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ABSTRACT

Microvascular transport is strongly influenced by the nonuniform partitioning of
red blood cells at diverging microvessel bifurcations, where blood flows from one mother
vessel into two daughter vessels. In such bifurcations, the volume fractions of red blood
cells in the blood entering each daughter vessel typically differ significantly from the
volume fraction in the mother vessel. This phenomenon is caused, to a first
approximation, by nonuniform distribution of red blood cells in the cross-section of the
mother vessel and the tendency of red blood cells to follow background fluid streamlines.
In smaller vessels, however, red blood cell trajectories can deviate significantly from
fluid streamlines. In this dissertation, the mechanical reasons for these deviations and
their contributions to nonuniform partitioning are analyzed.
A two-dimensional model is used to simulate the motion and deformation of
flexible particles as they travel alone through a diverging microvessel bifurcation.
Deviations of particle trajectories from background fluid streamlines result from
migration towards the mother vessel centerline upstream of the bifurcation and flow
perturbations caused by cell obstruction in the bifurcation region. Cell migration, which
arises because of flexibility, causes more nonuniform partitioning while cell obstruction
causes more uniform partitioning. Bifurcations with differently sized daughter vessels
experience, on average, a higher red blood cell flux into the smaller branch. Partitioning
is unaffected by daughter branching angles.
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The motion of two interacting cells is also considered. In diverging bifurcations
several types of interactions were found, in which the presence of a nearby cell causes a
cell to enter a different branch than it would have otherwise. The net effect of these
interactions is to cause more uniform partitioning. In wall-bounded linear shear flow, a
two-dimensional swapping interaction was identified, in which two cells on different
background fluid streamlines approach each other, slowly move onto their partner’s
streamline, and then move away from each other.
The simulations produced by this two-dimensional model provide insight into the
effects of red blood cell deformability, bifurcation geometry and volume fraction of red
blood cells on red blood cell partitioning and on the resultant distribution and transport of
materials in the microvasculature.
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1. INTRODUCTION

The function of the microvascular system is the transport of materials and their
exchange with tissue. Oxygen transport is of critical importance. The solubility of
oxygen in water is relatively low and transport by convection of dissolved oxygen in
water is not sufficient to meet tissue needs. Red blood cells provide oxygen transport by
taking up oxygen in the lungs and being transported, with the oxygen, to other portions of
the tissue. The high red blood cell volume fraction in blood, 40-45%, contributes to the
ability of the blood to transport oxygen.
The low solubility of oxygen in water also means that oxygen can diffuse only 20100 µm into nearby tissue. Hence, not only must oxygen be transported from the lungs to
the tissue, it also must be brought into very close proximity with the tissue. The
microvasculature, a dense system of vessels ranging in size from approximately a few
hundred microns down to 3 µm in diameter, fulfills this need by bringing red blood cells
within the diffusion distance necessary to deliver oxygen to the tissue in question (74).
The viscosity of blood is strongly dependent on the volume fraction of red blood
cells (hematocrit). Because of the presence of a high concentration of red blood cells,
blood is substantially more viscous than the suspending fluid (plasma). Blood traveling
in single tubes and vessels experiences less flow resistance than is predicted by using the
bulk viscosity of blood as determined by large scale viscometers (Fahraeus-Lindqvist
effect (37)). This resistance is conveniently expressed in terms of the apparent viscosity
defined as the viscosity of a Newtonian fluid that will flow through the same tube at the
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same rate; the apparent viscosity of blood in tubes is significantly less than its bulk
viscosity.
This reduction in flow resistance is caused by the presence of a cell-depleted
region near the wall called the cell-free layer. Because of their flexibility, red blood cells
flowing in microvessels deform into asymmetric shapes that then migrate away from the
vessel wall (8; 34; 37; 75). This cell migration produces a cell-depleted region adjacent
to the wall, which has a lower effective viscosity than the regions containing a high
concentration of cells. The larger this cell-free layer, the lower the flow resistance.
Flow resistance in microvessels is also affected by the presence of a protein layer
lining the vessel wall. This layer reduces the region available for flow and therefore
increases flow resistance (67). This gives a reasonable explanation why the apparent
viscosity of blood in glass tubes (in vitro) is much lower than the apparent viscosity in
blood vessels (in vivo) (67). The size of the cell-free layer in a given vessel is determined
by a balance of the hydrodynamic forces pushing peripheral cells away from the wall and
cell-to-cell interactions pushing peripheral cells towards the wall.
Hematocrit is observed to be highly nonuniform in the microcirculation (25; 30;
44). As first suggested by Krogh (43), this spatial nonuniformity is a direct result of the
nonuniform partitioning of red blood cells that occurs at diverging microvessel
bifurcations where blood flows from a mother vessel into two daughter vessels. The
volume fractions of red blood cells partitioned into the two daughter branches often differ
substantially. In such situations, the daughter branch receiving the higher flow usually
receives the higher hematocrit.
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This heterogeneity in microvessel hematocrit has significant implications. Firstly,
flow resistance is highly dependent on hematocrit, especially in vivo (68; 70). Because of
this, the distribution of flow in microvessel networks is strongly influenced by red blood
cell partitioning at diverging bifurcations. Furthermore, because high flow branches tend
to collect a disproportionately high hematocrit, many branches are left with few blood
cells traveling through them. This results in an average hematocrit per capillary that is
lower than the hematocrit in the feed vessel to the network (65) and further reduces flow
resistance.
The basic mechanism underlying the nonuniform distribution of hematocrit, also
known as phase separation, is as follows. In microvessel bifurcations, a background
separating stream surface can be defined, such that, in the absence of cells, the fluid on
one side of the surface would enter one branch and the fluid on the other side of the
surface would enter the other branch. In a mother vessel, the cell-free layer forms an
annular region adjacent to the wall. If the volume flux in one of the daughter branches is
relatively low compared to the other, then the separating stream surface lies close to the
wall and only blood near that daughter branch will enter that branch. This includes a
relatively high volume of plasma from the adjacent cell-depleted annular region. In
general, plasma-skimming describes this process whereby the low flow branch collects a
disproportionate amount of plasma because of the cell-free layer (68).
Red blood cells that lie on one side of the surface will usually enter the branch
dictated by the separating surface. For red blood cells that lie close to the surface,
however, the branch entered is also determined by the interactions with the surrounding

14
fluid, cells, and walls when the cell finally meets the dividing surface of the bifurcation.
These interactions become increasingly important to red blood cell partitioning as vessel
size gets smaller. The effects associated with these interactions are the main topic of this
dissertation.
A number of experimental studies in vitro (9; 11; 12; 14; 16; 23; 24; 26; 50; 57;
58; 71; 86) and in vivo (39; 40; 42; 56) have been performed to investigate red blood cell
partitioning at diverging bifurcations. Schmid-Schönbein et al. (72) performed some of
the earliest experiments that quantified RBC partitioning by estimating the fraction of red
blood cells fluxing into a daughter branch as a function of the fraction of bulk blood
fluxing into that branch. In their study, blood flow was filmed in nine rabbit ear capillary
bifurcations (diameters ~ 5-15 µm) while the bulk blood flow through the daughter
branches was changed by pressing on veins near the bifurcations. They presented
functions of red blood cell flux for three bifurcations. The results suggested that the
upstream hematocrit distribution at a small diverging vessel bifurcation plays a
significant role in RBC partitioning.
In perhaps the most extensive in vivo study to date on microvascular bifurcations,
Pries et al. (64) investigated partitioning at sixty-five arteriolar bifurcations (diameters ~
10-30 µm) in rat mesentery, with average discharge hematocrit 20% to 55%. They
identified several important parameters that affect the fraction of RBC flux entering a
branch: the fraction of bulk blood flux entering that branch, the ratio of the two daughter
vessel diameters, the size of the mother vessel, and the upstream hematocrit distribution.
They also constructed a function of those parameters that gives an estimate of the RBC
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flux into the two daughter branches of a bifurcation. This function was later adjusted
(67) to give reasonable results for extreme hematocrit and vessel diameter ratios. This
adjusted function is used in Chapters 3 and 4 for comparisons.
While these experiments, and others that corroborate these results (12; 16; 24; 26;
72), identify possible factors that influence red blood cell partitioning, they do not
explain how fundamental red blood cell mechanics and fluid mechanics interact to
influence red blood cell partitioning.
The distribution of red blood cells in bifurcations has been studied using a variety
of theoretical and computational approaches. For vessels with relatively large diameters,
the interior of the mother vessels can be separated into two concentric regions. The outer
region is the cell-free layer and has the viscosity of plasma. The inner region is assumed
to be a homogeneous mixture of red blood cells and plasma whose motion can be
approximated by a Newtonian fluid. The viscosity of this region is often elevated
compared with the outer region. Assuming the flow can be separated into these two
regions has allowed successful consideration of both flow resistance (modified axial-train
model (74)) and red blood cell partitioning (13; 23; 24; 64; 85). In one of the few
analytical studies on this subject, Yan et al. combined this simplification with asymptotic
theory to investigate plasma skimming at microvascular bifurcations where one small
vessel branches out from a very large vessel (85).
Enden and Popel (23) also used this simplified continuum approach. Using
numerical methods to approximate the Stokes flow in a bifurcating geometry, they found
a separating surface for a family of bifurcations. Assuming that RBC trajectories

16
coincide with fluid streamlines and that there is a constant cell-free layer in the vessel,
they produced results consistent with the Pries et al. (64) experiments, for large vessel
diameters (25 µm) (24).
For bifurcations of smaller vessels, continuum approaches like the ones described
above may no longer be appropriate and the discrete particulate nature of blood should be
considered.
Audet and Olbricht (5) used a two-dimensional model to show that in small
vessels, circular particles with diameters comparable to the vessel diameter could
experience significant drift across background fluid streamlines. Similarly, Secomb and
El-Kareh (22) found that spherical caps approaching a cylinder (representing the flow
divider of a bifurcation) can drift across fluid streamlines. Leal considered a viscous
drop to show that particle deformability can lead to lateral drift of particles in shear flows
(47). While red blood cells tend to follow fluid streamlines, these studies illustrate a need
to examine potential drift across streamlines if a more complete understanding of RBC
partitioning in small vessels is to be obtained.
To investigate this potential drift systematically, a computational model was
developed and is presented in Chapter 2. This model includes an approximate
representation of the red blood cell membrane’s properties, is appropriate for modeling
close encounters between cells and bifurcation walls and other cells, and is
computationally efficient. The model uses a two-dimensional analog of a red blood cell
by modeling a viscoelastic membrane with a viscous interior suspended in a surrounding
Stokes flow (plasma).
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The model is used to consider individual cells traveling through a bifurcation. By
considering a single cell, cell-to-cell interactions are eliminated and mechanical effects
specific to individual particles are identified (Chapter 3). These mechanical effects
include cell migration where an individual cell tends to travel towards the middle of a
mother vessel upstream of the bifurcation, and cell obstruction where an individual cell
placed in front of a daughter branch shows a tendency to enter that branch. Cell
migration causes more nonuniform red blood cell partitioning while cell obstruction
causes more uniform red blood cell partitioning.
Interactions between red blood cells in bifurcations are considered in Chapter 4.
by allowing two cells to pass through a bifurcation at the same time. By comparing these
results to results with one cell, the mechanical effects arising from interaction are
identified and the resulting changes in red blood cell partitioning are investigated. A
“trade-off” effect occurs when the presence of a leading cell entering a given branch
causes the trailing cell to enter the opposite branch. “Herding” occurs when the presence
of a trailing cell causes a leading cell to enter the same branch that the trailing cell enters.
Similarly, “following” occurs when the presence of a leading cell causes a trailing cell to
enter the same branch as the leading cell. This analysis can be used to estimate the
effects of small but finite hematocrit on hematocrit distribution in bifurcations.
In further theoretical simulations, the interactions between red blood cells in shear
flow are considered (Chapter 5). Normal blood is a concentrated suspension and its
behavior is strongly influenced by cell-to-cell interactions. Simulations are used to
investigate the radial displacement of cells during such interactions and the mechanical
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effects underlying these displacements. To understand the interactions that can occur,
consider two cells on nearby streamlines in a reference frame where a faster moving cell
quickly approaches a slower moving cell. In “passing interactions,”, the faster moving
cell overtakes the slower moving cell, and in “swapping interactions” the faster moving
cell approaches the other cell but is displaced transversely to a slower moving trajectory,
while the slower moving cell is displaced to a faster moving trajectory and the two cells
move apart without either cell overtaking the other. Occasionally interacting cells rotate
around each other multiple times in a “dancing interaction”. These effects have
important implications for the radial distribution of red blood cells in microvessels and
for the formation of a cell-free layer.
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2. TWO-DIMENSIONAL MODEL FOR RED BLOOD CELL MOTION IN STOKES
FLOW

Introduction
System definition. The system being modeled consists of three moving physical

components, the surrounding plasma, the red blood cell cytoplasm, and the red blood cell
membrane. The red blood cell is a very flexible biconcave discoid that is approximately
8 µm in diameter and 2 µm in width. Red blood cells within rigid vessels and in wallbounded linear shear flow are considered.
Plasma. The surrounding plasma, an aqueous solution of proteins, is a Newtonian

fluid with a dynamic viscosity of 0.012 dyn s/cm2 (29), whereas the dynamic viscosity of
water is ~0.01 dyn s/cm2. The Reynolds number is small. For vessels ranging in diameter
from 6-13 µm, Re < 0.014. The Reynolds number based on particle size is less than
0.008 in the linear shear flows considered here. The plasma is governed by the steady
Stokes flow equations for an incompressible Newtonian fluid.
Cytoplasm. The red blood cell cytoplasm is devoid of organelles and consists of a

Newtonian hemoglobin solution with five times the viscosity of the surrounding plasma.
The fluid is considered incompressible and, as a result, the volume inside the cell is
constant on the time scales considered.
Membrane. The red blood cell membrane’s main structural components are a

lipid bilayer and a protein cytoskeleton. Shearing the lipid bilayer produces frictional or
viscous resistance to the shearing motion. Shearing the cytoskeleton produces elastic
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force that restores the cell’s membrane to its reference configuration. These two layers
combine to form a viscoelastic membrane.
The modulus of isotropic dilation for the membrane is 500 dyn/cm while the
modulus of shear deformation is 0.006 dyn/cm. Because of the large difference between
the two moduli, the red blood cell membrane can be assumed to undergo deformations
that are area preserving locally and globally. The red blood cell membrane has a
relatively small bending resistance of 1.8 ×10-12 dyn cm, arising mainly from its
bilamellar nature (73). The low bending resistance and shear deformation modulus allow
red blood cells to deform and pass through vessels as small as 3 µm in diameter. The
shear viscosity of the membrane is approximately 1×10-3 dyn s/cm. This relatively large
viscosity means membranes do not undergo large rapid deformations unless experiencing
large fluid forces, as may occur in small vessel bifurcations.

Choice of Model
To be able to consider red blood cell partitioning systematically, a model must be
efficient, numerically robust, and physiologically realistic. The model used here has been
developed to meet these requirements.
Importance of efficiency. Investigation of red blood cell partitioning in diverging

vessel bifurcations systematically will require many strategically chosen simulations. As
an example, Chapter 4 included >1500 simulations in its analysis. An efficient model is
necessary if all such simulations are to be completed in a reasonable amount of time and
the subsequent analysis of red blood cell partitioning is to be performed.
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Importance of numerical robustness. Cells in bifurcations experience extreme

deformation and frequently come into close proximity with vessel walls and other cells.
A suitable model must be able to handle these extreme situations.
Importance of physiological properties. Red blood cell motion through

bifurcations is a highly dynamic process. If all red blood cell properties are not
accounted for properly, simulations can provide incorrect qualitative results. For
instance, assigning unrealistic membrane and cytoplasm viscosities can result in cells that
deform too quickly or too slowly.
Three-dimensionality. The analysis of interacting of red blood cells in flow is a

three-dimensional problem. However, three-dimensional computational simulations are
much more time-consuming than two-dimensional models for two reasons. First, it takes
more time to solve equations in three dimensions, i.e. O(n3) unknowns in three
dimensions vs O(n2) unknowns in two. Second, systematic exploration of red blood cell
motion in three dimensions requires more simulations because there are more initial
locations at which cells can be placed (e.g. O(m2) vs O(m)).
General three-dimensional models. While earlier models required relatively large

computation times (60; 62) or were sometimes prone to numerical instabilities under
large deformations (21), there have been some more recent models that claim to be
capable of successfully completing three-dimensional simulations of O(100) cells in a
day or two (17; 18; 19; 53). To obtain this efficiency, however, they employ
simplifications, such as neglecting membrane viscosity, that may be inappropriate for
smaller scales. In addition, three of the methods employ the immersed boundary
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approach which has the limitation that it is only applicable if “cells do not come too close
to each other in the computation” (17).
Two-dimensional models. Both axisymmetric assumptions (61) and lubrication

theory (7; 52; 77; 80) have been used to simplify governing equations and approximate
motion of red blood cells in tubes. Bifurcations, however, are not axisymmetric and
lubrication theory breaks down in bifurcations as there are no narrow gaps where
lubrication forces govern cell motion once a cell leaves the mother vessel to enter a
daughter branch. Some two-dimensional versions of the three-dimensional approaches
above (59; 88) exist but these approaches also have difficulties resolving interactions
between close interfaces. While all the models mentioned represent useful contributions,
none are well suited for the questions being addressed here.
Current model. A two-dimensional model was developed by Secomb et al. (78),

refined by Barber et al. (6), and is further refined here in order to better satisfy model
criteria. Its two-dimensionality allows simulations to be performed relatively quickly. Its
inclusion of internal viscous elements, as described below, allows it to represent some
aspects of the three-dimensional deformation of red blood cells including the effect of
cell interior and membrane viscosities. Its use of a finite element method with automatic
mesh refinement and inclusion of lubrication effects allows it to simulate cases in which
cells interact closely with other cells or walls in a numerically robust way.
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Figure 2.1. Schematic representation of cell deformation and membrane motion in tanktreading. A. A three-dimensional ellipsoidal cell tank-treads about the z-axis with its
major axis at an angle θ from the x-axis. Mirror symmetry exists about the x-y plane.
The background shear flow U is labeled and U(x,y,z) = γy where γ is the shear rate. The
circumferential strips of membrane labeled a and b take turns being shortened (b) and
lengthened (a) while the cell membrane deforms as it spins. Particles in the membrane
follow the paths indicated by the dashed lines with corresponding arrows. B. Twodimensional representation of tank-treading where viscous interior elements are included.
The elements alternate between being shortened (b) and lengthened (a).
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Model
Model of a cross-section. Red blood cells flowing in microvessels typically

possess a plane of approximate mirror symmetry that is parallel to the flow direction.
The two-dimensional model represents a cross-section of a red blood cell in this plane.
By introducing additional model components designed to account for three-dimensional
effects, and calibrating the model parameters using experimental data, a model that
correlates well with three-dimensional red blood cell motions can be obtained.
Model components. The plasma flow is modeled as a two-dimensional low

Reynolds number flow, with fixed viscosity. In the two-dimensional model, the
membrane shear elasticity is represented by an extensional elasticity along the perimeter
of the cell. Similarly, shear viscosity of the membrane is represented by an extensional
viscosity along the membrane cross-section. Bending elasticity in the membrane
generates a bending moment proportional to the curvature of the perimeter. To first
order, these effects are well approximated by linear elasticity and viscosity terms. These
constants of elasticity and viscosity can be estimated by comparison of model predictions
with tank-treading data (tank-treading is described below), allowing the model to emulate
three-dimensional behavior.
Viscous energy dissipation. A unique feature of this model is that it explicitly

takes into account membrane deformation that occurs outside of the cross-sectional plane.
Figure 2.1a illustrates a “tank-treading” cell that is in an ellipsoidal shape. Tank-treading
often happens to cells in high viscosity regimes. In the figure, the circumferential
membrane strip labeled a shortens and, in time, reaches position b. Similarly, b lengthens
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and reaches position a. This process repeats as the cell rotates and leads to viscous
energy dissipation in the membrane. This dissipation is greater than or equal to the
viscous energy dissipation occurring in the cytoplasmic fluid (27). To represent this
energy dissipation, viscous elements a and b are introduced into the two-dimensional
model (Figure 2.1b).
Other constraints. While the cross-sectional area of a three-dimensional red

blood cell along the plane of symmetry may fluctuate, the constraints of constant volume
and surface area in three dimensions imply that this cross-sectional area should remain
relatively constant. To enforce this in the model, an internal pressure is introduced that is
linearly dependent on the area of the cell.
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Figure 2.2. Two-dimensional model for red blood cell and corresponding forces. A.
Schematic view of the two-dimensional model for a RBC. Rectangles denote
viscoelastic/viscous elements of variable length, connected at the nodes. B. All
prescribed forces and moments arising from the viscoelastic external elements, viscous
internal elements, internal pressure, and external fluid field near node i. C. All forces
acting on node i as seen in the nodal equations (Eqs. 2.12).
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Model discretization. Each cell is modeled by a set of nodes located along the

perimeter of the red blood cell, an additional internal node, and the line segments
connecting the nodes as shown in Figure 2.2A. The outer nodes are numbered from 1 to
n and the ith node has coordinates xi = (xi,yi). The central node has coordinates x0 =

(x0,y0). An external element and the quantities associated with it are denoted by i when
the element’s endpoints are (xi,yi) and (xi+1,yi+1). The ith internal element has as its
endpoints (x0,y0) and (xi,yi).
Membrane force equations. Balancing forces and torques along a differential

membrane element yields the following equations:
dt i
= −gi ;
ds

dq i
= − fi ;
ds

dmi
= qi .
ds

[2.1]

The distance from node i along the ith external element is given by s and ti(s), qi(s), and
mi(s) are the tension, shear force, and bending moment per unit length. Also, gi and fi are

the tangential and normal external forces acting on the elements.
Element mechanics. External elements are represented by viscoelastic dashpots

connected in parallel with linear elastic springs (i.e. a Kelvin-Voigt material). The
average tension in external element i is given by
t i = k t (l i / l 0 − 1) + µ m

1 dl i
,
l i dt

[2.2]

where li is the length of the ith external element, l0 = 0.97 µm is a reference length, kt =
0.012 dyn/cm is the elastic modulus, and µm = 2×10-4 dyn s/cm is the viscosity of the
external elements (78).
The bending moment acting on the ith node (xi,yi) is
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mi = – kbαi/l0.

[2.3]

Here kb = 9×10-12 dyn cm is the bending modulus at the nodes (78) and αi is the angle
between two consecutive external elements (Figure 2.1A). The factor l0 converts αi to a
curvature. As l0 approaches 0, αi/l0 approaches the curvature.
Integrating equation 2.1c gives the mean shear force in an outer element arising
from cell bending in terms of the bending moments:
qi =

α − αi
m (l ) − mi (0)
1 li
1 li dmi ( s )
qi ( s )ds = ∫
ds = i i
.
= − k b i +1
∫
li
l 0 li
li 0
l i 0 ds

[2.4]

The internal elements are assumed to be purely viscous in nature so that
Ti = µ m′

1 dLi
,
Li dt

[2.5]

where Li is the length of the ith internal element, µ′m = 1×10-4 dyn s/cm is the viscosity of
the internal elements (78) and Ti is the tension in internal element i. Since there is no
fluid in the interior, Ti is constant along the entire inner element.
Interior pressure. The fluid inside of the cell is assumed to exert a constant
internal pressure on the membrane,
pint = kp(1 – A/Aref),

[2.6]

where A is the area of the cell cross-section, Aref = 22.2 µm2 is a reference area and kp =
50 dyn/cm2. Red blood cell volume preservation and surface area preservation leads to
an approximately constant cross-sectional area in three-dimensional red blood cells, and a
relatively large value of kp is assumed, to represent that property. Aref and l0 are chosen
so that cells develop non-circular shapes with area Aref and perimeter nl0.
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Parameter estimation. All parameter values are taken from (78). (The values for
µm and µ′m are incorrectly stated in (78). The actual values used there are as stated here.)

There they were chosen so that the tank-treading motion produced by this twodimensional model agreed well with the tank-treading motion lengths and frequencies
produced in experiment (28).
Fluid forces. The plasma is assumed to be a viscous, incompressible fluid
governed by the steady Stokes equations. The equation for conservation of momentum is
∇ ⋅ σ = 0; σ = µ (∇u + ∇u T ) − pI .

[2.7]

Here p is the pressure, u is the velocity, σ is the stress tensor, and µ = 10-2 dyn s/cm2.
The incompressibility condition is replaced by the equation
∇2 p = K∇ ⋅ u.

[2.8]

Using a stiffness parameter or “incompressibility factor” of K ≥ 100 ensures that
∇ ⋅ u ≈ 0 (78).

External forces. The unit vector normal to the surface of the ith external element
and pointing into the surrounding fluid is defined as ni and the corresponding unit tangent
vector is defined as ti. The tangent vector is chosen so that ni × ti = 1 (i.e. the tangent
vector points counterclockwise around the outer membrane). The fluid and internal
pressure forces on the cell can then be written as:
Σ i , fluid = σ ⋅ ni ; Σ i ,interior = pinterior ni ; Σ i = (σ + pinterior I ) ⋅ ni .

[2.9]

The fluid term gives the force of the fluid pushing on the element, the interior term gives
the force of the interior pressure of the cell pushing on the element, and the final term
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gives the total external force acting on the element. Using these definitions,
f i = ni ⋅ Σ i and g i = t i ⋅ Σ i in Eq. 2.1.
Force balances. Integrating equations 2.1a-b gives the following expressions:
s

s

a

a

t i ( s ) = − ∫ g i ( s ' )ds '+t i (a); qi ( s ) = − ∫ f i ( s ' )ds '+ qi (a );

[2.10]

These represent the sum of tangential forces and normal forces along an element of
length (s-a), where a is an arbitrary distance along element i, including the tension and
shear forces acting at the end points of that length. Averaging with respect to a over the
external element allows determination of ti(s) and qi(s) in terms of the fluid forces and the
average tension or shear force along the element (Eqs. 2.2 and 2.4). In particular,
1 li
1 li
−
=
+
l
s
g
s
ds
q
q
(
)
(
)
;
(
0
)
(l i − s ) f i ( s )ds;
i
i
i
i
l i ∫0
li ∫0
1 li
1 li
t i (li ) = t i − ∫ sg i ( s )ds;
qi (li ) = qi − ∫ sf i ( s )ds.
li 0
li 0

t i (0) = t i +

[2.11]

The double integrals involving fi and gi were simplified using integration by parts. The
values of the forces at 0 and li are composed of the average forces along the entire
element plus an integral of the loading with a weighting that is proportional to the
distance to the given endpoint.
Balancing the tensions and moments at each node with the fluid forces impinging
on the external elements and balancing all viscous forces at the central node yields a
system of 2(n+1) linear equations in the nodal velocities ui = (ui,vi) and u0 = (u0,v0):
ti (0)t i + ti −1 (li −1 )( − t i −1 ) + qi (0)( − ni ) + qi −1 (li −1 )ni −1 + Ti ( Li )t i , 0 = 0;

∑

n

T (0)t i ,0 = 0.

i =1 i

[2.12]
[2.13]
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The tangent vector pointing along the line from xi to x0 is denoted by ti,0. The forces
acting on an external node are shown in Figure 2.1C. The nodal velocity dependence
comes from the viscous terms in the tensions:
dLi
= t i , 0 ⋅ (ui − u0 );
dt

dl i
= t i ⋅ (ui − ui −1 ) .
dt

[2.14]

Equations 2.12 and 2.13 provide an exact statement of the force balance of the system,
under the given assumptions regarding the constitutive properties of the elements forming
the cell.
Boundary conditions on particles. The velocity of a point on an external element
of a flexible particle is assumed to be given by linear interpolation between the nodal
velocities at the ends of the element (i.e. no bending and only uniform expansion and
contraction of elements). These velocities must match the adjacent fluid velocity (no-slip
condition). Neumann boundary conditions are enforced for the pressure.

Numerical methods
Spatial integration. Given a particular vessel or shear flow geometry, appropriate
boundary conditions, and a configuration of nodes representing the particle, finite
elements are used to express Eqs. 2.7-8 as a system of linear equations. This system is
coupled with the 2(n+1) equations (Eqs. 2.12-13) arising from the force and moment
balances for each node and the appropriate boundary conditions on the membrane. The
coupled linear system is solved to obtain the instantaneous velocities of the nodes on the
cell. The finite element package FlexPDE (version 5, PDE Solutions Inc., Antioch, CA)
was used. In the simulations, the RBC membrane is discretized using n = 20 nodes.
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Between 100 and 400 fluid elements are used. The finite element package uses adaptive
meshing to resolve narrow gaps between cells and walls, according to a user-specified
tolerance. On a 1.66 GHz processor machine, computing the instantaneous velocities
takes 10-20s for single cells in a bifurcation, 1-3 min for two cells in a bifurcation, and 310 min for two cells in linear shear flow.
Time integration. Given cell nodal positions at time tn, the nodal positions at
some subsequent time tn+1 = tn + dtc are found with the following technique. The
instantaneous velocities, uin, are obtained using the finite element package (superscript
corresponds to time tn). The nodal positions at time tn + dtp are predicted using a forward
Euler estimate:

x~i (t n + dt p ) = x in + dt p uin ; 0 ≤ i ≤ n.

[2.15]

These new nodal positions are used to estimate the instantaneous velocities of the cell
nodes at time tn + dtp. The final estimates of the nodal positions at time tn+1 = tn + dtc are
given by:

 2dt p − dt c n
dt ~ n
~
 0 ≤ i ≤ n.
x~i (t n + dt c ) = x in + dt c 
ui + c u
i (t + dt p ) ;
2dt p

 2dt p

[2.16]

Here dtp and dtc represent the predictor and corrector time steps. When dtc = dtp, this is
simply the explicit trapezoidal method (also known as Heun’s method). When dtc ≠ dtp,
this method has O(dtc2) + O(dtpdtc) global accuracy and has the same stability region (as
determined by dtc) as the explicit trapezoidal method. For results concerning isolated
cells in vessel bifurcations, a time step of 1 ms was found to give numerical stability as
well as good convergence, whereas the forward Euler method required a time step of
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around 0.2 ms for convergence. Generating a cell trajectory with the given method and
time step usually takes 20-30 time steps for cells in bifurcations and anywhere from 101000 time steps for cells in linear shear flow.

Adaptive additions
Introduction. Implementing an adaptive time step, a variable incompressibility
factor, and lubrication forces at appropriate times during a given simulation helps
improve overall code behavior and numerical robustness.
Adaptive time stepping. In practice, usually dtp = dtc and different values for two
time steps are chosen only when cells are approaching walls or other cells. To prohibit
situations where a cell wall crosses over a another cell or vessel wall, the time steps were
chosen in order to enforce the condition
d n +1
< 0.8 .
dn

[2.17]

Here dn is the closest distance between any two points on any boundary (cells and
vessels) at time tn. The condition prevents the minimum distance from decreasing by
more than a factor of 0.2 over a given time step. If this condition is not in danger of
being violated, dtp = dtc = 1 ms. In shear flow, if dn > 10 µm, 2 ms is used.
Variable incompressibility factor. In this model, the incompressibility condition
is imposed in an approximate way through Eq. 2.8, ∇ 2 p = K∇ ⋅ u . When the
incompressibility factor K = 100, the approximation becomes increasingly inaccurate
because of the decreased characteristic length scale. In order to resolve this problem, a
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variable incompressibility factor, K = 100/min(max(1,dK(x, y)),0.01), is used when dn <
0.5 µm. dK(x, y) is the distance from a point (x, y) in the fluid to the nearest point on the
vessel and cell boundaries. In this case 100 ≤ K ≤ 10000.
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Figure 2.3. Corner approaching a wall. A. Typical situation where a corner approaches
a wall. B. Temporary introduction of a lubrication element to the corner. C. Important
variables include the velocity of the wall, uw, the velocity of the corner, uc, the normal to
the wall, nw, the tangent to the wall, tw, the length of the lubrication element considered,
ll, and the width of the gap hl.
Lubrication force justification. When one model cell comes in close proximity to
another cell or a vessel wall, the geometry near the point of closest approach consists of a
corner near a straight boundary. In reality, cells have smooth contours with no corners.
When a narrow gap forms, the presence of a corner in the model can lead to
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overestimation of the rate of gap closure. To compensate for this effect, lubrication
forces are introduced.
Lubrication force estimate. To estimate the lubrication force that can be expected
to arise when a corner approaches a wall, the corner in Figure 2.3a is temporarily
replaced by a line segment ll = 0.1 µm long (lubrication element, Figure 2.3b) and the
resulting lubrication forces are calculated. Because hl is assumed to be much less than ll,
the steady Stokes flow equations in the gap can be simplified to:

µ

∂ 2u ( x, y ) dp( x)
=
.
∂y
dx

[2.18]

Note that p does not depend on x. Integrating the above equation with respect to y,
applying the appropriate boundary conditions, and using the incompressibility equation,
gives the velocity u and p across the entire gap. Integrating the force acting on the
lubrication element as a result of relative motion with respect to the wall gives:

 l  3
l
hl = − µ   l  n w nwT + l t w t wT  ur .
hl

  hl 

[2.19]

Here hl is the total force acting on the lubrication element, nw and tw are the unit vectors
normal and tangential to the straight boundary, hl is the width of the gap, and ur = uc- uw
where uc is the velocity of the corner while uw is the velocity of the wall (see Figure 2.3).
Lubrication correction. Because lref << ll << hl, an appropriate first order

correction to red blood cell motion can be made by introducing the lubrication forces as
delta functions to Eqs. 2.12 and solving the resulting system as done previously. This
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takes place when the gap between a corner and a wall, hl, is less than 0.01 µm. For a
corner (index i) that is within hl of a wall, the nodal equation becomes
ti (0)ti − ti −1 (li −1 )ti −1 − qi (0)ni + qi −1 (li −1 )ni −1 + Ti ti , 0 + rhl = 0

[2.20]

where the ramping function r = max(0,1-hl/0.01µm) has been added to eliminate abrupt
addition of lubrication forces to calculations. An equal and opposite force is applied to
the opposite boundary and, if this boundary corresponds to a cell, the altered external
forces acting upon that boundary can be written as:
Σ i , lub = Σ i + δ ( s0 )rhl

[2.21]

where s0 is the distance along the ith wall (from xi) to the point closest to the corner. This
is easily incorporated into the nodal equations by performing the integrations for ti and qi
with this new external force function. As an example:
t i ( 0) = t i +

= ti +

1 li
(li − s ) Σ i ,lub ( s ) ⋅ t i ds
li ∫0

µr (li − s0 )  ll 
1 li
(li − s ) Σ i ( s ) ⋅ ti ds +
  ti ⋅ ur
∫
li 0
li
 hl 

[2.22]

Equation 2.21 can be derived from equation 2.22 by allowing s0 go to zero and letting the
wall become a corner.
Special cases. If the outline of a cell collapses so that one corner approaches the
opposite side of the cell (Figure 2.4A), a similar approach is used but the viscosity µ is
adjusted to take into account the viscosity of the cytoplasm. If corners of two cells come
close together, as in Figure 2.4B, ll is redefined as ll = min(dc, 0.05 µm) + 0.05 µm to take
into account the reduction in the length of cell membranes that are in close proximity. If
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the narrowest gap between the cells occurs between two corners, as in Figure 2.4C, the
normal to the boundary is redefined as the unit vector pointing from one corner to the
other, ll is redefined to be 0.05 µm, and Eq. 2.19 can be used to determine the resulting
lubrication forces at each corner. Finally, for circular vessel boundaries, ll << rv where rv
is the radius of curvature of the wall and so the curvature of the wall can be neglected
(Figure 2.4D). While other situations might occur (e.g. three corners), these situations
are too improbable to merit consideration.
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Figure 2.4. Four special cases. Regions inside a cell are labeled c, regions of fluid are
denoted f, and regions outside of a vessel boundary are denoted b. A. Cell collapsing
with a corner of the cell’s membrane approaching the opposite side of the same cell. B.
Corner of one cell approaching the straight boundary of another cell with another corner
nearby. The tangential distance from the approaching corner to the other corner is
labeled dc. C. Two corners near each other. D. A corner near a curved vessel wall. nw
is the normal vector in Eq. 2.19.
Reasons for simulation failures. Simulating red blood cell motion in microvessel
bifurcations is demanding because of the close encounters and high deformations that
cells experience. The use of adaptive time stepping avoids unrealistic situations where a
cell wall may cross another cell or vessel wall. However, simulations can still fail. In
particular, if the adaptive time step gets unreasonably small (< 1×10-5 ms) or if the finite
element method does not converge to a solution in a reasonable amount of cpu time (> 30
min), the simulation is considered to have failed and is stopped. Introduction of the
variable incompressibility constant and the lubrication forces were found to reduce the
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number of failures. Overall, these adaptive techniques limited failures to well below one
percent of all simulations.
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3. ISOLATED RED BLOOD CELL MOTION THROUGH DIVERGING CAPILLARY
BIFURCATIONS

Introduction
To a first approximation, red blood cells follow underlying fluid streamlines but,
as vessels get small, significant deviations from the fluid streamlines can take place.
These deviations can occur because of individual cell tendencies (cell interactions with
the fluid and walls) or because of cell-to-cell interactions. Experiments performed in the
physiological range of hematocrit (e.g. (64; 72)) do not provide direct information about
underlying individual cell tendencies, because of strong interactive effects.
The computational model presented in Chapter 2 is here used to identify the
mechanical effects underlying the tendency of isolated RBCs to drift, or migrate, across
underlying fluid streamlines in small vessel bifurcations (6-13 µm). Effects of particle
deformability are examined by comparing the results with those obtained in
corresponding simulations using rigid particles. The results are used to predict RBC
partitioning in small vessel bifurcations and its dependence on mother vessel size, ratio of
daughter diameters, daughter branching angles, and cell deformability. The results of
these studies have been previously reported (6).

Methods
Particle Dynamics. Cell dynamics and corresponding solution methods were
described in Chapter 2. For comparison, simulations were also made for rigid circular
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particles. The translational velocity ur = (ur,vr) and angular velocity ωr for the circular
particles are determined by requiring zero total force and moment on the particle. In
accordance with a no-slip boundary condition, the velocities on rigid particles are given
by uedge = ur + ωrRt where t is the vector tangential to the edge and R is the radius of the
circular-particle.
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r2
w2
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Figure 3.1. Bifurcation geometries. A. Symmetric bifurcation with β1 = β2 = π/4 and rd =
w1/w2 = 1. B. Bifurcation with asymmetric daughter vessel sizes; β1 = β2 = π/4 and rd =
31/3 ≈ 1.44. C. Bifurcation with asymmetric branching angles; β1 = π/2, β2 = 0, and rd =
1.
Figure 3.1A shows an example of a vessel bifurcation geometry. At the entrance
to the mother vessel, constant pressure and Neumann conditions for u are specified. At
exits of the daughter branches, the gradients of p and the values of u are prescribed,
corresponding to Poiseuille flow with the specified flow rates. The fraction of bulk blood
flow into daughter branch 1 is Ψ1 = Q1/Q0. The effect on flow rate of a RBC blocking a
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daughter vessel is assumed negligible, as the flow resistance created by a single cell in
the daughter branch is small compared to the total resistance of the vessel downstream of
the bifurcation. On the vessel wall, Neumann conditions for p and no-slip conditions for
u are imposed. The main geometric and flow parameters are indicated in Figure 3.1A.
The radii of the circular arcs that link the vessel walls in the bifurcation are set to r1 = r2
= r0 = 3 µm. The length of each vessel is Lv0 = Lv1 = Lv2 = 5w0/2, unless otherwise
stated. The branching angles are β1 and β2. The ratio of daughter vessel diameters is rd =
w1/w2.
The dependence of RBC distribution on vessel size (w0), bulk blood distribution
(Ψ1), and vessel geometry (β1, β2, and rd) was investigated by varying these parameters.
Arteriolar vessel diameters have been shown (55) to approximately follow the
relationship w03 = w13 + w23 at bifurcations. For given w0 and rd, this relationship
determines the daughter vessel diameters. The total flow rate is assumed to be Q0 =
125w02 s-1, giving a mean flow velocity of 1 mm/s in an 8-µm mother vessel.
Unless otherwise specified, particle positions are initialized by setting x0 =
−(15/8)w0. The initial y-coordinate y0 is selected from the interval [yb,yt] where yt = w0/2
− R − wCFL = −yb, to ensure that all points on the initial particle are at least a distance
wCFL from the vessel wall, representing a cell-free layer. For flexible cells, a circle with
center at (x0,y0) and initial radius R = 2.66 µm is discretized into n evenly spaced external
nodes and one central node. This initial circular configuration is chosen to avoid biasing
of the cell trajectory that might be caused by non-circular initial configurations. Rigid
particles are modeled as smooth circles of radius R = 2.66 µm with centers at (x0,y0).
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Given a particular vessel geometry (i.e., w0, β1, β2, and rd), boundary conditions
(determined by the flow fraction Ψ1), and the initial configuration of nodes representing
the particle the cell’s motion is integrated until either the cell is inside one of the daughter
branches or the cell is within 0.1 µm of the far wall of the bifurcation and all its nodal
velocities point towards the same daughter branch. A particle is considered to have
entered the daughter branch if one of these conditions is satisfied.
The path of the particle's center of mass is defined as its particle streamline. For
given vessel geometry and Ψ1, a separating particle streamline, starting at y0 = yc(Ψ1),
separates particle streamlines that enter branch 1 from those that enter branch 2. If all
such streamlines starting with y0 in the interval [yb,yt] enter one branch, the separating
particle streamline is defined as the top or bottom such streamline.
To find yc for a given vessel geometry and Ψ1 a bisection algorithm is used.
Quantities ybelow and yabove are found such that yc is in the interval [ybelow, yabove]. The
particle trajectory for (ybelow+yabove)/2 is then found, and the interval is halved, so that yc is
in the new interval. The algorithm is repeated until the size of the interval is less than
εbisection = 0.05w0. The midpoint of this final interval is then used as an estimate for yc;
εbisection can be viewed as an estimate of the error on this yc. If a particle starting within

.05 µm of either the top or bottom mother vessel wall enters branch 2 or branch 1
(respectively), all cells are presumed to enter only one branch and yc(Ψ1) is taken as yt or
yb, as appropriate.
The RBC flux into branch 1, as a fraction of the total RBC flux, is given by
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Φ1 (Ψ1 ) =

∫

yt

y c (Ψ 1 )
yt

∫

yb

s ( y )ud ( y )dy
.

[3.1]

s ( y )ud ( y )dy

Here s(y) is the density distribution of cell centers as they pass x = x0, assumed to be
constant, and ud(y) is the horizontal velocity distribution of the cell centers at x0. To
compute this upstream particle velocity profile, the instantaneous velocities of circular
particles placed at nine locations across the channel are computed. The arithmetic
average of the external node velocities is fitted with a quartic function (r2 > 0.98) to
obtain an estimate for ud(y), for use in Eq. 3.1.

Results
Symmetric Bifurcations. Figure 3.2A shows results for a flexible particle in a
symmetric bifurcation, with Ψ1 = 0.25, Q0 = 8 µm2/s, w0 = 8 µm, rd = 1, and y0 = 1.24 µm.
The cell first transforms from an initial circular shape into an asymmetric shape that
resembles observed shapes (78). On reaching the flow divider between the two branches,
the cell is deformed into a sandbag-like shape, which straddles the flow divider. Figure
3.2B shows a similar shape observed in vivo.
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Figure 3.2. A. Example of center-of-mass trajectory, computed cell shapes and
individual nodal velocities (arrows). Here Q0 = 8 µm2/ms, w0 = 8 µm, Ψ1 = ¼. Cell
shapes are shown at t = 0, 10, and 30 ms. Dashed ellipse indicates cell in sandbag-like
shape, adjacent to the flow divider. B. Photomicrograph of RBCs in a capillary
bifurcation in the rat mesentery (66). Scale is as in A. One cell (indicated by dashed
ellipse) is deformed into a sandbag-like shape, corresponding to the computed shape in
A. C. Computed cell (solid) and underlying fluid (dashed) streamlines for the same
geometry and Ψ1 = 3/8. The dashed line that intersects the far wall of the bifurcation is
the separating fluid streamline.
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In Figure 3.2C, flexible cell streamlines are compared with fluid streamlines from
the underlying flow field for the same vessel geometry and Ψ1 = 3/8. Comparing the
outermost flexible cell streamlines with the outermost fluid streamlines reveals cell
migration: the flexible cell streamlines tend towards the center of the mother vessel,
upstream of the bifurcation. Comparing the inner cell streamlines with the inner fluid
streamlines in the bifurcation region reveals that the cell streamlines can differ
significantly from fluid streamlines in that region. In fact, one cell streamline enters
branch 1 while a fluid streamline, which lies on this cell streamline at one point very near
the bifurcation, enters branch 2.
Figures 3.3A-C show the function yc(Ψ1) that defines the location of the
separating streamline for flexible cells, rigid particles and the underlying fluid flow, for
vessel geometries with w0 = 8 µm, 10.1 µm, and 12.7 µm. For Ψ1 < 0.5, the region above
the curves (enters branch 1) is larger for rigid particles than for flexible cells, indicating
that rigid particles tend to enter the low flow branch more than their flexible counterparts.
The deviation between separating streamlines for particles and fluid separating
streamlines is larger for rigid particles than for flexible cells, indicating that rigid
particles deviate more than flexible cells from underlying streamlines. As the vessel size
increases, the differences between flexible cell, rigid particle, and fluid separating
streamlines become less significant.
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Figure 3.3. Separating streamlines and partitioning in symmetric bifurcations. (A,D) w0
= 8 µm. (B,E) w0 = 10.08 µm. (C,F) w0 = 12.80 µm. (A,B,C) Initial positions of cells
corresponding to separating flexible cell streamlines (solid), initial positions
corresponding to separating rigid particle streamlines (long dashed), and y-coordinate
which the underlying separating fluid streamline (short dashed) passes through at x = x0.
(D,E,F) Estimates for fractional RBC flux, Φ1, as a function of fractional blood flow
rate, Ψ1. The cell-free layers used for the rigid particle (long dashed) and flexible cell
(solid) estimates are CFL = 0, 0.1 and 0.3 µm in (D,E,F). Short dashed lines are
experimental estimates from (67).
Estimates based on Eq. 3.1 for the fractional RBC flux Φ1(Ψ1) are shown in
Figure 3.3D-F for rigid particles and flexible cells. In these plots, partition of red blood
cells in proportion to flow rate would be represented by the diagonal line Φ1 = Ψ1. Phase
separation is more pronounced for flexible cells than for rigid particles. The predicted
curves depend on the assumed values of the parameter wCFL, representing the width of the
cell free layer at the initial upstream position. This parameter cannot be directly
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estimated from experimental data. Here, the assumed values are wCFL = 0, 0.1 and 0.3
µm for geometries with w0 = 8, 10.08 and 12.80 µm. These values are chosen so that the

value Ψ1 at which flexible particles can enter branch 1 approximately corresponds to
experimental values estimated from the empirical function (67) extrapolated to zero
hematocrit. With the assumed values of wCFL, predicted curves are consistent with
experimental data.
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Figure 3.4. A and B. Comparison of results for symmetric bifurcations (solid) and
bifurcations with asymmetric vessel diameters (dashed) for w0 = 8 µm. Curves for the
asymmetric bifurcation are shifted to the right. C. Computed difference ∆Φ1 between
results for symmetric and asymmetric cases (solid curve) and estimated from empirical
function (67) (dotted curve).
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Asymmetric bifurcations. Figure 3.4 shows results for a flexible particle in a
symmetric bifurcation and an asymmetric bifurcation in which the daughter branches
have widths 7.27 and 5.04 µm, with a diameter ratio of 1.44 (as in Figure 3.1B) for w0 = 8
µm. The curves for the asymmetric case are shifted to the right, indicating an increased

tendency to enter the smaller branch. Figure 3.4C depicts the change in Φ1, together with
the estimate derived from empirical results (67), with qualitative agreement. The
agreement is not as good for larger vessel sizes (results not shown).
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Figure 3.5. Comparison of results from symmetric bifurcations (solid) with results from
bifurcations with asymmetric branching angles (dashed). A. Initial position x0 = -15 µm.
B. Initial position x0 = -20 µm in T-bifurcation, x0 = -15 µm in symmetric bifurcation.
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Figure 3.5 shows results for a T bifurcation with equal daughter branch widths, as
in Figure 3.1C, compared to the symmetric case. In Figure 3.5A, the curve yc(Ψ1) is
shallower for the T-bifurcation than for the symmetric case, but does not show a
significant lateral shift, as would be expected if cells preferentially entered one of the
branches. The length of the straight portion of the mother vessel is shorter in the Tbifurcation (13.8 µm) than in the symmetric case (18.3 µm). To correct for the effect of
this difference on upstream lateral migration, the initial coordinate in the T-bifurcation
was shifted from x0 = −15 µm to x0 = −20 µm. In Figure 3.5B, the resulting yc(Ψ1) is
compared with that for a symmetric bifurcation with x0 = −15 µm. The results do not
differ significantly.

Discussion
Upstream hematocrit distribution. Partitioning of hematocrit in bifurcations
depends on the upstream hematocrit distribution and the trajectories of individual RBCs.
In this study, the upstream y-positions of cell centers approaching the bifurcation are
assumed to be uniformly distributed in a region whose width is limited so that the
distance of cell centers from the wall is at least the initial cell radius plus the width of an
assumed cell free layer. In reality, the upstream hematocrit distribution is determined by
several factors including the exclusion effect (centers of finite-size cells cannot reach the
vessel wall), cell migration, cell-to-cell interactions, cell deformation, length of the
mother vessel, and the presence of an endothelial surface layer or glycocalyx (69). For
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any given hematocrit distribution, the partition function Φ1(Ψ1) can be deduced from
yc(Ψ1) using Eq. 3.1.
Particle deviation from fluid streamlines. If particles are small relative to the
dimensions of the flow field, their trajectories closely follow the streamlines of the
underlying flow. At low concentrations, the partition between the daughter branches is
then fully determined by the upstream concentration distribution and the streamlines of
the underlying flow field. A uniform upstream distribution leads to proportional partition
of particles and fluid, whereas a narrow distribution allows the higher-flow branch to
intercept a disproportionately large share of the particles. Particles of finite size relative
to the flow domain may, however, deviate significantly from streamlines, affecting their
partition between the branches. In the present results, two main causes for such
deviations are evident: cell migration and daughter vessel obstruction.
In dilute suspension, RBCs tend to migrate toward the center-line of the vessel
(36; 78). By narrowing the upstream concentration distribution, this migration increases
the tendency of RBCs to enter the high flow branch. However, daughter vessel
obstruction produces the opposite tendency. The factors influencing motion of rigid or
slightly deformable particles in bifurcations were previously discussed by Fung (30; 31)
in terms of distributions of shear and pressure forces acting on the particles. In the
present case, in which the particles are highly deformable and the flow rates in the
branches are held constant, the particle motion can more easily be understood by
considering its position relative to the underlying flow field. Since the separating fluid
streamline is closer to the low-flow branch than to the high-flow branch, a RBC entering
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the bifurcation region on this streamline intercepts a relatively large part of the flow
entering the low-flow branch. If the part of the cell in the low-flow branch lags the mean
flow velocity in that branch, continuity of flow requires increased fluid velocity in the
small remaining gap between the cell and the wall, generating a pressure difference
across the cell that tends to drag it into that branch. Conversely, the cell intercepts only a
small part of the flow entering the high-flow branch, and so the pressure difference
generated across that part of the cell is less sensitive to a discrepancy between the cell
and mean flow velocities. The net effect of daughter vessel obstruction is thus a tendency
for the cell to enter the low-flow branch.
Effects of flexibility. Rigid circular particles do not experience lateral migration in
unidirectional Stokes flow. Therefore, they are subject only to the obstruction effect, out
of the two effects described. In bifurcations, they tend to enter the low-flow branch
(Figure 3.3A-C) even when the corresponding fluid streamline enters the high-flow
branch, and show a relatively weak phase separation effect (Figure 3.3D-F).
Flexible cells, however, migrate towards the centerline. They make smaller
obstructions than rigid particles because they tend to flatten against the flow divider. In
the smallest geometry considered, the effect of migration exceeds the obstruction effect,
and cells may enter high flow branches even when their underlying fluid streamlines
enter low flow branches. As vessel size increases, the trajectories of flexible cells tend
towards those of rigid particles, because the flexible cells deform less and because the
effects of obstruction diminish as cell size becomes smaller relative to the vessel size. In
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each case, however, flexible cells still experience more nonuniform partitioning than
rigid particles.

5 µm

d2,top

d1,top

d1,bottom

d2,bottom

Figure 3.6. Computed RBC shapes in a T-bifurcation, showing asymmetry of fluid
streamline (solid line) and of gaps on either side of the RBC.
Effects of asymmetry. If the daughter vessels are of different sizes, particles show
an increased tendency to enter the smaller branch (Figure 3.4). Since the cell’s size
causes a larger relative obstruction in the smaller branch, cells more likely to be drawn
into that branch. The results for asymmetric branching angles (Figure 3.5) indicate that
such asymmetry has little effect on the partition of hematocrit. Inertial effects are absent
in Stokes flow, and there is no a priori reason to expect that cells would tend to follow
one branch or the other. Figure 3.6 shows shapes of deformed cells within a T
bifurcation. Some asymmetry in shape is evident as the cell approaches the flow divider,
but this does not lead to significant asymmetry in the yc(Ψ1) curves.
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Comparison with experimental data. Computed cell shapes in bifurcations show
qualitative similarity with cell shapes observed in microvascular bifurcations, as for the
example shown in Figure 3.2B. The model results are consistent with experimental
findings on hematocrit partition in bifurcations (67). The extent of phase separation, as
indicated by the difference between the function Φ1(Ψ1) and the line Φ1 = Ψ1, decreases
with increasing parent vessel size. In the case of different daughter vessel diameters,
cells tend to enter the smaller branch. Branching angle has little effect. The Φ1 - Ψ1
relationships obtained show similar trends to those obtained experimentally, as shown in
Figure 3.3. However, a direct quantitative comparison is not possible because of the
unknown upstream hematocrit distribution in vivo.
Model limitations. A two-dimensional model is used to simulate RBC motion and
deformation. While this model has been developed to reproduce observed threedimensional behaviors as closely as possible (78), it has inevitable limitations. Some
relevant quantities scale differently with mother vessel radius. For instance, the size of
the relative obstruction scales as the inverse square of the daughter vessel radii in three
dimensions but as the inverse in two dimensions. The obstruction effect may therefore be
exaggerated in this model.
The results reported here neglect cell-to-cell interactions, and correspond to a low
hematocrit. Under these conditions, RBCs migrate toward the center-line, and the
upstream distribution of cells depends on the initial conditions and distance traveled (as
in Figure 3.5). At finite hematocrits, cell-to-cell interactions oppose this migration, and
broaden the hematocrit distribution. Pries et al. (64) showed that the phase separation
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effect decreased with increasing hematocrit. The method described here is suitable for
simulating the motion of multiple interacting RBCs in bifurcations, and also for
predicting the effects of the endothelial surface layer (69) that is present in vivo.
Summary. To a first approximation, RBCs follow underlying fluid streamlines in
bifurcations, but significant deviations from those streamlines can occur because of cell
migration and obstruction effects. Cell migration tends to increase the fraction of cells
entering high flow branches whereas cell obstruction of daughter vessel entryways has
the opposite effect. These results show that the mechanical properties of red blood cells
influence the hematocrit distribution in microvascular networks, and thereby affect
physiologically relevant parameters including mean intravascular hematocrit (65) and
RBC transit time through vascular beds.
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4. MOTION AND INTERACTION OF RED BLOOD CELLS IN DIVERGING
CAPILLARY BIFURCATIONS

Introduction
While it is clear that cell migration and cell obstruction are important effects to
consider when investigating red blood cell partitioning at diverging microvessel
bifurcations, mechanical effects arising from cell-to-cell interaction in red blood cell
partitioning have yet to be investigated. Because the discharge hematocrit in the
microvasculature ranges from 20-55% (i.e. cells are usually within at least 10 µm of each
other), cells are constantly interacting. Red blood cell partitioning depends on the
discharge hematocrit (64). This provides a strong indication that partitioning is also
dependent on cell-to-cell interactions. Investigation of these potential mechanical effects
that arise from interaction and their importance will help improve understanding of red
blood cell partitioning under physiological conditions.
Here the computational model from Chapter 2 is used to consider paired red blood
cell motion through diverging microvessel bifurcations. The mechanical effects that arise
from cell-to-cell interaction are identified by comparing the results with corresponding
results for isolated cells, and the overall influence of interactions on red blood cell
partitioning is predicted.
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Methods
Cell dynamics and vessel geometry. Cell dynamics and corresponding solution
methods were described in Chapter 2. Simulation results are presented for the symmetric
bifurcation pictured in Figure 3.1A. This includes a mother vessel diameter of 8 µm,
daughter vessel diameters of 6.33 µm, branching angles of β1 = β2 = 45˚, upper and lower
bounds on the cell center initial y positions of yt = 1.33 µm and yb = -1.33 µm, total flow
rate Q0 = 8 µm2/ms, and flow splits of Ψ1 = 1/8, 1/4, 3/8, and 1/2. By symmetry, all
results for flow splits Ψ1 > 1/2 are known from runs performed for a flow split of 1-Ψ1.
Two cell simulations. To perform a two cell run, given a set flow split Ψ1, a circle
of radius R = 2.66 µm with a center at (-15 µm, y0f) is discretized into 20 evenly spaced
nodes and one central node. The motion of this cell is integrated for a time of ∆t0 and a
second identical cell is then introduced at (-15 µm, y0b). The motions of the front and
back cells are then integrated until both have entered a branch or until the simulation
fails. Simulations run using this procedure have the triplet (y0b, y0f, ∆t0) associated with
them. The center y-positions, y0b and y0f, are chosen from the interval [yb, yt]. The
procedure is illustrated in Figure 4.1.

56
12 A

B

y (µm)

8
4
0
-4

t = 0 ms

-8

t = 7.5 ms

-12
12 C

D

y (µm)

8
4
0
-4

t = 7.5 ms

-8

t = 17.5 ms

-12
12 E

F

y (µm)

8
4
0
-4
-8

t = 27.5 ms

t = 37.5 ms

-12
-15 -10 -5

0

x (µm)

5

10

-15 -10 -5

0

5

10

x (µm)

Figure 4.1. Temporal initialization procedure. t is the time after release of the first cell.
Front cell is introduced (A) and integrated for ∆t0 = 7.5 ms (B). The back cell is then
introduced at t = 7.5 ms (C) and both cells are integrated until branch entrance (F). In F,
the bottom cell enters the bottom branch since it is already inside the bottom branch
while the top cell is determined to enter the top branch based on its velocities and
distances to other objects (see text on branch entry). x’s denote the central nodes, and the
flow split is Ψ1 = 1/4.
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Criteria for branch entry. The motions of two cells with given (y0b, y0f, ∆t0) are
integrated until either both cells are inside a branch (as defined in Chapter 3) or until one
cell is in one branch while the second cell is at least 2R away from the first cell, within
0.1 µm of the far bifurcation wall, and has all of its nodal velocities pointing towards one
of the two branches. Figure 4.1F shows an example of the latter case. In either situation,
the cells are considered to have entered the corresponding branches and the simulation is
stopped. When these criteria are not fulfilled because a numerical failure caused the
simulation to stop prematurely, the simulations are individually viewed and investigated
to determine which branches the cells enter. In some cases (<1%) no classification could
be made.
Definition of branch functions. A branch function for isolated cells traveling
through a bifurcation can be defined as:
1 if a cell starting at ( x0 = −15µm, y 0 ) enters the top branch
.
b1,1 (Ψ 1 , y 0 ) = 
otherwise
0

[4.1]

The first subscript in b1,1 denotes entry into branch 1, i.e. the top branch, while the second
subscript denotes isolated cells. Note that yc(Ψ1) separates the y0 values where b1,1 = 1
from the y0 values where b1,1 = 0. For clearer presentation yc(Ψ1) is denoted in this
chapter by yci(Ψ1), the y critical value for isolated red blood cells.
Similar branch functions can be defined for two cells passing through a
bifurcation. For a pair of cells with a corresponding (y0b,y0f,∆t0) triple, the branch
function is defined by:
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1 back cell enters top branch
b1, 2b (Ψ 1 , y0b , y0 f , ∆t0 ) = 
,
otherwise
0
1 front cell enters top branch
b1, 2 f (Ψ 1 , y0b , y0 f , ∆t0 ) = 
.
otherwise
0

[4.2]

The first subscript in b indicates entry into the top branch, branch 1, while the second
subscripts 2b and 2f indicate the back and front cells respectively. For each flow split Ψ1
and time delay ∆t0, two curves in the y0b-y0f plane, Γb and Γf separate b1,2b = 1 from b1,2b =
0 and b1,2f = 1 from b1,2f = 0.
Estimation of branch functions. The following procedure is used to obtain the
dependence of the branch functions on position in the y0b-y0f plane, for given values of
flow split Ψ1 and time lag ∆t0. An initial 3×3 grid consisting of the points
{yb,0,yt}×{yb,0,yt} is formed in the y0b-y0f plane (Figure 4.2A). After the initial nine
points are tested as described below, grid refinement takes place in two stages. In the
first stage, all points in the centers of the four squares forming the previous grid are tested
and added to the grid, i.e., adding {yb/2,yt/2}×{yb/2,yt/2} (Figure 4.2B). In the second
stage, all points in the centers of the smallest squares of the newest grid and points
halfway between the existing edge points are tested and added to the grid (Figure 4.2C).
This forms a new 5×5 grid with all points tested (Figure 4.2D). These two stages are
repeated until a desired level of refinement is reached (usually 17×17 and occasionally
33×33).
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Figure 4.2. Refinement of grid in y0b-y0f plane. Points tested on a given grid are given by
circles whiles points previously tested are given by x’s. A. Initial 3×3 grid with
corresponding tested points. B. Four new points are added in the first stage of grid
refinement and tested. C. Twelve new points are added in the second stage of grid
refinement and tested. D. New 5×5 grid with all points tested.
Consider a point that is to be tested. If the nearest points of the previous grid all
have the same values for b1,2b and b1,2f then the values of these functions at the tested
point are assumed to equal the values at the nearby points. The only exception is for
points on the edge where, if the cumulative grid is smaller than or equal to 17×17, no
such assignment takes place. For these and all other points, simulations are performed to
find the values of b1,2b and b1,2f at that point. Figure 4.3 shows representations of the
resulting discretized branch functions.
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Figure 4.3. Discretized representation of the branch functions for ∆t0 = 7.5, Ψ1 = 3/8.
Each triangle lies on a grid point (y0b, y0f) that was tested either by direct simulation or by
comparison with the four nearest simulations. Upward pointing triangles, , indicate
entrance of the back (b1,2b) or front (b1,2f ) cell into the top branch (branch function value
of 1) while downward pointing triangles, , indicate entrance into the bottom branch
(branch function value of 0). The dashed lines correspond to an estimated upper and
lower bound on the Γb and Γf curves for both the back and front branch functions, b1,2b
and b1,2f. The solid lines are the computational estimates of the Γb and Γf curves.
Γb and Γf curves. In Figure 4.3A, the values of the branch function b1,2b at points
on the grid are indicated by upward or downward pointing triangles (branch function
values of 1 and 0 respectively). The regions below the lower dashed curve and above the
upper dashed curve contain only points that either lie within a square surrounded by four
vertices of the same b1,2b or lie on an edge between two adjacent vertices of the same
b1,2b. Points in the upper region are assumed to have a branching function value of 1
while points in the lower region have a branching function value of 0.
In Figure 4.3, the averages of the two curves (the curves between the dashed
curves) represent the estimated Γb and Γf curves. Γb is obtained using the following
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procedure, for given values of ∆t0 and Ψ1. Define Y0f = {y0f,i} and Y0b = {y0b,i} as the sets
of all y0f and y0b tested on the uniformly spaced grid. The distance between two adjacent
grid points is denoted by dy0. Assume that the curve Γb can be parameterized by
( y 0b , y 0 f ) = ( y cb ( y 0 f ), y 0 f )

[4.3]

where ycb(y0f) is a single-valued function (see Figure 4.3A). Define the upper and lower
bounds, respectively, on the function ycb at the grid points:
ycb∆ ( y0 f ,i ) = min(max({y0b ,i | b1, 2b ( y0b, i , y0 f , i ) ≠ 1) + dy0 , max(Y0b )),
ycb∇ ( y0 f , i ) = max(min({y0b ,i | b1, 2b ( y0b ,i , y0 f ,i ) ≠ 0) − dy0 , min(Y0b )).

[4.4]

This gives the lower and upper bounds (dashed curves in Figure 4.3A). Eq. 4.4a defines
the upper bound for a given y0f,i as the next y0b,i value on the grid above the greatest y0b,i
value for which the branch function is zero or undefined. The branch function is 1 at this
point and at all points above it. If none of the points have a 1 associated with them, then
the maximum y0b,i = yt value is chosen as an upper bound on the ycb function. Eq. 4.4b is
similarly formulated for the lower bound. A first estimate of ycb can be defined as:
y cb _ est ( y 0 f ,i ) = ( y cb∆ ( y 0 f ,i ) + y cb∇ ( y 0 f ,i )) / 2 .

[4.5]

For large values of ∆t0, the value of ycb must approach yci, the corresponding value for a
single isolated particle. To ensure such behavior, ycb is defined as:
if ycb∆ ( y0 f , j ) ≤ yci ≤ ycb∇ ( y0 f , j )

yci

for max(1, i − 1) ≤ j ≤ min(i + 1, | Y0 f |).
ycb ( y0 f , i ) = 
 ycb _ est ( y0 f , i )
otherwise


The condition in 4.6 holds if yci is within the upper and lower bounds for y0f,i and its
neighboring points y0f,i-1 and y0f,i+1. Linear interpolation allows estimation of ycb
everywhere else:

[4.6]
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ycb ( y0 f ) =

ycb ( y0 f ,i +1 )( y0 f − y0 f ,i ) + ycb ( y0 f ,i )( y0 f ,i +1 − y0 f )
( y0 f ,i +1 − y0 f ,i )

, y0 f ,i ≤ y0 f ≤ y0 f ,i +1 [4.8]

The corresponding ycf(y0b) function is found in a similar fashion.
Interpolation of branch functions. For a set Ψ1, if the value of ycb(y0f) is obtained
for two different ∆t0 values, the value of ycb(y0f) at an intermediate ∆t0 is obtained by
linear interpolation with respect to ∆t0. The branch function can be represented by
Heaviside functions: b1,2b(Ψ1, y0b, y0f, ∆t0) = H(y0b - ycb(Ψ1, y0f, ∆t0)) and b1,2f (Ψ1, y0b, y0f,
∆t0) = H(y0f - ycf (Ψ1, y0b, ∆t0)). Using this Heaviside representation and interpolation of

the ycb and ycf functions with respect to ∆t0, the branch function can also be interpolated
for any ∆t0 and Ψ1.
Minimum time difference: ∆t0,min. For any pair of initial y-values (y0b, y0f), there
exists a unique ∆t0,min(y0b, y0f) such that the minimum distance between the two cells
when the second cell is introduced is exactly 0.01 µm. To find this ∆t0,min, the first cell’s
motion is integrated to a ∆t0 > ∆t0,min. Linear interpolation is then used on the position of
the nodes of the first cell to find the ∆t0,min where the distance between the new circular
cell at (-15 µm, y0b) and the first cell is 0.01 µm. Any triplet (y0b, y0f, ∆t0) with ∆t0 <
∆t0,min is not feasible because the cells would either overlap or be unrealistically close to

each other.
Isolated, paired, and grouped cells. Each observed cell passing through a twodimensional bifurcation has associated with it the time t0o and vertical position y0o at
which the cell’s center of mass crosses the vertical line x0 = -15 µm. In addition, each
cell has a closest interacting or influencing cell with t0i (and a y0i). Here, distance
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between cells is expressed in terms of the difference in their arrival times at the reference
location (-15 µm). Define ∆t0,max such that if a given observed cell’s closest neighbor is
greater than ∆t0,max away, the nearest neighbor has no significant influence on the
observed cell. A cell without a neighbor closer than this distance is considered to be
“isolated” during its trip through the bifurcation. If two cells are within this distance but
have no other neighbors within this distance, they are considered to pass through the
bifurcation as “paired” cells. All other observed cells pass through the bifurcation as
members of groups of three or more cells and are called “grouped”.
Finding Φ1,1(Ψ1)’s for isolated cells. For isolated cells, one can find the
percentage of isolated red blood cells entering the top branch, Φ1,1(Ψ1), by using the
branch function to restate Eq. 3.1 as:

Φ1,1 (Ψ1 ) =

∫

yt

y c (Ψ 1 )
yt

∫

yb

s ( y )ud ( y )dy

s ( y )ud ( y )dy

yt

= ∫ p1 ( y0 )b1,1 (Ψ 1 , y0 )dy0 .
yb

[4.9]

Because s(y) was assumed to be a constant function in Chapter 3, the probability density
function for a cell whose center passes through x0 at the y-value y0 is given by
yt

p1 ( y 0 ) = u d ( y 0 ) / ∫ u d ( y )dy
yb

[4.10]

where ud(y) is the velocity distribution of the cell centers upstream of the bifurcation.
Finding Φ1,2(Ψ1) for paired cells. For cells arriving as pairs at a constant ∆t0
time lag, the fractions of the back and front cells of these pairs that enter the top branch
as a function of flow split Ψ1 are given by:
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Φ1, 2b (Ψ 1 , ∆t0 ) = ∫
Φ1, 2 f

yt

∫
(Ψ , ∆t ) = ∫ ∫

yt

yb yb
yt yt

1

0

yb

yb

p1 ( y0b ) p1 ( y0 f )b1, 2b (Ψ 1 , y0b , y0 f , ∆t0 )dy0b dy0 f ;
p1 ( y0b ) p1 ( y0 f )b1, 2 f (Ψ 1 , y0b , y0 f , ∆t0 )dy0b dy0 f .

[4.11]

Here, y0b and y0f are assumed to be independently distributed. For consistency, the same
probability density function p1 used for isolated cells is used for paired cells. For cells
that start at the minimum allowable distance from each other (0.01 µm), the
corresponding expression is:
Φ1, 2b, min (Ψ 1 ) = ∫
Φ1, 2 f , min

yt

∫
(Ψ ) = ∫ ∫

yt

yb yb
yt yt

1

yb

p1 ( y0b ) p1 ( y0 f )b1, 2b (Ψ 1 , y0b , y0 f , ∆t0, min ( y0b , y0 f ))dy0b dy0 f ;

yb

p1 ( y0b ) p1 ( y0 f )b1, 2 f (Ψ 1 , y0b , y0 f , ∆t0, min ( y0b , y0 f ))dy0b dy0 f .

[4.12]

Integrating over all ∆t0,min < ∆t0 < ∆t0,max gives the percentages of all paired back and
front cells entering the top branch:

Φ1, 2b (Ψ 1 , H D ) =

∫∫∫ p

2

( H D , y 0b , y 0 f , ∆t 0 ) p1 ( y 0b ) p1 ( y 0 f )b1, 2b (Ψ 1 , y 0b , y 0 f , ∆t 0 )dΩ

Ω

∫∫∫ p

2

( H D , y 0b , y 0 f , ∆t 0 ) p1 ( y 0b ) p1 ( y 0 f )dΩ

Ω

Φ1, 2 f (Ψ 1 , H D ) =

∫∫∫

p 2 ( H D , y 0b , y 0 f , ∆t 0 ) p1 ( y 0b ) p1 ( y 0 f )b1, 2 f (Ψ 1 , y 0b , y 0 f , ∆t 0 )dΩ

[4.13]

Ω

∫∫∫ p

2

( H D , y 0b , y 0 f , ∆t 0 ) p1 ( y 0b ) p1 ( y 0 f )dΩ

Ω

The probability density function p2, which describes the probability that two cells are a
distance ∆t0 from each other with no other cells nearby (i.e. they are “paired”), depends
on the discharge hematocrit HD and is defined more specifically below. Ω is the set of all
feasible cell centers, i.e. the set of all (y0b, y0f, ∆t0) such that y0b ∈[ yb , yt ] , y0 f ∈[ yb , yt ] ,
and ∆t 0,min ( y 0b , y 0 f ) ≤ ∆t 0 ≤ ∆t 0,max . The fraction of all (back and front) paired cells
entering the top branch is given by Φ1,2(Ψ1,HD) = (Φ1,2b(Ψ1,HD)+ Φ1,2f(Ψ1,HD))/2.
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Φ1(Ψ1,HD) function decomposition. The fraction of red blood cells entering a
given branch (Φ1) as a function of fraction of bulk blood entering that branch (Ψ1) can be
decomposed into three components:
Φ1 (Ψ 1 , H D ) = n1 (H D )Φ1,1 (Ψ 1 ) + n 2 (H D )Φ1, 2 (Ψ 1 , H D ) + n> 2 (H D )Φ1,> 2 (Ψ 1 , H D ). [4.14]

Here n1, n2, and n>2 are the fractions of red blood cells that are isolated, paired, and
grouped when entering the bifurcation region. Here, Φ1,1(Ψ1) and Φ1,2(Ψ1,HD) are, as
before, the fractions of isolated and paired red blood cells entering the top branch and
Φ1,>2(Ψ1,HD) is the fraction of grouped red blood cells entering that branch.
Fractions of isolated, paired, and grouped cells. In the following, it is assumed
that the times at which cells pass the line x0 are uniformly distributed. Then the
percentage of isolated red blood cells can be estimated as
yt

n1 (ρ ) = ∫ p1 ( y 0 )e

− ρ∆t 0 s , b ( y0 )

yb
− 2 ρ ( ∆t 0 , max − ∆t 0 , min , ave )

e

− ρ∆t 0 s , f ( y0 )

dy 0

[4.15]

≈e

where the exponential factors give the probabilities that no other cell is within ∆t0,max of a
given cell. The percentage of paired cells is
n 2 (ρ) = ρ ∫∫∫ p1 ( y 0b ) p1 ( y 0 f ) p 2 (ρ, y 0 b , y 0 f , ∆t 0 )d ( ∆t 0 )dy 0b dy 0 f
Ω

≈ 2ρ( ∆t 0, max − ∆t 0, min, ave )e

− 2 ρ ( ∆t 0 , max − ∆t 0 , min , ave )

[4.16]

where
p2 ( ρ , y0b , y0 f , ∆t0 ) = e

− ρ∆t0 s ,b ( y0 b ) − ρ∆t0 s , f ( y0 f ) − ρ∆t0 s ,bf ( y0 b , y0 f )

e

e

.

[4.17]

The percentage of grouped cells is given by:
n> 2 ( ρ ) = 1 − n1 ( ρ ) − n2 ( ρ )
≈ 2 ρ 2 (∆t0, max − ∆t0, min , ave ) 2 e

− 2 ρ ( ∆t 0 ,max − ∆t 0 ,min ,ave )

+ O( ρ 3 ).

[4.18]
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Here ρ = Q0,3HD/Rvol cells pass through x0 per ms, Q0,3 is the volume flux through a threedimensional bifurcation with the mother and daughter vessel radii of the corresponding
two-dimensional system, and Rvol is the red blood cell volume. To more properly
describe three-dimensional bifurcations, Q0,3 and Rvol have been used rather than the twodimensional analogs Q0 and Aref. The quantities involving ∆t0 are:
∆t0,min ,ave = ∫

yt

∫

yt

yb yb

p1 ( y1 ) p1 ( y2 ) ∆t0,min ( y1 , y2 )dy1dy2 ;
yt

∆t0 s , f ( y1 ) = ∆t0,max − ∫ p1 ( y2 )∆t0,min ( y1 , y2 )dy2 ;
yb
yt

[4.19]

∆t0 s ,b ( y1 ) = ∆t0,max − ∫ p1 ( y2 )∆t0,min ( y2 , y1 )dy2 ;
yb

yt

∆t0 s ,bf ( yb , y f ) = ∫ p1 ( y3 ) max(0, | ∆t | −∆t0,min ( yb , y3 ) − ∆t0,min ( y3 , y f ))dy3 .
yb

The first quantity represents the average minimum time difference at which two cells can
initially coexist without overlapping. e

− ρ∆t 0 s ,l ( y1 )

,e

− ρ∆t 0 s ,r ( y1 )

, and e

− ρ∆t 0 s ,lr ( y b , y f )

represent

the probability that no nearby cells lie to the left, to the right, or in between cells at the
corresponding y-values.

Taylor expansion and first order correction. A Taylor expansion for Φ1(Ψ1,HD) is
given by:
Φ1 (Ψ 1 , H D ) = Φ1,1 (Ψ 1 ) + H D

∂Φ1
∂H D

+ O( H D ).
2

[4.20]

H D =0

Expanding each term in Eq. 4.18 with respect to HD and equating coefficients on the
linear terms gives the following estimate:
∂Φ(Ψ1 )
∂H D H

D

=0

(

)

Q0
Φ1, 2 (Ψ1 ) − Φ1,1 (Ψ1 )
Rvol
Q
= 0 ∫∫∫ ∆b1 (Ψ1 , y0b , y0 f , ∆t0 ) p1 ( y0b ) p1 ( y0 f )dy0b dy0 f d ( ∆t0 )
Rvol Ω
=

[4.21]
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As HD goes to zero, p2 goes to ρ, a constant independent of y0b, y0f, and ∆t0, and p2
cancels out of Eq. 4.13. Here
∆b1 (Ψ1, y0, o , y0,i , ∆t0 ) = (b1, 2 f (Ψ1, y0,o , y0,i , ∆t0 ) − b1,1 (Ψ1 , y0,o )
+ b1, 2b (Ψ1 , y0,o , y0,i , ∆t0 ) − b1,1 (Ψ1 , y0, o )) / 2

[4.22]

is the average difference between the branching functions for paired and isolated cells.
Eqs. 4.15-18 show that, at low discharge hematocrit (<2%), n>2 is small (<5%) and
Φ1(Ψ1) can be reasonably approximated by this Taylor expansion.

Results

General motion. Figure 4.4 shows three sequences of two cells traveling through
a symmetric bifurcation with Ψ1 = 3/8. The figure depicts the simulations once the
second cell is introduced. In Figure 4.4A, the front cell enters the bottom branch while
the back cell enters the top branch. If the front cell had been excluded from the
calculation, the back cell would have entered the bottom branch. This is an example of a
“trade-off” interaction. In Figure 4.4B, the back cell enters the bottom branch and causes
the front cell to go with it into that branch. If the back cell had not been there, the front
cell would have entered the upper branch. This is an example of a “herding” interaction.
Figure 4.4C shows the front cell entering the lower branch and the back cell following the
front cell into that branch. If the front cell had not been present, the back cell would have
entered the upper branch. This is an example of a “following” interaction.
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Figure 4.4. Red blood cell interactions for Ψ1 = 3/8. A. Back cell enters top branch
when it would have entered the bottom branch if the front cell had not been present
(trade-off effect). B. Front cell enters bottom branch when it would have entered the top
branch if the back cell had not been present (herding effect). C. Back cell enters bottom
branch when it would have entered the top branch if the front cell had not been present
(following effect). Right hand side shows time after release of second cell.
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Cell streamlines. Figure 4.5 shows the magnitude of the influence of front cells
on back cells while Figure 4.6 shows the magnitude of the influence of back cells on
front cells. In these situations, all cells are started ∆t0 = 7.5 ms apart and the flow split is
Ψ1 = 3/8. The figures show the streamlines of the back and front cells, respectively, with
and without another cell present. As seen in the figures, the paired back cell streamlines
diverge significantly more from the corresponding isolated cell streamlines than the
paired front cell streamlines. This is true in general for other flow splits and time
differences.

Aggregate behavior. Table 4.1 illustrates that cell interactions affect back cells
much more than front cells. “Back cell change” or “front cell change” indicates that the
back or front cell entered a different branch than it would have entered if it had been
alone. The percentages are calculated by considering the entire Ω region. The results
show that back cells are influenced by interactions much more than front cells.
No front cell change

Front cell change

No back cell change

84.5%

1.8%

Back cell change

13.4%

0.3%

Table 4.1. Aggregate measure of cell interaction. No front or back cell change means
that the branch entered by the given paired cell is the same as the branch it would have
entered if it had been alone. Back or front cell change means that the branch entered by
the given paired cell is different than the branch it would have entered if it had been
alone. Interaction affects back cells much more than front cells.
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Figure 4.5. Front cell influence on back cells. Front cells are initialized at x0 = -15 µm
and y0f = -1.33 µm, 0 µm, or 1.33 µm and integrated for 7.5 ms. Their centers of mass
then lie at the filled squares (■) labeled 1, 2, and 3 respectively. Back cells are then
introduced at the filled circle (●) on the left (x0 = -15 µm and y0b = -1.33 µm, 0 µm, and
1.33 µm for A, B, and C respectively). The pair’s motion is then integrated and the back
cell streamline is found and labeled 1, 2, or 3 as determined by the front cell. The dashed
line is the path the back cell would have gone if no front cell had been present.
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Figure 4.6. Back cell influence on front cells. Front cells are initialized at x0 = -15 µm
and y0f = -1.33 µm, 0 µm, or 1.33 µm and integrated for 7.5 ms. Their centers of mass
then lie at the filled circles (●) in A, B, and C, respectively. Back cells are then
introduced at the filled squares (■) on the left (x0 = -15 µm and y0b = -1.33 µm, 0 µm,
1.33 µm for 1, 2, and 3 respectively). The pair’s motion is then integrated and the front
cell streamline is found and labeled 1, 2, or 3 as determined by the back cell. The dashed
line is the path the front cell would have gone if no back cell had been present.
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Figure 4.7. General shape and decay of Γb and Γf curves for Ψ1 = 3/8. Γb appears in A
while Γf appears in B, respectively, for ∆t0 = 6, 10, and 20 ms (solid lines). A. All back
cells for a given ∆t0 enter the top branch if their corresponding (y0b, y0f) point lies above
the Γb(∆t0) curve. The curve quickly converges to y0b = yci (dashed horizontal line) which
corresponds to isolated cell behavior. A sharp discontinuity forms near y0f = yci (dashed
vertical line). B. All front cells for a given ∆t0 enter the top branch if their
corresponding (y0b,y0f) point lies above the Γf (∆t0) curve. The curves converge
monotonically to y0f = yci. There is no significant discontinuity at y0b = yci (dashed
vertical line). The deviations of these curves from the isolated cell result is much smaller
for front cells than for back cells.

Branch function and Γb and Γf curves. Plots of the Γb and Γf curves are shown in
Figure 4.7 for ∆t0 = 6, 10, and 20 ms and Ψ1 = 3/8. Above the curves, b1,2b or b1,2f is 1
and the corresponding cells enter the top branch. Below the curves, b1,2b or b1,2f is 0 and
the corresponding cells enter the bottom branch. The lines y0b = yci in Figure 4.7B and y0f
= yci in Figure 4.7A show where cells would have gone if their influencing cell had not
been present. Figure 4.7A shows that paired back cell behavior converges to isolated cell
behavior as ∆t0 goes to 20 ms except for a sharp discontinuity that forms near y0f = yci
(dashed vertical line). Figure 4.7B shows convergence of paired front cell behavior to
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isolated cell behavior as ∆t0 increases, much smaller deviations from the isolated cell
behavior, and no significant discontinuity.

Different cell interactions. Figure 4.8 assigns numbers to regions in the y0b-y0f
plane that correspond to different behaviors undergone by interacting paired cells with an
associated (y0b,y0f) for Ψ1 = 3/8 and ∆t0 = ∆t0,min and 7.5 ms. Table 4.2 lists the behavior
of the cells in each region, the average percentage of each behavior for Ψ1 = 3/8 over all
∆t0, the maximum percentage for Ψ1 = 3/8, and the ∆t0 where each maximum occurs.
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Figure 4.8. The y0f -y0b plane and corresponding Γb and Γf curves (solid lines) for ∆t0 =
∆t0,min and 7.5 ms (A and B respectively). All regions labeled correspond to different
paired cell behaviors listed in Table 4.2. If a y0 pair, (y0b,y0f), lies below Γb, the back
paired cell entered the bottom branch. If a y0 pair lies below y0b = yci (horizontal line), the
back paired cell would have entered the bottom branch if it had been alone. If a y0 pair
lies to the left of Γf, the front paired cell entered the bottom branch. If a y0 pair lies to the
left of y0f = yci (vertical line), the front paired cell would have entered the bottom branch
if it had been alone.
In regions 1, 2, 3, and 4, cells enter the branches they would have entered if the
other member of their pair had not been present. In those regions, cell-to-cell interaction
does not change how the given pair of red blood cells is partitioned into the daughter
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branches. Regions 5 and 6 correspond to trade-off interactions that lead to entrance of
the back cell into the top and bottom branches, respectively (Figure 4.4A). Regions 7 and
8 correspond to herding interactions where the front cell is herded into the bottom and top
branch, respectively, by the back cell (Figure 4.4B). Region 9 corresponds to following
interactions where the back cell is pulled into the high flow branch (Figure 4.4C).

Region

Back
Cell
Branch

1
2
3
4
5
6
7
8
9
10
11
12

Bottom
Top
Bottom
Top
Top
Bottom
Bottom
Top
Bottom
Top
Top
Bottom

Back
Cell
Isolated
Branch
Bottom
Top
Bottom
Top
Bottom
Top
Bottom
Top
Top
Top
Bottom
Top

Front
Cell
Branch
Bottom
Bottom
Top
Top
Bottom
Top
Bottom
Top
Bottom
Bottom
Bottom
Bottom

Front
Cell
Isolated
Branch
Bottom
Bottom
Top
Top
Bottom
Top
Top
Bottom
Bottom
Top
Top
Top

Total %
of pairs
for Ψ1 =
3/8
49.8%
17.1%
15.8%
1.7%
10.4%
2.9%
1.3%
<0.1%
0.2%
0.5%
0.2%
<0.1%

Max % of
pairs for Ψ1 =
3/8 and ∆t0
57.4%; 20 ms
17.4%; >6 ms
17.1%; 20 ms
3.5%; ∆t0,min
27.1%; 6 ms
3.7%; 10 ms
10.2%; ∆t0,min
1.6%; 6 ms
4.4%; ∆t0,min
1.7%; 6 ms
1.0%; 6 ms
0.3%; 7.5 ms

Table 4.2. Listing of different possible paired cell behaviors for Ψ1 = 3/8. Back and front
cell branch indicate the branch that the back and front cell actually entered. Back and
front isolated branch indicate the branch that the back and front cell would have entered
if they had been alone. The numbers in the region column correspond to the regions
labeled in Figure 4.8A and B. Also included, for Ψ1 = 3/8, are the average percentage of
all pairs in Ω that undergo the listed behavior, the maximum percentage of all pairs that
undergo the behavior, and the ∆t0 associated with that maximum.
Regions 10-12 exhibit complex, yet rare, behavior where the front cell and back cell take
turns influencing each other as they pass through the bifurcation. The end result of these
complex interactions are listed in the table. While cells can interact in a number of
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different ways, the table suggests that trade-off interactions are by far the most important
and that herding and following interactions may be important near ∆t0 = ∆t0,min.

Φ1,2b
0.4
Φ1

Φ1,2
0.3
Φ1,1
0.2
∆t0,min,ave 6

Φ1,2f
7.5

10

∆t0 (ms)

15

20

Figure 4.9. A measure of the influence of cell interaction as a function of time. The solid
lines correspond to the estimated percentage of the given paired cell (front, back, or both)
entering the top branch at one of six different times, ∆t0 = [∆t0,min,ave, 6, 7.5, 10, 15, 20],
for a flow split of Ψ1 = 3/8 as given by Eqs. 4.11-12. The dashed line is the Φ1,1(3/8)
value for isolated red blood cells.

Temporal Φ1,2 trends. The net effect of trade-off, herding, following and the
other interactions is shown in Figure 4.9. The percentage of back cells, front cells, and
both cells entering branch 1 is plotted as a function of time for Ψ1 = 3/8 using Eqs. 4.1112. The isolated red blood cell result is also graphed for comparison. For cells very
close together, the red blood cell flux into the top branch is less than the flux for the
isolated red blood cell case. At ∆t0 = 6 ms, however, the red blood cell flux into the top
branch for paired cells is much higher than the isolated result. The paired red blood cell
flux into the top branch then converges towards the isolated result as ∆t0 goes to 20 ms.
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Except when the cells are very close together, Φ1,2 can be approximated by a
monotonically decaying function with respect to ∆t0.
1

Φ1,2f

0.8

Φ1,2b
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Φ1,1
0
0

0.2
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0.6

0.8

1

Ψ1

Figure 4.10. Fraction of red blood cells entering the top branch, Φ1, as a function of the
fraction of bulk blood entering the top branch, Ψ1. The solid lines correspond to paired
front cells, Φ1,2f, back cells, Φ1,2b, and both, Φ1,2. The dashed line corresponds to isolated
red blood cells. Only isolated results for Ψ1 = 1/8, 1/4, 3/8, 1/2, 5/8, 3/4, and 7/8 are used
to produce the dashed line in order to allow consistent comparison with paired runs.
Φ-Ψ plots for paired cells. Integration over all y0b, y0f, and ∆t0 in Ω according to
Eq. 4.13 yields Figure 4.10. These functions estimate the percentage of all paired red
blood cells entering the top or bottom branch. Recalling that uniform partitioning of red
blood cells corresponds to Φ1 = Ψ1, it can be seen that paired front red blood cells are
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more nonuniformly partitioned than isolated red blood cells while back red blood cells
are more uniformly partitioned than isolated red blood cells. Combining both effects
shows that paired red blood cells are, in general, more uniformly partitioned than isolated
red blood cells.

First order correction. The computational estimate of the derivative
∂Φ1(Ψ1,HD)/∂HD in the zero hematocrit limit is shown in Figure 4.11. Also shown is the

empirical estimate for the derivative obtained by differentiating the formula given by
Pries et al. (67) by HD and evaluating at HD = 0. The two curves are qualitatively similar.

Figure 4.11. Dashed line shows the derivative (with respect to discharge hematocrit HD)
of the empirical function provided by Pries et al. (67). Solid line is the computational
estimate of the derivative obtained from simulations.

Discussion

Upstream hematocrit distribution. The upstream hematocrit distribution strongly
influences red blood cell partitioning. The upstream discharge hematocrit distribution
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from Chapter 3 (given by HDp1(y)) is also used here to allow for consistent comparisons
between isolated and paired cell results. The cell-free layer used in this chapter was 0.01
µm. The discharge hematocrit distribution in vivo, however, depends upon many factors

not yet considered including the exclusion effect, an endothelial surface layer, the length
of the mother vessel, and effects of cell migration, cell-to-cell interactions, and cell
deformations in the parent vessel upstream of the bifurcation.

Temporal distribution. It has been assumed in many of the calculations that the
arrival times of red blood cells are uniformly and independently distributed. This is not
true in general. Because cells cannot overlap, their positions are not independent. Red
blood cells traveling along capillaries have shown a tendency to form clusters, probably
due to the heterogeneity in their size shape, and deformability (32). Presence of white
blood cells can cause formation of long trains of high hematocrit followed by plasma
gaps containing no cells (76). These factors can affect the underlying distribution of cell
arrival times and the relative fractions of isolated cells and cells in pairs and groups.

Back cell vs front cell. Considering cells in pairs, the back cell tends to be
influenced by the front cell more than the front cell is influenced by the back cell. This
may be seen for example by considering the shapes of the Γb and Γf curves in Figure 4.7.
Three factors influence this asymmetry, the divergent nature of the flow in the
bifurcation, the relative size of flow disturbances caused by the back and front cells, and
the limited ability of the back cell to influence the trajectory of the front cell once it has
partially entered one of the branches.
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Diverging flow in the bifurcation. When fluid goes through the bifurcation, the
flow diverges in the transverse direction as it flows from a relatively narrow tube 8 µm
wide into two tubes with total width of 12.66 µm. Because of this, a small cross current
displacement of a cell upstream of the bifurcation leads to a larger displacement further
downstream. This occasionally leads to a branch change for the cell. The final
displacement, however, is proportional to the distance traveled in the diverging flow. If
the interaction of two cells produces two equal deviations of size d away from their
original streamlines, the back cell will deviate more from its original streamline before it
chooses a branch than the front cell because it travels farther in the diverging flow. This
effect tends to cause more branch changes for back cells than for front cells.

Back and front cell disturbances. Consider the pair of cells in Figure 4.12. The
back cell’s velocities are approximately the same as the underlying background flow.
This is not true for the front cell. Removing the front cell and considering the area the
cell once covered reveals the divergent flow previously discussed; the fluid velocities in
the area point in opposite directions, some into the top branch and some into the bottom
branch. In addition, the velocity magnitudes in the area vary from zero to the maximum
speed in the system. The cell, however, has velocities which greatly differ from this
underlying background flow, a relatively slow, approximately constant set of velocities
pointing towards the bottom branch. This produces a relatively large disturbance flow.
This disturbance flow causes the back cell to have larger instantaneous displacement
velocities (displacement from a corresponding isolated cell streamline) than the front cell
as the two cells approach the bifurcation.
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Limited effect of back cell on front cell. When a pair of cells travels into the
bifurcation, the front cell slows down as it negotiates the bifurcation walls. The distance
between the two cells thus decreases and the level of interaction increases (a general
trend supported by Figures 4.7 and 4.9). There is a point of no return for a front cell
where even large deviations caused by a back cell can no longer influence the branch
choice. As the two cells are usually closest to each other after this point, the level of
interaction is usually greatest after that time. Though the large interactive forces arising
during this time can cause both back and front cell cross-streamline displacement, and
though these forces can heavily influence which branch the back cell enters, they cannot
influence the branch the front cell enters.

Combined effect of back cell vs front cell asymmetries. The relative sizes of the
back and front cell disturbances cause the back cells to experience larger instantaneous
velocity displacements than front cells. In addition, because of the point of no return,
much of the back cell influence never affects the branch choice of the front cell. The
disturbance flow further amplifies the deviations experienced by the back cell. This leads
to front cells influencing back cells more. While this is true in general, there are
relatively infrequent exceptions, such as the herding effect, where the back cell reaches
the point of no return before the front cell and the front cell deviates from its
corresponding isolated cell streamline more than the back cell.
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Figure 4.12. The trade-off effect. When the front cell enters the bottom branch, it exits
the control volume and must be replaced by fluid or another cell entering the control
volume. Lines 1 and 2 correspond to the vessel wall and therefore experience no flux.
Line 5 corresponds to the background separating fluid streamline. Lines 3 and 4, if they
are far enough upstream and downstream, respectively, have fluxes which exactly cancel
out. Hence the flux across line 5 must be zero. Also included is line 6 which shows the
magnitude of the fluid perturbation caused by the presence of the front cell. The
maximum velocity in that region is the global maximum for the system (despite the fact
that it is adjacent to a low flow branch).

Trade-off effect. The trade-off effect is an effect of continuity of flow. Figure
4.12 illustrates this for two cells with ∆t0 = 7.5 ms and Ψ1 = 3/8. In the picture a control
volume is defined. When the front cell enters the front branch in Figure 4.12, it moves
across line 5 out of the control volume. This efflux must be balanced by an influx, as
indicated by the velocity vectors on line 5. The velocity vectors around the back cell
show that the back cell is also moving into the control volume, though more slowly than
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the fluid between the back and front cells. If the front cell moves into the control volume
towards the top branch, the back cell must move towards the opposite branch to maintain
zero flux across line 5.

Herding and following effects. The next two important effects tend to occur only
when cells are very close to each other (< 1 ms) but can be important in those cases.
Approximately 10% of the paired cells experience the herding effect when Ψ1 = 3/8 and
the cells start within 0.01 µm of each other. In this effect, the front cell approaches the
front wall and then is pressed against it while the back cell begins entering to enter one of
the branches. As the back cell enters its branch, it causes the front cell to follow it into
that branch (Figure 4.4B). Approximately 4% of the paired cells experience the
following effect when Ψ1 = 3/8 and the cells start within 0.01 µm of each other. This
effect happens when the front cell enters a branch and the back cell, being so close to the
front cell, follows the front cell into that branch (Figure 4.4C).

Cumulative effects. At low hematocrit, a relatively high fraction of red blood
cells enters the high flow branch. In an uneven flow split, front cells on average enter the
high flow branch more than the low flow branch. The “trade-off” effect then results in
more back cells entering the low flow branch on average, and a more uniform red blood
cell partitioning. Conversely, the “following” effect leads to more back cells on average
entering the high flow branch, and a more nonuniform red blood cell partitioning.
Additionally, in an uneven flow split, back cells also on average enter the high flow
branch more than the low flow branch. The “herding” effect then results in more front
cells entering the high flow branch on average and a more nonuniform partitioning. The
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trade-off effect (13% of all cells in Ω experience a trade-off interaction) is much more
important than the other two effects (1% and <1% for herding and following
respectively) which helps explain the net trend towards more uniform red blood cell
partitioning.

Comparison with experimental results. The results presented in Figure 4.11 show
that the model’s prediction of ∂Φ1(Ψ1 ,HD)/∂HD is consistent with the results of Pries et
al. (67). In particular, increasing hematocrit leads to more uniform hematocrit partition,
as found experimentally.

Model limitations. Representing a three-dimensional system with a twodimensional system has inevitable limitations. As a general rule, the cell takes up more
cross-sectional space in two dimensions than in three (≈ Rcell/Rvessel vs ≈ (Rcell/Rvessel)2).
For the trade-off effect, this scaling means that the corresponding three-dimensional
control volume in Figure 4.12 would have more space between the two cells where fluid
could enter the control volume. Thus there would be less need for the back cell to move
into the control volume to balance the front cell’s motion. The scaling in the case of the
herding effect means that in three dimensions that there will be more room for the back
cell to get around the front cell without herding it.
Another important factor missing from this model is the endothelial surface layer.
This protein layer on the vessel walls prevents cells from getting too close to the walls.
This in turn allows less slow down of front cells at the bifurcation suggesting weaker
interactions and more nonuniform partitioning. In addition, the layer would narrow the
effective width of the vessel which, as the previous chapter suggests, would lead to more
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nonuniform partitioning in the vessel. These observations suggest the layer would create
more nonuniform partitioning but more investigation is needed.
These simulations correspond to low hematocrit where most cells travelling
through the bifurcation are either isolated or paired. Eqs. 4.15-18 can be used to estimate
that, at a discharge hematocrit of 2%, the percentage of all cells in pairs is 25%, the
percentage of all cells in groups is 5%, and the rest are isolated. In addition, as
hematocrit increases beyond this point up to around 7%, the number of pairs increases to
about 40% while the number of groups increases to 40% as well. For higher hematocrits,
the number of pairs decreases and the number of groups increases. Up to a hematocrit of
7%, then, pair interactions will have increasing importance. As group interactions also
become important, however, it is not certain how overall red blood cell partitioning will
be affected. These estimates may change if a different temporal distribution of cell
arrival times is used.

Summary. The inclusion of cell-to-cell interactions in the model produces a
tendency towards more uniform red blood cell partitioning that is dominated by a tradeoff effect but mitigated by the herding and following effects. The results illustrate the
significance of these interactions in affecting red blood cell partitioning at bifurcations,
the distribution of red blood cells in microvascular networks, and their transit time in
microvascular beds.
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5. RED BLOOD CELL INTERACTION AND DIFFUSION IN LINEAR
SHEAR FLOW

Introduction

Introduction. In larger vessels where cells do not flow in single file, the width of
the cell-free layer depends on two opposing effects, wall effects that push peripheral cells
away from the wall (cell migration) and cell-to-cell interactions that push peripheral cells
towards the wall. Understanding how these two effects balance is crucial for obtaining
realistic estimates of the width of the cell-free layer, the corresponding hematocrit profile,
and the resulting flow resistance and red blood cell partitioning. To understand how cellto-cell interactions can affect dispersion of cells across the vessel lumen, it is useful to
consider the shear-induced diffusion of particles in linear shear flow.

Self-diffusion in serial bifurcations. To investigate the dependence of the
upstream hematocrit distribution on red blood cell partitioning at multiple bifurcations,
Carr et al. (10; 11; 13) consider two successive branchings off of a main vessel. As red
blood cells pass the first side-branch, the hematocrit profile downstream of the sidebranch is shifted slightly towards the side of the vessel corresponding to the side-branch.
The fraction of red blood cells entering the second side-branch depends on how quickly
the hematocrit profile shifts back to its original equilibrium profile (where wall and cellto-cell effects balance). Carr et al.’s estimate of the speed of this recovery depends upon
an empirically derived diffusivity constant called the self-diffusion coefficient.
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Shear-induced diffusion. The diffusion caused by cell-to-cell interactions is
referred to as shear-induced diffusion. To understand this concept, consider an observed
particle in a dilute suspension in an infinite shear flow. As time progresses, the observed
particle is paid random infrequent visits from interacting particles. These interactions
cause the observed cell to experience cross-streamline displacement. These random
displacements constitute a random walk and random walk theory can be used to make an
estimate of the diffusivity of the particles. This diffusivity, unlike Brownian dominated
diffusion, is dependent on particle concentration, size, and the shear rate of the fluid. In
fact, particles the same size as red blood cells experience negligible Brownian effects and
their diffusion is dominated by shear-induced diffusion.

Self and gradient diffusion. Because of the dependence on particle concentration,
it is useful to define two coefficients to describe diffusion in a dilute suspension. To
understand these two different coefficients, consider an infinite shear flow with a dilute
suspension of uniformly distributed particles. Paint particles in a certain area blue and
the others red. The self-diffusion coefficient tells how quickly the blue particles will
spread or diffuse to other areas. If the particles are not uniformly distributed and the
concentration is given by a slowly increasing linear function in one direction, the gradient
diffusion coefficient tells how quickly the particles will travel down the concentration
gradient in order to even out the concentration. The two coefficients are usually
positively correlated.

Experiments. One of the earliest studies on particle diffusivity was performed by
Eckstein et al. (20). They used a concentric cylinder Couette apparatus to investigate the
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random walk behavior of tagged particles. By tagging a particle and recording the size of
the displacements experienced by the particle over a number of measured time periods,
they used random walk theory to make estimates of the self-diffusivity of spherical
particles and discoids. While other similar experimental studies have been performed
(33; 35; 38; 41; 48; 82), experimental conditions make it difficult to observe individual
particle interactions and to understand the mechanical effects associated with the
resulting cross-streamline displacements.

Rigid particle models. To more thoroughly understand individual particle
interactions, many models have considered the motions of two or three equally sized
particles in linear shear flow. Because interactions of two spheres in infinite linear shear
flow lead to no cross-streamline displacements, Wang et al. considered three sphere
interactions and predicted the resultant self-diffusivity and gradient diffusivity in a
monolayer (83; 84). Da Cunha and Hinch (15) investigated pairs of imperfect spheres
that were allowed to collide because of an assumed small surface roughness. These
collisions caused cross-streamline displacements and the resulting diffusivities were
calculated. Both of these studies were in three dimensions. In two dimensions, the
gradient diffusivity integral is usually divergent, even after renormalization (51). Yoon
(87) and Pozrikidis (63) both used boundary element methods to consider two spheroids
passing each other but made no calculations of the diffusivities.

Flexible particle models. Li and Pozrikidis considered pairs of two-dimensional
liquid drops in infinite flow (51) before going on to consider ensembles of liquid drops in
semi-infinite wall bounded flow. Loewenberg and Hinch (54) considered liquid drops in
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three dimensions. Lac et al. (45; 46) considered the interactions of pairs of threedimensional capsules passing each other.

Wall-bounded flows. Many of the above models use a boundary integral
formulation which is most easily employed in an unbounded flow. Besides Pozrikidis’s
consideration of semi-infinite flows (51), there have been few studies of two or three
particle interactions in wall-bounded flows. Most recently, Zurita-Gotor et al. (89)
considered two spheres in a semi-infinite and a channel flow. In this study they saw a
“swapping interaction” in which a faster sphere will approach a slower sphere, move
across streamlines to a slower region of flow, and then move away from the sphere
without overtaking it. This is a phenomenon first noted by Zurita-Gotor (89).

Summary. Red blood cells behave, to some extent, like both the rigid and flexible
particles in the previously mentioned models. At physiological viscosities, isolated red
blood cells undergo a tumbling motion that resembles rigid body rotation (79). When
they encounter other cells, however, they deform because of hydrodynamic interactions.
The two-dimensional model from Chapter 2 is used to consider how these properties
affect red blood cell interactions in linear shear flow and the resulting displacements.
The results are compared with results for irregular rigid particles, elliptical rigid particles,
and circular rigid particles. Irregular rigid particles are obtained by “rigidifying” isolated
tumbling flexible particles. These comparisons allow investigation of the effects of
deformation, irregular shape, and elongated shape on cross-streamline displacements.
While the traditional integrals used to find the self-diffusion coefficients are divergent in
two dimensions, comparing the integrands on finite domains will give a qualitative
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understanding of the diffusion associated with the interactions between the different
particles. In addition, because of the way the model is formulated, these results can also
be used to consider the effects of bounding walls on interactions and the importance of
swapping interactions.

Methods
Cell integration procedures are presented in Chapter 2. The rigid irregular,
elliptical, and circular particle motions were constrained as for the rigid circular particles
considered in Chapter 3; their translational and angular velocities are determined by
requiring zero total force and moment on the particle and a no-slip boundary condition is
maintained on the particle boundary.

Single particle boundary conditions. The problem domain is [-10,10]×[-10,10].
At the left and right sides, the pressure and vertical velocity are set to zero while
Neumann conditions are held for horizontal velocity u. At the top and bottom, the
horizontal velocity is set to be 10γ (top) or -10γ (bottom), the vertical velocity is set to
zero, and Neumann conditions are held for the pressure. Here γ is the shear rate.

Single particle runs. Flexible cells are initialized by placing cell centers at (0,0)
with n external nodes evenly spaced around a circle with radius R = 2.66 µm. Rotational
symmetry is used so that only half the external nodal velocities at each time step need to
be found; the other nodal velocities are just the negatives of the first half. The motions of
the cells are integrated for 1000 ms. By this time cells are tumbling periodically with a
relatively constant tumbling shape.
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Parameterization of single particle runs. The particle orientation angle is defined
as the angle θ that maximizes the following integral:

∫ | ( x (l ), y (l )) ⋅ (sin θ ,− cos θ ) | dl
c

c

[5.1]

l

where xc(l) and yc(l) are the points along the particle boundary and l parameterizes the
particle boundary. For ellipses, θ is the angle between the major axis of the ellipse and
the positive x-axis. Because of rotational symmetry, cell shapes from [0,π] are the
symmetric flips of cell shapes from [-π,0].
The time it takes a particle to rotate through an angle θ is denoted by tp(θ). The
time it takes to go through one half period is given by tp(π) and the probability density
function associated with the chance of finding a cell at θ ∈[0, π ] is given by f(θ) =
(dtp(θ)/dθ)/tp(π).

Initial shapes of flexible particles. The initial shape of a tumbling flexible particle
with an orientation angle θ was estimated by performing a simulation for a single isolated
particle, and then averaging the predicted shapes over several periods of rotation.

Shapes of rigid particles. Irregular rigid particle profiles are obtained by
averaging all flexible particle profiles, after rotating them by their corresponding θ, and
rescaling the profile to guarantee that the area of the new profile is equal to the average
area (weighted by f ) of the flexible particle profiles.
Rigid elliptical particles are discretized into n evenly spaced nodes and their
shapes are chosen so that the resulting areas and perimeters are equal to the average areas
and perimeters of the profiles (as weighted by f ).
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The circular particles are discretized into 20 evenly spaced nodes and have an
area of 22.2 µm2.

Domain boundary conditions. Given two particles with centers at (x1,y1) and
(x2,y2), the computational domain is defined at each time step as [min(x1,x2)-20,
max(x1,x2)+20]× [min(y1,y2)-20, max(y1,y2)+20] so that the particles are always at least 20
µm away from the nearest computational boundary. All boundary conditions are the

same as for single particles with the exception that the upper and lower horizontal
velocities are given by (min(y1,y2)-20)γ and (max(y1,y2)+20)γ, respectively.

Two-particle runs. Two initialized particles have three quantities associated with
them, the initial orientations of the particles, θ0,1 and θ0,2, and the vertical distance
between the two particle’s centers, ∆y0. Particle 1 is initialized at (0,0) with a profile that
corresponds to the orientation angle θ0,1. The second particle, particle 2, is initialized at
(-20 µm, ∆y0) with a profile that corresponds to the orientation angle θ0,2. The motions of
the two particles are then integrated with respect to time until the horizontal distance
between the two particles is > 30 µm or until 1000 ms is reached.

Gridding. Given a ∆y0, simulations are run for all (θ0,1, θ0,2) pairs in the 4×4 grid
{0, π/4, π/2, 3π/4}×{0, π/4, π/2, 3π/4}. Bilinear interpolation is used to estimate all
quantities in between these grid points. Rotational symmetry of the tumbling profile and
periodicity of the θ0,1-θ0,2 plane allows extension of the grid as needed. The ∆y0’s
explored were 1.25, 1.88, 2.19, 2.34, 2.5, 2.66, 2.81, 3.13, 3.75, 5, 7.5, and 10 µm. The
refinement around 2.5 µm was performed because a change in the nature of the
interactions was found near 2.5 µm, as described below.
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Vertical distance and displacement. The vertical distance between the two
particles as a function of time is given by: ∆y(θ0,1, θ0,2, ∆y0, t) = y2(θ0,1, θ0,2, ∆y0, t) -y1(θ0,1,
θ0,2, ∆y0, t). The distance δ1(θ0,1, θ0,2, ∆y0) is defined as the total vertical distance traveled
by the particle 1 from the start time to the time when the cells are again 20 µm apart.
Occasionally, a simulation of a pair of particles may run excessively long (> 1000 ms).
Then δy1(θ0,1, θ0,2, ∆y0) is estimated by taking an average of the four nearest simulations
in the corresponding θ0,1-θ0,2 plane.

Average vertical distance and displacement. The average vertical distances,
displacements, and squared displacements for a given shear rate γ and initial vertical
displacement ∆y0 are given by:
∆y ( ∆y 0 , t ) = ∫∫

[ 0 ,π ]×[ 0 ,π ]

δ 1 ( ∆y 0 ) = ∫∫

[ 0 ,π ]×[ 0 ,π ]

δ 12 ( ∆y 0 ) = ∫∫

∆y (θ 0,1 , θ 0, 2 , ∆y 0 , t ) f (θ 0,1 ) f (θ 0, 2 )dθ 0,1 dθ 0, 2

δ 1 (θ 0,1 , θ 0, 2 , ∆y 0 ) f (θ 0,1 ) f (θ 0, 2 )dθ 0,1dθ 0, 2

[ 0 ,π ]×[ 0 ,π ]

[5.2]

δ 12 (θ 0,1 , θ 0, 2 , ∆y 0 ) f (θ 0,1 ) f (θ 0, 2 )dθ 0,1 dθ 0, 2

Note that (δ1 ( ∆y0 )) 2 ≠ δ12 ( ∆y0 ) according to the notation above.

Self-diffusion coefficient. Random walk theory defines the particle diffusivity or
self-diffusion coefficient in one dimension as (48):

Dp =

1
2N

∆yi2
.
∑
i =1 ∆ti
N

[5.3]

In the case of particle diffusion in the Eckstein et al. (20) experiment, Dp is the selfdiffusion coefficient, N is the number of particle displacements observed, ∆yi is the size
of each displacement, and ∆ti is the time between each displacement

93

Self-diffusion in shear flow. In the case of a very dilute suspension of particles in
an infinite flow, ∆yi becomes δ 1 ( ∆y0 ) and 1/∆ti becomes H T γ | ∆y 0 | / A p , the frequency of
two-particle encounters that start ∆y0 away from each other in the cross-streamline
direction. HT is the areal fraction of the particles and corresponds to tube hematocrit for
red blood cells, γ is the shear rate of the background flow, and Ap is the area of an
individual particle. Assuming that the orientation angles of the two cells and the times
between encounters are uncorrelated and converting the discrete expected value in Eq.
5.1 to an integral expected value yields the following integral representation of the selfdiffusivity (51):

Dp =

∞
HT γ
δ12 ( ∆y0 ) | ∆y0 | d ( ∆y0 ) .
∫
−
∞
RBCarea 2

[5.4]

Truncated self-diffusion. As δ1(∆y0) can be expected to decay as 1/∆y0, the
integral given is divergent (integrand = O(1/∆y0)). By truncating the domain, however, a
truncated particle diffusivity is defined:
M
HT γ
δ12 ( ∆y0 ) | ∆y0 | d ( ∆y0 )
∫
RBCarea 2 − M
= HT γ c p (M )

~
Dp (M ) =

[5.5]

In infinite shear flows, this definition is somewhat justified as inertial effects acting at
distances comparable to L/Re1/2 ≈ 1000 µm (51) and screening effects (where particles at
closer distances alter and cancel out longer range interactions) can induce quicker decay
of δ1(∆y0) than low Reynolds number theory would predict. In dilute solutions, the
diffusivity is linearly proportional to the particle concentration and shear rate (Eq. 5.5b).
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In channel flows particles near channel walls can be expected to diffuse or
migrate across the background flow at a different rate than those in the middle of the
channel. The self-diffusivity coefficient, in those situations can then be defined as:
yt
HT γ
δ12 ( ∆y0 ) | ∆y0 | d ( ∆y0 )
∫
RBCarea 2 y b
= HT γ c p ( y)

~
Dp ( y) =

[5.6]

where yt and yb correspond to the top and bottom wall of the channel. This diffusion
coefficient represents the amount of self-diffusion or migration expected from particles at
or near position y. In this study, only y = 0 is considered and yt = -yb = M. In this case,
Eq. 5.6 becomes Eq. 5.5 and the self-diffusion coefficient represents an estimate for the
self-diffusion of particles near the center line of a channel of width 2M.

Results

Single Particle Profiles. In all simulations only the shear rate of γ = 187.5 s-1 is
considered. This flow rate is approximately one fourth of the typical maximum shear rate
seen in blood flowing through human capillaries at rest. A single flexible particle was
allowed to tumble at this shear rate for 1000 ms. During that time, the flexible particle
attained quasi-periodic motion for approximately six half periods. (The motion was not
completely periodic because a very slow tank-treading motion was also taking place.)
Pictures of the particle during this quasi-periodic motion at θ = 0 (particle is oriented
along the x-axis) and π/2 (particle is oriented along the y-axis) are shown in Figure 5.1A.
These two profiles approximately correspond to the maximum and minimum extension of
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the particle. For comparison, the particle at θ = π/2 has been rotated and the irregular and
elliptical profiles are also included.

Ellipse
Irregular
θ=π/2
θ=0

Figure 5.1. Single cell profiles. The profile of the flexible particle at θ = 0 and π/2
(rotated) and the corresponding irregular and elliptical profiles for γ = 187.5 s-1.

General motion of pairs of interacting particles. All particles interact in one of
three ways. Figure 5.2A shows a “swapping” interaction where two particles approach
each other, slowly exchange relative vertical positions, and then exit out the same sides
that they entered. Figure 5.2B shows a “passing” interaction where two particles
approach each other, pass each other, and then exit out the opposite sides they entered.
Cell streamlines corresponding to these motions are included in the last diagram of each
column. Figure 5.3 shows a “dancing” interaction where two particles approach each
other and continue to circle each other until the cut-off time of 1000 ms. Dancing
interactions also include particles that circle each other a certain number of times and
then exit the interaction. While small deformations are seen in this flexible particle
interaction as early as 80 ms, it takes a relatively long time for large deformations, as
seen in the last column, to form.
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Figure 5.2. General motion of interacting particles. A. In a “swapping” interaction,
particles approach each other, exchange their relative vertical positions, and then exit out
the same sides they entered. B. In a “passing” interaction, particles approach each other,
pass each other, and exit out the opposite sides they entered.
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Figure 5.3. Dancing particles. Particles go through half a rotation approximately every
100 ms. The time in ms is in the upper right hand corner of each figure. Near the cut-off
time cells have deformed significantly but show no visible tendency towards exiting the
interaction.
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Percent of simulations

60%

30%

0

0

1

2
3
4
>4
Number of half rotations, kφ
Figure 5.4. Percent of simulations corresponding to each kφ. kφ = 0 for swapping
interactions, kφ = 1 for passing interactions, and kφ > 1 for dancing interactions where
particles rotate around each other kφ/2 times. Flexible particles (black), irregular particles
(gray) and elliptical particles (white) are included.

Paired rotation angle. To compare these three behaviors for the three different
particles, consider a line drawn between the two cells at the starting time. If two cells
undergo a swapping interaction, then the line between the two cells will rotate
counterclockwise and will have gone through an angle ϕ ∈[ −π / 2,0] . In the limit where
cells start and end at infinity, φ = 0. If two cells pass each other, then the line between
the two cells rotates clockwise and will have gone through an angle ϕ ∈[π / 2, π ] . In the
infinite limit, φ = π. Dancing cells can go through a greater amount of clockwise rotation
and, in the infinite limit, φ = kφπ, where kφ represents the number of half rotations of the
two cells. For kφ = 2, the cell on the left circles around the cell on the right once before
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exiting out the top right. A histogram of the number of half rotations, kφ, corresponding
to flexible particles, irregular particles, and ellipses is shown in Figure 5.4. While no
weighting with respect to ∆y0 is applied, the histogram can be used to see that, on
average, ellipses (white) dance more and pass less while flexible particles tend to dance
the least out of all three. The number of simulations per particle type was 160.
12
10
8

∆y

6
4
2
0
-2
-4

0

50

100

150

t

Figure 5.5. Orientation averaged vertical distance between two paired particles,
∆y ( ∆y 0 , t ). Solid line corresponds to flexible particles. Dotted line corresponds to
circular particles. ∆y0’s considered include 1.25, 1.88, 2.19, 2.34, 2.5, 2.66, 2.81, 3.13,
3.75, 5, 7.5, and 10 µm. The ∆y0 for each set of curves can be found by looking on the yaxis, ∆y0 = ∆y ( ∆y0 ,0).

Average relative motion of particles. Figure 5.5 shows the orientation averaged
estimates of the vertical distance between the two cells, ∆y ( ∆y 0 , t ). Curves for ∆y0 < 2.5
µm correspond to swapping motion, curves with ∆y0 > 2.9 µm correspond to passing
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motion, curves with 2.5 µm < ∆y0 < 2.9 µm may experience all three types of motion for
flexible particles but circles only pass in this region. In swapping motion, particles
exchange relative vertical positions at an approximately constant rate. In passing motion
(or dancing motion), there is a non-monotonic period caused by the deviations necessary
for the two finitely sized particles to pass each other. This corresponds to the bump seen
in the upper curves. There is a significant difference between circular and flexible
particle behaviors. Despite this difference, as seen later, the overall size of δy1 ( ∆y 0 ) is not
significantly affected in swapping regions. Elliptical and irregular
particle ∆y ( ∆y0 , t ) functions look similar to the flexible particle results in Figure 5.5.
Note that the function ∆y ( ∆y0 , t ) for flexible particles in the figure is only defined up to
the maximum time to which all simulations were run.
0.4

θ 2= 0

A

B

1.28
θ2=3π/4
δ1

δ1

θ2= 0
1.24

θ2=3π/4

0

θ2=π/2
1.00
1.2
0

θ2=π/2

θ2=π/4
π/2
θ1

π

-0.4

θ2=π/4
0

π/2
θ1

π

Figure 5.6. δy1(θ0,1, θ0,2,∆y0) graphs. A. ∆y0 = 1.25 µm corresponds to swapping
particles. Swapping interactions result in a large positive value of δy1 which is relatively
independent of the orientation angles. B. ∆y0 = 5 µm corresponds to particles that pass
each other. This leads to a smaller δy1 with more dependence on the orientation angles.
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End particle displacement. The vertical displacement experienced by flexible
particle 1, δy1(θ1, θ2,∆y0), is plotted for ∆y0 = 1.25 µm and 5 µm in Figure 5.6A and B,
respectively, for flexible particles. Graphs for rigid irregular and elliptical particles look
qualitatively similar. The figure shows that the vertical displacement depends
significantly upon the type of interaction occurring, passing, swapping, or dancing.
Figure 5.6B corresponds to particles that always pass each other. In this figure,
δy1 is sensitive to the orientation angles, can be both positive and negative, and has
expected value near zero. Figure 5.6A corresponds to particles that are always swapped.
Here, δy1 is less sensitive to the orientation angles, is always positive (the observed
particle always gets bumped upwards), and has a relatively large mean value.

Average vertical displacement of particles. In Figure 5.7, δy1 ( ∆y 0 ) is plotted as a
function of ∆y0 for all particles. The large values of δy1 ( ∆y 0 ) on the left of the graph
correspond to swapping interactions between the two particles. These values grow as ∆y0
increases because of the corresponding increase in initial relative horizontal velocity,
which causes particles to approach each other more quickly before swapping. The region
where δy1 ( ∆y 0 ) has a large negative slope corresponds to a region where cells can
undergo either a swapping, passing, or dancing interaction depending on the initial
orientations of the cells in the interaction. This region is relatively small. The final
region corresponds to passing interactions between the two particles. According to
theory, this value of the function in this region should decay as O(1/ ∆y0).
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∆y0
Figure 5.7. The average vertical displacement of particle 1, δy1 ( ∆y 0 ) . Solid lines with
squares correspond to flexible particles, short dashed lines with circles correspond to
irregular rigid particles, long dashed lines with upward pointing triangles correspond to
elliptical particles, dotted lines with downward pointing triangles correspond to rigid
circles. Left of ∆y0 = 2.5 µm lies a region corresponding to particles that undergo
swapping interactions. To the right of ∆y0 = 2.9 µm lies a region corresponding to
passing particles. There is a steep interface where both actions occur and, occasionally,
dancing interactions occur (2.5 µm < ∆y0 < 2.9 µm).

cp(M)

2.5

M = 2.5

M = 10

M = 20

M = 40

Flexible particles

0.477

0.577

0.615

0.652

Irregular particles

0.477

0.648

0.671

0.694

Elliptical particles

0.462

0.551

0.577

0.603

Circular particles

0.472

0.530

0.530

0.530

Table 5.1. Estimates of the coefficient cp(M) as found in the self-diffusion estimate in
Eq. 5.5 for different particle types and different cut-offs M.
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Self-diffusion estimates. Table 5.1 shows estimates of the integral part of the selfdiffusion coefficient, cp(M), for cut-off values of M = 2.5, 10, 20, 40 µm. M = 2.5 µm is
an unrealistic cut-off but was included to show how most of the integrand (even for large
values of M) comes from the swapping interactions. The results suggest that there is no
significant difference in the magnitude of the swapping effect for all four particle types.
In addition, even when using different values of M in the integral in Eq. 5.5 (the effective
value of M = 20-30 µm in this study), the swapping interaction still dominates the selfdiffusion process near the channel center line.

Discussion
To understand more clearly how the self-diffusivity is calculated, consider an
observed particle. There is a length l such that any particles further than l away from the
observed particle will have no significant influence on the particle. This distance
depends on any nearby walls and potential inertial and screening effects. If the
suspension of particles is very dilute, whenever an observed particle encounters another
particle, there will usually be no other particles in the region and the resulting interaction
is effectively pair-wise.
Because particles are randomly distributed, each interaction experienced by the
observed particle leads to a random displacement of the particle of size δ1(∆y0).
Considering a macroscopic scale and taking the expected value of this displacement over
a large number of l sized regions or, alternatively, over a large number of observed
particles gives Eq. 5.4-6 for the self-diffusivity. These regions may extend equally in the
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x and y directions (Eq. 5.4) or they may only extend in the x direction (Eq. 5.6) as is the
case for infinite channel flow (as in Couette apparatuses). In this sense, the domain of the
integral in Eq. 5.4 is infinite with respect to R and should actually be calculated over
length l.

Dancing behavior. Dancing behavior is very infrequent and does not contribute
significantly to any estimates of diffusivity. The dancing motion in Figure 5.3, however,
demonstrates the maximum extent to which these flexible particles can be deformed in a
given amount of time. Similar dancing interactions have been seen for spheres (2; 3) but
colloidal forces seem necessary for such an event to occur with equally sized spheres (1).
As hematocrit increases, however, certain aspects of dancing interactions may be seen
more often. For instance, at higher hematocrit, Pozrikidis saw that ellipses near each
other would align for long periods of time (59). A similar phenomenon can be seen in
dancing interactions, as seen in Figure 5.3 between times 220 and 280 ms.
Understanding when and how such interactions occur may prove useful in higher
hematocrit regimes.

Swapping and passing interactions. Vertical displacements arising from
swapping interactions contribute more to the self-diffusion process than those from
passing interactions, in these simulations. To understand the significance of this result,
note that H T γ | ∆y0 | / RBCarea represents the expected frequency of interactions as a
function of the initial vertical distance between an observed particle and the interacting
particles. The greater the initial vertical distance between an observed particle and other
particles, the more often those other particles will pass by. Hence there are many more
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passing particles than swapping particles for a given observed cell. Nonetheless, the
magnitude of the displacements caused by the swapping interactions is big enough to
overcome their lesser frequency. While passing interactions have been considered in
many studies, swapping interactions were found to be important only relatively recently
when Zurita-Gotor et al. in 2007 studied spheres in wall-bounded flow (89).
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Figure 5.8. Flexible particle in wall-bounded shear flow. The dashed arrowed lines are
the corresponding streamlines for the fluid and the solid fluid streamlines separate the
two regions of potential swapping behavior, a, and potential passing behavior, b.

Understanding swapping and passing. Prompted by a similar diagram in (89),
Figure 5.8 shows the streamlines for the fluid motion around a rotating flexible particle in
wall-bounded shear flow. The walls on top and bottom move at a speed consistent with a
background shear flow where γ = 0.187. In the regions labeled a, fluid particles approach
the particle, exchange relative vertical positions with the cylinder, and exit the region out
the same side they came. In the regions b, fluid particles undergo passing interactions.
Similar results are obtained for other particle orientations and particle types.
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A similar diagram can be drawn for the case of a second particle interacting with
the particle at the origin. In particular, simulations predicted that for x2 = -20 µm, a
change in behavior from swapping to passing occurs at ∆y0 = 2.5 µm. For fluid
streamlines, the corresponding change in behavior takes place at y = 2.4 µm. Similar
comparisons can be seen for the other types of particles in this study. These results
suggest that the size of this swapping interaction can be estimated by considering the
background disturbance flows and assuming particles swap or pass based upon that flow.

Particle flexibility and shape. Comparing flexible, irregular, and elliptical
particle results in Figures 5.5 and 5.7 suggests that flexibility and cell shape, in those
instances, do not significantly affect diffusivity. Interactions take place on a relatively
short time scale: it takes approximately 300 ms for the tumbling cells to reach their quasisteady state and approximately 80 ms for an entire interaction to take place. The
interaction time is too short for disturbances caused by shape and deformability
differences to become significant. The only significant difference seen is the size of the
middle region (Figure 5.7) where all three interactions are seen. The small size of this
middle region for flexible particles suggests, along with the histogram in Figure 5.4, that
deformability may allow flexible particles to more easily pass each other. The circular
particle results suggest that the size of the swapping region and the magnitude of
swapping interaction displacements do not depend significantly on shape. More
investigation involving other shapes is necessary to more fully explore this possibility.

Orientation angle. The vertical displacements undergone by particles in
swapping interactions do not usually depend on the orientation angle (Figure 5.6A) .
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Only a few exceptions occur when two interacting particles have ∆y0 ≈ 2.5 µm. Passing
particle interactions, however, usually depend on orientation angle (Figure 5.6B). This is
probably due to the fact that, on average, interacting particles that swap do not get as
close to the observed particle as interacting particles that pass.

Down-gradient diffusion. Consider particles at a planar interface between regions
of high and low particle concentrations, where the plane is perpendicular to the direction
of fluid velocity increase. The particles will be bumped more often from particles in the
high concentration region and tend to move towards the region of low concentration. The
size of this diffusion down the concentration gradient is characterized by the coefficient
of down-gradient diffusivity. Down-gradient diffusivity can be greater than the selfdiffusivity by a factor of 6 to 12 (15; 49). When swapping interactions are important,
however, this ratio may be smaller. Self-diffusion is increased by swapping because of
the larger magnitude of the resulting displacements. Down-gradient diffusion, however,
may not be enhanced as much by swapping interactions because the center of mass of the
two particles does not change significantly during and after the interaction and little
average movement towards the region of lower concentration occurs.

Channel limitations. The system being studied is a bounded flow with moving
impermeable walls 20 µm above and below the two particles. The presence of
boundaries can have significant effects. In an infinite shear flow around a freely moving
rotating cylinder, for instance, no swapping region like the one in Figure 5.8 exists.
Results such as the estimate for the self-diffusion coefficient must be understood to
correspond only to wall-bounded flows.
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Dependence of interactions on channel width. The channel width used in these
simulations varies from 40-55 µm. While Table 5.1 suggests that the self-diffusion
coefficient is somewhat insensitive to the channel width for widths from 20-80 µm, the
simulations performed have only been for a very specific set of cases. Investigating the
dependence of self-diffusion on channel width more fully requires performing many
other simulations including, but not limited to, simulations with a set channel width (as
opposed to the varying channel width used here), simulations involving channels with
widths over a much larger range (e.g. 10-1000 µm), and simulations where the center of
mass of the two interacting particles does not lie at the center of the channel. While
Zurita-Gotor et al. (89) have considered many of these cases for perfect spheres in threedimensional channels, these results may change for more irregular or flexible particles.
In addition, though circular particles should not be displaced by passing
interactions, this is not the case for flexible, irregular, and elliptical particles. Arguments
and calculations given by Zurita-Gotor (89) suggest that swapping interactions should not
exist in the limit of infinite channel width. If this is the case, there is a width where
swapping interactions cease to be important and understanding self-diffusivity in the
channel relies on understanding the passing interactions that might occur. While these
studies suggest shape and flexibility may not be important for swapping interactions, they
are not conclusive on how shape and flexibility may affect passing interactions. More
simulations for different channel widths are required to accurately resolve how shape and
flexibility affect passing interactions and to investigate how important passing
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interactions may be relative to the swapping interaction, for particles of differing shape
and flexibility, as the channel width grows.

Truncation of particle trajectories. Ideally, in the simulations, the two modeled
particles should start and end a large distance away from each other where any interaction
between them can be said to be negligible. The distance used here was 20 µm. Figure
5.5, suggests that the interactions between the particles were not negligible at these
distances. Figure 5.8, however, suggests that increasing the initial horizontal distance
between cells would extend the swapping region, and narrow the passing region. The
overall variance of δ1(∆y0), and thus the self-diffusion, may therefore be underestimated
by the present approach. In fact, if (as is the case for spheres and circles) one assumes
that δ1(∆y0) is equal to 2∆y0 for swapping interactions and neglects passing interactions,
Eq. 5.6 is easily evaluated to provide an estimate for the self-diffusivity that is
proportional to ∆ys4. Here ∆ys is the size of the swapping region; ∆ys = 2.5 µm as read
from Figure 5.7 when cells are started with ∆x0 = 20 µm apart.

Dilute suspension. If a pair of interacting cells start with ∆y0 = 2.18 µm, it takes
them approximately 80 ms to interact. In this time, approximately 260HT red blood cells
pass within 10 µm of this interaction. In order for swapping interactions to occur in
complete isolation, the hematocrit must be very low (HT << 1/260). Passing particles,
however, may not significantly affect swapping particle interactions and these results
may be reasonable for higher hematocrit ranges than suggested by the HT << 1/260
estimate. Further investigation is necessary to understand the valid hematocrit range of
these results.
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Importance of swapping interactions in three dimensions. There are three
potential factors that have been identified that may affect the diffusion of particles in a
very dilute system, passing interactions, swapping interactions (89), and the slow decay
of velocity disturbances in Stokes flow (4). Understanding the relative strengths of these
effects and their influence on particle trajectories in three dimensions will help
determination of the resulting self-diffusion. While this model has not yet been used to
consider the latter effect, the results presented here suggest that swapping interactions
may be important not just for three-dimensional spheres (as explored by Zurita-Gotor et
al. (89)) but also for other irregular three-dimensional particles. Comparing the circular
results presented here with the spherical results of Zurita-Gotor et al. suggests that the
estimates of how far the swapping region extends in the direction of flow increase in two
dimensions is about twice as much as would be expected in similar three-dimensional
channel flows. Even with this reduction of the swapping region size in three dimensions,
the two-dimensional results still suggest at least a minor role for swapping in threedimensional channel flows involving irregular particles. The size of this influence will
depend on the channel width and the location of the particles with respect to channel
walls.

Three-dimensional particle displacement. Three-dimensional results suggest that
the displacement caused by passing can differ depending upon the flexible nature of the
particle. Rough spheres (15) and liquid droplets (54) both showed a small positive
displacement in the vorticity direction (as compared to a large positive displacement in
the direction of velocity increase) while elastic capsules (45) experienced negative
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displacement in the direction of vorticity. These results show that passing interactions
can depend on cell flexibility, shape, and the relative positions of two cells in the
direction of vorticity. While this model suggests that the swapping effect has no
dependence on orientation, shape, or flexibility on the levels considered here, this may
not be true in three-dimensions and should be investigated. The dependence of the
swapping interaction on the relative positions of two irregular particles in the third
dimension should also be investigated.

Three-dimensional limitations. In three dimensions, the disturbances caused by
neutrally buoyant particles decay as 1/r2 whereas in two dimensions, the disturbances
decay as 1/r, where r is the distance from the particle to a point in the flow. This means
that one particle or wall influences another particle much less in three dimensions than in
two dimensions, when the two particles are far from each other. The decreased wall
influence in three dimensions suggests that the swapping region should be smaller in
three dimensions than in two, which it appears to be upon comparison of circular particle
results with the spherical results of Zurita-Gotor et al. (89). In addition, the decreased
particle-to-particle interaction suggests that the resulting particle displacements will
probably be smaller in three dimensions than in two. These factors can lead to an
overestimation of how much particles diffuse across the system. Because of the nature of
the swapping interaction, however, the magnitude of the vertical displacement undergone
by swapping particles should be approximately the same, O(∆y0).

Summary. While the applicability of this study to three dimensions is not clear,
the large influence of swapping on particle diffusivity in two dimensions suggests that it
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is also important in three dimensions. This swapping behavior and the resulting selfdiffusion seem to be relatively independent of particle shape and deformability.
Continuing with further studies along these lines will help improve the understanding of
the occurrence of swapping interactions, the magnitude of the resulting interactions, and
their overall contribution to the apparent viscosity of suspensions such as blood in the
microvasculature.
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6. CONCLUSIONS

Due to the particulate nature of blood and the high red blood cell volume fraction,
blood flow dynamics are significantly influenced by red blood cell motion and
deformation. To understand these influences, it is important to consider how red blood
cells are distributed at microvessel bifurcations and in larger microvessels. This behavior
influences flow resistance and oxygen transport in the microvasculature. Experimental
studies have been performed to quantify how red blood cells are partitioned at
bifurcations and how quickly they diffuse in larger systems, but the mechanical effects
that give rise to the nonuniform distributions arising in these cases are not fully
understood. Theoretical models have shown that these nonuniform distributions can be
partially explained by the nonuniform upstream distribution of red blood cells in the
vessel cross-section, under the assumption that red blood cells follow background fluid
streamlines. However, significant deviations from these streamlines have been observed
in small vessels and near larger vessel walls. The two-dimensional model described in
this dissertation has been used to identify and understand the mechanical effects
associated with these deviations, in order to gain more insight into red blood cell
partitioning and the diffusion of red blood cells that is associated with the cell-free layer.
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What mechanisms cause red blood cells to deviate from background fluid
streamlines in small vessel bifurcations?

The model indicates that cell migration and cell obstruction are the two dominant
mechanical effects that contribute to red blood cell deviations from background fluid
streamlines. Cell migration occurs when a red blood cell migrates towards the middle of
the vessel upstream of the bifurcation and contributes to more nonuniform red blood cell
partitioning. Cell obstruction occurs when a red blood cell in the region near the entrance
to a daughter branch experiences a tendency to enter that branch. This makes red blood
cell partitioning more uniform.

How does red blood cell partitioning at low hematocrit depend on vessel geometry?

As vessel size increases, the estimates of red blood cell partitioning obtained from
flexible and rigid particle simulations become similar. This suggests that it may be
suitable to approximate red blood cell motion with rigid particle motion at low hematocrit
in bifurcations with a parent vessel larger than 8 µm. When daughter vessel sizes differ,
a smaller branch collects a higher volume fraction of red blood cells than a larger branch,
for a given flow fraction entering that branch. A particle in front of a small daughter
vessel has a larger obstruction effect than that of the same particle in front of a larger
daughter vessel. Changing the daughter branching angles does not affect red blood cell
partitioning.
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What types of cell interaction in microvessel bifurcations can alter the distribution
of hematocrit between the daughter branches?

The model identified three types of interactions occurring at bifurcations that can
influence the hematocrit distribution. The “trade-off” effect occurs when a leading red
blood cell causes the trailing red blood cell to enter the opposite branch that the leading
cell entered. The “herding” effect occurs when the trailing cell causes the leading cell to
enter the same branch that the trailing cell enters. The “following” effect occurs when
the leading cell causes the trailing cell to enter the same branch as the leading cell. The
“trade-off” effect is dominant in cell interactions in low hematocrit flow and contributes
to more uniform partitioning at bifurcations. The other two effects are important only
when the interacting cells are very close to each other. The latter effects contribute to
more nonuniform partitioning.

What types of interactions do particles undergo in linear shear flow?

The model shows that particles can undergo “passing” interactions, “swapping”
interactions, and “dancing” interactions. These types of interactions can be described by
considering the case where a faster moving particle approaches a slower moving particle
on a nearby streamline. In “passing” interactions, the faster particle overtakes the slower
moving particle. In “swapping” interactions, the faster particle migrates slowly across
streamlines toward a slower background streamline, while the slower particle moves
towards a faster background streamline. The two particles move apart without either of
them overtaking the other. In “dancing” interactions, the faster particle approaches the
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slower particle and then the two particles rotate around each other a number of times and
then part ways.

What implications do these results have for shear-induced diffusion of suspensions?

When two non-circular particles interact, both particles generally undergo a
migration across the flow streamlines. Such interactions result in an effective diffusion
of particles in the direction perpendicular to the flow. Deviations caused by swapping
interactions can be very significant and account for more than half the self-diffusion
undergone by particles in the systems considered. The results did not vary significantly
for the different particle shapes considered, and were not strongly affected by particle
flexibility. In some cases, flexible particles showed passing interactions where rigid
particles with the same initial positions showed swapping interactions. This is most
likely because flexible particles tend to dance less than rigid particles and their
deformability allows them to pass by each other more easily.

Does this two-dimensional model produce results that are consistent with
experiments?

The model predicts cell shapes that agree with experimental observations,
including the sandbag-like shape that occurs when a cell is stretched along the dividing
surface of a bifurcation. The computational estimate obtained in Chapter 3 for the
fraction of red blood cells entering a daughter branch as a function of fraction of bulk
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blood flux agrees well the empirical function of Pries et al. (67). The estimate of the first
derivative of this function also agrees well with the Pries et al. function.

What are other possible applications of this model?

The interactions of two red blood cells in straight vessels have yet to be explored
using this model. For example, the effect of channel width on the occurrence of
swapping interactions in linear shear flow is relevant to the estimation of shear-induced
diffusivity in such a flow. The mechanical effects that govern their radial positions and
the evolution of those positions over time are important factors in determining the width
of the cell-free layer and the resulting flow resistance in the vessels. In addition,
considering the effects of an endothelial surface layer and its interactions with the red
blood cell would give insight into the effect of the layer on flow resistance and its
dependence on hematocrit (67). The endothelial surface layer can be modeled by a
porous layer lining the vessel wall. By including this layer in the bifurcations studied in
Chapters 3 and 4, the effects of the layer on red blood cell partitioning could be
examined.

What is the physiological relevance of the results as they pertain to blood flow and
mass transport in the microcirculation?

Microvascular blood flow dynamics and solute transport are strongly influenced
by the particulate nature of blood, particularly by red blood cells that compose forty to
forty-five percent of the blood. At bifurcations, red blood cells and plasma are
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nonuniformly partitioned into the daughter branches of the bifurcation. This creates a
heterogeneous distribution of red blood cells and oxygen downstream of the bifurcation.
As blood travels down a vessel, radial migration of red blood cells creates a cell-free
layer next to the wall which has a strong influence on flow resistance. The results
presented here provide insight into the underlying mechanical processes that govern these
particulate phenomena and can help predict how changes on a finer scale may affect the
heterogeneity and flow resistance in the microvasculature.

What original contributions have been made to the field of microvascular biology?

The model has been used to identify the mechanical effects, cell migration and
cell obstruction, that cause significant deviation of red blood cell trajectories from the
underlying fluid streamlines when cells travel through a bifurcation alone. The model
has also been used to identify how cell-to-cell interactions may influence red blood cell
partitioning by identifying several mechanical effects including the trade-off, herding,
and following effects. In shear flow, the model has confirmed the importance of the
swapping interaction and found that the influence of this interaction on radial diffusion
may be independent of particle shape and flexibility. The original two-dimensional
model as first presented in (78) has been developed into a robust and efficient method
that is capable of simulating the motion of two-dimensional cells that are in close
proximity with each other and nearby vessel walls. This model’s close agreement with
experiment suggests it can be used as a basis of comparison for other models and as a
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tool for exploring other unanswered physiological questions that involve red blood cell
motion in small vessels.
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