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ABSTRACT 
 

Teacher educators use children’s thinking activities as a means to prepare 

prospective teachers to teach mathematics.  Research in methods courses and student 

teaching practica has shown these types of activities help prospective teachers deepen 

their own mathematical knowledge as well as better understand how children think.  This 

study investigates prospective teachers’ perceptions in a mathematics for teaching course 

when using children’s thinking activities.  Specifically, this study documents how four 

case study students perceived of the activities, their own and children’s mathematical 

thinking, and the role of language in mathematics teaching and learning. 

 Observations, interviews, and written class work were analyzed through the 

generation of themes within and across cases.  It was found that all of the participants 

perceived the children’s thinking activities as beneficial to providing insight into how 

children think mathematically.  In contrast, two of the four participants did not perceive 

the activities as supportive of their own mathematical learning.  However, the 

participants’ reflections, both on children’s mathematical thinking and their own, showed 

that all participants grappled with important mathematical concepts.  Specifically, 

through consideration of their own thinking, children’s strategies, and children’s 

understanding, participants discussed the fractional whole, the meaning of operations, 

and connections among strategies, among other topics.   This difference between how the 

participants perceived the use of children’s thinking activities and what was evidenced 

through their reflections suggests that participants might have felt a stigma in studying 

elementary mathematics. 



 

  

11

While the participants did not often reflect on the role of language in teaching and 

learning mathematics, they did articulate various ideas regarding language and 

mathematics, in particular regarding the instruction of English Language Learners 

(ELLs).  They discussed ways to help ELLs acquire mathematical language, which three 

participants saw as more than just vocabulary.  All participants also thought it was 

important for children to express their mathematical understanding.  However, two 

participants seemed to conceive of a unique way to express that understanding.  This 

finding suggests that prospective teachers need to be critically exposed to literature 

regarding mathematics instruction of language-minority children. 
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CHAPTER 1: INTRODUCTION 

1.1 Purpose and motivation 

Teacher educators have struggled for years with how best to help teachers develop 

the knowledge needed to teach.  In particular, they have hypothesized about what exactly 

constitutes knowledge for teaching and how to aid teachers in acquiring that knowledge.  

To address some of these issues, some researchers have spoken to what comprises a 

knowledge base for teaching (e.g., Shulman, 1986; 1987) arguing that it is “profession-

related insights that are potentially relevant to the teacher’s activities” (Verloop, Van 

Driel, & Meijer, 2001, p. 443).  In regard to a knowledge base for mathematics teaching, 

researchers have claimed that teachers need knowledge of conceptual understandings 

(e.g. Ball, 1990; Kennedy, 1998; Ma, 1999), student understanding (e.g. Schoenfeld, 

2006), and linguistic issues (e.g. Khisty, 1995), among other things. 

In addition to understanding what knowledge teachers need, teacher educators are 

also seeking ways to aid teachers in acquiring this knowledge base.  At the inservice 

level, professional development opportunities for mathematics teachers have focused on 

having teachers attend to children’s mathematical thinking, sometimes via artifacts 

generated by their classes. Following a seminal study of 40 first-grade teachers using 

Cognitively Guided Instruction (Carpenter, Fennema, Peterson, Chiang, & Loef, 1989), 

research has been ongoing in this area.  Findings indicate that through these professional 

development experiences, teachers begin to deepen their own knowledge of mathematics 

while understanding more about children’s mathematical thinking.  For example, Krebs 
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(2005) reported that teachers better recognized student potential and illustrated the 

complexities of evaluating student understanding, while at the same time strengthened 

their own mathematical understandings. 

Educators of prospective teachers have also begun to incorporate children’s 

thinking into the mathematical preparation of prospective teachers, generally using 

children-generated artifacts in the prospective teachers’ coursework.  Findings in this area 

have shown similar effects to the use of children’s thinking with inservice teachers, 

namely that prospective teachers deepen their own mathematical knowledge as well as 

understand more about how children think mathematically.  For example, as part of the 

Integrated Mathematics and Pedagogy project (Philipp, Thanheiser, & Clement, 2002), 

Ambrose (2004) shared that prospective teachers began to see a need for learning 

mathematics at a more conceptual level.  Additionally, Crespo (2000) argued that using 

children’s thinking activities helps prospective teachers think more deeply about what 

children understand mathematically, while McLeman and Cavell (2009) found that 

prospective teachers made sense of their own mathematical knowledge when they 

engaged in conversations about children’s explanations of their work. 

The findings above suggest that utilizing children’s work with prospective 

teachers is extremely beneficial in regard to prospective teachers’ mathematical 

knowledge as well as their knowledge of children’s mathematical thinking. Research in 

this area, however, has been conducted mainly in methods courses or student teaching 

practica (e.g., Crespo, 2000; Crespo & Nicol, 2006; Tirosh, 2000; Vacc & Bright, 1999), 

while research investigating the inclusion of children’s thinking in mathematics for 
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teaching courses1 is minimal.  This lack of research is problematic and not just because a 

gap in the literature exists.  For while it is true that an absence of research in a particular 

area does not necessarily precipitate need or worth, research regarding the utilization of 

children’s thinking in mathematics for teaching courses is important.  This importance is 

best motivated by understanding some of the goals of the mathematical preparation of 

prospective teachers.  These goals are outlined below.  

Among other things, teacher educators aim for prospective teachers to possess a 

deep knowledge of mathematics.  This deep knowledge, which Ma (1999) characterized 

as a profound understanding of fundamental mathematics (PUFM), includes the 

interconnectivity of mathematical concepts.  For example, prospective teachers should 

understand how place value, addition, and multiplication all tie together, as well as how 

these concepts are intimately connected to division and subtraction.  In addition, teacher 

educators also strive to help prospective teachers gain insight into how children think 

mathematically.   

As discussed previously, research centered on using children’s work has been 

conducted in mathematics methods courses and student teaching practica.  The findings 

from that research have documented that these goals – a deep, interconnected knowledge 

of concepts and insight into children’s thinking – are afforded through the examination of 

children’s work.  Armed with these findings, it seems natural for one to conclude that if 

children’s thinking activities were incorporated into a mathematics for teaching course, 

one should expect the same results, thus severely diminishing the need for more research.  

                                                 
1 A mathematics for teaching course is a mathematics content course designed specifically for teachers. 
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However, one must remember that while the goals of all of these courses are similar, the 

focus of each of the courses is different.   A mathematics for teaching course primarily 

focuses on the expansion of prospective teachers’ content knowledge, a methods course 

on the development of prospective teachers’ pedagogical content knowledge, and a 

student teaching practicum on the application of both types of knowledge.  Given the 

difference in focus, the benefits afforded by examining children’s work in a mathematics 

methods course or student teaching practica may be less appropriate for a mathematics 

for teaching course, making the need for research necessary.   

Conducting research is an important tool in providing information about what 

benefits might be gained from utilizing children’s work in a mathematics for teaching 

course.  An investigation of children’s thinking may provide prospective teachers with 

opportunities to deepen their mathematical understanding.  Prospective teachers may see 

the need for a deeper understanding of concepts when they realize that children think 

about mathematics in diverse ways. The fact that the development of this motivation can 

take place during a mathematics for teaching course is extremely important since 

prospective teachers have extended opportunities to think about content in these courses. 

In the end, prospective teachers may actually learn more content in the mathematics for 

teaching courses because they understand the need for understanding the content better.  

On a related note, investigating the incorporation of children’s thinking activities in this 

type of course will also help teacher educators tailor the activities to meet the needs of 

prospective teachers. 

 This dissertation attempts to fill the need for the research described above by 
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investigating prospective teachers’ perceptions when children’s thinking activities were 

used in a mathematics for teaching course.  The following sections detail how and why 

this study was conceived; the research questions that were investigated; the theoretical 

framework that guides the study; and the ethical considerations and definitions of terms 

specific to this study. 

1.2 Positionality 

Over the past nine years, I have focused my professional work in the area of 

mathematics teacher education by supporting the learning of PreK-12 prospective 

teachers (Reys, 2009).  In particular, I taught courses for both elementary and secondary 

prospective teachers at a large southwestern university.  Of these courses, I taught two 

mathematics content courses especially designed for future elementary teachers.  These 

courses focused on the mathematics that is commonly taught in most K-8 curricula. The 

aim of the courses was to help prospective teachers develop a greater understanding of 

the interrelated, underlying mathematical concepts that their future students will learn and 

that they most likely will teach, as well as to introduce prospective teachers to children’s 

mathematical thinking.  These courses were required, and although most prospective 

teachers understood why they needed to take them, I generally heard the courses 

described by students as being very difficult and not always relevant to what they are 

going to teach.   

To illustrate their frustration, consider the following situation.  To help the 

prospective teachers understand our Hindu-Arabic, base 10 place value system more 

deeply, instructors often asked students to consider the structure of place value systems 
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with different bases.  Different bases were studied because it not only allowed 

prospective teachers to put themselves in the shoes of their young students who may not 

know the base 10 system, but because it also forced them to think outside of their comfort 

zone.  Since prospective teachers are so familiar with the base 10 place value system, it is 

often not very easy for them to objectively think about the structure surrounding that 

numeration system.  Investigating other bases is one manner in which this can be done.  

However, since most, if not all, of the prospective teachers will never teach different 

bases to students, they sometimes viewed this content as not relevant to their future 

careers, although the above motivations were made clear to them.   

While I enjoyed teaching different bases (primarily because I liked the content), I 

understood why the prospective teachers might have felt the concept of different bases 

was not relevant to their careers.  Thus, I have constantly searched for activities that 

would provide meaningful experiences for prospective elementary teachers.  Ideally these 

experiences were rich mathematically while at the same time relevant to the prospective 

teachers’ future careers.  A set of activities with this potential was presented to me a few 

years ago.  At that time, based on his interest in social learning theories and his doctoral 

work using Cognitively Guided Instruction (Carpenter et al., 1989), an assistant professor 

in the mathematics department was interested in researching the use of children’s 

thinking activities in the first of the two mathematics for teaching courses described 

earlier. Specifically, he was interested in researching how instructors used video clips of 

students sharing invented strategies to teach mathematical content, specifically addition, 

subtraction, multiplication, and division.  As I was teaching the mathematics for teaching 



 

  

18

course that semester, I was involved in that research study.   What I found, anecdotally, in 

my class was that the prospective teachers enjoyed seeing and listening to students 

describe particular solution methods.  In addition, it seemed that they learned quite a bit 

about the different ways students might solve problems, and for some, the need to 

understand mathematics more deeply.  Encouraged by the prospective teachers’ response 

to the activities, I wanted to find similar activities that would both motivate the 

prospective teachers and also engage them as mathematical learners in meaningful 

explorations of mathematical concepts. 

1.2.1 Teacher study group 

During a portion of my time teaching the mathematics for teaching courses for 

prospective elementary teachers described above, I also worked as a Doctoral Fellow for 

the Center for the Mathematics Education of Latinos/as (CEMELA)2.  As a part of my 

responsibilities, I, along with other members of the grant, participated in aspects of both 

the facilitation and research of a multi-school, grade 3-6, teacher study group.  The basis 

for the framework that guided this group was that investigating student work has the 

potential to influence teachers to engage with mathematical content as learners and then 

reflect on their practice.  This potential is shown with the solid arrows in figure 1.  

However, in practice, teachers (and people in general) do not follow a strict progression, 

but move fluidly from one component to the next.  This fluid motion is represented in 

figure 1 with dotted, bidirectional arrows.  This framing is supported in the literature, as 

                                                 
2CEMELA is a Center for Learning and Teaching supported by the National Science Foundation, grant 
number ESI-0424983.  Any opinions, findings, and conclusions or recommendations expressed in this 
document are those of the author and do not necessarily reflect the views of the National Science 
Foundation. 
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research with teacher study groups (e.g. see Arbaugh, 2003; Kazemi & Franke, 2004) has 

repeatedly shown that when teachers actively engage with student work, they rethink and 

reflect on their practice while also delving further into understanding mathematical 

concepts more deeply.    

 

 

 

 

 

 

 

Using this framework, we wanted to provide the teachers in the study group an 

authentic experience of examining children’s work in a study group environment.  To 

accomplish this, we invited four grade-five students to the study group to share their 

thinking about how to compare fractions.  These four children were videotaped working 

on and explaining how they compared the fractional pairs of
2

1
, 

8

3
 and

3

2
,
6

5
.  The 

explanations provided by the children were very powerful because although the 

children’s explanations varied, in general the children did not arrive at a correct 

conclusion.  The teachers were at times perplexed about how the children were thinking 

about the fractions, and a very rich conversation about the children’s explanations 

followed after the children left. 

 

Figure 1. Framework for teacher study group professional development 
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1.2.2 Fraction-based module: Pilot implementation, spring 2006 

Due to the interest and enthusiasm that the teachers in the study group showed 

during the children’s thinking session, I, alongside two other graduate students, 

developed and piloted a module based on the video clips of the four students’ 

explanations in one section of the first mathematics for teaching course described earlier.    

After this pilot run, we compared field notes and reflected on the implementation by 

examining the prospective teachers’ in-class conversations (which were videotaped) as 

well as their responses from their completed worksheets (which were collected and 

photocopied).  What we found was that most of the questions in the module were viewed 

by prospective teachers through the lens of future teachers and not of mathematical 

learners.  Therefore, after the pilot implementation, the module was modified to have 

more of a focus on mathematics content.  To help ensure this, we sought the advice of a 

mathematics educator in the mathematics department at the university while also asking 

for feedback from other faculty members.  It was our intention to use the module in all 

sections of the first mathematics for teaching course in the fall semester as well to 

conduct a pilot study to investigate the perceptions that were elicited while participants 

worked on the module. 

1.2.3 Fraction-based module: Pilot study, fall 2006 

In the fall of 2006, three sections of the first mathematics for teaching course, all 

taught by first time instructors, were invited to participate in a pilot study. This study was 

designed and conducted by myself and one of the module developers, another Doctoral 

Fellow in CEMELA. The reason we asked only first time instructors to participate in the 
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study was because we wanted the module to be implemented faithfully to its design.  

In this pilot study, we were specifically interested in prospective teachers’ 

perceptions about their own learning and understanding of fractions while using the 

module.  This was the focus because, in my experience, the study of fractions is when 

prospective teachers become anxious about their own knowledge, as I have seen many 

students unsure of how to solve problems involving fractions.  This uneasiness with 

fractions was not unique to my classes as Ball (1990) found that both elementary and 

secondary prospective teachers’ knowledge of fractions is mostly procedural and very 

fragmented. 

Twenty-two prospective teachers were consented, with two participants selected 

as case studies.  All participants took a prior and post knowledge assessment on fractions, 

were videotaped during large group discussions, and completed a Class Notes packet, 

which is the collection of children’s thinking activities used in the course (including the 

fraction module).  The two case study students also participated in two individual, 

videotaped interviews, one at the beginning of the module activities and one at the end of 

the activities.  

After analyzing the data, it was found that the case study students’ perceptions of 

teaching and learning fell into overlapping categories. In general, the case study students 

focused most of their attention on the understandings of the children in the video clips, 

while sometimes commenting on how they would, as teachers, help the children build 

upon their understandings.   

We had expected the participants to focus on their own mathematical 
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understanding as they completed the activities.  However, either the case study students 

would not bring it up or they would briefly touch upon it before moving on to other 

topics.  Although we cannot be positive, we attributed this lack of attention to a few 

reasons.  First, the interview questions asked of the case study students might not have 

been worded in such a way as to elicit these particular perceptions.  Second, it seemed as 

if the case study students tended to overestimate the depth of their mathematical 

knowledge.  Even when faced with evidence that perhaps they did not know the content 

as deeply as they had thought, they self-reported (through interviews and a mathematical 

autobiography) being strong in the mathematics content.  Last, it appeared that the case 

study students viewed the mathematics they were investigating as easy since they had 

previously learned these concepts in elementary school.    

Although brief, other categories of perceptions, such as the category of ‘language’ 

and ‘testing’ emerged.  With regard to language, both case study students perceived of 

the role of language as extremely important to both teaching and learning mathematics.  

However, their perceptions focused on different aspects, ranging from mathematical 

language in the classroom to how best to accommodate teaching a child whose primary 

language is not English.   

The history of using children’s thinking in the mathematics for teaching course at 

the university was extremely important to the conceptualization of this study.  I was 

intrigued by the findings from the pilot study and the amount of attention the case study 

students paid to children’s understandings and what little attention they paid to their own 

understandings.  Therefore, I wanted to examine prospective teachers’ engagement with 
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not just the fraction module but with the other children’s thinking activities used in the 

course as well. I was specifically interested in how the prospective teachers perceived the 

use of these children’s thinking activities.  While both case study students said they 

enjoyed the activities, I was not sure how useful they found the activities in deepening 

their mathematical understanding in a mathematics for teaching course. 

I was initially interested in investigating what leads prospective teachers to focus 

on themselves as mathematical learners and what sustains this focus.  However, after I 

began to analyze my data, I realized that what I truly wanted to capture was the nature of 

prospective teachers’ perceptions. Because of the data I collected, which was primarily 

interviews (one-on-one and focus group) and in-class discussions (small and whole 

group), my participants were, in a way, forced to reflect on a variety of their perceptions.  

Thus it was the quality of the perceptions I ascertained that led to my shift in research 

interests.  By investigating participants’ perceptions, I hypothesized that I would better 

understand how the participants conceptualized their own mathematical thinking, as well 

as the children’s, and how the children’s thinking activities could provide a context for 

prospective teachers to deepen their own understanding of mathematics.   

 A final area of interest was the role of language in teaching and learning 

mathematics.  As described earlier, my work in CEMELA provided me numerous 

opportunities to consider the interplay between language and mathematics teaching and 

learning.  Furthermore, both of the case study students in the pilot research study attended 

to issues of language, and I was intrigued to see what other ideas would emerge in the 

context of using children’s thinking activities.   
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The following section details my specific research question, as well as an 

introduction to the methodology that was used to structure the study. 

1.3 Research question 

 The general focus of my dissertation study was to gain a better understanding of 

the nature of prospective elementary teachers’ perceptions when children’s thinking 

activities were used in a mathematics for teaching course. Specifically, I investigated the 

following question: 

When using children’s thinking activities in a mathematics for teaching course, how 

do prospective teachers perceive of -  

a. the use of these activities?  
b. children’s mathematical thinking? 
c. their own mathematical thinking? 
d. the role of language in teaching and learning mathematics? 

 
Using activities from the multiplication and division units and the fraction-based 

module introduced in Section 1.2 as the primary settings, the perceptions of four 

prospective elementary teachers in one section of the first mathematics for teaching 

course were documented through a qualitative, case study methodology (Yin, 1984) using 

an interpretive stance towards research (Erickson, 1986). This stance was essential to the 

framing of this study since its followers assume that individuals’ perspectives are the 

most accurate means to understand their actions.  I wanted to understand the nature of 

prospective teachers’ perceptions; thus, I needed to use my participants’ perspectives to 

do so.  This understanding was accomplished through studying their words (individual 

and focus group interviews; videotaped, small group and whole class discussions) and 

their completed written work.  More detailed information about the methodology of this 
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study will be described in chapter three.   

1.4 Theoretical framework 

This study was guided by an emergent perspective of learning (Cobb & Yackel, 

1996). Using this lens allowed me to focus on the nature of individual perceptions 

through the social activity of participating in group discussions and interviews.  For my 

purposes, emergent learning theory framed the reflexive relationship between the 

environments (a classroom and an interview situation) and individual perceptions.  Under 

this framing, each prospective teacher extracted meaning from the children’s thinking 

activities and shared their developing understandings through discussions with fellow 

classmates and/or interviews with me.  These discussions and interviews, in turn, 

informed what the prospective teachers perceived and extracted from the children’s 

thinking activities.   

This symbiosis was a key underlying assumption for the study as what 

participants perceived were shaped by their engagement with the children’s thinking 

activities and vice versa.  This assumption guided the data collection and analysis 

processes.  When collecting data, I was mindful that the questions asked in the interview 

portion of the study would affect the perceptions that emerged during the in-class 

activities.   

During the analysis of data (which is described in more detail in chapter three), it 

was also important to remember that the in-class discussions and interviews were part of 

a prearranged context.  What perceptions emerged in these types of environments might 

have been very different than those that would have emerged if the prospective teachers 
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had gotten together informally and the topic of using children’s work arose organically.        

1.5 Ethical considerations 

 Situated within my theoretical framework, the way children’s thinking was used 

in the course could have been a factor in what perceptions emerged.  Although I was not 

the instructor of the course and thus was not responsible for any grades the prospective 

teachers received, my presence in the classroom might have made students feel 

uncomfortable to share their thinking aloud. Also, students might either have felt pressure 

to participate in the study or intimidated to participate as it was clear that I was on 

friendly terms with their instructor. To mitigate any pressure the prospective teachers 

may have felt to participate in the study, I tried to make it clear at the initial consent as 

well as throughout the study that participation in the study was completely voluntary and, 

if at any time the prospective teachers felt uncomfortable with my presence in the 

classroom (or for any other reason), they could opt out of the study.  I also reassured the 

students at the initial consent and throughout the study that I had no knowledge of their 

grades, nor would I inform their instructor who was participating in the study or discuss 

with their instructor what specific things were revealed during the study. 

 1.6 Definitions of terms 

 Throughout this study, a number of terms/phrases are used repeatedly and in a 

very specific manner.  These terms/phrases are defined below. 

Practicing/Inservice Teachers 

 Individuals that are currently teachers in elementary and middle schools (grades 

K-8) are referred to as ‘practicing teachers’ or ‘preservice teachers’ throughout the write-
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up of this study. 

Prospective/Preservice Teachers 

 The phrase ‘prospective teachers’ or ‘preservice teachers’ refers to the individuals 

who have indicated that they intend to pursue the field of teaching upon graduation from 

university.  Participants in this study are those who have declared their intention to 

become elementary school teachers.   

Children’s Thinking/Children’s Thinking Activities/Children’s Work 

 Activities based on children’s thinking are an important facet of this study.  These 

activities include examining children’s solution strategies for multiplication and division 

as well as fractional concepts, all of which are based on video clips of children explaining 

their work.  The children referenced during these activities of the study are elementary 

age (ages 5-10) and come from a variety of places within the United States.  [Note: In 

some instances throughout the review of literature the children may be of middle school 

age (ages 11-12).]  The phrase ‘children’s thinking’ refers to how elementary and middle 

school children are making sense of a given issue and/or topic. 

Perceptions 

 While preconceptions may play a role in how people view their world, 

preconceptions and perceptions are not synonymous ideas.  A preconception is an 

opinion formed prior to an event, while a perception is a person’s view of his/her world.  

More formally, I define a perception to be the application of an individual’s sociocultural 

lens to a specific setting, which is constructed by his/her prior knowledge, experiences, 

and beliefs, among other things.  A sociocultural lens is the viewpoint of an individual 
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informed by the society/culture in which the individual participates.   

1.7 Organization 

Chapter one detailed the rationale and motivation for this dissertation study, along 

with what specific research questions were investigated, the ethical considerations of the 

study, the theoretical framework underlying the study, and the paradigm under which the 

researcher operated.  Chapter two provides a review of relevant literature which framed 

the study.  Chapter three describes the methodology of the study, including information 

about the participants, setting, data collection, and data analysis.  The findings from 

individual participants are described in chapter four, while cross-cutting themes are 

provided in chapter five.  Lastly, a final summary, implications for practice and further 

research, and limitations of my findings are detailed in chapter six. 



 

  

29

CHAPTER 2: REVIEW OF THE LITERATURE 

 This literature review synthesizes research related to teachers’ perceptions about 

teaching and learning mathematics, including research about beliefs, language and 

mathematics, and teacher knowledge. Additionally, research regarding the use of 

reflection is detailed since participants were asked to reflect on their experiences 

throughout the children’s thinking activities.  Finally, as investigating children’s thinking 

is the context in which prospective teachers’ perceptions were elicited in this dissertation 

study, literature on the use of children’s thinking activities in prospective teacher 

education coursework is reviewed.   

2.1 Perceptions 

The study of perceptions has a long history, dating back to Ancient Greece 

(Coren, Ward, & Enns, 2004).  Considering the vast number of scholars who have 

considered issues about perceptions, it is not surprising there is significant variance in 

how people define perception.  On a general level though, many scholars view a 

perception as how the mind processes the world, be it through a visual, auditory, or other 

means (e.g. Coren et al., 2004; Humphreys & Riddoch, 2007; Kanwisher, McDermott, & 

Chun, 1997).  As stated in chapter one, a perception in this study is defined as the 

application of a sociocultural lens to a specific setting and is constructed by, among other 

things, an individual’s prior knowledge, experiences, and beliefs.  

Using this notion of perception, when teachers attend to different educational 

constructs (e.g. instruction, knowledge, understanding), it is informed by their prior 

knowledge, experiences, and beliefs of these constructs.  Therefore, it is important to 
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document what recent research says about teachers’ beliefs and knowledge.  The 

following sections specifically address these particular areas.  Teachers’ beliefs about the 

nature of mathematics and of mathematics teaching and learning will be addressed first, 

followed by a review of literature on teachers’ ideas about language and mathematics and 

then finally their mathematical and pedagogical content knowledge.   

2.1.1 Beliefs 

In the past, researchers have assumed by omission in their writing that they were 

working with a common definition of beliefs.  However, this may not have always been 

true (Thompson, 1992).  Since a main focus of this literature review is to discuss teacher 

beliefs, it is first important to consider what is meant by the term belief. By no means is 

this section intended to provide an exhaustive review of this literature.  My goal is simply 

to create a framework from which we can talk about teacher beliefs.   

Beliefs defined 

As alluded to earlier, many definitions of belief exist.  While they may differ in 

semantics, an underlying theme running throughout all of the definitions is that beliefs 

are mental creations of an individual, a way for individuals to mediate how they interpret 

the world (Rokeach, 1968).  For example, Murphy and Mason (2006) regarded beliefs as 

“all that one accepts as or wants to be true” (p. 306). Sigel (1985, as cited by Pajares, 

1992) viewed beliefs as “mental constructions of experience” (p. 351) that guide behavior 

and thought, where de Abreu, Bishop, and Pompeu (1997) saw beliefs as being 

determined by environment - a manifestation, or a mental representation, of an 

individual’s social life.  In this study, a belief is thought of as an individual’s confidence 
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in something that does not necessarily have to measure up to external evidence.  This 

definition is in line with Dewey’s (1933) notion: “it covers all matters of which we have 

no sure knowledge and yet which we are sufficiently confident to act upon” (p. 6).    

It important to note that it is extremely difficult to distinguish beliefs from 

knowledge (Pajares, 1992). Some researchers have argued that beliefs are a subset of 

knowledge (e.g. Nisbett & Ross, 1980) while others have argued the converse – that 

knowledge is a subset of beliefs (e.g. Rokeach, 1968).  However to avoid trying to 

distinguish between the two, most researchers acknowledge that knowledge and beliefs 

are overlapping constructs (Murphy & Mason, 2006). As James (1911) succinctly puts it, 

“Neither, taken alone, knows reality in its completeness.  We need them both, as we need 

both our legs to walk with” (p. 53).  This view of the relationship between knowledge and 

beliefs is taken in this dissertation.  

Beliefs about teaching and learning mathematics 

 Beliefs that have been of interest to mathematics educators are numerous 

(Goldin, 2006).  As such, a vast quantity of research about a wide array of teacher beliefs 

exists. Philipp (2007) synthesized research conducted over the past decade in this area,  

including measuring beliefs, the role of context, changing beliefs, curriculum, 

technology, and gender, to name a few.   Although admittedly a narrowed and focused 

scope, only recent research on teachers’ beliefs with respect to the mathematics teaching 

and learning and the nature of mathematics will be considered for this literature review.  

The focus is on these areas since they were most relevant to the study, which took place 

in a mathematics for teaching course.  
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During the 1970s, research on teaching shifted away from a focus on teachers' 

behaviors to that of cognition.  It was during this time that educational researchers 

became interested in what was underlying teachers' thoughts and behaviors (Thompson, 

1992).  Although psychologists had been studying beliefs for decades prior to this shift, 

beliefs became a cornerstone of research on teaching and teacher education in the 1980s 

(Thompson, 1992).  What those studies and ones since have found is that what a teacher 

believes and how a teacher thinks ultimately influences what a student learns (Carpenter 

et al., 1989; M. Wilson & Cooney, 2003).  In particular, a teacher’s belief about 

mathematics directly impacts how s/he teaches and practices mathematics.   

Figure 2 visually depicts a model of the relationships between mathematical 

beliefs and practice.  Hoping to better account for the inconsistencies that exist between 

teachers’ beliefs and their practice, Raymond (1997) studied six beginning teachers’ 

beliefs over a period of 10 months.  What she found was a much more complex 

relationship that she previously had hypothesized, which she accounted for with differing 

arrow widths.  Of special interest is that Raymond found teacher education programs to 

be more likely to influence a teacher’s beliefs rather than have a direct impact on their 

practice. 

Since the beliefs that teachers possess strongly influence their decisions in the 

classroom, it is important for teacher education programs to provide prospective teachers 

opportunities to be metacognitive (Cooney, Shealy, & Arvold, 1998) so they may begin 

to understand and challenge their beliefs regarding education (Hart, 2004; Raymond, 

1997). Challenging beliefs may take time, as generally they are well established, formed 
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from many years of going through an “apprenticeship of observation” (Lortie, 1975). 

These beliefs are extremely personal (Rokeach, 1968) and, depending on the intensity of 

the belief, are often very resilient to change (Hart, 2004). However, it is vital for 

prospective teachers to make sense of their own beliefs as well to consider different 

beliefs, for as teachers they may be confronted on a daily basis with beliefs that differ 

from their own (e.g. students’ beliefs about content, parents’ beliefs about assessment, 

and administrators’ beliefs about classroom management).  

 

 

 

 

 

 

 

 

 

 

 

 

 

Beliefs about the nature of mathematics 

 Research has also shown that a teacher’s idea about the nature of mathematics 

Figure 2. A model of relationships between mathematics belief and practice.  From 
“Inconsistency between a Beginning Elementary School Teacher’s Mathematics Beliefs 
and Teaching Practice,” by A. M. Raymond, 1997, Journal for Research in Mathematics 
Education, 28, p. 571.  Copyright 1997 by the National Council of Teachers of 
Mathematics.  Reprinted with permission. 
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also influences the way in which a teacher conducts mathematics instruction.  These ideas 

may be developed through experiences and observations in mathematical-related 

situations (Pehkonen & Pietila, 2003).  For example, when studying the mathematical 

beliefs of grade 4-6 teachers, Stipek, Givvin, Salmon, and MacGyvers (2001) found that 

teachers who thought of mathematics as consisting of a set of unrelated facts, skills, 

procedures, and rules generally focused more on performance than on understanding.  

Teachers who saw mathematics as problem-driven and as an unfinished body of 

knowledge that continues to grow and expand focused more on solving problems.  These 

teachers were also able to doubt, reflect, and then reconstruct their views on mathematics 

teaching and learning, a characteristic possessed by many teachers who are more in line 

with reform-oriented teaching (M. Wilson & Cooney, 2003) and one which Cooney 

(1999) claimed prospective teachers do not generally possess.  Research on teacher 

reflection is expanded on in a later section. 

Beliefs challenged 

A teacher’s view about mathematics is not encased in stone however.  Through 

her work with the Teaching to the Big Ideas project, Schifter (1998) found that when 

teachers engaged as mathematical learners with the content they teach, they began to 

challenge their beliefs about the nature of mathematics. Re-experiencing and sometimes 

re-learning the mathematics they teach allowed the teachers to question their past 

conceptions of mathematics as a static body of rules and procedures.  The teachers began 

to view mathematics as something that can be discovered and constructed rather than a 

set of unrelated facts that needs to be reproduced. 
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Teachers also have strong beliefs about a variety of things related to teaching and 

learning.  These include, but are not limited to, the role teachers can play in an 

individual's life, why variation exists in academic performance, and what constitutes right 

and wrong in a classroom (Kennedy, 1998)   For example, as a part of their seminal study 

on how teachers use their knowledge of children’s thinking in instruction, Peterson, 

Fennema, Carpenter, and Loef (1989) documented the pedagogical mathematical beliefs 

of 39 first-grade teachers.  In particular, they investigated teachers’ beliefs about 

mathematics, curriculum, and instruction of addition and subtraction. Findings suggested 

that the teachers’ beliefs about how they taught addition and subtraction were related to 

their students’ problem-solving abilities.  In addition, as Stipek et al. (2001) found over a 

decade later, differences in the teachers’ beliefs about mathematics corresponded to 

differences in the strategies of instruction used.  

As a way to allow prospective teachers to challenge their educational beliefs, 

among other thing, Children’s Mathematical Thinking Experiences (CMTEs) were 

created as part of the Integrating Mathematics and Pedagogy project (Philipp, Thanheiser, 

& Clement, 2002). By introducing a field experience as an additional component to a 

mathematics for teachers course, the developers of the CMTEs provided prospective 

teachers an opportunity to challenge their stated beliefs about mathematics teaching.  

Findings suggested that while the prospective teachers did not face the various demands 

that come with teaching a whole class of students, the experience led them to recognize 

that teaching is not a mere presentation of information, a belief held by some at the 

beginning of the course (Ambrose, 2004). Some difficulties were encountered, though, 
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when prospective teachers were faced with solution strategies different than their own. In 

their interviews, some prospective teachers noted that they appreciated and welcomed a 

variety of solution strategies in mathematics.  However, when presented with the 

opportunity to capitalize on a student’s solution process, they oftentimes chose to present 

their own strategy, even if the two strategies were very different.   

These findings correspond to what Hart (2002, 2004) found when she documented 

the beliefs of 14 prospective teachers and then followed eight of the 14 participants into 

their first year of teaching. She found that the teachers' practice was inconsistent with the 

beliefs they stated during their teacher preparation program.  Instead, their instructional 

decisions were based on pressure from administration, colleagues, and students.  It 

seemed that the new teachers were hesitant to confront the existent culture, a problem 

documented by other research (e.g. Handal, 2002).  These findings highlight an important 

conclusion:  the actions of a teacher do not necessarily coincide with what a teacher 

believes (Khisty, 2001). When teachers’ educational beliefs are not solidified, teachers 

might be tempted to bend to societal pressures or revert back to their own mathematical 

experiences when making instructional decisions, even if the decisions do not coincide 

with their current beliefs. 

How beliefs impact learning 

Up until now, only research concerning how mathematical beliefs impact 

instruction has been discussed. However, it is also important to consider how beliefs 

impact learning.  Kagan (1992), citing the work of Clement, Brown, and Zietman (1989), 

stated that an individual’s beliefs might either facilitate or impede the learning of 
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mathematics.  The former occurs when beliefs are congruent with the knowledge to be 

learned; the latter occurs when the beliefs are inconsistent with the knowledge to be 

learned.  As prospective teachers are students of mathematics, how might their 

mathematical beliefs influence how they learn mathematics?  

The beliefs of prospective teachers participating in the CMTEs have already been 

discussed (Ambrose, 2004). But did their beliefs impact their learning of mathematics, 

and if so, how? What was found was that the prospective teachers began to see a purpose 

in the content they were learning. They began to see that understanding mathematics was 

essential to becoming a successful teacher.  In other words, they realized that they needed 

to have a deep understanding of mathematical concepts in order to help children 

understand concepts in multiple ways. 

Szydlik, Szydlik, and Benson (2003) also studied prospective teachers’ beliefs.  

They reported that the prospective teachers in their study saw mathematics as something 

that needed to be memorized and something that they would not be able to figure out on 

their own.   However, after a semester of focusing on problem-solving, the prospective 

teachers began to see mathematics as a more sensible discipline which in turn motivated 

them to know why things were true and pushed them to work harder at understanding 

procedures. However, not all the prospective teachers experienced this impact in a 

positive way  One prospective teacher believed that she should be able to solve problems 

quickly.  When that did not happen, she lost confidence in herself and emotionally shut 

down as a learner. 
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Beliefs summary 

The perception that teachers generally possess a belief of mathematics as a rigid 

body of unrelated facts and procedures is supported in the literature (Raymond, 1997; 

Thompson, 1992, and references cited therein).  Although these beliefs can be resilient 

(Hart, 2004) and very personal (Rokeach, 1968), formed in part by years spent in 

classrooms (Lortie, 1975; Raymond, 1997), they are not static.  Providing practicing 

teachers with opportunities to make sense of the mathematics they are teaching (Schifter, 

1998) and showing prospective teachers that not all children learn the same (Ambrose, 

2004) can alter these beliefs.   

Although the focus of this section was on teachers’ beliefs, they are not the only 

factor that influence mathematics teaching (Raymond, 1997).  Among other things, ideas 

regarding language and mathematics and teacher knowledge are additional factors that 

should be considered when investigating what underlies teacher behavior.  Recent 

research in these areas is discussed in the following sections.   

2.1.2 Language and mathematics 

 Determining what ideas participants had regarding the role of language in 

teaching and learning mathematics when engaging in children’s thinking activities was of 

primary interest in this study. Therefore it is important to consider what prior research 

has found in regard to the relationship between language and mathematics.  Due to the 

sheer scope and size of this topic, the focus of this section has been narrowed to only 

consider research involving English Language Learners (ELLs) and bilingual children.  

This was because of the demographics of the surrounding area in which this study took 
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place, as well as my role as a Fellow within CEMELA. 

 Teachers in the United States cannot assume their students will have English as 

their primary language (L1), nor be fluent in English in order to participate as fully in the 

classroom as native English speakers (Khisty, 2001).  As of 2004, approximately 5.5 

million students were classified as non-English speaking.  Of these students, 440 different 

languages were represented and an overwhelming 80% of the students reported speaking 

Spanish (Roberson & Summerlin, 2005).   These numbers make it clear that examining 

language and its connection to mathematical learning is of utmost importance.  However, 

a review of the literature reveals shockingly few studies dedicated to this area (Khisty, 

1995; Moschkovich, 2002; Roberson & Summerlin, 2005).   

A language is composed of many sublanguages (Gee, 1996).  Depending on the 

sublanguage used, a different identity and purpose for that identity is achieved. Gee 

described this display of membership as participating in a Discourse - socially accepted 

norms of saying, doing, acting, and expressing.  He argued that there are multiple 

Discourses, and that literacy correlates to mastery of the academic (or secondary) 

Discourse. Cummins (1992) referred to fluency in this type of academic setting as 

cognitive academic language proficiency (CALP), or the fluency of how language is 

manipulated in academic situations.  Specific to mathematics, researchers (e.g. Cuevas, 

1984; Moschkovich, 2000, 2002; Pimm, 1987) have spoken about the mathematics 

register. This register consists of, among other things, meanings, phrases, structures, and 

modes of communicating “belonging to the natural language used in mathematics” 

(Cuevas, 1984, p. 136) and exists separate to the everyday register (conversational 
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language).  Although registers are not disjoint with respect to the set of terminology used 

to describe particular concepts, the meaning attached to the terminology as well as the 

situational use of the terminology, phrases, structures, etc. may differ.  

Much of the research concerning ELLs’ and bilingual children’s learning of 

mathematics has focused on the difficulties they face when acquiring the mathematics 

register (Moschkovich, 2000).  However, this research can be interpreted through a 

deficit model lens, where individuals focus on the disconnect between the two registers 

(e.g. using a vocabulary acquisition or construction of multiple meanings perspective).  

This disconnect is then viewed as solely an obstacle to be overcome (Moschkovich, 

2002).  Therefore, instead of focusing on the limitations of ELLs and bilingual children, 

researchers such as Khisty (1995) and Moschkovich (2002) have argued for a reframing 

of research that uses a situated and sociocultural perspective. The power of this 

perspective is that it attends to children’s participation in mathematical discourse 

practices by analyzing the multiple resources ELLs and bilingual children use to 

communicate mathematically.  This is an important consideration as it can expand views 

of what counts as mathematical competence (Moschkovich, 2002).     

Mathematical communication is extremely complex though as seen through a 

model (see Figure 3) proposed by Clark (1975, as cited by Cuevas, 1984).  In his model, 

Clark took note of the different linguistic activities involved in mathematics teaching and 

learning.  These included discussion, verbalization, definition, and translation, all of 

which are a part of what it means to communicate mathematically (Khisty, 2001; 

Moschkovich, 2000).  What is clear from this model is that both a child’s primary 
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language (L1) and secondary language (L2) are involved in all the different linguistic 

activities.   

 

 

 

 

 

 

 

 

 

 

 

 

 

Cuevas (1984) noted that “students require considerable proficiency in both their 

first and second languages if they are to cope with the range of linguistic activities 

required for learning mathematics” (p. 137).  Cummins (1992) contended that if sufficient 

motivation and exposure is given to both languages, then the development of proficiency 

in higher-order thinking skills, subject matter, reading skills, among others, in a child’s 

L1 would transfer to L2.  However, when the language of instruction is not 

comprehensible, children may shut down and resist making sense of the instruction 

Figure 3. A model for considering the role of language in mathematical activity.  
From “Mathematics Learning in English as a Second Language,” by G. J. Cuevas, 
1984, Journal for Research in Mathematics Education, 15, p. 137.  Copyright 1984 
by the National Council of Teachers of Mathematics.  Reprinted with permission. 



 

  

42

(Garrison & Mora, 1999). Therefore, teachers need to use children’s L1 for instruction 

when the children do not possess understanding of mathematical concepts.  Then, once 

the concept is known, it can be used as a vehicle for learning English (Garrison & Mora, 

1999).  As Cummins (1992) explained, if children understand the concept of honesty in 

their L1, they just need to acquire a new label for that concept.  However, if they do not 

know that concept in their L1, not only are they acquiring a new word in their L2, but a 

new concept as well. 

Research has shown that effective teachers of second language learners, 

regardless of fluency in the children’s L1, can provide academically engaging and 

challenging environments that support children’s mathematical development.  Khisty and 

Chval (2002) detailed an account of a teacher, Mrs. Martinez, who deliberately populated 

her classroom talk with mathematical discourse.  Through Mrs. Martinez’ classroom 

facilitation of asking a multitude of questions and modeling mathematical talk (Khisty & 

Viego, 1999) at the very onset of the school year, children were able to develop 

mathematical communication that not only showcased their acquisition of sophisticated 

mathematical language but also the ability to use that language meaningfully and 

appropriately.   

Investigating mathematics instruction at the high school level, Gutiérrez (2002) 

focused on three teachers’ instruction to bilingual, but primarily English-dominant, high 

school students.  By respecting the students’ identities, honoring their diversity, and 

valuing various forms of speak, the teachers were able to successfully encourage their 

students to achieve in advanced mathematics courses (Calculus).  More importantly, the 
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teachers helped their students create positive identities as capable mathematicians.  

Considering the teachers were only literate in English, this research is extremely 

significant.  Many teachers seem to be fearful of teaching mathematics to ELLs and 

bilingual students, either because they do not know a child’s L1 or they are faced with 

multiple languages in one class.   

In response to this fear, some researchers (e.g. Barnett-Clarke & Ramirez, 2004; 

Coggins, Kravin, Coates, & Carroll, 2007; Kersaint, Thompson, & Petkova, 2009) have 

compiled research-based strategies to model mathematics instruction that will benefit all 

children, but most importantly ELLs.  Though not specific to mathematics, one of the 

most notable models for teaching ELLs is the Sheltered Instruction Observation Protocol 

(SIOP; Short & Echevarria, 2004/2005) which stresses the need for high-quality 

instruction to meet the diverse linguistic needs of ELLs.  The goal of this model is to 

offer a specific framework of Sheltered English Instruction (SEI), an approach to 

teaching content in such a way that helps teachers “make concepts comprehensible while 

promoting the students’ academic English language development” (Short & Echevarria, 

2004/2005, p. 9).  

The pervasiveness of understanding how to provide SEI and other instruction to 

English Language Learners is beginning to be felt in teacher education.  In Arizona, 

Florida, New York, and soon Pennsylvania, teacher candidates must now complete a 

required number of credits in working with ELLs to become certified to teach (Zehr, 

2009).  This focus on prospective teachers’ preparation to instruct ELLs and bilingual 

children is of critical importance (Yang, 2000).  With this shift in focus, we now examine 
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what research has documented regarding prospective teachers ideas about teaching 

mathematics to ELLs and bilingual children. 

Prospective teachers 

There are alarmingly few studies that document prospective teacher preparation as 

it relates to the instruction of ELLs and bilingual children (Zeichner, 2005).  Of the 

research that exists, some researchers have focused on documenting the nature of 

prospective teachers’ beliefs.   In one study, of the students surveyed, 81% of prospective 

primary language teachers believed that it is better to be younger when learning English.  

Additionally, 56% believed that people acquire knowledge of a second language by 

trying to understand expressions that are a little beyond their comprehension (Yang, 

2000). This latter statistic is in line with Krashen’s (1981) model of comprehensible 

input, where children understand “language containing structure that is a bit beyond 

[them] with the aid of context” (p. 126). 

 Not all prospective teachers know what they believe regarding mathematics and 

language instruction. In a pilot study described by McLeman and Cavell (2007), where 

two prospective teachers’ perceptions were documented during a set of children’s 

fraction activities in a mathematics for teaching course, one case study student grappled 

with her belief about the placement of ELLs in mathematics classes.  Specifically she 

wondered if they should be placed in a lower level mathematics class, regardless of their 

content knowledge, or if they should be challenged mathematically in a higher level 

mathematics course and be forced to learn both the mathematics and the language.  In her 

study, Celedón-Pattichis (2004) found that in practice administrators deny ELLs access to 
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more challenging mathematics, even going against the wishes of friends and families.  

Therefore, it seems that assumptions are made that ELLs cannot be successful in more 

advanced mathematics classes because they have not yet mastered the English language.   

  At the beginning of another study (Torork & Aguilar, 2000), a majority of the 

prospective teachers from one multicultural education course reported ‘no opinion’ on a 

beliefs pretest; results which were attributed to a lack of exposure to various linguistic 

issues.  After participating in the course for a full semester and learning about various 

topics such as ESL programs, second language acquisition, bilingual education, and 

cross-cultural communication, prospective teachers reported an increase in knowledge 

which helped them feel more informed about their beliefs.  This finding lends support for 

the notion that is important for teacher educators to provide prospective teachers 

opportunities to grapple with issues related to language acquisition and effective 

mathematics teaching for ELLs.    

However, as Gutiérrez (2002) cautioned, exposure to issues related to second 

language learners and mathematics learning cannot be done in an uncritical manner less 

prospective teachers develop stereotypes.  One manner in which to accomplish this is to 

involve prospective teachers in situations that allow them to make sense of the theory 

they are acquiring. As Vomvoridi-Ivanovic and Khisty (2007) found, bilingual 

prospective teachers needed first-hand experience in a bilingual after-school mathematics 

club to make sense of the idea that conversational fluency in one language does not 

indicate academic fluency.  While all the prospective teachers in their study self-

identified as fluent in both Spanish and English, a majority of them were challenged to 
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use Spanish to perform mathematics, facilitate discussions, and assist children in 

mathematical activities. 

Research has shown though that some prospective teachers’ ideas regarding 

mathematics and language are more sophisticated than they appeared at first glance.  In 

an effort to understand prospective teachers’ ideas regarding academic language and 

mathematics instructions for ELLs, Bunch, Aguirre, and Téllez (2008) investigated 

prospective teachers’ written responses to prompts included on a state-mandated 

assessment that is a requirement for their potential licensure.  They found that the 

teaching candidates mainly focused on describing academic language as vocabulary. 

However, this focus was not always as simplistic as the researchers first anticipated. 

Specifically, many of the prospective teachers described how they needed to model 

vocabulary and use children’s own experiences to foster mathematical understanding.       

Summary 

Communicating is a complex undertaking that depends on the speaker and 

situation (Gee, 1996) and involves both an individual’s L1 and L2 (Clark, 1975, as cited 

in Cuevas, 1984).  In school, mathematics is communicated via the mathematics register 

(Moschkovich, 2000, 2002; Pimm, 1987) which differs from the everyday register.  Due 

to overlap in terminology but differences in situational meanings that occurs between 

registers, all children, but especially ELLs and bilingual children, need support in 

acquiring the mathematics register.  Some researchers have argued for instruction to 

occur in a child’s L1, as it has been found to support the development of concepts 

(Garrison & Mora, 1999) which transfers to a child’s L2 (Cummins, 1992). 
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For those teachers that cannot provide this type of support, other researchers have 

spoken about the need to create a language-rich environment where mathematical talk is 

prevalent (Khisty, 1995). Others have documented the success of high school teachers’ 

work with bilingual students in advanced mathematics courses through a respect for 

individuality and identity (Gutiérrez, 2002).  Finally, many researchers have complied 

research-based strategies that model effective mathematical instruction (e.g. Barnett-

Clarke & Ramirez, 2004; Coggins et al., 2007; Kersaint et al., 2009), with the SIOP 

model (Short & Echevarria, 2004) perhaps the most notable among these. 

In regard to teacher preparation, some researchers have documented the language 

beliefs of prospective teachers.  The findings from these studies revealed that prospective 

teachers felt that it was better to learn English at a young age, that acquisition of a second 

language is best facilitated by grappling with expressions a bit beyond their 

comprehension (Yang, 2000), and that academic language consists mainly of vocabulary 

that needs to be modeled and related to children’s experiences (Bunch et al., 2008). 

Some research (e.g. McLeman & Cavell, 2007) has documented prospective 

teachers’ uncertainty about their beliefs regarding mathematics and language instruction.  

However, other research (e.g. Torok & Aguilar, 2000) has shown that prospective 

teachers can solidify their beliefs through exposure to various linguistic issues.  In line 

with Gutiérrez’ (2002) call for a critical exposure to linguistic issues, Vomvoridi-

Ivanovic & Khisty (2007) argued that prospective teachers should be provided 

opportunities to assimilate the theory they are learning in an authentic manner. 

Research concerning the relationship between language and mathematics, 
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especially in regard to the mathematical instruction of bilingual children and ELLs, is 

scarce (Khisty, 1995; Moschkovich, 2002; Roberson & Summerlin, 2005; Zeichner, 

2005). This study helps fill this gap. It offers a perspective of how using children’s 

thinking activities in a mathematics for teaching course can elicit prospective teachers’ 

views regarding issues of language and mathematics.  

2.1.3 Teacher knowledge 

Teacher knowledge is very complex and dynamic (Fennema & Franke, 1992; 

Munby, Russell, & Martin, 2001), and thus extremely difficult to understand (Fennema & 

Franke, 1992).  Teachers require knowledge and skill that may not be visible from an 

examination of the curriculum (Ball, 2003).  Shulman (1986) challenged the field to 

consider a theoretical framework for a knowledge base on teaching.  In doing so he 

contended that teachers possess content knowledge, pedagogical knowledge, pedagogical 

content knowledge, and curricular knowledge.  Shulman (1987) later extended this 

framework to include knowledge about learners and their characteristics, knowledge of 

educational contexts, and knowledge of educational ends, purposes, and values. 

Since that time, many others have looked toward these frameworks in an attempt 

to document what teachers know. For example, Grossman (1990) conceptualized the 

components of pedagogical content knowledge, and building off of her framework, 

Magnusson, Krajcik, and Borko (1999) attempted to make sense of what constitutes 

pedagogical content knowledge for teaching science.  However, Calderhead (1996) 

contemplated that it might be impossible to chart the knowledge base for any profession, 

let alone teaching.  Borko and Putnam (1996) also worried that any investigation into 
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such a knowledge base might result in a mindset that teachers’ knowledge is comprised 

of discrete, isolated categories instead of viewing it as a complex and intertwined system.  

It is important to acknowledge that a teacher’s knowledge depends heavily on the unique 

classroom in which is it enacted (Munby et al., 2001) as teachers’ knowledge is not a 

static entity but something that must inevitably change as the students and environment 

undeniably will (Fennema & Franke, 1992).   

As seen through the different attempts to document teachers’ knowledge bases, 

the knowledge that teachers have is immense. Therefore, the main focus of this section is 

to discuss recent research on content (i.e. subject matter) knowledge and pedagogical 

content knowledge.  This decision is deliberate as this study documented prospective 

teachers’ perceptions through the pedagogical tool of children’s thinking in a 

mathematics content course. I am aware that these knowledge bases are part of a larger, 

integrated system and that isolating one from the other is difficult (Verschaffel, Janssens, 

& Janssen, 2005), if not impossible.  However, for logistical purposes, I first focus on 

research about mathematical content knowledge and then on research about pedagogical 

content knowledge.   

Mathematical content knowledge 

Content knowledge, which is sometimes referred to as subject matter knowledge, 

was defined by Shulman (1986) as the “amount and organization of the knowledge per se 

in the mind of the teacher” (p. 9). What does this mean in regards to what mathematical 

content knowledge a teacher needs to possess in order to be an effective teacher?  

Grossman and Schoenfeld (2005) proposed that teachers need, at a minimum, a solid 
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foundation in the subjects they are to teach as well as the disciplinary tools to continue 

life-long learning in that area.  These tools include understandings of structural 

connections, big ideas, and the formation of knowledge. 

In general, research has provided little support for the claim that what a teacher 

knows mathematically has a direct impact on student achievement (Fennema & Franke, 

1992). For example, some studies focused on the number of mathematics courses that a 

teacher had taken and tried to establish it as an indicator for preparedness of teaching 

mathematics (e.g. Begle, 1979).  A clear link was not established which prompted Begle 

to suggest that studying teachers would not improve mathematics education. 

The fact that no connection was found is not surprising.  Perhaps it was the 

limited research methodology and not the lack of importance to teaching that concealed 

any relationship that might exist between teacher content knowledge and student 

achievement (Fennema & Franke, 1992).  Regardless, increasing the number of required, 

traditional, mathematics courses for teachers will not improve student achievement.  An 

increase will only improve the quality of mathematics teaching if teachers learn 

mathematics in such a way that they develop a conceptual understanding of the 

mathematics needed for teaching (Ball, 2003). One method of helping prospective 

teachers learn mathematics in this way is through mathematics content courses that are 

focused on deepening their understanding of the mathematics they will teach in 

elementary school. 

Hill, Schilling, and Ball (2004) argued that teachers possess a certain type of 

mathematical knowledge called mathematical knowledge for teaching or MKT.  They 
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argued that MKT is the knowledge needed by teachers and is different from the kind of 

knowledge that mathematicians need.  Mathematics teachers need to not only be able to 

obtain accurate calculations, but must also, among other things, understand the concepts 

underlying the procedure they used to obtain the calculation, do error analysis to 

determine where a student’s mistake lies, and choose effective representations to model 

concepts.  All of these tasks speak to a particular kind of deep and explicit knowledge of 

mathematics that is not necessary of a mathematician. 

Citing the need for an accurate means of assessing teachers’ mathematical 

knowledge for teaching, Hill et al. (2004) developed an empirical measure.  With this 

measure, the researchers hoped to be able determine the growth in teachers’ mathematical 

content knowledge; explore the composition of that mathematical content knowledge; 

and learn more about how this knowledge affects student achievement.  The results 

supported Shulman’s (1986) claim that knowledge for teaching consists not just of 

general pedagogy but also of knowledge in a more specific domain, such as mathematics. 

Specifically, it was found that the teachers’ mathematical knowledge for teaching was 

significantly related to student achievement (Hill, Rowan, & Ball, 2005).  The researchers 

argued that a key to this correlation was that they used a measure that assessed 

mathematical knowledge for teaching and not just computational fluency or the number 

of mathematics courses taken. 

Other researchers have investigated what it means for teachers to understand 

mathematics deeply.  In her seminal work with elementary teachers, Ma (1999) 

documented the understanding of fundamental mathematics held by teachers in the 
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United States (U.S.) and China. She argued that teachers of elementary school 

mathematics need a “profound understanding of fundamental mathematics” (PUFM), 

something that she suggested the U.S. teachers she interviewed did not possess 

(Schoenfeld, 2006).  Kennedy (1998) also discussed the depth of knowledge teachers 

need in order to teach mathematics in a reform-oriented manner, referring to it as a 

conceptual understanding of mathematics.  She argued, as did Ma (1999), that if teachers 

are expected to engage their students in a debate of key ideas in mathematics, they 

themselves must know the key ideas in mathematics and be able to discuss them 

intelligently.   

Ball (1990) characterized the kind of mathematical understanding that all teachers 

should have by suggesting they have knowledge of concepts and accurate procedures, 

understanding of underlying principles and meanings, and understanding of connections 

among mathematical ideas.   When exploring what comprised the mathematical 

understanding of prospective teachers in relation to the division of fractions, Ball found 

that among the prospective teachers she interviewed, most possessed the first type of 

understanding.  For example, when given the problem1
3

4
÷

1

2
, most were able to arrive at 

the correct solution.  However, when asked what1
3

4
÷

1

2
means, most of the prospective 

teachers, both elementary and secondary, could not do so.  This finding suggests that the 

prospective teachers Ball interviewed lacked understanding of the underlying principles 

regarding the divisions of fractions.   

If teachers are to help students learn the subject of mathematics, then they 
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themselves will need to understand that mathematics at a deep level (Ball & McDiarmid, 

1990).  Through content courses especially designed for future elementary teachers, 

teacher educators can help prospective teachers obtain this deep understanding of 

mathematics.  Activities based on children’s thinking are but one tool being used in these 

courses, and research on these types of activities is discussed in future sections.   

However, possessing personal knowledge of something and knowing how to 

translate that knowledge so someone else can understand it are two fundamentally 

different things (S. Wilson, 1989). We now turn our attention to a different form of 

knowledge that is equally, if not more, important for teachers to possess: pedagogical 

content knowledge. 

Pedagogical content knowledge 

Having subject matter knowledge encompasses knowing facts, concepts, and why 

these facts and concepts are true.  Just possessing this type of knowledge, though, may 

not be sufficient for teachers, as they will have to convey it in a manner accessible to 

students.  Shulman (1986) characterized this type of type of knowledge as ‘pedagogical 

content knowledge’ (PCK), although the ideas that underlie can be seen in earlier 

scholars’ work.  Dewey (1902) imagined teaching as the connection of school knowledge 

to student’s experiences.  Leinhardt and Smith (1985) argued for knowledge of the core 

areas of lesson structure and subject matter: 

… the overall cognitive system of a teacher is represented in two organized 
 knowledge bases.  One consists of general teaching skills and strategies, the 
 other one consists of domain specific information necessary for the content 
 presentation.  This second body of knowledge of information has as resources 
 the text material, teacher’s manuals, and elements of experience that identify 
 what is hard to teach. (italics added; p. 248) 
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It is this notion of domain specific information that appears to be the basis for PCK. 

PCK is conceptualized as knowledge that is a transformation from what teachers 

know about a particular subject into knowledge relevant to classroom curriculum (Carter, 

1990) and goes “beyond knowledge of subject matter per se to the dimension of subject 

matter for teaching” (Shulman, 1986, p. 9).  It consists of, among other things, knowing 

what specific understandings and misunderstandings students may possess about a 

particular topic (Schoenfeld, 2006), the understandings and beliefs about the range of 

teaching strategies for particular subject matter to particular students, and the knowledge 

and beliefs about how students learn mathematical concepts (S. Wilson, 1989).     

Simply possessing this type of knowledge is not enough as Lampert (2001) 

illustrated.  In her seminal piece, she provided an inside look at the tensions and 

dilemmas that arose in her own teaching by detailing the complexities that were involved 

in teaching mathematical content.  These included deciding how best to facilitate a class 

discussion, attending to students’ differing mathematical abilities, and validating each of 

her student’s contributions in the class.  Lampert’s work was essential because it 

problematized PCK.  It showcased the many layers involved in transforming personal 

content knowledge into a form suitable for a particular classroom.  Teaching is a complex 

activity, and teachers are not usually aware of all the aspects that go into everything they 

do as they teach (Khisty, 2001).   

Also consider Fuller’s (1997) study which characterized both prospective and 

inservice elementary teachers’ pedagogical mathematical knowledge. In the area of 

geometry, teachers were asked about a response to a maximization of area problem (i.e. 
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find the maximum area given a fixed perimeter).  Nearly all of the teachers limited their 

responses to consider only rectangular shapes.  The authors suggested that because of this 

limited interpretation the teachers’ understanding of the topic was severely restricted.  

However, in the case of the inservice teachers, the focused interpretation of the problem 

may simply be a result of the way those types of problems are generally used in 

classrooms, and not a lack of mathematical knowledge.  In other words, the teachers’ 

pedagogical content knowledge as well as their knowledge about curricular tasks could 

have been interfering with how the teachers conceptualized the problem. 

Not all researchers willingly embrace the idea of PCK.   Segall (2004) argued that 

perhaps the educational field has too readily accepted the notion of PCK without 

questioning or critically examining the lens it provides for teaching and what it does and 

does not make possible. He contended that content and pedagogy are not two separate 

entities, where a teacher can apply pedagogy to a specific content –  

 the instructional or pedagogical act does not begin with teachers in the 
 classrooms, nor does the ‘content act’ end at the desk of the subject-area 
 scholar.  Both produce pedagogical-content knowledge, that is, content that is 
 always pedagogical and pedagogies that are always content-full. (p. 492)   
 

He further advocated making the relationship between content and pedagogy more 

transparent citing that it is central to the work of teacher education.  

Bromme (1994) argued that ultimately pedagogical content knowledge must 

develop from experience with curricular content and the teaching process and that this 

experience is intimately and often subconsciously tied to their philosophy of school 

mathematics. Noddings (1992) further hypothesized that it might not even be possible to 
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teach PCK, noting that “most of it is learned on the job” (p. 202). It is true that 

prospective teachers do not often get a chance to experience curriculum and the teaching 

process until at least their methods course.  Therefore, it is vital that we introduce 

experiences earlier in teacher education coursework so that prospective teachers will be 

provided opportunities to develop the knowledge outlined by Schoenfeld (2006) and 

detailed throughout this section.  In fact, a focus of recent research in teacher education 

has been on developing opportunities that help prospective teachers gain professional 

experience (Crespo, 2000). The next sections describe what this research has found in 

regard to two types of these opportunities, reflection and the use of children’s thinking 

activities. 

2.2 Reflection 

 The concept of reflection is an abstract one, involving many different 

components.  On a basic level, one can conceptualize reflection as an intentional critique 

of one’s work and/or thoughts through a lens of improvement (Dewey, 1933; Hatten & 

Smith, 1995; Loh, 2004; Schön, 1983).  It requires that individuals view their actions as 

meaningful events which are open to interpretation (Grushka, McLeod, & Reynolds, 

2005).   Habermas (1973) offered that reflection requires an individual to become aware 

of context and constraints on practice that s/he has previously taken for granted.  García, 

Sánchez, and Escudero (2006) echoed this notion, arguing that reflection is more than an 

individualistic process and one that cannot be undertaken without attention to content and 

context.   

 Reflection can take on many forms.  Schön (1983) differentiated between 
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reflection-on-action (reflection that occurs after an event has ended) and reflection-in-

action (reflection that occurs in the midst of an event).  Hatten and Smith (1995) 

characterized different levels of reflection.  At the two ends of the spectrum are 

descriptive reflection and critical reflection.  Descriptive reflection involves providing 

reasons based on personal judgment while critical reflection takes into account context, 

be it political, social, and/or historical.  In the middle of this continuum exists dialogical 

reflection.  Individuals reflecting in this manner maintain a discourse with one’s self by 

questioning all decisions that were made. Whatever form reflection takes, Loh (2004) 

argued that three criteria need to present for reflection to occur: the need of a referent 

(what is being reflected on); the need of a trigger (what prompts the reflection); and the 

need of a situation in the culture of practice.   

Teacher education programs throughout the world have promoted reflection as a 

means to help prepare prospective teachers become reflective practitioners (Schön, 1983) 

where then can identify and analyze the complex issues that are often involved in 

teaching and learning.   Reflection can be a useful tool in helping uncover and challenge 

prospective teachers’ theories about teaching (Abell, Bryan, & Anderson, 1998). 

However, the form that reflection takes in the different programs varies immensely.  

Gomez, Sherin, Griesdorn, and Finn (2008) claimed that this variety is a necessity as not 

all people will be motivated by the same stimulus.  Additionally, different types of 

reflection occur at different times (Grushka et al., 2005). Finally, using a variety of tools 

allows a form of modeling for prospective teachers.  They can then see what can be done 

in their own classrooms, something which teacher educators need to be more proactive 
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about in their own teaching (Alger, 2006; Rhine & Bryant, 2007).   

The different forms of reflection seen in research include action research, case 

studies, microteaching (Alger 2006), journals, essays, email exchanges, and electronic 

discussion boards (Shoffner, 2008), among others.   While not working with prospective 

teachers per se, Leshem and Trafford (2006) discussed how one such activity, linguistic 

autobiographies, stimulated reflection in their students.  By narrating their life stories 

(Carter, 1993), the students appreciated the opportunity to question themselves.  The 

telling of stories is but one means of reflection, one which empowers people to learn 

about who they are and who they are to become (LaBoskey & Cline, 2000).  

Findings regarding the nature of prospective teachers’ reflections revealed a 

tendency toward ego-centrism and superficiality (Calderhead, 1989).   Beijaard, 

Stellingwerf, and Verloopl (1997) found that prospective teachers mainly reflected on 

teaching skills and relationships with students and how to make their subject more 

accessible.  Pedro (2005) saw that prospective teachers linked their reflections to their 

personal values and their theories of learning.  These findings should not be surprising as 

beginning teachers often lack both the language to talk about teaching and the knowledge 

to discuss alternative teaching approaches (Calderhead, 1989).    

Research has also documented what tools show promise in helping move 

prospective teachers’ reflections beyond the descriptive (Hatten & Smith, 1995) stage.  

For example, Hamlin (2004) investigated the use of critical incident analysis.  She found 

that students in introduction to education and mathematics methods courses had the 

capability and interest in reflecting on issues of social justice as well as political and 
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cultural contexts.   Rhine and Bryant (2007) saw the depth of their student teachers’ 

analyses and level of reflection improve through the use of digital video-based dialogues.  

Finally, Santoro and Allard (2008) claimed that scenarios, situations fashioned from 

narratives, have the potential to lead to deeper understandings about practice.   

While teacher education programs are experimenting with different ways to help 

prospective teachers reflect, generally reflection is not common professional behavior 

among teachers (Gelter, 2003).  If this is indeed the case, then it is imperative that teacher 

education programs focus not just on the skill of reflecting but also on the disposition of 

reflecting (Alger, 2006; Rhine & Bryant, 2007).  Reflecting on practice should not be 

something that takes effort, but be more a habit of mind (Shoffner, 2008). Achieving this 

disposition will require teacher education programs to better understand what is involved 

in the process of reflecting, what the nature of the prospective teachers’ reflections are, in 

what context the reflections emerge, and how the tasks at hand mitigate the reflection 

process (Calderhead, 1989). 

This study start to answer that call by using reflection as a way to access 

prospective teachers’ perceptions that emerge in the context of children’s thinking 

activities in a mathematics for teaching course.  A review of research concerning 

children’ thinking activities is provided in the next section. 

2.3 Children’s Thinking Activities 

Teachers, like students, should not be expected to learn material by just being told 

what to do, and opportunities should be provided in which they can construct new 

meanings (Sherin & Han, 2004).  S. Wilson and Berne (1999) contended that teacher 
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learning should not be bound and delivered in a tome but instead be activated within the 

teachers themselves.  However, although efforts to educate teachers to teach in a manner 

aligned with the National Council of Teachers of Mathematics (NCTM; 1989, 2000) 

recommendations have been ongoing for over a decade, teachers are not prepared for 

reform-based instruction (Frykholm, 1999).  Therefore, researchers have investigated a 

variety of methods to work with teachers in order to aid them to become better prepared 

to teach in these classrooms. 

For prospective teachers in particular, this work is being achieved in a variety of 

ways: through the use of multimedia cases (e.g. Beck, King, & Marshall, 2002), video 

clubs (e.g. Sherin & Han, 2004), peer teaching (e.g. Timmerman, 2004), experimental 

lesson formats (e.g. Hiebert, Morris, & Grass, 2003), and the use of children’s thinking 

activities (e.g. Ambrose, 2004; Tirosh, 2000; Vacc & Bright, 1999).  It is the last method, 

the use of children’s thinking activities, which is elaborated upon in more detail. 

The use of children’s thinking as an instructional practice is not an uncommon 

pedagogical tool.  Pringle (2006) included children’s alternate conceptions of science in a 

science methods course as a means to help prospective science teachers identify the 

conceptions, and more importantly, use the conceptions as a basis for their planning.  In 

mathematics teacher education, using children’s thinking with teachers gained 

widespread attention when Carpenter et al. (1989) detailed their study of Cognitively 

Guided Instruction (CGI) with 40 first-grade teachers.  These researchers posited that 

practicing teachers could and would utilize knowledge of research on how children solve 

mathematics problems in their instruction in a meaningful way. 
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 Using a group of first-grade teachers not involved with the CGI study as a control 

group, researchers found that the CGI teachers were more likely to allow the use of a 

variety of solution methods.  These teachers also spent more time on word problems, 

using the knowledge they gained about children’s thinking from summer workshops and 

their students’ solution strategies as instructional guides. Interestingly, while the control 

teachers invested more time on number facts, it was the CGI students that demonstrated a 

higher level of fact recall. The findings from this study suggested that teachers might be 

better able to serve their students’ needs if they are educated about research in children’s 

thinking and then utilize that knowledge to make instructional decisions. 

Since that ground breaking study, several other researchers have documented the 

effects of attending to children’s thinking (e.g. Crockett, 2002; Kazemi & Franke, 2004; 

Krebs, 2005) on a wide assortment of issues, including student learning, teacher practice, 

and teacher beliefs.  According to Chamberlin (2005), this type of work is based on the 

premise that when mathematics teachers focus on children’s thinking, they will 

potentially construct or select worthwhile tasks; shift to student-centered, problem-

solving instruction; support the development of higher levels of student conceptual 

understanding; and hold a more positive attitude toward mathematics, which will be 

reflected in their students’ attitudes. 

 Children’s thinking has not only been used with practicing teachers.  Building on 

the results of Carpenter et al. (1989) and others, many teacher educators conjectured 

about how children’s thinking could be used with prospective teachers.  Although 

practicing teachers and prospective teachers are at different phases in their lives and 
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contend with different factors while learning mathematical knowledge for teaching, 

teacher educators wondered how using activities based on children’s thinking would 

affect prospective teachers’ learning about mathematics and mathematics teaching.  A 

sample of the studies that investigated different ways to incorporate children’s thinking in 

teacher education coursework is described in detail below. 

2.3.1 Prospective teachers 

Vacc and Bright (1999) sought to understand the effects of integrating CGI into 

teacher education programs.  Specifically, they were interested in seeing if it would have 

similar effects on the development of pedagogical content knowledge as it did with 

practicing teachers.  To accomplish this, they documented the beliefs of 34 prospective 

teachers in both their methods and student teaching semesters.  Two of the prospective 

teachers were chosen to be cases due to their cooperating teachers’ prior experience with 

CGI.  Additionally, both of the case study student teachers taught third-grade at the same 

school, which meant that they had access to the same curriculum and worked with the 

same administrators and resource teachers. 

After introducing CGI in a five-session module during the methods semester, 

prospective teachers’ beliefs significantly changed to a more constructivist orientation 

about the learning of mathematics, with a smaller change in that direction also occurring 

during their student teaching semester.  The two case studies were found to differ in the 

ways their beliefs changed and in addition, how they implemented CGI during the student 

teaching semester.  One had a substantial change in beliefs during both the methods and 

student teaching semester, while the other had a considerable change in beliefs during the 
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methods semester, but not during her student teaching semester.  Both case study students 

reported beliefs congruent with CGI.  In other words, children could solve problems 

without direct instruction and knowledge can be gained from listening to children talking 

about their thinking. However, evidence of CGI principles in instruction was observed 

only with the prospective teacher that had substantial change in beliefs in both semesters.  

This difference could be attributed to the varying levels of CGI experience their 

cooperating teachers possessed, although the researchers were wary to pinpoint any one 

cause.  

Crespo (2000) also used the analysis of children’s thinking in her mathematics 

methods course.  A letter exchange project was designed for her prospective teachers to 

communicate via mail with grade four students.  Her students posed a problem to the 

grade four students, who in turn solved the problem and mailed their solutions, along 

with all of their work, back to the prospective teachers.  Prospective teachers and students 

were also able to meet face-to-face during the middle weeks of the semester.     

Although the prospective teachers initially thought that analyzing the children’s 

mathematical ideas would not be an issue – “a matter of just tapping into their thinking” 

(Crespo, 2000, p. 177) – they soon realized that it was much harder than then originally 

imagined.  What the prospective teachers found was that students did not think about or 

interpret the problem as they had originally anticipated and so they were at times 

judicious in their responses to the students.   However, over the course of the semester, 

the prospective teachers’ interpretations of student work became less judgmental.  They 

started to wonder more about what the students were thinking and were not as quick to 
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assume that the students did not understand the mathematical concepts.  Finally, the 

prospective teachers delved into their own knowledge base of mathematics to make sense 

of the work provided by the grade four students.  This, in turn, allowed the prospective 

teachers to extend their mathematical understanding while at the same time provided 

them with real-life experience of dealing with children’s thinking.  

Tirosh (2000) sought to develop a comprehensive description of prospective 

elementary teachers’ subject matter and pedagogical content knowledge of division of 

fractions. To accomplish this, activities were designed around simulated children’s work 

with the intention of helping prospective teachers’ develop a deeper conceptual 

understanding of rational numbers. At the end of semester, Tirosh found that prospective 

teachers acquired some knowledge of children’s thinking processes and expanded their 

own mathematical knowledge.  Specifically, they started to develop pedagogical 

mathematics knowledge by beginning to understand some common mistakes that children 

make when dividing fractions. In addition, the prospective teachers confronted some of 

their own misconceptions and extended their own understanding of the division of 

fractions. 

 Using a format similar to Tirosh (2000), Crespo and Nicol (2006) challenged 

prospective teachers’ ideas about dividing by zero.  Presented with simulated children’s 

work, prospective teachers were instructed to explain their thought processes as if they 

were presenting them to fifth-grade students. The goal of this activity was for the 

prospective teachers to obtain a richer understanding of the concept of dividing by zero.  

However, since much of the pedagogical aspects of their explanations went untested, 
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prospective teachers’ mathematical ideas were not challenged.   This was problematic 

because many of the explanations that were provided did not take into account the 

various difficulties that children might encounter.   

The creation of Children’s Mathematical Thinking Experiences (CMTEs), 

described earlier in the chapter, was an attempt to integrate mathematical content and 

pedagogy through the introduction of a field component to one section of the prospective 

teachers’ first mathematics-for-teachers course (Phillip, Thanheiser, & Clement, 2002).  

Findings suggested that at the end of the semester, prospective teachers recognized that 

teaching is not a mere presentation of information (Ambrose, 2004).  Some prospective 

teachers noted in their interviews that they were surprised when children did not 

understand a concept when it seemed that they understood it in the previous session. 

Other prospective teachers also, upon reflection, feared that they confused some children 

with an introduction of a new strategy and noted that their chosen method might not 

always be the best strategy.  Finally, some prospective teachers reported a belief that their 

understanding of mathematical concepts was essential to their future as successful 

teachers (Ambrose, 2004). 

As the research reviewed in this section illustrates, activities based on children’s 

thinking can take various forms.  A letter exchange project (Crespo, 2000), field-based 

experiences (Ambrose, 2004; Philipp, Thanheiser, & Clement, 2002), CGI (Vacc & 

Bright, 1999), and simulated children’s work (Crespo & Nicol, 2006; Tirosh, 2000) are 

only a sample of how teacher educators can use the analysis of children’s thinking with 

prospective teachers.  However, with such a variety of methods, what are the benefits and 
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detractors of each?   

2.3.2 Comparison of approaches 

Crespo and Nicol (2006) and Tirosh (2000) used simulated children’s work to 

help prospective teachers deepen their own mathematical understanding and begin to 

develop some elements of pedagogical content knowledge.  This approach is beneficial 

because prospective teachers are provided an opportunity to learn about some 

misconceptions children may have as well be provided a chance to unpack the 

mathematics of a specific problem without attending to other possible distracters (e.g. 

classroom environment).  However, the lack of context is also a drawback to this 

approach.  If the prospective teachers are learning about possible misconceptions of a 

problem, it is important to understand how a problem was presented and how the problem 

was interpreted.  Merely investigating written work cannot accomplish these two things.   

Also, buy-in from the prospective teachers could potentially be a problem.  The 

prospective teachers do not know that children might actually respond in such a way 

because they did first-hand hear or see the children encounter those misconceptions. Last, 

as Crespo and Nicol (2006) pointed out, prospective teachers’ explanations in these types 

of situations go untested and remain only hypothetical.   

Partially in response to the issues of context, authenticity, and buy-in from the 

prospective teachers, researchers in the Integrating Mathematics and Pedagogy (IMAP) 

project created Children’s Mathematical Thinking Experiences (Ambrose, 2004; Phillip, 

Thanheiser, & Clement, 2002).  This particular model has a lot of potential to show 

prospective teachers early on the complexities of teaching mathematics.  This is 



 

  

67

extremely important because what they take from this type of situation can impact how 

they attend to their own learning of mathematics.  If they do not already, the prospective 

teachers might begin to see value in learning to be flexible in their understanding of 

concepts and understanding different methods for solving problems.  However, 

introducing a field-based component is an enormous undertaking.  Ambrose (2004) 

discussed how this initiative included only one class section and was a part of the larger 

IMAP project.  How would this be accomplished with multiple courses and no project 

funding?  

Logistical factors aside, if such field components as CMTEs (Ambrose, 2004; 

Philipp, Thanheiser, & Clement, 2002) were adopted widespread in content courses for 

prospective elementary mathematics teachers, there is the possibility that the course could 

develop into a methods course.  By introducing a significant teaching element, the focus 

of the course could shift from one where prospective teachers are deeply learning 

mathematics themselves to one that focuses on how to teach mathematical concepts 

effectively. 

Similar arguments could be made about the letter exchange project (Crespo, 

2000).  The project was very innovative and allowed the prospective teachers a chance to 

reflect on how to word effective questions and assess children’s responses.  However, 

this project was done with one methods course and one grade four class, two extremely 

invested parties.  How could such a component be adopted in all classes?  Also, this class 

was a methods class.  The face-to-face meetings between prospective teachers and 

children took place during a two-week block that had already been set aside program-
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wide for a field-base practicum.  Could such an idea be utilized in a content course?  The 

issue of time arises.  Of the two class meetings the methods course had each week, one 

meeting was devoted to the letter exchange project.  In a methods course, where the focus 

is primarily on learning to teach, this might be a valuable use of time.  However, it would 

be hard to devote that much time in a content course, where the focus is primarily on 

expanding the prospective teachers’ knowledge of mathematical concepts.    

The last study reviewed was an implementation of CGI principles with 

prospective teachers (Vacc & Bright, 1999).  Research has shown that when teachers 

learn about different ways that children think about problems, they will use this 

information in both their planning and implementation of lesson (Carpenter et al., 1989).  

The study done by Vacc and Bright (1999) was important because it demonstrated that 

prospective teachers can start to consider these different ideas before they enter the 

workforce.  It is important to note that the prospective teachers were only introduced to 

CGI principles during five sessions.  How much more powerful could the impact have 

been if they had consistently been exposed to different children’s solution strategies 

throughout their teacher education coursework? 

There are stumbling blocks to introducing CGI to prospective teachers.  To be 

truly effective, training of teacher educators needs to occur.  This training must be 

extensive as they will be looked upon as the experts by the prospective teachers.  There 

also must be buy-in from the teacher educators.  As with adopting a new curriculum 

(Handal & Herrington, 2003) the use of children’s thinking in teacher education 

coursework will fail if there is not a belief that using children’s thinking is a positive 
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addition to an already packed curriculum.  Last, ideally prospective teachers will have the 

opportunity to implement the principles of CGI in another teacher’s classroom during 

their student teaching semester.  Therefore, if prospective teachers’ cooperating teachers 

do not see the benefit of using children’s thinking in instruction and prospective teachers 

do not have a strong enough constitution about the issue, the impact of introducing 

children’s thinking in teacher education coursework may be mitigated. 

 Vacc and Bright (1999) demonstrated that familiarizing prospective teachers with 

the variety of ways children think about mathematics is beneficial to the development of 

beliefs associated with reform-oriented teaching.   However, as hypothesized above, 

prospective teachers may not be secure enough in their thinking about this issue to 

challenge the knowledge and experience of practicing teachers.   It stands to reason then 

if elements of children’s thinking were utilized earlier in teacher education coursework, 

prospective teachers might have more time to develop their ideas and beliefs about its 

role in instruction.  Much of the existing research with prospective teachers has occurred 

either in a methods course or during their student teaching semester.  How can the 

benefits of attending to children’s thinking be used in a mathematics content course for 

prospective teachers? 

 The research reviewed provides us with a solid foundation.  The work of both 

Crespo and Nicol (2006) and Tirosh (2000) point to how children’s thinking activities 

can be used to delve into mathematical content.  Listening to children explain their 

thoughts was also extremely beneficial for both the mathematical and pedagogical 

development of prospective teachers (Ambrose, 2004; Crespo, 2000).  Therefore, one 
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possible idea of utilizing children’s thinking in a mathematics for teaching course is to 

use video clips so prospective teachers could listen to and see children explain their work.  

Then, they could use what they have seen and heard to analyze mathematical concepts 

related to the children’s solution strategies.  Although there might be limitations to this 

approach (e.g. prospective teachers will not interact with the children), the potential 

benefits to introducing prospective teachers to both the sophistication of children’s 

thinking and the misconceptions that children have when first learning content is vast.  

As this is a relatively untested approach to mathematics teacher education, research in 

this area is needed.    

2.4 Summary 

 Throughout this literature review, I have synthesized literature relevant to my 

dissertation study from the areas of teacher beliefs, teacher knowledge, language, 

reflection, and the use of children’s thinking.  Although for each of these areas an 

abundance of research exists, it is clear that an argument exists that there are multiple 

benefits when using children’s thinking with prospective teachers.  However, if 

children’s thinking activities are to be used in teacher education coursework, teacher 

educators need to understand what perceptions are elicited in such a context.  

This review of literature provided research that aided understanding the 

perceptions of this study’s participants.  First, the research on teacher beliefs documented 

how mathematics teaching and learning are impacted by their beliefs (e.g. Ambrose, 

2004; Hart, 2002), an element that impacts how individuals perceive the world.  The 

research regarding instruction to ELLs and bilingual children (e.g. Gutiérrez, 2002; 
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Khisty, 1995; Khisty & Chval, 2002; Moschkovich, 2000, 2002) and teachers’ 

knowledge (e.g. Ball, 2003; Kennedy, 1998; Lampert, 2001) provided a strong base in 

which to characterize the participants’ perceptions.   Finally, reviewing literature on 

reflection (e.g. Alger, 2006; Calderhead, 1989; Rhine & Bryant, 2007; Schön, 1983) and 

children’s thinking activities (e.g. Carpenter et al., 1989; Crespo, 2000; Tirosh, 2000) 

helped situate this study within recent research. 
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CHAPTER 3: METHODOLOGY 

 This study was conducted during fall 2007 and sought to understand prospective 

teachers’ perceptions when children’s thinking activities were used in a mathematics for 

teaching course.  In particular, I researched the following question:  

When using children’s thinking activities in a mathematics for teaching course, how 

do prospective teachers perceive of -  

a. the use of these activities?  
b. children’s mathematical thinking? 
c. their own mathematical thinking? 
d. the role of language in teaching and learning mathematics? 

 
Due to the focus on the meanings that prospective teachers made of their 

experiences with children’s thinking activities, this investigation was qualitative in design 

and framed within the interpretive paradigm (Erickson, 1986). Central to this paradigm is 

the assumption that people perceive the world in different ways, with their words 

representing meaningful interpretations of the “physical and behavioral objects that 

surround them in the environment” (Erickson, 1986, p. 126).   

Accurately presenting these meaning-perspectives, my participants’ perceptions, 

was the focus of this dissertation study.  However, studying these perceptions required a 

more detailed response than a calculation of frequencies or presentation of incidence 

could offer.  Therefore, I used a multiple case study methodology which involved 

systematic interviewing and direct observation (Yin, 1984).  “A case study is an 

empirical inquiry that investigates a contemporary phenomenon within its real-life 

context; when the boundaries between phenomenon and context are not clearly evident; 

and in which multiple sources of evidence are used” (Yin, 1984, p. 23).  Cases have a 
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primary unit of analysis and detail behaviors where the investigator has little to no 

control. In this study, the primary unit of analysis was the participants’ perceptions that 

were elicited during the context of using children’s thinking activities in a mathematics 

for teaching course.  This context cannot be separated from the perceptions that were 

shared as they might have been very different given another set of circumstances; for 

example, if a group of prospective teachers had gotten together informally and the topic 

of using children’s work arose organically.        

Researchers using a case study methodology do not aim to generalize findings to 

a greater population.  Therefore, I did not attempt to generalize my findings to all 

prospective teachers, or even to all prospective teachers in mathematics for teaching 

courses.  Instead, the goal is often to expand on or generalize theoretical propositions 

(Yin, 1984).  Through my findings, I aimed to contribute to the field of mathematics 

teacher preparation via the use of children’s thinking. 

In this chapter, I describe the setting and participants of the study, followed by the 

study timeline, the sources of data, and methods of data collection.  The chapter 

concludes with a detailed explanation of the data analysis process and the steps taken to 

ensure the validity and reliability of the study findings. 

3.1 Setting and Participants 

 This research study was conducted in a mathematics for teaching course for 

prospective elementary teachers at a large research university in the southwestern United 

States.  Enrollment at this university totals about 28,000 undergraduates per year, with 

approximately 1500 of those students having declared themselves as education majors.   
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The course is required for all students in the elementary education program and is 

usually taken one year prior to the mathematics methods course.  One of the primary 

goals of this mathematics for teaching course is to re-expose prospective elementary 

teachers to the mathematics content taught in elementary school while at the same time 

aiding the prospective teachers in developing stronger conceptual understandings of that 

content.  Typical content covered ranges from number (numeration systems, number 

theory, fractions, ratios and proportions, decimals, and percents) to operations on whole 

numbers and fractions.  General problem-solving strategies are also introduced in this 

course and are continued into the second course of the sequence, where elements of 

algebra, geometry, data analysis, and probability are examined.  Theses courses subscribe 

to a reform-oriented teaching philosophy, where a large emphasis is placed on 

exploration and discovery. 

Generally six sections of the course are offered each fall and spring semester, with 

one section offered during the first summer session.  Enrollment in the course is about 25 

students per section.  Instructors of the course, which is offered by the mathematics 

department, vary from graduate students and post-doctoral fellows to non-tenure and 

tenure-track faculty members.  Even though there is a wide variety, all instructors have an 

inherent interest in teaching, and in particular, the education of prospective teachers.    

The participants in this study were four students enrolled in one section of the 

mathematics for teaching course described earlier.  These students, three female and one 

male, were representative of the general population of students.  Typically the course 

demographics are comprised of a majority of white females, in their sophomore or junior 
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year of coursework.  Most of the students were raised in the surrounding areas and 

graduated from the local school systems.  When asked where they would like to obtain a 

teaching job, most cite local elementary schools, frequently specifying a particular school 

because of familiarity from a relative and/or friend. 

My role in the study was that of the primary researcher.  This role had many 

aspects to it. I introduced the study and obtained consent of the participants.  I handled all 

the paperwork, from distributing copies of forms to collecting and photocopying all 

individual pieces of data.  While in the classroom, I was both an observer and a 

videographer.  Throughout the semester, when the class was not focused on the children’s 

thinking activities, I sporadically observed the classroom dynamics and norms as well as 

the interactions among the participants, documenting these observations in field notes.  

During the children’s thinking activities, I observed and videotaped the small group 

discussions of the participants as well as their participation in whole-class discussions.  

Finally, I served as the facilitator of the individual and group interviews. 

Other than the students and myself, the instructor of the course was the only other 

person present during the study.  As the course instructor, she was the facilitator for all of 

the children’s thinking activities.  

3.1.1 Case Study Students 

As noted earlier, four students, three female and one male, served as case studies 

from a class of 25 students, 23 of which were female and 2 of which were male.  Ideally, 

a range of cases was wanted for comparison purposes, with the selection of students 

based on a number of factors: reported mathematical ability; gender; age; and ethnicity.  
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In reality, it was difficult to select four students that collectively represented a range in 

each factor. Therefore, gender and mathematical ability were prioritized.  Gender was an 

important factor to consider because I wanted to represent the males that were enrolled in 

this class.  Additionally, I wanted the case study students to have a range of mathematical 

abilities because I hypothesized that students with different levels of mathematical ability 

might view and reflect on the activities in different ways.  For example, if students self-

reported that they were strong mathematically, they might have viewed the children’s 

thinking activities as not helpful to their learning of mathematics, reflecting more on 

children’s mathematical thinking than on their own.   

Selecting case study students and obtaining consent 

At the beginning of the fall 2007 semester, I formally introduced myself and the 

purpose of the study to the students of one section of a mathematics for teaching course.  

I described the students’ potential role in the study, explaining that they could participate 

in the study as a general participant or as a case study student.  At the end of this 

introduction, I passed out the consent forms and asked the students to fill out the forms if 

they were interested.  Six forms were returned, with only one of the six indicating 

agreement to participate as a case study.  I returned twice more to readdress the class with 

no success at recruiting more participants. After consulting my advisor, I restructured my 

study to focus only on recruiting three more case study students. 

My recruitment process involved speaking to students on a one-to-one basis at the 

beginning and end of classes.  I also compiled a list of students who I thought would 

make interesting cases, using my observational field notes as the primary source of 
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information.  I paid particular attention to how the students participated in the class as 

well as to their mathematical ability. Since it would be necessary for people to discuss 

their perceptions, I wanted participants who did not seem hesitant to share their opinions. 

I also desired students that seemed to have varying levels of mathematical ability for the 

reasons stated earlier. 

I formally contacted each student who I thought would serve as an interesting 

case through his or her university email address.  In each of these emails, I explained why 

I specifically wanted them to participate.  See Appendix A for a sample study invitation 

email.  By the end of the fourth week of classes, I heard back from three students who 

agreed to participate as case study students.   

The perceptions of Jessica, Meghan, Adam, and Hannah3 served as the cases for 

this study.  All of the students were pre-education majors whose primary interest was 

teaching at the early childhood or elementary level.  All were Caucasian between the ages 

of 19 and 21.  Further information about each case student will be given at the beginning 

of his/her respective case in chapter four.   

3.2 Children’s thinking activities 

 Three sets of in-class children’s thinking activities were used as the context in 

which the participants’ perceptions were elicited.  These activities were based on the 

topics of multiplication, division, and understanding fractions, and were included in the 

participants’ Class Notes packets. A regular part of the curriculum, the university 

produces the Class Notes packet for a nominal fee and all students in the first 

                                                 
3 All names used throughout the write-up of this study are pseudonyms.  
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mathematics for teaching course are required to buy it at the beginning of the semester. 

The following paragraphs describe each of the activities that are included in the Class 

Notes. 

 As explained in chapter one, the multiplication and division activities were 

adapted from activities that were part of another study undertaken by a former faculty 

member in the mathematics department.  Using video clips produced by the Developing 

Mathematical Ideas project (Schifter, Bastable, & Russell, 1999) as a basis, prospective 

teachers investigated different children’s invented strategies of multi-digit problems 

involving multiplication and division, with a specific focus on unpacking the 

mathematical concepts that underlie these strategies.  These concepts include, among 

other things, the properties of multiplication and division, place value, contexts of 

multiplication and division, and connections among different strategies.  See Appendix B 

for the specific activities. 

 The understanding fraction activities, introduced in chapter one, were designed as 

part of the Center for the Mathematics Education of Latinos/as.  This two-week module 

showcased four 5th-grade students sharing their mathematical thinking focused on several 

mathematical topics.  Among these were interpretations of rational numbers, the 

fractional whole, equivalence of fractions, and the role of language in mathematics.  See 

Appendix B for the specific activities.  

3.3. Design of study 

 To document the participants’ perceptions, I collected data over the course of one 

semester.  The general structure of collecting this data involved observing the participants 
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Table 1. Study timeline 

during the children’s thinking activities and then interviewing them afterwards.  The goal 

of this structure was to capture both the participants’ reflections-in-action and reflections-

on-action (Schön, 1983). 

Table 1 outlines the study design by week and provides relative information about 

when each significant activity occurred as well as what data was collected. 

  

 

Week(s) Activity Data 

2-3 Introduce study N/A 

2-4 1. Choose case study students 
2. Classroom observations 

1. Consent forms 
2. Field notes 

4-6 Individual initial interviews Transcribed interviews 

6 1. Children’s thinking activities: 
Multiplication 
2. Classroom Observations 

1. Videotaped in-class 
discussions 
2. Class Notes work 
3. Field notes 

7-8 1. Children’s thinking activities: 
Division 
2. Classroom Observations 

1. Videotaped in-class 
discussions 
2. Class Notes work 
3. Field notes 

8 1. Group multiplication interview: 
Meghan, Adam, and Hannah 
2. Individual multiplication 
interview: Jessica 
 

Transcribed interviews  

8-9 1. Group division interview: Jessica, 
Adam, and Hannah 
2. Individual division interview: 
Meghan 

Transcribed interviews  

10-12 1. Children’s thinking activities: 
Fractions 
2. Classroom Observations 

1. Videotaped in-class 
discussions  
2. Class Notes work 
3. Field notes 

15-18 1. Individual fraction interviews 
2. Evaluation of children’s thinking 
activities: Adam 

1. Transcribed interviews 
2. Short answer responses about 
children’s thinking activities 

17-18 1. Individual final interviews Transcribed interviews  
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3.3.1 Data collection 

Three kinds of qualitative data were used in this study to ensure the validity of my 

findings: (a) direct observations, (b) individual and small group interviews, and (c) 

written documents. By using multiple forms of evidence, a convergence of themes was 

developed (Creswell & Miller, 2000) and helped to establish the trustworthiness of my 

findings (Lincoln & Guba, 1985) .  Trustworthiness is a construct that allows for 

“external judgments to be made about the consistency of [a study’s] procedure and the 

neutrality of its findings and or decisions” (Erlandson, Harris, Skipper, & Allen, 1993, p. 

29). 

The following sub-sections provide more detail on each method of data collection, 

including the type of data collected and the purpose of the data collection.  A table is 

provided at the end of the section that correlates each type of data collected with the 

research sub-questions it addressed. 

Direct observations 

Observations are an important component of conducting qualitative research.  

They allow a researcher, through first-hand involvement, to learn about actions and 

behaviors of participants (Marshall & Rossman, 1989).  Direct observations are useful 

when the researcher does not want to become a participant in the social setting, but 

strives to be as unobtrusive as possible.  It was this reasoning which made direct 

observations most appropriate for this study. 

A considerable amount of time was spent in the classroom where the activities 

occurred in order to contribute to the trustworthiness of my data. Videotaping the 
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participants’ discussions of the children’s thinking activities only a handful of times 

would not have allowed me to understand the broader context of the classroom structure 

in which the perceptions occurred.  Therefore, I also spent time observing the participants 

as they engaged in activities unrelated to children’s thinking. 

 Observations during non-related children’s thinking activities. Before the start of 

the children’s thinking activities, I observed and took field notes of the classroom 

instruction and the potential study participants.  I did not participate in any of the 

activities and instead took a seat in the back of the room so I could focus my attention on 

the classroom as a whole. 

The importance of these observations was two-fold.  First, they informed the 

selection of case study students.  Second, they allowed me to understand better the 

classroom dynamics and norms that were established by the students and course 

instructor.  Five of these observations were completed. 

During the middle of the semester, I observed and took field notes when the study 

participants were engaged in non-children’s thinking activities.  Most of the time these 

observations occurred during the same day the children’s thinking activities took place.  

When this happened, I did not videotape the participants’ interactions and discussions but 

took detailed field notes (see Appendix C for sample field notes).  This was important for 

data validity, as I wanted to note if the participants’ behavior or participation was 

affected by the presence of the video camera.   

The observational data was recorded on an observational protocol (Creswell, 

2003).  The protocol had two distinct columns; one for a time stamp and one for 
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descriptive notes about the events that occurred during that time (see Appendix D for the 

observational protocol).  These descriptive notes included, among other things, a 

reconstruction of dialogue and interactions among the participants, instructions provided 

by the class instructor, visual representations that were provided to the class, classroom 

demographics, and a physical representation of the classroom layout. 

Observations during children’s thinking activities. I also observed the participants 

small group and whole-class interactions while they engaged in the children’s thinking 

activities.  I recorded my observational field notes using the protocol described earlier.  

The primary purpose of recording my observations was for the development of interview 

questions.  The observational field notes also served as a secondary piece of data, used to 

support the perceptions captured on the video recordings. 

Before starting my observations of the participants during the children’s thinking 

activities, I developed a seating chart so that all of the participants would sit together in a 

group.  As the nature of this class was for students to sit together in groups of four to five, 

the participants sitting together in a group would not be out of the ordinary.  Seating the 

participants together allowed me to focus my observations as well as helped the 

participants develop and maintain a familiarity with each other.   On the first day of 

activities, the class instructor implemented the seating chart.     

A video camera was focused on the participants’ table during all small group 

discussions.  When the students were called back together for whole-class discussions, I 

videotaped who was speaking if and only if the person who was speaking was consented.  

If the person who was speaking was not consented, the video camera remained on the 
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case study students.      

The purpose of videotaping was to capture all the perceptions that were elicited, 

especially those that were not expressed to the whole class.   Using video recordings also 

allowed me transcribe what the participants were sharing with each other and the class 

verbatim.  Finally, the video recordings allowed me to focus my in-class observations on 

the participants’ exchanges, where I noted any key ideas and themes that could be asked 

about during the individual and group interviews. 

Individual and group interviews 

 Each case study student participated in five outside of class interviews, three 

which followed an individual format and two which took place in a group setting.  These 

interviews allowed me to further unpack the perceptions of all of the participants. Each 

interview used a semi-structured (Bryman, 2008) format.  This approach to interviewing 

was favored over an unstructured one since I wanted to ensure a cross-case 

comparability.  Additionally, given that my study had a very clear focus, using a semi-

structured approach allowed me to address specific issues while providing me flexibility 

to ask follow-up or clarifying questions for particular responses.  These follow-up and 

clarifying questions, along with the restatement and paraphrasing of certain ideas, served 

as member checks (Lincoln & Guba, 1985), an essential component in ensuring the 

accuracy of my data.  

The subsections that follow provide more detailed information about each type of 

interview that was conducted.  Specifically, the implementation and purpose of each 

interview is discussed.   
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Initial interview. Each case study student participated in an initial interview that 

took place prior to the start of the children’s thinking activities, with the exception of 

Hannah (who was interviewed prior to the second day of the activities).  Each interview 

was audiotaped and was one-on-one, with only the participant and myself present. Each 

interview lasted about 30-45 minutes in length. See Appendix E for the initial interview 

protocol.  

The primary purpose of this interview was to become better acquainted with the 

participants. The participants were asked to provide historical information (Creswell, 

2003), including their family and educational background and their reasons for wanting 

to become a teacher.  The participants were also asked about their initial perceptions 

about using the children’s thinking activities and the role of language in mathematics.  

A secondary purpose of this interview was to build rapport with the participants.  

This rapport was crucial as I wanted to elicit the participants’ perceptions regarding a 

number of topics and without it, the participants might not have felt as comfortable to 

share their thoughts.  To establish a rapport with each of the participants, I tried to create 

a sense of relatedness (Ryan, Deci, & Grolnick, 1995). I appealed to the participants as 

students, empathizing with their workload and school obligations. I also shared personal 

information about myself to lessen any intimidation they might have developed.  For 

example, since at the time of the study I was pregnant with my first child, many of the 

participants inquired about how I was feeling, to which I happily responded.  As another 

illustration, I remarked prior to the start of Jessica’s interview that I had watched a 

particular television program the night before.  Jessica, too, had watched that program 
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and a short exchange about that show followed. 

It was my hope that by relating to the participants on both an academic and 

personal level, the participants would feel at ease.  I assured the participants numerous 

times during this interview (as well as during the other interviews) that my intent was not 

to judge their thoughts as correct or incorrect, but rather to understand their perspectives.  

I acknowledged that some of the questions were difficult to think about, especially if they 

had not ever thought about the specific topics before, and at times remarked that I too 

was unsure of what I thought about a given topic. 

The data from this interview was used in two ways.  First, it was used to develop 

a background narrative for each case study student.  Second, it addressed the study’s 

research sub-questions concerning the use of the activities and the ideas about the role of 

language in mathematics.  This was mainly because the participants were specifically 

asked to reflect on those issues during the interview and were not often asked to consider 

their own or children’s mathematical thinking. 

Group interviews.  Two separate group interviews were held after the conclusion 

of the division activities: one that focused on the multiplication activities and one that 

focused on the division activities. Three case study students attended each group 

interview, with Jessica missing the multiplication interview and Meghan missing the 

division interview.  (In both cases, individual interviews were held.)  All interviews 

lasted about 30 minutes in length.  I facilitated all of the interviews, videotaping the 

group interviews and audiotaping the individual ones. See Appendices F and G for the 

multiplication and division group interview protocols, respectively. 
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A group interview format was chosen over an individual interview format because 

I wanted to maintain the same culture of group discussions that took place in the 

classroom.  During all of the activities, the case study students were seated together.  

Thus, they could hear each other’s thoughts and ideas and use them as a springboard for 

their own reflections.  It was this dynamic that I tried to and was at times successful in 

capturing through the use of group interviews. For example, during the multiplication 

interview I asked the participants to consider their views on teaching one standard 

multiplication strategy prior to allowing children to explore their own strategies.  In the 

exchange that followed, the participants built off one another’s responses, with each 

participant using a peer’s response as a context for their own reflection.   

The data from these interviews provided me with plethora of rich perceptions that 

might not have been obtained if an individual format had been used.  These perceptions 

were used to address all of the study’s research sub-questions, as ideas about the use of 

activities, children’s mathematical thinking, participants’ own mathematical thinking, and 

language usage were all discussed.  

Fraction interviews. Each case study student was asked to participate in an 

interview that focused on the fraction activities.  Originally the fraction interview was 

designed to follow the same group format as the multiplication and division activities.  

However due to when the fraction activities concluded (around Thanksgiving) and the 

incompatibility of the participants’ schedules, an individual interview was conducted 

with each case study student. The interviews were audiotaped, lasted about 45-60 minutes 

in length, and had only the participant and myself present.  See Appendix H for the 
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fraction interview protocol.  The data from the fraction interviews were used to address 

all of study’s research sub-questions. 

Final interview.  At the conclusion of all the children’s thinking activities, each 

case study student participated in a final interview. Each interview was one-on-one, 

audiotaped, and lasted about 30-45 minutes in length.  See Appendix I for the final 

interview protocol. 

The primary purpose of this interview was to ask participants about their 

experiences throughout all of the children’s thinking activities.  It was extremely 

important for me to provide participants one final opportunity to reflect over all the 

children’s thinking activities with which they engaged.  An individual format was chosen 

namely because I wanted to focus my full attention on each participant so that I could 

triangulate their responses with sentiments they expressed during other portions of the 

study. The perceptions that were elicited during the final interview were used to address 

all of the study’s research sub-questions.   

Written documents 

 Class Notes. Throughout the study, the participants completed a set of Class 

Notes as they watched children’s videotaped explanations.  Generally the activities in the 

Class Notes were started in class and completed outside of class time.  It was my original 

intent to collect the relevant sections of the Class Notes after each activity was completed 

(e.g. multiplication, division).  However, as the Class Notes were a regular part of the 

class and not something the participants completed just for the study, the participants 

used them to study for exams as well as turned them in for class credit.  Therefore, I 
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collected and copied all the participants’ completed Class Notes at the end of all the 

children’s thinking activities.   

The Class Notes were important because they provided me with a different type 

of data.  Instead of asking the participants to reflect on the main ideas of the study in an 

oral manner, the Class Notes provided the participants a chance to reflect in writing.  

However, because the responses were in written form, I did not have the opportunity to 

ask the participants to expand on or clarify their thinking.  

The data acquired from the Class Notes addressed the second, third research, and 

fourth sub-questions: the participants’ perceptions about children’s mathematical 

thinking, their own mathematical thinking, and the role of language in teaching and 

learning mathematics, specifically.  This was due to the types of questions the 

participants were asked to complete in the Class Notes.  Many questions asked the 

participants to consider the different strategies and mathematical thought exhibited by the 

children in the activities, which elicited many perceptions regarding mathematical 

thinking.  At times, the participants were also asked to consider the language used by the 

children, which provided them a space to reflect on their ideas about the role of language 

in mathematics.  However, at no time were the participants asked to share their 

perception on the use of the activities.   

 Evaluation. After all of the children’s thinking activities were concluded, the 

participants were asked to complete an electronic evaluation of the different aspects of 

the children’s thinking activities.  This evaluation, which was not distributed class-wide, 

contained open-ended questions about the participants’ knowledge of certain 
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Table 2. Data type and research sub-question correlation 

mathematical concepts (e.g. interpretations of multiplication), their perceptions about 

children’s understanding and specifically the understanding from the children in the 

video clips, and the participants’ conceptualization of the role of teaching (see Appendix 

J for the evaluation). This evaluation provided participants another opportunity to share 

their thinking regarding issues related to the study. Unfortunately, only one case study 

student, Adam, returned the completed evaluation, though repeated attempts were made 

to secure the evaluation from other participants.  However, I did include Adam’s 

responses in my analysis of his perceptions as the evaluation did not contain any new 

type of data and instead served mainly as a confirmation of Adam’s responses from other 

data sources. 

Research questions and data correlation 

 Table 2 correlates each specific data type with the research sub-questions it 

addressed.  

 

Research Sub-question Data  

1. How do prospective teachers perceive of 
the use of these activities?  
 

1. Interviews (all) 
2. Videotaped in-class discussions 
3. Field notes 

2.  How do prospective teachers perceive of – 
a. children’s mathematical thinking? 
b. their own mathematical thinking? 
c. the role of language in teaching and 

learning mathematics? 
 

1. Interviews (all) 
2. Videotaped in-class discussions 
3. Field notes 
4. Class Notes 

 

3.4 Data analysis 

The data was coded and analyzed using elements of Grounded Theory (Corbin & 
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Strauss, 1990).  Proponents of this theory seek to develop conceptually rich and dense 

accounts of phenomena that is grounded in the context of study (Pidgeon, 1996) using an 

iterative process of data analysis.  Under its purest form, data collection and data analysis 

occur simultaneously, with each informing the other. 

The overarching goal of the data analysis for this study was to examine the data 

from a unique case orientation (Patton, 2001).  Under this strategy, I aimed to capture and 

be respectful of the uniqueness of each of case study participant.  I first identified the 

main themes for each specific case.  I then compared and contrasted the main themes 

from each case so that I could identify cross-cutting themes. 

 In an effort to make my process of data analysis process transparent (Auerbach & 

Silverstein, 2003), a more detailed description of the steps that I took to arrive at my data 

interpretations are discussed in the subsections below. Specifically I elaborate on the 

processes of transcription, coding, and case study development. 

3.4.1 Transcription 

 During data collection, I began transcribing and analyzing my data.  This analysis 

in the field (Bogdan & Biklen, 1992) consisted of transcribing my observational field 

notes and the initial interviews verbatim.  The purpose of transcribing these data while 

the study was ongoing was so I could plan future data collection sessions in light of what 

was found.  The level of analysis that took place at this stage was broad.  I read through 

the transcriptions and noted any comments regarding children’s thinking activities, 

mathematical thinking or language that seemed interesting and/or relevant to study, at 

times discussing them with my advisor.  These observations then informed the set of 
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questions that were asked at the interview that focused on those particular activities. 

Most transcription, however, occurred after the data collection ceased.  Along 

with the help of undergraduate research assistants (URA) provided by the Center for the 

Mathematics Education of Latinos/as, the interviews were transcribed verbatim.  In all 

cases, but especially in ones where a URA transcribed an interview, I re-read through the 

transcribed interview while listening to or watching the interview.  This was done to 

verify as much as possible the accuracy of the participants’ words and meanings (Poland, 

2003).   I then watched all of the video recordings of the class discussions and transcribed 

each recording verbatim. This resulted in 15 hours 33 minutes of transcribed data; 8 

hours 38 minutes from the interviews and 6 hours 55 minutes from the class sessions.   

3.4.2 Coding 

Next, I developed codes to categorize my data.  Developing codes is an important 

function in data analysis as codes allow researchers to summarize, synthesize, and sort 

the different observations that were made.  MacQueen, McLellan-Lemal, Bartholow, and 

Milstein (2007) describe codes as building blocks that serve as the foundation of a 

researcher’s interpretations and findings. 

My data was subjected to two levels of coding, open coding (Corbin & Strauss, 

1990) and reliability coding, respectively.  These approaches to coding are discussed in 

further detail in the sub-sections below.  

Open coding 

 Since I investigated my participants’ perceptions, it was essential for me to 

generate categories that encompassed the broad themes found in my data.  Therefore, I 



 

  

92

 Table 3: Sample codes and definitions 

used the process of open coding.  This coding is interpretive and systematically breaks 

down data into categories and subcategories, which are constantly refined as 

“events/actions/interactions are compared with others for similarities or differences” 

(Corbin & Strauss, 1990, p. 12).   

To understand how my participants perceived the use of children’s thinking 

activities in a content course, I read through all the data within each case and marked by 

hand the specific instances when the participant discussed the use of children’s thinking 

activities.  These instances were identified with the category of use [of children’s 

thinking activities].  At the same time, I asked generative and comparative questions 

(Corbin & Strauss, 1990) of the data.  For example, I wondered, “How did the 

participants perceive the use? What benefits were they identifying?” I created sub-codes 

to note differences within the instances of this code.  A sample of the codes and sub-

codes that were developed, along with respective definitions, are provided in Table 3. 

 

Participants’ reflections on children’s 
mathematical understanding… 

Definition 

via their own experiences Pst is reflecting on what they think 
children may or may not understand by 
relating it to experiences they have had 

via the use of context Pst is reflecting on the idea of a context 
associated with a problem and what 
children may or may not understand 

of specific concepts Pst is reflecting on a child’s (possible) 
understanding (or lack thereof) of the 
mathematical concept(s) underlying 
children’s strategies (as opposed to 
applying an algorithm correctly, etc.) 

via what might help children Pst is reflecting on what did or might help 
children better understand concepts 
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A similar process was undertaken to code the data for the remainder of the 

research sub-questions.   When investigating the data for the participants’ perceptions on 

their own mathematical thinking, I noted any instances when the participants referenced 

their own mathematical thinking about specific topics (which I indicated with the code of 

self).  For example, I looked for instances when the participants reflected on how they 

acquired knowledge, any gaps they felt they had in their knowledge, and what they 

perceived as their strengths in their knowledge, among other things.  Similarly, I noted 

when the participants reflected on children’s thinking (which I indicated with the code 

childthink).   In both cases, I asked generative and comparative questions about the 

perceptions and specifically noted it with sub-codes.  See Appendix K for a full listing of 

all codes and definitions that were created. 

I kept track of all the codes that were developed in a Word document.  This 

document contained all of the codes and sub-codes for all research sub-questions, along 

with their respective definitions. I also included all examples of when a particular code 

was applied, indicating both the specific data source and line/question number. Table 4 

shows a sample of that document.  This documentation system allowed me to easily see a 

broad picture of all the categories for a given research sub-question as well as quickly 

examine the robustness of a given code.  

Reliability coding 

 Although reliability is a word often associated with quantitative research, the 

process of ensuring the quality and rigor of one’s findings is an important construct in all 

research studies (Golafshani, 2003). In quantitative research, reliability refers to the 
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II. Reflection … 
1. Pst reflects on their understanding (or lack thereof) of children’s 
mathematical thinking (Code: reflect_childthink)  
 
a. kidlang: Pst is reflecting on the language used by children and/or 
teachers (Code: reflect_childthink_kidlang) 

 
i. terminology: The children’s thinking is hard or might be hard to 
understand for the pst because of the children’s vocabulary or 
terminology used (Code: reflect_childthink_kidlang_term) 

 

- j_mult: 725-726; grp_mult: [m]94-95; m_frac: 149-157, 233-
235, 436-441; j_frac:8-14, 612-618, 620-621; grp_div: [j]11; 
div_day1: [m]22c; m_final: 151-153; mult_day2: [m]5cfh; 
a_eval: 5c; m_work: 34/4; grp_mult: [a]2, 90-91; grp_div: [a]10 

 

 Table 4: Code definitions and examples 

reproduction of similar results given the same measurement.  In qualitative research, 

however, this reproduction might not be possible since “subjectivity, interpretation, and 

context are inevitably interwoven” (Auerbach & Silverstein, 2003, p. 77). What I aimed 

to do by looking at the reliability of my codes was to verify that the constructs I had 

developed from my data were communicable to other researchers (Auerbach & 

Silverstein, 2003).  In other words, were my codes understood and did they make sense to 

other researchers? 

  

 

 

 

 

 

 

 

 

 

 To ensure the communicability of my codes, I sent a sample of my data, along 

with my codes and their respective definitions, to an independent researcher.  This data 

sampling constituted 20% of each type of data collected and included randomly selected 

transcripts of two in-class activities, four transcribed interviews, and one set of Class 

Notes.  To select the data, I assigned each specific example of data within in a given type 
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of data a number and then randomly selected a value using http://random.org/integers. 

However, the selection process was not completely random, as I wanted to provide my 

independent researcher a variety of data in terms of type and participant.  Thus, when a 

selection was made, I excluded the participant or type of activity from the next selection 

process.  For example, after selecting Jessica’s fraction interview, I excluded the rest of 

Jessica’s interviews from the selection process as well as the rest of the participants’ 

fraction interviews.  This was done, as alluded to above, in order to guarantee a cross-

examination of all of the participants’ perceptions as well as to have all data sources 

represented. 

 After my independent researcher returned the coded data, I investigated the 

degree to which our application of codes agreed.  The purpose in doing this was not to 

ensure a perfect match.  Rather, the goal was to see how a researcher in the field 

interpreted my codes.  More importantly, I sought verification that I had not applied 

codes inconsistently or erroneously and that I had not missed the application of certain 

codes.   

 My comparison of codes led to (inevitable) differences.  These differences existed 

for a variety of reasons.  In some cases, I had completely missed the application of a 

code.  For example, I missed that Jessica was reflecting on the use of context as a form of 

helping children understand fractions in the following excerpt: 

Yeah, that’s like what I’ve been saying before. She’s using the comparison to see 
(inaudible) candy bars. She’s saying broken into and the word pieces, which I 
think is key for that age. [Interviewer: Key in—in helping them understand?] 
Uh-huh, and so yeah, I would say that using or putting it as a food item or 
something that they’re familiar with at that age, and using the broken into phrase 
and the pieces phrase. (Fraction Interview, December 12, 2007) 
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Other differences occurred due to the fine distinction among some of the codes.  For 

example, the participants reflected on the relationships among different mathematical 

strategies.  However, sometimes they were reflecting on their own mathematical thinking 

regarding these relationships and sometimes they were reflecting on the children’s 

mathematical thinking.  Thus, when applying codes the independent researcher and I 

differed at times in attributing upon whose thinking the participant was reflecting.   

A last major type of difference existed due to the presence of more than one focus 

in a given reflection.  For example, when reflecting on which child understood division 

the most, Meghan reflected,  

Of the four, I would say that Elaine probably understood division the most 
because her method was really similar to what we do, and Thomas had a pretty 
good grasp, and Amelinda, she was doing repeated subtraction, but I would—I 
would say that Elaine had the best. (Division Interview, October 23, 2007) 
 

In the above passage, I coded for the perception of a child’s possible understanding 

through the use of a participant’s own experiences.  However, my independent researcher 

coded the passage for the perception of a child’s mathematical thinking through the 

relationship among different mathematical strategies.  Both types of perceptions are 

present in the passage, even though we each only coded for one of them. 

 To resolve the differences in code applications, I went through each piece of data 

that was coded by both the independent researcher and myself.  If the application of 

codes was the same, I did nothing.  If the application was different, I evaluated whether 

or not I should ignore the independent researcher’s application or add it.  I then met with 

my independent researcher to inquire about the application of some codes that I did not 
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understand.  This resolution of codes resulted in a 75% agreement.   

 As a last step, I performed a final read-through all of all of my data.  Given that 

the application of certain codes were missed in the data sent to the independent 

researcher, this step was essential. It helped verify that all of my codes were interpreted 

and applied in the same manner.    

3.5 Case study development 

After all of the data was coded, the codes applicable to each participant, along 

with the specific passages from the data, were sorted into Word documents.  Four 

documents were created for each participant, each one focusing on a specific research 

sub-question.  For example, one document was created regarding Jessica’s perceptions 

about the role of language in mathematics, another for her perceptions on children’s 

mathematical thinking, another for her perceptions on her own mathematical thinking, 

and finally one on her perceptions about the use of the children’s thinking activities. The 

passages that were included in each of the documents were then read and an interpretive 

sentence describing the main idea of the passage was included at the beginning of the 

passage.  See Appendix L for a sample Word document.    

Using the interpretive sentences of each passage as a guide, I looked for common 

elements within each type of perception regarding the children’s thinking activities, 

mathematical thinking, and the role of language. These common elements were then 

developed into descriptive case studies for each participant.  As much as possible, the 

participant’s own language was used or paraphrased as the goal of the case was to be as 
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true as possible to the participant’s voice.  However, a level of analysis and links to other 

research were included within each case.  All four cases are presented in chapter four. 

Finally, each of the individual cases were compared and contrasted in order to 

identify elements of commonality and difference.  Specifically, if a perception was noted 

from more than one participant, the given perception from each participant was 

contrasted in order to establish broader themes of using children’s thinking activities in a 

mathematics for teaching course.  The analysis of cross-cutting themes is presented in 

chapter five. 
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CHAPTER 4: FINDINGS 

This chapter details the findings for each of the four case study students. Each 

case write-up begins with a brief biographical introduction of the case study student.  

Findings and analysis related to each research sub-question are then provided, first in 

reference to children’s mathematical thinking and then in regard to the participant’s 

mathematical thinking.  When appropriate, links to current research in the field are made 

throughout each case. 

4.1 The case of Jessica 

At the time of this study, Jessica was a sophomore who had just applied for 

entrance to the College of Education. She was confident she wanted to become a teacher 

due to her experiences with her brother’s kindergarten class and her later work in a first 

grade classroom.  These experiences, as well as others, helped focus Jessica’s attention to 

Early Childhood Education (grades K-3).  When asked why this age level held so much 

appeal for her, Jessica replied, “[They’re] so fun. You never know what they’re going to 

say” (Initial Interview, September 24, 2007).   

Mathematics was not a subject that Jessica loved growing up although she saw it 

as something that came easy to her.  During high school, Jessica obtained college credit 

by taking some college-level mathematics courses.  However, the mathematics for 

teaching course where this study was situated was the only mathematics course she 

planned on taking at the university.  While she did not love mathematics, Jessica revealed 

that, in general, she liked to solve problems. She loved to put all the pieces together of a 

problem using drawings and hands-on manipulatives.  



 

  

100

Jessica viewed herself as a “perfectionist” (Final Interview, December 13, 2007) 

who never wanted to “do anything wrong, or out of line” (Multiplication Interview, 

October 17, 2007), which was consistent with in-class and interview observations.  

During class time, Jessica spent a lot of time making sure she understood exactly what to 

do, as well as exactly how her answers should be worded.  Throughout her interviews, 

Jessica was at times hesitant to give her opinion about a topic, either because she did not 

understand a particular word in the question or because, according to her, situations 

generally are not black and white.  

Although Jessica looked for perfection, she was very willing to push her own 

thinking about why certain things were true and often challenged her peers’ thinking.  In 

class, she was generally one of the first ones to raise her hand to answer a question and 

many times kick-started the small group conversations at her table.   

Jessica believed that when a student can “teach a concept to someone else” (Final 

Interview, December 13, 2007) then one can say the teaching of the content was 

effective. However, Jessica was hesitant to say what type of teaching atmosphere and 

environment might foster this effectiveness, stating that “there’s so much involved in 

making it effective” (Final Interview, December 13, 2007). When pressed to provide 

some ideas, she hypothesized setting up a classroom where children are engaged in a 

combination of working alone and together, although she was unsure of exactly what 

form that combination would take. 

4.1.1 Children’s mathematical thinking 

 The children’s thinking activities in this study provided a space for participants to 
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focus on their own mathematical thinking as well as the mathematical thinking of 

children.  Within the context of the latter, Jessica’s perceptions about the use of the 

activities are presented in the first section.  Following that discussion, Jessica’s 

perceptions about the children’s mathematical thinking regarding language, 

understanding, and strategies used to solve problems are detailed. 

Activity perception: A window into children’s perspectives about mathematics  

In general, Jessica found the activities based on children’s thinking beneficial, 

although she admitted that at first she thought the activities were “pretty lame” (Final 

Interview, December 13, 2007).   Jessica expressed on several occasions that she felt the 

activities provided her with a visual to “help us [prospective teachers] to like, realize who 

we're talking to, in a sense” (Multiplication Interview, October 17, 2007). Jessica thought 

that it was extremely important to have some type of human element in the class, stating 

“I think it was definitely beneficial for the class that we're involved in. I think without it 

[it] would kind of be silly, like you know? Or [the class should have] at least some 

interaction with students the age that we're talking about” (Multiplication Interview, 

October 17, 2007).  It was through this “interaction” that Jessica felt she would be able to 

see the content from the children’s perspective: 

.. we’re looking at it [the mathematics] from their point of view because we’re 
going to be teaching them, and we need to know, like what they are thinking in 
those little minds, you know? How can we reach them, and how can we help them 
to understand. (Initial Interview, September 24, 2007) 
 

As Jessica explained, teachers need to have knowledge of what children are thinking so 

they can help the children develop understanding.  This insight in to children’s thinking is 

a key element of the mathematical knowledge that is needed for teaching (Hill et al., 
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2004). 

 The children’s thinking activities also encouraged Jessica to listen to what 

children have to say.  Jessica explained that it was important for teachers  

to kind of listen to it [the children’s explanations] and then start like reacting [to] 
it again, kind of like a second time.  So you can hear what they said, and then 
work it out [what the children are doing] while you’re seeing it. (Fraction 
Interview, December 12, 2007)   
 

Jessica seemed to be implying that in order to truly begin to understand a child’s 

thinking, teachers need to truly focus on what a child is saying before trying to make 

sense of what the child is doing.  Wallach and Even (2005) contend that often teachers 

have preconceived notions of what constitutes a solution and therefore misinterpret 

children’s actions and words.  They advocate for teacher educators to design learning 

experiences that would raise teachers’ awareness about this issue, such as the children’s 

thinking activities appeared to do with Jessica. 

Jessica’s perceptions about children’s mathematical thinking also focused on the 

following three ideas: (a) the language used by children and/or teachers [17], (b) 

children’s conceptual understanding [24], and (c) making sense of a children’s 

mathematical strategy [20]. The numbers in brackets represent the occurrence of each 

focus in the data. The following sections present each of these ideas in more detail. 

Language: Learning and assessing understanding through mathematical language 

Overall, Jessica saw language as an important part of mathematics, “a step in 

learning it and understanding it” (Final Interview, December 13, 2007).  Jessica 

perceived mathematics as a series of steps, with each step depending on the previous one.  

In her view, language was an integral part of these steps where one “wrong word, even 
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though it may be a synonym for the right word, can totally mess up the problem” (Class 

Notes, p. 33).  Furthermore, Jessica viewed language as a common tie that binds people 

together.  For example, Jessica shared that since people speak French in France, it is 

important that people learn French in order to be understood. 

However, Jessica seemed unsure and was hesitant to define the phrase 

mathematical language saying that it was like asking “what is meant by the phrase 

Spanish language?” (Final Interview, December 13, 2007).    In response to her own 

question, Jessica offered that Spanish language meant that someone is speaking Spanish.  

So, when pressed for her opinion on an analogy to mathematical language, Jessica agreed 

that perhaps it was what is spoken or written to convey mathematics. This 

communication could take the form of different words (such as two and dos), but the 

concepts, which in essence are numbers [quantities], were the same from country to 

country (Fraction Interview, December 12, 2007). 

In order to truly communicate mathematical thought, Jessica believed that an 

individual needed to know more than just the rules and terminology of mathematics.   

Well . . . kind of like in Spanish, if you don’t understand the basics of it, you’re 
not going to get anywhere with it, you know? You can memorize all of the words, 
you can memorize, you know, all the traits, and you can know, you know, what 
they’re equal to.  But if you don’t understand how to put them together, like the 
sentences or all the different rules . . . .  Then you’re really not going to get 
anywhere. . . . Like a lot for me in Spanish, that was what I struggled with.  It’s 
like I’m great at memorizing, you know, all of the words and the numbers and the 
holidays and everything . . . [but] once you have the memorization, then you have 
to know what to do with it.  [Interviewer: Right.] And I think it’s the same in 
math. (Final Interview, December 13, 2007) 
 

What Jessica was alluding to is the idea of fluency.  In appears that Jessica felt that being 

fluent in a language was more than just knowing terminology and rules and procedures 
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for how to construct grammatical structures.  It meant possessing a deep understanding of 

how to make and use connections among the terminology and the structures.  This 

fluency, especially in two languages, was seen by Jessica as a resource when learning 

mathematics: 

I’m sure you would learn just as well, if not a little better than the other kids in the 
class because you have – you have like what it takes to have learned a second 
language fully.  Like so that … I mean I’ve been taking Spanish for years, and I 
still can’t get it.  So if you’re fluent in two languages you’re – you’re pretty smart 
in my book. (Initial Interview, September 24, 2007) 
 

The notion that fluency in one language aids in the acquisition of another language is 

supported in the literature regarding bilingual education.  In particular, Cummins (1992) 

argued that literacy in a child’s primary language (L1) transfers to the child’s second 

language (L2).  

Theoretically, Jessica viewed the communication of mathematical thought as a 

complex endeavor.  In practice, however, it appeared that her perspective was much more 

straightforward.  In particular, Jessica reflected on the presence or absence of certain 

words when attending to the children’s mathematical thinking. For example, Jessica 

stated that one child during the multiplication activities, Jemea, would know rounding 

because she used the specific word rounding.   At another point, Jessica commented on 

another child’s (Alexa) mathematical thinking regarding the comparison of one half and 

three-eighths by focusing on Alexa’s reference to the relative fractional whole:  

She’s using the word whole bar and cut it in half, which says to me she 
understands that one half is, or that one over two is half of one, the whole bar.  
But then she (inaudible) three-eighths; she doesn’t say the whole bar there. So 
that’s why I’m uneasy if she gets that … (italics added; Fraction Interview, 
December 12, 2007) 
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In her explanation (see Figure 4 for Alexa’s work), Alexa shared her reasoning for why 

she decided that one half was greater than three-eighths, specifically stating 

I drew uh, a picture [be]cause it will help me. And I, I drew a whole bar (pointing 
to rectangle on top) and cut it in half which is 1/2. And then I colored in 1/2 and 
then I drew 3/8 (pointing to rectangle on the bottom) and colored in 3/8. And I 
drew a line from 3/8 to 1/2 (tracing the line with her finger). And 1/2 seems 
bigger than 3/8. (Alexa, Fifth Grade) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Jessica’s reflections regarding the absence and presence of specific terminology within 

Alexa’s explanation implies that she perceived of a correct way to express one’s 

mathematical thinking.  For Jessica, even though Alexa correctly concluded that one half 

is greater than three-eighths, she could not attest to that understanding since the child did 

not express her understanding using a specific set of mathematical terminology.     

Jessica did acknowledge that an individual could understand a concept without 

possessing the ability to express it.  For example, Jessica shared her frustration with her 

mathematics for teaching course for placing too much emphasis on expressing thinking in 

the correct way: 

    Figure 4. Alexa’s work showing why one half is greater than three-eighths. 
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Um, I think, I think it's- like before I would have said, ‘Oh, it's totally important 
[explaining one’s thinking],’ you know? Like, oh, if they don't understand- like if 
they can't explain it [a concept] then they don't understand it. But from my own 
experience, going on right now, I think sometimes it takes away- Like for me a 
little bit, it's taking away from the class  [Interviewer: Okay] because I'm getting 
frustrated. I understand what I'm doing and I came into this class so excited, you 
know? And now, I feel more emphasis is being put on that I'm not saying it the 
right way. (italics added; Multiplication Interview, October 17, 2007) 
 

Through this example, we can see evidence of Jessica’s perception that the verbalization 

of thought was not equivalent to possessing understanding of a concept.  However, 

Jessica’s use of the phrase “saying it the right way,” along with the previous examples 

presented, does suggest that she perceived certain explanations as more valuable over 

others as a means to ascertain understanding.   

This view can be problematic as it may ignore the existence of people who can 

appropriately use a set of terminology without fully possessing the understanding that 

accompanies that terminology.  Moreover, it can de-value the mathematical thinking of 

those children who do not use a set of predetermined words (Kersaint et al., 2009), 

especially since it may lead to the further marginalization of those children whole L1 is 

not the language of the classroom.   

Jessica contended that it was the job of teachers to model the mathematical 

terminology that was required of children to demonstrate their mathematical thinking.  

This sentiment was echoed by Khisty and Chval (2002) as they discussed the importance 

of teacher talk with English Language Learners (ELLs) and claimed that the role of 

teachers’ communication in the classroom is a critical one.  However, Jessica felt that 

there was a fine line between using too much technical language and modeling the 

terminology.  Jessica felt that if teachers constantly use language that is very precise and 



 

  

107

specific, children might not understand the concepts (Group Division Interview, October 

24, 2007). Instead, Jessica felt that teachers could use language with which students are 

more familiar. 

Yeah, that’s like what I’ve been saying before. [The teacher’s] using the 
comparison to see (inaudible) candy bars. She’s saying broken into and the word 
pieces, which I think is key for that age. [Interviewer: Key in—in helping them 
understand?] Uh-huh. (Fraction interview, December 12, 2007) 
 

Jessica’s reflections suggest that she was aware of the power of language.  Words convey 

meaning and, as Jessica noted, the choice of words impacts what meaning is ascertained 

from an explanation.  Jessica summarized her recognition of the power of language as she 

reflected on her ability to make sense of Alexa’s fractional understanding from Alexa’s 

representations of one half and three-eighths (see Figure 4 for Alexa’s work; refer to page 

105 for Alexa’s explanation of her strategy): “Yeah . . . if I hadn’t heard her explanation, 

I would have had to figure out what she was doing with the drawings right away. 

[Interviewer: You could figure out…] I would need to, but the explanation helped even 

more” (Fraction Interview, December 12, 2007). 

Jessica felt that children whose L1 was not the language of instruction might 

struggle when learning mathematics.  She hypothesized that it would be difficult for her 

to learn in a class where English was not the primary language because she would need to 

concentrate primarily on the language and not the concept (Initial Interview, September 

24, 2007).  She also suggested that mathematics is especially difficult since “math 

language is hard enough for even me to grasp as an English speaker as my first language.  

I can only imagine what it would be like on top of learning English language as your 

second language …” (Class Notes, p. 33).  



 

  

108

 Jessica thought that providing children whose L1 is not English with translated 

versions of tasks or problems might not be beneficial to their learning of mathematics.  

When asked to consider if she would provide children with translated text to help them 

understand concepts, she reflected on her use of transcripts in the children’s thinking 

activities.  She elucidated on how they did not help her understand what the children were 

thinking or ideas such as partitive division or comparing fractions in non-routine ways.  

Jessica’s reflection speaks to the notion that just providing children instructions or tasks 

does not guarantee understanding.  Jessica believed that children learning a new 

language, especially ones at a younger age, can become easily overwhelmed.  

Additionally, even though the children might be able to read the translated words, they 

might not necessarily understand what is happening in the language of instruction. Civil 

(2008) elucidated on this idea when she shared an exchange between a Spanish-dominant 

and a bilingual child.  In the exchange, it was shown that while the bilingual child could 

technically translate the Spanish words into English, a loss of mathematical meaning 

seemed to occur.   

Jessica did believe though that all children, especially children whose L1 is not 

English, would benefit from sharing their work.  In this type of setting, Jessica 

commented that “[the children are] not only getting practice in math but the language of 

the class too” (Final Interview, December 13, 2007).  This view is indicative of a reform-

oriented approach to teaching mathematics, and is endorsed by researchers as a method 

that supports the development of children’s academic language (e.g. Chen, 2009; Chen & 

Gregory, 2004). 
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Understanding: Making sense of key mathematical ideas 

When Jessica reflected on children’s mathematical understanding, she primarily 

focused on making sense of what mathematical concepts the children did or did not 

understand. In doing so, Jessica was afforded an opportunity to consider and discuss key 

mathematical ideas.  For example, the course instructor asked the prospective teachers to 

decide which child from the video clips they had investigated thus far had the best 

understanding of division.  Jessica and her group members felt that Amelinda, who 

repeatedly subtracted the divisor from the dividend, had the best understanding of 

division.  Jessica’s reasoning was that Amelinda “realized that you were trying to get 13 

however many times in 159 . . .” (Division Activities, Day 1).   

In this example, Jessica was reflecting on the Amelinda’s understanding of 159 

divided by 13.  However, in a broader sense, Jessica was commenting on the very nature 

of what it means to divide 159 by 13. This finding is important because it suggests that 

the children’s thinking activities provided Jessica with an authentic context in which to 

discuss the nature of division, an important concept in mathematics.   

As another illustration, Jessica reflected on the children’s understanding of the 

whole and its relation to the numerator and denominator of a fraction.  For example, 

Jessica referred to one child’s (Alexa) written work of comparing two-thirds and five-

sixths.  In her work, Alexa represented two-thirds using a circle as the whole and five-

sixths using a rectangle as the whole (see Figure 5 for Alexa’s work). 

The only difference is that she didn’t use the same shape, which is still… I’m 
wondering if she understands the concept of the one because you can still do two-
thirds in the same shape that she drew five-sixths [in], with the rectangle, so. 
[Interviewer: Do you think she has a solid understanding of what two-thirds is and 



 

  

110

what five-sixths is?] I don’t want to say anything definite like I said before. I 
think she understands that—that it’s two out of three and five out of six. Is that 
because she didn’t draw them the same size, the same--or the same width or 
whatever? It doesn’t scream that she understands that they are both out of… the 
fraction is out of one. (Fraction Interview, December 12, 2007) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In this example, Jessica reflected on Alexa’s possible understanding of what the 

numerator and denominator represent in a fraction. Jessica referenced the part-whole 

model of fractions and how it appeared that Alexa understood this interpretation of 

fractions.  What she called into question was Alexa’s understanding that the fractions 

being compared should come from the same whole, primarily because she drew two 

different representations for each of the fractions.  The idea of using the same whole 

when comparing two fractions is an extremely important idea mathematically not just for 

making comparisons of fractions, but also when adding and subtracting fractions.  It is a 

concept with which children struggle, including Jessica herself as she chose two different 

wholes to compare three-fourths and four-thirds with a set model (Fraction Field Notes, 

Day 2).  

In addition to the opportunity to make sense of important mathematical ideas, the 

children’s thinking activities also seemed to provide Jessica a space to develop elements 

    Figure 5. Alexa’s work showing why two-thirds is greater than five-sixths. 
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of mathematical knowledge for teaching (Hill et al., 2004). In particular, as seen in the 

previous example, Jessica’s reflections imply that she was becoming aware that the 

choice of representations impacts a problem as well as possible mistakes a child might 

make when comparing fractions.   

Jessica also reflected on the importance and limitations of contextualizing 

problems.  For instance, Jessica offered that the use of food helped David, who had 

previously stated that two-thirds was bigger than five-sixths because thirds are bigger 

than sixths, arrive at a correct comparison:      

I think the second that the teacher put it into terms of food, I think he… like 
whenever you eat pizza, pie, you know, that’s usually, like when kids are learning 
about fractions associated with it, and so she [the teacher] put it into brownies, 
which for him like he was able to use [it to obtain the correct answer]. (Fraction 
Interview, December 12, 2007) 
 

Jessica contended that the context of food is a common pedagogical tool to help children 

understand fractions.  Thus, according to Jessica, when the teacher in the video clip 

framed the fraction in terms of brownies, David was then able to use that context to 

achieve an understanding of which fraction was greater. 

However, Jessica also considered the notion that the use of context may impede a 

child’s understanding.  Consider her reflection on Yamalet’s understanding of why she 

felt three-eighths was greater than one half.  In her explanation, Yamalet used the context 

of pizza to explain that the numerators in one half and three-eighths represented slices of 

pizza.  

She’s putting it into real-life perspective. The three in three-eighths stands for 
pieces of pizza eaten from eight slices.  The one in one half stands for one piece 
of pizza eaten from two slices.  In her mind, three slices is definitely more than 
eating one slice, therefore three-eighths must be more than one half. (Jessica’s 
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words that appear on a copy Yamalet’s work, Class Notes packet, p. 19) 
 

The last line offers Jessica’s perception that Yamalet’s framing of the problem using 

pizza hindered her ability to arrive at the correct comparison.  This could have been 

because in everyday experiences sometimes people do not take into consideration the size 

of the pizza slice when discussing how much pizza was eaten. 

 Given the frequency with which it is used, prospective teachers might be under 

the impression that the use of context will always help children develop mathematical 

understanding. However, prospective teachers need to be aware that this is not always 

true since many times children (and adults) are often unaware of the mathematical ideas 

in their everyday experiences (González, Andrade, Civil, & Moll, 2001).  Through 

experiences such as children’s thinking activities, it seems that prospective teachers can 

develop some of the mathematical understandings necessary to help children make 

connections between their everyday and school experiences.   

Strategies: Use of context and friendly numbers  

Consistent with her views concerning mathematical thought and context, Jessica 

often made sense of the children’s strategies by attributing the strategy or parts of the 

strategy to the use of situations or numbers that were mathematically comfortable or 

friendly to the children.  For example, Jessica and her group discussed why one of the 

children in the multiplication activities (Ryshawn) might have decomposed 29 into (25 + 

4) when multiplying 29 and 4.  During their discussion Jessica noted, “they [children] do, 

do so much stuff with like quarters, nickels, and dimes” (Multiplication Activities, Day 

1).  Here Jessica seemed to be implying that Ryshawn chose to use the number 25 
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because of his experiences with money, specifically quarters.   

Throughout the multiplication and division activities, Jessica used the phrase 

easier number or easier problem to explain four of the six different multiplication 

strategies and three distinct times when describing the children’s division strategies. For 

example, Jessica associated one child’s strategy4 (Alosha) of dividing 159 by 13 with this 

idea: 

But I think he stopped at 52 because it’s one of those, I don’t know what we’re 
calling it, ‘pretty numbers’ or ‘easier numbers.’  Because, in your mind, you can 
kind of do, ‘Oh, 50 plus 50 is 100 and another 50 is a 150,’ and that’s the range 
we’re going.  So, I think he did it because it would be an easier [uses air quotes 
when she says the word easier] number . . . (Division Activities, Day 1) 
 

The frequency of Jessica’s perception that children use numbers that are easier for them 

to solve problems suggests that Jessica believed that children often rely on the familiar 

(be it numbers or context) to help themselves make sense of mathematical situations. 

However, Jessica pointed out that sometimes relying on strategies that are more 

comfortable might just be from habit and not necessarily indicative of any conscious 

attempt of making sense of the mathematics. For example, when commenting on David’s 

visual representations of five-sixths and two-thirds, Jessica hypothesized the following 

(see Figure 6 for David’s work): 

He must have drawn that [the visual representations] out of habit, and kind of 
disregarded it because that shading is obviously larger than that one. [Interviewer: 
You mean the 5/6? . . .]  That he drew it, yet he took the time. They’re correct. It’s 
two out of three, and it’s one, two, three, four, five out of six. So I think that may 
have been a habit . . . . But I think in all of them, right away, they—all the kids 
looked--very easily drew out the, you know. So maybe it’s—maybe that’s 

                                                 
4 Alosha divided 159 and 13 by first adding 13 four times to obtain 52 and then repeatedly added 52 until 
he got to 156.  He then counted how many 13s it took to get to 156 and noted how many were remaining 
from the 159. 
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something I’ll do that when I’m teaching. Just because they understand how to 
draw it, doesn’t necessarily mean they understand why they’re drawing that or 
what it is they’re drawing. (italics added; Fraction Interview, December 12, 2007) 
 

 

 

 

 

 

 

 

 

Jessica seemed to be suggesting that children may create representations out of habit, and 

oftentimes they do not even understand why they are doing them or what they represent.  

Educationally speaking, representations are an important component of learning 

mathematics (Heritage & Niemi, 2006).  However, it can be argued that children might 

just draw representations only because that is what they have been taught to do and not 

because they understand how to use them to scaffold their learning.  Indeed, producing 

accurate representations of concepts does not necessarily constitute understanding 

(Perkins & Unger, 1994), something which Jessica seemed to recognize while engaged in 

the children’s thinking activities.        

This recognition suggests that by reflecting on the specific strategies used by 

children, Jessica grappled with important mathematical ideas.  Further evidence to 

support this claim occurred while Jessica compared different strategies.  Consider 

    Figure 6. David’s work showing why two-thirds is greater than five-sixths. 
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Jessica’s reflection of a child-generated strategy5 to solve 36 times 17 and its connection 

to the traditional U.S. multiplication algorithm: 

First of all, they're starting with thirty-six as the main number, which, this 
[traditional strategy] does too. [Interviewer: Okay.]  So you you're starting, thirty-
six is on the top and then, they were doing seventeen three times. So they were- 
first they were multiplying the seventeen times the three. . . . So what- he's just 
taking it in bigger chunks. . . . And then he follows up with the six times the 
seven. So he's getting, he’s getting every number in it- [Interviewer: Mmhmm] 
Like he's getting every part of it just like we're doing here- even though we're 
taking different parts, we're still getting every part of it. And then, then we're 
taking the results and adding them. (italics added; Multiplication Interview, 
October 17, 2007) 
 
This idea of “chunking” implies that Jessica is considering how numbers can be 

mathematically manipulated in different ways in multiplication problems while still 

arriving at the same result.  Mathematically, this corresponds to ideas such as 

decomposition of numbers, the distributive property, the associative property, and the 

commutative property, among others.  The significance in these reflections is that Jessica 

was not always comparing strategies on a superficial level (e.g. that both students used 

subtraction).  Instead, at times she was delving deeper into the mathematical structure of 

the strategies and unpacking mathematical concepts.  This suggests that Jessica was 

building connections among related mathematical ideas, part of what Ma (1999) referred 

to as a profound understanding of mathematics. 

4.1.2 Jessica’s mathematical thinking 

As a learner of mathematical content, Jessica sometimes viewed the activities as 

supportive in deepening her understanding of mathematics. For example, when asked if 
                                                 
5 The child, Thomas, solved 36 times 17 by first decomposing 36 into 10 + 10 + 10 + 6.  Thomas then 
multiplied 10 and 17 three times to obtain 170 + 170 + 170.  Next, Thomas decomposed 17 into 10 + 7, and 
multiplied 6 by 10 and 6 by 7 to obtain 60 and 42, respectively.  As a last step, Thomas added all of his 
partial products together to obtain the result of 612. 
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she learned more about division by watching the videos, Jessica replied, “Yeah.  I think it 

forced me to like look deeper at, at like more of the understanding of it …” (Group 

Division Interview, October 24, 2007). This perception was supported during a short in-

class exchange with her instructor.  Near the end of the first day of activities, after she 

listened to and analyzed a few students’ explanations of their strategies for multiplication, 

Jessica inquired about the purpose of the activities. “So, we’re like recognizing what 

they’re doing like in mathematical terms, even if they don’t [recognize the underlying 

mathematics used in their strategies]?” (Multiplication Activities, Day 1).  

However, according to Jessica, not all of the activities helped her think more 

deeply about mathematical content.  During her fraction interview, when asked what she 

as a learner of mathematics walked away with from watching the videos, she explicitly 

stated, “I don’t think I really learned anything mathematically from it” (December 13, 

2007).  Since she did not elaborate further on her claim and thus it is hard to know for 

sure why she felt that way, it is possible that Jessica focused on the simplicity of the 

problems.  In the multiplication and division activities the children obtained correct 

answers using arguably sophisticated methods of decomposition and grouping which at 

times Jessica struggled to comprehend.  In contrast, the children in the fraction activities 

had difficulty with fractional comparisons that Jessica may have felt were simple and 

straightforward.  That the children obtained incorrect results may have obscured for 

Jessica the mathematical sophistication of the children’s strategies as well as inhibited her 

from developing a greater relational understanding of fractions (Skemp, 1978/2006). 

Jessica’s reflections on her own mathematical thinking revealed that at times 
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Jessica perceived her understanding of mathematics with a high degree of confidence. 

This confidence spanned a range of topics related to the children’s thinking activities, 

including understanding the strategies children used and certain mathematical concepts.    

As an illustration of the latter, consider the following exchange that took place during the 

fraction interview [the line numbers are inserted as referents]: 

1. Interviewer: So you had to make a comparison [as part of the activities], 73 
over 137 versus 90 to 195. So before I ask this question, how easy or how hard 
was it for you to make those comparisons yourself? 
2. Jessica: It was pretty easy because we were just estimating. 
3. Interviewer: And do you think because you were estimating… 
4. Jessica: It’s not like it was like a huge deal, and I was like, “Oh, God!” It’s just 
like… I don’t know, yeah. 
5. Interviewer: So did you estimate on a calculator, or did you estimate in your 
head? 
6. Jessica: In my head. 
 

As evidenced by line 2, Jessica was confident in her ability to compare fractions that 

were more challenging than what she had been listening to the children in the video clips 

explain (e.g. two-thirds and five-sixths).  In fact, in line 4, Jessica appeared to almost 

sarcastically dismiss any difficulty that she might have had in comparing these types of 

fractions.  

Jessica also did not acknowledge the complexity that was inherent in some 

mathematical situations. During a discussion of Alexa’s thinking (see Figure 5 for 

Alexa’s work), Jessica was asked if Alexa’s determination that two-thirds (of a circle) 

was greater than five-sixths (of a rectangle) could be correct.  In response, Jessica stated, 

“I would say no because I know right away that it’s not” (Fraction Interview, December 

12, 2007). It seems that Jessica was extremely confident in her ability to compare 

fractions and was not considering the impact of the use of two different wholes. What is 
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interesting about this example is that the fractional whole was a concept that Jessica 

repeatedly implied the children did not understand.  However, she herself did not 

consider it as a factor when immediately stating that she knows that two-thirds is bigger.   

Jessica’s lack of acknowledgement of the difficulty or complexity present in 

certain mathematical situations is significant. It may indicate that as a mathematical 

learner Jessica was not open to deepening her understanding of mathematics or exploring 

different strategies. As a teacher this might impact how Jessica engages with teaching the 

content, although Jessica might have believed otherwise: “but I . . . totally understand that 

there is more than one way to do division and multiplication and it would be like, wrong 

to restrict it to one way” (Multiplication Interview, October 17, 2007).   

4.1.3 Summary 

Jessica perceived the children’s thinking activities as a beneficial element in her 

mathematics for teaching course.  She saw them as providing a necessary form of 

interaction with children which enabled her to see a concept from a child’s perspective.  

Furthermore, it encouraged her to really listen to what children say in their explanations. 

It was revealed that Jessica viewed language as an important element in 

mathematics as she saw it as allowing people to effectively communicate with each other.  

This communication of mathematical language, she hypothesized, involved the speaking 

and writing of mathematical ideas.  However, in order to effectively communicate 

mathematics, Jessica felt that a child needed to be able to construct thoughts using 

appropriate terminology and structures.  It was this focus on appropriate terminology that 

Jessica used to assess the children’s understanding of certain concepts.  It appeared that 
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Jessica felt there was only one way to correctly express mathematical thinking although 

she acknowledged that a child could understand a concept without having the ability to 

express it.  In order to help children acquire this terminology, Jessica argued for teachers 

to model mathematical language while at the same use language with which children are 

more familiar.  Finally, Jessica hypothesized that English Language Learners (ELLs) may 

have a difficult time learning mathematics, and in particular, mathematical language.  

However, she did not think providing translations of tasks into a child’s native language 

would necessarily help facilitate understanding. Instead, she suggested she would 

encourage children to work together and share their thinking. 

When reflecting on children’s mathematical understanding, Jessica seemed to be 

making sense of important mathematical ideas such as the meaning of division and the 

importance of the same wholes when comparing fractions.  Her reflections also suggested 

that she was developing elements of the mathematical knowledge for teaching.  

Specifically, she considered the impact of different representations, possible mistakes 

associated with given problems, and the contextualization of problems.  In regard to the 

latter, Jessica reflected on how the use of context can be both a help and hindrance to a 

child. 

Jessica’s perceptions on children’s specific strategies were the final focus related 

to children’s mathematical thinking.  Many times Jessica attributed the use of a specific 

strategy to something that was more familiar to the child, be it context or the presence of 

particular values.  Jessica did acknowledge though that a child could sometimes rely on a 

given strategy out of habit and without fully understanding how to use the strategy 
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effectively.  These perceptions, as well as her consideration of the comparison of certain 

strategies, suggested that Jessica was grappling with and building connections among 

important mathematical ideas. 

Jessica did not always find the children’s thinking activities useful as a tool to 

support her own mathematical learning.  While she felt the division activities allowed her 

to think more deeply about concepts, she claimed that she did not learn any mathematics 

from the fraction activities.  It was suggested that Jessica focused on the fact that the 

children in the activities arrived at erroneous conclusions to problems in which she might 

have viewed as easy.  This lack of acknowledgement of some of the difficulty and 

complexity she may have encountered was seen throughout her reflections on her own 

mathematical thinking.   

4.2 The case of Meghan 

At the time of this study, Meghan was a junior who was a pre-education major 

with a focus on elementary school.  Due to an initial interest in pursuing business as a 

major, Meghan was behind her peers in terms of coursework, and thus had not yet 

applied to the College of Education.    

Teaching ran in Meghan’s family.  Both Meghan’s aunt and uncle were at the 

time attending school to obtain their teaching licensure.  In addition, Meghan’s great-

grandmother was a teacher as well as another one of her aunts, someone with whom she 

spent a lot of time.  Due to these influences, as well as experiences interning in 

elementary schools and working as a Girl Scout leader, Meghan was positive that she 

wanted to teach.  Inspired by her fifth-grade teacher, Meghan first believed she wanted to 



 

  

121

teach upper elementary.  However, she was put off by the children’s attitudes: “like they 

… they’ve already developed such click-ish behavior” (Initial Interview, September 25, 

2007).  Thus Meghan was fairly confident that she wanted to focus on the lower 

elementary grades, such as third grade.  This was mainly because she felt “they just had 

really good attitudes, you know.  They’re like so … so enamored with the thought of 

going to school” (Initial Interview, September 25, 2007).   

Meghan loved mathematics growing up, and described herself as a “math person” 

(Fraction Interview, December 17, 2007) who was pretty good at math. According to 

Meghan, this might be attributed to positive encouragement from home.  For example, 

her father pushed Meghan to work mathematics problems out mentally. Meghan believed 

that this support from home, as well as from excellent teachers, helped her to enjoy the 

mathematics she learned in school.  During high school, Meghan obtained college credit 

for her Advanced Placement (AP) courses of Statistics and Calculus.  When asked why 

she did not consider pursuing mathematics as a major, Meghan revealed that she did not 

do very well on the AP examinations. 

Observations of Meghan revealed a confident young woman, who was not afraid 

to speak her mind in class, but who was very quiet in her interactions outside of class. 

During in-class activities, be it small group or whole class, Meghan was always one of 

the first to volunteer her opinion.  When asked about this during her initial interview, 

Meghan admitted that she felt bad when people did not participate, so she always wanted 

“to try to give the extra for other teachers because I know when you try to get kids to do 

something . . .” (September 25, 2007).  This vocality extended to challenging her 
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classmates’ mathematical reasoning as well.  For example, after one of her classmates 

acknowledged that he had used a strategy that involved a degree of luck in the 

implementation, Meghan questioned the generalizability of his strategy by asking him, 

“What if it would have been like a large value?” (Fraction Activities, Day 3)  

During the interviews, however, Meghan was not as forthcoming with her 

perceptions. This is not to imply that Meghan did not share her thinking.  Rather, Meghan 

was direct in responses, almost business-like.  She was always polite and courteous but 

never overflowing with information.  It appeared that Meghan had thought about some of 

the topics before.   

Meghan perceived effective mathematics instruction as anything that aided 

students in grasping concepts.  This included engaging students by getting them to “think 

outside of the box” (Final Interview, December 17, 2007) with the use of manipulatives.  

Meghan also believed that incorporating games and competition into mathematics 

learning, as was the case when she was in school, was a benefit to students as it forced 

them to reach for excellence and not just settle for mediocrity.    

4.2.1 Children’s mathematical thinking 

 How the case study students perceived the use children’s thinking activities as 

well as the mathematical thinking of children were some of the primary focuses of this 

study.  In the following sections, Meghan’s perceptions in these areas are shared. 

Activity perception: Insight into the developmental range of children 

Meghan acknowledged that she had a preconceived notion that her future students 

would be homogeneous in terms of development.  However, by taking part in the 
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children’s thinking activities, Meghan realized that her future students “aren’t going to be 

all together at the same time… [they] are going to at different phases” (Group 

Multiplication Interview, October 15, 2007).  Beyond this, Meghan felt that the children’s 

thinking activities allowed her to gain a better understanding of “how they [children] 

might approach them [different problems] if they’re allowed to do free thinking” (Final 

Interview, December 17, 2007). Meghan’s cognizance of the range of thinking that will 

mostly likely face her when she becomes a teacher is encouraging as it might motivate 

her in the future to deepen her knowledge of mathematical ideas. 

 Meghan also discussed how the children’s thinking activities benefited her as a 

future teacher.  Specifically, Meghan mentioned several times how the activities helped 

her learn how to present mathematics to children.  For example, Meghan commented that 

“it was really good to learn different, like, diagrams [length and set models] and things to 

show it [fractions] in because the pie chart [area model] obviously doesn’t always work” 

(Fraction Interview, December 17, 2007).  This perception suggests that Meghan had 

begun to recognize the limitations of area models, which is an important recognition.  

While area models are the most common representation used to teach fractions, they are 

ineffective at conveying fractional interpretations beyond part-whole (NCTM, 2000).  

Furthermore, if teachers are to successfully manage the mathematical issues that arise in 

their classrooms, they must be flexible in their own ability to determine the relative size 

of a fraction using a variety of representations (Conference Board of the Mathematical 

Sciences, 2001). 

 In addition to discussing how she perceived the use of the children’s thinking 
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activities, Meghan also reflected on topics associated with children’s mathematical 

thinking.  In particular, the data revealed a focus on (a) the language used by children 

and/or teachers [19], (b) children’s understanding of mathematical concepts [23], and (c) 

making sense of children’s mathematical strategies [20].  The number in brackets 

represents the frequency in which the focus was represented in the data.  Each of these 

ideas will be discussed further in the sections below. 

Language: The use of correct language is important to develop understanding 

Meghan believed that mathematical language consisted of a set of standard terms 

whose use is necessary to develop understanding.  When teachers do not use 

mathematical language, Meghan contended, a child might not understand the 

mathematics s/he is learning.  As an illustration, Meghan shared that she learned how to 

perform the steps of the long division algorithm without understanding what the steps 

signified. She pointed to her teacher’s lack of correct mathematical language use as a 

possible reason for her lack of understanding.  For example, when describing the steps to 

solve to 139 divided by 5, the teacher would say ‘5 doesn’t go into 1’ instead of ‘5 

doesn’t go into 100 at least 100 times.’ She felt that if her teacher would have used the 

correct terminology, “it might have helped with understanding” as opposed to her “just 

mindlessly doing a problem” (Division Interview, October 23, 2007).  Khisty and Chval 

(2002) discussed this idea and maintain that it is vital for teachers, especially teachers of 

English Language Learners (ELLs), to make mathematical talk a crucial element of the 

classroom.  Children in language-rich classrooms come to know not just mathematical 

terms but what the terms mean and how to apply them as a way to express their 
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mathematical thinking (Khisty & Chval, 2002).   

Meghan also reflected on the necessity for children to use mathematical language 

to effectively communicate their mathematical thinking.  Without it, their mathematical 

thinking may be difficult to follow and incomplete, as was the case for Meghan with 

some of the explanations in the children’s thinking activities.  For example, Meghan 

shared that she struggled to make sense of a hypothetical response to a comparison of 

fractions story problem (see Appendix B, page 236 for the problem and the child’s 

explanation). 

They [the child] seem to conceptually understand what they’re doing . . . but their 
use of language is just – very hard to understand.  ‘Take away’ instead of 
‘subtraction,’ ‘plus’ instead of ‘addition.’  It just – it makes for difficult 
understanding, and… and it seems like they don’t understand what they’re doing 
also. (Fraction Interview, December 17, 2007) 
 

In this example, Meghan focused on the child’s choice of language.  While one may 

consider ‘plus’ and ‘take away’ as correct terminology, Meghan thought it was 

ineffective at demonstrating the child’s understanding.  This value of one set of words 

over another has enormous implications for children, especially ELLs.  When teachers 

correlate the use of mathematical language with knowledge of mathematics, “people who 

sound like they know what they are talking about are judged to have knowledge, while 

those who don’t express themselves well are judged not to have such knowledge” 

(Secada & Carey, 1990, p. 56, as cited in Kersaint et al., 2009). 

Meghan did acknowledge though that a child could possess a certain level of 

conceptual understanding without using mathematical language.  This understanding, she 

felt, could be developed by the use of a child’s home language.   
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It [the language a child uses at home] might help initially with the learning… if 
they think in a language that is more familiar to them. [Interviewer: Okay. So, 
initially you think that if they use the language that they speak at home, that will 
help them…] Yeah, [be]cause, I think, I think it’s important to understand 
concepts a lot of the time. . . . If they, if they use that [home language] initially, I 
think that if they have the concept down, then they have, you know, they can learn 
correct terminology. (Final Interview, December 17, 2007) 
 

While Meghan saw a child’s home language as initially playing a role in learning 

mathematics, it did not appear that developing literacy in the child’s home language was 

a goal.  Rather home language, it seemed, was only valuable as a tool for children to 

initially develop some understanding of concepts in English.  Once some level of 

conceptual understanding is attained, Meghan hypothesized that ELLs could more easily 

learn mathematical language than native English speakers.  This was primarily due to 

ELLs’ ignorance of what Meghan considered to be slang mathematical terms such as 

‘plus’ and ‘minus:’ “They’re not going to understand you know like, English.  So the, 

they’re not going to know, you know, the, the slang math terms, so they can learn the 

correct terminology right off the bat” (Final Interview, December 17, 2007). Meghan’s 

perception about the appropriateness of the words ‘plus’ and ‘minus’ further illustrates 

the claim that Meghan valued one set of mathematical words over another.  

Meghan also discussed ways to help ELLs acquire mathematical knowledge 

which were consistent with research on promoting ELLs’ academic proficiency (Coggins 

et al., 2007; Short & Echevarria, 2004/2005). Reflecting on her experience working with 

English Language Acquisition children, Meghan felt that teachers should model 

mathematical language as well as connect terminology to diagrams.  Additionally, 

Meghan thought that opportunities should be provided for children to share and discuss 
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their work, a powerful pedagogical tool that is discussed at length in the literature (e.g. 

see NCTM, 1989, 2000; Schoenfeld, 2006). Through peer interactions, Meghan 

hypothesized that ELLs could connect with other children who speak their language as 

well as benefit from seeing mathematics presented in multiple ways.  Her reflections 

suggest that Meghan perceived her classroom as an environment that would be supportive 

of the development of both an ELL’s language and mathematical knowledge.  

Understanding: Acknowledging understanding through recognition of personal thinking 

Meghan’s reflections on a child’s understanding of mathematical content seemed 

dependent upon which type of activity Meghan was considering.  If the activities were 

multiplication or division, generally Meghan reflected on what the children understood, 

whereas if she reflected on the fraction activities, Meghan commonly focused on what the 

children did not understand.   Neither result is surprising.  In the former case, the class 

instructor and the interviewer asked Meghan at times to reflect on what the children 

understood.  In response, Meghan reflected on, among other things, the children’s 

understanding of division as repeated subtraction (Division Activities, Day 1), the 

distributive property over subtraction (Multiplication Activities, Day 1), the relationship 

among a dividend, quotient and divisor (Class Notes, p. 11), and place value and 

expanded notation (Division Interview, October 23, 2007). 

 It is also not surprising that Meghan reflected on what the children from the 

fraction activities did not understand.  In those activities, all of the children incorrectly 

compared at least one pair fractions.  Thus, it would be easy to point out the fragility of 

the children’s understanding.  For instance, Meghan reflected on the children’s lack of 
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understanding of the fractional whole and the related notion that a fraction is a number 

that is a part of one whole:  

[Interviewer:  Do you think the students on the video clips understood the 
fractional whole?] Not yet. . . . Just because they weren’t – they were either 
comparing the numerator or they were comparing the denominator.  They weren’t 
comparing the fraction as a whole yet, and they needed to work on that. (Fraction 
Interview, December 17, 2007) 
 

 What makes Meghan’s perceptions about the children’s understandings 

interesting is that they seemed to coincide with Meghan’s perceptions about the strategies 

used and perhaps her perception about the activities themselves.  During both the 

multiplication and division activities, Meghan reflected on how a lot of the children’s 

strategies were similar to what she would do, either in terms of the standard algorithm or 

a mental decomposition into friendlier numbers.  For example, Meghan revealed that she 

thought all of the children in the activities understood the concept of division.  When 

asked who she thought understood the most and why, she replied 

Of the four, I would say that Elaine probably understood division the most 
because her method was really similar to what we do, and Thomas had a pretty 
good grasp, and Amelinda, she was doing repeated subtraction, but I would – I 
would say that Elaine had the best. (Division Interview, October 23, 2007) 
 

In this example, Meghan felt that with the use of her strategy6, Elaine possessed the best 

understanding of division.  This was namely because she saw Elaine’s strategy as being 

most similar to the traditional long division algorithm taught in U.S. schools.  Meghan 

made a related claim during the in-class division activities when the class instructor asked 

her to justify why she thought Elaine understood division the best.   It was this type of 

                                                 
6 To divide 159 by 13, Elaine multiplied 13 by 10 and then subtracted 130 from 159.  Elaine then 
subtracted 13 from 29 twice.  Elaine then counted how many 13s had been subtracted and noted how many 
were still remaining from the original 159 to give an answer of 12 remainder 3. 
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similarity between the children’s multiplication strategies and her own that Meghan 

attributed to liking the multiplication activities the best among all the activities she 

worked on.   

In contrast, Meghan’s reflections on the children’s understanding of fractions 

focused mainly on the children producing accurate diagrams.  Meghan also stated that she 

liked the fraction activities the least:  “The kids were really confused by those.  I think 

that it would have been nice to see the kids, how they did them correctly – differently, 

[be]cause all these kids, they had the same drawing and stuff like that” (Final Interview, 

December 17, 2007). Meghan’s sentiment that she would have liked to see different 

strategies for comparing fractions seemed to trivialize the mathematical sophistication 

that was present in the children’s strategies Meghan examined. It implies that all of the 

children in the fraction activities compared fractions in the same way, which was not the 

case. Even though most of the children used their strategies incorrectly, they did in fact 

use different strategies (such as comparing numerators or comparing denominators).   

It might have been easier for Meghan to reflect on what the children understood 

because the strategies used were more representative of what she would do.  In that sense, 

the children’s understanding was more explicit to her because it was similar to how she 

processes the mathematical ideas.  Likewise, it might have been harder for Meghan to 

seek out understanding when the children’s understanding was not as evident to her.  As 

Crespo (2000) suggested, prospective teachers “recognizing their ways of thinking in 

students’ work helped [them] recognize meaning and analyze students’ work, whereas 

[examining] unfamiliar work from students could also make it difficult for [prospective] 
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teachers to recognize meaning in such work” (p. 174). These findings suggest that 

Meghan may not necessarily have been interested in making sense of different forms of 

mathematical thinking.  More so, she may have just been interested in understanding 

different ways of thinking that connect to standard algorithms.  

Meghan also reflected on the use of context to help children develop a deeper 

fractional understanding. This use of context, Meghan contended, could utilize different 

interpretations of fractions (e.g. part-whole, ratio) since “different people have different 

ways of learning . . . . it’ll help just different kids learn” (Fraction Interview, December 

17, 2007). Meghan offered that different situations that children are familiar with could 

be incorporated into the curriculum and taught in conjunction with the different fractional 

interpretations.  For example, Meghan discussed teaching the ratio interpretation when 

children are learning about surveys and the part-whole interpretation when the children 

are first learning about money.  This way, according to Meghan, fractions are “easier to 

understand” (Fraction Interview, December 17, 2007) for children.   

Meghan’s perceptions about the use of context are thoughtful.  While Meghan 

primarily focused on what the children in the fraction activities did not understand, it 

appears that she wants to explore ways that will help them attain understanding.  Through 

her desire to contextualize the instruction of fractions with ideas that are familiar to 

children, Meghan seems to be considering the use of children’s prior knowledge, a tenet 

of effective teaching advocated by the NCTM (2000).  

Strategies: Children gravitate toward familiar situations 

In general, Meghan felt that children gravitate toward strategies that use values 
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with which the children were more comfortable. For instance, when asked in class if 

Alosha’s and Elaine’s division strategies were different (see page 113 for an explanation 

of Alosha’s strategy and page 128 for an explanation of Elaine’s strategy), Meghan 

responded, “I think that it’s different [the two strategies are different], but I think that 

there are similarities, because, um… Whereas Alosha used, um, a friendly number for 

adding, um, Elaine is using a friendly number for multiplying” (Division Activities, Day 

1). Here Meghan is referring to Alosha’s use of the number 52 and Elaine’s use of the 

number 10 within each of their strategies. 

This association was not just limited to comparison of different strategies, as 

Meghan also made sense of some individual strategies in the same way.  Take for 

instance Meghan’s reflection of Thomas’s strategy for correctly multiplying 36 and 17 

(see page 115 for an explanation of his strategy):  

He didn’t want to do [multiply by] the 17.  So he pulled apart the 17 this time 
[instead of the 36].  So he did 6 times 10 and then he did 6 times 7.  So, he wasn’t 
comfortable with anything larger than 10. (Multiplication Activities, Day 2)  
 

Despite her apparent confidence in understanding the reasoning behind Thomas’s 

strategy, it appears that Meghan recognized Thomas’s mathematical capabilities while 

using a strategy that made sense to him.     

 Because of the recognition that children are mathematically capable while using 

strategies with which they are more familiar as well as Meghan’s further 

acknowledgement that it was “pretty important for [children] to put it [a mathematical 

problem] in a method that they can understand” (Division Interview, October 23, 2007), 

Meghan’s views on how she would teach her class were somewhat surprising.  When 
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asked during the group multiplication interview if she thought that a more traditional 

strategy should be taught to children before letting them explore or vice-versa, Meghan 

said that she thought the traditional model should come first “so that they [the children] 

know some of the steps that you want them to do and then they can move from there to 

whatever is more comfortable for them” (October 15, 2007). After hearing Adam 

(another participant) explain his reasoning for letting children explore their solution 

strategies before being taught a more traditional strategy, Meghan clarified her view by 

explaining that she thought a more traditional model should come first because she feels 

that “it’s important [for children] to have the correct terms” (Group Multiplication 

Interview, October 15, 2007) an idea previously discussed in the section regarding 

language.  

 This desire to teach a more traditional algorithm before letting children explore 

their own strategies supports a previous argument that Meghan appeared to be more 

interested in ways of thinking that connect to the standard U.S. algorithms.  While it did 

seem that Meghan valued alternative methods of computation, it appeared that she did not 

perceive of them as equal to the traditional methods of computation.  How valid 

prospective teachers perceive of non-routine strategies was a question posed by Civil 

(2006).  

It did appear that the children’s thinking activities provided a space for Meghan to 

solidify her mathematical understandings of an alternative strategy. Before the activities 

had begun, Meghan and her classmates had investigated different ways to multiply 

numbers.  This is a common part of the course, designed to help prospective teachers 
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analyze the mathematical structure of strategies with which they are not usually familiar.  

However, prospective teachers often forget the specifics of certain strategies. What is 

interesting is that Meghan did not forget one of the more uncommon strategies, Egyptian 

Duplation, as she referenced it during the children’s thinking activities.  When asked by 

the class instructor to consider if one child’s strategy was the same as another child’s, 

Meghan responded that “he used Egyptian Duplation” (Division Activities, Day 1).  In 

addition, after the instructor asked the class if the child’s strategy worked purely on luck, 

Meghan replied that “his method is the, is Egyptian Duplation.  So it does work” 

(Division Activities, Day 1).   

While the child’s strategy Meghan referenced was not exactly Egyptian 

Duplation, she did make an appropriate comparison as there are many elements in 

common between both strategies.  By referencing the alternative algorithm in relation to a 

child’s strategy, it appears that Meghan not only deepened her own mathematical 

understanding, but also gained a deeper appreciation for the ways in which children 

think.  The latter was characterized by Schoenfeld (2006) as an important component of 

pedagogical content knowledge. 

4.2.2 Meghan’s mathematical thinking 

 Throughout the study, Meghan repeatedly shared her perception that the 

children’s thinking activities were beneficial to her as a mathematical learner. Meghan 

especially enjoyed the multiplication activities, as she felt the children had really simple 

ways of explaining the strategies.  These strategies also most closely aligned with how 

she would approach multiplication computations (Final Interview, December 17, 2007).  
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Due to her enjoyment, Meghan supported the idea of working with different children’s 

thinking activities in the second mathematics for teaching course (Final Interview, 

December 17, 2007).  Meghan also expressed her pleasure in participating in the study.  

By taking part in the interviews, in particular, Meghan felt that she further expanded her 

understanding of different strategies as well as began thinking about how she might teach 

the concepts examined in the children’s thinking activities.  These reflections suggest that 

Meghan began to see the value in reflecting on children’s thinking, something which 

Crespo (2000) hypothesized might not always be the case. 

 Meghan found that one of the greatest benefits of using the children’s’ thinking 

activities was that they supported her own mathematical learning.  On several occasions, 

Meghan shared how the activities exposed her to alternative ways of thinking about 

mathematics, be it concepts or strategies. For example, while discussing if she learned 

more mathematics during the fraction activities, Meghan remarked 

I think I did… just different ways to think about it [comparing fractions], 
especially when they [the children in the activities] were talking about like the un-
shaded part and stuff like that.  And then when we were going over, you know, 
like how when there’s just like one piece that’s still un-shaded for two different 
fractions, and how it will always be bigger. . . . Yeah, that was interesting because 
I had never thought about that. (Fraction Interview, December 17, 2007) 
 

In this example, Meghan was specifically reflecting on her unfamiliarity with a method of 

comparing fractions.  The child in the activity, Sean, focused on what was not shaded in 

his fractional representations of two-thirds and five-sixths.  Thus, in essence, he 

compared how far away each of the fractions was from a given whole7 to make a 

                                                 
7 In his comparison, Sean noted that there was one “piece” left over from the two-thirds and another 
“piece” left over from the five-sixths.  Since both of the fractions had one “piece” left over, Sean concluded 
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determination of the relative size of the fractions.   

It was this type of exposure to other modes of thinking that Meghan felt 

encouraged her to step outside of her comfort zone and consider perspectives different 

than her own. By doing so, Meghan felt that she deepened her understanding of some 

mathematical concepts.  Consider the following example where Meghan shared how she 

did not understand an alternative way of multiplying until she started to analyze other 

strategies of multiplication: 

When we did it [analyzing different multiplication strategies] in class, I finally 
understood [why the strategy worked].  Like I would see my little sister do it [the 
Lattice method of multiplication]  . . . and I was like, ‘I don’t get it.  I don’t 
think… I mean, you come up with the right answer, but I’m not sure if you’re 
doing it right.’ (Initial Interview, September 25, 2007)    
 

These findings are extremely encouraging as they signify that a prospective teacher such 

as Meghan, who had a strong mathematical identity, can gain mathematical 

understanding from analyzing children’s work.  By engaging in the children’s thinking 

activities, Meghan felt that she expanded her knowledge about alternative approaches of 

solving mathematics problems, as well as learned why some of those approaches are 

valid.  

 Throughout the children’s thinking activities, Meghan also considered her own 

mathematical thinking in relation to the mathematics examined by the children.  At times, 

she pondered her lack of awareness with certain mathematical ideas.  In some instances, 

Meghan found the mathematical ideas simple to grasp. For example, in response to one 

child’s strategy (Thomas) of dividing 159 by 13 by viewing 13 as the number of groups 

                                                                                                                                                 
that two-thirds and five-sixths were equal. 
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in which to partition 159, Meghan claimed that she “just never thought of it [dividing 159 

and 13] that way, you know.  I mean, it was pretty easy to grasp once you (inaudible), but 

it was just… I never thought of it that way” (Division Interview, October 23, 2007). 

Other times, the reasoning behind a non-routine strategy was not as evident to Meghan.   

For example, when Meghan reflected on Sean’s strategy of comparing two-thirds and 

five-sixths by focusing on the distance each fraction was from the whole, she noted that 

“it seemed confusing because I had never thought of it that conceptually” (Fraction 

Interview, December 17, 2007).  

Regardless of the ease in which she understood the strategy, Meghan appeared to 

recognize gaps in her own understanding in the context of using children’s thinking 

activities.   By considering Thomas’s partitive approach to division, it appeared that 

Meghan was able to expand her own understanding of division.  By reflecting on a new 

method of comparing fractions, Meghan was able to further her understanding of the 

meaning of fractions.  These findings are extremely significant.  When teachers 

reconsider their own mathematical knowledge, they may be more open to seeing 

elementary mathematics as a rich, sophisticated, and interconnected web of fundamental 

structures (Ma, 1999). 

  Within the context of the children’s thinking activities, Meghan also seemed to 

be able to question and challenge her mathematical understanding as well as the 

understanding of others. Querying the class, Meghan expressed her confusion about the 

congruence of different representations of four-thirds: 

If you’re using like a pizza or a pie slice example, and these are our thirds 
[drawing a circle split into thirds], correct? And so, there’s three-thirds [shades in 
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all three pieces].  And so what you do is say, ‘And here is another third’ [drawing 
one more third piece next to the circle]. So, here’s four-thirds.  I don’t understand 
why this one [pointing to the instructor’s drawing of a rectangle split into four 
equal pieces] and this one [the circle representation] aren’t the same.  If these 
[referring to the instructor’s drawing] are pieces of a Twinkie® or something like 
that… this is three-thirds of a Twinkie® [marking off three pieces in the rectangle] 
and you add another third to that.  Why isn’t that four-thirds? (Fraction Activities, 
Day 3) 
 

This example showcases Meghan’s apparent desire to deepen her own mathematical 

thinking.  Her desire to possess a deep understanding of fractional representations is 

especially important as they permeate current reform teaching efforts, including making 

comparisons of fractions (including equivalency), performing operations on fractions, 

and determining decimal equivalents, among other things (NCTM, 2000). 

Meghan’s willingness to push her mathematical thinking forward may have 

resulted in her preference of a non-routine strategy over a more traditional one.  During 

the activities, Meghan had shared that the traditional U.S. method of multiplying numbers 

would be easier for her because “you’re just multiplying like simple digits right there on 

paper and then you just add them” (Group Multiplication Interview, October 15, 2007). 

However, when Meghan reflected on two children’s strategies8 for multiplying 29 and 4 

she admitted that she would be most comfortable with Ryshawn’s decomposition of 25 + 

4.  This was primarily because “he’s like using more traditional numbers I guess… like 

25s and 4s” (Multiplication Activities, Day 1). The phrase traditional numbers is striking 

as it was Nicholas who used a strategy which is in essence the strategy that Meghan 

learned as a child.  Perhaps it was just this ease of working with this set of numbers or 

                                                 
8 Ryshawn decomposed 29 into 25 + 4 and then added the partial products of 25(4) and 4(4).  Nicholas 
decomposed 29 into 20 + 9 and added the partial products of 20(4) and 9(4). 
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“because it [is] similar to money” (Class Notes, p.5) which made Ryshawn’s strategy 

easier to use than the traditional U.S. method of decomposition into place values. 

Whatever the reason for Meghan’s preference, this example offers evidence that 

examining children’s strategies can help prospective teachers realize and/or solidify 

different, authentic methods of computation for themselves. This is sometimes difficult 

for prospective teachers as they often have deep beliefs (Kaplan, 1991) about the validity 

and efficiency of strategies.  Since most of these beliefs are formed from their own 

experiences with the traditional algorithms, they may be resistant to change (Kagan, 

1992; Pajares, 1992).  That the children’s thinking activities provided Meghan an 

opportunity to reconsider the superiority of traditional U.S. methods is significant, 

especially in light of her possible interest in different modes of mathematical thinking 

that connect to the standard U.S. algorithm that was discussed earlier.  

4.2.3 Summary 

 Meghan’s perceived the children’s thinking activities as useful in challenging her 

notion that children process and think about mathematics in similar fashions.  This 

consideration led her to gain a better understanding about how children might approach 

problems, especially if they are allowed to discover methods on their own.  Furthermore, 

Meghan felt that the children’s thinking activities helped her acquire methods of 

teaching.  In particular, she focused on the appropriateness of different fractional 

representations, which was argued to be an important mathematical idea. 

 When reflecting further on children’s mathematical thinking, Meghan focused on 

the areas of language, understanding, and strategies.  Meghan’s perceptions about 
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language centered on the belief that individuals need to communicate mathematical 

language, which Meghan saw as a set of correct terminology, in order to develop 

understanding.  Teachers, Meghan argued, need to use mathematical language so that 

children can develop an understanding of the mathematics they are studying.  Children, 

while able to possess understanding without using mathematical language, need to use it 

so they can effectively communicate their mathematical thinking. Finally, in regard to 

ELLs, Meghan reflected on a number of ways to help children acquire mathematical 

language. 

 Meghan reflected on children’s conceptual understanding in such a way that it 

seemed dependent on the activity she was considering.  When reflecting on the 

multiplication and division activities, Meghan focused on what the children understood, 

which Meghan felt coincided with her own ways of thinking.  When Meghan recognized 

her own thinking, she was possibly more able to ascertain meaning in the children’s 

thinking.  When reflecting on the fraction activities, Meghan focused on what the 

children did not understand.  Moreover, Meghan discussed different methods of helping 

children develop a greater understanding of fractions.  In particular, she felt that teachers 

should teach fractions relative to children’s experiences.  

 The final focus of Meghan’s perceptions regarding children’s mathematical 

thinking related to children’s mathematical strategies.  Through mathematically 

appropriate comparison of strategies, it appeared that Meghan deepened her own 

understanding of non-routine strategies as well as gained insight into children’s thinking.  

This insight extended into recognition that many children most likely gravitate toward 
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more familiar strategies.  Specifically, when children are given flexibility in making 

computations, they tend to utilize values that are easier for them.  However, even though 

Meghan expressed the need for children to use strategies that make sense to them, 

Meghan still desired to teach strategies that historically are more standard in U.S. 

classrooms.   

 In addition to reflecting on children’s mathematical thinking, Meghan shared her 

perceptions on her own mathematical thinking.  In regard to the use of the children’s 

thinking activities, Meghan felt they supported her learning of mathematics. Through 

exposure to new ways of thinking, Meghan seemed to be able to push her mathematical 

thinking forward.  Meghan’s reflections beyond the use of the children’s thinking 

activities supported this perception.  At times, Meghan recognized gaps in her own 

understanding.  Other times, Meghan challenged her mathematical understanding.  This 

willingness to deepen her mathematical knowledge appeared to lead Meghan to briefly 

reconsider the superiority of traditional U.S. strategies. 

4.3 The case of Adam 

During the study, Adam was a junior who had just declared Education as his 

major. Becoming a teacher was not something that Adam originally intended to do, but 

was something people always told him to consider.  Not sure of what area he wanted to 

major in, as a freshman Adam declared pre-pharmacy.  This profession ran in Adam’s 

family, with his grandfather and great-grandfather both former pharmacists.  However, 

Adam was not happy sharing, “I was kind of only in it . . . for the money” (Initial 

Interview, September 23, 2007).  In addition, Adam was fearful that the profession would 
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be too monotonous and therefore he would “lose interest or stop caring” (Initial 

Interview, September 23, 2007).   

 The daily challenge of working with children, along with his general affinity for 

helping people, convinced Adam to pursue a career in teaching.  Although not quite set 

on what age range with which he would like to work, Adam was considering third 

through fifth grade.  To him, those students were “not too old, not too young . . . . before 

they start getting an attitude, and before then, I’m not babysitting” (Initial Interview, 

September 13, 2007).  

 Adam described himself as a good student, but lacking passion in any one 

particular area.  In regard to mathematics, Adam neither loved nor hated it.  As in other 

areas of his life, Adam “like[d] it to a point, but [then] it [got] too complicated” (Initial 

Interview, September 13, 2007). The aspects of mathematics that Adam did enjoy were 

word problems and riddles, two types of problems he had explored in the mathematics for 

teaching class.   

 Since he did not declare education as his major until later in his collegiate 

experience, Adam had not given much thought to what might constitute effective 

mathematics instruction. His initial thoughts were that he would just “mimic, try to 

mimic how [he] was taught when . . . growing up” (Initial Interview, September 13, 

2007) since he felt that it worked well for him.  Although he could not remember too 

many specifics from his own experiences, Adam recalled working with manipulatives 

such as blocks and taking timed-tests, an element he liked because he felt he was good at 

them. 
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In the classroom, Adam appeared to be a quiet young man who was confident 

mathematically.  At times, this demeanor left the impression that he was not fully 

engaged with the activities.  For example, during the third day of the fraction activities, 

Adam spent a full five minutes playing with pattern blocks as a lively exchange about the 

validity of a child’s pictorial representation of four-thirds occurred. During this exchange, 

Adam did not participate verbally nor did he lift his head for any significant portion of 

time. 

Outside the classroom, however, Adam’s demeanor revealed someone who was 

very willing to share his views on a large range of topics, but also anxious about being in 

front of a group of children.  For example, when discussing what issues of language 

should be addressed in a mathematics classroom, Adam reflected that it “still feel[s] like 

I’m a long way aways” (Final Interview, December 12, 2007).  When it was brought up 

that he only had three or four semesters left until he had his own classroom, he said it felt 

better to think about that time in terms of years instead of semesters. 

4.3.1 Children’s mathematical thinking 

 As using children’s thinking activities in a mathematics for teaching course was 

the primary context for this study, the examination of prospective teachers’ perceptions 

regarding children’s mathematical thinking was a primary focus.  In the following 

sections, Adam’s perceptions about the use of children’s thinking activities and other 

mathematical topics in relation to children’s mathematical thinking are detailed. 

Activity perception: Eye-opening to the variety in children’s mathematical thinking 

For Adam, the children’s thinking activities were eye-opening, as they broadened 
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his perspective on how children solve mathematical problems: “I didn’t even realize, I 

guess, that they [children] were taught these ways [strategies other than the traditional 

U.S. multiplication algorithm].  If they weren’t taught these ways, how [did] they [come] 

up with these ways?” (Group Multiplication Interview, October 15, 2007). That children 

could think differently about the same mathematical concepts was something Adam 

grappled with throughout the activities.  In particular, after acknowledging that he 

enjoyed seeing how different children think, he wondered if the children in the activities 

were all taught by the same teacher.  Furthermore, Adam pondered that if all the children 

were taught in the same manner then “how did they [the children in the activities] all 

have such varying ideas about each concept?” (Evaluation, Question 1). 

 Even though Adam struggled to make sense of how children could think so 

differently about the same mathematical idea, he did find the activities extremely useful 

in allowing him to consider the different methods that children used to solve problems.  

Several times throughout the interviews, Adam shared that he found the children’s 

explanations interesting as he tried to understand their thinking. Additionally, Adam 

thought the children’s thinking activities were useful in helping him see what kinds of 

mistakes children might make.  In fact, he suggested that it might have been more helpful 

for the activities to showcase children’s mistakes since then prospective teachers can 

“point them out and review them” (Fraction Interview, November 29, 2007).      

 Examining child-generated strategies during the children’s thinking activities also 

made Adam more excited about teaching.   

It’s making me more excited to get out there and start teaching like um… seeing 
what they were doing, observing a teacher as a colleague rather than a student.  
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Like seeing ‘Okay, this is what they’re doing.  This is what I could be doing.’ I 
guess it just helps me or will help me be a better teacher. (Group Multiplication 
Interview, October 15, 2007) 
 

In this example, Adam expressed his desire to focus on the ways in which mathematics is 

taught as opposed to the mathematical content itself, even though that was not the 

primary purpose of viewing the video clips. As he was new to the field of education – 

even in comparison to his fellow classmates since he had just decided to become a 

teacher a few months prior to the study and furthermore did not possess any professional 

experience in a classroom – it is not surprising that Adam focused on the teachers in the 

clips and how they interacted with the children. Using these activities provided him 

insight into a classroom and in particular, how one might present mathematical ideas to 

children.  For example, Adam felt that some of the division activities showed how a 

teacher can re-voice a child’s explanation, whereas the fraction activities showcased the 

need for teachers to specify “things like equal pieces” (Fraction Interview, November 29, 

2007).  

 In addition to his focus on the use of children’s thinking activities, the most 

pervasive of Adam’s perceptions regarding children’s mathematical thinking were those 

associated with determining children’s thinking, which Adam perceived to be one of the 

principal benefits of using the children’s thinking activities.  In particular, his perceptions 

focused on (a) the language expressed by children and/or teachers [14], (b) the relation of 

different strategies [17], and (c) children’s conceptual understanding [18].  The numbers 

in brackets represent the number of times each category of perception appeared in the 

data.  
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Language: Why and how children learn mathematical language 

Adam’s perceptions concerning the language used in an explanation focused on a 

few areas.  First, at times Adam thought about how language could or could not be an 

indicator of a child’s possible understanding of a concept. For example, when asked to 

comment on Alexa’s explanation of why one half is bigger than three-eighths (refer to 

page 105 for the transcript of Alexa’s explanation and Figure 4 for her visual 

representation), Alex stated that “her word choice when she said ‘it seems bigger…’ she 

might not be certain” (Fraction Interview, November 29, 2007).  He further expressed 

that Alexa “might not have a complete understanding [of why one half is bigger]” 

(Fraction Interview, November 29, 2007).  For Adam, the presence of the word seems in 

Alexa’s explanation suggested a fragility in her understanding, although she did correctly 

conclude that one half was greater than three-eighths. 

Adam did feel that it was important to point out that one explanation does not 

provide enough information to determine understanding: “I don’t know if I can get 

enough idea of their intelligence on what they’re just saying in, about one problem” 

(Fraction Interview, November 29, 2007). This caveat implies that Adam recognizes the 

need for teachers to be skillful with multiple forms of assessment (Shepard, Hammerness, 

Darling-Hammond, & Rust, 2005) in order to obtain an accurate picture of a child’s 

understanding. 

 A second focus regarding language was that children may understand a concept 

but not be able to verbally express that understanding.  For instance, when reflecting on 

the children’s understandings of fractions, Adam commented that “they all seem to have 
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a pretty good understanding… they just couldn’t use that understanding to convey it 

[orally]” (Fraction Interview, November 29, 2007). This idea was not just limited to 

native English speakers as he also reflected on the use of mathematical terminology by 

English Language Learners (ELLs).  In particular, Adam suggested that as long as 

someone “can go through and be like ‘mm’ and ‘mm’ and ‘mm’ [pointing to something 

in the air while muttering] . . . you can still get your point across” (Group Division 

Interview, October 18, 2007), implying that children do not have to use mathematical 

language in order to express their thinking. Indeed, the use of gestures to express 

understanding is a resource often used by ELLs and missed when teachers explicitly 

focus on language to determine understanding (Moschkovich, 2002).  

 While sympathetic to the fact that not everyone knows the language associated 

with mathematics, Adam did believe that everyone should learn it.  To him, mathematical 

language “makes explanations much more clear” (Class Notes, p. 33) and helps children, 

especially ELLs, understand mathematics better. By “knowing what everything is 

supposed to be called, [it] helps a child understand [mathematics]” (Evaluation, Question 

5b).  Adam defined mathematics as a “universal language” (Fraction Interview, 

November 29, 2007) and referred to mathematical language as the “way you 

communicate it [mathematics]” (Initial Interview, September 13, 2007) and 

“mathematical diction” (Final Interview, December 12, 2007).  This diction involved “the 

terms, I guess for everything… it’s vocabulary” (Final Interview, December 12, 2007). 

 According to Adam, mathematical language did not need to be used in every 

situation.  Although at times the “language is kind of important” (Final Interview, 
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December 12, 2007) as in the situation “when one girl was talking about subtracting and 

she said four take away nine and it was supposed to be like nine take minus four” (Final 

Interview, December 12, 2007), Adam felt that oftentimes the language of mathematics is 

“too scientific . . . really formal” (Group Division Interview, October 18, 2007).  Adam 

believed that mathematical language was not something one might use in everyday 

speech because “when you’re just talking, you don’t say stuff like that” (Group Division 

Interview, October 18, 2007).  Instead, he saw people speaking in a manner with which 

they were more comfortable.   

However, Adam did imply that the use of this more conversational language 

might obscure mathematical meaning.  When reflecting on Yamalet’s explanation for 

why three-eighths is bigger than one half (see page 111 for Yamalet’s explanation), 

Adam noted that “the term… like slice is a universal size.  So, where three slices is more 

than one slice, you just don’t know how big that slice actually is” (Fraction Activities, 

Day 1).  Although most likely the language is appropriate to use in everyday situations, it 

appeared that Adam saw use of the term slice by Yamalet in the fraction activities as 

possibly preventing her from considering how big the pieces of the fraction were.   

What Adam is commenting on is the difference between a person’s everyday 

register and the mathematics register, where the mathematics register contains the 

meanings, words, and structures that are appropriate within the context of practicing 

mathematics (Khisty, 1995; Moschkovich, 2002). This difference in the language one 

uses to express their thoughts is prevalent is the literature, especially in regard to the 

mathematics instruction of ELLs (e.g. Khisty, 1995; Moschkovich, 2000, 2002; Pimm, 
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1987; Schleppegrell, 2007). 

 Adam did feel that the best way to learn a language, including mathematical 

language, was to be immersed in it.  This immersion involved having all children, 

including ELLs, explain their thinking.  Having children share their understanding of 

mathematical concepts and strategies plays a role in learning and understanding 

mathematics because “the more you get them doing it, the more they’ll learn it 

[mathematics and language]” (Final Interview, December 12, 2007).  However, Adam 

felt that the children who were doing the explaining would benefit more than those that 

were listening, because those who were listening would only “hear ‘this is what I did’… 

they’ll hear it [the explanation] but they won’t listen to it” (Final Interview, December 

12, 2007). This perception points to the importance of the teacher’s role in facilitating 

classroom discussions, as illustrated by Khisty and Viego (1999).  

The role of teachers in modeling mathematical language was a final focus of 

Adam’s reflections regarding language and mathematics.  Adam acknowledged that it 

would be difficult for children to use a language in the classroom that was different than 

“whatever language is spoken at home” (Initial Interview, September 13, 2007).  

Therefore, Adam contended, the choice of words that a teacher uses impacts what a child 

understands.  For example, Adam pointed out that children might be confused if a teacher 

uses the terms of carry and borrow to explain addition and subtraction strategies or if a 

teacher simultaneously refers to the number of pieces a candy bar is broken up into and 

the corresponding fractional pieces of that candy bar.  In the latter scenario, Adam 

hypothesized that children would not consider the size of the pieces and would instead be 
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“looking at the pieces now and not as the full candy bar” (Fraction Interview, November 

29, 2007). Adam’s claim for simplification is worrisome.  For fractions, to understand the 

value of any one piece, a child would need to know how many of that size piece fits into 

the whole.  Therefore, while it might be important at times to pare down the language 

used as Adam claimed, a teacher runs the risk of stripping away the mathematical ideas 

necessary for understanding. 

Adam also argued for simplification when teaching children who are learning 

English in addition to learning mathematics.  He noted that these children might be easily 

confused if synonyms, such as plus and add and sum, are used interchangeably.  

Therefore, he felt that teachers should only use “one word to describe a specific thing to 

[an] ELL, [so that the] student will learn it [the language] quicker” (Class Notes, p. 33). It 

was Adam’s contention that teachers need to set an example in how to communicate 

mathematically because children are impressionable, and it will be up to teachers to 

“teach them [children] the terminology of like sum, addends, quotient, all that stuff” 

(Group Division Interview, October 18, 2007). Researchers (e.g. Khisty & Chval, 2002) 

support the notion that teachers need to model the language they would like their students 

to use in the classroom. However, Adam’s perception about the simplification of 

language is at odds with current research regarding the instruction of ELLs.  This 

research calls on teachers to provide ELLs with opportunities to experience rich 

vocabulary that connect with their everyday language.  While language should be 

simplified to avoid unnecessary linguistic complexity, the vocabulary ELLs experience 

should not be limited (Barnett-Clarke & Ramirez, 2004; Kersaint et al., 2009; Khisty & 



 

  

150

Chval, 2002).  

Strategies: Exploration first; instruction of standard algorithms second 

The focus on non-routine strategies during the children’s thinking activities led 

Adam to consider the importance of children exploring their own methods of 

computation. 

It would be better to have them [children] do their own process first, [be]cause, 
[be]cause then they’re really understanding what these numbers mean and if 
they’re breaking them down [the numbers in the problems], they know what’s 
going on more so than this formal process which is kind of monotonous and 
you’re just solving without understanding.  So, I think if you do, have them do 
their own process first, they’ll, they’ll understand it better and then you can show 
them, like, what they were doing in their process that is applied to the standard 
formal process that you teach them later.  I think that might give them a better 
understanding of the standard way of multiplying. (Group Multiplication 
Interview, October 15, 2007) 
 

It is clear from this example that Adam perceived the exploration of non-routine 

strategies as a vital step in aiding children’s understanding of mathematics, a sentiment 

supported by Carpenter et al. (1989) in their seminal work regarding the use of invented 

strategies to develop children’s understanding of multi-digit addition and subtraction.    

Adam felt that teachers could utilize the knowledge that children have of their 

own strategies to connect to the more traditionally taught standard algorithms, strategies 

which Adam felt all children should learn. Adam’s reasoning for teaching children 

standard algorithms was two-fold.  First, he felt that children should be equipped with a 

means of communicating effectively with each other: 

If you are taught a different way and then you get up to a higher math class when 
they don’t do all these different other things, they just do what’s standard, it might 
confuse you when… Like if you were never taught that and then as you get up 
and get a different teacher that just assumes that you [were] taught that... (Group 
Division Interview, October 18, 2007) 
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Adam’s reflection refers to the cyclical nature of teaching, where one teaches a particular 

topic or in a particular way because of tradition (Lortie, 1975).  In particular, teachers 

often feel that a given method of computation should be taught because other teachers are 

expecting it to be taught.  However, too often these standard strategies are taught as rote 

procedures where children passively listen to as opposed to actively construct knowledge 

(Carpenter, Fennema, Franke, Levi, & Empson, 2000).   

The second reason Adam provided for having children learn traditional methods 

of solving multiplication and division problems involved efficiency.  Even though Adam 

expressed that he himself used some of the methods the children in the activities were 

using, he felt that those methods were not efficient for larger numbers.  He contended that 

a universal way should be taught because alternative strategies such as the ones 

referenced in the children’s thinking activities would “just take way too long . . . . to 

multiply 500 times 26 [for example].  You can’t really break that down” (Group 

Multiplication Interview, October 15, 2007).  In this example, Adam implied that the 

non-routine strategies examined in the children’s thinking activities would not be 

efficient because they relied on the decomposition of numbers.  However, a problem with 

this claim is that the multiplication algorithm for which Adam argued does indeed 

decompose numbers in much the same manner as the alternative strategies shown in the 

children’s thinking activities.   

This lack of recognition of the mathematical connections between the traditional 

U.S. algorithm and the invented ones shown in the children’s thinking activities did not 

seem to be a temporary oversight. When reflecting on the similarities between Thomas’ 
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strategy of computing 36 times 17 (see page 115 for an explanation of the strategy) and 

the traditional U.S. multiplication algorithm, Adam admitted that he did not see the 

connections between the two strategies.  

I mean there is the one six times seven there [in Thomas’ strategy], I mean, other 
than that, um... I don't see too many similarities but, um… in a sense it's similar 
that he's like multiplying a hundred and seventy times three. Well, now I'm 
confusing myself. I don't really know. (Group Multiplication Interview, October 
15, 2007) 
 

However, Adam was able to make some meaningful connections regarding these 

strategies in his Class Notes.  This insight could be attributed, in part, to the discussions 

Adam participated in, both in and out of the classroom.  Indeed, Adam shared that 

“talking about it [the different strategies] is making me absorb [an understanding of 

multiplication] better” (Group Multiplication Interview, October 15, 2007). Adam’s 

acknowledgement of the power of discussion, coupled with his subsequent awareness of 

the underlying mathematical similarities between strategies, is evidence that prospective 

teachers can deepen their understanding of mathematics in the context of using of 

children’s thinking activities.   

Given this finding, it seems therefore necessary (perhaps even advantageous) for 

teacher educators to provide opportunities for prospective teachers to different non-

routine processes.  Doing so can aid them in solidifying knowledge of fundamental 

mathematical ideas such as the meanings of multiplication. As Adam explained, “Yeah, 

you’re not really breaking anything down or… you’re just doing… I guess the most basic 

way to multiply is adding so many times” (Group Multiplication Interview, October 15, 

2007). Providing this exposure can also help prospective teachers develop an 
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understanding of what types of mistakes might be more common for children.  Such was 

the case when Adam recognized that two of the children in the fraction activities (Sean 

and Yamalet) did not appear to take into account the size of the pieces when comparing 

fractions (see page 134 for an explanation of Sean’s strategy and page 111 for an 

explanation of Yamalet’s strategy):  

Interviewer: I mean, in his explanation he [Sean] says that, umm, they’re equal 
[two-thirds and five-sixths] because you have one piece left over [in two-thirds] 
and you have one piece left over [in five-sixths]. 
Adam: Yeah, so kind of like Yamalet in a sense. (Fraction Interview, November 
29, 2007) 
 

Adam’s reflection is especially significant because the two strategies were seemingly 

very different, where Yamalet compared the numerators of two fractions and Sean 

examined the distance two fractions were from a given whole. What Adam was able to do 

was cut across the situations to identify that both Yamalet and Sean did not account for 

the relative size of the fractions. This type of analysis is a higher order thinking skill 

(Bloom, 1956, as cited by Limbach, Waugh, & Duron, 2005) and one in which teacher 

educators hope to promote in their classrooms.  The use of children’s thinking activities 

therefore might just provide a context in which these types of insights might occur. 

Understanding: Hesitancy to point out lack of understanding 

In addition to reflecting on language and the comparison of different strategies, 

Adam also reflected on children’s conceptual understandings.  In general, Adam 

appeared hesitant to consider what children might not have understood.  For instance, 

when reflecting on Alexa’s work of comparing two-thirds and five-sixths with two 

different representations of a whole (see Figure 5), Adam tempered his reflection that 
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Alexa had a poor understanding of fractions by sharing, “but again, she’s dividing it [the 

fractional whole] correctly” (Fraction Interview, November 29, 2007).  Additionally, 

when asked about the understanding of all of the children from the activities, Adam 

shared “I think they understood the concepts well enough, but just had trouble explaining 

themselves sometimes.  From what I remember, the students were generally really bright, 

but just struggled a bit on their explanations” (Evaluation, Question 6b).  

 Although he was quicker to point out what he thought children understood, Adam 

did make it clear that he was not qualified to make any determination of understanding.  

At two different points in the fraction interview, Adam referenced the fact that one 

picture or one explanation was not enough evidence for him to assess the children’s 

understanding.  Adam also acknowledged that understanding the concept of division can 

not be ascertained from the correct application of a strategy:  

Interviewer: So [let’s assume] Amelinda, Alosha, Elaine, and Thomas all did the 
same method and all had the same steps.  Does that indicate they understand the 
concept of division? 
Adam:  Well, it indicates that they know how to go about the steps.  I guess it 
doesn’t indicate that they really understand what’s going on when they’re saying, 
‘3, 13 goes into 15 one time’ or whatever. (Group Division Interview, October 18, 
2007)  
 

This acknowledgement regarding understanding and the correct application of a strategy 

may have been a result of Adam’s realization of his own level of understanding.  During 

the children’s thinking activities, Adam shared that he might have learned how to 

multiply without really understanding the reasoning behind the algorithm he used to do 

the multiplication.  This reflection provides more evidence that the children’s thinking 

activities were supportive of developing Adam’s mathematical understanding. 
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When Adam did share his perceptions about what children did not understand, he 

focused these reflections on the children in the fraction activities.  This is not surprising 

as those children, as opposed to the children in the multiplication and division activities, 

did not obtain correct answers.  However, these specific reflections are note-worthy 

because Adam chose to single out concepts with which he himself appeared to struggle to 

understand.  In particular, Adam called attention to the fact that the children did not 

understand the fractional whole, something which he felt was “pretty important” 

(Fraction Interview, November 29, 2007) for children to understand.  Additionally, he 

stated that one child had “kind of a poor understanding” (Fraction Interview, November 

29, 2007) of comparing fractions because, in part, the two fractions were not represented 

with the same whole.  However, not only did Adam not use the same whole when he 

compared four-thirds and three-fourths with a set model, he changed the whole9 when he 

had to determine two-thirds given five-eighths of a particular whole.  When asked if it 

bothered him that he had changed the whole, he responded that he did not understand 

why the whole was important unless the whole was a circle in which case the whole 

could not be changed.  Adam’s perceptions indicate a possible disconnect between what 

he perceived as pertinent for children to understand and what he felt is relevant for him.   

4.3.2 Adam’s mathematical thinking 

Adam repeatedly took the stance that the children’s thinking activities were not 

supportive of his learning of mathematics, despite evidence to the contrary (as in the 

                                                 
9 Within a given context, it is extremely important to maintain the same fractional whole.  For example, 
consider if you are shown five-eighths of a brownie and are asked to represent two-thirds of that same 
brownie.  If the whole is changed you are drawing more brownie than actually existed. 
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example regarding the comparison of multiplication strategies discussed in the previous 

section).  This perception can be partially explained by the fact that he saw the 

mathematics he was studying as “simple math” where “[he didn’t] know what else there 

[was] to learn about it” (Final Interview, December 12, 2007).  Further evidence of this 

view can be seen through his reflections of “it’s division” (Group Division Interview, 

October 18, 2007) and “they’re fractions” (Fraction Interview, November 29, 2007).  In 

both of these instances, Adam’s statements were accompanied with a chuckle and a shrug 

of his shoulders. This demeanor suggests that Adam did not recognize the mathematical 

complexity inherent in those topics.  Instead, it appears that he characterized the 

mathematics as the content he was going to teach, which in his mind he already 

understood quite well: “For the most part, no [looking at children explaining their 

thinking did not help learn and understand mathematics deeper].  I already had a fairly 

good understanding of these mathematical concepts” (Evaluation, Question 2).  

 While Adam was consistent in his declaration that he did not really learn 

mathematics from the activities, he did, at times, acknowledge that he gained some 

mathematical knowledge.  However, Adam either seemed to have difficulty expressing 

what that knowledge was or felt that it was more associated with learning new strategies 

to solve problems and less with understanding mathematical concepts. 

Um, not, well I pretty much know how to do division pretty well, so I didn’t learn 
anything new.  But I just learned the new, different ways of doing.  Like, I never 
would have divided 159 by 13 by subtracting 13 so many times. (Group Division 
Interview, October 18, 2007) 
 

This example clearly shows Adam’s separation of content and process.  It appears that 

Adam did not correlate learning a new method of dividing with gaining a deeper 
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understanding of the meaning of division.  While it is true that learning new strategies 

does not necessarily constitute understanding, in this case it appears that a greater 

conceptual understanding may have been achieved, especially considering the method 

that Adam referenced is so intimately tied to a conceptual meaning of division. 

  Adam’s view that he “took more methods stuff out of the videos than . . . 

content” (Group Division Interview, October 18, 2007) supports the claim that Adam 

perceived the primary use of the activities as learning about teaching.  This perception is 

understandable given his limited experience with children and his related nervousness 

about having his own classroom in a relatively short amount of time. However, this view 

does not explain why he felt that the activities did not offer him a greater understanding 

of mathematical content as one can perceive the activities as beneficial to both their 

learning about teaching and about content.  

 It appears that Adam thought highly about his mathematical thinking.  This 

sentiment is expressed in Adam’s reflection about the lack of small group discussion 

among participants that took place toward the end of the semester: 

Well, a lot of times I feel, what I feel that when she [the instructor] asks us to do 
like things in groups, umm, I feel like it’s just something that’s so obvious that we 
don’t even have to discuss it . . . . [Interviewer: Okay, so for you, maybe you 
thought, ‘Okay, well I know this…’] Well, yeah, for me I’m, I think I’m more of 
an advanced, not advanced mathematician, but I mean for [course name]. 
(Fraction Interview, November 29, 2007) 
 

 This view of his mathematical ability coincided with his characterization of the 

mathematics examined in the children’s thinking activities as simple, where he did not 

“really see what’s too complex about it” (Fraction Interview, November 29, 2007).

 Given his denial about the complexity of the mathematical content he was 
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studying, it was interesting that some of Adam’s reflections revealed a struggle with 

certain mathematical concepts and strategies. For example, when asked about the 

language that is used to explain the traditional U.S. long division algorithm, Adam shared 

that “when you really think about ‘5 doesn’t go into 1’ but that [1] stands for 100 and 5 

does go into 100… it confuses me I guess” (Group Division Interview, October 18, 

2007).  Additionally, even though he felt that the mathematical content contained in the 

fraction activities was not complex, Adam admitted that he had been unfamiliar with the 

quotient context of fractions. More importantly, he admitted that he was not sure that he 

could explain that context to children even after completing the activities.   

Adam’s failure to recognize his own learning process might have stemmed from 

the fact that Adam felt that he could not be both someone who understands mathematics 

well enough to teach children and someone who was still learning about that same 

content.  Therefore, the tension that arose for him was reconciled by identifying with only 

one of those personas:   

As far as math goes, I’m pretty comfortable with math.  I always understood it 
pretty well I think.  . . . I understand it well enough that I think I could have them 
explore and do their own thing and then help them out… show them what they’re 
doing, then what I think they should be doing. (Group Multiplication Interview, 
October 12, 2007) 
 

What is significant about this example is that Adam was referring to helping children 

make sense of the traditional method of multiplying that is taught in U.S schools after 

allowing them to explore their own strategies of solving.  As discussed earlier, Adam felt 

that allowing children to explore their own processes before instruction of a more 

standard model would help them understand that standard model better, something which 
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he struggled to do himself. 

4.3.3 Summary 

 Adam perceived the children’s thinking activities as beneficial to his learning 

about children’s mathematical thinking.  According to Adam, these benefits were mostly 

in the form of providing a venue in which he could make sense of children’s thinking, 

including helping him see what types of mistakes children might make.  The examination 

of children’s thinking also allowed Adam to consider how he might teach certain 

concepts, something which he was able to do by focusing on the teachers in the activities.  

 Adam did not feel, though, that the activities were beneficial to his learning of 

mathematics.  Since he did not view the mathematics in the activities as complex, he was 

unsure of what else there was to learn about it.  However, Adam did acknowledge that he 

learned some mathematical content, including a different way of dividing, although he 

seemed to struggle to verbalize exactly what that content might be. 

 Adam’s perceptions regarding children’s mathematical thinking revealed foci on 

language, strategies, and concepts.  With respect to children’s thinking about language, 

Adam felt that all children, including English Language Learners, should learn 

mathematical language which he described as mathematical diction with an emphasis on 

vocabulary.  Adam believed that using the language associated with mathematics would 

aid a child’s understanding of both mathematics and language, although he did admit that 

not all situations would call for the use of such formal language.   

 When reflecting on different strategies, Adam concentrated on discussing the 

relationships among the strategies. This discussion led to the validation of some of the 
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strategies through his own experiences.  Adam further concluded that the use of 

alternative strategies could aid children in understanding more standard strategies.  He 

noted that these standard strategies should be taught in classrooms because teachers 

expect them to be taught and in general they are more efficient, although the reasoning 

for the latter appeared to be flawed.  

 The final focus on Adam’s perceptions about children’s mathematical thinking 

was children’s conceptual understanding.  Adam appeared hesitant to reflect on the 

understandings of the children in the activities, noting that he could not determine their 

understanding from a picture, an explanation, or even the correct application of a 

strategy.  When Adam did reflect on the children’s understanding, he seemed to be at 

odds with what concepts he felt were important for the children to learn and what 

concepts were relevant to him. 

 Adam’s perceptions of his own mathematical thinking revealed that Adam 

appeared to regard his understanding of mathematics highly, with him characterizing 

himself as an advanced mathematics for teaching student.  His perception was not 

surprising considering his stance that the children’s thinking activities were not 

supportive of his mathematical learning.  What was interesting, though, was that Adam’s 

reflections showcased his effort to make sense of certain mathematical topics, something 

which was often not recognized by Adam. 

4.4 The case of Hannah 

During the study, Hannah was a junior pre-education major who always wanted to 

be a teacher.  Even though she explored different career options such as counseling and 
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nursing, her main goal of working with children always led her back to the teaching 

profession.  Through her experiences of babysitting and working at a daycare and a boys 

and girls club, along with her volunteer work at a local elementary school, Hannah was 

positive that she wanted teach kindergarten.   She saw that age group as extremely fun 

and “so cute” (Initial Interview, September 27, 2007), and she wanted to help children 

learn to write and count. 

 Hannah did not view herself as a “math person” (Fraction Interview, November 

30, 2007), which she attributed, in part, to her K-12 experiences.  During elementary 

school, Hannah struggled with an individualized curriculum that focused on working with 

mini-computers:  

It was like this book of like – they were like little squares – little box[es] in each 
square, and each one had different things and each one meant different things.  It 
was the weirdest thing in the world, like I hated it.  Like I would go home and cry 
to my mom, ‘Mom, I don’t get this.  I hate this.’ . . . [Interviewer: Were there 
actual computers?] Well, it was like little boxes, yeah, on the packet or whatever, 
and like each little dot, each little square meant something, but it’s just like how 
you were supposed to like add and multiply and divide things up, and it was just 
the worst thing in the world. It’s like no wonder I don’t like math. (Initial 
Interview, September 27, 2007) 
 

When she sought help from home, Hannah found that either her mother did not 

understand the curriculum or her step-father trivialized the difficulty of the mathematics.  

This lack of support left Hannah frustrated. 

In high school, Hannah’s situation did not improve.  Hannah felt that her teachers 

did not explain why certain concepts were true, focusing more on “well, do it this way” 

(Initial Interview, September 27, 2007).  She especially disliked her freshman 

mathematics teacher, who in her words “was like 25 . . . He told us how he partied.  He 
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got drunk on the weekends and did this and did that, and I’m like ‘Wow, I learned a lot 

here’” (Initial Interview, September 27, 2007).   Feeling like her teachers did not care 

about her learning, Hannah completed the minimum three years of mathematics courses 

to graduate. 

 Upon entering university, Hannah found that she needed to “start at the bottom” 

(Initial Interview, September 27, 2007) to take some basic mathematics courses, which 

included Pre-Algebra and Elementary, Intermediate, and College Algebra.  Hannah felt 

that she actually learned mathematics through these courses, especially the ones that 

offered an unlimited number of attempts to achieve the required minimum pass rate for 

each section of material. 

  Consistent with her reflections on how she did not understand the way that people 

explained mathematics to her, Hannah saw effective mathematics instruction as “just 

being very thorough” (Final Interview, December 13, 2007).  Thoroughness to Hannah 

meant that teachers should use a variety of formats to present mathematics until all 

students understand.  For example, Hannah saw potential in having students share their 

thinking in groups since students might “relate to another student’s way of looking at it . . 

. if they can’t relate to how the teacher’s teaching it” (Final Interview, December 13, 

2007). 

 Throughout the in-class activities and group interviews, Hannah was always 

engaged but extremely reserved.  Many times it appeared as if Hannah took on a 

supporting role in group settings, echoing the sentiments stated by other students.  

Usually this came in the form of head nods and statements such as ‘yeah.’ When asked 
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about her quiet nature, Hannah explained that she needed the reassurance that came from 

working in groups where her group members could say “Oh, you are doing it right 

[be]cause I did it the same way . . . instead of me guessing on my own…” (Final 

Interview, December 13, 2007). However, during the individual interviews Hannah was 

more expressive with her perceptions.  

4.4.1 Children’s mathematical thinking 

 This section details Hannah’s perceptions about the use of children’s thinking 

activities in a mathematics for teaching course as well as children’s mathematical 

thinking. 

Activity perception: Children learn and think differently from one another 

 Throughout the activities, Hannah repeatedly shared her view that the children’s 

thinking activities showcased how differently children think about and learn content.  For 

example, Hannah thought the multiplication activities allowed her to see “that each child 

really does learn differently. It’s not all black and white for every child, and they have 

very interesting ways of coming up with how to solve the equations” (Group 

Multiplication Interview, October 15, 2007).  

In addition to realizing that differences exist in children’s thinking, Hannah 

thought that in lieu of being told that children think in a particular way there was a lot of 

power in hearing children explain their thinking.  This was extremely helpful during the 

fraction activities when “just by looking at the [children’s work], you [didn’t] have any 

idea what they were doing” (Fraction Interview, November 30, 2007).   Hearing the 

children’s explanations in conjunction with examining their written work allowed 
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Hannah to understand better why some of the children thought one fraction was smaller 

than another or why they might have thought certain fractions were equal.  It seemed that 

Hannah gained appreciation for the sophistication in some of the children’s thinking as 

well.  When reflecting on Yamalet’s justification of why three-eighths is bigger than one 

half10, Hannah admitted that it “makes sense… like if you have more, or you eat more 

[eating three pieces of pizza versus one piece of pizza], then it makes sense” (Fraction 

Interview, November 30, 2007). 

 Given her experiences with not understanding how her teachers explained 

mathematics, it is understandable that Hannah perceived the activities as a type of 

validation that “there’s other ways of thinking about it [mathematical concepts] and not 

every child gets it [the one or two ways taught by many teachers]” (Final Interview, 

December 13, 2007).  Hannah felt that this focus on alternative methods of thinking and 

learning could aid her one day in her own classroom.  She acknowledged that she might 

be more open to letting children be creative to see how “they process the problem and 

figure it out, versus telling them, ‘So do it this way’ . . .” (Initial Interview, September 27, 

2007).  As evidence, Hannah reflected on her experience in a kindergarten class she was 

volunteering in that semester, where she “kind of appl[ied] what I learned [from the 

mathematics for teaching course]” (Final Interview, December 13, 2007) by explaining 

some ideas in different ways. 

 Hannah’s perceptions about children’s mathematical thinking also focused on 

                                                 
10 Yamalet drew a circular representation for each of three-eighths and one half.  During her explanation, 
Yamalet shared that she viewed each of the representations as a pizza and then explained that three-eighths 
was bigger than one half because three slices of pizza is bigger than one slice of pizza. 
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three other main ideas: the language used by children and teachers [13]; the conceptual 

understanding held by children [22]; the strategies used by children [25].  The numbers in 

brackets represent the occurrence of each category of perception in the data.  

Language: Mathematical language not a vital, but necessary component of mathematics 

According to Hannah, the language of mathematics involved everything 

associated with mathematics.  This included not only the words used to describe 

mathematical objects (e.g. dividend) and operations (e.g. multiplying), but also the syntax 

of mathematics, such as variables (e.g. x, y), equations (e.g. x = y = b) and symbols (e.g. 

÷).  It was the syntax that Hannah saw as complicating mathematics, something that 

Barnett-Clarke and Ramirez (2004) discuss in their writing regarding the language 

pitfalls of mathematics.  However, Hannah did not expand on this difficulty any further 

and, instead focused her reflections of mathematical language on the first part of her 

definition.   

Although she thought it was important to address issues of language in the 

mathematics classroom, Hannah did not see the use of mathematical language as playing 

a vital role in learning and understanding mathematics. 

I don’t think they have to use that language exactly, like word for word.  I mean, 
you could introduce it to them and like define what it is and like give them an 
example, of you know, this number is the dividend, this is the divisor, and this 
equals the quotient.  But like if they grasp the concept of, you know, how to do it 
without using those words, I think that’s fine.  I don’t think they have to use it, 
like, seven is the dividend, divided by this is that …” (Group Division Interview, 
October 18, 2007) 
 

As seen in this example, Hannah felt that children can understand mathematical concepts 

without the use of specific vocabulary words, a point she reiterated several times 
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throughout the children’s thinking activities.  

Hannah believed that children use their own language (be it home or self-

generated) to initially make sense of mathematical ideas and strategies.  Over time, 

through formal school experiences, children build up their knowledge of mathematical 

language and correlate that language with their own mathematical understanding.  

However, Hannah felt that when children have not yet made those correlations or have 

made unexpected ones, their mathematical understanding may be obscured to teachers.   

Therefore, Hannah implied, teachers need to provide children with a variety of 

opportunities to demonstrate their understanding (Shepard et al., 2005), including having 

children justify their thinking orally.  In regard to some English Language Learners 

(ELLs), whose primary language (L1) is not the language of instruction, Hannah 

hypothesized that teachers could provide the children with translated text.  As Hannah 

explained, “If they can read it [the problem] in their native language, then they might be 

able to understand it [the concept] more than you thought they would be able to 

understand it.  Like they’ll, could be really good at it” (Final Interview, December 13, 

2007). Hannah’s reflection is encouraging as it is consistent with literature that presents 

home language as a resource (e.g. Moschkovich, 1999, 2002) rather than as detriment 

often seen in deficit models (Gutiérrez, 2002).    

While Hannah did not feel it was vital for children to use a standard set of words 

since “if you understand what you’re doing, then the terminology doesn’t matter so 

much” (Group Division Interview, October 18, 2007), she did feel that using 

mathematical terminology was a necessary part of mathematics.  First, while a child may 
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understand what s/he is thinking, others may struggle to make sense of what is being 

communicated.  By using a common language, Hannah felt that “everybody’s kind of on 

the same page” (Final Interview, December 13, 2007). Second, since children will 

encounter problems that use particular words, such as sum or divide, Hannah contended 

that children need to “know the language in order to do the problems” (Final Interview, 

December 13, 2007). What Hannah is alluding to is that knowledge of the mathematics 

register (Cuevas, 1984; Moschkovich, 2002; Pimm, 1987) is an important component of 

mathematical literacy. By understanding the words, syntax, and other mathematical 

structures that are specific to the practice of mathematics, children might then “have that 

overall concept of ‘[the language in the problem] tells me to do this.’ It [the words in the 

problem] really means this and this” (Final Interview, December 13, 2007).  

Hannah also discussed how a teacher’s choice of language impacts a child’s 

mathematical understanding.  She felt that if teachers use vague language “like ‘that 

thingy’ and . . . ‘that thingy,’ [children] are not going to understand [what concepts those 

words are referring to]” (Group Division Interview, October 18, 2007).  What Hannah 

appears to be suggesting is that teachers should help children acquire the mathematics 

register by modeling mathematical language, a tenet endorsed by researchers in the field 

(e.g. Croggins et al., 2007; Kersaint et al., 2009; Khisty & Chval, 2002).  Providing 

children with guidance is especially important in mathematics because children may 

encounter terminology that is either unique to the study of mathematics or has different 

meanings outside the mathematics classroom context.  As Hannah shared, “there are 

words in math that you won’t hear anywhere else” and “there are certain terms and 
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expressions that work better and have certain meanings in the math world” (Class Notes, 

p. 33). Researchers such as Barnett-Clarke and Ramirez (2004), Moschkovich (2002), 

and Khisty (1995), among others, have written about this phenomenon extensively in 

relation to ELLs, where words such as cuarto can mean both quarter and room and the 

word table means something different in mathematics than it does in everyday 

vernacular.   

Understanding: Connecting understanding to key mathematical ideas 

Throughout a lot of her reflections on the children’s thinking activities, Hannah 

tried to link a child’s conceptual understanding to a particular mathematical process.  For 

instance, when discussing what child she thought understood division the best, Hannah 

shared that “Amelinda knows more just because . . .[her strategy of division uses] 

repeated subtraction” (Division Activities, Day 1).  In this example, Amelinda’s 

understanding of division is evident to Hannah because Amelinda’s strategy11 reflected 

the nature of what constitutes division.  

 However, considering the nature of the activities where children were explaining 

their thinking in their own words, it was not always clear to Hannah what concept was 

understood by the children.  Thus, at times, Hannah seemed to search for what key 

mathematical idea she thought best fit the child’s understanding.  For example, consider 

Hannah’s reflection on what Yamalet understood based on her explanation that three-

eighths is bigger than one half because three slices of pizza are bigger than one slice of 

pizza. 

                                                 
11 Amelinda repeatedly subtracted the divisor 13 from the dividend 159 until she could no longer make a 
group of 13. 
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I think she’s understanding subtraction pretty well . . .  [Interviewer: Why do you 
think subtraction pretty well?] Well, because if she like knows that if you eat one 
slice bigger than .  . . . yeah, that you know that there’s one left, or you only eat 
one, but then you eat three, then you eat more.  So then therefore there’s… or is 
that addition? I don’t know.  It’s something, but there’s mathematics here. 
(Fraction Interview, November 30, 2007) 
 

Hannah was confident that Yamalet understood something since she knew that three was 

greater than one.  However, Hannah struggled to pinpoint exactly what that concept was, 

and therefore, started listing possible mathematical operations that seemed to fit the 

situation.   

Hannah’s effort to find the key mathematical ideas to label the children’s 

understanding is somewhat worrisome.  First, Hannah may have assumed understanding 

where it was not warranted.   For example, Hannah claimed that all the children in the 

division activities understood that “any way you multiply numbers, they will give the 

same answer” (Class Notes, p. 13).  Here it seems that Hannah was most likely describing 

a property of multiplication, such as the commutative, associative, or distributive 

property, topics that she had studied in her mathematics for teaching course.  However, 

while Hannah’s claim might have been relevant in a discussion regarding the 

multiplication activities, there was only one child in the division activities that used 

multiplication as the primary operation to divide.  Therefore, Hannah’s reflection 

suggests that she was attributing understanding of mathematical ideas (in this case 

properties of multiplication) when there did not seem to be any evidence to support it. 

 Second and arguably a more important consequence of trying to label 

understanding with key mathematical ideas is that Hannah appeared to disregard valid 

mathematical thinking.  When reflecting on a Alexa’s reasoning that one half is bigger 
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than three-eighths via a comparison of pictorial representations (refer to page 105 for the 

text of Alexa’s explanation and Figure 4 for Alexa’s visual representation), Hannah 

commented that Alexa “looked at it and said, ‘Oh this one looks bigger’ but [she] didn’t 

really understand the concept of why it was bigger” (Fraction Activities, Day 2). Hannah 

further reflected that Alexa “kind of goes off of what she draws instead of like 

mathematically figuring it out” (Fraction Interview, November 30, 2007).  To Hannah, 

mathematically comparing fractions such as one half and three-eighths meant “converting 

one half into an eighth and multiplying it through and all that stuff” (Fraction Interview, 

November 30, 2007).  It appears then that this difference in strategies made Alexa’s 

understanding not as evident to Hannah.  This finding supports Crespo’s (2000) claim 

that teachers have a difficult time recognizing understanding in children’s thinking that is 

unlike their own.  

Strategies: Transitioning from alternative to standard algorithms in instruction 

 Throughout the children’s thinking activities, Hannah shared her perception that 

children tend to gravitate toward strategies that made more sense to them. For example in 

the multiplication and division activities, Hannah noted that although the children used 

different strategies, each of their strategies relied on numbers that were friendlier to them.  

By focusing on the children’s desire to transform the given problems into ones they were 

more comfortable solving, it appears that Hannah recognized that different children think 

about mathematics in different ways.  Hannah suggested that it should be a goal of early 

elementary education to capitalize on these different learning styles and “have more 

different, like fundamentally different methods . . . because like when they’re little they 
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are still kind of… and they’ll soak it up and like find which way works better for 

them…” (Group Multiplication Interview, October 15, 2007). These different ways, 

according to Hannah, should focus on meaning-making and make explicit how an answer 

was obtained, a cornerstone of mathematics teaching promoted by the NCTM (1989, 

2000). 

As children get older though, Hannah thought it would be “a little easier to have 

one method” (Group Multiplication Interview, October 15, 2007).  She also felt that an 

emphasis should be placed on finding efficient strategies, a feature she herself looked for 

in the strategies examined during the children’s thinking activities. In fact, efficiency was 

the primary reason behind Hannah’s reasoning for teaching the U.S. standard long 

division algorithm in school: 

It’s simpler once you like get the hang of it.  Like instead of breaking it down like 
they [the children in the activities] did with each different thing.  [Be]cause if you 
can just do the long division, like you do it step by step and then you get your 
answer versus like having to keep subtracting… like making it a lot longer than it 
should be. (Group Division Interview, October 18, 2007) 
          

The phrase making it a lot longer than it should be highlights Hannah’s view that there is 

a preferred method to solving problems, namely one that arrives at the solution fastest.  

However, which method is “faster” may depend on the problem and numbers involved.  

With some numbers, the standard algorithm might be quite inefficient.  Additionally, as 

Hannah pointed out earlier, children will gravitate toward strategies that work better for 

them.  These invented algorithms may be equally as valid, generalizable, and efficient, 

three criteria necessary for sustained use of an algorithm (Campbell, Rowan, & Suarez, 

1998). So, what might seem like an inefficient process to one might be quite the opposite 
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for someone else.      

By teaching one standard method and perhaps subscribing to a “one size fits all” 

mentality, teachers sometimes fail to recognize the differences that exist in children’s 

thinking.  This seemed to happen to Hannah, as she appeared to oversimplify the 

reasoning behind the children’s fractional strategies.  Specifically, she felt that the 

children in the fraction activities compared all of the fractions by basing “everything off 

of the numerators, not trying to make anything of the denominators” (Fraction Interview, 

November 30, 2007).   In reality, though, only one child compared fractions by 

concentrating only on the numerators.  What is noteworthy about this generalization is 

that the strategy she focused on was the one with which she most closely associated her 

own thinking, and thus perhaps what she thought represented a valid mathematical 

process.  In particular, Hannah stated that “for me, I don’t know, if I have a common 

denominator, then you can just base it off of the numerator” (Fraction Interview, 

November 30, 2007).  

Hannah’s consideration of only one part of the children’s fractional thinking 

supports an earlier argument that Hannah tried to connect the children’s understanding to 

a known mathematical process, in this case the comparison of fractions through the 

examination of numerators. Furthermore, it appears that Hannah did not view all of the 

strategies examined in the children’s thinking activities equally, with some being more 

efficient and others not representing a valid mathematical strategy.   

4.4.2 Hannah’s mathematical thinking 

Hannah believed that the children’s thinking activities had a positive impact on 
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her mathematical learning.  Although she admitted that sometimes during class she did 

not want to participate in the activities, in the end she knew that the activities “made her 

think differently and . . . more open to other ways” (Final Interview, December 13, 2007).  

As she viewed her grasp on mathematics as different from other people, Hannah felt that 

this increased exposure to alternative ways of thinking helped her move past solving 

problems just in the standard way she was taught.   

 According to Hannah, this change in thinking helped deepen her understanding 

about certain mathematical concepts and strategies.  For example, in division, Hannah 

pointed to her increased knowledge of the “different ways you could come up with the 

answer, like either repeated addition or repeated subtraction, or grouping it and 

multiplying it by 10 to get the bigger number” (Group Division Interview, October 18, 

2007). Hannah also shared her perception that, in general, she felt more “educated on 

what you can and cannot do with [fractions]” (Fraction Interview, November 30, 2007), 

specifically highlighting her new awareness of the different interpretations of fractions 

and methods of comparing fractions. 

 Considering her view that she’s “like against math” (Fraction Interview, 

November 30, 2007), Hannah’s self-reported claims that she enhanced her understanding 

of mathematics through the children’s thinking activities is encouraging.  For Hannah, 

who admitted that she would normally just grab a calculator to divide two numbers or 

compare two fractions, examining alternative ways of thinking might have helped her 

realize that she has valid ways of thinking about mathematical concepts.  However, as 

Spradbery (1976, as cited in Civil, 2006) cautioned, some students who have been 
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unsuccessful at traditional school mathematics, as Hannah claimed to be, may still be 

resistant to innovative approaches to curriculum. 

 Hannah’s reflections on her own mathematical thinking revealed that she was 

challenged mathematically during the children’s thinking activities.  Specifically, Hannah 

struggled to explain “how to do [a given mathematical process] or why it works the way 

it does” (Initial Interview, September 27, 2007). For Hannah, doing an algorithm meant 

that “you just did it in the steps that you were taught to just do” (Group Multiplication 

Interview, October 15, 2007).   Finally, when asked about the language used in the long 

division algorithm, Hannah was challenged to make sense of whether it was 

mathematically appropriate to say that five doesn’t go into one when describing a 

division problem like 125 divided by 5, even though it “made perfect sense back then [in 

grade-school]” (Group Division Interview, October 18, 2007).  

 Oftentimes, Hannah’s difficulty manifested itself in a lack of confidence.  This 

was evidenced in her perception regarding not just her ability to solve mathematical 

problems but also in her seeming reticence to accept her answers as correct.  Consider 

Hannah’s mathematical confidence when discussing with her group how she compared 

three-fourths and four-thirds using a set model: 

The first one I did four little circles, and I colored in three.  And I did three circles 
and I colored them all in.  And then I added one, but I don’t know if that’s right.  I 
was like… [be]cause I don’t know how to show more than what that is. (Fraction 
Activities, Day 3) 
 

In this example, Hannah was not confident in how to pictorially represent a fraction 

greater than one.  So, although she offered her solution process to her group, Hannah felt 

the need to qualify her response by exclaiming that she was not sure her strategy was 



 

  

175

correct. 

 To a point, it is good for one to be critical of his or her knowledge. In the previous 

example, although both of Hannah’s models were valid representations of three-fourths 

and four-thirds, respectively, a comparison between the representations would not have 

been appropriate since two different wholes were used.   When not overly confident in 

one’s mathematical ability, a person might be more willing to recognize a gap in one’s 

understanding and thus be more willing to think deeply about concepts.  However, there 

is a fine line between honestly questioning one’s knowledge and looking down on 

oneself.   

Interestingly, while Hannah was willing to admit her difficulty with some of the 

content as well as point out the usefulness of the children’s thinking activities in 

deepening and changing her mathematical understanding, there seemed to be a slight 

dismissive element to some of Hannah’s reflections. Specifically, Hannah characterized 

the mathematics she was studying as review and “not hard math because it’s like 

elementary stuff” (Initial Interview, September 27, 2007).   Furthermore, Hannah 

attributed some of her difficulty to lack of use of the concepts instead of to the 

complexity inherent in the mathematics.   

Hannah may not have addressed the complexity with the mathematical concepts 

because of her group dynamics.  During the children’s thinking activities, Hannah 

partnered with the three other study participants, all of whom excelled mathematically in 

high school and thought highly of their own mathematical ability.  Considering Hannah’s 

view of herself mathematically, as well as the difficulties she encountered in K-12 
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mathematics, Hannah may not have been functioning within her zone of proximal 

development (ZPD; Vygotsky, 1978).  The ZPD, the difference between a person’s actual 

level of development in independent problem-solving and his/her level of potential 

development with the collaboration of peers or adult guidance, relies on the co-

construction of knowledge without the dominance or subordination of individuals 

(Vygotsky, 1978). Throughout the activities, Hannah seemed to assume a subordinate 

role within the group, where she sought reassurance from her group members: “I wasn’t 

100% sure that… like my opinions or what I was doing was what they [her group 

members] were doing.  So I just kind of wanted to see what they were doing to see if I 

did it right” (Fraction Interview, November 30, 2007).  The existence of this seeming 

power relationship, where Hannah measured her own perceptions according to the 

reactions of her group members, might have encouraged Hannah to not recognize some 

of the difficulties she encountered.  

Hannah did perceive working on the children’s thinking activities within a group 

as valuable and shared a number of insights about what would be supportive of deepening 

her mathematical thinking. The nature of this help revealed a focus on strategies 

consistent with reform-oriented teaching suggested by the NCTM (1989, 2000) and 

others.  Specifically, in addition to working with peers in groups, Hannah discussed 

listening to children’s explanations of their work, focusing on issues of language, and 

framing mathematical problems in context.  These revelations by Hannah provide 

evidence of ways that teacher educators can support prospective teachers’ development 

of the mathematical knowledge of teaching, in particular, through the use of children’s 
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thinking activities in a mathematics for teaching course.   

4.4.3 Summary 

 Hannah viewed the children’s thinking activities as a powerful way to showcase 

the differences that exist in children’s thinking.  Additionally, by listening to children’s 

explanations, Hannah felt that she gained a greater insight into the processes that children 

utilize when solving problems.  These insights made Hannah more open to trying to new 

methods in the classroom. 

 Participating in the children’s thinking activities provided Hannah multiple 

opportunities to reflect on children’s mathematical thinking.  Hannah’s perceptions 

revealed a focus on language, conceptual understanding, and the use of alternative 

strategies.  In regard to language, Hannah felt that it was important to address the use of 

mathematical language in the classroom since it could help with communication as well 

as be expected by teachers.  However, Hannah did not see the use of such language as a 

vital part of learning mathematics since she felt children often use language that is more 

familiar to them when creating meaning.  Hannah pointed out that teachers need to be 

careful to support this understanding, and suggested that teachers utilize a child’s primary 

language.  Hannah further implied that a teacher’s role also extended to modeling 

terminology as well as being careful to use language that will not interfere with a child’s 

thinking. 

 While reflecting on the conceptual understanding possessed by the children in the 

activities, Hannah often tried to link the children’s understanding to known mathematical 

processes.  This resulted, at times, in a struggle to find the key mathematical idea to label 
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the understanding.  The possible repercussions of such a mentality were discussed, as 

Hannah perhaps over-stated the understanding held by the children or disregarded valid 

mathematical thinking. 

 The examination of the children’s strategies was the final focus of Hannah’s 

perceptions about children’s mathematical thinking.  Hannah contended that children use 

strategies that make sense to them, be it in the form of context or friendly numbers, and 

that these different strategies should be a focus of early elementary education.  However, 

Hannah perceived some strategies as more efficient than others, as well as oversimplified 

some of the strategies used by the children, which suggests that Hannah did not value all 

of the children’s strategies equally or that she may not have fully understood them.  

 When Hannah focused on her own mathematical thinking, she perceived the 

activities as beneficial to her learning of mathematics.  Specifically Hannah felt that she 

learned mathematical concepts and strategies through exposure to different types of 

children’s mathematical thinking.  However, Hannah seemed to be challenged 

mathematically during the children’s thinking activities, which oftentimes resulted in a 

lack of confidence. Hannah also did not address the complexity of the mathematical 

content she was studied, although that might have been a result, in part, to the 

mathematical expertise of Hannah’s small group members.  Finally, Hannah identified 

key ideas to aid the development of her mathematical thinking, all of which were in line 

with current recommendations of effective mathematics teaching.   
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CHAPTER 5: CROSS-CASE ANALYSIS 

 This chapter presents four themes that cut across multiple participants.  The first 

theme details what general benefits the case study students ascertained from the 

children’s thinking activities, as well as how some participants did not feel the activities 

were supportive of their own mathematical learning.  Following that discussion, two 

cross-cutting themes that emerged from participants’ perceptions about children’s 

mathematical thinking are presented: the desire to teach standard algorithms and the 

assessment of children’s mathematical understanding.  Lastly, a final theme related to 

teaching language-minority children is presented.     

5.1 Activities not always supportive of participants’ mathematical learning 

All four case study students perceived the children’s thinking activities as 

beneficial to their future career as teachers.  Specifically, all of the students shared that 

they gained insight into how children think.  This insight included a broadened view of 

what types of strategies children use to solve problems as well as the possible mistakes 

children might make.  The former relates to the notion that the participants were gaining a 

breadth of knowledge of children’s mathematics, an integral part of a mathematics 

teacher’s knowledge (Empson & Junk, 2004). Additionally, all the case study students 

shared that they gained ideas about how they might teach mathematics, with three 

students specifically noting that the activities resulted in more insights about how to 

present material to children. 

 However, the children’s thinking activities did not appear to provide a space for 

all of the case study students to recognize their own mathematical learning.  Two of the 
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four case study students, Meghan and Hannah, articulated that they felt they deepened 

their understanding of children’s mathematical thinking (Empson & Junk, 2004) by 

exploring mathematical justifications of certain strategies and ways of thinking about 

mathematical operations.  In contrast, Jessica claimed that while the division activities led 

her to think more deeply about the nature of division, she did not think she learned any 

mathematics from the fraction activities.  Similarly, Adam maintained that he did not 

“know what else there [was] to learn about [the content]” (Final Interview, December 12, 

2007), although he did acknowledge that he learned “different ways of doing” (Group 

Division Interview, October 18, 2007) division.   

What is interesting is that despite claims by Jessica and Adam that they did not 

learn mathematics from some or all of the children’s thinking activities, they did reflect 

on the activities in ways that evidenced making sense of important mathematical ideas.  

For example, Adam reflected on how he did not see any connections among the standard 

U.S. multiplication algorithm and the children’s alternative strategies, but later articulated 

the different connections he found.  Jessica reflected on the importance of using the same 

fractional whole when making comparisons and discussed how one can draw accurate 

representations of fractions without fully understanding how to use those representations. 

These examples suggest that the activities did support their understanding of key 

mathematical ideas more often and more substantially then either Adam or Jessica 

realized.   

What might account for Adam’s and Jessica’s lack of acknowledgement of their 

own mathematical learning?  One possibility is the existence of a stigma attached to 
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studying elementary mathematics, where people think that anyone who can add, subtract, 

multiply, and divide must know enough mathematics to teach elementary-school aged 

children (Conference Board of Mathematical Sciences, 2001). While only Adam 

explicitly reflected on this perceived simplicity of elementary mathematics, other 

evidence of this view manifested itself throughout the study.  In particular, three of the 

case study students, Adam, Jessica, and Hannah, did not acknowledge the difficulty they 

seemed to have with certain concepts.  For example, although they all acknowledged a 

struggle with understanding the different interpretations of fractions, they shared that the 

content itself was not difficult and that it was merely review.   

For two of the participants, Adam and Jessica, their self-reported successes in 

elementary school might have led them to feel as if they already understood how to make 

comparisons of fractions.  Perhaps admitting that they were challenged to make sense of 

fractional ideas might have meant admitting a lack of understanding of something that 

they and others viewed as simple.  In fact, Jessica shared informally that her roommates 

could not understand why she spent so long on her homework considering she was just 

studying mathematics she learned in elementary school.  

Moreover, the mathematics the participants were studying was done (virtually) 

alongside elementary-aged students.  Therefore, the participants may have experienced 

some internal conflict (perhaps unknowingly) between being a learner of mathematics 

and a future educator of similarly-aged children that they were watching in the video 

clips.  As Drake, Spillane, and Huffered-Ackles (2001) found, when teachers reconsider 

mathematics teaching and learning, they are faced with a transformation of who they are 
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as mathematics learners and teachers. Thus the only way, perhaps, for the participants to 

resolve their conflict was to not acknowledge any mathematical difficulties they 

encountered. 

Hannah’s lack of acknowledgement with the difficulty she experienced might 

have been a result of her group dynamics.  In particular, it seemed that the other 

participants with whom she was seated with during the children’s thinking activities were 

not working within her Zone of Proximal Development (ZPD; Vygotsky, 1978).  Because 

she was self-admittedly not as confident mathematically as the other participants, she 

may have unknowingly yielded her views and opinions to those of her group members. 

While it appeared that they enjoyed investigating the different ways that children 

made sense of mathematical problems, three of the four case study students shared their 

desire to teach one standard process to all children.  This cross-cutting theme is discussed 

in the next section.   

5.2 The desire to teach standard algorithms 

A key component of the children’s thinking activities was the examination of 

alternative, child-generated strategies.  Although not all of the participants acknowledged 

their own mathematical learning in this setting, as discussed in theme one, three of the 

four case study students did articulate the importance of using non-routine strategies with 

children.  Hannah discussed the need for elementary educators to present multiple ways 

to solve mathematical problems as children will “soak it up and like find which [method] 

works better for them” (Group Multiplication Interview, October 15, 2007).  Meghan 

expanded on this idea, suggesting that children need to put problems into a form which 
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makes sense to them.  Echoing Meghan’s sentiment, Adam hypothesized, as did some 

teachers in Empson and Junk’s (2004) study, that children will develop conceptual 

understanding by having them first generate their own strategies to solve problems before 

exposure to more traditional methods of computation.  These perceptions are promising.   

Their emphasis on children making sense of mathematical constructs through alternative, 

sometimes child-generated strategies suggests that the case study students viewed 

children as “meaning-makers rather than passive receivers of knowledge” (Ebby, 2000, p. 

75).    

However, though it appeared that in general the participants saw value in the use 

of alternative strategies, their reflections revealed that teaching one standard method was 

still the ultimate goal. When asked about this goal, Meghan expressed that she could 

introduce a set of correct terminology as well as a standard set of steps to follow, which 

she argued would support children’s understanding.  For Hannah and Adam, the standard 

U.S. algorithms were seen as more efficient than alternative strategies, a belief that is 

consistent with what Civil (1993) found in her study of prospective elementary teachers. 

For instance, Adam acknowledged that there were many ways to solve a multiplication 

problem but admitted that he could not understand “why would you want to make it 

[computing multiplication problems] more confusing than it already could be or has to be 

. . . . [these alternative strategies would] just take way too long.  It’d just be much quicker 

to do it [the standard] way” (Group Multiplication Interview, October 15, 2007).   

What is interesting about Adam’s perception is that through his claim for 

efficiency, he implied a level of difficulty in using the standard multiplication algorithm.  
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Specifically by sharing that he could not understand why a child would want to make 

computing multiplication problems more confusing, he seemed to be acknowledging an 

element of confusion already present.  Indeed, Adam shared that he did not think he fully 

understood the U.S. standard multiplication algorithm as a child.  Therefore, it is 

surprising that Adam would promote mathematical strategies [i.e., a standard algorithm] 

with which he himself may have struggled to understand, a phenomenon captured by 

Spradbery (1976, as cited in Civil, 2006) in his depiction of student resistance to 

innovative approaches to curriculum.  

Unlike Adam, Hannah did go through an alternative curriculum in grade school.  

She felt unsuccessful with this curriculum, which she thought contributed to her identity 

of “not a math person” (Fraction Interview, November 20, 2007). Considering this 

experience, Hannah may have looked upon the other participants, all of whom who went 

through a traditional curriculum with (self-reported) success, as the norm.  Thus, she may 

have felt that as long as someone thoroughly explained traditional algorithms to children 

(something which she felt was lacking in her own experiences), teaching these strategies 

was a more desirable approach.   

 This desire to teach standard algorithms may have skewed some of the case study 

students’ thinking when analyzing the strategies presented in the children’s thinking 

activities.  Strategies that more closely aligned with the traditional methods taught in 

schools appeared to be valued more by two of the participants. For example, Hannah 

dismissed one child’s (Alexa) fraction strategy of comparing two pictorial representations 

as not being mathematical enough.  Furthermore, even though Alexa correctly compared 
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one half and three-eighths, Hannah felt that Yamalet, a child who incorrectly compared 

one half and three-eighths by focusing only on the numerators, had a better understanding 

of fractions.  This may have been because Yamalet’s strategy more closely aligned with 

traditional methods for comparing fractions, such as finding a common denominator in 

order to compare numerators.  

Civil (2006) raised this issue of knowledge valorization with prospective teachers.  

Of the myriad of questions she posed, one is particularly salient to this study: “do 

students [prospective teachers] view the mathematics in the teaching innovations as ‘real 

mathematics?’” (p. 9).  The findings in this study suggest, as did Crespo (2000), that 

prospective teachers do when they can relate teaching innovations (in this case, the 

examination of child-generated strategies) to their own ways of thinking which are 

generally based on traditionally taught standard algorithms.  It seems that for two of the 

participants in this study, the more closely the non-routine or child-generated approaches 

related to (or resembled) the standard algorithms, the more valued they were.  

 The notion of whose knowledge gets valued raises the issue of how prospective 

teachers assess understanding.  This next section presents the third cross-cutting theme: 

assessing understanding through key words and phrases. 

5.3 Assessing understanding through key words and phrases 

 Since the investigation of children's thinking activities involved explanations from 

children, all of the case study students focused on the specific words the children in the 

activities did and, in some cases, did not say.  However, the specific ways in which they 

attended to this sometimes varied.   
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At one end of the spectrum, Hannah perceived explanations as a means to provide 

teachers insight into the processes used by children, something that could not necessarily 

be ascertained solely by examining children’s written work.  However, Hannah thought 

that children did not need to use a set of standard words within their explanations to 

demonstrate their understanding of a mathematical concept.  Thus, she felt there was a 

wide range of possible explanations that would demonstrate understanding.   

In contrast, Jessica seemed to conceive of a single correct way to express 

understanding.  Specifically, Jessica assessed children’s understanding through the 

presence or absence of certain key words and phrases. For example, when reflecting on 

what one of the children from the activities would have had to understand in order to use 

the strategy she used, Jessica stated, “Yeah, she [the child] even used that word [rounding 

in her explanation].  So, she’ll have to know rounding” (Multiplication Activities, Day 1). 

This idea of focusing on key words and phrases was not unique to Jessica, as 

evidence of it was also seen in Meghan’s reflections, and to a lesser degree, Adam’s.  

While she seemed to reluctantly agree that children can possess understanding of a 

concept even if they do not use a standard set of terminology to express that 

understanding, Meghan asserted that the degree to which someone understands 

something rests on the specific language one uses.  For example, the use of take away 

instead of subtract signaled to her that a child may not understand the concept of 

subtraction fully.  Adam took a more nuanced approach, reflecting on the presence of 

qualifying words such as seems as an indication of a fragility (or uncertainty) of one’s 

understanding.  However, Adam shared that he felt that one explanation, such as what 
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was accessible to him in the children’s thinking activities, was not enough to determine 

understanding.  

In general, while the case study students relied on key words and phrases to assess 

a child’s understanding of mathematics, they all attended to it in slightly different ways. 

This range seemed to align with their views of themselves as mathematical learners, 

which supports the idea that a teacher’s mathematical experiences and beliefs impacts 

practice (Raymond, 1997); in this case, in the way they make sense of children’s 

understanding.  For example, Hannah never saw herself as grasping concepts as others 

did (i.e., she thought about concepts differently and may have used different words to 

express her understanding) which was echoed in her reflections that the use of specific 

mathematical terminology was not necessary to demonstrate understanding. Additionally, 

Jessica perceived herself as a perfectionist who always looked for the correct way of 

doing things. This perception was consistent with her reflections that a particular word or 

phrase needed to be stated in order to indicate understanding.  Considering prospective 

teachers do not often use very precise mathematical language themselves when 

explaining their thinking, Jessica’s view is interesting. 

Whatever the reason for the prospective teachers’ views, the valuing of one set of 

words over another is problematic.  Such a view would disregard certain children’s 

mathematical thinking if their language did not match a pre-determined set of correct 

words.  Moreover, if children only know one way to express their understanding, they 

might get lost when in conversations where synonymous terms are used (Khisty, 1995).  

This sentiment is in contrast to Adam’s perception that teachers should avoid using 



 

  

188

synonyms, such as add and plus, interchangeably as a way to minimize confusion for 

ELLs.  

Adam is correct that some ELLs (and some native English speakers for that 

matter) might be confused if teachers use words interchangeably without calling specific 

attention to the related meanings.  This is especially important in mathematics as many of 

these children are learning not just the mathematics register - structures, words, and 

syntax that are appropriate to context of mathematical practice (Moschkovich, 2002; 

Pimm, 1987) - but the everyday register of English as well.  As Hannah noted and which 

is written extensively about in the literature (e.g. see Barnett-Clarke & Ramirez, 2004; 

Khisty, 1995; Moschkovich, 2002), there are words in everyday language that have a 

different meaning in mathematics.    However if teachers pare down their language too 

much, they limit the number of connections that ELLs can make between what they 

already know and understand and the new ideas/words they are learning.   

Without downplaying the challenges that ELLs may face, there is substantial 

evidence that ELLs can and do communicate mathematically – they learn to explain their 

thinking and to make their ideas clear to others (e.g. Khisty & Chval, 2002; 

Moschkovich, 2002).  However, they often draw on a broad range of resources to do so.  

Therefore, ELLs need to be provided multiple opportunities to draw on these resources, 

which include the use of gestures, objects, primary language, and everyday experiences 

(Moschkovich, 2002) in order to communicate their mathematical thinking.  Furthermore, 

if the number of ways children can express their thinking is limited, then the number of 

ways that children construct meaning is also limited (Schleppegrell, 2007).  This is 
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especially important to consider for the instruction of ELLs as “native [English] speakers 

begin with a more advantageous language base” (Bialystok, 2008, p. 108) due to their 

everyday and informal experiences with the English language.  Therefore, instead of 

simplifying the language by only using one set of terminology, researchers (e.g. Barnett-

Clarke & Ramirez, 2004; Coggins et al., 2007; Gutiérrez, 2002; Moschkovich, 2002) 

advocate that teachers point out distinctions among shared meanings and capitalize on the 

resources ELLs bring to the classroom. 

Teaching children whose L1 was not English was a topic all of the case study 

students considered as they participated in the children’s thinking activities.  Their 

perceptions about this idea are presented as the final cross-cutting theme. 

5.4 ELLs’ acquisition of mathematical language  

All four case study students perceived that learning mathematics involved, and in 

some cases was facilitated by, learning mathematical language.  In general, the 

participants reflected on this mathematical language in unexpected ways.   In their study 

regarding teacher candidates’ views on the relationship between language and 

mathematics, Bunch et al. (2008) found that a majority of individuals associated the 

academic language of mathematics with vocabulary.  However, although all the case 

study students in this dissertation study singled out vocabulary as an important 

component, only Meghan defined it as “[a set of] correct terminology [that expresses 

mathematical] concepts” (Final Interview, December 17, 2007).  

More common was the idea that mathematical language is the means with which 

to communicate mathematics, with Adam perceiving it as “mathematical diction” (Final 
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Interview, December 12, 2007) and Hannah considering the inclusion of mathematical 

syntax.  What Adam and Hannah seemed to be alluding to is that communicating 

mathematics is much more complex than just using proper terminology. Previous 

research in the field supports this, showing that mathematical communication takes on 

many different forms including symbolic, linguistic, and pictorial (e.g. Schleppegrell, 

2007); combines everyday and technical words (e.g. Moschkovich, 2002); and involves 

logical connectors such as if … then, structures something with which all children, but 

especially English Language Learners (ELLs), struggle to understand (e.g. Anhalt, 

Fernandes, & Civil, 2007). The children’s thinking activities appear to have created a 

space that elicited participants’ perceptions regarding what constituted mathematical 

language, a significant finding considering the participants had never really contemplated 

issues of language and mathematics before.     

 Regardless of their views, all of the participants acknowledged that all children, 

including ELLs, should be proficient in mathematical language, which researchers (e.g. 

Gutiérrez, 2002; Kersaint et al., 2008) assert is an essential element of the learning 

process.  Moreover, in general, participants recognized that ELLs might face additional 

obstacles when acquiring mathematical language in an English-only classroom.  For 

instance, Adam reflected that the only way to learn a language was to be immersed in it.  

While immersion in a particular mode of practice is not enough to learn academic 

language (Gee, 2008), Adam’s perception implies that individuals need to put themselves 

in unfamiliar and often uncomfortable situations in order to gain language fluency.   

More explicit statements about the challenges that ELLs face came from Hannah 
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and Jessica. They hypothesized that learning English in addition to learning mathematical 

language would be difficult, since they both viewed mathematics as difficult to learn.  As 

Jessica explained, “math is already hard enough to learn as it is. If you don't already have 

that, that language that it's being taught in totally understood, it's gonna make it [learning 

mathematics] that much harder to learn…” (Final Interview, December 13, 2007). 

In her remarks to the National Mathematics Panel, Leiva (2006) elucidated on the 

challenge described by Hannah and Jessica, noting that even children whose primary 

language (L1) is English find it difficult to learn the language of mathematics.   

According to Gutiérrez (2002), the sympathy displayed by Hannah and Jessica is 

not uncommon for some elementary teachers.  Typically, these teachers tend be more 

child-centered and are, in general, less tied to a specific body of content. In contrast, 

Meghan may have been more tied to the subject of mathematics and thus less able to 

conceive of the challenges that ELLs might face.  Meghan saw ELLs as having an easy 

time acquiring mathematical language.  She felt that because they would not know “the 

slang math terms [such as plus and take-away]” (Final Interview, December 17, 2007), 

their minds would be free to acquire mathematical language.  This perception of learning 

a language is worrisome.  By understating the complexities that are involved in learning a 

language, as a teacher Meghan might not be able to capitalize on the knowledge of 

language that children do possess.  Moreover, she might not be able to use the children’s 

knowledge of language to move them toward a deeper understanding of mathematics 

(Schleppegrell, 2007).   

The participants went further than just reflecting on ELLs’ level of ease in 
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acquiring mathematical language.  Specifically, all of the participants perceived of the 

need to “stimulate the language development of ELLs . . . by providing what is known as 

an acquisition-rich classroom” (Kersaint et al., 2008, p. 5), a supportive environment that 

focuses on ELLs’ development and use of mathematical talk.  First, the participants 

acknowledged that the choice of words by a teacher impacts what a child will understand.  

Because children are influenced by the language used in the classroom, the participants 

argued, there is need for teachers to model the academic language they expect of 

children, a strategy endorsed by prominent researchers (e.g. Gee, 2008; Khisty & Chval, 

2002). Second, the participants felt that ELLs should be provided opportunities to share 

their mathematical thinking. For example, Jessica thought that setting up this type of 

classroom environment would give ELLs practice in not just mathematics but in language 

as well.  Meghan further hypothesized that through discussion, ELLs might connect with 

fellow classmates who also speak their language and that together they could construct 

understanding.  While they all differed in how often they might incorporate this element 

in their classroom, their reflections are encouraging and in-line with current literature on 

teaching mathematics to ELLs (e.g. Coggins et al., 2007; Kersaint et al., 2008). 

5.5 Summary of cross-cutting themes 

Theme one presented the case study students’ perceived benefits of using 

children’s thinking activities in a mathematics for teaching course.  All of the participants 

felt the activities provided insight into how children think and allowed them to consider 

ways in which to present mathematical concepts to children.  However, two of the four 

case study students did not see some or all of the activities as supportive of their own 
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mathematical learning, even though it was evident they were making sense of key 

mathematical ideas.  The possible stigma in studying elementary mathematics was 

presented as one explanation for this perception. It was further argued that this stigma 

manifested itself in three of four case study students not acknowledging the difficulty 

they appeared to have with certain concepts.   

The second theme of this analysis showcased the tension that existed for three 

case study students between the use of alternative, child-generated strategies and the 

desire to teach standard algorithms.  On the one hand, the participants reflected on the 

importance of presenting multiple strategies to children, including having them generate 

their own in order to facilitate understanding.  On the other hand, they advocated that 

teaching standard algorithms would be more efficient and allow them to provide children 

with correct terminology and a baseline of necessary steps.  Using these standard 

algorithms as a norm, it appeared that two of the case study students disregarded 

children’s thinking that did not seem mathematical enough.  This finding suggested the 

prospective teachers held the view that the mathematics present in alternative strategies is 

‘real mathematics’ only when it can be related to algorithms with which they are more 

familiar, and thus, their own thinking.   

The case study students’ attention to the assessment of mathematical 

understanding through a focus on children’s explanations was presented as the third 

cross-cutting theme.  All of the participants felt that children could possess understanding 

of a concept even if they did not have the ability to express that understanding.  However, 

three of the four participants focused on the specific words and phrases of an explanation 
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as a form of assessment of the children’s understanding.  While one participant saw 

qualifying words such as seems as a sign of fragility in a child’s understanding, two other 

participants seemed to be looking for the presence of a specific set of words as an 

indication of understanding.  The problematic nature of valuing one set of words over 

another was discussed, especially as it relates to the instruction of ELLs. 

The final cross-cutting theme highlighted the participants desire to support ELLs’ 

learning of mathematical language.  Three of four case study students perceived of 

mathematical language as more complex than just terminology, seeing it as a means in 

which to communicate mathematics.  All of the participants felt that it was important for 

all children, including ELLs, to be proficient in mathematical language.  However, while 

three participants acknowledged that ELLs might face an increased level of difficulty in 

acquiring mathematical language in an English-only classroom, one participant felt that 

ELLs would have easier time that native English speakers.  Finally, all of the participants 

reflected on ways to help ELLs acquire this language.  The teacher’s role in modeling the 

language of the mathematics classroom was discussed.  The participants also shared their 

desire to establish an environment in which ELLs could share their thinking with others, 

as they felt that ELLs could gain valuable practice in both mathematics and language. 
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CHAPTER 6: CONCLUSIONS 

 The purpose of this chapter is to provide a final conclusion to this dissertation 

study.  This conclusion begins with a summary of the study’s findings by research sub-

question.  Then some implications for practice and future research are discussed.  Last, 

the limitations of this study are provided. 

6.1 Summary of findings  

6.1.1 Summary of findings for research sub-question one 

 The first research sub-question of this study was an inquiry about the participants’ 

perceptions regarding the use of children’s thinking activities in a mathematics for 

teaching course. All four of the case study students shared that the children’s thinking 

activities were beneficial in regard to providing them insight into children’s mathematical 

thinking.  All claimed that the activities broadened their views on what types of strategies 

children might use to solve problems, while two participants specified a greater 

knowledge about possible mistakes a child might make.  Additionally, all of the case 

study students thought they learned ideas about how to teach mathematics, including 

specific ideas about presenting material in a variety of ways. 

 Two of the four case study students, Meghan and Hannah, reported that the 

children’s thinking activities supported their own mathematical learning.  They shared 

that the activities provided them a context in which they broadened their knowledge 

about methods of computation as well as deepened their mathematical understanding of 

concepts.  In contrast, Jessica claimed the fraction activities did not support her learning 

of fractional concepts.  Similarly, Adam maintained that he did not learn any 
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mathematics from the activities since he felt there was nothing else for him to learn about 

the topics of multiplication, division, or fractions.  

6.1.2 Summary of findings for research sub-question two  

 The second research sub- question sought to document participants’ perceptions 

regarding children’s mathematical thinking.  These perceptions revealed three main foci: 

understanding, strategies, and language.  A summary of the findings for the first two foci 

are discussed below, with the findings related to language discussed in conjunction with 

the findings for the fourth research sub-question: participants’ perceptions about the role 

of language in teaching and learning mathematics.  

Understanding  

Focusing on children’s understanding throughout the children’s thinking activities 

seemed to provide both Jessica and Adam a context in which they could discuss and 

appropriate key mathematical ideas, perhaps even more than they realized.  For Jessica, 

these discussions appeared to have helped her develop components of the mathematical 

knowledge needed for teaching.  Specifically she seemed to recognize the necessity of 

different representations as well as the benefits and limitations of using context to solve 

mathematical problems.   

For Adam, though, it seemed that he perceived some of the concepts as important 

for children to understand but not important for himself to personally understand.  It was 

argued that perhaps there was a disconnect between what knowledge he felt was 

necessary for children to learn and what knowledge was necessary for teachers to use. 

The possible existence of this type of disconnect suggests that prospective teachers 
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acknowledge the importance of certain mathematical concepts only at a surface level, 

perhaps in order to acquiesce to the course instructor’s stated beliefs. 

 For the two other case study students, Meghan and Hannah, recognition of 

children’s mathematical understanding seemed only to occur when they could relate their 

own mathematical thinking to that of the children’s thinking.  Hannah seemed to actively 

seek for a link between the children’s understanding and key mathematical ideas such as 

addition or subtraction.  In both cases, the prospective teachers seemed at times to 

disregard valid mathematical thinking that did not resonate with their own mathematical 

thinking.  

Strategies 

The children’s thinking activities also provided a context for the prospective 

teachers to reflect on the strategies that children used. For three of the four participants, 

their perceptions evidenced that they were grappling with important mathematical ideas.  

Jessica and Meghan seemed to solidify their mathematical understanding of different 

strategies, while Adam appeared to make meaningful connections among strategies. 

All of the case study students perceived that children gravitate towards strategies 

that make the most sense to them.  While Hannah felt that elementary education should 

capitalize on this familiarity, Jessica pointed out that some children may use strategies 

such as drawing visual representations out of habit and without possessing understanding 

of how to use the drawings effectively. Finally, Adam hypothesized that children could 

develop a greater conceptual understanding of mathematical concepts through the 

development of non-routine strategies. 
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Meghan, Hannah, and Adam reflected on the importance of using alternative, 

child-generated strategies with children.  However, they also desired to teach standard 

algorithms to children.  Hannah and Adam saw these types of algorithms as more 

efficient than non-routine ones, with a lack of recognition that what is often faster for one 

person is not necessarily faster for another.  Additionally, Meghan and Adam felt that it 

was important to teach in this manner in order to facilitate a common mode of 

communication among children and teachers.  Meghan further noted that teaching these 

algorithms can provide children with a standard set of steps to follow, which seemed to 

contradict her earlier views regarding the importance of using non-routine strategies as a 

way for children to put problems into forms that make sense to them. 

6.1.3 Summary of findings for research sub-question three  

 The third research sub-question sought to document participants’ perceptions 

regarding their own mathematical thinking. All of the participants perceived their own 

mathematical thinking in ways that evidenced making sense of important mathematical 

ideas.  Specifically, the participants discussed making connections among different 

strategies, gaining knowledge of different interpretations of fractions and the meaning of 

operations, and understanding new methods of computation, among other things.  These 

findings suggest that the children’s thinking activities provided a context in which the 

case study students learned mathematics more substantially and more often than some 

realized. 

 Indeed, while Meghan seemed to recognize gaps in her own learning and 

questioned and challenged her mathematical understanding, the other three participants 
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did not acknowledge some of the mathematical difficulty they encountered.  This lack of 

acknowledgement was attributed to a possible stigma of studying elementary 

mathematics.   

Both Adam and Jessica reflected on their own mathematical thinking with a high 

degree of confidence.  However, Hannah seemed to reflect on her mathematical thinking 

with a lack of confidence.  Further, it seemed that she was challenged to make sense of 

the mathematics she was studying. It was suggested that Hannah’s lack of 

acknowledgement with any difficulties she may have encountered might have been due to 

possible power relations within her group dynamics where her views seemed subordinate 

to the views of the other participants with whom she was seated with during all of the in-

class activities. 

6.1.4 Summary of findings for research sub-question four 

 An inquiry into what perceptions participants had in regard to the role of language 

in teaching and learning mathematics was the focus of the fourth and final research sub-

question.  While participants did not seem to speak directly to this role very often, they 

did reflect on various issues related to language and mathematics. 

 In general, the participants perceived of mathematical language in a nuanced way, 

with only one case study, Meghan, student defining it entirely in terms of vocabulary. 

The other three participants appeared to view mathematical language as a form of 

communication, which could include terminology, mathematical diction, and syntax. 

Regardless of their view, all the case study students felt that all students, including 

English Language Learners (ELLs), should be proficient in mathematical language in 
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order to effectively communicate their mathematical thinking. 

 For three of the four case study students, Jessica, Meghan, and Adam, this idea of 

effective mathematics communication manifested itself in their attention to key words 

and phrases within children’s explanations as a way to determine understanding.  Two of 

these three participants’ perceptions further suggested that they perceived of a correct 

way to express mathematical thinking which relied on the use of a set of standard 

terminology. 

 All of the participants reflected on ways to help children, but in particular ELLs, 

acquire mathematical language.  These ways included the need for children to share their 

mathematical thinking as well as an acknowledgement that a teacher’s choice of words 

impacts the learning that takes place in the classroom.  The latter resulted in the 

recognition that teachers need to model mathematical language.  Jessica and Adam 

contended that this use of mathematical language needed to be balanced with a simplified 

level of talk.  Adam in particular felt that teachers should only use one set of words so 

ELLs do not become confused with synonymous words.   

6.2 Implications for practice 

The following sections provide some implications for practice when using 

children’s thinking activities in a mathematics for teaching course.  Key features that 

should be considered when designing these types of activities are presented, followed by 

implications for the role of the instructor when implementing children’s thinking 

activities as well as professional development opportunities for teacher educators.  Last, 

implications for the structure of teacher preparation programs are discussed. 
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6.2.1 Design of children’s thinking activities 

The case study students’ perceptions provided evidence of two key features of 

children’s thinking activities that might foster prospective teachers’ mathematical 

understanding. The first is the examination of a variety of problem-solving strategies 

generated by children, a feature supported by Sowder (2007) in her chapter on the 

mathematical education of teachers.  This variety should involve a range of children (e.g. 

gender, age, ability, ethnicity) and strategies (both in type and success of 

implementation). The range of strategies presented in this study allowed the participants 

to consider new approaches to solving problems as well as make connections to other 

strategies, including ones that are traditionally taught in schools.  However, one 

participant, Meghan, felt that the fraction activities should have included more examples 

of children successfully implementing their own strategies to compare fractions.  This is a 

fair consideration as prospective teachers need to be challenged to see the mathematical 

sophistication that children have in comparing fractions, especially since the study of 

fractions is one in which prospective teachers find difficult (Ball, 1990).  

The second key feature of children’s thinking activities is the inclusion of video-

recorded explanations.  All of the participants noted the usefulness of hearing the 

children’s thinking, and for Hannah, these explanations were essential.  They allowed her 

to make sense of the children’s strategies, something that she felt she could not have done 

by looking solely at written work.  As such, it is highly likely that the mathematical ideas 

present in the strategies would not have resonated as much with her (and potentially other 

prospective teachers) if the activities had not included visuals of children explaining their 



 

  

202

thinking.   

The children in the activities were not English Language Learners (ELLs). 

However, the examination of and reflection on children’s explanations during the 

children’s thinking activities provided participants a context in which they could consider 

the role of language in mathematics and how that role might affect ELLs.  This type of 

vocalization is critical if prospective teachers are to understand and challenge their beliefs 

regarding education (Hart, 2004). 

Considering the design of children’s thinking activities is but one step in helping 

prospective teachers develop their mathematical knowledge for teaching (Hill et al., 

2004).  Of equal and perhaps even greater importance is to consider how children’s 

thinking activities are implemented in teacher education coursework.  The following 

section provides implications for the role of teacher educators when using children’s 

thinking activities. 

6.2.2 Role of teacher educators 

The findings from this dissertation study provide a number of suggestions 

regarding the role a teacher educator must play when using children’s thinking activities.  

First, teacher educators must provide experiences for prospective teachers that explicitly 

highlight key mathematical ideas, such as the relationships among operations (Ma, 1999), 

since they may not always be obvious to prospective teachers.  Moreover, when 

children’s thinking activities include the analysis of different strategies, instructors must 

move beyond having prospective teachers examine them in isolation and instead help 

prospective teachers focus on the comparison of strategies.  Questions such as ‘what are 
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the key mathematical ideas that permeate all strategies,’ could be posed so prospective 

teachers can learn to focus on the similarities among strategies instead of the differences. 

By doing so, teacher educators can help prospective teachers develop the knowledge 

packages discussed by Ma (1999). 

By drawing attention to the richness of elementary mathematics, teacher 

educators can also help prospective teachers realize their own process of mathematical 

learning.  Without this realization, prospective teachers might not be able to recognize 

gaps in their own understanding.  This might then lead to the lack of recognition of valid 

mathematical thinking.  In this study, two participants appeared not to value children’s 

mathematical thinking that did not relate to more standard approaches.  Similar to what 

Civil (1993) pondered, the case study students’ focus on more traditional methods of 

computation could have stemmed from their own challenges making sense of the child-

generated strategies.  They might have wondered how they could possibly make sense of 

non-routine strategies in front of a classroom of children if they had a difficult time in the 

controlled environment of a university course. 

Supporting prospective teachers’ mathematical development will not be easy.  

Prospective teachers are heavily influenced by their prior mathematical experiences 

(Lortie, 1975) which many times have been negative.  Through those mathematical 

experiences, deep beliefs about mathematics are formed (Kaplan, 1991).  Unlike surface 

level beliefs, ones that prospective teachers claim to have based on exposure to 

instructors and coursework in teacher preparation programs, deep beliefs influence 

practice profoundly (Raymond, 1997).  This is problematic, not just with prospective 
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teachers who have had negative experiences but also with prospective teachers who feel 

they have been successful mathematically.  Such perceived success might lead them to 

“mimic, try to mimic how [they were] taught when . . . growing up” (Adam, Initial 

Interview, September 13, 2007) even though that teaching might have been devoid of 

understanding.  Indeed, Adam admitted that he learned how to multiply multi-digit 

numbers without fully understanding what he was doing.  Thus, prospective teachers who 

feel they have been successful in K-12 mathematics but who do not possess a profound 

understanding of fundamental mathematics (Ma, 1999) may perpetuate an instrumental 

understanding of mathematics rather than a relational one (Skemp, 1978/2006).           

 To challenge these deep beliefs, teacher educators must then help prospective 

teachers create new mathematical experiences that focus on sense-making, which 

children’s thinking activities have the potential to do.  Understanding that not all children 

think about and process mathematics in the same manner might urge prospective teachers 

to expand their own mathematical knowledge.  Crockett’s (2002) work with elementary 

school teachers found that considering children’s thinking on open-ended problems was 

more effective in moving the teachers’ mathematical thinking forward than having the 

teachers solve the problem themselves.  However, teacher educators must be cognizant of 

some prospective teachers might not acknowledge the mathematical difficulties they 

encounter.   Teacher educators, in conjunction with prospective teachers, must establish a 

climate of mutual respect and inquiry, where the mathematics being studied is not 

trivialized and prospective teachers are treated as adult learners of mathematics. 

It is important for teacher educators to challenge themselves and prospective 
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teachers over the dangers of valuing one method of explanation over another.  Such a 

view ignores the existence of people who can appropriately use a set of terminology 

without fully possessing the understanding that accompanies that terminology.  

Moreover, it can de-value the mathematical thinking of those children who do not use a 

set of predetermined words (Kersaint et al., 2009), especially since it may lead to the 

further marginalization of those children whose L1 is not the language of the classroom.  

All of the participants in this study had little to no knowledge of or experience 

working with English Language Learners, yet revealed multiple ideas about teaching and 

learning mathematics and second-language learners. Therefore, one final implication 

regarding the role of teacher educators when using children’s thinking activities is the 

need to provide prospective teachers multiple scholarly experiences regarding the 

mathematical instruction of language-minority children, including a critical exposure to 

literature on second language acquisition and effective teaching practices (Gutiérrez, 

2002).  However, as Vomvoridi-Ivanovic and Khisty (2007) argued, coursework alone 

may not be enough. As they found, it was only through first-hand experiences that the 

bilingual prospective teachers in their study began to understand that academic language 

fluency is not an automatic consequence of conversational language fluency.  Therefore, 

prospective teachers also need to be provided opportunities to experience the theory they 

learn in the communities where they will be teaching (Banks, Cochran-Smith, Moll, & 

Richert, 2005). 

 In consideration of these implications for the role of teacher educators, there is a 

need for more professional development at the teacher educator level.  The findings from 



 

  

206

this study call upon instructors of mathematics for teaching courses to not just teach 

mathematics, but also to help prospective teachers develop dispositions of inquiry and 

reflection.  Moreover, these teacher educators must also attend to the establishment of an 

environment that supports both the educational and psychological learning of students 

(Evertson & Weinstein, 2006).  Finally, they need to critically address issues of language 

in relation to mathematics instruction. 

 This last point underscores the need to evaluate the structure of teacher education 

programs.  If teacher educators are going to prepare culturally responsive mathematics 

teachers (for an explanation of culturally responsive pedagogy, see Gay, 2002; Ladson-

Billings, 1995a, 1995b) instructors in teacher preparation programs must present a united 

front when providing instruction.  This might begin to happen by integrating multiple 

components of teacher preparation coursework, such as mathematics for teaching courses 

and classes devoted to multiculturalism.  There has been much progress made in the last 

15 years in this area, with teacher preparation programs beginning to focus more on 

social contexts, diversity, and multicultural education (Banks et al., 2005).  However, 

there is still much to do.  Indeed it does not seem that taking one course on 

multiculturalism (that may or may not include any mention of teaching and learning 

mathematics) will adequately prepare teachers to teach mathematics to the wide range of 

linguistically and culturally diverse children they will have in their classrooms.  

 Mathematics for teaching courses can, and should, play a role in presenting this 

united front as mathematics is not just a set of isolated facts which can be applied to any 

given situation.  Therefore, meaningful and productive conversations must occur about 
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how to incorporate more than just classical mathematical knowledge in these courses.  

Prospective teachers also need knowledge of children’s culture (or of what children 

already know as a result of living within their own communities) as well as knowledge of 

how to use mathematics to develop a critical consciousness of the society in which they 

live (Gutstein, 2008).  

6.3 Implications for future research 

 As a result of the findings from this study, several implications for future research 

endeavors emerged.  The first of these involves the nature of the claims the participants 

made in regard to their own mathematical thinking. In particular, at times some of the 

case study students reported an increase in mathematical understanding.  Due to the self-

reporting aspect of this study, while some of these claims may have been accurate, others 

may not have been. Future research on using children’s thinking activities in a 

mathematics for teaching course should try to gain a better understanding about the 

impact of children’s thinking activities on prospective teachers’ mathematical 

understanding versus other forms of instruction.  A study could be designed that 

contrasted using children’s thinking activities to teach concepts versus the use of more 

“traditional” approaches to teaching those same concepts (e.g. manipulatives, textbook).  

Such a study could provide insight as to what, if any, impact, using children’s thinking 

had on prospective teachers’ mathematical and linguistic understanding.  This type of 

study could be conceived where only two classes of prospective teachers are involved or 

it could extended to involve more classes in order to generalize any findings that may 

arise. 
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 Some participants’ lack of acknowledgement with the difficulty they encountered 

with some of the mathematics was intriguing and led to wonderment about using 

children’s thinking activities with secondary prospective mathematics teachers.  

Specifically how might these secondary prospective teachers receive these types of 

activities? Would the same type of lack of acknowledgement that was seen in this study 

exist?  Considering that this population of students generally consists of mathematics 

majors, would they be more likely to not acknowledge any difficulty they encountered or 

would they be more open to recognizing gaps in their understanding?   

To accomplish this exploratory study, a variety of video-clips of high school 

students explaining their thinking about their solutions to introductory high school level 

problems (such as solving quadratic equations or proving a theorem in geometry) would 

need to be ascertained and used to build sets of children’s thinking activities.  Then, in a 

class devoted to deepening the prospective teachers’ content knowledge of the 

mathematics they are going to teach (such as a Topics in Geometry course), researchers 

could use the children’s thinking activities to investigate prospective teachers’ 

perceptions regarding mathematical thinking (their own and the students) as well as a 

variety of linguistic issues.  

 Another implication for future research more directly involves the prospective 

teachers’ ideas regarding language.  In this study, all of the participants had little to no 

experience working with English Language Learners (ELLs) and had not really 

considered any issues regarding language and mathematics before the onset of the study.  

However, as seen from the findings, they all had a multitude of perceptions related to this 
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topic, including the notion of mathematical language and what might best help ELLs 

acquire this language.  Of interest then, would be to see how prospective teachers’ 

perceptions regarding language and mathematics change and develop over time as they 

progress through their teacher preparation coursework and field experiences. 

 This type of longitudinal study would involve following a group of prospective 

teachers from a mathematics for teaching course, to a course focused on teaching for 

diversity, then through their mathematics methods course, and finally into their student 

teaching practicum.  During each of these courses, prospective teachers would be given 

beliefs surveys as well as participate in focus group and individual interviews.  

Additionally, prospective teachers would be asked to keep a reflective journal so they 

could note any interesting developments or discuss issues that arose in their classes 

and/or teaching.  The goal of such a study would be to not only see how the prospective 

teachers’ ideas change but to also try and capture what might account for such changes. 

 Findings from this study suggest that some participants struggled to balance their 

identities as both a mathematical learner and a prospective teacher.  Thus a final 

implication for future research would be to investigate how teachers make sense of their 

multiple mathematical identities.  A study could be designed so that both novice and 

experienced practicing teachers took part in a professional development opportunity that 

focused on having the teachers make sense of the mathematical content they teach as well 

as contemplate ways in which to make the content accessible to their students.  Doing so 

might explicate part of the process that teachers go through in order to transform their 

personal knowledge and beliefs into a form that is effective for their students.  
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Furthermore, by studying both novice and experienced teachers, researchers might then 

understand better what possible differences exist in how teachers balance these multiple 

(and perhaps competing) identities as well as resolve any tensions that arise.  By 

understanding how teachers’ multiple identities coexist, teacher educators then might be 

able to provide opportunities for prospective teachers to reconcile any difficulties they 

may encounter when studying the mathematical content they may one day teach.  

6.4 Limitations 

 A very small sample of prospective teachers was involved in this study.  

Therefore, any conclusions drawn cannot be generalized to a greater population.    In 

addition, the prospective teachers were working in groups at all times during in-class 

activities.  In a setting where people are seated with their peers, it is possible that some 

individuals might not have felt as comfortable sharing their perceptions.  Therefore, 

certain perceptions may not have emerged.  My presence in the classroom or the structure 

of how the interviews were conducted may have also influenced what perceptions the 

prospective teachers made known.  Although I was not their instructor and instead only 

observed and videotaped their engagement with the children’s thinking activities as well 

as recorded their interview responses, the prospective teachers may have said things 

because they thought that is what I wanted to hear.  Finally, this study relied on self-

reported perceptions.  Claims that were made regarding an increase in mathematical 

understanding (for example) could not be confirmed because of the nature of this study.      
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APPENDIX A: SAMPLE STUDY INVITATION EMAIL 
 
Dear [name] –  
 

As you know, I have been observing in your [course name] class for the past 
few weeks as part of my dissertation study.  The focus of the study is (roughly) the 
perceptions that [course name] students have when looking at children's thinking -- a 
topic you will be starting soon in class.  For my study, I need to occasionally interview 
some students this semester.  This would consist of at most 5 interviews (possibly less), 
in exchange for which I am offering a $25 gift certificate to a place of your choice. 
 
Since I didn't get enough participants after my initial round of requests, I'm individually 
re-asking some students who I think would be interesting to talk to.  In particular, I think 
you'd be a perfect match for the interviews since you seem to participate so well in 
class discussions. 
 
Is there any chance that you'll reconsider participating?  I know you're very busy  
taking classes as well as doing other things, but it would really help me out if you  
participated.  I promise to keep the time commitments to a minimum (again, at most 5  
hours over the span of the semester), and we can schedule the interviews so they are  
convenient for us both. 
 
Thank you so much for hearing me out again.  If you could let me know either way as 
soon as possible, I'd appreciate it. 
 
Thanks!!!  
 
- Laura Kondek McLeman 
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APPENDIX B: CHILDREN’S THINKING ACTIVITIES 
 

Children’s Thinking Activity 1: 

Children Solving Multiplication Word Problems 

 
This lesson is intended to be done prior to watching videos of children solving 
multiplication problems.  These examples illustrate some initial strategies that children 
often use to work with multiplication. 
 
 
1. Consider the following problem: 
 

Sara has 5 boxes of toy turtles.  There are 7 turtles in each box.  How many turtles 

does Sara have? 

 

A. If a child were to use blocks to solve this problem, what you think you would see?  
Explain why you think this. 

 
 
 
 
 
Sara, a second grader, solved this problem as follows: 

 
“Take 2 from each 7 and that would be 5 in each box.  So 5, 10, 15, 20, 25, there 
would be 25 turtles.  But we have 2 more still for each box.  Five 2’s would be 10.  
Ten plus 25 is 35. 

 
B. Sara clearly knows how to count by 5’s.  Why do you think she solved it the way she 

did rather than just counting 5, 10, 15, 20, 25, 30, 35? 
 
 
 
 
 
 
C. In order to solve this problem, Sara separated the problem into two separate 

problems.  What two problems did she ended up solving 
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D. Use a strategy similar to Sara’s to solve the problem if there were 4 boxes with 6 in 
each box. 
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2. Consider the following problem:   

 
Jason has 12 bags of cookies.  Each bag has 6 cookies in it.  How many cookies does 

Jason have all together? 

 
A. If a child were to use blocks to solve this problem, what do you think you would see? 

 
 
 

 
 
 

Abigail, a second grader, solved the problem as follows: 
 

“If there were 10 bags, there would be 60 cookies total.  I have to add in two more 
bags.  I know two 6’s is 12, so there would be 60 and 12 which is 72.” 

 
B. In order to solve this problem, Abigail separated the problem into two separate new 

problems.  What two problems did she end up solving? 
 
 
 
 

 
 
 

 
 
 
 
 
C. Use a strategy similar to Abigail’s to solve the problem if there were 14 bags with 4 

cookies in each bag. 
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3. Both Sara’s and Abigail’s strategies are similar in that they both rely on changing the 
problem into two sub-problems.  Characterize the differences in how they did this. 

 
 
 
 
 
 
 
 
 
 
 
4. Come up with a strategy (or strategies, if you think of more than one) to solve the 

following problems.  You may try to adapt Sara’s or Abigail’s strategies, or devise 
something you think is quite different.  Do not use the method that is typically taught 
in school that you are most used to.   

 
A. 29 x 4 
 
 
 
 
 
 

 
 
 
B. 29 x 12 

 
 
 
 
 
 
 
 
 

C. 36 x 17 
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Name __________________________________ 

Children’s Thinking Activity 2: 

Children’s Strategies for Multi-Digit Multiplication Problems 

 
Prior to this activity, you investigated some ways that children think about multiplication.  
Now you will be watching video clips of children who have invented their own 
procedures for solving more complicated multiplication problems.  After each clip, 
discuss with your group members how the child’s strategy worked.  In the space 
provided, write down a brief description of how the child broke the problem up and 
reorganized it to arrive at a solution.  After you have written this description, work 
together to apply the child’s strategy to a new arithmetic word problem. 
 
Problem 1:  29 x 4 

 
Ryshawn (third grade): 

Describe how Ryshawn reorganized the quantities to solve the problem 
 
 
 
 
 
 
 
 
 
 
 
 
 
Nicholas (third grade): 

Describe how Nicholas reorganized the quantities to solve the problem 
 
 
 
 
 
 
 
 
 
 
 
 
Apply a strategy like Ryshawn’s or Nicholas’s to solve the problem 38 x 5 
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Problem 2:  29 x 12 
 
Jemea (fifth grade): 

Describe how Jemea reorganized the quantities to solve the problem. 
 

 
 
 
 
 
 
 
Apply a strategy similar to Jemea’s to solve the problem 38 x 14 
 
 
 
 
 
 
 
 
Problem 3: 36 x 17 

 

Thomas (fifth grade): 

[Note: it is a bit hard to hear Thomas at the beginning.  He starts by describing the 36 x 
17 in a real context.  He is imagining that he has 36 bowls and he wants to put 17 cotton 
balls in each bowl] 
Describe how Thomas reorganized the quantities to solve the problem 

 
 
 
 
 
 
 
 
 
 
 

Apply a strategy similar to Thomas’s to solve 43 x 26 
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Questions for Discussion: 
 
1. What do these children understand that allows them to invent strategies like this? 

 
 
 
 
 
 
 

2. Ryshawn and Nicholas broke the problem down so that there were two quantities 
being added at the end.  Thomas, however, had more than two quantities to add 
together.  What accounts for this difference? 

 
 
 
 
 
 
 
 
 

 
3. What are some specific characteristics that all of these strategies have in 

common?  What are some characteristics that make these strategies different?  
Can you think of any other strategies that would work for these problems that are 
fundamentally different from these? 

 
 
 
 
 
 
 
 
 
 
4. Can these strategies be applied to larger numbers (3 or more digits)?  What about 

235 x 3? 235 x 23?  235 x 123? 
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Extending your understanding of children’s thinking 
 
1. Multiplication has a special property that we call the “distributive law” of 

multiplication over addition.  This law says that for any numbers A, B, and C,  
A x (B + C) = (A x B) + (A x C).  In other words, when you multiply A by the sum of 
B and C, that is the same as multiplying A with each separately and adding the result 
together. In what ways is this law being applied in the strategies you have seen or 
read about?  Give specific examples and refer to the children’s strategies by name.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2. When you solve a multiplication problem using the traditional method that is often 
taught in school, you end up doing several smaller multiplication problems.  For 
example, with 36 x 17, you do 6 x 7, 6 x 1, 3 x 7, and 3 x 1.  Look back at how 
Thomas solved this problem.  Use your understanding of Thomas’s strategy to 
explain what these multiplications represent and where they come from. 



 

  

220

 
3. When you use the traditional method, you also have to “carry” numbers.  For instance 

when you do 6 x 7 you write down a 2 and you carry a 4.  What does this 4 represent?  
Can you find this 4 in Thomas’s strategy?  What action does Thomas do that 
represents “carrying” that 4?   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4. When you apply the traditional method, you end up with something that looks like 

this: 
Once notices two things: the presence of the numbers 102 and 51, and the fact 
that the 51 has been shifted over. 
While the numbers 102 and 51 are not directly present in Thomas’s strategy, 
they can be uncovered with little work.  Where can they be accounted for? 
Why has the 51 been shifted over?  In what way does Thomas’s work embody 
the idea behind shifting the 51 over? 

 
 

  

 1 7 
x 3 6 

1 0 2 
5 1  

6 1 2 
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Name __________________________________ 
Children’s Thinking Activity 3: 

Children’s Strategies for Multi-Digit Division Problems 

 
You will be watching video clips of children who have invented their own procedures for 
solving division problems.  Through this you will investigate connections between 
children’s informal ways of thinking and more formal methods like long division.  After 
each clip, discuss with your group members how the child’s strategy worked.  In the 
space provided, write down a brief description of how the child broke the problem up and 
reorganized it to arrive at a solution.  After you have written this description, work 
together to apply the child’s strategy to a new arithmetic word problem. 
 
 

Problem 1:  159 ÷ 13 

 
Amelinda: 

Describe how Amelinda thought about the problem (you do not need to try to copy down 
everything she wrote) 
 
 
 
 
 
 
 
 
 
 
Alosha: 

Describe how Alosha reorganized the quantities to solve the problem. 
 

 

 

 

 

 

 

 

 

Apply a strategy like Alosha’s to solve the problem 145 ÷ 12. 

 

 

 



 

  

222

 

 

 
Elaine: 

Describe how Elaine reorganized the quantities to solve the problem. 
 

 
 
 
 
 
 

Apply a strategy like Elaine’s to solve the problem 145 ÷ 12. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Thomas: 
Describe how Thomas reorganized the quantities to solve the problem. 
 
 
 
 
 
 
 
 
 

Apply a strategy like Thomas’s to solve the problem 145 ÷ 12. 
 
 
 
 



 

  

223

 Questions for Discussion: 

 
5. What do these children understand that allows them to invent strategies like this? 

 
 
 
 
 
 
 
 

6. In what ways are Elaine’s and Thomas’s strategies similar?  In what ways are they 
thinking about division differently?  Is Shannon thinking about division in a 
different way than either of them or is her method basically the same? 

 
 
 
 
 
 
 
 
 
7. Why do you think Alosha stopped counting by 13’s when he got to 52?  Alosha’s 

and Amelinda’s strategies are arguably less efficient than Elaine’s.  What might 
you say to Alosha or Amelinda to help him solve similar problems in a more 
efficient way? 

 
 
 
 
 
 
 
 
 
8. Try to adapt these strategies to problems with larger numbers.  Specifically look 

at Elaine’s and Thomas’s strategies first, and move on to the others if you have 

time.  Try them out on: 534 ÷ 4, 15680 ÷ 20, and 4253 ÷ 3 
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Extending your understanding of children’s thinking of 

division 
 

1. Solve the problem 159 divided by 13 using the traditional long division method that 
you were probably taught in school. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. In the long division method, the first thing you do is place a 1 over the 5 and subtract 

13 from 15.  Refer to the children’s strategies that you have seen.  Which strategy (or 
strategies) appears to illustrate what the “1” represents?  Explain. 
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3. In the following step, you subtract 13 from 15, leaving a 2.  You then bring down the 

9 from the 159 and join it with the 2 to make 29.  Refer to the children’s strategies 
that you have seen.  Which strategy (or strategies) appears to illustrate what 
subtracting 13 from 15 and “bringing down” the 9 actually represent?  Explain. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4. If you go back to the beginning of the long division method, there is a peculiar thing 

that we typically say.  In the case of 159 divided by 13, we first look at the 1 in 159 
and say, “13 doesn’t go into 1, so we shift over to 15.”  What is confusing is that the 1 
represents 100, and 13 does divide into 100 (it goes in 7 times).  Why do we say that 
it doesn’t?  (hint: if we were to put a number in the answer above the 1 in 159, what 
would that number actually represent?) 
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Activity 5: Understanding Children’s Thinking about Fractions 
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Yamalet  
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Understanding Fractions      

  “Interpreting Student Explanations & Work” 
 

Watch the following clip of Yamalet’s explanation regarding her comparison 

of
8

3
and

2

1
.  Specifically, describe the meaning of fractions it appears that 

Yamalet was using. 
 

 
 
  
 
 
 
 
 
 
Follow-up Questions  

a) Using the same scenario as Yamalet did (i.e. pizza), explain how 

someone could have interpreted
8

3
as a ratio, an operator, and a quotient. 
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Understanding Fractions      

  “Interpreting Student Explanations & Work” 
 
 

b) Look at Alexa’s written work, part b.  Without her explanation, it is 
difficult to determine what context of fractions she is using when comparing 
the fractions.  Interpret one of her pictures as representing the given fraction 
as a part-whole, a ratio, an operator, and a quotient.  If it is not possible, 
explain why. 
 
 

c) Yamalet compared
8

3
and

2

1
by focusing solely on the numerators of the 

fractions.  Modify her method so that it is possible to compare these 
fractions by considering only the numerators. 
 
 
 
 
 
Follow-up Questions 

a) Using the same scenario as Yamalet did (i.e. eating pizza), explain 

how someone could have interpreted
8

3
as a ratio, an operator, and a 

quotient. 
b) Look at Alexa’s written work, part b.  Without her explanation, it is 

difficult to determine what context of fractions she is using when 
comparing the fractions.  Interpret one of the pictures as representing 
the given fraction as a part-whole, a ratio, an operator, or a quotient.  
If it is not possible, explain why. 

c) Yamalet compared
8

3
and

2

1
by focusing solely on the numerators of the 

fractions.  Modify her method so that it is possible to compare these 
fractions by considering only the numerators. 
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 Alexa  
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Understanding Fractions      

  “Interpreting Student Explanations & Work” 
 
 

1. Watch the following clip of Alexa’s explanation regarding her comparison 

of
8

3
and

2

1
.  Write down any thoughts about her explanation. 

 
 
 
 
 
 
 
 
2.  Based on what you saw and heard in Alexa’s explanation of part a, 
comment on her written work regarding part b. 
  
 
 
 
 
 
 
 

 

Follow-up Questions 
(a) Alexa did not complete part c of her worksheet.  Complete part c by 
comparing the two fractions given using an area model, a discrete model, 
and a length model. 
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Understanding Fractions      

  “Interpreting Student Explanations & Work” 
 

(b) Given that                 has a value of
5

8
, show

3

2
. 

 
 
 
 
 
 
 
 

(c) Given that • • • • • • has a value of1
1

2
, show 5. 

 
 
 
 
 
 
 
 

(d) In her explanation of comparing
8

3
and

2

1
, Alexa compared both fractions 

to a “known” fraction, namely
2

1
.  Adapt her method to compare

3

2
and

6

5
. 
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Sean 
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Understanding Fractions      

  “Interpreting Student Explanations & Work” 
 

As you watch the following clip of Sean’s explanation regarding his 

comparison of 
3

2
and

6

5
, please write down your thoughts.  Specifically, 

comment on his justification regarding his conclusion that
2

3
=

6

5
. 

 
  
 
 
 
 
 
 

Follow-up Questions 
1. How might Sean’s understanding of whole number equivalence be 

impeding his understanding of fraction equivalence? 
 
 
 
 

2. Consider David’s written work in part b.  Using his pictures, explain 

why
2

3
=

6

4
. 

 
 
 
 
 
 

3. Sean compared
3

2
and

6

5
 by focusing on pieces left over.  Modify his 

strategy so that it is possible to compare these fractions by 
considering only the pieces left over. 
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David 
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Understanding Fractions      

  “Interpreting Student Explanations & Work” 
 

Discussion: Language Issues 
1. Given the statement made in line 23 of the transcript of Sean’s 
explanation, “This one’s a lot higher than this one,” what are your 
impressions of the terms used in this expression? Why would a student 
select to use the term “higher” in the context of the problem? 

 
 
 
 
 
 
 
 
 

2. Why is language important in mathematics? 
 
 
 
 
 
 
 
 

3. How is the importance of having a strong understanding of the connection 
between language and mathematics heightened when the student population 
is that of English Language Learners (ELLs)? 
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Understanding Fractions      

  “Interpreting Student Explanations & Work” 
 

4. a) The following question is posed to your students: “Sophie earned $96 

last week, and Luis earned $192 during that same week.  Sophie spent $38 on 
videogames and put the rest in a savings account.  Luis spent $14 on snacks, $62 
on videogames, and put the rest in a savings account.  Which person put the 
larger fractional amount of earnings in to a savings account?” 

 
One of your students writes the following response: “I did 38 take away 

96 is 58.  I plussed 14 and 62 and it came to be 76.  I did 76 take away 192.  116 
and 58 are equal for each of them so they put the same amount away.” 

 
Comment on the student’s understanding of the mathematical concept 
and of the usage of mathematical language. 

 
 
 
 
 
 
 
 
 

b) A teacher is explaining that
10

2
and

20

4 are equivalent fractions. She 

says to her students: “Imagine that two students, Andy and Bob, have candy 

bars. Andy’s candy bar is broken into 20 pieces and Bob’s candy bar is broken 
into 10 pieces. Andy and Bob both want to eat the same amount of their candy 

bars. If Andy eats
20

4 of his candy bar Bob will have to eat
10

2  

of his candy bar to match what Andy ate of his.”  

 
Analyze the language used by this teacher. 
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David 
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Understanding Fractions      

  “Interpreting Student Explanations & Work” 
 

As you watch the following clip of David’s explanation regarding his 

comparison of
3

2
and

6

5
, please write down your thoughts.  Specifically, 

comment on his justification regarding his conclusion that 
3

2
>

6

5
. 

 
 
 
 

 

 

 

Follow-up Questions  
1.  Examine David’s justification and Yamalet’s justification.  Combine their 

approaches and use it to compare
133

92
and

128

97
. 

 
 
 
 
 
2. For each pair of fraction, determine which fraction is larger.  Justify your 
responses.  

 

a) 
137

73
 

90

195
 

 

b) 
391

256
     

819

514
 

 

c) 
168

167
      

213

212
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Part A: Yamalet describes her work comparing 3/8 and 1/2 

 
Key:  F: Facilitator 
 Y: Yamalet 
 
 

1. F:  Tell us what you were thinking for 3/8 or 1/2.  Which one do you think was 
larger? 

 
2. Y: ((gesturing at the left part of her drawing for part a)) I think 3/8 was larger 

because I did eight of the, I was thinking of pizza, ((laughs)) and I did slices of 
pizza and I was thinking about I ate three pizzas ((Y pointing to her diagram of a 
circle broken into 8 pieces with 3 pieces shaded in)), that was right here. So I 
drew the pi-, what I ate.  And then I did, um, um, two halves ((gesturing at the 
right part of her drawing)), two slices, two big slices of pizza.  And I, I ate one 
and I got one left, [F: Oh.] so I thought that this one was larger ((gesturing 
towards the 3/8 on her worksheet)). 

 
3. F: Okay.  You only ate one slice here ((gesturing towards the right side of Y's 

drawing)), but over here you ate three slices ((gesturing towards the left side of 
Y’s drawing)).  So you think that the 3/8 would be more pizza because you ate 
more slices, is that what you were thinking? 

 
4. Y: Yeah. 

 
5. F: Okay.  All right.  And I see you made the two pictures.  Do you think that this 

much ((gesturing towards left side of Y's drawing)) looks more than that much 
((gesturing towards the right side of Y's drawing))?  What do you think?  

 
6. Y: ((Pauses for 6 seconds, then nods her head yes)) 

 
7. F: Yeah?  Okay. 
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Part B: Alexa describes her work comparing of 3/8 and 1/2  

 
Key:  F: Facilitator 
            A: Alexa  
 

1. A: I drew uh, a picture [be]cause it will help me. And I, I drew, hum a whole bar 
(pointing to rectangle on top) and cut it in half which is 1/2. And then I colored in 
1/2 and then I drew 3/8 (pointing to rectangle on the bottom) and colored in 3/8. 
And I drew a line from 3/8 to 1/2 (tracing line with her finger). And 1/2 seems 
bigger than 3/8.  

 
2. F: So she said 1/2 seems bigger than 3/8. 
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Part C: Sean describes his work comparing 2/3 and 5/6 

 
Key:  F: Facilitator 
 S: Sean 
 T: Teacher 
 OCI: Off-Camera Individual  
 

1. F: … So tell them what you think about 2/3 and 5/6 and tell -tell them what you 
did for your picture.  

 
2. S: I think that they're equal because two take away three equals -you have one left 

and five take away six, I mean six take away five, you still have one left on each 
one, so I thought they were both equal. 

 
3. F: So you have one piece left on each one of your drawings, don't you? ((F 

gestures towards S's drawing))  And so you think they're equal because you have 
one left on each one?  Do think those pieces that are left are the same size? 

 
4. S: Mmm-hmm. 

 
5. F: Yeah?  You think they're the same size? 

 
6. S:  ((Looks at his worksheet and thinks for about 25 seconds.)) ((Teachers 

whispering to each other.)) 
 

7. T: Which, which one are we looking at? ‘b’? 
 

8. OCI 1: Yeah, ‘b’. 
 

9. OCI 2: What did you say about ‘b’ again? Can you explain it again?  You're 
looking at how many pieces are left? 

 
10. S: I thought it was equal because there's both one left on each one ((gesturing 

towards the two un-shaded portions of his drawing)), and I thought it was equal.   
 

11. OCI 2: So, therefore they’re the same size. 
 

12. OCI 3: What do you mean you thought they were equal? 
 

13. S: On this one ((gesturing towards the right side of his drawing)) 2, you have 3, 
and you take away 2 out of that group and you have one left.  Then you have 6 
take away 1, you have one left, and they're equal [be]cause you both have one left 
for each one. 
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14. OCI 3: Hmm, are they brownies too? 
 

15. S: ((nods his head yes)) ((teachers laugh))  
 

16. F:   What if we drew two rectangles up here.  Let's see, I think there's a dry erase 
marker.  What if I draw two rectangles that are exactly the same size brownie 
((draws two rectangles on the portable whiteboard, one below the other, both the 
same size))?  Okay?  Here's one brownie, and here's another brownie, exactly the 
same size.  Now, can you show us on these brownies ((hands pen to S)) your two, 
what is the fraction for the top? ((Takes S’s worksheet and looks at it.)) 2/3.  Can 
you show me the 2/3 on this brownie ((gestures towards the top rectangle))?  
Whoops, I'm sorry. 

 
17. S: ((Meticulously divides the top rectangle into thirds and colors in the left two 

subsections.)) 
 

18. J: Okay, and then this other brownie down here ((gesturing towards the bottom 
rectangle)) is going to have 5/6.  So can you show us that on that brownie? 

 
19. S: ((Meticulously divides the bottom rectangle into sixths and colors in the left 

five subsections.)) 
 

20. F: Okay, do you want to label these 2/3 ((gesturing towards the top rectangle)) 
and 5/6 ((gesturing towards the bottom rectangle)) next to those brownies so we'll 
remember what they are?   

 
21. S: ((Labels each of the rectangles as directed.)) 

 
22. F: Okay.  Now look at those brownies.  Do you think that they're equal?  ((S starts 

to point to the number 2/3.)) Are you going to eat the same amount, no matter 
which brownie you get? 

 
23. S: This one’s ((gesturing towards the bottom rectangle)) a lot higher than this one 

((gesturing towards the top rectangle)). 
 

24. F: What do you mean “it's a lot higher?” 
 

25. S: Because on this one ((gesturing towards the bottom rectangle and drawing a 
line underneath the rectangle)) you eat more than you eat on this one ((gesturing 
towards the top rectangle)).  

 
26. F: Oh, you have to eat more.  How do you know you're eating more? 
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27. S: Because on this one ((gesturing towards the bottom rectangle)) you're eating 
five and on this one ((gesturing towards the top rectangle)) you're just eating two. 

 
28. F: Oh. So but, when you were talking about these pictures ((holds up his 

worksheet)) you were talking about your leftover piece.  They each have one left 
over piece.  And these brownies each have one leftover piece too ((gesturing 
towards the rectangles on the whiteboard)).  So do you think that these are equal 
((gesturing simultaneously to both rectangles drawn on the whiteboard)) the 5/6 
and the 2/3, or do you think that one's bigger? 

 
29. S: This one's bigger ((gesturing towards the 5/6 rectangle)). 

 
30. F: You think that one's bigger.  And why do you think that? 

 
31. S: [Be]cause, on this one you eat more, because you eat 5 ((gesturing towards the 

bottom rectangle and drawing a line underneath the rectangle)), and this one you 
eat 2 ((gesturing towards the top rectangle)), and it's 3 away. 

 
32. F: Okay.  Okay.  Do you think this leftover piece helps you know that you're 

eating more ((gestures to the two un-shaded subdivisions of the rectangles drawn 
on the whiteboard))?   

 
33. S: Yeah. 

 
34. F: How does it help you know? 

 
35. S: Because you eat 5 here ((gesturing towards the bottom rectangle)) and you eat 

2 ((gesturing towards the top rectangle)), and you're splitting this up into 3 ((still 
gesturing towards the top rectangle)) and this one you're splitting up into 6 
((gesturing towards the bottom rectangle)).  So you have to cut it into littler pieces 
than on this one ((gesturing towards the top rectangle)). 

 
36. F: Oh, okay.  So do you think this ((gesturing towards the un-shaded portion of 

the bottom rectangle)) is a smaller piece than this one ((gesturing towards the un-
shaded portion of the top rectangle))? 

 
37. S: Mmm-hmm. 

 
38. F: Yeah.  Mmkay.   
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Part D: David describes his work comparing 2/3 and 5/6 

 
Key:  F: Facilitator 
 D: David 
 

1. D: Umm, when I looked at 'b' I drawed a picture of, of uh, 5/6ths first.   
      

2. F: Can we hold it ((referring to D’s paper)) like this so you can point … ((F takes 
worksheet from D and holds it up to the group)).  

 
3. D:  I looked at 5/6ths first ((gesturing at the diagram on the left of his worksheet 

under problem b)).  And then I did a box and did, I mean since it's 5/6ths you cut 
the box into 6 pieces and I first did 3 and then I cut a half and so it's 6, 6 pieces.  
And then it's 5 so I colored in 5 of the 6 and that left me with one.  And then I did 
2/3.  ((gesturing at the drawing on the right of his work)) And like um, it's 3, so I 
cut it in 3 pieces and I got 2 out of the 3 and then I looked at both of the squares.  
I mean- yeah squares, or rectangles, and saw that 2/3 is bigger because… because 
like… this ((gesturing at one of the 1/6 subdivisions of rectangle on the left)) 
these ((gesturing at the subdivisions of this same rectangle)) are like smaller than 
these ((gesturing at the rectangle divided into thirds)), so I saw that 2/3 was 
bigger. 
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APPENDIX C: SAMPLE FIELD NOTES 
 

Field Notes – October 4, 2007 
Division activities – day 1 
Key: S – Class instructor; J – Jessica; M – Meghan; H – Hannah; SG – Small Group; DI 
– Direct Instruction; FG – Focus Group; L - Lecture 

 

TIME ACTIVITY TYPE NOTES 

11am Present subtraction 
problem – is student 
right or wrong?  

SG Adam is absent today 

11:05 Go over problem 
together  

DI No one in class is really speaking; 
Instructor pushes them to talk about why 
right or wrong 

11:10 Talks about place value DI S: Your language will determine whether 
your students understand or not  
 
Potential FG question: Language 

11:15 Division videos: shows 
Amelinda 

  

11:19 What is Amelinda 
thinking about? What is 
she doing? 

SG None of the 3 girls are really speaking; 
check video to see what was said 

11:21 
 
 
 
 
 
 
 
 

Describe what 
Amelinda is doing 

DI J: “Instead of dividing, she is 
subtracting… probably b/c she is not 
comfortable with it” 
 
Potential FG question: Why would 

students choose to use one method over 

another? 

 

J: Students can understand language if it 
is taught to them previously (dividend, 
divisor, quotient, etc.) 
 
Potential FG questions:  

1. Where do you think students will 

acquire this language? 

2. Do you think it is essential for 

students to use “correct” mathematical 

language in order for them to have a 

full understanding of a particular 

concept? 

   a. What about a student who comes 
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in to an English only classroom and 

doesn’t speak English? Does that 

student not fully understand a concept 

if s/he does not know the agreed upon 

terminology? 

11:26 Alosha video   

11:28 What exactly did he do? SG M: He used Egyptian Duplation 
??: Did he guess and just get lucky (I 

think J said this – check video) 

11:34 Did Amelinda and 
Alosha do basically the 
same thing? 

SG Check video 

11:35 Agree/disagree by table DI All tables agree; for argument sake, S 
disagrees 
Check video 

11:37 Inverse operations 
 

L S: Use “inverse” instead of “opposite” 
 
Potential FG question: Mathematically, 

do you think it matters whether the 

word “opposite” or “inverse” is used?  

11:39 Apply Alosha’s strategy 
to 145/12 

SG No one is talking in group while working 

11:43 What is different about 
Alosha’s strategy to 
solve 157/12? Can he 
still use his method? 

SG No one is speaking 
Check video 
 

11:45 Elaine video; then talk – 
is this method the same 
as Amelinda/Alosha? 

SG Talked for a minute or two 
Check video 

11:49 Go over Elaine’s 
strategy 

DI Check video 

11:51 Same/different than 
Alosha? 

DI M: some similarities – both using friendly 
numbers 
 
Potential FG question: Who would you 

say has the BEST understanding of 

division and why? (Already went over 

this in class) 

11:55 Thomas video   

11:59 Talk about what he did SG J: Had a hard time understanding what he 
did 

12:02 Are any of 
Amelinda/Alosha/Elaine 

DI M: He was confused when explaining it  
Check video 
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the same as Thomas? 

12:05 Suzanne rephrases 
Thomas’ strategy 

I Students copy S’s work 

12:06 Do you feel confident 
enough as a teacher to 
be able to comment on 
what all the students are 
doing? 

SG “He obviously understood it because he 
got the right answer.” (check video to see 

who said this) 
 
Potential FG questions: Do you think if 

students use this own method of solving 

something and they get the right 

answer, that implies that they 

understand the concept? The method? 

Both? 

12:09 Take vote – who knows 
the most about division? 

DI S takes a vote and then asks people to 
justify their votes  

(J and H don’t vote) 

 
M: Amelinda –because it makes the most 
sense to me  
Check video (herself as a mathematical 

learner) 

12:13 Long division L S walks the students through the long 
division algorithm.  Then tells them there 
will be a problem in the Class Notes 
about this. 
 
Potential FG questions: When 

calculating 123/5 (for example) with the 

long division algorithm, does it make 

sense that we say, “5 doesn’t go into 

1?” 

 

Do you think that all of the students on 

the video clips understand the concept 

of division? Why/why not? 
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APPENDIX D: OBSERVATIONAL PROTOCOL 
 
Time         Activity            
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APPENDIX E: INITIAL INTERVIEW PROTOCOL 

 

1. What is your family background? 
 
2. What is your educational background?  
 
3. Why do you want to teach?  
 
4. How do you think you will teach mathematics?   How does this compare with how 

you were taught mathematics? 
 
 

5. What experiences have you had with English Language Learners (ELLs)? 
 
6. What role do you think mathematical language plays in learning and understanding 

mathematics? 
 
7. What role do you think home language plays in learning and understanding 

mathematics? How is this role heightened when the home language(s) is not the 
primary language of instruction? 

 
8. What do you think are some of the biggest reasons why students do well in learning 

mathematics?  
 
9. What do you think are some of the biggest reasons why students have difficulty in 

learning mathematics?  
 
10. What do you think are the best ways to help students learn mathematics?  
 
11. How do you feel about using activities based on children’s thinking as part of your 

[mathematics for teaching course] curriculum? 
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APPENDIX F: GROUP MULTIPLICATION INTERVIEW PROTOCOL 

Case Study Student Focus-Group Interview 1 Questions 

(Multiplication) 
 

Remember that the methods the students in the video clips explained were: 
  Nicholas: 29(4) = 25 + 25 + 25 + 25 + 4 + 4+ 4 + 4 
  Ryshawn: 29(4) = 20(4) + 9(4) 
  Jemea: 29(12) = (30 – 1)(12) = 30(12) – 1(12) 
  Thomas: 36(17) = 170 + 170 + 170 + 6(10) + 6(7) 

 
1. What did you think about watching the video clips of the students explaining 
their solutions to multiplication problems?  
  

a. What do you think you learned from watching the video clips, if 
anything at all?  Please comment as both a student of mathematics and as a 
future teacher. 

 
2. During class, a few comments were made that the students in the videos may 
have developed the method of multiplication they were explaining on their own, 
without any instruction from the teacher.  For example, Thomas may have 
developed the method of multiplying 36 times 17 without having instruction first 
from his teacher. 
 

a. Do you think students can make up the methods that you saw in the 
videos without having had prior instruction?  Why or why not? 

 
b. Would you feel comfortable, as a teacher, allowing students to develop 
their own methods of multiplication, without first giving them instruction?  
Why or why not? If so, what knowledge would you need to possess? 

 
3. There were some video clips that you needed to watch more than once, and yet 
you all (i.e. the entire class) came up with slightly different interpretations of what 
the students were doing. 
 

a. What are some reasons that it might be hard for us to interpret exactly 
what students are saying or what they mean? 

 
b. How important do you think it is to allow students to explain their 
thinking about problems? Explain. 

 
4. A very common way of multiplying 36(17) is to calculate 6(7), 7(3), 1(6), and 
1(3) and add up the results.  How is this way similar to the way that Thomas 
multiplied?  
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5. In class you were asked to come up with methods that were fundamentally 
different than the methods the students explained in the clips.  In your opinion, 
what would make a method fundamentally different than the ones listed above? 
 
Below are some examples of other methods to calculate 12(13).  In your opinion, 
are these methods fundamentally different than the methods of the four students 
from the video clips?  Why or why not? 
 
 a. 12 + 12 + 12 + 12 …. (13 times) 
 b. 12(12) + 12 
 c. 12(10) + 12(3) 
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APPENDIX G: GROUP DIVISION INTERVIEW PROTOCOL 
 

Case Study Student Focus-Group Interview 2 Questions 

(Division) 
 

Remember that the methods the students in the video clips explained were: 
Amelinda: 

3 R 1213159

313131313131313131313131315913159

=÷∴

=−−−−−−−−−−−−→÷

 
 Alosha: 

3 R 1213159156525252521313131313159 =÷∴=++→=+++→÷  
 Elaine: 

3 R 12131593262929130159130)10(1313159 =÷∴=−→=−→=→÷  
 Thomas: →÷13159 You have 13 groups.  Give 10 to every group.  159 – 130 = 
29.  So, give 1 to every group and then give another 1 to every group.  29 – 26 = 

3.  3 R 1213159 =÷∴  

 
1. What did you think about watching the video clips of the students explaining 
their solutions to division problems?  
  

a. What do you think you learned from watching the video clips, if 
anything at all?  Please comment as both a student of mathematics and as a 
future teacher. 

 
2. During class, a comment was made that the language you use will determine 
whether your students understand something or not.  To what extent do you agree 
with this statement?  Why or why not? Can you give an example of when this 
would be true (or not true)?  
 
3.  a. When calculating 123/5 (for example) with the long division algorithm, 

does it make sense to say, “5  doesn’t go into 1?” If so, why?  If not, why 
do you think we use that phrasing? 

  
b. Do you think it’s important to teach the long division algorithm to all 

 students? Why or why not? 
 
4. The students in the videos used different methods of solving division problems. 
 

a. Do you think that all of the students understand the concept of division?  
Why or why not? 

  
b. Who would you say has the BEST understanding of division and why?  
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c. Why might students choose to use one method over another?  Is it 
comfort level?  Or is it something more? 
 
d. Do you think that if students use their own method of solving something 
and they obtain the correct answer, this implies that they understood the 
concept?  How about the method?  

 
5. The specific mathematical language that is used with a division problem (e.g. 
dividend, divisor, quotient, etc.) may not be the language that students use when 
explaining their thinking.  
 

a. Do you think it is essential for students to use this type of language in 
order for them to have a full understanding of division? 
 
b. What if a student comes in to an English only classroom and does not 
speak English? Do you think  that student does not fully understand 
division if s/he does use that terminology? 

  
c. Where do you think students might acquire this language? 

 
6. It was talked about in class that addition and subtraction are ‘inverse’ 
operations of each other (as well as multiplication and division).  This was in 
reference to the comparison of Amelinda’s and Alosha’s approaches. 
  

a. Mathematically do you think it makes a difference if we use the 
terminology ‘inverse’ as opposed to ‘opposite?’ Why or why not? 

  
b. Do you think it is important for students to use the terminology 
‘inverse’ as opposed to ‘opposite?’ Why or why not? 
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APPENDIX H: FRACTION INTERVIEW PROTOCOL 
 

Focus-group Interview 3 – Fractions 

 

1. What did you think about watching the videos? Comment both as a mathematical 
learner and a future teacher. 

 
2. During a lot of the sessions involving fractions, you (as a group) were a lot quieter 

than you were during the other times you looked at video clips of students’ 
explanations.  Why? 

 
3. Comment on each of the student’s work and explanations.  Think about both the 

mathematics content present and the language that was used to explain the work. 
 
4. A comment was made that fractions are very frustrating for kids, and that we, as 

teachers, don’t let them address the complexity of fractions because we make it 
too easy for them.  Do you agree/disagree with this statement? Why or why not?  
Do you think the students in the video clips were frustrated?  Explain. 

 
5. You looked at different ways to interpret fractions: part-whole, ratio, operator, 

and quotient. 
 

a. Do you think these are all important for students to learn? If yes, why and when 
should they learn them? If not, why not? 
 
b. Which of these do think is most important for students to learn? Why? 
 
c. Do you think the students in the videos could understand the different 
interpretations? Why? 
 
d. How hard was it for you to conceptualize the different interpretations? 

 
6. It was mentioned during class, when talking about the importance of language in 

mathematics, that mathematics is a universal language.  What do you think is 
meant by that? 

 
7. You spent a good deal of time talking about the fractional whole.  How important 

do you think a solid understanding of the fractional whole is for students’ 
understanding of fractions?  In regards to the students on the video clips, do you 
think they understood the fractional whole? Why?  
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8. In the last part of the Class Notes, you were asked to compare the sets of fractions 

,
819

514
&

291

256
,

195

90
&

137

73

and
.

213

212
&

168

167

 
 

Do you think the students in the video clips have the mathematical knowledge in 
order to make these comparisons? Explain.  

 
9. a. The following question is posed to your students: “Sophie earned $96 last 

week, and Luis earned $192 during that same week.  Sophie spent $38 on 
videogames and put the rest in a savings account.  Luis spent $14 on snacks, $62 
on videogames, and put the rest in a savings account.  Which person put the 
larger fractional amount of earnings in to a savings account?” 

 
One of your students writes the following response: “I did 38 take away 96 is 58. 
I plussed 14 and 62 and it came to be 76. I did 76 take away 192. 116 and 58 are 
equal for each of them so they put the same amount away.” 

 
Comment on the student’s understanding of the mathematical concept and of the 
usage of mathematical language. 
 

b. A teacher is explaining that 10

2

and 20

4

are equivalent fractions. She says to her 
students: “Imagine that two students, Andy and Bob, have candy bars. Andy’s 
candy bar is broken into 20 pieces and Bob’s candy bar is broken into 10 pieces. 
Andy and Bob both want to eat the same amount of their candy bars. If Andy 

eats 20

4

of his candy bar Bob will have to eat10

2

 of his candy bar to match what 
Andy ate of his.”  

 
Analyze the language used by this teacher.  
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APPENDIX I: FINAL INTERVIEW PROTOCOL 

Case Study Student Final Interview 
 

1. Did you like working with the children’s thinking activities in [the mathematics 
for teaching course]? 
a. Do you think working with the children’s thinking activities in [the 

mathematics for teaching course] was beneficial for you as a mathematical 
learner and/or a future teacher? Why/why not? 

 
b. Of all the videos that you watched, which did you like working with the best? 

Why? Which did you like working with the least? Why? 
 
c. Do you think it would be beneficial for you to use children’s thinking 

activities in the [next mathematics for teaching] course? Why/why not? 
 

2. Were any language issues raised for you while you engaged in the children’s 
thinking activities? If so, which ones? If not, why not? 
 

3. What do you think is meant by the phrase “mathematical language?” 
 
4. What role do you think mathematical language plays in learning and 

understanding mathematics? 
 
5. What role do you think home language plays in learning and understanding 

mathematics?  
a. Do you think this role is heightened when the home language(s) is not the 

primary language of instruction? Why/why not? 
 
6. What do you think “effective” mathematics instruction is? 

a. Do you think that issues of language should be addressed when teaching 
mathematics? If so, what issues should be addressed? If not, why not? 

 
8. Do you think mathematics instruction should involve the sharing of student work?  

• If so –  
� What would be the benefit at the K-12 level? 
� Would this benefit be different than at the University level? 
� What about specifically for those students whose home language is 

different than that of the classroom language? 
� Should this involvement be a routine practice? Why/why not? 

• If not, why not? 
 

9. Are there any further comments/thoughts that you would like to share? 
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APPENDIX J: EVALUATION OF CHILDREN’S THINKING ACTIVITIES 

Evaluation of children’s thinking activities 
 

Please answer these questions as completely and as thoughtfully as you can.  The 

information you provide will be a huge help to me.  Thanks! ~ Laura 
 

1. Did you like working with the children’s thinking activities in [the mathematics 
for teaching course]? Why or why not?  

 
2. Do you think looking at children explaining their thinking in [the mathematics for 

teaching course] has helped you learn and understand mathematics deeper?  
Explain, referencing specific examples when appropriate. 

 
3. Please tell me a little bit about your experiences with the children’s thinking 

activities. 
a) Out of all the activities based on children’s thinking that you worked with in 
[the mathematics for teaching course], which ones did you like the best?  Why? 

 
b) Out of all the activities based on children’s thinking that you worked with in 
[the mathematics for teaching course], which ones did you like the least?  Why? 
 

4.   In regards to your own mathematical learning –  
a) What concepts related to multiplication, division, and/or fractions were you 

unsure about at the start of the children’s thinking activities?  Explain. 
 

b) What concepts related to multiplication, division, and/or fractions do you 
think you understood really well at the start of the children’s thinking 
activities?  Explain. 

 
c) Were there any concepts that you think you learned deeper during the 

activities? Explain, referencing specific examples when appropriate. 
 

d) Did discussing ideas in small and large groups help you think about your 
understanding of mathematics?  If so, how?  If not, why not? 

 
5.   In relation to language–  

a) Had you thought about the role that language (either mathematical or home) 
plays in mathematics prior to these children’s thinking activities?  Explain. 

 
b) What role do you think language (both mathematical and home) plays in 

learning and understanding mathematics?  Explain. 
 
c) Do you think listening to children explain their thinking and/or looking at 

student work helped you think about the role of language in learning and 
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understanding mathematics? Explain. 
 

6.   Based on the student work and the explanations provided by the children in the 
video clips – 

a) Was there anything that surprised you about what the children said and/or 
wrote?  Why? 

 
b) What do you think the children understood about multiplication, division, and 

fractions? Why? 
 

c) What ideas do you think the children didn’t understand? Why? 
 

7.   In relation to teaching –  
a) Which mathematical concepts do you feel comfortable teaching?  Why?   
 
b) Did the children’s thinking activities help you become more comfortable in 

teaching those concepts? If so, how? If not, why not? 
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APPENDIX K: CODE DEFINTIONS 

 

CODE LIST AND DEFINITIONS 

 

I. Ideas about language: Pst ideas about the relationship of language and mathematics 
(Code: idea_lang) 
 
II. Reflection … 

1. Pst reflects on their understanding (or lack thereof) of children’s mathematical 
thinking (Code: reflect_childthink_)  

 
a. kidlang: Pst is reflecting on the language used by the children and/or 
teacher 

 
i. terminology: The children’s thinking is hard or might be hard to 
understand for the pst because of the children’s vocabulary or 
terminology used  
 
ii. understand: Pst is reflecting on the language expressed (either a 
child’s or a teacher’s) and its connection to insight of a child’s 
(possible) understanding  
 
iii. other 

 
b. kidunder: Reflecting on a child’s (possible) understanding (or lack 
thereof) 

i. pstexp: Pst is reflecting on what they think children may or may 
not understand by relating it to experiences they have had  
 
ii. context: Pst is reflecting on the idea of a context associated with 
a problem and what children may or may not understand  
 
iii. concept: Pst is reflecting on a child’s (possible) understanding 
(or lack thereof) of the mathematical concept(s) underlying 
children’s strategies (as opposed to applying an algorithm 
correctly, etc.) 
 
iv. pstconfidence: Pst is reflecting on a child’s (possible) 
understanding (or lack thereof) with a certain level of confidence  
 
v. help: Pst is reflecting on what did or might help children better 
understand concepts  
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vi. other 
 

c. kidstrategy: Reflecting on their understanding (or their lack or struggle) 
of a child’s mathematical strategy  

i. pstexp: Pst is reflecting on understanding a child’s strategy via 
different experiences (either their own or their speculation of the 
child’s)  

 
ii. comfort: Pst is reflecting on understanding a child’s strategy by 
attributing the strategy or parts of the strategy to the kids using 
something that was more comfortable, easier, or familiar to them  
 
iii. pstconfidence: Pst is reflecting on a child’s strategy with a 
degree of confidence  

 
iv. efficiency: Pst is reflecting on the idea the efficiency (or the 
lack thereof) of a kid’s strategy  

 
v. relationofstrategies: Pst is reflecting on how different children’s 
strategies relate (including, perhaps, to a more “traditional” or 
“standard” algorithm or an alternative algorithm)  
 
vi. other  

  
d. other 

i. kidinvent: Reflecting on their understanding of whether a child 
could invent a strategy to solve a problem without having had prior 
instruction  
 
ii. represent: Reflecting on the representations children used  
 

 2. Pst reflects on their own mathematical understanding (Code: reflect_self_) 

a. pstconfidence: Reflecting on their mathematical understanding with a 
certain level of confidence (or lack thereof)  
 
b. pstexp: Reflecting on their mathematical understanding via experiences 
they have or have not had  
 
c: strategies: Reflecting on their mathematical understanding (or lack 
thereof) of different strategies to solve a given problem or how different 
strategies relate  

 
d. concept: Reflecting on their mathematical understanding (or lack 
thereof) of a concept  
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e. other 

i. peerexplain: Reflecting on how peer explanations did or did not 
help them understand a particular concept  
 
ii. kidexplain: Reflecting on how they can or cannot understand 
something by listening to the kid’s explanation 
 
iii. comfort: Reflecting on what they understand easiest due to a 
comfort or familiarity with something (e.g. strategy)  
 
iv. explainhelp: Pst is reflecting on the fact that a child’s 
explanation gave them or may give them insight into the child’s 
understanding  
 
v. skills: Pst is reflecting on their level of skill to solve problems 
 
vi. context: Pst is reflecting on the idea that context helps them 
understand mathematics better  

 
III. Perception of use 

1. mathlearner: The perception of the activities related to the pst’s mathematical 
understanding (Code: use_ml_) 

a. learn: The perception that doing the activities did aid (or may have 
aided or might aid) in the learning of mathematics  

i. deepenunderstanding: Pst perceives that doing the activities 
might have helped in learning mathematics at a deeper level  

  
ii. strategy: Pst perceives doing the activities might have helped in 
learning a new strategy for solving a mathematical problem  
 
iii. changedthinking: The perception that doing the activities might 
have altered thinking about some mathematical concepts (and 
possibly left them open to new ways to doing mathematics)  

 
   iv. other 
 

b. notlearn: The perception that doing the activities did not aid the pst in 
the learning of mathematics  

 
c. other:  

 
2. childthink: The perception that doing the children’s activities might be useful 
because it provided insight into children’s thinking (Code: use_childthink_)  
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a: differencesinthink: The perception that doing the activities might be 
useful in seeing that children don’t always think in the same way  

 
b. mistakes: The perception that doing the activities might have provided 
insight into the mistakes that children might make  
 
c. kidpov: The perception that doing the activities might be useful in 
helping see things from a kid’s point of view 
 
d. kidshare: The perception that doing the activities did or might be useful 
in showing that students can learn from sharing  
 
e: process: The perception that doing the activities might provide 
understanding about a process that a student undertook  

 
  f. other 
 

3. teach: The perception the doing the activities might be useful as something 
directly related to their future career as a teacher (code: use_teach_) 

a. excited: The perception that doing the activities might be useful because 
they made the pst excited about teaching  
 
b: impt2listen: The perception that doing the activities might be useful in 
seeing that as a teacher you need to really listen to what the children are 
saying.  

    
c. visual: The perception that doing the activities might be useful in 
providing the pst a visual to the population of students they will be 
teaching in the future.  
 
d. kidinvent: The perception that doing the activities might be useful 
because as a future teacher the pst will (or may allow) their students to 
come up with their own ways of solving problems 
 
e. present: The perception that doing the activities were or might be useful 
because it helps in learning how to present material to students  
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APPENDIX L: CODES RELEVANT TO JESSICA’S REFLECTIONS ON HER 
OWN MATHEMATICAL THINKING 

 

REFLECTION - SELF - CODE LIST AND DEFINITIONS - JESSICA 

 

Pst reflects on their own mathematical understanding  

 

a. pstconfidence: Reflecting on their mathematical understanding with a certain level of 
confidence (or lack thereof)  

 
div_day1: [m/j]16e-g 
IDEA: Jessica is confident that she “totally understands” content but can’t express that 
understanding in writing.  (Note: This idea is discussed by Jessica in her multiplication interview, 
when she says that after taking this class, she now realizes that students can have understanding of 
a concept, but not be able to explain it.) 
[~44:30 min] S wants groups to talk to each other about what Elaine did.  How does she re-
organize this problem? Is it the same as Alosha and/or Amelinda? 

a. M: “So she’s adding up.” 
b. H: “Yeah.  And she found, like, she did 13 times 10 which gave her 130 for a base 

number. And from there…” 
c. J: “10 plus 10 because those were easier or more friendly or whatever.” 
d. H: “Then trying to …” 
e. J: “How would you write that out in an answer?” 

f. M: “I don’t even know. Ummm…” 
g. J: “That’s what sucks about this class. You could totally understand it but when it 

comes to writing it down it’s like (shakes head), it’s either going to take you 12 pages 

or… “ [M laughs] 

 
fraction interview: 169-176, 491-493, 545-552 
IDEA: The experiences she had in school helped Jessica in her understanding.  However, since 
more emphasis was placed on multiplication/division than factions made her more confident in 
discussing those topics. 
51-58 
51. Jessica: Yeah, like because I probably wasn’t there when we were all together as a group, I  
52. can’t really say. Usually me, I’m pretty talkative, but like as much as--as I have memory of  
53. doing fractions, you know, the pizza and the pie and the addition, I think I have more  
54. memory of doing fractions, you know, the pizza and the pie and everything. I think I have  
55. more memory of, you know, your multiplication times table, you know, memorize your facts,  
56. you know, the division rule will help. I think that like, at least growing up for me, there was  
57. more emphasis put on multiplication and division than that of fractions, but I don’t—I can’t  
58. say for sure. 

  
IDEA: Jessica is confident in her ability to make the “correct” comparison between 2/3 and 5/6. 
169-176 
169. Laura: Well, just comparing this 2/3 and this 5/6, and she’s saying, “OK here’s 2/3. Here’s  
170. 5/6, and I think 2/3 is correct,” and I’m wondering do you think that that’s at all, in any way  
171. connecting, interpreting the correct answer? 
172. Jessica: I would say no because I know right away that it’s not, but (inaudible) one of the  
173. mistakes that I can remember making is that I’m putting myself in that mindset. This could  
174. be totally crazy, but if two is one away from three, and five is one away from six, where as  
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175. if you look in a, it’s like oh, three is five away from eight, where one is only one away from 
 176. two. So these are—I could see it from that point of view, you know. 

 
IDEA: Even though Jessica had difficulty with the four interpretations (in fact she could not 
remember what the operator interpretation was), she claims that the content is not hard.   

 491-493 
491. Jessica: I wouldn’t say it’s hard, but I had to refresh my memory because I haven’t done it in  
492. so long. 
493. Laura: Did you learn these four different ways in school, do you remember? 
 
IDEA: Although the numbers are larger, Jessica feels that making the comparisons between the 
fractions was ‘pretty easy’ because it involved estimating and that’s not that big a deal. 

 545-552 
545. L: … from the notes. So you had to make a comparison, 73 over 137 versus 90 to 195. So 
before I  
546. ask this question, how easy or how hard was it for you to make those comparisons yourself? 
547. Jessica: It was pretty easy because we were just estimating. 
548. Laura: And do you think because you were estimating… 
549. Jessica: It’s not like it was like a huge deal, and I was like, “Oh, God!” It’s just like… I don’t  
550. know, yeah. 
551. Laura: So did you estimate on a calculator, or did you estimate in your head? 
552. Jessica: In my head. 
 
multiplication interview: 359-360 
IDEA: Jessica reflects on her understanding about how there are ways to solve problems using 
division and multiplication. 
J: But I kind of like, like I totally understand that there is more than one way to do division and 
multiplication and it would be like, wrong to restrict it to one way. 
 
initial interview: 394-398 
IDEA: Jessica is somewhat sure that she will learn new mathematics because the mathematics in 
this class is mathematics that she has learned before. 
394. Laura: So do you think… so the last question is really kind of what do you think  
395. you’re going to gain from this? Like from these types of activities, the ones you’ve  
396. done already, what do you think you can gain? 
397. Jessica: I think a lot of it because it’s not like new math, you know. It’s not like, you  
398. know, Calculus or that. It’s all math that, for the most part, I’ve seen before … 

 

b. pstexp: Reflecting on their mathematical understanding via experiences they have or 
have not had 
 

fraction interview: 51-58, 169-176 
IDEA: The experiences she had in school helped Jessica in her understanding.  However, since 
more emphasis was placed on multiplication/division than factions made her more confident in 
discussing those topics 
51-58 
51. Jessica: Yeah, like because I probably wasn’t there when we were all together as a group, I  
52. can’t really say. Usually me, I’m pretty talkative, but like as much as--as I have memory of  
53. doing fractions, you know, the pizza and the pie and the addition, I think I have more  
54. memory of doing fractions, you know, the pizza and the pie and everything. I think I have  
55. more memory of, you know, your multiplication times table, you know, memorize your facts,  
56. you know, the division rule will help. I think that like, at least growing up for me, there was  
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57. more emphasis put on multiplication and division than that of fractions, but I don’t—I can’t  
58. say for sure. 
 
IDEA: Jessica can remember making some of the mistakes that the kids in the activities made and 
that because of that, she understands how someone could think that 3/8 > 1/2. 
169-176 
169. Laura: Well, just comparing this 2/3 and this 5/6, and she’s saying, “OK here’s 2/3. Here’s  
170. 5/6, and I think 2/3 is correct,” and I’m wondering do you think that that’s at all, in any way  
171. connecting, interpreting the correct answer? 
172. Jessica: I would say no because I know right away that it’s not, but (inaudible) one of the  
173. mistakes that I can remember making is that I’m putting myself in that mindset. This could  
174. be totally crazy, but if two is one away from three, and five is one away from six, where as  
175. if you look in a, it’s like oh, three is five away from eight, where one is only one away from  
176. two. So these are—I could see it from that point of view, you know. 

 
multiplication interview: 368-369 
IDEA: She learned well from doing things all together as a group. 
J: So. I think it made... I can just remember um, just d- we were doing it all together, everyone 
was participating, so you kind of, you know- 

 

c. strategies: Reflecting on their mathematical understanding (or lack thereof) of 
different strategies to solve a given problem or how different strategies relate 

 
multiplication interview: 539-566, 589-606 
IDEA: Reflecting on the idea of the associative and commutative property as well as how the 
students in the clips are each breaking the given multiplication problems into smaller sub-
problems and how Jemea is using compensation. 

 539-566 
J: You realize like the order's not the same, but it shares a lot more similarities than the other 
three. 
I: Than the other three? 
J: Mmhmm. Like, “Ryshawn's” kind of similar, too.  
I: Sure- 
J: Because he's also taking part by part of the problem- 
I: Yup- 
J: Going in order with first the twenty, and then the nine, and then he finds the final result. 
I: Yup. Interesting. But maybe not “Jemea” or- 
J: “Jemea” or “Ryshawn”- they're kind of breaking it down.   
I: Yeah “Jemea” especially, she's doing something- 
J: Mmhmm- what is that, like compensation? 
I: I think, yeah- 
J: Yeah. 

 
IDEA: Viewing and analyzing Nicholas’s strategy helped Jessica make sense of Ryshawn’s 
strategy. 
589-606 
J: Yup. And I totally understand what he's doing- why he's doing it five ti- the twenty-five four 
times.  
I: Right. 
J: And then I also understand why he's doing the four four times, because there's four left over 
from twenty-five.  
I: Mmhmm. 
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J: So that, right off the bat I totally understood what he was doing. Um, “Ryshawn's” I understood 
what he was doing because I saw Nicholas' first. 
I: Okay. 
J: If I saw “Ryshawn's” first, I would have to think about "well is that really going to work?" kind 
of thing. But I understand that, um. “Jemea's”, I understand, I think it's a little bit more complex- 

 

d. concept: Reflecting on their mathematical understanding (or lack thereof) of a concept 

 
fraction interview:446-447, 458-474 
IDEA: The concept of the operator interpretation of a fraction is something that Jessica does not 
remember. 
446-447 
446. Laura: Which one do you think will be the hardest for the—the hardest for them to… 
447. Jessica: I don’t know. I kind of forget what operator is. 
 
IDEA: Reiterates her non-understanding of the operator interpretation as well as ratio.  Jessica 
specifically says that she does not know how to explain them (at first), but then later says, “I don’t 
even know what operator is.” 
458. Jessica: I guess I—I don’t remember how to explain an operator or… 
459. Laura: OK, so what about part whole? You think they can understand three out of eight? 
460. Jessica: Yeah, a lot of them are doing that. They’re saying that. 
461. Laura: So that one, they could definitely understand, and ratio… 

 462. Jessica: How would you explain that? 
463. Laura: Do you think based on what they said that they could understand? 
464. Jessica: I don’t know how you would explain ratio. 
465. Laura: So that was the comparison: three compared to eight. 
466. Jessica: Oh, but in the same fraction? 
467. Laura: Yeah, I mean if you just chose 3/8. Do you think they have this understanding to,  
468. based on what they wrote and said, that they could understand… 3/8 could be thought of as  
469. three pepperoni pizzas compared to eight sausage pizzas? 
470. Jessica: Maybe not as much because they’re used to comparing two fractions as a whole to  
471. get like against each other, rather than the fraction—the numerator versus the denominator  
472. in comparing fractions. 
473. Laura: Right, interesting, and then the operator, maybe not. 
474. Jessica: Yeah, I don’t even know what operator is. 

 
div_day1: [m/j/h]2a-c, [j]16g 
IDEA: That the concept of continuously subtracting is the same as division makes sense to her. 
[m/j/h]2a-c 

[~13:30 min] Watch Amelinda video 
h. [~14:45 min] M [to group]: “She’s doing division, but she was subtracting the whole 

time?” 
i. J: “That kind of does make sense.” 

j. H: “Yeah.” 
 
IDEA: Jessica alludes to the fact that she understands the child’s strategy and the mathematics 
present in it, it’s just that she doesn’t know how to explain her understanding succinctly. 
[j]16g 
[~44:30 min] S wants groups to talk to each other about what Elaine did.  How does she re-
organize this problem? Is it the same as Alosha and/or Amelinda? 

k. M: “So she’s adding up.” 
l. H: “Yeah.  And she found, like, she did 13 times 10 which gave her 130 for a base 
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number. And from there…” 
m. J: “10 plus 10 because those were easier or more friendly or whatever.” 
n. H: “Then trying to …” 
o. J: “How would you write that out in an answer?” 
p. M: “I don’t even know. Ummm…” 
q. J: “That’s what sucks about this class. You could totally understand it but when it 

comes to writing it down it’s like (shakes head), it’s either going to take you 12 pages 

or… “ [M laughs] 

 
division interview: [j]45-46 
IDEA: The concept of long division is not confusing to her. 
L: Okay. So, okay, so what’s an example of teaching them in a way that it wouldn’t be confusing, 
would not be confusing? 
J: Well, I don’t think it was, I don’t think it was confusing. 

 

e. other 

 
kidexplain: Reflecting on how they can or cannot understand something by listening 

to the kid’s explanation  
 

fraction interview: 612-621 
IDEA: The student’s explanation was confusing to her because she knows 116 and 58 are not 
equal, yet he is using those numbers and the word equal together. 
612. Jessica: I understand what he says except for 116 and 58 are equal for each of them. So they  
613. put the same amount away. I don’t understand how 116 and 58 are equal. Maybe because 58  
614. plus 58 is 116. I don’t know. Is it? I don’t know what he means on that last part. 
615. Laura: So based on just—because you had done it, based on just what you can read here,  
616. what do you think about the understanding of the mathematical concept? 
617. Jessica: Well, that’s what I mean. Like I understand up until that last part, then I don’t  
618. understand, so… 
619. Laura: And what’s hindering your understanding? 
620. Jessica: He’s not… well, I guess he’s not being clear enough, or I just don’t understand how  
621. 116 and 58 could be equal. Equal for each of them… yeah because they’re not. 

 
explainhelp: Pst is reflecting on the fact that a child’s explanation gave them or may 

give them insight into the child’s understanding 
 

fraction interview: 113-116 
IDEA: Although she could probably figure out what the student was doing with the drawings, the 
student’s explanation let Jessica access the student’s understanding better. 
113. Jessica: Yeah, if I—if I hadn’t heard her explanation, I would have had to figure out what  
114. she was doing with the drawings right away. 
115. Laura: You could figure out… 
116. Jessica: I would need to, but the explanation helped even more, so then… 

 

context: Pst is reflecting on the idea that context helps them understand mathematics 
better 

 
fraction interview: 439-443 
IDEA: That using context, in particular things that are used in her everyday life, makes learning 
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and understanding mathematics easier for her. 
439. Jessica: I—I don’t know about the answer to what age or what year just because I’m not  
440. familiar with it that yet. Like I don’t really remember when I learned it, but maybe part  
441. whole would be important to learn just because like with me, food and—and things that are  
442. recognizable to me in my everyday life are easy to relate to it, and part whole is easy to do  
443. about that. Five of the six pizza slices, or two of the three donuts were gone kind of thing. 

 
comfort: Reflecting on what they understand easiest due to a comfort or familiarity 

with something (e.g. strategy) 
  

multiplication interview: 573-583 
IDEA: The use of ‘friendly numbers’ in a strategy allowed Jessica to understand a particular 
strategy better than others.  (It is interesting that she chose this strategy, as opposed to another 
strategy that also used “friendly numbers.” The other strategy is how she was taught to multiply.) 
I: Like what- well, which way did you understand the best? You know, which of the four that the 
students did, and how come? 
J: Umm...I like Nicholas'- 
I: Mmhmm. 
J: He's getting it into what- what we call nice, or pretty numbers- 
I: Hmm. The friendly numbers? 
J: Right. 
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