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ABSTRACT 
 
 

     In systems subjected to long-term loading, subcritical crack growth is the principal 

mechanism causing the time-dependent deformation and failure of rocks. Subcritical 

crack growth is environmentally-assisted crack growth, which can allow cracks to grow 

over a long period of time at stresses far smaller than their failure strength and at tectonic 

strain rates. The characteristics of subcritical crack growth can be described by a 

relationship between the stress intensity factor and the crack velocity.  

     This study presents the results of studies conducted to validate the constant stress-rate 

test for determining subcritical crack growth parameters in Coconino sandstone, 

compared with the conventional testing method, the double torsion test. The results of the 

constant stress-rate test are in good agreement with the results of double torsion test. 

More importantly, the stress-rate tests can determine the parameter A with a much smaller 

standard deviation than the double torsion test. Thus the constant stress-rate test seems to 

be both a valid and preferred test method for determining the subcritical crack growth 

parameters in rocks. 

     We investigated statistical aspects of the constant stress-rate test. The effects of the 

number of tests conducted on the subcritical crack growth parameters were examined and 

minimum specimen numbers were determined. The mean and standard deviation of the 

subcritical crack growth parameters were obtained by randomly selecting subsets from 

the original strength data. In addition, the distribution form of the subcritical crack 

growth parameters and the relation between the parameter n and A were determined.  
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     We extended the constant stress-rate test technique to modes II and III subcritical 

crack growth in rocks. The experimental results of the modes I, II and III tests show that 

the values of the subcritical crack growth parameters are similar to each other. The 

subcritical crack growth parameter n value for Coconino sandstone has the range of 34 to 

38 and the parameter A has the range of 1.02×10-2 to 6.52×10-2 m/s. The effect of 

confining stress, specimen size, and water saturation on subcritical crack growth under 

mode II loading has also been investigated.  

     Finally strength parameters for Coconino sandstone were determined experimentally, 

including tensile strength, uniaxial compressive strength, cohesion, internal friction angle, 

in-plane / our-of-plane shear strength and the fracture toughness under mode I, II, and III 

loading. 
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CHAPTER 1 

INTRODUCTION 

 

      Rock, one of the most common materials in the Earth’s crust, has been used as both a 

construction material and for structures for a long time. Most man-made or fabricated 

engineering materials are relatively homogeneous at least on the macroscopic scale. 

However, rock materials differ from most other engineering materials since they have the 

following characteristics; discontinuities, heterogeneity, and anisotropy [1]. 

     Discontinuities are planes of weakness within a rock [2]. Discontinuities vary in size 

from small fissures to huge faults. The most common discontinuities are joints, bedding 

planes, planes of cleavage and schistosity, fissures and faults. Heterogeneity is a physical 

non-uniformity of a material. Rock is highly heterogeneous due to different minerals or 

grains, different bonding between minerals, and the existence of pores and microcracks. 

Anisotropy is when the properties of a material depend on the direction. An isotropic 

material reacts identically to the same stress applied in different directions, whereas an 

anisotropic material such as shale behaves differently to the same stress applied in 

different orientations.    

     Despite all these problems with rock as an engineering material, it is possible to use 

engineering analysis for problems involving rocks. In many cases, rock can be treated as 

an ideal material (i.e. continuity, homogeneity, and isotropy) for the purposes of 

engineering design.  
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     In rock mechanics, conventional failure criteria such as the well known Coulomb 

criterion have been used to describe the failure of structures and to predict the failure 

conditions of rock. The macroscopic failure criteria have been used extensively in the 

design of engineering structures in rocks. In order to take into account uncertainties in the 

analysis of structures, a safety factor is employed to limit the calculated critical facture 

stresses. This procedure of design has been successful for the many structures for many 

years. 

     However, in many cases rock failure cannot be adequately explained by the 

conventional failure criteria. For rock materials, once a crack and/or discontinuity has 

displaced, the state of stress in the vicinity of the crack tip is altered significantly, and 

these criteria cannot deal with the fracture process and predict the direction of crack 

propagation in rock materials. For these reason, the discipline of fracture mechanics was 

introduced to rock mechanics and has led to the development of rock fracture mechanics.   

      

1.1 Basic concept of fracture mechanics 

 

     In linear elastic fracture mechanics (LEFM), the stress intensity factor K describes the 

magnitude of stresses in the crack tip region, the size and shape of the crack tip plastic 

zone or fracture process zone, and the strain energy for the crack propagation. Since it is 

able to correlate the crack propagation and fracture behavior, the stress intensity factor is 

one of the most important parameters in LEFM. From linear elastic theory, Irwin [3] 

showed that the stresses in the vicinity of a crack tip, � �� , can be expressed as follows, 
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� �� �
�

� � � 	

�� � � 
 � � � � � � � (1.1)

where, 
�� ��
  is a well-defines function of � , r and �  are the cylindrical polar co-ordinates 

of a point with respect to the crack tip (Fig. 1.1), and K is the stress intensity factor. All 

stresses have a r-1/2 singularity, i.e., they tend to infinity near the crack tip. For an infinite 

plate with a central crack with length 2a, the stress intensity factor K is  

� � � � � �  (1.2)

where, �  is the far-field applied stress. 

 

 

Fig. 1.1 Stresses at a point ahead of a crack tip. 

      

     Equation (1.2) is valid only when a single crack is contained in a plate of infinite size. 

Usually the specimen is of finite size, and Equation (1.2) must be adjusted. A general 

form for a modified formulation is 

� � � � � � � �
�
�


  (1.3)

where, Y(a/W) is the geometrical factor, and W is the finite specimen width. 

�
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      Cracks will propagate when the stress intensity factor reaches or exceeds a critical 

stress intensity factor, Kc. The quantity Kc is termed the fracture toughness and is 

considered to be a material property. The fracture toughness is a quantitative expression 

of a material resistance to failure when a crack is present. The fracture toughness can be 

determined experimentally by measuring the fracture stress for a large plate that contains 

a through-thickness crack of known length.  

     Some particular applications for the fracture toughness of rock are given as follows [4]: 

1) A parameter for the classification of rock materials. 

2) An index of the fragmentation process such as tunnel boring and scale model 

blasting. 

3)  A material property in the modeling of rock fragmentation such as rock cutting, 

hydraulic fracturing, and the stability analysis of rock structures. 

      According to the loading configurations, there are three basic fracture modes of crack 

tip deformation, i.e. Mode I (or opening mode), Mode II (or in-plane shearing mode) and 

Mode III (or out-of-plane shearing mode). The three basic modes of fracture are 

schematically shown in Fig. 1.2. Corresponding to the three cracking modes, there are 

three stress intensity factors known as KI, KII and KIII . Also there are three fracture 

toughnesses KIC, KIIC, and KIIIC corresponding to the three cracking modes. All three 

modes can occur separately or in any combination. A combination of any two or more of 

the three fracture modes constitutes a mixed mode of loading.   
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Fig. 1.2 The three basic mode of fracture: (a) Mode I (opening mode); (b) Mode II (in-plane sliding mode); 
(c) Mode III (anti-plane shear or tearing mode). 
 

     Of the three basic fracture modes, mode I is the most common and important in 

fracture mechanics. However, fracture problems in rock structures quite commonly 

involve mode II, mode III and a mixed mode of loading. Even though a rock mass may 

be subjected to a pure mode I, mode II, or mode III loading, due to the complexity of the 

geometry and the random orientation of cracks in rocks, the crack growth occurs in 

mixed mode. For example, Fig. 1.3 shows a circular crack in an infinite medium under 

shear stress. The edge of the x axis of the circular crack (point A) is at the condition of 

pure Mode II. On the other hand, the edge of the y axis of the circular crack (point B) is 

the condition of pure Mode III. The mode II and III stress intensity factors for the circular 

crack can be expressed as [5]: 

� �� �
�
�

� � � �
� � � � 


��� �  (1.3)

� ��� �
�
�

� � � � 
 � � � �
� � � � 


�� �  (1.4)

where, �  is a far field shear stress, �  is Poisson’s ratio, and �  is the angle measured from 

the x-axis. 
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�

 

Fig. 1.3 Circular crack in an infinite solid medium subject to a far field shear stress. 

 

1.2 Shear fracturing in rock 

 

     Rock fracture under shear loading can be observed in the field as well as in the 

laboratory test. Shear fracturing requires a high differential stress and such stresses are 

commonly observed in deep fault zone or man-made structures including mine pillars, 

mine shafts and underground openings. 

     In strike-slip faults, first an array of en echelon joints or a system of joints develops 

perpendicular to the direction of minimum compressive stress. The direction of regional 

compressive stress then rotates, causing slip across the joints. The joints grow and 

coalesce, and a shear fracture occurs [6-9]. 
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     Experimental studies show that a fault nucleates by local interaction between a few 

microcracks and propagates into the unfaulted regions by inducing new microcrack 

growth at its tip [10-15]. A cloud of microcracks forms a shear fracture extending along 

the plane of shear fracture.  

     The field observations and the experimental results suggest that the shear fracture 

forms through the interaction and coalescence of microcracks when their concentration 

reaches some critical level [14,15]. Even though the growth of shear cracks is a complex 

process that usually involves the growth of tensile microcracks, mode I crack growth 

alone cannot adequately describe the phenomenon of shear crack growth in rocks.  

 

1.3 Crack growth in brittle rock 

 

     Rocks are a heterogeneous mixture of various solid minerals, grains, voids, pores, and 

cracks. Microstructure interactions such as crack initiation, propagation, and coalescence 

underlie the macroscopic mechanical behavior of rocks. Usually crack growth in rocks 

can be classified into two types; one is a stress-induced crack growth and the other is an 

environmental-assisted crack growth. Under an applied load, microstructural features 

such as voids, pores, and cracks act as local stress concentrators. The local initiation of 

microcracks occurs at these defects due to mismatches in elastic properties [16]. With 

increased loading, more and more microcracks activate and existing microcracks 

continue to grow. When the size and the number of microcrakcs reach a critical point, the 

interaction between microcracks leads to crack coalescence. Then crack propagation and 
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localization result in final macroscopic failure. Fig. 1.4 shows some schematic examples 

of microcrack initiation mechanisms under an applied load [17]. 

 

����

���	�


��
��



�����


�����	
�����

�� ��

�� ��
 

Fig. 1.4 Schematic examples of microcrak initiation mechanisms under an applied load [17]: (a) microcrack 
growth from flaws within mineral grains; (b) wedging of one grain between neighbors with grain boundary 
sliding; (c) lateral extension of soft grain promotes crack growth in adjacent stiff grain; (d) slip of inclined 
flaw induces wing cracks. 
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      The environmentally-assisted crack growth takes place over long periods of time and 

the crack velocity is very slow. This phenomenon is called subcritical crack growth. It 

has been found experimentally that cracks can propagate slowly at a value of stress 

intensity factor that may be lower than the critical value in geological materials, due to 

processes such as stress corrosion or other chemical reaction in the environment [18]. 

Subcritical crack growth must be considered for the time-dependent behavior of 

structures in rocks. 

 

1.4 Subcritical crack growth 

 

     In the classical fracture mechanics, cracks will propagate when the stress intensity 

factor reaches or exceeds a critical stress intensity factor, Kc. In systems subjected to 

long-term loading, however, the classical fracture mechanics approach does not work, 

and crack growth can occur at a value of stress intensity factor that may be substantially 

lower than the critical value. This phenomenon is known as subcritical crack growth. 

Several possible mechanisms have been suggested for subcritical crack growth. These 

mechanisms are stress corrosion, dissolution, diffusion, ion change, and microplasticity 

[18, 19]. All of these are influenced by the chemical effects of pore water in rocks.  

     It is believed that stress corrosion is the main mechanism of subcritical crack growth 

in rocks. The reaction between strained bonds and the environmental agent produces a 

weakened state which can then be broken at lower stresses than the unweakened bonds 

[18]. For silicate rocks, the hydrolysis of strong Si-O bonds produces weakened hydrogen 
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bonded hydroxyl groups linking the silicon atoms [20-23]. This process is described by 

the following chemical reaction. 

H-O-H + [� Si-O-Si� ] �  2[� Si-OH] 

     Fig. 1.5 shows the schematic crack velocity/normalized stress intensity factor diagram 

for subcritical crack growth in rock [18,19]. The transition from region 1 to region 2 and 

from region 2 to region 3 for rocks are more rounded than in other materials, such as 

glasses and ceramics. In region 1, the interval 0.2 Kc �  K �  0.8 Kc, the velocity of crack 

growth is controlled by the rate of stress corrosion reactions at crack tips [18,19,24]. In 

region 2, the velocity of crack is controlled by the rate of transport of reactive species to 

crack tips. Region 2 behavior is observed in some glasses and ceramics but is rarely seen 

in rocks [18,19,25]. In region 3, crack growth is mainly controlled by mechanical rupture 

and is relatively insensitive to the chemical environment. 

     Subcritical crack growth can be expressed by the empirical power law relationship 

[26-28]: 

! � " #� �
$ � " %

� �

� �&
'

$

 (1.5)

where, v is the crack velocity, A*, A, and n are the subcritical crack growth parameters, 

and Ki is the stress intensity factor (where i = I, II, or III  according to the loading 

configuration), and KiC is the fracture toughness. Sometimes n is also called the 

subcritical crack growth index [18].   
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Fig. 1.5 Schematic crack velocity/normalized stress intensity factor diagram for subcritical crack growth in 
rocks. Ko is the stress corrosion limit [19]. 
    

     The subcritical crack growth parameters A and n can be estimated from the 

experimental relation between the crack velocity and the stress intensity factor. One of 

the popular tests in determining the subcritical critical crack growth parameters is the 

Double Torsion (DT) test [19,29,30].  

     However, the DT test has some limitations. First it only can be applied to mode I 

loading. Second, it does not always produce a unique K-v relation for a given material 

and environment; the subcritical crack growth parameters sometimes vary in each test. 

Because of these reasons, alternative test methods have been suggested and a constant 

stress rate method is one of them. In this research, most of specimens have been tested by 

a constant stress-rate method.   
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1.5 Examples of subcritical crack growth failure 

 

1.5.1 Swimming pool roof collapse 

     In 1985, 12 people were killed in Uster, Switzerland when the concrete roof of a 

swimming pool collapsed only after thirteen years of use. The roof was supported by 

stainless steel rods in tension, which failed due to subcritical crack growth [31]. The 

Federal Materials Testing Institute, based in Duebendorf, Switzerland, and the Federal 

Materials Research and Testing Institute of Berlin concluded that the collapse was the 

result of chloride-induced stress corrosion cracking as illustrated in Fig. 1.6. 

 

Fig. 1.6 Subcritical crack growth on stainless steel supporting rods [31]. 
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1.5.2 Concrete flaking in a Shinkansen tunnel   

     On June 27th, 1999, the concrete mass in the Fukuoka tunnel between Kokura and 

Hakata in the JR Sanyo Shinkansen line directly hit the Hikari Shinkansen train running 

in the tunnel, and the roof of railroad car and part of the pantograph were damaged [32].       

     The cause of the accident of the Fukuoka tunnel was a discontinuous plane in the 

concrete. The crack was generated on the inside of the concrete. The crack then 

propagated by water leak, temperature change, train vibrations, etc. over time, and it 

finally fell because of the dead weight (Fig.1.7). 

 

Fig. 1.7 Kitakyushu tunnel flaking site [32]. 

 

1.5.3 Randa rockslide 

     The 1991 Randa rockslide in the Swiss Alps involved the failure of approximately 30 

million cubic meters of massive crystalline rock in two main stages: the first one on April 

18, and the second one on May 9. (Fig.1.8) [33]. Failure occurred along extensive 
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shallow dipping stress-relief joints parallel to the surface. Analysis of climatic and 

regional seismic data showed that there were no clear indications of a trigging event. 

However, subcritical crack growth (i.e. through rainfall, snow melt and freeze-thaw 

cycling events) related to brittle strength degradation and progressive failure were likely 

contributing factors that brought the slope to failure [33].  

 

Fig. 1.8 1991 Randa rockslide [33].  

 

1.6 Research scope and objectives 

 

      As mentioned in the previous section, the DT test cannot be applied to mode II or III 

loading. However, in the real world, subcritical crack growth occurs not only in mode I 

loading, but also in mode II and mode III loading. Thus, in order to overcome the 

limitation of the DT test, an alternative method, the constant stress-rate test was 

employed. The constant stress-rate test has been established to determine the mode I 

subcritical crack growth parameters for ceramic materials. Here, we have extended this 

test methodology to rocks and to mode II and III loading for the first time. The results 
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obtained from this research will improve our capabilities for predicting time-dependent 

failure in rocks. 

     As a test material, Coconino sandstone has been used. Coconino sandstone is found 

over large areas in the Colorado Plateau including northern Arizona, northwest Colorado, 

Nevada, and Utah. It is a relatively uniform and fine-grained sandstone with light yellow 

minerals. 

     The research objectives of this dissertation are summarized as below. 

1) Verification of the constant stress-rate test as a valid subcritical crack growth test. 

2) Experimental determination of the subcritical crack growth parameters under 

modes I, II and III loading. 

3) Investigation of the effect of confining stress, specimen size, and water saturation 

on the subcritical crack growth parameters. 

4) Characterizing the failure of Coconino sandstone under modes I, II, and III 

loading.  

 

1.7 Dissertation outline 

 

     This dissertation consists of seven chapters. Chapters 3, 4, 5, and 6 have been written 

with the intention of direct journal submission. Thus these chapters may have some 

repetitious sections. 

     Chapter 1 provides a brief overview of the dissertation topic including background, 

research objectives and an outline of the dissertation. Chapter 2 describes the laboratory 
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experiments for the subcritical crack growth test. The experimental processes and the 

results of testing are presented. Chapter 3 gives details on the determination of the 

subcritical crack growth parameters under mode I loading using the constant stress-rate 

test. A variety of mode I fracture mechanics tests and conventional rock mechanics tests 

are performed to determine the parameters. We also checked the validity of the constant 

stress-rate test by comparing with the results of the DT test, a common subcritical crack 

growth test. In chapter 4 some statistical aspects of the constant stress-rate test are 

presented. The effects of the number of specimens on the subcritical crack growth 

parameters are investigated. The mean and standard deviation of the subcritical crack 

growth parameter A are obtained by randomly selecting subsets of the data. The 

distribution form of the subcritical crack growth parameters and the relation between the 

parameters n and A are determined. Finally, Weibull statistics are applied to the fracture 

strength data to describe the variability of the fracture strength and the subcritical crack 

growth parameters. Chapter 5 gives the subcritical crack growth parameters under modes 

II and III loading. The constant stress-rate test is extended to modes II and III loading. 

Also the effects of confining stress, specimen size and water saturation on the subcritical 

crack growth parameters are investigated. Chapter 6 describes the fracture characteristic 

of Coconino sandstone. Fracture toughness values under modes I, II, and III loading and 

strength are presented. The effects of loading rate, confining stress, and specimen size are 

also investigated. Chapter 7 presents a summary of the results of this research and future 

research recommendations. 
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CHAPTER 2 

LABORATORY EXPERIMENT 

 

2.1 Introduction 

     

     In this chapter, the mechanical properties of Coconino sandstone are determined and 

all of the procedures and results of the experiments are presented. In order to obtain the 

standard mechanical properties, uniaixal compression tests, triaxial compression tests, 

and Brazilian tests were performed.  

     Subcritical crack growth parameters were determined from the double torsion test. 

Also the subcritical crack growth parameters were determined using a constant stress-rate 

test. The constant stress-rate test does not require the measurement of a crack velocity or 

a crack length. The constant stress-rate test uses the relation between the fracture strength 

and applied stress rate. The constant stress-rate test is used regularly to test ceramic 

materials [34]. The advantages of this test are 1) standard rock mechanics test specimens 

can be utilized and 2) it can be applied not only to mode I loading but also to mode II and 

mode III loading as well [28]. 

     For mode I loading, Brazilian, three point bending, grooved disk, single edge notched 

bending, and compact tension tests were carried out. For mode II loading, short beam 

compression, single shear, and double shear geometries were used. For mode III loading, 

punch through mode III, and circumferential notched round bar in mode III geometries 

were used. 
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     The bedding plane direction affects the strength of the sandstone, so all specimens 

were prepared so that the crack propagation direction is perpendicular to the bedding 

planes. 

     All specimens were oven-dried at 40°C for at least 24 hours. After that, the specimens 

were placed in a desiccator to reduce the exposure to humidity in the air until the 

specimens were tested. The testing room maintained a relative humidity less than 15%. 

 

2.2 Mechanical properties of tested material 

      

     The rock type used in this research is Coconino sandstone from quarries near Flagstaff, 

Arizona. Coconino sandstone occurs widely in the Colorado Plateau including northern 

Arizona, northwest Colorado, Nevada, and Utah. It is present in the Grand Canyon, 

where it is visible as a prominent white cliff forming layer. It is relatively uniform and 

fine-grained sandstone with light yellow minerals.  

     The standard mechanical properties of Coconino sandstone were determined as part of 

this study. The following tests were performed for Coconino sandstone: uniaxial 

compression test, triaxial compression test and the Brazilian disc test. 
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2.2.1 Uniaxial compression test 

     Uniaxial compression tests were performed on cylindrical specimens having a height 

to diameter ratio of 2.5-3.0 without any lateral confinement [35]. This test is intended to 

determine unconfined compressive strength (UCS), Young’s modulus (E) and Poisson’s 

ratio (� ). Two electrical resistance strain gauges were attached on the specimen to 

measure axial strain and circumferential strain.  

    A constant displacement rate of 0.4572 mm/min (equivalent of 0.558 MPa/sec) was 

employed and the specimens failed at around 3 minutes. The tests were conducted using 

the SBEL CT-500 (max. capacity of 2,224 kN (500,000 lbs)) loading machine. All 

measurements were stored on a computer through a data acquisition system. Fig. 2.1 

shows stress-strain curves of Coconino sandstone. Poisson’s ratio can be calculated from 

the following equation [35]. 

� � �
�(�)* +�
 +�,��( +�-	*�� � �-	�� +�.	!*

�(�)* +�
 +��	�./
*	* -��( +�-	*�� � �-	�� +�.	!*
 (2.1)

The unconfined compressive strength (UCS), Young’s modulus (E), and Poisson’s ratio 

(� ) are listed in Table 2.1. 

 

Table 2.1 Results of uniaxial compression test for Coconino sandstone.  

Specimen No. Dimensions 
D × H (in) 

UCS 
[MPa] 

E 
[GPa] 

�  

UCS01 2.003×4.919 115.92 23.21 0.335 

UCS02 2.003×4.965 120.09 25.37 0.379 

Average  118.01 24.29 0.357 
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Fig. 2.1 Stress-strain curves of Coconino sandstone.  

 

2.2.2 Triaxial compression test 

      In the triaxial compression test, a cylindrical specimen is loaded axially to failure at a 

constant confining pressure [35]. The triaxial compression test determines the strength 

envelope, Coulomb failure criterion parameters (internal friction angle 0  and cohesion C), 

and Hoek-Brown failure criterion parameters (unconfined compressive strength UCS, and 

mi). 

     Confining pressure were generated by an ENERPAC P80 (max. capacity of 69 MPa 

(10,000 psi)) hand pump. 
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     The axial load and the confining pressure were increased simultaneously and in such a 

way that axial stress and confining pressure be approximately equal, until the 

predetermined test level for the confining pressure was reached. Then the axial load was 

increased at a constant displacement rate of 0.4572 mm/min (equivalent of 0.558 

MPa/sec) until the specimen failed.  The tests were conducted using the SBEL CT-500 

loading machine. A total of 6 different confining pressure values (1, 2, 5, 10, 20, and 30 

MPa) ware employed. Fig. 2.2 shows the strength envelope. The confining pressures and 

the corresponding strength values for the different specimens are plotted in Fig. 2.2.        

      

 

Fig. 2.2 Strength envelope for Coconino sandstone. 
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     Coulomb failure criterion parameters can be calculated from the following equation 

[35].  

0 � �� 1 2 / � �
/ � �

34 � 5
� � �� 0
� ��� 0

 (2.2)

where, m is gradient (tangent of the inclination) of a straight fit line in Fig.2.2 and b is its 

y axis intercept.  

     Hoek-Brown failure criterion parameters are calculated using software RocLab v1.0 

developed by Rocscience Inc. [36]. Fig. 2.2 also shows the strength envelope from the 

RocLab v1.0. Coulomb failure criterion parameters and Hoek-Brown failure criterion 

parameters are listed in Table 2.3. 

�

2.2.3 Brazilian disc test 

     The Brazilian disc test consists of placing a disc or cylinder of rock under 

compression across a diameter. The tensile stress can be computed from the relation [35] 

� �
� 6

� 78
 (2.3)

 where, P is applied load, d is diameter, L is axial length of cylinder or disc, and T is 

tensile stress. 

     A total of 6 specimens were tested and the results are listed in Table 2.2. Brazilian 

tests were conducted using the VERSA-TESTER AP-1000 (max. capacity of 267 kN 

(60,000 lbs)) loading frame. Finally overall mechanical properties of Coconino sandstone 

are summarized in Table 2.3. 
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Table 2.2 Results of the Brazilian disc test for Coconino sandstone. 

Specimen No. 
Dimensions 
D × L (in) 

Load P 
[lb] 

Tensile strength To 
[psi] [MPa] 

BR01 2.043×0.825  2590 978.27 6.74 

BR02 2.030×0.819 2470 945.80 6.52 

BR03 2.043×0.826 2320 875.22 6.03 

BR04 2.030×0.761 1900 782.98 5.40 

BR05 2.030×0.865 2250 815.74 5.62 

BR06 2.030×0.738 2710 1151.59 7.97 

Average   924.93 6.38 
 

Table 2.3 Mechanical properties of Coconino sandstone. 

UCS[MPa] E [GPa] �  0 +[°] C [MPa] mi To [MPa] 

118.01 24.29 0.357 50.6 22.7 25.12 6.38 

 

 

2.3 Double torsion test 

 

     The double torsion test was introduced in the late 1960s [37,38] and since then it has 

been popular due to its simple loading system and configuration of the specimen, easy 

pre-cracking, and independence of the stress intensity factor on crack length. The double 

torsion test has been extensively used to evaluate the relation between stress intensity 

factor and crack velocity during subcritical crack growth. In this test, a flat and thin 

specimen is placed on four ball bearings and the load is applied to the specimen through 

two ball bearings. The crack will propagate along the side groove due to tensile stress 

from the four-point bending.  
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     Fig. 2.3 illustrates the basic geometry of the experimental setup, and Fig. 2.4 is a 

picture of a double-torsion test specimen and loading fixture.  

 

�

 

Fig. 2.3 Basic geometry of the experimental setup for double torsion test. 

 

     Depending on the loading conditions, there are three techniques for conducting the 

double torsion test: the constant displacement rate technique [39], the constant load (a 

dead-weight load) technique [38], and the relaxation (constant displacement) technique 

[39]. 

     Only a single value of crack velocity is obtained from the constant displacement rate 

and the constant load methods in a single experiment run. But the relaxation method 

allows many values of crack velocity to be determined in a single experiment run. Thus, 

the relaxation method was employed in this study. 
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Fig. 2.4 Example of loading fixture and test specimen for the DT test. 

 

2.3.1. Crack velocity 

     It has been found experimentally that the compliance C is linearly related to the crack 

length, a, in the following relation [39,40]: 

4 �
9
6

� � /� �  
 3+9 � � /� �  
 6 (2.4)

where, P is the applied load, �  is the displacement of the loading points, and m and n are 

constants that depend on the elastic modulus and the dimensions of the material. 

     Differentiation of Equation (2.4) with respect to time, t, gives: 

79
7-

� � /� �  

76
7-

� /6
7�
7-

 (2.5)

In the relaxation technique, the displacement is constant, (d� /dt=0). Rearranging 

Equation (2.5) gives: 



52 
 

7�
7-

� � %
/� �  

/6
'

76
7-

 (2.6)

Also, at constant displacement Equation (2.4) can be written as  

� /� �  
 6 � � / � � �  
 6� � � / � : �  
 6: (2.7)

where, the subscript ‘i ' and ‘f’ denote the initial and final loads and crack length. 

     The crack growth velocity (v=da/dt) can be derived by substituting Equation (2.7) into 

Equation (2.6). 

! � �
6�

6; <� � �
 
/

=
76
7-

� �
6:

6; <� : �
 
/

=
76
7-

 (2.8)

For the case of large crack length or high modulus material (� �> �: ?  @/ ), Equation (2.8) 

reduces to 

! � �
� �6�

6;

76
7-

� �
� :6:

6;

76
7-

 (2.9)

     Several corrections for crack velocity due to the crack front curvature have been 

proposed [39,41-44]. During crack propagation, it was observed that the crack extended 

further along the lower face than the upper face. Evans [39] proposed the following 

correction for the crack velocity due to the crack profile. 

! � � A
� �6�

6;

76
7-

 (2.10)

where, A � B@C�B ; � D� ; 
  , B is the thickness of the specimen, and � a is the 

difference in crack lengths between the two faces (Fig. 2.5). 
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Fig. 2.5 Schematic illustration of the crack front [39]. 

 

     Experiments on glass and quartz give a correction factor �  approximately equal to 0.2 

[23,40]. The measurement of crack length in the upper face was difficult for the 

sandstone specimens, so �  = 0.2 was assumed in this study.   

     Equation (2.10) shows that the crack velocity can be obtained from the slope of the 

load relaxation curve at a given time, plus initial crack length or final crack length and 

the corresponding load. Since there is measurement scatter in the load relaxation curve, 

raw data are smoothed by a curve fitting technique [45]. In this study, a power law 

function was employed to fit the relaxation data.  

6� -
 � � -E � � -F � * -:  (2.11)

where, a, b, c, d, e, f are constants determined by a linear regression and b, d, f are 

negative.  

     Fig. 2.6 shows a typical load relaxation curve with raw data and the curve fitted line. 



54 
 

 

Fig. 2.6 Typical load–time curve for subcritical crack growth test using a load relaxation method. 

 

2.3.2 Stress intensity factor 

     Williams and Evans [40] have shown that the torsional strain, �  for the double torsion 

test is given by the following expression: 

� G
9

� H
G

I ��
� BJK

 (2.12)

where, Wm is moment arm, T is torstional moment (=(P/2)Wm), W is specimen width, B is 

specimen thickness, and G is shear modulus of the material. 

     Equation (2.12) can be rearranged to give the expression for the compliance of 

specimen. 

4 G
D
6

G
L� H

J �
� BJK

 (2.13)
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In linear fracture mechanics, strain energy release rate M is related to the specimen 

compliance. 

M�
6;

�
%
74
7"

'  (2.14)

where, A is the area of the crack (= Bna). Therefore Equation (2.14) can be given as: 

M�
6;

� B$

74
7�

 (2.15)

Differentiating Equation (2.13) with respect to a and substituting in Equation (2.15) gives 

M�
L6; � H

;

� � BJB$K
 (2.16)

The stress intensity factor, K, is related to M by 

� � CNOM (2.17)

where, E’ is effective Young’s modulus: E’=E for plane stress and E’=E/(1-� 2) for plane 

strain. So, the stress intensity factor is 

� � 6� H P
L� � � � 

� BJB$

++++
�	 +)(� * +�-	*��  (2.18)

� � 6� H P
L

� BJB$ � � � � 

+++
�	 +)(� * +�-	��  (2.19)

     The stress intensity factor is a function of applied load, specimen dimensions, and 

Poisson’s ratio and is independent of crack length. 
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2.3.3 Size requirement 

     The double torsion specimen has to satisfy certain size requirements to obtain a valid 

stress intensity factor. Atkinson [46] determined that fracture toughness is independent of 

specimen dimension when the specimen width W is 12 times greater than the specimen 

thickness B. Pletka et al. [47] recommended that the specimen length L should be greater 

than twice the value of W. Thus, the size of the double torsion specimen should satisfy 

[40] 

�� B Q � Q 8@�  (2.20)

     The double torsion specimen dimensions used in this study are 63.5 mm (2.5 in) wide 

(W) × 152.4 mm (6 in) long (L) × 5.08 mm (0.2 in) thickness (B) and these dimensions 

satisfy the size requirement. 

 

2.3.4 Experimental procedure 

     The double torsion test used in this study consists of three stages: pre-cracking, 

subcritical crack growth, and determination of fracture toughness.  

     All of the surfaces of the specimen were ground using a KENT USA SGS-1020AH 2 

axis auto surface grinder. A rectangular guide groove with a width of 4.5 mm (0.18 in) 

and a depth of 1.7 mm (0.067 in), which is approximately one-third of specimen 

thickness, was cut with an overhead wheel saw (MK-5005T BLK Saw) along the 

specimen length. An initial notch with a thickness of 1.7 mm (0.067 in) and a length of 

25.4 mm (1 in) was cut with a diamond wheel wet saw (Plasplugs DWW405US) along 

the line of the axial groove.  
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     Pre-cracking was achieved under displacement control with a loading rate of 0.254 

mm/min. The VERSA-TESTER AP-1000 loading frame was used for the double torsion 

test. The initiation of the pre-crack can be detected from a rapid slope change in load-

displacement curve. 

     In the relaxation technique, a pre-cracked specimen is loaded rapidly to a pre-

determined loading, Pi (about 90% of the expected fracture load). Then, the crosshead of 

the testing machine was held at fixed position and the load allowed to decay as a result of 

subcritical crack growth for 45 minutes. When the relaxation test was completed, the 

final crack length (af) was measured.  

     Following this, the fracture toughness was determined using a high loading rate in 

order to minimize environmental effects. ISRM suggests that failure should occur within 

10 seconds [4]. In this study, a loading rate of 0.041kN/s (� R� S��T+U6� � / @�) was 

employed and failure occurred within 4 seconds. Fracture toughness can be obtained 

from Equation (2.17). Equation (2.17) does not require a crack length, but Trantian [48] 

showed that stress intensity factor was independent of the crack length when the crack 

length satisfied the following condition: 

S�TT� V WV X� S�IT Y  (2.21)

 After the relaxation test, the crack length measured in this study ranged from 50.8 mm to 

63.5 mm and thus the crack length satisfied the restriction. Fig 2.7 shows a typical load-

time curve for the fracture toughness test. As it can be seen from the graph, when the 

crack is propagate, there is a rapid slope change in the load-time curve. When the load 

reaches its maximum Pmax, the crack length is out of the valid range. Therefore, fracture 
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toughness was obtained using the critical load, Pcr, when the crack just begins to 

propagate. 

 

Fig. 2.7 Typical load-time curve for fracture toughness test.  

       

2.3.5 Experimental results 

     The subcritical crack growth parameters n and A can be obtained from the K-V 

diagram. If we assume that subcritical crack growth is governed by the Charles power 

law (Equation (1.5)), then the subcritical crack parameter n is the slope of a K-V diagram 

plotted on a log-log scale. The parameter A is related to the Y intercept of a K-V diagram 

and is equal to �S Z+�$[\]^\_[ . A total of 12 specimens were tested. The specimen 

dimensions, values of the fracture toughness and the subcritical crack growth parameters 

are listed in Table 2.4. Fig. 2.8 shows overall results of the 12 DT tests.  
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Table 2.4 Specimen dimensions, fracture toughness and the subcritical crack growth parameters for 
Coconino sandstone. 

Specimen 
No. 

Dimensions K IC 
(MPa	 m) 

n A 
(m/s) L (in) W (in) B (in) Bn (in) 

DT01 6.010 2.510 0.204 0.131 0.728 21 3.22E-04 

DT02 6.012 2.508 0.204 0.143 0.615 52 1.45E00 

DT04 6.021 2.512 0.204 0.124 0.633 52 4.57E-01 

DT05 6.011 2.512 0.204 0.133 0.629 36 3.96E-02 

DT08 6.020 2.508 0.204 0.135 0.694 35 1.04E-01 

DT10 6.010 2.495 0.202 0.132 0.692 23 1.32E-04 

DT11 5.998 2.507 0.202 0.132 0.580 31 1.21E-02 

DT12 5.996 2.507 0.203 0.140 0.758 22 1.19E-03 

DT13 6.019 2.508 0.202 0.139 0.733 28 7.48E-03 

DT16 6.015 2.507 0.202 0.142 0.612 21 1.15E-04 

DT17 6.001 2.508 0.201 0.146 0.843 42 2.20E-04 

DT18 6.020 2.507 0.201 0.146 0.714 29 2.94E-03 

Average     0.686 33 1.73E-01 

STD     0.075 11 4.23E-01 
 

     The average values of the subcritical crack growth parameters n and A listed in Table 

2.4 are the arithmetic mean of the n and A columns, respectively. But the parameter A is 

biased against “true” representative value since the parameters A have a skew distribution. 

Also, the two parameters n and A are not independent but related each other. As it can be 

known from Table 2.4, the parameter A increases with the parameter n. Thus, a 

representative A value is obtained from the least squares method using the average n 

value. The corrected parameter A is 6.71×10-3 m/s with the average absolute deviation of 

1.71×10-1 m/s. The solid line in Fig. 2.19 is the corrected representative K-V curve from 

the test results using the arithmetic mean of the parameter n and the A value obtained 

from the least squares method. 
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Fig. 2.8 Overall results of the DT test with arithmetic means of subcritical crack growth parameters. 

 

 

Fig. 2.9 Overall results of the DT test with corrected average subcritical crack growth parameters. 
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2.4 Constant stress-rate test 

      

     In general, the strength of a material increases with increasing applied stress rate. The 

constant stress-rate test uses this principle to relate the fracture strength and applied stress 

rate.  

 

2.4.1 The relation between fracture strength and stress rate 

     In the next two sub-sections, equations are derived for determining the subcritical 

crack growth parameters from a series of applied stress rate tests. As is shown, the same 

equation can be derived assuming either time or stress integration. 

 

2.4.1.1 Derivation of constant stress-rate test equation using crack length and time 

integration 

      The generalized expression of the stress intensity factor under a uniform remote 

applied stress is: 

� � � � � � �  (2.22)

where, Y is a geometry factor related to the crack geometry, �  is an applied stress, and a 

is a crack length.  

Substituting Equation (2.22) into Equation (1.5), we get 

! �
7�
7-

� " `
� � � �
� �&

a

$

�
"

� �&
$ � $ � $ � $@;  (2.23)

By separation of variables, Equation (2.23) can be rearranged as: 
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� 1 $@; 7� �
" � $

� �&
$ � $7- (2.24)

This can be integrated as: 

b � 1 $@;
cd

ce

7� �
" � $

� �&
$ b � � -
 $7-

[

f
 (2.25)

where, ai = initial crack length, af = final crack length, and t is time. 

Solving Equation (2.25), we get 

�
 � �

` � �

; 1 $
; � � :

; 1 $
; a �

" � $

� �&
$ b � � -
 $7-

[

f
 

(2.26)

Fracture toughness in an inert environment and a corrosive environment can be expressed 

as: 

� �& � � � �C� � (2.27)

� �& � � � :C� : (2.28)

where, � i is inert strength, determined in an inert condition whereby no subcritical crack 

growth occurs, and � f is fracture stress in a corrosive environment. 

     The inert strength can be obtained by using very fast test rates or using an inert 

environment (such as vacuum or oil). In our study, the inert strength was determined 

from the test conducted at the fastest loading rate of all the tests conducted. 

Rearranging Equations (2.27) and (2.28) with respect to crack length, we get 

� � � %
� �&
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'

;

 (2.29)
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;

 (2.30)

Substituting Equations (2.29) and (2.30) into Equation (2.26), we obtain 

� � �&
$

" � $ �  � � 

� $1 ;

� �&
$1 ; g� �

$1 ; � � :
$1 ; h � b � � -
 $7-

[

f
 (2.31)

and it reduces to: 

� � �&
;

" � ; �  � � 

g� �

$1 ; � � :
$1 ; h � b � � -
 $7-

[

f
 (2.32)

For the constant stress rate test, � � -
 � �R -, and Equation (2.32) becomes 

� � �&
;

" � ; �  � � 

g� �

$1 ; � � :
$1 ; h � � R$ b -$7-

[

f
+++++++
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�

 � �
� :

$i2 �R12  

 

(2.33)

and 

� � �&
;

" � ; �  � � 

� �

$1 ; ` � � %
� :

� �
'

$1 ;

a �
�

 � �
� :

$i 2� R1 2 (2.34)

It is assumed that � � :@�� 
 $1; j �  since n is large for most rocks. So Equation (2.34) 

reduces to: 



64 
 

� :
$i 2 �

� � �&
; �  � � 
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� �

$1 ; � R (2.35)

Now taking the logarithm for both sides of Equation (2.35) yields: 

(�k � : �
�

 � �
(�k � R�

�
 � �

(�k `
� � �&

; �  � � 

" � ; �  � � 


� �
$1 ; a (2.36)

Rewriting Equation (2.36) gives 

(�k � : �
�

 � �
(�k � R� (�kl  (2.37)

 where: 

(�kl �
�

 � �
(�k `

� � �&
; �  � � 


" � ; �  � � 

� �

$1 ; a (2.38)

 

2.4.1.2 Derivation of constant stress-rate test equation using crack length and stress 

integration      

     The crack velocity, v, is given by 

! �
7�
7-

�
7�
7�

7�
7-

�
7�
7�

� R (2.39)

Rearranging Equation (2.39) gives 

7� �
� R
!

7�  (2.40)

Substituting Equation (1.5) into Equation (2.40), we get 

7� �
� R

" <
� �
� �&

=
$ 7�  (2.41)

Substituting Equation (2.22) into Equation (2.41), we obtain 
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Rearranging Equation (2.42) gives 
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Integrating Equation (2.43) gives 
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(2.44)

where, � o=stress at initial condition. 

     We assume that the initial stress is zero and the quantity � � :@�� 
 �$1;
@;  very rapidly 

becomes much larger than unity since n is generally a large number; then Equation (2.44) 

reduces to: 

� :
$i 2 �

�  � � 
 � � �&
$ � R

�  � � 
 " � $ � �

$1 ;
;

 (2.45)

From Equation (2.29) 

� �

$1 ;
; �

� �&
$1 ;

� �
$1 ; � $1 ;  (2.46)

Substituting Equation (2.46) into Equation (2.45) gives 
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$1 ; � R (2.47)

This is the same as Equation (2.35). 

 

2.4.2 Determination of subcritical crack growth parameters 

     The subcritical crack growth parameters can be determined with a linear regression 

analysis based on Equation (2.36) when log (fracture stress) is plotted as a function of log 

(stress rate).  

The slope of the linear regression line is calculated as follows [34]: 

t �
� u g(�k � R�(�k � �h� � u (�k � R� u (�k � � 


v
�w2

v
�w2

v
�w2

� u � (�k � R� 
 ; �v
�w2 � u (�k � R�v

�w2 
 ;
 (2.48)

where, �  is slope, and K is total number of specimens. 

The parameter n is: 

 �
�
t

� �  (2.49)

The intercept of the linear regression line is as follows [34]: 

x �
� u (�k � � 
 u � (�k � R� 
 ; � � u (�k � R�(�k � � 
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�w2

v
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� u � (�k � R� 
 ; � � u (�k � R�v
�w2 
 ;v

�w2
 (2.50)

where, �  is intercept. 

The parameters D and A are:  

l � �S y  
(2.51)
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The standard deviation of the slope �  and of the subcritical crack growth parameter n is 

[34]: 

zl { � P
�

� � �

u � t (�k � R� � x � (�k � � 
 ;v
�w2

� u � (�k � R� 
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�w2
 (2.53)

zl $ �
zl {

t ;  (2.54)

where: 

SD�  = standard deviation of the slope � , and 

SDn = standard deviation of the subcritical crack growth parameter n. 

The standard deviation of the intercept �  and of the subcritical crack growth parameter D 

is [34]: 

zl y � P
u � t (�k � R� � x � (�k � � 
 ; u � (�k � R� 
 ;v

�w2
v
�w2

� � � � 
 | � u � (�k � R� 
 ; � � u (�k � R�v
�w2 
 ;v

�w2 }
 (2.55)

zl ~ � � �LS�I gzl y h� �S y 
  (2.56)

where: 

SD�  = standard deviation of the intercept 
 , and 

SDD = standard deviation of the subcritical crack growth parameter D. 
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2.4.3 Advantage and disadvantage of constant stress-rate test 

     The advantages of the constant stress-rate test are: 

First, the subcritical crack growth parameter n requires only the slope of a regression line. 

Thus, conventional rock mechanics tests can be utilized to determine n value.  

Second, it can be applied not only to mode I loading but also to mode II and mode III 

loading as well. Subcritical crack growth is environmental-assisted crack growth and if 

we assume that the crack growth occurs in its own plane, then the subcritical crack 

velocity under mode II and III loading can be expressed as [28,49,50]. 

! H � " H %
� H

� H&
'

$•

 (2.57)

where, the subscript m denotes the fracture mode (i.e. m = II or III), vm is the crack 

velocity under mode II or III loading, nm and Am are the subcritical crack growth 

parameters under mode II or III loading, Km is the stress intensity factor under mode II 

and III loading, and KmC is the fracture toughness under mode II and III loading. 

Using Equation (2.57) with some mathematical manipulations same as we used in mode I 

case, a relation between the inert strength(� i) and the fracture strength(� f) under mode II 

and III loading can be determined as: 

(�k � H: �
�

 H � �
(�k �RH �

�
 H � �

(�k `
� � H&

; �  H � � 

" H � ; �  H � � 


� H�
$• 1 ; a (2.58)

where, the subscript m denotes the fracture mode (i.e. m = II or III), � mf is the fracture 

strength under mode II and III loading, and � mi is the inert strength under mode II and III 

loading. 

     The disadvantages of constant stress-rate test are: 
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First, the power law relation for crack velocity – stress intensity factor relation has been 

assumed. 

Second, a lot of specimens are required and it takes long time to determine the subcritical 

crack growth parameters. 

 

2.5 Mode I test 

 

2.5.1 Conventional rock mechanics test 

2.5.1.1 Brazilian disc test 

     The Brazilian disc test is the simplest method to obtain tensile strength of rock and is 

used for the study of subcritical crack growth. Details of the Brazilian disc test were 

discussed in section 2.2.3. This section deals with the experimental results of the 

Brazilian test. The tests were carried out using the VERSA-TESTER AP-1000 testing 

machine. Four loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control scheme were 

employed. Eight specimens were used in each loading rate, and a total of 32 specimens 

were tested.  

      Table 2.5 gives the dimensions of the specimen, maximum load, loading rate as well 

as fracture strength.  

       Fig. 2.10 shows the relation between the fracture strength and loading rate. A linear 

regression analysis gives that the subcritical crack growth parameter n is 38 with standard 

deviation of 8 and the parameter D is 7.16 with standard deviation of 0.10. 
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Table 2.5 Experimental results of the Brazilian test. The numbers between brackets in average tensile 
strength indicate the coefficient of variation (d = diameter of disc, T = thickness of disc). 

Specimen No. 
Dimensions Max. 

Load (kips) 
Loading 

Rate (MPa/s) 
Fracture 

Strength(MPa) 
Average 
(MPa) d (in) × T (in) 

BR01 2.016 × 0.916 2.732 

       0.01 

6.493 

6.434 ± 0.199 
(3.09%) 

BR05 2.016 × 1.016 2.877 6.163 

BR09 2.005 × 1.008 3.035 6.595 

BR13 2.016 × 1.007 3.123 6.751 

BR17 2.019 × 1.007 2.871 6.201 

BR21 2.020 × 1.006 3.025 6.533 

BR25 2.015 × 1.008 2.938 6.352 

BR29 2.019 × 1.063 3.122 6.387 

BR02 2.016 × 0.971 3.102 

0.1 

6.956 

6.765 ± 0.781 
(11.55%) 

BR06 2.017 × 0.984 2.691 5.949 

BR10 2.005 × 1.009 3.271 7.101 

BR14 2.005 × 1.007 2.848 6.190 

BR18 2.011 × 1.006 3.532 7.660 

BR22 2.015 × 1.006 2.652 5.745 

BR26 2.021 × 1.063 3.861 7.891 

BR30 2.017 × 1.010 3.075 6.629 

BR03 2.018 × 1.026 3.212 

          1 

6.812 

7.023 ± 0.616 
(8.77%) 

BR07 2.016 × 1.015 3.015 6.467 

BR11 2.005 × 1.008 3.775 8.196 

BR15 2.020 × 1.004 3.332 7.212 

BR19 2.017 × 1.005 3.107 6.729 

BR23 2.016 × 1.008 3.255 7.030 

BR27 2.016 × 1.008 2.896 6.255 

BR31 2.017 × 1.008 3.465 7.485 

BR04 2.018 × 1.001 3.735 

10 

8.120 

7.720 ± 0.426 
(5.525) 

BR08 2.019 × 1.004 3.649 7.904 

BR12 2.022 × 1.004 3.214 6.954 

BR16 2.015 × 1.007 3.482 7.533 

BR20 2.018 × 1.009 3.386 7.301 
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Table 2.5 — Continued 

Specimen No. 
Dimensions Max. 

Load (kips) 
Loading 

Rate (MPa/s) 
Fracture 

Strength(MPa) 
Average 
(MPa) d (in) × T (in) 

BR24 2.016 × 1.008 3.614 

10 

7.804 
7.720 ± 0.426 

(5.525) BR28 2.018 × 1.006 3.679 7.953 

BR32 2.019 × 1.004 3.780 8.190 

 

 

Fig. 2.10 Plot of the fracture strength vs. loading rate for the Brazilian disk specimen. The solid line 
represents the best-fit regression line.  
 

2.5.1.2 Three-point bending test 

     In the three-point bending test, a beam is simply supported on two outer points and 

loaded by a point load on the top of the specimen at its center. The top of the specimen is 

placed in a state of compression, whereas the bottom surface is in tension. Maximum 

tensile stress exists at the bottom of the specimen below the point of load. Flexural 
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strength is calculated from the specimen thickness, the bending moment, and the moment 

of inertia of the cross section. The flexural strength is given by [51]: 

� : �
I U
B5; �

L6z
� B5;  (2.59)

where, � f is the flexural strength, 

            M is the bending moment (M = PS/4), 

            P is the applied load, 

            S is the support span (S = 4b), 

            B is the width of the specimen, 

            b is the thickness of the specimen. 

 

Fig. 2.11 is a schematic illustration of three point bending test specimen. 

 

 

Fig. 2.11 Schematic illustration of the three-point bending test specimen. 
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     The tests were carried out using the VERSA-TESTER AP-1000 testing machine. Four 

loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control scheme were employed. 

Seven specimens were used in each loading rate, and a total of 28 specimens were tested.  

      Table 2.6 gives the dimensions of the specimen, maximum load, loading rate as well 

as fracture strength.  

 
Table 2.6 Experimental results of the three-point bending test. The numbers between brackets in average 
tensile strength indicate the coefficient of variation (B = width of specimen, b = thickness of specimen, L = 
length of specimen). 

Specimen No. 
Dimensions Max. 

Load (kips) 

Loading 
Rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Average 
(MPa) B (in) × b (in) × L (in) 

3PB01 1.524 × 1.524 × 6.401 0.405 

0.01 

7.213 

7.306 ± 
0.794 

(10.9%) 

3PB05 1.515 × 1.517 × 6.410 0.351 6.317 

3PB09 1.508 × 1.505 × 6.398 0.387 7.056 

3PB13 1.510 × 1.510 × 6.405 0.358 6.497 

3PB17 1.517 × 1.518 × 6.402 0.472 8.479 

3PB21 1.521 × 1.399 × 6.412 0.418 8.131 

3PB25 1.518 × 1.503 × 6.411 0.411 7.452 

3PB02 1.520 × 1.519 × 6.392 0.420 

0.1 

7.525 

8.163 ± 
1.092 

(13.4%) 

3PB06 1.518 × 1.518 × 6.415 0.491 8.812 

3PB10 1.518 × 1.518 × 6.398 0.343 6.160 

3PB14 1.518 × 1.516 × 6.405 0.535 9.622 

3PB18 1.517 × 1.518 × 6.401 0.451 8.102 

3PB22 1.508 × 1.506 × 6.411 0.463 8.434 

3PB26 1.534 × 1.500 × 6.395 0.472 8.483 

3PB03 1.516 × 1.517 × 6.403 0.485 

1 

8.725 

8.092 ± 
1.143 

(14.1%) 

3PB07 1.518 × 1.517 × 6.380 0.384 6.900 

3PB11 1.508 × 1.506 × 6.402 0.394 7.178 

3PB15 1.515 × 1.514 × 6.391 0.552 9.958 

3PB19 1.517 × 1.518 × 6.401 0.496 8.911 

3PB23 1.534 × 1.504 × 6.421 0.396 7.102 

3PB27 1.506 × 1.505 × 6.415 0.431 7.868 
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Table 2.6 — Continued 

Specimen No. 
Dimensions Max. 

Load (kips) 

Loading 
Rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Average 
(MPa) B (in) × b (in) × L (in) 

3PB04 1.532 × 1.523 × 6.393 0.539 

10 

9.554 

8.937 ± 
1.023 

(11.4%) 

3PB08 1.533 × 1.522 × 6.389 0.482 8.550 

3PB12 1.533 × 1.505 × 6.421 0.508 9.107 

3PB16 1.533 × 1.506 × 6.425 0.489 8.760 

3PB20 1.528 × 1.519 × 6.377 0.577 10.286 

3PB24 1.527 × 1.519 × 6.375 0.521 9.297 

3PB28 1.531 × 1.501 × 6.404 0.389 7.003 
 

     Fig. 2.12 shows the result of a linear regression analysis using the fracture strength 

and loading rate. The subcritical crack growth parameters are determined as n = 38 ± 14 

and D = 8.29 ± 0.20. 

 

 

Fig. 2.12 Plot of the fracture strength versus loading rate for the three-point bending specimen. The solid 
line represents the best-fit regression line. 
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2.5.2 Fracture mechanics test 

2.5.2.1 Grooved disk test 

     The grooved disk (GD) specimen geometry is shown in Fig. 2.13. The GD specimen, 

containing a single edge notch on one face of the specimen, was loaded by a diametral 

compression. The notch has a depth of 7.6 mm (0.3 in) and a thickness of 2 mm. The 

notch depth to specimen thickness ratio (a/B) was set to 0.3. 

 

Fig. 2.13 Schematic diagram of the grooved disk specimen. 

  

     The central part of the specimen can be regarded as semi-infinite with an edge crack 

under a uniform tension. The stress intensity factor can be determined from the analogy 

of a semi-infinite plate with edge crack geometry [52,53]. The stress intensity factor of a 

semi-infinite plate with an edge crack subjected to tension is given by [54]: 

� � � � ��� � [ � � �  (2.60)

P

B

a

d
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where, � t is tensile stress, and a is crack length. 

Also the tensile stress in the GD specimen is: 

� [ �
� 6

� 7B
 (2.61)

where, P is the applied load, d is the diameter of disc, and B is the thickness of the disc. 

Substituting Equation (2.61) into Equation (2.60) yields: 

� � � � ��I�
6� �
B7

 (2.62)

The GD test has some advantages. The advantages are: 

�  Little material is required. 

�  Specimen preparation is easy. 

    The tests were carried out using our VERSA-TESTER AP-1000 testing machine.  Four 

loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control scheme were employed. 40 

specimens were used in each loading rate, and a total of 160 specimens were tested.  

      Tables 2.7 to 2.10 list the dimensions of the specimen, maximum load, and fracture 

strength as well as fracture toughness with respect to loading rate.  

 

Table 2.7 Experimental results for the GD specimens with a loading rate of 0.01 MPa/s. The numbers 
between brackets in mean value indicate the coefficient of variation (d = diameter of disc, B = thickness of 
disc, a = crack length). 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD001 2.022 0.998 0.307 1.269 2.759 0.484 

GD005 2.026 1.000 0.311 1.435 3.109 0.549 

GD009 2.023 0.999 0.303 1.297 2.817 0.491 

GD013 2.026 1.002 0.305 1.395 3.018 0.528 
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Table 2.7 — Continued 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD017 2.026 0.996 0.309 1.303 2.836 0.499 

GD021 2.018 1.004 0.348 1.474 3.195 0.597 

GD025 2.015 1.005 0.323 1.604 3.476 0.625 

GD029 2.015 1.000 0.315 1.500 3.269 0.581 

GD033 2.017 1.003 0.317 1.757 3.813 0.680 

GD037 2.022 1.000 0.306 1.567 3.402 0.596 

GD041 2.020 0.996 0.305 1.244 2.715 0.475 

GD045 2.016 0.930 0.343 1.521 3.561 0.661 

GD049 2.015 1.000 0.416 1.538 3.352 0.685 

GD053 2.022 0.996 0.306 1.403 3.057 0.535 

GD057 2.017 1.006 0.342 1.309 2.834 0.525 

GD061 2.023 0.999 0.303 1.395 3.029 0.528 

GD065 2.018 1.009 0.341 1.809 3.902 0.722 

GD069 2.016 1.005 0.324 1.593 3.454 0.622 

GD073 2.018 1.005 0.302 1.507 3.264 0.568 

GD077 2.023 1.000 0.312 1.334 2.895 0.512 

GD081 2.024 0.999 0.305 1.282 2.784 0.487 

GD085 2.015 0.970 0.356 1.803 4.049 0.765 

GD089 2.022 0.995 0.307 1.309 2.858 0.501 

GD093 2.026 0.996 0.308 1.558 3.391 0.596 

GD097 2.024 0.978 0.307 1.349 2.991 0.525 

GD101 2.018 1.006 0.338 1.307 2.826 0.520 

GD105 2.017 1.007 0.320 1.678 3.628 0.650 

GD109 2.015 0.953 0.326 1.351 3.087 0.558 

GD113 2.016 1.002 0.314 1.567 3.404 0.604 

GD117 2.023 1.001 0.309 1.504 3.261 0.574 

GD121 2.023 1.000 0.304 1.264 2.742 0.479 

GD125 2.025 1.000 0.306 1.325 2.872 0.503 

GD129 2.026 0.997 0.306 1.302 2.831 0.496 
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Table 2.7 — Continued 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD133 2.025 0.998 0.311 1.387 3.012 0.532 

GD137 2.016 1.002 0.320 1.512 3.286 0.589 

GD141 2.017 1.004 0.339 1.643 3.561 0.657 

GD145 2.015 0.934 0.314 1.333 3.109 0.552 

GD149 2.017 1.003 0.319 1.571 3.409 0.610 

GD153 2.018 1.007 0.342 1.890 4.084 0.757 

GD157 2.025 1.000 0.313 1.435 3.112 0.551 

Mean value     

3.201 ± 
0.364 

(11.4%) 

0.574 ± 
0.077 

(13.3%) 
 

Table 2.8 Experimental results for the GD specimens with a loading rate of 0.1 MPa/s. The numbers 
between brackets in mean value indicate the coefficient of variation (d = diameter of disc, B = thickness of 
disc, a = crack length). 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD002 2.016 1.007 0.341 1.609 3.478 0.644 

GD006 2.025 0.998 0.303 1.354 2.941 0.513 

GD010 2.025 0.998 0.305 1.372 2.980 0.521 

GD014 2.022 0.994 0.304 1.455 3.178 0.555 

GD018 2.024 1.000 0.306 1.399 3.036 0.532 

GD022 2.015 1.003 0.310 1.612 3.500 0.617 

GD026 2.016 1.001 0.318 1.547 3.367 0.602 

GD030 2.018 1.004 0.305 1.645 3.565 0.624 

GD034 2.017 1.004 0.312 1.977 4.285 0.758 

GD038 2.023 1.000 0.308 1.314 2.851 0.501 

GD042 2.024 0.995 0.300 1.664 3.629 0.630 

GD046 2.023 0.995 0.299 1.414 3.085 0.534 

GD050 2.016 1.007 0.340 1.447 3.128 0.578 

GD054 2.024 0.999 0.305 1.371 2.976 0.521 
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Table 2.8 — Continued 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD058 2.024 1.000 0.303 1.605 3.482 0.607 

GD062 2.024 0.997 0.309 1.391 3.025 0.532 

GD066 2.017 1.003 0.338 1.636 3.550 0.654 

GD070 2.015 0.948 0.315 1.428 3.280 0.583 

GD074 2.019 1.007 0.340 1.898 4.099 0.757 

GD078 2.023 0.999 0.308 1.248 2.712 0.477 

GD082 2.015 0.934 0.342 1.584 3.694 0.684 

GD086 2.026 0.999 0.308 1.425 3.090 0.543 

GD090 2.022 0.998 0.308 1.322 2.876 0.505 

GD094 2.017 1.006 0.335 1.495 3.235 0.593 

GD098 2.015 0.994 0.424 1.603 3.513 0.724 

GD102 2.020 1.002 0.317 1.338 2.902 0.517 

GD106 2.015 0.945 0.320 1.639 3.778 0.677 

GD110 2.017 1.001 0.317 1.530 3.327 0.593 

GD114 2.016 1.002 0.320 1.608 3.494 0.626 

GD118 2.024 0.985 0.313 1.365 3.008 0.533 

GD122 2.016 0.957 0.360 1.668 3.797 0.722 

GD126 2.025 1.000 0.309 1.428 3.095 0.545 

GD130 2.021 0.999 0.312 1.524 3.312 0.586 

GD134 2.024 1.000 0.303 1.612 3.497 0.609 

GD138 2.022 0.997 0.305 1.292 2.815 0.492 

GD142 2.018 1.011 0.317 1.486 3.197 0.570 

GD146 2.017 1.004 0.314 1.577 3.419 0.607 

GD150 2.019 1.004 0.320 1.728 3.742 0.671 

GD154 2.024 1.000 0.313 1.375 2.982 0.528 

GD158 2.023 1.001 0.307 1.347 2.921 0.513 

Mean value     

3.296 ± 
0.360 

(10.9%) 

0.590 ± 
0.074 

(12.6%) 
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Table 2.9 Experimental results for the GD specimens with a loading rate of 1 MPa/s. The numbers between 
brackets in mean value indicate the coefficient of variation (d = diameter of disc, B = thickness of disc, a = 
crack length). 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD003 2.023 1.001 0.308 1.352 2.931 0.515 

GD007 2.015 0.982 0.353 1.888 4.190 0.789 

GD011 2.024 0.996 0.298 1.525 3.322 0.574 

GD015 2.026 0.999 0.304 2.077 4.506 0.787 

GD019 2.024 0.996 0.305 1.496 3.259 0.570 

GD023 2.024 1.000 0.305 1.485 3.221 0.564 

GD027 2.015 0.938 0.315 1.503 3.491 0.621 

GD031 2.017 1.003 0.312 1.591 3.454 0.611 

GD035 2.018 1.007 0.340 1.799 3.885 0.717 

GD039 2.020 1.004 0.309 1.405 3.042 0.536 

GD043 2.027 0.996 0.305 1.308 2.844 0.498 

GD047 2.016 0.978 0.354 1.860 4.141 0.780 

GD051 2.023 0.996 0.307 1.510 3.291 0.577 

GD055 2.027 0.996 0.306 1.526 3.319 0.581 

GD059 2.020 1.007 0.338 2.033 4.387 0.808 

GD063 2.021 0.998 0.305 1.445 3.145 0.550 

GD067 2.020 1.000 0.319 1.793 3.896 0.697 

GD071 2.016 0.903 0.308 1.569 3.783 0.665 

GD075 2.018 1.003 0.320 1.423 3.088 0.554 

GD079 2.017 1.001 0.310 1.570 3.415 0.602 

GD083 2.021 0.999 0.308 1.393 3.027 0.532 

GD087 2.023 1.000 0.312 1.516 3.290 0.582 

GD091 2.023 0.999 0.305 1.562 3.394 0.593 

GD095 2.016 1.010 0.338 1.890 4.074 0.751 

GD099 2.018 0.993 0.414 1.401 3.068 0.626 

GD103 2.015 0.993 0.429 1.844 4.045 0.839 

GD107 2.020 1.004 0.320 1.609 3.485 0.625 

GD111 2.016 1.005 0.326 2.001 4.334 0.784 
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Table 2.9 — Continued 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD115 2.015 1.003 0.319 1.775 3.854 0.690 

GD119 2.024 1.000 0.309 1.495 3.244 0.571 

GD123 2.022 1.000 0.312 1.295 2.812 0.498 

GD127 2.025 1.001 0.309 1.502 3.254 0.573 

GD131 2.039 1.010 0.338 1.842 3.926 0.723 

GD135 2.023 0.996 0.306 1.423 3.101 0.543 

GD139 2.024 1.000 0.303 1.586 3.439 0.600 

GD143 2.018 1.012 0.315 1.897 4.079 0.725 

GD147 2.017 1.004 0.305 1.640 3.555 0.622 

GD151 2.023 0.998 0.307 1.463 3.181 0.559 

GD155 2.025 0.998 0.308 1.525 3.312 0.582 

GD159 2.025 1.001 0.302 2.069 4.484 0.781 

Mean value 
3.539 ± 
0.476 

(13.4%) 

0.635 ± 
0.097 

(15.2%) 
 

Table 2.10 Experimental results for the GD specimens with a loading rate of 10 MPa/s. The numbers 
between brackets in mean value indicate the coefficient of variation (d = diameter of disc, B = thickness of 
disc, a = crack length). 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD004 2.021 0.999 0.308 1.466 3.186 0.560 

GD008 2.025 1.000 0.309 1.607 3.485 0.614 

GD012 2.024 0.996 0.304 1.673 3.645 0.637 

GD016 2.025 0.998 0.305 1.880 4.082 0.714 

GD020 2.017 1.007 0.338 1.961 4.240 0.780 

GD024 2.015 0.953 0.320 1.584 3.622 0.649 

GD028 2.018 1.006 0.310 1.942 4.202 0.741 

GD032 2.019 1.007 0.339 1.789 3.864 0.713 

GD036 2.018 1.005 0.305 1.981 4.288 0.750 
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Table 2.10 — Continued 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD040 2.023 1.000 0.304 1.557 3.380 0.590 

GD044 2.025 1.000 0.308 1.476 3.200 0.563 

GD048 2.024 0.999 0.304 1.637 3.553 0.620 

GD052 2.023 0.997 0.305 1.678 3.652 0.639 

GD056 2.022 0.999 0.308 1.880 4.087 0.719 

GD060 2.016 0.988 0.358 2.128 4.689 0.889 

GD064 2.020 1.009 0.315 1.658 3.572 0.635 

GD068 2.015 0.993 0.432 1.536 3.370 0.702 

GD072 2.016 1.009 0.317 1.799 3.881 0.692 

GD076 2.017 0.965 0.309 1.890 4.264 0.751 

GD080 2.017 1.002 0.308 1.890 4.103 0.722 

GD084 2.024 1.000 0.310 1.637 3.551 0.626 

GD088 2.016 1.004 0.316 1.964 4.259 0.758 

GD092 2.015 1.002 0.317 1.917 4.167 0.743 

GD096 2.017 1.004 0.323 1.850 4.011 0.722 

GD100 2.018 1.011 0.355 2.072 4.456 0.841 

GD104 2.017 0.997 0.335 1.800 3.930 0.721 

GD108 2.022 0.999 0.305 1.653 3.594 0.629 

GD112 2.023 0.999 0.308 1.587 3.447 0.606 

GD116 2.025 0.993 0.309 1.526 3.333 0.587 

GD120 2.026 0.995 0.309 1.732 3.774 0.665 

GD124 2.023 1.000 0.304 1.501 3.258 0.569 

GD128 2.023 1.000 0.306 1.809 3.927 0.688 

GD132 2.029 0.999 0.308 1.557 3.371 0.592 

GD136 2.019 1.006 0.338 1.951 4.217 0.776 

GD140 2.023 0.999 0.307 1.637 3.557 0.624 

GD144 2.019 1.002 0.338 2.001 4.341 0.800 

GD148 2.017 1.002 0.310 1.880 4.085 0.721 

GD152 2.017 1.004 0.314 1.971 4.273 0.759 
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Table 2.10 — Continued 

Specimen No. 
Dimensions Max. 

Load (kips) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) d (in) B (in) a (in) 

GD156 2.023 0.998 0.310 1.688 3.671 0.648 

GD160 2.025 1.000 0.308 1.607 3.483 0.612 

Mean value     

3.827 ± 
0.391 

(10.2%) 

0.684 ± 
0.079 

(11.6%) 
 

     Figs. 2.14 and 2.15 show the fracture strength as a function of loading rate for 10 

specimens and 40 specimens in each loading rate, respectively. The subcritical crack 

growth parameters n, D, and A are determined to be n = 37 ± 10, D = 3.53 ±0.07, and A = 

4.09×10-2m/s, n = 37 ± 5, D = 3.54 ± 0.03, and A = 4.13×10-2m/s, respectively, for 10 

specimens and 40 specimens in each loading rate. 

 

 

Fig. 2.14 Facture strength as a function of loading rate for the GD specimen with 10 specimens in each 
loading rate. The solid line represents the best-fit regression line. 
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Fig. 2.15 Facture strength as a function of loading rate for the GD specimen with 40 specimens in each 
loading rate. The solid line represents the best-fit regression line. 

 

2.5.2.2 Single edge notched bend test 

     The single edge notched bend (SENB) specimen has similar specimen dimensions and 

the same loading configuration as the three-point bending test. The specimen is supported 

on its two ends and a load is applied in the opposite direction of the notch. A schematic 

diagram of the SENB specimen is presented in Fig. 2.16. 

 According to Srawley [45], the stress intensity factor for the SENB specimen is given by:  

� � � � � � €� � 5• 
  (2.63)
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Fig. 2.16 Schematic diagram of the SENB specimen. 

 

     The tests were carried out using the VERSA-TESTER AP-1000 testing machine. Four 

loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control scheme were employed. 7 

specimens were used in each loading rate, and a total of 28 specimens were tested.  

      Table 2.11 lists the dimensions of the specimen, maximum load, fracture strength and 

fracture toughness.  

Table 2.11 Experimental results of the SENB test. The numbers between brackets in mean value indicate 
the coefficient of variation (B = width of specimen, b = thickness of specimen, L = length of specimen, a = 
crack length). 

Specimen No. 
Dimensions Loading 

Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) B (in) b (in) L (in) a (in) 

SENB01 1.503 1.504 6.414 0.452 

0.01 

3.131 0.621 

SENB05 1.502 1.500 6.399 0.452 2.920 0.580 

SENB09 1.524 1.475 6.300 0.443 2.338 0.459 
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Table 2.11 — Continued 

Specimen No. 
Dimensions Loading 

Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) B (in) b (in) L (in) a (in) 

SENB13 1.504 1.504 6.414 0.455 

 

2.963 0.591 

SENB17 1.367 1.492 6.369 0.460 2.617 0.527 

SENB21 1.501 1.503 6.413 0.448 2.768 0.545 

SENB25 1.453 1.502 6.408 0.457 2.768 0.554 

Average 
     

2.786  
± 0.258 
(9.2%) 

0.554  
± 0.052 
(9.4%) 

SENB02 1.501 1.501 6.405 0.456 

0.1 

2.497 0.499 

SENB06 1.505 1.501 6.405 0.454 3.260 0.650 

SENB10 1.447 1.503 6.411 0.458 3.121 0.626 

SENB14 1.504 1.503 6.411 0.456 3.351 0.669 

SENB18 1.370 1.492 6.367 0.455 3.078 0.615 

SENB22 1.434 1.503 6.413 0.453 3.071 0.610 

SENB26 1.447 1.502 6.407 0.456 3.028 0.605 

Average 
     

3.058  
± 0.273 
(8.9%) 

0.611  
± 0.054 
(8.9%) 

SENB03 1.503 1.501 6.402 0.457 

1 

3.705 0.742 

SENB07 1.504 1.502 6.408 0.460 2.986 0.600 

SENB11 1.453 1.501 6.403 0.452 3.263 0.648 

SENB15 1.453 1.503 6.412 0.459 2.936 0.589 

SENB19 1.446 1.497 6.386 0.442 3.557 0.694 

SENB23 1.505 1.504 6.414 0.459 3.091 0.621 

SENB27 1.502 1.502 6.406 0.462 3.265 0.660 

Average 
     

3.257 
± 0.287 
(8.8%) 

0.651 
± 0.054 
(8.3%) 

SENB04 1.503 1.503 6.412 0.455 

10 

3.149 0.628 

SENB08 1.505 1.504 6.414 0.450 3.457 0.683 

SENB12 1.532 1.503 6.410 0.454 3.200 0.638 

SENB16 1.451 1.503 6.410 0.463 2.865 0.579 
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Table 2.11 — Continued 

Specimen No. 
Dimensions Loading 

Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) B (in) b (in) L (in) a (in) 

SENB20 1.442 1.494 6.376 0.459 

10 

3.784 0.761 

SENB24 1.436 1.504 6.417 0.460 3.602 0.725 

SENB28 1.505 1.502 6.406 0.460 3.460 0.696 

Average 
     

3.360 
± 0.309 
(9.2%) 

0.673 
± 0.062 
(9.2%) 

 

     Fig. 2.17 shows the fracture strength as a function of loading rate for the SENB test. 

The subcritical crack growth parameters n, D, and A are determined to be n = 36 ± 9, D = 

3.19 ± 0.06, and A = 6.52×10-2 m/s. 

 

 

Fig. 2.17 Facture strength as a function of loading rate for the SENB specimen. The solid line represents 
the best-fit regression line. 
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2.5.2.3 Compact tension test 

     The compact tension (CT) specimen is widely used in determining the fracture 

toughness of metals. The geometry of the CT specimen is illustrated in Fig. 2.18. All 

dimensions are defined by the width of the specimen, W (Fig. 2.18b). Three specimen 

sizes were used and the ratio between the width, the height and the thickness of the 

specimens is kept constant. The characteristic dimension W for the smallest specimen 

was 2.0 inch, 2.5 inch for the intermediate specimen and 3.0 inch for the largest specimen. 

A notch with the length of a was introduced using a diamond wheel saw. The thickness 

of the notch was 2 mm and this thickness was used for all specimens.  
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Fig. 2.18 Geometry of the CT specimen: a) general dimensions; b) dimensions in terms of the characteristic 
dimension W. 
 

     The stress intensity factor formula for the CT specimen can be found easily in the 

literature [46,47]. The load is transmitted through the pin holes of the grip system in the 
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literature. However, in this study a distributed load with an “L” type grip system was 

used (Fig. 2.19).  

 

 

Fig. 2.19 Experimental set-up of the CT test. 

 

Thus the loading configuration differed from the literature, and we cannot use the stress 

intensity factor formula from the literature. Instead a new stress intensity factor formula 

was developed using the finite element code, FRANC2D/L [58]. Fig. 2.20 shows the 

finite element mesh used in this study.  

     The applied load P was 2.7 kN. Crack length to width ratios (a/b) from 0.04 to 0.76 

were considered. The nodal stress intensity factors obtained from the FEM analysis for 

a/b = 0.04, 0.16, 0.28, 0.4, 0.52, 0.64 and 0.76 are presented in Table 2.12. The nodal 

stress intensity factors were normalized with respect to specimen notch length (a) and far 
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field nominal stress (� ). The normalized stress intensity factors, given as F(a/b), can be 

determined as follows (Table 2.12):  

€� � 5• 
 �
� �

�

� � �
 (2.64)

where, � �
�  is the nodal stress intensity factor, and �  is the nominal stress (=6@5B
. 

 

 

Fig. 2.20 Finite element mesh for the CT specimen: a) original mesh; b) deformed mesh.  

 
Table 2.12 Values of a/b, the nodal stress intensity factor (‹ Œ

•), and dimensionless shape function F(a/b).  

a/b � �
�  (MPa	 m) �	 a (MPa	 m) F(a/b) 

0.04 1.213 0.062 19.516 

0.16 1.473 0.124 11.844 

0.28 1.823 0.164 11.085 

0.4 2.411 0.197 12.265 

0.52 3.435 0.224 15.326 

0.64 5.435 0.249 21.854 

0.76 10.370 0.271 38.268 

�� ��
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     The function F(a/b) can be determined by curve fitting of the normalized stress 

intensity factors with respect to the crack length to width ratio. The fifth order of 

polynomial was used to fit the normalized stress intensity factors. Fig. 2.21 shows the 

variation of the function F(a/b) with respect to a/b. The expression of the stress intensity 

factor for the CT specimen is as follows: 

� � � €� � 5• 

6

5B
� �  (2.65)

where,  

 €� � 5• 
 � ���ŽS � �TT��T � � 5• 
 � I����Ž � � 5• 
 ; � �S���I� � � 5• 
 J �

Š�S�Ž��� 5• 
 • � �L����� 5 • 
 •  

 

 

Fig. 2.21 Variation of the function F(a/b) with respect to a/b. 
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     The tests were carried out using the VERSA-TESTER AP-1000 testing machine. Four 

loading rates (0.001, 0.01, 0.1, and 1 MPa/s) under load control scheme were employed. 

7 specimens were tested in each loading rate, and a total of 28 specimens were tested for 

each geometry size.  

      Tables 2.13 to 2.15 list the dimensions of the specimen, maximum load, fracture 

strength as well as the fracture toughness with respect to the specimen size. 

 
Table 2.13 Experimental results of the CT test for the smallest specimen. The numbers between brackets in 
average value indicate the coefficient of variation (H = height of specimen, W= width of specimen, T = 
thickness of specimen, a = notch length, and b = effective width of specimen). 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) T (in) a (in) b (in) 

CT101 2.514 2.011 1.012 0.180 1.286 

0.001 

0.667 0.565 

CT105 2.517 2.014 1.005 0.161 1.283 0.706 0.592 

CT109 2.515 2.012 1.006 0.204 1.297 0.640 0.551 

CT113 2.514 2.011 1.012 0.175 1.276 0.646 0.544 

CT117 2.516 2.013 1.012 0.208 1.295 0.536 0.463 

CT121 2.515 2.012 1.002 0.178 1.288 0.647 0.547 

CT125 2.520 2.016 1.014 0.203 1.287 0.539 0.462 

Average 
      

0.626 
± 0.059 
(9.5%) 

0.532 
± 0.046 
(8.7%) 

CT102 2.516 2.013 1.013 0.168 1.268 

0.01 

0.650 0.544 

CT106 2.515 2.012 1.006 0.183 1.279 0.767 0.649 

CT110 2.517 2.014 1.005 0.182 1.279 0.767 0.649 

CT114 2.515 2.012 1.006 0.182 1.280 0.761 0.644 

CT118 2.519 2.016 1.011 0.217 1.325 0.695 0.608 

CT122 2.516 2.013 1.010 0.182 1.267 0.636 0.535 

CT126 2.517 2.014 1.011 0.194 1.276 0.658 0.559 

Average 
      

0.705 
± 0.055 
(7.8%) 

0.598 
± 0.047 
(7.9%) 
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Table 2.13 — Continued 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) T (in) a (in) b (in) 

CT103 2.514 2.012 1.012 0.173 1.269 

0.1 

0.677 0.568 

CT107 2.517 2.014 1.006 0.178 1.272 0.739 0.622 

CT111 2.516 2.013 1.010 0.176 1.271 0.725 0.610 

CT115 2.515 2.012 1.013 0.166 1.260 0.746 0.622 

CT119 2.529 2.024 1.013 0.200 1.310 0.738 0.636 

CT123 2.527 2.022 0.990 0.225 1.335 0.741 0.654 

CT127 2.516 2.013 1.010 0.211 1.325 0.825 0.718 

Average       

0.741 
± 0.040 
(5.4%) 

0.633 
± 0.043 
(6.7%) 

CT104 2.517 2.014 1.011 0.172 1.267 

1 

0.651 0.546 

CT108 2.515 2.012 1.009 0.174 1.279 0.865 0.729 

CT112 2.516 2.013 0.989 0.165 1.262 0.839 0.700 

CT116 2.518 2.015 0.989 0.173 1.266 0.782 0.656 

CT120 2.518 2.014 1.010 0.190 1.265 0.640 0.605 

CT124 2.516 2.013 1.011 0.171 1.280 0.810 0.681 

CT128 2.516 2.013 1.012 0.187 1.296 0.746 0.636 

Average       

0.762 
± 0.082 
(10.7%) 

0.650 
± 0.057 
(8.8%) 

 

Table 2.14 Experimental results of the CT test for the intermediate specimen. The numbers between 
brackets in average value indicate the coefficient of variation (H = height of specimen, W= width of 
specimen, T = thickness of specimen, a = notch length, and b = effective width of specimen). 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) T (in) a (in) b (in) 

CT201 3.139 2.511 1.257 0.245 1.603 

0.001 

0.630 0.601 

CT205 3.137 2.510 1.257 0.246 1.594 0.661 0.629 

CT209 3.138 2.510 1.217 0.238 1.592 0.616 0.584 

CT213 3.147 2.518 1.256 0.242 1.591 0.628 0.597 

CT217 3.138 2.511 1.251 0.246 1.596 0.546 0.520 
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Table 2.14 — Continued 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) T (in) a (in) b (in) 

CT221 3.137 2.510 1.257 0.276 1.628 
0.001 

0.563 0.549 

CT225 3.137 2.510 1.257 0.244 1.570 0.601 0.568 

Average       

0.606 
± 0.037 
(6.1%) 

0.578 
± 0.033 
(5.8%) 

CT202 3.138 2.510 1.258 0.250 1.589 

0.01 

0.663 0.632 

CT206 3.139 2.511 1.253 0.242 1.589 0.734 0.697 

CT210 3.139 2.511 1.255 0.245 1.604 0.623 0.595 

CT214 3.138 2.510 1.258 0.253 1.593 0.647 0.618 

CT218 3.137 2.510 1.220 0.241 1.594 0.688 0.654 

CT222 3.150 2.520 1.258 0.250 1.593 0.726 0.693 

CT226 3.138 2.510 1.255 0.245 1.597 0.626 0.597 

Average       

0.673 
± 0.042 
(6.2%) 

0.641 
± 0.039 
(6.1%) 

CT203 3.136 2.509 1.259 0.241 1.597 

0.1 

0.761 0.724 

CT207 3.139 2.511 1.254 0.249 1.599 0.695 0.663 

CT211 3.138 2.510 1.258 0.250 1.603 0.657 0.628 

CT215 3.136 2.509 1.259 0.253 1.593 0.660 0.631 

CT219 3.168 2.535 1.244 0.250 1.597 0.666 0.636 

CT223 3.129 2.504 1.255 0.247 1.592 0.704 0.671 

CT227 3.137 2.509 1.250 0.248 1.593 0.710 0.676 

Average       

0.693 
± 0.034 
(4.9%) 

0.661 
± 0.031 
(4.7%) 

CT204 3.141 2.513 1.252 0.245 1.596 

1 

0.697 0.664 

CT208 3.137 2.510 1.257 0.256 1.601 0.726 0.696 

CT212 3.150 2.520 1.257 0.250 1.598 0.738 0.705 

CT216 3.138 2.510 1.256 0.243 1.596 0.695 0.661 

CT220 3.148 2.519 1.257 0.268 1.619 0.786 0.762 

CT224 3.148 2.519 1.257 0.260 1.616 0.801 0.772 
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Table 2.14 — Continued 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) T (in) a (in) b (in) 

CT228 3.129 2.504 1.255 0.249 1.593 1 0.732 0.697 

Average       

0.739 
± 0.038 
(5.1%) 

0.708 
± 0.040 
(5.7%) 

 

 

Table 2.15 Experimental results of the CT test for the largest specimen. The numbers between brackets in 
average value indicate the coefficient of variation (H = height of specimen, W= width of specimen, T = 
thickness of specimen, a = notch length, and b = effective width of specimen). 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) T (in) a (in) b (in) 

CT301 3.766 3.013 1.520 0.379 2.021 

0.001 

0.622 0.689 

CT305 3.767 3.014 1.512 0.371 2.035 0.619 0.684 

CT309 3.774 3.020 1.518 0.375 2.034 0.753 0.834 

CT313 3.765 3.012 1.518 0.381 2.036 0.748 0.831 

CT317 3.772 3.018 1.515 0.382 1.972 0.607 0.670 

CT321 3.776 3.021 1.518 0.374 2.029 0.723 0.800 

CT325 3.712 2.970 1.380 0.373 1.970 0.771 0.846 

Average       

0.692 
± 0.073 
(10.5%) 

0.765 
± 0.080 
(10.5%) 

CT302 3.764 3.012 1.520 0.381 2.026 

0.01 

0.607 0.674 

CT306 3.768 3.015 1.513 0.379 2.038 0.631 0.701 

CT310 3.777 3.022 1.517 0.373 2.032 0.785 0.869 

CT314 3.770 3.016 1.510 0.384 2.025 0.875 0.973 

CT318 3.770 3.016 1.514 0.379 1.974 0.750 0.826 

CT322 3.760 3.008 1.518 0.378 2.028 0.783 0.868 

CT326 3.710 2.968 1.378 0.370 1.970 0.724 0.793 

Average       

0.736 
± 0.093 
(12.6%) 

0.815 
± 0.103 
(12.7%) 
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Table 2.15 — Continued 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) T (in) a (in) b (in) 

CT303 3.770 3.016 1.512 0.373 2.039 

0.1 

0.772 0.855 

CT307 3.777 3.021 1.519 0.379 2.033 0.860 0.954 

CT311 3.770 3.016 1.512 0.378 2.033 0.780 0.866 

CT315 3.760 3.008 1.491 0.381 2.038 0.628 0.699 

CT319 3.763 3.011 1.519 0.382 2.028 0.765 0.851 

CT323 3.775 3.020 1.517 0.381 2.035 0.759 0.844 

CT327 3.776 3.021 1.519 0.382 2.039 0.762 0.848 

Average       

0.761 
± 0.068 
(8.9%) 

0.845 
± 0.075 
(8.9%) 

CT304 3.768 3.015 1.512 0.376 2.036 

1 

0.770 0.854 

CT308 3.776 3.021 1.518 0.375 2.034 0.925 1.025 

CT312 3.762 3.009 1.518 0.380 2.036 0.906 1.007 

CT316 3.762 3.009 1.492 0.382 2.034 0.752 0.837 

CT320 3.776 3.021 1.517 0.393 2.027 0.812 0.909 

CT324 3.769 3.015 1.510 0.380 2.036 0.835 0.928 

CT328 3.773 3.018 1.518 0.380 2.040 0.866 0.963 

Average       

0.838 
± 0.065 
(7.8%) 

0.932 
± 0.072 
(7.7%) 

 

     Figs. 2.22 to 2.24 show the fracture strength as a function of loading rate for the CT 

test for the smallest specimen, the intermediate specimen, and the largest specimen. The 

subcritical crack growth parameters n, D, and A are determined to be n = 35 ± 9, D = 0.77 

± 0.01, and A = 1.17×10-2 m/s, n = 36 ± 6, D = 0.74 ± 0.01, and A = 1.64×10-2 m/s, n = 36 

± 10, D = 0.82 ± 0.02, and A = 2.21×10-2 m/s, respectively, for the smallest specimens, 

the intermediate specimen,  and the largest specimen. 
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Fig. 2.22 Facture strength as a function of loading rate for the smallest CT specimen. The solid line 
represents the best-fit regression line. 
 

 

Fig. 2.23 Facture strength as a function of loading rate for the intermediate CT specimen. The solid line 
represents the best-fit regression line. 
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Fig. 2.24 Facture strength as a function of loading rate for the largest CT specimen. The solid line 
represents the best-fit regression line. 
 
 

2.6 Mode II test 

 

2.6.1 Short beam compression test 

     A short beam compression test (or double notch shear test) has been used to determine 

the mode II fracture toughness of reinforced concrete [59,60] and the in-plane shear 

strength of reinforced plastics [61] and fiber reinforced ceramics [62,63]. The specimen 

geometry and test fixture are illustrated in Fig. 2.25. The specimen has a height of H, a 

width of W and a thickness of B. Two parallel and opposite notches were cut 

perpendicular to the applied load at the central part of the specimen. The notches have a 

width of a = W/2 and are separated by a length of c.   

Loading  rate [MPa/s]
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n = 36 �  10
D = 0.82 �  0.02
A = 2.21� 10-2 m/s

log10(y)=-0.08382+0.02681log10(x); R = 0.58
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Fig. 2.25 Schematic illustration of the SBC specimen geometry and test fixture; a) short beam compression 
test specimen geometry; b) test fixture. 
 

The size of the specimen was set to H = 101.6 mm (4 in), W = 50.8 mm (2 in), and a = 

25.4 mm (1 in) in this study. 

     An axial compressive load was applied on the end surfaces of the specimen. The tests 

were carried out using the SBEL CT-500 testing machine. A guide frame was used to 

prevent buckling and bending of the specimen during the test. Another effect of the guide 

frame is to suppress tensile stress in the specimen. When an axial compressive force is 

applied to the specimen, the specimen deforms laterally as well as vertically.  If the 

specimen is laterally constrained by a guiding frame, which gives the lateral constraint, 

the stress distribution in the specimen will be modified.  
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Fig. 2.26 Typical contours of safety factor (uniform axial compressive force = 5.5 MN/m2, c/H = 0.2): a) 
without lateral constraint; b) with lateral constraint. Red indicates tensile failure. 
      

     A series of finite element analyses using the Phase2 finite element program were 

carried out to understand the effect of lateral constraint [64]. Fig. 2.26 shows typical 

contours of the safety factor for the specimen with and without lateral constraint. For the 

specimens without lateral constraint, horizontal tension failure occurs in line with each 

notch but at the opposite end of the specimen and vertical tension failure occurs along the 

notch tips. But with lateral constraint, this unnecessary tension failure can be avoided. 

     The shear strength, which is the average shear stress between the notches at failure, 

was calculated using the following expression: 
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� : �
6:

�B
 (2.66)

where, � f is the shear strength and Pf is the applied force at failure (when a shear crack is 

produced). 

 

�  Influence of Specimen Thickness 

     Several initial tests were carried out to investigate the influence of the thickness, B. 

Tests were conducted with specimen thickness ranging from 25.4 mm (1 in) to 50.8 mm 

(2 in).  Fig. 2.27 shows the resulting failure patterns with respect to specimen thicknesses. 

The failure patterns are very similar to each other. The variation of shear strength with 

respect to specimen thickness is plotted in Fig. 2.28. The shear strength only slightly 

increases as the thickness increases. Also it is known that specimen thickness has an 

insignificant effect on mode II fracture toughness [1]. So the specimen thickness, B, was 

set to 25.4 mm (1 in) in order to save material and reduce preparation time. 

 

 

Fig. 2.27 Failure patterns with respect to specimen thickness (c/H = 0.25); a) B = 25.4mm (1 in), b) B = 
38.1 mm (1.5 in), c) B = 50.8 mm (2 in). 
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Fig. 2.28 Variation of shear strength with respect to specimen thickness. 

 

�  Influence of notch separation ratio, c/H 

     The specimens were tested at a loading rate of 0.1 MPa/s with notch separation ratios 

ranging from 0.1 to 0.4 to investigate the influence of notch separation ratio on fracture 

characteristics. Fig. 2.29 gives the fracture patterns with respect to notch separation ratio. 

Shear failure connecting the two notch tips occurred in the specimens with a notch 

separation ratio of 0.1. In the case of the specimens with notch separation ratios of 0.15, a 

wing crack (tensile) occurred first at the lower notch and then shear cracks led to the final 

failure of the specimen. The specimens with notch separation ratios between 0.2 and 0.25 

failed by the propagation of shear cracks only. The specimens with notch separation 

ratios over 0.3 usually showed horizontal tensile crack propagation from the edges of the 

specimen. 
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Fig. 2.29 Fracture patterns with respect to notch separation ratio, c/H; a) c/H = 0.1, b) c/H = 0.15, c) c/H = 
0.2, d) c/H = 0.3. 
 

 

     Fig. 2.30 presents the shear strength with respect to notch separation ratio. When the 

notch separation ratio is 0.1, the shear strength gives a maximum value.  When the notch 

separation ratio is 0.15, the shear strength is significantly lower. The notch separation 

ratio of 0.2 gives the second-largest value of the shear strength. After this, the shear 

strength decreases with the notch separation ratio. From these results, a notch separation 

ratio of 0.2 is determined to be the most favorable geometry for the shear test. The notch 

separation ratio of 0.1 is too short to adequately observe the fracture behavior. 

�� ��

�� ��
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Fig. 2.30 Shear strength variations with respect to notch separation ratio.  

 

�  Stress intensity factor 

     The mode II stress intensity factor, KII was determined using the FRANC2D/L finite 

element code [58]. From experimental results we know that shear cracks propagated not 

co-planar but perpendicular to the pre-existing notches. Thus small cracks, with a length l, 

were introduced perpendicular to the pre-existing notches. A technique called the 

displacement extrapolation method was used to determine values of KII for different 

notch geometries, which is a built-in function in FRANC2D/L. Figure 2.31 shows the 

finite element mesh used in this study. 
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Fig. 2.31 Finite element meshes for the SBC geometry: a) with boundary conditions; b) with small crack, 
2l/c = 0.1; c) 2l/c = 0.3; d) 2l/c = 0.5; e) 2l/c = 0.7.  
      

     Nodal stress intensity factors at the tip of the small cracks were calculated at a given 

length l and presented as a function of 2l/c. In order to determine the nodal stress 

intensity factor by FEM, the specimen size H = 101.6 mm (4 in), W = 50.8 mm (2 in), B = 

25.4 mm (1 in) and notch length a = 25.4 mm (1 in) were selected and the applied load P 

was 890 N (200 lb). 

Since actual short beam compression test specimens don’t have small cracks, the stress 

intensity factor of the short beam compression test specimen needs to be estimated at 
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very low values of 2l/c. It is observed that at very low values of 2l/c, the nodal stress 

intensity factors approach very small values but increase linearly with 2l/c for moderate 

values of 2l/c. For a very small length of crack, the finite element analysis may not be 

accurate since it requires an extremely fine mesh and practically it is hard to generate 

such a fine mesh. Hence, the nodal stress intensity factor at a given c/H is determined by 

an extrapolation of the curve of the variation of nodal stress intensity factor with respect 

to dimensionless crack length 2l/c. Fig. 2.32 is the nodal stress intensity factors 

determined from an extrapolation of the curve at a given c/H. The variation of the 

extrapolated nodal stress intensity factor with respect to the notch separation ratio is 

presented in Fig. 2.33.  

     The mode II stress intensity factor for short beam compression specimen can be 

expressed as: 

� �� � � � � � � �
6
B�

� �  (2.67)

where, Y is the geometry factor related to the specific crack geometry, and �  is an applied 

shear stress.  For the short beam compression test the applied shear stress between the 

notches is equal to P/Bc and the geometry factor Y will be a function of c/H.   

     The geometry factor Y = F(c/H) was calculated by: 

€ <
�
�

= �
� �� B�

6� �
 (2.68)

Table 2.16 lists the nodal stress intensity factor and the geometry factor and Fig. 2.34 

shows the variation of the geometry factor with respect to notch separation ratio. 
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Fig. 2.32 Nodal stress intensity factors determined from an extrapolation of the curve at a given c/H: a) cH 
=0.1; b) c/H =0.15; c) c/H =0.2; d) c/H =0.25; e) c/H =0.3; f) c/H =0.35; g) c/H =0.4. 
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Fig. 2.33 Variation of nodal stress intensity factor with respect to the notch separation ratio. 

 

A best fitting curve through the data has the form: 

€ <
�
�

= � S��IŠ� � S�̂ TTT <
�
�

= (2.69)

The final expression of the mode II stress intensity factor is as follows: 

� �� � ` S��IŠ� � S�̂ TTT <
�
�

=a
6
B�

� �  (2.70)

 

Table 2.16 Nodal stress intensity factor and the geometry factor with respect to notch separation ratio. 

c/H 0.1 0.15 0.2 0.25 0.3 0.35 0.4 

� ��  [psi	 in] 172.7 138.2 118.2 103.3 92.4 85 80.48 

€g�
�‰ h 0.345 0.415 0.473 0.517 0.554 0.595 0.644 
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Fig. 2.34 Variation of the geometry factor with respect to notch separation ratio. 

 

�  Subcritical crack growth parameters 

     Four loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control scheme were 

employed. 7 specimens were tested in each loading rate, and a total of 28 specimens were 

tested. Tables 2.17 lists the dimensions of the specimen, fracture strength as well as 

fracture toughness for mode II loading. 

 
Table 2.17 Experimental results of the SBC test. The numbers between brackets in average value indicate 
the coefficient of variation (H = height of specimen, W = width of specimen, B = thickness of specimen, a 
= notch length, and c = notch separation length). 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBC01 4.012 2.008 1.012 1.004 0.867 
0.01 

20.393 1.397 

SBC05 4.010 2.013 1.012 1.006 0.861 22.319 1.526 

Notch separation ratio, c/H
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0.32

0.4

0.48

0.56

0.64

0.72
y=0.2672+0.9555x; R = 0.99
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Table 2.17 — Continued 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBC09 4.011 2.011 1.011 1.005 0.859 

0.01 

22.435 1.530 

SBC13 4.014 2.015 1.015 1.008 0.897 20.945 1.464 

SBC17 4.014 2.013 1.013 1.007 0.881 18.885 1.307 

SBC21 4.002 2.011 1.003 1.006 0.818 21.909 1.458 

SBC25 3.998 2.000 0.995 1.000 0.779 19.534 1.263 

Average 
      

20.917 
± 1.389 
(6.6%) 

1.421 
± 0.104 
(7.3%) 

SBC02 4.010 2.010 1.011 1.005 0.858 

0.1 

21.258 1.450 

SBC06 4.010 2.011 1.012 1.005 0.855 21.750 1.481 

SBC10 4.013 2.011 0.986 1.006 0.868 21.409 1.469 

SBC14 4.013 2.016 1.014 1.008 0.876 19.793 1.366 

SBC18 4.015 2.015 1.013 1.008 0.891 23.388 1.629 

SBC22 4.004 2.002 1.003 1.001 0.800 19.620 1.287 

SBC26 4.009 1.962 1.007 0.981 0.813 19.723 1.291 

Average 
      

20.992 
± 1.384 
(6.6%) 

1.424 
± 0.121 
(8.5%) 

SBC03 4.013 2.012 1.012 1.006 0.858 

1 

21.247 1.449 

SBC07 4.001 2.010 1.010 1.005 0.849 24.352 1.652 

SBC11 4.014 2.011 1.011 1.006 0.872 23.904 1.644 

SBC15 4.015 2.013 1.015 1.007 0.886 28.048 1.946 

SBC19 4.001 2.010 1.004 1.005 0.793 23.061 1.509 

SBC23 4.001 2.012 0.989 1.006 0.800 23.270 1.531 

SBC27 4.001 2.002 0.979 1.001 0.792 20.803 1.358 

Average 
      

23.526 
± 2.386 
(10.1%) 

1.584 
± 0.190 
(12.0%) 

SBC04 4.011 2.012 1.013 1.006 0.858 

10 

24.95 1.702 

SBC08 4.011 2.009 1.011 1.005 0.860 21.11 1.441 

SBC12 3.962 2.011 1.012 1.005 0.877 23.33 1.619 
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Table 2.17 — Continued 

Specimen 
No. 

Dimensions Loading 
Rate (MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBC16 3.962 2.011 1.011 1.005 0.881 

10 

22.51 1.565 

SBC20 4.037 2.010 0.995 1.005 0.882 28.48 1.965 

SBC24 4.017 2.016 1.014 1.008 0.881 27.40 1.896 

SBC28 4.014 2.014 1.015 1.007 0.892 26.72 1.862 

Average 
      

24.93 
± 2.74 

(11.0%) 

1.721 
± 0.19 

(11.2%) 
 

     Fig. 2.35 shows the result of a linear regression analysis using the fracture strength 

and loading rate. The subcritical crack growth parameters are determined as n = 36 ± 9, D 

= 23.17 ± 0.39, and A = 1.65×10-2 m/s ± 6.03×10-2 m/s. 

 

Fig. 2.35 Facture strength as a function of loading rate for the SBC specimen. The solid line represents the 
best-fit regression line. 
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log10(y)=1.365+0.02727log10(x); R = 0.64



112 
 

�  Effect of confining stress on the subcritical crack growth parameter 

     In order to investigate the effect of confining stress on the subcritical crack growth 

parameter three different confining stresses, 5 MPa, 10 MPa and 15 MPa, were used. The 

confining stress was generated by a hydraulic cylinder jack, ENERPAC JSL-101 (69 

MPa (10,000 psi) capacity), connected to a hydraulic hand pump, ENERPAC P-80 (69 

MPa (10,000 psi) capacity) and the test apparatus is shown schematically in Fig. 2.36. 

 

 

Fig. 2.36 Schematic representation of the short beam compression test under confining stress. 

 

     Short beam compression specimens were subjected to a confining pressure 

simultaneously with an axial load to avoid failure before actual axial load was applied. 
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Two Teflon sheets were inserted between the specimen and the guide frame to reduce 

friction. The tests were carried out using the SBEL CT-500 testing machine. Four loading 

rates (0.01, 0.1, 1, and 10 MPa/s) under load control scheme were employed. 7 or 8 

specimens were tested in each loading rate, and a total of 28 or 32 specimens were tested 

for each confining stress. Tables 2.18 to 2.20 list the dimensions of the specimen, fracture 

strength as well as fracture toughness with respect to the confining stress. 

Table 2.18 Experimental results of the SBC test for 5 MPa confining stress. The numbers between brackets 
in average value indicate the coefficient of variation (H = height of specimen, W = width of specimen, B = 
thickness of specimen, a = notch length, and c = notch separation length). 

Specimen 
No. 

Dimensions Loading 
rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCC5_01 4.003 2.013 1.014 1.006 0.882 

0.01 

52.838 3.662 

SBCC5_05 4.003 2.015 0.995 1.008 0.859 48.650 3.327 

SBCC5_09 4.014 2.012 1.014 1.006 0.804 48.464 3.191 

SBCC5_13 4.012 2.012 0.965 1.006 0.787 49.143 3.201 

SBCC5_17 4.014 2.016 1.015 1.008 0.816 47.003 3.123 

SBCC5_21 4.015 2.011 0.993 1.005 0.803 52.470 3.451 

SBCC5_25 4.013 2.015 1.015 1.007 0.804 56.136 3.700 

Average 
      

50.672 
± 2.989 
(5.9%) 

3.379 
± 0.215 
(6.4%) 

SBCC5_02 4.003 2.013 1.013 1.006 0.863 

0.1 

54.778 3.752 

SBCC5_06 4.003 2.014 1.014 1.007 0.869 50.547 3.475 

SBCC5_10 4.014 2.012 1.016 1.006 0.810 53.556 3.540 

SBCC5_14 4.014 2.012 1.015 1.006 0.792 52.782 3.448 

SBCC5_18 4.015 2.016 1.015 1.008 0.832 55.868 3.750 

SBCC5_22 4.013 2.017 1.016 1.008 0.813 52.044 3.452 

SBCC5_26 4.015 2.010 1.016 1.005 0.817 56.713 3.766 

Average 
      

53.756 
± 2.017 
(3.8%) 

3.598 
± 0.140 
(7.0%) 
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Table 2.18 — Continued 

Specimen 
No. 

Dimensions Loading 
rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCC5_03 4.004 2.013 1.013 1.007 0.858 

1 

54.666 3.733 

SBCC5_07 4.004 2.013 1.013 1.007 0.816 60.682 4.035 

SBCC5_11 4.014 2.013 1.016 1.007 0.805 48.439 3.193 

SBCC5_15 4.015 2.014 1.016 1.007 0.795 52.769 3.456 

SBCC5_19 4.014 2.013 1.015 1.007 0.796 51.979 3.407 

SBCC5_23 4.013 2.017 1.016 1.009 0.819 56.469 3.760 

SBCC5_27 4.014 2.012 1.011 1.006 0.808 57.297 3.783 

Average       

54.615 
± 3.702 
(6.8%) 

3.624 
± 0.263 
(7.3%) 

SBCC5_04 4.002 2.015 0.989 1.007 0.882 

10 

59.264 4.109 

SBCC5_08 4.002 2.014 1.013 1.007 0.799 62.868 4.135 

SBCC5_12 4.014 2.012 1.016 1.006 0.808 53.255 3.518 

SBCC5_16 4.013 2.012 1.014 1.006 0.760 67.508 4.316 

SBCC5_20 4.015 2.017 1.009 1.009 0.814 64.056 4.251 

SBCC5_24 4.017 2.017 1.017 1.009 0.819 60.624 4.035 

SBCC5_28 4.015 2.017 1.015 1.008 0.813 56.050 3.718 

Average       

60.518 
± 4.491 
(7.4%) 

4.012 
± 0.269 
(6.7%) 

  

Table 2.19 Experimental results of the SBC test for 10 MPa confining stress. The numbers between 
brackets in average value indicate the coefficient of variation (H = height of specimen, W = width of 
specimen, B = thickness of specimen, a = notch length, and c = notch separation length). 

Specimen 
No. 

Dimensions Loading 
rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCC10_01 4.020 2.017 1.020 1.009 0.867 

0.01 

71.010 4.872 

SBCC10_05 4.030 2.025 1.035 1.013 0.870 69.932 4.812 

SBCC10_09 4.002 2.003 0.954 1.002 0.826 67.587 4.512 

SBCC10_13 3.977 2.017 0.993 1.008 0.785 84.124 5.499 

SBCC10_17 4.017 2.016 1.016 1.008 0.815 81.429 5.407 
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Table 2.19 — Continued 

Specimen 
No. 

Dimensions Loading 
rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCC10_21 4.014 2.020 1.006 1.010 0.838 

0.01 

80.707 5.446 

SBCC10_25 4.017 2.012 1.016 1.006 0.862 77.134 5.272 

SBCC10_29 4.016 2.016 1.007 1.008 0.833 86.663 5.822 

Average 
      

77.324 
± 6.625 
(8.6%) 

5.205 
± 0.406 
(7.8%) 

SBCC10_02 4.020 2.022 1.018 1.011 0.859 

0.1 

72.716 4.969 

SBCC10_06 3.993 2.026 1.030 1.013 0.823 78.041 5.235 

SBCC10_10 3.990 2.012 0.973 1.006 0.833 78.211 5.262 

SBCC10_14 3.978 2.019 0.986 1.009 0.788 83.483 5.468 

SBCC10_18 4.017 2.017 1.020 1.009 0.820 82.369 5.489 

SBCC10_22 4.020 2.017 1.019 1.008 0.799 90.021 5.912 

SBCC10_26 4.019 2.012 1.014 1.006 0.837 79.912 5.375 

SBCC10_30 4.006 2.008 1.007 1.004 0.786 89.174 5.803 

Average 
      

81.741 
± 5.456 
(6.7%) 

5.439 
± 0.287 
(7.0%) 

SBCC10_03 4.021 2.020 1.018 1.010 0.864 

1 

71.682 4.912 

SBCC10_07 4.020 2.020 1.019 1.010 0.861 77.626 5.311 

SBCC10_11 4.000 2.001 1.003 1.001 0.810 79.074 5.221 

SBCC10_15 3.978 2.018 0.995 1.009 0.781 88.762 5.786 

SBCC10_19 4.017 2.016 0.955 1.008 0.803 79.740 5.253 

SBCC10_23 4.017 2.015 1.016 1.008 0.854 78.554 5.346 

SBCC10_27 4.008 2.022 1.015 1.011 0.828 86.866 5.830 

SBCC10_31 4.005 2.013 1.008 1.007 0.846 92.758 6.286 

Average 
      

81.883 
± 6.483 
(7.9%) 

5.493 
± 0.411 
(7.5%) 

SBCC10_04 4.017 2.017 1.018 1.008 0.853 
10 

76.182 5.182 

SBCC10_08 4.021 2.020 1.018 1.010 0.862 85.733 5.868 
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Table 2.19 — Continued 

Specimen 
No. 

Dimensions Loading 
rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCC10_12 3.999 2.004 0.987 1.002 0.799 

10 

84.265 5.529 

SBCC10_16 3.979 2.017 1.010 1.008 0.782 89.314 5.824 

SBCC10_20 4.015 2.014 0.991 1.007 0.822 79.852 5.324 

SBCC10_24 4.018 2.019 1.021 1.009 0.804 93.125 6.140 

SBCC10_28 4.007 2.011 1.015 1.006 0.821 95.090 6.335 

SBCC10_32 4.006 2.016 1.009 1.008 0.803 93.494 6.164 

Average       

87.132 
± 6.399 
(7.3%) 

5.796 
± 0.391 
(6.7%) 

 

Table 2.20 Experimental results of the SBC test for 15 MPa confining stress. The numbers between 
brackets in average value indicate the coefficient of variation (H = height of specimen, W = width of 
specimen, B = thickness of specimen, a = notch length, and c = notch separation length). 

Specimen 
No. 

Dimensions Loading 
rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCC15_01 4.012 2.012 1.007 1.006 0.786 

0.01 

105.105 6.842 

SBCC15_05 4.014 2.012 1.008 1.006 0.899 103.661 7.249 

SBCC15_09 4.017 2.012 1.009 1.006 0.695 118.639 7.241 

SBCC15_13 4.015 2.014 1.008 1.007 0.798 118.617 7.784 

SBCC15_17 4.015 2.015 1.017 1.007 0.888 105.840 7.355 

SBCC15_21 4.014 2.010 1.019 1.005 0.842 113.600 7.666 

SBCC15_25 4.015 2.012 1.019 1.006 0.863 108.807 7.443 

Average 
      

110.610 
± 5.881 
(5.3%) 

7.369 
± 0.287 
(3.9%) 

SBCC15_02 4.015 2.012 1.008 1.006 0.813 

0.1 

115.007 7.620 

SBCC15_06 4.017 2.012 1.008 1.006 0.838 113.075 7.610 

SBCC15_10 4.014 2.011 0.991 1.006 0.753 112.121 7.132 

SBCC15_14 4.014 2.014 1.008 1.007 0.788 114.984 7.495 

SBCC15_18 4.013 2.013 1.017 1.007 0.845 120.230 8.136 

SBCC15_22 4.012 2.012 1.017 1.006 0.874 114.745 7.903 
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Table 2.20 — Continued 

Specimen 
No. 

Dimensions Loading 
rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCC15_26 4.015 2.013 1.019 1.007 0.862 0.1 122.743 8.394 

Average 
      

116.129 
± 3.595 
(3.1%) 

7.756 
± 0.391 
(7.0%) 

SBCC15_03 4.012 2.013 1.008 1.007 0.819 

1 

107.658 7.163 

SBCC15_07 4.015 2.012 1.008 1.006 0.844 118.585 8.014 

SBCC15_11 4.009 2.012 0.994 1.006 0.764 121.664 7.807 

SBCC15_15 4.010 2.013 1.007 1.006 0.802 115.840 7.626 

SBCC15_19 4.013 2.012 1.017 1.006 0.868 121.497 8.337 

SBCC15_23 4.014 2.013 1.020 1.006 0.837 121.110 8.149 

SBCC15_27 4.014 2.011 1.017 1.005 0.850 124.245 8.428 

Average 
      

118.657 
± 5.117 
(4.3%) 

7.932 
± 0.408 
(5.1%) 

SBCC15_04 4.013 2.011 1.008 1.005 0.824 

10 

114.071 7.609 

SBCC15_08 4.016 2.012 1.007 1.006 0.965 108.249 7.866 

SBCC15_12 4.009 2.015 0.999 1.007 0.831 116.743 7.836 

SBCC15_16 4.008 2.012 1.007 1.006 0.802 122.282 8.050 

SBCC15_20 4.013 2.010 1.015 1.005 0.845 130.865 8.845 

SBCC15_24 4.013 2.012 1.010 1.006 0.850 128.747 8.737 

SBCC15_28 4.014 2.013 1.017 1.007 0.868 129.095 8.859 

Average 
      

121.436 
± 8.035 
(6.6%) 

8.257 
± 0.497 
(6.0%) 

 

     Figs. 2.37 to 2.39 show the fracture strength as a function of loading rate for the SBC 

test with respect to confining stress. The subcritical crack growth parameters n, D, and A 

are determined to be n = 41 ± 9, D = 56.18 ± 0.72, and A = 6.78×10-3 ± 2.08×10-4 m/s, n = 

63 ± 22, D = 83.20 ± 1.21, and A = 4.62×10-3 ± 1.36×10-4 m/s, n = 76 ± 23, D = 118.24 ± 
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1.21, and A = 3.34×10-3 ± 8.09×10-5 m/s, respectively, for 5 MPa, 10 MPa, and 15 MPa 

confining stress. 

 

Fig. 2.37 Facture strength as a function of loading rate for the SBC specimen under 5 MPa confining stress. 
The solid line represents the best-fit regression line. 
 

 

Fig. 2.38 Facture strength as a function of loading rate for the SBC specimen under 10 MPa confining 
stress. The solid line represents the best-fit regression line. 
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Fig. 2.39 Facture strength as a function of loading rate for the SBC specimen under 15 MPa confining 
stress. The solid line represents the best-fit regression line. 
 

 

�  Effect of specimen size on subcritical crack growth parameter 

     Three different specimen sizes were chosen to investigate the size effect on subcritical 

crack growth. Short beam compression tests were performed in three configurations 

(S0.75, S1.25, and S1.5) corresponding to specimen width of 1.5 in, 2.5 in, and 3.0 in.  

Four loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control scheme were employed. 

7 specimens were tested in each loading rate, and a total of 28 specimens were tested for 

each specimen configuration. Tables 2.21 to 2.23 list the dimensions of the specimen, 

fracture strength as well as fracture toughness with respect to specimen size. 
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Table 2.21 Experimental results of the SBC test for S0.75 specimen size. The numbers between brackets in 
average value indicate the coefficient of variation (H = height of specimen, W = width of specimen, B = 
thickness of specimen, a = notch length, and c = notch separation length). 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCS0.75_01 3.021 1.512 0.758 0.756 0.686 

0.01 

19.076 1.128 

SBCS0.75_05 3.024 1.508 0.759 0.754 0.680 17.239 1.013 

SBCS0.75_09 3.025 1.482 0.782 0.741 0.670 23.475 1.355 

SBCS0.75_13 3.024 1.507 0.781 0.754 0.675 21.755 1.272 

SBCS0.75_17 3.026 1.503 0.760 0.751 0.682 21.931 1.287 

SBCS0.75_21 3.023 1.512 0.781 0.756 0.675 21.366 1.252 

SBCS0.75_25 3.032 1.496 0.743 0.748 0.700 19.257 1.144 

Average 
      

20.586 
± 2.136 
(10.4%) 

1.207 
± 0.117 
(9.7%) 

SBCS0.75_02 3.023 1.512 0.758 0.756 0.675 

0.1 

20.165 1.181 

SBCS0.75_06 3.021 1.504 0.758 0.752 0.663 20.432 1.181 

SBCS0.75_10 3.024 1.482 0.781 0.741 0.672 17.547 1.015 

SBCS0.75_14 3.026 1.481 0.782 0.741 0.665 21.522 1.237 

SBCS0.75_18 3.025 1.512 0.780 0.756 0.678 20.695 1.215 

SBCS0.75_22 3.032 1.496 0.744 0.748 0.680 20.828 1.218 

SBCS0.75_26 3.026 1.497 0.759 0.749 0.674 23.690 1.379 

Average 
      

20.70 
± 1.823 
(8.8%) 

1.204 
± 0.107 
(8.9%) 

SBCS0.75_03 3.025 1.483 0.779 0.741 0.680 

1 

19.175 1.117 

SBCS0.75_07 3.025 1.489 0.757 0.745 0.680 18.885 1.102 

SBCS0.75_11 3.024 1.511 0.758 0.756 0.669 23.135 1.348 

SBCS0.75_15 3.029 1.502 0.760 0.751 0.680 28.151 1.648 

SBCS0.75_19 3.029 1.497 0.745 0.748 0.670 22.136 1.283 

SBCS0.75_23 3.003 1.504 0.754 0.752 0.591 27.147 1.474 

SBCS0.75_27 3.003 1.503 0.752 0.751 0.585 31.164 1.681 

Average 
      

24.256 
± 4.685 
(19.3%) 

1.379 
± 0.234 
(17.0%) 
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Table 2.21 — Continued 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCS0.75_04 3.025 1.484 0.781 0.742 0.674 

10 

17.166 0.995 

SBCS0.75_08 3.025 1.506 0.758 0.753 0.682 24.968 1.468 

SBCS0.75_12 3.023 1.508 0.759 0.754 0.684 25.871 1.525 

SBCS0.75_16 3.022 1.506 0.783 0.753 0.682 23.002 1.353 

SBCS0.75_20 3.033 1.495 0.744 0.748 0.676 21.769 1.268 

SBCS0.75_24 3.032 1.496 0.744 0.748 0.676 24.436 1.423 

SBCS0.75_28 3.001 1.504 0.753 0.752 0.599 34.009 1.861 

Average       

24.460 
± 5.099 
(20.8%) 

1.413 
± 0.263 
(18.6%) 

 

Table 2.22 Experimental results of the SBC test for S1.25 specimen size. The numbers between brackets in 
average value indicate the coefficient of variation (H = height of specimen, W = width of specimen, B = 
thickness of specimen, a = notch length, and c = notch separation length). 

Specimen No. 
Dimensions Loading 

rate 
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCS1.25_01 5.002 2.501 1.254 1.250 1.040 

0.01 

14.491 1.085 

SBCS1.25_05 5.001 2.505 1.256 1.252 1.045 18.241 1.369 

SBCS1.25_09 5.017 2.509 1.257 1.255 1.039 16.471 1.231 

SBCS1.25_13 5.019 2.519 1.258 1.259 1.066 18.241 1.382 

SBCS1.25_17 5.021 2.509 1.255 1.255 1.043 17.071 1.278 

SBCS1.25_21 5.020 2.518 1.257 1.259 1.044 18.124 1.357 

SBCS1.25_25 5.000 2.500 1.253 1.250 1.058 17.990 1.360 

Average       

17.233 
± 1.386 
(8.0%) 

1.295 
± 0.108 
(8.3%) 

SBCS1.25_02 4.999 2.499 1.255 1.250 0.985 

0.1 

16.435 1.196 

SBCS1.25_06 5.002 2.501 1.255 1.251 1.057 20.968 1.583 

SBCS1.25_10 5.014 2.514 1.255 1.257 1.065 17.004 1.288 

SBCS1.25_14 5.016 2.510 1.257 1.255 1.044 18.670 1.399 

SBCS1.25_18 5.015 2.510 1.218 1.255 1.066 16.467 1.248 
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Table 2.22 — Continued 

Specimen No. 
Dimensions Loading 

rate 
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCS1.25_22 5.021 2.509 1.254 1.255 1.045 
0.1 

17.689 1.325 

SBCS1.25_26 5.016 2.519 1.257 1.260 1.041 19.809 1.482 

Average       

18.149 
± 1.744 
(9.6%) 

1.360 
± 0.137 
(10.0%) 

SBCS1.25_03 5.001 2.499 1.254 1.249 1.062 

1 

18.783 1.422 

SBCS1.25_07 4.999 2.501 1.254 1.250 1.067 18.975 1.440 

SBCS1.25_11 5.017 2.510 1.257 1.255 1.043 19.330 1.447 

SBCS1.25_15 5.021 2.511 1.258 1.255 1.045 20.411 1.529 

SBCS1.25_19 5.017 2.510 1.257 1.255 1.038 19.049 1.423 

SBCS1.25_23 5.021 2.519 1.257 1.259 1.051 17.372 1.306 

SBCS1.25_27 5.017 2.508 1.257 1.254 1.071 17.508 1.330 

Average       

18.775 
± 1.055 
(5.6%) 

1.414 
± 0.075 
(5.3%) 

SBCS1.25_04 5.000 2.500 1.255 1.250 1.040 

10 

19.408 1.453 

SBCS1.25_08 4.874 2.500 1.254 1.250 1.064 22.506 1.725 

SBCS1.25_12 5.001 2.503 1.254 1.251 1.062 23.735 1.797 

SBCS1.25_16 5.008 2.510 1.259 1.255 1.054 19.622 1.479 

SBCS1.25_20 5.021 2.510 1.255 1.255 1.039 24.698 1.845 

SBCS1.25_24 5.014 2.510 1.251 1.255 1.053 19.556 1.472 

SBCS1.25_28 5.020 2.507 1.258 1.253 1.043 18.733 1.403 

Average       

21.180 
± 2.410 
(11.4%) 

1.596 
± 0.185 
(11.6%) 
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Table 2.23 Experimental results of the SBC test for S1.5 specimen size. The numbers between brackets in 
average value indicate the coefficient of variation (H = height of specimen, W = width of specimen, B = 
thickness of specimen, a = notch length, and c = notch separation length). 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCS1.5_01 6.014 3.014 1.513 1.507 1.141 

0.01 

15.239 1.240 

SBCS1.5_05 6.009 3.013 1.516 1.507 1.126 17.526 1.418 

SBCS1.5_09 6.016 3.007 1.516 1.503 1.137 16.122 1.308 

SBCS1.5_13 5.913 2.935 1.534 1.467 1.162 19.878 1.622 

SBCS1.5_17 6.018 2.839 1.515 1.419 1.222 13.865 1.132 

SBCS1.5_21 6.016 2.966 1.275 1.483 1.281 17.277 1.477 

SBCS1.5_25 6.002 3.004 1.474 1.502 1.170 18.714 1.541 

Average 
      

16.946 
± 2.052 
(12.1%) 

1.391 
± 0.173 
(12.5%) 

SBCS1.5_02 6.016 3.015 1.512 1.507 1.144 

0.1 

15.225 1.241 

SBCS1.5_06 6.005 3.021 1.517 1.510 1.153 19.031 1.560 

SBCS1.5_10 6.016 3.013 1.524 1.506 1.188 16.035 1.331 

SBCS1.5_14 6.021 3.020 1.519 1.510 1.153 20.000 1.637 

SBCS1.5_18 6.020 3.021 1.518 1.510 1.182 20.114 1.667 

SBCS1.5_22 6.005 3.020 1.518 1.510 1.069 18.386 1.453 

SBCS1.5_26 6.018 3.016 1.515 1.508 1.245 20.315 1.726 

Average 
      

18.444 
± 2.050 
(11.1%) 

1.516 
± 0.181 
(12.0%) 

SBCS1.5_03 6.011 3.009 1.517 1.504 1.143 

1 

17.485 1.424 

SBCS1.5_07 6.021 3.015 1.510 1.508 1.137 17.493 1.421 

SBCS1.5_11 6.016 3.008 1.493 1.504 1.124 18.355 1.482 

SBCS1.5_15 6.022 3.020 1.519 1.510 1.120 21.078 1.701 

SBCS1.5_19 6.023 3.019 1.516 1.509 1.197 21.068 1.755 

SBCS1.5_23 6.005 3.020 1.377 1.510 1.287 18.698 1.604 

SBCS1.5_27 5.967 2.840 1.515 1.420 1.221 16.977 1.391 

Average 
      

18.736 
± 1.697 
(9.1%) 

1.540 
± 0.147 
(9.5%) 
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Table 2.23 — Continued 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCS1.5_04 6.023 3.015 1.511 1.508 1.162 

10 

17.251 1.416 

SBCS1.5_08 6.007 3.020 1.518 1.510 1.120 23.952 1.935 

SBCS1.5_12 6.015 3.012 1.520 1.506 1.131 22.482 1.822 

SBCS1.5_16 5.997 3.023 1.520 1.511 1.149 20.161 1.651 

SBCS1.5_20 6.002 2.903 1.517 1.452 1.118 18.090 1.432 

SBCS1.5_24 6.005 2.969 1.507 1.485 1.298 20.564 1.771 

SBCS1.5_28 5.971 3.016 1.514 1.508 1.172 22.680 1.876 

Average       

20.740 
± 2.472 
(11.9%) 

1.701 
± 0.209 
(12.3%) 

 

     Figs. 2.40 to 2.42 show the fracture strength as a function of loading rate for the SBC 

test with respect to specimen size. The subcritical crack growth parameters n, D, and A 

are determined to be n = 36 ± 15, D = 22.89 ± 0.68, and A = 1.19×10-2 ± 6.94×10-4 m/s, n 

= 35 ± 8, D = 19.33 ± 0.33, and A = 2.38×10-3 ± 8.80×10-4 m/s, n = 36 ± 11, D = 19.16 ± 

0.41, and A = 3.02×10-2 ± 1.15×10-3 m/s, respectively, for S0.75, S1.25, and S1.5 

specimen size. 

 

�  Effect of water on subcritical crack growth parameter 

     The strength of rock is influenced by the water content. An increase of water content 

results in a decrease of rock strength. The water content of rock is usually very small, so 

the degree of saturation was used instead of the water content. Two different degrees of 

saturation were selected to investigate the effect of water on subcritical crack growth: 50% 

water saturation and fully saturated conditions. 
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Fig. 2.40 Facture strength as a function of loading rate for the SBC specimen with S0.75 specimen size. 
The solid line represents the best-fit regression line. 
 

 

Fig. 2.41 Facture strength as a function of loading rate for the SBC specimen with S1.25 specimen size. 
The solid line represents the best-fit regression line. 
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Fig. 2.42 Facture strength as a function of loading rate for the SBC specimen with S1.5 specimen size. The 
solid line represents the best-fit regression line. 
 

     The specimens were oven dried at 40°C for 24 hours and the dried specimens were 
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between time and degree of saturation during air drying. After 1 hour the specimens gave 

a degree of saturation of about 50%. 

Since we knew the dry weight and the fully saturated weight for a specimen, we can 

calculate the weight for a 50% degree of saturation specimen. So, the specimen weight 

was measured several times after 1 hour to find the exact weight for a 50% degree of 

saturation. Once we met the suitable weight, specimens were wrapped in plastic wrap in 

order to maintain constant moisture content and tested. 
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Fig. 2.43 Variations of specimen weight and degree of saturation with respect to time: a) typical relation 
between time and specimen weight during oven dry; b) typical relation between time and weight after 
immersion in water; c) typical relation between time and degree of saturation during air dry.   
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Tables 2.24 and 2.25 list the dimensions of the specimen, fracture strength as well as 

fracture toughness with respect to degree of saturation in the specimen. 

 

Table 2.24 Experimental results of the SBC test for 50% degree of saturation specimen. The numbers 
between brackets in average value indicate the coefficient of variation (H = height of specimen, W = width 
of specimen, B = thickness of specimen, a = notch length, and c = notch separation length). 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCW50_01 4.015 2.020 0.997 1.010 0.892 

0.01 

18.285 1.303 

SBCW50_05 4.000 2.016 1.013 1.008 0.789 20.784 1.398 

SBCW50_09 4.016 2.020 0.999 1.010 0.826 21.783 1.496 

SBCW50_13 4.017 2.020 1.011 1.010 0.821 21.033 1.440 

SBCW50_17 4.015 2.021 1.012 1.010 0.830 22.273 1.534 

SBCW50_21 4.009 2.013 1.011 1.006 0.817 18.312 1.249 

SBCW50_25 4.014 2.022 1.011 1.011 0.813 22.490 1.534 

Average 
      

20.709 
± 1.756 
(8.5%) 

1.422 
± 0.112 
(7.9%) 

SBCW50_02 3.997 2.013 1.009 1.007 0.842 

0.1 

22.362 1.550 

SBCW50_06 3.994 2.017 1.010 1.008 0.792 23.408 1.578 

SBCW50_10 4.014 2.022 1.016 1.011 0.813 22.806 1.556 

SBCW50_14 4.018 2.020 1.010 1.010 0.828 22.460 1.544 

SBCW50_18 4.015 2.021 1.011 1.011 0.835 21.862 1.510 

SBCW50_22 4.017 2.021 1.012 1.011 0.844 22.245 1.544 

SBCW50_26 4.029 2.011 1.008 1.006 0.818 20.276 1.381 

Average 
      

22.203 
± 0.978 
(4.4%) 

1.523 
± 0.066 
(4.3%) 

SBCW50_03 4.016 2.018 1.006 1.009 0.911 

1 

21.576 1.553 

SBCW50_07 4.016 2.018 1.009 1.009 0.924 22.208 1.611 

SBCW50_11 4.015 2.020 1.011 1.010 0.843 23.839 1.653 

SBCW50_15 4.015 2.020 1.014 1.010 0.893 22.346 1.594 

SBCW50_19 4.016 2.020 1.012 1.010 0.850 22.803 1.588 
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Table 2.24 — Continued 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCW50_23 4.027 2.024 0.986 1.012 0.861 
1 

23.104 1.618 

SBCW50_27 4.011 2.000 1.010 1.000 0.829 21.702 1.486 

Average       

22.511 
± 0.801 
(3.6%) 

1.586 
± 0.054 
(3.4%) 

SBCW50_04 4.113 2.019 0.975 1.009 0.833 

10 

23.260 1.587 

SBCW50_08 3.997 2.018 1.009 1.009 0.890 23.977 1.710 

SBCW50_12 4.029 2.019 1.012 1.010 0.840 24.010 1.659 

SBCW50_16 4.017 2.021 1.012 1.011 0.854 24.788 1.730 

SBCW50_20 4.019 2.021 1.012 1.011 0.746 26.056 1.707 

SBCW50_24 3.991 2.011 1.011 1.005 0.815 22.065 1.506 

SBCW50_28 3.995 2.020 1.002 1.010 0.824 25.332 1.741 

Average       

24.213 
± 1.329 
(5.5%) 

1.663 
± 0.087 
(5.2%) 

 

Table 2.25 Experimental results of the SBC test for fully saturated specimen. The numbers between 
brackets in average value indicate the coefficient of variation (H = height of specimen, W = width of 
specimen, B = thickness of specimen, a = notch length, and c = notch separation length). 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCW100_01 4.000 2.024 1.028 1.012 1.034 

0.01 

15.444 1.191 

SBCW100_05 3.989 2.022 0.996 1.011 0.798 18.028 1.222 

SBCW100_09 4.000 2.028 1.008 1.014 0.850 19.539 1.365 

SBCW100_13 4.030 2.029 0.988 1.014 0.882 16.641 1.180 

SBCW100_17 4.029 2.020 0.988 1.010 0.883 16.679 1.181 

SBCW100_21 4.028 2.018 1.008 1.009 0.883 18.509 1.310 

SBCW100_25 3.927 2.023 1.031 1.012 0.884 19.499 1.399 

Average       

17.763 
± 1.560 
(8.8%) 

1.264 
± 0.093 
(7.3%) 
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Table 2.25 — Continued 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) H (in) W (in) B (in) a (in) c (in) 

SBCW100_02 3.991 2.023 1.012 1.012 1.035 

0.1 

17.013 1.293 

SBCW100_06 3.998 2.023 1.028 1.011 0.840 18.767 1.271 

SBCW100_10 4.025 2.028 0.985 1.014 0.915 17.958 1.272 

SBCW100_14 3.999 2.029 0.989 1.015 0.855 18.756 1.284 

SBCW100_18 4.026 2.028 0.979 1.014 0.882 18.159 1.260 

SBCW100_22 4.028 2.021 1.008 1.011 0.890 17.377 1.256 

SBCW100_26 3.999 2.011 1.000 1.005 0.823 20.517 1.370 

Average       

18.364 
± 1.152 
(6.3%) 

1.286 
± 0.039 
(3.0%) 

SBCW100_03 4.025 2.021 0.979 1.010 0.874 

1 

21.705 1.496 

SBCW100_07 4.032 2.028 0.988 1.014 0.891 19.413 1.353 

SBCW100_11 4.025 2.021 0.989 1.010 0.893 19.831 1.383 

SBCW100_15 3.999 2.028 1.008 1.014 0.859 20.540 1.409 

SBCW100_19 4.027 2.029 0.987 1.015 0.904 18.007 1.267 

SBCW100_23 3.926 2.023 1.031 1.011 0.942 19.279 1.401 

SBCW100_27 4.001 2.012 1.001 1.006 0.838 21.789 1.469 

Average       

20.081 
± 1.367 
(6.8%) 

1.397 
± 0.075 
(5.4%) 

SBCW100_04 3.991 2.022 1.029 1.011 0.964 

10 

18.594 1.358 

SBCW100_08 4.027 2.028 0.977 1.014 0.890 18.177 1.267 

SBCW100_12 4.026 2.025 1.032 1.012 0.880 18.123 1.255 

SBCW100_16 3.997 2.024 1.018 1.012 0.798 25.091 1.700 

SBCW100_20 4.027 2.028 1.006 1.014 0.892 23.012 1.606 

SBCW100_24 4.029 2.027 1.008 1.013 0.890 21.660 1.509 

SBCW100_28 4.013 2.023 1.012 1.012 0.841 23.467 1.587 

Average       

21.161 
± 2.862 
(13.5%) 

1.469 
± 0.176 
(12.0%) 
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     Figs. 2.44 and 2.45 show the fracture strength as a function of loading rate for the 

SBC test with respect to degree of saturation in the specimen. The subcritical crack 

growth parameters n, D, and A are determined to be n = 38 ± 6, D = 23.29 ± 0.26, and A 

= 1.64×10-2 ± 3.05×10-4 m/s and n = 37 ± 10, D = 19.81 ± 0.34, and A = 1.97×10-2 ± 

8.32×10-4 m/s, respectively, for 50% and 100% degree of saturation in the specimen. 

 

 

Fig. 2.44 Facture strength as a function of loading rate for the SBC specimen with 50% degree of saturation. 
The solid line represents the best-fit regression line. 
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Fig. 2.45 Facture strength as a function of loading rate for the SBC specimen with 100% degree of 
saturation. The solid line represents the best-fit regression line. 
 
 

2.6.2 Single shear test 

     The single shear (SS) specimens are similar to the Iosipescu shear test [65] and the 

double-edge cracked plate in four-point bending [1]. Reinhardt et al. [66], Barr et al. [67], 

Biolzi [68], and Swarts and Taha [69] used the Iosipescu test specimen to study the shear 

fracturing in concrete. The specimens had the nominal dimensions; width W = 76.2 mm 

(3 in), height H = 71.12 mm (2.8 in), and thickness B = 25.4 mm (1 in). The straight-

through notch with a length of a = 25.4 mm (1 in) was cut on the top and bottom using a 

diamond wheel saw. The thickness of the notch was 2.0 mm. The schematic illustrations 

of the specimen geometry and the test setup are shown in Fig. 2.46. Rollers were attached 

between the guide frame and the steel plate on the right so that the steel plate freely 
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moves in the vertical direction. The rollers minimize friction between the right guide 

frame and the steel plate. A heavy weight was placed on the top of the left guide frame to 

prevent tilting. Once the specimen was placed in the guide frame, the left guide frame 

was fixed so that the specimen was laterally constrained, which facilities shear failure in 

the specimen.   

)

 

Fig. 2.46 Schematic illustration of the SS specimen geometry and test fixture; a) single shear test specimen 
geometry; b) test fixture. 
 

The nominal shear strength of the single shear specimen is expresses as: 

� : �
6:

� � 5 � � 
 B
 (2.71)

where, b is half of the specimen height. 

     The mode II stress intensity factor was also determined using the FRANC2D/L finite 

element code and given as: 
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� �� � %� ��� � L�Ž�L <�
5‰=� � �Š<�

5‰=
;
'

6
� � 5 � � 
 B

� �  (2.72)

     Table 2.26 lists the dimensions of the specimen, fracture strength as well as fracture 

toughness in the single shear specimen. 

 

Table 2.26 Experimental results of the SS specimen test. The numbers between brackets in average value 
indicate the coefficient of variation (W = width of specimen, H = height of specimen, B = thickness of 
specimen, a = notch length, and b = half of the specimen height). 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) W (in) H (in) B (in) a (in) b (in) 

SS01 2.918 2.807 1.003 0.992 1.403 

0.01 

23.322 1.465 

SS05 2.911 2.808 1.005 0.986 1.404 23.254 1.483 

SS09 2.835 2.813 1.014 0.990 1.406 17.367 1.101 

SS13 2.866 2.813 1.013 0.989 1.406 14.928 0.950 

SS17 2.893 2.807 1.006 0.987 1.404 18.568 1.180 

SS21 2.894 2.807 1.006 0.987 1.403 15.408 0.979 

SS25 2.909 2.806 1.004 0.984 1.403 18.848 1.204 

SS29 2.902 2.806 1.004 0.985 1.403 17.173 1.095 

Average 
      

18.608 
± 3.190 
(17.1%) 

1.182 
± 0.200 
(16.9%) 

SS02 2.906 2.806 0.957 0.987 1.403 

0.1 

17.296 1.099 

SS06 2.927 2.813 1.013 0.968 1.406 21.777 1.451 

SS10 2.933 2.813 1.014 0.991 1.407 24.904 1.577 

SS14 2.931 2.814 1.014 0.990 1.407 24.321 1.544 

SS18 2.882 2.804 1.006 0.986 1.402 18.582 1.179 

SS22 2.906 2.807 1.006 0.984 1.404 22.068 1.412 

SS26 2.846 2.807 1.006 0.982 1.403 17.676 1.135 

SS30 2.882 2.804 1.005 0.983 1.402 22.367 1.431 

Average       

21.124 
± 2.937 
(13.9%) 

1.353 
± 0.188 
(13.9%) 
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Table 2.26 — Continued 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) W (in) H (in) B (in) a (in) b (in) 

SS03 2.918 2.809 1.003 0.995 1.404 

1 

26.416 1.651 

SS07 2.921 2.812 1.014 0.971 1.406 25.227 1.667 

SS11 2.913 2.815 1.014 0.992 1.407 22.126 1.402 

SS15 2.928 2.810 1.013 0.992 1.405 25.793 1.626 

SS19 2.821 2.804 1.004 0.981 1.402 17.179 1.103 

SS23 2.884 2.804 1.005 0.981 1.402 18.170 1.167 

SS27 2.874 2.806 1.007 0.982 1.403 22.358 1.436 

SS31 2.867 2.803 1.006 0.983 1.401 18.446 1.179 

Average       

21.965 
± 3.683 
(16.8%) 

1.404 
± 0.233 
(16.6%) 

SS04 2.917 2.808 1.003 0.991 1.404 

10 

23.626 1.491 

SS08 2.915 2.816 1.013 0.974 1.408 23.273 1.537 

SS12 2.922 2.816 1.014 0.972 1.408 21.779 1.442 

SS16 2.923 2.813 1.013 0.991 1.406 22.891 1.448 

SS20 2.898 2.807 1.005 0.986 1.403 27.260 1.735 

SS24 2.892 2.804 1.004 0.987 1.402 24.413 1.547 

SS28 2.885 2.803 1.006 0.986 1.401 18.265 1.159 

SS32 2.882 2.807 1.004 0.988 1.403 19.903 1.260 

Average 
      

22.676 
± 2.759 
(12.2%) 

1.452 
± 0.178 
(12.2%) 

 

     Fig. 2.47 shows the fracture strength as a function of loading rate for the SS specimen. 

The subcritical crack growth parameters n, D, and A are determined to be n = 35 ± 13, D 

= 21.51 ± 0.58, and A = 2.18×10-2 ± 9.91×10-4 m/s respectively. 
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Fig. 2.47 Facture strength as a function of loading rate for the SS specimen. The solid line represents the 
best-fit regression line. 
 
 

2.6.3 Double shear test 

     The double shear (DS) specimen is also called the punch-through cube specimen [70]. 

Watkins [71] used the DS specimens to determine the mode II fracture toughness of 

concrete. The specimen geometry and test setup are illustrated in Fig. 2.48. The double 

shear specimen has two sets of notches on the top and bottom. The straight-through 

notches with the length a = 25.4 mm (1 in) were machined using a diamond saw. The 

specimen has a height of H =71.12 mm (2.8 in), a width of W = 76.2 mm (3 in), and a 

thickness of B = 25.4 mm (1 in). Axial force was applied to the central part of the 

specimen. The guide frame was used to give lateral constraint. Two Teflon sheets were 

inserted between the specimen and the guide frame to reduce friction.  
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Fig. 2.48 Schematic illustration of specimen geometry and test fixture for the DS test; a) double shear test 
specimen geometry; b) test fixture. 
 

The nominal shear strength of the double shear specimen is given as: 

� : �
6:

� � 5 � � 
 B
 (2.73)

The mode II stress intensity factor was also determined using the FRANC2D/L finite 

element code and given as: 

� �� � %� �Š�Š � T��L� <�
5‰=� � �TT� <�

5‰=
;
'

6
� � 5 � � 
 B

� �  (2.74)

 

     Table 2.27 lists the dimensions of the specimen, fracture strength as well as fracture 

toughness in the double shear specimen. 
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Table 2.27 Experimental results of the DS specimen test. The numbers between brackets in average value 
indicate the coefficient of variation (W = width of specimen, H = height of specimen, B = thickness of 
specimen, a = notch length, and b = half of the specimen height). 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) W (in) H (in) B (in) a (in) b (in) 

DS01 3.008 2.800 1.008 0.978 1.400 

0.01 

28.488 1.834 

DS05 3.011 2.811 1.016 0.979 1.405 23.620 1.534 

DS09 3.006 2.802 1.016 0.974 1.401 26.196 1.708 

DS13 3.012 2.810 1.015 0.978 1.405 29.613 1.928 

DS17 3.019 2.810 0.956 0.968 1.405 18.535 1.233 

DS21 3.019 2.811 0.972 0.975 1.405 24.999 1.640 

DS25 3.015 2.804 1.023 0.974 1.402 24.767 1.616 

DS29 3.020 2.804 1.023 0.972 1.402 17.839 1.170 

Average       

24.257 
± 4.234 
(17.5%) 

1.583 
± 0.267 
(16.8%) 

DS02 3.005 2.800 1.007 0.979 1.400 

0.1 

31.953 2.055 

DS06 3.006 2.802 1.016 0.975 1.401 22.836 1.486 

DS10 2.967 2.802 1.009 0.974 1.401 22.133 1.443 

DS14 3.012 2.812 1.014 0.978 1.406 24.859 1.622 

DS18 3.019 2.804 1.016 0.971 1.402 19.787 1.300 

DS22 3.019 2.810 1.021 0.972 1.405 26.606 1.750 

DS26 3.016 2.801 1.025 0.974 1.401 19.263 1.255 

DS30 3.017 2.805 1.022 0.973 1.403 17.220 1.128 

Average       

23.082 
± 4.706 
(20.4%) 

1.505 
± 0.299 
(19.9%) 

DS03 3.011 2.812 1.015 0.985 1.406 

1 

22.942 1.474 

DS07 3.011 2.811 1.014 0.978 1.406 27.019 1.759 

DS11 3.007 2.802 1.016 0.972 1.401 30.820 2.016 

DS15 3.018 2.803 1.022 0.973 1.402 19.702 1.288 

DS19 3.014 2.814 1.025 0.970 1.407 23.722 1.575 

DS23 3.018 2.806 1.022 0.974 1.403 23.207 1.517 

DS27 3.017 2.805 1.024 0.973 1.403 21.012 1.377 
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Table 2.27— Continued 

Specimen No. 
Dimensions Loading 

rate  
(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) W (in) H (in) B (in) a (in) b (in) 

DS31 3.014 2.815 1.023 0.971 1.407 1 24.116 1.599 

Average       

24.067 
± 3.481 
(14.5%) 

1.576 
± 0.228 
(14.5%) 

DS04 3.012 2.811 1.015 0.985 1.406 

10 

28.150 1.805 

DS08 3.007 2.800 1.008 0.979 1.400 26.828 1.726 

DS12 3.007 2.804 1.016 0.973 1.402 28.624 1.874 

DS16 3.008 2.803 1.009 0.974 1.401 34.515 2.250 

DS20 3.008 2.802 1.008 0.977 1.401 30.231 1.959 

DS24 3.019 2.805 1.022 0.972 1.402 31.970 2.098 

DS28 3.015 2.803 1.022 0.974 1.402 27.089 1.768 

DS32 3.013 2.814 0.993 0.972 1.407 24.041 1.591 

Average       

28.931 
± 3.263 
(11.3%) 

1.884 
± 0.212 
(11.3%) 

 

     Fig. 2.49 shows the fracture strength as a function of loading rate for the DS specimen. 

The subcritical crack growth parameters n, D, and A are determined to be n = 37 ± 17, D 

= 25.46 ± 0.77, and A = 1.77×10-2 ± 7.54×10-4 m/s respectively. 
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Fig. 2.49 Facture strength as a function of loading rate for the DS specimen. The solid line represents the 
best-fit regression line. 
 

 

2.7 Mode III test 

 

2.7.1 Torsion of a rectangular section specimen 

     The specimen has a height of H =53.3 mm (2.1 in), a width of W = 81.3 mm (3.2 in), 

and a thickness of B = 78.7 mm (3.1 in). A notch with a depth of 41.9 mm (1.65 in) and 

three side grooves with a depth of 14 mm (0.55 in) were cut with a diamond wheel saw. 

The notch and side grooves had a thickness of 2 mm. Side grooves facilitate the fracture 

propagation in a mode III manner. Fig. 2.50 shows the geometry and the loading 
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configuration of the torsion of a rectangular section specimen. The left loading plate was 

attached to the guide frame to hold the specimen.  

)

 

Fig. 2.50 Schematic illustration of specimen geometry and test fixture for the torsion of rectangular section 
specimen test; a) torsion of rectangular section specimen geometry; b) specimen dimension;  c) test fixture. 
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     The nominal mode III shear strength of the torsion of a rectangular section specimen 

is given as [72]:  

� : �
�

t 5� ;  (2.75)

where, T is the applied torque, �  is the geometry coefficient, and b and c are the length of 

uncracked portion. Table 2.28 gives the value of �  with respect to the ratio b/c. 

 
Table 2.28 Value of �  with respect to the ratio b/c [72].  

b/c �  
1.0 0.208 
1.5 0.231 
2.0 0.246 
2.5 0.256 
3.0 0.267 
4.0 0.282 
5.0 0.292 
10 0.312 
�  0.333 

 

An analytical equation of the stress intensity factor for the torsion of a rectangular section 

specimen does not exist, so a 3-D finite element analysis is needed to evaluate the stress 

intensity factor. The stress intensity factor was not evaluated in this study. 

     Table 2.29 lists the dimensions of the specimen and fracture strength in the torsion of 

a rectangular section specimen. 

 
Table 2.29 Experimental results of the torsion of a rectangular section specimen test. The numbers between 
brackets in average value indicate the coefficient of variation. 

Specimen No. 
Dimensions Loading rate  

(MPa/s) 

Fracture 
Strength 
(MPa) W (in) a (in) b (in) c (in) d (in) 

RT01 3.219 1.640 1.045 1.043 0.535 0.01 13.774 
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Table 2.29 — Continued 

Specimen No. 
Dimensions Loading rate  

(MPa/s) 

Fracture 
Strength 
(MPa) W (in) a (in) b (in) c (in) d (in) 

RT05 3.210 1.641 1.046 1.046 0.523 

0.01 

12.266 

RT09 3.228 1.641 1.049 1.022 0.538 13.990 

RT13 3.213 1.636 1.040 1.031 0.537 13.457 

RT17 3.228 1.638 1.072 1.060 0.517 11.919 

RT21 3.199 1.635 1.048 1.059 0.516 16.732 

RT25 3.199 1.623 1.059 1.061 0.518 14.880 

RT29 3.210 1.620 1.070 1.069 0.520 14.706 

Average       
13.966 

± 1.432 (10.3%) 

RT02 3.215 1.644 1.042 1.035 0.529 

0.1 

13.105 

RT06 3.212 1.639 1.052 1.043 0.521 15.522 

RT10 3.231 1.645 1.063 1.060 0.522 15.123 

RT14 3.230 1.638 1.049 1.019 0.544 16.332 

RT18 3.223 1.644 1.051 1.028 0.528 14.407 

RT22 3.228 1.629 1.083 1.074 0.515 12.955 

RT26 3.200 1.629 1.049 1.049 0.522 16.820 

RT30 3.199 1.618 1.062 1.062 0.519 14.237 

Average 
      

14.813 
± 1.313 (8.9%) 

RT03 3.210 1.636 1.045 1.034 0.528 

1 

13.652 

RT07 3.218 1.647 1.047 1.047 0.524 15.469 

RT11 3.216 1.642 1.050 1.050 0.524 16.023 

RT15 3.211 1.638 1.049 1.043 0.524 17.312 

RT19 3.226 1.648 1.056 1.063 0.522 14.310 

RT23 3.218 1.634 1.048 1.023 0.537 16.166 

RT27 3.214 1.647 1.037 1.025 0.530 15.670 

RT31 3.228 1.635 1.069 1.056 0.524 13.687 

Average 
      

15.286 
± 1.214 (7.9%) 

RT04 3.213 1.639 1.044 1.047 0.530 
10 

15.622 

RT08 3.219 1.647 1.056 1.042 0.516 18.415 
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Table 2.29 — Continued 

Specimen No. 
Dimensions Loading rate  

(MPa/s) 

Fracture 
Strength 
(MPa) W (in) a (in) b (in) c (in) d (in) 

RT12 3.231 1.642 1.064 1.052 0.526 

10 

16.744 

RT16 3.223 1.632 1.053 1.024 0.538 18.370 

RT20 3.224 1.632 1.057 1.034 0.536 14.316 

RT24 3.230 1.635 1.066 1.053 0.529 17.787 

RT28 3.198 1.628 1.051 1.049 0.519 18.433 

RT32 3.198 1.622 1.056 1.069 0.520 15.336 

Average       
16.878 

± 1.515 (9.0%) 
 

     Fig. 2.51 shows the fracture strength as a function of loading rate for the torsion of a 

rectangular section specimen. The subcritical crack growth parameters n, and D are 

determined to be n = 37 ± 9 and  D = 15.60 ± 0.27 respectively. 

 

Fig. 2.51 Facture strength as a function of loading rate for the torsion of a rectangular section specimen. 
The solid line represents the best-fit regression line. 
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2.7.2 Circumferentially notched cylindrical specimen 

     The specimen is a cylinder with a diameter 2b = 50.8 mm (2 in), a length L = 114.3 

mm (4.5 in), and a circumferential notch of depth a = 25.4 mm (1 in). The circumferential 

notches with thickness 2 mm were cut in the middle of the specimen perpendicular to the 

axis of the cylinder by a diamond wheel saw. Fig. 2.52 shows the specimen geometry, 

split collars, and test setup. Split collars were attached to the ends of the specimen. The 

two parts of the collar were fastened with screws. In order to give more friction between 

the specimen and the collar, additional screws were used in the collars. The specimens 

were placed on the two opposite support pins and axial load was applied at each end of 

the split collar.  

     The nominal mode III shear strength of the circumferentially notched cylindrical 

specimen is given as [56]: 

� : �
� �

� � 5 � � 
 J  (2.76)

where, T is the torque and b is the radius of the specimen. 

 The mode III stress intensity factor was expressed as [38]: 

� ��� � %� �ŠŠŽ� L�Ž�L <�
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��
��5 � �
 J � �  

 

(2.77)

     Table 2.30 lists the dimensions of the specimen, fracture strength as well as fracture 

toughness in the circumferentially notched cylindrical specimen. 
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Fig. 2.52 Schematic illustration of specimen geometry and test fixture for the circumferentially notched 
cylindrical specimen; a) circumferentially notched cylindrical specimen geometry; b) split collars; c) test 
fixture.  
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Table 2.30 Experimental results of the circumferentially notched cylindrical specimen test. The numbers 
between brackets in average value indicate the coefficient of variation. 

Specimen No. 
Dimensions Loading rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) 2a (in) 2b (in) 

CNC01 1.015 2.024 

0.01 

8.765 0.658 

CNC05 1.025 2.072 8.040 0.607 

CNC09 1.038 2.026 8.207 0.622 

CNC13 1.057 2.023 9.460 0.724 

CNC17 1.042 2.025 9.917 0.754 

CNC21 1.056 2.023 9.810 0.750 

CNC25 1.055 2.022 12.574 0.961 

CNC29 1.052 2.021 11.537 0.880 

Average 
   

9.789 
± 1.583 (16.2%) 

0.744 
± 0.124 (16.6%) 

CNC02 1.027 2.032 

0.1 

11.771 0.889 

CNC06 1.022 2.025 8.660 0.652 

CNC10 1.061 2.023 7.386 0.566 

CNC14 1.056 2.024 11.582 0.885 

CNC18 1.048 2.025 9.418 0.717 

CNC22 1.057 2.021 7.756 0.593 

CNC26 1.056 2.020 12.666 0.968 

CNC30 1.056 2.022 12.598 0.963 

Average 
   

10.230 
± 2.174 (21.3%) 

0.779 
± 0.166 (21.3%) 

CNC03 1.021 2.027 

1 

11.943 0.899 

CNC07 1.025 2.022 10.287 0.776 

CNC11 1.043 2.022 12.683 0.964 

CNC15 1.052 2.022 10.112 0.772 

CNC19 1.054 2.025 14.329 1.095 

CNC23 1.059 2.025 12.625 0.966 

CNC27 1.063 2.023 11.215 0.860 

CNC31 1.056 2.021 10.583 0.809 

Average    
11.722 

± 1.454 (12.4%) 
0.893 

± 0.112 (12.5%) 
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Table 2.30 — Continued 

Specimen No. 
Dimensions Loading rate 

(MPa/s) 

Fracture 
Strength 
(MPa) 

Fracture 
Toughness 
(MPa	 m) 2a (in) 2b (in) 

CNC04 1.026 2.024 

10 

15.154 1.143 

CNC08 1.027 2.032 12.282 0.927 

CNC12 1.060 2.023 9.380 0.718 

CNC16 1.057 2.022 11.834 0.905 

CNC20 1.023 2.023 12.454 0.938 

CNC24 1.046 2.021 12.341 0.939 

CNC28 1.058 2.020 8.552 0.654 

CNC32 1.056 2.022 11.221 0.858 

Average 
   

11.652 
± 20.27 (17.4%) 

0.885 
± 0.149 (16.9%) 

 

 

 

Fig. 2.53 Facture strength as a function of loading rate for the circumferentially notched cylindrical 
specimen. The solid line represents the best-fit regression line. 
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     Fig. 2.53 shows the fracture strength as a function of loading rate for the 

circumferentially notched cylindrical specimen. The subcritical crack growth parameters 

n, D, and A are determined to be n = 34 ± 14, D = 11.04 ± 0.34, and A = 2.05×10-2 ± 

8.70×10-4 m/s respectively. 

 

�

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



150 
 

CHAPTER 3 

DETERMINATION OF THE SUBCRITICAL CRACK GROWTH 

PARAMETERS IN ROCK USING A CONSTANT STRESS-RATE TEST: 

PART I-EXPERIMENTAL VERIFICATION 

 

3.1 Introduction 

�

     The increasing world population, along with declining areas for surface construction, 

demands the use of underground space more and more. In addition to underground 

tunnels and mine excavations, waste repositories, power station caverns, and oil and gas 

storage facilities are constructed underground. The time-dependent strength and 

deformation of rock is important to estimate the long-term stability of these underground 

structures.    

     One of important time-dependent properties is the time-dependent deformation or 

creep behavior. Creep is the slow and continuous deformation of rock with time under a 

constant load. It also includes creep rupture which is the accelerating deformation prior to 

failure. Creep behavior is usually observed in soft rocks such as rock salt and coal, but all 

rocks can exhibit creep under certain loads. In soft rocks, it is well understood that 

dislocation glide, dislocation climb, diffusive motion, and grain boundary glide are the 

mechanisms of creep [73]. In hard or brittle rock, the situation is more complex because 

these mechanisms of dislocation and diffusion are not sufficiently developed. In brittle 
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rocks the closure, opening, nucleation and growth of microcracks are more dominant 

mechanisms [74,75]. 

     One of principal mechanisms for the growth of microcracks is subcritical crack 

growth [74-76]. Subcritical crack growth is time-dependent crack growth at a value of 

stress intensity factor that may be lower than the critical value, the fracture toughness. 

Subcritical crack growth is an important way to evaluate the long-term stability problems 

of structures in rocks.  

A transient creep of brittle rocks can be explained by a logarithmic creep low and is 

expressed as follows [77]: 

’ � “ m � 42(�k +� � � 4; -
  (3.1)

where, �  is the strain, t is time, � o is the initial or pre-existing strain, and C1 and C2 are 

constant.  Kemeny [76] derived a closed-form solution of � o, C1 and C2 as a function of 

the applied stress and the subcritical crack growth parameters using the sliding crack 

model. 

     Several experimental methodologies have been developed to measure the material 

parameters associated with subcritical crack growth, including the double cantilever 

beam (DCB) method, the constant moment DCB method, the tapered DCB method and 

the double torsion (DT) method [35,68]. Among them, the DT test is the most popular 

test method in determining the subcritical crack growth parameters [18,29,30,45,78], 

since it has the following advantages [1,78]. 

(1) The stress intensity factor is independent of the crack length. 

(2) Crack velocity can be determined without the crack length measurement. 
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(3) Specimen pre-cracking can be easily achieved. 

      

     A constant stress-rate test is another test to estimate subcritical crack growth 

parameters [34]. The constant stress-rate test uses the relation between the fracture 

strength and applied stress rate and it does not require the measurement of a crack 

velocity or a crack length. Many ceramic materials have been tested using the constant 

stress-rate test [34]. The main advantage of this test is that standard rock mechanics test 

specimen can be utilized [50]. A second important advantage is that tests can be 

conducted with this technique to determine subcritical crack growth parameters 

associated with shear fracturing in rock. 

     The results of this study are described in two papers. The first paper presents the 

validity of the constant stress-rate test in rocks compared with the conventional testing 

method, the double torsion test. Various types of specimens such as Brazilian disk, three 

point bending, grooved disk, single edge notched bend, and compact tension specimens 

have been tested on Coconino sandstone to determine the subcritical crack growth 

parameters, and the results are compared with the DT test results. In second paper, 

statistical aspects of the constant stress-rate test and the subcritical crack growth 

parameters, and Weibull analysis are provided (see Chapter 4). The effects of the number 

of specimens, standard deviation and the distribution form of the subcritical crack growth 

parameters were determined. Weibull statistics was applied to the fracture strength data 

to describe the variability of the fracture strength and the subcritical crack growth 

parameters.    
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 3.2 Subcritical crack growth 

�

     Subcritical crack growth can occur under cyclic or static loadings. In ductile metals 

and alloys, it has long been observed that cyclic loading, even with small amount of load, 

can cause crack growth. This phenomenon is also called fatigue crack growth. Fatigue 

crack growth is generally characterized on the basis of the Paris law [79]. For a cyclic 

load, the rate of crack growth per cycle is related to the difference of the stress intensity 

factor, 

7�
7”

� 4� 9� 
 H  (3.2)

where, da/dN is the rate of crack growth per cycle, 	 K is the stress intensity factor range, 

and C and m are experimentally determined constants. 

Fatigue cracking also occurs in brittle materials. Under cyclic compression loading, 

fatigue crack occurs perpendicular to the loading axis in brittle solids such as ceramics 

and cement mortar [80]. Ko et al. also observed fatigue crack growth in model rock, 

gypsum material under compressive cyclic load [81]. 

     Under static loads, due to stress corrosion of environment agent, crack velocity is 

often characterized by a power law formulation such as Charles law [26]: 

! � ! m*,) %�
�
•�

' � �
$  (3.3)

where, v is the crack velocity, vo and n are constants, H is the activation enthalpy, R is the gas 

constant, T is the absolute temperature, and KI is the mode I stress intensity factor. Equation (3.3) 

has been reduced to a simple form by several investigators [27,28,75,82,83].  
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 (3.4)

where, A*, A, n are subcritical crack growth parameters, and KIC is the mode I fracture 

toughness. Sometimes n is also called the subcritical crack growth index [18]. In this 

research we exclude subcritical crack growth under cyclic loading, and we focus only on 

subcritical crack growth under static loading.  

     Subcritical crack growth can be characterized by the experimental relation between 

the crack velocity and the stress intensity factor, called K/v diagram. Fig. 3.1 shows the 

schematic crack velocity/normalized stress intensity factor diagram for subcritical crack 

growth in rock [18,19]. The transition from region 1 to region 2 and from region 2 to 

region 3 for rocks are more rounded than in these other materials, such as glasses and 

ceramics. In region 1, interval 0.2 Kc �  K �  0.8 Kc, the velocity of crack growth is 

controlled by the rate of stress corrosion reactions at crack tips [18,19,24]. In region 2, 

the crack velocity is controlled by the rate of transport of reactive species to crack tips. 

Region 2 behavior is observed in some glasses and ceramics but is rarely seen in rocks 

[18,19,25]. In region 3, crack growth is mainly controlled by mechanical rupture and is 

relatively insensitive to the chemical environment. 

 

3.3 Test materials 

�

     The rock type used for this study was Coconino sandstone. It was obtained from 

quarries near Flagstaff, Arizona. Coconino sandstone is relatively uniform and fine-



155 
 

grained sandstone with light yellow minerals. The mechanical properties of Coconino 

sandstone such as the uniaxial compressive strength (� c), Brazilian tensile strength (� t), 

Young’s modulus (E), Poisson’s ratio (� ), and internal friction angle (0 ) are listed in 

Table 3.1. 

��	
���

���
���

���
�
�

 

Fig. 3.1 Schematic crack velocity/normalized stress intensity factor diagram for subcritical crack growth in 
rocks. Ko is the stress corrosion limit [19].  
 

Table 3.1 Mechanical properties of Coconino sandstone. 

� c (MPa) � t (MPa) E (GPa) �  0  (º) 

118.01 6.38 24.29 0.357 50.6 

 

     Bedding is one of the most common features of sedimentary rocks. In general a 

bedding plane is a weak plane. All specimens were prepared so that the crack propagation 

direction is perpendicular to the bedding planes. 
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     All specimens were oven-dried at 40°C for 24 hours. After that, the specimens were 

placed in a desiccator to reduce the exposure to humidity in the air until the specimens 

were tested. The testing room maintained a relative humidity less than 15%. 

 

3.4 Double torsion test 

     

      A schematic illustration of the DT test is presented in Fig. 3.2. A flat and thin 

specimen is placed on four ball bearings and the load is applied to the specimen through 

two ball bearings. The crack will propagate along the side groove due to tensile stress 

from the four-point bending. 

 

3.4.1 Stress intensity factor and crack velocity 

     The stress intensity factor for the DT specimen was derived by Williams and Evans 

[40] by relating strain energy and compliance and is given as follows: 

� � � 6� H P
L� � � � 

� BJB$

 (3.5)

where P is the applied load, �  is Poisson’s ratio, Wm is the moment arm of the specimen, 

W is the specimen width, B is the specimen thickness, and Bn is the thickness of the 

grooved plane.  
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Fig. 3.2 Schematic illustration of the DT test: a) basic geometry of DT specimen; b) example of loading 
fixture and test specimen. 
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     Depending on the loading conditions, the crack velocity can be determined in one of 

three ways [38,39]: 

(1) Constant displacement rate method 

(2) Constant load (a dead-weight load) method 

(3) Relaxation (constant displacement) method 

Only a single value of crack velocity is obtained from the constant displacement rate and 

the constant load methods in a single experiment run. But the relaxation method allows 

many values of crack velocity data in a single experiment run. Thus, the relaxation 

method was employed in this study.  

     The crack velocity from the relaxation method is given by [40] 

! � �
� �>:6�>:

6;

76
7-

 (3.6)

where, the subscripts ‘i’ and ‘f’ denote the initial and final loads(P) and crack length(a). 

During crack propagation, it was observed that the crack extended further on the lower 

face than the upper face. Due to the crack front curvature, several corrections for crack 

velocity have been proposed [39,41-44]. Evans [39] proposed the following crack 

velocity correction due to crack profile: 

! � � A
� �>:6�>:

6;

76
7-

 (3.7)

where, – � …@C� …; � 9W ; 
 , and � a is the difference in crack lengths between the two 

faces (Fig. 3.3). 
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Fig. 3.3 Schematic illustration of the crack front [36]. 

 

     Experiments on glass and quartz give a correction factor �  approximately equal to 0.2 

[23,40]. Measurement of crack length in upper face was difficult for the sandstone 

specimen, so �  = 0.2 was assumed in this study. 

Equation (3.7) shows that the crack velocity can be obtained from the slope of the load 

relaxation curve at a given time, plus initial crack length or final crack length and the 

corresponding load. Since there is measurement scatter in the load relaxation curve, raw 

data are smoothed by a curve fitting technique [45]. In this study, a power law function 

was employed to fit the relaxation data. 

 
3.4.2 Specimen size requirement 

     The DT specimen has to satisfy certain size requirements to obtain a valid stress 

intensity factor. Atkinson [46] showed that fracture toughness was independent of 

specimen dimension when W was 12 times greater than B. Pletka et al.[47] recommended 

that the specimen length L should be greater than twice the value of W. Thus, the size of 

the DT specimen is given by [30] 
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�� B V Y V X@�  (3.8)

The DT specimen dimensions used in this study are 63.5 mm wide (W) × 152.4 mm long 

(L) × 5.08 mm thickness (B) and these dimensions satisfy the size requirement. 

 

3.4.3 Experimental procedure 

     All of the surfaces of the specimen were ground and a rectangular guide groove was 

cut by an overhead wheel saw along the specimen length with a depth of 1.7 mm, which 

is approximately one-third of the specimen thickness. An initial notch with a length of 

25.4 mm was cut by a diamond wheel saw, and pre-cracking was achieved under 

displacement control with a loading rate of 0.254 mm/min. The initiation of pre-crack can 

be detected from a rapid slope change in the load-displacement curve. A pre-cracked 

specimen was loaded to a pre-determined loading, Pi (90% of the expected fracture load). 

Then, the crosshead of the testing machine was held at fixed position and the load 

allowed to decay as a results of subcritical crack growth for 45 minutes. When the 

relaxation test was completed, the length of the crack (af) was measured. Fracture 

toughness was then determined by loading the specimen with a high loading rate, 

0.041kN/s (K&= 0.25 MPa	 /s), in order to minimize environmental effects. 

 

3.5 Constant stress-rate test 

     

     In general, the strength increases with increasing applied stress rate. The constant 

stress-rate test uses this principle to relate the fracture strength and applied stress rate.  
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     The generalized expression of the stress intensity factor under the mode I loading is: 

� � � � � � �  (3.9)

where, Y is a geometry factor related to the crack geometry, �  is an applied remote stress, 

and a is the crack length. Using Equations (3.4) and (3.9) with some mathematical 

manipulations, the relation between the fracture strength and loading rate is expressed as 

follows [34]: 

(�k � : �
�

 � �
(�k � R� (�kl  (3.10)

where, 

(�kl �
�

 � �
(�k `

� � �&
; �  � � 


" � ; �  � � 

� �

$1 ; a (3.11)

where, � f is fracture strength, ‚R is stress rate, and D is another subcritical crack growth 

parameter that is a function of fracture toughness (KIC), inert strength (� i), geometry 

factor (Y) and subcritical crack growth parameters (n and A). 

The derivation of the relation between fracture strength and stress rate is presented in 

section 2.4.1 

     The inert strength is obtained by using very fast test rates or an inert environment 

(such as vacuum or oil). In this study the inert strength was determined from the test 

conducted at the fastest loading rate of all the experimental results.  

     The subcritical crack growth parameters n and A are determined from the slope (� ) 

and intercept (� ) of the linear regression through all log fracture strength values versus 

log stress rate data. The parameter n is given by: 
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 �
�
t

� �  (3.12)

And the parameters D and A are given by: 

l � �S y  (3.13)

" �
� � �&

; �  � � 


�S � $i 2
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� �

$1 ;  (3.14)

The standard deviation of the slope �  and of the subcritical crack growth parameter n is 

zl { � —
�

� � �

u gt (�k � ˜ � x � (�k � ˜
R h

;v
�w2

� u g(�k � R̃h
;v

�w2 � gu (�k � R̃v
�w2 h

;  (3.15)

zl $ �
zl {

t ;  (3.16)

where: 

K is total number of specimens, 

SD�  = standard deviation of the slope � ,  

SDn = standard deviation of the subcritical crack growth parameter n. 

The standard deviation of the intercept �  and of the subcritical crack growth parameter D 

is 

zl y � —
u gt (�k � ˜ � x � (�k � ˜

R h
;

u g(�k � R̃h
;v

�w2
v
�w2
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 ™� u g(�k � R̃h
;

� gu (�k � R̃v
�w2 h

;v
�w2 š

 (3.17)

zl ~ � � �LS�I gzl y hg�S y h (3.18)

where: 

SD�  = standard deviation of the intercept � , and 
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SDD = standard deviation of the subcritical crack growth parameter D. 

The standard deviation of the subcritical crack growth parameter A wasn’t calculated 

directly due to mathematical difficulties. It was determined using a statistical method, as 

described in Chapter 4.  

     The subcritical crack growth parameter n requires only the slope of a regression line. 

Thus, conventional rock mechanics tests can be utilized to determine n value. In order to 

determine the subcritical crack growth parameter A, both the inert strength and the 

fracture toughness are required. Thus, fracture mechanics tests are required.  

     ASTM suggests that at least four loading rates (evenly spaced in a logarithmic scale) 

with a load-controlled mode are used [22]. Thus, all tests were conducted using four 

loading rates (0.01, 0.1, 1, and 10 MPa/s or 0.001, 0.01, 0.1, and 1 MPa/s) under load 

control scheme.  

     For conventional rock mechanics tests, Brazilian disk and three-point bending tests 

were used. For fracture mechanics tests, grooved disk (GD), single edge notched bend 

(SENB), and compact tension (CT) tests were carried out. 

 

3.5.1 Brazilian test 

     The Brazilian test consists of placing a disc or cylinder of rock under compression 

across the diameter. Specimens were cored from blocks of Coconino sandstone with a 

diameter D of 50.8 mm. The cores were cut with a thickness B of 25.4 mm. The fracture 

strength (or tensile strength), � f, can be computed from the following equation [35]: 
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� : �
� 6

� 7B
 (3.19)

where, P is applied load at failure, d is diameter and B is thickness of disc. 

Four loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control were employed. Eight 

specimens were used in each loading rate, for a total of 32 specimens tested. 

 

3.5.2 Three-point bending test 

     In the three-point bending test, a beam is simply supported on two outer points and 

loaded by a point load on the top of the specimen at its center. The top of the specimen is 

placed in a state of compression, whereas the bottom surface is in tension. The maximum 

tensile stress exists at the bottom of the specimen below the point of load. The flexural 

strength is given by [51]: 

� : �
I U
B5; �

L6z
� B5;  (3.20)

where, � f is the flexural strength, M is the bending moment (M = PS/4), P is the applied 

load, S is the support span (S = 4b), B is the width of the specimen, and b is the thickness 

of the specimen. 

A schematic illustration of three point bending test specimen and specimen dimensions 

are shown in Fig. 3.4. Four loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control 

were employed. Seven specimens were used in each loading rate, thus a total of 28 

specimens were tested. 
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Fig. 3.4 Schematic illustration of the three-point bending test specimen: a) specimen dimensions of the 
three-point bending geometry; b) experimental set-up for the three-point bending test. 
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3.5.3 Grooved disk test 

     The grooved disk (GD) specimens have the same dimensions as the Brazilian disk 

specimens. The GD specimen, containing a single edge notch on one face of the 

specimen, was loaded by a diametral compression. The notch has a depth of 7.6 mm and 

a thickness of 2 mm. The notch depth to specimen thickness ratio (a/B) was set to 0.3. Fig. 

3.5 shows a schematic illustration of the GD specimen and specimen dimensions.  

    The central part of the specimen can be regarded as a semi-infinite plate with an edge 

crack under a uniform tension. The stress intensity factor can be determined from the 

analogy of a semi-infinite plate with edge crack geometry [52,53]. The stress intensity 

factor for the GD specimen is defined by the following equation: 

� � � � ��� � � � [ � � � � ��� � �
� 6

� B7
� � � � ��I�

6
B7

� �  (3.21)

where, � t is tensile stress, P is applied load, d is diameter of disc, B is thickness of disc, 

and a is crack length. Also, four loading rates (0.01, 0.1, 1, and 10 MPa/s) under load 

control were employed. Ten specimens were used in each loading rate, thus a total of 40 

specimens were tested. 

 

3.5.4 Single edge notched bend test 

     The single edge notched bend (SENB) specimen has similar specimen dimensions and 

the same loading configuration as three point bending test. The specimen is supported on 

its two ends and a load is applied in the opposite direction of the notch. A schematic 

diagram of the SENB specimen and specimen dimensions are presented in Fig. 3.6. 
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Fig. 3.5 Schematic illustration of the GD test specimen: a) specimen dimensions of the GD geometry; b) 
experimental set-up for the GD test. 
 

The stress intensity factor of the SENB specimen is given by [55]:  

� � � €� � @5
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Four loading rates (0.01, 0.1, 1, and 10 MPa/s) under load control were employed. Seven 

specimens were used in each loading rate, thus a total of 28 specimens were tested. 

 

Fig. 3.6 Schematic illustration of the SENB test specimen: a) specimen dimensions of the SENB geometry; 
b) experimental set-up for the SENB test. 
 

 

3.5.5 Compact tension test 

     The compact tension (CT) specimen is widely used in determining the fracture 

toughness of metals. The geometry of the CT specimen and dimensions are illustrated in 
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Fig. 3.7. A notch with the length of a = 8.47 mm was introduced using a diamond wheel 

saw and the thickness of the notch was 2 mm. The notch length to specimen width ratio 

(a/b) is 0.2.  

 

Fig. 3.7 Schematic illustration of the CT test specimen: a) specimen dimensions of the CT geometry; b) 
experimental set-up for the CT test. 
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     The stress intensity factor formula for the CT specimen can be found easily in the 

literature [56,57]. The load is transmitted through the pin holes of the grip system in the 

literature. However, in this study a distributed load with an “L” type grip system was 

used. Thus, the loading configuration differed from the literature, and we cannot use the 

stress intensity factor formula from the literature. Instead, a new stress intensity factor 

formula was developed using the finite element code, FRANC2D/L [58]. Fig. 3.8 shows 

the finite element mesh used in this study.  

 

 

Fig. 3.8 Finite element mesh for the CT specimen: a) original mesh; b) deformed mesh. 

 

Crack length to width ratios (a/b) from 0.04 to 0.76 were considered. The nodal stress 

intensity factors obtained from the FEM analysis for a/b = 0.04, 0.16, 0.28, 0.4, 0.52, 

0.64 and 0.76 are presented in Table 3.2.  

The applied load P was 2.7 kN. The nodal stress intensity factors were normalized with 

respect to specimen notch length (a) and far field nominal stress (� ). The normalized 

stress intensity factors, given as F(a/b), can be determined as follows: 
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€<�
5‰= �

� �
�

� � �
 (3.23)

where, i
IK is the nodal stress intensity factor, and �  is the nominal stress (=6@5B
. 

 

Table 3.2 Values of a/b, the nodal stress intensity factor (‹ Œ
• ), and dimensionless shape function F(a/b). 

a/b i
IK  (MPa	 m) �	 a (MPa	 m) F(a/b) 

0.04 1.213 0.062 19.516 

0.16 1.473 0.124 11.844 

0.28 1.823 0.164 11.085 

0.4 2.411 0.197 12.265 

0.52 3.435 0.224 15.326 

0.64 5.435 0.249 21.854 

0.76 10.370 0.271 38.268 

 

The function F(a/b) can be determined by curve fitting of the normalized stress intensity 

factors with respect to crack length to width ratio. The fifth order of polynomial was used 

to fit the normalized stress intensity factors. The resulting expression of the stress 

intensity factor for the CT specimen is as follows: 

� � � €<�
5‰=

6
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     Four loading rates (0.001, 0.01, 0.1, and 1 MPa/s) under load control were employed. 

Seven specimens were tested in each loading rate, thus a total of 28 specimens were 

tested. 
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3.6 Experimental results and discussion 

�

3.6.1 Double torsion test 

     The subcritical crack growth parameters n and A can be obtained from the K-V 

diagram. If we assume that subcritical crack growth is governed by the Charles power 

law (Equation (3.4)), then the subcritical crack parameter n is the slope of the best fit line 

of the K-V data for each test plotted in log-log scale. The parameter A is related to the Y 

intercept of the best fit line and is equal to 10Y intercept. A total of 12 DT specimens were 

tested. The specimen dimensions and the values of fracture toughness are listed in Table 

3.3. The subcritical crack growth parameter n value has the range of 21 to 55 with the 

average value of 33 and a standard deviation of 11. The parameter A has the range of 

1.15×10-4 to 1.45 m/s.   

 

3.6.2 Constant stress-rate test 

     The results of constant stress-rate tests including the Brazilian disk, three-point 

bending, GD, SENB and CT tests are presented in Fig. 3.9. The fracture strength is 

plotted as a function of stress rate based on Equation (3.10). The solid line represents the 

best fit regression line. The average values of tensile strength at the lowest stress-rate of 

0.01 MPa/s were 6.434 ± 0.199 MPa and 7.306 ± 0.794 MPa for the Brazilian disk and 

three-point bending test, respectively.  
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Table 3.3 Specimen dimensions, fracture toughness and the subcritical crack growth parameters for 
Coconino sandstone. 

Specimen 
No. 

Dimensions K IC 
(MPa	 m) 

n A 
(m/s) L (mm) W (mm) B (mm) Bn (mm) 

DT01 152.65 63.75 5.18 3.33 0.728 21 3.22E-04 

DT02 152.70 63.70 5.18 3.63 0.615 52 1.45E00 

DT04 152.93 63.80 5.18 3.15 0.633 52 4.57E-01 

DT05 152.68 63.80 5.18 3.38 0.629 36 3.96E-02 

DT08 152.91 63.70 5.18 3.43 0.694 35 1.04E-01 

DT10 152.65 63.37 5.13 3.35 0.692 23 1.32E-04 

DT11 152.35 63.68 5.13 3.35 0.580 31 1.21E-02 

DT12 152.30 63.68 5.16 3.56 0.758 22 1.19E-03 

DT13 152.88 63.70 5.13 3.53 0.733 28 7.48E-03 

DT16 152.78 63.68 5.13 3.61 0.612 21 1.15E-04 

DT17 152.43 63.70 5.11 3.71 0.843 42 2.20E-04 

DT18 152.91 63.68 5.11 3.71 0.714 29 2.94E-03 

Average     0.686 33 1.73E-01 

STD     0.075 11 4.23E-01 
 

The average values of tensile strength at the highest stress-rate of 10 MPa/s were 7.720 ± 

0.426 MPa and 8.937 ± 1.023 MPa for the Brazilian disk and three-point bending test, 

respectively. The rates of increase with respect to the stress-rate in the tensile strength 

were approximately 20% and 22%, respectively, for the Brazilian disk and three-point 

bending test. The subcritical crack growth parameters n and D were determined to be n = 

38 ± 8 and D = 7.16 ± 0.10, n = 38 ± 14 and D = 8.29 ± 0.20, respectively, for the 

Brazilian disk and three-point bending test.   
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Fig. 3.9 Results of constant stress-rate tests: a) Brazilian test; b) three-point bending test; c) GD test; d) 
SENB test; e) CT test. 
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The Brazilian and three-point bending tests are not fracture mechanics tests, so the 

parameter A can’t be calculated directly. Assuming a penny-shaped crack exists in the 

specimen, and the fracture toughness is obtained from another test (e.g. in this study the 

GD and the SENB test), the parameter A can be determined. The expression of the stress 

intensity factor for the penny-shaped crack is [56]: 

� � �
�

� �
� � �  (3.25)

The geometry factor Y is equal to 2/ � . Using this, the subcritical crack growth 

parameter A is calculated to be 1.52×10-2 ± 3.10×10-4 m/s and 1.02×10-2 ± 3.26×10-4m/s, 

respectively, for the Brazilian and three-point bending tests. 

      

     For the GD, SENB, and CT tests, fracture mechanics tests, the subcritical crack 

growth parameters n, D and A were determined to be n = 37 ± 10, D = 3.53 ± 0.07 and A 

=4.09×10-2 ± 1.12×10-3 m/s, n = 36 ± 9, D = 3.19 ± 0.06 and A = 6.52×10-2 ± 2.04×10-3 

m/s, n = 36 ± 6, D = 1.64 ± 0.01 and A = 1.64×10-2 ± 2.90×10-4 m/s, respectively. The 

values of the parameter D obtained from the fracture mechanics tests were much lower 

than those obtained from the conventional tensile strength test. The parameter D is 

directly related to fracture strength and the fracture strength determined from the fracture 

mechanics tests was not the actual tensile strength but the nominal strength such as a far 

field stress.  
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3.6.3 Discussion 

     Figs. 3.10a and 3.10b shows the histograms for the subcritical crack growth 

parameters n and A respectively. The parameter n is more uniformly distributed than the 

parameter A. The distribution of the parameter A is skewed, so the arithmetic mean of the 

A values is biased against “true” representative value.  
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Fig. 3.10 Histogram for the subcritical crack growth parameters: a) parameter n; b) parameter A. 

 

Also, the parameters n and A are not independent to each other. As can be seen in Fig. 

3.11, the parameter A increases with the parameter n. Thus, the representative A value is 

obtained from the least squares method using the average value of n and it is determined 

to be 6.71×10-3 m/s with an average absolute deviation of 1.72×10-1m/s. If we omit the 

biased parameter A values, then the average absolute deviation of the parameter A is to be 

8.27×10-3 m/s. 
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Fig. 3.11 Relation between subcritical crack growth parameters. 

   

Fig. 3.12 is the K-V diagram for 12 DT specimens of Coconino sandstone. The solid line 

in Fig. 3.12a is the average K-V curve from the test results using the arithmetic mean of 

the parameters n and A. The solid line in Fig. 3.12b is the average K-V curve from the 

test results using the arithmetic mean of the parameter n and the A value obtained from 

the least squares method. Fig. 3.12b gives better agreement with the test results than Fig. 

3.12a. 
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Fig. 3.12 Stress intensity factor–crack velocity diagrams of Coconino sandstone obtained from the double 
torsion test: a) arithmetic means of parameter n and A; b) arithmetic means of parameter n and A value 
obtained from least squares method. 
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     The coefficient of variation (CV) is defined as the ratio of the standard deviation to the 

mean. This is a normalized measure of the dispersion of data. The variability of the 

parameters for a particular test can be evaluated by the CV.  

The value of the CV for the parameter n obtained from the DT test is about 33 %. If we 

use the average absolute deviation and the representative A value obtained from least 

squares method instead of the standard deviation and mean, the value of the CV for the 

parameter A will be approximately 123 %. The parameter A has a very high variation. 

The reasons for the variability in the parameter A seem to be due to 1) the heterogeneity 

of rock specimens, 2) the incipient crack velocity and 3) accuracy in the test machine. 

Even though all rock specimens came from the same quarry, the rock fabric, strength, and 

the fracture toughness will be varied. The parameter A is very susceptible to the stress 

intensity factor at the beginning of load relaxation to fracture toughness ratio (KI/KIC). 

Although the specimens have the same values of the parameter n, a small change in the 

stress intensity factor at the beginning of load relaxation to fracture toughness ratio gives 

a large change in the parameter A (Fig.3.13).  

     Second, the incipient crack velocity affects the parameter A. Fig. 3.14 shows a typical 

load relaxation curve. For the DT02 and DT04 specimen, there are rapid changes of load 

in early stage and these will result in a fast crack velocity according to Equation (3.7). 

The corresponding values of the parameter A are 1.45, 4.57×10-1, and 1.21×10-2 m/s, 

respectively, for DT02, DT04, and DT11 specimens. The parameter A is related to the 

crack velocity when the stress intensity factor approaches the fracture toughness. Thus 
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the higher values of the incipient crack velocity in K-V diagram give higher values of the 

parameter A. 

 

 

Fig. 3.13 Stress intensity factor–crack velocity diagrams with the same value of n. 

 

     Third, accuracy in the test machine have an influence on the variability of the 

parameter A. Since the load relaxation test requires a small amount of load to propagate a 

crack, the conventional rock mechanics test machines may not be adequate to measure 

small changes in load. 

     From these points of view, the DT test may not be suitable for determining the 

parameter A.  
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Fig. 3.14 Typical load–time curve for the subcritical crack growth test using load relaxation method. 

 

     The results from the constant stress-rate tests were compared with the double torsion 

test results. The values of the parameter n obtained from the constant stress-rate test are 

38 ± 8, 38 ± 14, 37 ± 10, 36 ± 9, and 36 ± 6, respectively, for the Brazilian disk, three-

point bending, GD, SENB and CT test. The corresponding values of the CV are 

approximately 21, 37, 27, 25, and 17 %. The values of the parameter n and the CV for the 

DT test are 33 ± 14 and 33 %. As can be seen in Fig. 3.15, the subcritical crack growth 

parameter n obtained from the constant stress-rate test shows good agreement with the 

parameter n obtained from the DT test within the range of the standard deviation.  
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Fig. 3.15 Variation of the subcritical crack growth parameter n with respect to specimen geometry. 

 

The values of the parameter A obtained from the constant stress-rate test are 1.52×10-2 ± 

3.10×10-4, 1.02×10-2 ± 3.26×10-4, 4.09×10-2 ± 1.12×10-3, 6.52×10-2 ± 2.04×10-3, and 

1.64×10-2 ± 2.90×10-4 m/s, respectively, for the Brazilian disk, three-point bending, GD, 

SENB and CT test. The corresponding values of the CV are approximately 2.0, 3.2, 2.7, 

3.1, and 1.8 %. The values of the parameter A and the CV for the DT test are 6.71×10-3 ± 

8.27×10-3 m/s and 123 %. The variability of the parameter A is very high in the DT test, 

on the other hand, the constant stress-rate test gives the less variability of the parameter A.  

For the parameter A, both the double torsion test and constant stress-rate test results show 

good agreement except for the GD specimen and SENB specimen (Fig. 3.16). The reason 

of the variation of the parameter A in the constant stress-rate test is not clear, since the 
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parameter A in the constant stress-rate test is a complex function of the parameter n, inert 

strength, fracture toughness, and geometry factor. But considering the difference between 

the values of the parameter A, the Brazilian disk, three-point bending, and CT tests are 

preferred. 

 

Fig. 3.16 Variation of the subcritical crack growth parameter A with respect to specimen geometry.  

 

     The subcritical crack growth parameter A is affected by the inert strength. According 

to Equation (3.14), the parameter A is strongly dependent on the inert strength. In this 

study the inert strength was obtained from the test conducted at the loading rate of 10 

MPa/s. The inert strength is the ultimate strength of the material without environmental 

effects. The most practical way to measure the inert strength is to measure the strength 

under a very fast loading rate. Very fast loading rates greater than 10 MPa/s have not 
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been used in this research. This is due to the fact that the tensile strength of Coconino 

sandstone usually less than 10 MPa (i.e. failure in less than 1 second at 10 MPa/s) and the 

conventional test machine that was used is incapable of acquiring adequate data in such a 

small time frame as well as safety concerns. If the inert strength is determined under a 

very fast loading rate such as 100 MPa/s, a higher value of the inert strength will be 

expected. The value of the inert strength at very fast loading rates of 100 MPa/s can be 

extrapolated from the values of the strength determined at lower loading rates for the 

SENB specimen assuming the curves does not level out for a loading rate of 100 MPa/s. 

The corresponding value of the inert strength is determined to be 3.620 MPa, which is 

6.4 % greater than the inert strength determined at loading rate of 10 MPa/s. The 

corresponding value of the parameter A is 5.41×10-1. The parameter A using the inert 

strength determined at the loading rate of 100 MPa/s is almost 8.3 times greater than that 

using the loading rate of 10 MPa/s. However, this is based on the assumption that the 

strength vs. loading rate curve does not level out. 

     As discussed above, it can be concluded that the constant stress-rate test seems to be a 

valid test method for determining subcritical crack growth parameters of rocks. Some 

advantages of the constant stress-rate tests over the DT test are 1) much smaller standard 

deviation in the parameter A, 2) the ability to use conventional rock mechanics tests such 

as the Brazilian disk test, and 3) no need for complex test setups and an easy test 

procedure.  

     The parameter n is almost constant regardless of the test method and specimen 

geometry, but the parameter A varies with the test method and specimen geometry. 
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3.7 Conclusions 

      

     The subcritical crack growth plays an important role in the long-term behavior of 

rocks. In this research, constant stress-rate tests including Brazilian disk, three point 

bending, grooved disk, single edge notched bend, and compact tension specimens have 

been carried out on Coconino sandstone and the results are compared with the double 

torsion test results to investigate the validity of the constant stress-rate test method.   

     The experimental results from the double torsion test show that the subcritical crack 

growth parameter n value has a range of the range of 21 to 55 with the mean value of 33 

and the standard deviation of 11. The parameter A has the range of 1.15×10-4 to 1.45 m/s 

with the mean value of 6.71×10-3 m/s. The parameter A values form the double torsion 

test show very high deviation. The parameter n values obtained from the constant stress-

rate test are 36 to 38 and the parameter A values are 1.02×10-2 to 6.52×10-2 m/s.  

     Experimental results from the constant stress rate-test show relative good agreement 

with the results from the double torsion test. More importantly, the stress-rate tests can 

determine the parameter A with a much smaller standard deviation than the DT test. Thus 

the constant stress-rate test seems to be a valid test method for rocks. Also the parameter 

n is almost constant regardless of the test method and specimen geometry, but the 

parameter A varies with the test method and specimen geometry. 

 

�

�
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CHAPTER 4 

DETERMINATION OF THE SUBCRITICAL CRACK GROWTH 

PARAMETERS IN ROCK USING A CONSTANT STRESS-RATE TEST: 

PART II-STATISTICAL ASPECTS OF SUBCRITICAL CRACK 

GROWTH PARAMETERS AND WEIBULL ANALYSIS 

 

4.1 Introduction 

 

     In the linear elastic fracture mechanics, crack growth will occur when the stress 

intensity factor reaches or exceeds a critical stress intensity factor, Kc. In systems 

subjected to long-term loading, however, the classical fracture mechanics approach does 

not work, and crack growth can occur at a value of stress intensity factor that may be 

substantially lower than the critical value. This phenomenon is known as subcritical crack 

growth. Several possible mechanisms have been suggested for subcritical crack growth. 

These mechanisms are stress corrosion, dissolution, diffusion, ion change, and 

microplasticity [18,78].  

     Subcritical crack growth plays an important role in time-dependent deformation of 

brittle rocks. It is believed that stress corrosion due to the chemical effects of pore water 

is the main mechanism of subcritical crack growth in rocks [18,78]. The reaction between 

strained bonds and environmental agent produces a weakened state which can then be 

broken at lower stresses than the unweakened bonds [78]. For silicate rocks, the 

hydrolysis of strong Si-O bonds produces a weakened hydrogen bonded hydroxyl groups 
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linking the silicon atoms [20-23]. This process is described by the following chemical 

reaction.  

� � � � � � ¢£ z� � � � z� £ ¤¥ � ¢£ z� � �� ¤ (4.1)

Subcritical crack growth by stress corrosion in rocks facilitates the formation and 

propagation of microcracks in a fracture process zone at a crack tip.     

      Subcritical crack growth can be expressed by the empirical power law relationship 

[26,27,75,82,83]: 
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 (4.2)

where, v is the crack velocity, A*, A, and n are the subcritical crack growth parameters, KI 

is the stress intensity factor, and KIC is the fracture toughness.   

     The subcritical crack growth parameters A and n can be estimated from the 

experimental relation between the crack velocity and the stress intensity factor. One of 

the popular tests in determining the subcritical critical crack growth parameters is the 

Double Torsion (DT) test [29,30,78]. However, the DT test has some limitations. First it 

only can be applied to mode I loading. Second, it does not always produce a unique K-v 

relation for a given material and environment; the subcritical crack growth parameters 

vary in each test. Because of these reasons, alternative test methods have been suggested 

and the constant stress rate method is one of them.  

     The validity of the constant stress-rate test for rocks was evaluated in the companion 

paper (Chapter 3). In this study (Chapter 4), statistical aspects of the constant stress-rate 

test were investigated. First, the effects of the specimen number on the subcritical crack 
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growth parameters were examined and minimum specimen numbers were determined. 

Second, the mean and standard deviation of the subcritical crack growth parameters were 

obtained by randomly selected subsets from the original data. In addition, the distribution 

form of the subcritical crack growth parameters and the relation between the parameter n 

and A were determined. Finally, Weibull statistics was applied to the fracture strength 

data to describe the variability of the fracture strength and the subcritical crack growth 

parameters.    

 

4.2 Constant stress-rate test 

      

    The constant stress-rate test uses the relation between the fracture strength and the 

applied stress rate. The basis of the constant stress-rate test is that the strength increases 

with increasing applied stress rate in a given environment. 

     The relation between the fracture strength and loading rate is expressed as follows 

[34]:  

(�k � : �
�

 � �
(�k � R� (�kl  (4.3)

where, 

(�kl �
�

 � �
(�k `

� � �&
; �  � � 


" � ; �  � � 

� �

$1 ; a (4.4)

where, � f is the fracture strength, � i is the inert strength, KIC is the fracture toughness, and 

Y is the geometry factor related to the crack geometry in the relation � � � �� � �   with �  

being the remote applied stress and a being the crack length.  
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     The subcritical crack growth parameter, n and D, can be obtained from the slope (� ) 

and intercept (� ) by a linear regression analysis using all log fracture strength values over 

the complete range of individual log stress rates.  The parameter n is given by: 

 �
�
t

� �  (4.5)

The parameter A in Equation (4.4) is calculated as follows: 

" �
� � �&

; �  � � 
 � �
$1 ;

l $i 2� ; �  � � 

 (4.6)

     The inert strength is the ultimate strength from a fracture test due to the mechanical 

rupture of bonds rather than environmentally assisted crack growth. The inert strength 

can be obtained by using very fast test rates or an inert environment (such as vacuum or 

oil). The inert strength was determined from the test conducted at the fastest loading rate 

in this study. A maximum test rate of 10MPa/s has been used. Very fast loading rates 

greater than 10MPa/s have not been used in this study. This is due to the fact that tensile 

strength of Coconino sandstone usually less than 10 MPa and the conventional test 

machine that was used is incapable of acquiring adequate data in such a small time frame, 

as well as safety concerns. 

     Coconino sandstone was used to determine the subcritical crack growth parameters. 

Coconino sandstone is widely spread in the Colorado Plateau including northern Arizona, 

northwest Colorado, Nevada, and Utah. It is relatively uniform and fine-grained 

sandstone with light yellow minerals. The materials used for this study were obtained 

from quarries near Flagstaff, Arizona. The basic mechanical properties of Coconino 

sandstone are listed in Table 4.1. 
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Table 4.1 Mechanical properties of Coconino sandstone. 

Property Value 

Uniaxial compressive strength 118.4 ± 3.0 MPa 

Tensile strength 6.4 ± 0.9 MPa 

Young’s modulus 24.3 ± 1.5 GPa 

Poisson’s ratio 0.36 ± 0.03 

Cohesion 22.7 MPa 

Internal friction angle 50.6° 

 

     The fracture strength of Coconino sandstone was determined with grooved disk (GD) 

specimens. The nominal dimensions of the GD specimens were 50.8mm in diameter and 

25.4mm in thickness (Fig. 4.1). The GD specimen, containing a single edge notch on one 

face of the specimen, was loaded by a diametral compression. The notch has a depth of 

7.6 mm and a thickness of 2 mm. The notch depth to specimen thickness ratio (a/B) was 

set to 0.3.   

     The fracture strength (� f) of the GD specimens is given by: 

� : �
� 6

� 7B
 (4.7)

where, P is applied load at failure, d is diameter and B is thickness of the disc. 

The stress intensity factor for the GD specimen is obtained as follows [52,53]: 

� � � � � � � � � ��� � �
� 6

� B7
� � � � ��I�

6
B7

� �  (4.8)

Four loading rates of 0.01 MPa/s, 0.1 MPa/s, 1 MPa/s, and 10 MPa/s under load control 

scheme were employed. 
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Fig. 4.1 Schematic illustration of the GD test specimen. 

 

4.3 Statistical aspect of the subcritical crack growth parameters 

�

4.3.1 Effect of the number of specimens on the subcritical crack growth parameters 

     The statistical reproducibility of the subcritical crack growth parameters depends on 

the scatter in the strength values, the range of applied stress rates, and the number of 

applied stress rates [34]. Because of these variables, there is no single guideline as to the 

determination of the appropriate number of test specimens. ASTM suggested that a 

minimum of 10 specimens per stress rate is recommended in constant stress-rate tests for 

ceramic materials [34].  



192 
 

     We analyzed six groups with the number of specimens of 5, 7, 10, 20, 30, and 40 in 

each stress rate to investigate the effect of the number of specimens on subcritical crack 

growth parameters. Constant stress-rate testing with the GD specimen was carried out on 

up to 40 specimens in each loading rate. Each group was generated by a subset method. 

The subsets were selected randomly and allowed repetition from the whole set of 

experimental results. Fracture strength samples were randomly selected from the whole 

fracture strength data at each stress rate. Each subset consisted of 4 fracture strength sets 

selected from each stress rate and these were treated as independent data sets. Once a 

subset of fracture strength was chosen, the subcritical crack growth parameters n, D, and 

A were determined by using Equations (4.4), (4.5), and (4.6). By repeating this procedure 

k times, we obtain k sets of the subcritical crack growth parameters. Here, we repeated 

the above procedure 100 times so as to have 100 independent sets of the subcritical crack 

growth parameters in each group. 

     A strength versus stress-rate curve with the number of specimens of 40 in each 

loading rate is presented in Fig. 4.2. The solid line represents the best fit regression line. 

The subcritical crack growth parameter n, D, and A were determined to be 37 ± 5, 3.54 ± 

0.04, and 4.13×10-2 m/s, respectively.   
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Fig. 4.2 Results of constant stress-rate testing in the GD specimen. 

 

     Fig. 4.3 shows the average and standard deviation of the subcritical crack growth 

parameters determined from the subsets of fracture data as a function of the number of 

specimens. The parameter n shows a dependency on the number of specimens. When the 

number of specimens was equal to or greater than 10, the parameter n value converges on 

37. It can be inferred that the number of specimen between 7 and 10 also would give the 

parameter n values of 37 or close to 37.  

     The parameters D and A show a small amount of scatter for the number of specimens 

less than 10, and then almost constant when the number of specimens was equal to or 

greater than 10. It seems that increasing the number of specimens does not affect the 

subcritical crack growth parameters D and A in comparison with the parameter n. 
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Fig. 4.3 Average and standard deviation of the subcritical crack growth parameters as a function of the 
number of specimens: a) parameter n; b) parameter D; c) parameter A. 
 

     The standard deviation of the subcritical crack growth parameters noticeably decrease 

with increasing the number of specimens. The influence of the number of specimens on 

the coefficient of variation of the subcritical crack growth parameters is shown in Fig. 4.4.  

     The coefficient of variation is defined as the standard deviation divided by the mean 

value of the parameter. It is found that increasing the specimen number markedly 

decreases the coefficient of variation of the subcritical crack growth parameter n. The 

coefficient of variation for the parameter D and A also decrease as the number of 
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specimens increases. It indicates that the parameters are less dispersive with increasing 

the number of specimens. But, the rate of decreasing in the coefficient of variation for the 

parameter n is much greater than the other parameters D and A. So, it can be concluded 

that the parameter n is more sensitive to the number of specimens than the parameters D 

and A. If we accept the coefficient of variation of 30% for the subcritical crack growth 

parameter n as an acceptable degree of accuracy, the results presented above suggest that 

a minimum number of 10 specimens is required to determine the subcritical crack growth 

parameters for Coconino sandstone. This is the same minimum number as ASTM 

suggested.  

 

Fig. 4.4 Coefficient of variation of the subcritical crack growth parameters as a function of the number of 
specimens. 
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4.3.2 Distribution of the subcritical crack growth parameters 

     The statistically generated sets of the subcritical crack growth parameters could be 

used to determine the distributions of the parameters. The histograms of the subcritical 

crack growth parameters n, D, and A with respect to the number of specimens are 

presented in Figs. 4.5 to 4.7.  

     The distribution of the parameter n could be approximated by a lognormal distribution 

for the cases with lower numbers of specimens. But, as the number of specimens 

increases, the distribution changes to a normal distribution. The parameter n is related to 

the slope of the strength-stress rate diagram. The lower number of specimens is more 

likely to have the strength data with a very shallow slope and it sometimes gives very 

large values of the parameter n.  

     In contrast, for the higher number of specimens, there is less of a chance to have the 

strength data with a very shallow slope and it is difficult to produce a large value of the 

parameter n. Thus, a normal distribution fits well to the histogram of the parameter n with 

the higher number of specimens.  

     The distributions of the parameter D and A could be approximated by a normal 

distribution regardless of the number of specimens.  

     As can be elicited from Equation (4.6), the parameter A is dependent on the parameter 

n. The relation between A and n is shown in Fig. 4.8. It can be seen from this figure that 

the parameter A increases with increasing n and for a given n the A value is bounded by 

upper and lower limits. 
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Fig. 4.5 Histograms for the subcritical crack growth parameter n determined by randomly selecting subset. 
N is the number of specimen: a) N = 5; b) N = 7; c) N = 10; d) N = 20; e) N = 30; f) N = 40. 
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Fig. 4.6 Histograms for the subcritical crack growth parameter D determined by randomly selecting subset. 
N is the number of specimen: a) N = 5; b) N = 7; c) N = 10; d) N = 20; e) N = 30; f) N = 40. 
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Fig. 4.7 Histograms for the subcritical crack growth parameter A determined by randomly selecting subset. 
N is the number of specimen: a) N = 5; b) N = 7; c) N = 10; d) N = 20; e) N = 30; f) N = 40. 
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      From the results, we can get some ideas on how to select the subcritical crack growth 

parameters n and A in numerical modeling for subcritical crack growth. Constant stress-

rate tests are performed and subsets of the subcritical crack growth parameters are 

generated. A histogram for the parameter n is determined and then the distribution of the 

parameter n is found. Also, from the relation between the parameter n and A, general 

trends, and upper and lower limits are determined. Once the parameter n is chosen 

randomly within the distribution, then the parameter A is generated randomly between the 

upper and lower limits. 

 

 

Fig. 4.8 Relation between the subcritical crack growth parameters n and A. 
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4.3.3 Standard deviation of the parameter A 

     The most commonly used measures of the statistical treatment of data are the mean 

and standard deviation. The standard deviation of the subcritical crack growth parameters 

n and D can be obtained easily from the statistical theory, however, the standard 

deviation of the parameter A cannot be calculated directly due to mathematical 

difficulties. Here, we estimate the standard deviation of the parameter A by a statistical 

method: randomly selected subsets from the fracture strength data. 

     We also used the same technique of data subsets in the previous section. Six groups 

with the number of specimens of 5, 7, 10, 20, 30, and 40 were used to examine the effect 

of the number of samples randomly selected out of the whole fracture data. The 

subcritical crack growth parameters, standard deviation, and the coefficient of variation 

determined from the theory and statistical subset method are summarized in Table 4.2.  

     It is found that there was good agreement between the statistical subset method for the 

subcritical crack growth parameters n and D and the equations from statistical theory. 

The larger the sample number, the closer the calculated value is to the mathematically 

determined one. The subcritical crack growth parameters n and D determined by 

selecting 40 fracture strength samples are identical to the value from the theory. The 

standard deviation of the parameters n and D determined by selecting 40 fracture strength 

samples are also same as the value from the theory. Thus, the standard deviation of the 

parameter A was determined at selecting 40 fracture strength samples out of 40 facture 

strength data and the value is to be 7.54×10-4 m/s. 
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Table 4.2 Subcritical crack growth parameters (n, D, and A), standard deviation (STD), and the coefficient 
of variation (CV) determined from the theory and statistical subset method. 

No. of 
specimen 

n STD 
of n 

CV 
of n 
(%) 

D STD 
of D 

CV 
of D 
(%) 

A (m/s) STD of A CV of 
A (%) 

5 41 22 53.2 3.55 0.10 2.7 4.11×10-2 1.98×10-3 4.8 

7 39 14 35.7 3.56 0.08 2.4 4.10×10-2 1.55×10-3 3.8 

10 37 10 27.7 3.55 0.07 1.9 4.12×10-2 1.41×10-3 3.4 

20 37 7 18.0 3.54 0.05 1.4 4.13×10-2 9.66×10-4 2.3 

30 37 6 16.7 3.54 0.04 1.1 4.12×10-2 8.99×10-4 2.2 

40 37 5 12.8 3.54 0.04 1.0 4.13×10-2 7.54×10-4 1.8 

Equation 
from 

theory 
37 5 12.8 3.54 0.04 1.0 4.13×10-2 N/A N/A 

 

 

4.4. Weibull analysis of Coconino sandstone 

 

4.1 Weibull statistics 

     The strength of rock materials vary even though the rock specimens have a similar 

size and come from the same location or quarries. This is explained by the fact that rock 

materials have defects such as grain boundaries, pores, inclusions, flaws, and cracks of 

various sizes, shape, and location. The variability of strength in rock materials is a 

probabilistic phenomenon. Weibull utilized this fact and proposed the probability of 

failure (PF) at a given stress, �  [84,85]: 

6¦ � � 
 � � � *,) %� b §
� � � ¨

� m
©
H

7ª '  (4.9)
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where, � u, � o, and m are the location parameter, the scale parameter, and the shape 

parameter, respectively, and V is the volume of the material.   

For rocks and other brittle materials, it is commonly assumed that � u is set to zero [25]. 

Thus, for specimens with a constant geometry, the probability of failure for this case can 

be reduced to: 

6¦ � � 
 � � � *,) %�
�
� m

'
H

 (4.10)

The shape parameter m is also called the Weibull modulus and it determines the 

variability of failure strength. A higher value of m results in smaller scatter in failure 

strength. The scale parameter � o is the stress at which 63.2% of the specimens will have 

failed. 

     Several methods have been proposed to estimate the Weibull parameters [86-89]. One 

of the methods is a graphical evaluation using least squares analysis. The graphical 

method is popular due to its simplicity. Rearranging Equation (4.10) and taking the 

logarithm twice yields a linear equation: 

( ` ( %
�

� � 6¦
' a � /( � � /( � m (4.11)

The Weibull parameter m is equal to the slope of regression line and the scale parameter 

� o can be deduced from the y-intercept. The failure strength �  is determined 

experimentally. Probabilities of failure have to be assigned to all experimental data. Since 

true probabilities are not known, a prescribed probability estimator has to be used. If N 

specimens are tested, the cumulative probability of failure can be estimated by ordering 
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the results from the lowest failure stress to the highest. Then the probability can be 

written as [86]: 

6¦ �
� � S�T

”
 (4.12)

where, i is the rank of the experimental data in ascending order, and N is the number of 

specimens tested. 

     The graphical procedure to determine the Weibull parameter does not provide the best 

results. A more accurate method is the maximum likelihood method [88,89]. The basic 

idea of the maximum likelihood method is to find the population parameter value which 

makes the sample value have the highest probability among the possible parameter values. 

If x is a random variable from a probability density function 
�,3 � 2> �; > «+> �¬
  where � 1, 

� 2,…,� k are unknown parameters, and k is the total number of unknown parameters, the 

likelihood function of this random variable is the joint density of the n random variables 

and is defined as: 

8� , 2>, ; >« >, $3� 2>� ; >« >� ¬
 � 8 � ­ 
� , �3� 2>� ; >« >� ¬


$

�w2

 (4.13)

The maximum likelihood estimators of � 1, � 2,…,� k are the value of �  that maximizes L. 

Thus, the maximum likelihood estimators of � 1, � 2,…,� k are the simultaneous solutions of 

k equations such that: 

®8
®� �

� S� ¯ � � >� >« >° 
  (4.14)

Since L is positive definite, one can write 
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which is much easier to work with than L. 

The probability density function of the Weibull distribution is given by: 
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Considering the probability density function of the Weibull distribution with its two 

parameters � 1 = m and � 2 = � o, the likelihood function can be described as: 
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Taking the logarithm, differentiating with respect to � o and m, and equating to zero yields: 
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Simplifying these two equations by eliminating � o gives: 
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In Equation (4.19), m can be solved by an iterative procedure such as Newton-Raphson 

method. Once m is determined, � o can be calculated using Equation (4.18b). 
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4.4.2 Analysis of experimental results  

     We used the same experimental results from the constant stress-rate testing in the GD 

specimens for Weibull analysis of Coconino sandstone. 40 fracture strength data in each 

loading rate were used to determine the Weibull parameters. The Weibull parameters 

were determined by using the maximum likelihood method. The Weibull modulus m was 

estimated to be 8.70, 9.01, 7.76, and 10.78 at loading rates of 0.01 MPa/s, 0.1 MPa/s, 1 

MPa/s, and 10 MPa/s, respectively. The Weibull scale parameter was estimated to be 

3.37, 3.46, 3.75, and 4.00 at loading rates of 0.01 MPa/s, 0.1 MPa/s, 1 MPa/s, and 10 

MPa/s, respectively. It is noted that the Weibull parameters increase with increasing 

loading rate. At a lower loading rate, the strength distribution mainly depends on the 

distribution of the larger flaws in the specimens. The largest flaw will lead to failure of 

the specimens. Thus, the strength is more dispersed, and the modulus m has lower value. 

At a higher loading rate, many cracks initiate and lead to failure the specimens rather than 

the largest single crack growth. So, the strength is less dispersed and the modulus m has 

higher value. 

     Also, we investigate the effect of the number of specimens on the Weibull parameters. 

Similar to the subcritical crack growth parameters, 12 groups with the number of 

specimens of 5, 7, 10, 20, 30, and 40 at stress rates of 0.01 MPa/s and 10 MPa/s were 

generated by the subset method. The subsets were selected randomly and allowed 

repetition from the whole set of fracture strength data. Each of these different groups has 

100 sets of fracture strength data. The Weibull parameters were estimated by the 

maximum likelihood method. Fig. 4.9 shows the variation of the Weibull parameters as a 
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function of the number of specimens. The influence of the number of specimens on the 

coefficient of variation of the Weibull parameters is shown in Fig. 4.10.  
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Fig. 4.9 Variation of the Weibull parameters as a function of the number of specimens: a) Weibull modulus 
m; b) Weibull scale parameter � o. 
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Fig. 4.10 Dependence of the coefficient of variation for the Weibull parameters on the number of 
specimens: a) Weibull modulus m; b) Weibull scale parameter � o. 
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     The Weibull modulus m values strongly depend on the number of specimens. The 

Weibull modulus m values rapidly decreased for the number of specimens less than 10. 

When the number of specimens was equal to or greater than 10, the Weibull modulus m 

value tended to converges on true value. The coefficient of variation of the Weibull 

modulus m decreased with increasing the number of specimens. The Weibull modulus m 

seems to be very sensitive to the number of specimens, particularly for the number of 

specimens less than 10, and it approaches the true value of the Weibull modulus with 

increasing the number of specimens. In contrast, the Weibull scale parameter � o was 

almost constant regardless of the number of specimens. The obtained results have shown 

that a minimum number of 20 specimens is required to have an appropriate degree of 

accuracy in determining the Weibull parameters for Coconino sandstone. 

 

4.4.3 Influence of the Weibull parameters on the subcritical crack growth parameters 

     The mean and standard deviation of the fracture strength and the Weibull parameters 

have the following relation from the statistical theory: 

�² � � m³ � � �
�
/


  (4.20a)

� ´[ � � mP³ %� �
�
/
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  (4.20b)

where, �²  is the mean of the fracture strength, � ´[  is the standard deviation of the fracture 

strength, and ³�,
  is the Gamma function. For the range, S Q , Q S��T , ³�,
  can be 

approximated as: 
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The mean and standard deviation of the fracture strength in each loading rate was 

calculated by Equation (4.20) with Weibull parameters. The mean fracture strength is 

plotted as a function of stress rate in Fig. 4.11. The solid line represents the best fit 

regression line.  

 

 

Fig. 4.11 Mean strength and the Weibull scale parameter � o versus stress-rate curve. 
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survive. So, the slope of � o - stress rate diagram is related to the subcritical crack growth 

parameter n. Fig. 4.11 also present the regression line of � o as a function of stress rate. 

The slope gives the parameter n of 38, which is also good agreement with the previous 

results.  

     The Weibull modulus m is related to the fracture strength scatter. The higher m value 

will result in the smaller variability in the subcritical crack growth parameters. In order to 

investigate the influence of the Weibull parameter m on the subcritical crack growth 

parameter, the Weibull modulus m was increased from 5 to 20.  

     Monte Carlo simulation was performed to generate a set of fictitious strength data. A 

random number between 0 and 1 was generated and it was used as the probability of 

failure Pf in Equation (4.10). Then, a fracture strength �  was calculated with the known 

values of the Weibull parameters m and � o at a specific stress rate. We used the same 

values of the Weibull parameter � o obtained from the GD constant stress-rate testing. The 

Weibull parameter � o of 3.37, 3.46, 3.75 and 4.0 was used at stress rate of 0.01, 0.1, 1, 

and 10 MPa/s, respectively and the Weibull modulus m of 5, 10, 15, and 20 was chosen. 

The Weibull modulus m was kept constant in a fictitious data set regardless of the loading 

rate. A fictitious data set had 4 different loading rate and 20 strength data were generated 

in each loading rate, so a total of 80 strength data was employed. Once a fictitious data 

set was generated, the subcritical crack growth parameters n, D, and A were determined 

by using Equations (4.4), (4.5), and (4.6). The above procedure was repeated 100 times, 

consequently, 100 sets of the subcritical crack growth parameters were generated in each 

the Weibull modulus m.  
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     Fig. 4.12 shows the average and standard deviation of the subcritical crack growth 

parameters determined from the fictitious data as a function of the Weibull modulus m. 

The subcritical crack growth parameter n decreases and approaches 39 as the Weibull 

modulus m increases. The standard deviation of the subcritical crack growth parameters 

markedly decrease with increasing the Weibull modulus m.  
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Fig. 4.12 Average and standard deviation of the subcritical crack growth parameters determined by Monte 
Carlo simulated constant stress-rate testing as a function of the Weibull modulus m: a) subcritical crack 
growth parameter n; b) subcritical crack growth parameter D; c) subcritical crack growth parameter A. 
     The dependence of the coefficient of variation of the subcritical crack growth 

parameters on the Weibull modulus m is shown in Fig. 4.13. It is observed that the 

coefficient of variation of the subcritical crack growth parameter n significantly decreases 
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as the Weibull modulus m increases. The parameter D increases with increasing the 

Weibull modulus m. The parameter A decreases with increasing the Weibull modulus m. 

The rate of decreasing in the coefficient of variation for the parameter n is much greater 

than the other parameters D and A. It can be concluded that the Weibull modulus m most 

affect the variability of the subcritical crack growth parameter n. 

 

Fig. 4.13 Dependence of the coefficient of variation of the subcritical crack growth parameters on the 
Weibull modulus m. 

 

     The Weibull modulus m also affects the distribution of the subcritical crack growth 

parameters. Fig. 4.14 shows histograms for the subcritical crack growth parameter n and 

A with respect to the Weibull modulus m. At lower m value, a lognormal distribution 

gives the best fit to the histogram for the parameter n well. At higher m value, a normal 

distribution gives the best fit to the histogram for the parameter n. In contrast, the 
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distribution of the parameter A could be approximated by a normal distribution regardless 

of the m values. 

 

Fig. 4.14 Histograms for the subcritical crack growth parameter n and A with respect to the Weibull 
modulus m: a) subcritical crack growth parameter n with m = 5; b) subcritical crack growth parameter A 
with m = 5; c) subcritical crack growth parameter n with m = 20; d) subcritical crack growth parameter A 
with m = 20. 
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4.5 Conclusions 

      

     The present research focuses on the statistical aspects of the constant stress-rate test. A 

brief summary of results obtained from this study is presented below: 

�  The effects of the number of specimens on the subcritical crack growth 

parameters were examined using the GD specimen. The parameter n shows a 

dependency on the number of specimens. Increasing the specimen number results 

in markedly decreasing the coefficient of variation of the subcritical crack growth 

parameter n. The parameter n is more sensitive to the number of specimens than 

the parameters D and A. 

�  The mean and standard deviation of the subcritical crack growth parameter A 

were obtained by randomly selecting subsets from the full sets of fracture data. It 

is found that there was good agreement between the parameter determined from 

the statistical subset method and the equation derived from statistical theory. 

�  The Weibull modulus m depends strongly on the number of specimens. In 

contrast, the Weibull scale parameter � o is kept constant regardless of the number 

of specimens. Both Weibull parameters increase with increasing loading rate. 

�  The Weibull modulus m has the most effect on the variability of the subcritical 

crack growth parameter n. The slope of the Weibull parameter � o – stress rate 

diagram is related to the subcritical crack growth parameter n. 

�  The distribution of the subcritical crack growth parameter n is affected by the 

number of specimens and the Weibull modulus m. The distribution of the 
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parameter n could be approximated by a lognormal distribution for the lower 

number of specimens and lower m values. But, as increasing the number of 

specimens or higher m value, the distribution changes to a normal distribution. 
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CHAPTER 5 

SUBCRITICAL CRACK GROWTH IN ROCKS UNDER SHEAR 

LOADING 

 

5.1 Introduction 

      

     Time-dependent deformation of rocks plays an important role in the long-term 

stability of rock masses and underground structures. Slow tectonic movements may 

continue and accumulate over a long period of time. In systems subject to long-term 

loading, subcritical crack growth is the principal mechanism causing the time-dependent 

deformation and failure of rocks [18]. Subcritical crack growth is environmental-assisted 

crack growth, which can allow cracks to grow over a long period of time at stresses far 

smaller than their failure strength and at tectonic strain rate. Rocks are a heterogeneous 

mixture of various solid minerals, grains, voids, pores, and cracks. Water vapor or water 

penetrates into the microstructures of rocks and interacts with strained or stressed bonds 

near the crack tips. This process facilitates a weakened state which can be broken at 

lower stresses. Thus, the crack propagates slowly over time, until final catastrophic 

failure occurs.  

     Subcritical crack growth under mode I loading can be expressed by the empirical 

power law relationship [27,28,75,82,83]: 
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 (5.1)

where, v is the crack velocity, A and n are mode I subcritical crack growth parameters, KI 

is the mode I stress intensity factor, and KIC is the mode I fracture toughness. The 

characteristics of subcritical crack growth are evaluated by determining the subcritical 

crack growth parameters. 

     Rocks and rock masses have discontinuities varying in size from microcracks to huge 

faults. Under geological conditions such as long-term low strain-rate loading, these 

discontinuities act as local stress concentrators and cracks will be developed at the 

boundaries of discontinuities. Fracture problems in rock structures quite commonly 

involve shear loading. Suppose we have a circular crack in an infinite medium under 

shear stress (Fig. 5.1). The edge of the x axis of the circular crack (point A) is at the 

condition of pure Mode II. On the other hand, the edge of the y axis of the circular crack 

(point B) is at the condition of pure Mode III [5].  

 

Fig. 5.1 Circular crack in an infinite solid medium subject to a far field shear stress. 
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Even though a rock mass may be subjected to a simple compression or tension load, due 

to the complexity of the rock fabric and the random orientation of cracks, crack growth 

can occur in mode II or mode III. Thus, the effect of mode II and III loading on 

subcritical crack growth also should be considered.  

     A significant amount of research has been conducted to determine the subcritical 

crack growth parameters in mode I using the double torsion test, but the use of subcritical 

crack growth parameters in modes II and III is rare, yet important for many applications 

[18,75,82,83]. The double torsion test determines the subcritical crack growth parameters 

using the relation between the crack velocity and the stress intensity factor. However, the 

double torsion test only can be applied to mode I loading and there is no equivalent test 

of the double torsion test for mode II and III loading. Because of these reasons, 

alternative test methods have been suggested and a constant stress-rate method is one of 

them. The constant stress-rate test does not require the measurement of a crack velocity 

or a crack length, but uses the relation between the fracture strength and applied stress 

rate. The advantages of this test are 1) standard rock mechanics test specimens can be 

utilized and 2) it can be applied not only to mode I loading but also to mode II and mode 

III loading as well [28]. 

     In a previous study (Chapter 3), the subcritical crack growth parameters for Coconino 

sandstone under mode I loading were determined using the constant stress-rate test. The 

validity of the constant stress-rate test for rocks was examined, compared with the 

conventional testing method. In this paper, we extend the constant stress-rate test 

technique to mode II and III subcritical crack growth in rocks. The mode II and III 
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subcritical crack growth parameters have been determined using Coconino sandstone. For 

mode II loading, the short beam compression specimen, the single shear specimen, and 

the double shear specimen were used. For mode III loading, the torsion of a circular 

cylindrical specimen and the torsion of a rectangular section specimen were used. In 

addition, the effect of confining stress, specimen size, and water saturation on subcritical 

crack growth under mode II loading has been investigated. 

 

5.2 Constant stress-rate testing for shear loading 

      

     The constant stress-rate test uses the relation between the fracture strength and applied 

stress rate. The basis of the constant stress-rate test is that the strength increases with 

increasing applied stress rate in a given environment.       

     Subcritical crack growth is environmental-assisted crack growth and crack velocity 

depends on the chemical reaction between solid and water. If we assume that a similar 

relation exists between the crack velocity and the stress intensity factor under shear 

loading, then the subcritical crack velocity under mode II and III loading can be 

expressed as [27,28,49,50]: 

! H � " H %
� H

� H&
'

$•

 (5.2)

where, the subscript m denotes the fracture mode (i.e. m = II or III), vm is the crack 

velocity under mode II or III loading, nm and Am are the subcritical crack growth 
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parameters under mode II or III loading, Km is the stress intensity factor under mode II or 

III loading, and KmC is the fracture toughness under mode II or III loading. 

     The generalized expression of the stress intensity factor under mode II or III loading is 

� H � � � H � �  (5.3)

where, Y is a geometry factor related to the crack geometry,  �m is an applied shear stress 

under mode II or III loading, and a is a crack length. Using Equations (5.2) and (5.3) with 

some mathematical manipulations, a relation between the inert strength (�mi) and the 

fracture strength (�mf) under mode II or III loading can be determined as [34]: 

(�k � H: �
�

 H � �
(�k � HR� (�k l H  (5.4)

where, Dm is another subcritical crack growth parameter under mode II or III loading and 

expressed as following: 

(�k l H �
�

 H � �
(�k `

� � H&
; �  H � � 


" H � ; �  H � � 

� H�

$• 1 ; a (5.5)

     The subcritical crack growth parameters can be determined with a linear regression 

analysis based on Equation (5.4) when log (fracture stress) is plotted as a function of log 

(stress rate). The parameter nm and Dm can be determined from the slope and intercept of 

the regression line. The parameter nm is: 

 H �
�
t

� �  (5.6)

where, �  is the slope of the regression line. 

     The parameter Dm is: 
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l H � �S y  (5.7)

where, �  is the intercept of the regression line. 

The parameter Am can be expressed as follows using Equation (5.5) and (5.7): 

" H �
� � H&

; �  H � � 


�S � $• i 2
 y � ; �  H � � 

� H�

$• 1 ;  (5.8)

     The inert strength is the ultimate strength from a fracture test due to the mechanical 

rupture of bonds rather than environmentally assisted crack growth. In practice, the inert 

strength is determined by conducting the test in an inert environment (such as vacuum or 

oil) or conducting the test at a very high loading rate whereby no subcritical crack growth 

occurs [34]. In our study, the inert strength was determined from the test conducted at the 

fastest loading rate of all the tests conducted. 

 

5.3 Materials, specimen geometry and experimental procedure 

 

5.3.1 Materials 

     The rock type used in this research is Coconino sandstone from quarries near Flagstaff, 

Arizona. Coconino sandstone occurs widely in the Colorado Plateau including northern 

Arizona, northwest Colorado, Nevada, and Utah. It is present in the Grand Canyon, 

where it is visible as a prominent white cliff forming layer. The Coconino Sandstone is 

the thick buff-colored layer close to the top of the canyon walls. It is relatively uniform 

and fine-grained sandstone with light yellow minerals. The standard mechanical 

properties of Coconino sandstone were determined in the previous study (Chapter 3). The 
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mechanical properties are: unconfined compressive strength (UCS) = 118.01 MPa, 

Young’s modulus (E) = 24.29 GPa, Poisson’s ratio (� ) = 0.357, and tensile strength (To) 

= 6.38 MPa. 

     Coconino Sandstone was deposited by water, so bedding planes can create weaknesses. 

Since the strength of the Coconino sandstone is affected by the bedding plane direction, 

all specimens used in this study were prepared so that the crack propagation direction is 

perpendicular to the bedding planes. All specimens were oven-dried at 40°C for at least 

24 hours. After that, the specimens were placed in a desiccator to reduce the exposure to 

humidity in the air until the specimens were tested. The testing room maintained a 

relative humidity less than 15%. 

 

5.3.2 Mode II test 

     We carried out three types of mode II fracture mechanics test – the short beam 

compression, the single shear, and the double shear tests. The short beam compression 

tests were extensively used to examine the effect of confining stress, water saturation and 

size on the subcritical crack growth parameters. Four stress rates of 0.01 MPa/s, 0.1 

MPa/s, 1 MPa/s, and 10 MPa/s were employed. 7 or 8 specimens were tested in each 

loading rate, for a total of 28 or 32 specimens to determine the subcritical crack growth 

parameters for a given set of conditions. 
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5.3.2.1 Short beam compression test 

     A short beam compression test (or double notch shear test) has been used to determine 

the mode II fracture toughness of reinforced concrete [59,60] and the in-plane shear 

strength of reinforced plastics [61], and fiber reinforced ceramics [62,63]. The specimen 

geometry and test fixture are illustrated in Fig. 5.2.  
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Fig. 5.2 Schematic illustration of specimen geometry and test fixture; a) short beam compression test 
specimen geometry; b) test fixture. 
 

     The specimen has a height of H = 101.6 mm, a width of W = 50.8 mm and a thickness 

of B = 25.4 mm. Two parallel and opposite straight-through notches were cut 

perpendicularly at the central part of specimen. The notches have a length of a = W/2 = 
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25.4 mm and are separated by a length of c= 20.32 mm. The notch separation ratio, c/H 

was set to 0.2 for the whole test. A guide frame was used to prevent buckling and 

bending of specimen during the test. When the specimen was mounted between guide 

frames, the frame was fixed so that the specimen was prevented from lateral movement. 

Two Teflon sheets were inserted between the specimen and the guide frame to reduce 

friction. 

     The nominal mode II shear strength, which is the average shear stress between the 

notches at failure, was calculated using the following expression: 

� : �
6:

�B
 (5.9)

where, � f is the shear strength and Pf is the applied force at failure (when a shear crack is 

produced). 

The mode II stress intensity factor, KII was determined using the FRANC2D/L finite 

element code [58] and expressed as: 

� �� � <S��IŠ� � S�̂ TTTg�
�‰ h=

6
�B

� �  (5.10)

The procedure for determining the stress intensity factor equation will be presented in 

section 5.4. 

     Three different confining stresses, 5 MPa, 10 MPa and 15 MPa, were used to 

investigate the effect of confining stress. The confining stress was generated by a 

hydraulic cylinder jack, ENERPAC JSL-101 (69 MPa (10,000 psi) capacity), connected 

to a hydraulic hand pump, ENERPAC P-80 (69 MPa (10,000 psi) capacity). The 
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specimen was subjected to a confining pressure simultaneously with an axial load to 

avoid failure before actual axial load was applied.  

     The effect of specimen size on subcritical crack growth was investigated by using four 

different specimen sizes. The height : width : thickness : crack length ratio remains 

constant for each specimen dimension. Similar short beam compression specimens with 

the width of 38.1 mm, 50.8 mm, 63.5 mm, and 76.2 mm were used. 

     Subcritical crack growth occurs because the chemical reaction of an environmental 

agent, such as water, weakens the bonds at crack tips. So the influence of water on 

subcritical crack growth is very important. We also investigated the effect of water on the 

subcritical crack growth parameters by using the constant stress-rate test. 

     Three types of specimens were prepared; completely dried, 50% of degree of 

saturation and fully saturated specimens. The specimens were oven dried at 40°C for 24 

hours and the dried specimens were weighted.  Fig. 5.3a shows a typical relation between 

time and specimen weight during oven drying. After 2 hours, the weight remained 

constant, so we can assume that the oven dried specimens were complete dried after 24 

hours. Again, after immersion in water for 48 hours the specimens were removed from 

the immersion bath and surfaces dried with a paper towel. Saturated-surface-dry weight 

was measured. After measuring the weight, the specimens were wrapped in plastic wrap 

to maintain constant water content and tested. Fig, 5.3b shows a typical relation between 

time and weight after immersion in water. After 7 hours the specimen weight remained 

constant, so we can assume that the specimens in water for 48 hours were fully saturated. 
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Fig. 5.3c shows a typical relation between time and degree of saturation during air dry. 

After 1 hour the specimen’s degree of saturation measured about 50%. 

Since we knew the dry weight and fully saturated weight of the specimens, we were able 

to calculate the weight for a 50% degree of saturation. So, the specimen weight was 

measured several times after 1 hour to find the exact weight corresponding to a 50% 

degree of saturation. Once we met the suitable weight, specimens were wrapped in plastic 

wrap in order to maintain constant moisture content and tested. 
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Fig. 5.3 Variations of specimen weight and degree of saturation with respect to time: a) typical relation 
between time and specimen weight during oven dry; b) typical relation between time and weight after 
immersion in water; c) typical relation between time and degree of saturation during air dry.   
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5.3.2.2 Single shear test 

     The specimens had the nominal dimensions; width W = 76.2 mm, height H = 71.12 

mm, and thickness B = 25.4 mm. The straight-through notch with a length of a = 25.4 

mm was cut on the top and bottom using a diamond wheel saw. The thickness of the 

notch was 2.0 mm. The schematic illustrations of the specimen geometry and the test 

setup are shown in Fig. 5.4. Rollers were attached between the guide frame and the steel 

plate on the right so that the steel plate freely moves in the vertical direction. The rollers 

minimize friction between the right guide frame and the steel plate. A heavy weight was 

placed on the top of the left guide frame to prevent tilting. Once the specimen was placed 

in the guide frame, the left guide frame was fixed so that the specimen was laterally 

constrained, which facilities shear failure in the specimen.  

 

)

 

Fig. 5.4 Schematic illustration of the SS specimen geometry and test fixture; a) single shear test specimen 
geometry; b) test fixture. 
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     The nominal shear strength of the single shear specimen is expresses as: 

� : �
6:

� � 5 � � 
 B
 (5.11)

where b is half of the specimen height. 

The mode II stress intensity factor was also determined using the FRANC2D/L finite 

element code and given as: 

� �� � %� ��� � L�Ž�L <�
5‰=� � �Š<�

5‰=
;
'

6
� � 5 � � 
 B

� �  (5.12)

 

5.3.2.3 Double shear test 

     The specimen geometry and test setup are illustrated in Fig. 5.5. The double shear 

specimen has two sets of notches on the top and bottom. The straight-through notches 

with the length a = 25.4 mm were machined using a diamond saw. The specimen has a 

height of H =71.12 mm, a width of W = 76.2 mm, and a thickness of B = 25.4 mm.  

     Axial force was applied to the central part of the specimen. The guide frame was used 

to give lateral constraint. Two Teflon sheets were inserted between the specimen and the 

guide frame to reduce friction.  

The nominal shear strength of the double shear specimen is given as: 

� : �
6:

� � 5 � � 
 B
 (5.13)

The mode II stress intensity factor was also determined using the FRANC2D/L finite 

element code and given as: 
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Fig. 5.5 Schematic illustration of the DS specimen geometry and test fixture; a) double shear test specimen 
geometry; b) test fixture. 
 

 

5.3.3 Mode III test 

     The difficulties in mode III test are to generate torsional force in a conventional 

compression machine. Here we used special grip systems to generate torque in 

compression loading. Two types of mode III fracture mechanics tests – the torsion of a 

circular cylindrical specimen and the torsion of a rectangular section specimen were 

performed. Four stress rates of 0.01 MPa/s, 0.1 MPa/s, 1 MPa/s, and 10 MPa/s were 
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employed. 7 or 8 specimens were tested in each loading rate, giving a total of 28 or 32 

specimens that were used. 

 

5.3.3.1 Torsion of a circular cylindrical specimen 

     The specimen is a cylinder with a diameter 2b = 50.8 mm, a length L = 114.3 mm, and 

a circumferential notch of depth a = 25.4 mm. The circumferential notches with thickness 

2 mm were cut in the middle of the specimen perpendicular to the axis of the cylinder by 

a diamond wheel saw. Fig. 5.6 shows the specimen geometry, split collars, and test setup. 

Split collars were attached to the ends of the specimen.  

     The two parts of the collar were fastened with screws. In order to give more friction 

between the specimen and the collar, additional screws were used in the collars. The 

specimens were placed on the two opposite support pins and axial load was applied at 

each end of the split collar.  

     The nominal mode III shear strength of the circumferentially notched cylindrical 

specimen is given as [56]: 

� : �
� �

� � 5 � � 
 J  (5.15)

where, T is the torque and b is the radius of the specimen. 

The mode III stress intensity factor was expressed as [46]: 
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Fig. 5.6 Schematic illustration of the circumferentially notched cylindrical specimen geometry and test 
fixture; a) circumferentially notched cylindrical specimen geometry; b) split collars; c) test fixture.  
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5.3.3.2 Torsion of a rectangular section specimen 

     The specimen has a height of H =53.3 mm, a width of W = 81.3 mm, and a thickness 

of B = 78.7 mm. A notch with a depth of 41.9 mm and three side grooves with a depth of 

14 mm were cut with a diamond wheel saw. The notch and side grooves had a thickness 

of 2 mm. Side grooves facilitate the fracture propagation in a mode III manner. Fig. 5.7 

shows the geometry and the loading configuration of the torsion of a rectangular section 

specimen. The left loading plate was attached to the guide frame to hold the specimen.  

The nominal mode III shear strength of the torsion of a rectangular section specimen is 

given as [72]:  

� : �
�

t 5� ;  (5.17)

where, T is the applied torque, �  is the geometry coefficient, and b and c are the length of 

uncracked portion. Table 5.1 gives the value of �  with respect to the ratio b/c. 

Table 5.1 Value of �  with respect to the ratio b/c [72]. 

b/c �  

1.0 0.208 
1.5 0.231 
2.0 0.246 
2.5 0.256 
3.0 0.267 
4.0 0.282 
5.0 0.292 
10 0.312 
�  0.333 

 

     An analytical equation of the stress intensity factor for the torsion of a rectangular 

section specimen does not exist, so a 3-D finite element analysis is needed to evaluate the 

stress intensity factor. The stress intensity factor was not evaluated in this study. 
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Fig. 5.7 Schematic illustration of the torsion of rectangular section specimen geometry and test fixture; a) 
torsion of rectangular section specimen geometry; b) specimen dimension;  c) test fixture. 
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5.4 Stress intensity factor for the short beam compression geometry 

     For the short beam compression geometry (Fig. 5.17a), from experimental results we 

know that shear cracks propagated not co-planar with the pre-existing notches but 

perpendicular to the pre-existing notches. Thus, we assumed that small fictitious cracks 

with a length l existed perpendicular to the pre-existing notches (Fig. 5.8).  

 

 

Fig. 5.8 Small fictitious cracks perpendicular to the pre-existing notches. 

 

     Nodal stress intensity factors at the tip of the fictitious cracks were calculated at a 

given length l and presented as a function of 2l/c. Since actual short beam compression 

test specimens don’t have fictitious cracks, the stress intensity factor of short beam 

compression test specimens need to be estimated at very low values of 2l/c. It was 

observed that at very low values of 2l/c, the nodal stress intensity factors approached very 

small values but increased linearly with 2l/c for moderate values of 2l/c. For a very small 
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crack length, the finite element analysis may not be accurate since it requires an 

extremely fine mesh and practically it is hard to generate such a fine mesh. Hence, the 

nodal stress intensity factor at a given c/H is determined by an extrapolation of the curve 

which depicts the variation of nodal stress intensity factor with respect to dimensionless 

crack length 2l/c.   

     In order to determine the nodal stress intensity factor by FEM, the specimen size H = 

101.6 mm, W = 50.8 mm, B = 25.4 mm and notch length a = 25.4 mm were selected and 

the applied load P was 0.8896 kN (200 lbf). The finite element mesh used in this study is 

shown in Fig. 5.9. 

��

�� ��

�� ��  

Fig. 5.9 Finite element mesh for the short beam compression specimen: a) with boundary conditions; b) 
with small fictitious crack, 2l/c =0.1; c)  2l/c =0.3; d)  2l/c =0.5; e)  2l/c =0.7. 
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     Fig. 5.10 presents the nodal stress intensity factors determined from an extrapolation 

of the curve at a given c/H.  
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Fig. 5.10 Nodal stress intensity factors determined from an extrapolation of the curve at a given c/H: a) c/H 
=0.1; b) c/H =0.15; c) c/H =0.2; d) c/H =0.25; e) c/H =0.3; f) c/H =0.35; g) c/H =0.4. 
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 Using Equations (5.3) and (5.9), the nodal mode II stress intensity factor for short beam 

compression specimen can be expressed as: 

� ��
� � � � � � � �

6
�B

� �  (5.18)

And, the normalized stress intensity factors (same as the geometry factor Y), given as 

F(c/H), can be determined as follows: 

€g�
�‰ h �

� ��
� �B

6� �
 (5.19)

     The function F(c/H) can be determined by curve fitting of the normalized stress 

intensity factors with respect to notch separation ratio. Fig. 5.11 shows the variation of 

the normalized stress intensity factors with respect to notch separation ratio.  

 

Fig. 5.11 Variation of the geometry factor with respect to notch separation ratio. 
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A best fitting curve through the data has the form: 

€g�
�‰ h � S��IŠ� � S�̂ TTTg�

�‰ h (5.20)

This gives the final expression of the mode II stress intensity factor for the short beam 

compression geometry as shown in Equation (5.10). Similar procedures were applied to 

the single and double shear specimens to determine the mode II stress intensity factor 

formula.  

 

5.5 Test results 

      

     The experimental results of the short beam compression tests are presented in Fig. 

5.12a, where the mode II shear strength is plotted as a function of loading rate using a 

log-log scale. The solid line in Fig. 5.12 shows the best-fit regression line based on the 

log shear strength versus log loading late relations. The average mode II shear strength at 

the lowest loading rate of 0.01 MPa/s was 20.92 MPa and the average mode II shear 

strength at the highest loading rate of 10 MPa/s was 24.93 MPa. The rate of increase in 

the shear strength was about 19.2 % from the lowest to highest loading rate. Based on the 

regression curve, the subcritical crack growth parameter n was determined to be 36 ± 9.     

     To determine the subcritical crack growth parameter A, both the inert strength and the 

mode II fracture toughness are required. The inert strength was determined from the test 

conducted at the fastest loading rate of 10 MPa/s, which gave a value of 24.68 MPa. The 

mode II fracture toughness of 1.58 MPa	 m was determined using Equation (5.10). The 

parameter A = 1.65×10-2 ± 6.03×10-4 m/s was determined using Equation (5.8).  
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     Figs. 5.12b and 5.12c show the results of the linear regression for the single and 

double shear tests. The subcritical crack growth parameters n and A were determined to 

be n = 35 ± 13 and A = 2.18×10-2 ± 9.91×10-4 m/s, n = 37 ± 17 and A = 1.77×10-2 ± 

7.54×10-4 m/s, respectively, for single and double shear test. 
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Fig. 5.12 Fracture strength as a function of loading rate for mode II tests: a) short beam compression test; b) 
single shear test; c) double shear test. 
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     The subcritical crack growth parameters under mode III loading were determined as n 

= 34 ± 14 and A = 2.05×10-2 ± 8.70×10-4 m/s for the circumferentially notched cylindrical 

specimen and n = 37 ± 9 for the torsion of a rectangular section specimen. Fig. 13 shows 

the results of the mode III shear strength as a function of applied loading rate for both 

mode III specimens. The corresponding coefficients of correlation (R) of the regression 

line were 0.41 and 0.59, respectively, for the circumferentially notched cylindrical 

specimen and the torsion of a rectangular section specimen. 
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Fig. 5.13 Fracture strength as a function of loading rate for mode III tests: a) Torsion of a circular 
cylindrical specimen; b) Torsion of a rectangular section specimen. 
 

     Fig. 5.14 shows the experimental results of the mode II shear strength as a function of 

applied stress rate with different confining stresses. The subcritical crack growth 

parameters were determined as n = 41 ± 9 and A = 6.78×10-3 ± 2.08×10-4 m/s, for 

confining stress of 5 MPa, n = 63 ± 22 and A = 4.62×10-3 ± 1.36×10-4 m/s for confining 

stress of 10 MPa, and n = 76 ± 23 and A = 3.34×10-3 ± 8.09×10-5 m/s for confining stress 
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of 15 MPa. The rates of increase in the shear strength were about 19.4 %, 12.7 %, and 

9.8 % from the lowest to highest loading rate for confining stress of 5 MPa, 10 MPa, and 

15 MPa, respectively. The mode II shear strength increased with increasing confining 

stress. The average mode II shear strengths at the lowest loading rate of 0.01 MPa/s were 

50.67 MPa, 77.32 MPa, and 110.61 MPa, respectively, for confining stress of 5 MPa, 10 

MPa, and 15 MPa.  The average mode II shear strengths at the highest loading rate of 10 

MPa/s were 60.52 MPa, 87.13 MPa, and 121.44 MPa respectively, for confining stress of 

5 MPa, 10 MPa, and 15 MPa. For the loading rate of 0.01 MPa/s, the rate of increase in 

the mode II shear strength was 429 % from no confining stress to confining stress of 15 

MPa. For the loading rate of 10 MPa/s, the rate of increase in the mode II shear strength 

was 387 % from no confining stress to confining stress of 15 MPa.  

 

Fig. 5.14 Facture strength as a function of loading rate for the SBC specimen with different confining 
stresses. 
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     The experimental results of the short beam compression tests with different specimen 

sizes are presented in Fig. 5.15. The subcritical crack growth parameters n and A were 

determined to be n = 36 ± 15 and A = 1.19×10-2 ± 6.94×10-4 m/s, n = 35 ± 8 and A = 

2.38×10-2 ± 8.80×10-4 m/s, n = 36 ± 11 and A = 3.02×10-2 ± 1.15×10-3 m/s  respectively, 

for the width of specimen, W = 38.1 mm, 63.5 mm, and 76.2 mm. The mode II shear 

strength decreased with increasing the specimen size. For example, at the lowest loading 

rate, the average mode II shear strengths were 20.59 MPa and 16.95 MPa respectively, 

for the smallest specimen and the largest specimen. 
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Fig. 5.15 Facture strength as a function of loading rate for the SBC specimen with different specimen sizes: 
a) W = 38.1 mm; b) W = 63.5 mm; c) W = 76.2 mm. 
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     Fig. 5.16 shows the experimental results of the mode II shear strength as a function of 

applied stress rate with different water contents. The subcritical crack growth parameters 

n and A were determined to be n = 38 ± 6 and A = 1.64×10-2 ± 3.05×10-4 m/s, n = 37 ± 10 

and A = 1.97×10-2 ± 8.32×10-4 m/s respectively, for the degree of saturation of 50 % and 

100%. Also the mode II shear strength decreased with increasing the degree of saturation. 

For example, at the lowest loading rate, the average mode II shear strengths were 20.59 

MPa and 17.76 MPa respectively, for the complete dried and the fully saturated 

specimens. 
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Fig. 5.16 Facture strength as a function of loading rate for the SBC specimen with different water contents: 
a) 50% degree of saturation; b) 100% degree of saturation. 
 

 

5.6 Discussion 

      

     The increases in shear fracture strength with increasing loading rate clearly show how 

shear fracturing in Coconino sandstone is controlled by subcritical crack growth. The 
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subcritical crack growth parameter A is related to the crack velocity when the stress 

intensity factor approaches the fracture toughness, and the parameter n is a measure of 

the susceptibility of the material to stress corrosion such as the chemical interaction 

between an environmental agent and a strained bond at the crack tip. Sometimes the 

parameter n is called the subcritical crack growth index or the stress corrosion index [18]. 

     The values of subcritical crack growth parameters obtained from the three different 

mode II tests are similar to each other.  

     The variability of the parameters for a particular test can be evaluated by the 

coefficient of variation (CV). It is defined as the ratio of the standard deviation to the 

mean. The CV of the parameter n determined from the mode II tests are 24.2 %, 37.6 %, 

and 45.2 % respectively, for short beam compression, single shear and double shear tests.   

     In constant stress-rate testing, the scatter in strength is related to the variability of the 

subcritical crack growth parameters. The strength of rock is strongly influenced by pre-

existing microstructures. The bigger specimen will have a higher probability to have 

more and bigger microstructures than smaller specimens. From this point of view, the 

double shear specimens have larger uncracked portion compared to short beam 

compression and single shear specimen and this may result in higher variability in 

strength of double shear specimen. Thus, the CV of the parameter n determined from the 

double shear specimen is higher than other specimens.  

     Also, Fig. 5.17 shows the fracture trajectories of the mode II specimens. The short 

beam compression specimen produced almost pure shear cracks, but for the single and 

double shear specimens, tensile cracks occurred first followed by failure due to shear 
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cracks. The occurrence of tensile cracks may influence to the strength of the single and 

double shear specimens. So, the short beam compression tests are more favorable tests 

for the mode II crack growth.  

 

 

Fig. 5.17 Fracture trajectories of the mode II specimens: a) short beam compression test; b) single shear test; 
c) double shear test. 
 

     The experimental results of the mode II and III tests show that the values of the 

subcritical crack growth parameters are considered to be similar to each other regardless 

of the loading configuration and the specimen geometries. The subcritical crack growth 

parameters for the mode I tests obtained from the previous research are compared to 
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those for the mode II and III tests. Fig. 5.18 shows the variation of the subcritical crack 

growth parameters with respect to the loading configurations. As can be seen from Fig. 

5.18, the subcritical crack growth parameter n is almost same regardless of the loading 

configurations and the specimen geometries. Also the parameter A is considered to be 

similar, even though the values in grooved disk and single edge notched specimen are 

higher than others.  

     The variability of the parameter n is much higher than that of the parameter A. Even 

though the values of subcritical crack growth parameter n and A are similar between 

modes I, II and III, subcritical crack velocities will be different since Equations (5.1) and 

(5.2) involve the fracture toughness, which is different depending on loading 

configurations. 

     Very little is known about the effect of fracture mode on subcritical crack growth in 

rocks. Singh and Shetty studied subcritical crack growth under combined mode I and II 

loading in soda-lime glass using diametral-compression specimen [90]. They found that 

crack growth rates in mode I and II loading were almost equal. The fact that subcritical 

crack growth is environmentally-induced crack growth rather than mechanical rupture of 

bond can be used to explain these results. The parameter n is influenced by the 

environmental reaction with the strained bonds at the crack tip. The chemical reaction 

rate will be similar regardless of loading configuration. Also under mode II or III loading 

the dominant cracking mechanism at the crack tip is tensional so microstructures at the 

crack tip will be similar regardless of loading configuration. 
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Fig. 5.18 Variation of the subcritical crack growth parameters with respect to the loading configurations: a) 
parameter n; b) parameter A. 
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     The effect of confining stress on subcritical crack growth is important for geological 

applications since most rocks are confined at a depth. Fig. 5.19 shows the variation of the 

subcritical crack growth parameters under mode II loading with respect to the confining 

stress. The parameter n linearly increases with increasing confining stress and the 

parameter A exponentially decreases with increasing confining stress. The crack velocity 

decreases with increasing confining stress. These results well fit the fact that the strength 

of rocks increases with increasing confining stress.  
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Fig. 5.19 Variation of the subcritical crack growth parameters under mode II loading with respect to the 
confining stress: a) parameter n; b) parameter A. 
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     The confining pressure has an influence on 1) stress state at the crack tip, 2) the 

mechanical properties of the environmental agent, and 3) chemical reactions between the 

fluid and the crack tip [91]. Stress corrosion is also affected by the microstructures at the 

crack tip [91]. Since increasing the confining stress causes the closure of pre-existing 

microcracks, and reducing the microcrack density, crack velocity decreases and the 

parameter n will increase. 
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Fig. 5.20 Variation of the subcritical crack growth parameters under mode II loading with respect to the 
specimen size: a) parameter n; b) parameter A. 
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     Increasing the specimen size results in increasing linearly in the subcritical crack 

growth parameter A. But, the parameter n is independent of the specimen size (Fig. 5.20). 

The increase of the A is consistent with other size effects that indicate a rock weakening 

with increasing size. The parameter n has the relation with stress corrosion. The increase 

of the specimen size does not much affect on the chemical reaction or microstructures at 

the crack tip. So, the parameter n remains same regardless of the specimen size. Size 

effect of subcritical crack growth is important to extrapolate to the field scale from the 

lab test results.  

     Fig. 5.21 shows the variation of the subcritical crack growth parameters under mode II 

loading with respect to the water saturation. The parameter n is almost constant 

regardless of water saturation, and the parameter A increases by a small amount when the 

specimen is fully saturated. The effect of water saturation on rocks is to deteriorate their 

strength. The main reason for this is thought to be that water saturation weakens the bond 

between grains and reduces the coefficient of friction between minerals. Waza et al. [92] 

studied the effect of water on subcritical crack growth in andesite and basalt. They 

observed that the slope of K-V diagram for water-saturated rock was nearly parallel to the 

slope for dry rock. Also they found that the crack velocity of the water-saturated rock was 

two to three orders of magnitude greater than that of the dry one. Rijken [93] and her 

colleagues performed the double torsion test with 82 different sandstones from 27 

different formations in wet or dry condition. They found that 46% of sandstones showed 

a decrease, 43% of sandstones remained the same, and 11% of sandstones showed an 

increase in the parameter n within the range of the standard deviation.  
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Fig. 5.21 Variation of the subcritical crack growth parameters under mode II loading with respect to the 
water saturation: a) parameter n; b) parameter A. 
      

     From the experimental results the subcritical crack growth parameter n is not affected 

by loading configuration, specimen geometry, specimen size, and environmental 

circumstances, therefore it could  be considered as a material constant of rocks.  On the 

contrary, the parameter A is influenced by loading configuration, specimen geometry, 

specimen size, and environmental circumstances. 
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5.7 Conclusions 

      

     In this study, the subcritical crack growth parameters under mode II and III loading 

were determined experimentally by using the constant stress-rate tests. We make the 

assumption that the expression of the subcritical crack velocity for mode II and III 

loading is similar to that for mode I subcritical crack growth, and utilize the power law 

relation for subcritical crack growth and extends the constant stress-rate testing method to 

mode II and III conditions. The effect of confining stress, specimen size, and water 

saturation on the mode II subcritical crack growth parameters are examined. A brief 

summary of this study is presented below. 

�  The mode II stress intensity formula for short beam compression geometry was 

determined by finite element method. Fictitious cracks were introduced 

perpendicular to the existing notch and extrapolation technique was used to 

determine the nodal stress intensity factor.   

�  The experimental results of the mode II and III tests show that the values of the 

subcritical crack growth parameters are considered to be similar to each other 

regardless of the loading configuration and the specimen geometries. When we 

compare mode I tests obtained from the previous research, the subcritical crack 

growth parameter n is almost same regardless of the loading configurations and 

the specimen geometries. Also the parameter A is considered to be similar, even 

though the values in grooved disk and single edge notched specimen are higher 

than others. 
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�  Under the mode II loading, the parameter n linearly increases with increasing 

confining stress and the parameter A exponentially decreases with increasing 

confining stress. The crack velocity decreases with increasing confining stress. 

These results well fit the fact that the strength of rocks increases with increasing 

confining stress.  

�  Increasing the specimen size results in a linear increase in the subcritical crack 

growth parameter A. The parameter n, on the other hand, is independent of the 

specimen size. The increase of A is consistent with other size effects that indicate 

a rock weakening with increasing size. 

�  The parameter n is almost constant regardless of water saturation, and the 

parameter A increases a small amount when the specimen is fully saturated. 

�  From the experimental results the subcritical crack growth parameter n is not 

affected by loading configuration, specimen geometry, specimen size, and 

environmental circumstances, therefore it could  be considered as a material 

constant of rocks.   
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CHAPTER 6 

FRACTURE CHARACTERISTICS OF COCONINO SANDSTONE 

 

6.1 Introduction 

      

     In rock mechanics, conventional failure criteria based on the strength parameters have 

been used to describe the failure of structures and to predict the failure conditions of rock. 

The failure criteria such as Mohr-Coulomb criterion or Hoek-Brown criterion have been 

used extensively in the design of engineering structures in rocks [94]. In order to consider 

uncertainties in the analysis, a safety factor is employed to limit the calculated maximum 

allowable stresses. This procedure of design has been successful for the many 

engineering structures in rocks for a long time. 

     However, in many cases rock failure cannot be adequately explained by the 

conventional failure criteria alone. For rock materials, once a crack and/or discontinuity 

has occurred, the state of stress in the vicinity of the crack tip is changed significantly, 

and these criteria cannot deal with the fracture process and predict the crack initiation and 

propagation in rock materials. For these reason, the discipline of fracture mechanics was 

introduced to rock mechanics and has led to the development of rock fracture mechanics 

[1].       

 

     In the catastrophic failure of rocks, both fracture toughness and strength are important 

parameters controlling the fracture characteristics. The fracture toughness is a 
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quantitative expression of a material resistance to failure when a crack is present. Some 

particular applications for the fracture toughness of rock are 1) a parameter for the rock 

classification, 2) an index of the fragmentation process such as tunnel boring and model 

scale blasting, and 3) a material constant in the modeling of rock fragmentation such as 

rock cutting, hydraulic fracturing, and the stability analysis of rock structures [4]. 

     According to the loading configurations, there are three basic fracture modes of crack 

tip deformation (Fig. 6.1), i.e. Mode I (or opening mode), Mode II (or in-plane shearing 

mode) and Mode III (or out-of-plane shearing mode). Corresponding to the three 

cracking modes, there are three stress intensity factors known as KI, KII and KIII . Also 

there are three fracture toughnesses KIC, KIIC, and KIIIC corresponding to the three 

cracking modes. In general, joints are related with the opening mode (mode I), whereas 

faults are related with the shearing mode (mode II and mode III). The cracking mode may 

vary along the fracture front and may undergo mixtures of mode I, II, and III loading in 

geological structures.  

 

Fig. 6.1 Three basic mode of fracture: (a) Mode I (opening mode); (b) Mode II (in-plane sliding mode); (c) 
Mode III (anti-plane shear or tearing mode). 
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     The fracture toughness can be determined experimentally by measuring the fracture 

stress for a large plate that contains a through-thickness crack of known length. A variety 

of experimental methods for mode I fracture toughness have been developed and used for 

rock materials [1,4,95]. However, relatively few experimental methods have been 

suggested for mode II and mode III fracture toughnesses. For example, the International 

Society for Rock Mechanics (ISRM) have suggested standard techniques for mode I 

fracture toughness [4,95]. But, no standard test method for the modes II and III fracture 

toughnesses exist. One of difficulties in the fracture toughness test in shearing is to 

produce pure shear cracks in laboratory tests. Since most rock is weaker in tension than 

compression, not only shear cracks but also tension cracks are produced under shear 

loading. These tension cracks can be suppressed by applying normal or confining 

pressure [96,97]. 

     In this study we have determined the modes I, II, and III fracture toughnesses of 

Coconino sandstone experimentally. Grooved disk (GD) [52,53], single edge notched 

bending (SENB) [55], and compact tension (CT) [98] tests have been performed for the 

mode I fracture toughness. For the mode II fracture toughness, short beam compression 

(SBC) [28,59,60,99], single shear (SS), and double shear (DS) tests have been carried out. 

Circumferentially notched cylindrical specimen was employed to determine the mode III 

fracture toughness. For the simplicity of the specimen preparation, saw-cut notches were 

used instead of specimen pre-cracking. The fracture toughnesses were determined at 

different loading rates to examine the effect of loading rate. Also conventional rock 

mechanics tests such as Brazilian test, three-point bending test, uniaxial compression test, 
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and triaixal compression test have been performed to determine the standard strength 

parameters. In addition, the effects of confining stress and specimen size on the mode II 

facture toughness were examined using the short beam compression test. 

 

6.2 Materials and experimental procedure 

 

6.2.1 Test material 

     The rock specimens used in this research are Coconino sandstone from northern 

Arizona. Coconino Sandstone is commonly observed in Grand Canyon, where it can be 

seen as a thick buff-colored layer. Coconino sandstone occurs widely in the Colorado 

Plateau including northern Arizona, northwest Colorado, Nevada, and Utah. It is 

relatively homogeneous and fine-grained sandstone composed of pure quartz sand. The 

color of the Coconino sandstone ranges from white to buff. Several large blocks of 

Coconino sandstone were obtained from a local rock shop.  

The bedding plane direction affects the strength of the sandstone, so all specimens were 

prepared so that the crack propagation direction is perpendicular to the bedding planes. 

     All specimens were oven-dried at 40°C for at least 24 hours. After that, the specimens 

were placed in a desiccator to reduce the exposure to humidity in the air until the 

specimens were tested. The testing room maintained a relative humidity less than 15%. 
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6.2.2 Conventional rock mechanics tests 

     The indirect tensile strength was determined from the Brazilian disc test. Also, the 

flexural strength was determined using the three-point bending test for comparison. The 

Brazilian disc specimens have a diameter of d = 50.8 mm and a thickness of B = 25.4 mm. 

The three-point bending specimens have a prismatic beam shape with the nominal 

dimension of 162.6 × 38.1 × 38.1 mm (length L × height b × width B) and support span S 

= 4b = 152.4 mm. Both tests were performed using the VERSA-TESTER AP-1000 (max. 

capacity of 267 kN) loading frame at a stress rate of 1 MPa/s.  

The indirect tensile strength T is given as [26]: 

� �
� 6

� 7B
 (6.1)

where, P is the applied load. 

The flexural strength R is expressed as [26]: 

• �
L6z

� B5;  (6.2)

where, P is the applied load, S is the support span, B is the specimen width, and b is the 

specimen thickness. 

     Uniaxial compression tests were performed on cylindrical specimens having a height 

to diameter ratio of 2.5 without any lateral confinement. The specimens have a diameter 

of d = 50.8 mm and a height of H = 127 mm. This test determines unconfined 

compressive strength (UCS), Young’s modulus (E) and Poisson’s ratio (� ). Two electrical 

resistance strain gauges were attached on the specimen to measure axial strain and 

circumferential strain. A constant displacement rate of 0.4572 mm/min (equivalent of 
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0.558 MPa/sec) was employed and the specimens failed at around 3 minutes. The tests 

were conducted using the SBEL CT-500 (max. capacity of 2,224 kN) loading machine. 

     The triaxial compression test was used to determine the strength envelope, Coulomb 

failure criterion parameters (internal friction angle 
  and cohesion C), and the Hoek-

Brown failure criterion parameters (uniaxial compressive strength � ci, and mi). The 

confining pressure was generated by an ENERPAC P80 (max. capacity of 69 MPa) hand 

pump. The axial load and the confining pressure were increased simultaneously and in 

such a way that the axial stress and confining pressure were approximately equal, until 

the pre-determined test level for the confining pressure was reached. Then the axial load 

was increased at a constant displacement rate of 0.4572 mm/min (equivalent of 0.558 

MPa/sec) until the specimen failed.  A total of 6 different confining pressures (1, 2, 5, 10, 

20, and 30 MPa) were employed.  

 

6.2.3 Mode I fracture test 

6.2.3.1 GD specimen      

     Szendi-Horvath [52] used the GD specimens to determine the fracture toughness of 

small size soda glass. Also, Singh and Pathan [53] determined the fracture toughness of 

variety types of rocks using the GD specimens. The advantages of the GD specimens are 

little use of material and easy specimen preparation.  

The nominal dimensions of the GD specimens were 50.8mm in diameter (D) and 25.4mm 

in thickness (B) (Fig. 6.2a). A single edge notch with a depth a = 7.6 mm and a thickness 

= 2 mm was cut through one face of the specimen using a diamond wheel saw. The notch 
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depth to specimen thickness ratio (a/B) was set to 0.3. The disc was loaded by a diametral 

compression at a loading rate of 1 MPa/s, which is the nominal tensile stress rate of 

� R�
;› R

¶F•
 . 

The stress intensity factor for the GD specimen can be calculated by the following 

equation [52,53]: 

� � � � ��I�
6� �
B7

 (6.3)

where, P is the applied load. 

 

6.2.3.2 SENB specimen 

     The SENB specimen is widely used in determining the fracture toughness of metallic 

materials and is the ASTM suggested standard method [100]. Schmidt [101] determined 

the fracture toughness of Indiana limestone with the SENB specimens. A schematic 

diagram of the SENB specimen is presented in Fig. 6.2b. The SENB specimen had 

similar specimen dimensions and the same loading configuration as the three-point 

bending test.   

     The nominal dimensions of the SENB specimens is 162.6 × 38.1 × 38.1 mm (length L 

× thickness b × width B) with support span S  = 152.4 mm. The straight-through notch 

with a length of a = 11.4 mm and a thickness of 2 mm was cut on the bottom face using a 

diamond wheel saw. The notch length to specimen thickness ratio (a/b) was set to 0.3. 

The specimen is supported on its two of the bearing edges of the bottom face and a load 
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is applied in the opposite side of the notch with a loading rate of 1 MPa/s, which is the 

nominal flexural stress rate of   •R�
J› Rœ

;•E ž. 

�

 

Fig. 6.2 Specimen geometry and test setup for the mode I tests: a) GD test; b) SENB test; c) CT test. 
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     The stress intensity factor equation for the SENB specimen is given as follows [55]: 

� � � €� �
5‰


L6z
� B5; � �  (6.4)

where, P is the applied load, S is the support span (S=4b), B is the specimen width, and b 

is the specimen thickness. F(a/b) is given as: 

€� � @5
 �
� �̂ ˆ � �

5‰ <� � �
5‰=%� ��T � L�̂ L �

5‰ � � �Š<�
5‰=

;
'

<� � � �
5‰=<� � �

5‰=
J@;  (6.5)

     The effect of loading rate on the mode I fracture toughness were investigated using the 

SENB specimen. Four different loading rates of 0.01, 0.1, 1, and 10 MPa/s were 

employed to determine the effect of loading rate on fracture toughness. 

  

6.2.3.3 CT specimen 

     The CT specimen is commonly used to determine the fracture toughness of metallic 

materials. This is also an ASTM standard test method [100]. The geometry of the CT 

specimen is illustrated in Fig. 6.2c.  

     The CT specimens have the nominal dimensions; width W = 63.5 mm, height H = 

71.12 mm, and thickness B = 25.4 mm. A straight-through notch with a length of a = 8.47 

mm was introduced using a diamond wheel saw and the thickness of the notch was 2 mm. 

The notch length to effective specimen width ratio (a/b) was set to 0.2. The CT 

specimens were loaded at a loading rate of 0.1 MPa/s, which is the nominal stress rate of 

�R �
›R

E•
. 
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     Usually the load is transmitted through the pin holes in the CT specimen. However, 

we used an “L” type grip system so the loading configuration differed from the 

conventional pinhole CT specimen. Ko and Kemeny [98] developed the stress intensity 

factor equation for this CT specimen geometry using the finite element procedure and it 

is given as follows: 

� � � €<�
5‰=

6
5B

� �  (6.6)

where, P is the applied load, B is the specimen thickness, and b is the effective specimen 

width. F(a/b) is given as: 

€<�
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•
 

(6.7)

     Also, three different sizes of the CT specimens were used to examine the effect of 

specimen size on the fracture toughness. The height : width : thickness ratio and the notch 

length to effective specimen width ratio remain constant for each specimen dimension. 

The widths of specimens used for the size effect are 50.8 mm, 63.5 mm, and 76.2 mm 

respectively.  

     All of the mode I fracture toughness tests were performed using the VERSA-TESTER 

AP-1000 loading frame. All of the fracture toughness values were determined from the 

peak load obtained in simple monotonic loading to failure. The specimen size 

requirement and the non-linearity correction factor were not taken into account in this 

research. Because of this, the fracture toughness values can be considered as apparent 

fracture toughness values. 



264 
 

6.2.4 Mode II test 

6.2.4.1 SBC specimen 

          A short beam compression test (or double notch shear test) has been used by 

Watkins and Liu [59] and Liu et al. [60] to determine the mode II fracture toughness of 

reinforced concrete. Also, it has been used to determine the in-plane shear strength of 

reinforced plastics [61], and fiber reinforced ceramic [62,63]. The specimen has a simple 

rectangular prism shape (Fig. 6.3a).  

     The nominal dimensions of the SBC specimen are: a height of H = 101.6 mm, a width 

of W = 50.8 mm and a thickness of B = 25.4 mm. Two parallel and opposite notches were 

cut from the lateral face to the central part of specimen. The notches are separated by a 

length of c = 20.3 mm and have a length of a = W/2 = 25.4 mm. An axial compressive 

load was applied on the end surfaces of the specimen with a loading rate of �R�� =1 MPa/s.  

     To prevent the specimen from buckling, bending, and the sudden collapse of the 

loading platen during the test, a heavy guiding frame was installed in the loading frame. 

When the specimen was mounted between the guiding frames, the frame was tightened 

by screws so that the specimen was not allowed to move laterally. Two Teflon sheets 

were placed between the specimen and the guiding frames to reduce friction. 

     The nominal mode II shear strength (� II) was calculated using the following expression: 

� �� �
6
�B

 (6.8)

where, P is the applied load. 

     The stress intensity factor for the SBC specimen is [99]: 



265 
 

� �� � <S��IŠ� � S�̂ TTTg�
�‰ h=

6
�B

� �  (6.9)

 

     

 

Fig. 6.3 Specimen geometry and test setup for the mode II tests: a) SBC specimen; b) SS specimen; c) DS 
specimen. 
 

      The SBC specimens were employed to investigate the effect of loading rate, 

confining stress, and specimen size on the mode II fracture toughness. Similar to the 
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mode I fracture toughness test, the tests were conducted under various loading rates, � ��R 

from 0.01 to 10 MPa/s to examine the effect of loading rate. Three different confining 

stresses, 5 MPa, 10 MPa and 15 MPa, were involved to investigate the effect of confining 

stress. Confining pressure was generated by an ENERPAC P80 hand pump. Similar 

procedures of trixial tests were applied to the SBC specimens with different confining 

stresses.  Also, four different loading rates were employed at different confining stresses 

from 5 to 15 MPa. 

     For the effect of specimen size, four different specimen sizes were utilized. The 

height : width : thickness ratio and the notch length to specimen width ratio were kept 

constant for each specimen dimensions. The widths of specimens used for the size effect 

are 38.1 mm, 50.8 mm, 63.5 mm, and 76.2 mm respectively.  

 

6.2.4.2 SS specimen 

     The SS specimens are similar to Iosipescu shear test [65] and double-edge cracked 

plate in four-point bending [1]. Reinhardt et al. [66], Barr et al. [67], Biolzi [68], and 

Swarts and Taha [69] used the Iosipescu test specimen to study the shear fracturing in 

concrete.  

     The SS specimen had the nominal dimensions; width W = 76.2 mm, height H = 71.12 

mm, and thickness B = 25.4 mm. The two symmetrical straight-through notches with a 

length of a = 25.4 mm and a thickness of 2 mm were cut on both sides using a diamond 

wheel saw.  
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     The geometry of the SS specimen and experimental set up are illustrated in Fig. 6.3b. 

The SS specimen requires a special specimen holding assembly to attain the specimen 

shape during the test. A heavy guiding frame was utilized to hold the specimen. Once the 

specimen was placed in the guide frame, the left guide frame was fixed so that the 

specimen was laterally constrained, which facilities shear failure in the specimen. Rollers 

were attached between the guide frame and the steel plate on the right so that the steel 

plate freely moves in vertical direction. The specimens were loaded with a loading rate of 

�R�� =1 MPa/s. A heavy weight was placed on the top of the left guide frame to prevent 

tilting.  

     The nominal shear strength of the SS specimen is expresses as: 

� �� �
6

� � 5 � � 
 B
 (6.10)

where, P is the applied load, and b is the half of the specimen height. 

The mode II stress intensity factor equation was determined and given as: 

� �� � %� ��� � L�Ž�L <�
5‰=� � �Š<�

5‰=
;
'

6
� � 5 � � 
 B

� �  (6.11)

 

6.2.4.3 DS specimen 

     The DS specimen is also called punch-through cube specimen [70]. Watkins [71] used 

the DS specimens to determine the mode II fracture toughness of concrete. Fig. 6.3c 

shows the specimen geometry and test setup. The double shear specimen has two sets of 

symmetrical notches on the top and bottom side. The straight-through notches with the 

length a = 25.4 mm and the thickness of 2 mm were machined using a diamond saw. The 



268 
 

specimen has a height of H = 71.12 mm, a width of W = 76.2 mm, and a thickness of B = 

25.4 mm. Axial force was applied to the central part of the specimen with a loading rate 

of �R��  =1 MPa/s. The nominal shear strength of the DS specimen is given as: 

� �� �
6

� � 5 � � 
 B
 (6.12)

The mode II stress intensity factor equation was given as follows: 
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6
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     All of the mode II fracture toughness tests were carried out using the SBEL CT-500 

loading machine. 

 

6.2.5 Mode III test 

     The difficulties in mode III test are to generate torsional force in a conventional 

compression machine. Here, we used specially designed split collars to hold the specimen 

and generate torque in compression loading.  

     The circumferentially notched cylindrical (CNC) specimen has the following 

dimensions : a diameter 2b = 50.8 mm, a length L = 114.3 mm, and a circumferential 

notch of depth a = 25.4 mm. Circumferential notches with thickness 2 mm was cut in the 

middle of the specimen perpendicular to the axis of the cylinder by a diamond wheel saw. 

Fig. 6.4 shows the specimen geometry and test setup. The specimens were placed on the 

two opposite support pins and axial load was applied at each end of the split collar with a 

loading rate of �R��� =1 MPa/s.  



269 
 

 

Fig. 6.4 Specimen geometry and test setup for the mode III test: a) test fixture; b) split collars. 



270 
 

     The nominal mode III shear strength of the circumferentially notched cylindrical 

specimen is given as [56]: 

� ��� �
� �

� � 5 � � 
 J  (6.14)

where, T is the applied torque and b is the radius of the specimen. 

      The mode III stress intensity factor was expressed as [56]: 
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 J � �  

(6.15)

The mode III fracture toughness tests were performed using the VERSA-TESTER AP-

1000 loading frame. 

 

6.3 Experimental results  

 

6.3.1 Strength parameters 

     Eight Brazilian disc specimens were tested and the mean indirect tensile strength is 

7.0 MPa with the standard deviation of 0.62 MPa. A total of seven specimens were tested 

for the flexural strength. The value of the flexural strength is 8.1 ± 1.14 MPa. The results 

show that the flexural strength is about 16% larger than the indirect tensile strength.  

     Other strength parameters, such as UCS, Young’s modulus (E), Poisson’s ratio (� ), 

internal friction angle (
 ), cohesion (C), and Hoek-Brown parameter mi are listed in 

Table 6.1. 
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Table 6.1 Mechanical properties of Coconino sandstone. 

UCS[MPa] E [GPa] �  0  [°] C [MPa] mi To [MPa] 

118.01 24.29 0.357 50.6 22.7 25.12 6.38 

 

    The mode II and mode III shear strength were also determined. Seven to eight 

specimens were tested. The in-plane (mode II) shear strengths are 23.53 ± 2.39 MPa, 

21.96 ± 3.68 MPa, and 24.07 ± 3.68 MPa for SBC, SS, and DS specimen, respectively. 

When we compare the in-plane shear strength with the cohesion (22.7 MPa), the values 

are very close to each other. Cohesion is also shear strength without confining stress in 

Mohr-Coulomb theory. The out-of-plane shear strength is 11.72 ± 1.45 MPa. The out-of-

plane (mode III) shear strength is approximately 50% lower than the in-plane shear 

strength.  

     Fig. 6.5 shows the variation of the strength with respect to the specimen geometry.  

The results show that the highest strength was obtained from the in-plane shear test. The 

tensile strength is lower than the others.   

     The effect of loading rate on the in-plane shear strength is shown in Fig. 6.6a. The 

shear strength and the loading rate are plotted in a log-log scale. The shear strength shows 

the dependency on the loading rate. As the loading rate increases, the shear strength also 

increases. 

     The effect of confining stress on the in-plane shear strength is shown in Fig. 6.6b. The 

shear strength linearly increases with increasing the confining stress. This figure is the 

same as the Mohr-Coulomb failure envelope since the shear strength is plotted as a 

function of the confining stress. 
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Fig. 6.5 Variation of the strength with respect to the specimen geometry. 

      

The slope of regression line is related to internal friction angle and this gives the about 

80.9º. This is a way over the internal friction angle determined from the triaxial tests. The 

confining stress is not effective normal stress acting on the shearing surface but far field 

stress. So, when we replace the confining stress as effective normal stress, the slope gives 

the internal friction angle of 51.3º (Fig. 6.7). This value is close to that of triaxial tests. 

The relationship between the specimen size and the shear strength is presented in Fig. 

6.6c. Even though there is a scatter in the results, there is a definite trend of decreasing 

the shear strength with specimen size.  
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Fig. 6.6 Variation of the strength with respect to: a)loading rate; b) confining stress; c) specimen size. 

 

     Fig. 6.7 is a plot of shear strength versus normal stress with respect to different 

loading rates. Fig. 6.8 shows that the loading rate dependency on the cohesion and 

internal friction angle. The cohesions are 20.52, 21.14, 22.77, and 26.08 MPa for loading 

rate of 0.01, 0.1, 1, and 10 MPa/s, respectively. The cohesions increase with loading rate. 

However, internal friction angles are almost same regardless of loading rate. The internal 

fraction angles are 49.8º, 51.4 º, 51.4 º, and 51.7 º for loading rate of 0.01, 0.1, 1, and 10 

MPa/s, respectively.  
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Fig. 6.7 Shear strength versus normal stress with respect to different loading rates: a) 0.01 MPa/s; b) 0.1 
MPa/s; c) 1MPa/s; d) 10 MPa/s. 
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Fig. 6.8 Loading rate dependency on the cohesion and internal friction angle. 
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6.3.2 Fracture toughness 

     The average fracture toughness under mode I, II, and III loading were determined 

from 7 to 8 specimens. The mode I fracture toughness values are 0.66 ± 0.10, 0.65 ± 0.10, 

and 0.66 ± 0.03 MPa	 m for the GD, SENB, and CT specimens, respectively. There is no 

significant change in the mode I fracture toughness for the different geometries.  

     The mode II fracture toughness values for the SBC, SS, and DS specimens are 1.58 ± 

0.19, 1.40 ± 0.23, and 1.58 ± 0.23 MPa	 m, respectively. The mode III fracture toughness 

value for the CNC specimen is 0.89 ± 0.11 MPa	 m.  

     Fig. 6.9 presents the variation of the fracture toughness with respect to the loading 

configuration. The results show that the mode II fracture toughness is the highest value 

and the mode I fracture toughness is the lowest value. The mode II fracture toughness is 

approximately 2.4 times larger than the mode I fracture toughness and 1.8 times larger 

than the mode III fracture toughness. The mode III fracture toughness is about 1.3 times 

larger than the mode I fracture toughness.  

     The effect of loading rate on the fracture toughness is presented in Fig. 6.10. The 

average fracture toughness values determine from the SENB and the SBC specimens are 

plotted as a function of the loading rate in a log-log scale. As can be seen in Fig. 6.10 

both the mode I and mode II fracture toughnesses increase with the loading rate. The 

mode I fracture toughness values are 0.55 ± 0.05, 0.61 ± 0.05, 0.65 ± 0.05, and 0.67 ± 

0.05 MPa	 m for the loading rate of 0.01, 0.1, 1, and 10 MPa/s, respectively. The mode II 

fracture toughness values are 1.42 ± 0.10, 1.42 ± 0.12, 1.58 ± 0.19, and 1.72 ± 0.19 

MPa05 MPa	 m for the loading rate of 0.01, 0.1, 1, and 10 MPa/s, respectively. 
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Fig. 6.9 Variation of the fracture toughness with respect to the loading configuration. 
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Fig. 6.10 Effect of loading rate on the fracture toughness. 
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     The relationship between the fracture toughness and the specimen size can be obtained 

as shown in Fig. 6.11. In case of the mode I fracture toughness, the fracture toughness 

increases with the specimen size. Even though there is a scatter in the mode II fracture 

toughness, the same tendency can be observed in the mode II fracture toughness.  
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Fig. 6.11 Relationship between the fracture toughness and the specimen size. 

 

     Fig. 6.12 shows that the mode II fracture toughness seems to be related to the 

confining stress. The mode II fracture toughness increases with the confining stress. At 

the confining stress of 15 MPa, the mode II fracture toughness is 7.93 MPa	 m, which is 5 

times greater than the fracture toughness without confining stress. 
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Fig. 6.12 Variation of the mode II fracture toughness with respect to confining stress. 

 

6.4 Discussion 

 

6.4.1 Effect of loading rate on the cohesion and internal friction angle 

     As can be seen in Fig. 6.8, the cohesion shows the dependency on the loading rate; the 

cohesion increases with the loading rate. The internal friction angle seems to be only 

slightly affected by the loading rate. The internal friction angle is related to size and 

shape of grains. This physical structure is not affected by the loading rate.  

     The cohesion results from the strength of bonds or cements between the grains and/or 

particles of rock. At a low loading rate, this bond can be broken by environmental 

reaction as well as mechanical loading. On the other hand, at a fast loading rate, this bond 
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is mainly broken by mechanical loading only since there is not enough time to develop 

environmental degradation.  According to the subcritical crack growth theory [50], the 

cohesion and the loading rate can be related by the following equation: 

4 · �R
2

$i 2‰  (6.16)

where, n is the subcritical crack growth parameter. 

From the slope of regression line in Fig. 6.8 the subcritical crack growth parameter n is 

determined to be 28.  

 

6.4.2 Effect of loading rate on the fracture toughness 

     The same tendency as strength and cohesion is observed for the loading rate 

dependency on the fracture toughness. Since the fracture toughness is proportional to the 

applied strength at failure, one can assume that the fracture toughness also increases with 

loading rate. This phenomenon also can be explained with the subcritical crack growth 

concepts. 

     At a low loading rate, the microfracture process zone ahead of notch tip develops due 

to the subcritical crack growth and critical crack growth under the applied loading. But at 

a high loading rate, the microfracture process zone develops without significant 

subcritical crack growth. The propagation of a fracture or crack requires a certain size of 

the microfracture process zone, therefore in the case of a high loading rate, it needs a 

higher applied load. Consequently, a higher value of fracture toughness is measured. 
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6.4.3 Effect of specimen size on the fracture toughness 

     Accurate knowledge of the size effects on fracture toughness is very important to 

apply the small-scale laboratory results to the field-scale applications. As can be seen in 

Fig. 6.6c, the shear strength decreases with specimen size. This can be explained simply 

that the larger size of the specimen will have the higher probability of having larger and 

weaker flaws. However, in case of the fracture toughness, the values increase with 

specimen size. This is also observed by many other researches [102-104]. The reasons for 

the size effect on the fracture toughness are still unclear. This may be related to the size 

requirement or some boundary effect. Here, we examine the size dependency of the 

fracture toughness in terms of fracture energy.  

     The fracture energy GF can be calculated from the following equation [105]:  

K¦ �
"
" m

 (6.17)

where, A is the area under the load-deformation curve and Ao is the area of ligament, 

which can be calculated as ( )oA B W a	 
  with B = specimen thickness, W = specimen 

width, and a = crack length. 

     Fig. 6.13 shows the load-deformation curves for the CT and the SBC specimens. 

Table 6.2 shows the GF values under various specimen sizes. The GF values increase with 

increase of the specimen size. The larger specimens have more fracture energy, and this 

results in the larger values of fracture toughness.  
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Fig. 6.13 Load-deformation curves: a) CT specimen; b) SBC specimens. 

 

Table 6.2 Fracture energy with respect to specimen size in mode I and mode II test. 

Specimen width W [mm] 
GF [N/m] 

Mode I Mode II 

38.1 - 4359.11 

50.8 128.51 5345.96 

63.5 206.95 5398.29 

76.2 255.40 6022.19 

 

6.4.4 Effect of confining stress on the fracture toughness 

     The effect of the confining stress is to suppress the development of the microfracture 

process zone ahead of notch tip. This follows since increasing the confining stress causes 

the closure of pre-existing microcracks, and reducing the microcrack density increases 

rock strength. Thus, a greater applied load is needed to overcome the confining stress to 

propagate a crack. These reasons can be used to explain the confining stress dependency 

on the strength and the fracture toughness.  
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6.5 Conclusions 

      

     In catastrophic failure in rocks, both fracture toughness and strength are important 

parameters controlling the fracture characteristics. In this research, we performed various 

conventional rock mechanics tests and fracture mechanics tests to determine the strength 

parameters and the fracture toughness for Coconino sandstone. The followings are 

summaries obtained from this study. 

�  In-plane (mode II) shear strength is approximately 2 times higher than out-of-

plane (mode III) shear strength. Also, out-of-plane (mode III) shear strength is 

about 1.67 times higher than indirect tensile strength. 

�  The average values of the strength are approximately 7.0, 22.8, and 11.8 MPa for 

tensile, mode II shear, and mode III shear strength, respectively. 

�  The mode II fracture toughness is approximately 1.78 times higher than the mode 

III fracture toughness. Also, the mode III fracture toughness is about 1.35 times 

higher than the mode I fracture toughness. 

�  The average values of the fracture toughness are 0.66, 1.58, and 0.89 MPa	 m for 

the mode I, mode II and mode III, respectively. 

�  Cohesion is depended on the loading rate and internal friction angle is not 

affected by the loading rate. The gradient of cohesion with respect to the loading 

rate is related to the subcritical crack growth parameter n. 
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�  The effect of loading rate, specimen size, and confining stress on the fracture 

toughness were investigated.  The fracture toughness increase with loading rate, 

specimen size, and confining stress.  
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CHAPTER 7 

SUMMARY AND CONCLUSIONS 

 

7.1 Summary and conclusions 

 

     Subcritical crack growth plays an important role in evaluating the long-term stability 

of structures in rocks. The characteristics of subcritical crack growth can be described by 

a relationship between the stress intensity factor and the crack velocity.  

     In this study we present the results of studies conducted to validate the constant stress-

rate test for determining subcritical crack growth parameters in rocks, compared with the 

conventional testing method, the double torsion test.  

     Various types of specimens including the Brazilian disk, three-point bending, grooved 

disk, single edge notched bend, and compact tension specimens have been tested on 

Coconino sandstone under the constant stress-rate scheme and the subcritical crack 

growth parameters have been determined.  

     The results of the constant stress-rate test are in good agreement with the results of the 

double torsion test. More importantly, the stress-rate tests can determine the parameter A 

with a much smaller standard deviation than the DT test. Thus the constant stress-rate test 

seems to be a valid and preferred test method for determining the subcritical crack growth 

parameters in rocks.  

     We investigated statistical aspects of the constant stress-rate test. The effects of the 

number of specimens on the subcritical crack growth parameters were examined using 
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the grooved disk specimen. The subcritical crack growth parameter n decreases and 

approaches 37 as the number of specimens is increased. The other parameters D and A 

are almost constant regardless of the number of specimens.  

     The mean and standard deviation of the subcritical crack growth parameter A were 

obtained by randomly selecting subsets from the full sets of fracture data. It is found that 

there was good agreement between the parameters determined from the statistical subset 

method and the equation derived from statistical theory.  

     In addition, the distribution form of the subcritical crack growth parameters and the 

relation between the parameter n and A were determined. The distribution of the 

parameter n could be approximated by a lognormal distribution for the lower number of 

specimens. But as the number of specimens was increased, the distribution changes to a 

normal distribution. The distributions of the parameter D and A could be approximated by 

a normal distribution regardless of the number of specimens.  

     Weibull statistics were applied to the fracture strength data to describe the variability 

of the fracture strength and the subcritical crack growth parameters. The Weibull 

modulus m depends strongly on the number of specimens. In contrast, the Weibull scale 

parameter � o is constant regardless of the number of specimens. Both Weibull parameters 

increase with increasing loading rate. The slope of the Weibull parameter � o – stress rate 

diagram is related to the subcritical crack growth parameter n. The Weibull modulus m 

most affects the variability of the subcritical crack growth parameter n. 
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     The subcritical crack growth parameters under mode II and III loading were 

determined experimentally by using the constant stress-rate tests. We extended the 

constant stress-rate test technique to modes II and III subcritical crack growth in rocks.  

     The experimental results of the modes II and III tests show that the values of the 

subcritical crack growth parameters are similar to each other. When we compare with 

mode I tests results, the subcritical crack growth parameter n is similar for all the loading 

configurations and specimen geometries. The main reason for this is thought to be that 

subcritical crack growth is environmentally-induced crack growth rather than the 

mechanical rupture of bond.  

     The effect of confining stress, specimen size, and water saturation on subcritical crack 

growth under mode II loading has been investigated. The parameter n linearly increases 

with increasing confining stress and the parameter A exponentially decreases with 

increasing confining stress. Increasing the specimen size results in a linear increase in the 

subcritical crack growth parameter A. But, the parameter n is independent of the 

specimen size. The parameter n is almost constant regardless of water saturation, and the 

parameter A increases by only a small amount when the specimen is fully saturated.  

     From the experimental results the subcritical crack growth parameter n is not affected 

by loading configuration, specimen geometry, specimen size, and environmental 

circumstances. However, the parameter n is affected by confining stress, and n is 

expected to vary for different rock types [8]. Overall the parameter n can be considered a 

material constant of rocks.   
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     Finally strength parameters for Coconino sandstone were determined experimentally, 

including tensile strength, uniaxial compressive strength, cohesion, internal friction angle, 

in-plane / our-of-plane shear strength and the fracture toughnesses under modes I, II, and 

III loading.  

     The in-plane (mode II) shear strength is approximately 2 times higher than out-of-

plane (mode III) shear strength. Also, the out-of-plane (mode III) shear strength is about 

1.67 times higher than the indirect tensile strength. The mode II fracture toughness is 

approximately 1.78 times higher than the mode III fracture toughness. Also, the mode III 

fracture toughness is about 1.35 times higher than the mode I fracture toughness.  

     The effect of loading rate on cohesion and internal friction angle was examined. 

Cohesion depends on the loading rate while the internal friction angle is not affected by 

the loading rate. The effects of loading rate, specimen size, and confining stress on the 

fracture toughness were investigated. The fracture toughness increases with loading rate, 

specimen size, and confining stress. 

 

 

7.2 Recommendations for future research 

 

1) All the experiments conducted using the constant stress-rate method employ 

higher stress rates than actual geologic conditions (long term low strain rate 

loading). Thus, time-to-failure tests such as the static fatigue and constant loading 

tests may be utilized in the future to provide properties for geologic loading 
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conditions and these results can be compared with the results obtained from the 

constant stress-rate method. 

2) The power-law crack velocity – stress intensity factor formulation has been used 

for the constant stress-rate testing due to its close agreement with lab results as 

well as the simplicity in its mathematical treatment. Alternative crack velocity 

formulations such as exponential forms have rarely been used because in most 

cases it does not improve the fit with lab data. Also it poses some mathematical 

difficulties compared with the power law formulation. Based on thermodynamic 

principles, Dove [106] showed that the exponential formulation might be a better 

representation for subcritical crack growth in quartz. Since the exponential crack-

velocity formulation might better represent the subcritical crack growth behavior 

in certain types of rocks or might better represent the long-term creep behavior of 

rocks, in the future the constant stress-rate method could be extended to include 

an exponential crack velocity – stress intensity factor relationship. 

3)  The effects of temperature and pH of the saturating fluid on the subcritical crack 

growth were not considered in this research. These may be important elements in 

applications such as CO2 sequestration in geologic formations. 
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