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Abstract

Let K be a quadratic imaginary number field, let K
(∞)
p the top of its p-class field tower

for p an odd prime, and let G = Gal(K
(∞)
p /K). It is known, due to a tremendous

collection of work ranging from the principal results of class field theory to the famous

Golod-Shafarevich inequality, that G is finite if the p-rank of the class group of K

is 0 or 1, and is infinite if this rank is at least 3. This leaves the rank 2 case as the

only remaining unsolved case. In this case, while finiteness is still a mystery, much

is still known about G: It is a 2-generated, 2-related pro-p-group equipped with an

involution that acts as the inverse modulo commutators, and is of one of three possible

Zassenhaus types (defined in the paper). If such a group is finite, we will call it an

interesting p-tower group. We further the knowledge on such groups by showing that

one particular Zassenhaus type can occur as an interesting p-tower group only if the

group has order at least p24 (Proposition 8.1), and by proving a succinct cohomological

condition (Proposition 4.7) for a p-tower group to be infinite. More generally, we prove

a Golod-Shafarevich equality (Theorem 5.2), refining the famous Golod-Shafarevich

inequality, and obtaining as a corollary a strict strengthening of previous Golod-

Shafarevich inequalities (Corollary 5.5). Of interest is that this equality applies not

only to finite p-groups but also to p-adic analytic pro-p-groups, a class of groups

of particular relevance due to their prominent appearance in the Fontaine-Mazur

conjecture. This refined version admits as a consequence that the sizes of the first

few modular dimension subgroups of an interesting p-tower group G are completely

determined by p and its Zassenhaus type, and we compute these sizes. As another

application, we prove a new formula (Corollary 5.3) for the Fp-dimensions of the

successive quotients of dimension subgroups of free pro-p-groups.
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Chapter 1

NOTATION

In the following, we’ll assume the basic results of algebraic number theory and class

field theory. For a number field K, we use the standard notations OK , hK , Cl(K), and

∆K respectively for the ring of integers, the number of real and complex embeddings,

the class number and class group, and the discriminant of K. Denote by Clp(K)

the p-primary part of the class group of K. We caution that we do not use r, r1,

or r2 in their standard usage with regards to units of an algebraic number field,

instead reserving these symbols for invariants attached to the relations structure of a

pro-p-group. For an abelian group A and a prime p, we define the p-rank of A by

dpA = dimFpA/pA.

For subgroups H and K of a group G, we denote by [H,K] the subgroup gener-

ated by commutators of the form [h, k] with h ∈ H and k ∈ K, and we adopt the

“left-normed” higher commutator notations. Namely, for x1, . . . , xn ∈ G, we define

(x1, x2) = x−1
1 x−1

2 x1x2 and recursively define

(x1, x2, . . . , xn) = ((x1, x2, . . . , xn−1), xn).

If G is a pro-p-group, then Fp[G] will denote the completed group ring lim
←−

Fp[G/N ],

the limit being taken over all finite index normal subgroups N of G. This agrees

with the usual Fp-group ring for finite p-groups. Finally, we shall write Hn(G) :=

Hn(G,Fp) for the group cohomology of G with coefficients of Fp, regarded as a trivial

G-module.

Chapter 1 will be an introduction to the study of p-class field towers, including

the introduction of the major theorems to be used. Chapter 2 provides a refined look
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at these results in one particular case of interest, namely that of Galois groups of

finite class field towers over quadratic imaginary number fields. Chapter 3 is devoted

to discussing the dimension subgroups of a pro-p-group, and concludes with a new

succinct sufficient condition for a quadratic imaginary number field to have an infinite

p-class field tower. Chapter 4 introduces the machinery to state and prove a general

Golod-Shafarevich equality, and collects some immediate applications. Chapters 5

and 6 use the Golod-Shafarevich equality to collect information on the dimension

groups of a tower group. Finally, Chapter 7 uses this collected information to prove

a rather large cardinality bound on the size of the groups in question.
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Chapter 2

INTRODUCTION

One possible starting point for the introduction of class field towers is the theory of

Diophantine equations: Consider the Fermat equation

xp + yp = zp

for an odd prime p. While it took the passing of three centuries between Fermat’s

printing of his famous conjecture (that there are no non-trivial integral solutions to

this equation) and its recent proof by Wiles, there have long been partial results

eliminating many special cases. For ease of motivation, we consider only the so-called

“first case” of Fermat’s Last Theorem in which (p, xyz) = 1. In this case, the idea

behind most of these partial results stem from the factorization

xp = zp − yp =

p−1∏
i=0

(z − ζ ipy), (2.1)

where ζp denotes a primitive p-th root of unity. Immediately we are drawn to per-

forming arithmetic in the p-th cyclotomic field Q(ζp) (or more precisely, its ring of

integers Z[ζp]). In fact, an argument due to Kummer begins with the observation that

if Z[ζp] is a unique factorization domain (i.e., has class number 1), then the above

equation implies that each number z − ζ ipy must be a unit times a p-th power, which

quickly leads to a contradiction via some straight-forward congruence lemmas (e.g.,

[Wa97]). Thus, Fermat’s conjecture is readily proven in the case that the class num-

ber h(Q(ζp)) = 1. In general, of course, we do not have unique factorization in larger

number fields — in fact, h(Q(ζp)) = 1 if and only if p < 23. Instead, we have only

the general result that we have unique factorization of (fractional) ideals into prime

(fractional) ideals, a result which permitted Kummer to largely extend the number of
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primes for which we can prove Fermat’s conjecture in this way. Specifically, we still

have the analogous factorization (of ideals of Z[ζp], rather than elements)

(x)p =

p−1∏
i=0

(z − ζ ipy).

By unique factorization, and using that xyz is relatively prime to p, this implies that

each ideal (z− ζ ipy) is a p-th power of another ideal, (z− ζ ipy) = api . Now assume that

Q(ζp) has class number prime to p. Then its class group has no p-torsion, and hence

since the ideal api is principal, ai must be as well, and we conclude as above that the

number z − ζ ipy is a unit times a p-th power, leading to a similar contradiction as

reached before.

It was once a hope that the above methods would solve all cases of Fermat’s

conjecture (and possibly other Diophantine equations as well – see [Me04] for an

account of how Catalan’s conjecture was proven with related techniques). Of course,

not every number field has such a well-behaved class number, so a natural question

to ask is whether or not we can embed a given number field into one that does.

Specifically, we are led to ask

Question. Given a number field K, does there exist a finite field extension L of K

with class number 1? With class number prime to p?

In Kummer’s time, there was no mechanism for dealing with the class of all exten-

sions of a given algebraic number field with a given property, but the turn of the 20th

century saw the introduction of class field theory, through the work of Artin, Hilbert,

Whaples, Takagi, Furtwängler, and many others, which provided distinguished classes

of extensions of notable arithmetic interest. Of particular importance is the Hilbert

class field K(1) of an algebraic number field K, defined to be the maximal abelian

extension of K which is unramified at all (finite and infinite) places. For now, we

wish only to record the key property that Gal(K(1)/K) ≈ ClK , and that the corre-

spondence K → K(1) is functorial in the sense that if K ⊂ L, then K(1) ⊂ L(1) (i.e.,
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−(1) is an endofunctor of the category of number fields inside a fixed algebraic closure,

with inclusion morphisms). In particular, K = K(1) if and only if hK = 1. We define

the class field tower of K to be the sequence of field extensions given by repeatedly

applying the Hilbert class field functor, i.e.,

K = K(0) ⊂ K(1) ⊂ K(2) ⊂ · · · ⊂ K(i) ⊂ · · · ,

where K(i) := (K(i−1))(1) for i ≥ 1. We say that the class field tower terminates if the

sequence eventually stabilizes, and we define the length `(K) of the class field tower

over K to be the smallest integer i such that K(i) = K(i+1), setting `(K) = ∞ if no

such integer exists. Finally, we denote by K(∞) the compositum of all fields in the

tower, and we will call Gal(K(∞)/K) the tower group over K. With this terminology,

we can re-phrase our above questions in terms of the class field tower.

Lemma 2.1. Let K be an algebraic number field. Then K can be embedded into a

finite extension with class number 1 if and only if `(K) <∞.

Proof. The first direction is clear: If the tower has length n, then K(n) is a finite

extension of K with class number 1. Conversely, suppose K ⊂ L with hL = 1 and

L/K finite. Then by (repeatedly applying) functoriality, we have for each i that

K(i) ⊂ L(i) = L, so the entire class field tower over K is contained in L, so is

necessarily finite.

We will also need “p-versions” of the above. Namely, we consider the Hilbert

p-class field K
(1)
p of a number field K, the maximal unramified abelian p-extension of

K, and the corresponding Hilbert p-class field tower over K:

K = K(0)
p ⊂ K(1)

p ⊂ · · · ⊂ K(i)
p ⊂ · · · ,

where K
(i)
p := (K

(i−1)
p )

(1)
p . We have the analogous notation and terminology in this

case: `p(K) is the p-length of the class field tower over K, K
(∞)
p is the compositum of

all fields in the p-class field tower, and Gal(K
(∞)
p /K) for the p-tower group over K.
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Lemma 2.2. Let K be an algebraic number field and p a rational prime. Then K

can be embedded into a finite extension with class number prime to p if and only if

`p(K) <∞.

Proof. The proof is completely analogous to the previous lemma, using the anal-

ogous functoriality statement for the Hilbert p-class field, and that Gal(K
(1)
p /K) is

isomorphic to the p-part Clp(K) of Cl(K), hence terminates if/when one of the K
(i)
p

has class number prime to p.

Having thus translated the above question into the language of class field towers,

we are left attempting to decide which number fields have finite class field towers.

One refinement is clear — Since K
(i)
p ⊂ K(i) for each i, K certainly has an infinite

class field tower if there exists a p for which K has an infinite p-class field tower.

It is worth commenting that the converse to this statement is false. For example,

the number field K = Q(
√
−239,

√
4049) has an infinite class field tower, but finite

p-class field towers for all p. This follows from a calculation of Schoof ([Sc86]). We

are left with the theoretical scenario of being given a prime p and a number field

K, and having the goal of trying to decide whether the p-class field tower over K

terminates. It seems to have been a folklore conjecture a half-century ago that it was

the case that the tower in fact always terminated, but all such hopes were dashed by

a pair of papers ([Sh63] and [GS64]) appearing within a year of each other. The most

general theorems on the existence of infinite p-class field towers are generalizations of

the results in those papers, an amalgamation of several non-trivial results:

• Shafarevich’s calculation of some invariants attached to the class field tower of

K.

• The theorem of Golod and Shafarevich on finite p-groups.

• The main theorems of genus theory.
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For the sake of this introductory chapter, we will state and discuss only rather min-

imal versions of all three of these, leaving the more detailed analysis for subsequent

chapters. This will be sufficient to give the first known examples of number fields

with infinite 2-class field tower. For the following theorems, let K be a quadratic

imaginary number field, and let G = Gal(K
(∞)
p /K). Suppose that G is d := d(G)-

generated as a pro-p-group, i.e., there exists an isomorphism G ≈ F/R, where F is

the free pro-p-group on d-generators, and there exists no such presentation with a free

group on fewer generators. Let r := r(G) denote the minimal number of (topologi-

cal) generators of R as a normal subgroup of F . The first two of the three principal

theorems referred to above relate the invariants r and d.

Theorem 2.3 (Shafarevich, [Sh63]). For K and G as above, we have r(G)−d(G) ≤ 1.

For p 6= 2, this is strengthened to r(G) = d(G).

Theorem 2.4 (Weak Golod-Shafarevich, [GS64]). Let G be a finite p-group, and

consider a minimal presentation of G, using d = d(G) generators and r = r(G)

relations as above. Then

r >
d2

4
.

Remark. This form of the theorem is actually a slight refinement by Gaschütz and

Vinberg (see, e.g., [Ko69]) of the original result of Golod and Shafarevich, which gave

only that r > (d−1)2

4
. See the remark after Theorem 5.2 for a more detailed history.

This theorem, purely group-theoretic in nature, becomes of critical importance to

number theory when applied to the pro-p-group Gal(K
(∞)
p /K) in the case that this

is group is finite. In this case we have

dpGal(K(∞)
p /K) = dpGal(K(∞)

p /K)ab = dpGal(K(1)
p /K) = dpClK ,

the first equality being the Burnside Basis Lemma (that a pro-p-group requires the

same number of generators as its abelianization), and the last using class field theory

(that Gal(K
(1)
p /K) ≈ Clp(K)).
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The point is that we now have two typically incongruous relationships between

r and d — one that forces r and d apart as d gets larger, and one that binds them

very closely together, independent of d. One does not have to go very far out to get

a contradiction.

Corollary 2.5. If K is a quadratic imaginary number field with finite p-class field

tower, then dpCl(K) < 5.

Proof. Let G := Gal(K
(∞)
p /K). By assumption, G is finite, and hence we can apply

Theorems 2.3 and 2.4. Combining the two theorems, we have 1 + d ≥ r > d2

4
, so

1 + d− d2

4
> 0, which gives a contradiction if d = dpCl(K) ≥ 5.

The last ingredient we need to construct fields with infinite class field tower is a

method for finding fields with class groups of large p-rank. For p = 2, we can invoke

the following result from genus theory to construct fields with class groups needing

arbitrarily many generators.

Theorem 2.6 (2-Genus Theory for quadratic imaginary fields). Let K be a quadratic

imaginary field in which t odd primes ramify. Then d2Cl(K) ≥ t− 1.

Corollary 2.7. The field K = Q(
√
−3 · 5 · 7 · 11 · 13 · 17) has an infinite 2-class field

tower.

Proof. There are 6 odd primes dividing the discriminant of the extension, and hence

all 6 ramify in this extension. Thus by 2-genus theory we have that d ≥ t − 1 = 5.

The previous corollary now implies that K has an infinite 2-class field tower.

And thus we arrive at the goal of obtaining a single example of a number field

with an infinite class field tower. We turn now to the progress on classifying exactly

which quadratic imaginary number fields have finite p-class field towers, and which

ones do not. The major theorems of this section will require strengthening to make

much progress on this front, and the next chapter turns to these issues.
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Chapter 3

REFINEMENTS

The goal of this chapter will be to provide sufficiently refined versions of the main

theorems of the previous chapter, and to extract information about quadratic imag-

inary number fields from the correspondingly strengthened results. The conclusion

will be a significant reduction in the number of quadratic imaginary fields with un-

known p-tower length. In order to reach this point, we will need to know more about

Galois groups of p-towers, so we turn now to a more detailed study of pro-p-groups.

Of specific interest is how to make sense of generators and relations for these groups.

Definition 3.1. LetG be a pro-p-group. A setX ⊂ G topologically generates (usually

just generates) G if G = 〈X〉 (closure in the profinite topology). We say G is d-

generated if there exists a generating set X of G with |X| = d, and no generating sets

of G with |X| < d. Given such a minimal generating set, let F be the free pro-p-group

on X. There is then a natural surjection from F to G (extended, via the universal

property, from the map taking each generator of F to the corresponding generator of

G), and so we have an exact sequence of the form

1→ R→ F → G→ 1

for some normal subgroup R C F . We define r(G) to be the minimal cardinality of

a set {ρi}i∈I of elements of R which topologically generate R as a normal subgroup

of F , i.e., such that the subgroup generated by the set of conjugates of R is dense

in R. The invariants d(G) and r(G) are respectively known as the generator rank

and relation rank of G, and are independent of the choice of presentation of G by

the next proposition. We note that there do exist pro-p-groups which are finitely

generated but not finitely presented (i.e., such that r(G) is infinite), but Theorem 3.3
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will show that all tower groups are finitely presented. We will therefore omit some of

the technicalities that arise when dealing with infinite relation ranks.

While intuitive, this definition is rather hard to work with as it involves working

with elements in free pro-p-groups. Instead of working directly with these definitions,

one typically uses the following result, which computes the generator and relation

rank in terms of cohomology groups. The proof of the following is presented in full

in many places (e.g., [Ko02]), so we will give only a sketch.

Proposition 3.2. Let G be a finitely-generated pro-p-group of generator rank d and

relation rank r. Then

d(G) = dimFp H
1(G,Fp) and r(G) = dimFp H

2(G,Fp).

Proof sketch. Since Fp is given the trivial action of G, we have

dimFp H1(G, Fp) = dimFp Hom(G, Fp) = dimFp Hom(Gab, Fp) = dimFp Gab/(Gab)p = d,

the last step following from the Burnside Basis Lemma. For H2(G,Fp), we note that

H1(R,Fp) has dimension equal to the minimal number of generators for R as a pro-p-

group by the first calculation. The minimal number of generators for R as a normal

subgroup of F is then only the number of conjugacy classes of these generators, i.e.,

r = dimFp H
1(R,Fp)F . The Hochschild-Serre sequence now gives us (all coefficients

taken to be Fp)

0 // H1(G) // H1(F ) // H1(R)F // H2(G) // H2(F ).

We have H2(F ) = 0 since F is free. We also know from above that dimFp H
1(G) =

dimFp H
1(F ) = d, and hence on taking the alternating sum of dimensions, we conclude

dimFp H
2(G,Fp) = dimFp H

1(R,Fp)F = r, as desired.

The cohomological interpretation of the relation rank and generator rank are of

crucial importance to proofs of Theorem 2.3 (see, for example, [NSW00], Theorem

8.7.11).
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Theorem 3.3. Let K be a quadratic imaginary number field, p a prime, and G the

Galois group of the p-tower group over K. Define δp = 1 if µp ⊂ K, and δp = 0

otherwise. Then

dimFp H
1(G,Fp) = dimFp Cl(K)/p+ dimFp O×K/(O

×
K)p − δp

dimFp H
2(G,Fp) ≤ dimFp Cl(K)/p+ dimFp O×K/(O

×
K)p

Corollary 3.4 (Same as Theorem 2.3). Let K and G be as in the theorem. For

p 6= 2, we have

χ2(G) :=
2∑
i=1

(−1)i dimFp H
i(G,Fp) = r − d = 0.

For p = 2, we have χ2(G) ≤ 1.

Proof. We get r ≥ d via the sequence of cohomology groups (all coefficients taken

to be Fp)

0 // H1(G) // H2(G,Z)
p // H2(G,Z) // H2(G),

induced from the short exact sequence of trivial G-modules 0 → Z → Z → Fp → 0.

For the reverse inequality, we observe that the previous theorem gives r−d ≤ δp. For

p > 3, we have µp 6⊂ K and so r − d = 0 for any quadratic imaginary K. For p = 3,

we have µ3 6⊂ K unless K = Q(
√
−3), in which case we nonetheless have r = d = 0

since this field has trivial 3-class group. For p = 2, we have δ2 = 1 for all K, and so

the theorem gives r − d ≤ 1, as desired.

The Stronger Golod-Shafarevich Inequality

Our intuition tells us (and it was proven at the start of the proof of Corollary 3.4) that

if one presents a group with fewer relations than one has generators, then the group is
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infinite. The “weak Golod-Shafarevich theorem” made this precise and improves this

bound significantly. Similarly, one intuitively recognizes that a long or complicated

relation contributes less to keeping a group finite than does a short one. As a rough

illustration of this idea, we note that the group 〈x |xn〉 gets larger as n→∞. Unfor-

tunately, most naive attempts at making this rigorous fail: As an illustration of the

potential difficulties, the presentation 〈x, y |x−1yxy−1, y−1xyx−2〉 defines the infinite

cyclic group, whereas the well-known presentation 〈x, y |x−1yxy−2, y−1xyx−2〉 defines

the trivial group, despite having a more complicated (and only slightly different) set

of relations. The full version of the Golod-Shafarevich theorem makes rigorous this

idea, giving a refinement of the inequality r > d2

4
which takes into account a measure

of how “complicated” the relations are. More precisely, we will assign an invariant to

each defining relation corresponding to its depth with respect to a certain filtration

on the group.

Definition 3.5. Let G be a group and let Fp[G] be its group ring over Fp. The

degree map ε : Fp[G] → Fp, given by
∑
aigi →

∑
ai is a surjective homomorphism

whose kernel I is called the augmentation ideal of Fp[G] (or just of G). Define the

n-th modular dimension subgroup Gn of G (the p is suppressed in the notation, but

it will always be clear which prime we are using) by

Gn = {g ∈ G | g − 1 ∈ In(G)}.

Note that we will always write G multiplicatively, so the additive notation g − 1 will

always refer to addition in the group ring Fp[G]. We have G1 = G trivially, and the

aforementioned filtration is the descending chain of subgroups

G = G1 ⊇ G2 ⊇ G3 ⊇ · · · .

We call this filtration the Zassenhaus filtration of G.

Remark. Both names (the “Zassenhaus filtration” and the “dimension subgroups”)

seem entrenched the literature, apparently as historical remnants from before it was
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known that various definitions all gave the same set of subgroups. We will use both

terms as they seem to fit most naturally in the English language – the filtration will

refer to the sequence of subgroups, whereas the dimension subgroups will refer to the

specific elements of the chain.

Our principal tool for studying this filtration will be the following theorem of

Lazard which relates the dimension subgroups to the lower central series (defined by

γ1(G) = G, γn(G) = [γn−1(G), G]).

Theorem 3.6 (Lazard, [La54]). For any group G and any prime p, we have that the

n-th dimension subgroup Gn of G is given by

Gn =
∏
ipj≥n

γi(G)p
j

.

Given a pro-p-group G, choose a minimal presentation 1 → R → F → G → 1 as

above, and for each r ∈ R, define the level of r to be the greatest integer k such that

r ∈ Fk, the k-th dimension subgroup of F . Given a generating set {ρi}ri=1 for R, let

rk denote the number of ρi which have level k. Before presenting the theorem, we

will need one calculation of the depth of the relations with respect to this filtration.

Corollary 3.7. For any minimal presentation of a d-generated pro-p-group G with

p > 2, we have r1 = 0.

Proof. Suppose G ∼= F/R with F the free pro-p-group on d generators, and R =

〈ρ1, . . . , ρr〉. By Theorem 3.6, we have F2 = F p[F, F ], which coincides with the

Frattini subgroup of non-generators of F . If there were a relation ρ of level 1, it

would lie in F\F p[F, F ] and hence would be non-trivial in F/F p[F, F ], so could be

used to reduce the number of generators, contradicting that G was d-generated.

The theorem of Golod-Shafarevich can now be made precise.
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Theorem 3.8 (Golod-Shafarevich). Let G be a pro-p-group with d generators, and

choose a presentation G ≈ F/R of G. Choose a generating set {ρi}i∈I for R as a

normal subgroup of F , and let rk denote the number of these relations which have

level k. Then if G is finite, we have that

∞∑
k=2

rkt
k − dt+ 1 > 0

for all t ∈ (0, 1).

The proof of this theorem involves some slightly technical non-commutative al-

gebra, and will be postponed until Chapter 4, where we prove a refinement. Given

a group, it may in practice be difficult to find a presentation and hence apply the

theorem. However, the versatility of the theorem means that partial results and

even trivial bounds can be put to good use. For example, to conclude the weak

Golod-Shafarevich theorem from chapter 1, we need only observe that for any such

presentation, we have
∑
rk = r and that tk ≤ t2 for all t ∈ [0, 1], so that the theorem

implies rt2 − dt + 1 > 0, which gives the result after evaluating at t = d
2r

(where

the quadratic on the left attains its minimum). In fact, the natural generalization of

this idea makes for a “medium strength” Golod-Shafarevich, which is the form of the

theorem used most often in practice:

Corollary 3.9. Suppose that G is a finite p-group such that R ⊂ Fm. Then we have

r > dm
(m− 1)m−1

mm
.

Proof. We have for k < m that rk = 0 for any generating set of R, and so

∞∑
k=m

rkt
k − dt+ 1 > 0

for t ∈ (0, 1). Since
∑
rk = r and tk > tm on this interval, the Golod-Shafarevich

inequality gives us that rtm − dt + 1 > 0. Plugging in t =
(
d
mr

)1/(m−1)
gives a

contradiction if r ≤ dm (m−1)m−1

mm .
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As is clear from the previous argument, there is some flexibility in the application

of this inequality. Namely, if the inequality holds for some set of relation levels,

then it holds if we move (e.g., via Tietze transformations) one of the relations into

a higher (less deep) level. It therefore makes sense to determine the minimal such

presentation, on which the inequality outputs the strongest result. To this end, we

follow an inductive procedure to construct a presentation with relations of maximal

depth. Namely, let R1 = ∅, and define recursively

Rk = Rk−1 ∪ {ρk,1, . . . , ρk,rk},

where the ρn,i are chosen to be a minimal generating set for RFn+1/Fn+1 as a normal

subgroup of F/Fn+1. Whereas previously the values of rk depended on the choice of

presentation, we redefine the rk to be the quantities arising in this process, so that

they become invariants of the group (as opposed to invariants of the presentation).

Fixing the values of rk correspondingly fixes a new invariant of G, the Zassenhaus

polynomial ZG(t) :=
∑
rkt

k − dt + 1 of G, which occurs on the left-hand side of the

Golod-Shafarevich inequality.

To make the most use of the full Golod-Shafarevich theorem, we will need to know

more about the levels rk of G. A theorem of Koch and Venkov provides an important

first step in this direction.

Theorem 3.10 (Koch-Venkov). Let G be a p-tower group over a quadratic imaginary

number field. Then r2k = 0 for all k ≥ 1. In particular, since r1 = r2 = 0, we have

R ⊂ F3.

Remark. The proof of this fact is fairly straight-forward linear algebra, showing that

generators and relations for the group can be chosen to be in the −1 eigenspace of the

action σ : G→ G induced by complex conjugation (i.e. so that complex conjugation

sends them to their inverses). It then follows that if r ∈ Fk, then r ∈ Fk/Fk+1 satisfies

both rσ = (−1)kr and rσ = −r, implying r = e if k is even, and so r ∈ Fk+1. It is
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worth mentioning that a more modern proof is given in [NSW00], using the Galois-

equivariance of the cup product, but only proves r2 = 0. It is unclear if the more

modern cohomological framework can provide the full r2k = 0 result.

As promised, this extra information about the levels of the defining relations will

strengthen our results on minimal conditions for guaranteeing infinite p-class field

towers.

Corollary 3.11. Let p 6= 2 be prime, and let K be a quadratic imaginary number

field with dpClK ≥ 3. Then K
(∞)
p /K is infinite.

Proof. By Theorem 3.10, we have r2 = 0, so R ⊂ F3. Suppose G := Gal(K
(∞)
p /K)

were finite. Then by Theorem 3.9, we have

r >
4d3

27
.

Recalling from Corollary 3.4 that r = d for p 6= 2, this gives a contradiction for

d ≥ 3.

Remark. The analogous result for p = 2 is that one needs the 4-rank of ClK to

exceed 2 (i.e., that ClK contains a subgroup of type (4, 4, 4)), and it is conjectured

that a 2-rank exceeding 3 also suffices. See [Ha96].

This result nearly completes the analysis of whether or not a given quadratic

imaginary field has an infinite p-class field tower, since we have that such a field’s

p-tower length is given by

`p(K) =


0 if dpClK = 0

1 if dpClK = 1

? if dpClK = 2

∞ if dpClK ≥ 3.

Proof. The rank ≥ 3 case was just proven. The rank 0 case is the case that Clp(K)

is trivial, and hence K is its own Hilbert p-class field. The rank 1 case follows from
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another application of the Burnside Basis Lemma: If G is a p-tower group such that

Gab ≈ Clp(K) is 1-generated, then G itself is 1-generated. Thus G is cyclic, and hence

abelian, and thus isomorphic to Clp(K) by maximality of the Hilbert class field. Thus

K
(1)
p = K

(∞)
p by Galois theory, and so the tower has length 1.

Thus the only case remaining undecided occurs when dpClK = 2, and even the

full version of the Golod-Shafarevich theorem above does not rule out these cases.

Indeed, there are many quadratic imaginary number fields with finite 3-towers and

d = 2, the earliest known examples dating back to Scholz and Taussky’s calculation

([ST34]) that Q(
√
−3299) is such a field. They show this field to have a 3-tower of

length 2, and it is noteworthy that no longer 3-towers (or p-towers for any odd p) have

been found since. In fact, to the author’s knowledge, there are no known examples,

for p odd, of quadratic imaginary number fields with dpCl(K) = 2 and an infinite

p-class field tower. Nonetheless, the proof of the Koch-Venkov theorem gives insight

in to this case as well. Specifically, one easily checks that the polynomials

t3 + ta − 2t+ 1 and t5 + tb − 2t+ 1

both attain negative values on the interval (0, 1) for values of a ≥ 9 or b ≥ 5. Thus

every finite 2-generated p-tower group admits a presentation with one of the following

three Zassenhaus polynomials:

ZG(t) ∈ {t7 + t3 − 2t+ 1, t5 + t3 − 2t+ 1, t3 + t3 − 2t+ 1}.

i.e., the two maximal-depth relations of an interesting tower p-group lie in levels i

and j, where (i, j) ∈ {(3, 3), (3, 5), (3, 7)}. We call this pair (i, j) the Zassenhaus type

of G, and it proves to be a crucial invariant in the classification of these groups.

This represents the current state of the art, and forms a fairly restrictive collection

of conditions on what kinds of groups can show up as p-tower groups over quadratic

imaginary number fields with dpCl(K) = 2. As an application of some more general
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theory, we will add to this collection of restrictions by showing that the first few terms

of the Jennings Series of such a group are determined by its Zassenhaus type. Further,

the observation that the polynomial f(t) = t7 + t3 − 2t + 1 satisfies mint∈(0,1) f(t) <

0.03 suggests that the Golod-Shafarevich inequality comes very close to eliminating

the third of the three possible Zassenhaus types. Chapter 4 will investigates this

phenomenon in more depth.
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Chapter 4

DIMENSION SUBGROUPS

We have introduced the dimension subgroups in the previous chapter as the sub-

groups arising in the Zassenhaus filtration of a pro-p-group G, and the preceding

discussion (among other arguments) shows that they form a more natural filtration

to work with than, say, the lower central series or derived series. In fact, the prop-

erty of being a p-adic analytic pro-p-group can be characterized precisely in terms

of invariants attached to the dimension subgroups. As we will see in the following

chapter, the Golod-Shafarevich equality applies to p-adic analytic pro-p-groups, and

hence a group which violates the equality is not only infinite, but also non-analytic,

a fact of particular interest in relation to the Fontaine-Mazur conjecture. We make

the following definition:

Definition 4.1. A topological group is p-adic analytic (or a p-adic analytic group)

if it admits the structure of a p-adic manifold in such a way the multiplication and

inverse maps are analytic.

Since we have not introduced the p-adic analysis needed to explain the notions

of p-adic manifolds or p-adic analytic maps, the reader may find the following al-

ternative definition more palatable: Define the rank (not to be confused with either

the generator or relation ranks) of a profinite group to be the supremum, possibly

infinite, of the generator ranks of its closed subgroups. Lazard ([La64]) showed that

the p-adic manifold condition in the above definition is equivalent to the requirement

that G have an open pro-p-subgroup with finite rank (in the sense of the previous

sentence). Most important for us is the following characterization of p-adic analytic

groups.
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Theorem 4.2 (Lazard, [La64]). A finitely-generated pro-p-group G is p-adic analytic

if and only if the sequence of invariants cn := dimFp Fp[G]/In is of polynomial growth,

i.e., cn = O(nk) for some k ≥ 0 in Landau notation. In particular, for a finitely-

generated p-adic analytic pro-p-group, the power series

∞∑
n=0

cnt
n

is absolutely convergent for 0 ≤ t < 1.

We will need one more set of invariants, for which we will need some facts on dimension

subgroups.

Lemma 4.3. Let Gn denote the n-th modular dimension subgroup of a finitely gen-

erated pro-p-group G. Then for m,n ≥ 1 we have

• [Gm, Gn] ⊂ Gm+n

• Gp
n ⊂ Gnp

Proof. In both cases, it suffices to show that generators for the left-hand group lie

in the right-hand group. For the first claim, suppose g ∈ Gm, h ∈ Gn. We wish to

show that g−1h−1gh− 1 ≡ 0 mod Im+n, i.e., that gh−hg ∈ Im+n. This follows from

the identity

gh− hg = (g − 1)(h− 1)− (h− 1)(g − 1)

since (g − 1) ∈ Im and (h − 1) ∈ In. The second claim is even quicker: If g ∈ Gn,

then g − 1 ∈ In, so

gp − 1 = (g − 1)p ∈ Inp

and hence gp ∈ Gnp.
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Note that by the lemma, the quotients Gn/Gn+1 are Fp-vector spaces, and so their

dimensions are naturally of interest. The next result, a theorem of Jennings, shows

that these dimensions are related to the series of invariants introduced in Theorem

4.2.

Theorem 4.4 (Jennings, [Je41]). If G is a finitely-generated pro-p-group, and we

define

an(G) := dimFp Gn/Gn+1, bn := cn+1 − cn = dimFp I
n/In+1, Pn(t) :=

1− tn

1− tnp

then we have

∞∏
n=1

Pn(t)−an =
∞∑
n=1

bnt
n.

The sequence of an’s will be of repeated importance in the sequel, so we pause to

note that this series can be bounded between some easily computable quantities.

Lemma 4.5. Let H C G, and let Gn denote the n-th modular dimension subgroup

of G. Then the canonical projection G → G/H induces surjections Gn/Gn+1 →

(G/H)n/(G/H)n+1 for all n ≥ 1. In particular, an(G) ≥ an(G/H).

Proof. We use Lazard’s formula

Gn =
∏
ipj≥n

γi(G)p
j

,

where γ1(G) = G and γi(G) = [G, γi−1(G)]. It is easy to see that γi(G) surjects on to

γi(G/H) for all i. This induces a surjection Gn → (G/H)n, and hence by composition

a surjection Gn → (G/H)n/(G/H)n+1. Since Gn+1 is clearly in the kernel of this map,

we have the desired result.

We will use this lemma twice in later sections (Proposition 7.4 and after Theorem

7.1) to sandwich the values of an(G) between an upper and lower bound which come

from the values of an for, respectively, an extension and a quotient of G.
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For the upper bound, we will take advantage of the relation between the dimension

subgroups and lower central series, along with the fact that the lower central series

has been studied extensively.

Lemma 4.6. If p > n + 1, we have for any pro-p-group a surjection of Fp-vector

spaces

γn(G)

γn(G)pγn+1(G)
→ Gn

Gn+1

.

Proof. Write γi for γi(G). We again use Lazard’s formula, and note the inclusions

γi ≤ γj for i ≥ j and γp
j

i ≤ γp
k

i for j ≥ k. For p > n, this renders most of the terms

in this product redundant, and we claim that this simplifies the product as

Gn =
∏
ipj≥n

γp
j

i = Gpγn.

To see this, note that any other factor in the product must either have i ≥ n, in which

case that factor is contained in γn, or j ≥ 1, in which case the factor is contained in

γp1 = Gp. Since p > n + 1, we can repeat to get Gn+1 = Gpγn+1. Now we have the

natural quotient map

γn // // γn

(Gp∩γn)γn+1
= Gpγn

Gpγn+1
= Gn

Gn+1

induced by the inclusion γn ⊂ Gpγn. The kernel of this map clearly contains γpnγn+1,

implying the result.

Applied to a free group F , lemma 4.6 implies that any basis for the free abelian

group of n-commutators modulo (n + 1)-commutators also generates the Fp-vector

space Fn/Fn+1 for n+ 1 < p. We will see later (Corollary 5.4) that they in fact form

a basis. For the free pro-p-group on 2 generators (p > 3), this implies that any ρ ∈ F3

can be written in the form

ρ = (x, y, x)a(x, y, y)bρ′,
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with ρ′ ∈ F4. In Denis Vogel’s Ph.D. thesis ([Vo04], Proposition 1.3.3), he shows that

the exponents a and b can be calculated in terms of triple Massey products on the

Fp-cohomology of G in the case that ρ is a defining relation of the p-group G. We now

show that this leads to a particularly succinct condition for a quadratic imaginary

number field to have an infinite p-class field tower.

Proposition 4.7. Let K be a quadratic imaginary number field with dpCl(K) = 2, let

G = Gal(K
(∞)
p /K), choose a basis {χ1, χ2} for H1(G,Fp), and suppose p > 3. Then

`p(K) =∞ if the triple-Massey products 〈χ1, χ1, χ2〉 and 〈χ2, χ2, χ1〉 both vanish.

Proof. Let ρi = (x, y, x)ai(x, y, y)biρ′i, i ∈ {1, 2} be defining relations for G (with

ai, bi ∈ Fp, ρ′i ∈ F4). By Vogel’s calculation, we have 2ai = trρi
〈χ1, χ1, χ2〉 and bi =

trρi
〈χ1, χ2, χ2〉, where trρi

is the transgression map induced from ρi in the Hochschild-

Serre spectral sequence. In particular, if both triple Massey products vanish, then

a1 = b1 = a2 = b2 = 0. But this implies ρi = ρ′i ∈ F4 for i = 1, 2, and by the condition

that r2k = 0, we must further have ρi ∈ F(5) for i = 1, 2. Let j1 and j2 denote the

levels of the two relations, so that j1, j2 ≥ 5 by the previous sentence. If G were finite,

then by Theorem 3.8, we would have

0 < ZG(t) = tj1 + tj2 − 2t+ 1 ≤ 2t5 − 2t+ 1

on the unit interval, which gives a contradiction when evaluated at t = 2
3
.

Remark. The p = 3 case is similar. A basis for F3/F4 is given by the four elements

{(x, y, x), (x, y, y), x3, y3}, and one needs that the four triple Massey products

〈χ1, χ1, χ1〉, 〈χ1, χ1, χ2〉, 〈χ2, χ2, χ1〉, 〈χ2, χ2, χ2〉

all vanish.
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Chapter 5

A GOLOD-SHAFAREVICH EQUALITY

We now begin the preliminaries for the Golod-Shafarevich equality. Let G be a d-

generated pro-p-group, and consider a minimal pro-p-presentation

1 // R
ι // F

φ // G // 1

of G. Let {σi}di=1 be a lift to F of a minimal generating set for G, and {ρi}ri=1 ⊂

R be a minimal system of relations for G. The (completed) group ring Fp[F ] is

isomorphic to the ring Fp(d) := Fp{{x1, . . . , xd}} of formal power series in d non-

commuting variables over Fp, the isomorphism being the so-called Magnus embedding,

linearly extended from the map sending σi to 1 + xi. For notational simplicity, we

will implicitly identify Fp[F ] and Fp(d) under this isomorphism in the future, writing

for example that σi = 1 + xi.

The map φ : F → G above extends to a natural surjection (which we also call φ)

A := Fp[F ]
φ // Fp[G] =: B,

and (thinking of A and B as rings of power series) we label the generators of Fp[G]

by xi = φ(σi) − 1, for 1 ≤ i ≤ d. Letting fi be the image of (ρi − 1) under the

identification Fp{{x1, . . . , xd}} ≈ Fp[F ], we have ker(φ) = (f1, . . . , fr), and so B ∼=

Fp{{x1, . . . , xd}}/(f1, . . . , fr).

The Lazard valuation of type (τ1, . . . , τd) on Fp{{x1, . . . , xd}} is the Z -valued val-

uation on A defined on monomials by

v(xi1xi2 · · ·xis) = τi1 + τi2 + · · ·+ τis ,

for some positive integers τi, and by declaring v(1) = 0 and v(0) = ∞. Such a

valuation induces a function on B, again called a Lazard valuation, by defining

v(β) = max{v(α) | α ∈ A, φ(α) = β}.
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Each Lazard valuation v on B induces a filtration on G by declaring Gv
n = {g ∈ G |

v(g−1) ≥ n}, and we define the level of an element g ∈ G (with respect to v) to be the

greatest n such that g ∈ Gv
n. We observe that the notation agrees with the notation

Gn for the dimension subgroups in the special case of the standard Lazard valuation

“v = 1,” i.e., the Lazard valuation with τ1 = · · · = τd = 1. We will henceforth

assume that the variables x1, . . . , xd are ordered so that τ1 ≤ τ2 ≤ · · · ≤ τd, and

that the relations are ordered so that their levels with respect to this valuation are

monotonically increasing. Finally,

di = #{xj | v(xj) = i, 1 ≤ j ≤ d}

ri = #{ρj | v(ρj) = i, 1 ≤ j ≤ r}

These quantities are the number of generations (resp. relations) of a given level, so

in particular we have
∑
ri = r and

∑
di = d).

The proof of the Golod-Shafarevich theorem centers around the sequence of B-

modules

Br J //Bd ψ //B
ε //Fp //0 ,

where we define the three maps as follows:

• ε is the augmentation map on the group ring, which translates to the “evaluation

at (x1, . . . , xd) = (0, . . . , 0)” map on the ring of formal power series.

• ψ is the linear map defined by

ψ(β1, . . . , βd) =
d∑
i=1

βixi,

• To define J we introduce the Fox partial derivative operators ∂f
∂xj

for f ∈ I ⊂

Fp[[F ]] by observing that if f ∈ I, then f has no constant term and hence, after

collecting the monomials appearing in f according to their last factor, can be
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written uniquely in the form f =
∑ ∂f

∂xj
xj. We will abbreviate ∂f

∂xj
by ∂jf . Now

define J (a “non-commutative Jacobian”) by

J(β1, . . . , βr) :=

(
r∑
i=1

βiφ(∂1fi), . . . ,
r∑
i=1

βiφ(∂dfi)

)
.

We now claim that the above sequence is exact. First, ε is clearly surjective, so the

sequence is exact at Fp. Next, for exactness at B, anything in the image is of the

form
∑
βixi, and hence certainly evaluates to 0 at 0, and anything which evaluates to

0 has no constant term, and hence is expressible in the form
∑
βixi for some βi ∈ B.

Finally, for exactness at Bd we compute for (β1, . . . , βr) ∈ Br:

ψ(J(β1, . . . , βr)) = ψ

(
r∑
i=1

βiφ(∂1fi), . . . ,
r∑
i=1

βiφ(∂dfi)

)

=
r∑
i=1

βiφ(∂1fi)x1 + · · ·+
r∑
i=1

βiφ(∂dfi)xd

=
d∑
j=1

r∑
i=1

βiφ(∂jfixj) =
r∑
i=1

βi

d∑
j=1

φ(∂jfixj)

=
r∑
i=1

βiφ(fi) = 0

since ker(φ) = (f1, . . . , fr). Thus im(J) ⊆ ker(ψ). Conversely, suppose (β1, . . . , βd) ∈

ker(ψ), so that
∑
βixi = 0, i.e.,

∑
αixi ∈ ker(φ) = (f1, . . . , fr) for lifts αi of βi. Write

d∑
i=1

αixi =
r∑
j=1

α′jfj =
d∑
i=1

r∑
j=1

α′j∂ifjxi

so that αi =
∑r

j=1 α
′
j∂ifj. Re-writing, we have shown that

J(φ(α′1), . . . , φ(α′r)) =

(
r∑
i=1

φ(α′i)φ(∂1fi), . . . ,
r∑
i=1

φ(α′i)φ(∂dfi)

)
= (β1, . . . , βd),

so ker(ψ) ⊆ im(J), which proves exactness at Bd.

We now claim that upon restriction to a fixed dimension, the above sequence

reduces to a complex⊕r
i=1 In−v(fi)

J //⊕d
i=1 In−v(xi)

ψ // In // 0 .
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We first observe that these maps at least land in the right place. If (β1, . . . , βd) ∈⊕d
i=1 In−v(xi), then v(βi) ≥ n− v(xi), and so

v(ψ(β1, . . . , βd)) = v

(
d∑
i=1

βixi

)
≥ min{v(βi) + v(xi)} = n,

so ψ(β1, . . . , βd) ∈ In. For J , take (β1, . . . , βr) ∈
⊕r

i=1 In−v(fi), so that v(βi) ≥

n− v(fi). Now

J(β1, . . . , βr) =

(
r∑
j=1

βjφ(∂1fj), . . . ,
r∑
j=1

βjφ(∂dfj)

)
.

Since v(∂ifj) ≥ v(fj) − v(xi), each of the r summands in the i-th slot has valuation

at least

(n− v(fj)) + (v(fj)− v(xi)) = n− v(xi),

so φi(β1, . . . , βr) ∈
⊕d

i=1 In−v(xi).

We claim now that that ψ :
⊕d

i=1 In−v(xi) → In is surjective. Let h ∈ In and

choose a g ∈ A with φ(g) = h and v(g) = v(h) (such an h exists by the definition

of the valuation on B). Write g =
∑d

i=1 gixi, and break this up into homogeneous

components of each degree:

g(m) =
d∑
i=1

g
(m−τi)
i xi.

Since h ∈ In, we have g(m) = 0 for m < n and hence g
(m−τi)
i = 0, so v(gi) ≥

n − τi. Define hi = φ(gi), so v(hi) ≥ n − τi, so (h1, . . . , hd) ∈
⊕d

i=1 In−v(xi), and

ψ(h1, . . . , hd) =
∑
hixi = h.

We now have the following commutative diagram with exact columns and the
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middle and bottom row exact (the top row is only a complex):

0

��

0

��

0

��r⊕
i=1

In−v(fi)
J //

��

d⊕
i=1

In−v(xi)
ψ //

��

In //

��

0

��
Br J //

��

Bd
ψ //

��

B

��

ε // Fp //

��

0

r⊕
i=1

B/In−v(fi)
Jn //

��

d⊕
i=1

B/In−v(xi)

��

ψn // B/In
ε //

��

Fp

��

// 0,

0 0 0 0

the new maps Jn and ψn being well-defined by the commutativity of the diagram.

What remains is to prove the exactness of this bottom row, which follows from the

other exact sequences by a standard diagram-chase.

Finally, we will need to introduce some new invariants and extend the scope of

some others. First, define In = B for n ≤ 0, and define

cn := dimFp B/In, en := dimFp ker Jn

for any n ∈ Z. Note that in the case of the standard valuation, this definition

of cn agrees with that given in Theorem 4.2. Also note that c0 = e0 = 0 by our

convention on I0, and similarly for negative subscripts. Recall that di was the number

of generators of level i and that d0 = 0 since we insisted in the definition of a Lazard

valuation that each generator have positive valuation. Finally, we recall that ri was

the number of relations of level i, and we set r0 = 1 by convention.

Theorem 5.1 (Golod-Shafarevich Recursion Relation). Let v be a Lazard valuation

on A of type (τ1, . . . , τd), and all other notation as in the above paragraph. Then

n∑
i=0

(ri − di)cn−i = 1 + en,

for all n ≥ 1.
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Proof. The proof centers around the bottom row of the above commutative diagram.
We extract from the bottom row the crucial Golod-Shafarevich exact sequence

0 // ker(Jn) //
⊕r

i=1 B/In−v(fi)
Jn // ⊕d

i=1 B/In−v(xi)
ψn // B/In

ε // Fp // 0.

(5.1)

We first compute the Fp-dimensions of the two middle terms:

dimFp

d⊕
i=1

B/In−v(xi) =
d∑
i=1

cn−v(xi) =
n∑
i=1

dicn−i

dimFp

r⊕
i=1

B/In−v(fi) =
r∑
i=1

cn−v(fi) =
n∑
i=1

ricn−i.

The first equality in each row is the definition of the c-series, and the second step is

collecting terms with the same subscript. Taking the alternating sum of the dimen-

sions of the Golod-Shafarevich exact sequence gives

n∑
i=1

ricn−i −
n∑
i=1

dicn−i + cn = 1 + en.

Collecting terms and re-writing cn = (1 − 0)cn = (r0 − d0)cn gives the result in the

form stated in the theorem.

We return to the dimension subgroups, in which case d1 = d and di = 0 for i > 1,

and In = In is the n-th power of the augmentation ideal. Recall the definitions

an(G) := dimFp

Gn

Gn+1

and Pn(t) :=
1− tn

1− tnp

where Gn denotes the n-th dimension subgroup.

Remark/Definition. We will follow Lazard in defining rational function

Gocha (t) :=
∏

Pn(t)an ,

named after Golod and Shafarevich. This function’s importance will be seen in

the next theorem, and throughout the computation in later chapters. To facili-

tate referring to the zoo of invariants thus far constructed, we will call the sequence

a1(G), a2(G), . . . the a-series of G, and similarly for the b-series, c-series, etc.
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We can now collect all of the above to get the following corollary as our final result

of the section:

Theorem 5.2 (A Golod-Shafarevich Equality). Let G be a d-generated analytic pro-

p-group, equipped with the standard Lazard valuation, and take all other notation as

above. Then
∞∑
k=2

rkt
k − dt+ 1 =

∞∏
n=1

Pn(t)an +

∑∞
n=1 ent

n∑∞
n=1 cnt

n

for all 0 ≤ t < 1.

Proof. With respect to the standard valuation, the filtration In coincides with the

powers In of the augmentation ideal. Since G is analytic, the power series
∑
cnt

n

converges absolutely on the unit interval, and since en ≤ rcn by definition of the

vector space whose dimension it measures, so does
∑
ent

n. Absolute convergence

now allows us to re-write(
∞∑
k=0

(rk − dk)tk
)(

∞∑
j=1

cjt
j

)
=
∞∑
n=1

n∑
i=0

(ri − di)cn−itn

=
∞∑
n=1

(1 + en)tn,

by the Theorem 5.1. Since for the standard valuation we have
∑∞

k=0(rk − dk)t
k =∑∞

k=2 rkt
k − dt + 1 (noting that r1 = r2 = 0 by Proposition 3.7 and Theorem 3.10,

respectively), and then bn = cn+1 − cn, this gives

∞∑
k=2

rkt
k − dt+ 1 =

∑∞
n=1(1 + en)tn∑∞

n=1 cnt
n

=
t

(1− t)
· 1∑∞

n=1 cnt
n

+

∑∞
n=1 ent

n∑∞
n=1 cnt

n

=
1∑∞

n=0 bnt
n

+

∑∞
n=1 ent

n∑∞
n=1 cnt

n

=
∞∏
n=1

Pn(t)an +

∑∞
n=1 ent

n∑∞
n=1 cnt

n
,
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the last step being Jennings’s Theorem (Theorem 4.4).

Remark. Though we won’t need the full generality, all but the last line of the proof

works in the case of a Lazard valuation on a finite p-group. Only the translation to

the an’s via Jennings’s theorem requires that we use the standard Lazard valuation.

Remark. It is worth mentioning the history of the theorem. The main ideas of the

proof were present in the original work of Golod and Shafarevich in [GS64], which

gave only that r > 1
4
(d−1)2. Slightly tweaking the definitions of some of the invariants

allowed Koch ([Ko69]) to get
∑
rkt

k − dt + 1 > 0, ignoring the 1P
bntn

term arising

on the right. While Jennings’s theorem predates all of these calculations, it seems

not to have been noticed that this can be used to improve the Golod-Shafarevich

result. Finally, the introduction of the e-series and the corollaries below are new to

this paper.

We close this section with some applications of the theorem; namely, applying the

theorem to quotients of free pro-p-groups, allowing us to derive explicit formulas for

the dimension factors of the free pro-p-group on d generators, and to derive a strict

improvement on the previous Golod-Shafarevich inequality. This first derivation is

analogous to (and closely related to) Witt’s calculation (e.g., [Ha59]) that for a free

d-generated pro-p-group F , we have

Mn := dimFp

γn(F )

γn(F )pγn+1(F )
=

1

n

∑
j|n

µ(j)dn/j.

Corollary 5.3 (Dimension Subgroups of Free pro-p-Groups). Write n = cpk with

(c, p) = 1. Then for a free d-generated pro-p-group F , we have

an(F ) = Mcpk +Mcpk−1 + · · ·+Mcp +Mc =
1

n

vp(n)∑
i=0

∑
j| n

pi

µ(j)pi dn/jp
i

.
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Proof. For d > 1, the Golod-Shafarevich equality does not apply to the free d-

generated pro-p-group F , since it is non-analytic by Theorem 4.2, since the sequence

ck = dimFp Fp{{x1, . . . , xd}}/Ik = dk−1

grows faster than polynomially. We note, however, that the group F/F(m) does apply

to the quotient F/F(m) for any m, these groups being analytic via the observation

that ck(F/F(m)) is constant for k > m. Hence we can still use the Golod-Shafarevich

equality to compute the quantity an(F ) = an(F/F(m))) for any m > n. For F/F(m),

the Golod-Shafarevich exact sequence becomes

0 // 0 //
d⊕
i=1

Fp{{x1, . . . , xd}}/In−1 // Fp{{x1, . . . , xd}}/In // Fp // 0,

giving that en = 0 for all n. Note that F(m) is an open subgroup of a finitely-generated

free pro-p-group, and so is finitely-generated by the profinite version of the Schreier

index theorem. Thus F/F(m) is finitely presented by d generators and some finite

number of relations in level m. We can now apply Theorem 5.2 applied to F/F(m),

which reduces to the statement that

1− dt ≡
∞∏
n=1

(
1− tn

1− tnp

)an(F/F(m))

mod tm.

(Note that for a given n, we can take m large enough to not enter into the calcu-

lation, so we will lose no accuracy by easing the notation by dropping of “mod tm”

everywhere). Taking logs of both sides gives

log(1− dt) =
∞∑
n=1

an(F/F(m))(log(1− tn)− log(1− tpn)),

or

∞∑
j=1

(dt)j

j
=
∞∑
n=1

an(F )

(
∞∑
j=1

tjn

j
−
∞∑
j=1

tjnp

j

)
.
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Equating coefficients of xn (where again n = cpk with (c, p) = 1, n < m) gives

dn

n
=
∑
j|n

aj
n
j

−
∑
j|n

p

aj
n
pj

,

or

dn =
∑
j|n

jaj −
∑
j|n

p

pjaj.

By convention, this second sum is the empty sum (and hence zero) if jp - n. If p - n,

then Moebius inversion gives

dn =
∑
j|n

jaj ⇒ nan =
∑
j|n

µ(j)dn/j,

as desired, so we assume that p | n from here on. Applying the same argument to the

coefficient of xn/p and subtracting gives

dn − dn/p =
∑
j|n

jaj −
∑
j|n

p

pjaj −
∑
j|n

p

jaj +
∑
j| n

p2

pjaj

=
∑
j|n
j- n

p

jaj − p
∑
j|n

p

j- n
p2

jaj

= pk
∑
j|c

jajpk − p·k−1
∑
j|c

jajpk−1 = pk
∑
j|c

j(ajpk − ajpk−1)

where the last line follows by observing that the conditions on j in the first sum

amount to being able to write j = c′pk for some c′ | c, and similarly for the second

sum. Now, pulling out the j = c term, we find

an − an
p

=
1

n

(
dn − dn/p − pk

∑
j|c
j 6=c

j(ajpk − ajpk−1)

)

We note that to prove the original claim it is sufficient to prove that an − an/p = Mn

for all n (where an/p = 0 if p - n), since the full result follows from this by telescoping.

We proceed by induction on the divisors of n. The base case a1 = M1 = d is easy
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(and in fact, is proven above in the remark for the case of n prime to p), and so we

assume it true for all proper divisors of n. The last equation continues

an − an
p

=
1

n
(dcp

k − dcpk−1 − pk
∑
j|c
j 6=c

jMjpk).

Finally, we note that two more applications of Moebius inversion we have

dcp
k

=
∑
j|cpk

jMj dcp
k−1

=
∑
j|cpk−1

jMj,

so

an − an
p

=
1

n
(dcp

k − dcpk−1 − pk
∑
j|c
j 6=c

jMjpk)

=
1

n
(
∑
j|cpk

jMj −
∑
j|cpk−1

jMj − pk
∑
j|c
j 6=c

jMjpk)

=
1

n
(
∑
j|c

jpkMjpk − pk
∑
j|c
j 6=c

jMjpk)

=
1

n
(cpkMcpk) = Mn,

as desired.

Corollary 5.4. For n < p, this formula gives an(F ) = Mn, which implies by

dimension-counting that the surjection given in Lemma 4.6 is in fact an isomorphism,

and that the basic n-commutators thus form a basis for Fn/Fn+1.

Remark. We note that several Golod-Shafarevich-type results for analytic groups

require breaking off the case of G = Zp separately. But by the above calculations, we

find

∞∏
n=1

Pn(t)an +

∑∞
n=1 ent

n∑∞
n=1 cnt

n
=
∞∏
k=0

(
1− tpk

1− tpk+1

)
= 1− t = 1− dt,

so the Golod-Shafarevich equality above holds without change for this group.



42

Finally, we turn to strengthening our previous strongest Golod-Shafarevich in-

equality. Observe first that the standard “strong” Golod-Shafarevich inequality fol-

lows by observing that each of Pn(t),
∑
ent

n, and
∑
cnt

n are non-negative on the

unit interval (and the Pn(t) are strictly positive). But we can do better:

Corollary 5.5 (Strict Improvement of the Golod-Shafarevich Inequality). For a finite

p-group G, we have

∞∑
k=2

rkt
k − dt+ 1 >

∞∏
n=1

Pn(t)an + (1− d+ r)

(
1− 1

|G|

)
tN+m > 0,

where N = (p− 1)
∑∞

n=1 nan and m is the level of the deepest relation defining G.

Proof. From the Golod-Shafarevich equality, we need only provide a lower bound

for
∑
ent

n and an upper bound for
∑
cnt

n. To this end, we first note that both

sequences stabilize. The c-series stabilizes to dimFp Fp[G] = |G| once the b-series

becomes constantly zero, which, as can be read off the generating function in Theorem

4.4, occurs for n > N = (p−1)
∑∞

n=1 nan. By the Golod-Shafarevich recursion relation

(with the standard Lazard valuation), we have

en + 1 = cn − dcn−1 +
n∑
i=2

ricn−i = (1− d+ r)|G|

for n large enough so that so cn−i = |G| whenever ri 6= 0 and such that the sum

accounts for all r of the relations, i.e. for n ≥ N+m+1, where m := max{k | rk 6= 0}.

We thus arrive at our first bound:

∞∑
n=0

ent
n ≥

N+m∑
n=0

0tn +
∞∑

n=N+m+1

((1− d+ r)|G| − 1)tn =
((1− d+ r)|G| − 1)tN+m+1

1− t
.

For the upper bound on the denominator, we note from its generating function that

the b-series is symmetric: bn = bN−n for all 0 ≤ n ≤ N . Summing this symmetry

gives

cn =
n−1∑
i=0

bi =
n−1∑
i=0

bN−i =
N∑

i=N−n+1

bi = cN+1 − cN−n+1 = |G| − cN−n+1.
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Suppose now that N is even (which is always the case for p 6= 2). From the above

line, we find cN
2

+ cN
2

+1 = |G|, and since the c-series is visibly non-decreasing, we can

conclude that cn ≤ |G|
2

for all n ≤ N
2

. Now for the bound on the denominator, we

simply observe that

∞∑
n=0

cnt
n =

N/2∑
n=1

cnt
n +

N∑
n=N

2
+1

cnt
n +

∞∑
n=N+1

cnt
n

=

N/2∑
n=1

cnt
n +

N/2∑
n=1

cN−n+1t
N−n+1 +

∞∑
n=N+1

|G|tn

=

N/2∑
n=1

(
cnt

n + (|G| − cn)tN−n+1
)

+
|G|tN+1

1− t

=

N/2∑
n=1

cn(tn − tN−n+1) +
|G|(tN

2
+1 − tN+1)

1− t
+
|G|tN+1

1− t

=

N/2∑
n=1

cn(tn − tN−n+1) +
|G|tN

2
+1

1− t

<
|G|
2

N−1
2∑

n=1

(tn − tN−n+1) +
|G|tN

2
+1

1− t

=
|G|
2

t− 2t
N
2

+1 + tN+1

1− t
+
|G|tN

2
+1

1− t

=
|G|
2
· t+ tN+1

1− t
.

Combining the two bounds, we get∑∞
n=0 ent

n∑∞
n=0 cnt

n
>

((1−d+r)|G|−1)tN+m+1

1−t
|G|
2
t+tN+1

1−t

=
2(1− d+ r)(|G| − 1)

|G|
tN+m

1− tN

> (1− d+ r)

(
1− 1

|G|

)
tN+m.

The proof is nearly identical in the case that N is odd. Namely, one still has cn =

|G| − cN−n+1, so in particular we have 2cN+1
2

= |G|
2

and thus cn ≤ |G|
2

for n ≤ N+1
2

.
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Pulling out the n = N+1
2

term separately, we get

∞∑
n=1

cnt
n ≤ |G|

2

(N−1)/2∑
n=1

(tn − tN−n+1) + |G|
(N−1)/2∑
i=1

tN−n+1 +
|G|
2
t(N+1)/2 + |G| t

N+1

1− t
.

From here the proof proceeds as above to give the same result in this case.

Remark. Since finite 2-generated p-tower groups are of one of only three possible

Z-types ((3, 3), (3, 5), or (3, 7)), we can take m = 7 in the previous corollary. Further,

since N depends only on p and the a-series of G, the previous corollary gives a strict

strengthening of Theorem 3.8 without referring to any new invariants of the group

(one can replace the constant in front of tN+m with p−1
p

so that knowledge of the

order of the group is required).
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Chapter 6

SHALLOW DIMENSION SUBGROUPS

We apply the previous section’s results to the original case of interest, namely the

case where G is the Galois group of the p-class field tower of a quadratic imaginary

number field with dpClK = 2 (and p odd). We call such a group an interesting p-tower

group. We will change notation slightly from the previous section to better suit this

special case. Namely, we will use x and y instead of x1 and x2, f and g instead of f1

and f2, and ∂x and ∂y instead of ∂1 and ∂2. We first recall from Chapter 2 that an

interesting p-tower group is of one of three Zassenhaus types: (3, 3), (3, 5), or (3, 7).

The aim of this chapter is to use combinatorial information about polynomials in

the ring Fp{{x, y}} and the Golod-Shafarevich equality to deduce information about

the dimension subgroups of G. The computations for the (3, 3) case are markedly

different from the other two, so we break that case off in to a separate section. For

f ∈ B, define f (k) to be the polynomial consisting of monomials in f with valuation

(degree) equal to k. For notational purposes, we will let let the partial derivative

operator take precedence over the superscript (k), so ∂xf
(k) means the valuation k

piece of ∂xf , rather than the x-partial derivative of f (k).

Z-Types (3,5) and (3,7), and p 6= 3

By Corollary 5.4, any r ∈ F3 can be represented uniquely in the form

r = (x, y, x)a(x, y, y)br′

with r′ ∈ F4 and a, b ∈ Fp. A simple computation provides the degree 3 part of the
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corresponding power series f ∈ Fp{{x, y}}:

f (3) = by2x− 2byxy − ayx2 + bxy2 + 2axyx− ax2y.

In particular, we record that

∂xf
(2) = 2axy − ayx+ by2, ∂yf

(2) = bxy − ax2 − 2byxy,

where f = ∂xfx + ∂yfy. For the rest of the section, we will take r to be the level

3 relation defining G, and f to be the corresponding power series. Of importance is

that for such an r, we must have one of a or b non-zero lest r ∈ F4, contradicting

that r has level 3. In particular, both ∂xf and ∂yf are non-zero in degree 2. We

will let g be the power series corresponding to the second relation, so v(g) = 5 or 7.

For simplicity of notation, we will assume v(g) = 7, pausing to point out where the

calculation differs if v(g) = 5. The exact sequence from the proof of Theorem 5.1

reduces to the following:

0 // ker(Jn) // B/In−3 ⊕B/In−7
Jn // B/In−1 ⊕B/In−1

// B/In // Fp // 0

(h, k) � // (h ∂xf + k ∂xg, h ∂yf + k ∂yg)

and hence we obtain the recurrence relation

cn = 2cn−1 − cn−3 − cn−7 + 1 + en

for groups of Z-type (3,7) (recall cn = dimFp B/In and en = dimFp ker(Jn)). First, we

have en = 0 for 0 ≤ n ≤ 3 since for these n we have B/In−3⊕B/In−7 = 0. Note that

for 4 ≤ n ≤ 7 only the first of the two summands can contribute to the kernel, and

that B/In−1
∼= Fp{{x, y}}/((f) + In−1) since g ∈ In−1. These simplifications will lead

to the computability of the en. To begin with, the n = 4 case yields

e4 = dimFp ker(J4) = dimFp{h ∈ B/I | h ∂xf, h ∂yf ∈ I3} = 0,

since no non-zero constant multiple of both ∂xf and ∂yf can have trivial degree 2

part in B/I3 = A/I3.
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Lemma 6.1. For the next error term, we have

e5 = dimFp ker(J5) = dimFp{h ∈ B/I2 | h ∂xf, h ∂yf ∈ I4} = 0.

Proof. Write h = h0+hxx+hyy, and suppose that h ∈ ker(J5) so that hfx, hfy ∈ (f)

mod I4. Since f has valuation 3, this would imply the existence of a constant c such

that h∂xf
(2) = cf (3). By comparing degree 2 parts of this equation we conclude that

h0 = 0, and the degree 3 part gives

(hxx+ hyy)(2axy − ayx+ by2) = c(a(2xyx− x2y − yx2) + b(xy2 + y2x− 2yxy)).

If c = 0, then comparing coefficients gives ahx = ahy = bhx = bhy = 0. Since one

of a and b is not zero, this implies that hx = hy = 0, and so h = 0. If c 6= 0, then

the comparison of the yx2 coefficients gives a = 0 and the y2x coefficient gives b = 0,

giving a contradiction. Thus ker(J5) = 0.

The calculations for e6 and e7 are similar, but more tedious and only valid for v(g) = 7,

i.e. if the group is of Z-type (3,7), and so we will omit some details. In all cases we

argue as above, realizing the condition for an element to be in the kernel of Jn as a

system of equations in the unknown coefficients, and argue that there are no solutions.

Lemma 6.2. We have

e6 = dimFp {h ∈ B/I3 | h ∂xf, h ∂yf ∈ I5} = 0

and

e7 = dimFp {h ∈ B/I4 | h ∂xf, h ∂yf ∈ I6} = 0.

Proof. Write

h = h0 + hxx+ hyy + hxxx
2 + hxyxy + hyxyx+ hyyy

2 mod I3
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and suppose that hfx ∈ (f) mod I5 so there exist constants c0, c
0
x, c

1
x, c

0
y, c

1
y ∈ Fp such

that

hfx ≡ c0f + c0xxf + c1xfx+ c0yyf + c1yfy.

Again we have h0 = 0 by comparing degree 2 parts, and comparing degree 3 parts
gives hx = hy = c0 = 0 by the previous lemma. The remaining part of the equality is
in degree 4, which gives

(hxxx2 + hxyxy + hyxyx + hyyy
2)(2axy − ayx + by2) = c0

xxf (3) + c1
xf

(3)x + c0
yyf + c1

yfy.

After expanding f (3) = a(2xyx − x2y − yx2) + b(xy2 + y2x − 2yxy) and equating
coefficients, we are left with a system of 14 equations in 8 variables (the c’s and h’s)
which is easily shown to have only the trivial solution under the assumption that one
of a or b is non-zero. Though we omit the details, the more meticulous of readers
should begin by equating the coefficients in front of yx3 in the above equation, which
gives ac1x = 0. Finally, for e7, we use the e6 = 0 calculation to reduce the problem to
checking an equality in degree 5:∑
|I|=3

hIx
I(2axy − ayx + by2) = c0

xxx2f + c1
xxxfx + c2

xxfx2 + · · ·+ c0
yyy2f + c1

yyyfy + c2
yyfy2,

where I is a multi-set consisting of x’s and y’s and, for example, hIx
I = hxxyx

2y

for I = {x, x, y}. Solving the system of equations obtained by comparing coefficients

gives that h must be a scalar multiple of f (mod I6), i.e., represents the zero element

in B/I6.

Now, using the Golod-Shafarevich recurrence relation

cn = 2cn−1 − cn−3 − cn−7 + 1 + en,

and recalling the difference equation bn = cn+1 − cn, we compute the following tables

of invariants for p 6= 3:

n 0 1 2 3 4 5 6 7
cn 0 1 3 7 14 26 46 79
bn 1 2 4 7 12 20 33

For Z-type (3,5), we note that the calculations above remain identical until e6, so we

have the following table for groups of that type:
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n 0 1 2 3 4 5
cn 0 1 3 7 14 26
bn 1 2 4 7 12

We now arrive at our goal, using Jennings’s theorem to translate the above com-

putations into facts about the dimension subgroups of G. Recall the notation

an := dimFp

Gn

Gn+1

,

where Gn denotes the n-th dimension subgroup of G.

Proposition 6.3. If G is an interesting tower p-group for p > 7 and of Z-type (3, 5)

or (3, 7), then a1 = 2, and a2 = a3 = a4 = 1. If G is of Z-type (3, 7), we have further

that a5 = a6 = 2.

Proof. We know

Gocha (G, T ) =
∞∏
n=1

(
1− T np

1− T n

)an

=
∞∑
n=0

bnT
n.

We expand the middle term of this series and compare coefficients. Write Qn(T ) =

Pn(T )−1 = 1−T pn

1−Tn , so

Qn(T )an = (1 + T n + T 2n + · · ·+ T (p−1)n)an .

In particular, using that a1 = d = 2 we compute modulo T 7 that

Q1(T )2 ≡ 1 + 2T + 3T 2 + 4T 3 + 5T 4 + 6T 5 + 7T 6

Q2(T )a2 ≡ 1 + a2T
2 +

a2(a2 + 1)

2
T 4 +

(
a2

2 +
a2(a2 − 1)(a2 − 2)

6

)
T 6

Q3(T )a3 ≡ 1 + a3T
3 +

a3(a3 + 1)

2
T 6

Qn(T )an ≡ 1 + anT
n

for 4 ≤ n ≤ 6, and observe that only these six terms contribute to Gocha (G, T )
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modulo T 7. Upon multiplying we conclude

Gocha (G, T ) ≡ 1 + 2T + (3 + a2)T 2 + (4 + 2a2 + a3)T 3

+ (a4 + 2a3 +
a2(a2 + 1)

2
+ 3a2 + 5)T 4

+ (a5 + 2a4 + (a2 + 3)a3 + a2(a2 + 1) + 4a2 + 6)T 5

+ (a6 + 2a2a3 +
9
2
a3 +

1
2
a2

3 +
41
6

a2 + 2a2
2 +

1
6
a3

2 + a2a4 + 3a4 + 2a5 + 7)T 6

≡ 1 + b1T + b2T
2 + b3T

3 + b4T
4 + b5T

5 + b6T
6

≡ 1 + 2T + 4T 2 + 7T 3 + 12T 4 + 20T 5 + 33T 3 mod T 7.

Recursively solving the coefficient comparisons for the an gives the result.

The case p = 5 is only slightly different:

Proposition 6.4. If G is an interesting tower 5-group of Z-type (3, 5) or (3, 7), then

a1 = 2, and a2 = a3 = a4 = 1. If G is of Z-type (3, 7), we have further that a5 = 4

and a6 = 2.

Proof. The computation is nearly identical, the only difference being that

Q1(T )2 ≡ 1 + 2T + 3T 2 + 4T 3 + 5T 4 + 4T 5 + 5T 6 mod T 7.

Corollary 6.5. Since 2 = a6 ≤ dp(γ6(G)/γ7(G)) by Lemma 4.6, the above calculation

shows that the nilpotency class of G is at least 7.

The Z-Type (3, 3) Case

In this case we have A = Fp{{x, y}} → B = Fp{{x, y}}/(f, g) for power series f and

g with v(f) = v(g) = 3. As in the (3, 7), we can write

f (3) = ∂xf
(2)x+ ∂yf

(2)y = (2axy − ayx+ by2)x+ (bxy − 2byx− ax2)y

g(3) = ∂xg
(2)x+ ∂yg

(2)y = (2a′xy − a′yx+ by2)x+ (b′xy − 2b′yx− a′x2)y
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for some a, b, a′, b′ ∈ Z/pZ. By virtue of both relations having level 3, we have that

one of a, b is non-zero, one of a′, b′ is non-zero, and further that f (3) and g(3) are

linearly independent, i.e., ∣∣∣∣[a b
a′ b′

]∣∣∣∣ 6= 0.

From the proof of the Golod-Shafarevich equality, we have the exact sequence

0 // ker(Jn) // B/In−3 ⊕B/In−3
Jn // B/In−1 ⊕B/In−1

// B/In // Fp // 0

(h, k) � // (h ∂xf + k ∂xg, h ∂yf + k ∂yg)

and the recurrence relation

cn = 2cn−1 − 2cn−3 + 1 + en,

with cn and en as above. First, we have en = 0 for 0 ≤ n ≤ 3 since for these n we

have B/In−3 ⊕B/In−3 = 0. Next, we have

e4 = dimFp ker(J4)

= dimFp{(h, k) ∈ B/I ⊕B/I | h ∂xf + k ∂xg = h ∂yf + k ∂yg = 0 ∈ B/I3}

= 0.

since the existence of non-zero such constants h and k would contradict the determi-

nant condition above. Finally, we can compute e5 as well.

Lemma 6.6. For a interesting tower p-group of Z-type (3, 3) and p 6= 3, we have

e5 = dimFp ker(J5)

= dimFp{(h, k) ∈ B/I2 ⊕B/I2 | h ∂xf + k ∂xg = h ∂yf + k ∂yg = 0 ∈ B/I4}

= 1.

Proof. If (h, k) ∈ ker(J5), we have hfx+kgx ∈ (f, g) mod I4. Write h = h0 +hxx+

hyy and k = k0 + kxx + kyy, and hfx + kgx ≡ cf + dg mod I4 for some constants c
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and d. Equating degree 2 parts we find immediately that h0 = k0 = 0. Expanding

both sides of the equation into monomials equates the coefficients of

(hxx+ hyy)(2axy − ayx+ by2) + (kxx+ kyy)(2a′xy − a′yx+ b′y2)

with those of

(ca+ da′)(2xyx− x2y − yx2) + (cb+ db′)(xy2 + y2x− 2yxy).

Equating coefficients of yx2 gives ca+ da′ = 0, which gives ahx + a′kx = 0, and other

coefficients give bhy + b′ky = 0 and bc + b′d = ahy + a′ky = bhx + b′kx. Thinking of

these as 5 equations in the 6 variables hx, hy, kx, ky, c, and d, we have the equation


0 0 0 0 a a′

a 0 a′ 0 0 0
0 b 0 b′ 0 0
−b 0 −b′ 0 b b′

0 −a 0 −a′ b b′




hx
hy
kx
ky
c
d

 = 0.

It an easy calculation to verify that this matrix has rank 5 given the determinant

condition given above. In brief, assuming a 6= 0 (the remaining case a′ 6= 0 is similar),

one can use elementary operations to reduce the matrix to
a 0 0 0 0 0
0 0 a 0 0 0

0 0 0 b′a−a′b
a

0 0

0 b′a−a′b
a

0 0 −a −a′
0 0 0 0 b b′


Since the determinant b′a − a′b is non-zero, the second column can zero out the

bottom right a and a′, and since one of b or b′ must be non-zero, there are 5 linearly

independent columns. Thus the solution space is 1-dimensional, and we must have

e5 = 1.

Using the recursion relation, we arrive at the following the table of invariants for

p-groups of Z-type (3,3) and p 6= 3:
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n 0 1 2 3 4 5
cn 0 1 3 7 13 22
bn 1 2 4 6 9

Translating into the a-series as for the other Z-types, we find the following:

Proposition 6.7. Suppose p 6= 3. If G is a p-tower group over a quadratic imaginary

field of Z-type (3, 3), then a1 = 2, a2 = 1, and a3 = a4 = 0.

Proof. The proof differs from that of Proposition 6.3 only by changing the values of
bn. We have

Gocha (G, T ) ≡ 1 + 2T + (3 + a2)T 2 + (4 + 2a2 + a3)T 3

+ (a4 + 2a3 +
a2(a2 + 1)

2
+ 3a2 + 5)T 4

≡ 1 + b1T + b2T
2 + b3T

3 + b4T
4

≡ 1 + 2T + 4T 2 + 6T 3 + 9T 4 mod T 5.

Recursively solving the coefficient comparisons for the an gives the result.

The remaining case: p = 3

In this case we have that

F3/F4 ≈
F 3γ3(F )

F 9γ2(F )3γ4(F )

is generated now not only by the two 3-commutators, but also by third powers of

generators of F . Unfortunately, this adds too much flexibility to keep en controlled

for very long, and makes computations significantly less tractable. Nevertheless, the

arguments that e1 = e2 = e3 = e4 = 0 are still valid, and we are left with (via identical

coefficient-comparison computations):

Proposition 6.8. If G is a interesting tower 3-group of Z-type (3,5) or (3,7), then

a1 = 2, a2 = 1, a3 = 3. If G is an interesting tower 3-group over a quadratic

imaginary field of Z-type (3, 3), then a1 = 2, a2 = 1, and a3 = 2.
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It is worth mentioning that the group G1 in [BB06] has order p5 and has an a-

series exactly as predicted by the previous proposition, and the later groups Gn are

larger. This can perhaps be viewed as evidence that this proposition is as strong as

possible without additional information on the relation structure of the group.
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Chapter 7

DEEP DIMENSION SUBGROUPS

Having calculated that the first few terms in the a-series of a p-tower groups are de-

termined uniquely by p and its Zassenhaus type, we turn to an analysis of later terms.

We proceed in a couple of directions: For an with n a power of p, a more detailed

study of the specific appearance of the relations defining a tower group provide lower

bounds, and for an with 7 ≤ n < p, we use a result of Labute on one-relator groups

to provide an upper bound.

Recall that interesting tower groups are of Z-type (3, i) for some i ∈ {3, 5, 7}, and

so admits a minimal presentation G ≈ F/R where R is generated by a relation r in

level 3 and a relation s in level i. We consider the group G̃ ≈ F/(r), the pro-p-group

G defined only by the first of the two relations. The above surjection now yields

a bound via a computation of Labute which calculates the rank (as a free abelian

group) of the lower central factors of this G̃.

Theorem 7.1 (Labute, [La60]). Let G̃ = F/(r) where F is the free group on d

generators and r is of level e with respect to the lower central filtration of G (i.e.,

r ∈ γn(F )\γn+1(F )). Then

rank

(
γn(G̃)

γn+1(G̃)

)
=

1

n

∑
j|n

µ

(
n

j

) ∑
0≤i≤b j

e
c

(−1)i
j

j + (1− e)i

(
j + (1− e)i

i

)
dj−ei

 .
By taking limits, the formula remains unchanged if we replace the free group

F by a free pro-p-group, and after taking the quotient by p-th powers, it gives the

dimension of the Fp-vector space

γn(G̃)

γpn(G̃)γn+1(G̃)
,
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which by Lemmas 4.5 and 4.6 give an upper bound for the quantity an(G) for p > n+1.

For n = 5, 6, 7, 8, we get respectively an ≤ 2, 2, 4, 5.

For the lower bound, we will again make use of the involution σ on G to refine

our knowledge on the shape of the defining relation r. Since G is 2-generated, its

abelianization is of the form (pa, pb) for some 1 ≤ a ≤ b. Labeling the generators of

our free pro-p-group F by σ and τ , we can thus choose the relations r and r′ so that

r ≡ xp
a

mod [F, F ], r′ ≡ yp
b

mod [F, F ].

An argument due to Arrigoni shows that this congruence holds even modulo γ3(F ).

Lemma 7.2 ([Ar98], Prop 4.3). With the relations chosen as above, we have

r ≡ xp
a

mod γ3(F ), r′ ≡ yp
b

mod γ3(F ).

Proof. Write r = xp
a
c2 where c2 ∈ γ2(F ). We have by Theorem 3.10 that σ(r) = r−1

and σ(x) = x−1. Now

σ(c2) = σ(rx−p
a

) = r−1xp
a

= c−1
2 ,

implying that c2 has level strictly greater than 2, and hence must lie in γ3(F ).

Proposition 7.3 ([Ar98], Prop 4.5). For an interesting tower p-group G with abelian-

ization (pa, pb), we have γ2(G)/γ3(G) ≈ (pa) and γ3(G)/γ4(G) ≈ (pa, pa).

Note that this result implies |G| ≥ p4a+b, and describe how the size of this group

is distributed among the first few terms of the lower central series. We further this

theory by showing how the size is distributed amongst the (much finer) Jennings

series.

Proposition 7.4. Let G be an interesting tower p-group for p > 3 with abelianization

of type (pa, pb) with 1 ≤ a ≤ b, and of Z-type (3, 3). Then

an(G) ≥


2 n = pc, 0 ≤ c ≤ a− 1

1 n = pc, 2a ≤ c ≤ a+ b− 1

1 n = 2pc, 0 ≤ c ≤ a− 1.
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This gives
∑∞

n=p an ≥ 4a+b−3 (by excluding all c = 0 terms). For the other Z-types,

the distribution is less rigid, but we still have that
∑∞

n=p an ≥ 4a+ b− 4.

Proof. By Lemma 7.2, the two relations r1 and r2 can be chosen so that r1 ≡

xp
a

mod γ3(F ) and r2 ≡ yp
b

mod γ3(F ). Recalling our left-normed commutator

notation, since {[x, y, x], [x, y, y]} form a basis for for γ3(F )/γ4(F ) we can extend this

congruence by writing

r1 ≡ xp
a

[x, y, x]e1 [x, y, y]e2 mod γ4(F )

r2 ≡ yp
b

[x, y, x]e3 [x, y, y]e4 mod γ4(F ).

Note that if G is of Z-type (3, 3), then at least one of e1 or e2 must be prime to p,

else

r1 ∈ F pa

γ3(F )pγ4(F ) ⊂ F pγ4(F ) = F4,

contradicting that r1 was of level 3. Similarly, one of e3 or e4 must be prime to p.

Replacing G by G/γ4(G), and note that in G we write xp
a

= [x, y, y]−e2 [x, y, x]−e1 .

Since x has order pa modulo commutators, and this product of commutators has

order pa by Proposition 7.3, we have that x has order p2a. Similarly, we find that y

has order pa+b. Now we observe that by Lemma 4.5 and Theorem 3.6, and noting

γ4(G) = 1, we have

apc(G) ≥ apc(G/γ4(G)) = dimFp

Gpc

Gpc+1γ2(G)pc = dimFp G
pc

/Φ(Gpc

),

a vector space containing the linearly independent elements xp
c

and yp
c
. This gives

the first two lines of the desired inequality, and the last is the observation that [x, y]p
c

generates

G2pc

G2pc+1

=
Gpc+1

γ2(G)p
c

Gpc+1γ2(G)pc+1

and has order pa by Proposition [Ar98]. For the other Z-types, we only have that

one of the relations is of level 3. Suppose, without much loss of generality (the other
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case is treated similarly), that r1 is of level 3, and write e3 = pα3e′3, e4 = pα4e′4.

Since [x, y, x] and [x, y, y] have order pa modulo γ4, we can take 0 ≤ α3, α4 ≤ a. Let

m = min{α3, α4}. Now x still has order p2a, but we have that y has order pa+b−m.

The m dimensions lost in calculating apc for a+b−m ≤ c ≤ a+b−1 are compensated

for by observing that ([x, y, x][x, y, y])p
c

defines a non-trivial element in

G3pc

G3pc+1

=
Gpc+1

γ3(G)p
c

Gpc+1γ2(G)pc+1

for 0 ≤ c ≤ m− 1. The possibility that a3p0 = 1 causes the decrease of 1 in the last

formula.

Lemma 7.5. For an interesting p-tower group of Z-type (3, 7), we have a7 ≤ 3.

Proof. Labute’s theorem (applied with for any value e > 8) gives that γ7/γ
p
7γ8 is

a Fp-vector space of dimension 18, for F a free pro-p-group on two generators. The

same theorem applied with the relation r of level e = 3 gives that the subspace

〈r〉 ∩ γ7(F )/γ7(F )pγ8(F ) has dimension 14, so a7 ≤ 4. The relation s of level 7 is

not contained in 〈r〉, and further, if we had s mod F8 ∈ 〈r〉 mod F8, this would

contradict the minimality of the choice of generators (i.e., that our group was of

Z-type (3, 7)). Hence the kernel of the surjection of Fp-vector spaces

F7/F8 → G7/G8

is at least 15-dimensional, and since F7/F8 has dimension less than or equal to 18 by

the surjection in Lemma 4.6, the image must have dimension a7 ≤ 3.
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Chapter 8

A CARDINALITY BOUND

At long last, we have arrived at the application promised all along – a concrete result

about properties satisfied by interesting tower p-groups of Z-type (3, 7). The principal

idea is to use the strongest form of the Golod-Shafarevich inequality, together with

the dimension subgroup data from the previous sections, to give lower bounds on the

order of a finite tower group of Z-type (3, 7). A naive attempt to extract information

from the Golod-Shafarevich inequality (indeed, the author’s first attempt at doing

so) is to take its output,

∞∑
k=2

rkt
k − dt+ 1 >

1

(1− t)
∑
cntn

,

and to minimize the function [(1−t)(t7+t3−2t+1)]−1 on the interval (0, 1). Combined

with the knowledge of the specific values of c0 through c4 (and that cn ≤ |G| for all

n), one can easily calculate that

151.51 <
∞∑
n=0

cn(.67)n = 15.6 +
∞∑
n=5

cnt
n ≤ 15.6 + |G|

∞∑
n=5

tn = 15.6 + .409|G|.

This gives |G| > 332, an interesting start to the process, but not nearly as strong as

we can do with the data of the previous section.

The key insight that went unused in the above calculation is that the b-series and c-

series offer only knowledge of the size of the group, whereas the a-series offers, loosely

speaking, information about the rank of the group. Using the stronger Theorem 3.8,

we get

t7 + t3 − 2t+ 1 >
∞∏
n=1

Pn(t)an > 0.
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for t ∈ (0, 1). Given that t7 + t3 − 2t + 1 > 0 is minimized on this interval at

approximately (.67, .02), we get our first inkling that the a-series might have to be

rather large to preserve this inequality. This is indeed the case.

Proposition 8.1. Let p > 7, and suppose G is a pro-p-group of Z-type (3, 7) and

whose abelianization is of type (pa, pb) with 1 ≤ a ≤ b. Then |G| ≥ p19+4a+b ≥ p24, so

in particular, |G′| ≥ p19+3a ≥ p22.

Proof. At this point, the proof is entirely elementary calculus and combinatorics.

From the previous sections, we have the equalities a1 = 2, a2 = a3 = a4 = 1, and

a5 = a6 = 2, and the inequalities a7 ≤ 3, and a8 ≤ 4.

The Golod-Shafarevich inequality now implies for t ∈ (0, 1) that the Zassenhaus

polynomial ZG(t) = t7 + t3 − 2t+ 1 satisfies

ZG(t) >
∞∏
n=1

Pn(t)an = P1(t)
2P2(t)P3(t)P4(t)P5(t)

2P6(t)
2
∏
n≥7

Pn(t)an .

For the rest of the proof we abbreviate Pn(t) to Pn. Included in the product on

the right are the contributions from apc , a2pc , and a3pc given in Proposition 7.4. Since

each Pn is less than 1, we can add in extra factors to correct for the ambiguities

concerning m and which relation had valuation 3 that arose in the proof. Namely,

one easily checks that if we put in a factor of P an
n where

an =


2 n = pc, 0 ≤ c ≤ a+ b− 1

1 n = 2pc, 0 ≤ c ≤ a− 1

1 n = 3pc, 0 ≤ c ≤ a− 1,

then we have over-counted the actual an’s of the group in all of the possible cases.
Adding in these factors, we have

ZG(t) ≥ P 2
1 P2P3P4P

2
5 P 2

6 ·
′∏

n≥7

P an
n ·

(
P 2

p P 2
p2 · · ·P 2

pa+b−1

) (
P2pP2p2 · · ·P2pa−1

) (
P3pP3p2 · · ·P3pa−1

)
,
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where the prime on the product signifies that the product is to exclude the terms
factored out on the right. The product of the terms with p-power, twice p-power, and
thrice p-power indices all telescope, and we continue the above calculation as

ZG(t) > P 2
1 P2P3P4P

2
5 P 2

6 ·
(

1− tp

1− tpa+b

)2

· 1− t2p

1− t2pa ·
1− t3p

1− t3pa ·
′∏

n≥7

Pn(t)an

=
(1− t)2

1− tpa+b

(
1− t2

1− t2pa

)(
1− t3

1− t3pa

)(
1− t4

1− t4p

)(
1− t5

1− t5p

)(
1− t6

1− t6p

) ′∏
n≥7

Pn(t)an

≥ (1− t)2(1− t2)(1− t3)(1− t4)(1− t5)2(1− t6)2
′∏

n≥7

(1− tn)an .

We observe that this inequality is violated if the primed product is trivial, and so there
must be some non-trivial terms accounted for in the product. Since Pm(t) ≥ Pn(t) for
m ≥ n, the minimum possible sum of the remaining indices would occur if the only
non-trivial term were a7. We check that the inequality is still violated if we allow
a7 ∈ {1, 2, 3}. Since a7 ≤ 3, we must have a8 > 0 (or rather, ai > 0 for some i ≥ 8,
but if i were strictly greater than 8, this would only improve our bound). Repeating
the process, we find that the set of admissible indices with minimal sum such that
the inequality is not violated is to have a7 = 3, and a8 = 5, and a9 = 6. To verify
this, one checks that the inequality

ZG(t) > (1− t)2(1− t2)(1− t3)(1− t4)(1− t5)2(1− t6)2(1− t7)3(1− t8)5(1− t9)5

is violated for t = .55 ∈ (0, 1). We conclude by observing that |G| = p
P
an , that∑∞

n=p ≥ 4a+ b− 4, and so that we have

∞∑
n=1

an ≥ 2 + 1 + 1 + 1 + 2 + 2 + 3 + 5 + 6 + (4a+ b− 4) = 19 + 4a+ b.

It is worth remarking that the strict improvement (Corollary 5.5) comes very close

to eliminating groups of Z-type (3,7) completely. Namely, if one could prove the

inequality en ≥ .05cn−8 for all n, we would have∑∞
n=1 ent

n∑∞
n=1 cnt

n
≥
∑∞

n=1 .05cn−8t
n∑∞

n=1 cnt
n

= .05t8

and incorporating this term in to the above calculation gives a contradiction regardless

of the a-series of G. This inequality is suggested by the observation that the values
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of en and cn−4 are close for all n for the group G1 appearing in [BB06], perhaps

suggesting that for any tower group, en is close to cn−m−1 where m is the depth of

the deepest relation.
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