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Abstract

Tomographic reconstruction using multiple laser guide stars (MLGS) will be required

by the next generation of extremely large (30m class) telescopes (ELT). Modal de-

composition of wavefront phase using Zernike polynomials is a widely used technique

in adaptive optics (AO) research. However, this approach breaks down with the large

number of degrees of freedom required by ELTs.

This research proposes the use of an alternative basis, the disk harmonic functions,

to overcome the disadvantages of the Zernike basis at high spatial resolution. A

method of fast, analytic, modal tomographic modeling is developed and used for fast

calculation of reconstruction matrices used on-sky at the MMT telescope.

The specific reconstruction techniques of ground layer adaptive optics and laser

tomography adaptive optics using MLGS are presented along with the results of on-

sky experiments at the MMT. In addition to developing a laser AO instrument for

the MMT, these experiments provide a test bed for validating the reconstruction

techniques that will be critical to the success of ELTs.

An approach to using real-time wavefront sensor and deformable mirror telemetry

from the MLGS system to estimate the vertical distribution of turbulence in the

atmosphere is also presented.
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1. Introduction

This chapter presents the background and motivation behind this dissertation as well

as a description of the MMT laser guide star (LGS) adaptive optics (AO) system

which forms the foundation for this research.1

Chapter 2, Disk Harmonic Functions Applied to Adaptive Optics, introduces the

disk harmonic basis functions and discusses their advantages at high spatial frequen-

cies over the Zernike polynomials which are most widely used for AO research. Chap-

ter 3, Analytic Modeling of Tomographic Reconstruction, presents the method of fast,

analytic tomographic reconstruction used in this research for AO simulation and in

the on-sky MMT LGS AO experiments.

Chapter 4, On-sky Demonstration of MLGS GLAO Reconstruction, provides an

overview of ground layer adaptive optics (GLAO) as well as experimental results

obtained using the multiple LGS (MLGS) AO system at the 6.5m MMT telescope at

Mt. Hopkins, Arizona. Chapter 5, Commissioning of MLGS LTAO Reconstruction,

provides an overview of laser tomography adaptive optics (LTAO), results from open-

loop tomographic reconstruction based on MMT MLGS telemetry measurements, as

well as the progress of the commissioning efforts for LTAO at the MMT.

Chapter 6, Near Real-time Index Structure Constant Estimation, presents a novel

technique for using the real-time wavefront sensor (WFS) and deformable mirror

(DM) telemetry information collected by the MLGS AO system to estimate the verti-

cal distribution of turbulence strength in the atmosphere in near real-time. This dis-

tribution is a required input to optimal tomographic reconstruction. Finally, chapter

7, Conclusion and Future Research, reviews the key results and discusses opportuni-

ties for further research.

1It is assumed that the reader is familiar with the basic concepts in adaptive optics, which will
not be repeated herein. Readers may consult Hardy (1998) for additional background.
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Appendix A, Zernike Polynomials, reviews the definition of the Zernike polynomial

basis functions which are widely used in AO research as well as in portions of this

research. Appendix B, Disk Harmonic Functions, develops the analytic results used

in Chapter 2. Appendix C, List of Acronyms, contains a list of definitions for the

acronyms used in this document.

1.1. Background and Motivation

MLGS AO is going to play a critical role in the success of the next generation of

extremely large telescopes (ELTs). With planned apertures of at least 25 − 50m,

tomographic reconstruction and adaptive correction using multiple sodium LGS will

be necessary to deliver the level of optical performance required for these facilities to

meet their science goals.

Figure 1.1 shows an example of an ELT design, for the Giant Magellan Telescope

(GMT) (Johns et al. 2004), consisting of seven 8.4m primary mirror segments with a

maximum effective aperture diameter of 24.4m. Other ELTs such as the 30m Thirty

Meter Telescope (TMT) (Ellerbroek et al. 2006) and the 42m European Extremely

Large Telescope (EELT) (Gilmozzi & Spyromilio 2007) have been proposed.

The theoretical limit on the resolution of a perfect optical system is set by the

physics of diffraction within a finite aperture. For a stellar source, well approximated

by a point source infinitely far away, observed by a telescope system with a circular

unobstructed entrance pupil of diameter D, the observed image would have the form

of a circular Airy pattern. The diffraction limited image has a central core with peak

intensity Idl surrounded by a series of Airy rings. The diameter of the first dark ring,

separating the bright central core from the surrounding bright rings has an angular

diameter given by

θdark = 1.22
λ

D
(1.1)
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Figure 1.1. Model of the 24.4m Giant Magellan Telescope with its seven 8.4m
primary mirror segments. Figure by W. Davison.

where λ is the wavelength being observed. This angular size is the ideal limiting

resolution for the telescope system.

In practice, telescopes never achieve this ideal performance due to both static and

dynamic wavefront error impacting the imaging system. Static errors can include

manufacturing and alignment errors in the optical system. Dynamic errors can be

caused by various sources of vibration, thermal drift, flexure due to changing gravity

vectors, and, most importantly for telescopes based on the ground, aberrations due to

atmospheric turbulence. The goal of AO system design is to provide a dynamic optical

system that reduces these various sources of wavefront error allowing the telescope to
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perform as close as possible to the diffraction limit.

The Strehl ratio is a frequently used figure of merit used to characterize the

performance of of a highly corrected telescope. For a system that achieves an image

of a stellar source with peak intensity I, the Strehl ratio is given by

S =
I

Idl
(1.2)

where Idl is the peak intensity of the diffraction limited image.

For this analysis, it is assumed that the static errors in a system can be made

small enough so that the performance of the telescope system is dominated by the

influence of the dynamic wavefront errors.

1.1.1. Wavefront Error

It is also typically assumed, that the remaining dynamic errors are uncorrelated and

can be modeled as independent, zero mean, Gaussian random variables (Noll 1976).

The wavefront phase, in units of radians of phase error, within the circular telescope

pupil, can then be represented by the sum of n independent phase errors

φ(r, θ) =
∑

n

anφn(r, θ) (1.3)

where the functions φn(r, θ) are a suitable set of orthogonal basis functions defined

on a circular pupil and the coefficients an have zero mean and variance σ2
n.

The total wavefront variance is

σ2
φ =

∑

n

σ2
φn

. (1.4)

For highly corrected optical systems where σ2
φ ≤ 1rad, the Strehl ratio can be

approximated by (Sandler & Stahl 1994)

Sφ = e−σ
2

φ (1.5)
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and where

Sφ =
∏

n

e−σ
2

φn =
∏

n

Sφn ≤ 1 . (1.6)

As wavefront variance adds in quadrature, even a single large variance term can

dominate and severely limit the overall performance of the system. In fact, equation

1.6 shows that the Strehl ratio for the largest error term forms an upper-bound on

the overall Strehl ratio of the system.

Sandler & Stahl (1994) and Hardy (1998) describe many identified sources of

wavefront phase error including tilt anisoplanatism, centroid uncertainty, angular

anisoplanatism, focal anisoplanatism, reconstruction, wavefront fitting, temporal cor-

rection bandwidth, and temporal decorrelation errors. This research is motivated

by controlling two specific types of phase error that are particularly problematic for

ELTs: focal anisoplanatism and wavefront fitting error.

1.1.2. ELTs and Focal Anisoplanatism

Most of the current 8 − 10m telescopes have either implemented some form of AO

system or have one in the planning stages.

The first AO systems used a bright natural star as a reference beacon to sense the

wavefront aberrations induced by atmospheric turbulence. However, the wavefront

correction measured in the direction of this natural guide star (NGS) decorrelates

rapidly with the correction required for science targets in other directions on the sky.

As this angular separation increases the correction error also increases, an effect called

angular anisoplanatism which depends on seeing conditions and wavelength. The well

corrected field around an NGS, in median seeing at visible wavelengths, can be as

narrow as a few arc seconds. Since a bright natural star is required for wavefront

sensing, and there are relatively few sufficiently bright stars in the sky, NGS AO

systems provide very poor sky coverage and severely limit the range of science targets

that can be observed with these NGS AO systems.
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Therefore, most large astronomical telescopes have deployed or are developing

laser projection systems to create bright artificial beacons at high altitude in any

desired direction on the sky. All of the current laser AO systems, with one exception,

use a single LGS beacon for wavefront sensing. The MMT telescope, at Mt. Hopkins

in Arizona, is the only LGS AO system currently in operation using multiple LGS

beacons.

Using an LGS beacon, which is at a finite distance from the telescope, for wavefront

sensing rather than a natural star, a very great distance away, introduces an additional

source of error called focal anisoplanatism or the cone effect.

Figure 1.2. (Left) Illustration of focal anisoplanatism (cone effect) caused by the
difference between the cylindrical volume of atmosphere affecting light from a distant
star and the inverted cone volume affecting the light captured from a laser beacon
spot at a finite height. (Right) Use of multiple laser beacons to create an overlapping
set of inverted cones to fully sample the same cylindrical volume up to a maximum
altitude.

The left hand frame of figure 1.2 contains an illustration of the cone effect using



20

the geometrical optics approximation. The upper part of the left frame shows a

vertical cross section of the atmosphere. The light from a natural star, effectively

infinitely far away, traverses a cylindrical volume (thin black dashed vertical lines)

in the atmosphere before it enters the entrance pupil of the telescope. This light

passes through a thin layer of atmospheric turbulence (thick blue dashed horizontal

line). The field of view (FOV) of the telescope is defined by diverging rays (thin

black solid lines) expanding outwards from the telescope entrance pupil. The light

the telescope collects from an LGS beacon at a finite distance from the telescope

traverses an inverted cone volume in the atmosphere (thin dotted green lines).

The lower part of the left frame shows a horizontal cross section of the atmosphere

at the height of the turbulent layer. The largest circle is the metapupil, the circular

cross section of the layer that affects light at some point in the field of view of the

telescope (largest solid black circle). The light from an on-axis natural star intersects

the layer in the smaller circular cross section labeled pupil (smaller dashed black

circle). The final, smallest cross section with the layer is the intersection of the cone

of light from the LGS beacon (smallest green circle).

It can be easily seen that the beacon cone cross section at the turbulent layer,

which fills the pupil of the LGS wavefront sensor (WFS), is different from the layer

cross section of a science target, such as a natural star, which fills the pupil of the

science camera. The measured wavefront correction will be mismatched with the

correction required by the science image. Near the ground, these footprints are nearly

identical so the measured correction will be more accurate. However, as the height of

the turbulent layer increases, there will be an increasingly large decorrelation between

the measured LGS wavefront error and the required science wavefront correction. The

variance for the focal anisoplanatism error is (Sandler & Stahl 1994)

σ2
fa =

(

D

d0

)5/3

(1.7)

where D is the entrance pupil diameter. The parameter d0 depends on the turbulence
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profile of the specific atmospheric conditions at the time of an observation and so must

be determined empirically. For example, values of d0, in meters, for the Hufnagel-

Valley (H-V) 5/7 model of turbulence (Hardy 1998) at λ = 500nm are given by

d0 = 1.8 × 10−5zLGS + 0.39 (1.8)

where zLGS is the height of the LGS beacon spot in meters. d0 scales with λ6/5.

For most LGS AO systems that use a Sodium laser guide star (SLGS) and collect

light from a high altitude layer of excited Sodium atoms between 90− 100km (95km

mean height), equation 1.8 shows that at λ = 500nm (V-band), d0 ≈ 2.1m while at

λ = 2200nm (K-band), d0 ≈ 12.4m. For a 10m telescope, the K-band Strehl ratio

will have an upper bound due to focal anisoplanatism of S = 0.497 or 50% under the

H-V 5/7 turbulence profile.

However, since σ2
fa scales as D5/3, the next generation of ELTs, with planned

apertures of 30m or more, wavefront sensing using a single sodium laser beacon will

be insufficient to produce usable scientific results. For example, for a 30m telescope,

the K-band Strehl ratio will have an upper bound due to focal anisoplanatism of

S = 0.013 or 1% under this turbulence profile.

To solve this problem, ELTs will have to utilize multiple laser beacons. By using

multiple beacons, with different lines of sight on the sky, it is possible to eliminate the

focal anisoplanatism error by fully sampling the volume of atmosphere affecting the

science imaging system. The right hand frame of figure 1.2 contains an illustration of

how multiple lasers, between them, can fully sample the same cylindrical volume of

light as a natural star, at least up to a maximum height determined by the diameter

and height of the LGS asterism. Figure 1.9 also illustrates how multiple LGS can

sample a volume of atmosphere above the telescope.

A mathematical technique known as tomographic reconstruction is used to analyze

the overlapping WFS signals from all the laser beacons and estimate the wavefront

phase error throughout the volume of atmosphere affecting the telescope field of view.
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Chapter 3 develops a fast, analytic technique for tomographic reconstruction for AO

systems. This technique allows multi-conjugate adaptive optics (MCAO) wavefront

reconstruction to be performed using matrix multiplication which can be parallelized

to maintain a fast update rate in closed-loop operation. This fast calculation of re-

construction matrices permits the updating of the closed-loop reconstruction matrix,

in near real-time, to account for field rotation, optimize modal gains for changing

seeing conditions, and modify layer heights for tomography for changing atmospheric

C2
n profiles.

Tomographic reconstruction using multiple beacons will enable diffraction lim-

ited, high resolution imaging for ELTs. Since the availability of sufficiently bright

NGS significantly limits sky coverage, multiple LGS will be necessary. In addition,

the symmetry of the MLGS beacon asterisms offer superior point spread function

uniformity over the corrected FOV compared with a multiple NGS based system.

Chapters 4 and 5 describe two particular types of reconstruction, ground layer

adaptive optics (GLAO) and laser tomography adaptive optics (LTAO) respectively,

as well as a series of experiments designed to demonstrate these reconstruction tech-

niques at the MMT telescope.

Ongoing research and development work at the 6.5m MMT telescope has success-

fully deployed the first operational MLGS AO system. The MMT, with Rayleigh LGS

beacons projected at 25km, has a similar geometry and suffers from a comparable

amount of focal isoplanatic error as 25 − 30m ELTs using sodium LGS projected at

90km (see figure 1.3). The Rayleigh LGS based AO system at the MMT will not only

support unique scientific research opportunities in astronomy but also provides a test

bed for validating the reconstruction principles and techniques that will be required

for the success of the next generation of ELTs.

Finally, chapter 6 develops a technique to use the real-time telemetry information

from the LGS WFS as well as the MMT’s adaptive secondary deformable mirror

(DM) to estimate the vertical distribution of turbulence strength in the atmosphere
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Figure 1.3. (Left) Comparison of ELT and MMT geometry. Figure by W. Davison.
(Right) MMT RLGS AO system in operation. Photograph by T. Stalcup.

in near real-time.

1.1.3. ELTs and Wavefront Fitting Error

The second error source that will be a particular difficulty for ELTs is wavefront fitting

error. Wavefront fitting error is caused by physical systems that attempt to represent

a continuous function like the wavefront phase φ(r, theta) using a finite number of

samples or degrees of freedom.

The Kolmogorov turbulence model (Tatarski 1961) is most widely used to describe

the spatial distribution of power in the aberrated wavefront phase error produced by

atmospheric turbulence. This model assumes that energy enters the turbulent system

and creates disturbances at a large spatial scale called the outer scale L0. The energy

in these turbulent structures cascades down into progressively smaller structures until

it dissipates due to viscosity at a small spatial scale called the inner scale l0. The

spectral density of phase error under this model has been shown to follow the power
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law Φ(l) ∝ l5/3 for scale size l. Such hierarchical structures are called scale-free since,

within the range of the outer and inner scale lengths, there is no characteristic scale

in the turbulent system.

The largest spatial scales contain the largest portion of the power. The total power

of this phase error is characterized by a coherence length r0 (Fried 1966) which scales

with λ6/5. For example, typical values of r0 at good, mountain top astronomical sites

range from 0.05 − 0.25m at λ = 500nm, near the wavelength where most wavefront

sensing is performed.

The phase error φ(r, θ) can be expanded as a summation of an infinite series of

orthonormal Zernike polynomial basis functions (Noll 1976)

φ(r, θ) =

∞
∑

j=1

αjZj(r, θ) . (1.9)

Appendix A reviews the definition of the Zernike polynomials which are almost ubiq-

uitously used in AO research as well as in portions of this research.

There are two sources of fitting error. The first results from using a wavefront

sensor (WFS) with a finite number of subapertures to estimate the wavefront phase

error. The second results from using a deformable mirror (DM) with a finite number

of actuators to apply the wavefront correction. Typically, the WFS fitting error is the

most serious since the number of subapertures is often much smaller than the number

actuators used to control the DM.

If the series representation of the phase error is truncated

φ(r, θ) ≈
J

∑

j=1

αjZj(r, θ) (1.10)

where J is the number of illuminated subapertures on the WFS, we make an error

equal to the power in the high spacial frequency terms that have been dropped.

Sandler & Stahl (1994) analyzed the variance of the wavefront fitting error for
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an idealized, untruncated, wavefront reconstructor which is

σ2
fit = C

(

d

r0

)5/3

(1.11)

where d is the width of a WFS subaperture, or the DM actuator spacing, and C is a

constant, of order unity, which depends on the WFS or DM geometry. In practice,

the number of reconstructed modes is finite and the error is even higher.

In order to obtain a high Strehl correction, the ratio d/r0 ≤ 1 and it is desirable

to maintain the WFS subaperture size no larger than r0. For large D, this can result

in a WFS with a large number of subapertures which scales as (D/d)2. In practice,

this is difficult to achieve and on many existing AO systems d > r0 by a factor of two

or three.

For example, an ELT, with D = 30m at r0 = 0.15m for the wavelength λ =

500nm, would require a WFS with 200 × 200 or 40, 000 subapertures, with approxi-

mately 28,000 illuminated, in order to obtain d = r0. At the near infrared wavelength

λ = 2.2µm, where r0 = 0.89m, the WFS would require 34×34 or 1, 156 subapertures,

with approximately 800 illuminated.

To perform numerical calculations with a phase error φ(r, θ) represented by a

finite series expansion with 28, 000 degrees of freedom, 28, 000 basis functions are

required. For the Zernike polynomials, this would mean performing calculations with

polynomials up to order N = 236. Zernike polynomials are defined for arbitrarily

large order. However, as will be shown in chapter 2, there are serious computational

difficulties in evaluating the coefficients of the Zernike radial polynomials for N > 32.

There are only 561 Zernike polynomials up to and including order N = 32. So even

for the reduced near infrared system, with only 800 degrees of freedom, an alternative

to the Zernike polynomials will be required.

The majority of published results using a modal decomposition approach to an-

alyze wavefront phase use the Zernike polynomials. The technique for fast, analytic

computation of tomographic reconstruction matrices described in chapter 3 and the
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modeling techniques used to validate these reconstructors depend on numerical calcu-

lations in the space of basis functions used for this modal decomposition. In order to

extend these techniques to larger AO systems, it was necessary to find an alternative

set of basis functions that does not suffer from these computational challenges.

The disk harmonic (DH) functions, described in chapter 2 and appendix B, do not

suffer from these challenges. They have been successfully used both in AO numerical

modeling as well as for on-sky reconstruction at the MMT telescope. The results

presented in chapters 3, 4, and 5 represent the first use of the disk harmonic functions

in AO research.

There are other advantages to using this alternative basis set. The disk harmonic

functions have a more favorable, zero radial derivative at the edge of the pupil whereas

the Zernike polynomials have extremely steeply sloped edges for higher spatial fre-

quency modes. The use of the disk harmonic functions significantly reduces the fitting

error at the edge of the pupil during modal wavefront reconstruction. It also reduces

the currents applied to actuators near the edge of the adaptive secondary deformable

mirrors, such as the one use at the MMT telescope, during AO correction. This is be-

cause, unlike most deformable mirrors, adaptive secondary mirrors are not supported

at the edge and exerting moments in this area is difficult and requires a large amount

of power.

1.2. MMT RLGS AO System

The Center for Astronomical Adaptive Optics (CAAO) at Steward Observatory, the

University of Arizona (UA), and the MMT observatory have deployed the world’s first

multiple laser guide star AO system at the 6.5m MMT telescope at Mt. Hopkins,

Arizona. The MMT’s multiple Rayleigh laser guide star (RLGS) AO system is the

culmination of many years of development by staff and students at these institutions.

The efforts of these many individuals form the foundation for this research.
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Figure 1.4. MMT RLGS system in operation at summit of Mt. Hopkins, AZ.
Photograph by G. Furesz.

The development of the MMT RLGS GLAO system also benefited from previous

developments in AO research at other observatories. Ground layer adaptive optics,

first suggested by Rigaut (2002), provides a method for achieving uniform, partial

correction over fields as large as 10 arc minutes for use in wide field imaging and

spectroscopic surveys.

Simulations and open-loop measurements have predicted that multiple-beacon

GLAO can effectively and consistently improve the atmospheric seeing (Andersen

et al. 2006b; Rigaut 2002; Le Louarn & Hubin 2006; Tokovinin 2004; Lloyd-Hart

et al. 2005, 2006b; Baranec et al. 2007c). GLAO correction was first demonstrated
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on-sky using three bright natural guide stars in a 1.5 arc minute diameter FOV with

the Multi-Conjugate Adaptive Optics Demonstrator fielded at the VLT in early 2007

(Marchetti et al. 2007; Bouy et al. 2008).

Single, low altitude Rayleigh LGS at smaller telescopes such as at the 4.2 m

WHT (Benn et al. 2008) and planned for the 4.1 m SOAR (Tokovinin et al. 2008)

telescope can also produce wavefront compensation over fields of 1.5 and 3 arc minutes

respectively. However, as shown above and verified in simulation (Andersen et al.

2006b), a single beacon GLAO implementation will be ineffective for large apertures

due to the effects of focal anisoplanatism.

The MLGS AO system at the 6.5 m MMT telescope, at Mt. Hopkins, Arizona,

uses a constellation of five Rayleigh laser beacons projected in a 2 arc minute diameter

pentagon (Lloyd-Hart et al. 2005, 2006b,c; Baranec et al. 2006, 2007d,c; Milton et al.

2008; Baranec et al. 2009; Lloyd-Hart et al. 2009). The five reconstructed wavefronts

from these laser beacons, combined with tip-tilt information from a natural star, have

been successfully used in closed-loop to control the MMT’s adaptive secondary mirror

and correct for ground-layer aberrations. The MMT RLGS AO system is currently

being commissioned to support science observations in both GLAO and LTAO mode

of operation. Chapter 4 describes the ongoing work to prepare for GLAO shared risk

science.

1.2.1. MLGS Instrument

The MMT multiple laser guide star AO major subsystems include a laser beam projec-

tor (Stalcup 2006), an adaptive secondary mirror (Brusa Zappellini et al. 1998; Wildi

et al. 2003), a set of three wavefront sensors (Lloyd-Hart et al. 2005, 2006b; Baranec

et al. 2007c; Baranec 2007), and a PC based real-time reconstructor (Vaitheeswaran

et al. 2008).

The laser beam projection optics produce a constellation of five Rayleigh LGS pro-
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Figure 1.5. Path of the MMT RLGS beam from the laser box (at left), up to the
pupil box, across to the beam projection optics behind the secondary, and up into
the sky. Photograph by T. Stalcup.

jected from behind the telescope secondary mirror, on the sky in a regular pentagon

with a diameter of 2 arc minutes and 25 watts of total power at 532 nm. Figure 1.5

shows the MMT RLGS beam projection system in operation. The lasers are housed

in an insulated laser box mounted on the elevation drive arc of the telescope (just out

of view on the left hand side of the figure). A single thin beam is visible traveling

up to a small black box mounted on one of the top trusses in the secondary support

structure (at the top left of the telescope as shown in the figure). This box is known

as the pupil box since the beam projection system forms a pupil at that location.

Within the pupil box, the single beam is split into five beams with a pentagon geom-

etry using an optical hologram. The hologram rotates to maintain a fixed orientation
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of laser spots with respect to the sky. A fast, beam steering mirror located at the

pupil folds the light towards the secondary mirror hub where the beam projection

telescope is mounted (the beam can be seen crossing to from left to right towards

the secondary hub in the figure). The optics behind the secondary mirror fold the

beams up into the sky and focus the Gaussian beams to produce focused spots (min-

imum beam waist size) at a distance of 25km above the telescope. Figure 1.6 shows

a schematic diagram of this setup.

Figure 1.6. Schematic diagram of the MMT RLGS beam projection system. Figure
by T. Stalcup.

The laser box, shown in figure 1.7 contains two linearly polarized 15W frequency
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doubled Nd:YAG operating at a wavelength of 532nm with a pulsed repetition of 5

kHz. A polarizing beam splitter combines orthogonal polarizations to produce a single

unpolarized beam with 30W of total power. The laser box also contains steerable

optics to align the laser beams as well as shutters to control the transmission of the

beam and ensure the safety of laser operations.

Figure 1.8 shows the pentagon pattern of laser spots produced at altitude when

low altitude clouds temporarily produced additional scattering at lower altitudes.

Figure 1.7. Layout of the MMT RLGS laser box showing beam combination optics.
Photograph by T. Stalcup.

Figure 1.9 illustrates how the light produced by Rayleigh scattering from the laser

spots at altitude traverses a volume of atmosphere in the shape of an inverted cone.

Since the five beacons are projected in different lines of sight on the sky, their cones

diverge at altitude but overlap as they approach the telescope.

For atmospheric layers close to the ground, the cones are almost coincident and are
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Figure 1.8. MMT RLGS 2 arc minute diameter pentagon of spots produced by
hologram (reflected by low altitude clouds). Photograph by T. Stalcup.

nearly identically affected by aberrations produced at these low altitude layers. At-

mospheric layers up to 10km are still fully sampled by the overlapping cross sections

of the five beacons at the MMT. At these intermediate altitudes, the five beacons

measure differing aberrations which can be mathematically stitched together to esti-

mate the overall aberration in the cylinder of atmosphere above the telescope at these

heights. Above 10km, however, the cones no longer overlap and the atmosphere is

incompletely sampled by the five beacons. Since the turbulence strength is typically

very low at these high altitudes, good AO correction may still be achieved.

AO correction is accomplished using a Cassegrain adaptive secondary mirror

(ASM) as the deformable mirror. This approach produces an advantage in through-

put in the thermal infrared by significantly reducing the number of optical elements in

the AO system (Lloyd-Hart 2000). Figure 1.10 shows a close up view of the thin shell

DM with 336 voice coil actuators used to control its shape. A 2mm thick aluminized

deformable shell is suspended by a magnetic field at a 40µm gap from a thicker rigid

reference plate. Magnets are glued on the back surface of the thin shell opposite each

of the voice coil actuators. The current in each of the voice coils is controlled by a
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Figure 1.9. MMT RLGS beacons pass through a cross section of the atmosphere
in the shape of an inverted cone. Figure by M. Hart.

collection of 168 DSP processors mounted behind the secondary. Each DSP controls

two DM actuators.

Capacitive sensors are also located at each actuator to provide positional feedback

of the displacement of the mirror surface to the DSPs and provide closed loop control

of the DM shape. Figure 1.11 shows the MMT adaptive secondary mirror installed

in the secondary hub of the telescope. The laser beam projection optics are located

at the rear of the secondary hub behind the DM DSP crates.

Accelerometers, mounted on the ASM reference shell, provide the input to a
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closed-loop system which stabilizes the position of the laser spots on the LGS WFS

using a fast steering mirror in the LGS pupil box.

The adaptive secondary mirror, rather than the primary mirror is the pupil of the

telescope and corresponds to an entrance pupil diameter of 6.3m.

Figure 1.10. MMT adaptive secondary showing fixed reference shell and voice coil
actuators before the front surface was aluminized. Photograph by F. Wildi.

The LGS topbox, which contains all the AO WFS optics, is mounted directly to

the instrument derotation ring at the Cassegrain focus of the telescope as shown in

Figure 1.12.

The instrument mounting flange, located on the bottom of the LGS topbox, is

designed to accept all of the current suite of MMT f/15 NGS AO science instruments

including PISCES (McCarthy et al. 2001) a wide field 1− 2.5µm camera, Clio (Freed

et al. 2004) a 3 − 5µm camera, ARIES (McCarthy et al. 1998) the Arizona 1 − 5µm

imager and echelle spectrograph, and BLINC-MIRAC (Hinz et al. 2001) a 5 − 25µm

camera with nulling interferometer.

Figure 1.13 shows a view inside the LGS topbox. The topbox contains an optical

breadboard located within a stiff structural frame. The light collected by the telescope

(white line) passes through the central hole in the primary mirror and passes through
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Figure 1.11. MMT adaptive secondary installed. Photograph by F. Wildi.

the LGS WFS topbox and down into the central hole in the breadboard. A science

dichroic, either the entrance window to the infrared (IR) science camera or separately

mounted just above the science camera, allows IR light to pass straight through into

the IR science camera dewar. There are only a few warm surfaces before the IR light

reaches the entrance window of the science camera thus maintaining high throughput

in the thermal IR bands.

The visible light, used for wavefront sensing, is reflected back up into the topbox

(yellow line). A 30nm narrow-band Rugate filter reflects the 532nm light from the

laser beacons into the LGS WFS optics (green lines). The remaining visible light

passes through the Rugate filter into the NGS WFS optics (red lines).

The LGS WFS uses dynamically refocused optics (Georges 2003) and an elec-

tronically shuttered CCD to accumulate photon return over a range gate between

20 − 30km. The light from the five laser beacons is reflected by a fast f/0.7 mirror
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Figure 1.12. MMT RLGS WFS topbox being mounted at Cassegrain focus of
telescope. Photograph by T. Stalcup.

located at the end of a long, cylindrical mechanical resonator. A large electromag-

net causes this high-Q resonator to oscillate at 5 kHz matching the pulse rate of the

Rayleigh lasers. The length of the resonator oscillates and changes the optical path

length of the LGS WFS optics to maintain focus on the pulsed laser spots as they

travel through the 10km range gate.

Hartmann patterns with 60 subapertures in a hexapolar geometry, one for each of

the five LGS, are created by a prism array and imaged by a single LGS WFS CCD at

400 Hz. The right panel of figure 1.14 shows an example of an LGS WFS image with

the five 60 spot Hartmann patterns, one for each laser beacon. Chapter 4 provides

additional detail describing the LGS WFS slope calculation.

A 50/50 beam splitter divides the visible light in the NGS arm of the topbox

between the tip-tilt WFS and the NGS low-bandwidth WFS. An electron multiplying
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Figure 1.13. Layout of the MMT RLGS WFS system. Photograph by T. Stalcup.

L3 CCD is used to obtain 400 Hz tip-tilt measurements from the image motion of

a natural star located anywhere within the 2 arc minute field LGS constellation. A

field steering mirror selects the field star for tip-tilt sensing and centers its image on

the tip-tilt WFS.

A traditional natural guide star (NGS) 12× 12 Shack-Hartmann WFS is used for

system calibration and automatic static aberration correction. The left panel of figure

1.14 shows an example of an NGS WFS image. This NGS WFS can operate at 400 Hz

to provide ground truth measurements from a bright natural star for validating the

operation of the LGS WFS system. The NGS WFS is also used as a low-bandwidth

WFS (LBWFS), averaging 30 second to 1 minute sets of wavefront measurements

of a fainter star taken at 30 Hz, to characterize the non-common path aberrations

between the LGS WFS and the science camera. Static aberrations are removed by

adjusting the zero points for the LGS WFS slope calculation. Chapter 4 provides
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additional detail describing the LGS WFS static aberration correction.

The user interface and control systems for the LGS AO system electronics, optics,

cameras, laser beam projection system, and accelerometer control are implemented

in LabView operating on a cluster of four PC workstations. The AO closed-loop

system, the PC reconstructor (PCR)system, including slope calculation, reconstruc-

tion matrix multiplication, and DM command generation and telemetry acquisition,

is implemented on a multi-core PC workstation in C on Linux (Vaitheeswaran et al.

2008).

Figure 1.14. Representative WFS images from the LGS WFS (right) and NGS
low-bandwidth WFS (left).

During long science observations, the RLGS WFS topbox, mounted to the MMT

instrument derotator ring, rotates to maintain a fixed orientation with respect to the

sky. However, the WFS cameras within the topbox do not counter rotate. Therefore,

the PCR computer queries the current instrument derotator angle from the telescope

mount control computer. It periodically computes a new, derotated reconstruction

matrix to account for the orientation changes of the LGS WFS with respect to the

DM during long exposures.

Chapter 4 provides additional detail describing the LGS WFS modal reconstruc-

tion, reconstruction matrix derotation, and modal filtering.
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Figure 1.15 illustrates the WFS to DM reconstruction, LBWFS static aberration,

and LGS jitter control feedback loops that form the basis of the MMT LGS AO

system. Visible (blue), laser (green), and infra-red (red) wavelengths of light are col-

lected by the MMT telescope which uses an adaptive secondary DM to implement

wavefront correction. Tip-tilt and LGS WFS information is processed by the recon-

structor computer which transmits actuator commands to the DM in closed loop. The

low-bandwidth WFS (LBWFS) adjusts the LGS slope calculation in the reconstruc-

tor computer to eliminate non-common path aberrations. DM accelerometer signals

are analyzed by the control computer to generate jitter control corrections that con-

trol the fast steering mirror in the LGS beam projector. Each of these processes is

described in more detail in chapter 4. Finally, corrected infra-red light is collected by

the science camera.
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Figure 1.15. MMT LGS AO system diagram illustrating the WFS to DM recon-
struction, LBWFS static aberration, and LGS jitter control feedback loops.
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2. Disk Harmonic Functions Applied to Adaptive Optics

In astronomical adaptive optics research, Zernike circle polynomials have been used

almost ubiquitously as the preferred orthogonal basis for the study of turbulence in-

duced atmospheric aberrations as well as for modeling and tomographic reconstruc-

tion systems based on a circular pupil.

Fast, analytic simulations of AO systems have been produced using the Zernike

polynomials (Lloyd-Hart & Milton 2003). However, computational difficulties encoun-

tered when using very high order Zernike polynomials have motivated an examination

of other basis sets. These difficulties include:

• High spatial frequency Zernike functions have radial polynomials that have ex-

treme slopes at the edge of the unit circle.

• High spatial frequency Zernike functions have computational precision problems

since evaluation of the radial polynomial involves subtracting large, nearly equal

coefficient values.

This chapter begins with an examination of these challenges involving the Zernike

polynomials. The disk harmonic (DH) functions are introduced as an alternative

orthogonal basis for use in AO analysis, simulation, and the computation of modal

tomographic reconstruction matrices. Finally, the key properties of DH functions

for use in AO are presented. The advantages of using DH functions over Zernike

polynomials are presented including a discussion of the reduced WFS fitting error as

well as reduced currents when controlling the MMT adaptive secondary DM.1 For

additional detail on disk harmonic functions, see appendix B.

1Portions of this chapter appear in Milton & Lloyd-Hart (2005).
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2.1. Challenges with Zernike Polynomials

The real Zernike polynomials are

Znk (r, θ) =
√
n+ 1 Rnµ (r)



















√
2 sin (µθ) : m > 0

1 : m = 0 .
√

2 cos (µθ) : m < 0

(2.1)

The radial polynomial is defined by

Rnµ (r) =

(n−µ)/2
∑

s=0

(−1)s (n− s)!

s! [(n + µ) /2 − s]! [(n− µ) /2 − s]!
rn−2s . (2.2)

The ordering of the Zernike polynomials is defined by a pair of numbers (n, k)

where n is an integer defining the order of the largest radial polynomial power rn

with 0 ≤ n and k is an integer subindex which for each n has values 0 ≤ k ≤ n. The

azimuthal index m is given by m = n− 2k and the azimuthal frequency by µ = |m|.
The Zernike polynomials form an orthogonal basis on the unit circle with a squared

norm of π following the conventions of Noll (1976). For additional detail on Zernike

polynomials, see appendix A.

The first challenge with using Zernike polynomials in AO arises from their large

slopes near the edge of the pupil. Figure 2.1 shows an example of the third order

Zernike mode Z33 (trefoil) which has a third order radial polynomial as well as an

azimuthal frequency of three. Zernike polynomials are popular from their familiarity

due to their long use in the literature and from the fact that the low spatial frequency

Zernike modes correspond to the well known optical aberrations such as tip, tilt,

defocus, astigmatism, coma, trefoil, and spherical aberration.

The trefoil mode, in figure 2.1, illustrates how Zernike modes have their steepest

slopes, indicated by the clustered contour lines, near the edge of the unit circle and

exhibit a characteristic ”potato chip” shape, with flipped up edges on the surface

plot. Figure 2.5 shows all of the Zernike polynomials up to order four which exhibit
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Figure 2.1. Third order Zernike mode Z33 (trefoil).

similar characteristics. These edge slopes become increasingly steep with higher spa-

tial frequency and have a large impact on wavefront fitting error as shown in section

2.3.

The second major challenge is that evaluating Zernike polynomials at high spatial

frequency at various points within the pupil is necessary but presents a significant

computational precision problem. Fast, analytic models have been created to examine

the expected performance of tomographic AO systems using the Zernike polynomial

basis functions (Lloyd-Hart & Milton 2003). The simulation performance using this
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approach is dramatically faster, by as much as a factor of one thousand, than simu-

lations relying on point-by-point computation of phase maps.

The ability to manipulate phase errors analytically using vectors of modal co-

efficients, discussed in chapter 3, enables this increase in simulation speed. It also

enables tomographic reconstruction matrices, used for on-sky AO closed-loop opera-

tion as discussed in chapters 4 and 5, to be calculated in near real-time to respond

to changes in atmospheric conditions. The analytic manipulation of modal coeffi-

cients also provides increased accuracy by avoiding discrete sampling errors in the

calculation of tomographic reconstruction matrices.

However, there is still a need to evaluate the amplitude of the phase error function

φ at specific coordinates in order build influence matrices for wavefront sensors and

deformable mirrors used to build tomographic reconstruction matrices as well as for

sampling phase errors for modeling image PSFs in simulation. When phase error is

represented as a series expansion of Zernike polynomials, this means evaluating the

functions Znk (r, θ) at sampled points (r, θ) within the unit circle. This necessitates

performing numerical computations involving the coefficients of the Zernike radial

polynomials in equation 2.2. The next section demonstrates that this is difficult at

high spatial frequency.

2.1.1. Numerical Computation of Zernike Radial Polynomial Coefficients

The following three examples of R4,2 (r), R10,5 (r), and R30,15 (r) illustrate how the

magnitude of the polynomial coefficients grow as n! and become very large, even for

the relatively low spatial frequency of order n = 30.

R4,2 (r) = 1 − 6r2 + 6r4 (2.3)

R10,5 (r) = −1 + 30r2 − 210r4 + 560r6 − 630r8 + 252r10 (2.4)
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R30,15 (r) = (2.5)

−1 + 240r2 − 14280r4 + 371280r6 − 5290740r8 +

46558512r10 − 271591320r12 + 1097450640r14 −

3155170590r16 + 6544057520r18 − 9816086280r20 +

10546208400r22 − 7909656300r24 + 3931426800r26 −

1163381400r28 + 155117520r30

As shown in appendix A, the value of the radial polynomial Rnk (r) is equal to 1

at every point on the edge of the unit circle (r = 1) for all (n, k). Therefore, at the

edge of the unit circle, the sum of the polynomial coefficients differ only in the least

significant digit. This presents a problem for fast numerical computation using finite

numerical precision arithmetic. Using standard double precision real variables, only

Zernike polynomials up to order n = 32 can be accurately evaluated. There are only

561 Zernike polynomials up to and including order n = 32. Simulations have shown

that these numerical precision problems are not limited to the edge of the unit circle.

Zernike polynomials are defined for arbitrarily large order. However, the coeffi-

cients of the radial polynomials in the Zernike basis functions become computationally

intractable when very high order, high frequency modes are required. Because the

coefficients grow as n!, using extended precision calculation only slightly extends the

range of spatial frequencies that can be handled without error. Arbitrary precision

numerical libraries are available and have been used to accurately evaluate Zernike

polynomials of higher spatial frequencies such as n = 100. However, these arbitrary

precision numerical calculations are many orders of magnitude slower than the corre-

sponding standard double precision calculations making them impractical.

To perform numerical calculations with a phase error φ(r, θ) represented by a

finite series expansion with up to 28, 000 degrees of freedom as required by ELTs,
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28, 000 basis functions are required. For the Zernike polynomials, this would mean

evaluating polynomials up to order n = 236, well beyond the reach of double precision

calculations.

2.1.2. Zernike Polynomial Radial Derivatives

A second major challenge to effectively using Zernike polynomials at high spatial

frequencies is the behavior of their radial derivatives. High order Zernike polynomials

have increasingly large radial derivatives at the edge of the unit circle which is not

characteristic of the behavior of the phase error within the pupil of AO systems.
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Figure 2.2. Radial derivatives at the edge of the unit circle (r = 1) for all Zernike
polynomials up to order 30 (’+’ symbols). The solid line bounding these derivatives
is the power law n2.42.

Figure 2.2 shows the calculated radial derivatives for all Zernike polynomials up

to order n = 30 at the edge of the unit circle (r = 1). Using numerical curve fitting,

these radial derivatives are bounded by the power law n2.42. For the large orders, up

to n = 236, required by ELTs, these slopes would clearly be excessive.
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For phase error governed by the Kolmogorov model of atmospheric turbulence,

the gradients near the edge of the unit circle have the same distribution as any other

location within the unit circle. As will be seen later in this chapter, the steep local

slopes near the edge of the unit circle create very large local fitting errors when a

finite number of Zernike polynomials are used to represent phase error.

This has several deleterious effects on the performance of modal AO systems.

First, the estimation of the wavefront phase error by the system WFS exhibit high

fitting error near the edge of the pupil and therefore higher errors for estimating

modal coefficients for high spatial frequency modes.

Secondly, DM commands generated to correct the wavefront phase error will pro-

duce lower fidelity corrections near the edge of the pupil. Large local slopes at the

edge of the DM will demand a large inter-actuator stroke range for edge actuators

and will subject the edge actuators for DMs with a continuous face-sheet to high

stresses and large currents. Finally, the modal tomographic reconstruction of wave-

front phase using multiple beacons and a truncated series of Zernike polynomials will

produce lower fidelity corrections near the edge of the field of view corresponding to

the edge of the metapupils at altitude (see chapter 3).

2.2. Disk Harmonic Functions

In order to preserve the speed and simplicity of the modal approach to AO simulation

and to extend these techniques to simulations of 30m class telescopes and extreme

AO systems, where a large number of degrees of freedom are required, an alternative

basis set for representing wavefront phase is desirable.

Other basis sets have been used in adaptive optics research. The Fourier basis set

is an attractive alternative because of the availability of fast algorithms such as the

fast Fourier transform (FFT). However, when the Fourier basis is used over a circular

aperture, aliasing due to zero padding at the aperture boundary can cause serious
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fitting errors. Algorithms have been developed to use non-zero padding to address

this issue (Poyneer et al. 2002). However, it is clear that the Fourier basis is most

naturally used over a rectangular area.

The Karhunen-Loève (KL) expansion (Roggemann & Welsh 1996, 98) has also

been used in AO research. The KL basis has more favorable statistical properties than

the Zernike polynomials since the KL modes do not have the cross-correlations and

so the atmospheric covariance matrix is diagonal. However, the KL basis functions

are defined as a linear combination of Zernike polynomials and therefore suffer from

the same numerical computation challenges at high spatial frequency.

Other modal basis sets, such as the annular Zernike polynomials (Mahajan 1981a,b,

1994; Dai & Mahajan 2007) and orthogonal vector polynomials (Zhao & Burge 2007,

2008), are also defined as a linear combination of Zernike polynomials. They also

suffer from the same numerical computation challenges at high spatial frequency.

The disk harmonic (DH) functions (Verrall & Kakarala 1998), also called circular

or cylinder harmonic functions, are the product of radial Bessel functions and az-

imuthal complex exponentials, of the form Jnm(knm)eımθ, with suitable normalization

and discrete set {knm}. They form a complete, orthogonal basis on the unit circle and

are separable in polar coordinates. In this respect, they have similar characteristics

to the Zernike basis functions.

The DH basis also has properties in common with the Fourier basis since they are

the eigenfunctions of the Laplacian on the unit circle and unit square respectively.

Both basis sets are bandpass functions that avoid aliasing errors if sampling is per-

formed at a sufficiently high spatial frequency. The Zernike basis, or any other basis

set with a radial polynomial component, are not bandpass functions and so aliasing

can not be eliminated even in cases where the data has a limited range of spatial

frequencies (Verrall & Kakarala 1998). Poyneer & Macintosh (2004) was able to

reduce WFS residual errors by placing a field stop in front of the WFS in order to

remove high spatial frequency content from the wavefront phase which was recovered
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using a Fourier based reconstructor.

DH functions have all of the attributes that make Zernike functions well suited

for representing phase variations on a circular pupil:

• Basis functions are orthogonal on the unit circle.

• Phase screens can be represented by a finite series of basis functions with low

residual error.

• Series coefficients generated as Gaussian random variables with zero mean and

variances (computed analytically) produce a spatial structure function in agree-

ment with the Fried function.

• An analytic transformation relates the coefficients of the series expansion of the

phase within a smaller inscribed circle to the coefficients of the series expansion

representing the phase over a larger circle.

Moreover, DH functions do not have the computational disadvantages of the

Zernike functions:

• High spatial frequency DH functions have radial Bessel functions that have well

behaved slopes at the boundary of the unit circle. In fact, the gradient of any

DH function at the edge of the unit circle is zero in the radial direction by

definition.

• Accurate, computationally tractable approximations exist for the high order

radial Bessel functions used in high order DH functions.

• The atmospheric covariance matrix is diagonal.

The real form of the disk harmonic (DH) functions (Verrall & Kakarala 1998) are

dnm(r, θ) = Rnµ(r)



















√
2 cos(µθ) : m > 0

1 : m = 0
√

2 sin(µθ) : m < 0

(2.6)
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where µ = |m|. These functions form a complete, orthonormal basis defined on the

unit circle. A complex form of the DH functions, using complex exponentials, also

exists, but in practice it is more convenient to use the real basis set.

The radial functions are

Rnm(r) = anmJm(knmr) (2.7)

where Jm(r) is a Bessel function of the first kind with integer order m = 0,±1,±2, · · ·
and the discrete values of the spatial frequency, knm, are chosen to be the nth positive

root of d
d r
Jm(r) = 0 with n = 1, 2, · · · . The piston term d00 = 1, for n = 0 and

m = 0, has normalization coefficient a00 = 1. The normalization constants for the

other radial functions Rnm(r) are

anm =

√

1

[1 − (m/knm)2][Jm(knm)]2
. (2.8)

This normalization is chosen to facilitate the calculation of an aperture weighted

phase variance (Noll 1976) for the DH expansion coefficients over a circular pupil.

DH functions have been previously used in image processing for pattern recognition

(Verrall & Kakarala 1998).

Figure 2.3 shows an example of the third order DH mode d33 (trefoil) which has a

third order radial Bessel function as well as an azimuthal frequency of three. Although

there is a similarity between the shape of DH mode d33 and the corresponding Zernike

function Z33 in figure 2.1, the DH mode has a radial slope of zero at the edge of the

unit circle. The features of the DH mode are also broader and extend further towards

the center of the unit circle as shown by the more evenly spaced contour lines.

Figures 2.4 and 2.5 show the real DH and corresponding Zernike functions respec-

tively for 0 ≤ n ≤ 4. The DH modes, in contrast to the Zernike modes, do not suffer

from the narrow features and steep slopes close to the edge of the unit circle.

Finally, however, note that the two first order DH modes are not pure tip-tilt

modes since they contain curvature. Special considerations, discussed in chapter
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Figure 2.3. Third order disk harmonic mode d33 (trefoil).

4, must be taken when combining tip-tilt WFS information, which measures pure

Zernike tip-tilt, with a higher order DH modal reconstruction from LGS WFS during

modal reconstruction.
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Figure 2.4. Fourth order disk harmonic modes for orders zero through four.

Figure 2.5. Corresponding Zernike modes for orders zero through four.
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2.3. Advantages of Disk Harmonic Functions over Zernike Polynomials

The disk harmonic functions remain computationally tractable for very high radial

and azimuthal frequencies. Several numerical libraries are available which calculate

Bessel functions for very large order supporting numerical calculations using DH

modes. Figure 2.6 shows an example of a phase screen generated from a von Karman

spectral density with D = 30m, r0 = 0.2m, L0 = 30m using disk harmonic functions

up to order 200 (including 20, 300 modes). This phase screen exhibits much higher

spatial frequency features than would be possible if Zernike polynomials had been

used which can only be accurately evaluated up to order 32 (or 561 modes).

The DH modes have also been constructed to have a radial derivative of zero at

the edge of the unit circle. In contrast, Zernike polynomials have extremely steeply

sloped edges for higher spatial frequency modes. By avoiding steep local gradients,

the use of DH modes reduces the fitting error, particularly near the edge of the unit

circle, when representing a phase screen with higher spatial frequency modes.

To explore the extent and distribution of sampling error for the two basis sets

when wavefront phase is sampled at a finite number of discrete points, a numer-

ical simulation was performed using both Zernike polynomials and disk harmonic

functions. Two thousand random phase screens were generated with a von Karman

spectrum at λ = 500nm with D = 6.3m, r0 = 0.15m, and L0 = 30m to create are

representative set of atmospheric wavefront phases. The amplitude of the phase on

each screen was sampled within a circular pupil of radius 10 centered on a 23 × 23

square grid. Selecting only points that fell within the circular pupil resulted in 317

sample points for each phase screen. This is similar to the number of actuators (336)

found on the MMT adaptive secondary mirror.



54

Figure 2.6. Phase screen generated from a von Karman spectral density with D =
30m, r0 = 0.2m, L0 = 30m using disk harmonic functions up to order 200 (including
20, 300 modes).

The discretely sampled phase screens were projected onto Zernike polynomials

and disk harmonic functions up to radial order 24 by taking the dot product with

identically sampled, unit amplitude basis functions. The resulting modal coefficient

vectors for each phase screen represent the best fit using each basis set. To evaluate

the accuracy of the fit, these modal coefficient vectors were used to estimate the

amplitude of the phase error at the same locations as the 317 original sample points.

The difference between the actual phase amplitude and best fit estimated amplitude
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Figure 2.7. Zernike (blue line) vs. disk harmonic (red line) RMS sampling error
using 324 modes for 2000 phase screens generated with a von Karman spectrum at
λ = 500nm with D = 6.3m, r0 = 0.15m, and L0 = 30m.

at each sample point characterizes the sampling error for each basis set.

This numerical simulation, although artificial, is illustrative of the relative merits

of using the Zernike polynomial and disk harmonic functions for representing dis-

cretely sampled wavefront phase. Figure 2.7 shows the rms sampling error over all

sample points within each phase screen for all 2000 random phase screens. The rms

sampling error for the DH modes (red line) is consistently lower than the error when

using Zernike modes (blue line).

Figure 2.8 shows the rms sampling error over all random phase screens for each

sampled point within the circular pupil. The Zernike error (left) is dominated by

errors near the edge of the circle. The DH error (right) is also larger near the edge of
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Figure 2.8. (Left) Zernike RMS sampling error map for 317 samples (order 24) with
maximum error 2589nm. (Right) Corresponding disk harmonic RMS sampling error
with maximum error 203nm.
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Figure 2.9. Zernike (blue line) vs. disk harmonic (red line) RMS sampling error
cross section. This figure has been scaled to emphasize the lower sampling error near
the center of the pupil. The maximum Zernike sampling error at the edge of the pupil
is 2589nm (not shown on this truncated vertical scale).
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Figure 2.10. Zernike (blue line) vs. disk harmonic (red line) RMS wavefront phase
coefficients.

the circle. However, figure 2.9, which shows a horizontal cut through the middle of

each panel in figure 2.8, shows that the DH sampling error (red line) is several orders

of magnitude lower than the Zernike error (blue line) near the edge of the circle. In

fact, the DH sampling error is lower everywhere within the circle.

Figure 2.10 shows the rms amplitude of the individual modal coefficient vectors

for the Zernike polynomials (blue line) and the DH functions (red line) for all random

phase screens. The distribution of modal amplitudes for the Zernike polynomials does

not show the characteristic Kolmogorov distribution at higher spatial frequencies.

In fact, Zernike modes above mode 50 show significant inflation due to sampling

error. The DH basis exhibits significantly reduced sampling error when high spatial

frequency modes are utilized.
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The DH basis has an advantage when used to command a deformable mirror

particularly with a continuous face-sheet. The actuator commands, which represent

discrete samples of wavefront phase, generated by a finite series of Zernike modal

coefficients have very large amplitudes near the edge of the DM and with large ampli-

tude differences between neighboring actuators. This behavior generates a DM which

differs significantly from the desired wavefront phase near the edge of the pupil, uses

up available DM stroke range, and generates large forces and actuator currents on

DM edge actuators.

2.4. Using Disk Harmonic Functions for Adaptive Optics Simulations

In order to compute tomographic reconstruction matrices and to perform adaptive

optics simulations using the fast, analytic technique described in chapter 3, two key

numerical capabilities are required for any functional basis set selected for the task:

an analytic system of equations for transforming coordinate systems and an analytic

expression for the variance of each mode under the Kolmogorov model for atmospheric

turbulence.

2.4.1. Disk Harmonic Coordinate Transformations

Fast, analytic simulations of tomographic AO reconstruction systems have been pro-

duced using the Zernike basis functions (Lloyd-Hart & Milton 2003). A critical step in

the analytic calculation of a tomographic reconstruction matrix is the determination

of the phase error within a smaller, inscribed circle if the phase error in the larger

circle is known (see figure 2.11).
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Figure 2.11. Phase screen representing a metapupil (lower left) generated from
a von Karman spectral density with D = 30m, r0 = 0.2m, L0 = 30m using disk
harmonic functions up to order 60 (including 1, 891 modes). DH coordinate trans-
formations have been used to obtain a modal representation of the wavefront phase
within the inscribed beacon cone circle (upper right). The rms phase error (lower
right) in this calculation is less than 0.7%.

Using the modal approach to AO simulations, atmospheric turbulence and de-

formable mirror corrections are represented as vectors of coefficients for DH modes.

Atmospheric turbulence is modeled as a set of thin layers. Laser and natural guide

stars sample portions of this layered turbulence only in the areas where their light

cones or cylinders, respectively, intersect these discrete layers. A coordinate transfor-

mation between the DH coefficients that represent the wavefront phase over the full
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metapupil and the DH coefficients representing the smaller areas sampled by these

guide stars is required to carry out tomography. The relations that transform the DH

functions dnm(r, θ) under a change in the scale, a shift of the origin, or a rotation of

the coordinate system are presented below.

The disk harmonic functions dnk form a complete orthogonal system over the unit

circle. An arbitrary phase error, φ, can be represented by the series expansion

φ(r, θ) =
∑

n,m βnmdnm(r, θ)

βnm = 1
π

∫

UC
d2r φ(r, θ)dnm(r, θ)

. (2.9)

For a truncated series expansion, with finite maximum order n, the vector β of series

expansion coefficients forms a convenient representation of the phase error φ(r, θ) for

use in numerical computations.

To find the phase error φ′(x′, y′) within an inscribed circle given the known phase

error φ(x, y) in the larger circle, it is necessary to find the series expansion, using

equation 2.9, of the phase error φ(r, θ) under a change in the scale or a shift of the

origin of the coordinate system. Both φ and φ′ are defined on unit circles and the

two coordinate systems are related by x′ = a(x − x0) y
′ = a(y − y0) where the scale

of the unit circle for φ′ is reduced by a factor of 1/a and and has an origin at (x0, y0)

in the original coordinate system of φ.

For a change in scale, let φ(r, θ) = dn′m′(ar, θ), where the scale of the coordinate

system is reduced by a factor of 1/a. By direct substitution in equation 2.9, the

coefficients βnm are given by

βnm = 2 an′manmTm(kn′ma, knm) (2.10)

where

Tm(a, b) =
∫ 1

0
dr rJm(ar)Jm(br)

=







1
a2−b2 [bJm−1(b)Jm(a) − aJm−1(a)Jm(b)] : a 6= b

1
2
[J2
m(a) − Jm−1(a)Jm(a)] : a = b

. (2.11)
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To compute the effect of a shift of the origin, use the addition theorem for Fourier-

Bessel functions (Watson 1944, 358–361). Let x′ = r′eıθ
′

be a point in the old

coordinate system, x = reıθ be the same point expressed in the shifted coordinate

system, and x0 = r0e
ıθ0 be the coordinate shift vector oriented from the new shifted

origin to the old origin so that x = x′ + x0. The addition theorem for Fourier-Bessel

functions is

Jm′(kn′m′r′)eım
′θ′ =

∞
∑

m=−∞
Jm+m′(kn′m′r)eı(m+m′)θJm(kn′m′r0)e

−ımθ0 . (2.12)

Let φ(r, θ) = dn′m′(r′, θ′) be defined in the old coordinate system. On a shift of

origin, x0, using the addition theorem and after some manipulation, the coefficients

βnm are given by

βnm =











































































































































√
2(−1)µ

′Sµn′m′nm1(r0, θ0) : m′ > 0, m = 0

Sµ−µ′,n′m′nm1(r0, θ0) +

(−1)µ
′Sµ+µ′,n′m′nm1(r0, θ0) : m′ > 0, m > 0

Sµ−µ′,n′m′nm,−1(r0, θ0) −
(−1)µ

′Sµ+µ′,n′m′nm,−1(r0, θ0) : m′ > 0, m < 0

Sµn′m′nm0(r0, θ0) : m′ = 0, m = 0
√

2Sµn′m′nm1(r0, θ0) : m′ = 0, m > 0
√

2Sµn′m′nm,−1(r0, θ0) : m′ = 0, m < 0
√

2(−1)µ
′Sµn′m′nm,−1(r0, θ0) : m′ < 0, m = 0

−Sµ−µ′,n′m′nm,−1(r0, θ0) +

(−1)µ
′Sµ+µ′,n′m′nm,−1(r0, θ0) : m′ < 0, m > 0

Sµ−µ′,n′m′nm1(r0, θ0) −
(−1)µ

′Sµ+µ′,n′m′nm1(r0, θ0) : m′ < 0, m < 0

(2.13)
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where

Ssn′m′nmt(r0, θ0) = 2 an′m′anmTµ(kn′m′ , knm) ×

Js(kn′m′r0)



















cos(sθ0) : t = 1

1 : t = 0 .

sin(sθ0) : t = −1

(2.14)

A real phase function, φ(r, θ), can be accurately approximated by a finite set

of coefficients, βnm, in the shifted coordinate system, given by equation 2.13, since

(Abramowitz & Stegun 1972, 362)

|Jn(nz)| ≤
∣

∣

∣

∣

∣

znen
√

1−z2

[1 +
√

1 − z2]n

∣

∣

∣

∣

∣

(2.15)

and for r0 ≤ 1 within the unit circle, |Js(kn′m′r0)| ≤
∣

∣

∣

2 kn′m′

s

∣

∣

∣

s

approaches zero expo-

nentially for s >> kn′m′ .

Finally, a rotation through an angle ψ, is accomplished by replacing dnm(r, θ) by

dnm(r, θ − ψ).

Figure 2.11 illustrates this process of analytically computing the phase error within

a smaller inscribed circular pupil from the known phase error in a larger pupil. The

phase screen in the full pupil (lower left) is a visualization of the coefficients of a

random phase screen generated from a vector of 1, 891 disk harmonic coefficients β

(order 60).

The coefficients β′ phase contained in the smaller pupil were calculated using the

coordinate transformation equations given above. The phase screen representing this

smaller pupil is visualized in the expanded circle (upper right). Note that the features

match despite the expanded scale of the color map. The coordinate transformation

process differs only by 0.7% from the original screen within the inscribed circle.
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2.4.2. Disk Harmonic Modal Variance for Simulated Wavefronts

Adaptive optics simulations must generate random phase screens represented by coef-

ficient vectors β using the Kolmogorov or von Karman atmospheric turbulence models

(Roggemann & Welsh 1996). Each orthogonal Zernike or disk harmonic mode is as-

sumed to be an independent, zero mean Gaussian random variable. Appendices A

and B provide the expressions for the Zernike and disk harmonic variances of the

coefficients of these modes.

For the disk harmonic functions using the Kolmogorov spectrum, the variance of

the dnm coefficients is

σ2
nm =

0.023(D/r0)
5

3a2
nm

2
14

3 π
l
− 14

3

nm (2.16)

and using the von Karman spectrum, the variance is

σ2
nm =

0.023(D/r0)
5

3a2
nm

2
14

3 π

e

„

− l2nm
1/l2

0

«

(l2nm + 1/L2
0)

14

6

. (2.17)

See appendix B for additional information.

The left side of figure 2.12 shows the modal variances with D/r0 = 1 for the

first 49 modes (2− 50) of both the Zernike polynomials and disk harmonic functions.

The right side of the figure shows the cumulative variance for modes 2 − 50 for

both Zernike polynomials and disk harmonic functions. The disk harmonic functions

are less compact than the Zernike polynomials although both converge to the same

asymptote of 1.0299.

Figure 2.13 shows that the computed Kolmogorov structure function for these two

basis sets, in a simulation of 800 random phase screens is in good agreement with the

structure function Dn(dr) = 6.88(dr/r0)5/3 from Fried (1966). Zernike coefficients

up to order 30, close to the maximum usable order under double precision, have been

used in the left figure. Disk harmonic coefficients up to order 100, representing over

three times the spatial frequency, have been used in the figure on the right.
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Figure 2.12. (Left) Zernike modal variance (dashed blue line) with D/r0 = 1
compared with the corresponding disk harmonic modal variance (solid black line).
(Right) Zernike cumulative modal variance (dashed blue line) compared with the
corresponding disk harmonic cumulative modal variance (solid black line). Both
cumulative variance curves converge to the same asymptote of 1.0299 (solid red line).
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Figure 2.13. (Left) Zernike structure function (crosses) for a simulated Kolmogorov
spectral density with D = 6.5m and r0 = 0.2m including modes up to order 30 vs.
Fried structure function (dotted line). (Right) Disk harmonic structure function
(crosses) for the same Kolmogorov spectral density including modes up to order 100
vs. Fried structure function (dotted line).
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2.5. Disk Harmonic Modal Reconstruction for LGS WFS with a Tip-Tilt WFS

Figure 2.4 shows that the two first order disk harmonic modes are not the flat, tilted

planes and so do not represent the pure tip-tilt modes corresponding to lateral image

motion.

The position of a projected laser spot above the telescope is affected by turbu-

lence induced aberrations as the beam travels up through the atmosphere as well as

from vibrations in the beam projection telescope. Therefore the tip-tilt information

reconstructed from an LGS WFS is contaminated and can not be used to estimate the

image motion of a science target at infinity. Instead a separate high sensitivity tip-tilt

WFS camera is used to measure the image motion of a faint natural star within the

laser beacon asterism.

Only second order and higher modes are reconstructed from the LGS WFS and

combined with the first order, tip-tilt modes from the tip-tilt WFS. This combination

is straight forward when performing a modal LGS WFS reconstruction using the

Zernike basis since the tip-tilt modes are exactly the two first order Zernike modes.

When performing a modal LGS WFS reconstruction using the disk harmonic basis,

it is still convenient to use the two first order Zernike tip-tilt modes in combination

with the disk harmonic modes, second order and higher. However, these tip-tilt

modes are not orthogonal to any of the disk harmonic modes. Therefore, in order

to accurately represent the measured wavefront, any projection of the disk harmonic

modes onto the tip-tilt image motion modes must be removed.

Chapter 4 describes the construction of modal WFS reconstruction matrices used

in the MLGS experiments at the MMT telescope including the construction of a

tip-tilt filter matrix to address the issue described above.
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3. Analytic Modeling of Tomographic Reconstruction

This chapter outlines an approach to modeling tomographic reconstruction systems,

using an orthogonal basis set, suitable for studying the expected performance of

ground-layer, laser tomography, and multi-conjugate adaptive optics systems with

various beacon geometries as well as for quickly building reconstruction matrices in

near real-time for use on-sky in closed-loop. Simulation results for multi-conjugate

adaptive optics (MCAO) systems, including the MMT and GMT, are presented.1

3.1. Analytic Modal Reconstruction

In order to realize the scientific promise of the next generation of large 30m class

telescopes, these systems will be expected to provide diffraction limited resolution

over a field of view of a few arc minutes in diameter. Beckers (1998) first proposed

the technique of multi-conjugate adaptive optics which is currently being incorporated

into the designs of several new advanced AO systems (De La Rue & Ellerbroek 2002;

Bonaccini et al. 2001; Lloyd-Hart & Milton 2002a).

MCAO systems utilize more than one deformable mirror, multiple wavefront sen-

sors observing several guide stars, and use tomographic reconstruction techniques to

achieve this goal. By incorporating multiple DMs in an AO system, each optically

conjugated to a different atmospheric height, a range of field angles can be simulta-

neously compensated.

Previous research has centered on statistical Monte Carlo based studies (Tokovinin

et al. 2000, 2001; Le Louarn & Tallon 2002; Ellerbroek & Rigaut 2001). This re-

search is based on an alternative analytic approach developed by Lloyd-Hart & Milton

(2003).

1Portions of this chapter appear in Lloyd-Hart & Milton (2003), Lloyd-Hart & Milton (2002a),
and Milton et al. (2003).
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The analytic approach presented in this chapter represents wavefront phase er-

rors as a truncated series expansion using an orthogonal set of basis functions on

a circular pupil. Vectors of amplitude coefficients for these modal expansions are

manipulated analytically to compute the wavefront phase errors at various pupils

within the telescope and at various conjugate heights in the atmosphere. Using this

approach, the tomographic reconstruction process can be implemented as a simple

matrix multiplication which computes DM actuator commands directly from WFS

slope measurements.

The ability to manipulate phase errors analytically using vectors of modal coef-

ficients enables a dramatic increase in simulation speed compared with traditional

methods. It also provides increased accuracy by avoiding discrete sampling errors in

the calculation of tomographic reconstruction matrices.

3.1.1. Using Analytic Tomographic Reconstruction On-sky

The tomographic reconstruction matrices computed using this technique are also

suitable for use in on-sky AO closed-loop operation, as discussed in chapters 4 and 5.

Reconstruction matrices, used in AO systems at most other telescopes, are pro-

duced from the inverse of an interaction matrix that is measured empirically. The

deformable mirror(s) are placed at the re-imaged pupil(s) within an AO optical sys-

tem that is mounted after an intermediate image plane produced by the telescope. By

placing an artificial point source(s) at the intermediate image plane, and making WFS

slope measurements for a set of independent DM actuator displacement patterns, a

DM/WFS interaction matrix is measured.

For those telescopes being designed with Gregorian deformable secondaries, an

intermediate image plane below the secondary mirror is available for use with this

empirical approach.

However, the design of the MMT AO system does not support this empirical
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approach. The MMT is a Cassegrain system with a deformable secondary mirror.

The light from the telescope is split by a dichroic element into visible light, used

for wavefront sensing, and infrared light, which passes directly into the dewar of the

science camera. This design is highly advantageous because it produces significant

gains in throughput, particularly in the thermal infrared (Lloyd-Hart 2000).

However, it also means that there is no intermediate image plane, prior to the

deformable mirror, in which to place an artificial point source. So a DM/WFS inter-

action matrix is very difficult to measure empirically.

Therefore, a theoretical model of the telescope and AO system must be used to

compute a tomographic reconstruction matrix for use at the MMT. The model must

be carefully calibrated to match the actual configuration of the AO system on-sky.

This is also the approach used for the AO simulations described below.

Calculating tomographic reconstruction matrices using the analytic approach has

several additional advantages. In particular, a reconstruction matrix can be computed

in near real-time to respond to changing observing conditions during long science

observations. Changing relative orientations between the DM and WFS coordinate

systems due to non-derotated optical components can be handled in closed-loop by

periodically computing a new reconstruction matrix with compensating coordinate

transformation. A new tomographic reconstruction matrix can also be computed if

the seeing conditions change significantly during a science observation. Both the layer

heights as well as modal gains can be adjusted.

Fast simulation of tomographic reconstruction systems will also allow AO system

parameters such as MLGS asterism diameter or height as well as DM conjugate height

to be optimized based on the requirements of a particular science observation.
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3.1.2. Tomographic Model

The tomographic model is based on the following assumptions. The geometric optics

approximation is applied to phase errors which are integrated along a ray path through

the atmosphere without regard to refraction. This approximation is reasonable for

the weak turbulence typically encountered in the near-vertical observations at good

astronomical sites.

A circular pupil is assumed throughout. This assumption is reasonable for tele-

scopes like the MMT which have a relatively small central obstruction of only 10%

of the entrance pupil diameter.

Finally, a thin layer atmospheric model is assumed where turbulence strength,

represented by the structure constant C2
n, is concentrated around a small number of

discrete heights in the atmosphere. Figure 3.1 shows a typical C2
n profile (McKenna

et al. 2003) derived from SCIDAR measurements at Mt. Hopkins, AZ, near the site

of the MMT. The seven peaks in this C2
n profile can be represented by seven thin

atmospheric layers.

The tomographic model consists of a telescope with a circular entrance pupil with

diameter Dep and field of view half angle θfov. The telescope is oriented on the sky

with zenith angle ζ and is observing a science target located at angular position

(θt, φt) relative to the telescope optical axis at the science wavelength λt.

Atmospheric turbulence is modeled by one or more thin layers, indexed by l,

characterized by a height hl above the entrance pupil as well as wind speed, wind

direction, and turbulence strength given either by r0,l or C2
n,l.

Wavefront sensing is performed using one or more beacons (guide stars), indexed

by b, characterized by a height hb and angular position (θb, φb) relative to the telescope

optical axis at the WFS wavelength λb. For laser beacons with a large range gate, the

mean photon weighted height is used. For natural stars, the height is infinity. Many

other parameters are included in the model for each beacon defining the geometry of
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Figure 3.1. Typical C2
n profile derived from SCIDAR measurements at Mt. Hopkins

near the site of the MMT. Figure by M. Hart

the WFS, the sensitivity and frame rate the CCD, and the brightness of the beacon.

Wavefront correction is performed using one or more DMs, indexed by m, charac-

terized by a conjugate height hm as well as other parameters defining the geometry

of the DM actuators.

3.1.3. Beacon Influence Matrix

Figure 3.2 illustrates the geometric relationship between the telescope pupil, field of

view, and atmospheric layers. The cross section of the portion of the atmosphere that

influences the telescope FOV, the truncated cone, at the height hl of an atmospheric

layer defines a circular area called the layer metapupil with diameter Dmp,l. Only the

portion of the wavefront phase error generated by turbulence at that layer that is

contained within the layer metapupil will affect the image formed by the telescope.
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Figure 3.2. Illustration of dimensions of the metapupil, located at the height of a
turbulent atmospheric layer, relative to the entrance pupil.

The wavefront phase error φ(r, θ) can be represented using a series expansion using

the disk harmonic functions which form an orthogonal basis on the circular pupil.

φ(r, θ) =
∞

∑

j=1

αjdhj(r, θ) (3.1)

Since the maximum number of degrees of freedom controlled by an AO system, J ,

is finite, the phase error can be well approximated (see Appendix B) by the truncated

series
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φ(r, θ) ≈
J

∑

j=1

αjdhj(r, θ) . (3.2)

An equivalent representation, useful for numerical computation, is the vector of

expansion coefficients

α = {αj} . (3.3)

The initial modeling results generated by this analytic model were obtained using

the Zernike polynomials as the orthogonal basis. The discussion in this chapter relat-

ing to the disk harmonic functions applies equally to the use of Zernike polynomials

with the caveats noted in chapter 2.

Figure 3.3 illustrates the relationship between the portion of the atmosphere af-

fecting light from a laser beacon as it passes down through the atmosphere into the

telescope. The cross section of the layer metapupil intersecting the inverted cone of

light from the beacon forms a smaller circle inscribed within the layer metapupil. For

natural stars, at infinity, the inverted beacon cone becomes a cylinder which also has

a circular cross section within the metapupil.

Unless there are sufficient beacons, oriented in different directions on the sky,

so that their overlapping cross sections completely cover the metapupil, information

regarding portions of the wavefront phase error at that layer can not be measured.

Figure 3.4 illustrates the geometric relationship between the beacon cone cross

section and the metapupil. The circle representing the beacon cone intersection at

the turbulent layer is inscribed within the circle representing the layer metapupil at

that height. To obtain the expansion coefficients for the phase error within the beacon

cone unit circle, given the known expansion coefficients of the phase error within the

metapupil unit circle, it is sufficient to apply the coordinate transformations for the

appropriate basis set described above.

The coordinate transformations between the metapupil and the beacon cone co-
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Figure 3.3. Illustration of location and dimensions of the intersection of the inverted
cone of atmosphere sampled by a laser beacon at the height of a turbulent atmospheric
layer.

ordinate systems are

xbc = Sbc (xmp − Obcx)

ybc = Sbc (ymp − Obcy)
(3.4)

where

Sbc =
Rbc

Rmp
=

1 − hl/hb
1 + θfovhl/Rep

(3.5)

and

Obcx = θbhl cosφb

Obcy = θbhl sinφb
. (3.6)
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Figure 3.4. Illustration of location and dimensions of the beacon cone unit circle
relative to the metapupil unit circle at the height of a turbulent atmospheric layer.

These expressions utilize the small angle approximation since hl and hb are much

larger than Rep and θfov is small.

The analytic coordinate transformation relations defined in appendix B can then

be used to obtain a vector of coefficients α′ describing the portion of the wavefront

phase error influencing the light from a beacon, i.e., within the circular beacon cone

cross section, given a known wavefront phase within the metapupil defined by the

coefficients α.

To construct a beacon influence matrix N dhl,dhb
the coefficients α′ of the disk

harmonic modes within the beacon cone are computed for each unit amplitude disk

harmonic mode. Each column of the matrix N dhl,dhb
contains the coefficients α′ for

the corresponding disk harmonic mode.

The total influence of all layers on the wavefront phase error measured by a beacon
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is obtained by combining the beacon influence matrices for all layers into a single block

matrix. For example, for three layers

N dhlayer,dhb
=

(

N dhl1,dhb
N dhl2,dhb

N dhl3,dhb

)

. (3.7)

The performance of an AO system model is evaluated by examining the residual

correction error under a large number of random realizations of atmospheric turbu-

lence. The Kolmogorov or von Karman variance expressions, provided in appendices

A and B, are used to generate random phase screens represented by coefficient vectors

αl for each thin layer in the model. The beacon influence matrix N dhlayer,dhb
is used

to compute the total measured WFS phase for each beacon. After concatenating all

layer phase coefficients into a single vector αlayer

αb = N dhlayer,dhb
αlayer . (3.8)

3.1.4. DM Influence Matrix

Each deformable mirror in the AO model is optically conjugated at a height hm in the

atmosphere. Figures 3.2, 3.3, and 3.4 can also be used to visualize the relationship

between the wavefront correction applied to a DM, which has the same cross section

as the metapupil for a layer at the same height, and the beacon cone cross section.

Therefore, the same technique that was used to create the beacon influence ma-

trices N dhl,dhb
, described above, can be used to construct DM influence matrices.

By using the DM conjugate height hm in place of the atmospheric layer heights, the

coordinate transformations between the beacon cone intersections within the DM

metapupil yields the mirror influence matrix N dhm,dhb
.

The total influence of all mirrors on all beacons is obtained by combining the

mirror influence matrices into a single block matrix. For example, for two mirrors
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and three beacons

N dhdm,dhwfs
=











N dhm1,dhb1
Ndhm2,dhb1

N dhm1,dhb2
Ndhm2,dhb2

N dhm1,dhb3
Ndhm2,dhb3











. (3.9)

3.1.5. Tomographic Reconstruction Matrix

The tomographic reconstruction matrix Rdhwfs,dhdm
is the inverse of the rectangular

mirror influence matrix N dhdm,dhwfs
computed using singular value decomposition

(SVD).

Given a concatenated vector αwfs of the disk harmonic coefficients αb repre-

senting the wavefront phase error measured by all beacon WFS the reconstructed

wavefront correction for all DMs is

αrec = Rdhwfs,dhdm
αwfs . (3.10)

The performance of the tomographic reconstruction matrix is affected by the se-

lection of the condition number threshold used in the SVD inversion of the mirror

influence matrix. An optimization process is performed to select the best threshold.

The atmospheric C2
n turbulence profile is a required input in the process of building

a tomographic reconstruction matrix both for producing an appropriate thin layer

model and for the selection of DM conjugate heights. Often this profile is added

in a-priori using information from other observing sites, anecdotal measurements,

or seasonal average measurements. Chapter 6 discusses an alternative approach that

provides a near real-time C2
n profile estimate allowing the tomographic reconstruction

matrix to be optimized for current local conditions.

The performance of an AO model is evaluated by computing the RMS of the

residual wavefront phase error for a given science target located at angular position
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(θt, φt) relative to the telescope optical axis observed at the science wavelength λt.

Astronomical science targets are assumed to be infinitely far away. However, this

technique can also be applied to targets at a finite distance from the telescope at

height ht.

The geometric relationship between the cross section of light from the science

target passing down through the atmospheric layers toward the telescope is the same

as that for a beacon cone cross section as described above.

First, compute the target influence matrix N dhlayer,dht using the technique used

for computing N dhlayer,dhb
. Given the random atmospheric wavefront error αlayer,

the total wavefront error degrading the science target image is

αt,err = N dhlayer,dhtαlayer . (3.11)

Second, compute the mirror influence matrix N dhdm,dht using the technique used

for computing N dhlayer,dhb
and using layer heights corresponding to the DM conjugate

heights hm. Given the DM wavefront correction αrec, the total wavefront correction

applied to the science target image is

αt,cor = N dhdm,dhtαrec . (3.12)

The residual uncorrected error for the random atmospheric phase screen is

αt,res = αt,err − αt,cor . (3.13)

The RMS of αt,res over a large number of random realizations of atmospheric

turbulence αlayer characterizes the performance of the tomographic reconstruction

based on the AO model for the science target.

To include the effects of control loop delay in the estimate of the RMS error, a

temporal delay is introduced in equation 3.13 and a temporally correlated series of

atmospheric aberrations αlayer must be used in the simulation (Roddier et al. 1993).
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The RMS error for other independent error sources are added in quadrature to obtain

an estimate of the total error of the simulated system.

The length of time it take to build a tomographic reconstruction matrix and to

perform a simulation to evaluate its performance depends heavily on the complexity

of the AO model, i.e., the number of layers, beacons, DMs, and the number of modes

used in the simulation to achieve the required spatial resolution. It also depends

on the computing power allocated to the task. These analytic calculations and the

evaluation of performance for multiple random phase screens offer many opportunities

to take advantage of parallel computing.

This analytic approach to AO simulation provides a dramatic reduction in simu-

lation time compared with traditional approaches. For example, when using an AO

model with 7 layers, 6 beacons, 3 DMs, and 500 modes, the calculation of the tomo-

graphic reconstruction matrix takes just 15 seconds and the simulation using 1, 000

random phase screens is completed in under 5 minutes on a standard dual CPU PC

workstation. Traditional simulation tools can take hours or days to complete a similar

simulation.

This provides an opportunity to rapidly explore various portions of the model

parameter space. Tomographic reconstruction matrices can be quickly optimized in

response to rapidly changing observing conditions and different science goals.

Ground layer adaptive optics (GLAO) and laser tomography adaptive optics

(LTAO), discussed in chapters 4 and 5 respectively, are two special cases of the MCAO

model, requiring only a single DM conjugated near the ground layer.

3.2. Numerical Modeling of MMT MCAO

The fast, analytic technique for modal tomographic reconstruction, described above,

has been used to simulate early proposals for multi-conjugate adaptive optics systems

for the MMT and GMT telescopes. This section presents the results of the MMT



79

MCAO study and simulation. The GMT study is presented in the next section.

Numerical simulations have been carried out to explore the performance of a

range of MMT MCAO beacon geometries and DM conjugate heights using a new

simulation code. The MCAO model for these simulations has been developed in the

C++ programing language and supports an arbitrary number of LGS, NGS, DMs,

and atmospheric turbulence layers. Noise due to limited photon flux, sky background,

and read noise is computed assuming a square Shack-Hartmann WFS geometry for

each laser and natural guide star. The code also simulates the effects of dynamic

refocus for RLGS by explicitly averaging the sampled wavefronts over the range of

beacon heights, weighted by the return flux from each height.

A bi-conjugate MCAO system was simulated for the 6.5 m MMT with the MMT

adaptive secondary mirror retained as the DM conjugated to the ground-layer tur-

bulence and the second DM conjugated at 6 km. The MMT has a 10% central

obstruction and a FOV of 1 arc minute radius. Turbulence for a 7-layer model atmo-

sphere was simulated using 495 Zernike modes, corresponding to order 30. Random

turbulence Zernike coefficient vectors were generated for Mt. Hopkins (McKenna

et al. 2003) and Cerro Pachon (Tokovinin & Travouillon 2006) atmospheric models

using Kolmogorov statistics. The MMT MCAO system included an adaptive sec-

ondary which formed the pupil (0 km) and a second DM conjugated at 4.5 km. Each

DM corrected 104 Zernike modes up to radial order 13.

Five Rayleigh beacons were modeled on a circle with radii varying from 0.3− 1.0

arc minute using 5 W 1 kHz UV (351 nm) lasers. Each pulse was range gated twice

and refocused from 25 − 35 km and 35 − 45 km. Including height diversity in the

Rayleigh beacon measurements in this way eliminates degeneracies in the tomographic

reconstruction (Lloyd-Hart & Milton 2003) which eliminates the need for multiple

tip-tilt natural guide stars and hence increases sky coverage.

Five 12×12 Hartmann-Shack WFS sensed all Zernike modes in orders 2−13 from

the RLGS at 25− 35 km. An additional five 3× 3 Hartmann-Shack WFS sensed just
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second order Zernike modes from the RLGS at 35− 45 km. Each WFS was assumed

to have 50% detected quantum efficiency and a read noise of 3 e- RMS. Finally, an

additional infrared quad sensor recorded tilt modes from a natural guide star with R

magnitude 17.

DM corrections were computed using the product of the these random turbulence

Zernike coefficient vectors and the tomographic reconstruction matrix. Read noise

with Gaussian statistics and Poisson photon noise are simulated for a Shack-Hartmann

sensor, propagated through the reconstruction process, and added to the noise-free

wavefront corrections.

For example, if the reconstruction matrix R is used to compute a modal Zernike

coefficient vector z from a slope vector s by z = Rs and the slope noise covari-

ance matrix σs =< ssT > is known and assumed to be diagonal for independent

slope measurements, then the noise covariance matrix for the reconstructed modes is

obtained by σz = RRTσs.

The performance of each MCAO configuration is evaluated by calculating the RMS

wavefront deviation along 40 different field angles out to 1 arc minute. Each case is

averaged over 10 azimuthal angles and 50 independent atmospheric realizations. The

RMS uncorrected error for Zernike modes of order n > 30 is added to account for

high frequency modes not included in the simulation.

Figure 3.5 illustrates the trade-off between corrected field and degree of on-axis

correction which can be optimized for a given science observation. The results are

expressed as RMS residual stellar wavefront error as a function of field angle for four

different radii of the RLGS asterism. The general character of the results is that a

well- and uniformly-corrected region is formed close to the axis. Not surprisingly, the

size of the field can be expanded by opening up the cone angle defined by the beacons.

By doing so, high-frequency errors near the edge of the metapupil are better sampled,

leading to better correction in the outlying areas. On the other hand, there is then

less freedom to manipulate those modes of the DMs to correct aberrations on axis, so
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view for the simulated MMT MCAO system.
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the axial wavefront error worsens. Nonetheless, excellent correction out to ∼ 45 arc

seconds can be expected by placing the beacons on a 1 arc minute radius circle.

Numerical modeling of the optical system using an atmospheric profile derived

from measurements on site are very encouraging. Well corrected imaging with uniform

PSF over a field well over 1 arc minute in diameter in the near infrared can be

expected.

3.3. Modeling GMT MCAO

This section presents the results of the second study for a proposed GMT MCAO

system using the fast, analytic approach to modal tomographic reconstruction.

The results of analytic numerical simulations of the GMT have been used to

determine the optimal conjugate heights for the deformable mirrors and to select

the best configuration of laser and natural guide stars for wavefront sensing after

considering a range of beacon geometries. The simulation results are extended to

include and quantify the effects of wavefront sensor and control loop delay noise as

well as dynamic refocus and fitting error on the expected system performance and

sky coverage.

A high level of correction can be achieved for science imaging in the infrared with

a consistent PSF across a 2 arc minute field of view using natural and laser guide stars

selected from within a 2 arc minute and 2.6 arc minute FOV respectively. Rayleigh

beacons are used, instead of multiple NGS, to fully correct the vertical distribution

of second order aberrations across the FOV (Lloyd-Hart & Milton 2003). Rayleigh

beacons also provide some additional information on low order aberrations to improve

the isoplanatic correction near the edge of the field.

Finally, as mentioned above, including height diversity in the laser beacon mea-

surements by using Rayleigh beacons to supplement the Sodium beacons eliminates

degeneracies in the tomographic reconstruction (Lloyd-Hart & Milton 2003) and per-
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mits the use of a single NGS for sensing global tilt which in turn allows the GMT to

achieve nearly full sky coverage.

3.3.1. Modeled System

The model simulates the performance of the GMT with seven 8.4 m primary mirror

segments with a full aperture width of 25.7 m. The central mirror segment has

a 3 m hole to accommodate instruments at the Cassegrain focus. The Gregorian

adaptive secondary mirror (ASM) also has seven segments mirroring the geometry of

the primary mirror, and is conjugated 150 m above the ground. Two additional DMs

are conjugated at 6 km and 12 km. Each DM corrects Zernike modes through order

30 over a compensated field of view of 60 arc seconds radius. The ground-layer DM is

allowed to correct all modes, while the 6 km and 12 km conjugate DMs are restricted

to Zernike orders two and above and three and above respectively. This restriction

eliminates degeneracies in the MCAO reconstruction since modes of order N can be

fully corrected by N deformable mirrors (Lloyd-Hart & Milton 2003).

Since this simulation was performed prior to the development of the use of the

DH basis, the number of simulated Zernike modes was limited by the computational

challenges discussed in chapter 2. Future simulations, using DH modes, may be

performed including higher order modes.

Details of the 7-layer model atmosphere are shown in Table 3.1, which give a

turbulence-weighted mean height of 5090 m and r0 of 0.15 m at a wavelength of 0.5 µm.

This profile reflects preliminary SCIDAR measurements made above Mt. Graham

and Mt. Hopkins in Arizona (McKenna et al. 2003) supplemented by simultaneous

weather balloon measurements of wind speed and direction. In this simulation, the

ground layer turbulence is located at 200 m above the secondary mirror conjugate

height.

Five 10 W sodium beacons are modeled in a regular pentagon with 1.0 arc minute
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Table 3.1. Southern Arizona model atmosphere

r0 (m) at Fraction of Wind Wind
Height (m) 0.5 µm total power Speed (m/s) Direction (deg)
200 0.29 0.34 10.3 215
2000 0.78 0.07 5.1 250
3400 0.41 0.19 7.2 270
6000 0.63 0.09 16.5 269
7600 0.78 0.06 23.2 259
13300 0.39 0.21 22.7 259
16000 1.05 0.04 5.7 067

radius. The sodium lasers are expected to generate pulses at 5 kHz with a duty cycle of

just 2% to prevent interference between successive pulses. This can lead to high peak

power, but saturation effects in the sodium layer should not be significant; they have

been ignored in this simulation. Each pulse is range gated and refocused from 90–100

km. The beam projector is modeled with d/r0 ≈ 4 mounted behind the secondary

mirror to produce short exposure diffraction limited spots in the mesosphere of 0.60

arc second on-sky (Roddier 1999b). The simulation assumes a spot size of 0.75 arc

second to allow for 0.005 arc second beacon jitter (Ellerbroek et al. 2003) and 0.45 arc

second of dynamic refocus error (Georges et al. 2003). Five 50× 50 Shack-Hartmann

WFS sense Zernike modes in orders 2–30 from each SLGS beacon (15×15 spots across

each 8.4 m aperture segment). Each SLGS WFS is assumed to have a plate-scale of

1.5 arc second per pixel, 40% throughput, and read noise of 3 e− RMS.

Five 5 W Rayleigh beacons are projected in a regular pentagon with 1.3 arc

minute radius. The simulation assumes lasers at 351 nm. Each pulse is range gated

and refocused from 25–27.5 km. Spot sizes of 0.75 arc second are also assumed for the

Rayleigh beacons. Five 6 × 6 Shack-Hartmann WFS sense just second order Zernike

modes from each RLGS spot (2×2 spots across each 8.4 m aperture segment). Other

parameters for the WFS are assumed to be the same as for the SLGS.
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Finally, an additional WFS measures tip-tilt modes only from a natural guide star

in the J- and H-bands. In practice, the NGS will be selected from the science channel

with a pick-off mirror and is expected to have a nearly diffraction limited spot size

due to the correction provided by the MCAO system. The full 25.7 m aperture is

used to measure tilt, and the sensor is assumed to be a single avalanche photo-diode

(APD) quad cell with a plate-scale of 0.2 arc second per pixel, 40% throughput, and

zero read noise.

3.3.2. Optimization of DM Conjugate Heights and LGS Configurations

The selection of optimum DM conjugate heights and a preliminary selection of opti-

mal guide star geometries requires the evaluation of the performance of a very large

number of MCAO system configurations. Each variation of DM height and guide

star direction has a unique reconstruction matrix. Simulations were performed for

the noise free case using the analytic calculation of a tomographic matrix and the

total mean square residual phase error for each MCAO configuration as a function of

FOV. The criterion for selecting the optimal MCAO geometry was the lowest RMS

error that remained approximately constant across the 2 arc minute FOV.

The conjugate height of the ASM was fixed at 150 m above the ground. Simula-

tions were run in which the conjugate heights of the 2nd and 3rd DMs were allowed to

range from 1 km to 16 km. As expected, the performance of the MCAO system was

not very sensitive to selection of conjugate height (Lloyd-Hart & Milton 2003). The

MCAO performance with DM heights at 6 km and 12 km produced optimum results

with performance varying by only a few tens of nanometers RMS as the DM heights

varied by ±1 km. This variation in performance was small compared to the effects

of varying the guide star geometry. Therefore, DM heights of 6 km and 12 km were

selected for the optical design.

Performance was also evaluated for a range of guide star geometries. SLGS con-
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figurations including from one to three rings of beacons and between 4 and 7 beacons

per ring were examined. The opening half-angle for the beacon rings ranged from 0.1

arc minute to 1.5 arc minute.

The results showed that two SLGS rings provided a small improvement over a

single ring. The optimum SLGS ring radius for a single ring was 1 arc minute, and

for a second ring was 1.3 arc minute. Further improvement was negligible when a

third ring was added. Five beacons per ring produced improved performance over

4 beacons, with only a small additional improvement when 6 and 7 beacons were

included in each ring.

The most significant change in MCAO performance resulted from the use of mul-

tiple natural guide stars or the inclusion of a single ring of Rayleigh laser beacons.

The model includes, in the first case, 3 NGS sensing tip-tilt only, and in the sec-

ond, a pentagon of RLGS sensing only second order modes as well as a single tip-tilt

NGS. Both cases provide the necessary height diversity for a complete solution of the

vertical distribution of second order aberrations (Lloyd-Hart & Milton 2003), which

can not be done with additional SLGS. This allows the 3 DM MCAO system to fully

correct first and second order modes across the whole 2 arc minute FOV, resulting in

substantially less field dependence of the PSF.

Figure 3.6 illustrates this effect in a configuration that includes a single SLGS

pentagon at 1 arc minute. The five RLGS are located at 1.3 arc minute. The 3 NGS

are placed in an equilateral triangle at 0.4 arc minute although simulation results

showed that performance degraded only slightly if they were placed at random, but

non-collinear, locations within the 2 arc minute FOV.

Indeed, the Rayleigh beacons provide improved performance over a configuration

with 3 NGS since they yield some additional information on low order aberrations to

improve the isoplanatic correction near the edge of the field. The Rayleigh beacons

have the further advantage of requiring the use of only a single NGS to sense global

tilt, resulting in improved sky coverage.



87

Figure 3.6. GMT noise free performance including dynamic refocus and fitting
error.
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The MCAO configurations using a single pentagon of SLGS along with either

3 NGS or a single NGS plus a pentagon of RLGS were selected for more detailed

simulations under expected noise conditions.

3.3.3. System Performance under Expected Noise Conditions

Detailed simulations, including the effects of WFS and photon noise, control loop

delay, as well as dynamic refocus and fitting error, were performed on the selected

beacon geometries. Atmospheric turbulence was simulated as sums of Zernike modes

computed for each layer over the full metapupil. Simulated Zernike time series co-

efficients were computed for each atmospheric layer. The Zernike modal temporal

power spectrum (Roddier et al. 1993) calculated for the atmospheric layer metapupil

dimensions, coherence length r0, and wind speed and direction determines the am-

plitude of each temporal frequency for each Zernike mode. The Zernike time series

coefficients were computed from an inverse Fourier transform with a random phase

for each frequency. The model simulates the effects of servo lag as a pure delay in

these time series of 2 ms; twice the WFS integration time of 1 ms.

For these early simulations, DM corrections were applied up to radial order 30,

or 495 modes. For a telescope of the size of the GMT, fitting error is therefore

the limiting residual aberration. Corrections are computed as the product of the

time series turbulence Zernike coefficient vectors and the tomographic reconstruction

matrix. Shack-Hartmann WFS noise is calculated from WFS RMS tilt error (Hardy

1998) due to photon and read noise propagated through a Shack-Hartmann WFS

reconstruction matrix and the tomographic reconstruction matrix.

The performance of each MCAO configuration is evaluated by calculating the

average RMS deviation along 10 different lines of sight from the optical axis out to

a field angle of 1 arc minute. The RMS deviation in each direction is averaged over

10 azimuthal angles for each of 100 widely spaced temporal samples of atmospheric
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Figure 3.7. GMT performance including dynamic refocus and fitting error as well
as WFS and control loop time delay noise at 30◦ galactic latitude.

turbulence. The fit error due to unsensed and uncorrected turbulence (Noll 1976) for

Zernike modes of order n > 30 is added in quadrature to the RMS deviation.

Figure 3.7 illustrates this effect of noise on the selected MCAO configurations.

The brightness of the single NGS used with the RLGS configuration was mv = 17.3

which provides ≈ 1.1 NGS within the 2 arc minute FOV at 30◦ galactic latitude. For

the 3 NGS configuration, the NGS brightness was mv = 19.3 which provides ≈ 3.0

NGS within the 2 arc minute FOV at the same latitude. The overall performance of

3 NGS is reduced compared to the RLGS configuration because of the lower signal

to noise ratio on the fainter stars.

At the galactic pole, simulations using a single NGS with mv = 19.3, providing

≈ 1.2 NGS within the 2 arc minute FOV, and a RLGS ring still produce good perfor-
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mance with a consistent RMS error of 400 nm across the FOV. However, three NGS

with a brightness of mv = 21.3, providing only ≈ 2.8 NGS within the 2 arc minute

FOV at the galactic pole, exhibit seriously degraded performance because of insuf-

ficient signal to noise ratio, due to a high H-band sky background level (Tokunaga

2000), on the NGS tilt measurements.

This simulation illustrates the clear benefit from beacon height diversity, using

Rayleigh LGS to supplement the sodium LGS, rather than using multiple NGS tip-

tilt stars.
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4. On-sky Demonstration of MLGS GLAO Reconstruction

This chapter provides an overview of GLAO reconstruction and its relative advantages

and disadvantages. The key components involved in GLAO reconstruction for the

MMT MLGS system are presented followed by performance results from closed-loop

GLAO observations of star cluster targets.1

4.1. Ground Layer Adaptive Optics

Ground layer adaptive optics uses an estimate of the aberrations present close to

the telescope aperture, which are common to all beacons, to provide partial image

correction over a wide field of view.

Figure 1.9 illustrates how the portion of the atmosphere very close to the tele-

scope pupil, sampled by the inverted cones of light from multiple laser beacons, is

very similar for all field points. Therefore, the wavefront phase error contribution

measured by these multiple beacons will be highly correlated. The wavefront phase

error contribution measured by multiple beacons from higher altitude layers will be

increasingly uncorrelated as the height of an atmospheric layer increases.

By averaging the reconstructed WFS aberration measurements from multiple bea-

cons, the correlated phase error measurements from low altitude layers are reinforced

while the uncorrelated measurements from upper altitude layers tend to average to-

wards zero. The ground layer aberration is corrected by a single deformable mirror

conjugate to the telescope pupil.

Figure 3.1 shows that, for a typical atmospheric C2
n profile taken at Mt. Hop-

kins, AZ, more than half the turbulence strength lies within the first few kilometers

above the telescope at relatively low altitude. In fact, seeing studies at a number of

1Portions of this chapter appear in Milton et al. (2008) and Baranec et al. (2009).
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telescopes consistently show between 50% and 60% of turbulence strength is located

within this boundary layer.

Since the wavefront phase error near the telescope is common to all field points,

a fairly wide corrected field of several arc minutes in diameter can be achieved. The

corrected field corresponds to the area within the asterism of guide stars. The use of

MLGS, with their uniform brightness and signal to noise, provides a fairly uniform

PSF across the corrected field. This is an advantage over the approach of using

multiple NGS for GLAO correction.

Although GLAO does not provide diffraction limited images, a significant partial

image correction can be achieved over a wide FOV. Detailed results of observations

using the MMT MLGS GLAO system are presented below which include reductions

in image FWHM and increases in encircled energy by a factor of three. This increase

in resolution and throughput can be a significant benefit to wide field imaging and

multi-object spectrographic surveys.

The size of the GLAO corrected FOV is limited by the diameter of the beacon

asterism which is 2 arc minutes for the MMT MLGS GLAO system. Cassegrain and

Gregorian telescopes which use an adaptive secondary mirror to correct ground layer

turbulence, such as the MMT, will not suffer from limitations on the GLAO corrected

FOV due to their non-zero DM conjugate height. For example, in K-band, using an

r0 = 89 cm, the DM conjugate height can vary by as much as ±500 m before the

off-axis shear within a 12 arc minute FOV exceeds r0. The conjugate height of the

MMT adaptive secondary mirror is ∼ 80 m below the primary mirror and falls well

within this range.

Ground layer adaptive optics was first suggested by Rigaut (2002). Simula-

tions and open-loop measurements have predicted that multiple-beacon GLAO can

effectively and consistently improve the atmospheric seeing (Andersen et al. 2006b;

Rigaut 2002; Le Louarn & Hubin 2006; Tokovinin 2004; Lloyd-Hart et al. 2005, 2006b;

Baranec et al. 2007c) for fields up to 10 arc minutes in diameter. GLAO correction was
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first demonstrated on-sky using three bright natural guide stars in a 1.5 arc minute

diameter FOV with the Multi-Conjugate Adaptive Optics Demonstrator fielded at

the VLT in early 2007 (Marchetti et al. 2007; Bouy et al. 2008).

Single, low altitude Rayleigh LGS at smaller telescopes such as at the 4.2 m

WHT (Benn et al. 2008) and planned for the 4.1 m SOAR (Tokovinin et al. 2008)

telescope can also produce wavefront compensation over fields of 1.5 and 3 arc minutes

respectively. However, as shown above and verified in simulation (Andersen et al.

2006b), a single beacon GLAO implementation will be ineffective for large apertures

due to the effects of focal anisoplanatism.

4.2. On-sky Reconstruction for the MMT MLGS GLAO System

4.2.1. WFS Slope Calculation for MLGS at the MMT

The right panel of figure 1.14 shows a representative LGS WFS image. The LGS

WFS consists of a single WFS CCD used to simultaneously image the Hartmann spot

patterns of all five LGS beacons. For each LGS beacon Hartmann pattern, 60 spots

are recorded at a frame rate of 400 Hz. A prism array, shown in figure 4.1, is used in

place of a traditional rectangular arrangement of lenslets to subdivide the pupil and

generate a Hartmann pattern with a hexapolar geometry. The hexapolar geometry of

the MMT MLGS WFS provides a better match to the MMT DM actuator geometry

and avoids the need to compute slopes from partially illuminated subapertures. The

pupil is divided up into subapertures as shown in figure 4.2 which is a good match to

the annular pupil of the MMT telescope with its 10% central obstruction.

The light from the five Rayleigh beacons pass through the prism array at different

off-axis angles and thus produce five Hartmann patterns on the LGS WFS CCD.

Figure 4.3 shows that, in contrast to the rectangular spot pattern produced by a

lenslet array, the hexapolar arrangement of spots cannot be simultaneously aligned



94

Figure 4.1. LGS WFS prism array used to generate a 60 spot Hartmann pattern
with a hexapolar geometry. Photograph by T. Stalcup.

with the central intersection of a quad-cell of pixels on the LGS WFS CCD which

has a square array of pixels.

The location of the LGS spots on the CCD also varies with changes in optical

alignment, non-common path aberrations, and with telescope flexure. The mean

position of each spot on the CCD is measured from a long 30 second to 1 minute

exposure to average over the effects of atmospheric turbulence. A 4× 4 cell of pixels,

or box, surrounding each spot is identified and the location of the mean spot position

within each box is used as the zero point for a center of mass calculation (COM) slope

calculation.

Adjustments to the slope calculation zero points, to correct for static aberrations

as described below in section 4.2.7, are applied in real time during reconstruction.

Whenever the slope zero point offset increases to more than one-half of a pixel away

from the center of the box used for the slope calculation, a new 4× 4 cell is identified

which is centered on the new, shifted spot zero point. Thus the slope calculation boxes
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Figure 4.2. LGS WFS prism array subaperture map. Figure by T. Stalcup.
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Figure 4.3. LGS WFS image with 5 Hartmann patterns each with 60 spots corre-
sponding to the 60 subapertures in the prism array.

are shifted to follow the adjusted LGS WFS spot locations during static aberration

correction.

The tip-tilt WFS CCD also operates at a 400 Hz readout rate and produces a

single pair of slopes computed from the image motion of a faint natural star in the

FOV. A COM calculation within a small rectangular subframe surrounding the star

image is used for the slope calculation.

A total of 300 (x, y) LGS slope pairs are measured and combined with an addi-

tional slope pair obtained from the tip-tilt WFS CCD. Thus the total slope vector

swfs, used as input to the reconstruction calculation, contains 602 slopes.
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4.2.2. Modal Reconstruction for MLGS at the MMT

The modal tomographic reconstruction matrix Rdhwfs,dhdm
, described in chapter 3,

generates DM wavefront phase command vectors in the form of DH modal amplitude

coefficients from WFS wavefront phase measurements also in the form of DH modal

amplitude coefficients.

Additional matrices are required to map WFS slope measurements to modal co-

efficients Rs,dh and DM modal commands to DM actuator command vectors N dh,act.

To construct the WFS influence matrix N dh,sb
, for a single LGS, each unit ampli-

tude disk harmonic mode is finely sampled within the area defined by each subaperture

shown in figure 4.2. A least squares fit provides the x and y axis slopes of the best

fit plane within the area of each subaperture. Each column of matrix N dh,sb
contains

all subaperture (x, y) slope pairs for the corresponding disk harmonic mode.

As discussed in section 2.5, a matrix F tt is used to filter out the image motion

content in the LGS modes during the disk harmonic modal WFS reconstruction.

Construct the influence matrix N dh,tt where each column contains the amplitude of

the projection of a unit amplitude disk harmonic mode onto the two Zernike tip-tilt

modes. The reconstruction matrix Rtt,dh is the inverse of the rectangular matrix

N dh,tt computing using singular value decomposition (SVD). The filter matrix F tt is

given by

F tt = I − Rtt,dhN dh,tt (4.1)

where I is the identity matrix.

The matrix Rsb,dh is the product of the tip-tilt filter matrix F tt and the inverse of

the rectangular matrix N dh,sb
computing using singular value decomposition (SVD)

Rsb,dh = F ttN
−1
dh,sb

. (4.2)

The tip-tilt WFS reconstruction matrix Rstt,dh is an appropriately scaled identity

matrix which converts directly from the tip-tilt slopes to the two first order Zernike
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tip-tilt modes.

These individual beacon WFS reconstruction matrices are combined into a single

block diagonal matrix

Rwfs,dh =





























Rsb1,dh 0 0 0 0 0

0 Rsb2,dh 0 0 0 0

0 0 Rsb3,dh 0 0 0

0 0 0 Rsb4,dh 0 0

0 0 0 0 Rsb5,dh 0

0 0 0 0 0 Rstt,dh





























(4.3)

in order to process the entire slope vector swfs.

AO correction at the MMT is accomplished using a Cassegrain adaptive secondary

mirror, located at the telescope pupil, which uses 336 actuators to control its shape.

Figure 4.4 illustrates the hexapolar geometry of the actuator layout.

To construct the DM influence matrix N dh,act each unit amplitude disk harmonic

mode is sampled at the location of each DM actuator shown in figure 4.4. Each

column of matrix N dh,act contains the amplitudes of the corresponding disk harmonic

mode at each actuator location.

In addition, measured scale factors for the individual responses of the DM actu-

ators are also applied to account for variations in the sensitivities of the associated

capacitive sensors.

The composition of these three matrices

Rwfs,act = N dh,actRdhwfs,dhdm
Rwfs,dh (4.4)

is the reconstruction matrix used on-sky in closed-loop AO operation. It maps WFS

slope measurements directly to the DM actuator commands

arec = Rwfs,actswfs (4.5)

used to adjust the shape of the DM.
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Figure 4.4. MMT secondary DM actuator map.

At the end of each iteration of the closed-loop reconstruction calculation, per-

formed by the PCR computer, a DM delta command vector, a∆, is transmitted the

DM to make an incremental change the DM shape. The delta command vector ob-

tained from the DM actuator commands arec after the final modal filtering step,

described below.

The PCR computer also reads and logs three telemetry vectors describing the state

of the DM after the previous closed-loop iteration including the DM actuator positions

apos, the DM actuator absolute command acmd, and the DM actuator currents acurr.
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4.2.3. Modal GLAO Reconstruction

To produce a GLAO reconstruction for a single DM, the WFS measurements from

the LGS are averaged in the beacon reconstruction matrix. For the MMT MLGS

system with five LGS and a single tip-tilt WFS

Rwfs,dh =





0.2Rsb1,dh 0.2Rsb2,dh 0.2Rsb3,dh 0.2Rsb4,dh 0.2Rsb5,dh 0

0 0 0 0 0 Rstt,dh



 .

(4.6)

Since averaging is a linear operator, a smaller matrix can be used if the five

MLGS WFS slope vectors are pre-averaged before reconstruction. The pre-averaged

reconstruction matrix is

Rwfs,dh =





Rsb,dh 0

0 Rstt,dh



 . (4.7)

4.2.4. LGS WFS Pupil Aberrations

Four types of LGS WFS pupil aberrations can negatively affect the accuracy of the

modal reconstruction produced by the reconstruction matrix Rsb,dh including pupil

size, pupil shift, pupil ellipticity, and the distortion of the ray pattern within the

pupil. These aberrations are discussed in more detail in chapter 5.

The pentagonal LGS asterism pattern has a high degree of azimuthal symmetry.

The orientation of the aberrations for each pupil corresponding to a particular LGS

beacon tends to be aligned in the direction connecting the telescope axis of rotation

and the location of the LGS beacon on the sky.

For GLAO reconstruction, where the beacon WFS measurements are averaged,

the negative effect of these pupil aberrations are balanced in equally spaced radial
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directions and tend to average towards zero. Therefore, the effect of these aberrations

is neglected in the GLAO reconstruction process at the MMT. This is not the case,

however, for the LTAO reconstruction which is discussed in chapter 5.

4.2.5. Reconstruction Matrix Derotation

The five LGS beacons used by the MMT GLAO system are arranged in a regular

pentagon with a 2 arc minute diameter. Light from each of these beacons enters the

telescope with an off-axis field angle and the five hexapolar Hartmann spot patterns

are imaged on a single WFS CCD.

The science camera and LGS topbox assembly are derotated during long exposures

to maintain the orientation of the science camera on the sky. However, the LGS WFS

can not be counter rotated to maintain the relative orientation of the DM and WFS

coordinate systems. The location of each LGS Hartmann pattern corresponds to the

location of the beacon on the sky and must remain fixed on the CCD. However, the

location of the individual spots within each Hartmann pattern will rotate with respect

to the DM coordinate system.

To ensure that the wavefront phase correction is reconstructed with the correct

orientation on the DM, a modal coordinate rotation matrix T dhwfs,dhdm
is added to

the reconstruction matrix

Rwfs,act = N dh,actT dhwfs,dhdm
Rdhwfs,dhdm

Rwfs,dh . (4.8)

Coordinate rotations for disk harmonic functions are straight forward applications

of trigonometric relations for evaluating sin(θ − ψ) and cos(θ − ψ) as discussed in

appendix B.

The PCR computer, which performs the closed-loop reconstruction calculation,

periodically queries the current science instrument derotation angle from the MMT

telescope mount control computer. Whenever the rotation angle ψ changes by more

than one degree, the PCR generates a new coordinate rotation matrix T dhwfs,dhdm
and
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calculates a new reconstruction matrix Rwfs,act which is used in the next iteration of

the loop.

4.2.6. MMT DM Modal Filter

Since the MMT DM has 336 actuators, the number of degrees of freedom is much

larger than the 44 modes being controlled in closed-loop by the reconstructor. In

order to detect and remove any contribution to the DM shape from uncontrolled

modes, a modal filter is implemented as the last step in the closed-loop calculation.

To construct the DM modal filter influence matrix N dh,act each unit amplitude

disk harmonic mode is sampled at the location of each DM actuator shown in figure

4.4. Each column of matrix N dh,act contains the amplitudes of the corresponding disk

harmonic mode at each actuator location. Only uncontrolled disk harmonic modes

are included in this influence matrix are used. The columns for all disk harmonic

modes in the control space of the reconstruction matrix Rwfs,act contain zeros.

The matrix Ract,dh is the inverse of the rectangular matrix N dh,act computing

using singular value decomposition (SVD). The modal filter matrix F act is given by

F act = I − Ract,dhN dh,act (4.9)

where I is the identity matrix.

The most recent DM telemetry vector for actuator positions apos is filtered to

produce an adjustment to the DM actuator delta command

amf = F actapos (4.10)

and so the net DM actuator delta command transmitted to the DM is

a∆ = arec − amf . (4.11)
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4.2.7. LGS WFS Static Aberration Correction

The optical path from the telescope through the MMT LGS WFS optics involves a

large number of optical elements through fast dynamic refocus optics and involves

off-axis sources. By contrast, the path through the science dichroic into the science

camera is very direct with very few optical surfaces.

Static optical aberrations in the LGS WFS optics will bias the LGS WFS wavefront

phase measurements. The AO system will attempt to remove all measured LGS WFS

error and so will introduce a static aberration of equal and opposite sign into the

science camera images. For example, since the five LGS beacons at the MMT pass

through the LGS WFS optics from off-axis field positions, coma is observed in the

open-loop LGS WFS Hartmann spot patterns.

In contrast, the NGS WFS optics in the MMT LGS topbox are fairly simple, have

been well characterized, and have been shown to have very little static aberration

relative to the science camera with the exception of some astigmatism from the science

dichroic. The science dichroic is a tilted plane-parallel plate in a non-collimated beam.

The use of a low bandwidth NGS WFS (LBWFS), to correct for quasi-static

aberrations in an LGS WFS, was pioneered at Keck (van Dam et al. 2006). The

MMT Rayleigh MLGS system does not suffer from range uncertainty as do sodium

laser beacons; nevertheless it does suffer from quasi-static aberrations from a variety

of sources.

The MMT laser dynamic refocus optics and the periscope assembly which com-

bines the light from all five laser beacons onto a single CCD induce non-common

path aberrations that change the location of the LGS spot centroids. Furthermore,

the quad cell center of mass calculation used to compute LGS spot centroid positions

can be biased by several effects. The zero points for the LGS spot centroids are typ-

ically not at the center of a quad cell due to the hexapolar geometry of the prism

array Hartmann pattern. These zero points can drift due to flexure and temperature
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changes during long exposures as well as changes in the alignment of the LGS WFS

optics. The center of mass calculation can be biased by asymmetry in the LGS spots

caused by WFS optical aberrations and errors in the set point of the dynamic refocus

range, truncation of LGS spots by the finite extent of the quad cell, and intrusion by

neighboring LGS spots. All of these factors create quasi-static aberrations that can

slowly vary during a science exposure.

Automated static aberration correction for the MMT LGS WFS system is achieved

by measuring the long term average of the wavefront phase error measured by the

NGS WFS on the tip-tilt star operating at 30 Hz during closed-loop operation. The

NGS WFS slopes are reconstructed to produce a 8th order Zernike modal estimate of

the quasi-static non-atmospheric aberrations. These modal corrections are converted

to LGS WFS centroid offsets using a Zernike LGS WFS influence matrix. Finally, a

fraction of these offsets are used to shift the zero points of the LGS quad cell center

of mass calculation during LGS closed-loop operation.

To minimize the slope errors caused by zero points that are far away from the

center of the 4× 4 boxes of pixels used for the LGS center of mass slope calculation,

the box location for each spot is shifted until the zero point is less than half a pixel

away from the center of the box.

After several iterations of measuring NGS WFS phase and adjusting the LGS

zero points, the static aberration within the LGS WFS arm and hence on the science

camera are significantly reduced. Noise in the NGS WFS measurements and the

length of the long term average determine the point at which additional iterations

fail to further reduce the measured static aberration.

Finally, a manual adjustment, based on a visual inspection of the science camera

PSF, is made to the astigmatism correction to account for the aberration introduced

into the science camera from the science dichroic.
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4.2.8. LGS WFS Jitter Control

Errors in the LGS WFS slope measurements can be introduced when the lateral

motion of the LGS spots moves far from the center of the 4 × 4 boxes of pixels

used for the LGS center of mass slope calculation. In fact, if the spot moves outside

the box, loop stability is lost due to the resulting completely erroneous slope values.

Even though the reconstructed tip-tilt information from the LGS WFS is discarded,

differential slope errors between subapertures will affect the fidelity of the higher

order reconstructed modes due to the mismatch between the hexapolar Hartmann

spot geometry and the rectangular CCD pixel layout.

Stalcup & Powell (2008) describe various sources of vibration in the MMT tele-

scope structure, at 19 Hz, as well as vibration in the LGS beam projection optics, at

14 Hz, that cause significant lateral motion in the LGS spots on the WFS.

Two levels of correction have been implemented to stabilize the LGS WFS spots.

A fast steering mirror in the LGS beam projection optics shifts the beacon position

in response to a course shift measurement from a global LGS WFS center of mass

calculation as well as from fine vibration measurements from accelerometers installed

on the secondary mirror.

The LGS WFS CCD is read out at a rate of 400 Hz. Full frame COM measure-

ments, including all spots, generate coarse adjustments to the LGS beam projector

fast steering mirror. The secondary mirror accelerometers are read out at 1 kHz and

generate fine adjustments. The residual spot jitter has been reduced to ∼ 1/4 pixels

RMS in good seeing conditions.

4.3. First Closed-loop GLAO Results in February 2008

After several delays due to bad weather, observations were first successfully carried

out in February 2008 using the MMT MLGS AO system to demonstrate full high

order closed-loop GLAO correction over a 2 arc minute field. The initial objective
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was to characterize the performance of the system in open vs. closed-loop as well as

in closed-loop with tip-tilt only correction.

Significant image improvement across the full field of PISCES was seen, but not

yet at the anticipated resolution of 0.1 to 0.2 arc seconds in the K band projected by

earlier analysis (Lloyd-Hart et al. 2006b). System performance was limited because of

a resonance at 2.3 Hz in the MMT’s elevation drive which was being amplified rather

than suppressed by the drive servo. The resulting image motion, although it was

very well sensed by the LGS system’s natural guide star tip-tilt sensor, could not be

adequately corrected by the limited stroke of the ASM. This issue was subsequently

corrected by MMT operations staff and the LGS AO system went on to achieve the

target performance.

Science images were captured with the instrument PISCES, a near-infrared camera

with a 110 arc second field of view and a plate scale of 0.107 arc seconds per pixel. The

data consist of sets of 1 s exposures taken at a rate of approximately 14 exposures per

minute using either a standard Ks or 2.14 µm narrow band filter. During subsequent

analysis, the science exposures are first background subtracted and flat fielded, then

de-rotated and co-added to simulate long exposure images.

The first astronomical targets observed on the night of February 19, 2008 were a

series of single stars ranging in visual magnitude from 8 to 10, all with a declination

of approximately +40 degrees. The stars were located approximately in the center of

the laser beacon constellation with tip-tilt sensing done using the target star itself.

Figure 4.5 shows examples of the stellar point-spread function in the seeing limit and

with tip-tilt only, and ground layer AO correction.

Target NF10 has a seeing limited full-width at half-maximum (FWHM) of 0.70

arc seconds, while the closed-loop PSF has a FWHM of 0.33 arc seconds, a reduction

of the image width of 53%, with a factor of 2.3 increase in relative peak intensity.

The reduction in width represents an improvement in seeing from somewhat worse

than median for the site, 65th percentile, to excellent, at the 15th percentile. Target
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Figure 4.5. (Left) Comparison of stellar PSFs of target NF10 at λ = 2.14 µm
with no correction and GLAO correction. (Right) Target NF8 at K-short with no
correction, tip-tilt only correction, and GLAO correction. Each grid point represents
107 mas. Figure by M. Hart.

NF8 shows only a 10% decrease in image width with tilt only correction, however

during full ground-layer compensation, the FWHM of the image is reduced by 35%,

from 0.60 to 0.39 arc seconds.

Although these first results demonstrated successful closed-loop GLAO operation,

the level of correction did not achieve the final expected system performance of 0.1

to 0.2 arc second images in the K band. This was attributable to two factors. First,

due to a weather shortened observing run, there was insufficient time to implement

and test the system for measuring and correcting non-common path and other static

aberrations. This feature was implemented and initial testing was completed in the

subsequent May 2008 run. Second, and more seriously, the elevation axis servo control

system of the MMT telescope was exhibiting technical problems resulting in the

amplification of wind-driven oscillations at 2.3 Hz. In order to maintain stable closed-

loop GLAO operation, the loop gain had to be significantly reduced, compromising

the final level of image correction.

To characterize the initial performance of the system with field angle, observations

were made of the central 2 arc minutes of the globular cluster M13. These data still
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suffer from a static aberration on the ASM to which the LGS WFS is blind. In

the image of Figure 4.6, the majority of the effect of the static aberration has been

removed post facto. Using an iterative technique, the static wavefront error in the

pupil of the telescope has been estimated from the 60 individual 1 s exposures, and

the corresponding PSF removed by deconvolution. The resulting stellar images have

a mean FWHM across the field of 0.30 arc seconds with very little variation.

4.4. Initial Wide-field Performance Assessment in May 2008

Additional observations were carried out in May 2008 in order to implement and test

the high-order NGS WFS in an automated static aberration correction system and

to continue to characterize the uniformity of the GLAO corrected PSF over the 2 arc

minute wide field image.

The use of a low bandwidth NGS WFS (LBWFS), to correct for quasi-static

aberrations in an LGS WFS, was pioneered at Keck (van Dam et al. 2006). The

automated static aberration correction for the MMT LGS WFS system is achieved in

a similar way by measuring the difference in long term average open-loop and LGS

closed-loop aberrations using the NGS WFS on the tip-tilt star. The change in NGS

WFS slopes is reconstructed to produce a Zernike modal estimate of the quasi-static

non-atmospheric aberrations. These modal corrections are converted to LGS WFS

centroid offsets using the LGS WFS influence matrix. Finally, these offsets are used

to shift the zero points of the LGS quad cell center of mass calculation during LGS

closed-loop operation.

Figure 4.7 shows the 110 arc second field of a sparse cluster surrounding a mV = 9

star (20:01:16.72 +20:41:29.8) consisting of the composite of 17 one second PISCES

exposures with the 2.14 µm filter. Tip-tilt signals were obtained from the bright

star in the center of the field, which also served to sense static aberrations. Image

improvement was only modest: the tip-tilt star has a measured FWHM of 0.70 arc
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Figure 4.6. GLAO-corrected image from PISCES of the core of the globular clus-
ter M13. Total exposure time is 60 s, from co-addition of 1 s exposures in the Ks

filter. The tip-tilt star is circled. The static uncorrected pupil-plane aberration has
been reconstructed from the image data and its effect removed from this image by
deconvolution of the corresponding PSF. The effect can be seen in detail in the two
panels below which show a 12 × 24 arc second region before (left) and after (right)
static aberration removal.



110

seconds in open-loop and 0.55 arc seconds in GLAO closed-loop, a decrease of only

21%. However, in contrast to the results from the February run in Figure 4.6, the

corrected PSFs are round, showing the effect of removing the static aberration using

the NGS LBWFS.

These May 2008 results were severely affected by continuing problems with the

MMT telescope elevation axis servo control system which had an even larger impact

on this run because of generally higher winds. In order to maintain closed-loop GLAO

operation, the loop gain had to be further reduced, again compromising the final level

of image correction. The MMT observatory has subsequently corrected this problem

with the servo controllers.

Figure 4.8 shows the corrected and uncorrected FWHM for the 12 brightest stars

in the 110 arc second field shown in figure 4.7. The mean seeing limited FWHM

is 0.72 ± 0.02 arc seconds and the mean GLAO corrected FWHM is 0.58 ± 0.03

arc seconds. The GLAO corrected FWHM is fairly constant across the corrected

field. When these measurements were repeated in later runs with the servo problem

corrected, in addition to a substantial overall improvement in the PSF FWHM a

decrease in closed-loop PSF uniformity was observed due to anisoplanatic effects.

During these observations, the NGS WFS running at 180 Hz, was passively collect-

ing data in both open and closed-loop operation. The data was analyzed to evaluate

the closed-loop performance in a manner independent of static aberrations. Table

4.1 shows the RMS amplitude of Zernike modes, reconstructed from the NGS WFS

measurements, grouped by spatial order, along with estimated values for the Fried

parameter r0.

A reduction in the RMS wavefront error of 42% had the effect of increasing the

observed r0 at λ = 500 nm from ≈ 12.3 cm to ≈ 18.5 cm. This reduction, considering

only modes of order 2 through 8, was 38% which is consistent with previous open-

loop studies of GLAO performance at the MMT (Baranec et al. 2007c). However,

the reduction of 43% for the tip-tilt modes is much lower than the > 80% correction
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Figure 4.7. PISCES field showing magnified open and closed-loop PSFs. Each
breakout box is linearly scaled and normalized to the peak intensity while the back-
ground image is logarithmically stretched to more clearly show the location of the
faint field stars. The laser guide stars are positioned just outside this 110 arc second
field. Figure by C. Baranec.
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Order
1 2 3 4 5 6 7 8 1-8 2-8 r0

Method Set nm nm nm nm nm nm nm nm nm nm cm

Seeing 1 1137 486 313 230 187 153 131 118 1330 690 12.2
limited 2 1227 460 307 221 175 145 127 114 1393 660 12.4

Closed 1 671 244 213 145 130 116 115 107 794 425 18.2
loop 2 675 235 209 138 125 109 108 100 790 409 18.8

Mean % 43 49 32 37 30 24 14 11 42 38

Table 4.1. Comparison of residual wavefront error with and without GLAO com-
pensation.

obtained in previous analysis and is attributable to the low tip-tilt loop gains and the

servo oscillations experienced during this run.

Figure 4.9 shows the open and closed-loop amplitude and power spectrum for

Zernike mode 2, the tilt mode parallel to the telescope elevation axis as sensed by

the fast tip-tilt CCD from a natural star. The power spectrum plot (right) clearly

shows that the GLAO control is removing a significant portion of the atmosphere at

very low frequencies, below 1.5 Hz. But at the 2.3 Hz oscillation, the reduction is

only a factor of four, which although consistent with the controller operating at low

gain is insufficient to recover good image quality. The data was recorded in the most

favorable configuration, with the telescope turned at roughly 90o to the wind and

shielded to a large extent by the dome. Pointed into the wind, which at this time was

≈ 50 kph, the 2.3 Hz resonance dominated even the lowest frequency atmospheric tilt

errors. The small peak at ≈ 18 Hz is a vibrational mode of the secondary hub.

The closed-loop response for mode 2 is worse than the open-loop response in the

region of 3 to 7 Hz. This is due to overshoot from the controller near the limits of its

bandwidth, which is about 3 to 4 Hz at this low gain setting.
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Figure 4.8. FWHM for the 12 brightest stars in the field shown in figure 4.7 as
a function of their distance from the central tip-tilt star. (Circles) Seeing limited
FWHM. (Triangles) GLAO corrected FWHM. Figure by C. Baranec.

0 10 20 30 40 50
−3

−2

−1

0

1

2

3

Time(sec)

O
pe

n 
Lo

op
 −

 M
od

e 
2 

(µ
m

)

0 10 20 30 40 50
−3

−2

−1

0

1

2

3

Time(sec)

C
lo

se
d 

Lo
op

 −
 M

od
e 

2 
(µ

m
)

10
0

10
1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Frequency(Hz)

M
od

e 
2 

−
 P

ow
er

/F
re

qu
en

cy
 (

dB
/H

z)

Figure 4.9. (Left) Open and closed-loop modal amplitude for Zernike mode 2 (tip-
tilt). (Right) Power spectrum of open (dashed) and closed-loop (solid) measurements
of Zernike mode 2. Figure by K. Powell.
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4.5. High Gain Wide-field Performance Characterization in October 2008

The technical problems with the MMT elevation axis servo control system, that had

limited the GLAO performance, were corrected during the 2008 summer maintenance

shutdown. During a subsequent telescope run in October 2008, the full capability of

the MMT GLAO system, including high gain closed-loop operation and full static

aberration correction, was demonstrated.

Figure 4.10. M34 2 arc minute full field in Ks band with GLAO correction.

Figure 4.10 shows the 110 arc second field of the globular cluster M34 consisting

of the composite of 60 one second PISCES exposures with the Ks filter. Tip-tilt

signals were obtained from the bright star in the center of the field. Static aberration
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corrections were measured and applied using a nearby bright reference star. Once the

static aberration corrections were applied to the LGS WFS, the telescope was slewed

to M34 and this observation was performed. Open and closed-loop observations were

performed at high gain under median seeing conditions and moderate wind.

GLAO Seeing Peak Tip-Tilt
GLAO Peak Seeing Peak Intensity Star

Object FWHM Intensity FWHM Intensity Ratio Distance

1 0.21 22590.00 0.57 4902.00 4.6 0.00
2 0.19 647.90 0.53 114.00 5.7 15.05
3 0.20 61.36 0.50 14.12 4.3 29.82
4 0.19 151.60 0.54 30.53 5.0 32.74
5 0.21 165.20 0.61 28.69 5.8 32.43
6 0.20 188.70 0.62 34.25 5.5 51.73
7 0.18 492.40 0.56 81.26 6.1 29.79
8 0.19 95.20 0.54 15.22 6.3 30.16
9 0.22 641.30 0.64 114.9 5.6 50.05

10 0.22 196.80 0.58 39.21 5.0 51.30

0.20 0.568 5.4

Table 4.2. FWHM and peak intensity measurements for selected objects from the
M34 Ks GLAO closed-loop image. The last line contains mean values for selected
columns.

The expected level of image improvement was finally achieved. The tip-tilt star has

a measured FWHM of 0.57 arc seconds in open-loop and 0.21 arc seconds in GLAO

closed-loop, a decrease of 73%. Table 4.2 shows the open and closed-loop FWHM

and peak intensity measurements for ten targets within the M34 field. The distance

from the tip-tilt star is noted for each object. The mean closed-loop FWHM is 0.20

arc seconds compared with the seeing limited mean FWHM of 0.57, a decrease of

75%. The peak intensity increased in closed-loop by a factor of 5.4 on average. Since

the closed-loop PISCES images are under sampled, with PSF FWHM measurements
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below the Nyquist limit of 2 pixels or 0.214 arc seconds, all that can be concluded is

that the closed-loop FWHM is less than 0.214 arc seconds.

Tip-Tilt
Ks GLAO Seeing EE Star

Object Magnitude EE(%) EE(%) Ratio Distance

1 10.06 33.1 8.5 3.9 0.00
2 14.09 40.7 11.1 3.7 15.05
3 16.66 39.5 8.4 4.7 29.82
4 15.70 37.4 12.3 3.0 32.74
5 15.50 38.8 9.9 3.9 32.43
6 15.39 38.0 7.2 5.3 51.73
7 14.51 39.5 9.0 4.4 29.79
8 11.98 41.2 8.8 4.7 30.16
9 13.91 35.1 8.9 3.9 50.05

10 15.18 34.8 7.5 4.6 51.30

4.2

Table 4.3. Percent encircled energy within a 0.2 arc second diameter circular aper-
ture for selected objects from the M34 Ks GLAO closed-loop image. The last line
contains mean values for selected columns.

Figure 4.11 plots the GLAO and seeing limited FWHM for the ten brightest

sources in M34. The GLAO correction is fairly constant with distance from the tip-

tilt star with the FWHM increasing slightly near the edge of the 2 arc minute FOV.

Table 4.3 shows the open and closed-loop percent encircled energy within a 0.2 arc

second diameter circular aperture for the same ten targets within the M34 field. The

encircled energy increased in closed-loop by a factor of 4.2 on average.
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Figure 4.11. FWHM for the 10 brightest stars in the field shown in figure 4.10 as
a function of their distance from the central tip-tilt star. (X) Seeing limited FWHM.
(+) GLAO corrected FWHM.

Figures 4.12 and 4.13 show a 41.2× 26.8 arc second subfield of the M34 image in

open-loop and closed-loop respectively. The stellar sources in the closed-loop subfield

have been identified and circled. The GLAO corrected PSFs are round, showing the

effectiveness of the static aberration correction using the NGS LBWFS.

Figure 4.14 shows a 6.3 × 3.7 arc second subfield of the M34 image in open-loop

and closed-loop. The stellar source, at a distance of 32 arc seconds from the central

tip-tilt star, has a FWHM of 0.61 and 0.21 arc seconds in the open and closed-loop

images respectively. These images show the concentration of energy gained by using
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GLAO correction.

Figure 4.12. Seeing limited 41.2 × 26.8 arc second subfield from M34 Ks band
image.

Figure 4.13. GLAO closed-loop 41.2× 26.8 arc second subfield from M34 Ks band
image.
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Figure 4.14. (Left) Seeing limited 6.3 × 3.7 arc second subfield from the M34 Ks

band image showing a star 32 arc seconds distant from the tip-tilt star with 0.61
arc second FWHM. (Right) GLAO closed-loop of the same star with 0.21 arc second
FWHM.

4.6. Additional Cluster Observations in May 2009

After additional delays due to bad weather and new capabilities such as field dero-

tation were implemented, further cluster observations were carried out in May 2009

using the MMT MLGS AO system.

Figure 4.15 shows the 110 arc second field of the globular cluster M13 consisting

of the composite of 60 one second PISCES exposures with the Ks filter. A square

root stretch has been used to emphasize the fainter sources. Tip-tilt signals were

obtained from the bright star just below the center of the field. Static aberration

corrections were measured and applied using a nearby bright reference star before the

M13 observation. Closed-loop observations were performed at high gain under good

seeing conditions and moderate wind.

Figure 4.16 shows a GLAO corrected Ks band 21.4 × 13.9 arc second subfield of

the M13 image (left) and the corresponding subfield from an HST V band WFPC2

image. These two images have comparable plate scale and resolution and both use

a square root stretch. The brightest star on the left hand side of each image has a

FWHM of 0.27 and 0.35 arc seconds in the MMT GLAO and HST images respectively.

Many of the bluer sources in the visible HST image are not observed in the Ks band
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Figure 4.15. M13 2 arc minute full field in Ks band with GLAO correction using a
square root stretch. The tip-tilt star is the brightest star just below the center of the
field.
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Figure 4.16. (Left) MMT closed-loop GLAO 21.4 × 13.9 arc second subfield from
M13 Ks band image. (Right) Corresponding HST subfield from M13 WFPC2 V band
image. Both images use a square root stretch.

infrared GLAO image.
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5. Commissioning of MLGS LTAO Reconstruction

This chapter provides an overview of LTAO reconstruction and its relative advan-

tages and disadvantages. The results of an experiment to validate tomographic re-

construction using MMT MLGS open-loop WFS measurements are presented followed

by a discussion of the key components involved in on-sky LTAO reconstruction for

the MMT MLGS system. Finally, progress towards the commissioning of the MMT

MLGS LTAO system is reviewed.1

5.1. Laser Tomography Adaptive Optics

Laser tomography adaptive optics uses a tomographic reconstruction of the three

dimensional structure of atmospheric turbulence based on a thin layer atmospheric

model to compute the wavefront correction to be applied to a single deformable

mirror that will achieve diffraction limited imaging for any single field point within

the telescope field of view. The corrected field point need not be on the optical axis

of the telescope but can be anywhere within the asterism of MLGS beacons.

LTAO reconstruction with MLGS will be required for ELTs to achieve diffraction

limited imaging with nearly full sky coverage. Progress in demonstrating LTAO

reconstruction on-sky will serve as an important testbed for future ELT AO systems.

Figure 1.9 illustrates how multiple LGS beacons can be used to fully sample the

atmosphere above the telescope up to a limiting height where the inverted beacon

cones no longer fully overlap.

A thin layer atmospheric model is required for tomographic reconstruction. This

can be obtained either by using a seasonal average C2
n profile or contemporaneous

measurements using either a SCIDAR facility or an estimation technique such as the

1Portions of this chapter appear in Baranec et al. (2006).
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one described in chapter 6. LTAO is based on a tomographic reconstruction using the

MLGS and tip-tilt WFS slope measurements to estimate the wavefront phase error

within the metapupils at each of the these layers.

The influence of these metapupil phase errors on a particular science target is then

obtained by computing the wavefront phase error within the circular intersection of

the cylinder of light from a science target at infinity and each metapupil. The sum of

these phase errors is the correction required to fully correct the wavefront phase along

the line of sight to that science target. Finally, this wavefront correction is applied

to the single DM conjugated at the entrance pupil of the telescope.

5.2. On-sky Reconstruction for the MMT MLGS LTAO System

Chapter 4 describes the techniques used to achieve a modal reconstruction for the

MLGS and tip-tilt WFS slopes. Those results are used without modification below.

The individual beacon WFS reconstruction matrices are combined into a single

block diagonal matrix

Rwfs,dh =





























Rsb1,dh 0 0 0 0 0

0 Rsb2,dh 0 0 0 0

0 0 Rsb3,dh 0 0 0

0 0 0 Rsb4,dh 0 0

0 0 0 0 Rsb5,dh 0

0 0 0 0 0 Rstt,dh





























(5.1)

in order to process the entire slope vector swfs.

The beacon influence matrices N dhl,dhb
for each layer at the height hl are combined

to create a total influence of all layers on all beacons in a single block matrix. For
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example, for four layers and three beacons

N dhlayer,dhwfs
=











N dhl1,dhb1
Ndhl2,dhb1

Ndhl3,dhb1
Ndhl4,dhb1

N dhl1,dhb2
Ndhl2,dhb2

Ndhl3,dhb2
Ndhl4,dhb2

N dhl1,dhb3
Ndhl2,dhb3

Ndhl3,dhb3
Ndhl4,dhb3











. (5.2)

The beacon reconstruction matrix Rdhwfs,dhlayer
is the inverse of the rectangular to-

tal layer influence matrix N dhlayer,dhwfs computed using singular value decomposition

(SVD).

Finally, the science target influence matrices N dhl,dht for each layer at the height

hl are combined to create a total influence of all layers on the science target in a single

block matrix. For example, for the four layers

N dhlayer,dhtarget =
(

N dhl1,dht Ndhl2,dht Ndhl3,dht Ndhl4,dht

)

. (5.3)

The composition of four matrices

Rwfs,act = N dh,actN dhlayer,dhtargetRdhwfs,dhlayer
Rs,dh (5.4)

is the LTAO reconstruction matrix that maps WFS slope measurements directly to

DM actuator commands arec for use on-sky in closed-loop AO operation.

Chapter 4 describes reconstruction matrix derotation, DM modal filter, LGS WFS

static aberration correction, and LGS WFS jitter control which also apply without

modification to the LTAO reconstruction mode at the MMT telescope.

5.3. First Open-loop Tomographic Reconstruction Results in April 2006

Experiments were carried out using the MMT MLGS experiment in June 2005 and

again in April 2006 to validate open-loop tomographic wavefront reconstruction using

five dynamically refocused Rayleigh laser beacons and multiple tilt natural guide stars.
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Figure 5.1. Tip-tilt WFS frame. Light from the central star was also used to obtain
ground truth wavefront measurements using the NGS WFS. The image motion of the
three brightest stars surrounding the central star were used to estimate global tilt
and second order modes in the tomographic reconstruction. The positions of the five
LGS beacons are indicated by the green star symbols. Figure by C. Baranec.
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A series of open-loop WFS telemetry measurements were simultaneously obtained

using the MMT MLGS WFS, tip-tilt WFS, and NGS WFS. Figure 5.1 shows a sample

tip-tilt WFS frame. Light from the central star was also used to obtain ground

truth wavefront measurements using the NGS WFS. The image motion of the three

brightest stars surrounding the central star were used to estimate global tilt and

second order modes in the tomographic reconstruction. The positions of the five LGS

beacons are indicated by the green star symbols.

A full telemetry data set consists of continuous 60s sequences of frames from

all three WFS cameras simultaneously. WFS measurements from June 2005 we ob-

tained at 100 Hz and in April 2006 at 200 Hz. Figure 5.2 shows a set of sample

frame simultaneously captured using the three WFS cameras and the corresponding

reconstructed wavefront phase. The top left frame shows the NGS Shack-Hartmann

WFS spot pattern used for ground truth estimates of the science target. The top

center frame is an image of the asterism obtained by the tip-tilt camera. The star

images in the tip-tilt frame have been magnified ×4 relative to their spacing. The

central star, with the box in the tip-tilt frame, is also used to illuminate the NGS

WFS using a beam splitter. The top right frame shows the MLGS Hartmann WFS

spot patterns for the five Rayleigh beacons. The lower panels show the reconstructed

NGS wavefront (left), the individual LGS wavefronts (right), and the tomographic

estimate of the NGS wavefront (center).

Spot positions in the LGS Hartmann pattern were extracted frame by frame to a

precision of 0.03 pixels (0.026 arc seconds) by finding the local peaks in the correlation

of the data with a Gaussian of FWHM 1.8 pixels. For each 60s data set, the mean

position of each spot was subtracted from its instantaneous position, thereby removing

the effects of telescope aberration, vibration and jitter, as well as long-term open-loop

telescope tracking error. Wavefronts from each of the five LGS were then individually

reconstructed from the residual spot positions by fitting the first 44 Zernike modes

(orders 1 through 8) using a synthetic reconstructor matrix derived from a model of
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Figure 5.2. Sample frames from the three WFS cameras and the corresponding
reconstructed wavefront phase. The top row, from left to right, shows simultaneous
frames from the NGS Shack-Hartmann WFS, the tip-tilt camera, and the LGS Hart-
mann WFS. (The star images in the tip-tilt frame have been magnified ×4 relative
to their spacing.) The central star, with the box in the tip-tilt frame, is also used
to illuminate the NGS WFS (left). The lower panels show the reconstructed NGS
wavefront (left), the individual LGS wavefronts (right), and the tomographic estimate
of the NGS wavefront (center). Figure by C. Baranec.
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the LGS prism array in the MLGS WFS optics.

The NGS wavefronts were reconstructed by using the same reconstructor matrix

as used in the closed-loop MMT NGS AO system. Finally, the image motions from

stars in the tip-tilt camera are estimated by a correlation-tracking algorithm with a

Gaussian kernel.

Using an approach first used by Ragazzoni et al. (2000) on multiple natural guide

stars, the tomographic reconstruction of the ground truth NGS wavefront phase is

estimated from the five LGS wavefront phase measurements and the image motion of

the three tip-tilt stars using a least squares tomographic reconstruction matrix. This

tomographic reconstruction approach assumes a linear relation between the wavefront

of the ground truth star and those of the LGS, represented by the equation

φngs,i = Rlgstt,ngsφlgstt,i (5.5)

where, for the ith frame in a data sequence, φngs,i is the vector of Zernike polynomial

coefficients characterizing the NGS ground truth star wavefront, φlgstt,i is the vector

containing the concatenated Zernike coefficients of all five of the reconstructed LGS

wavefronts and the tip-tilt measurements from the three field stars, and Rlgstt,ngs is

the tomographic reconstructor matrix relating the two.

The goal is to find a tomographic reconstruction matrix Rlgstt,ngs that minimizes

< |φngs,i−φ̂ngs,i|2 >, the squared norm of the difference between the measured ground

truth star wavefront coefficients φngs,i and their estimates, averaged over time. The

coefficients are scaled so that this also minimizes the RMS residual phase in the

reconstructed wavefront.

To investigate the limit of tomographic performance permitted by the measured

data in this least squares sense, the tomographic reconstruction matrix Rlgstt,ngs is

derived by a direct inversion of the data, using singular value decomposition (SVD).

This approach does not rely on any a priori model of the atmospheric C2
n profile

or knowledge of the noise characteristics. A matrix Φlgstt is constructed from 3057
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Figure 5.3. Evolution of focus in the central star’s wavefront, shown in solid blue
on the two plots, with the GLAO (left) and tomographic estimate (right) plotted in
dashed black.

data vectors φlgstt,i, and inverted with SVD to give Φ
−1
lgstt. A similar matrix Φngs is

constructed from the corresponding φngs,i vectors. The tomograph is then given by

Rlgstt,ngs = ΦngsΦ
−1
lgstt . (5.6)

Applying Rlgstt,ngs to vectors φlgstt,i drawn from the same data set used to compute

it yields the best fit solution and characterizes the noise floor in the data.

The least squares tomographic approach yields a substantially better estimate of

the central stars wavefront than the corresponding GLAO reconstruction. Figure 5.3

shows the evolution of the focus term in the central stars wavefront over a 10s period

and its GLAO and LTAO estimates.

The RMS residual wavefront aberration after correction with both the GLAO

and LTAO techniques over Zernike orders 2 through 8 were calculated. Figure 5.4

shows two examples of the RMS residual wavefront error as a function of time over

four seconds. The data on the left represents a set taken in June 2005, with seeing

parameters r0 = 14.8cm at 500nm wavelength and L0 = 12m. Data on the right

represents a set taken in April 2006, with seeing parameters r0 = 18.0cm and L0 =

13.5m. The RMS residual errors for the reconstructions in figure 5.4 are presented in
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Figure 5.4. An example of the RMS residual error over Zernike orders 2 through 8
for an uncorrected stellar wavefront (thick solid blue), after GLAO correction (dashed
red), and after LTAO correction (thin solid green). Data from June 2005 is presented
in the left figure and data from April 2006 is presented on the right.

June 2005 April 2006

Uncorrected 511 nm 448 nm
GLAO corrected 360 nm 249 nm
LTAO corrected (with a single tip-tilt star) 259 nm 172 nm
LTAO corrected (with a single tip-tilt star) 243 nm N/A

Table 5.1. Residual RMS wavefront errors for the data presented in figure 5.4.

table 5.1. The improvement in the floor of the tomographic residual in the most recent

data is a measure of the information content in our recovered wavefront estimates and

improvements due to improved alignment of optics, increased throughput, and a faster

frame rate. The residual is now dominated by the fitting error of the LGS and NGS

Shack-Hartmann WFS.

During the June run, the reconstruction performance was evaluated over a period

of 2 hours. Figure 5.5 (left) shows the RMS wavefront error averaged over the full

60s of each of nine data sets. The values reflect the contributions from the Zernike

modes through order 8 that were reconstructed, with the exception of tip and tilt.
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Figure 5.5. (Left) Nine datasets, each 60s long, taken over a two hour period in
June 2005, the RMS wavefront error summed over Zernike orders 2 − 8 are shown
for uncorrected (blue squares), GLAO corrected (red circles), and LTAO corrected
(green triangles) are shown. (Right) Corresponding values of r0 at 500nm for the
total seeing (blue squares) and the ground layer contribution (red circles). Figures
by C. Baranec.

These two modes contain the majority of the wavefront error, but are not sensed by

the lasers and therefore give a somewhat misleading sense of the overall degree of

correction.

Values of r0 for each data set are shown in figure 5.5 (right) at a wavelength

of 500nm. Estimates for r0 are calculated for the mean square aberration in all

modes of each Zernike radial order separately. Applying the formalism developed by

Chassat (1992) yields estimates of both r0 and the outer scale of turbulence L0. The

estimates of L0 range from 12m to 25m over the 2 hour period during which the data

were recorded. Also shown are values for the ground layer turbulence, computed in

the same manner from the strength of the Zernike modes of the GLAO estimate from

the LGS. The average distribution of turbulence from these estimates has 70% of the

power in the boundary layer with the remainder at higher altitude. This represents an

upper limit, since intermediate altitude aberration on large spatial scales will remain

partially correlated in the LGS signals and be indistinguishable from true ground
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Figure 5.6. Synthetic point-spread functions computed at 2.2µm wavelength from
wavefronts before and after correction. PSF with no correction (left), with GLAO
correction (center), and with LTAO correction (right) over a 60s period.

layer aberration.

The plots of figure 5.5 show a consistent improvement with both types of wave-

front compensation. Of particular note is the second data set, which stands out with

distinctly worse estimated seeing. However, after ground layer correction, the resid-

ual aberration is reduced almost to the same level in all cases, indicating that the

momentary worsening was attributable to a low lying phenomenon.

From the residual wavefront errors after ground layer and tomographic estimation

at each time step, a synthetic corrected PSF was calculated. Figure 5.6 shows exam-

ples computed for a source on axis in K band (2.2µm) from a 60s continuous data

sequence from June 2005 recorded in seeing conditions of r0 = 14.7cm at 500nm wave-

length. The reconstruction estimated the first 44 modes of the stars wavefront, now

including tip-tilt. The integrated PSFs in figure 5.6 include uncompensated Zernike

modes from orders 9 through 100 drawn from a Kolmogorov distribution, laboriously

computed using arbitrary precision numerical libraries.

Table 5.2 shows the corresponding widths and relative peak intensities for the time

averaged PSFs, and for PSFs computed similarly in the J band (1.25µm) and H band

(1.65µm). These simulated PSFs not only include the effects of image improvement
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Metric Waveband Uncorrected GLAO LTAO Diffraction Limit

FWHM J 0.774 0.378 0.113 0.040
(arc seconds) H 0.683 0.171 0.086 0.052

K 0.553 0.125 0.089 0.070

Relative peak J 1.0 2.0 3.9 498
intensity H 1.0 3.7 9.4 239

K 1.0 7.0 15.0 92

Table 5.2. Image quality metrics at 1.25µm (J band), 1.65µm (H band), and 2.2µm
(K band).

due to the corrected Zernike orders 2 through 8, shown in figures 5.4 and 5.5, but also

tip-tilt correction and the effects of higher order uncorrected atmospheric aberration.

GLAO correction is of particular value in the two longer wavebands, where the image

width is reduced by a factor of ∼ 4 and there is a substantial increase in peak intensity.

The seeing at the time this data was taken represents the 50th percentile for the MMT

telescope and this experiment predicts a closed-loop GLAO performance at ∼ 0.2 arc

seconds or better in H and K bands for the majority of the time.

With tomographic correction, the K band is corrected almost to the diffraction

limit, with a 15-fold increase in peak intensity to a Strehl ratio of 16%. This rela-

tively low order reconstruction is insufficient to achieve the diffraction limit at the

shorter wavelengths but the improvement in resolution and peak brightness are both

substantial.

5.4. LGS WFS Pupil Aberrations

5.4.1. Effect of WFS Pupil Aberrations on WFS Modal Reconstruction

Although the least squares approach to LTAO can be used on-sky, a bright ground-

truth reference star and a large amount of sky time to accumulate the large datasets
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required to compute a reconstruction matrix for each science target. To be able to

quickly compute an LTAO reconstruction matrix, the model based approach described

in section 5.2 must be used. However, LGS WFS pupil aberrations must be controlled

and characterized in order to produce an accurate AO system model.

For GLAO reconstruction, where the beacon WFS measurements are averaged,

the negative effect of pupil aberrations are balanced in equally spaced radial directions

and tend to average towards zero.

However, the effect of these aberrations can not be neglected in the LTAO recon-

struction process at the MMT. It is precisely the subtle differences in the reconstructed

LGS WFS phase errors that are used to estimate the 3-D structure of atmospheric

turbulence. Large errors in the modal reconstruction of wavefront phase for the indi-

vidual LGS WFS, caused by pupil aberrations, will completely defeat the tomographic

reconstruction process. These pupil aberrations must either be eliminated through

optical alignment or they must be accounted for in the model WFS used to build the

modal reconstruction matrices Rsb,dh for each individual LGS beacon.

Four types of WFS pupil aberrations are present in the MMT MLGS WFS optical

train including pupil size, pupil shift, pupil ellipticity, and the distortion of the ray

pattern within the pupil.

Figure 5.7 shows the hexapolar arrangement of 60 WFS subapertures arranged

in 4 concentric rings. The color map is used to indicate the area within the circular

pupil associated with each subaperture.

To construct the LGS WFS influence matrix N dh,sb
each unit amplitude disk

harmonic mode is finely sampled within the area defined by each subaperture. A least

squares fit provides the x and y axis slopes of the best fit plane within the area of each

subaperture. Each sampled point represents a ray passing through a specific location

within the pupil and then passing through the corresponding WFS subaperture. If

pupil aberrations cause that ray to pass through a different subaperture, the estimated

x and y axis slopes calculated for the model WFS will not match the measured slopes
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Figure 5.7. LGS WFS subapertures with 60 subapertures in 4 concentric rings in
a hexapolar geometry.
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in the real WFS. An erroneous modal reconstruction will occur. The WFS model

must be adjusted to account for the actual ray paths in the real WFS.

In order to successfully perform tomographic reconstruction at the MMT, LGS

WFS pupil aberrations must be either eliminated or characterized so that they can

be incorporated into the model used to build LGS WFS influence matrices. The sec-

tions that follow describe a strategy to eliminate pupil size errors by more accurately

aligning the LGS WFS optical system and to characterize the residual pupil shift for

each beacon. The five measured pupil shifts, as well as estimates of pupil ellipticity

and distortion from ZEMAX, will be incorporated into the procedure for calculating

LGS WFS influence matrices to more accurately perform modal reconstruction for

each of the five beacons.

5.4.2. LGS WFS Pupil Size and Shift Errors

Figure 5.8 shows an image captured by the LGS WFS CCD with a pupil mask and

imaging lens in place of the prism array for a single beacon using the MMT LGS

telescope simulator. The LGS WFS pupil mask defines the locations of the prism

array subapertures so that the system alignment can be verified. The outer edge of

the prism array corresponds to the outer edge of the outermost ring of black masked

subapertures. In this image, the bright circle of light corresponding to the pupil

created by the telescope simulator is slightly oversized and shifted to the right.

Figure 5.9 shows that all five simulated LGS pupils. In several of the simulated

pupils in this image, the pupil shift is a significant fraction of the width of a subaper-

ture.

A simulation performed as part of the open-loop LTAO study presented in section

5.3 found that a pupil shift as small as 2% of the pupil diameter was sufficient to

eliminate the 80−100 nm RMS improvement between the GLAO and LTAO correction

of Zernike orders 2 through 8.
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Figure 5.8. LGS WFS masked pupil for a single beacon using the MMT LGS
telescope simulator.

In the on-sky MLGS AO system, the pentagonal LGS asterism pattern has a high

degree of azimuthal symmetry. The orientation of the aberrations for the pupil corre-

sponding to a particular LGS beacon tends to be aligned in the direction connecting

the telescope axis of rotation and the location of the LGS beacon on the sky.

The LGS WFS pupil mask will enable the LGS WFS pupil size and shifts to

be visualized and adjusted on-sky to correct pupil size errors and to minimize the

residual pupil shift errors for the five LGS beacons. These residual pupil shift errors

will be characterized using the procedure described below.
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Figure 5.9. LGS WFS masked pupil for all five beacons using the MMT LGS
telescope simulator.

5.4.3. LGS WFS Pupil Ellipticity and Distortion Errors

A ZEMAX model of the MMT MLGS WFS optics also predicts that the on-sky pupil

images will be slightly elliptical and will exhibit a distortion of the ray pattern within

the pupil. Figure 5.10 illustrates the predicted distortion effect shown in this example

as a vertical deflection in the figure on the right.

The ZEMAX model will be used to estimate the magnitude and direction of these

aberrations so that they can be incorporated into the LGS WFS reconstruction model.
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Figure 5.10. LGS WFS map of pupil distortion based on the ZEMAX model of the
LGS WFS optical system.

5.4.4. Strategy for LGS WFS Pupil Alignment and Calibration

The current MMT LGS WFS design does not support a pupil imaging mode. In

the absence of true LGS WFS pupil imaging, a strategy must be found to reduce

pupil aberrations through alignment procedures and to characterize the remaining

aberrations using calibration measurements.

In the MMT MLGS WFS optics, the effect of pupil size and shift errors can be

very large. The predicted effects due to ellipticity and distortion are expected to be

more subtle second order effects.

The strategy for dealing with pupil size and shift errors is to first carefully align

the on-sky WFS pupils using the LGS WFS pupil mask. The LGS WFS pupil mask

helps visualize the location of the prism array subapertures to assist in the alignment

procedure. The objective is to minimize these pupil aberrations and balance the

residual pupil shift errors between the five beacon Hartmann patterns as much as

possible. In particular, the pupil sizes must be controlled through careful alignment
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Figure 5.11. (Left) LGS pupil shifted by 10% of the pupil diameter. (Right) LGS
WFS subapertures with shifted pupil.

and dynamic refocus lens cell focus adjustments.

The residual shift of the pupils, relative to the prism array, must be reduced as

much as possible by adjusting the periscope assembly and the lateral position of the

LGS WFS CCD. However, there is a trade-off, since the position of the Hartmann

patterns on the CCD are also affected by this adjustment. The Hartmann patterns

on the CCD must remain within the CCD boundary and avoid overlap to remain

useful for WFS modal reconstruction.

The residual pupil shift aberration can be characterized once the alignment proce-

dure is complete and the prism array is reinstalled in the LGS WFS. Differential slope

measurements when a fixed amount of the Zernike defocus mode is introduced can

be used to measure the direction and magnitude of each shifted pupil. Defocus will

be introduced by using the secondary mirror hexapod to shift the secondary along

the optical axis while the AO system is operating in GLAO closed-loop but with zero

gain.

Figure 5.11 shows an example of a WFS pupil model in the presence of a shift

of 10% of the pupil diameter in the horizontal direction to the right. The figure on

the right shows that some subapertures are only partially illuminated and that the
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central obstruction obscures portions of the subapertures in the central ring.

Figure 5.12 shows the difference in the subaperture slope measurements between a

unit amplitude of Zernike defocus in an unshifted pupil and the same mode in a pupil

that has been shifted by various amounts. Since Zernike defocus is a second order

polynomial, the lateral shift, which is related to the first derivative of the mode, is

linear. The figure shows that the relationship is in fact fairly linear in this simulation.

The linear relationship breaks down, however, if the shift exceeds ∼ 15% of the pupil

diameter.

To construct a pupil shift influence matrix N dh,sθ
a unit amplitude of the Zernike

defocus mode is finely sampled within the area defined by each subaperture using a

pupil shifted by 10% in a particular direction θ. A least squares fit provides the x and

y axis slopes of the best fit plane within the area of each subaperture. The slopes for

an unshifted pupil are subtracted to produce pairs of x and y axis slope differences.

Each column of matrix N dh,sθ
contains the (x, y) slope difference pairs within each

subaperture for the a regularly spaced sampling of pupil shift directions θ, e.g., every

10 degrees.

The pupil shift reconstruction matrix Rsθ,dh is the inverse of the rectangular pupil

shift influence matrix N dh,sθ
computed using singular value decomposition (SVD).

The vector produced by applying the pupil shift reconstruction matrix to a set of

slope differences measured using the on-sky WFS will have the largest amplitude in

the element corresponding to the direction of the pupil shift. A more precise angle

can be obtained through interpolation. The magnitude of the vector is proportional

to the amount of the pupil shift.

Differential slope measurements will be obtained on-sky by first achieving a stable

GLAO closed-loop correction. Then, the control loop user gain will be set to zero

to permit open-loop measurements with a fixed DM shape that includes the static

aberration correction. An initial set of slope measurements will be obtained using

a long term average of 1 − 2 minutes of telemetry data. Finally, a fixed amount of
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Figure 5.12. Difference between nominal slopes for a unit amplitude defocus mode
with an unshifted pupil and the same mode with various pupil shifts (as a percentage
of the pupil diameter).
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Figure 5.13. Wide field camera image showing shadows of the telescope secondary
in the out of focus images of the five LGS beacons surrounding a natural star.

Zernike defocus will be introduced by changing the secondary mirror position. A sec-

ond set of slope measurements will be obtained using a second long term average of

telemetry data. The difference between these average slope measurements eliminates

any residual static aberrations from the WFS slopes. The Zernike versions of the LGS

WFS reconstruction and influence matrices will be used to remove the slope contri-

butions from the Zernike defocus mode. The resulting residual slope measurements

will be reconstructed to determine the pupil shift and direction for each of the five

LGS WFS.

The WFS models for each of the five LGS beacons will be updated with the esti-

mated pupil size error along with the measured pupil shift magnitude and direction.

The wide field camera (WFC) (see figure 5.13) will be used to measure the lo-

cations of the LGS beacons on-sky relative to the tip-tilt star and science target.

Simultaneous WFC and science camera images will be obtained to locate the tip-

tilt star in both frames. The telescope will be shifted, first North and then East,

to establish the cardinal directions on both cameras. Finally, the telescope will be
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refocused to the height of the LGS beacons so that their locations on the WFC can

be determined.

The WFS models may also optionally include provisions for the ellipticity and

distortion predicted from the ZEMAX optical model along the axes defined by the

directions of the LGS beacons on-sky.

The calibrated WFS models will be used to generate a new set of WFS modal

reconstruction matrices, Rsb,dh, for use in LTAO mode on-sky.

5.5. LTAO Commissioning Runs at the MMT

During subsequent telescope runs at the MMT, in conjunction with further efforts

to develop the MLGS GLAO system into a facility science capability, commissioning

tests on the MLGS LTAO system will be performed.

On-sky least squares LTAO reconstruction will be tested. In addition, the pupil

aberration alignment and calibration steps, described above, will be tested. In order

to make the most effective use of telescope time, a complete set of WFC, science

camera, and WFS calibration measurements along with several sets of open-loop

telemetry data will be captured and analyzed offline.

WFC images focused on a reference star, along with simultaneous frames from the

science camera, will be captured with the star centered on the telescope optical axis

as well as with the star shifted 10 arc seconds North and then East to establish the

plate scale on both cameras as well as their cardinal directions. An additional image

will be obtained using the WFC with the telescope focused on the LGS beacons to

establish their locations on the sky.

A complete set of open-loop telemetry data will be obtained using all three WFS

cameras including the NGS, LGS, and tip-tilt data, all operating at 400 Hz. First a

stable GLAO closed-loop with full static aberration correction on a bright reference

star will be achieved. Then, the control loop user gain will be set to zero to permit
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open-loop measurements with a fixed DM shape that includes the static aberration

correction. Telemetry datasets of 1−2 minutes in duration will be captured for offline

analysis.

During the offline analysis, the calibration measurements will be used to construct

an LTAO reconstruction matrix. The NGS WFS ground truth telemetry measure-

ments will be used to verify the accuracy of the reconstructed LGS and tip-tilt WFS

telemetry data. The LTAO reconstruction process will then be ready to test on-sky

in closed-loop.

The 0.107 arc second plate scale on the PISCES science camera is insufficient

to fully sample a diffraction limited PSF at the MMT. The mounting hardware to

permit either the ARIES or CLIO imagers to be used with the LGS topbox will be

built and tested to permit the characterization of LTAO performance.

The jitter control and static aberration correction systems have been sufficiently

tuned so they do not limit performance at the GLAO resolution of 0.15 − 0.2 arc

second FWHM. As initial LTAO results are obtained, it is likely that these systems

will need to undergo further characterization and refinement so that they do not

become limiting factors in the performance of the LTAO mode of operation.
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6. Near Real-time Index Structure Constant Estimation

This chapter presents a novel approach for using real-time modal wavefront sensor

covariance measurements from multiple guide stars along with DM position telemetry

data to provide an estimate of the C2
n profile above the telescope in the direction of

the science target. To provide an initial validation for this approach optimization

techniques are used to solve the resulting system of linear equations using open-loop

WFS measurements taken using the MMT MLGS system. This chapter describes

how this approach may be used in closed-loop to update tomographic reconstruction

matrices in near real-time.1

An accurate model of the atmospheric turbulence profile is an important input

to the process of building tomographic reconstruction matrices for laser tomogra-

phy adaptive optics and multi-conjugate adaptive optics using multiple guide stars.

Turbulence models are often produced using seasonally averaged measurements from

equipment located at a nearby station. Obtaining a near real-time estimate for the

turbulence profile, in the direction of a specific science target, will be critical to op-

timize the performance of these tomographic reconstruction matrices in closed-loop

operation.

Various techniques, such as SCIDAR, MASS, and DIMM, (Racine 2005) have

historically been used to characterize the seeing conditions at an astronomical site.

These methods all require specialized equipment and in some cases are unable to

resolve the turbulence profile near the ground. Recently, refinements to these methods

such as G-SCIDAR (Egner et al. 2006a,b) have been successfully used at sites like Mt.

Graham, Arizona to obtain very detailed measurements of the C2
n profile including

measurements of the important boundary layer.

The SLODAR technique (Wilson 2002) can be used to estimate the C2
n profile using

1Portions of this chapter appear in Milton et al. (2007b,a).
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the spatial covariances of Shack-Hartmann wavefront sensor slope measurements from

a binary star. This technique has the advantage of not requiring additional equipment,

beyond a natural guide star wavefront sensor. However, the turbulence profile can

only be estimated in the direction of a bright and suitably separated binary star source

and the number of heights estimated is determined by the number of subapertures

across the diameter of the WFS pupil. The maximum height that can be measured

is determined by the separation of the binary source.

This new approach to estimating the C2
n profile uses the covariances between the

modal reconstructions of WFS measurements from multiple natural or laser guide

stars. This method takes advantage of the WFS telemetry data already captured

by MLGS AO systems and estimates the turbulence profile, in near real-time, over

a range of heights determined by the number of guide stars and the number of re-

constructed modes. If laser guide stars are used, this measurement can be performed

anywhere on the sky and can provide an estimate of the turbulence profile along the

line of site to a specific science target.

A detailed knowledge of the distribution of turbulence along a particular line

of site will also permit the selection of the optimal science program and observing

mode for the given seeing conditions (Lloyd-Hart et al. 2006c). In addition, since the

measurements are made using the same instrumentation that is making the science

observations, local effects such as dome seeing are correctly incorporated into the

turbulence profile estimate.

6.1. Modal Covariances for Multiple Beacons

6.1.1. Analytic Covariance Calculation

Analytic expressions for the modal covariance between multiple beacons have been

developed for natural guide stars (Chassat 1989) as well as for laser beacons (Whiteley

et al. 1998). The most general is Whiteley’s expression, shown in equation 6.1, which
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allows for multiple telescope apertures and fully accounts for the finite height of laser

beacon sources.

Ba1ia2j l (ra1, rs1; ra2, rs2; zl) = (6.1)
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.

This expression assumes an atmospheric model with discrete turbulent layers in-

dexed by l at heights zl and with turbulence strength C2
n,l. Ba1ia2j l is the covariance

between Zernike mode i, measured within aperture a1, and Zernike mode j, mea-

sured within aperture a2, caused by a turbulence at layer l. Zernike modes i and j

have radial and azimuthal orders (ni, mi) and (nj , mj) respectively. ra1 and ra2 are

vectors from a common coordinate system origin to the centers of apertures a1 and

a2. These apertures have pupil radii R1 and R2 respectively. rs1 and rs2 are vectors

to the sources s1 and s2. A1l and A2l are the ratios of the radii of the source light

cones at the intersection with turbulent layer l to the corresponding pupil radii at the

aperture. sl is the distance between the center lines of these two light cones at the

layer height zl.

Finally, the spatial frequency is k = x/2π for the von Kármán phase power spectral
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density at wavelength λ which, ignoring the inner scale, is

Wφl
(k) = 0.033C2

n,l

(

2π

λ

)2
(

k2 + k2
0

)−11/6
(6.2)

where k0 = 1/L0 for outer scale L0 (without a factor of 2π using Whiteley’s conven-

tions).

For a simpler geometry with a pair of laser beacons with a common source height

and for a single telescope aperture, equation 6.1 can be simplified, and the modal

covariance Bj (zl) of Zernike mode j becomes

Bj (zl) =
(

πR2
l

)−1
(−1)n+m 21−δm0 (n + 1) ×

∫ ∞

0

dx

x
Wφl

(x/2π)J2
n+1 (Rlx) [J0 (slx) +KjJ2m (slx)] (6.3)

where

Kj = (−1)m+j(1−δm0) cos (2mθsl
) , (6.4)

(n,m) are the radial and azimuthal orders of Zernike mode j, and the pair of beacon

cones intersecting the layer l each have radii Rl and vector separation sl = (sl, θsl
).

The functions Jµ are the Bessel functions of the first kind of order µ.

An estimate of r0 and L0 is obtained from open-loop WFS measurements, either

from an NGS WFS or the ground layer estimate from multiple LGS WFS, of the rms

amplitudes of Zernike modes from orders 1 to 8 by solving the non-linear system of

equations in r0 and L0 from Chassat (1992). The remaining terms in equation 6.3 are

known with the exception of the C2
n,l terms. The resulting linear system of equations

in C2
n,l is solved for the fractional C2

n at a set of discrete layers l. Finally, using the

estimate of r0, the fractional C2
n estimates are converted to a full C2

n profile.

6.1.2. MMT Beacon Geometry

Initial validation for this method has been performed by analyzing open-loop MLGS

WFS telemetry data at the MMT telescope. The MMT WFS instrumentation system
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generates a real-time telemetry stream of slope measurements from each of the five

laser beacons. In open-loop, these measurements represent the integrated atmospheric

effects along five lines of sight and, despite the cone effect, will provide correlated

samples of the atmospheric turbulence up to a height of 10 km. With a smaller, 20

arc second diameter, constellation of laser guide stars, more suitable for LTAO and

MCAO observations, this technique would be able to estimate a turbulence profile to

a maximum height of 17 km at the MMT.

Measurements have been made of open-loop wavefront slopes at frame rates of

208 Hz (April 2006) and 460 Hz (April 2007) using the constellation of five Rayleigh

LGS at the MMT telescope. These slope measurements have been used to estimate

the turbulence profile at the time of those observations.

We use equation 6.3 to estimate the heights containing significant turbulence

strength from open-loop data acquired at the MMT multiple LGS system. The MMT

laser system projects five Rayleigh LGS from behind the adaptive secondary mirror

of the MMT, producing a regular pentagon of spots on the sky with a radius of 60 arc

seconds. This produces a set of five pairs of sources around the outer circumference

of the pentagon, shown in figure 6.1, with separation 1.175 arc minute and source

pair orientation angles that are multiples of 72 deg.

The LGS WFS samples the pupil using 60 subapertures in a hexapolar geometry,

also shown in figure 6.1, and generates an estimate of the amplitudes of the first 42

Zernike modes corresponding to radial orders 2−8. Only the lower radial orders 2−6

have been used to avoid the increased noise in the estimates of the higher spatial

frequency Zernike modes. With a photon weighted average beacon source height of

23 km, the beacon cones for these sources have a maximum overlap height of 10.2 km.

Therefore the turbulence strength is estimated for 21 discrete heights at intervals of

500 m from 0 km to 10 km.

Figure 6.2 shows the model covariance profiles, as a function of layer height, for

the Zernike modes 4− 21 using equation 6.3. These model curves were generated for
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Figure 6.1. (Left) Separation and relative orientation angles of adjacent MMT LGS
beacon source pairs. (Right) Image of WFS Hartmann spots for five LGS beacons
captured on a single CCD frame using the hexapolar geometry of the MMT LGS
WFS prism array.

the first pair of LGS sources, sources 1 and 2 in figure 6.1, using r0 = 15.9 cm and

L0 = 13.5 m which match the data obtained in April 2006.

The process of solving for the turbulence profile involves finding the linear com-

bination of model curves, such as those shown in figure 6.2, that best match the

measured modal covariances from WFS measurements.

6.1.3. Verification through Simulation

A Monte-Carlo simulation was performed to ensure that equation 6.3 accurately re-

flects the covariance between a separated pair of sources for a given Zernike mode.

A series of ten thousand phase screens were generated using the von Kármán turbu-

lence spectrum at a range of layer heights from zero to 10 km. The phase screens

were sampled within the footprint of the intersection of the source light cones and

each turbulent layer. Covariances, for a range of Zernike modes, were computed for

this simulation and compared to the analytic model represented by equation 6.3.

Figure 6.3 shows the agreement between the analytic model and simulation for
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Figure 6.2. Analytic covariance curves as a function of layer height for Zernike
modes 4 through 21 with the Zernike order number indicated for each group of curves.
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Figure 6.3. (Left) Analytic covariance curve (solid line) as a function of layer height
for Zernike mode 4 vs. simulated covariance (crosses). (Right) Similar plot for Zernike
mode 19.

Zernike modes four and nineteen. Increasing the number of phase screens generated in

the Monte-Carlo increases the correspondence between model and simulation. This

simulation used the same source geometry and turbulence parameters as shown in

figure 6.2.

6.2. Estimating the C2
n Profile from Wavefront Sensor Data

6.2.1. Solving the Linear System

Consider a constellation of N guide stars from each of which Z Zernike modes are

reconstructed. One can then compute K = ZN (N − 1) /2 values of the correlations

Bj (zl) in equation 6.3 which may be written as a column vector Mk with k = 1..K.

Since equation 6.3 depends linearly on C2
n,l, it may be recast in the form of a simple

K × L linear system
L

∑

l=1

BklC
2
n,l = Mk (6.5)

where Bkl is the correlation coefficient from equation 6.3 after factoring out the tur-

bulence strength. The values of Bkl may be computed analytically with knowledge
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of the beacon geometry, and equation 6.5 may then be inverted and solved for the

values of C2
n,l for each of the L layers.

In principle, C2
n,l estimates can be obtained for at most L = ZN layers, corre-

sponding to the number of independent measurements made on the WFS.

6.2.2. Solution using Optimization

However, this linear system is poorly conditioned. The model covariance curves shown

in figure 6.2 illustrate that there is only a subtle differentiation in the curves between

modes of the same radial order at lower heights. Also, in order to differentiate the

covariance at different heights, the solution depends on covariance measurements from

higher spatial frequency modes which have a smaller amplitude and hence are more

susceptible to noise in real WFS measurements.

These initial results were obtained by treating the system of equations 6.5 as an

optimization problem and solved using a Nelder-Mead simplex method (implemented

by MATLABTM) in combination with simulated annealing. A merit function was

constructed to minimize the mean square difference between the measured covariance

data and the model covariances subject to a positivity constraint.

For tomographic reconstruction, the major goal is to identify the layer heights

containing significant atmospheric turbulence to construct a thin layer model in order

to build an appropriate tomographic reconstruction matrix (Lloyd-Hart & Milton

2003) for the current seeing conditions, along the line of sight (LOS) to the science

target.

6.2.3. MMT C2
n Profiles from Five Rayleigh Laser Beacons

A pair of one minute duration datasets containing open-loop LGS WFS measurements

that were made from the MMT multiple LGS system in open-loop in April 2006 at
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Table 6.1. Comparison of residual wavefront error with and without GLAO com-
pensation.

Run r0 (cm) L0 (m) Total C2
n Ele. (deg)

April 2006 15.9 13.5 3.2 × 10−13 71.7
April 2007 16.2 20.1 3.1 × 10−13 66.3

208 Hz and in April 2007 at 460 Hz have been analyzed. The following table lists the

key parameters for each run.

Figure 6.4 shows modal covariance measurements for each of the five adjacent

LGS source pairs around the outer circumference of the pentagon of spots shown in

figure 6.1. The differences in the relative amplitudes of the covariance measurements

between the source pairs are the significant features used in the optimization process

to find the best matching C2
n profile for these April 2006 measurements.

Figures 6.5 and 6.6 show the fractional C2
n estimates at 21 heights in 500 m

increments at distance between zero and 10 km along the line of sight to the science

target the during the 2006 and 2007 telescope runs. The results for the April 2007

run, shown in figure 6.6, have a similar profile to results obtained by McKenna et al.

(2003) at the ridge adjacent to the MMT telescope in June 2002 shown in figure 3.1.

In both cases, over 60% of the turbulence strength is within the first 500 m of

the ground. This is consistent with estimates obtained from the performance of the

ground layer (GLAO) correction analysis for those runs (Lloyd-Hart et al. 2005, 2006b;

Baranec et al. 2006).

For the April 2006 observation, significant turbulence was found at 0, 1.5, and 9.5

km. During the April 2007 observation, significant turbulence was found at 0, 5.5,

and 9.5 km. These estimates of discrete turbulence heights would be used to produce

a three layer LTAO tomographic reconstruction matrix, in each case, customized to

current seeing conditions and with layer heights adapted to the line of sight and zenith

angle to the science target. In simulation, reconstructor performance has been found
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Figure 6.4. Measured covariance for the first twenty five Zernike modes starting
with order two from 208 Hz measurements using the MMT multiple Rayleigh laser
guide stars. Each row corresponds to a pair of LGS beacon sources with separation
1.175 arc minutes. Modes decorrelate at different rates for different source pairs based
on the separation and relative orientation of the source light cones.
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Figure 6.5. Fractional C2
n profile from 208 Hz measurements in April 2006 as a

function of the distance along the line of sight (LOS) to the science target.

to be only a weak function of small changes in layer height (Lloyd-Hart & Milton

2003).

6.3. Near Real-time Estimation of Tomographic Parameters

To date, this analysis has only been preformed using open-loop WFS measurements

made at the MMT telescope using the MLGS AO system. It is desirable to use closed-

loop measurements in order to optimize science throughput at the telescope. Closed-

loop measurements would also allow near real-time changes to the LTAO tomographic

reconstruction matrix taking into account changes in the turbulence profile that occur

during a long observation.
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Figure 6.6. Fractional C2
n profile from 460 Hz measurements in April 2007 as a

function of the distance along the line of sight (LOS) to the science target.
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The LGS AO system at the MMT telescope has already implemented a real-

time telemetry stream from both the LGS WFS and the DM at the full frame rate

of the AO control loop. WFS slope measurements, representing the residual error

signals between the measured atmospheric turbulence and the current DM correction,

are transmitted over the telemetry network and logged to disk during closed-loop

operation. In addition, absolute position measurements for each of the 336 actuators

on the MMT adaptive secondary mirror are part of the real-time telemetry stream.

The MMT adaptive secondary, with its capacitive sensors at each actuator location,

(Riccardi et al. 2001) is unique in its ability to record absolute positions for the mirror

surface during closed-loop operation.

By combining the WFS residual error signals and the DM absolute position mea-

surements, it is possible to accurately estimate the absolute amplitude of the atmo-

spheric turbulence in closed-loop and produce the modal covariance measurements

necessary to compute an estimated C2
n profile.

The open-loop LTAO study presented in section 5.3 found that seeing condition

changes within a span of ∼ 20 minutes were sufficient to affect the performance of the

LTAO reconstruction. An updated LTAO reconstruction matrix can be calculated

and loaded into the reconstructor control computer during closed-loop operation to

optimize the AO performance to account for up to the minute seeing information

along the line of sight to the science target.
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7. Conclusion and Future Research

Tomographic reconstruction with multiple laser guide stars will be essential in order

to deliver diffraction limited performance for the next generation of extremely large

telescopes. Several types of tomographic reconstruction including GLAO, LTAO, and

full MCAO can be supported by an MLGS system.

A description of the MMT multiple laser guide star adaptive optics system, which

forms the foundation for this research, was presented in chapter 1. This MMT MLGS

AO experiment will support science observations at the MMT and provide a test bed

for MLGS reconstruction techniques that will eventually be used at ELTs. The use of

modal decomposition of wavefront phase as the basis for tomographic reconstruction

was first introduced. It was shown that, for ELTs, this approach demands the use

of a large number of degrees of freedom as well as multiple laser guide stars to fully

sample the atmosphere and provide full sky coverage.

Chapter 2 reviewed some of the challenges that prevent the Zernike polynomials

from being used for AO reconstruction at larger telescopes. An alternative set of

basis functions, the disk harmonic functions, were introduced and their advantages at

high spatial frequencies was established. Appendices A and B provide more detailed

information on the definitions, conventions, and key analytic expressions that are

required when using these basis functions for tomographic reconstruction and AO

simulations.

Chapter 3 developed the method of fast, analytic tomographic reconstruction used

in this research for AO simulation and in the on-sky MMT MLGS AO experiments.

This approach was presented in its most general form for multi-conjugate adaptive

optics systems using multiple laser guide stars. Simulation results for an MCAO

system at the MMT illustrate the trade-off between the width of the corrected field

and the depth of on-axis correction as the beacon asterism diameter is changed.
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GMT MCAO early simulation results examine various combinations of NGS, SLGS,

and RLGS beacons and their impact on the system performance. The GMT project

has gone well beyond these results to develop a comprehensive design for the GMT

AO system.

Future research will extend this analytic tomographic simulation capability to

include the temporal behavior of atmospheric turbulence subject to a Taylor-flow

where phase screens drift laterally at each atmospheric layer with a uniform wind

speed and direction. Roddier et al. (1993) and Whiteley et al. (1998) show how

to compute the required modal temporal spectrum for Zernike polynomials. The

same approach will be used to compute the temporal spectrum for the disk harmonic

modes.

Chapter 4 provided an overview of ground layer adaptive optics as well as ex-

perimental results obtained at the 6.5m MMT telescope at Mt. Hopkins, Arizona.

In order to complete the development of a GLAO science instrument, additional au-

tomation of the AO control panel will be required to increase the efficiency operations

on-sky.

The static aberration correction will be fully automated in the AO control panel

and the PCR WFS slope calculation will be enhanced to automatically shift the

location of quadcells to recenter the zero points as static aberration corrections are

applied. The jitter control loop and static aberration offsets need to be derotated

during long science exposures. Finally, the science camera and the tip-tilt WFS

control panel need to coordinate to use the field steering mirror to recenter the tip-

tilt star on the WFS during dithering of the science field.

Chapter 5 provided an overview of laser tomography adaptive optics, results from

open-loop tomographic reconstruction based on MMT MLGS telemetry measure-

ments, as well as a commissioning strategy for LTAO at the MMT. Ideally, a LGS

WFS pupil imaging mode will added to the MMT MLGS WFS system. This may

require a significant redesign of the WFS optics. In the interim, pupil alignment and
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calibration techniques will be used to attempt to build a suitable LTAO reconstruc-

tion matrix. This approach can be verified by analyzing telemetry data offline and

then tested on-sky in closed-loop using either the ARIES or CLIO science camera.

Additional refinement of the jitter control and static aberration correction systems

may be required to achieve diffraction limited correction.

Chapter 6 developed a novel technique for using the real-time WFS and DM

telemetry information collected by the MLGS AO system to estimate the vertical

distribution of turbulence strength in the atmosphere in near real-time. An initial

demonstration of this technique is provided using open-loop WFS telemetry data.

The next step is to estimate C2
n profiles from open and closed-loop WFS/DM

telemetry measurements in conjunction with simultaneous G-SCIDAR measurements

to verify the accuracy of these reconstructed turbulence profiles. It may be a signifi-

cant challenge to coordinate simultaneous experiments such as these.
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Appendix A. Zernike Polynomials

Zernike polynomials (Noll 1976) are used in portions of this dissertation for the modal

decomposition and covariance analysis of atmospheric wavefront aberrations and de-

formable mirror surface shapes. This appendix provides a review of some key prop-

erties of the Zernike polynomials and describes the notation and conventions used in

this document.

The first section reviews the definition of the Zernike polynomials as well as their

basic properties using the traditional conventions used by Noll (1976) for ordering

these polynomials and for defining their coordinate system. The second section re-

vises these definitions to reflect more convenient choices for the polynomial ordering

and coordinate system from Malacara & DeVore (1992, 461–472) which are used in

this dissertation. Other important properties of the Zernike polynomials and their

statistics under Kolmogorov turbulence are presented in the third section. The final

section contains the derivation of coordinate transformation relations used to analyt-

ically compute tomographic reconstruction matrices directly in the space of Zernike

basis functions.

A.1. Traditional Definition

The Zernike polynomials are traditionally defined as the real functions

Zj (r, θ) =
√
n+ 1 Rnm (r)



















√
2 sin (mθ) : m 6= 0, j odd

1 : m = 0
√

2 cos (mθ) : m 6= 0, j even

(A.1)

with the radial polynomial

Rnm (r) =

(n−m)/2
∑

s=0

(−1)s (n− s)!

s! [(n+m) /2 − s]! [(n−m) /2 − s]!
rn−2s . (A.2)
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Zernike polynomials are indexed by a pair of numbers (n, k) where n is an integer

defining the order of the largest radial polynomial power rn with n ≥ 0 and k is an

integer subindex which, for each n, has values 0 ≤ k ≤ n. The azimuthal frequency

m is given by m = |n− 2k|. There are N = (n+ 1) (n+ 2) /2 modes up to order n,

thus the global sequential index j is obtained by (Malacara & DeVore 1992, 466)

j =







1 : m = 0

n(n+1)
2

+ k + 1 : n > 0
. (A.3)

The ordering of the polynomials is chosen so that modes with an even index j

contain an even azimuthal function and those with an odd index contain an odd

azimuthal function.

Zernike polynomials are defined within a two dimensional unit circle using polar

coordinates (r, θ) where the radial coordinate r is restricted to 0 ≤ r ≤ 1 and the

azimuthal coordinate θ has the range 0 ≤ θ ≤ 2π. The Zernike polynomials can be

expressed as the separable product of a radial polynomial and a periodic azimuthal

function in θ.

Historically, and in a large portion of the literature, the Zernike polynomials have

been defined as in Noll (1976) and Roggemann & Welsh (1996, 94–98) using a

convention for the polar angle θ in which it increases in the clockwise direction starting

at the vertical +y axis.

Table A.1 lists the first four orders of Zernike polynomials following these tradi-

tional conventions.
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Table A.1. The Zernike polynomials up to fourth order sequenced according to Noll
(1976).

n m j Zernike polynomial

0 0 1 1
1 1 2 2r cos (θ)
1 1 3 2r sin (θ)

2 0 4
√

3 (2r2 − 1)

2 2 5
√

6r2 sin (2θ)

2 2 6
√

6r2 cos (2θ)

3 1 7 2
√

2 (3r3 − 2r) sin (θ)

3 1 8 2
√

2 (3r3 − 2r) cos (θ)

3 3 9 2
√

2r3 sin (3θ)

3 3 10 2
√

2r3 cos (3θ)

4 0 11
√

5 (6r4 − 6r2 + 1)

4 2 12
√

10 (4r4 − 3r2) cos (2θ)

4 2 13
√

10 (4r4 − 3r2) sin (2θ)

4 4 14
√

10r4 cos (4θ)

4 4 15
√

10r4 sin (4θ)
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A.2. Revised Definition

Following the development of Malacara & DeVore (1992, 461–472), a revised dou-

ble index convention, which is more convenient for computing, is used along with

the physics convention for the polar angle θ which increases in the counterclockwise

direction starting at the horizontal +x axis.

The ordering of the Zernike polynomials is defined by a pair of numbers (n, k)

where n is an integer defining the order of the largest radial polynomial power rn

with 0 ≤ n and k is an integer subindex which, for each n, has values 0 ≤ k ≤ n.

The azimuthal index m is given by m = n−2k and the azimuthal frequency µ = |m|.
This indexing scheme will find a parallel development for disk harmonic functions in

Appendix B.

The real Zernike polynomials are

Znk (r, θ) =
√
n+ 1 Rnµ (r)



















√
2 sin (µθ) : m > 0

1 : m = 0 .
√

2 cos (µθ) : m < 0

(A.4)

The radial polynomial is defined by

Rnµ (r) =

(n−µ)/2
∑

s=0

(−1)s (n− s)!

s! [(n + µ) /2 − s]! [(n− µ) /2 − s]!
rn−2s . (A.5)

Table A.2 lists the first four orders of Zernike polynomials following these revised

conventions along with their equivalent form in Cartesian coordinates.
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Table A.2. The Zernike polynomials up to fourth order sequenced according to
Malacara & DeVore (1992) along with the Cartesian representation.

n k m i Zernike polynomial Cartesian Representation

0 0 0 1 1 1
1 0 1 2 2r sin (θ) 2 (y)
1 1 -1 3 2r cos (θ) 2 (x)

2 0 2 4
√

6r2 sin (2θ)
√

6 (2xy)

2 1 0 5
√

3 (2r2 − 1)
√

3 (2x2 + 2y2 − 1)

2 2 -2 6
√

6r2 cos (2θ)
√

6 (x2 − y2)

3 0 3 7 2
√

2r3 sin (3θ) 2
√

2 (3x2y − y3)

3 1 1 8 2
√

2 (3r3 − 2r) sin (θ) 2
√

2 (3x2y − 2y + 3y3)

3 2 -1 9 2
√

2 (3r3 − 2r) cos (θ) 2
√

2 (3x3 − 2x+ 3xy2)

3 3 -3 10 2
√

2r3 cos (3θ) 2
√

2 (x3 − 3xy2)

4 0 4 11
√

10r4 sin (4θ)
√

10 (4x3y − 4xy3)

4 1 2 12
√

10 (4r4 − 3r2) sin (2θ)
√

10 (8x3y − 6xy + 8xy3)

4 2 0 13
√

5 (6r4 − 6r2 + 1)
√

5 (6x4 − 6x2 + 12x2y2 − 6y2 + 6y4 + 1)

4 3 -2 14
√

10 (4r4 − 3r2) cos (2θ)
√

10 (4x4 − 3x2 + 3y2 − 4y4)

4 4 -4 15
√

10r4 cos (4θ)
√

10 (x4 − 6x2y2 + y4)
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A.3. Important Zernike Properties

The radial polynomial satisfies the recurrence relation

Rnµ (r) = (2nrRn−1,µ−1 (r) − (n− µ)Rn−2,µ (r)) / (n + µ) (A.6)

where R00 (r) = 1 and R1µ (r) = r.

At the edge of the unit circle, at r = 1, by mathematical induction, the value of

the radial polynomial is always 1.

Rnµ (1) = (2n− (n− µ)) / (n+ µ) = 1 . (A.7)

So, despite the fact that the coefficients of the polynomial terms in Rnµ (r) scale as

n! and can become very large, near the edge of the unit circle the sum of these terms

differs only in the least significant digit.

Following the development of Born & Wolf (1999, 905–910), the Fourier transform

of the Zernike polynomials is (Noll 1976)

Qnk (ρ, φ) =
√
n+ 1

Jnµ (2πρ)

πρ



















√
2 iµ (−1)(n−µ)/2 sin (µφ) : m > 0

(−1)n/2 : m = 0 .
√

2 iµ (−1)(n−µ)/2 cos (µφ) : m < 0

(A.8)

Noll (1976) also provides the following recurrence relation for the radial derivative

of the radial polynomial in equation A.5

(d/dr)Rnµ = n [Rn−1,µ−1 +Rn−1,µ+1] + (d/dr)Rn−2,µ . (A.9)

This enables the radial derivative of a Zernike polynomial to be expressed as a

linear combination of lower spatial frequency Zernike polynomials.

The modal covariance for the Zernike coefficients of wavefront phase errors gov-
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erned by the Kolmogorov power spectral density is (Roggemann & Welsh 1996, 97)

Ba1ia2j
= (A.10)

0.0072

(

D

r0

)5/3

(−1)(ni+nj−2µi)/2 [(ni + 1) (nj + 1)]1/2 π8/3δmimj
×

Γ (14/3) Γ ((ni + nj − 5/3) /2)

Γ ((ni − nj + 17/3) /2) Γ ((ni + nj + 23/3) /2)

where i and j are the indices of Zernike polynomials Znimi
and Znjmj

respectively, D

is the pupil diameter, r0 is the Fried coherence length, and δ is the Kronecker delta

function.

More generally, the modal covariance for Zernike coefficients between multiple

laser beacons observed through multiple apertures is (Whiteley et al. 1998)

Ba1ia2j l (ra1, rs1; ra2, rs2; zl) = (A.11)

[πR1R2 (1 −A1l) (1 − A2l)]
−1 [(ni + 1) (nj + 1)]

1

2 (−1)
1

2
(ni+nj) ×

21− 1

2
(δmi0

+δmi0) (−1)mj ×
{{

(−1)
3

2
(mi+mj) cos [(mi +mj) θsl

+

π

4

[

(1 − δmi0)
(

(−1)i − 1
)

+
(

1 − δmj0

)

(

(−1)j − 1
)]]

×
∫ ∞

0

dx

x
Wφl

( x

2π

)

Jmi+mj
[slx] Jni+1 [R1 (1 − A1l) x] Jnj+1 [R2 (1 − A2l) x]

}

+

{

(−1)
3

2
|mi−mj | cos [(mi −mj) θsl

+

π

4

[

(1 − δmi0)
(

(−1)i − 1
)

−
(

1 − δmj0

)

(

(−1)j − 1
)]]

×
∫ ∞

0

dx

x
Wφl

( x

2π

)

J|mi−mj | [slx] Jni+1 [R1 (1 − A1l) x] Jnj+1 [R2 (1 − A2l) x]

}}

.

This expression assumes an atmospheric model with discrete turbulent layers in-

dexed by l at heights zl and with turbulence strength C2
n,l. Ba1ia2j l is the covariance

between Zernike mode i, measured within aperture a1, and Zernike mode j, mea-

sured within aperture a2, caused by a turbulence at layer l. Zernike modes i and j

have radial and azimuthal orders (ni, mi) and (nj , mj) respectively. ra1 and ra2 are
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vectors from a common coordinate system origin to the centers of apertures a1 and

a2. These apertures have pupil radii R1 and R2 respectively. rs1 and rs2 are vectors

to the sources s1 and s2. A1l and A2l are the ratios of the radii of the source light

cones at the intersection with turbulent layer l to the corresponding pupil radii at the

aperture. sl is the distance between the center lines of these two light cones at the

layer height zl.

Finally, the spatial frequency is k = x/2π for the von Kármán phase power spectral

density at wavelength λ which, ignoring the inner scale, is

Wφl
(k) = 0.033C2

n,l

(

2π

λ

)2
(

k2 + k2
0

)−11/6
(A.12)

where k0 = 1/L0 for outer scale L0 (without a factor of 2π using Whiteley’s conven-

tions).

A.4. Coordinate Transformations

Fast, analytic simulations of tomographic adaptive optics reconstruction systems have

been produced using the Zernike basis functions over a circular pupil (Lloyd-Hart &

Milton 2003). A critical step in the analytic calculation of a tomographic reconstruc-

tion matrix is the determination of the phase error within a smaller, inscribed circular

pupil if the phase error in the larger circular pupil is known.

The Zernike polynomials Znk form a complete orthogonal system over the unit

circle. We can expand an arbitrary phase error, φ, using the series expansion

φ(r, θ) =
∑

n,k αnkZnk(r, θ)

αnk = 1
π

∫

UC
d2r φ(r, θ)Znk(r, θ)

. (A.13)

For a truncated series expansion, with finite maximum order n, the vector α of series

expansion coefficients forms a convenient representation of the phase error φ(r, θ) for

use in numerical computations.
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The Zernike polynomials Znk can also be expressed using a Cartesian polynomial

representation, as shown in Table A.2, so the same phase error can also be represented

as

φ(x, y) =
∑

i,j βijx
iyj (A.14)

for 0 ≤ i ≤ n and 0 ≤ j ≤ n− i.

The vector β of series expansion coefficients is an alternative, equivalent represen-

tation of the phase error φ(r, θ). The matrices used to convert between the Zernike

coefficients αnk and the Cartesian polynomial coefficients βij are obtained as follows.

For a given Zernike polynomial, the corresponding Cartesian polynomial repre-

sentation is given by

Znk (x, y) =

n
∑

i=0

n−i
∑

j=0

hnkijx
iyj , (A.15)

where the (n + 1) (n+ 2) /2 coefficients hnkij are obtained using symbolic mathemat-

ical computation from

Znk (x, y) =
√
n+ 1 r−µRnµ (x, y)



















√
2Sµ (x, y) : m > 0

1 : m = 0
√

2Cµ (x, y) : m < 0

(A.16)

where

Snµ (x, y) =

µ/2
∑

l=0

(−1)l
(

µ
2l

)

xµ−2ly2l , (A.17)

and

Cnµ (x, y) =

(µ−1)/2
∑

l=0

(−1)l
(

µ
2l + 1

)

xµ−2l−1y2l+1 . (A.18)

A matrix H is created where each column contains the coefficients hnkij for a

particular Znk for all combinations of (n, k) up to order n. The Cartesian polynomial

coefficients β are obtained from the Zernike representation coefficients α using

β = Hα . (A.19)
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Since the Znk are orthogonal, the matrix H is a square matrix with linearly

independent columns and can be easily inverted allowing the opposite conversion

α = H−1β . (A.20)

To find the phase error φ′(x′, y′) within an inscribed circle given the known phase

error φ(x, y) in the larger circle, it is necessary to find the series expansion, using

equation A.13, of the phase error φ(r, θ) under a change in the scale or a shift of the

origin of the coordinate system. Both φ and φ′ are defined on unit circles and the

two coordinate systems are related by x′ = a(x − x0) y
′ = a(y − y0) where the scale

of the unit circle for φ′ is reduced by a factor of 1/a and and has an origin at (x0, y0)

in the coordinate system of φ.

Following the development of Malacara & DeVore (1992, 470), the coefficients

of φ′(r′, θ′) are obtained from those of φ(r, θ) using analytic, symbolic mathemati-

cal computation. First, the Cartesian polynomial coefficients βij are calculated from

the coefficients of the Zernike representation αnk using a matrix multiplication. The

polynomial coefficients in the shifted and scaled coordinate system β ′
ij are obtained

in a straight forward way using symbolic mathematical computation from βij. Fi-

nally, the desired Zernike coefficients α′
nk are obtained from β ′

ij by a second matrix

multiplication.
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Appendix B. Disk Harmonic Functions

The disk harmonic (DH) functions are used throughout this dissertation for the modal

analysis, modeling, and on-sky reconstruction of atmospheric wavefront aberrations

and deformable mirror surface shapes. This appendix develops the properties of the

disk harmonic functions as applied to adaptive optics and describes the notation and

conventions used in this document.1

In the next sections, both the complex exponential and real trigonometric forms

of the DH basis functions are presented and their orthogonality, normalization, and

completeness is established. A series expansion for real phase functions using the

DH basis is used to represent wavefront phase errors. The series coefficients can be

transformed to account for shifts, rescaling, and rotation of pupil coordinate systems.

This provides the tools to calculate, analytically, the influence of the overall metapupil

phase screen within the cylindrical or conical beacon intersection for a natural and

laser guide stars respectively. A plane wave expansion in terms of the DH basis

can be used to generate random phase screens with Kolmogorov or von Karman

power spectra. Alternatively, using the DH function Fourier transform, the covariance

of DH coefficients, consistent with the Fried structure function, can be calculated

analytically. This enables vectors of series coefficients, representing random phase

screens, to be generated directly.

B.1. DH Basis Functions

The disk harmonic functions (Verrall & Kakarala 1998)

Dnm(r, θ) = Rnm(r)eımθ (B.1)

1Portions of this chapter appear in Milton & Lloyd-Hart (2005).
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are defined on the unit circle (UC) and are separable into radial and azimuthal func-

tions. The convention for the polar angle θ is to increase in the counter-clockwise

direction from the positive x-axis. It is straight forward to generalize the DH functions

to a circle of arbitrary radius R.

The radial functions are a special case of normalized Fourier-Bessel series basis

functions derived from the Dini Fourier-Bessel expansion, for example, in Arfken &

Weber (2001, 692–693) and Watson (1944, 596–597)

Rnm(r) = anmJm(knmr) (B.2)

where Jm(r) is the Bessel function of the first kind with integer orderm = 0,±1,±2, · · · .
The Fourier spatial frequency knm = 2πlnm is the nth positive root of

d
d r
Jm(r) = 0 : n = 1, 2, · · · . (B.3)

The piston term D00 = 1 has normalization coefficient a00 = 1. Note that

J−m(r) = (−1)mJm(r), kn(−m) = knm, an(−m) = anm, and so

Rn(−m) = Rnm = Rn|m| . (B.4)

The Bessel functions Jm(knmr) satisfy the following orthogonality relation on the

interval [0, 1]
∫ 1

0

dr rJm(knmr)Jm(kn′mr) = cnmδnn′ (B.5)

where

cnm =
[1 − (m/knm)2][Jm(knm)]2

2
(B.6)

which yields the normalization constant for Rnm(r)

anm = (2cnm)−
1

2 =

√

1

[1 − (m/knm)2][Jm(knm)]2
. (B.7)
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The orthogonality relation for the complex functions Dnm(r, θ) is

∫

UC
d2r D∗

nm(r, θ)Dn′m′(r, θ) =
∫ 1

0
dr rRnm(r)Rn′m′(r)

∫ 2π

0
dθ eı(m

′−m)θ

= πδnn′δmm′

. (B.8)

Choosing the normalization in this way allows us to use the functions dnm to calculate

an aperture weighted phase variance (Noll 1976) for DH expansion coefficients over a

circular pupil.

Verrall & Kakarala (1998) uses similar functions for pattern recognition and

establishes the completeness of the disk harmonic basis functions.

In practice, rather than using the complex Dnm, we use the related real functions

dnm(r, θ) = Rnµ(r)



















√
2 cos(µθ) : m > 0

1 : m = 0
√

2 sin(µθ) : m < 0

(B.9)

where

dnm(r, θ) =



















√
2 [Dnµ(r, θ) + (−1)µDn,−µ(r, θ)] /2 : m > 0

Dn0(r, θ) : m = 0
√

2 [Dnµ(r, θ) − (−1)µDn,−µ(r, θ)] /2ı : m < 0

(B.10)

and µ = |m|. These real DH functions also have orthogonality relation

∫

UC

d2r dnm(r, θ)dn′m′(r, θ) = πδnn′δmm′ . (B.11)

B.2. DH-Fourier Series Expansion

The DH functions Dnm and dnm both form a complete orthogonal system over the

unit circle. An arbitrary phase functions can be represented using the generalized

Fourier series expansions

φ(r, θ) =
∑

n,m αnmDnm(r, θ)

αnm = 1
π

∫

UC
d2r φ(r, θ)Dnm(r, θ)

(B.12)
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and

φ(r, θ) =
∑

n,m βnmdnm(r, θ)

βnm = 1
π

∫

UC
d2r φ(r, θ)dnm(r, θ)

. (B.13)

The functions
√
r φ(r, θ) must be bounded and square integrable on the unit circle.

For real phase functions, φ(r, θ), the coefficients, αnm, satisfy the relations

αn,−µ = (−1)µα∗
nµ (B.14)

It is sometimes convenient, when working with real phase functions, to find the

coefficients of the complex Dnm functions and then obtain the coefficients for the real

dnm functions using

βnm =



















√
2 Re{αnµ} : m > 0

αn0 : m = 0 .

−
√

2 Im{αnµ} : m < 0

(B.15)

B.3. DH Coordinate Transformations

It is sometimes necessary to find the series expansion, using equation B.13, of the

DH function dnm(r, θ) in the case of a change in the scale, a shift of the origin, or a

rotation of the coordinate system.

First consider a change in scale. Let φ(r, θ) = dn′m′(ar, θ) where the scale of the

coordinate system is reduced by a factor of 1/a. By direct substitution in equation

B.13, the coefficients βnm are given by

βnm = 2 an′manmTm(kn′ma, knm) (B.16)

where

Tm(a, b) =

∫ 1

0

dr rJm(ar)Jm(br) (B.17)



177

and Tm(a, b) can be evaluated using the following identities:

Tm(a, b) = 1
a2−b2 [bJm−1(b)Jm(a) − aJm−1(a)Jm(b)] : a 6= b

Tm(a, a) = 1
2
[J2
m(a) − Jm−1(a)Jm(a)]

. (B.18)

To examine the effect of a shift of the origin, we use the addition theorem for

Fourier-Bessel functions (Watson 1944, 358–361). Let x′ = x′ + ıy′ = r′eıθ
′

be a point

in the old coordinate system. Let x = x + ıy = reıθ be the same point expressed in

the shifted coordinate system. Finally, let x0 = x0 + ıy0 = r0e
ıθ0 be the shift vector

pointing from the new shifted origin to the old origin so that x = x′ + x0. Then the

addition theorem for Fourier-Bessel functions is

Jm′(kn′m′r′)eım
′θ′ =

∞
∑

m=−∞
Jm+m′(kn′m′r)eı(m+m′)θJm(kn′m′r0)e

−ımθ0 . (B.19)

Let φ(r, θ) = dn′m′(r′, θ′) defined in the old coordinate system. After a shift of

origin by x0, using the addition theorem and after some algebraic manipulation, the

coefficients βnm are given by

βnm =











































































































































√
2(−1)µ

′Sµn′m′nm1(r0, θ0) : m′ > 0, m = 0

Sµ−µ′,n′m′nm1(r0, θ0) +

(−1)µ
′Sµ+µ′,n′m′nm1(r0, θ0) : m′ > 0, m > 0

Sµ−µ′,n′m′nm,−1(r0, θ0) −
(−1)µ

′Sµ+µ′,n′m′nm,−1(r0, θ0) : m′ > 0, m < 0

Sµn′m′nm0(r0, θ0) : m′ = 0, m = 0
√

2Sµn′m′nm1(r0, θ0) : m′ = 0, m > 0
√

2Sµn′m′nm,−1(r0, θ0) : m′ = 0, m < 0
√

2(−1)µ
′Sµn′m′nm,−1(r0, θ0) : m′ < 0, m = 0

−Sµ−µ′,n′m′nm,−1(r0, θ0) +

(−1)µ
′Sµ+µ′,n′m′nm,−1(r0, θ0) : m′ < 0, m > 0

Sµ−µ′,n′m′nm1(r0, θ0) −
(−1)µ

′Sµ+µ′,n′m′nm1(r0, θ0) : m′ < 0, m < 0

(B.20)
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where

Ssn′m′nmt(r0, θ0) = 2 an′m′anmTµ(kn′m′ , knm) ×

Js(kn′m′r0)



















cos(sθ0) : t = 1

1 : t = 0 .

sin(sθ0) : t = −1

(B.21)

The real phase function φ(r, θ) can be accurately approximated by a finite set of co-

efficients in the shifted coordinate system, given by equation B.20, since (Abramowitz

& Stegun 1972, 362)

|Jn(nz)| ≤
∣

∣

∣

∣

∣

znen
√

1−z2

[1 +
√

1 − z2]n

∣

∣

∣

∣

∣

(B.22)

and since r0 ≤ 1 within the pupil unit circle, the term

|Js(kn′m′r0)| ≤
∣

∣

∣

∣

2 kn′m′

s

∣

∣

∣

∣

s

(B.23)

approaches zero exponentially for s >> kn′m′ .

Finally, a rotation of coordinates, through an angle ψ, is accomplished by replacing

the function dnm(r, θ) by dnm(r, θ − ψ).

Using the transformations given by equations B.16 and B.20, the DH coefficients

of the influence of an overall metapupil phase screen, also expressed in DH coefficients,

can be computed within the inscribed cylindrical or conical beacon intersection for a

natural or laser guide star respectively.

B.4. DH Plane Wave Expansion

A plane wave expansion in terms of the DH basis functions can be used to generate

random phase screens with Kolmogorov or von Karman power spectra. Use the

specified power spectrum for wave number k to determine the plane wave amplitude

A(k). Random phase screens are produced by the superposition of sine waves with

amplitude A(k) in a random direction ψ and with random phase φ.
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Alternatively, a more direct approach is presented in section B.6.

For a point (r, θ) and wave vector (k, ψ), use the sine wave

A(k) sin(k · r + φ) = A(k)[cos(φ) sin(k · r) + sin(φ) cos(k · r)] (B.24)

where k · r = kr cos(θ − ψ). The Bessel generating function (Watson 1944, 14–22)

e
1

2
z(t−1/t) =

∞
∑

m=−∞
tmJm(z) (B.25)

with t = eıθ is used to obtain

eık·r = J0(kr) + 2
∞

∑

m=1

ımJm(kr) cos(mθ) (B.26)

so

cos(k · r) = J0(kr) + 2

∞
∑

m=1

Jm(kr) cos(mθ) cos(m
π

2
) (B.27)

and

sin(k · r) = 2
∞

∑

m=1

Jm(kr) cos(mθ) sin(m
π

2
) . (B.28)

And finally, the DH coefficients for each term Jµ′(kr) cos(µ′θ), in the plane wave

expansion of sin(k · r) and cos(k · r) using equation B.13 are

βnm = anmTm(k, knm)



















√
2 : m > 0

1 : m = 0

0 : m < 0

. (B.29)

Note that, for a finite series expansion, there will be a loss in fidelity in representing

plane waves with large k.

B.5. DH Fourier Transform

Let Dnm be the Fourier transform of the complex Dnm where

Dnm(ρ, ψ) =

∫

d2r Dnm(r, θ)e−ı2πρ·r (B.30)
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and

Dnm(r, θ) =

∫

d2ρ Dnm(ρ, ψ)eı2πρ·r . (B.31)

The expression for the Fourier transform of a function of the form G(r, θ) =

g(r)eımθ, a separable harmonic function (Goodman 1996, 29)

G(ρ, ψ) = (−ı)meımψ2π

∫ ∞

0

rdr g(r)Jm(2πrρ) (B.32)

and the closure relation for Bessel functions (Arfken & Weber 2001, 691)

∫ ∞
0
rdr Jν(αr)Jν(α

′r) = 1
α
δ(α− α′) : ν > −1

2
(B.33)

provide

Dnm(ρ, ψ) =
anm(−ı)meımψ

2
√
π

δ(ρ− lnm)

ρ
. (B.34)

|Dnm(ρ, ψ)| is a circular mass centered at the origin and therefore shares the prop-

erty of diffraction free propagation with plane waves and Bessel beams. (Mansuripur

2002, 27)

The Fourier transform Dnm of the real functions dnm is a linear superposition of

Dnm using equation B.9 so

Dnm(ρ, ψ) =
anµ(−ı)µ

2
√
π

δ(ρ− lnµ)

ρ



















cos(µψ)/
√

2 : m > 0

1 : m = 0

sin(µψ)/
√

2 : m < 0

. (B.35)

B.6. DH Covariance for Kolmogorov and von Karman Distributions

The following calculation of the covariance for the Dnm coefficients αnm is based on

the calculation by Noll (1976) of the covariance for the Zernike polynomials. Let the

phase in a pupil of radius R be represented as the linear combination

φ(Rr, θ) =
∑

n,m

αnmDnm(r, θ) (B.36)
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where the coefficients αnm are given by

αnm =
1

π

∫

d2r φ(Rr, θ)Dnm(r, θ) =
1

πR2

∫

d2r φ(r, θ)Dnm(r/R, θ) . (B.37)

Assuming the coefficients αnm are Gaussian random variables with zero mean,

their covariance is

< α∗
nmαn′m′ >=

1

π2

∫

d2r

∫

d2r′ D∗
nm(r, θ)C(Rr,Rr′)Dn′m′(r′, θ′) (B.38)

where the phase covariance function is

C(Rr,Rr′) =< φ(Rr)φ(Rr′) > . (B.39)

The covariance can be written in Fourier space as

< α∗
nmαn′m′ >=

∫

d2ρ

∫

d2ρ′ D∗
nm(ρ, ψ)Φ(ρ/R,ρ′/R)Dn′m′(ρ′, ψ′) (B.40)

where

Φ(ρ/R,ρ′/R) = 0.023(R/r0)
5

3ρ−
11

3 δ(ρ − ρ′) (B.41)

is the Wiener spectrum of the phase fluctuations due to Kolmogorov turbulence.

Therefore, the covariance of the coefficients of Dnm and Dn′m′, αnm and αn′m′ , is

< α∗
nmαn′m′ > =

∫

d2ρ
∫

d2ρ′
anm(ı)me−ımψ

2
√
π

δ(ρ− lnm)

ρ
×

0.023(R/r0)
5

3ρ−
11

3

δ(ρ− ρ′)

ρ
δ(ψ − ψ′) ×(B.42)

an′m′(−ı)m′

eım
′ψ′

2
√
π

δ(ρ′ − ln′m′)

ρ′

and

< α∗
nmαn′m′ > =

0.023(R/r0)
5
3 anman′m′

4π
×

∫

dψ
∫

dψ′ (ı)m(−ı)m′

e−ımψeım
′ψ′

δ(ψ − ψ′) ×
∫

dρ
∫

dρ′ δ(ρ− lnm)ρ−
14

3 δ(ρ− ρ′)δ(ρ′ − ln′m′)

=
0.023(R/r0)

5
3 anman′m′

4π
δnn′δmm′ l

− 14

3

nm .

(B.43)
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The covariance matrix is diagonal due to the terms δnn′δmm′ .

These diagonal entries corresponding to the variance of the Dnm coefficients αnm

are

< α2
nm >=

0.023(D/r0)
5

3a2
nm

2
11

3 π
l
− 14

3

nm . (B.44)

The variance of the dnm coefficients βnm are obtained in a similar way where

σ2
nm =< β2

nm >=
0.023(D/r0)

5

3a2
nm

2
14

3 π
l
− 14

3

nm . (B.45)

In practice, the von Karman spectrum (Roggemann & Welsh 1996) is often used

instead of equation B.45 to account for the finite range of spatial frequencies in the

Kolmogorov turbulence theory. The outer scale, L0, and the inner scale, l0, represent

the characteristic size of the largest and smallest turbulent eddies respectively.

The spatial frequency term l
− 14

3

nm in equation B.45 is modified as follows to provide

the variance of the dnm coefficients using the von Karman spectrum

σ2
nm =< β2

nm >=
0.023(D/r0)

5

3a2
nm

2
14

3 π

e

„

− l2nm
1/l2

0

«

(l2nm + 1/L2
0)

14

6

. (B.46)

Equation B.46, summed over all corrected modes, can be used to compute the

power that is removed from the atmospheric induced aberration by an AO system.
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Appendix C. List of Acronyms

APD avalanche photo-diode

AO adaptive optics

ARIES Arizona 1 − 5µm imager and echelle spectrograph

ASM adaptive secondary mirror

BLINC nulling interferometer

C programming language

CAAO Center for Astronomical Adaptive Optics

CLIO 3 − 5µm camera

C2
n index of refraction structure constant

COM center of mass

DH disk harmonic

DIMM differential image motion monitor

DM deformable mirror

ELT extremely large telescope

FOM figure of merit

FOV field of view

FWHM full width at half maximum
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GLAO ground layer adaptive optics

GMT giant Magellan telescope

GS guide star

IR infrared

KL Karhunen-Luève

LABVIEW data flow software development environment

LBWFS low bandwidth wavefront sensor

LGS laser guide star

LINUX PC based UNIX operating system

LOS line of sight

LTAO laser tomography adaptive optics

MASS multi-aperture scintillation sensor

MATLAB mathematical software development environment

MCAO multi-conjugate adaptive optics

MIRAC 5 − 25µm camera

MLGS multiple laser guide stars

MMT MMT telescope (previously multiple-mirror telescope)

NGS natural guide star

OSC College of Optical Sciences
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PC personal computer

PISCES wide field 1 − 2.5µm camera

PSD power spectral density

PSF point spread function

RMS root mean square

RLGS Rayleigh laser guide star

SLGS sodium laser guide star

SCIDAR scintillation detection and ranging

SNR signal to noise ratio

SO Steward Observatory

SVD singular value decomposition

UA University of Arizona

UNIX operating system

WFC wide field camera

WFS wavefront sensor

YAG yttrium aluminum garnet

ZEMAX optical design software
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