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ABSTRACT

For a fixed rational prime p and primitive p-th root of unity (, we consider the
Jacobian, J, of the complete non-singular curve give by equation y? = z%(1 — x)°.
These curves are quotients of the p-th Fermat curve, given by equation 2 +y? = 1, by
a cyclic group of automorphisms. Let & = Q(¢) and kg be the maximal extension of
k unramified away from p inside a fixed algebraic closure of k. We produce a formula
for the image of certain coboundary maps in group cohomology given in terms of
Massey products, applicable in a general setting. Under specific circumstance, stated
precisely below, we can use this formula and a pairing in the Galois cohomology of
ks over k studied by W. McCallum and R. Sharifi in [MS02] to produce non-trivial
elements in the Tate-Shafarevich group of J. In particular, we prove a theorem for
predicting when the image of certain cyclotomic p-units in the Selmer group map

non-trivially into II(k, J).



CHAPTER 1

INTRODUCTION

1.1 General Introduction

Algebraic Number Theory is, first and foremost, the study of solutions to polynomial
equations with integer coefficients. The same can be said for this dissertation. We

begin with the non-singular, complete projective curve given by affine equation
Y’ =a"(1-2)"

for a rational prime p >3 and 1 < a,b <p—1.

It is natural to ask about the set of solutions to this equation with coefficients in
an algebraic extension of Q. In particular, we would like to know the size of this set.
However, it proves to be more convenient to first embed the curve inside a variety of
higher dimension that has a richer algebraic structure and then ask the same questions
about this new variety.

We take the Jacobian variety, .J, of the curve, the points of which form an abelian
group. The Mordell-Weil Theorem [Wei29] tells us that the group formed by the
points of the jacobian that are rational over a finite extension K of Q is a finitely
generated abelian group. Thus, the Fundamental Theorem of Finitely Generated

Abelian Groups [Lan65] implies that this group is of the form
ToZ,

where T is a finite group and the non-negative integer r is called the Mordell-Weil
rank of the Jacobian over K.
This rank is an elusive invariant. To get hold of it, an often fruitful strategy

employs quotients of J(K) and isogenies in a process called infinite descent (see



[IR90, Chapter 19] for a proof over Q). This process gives rise to Selmer groups, the
size of which give an upper bound on the rank of J(K).

The failure of these Selmer groups to give the precise rank is measured by the
size of subgroups of the Tate-Shafarevich group of J, denoted II(K, J). This group,
however, does not willingly subject itself to convenient study. Indeed, II(K,.J) is
not known to be finite (though is conjectured to be so) nor is it demonstrably large,
containing conveniently observed elements.

This dissertation proves a computable method for detecting the existence of non-

trivial subgroups of II(k, J) applicable in specific circumstances.

1.2 Summary of Results

The results of this paper provide ways to detect non-trivial elements in the Tate-
Shafarevich group of certain Jacobians J, of Fermat curves defined over cyclotomic

fields. This is done as follows:

We prove that non-triviality of elements in III(k, J) can be shown by showing that
corresponding elements of the Selmer group are not infinitely liftable in some tower of
cohomology groups H'(Gyg, J[A\"], where A is an endomorphism of J and S is a set of
primes containing primes of bad reduction and primes dividing the degree of A\. The
Selmer groups are contained in these larger cohomology groups, and any element of
a Selmer group which is trivial in III(k, J) must come from J(k)/A"J(k), and thus
must lift infinitely up the tower (since the map J(k)/A\""'J(K) — J(k)/A\"J(K) is

surjective).

The resulting theorem is the following:

Theorem 1.2.1. If p is an irreqular prime that divides the numerator of the r-th

p+1

Bernoulli number, B,, and p —r + 3 > 5

, then (np—r+3,Mp—3) # 0 implies that the

image of Np—_r43 in LI(J, k) is nontrivial.



10

Here, ( , ) denotes the cup product pairing in [MS02] and 7; are projections of
cyclotomic p-units into the ith eigenspace of the action of Galois.

This proof of the theorem is provided in Chapter 4. A list of all of the primes
that satisfy Theorem 1.2.1 up to 1000 is given in Table 4.1 and a list up to 10000 can
be found at [Lev]. A comparison to the elements produced in this paper with those
found in [McC88] is given in Section 4.1.

The background material required for the proof of the theorem is given in Chapter

Chapter 3 develops a method for computing certain coboundaries in group coho-
mology using Massey products. It completes Step 2 with a formula applicable in the
cohomology of arbitrary groups with coefficient modules isomorphic to (Z/ pZ)k as

groups, with action given by upper triangular matrices of the form

1 a1 as ... ap_
1 ay ... Qarp—2
(1.1)
ai
1

This result is summarized in the Proposition 3.6.4 in Section 3.6. The result char-
acterizes the image of the coboundary of certain distinguished elements in terms of
Massey Products, which are defined in Section 3.4.

We exploit the computations done by McCallum and Sharifi in [MS02] for primes

less than 15,000 to produce numerous examples of nontrivial subgroups of II(k, J).
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CHAPTER 2

BACKGROUND

2.1 Notation
If G,G" are groups and ¢’ : G — G’ is a homomorphism we denote the kernel of ¢ by

Gl6] = ker(9).

We use K to signify an arbitrary number field and denote by K a fixed algebraic
closure of K contained in C. We denote by K* the multiplicative group of nonzero
elements of K, Ok the ring of integers in K and CI(K) the ideal class group. The

absolute Galois group of K is written
G = Gal(K/K).

For a Gg-module, M, we write H'(K, M) for the Galois cohomology groups
H (G, M).
We fix an odd rational prime p and choose a primitive p-th root of unity (.

We let
k=Q(¢)

and

A = Gal(k/Q).
The Teichmiiller character
w:Gg— (Z/pZ)"

is defined by
CU _ Cw(a)

for o € Gg.
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2.2 Curves and Their Jacobians

In the next chapter we will be concerned with a family curves and their Jacobian
varieties. In the first part of this section, we give the definitions and relevant prop-
erties of algebraic curves and their associated Jacobian varieties. We then go on to
define the family of curves central to this paper and state those properties possessed
by members of the family that will be useful in the next chapter.

By a curve defined over K we mean a nonsingular, projective, geometrically in-
tegral curve defined over the field K. For instance one can take the non-singular

projective completion of the affine curve given by an equation of the form

f(z,y) =0.

A fundamental invariant of curves is the genus. (For K = C curves can be regarded
as real surfaces, and then this corresponds to the topological notion of genus.)

The genus of a curve X, defined over an algebraically closed field, is defined to be
g =dimH'(X,Ox).

Theorem 2.2.1. (Riemann-Hurwitz Formula) [e.g. [Har77, IV, cor. 2.4] Let f :
X — Y be a finite separable morphism of curves defined over an algebraically closed

field. Let n = deg f. Then

29(X)—2=n-(29(Y) =2+ > (ep—1)

pPey

where the sum s over all closed points in'Y and ep is the ramification degree of P.

For a curve X defined over a number field, K, of characteristic 0, we define the

genus of X to be the genus of
Xi = X Xgpec(r) Spec(K).

We will not give a formal definition of the Jacobian variety of a curve X here.
Instead we give the following characterization. For general background in Jacobian

varieties we refer the reader to [Mil86¢| and for abelian varieties to [Mil86a] or [Har77].



13

Definition 2.2.2. For a curve X of genus g > 0 defined over K, there is an abelian
variety Jac(X) of dimension g, also defined over K, such that, for any extension
L/K, the L-rational points of Jac(X) classify L-rational divisor classes of degree

zero on X.

If X has a K-rational point, then any K-rational divisor class contains a K-
rational divisor, so we can think of K rational points on the Jacobian as classes of
K rational degree zero divisors on X. Furthermore, the structure of Jac(K) as an
abelian group can be understood in terms of the group law on the degree zero piece
of the divisor class group of X.

Note, then, that the Jacobians of curves of genus 1 are also curves. Such curves
are elliptic curves and are the central object of a rich theory. The reader is referred
to [Sil86] and [Tat74] for further reading. The curves we will study below are all of
higher genus, and thus their Jacobians are abelian varieties of higher dimension.

Let us now return to the curves defined above by (2.2). The action of ¢ on the
points of U, naturally extends to an action on divisors and therefore, on the points

of the Jacobian

J = Jac(Cyp).

Let us now fix an odd rational prime p and consider the p-th Fermat curve
F,: 2P +y’ =1 (2.1)
We fix a primitive p-th root of unity
¢eQ
and integers 1 < a,b < p—1,a+b# 0 (mod p). Then we can define an automorphism
¢ F,—F,

via

(z,y) — (¢Pz, ).
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This automorphism generates an automorphism group of order p, and the quotient

of F, by this group is another curve, the points of which parameterize the orbits of

0.

The equation of this quotient curve is

Cop: P =2°(1—2), 1<a,b<p—1,a+b#0 (mod p). (2.2)
By changing our choice of generator of the cyclic group of automorphisms gener-
ated by ¢, we can assume that b = 1 and the equation of the curve is
yY=2'1—-2), 1<s<p-—2 (2.3)
We compute the genus of such a curve by using a map

f:Cup — P!

(z,y) — =

The assumptions on a and b imply that f is ramified at three points: the two affine
points (0,0) and (1,0) and the point at infinity. For these three points ep = p and so
from Theorem 2.2.1, we find that

9(Cap) = p%l. (2.4)

We can use our primitive p-th root of unity, ¢ to define an automorphism of C,

which, by abuse of notation, we also call ( :

Ca,b - Oa b

)

(@, 9) = (2,Gp)-

The action of ¢ on the points of C,; naturally extends to an action on divisors

and therefore, on the points of the Jacobian

J = Jac(Cyp).
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We recall that

and get that

Thus, if we let

we have a map, which we also call A
A J(k) — J(k).

These Jacobians will be central to the remainder of this paper. So, before moving
on, we will collect some useful facts regarding the group structure of J(k) and the

rationality of the kernels
JIN] =Ker (X' : J(k) — J(k)) .
Proposition 2.2.3. [Gre81, Prop. 1] If p > 5, then
JIN C J(k).
An immediate and obvious consequence of this proposition is that
JIN) c J(k) fori=1,2

as well, since

TN € TN

for all 7.
Points of torsion for higher powers of A are not in general rational over k. However,
we do have the following characterization of the field over which they are rational.
Let
A = Gal(k/Q)
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and let
w:Go— (Z/pZ)"

be the Teichmiiller character, defined in Section 2.1.
Let C be the group of cyclotomic units in k%, the maximal real subfield of k, and

for j even and 2 < j < p— 3, let
(C/pC); = {c € C/pC|c° = w(o)c for all o € A}.

Then Proposition 8.13 of [Was82] gives us that (C/pC); is cyclic of order p. Let
n; be a cyclotomic unit whose image in C/pC' generates (C/pC);. For i odd and
3<1<p-—2,let

L= k(g). j=p—i (25)
If Vandiver’s conjecture is satisfied (that the index of C' in the units of k" is not
divisible p), then L;/k is a nontrivial extension. By Kummer theory, the natural

conjugation action of A on Gal(L;/k) is via the character w'.

Theorem 2.2.4. [Gre81, Theorem j] Let J be the jacobian of Cqp, and for odd i,
3<1<p—2, let

(@b _ ko ifa +b =(a+b)" (modp)
‘ L; otherwise.

and let L be the compositum of the LE‘“"). Then k(J[p]) = L

Since A|p for 1 < i < p — 1, this implies that J[A?~!] is rational over the field L
in the theorem, and thus so is J[\Y] for all i < p — 1.

Note that there is a natural action of A on Gal(k(J[p])/k), and Theorem 2.2.4 tells
us that Gal(k(J[p])/k) is isomorphic to a product of copies of Z/pZ and decomposes
into eigenspaces of dimension 1 under the action of A, with eigenvalues that are odd
powers of w. There is a corresponding expression of L as a compositum of Kummer

extensions of k Galois over Q, and these are the LE“’” To describe the smallest subfields
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of L over which J[\] is rational for i < p— 1, we need the following lemma, the proof

of which is given in Section 3.1.
Lemma 2.2.5. The Galois group G acts on J[N1|/J[N] via the character w™".

Proposition 2.2.6. For 2 <1 < p— 2, we have

k(J[N]) if i is even

E(JIA) = {k(JP\i])LEa’b) if i is odd.

Proof: First, we note that each of the fields k(J[\']) is Galois over Q, since for
§ € A, X0 is a unit times A. Thus, by Theorem 2.2.4, k(J[I!]) is a compositum of the
fields L,(f’b), where k£ ranges over some subset of odd k£, 2 < k£ < p — 2. We now use
Lemma 2.2.5 to identify that subset.

Choose P € J[A]\ J[\] such that P is an eigenvector for the action of A on
JIA]. Then, by Lemma 2.2.5,

§(P) =w ' (§)P. (2.6)
Take o € Gal(k(J[N])/k(J[NY])). Then
AP’ — P) = (AP)” — AP = AP — AP =0, (2.7)

SO

o(P) =P+ Py (2.8)

where Py € J[\]. Now take 6 € A and let n be such that dod~! = ¢". Then

§o(P) = 6007 '6(P) = 0"6(P) = 0" (w () P) = w '(6)0™(P) =
W (OP+w (0)nPy. (2.9)

by (2.6). On the other hand,

§a(P) = 6(P+ Py) =w ' (6)P + P. (2.10)
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Therefore, if Py # 0, n = w'(d) for any 6 € A. That is, if k(J[A™])/k(J[\]) is non-
trivial, then A acts on Gal(k(J[A\""1])/k(J[N\]]) via w'. The Proposition now follows,
because Theorem 2.2.4 tells us that the only possible ¢ that can occur as eigenvalues

of Galois groups of Kummer extensions in L are odd i satisfying a' + 0* = (a + b)"’
(a,b)

(mod p), and for those ¢ the corresponding Kummer extension is L;"”. Furthermore,

cach such L{*” must occur somewhere in the tower k(J[A]).

2.3 Selmer Groups and Bernoulli Numbers

In this section we give the definition of the Selmer group and Tate-Shafarevich group
of a variety. We then restrict the discussion to our specific case and describe the
decomposition of the Selmer group into a sum of eigenspaces. We end the section
by relating the non-triviality of certain eigenspaces to a divisibility property of nu-
merators of Bernoulli numbers. This will allow us to deduce the existence of desired
elements of the Selmer group in Chapter 4.

Let A and A’ be abelian varieties defined over a number field K with an isogeny
¢ A— A

defined over a finite extension K of Q. Then we can write the short exact sequence

of Gx = Gal(K /K)-modules
0 — A(K)[¢] = A(K) — A'(K) — 0.
Thus we have a long exact sequence of Galois cohomology groups:

0— HO(K, A[g]) —= HO(K, A(K)) —2= H(K, A’(K))> (2.11)
0

Q HY (K, Alg]) —= H'(K, A(K)) —= H'(K, A'(K)) —> - -

We extract from this the short exact sequence:
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0 — A'(K)/o(A(K)) — H'(K, A(K)[¢]) — H' (K, A(K))[¢] — 0 (2.12)

For any place v of K we repeat the procedure above, replacing K by K,, its
completion at v, and K by K,, the completion of K at a place above v, and get
a short exact sequence analogous to (2.12). Furthermore, associated to each v is a
restriction map

res: H'(K,—) — H'(K,,—).

So we have the following commutative diagram:

0 —— A'(K)/@A(K) —— H'(K, Alg]) HY (K, A(K))[¢] —=0

\L [Iresw \L [1ress \L

0 —=[A(K)/PA(K.) e, 11 HY (K, Alg]) —= [T H'(K,, A(K,))[¢] —=0

(2.13)

We now define the central objects of interest in the paper:

Definition 2.3.1. The Selmer group, S®(A, K), is defined as
S¢(A, K) = Ker (Hl(K,A[qs]) — HHl(Kv,A([_(U))> .

Thus the Selmer group can be considered as the subgroup of H'(K, A(K)) satis-

fying certain local triviality conditions.

Definition 2.3.2. The Tate-Shafarevich group, (A, K), is defined to be
(A, K) = Ker (Hl(K, A) = [[H (K., A(K}))) .

Elements in III( A, K) are represented by cocycles in H'(K, A(K)) that are locally
trivial (for all places v). The nontrivial elements in III(A, K) correspond to those

elements in S?(A, K) that are not the image of points of A'(K).
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This point of view is represented by the following short exact sequence:

0 — A(K)/pA(K) — S?(A, K) — II(A, K)[¢] — 0.

Our goal in this paper is to exploit this exact sequence in order to produce non-
trivial elements of the Tate-Shafarevich groups of certain varieties over certain number
fields. We will establish a method that will take elements of a Selmer group and
determine whether its image in the Tate-Shafarevich group is trivial or not. This
method reduces the search for non-trivial elements in Tate-Shafarevich to a finite
computation. However, it requires us to start with elements we know to be in the
Selmer group. So it is natural to consider the structure of this group more closely at
this point.

In order to do this as completely as the sections below require, we will specify the
varieties and Selmer groups at hand.

Take our prime p and primitive p-th root of unity ( € C. Let X be the projective

curve over Q given by equation
y' =a"(1—2)"

and let J = Jac(X) be the Jacobian of X as in Section 2.2. Then multiplication by
A extends to a morphism
Ao —J
defined over the field
k=Q(¢)-
These are the same varieties and endomorphisms discussed in Section 2.2.
We recall from Section 2.2 that the kernel of A is rational over Q and the points

form a cyclic group of order p. Thus both J[A] and p, are trivial Gal(k/k)-modules.

Choosing generators gives us an Gal(k/k)-isomorphism

JIA] =
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and thus an isomorphism

H' (k, J[\]) = H' (K, 1)

Kummer theory gives us an isomorphism
H (k) = K 1

and so we have

H'(k, J\) = k" /E. (2.14)

Now the definition of the Selmer group S*(k, J) and the isomorphism (2.14) iden-
tifies S*(k, J) with a subgroup of k*/k*", defined by certain local conditions at every
valuation of k. Since J has good reduction outside p, and since A has degree p, the
condition at a valuation v prime to p is simply that the image of the element in k, /£
lie in the image of the local units. For the valuation above p, the condition is that
z lie in the image a certain subgroup W of k; /k,”, which was calculated by Faddeev
in [Fad61]. See also [McC88] for a precise statement. We summarize what is needed

from Faddeev’s calculation in the following statement.

Proposition 2.3.3. [Fad61] Let U denotes the units of k, congruent to 1 (mod \?).
Then Faddeev’s group W contains the image of UP+3/2 in k;‘/k;p. Thus an element
x € k*/k*P is in the Selmer group if z, is in the image of the local units for all v not

above p, and x, € UP+3)/2,

The following lemmas will provide us with readily accessible elements of k*/k**
corresponding to elements of S*(k, J). These elements will be of use to us in the next
chapter.

Since every element of k* /k*" is of exponent p, we get a natural action of (Z/pZ)*
on it. Let A act on k*/k* through its Galois action on K*, and consider the

eigenspaces

/" (W) = {a € k* k™ |a” = w'(0)a for every o € A}.
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For each 1 < i < p — 1 we define an idempotent element of Z,[A] as follows

1 )
gg=——)» w(o) o
P 1 gEA
Then we have that for each o € k*/k*",
g € k*[K*P(w'). (2.15)

We let C denote the group of cyclotomic units and define elements
n; = (1 —=¢)% (mod CP). (2.16)

Under the proper circumstances, certain 7; will represent elements in S*(k,.J). In
order to state those circumstances and identify the correct ¢, we need the following

definition.

Definition 2.3.4. The Bernoulli numbers, B,, are defined by the following series

eTPansion

t A
et — 1 :ZBHE'

n=0
Theorem 2.3.5. If p|B; for some i even and 2 < i < p — 3, then the image of the

unit 1; in the completion ky at the prime A =1 — ( is a p-th power.
Proof: This follows from [Was82|, Theorem 8.25 and Theorem 8.16. O

These results immediately combine to give us the following proposition:

Proposition 2.3.6. If p satisfies Vandiver’s conjecture, and if p divides the numer-

ator of B;, then n; is a non-trivial element in the Selmer group S*(J, k).

Proof: First, n; is nontrivial in k*/k* because p satisfied Vandiver’s conjecture
[Was82, Theorem 8.14]. Since (1 — () has valuation 0 at all valuations not dividing p,
so does n;, and so it satisfies the local condition at these valuation. By Theorem?2.3.5,

ni is a p-th power locally at the valuation above p, and hence is trivial in kj k"
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Thus, in particular, it satisfies the local condition there as well. Therefore it is in the
Selmer group. O
We will use Proposition 2.3.3 to produce different elements in S*(k, J) after giving

the following lemma.

Lemma 2.3.7. If X is as above and w is the Teichmiiller character defined in section
2.1, then
N =w(e)A  (mod \?)

for o e A.
Proof: We have that
W= (1-¢ = (1-¢7) = (1= ¢,
If we choose an integer 1 <n < p — 1 so that n = w(o) (mod p) then we have that
N = (1= ¢ = (1= QA ok O,
Rewriting the second factor we have that
A= (1= O (=D (1) = (L= 2+ (L= Q).

Thus

O

Proposition 2.3.8. ]f’%?’ <1 < p—2 then the image of unit n; in k*/k*? is contained
in the Selmer group S'(k,J).

Proof: By Proposition 2.3.3 it is sufficient to check that n; is in U®*+3)/2_ Since i
is not divisible by p — 1, and since A acts trivially on the residue field of p, a simple

calculation shows that the image of n; in k}/ky” is contained in the image of U°,
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and in fact, since U°/U! has order p — 1, it is contained in the image of U'. Now,
Lemma 2.3.7 implies that A acts U*/U*! with eigenvalue w*. Therefore, since n;
has eigenvalue w', it must be contained in U". U

The elements provided by Proposition 2.3.8 will be used in the next chapter to

produce non-trivial elements in II(k, J).

2.4 The McCallum-Sharifi Pairing

In this section we give a summary of the basic definitions and relevant properties of
a cup product pairing studied by McCallum and Sharifi. The reader is referred to
[MS02] for the full account.

For fixed odd rational prime p we choose a primitive p-th root of unity ¢ and let

k=Q(¢).

We let k™ be the maximal real subfield of %, so

K= Q¢

and fix the set
= {10}

We assume that the prime p does not divide the class number of £T; that is, that p
satisfies Vandiver’s conjecture.

Now let kg denote the maximal extension of & unramified outside of the set S and
Gr.s = Gal(k,/k).
By the inflation-restriction exact sequence in cohomology [AW67] we have:

inf res
0—= HY(Grs, ptp) —= H'(k, pp) == H' (kg 11) (2.17)



25

and can, therefore, identify H'(Gy. s, i1,) with the kernel of the restriction map in

(2.17). Kummer theory gives us the isomorphisms [Koc00]

HY (k, 1) = 7
and

H (kg 1) 2 K2R,
So we have the isomorphism

HY(Gs, 1p) = ker (res : k* /K — kX k) .
If we let
Dy ={a €k’ :ord,(0) =0 (mod p) for all v ¢ S}

then we have that

Hl (Gk,s, ,up) = Dk/k*p (218)

We let Oy g denote the ring of S-integers in Oy and Og denote the ring of S-
integers in Oy_. Since kg is the maximal extension of & unramified away from the
primes contained in S, it contains the Hilbert class field of k£ as a subextension.
Moreover, kg contains the Hilbert class field of any of its subfields. Therefore, an
ideal a of Oy, ¢ becomes principal in Og. We write a = («) for o € k¥. So for o € Gy s

we have that

and so

for some u € OF. Now we can associate to a in Oy 4 the class of the cocycle (¢ — a”/a)

in H'(Gy. 5, O%). This gives us a map
Ikﬁ - Hl(Ghs, Og), (219)

where I}, ¢ is the group of S-ideals in Oy, ;.
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Hilbert’s Theorem 90 gives us that H'(Gy.s, k%) = 0. We use this fact together
with the exact sequence

0—-05—ksg— Ps—0
to get that the map (2.19) induces an isomorphism
Crs = H' (G5, 0%) (2.20)

where C} g is the S-ideal class group of k. This exact sequence can also be used to
show that
H*(Grs,0%) =0 (2.21)

in this case, since S has exactly one prime. See [MS02] for details.
Lemma 2.4.1. If a € O%, then o!/? € k.

Proof: Take a € O and let
L = k(a'/?).

Since S contains A which is the only prime of k& above p, the extension L of k is
unramified outside of S. But since kg is the maximal such extension, we have that

L Cks. OJ
This lemma gives us that p-th power map
p: 0y — Oy
is surjective. Thus the sequence

0 Iy 0r L= 05 0 (2.22)

is exact. We use the long exact sequence in the cohomology of Gy g arising from

(2.22) to get

HY (G, ttp) — H (G5, 0%) —> H (G5, 0%) — H*(Gr., 1) — - --
(2.23)
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Using the isomorphisms (2.20) and (2.21) and tensoring with p, we extract the

isomorphism

Ch,s/PCh,s @ pip = H' (G5, p157). (2.24)

By (2.18) above, we can identify elements of Dy with elements of H'(Gy. g, i)

Therefore, from the cup product
Hl(Gk,s, Mp) X Hl(Gk,S; ,up) — HQ(Gk,S7 #?2)

we get a pairing
(, )s: Dk x Dy — Crs/pCrs @ L. (2.25)
McCallum and Sharifi determined the following formula for (a,b)s. (For a fractional

ideal a, we write [a] for the image of a in the quotient Cy s/pCk s.)

Theorem 2.4.2. ([MS02], Thm 2.4) Let a,b € Dy, let o € k be such that o = a and
let L = k(o). We let b be the ideal of Oy s such that bOy g = 6" and write b = Np 7y
for some . We write
YO0Ls = ¢ "b
for ideal ¢ of O s and o € Gal(L/k). Let £ € p, be the root of unity such that
a’ = &a. Then
(a,b)s = [Np/r(c)] ®¢.

In the next chapter, we will not be interested in this pairing directly, but rather
in a related pairing which we will now define. We start with a pair (p, ) where p is a
prime and r is an even integer 2 < r < p — 3 such that p divides the numerator of the
r-th Bernoulli number B,. Such a pair is called an irregular pair. It is equivalent to
require that if Ay is the p-part of the ideal class group of k and w is the Teichmuller
character, then the eigenspace Ay (wP~") is non-trivial [[Was82], pp. 62-63]. In this

case, we fix an isomorphism

AP ) @ iy = T2 — 1), (2.26)
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where Z/pZ(2 —r) is the Gj s module that is group-theoretically isomorphic to Z/pZ
with module action given by a twist by w?~".

We now define a new pairing

(s ) (2.27)

by the commutativity of the following diagram:

(7)5

DkXDk

Ch,s/PCrys ® fip (2.28)
J{(z.%)
Z/pZ(2 —r)
We will be concerned with the restriction of ( , ), to cyclotomic units C x C. Before

ending this section, we will collect some fundamental results regarding this pairing.

The proofs can be found in [MS02].

Lemma 2.4.3. For n; defined as in (2.16), we have that

M nj)r =04f (p—1) +(p—j)#r (modp—1).

Theorem 2.4.4. ([MS02], Theorem 5.1) For all irregular pairs (p,r), with p < 10,000

there is a non-trivial, Galois equivariant, skew-symmetric pairing
(,):CxC—Z/pL(2—p)

satisfying a linear relation on the (ny_;, Ny—p+i) (stated in [MS02]). These properties

uniquely determine the pairing, up to scalar multiple.

We note that this theorem has been extended for p < 15,000 by Sharifi. His
computations can be found at [SM]|. A consequence of this theorem is that the
pairing ( , ), must be a scalar multiple of the pairing provided by Theorem 2.4.4.
McCallum and Sharifi conjectured in [MS02] that ( , ) is always a non-zero scalar

multiple of this non-trivial pairing.
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CHAPTER 3

A FORMULA FOR A COBOUNDARY

3.1 The maps J;

Let X be the curve over Q given by
Yy’ =a2°(1 —x), 1<s<p-—2
for an odd rational prime p and let
J = Jac(X)

be its Jacobian.

Recall our choice of primitive p-th root of unity ¢, and let

k= Q(Q).

If we let
A=1-C(

then J has complex multiplication by A and we will consider the short exact sequence

of G = Gal(k/k)-modules for each 1 <k <p— 1.

0 JIN —= JAH] A JIAF] ——0 . (3.1)

Let
O« H' (k, J[\]) — H*(k, J[N])
be the coboundary map for the corresponding long exact sequence.
For each k > 1, let GA* (k,J) be the Selmer group of J over k associated to the
endomorphism A\*. Our immediate goal is to give a method to check when elements
of S*" determine non-trivial elements in II(k, J). We reach this goal by way of the

following two lemmas.
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Lemma 3.1.1. If z € SN (k, J) is such that 6,(x) is not equal to zero, then the image
of x is not equal to 0 in II(k, J).

Proof: Consider a short exact sequence of Gy-modules for each £ > 1

0 — J[M] J(k) =2 J (k) —=0

and the long exact sequence in cohomology that arises. This long exact sequence

gives us the injection

0 — J(k)/A*T (k) — H'(k, J[A\")).

Putting the sequences for k and for k + 1 together with the natural surjection:

7 J(K)/NTLI(R) — J(k)/NFT(K),

we form the following commutative diagram:

0

|

i
T(k) /NI (k) == J (k) /AR J (k)

|

Hl (k), J[/\kJrlD

(3.2)

Ax

2 Yk, TN = H2(E, T[N]).

We expand the diagram (3.2) to incorporate this information.
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Therefore, if  is an element of S**(k,J) that is trivial in ITI(k, J)[N], it comes
from an element of J(k)/A*J (k). Then taking a preimage under the surjection 7 and

injecting into S**' (k, J) shows that z is in the image of A, and thus, &;(z) is zero.[]

Lemma 3.1.1 makes the image of d; of particular interest. Later in this chapter

we will return to study this coboundary map.

3.2 The Structure of J[\']

In this section we give a more explicit description of the structure of the torsion
subgroups J[A\*] as Gj-modules. This will eventually provide a concrete description

of the image of the coboundary map 9 of the previous section.
Lemma 3.2.1. For 1 <k<p-1

TN = (Z/pZ)*
as IF-vector spaces.

Proof: Since \P~!|p, we have that p annihilates each J[A¥], 1 < k < p —1 and

so each group is a [F,, vector space. All that is left to determine are the dimensions.
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We do so by considering the degree of the map A. The degree of multiplication by p
on the jacobian of a genus g curve is p?9. We found in (2.4) that the genus of C, is
p%l. Therefore the degree of multiplication by p on J is also pP~!. Since W~ = (p)

as ideals, multiplication by A?~! and by p have the same degree. Thus

deg(\?1) = deg(\)P~! = deg(p) = p*~! (3.4)
deg(\) = p. (3.5)
Thus deg(A\¥) = p* for 1 <k <p— 1. O

We use the convention of writing elements of (Z/pZ)* as column vectors. This
provides a k-dimensional representation of Gy over I, = Z/pZ. We can determine the

nature of this representation more precisely by way of the following lemma.

Lemma 3.2.2. The Galois group Go = Gal(Q/Q) acts on J[N¥]/JN71] via w'F,

where w 1s the Teichmuller character.

Proof: For k = 1 we have that J[A] is rational over Q [2.2.4], and so this case is
obvious.

To finish the proof we recall from Lemma 2.3.7 that A7 = w(o)\ (mod A\?). Now,
if we take P € J[A\*"!] and assume that the claim holds for k > 1, then AP € J[\¥]

and our assumption says that

(AP)? = w' *(o)(AP) (mod J[N\*1]).
Since k > 1, we have
(AP)? = \P° = w(o)AP° (mod J[A*71)).

So
W(o)AP? = W (e)AP (mod J[A*1])

and

AP? = Mo ()P (mod J[AFTY)
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and therefore

P? =W ()P (mod JNY]).

U
Since every o € Gy, fixes ¢, we conclude that the action of Gy on J[\¥]/J[A¥+1] is

trivial.

Choosing an ordered Z/pZ basis forJ[\¥],
B ={aq,...,ax},
where ; is a \-torsion point and
Ao = o1,

we see that the matrix of the representation of G corresponding to the module J[\*]
is lower triangular, with ones along the diagonal.

Let us call this representation
and write

1 aip(o) ais(o) ... aix(o)
1 as3(o) ... agk(o)
pi(0) =
1 ag-1x(o)

Since A is defined over k, we have that

(M) = May)?,  for every o in GY.

Expanding each side of this equation we get
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(ai-1)” = A7)

1

i—2 i1
Qi1+ )0 a0 = AMai+ 3 aj;05)
j=1 Jj=1
i—2
= o1+ Y 1,0
j=1

Setting the coefficients equal, we have that
Aj—1,i—1 = Uy

for all 1 < j <i—1 and for all 7. Thus, all of the entries in each subdiagonal of p(o)

are equal. This provides a simpler form of the matrix, namely

1 a1(0) as(o) ... ax_1(0)
1 ai(o) ... ag_o(o)
pi(o) = : . (3.6)
1 ai(o)
1

Furthermore, Proposition 2.2.4 gives us that J[\3] is rational over k; that is, Gy
acts trivially on J[A%]. This implies that a;(c) = az(c) = 0 for all 0 € Gy. Therefore,

the matrix (3.6) simplifies to

1 0 0 as(o) ... ag1(0)
o) = ' 1 O 0 agka)
pr(o) 1 0 0 (3.7)
1 0
1

The description of the coboundary map we obtain will be in terms of this repre-
sentation.

Motivated by this problem, we consider a more general situation, and study anal-
ogous coboundaries for a larger class of Gy modules. The image of the coboundary

map above will then be determined explicitly as a corollary to the more general case.
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3.3 A More General Family of Modules

In this section we construct families of modules of a group G, {V,}, {W;}, and {W ()}
that generalize the G} structure of the family of the J[\*] in the previous section.
We will then consider the analogous coboundary maps and give a useful description
of its image in terms of representations similar to the p; given above. In Section 4.1,
we will see how to relate these more general results to J[A¥] and use this to prove
non-triviality of III(k, J) in certain cases.

Let Vi = (Z/pZ)* and take a unipotent representation

p: G — Aut(Vy)

1 a17k_1(0) agvk_g(d) c. ak_l,l(a)
1 ap—2(0) ... ax—21(0)
plo) = :
ClLl(O')
1

Note the unconventional indexing. We are using the first index to count the
diagonals and the second to count the distance from the right hand side.

The representation p makes Vj into a Gy-module. We give Z/pZ the trivial G
action and can consider extensions of Z/pZ by V4, that is, elements in Ext,(Z/pZ, V4).

We can represent an element of Ext}(Z/pZ, Vi) by a short exact sequence of

G-modules:

0—Vy,—M—Z/pZ — 0, (3.8)

where M is a k 4+ 1 dimensional vector space over Z/pZ with basis chosen so that
the injection in (3.8) is inclusion into the first k£ components and the surjection is
projection onto the last. The G-module structure of M is then given via a matrix of

the form:
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1 a1p—1 agp—2 ... ar—11 Xk
1 a1 p—2 - Xk—1
a1 : : (3.9)
1 a1 X2
1 X1
1

Lemma 3.3.1. If M = (Z/pZ)*! is a G-module with action given by (3.9), then the

X; satisfy the following condition:

Xi(oT) = xi(o) + xi(T +Zaﬂj o)Xi—j(T).

Proof: This follows immediately from the fact that the matrix above comes from
a representation of G. 0

Thus, elements of Ext},(Z/pZ, Vi) can be represented by modules M = (Z/pZ)"*!
with G action given by matrices of the form (3.9) whose last column satisfy Lemma
3.3.1. The next lemma will provide us with the converse of this statement.

The following lemmas will establish a relationship between elements of H'(G, V},)

and modules M satisfying lemma 3.3.1.

Lemma 3.3.2. If M = (Z/pZ)"*" and the matriz representing the G action on M
is of the form (3.9) and is such that the elements in the rightmost column satisfy

Lemma 8.3.1, then M is an extension of Vi, by Z/pZ.

Proof: It is obvious that the sequence (3.8) is an exact sequence of G modules in

this case. O
Lemma 3.3.3. There is an exact sequence

0 —> V& —=Ext§(Z/pZ, Vi) — H*(G, Vi) — 0. (3.10)
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Proof: If we let Z be a trivial G module, then we have an exact sequence of

G-modules
p

0 Z

Z Z7]pZ —0.

This gives a long exact sequence of Ext’(—, V;) groups [HS71, p. 139]:

Ext%(Z, Vi) LA Exty(Z, Vi) — Extg(Z/pZ, Vi) — Ext};k (Z,V},) 2= (3.11)

Since V}, are of exponent p, multiplication by p is just the zero map by the definition
of Extg groups [Bro82, ch. III, section 2] or [HS71, ch. IV, section 6], so this diagram

can be written:

0 — Ext%(Z, Vi) — BExt(Z/pZ, Vi) — Ext(Z, Vi) — 0. (3.12)
And by [Bro82, p. 61], Ext(Z,V,) = HY(G,V},), giving us the exact sequence
0 — V& — ExtL(Z/pZ, Vi) — HY(G, Vi) — 0. (3.13)

[
We remark that in the case Vi, = Z/pZ, elements of H'(G,V}) are characters
X : G — Z/pZ. Such an element can be lifted in the exact sequence of Lemma 3.3.3

to an extension of Z/pZ by itself on which G acts via the matrix

(07)

Lemmas 3.3.2 and 3.3.3 tell us that every element of H'(G,V},) can be represented
by a module M satisfying the conditions of Lemma 3.3.2. Extensions M and M’
determine the same element in Exty(Z/pZ, Vi) if and only if there is an isomorphism

¢ making the following diagram commute:
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0—>V, M 7./pZ 0 (3.14)

)

0 Vo M’ Z]pZ 0.

If we choose bases for M and M’ so that the maps in the rows of (3.14) are as

they are in (3.8), then the G actions on M and M’ are given by matrices A and A’
of the form (3.9). So we can specify a matrix representation of the isomorphism ¢ in

(3.14). Indeed, the commutativity of (3.14) forces ¢ to be of the form

o1
(6] = i 3 (3.15)

Pk
0 ... 0 1

where ¢; are functions G — Z/pZ. Lemma 3.3.4 will specify this ambiguity in terms

of the entries in the matrix (3.9) and the matrix (3.15) representing the isomorphism

0.

Lemma 3.3.4. Let M and M’ be G modules satisfying the hypotheses of Lemma
8.8.1 with G action given by matrices A and A’, respectively. Let [xx,--.,X1,1]T
and [Xy, -, X4, 1]7 be the k + 1-th columns of A and A’, respectively. If M and M’
determine the same element in Ext(Z/pZ, V), then

i—1

Xi =Xi+ Y 05
j=1

Proof: ¢ is a G-isomorphism so for all 0 € G, if m € M = (Z/})Z)IFr1 then
¢(m?) = og(m). So
[0] - Alo)m = A'(0) - [¢]m.
Writing m as a k + 1-dimensional column vector, we derive the formula above by
expanding both sides of the equation. 0
This says that modules M of rank k + 1 over Z/pZ with G action given by a

matrix of the form (3.9) determines an element of Ext}(Z/pZ,V},) and conversely,
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every element of Ext},(Z/pZ, V) can be represented by such a module, with choice
of ; as specified in Lemma 3.3.4. This characterization of elements in H'(k, V}) will

be of use below.

3.4 Coboundary Maps and Massey Products

We begin this section by defining certain submodules and quotient modules of the
Vi of Section 3.3. These new modules will be used with Vj to produce long exact
sequences in G cohomology. Certain coboundary maps in these long exact sequences
will be related back to J[A\*] and the maps d; from Section 3.1.

We let W, be the subrepresentation of Vj, consisting of vectors with entries equal
to zero after the i-th component, and let and W® be the quotient representation
Vie/Wi—;. Thus G acts on W; (resp. W) via the upper left (resp. lower right) i x i

block of the matrix (3.9). We get an exact sequence:

0—-W; -V, — wE=D .

The maps

HYG, W) — HYG, Vi) — H (k, W*1) (3.16)

are induced from the natural inclusion and projection maps, respectively. We calcu-

late the image of the coboundary map
or - HY(G, W1y = HY(G, W).
For the case k = 2,7 = 1, we have the following lemma.

Proposition 3.4.1. If G acts on V5 via multiplication by

1 Q11
0 1



40

and x € HY(G,WW), then ay, is a cocycle with coefficients in Z/pZ and
(52(.’13') = U &1’1

Note that W) and W, are both just Z./pZ and we are writing a1 Uz for the image of
the cup product of x and a1 in H*(G,Wy) under the map induced by the multiplication
map

W1®W1 —>W1.

Proof: We check directly that a;; is actually a homomorphism and therefore
represents a class in H'(G, W®) (since G acts trivially on W 1),

Now, if we take a representative z for an element in H'(G, W;) then we can lift
it to the cochain

z=(0,2): G — Wh.

Since Wy = Z/pZ is a trivial G module, we can choose x to be a homomorphism

G — W;. Then d5() is represented by the cocycle

(@) = Ouator) = @at) = (i 1) 0.a(r)
= —(a11(0)x(7),0) = —(a1; Ux)(0o, 7).
Thus the coboundary is —(a;; U ), which is equal to x U a;; by skew-symmetry of
of the cup product on H*. O
Our goal is to generalize this formula for modules of higher rank. However, it is
easy to check that the a; ; are not, in general, homomorphisms for 7, j > 1, and do not
represent cohomology classes. A formula for higher rank modules must therefore be of
a more complicated nature. It is in the interest of determining this more complicated

nature that we include the following definition.

Definition 3.4.2. A defining system for the n-fold Massey product (a1, ..., ay,) is an
array, M, of cochains m;; in C*(G, R) for a group G and R a ring with identity.

M ={myll <i<j<n+10(ij)#Ln+1)}
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such that

(i) m; i1 is a representative of a; for eachi=1,....n, and

(i1) dm;; = ]2_: mik Umy;, for j #i+ 1.

k=i+1
The value of the Massey product (aj,...,a,) is represented by the cocycle in

H?(G,R) i
Z ma g U My i1 (3.17)
k=2

Note that the 2-fold Massey product is just the cup product. In general, however,
the Massey product is not a well defined element of H?(G, R). Indeed, it depends
upon the choice of defining system. However, this product is well defined in a certain
quotient of H%(G, R). We will give a precise description of this quotient below. Before
we do, we will state a theorem of Dwyer that gives a convenient re-characterization

of Massey products.

Theorem 3.4.3. [Dwy75, thm. 2.4] Let U(R,n) be the group of upper nxn triangular
matrices over R with ones along the diagonal. Let Z(R,n) be the subgroup of U(R,n)

that has its only non-zero, non-diagonal entry in position (1,n). Now let

U(R,n) =U(R,n)/Z(R,n).
Then the set of defining systems for the Massey product (o, ..., ) is in bijection
with the set of homomorphisms ¢ : G — U(R,n+1) where ¢ = (¢; ;) with ¢; ;1 = —ay
for eachi=1,...,n. Moreover, (v, ...,a,) = 0 in H*(G, R) if and only if the dotted

arrow exists in the diagram:

UR,n+1) (3.18)
.7 l
G U(R.n+1).
A homomorphism ¢ : G — U(R,n+1) can be represented by an (n+1) X (n+ 1)-
matrix (¢; ;) where ¢;; = 1 and ¢; ; = 0 whenever ¢ > j. The condition that ¢ be a

homomorphism forces the nonzero ¢; ; to satisfy the following condition:
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¢i,j(0-7—) - ¢zy( + d)z] Z sz k ¢k] (319)

k=i+1
for all 0,7 € G where 1 <i < j <n-+1 (and (4,5) # (1,n+1)). This also forces the

off diagonal elements, ¢; 41, to be homomorphisms.
We return to the modules of section 3.3. By Lemma 3.3.3 and the remark following

we can represent an element £ € H(G,, W) by a matrix

< (1] Xll ) , (3.20)

and by Lemma 3.4.1 the coboundary of { is x; Uay1,.

We interpret Lemma 3.4.1 in terms of Massey products in the following lemma:

Lemma 3.4.4. If ¢ € H'(G,WW) is represented by a matriz

I xa
1
then §,(&) = 0 € H*(G,Wy) if and only if the value of the Massey product with

defining system (—ay 1, —x1) is 0.

Note that this result can also be seen directly from Theorem 3.4.3, since the value
of (—ay1,—x1) is 0 if and only if there is a map ¢ : G — W so that the following

matrix is a homomorphism G — U (W7, 3)

1 a1 ¢
I xa
1

By Lemma 3.3.3, such a homomorphism represents an element of & € HY(G,Vs),
which is a lift of &.

In the next section we define a filtration on the cohomology groups of a sub-
family of modules, producing quotients in which the relevant Massey products are
well defined. This will enable us to strengthen Lemma 3.4.4 and generalize it to

coboundary maps of higher degree.
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3.5 A Filtration of Cohomology

Let us now define modules modules M}, which will serve as a stepping stone between

the V}, of section 3.3 and J[\*]. Let
M, = (Z/pZ)* as Z/pZ-vector spaces

with standard basis (o, ..., a1), viewed as column vectors. We give My a G-module
structure as follows:
The action on M is trivial and for £ > 2, an element o of G acts on M, via the

k x k-matrix

1 a; a2 ... Q-1
1 a ... Qar—2
(3.21)
3]
1
for maps ay,...,a,_1 : G — Z/pZ that make this into a representation. We note

that this construction is equivalent to that of the Vi where we are insisting that
a;; = a;y for all 1 < 3,1 < k —i. We also note that this mimics the structure of the
representations coming from J[A] in (3.7).

The a; are not themselves homomorphisms for ¢ > 2, but rather satisfy the con-

dition

—_

a;(o7r) = a;(0) + Y aj(0)a;_i(1T) + a;(T). (3.22)

J

(We have already seen this condition above, as it is satisfied by the maps in a defining

system of a Massey product (3.4) and by the a;; in the definition of the G-module
structure of the Vj, in Lemma 3.3.1.)

By choosing injections M; — M;, for ¢ < j, to be inclusion into the first ¢ positions

and surjections M; — My, for k& < j, to be projection onto the last j positions, we
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get the commutative diagram of G-modules

(3.23)

0 0 0

where h+u=Fk,i+v=Il=k+m,j+w=m,h+j=1 and u+w = .

We consider the long exact sequences in cohomology that arise from sequences of

the form

for each j > 1.
We index the coboundary from H'(G, M;) to H*(G, M;) by the dimension of the

quotient. That is, for the sequence (3.24), we have
5] . Hl(G, M]) — HZ(G, Ml)

Partially motivated by the ambiguity introduced by the Massey products of the
previous section, we define a descending filtration, £, on H'(G, M;) and an ascending

filtration, G., on H*(G, M,) and consider a map closely related to the d;.
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Let
0 = 0, (3.25)
F' = HYG,M,), (3.26)
Gy = 0, (3.27)
F* = kerd;, (3.28)
H*(G,M,)/Gy = cokers;. (3.29)

Let
6p. 0 F¥ — H*(G, M) /Gy (3.30)

be defined via

541 () = 61 (7) (3.31)

where T is a lift of x to H' (G, My41).
The fact that this definition of 4} is well-defined follows from the following two

claims:
Claim 3.5.1. If we take
0 —> My —L Myyy — M, —>0,
where f is inclusion into first k components, then
Ok+1 0 fu = Op.

Claim 3.5.2. Any two lifts of v € F* C HYG, M) to HY(G, Myy1) differ by an
element of the form f.(y).

Indeed, if we assume the claims, then

01 (T + fi(y) = 0u1(@) + e (fu(v))
= 5]€+1<§7) + 5k(y) = 5k+1([f) (mod Gk)

Now we prove the claims.
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Proof of Claim 3.5.1: Since we have fixed f to be inclusion into the first £ compo-
nents of My, 1, the claim follows from the definition of the coboundary map. Indeed,
we have that if we choose a representative 1-cocycle of My, z = (z1,...,x;)" then, at

the level of cocycles,
fo(z) = (21,...,21,0)"

and 041 (f«(z)) is represented by first entry of
—0 - (0,21(7),...,7(7),0)".

Recall that the action of o - (0,21(7),...,zx(7),0)" is given by

1 a Q2 ... Qgg1

1 ay .
as (0,21(7), ..., zx(7),0)".

a1
1

The first entry of this vector is the same as the first entry of

1 a1 ay ... ay

1 aq
as 0,21(7), ..., 2x(7)),

3]
1

which is in turn a representative of dx(x). O
Proof of claim 3.5.2: Take x € F* and two lifts, z and 2, of x to H* (G, My41).
Then by the exactness of the long exact sequence of cohomology coming from the

short exact sequence in claim 3.5.1, £ — 2 is in the image of f.. U

3.6 A Formula for ¢;

We proceed to derive a formula for the maps J; defined above in (3.31). Recall the
condition satisfied by the @; in the matrix (3.21) defining the G action on My, :
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—_

a;(o7r) = a;(0) + Y aj(0)a;_i(T) + a;(T).

J
A formula for the coboundary will, necessarily, be more complicated than that in
Lemma 3.4.1. However, we do have the following lemma:
Lemma 3.6.1. Let k > 1, let v € F* = ker(6;) C HY(G, M,),, and let

= (xp,...,71)" : G — My,

be a lift of x to H' (G, My), where x; = x. Then

Op 1 (2 ZCL] 0)Tpp1-5(7).- (3.32)

Proof: We can lift  to a map
y=(0,2p,...,01)" : G — M.
Then, apply the coboundary operator d to y :

dy(o,7) = y(o) —y(o7) + oy(7)

= (0,2(0))" = (0,2(07))" + (0, 2(7))’

Using the fact that = is a cocycle and the definition of the G-action on My, this

reduces to
Zaj 0)ri1-;(7),0,...,0)". (3.33)

O
As was shown above, for ¢ > 2, a; is not a homomorphism, and thus does not
represent a cohomology class in H'(G, M;). However, by restricting to a subgroup of

G, we do obtain the following proposition.
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Proposition 3.6.2. Let H, < G be a subgroup on which aj(c) = 0 whenever o € Hj,
and j <k — 1, then a, € H'(Hy, My), and so

Sy oresy (x) = ap Uz

This proposition will not, however, prove itself to be of great use in the next
chapter. Indeed, as soon as we return to Galois cohomology, Proposition 3.6.2 will
require us to extend our ground field, refusing to grant results over Q(({) as desired.

Lemma 3.4.1 can not be generalized for general k as it is. We turn instead to
Proposition 3.6.4, using it to express the image of J; in terms of the value of certain
restricted Massey products, defined below.

Let

(—ar, —z)® (3.34)

denote the value of the k+1-fold Massey product corresponding to the homomorphism
G — U(My,k + 2) given by

1 ap Qs ... Qe *
1 o Ty
ag (3.35)
1 a; To
1 =
1
where ay,...,a;_1 are as defined in (3.21) in section 3.5 and zs,...,z5_1 are any

maps x; : G — M; that make the matrix into a homomorphism.

Lemma 3.6.3. For x € F* let 7, a lift of v to H'(G, M), be represented by the

matrix
1 a ... ap_1 g
. Qg :
1 ay i) . (336)
1 T

1
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Then
1 a a2 ... (07% *
1 o Ty
az (3.37)
1 ay T2
1 =z
1

is a defining system for a Massey product, the value of which is 0(T).

Proof: The claim that (3.37) is a defining system for a Massey product follows
k

from Theorem 3.4.3. By (3.32) in the proof of Lemma 3.6.1, §x(Z) = > a;jz11-;-
j=1

This is the value of the Massey product with defining system (3.37) by the definition

of the value given in (3.17). O
Proposition 3.6.4. Let k > 2. If x € F*, then
5i(x) = (-, )

in the quotient of H*(G, My) where Massey products are well-defined. In particular,
i the case k =1, we have

0; () = (—ar, —2)Y,
which is the cup product —a; U —x, well-defined in H*(G, My).
Proof: This follows from Lemma 3.6.3. U
We end this section by noting that Proposition 3.6.4 generalizes Proposition 3.4.1

after restricting to M; from V;. The next chapter will apply these results to the G
modules J[\¥].
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CHAPTER 4

A PAIRING AND NON-TRIVIALITY OF II(k, J)

4.1 An Application of Proposition 4.1.2 to III(k, J)

We return now to the study of the torsion subgroups of the Jacobians of Section 3.2
as Galois modules.

Recall that we have fixed F,-bases for J[\"],
By = {ag,...,a1},
where o is a \? torsion point and
Aoy = oy_q.

We have the short exact sequences

0 JIN JIN] =2 JAE1] —— 0. (4.1)

Note that the filtration on the cohomology groups H'(G, M;) and H*(G, M>) and
the related maps d; can be defined for the groups H'(k, J[\]) and H?(k, J[\]) in the
exact same manner as they were for G and M;. We refer to the filtered coboundary

as 0j, in both cases; the context will make clear which modules are at hand.

We define submodules N;, C J[\¥] via the basis

{O./k, 3, ... ,Oél}.

Then for k > 5 we get subsequences of (4.1):

0 —= JA| —= Ny == Ny —=0. (4.2)
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The fact that the N}, are G}, submodules of J[A\*] follows from the fact that J[\?] is
rational over k [Gre81]. Consequently, the Gy structure of J[\*] is given by matrices

of the form

1 0 0 aso0) ag_1(o)
1 0 0 a3<0') (43)
1 0 0
1 0
1

(as we recall from (3.7)).

We have the natural projection of Gj-modules
o1 N — Ny

that induces a map

O - H (K, JN]) — H' (K, Ny).

We use this map to relate the image of the filtered coboundary ¢; to the image of the

coboundary ¢’ coming from the sequences (4.2) via the following lemma.

Lemma 4.1.1. If ¢ € F* C HY(k, J[\]) and £ is a lift of & to H'(k, J[\F]) then

8 0 . (§) =0;() (mod Gy).

Proof: This follows easily from the commutativity of the diagram

0 JIN JINH] 2 1N ——0
\L(ﬁkﬂ i(bk
0 J[A] Njp1 —>—= Ny 0.

Thus,
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Theorem 4.1.2. If £ € F* C HY(k, J[)\]) and & is represented by a matriz
I x1
1

5;;(5) = <—a3, —X1>(k72)-

then

Proof: Lemma 4.1.1 gives us that §;(§) = 0’ 0 ¢.(§) (mod Gg). Using the notation

of the filtration of section 3.5, we can write

05(6) = 8"k _5(8)

after recalling that J[\| = My = Z/pZ. Thus, Proposition 3.6.4 gives us that

0hs(&) = (—ar, —x1)*2.

Recall from section 2.1 that A = Gal(k/Q) and from (2.16)

Np—j = (1 - <)€j7

where ¢; is the idempotent

1 .
— Y w(o) o,

p_laeA

which projects onto the j-th eigenspace of the cyclotomic p-units of k.

Corollary 4.1.3. Let J be the jacobian of C,y, suppose that a® +b* # (a + b)?
(mod p), and let x € F? C HY(G, J[\]). Let
<7]j7 I>

denote the cup product pairing of a cocycle x with the character associated to the

extension k(n;/p)/k. Then

03(x) = (13, 7).
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Proof: Theorem 4.1.2 gives us that
03(x) = (ag, )V

where the action of Gy on J[\] is given by the matrix

ai

10
1

_ o O

0
0
1

Proposition 2.2.6 gives us that the field k(J[\1]) is obtained from k(J[\*]) = k by
adjoining the element ¢/7,_3, proving the corollary. 0J

We will use the formula for 63 given in Corollary 4.1.3 to detect non-trivial sub-

groups of III(k, J). To do so, we will require the following lemma.

Lemma 4.1.4. If C' has wild non-split or tame reduction and i > ’%3 then the lift of

n; to H'(k, J) represented by (1,1,n;) is contained in the Selmer group SO‘S)(k, J).

Proof: Since n; defines a cocycle which is unramified outside the primes above p,
(1,1, n;) satisfies the all the local conditions for membership in S 0‘3)(16, J) except the
one at A\. Thus membership in S (’\3)(/€, J) is equivalent to being in the image of the
local descent map at A

dy : J(ky) — (kLK)

Following [MTO03, section 2|, we write
dg =lpy X lp, X Llp

p .
where tp o A = tp_, . Now take n; € P ki/kf\p(z). By [MTO03, prop. 4.1], n €
(p+1)/2
tp, (J(ky)). Take a such that tp (a) = ;.

Consider, d3(a) = (tp,(a),tp,(a),n;). Proposition 4.1 of [MTO03] also gives us that

p
Lpy(a), py(a) € (ks /B0
(p+1)

p+1)/2
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For b € J(ky), tp,(Ab) = tp,_,(b) and so

d3()\b) = (LPQ(b)v lp (b)7 1) = (dQ(b)v 1)
By [MTO03, prop. 4.2], the image of

p
im(dy) = R kY
)

(p+1)/2
and so we can choose b so that da(b) = (tp,(a)™!, tp,(a)™!). Then we have that d;(a+
Ab) = n; and that ds(a + Ab) = (1,1,m;). O
Applying information regarding the vanishing of this cup product to the vanishing

of this filtered coboundary map allows us to prove the following theorem.

Theorem 4.1.5. Let p is an irreqular prime that divides the numerator of the r-th

pt+1

Bernoulli number, B,. Suppose that p —r + 3 > 55

, that Cqp has wild non-split or
tame reduction, and that a®+b* % (a+0)* (mod p). Then (n,_,.3,Mm,_3) # 0 implies

that the image of n,—,4s in HI(J, k) is nontrivial.

Proof: The fact that p —r+3 > ]%1 tells us that 7,_,;3 represents an element in
the Selmer group S*(k,.J). Lemma 4.1.4 tells us that the lift (1,1,7, ,.3) of 7.3
is contained in S’ (k,J). Corollary 4.1.3 implies that

<77p77“+37 np73> = 5§<77p7r+3)

and Lemma 3.1.1 then proves that if 65(n,—,4+3) # 0 then the image of 7, ,43 in
II(k, J) is non-trivial. O

Recall the cup product pairing (2.28) from section 2.4. We would like to apply
the data computed by McCallum and Sharifi in [MS02] to the production of examples
satisfying the hypotheses of Theorem 4.1.5. However, the McCallum-Sharifi pairing
is developed for H*(Gy.s, pip) = H' (G5, J[A]) where

5={1-¢},
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kg is the maximal extension of £ unramified outside of S, and
Gk,S = Gal(k‘s/k‘)
However, by the characterization

k(J[p]) = k({/mp—j : j even, 1 < j <p—3})
given by Proposition 2.2.6, we have that

K(JN]) € - S R(JNWF)) S k(J[p]) € ks.

Then, the inflation map
0— Hl(Gk,Sv J[AD - Hl(k7 J[)\])v

induces an isomorphism of A-Selmer groups and the A\* torsion in Tate-Shafarevich
groups [Mil86b, cor. 6.6].

Also, the Gy s structure of the J[A¥] is identical to the G structure described
above. Therefore, the cup product pairing in Theorem 4.1.5 is the same as the
pairing (2.27). So we can use the computations of the values of this pairing to find
non-trivial elements in II(k, J).

In [McC88], McCallum found nontrivial elements in the Tate-Shafarevich group,
and in [MT03] McCallum and Tzermias found further nontrivial elements. However,
McCallum’s result applies only when C,; is wild split, and the result of McCallum-
Tzermias applies only when p is regular. Therefore, the nontrivial elements we find
here are new.

In [MTO03], McCallum and Tzermias proved the following result. This will allow
us to use the subgroups found by Theorem 4.1.5 to imply the existence of larger

subgroups of III(k, J).

Theorem 4.1.6. [MT03, Corollary 1.3] Let C be the curve given by equation yP =
2%(1 — ) for p > 5 and J be its Jacobian. If either
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(a) C' has wild split reduction at p and p =3 (mod 4) or
(b) C' has wild non-split or tame reduction and p{ Bg_1)/2 or p{ Bp_3)2
then |ILL(k, J)[p™]| < p* implies that TI(k, J) = 0.

Example 4.1.7. Let p = 691 and let J be the Jacobian variety of the curve with affine
equation Y% = 2°(1 — 2)?. Then this curve has wild non-split reduction (using the
criteria from [McC88]). Since 691 divides the numerator of Bia, the 12-th Bernoulli

number. A direct computation by McCallum and Sharifi verified that

<776827 77688> ;é O

Thus, Theorem 4.1.5 implies that the image of nese is non-trivial in the corre-
sponding Tate-Shafarevich group. So l(k,J) contains an element of order 691. Fur-
thermore, 691 also divides the numerator of the 200-th Bernoulli number. Checking

the same calculation finds that
<774947 ?7688> # O

also. This gives us an other element of order 691. Because these elements are in
different eigenspaces, they are necessarily independent. Thus I (k,J) contains a
subgroup isomorphic to /6917 & Z./691Z. Then Theorem 4.1.6 implies that U1 (k, J)

contains a subgroup of order at least 6913,

We list more instances of the results of this theorem below.

Table 4.1 lists the irregular primes, p, and the index of the Bernoulli number, r,
the numerator of which p divides, for pairs (p, r) satisfying the hypotheses of Theorem
4.1.5. In the case that p divides the numerator of two Bernoulli numbers, B,, and
B,,, and both (p,r;) and (p, re) satisfy Theorem 4.1.5, both r; and 7, are listed in the
table. We note that in this case, with the appropriate reduction type, the theorem
provides for the existence of two nontrivial elements in III(k, J), as in Example 4.1.7,
that are necessarily independent in III(k, J) and thus implies a subgroup of III(k, J)
isomorphic to Z/pZ @ Z/pZ, while Theorem 4.1.6 implies the presence of an even
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larger subgroup. A list for all pairs (p, r) satisfying the assumptions of Theorem 4.1.5
with p < 15,000 is available at [Lev].

For any p on this list, choosing values of a and b and checking the reduction
types of the resulting curves allows us to apply Theorems 4.1.5 4.1.6 in order to
guarantee subgroups of ITI(k, J) of size at least p®. Table 4.2 presents the results
of this application for a small sample of curves. The reduction types have been
determined using the criteria stated in [MTO03]. A full list of data can be found at
[Lev].



TABLE 4.1. Sample of Results of Theorem 4.1.5

o | r p | r |
103 24 131 22
233 84 263 100
307 88 379 | 100;174
409 126 461 196
467 94 541 86
047 270 557 222
957 92 577 92
o871 90; 92 | 593 22
617 | 20; 174 | 631 | 80; 226
647 | 236; 242 | 653 38
659 224 683 32
691 | 12; 200 | 751 290
761 260 809 330
827 102 839 66
381 162 887 418
953 156 971 166

TABLE 4.2. A Sample of Results of Theorems 4.1.6 and 4.1.5

Curve Reduction Type | Lower Bound on |III(k, J)|
Y103 = z(1— x)51 Tame 1033
y'% = 2¥(1 — ) | Wild Non-split 103?
y?3 = 22(1 — 2)™ | Wild Non-split 233°
y?53 = 27(1 —2)3" | Wild Non-split 263"
YZT = 710(1 — )P Tame 2713
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