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ABSTRACT

The pH of tumors and surrounding tissues is a key biophysical property of the tu-

mor microenvironment that affects how a tumor survives and how it invades the

surrounding space of normal tissue. Research into tumorigenesis and tumor treat-

ment is greatly dependent on accurate, precise, and reproducible measurements.

Optical imaging is generally regarded as the best choice for non-invasive and high

spatial resolution measurements. Ratiometric fluorescence imaging and fluorescence

lifetime imaging microscopy (FLIM) are two primary ways for measuring tumor pH.

pH measurements in a window chamber animal model using a ratiometric fluo-

rescence imaging technique is demonstrated in this dissertation. The experimental

setup, imaging protocols, and results are presented. A significantly varying bias

was consistently observed in the measured pH. A comprehensive analysis on the

possible error sources accounting for this bias is carried out. The result of analysis

reveals that accuracy of ratiometric method is most likely limited by biological and

physiological factors.

FLIM is a promising alternative because the fluorescence lifetime is insensitive

to the biological and physiological factors. Photon noise is the predominant error
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source of FLIM. The Fisher information matrix and the Cramér-Rao lower bound

are used to calculate the lowest possible variance of estimated lifetime for time-

domain (TD) FLIM. A statistical analysis of frequency-domain (FD) FLIM using

homodyne lock-in detection is also performed and the probability density function

of the estimated lifetime is derived. The results allow the derivation of the optimum

experimental parameters, which yields the lowest variance of the estimated lifetime

in a given period of imaging time. The analyses of both TD and FD-FLIM agree

with results of corresponding Monte Carlo simulations.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

pH, which stands for “power of hydrogen”, is a measure of the degree of acidity

or basicity of a substance. The pH scale ranges from 0 to 14, where a pH of 7 is

neutral, less than 7 is acidic, and greater than 7 is basic. A low pH indicates a

high concentration of dissolved hydrogen ions (H+), while a high pH indicates a low

concentration.

Studies over the last decades have demonstrated that the extracellular pH (pHe)

of tumors is acidic, whereas the intracellular pH (pHi) is maintained within a range

of 7.0-7.2. A low pHe may be an important factor inducing more invasive tumor

cell phenotypes. Research into the causes and consequences of acidic pH of tumors

is greatly dependent on accurate, precise, and reproducible measurements. Tech-

niques for measuring tissue pHi and pHe have undergone great changes in the last

few decades. Measurement of pH underwent a revolution with the advent of pH-

sensitive dyes that could be loaded into the cytosol. pH imaging can be done by

optical imaging, magnetic resonance spectroscopy (MRS), magnetic resonance imag-
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ing (MRI) and with pH-sensitive positron emission tomography (PET) radiotracers.

Optical imaging is generally regarded as the best choice for non-invasive, high

spatial resolution measurements. Currently, there are two primary ways for mea-

suring tumor pH: ratiometric imaging and fluorescence lifetime imaging microscopy

(FLIM). Ratiometric imaging is accomplished by the measurements of emission spec-

tra and FLIM measures the change of lifetimes of pH-sensitive fluorophores.

The motivation of this dissertation is the need of accurate, precise, and repro-

ducible measurements of tumor pH. The literature has reported pH measurements

using ratiometric method and FLIM, but analyses of errors in the results are limited

(Sanders et al., 1995; Philip and Carlsson, 2003). In this dissertation, I analyze the

error sources in both optical ratiometric and lifetime pH imaging techniques and

provide solutions and optimal experimental parameters to reduce the errors.

1.2 Background

1.2.1 pH of tumor cells

In the 1920s, Warburg reported that tumor cells maintain a lower pH due to lactic

acid production and elevated CO2 due to fermentation (Warburg et al., 1927). Con-

sequently, he assumed that pHi of tumor was acidic. However, later studies showed

that maintenance of pHi within a pH range of 7.0-7.2 is necessary for normal cellular
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proliferation and that pHe is uniformly acidic in solid tumors (Gillies et al., 1992).

Although it is critical to maintain the acid-base homeostasis in solid tumors,

this balance is actually unstable. In tumor cells, the increased glucose catabolism

produces significant amount of lactate and H+. To maintain a normal or basic pHi

relative to normal cells, tumor cells transport majority of the increased acid pro-

duction to extracellular space. Since the capacity of primary extracellular buffer

is limited, the acid from tumor cells cannot be simply removed by vasculature and

therefore extracellular space becomes acidic. Unlike normal cells, which are not

viable when pHe falls below 7.1, tumor cells seem well adapted to acidic microenvi-

ronment. In vitro studies have shown that tumor cell proliferation maximizes at a

pHe of 6.8 while normal cells favors 7.3 (Dairkee et al., 1995). The excess H+ ions

diffuse along concentration gradients from the tumor into the surrounding normal

tissue and create a chronically acidic microenvironment (Gatenby et al., 2006). This

acidic microenvironment is toxic to normal cell but less harmful to the tumor cells,

which helps tumor cells grow, proliferate, and invade into their surrounding areas.

Recent therapeutic treatments have been designed to either raise the pH of acidic

tumors or activate pro-drugs and drug release from micelles and nanoparticles in low-

pH microenvironment (Robey et al., 2009; Chen et al., 2010; Garripelli et al., 2010).

Thus, it will become increasingly important to measure pH with accuracy, precision,
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and high spatial and temporal resolution in experimental preclinical systems and in

human beings.

1.2.2 Window chamber model

Window chambers are support structures implanted in animals to allow direct visual

access to tissues. A common type of window chamber is one placed in the dorsal

skin-fold of rodents, where the dorsal skin is pulled up and clamped into the window

chamber. The outer skin is removed and a cover glass is inserted over the area of

exposed tissue. This technique was developed in the 1940s (Algire and Legallais,

1949; Merwin et al., 1950), and has been improved over the years (Papenfuss et al.,

1979). It has been widely used in tumor microcirculation studies.

1.2.3 Optical imaging of pH

Optical imaging does not measure pH directly. pH-sensitive fluorescent dyes, or

probes, need to be injected into tumor before the measurement. The varying fluo-

rescent properties of the probes, which are associated with local pH, can be measured

optically and then be converted to pH distribution accordingly.
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1.2.3.1 Ratiometric imaging

Ratiometric imaging is the division of one measurement channel by a second mea-

surement channel to derive a value that is related to a quantity of interest. The

advantage of ratiometric imaging is that it can be independent of other extraneous

factors. Ratiometric imaging can provide a quantitative way to measure the con-

centration of specific intracellular and extracellular molecular components. In the

context of fluorescence imaging, the technique is superior to absolute intensity mea-

surement because a number of artifacts are eliminated, including photo bleaching,

cell thickness, instrument stability, and nonuniform loading of the indicator. Ratio-

metric imaging is commonly used to monitor changes in intracellular and extracel-

lular calcium ions, pH levels, and membrane potentials (Grynkiewicz et al., 1985;

Piston et al., 1994; Helmlinger et al., 1997; Siegumfeldt et al., 1999; Gross et al.,

1994; Scaduto and Grotyohann, 1999). Ratiometric fluorescence imaging can be

accomplished with either two excitation channels (the sample is excited by two ex-

citation wavelengths and the ratio of the detected emission intensities is calculated)

or two emission channels (the sample is excited by a single wavelength and the ratio

is calculated using the signal intensities at two emission wavelengths).

In the latter case, the emission spectra of the fluorophores used in ratiometric

pH imaging undergo a pH-dependent wavelength shift, thus allowing the ratio of
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the fluorescence intensities from the dyes at two emission wavelengths to be used

for accurate determination of pH. The seminaphtorhodafluor (SNARF) family is the

most widely studied and used dye in pH measurement using the ratiometric method

(Blank et al., 1992; Owen et al., 1992; Wieder et al., 1993; Brasselet and Moerner,

2000). The use of carboxyfluorescein (Mordon et al., 1994) and bis-carboxyethyl-

carboxyfluorescein (BCECF) (Grant and Acosta, 1997) has also been reported.

Carboxy SNARF-1 (Molecular Probes, Eugene, OR) has two forms – proto-

nated and deprotonated (Whitaker et al., 1991) – with distinct fluorescence emis-

sion characteristics. The change in the relative concentration (i.e. the ratio) of

the two forms of the dye produces a spectral change associated with a change in

pH (Brasselet and Moerner, 2000; Ribou et al., 2002). Figure 1.1 shows the typical

emission spectra of carboxy SNARF-1. There are two peaks in the emission spectra

and the ratio of the fluorescence intensities of the peaks changes with the pH. The

emission spectra have an isoemissive point (also known as isostilbic point), where the

intensity of emission light at this point is independent of pH. At this wavelength, the

radiative rate of the protonated form is the same as the deprotonated form. The

pH-dependent spectral change exhibited allows calibration of the pH response in

terms of the ratio of fluorescence intensities measured at two different wavelengths.



18

Figure 1.1: Emission spectra of carboxy SNARF-1 in 50 mM potassium phosphate
buffers at various pH values. Samples were excited at 488 nm.

The ratio image R is formed as follows:

R =
Ilong − Ibg−long

Ishort − Ibg−short
, (1.1)

where background information in each of two wavelength ranges, Ibg−short and

Ibg−long, is recorded before dye injection and subtracted from the corresponding

fluorescence images, Ishort and Ilong, respectively. A maximum ratio, Rmax, of fluo-

rescence intensities will be reached when all the dye molecules are completely pro-

tonated and a minimum ratio, Rmin, occurs when the dye is fully deprotonated.

The pH value is related to the ratio R by

pH = pKa − log

(

R −Rmin

Rmax − R

)

+ log
Ia

Ib
, (1.2)

where pKa is the dissociation constant. Ia and Ib are the emission intensities at
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Figure 1.2: A typical pH-ratio calibration curve for carboxy SNARF-1. pKa is
the dissociation constant. Ia and Ib are the emission intensities at the shorter
wavelength band in highly acid solution and highly basic solution, respectively.

the shorter wavelength band in highly acid solution (dye molecules are fully proto-

nated) and highly basic solution (dye molecules are fully deprotonated), respectively

(Whitaker et al., 1991). A typical ratio to pH calibration curve of carboxy SNARF-1

is shown in Figure 1.2.

1.2.3.2 Fluorescence lifetime imaging microscopy

In a radiative decay process, a fluorophore molecule excited by one or multiple

photons will decay back to the ground state and emit a photon. The fluorescence

lifetime, τ , refers to the average time the molecule stays in its excited state following

absorption of the excitation photon. Generally, fluorescence is a first-order kinetic
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process (Lakowicz, 2006). If a large number of fluorophore molecules are excited

by an infinitesimally short pulse of light at time t = 0, the emission light intensity,

I(t), in terms of the number of emitted photons per second, will decay with time

according to

I(t) = I0 exp(−t/τ), (1.3)

where I0 is the initial number of photon emitted per second at time t = 0.

FLIM is an experimental technique in which the fluorescence decay time τ is

determined at each spatially resolvable location within a fluorescent image. Since

the lifetime of most fluorophores used in modern fluorescence microscopy fall within

the nanosecond range, FLIM instruments are typically designed to measure lifetime

in this range. A number of experimental techniques have been developed to measure

fluorescence lifetime. They fall into the two broad categories of time-domain (TD)

and frequency-domain (FD) techniques. In principle, the two methods are equiva-

lent. They yield the same information, and they are related to each other through

Fourier transform concepts. Depending on detailed experimental conditions, one or

the other of these methods, however, may have advantage over the other.

TD-FLIM Time-domain methods typically employ short pulsed excitation and

then measure the temporal distribution of emission following that excitation. Time-

correlated single photon counting (TCSPC) is a technique in which the time from
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the excitation pulse to the first emitted photon is recorded (O’Connor and Philips,

1984). If the emission intensity is low enough such that no more than one photon is

detected per excitation pulse, the histogram of emission times can be built up from

many excitation pulses and the lifetime τ is estimated from a fit to the exponential

decay of fluorescence emission. Time-gated detection can also be used, where signal

is recorded using a fast electronic shutter during a short time window. Several delay

times are used, and again, a fit to the exponential decay yields a lifetime estimate.

FD-FLIM Frequency-domain techniques rely on use of a periodically modu-

lated excitation source, such as sinusoid, square-wave, or a periodically pulsed

light source. The resulting fluorescence emission is also periodic and the phase

and/or amplitude modulation of the emission is related to the fluorescence life-

time (Philip and Carlsson, 2003; van Munster and Gadella, 2005; Lakowicz, 2006;

Lin and Gmitro, 2010).

Fluorescence lifetime imaging is largely independent of the probe concentration,

photobleaching, light absorption, and scattering, which are extremely difficult to

control in most experimental setups. Fluorescence lifetime imaging can significantly

reduce the sensitivities to these factors and in some cases provide better measure-

ments of physical or biological parameters of interest. Although these difficulties
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can also be overcome by ratiometric measurements, the number of fluorescent ra-

tiometric probes is much small than the class of lifetime sensitive dyes (Vo-Dinh,

2003).

1.3 Overview of Dissertation

This dissertation consists of four chapters. Chapter 1 gives the motivation of re-

search and introduces optical pH imaging techniques.

Chapter 2 discusses pH imaging of window chamber models using ratiometric

method. The experimental setup, imaging protocol, and the results are presented.

The errors in the measurements are analyzed systematically. In ratiometric imaging,

the results of pH imaging in tumors were found to be significantly biased and incon-

sistent. This is partly due to the significantly different response of the dyes when

loaded in tissues (Owen et al., 1992; Owen, 1992). The emission ratio is sensitive to

the presence of protein, hydrophobicity, and cellular contents in the tissue. This can

be explained in terms of solvent relaxation effects (Templeton and Kenney-Wallace,

1986), which are known to cause the emission spectrum to change during the lifespan

of the probe in the excited state. For ratiometric imaging, each detection channel is

equipped with a restricted bandwidth filter to detect light from a specific portion of

the emission spectrum. When the emission spectrum changes, the ratio of signal in-
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tensities from two channels also changes accordingly. Besides the biological factors,

we find that chromatic aberration in the microscope system could also introduce

significant bias in the measurements. Chromatic aberration is the failure of optical

system to focus all wavelengths to the same point. This aberration arises because

the index of refraction of glass varies with wavelength. In ratiometric imaging, chro-

matic aberration causes axial separation between the collection planes of the raw

data. In other words, the ratio will be based on data collected from different depths

in the sample. The presence of this aberration requires a cumbersome and time-

consuming procedure to create a depth–dependent calibration profile. Chromatic

aberration can also introduce significant measurement errors if the depth of the focal

plane cannot be accurately determined. Fluorescence microscopy is often achieved

under low light conditions. The low photon flux is usually the predominant source

of the signal uncertainty, or standard deviation. Moreover, the ratio estimator is a

biased estimator when the number of photons is low. The effect of these factors is

analyzed in the dissertation.

Chapter 3 is focused on the mathematical analysis of the accuracy and preci-

sion of FLIM. Although pH measurement using FLIM is not affected by solvent

relaxation effects (Sanders et al., 1995), the low number of photons can cause sig-

nificant uncertainty in estimating the fluorescence lifetime, and thus the pH of the
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tissue. The accuracy and precision of FLIM in both TD and FD are analyzed.

Homodyne lock-in detection is widely used in FD-FLIM. The statistical analysis of

the estimated lifetime is performed and the probability density functions (PDFs)

for various excitation methods are derived. With the results, one can calculate the

optimal experimental parameters to minimize the uncertainty of the estimated life-

time. In TD-FILM, since the lifetime τ is estimated from a fit to the exponential

decay of fluorescence emission, the minimum uncertainty of the estimated lifetime

can be obtained by finding the Cramér-Rao lower bound of the estimation. The

derivation is presented in this dissertation.

The dissertation concludes in Chapter 4 with a review and discussion of the

important findings of the research. Suggestions for future research in this area are

also included.
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CHAPTER 2

RATIOMETRIC PH IMAGING

2.1 Introduction

The initial goal of this dissertation research was to develop a technique to accurately

measure the variation of pH inside the window chamber during the growth of tumors.

The results of such experiments can be used to verify mathematical models of tumor

growth (Gatenby and Gawlinski, 1996; Patel et al., 2001; Gatenby et al., 2006).

Since the ratiometric method has been widely used in pH imaging and is rela-

tively simple to implement, we chose this technique to measure pH in the window

chamber model. Kaylor (Kaylor, 2004), was the first to image pH of window cham-

bers in our laboratory using the ratiometric method, and the work described in

this chapter is a continuation of Kaylor’s original development. A new experimen-

tal protocol was developed to provide higher signal-to-noise ratio (SNR) measure-

ments, higher imaging efficiency, and wider field of view of window chambers. A

large amount of data was collected and the accuracy and precision of these results

were studied. A comprehensive analysis of errors in measurements was performed,

and error sources were identified. A software program was also developed to process
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data and analyze results with a user-friendly interface.

The final experimental setup, protocols, results, and error analysis of ratiometric

pH imaging are reported in the journal paper “Ratiometric pH Imaging of Window

Chamber Model and Error Analysis” (to be submitted for publication). A draft of

the manuscript is included in this dissertation as Appendix A. Additional experi-

mental results are also presented in Section 2.2. The possible error sources discussed

in the paper are summarized in Section 2.3.

2.2 Experimental Results

In total, 36 mice were used for ratiometric pH imaging in our lab. However, because

of poor dye uptake, inadequate tumor growth, degradation of window chamber, or

death of animals, only 8 of them provided a useful set of images of a growing tumor.

Degradation of the window chamber could occur when the tissue inside the window

chambers dehydrates, the animal skin pulls away inside the window chamber, or the

tissue gets infected.

Some typical pH images of tumor growth are shown in Figure 2.1–2.6 together

with green fluorescent protein (GFP) images that show location of the tumor. The

first row in each figure is the pH map of the window chamber and the second row

is the corresponding GFP image. pH maps and GFP images in the same column
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were imaged on the same day. The imaging date after the implantation of cancer

cells are listed at the bottom of each column. The pH maps of the same mouse

are shown in the same grayscale. The top of the images are closer to the animal’s

bodies. Figure 2.1 shows growth of the tumor. One can tell from the GFP images

that the size of the tumor increased over the time. The tumor appears more acid

(darker) than the surrounding tissue in the pH maps and the darker areas agree

with the high signal intensity areas in the GFP images. Although the GFP images

show that tumors were growing in Figures 2.2 and 2.3, the pH images do not always

show the same behavior. Sometimes the pH map looks relatively uniform in the

tumors and the surrounding normal tissue. The reason for this observation could be

due to the tumor becoming less acidic with increased vascular perfusion or possible

degradation of the window chamber. In Figures 2.4 and 2.5, the sizes of tumors at

different imaging dates look pretty similar. However, the tumor was actually growing

in the direction normal to the window chamber plane. In this case, the growth of

tumor cannot be observed from the pH map of the window chamber surface. The

image of Day 18 in Figure 2.5 shows degradation of the window chamber – the

tissue was pulled away from the clamps, leaving an opening in the bottom part of

the window chamber. Tumors in window chambers do not always grow. Figure 2.6

shows a case where the tumor was shrinking over the time.
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Figure 2.1: pH and GFP images of mouse 0379-L1.

Figure 2.2: pH and GFP images of mouse 0380-R1.
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Figure 2.3: pH and GFP images of mouse 0839-R1.

Figure 2.4: pH and GFP images of mouse 0266-R1.
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Figure 2.5: pH and GFP images of mouse 0379-R1.

Figure 2.6: pH and GFP images of mouse 0840-R1.
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2.3 Summary of Error Sources

2.3.1 Photon noise

Photon noise comes from the inherent natural variation of the photon flux and obeys

Poisson statistics (Frieden, 2001). It is an inherent error source and cannot be elim-

inated from the measuring system. The light intensity of the emitted fluorescence

was very weak in our experiments. Only around 600 photons were collected per

pixel. This low number of photons could introduced significant variation in the de-

tected signal intensities. However, the results of both experiment and Monte Carlo

simulation show that the standard deviation of measured pH with a total of 600

photons collected from the two channels is about 0.1 pH units, which matches the

requirements of our measurement. This is because that pH is not sensitive to the

variation of ratio introduced by photon noise for the number of photons that we

collect in the experiments.

2.3.2 Biased estimator

The ratio estimator is used to compute the ratio of the two signal intensities from

the two emission spectral bands, which is then used with a calibration curve to

estimate the pH of the window chambers. However, this is a biased estimator

(David and Sukhatme, 1974). The amount of bias depends primarily on the SNR
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of the signal intensity in the denominator. However, careful analysis shows that the

bias in the resulting pH is very small (less than 0.01 pH units) and can be ignored.

2.3.3 Chromatic aberration

A small amount of chromatic aberration in the microscope system can introduce

a variation in the signal ratio dependent on the fluorophore concentration gradient

along the optical axis and can lead to bias in the measurement and in the resulting

pH. For the Nikon confocal microscope that we used, the bias in pH introduced by

chromatic aberration is extremely low and virtually does not affect our measure-

ments. A more general analysis of the errors introduced by chromatic aberration

is the topic of the journal paper “Errors in confocal fluorescence ratiometric imag-

ing microscopy due to chromatic aberration”. This paper has been submitted for

publication and is included in this dissertation as Appendix B.

2.3.4 Biological & physiological factors

Biological and physiological factors affect the fluorescence characteristics of carboxy

SNARF-1 and are an error source of our pH measurements. Protein content and hy-

drophobicity lead to changes in the molecular binding of carboxy SNARF-1, which

changes the emission spectra, and thus introduces a bias to the estimated pH. Pre-

vious research revealed that the bias introduced by these contents could be as high
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as 1 pH unit (Sanders et al., 1995).

Moreover, the characteristics of the emission spectrum of carboxy SNARF-1 de-

pends on the body temperature of the mice. Since the animal’s body temperature

was not well maintained during the experiments, fluctuations of the body tempera-

tures could also introduce error in the estimated pH. In our experiments, the body

temperatures could vary from about 30 ◦C to 45 ◦C and the resulting bias in pH

could be as high as 0.2 pH units.

2.4 Software

A software program with a graphical user interface (GUI) for data processing, result

visualization, and pH map analysis was developed using IDL (ITT Visual Informa-

tion Solutions, Boulder, CO). The software loads the raw image data obtained from

the Nikon Eclispe E600 confocal microscope, convert these data to pH maps, and

display the pH maps with proper display parameters. A pH map overlapping a GFP

distribution is generated using the software, as shown in Figure 2.7. The elements

on the GUI are listed as follows:

(1) pH map of the window chamber Display window (1) shows the pH map

of the window chamber in grayscale. The GFP image of the tumor and the

tumor boundary defined by the GFP signal can be overlaid in green on top of
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Figure 2.7: GUI of the software for ratiometric pH imaging.



35

the pH map. When clicking the left mouse button near the tumor boundary, a

red line normal to the boundary will be plotted. The variation of GFP signal

and pH value along the red line are plotted in display window (9).

(2) Cursor position and its pH value As the cursor moves on the pH map

(1), the position of the cursor and the corresponding pH value are displayed

dynamically in display window (2).

(3) Image quality control The image quality, i.e. contrast and brightness, can

be controlled to achieve the desired display effect. By adjusting the contrast

or brightness of the pH image, the range of pH value between light and dark

varies, as shown in display window (6). The initial values of contrast and

brightness are calculated based on the histogram of the pH map. A “Reset”

button resets the contrast and brightness to their initial values. When multiple

pH maps are open, the “Adjust all” button adjusts the contrast and brightness

of all other maps such that all pH maps display the same range of pH.

(4) GFP display options Enabling the check box “GFP boundary” will show

the tumor boundary, which is defined by the GFP signal intensity. A pixel with

a GFP signal intensity higher than a threshold, which is adjustable with the

“Threshold” slider, is considered to be inside the tumor. Enabling the check
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box “GFP image” displays the GFP image of the tumor in green overlaid on

the pH map.

(5) Plotting Options The button “Sampling length” in display window (5)

defines the length of the red line in the pH map (1). The pH values plotted

in display window (9) is the average of a number of pixels normal to the red

line. The number of pixels is defined by the button “Average over:”.

(6) Colorbar The colorbar of display window (6) shows the linear grayscale map

of the pH map. The pixels with a pH value higher than the upper limit in the

colorbar are shown in white and pixels with values lower than the lower limit

are shown in black.

(7) Experimental information The identification number of the mouse, date

of experiment, magnification of the objective, imaging time after dye injection,

and the image size are displayed in display window (7).

(8) Histogram of pH The histogram of the pH map (1) is plotted in display

window (8). This provides the user with the range of pH in the map.

(9) pH and GFP variation The variation of pH value and GFP signal along

the red line are plotted in display window (9) in white and green, respectively.

The position (horizontal axis) is low inside tumor and moves to higher value



37

in normal tissue.
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CHAPTER 3

PHOTON NOISE IN FLIM

3.1 Introduction

The accuracy of pH measurements using ratiometric method is mainly limited by

biological and physiological factors, which, however, have very little impact on the

pH measurements using FLIM (Sanders et al., 1995). Therefore, FLIM is considered

to be a promising alternative of pH measurement technique.

Fluorescence lifetime measurements are usually taken under low light environ-

ment, where photon noise is the predominant error source. In this chapter, the

effects of photon noise in both TD and FD-FLIM are theoretically analyzed. The

results are compared to Monte Carlo simulation.

3.2 TD-FLIM

Conceptually one can consider TD fluorescence lifetime measurement as follows.

The fluorophore is excited by a very short laser pulse and the temporal distribu-

tion of emitted fluorescence is detected. The exponential time decay of the signal

intensity after the laser pulse yields data from which the fluorescence lifetime τ can
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be estimated. In practice, a histogram of the number of photons versus a series of

discrete time bins is recorded. The fluorescence lifetime can be extracted by fitting

the histogram data set to an exponential curve. Several TD approaches have been

used to measure fluorescence decays. Among these, time-correlated single-photon

counting (TCSPC) and time-gated imaging are the most widely used. Mathemati-

cally, the time-gated method can be considered as a special case of TCSPC where

a histogram of two or more time bins is recorded as an image of each time bin.

An analysis of the photon noise limited performance of TD-FLIM was carried

out. There are three cases being discussed in this dissertation. The first case is that

there is no background noise present. All the photons collected by the detector are

from emitted fluorescence. However, this case is somewhat ideal. Usually, there is a

low background level from room light or other sources. Sometimes this background

level can be estimated but sometimes not. These two cases are analyzed individually.

The accuracy of maximum-likelihood (ML) estimator and least square (LS) fitting

technique are compared. The highest possible precision (smallest possible standard

deviation) for unbiased estimators in the lifetime estimate is obtained by calculation

of the Cramér-Rao lower bound (CRLB) (Cramér, 1946; Rao, 1945).
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3.2.1 Statistical analysis

3.2.1.1 Case without background noise

We assume in the first case that there is no background signal from room light

or other sources and that photon noise is the predominant noise source in the

measurement process. Let ni represents the histogram value of the i-th time bin

[ ti −∆t/2, ti + ∆t/2 ], where ∆t is the width of a time bin. Then the expectation

value of ni, denoted as λi, can be computed as

λi = E(ni) =

∫ ti+∆t/2

ti−∆t/2

R0e
−t/τdt = 2R0τ sinh(∆t/2τ)e−ti/τ , (3.1)

where τ is the lifetime of the fluorophore, and R0 is the initial photon arrival rate

determined by the collection system.

If we define N0 = 2R0τ sinh(∆t/2τ), then Equation (3.1) can be simplified as

λi = N0 e
−ti/τ . (3.2)

By fitting the histogram data to Equation (3.2) one can estimate the fluorophore

lifetime τ . The LS fitting technique is a commonly used method to estimate τ .

However, LS estimation is unbiased only if the data to be fit are normally distributed,

which is not the case for photon noise. The photon count is described by Poisson

statistics with the probability distribution

pr (ni|θ) =
e−λi(θ)λi(θ)

ni

ni!
, (3.3)
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where the parameter vector θ has two components,

θ =











τ

N0











.

Once the data vector n with components ni is measured, pr(n|θ) can be regarded

as a function of θ called the likelihood of θ for given n and is denoted by

L(θ|n) = pr(n|θ) =
m
∏

i=1

pr(ni|θ),

where m is the number of time bins.

LS estimation leads to a biased estimate of the fluorescence lifetime unless the

photon count is very high and the Poisson distribution approximates a normal distri-

bution. This condition is often not valid for TCSPC, where the number of photons

in a time bin can be relatively small.

ML estimation is another approach to parameter estimation in statistics and

yields an unbiased estimator for the case of Poisson statistics. We will show that

ML estimation is also efficient, i.e. its estimation variance achieves the CRLB, which

is the minimum variance of any unbiased estimator.

ML estimation uses the following rule to determine the underlying parameters:

θ̂ML ≡ argmax
θ

pr(n|θ), (3.4)

where the argmax operator returns the value of θ at which pr(n|θ) is maximized.

Since the logarithm is a monotonic function of its argument, the equation above can
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also be written as

θ̂ML ≡ argmax
θ

ln [pr(n|θ)] . (3.5)

To calculate the lifetime via ML estimation, we form the log-likelihood function

lnL(θ|n) = ln pr(n|θ) = ln

m
∏

i=1

pr(ni|θ). (3.6)

The above assumes that each measurement, ni, is an independent random vari-

able, which is a valid assumption for data generated in the photon noise limited

situation with the available measurement methods.

The substitution of Equation (3.2) and (3.3) into Equation (3.6) yields

lnL(θ|n) =
m
∑

i=1

(

ni lnN0 −
niti
τ

−N0e
−ti/τ −

ni
∑

j=0

ln j

)

. (3.7)

To find the fluorescence lifetime τ and N0 that maximize the likelihood, we take

the derivative of Equation (3.7) with respect to τ and N0, and equate them to zero:

∂

∂τ
lnL(θ|n) =

m
∑

i=1

(

niti
τ 2

+
N0ti
τ 2

e−ti/τ

)

= 0, (3.8)

and

∂

∂N0
lnL(θ|n) =

m
∑

i=1

(

ni

N0
− e−ti/τ

)

= 0. (3.9)

The solution of Equation (3.9) yields the estimated value for N0

N̂0,ML =

m
∑

i=1

ni

m
∑

i=1

e−ti/τ̂ML

, (3.10)
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where τ̂
mathrmML is the corresponding estimated value for τ .

By substituting Equation (3.10) into Equation (3.8), we obtain an equation in

terms of τ̂
ML

,

m
∑

i=1













niti +

m
∑

j=1

nj

m
∑

j=1

e−tj/τ̂ML

tie
−ti/τ̂ML













= 0. (3.11)

Although it is difficult to derive a closed form solution for τ̂
ML

from Equa-

tion (3.11), a numerical solution can be found using appropriate numerical methods.

From the likelihood expression, Equation (3.7), we can calculate the Fisher in-

formation matrix (FIM) (Edgeworth, 1908a,b), which can be used to compute the

CRLB for the minimum variance of the lifetime estimation. For this case, the FIM,

F1, is a 2 × 2 symmetric matrix with components given by

[F1]ij =

〈[

∂

∂θi
pr(n|θ)

] [

∂

∂θj
pr(n|θ)

]〉

. (3.12)

Therefore, the FIM is

F1 =













m
∑

i=1

N0t
2
i

τ 4
e−ti/τ

m
∑

i=1

ti
τ 2

e−ti/τ

m
∑

i=1

ti
τ 2

e−ti/τ
m
∑

i=1

1

N0

e−ti/τ













,

and the CRLB of the variance of τ̂ is given by:

CRLB1 =
[

F−1
1

]

11
=

m
∑

i=1

1

N0
e−ti/τ

(

m
∑

i=1

N0t
2
i

τ 4
e−ti/τ

)(

m
∑

i=1

1

N0
e−ti/τ

)

−
(

m
∑

i=1

ti
τ 2

e−ti/τ

)2 .

(3.13)



44

It can be shown that, first, the CRLB decreases as m increases, which means

that for a fixed width time bin, the longer the imaging time, the lower the CRLB

of the estimated fluorescence lifetime. Secondly, given a total imaging time that is

constant, the finer the width of a time bin, the lower the CRLB. Therefore, we can

calculate the lower limit of the CRLB as m approaches infinity and the width of a

time bin ∆t = ti − ti−1 approaches zero. Under that condition, the CRLB is

CRLB1 ≥
τ 2

N
, (3.14)

or

στ̂ ≥ τ√
N

where N is the total number of detected photons.

We can see that for a given fluorescence lifetime, the highest achievable precision

is determined by the number of photon N detected. τ/
√
N is the limit of the

precision for the TD-FLIM estimate of τ .

3.2.1.2 Case with unknown background

When there is background light C present, which is often the case for real ex-

periments, the histogram data ni are still Poisson random variables, except that

Equation (3.2) for the mean values should be modified as

λ′

i = N0e
−ti/τ + C, (3.15)
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where τ , N0, and C are now three parameters that must be estimated. In this case,

θ =



















τ

N0

C



















. (3.16)

Thus the log-likelihood function becomes

lnL(θ|n) =
m
∑

i=1

[

ni ln
(

N0e
−ti/τ + C

)

−N0e
−ti/τ − C −

m
∑

j=1

ln j

]

. (3.17)

The estimate of the fluorescence lifetime can be found by maximizing the value

of lnL(θ|n).

Following similar steps, we can derive the FIM, which for this case is

F2 =























m
∑

i=1

N2
0 t

2
i

λ′

iτ
4
e−2ti/τ

m
∑

i=1

N0ti
λ′

iτ
2
e−2ti/τ

m
∑

i=1

N0ti
λ′

iτ
2
e−ti/τ

m
∑

i=1

N0ti
λ′

iτ
2
e−2ti/τ

m
∑

i=1

1

λ′

i

e−2ti/τ
m
∑

i=1

1

λ′

i

e−ti/τ

m
∑

i=1

N0ti
λ′

iτ
2
e−ti/τ

m
∑

i=1

1

λ′

i

e−ti/τ
m
∑

i=1

1

λ′

i























. (3.18)

The first element of the inverse FIM,
[

F−1
2

]

11
, is the CRLB for the variance of

the estimated fluorescence lifetime τ̂ .

3.2.1.3 Case with known background

In fluorescence lifetime imaging, it is often possible to estimate the background level

independently. The estimated background can be subtracted from the data prior to
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estimation of the lifetime. A relatively large bias in the estimated lifetime τ̂
LS

will

still occur with LS estimation in this case. The ML estimation can be used to com-

pute the lifetime for this case as well. We can still estimate the fluorescence lifetime

by maximizing the log-likelihood function (3.17), except that the background level

C is no longer a parameter to be estimated, which makes the maximization process

more efficient and less time-consuming. For this case, the FIM is computed as

F3 =













m
∑

i=1

N2
0 t

2
i

λ′

iτ
4
e−2ti/τ

m
∑

i=1

N0ti
λ′

iτ
2
e−2ti/τ

m
∑

i=1

N0ti
λ′

iτ
2
e−2ti/τ

m
∑

i=1

1

λ′

i

e−2ti/τ













, (3.19)

from which the CRLB of the variance of τ̂ can be calculated. Note that F3 can

reduce to F1 when there is no background present, i.e. C = 0.

3.2.1.4 Comments

I carried out statistical analysis in Section 3.2.1 independently. However, after re-

viewing the literature, similar work was found to be previously published by Köllner

(Köllner and Wolfrum, 1992). Köllner also computed the FIM to obtain the mini-

mum possible variance of estimated lifetime. The cases discussed in Section 3.2.1.1,

3.2.1.2, and 3.2.1.3 were analyzed in the paper for monoexponential decays. Biex-

ponential decays were also discussed in the paper. The results I derived agree with

the results presented by Köllner.
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3.2.2 Monte Carlo simulation

Via Monte Carlo simulation, we evaluated the performances of LS and ML estima-

tions in all three cases by computing the means of τ̂ and comparing the variances of τ̂

to the CRLBs, as shown in Figure 3.1 – 3.4. For the case without background noise,

numerical solutions of τ̂
ML

was found using the Newton-Raphson method while the

maximum likelihood expectation maximization (ML-EM) method was used for cases

with background. A million trials were run for each simulation with the following

assumption for all cases: 1) the lifetime of the fluorophore was 3 ns; 2) the number

of the time bins m was 64; and 3) the width of a time bin was 0.1 ns. We also

assumed that the value of the background level was 1/10 of N0 for the case with

background.

It can be seen in Figure 3.1 that, LS estimation introduces a relatively large

negative bias to the estimated lifetime τ̂
LS

when N0 is small. The lifetime estimated

by ML estimation, τ̂
ML

, reflects the “actual” lifetime 3 ns, though there is a slight

positive bias at small N0. The reason for the small bias is unknown. Figures 3.2

and 3.4 show that the variance of τ̂
LS

is higher than that of ML estimation. In other

words, ML estimation yields an estimated lifetime with higher accuracy and higher

precision than LS estimation no matter whether there is background signal present

or not.
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Figure 3.1: Mean of estimated lifetime of Monte Carlo simulation.

Figure 3.2: Comparison of estimated lifetime and CRLB when no background noise
is present.
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Figure 3.3: Comparison of estimated lifetime and CRLB when background noise
needs to be estimated.

Figure 3.4: Comparison of estimated lifetime and CRLB when background noise
level is subtracted from signal.
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Figure 3.1 shows that the ML is an essentially unbiased estimator for lifetime

estimation. Figures 3.2, 3.3 and 3.4 show that the variances of τ̂
ML

in all cases match

the corresponding CRLBs. Thus the ML estimator is a minimum variance unbiased

estimator for fluorescence lifetime estimation in TD-FLIM.

We can also see that, for the same N0 value, or the same number of photons

collected, the variance of τ̂
ML

is the smallest when the background signal is elimi-

nated. Although the presence of the background increases the variance significantly,

as shown in Figure 3.3, the correct estimation of the background level before estima-

tion of the lifetime brings the variance down to a relatively lower level (Figure 3.4).

3.2.3 Experiment

In order to verify the results of the theoretical derivation, the fluorescence lifetime

of a BCECF sample was measured. The mean and the standard deviation of the

estimated lifetime using the LS fitting and ML estimator were calculated and com-

pared. A Zeiss LSM confocal microscope (Carl Zeiss MicroImaging, Thornwood,

NY) with SPC-830 TCSPC Imaging Module (Becker and Hickl GmbH, Berlin, Ger-

many) was used to measure the lifetime of a homogeneous sample of BCECF. The

fluorophore was dissolved in pH 7.4 buffer at a concentration of 100 µM. A Mira 900

Ti:Sapphire laser was used as a 2-photon excitation source. The working wavelength
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was 800 nm and the repetition rate was 76 MHz. Histogram values from 40 time

bins with interval width of 0.156 ns were used to estimate the fluorescence lifetime.

The expected lifetime was around 3.5 ns but no “standard” value was found in the

literature. The total number of photons to build up the histogram was around 900.

The background was approximately 6 photons for each time bin. During the exper-

iment, the laser power was adjusted to a level such that about 1 emission photon

was generated per 100 laser pulses. Therefore, it took approximately 1.2 ms to build

up the histogram for a single point on the sample, or 6 minutes for an image with

512× 512 pixels.

With the results derived in Section 3.2.1.3, the CRLB of the variance for our

experiment setup is 0.106 ns2, and the standard deviation is 0.326 ns. The mean and

the standard deviation of the estimated lifetime are 3.466 ns and 0.396 ns, respec-

tively, for the ML estimation and 3.205 ns and 0.608 ns for the LS estimation. We

can see that the variance for the ML estimation is close to the CRLB though it is a

little higher. This is reasonable because for some measurements the number of the

photons was lower than 900, which increased the variance of the estimation. How-

ever, the variance of the estimated lifetime via LS estimation is much higher than

the CRLB. We also see that the mean of the estimated lifetime via LS estimation

is lower than that via ML estimation, which matches the results of our simulation,
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as shown in Figure 3.1.

3.2.4 Discussion

The number of photons in the histogram for the TCSPC technique is proportional

to the collection time, which is related to the limitation of laser repetition rate

and the photon yield rate. These two parameters, in principle, significantly restrict

the number of photons that can be detected within a reasonable imaging time. If a

very low variance of estimated fluorescence lifetime is desired, the measuring process

will be very time-consuming, and probably unacceptable for high resolution imaging.

The time-gated imaging system, on the contrary, can be used to collect more photons

for each excitation and thus is more promising when a very high precision in the

fluorescence lifetime measurement is desired.

ML is an unbiased estimator for any photon count. However, it is much more

time-consuming to estimate the fluorescence lifetime using ML estimation versus

LS estimation. The ML estimator is much more accurate and precise for the low

photon cases, but as the number of photons increases and the bias and uncertainty

of the LS fitting become comparable with ML estimator. The LS estimator may be

a better option in some cases due to its time efficiency.
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3.3 FD-FLIM

In FD-FLIM, the sample is excited by a periodically modulated excitation source.

The resulting fluorescence emission is also periodic and the phase and/or amplitude

modulation of the emission is related to the fluorescence lifetime. The accuracy and

precision of estimated lifetime depends on the how well the phase shift or change in

amplitude modulation can be measured.

A statistical analysis and optimization of FD-FLIM using homodyne lock-in

detection was published in Journal of the Optical Society of America A 27(5) in May

2010 (Lin and Gmitro, 2010). The paper “Statistical analysis and optimization of

frequency-domain fluorescence lifetime imaging microscopy using homodyne lock-in

detection” is attached to this dissertation as Appendix C.

3.4 pH Imaging Using FLIM

In order to achieve the expected precision of pH measurement, the correspond-

ing precision of the lifetime estimate needs to be obtained. SNARFL-1, carboxy

SNARF-1, and BCECF are three pH probes commonly used at near neutral pH.

Their lifetime variations versus pH (Szmacinski and Lakowicz, 1993) are listed in

Table 3.1. Since the fluorescence lifetime changes slowly within a narrow pH range,

it is reasonable to assume that this change is linear over such a range. Thus, we can
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Table 3.1: Lifetime sensitivities to pH of three commonly used pH probes.

pH Probe pH Lifetime (ns) Sensitivity (ns/pH unit)

SNAFL-1
4.9 3.71

0.58
9.3 1.15

SNARF
4.9 0.48

0.22
9.4 1.45

BCECF
5.7 3.17

0.33
9.7 4.49

Table 3.2: Comparison of photon numbers for different FLIM methods. BCECF is
used as pH probe and a precision of 0.1 pH units is desired.

Imaging technique # of photons needed

TD-FLIM
TCSPC

11,894
Time-gated

FD-FLIM
Sinusoid modulation 111,570

Square-wave modulation 19,432
Dirac train pulses modulation 12,300

calculate the sensitivities of the fluorescent probes, where sensitivity is defined as

the variation of the lifetime per unit pH change. The results are listed in Table 3.1.

For example, if a precision of 0.1 pH units is desired at pH = 7, the estimated

BCECF lifetime need to be measured with a standard deviation of less than 0.033

ns. According to our analysis, the total numbers of photons needed to achieve this

precision for the different methods are listed in Table 3.2. For the FD-FLIM, the

modulation frequency and optimal duty cycle (if applicable) are optimized for the

minimum imaging time.
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Assume that a TCSPC system is used with a 76 MHz pulsed laser source. Based

on the data in Table 3.2, to capture an image with a resolution of 512 × 512,

the imaging time will be as long as 69 minutes, which is generally unacceptable.

Although time-gated and FD-FLIM techniques require the same or more number of

photons to obtain the same precision, the photon collection efficiency can be much

higher and imaging can be expected to be done within a reasonable time.

However, as shown in Appendix A, only 600 photons are needed to achieve a

precision of 0.1 pH unit using the ratiometric method with carboxy SNARF-1. In

the case that high photon rate is difficult to obtain, e.g. low dye concentration, the

ratiometric method is definitely more time-efficient, although more bias is expected

in results.
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CHAPTER 4

CONCLUSION

4.1 Summary of Work

This dissertation describes three primary accomplishments. (1) The pH imaging of

window chamber models using carboxy SNARF-1 was demonstrated. Software was

developed to process the raw data from the microscope and to analyze the generated

pH maps. (2) The errors in the results of ratiometric imaging were analyzed. A pos-

sible solution to increase the accuracy and reduce the uncertainty of measurements

was proposed. (3) The uncertainty of the estimated fluorescence lifetime introduced

by Poisson noise was analyzed for both TD- and FD-FLIM. The results can be used

to find the optimal experimental parameters, which minimizes the uncertainties of

the estimation.

Errors in ratiometric pH imaging of window chamber models can be introduced

by bias in the estimator, Poisson noise in the data, chromatic aberration in the

microscope, and other biological factors. Results of simulation show that the error

induced by the ratio estimator is very small and can be ignored. Poisson noise causes

uncertainties in the measurements and sets a fundamental limit in the precision of
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the parameter estimate. To achieve a precision of 0.1 pH unit in measurements

using carboxy SNARF-1, the total number of photons collected from both channels

per pixel needs to be greater than 600. Chromatic aberration in the microscope

can introduce significant variation in the ratio and hence the estimated pH of the

tissue. The variation in the tissue pH depends on the specific microscope system

and the objective used for imaging. For the Nikon Eclipse E600 microscope with

Nikon 1x/0.04NA Plan UW objective that we used to image window chambers, the

variation introduced by chromatic aberration is extremely small and can be ignored.

Biological factors, such as protein concentration and body temperature, significantly

affect the results of pH measurements. The bias introduced by these factors needs

to be compensated to achieve an accurate estimation of pH.

FLIM is another optical technique to measure pH. Poisson noise is the predomi-

nant error source that can cause significant uncertainties in the estimated pH. The

uncertainty of estimated fluorescence lifetime versus the number of photons in both

TD and FD is analyzed in the dissertation, and the precision of estimated pH as

a function of the number of photons was obtained. For TD-FLIM, the precision of

estimated lifetimes as a function of number of photons can be obtained by calculat-

ing the Crámer-Rao lower bound of the estimation. For FD-FLIM using homodyne

lock-in detection, the rigorous PDFs of estimated lifetime with different excitation
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waveforms was derived and the theoretical results agree with the results of Monte

Carlo simulation. The relative throughput for each modulation was also calculated.

Maximizing the relative throughput yields the best SNR per unit time of imag-

ing and the best sensitivity for fluorescence lifetime measurements. The standard

deviation of estimated pH using different pH probes were compared.

Due to errors in the ratiometric imaging, the estimated pH obtained using this

method is biased. Approximately 600 photons per pixel are needed to achieve an

accuracy of 0.1 pH units in the results. FLIM is a promising technique for unbiased

pH measurements, but many more photons (on the order of 10,000 or more) need

to be collected to achieve the same accuracy. Depending on the specific approach

to implement the measurements, it can be challenging to collect this many photons

in a reasonable period of time. Since a higher precision is given by the retiometric

imaging technique for a given number of photons, this method is preferable when

a high precision in results is desired over the absolute measurements; and FLIM is

a better choice when a higher accuracy estimate is required and sufficient photons

can be collected.
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4.2 Future Work

There is a need to improve the accuracy of ratiometric pH imaging in the window

chamber model. A well maintained mouse body temperature will help reduce the

variation of measured pH. Since the effects of biological factors are usual unknown

and hard to calibrate in advance, we propose a method to correct the bias after the

imaging is done. The actual pH of a tumor can be measured using microelectrode

pH probe. A correction curve can be generated by mapping the results from the

microelectrode measurement to ratiometric measurements at various positions inside

the window chamber. The pH map obtained from the ratiometric method can be

corrected using this correction curve. However, the method proposed above requires

the removal of the cover slip on the window chamber, which can cause infection

or contamination to the tissue open to the air. Another approach is to use an

unbiased imaging modality, such as FLIM, to measure the pH at some positions

inside the window chamber instead of microelectrode. Then a correction curve can

be generated to correct the pH map accordingly.

Since FLIM is relatively independent of the biological factors, use of FLIM for

pH measurement in the window chamber model is an alternative. This method is

vulnerable to low number of photons, but increasing of imaging time or higher dye

concentration may overcome this issue. TCSPC is a widely used TD-FLIM tech-
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nique. Its working principle limits the number of photons that can be collected in

a certain period of time. As a result, it will take a long time to obtain a pH map

with desirable precision and spatial resolution. In principle, time-gated lifetime

measurement can collect relatively more photons than TCSPC, but the limitation

and feasibility of this technique still need more investigation. FD-FLIM using ho-

modyne lock-in detection is promising because it is relatively easy to acquire enough

emission photons to achieve the desired measurement precision.
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A ratiometric fluorescence imaging technique was used to measure extracellular

pH in tumor and surrounding tissue in a dorsal skin fold window chamber. Carboxy

SNARF-1 was used as a pH-sensitive-fluorophore. The measured pH was generally

lower than expected with a bias that varied from one image to another. A compre-

hensive analysis of possible error sources is presented. These error sources include

photon noise, estimator bias, instrument errors, and biological factors.
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I. INTRODUCTION

The pH of tumors and surrounding tissues is a key biophysical property of the

tumor microenvironment that affects how a tumor survives, proliferates, and invades

the surrounding space of normal tissue [1–3]. Therefore, the measurement of pH is

important for studying tumorigenesis. Since intracellular pH and extracellular pH are

different, one needs to carefully design the experimental technique to measure one or

the other of these values. For the remainder of this paper, we refer exclusively to the

measurement of extracellular pH.

Ratiometric fluorescence imaging is commonly used to measure the variation of

calcium ions, pH levels, and membrane potential of tissue. The emission spectra of

certain fluorescent probes undergo a pH-dependent wavelength shift, thus allowing

one to determine pH by calculating the ratio of the fluorescence intensities from the

fluorophore at two emission wavelengths.

Window chambers are support structures implanted in animals to allow direct

visual access to tissues. A common type of window chamber is that placed in the

dorsal skin-fold of a rodent, where the dorsal skin is pulled up and clamped into the

window chamber. A portion of the outer skin is removed and a cover glass is inserted

over the area of exposed tissue. This technique was developed in the 1940s [4, 5],

and improved over the years [6]. It has been widely used in tumor microcirculation

studies.

In this paper, we present the results of pH imaging in a window chamber model

using ratiometric fluorescence imaging on a laser scanning confocal microscope. The

bias and uncertainty in the results are analyzed in terms of photon noise, estimator

bias, instrument errors, and biological factors.

II. MATERIALS AND METHODS

Severe combined-immuno-deficient (SCID) mice were used in the experiments. A

flap of skin on the back of the mouse was pulled and clamped into a window chamber.
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The skin inside the chamber opening was removed on one side to expose the underlying

smooth muscle tissue. A cover glass was placed over the exposed tissue. Two days

after the window chamber was installed, the cover glass was removed and the tissue

within the chamber was injected with approximately 1 million prostate cancer cells

(PC3 cancer cell line). The cancer cells were genetically modified to express green

fluorescent protein (GFP), which was used to track the growth of the tumor. The

visible region of the tissue inside the window chamber was 13 mm in diameter. The

window chambers generally remained functional for about three weeks, allowing a

series of pH imaging at different stages of tumorigenesis.

Carboxy SNARF-1 (Molecular Probes, Eugene, OR), a pH probe for near-neutral

pH imaging, was used to investigate the extracellular pH of tissue within the window

chambers. This dye is excited efficiently in the 480 nm to 550 nm wavelength range.

Carboxy SNARF-1 has dual emission peaks at 580 nm and 640 nm owing to the pro-

tonated and deprotonated forms of the molecule. The relative amount of fluorescence

between the emission peaks varies as the local pH environment changes, thus allowing

the ratio of the fluorescence intensities from the dye at two emission wavelengths to

be used to determine pH.

Images were acquired using a Nikon Eclipse E600 microscope with a C1 confocal

module (Nikon Instruments, Melville, NY). In order to image the whole window

chamber, a 1X objective was used. The pinhole of the confocal microscope was

opened as far as possible to maximize the photon collection efficiency. GFP images

were captured with Ar ion laser (488 nm) excitation and a 515/30 nm bandpass

(channel 1) emission filter. Carboxy SNARF-1 was excited at 543 nm using a green

He-Ne laser. To collect the emitted fluorescence from SNARF, two emission filters,

595/50 bandpass (channel 2) and 640 longpass (channel 3), were used. The mouse

was placed on a specialized Plexiglas holder, which was mounted on the microscope

stage. Isoflurane was used to anaesthetize the animal during the imaging experiment.

The GFP signal from channel 1 and background fluorescence from channel 2 and 3,

Ibg2 and Ibg3, were recorded before the injection of carboxy SNARF-1. 200 µl of 1 mM

carboxy SNARF-1 solution in phosphate buffered saline (PBS) was injected via a tail
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vein catheter. The emission signals from channel 2 and 3, I2 and I3, increased slowly

over a period of about 30 minutes following the injection. Images were collected at 5

minutes, 15 minutes, and 30 minutes after injection.

The ratiometric image, R, of the tissue was computed as

R =
s2
s3

=
I2 − Ibg2
I3 − Ibg3

, (1)

where s2 and s3 are the actual signal increases recorded in the two emission channels

due to the influx of carboxy SNARF-1.

The pH map of the tissue was obtained using the relationship [7]

pH = C + log

(

R− RB

RA − R

)

, (2)

where the values of C, RA, and RB are estimated during a calibration procedure. A

calibration curve was generated by measuring the fluorescence signals s2 and s3 from

a series of HEPES (4-(2-hydroxyethyl)-1-piperazineethanesulfonic acid) buffered 5

µM carboxy SNARF-1 solutions with varying pH. The pH values were evenly spread

between 6.2 and 7.4 over 15 calibration samples. The signal ratio R of each sample

was computed and Eq.(2) was fit to the data to estimate the values of C, RA, and

RB.

III. IMAGING RESULTS

Some typical results of pH imaging of window chambers are shown in FIGs. 1 – 4

together with the corresponding GFP images that show location of the tumors. The

first row of each figure is the pH map of the window chamber and the second row is

the corresponding GFP image. pH maps and GFP images in the same column were

imaged on the same day. The number of days after the cancer cell implantation is

listed at the bottom of each column. The pH maps of the same mouse on different

days are shown using the same scaling. The animal’s body is located at the top of

the image.

FIG. 1 shows a tumor that doubled in size between Day 4 and Day 15. The tumor

appears darker (more acid) than the surrounding tissue in the pH maps. The dark
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FIG. 1. pH and GFP images of mouse 0379-L1 on different days.

area correlates with the high signal intensity area in the corresponding GFP image.

The GFP images in FIG. 2 show a tumor that was growing; however, the pH images

show some variability on how acidic the tumor is relative to the surrounding tissue.

The latter time points show a tumor that appears to be more similar in pH to its

surroundings. This may be due to the tumor becoming less acidic with increased

vascular perfusion. FIG. 3 shows a series of images where the size of the tumor on

different imaging days appears similar. However, in this case, the tumor was actually

growing in thickness in the direction normal to the window chamber plane. FIG. 4

shows a case where a tumor was shrinking over time. From FIG. 1 – 4, one can

see that the average pH in the normal tissue is significantly lower than expectation

(pH ≈ 7.2) with a range of -0.7 to -0.3 pH units.

FIG. 5 shows the variation in the pH images of a window chamber in a single

experiment at different imaging time points after the injection of the carboxy SNARF-

1 solution. The pH map appears more acidic at the early time point, appears to

become more basic over time, and finally turns more acidic again. This behavior of
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FIG. 2. pH and GFP images of mouse 0380-R1 on different days.

FIG. 3. pH and GFP images of mouse 0266-R1 on different days.
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FIG. 4. pH and GFP images of mouse 0840-R1 on different days.

FIG. 5. Variation in the pH images in a single experiment at different imaging time points

after injection of the probe.

temporal variation was consistently observed in multiple experiments. A variation of

±0.1 pH units in the average pH in the normal tissue is observed at different time

points.
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IV. ERROR ANALYSIS

Although the pH is generally lower in tumor than in surrounding tissue, the ab-

solute pH values measured appear biased towards low values. In all the pH images,

the pH values in tumor and in normal tissue are lower than typical physiological pH

(around 7.2 for normal tissue). In addition, the pH value in normal tissue varied

significantly from image to image over time and from day to day over the course of

an experiment. These errors can be due to a number of factors, including Poisson

noise, estimator bias, instrument errors, and biological factors.

A. Biased estimator and Poisson noise

The signal in the two measurement channels can be modeled as uncorrelated Pois-

son random variables s2 and s3. The mean of the ratio R, 〈R〉, of the two random

variable can be calculated using a Taylor expansion as

〈R〉 ≈ µ2

µ3

(

1 +
σ2
3

µ2
3

+ . . .

)

, (3)

where µ2 and µ3 are the mean of s2 and s3, respectively, and σ3 is the standard

deviation of s3. The mean of the ratio is generally not equal to the ratio of the means

of the two signals. As a result, Eq. (1) is a biased estimator for µ2/µ3, which is

the “ratio” needed for an accurate pH estimation. Consequently, the estimated pH

computed using this ratio is also biased.

In Eq. (3), the first-order bias term, σ2
3/µ

2
3, is the reciprocal of square of the signal-

to-noise ratio (SNR) of the signal from channel 3. Photon flux is low for window

chamber pH imaging and photon noise is therefore a predominant source of the signal

uncertainty. A Monte Carlo simulation was performed to investigate the effects of the

biased ratio estimator and photon noise on the estimated pH. FIG. 6 shows plots of

the bias and standard deviation of the estimated pH for different numbers of collected

photons. Both the bias and the standard deviation decrease as the number of photons

increases. The minimum bias and minimum standard deviation occur at near-neutral
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FIG. 6. Bias and standard deviation of estimated pH.

pH (7.0) regardless of the number of photons. It can be seen that the bias of the

estimated pH is relatively small compared to the standard deviation. This bias can

generally be considered insignificant and can be ignored. To achieve a measurement

precision higher than 0.1 pH units, a total photon number of at least 500 is required.

In our experiments, approximately 600 photons were collected per pixel. A stan-

dard deviation of 0.09 pH units is expected at pH = 6.7 in this case. In a relatively

uniform area inside a window chamber, we measured a standard deviation of 0.11 pH

units at pH = 6.7, which was very close to the results of the simulation.

B. Instrument errors

System stability can be another factor that introduces uncertainty to the estimated

pH. The pH of a phantom was measured to investigate the stability of the confocal mi-

croscope system used for pH measurements. The phantom consisted of a microscope

slide with a well, which was filled with the 5 µM PBS-buffered carboxy SNARF-1

solution. The experiment was run over two days and the pH of the phantom was

measured every 30 minutes. The imaging system was turned off in the evening of

the first day and turned back on the following morning. The measured pH versus
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FIG. 7. Stability of the confocal microscope system.

the imaging time points is plotted in FIG. 7. The fluctuation of the measurement

results is within a fairly small range (approximately ±0.02 pH units). Therefore, the

stability of this imaging system is adequate for our experiments and the errors due

to this factor can be ignored.

We have recently shown that chromatic aberration in a confocal microscope can

introduce a significant amount of variation to the ratio of two spectral signals, es-

pecially when the microscope is focused near the sample boundary [8]. Due to the

depth of field of the objective, it is difficult to perfectly focus on the same plane of

the sample for each experiment. The subtle shift of focal plane results in a variation

of the ratio, thus yielding a variation in pH values for the same sample. However,

because we imaged window chambers with a 1X objective and an open pinhole, the

variation in the signal ratio due to this effect is extremely small and is not the source

of the observed variability in the pH measurements.

C. Molecular binding

Sanders [9] has shown that the concentration of protein and other macromolecules

inside tissue can affect the emission spectra of pH sensitive fluorophores. The binding
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of protein and probe molecules causes the emission spectra of carboxy SNARF-1 to

shift to longer wavelength due to the solvent relaxation effect [10]. Because the signal

intensities of the two channels are generated from two fixed spectral bands of the

corresponding emission filters, the resulting ratio becomes dependent on the protein

concentration. Since it is difficult to replicate the same environment in pH calibration

media as in real tissue, the calibration curve can introduce a bias to the estimated

pH in tissue. In Sanders’ experiments, the pH inside cells was underestimated by as

much as 1 pH unit near neutral pH versus in buffer. A probe molecule binding with

extracellular protein yields a pH measurement that appears more acidic compared to

an unbound molecule. As a result, the combination of bound and unbound probe

molecules yields an estimated pH that is lower than the actual pH if the calibration

curve is generated with completely unbound probe.

The variation in our pH measurements can potentially be explained by the varia-

tion in the ratio of bound and unbound pH probe molecules in tissue. The equilibrium

ratio of bound and unbound probe molecules depends on their relative concentrations

in tissue. Due to individual differences between mice, the concentration of pH probe

molecules in tissue can vary significantly from experiment to experiment, leading to

a variation in equilibrium ratio of bound and unbound probe molecules and thus in

the estimated pH. Depending on the ratio of bound and unbound probe molecules,

the bias in the estimated pH varies. This hypothesis can be applied to explain the

observation in FIG. 5 as well. It takes time for the probe molecules to permeate from

the blood circulation into tissue. At the early time point (e.g. 5 minutes after injec-

tion), the concentration of probe molecules is low in the tissue and a relatively high

proportion of the molecules are bound with extracellular protein. Therefore, the tis-

sue appears more acidic. As more probe enters the tissue, the proportion of unbound

probe molecules increases and the measured pH increases (15 minutes and 30 minutes

time points in FIG. 5). The concentration of probe molecules inside the tissue will

eventually drop with unbound probe molecules leaving first and the pH map will then

start to appear more acidic again. The 40 minutes time point in FIG. 5 shows a slight

decrease in average pH. Since the permeability of vessels and the metabolism rate of
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FIG. 8. Variation of the estimated pH versus temperature.

individual mice varies significantly, the time point at which the concentration of probe

molecule is highest in the tissue varies from one animal to the other. As a result,

it is difficult to determine the “best” imaging time point, where the impact of the

bound probe molecules is minimized. In our experiments, this “best” imaging time

point ranged from 15 minutes to 30 minutes after the injection of carboxy SNARF-1

solution.

D. Temperature

Variation in temperature can also causes the emission spectra of carboxy SNARF-1

to shift. This introduces a variation in the signal ratio and consequently the estimated

pH. The variation of estimated pH versus temperature was measured in a 5 µM PBS-

buffered carboxy SNARF-1 solution. The results are plotted in FIG. 8. One can see

that the fluctuation of measured pH is approximately 0.4 pH units within the 20 ◦C

range of temperature variation in this experiment.

These results clearly show that the temperature of the window chamber needs to

be well controlled to reduce error in the estimated pH. In our system, the window

chamber temperature is not maintained through an active feedback system and it
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can vary significantly during an experiment. This temperature variation is likely to

introduce errors in our pH estimations.

In addition, the pH versus ratio calibration curve was generated using a carboxy

SNARF-1 solution at room temperature, which is lower than the temperature of the

window chamber. This temperature difference will introduce a bias to the estimated

pH. However, this bias can be avoided by maintaining the same temperature for the

calibration sample and the window chamber.

V. CONCLUSION

Ratiometric pH imaging in a window chamber using carboxy SNARF-1 and a

confocal microscope was investigated. pH maps of tumors and surrounding tissue

inside the window chamber were generated and analyzed. Bias and fluctuation in the

estimated pH values are significant in the results.

Photon noise is likely to be the primary cause of pixel to pixel fluctuation in

the estimated pH image. This fluctuation can be reduced by increasing the number

of photons collected. In our experiments, the standard deviation of the estimated

pH is around 0.1 pH units and matches our expectation based on the number of

collected photons. Other factors can lead to systematic errors (bias) in the estimated

pH image. Although the ratio estimator and the instrument itself can introduce a

bias to the results, they do not appear to be the major cause of the observed error.

The binding between extracellular protein and pH probe molecules also causes a

bias in the estimated pH. The uncertainty of the ratio of bound and unbound probe

molecules could account for the variation of pH measurements from experiment to

experiment. Window chamber temperature is another factor affecting the accuracy

of the estimated pH. A well-controlled window chamber temperature will help reduce

this source of variation of the pH measurements.

Fluorescence lifetime measurement is an alternative to ratiometric imaging that is

not susceptible to the binding of protein and pH probe molecule [9]. Obtaining a pH

map by measuring the fluorescence lifetime of corresponding pH probes is a promising
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alternative if an accurate absolute pH measurement of tissue is desired.
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Confocal fluorescence ratiometric imaging is an optical technique used to mea-

sure a variety of important biological parameters. A small amount of chromatic

aberration in the microscope system can introduce a variation in the signal ra-

tio dependent on fluorophore concentration gradient along the optical axis and

cause bias in the measurement. A theoretical model of this effect is presented.

Experimental results and simulations clearly demonstrate that this error can

be significant and should not be ignored.© 2010 Optical Society of America
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1. Introduction

Ratiometric fluorescence imaging is the division of one measurement channel by a

second measurement channel to derive a value that is related to a quantity of in-

terest. The technique is powerful because it is independent of many factors, such as

dye loading, scattering, and photo-bleaching effects. Ratiometric imaging can pro-

vide a quantitative way to measure changes in intracellular and extracellular calcium

ion concentrations, pH levels, and membrane potentials [1–6]. Ratiometric fluores-

cence imaging can be done with either two spectral excitation channels (the sample

is successively excited by two wavelengths and the ratio of the detected emission in-

tensities is calculated) or two spectral emission channels (the sample is excited by a

single wavelength and the ratio is calculated using the signal intensities at two emis-

sion wavelengths). In this paper, we will use the latter case for analysis, but similar

conclusions can be drawn for either case.

Confocal microscopy is a scanning optical imaging technique used to create sharp

images of a thick sample that would otherwise be blurred when viewed with a con-

ventional microscope. It can provide a depth-resolved image of the sample with high

spatial resolution [7]. With a confocal microscope system, ratiometric imaging can

be used to explore the 3-dimension information of interest throughout the sample.

However, chromatic aberration in the microscope can introduce significant errors in

the parameter measurement. Chromatic aberration is the failure of an optical system

2
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to focus all wavelengths to the same point. This aberration arises because the index

of refraction of glass varies with wavelength. Although most high quality systems are

achromatic, residual chromatic aberration exists even in highly corrected systems. In

ratiometric imaging, chromatic aberration causes axial separation between the focal

planes of the raw data. In other words, the ratio will be based on data collected from

different depths in the sample. The depth dependence of the ratio signal can poten-

tially be corrected. In this paper, we analyze the effect of chromatic aberration on the

ratio of the signal intensities in two emission bands for confocal microscope systems.

2. Model

In a fluorescence confocal microscope, images are acquired point-by-point and re-

constructed with software. The imaging arrangement is depicted in Fig. 1. A point

light source is imaged into the sample, through a collimating lens (Collimating lens

1) and the objective. Point F is the nominal focus of the objective. For signal de-

tection the objective and another collimating lens (Collimating lens 2) image F onto

pinhole P. The illuminated volume is an extended 3D distribution. The excitation

light intensity, Is(r, z, λex, NA), near the focus is a function of the 2D vector position

r (r = xx̂ + yŷ), the axial depth z, the excitation wavelength λex, and the numer-

ical aperture (NA) of the objective. It can also vary with the lateral scan position

when the optical system has field dependent aberration. The fraction of the emitted

light that will be collected through the pinhole aperture of the confocal system can

3
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be written as Id(r, z, λem, NA), where λem is the emission wavelength. Actually, the

emission fluorescence is usually collected over a spectral band, but to simplify the

analysis, we consider emitted fluorescence at a single wavelength. Id can be thought

of as the detection sensitivity function, which is equivalent to the image of the detec-

tion pinhole in object space. The total signal E(λex, λem) produced by the detector is

the integral of the product of the excitation intensity, the detection sensitivity, and

the fluorophore concentration, C(r, z), in the sample and can be written as

E(λex, λem) = A

∫∫∫

d2rdzIs(r, z, λex, NA)Id(r, z, λem, NA)ηC(r, z), (1)

where the factor A is the detection responsivity and η is a conversion efficiency for the

fluorophore that relates the fluorescence intensity produced in the sample per unit

excitation intensity per unit molar fluorophore concentration.

In the following analysis, we consider a system producing a diffraction-limited light

distribution and ignore absorption and scattering inside the sample. The illumination

intensity Is in this case is equal to the diffraction-limited 3D point spread function

(PSF), I(r, z, λex, NA), where r is the radial distance from the center of the diffraction

limited point. This distribution has been fully characterized and can be computed

using numerical methods described in the literature [8]. Under these assumptions,

the illumination intensity can therefore be written as

Is(r, z, λex, NA) = I(r, z, λex, NA). (2)

Since the pinhole is not an ideal point but rather a circular hole with a small but

4
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finite diameter, the detection sensitivity Id for the diffraction-limited case is given by

Id(r, z, λem, NA) = I(r, z, λem, NA) ∗ T (r), (3)

where “∗” indicates a convolution operation and T (r) is the pinhole transmission

function. If rp is the radius of the pinhole imaged into the object space,

T (r) =



















1, r ≤ rp,

0, otherwise.

(4)

A confocal microscope imaging through the sample in depth is equivalent to

(and usually implemented by) shifting the object (fluorophore concentration C(r, z))

through the beam along the z-axis. In this case, Eq. (1) can be rewritten as

E(λex, λem, z0) = a

∫∫∫

d2rdz I(r, z, λex, NA)[I(r, z, λem, NA) ∗ T (r)]µC(r, z − z0),

(5)

where z0 is the shift of the sample along the z-axis.

In ratiometric imaging, the ratio, R(z0), of the signals from the two emission chan-

nels is computed as

R(z0) =
E(λex, λ1, z0)

E(λex, λ2, z0)
, (6)

where λ1 and λ2 are the wavelengths of the two emission channels, respectively.

In this analysis, we consider the objective as an ideal diffraction-limited lens and

assume that chromatic aberration is introduced by Collimating lens 2. We also assume

that the system is well corrected for the excitation light λex. Therefore, the wavefront

of the excitation beam is a plane wave entering the objective lens. The excitation
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light is focused at the nominal focus F. Ideally, the pinhole P is also imaged onto

the sample at the same focal position F. However, chromatic aberration introduces a

wavefront difference, ∆W , between λex and λem. The wavefront difference ∆W in the

pupil of the objective is described as

∆W = λW020(y/R0)
2, (7)

where λW020 is the amount of chromatic aberration introduced by Collimating lens 2,

y is the ray height in the pupil, and R0 is the radius of the pupil.

Fig. 2 shows the effect of chromatic aberration on the focus position in the object

space. The conjugate image point of the pinhole in the object space for emission light

λem is F′, with a distance from the objective principal plane of f ′. The shift between

F and F′, ∆f , is given by

∆f = f − f ′, (8)

where f is the nominal focal length of the objective.

Because chromatic aberration is quadratic in ray height y in the pupil, the location

F′ where the ray crosses the optical axis is independent of the ray height at least

to the first order. Therefore, the marginal ray (ray height y = R0) can be used to

determine the position of F′. The deviation angle, u, of the marginal ray at the pupil

due to the chromatic aberration is computed as

u = − ∂∆W

∂y

∣

∣

∣

∣

y=R0

= −2 λW020

R0
. (9)
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Here the sign convention used is that counter-clockwise angles from the optical axis

are positive and clockwise angles are negative. The first order ray trace equations are

u′ = u− y/f, (10)

and

y′ = y + u′z, (11)

where u′ is the angle of the refracted ray after the objective and y′ is the ray height

after propagating a distance z.

For the marginal ray, substitution of Eq. (9) into Eq. (10) gives

u′ = −2 λW020

R0
− R0

f
. (12)

The ray height y′ is zero for the emission light λem at F′, and the propagation

distance from the objective’s principal plane to F′ is z = f ′ = f − ∆f . In this case

Eq. (11) becomes

y′ = 0 = R0 −
(

2 λW020

R0
+

R0

f

)

(f −∆f), (13)

or,

∆f =
2 λW020f

2

R2
0 + 2 λW020f

. (14)

Because the chromatic aberration λW020 is usually very small (on the order < 1µm), the term 2 λW020f in the denominator can be ignored relative to R2
0. Therefore,

Eq. (14) can be simplified to

∆f =
2 λW020f

2

R2
0

≈ 2 λW020

NA2
. (15)
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From Eq. (15) we see that the focal plane shift, ∆f , between λex and λem is propor-

tional to the reciprocal of the square of the NA of the objective. Since the beam sizes

R0 is usually very similar for all objectives in the microscope system, it is reasonable

to assume that the chromatic aberration coefficient λW020 is effectively a constant

independent of which objective is used. Thus, the lower the NA of the objective, the

larger the focal plane shift ∆f between two wavelengths. For low magnification ob-

jectives with low NA, even a small chromatic aberration from Collimating lens 2 will

introduce a significant focal plane shift in the object space. For example, assuming the

chromatic aberration between the excitation and emission wavelength is λW020 = 0.5

waves (or approximately 250 nm for visible light), a 1x/0.04NA objective produces a

focal plane shift of 312.5 µm.

For ratiometric imaging, the focal plane shifts, ∆f1 and ∆f2, for the two emission

wavelengths will be different. Assuming that the sample is in focus for λex, the total

light energies collected for the two emission wavelengths are

E1(z0) = E(λex, λ1, z0)

= 2πAη

∫∫

drdzI(r, z, λex, NA)[I(r, z −∆f1, λ1, NA) ∗ T (r)]C(r, z − z0),

(16)
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and

E2(z0) = E(λex, λ2, z0)

= 2πAη

∫∫

drdzI(r, z, λex, NA)[I(r, z −∆f2, λ2, NA) ∗ T (r)]C(r, z − z0),

(17)

The ratio of the signals becomes a function of ∆f1 and ∆f2 as well as the depth, z0,

of the focal plane.

In an achromatic system, where ∆f1 ≈ ∆f2, the two signals are collected from

the same location in the sample, providing a correct ratio of signals. However, if

∆f1 6= ∆f2, R(z0) depends on the location of the image plane. Especially in the

region near a sample boundary or a large gradient in fluorophore concentration, a

tiny shift in focus can lead to significant variation in the ratio of the two signals.

3. Experimental results

To demonstrate the effect described above, experiments were performed on a Nikon

Eclipse E600 microscope (Nikon Instruments, Melville, NY) with a D-Eclipse C1 con-

focal module. Nikon 1x/0.04NA Plan UW, 2x/0.06NA Plan UW, 4x/0.13NA Plan

Fluor, 10x/0.25NA Plan, and 20x/0.5NA Plan Fluor objectives were used in the ex-

periments. A buffered 200 µM carboxy SNARF-1 (Molecular Probes, Eugene, OR)

solution with a pH of 6.89, was used as the phantom to demonstrate the effect of chro-

matic aberration on the signal ratio. Therefore, the phantom was a uniform pool of

fluid with an air-fluid interface. The excitation wavelength was 543 nm. Two spectral
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emission channels were measured using a 595/50 nm bandpass filter and a 640 nm

long-pass filter. Emission signals were detected by two photomultiplier tubes (PMTs).

The microscope was first focused on the top surface of the sample, where the position

of the sample stage was set as z0 = 0. The signal intensities from both emission chan-

nels were recorded as the sample stage shifted between z0 = −150 µm (the focal plane

of the microscope was outside the sample) and z0 = 150 µm (the focal plane was inside

the sample) with step size ∆z0 = 1 µm. The variation in the ratio versus the stage

position, which is equivalent to depth in the sample, was then computed. For each

objective, the sample was scanned with both a closed pinhole and an open pinhole.

The maximum signal intensities as a function of stage position z0 were normalized to

unity before the ratio was calculated.

Since the sample is uniform, the signal intensities from both emission channels

should increase similarly as the edge of the sample is scanned through the beam focus.

Furthermore, since the peak signal intensities in the two channels are normalized, one

would expect a ratio ≈ 1. The signal intensities near the sample boundary for the 10x

objective are plotted in Fig. 3; the shaded area represents the region where the focal

plane of the microscope is inside the sample. The data show a shift between the two

signal intensity curves along the stage position (z-axis). Chromatic aberration has

caused the focal plane of one emission wavelength to enter the sample prior to the

other emission wavelength. A similar phenomena was also observed with the other

objectives.
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Due to the shift between the two signals, a variation in the ratio of the signals is

observed near the sample boundary as the sample is translated through the beam.

The ratio as a function of stage position for the different objectives using a closed

and an open pinhole is shown in Fig. 4(a) and Fig. 4(b), respectively. The shaded

regions in the diagrams show the locations where the nominal focal plane is inside

the sample. The variation in ratio is significant, especially for cases where the pinhole

is closed. The variation in the ratio can be as much as 70% for the objectives tested.

This can potentially cause a large error in the parameter of interest that is derived

from the ratio. For the high NA objectives, e.g. 10x/0.25NA and 20x/0.5NA, the ratio

variation occurs only near the sample edge. The ratio converges to unity rapidly when

the focus is inside the sample. For low NA objective, e.g. 1x/0.04NA and 2x/0.06NA,

the ratio converges slowly due to the lower axial resolutions. The variation in the

ratio occurs over a large range of depths near the sample edge. For the open-pinhole

cases, the ratio variations are much smaller but the cost of using an open pinhole is

a loss of the optical sectioning performance of the confocal system.

Similar experiments were performed on a Zeiss LSM 510 confocal microscope (Carl

Zeiss MicroImaging, Thornwood, NY) with a 10x/0.3NA Plan Neoflurar objective

and a Leica SP5 confocal microscope (Leica Microsystems, Bannockburn, IL) with

a 10x/0.4NA PI Apo objective. A variation in ratio was also observed on these two

system, as shown in Fig. 5. A dip, instead of a peak, appeared in the ratio curve.

This may be due to the chromatic aberration having an opposite sign in these two
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systems. The magnitude of the variations are also smaller presumably due to the

smaller chromatic aberration present in the systems and the slightly higher NAs of

the objectives.

4. Simulation

A simulation of the effect of chromatic aberration on the ratio of the signals for a

10x/0.25NA objective was performed. In the simulation, we assumed 1) an excitation

wavelength λex = 543 nm; 2) two emission wavelengths λ1 = 595 nm and λ2 = 650 nm;

3) an objective NA of 0.25; and 4) a pinhole size of 2 µm in object space. Fig. 6 shows

the variations of the ratio versus depth for different amounts of ∆f1 and ∆f2. The

horizontal axis in each of the subfigures is the shift z0 of the sample along the z-axis.

The nominal focal plane of the excitation is at z = 0; z < 0 is in air and z > 0 is

inside the sample.

When ∆f1 equals ∆f2, the ratio is relatively constant as the sample is scanned

through the beam focus. As the difference between ∆f1 and ∆f2 increases, the vari-

ation in the ratio become significant.

Note that the plots along a diagonal (e.g. Fig. 6(a), (g), (m), (s), (y) or Fig. 6(b), (h),

(n), (t)) look very similar because the differences between ∆f1 and ∆f2 are the same.

The plots of Fig. 6(c), (i), and (o) are very close to the experimental results for the

Nikon microscope with a 10x/NA0.25 objective and a closed pinhole. A comparison of

Fig. 6(c) and the experimental result for the Nikon objective is shown in Fig. 7. The
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difference between ∆f1 and ∆f2 is 8 µm. Therefore, using Eq. (15) we can estimate

that the difference of chromatic aberration coefficients between λ1 and λ2 is about

250 µm, or 0.4 waves.

5. Discussion

In a confocal microscope system with chromatic aberration, the sensitivity of a ra-

tiometric measurement to the focal plane position in the sample can be very high.

When imaging near the sample edge or a location of high fluorophore concentration

variation, the signal ratio varies rapidly with focal position. Due to the depth of field

of the objectives, there is always some uncertainty in focal position, which will result

in an uncertainty of the signal ratio obtained. The variations in the ratio can be dra-

matically reduced with an open pinhole (Fig. 4(b)), but this defeats the purpose of

using a confocal microscope to image the 3D distribution of the parameter of interest.

The shift between the signals along the z-axis can be found by collecting a full 3D

data set from a sample with a sharp boundary and shifting one dataset with respect

to the other to minimize the root-mean-square (RMS) variation of the signal ratios

through depth. For the signal intensities shown in Fig. 3, the minimum RMS for the

ratio versus depth is achieved by shifting the λ1 channel (the dashed curve) by 11 µm.

The ratio of the signal intensities before and after this shift are plotted as a function

of depth in Fig. 9. It can be seen that the ratio is much more consistent near the

sample boundary after the correction. This method provides a possible solution to
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reduce the effect of the chromatic aberration. The ratio error introduced by chromatic

aberration can be minimized by first carefully characterizing a microscope system

using the technique described above. One can calculate the amount to shift between

the two channels in order to minimize the RMS of the ratio in the characterization

data. This shift can then be applied to subsequent experimental data. For example,

if one wants to image a single two-dimensional plane in the sample, one can acquire

the the signal intensities of two channels from two stage positions, whose separation

is equal to the shift between the two channels. In this way, the ratio obtained is less

sensitive to the effect of chromatic aberration. For 3D scanning of an object the data

sets can simply be shifted along the z direction by the proper amount before taking

the ratio.

The axial shifts between the two channels necessary to minimize the variation in

the ratio for the Nikon objectives with both open-pinhole and closed-pinhole cases are

plotted in Fig. 8. The “o” symbol is for the open-pinhole case, the “∗” symbol is the

closed-pinhole case, and the solid line is the fitted quadratic curve of Eq. (15). The

figure shows that the shift of signals between the two channels is proportional to NA−2

as predicted. It can be seen that for the same objective, the shifts are approximately

the same independent of the size of the pinhole. This is reasonable because changing

the size of the pinhole does not affect chromatic aberration introduced by Collimating

lens 2.

Although we have shown that the ratio of the signals varies near a boundary be-
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tween air and a uniform sample, the effect is not limited to this case. An error in

the ratio is expected near any boundary where the concentration of the fluorophores

changes abruptly. The difference in the fluorophore concentration would introduce

a shift between the signal intensities of the two emission channels, leading to an

unwanted variation in the ratio and subsequent bias in the estimated value of the

parameter of interest.

6. Conclusion

In this paper, the error introduced by chromatic aberration for confocal fluorescence

ratiometric imaging is analyzed. Chromatic aberration in a confocal microscope intro-

duces a shift between the signal intensities from two spectral emission channels, which

can lead to a significant amount of variation in the resulting ratio especially at fluo-

rophore concentration boundaries. For high NA objectives, the ratio varies dramati-

cally near the boundary but converges rapidly once inside the sample. In contrast, for

low NA objectives the ratio error varies more slowly with focal position and extends

over a relatively long range of depths around fluorophore concentration boundaries.

The effect of chromatic aberration was observed on different microscope systems from

various manufacturers. The magnitude of the chromatic aberration effect depends on

the specific microscope system and objective used in the measurements. To some ex-

tent, the chromatic aberration induced variation in the ratio can be corrected if the

axial shift between the two signal channels is known or measured. A more accurate
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ratio can then be determined from two channels taken at shifted depths.
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List of Figure Captions

Fig. 1. Simplified diagram of a confocal microscope. A point light source is imaged

into the sample through Collimating lens 1 and the objective. Point F is the nominal

focus of the objective. The objective and Collimating lens 2 image F onto pinhole P.

Fig. 2. Effect of axial chromatic aberration on focal position. The conjugate point

of the pinhole in the object space for emission light is F′. The shift between F′ and

nominal focus F is ∆f .

Fig. 3. The signal intensities from both emission channel near the boundary of a

uniform sample for a Nikon 10x/0.25NA Plan objective. The shaded area represents

the region where the focal plane of the microscope is inside the sample. Due to

chromatic aberration, a shift between the two signal intensity curves along the

horizontal axis (z-axis) is present. The peak signal intensities are normalized.

Fig. 4. The ratio variation as a function of stage position near the sample boundary.

A uniform sample was measured with both a closed pinhole (a) and an open

pinhole (b) with Nikon 1x/0.04NA Plan UW, 2x/0.06NA Plan UW, 4x/0.13NA Plan

Fluor, 10x/0.25NA Plan, and 20x/0.5NA Plan Fluor objectives. The shaded regions

in the diagrams show the locations where the nominal focal plane is inside the sample.
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Fig. 5. Variation in the ratio on different confocal microscopes. The same uniform

sample was scanned on a Zeiss LSM 510 confocal microscope with a 10x/0.3NA Plan

Neoflurar objective, a Leica SP5 confocal microscope with a 10x/0.4NA PI Apo

objective, and a Nikon Eclipse E600-C1 confocal microscope with a 10x/0.25NA

Plan objective. The difference in the magnitude of the variations is presumably due

to the different amounts of chromatic aberration present in the systems and the

different NAs of the objectives.

Fig. 6. Simulation of the effect of chromatic aberration on the ratio of the signals for

a 10x/0.25NA objective. In the simulation, assumptions are 1) an excitation wave-

length λex = 543 nm; 2) two emission wavelengths λ1 = 595 nm and λ2 = 650 nm;

and 3) a pinhole size of 2 µm in object space. The variations of the ratio versus depth

for different amounts of ∆f1 and ∆f2 are shown. The horizontal axis in each of the

subfigures is the shift z0 of the sample along the z-axis. The nominal focal plane of

the excitation is at z = 0; z < 0 is in air and z > 0 is inside the sample.

Fig. 7. Comparison of experimental and simulation results. Fig. 6(c) is very close to

the experimental results for the Nikon microscope with a 10x/NA0.25 objective and

a closed pinhole.
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Fig. 8. The axial z shifts between the two signal channels for the Nikon objectives

with both a closed pinhole and an open pinhole. The “o” symbol is for the open-

pinhole case, “∗” for the closed-pinhole case, and the solid line is the fitted quadratic

curve of Eq. (15).

Fig. 9. Comparison of the signal ratios before and after correction. The shift of the

signals along the z-axis can be found by shifting each dataset to minimize the RMS of

the signal ratios through a uniform sample. For the signal intensities shown in Fig. 3,

the minimum RMS for the ratio is achieved by shifting the λ1 channel to the right by

11 µm. The ratio is more consistent near the sample boundary after the correction.
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Fig. 1. Simplified diagram of a confocal microscope. A point light source is

imaged into the sample through Collimating lens 1 and the objective. Point

F is the nominal focus of the objective. The objective and Collimating lens 2

image F onto pinhole P. AOJul2010-f1.eps
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Fig. 2. Effect of axial chromatic aberration on focal position. The conjugate

point of the pinhole in the object space for emission light is F′. The shift

between F′ and nominal focus F is ∆f . AOJul2010-f2.eps
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Fig. 3. The signal intensities from both emission channel near the boundary

of a uniform sample for a Nikon 10x/0.25NA Plan objective. The shaded area

represents the region where the focal plane of the microscope is inside the

sample. Due to chromatic aberration, a shift between the two signal intensity

curves along the horizontal axis (z-axis) is present. The peak signal intensities

are normalized. AOJul2010-f3.eps
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Fig. 4. The ratio variation as a function of stage position near the sample

boundary. A uniform sample was measured with both a closed pinhole (a)

and an open pinhole (b) with Nikon 1x/0.04NA Plan UW, 2x/0.06NA Plan

UW, 4x/0.13NA Plan Fluor, 10x/0.25NA Plan, and 20x/0.5NA Plan Fluor

objectives. The shaded regions in the diagrams show the locations where the

nominal focal plane is inside the sample. AOJul2010-f4.eps
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Fig. 5. Variation in the ratio on different confocal microscopes. The same uni-

form sample was scanned on a Zeiss LSM 510 confocal microscope with a

10x/0.3NA Plan Neoflurar objective, a Leica SP5 confocal microscope with

a 10x/0.4NA PI Apo objective, and a Nikon Eclipse E600-C1 confocal mi-

croscope with a 10x/0.25NA Plan objective. The difference in the magnitude

of the variations is presumably due to the different amounts of chromatic

aberration present in the systems and the different NAs of the objectives.

AOJul2010-f5.eps
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Fig. 6. Simulation of the effect of chromatic aberration on the ratio of the

signals for a 10x/0.25NA objective. In the simulation, assumptions are 1) an

excitation wavelength λex = 543 nm; 2) two emission wavelengths λ1 = 595 nm

and λ2 = 650 nm; and 3) a pinhole size of 2 µm in object space. The variations

of the ratio versus depth for different amounts of ∆f1 and ∆f2 are shown. The

horizontal axis in each of the subfigures is the shift z0 of the sample along the

z-axis. The nominal focal plane of the excitation is at z = 0; z < 0 is in air

and z > 0 is inside the sample. AOJul2010-f6.eps
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Fig. 7. Comparison of experimental and simulation results. Fig. 6(c) is very

close to the experimental results for the Nikon microscope with a 10x/NA0.25

objective and a closed pinhole. AOJul2010-f7.eps
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Fig. 8. The axial z shifts between the two signal channels for the Nikon objec-

tives with both a closed pinhole and an open pinhole. The “o” symbol is for

the open-pinhole case, “∗” for the closed-pinhole case, and the solid line is the

fitted quadratic curve of Eq. (15). AOJul2010-f8.eps
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Fig. 9. Comparison of the signal ratios before and after correction. The shift of

the signals along the z-axis can be found by shifting each dataset to minimize

the RMS of the signal ratios through a uniform sample. For the signal inten-

sities shown in Fig. 3, the minimum RMS for the ratio is achieved by shifting

the λ1 channel to the right by 11 µm. The ratio is more consistent near the

sample boundary after the correction. AOJul2010-f9.eps
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Fluorescence lifetime imaging microscopy is used widely in biological research, but the accuracy and precision
of lifetime measurements are limited. Photon noise is an inherent error source that cannot be eliminated. In
this paper, we present a general approach to compute the probability density of the estimated lifetime for
frequency-domain fluorescence lifetime imaging microscopy using homodyne lock-in detection. The analysis for
commonly used excitation methods, including sinusoidal modulation, square-wave modulation, and a periodi-
cally pulsed light source, are given and compared to the results of Monte Carlo simulations. The optimum
parameters of the excitation waveforms to minimize the variance of the estimated lifetimes are also derived
and compared to previously published results. © 2010 Optical Society of America

OCIS codes: 000.5490, 030.4280, 030.5290, 170.1790, 170.2520, 170.3650.

1. INTRODUCTION
Fluorescence microscopy is a powerful tool in cellular and
molecular biology that can provide detailed morphological
and molecular information at the sub-cellular level. In ad-
dition, information, such as local pH and oxygenation
level, can also be obtained using fluorescence microscopy.
Such knowledge of the cellular microenvironment is pro-
viding a better understanding of disease processes and al-
lowing the development of more effective therapies. The
excitation and emission properties of fluorophores are of-
ten sensitive to the local chemical environment and this
sensitivity can be exploited to make quantitative mea-
surements about the local intracellular and extracellular
environments.

Fluorescence lifetime imaging microscopy is one ap-
proach being employed for such applications. The lifetime
of fluorescence emission following the excitation of a fluo-
rescence molecule has been shown to be dependent on the
pH and redox state [1–3]. Unlike traditional fluorescence
imaging, fluorescence lifetime imaging is largely indepen-
dent of the probe concentration, photobleaching, light ab-
sorption, and scattering, which are extremely difficult to
control in most experimental setups. Fluorescence life-
time imaging can significantly reduce the sensitivities to
these factors and in some cases provide better measure-
ments of physical or biological parameters of interest
[4,5].

Generally, fluorescence is a first-order kinetic process
[4]. If a large number of fluorophore molecules are excited
by an infinitesimally short pulse of light at time t=0, the
light intensity I�t�, in terms of the number of emitted pho-
tons per second, will decay with time according to

I�t� = I0 exp�− t/��, �1�

where I0 is the initial number of photon emitted per sec-
ond at time t=0.

A number of experimental techniques have been devel-
oped to measure the fluorescence lifetime. They fall into
the two broad categories of time-domain and frequency-
domain (FD) techniques. Time-domain methods typically
employ short pulsed excitation and then measure the
temporal distribution of emission following that excita-
tion. Time correlated single photon counting (TCSPC) is a
technique in which the time from the excitation pulse to
the first emitted photon is recorded. A histogram of emis-
sion times is built up from many excitation pulses and the
lifetime is estimated from a fit to the exponential decay of
the fluorescence emission. Time-gated detection can also
be used, where the signal is recorded during a short time
window. Several delay times are used and, again, a fit to
the exponential decay yields a lifetime estimate. FD tech-
niques rely on the use of a periodic modulated excitation
source. The resulting fluorescence emission is also peri-
odic and the phase and the amplitude modulation of the
emission are related to the fluorescence lifetime [6].

For conventional wide-field imaging, parallel imaging
devices whose detection gain can be modulated at the
modulation frequency of the excitation are often used. An
example is a gain-modulated microchannel plate image
intensifier coupled to a charge-coupled device (CCD). The
phase shift and modulation depth of the fluorescence
emission can be estimated from a series of two or more
images obtained with different phases of the gain relative
to the excitation. For scanning laser microscopy systems,
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such as confocal or two-photon microscopy, the temporal
emission signal can be measured at each pixel in the im-
age sequentially, and the temporal signal processed via
lock-in detection to derive an estimate of the phase shift.

A key to the usefulness of any lifetime imaging tech-
nique is the precision and accuracy of the lifetime esti-
mate relative to the sensitivity of the fluorescence lifetime
to the parameter of interest. The idea of the F-value, also
referred to as the “photon efficiency” was introduced by
Draaijer et al. [7] to quantify the performance of a fluo-
rescence lifetime measurement technique. F is defined as
the product of the relative error in the estimated lifetime
���̂ /�� and the minimal possible noise limit for the photon
noise (�N, where N is the number of collected photons),

F =
��̂

�
�N. �2�

The F-value can also be thought of as the ratio between
the ideal photon noise limited signal-to-noise ratio (SNR,
�N) and the measurement SNR �� /��̂�. The F-value rep-
resents how the system “utilizes” the collected emission
photons. Theoretically, the F-value cannot be less than
unity because photon noise sets a fundamental limit on
the performance, but it can be greater than unity if the
technique is less than ideal in terms of how it utilizes de-
tected photons. One can see that the F-value depends on
the SNR of the measurement technique relative to the
number of emission photons collected. Analyses of various
methods of lifetime measurement have been carried out
by Philip and Carlsson [8] and Esposito et al. [9]. These
techniques rely on certain approximations to the mean
and variance of the lifetime estimate to derive the
F-value. Monte Carlo simulations often confirm the valid-
ity of the approximations for the cases tested.

Although the photon efficiency is a useful concept, it
does not provide a way to compare systems that acquire
different numbers of photons in a given time period. The
concept of relative throughput was introduced by Esposito
et al. [9] to account for this. It can be thought of as essen-
tially the SNR of the fluorescence lifetime that can be
achieved per unit time per fluorophore molecule and al-
lows a way to compare different lifetime imaging tech-
niques.

We have been interested in fluorescence lifetime imag-
ing of thick biological tissue that requires the use of mi-
croscopy techniques with optical sectioning ability (i.e.,
confocal or two-photon microscopy). In such scanning sys-
tems, the most natural way to obtain lifetime images is to
use either a time-domain TCSPC method or a FD method
with lock-in detection to estimate the phase shift and
from that determine the lifetime. Because the scanning
process can take a long time, one is often limited in the
number of emission photons that can be collected and pro-
cessed.

In this paper we derive the full probability density
function (PDF) for FD fluorescence lifetime measurement
considering three different forms of excitation modula-
tion: sinusoidal, square-wave, and short pulse (Dirac
train) modulations. We show that the approximate solu-
tions are valid for moderate to high numbers of detected
photons and that the approximate PDFs are close to the

rigorous solutions for the square-wave and Dirac train
modulations even if the number of photons is extremely
low. For the sinusoidal modulation case, the exact and ap-
proximate results differ at low photon counts. Monte
Carlo analysis confirms the validity of the exact results.
The exact analysis also allows the derivation of the opti-
mum values for free parameters such as the modulation
frequency or the square-wave duty cycle. For the most
part, the results agree with previously published results,
but a few differences are noted.

In this paper we assume the monoexponential lifetime
decay for all cases. We also consider photon noise as the
only noise source.

2. HOMODYNE LOCK-IN DETECTION
TECHNIQUES
The principle of homodyne lock-in detection is depicted
schematically in Fig. 1. The investigated object is exposed
to an excitation light Iex�t�, which is modulated at an an-
gular frequency �=2��, where � is the temporal modula-
tion frequency. The emitted fluorescence Iem�t� incident on
a photodetector from a single point in the image is given
by the convolution of the excitation light with the expo-
nential decay,

Iem�t� = �c�Iex � I��t�, �3�

where �c is the radiometric collection efficiency of the de-
tector.

We assume for this analysis that the photodetector sys-
tem has a bandwidth much greater than the modulation
frequency, a quantum efficiency for detection, �, and a
conversion factor � relating the electrical output signal to
the detected photon flux. Specifically, the output signal
from the detector is

��t� = ��Iem�t�. �4�

This signal is fed to two lock-in amplifiers, LIA1 and
LIA2. In each of the amplifiers, the signal is first multi-
plied by a sinusoid, sin��t+	i� (where i=1,2), with the
same frequency as the modulation of the excitation light.
The signals after the multipliers are given by

�i�t� = ��t�sin��t + 	i�. �5�

The signals �i�t� are then fed through low-pass filters to
remove high frequency components, which yields output
signals gi that are sampled at time t=0,

Fig. 1. Schematic diagram of homodyne lock-in detection for
FD-FLIM.
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gi = ��i � h��t��t=0, �6�

where h denotes the impulse response of the low-pass fil-
ter and t=0 is the center of the impulse response. The
fluorescence lifetime can be estimated from the signals g1
and g2.

It has been reported that the variance of the estimated
lifetime using homodyne lock-in detection is independent
of the phase difference 
	 between 	1 and 	2 [8]. In this
analysis, we use 	1=0 and 	2=� /2, which is standard for
homodyne lock-in detection.

Due to the photon noise associated with the random-
ness in the photon arrival time and the finite bandwidth
of the low-pass filters, the estimated lifetime �̂ is a ran-
dom variable that only approximates the actual fluores-
cence lifetime �. Photon noise comes from the inherent
natural variation of the photon flux and obeys Poisson
statistics. It cannot be eliminated from the measuring
system. In the following section, we present a general
method to derive the statistical distribution of the esti-
mated lifetime �̂.

3. GENERAL DERIVATION
A. Output Signals of Lock-In Amplifiers

1. Statistical Distribution
Due to statistical fluctuations, the emitted fluorescence
Iem�t� is a Poisson random process of photon arrival times,
which is denoted as Iem�t�. Under the assumption of an in-
finite value for the bandwidth of the photodetector, the
signal � sent to the two lock-in amplifiers is a Poisson
random process � of voltage pulse arrival times. Because
the two multipliers modulate the amplitudes of each indi-
vidual voltage pulse of the incoming signal, their output
signals are no longer strictly Poisson random processes.
The low-pass filters act as signal integration circuits, and
their output signals are random variables denoted as g1
and g2. These signals can be considered as the summation
of numerous weighted discrete signal pulses from the cor-
responding multipliers. By the central limit theorem [10]
and the independence of the photon arrival times, it can
be argued that g1 and g2 have normal distributions. The
PDF of gi �i=1,2�, pgi

�gi�, can therefore be written as

pgi
�gi� =

1

�2��i
2
exp�−

�gi − �i�2

2�i
2 � , �7�

where �i and �i
2 are the mean and the variance of gi, re-

spectively, and gi is the real variable value. The joint
probability of g1 and g2 has a bivariate normal distribu-
tion with the PDF,

pg1g2
�g1,g2� =

1

2��1�2�1 − �2
exp�−

z

2�1 − �2�� , �8�

where

z =
�g1 − �1�2

�1
2 −

2��g1 − �1��g2 − �2�

�1�2
+

�g2 − �2�2

�2
2 , �9�

and � is the correlation coefficient between g1 and g2.

2. Mean and Variance
To compute the mean and variance, �i and �i

2, of the ran-
dom variable gi, we first calculate its characteristic func-
tion (moment generating function). It is known that for a
Poisson random variable k, the probability that there are
exactly k occurrences (k being a non-negative integer, k
=0,1,2, . . .) is equal to

Pk�k� =
ak

k!
exp�− a�, �10�

where a is the expected value of occurrences, which also
equals its variance, that is,

�k� = �k
2 = a. �11�

The symbol � � refers to an ensemble average over re-
peated instances of the same experiment.

The characteristic function for k, k�s�, can be com-
puted as

k�s� = �exp�sk�� = 	
k=0

�

Pk�k�exp�sk� = exp
a�exp�s� − 1�.

�12�

Now consider the output signal of LIA1, g1. We first di-
vide the time axis into intervals of short time length 
t,
where the jth interval is ��j− 1

2 �
t , �j+ 1
2 �
t�. All the voltage

pulses out of the photodetector in the jth interval can be
considered as adding together into a single impulse of
height �kj located at time j
t. Each kj is an independent
Poisson distributed random variable representing the
number of voltage pulses in the interval. The mean of kj
is given by

�kj� =
�̄�j
t�
t

�
, �13�

where �̄ is the expected value of the output signal � of the
photodetector,

�̄�t� = ���t��. �14�

The signal g1 that comes out of the low-pass filter in
LIA1 can be rewritten as

g1 = 	
j=−�

�

kj� sin��j
t�h�t − j
t��t=0. �15�

The characteristic function, g1
�s�, for g1 is

g1
�s� =�exp�s 	

j=−�

�

kj� sin��j
t�h�t − j
t����t=0

= �
j=−�

�

kj
�s� sin��j
t�h�t − j
t���t=0, �16�

where the independence of the random variable kj in each
time interval is used to obtain the final equality of Eq.
(16).

Taking the logarithm on both sides and substituting
Eq. (12) into Eq. (16) we obtain
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ln g1
�s�

= 	
j=−�

� � �̄�j
t�
t

�

exp�s� sin��j
t�h�t − j
t�� − 1�

t=0

.

�17�

As 
t→0, this approaches the integral

ln g1
�s� =�

−�

� � �̄�t��

�

exp�s� sin��t��h�t − t��� − 1dt��

t=0

,

�18�

or

g1
�s�

= exp���
−�

� �̄�t��

�

exp�s� sin��t��h�t − t��� − 1dt���

t=0

.

�19�

With the characteristic function (19), the mean and
variance, �1 and �1

2, of g1 can be computed as

�1 = �g1� = � �

�s
g1

�s��
s=0

= ��̄�t�sin��t�� � h�t��t=0,

�20�

�1
2 = �g1

2� − ��g1��2 = � �2

�s2g1
�s��

s=0

− �1
2

= ���̄�t�sin2��t�� � h2�t��t=0, �21�

respectively. Similarly, the mean and variance, �2 and �2
2,

of g2 can be derived as

�2 = ��̄�t�cos��t�� � h�t��t=0, �22�

�2
2 = ���̄�t�cos2��t�� � h2�t��t=0. �23�

3. Correlation Coefficient
The correlation coefficient � between the output signals of
two amplifiers, g1 and g2, is defined as

� =
cov�g1,g2�

�1�2
, �24�

where cov�g1 ,g2� is the covariance between the signals g1
and g2. Let g=g1+g2. The covariance cov�g1 ,g2� can be
computed using the property

�g
2 = �1

2 + �2
2 + 2 cov�g1,g2�, �25�

where �g
2 denotes the variance of g.

Following analogous steps as was done to compute the
variances of g1 and g2, we can derive the variance of g, �g

2,

�g
2 = �2���̄�t�sin2��t +

�

4�� � h2�t��
t=0

, �26�

which, together with Eqs. (24) and (25), yields the corre-
lation coefficient � between g1 and g2,

� = ����̄�t�sin�2�t�� � h2�t�

�1�2
�

t=0

. �27�

The joint density function (8) can be found explicitly using
the results of this and the previous sections.

B. PDF of Estimated Lifetime
Since the fluorescence lifetime is estimated from g1 and
g2, we can write the estimated lifetime �̂, which is also a
random variable, as a function of g1 and g2. That is,

�̂ = f�g1,g2�. �28�

The distribution function of �̂ is defined as

F�̂��̂� = P��̂ � �̂�, �29�

where P��̂��̂� denotes the probability that �̂ is smaller
than a specific value of the estimated lifetime �̂. Given the
joint density pg1g2

�g1 ,g2� of g1 and g2, F�̂��̂� can be derived
using

F�̂��̂� =��
D�̂

pg1g2
�g1,g2�dg1dg2, �30�

where D�̂ denotes the region of the g1g2 plane such that

f�g1,g2� � �̂. �31�

The PDF of �̂, p�̂��̂�, can be found by differentiating
F�̂��̂�. We provide expressions for p�̂��̂� for different illumi-
nation modulations in Section 4 below.

4. PDFs OF TYPICAL EXCITATION
WAVEFORMS
FD lifetime imaging can be done using a periodically
modulated continuous wave (CW) light source. The sinu-
soidal modulation is very common and is often used to
demonstrate the principle of the frequency-domain fluo-
rescence lifetime imaging microscopy (FD-FLIM). The
square-wave modulation is another common modulation
waveform. In addition, pulse lasers are used to excite the
target with a periodic Dirac train of pulses.

A. Sinusoidal Modulation
The principle of FD-FLIM using sinusoidal excitation is
shown in Fig. 2 for a single point in the lifetime image.
The object is exposed to the excitation light Iex�t� that is
harmonically modulated at the angular frequency � with
a degree of modulation of mex=a /A. The mean of the ex-
citation light has the form

�Iex�t�� = Iex
0 �1 + mex cos��t��, �32�

where Iex
0 is the average intensity in terms of the number

of photons of the excitation light per unit time within the
pixel area.
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Due to the finite fluorescence decay time, the fluores-
cence will have a phase shift 	 and a decreased modula-
tion depth mem=b /B, relative to the excitation light. It is
easy to show using Eq. (3) that for monoexponential fluo-
rescence decay the mean of the emission light has the
form

�Iem�t�� = Iem
0 �1 + mem cos��t − 	��, �33�

where Iem
0 is the average intensity of the emission light,

and 	 and mem are related to the fluorescence lifetime �
by

tan 	 = ��, �34�

mem =
mex

�1 + �2�2
. �35�

We can rewrite �̄�t� as

�̄�t� = ��Iem
0 �1 + mem cos��t − 	��. �36�

The results in Subsections 3.A.2 and 3.A.3 can be used
to calculate the means and variances of the output sig-
nals, g1 and g2, of the lock-in amplifiers and their corre-
lation coefficient. Substitution of Eq. (36) into Eq. (20)
gives

�1 = ���Iem
0 sin��t� +

1

2
��memIem

0 cos�2�t − 	�

+
1

2
��memIem

0 sin 	� � h�t��t=0. �37�

The first two terms in the square brackets of Eq. (37) are
high frequency components that are eliminated by the
low-pass filter h�t�. Therefore, �1 simplifies to

�1 =
1

2
��memIem

0 sin 	�
−�

�

h�t�dt

=
1

2
��memIem

0 sin 	 H�0�, �38�

where H��� is the frequency response of h�t�.
Similarly, the variance for g1 is computed as

�1
2 =

1

2
�2�Iem

0 �1 + mem cos��t − 	� + cos�2�t� + mem cos��t

− 	�cos�2�t�� � h2�t��t=0. �39�

Eliminating the high frequency terms in the equation
above gives

�1
2 =

1

2
�2�Iem

0 �
−�

�

h2�t�dt. �40�

One way to model the low-pass filter is as a device that
integrates the incoming signals over a period of time T,
which is much greater than a period of the modulation
waveform. The impulse response in this case is given by

h�t� = rect� t

T� , �41�

where the rect function is defined as

rect�x� = �1, �x� �
1

2

0, otherwise.
� �42�

For this low-pass filter, the mean and variance are

�1 =
1

2
��memIem

0 sin 	T =
1

2
�memN sin 	 =

�mexN sin 	

2�1 + �2�2
,

�43�

�1
2 =

1

2
�2�Iem

0 T =
�2N

2
, �44�

where N=�Iem
0 T is the number of photons collected in the

time period T. Another model for h�t� is as an ideal low-
pass filter. In this case the filter is given by

H��� =
1

2�c
rect� �

2�c
� , �45�

where �c is the cutoff frequency of the filter. In this case,
the mean and variance become

�1 =
1

2
��memIem

0 sin 	
1

2�c
, �46�

�1
2 =

�2�Iem
0

2

1

2�c
. �47�

The term 1/2�c in the equations above has units of time.
We can consider it as the effective photon collection time
and the product of �Iem

0 and 1/2�c as the effective number
Neff of collected photons. Equations (46) and (47) reduce to

�1 =
1

2
�memNeff sin 	, �48�

Fig. 2. Principle of FD-FLIM using sinusoidal excitation.
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�1
2 =

�2Neff

2
, �49�

which have the same forms as Eqs. (43) and (44), respec-
tively, except that N is replaced with Neff. In the remain-
ing derivations of this paper, we will use N for both the
actual number and the effective number of the collected
photons.

Similarly to what was calculated for the statistics of g1,
we can obtain the mean and variance for g2 and the cor-
relation coefficient as

�2 =
�mexN cos 	

2�1 + �2�2
, �50�

�2
2 = �1

2 =
�2N

2
, �51�

� = 0. �52�

For homodyne lock-in detection, the fluorescence lifetime
can be estimated as

�̂ = f�g1,g2� =
1

�

g1

g2
. �53�

If we adjust the phase shift 	 to be around � /4 by prop-
erly choosing the frequency �, then the detected signals,
g1 and g2, are both greater than zero for any reasonable
photon signal level. In this case, the distribution function
(30) becomes

F�̂��̂� =�
−�

�

dg2�
−�

��̂g2

pg1g2
�g1,g2�dg1. �54�

Differentiating F�̂��̂� with respect to �̂ we obtain the rig-
orous PDF of the estimated lifetime �̂,

p�̂��̂� =�
−�

�

�g2pg1g2
���̂g2,g2�dg2

=

1 + ��̂�2

�1 + �2�̂2�3/2

�2��2
exp�−

�� − �̂�2

1 + �2�̂2

2�2 � , �55�

where

�2 =
2�1 + �2�2�2

mex
2 N�2

. �56�

Usually the value of an estimated lifetime �̂ is close to the
real fluorescence lifetime �. In this case we can approxi-
mate the PDF in Eq. (55) as

p�̂��̂� =
1

�2���̂
2
exp�−

��̂ − ��2

2��̂
2 � , �57�

where

��̂
2 =

2�1 + �2�2�3

mex
2 N�2

. �58�

In the rest of the paper, we will refer to the PDF in Eq.
(57) as the “approximate PDF.” Equation (57) shows that
in this approximation the estimated lifetime �̂ is normally
distributed with a mean equal to the real fluorescence
lifetime,

��̂� = �, �59�

and the variance of ��̂
2 given in Eq. (58). However, the ac-

tual mean of the estimated lifetime �̂ is not equal to �. Us-
ing the second-order Taylor series expansion [11] of Eq.
(53), we can obtain the approximations of the mean
��̂�Taylor and variance ��̂,Taylor

2 of �̂ as

��̂�Taylor =
1

�
��1

�2
+

�2
2�1

�2
3 −

��1�2

�2
2 � = ��1 +

2�1 + �2�2�

mex
2 N � ,

�60�

��̂,Taylor
2 =

1

�2��2
2�1

2

�2
4 +

�1
2

�2
2 −

2��1�2�1

�2
3 � =

2�1 + �2�2�3

mex
2 N�2

.

�61�

Note that the mean of �̂ is actually greater than the
real fluorescence lifetime �, which means that Eq. (53) is a
biased estimator. However, for practical experiments,
mex

2 N is often much greater than 2�1+�2�2� so that the
value of ��̂�Taylor is very close to �. The variances obtained
from the two methods, ��̂

2 and ��̂,Taylor
2 , are identical and

agree with Philip and Carlsson’s result [8]. Using the defi-
nition in Eq. (2), we can obtain the F-value for the sinu-
soidal modulation,

F =�2�1 + �2�2�3

mex
2 �2�2

. �62�

B. Square-Wave Modulation
For the case of square-wave modulation, we assume that
the illumination is fully modulated. The mean of a
square-wave modulated excitation in this case can be de-
scribed as

�Iex� = Iex
0 rect� t

2�d/�� �
1

2�/�
comb� t

2�/�� , �63�

where d is the duty cycle of the square-wave and the comb
function is defined as

comb�t� = 	
i=−�

�

��t − i�, �64�

a sum of shifted Dirac delta functions.
Following analogous steps as in Subsection 4.A, we can

calculate the means and variances of g1 and g2 as well as
their correlation coefficients as follows:

�1 =
N�� sin��d�

�d�1 + �2�2�
, �65�

�2 =
N sin��d�

�d�1 + �2�2�
, �66�
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�1
2 =

N

4 �2 −
sin�2�d�

�d�1 + 4�2�2�� , �67�

�2
2 =

N

4 �2 +
sin�2�d�

�d�1 + 4�2�2�� , �68�

� =
2�� sin�2�d�

�4�2d2�1 + 4�2�2�2 − sin2�2�d�
. �69�

The fluorescence lifetime is estimated using the same es-
timator [Eq. (53)]. The resulting PDF of �̂ is given by

p�̂��̂� =
� sin��d��2N�1 + 4�2�2�/d�1/2

��1 + �2�2� �4�2d2�1 + 4�2�2� − sin2�2�d� + 16�2d2�2�2�1 + 4�2�2�

4�2d2�1 + 4�2�2�2 − sin2�2�d� �1/2

�
2�d�1 + 4�2�2��1 + �2�̂�� − �1 + �2���̂ + 2���sin�2�d�
2�d�1 + 4�2�2��1 + �2�2� + �− 1 + �2�̂��̂ − 4���

�sin�2�d�−3/2exp�−
2N�2 sin2��d��1 + 4�2�2���̂ − ��2

�d�1 + �2�2�2
2�d�1 + 5�2�2 + 4�4�4� + �− 1 + �2�̂��̂ − 4���sin�2�d�� . �70�

The equation above also reduces to a normal distribution under the assumption �̂��. The variance ��̂
2 becomes

��̂
2 =

�d�1 + �2�2�2�2�d�1 + 5�2�2 + 4�4�4� − �1 + 3�2�2�sin�2�d��

4N�2�1 + 4�2�2�sin2��d�
, �71�

with an F-value given by

F = ��d�1 + �2�2�2�2�d�1 + 5�2�2 + 4�4�4� − �1 + 3�2�2�sin�2�d��

4�2�2�1 + 4�2�2�sin2��d� �1/2

. �72�

C. Dirac Train Excitation
Dirac train excitation can be considered as a special case
of square-wave modulation as the duty cycle d approaches
zero. In practice, a periodically pulsed light source, e.g., a
pulsed laser, produces far more photons per cycle than a
modulated CW source with a low duty cycle. However,
mathematically the results of the Dirac excitation can be
obtained by taking the limit d→0. In this limit, Eq. (70)
becomes

p�̂��̂� =
�2�1 + 2�̂��2��N + 4N�2�2

�2��1 + �2�2��2�2 − 2�̂� + �̂2�1 + 2�2�2��3/2

�exp�−
N�1 + 4�2�2���̂ − ��2

2�1 + �2�2�2�2�2 − 2�̂� + �̂2�1 + 2�2�2��� ,

�73�

which can also be approximated as Eq. (57) with

��̂
2 =

�2�1 + 2�2�2��1 + �2�2�2

N�1 + 4�2�2�
. �74�

The variance ��̂
2 for this case increases monotonically

with the modulation frequency �. That is to say, for a
given number N of collected photons, the lower the modu-
lation frequency, the smaller the variance. The F-value
for the Dirac train excitation is

F = � �1 + 2�2�2��1 + �2�2�2

�1 + 4�2�2� �1/2

, �75�

which agrees with Philip and Carlsson’s results [8].

5. MONTE CARLO SIMULATION
In order to verify and support the analyses of the various
forms of modulated illumination, we ran Monte Carlo
simulation and compared the results to those of the theo-
retical derivations. The simulation of a single measure-
ment is carried out as follows. The time is divided into
very small intervals 
t, e.g., 
t=� /1000. The number of
the detected photons in each interval is a Poisson random
variable with the mean given by Eq. (13). A pseudoran-
dom number Ni is generated as the “actual” number of
electronic pulses coming out of the photodetector. Accord-
ingly, �Nj sin��j
t�h�t− j
t� is added to the output of
LIA1, e.g., g1, and analogously for g2. The estimated fluo-
rescence lifetime �̂ is calculated using the appropriate es-
timator (28).

The steps above were repeated many times, e.g.,
100,000, to give an accurate assessment of the distribu-
tion of the estimated lifetime. We used 10, 50, and 1000 as
the average total numbers of detected photons per mea-
surement, representing very low, low, and high photon
cases, respectively.

The rigorous PDF, approximate PDF, and the results of
Monte Carlo simulation of sinusoidal, square-wave, and
Dirac train modulations are plotted in Figs. 3–5, respec-
tively. The corresponding optimum parameters to maxi-
mize the relative throughput, which are derived in Sec-
tion 6, were used for these simulations.

The results of Monte Carlo simulation agree with the
rigorous PDFs for all the cases. For the high photon count
cases, the approximate PDFs are very close to the rigor-
ous results and can be used to describe the statistical dis-
tribution of �̂ very accurately as shown in Figs. 3(c), 4(c),
and 5(c). For sinusoidal modulation, the differences be-
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tween the rigorous and approximate PDFs become more
significant as the photon count drops to lower levels as
shown in Figs. 3(a) and 3(b).

However, it is interesting that, even if the photon count
drops to an extremely low level (e.g., N=10), the approxi-
mate PDFs for the square-wave and Dirac train modula-

tions are still very close to the respective rigorous PDFs
as shown in Figs. 4(a) and 5(a). Therefore, it is reasonable
to use the approximate PDFs to explore the statistical
characteristics of the estimated lifetime for these two
cases. Since the approximate PDFs have normal distribu-
tions with the mean �, the real fluorescence lifetime of the

Fig. 3. Comparison of Monte Carlo simulation, the rigorous PDF, and the approximate PDF for sinusoidal excitation. The cases for
N=10, 50, and 1000 are shown in (a), (b), and (c), respectively. In each subfigure, the solid curve is the rigorous PDF of estimated lifetime,
the dashed curve is the approximate PDF, and the filled circles represent the results of Monte Carlo simulation.

Fig. 4. Comparison of Monte Carlo simulation, the rigorous PDF, and the approximate PDF for square-wave excitation. The cases for
N=10, 50, and 1000 are shown in (a), (b), and (c), respectively. In each subfigure, the solid curve is the rigorous PDF of estimated lifetime,
the dashed curve is the approximate PDF, and the filled circles represent the results of Monte Carlo simulation.

Fig. 5. Comparison of Monte Carlo simulation, the rigorous PDF, and the approximate PDF for Dirac train excitation. The cases for
N=10, 50, and 1000 are shown in (a), (b), and (c), respectively. In each subfigure, the solid curve is the rigorous PDF of estimated lifetime,
the dashed curve is the approximate PDF, and the filled circles represent the results of Monte Carlo simulation.
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fluorophore [Eq. (53)] can be considered as an unbiased
estimator for the square-wave and Dirac train modula-
tions.

6. OPTIMIZATION OF PARAMETERS
The formulas for F-values for the different modulation
waveforms were derived in Section 4. Because a smaller
F-value means better utilization of the collected photons,
experimental parameters (e.g., duty cycle for the square-
wave modulation or modulation frequency for all wave-
forms) can be optimized to obtain the minimum F-value.

The optimum parameters to achieve the lowest F-value
for sinusoidal, square-wave, and Dirac train modulations
can be determined from Eqs. (62), (72), and (75), respec-
tively, by setting the derivative of F with respect to the
parameter(s) of interest equal to zero. The lowest F-value
for sinusoidal modulation is 3.67 when the modulation
frequency � is 1/�2� (temporal modulation frequency �

=� /2�=1/2�2��), which is the same result obtained by
Philip and Carlsson [8]. For square-wave modulation, the
optimum frequency to minimize the F-value varies with
the duty cycle. The F-value as a function of the duty cycle
d and modulation frequency � is plotted in Fig. 6(a). The

dashed line in the figure represents the position of the
lowest F-value for each duty cycle. Figure 6(b) shows the
F-values at the optimum modulation frequency as a func-
tion of the duty cycle, i.e., the values of F along the
dashed line in Fig. 6(a). It is obvious that the optimum
F-value decreases with the duty cycle. It is also clear from
Fig. 6(a) that as the duty cycle decreases, so does the
modulation frequency at which the optimum F-value is
achieved. Theoretically, an F-value of unity is achieved as
both the modulation frequency and duty cycle approach
zero. Since the Dirac train modulation can be considered
as a special case of the square-wave modulation, with a
duty cycle approaching zero, the lowest F-value, equal to
unity, is obtained when the modulation frequency drops to
zero. Note however that, as shown in Fig. 7, the F-value is
very close to unity when � is less than 1/2�, which yields
a reasonable range for the modulation frequency in prac-
tical implementations.

From the analysis above, we see that the Dirac train
modulation achieves the best utilization of collected pho-
tons. By choosing the appropriate duty cycle and modula-
tion frequency, low F-values can be obtained for the
square-wave modulation as well. Although the sinusoidal
modulation is popularly used in fluorescence lifetime
measurement, its utilization of collected photons is not as
efficient. The lowest F-value for the sinusoidal modula-
tion is 3.67, which means that as many as 13.5 �=3.672�
times more photons are needed to obtain the same vari-
ance of the estimated lifetime as for the Dirac train case
at low modulation frequency.

However, a lower F-value does not necessarily mean a
better performance in practice. The “optimum param-
eters” for the minimum F-value may also decrease the to-
tal excitation power on the sample and consequently the
number of fluorescence photons collected during a given
time period. Esposito et al. [9] introduced the concept of
“relative throughput” A to further evaluate the perfor-
mance of different modulation methods. The relative
throughput is defined as

A =
E

F2

kem

n�−1 , �76�

where E is the optical collection efficiency of the system,
n�−1 is the maximum achievable emission rate for n fluo-

Fig. 6. F-value for square-wave excitation. (a) shows F-value as
a function of duty cycle d and modulation frequency �. The
dashed line in (a) represents the position of the lowest F-value
for each duty cycle. The F-value along the dashed line is plotted
in (b).

Fig. 7. F-value versus modulation frequency � for Dirac train
excitation.
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rescent molecules, and kem is the effective photon emis-
sion rate. E is a constant independent of the modulation
waveform. However, the effective photon emission rate
kem does depend on the characteristics of the illumina-
tion. A higher relative throughput value means a higher
SNR of the fluorescence lifetime measurement per unit
time.

For a CW light source, an optical modulator is often
used to vary the transmitted power to generate the de-
sired modulated illumination waveform. In this case, the
effective emission rate kem is proportional to the duty
cycle d. When the duty cycle is low, only a small number
of photons excite the sample and it will take a long time to
collect enough fluorescence photons to lower the variance
of the measurement to an acceptable value. The relative
throughput for the case of an externally modulated CW
source reduces to

ACW =
C1d

F�d,��2 , �77�

where C1 is a constant for a given source and the explicit
dependence of F on � and potentially on d is shown. For
square-wave modulation, the relationship between ACW,
d, and � is obtained by combining Eqs. (72) and (77). The
resulting equation is complicated but the maximum value
of ACW with respect to d and � can be solved numerically.
The maximum relative throughput is obtained when the
duty cycle d equals 0.228 and the modulation frequency �
is 0.5737/� ��=0.0913/��. In this case, the minimum
F-value achieved is 1.5334.

For sinusoidal modulation, there is no d dependence in
the equation for the F-value. The maximum relative
throughput for this case is achieved when the F-value is
minimized. Therefore, the “optimum” modulation fre-
quency � for the maximum relative throughput is the
same as that for the lowest F-value, which is 1/�2� ��
=1/2�2���.

In the case where a pulsed laser is used as a method to
achieve Dirac train illumination, an F-value close to unity
can be achieved when the modulation frequency is low.
However, for a low modulation frequency, it can take a
long time to collect enough photons to obtain a sufficiently
low variance. If the energy of an excitation pulse does not
depend on the modulation frequency �, then kem is pro-
portional to �. The relative throughput can be rewritten
as

APulsed =
C2�

F���2 , �78�

where C2 is also a constant determined by the excitation
source. Combining Eqs. (75) and (78) and maximizing the
relative throughout APulsed with respect to �, we obtain
the optimum modulation frequency of �=1/�2� ��
=1/2�2���, which is the same value as for the sinusoidal
modulation. The F-value achieved is 1.22 for this case.

In some cases the pulse repetition frequency of the
source may be fixed and then it is best to collect as many
fluorescence photons as possible per pulse. However, satu-
ration of the fluorescence signal can occur, which will
limit the maximum number of fluorescence photons that

can be collected from a single pulse. This will set a lower
limit on the time it takes to collect a given number of fluo-
rescence photons from the sample.

The analysis on the relative throughput is similar to
that described by Esposito et al. [9] in the limit where
saturation effects can be ignored. However, the numerical
results on optimum parameters in the cases considered
here appear to be slightly different. Our results do indi-
cate a particular operating point for the modulation fre-
quency and duty cycle (for the square-wave modulation)
to achieve an optimum performance in terms of the SNR
per unit time.

7. CONCLUSION
We have presented a general derivation of the PDFs of
the estimated lifetime for FD-FLIM using homodyne
lock-in detection. For sinusoidal, square-wave, and Dirac
train illumination, the rigorous PDFs of the estimated
lifetime have been derived and agree with the results of
Monte Carlo simulation. The PDFs for the square-wave
and Dirac train modulations can be approximated as nor-
mally distributed. The same approximation can also be
made to the sinusoidal modulation when a reasonably
large number of photons are collected. However, at a low
number of collected photons the exact PDF is consider-
ably different than the approximate normal distribution.
The variance and mean of the estimated lifetimes can be
obtained from the PDFs. Knowledge of the variance is im-
portant for determing whether there is sufficient preci-
sion for fluorescence lifetime in a specific application.

The F-value for each type of modulated illumination
was derived as part of the analysis. The optimum param-
eters to minimize the F-value and to maximize the rela-
tive throughput for each modulation were calculated.
Maximizing the relative throughput yields the best SNR
per unit time and the best sensitivity for fluorescence life-
time measurements. Although we show the analysis for
three typical illumination waveforms, the derivation ap-
proach presented is general and can be used for other
types of FD illumination waveforms.

REFERENCES
1. K. M. Hanson, M. J. Behne, N. P. Barry, T. M. Mauro, E.

Gratton, and R. M. Clegg, “Two-photon fluorescence life-
time imaging of the skin stratum corneum pH gradient,”
Biophys. J. 83, 1682–1690 (2002).

2. H.-J. Lin, P. Herman, and J. R. Lakowicz, “Fluorescence
lifetime-resolved pH imaging of living cells,” Cytometry,
Part A 52A, 77–89 (2003).

3. M. C. Skala, K. M. Riching, A. Gendron-Fitzpatrick, J.
Eickhoff, K. W. Eliceiri, J. G. White, and N. Ramanujam,
“In vivo multiphoton microscopy of NADH and FAD redox
states, fluorescence lifetimes, and cellular morphology in
precancerous epithelia,” Proc. Natl. Acad. Sci. U.S.A. 104,
19494–19499 (2007).

4. T. Vo-Dinh, Biomedical Photonics Handbook (CRC, 2003).
5. R. Sanders, A. Draaijer, H. C. Gerritsen, P. M. Houpt, and

Y. K. Levine, “Quantitative pH imaging in cells using con-
focal fluorescence lifetime imaging microscopy,” Anal. Bio-
chem. 227, 302–308 (1995).

6. E. B. van Munster and T. W. J. Gadella, “Fluorescence life-
time imaging microscopy (FLIM),” Adv. Biochem. Eng./
Biotechnol. 95, 143–175 (2005).

7. A. Draaijer, R. Sanders, and H. C. Gerritsen, “Fluorescence

1154 J. Opt. Soc. Am. A/Vol. 27, No. 5 /May 2010 Y. Lin and A. F. Gmitro

Yuxiang Lin
Typewritten Text
116



lifetime imaging, a new tool in confocal microscopy” in
Handbook of Biological Confocal Microscopy, J. Pawley, ed.
(Plenum, 1995), pp. 491–505.

8. J. Philip and K. Carlsson, “Theoretical investigation of the
signal-to-noise ratio in fluorescence lifetime imaging,” J.
Opt. Soc. Am. A 20, 368–379 (2003).

9. A. Esposito, H. C. Gerritsen, and F. S. Wouters, “Optimizing
frequency-domain fluorescence lifetime sensing for high-

throughput applications: photon economy and acquisition
speed,” J. Opt. Soc. Am. A 24, 3261–3273 (2007).

10. B. R. Frieden, Probability, Statistical Optics, and Data Test-
ing: A Problem Solving Approach (Springer, 2001).

11. J. Hayya and D. Armstrong, “A note on the ratio of two nor-
mally distributed variables,” Manage. Sci. 21, 1338–1341
(1975).

Y. Lin and A. F. Gmitro Vol. 27, No. 5 /May 2010/J. Opt. Soc. Am. A 1155

Yuxiang Lin
Typewritten Text
117



118

REFERENCES

Algire, G. H. and F. Y. Legallais (1949). Recent developments in the transparent
chamber technique as adapted to the mouse. J. Natl. Cancer Inst., 10, pp. 225–
253.

Blank, P. S., H. S. Silverman, O. Y. Chung, B. A. Hogue, M. D. Stern, R. G. Hans-
ford, E. G. Lakatta, and M. C. Capogrossi (1992). Cytosolic pH measurements in
single cardiac myocytes using carboxy-seminaphthorhodafluor-1. Am. J. Physiol.,
1, pp. H276–H284.

Brasselet, S. and W. E. Moerner (2000). Fluorescence behavior of single-molecule
pH-sensors. Single Mol., 1, pp. 17–23.

Chen, W., F. Meng, R. Cheng, and Z. Zhong (2010). pH-Sensitive degradable
polymersomes for triggered release of anticancer drugs: A comparative study
with micelles. J. Controlled Release, 142, pp. 40–46.

Cramér, H. (1946). Mathematical Methods of Statistics. Princeton University Press.

Dairkee, S. H., G. Deng, M. R. Stampfer, F. M. Waldman, and H. S. Smith (1995).
Selective cell culture of primary breast carcinoma. Cancer Res., 55, pp. 2516–
2519.

David, I. P. and B. V. Sukhatme (1974). On the bias and mean square error of the
ratio estimator. J. Amer. Statistical Assoc., 69, pp. 464–466.

Edgeworth, F. Y. (1908a). On the probable errors of frequency-constants. J. Roy.
Statistical Soc., 71, pp. 499–512.

Edgeworth, F. Y. (1908b). On the probable errors of frequency-constants. J. Roy.
Statistical Soc., 71, pp. 651–678.

Frieden, B. R. (2001). Probability, Statistical Optics, and Data Testing – A Problem
Solving Approach. Springer, third edition.

Garripelli, V. K., J.-K. Kim, R. Namgung, W. J. Kim, M. A. Repka, and S. Jo
(2010). A novel thermosensitive polymer with pH-dependent degradation for drug
delivery. Acta Biomater., 6, pp. 477–485.

Gatenby, R. A. and E. T. Gawlinski (1996). A Reaction-Diffusion Model of Cancer
Invasion. Cancer Res., 56, pp. 5745–5753.



119

Gatenby, R. A., E. T. Gawlinski, A. F. Gmitro, B. Kaylor, and R. J. Gillies (2006).
Acid-mediated tumor invasion: a multidisciplinary study. Cancer Res., 66, pp.
5216–5223.

Gillies, R. J., R. Martinez-Zaguilan, E. P. Peterson, and R. Perona (1992). Role of
intracellular pH in mammalian cell proliferation. Cell. Physiol. Biochem., 2, pp.
159–179.

Grant, R. L. and D. Acosta (1997). Ratiometric measurement of intracellular pH
of cultured cells with BCECF in a fluorescence multi-well plate reader. In Vitro
Cell. Dev. Biol. Anim., 33, pp. 256–260.

Gross, E., R. S. Bedlack Jr., and L. M. Loew (1994). Dual-wavelength ratiometric
fluorescence measurement of the membrane dipole potential. Biophys. J., 67, pp.
208–216.

Grynkiewicz, G., M. Poenie, and R. Y. Tsien (1985). A new generation of Ca2+

indicators with greatly improved fluorescence properties. J. Biol. Chem., 260,
pp. 3440–3450.

Helmlinger, G., F. Yuan, M. Dellian, and J. R. K. (1997). Interstitial pH and pO2

gradients in solid tumors in vivo: High-resolution measurements reveal a lack of
correlation. Nature Med., 3, pp. 177–182.

Kaylor, B. M. (2004). In vivo measurement of pH in tumor and surrounding tissue
using fluorescence ratio imaging. Master’s thesis, The University of Arizona.
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