional wave-

form W by (4.7). The Jacobian matrix is

dw(l)  Odw(l) dw(l) Ow(l)
001 002 Ut 00p_4 OEw
ow(2) Ow(2) ow(2) Ow(2)
J(01,02, ..., 0c 0, B)= | Peer OBl 48)
ow(L) Ow(L) ow(L) Ow(L)
001 002 Tt 00p 4 OE,

which when substituting (4.7) yields the lower-diagonal Jacobian matrix

ow(1)
76, o ... 0
dw(@)  ow@) 0
J<917 027 s 79[,717 Ew) = 8?1 8‘.92 4.9)
ow(L) Ow(L) ow(L)
001 002 Tt 90,4
We then have % = J(01,09,...,00 1, E,)" - %. The optimum waveform can now
be found via gradient update programming according to
TSI
CF = O;+\|—— 4.10
J+1 it [ BYe) L ( )
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where ®; = [0;(1),0;(2),...,6;(£)]", 0 < 6;(I) < m/2, and j is an update-index of
the gradient search method. This gradient update method is a unconstrained optimization
since the energy constraint is already applied in the Jacobian matrix and % is defined
only on the energy-constrained sphere. 6;(() is a non-negative angle less than 7/2 due to
the optimality characteristics discussed in the next section.

We should note that we could perform the gradient search in the waveform coefficient

domain according to

— — TSI
J
s.t. Tr[WWT] < E,,. (4.11)

This approach, however, does not implement a waveform energy constraint and the wave-
form must be normalized back to F,, after each gradient update. The angle-based update
method yields faster convergence, but we must be careful of numerical errors that appear
during the Jacobian calculation and the transformation between the waveform coefficients

and angles.

4.2.2 Global Optimality of TSI Waveform Design

An important feature of the TSI-based waveform design metric is the ability to find a
global maximum. In order to prove global optimality, we need to show that TSI is concave

or has one continuous and smooth peak within the constrained feasible region. TSI can
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be rewritten as follows.

TSI =1(y;x) = h(y) — h(y[x)
= —Ellog, p(y)] + E[log, p(y|x)]

= —Bllog p(y)] —  loga[(2re)" K] @.12)

where p(y|x) is a multivariate normal distribution with covariance matrix K. The second
term h(y|x) is a constant for the given covariance matrix. Thus, the shape of TSI de-
pends only on h(y), which depends on p(y). Therefore, we need to consider the entropy
of y to prove global optimality, but h(y) is the entropy of a Gaussian Mixture Model
(GMM), which is intractable. In this case, one can calculate the upper and lower bounds
of the entropy, obtain approximated values by Taylor-series expansion [49], or simply em-
ploy a single Gaussian to approximate the GMM for a closed-form solution[1][42][50].
These methods provide approximate solutions based on techniques not used in the gra-
dient search procedure. Thus, here we show empirical evidence of the global optimality
of our TSI calculations. At first, we will demonstrate global optimality characteristics by
showing TSI surfaces versus angles for two- and three-tap waveforms, then we provide
some intuition as to why higher-dimensional TSI surfaces follow the same characteristics.

Figures 4.1 and 4.2 show examples of TSI numerically evaluated over the entire design
space. The waveform of Figure 4.1 is defined by only two coefficients (£ = 2), and with
the spherical coordinate system, the two-dimensional waveform is parameterized by one
angle. The waveform of Figure 4.2 is defined by only three coefficients (£ = 3), which
are parameterized by two angles in spherical coordinates. In Figure 4.2 we plot TSI
versus (61, 62) with ranges of ([0°, 360°], [0°, 180°]), respectively . We only have to check

[0°,180°] for one of the angles to check the given entire energy sphere region. There are
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Figure 4.1: Plot of TSI on the feasible energy region for two tap waveform
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Figure 4.2: Plot of TSI on the feasible energy region for three tap waveform

four equally likely target hypotheses in both cases. The maximum TSI possible is two bits,
and the waveform design spaces for the two figures are a circle and a sphere, respectively,
both with radius /E,,. The maximum entropies of Figures 4.1 and 4.2 are located at
approximately 45° and (63°, 58°), respectively. The TSI that is achieved depends on the
waveform energy constraint, target characteristics, and noise power.

The circular design space has four unique quadrants, and the spherical design space

has eight unique quadrants. The waveform designs in the different quadrants differ only in
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the signs of the waveform coefficients, and we see from the surfaces that TSI is symmetric
in the sign of the waveform coefficients. We also see in Figures 4.1 and 4.2 that each
quadrant has a single well-behaved optimum point. Based on the full two- and three-
dimensional TSI surfaces, the TSI objective function is not concave, but the single peaks
in each quadrant are symmetric. Empirically, it seems that we can restrict our search
to the first quadrant of an appropriately dimensioned search space and expect to find a

globally optimum solution.

4.3 Waveform design with Task-Specific Information for MIMO Radar

In this section, we describe waveform design with TSI for MIMO radar. Henceforth, we
use the hat symbol ~ for a vector or matrix when denoting a single-input, multiple-output
(SIMO) system and the tilde symbol ~ for a MIMO system. We also use the symbol ® to
denote the Kronecker product and & to denote a direct sum operation.

We first develop TSI-based waveform design for a SIMO configuration and then ex-

tend the result to MIMO configurations. The SIMO system model is

Y1 WGlX +ny
— WGox +n
= |7 | = WGx+n= s (4.13)
_yNRx_ _WGNRXX + nNRx_

where the LNgy X LNgy matrix W = (Iy, ® W), the LNg, X H matrix G =
GT GT, ... G]TVRX]T, G, is an £ x H matrix of transfer functions for each hypothe-
sis and receiver index m = 1,2, ..., Ngy, the H x 1 indicator vector x is the same as for
the monostatic configuration, and the noise vector nis a LNgy x 1. Iy, is an Ngyx X Ny

identity matrix and 1, _1is an Ngy X 1 vector of ones. The diagonal entries of the wave-
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form matrix W are the design parameters of the single transmitter. G, is the target
transfer matrix that defines the path between the transmitter and the m!" radar receiver.

The resulting SIMO TSI optimization problem is

max TSI =I(y;x)

st.  TriWWT] < E,, 4.14)

where [(y;x) = h(¥) + h(¥|x). The procedure is similar to the monostatic case except
that the waveform is optimized based on multiple target transfer functions arising from

multiple bistatic paths, which yields the different conditional pdf:

p(¥]x)
LNRx

:< ! ) . '_@—Waxf@—wax)]

2mo?

1 'C]\;Rx r 1 Nrx L - 2
(o) | {3520 (70 ) - w48 4 1))
(4.15)

where {Gx}(i) means the i component of the LN, x 1 vector Gx. For example, a

SIMO configuration with two receiving radars yields

Y1 W 0 G1X n,
_|_
Y2 oW Gox n,

(4.16)

<)
I

where the subscript denotes the receiver index, W is the £ x £ waveform matrix, and
{¥Ym, Gmx,n,|m = 1,2} are £ x 1 vectors. As seen in (4.16), the single transmit

waveform affects both bistatic paths.
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After differentiating the TSI function /(y;x) with respect to w(¢) and doing some

algebra, we obtain the TSI gradient for the SIMO configuration as

oTST
OW
W NRX
= —Exy. Z {diag{Gmx} AGx} — Expy,, [diag{Gmx}] By [Gmx} }]
m=1
4.17)
T
where % = { 35_%7 gg_gg, . gg&f) ] » Exjy.,. [GmX] is calculated by
H
P
Exy, [Grx] = 2 he1 1 GmXn}p(ym|Xn) (Xh)’

>t P(Ym|x0) P(xn)

and Eyy,, [diag{G,,x}] is similarly calculated. In (4.17), all of the Ngry bistatic paths
factor into the gradient calculation for each waveform coefficient. The detailed proof is
given in Appendix C.2.

Once again, the expected values must by calculated via Monte Carlo integration,

which can be expressed as

0T ST
OW
W NRX
B Ntotala2 x(%: {mz:l {dza[g{GmXO}'{GmXO} - Ex|ym0 [dmg{Gmx}} 'Ex\ymO |:GmX:| }}
(4.18)
Where §0 = [y107 ygoa o 7y0NRX]T and
H
Ex\ymo [Gmx] _ Zh:l{Gmxh}p(Ymo|Xh)P(Xh)'

Z?j:l p(ymo |Xh>P(Xh>
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Next, we consider MIMO radar waveform design. One important consideration in
MIMO radar waveform design is how to make the waveforms orthogonal such that re-
flected signals due to different transmitted waveforms can be separated at the receivers.
For example, one approach is to transmit waveforms on distinct frequency bands such
that the receivers can separate the waveforms using bandpass filters. Other techniques
are also possible, and MIMO radar waveform design is currently an active research area
[71[51][52]. At this point, however, we wish to demonstrate the highest potential benefit
of MIMO radar waveform design via the TSI metric. We do not explicitly consider or
enforce waveform orthogonality, though in the future this is certainly an issue that must
be incorporated into MIMO waveform design by TSI or any other design metric. We
assume here that the individual waveforms can be separated at the receivers and that the
target transfer functions are equal for both directions of a particular propagation path.
This reciprocity would not hold true for transmitters that operate on different frequency
bands.

We extend the SIMO system model by adding the transmitter indices n =

1,2,..., Ny according to
5’1 WGlX + fll
. },’2 ~ ~ . WGQX + flg
_yNRx_ _WGNRXX + ﬁNRx_

where the £ Npy N1y X £ Npx Ny diagonal matrix W = (Ly,. ® W), the £Npx Ny X H
matrix G = [G],GJ,...GL,_]”, xisan (H x 1) indicator vector, and the noise vector

nis LNgy N1y X 1. The multi-transmitter waveform matrix is formed via a matrix direct
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sum according to W = (W; & W, & ... @ Wy, ). The multi-input, single-output

transfer function matrix for the mth receiver is G,, = [GT,,GZ,,...GT . 1T with
each block matrix entry G,,,, of size L x H forn = 1,2,..., Np.. The noise vector is
n=[n! n? .. nL]” Forasimple?2 x 2 case, the MIMO model is
Y W1 0 0 0 GHX n;
Yi2 0 W,| 0 O Gox nis
= + . (4.20)
Y21 0 0 W 0 Ga1x ng;
REN | 0 0| 0 Wy | | Gex| |[mny ]

On inspecting (4.13) and (4.19), we see that the MIMO system model is similar to the
monostatic system model with the exception of replacing W, G, and n with the multi-
transmitter versions W, G, and 11. The difference will be in how the waveform energy
constraints are applied.

The optimization statement is now

max TSI = I(y;x)

st.  {Tr[W,W! < Eynln=1,2,..., Npy}. (4.21)

In the MIMO configuration, we must design waveforms for multiple transmitters. In the-
ory, we can either set individual energy constraints for each individual radar waveform as
shown in (4.21) or set a total energy constraint [, ;,+o; for the N, waveforms combined
according to zfjg; Tr[W,WT| < Ey iota1- However, the former scheme is more practical
for distributed MIMO radar systems, which are the focus here.

In the next section, we search the first quadrant for the optimal waveform and compare

the performance with other waveform designs.
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4.4 Simulation Result

In this section we present simulation results that indicate the potential benefit of using
TSI as a waveform design metric. We show the results of monostatic and MIMO radar
configurations with TSI-based waveforms optimized using the gradient search method.
Figures 4.3 to 4.6 demonstrate performance in the monostatic configuration while Figures
4.7 and 4.9 demonstrate performance for MIMO configurations.

We evaluate the probability of error in determining the true target transfer function
with three different waveforms to compare their performances. The first is a wideband
waveform which a flat energy distribution across the transmission band, and the second is
a waterfilling waveform that is optimized based on the mutual information metric between
the received measurements and the variance of the target transfer functions [8]. The last
is the TSI waveform presented in this chapter. The number of target hypotheses is H = 4.
The waveform dimension is £ = 10 for all cases except the one shown in Figure 4.3,
which was generated with a 5 tap waveform. The measurement noise power is normalized
to 02 = 1, the waveform energy allocation varies from 10~ to 10° energy units, and
probability of error is calculated over 20000 trials for each of 100 different target sets.
The deterministic target transfer functions were randomly generated as realizations of
Gaussian random vectors, but once generated were treated as known for the duration of
the classification experiment. We used both non-colored and colored distributions for
generating the target transfer functions. Figures 4.3 to 4.8 show the benefits of TSI-based
waveform design. The most improvement is seen in the target sets generated with colored
Gaussian characteristics because these cases provide more instances where a few specific
frequencies provide information that distinguish the hypotheses. Thus, waveform spectral
shape is more important.

Both the TSI-based waveform and the waterfilling waveform outperform the wide-
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Probability of Error vs. Ew for Monostatic Radar
noise power=1, 5 tap waveform
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Figure 4.3: Performance comparison of various waveform design methods in maximum
likelihood detection in case of 5 tap waveform and non-colored target sets

Probability of Error vs. Ew for Monostatic Radar
noise power=1, 10 tap waveform
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Figure 4.4: Performance comparison of various waveform design methods in maximum
likelihood detection in case of 10 tap waveform and non-colored target sets

band waveform. This fact is easy to understand since these two waveforms are the only
ones that specifically take target characteristics into account. Figures 4.3 and 4.4 show the
results for five-tap and 10-tap waveforms, respectively, with non-colored target sets. Fig-
ures 4.5 and 4.6 show results for 10-tap waveforms in the monostatic radar configuration

for target sets colored with two different sets of weighting functions. Figures 4.7 and 4.8
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Figure 4.5: Performance comparison of various waveform design methods in maximum
likelihood detection in case of 10 tap waveform with colored target set I
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Figure 4.6: Performance comparison of various waveform design methods in maximum
likelihood detection in case of 10 tap waveform with colored target set 11

show results for MIMO radar with two different sets of coloring functions. The results
of colored sets show the wider performance gap compared to the non-colored result of
Figures 4.3 and 4.4. They show that TSI-based design takes efficient advantage of target
spectral characteristics. All decisions are based on maximum likelihood detection using

pdf’s derived earlier.
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Probability of Error vs. Ew for Multistatic Radar
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Figure 4.7: Performance comparison of various waveform design methods in maximum
likelihood detection in case of 10 tap waveform with colored target set I for MIMO radar

system of three radars
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Figure 4.8: Performance comparison of various waveform design methods in maximum
likelihood detection in case of 10 tap waveform with colored target set II for MIMO radar

system of three radars

Note that the asymptotic slopes seen in Figures 4.7 and 4.8 are steeper than we observe
for the monostatic cases due to the diversity gain provided by multiple platforms. Figure
4.9 shows various diversity gains which are proportional to the total number of radars.

The slope of the MIMO configuration with three radars is three times steeper than that of
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Probability of Error vs. Ew
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Figure 4.9: Diversity gain by MIMO radar configuration using TSI waveform design in
case of 10 tap waveform with colored target set II

the monostatic result.

4.4.1 Energy Distribution in Waveform

It is interesting to evaluate how TSI-based waveform design distributes waveform energy
across the allowable frequency band in comparison to other matched waveform tech-
niques. We observe that for low energy constraints, the TSI waveform design distributes
energy similarly to the MI-based waterfilling approach. These methods tend to distribute
energy into just a few frequency components. However, as the given waveform energy
increases, the TSI-based approach begins to distribute the energy across more frequency
components than the the waterfilling approach. At extremely high energy allocations,
both methods will produce flat energy distributions. Table 4.1 shows the energy dis-
tributions of the waterfilling approach versus TSI-based design as the energy constraint
increases for one set of target transfer functions taken from the target spectra used in
Figure 4.10. We define five different energy constraints in increasing order according to

Fl < B2 < E3 < E4 < Eb5. Table 4.1 shows the percentage of energy distributed
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to each of the 10 frequency components for all five energy constraints for both wave-
form design techniques. At the lowest energy level, most of the energy is allocated to
the 9" frequency component by both design methods. At low energy, this is the best
frequency component for having any chance of a correct decision. At energy constraint
E2, the TSI waveform allocates 12.63 percent of its energy to the 4" frequency band
while the waterfilling approach still allocates all energy to the 9" component. It turns out
in this case that the 4" frequency component was important for distinguishing between
the second and fourth targets. The waterfilling waveform does not allocate energy to the
4" frequency component until the highest energy constraint 5 while by that point the
TSI-based design allocates energy to several frequency components. The differing energy
allocations are a direct result of accounting for the correlation between frequency com-
ponents under a finite-hypothesis decision-making task. The MI-based design approach
assumes independence between Gaussian-distributed frequency components; thus, it con-
tinues to allocate energy to the 9" frequency component in order to reduce the variance
across the transfer functions at that frequency. The TSI-based approach, however, recog-
nizes the diminishing returns provided by that frequency component with respect to the

classification task and begins exploiting additional frequencies.

4.5 Conclusion of Radar Waveform Design

A new waveform design method based on the concept of task-specific information is intro-
duced. To evaluate TSI, it is necessary to introduce source variables that directly encode
the task at hand. For example, in the H-class identification problem, the source variable
is an indicator vector that takes one of H possible realizations. By optimizing over the
mutual information between the measurements and this source variable rather than the

mutual information between the measurements and target transfer functions, it is possible
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Figure 4.10: Target Magnitude Spectrums used for the Comparison of Waveform Energy
Distribution

to further improve performance beyond what has been demonstrated in earlier work. The
TSI-based objective function has a single maxima in each quadrant of a spheriodal search
space under a fixed energy constraint, and we showed that we need only search over a sin-
gle quadrant of the design space; thus, gradient-based search techniques lead to a globally
optimum solution. The performance improvement of the TSI-based approach is evident
in our simulation results. We also verified that TSI shows the best performance both in
monostatic and MIMO radar configurations through the simulation results. However, the
computional load of TSI-based design is significant due to the need to evaluate expected

values for the gradient search technique via Monte Carlo methods.
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88

Waveform Energy Distribution, Unit: %
Ey | Scheme 1 ) 3 [ 4 | sgy\ 6 | 7 | 8 9 10
Bl Waterfilling 0 0 0 0 0 0 0 0 100 0
TSI 0 0 0 0 0 0 0 0 100 0
9 Waterfilling 0 0 0 0 0 0 0 0 100 0
TSI 0 0 0 12.6272 0 0 0 0 87.3728 0
13 Waterfilling 0 0 0 0 0 0 0 0 100 0
TSI 0 0 0 9.9246 0 0 4.5054 0 85.5700 0
I Waterfilling 0 0 0 0 0 0 0 0 100 0
TSI 0.1001 | 0.1004 | 0.1000 | 28.1495 | 0.1002 | 0.1035 | 17.8631 | 2.3393 | 47.5294 | 3.6145
5 Waterfilling 0 0 0 8.1607 0 0 0 0 91.8393 0
TSI 0.0683 | 0.0683 | 0.0681 | 23.6220 | 0.0683 | 0.0714 | 22.6484 | 2.2160 | 47.9172 | 3.2518
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CHAPTER 5

FINAL CONCLUSIONS AND FUTURE WORKS

We discussed sensor power optimization for wireless sensor networks (WSNs) using J-
divergence. Detection/classification outage was proposed as a long-term performance
measure for WSNs communicating over slow-fading channels. The long-term per-
formance measure was used to compare the performances of different power control
schemes. In addition, we discussed a radar waveform optimization with a new infor-
mation measure: Task-Specific Information (TSI). Probability of error was numerically
calculated to compare the performances of various waveforms. In these optimizations, we
took advantage of the statistics of the given WSN or radar system model to get a better
power transmission scheme for WSNs or a better radar waveform.

The design parameters of WSNs are the amplifying parameters and symbol constella-
tions of the multiple sensors. The parameters impact the battery powers of the individual
sensors since the value of a parameter means how much a sensor amplifies and forwards
its sensor decision in the optimized constellation through each channel. The transmit
constellation for a sensor can be a D-dimensional vector depending on the given system
modulation method. Each sensor can have a different sensor measurement noise. Some
of the communication paths from the sensors to the fusion center can have high instanta-
neous channel SNR, while other paths can have low instantaneous channel SNR. Overall,
the system statistics are composed of a priori probabilities of binary/multiple-hypotheses,
sensor measurement noises, additive channel noises, and fading channel realizations. The
power optimization with J-divergence or total J-divergence provides us with an optimal

power control strategy based on the system statistics.
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The design parameters of the radar system are the spectral coefficients of the wave-
form. The target signatures and the channel noises make a heterogeneous SNR variation
across the frequency spectrum. The waveform optimization scheme with TSI provides
us with an optimal waveform based on the heterogeneous SNR variation across the fre-
quency components. Here, the TSI optimization algorithm is performed by a gradient
search algorithm and the TSI gradient has a nice and compact form of MMSE expecta-
tion [11].

From the computational point of view, incrementing the total number of hypotheses
‘H results in an increment of the dimension of the source variable x. In this case, linear
sums in the MMSE expectation of the TSI gradient increases proportionally. However,
if the dimension of design parameter increases, the computational load increases expo-
nentially since we should dramatically increase the total size of samples for more precise
Monte Carlo expectation. In summary, the computational load and complexity of TSI
optimization are less sensitive to the total number of hypotheses while they are more sen-
sitive to the dimension of design parameter. On the other hand, the computational load
and complexity of total J-divergence optimization are more sensitive to the total number
of hypotheses while they are less sensitive to the dimension of design parameters.

When J-divergence was used for an objective function, observations at the fusion cen-
ter were assumed to be Gaussian distributed since it is not possible to derive the analytical
J-divergence under a Gaussian mixture model. In addition, for the multiple-hypothesis
problem with total J-divergence measure, we need to increase the total number of in-
dividual J-divergences with the number of total hypotheses. Therefore, the amplifying
parameters are controlled by more individual J-divergence equations. The number of
convex conditions shown in Appendix B.6 increases and the objective function becomes

more complex due to non-linearity with respect to the design parameters. In this case, we
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need to consider numerical errors for a higher number of hypotheses. In the long run, it
becomes very hard to find an optimal solution especially with the interior point method
for non-convex case.

Therefore, for the next topic, the TSI measure for the sensor power optimization prob-
lem is promising. In a practical wireless sensor network problem, we might use a few
number of sensors. Even though the computational load of TSI optimization can be more
intensive than that of J-divergence, the numerical error of TSI optimization is less sen-
sitive to the total number of target classes(hypotheses) and TSI model does not require
the Gaussian assumption. In short, in a slow-fading WSNs with few sensors, the compu-
tational load is not a big issue and we expect that TSI optimization gives a better result
since TSI is mathematically well-defined in the form of information measure without any
mathematical approximation.

In Chapter 4, a radar waveform optimization based on deterministic target signatures
was discussed. In the target signature model, the orientation of the target with respect
to the radar was not considered. This assumption means that each target class was per-
fectly characterized by a single deterministic target signature. For the future research
topic, radar waveform design with simple random target models can be investigated, and
then a more realistic and sophisticated random target model covering the 360-degree an-
gle of targets can be developed. The 360-degree angle model can be treated by a limited
number of perspectives along with approximations for the angles between these perspec-
tives. In other words, it is an interpolated model with a limited number of perspectives
for the full 360-degree angle. In this realistic model, we need to also make a target model
library including the model parameters of the 360-degree perspective models through

case-dependent studies.



92

APPENDIX A

DERIVATIONS AND PROOFS FOR CHAPTER 2

A.1 Derivation of (2.3)
Let us consider J;(+) for alarge K and 0 < ap(k) — Sr(k) < 1. We have

Prosilar(k) = Br(k)]  Potsklar(k) — Br(k)]
K K —+ PtotSkﬁF(k)
PrsiBr(k)ar(k) — Br(k)]
K2 + K - Piysifr(k)
PysiBr(k)ar(k) — Br(k)]
K2

IN

since K, Py, sy, and Br(k) = Pp(k) — Pp(k)? are positive.

The inequality can be arranged as follows

Poosilar(k) — Br(k)]  PsiBr(k)ar(k) — Br(k)]

K K?
< Ptotsk[aF(k) - 51?(]?)] < PtotSk:[OéF(k?) - 5F(k5)]
K+ PosiBr(k)  — K '
=~ Posilap(k) — Br(k
=3 () (4]
5 P2 230k [ar(k) — Br(k
_; k <)[K2<) (k)]

<h<y Prorsilar(k) — Br(k)]

K
k=1

since Brotsklap(k)—Pr(k)] ~ PtotSk[aF[({k‘)fﬁF(k)}.

K+Piotsifr(k) —
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A.2 Derivation of (2.6)
Let us consider J;(-) for a large K and —1 < ap(k) — fr(k) < 0. We have

Ptotsk[Q’F<k) - 5F(/€)] _ Ptotsk[aF(k) - 5F(k)]
K K + Ptotskﬁp(k)
PiusiBr(k)[ar(k) — Br(k)]
K2 + K . PtotSkBF(k)
PiisiBr(k)[ar(k) — Br(k)]
= K2

since K, Py, s, and Sr(k) = Pp(k) — Pp(k)? are positive.

The inequality can be arranged as follows

Potsilar(k) — Br(k)]  PRysiBr(k)[or(k) — Br(k)]

K K2
> Piusilap(k) — Br(k)] > Priotsular(k) — Br(k)]
~ K+ PusiBr(k)  — K |
K
Py k) = Br(k
N Z t tSk[O[F(}() /BF( )] S Jl(') S
k=1
§ Pesloe (k) = (k)] _ 5~ Plusife(b)lor () = Br (k)]
K K
1 k=1
since Hatsslor(t)-Brk)] < Porsslor(b) Br(b)],

A.3 Derivation of the two conditions in Theorem 3.1

The two conditions, |ar(k) — Br(k)| < 1and |ap(k) — Bp(k)| < 1 are easily verified to
hold in our system as follows:

1. ap(k)—Pr(k) = Pp(k)+Pp(k)>—2Pp(k)Pr(k)— Pp(k)+ Pp(k)* = (2Pp(k)—
1)(Pp(k) — Pr(k))
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— |ap(k) — Br(k)| < 1, since |2Pp(k) — 1| < 1 and |Pp(k) — Pr(k)| < 1.

2. ap(k)—pp(k) = Pp(k)+ Pr(k)*—2Pp(k)Pr(k)— Pp(k)+ Pp(k)* = (2Pp(k)—
1)(Pp(k) — Pp(k))

— |ap(k) — Br(k)| < 1, since |2Pp(k) — 1| < 1 and |Pr(k) — Pp(k)| < 1.
A.4  Proof of Theorem 3.2
We start from the definition of outage probability as follows,

P, = PI‘Ob{J() < Jo}

— Prob {%[Jl(-) + ()] < Jo} |

Based on the inequalities given in (2.3) and (2.6), and the counterpart inequalities for

Jo(+), for large IC, we asymptotically have
Provsilar(k) — Br(k)]
K

Poisy, [@D(k) - 5D(k5>]
K

M=

Jl(') ~

B
Il

1

M=

and Jo(+) ~

>
Il
—
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As such, we obtain

, 1
Jim — © log p.,

: 1 1[N splar(k — Br(k
= lim —Elog [Prob{§ [Z klar (k) (k)]

K—oo

1| silap(k) — Bp(k)
2 LE_; K

K
. 1 1
= Klgy;o—zlog [Prob{Ean < c}] )

where ¢ — % and 1), = Sk(O‘F(k)"!‘OéD(k%_BF(k)_IBD(k)).

By Lemma 6.1 in [41], for {n;, : k € {1,...,K}} that are i.i.d random variables, and

¢ < E{ny} that is satisfied when .Jy < J,, we have

_ 1
S

LK
Prob {E ;nk < c}] = I,(c),

where the rate function /,,(c) = supyc(fc — log M, (0)) with M, (#) the moment gener-
ating function of 7.

Therefore, for large C, we asymptotically have

logpy, ~ —KI,(c)

= py, ~exp(—KI,(c)). (A.1)

where 7 is the generalized representation of 7).



96

APPENDIX B

DERIVATIONS AND PROOFS FOR CHAPTER 3

B.1 The Relationship between Bound Probability of Error and Total J-divergence

The inequality P, > P(H,)P(H,)e ’/? [37] is valid between two hypotheses with a

priori probabilities whose sum are less than one. This can be proved by starting with
P2 = P(u|H,)P(H,) + P(u|H,)P(H,) > P(H,)P(H,)e "2/,

Let P(H,) = %Hl) and P(H,) = %HQ) be new probabilities where a and b > 1. Then,

P(H. P(H,) P(H.
+ Py P PO PUL)

S P(U’Hl)P(Hlﬂ?—l-P(U’HQ)P(HQ)CL > P(Hl)P(Hg)GiJU/%

Now, we extend the inequality for the multiple-hypotheses problem by defining an upper

bound to the bound probability of error, P****d = S Z;ﬂzl P, and a probability-

weighted total J-divergence, J** = Y77 Zj{:l 1 JY - P(H;) - P(Hj). At first, by

summing the inequalities, we get

H

H
Y X PISY N PH)P(H)e

i=1 j=1 =1 j=1



97

By an inequality, e* > 1 4 z, which is derived via the Taylor series of the exponential

function, we get

SN P> SOST P(H) P(Hy)e

i=1 j=1 =1 j=1

HoOH Jii
>33 PP - ),

HoH
-SSP Pl -
since Jiotal = 1 ZZ L ZH JY . P(H;) - P(H,). Finally, we get

Pebound > (O — Jtotal

where C = Y0 S| P(H,)p(H).
B.2 Derivation of (3.6)

We now derive an approximate total J-divergence measure that explicitly includes the
optimized transmit symbol constellation. The measure is approximate because the
signals received at the fusion center are distributed according to a Gaussian mixture,
which doesn’t lead to closed-form expressions. Therefore, we adopt the strategy used
in [22] [42], which is to approximate the received conditional probabilities in (2.1) by
Gaussian densities with the same mean and covariance as the mixture.

As a first step, we must first derive the mean and covariance of y under H; to find the



multivariate conditional PDF p(y|H;). The mean vector is given as

Hi

/yyp(YIHi)dy
/yyzp(YIU)P(HIHi)dy
ZP u|H;) /yp yla)dy
ZP u|H;)BAf,(u)

S8 ()P = 1|Hy)

BA 71 02(1)P(uy = h|H;)

BAg;

where i € {1,2,--- ,H}, 0x(l) = fs(ur, =) and

&

S 6 ()P = I|H)
S 0o (1) Plug = 1) H,)

Ly () P(u = 1|H)

The covariance matrix is given as

>

/ ly — wlly — ] "p(y | H)dy

/nyp(y\Hi)dy — pipl
y

| S0 () Puxc = 1|H,) |

98

(B.1)



99

From (B.1), p;ul = BAgE'BA.  Hence, after some algebra with
S % P(ug|H;) = 1, we obtain

ukzl

¥, = BA Z f,(u P(u|H)ATB” — BA¢,¢TATBT + R
= BA Zf P(u|lH;) — &¢7| ATBT + R
= BACiATBT +R (B.2)

where R is the covariance matrix of the channel noise vector n. In (B.2), C;isa IC x

diagonal matrix with elements

H H
Ci(k, k) = Z Z — 8 (m) Y2P(uy, = U|H;) - P(uy = m|H,)

where i € {1,2,---,H}. Since the matrix C; is diagonalized, .J!*** becomes a sim-
ple form even in multiple-hypotheses problem. We define multivariate normal distri-
butions with the mean vectors, p;, i@ € {1,2,---,H}, and covariance matrices, X,
i € {1,2,---,H}. Then, by substituting the distributions into the definition of J-

divergence, we get

J(p(y|Hi), p(y| Hj))
- %Tr (=73 + 5718 + %TT[(Zil + 357 (i — ) (i — )] = K

(B.3)

where K is the dimension of the covariance matrix [53].

Now using the mean matrices and covariance matrices from (B.1) and (B.2), we can
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define the following terms in (B.3),
3713 = (R+BACA'B") /(R + BAC,A"B"),
¥ '3, = (R+BAC;A"B")""(R + BAC,A"B"), and

(7 + 55 (s — ) (i — )™

= {(R+BAC;A"B") + (R+BAC;A"B") ' |BA¢¢"A"B”

where § = &, — ;.

Therefore, we have

J(p(y|H:), p(y|H;)) = JV =
%T r[[R + BA(C; + ££7)ATB”] - [R + BAC,A"B”| ] +

1
51T [[R+BA(C; +£7)A'™B"] - [R+ BACA'B"] '] - K
where T'r[-] denotes the matrix trace operation.

B.3 Derivation of Case 1, (3.9)
In (3.8), let us consider ij for a large IC, (Vjx — Y, + gzﬁf) > 0, and PW} > 0. We have

Prorsi{thin — Vin + 07} Prorsi{tie — i + &)

,CPW]: IC'PW]:+PtOtSk‘¢Z‘k
H%tsi?/’ik{?/’jk — i + ¢Z] < f’éﬁim{%k — i + ¢ZJ
K2 PWi 4+ K - PWiPsitbn — K2 . PW;?

where PW; = 327 |84]|% - P(up = h), since Piy, sk, ¢k, and PW; are positive.
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The inequality is arranged as follows

Ptotsk{wjk — Vi + d);g] o Pt%tszwik{wjk — Y + Cb;g}

K- PW; K2 - PWi?
< Prosi{tjr — Vi + ¢} < Prosi{tjr — Vix + &7
= K-PW;+ Posithie K- PWy
. zlc: Poosi{tjn — tir + 7} _ z]c: P2 sibi{ o — w;'k + ¢
— K- PW; P K2 - PW;
ij - Protse{ie — Yur + 9252]}
<2 s ; K- PW;

. K Potsi{dp—vatey} K Protse{tjn—vu+oy'}
since Zk:l K:-PW]:+Ptot5k¢'ik S k=1 /CPW,: :

B.4 Derivation of Case 2, (3.11)

In (3.8), let us consider J; () for a large KC, (V5 — Vi + qbf) < 0, and PW} > 0. We

have

Prorsi{toin — Vin + 07} Prorsi{tje — vix + ¢}
K- PW; IC- PWg + Piosktin
Prysitbadin — v + ¢F > Prysitbad i — v + ¢F
K2 PW? + K - PW} Piysitba K2 - PW?
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where PW} = ZhH:l 181]|? - P(ug = h), since Py, sk, Pk, and PW} are positive. The

inequality is arranged as follows

Ptotsk{wjk - %k + QSZ] Pt%tsi%k{@bjk - %k + Qb;cj}

K- PW; B K2 PW;?
> Piotse{bjr — Y + ¢Zj} > Piotse{bjr — Y + ¢Z;j}
= K- PW§+ Posethae K- PWy
© g
Piotsi{tie — Vi + ¢} } ij
<2J7 <
=2 K- PW; =2
k=1
K ij K ij
3 Prosid¥ie — Y + &7} 3 Prisibiudvin — Y + 07} (B.4)
P K- PW; ot K2 - PWi? '

. K Potse{vix—vutey } K Potsi{ti—vinte)}
since ) |, K-PW? <Dk K-PW; +Protsibir

B.5 Derivation of Nondecreasing Characteristic of Total J-Divergence

The total J-divergence, J** is a linear combination of J%. So, if J% is nondecreasing ,

then J*! is nondecreasing. The first partial derivative of J%(-) with respect to Py is

0
0Py

L Prsi{bjr — ik + ¢Z‘7} n ~ Pesi{tbi — i + ¢Zj}

PWi + Prsi{vir} “—~  PW;+ Pesi{vj}
PW;

(PWi + Pese{vu})(PW) + Pesp{tbji})?

x [2PWEA(6]) + 2P PW (b + je) + PE(WE, +03,)]

k=1

Therefore, the first partial derivative is nonnegative since PW, ¢}/ and 1);;, are nonnega-

tive from (3.7). The total J-divergence is nondecreasing.
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B.6 Concave Condition of Total J-Divergence

To investigate the concavity of total J-divergence, we need to check whether the following

second order partial derivative of the total J-divergence is non-positive.

g2 jtotal () 1 H M O2J (.
-7 B.5
o 3 om 5

=1 j=1
where the second order partial derivative of J%“ (-) with respect to P, is
0?Ju() _ o i Pese{tje — v + 07} n L Pusi{vu — v + ¢} (B.6)
0P 0P} |~ PW;+ Pesi{a} = = PW;+ Pose{ty} '
—2PWy,

- Gy +GYP, +GIP+ GJ P (BT
(PWi 4 Pisi{vu})2(PW} + Prsi{Yj})? [ 0 11k 5 1 3 k} (B.7)

where

G = sul(Vjk + i) — (i — i)’
GY = 6PW;  spabatju
GY = 3PWysithunthjn] (Ve — Yin)? + (i + Yin)9Y],

Gy = skl(Pk + Vi) (Ui — Yir)* + (O + 020

The concave region of J%(-) depends on Gi/ since My,, G, G and G¥ are non-negative
from the result of B.5 and (3.7). If Géj for all 7, j are positive or zero, the second or-
der partial derivative of total J-divergence becomes non-positive and total J-divergence

becomes concave. However, this is a sufficient condition for concavity.
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APPENDIX C

DERIVATIONS FOR CHAPTER 4

C.1 Waveform design for monostatic radar with TSI

The system model is y = WGx + n in frequency domain and the waveform design

scheme is described by

max TSI =1(y;x)

st. Tr[WWT) < E,, (C.1)

where [(y;x) = h(y) — h(y|x) and

P(Y|X)=( : )gexp _(Y—WGX)T(y—WGX)]

202 202

N (27302) Cen _% > () - W(i){GX}f] : (C.2)

=1

y and n are £ x 1 vectors. W is a £ x L diagonal matrix, G is a £ x H matrix and x is a

‘H x 1 vector for H-hypothesis detection system.

The waveform matrix W is respectively defined such as

w(1) 0 0
o | 0w o
: 0
| 0 0 w(ﬁ)_
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After applying derivative to 7°S1 with respect to each individual w(7) where 7 is a fre-

quency index, we get

TSI IN(y) — h(y|x)]
Ow(7) Ow(i)
—0[E[log, p(y)] + Ellog, p(y[x)]]
dw (i)
OFE[log, p(y)]

since — Elog, p(y|x)] is a fixed differential entropy of Gaussian noise. Then, we develop

the derivative of TSI as follows.

oTSI 0B llog, p(y)]

ow(i) dw(i)

= _awi(z') [ / p(y) 10g2p(}f)dy]
= —/(1+log2p(y))§i—(€fi;dy
H
— —/(1+10g2p(y)) azh=1p<Y‘Xh)P<Xh)dy

Ow(i)
H
— _/(1+log2p(y))2%gﬁp<xh>dy €4
h=1

where x;, means x = e, and ey, is the A" indicator vector. (C.4) needs be integrated with

(ylxh) 3P(Y|Xh)

respect to y. Thus, let us derive % with respect to by defining

T

op(ylxn) 9p(y|xs) Op(y|xn) i Wi i i
O ORI T since we can not find the component-wise relationship

Ip(y|xn) op(y|xn)
dw (i) y(3)

of the vector y are not independent since y is Gaussian Mixture.

between and

. This vector relationship is from the fact that the components
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From (C.2), we obtain

oplylx) 1, . . |
PYR) — bty { o ) —wl) 1@ (G0 ). €

For a given x = e;, we get

6]96(553}1) - p(y"‘h>{%(y(i)—w(i)-gh(i))gh(i)} (C.6)

where g,,(i) = {Gx;}(i) and {Gx},} is a L x 1 vector. On the other hand, from (C.2) we

get
oplylx) 1
oy = pyx) y —5 (v — WGx) (C.7)
(yx) !
9 X) _ | O x) O X 0 X
where 22 = | 2 g an
op(ylx) 1 , . .
o p(y1x) § —5 () — w(@) - {Gx}(2)) o .

For a given x = ey, we get

Op(ylxn) _ 1 , ,
ay(@')h - p(Y|X){_—02(y(2)—w(@)-gh(@))}- (C.8)

Therefore, from (C.6), (C.7), and (C.8), we get the following relationship

gh(l) 0 ce 0
Oplylx=en) | 0w 0 Op(ylxa) (C9)
oW L0 .0 Oy

0 .0 gn(L)
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Now, we continue to develop (C.4) as follows.

0TS _ o plyln)
ow(i) _/(1+10g2p(Y));WP(xh)dy

Il
M;&

1t togply) — 22V Pl iy

h=1

[ 1+10g2p ))%gh(i)lj(xh)dy}

MriMi

P i) [ (1-+1o,p() P50y

>
Il

1

and with (C.9) we can get

T
@ — orsI 9oTSI oTSI
OW ow(1)? dw(2)’ """ dw(L)
H T
>~ Plx) - diaglgn} [ (1-+ oz, p(v) [ oalvi) i) o) | dy
h=1
H
0 X
= Y P(xy)-diag{gn} / (1 + log, p(y ))%dy (C.10)

h=1

where the diag{g,} is a diagonal matrix including the vector g, =
[9n(1), gn(2), ..., gn(L)]" on the main diagonal. Using integration by parts, the

integration within (C.10) becomes

[ +108,003) %}'f"“dy

— 1+ logypy)plyl) — [ LBy ay
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_ Xp) Op(y)
= / oly) oy ¥ (C1D

since (1 + log, p(y)) p(y|xn) goes to 0 as ||y|| goes to oo [35][11].
By substituting (C.11) into (C.10), we get

orsI

0
_ ip(xh) -diag{gn} U Mag—;%]

P p(y)

- i diag {gh}c‘?p(y) {P(ﬂxh)} Pxy)dy

p(y)

plybn) { =L (v~ WGx) b Py

1

¥ Iply) { 1 (v = W) fay

Exjy [diag{Gx}] - p(y)y — Exjy [diag{Gx}] - p(y) WExy [Gx]dy (C.12)



The first part of (C.12) can be evaluated as follows.

[ By ldiag{@x} - piy)yiy

H
- / > p(xuly) - diag{Gxy}p(y)ydy

H
= / > p(xn,y) - diag{Gx}ydy
h=1

> p(ylxn) - diag{Gxy}P(x4)ydy

h=1

P(xy) - diag{Gx} / p(ylxn)ydy

—

M=

T

1

P(xy) - diag{Gx, } W{Gxp}

M=

>
Il

1

I
<

Z P(xp) - diag{Gx} - {Gxp}

H
h=1

WE, [diag{Gxy} - {Gx,,}].

since [ p(y|xn)ydy = W{Gx;}.

The second part of (C.12) can be evaluated as follows.

/ By, [diag{Gx}] - p(y) WEyy [Gx] dy

H
= W [ 3" bly.x)Exy [diag{Gx)] Exy (Gx] dy

= W. Ex; [Exly [diag{ Gx}] Exy [GX]]

since p(y) = 22{21 p(y,x;,) and W is a diagonal matrix.
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(C.13)

(C.14)
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From (C.12), (C.13), and (C.14), we obtain

oTS1T w , .
8—W = 2 {Ex [diag{Gx} - {Gx}] — Exy []Ex|y [diag{Gx}] - Exy [GXH }
w , .
= ?Ex’y [diag{Gx} - {Gx} — Eyjy [diag{Gx}] - Exy [Gx]] (C.15)
T
where aaT vle 352911)7 35(521)7 . gg&f) , Exjy [GX] is calculated by

S {Gxa}p(y|xn) P(xa)
Zh L Py [%n) P (%)

Y

Exy [Gx] =

and E|y [diag{Gx}] is similarly calculated.

For numerical programming, (C.15) can be written as follows.

TSI W

W Nt Z {diag{Gxo} - {Gxo} — Exy, [diag{Gx}] - Exyy, [Gx]}

Yo,Xo
(C.16)
where N, is total iteration for estimating the expectations and
H
G P
x|y0 [GX] _ Zh:l{ Xh}p(YO’Xh) (Xh) ) (C17)

S p(yolxn) P(xn)



C.2  Waveform design for SIMO radar with TSI

The system model shown in (4.13) for SIMO radar configuration is

_yl- [ WG ix + ny ]
o Vo  FBxafie WGaox + ny
Y N | WGy, X+ niyg, |
From (C.3), we get
oTsI _ 0E[logyp(y)]
ow(i) dw(i)

= —%@ Up(?) log, p
p

— —/(1+log2p(§))§w—.dy

_ o - (1) .
(1+1log, p(¥)) D O

where x;, means x = e, and e, is the A" indicator vector.

Op(y|xn

with respect to T) by defining

Let us derive the M‘%‘h)

I _ [ opsi) onts spen |
O | op@lxn)  Op(F1xn) Ip(y1xn)
oW w(l) > ow(2) ' ow(L)
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(C.18)

(C.19)

(C.20)
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From (4.15), we obtain

Ip(y|xn) _
ow(i)
p(Flx) Li S {5+ £ — 1)) — (@), (i + Lo — 1)) )Gy G+ £ (m 1>>] for all i

(C.21)

where g;(l) = {Gx,}(1) forl = 1,2, ..., LNy and {Gx,} is a LNpy X 1 vector.

On the other hand, from (4.15) we get

op(ylx) 1 /. A
b = I (V- WGx) (€22)
R T
where 2?01 _ | oplx) 9p(F1x) op(F1x) ] and
oy a5(1) * YR) " DY(LNmy)
op(ylxn) 1 N

where I’ is I modulo £,and | = 1,2, ..., LNgy.

Therefore, from (C.21) and (C.22), we get

wFx) _ g onEx)

or X (C.23)
oW
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where the block matrix ]A3xh = [B1.,Bap . .. Bny, 1) and the matrix B,,,.;, is as follows.

. . 0 gmn(2) 0
B, = diag{G,xp} = diag{gmr} = , (C24)
i 0 N 0 gm,h(ﬁ) i
form = 1,2,..., Ngx. The vector g,,, is {G,,x,,} and the hth target transfer vector

triggered by x = e, from the path between the single transmitter to the m‘”* receiver.

With (C.23) and (C.20), we continue to develop (C.19) as follows.

OTSI _ / i W) o0 1o
—_— + log, p(y dy
OW ’ ; ow o

:i { (1 4 log, p( )){ éY|Xh)}P(xh)d§]
:g; { (1+ log, p(¥)) {ﬁx %}l’xh)} P(xh)d§]
= iP(Xh)ﬁxh [/ (1 +log, p(¥)) %}f{’l)@] : (C.25)

>
Il

1

Using integration by parts, the integration part of (C.25) becomes

[+ 108,05 0p31x) 4o

7y
— (1+ g, 3 p5 ) — [ X2 g5
- L op(y) o
-~ | 7 o S
_ [ p(¥Ixz) Op(y)
/ p(y) 9y oy (€20

since (1 + log, p(¥)) p(¥|xn) goes to 0 as ||y || goes to oo [35][11].
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By substituting (C.26) into (C.25), we get

oTS1
OW
H ~ ~
~ 0
B e 55
h=1
H ~
_ _/Z]/—S’Xhap(/y) p(Y|/)\(h>‘| P( )dy
= 9y | p(y)
L Ta.]190() o
= Ex|y _BX 8? d
H
~ op(y|x
= — | Exy BX_ Z p<a§| h)P( n)dy

Exy |Bx| ZH: (¥1x1) { ; (5 - Wth)}P(xh)d§

BN

- N N 1 N o~ =N
Exy _BX_ p(xu|Y)p(y) {_—02 (y - WGXh) } dy

=1

>

Exy |Bx| Bxy [p(3)y — p(5)WGx] dy

Evg [Bx] [p(5)5 - p(3) WELs [Cx] | d

1 B o~ ~ —~ ~ ~
= — /Exy Bx| - p(y)y — Exy [Bx} -p(¥)WEyy [Gx} dy (C.27)
The first part of (C.27) can be evaluated as follows.

/ Exjy [ﬁX} -p(¥)ydy
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H
p(xaly)Bxp(y)ydy

— —
Il

p(¥|xn)Bx), P(x,)ydy

FM=

P(xn)Bx, / P(F|%n)F 5

M= T

P(Xh)ﬁXhW{éXh}

>
Il

—E, [fax W {éx}]

—W-E, [Ex{éx}] (C.28)

since [ p(¥|xp)ydy = W{éxh} We can pull out W from the center between £ x L Ngx
matrix Bx;, and £Ngx x 1 vector {Gx,} by changing W to W since W is Ney @ W,
the block matrix ﬁxh = [B1.,Bap ... By, 1], and W is £ x £ diagonal matrix.
The second part of (C.27) can be evaluated as follows.
/Ex§ []/?;X} -p(?)W]ExW [GX} dsf\
H ~ ~
=W. /ZP(S’\’ Xh)Ex\§ [Bxh} Ex‘y [GX} dS’\
h=1
— W Ey By |Bx| Exy |Gx]| (C.29)
since p(y) = 22{21 p(¥,x;,) and W is a diagonal matrix.

From (C.28), (C.29) and (C.27), we obtain

arsI W
oW o2

B [ B (Gx)] By [Bus [Bx] - Eug 6] ]

= Z—Z]E,Q? {ﬁx . {ax} — Eyy [ﬁx} -Exg [C‘,x} ] (C.30)
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where

N {Gxu}p(T|xn) P(xa)
> p(F]xn) P(xi)

Ex|§ [GX] s
and Ey 5 [ﬁx} can be similarly calculated.

We can simplify (C.30) by inspecting the block matrix structures of y =
Vi ys Y] Bx, and {Gx}. We then, obtain the following result similar with

the result of monostatic radar.

orsI
OW
W NRX
= EEx,ym Z {dmg{Gmx} : {Gmx} - ]Ex|ym [dlag{GmX}] ' IE‘:’x\ym [Gmx] }]
m=1
(C.31)
T
where % = { 352911;7 g’ggﬁj L 635_(55) , Exly,, |[Gmx] is calculated by
_ Zzl:l{Gth}p(Ym|Xh)P(Xh)
IExb’m [Gmx] - H ’
2 _h—1 P(Ym[Xn) P(xn)
and Eyy,, [diag{G,,x}] is similarly calculated.
For numerical programming, (C.31) can be written as follows.
arsI
oW
W NRx
— N o ; {Zl {dzag{Gmxo} AGmxo} — Exymg [diag{Gx}] *Exlym, (Gx] }}
X0,¥mg m=

(C.32)
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where ?0 - [Y107 Yoo, - - 7y0NRx]T and

By, [Gox] = et Gt Xt P )
> he1 P(Ymo [0 ) P(xX)
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