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Abstract
Here it is demonstrated that nanofabricated structures can be used as electron optical
elements in new types of electron interferometers. This enables new investigations
with electrons that are analogous to experiments in light and atom optics. Far field
diffraction from a single nano-grating is used to examine the interaction between
a charge moving and a nearby surface. Near field diffraction from a nano-grating is
investigated in a Talbot interferometer. It is found that electron waves form replicas of
the grating in free space, and these replicas can be de-magnified using illumination by
a converging beam. An electron Lau interferometer has the same grating configuration
as the Talbot interferometer, but uses spatially incoherent beams that give rise to
drastically different interference behavior. A single optical theory is developed to
efficiently model a variety of grating interferometers under a diverse set of illumination
conditions, and it is used to understand the experiments described here. Applications
for these new interferometers are discussed, as well as possible directions for future
research.
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Chapter 1
Introduction
1.1 Can nanostructures manipulate free electrons coherently?
For a structure to diffract matter waves, it must modify the wavefunction of a particle
at the nanoscale without “collapsing” it. This can be done: nano-fabricated diffraction gratings have been used successfully in atom and molecule interferometers for
over two decades [1], but it is not immediately obvious that such gratings can be used
as coherent beam splitters for electrons. In these experiments, a de Broglie wave must
pass within nanometers of a material surface without becoming localized by interactions with this nearby environment. Even relatively weak interactions, such as the
van der Waals potential experienced by atoms and molecules, results in measurable
distortion to their de Broglie wavefronts [2, 3, 4]. It has been reasoned that similar
structures could not possibly be used for electrons [5], since the Coulomb forces on
the electron would be several orders of magnitude stronger than the van der Waals
force that constrains atom interferometry experiments. Indeed, a material surface
has been shown to have decohering effects on an electron moving in close proximity
to it [6, 7]. Can these nanogratings, which are so useful to the field of atom optics,
be used for electrons as well? It is this question that spawned the research described
in this dissertation.
This work shows that electron de Broglie waves are coherently transmitted through
a nanograting, even though they pass within 10 nm of a material surface. It is
found that the electron does experience large Coulomb forces in this structure, but
the interaction occurs within a femtosecond timescale, resulting in relatively small
de Broglie wave phase shifts. This dissertation describes several proof-of-principle
experiments that demonstrate how nanogratings can be used as optical elements in
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electron interferometers. As part of this work, a theory was developed to model
these interferometers and to understand the important role that spatial coherence
plays in them. These tools enable new applications of electron interferometry, as
demonstrated by electron spatial coherence measurements, maps of weak electric
fields, and measurements of image charges.

1.2 Relevance to electron holography
Interferometry is a centuries-old technology, yet it continues to yield important new
developments. Matter wave interferometry developed soon after Louis de Broglie associated a wavelength with a particle’s momentum [8]. Interferometers have been built
for neutrons [9], atoms [10], and molecules [3]. An interferometer using neutral antimatter is even being constructed [11]. Electron interferometry is the most established
form of matter wave interferometry, and it has emerged from the lab and entered into
mainstream use. Electron holography and interferometry with conduction electrons
in solid state systems are two examples of such mainstream applications.
Electron holography is a well-established field of research [12] that has yielded
many important results, such as observations of the Aharonov-Bohm effect [13]. In
this work an electron beam is divided using very thin charged wires - electrostatic
biprisms - and one of the interferometer paths passes through an object to be studied. These biprisms require a high degree of spatial coherence in the electron beam,
typically achieved using high-brightness electron sources such as field emitter tips
which require ultra-high vacuums (better than 10−9 Torr) to operate. Due to these
requirements, electron holography is almost exclusively performed in transmission
electron microscopes (TEMs) at energies greater than 100 keV. Any sample that can
be prepared for TEM study can also be examined using electron holography.
Electron interferometry is also commonly applied at the opposite end of the energy
spectrum, using conduction electrons with kinetic energies < 1 meV in solid state
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systems [14, 15, 16, 17, 18]. In these interferometers the ballistic electrons are confined
in a 2D conducting layer within the material of a nano- to micro-scale device, often
using quantum dots and biased electrodes as beam splitters. Recently, edge states in
the quantum Hall effect were used to construct a Mach-Zehnder configuration [19, 20].
Since the electron interferometer paths in this type of device are confined in a material,
they cannot be applied to generate phase contrast images of arbitrary objects, like
in TEM holography. However, since the electrons in solid state interferometers have
much lower momentum than in a TEM, they are particularly sensitive probes of small
electromagnetic fields and subtle quantum effects. SQUID detectors are commercially
available devices for measuring magnetic fields, and they are based on separated-path
electron interferometry in a superconductor.
In this dissertation, it is demonstrated that electron interferometry using nanostructures offers a way to bridge a technological gap between TEM holography and
solid state interferometers. Nanogratings enable electron interferometry at energies
intermediate between the two techniques (100 eV to 10 keV). In contrast to solid
state interferometers, nanogratings offer a way to do experiments with free electrons
that can pass through or near various samples and be manipulated with lenses, and
so can be used to generate phase contrast images. In contrast to conventional TEM
holography, nanogratings allow the use of lower-momentum electrons that are more
sensitive to weak electromagnetic interactions (like image potentials). Furthermore,
since nanograting beam splitters have fairly relaxed coherence requirements of the
electron beam compared to electrostatic biprisms, electron holography can be done
using simpler and less expensive electron sources, electron optics, and vacuum systems
(see Section 2.2.1).
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1.3 Dissertation format
Several results of this body of research have been published (or submitted for publication). Reprints of these papers provide the main body for this dissertation. All
of these publications feature my own original research and were authored by myself
with guidance from Prof. Alex Cronin. A description of the research project, and
how these publications relate to it, can be found in Chapter 2.
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Chapter 2
Present Study
The theoretical background, experimental results, and conclusions of this research are
summarized in this chapter. Each manuscript (i.e. each appendix) is placed in the
context of the overarching project. A theoretical model that I developed for interpreting our experimental results is described first. Then the experimental apparatus is
reviewed, followed by a discussion of the principle experiments that demonstrate farfield diffraction, the Talbot effect, and Lau interference fringes. Finally, several applications for electron interference with nanogratings are discussed. I demonstrated four
applications experimentally: measurement of image-charge potentials, measurement
of an electron beam’s transverse coherence length, measurements of the wavefront
radius of curvature in an electron beam, and holographic detection of weak electric
fields around a sample object. As part of the conclusion and outlook, a few additional
applications are discussed.

2.1 Theory
A rich variety of interference phenomena can be found in one- and two-grating systems. The interference can be very sensitive to the location and orientation of the
gratings, and to the collimation and spatial coherence of the illuminating beam. Simple optical theories have been developed to model particular interferometers under
specific illumination conditions. However, the matter wave experiments described
here can be tuned continuously from one interferometer arrangement to another, and
this requires a general optical theory for modeling the behavior of arbitrary grating
interferometer setups.
Appendix A contains the manuscript “Model for partial coherence and wavefront
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curvature in grating interferometers”, published in the July 2008 issue of Physical
Review A. The paper was written by myself and Prof. Alex Cronin, and features
theoretical calculations and simulations that I developed in 2006 and 2007. The
main purpose of this article was to develop an understanding of the role of spatial
coherence in an interferometer. It can be used to efficiently model a wide variety of
interferometers made with gratings. The model can incorporate one or two gratings,
each located an arbitrary distance away from the source. The theory assumes that
the gratings are illuminated by a Gaussian Schell-model (GSM) beam, which is a
particular kind of partially coherent wave field. The assumption of a GSM beam
provides an efficient way to model how the width of the illuminating beam, its spatial
coherence, and its divergence or convergence affects the behavior of the interferometer.
The GSM beam is an appropriate model for real beams used in atom optics and
electron optics, as discussed in “Gaussian Schell source as model for slit-collimated
atomic and molecular beams” in Appendix B. The two main purposes of this manuscript are (1) to explain how a GSM beam can be made using two consecutive Gaussian
slits, and (2) to quantitatively compare this arrangement to atom beam sources used
in matter wave interferometers. The paper was written by myself and Prof. Alex
Cronin and posted on the physics arXiv in April 2008.
Software code that implements this theory can be found in Appendix L. It was
used to generate all of the simulations of interference patterns featured in this dissertation.

2.2 Experiments
2.2.1 Methods and apparatus
This work was enabled by the recent advent of nano-fabrication techniques. Specifically, it is our use of 100-nm-period gratings that allow us to coherently divide de
Broglie waves of electrons. These structures enable new types of interferometry ex-
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periments with electrons, which required the development of new instrumentation.
Here we describe the nanoscale gratings, as well as the experimental apparatus used
to generate, control, and detect medium- to low-energy (0.1-10 keV) electrons.
Nano-fabricated gratings
Diffractive optical elements for electrons necessarily have very small features, in
order to accommodate the short de Broglie wavelengths (λ=0.04 nm for 1 keV electrons). The gratings we use are manufactured by the MIT NanoStructures Laboratory, using interferometric photolithography [21, 22]. A UV laser interferometer is
used to form a 100-nm-period standing wave of light, which illuminates a photo-resist
on top of a Si/Si3 N4 substrate. UV contact lithography is used to expose a coarser
micron-scale grating running perpendicular to the finer nanoscale one, forming a necessary support structure. Excess material is removed by reactive ion etching. This
results in a spatially coherent array of 10,000 slits etched completely through a 120
nm-thick silicon nitride membrane, with a slit spacing of 100 nm (Figure 2.1).
Each grating bar is nominally 50 nm wide and has a thickness (into the page in
Figure 2.1(a)) of 150 nm. These bars are freely suspended in space, and we find
that they warp and stick together after being exposed to electron beams if they are
longer than 2 µm. The 1.5-µm-period support structure running perpendicular to
the slit array prevents this unwanted distortion of the grating. The bars are thicker
on one face of the grating and thinner on the other, which is an important detail for
understanding asymmetric electron diffraction profiles (see Appendix C). The taper,
or wedge angle, is approximately 5◦ , estimated from cross-sectional images of the
gratings similar to Figure 2.1(b).
To enable their use with electrons, the gratings must be at least partially coated
with metal. Electron diffraction from uncoated gratings could not be observed - the
transmitted beam simply got distorted. The broadening and blurring of the beam can

17

(a)

(b)

Figure 2.1. SEM images of nano-fabricated gratings used for electron interferometry
- (a) top view and (b) perspective view (courtesy of Tim Savas).
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(a)

(b)

Figure 2.2. Closeup SEM images of nanogratings coated with (a) a ∼10 nm layer
of Au/Pd and (b) a ∼2 nm layer of Pt. These images were collected using a Hitachi
S-4800 FESEM.
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be attributed to irregular charging of the silicon nitride. A sputter coater was used to
apply a ∼2 nm layer metal - either platinum or a mixture of 90% gold/10% palladium.
While a Pt coating was sufficient to prepare the gratings for electron diffraction,
there were indications from experiments that there was still some charging. Au/Pd
worked best to negate charging effects, but a thicker layer was required to achieve this.
The difference between coatings can be seen in high resolution SEM images (Figure
2.2) - the Pt coat looks more granular while the Au/Pd coat looks like a layer of
cracked mud. Interestingly, only a very thin application of metal is necessary to enable
diffraction, even though this coating is not enough to make the gratings electrically
conductive. A possible explanation is that even a thin, interrupted conductive surface
coating can effectively shield a passing electron from nonuniform charge buildup in
the bulk of the material. It was also found that too thick an application of metal
clogged the grating slits and made the grating bars stick together. Several electron
microscopists have suggested the use of chromium, as this material is famous for its
property to form very thin and uniform conductive layers.
Diffraction in a scanning electron microscope
A novel aspect of this work is that a conventional scanning electron microscope
(SEM) was used to collect diffraction patterns of electrons transmitted through an
object. The typical imaging mode of an SEM involves hitting a sample with a focused
electron beam, and recording the amount of electrons that are ejected from the sample
surface. Modern SEMs can achieve a focused spot that is smaller than a nanometer.
This spot is scanned over the sample surface using magnetic coils. Electrons from the
beam penetrate several hundred nanometers into the object, and temporarily disrupt
the electronic structure. This occurs within a micron-scale interaction volume in
the sample, which follows the scanned beam. Secondary electrons (SE) escape from
this interaction volume wherever it intersects an exterior surface of the sample. An
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Figure 2.3. Diffraction imaging mode in an SEM.
Everhart-Thornley detector detects this SE signal. This conventional SEM imaging
mode was used to obtain the images of the nanogratings in Figures 2.1 and 2.2. To
obtain those images the electrons are focused into a volume much smaller than the
size of a single slit in the grating, and so grating diffraction cannot occur in this
imaging mode.
For diffraction experiments with nanogratings, the electron de Broglie waves must
be distributed in space over several grating lattice spacings. This is achieved in an
SEM by placing the grating near the objective lens aperture, where the beam is
wider and the electrons delocalized. As shown in Figure 2.3, the beam is focused
onto a small target placed several centimeters beyond the grating. Figure 2.4 shows
one of the fixtures used to achieve this geometry. Focusing the beam causes the
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Figure 2.4. Fixture for electron diffraction in SEM.

Figure 2.5. These SEM images of a fine mesh screen were the first observations
of electron diffraction from nanogratings. The scale bar at the bottom of each image indicates 20 µm. For these images, the electron probe beam passed through a
nanograting, and the resulting diffraction pattern was scanned across the sample,
resulting in shifted copies of the screen image. These pictures were used to infer the
electron diffraction patterns, but this technique was later improved upon by collecting
diffracted images of a finer target - a 1-µm-diameter glass filament.
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far-field diffraction pattern from the grating to emerge sooner (see Section 2.2.2),
so that it can be fully resolved within the sample chamber of the microscope. The
diffraction pattern is scanned across the target using the normal imaging mode of the
SEM, resulting in multiple shifted images of the target, as shown in Figure 2.5. The
relative contrast of each of shifted image (relative to the background) is proportional
to the flux in a particular diffraction order. This technique is formally similar to TEM
diffraction, and it represents a new imaging mode for the SEM.
Custom apparatus for electron interferometry
An electron optical system was constructed in order to accommodate experiments
that could not be done in a conventional SEM. Information about this apparatus was
presented at the 2008 Microscopy and Microanalysis conference, and an extended
abstract of this talk is included in Appendix I. The apparatus can be thought of as a
low-energy transmission electron microscope (TEM), with many of the same imaging
modes as a conventional TEM operating at higher energies.
A schematic and photograph of this apparatus is shown in Figure 2.6. An electron
optics column, salvaged from an ISI WB-6 scanning electron microscope, is used to
generate and focus the electron beam. A description of the various components in
the optics column is provided in [23]. The electron source (“ES” in Figure 2.6) is a
tungsten hairpin filament heated by an AC current. The temperature of the filament
is highest at the sharp bend, and electrons are emitted thermionically from a 100
µm-sized area. An electrode called a Wehnelt cylinder encloses the filament. The is
Wehnelt cylinder biased negatively relative to the filament to limit space charge. A
hole in the bottom of the Wehnelt cylinder allows an electrostatically focused electron
beam through, which is then accelerated to a anode (AN) held at ground. The anode
is a circular plate with a hole in the middle, through which the accelerated electron
beam passes. The beam passes through the bore of three electromagnets (CL1, CL2,
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Figure 2.6. Electron beam apparatus used for interferometry experiments, with an
electron source ES provided by a heated tungsten hairpin filament held at a negative
accelerating voltage Vacc , anode AN held at ground, two magnetic condenser lenses
CL1 and CL2, selectable aperture SA (50-200 µm), magnetic objective lens OL, up
to two nanogratings G1 and G2, magnetic steering coils SC used for deflecting the
beam, and imaging detector DET.
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and OL) which act as converging lenses for the electrons. A selectable aperture (SA)
can be used to select a coherent subsection of the beam. Various electromagnet
coils placed with their axes perpendicular to the column axis are used to deflect and
deform the beam. A sample chamber just below the column includes a 6-axis stage
used to position up to two nanogratings (G1 and G2). The sample chamber sits
atop a 60-cm-long cylindrical chamber, which houses additional beam-steering coils,
magnetic shielding, and an electron imaging detector (DET). This final chamber
provides additional propagation time for electron diffraction patterns to emerge.
Imaging low-energy electrons
Appendix K contains the manuscript “Imaging low energy electrons with the
PIXIS-XO 512B camera”, submitted as a report to two collaborating companies: e2v
and Princeton Instruments. Here it was shown that a commercially available scientific
camera with a back-thinned CCD can be used to efficient image low energy electrons.
This demonstration presents an entirely new application for these cameras.
As mentioned previously, a simple method for detecting an electron diffraction
pattern involves scanning it across a small target and recording the signal it generates.
However, this is a serial process in which only one diffraction order can be read out at
a time. The majority of the diffracted electrons go undetected, and the end result is
that it takes longer than necessary to collect the entire pattern. This is to be avoided,
since the nanograting’s exposure to the electron beam should be minimized.
The advantage of a 2D imaging detector for electrons is that it can collect the
entire diffraction pattern at once, which in principle results in shorter exposure times
for the nanograting. Almost all electron imaging detectors include a step in which the
electron signal is converted to light (using phosphor, usually), which is then collected
with optics and recorded using a camera. Each stage of these systems has a finite
point spread function (PSF) and a non-unity efficiency, resulting in a drop in contrast,
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a loss in image resolution, and more noise.
These limitations can be avoided using a 2D sensor capable of both directly detecting and recording electrons. Previous work [24] suggested that a directly-bombarded
back-thinned CCD could be used for this purpose, but no commercial camera featuring this chip was currently being marketed for this application. The author initiated a
collaboration with Alice Reinheimer, a development engineer for back-thinned CCDs
at e2V, and Manjul Shah, product manager for x-ray scientific cameras at Princeton Instruments. This collaboration resulted in the loan of a Princeton Instruments’
PIXIS-XO 512B camera featuring a windowless, un-coated, back-thinned CCD from
e2v. This sensor is made especially sensitive to electrons by “delta-doping”. In this
process, the thin layer of single-crystal silicon covering the backside of the CCD is
embedded with boron atoms, which eliminates the potential well found in the oxide
layer at the silicon surface [25]. Normally, positive charge builds up in this well and
forms a dead layer through which photons and electrons must pass. By eliminating
this dead layer, higher-energy photons and low-energy electrons deposit more of their
energy into the active region of the CCD [26].
2.2.2 Diffraction of electrons from a nanograting
Appendix C contains the manuscript “Diffraction of 0.5 keV electrons from freestanding transmission gratings”, authored by myself, Dr. John D. Perreault, Tim A.
Savas, and Prof. Alex Cronin. It was published in the March 2006 issue of Ultramicroscopy. The main purpose of this article was to characterize these nanogratings as
a diffractive optic for electrons.
Monte Carlo simulations were used to suggest that these structures behave as
phase gratings for higher energy electrons (≥ 30 keV), as imperfect Ronchi rule gratings at medium energies (10 − 30 keV), and as binary transmission gratings for low
energy electrons (≤ 10 keV). This is because the 150-nm-thick material grating bars
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(a)

(b)

Figure 2.7. Far-field diffraction of (a) a collimated and (b) a focused beam of 4 keV
(λ=19 pm) electrons from a single nanograting located at z = 0. For both simulations
the beam has an initial diameter of 8 µm and a coherence width of only 1 µm. For the
collimated beam the diffraction orders are not yet resolved 4 cm beyond the grating,
but focusing the beam results in a resolved diffraction pattern. This technique was
used to observe electron diffraction in a conventional SEM.
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coherently transmit high energy electrons, inelastically transmit medium energy ones,
and completely block low energy electrons. As discussed next, each free space between
grating bars acts as a diverging lens.
Experiments showed that at all energies electrons are coherently transmitted
through the grating slits, even though there is a noticeable Coulomb interaction
between the electron de Broglie waves and the grating at lower energies. This interaction results in small energy shifts (as small as 0.01 eV) for the electrons and
makes diffraction asymmetric. We model the interaction using the method of images,
and use the WKB approximation to calculate the electron de Broglie wave phase shift
resulting from this image charge potential. This theory matches the data best when
assuming the presence of an image charge greater than or equal to 0.6|e|. Thus, a
single electron 10 nm from a grating surface experiences an attractive force of about
0.3 picoNewtons.
The diffraction efficiency of the grating was also measured, supporting the claim
that these structures are efficient diffractive optics for electrons. The diffraction
efficiency, defined as the ratio of the electron flux transmitted into the zeroth order
to the flux in the incident beam, falls off at lower energies due to the electron-grating
interaction - the lost flux gets transmitted into higher diffraction orders.
2.2.3 The Talbot interferometer
Appendix D contains the manuscript “An electron Talbot interferometer”, which was
published in the March 2009 issue of New Journal of Physics. The paper is authored
by myself and Prof. Alex Cronin. This work presents observations of the entire nearfield interference pattern, or Talbot carpet, for electrons behind a single nanograting.
This was accomplished using a Talbot interferometer, in which a second nanograting
was used to read out the fine-period interference fringes due to the first grating. This
arrangement provides a way to do shearing interferometry using electrons.
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Figure 2.8. Simulation of the Talbot carpet behind a grating. This is a closeup of
the same simulation presented in Figure 2.7(b), which assumes a slightly focused 4
keV electron beam incident on the nanograting. The periodic reappearance of grating
silhouettes is caused by interference between overlapping diffraction orders, and the
pattern becomes less visible as the separation between diffraction orders begins to
exceed the transverse coherence length.
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Figure 2.9. Simulation of a Talbot interferometer built with two nanogratings. In
this example, illumination by the same focused beam used for Figures 2.7(b) and 2.8
results in demagnified Talbot revivals. The second grating filters this pattern, so that
only certain parts of the beam get transmitted.
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Figure 2.10. The Lau effect. (a) Under incoherent illumination, no interference
pattern is apparent behind a single grating. Despite appearances, the spatial coherence of the field is imprinted with periodicity, which can be revealed using a second
grating. When the gratings are separated by multiples of the Talbot distance (b)
fine-period Talbot-Lau revivals appear in the near-field and (c) coarser Lau fringes
appear much farther away. For these simulations the beam has an initial diameter of
2 µm and a coherence width of 50 nm.
Wavefront curvature in the electron beam was detected using this device. The
model developed in Appendix A reveals that the converging spherical electron wavefronts resulted in a geometrical demagnification of the Talbot revivals (Figure 2.8).
A second grating placed at the location of one of these Talbot revivals acts as a
moiré filter, transmitting only certain parts of the beam (Figure 2.9). The effect was
detected by observing the far-field intensity distribution of electron passed through
two gratings. This demonstrates the Talbot interferometer’s sensitivity to wavefront
distortions (a property that makes them useful for phase contrast imaging).
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2.2.4 The Lau interferometer
Appendix E contains the paper “Electron interferometry with nanogratings”, published in Physical Review A in December 2006. It was authored by Prof. Alex
Cronin and myself. This work describes a Lau interferometer for electrons. In this
design, diffraction of electrons from two consecutive nanogratings results in interference fringes, even when the gratings are illuminated with a spatially incoherent
beam.

2.3 Applications
2.3.1 Measurement of spatial coherence
A Lau interferometer can be used to measure coherence lengthscales that are an
order of magnitude smaller than the grating period. Interference fringes disappear
when there is too much misalignment between the two gratings. Specifically, the Lau
fringe contrast decreases as either of the gratings is rotated from an aligned condition
about the optical axis, and no fringes are visible beyond a certain angle. According
to the theory developed in Appendix A, this extinction angle is proportional to the
spatial coherence of the beam. Others have suggested using this property of the
Lau interferometer to measuring the spatial coherence of beams of light [27, 28, 29,
30, 31], which inspired us to do the same for an electron beam. However, due to
several inconsistencies between these works, we did not want to report a concrete
measurement of electron coherence length before resolving them. We built an optical
Lau interferometer with Ronchi gratings in order to fully characterize the dependence
of Lau fringes on spatial coherence. These optical and electron coherence experiments
are described in the next sections.
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Electron coherence measurement
Appendix J contains the manuscript “Measurement of electron beam coherence
using a Lau interferometer”, published in Microscopy and Microanalysis in August
2008. It was written by myself and Prof. Alex Cronin.
The article describes an application of our electron Lau interferometer to measure
the spatial coherence of an electron beam. Transverse coherence lengths an order of
magnitude smaller than the period of the nanogratings were measured. This work may
be useful for characterizing the spatial coherence of other types of beams requiring
nano-fabricated optics, such as X-ray beams emitted at synchrotron sources. We plan
to submit this work for publication to Physical Review A.
Optical coherence measurement
Appendix F contains an early version of the manuscript entitled “Measurement of
optical coherence using rotated Lau fringes”. This work is being prepared by myself,
Niket Thakkar, and Prof. Alex Cronin for submission to Optics Communications.
The article describes a series of experiments performed with an optical Lau interferometer. There were two goals of this project: reproduce results of an experiment
performed with electrons and nanogratings (see Appendix J), and investigate the dependence of Lau fringes on the spatial coherence of a beam. Behavior of the Lau
interferometer in these experiments. We found that the Lau interferometer twist experiment is sensitive to spatial coherence of the beam, in the direction that is parallel
to the slits in the gratings. We showed that the functional dependence of Lau fringe
contrast on grating rotation angle can be completely predicted from the shape of
the illuminating source. The extinction angle, the maximum grating misalignment
allowed for visible Lau fringes, is proportional to the transverse coherence length of
the beam.
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2.3.2 Electron holography using Lau interferometry
Appendix H contains the manuscript “Low energy electron holography of charged
tip”, published in Microscopy and Microanalysis in August 2008. It was written by
myself, Dan Wanegar, and Prof. Alex Cronin. An electron Lau interferometer was
used to image the electric field around a charged tip. The presence of the charged tip
caused distortion of the Lau fringes. This can be described by a semi-classical model,
in which the wire’s calculated electric field is used to predict the deflection of classical
electrons traveling nearby. A quantum mechanical picture must be used to correctly
predict the distribution of incident electron trajectories that go into this model.
This is a demonstration of the phase-imaging capabilities of the Lau interferometer. The Lau optical system can be thought of as an inverse Talbot system [32].
This formal similarity can be used to map many of the useful imaging modalities of
a Talbot interferometer onto a Lau experiment, which can be operated under less
restrictive illumination conditions. Thus, since the Talbot interferometer is a type of
shearing interferometer, then the Lau interferometer can also be used for this purpose. Indeed, optical Lau interferometers have been used to collect phase-sensitive
images of transparent objects such as flames [33], lenses [34], and other clear surfaces
[35]. This experiment is analogous to these works, except here the transparent phase
object being imaged is the electric field distribution around a charged wire.
Note that this device is only sensitive to spatial derivatives of the de Broglie phase,
since all electrons travel along overlapping paths. A separated-path interferometer,
such as a Mach-Zehnder or off-axis holography design, can measure the index of
refraction of an object placed in one arm. However, the Lau design is a shearing
interferometer, and so it can only measure the electric field, not the electrostatic
potential.
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Figure 2.11. Electron Lau holograph of a tungsten field emitter tip. When biased
with a positive voltage, the region around the tip acts as a phase object for electrons,
distorting the Lau fringe pattern. A caustic is formed beyond the very end of the tip,
where the Lau fringe pattern are both deflected to the same area.
2.3.3 Measuring tip-charge interactions around a field emitter
These experiments have resulted in a collaboration with Dr. Don Shiffler at the Air
Force Research Lab, who is interested in using the technique to improve field emitters.
Field emission is strongly enhanced by the small, self-induced energy shifts experienced by electrons moving very close to the emitting surface. Thus, it is important
to understand this “image charge” interaction at close distances for fast-moving electrons. There are theories to predict this interaction for simple geometries [36, 37], but
none can predict the potential experienced by an electron moving in close proximity
to a field emitting tip.
Electron interferometry at low energies using nanostructures offer a way to measure this potential. As discussed in the previous section, this electron interferometer
can measure electrostatic effects around a metallic tip. However, in that experiment
the tip of a 50-µn-diameter wire was used, which is 3 orders of magnitude larger
than the typical size of field emitting tips. Figure 2.11 displays an initial attempt
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to achieve this resolution in our interferometer. The tip shown in Figure 2.11 was
prepared from a 50-µn-diameter tungsten wire using electrochemical etching, and has
an estimated tip radius of 100 nm. Whereas in previous experiments we placed phase
objects roughly halfway between the two gratings and the detector, in this experiment
we placed the tip several hundred microns behind the 2nd grating.

2.4 Conclusion and Outlook
2.4.1 Summary of dissertation
The primary accomplishment of this research was to demonstrate that nano-fabricated
devices can be used to coherently diffract free electrons. This has important implications for electron optics, providing a new technology that utilizes the wave properties
of matter to manipulate electron beams. To demonstrate this, two new types of
electron interferometers were built using nanogratings as beam splitters.
An optical theory was developed to efficiently simulate all types of matter wave
interferometers built with nanogratings. The model accounts for partial spatial coherence, beam convergence/divergence, and grating alignment, and so it is useful for
predicting the behavior of real matter wave experiments and determining ways to
improve them.
These tools were then applied to make a variety of new measurements. Diffraction
from a grating was used to measure the force experienced by a single electron as its
passes within nanometers of a material surface. Talbot carpets of electrons behind a
nanograting were observed using a two-grating interferometer, and this same device
was used to measure very slight convergence of an electron beam. Another interferometer design was used to measure the transverse spatial coherence length of an
electron beam, even though this length was an order of magnitude smaller than the
period of the nanogratings.

36
2.4.2 Future work
This section discusses possibilities for future experiments pointed to by results of this
dissertation. Some preliminary work has been done on these projects, as described
below.
Velocity-dependent image charge
The techniques described in this dissertation for measuring charge-nanograting
interactions may be applied to look for velocity-dependent image charges. Several
models suggest that the attractive force Fz felt by a particle moving above a surface
may depend on its speed [36, 38, 37] (Figure 2.12). These predictions arise from the
finite response time of surface charge distributions to the external electric field of a
moving charged particle. In the experiments described in this dissertation keV-scale
electrons moving at 0.1c pass through and interact with 150-nm-thick structures all
within a few femtoseconds, which is certainly not an electrostatic situation. This
interaction time is the same order of magnitude as the inverse plasma frequency of
many materials. This suggests that low energy electrons may be particularly useful
for probing the dynamic electrical response of a material.
To this end, several diffraction and interferometer experiments were performed
at different energies to look for changes in the electron-grating interaction. The
results were inconclusive. While the interaction was apparent, the measurements of
its strength at different electron speeds were too imprecise to see any trends. Here
the largest contributor to the error budget was a lack of knowledge about the grating
geometry. Measurement precision could be improved with better characterization of
the nanogratings’ slit width, grating thickness, and wedge angle.
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Figure 2.12. The attractive force Fz on a charged particle moving over a surface,
as a function of velocity. Several theories make different predictions for this behavior. Here they are all normalized to the force predicted by electrostatics. Electron
interferometry might add data points to this graph.
X-ray Lau interferometer
The great promise of recent x-ray interferometers [39, 40, 41] is their ability to
obtain low-dose x-ray images of samples. Conventional x-ray machines use absorption contrast to form images, which inherently requires that many damaging photons
get blocked by the sample. Phase contrast imaging, on the other hand, measures
the deformation of x-ray wavefronts that pass through the sample. This technique
requires much less exposure time because more radiation is transmitted through the
object than gets absorbed. These new interferometers all use nano-fabricated gratings to coherently diffract x-rays [39, 40, 41]. These experiments were performed at
synchrotron sources capable of producing highly coherent x-ray beams.
A similar interferometer design that uses the Lau effect would require much less
spatial coherence. To this end, researchers in Japan recently built a Talbot-Lau interferometer (TLI) for x-rays [42]. The TLI requires three gratings - two to set up
Talbot-Lau fringes (see Figure 2.10(b)) and a third to detect them. The size of test
objects is limited because the sample must be placed between gratings, which are
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spaced on the order of a Talbot distance. Proposed here is an x-ray Lau interferometer, which only requires two gratings since the fringes are coarse enough to be
imaged directly (see Figure 2.10(c)). In this proposed variant, relatively large phase
objects could be imaged because they can be placed anywhere between the gratings
and the detector, as demonstrated in Section 2.3.2. An x-ray Lau interferometer has
the potential to collect low-dose phase contrast images, using only two gratings and
a conventional x-ray source available in a clinical setting.
Inelastic electron interferometry
The experiment proposed here is an electron interferometry analog to the Feynman
light microscope gedanken experiment [43]. In this thought experiment, two arms of
a separated path matter wave interferometer are subjected to a measurement capable
of detecting the presence of particles in the beams. Interference fringe contrast is
lost when the measurement probe can resolve between the two paths. This scenario
is often called a “Which-Way” experiment, and the behavior has been verified in
an atom interferometer using photons as the probe [44]. In the proposed electron
interferometer experiment, the role of the measurement probe would be played by
surface plasmons, generated by the electrons themselves as they pass through a thin
material. This could be done in a TEM equipped for electron holography. A diagram
of the proposed experiment is shown in Figure 2.13. It is predicted that electron
fringe contrast will drop to zero when the separation between paths at the sample
exceeds the wavelength of the generated plasmons.
Note that this experiment presents a very important twist to the original idea
proposed by Richard Feynman. In this experiment the measurement process is inelastic - the surface plasmons take energy away from the electrons. The important
question to be answered here is whether or not inelastically scattered electrons remain in a coherent superposition of paths, if those paths are separated by less than
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Figure 2.13. Diagram for a proposed inelastic interferometry experiment in a TEM.
Two paths in an electron M-Z interferometer pass through a sample. An energy
filter (GIF) only passes electrons that have lost energy at the sample. If the two
interaction points are separated less than a plasmon wavelength, can inelastically
scattered electrons form visible fringes?
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(a)

(b)

Figure 2.14. A simple way to make Laguerre-Gaussian beams. For this experiment,
an expanded HeNe laser was transmitted through (a) a diffraction grating with a fork
dislocation. (b) The resulting diffraction pattern contains Laguerre-Gaussian beams.
the lengthscale of the scattering process. Electron holography experiments featuring
overlapping paths seem to answer this question in the affirmative [45, 46, 47]. Improvements to those experiments can be made by achieving fully separated interaction
regions, and interpreting results in terms of plasmon momentum resolution.
Electron Laguerre-Gaussian beams
Is it possible to create an electron vortex in free space? Optical vortices can
easily be induced in optical beams using helical phase plates, helical mirrors, or
diffraction gratings with a fork dislocation. Also called Laguerre-Gaussian beams,
these beams feature helical wavefronts with a phase dislocation at their center, and
they carry orbital angular momentum [48, 49]. As discussed below, an optical vortex
for free electrons would present rich new physics, and it would provide an extremely
useful characterization and manipulation tool at the nanoscale. Here it is described
how diffractive electron optical elements could be used to produce electron LaguerreGaussian beams.
Heckenburg et al. [50] first demonstrated that optical vortices could be made
using computer-generated holograms, and in [51] showed that a laser beam incident
on a grating with a fork dislocation can produce beams with optical vortices (as we
have done in Figure 2.14). For the simplest grating, the nth diffraction order is a
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Figure 2.15. A forked nanograting, manufactured using an ion mill to etch the
pattern into a 150-nm-thick suspended membrane of silicon nitride.
Laguerre-Gaussian beam of “charge” n, with orbital angular momentum ~. Ian McNulty at Argonne National Lab has used nano-fabricated gratings to create optical
vortices in X-rays [52, 53]. The existence of these beams are a straightforward consequence of the Helmholtz equation. Since this equation is formally equivalent to the
time-independent Schrodinger equation describing the behavior of particle de Broglie
waves, it is expected that optical vortices in electron beams can be produced in just
the same way as in light beams, if analogous optical elements can be constructed.
The necessary diffraction grating can be made using FIB or e-beam lithography.
An attempt to make this structure is shown in Figure 2.15. A 150-nm-thick suspended
membrane of silicon nitride was purchased from Electron Microscopy Sciences (under
the brand name “DuraSiN”). Under a collaboration with Grant Baumgardner at
Arizona State University, an FEI Nova 200 Dual Beam FIB was used to mill the
pattern through this membrane. Unfortunately, the pattern did not get milled all the
way through the membrane, which makes it useless for diffracting electrons.
A proof-of-principle diffraction experiment could be done in an SEM. A spatially
extended electron beam would pass through a forked nanograting and diffract into
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the far field. The innate imaging capabilities of the SEM would be used to record
the electron diffraction pattern. To accomplish this, the diffraction pattern would be
raster-scanned over a micron-sized probe (either a gold nanoparticle or 1m aperture)
placed 5 cm beyond the grating. The probe generates a secondary signal that gets
recorded by the SEM’s detectors.
The presence of local minimum of intensity in the center of a diffracted spot would
serve as initial evidence for the presence of an optical vortex. A slightly more elaborate experiment involving an electron interferometer would be created to verify the
helical phase of the beam. Upon successful completion of the first stage, a dedicated
apparatus with an extended vacuum cavity would be constructed to further characterize the free electron optical vortex. Complementary experiments could be done in
a TEM, using thin crystals with dislocations in place of the forked grating.
An electron Laguerre-Gaussian beam would be of large scientific value. Such
a beam would be the first demonstration of a vortex for a single and unconfined
fermionic, massive, and charged particle. Each electron would possess a magnetic
moment proportional to its quantized orbital angular momentum charge, so the beam
would be particularly useful for characterizing, and perhaps even manipulating, magnetic fields at the nanoscale. As Bliokh et al. first suggested [54], such a beam would
exhibit Zeeman interactions and an OAM Hall effect in an external magnetic field.
A negative result may be just as interesting. Electron beam vortex states may be
unstable for a variety of reasons. For example, the electron’s charge may couple to the
vacuum by producing photons, analogous to cyclotron radiation emitted by electrons
exhibiting classical helical motion around a magnetic field line. This would preclude
the existence of stable electron optical vortices in free space, but such radiation would
be interesting. Furthermore, since optical vortices with large angular momentum have
been observed in light beams, a negative result for electrons could be interpreted as
an upper limit on the photon’s charge and rest mass.
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Appendix A
REPRINT: Model for partial coherence and
wavefront curvature in grating
interferometers
The following manuscript was published as a peer-reviewed article in Physical Review
A, and is reprinted with permission from the American Physical Society. The results
of this article are discussed in Section 2.1 of this dissertation.
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Model for partial coherence and wavefront curvature in grating interferometers
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We examine how partial coherence and wavefront curvature of beams affect interference fringes behind
diffraction gratings. We simulate s1d the Talbot effect, s2d far-field diffraction, s3d Mach-Zehnader interferometers, s4d Talbot-Lau interferometers, and s5d Lau interferometers using a numerically efficient expression. We
show how interference fringes in each case depend on the beam’s initial width, its coherence width stransverse
coherence lengthd, and its wavefront curvature in directions both parallel and perpendicular to the grating bars.
The separation between gratings and the rotational alignment of the gratings about the optical axis are also
considered. The formula used for our simulations is derived using the mutual intensity function of a Gaussian
Schell-model beam.
DOI: 10.1103/PhysRevA.78.013601

PACS numberssd: 03.75.Dg, 42.25.Kb, 42.25.Hz

I. INTRODUCTION

Gratings illuminated by an optical beam imprint correlations in the beam’s wave field, and these correlations lead to
several distinct interference effects. For example, if an optical beam is sufficiently coherent, then downstream of a transmission grating one finds shadows of the grating bars, followed by Talbot revivals, and eventually far-field
sFraunhofferd diffraction patterns. A second grating can be
added to the setup to make doubly diffracted beams overlap,
thus forming a Mach-Zehnder interferometer. However, if
the optical beam is disordered, i.e., incoherent, then the Talbot revivals and far-field diffraction pattern get blurred, and
the interferometer paths are harder to isolate. To analyze interference phenomena in general one needs a formalism that
incorporates the beam’s width, coherence width stransverse
coherence lengthd, and wavefront radius of curvature.
In this paper we derive an expression fEq. s18dg that models s1d Talbot revivals, s2d far-field diffraction, s3d MachZehnder interference fringes, s4d Talbot-Lau interference
fringes, and s5d Lau interference fringes for realistic beams.
The beam can be converging, collimated, or diverging and
can have arbitrary coherence properties. Our single expression reproduces results found in the literature f1–5g on partially coherent beams, but our expression is unique in its
versatility. Our model incorporates arbitrary beam properties
scoherence widths, beamwidths, and wavefront curvaturesd
that are allowed to vary separately in two directions sperpendicular and parallel to the grating barsd. Our model works for
two arbitrarily located gratings, and allows for the second
grating to be rotated about the optical axis ssee Fig. 1d. We
assume monochromatic beams in this model, but the expression we derive can be integrated over wavelength to take
longitudinal coherence into account. We developed this
model to simulate an electron beam Lau interferometer that
we built with nanostructure gratings f6g. But since this model
applies to a broad range of interferometer designs, and lends
itself to computationally efficient code, we present simulations for cases 1–5 above.
We include many coherence parameters efficiently by assuming a Gaussian Schell-model sGSMd beam. Just as Medina and Pozzi model electron holography and interferom1050-2947/2008/78s1d/013601s10d

etry experiments using partially coherent optical theory and
GSM beams f7g, we believe this analytical technique can
appropriately model a wide variety of matter wave interferometer experiments f8g. The GSM beam is a statistical distribution of Gaussian beam modes f9g and is a particular
example of a field emitted from a Collett-Wolf source
f10,11g. While Gaussian beams became popular in the early
1960s with the advent of laser physics, the GSM source was
first described in the late 1970s as a tool to simulate partially
coherent beams while still using some mathematical properties of Gaussian modes.
This paper is divided into two sections. In the first section,
we derive our model by calculating the mutual intensity function of a GSM beam throughout the optical setup in Fig. 1.
The mutual intensity function is a tool to keep track of the
intensity, coherence width, and phase of a partially coherent
optical field. It is similar to many mathematical quantities
such as the cross correlation function, the cross spectral density function, and the mutual coherence function, which are
all defined in f12g and f13g. We use the standard definition
for mutual intensity,
Jsra, rb ;zd = kcpsrb,z,tdcsra,z,tdlt ,

s1d

where here c represents the wave-field amplitude for a
Gaussian mode and the angular brackets refer to averaging

FIG. 1. sColor onlined Optical setup. A GSM beam starts at z
= 0. Transmission grating G1 is located at z1. The second grating G2
is located at z2. A screen for viewing intensity patterns is located at
z 3.
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over a statistical distribution sdescribed in Sec. II Ad of such
modes f14g. The coordinate z is along the GSM beam axis,
and ra and rb are two transverse coordinates in a plane of
constant z ssee Fig. 1d. Jsra , rbd describes both the intensity
profile of the beam and the degree of spatial coherence of the
waves in the beam. The intensity can be calculated by evaluating the mutual intensity function with ra = rb, i.e.,
s2d

Isr ;zd = Jsr, r ;zd.

In the second half of the paper, we use this model to
simulate the optical intensity distribution throughout a variety of interferometers under different illumination conditions. Partially coherent illumination blurs the distinction between these different types of interferometers, so we offer a
classification scheme to distinguish them based on the coherence widths of the beam at various locations. We discuss
how the transition from Talbot revivals to far-field diffraction
behind a single grating depends on the incident beam properties, and how transverse coherence affects Mach-Zehnder,
Talbot-Lau, and Lau interference fringes.
II. PROPAGATION OF A GSM BEAM THROUGH A TWOGRATING SYSTEM

ometry f6g and diffraction f18g experiments. Indeed, we are
not the first to model an electron beam with a partially coherent GSM beam—Medina and Pozzi do so in f7g. Additionally, in f8g we show how a GSM beam can approximate
the partially coherent slit-collimated beams commonly used
in matter wave interferometry experiments.
To simplify forthcoming derivations, we express Eq. s3d
in terms of an average coordinate and a separation vector,
such that r ; sra + rbd / 2 and Dr ; ra − rb:
Js0dsr,Dr ;0d = e−psr

Js0dsr,Dr ;zd =

Js0dsra, rb ;0d = e−pfsra + rbd

2/4w2+sr − r d2/,2+isr2−r2d/lr g
a
b
0
0
0
a b

w20 −pfr2/wszd2+Dr2/,szd2+i2r·Dr/lrszdg
e
. s5d
wszd2

ÎS D S D
ÎS D S D
1+

z
r0

2

wszd = w0

1+

z
r0

2

,szd = ,0

S

lz
w 0, 0

2

+

,

s6d

,

s7d

D

s1 + z/r0d2 + slz/w0,0d2
.
sz/r0ds1 + z/r0d + slz/w0,0d2

tan uw =
s3d

lz
w 0, 0

2

+

s8d

Equation s6d can be used to calculate the divergence or convergence angle uw of the GSM beam far away from the GSM
beam waist, also known as the “angular spread of the beam”
f13g:

,

where l is the wavelength, w0 is the beamwidth, ,0 is the
“coherence width” or “transverse coherence length,” and r0
is the radius of curvature for the wave front. As we discuss in
f8g, here we use the coherence width rather than the commonly used correlation width f16g, since the coherence width
cannot be wider than the beam. Equation s3d describes a
distribution of quasimonochromatic Gaussian beams. Each
Gaussian beam in the ensemble has an identical waist and
similar radius of curvature, but there is a distribution of these
Gaussian beams with principal axes tilted with respect to the
GSM beam axis and a fluctuating relative phase. De Santis et
al. showed that one way to make a GSM beam is to locate an
extended source behind two consecutive, Gaussian-weighted,
apertures and a lens f17g. If we generalize De Santis et al.’s
result to allow the lens an arbitrary focal length, we believe
this adequately represents the converging and partially coherent electron de Broglie wave source that we use for interfer-

s4d

Equation s5d is written in terms of the new beamwidth, coherence width, and radius of wave-front curvature at a distance z from the origin. These are related to the initial beam
properties sat z = 0d as follows:

rszd = z

We begin by supposing that a semicoherent optical beam
has a known mutual intensity function Js0d in the plane z = 0.
We take a Gaussian Schell-model beam f13,15g whose mutual intensity between two points ra and rb is

.

To determine the mutual intensity at some other location, we
make use of the paraxial approximation to Zernike’s general
propagation law for fields with arbitrary coherence properties
ssee the Appendixd. We that find Js0dszd for isotropic beams is

We first explain how the mutual intensity of a GSM beam
Js0d evolves through space by computing the propagation of
an initial wave field from an initial plane to a plane just
before the first grating. Then we calculate the mutual intensity for a beam that has passed through a single grating.
Finally we derive the mutual intensity function describing
the optical field beyond two gratings.
A. GSM beam in free space

2/w2+Dr2/,2+i2r·Dr/lr d
0
0
0

l
,
,min

s9d

where ,min is the coherence width at the GSM beam waist.
The coherence width also diverges, but at a smaller angle
u, < l / wmin called the “far-zone coherence angle” f13g. It is
interesting to note that neither the GSM beamwidth nor the
GSM beam coherence width evolves exactly like the diameter of a pure Gaussian beam. However, the ratio of coherence width to beamwidth in Eqs. s6d and s7d remains unchanged as the beam propagates through free space. That is,

b;

,szd
= const.
wszd

s10d

b is known as the “degree of global coherence” f12,13g. If b
is equal to unity, Eqs. s6d–s8d describe the beam diameter and
radius of wave-front curvature for a standard sfully coherentd
Gaussian beam.
Beams used in real experiments often have properties that
differ between the horizontal sx̂d and vertical sŷd directions.
Therefore we consider an anisotropic two-dimensional GSM
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3e−si2pDm/d1dsx−m̄lz12/d1d„1−z12/rxsz2d…

beam that has different properties in the horizontal and vertical transverse directions:

2

3e−p„Dmlz12/,sz2dd1… .

Js0dsr,Dr ;zd = Js0dsx,Dx;zdJs0dsy,Dy;zd
=

wx0 −pfx2/w szd2+Dx2/, szd2+i2xDx/lr szdg
x
x
x
e
wxszd
3

C. GSM after transmission through two gratings

We now model a second grating sG2 in Fig. 1d located at
z2 that has a grating period d2 and is rotated about the optical
axis by an angle f. Its complex transmission function is

wy0 −pfy2/w szd2+Dy2/, szd2+i2yDy/lr szdg
y
y
y
.
e
wyszd
s11d

Such an anisotropic GSM beam was first described by Li and
Wolf f19g. The intensity of the beam in the region before the
first grating G1 is given by
Is0dsr ;zd = Js0dsr,Dr = 0;zd =

s15d

wx0 wy0 −pfx2/w szd2+y2/w szd2g
x
y
e
.
wxszd wyszd

`

t 2s r d =

o bne−i2pnsx cos f+y sin fd/d ,
n=−`

s16d

2

where bn is the nth Fourier component describing the second
grating.
Similarly to Eq. s14d, the field directly behind the second
grating is described by

S

s12d

Js2dsr,Dr ;z2d = t2 r +

DS

D

Dr p
Dr s1d
t r−
J sr,Dr ;z2d.
2 2
2

B. GSM after transmission through one grating

We now model how a single grating modifies the incident
GSM beam fEq. s11dg. The grating is a periodic structure,
and so its complex transmission function can be described by
a Fourier series:
`

tsrd = tsxd =

o ame−i2pmx/d ,
m=−`
1

s13d

s17d
This field then propagates beyond G2 to the plane z3. The
calculation of the mutual intensity function in this region is
tedious but straightforward, so we opt here to present only
the intensity profile. Thus, the intensity distribution of a
GSM beam after two gratings is
Is2dsr,z3d =

where am is the mth spossibly complexd Fourier component
describing the grating with period d1, and we have assumed
for this case that the grating is thin and that its inverse lattice
vector is in the x̂ direction. The mutual intensity function
directly after the first grating is

S DS D

Js1dsr,Dr ;z1d = tp x −

Dx
Dx s0d
t x+
J sr,Dr ;z1d
2
2

`

=

o

m,m8=−`

am8ame−si2p/d1dsxDm+Dxm̄dJs0dsr,Dr ;z1d,
p

s14d
where m̄ ; sm + m8d / 2 and Dm ; m − m8. Equation s14d has
two sums because the transmission function appears twice in
the mutual intensity fonce for cpsrbd and once for csrad in
Eq. s1dg.
We again use Zernike’s technique to propagate the mutual
intensity distribution beyond the grating ssee the Appendixd.
The actual form of the mutual intensity is complicated and
does not lend much insight. Instead we present the intensity
profile of a GSM beam after it has propagated an arbitrary
distance z12 beyond a single grating, obtained from the mutual intensity by setting Dr = 0:

`

o

p

8,n,n8=−`

p

a m8a mb n8b n

Dm
„r,z3,rx,ysz3d…
3Dn̄m̄„r,z3,wx,ysz3d…FDn
m̄,Dm
Dm
3Pn̄,Dn
„z3,rx,ysz3d…VDn
„z3,,x,ysz3d…, s18ad

where the beamwidth wszd, coherence width ,szd, and radius
of wave-front curvature rszd, which can all differ between
the horizontal and vertical directions, are given by Eqs.
s6d–s8d. There is a quadruple sum over Fourier components
am and bn, which describe gratings G1 and G2, respectively.
Expressing indices of the sum as averages and differences,
such that m̄ ; sm + m8d / 2 and Dm ; m − m8 and likewise for
n, simplifies the notation. For conceptual purposes, here we
have chosen to express each term in the sum as the product
of four functions sD, F, P, and Vd, each of which describes a
particular aspect of the diffraction pattern behind the two
gratings. Each of these functions is dependent on the position
of the two gratings sz1 and z2d, their period sd1 and d2d, and
their relative rotation angle sfd. The overall shape of the
diffraction pattern is described by

Is1dsr ;z2d = Js1dsr,Dr = 0;z2d

Dn̄m̄„r,z3,wx,ysz3d…

5

F

− p x − lz23

= exp
`

wx0 wy0 −py2/w sz d2
y 2
e
=
o amp 8am
wxsz2d wysz2d
m,m =−`

3

8

3e−psx − m̄lz12/d1d

wx0 wy0
wxsz3d wysz3d m,m

3exp

2/w sz d2
x 2
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n̄ cos f m̄ z13
+
d2
d1 z23
wxsz3d2

n̄ sin flz23
d2
wysz3d2

−p y−

D4

DG 6
2

2

.

s18bd

52

PHYSICAL REVIEW A 78, 013601 s2008d

BEN MCMORRAN AND ALEXANDER D. CRONIN

Interference fringes within this diffraction envelope are described by
Dm
FDn
„r,z3,rx,ysz3d…

H F

= exp − i2px

S

S

Dn cos f
z23
1−
d2
rxsz3d

Dm
z13
+
1−
d1
rxsz3d

F

3exp − i2py

DGJ

D

S

Dn sin f
z23
1−
d2
rysz3d

III. SIMULATION OF GRATING INTERFEROMETERS

DG

s18cd

.

A phase factor, which describes the lateral shift and periodic
contrast of fringes along the optical axis, is denoted by
m̄,Dm
Pn̄,Dn
„z3,rx,ysz3d…

F

= exp

H

3exp
−

S

i2plz13Dm n̄ cos f m̄
+
d1
d2
d1

F

S

DS

1−

z13
rxsz3d

i2plz23Dn m̄ cos f
z13
1−
d2
d1
rxsz3d

S

2

2

n̄z23 cos f sin f
+
d2 rxsz3d
rysz3d

DGJ

D

DG
s18dd

.

The visibility of interference fringes as a function relative to
grating position and orientation is described by

5

Dm
„z3,,x,ysz3d… = exp
VDn

F S

− p lz23

F S

3exp − p

Dn cos f Dm z13
+
d2
d1 z23
,xsz3d2

Dn sin flz23
d2,ysz3d

DG

DG 6
2

2

.

s18ed

Equation s18d is the main result of this paper. To summarize,
it is a general expression for the intensity distribution of a
partially coherent Gaussian Schell-model beam anywhere
beyond two gratings sz3 . z2 in Fig. 1d. It is valid for beams
with two different coherence widths, two beamwidths, and
two radii of wave-front curvature sone for each transverse
directiond in the paraxial sFresneld approximation.
D. Fringe visibility as a function of grating rotation

Equation s18d describes how interference fringes become
less visible when there is a relative rotation sfd between
gratings. By looking at just the first few Fourier components
of the series contributing to interference fringes sDm , Dn
= 0 , 6 1d, one can see that the fringe contrast is proportional
to the last two terms in Eq. s18d. In particular, note that for
small angles ssin f < f and cos f < 1d the very last term in
the expression is responsible for the dependence of fringe
visibility V on grating alignment:

F S

V ~ exp − p

lz23f
d2,ysz3d

DG
2

.

As one application for this theory, in an upcoming study we
show how one can use this rotational dependence of fringe
visibility to measure coherence width in a beam, even if that
length is far less than a grating period.

s19d

From this it is evident that fringe contrast decreases when the
gratings are rotated with respect to one another, as expected.

Several types of interferometers have been constructed
using gratings: Talbot, Mach-Zehnder, Talbot-Lau, and Lau.
These interferometers are associated with different requirements for beam coherence. For instance, Talbot and MachZehnder interferometers are often described in terms of fully
coherent beams sb = 1d, whereas Talbot-Lau and Lau interferometers can operate with incoherent beams sb = 0d. However,
real beams are partially coherent swith 0 , b , 1d, and we
can use Eq. s18d to simulate how the degree of coherence b
affects the salient features of any interferometer. Furthermore, beams can be diverging or converging. Equation s18d
describes these cases too, with explicit allowance for the
radius of curvature in the x̂ and ŷ directions. Since Eq. s18d
works for a wide range of conditions, we use it explore interferometer configurations in between the simplest cases.
The most useful result of this model, we believe, is its ability
to assess the sensitivity of various interferometers to phase
objects by showing how beam components propagate. We
also note that with partial coherence and finite wave-front
curvature a general way to classify these interferometers is
by the coherence width of the beam at various locations
sTable Id.
In the following sections we describe each of these four
interferometers in more detail, and illustrate how Eq. s18d
can simulate them all with a wide variety of beams. For all
simulations, we model l = 500 nm light incident on identical
binary transmission gratings with period d1 = d2 = d = 10 mm.
We emphasize that Eq. s18d is well suited for rapid computation; each simulation in this paper takes under 20 s to
evaluate on a PC. In a particular plane z3, the intensity at
each point can be evaluated with a quadruple sum that contains ,104 terms sm , m8 , n , n8 each ranging from −4 to 4d,
the vast majority of which can be discarded beforehand by
p
calculating the weighting factors am
a bp b VDm(z , , sz d).
8 m n8 n Dn 3 x,y 3
These considerations provide orders of magnitude computational savings over a Huygens wavelet approach, which
would typically require a sum over 108 source points s102
points for each grating window 3102 windows, in each of
the x̂ and ŷ directionsd to model a partially coherent source
and skewed gratings.
A. Single-grating diffraction simulations (Talbot
interferometer)

The optical field immediately behind a transmission grating has shadows of the grating bars. The shadows are followed by near-field sFresneld diffraction effects including
Talbot revivals if ,sz1d . d. Next comes a gray zone where
the Talbot revivals have reduced visibility if b , 1. Finally,
far-field sFraunhofferd diffraction patterns emerge if ,sz1d
. d. Figure 2 plots Is1dsx , y = 0 ; z2d by evaluating Eq. s15d.
The three rows of Fig. 2 show the effect of different coher-
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TABLE I. Conditions for various grating interferometers. Gratings may be placed in the near field sNFd
or far field sFFd of each other. Interference fringes may be too closely spaced to resolve with an imaging
detector, so a third grating sG3d can be used as a mask to observe them. Interferometers with significantly
diverging or converging beams will require gratings with different periods sespecially the Lau
diffractometerd.
Talbot
Coherent beam needed
G2 in NF of G1

Mach-Zehnder
Coherent beam needed
G2 in FF of G1
G3 in FF of G2

Talbot-Lau
Incoherent beam OK
G2 in NF of G1
G3 in NF of G2

Lau
Incoherent beam OK
G2 in NF of G1
G3 in FF of G2

,sz1d . d1
,sz2d . z12l / d1

,sz1d . d1
,sz2d , z12l / d1

,sz1d , d1
,sz2d , z12l / d1
,sz3d , z12l / d1

,sz1d , d1
,sz2d , z12l / d1
,sz3d . z12l / d1

ence widths, and the right-hand column shows the effect of a
converging beam sa negative radius of curvatured at the plane
z = 0.
Since their discovery in 1836, the Talbot revivals have
been described in over 300 articles, many of which are cited
in Patorski’s review of the field f20g. The phenomenon is
known as the Talbot effect, and the intensity pattern shown in
Fig. 2 is often referred to as the Talbot carpet. The revivals
that are in phase sspatially registeredd with the grating are
separated by the Talbot distance zT = 2d21 / l if the incident
beam has infinite radius of curvature. Equally prominent
self-images occur at half the Talbot distance, but these are
displaced transverse to the beam by half the grating period.
The “higher-order Talbot effect” refers to the fringes with a
period finer than the grating period. All of these effects are
efficiently simulated with Eq. s15d.
A second grating sG2d can be used as a mask to selectively transmit or block the beam flux and thus study the
Talbot revivals without imaging the fringes directly. This is
known as a Talbot interferometer. An imaging detector behind G2 swith spatial resolution potentially much coarser
than dd allows one to study phase objects or abberations in
the beam that displace some of the Talbot revivals f21g. Talbot revivals are visible in the region behind G1 where the
separation between diffraction orders does not yet exceed the
coherence width. This determines the maximum separation
between the two gratings in a Talbot interferometer: z12
, ,sz2dl / d.
When the radius of curvature is finite, as in a converging
beam incident on the grating, then the Talbot carpet changes
accordingly ssee Fig. 2, right columnd. Reference f22g used
this effect to measure the focal length of a lens. Diffraction
orders can be resolved in the focal plane sFig. 2, right centerd, as we demonstrated with converging electron beam diffraction from a nanograting f18g. Batelaan and co-workers
observed electron diffraction from a nanograting with a more
coherent and collimated beam se.g., Fig. 2, left topd in Ref.
f23g.
Beyond the focused beam waists the orders can overlap
again, and interfere ssee Fig. 2, right topd. This “one-lens
one-grating” interferometer makes visible interference
fringes if the coherent convergence angle s<l0 / r0d is larger
than the diffraction angle sl / dd. Hence, for converging
beams the sequence of phenomena can be shadows, the Tal-

bot carpet, far-field diffraction, and then near-field diffraction
again due to the diffracted beams overlapping once more.
B. Mach-Zehnder interferometer simulations

A Mach-Zehnder interferometer, like a Talbot interferometer, requires ,sz1d . d. However, the second grating G2 is
located in the far field of G1, where there is no coherent
overlap between diffraction orders fi.e., where ,sz2d
, z12l / d1g. Interference fringes occur where doubly diffracted beams overlap again as shown in Fig. 3. To read out
the fringes, a third grating sG3d located at z = z3 can serve as
a mask to transmit intensity to a large-area sintegratingd detector; this is how Pritchard and co-workers built an atom
interferometer using thin nanostructure gratings f24g.
Fringes remain visible along the optical axis until the doubly diffracted beams are displaced further than the coherence
width, i.e., visibility requires that lsz12 − z23d / d , ,sz3d, as
described by Eq. s18ed. Thus, if the coherence width decreases, the fringes get more localized along the optical axis.
Measurements of contrast as a function of the grating separation difference sz12 − z23d in a Mach-Zehnder interferometer
f25,26g thus serve to measure the coherence width of an
atom beam. Even incoherent beams still make intensity
modulations due to a “position echo” f27g at exactly z12
= z23.
The fringe period may also change as a function of z3 due
to wave-front curvature. Hence, measurements using G3 as a
mask can report a fringe contrast that oscillates and even has
zeros as G3 is moved to different planes z3 f28g. However,
this is an artifact of G3 having a different period than the
fringes.
If the diffracted beams can be resolved at the second grating, such that wsz2d , z12l / d1, one obtains a separated path
Mach-Zehnder interferometer. This provides an opportunity
to insert a phase-shifting element in one beam of the
diamond-shaped interferometer, and leave the reference
beam unaffected. The resultant phase shift of the interference
fringes has been used in numerous interferometric measurements ssee Refs. f29,30g for examples in atom interferometryd. We use Eq. s18d to show how a focusing lens can
improve the path separation in Mach-Zehnder interferometers. Beams that are about as wide as the maximum path
separation sFig. 3, center columnd are undesirable to the ex-
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FIG. 2. sColor onlined Simulations of diffraction of beams with wavelength l = 500 nm from a single grating located at z1 = 0.3 mm,
modeled using Eq. s15d. The left column features a GSM beam with w0 = 100 mm and r0 = `, the center column shows the same beam in a
smaller field of view, and the right column shows a focused beam with w0 = 100 mm and r0 = −0.7 mm. The top row displays fully coherent
beams s,0 = w0d, the middle row simulates beams with ,0 = 30 mm, and the bottom row shows beams with ,0 = 10 mm. For presentation
purposes, the simulations of intensity have been normalized so that each plane z has the same maximum intensity. Without this artificial
rescaling, the intensity would be much higher near the beam waist and would drop by 60% after the grating swhich here has 4-mm-wide slits
with period d1 = 10 mmd.

perimentalist who wants to influence only one path. However, a lens can be used to separate the paths in a MachZehnder interferometer, even for quite incoherent beams sb
= 0.1 in the lower right imaged.
C. Talbot-Lau interferometer simulations

Interferometers can also be made with incoherent beams,
for which the coherence width is less than a grating period
f,sz1d , dg. In this case the Talbot carpet is washed out, so
the two-grating Talbot interferometer swith an integrating detectord yields no contrast. However, fringes are formed in
several planes behind G2 sFig. 4d. One way to understand
this is to imagine that each slit in G1 acts like a point source
that causes a coherent diffraction pattern behind G2. While

each slit source in G1 emits independently from all the other
sources, the diffraction pattern intensities behind G2 can all
line up when the two gratings are spaced by just the right
distance. A Talbot-Lau interferometer normally uses a third
grating sG3d as a mask to study the fringes in the near field
of G2. Typically, the three gratings are separated by exactly
half the Talbot length sz12 = z23 = d2 / ld, but other configurations are possible f31g.
As shown in Fig. 5, the fringe visibility depends on wavelength, which verifies that the Talbot-Lau design is a waveoptics interferometer. A classical moiré sray opticsd model
predicts the intensity variations precisely at z23 = z12 f32g, but
only wave optics correctly predicts the visibility of these
modulations and their oscillation with l.
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FIG. 3. sColor onlined Mach-Zehnder interferometer simulations. The left column shows a thin beam that has initial width w0
= 100 mm, the middle column features a wide beam with w0 = 300 mm, and the right column uses a wide but focused beam described by
w0 = 300 mm and r0 = −12 mm. The top row displays fully coherent beams s,0 = w0d, the middle row simulates beams with ,0 = 30 mm, and
the bottom row shows beams with ,0 = 10 mm. Mach-Zehnder fringes are localized around x = 435 mm and z = 17.7 mm. The l = 500 nm
beam is incident on binary transmission gratings G1 and G2 located at z1 = 0.3 mm and z2 = 9 mm, respectively. The gratings both have
period d = 10 mm and 50% open fraction and they are rotationally aligned. For presentation purposes, each row scorresponding to position
zd of the intensity in these figures has been normalized to 1.

The Talbot-Lau interferometer is known for the fact that
arbitrarily wide and incoherent beams can be used. However,
the range in z3 where contrast is high becomes more restricted for wider and less coherent beams sFig. 4, bottom
rightd. Still, a much smaller source brightness is required to
observe interference fringes with this design as compared to
a Mach-Zehnder interferometer. Furthermore, because the
gratings and detector are located in the near-field, the TalbotLau is an easier interferometer to build for beams with short
wavelengths se.g., large-molecule interferometers f33gd.
D. Lau interferometer simulations

In a Lau interferometer interference fringes can be formed
far behind two gratings even when the gratings are illumi-

nated by completely incoherent light f20,34,35g. In the far
field of G2, after the Talbot-Lau fringes fade away, a set of
courser fringes emerge. This happens where the expanding
beams develop a sufficient coherence width to satisfy
,xsz3d . lz12 / d. If the beam is completely incoherent at the
first grating, this is the location beyond which the fringe
period exceeds the beam diameter at the first grating wsz1d.
Hence, Lau interferometers work with arbitrarily incoherent
beams but they require beams with a finite width wsz1d and a
detector in the far field.
The visibility of Lau fringes depends on grating separation z12 as shown in Figs. 6 and 7. In particular, Lau fringes
can be observed far away from the gratings only if the gratings are spaced by a half-integer multiple of the Talbot
length zT. The fringe visibility therefore depends on the
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-100

FIG. 4. sColor onlined Interference in a Talbot-Lau interferometer. Each row of the intensity in these figures has been normalized
to 1. The two gratings have periods of 10 mm, a 42% open fraction,
and are located at z1 = 0.3 mm and z2 = 0.7 mm. They are separated
by one Talbot length for the wavelength used s500 nmd. The figures
on the left have an initial beam diameter of w0 = 100 mm and the
figures on the right have an initial beam diameter of w0
= 1000 mm. The figures on the top have an initial coherence width
of ,0 = 10 mm, and on the bottom ,0 = 1 mm. Without the second
grating the lower left image would look similar to the bottom center
image in Fig. 2. Typically, a third grating G3 would be used as a
mask to detect these fringes at z3 = 1.1 mm.

beam’s wavelength l as shown in Fig. 8. The period d8 of
the Lau fringes is given by
d8 =

z12 + z23
rxsz3d
d<
d,
z12
z12

0.5

1.0
1.5
z12/LT

2.0

λ [µm]
0.2 0.4 0.6 0.8 1.0 1.2

BEN MCMORRAN AND ALEXANDER D. CRONIN

0
x [µm]

100

FIG. 5. Fringes in a Talbot-Lau interferometer at the specific
location where z23 = z12, as a function of wavelength l sleft axisd or,
alternatively, grating separation z12. The grating separation is expressed in units of the Talbot length, for which l = 500 nm is used.
A classical ray optics model also predicts fringes at z23 = z12, but
only wave optics correctly predicts how the visibility of the fringes
depends on the wavelength.

period and can be imaged directly instead of using a third
grating as a mask. The fringe period gets smaller as z12 increases. This behavior, along with oscillation of Lau fringe
visibility as a function of grating separation, can be seen in
Fig. 7. Data showing these effects were obtained with our
electron beam Lau interferometer f6g.
IV. CONCLUSION

s20d

where the last approximation is valid if the beam has a very
small coherence width at G1. Due to the geometric magnification, the fringe period can be much larger than the grating

In summary, we derived a general expression, Eq. s18d,
that can efficiently model the effects of partial coherence and
wave-front curvature, in two transverse directions, on interference effects behind one- and two-grating systems. This
result is valid in the paraxial sFresneld approximation and has

FIG. 6. sColor onlined Lau fringes for different grating separations. For presentation purposes, each row scorresponding to position zd of
the intensity in these figures has been normalized to 1. In the left image, a l = 500 nm incoherent beam ,0 = 1 mm = w0 / 200= d / 10
illuminates two gratings spaced by 0.4 mm, which is equal to the Talbot distance szT = 2d2 / ld. In the center image, the gratings are separated
by 0.52 mm and the fringes are less visible. In the right image, the gratings are separated by 0.6 mm= 3zT / 2, and become visible again. At
this larger scale, Talbot-Lau fringes sFig. 4d are barely visible directly behind the second grating.
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FIG. 8. sColor onlined Lau fringe contrast versus grating separation z12 with the same parameters used for Fig. 7, for two
wavelengths.

eling the role of partial coherence in real matter wave interferometry experiments.
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APPENDIX
FIG. 7. sad Lau fringe profile, as observed 21 mm from the
gratings, versus grating separation z12. Parameters used for this image are 35% open fraction gratings, and an isotropic l = 500 nm
GSM beam with w0 = 200 mm and ,0 = 0.1 mm. sbd Power spectra
of Lau fringes versus grating separation z12. Each row in the figure
is obtained from the Fourier transform of the fringe intensity profile
for a particular grating separation.

been derived for gratings that may have different periods, are
arbitrarily located, and can be rotated with respect to each
other.
To illustrate the versatility of the model, we simulated the
Talbot effect and far-field diffraction behind a single grating,
and we simulated Mach-Zehnder, Talbot-Lau, and Lau interferometers. The coherence properties of the specific type of
beam we assumed, a GSM beam, evolve in a similar way to
other types of beams, so this theory may be useful for mod-
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Appendix B
PAPER: Gaussian Schell source as model for
slit-collimated atomic and molecular beams
The following manuscript was posted on the arXiv. The results of this article are
discussed in Section 2.1 of this dissertation.
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Gaussian Schell Source as Model for Slit-Collimated Atomic and Molecular Beams
Ben McMorran and Alexander D. Cronin

We derive the spatial coherence and intensity profiles of beams emerging from two consecutive
collimating apertures, and compare our results with data. We show how to make a Gaussian Schellmodel (GSM) beam by assuming Gaussian apertures. Then we compare the intensity profile, the
transverse coherence width and the divergence angle of a GSM beam with those same properties
of a beam that is collimated with two hard-edged slits. The GSM beam formulae are simpler, and
offer an intuitive way to understand how partially coherent beams interact with interferometers.

I.

INTRODUCTION

Perhaps the simplest way to form a beam of particles
is to place two consecutive apertures in front of a source.
As illustrated in Figure 1, a first aperture placed directly
in front of an extended incoherent source helps define the
source. Then a second aperture, farther away, collimates
the beam. In many experiments with X-rays, gamma
rays, atoms, molecules, neutrons or electrons a simple
ray picture can adequately predict the intensity profile
of such beams. But more care is needed to model the
spatial coherence that is so crucial for understanding the
behavior of interferometers.
A Gaussian Schell-model (GSM) beam is a particular
type of partially coherent wave field that is often used to
model beam coherence properties (transverse coherence
lengths and wavefront radius of curvature) as well as intensity profiles. In fact, we have learned quite a bit about
three-grating interferometers with GSM beams [1]. The
major benefit of GSM beams is that the Huygens-Fresnel
propagation can be described analytically in many cases.
However, the question has been raised, ‘Is the GSM a
realistic way to model the beams in matter wave interferometers?’ The purpose of this paper is to answer this
question in the affirmative. We show how to make a
GSM beam and then we describe how the GSM beam’s
properties compare to a slit-collimated beam made with
hard-edged slits.
Furthermore, we show how a simple Gaussian Schell-
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Figure 2: Actual intensity profile of a beam emanating from
collimating hard-edged slits (circles) and Gaussian apertures
(squares), compared to theory (solid lines) developed using
partially coherent optics - Equations 14 and 25. For both sets
of data, an orange LED (λ ≈ 600 nm) was placed directly
in front of a millimeter-wide slit, which illuminated a second
slit of the same width 1 meter away. Intensity profiles were
obtained using a CCD placed 10 cm behind the second slit.

model (GSM) can be used to accurately predict the characteristic width, the transverse coherence length (coherence width), and the divergence angle of a slit-collimated
beam. In [1], we show how a GSM beam can be used
to efficiently analyze the role of partial coherence in a
variety of grating interferometers, and we suggest this
model can now be applied to several matter wave interferometry experiments. To this end, the purpose of this
manuscript is to show that GSM beams can accurately
model slit-collimated beams commonly used for matter
wave experiments.
II.

Figure 1: In this paper, we assume that an aperture with characteristic width s0 (either a slit or a Gaussian filter) placed
at z = z0 is incoherently illuminated. A second similar aperture with width s1 is placed a distance z01 away. Generally,
beams resulting from this arrangement are partially coherent;
the characteristic size of the mutual coherence function (the
coherence width) is less than or equal to the width of the
intensity distribution.

1.0

THEORY - PARTIALLY COHERENT BEAMS
FROM TWO CONSECUTIVE APERTURES

Here we introduce the general formalism we will use.
We first introduce the conventional form of a function
that describes two-point correlations in a field. A semicoherent scalar field can be described as a statistical distribution of coherent beams. One way to model this is
to use the mutual intensity [2], defined as
J(ρρ a , ρ b ) ≡ hψ(ρρ a )ψ ∗ (ρρb )i

(1)
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where the angle brackets denote an average over the ensemble. This expression is a way to quantify the correlation between two points, ρ a and ρ b , in a particular plane
transverse to the direction of propagation. This can be
seen in an alternative form for the mutual intensity:
J(ρρa , ρ b ) =

q
p
I(ρρa ) I(ρρ p )µ(ρρ a , ρ b )

(2)

A.

Let us now use the above framework to calculate the
partially coherent beam emerging from the two aperture
system illustrated in Figure 1, assuming slits with hard
edges. We will only calculate the mutual intenstiy in
one transverse direction x̂. The complex transmission
function for the first slit with hard edges is

where µ(ρρa , ρ b ) is the spectral degree of coherence, also
defined in [2]. The intensity of the light field at a point
ρ can be found by setting the two points of the mutual
intensity equal to eachother:
I(ρρ) = J(ρρ, ρ )

(3)

For use with polychromatic fields, such as those commonly encountered in matter wave beams, the mutual
intensity may also be used to calculate the spectral density, as noted by Wolf and Devaney [3].
The mutual intensity provides a way to use techniques
developed for coherent optics to examine the evolution
of semi-coherent optical fields. The difference is that the
semi-coherent calculation requires two operations (one
for each of the two correlated points) whereas the conventional coherent calculation requires only one. For example, when calculating how a thin optical element modifies
a mutual intensity distribution, the complex transmission
function t(ρρ) describing the element appears twice:
J(ρρa , ρ b ; z + ) = t(ρρa )t∗ (ρρ b )J(ρρa , ρ b ; z)

(4)

where z + denotes a position just after the element. Likewise, one can use the paraxial (Fresnel) approximation
to the Huygens-Fresnel principle to propagate a partially
coherent wave from a source plane z0 over a distance z01
to plane z1 [4]:
J(ρρa , ρ b ; z1 ) =

ρ ′a

ρ ′b

ZZ
iπ
1
ρ
ρ′ 2 ρ ρ ′ 2
e− λz01 [(ρ a −ρ a ) −(ρ b −ρ b ) ]
2
λ2 z01
×J(ρρ′a , ρ ′b ; z0 )dρρ ′a dρρ′b .
(5)

where
and
are points in the source plane. The
Fresnel propagator we have chosen to use - the quadratic
phase factor - approximates hemispherical Huygens
wavelets with paraboloids, and it is valid for calculating fields not just far from the source plane but also near
to it. Equation 5 is not the van Cittert-Zernike theorem,
which is restricted for use with fairly incoherent sources.
It is rather a paraxial approximation to Zernike’s more
general propagation law for fields with arbitrary coherence properties [5].
Just as in coherent optics, the propagation of partially
coherent fields through complex optical systems may be
computed using succesive applications of Equations 4 and
5. For the remainder of this manuscript, we will only
evaluate the beam’s mutual intensity in a single transverse direction.

‘Hard-edge slits’

t0 (x) = rect





x
s0

(6)

where s0 is the width of the slit and, as in [6], the rect
funtion is defined as

rect

x
s


 0, |x| > s/2
1
≡
, |x| = s/2
 2
1, |x| < s/2

(7)

When this aperture is placed in front of a completely
incoherent source with radiant emittance I0 , at z0 , the
mutual intensity directly behind the slit, at z0+ , is given
by

J(xa , xb ; z0+ ) = I0 rect



xa
s0



rect



xb
s0



δ(xb − xa ). (8)

The incoherent nature of the source is reflected in the
presence of the delta function; i.e. there is no correlation
between any two points.
The 1-D form of Equation 5 is used to calculate the
field a distance z01 away. Making use of the delta function
in Equation 8, and recognizing that rect(x)2 = rect(x) we
find:

J(xa , xb ; z1 ) =

I0
λz01

ZZ

×rect



e

xa
s0

iπ
− λz

01



[(xa −x′a )2 −(xb −x′a )2 ]

dx′a

(9)

The remaining integral over x′a becomes a straightforward Fourier transform of a rect function and we arrive
at:

J(xa , xb ; z1 ) = I1 sinc




s0 (xb − xa ) λziπ (x2b −x2a )
(10)
e 01
λz01

where I1 = I0 s0 /λz01 and

sinc(ax) ≡

sin(πax)
.
πax

(11)

We now let this mutual intensity pass through a second
aperture, another hard-edged slit of width s1 :
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t1 (x) = rect



x
s1



(12)

The mutual intensity just after this aperture (denoted by
z1+ ) becomes:



 
xa
xb
rect
(13)
s1
s1


s0 (xb − xa ) λziπ (x2b −x2a )
e 01
×sinc
λz01

J(xa , xb ; z1+ ) = I1 rect

Now we wish to determine the properties of the beam
an arbitrary distance away from the second collimating
slit. We may again apply the paraxial approximation to
Zernike’s propagation law (Equation 5):
J(xa , xb ; z2 ) =

′
′
i2π
I1 λziπ (x2b −x2a )
e 12
e− λz12 (xb xb −xa xa )
λz12
 ′
 ′


xa
xb
s0 (x′b − x′a )
rect
rect
sinc
s1
s1
λz01

ZZ

“

x′ 2 −x′a 2 )
e ( b
iπ
λ

1
z01

+ z1

12

”

dx′a dx′b .

(14)

Even after rearranging terms to reveal a two dimensional
Fourier transform, it is difficult to spot a full analytical solution to Equation 14. This is unfortunate since in
many optical and matter wave experiments great insight
could be gained by analytically computing how such a
beam evolves through a given system. It is for this reason that we suggest using a GSM beam to model these
experiments. The Fourier transforms present in Equation 14 are conducive to numerical evaluation by a computer, however, and later in the manuscript we will use
this technique to compare this slit-collimated beam to a
GSM beam.
B.

−π
2
2
2 (xa +xb )

J(xa , xb ; z0+ ) = I0 e s0

t0 (x) = e

−πx2
s2
0

(15)

where we choose a convention for the width s0 , which is
just slightly larger than the FWHM, such that the total
area of the Gaussian aperture is equal the the total area
of a hard-edged slit with the same width [6].
The mutual intensity directly behind this incoherently
illuminated Gaussian aperture is given by

(16)

As before, the mutual coherence function after this first
aperture is a delta function, indicating there is no correlation between any two points.
Like in the previous section, we now insert Equation
16 into the 1-D form of Equation 5 to calculate the field
emitted by this Gaussian source a distance z01 away:

J(xa , xb ; z1 ) =

I0
λz01

ZZ

e

iπ
− λz

01

−π
′ 2
′2
2 (xa +xb )

×e s0

[(xa −x′a )2 −(xb −x′b )2 ]

δ(x′b − x′a )dx′a dx′b (17)

After making use of the delta function by integrating
over x′b , the remaining integral becomes a straightforward
Fourier transform of a Gaussian function and we arrive
at:
−π
2

J(xa , xb ; z1 ) = I1 e 2σ1

(xb −xa )2

e λr1 (xb −xa )
iπ

2

2

(18)

where I1 = I0 s0 /λz01 ,
r1 = z01

(19)

is the radius of wavefront curvature, and
σ1 = λz01 /s0

(20)

is the correlation width. We will discuss the physical
meaning of the correlation width shortly.
The field described by Equation 18 is incident upon a
second Gaussian-weighted aperture with width s1 located
at z1 :

Gaussian apertures - GSM beams

Again, we now calculate the partially coherent beam
emerging from the system illustrated in Figure 1, but this
time assuming the two Gaussian apertures. In order to
compare the dimensions of the resulting GSM beam to
those of the slit-collimated beam, we must first choose
the size of the Gaussian apertures carefully. The transmission function of the first aperture is

δ(xb − xa ).

t1 (x) = e

−πx2
2
s1

(21)

The mutual intensity just after this second aperture (denoted by z1+ ) can be found using Equation 4:
J(xa , xb ; z1+ ) = t1 (xa )t∗1 (xb )J(xa , xb ; z1 )
= I1 e

−π
(x2a +x2b )
s2
1

e

−π
2σ2
1

(xb −xa )2

(22)
e

iπ
λr1

(x2b −x2a ) .

We now define the transverse coherence length or coherence width ℓ1
1
1
1
≡ 2+ 2
ℓ21
σ1
s1

(23)

so that we may write the partially coherent beam exiting
from the second aperture in a more recognizable form:
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(xa +xb )2

−π
2

e 2ℓ1

(xb −xa )2

x2b −x2a )

e λr1 (
iπ

(24)
.

Equation 24 is the usual representation of a Gaussian
Schell-model (GSM) beam [4, 7]. The GSM beam can
be thought of as an ensemble of coherent beams each
with an average momentum and radius of curvature that
depends on its displacement from the optical axis.
The correlation width σ1 is commonly touted as the
characteristic maximum distance between any two points
in plane z1 for which there is significant correlation in
the field [8]. However, this statement loses its meaning
when the correlation width exceeds the size of the classical intensity distribution (a feat easily accomplished by
choosing a sufficiently small width for the first slit or second slit). A hypothetical Young’s experiment, which is
the most direct method for measuring two point correlations, with slit separations much greater than the extent
of the beam would not yield visible interference fringes.
The coherence width ℓ1 is more directly related to experiment, as it can never be larger than the transverse
extent of the beam. The coherence width is the maximum separation between slits in a Young’s experiment
for which one can expect to see large intensity modulations in the fringe pattern. Thus, we elect to use Equation 22 as the form for the GSM beam.
Upon another application of Equation 5, one may derive an analytical solution for the GSM beam at any distance from the second aperture:

J(xa , xb ; z2 ) = I(z2 )e

−π

"

(xa +xb )2
2s(z2 )2

(xb −xa )2
+ 2ℓ(z
2
2)

(

where I(z2 ) ≡ I0 s0 /λz02 and
s
2 
2
z12
λz12
1+
+
,
s(z2 ) = s1
r1
w1 ℓ1
s

2 
2
z12
λz12
1+
ℓ(z2 ) = ℓ1
+
,
r1
w1 ℓ1
 
2 
2 
z12
λz12
+ w
1 ℓ1
 1 + r1

r(z2 ) = z12 

 
2  .
z12
z12
λz12
1 + r1 + s1 ℓ1
r1
III.

)
(25)

2
i x2
b −xa
+ λr(z )
2

#

(26)
(27)

(28)

MODELLING A SLIT-COLLIMATED BEAM
WITH A GSM BEAM

As stated previously, while Equation 14 provides a way
to compute the mutual intensity of the partially coherent
beam emerging from collimating slits exactly (within the
limits of the Fresnel approximation), it is difficult to calculate how this beam interacts with any optical elements
such as diffraction gratings. In matter wave interferometry, where one is often analyzing the occurence of interference fringes, knowledge about the detailed shape of
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(a)z12 = 5cm
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J(xa , xb ; z1+ ) = I1 e 2s1

I(x) and µ(x,-x) [arbitrary units]
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Figure 3: Comparison of slit-collimated and GSM beam intensities and mutual coherence profiles. Here we model our
own sodium atom beam, using λ = 17 pm for 1000 m/s atoms,
and 10 µm slits spaced 1 meter apart. The intensity profile
of the slit-collimated beam (solid red) was obtained numerically using Equation 14 and setting xa = xb = x. The mutual coherence profile at the center of the beam (dotted red)
was obtained similarly, setting xa = −xb and averaging over
several wavelengths. The intensity profile of the GSM beam
(solid blue) is just a Gaussian curve using Equation 26 for the
width, and likewise for the mutual coherence profile (dotted
blue) using Equation 27.

the intensity distribution or mutual coherence function is
often unnecessary. What is particularly useful, however,
is knowledge of the characteristic size of these distributions - the intensity and spatial coherence widths, and
radius of wavefront curvature. The GSM beam provides
a much faster way to calculate these properties, and a
simpler way to analytically propagate a partially coherent beam through a given optical system.
Comparing this field directly behind two consecutive
slits to the field behind two consecutive Gaussian apertures (Figure 3(a)), we of course see that the intensity distribution is entirely determined by the uniformlyilluminated second aperture. Note that the intensity of
the GSM beam directly behind the second aperture is reduced to about 20% of its maximum value at x = ±s1 /2,
whereas the intensity of the slit-collimated beam is re-
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Figure 5: Characteristic widths of the same beam profiles
shown in Figure 4. The slashed red line displays the width of
a hard-edged slit-collimated beam, the solid blue shows the
width of a corresponding GSM beam, and the red dotted line
and blue dashed line indicate the coherence width of the slitcollimated beam and the GSM beam, respectively (evaluated
at the center of the beam).

z [m]
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z [m]
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1.0

0.0

20

(d)GSM µ(x, −x; z12 )

Figure 4: (a) Intensity profile and (b) mutual coherence profile
of a beam emerging from a hard-edged collimating slit, as a
function of the propagation distance. Comparable profiles
(c) and (d) are shown for a GSM beam. These figures were
generated with the same parameters used in Figure 3.

duced by half. When comparing profile widths for different types of beams we use the characteristic width of the
profile when it is 20% of its maximum.
The ratio of transverse coherence length to beam width
in Equations 26 and 27 remains unchanged as the beam
propagates through free space. That is,
β ≡ ℓ(z)/s(z) = constant

(29)

where β is the ‘degree of global coherence’ [2, 7]. If β is
equal to unity, Equations 26 to 28 describe the beam diameter and radius of wavefront curvature for a standard
(fully-coherent) Gaussian beam. According to Figure 5
the global degree of coherence of our sodium atom beam
used for interferometry experiments is about β = 0.1.
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Appendix C
REPRINT: Diffraction of 0.5 keV electrons
from free-standing transmission gratings
The following manuscript was published as a peer-reviewed article in Ultramicroscopy,
and is reprinted with permission from Elsevier. The results of this article are discussed
in Section 2.2.2 of this dissertation.
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Abstract
A nanostructured grating was used to diffract a low-energy (500 eV) electron beam, and the current transmitted into the zeroth
diffraction order was greater than 5% of the incident beam current. This diffraction efficiency indicates that the 55-nm-wide grating bars
absorb electrons but the 45-nm-wide slots between bars transmit electron de Broglie waves coherently. The diffraction patterns can be
asymmetric, and can be explained by a model that incorporates an electrostatic potential energy for electrons within 20 nm of the grating
structure calculated by the method of images.
r 2005 Elsevier B.V. All rights reserved.
PACS: 61.14
Keywords: Low voltage electron diffraction; Electron holography; Electron interferometry; Inelastic scattering; Image–charge; Nanostructures;
Nanofabrication

1. Introduction
We report on the diffraction of 500 eV electrons using
100-nm period fabricated transmission gratings with freestanding bars. The bars are separated by complete
perforations that allow electrons to be efficiently transmitted and diffracted by these structures. The observed
diffraction patterns are significant because they indicate
that fabricated gratings could be useful beam splitters for
electron interferometry. Our goal in this paper is to explain
the main features of the diffraction patterns by using a
model based on image–charge interactions.
To analyze the grating transmission function, the
diffraction results are compared to a model that treats
the grating bars as an absorption mask and the slots
between the grating bars as a phase mask. The description
of the bars as an absorbing mask is justified by simulations
of electron trajectories inside the grating bar material. The
Corresponding author. Tel.: +1 520 621 2688; fax: +1 520 621 4721.

E-mail address: mcmorran@physics.arizona.edu (B. McMorran).
0304-3991/$ - see front matter r 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.ultramic.2005.11.003

description of the slots as a phase mask is justified by the
WKB approximation for electron de Broglie wave phase
shifts and a model for potential energy due to imagecharges in the slot walls. This model is similar to recent
work on atom diffraction with nano-structure gratings
[1,2], but the atom–surface (van der Waals) interaction in
this case is replaced by an electron–surface (image–charge)
interaction. We test this model by comparison to measured
diffraction patterns obtained at different energies and with
different angles of incidence. Measurements of the current
in the zeroth order compared to the incident beam current,
I 0 =I inc , are also used to test this model. It is noteworthy
that the model for electron wave phase shifts presented
here explains the asymmetric diffraction patterns observed
when the gratings are used at non-normal angles of
incidence as shown in Fig. 1.
The need for a high quality beam splitter for electron
holography and interferometry motivates this work.
While electrostatic biprisms [3] provide an elegant means
of electron wavefront division, an electron beam with
much less coherence can be used for interferometry if a
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geometry in LEED and EBSD setups is not amenable to
transmission holography arrangements used by Mertens [5]
or proposed by Missiroli [11] and Pozzi [12,13]. Also, while
similar gratings have been used for Low Energy Electron
Beam Proximity Projection Lithography (LEEPL) [14],
LEEPL takes place in the extreme near-field with the goal
of minimizing diffraction effects.

electron current (pA)

1.2

0.8

0.4

2. Free-standing gratings
0.0
-80

-40

0
40
Detector position (µm)

80

Fig. 1. A 500 eV electron diffraction pattern from a 100-nm period
grating. The incident beam current was 25 pA and the angle of incidence
was 1.51. The data (dots) are compared to a model (solid line) for
diffraction that includes the image–charge interaction with grating bars
described by Eq. (12).

diffraction grating is used as an amplitude-dividing beam
splitter [4]. To demonstrate this, Mertens et al. built an
interferometer using a gold crystal as an electron beam
splitter [5]. However, according to Mertens et al. ‘‘The
main factor presently hampering the formation of high
contrast hologram fringes is the quality of the beam
splitter’’ [5]. In addition, Mertens et al. predicted, ‘‘the
availability of a large variety of production technologies
for small silicon devices suggests that production of a high
quality silicon beam splitter should be possible.’’ This
paper is devoted to characterizing a nano-structure grating
that may serve as a beam splitter.
It is also noteworthy that the gratings described here can
diffract much lower energy electrons than the solid
diffraction gratings studied in [5–8]. Gratings that are
supported by a solid substrate, or gratings made from slabs
of solid crystals, must be extremely thin in order to diffract
low-energy electrons. If the solid material is thicker than a
few nanometers then low-energy electrons undergo inelastic scattering, and this diminishes the probability of
diffraction [9]. In particular, the inelastic mean free path
decreases with decreasing electron energy in most solids so
that at 0.5 keV the mean free path is typically only 1 nm
[10]. Thicker slabs of solid material only work as efficient
diffraction gratings for electrons that have a higher energy.
For example, Mertens et al. used a 60-nm-thick gold crystal
as a beam splitter for 300 keV electrons [5], Ito et al. used
fabricated arrays of holes of varying depths etched in 70nm-thick AlF3 films to diffract 200 keV electrons [6,7], and
Drummy et al. reported diffraction of 4.7 keV electrons
from 40 nm slabs of polyethylene crystals [8]. However,
transmission diffraction gratings are not readily available
for electrons with energy as low as 0.5 keV as reported here.
To distinguish this work from established techniques of
Low Energy Electron Diffraction (LEED) and Electron
Back Scatter Diffraction (EBSD), let it be emphasized that
LEED and EBSD work in reflection mode. The reflection

The grating structures shown in Figs. 2 and 3 are made
from silicon nitride by Savas and Smith at the MIT
NanoStructures laboratory using achromatic interferometric lithography. The fabrication procedure is described
in Refs. [15,16]. Standing waves of light with a 100-nm
period (from an ArF laser, l ¼ 193 nm) were used to
expose a photo-resist coating on top of a 120-nm-thick
membrane of silicon nitride. Reactive ion etches were then
used to form free-standing 55-nm-wide bars of silicon
nitride by etching slots completely through the membrane.
The bars span 1:1 mm between perpendicular ‘support
bars’ that are repeated every 1:5 mm as shown in Fig. 2.
This free-standing mesh structure extends over an area of

support bar

1.5 µm

grating bar

500 nm

Fig. 2. Front view of a 100-nm period grating. The dark regions are slots
and the light areas are free-standing bars. To observe diffraction the probe
beam is focused 3 cm beyond the grating plane.

support bar

grating bar

100nm
Fig. 3. Perspective view of a grating that was cleaved. Note the
trapezoidal cross-section of the bars.
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1 mm  3 mm inside a frame, making approximately 10,000
free-standing grating bars across the grating. The bars are
slightly trapezoidal in cross section as shown in Fig. 3.
Similar gratings are used for atom and molecule
interferometry [17]. The grating bars were sputter-coated
with approximately 2 nm of Au/Pd metal for use with an
electron beam. Without the metal coating no electron
diffraction was observed, and this can be explained by
irregular charging of the grating bars. When the gratings
are metal-coated, we can observe electron diffraction
patterns as shown in Fig. 1.
3. Electron transmission simulations
Monte Carlo simulations using the Casino software [18]
indicate that at energies below 3 keV, no electrons
pass through a 120-nm-thick slab of silicon nitride (see
Figs. 4 and 5). Scattered electrons and secondary electrons
may be emitted from the front surface and edges of a
grating bar, however only electrons that have undergone
zero inelastic scattering events can interfere to form a
diffraction pattern. The results displayed in Fig. 5 indicate
that all electrons transmitted through the bars undergo at
least one inelastic collision unless the incident beam energy

exceeds several tens of keV. Furthermore, we have shown
experimentally that the inelastically scattered electrons can
be distinguished from the diffraction pattern by using
apertures (as shown in Fig. 8) because the trajectories of
scattered electrons are distributed over 1 rad as compared
to the diffraction angle of order 10ÿ4 rad.
Even though the scattering simulations in Fig. 4 were
conducted for beams at normal incidence to a solid slab of
material, the simulations indicate that grating bars will
function as an absorbing mask for coherent low-energy
electrons regardless of the angle of incidence. This is
because transmission of 500 eV electrons without scattering
is only probable for paths that traverse less than 1 nm in
the grating bar material.
4. Image–charge model
This nano-structure grating has open slots that are
perforated entirely through the structure. So, when it is
oriented near normal incidence, a fraction of the incident
beam is transmitted through the slots and does not come in
contact with solid material. Still, as electrons pass through
the slots they can interact with the grating structure at a
distance via electric fields. In this section we describe how

Fig. 4. Monte Carlo simulation of the paths taken by 1000 electrons normally-incident on a 120 nm silicon nitride membrane coated on both sides with
2 nm of Au/Pd. Simulations are shown for six different incident beam energies. The brightness of each path corresponds to the energy of the electron
relative to the incident beam energy.
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Fig. 5. (Left) Probability distribution of electrons transmitted through a 120-nm-thick slab of grating bar material, as a function of their exit energy E T for
four different incident beam energies E I . (Right) The total transmission probability, integrated over all energies. For these Monte Carlo simulations 105
electron trajectories were used.

the electrostatic potential energy for the electrons in free
space near a dielectric surface will perturb the electron de
Broglie waves, and predict how phase shifts that depend on
position within each slot will modify the diffraction
patterns.
The potential energy for an electron in the free-space
between grating bars is approximately given by the
potential from two image–charges written in Gaussian
units as



1
1
ÿ1
U ¼ ÿe2
þ
,
(1)
2r1 2r2
þ1
where r1 and r2 are the altitudes from the two inner
surfaces as shown in Fig. 6, ÿe is the charge of the electron,
and  is the ratio of the permittivity of the grating material
to the permittivity of free space; the image–charge is
þeð ÿ 1Þ=ð þ 1Þ. For an ideal conductor  ¼ 1, the
image–charge is þe, and the energy due to the image–
charge 1 nm from a surface is U ¼ ÿ0:75 eV.
This model ignores multiple reflections of image–
charges. This is justified because the set of all image–
charges modifies the potential due to only the first
reflection by at most 35% (when the charge is centered in
the channel), but modifies the potential gradient by at most
0.5%. As it turns out, the gradient of the potential, i.e. the
force due to the image–charges, is most significant for the
diffraction results presented here. Although the method of
images is for electrostatic problems, it is approximately
valid for situations involving slow-moving electrons. This is
discussed in Ref. [19]. We find that a full dynamical

^
Fig. 6. Schematic view of a grating in cross section. The z-axis
is normal
^
to the grating and the x-axis
is parallel to the grating wavevector. An
electron is shown along a path (dotted line) that is incident at an angle b
and enters a grating slot with offset xo . The electron interacts with two
^ and z^image–charges as it passes between the free-standing bars. The xaxes shown here are the same as in Fig. 8.

treatment of surface effects is not needed in order to
reproduce the velocity-dependent asymmetry and diffraction efficiencies we observed.
We will use two coordinate systems. One has z^ normal to
the grating and x^ along the grating wavevector. The second
coordinate system has z^ parallel to the incident electron
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beam velocity and x^ perpendicular to it. The z^ and x^ axes
are tilted at the angle of incidence, b, with respect to the z^^
and x-axes
as shown in Fig. 6.
In the Raman–Nath (also known as thin phase mask)
and WKB approximations to leading order in U=E (where
E is the kinetic energy) the phase shift due to the potential
U is related to the integral of the potential along straightline paths in the z^ direction
Z
ÿ1 1
fðb; xo Þ ¼
U dz
v_ ÿ1
Z ‘
ÿ1
Uðb; xo ; zÞ dz,
ð2Þ

v_ cos b 0
where xo describes the position of a path at the entrance to
a grating slot (where z ¼ 0), v is the velocity of the particle,
‘ is the grating thickness, and we have made the
substitution z ¼ z= cos b. Here the geometric parameters
(b, xo , and the grating wedge angle a) are implicitely used
to relate r1 and r2 in Eq. (1) to the depth of the electron
within the grating slot, z, as shown in Fig. 6. This model
assumes a potential due to two infinite planes while the
electron is passing through the grating slots, and completely ignores edge effects at the entrance and exit, as
indicated by the limits of integration in Eq. (2).
By symmetry the equations describing the potential due
to each wall are identical, with parameters b and xo having
opposite signs. We can separate the total phase shift into
contributions from each wall
fðb; xo Þ ¼ dðb; xo Þ þ dðÿb; ÿxo Þ,

(3)

where dðb; xo Þ is the phase shift due to an interaction with
one inner surface and dðÿb; ÿxo Þ is due to the other.
Performing the integration in Eq. (2), the explicit form of
dðb; xo Þ is


ÿ1
ÿe2
þ1
dðb; xo Þ ¼
2v_ sinða þ bÞ
2
3
w
þ xo þ ‘ðtan a þ tan bÞ
62
7
ð4Þ
 ln4
5.
w
þ xo
2
This is the phase shift acquired by an electron wave
propagating along a path described by xðzÞ ¼ x0 þ z tan b
due to a single grating wall of a slot that has a length of ‘, a
slot width w, and wedge angle a. The total phase shift, fðxÞ,
is the sum of phase shifts due to both inside surfaces (Eq.
(3)). This phase shift calculation is identical to the one
outlined by Cronin and Perreault [1], with the exception
that for atoms the phase is acquired because of a van der
Waals potential that depends on U / 1=r3 , and here we are
concerned with an image–charge potential that depends
on U / 1=r (which gives rise to the logarithm in Eq. (4)).
A cartoon of phase fronts perturbed by a grating is shown in
Fig. 7. We assume a plane wave is incident on the grating,
and the phase fronts of the wave transmitted through the
grating are described by fðb; xo Þ from Eqs. (3) and (4).

Fig. 7. Schematic representation of the wave front curvature caused by
the image–charge effect. The additional phase of the propagating wave
front is described by the function fðb; xo Þ in Eqs. (3) and (4).

To calculate the electron wavefunction cðx; zÞ in the far
field, where the diffraction pattern is observed (at
z ¼ L  3 mm), we first determine the wavefunction
immediately after the grating (where z ¼ ‘  120 nm) in
the Raman–Nath and WKB approximations,



x
.
(5)
cðx; ‘Þ ¼ cðx; 0Þ Tðb; xÞ  comb
d cos b
The electron wavefunction incident on the grating, cðx; 0Þ,
is multiplied by the convolution of a complex transmission
function Tðb; xÞ with an array of delta functions that are
spaced by d cos b. The comb function represents how the
grating transmission function is periodic. The complex
transmission function for a single grating period is
Tðb; xÞ ¼ exp½ifðb; xÞYðx ÿ xmin ÞYðxmax ÿ xÞ,

(6)

where the Heaviside functions Y describe absorption by
the bars on either side of a slot, and the complex term,
exp½ifðb; xÞ, is due to the grating-induced phase shift
given by Eqs. (3) and (4) and the change of variables
xo cosðbÞ ¼ x. The arguments of the Heaviside functions
describe the locations of the bar edges that serve as
apertures for each slot, with xmin and xmax given by
geometry (see Fig. 8).
w
(7)
xmin ¼ ÿ cos b,
2
8w
>
bpa;
< cos b;
2
(8)
xmax ¼ w
>
: cos b þ ‘ðtan a ÿ tan bÞ; b4a:
2

The wavefunction in the far-field, cðx0 ; LÞ, is given by a
scaled Fourier transform (which is a Fourier optics
technique described in Ref. [20])
cðx0 ; LÞ ¼ NFfcðx; ‘Þgf x ¼x0 =lL ,

(9)

where N is a normalization constant, the primed variable x0
denotes the lateral position in the far-field, Ffgf x is a
Fourier transform using f x as the conjugate variable to x,
and l is the de Broglie wavelength. Noting that cðx; ‘Þ is
given by a product and a convolution (Eq. (5)), the far-field
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objective lens
∅100 µm aperture
grating enclosure
diffraction grating
x̂
background SE
ẑ
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32 mm
Everhart-Thornley
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Fig. 8. Schematic of the objective lens, diffraction grating, and target wire.
The secondary electron (SE) signal generated on the target wire was
detected with an Everhart–Thornley detector. Secondary electrons
generated at the grating produce a background signal that was minimized
by surrounding the grating with a conductive enclosure.

wavefunction becomes

ð10Þ

where we have used the convolution theorem. The
diffraction pattern for the electron flux is then
Iðx0 Þ ¼ jcðx0 ; LÞj2

1
X
¼
I j S x0 ÿ j
j¼ÿ1


lL
,
d cos b

where I j is the intensity of the jth diffraction order


 2
Z xmax
2p
exp i
I j ¼ I inc
jx þ ifðb; xÞ dx
d
cosðbÞ
xmin

ð11Þ

(12)

and the function
Sðx0 Þ ¼ jNFfcðx; 0Þgf x ¼x0 =lL j2

and for a 500 eV electron beam l ¼ 0:55 Å, so at normal
incidence the first-order diffracted probe spots are separated by x0 ¼ 18 mm from the j ¼ 0 probe spot. This is
confirmed with the data shown in Figs. 1 and 10.
In Fig. 1 the data are directly compared to the prediction
from Eq. (11) using a Gaussian with a best fit width of
s ¼ 2:4 mm for the beam profile Sðx0 Þ. In Fig. 10 the
theoretical diffraction envelopes I j are shown by plotting
pairs of values ðI j ; xj Þ given by Eqs. (12) and (14) for
continuous values of j, even though the diffraction orders
only occur for integer values of j. The theoretical
diffraction envelopes for different energies and different
angles of incidence are shown with dashed lines on the
same axes as the data.
5. Diffraction experiments

SE
∅4 µm wire target


cðx0 ; LÞ ¼ NFfcðx; 0Þg  FfTðb; xÞg



x
F comb
,
d cos b
f x ¼x0 =lL

361

(13)

describes the beam profile repeated for each diffraction
order in the detection plane located at z ¼ L. From the
argument of SðÞ in Eq. (11) we see that the diffracted probe
spots are displaced from the central ðj ¼ 0Þ spot, to firstorder in the diffraction angle, by the distance
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jl
j
1:5 eV
¼L
x0 ¼ L
Å,
(14)
d cos b
d cos b
E
where the de Broglie wavelength is l ¼ h=p 
ðE=150 eVÞÿ1=2 Å, and E is the kinetic energy of an
electron. In our experiments, L ¼ 32 mm, d ¼ 10ÿ7 m,

An Hitachi S-2460N scanning electron microscope
(SEM) was used to observe diffraction from a grating
located in the electron beam as shown in Fig. 8. A tungsten
‘target wire’ with a diameter of 4 mm and an EverheartThornley detector were used to detect the focused electron
beam 40 mm below the objective lens. The grating was
mounted on a tip-tilt stage, grounded, and inserted 8 mm
below the objective lens so the electron beam illuminated
about 800 grating bars. The transmitted beam then formed
multiple probe spots near the target wire due to diffraction,
with each spot focused to approximately 1 mm and
displaced by 18 mm according to Eq. (14). When the
incident beam was scanned using the SEM scan coils, the
entire diffraction pattern was translated with respect to the
target wire.
The SEM images report secondary electron (SE) signals
that are generated when the diffracted beams hit the target
wire. An enclosure around the grating and a Faraday cup
below the target wire minimized background signal due to
SE generated at surfaces other than that of the target wire.
The SE signal as a function of probe position is extracted
from the images by averaging the values of pixels in
columns to plot a line profile for each image as shown in
Fig. 9. For beams with energy higher than 500 eV the spots
can be focused to smaller diameters, but the size of the
target wire limits how well the diffraction patterns are
resolved.
Fig. 10 shows data obtained at three different beam
energies (E) and at four different incident angles ðbÞ. The
‘‘horns’’ on the higher-energy diffraction peaks are due to
the edge effect (the interaction volume of the beam in the
target wire intersects more surface at an edge, producing
more SE signal). The asymmetry of the diffraction orders is
consistent with the model based on the image–charge
interaction as shown by the theoretical diffraction envelopes (dashed curves) in Fig. 10.
The data are more asymmetric at lower beam energies.
This is also predicted by the image–charge model because
lower-velocity electrons acquire larger phase shifts.
Furthermore, the asymmetry is observed to reverse sign
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Fig. 9. Secondary electron (SE) images of a single wire obtained with a diffracted electron beam probe. (Left) The grating was tilted at approximately
5  3 , and a 1.5 keV accelerating voltage was used. (Right) The grating tilted at 10  2 diffracted a 4 keV beam. Line profiles of secondary electron signal
were generated from the images. The background was due to an object in the foreground and was subtracted by hand in the line profiles. Although the line
profiles are proportional to the intensity in each order, their vertical axes are in arbitrary units that depend on SE production efficiency, detector contrast,
image brightness, etc.

for angles of incidence with opposite sign. The image–
charge model reproduces this too.
The best agreement with the data, determined by
minimizing the sum of the squared errors (SSE) between
measured and theoretical values of I j , was obtained using
the image–charge model with the image–charge set to
þð0:6  0:4Þe. The tilt angle ðbÞ and wedge angle ðaÞ were
free parameters in the model, but fixed values of b were
used for all the model results shown in each row of Fig. 10,
and a single value of a ¼ 4:5 was used for all the curves
presented here. The value of the image–charge þð0:6 
0:4Þe corresponds to a most likely value of permittivity of 4,
a lower bound on the permittivity of 1.7, and an upper
bound of  ¼ 1.
To determine if the value for  that minimizes the SSE is
reasonable, it can be compared to the dielectric function at
zero frequency for both gold and silicon nitride. The
frequency dependent dielectric function for low-pressure
chemical vapor deposited silicon nitride (grating bar
material) is described in Refs. [2,21]. At zero frequency
the dielectric function takes on a value of   3:85 which is
in fair agreement with the value  ¼ 4 obtained from the
diffraction data. Since the gratings are coated with gold it
is also worth noting that the dielectric function at zero
frequency for bulk gold is   ÿ1:13  105 [22]. This seems
to suggest that although the gold coating prevents charging
of the grating bars and enables the observation of the
diffraction patterns, it does not significantly influence the

electron–surface interaction between the bars. A physical
picture that could be consistent with this finding is that the
front surface of the gratings are coated with a significant
amount of gold, while the interior grating bar surfaces have
very little gold coating.
To directly measure the current in each diffraction order,
we replaced the target-wire with a Faraday cup behind an
electrically grounded 6-mm-wide slit. By positioning the
electron beam so that different parts of the diffraction
pattern entered the Faraday cup, and repeating this
measurement with the grating removed, we quantified the
efficiency for diffraction into the zeroth order (I 0 =I inc ) for
several beam energies as shown in Fig. 11.
The theoretical diffraction efficiency ðI 0 =I inc Þ for an
absorbing grating at normal incidence ðb ¼ 0Þ with
no image–charge potential ½fð0; xÞ ¼ 0 is a specific case
of Eq. (12). The support structure acts as another
absorption mask and further reduces the transmitted
current. From these two considerations we expect I 0 ¼
I inc ðw=dÞ2 ðws =d s Þ where w and d are the grating slot
width and grating period, respectively, ws is the width
of the space between support bars, and d s is the
spacing of the support bar structure. When the image–
charge model is included, the diffraction efficiency is
predicted to be
w2 w 
I0
s
¼
Lð; E; w; d; b; aÞ,
(15)
I inc
d
ds
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Fig. 10. Electron diffraction patterns (solid) with theoretical envelope functions (dotted). The beam energy ðEÞ is constant within each column, and the
incident angle ðbÞ is constant within each row. Four additional parameters used in the theory for I j (Eq. (12)) (namely  ¼ 4, ‘ ¼ 120 nm, w ¼ 44 nm and
a ¼ 4:5 ) were adjusted to minimize the difference between measured and theoretical values for I j simultaneously for all the data shown.

where L is a function due to the image–charge interaction
given from Eq. (12) to be
xmax

2

exp½ifðb; xÞ dx .

(16)

xmin

The function L is nearly unity for energies above 10 keV
and decreases significantly below unity for energies below
2 keV as shown in Fig. 11.
In our experiments, the grating bar window size is w ¼
44 nm and the period is d ¼ 100 nm. The open space
between support structure bars is ws ¼ 1:1 mm and the
support period is d s ¼ 1:5 mm, so the expected transmission
efficiency into the zeroth order is 14.2% if L ¼ 1. We find
that the actual transmission efficiency into the zeroth
order varies between 5% and 12% as a function of energy
and this is reproduced by the image–charge model as
shown in Fig. 11.
The background current ðI bkg Þ detected with the Faraday
cup between the j ¼ 0 and j ¼ 1 diffraction orders was less
than 0.1% of I inc so the signal to background ðI 0 =I bkg Þ is
greater than 50.

0.14
Efficiency (l0/linc)

Lð; E; w; d; b; aÞ ¼

Z

0.16

0.12
0.10
0.08
0.06
0.04
0.02
0.00
0

2

4
6
Energy (keV)

8

10

Fig. 11. Diffraction efficiency in the zeroth order ðI 0 =I inc Þ measured at
different energies (markers). The efficiency predicted with the image–
charge model is shown (solid curve) for parameters (w ¼ 44 nm,  ¼ 4,
b ¼ 0, a ¼ 4:5 , ‘ ¼ 120 nm). The efficiency predicted without the
image–charge (dashed line) uses the same parameters but  ¼ 1.

The incident beam current was I inc ¼ 25 pA (at
E ¼ 500 eV). At this beam energy the transit time through
the grating ð 10ÿ15 sÞ is short compared to the rate at
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which electrons enter the grating ð108 sÿ1 Þ, so only one
electron at a time is transmitted through the grating. This
emphasizes the fact that we are dealing with single electron
diffraction and it is appropriate to neglect interactions
between beam electrons. The maximum beam current we
used (for imaging) was I inc ¼ 2 nA (at E ¼ 25 keV). Since
this was raster scanned over regions as small as ð100 nmÞ2
this corresponds to a steady-state current density of
2  105 A=m2 , and this did not appear to damage the grating.
6. Summary
In conclusion, we have demonstrated that nano-fabricated structures with free-standing bars can serve as a
transmissive diffraction grating for low-energy (500 eV)
electrons. We have analyzed the electron–grating interaction as a complex transmission function, and find that the
nano-structure grating behaves both as an amplitude mask
(due to inelastic scattering inside the grating bars), and also
as a phase mask (due to electrostatic interactions with the
grating surfaces). The asymmetry of the diffraction
patterns ðI j aI ÿj Þ and the efficiency of transmission
diffraction into the zeroth order ðI 0 =I inc X5%Þ are both
consistent with the model based on this complex transmission function. This theoretical and experimental description of electron diffraction from nanostructures will help
evaluate how nano-structure gratings can perform as beam
splitters for electron interferometry.
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Appendix D
PAPER: An electron Talbot interferometer
The following manuscript was published as a peer-reviewed article in the New Journal
of Physics, and is reprinted with permission from the Institute of Physics. The results
of this article are discussed in Section 2.2.3 of this dissertation.
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Abstract. We report the first demonstration of a Talbot interferometer for
electrons. The interferometer was used to image the Talbot carpet behind a nanofabricated material grating. The Talbot interferometer design uses two identical
gratings, and is particularly sensitive to distortions of the incident wavefronts.
To illustrate this we used our interferometer to measure the curvature of concave
wavefronts in a weakly focused electron beam. We describe how this wavefront
curvature demagnified the Talbot revivals, and we discuss further applications
for electron Talbot interferometers.

The Talbot effect [1], in which a wave imprinted with transverse periodicity reconstructs
itself at regular intervals, is a diffraction phenomenon that occurs in many physical systems.
Here we present the first observation of the Talbot effect for electron de Broglie waves behind
a nanofabricated transmission grating. This was thought to be difficult because of Coulomb
interactions between electrons and nanostructure gratings, yet we were able to map out the
entire near-field interference pattern, the ‘Talbot carpet’, behind a grating. We did this using
a Talbot interferometer, in which Talbot interference fringes from one grating are moiréfiltered by a second grating. This arrangement has served for optical [2], x-ray [3], and atom
interferometry [4], but never before for electrons.
In transmission electron microscopy, Talbot revivals (Fourier self-images) behind crystals
have been imaged directly, and understanding these revivals is necessary for the correct
interpretation of crystal structure [5]. However, direct images of Talbot revivals are not nearly
as sensitive to wavefront distortions as the signal from a Talbot interferometer. As we discuss,
our arrangement of two nanogratings can easily detect a beam convergence of 10−4 radians.
Nanogratings have been used recently to construct other types of electron interferometers—
a Lau type [6] and a Mach–Zehnder type [7]—but both of these designs are insensitive to
wavefront deformations in the incident electron beam.
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Figure 1. Experimental setup. A beam of electrons illuminates a nanoscale

transmission grating G1 (at location z = 0 along the optical axis). The resulting
near-field interference pattern is read out using a second identical grating G2
(at z = 0.1–1.7 mm). An imaging detector (at z = 1 m) records the transmitted
far-field intensity distribution.
Observations of the Talbot effect with atoms [4, 8] launched many applications for nearfield atom optics, such as compound beam splitters for atomic de Broglie waves [9, 10],
Talbot–Lau interferometers for atoms and large molecules [11, 12], interferometry with the
Poisson spot for atom waves [13], and ‘direct deposit’ lithography of atoms behind phase
and absorption gratings [14, 15]. Talbot interferometers have found numerous applications in
light optics too, such as imaging phase objects [16], measuring beam collimation [17], and
characterizing lenses [18]. For a review see [2]. Recently, nanostructures have been used to build
x-ray Talbot interferometers [3, 19], which provide images of phase objects with less x-ray dose
delivered to the subject. Imaging phase objects is possible because the Talbot interferometer is
a type of shearing interferometer [20, 21], in which a beam is split into multiple overlapping
paths. These applications, which have been realized with atoms or photons, suggest potential
uses for electron Talbot interferometers.
A diagram of our Talbot interferometer is shown in figure 1. Electrons emitted from a
heated tungsten filament are accelerated and collimated by a scanning electron microscope
optics column [27], resulting in a 250 µm-diameter beam with an initial current density of
approximately 1 µA cm−2 . The beam passes through two consecutive nanofabricated gratings,
each consisting of an array of slits etched all the way through a 150 nm-thick suspended
membrane of low stress Si3 N5 [26]. The gratings have a period d = 100 nm and when coated
with a thin metal layer they serve as Ronchi rulings for low energy (<10 keV) electrons [22].
New Journal of Physics 11 (2009) 033021 (http://www.njp.org/)
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Figure 2. Far-field diffraction of electrons transmitted through two nanogratings
using a 2.8 keV collimated beam. The gratings were separated by one Talbot
distance L T = 0.86 mm. In (a) the slits of G2 are in registry with the Talbot
fringes of G1, and in (b) G2 is shifted in the x-direction by 50 nm, half a grating
period. Line profiles of each image are indicated below them. The asymmetry of
diffraction orders (barely resolved due to the wide, collimated beam) is discussed
in the text.

A detector located 1 m downstream from the gratings collects images of the transmitted
electrons. This detector is a Princeton Instruments PIXIS-XO camera designed for x-ray and
EUV imaging, but was used here to directly image low-energy (0.3–5 keV) electrons with high
sensitivity. Custom detectors featuring back-thinned CCDs have been used before to directly
detect low energy electrons before [28], but to our knowledge this work is the first time a
commercially available camera has been demonstrated for this application.
When grating G1 is illuminated by collimated plane waves with wavelength λ, Fourier
images (Talbot revivals) of the grating occur at half-integer multiples of the Talbot distance
L T = 2d 2 /λ. For 2.8 keV electrons, λ = 23 pm and L T = 0.86 mm. The spatial modulations of
these revivals, 100 nm in this case, are too small to resolve with our imaging detector, but they
can be analyzed using a second grating G2.
The total flux of collimated electrons transmitted to the far-field is maximum when the slits
of G2 line up with the fringes of a Talbot revival from G1, as shown in figure 2(a). In figure 2(b),
the transmitted flux is reduced by 77% when G2 is shifted laterally by half a period, since the
Talbot fringes are then blocked by G2’s grating bars. This modulation of the total transmitted
intensity (shown in figure 2) occurs only when the gratings are illuminated by the plane waves
of a well-collimated beam.
Images of the entire electron near-field interference pattern behind nanograting G1, also
known as Talbot carpets, are shown in figure 3. These data were obtained by scanning the
position of analyzing grating G2 throughout the near-field region of G1, in both the x- and
z-directions, while recording the total transmitted electron intensity. The lateral shift of one
grating with respect to the other was accomplished by tilting the pair of gratings about an axis
nearly aligned with a grating bar of G1. This explains the limited range of transverse motion
when the G1–G2 separation was small.
New Journal of Physics 11 (2009) 033021 (http://www.njp.org/)
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Figure 3. Electron near-field interference, or ‘Talbot carpets’, behind a

nanograting, using electrons with energy 4 keV (left), 2.8 keV (center), and
2.0 keV (right). The Talbot distance is indicated for each energy (de Broglie
wavelength). The value of each pixel is proportional to the total integrated
intensity in the far-field diffraction pattern, detected for a particular position of
G2 relative to G1. Distortions in these images are due to experimental uncertainty
in the position of G2, and are not attributable to distortions in the incident
electron waves. The triangular shape of each image is due to the limited lateral
scan range at small G1–G2 separations.
When G1 is illuminated with a converging beam, a different type of modulation is observed
(figure 4). In this condition, the Talbot revivals from G1 have a finer spatial period than the
reference grating G2, due to geometrical demagnification by converging spherical wavefronts.
As illustrated in a simulation shown in figure 5, G2 blocks some parts of the beam but not others;
i.e. there is a moiré effect between G2 and the interference pattern from G1. This causes dark
spots to appear within the resolved far-field diffraction orders. When G2 is scanned laterally,
these dark nulls move sideways through the diffraction pattern, as shown in figure 4. This
behavior is well described by a general theoretical model of grating interferometers that we
developed in [23]. This theory assumes illumination of an arbitrary grating interferometer by a
Gaussian Schell-model beam in order to efficiently model the effects of spatial coherence and
beam convergence/divergence. The only free parameter in the simulation in the right column
of figure 4 was the radius of wavefront curvature of the incident beam. The theory matches the
data best by assuming an incident radius of wavefront curvature equal to 2.15 ± 0.1 m—a nearly
collimated beam with a convergence angle of ∼75 µrad. Negative diffraction orders in figure 4
have a higher intensity than their positive counterparts, and this asymmetry is understood
to result from image–charge (Coulomb) interactions between the grating and transmitted
electrons [22].
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Figure 4. The demagnified Talbot effect, indicated by far-field diffraction
patterns collected at different lateral positions of G2. The left column is a
series of diffraction patterns, with the diffraction orders indicated below them,
recorded when using a weakly focused beam of 2 keV electrons. An intensity
null moves sideways through each diffraction order as G2 is moved laterally. The
simulations in the right column reproduce this modulation, using a model [23] in
which G2 filters the demagnified Talbot revival from G1.

Figure 5. Simulation of a Talbot interferometer with a converging incident beam.
The Talbot revival has a smaller period than the reference grating. Only the
edges of the converging beam are transmitted, which results in two tilted farfield diffraction patterns. This simulation was made using the model developed
in [23].
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This work shows that the Talbot effect is a way to reproduce periodic structures using electron beams. Similar gratings have been used as masks for projection electron lithography [24].
However, deliberate use of the Talbot effect for lithography would be advantageous because
the mask could be located millimeters from the substrate, since a Talbot revival, not a direct
shadow, would be used for the exposure. Furthermore, as we have shown here, demagnified
Fourier images created using a focused electron beam could be used to construct structures with
finer periods than the original (a similar technique has already been demonstrated using UV
lithography [25]).
To summarize, we have built a Talbot interferometer for 2.8 keV electrons using two
nanofabricated gratings. We used this device to map the near-field interference pattern, known as
the Talbot carpet, behind a single grating. Analogous to x-ray and optical Talbot interferometers,
this arrangement is very sensitive to deformations in the wavefronts of incoming electrons. We
demonstrated this by measuring the 2.1 m radius of wavefront curvature of a focused electron
beam, and creating demagnified Talbot revivals with features smaller than the original grating.
These results point to future investigations of the imaging and lithographic capabilities of the
electron Talbot interferometer.
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Appendix E
REPRINT: Electron interferometry with
nanogratings
The following manuscript was published as a peer-reviewed article in Physical Review
A, and is reprinted with permission from the American Physical Society. The results
of this article are discussed in Section 2.2.4 of this dissertation.
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Electron interferometry with nanogratings
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We present an electron interferometer based on near-field diffraction from two nanostructure gratings. Lau
fringes are observed with an imaging detector, and revivals in the fringe visibility occur as the separation
between gratings is increased from 0.2 to 2.7 mm. The oscillations in visibility depend predictably on the
wavelength of incident electrons. This verifies that 5 keV electrons diffracted by nanostructures remain coherent after propagating farther than the Talbot length, and hence proves that a Talbot-Lau interferometer for
electrons can be built with nanostructure gratings. Distorted fringes due to a phase object are used to demonstrate an application for this type of electron interferometer.
DOI: 10.1103/PhysRevA.74.061602

PACS numberssd: 03.75.2b, 61.14.2x

Near-field interference effects that result in self-similar
images of a periodic structure were noticed by Talbot in
1836, and later described as Fourier images f1–3g. One remarkable feature of these images is that revivals in visibility
occur as the plane of observation is separated from the periodic structure by multiples of the distance d2 / l, with d being
the period of the structure and l the wavelength of the light
sor de Broglie wavesd illuminating the structure. Twice this
distance is known as the Talbot length zT = 2d2 / l. At least
partially coherent waves are required to observe self-images
of a single grating sthe Talbot effectd. However, a related
phenomenon sthe Lau effectd occurs with incoherent light if
two gratings are used f3–5g. Fringes are then formed behind
the second grating, and the fringe visibility oscillates as a
function of grating separation. These so-called Lau fringes
can be observed directly on a screen, thus making a Lau
interferometer as shown in Fig. 1.
Here we present a Lau interferometer for electrons based
on two nanostructure gratings that each have a period of d
= 100 nm. With medium energy s5 keVd electrons that have a
de Broglie wavelength of l = 17 pm, the Talbot length is
1.16 mm. An imaging detector 80 cm beyond the gratings
was used to observe the Lau fringes shown in Fig. 2, and the
fringe visibility as a function of grating separation is plotted
in Fig. 3. Revivals in fringe visibility are observed to occur
at exactly the half-integer multiples of the Talbot length as
predicted in f3–5g. To further support the claim that these are
Lau fringes, i.e., fringes due to wave interference effects, we
present evidence that the fringe revival spacing changes pre-

dictably with de Broglie wavelength salso shown in Fig. 3d.
If the fringes are analyzed with a third grating seven a digital
mask in the image processing can achieve this purposed, then
this apparatus serves as a Talbot-Lau interferometer. However, even more information is gained by studying images of
the Lau fringes directly.
Interferometers based on the Talbot and Lau effects have
found applications in light optics f3,5,6g, in atom optics
f7–11g, and more recently with x rays f12g. Yet even though
electron interferometry is a mature field f13–16g, neither Lau
nor Talbot-Lau interferometer designs have been operated
with electrons until now.
Perhaps the chief reason that Talbot-Lau interferometers
have not previously been created for electrons is that suitable
periodic structures have not been available. Crystals with a
lattice period on the order of 1 nm can serve as a grating, but
at typical transmission electron microscope energies the resulting Talbot length sless than 200 nmd is too short for many
practical interferometer experiments f17g. A further complication is that the angular misalignment of the two gratings
must be smaller than one grating period over the height of
the beam. Hence alignment within 10−6 rad would be required for a Lau interferometer built with crystal gratings
and a 1-mm-high incoherent beam. These limitations are
overcome by using nanostructure gratings with a 100 nm period capable of coherently transmitting electrons. Then the
Talbot length is increased to 1 mm, and the alignment tolerance for a Lau interferometer is relaxed to 10−3 rad.
Nanostructure gratings are not new. In 1959 Möllenstedt
FIG. 1. sColor onlined Lau interferometer for
electrons. There is a variable aperture
s50– 200 mmd at plane A, a magnetic lens ML, a
beam focus s,10 mm beam waistd at plane S,
nanogratings G1 and G2, an optional phase object
at plane P, and a charge-coupled device sCCDd
imaging screen. In our experiments z0 is in the
range 0 – 3 mm, and z = 80 cm. The distance between S and G1 is typically 2 cm, and the divergence of the beam from S is 5 3 10−3 rad. Not
shown: the thermionic tungsten filament, grid
cap, and condenser lens are located before A.

1050-2947/2006/74s6d/061602s4d

061602-1

©2006 The American Physical Society

85

RAPID COMMUNICATIONS

PHYSICAL REVIEW A 74, 061602sRd s2006d

ALEXANDER D. CRONIN AND BEN MCMORRAN

FIG. 2. Lau fringes formed with 5 keV electrons and two
100-nm-period gratings separated by 0.6 mm shalf the Talbot
lengthd. This figure was obtained by imaging a phosphor screen
with a CCD.

and Jönsson f18,19g were able to diffract 50 keV electrons
using five slits in a copper foil spaced by 1 mm. Other examples of diffractive nanostructures for electron optics use
surface features supported on top of a substrate f20,21g, but
due to the material thickness none of these transmit lowenergy electrons as well as the fully perforated gratings that
we use here. The gratings that we use are fabricated by Savas
et al. f22g, and were recently used to study electron diffraction f23–25g. Results presented here confirm that these gratings can be used for interferometry with medium-energy
s3 – 5 keVd electrons.
In the rest of this paper we describe the electron optics
setup, and briefly discuss the diffraction theory used to
model the revivals in Fig. 3. We comment on the role of
image charge interactions between electrons and the nanogratings. Then we demonstrate an application of this interferometer: the study of the index of refraction for electrons
due to fields around a charged needle tip.
Lau fringes have highest visibility when the grating separation sz0d and the distance to the screen szd satisfy
nd2
z 0z
=
.
z0 + z
l

s1d

FIG. 3. sColor onlined Revivals in fringe visibility as a function
of grating separation sz0d. Data ssymbolsd are compared to theory
slined from Ref. f11g for two gratings each with 40% open fraction.
Visibility maxima are found when the gratings are separated by a
half-integer number of Talbot lengths, and this depends on the electron accelerating voltage sVaccd. The maximum visibility is 40% for
both the 3 and 5 keV electrons sthe theory curve has been scaled
down to account for background signal in the experimentd. Visibility decays when the fringe period is comparable to the resolution of
the detector.

Isx3,x1d ~

UE

Isx3d =
s2d

where d is the period of the gratings. Equations s1d and s2d
are derived in the Fresnel approximation in Refs. f3,6,11g.
Because the distance to the screen is typically 800 times as
long as the separation between gratings sz / z0 = 800d in our
experiment, the fringes are effectively magnified so that d8
= 800d. The ratio of periods for G1, G2, and the detected
fringes is therefore 1:1:800.
To model the shape and visibility V ; sImax − Imind / sImax
+ Imind, of the fringes as a function of grating separation we
used a calculation described in reference f11g to evaluate the
Fresnel-Kirchhoff integral:

D U

2p
s,1 + ,2d dx2
l

2

s3d

where t2 is the amplitude transmission function of G2, ,1
= Îz20 + sx2 − x1d2, and ,2 = Îz2 + sx3 − x2d2 ssee Fig. 1d. The
function t2 is described in f23,24g. Equation s3d describes the
intensity at point x3 on a screen due to waves originating
from point x1 in the plane of G1. All possible paths from x1
to x2 sincurring path length ,1d and subsequently from x2 to
x3 sincurring path length ,2d interfere at x3. This represents
coherent diffraction of waves by grating G2. Next the model
allows for the width of the incident beam the finite size of
the windows in the first grating by summing intensities:

Then the period of the Lau fringes is
z0 + z
,
d8 = d
z0

S

t2sx2dexp i

E

ut1sx1du2Isx3,x1ddx1

s4d

where t1 is the amplitude transmission function of G1. This
theory was used to generate the curves in Fig. 3 and the
theoretical portion of Fig. 4.
We emphasize that the fringe visibility in this wave-optics
model is insensitive to the size of the incident beam, but does
depend on the wavelength as summarized by Eq. s1d. Both of
these features are confirmed with our data: revivals in visibility are observed to occur when the grating spacing z0
satisfies Eq. s1d regardless of the lens and aperture settings.
In addition, this model predicts the fractional Talbot effect, in
which fringes with half the period predicted by Eq. s1d are
formed when z0 = 3 / 4zT. These half-period revivals are also
observed in the data ssee Figs. 4 and 5 at G1-G2 separation
of z0 = 0.85 mmd.
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FIG. 6. Distorted fringes around the shadow of a charged needle
placed in plane P sFig. 1d. Consecutive fringes are labeled on the
top and bottom to emphasize the discontinuity that arises due to the
wire acting as a biprism. The 100-mm-diameter wire was held at
4.5 V, and surrounded by a grounded cylinder of radius 3 cm.
FIG. 4. Lau fringes vs grating separation for 5 keV electrons.
sTheoryd The theoretical composite was generated with the theory
given in Ref. f11g. A point spread function for the imaging detector
sGaussian with rms 40 mmd, and the open fraction of the gratings
s40%d is included in the theory. sExperimentd Each row in this
composite image is a row from a different raw image obtained with
different values of G1-G2 separation sz0d. To compensate for experimental noise in the transverse position of the gratings, which
leads to phase shifts in the fringes, each row has been shifted to
locate a maximum at position 0.3 mm.

While a classical ray-optics model based on the shadows
of two gratings can predict magnified sprojectedd grating images and also revivals in visibility, we note here that a rayoptics model fails to explain several features of our data. For
example, classical ray models predict that the revival spacing
depends strongly on the beam width and is independent of
beam wavelength. It also fails to predict the half-period revivals. Finally, the Fresnel number for our setup is F
= d2 / lz0 < 1, and in general ray optics is valid only when the
Fresnel number for a system is far greater than 1. Thus, a
classical Moiré interpretation is insufficient to describe this
experiment.
Our experimental data are best fit by a grating transmission function for G1 and G2 that is described by a 40% open
fraction swhich agrees with independent measurementsd, and
a weak image-charge interaction between electrons and the

FIG. 5. Power spectra of Lau fringes vs grating separation for
5 keV electrons. Each column of pixels is generated by a Fourier
transform of a row of data in Fig. 4. Note that the fractional Talbot
effect produces the double-spatial-frequency features at 0.85 mm.

grating bars. The image-charge interaction was discussed in
detail in f23,24g, and it has a similar effect on the electron
optics as the Casimir-Polder interaction does for atom optics
f11,26,27g. We include the strength of the image charge as a
free parameter in the transmission function t2 for the second
grating. The best fit with the data was obtained using an
image charge of q8 = 0.03ueu.
Additional analysis of the shape of the fringes was accomplished by taking the Fourier transform of images such
as Fig. 2. These image transforms show how the spatial frequency of the fringes change with grating separation. A composite image of fringe spectra, in which each vertical column
in the image represents the one-dimensional spatial frequency spectrum of fringes for a specific grating separation
sz0d, is shown in Fig. 5. As in Fig. 4, the fractional Talbot
effect is clear at the grating separation z0 = 0.85 mm. The
higher harmonics of spatial frequency indicate that the
fringes are not purely sinusoidal, but tend in places to look
more like the binary sRonchi ruled masks made by ideal absorbing nanostructure gratings. This is the self-imaging property of the Talbot and Lau effects.
To demonstrate that this interferometer can be used to
study phase shifts for electrons due to various objects, we
inserted a charged wire in the beam after the second grating
in plane P of Fig. 1. Like a lightning rod, the tip of the wire
causes large gradients in electric potential. The electric potential in the space around the wire changes the index of
refraction for electron waves and distorts the interference
fringes as shown in Fig. 6.
Multiple paths through the interferometer sample different
parts of the phase object; therefore we are sensitive only to
gradients in the index of refraction, not the index directly.
This design is known as a shearing interferometer and shifts
in fringe position are proportional to f] / ]xgFsx , yd and distortion in the fringes is associated with f] / ]xg2Fsx , yd, where
Fsx , yd = ensx , y , zdk0dz, with nsx , y , zd being the index of refraction f3,5,6,12,15g. For electron de Broglie waves this is
Fsx , yd = eÎs2m / "2dfE + ueuVsx , y , zdgdz where Vsx , y , zd is
the electric potential, E the incident energy of the electrons,
m the electron mass, e the magnitude of the electron charge,
and " Planck’s constant divided by 2p. Thus, this interferometer is sensitive only to gradients in potential energy, i.e.,
forces.
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A continuous wire produces a uniform linear phase gradient f¹Fsx , ydg with opposite sign on either side of the wire.
That is how it serves as a biprism f14g. Around the tip of the
freely suspended charged wire, however, there is a strong
double-gradient term f¹2Fsx , ydg. Hence fringe distortion is
expected around the tip of the charged wire, and uniform
fringe shifts are expected along the sides. Since the shifts are
perpendicular to the wire, and in general the wire can be
skew to the grating bars, fringes on either side of the wire
can appear out of step as indicated in Fig. 6. This serves as a
proof of principle that the interferometer setup presented
here can be used to study differential phase shifts due to a
phase object.
We are aware of the construction of a Mach-Zehnder electron interferometer by Batelaan and co-workers, which requires a much higher degree of electron spatial coherence
than our interferometer f28g. Our results are distinct in that
we use an incoherent electron beam and we image electron
interference fringes directly. The imaging tool allows us to
detect fringes with arbitrary period sd8d, and thus permitted
us to study quantitatively the revivals in fringe visibility as a
function of grating separation. Imaging also enabled us to
observe the fractional Talbot effect with electrons and nano-

structures. The most useful result of using an imaging detector is the ability to study fringe distortions due to phase
objects in the electron interferometer.
In conclusion, we demonstrated an electron interferometer
that uses two nanostructure gratings and near-field interference effects. We demonstrated the Lau effect for electrons
and observed revivals in fringe visibility when the gratings
are separated by multiples of the Talbot length. This type of
electron interferometer does not require spatially coherent
electron waves from the electron gun, but still it tests how
well the nanostructures generate and preserve coherence for
electron waves. The effect of image-charge interactions between electrons and the grating structure was observed, but it
does not inhibit the electron interference. The apparatus is a
rudimentary shearing interferometer, and serves to demonstrate differential phase shifts. We have thus shown that
metal-coated silicon nitride nanostructure gratings can be
used as elements for coherent electron optics.
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Introduction

Lau interferometers offer unique advantages for measuring the spatial coherence of optical beams. Specifically, the
transverse coherence length of quasi-monochromatic light can be measured by studying how Lau fringes change in
visibility as a function of the angular alignment of two gratings [1]. Unlike a Young’s double slit experiment [2],
a Lau experiment can measure transverse coherence lengths much smaller than the spacing between slits, it does
not require changing the spacing of the slits, and it can be used with a relatively weak light source. Furthermore,
the Lau technique is tunable and affords a simple way to measure a large range of coherence lengths. Recently,
this Lau technique has found applications in optometry [3], beam collimation testing [4], and also in electron beam
characterization [5].
Knowledge of a beam’s spatial coherence is critical for applications involving diffraction and interferometry. For
example, there has been recent interest in measurements of the spatial coherence of x-ray beams [6–8], due to the
advent of new coherent X-ray imaging techniques afforded by a new generation of synchrotron sources. Spatial
coherence also plays a crucial role in electron microscopy [9], and numerous techniques have been devised to measure
it [10–14]. It is related to beam brightness [15] which determines the ultimate resolution of the microscope, and also
to the Stobbs factor which currently limits quantitative analysis of crystal lattice images [16]. It is noteworthy that
none of the techniques used to measure beam coherence in references [6–15] can measure coherence lengths smaller
than the size of the equipment used in the experiment (such as the separation between two slits, the thickness of
a biprism wire, the spacing of a crystal lattice, or the detector resolution in the case of edge diffraction). The Lau
technique discussed in this paper overcomes these limitations.
The notable feature of the Lau effect [17] is that interference fringes can be formed with spatially incoherent light.
Figure 1(a) illustrates the simplest arrangement for a Lau interferometer. An aperture S placed directly in front of a
sodium vapor lamp (λ = 589nm) serves as a spatially incoherent light source. This source illuminates two consecutive
Ronchi rule gratings, G1 and G2, each with period d. The gratings are separated from each other along the optical
axis by a distance z12 . The first grating G1 acts as an array of mutually incoherent sources, and when z12 is equal
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Figure 1: Lau coherence experiment. (a) Two well-placed gratings (G1 and G2) can give rise to interference fringes on a far
away screen, even when spatially incoherent light is used. (b) The dependence of the fringe visibility V on the misalignment
between the gratings (θ) is related to the spatial coherence properties of the beam at the detector screen.
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to a half-integer multiple of the Talbot distance LT = 2d2 /λ, a pattern of interference fringes is formed on a screen
placed z23 = 60cm from the gratings. The visibility, or contrast, of fringes can be quantified using the definition
V =

Imax − Imin
.
Imax + Imin

(1)

Lau fringe visibility is maximum when the gratings are aligned, and decreases if one of the gratings is rotated about
the optical axis by an angle θ. The purpose of this article is to explore how this functional dependence, V (θ), is
related to the spatial coherence properties of the illuminating waves.
Previous articles examining the dependence of Lau fringe visibility on grating alignment assumed a restricted set
of illumination conditions, which prevents their conclusions from being more generally applied to coherence measurements. Chitralekha et al [1, 18, 19] were the first to suggest this technique. Tu and Zhan [20], and Lohmann et al
[21] also developed models to understand V (θ). All of these papers considered illumination of the gratings by an
incoherent source of infinite size - [1, 18, 19] and [20] allowed the source to be some distance away from the gratings.
All papers also assumed (implicitly for [18] and [21]) a hard-edged rectangular aperture co-located with the gratings.
In this article, we will show that under generalized illumination conditions the rotated Lau experiment actually
measures the spatial coherence of the beam at the location of the detector, and only in the direction that is parallel
to the slits in the gratings. We will analyze the relevance of the grating period, and the location of the gratings and
the detector, to this measurement. For the more specific scenario in which the Lau interferometer is illuminated by
a completely incoherent source, we will show that the shape of V (θ) is a Fourier transform of a projection of the
spatial distribution of the source. Only after incorporating these experiment parameters can the Lau interferometer
be used to quantitatively measure coherence. We verify the accuracy of this technique by independently measuring
the coherence length in a Young’s experiment.
I.

DEPENDENCE OF ROTATED LAU FRINGES ON SOURCE PROPERTIES - THEORY

To understand how the shape of V (θ) is related to the shape of the source S(ρρ), one can simply think of the
Lau interferometer as a linear shift invariant (LSI) system. Here we are not concerned with the particulars of the
interference phenomenon leading to the Lau effect itself, which is analyzed elsewhere [22–27]. The impulse response
function of the Lau setup shown in Figure 1 can be determined by considering the fringes resulting from a point
emitter in the source plane. If this point emitter is located at position ρ , and the resulting fringes are sinusoidal, then
the impulse response function is
I(ξ; ρ ′ ) = A + B sin [kf ξ + φ(ρρ)]

(2)

where A and B are the average intensity and amplitude, respectively, of the fringes. The fringe wavenumber kf is
measured in the direction perpendicular to them, along the ξ axis, which for misaligned gratings lies at some angle
with respect to the x axis. The phase φ describes the displacement of the fringes resulting from a shift in the location
ρ of the input point source. Lau fringes are famously independent of the lateral extent of the source - the first grating,
acting as a spatial filter, only allows discrete values of x to contribute to the final fringe pattern, and so φ is a linear
function of the y position of the point input only. For gratings that are rotated with respect to each other by an angle
θ, and a detector located far away, this dependence is expressed as
φ(y ′ ) = 2πθy/d.

(3)

Lau fringes resulting from an extended source distribution S(ρρ) can be computed as an incoherent sum of impulse
response functions (Equation 2) with different inputs:
Z
I(ξ) =
S(ρρ)I(ξ; ρ )dρρ
Z
Z
=
Sx (x)dx Sy (y) [A + B sin (kf ξ + 2πθy/d)] dy ′ .
(4)
Note that we have assumed the source distribution can be described as a separable function between x and y coordinates, S(x, y) = Sx (x)Sy (y). Equation 4 can be used to determine the visibility, defined in Equation 1, of the total
Lau fringe pattern
´
³
R
dy
2B Sy (y) cos 2πθy
d
R
V =
2A Sy (y)dy
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where here we have made the implicit assumption that the source distribution is symmetric about the y-axis. Thus,
we find that the visibility of Lau fringes as a function of the grating misalignment θ is proportional to a 1-D Fourier
transform of the source distribution:
V (θ) ∝ F {Sy (y)}fy = θ .
d

II.

(5)

VISIBILITY OF FRINGES IN A MISALIGNED LAU INTERFEROMETER - EXPERIMENTS

The theoretical relationship between the source distribution and the angular dependence of Lau fringe contrast,
described in Equation 5, is verified by data displayed in Fig 2. We rotated grating G2 between positive and negative
8.7 ∗ 10−3 rad and images of the fringe pattern were taken at 5.8 ∗ 10−4 rad for three 1-cm-tall slits (a rectangular
aperture, a circular aperture, and a gaussian aperture). Digital images of the fringes were collected, and from them
visibility was calculated using the maximum and minimum pixel brightness across the fringe pattern. This data was
fit to the Fourier transform of the corresponding source distribution function, projected along the y axis.

Figure 2: The visibility as a function of angle, V (θ), depends on the shape of the slit.

This data allows us to differentiate between beams in a new way. Since all of the apertures are incoherently
illuminated, they all lead to the same uniform intensity distribution in the far field. However, the shape of the
apertures can be determined by the coherence function. A source with a rectangular intensity distribution yields a
visibility curve described by a sinc function,
¯
¯
¯ sin πx ¯
¯,
(6)
V (θ) = ¯¯
x ¯

whereas a Gaussian source leads to a Gaussian visibility function:
V (θ) = A exp[−(

x − x0 2
) ].
width

(7)
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Figure 3: Extinction angles, θmax , resulting from sources with various (a) heights and (b) widths.

A source with a circular aperture, as with the source with the rectangular aperture, yields a V (θ) function that has
revivals on either side of the peak visibility.
Despite making different assumptions about the source, previous works [1, 18–21] all conclude that more coherent
beams lead to a wider range of rotation angles over which Lau fringes are visible. It is this property of Lau interferometers that these references cite as a way to measure spatial coherence in a beam. Now we use Equation 5 to make
a more specific statement: the twisted Lau experiment measures the spatial coherence of the beam in a direction
parallel to the grating slits. This is shown in Figure 3.
We define an extinction angle θmax to be the misalignment angle between gratings at which the Lau fringe contrast
is reduced to 1/e of its maximum value. Thus, the characteristic width of the V (θ) curves in Figure 2 are twice
the extinction angle. Figure 3(a) shows θmax for sources with Gaussian intensity distributions of different heights.
Smaller source heights lead to more spatial coherence in the y direction in the far field, as would be expected by a
simple application of the van Cittert-Zernike theorem [2]. Notice from Figure 3(b) that there is no dependence of
θmax on the width of the source. The Lau twist experiment is insensitive to coherence properties in the direction
perpendicular to grating slits.
We have shown how the Lau interferometer with rotated gratings depends on the shape of the source, and that
the extinction angle is proportional to the spatial coherence of the wave field in the direction parallel to grating slits.
However, in order to show that this arrangement can be used to make a quantitative measurement of the spatial
coherence, we must also test the dependence of V (θ) on the period of the gratings d. Using a Gaussian source of a
known size, we measured the extinction angle of Lau fringes using several pairs of gratings with different periods. This
data is shown in Figure 4, and it is well-described by the theory developed above with no free parameters. For each
data point we ensured that the gratings were separated by one Talbot distance, corresponding to the grating period
used. This data ensures that a Lau twist experiment can make a quantitative determination of spatial coherence.
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REPRINT: Electron diffraction and
interferometry with nanogratings
The following extended abstract was published in Microscopy and Microanalysis, and
is reprinted with permission from the Microscopy Society of America. The results of
this article are discussed in Sections 2.2.2 and 2.2.4 of this dissertation.
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Electron Diffraction and Interferometry with Nano-gratings
B. McMorran* and A. Cronin*
* Department of Physics, University of Arizona, 1118 E 4th St, Tucson, AZ 85721
We used nanofabricated gratings as beam splitters for an electron interferometer [1,2,3]. This shows
that nanotechnology can be used for coherent electron optics. In particular, nanogratings enable
electron holography and interferometry with low to medium energy (~5keV) electron beams
generated from tungsten thermionic sources. We demonstrated that our electron interferometer can
map electric fields around various samples and can measure electron-surface interaction potentials
for single electrons less than 25 nm away from material surfaces.
A single grating was used to diffract low-energy (0.5 – 3 keV) electrons [1,4,5]. The well-resolved
diffraction orders indicate that the transverse coherence lengths of the electron wave packets are at
least 100 nm (one grating), even though a tungsten filament source is used. Asymmetry in the
diffraction patterns can be accurately predicted by a model that includes image charge interactions
between the electron de Broglie waves and the inner surfaces of the grating (Fig. 2).
The electron interferometer is based on near-field diffraction from two nanostructure gratings [2].
This Talbot-Lau interferometer has the interesting property that interferometric fringes can be
formed even if a completely incoherent incident beam is used [6-8]. Fringes are observed with an
imaging detector, and revivals in the fringe visibility occur as the separation between gratings is
increased from 0.2 to 2.7 mm. These oscillations in visibility depend predictably on the wavelength
of incident electrons, which verifies that 5 keV electrons diffracted by nanostructures remain
coherent after propagating farther than the Talbot length. Distorted fringes due to a phase object are
used to demonstrate an application for this new type of electron interferometer (see Fig. 3b inset).
This work advances the field of matter wave optics by demonstrating a new amplitude-dividing
beam splitter for electron de Broglie waves. Although electron interferometry is an established
science, it usually relies on a bi-prism beam splitter [9]. This traditional beam splitter only works for
electrons with a relatively high degree of spatial coherence and hence requires expensive fieldemitting electron guns and ultra high vacuum systems. We showed that the nanogratings provide a
way to extend electron holography/interferometry to lower energies using simple heated tungsten
filament electron gun operating in medium (1E-5 Torr) vacuum.

[1] B. McMorran, J. Perreault, T.A. Savas, and A. Cronin et al., Ultramicroscopy 106 (2006) 356.
[2] A. Cronin and B. McMorran, Phys. Rev. A 74 (2006) 061602R.
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96

1223 CD

Microsc Microanal 13(Suppl 2), 2007

(a)

(b)

Fig. 1. SEM images (courtesy Tim Savas, MIT) of the nanofabricated gratings. The grating is a
membrane (~125 nm thick) composed of evenly-spaced (100 nm) SiNx bars separated by holes
etched through the membrane. The bars are suspended by a micron-scale support grating running
perpendicular to the nanostructure. (a) Top view. The dark regions indicate empty space. (b) A
perspective view of a cleaved grating illustrating the tapered cross section of the bars.

Fig. 2. A 500 eV diffraction pattern of electrons from a single nanograting. The data (red circles)
shows some asymmetry in the diffraction pattern which can be explained by a theory (blue line) that
incorporates an image charge interaction between the electron de Broglie wave and the grating.

(a)

(b)

Fig. 3. (a) Lau interferometer for electrons. There is a variable aperture (Ø50–200 µm) at plane A, a
magnetic lens ML, a beam focus (Ø10 µm beam waist) at plane S, nanogratings G1 and G2, an
optional phase object at plane P, and a phosphor-coated CCD imaging screen. In our experiments z0
is in the range 0-3 mm, and z = 75 cm. Not shown: the thermionic tungsten filament, grid cap, and
condenser lens are located before A. (b) Lau fringes formed at the detector plane, with an example
of fringe distortion due to a charged wire acting as phase object at plane P (inset).
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REPRINT: Low energy electron holography of
charged tip
The following extended abstract was published in Microscopy and Microanalysis, and
is reprinted with permission from the Microscopy Society of America. The results of
this article are discussed in Section 2.3.2 of this dissertation.
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Low Energy Electron Holography of Charged Tip
B. McMorran, D. Wanegar, and A. Cronin
Department of Physics, University of Arizona, 1118 E 4th St, Tucson, AZ 85721
We used a low energy (3 keV) electron interferometer constructed of nanofabricated gratings [1] to
measure the electric field around a charged needle. We present images of interference fringes
deformed by the electric field around the object, along with simulations that reproduce these results.
This experiment was performed in a modified SEM with a thermionic electron source, and could
provide an inexpensive alternative to conventional electron holography of charged tips.
Similar experiments using conventional electron holography utilize Mollenstedt biprisms [2,3].
Interference fringes in [2,3] indicate lines of constant phase, and are therefore sensitive to the
electric potential around the object. Our technique, using nanogratings, differs in that fringes are
displaced in proportion to gradients in potential; i.e. electric fields.
A schematic of our experiment is shown in Figure 1. Our interferometer uses the Lau configuration,
a design borrowed from light optics [4]. The Lau interferometer consists of two gratings separated
by a multiple of the Talbot distance. When illuminated by a spatially incoherent beam, interference
fringes can be imaged on a screen placed sufficiently far from the gratings. A phase object, such as
the charged wire used in the experiment, may be placed between the gratings and the screen in order
to distort the fringes. The advantage of the Lau interferometer is that it does not require a spatially
coherent beam, which enables one to use low brightness beams (which are fairly inexpensive
compared to field emitting sources and their associated vacuums).
A useful application for this type of work is to image electric fields around field emitting tips.
However, this preliminary work has only been used to image electric fields around a wire that is 4
orders of magnitude larger than a typical field emitter tip. We are currently working to improve the
resolution of this technique. We are also researching ways to infer the electric field directly from the
images. Finally, we hope to shrink the length of our interferometer in order to provide a technique
that can be used to characterize electric fields around small tips using a conventional SEM.
This work was supported by the National Science Foundation Grant No. 0526954.
[1] A. Cronin and B. McMorran, Phys. Rev. A 74 (2006) 061602R.
[2] Matteucci et al., Ultramicroscopy 45 (1992) 77
[3] Oikawa et al., Journal of Electron Microscopy 56 (2007) 171
[4] H.O. Bartelt and J. Jahns, Optics Communications 30 (1979) 268.
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Figure 1. (a) A schematic of our electron Lau interferometer. (b) Side view simulation of Lau
interference behind two gratings, and the location of the charged wire.
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Figure 2. (a-d) 3 keV electron interference fringes distorted by a charged wire for various applied
voltages. (e-h) Simulations of distortions using the method of relaxation to model the electric field.
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The following extended abstract was published in Microscopy and Microanalysis, and
is reprinted with permission from the Microscopy Society of America. The results of
this article are discussed in Section 2.2.1 of this dissertation.
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Very Low Energy TEM Diffraction of Nanostructures
B. McMorran and A. Cronin
Department of Physics, University of Arizona, 1118 E 4th St, Tucson, AZ 85721
We have built a very low energy (500 eV to 5 keV) TEM to analyze nanoscale gratings. These
‘artificial crystals’ are large arrays of closely-spaced slits etched all the way through material
membranes. Using this technique, we find that low energy electrons are coherently transmitted
through the slits, but there is a non-uniform refractive index within the free space of each slit. This
refractive index is mediated by the self-induced image potential of the electrons as they pass through
the slits. Here we discuss the microscope and the two imaging modes use to analyze these structures.
The gratings we have analyzed (see Figure 1) have a lattice spacing of 100 nm in one direction and
1.5 µm in the other. They are made at the MIT NanoMechanical Technology Laboratory [1], and
consist of an array of 50 nm slits etched all the way through a 150 nm thick silicon nitride
membrane. They are coated with approximately 5 nm of Au/Pd or Pt.
The TEM (Figure 2) is a customized ISI WB-6 SEM, with the scanning mode disabled. The vacuum
chamber has been extended to enable the wave transmitted through the sample to propagate 75 cm to
the detector. We use two imaging modes in this device (diffraction and Fourier self-images) to
obtain high-resolution information about the gratings, despite the fact that their characteristic length
scales (<100 nm) are 1/100th the minimum probe size achievable in our system (10 µm).
Diffraction images are obtained by focusing the beam down near the detector (see Figure 3). Under
this condition the beam is nearly collimated and spatially extended at the grating, enabling coherent
electron diffraction. As described in [2], we find that the diffraction images contain important
information about the phase of the exit wave. The diffraction images can be quite asymmetric about
the zeroth order (unscattered beam), which can only be attributed to elastic scattering in the free
space of the gratings slits. These results can be modeled by considering an image potential
interaction between the electron and its image charges induced within the surfaces of the grating.
Images of the gratings themselves are obtained using two consecutive gratings, with the beam
focused near them to provide incoherent illumination as described in [4]. This is a Lau
interferometer configuration, and it is a Fourier self-imaging technique borrowed from optics [3].
This can be thought of as a form of point projection holography, except that the slits in the first
grating serve as an array of mutually incoherent point sources. When two identical gratings of period
d are separated by a half integer multiple of the Talbot distance (=2d2/ ) the resulting far field
diffraction intensities line up, forming an image of the grating. The advantage of this technique is
that images can be obtained using very incoherent, low brightness illumination.
This work was supported by the National Science Foundation Grant No. 0526954.
[1] T. A. Savas et al., J. Vac. Sci. Technol. B 13 (1995) 2732.
[2] B. McMorran, J. Perreault, T.A. Savas, and A. Cronin et al., Ultramicroscopy 106 (2006) 356.
[3] K. Patorski, Progress in Optics 27 (1989) 3
[4] A. Cronin and B. McMorran, Phys. Rev. A 74 (2006) 061602R.
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Figure 1. Nanoscale slit array, imaged using a
Hitachi S-4800 FE-SEM.
(a)

Figure 2. Our very low energy TEM.

(b)

Figure 3. (a) Setup for free space diffraction imaging in a low voltage TEM, and (b) the resulting
diffraction pattern.
(a)

(b)

1 m
Figure 4. (a) Setup for Lau-assisted TEM, and (b) the resulting self-images of a nanoscale slit array.
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The following extended abstract was published in Microscopy and Microanalysis, and
is reprinted with permission from the Microscopy Society of America. The results of
this article are discussed in Section 2.3.1 of this dissertation.
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Measurement of Electron Beam Coherence Using a Lau Interferometer
B. McMorran and A. Cronin
Department of Physics, University of Arizona, 1118 E 4th St, Tucson, AZ 85721
We built an electron interferometer with nanostructure gratings. As one application, we measured
coherence properties of a low energy electron beam. We were able to measure transverse coherence
lengths as small as 10 nm using 100 nm period gratings. The global degree of coherence (a good
figure of merit useful for classifying partially coherent beams [1]) was 0.1%.
This technique enables precise measurements of relatively incoherent beams, such as those
generated by tungsten ‘hairpin’ filaments. This knowledge may be useful in electron optics and
holography, because the transverse coherence properties of a beam are closely tied to the beam
brightness. A unique advantage of this approach is that coherence lengths can be measured that are
much smaller than the separation between grating slits - a regime that is very hard to access
experimentally using two slit experiments or holography using biprisms.
We adopt a technique used in light optics whereby two gratings separated by the Talbot distance
give rise to interference fringes even when illuminated by an incoherent beam, a configuration
known as a Lau interferometer. Rotating one grating with respect to the other about the optical axis
caused the fringe visibility to decrease [2]. The characteristic cutoff angle can is be used to measure
the transverse coherence length. We have reproduced these optical experiments using low energy
electrons transmitted through nanogratings [3] made by the MIT NanoMechanical Technology
Laboratory [4].
With this experimental approach we measured transverse coherence lengths at the detector plane for
a range of magnetic lens settings. Creating a larger beam diameter at the detector causes a
correspondingly longer transverse coherence length there (Fig. 3a). With ancillary measurements of
the beam widths at both the detector and at the first grating, we also report the beam's transverse
coherence length at the location of the gratings (Fig. 3c). To demonstrate that coherence lengths far
smaller than a grating period can be measured this way, we used this technique to analyzed a beam
that could yield no visible diffraction from a single grating. We measured transverse coherence
lengths down to 10 nm, 1/10th that of a single grating period. We found the global degree of
coherence of the beam to be 0.1%, consistent with estimations based on the typical brightness of a
tungsten hairpin filament.
This work was partially supported by the National Science Foundation Grant No. 0526954.
[1] M. Born and E. Wolf, Principles of Optics 7th ed., University Press, Cambridge (2005).
[2] S. Chitralekha, K.V. Avudainayagam and S.V. Pappu, Applied Optics 28 (1990) 345.
[3] A. Cronin and B. McMorran, Phys. Rev. A 74 (2006) 061602R.
[4] T. A. Savas et al., J. Vac. Sci. Technol. B 13 (1995) 2732.
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grating slit

support bar

(a)

(b)

Fig. 1. (a) Nanofabricated grating with 100 nm period [4] for low energy electron interferometry [3].
(b) A schematic of our Lau interferometer featuring skewed gratings.

(a)

(b)

Fig. 2. (a) Interference fringes, created when the gratings are aligned and spaced by half the Talbot
distance. We observed fringe visibility as high as 30%. (b) Fringe visibility (normalized to 1) as a
function of grating misalignment angle . Both sets of data were obtained using 5 keV electron
beams focused by two different magnetic lens settings, with all other experimental conditions kept
constant.
500

4
400

[nm]

300

1y

3y

[µm]

3

2

200

1

100

0

150

(a)

200

300
250
IML [mA]

350

400

150

(b)

(c)

200

250
300
IML [mA]

350

400

Fig. 3. (a) Transverse coherence lengths at the detector, for variously focused beams. The transverse
coherence length can be tuned over a range of a few microns by changing the current applied to the
magnetic lens. (b) A cartoon illustrating how the current applied to the magnetic lens (IML) affects
the beam. As IML is decreased, the beam is focused closer to the detector. The focus can be placed
either before or after the gratings. (c) Transverse coherence lengths at the gratings, for variously
focused beams. The coherence length at the gratings ( 1) are inferred by measuring the beam widths
both at the gratings and the detector (w1 and w3) and the coherence length at the detector ( 3).

106

Appendix K
REPORT: Imaging low energy electrons with
the PIXIS-XO 512B camera
This manuscript was submitted upon request to Princeton Instruments, as a report
on the use their X-ray camera for imaging electrons. The results of this article are
discussed in Section 2.2.1 of this dissertation.
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Appendix L
Igor code for modeling grating
interferometers
The following code was written in an experiment file for Igor Pro 6.0, a scientific
modeling and analysis software package from Wavemetrics. The code implements the
analytical model discussed in Section 2.1 and developed in Appendix A, and it was
used for all the simulations in this dissertation.
// Ben McMorran
#pragma rtGlobals=1
// Use modern global access method.
#include <All IP Procedures>
#include <Image Saver>
Constant
Constant
Constant
Constant

e_charge = 1.60217646e-19 //electron charge in Coulombs
e_mass = 9.10938188e-31 //electron mass in kg
Plancks = 6.626068e-34 //Planck’s constant in J s
Coulomb = 8.98755179e9 //force Coulomb^-2 m^2

// computes interference pattern throughout a two-grating IF
// izx is a slice of this interference in the x-z plane
function go()
variable chargeratio
variable eta1,eta2
variable lam
variable r0,el0,w0,r1,el1,w1,r2,el2,w2
variable G1_z, G2_z, G2_x, theta
variable zpnts,zstart,zend,zres,zloc
variable xpnts,xstart,xend
variable ypnts,ystart,yend
variable z01,i
wave ix, izx, vis
variable /G lambda,d
///// INPUT PARAMETERS - SI UNITS
chargeratio = 0 //strength of image charge (in units of e)
lam = sqrt(150/4000)*1e-10 //compute wavelength for electrons
lambda = 10e-12 //lam //global variable containing value of wavelength
eta1 = .4 //G1 open fraction
eta2 = eta1 //G2 open fraction
d = 1e-7 //period of grating
r0 = -4.04 //initial radius of wavefront curvature
el0 = 1e-6//50e-9// //initial coherence width
w0 =30e-6//2e-6//1e-6// //initial beam width
G1_z =1e-6//5e-3
G2_z =1//G1_z+4*d^2/lambda//-.1e-3//
G2_x = d/2 //initial lateral offset of G2
theta = 0//.05

// twist between gratings, in degrees

// Computes grating Fourier components (in ReT, ImT)
LoadFourierComponents(chargeratio,1.5e-18/(lambda^2),eta2*d,140e-9,0,0)
////
// z
// x
// y

SPATIAL LIMITS OF SIMULATION
axis - parallel to propagation direction, perpendiculor to gratings
axis - parallel to G1 grating lattice vector
axis - perp. to G1 grating wavevector
zstart = -.1//-2e-3//-5e-3//-.8e-3//1e-6
zend = 2.1//6e-3//40e-3//100e-3//7//6*(d^2)/lambda//
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xstart =-200e-6//e-8e-6//-1.5e-3
xend = 200e-6//8e-6//1.5e-3
ystart =-.11e-3
yend = .11e-3
xpnts = 300
ypnts = 300
zpnts = 300

// resolution in the x direction
// resolution in the y direction
// resolution in the z direction

zres = (zend-zstart)/zpnts // step resolution used in computation
// create waves containing simulation outputs
make/o /n=(xpnts,zpnts) izx
make/o /n=(xpnts,ypnts) ixy
make/o /n=(ceil(xpnts/2),zpnts) fmap
make/o /n=(xpnts) ix
make/o /n=(xpnts*2) g1,g2
make/o /n=(zpnts) vis
// scale the
setscale
setscale
setscale
setscale
setscale
setscale

waves
/I x,
/I x,
/I y,
/I x,
/I y,
/I x,

- used in calculation and for display
xstart,xend,ix,g1,g2
//proper scaling (in meters)
xstart,xend, izx
//x-axis
zstart,zend, izx
//z-axis
xstart,xend, ixy
//x-axis
ystart,yend, ixy
//z-axis
(zstart-G1_z),(zend-G1_z), vis

// make dashed lines representing the gratings
g1 = NaN
g2 = NaN
if(1) //plot gratings
if((G1_z >= zstart) && (G1_z <= zend))
g1 = ((x > d*round(x/d) - d*eta1/2) && (x < d*round(x/d) + d*eta1/2)) ? NaN : G1_z
endif
if((G2_z >= zstart) && (G2_z <= zend))
g2 = ((x -G2_x > d*round(x/d) - d*eta2/2) && (x -G2_x < d*round(x/d) + d*eta2/2)) ? NaN : G2_z
endif
endif
// calculate GSM parameters at the first grating
r1 = v(G1_z,r0,el0,w0)
el1 = el(G1_z,r0,el0,w0)
w1 = w(G1_z,r0,el0,w0)
ix = 0
// MAIN LOOP - compute intensity profile at each step along optical axis
for(i = 0; i < zpnts; i += 1)
zloc = zstart + i*zres
if(0) //set to 1 to plot fringe profile vs z_12
G2_z = zloc
zloc = .75 //location of fringe profile
endif
if(0) //set to 1 to plot fringe profile vs G2 lateral offset
G2_x = -zloc*d
zloc = 1 //location of fringe profile
endif
if(zloc > G2_z) //more complicated calc after 2 gratings
gp2(G2_z-G1_z,zloc-G2_z,theta,el1,w1,r1,el1,w1,r1,G2_x)
elseif(zloc > G1_z) //after 1 grating
gp1(zloc-G1_z,r1,el1,w1)
else //simple GSM propagation through free space
gp0(zloc,r0,el0,w0)
endif
ix *= ix[p] > 0 ? 1 : 0 //eliminate negative values for intensity
wavestats/q ix
ix /= V_max //normalize each row to 1
if(0) //correct scaling of intensity with propagation distance
ix *= (w0/w(zloc,r0,el0,w0))^2
if(zloc > G1_z)
ix *= eta1
endif
if(zloc > G2_z) //this only works for incoherent beams
ix *= eta2
endif
endif
izx[][i] = ix[p]
ixy = ix[p]*e^(-Pi*((DimOffset(ixy, 1) + q*DimDelta(ixy,1))/w(zloc,r0,el0,w0))^2)
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if(0) //get spatial power series
FFT /OUT=3 /WINF=Cos1 /DEST=FTtemp ix
fmap[][i] = FTtemp[p]
endif
if(0) //compute contrast
wavestats /q ix
vis[i] =(V_max - V_min)/(V_max + V_min)
endif
DoUpdate
endfor
end

function
variable
variable
variable
variable
variable
variable
variable

LoadFourierComponents(charge_ratio,energy,width,thick,wedge_angle,tilt)
charge_ratio,energy,width,thick,wedge_angle,tilt
n,ex,i
MyInt, res, eta,vel
fc,ph
/G d
alpha,beta
x_min,x_max

make /o /n=41 ReT,ImT
setscale /I x,-20,20, ReT,ImT
ReT = 0
ImT = 0
res = 1000
eta = width/d
vel = sqrt(2*energy*e_charge/e_mass)
alpha = wedge_angle*pi/180
beta = tilt*pi/180
if(beta >= 0)
x_min = -width*cos(beta)/2+width/res
if(beta <= alpha)
x_max = width*cos(beta)/2-width/res
else
x_max = width*cos(beta)/2-width/res + thick*(tan(alpha)-tan(beta))
endif
else
x_max = width*cos(beta)/2-width/res
if(abs(beta) <= alpha)
x_min = -width*cos(beta)/2+width/res
else
x_min = -width*cos(beta)/2+width/res - thick*(tan(alpha)-tan(beta))
endif
endif
// Compute effects of particle/grating interaction
for(n = -20; n <= 20; n += 1)
for(ex = x_min; ex < x_max; ex += width/res)
fc = 2*Pi*n*ex/d
ph = -width*thick*charge_ratio*e_charge^2*(2*Pi*Coulomb/Plancks)/(vel*(.25*width^2-ex^2))
//// TODO: IMPLEMENT EFFECTS OF GRATING TILT ON INTERACTION
//
ph = 0
//
for(i = 0; i <=1; i += 1)
//
beta*= -1
//
ex*= -1
//
ph += 2*Pi*charge_ratio*e_charge^2*Coulomb
//
/(2*vel*Plancks)*thick/((width/2+ex)
//
*cos(alpha)*cos(beta))
//
if(sin(alpha+beta) != 0)
//
ph += 2*Pi*charge_ratio*e_charge^2*Coulomb
//
/(2*vel*Plancks*sin(alpha+beta))
//
*log((width/2+ex+thick*(tan(alpha)+tan(beta)))
//
/(width/2+ex))
//
else
//
ph += 2*Pi*charge_ratio*e_charge^2*Coulomb
//
/(2*vel*Plancks)*(width/2+ex)
//
*thick*cos(alpha)/cos(beta)
//
endif
//
endfor
ReT[x2pnt(ReT,n)] += cos(ph+fc)
ImT[x2pnt(ReT,n)] += sin(ph+fc)
endfor
endfor
ReT /= res
ImT /= res
end

//get intensity profile after two gratings
function gp2(z12,z23,mytheta,el1x,w1x,r1x,el1y,w1y,r1y,G2_x)
variable z12,z23,mytheta,el1x,w1x,r1x,el1y,w1y,r1y,G2_x
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variable
variable
variable
variable
variable
variable
variable
wave ix,
variable

m,dm,n,dn,m1,m2,n1,n2,r,s,theta
/G lambda,eta1,eta2,d
r0x,r0y
d1,d2,v3x,w3x
v3y,w3y,el3x,el3y
g,h,phi,lim,z13
/C coef
ReT, ImT
cutoff

theta = Pi*(mytheta)/180
d1 = d
d2 = d1
if(1) //use GSM model
from McMorran,Cronin PRA 2008
z13 = z12 + z23
el3x = el(z13,r1x,el1x,w1x)
w3x = w(z13,r1x,el1x,w1x)
v3x = v(z13,r1x,el1x,w1x)
el3y = el(z13,r1y,el1y,w1y)
w3y = w(z13,r1y,el1y,w1y)
v3y = v(z13,r1y,el1y,w1y)
ix = 0
duplicate /o ix, phix
phi = 0
cutoff = 1e-3//5e-5
//compute more Fourier components for image charge effects
lim = 5
for(m1 = -lim; m1 <= lim; m1+=1)
for(m2 = -lim; m2 <= lim; m2+=1)
for(n1 = -lim; n1 <= lim; n1+=1)
for(n2 = -lim; n2 <= lim; n2+=1)
dn = n1 - n2
n = (n1 + n2)/2
dm = m1 - m2
m = (m1 + m2)/2
if(0) //if yes, ignore image charge effects at G1
coef = cmplx(sinc(eta1*Pi*m1),0)
coef *= cmplx(sinc(eta1*Pi*m2),0)
else //assumes G1 identical to G2
coef = cmplx(ReT[x2pnt(ReT,m1)],ImT[x2pnt(ReT,m1)])
coef *= cmplx(ReT[x2pnt(ReT,m2)],-ImT[x2pnt(ReT,m2)])
endif
coef *= cmplx(ReT[x2pnt(ReT,n1)],ImT[x2pnt(ReT,n1)])
coef *= cmplx(ReT[x2pnt(ReT,n2)],-ImT[x2pnt(ReT,n2)])
//next factor responsible for the twist dependence of visibility
coef *= exp(-Pi*(dn*sin(theta)*lambda*z23/(d2*el3y))^2 )
coef *= exp(-Pi*(lambda*z23*(dn*cos(theta)+dm*z13/z23)/(d1*el3x))^2 )
if((real(coef) >= cutoff) || (imag(coef) >= cutoff))
phi = dn*n*(1-z23/v3x)*cos(theta)^2 + dn*n*(1-z23/v3y)*sin(theta)^2 + dn*m*(1-z13/v3x)*cos(theta)
phi += dm*n*(1-z13/v3x)*cos(theta) + dm*m*(z13/z23)*(1-z13/v3x)
phi *= 2*pi*lambda*z23/(d1^2)
phi -= 2*pi*dn*G2_x/d2
phix = phi - (2*Pi*x/d2)*(dn*cos(theta)*(1-z23/v3x)+dm*(1-z13/v3x))
ix += (real(coef)*cos(phix(x))-imag(coef)*sin(phix(x)))*exp(-Pi*((x-(lambda*z23/d1)*(n*cos(theta)+m*z13/z23))/w3x)^2)
endif
endfor
endfor
endfor
endfor
else //use model from Brezger,Arndt,Zeilinger JOptB 2003
variable x1,gwin,Ri,Ii,j
variable Rcoef, Icoef
duplicate /o ix, ReA
duplicate /o ix, ImA
lim = 7
ix = 0
gwin = 0
for(x1 = gwin*d-eta1*d/2; x1 < gwin*d+eta1*d/2; x1 += eta1*d/25)
ReA = 0
ImA = 0
//use Eq. 3 next-to-last form:
for(j = -lim; j <= lim; j+=1)
phi = pi*(lambda/d^2)*(z12*z23/(z12+z23))*j^2
ReA += ReT[x2pnt(ReT,j)]*cos( -phi + 2*Pi*j*(x1*z23+x*z12)/(d*(z12+z23)))
ReA -= ImT[x2pnt(ReT,j)]*sin( -phi + 2*Pi*j*(x1*z23+x*z12)/(d*(z12+z23)))
ImA += ReT[x2pnt(ReT,j)]*sin( -phi + 2*Pi*j*(x1*z23+x*z12)/(d*(z12+z23)))
ImA += ImT[x2pnt(ReT,j)]*cos( -phi + 2*Pi*j*(x1*z23+x*z12)/(d*(z12+z23)))
endfor
ix += ReA^2+ImA^2
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endfor
endif
end

//get intensity profile after no grating
function gp0(z01,r0,el0,w0)
variable z01,r0,el0,w0
variable w1
wave ix
w1 = w(z01,r0,el0,w0)
ix = exp(-pi*(x/w1)^2)
end

//get intensity profile after one grating
function gp1(z12,r1,el1,w1)
variable z12,r1,el1,w1
variable n,dn,m,dm
variable /G lambda,eta1,d
variable eta2,r2,el2,w2,theta
variable coef,phi,lim,cutoff
wave ix,ReT,ImT
el2 = el(z12,r1,el1,w1)
w2 = w(z12,r1,el1,w1)
r2 = v(z12,r1,el1,w1)
ix = 0
cutoff = 1e-3//5e-5
lim = 5
for(n = -lim; n <= lim; n+=1)
for(m =-lim; m <=lim; m+=1)
dn = n-m
dm = (m+n)/2
if(0) //if yes, ignore image charge effects at G1
coef = sinc(eta1*Pi*n)*sinc(eta1*Pi*m)*(eta1)^2
else
coef = (ReT[x2pnt(ReT,n)]*ReT[x2pnt(ReT,m)]+ImT[x2pnt(ReT,n)]*ImT[x2pnt(ReT,m)])
endif
coef *= exp(-Pi*(dn*lambda*z12/(d*el2))^2)
if(coef >= cutoff)
ix += coef*exp(-Pi*((x-dm*lambda*z12/d)/w2)^2)*cos( 2*Pi*(dn/d)*(x - dm*lambda*z12/d)*(1-z12/r2))
endif
endfor
endfor
end
//compute GSM beam width
function w(z,r0,el0,w0)
variable z,r0,el0,w0
variable /G lambda
return w0*abs(z/zp(z,r0))*sqrt(1 + lambda^2 * zp(z,r0)^2/(el0^2 * w0^2))
end
//compute GSM coherence width
function el(z,r0,el0,w0)
variable z,r0,el0,w0
variable /G lambda
return el0*abs(z/zp(z,r0))*sqrt(1 + lambda^2 * zp(z,r0)^2/(el0^2 * w0^2))
end
//compute GSM radius of wavefront curvature
function v(z,r0,el0,w0)
variable z,r0,el0,w0
variable /G lambda
return z/(1 - zp(z,r0)/(z*(1 + lambda^2 * zp(z,r0)^2/(el0^2 * w0^2))))
end
//compute magnification factor due to wavefront curvature
function zp(z,v)
variable z,v
return v*z/(v + z)
end
Window Display_izx() : Graph
PauseUpdate; Silent 1
// building window...
Display /W=(618.75,152.75,1046.25,562.25) g1,g2
AppendImage/T izx
ModifyImage izx ctab= {*,*,Grays256,0}
ModifyGraph margin(left)=54,margin(bottom)=14
ModifyGraph margin(top)=36,margin(right)=14,width=360
ModifyGraph height=360
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ModifyGraph lSize=2
ModifyGraph rgb=(0,65280,0)
ModifyGraph mirror(left)=2,mirror(bottom)=0,mirror(top)=0
ModifyGraph nticks(left)=10,nticks(top)=10
ModifyGraph minor(left)=1,minor(top)=1
ModifyGraph noLabel(bottom)=2
ModifyGraph fSize(left)=14,fSize(top)=14
ModifyGraph standoff(left)=0,standoff(top)=0
ModifyGraph axThick(left)=2,axThick(bottom)=0,axThick(top)=2
ModifyGraph lblPosMode(left)=3,lblPosMode(top)=3
ModifyGraph lblPos(left)=45,lblPos(top)=45
ModifyGraph tkLblRot(left)=90
ModifyGraph btLen(left)=3,btLen(top)=3
ModifyGraph tlOffset(left)=-2,tlOffset(top)=-2
Label left "\\u#2z [mm]"
Label top "\\u#2x [m]"
SetAxis/A/R left
//
TextBox/C/N=text0/F=0/A=MC/X=-61.25/Y=38.96 "\\Z14G1"
SetDrawLayer UserFront
EndMacro

