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Abstract

The most direct experimental signature of a compactified extra dimension would be

the appearance of an infinite tower of Kaluza-Klein particles. Such modes would be

identified by their unique spectrum of masses and couplings, but these properties are

subject to radiative corrections. We therefore investigate the extent to which such

corrections deform the expected tree-level relations between the Kaluza-Klein masses

and couplings, and thereby alter the experimental signatures of Kaluza-Klein modes.

However, in order to perform this analysis, it is first necessary to develop several

new techniques in quantum field theory which can regularize divergences in Kaluza-

Klein theories. Specifically, quantum field theory regulators which respect appropriate

higher dimensional symmetries are needed. We therefore develop two new regulators

for quantum field theories in spacetimes with compactified extra dimensions. Al-

though based on traditional four-dimensional regulators, the key new feature of these

higher-dimensional regulators is that they are specifically designed to handle mixed

spacetimes in which some dimensions are infinitely large and others are compactified.

Moreover, unlike most other regulators which have been used in the extra-dimension

literature, these regulators are designed to respect the original higher-dimensional

Lorentz and gauge symmetries that exist prior to compactification, and not merely

the four-dimensional symmetries which remain afterward. This distinction is par-

ticularly relevant for calculations of the physics of the excited Kaluza-Klein modes

themselves, and not merely their radiative effects on zero modes. By respecting the

full higher-dimensional symmetries, our regulators avoid the introduction of spurious

terms which would not have been easy to disentangle from the physical effects of com-

pactification. We then apply our methods to calculations of Kaluza-Klein spectra in

5D φ4 theory and Yukawa theory.
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Chapter 1

Introduction

The most successful attempts to unify gravity with the other forces of nature have

involved the introduction of extra dimensions. The earliest approach was Kaluza’s

1921 proposal that electromagnetism was a manifestation of gravitation in five di-

mensions [1]. In recent decades, extra dimensions have appeared in the context of

supergravity and string theory.

Clearly, we observe only four dimensions. Therefore, if extra dimensions exist,

then some mechanism must make them invisible to us. Compactification is the most

straightforward scenario. When a dimension is compactified, it has a finite bound.

If the size of an extra dimension is below what we can currently measure, then it is

hidden to us.

Until a decade ago, it was generally assumed that if extra dimensions exist then

their sizes must be on the order of the Planck length (∼ 10−33 cm), where effects

of quantum gravity are expected to be important. This size is hopelessly below the

10−17 cm resolution of the Large Hadron Collider (LHC) or any other collider in

the foreseeable future. However, at the end of the nineties, it was shown that large

extra dimensions could solve certain phenomenological problems. Extra dimensions

could have sizes on the order of an inverse TeV or larger, and therefore may have the

potential to be discovered in near-term experiments such as those at the LHC. Large

extra dimensions could lead to rich phenomenology, perhaps in the form of towers of

particles known as Kaluza-Klein (KK) modes. Models with large extra dimensions

can be embedded into string theory, which is the leading candidate for a description

of Planck-scale physics.
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1.1 The Electroweak Hierarchy Problem

The Standard Model contains several large unexplained hierarchies. For instance, the

quark masses run from approximately 2 MeV for the up, all the way to 4 GeV for the

bottom and ≈ 175 GeV for the top [2]. The lepton masses range from less than 2 eV

for the neutrinos, to 0.511 MeV for the electron, to 106 MeV for the muon, to 1.77

GeV for the τ .

However, the worst hierarchy to emerge from the model is between the scale for

electroweak symmetry breaking and the Planck scale. Experiments constrain the

mass of a Standard Model Higgs to be on the order of 100 GeV. This is orders of

magnitude below the Planck scale (∼ 1018 GeV).

Why Nature would seem to contain one fundamental scale for electroweak sym-

metry breaking and a vastly different one for quantum gravity is a major theoretical

puzzle. To exacerbate the problem, the leading order radiative corrections to the

squared mass of the Higgs diverge quadratically with a cutoff, rather than logarith-

mically. Due to the quadratic divergences, such a large hierarchy would not appear

to be stable within the Standard Model. The square of the bare mass (radiative cor-

rections are to the squared-mass) of the Higgs would have to be fine tuned to roughly

one part within 1030, in order for the observed mass to be at the electroweak scale.

This clearly is unnatural.

The electroweak hierarchy problem is a leading reason that the Standard Model

is generally presumed not to be a fundamental theory. Most proposed extensions to

the Standard Model attempt to address this problem. The most obvious resolution is

that the Standard Model is an effective field theory (EFT) defined up to some finite

cutoff. Quadratic divergences only appear up to this cutoff. New physics above this

scale would prevent there from being Planck-scale corrections which would destabilize

the Higgs mass.

A number of scenarios attempt to resolve the electroweak hierarchy problem. Some
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of the most promising ones invoke new exotic physics, such as supersymmetry or

extra dimensions. One might hope that it would be possible to avoid this. However,

due to the generic nature of quadratic corrections in a theory for a scalar, this has

proven difficult. Recently, large extra dimensions have been proposed as solutions to

the problem. We shall focus on this exciting possibility, but after we review other

approaches to the problem.

In Sect. 1.1.1, we shall review technicolor and little Higgs models, as respective

solutions to the electroweak hierarchy problem and the what is known as the little

hierarchy problem. In Sect. 1.1.2, we shall review supersymmetry. In Sect. 1.2, we

shall discuss higher dimensional solutions to the hierarchy problem.

1.1.1 Technicolor and the Little Higgs

We briefly describe extensions to the Standard Model which attempt to minimize

the amount of new physics they introduce. Specifically, we shall examine attempts

which merely extend the gauge group and particle content of the Standard Model,

without introducing profound changes to core concepts in physics. We shall discuss

technicolor, little Higgs models, and variations of these ideas.

Technicolor models presume that the Higgs is a composite particle consisting of

new types of fermions, tightly bound by strongly interacting gauge bosons which are

yet to be discovered (see e.g., Ref. [3]). The Higgs is the analog of a meson, except with

a much higher scale for the strong interaction. Spontaneous breaking of electroweak

symmetry occurs through the strong dynamics of the technicolor gauge interaction,

analogous to chiral symmetry breaking in the QCD vacuum. Above the scale set by

the technicolor interaction, the Higgs is resolved into its constituents. This scale is

on the order of the Higgs mass. When the structure of the Higgs is resolved, there

are no quadratic corrections to the mass of the particle, since its constituents have

logarithmic runnings. Hence, the mass scale of the technicolor gauge interaction acts
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as a cutoff to quadratic effects.

High precision measurements at LEP have ruled out most technicolor models. For

this reason, technicolor is not favored. An idea along a similar line as technicolor is

that the Higgs is a top-quark condensate. For similar reasons, this is not favored.

In recent years, little Higgs models have been considered as possible extensions to

the Standard Model (see e.g., Ref. [4]). In these models, the Higgs is relatively light

because it is a pseudo-Goldstone boson of an approximate global symmetry which

is broken spontaneously. The electroweak gauge group is embedded into a larger

group, which is broken collectively with the global symmetry. There are no quadratic

corrections to the Higgs mass at one-loop order.

It is important to note that little Higgs models do not solve the electroweak

hierarchy problem by themselves, since they only eliminate quadratic corrections at

one-loop order. They were proposed because the scale for electroweak symmetry

breaking generally is believed to be on the order of 100 GeV, and high-precision

measurements seem to rule out new physics up to 5−10 TeV. To solve the electroweak

hierarchy problem, a little Higgs model has to be embedded into a theory which

stabilizes the Higgs mass under radiative corrections going up to the Planck scale.

The little Higgs model allows the new physics to be put in at roughly 10 TeV, without

fine tuning being needed to keep the Higgs mass on the order of 100 GeV. These

models solve the problem of the “little hierarchy” between the presumed scales for

electroweak symmetry breaking and new physics.

Little Higgs models can be embedded into virtually any scenario which solves the

problem of the large hierarchy with the Planck scale. Therefore, if such a model were

discovered by itself, the question would remain as to what ultimately stabilizes the

electroweak scale.
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1.1.2 Supersymmetry

Supersymmetry (SUSY) is a postulated symmetry between bosons and fermions. It

is a leading candidate for solving the electroweak hierarchy problem. If SUSY is

realized, it would be of fundamental importance in physics. Gauged supersymmetry

(supergavity, or SUGRA) might be key to unifying gravity with the other forces,

since it evades the Coleman-Mandula theorem, which had been thought to be a no-go

theorem for unification. SUSY also appears in the context of string theory.

In SUSY, every boson has a fermion superpartner of the same mass, and vice versa.

There are special types of transforms — described by “superalgebras” — between

boson and fermion superpartners. A supersymmetric action is invariant under these

transforms (see e.g., Ref. [5]). Supersymmetry could naturally stabilize the Higgs

mass. Loop corrections from bosons and fermions would contribute in opposite ways

to corrections to this quantity. In a supersymmetric theory, quadratic divergences

would cancel in loop effects from pairs of superpartners, thus leading to stability of

the electroweak scale.

Despite the elegance of SUSY and the solution it provides to the hierarchy prob-

lem, supersymmetric extensions to the Standard Model are convoluted. One of the

central issues is that SUSY must be broken, since no superpartners have ever been

observed; some mechanism must give these particles masses which are beyond the

reach of current experiments. Spontaneous breaking of SUSY cannot occur (see e.g.,

Ref. [6]) without extending a supersymmetric version of the Standard Model to a hid-

den sector. Several types of scenarios for breaking SUSY have been proposed (e.g.,

gauge-mediated SUSY-breaking, anomaly-mediated breaking, etc.). Mechanisms for

breaking SUSY are intricate, and involve communicating the breaking from the hid-

den sector to the visible sector. When it is given that SUSY is broken, there are

literally hundreds of undetermined parameters which can appear in supersymmet-

ric extensions to the Standard Model. Supersymmetric extensions to the Standard
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Model are known as the Minimal Supersymmetric Standard Model (MSSM), the Next

to Minimal Supersymmetric Standard Model (NMSSM), the Next to Next to Minimal

Supersymmetric Standard Model (NNMSSM), etc.

A second issue is that conservation of baryon number does not automatically

occur in supersymmetric extensions to the Standard Model. If this is left unchecked,

the proton will be unstable. A new discrete symmetry known as R-parity must be

imposed to enforce baryon number conservation (see e.g., Ref. [7]).

Another complication is that supersymmetric extensions to the Standard Model

contain two Higgs bosons. Prior to SUSY-breaking, there would be bilinear interac-

tion term between the two Higgs fields, with the bilinear coupling being dimensionful.

This coupling is called the µ-term. For electroweak symmetry breaking to work, the

µ-term must define a scale on the order of the Higgs mass. However, this is a purely

supersymmetric term, and the scale for electroweak symmetry breaking is set by the

SUSY-breaking scale. It is not understood why a supersymmetric term should be on

the order of a scale determined by SUSY-breaking, although explanations have been

proposed (see e.g., Ref. [8]). This is known as the µ-problem. A satisfactory theory

of weak-scale SUSY must contain a mechanism for solving the µ-problem.

1.2 Higher Dimensional Solutions to the Hierarchy Problem

Due to the problems in building successful technicolor models, and due to the fact

that little Higgs models require ultraviolet extensions to solve the hierarchy problem,

scenarios with more far-reaching consequences for our basic notions of physics should

be taken seriously. The most popular of these scenarios (SUSY and extra dimensions)

have the bonus of naturally predicting dark matter candidates.

Progress made in building viable supersymmetric models is encouraging, and in-

dicates that a deep modification to the paradigm of fundamental physics may be the

correct path. However, SUSY should by no means be the only “great leap” which is
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considered as a solution to the hierarchy problem. Indeed, supersymmetric models

contain enough complications that other possibilities should get comparable consid-

eration. In recent years, the possible existence of large extra dimensions has emerged

as an intriguing alternative scenario for stabilizing the electroweak scale.

Thus far, we have formulated the hierarchy problem in terms of the apparent

gulf between the electroweak scale and the Planck scale. However, there also is a

large hierarchy between the electroweak scale and the GUT scale, where the three

forces of the Standard Model might unify. Models with extra dimensions have been

proposed as solutions to both hierarchies. In Sect. 1.2.1, we shall outline higher

dimensional solutions to the hierarchy between the Planck scale and the electroweak

scale. In Sect. 1.2.2, we shall review a higher dimensional model (DDG) which removes

the hierarchy between the GUT scale and the electroweak scale. Unlike the other

scenarios, the DDG model employs a TeV-scale flat extra dimension. This corresponds

to what we have analyzed in our work.

Our overviews of these models assume minimal familiarity with the physics of

extra dimensions and the terminology of higher dimensional theories. Background

information on extra dimensions is given in Sect. 1.3.

1.2.1 Removing the Hierarchy Between the Planck Scale and the Electroweak Scale

We review two types of higher dimensional models (ADD and RS) which address

the problem of the hierarchy between the electroweak scale and the Planck scale.

The ADD model is constructed in flat space, whereas the RS model describes curved

space-time. The ADD model introduces a new large hierarchy of its own, but the RS

model does not.

The ADD Model The most straightforward higher dimensional solution to the elec-

troweak hierarchy problem is the ADD (Arkani-Hamed, Dimopoulos, Dvali) model



17

[11]. According to this model, Newton’s constant G which we measure is not funda-

mental, but corresponds to a four-dimensional (4D) EFT. The model postulates that

we live in a higher dimensional space-time, and that there is a different gravitational

constant for the underlying higher dimensional theory.

The Planck scale for quantum gravity is related to G, ~ and c. In the ADD

model, the Planck scale is determined by the value of the gravitational constant in

the higher dimensional theory, rather than the value for G in a 4D EFT. The authors

of Ref. [11] postulated that the higher dimensional Planck scale in fact is the same

as the electroweak scale. Thus, there is no hierarchy between the two scales.

The authors of Ref. [11] considered the case of n flat, orthogonal extra dimen-

sions, each compactified to a circle of radius R. (Gravitational effects are understood

to be small perturbations on the flat background.) Using straightforward classical

arguments, the authors of Ref. [11] found that if two masses m1 and m2 are separated

by a distance r ≪ R, then the gravitational potential V (r) is given as

V (r) ∼ m1m2

Mn+2
P l(4+n)

1

rn+1
, (1.1)

where MP l(4+n) is the Planck scale in 4 + n dimensions. When r ≫ R, the extra

dimensions confine the gravitational flux lines, and the usual 1/r relation for V man-

ifests. This is the limit of a 4D EFT. Using Gauss’ law, the authors of Ref. [11] found

that

V (r) ∼ m1m2

Mn+2
P l(4+n)R

n

1

r
, (r ≫ R) . (1.2)

It follows that the value MP l for the 4D Planck scale is related to the 5D scale via

the relation

M2
P l ∼ M2+n

P l(4+n)R
n . (1.3)

From the above relation, the value of R needed to produce the observed hierarchy

between the electroweak scale and the apparent value of the Planck scale can be

determined. The authors of Ref. [11] assumed the electroweak scale to be ∼ 1000 GeV

and the 4D Planck scale MP l to be (8πGN)−1/2 ∼ 1018 GeV.
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For a single circular extra dimension, they found that R ∼ 1013 cm. This is

ruled out by observations on the solar system. For two extra dimensions, the authors

of Ref. [11] found that R ∼ 100µm − 1 mm. At the time of their paper, gravity

had never been measured at sub-millimeter distances. Hence, this entire range for

R was phenomenologically viable. Currently, experiments are underway to search

for deviations from Newton’s law of gravitation at sub-millimeter distances (see e.g.,

Ref. [12]). These are constraining the possible values of R.

Clearly, the matter that we observe does not freely propagate along extra di-

mensions of the size required in the ADD model. Therefore, for the model to be

viable, matter must somehow be confined. The most obvious scenario is to restrict

the particles of the Standard model to a (3+1)-dimensional hypersurface known as a

membrane, or “brane”. Due to its geometric nature, gravity should propagate freely

along the bulk (region outside the brane) of the extra dimension.

If the ADD model is correct, then the LHC should probe the physics of a low-

ered Planck scale. Therefore, we would expect to see higher dimensional effects of

quantum gravity. This would be in the form of missing energy, since higher dimen-

sional gravitons would escape our membrane. However, the most direct experimental

signature of the ADD model would be the observation of deviations from Newtonian

gravity at sub-millimeter distances.

The Randall-Sundrum Model Although the ADD model removes the hierarchy be-

tween the electroweak scale and the Planck scale, it is not entirely satisfactory because

it introduces another large hierarchy between the size of extra dimensions and the

inverse of the electroweak scale. Shortly after the ADD model was introduced, the

Randall-Sundrum (RS) model was proposed [13]. This is a five-dimensional model

which removes the electroweak hierarchy without introducing other enormous hier-

archies. The hierarchy among basic parameters in the model only is on the order of

10.
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We note that there actually are two Randall-Sundrum models: RS1 and RS2. We

shall describe only the RS1 model, and merely refer to it is RS. The RS2 model was

not designed to address the hierarchy problem, but to demonstrate the viability of

an uncompactified extra dimension.

In the RS model, the background metric for the 5D space-time is warped. A 5D

anti-de-Sitter (AdS5) space is assumed. The 5D metric is of the form

ds2 = e−2krc|φ|ηµνdx
µdxν − r2

cdφ
2 , (1.4)

where ηµν is the 4D Minkowski metric, φ is the coordinate along the extra dimension,

rc is the curved-space analog of the radius of the extra dimension, and k parameterizes

space-time curvature. The extra dimension has an S1/Z2 compactification, and the

variable φ ranges from −π to π. Surface Lagrangians for matter fields are defined on

branes at the orbifold fixed points at 0 and π. All physics is determined from the

regions on and between the two branes. Only gravity propagates through the bulk.

Our universe is confined to the brane at π.

One may obtain a 4D EFT by integrating over the Lagrangian in the bulk. By

performing such an integral, the authors of Ref. [13] found that an arbitrary mass m

in the 4D EFT is related to the corresponding 5D mass m0 via the following formula:

m ≡ e−krcπm0 . (1.5)

Remarkably, this relation holds when m is generalized to an arbitrary mass parameter

originating from brane physics.

Due to the exponential relation in Eq. (1.5), a large hierarchy can be generated

between m and m0, for values of k and rc which are on similar orders of magnitude.

All mass terms in the bare Lagrangian are assumed to be on the order of the Planck

mass in the 5D theory. For the effective mass term m to be near the electroweak scale,

krc only has to be on the order of 10. It is important to note that Eq. (1.5) does not

determine the relation between the 4D and the 5D values of MP l. This is because
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the formula applies to brane masses, and the 5D Planck scale is a bulk parameter. It

turns out that the 4D Planck scale MP l is related to the 5D Planck scale M via the

relation

M2
P l =

M3

k

[

1 − e−2krcπ
]

. (1.6)

Thus, the exponential factor is negligible when krc is large compared to 1. Therefore,

Eq. (1.2.1) leads not only to a large hierarchy between m and m0, but also to one

between m and MP l (i.e., the RS model results in a large hierarchy between the

observed values of the electroweak and Planck scales).

We have described the RS model from the perspective of the Planck scale being

fundamental, and the electroweak scale being derived. It is equally valid to consider

the electroweak scale to be the fundamental one, and the 4D Planck scale to be the

derived one. If one performs a variable transform such that the 5D metric has a

Minkowski signature at our brane, then warping factors multiplying our 4D masses

are eliminated. The brane masses we observe can be taken as reference parameters.

The Planck mass gets rescaled as a result of the variable transform.

It might appear that the RS solution to the hierarchy problem is illusionary.

Although a relatively small value of krc is required, the exponential factor of eπkrc

is enormous. It might seem that there is no reason to believe that the exponent is

any more fundamental than the exponential itself. However, the authors of Ref. [14]

proposed a mechanism which leads to the geometry in the RS model being a stable

solution. As a result, the hierarchy between the electroweak scale and the Planck

scale is stable in this scheme. Specifically, the authors of Ref. [14] showed that the

RS geometry was a stable solution to a 5D theory containing two branes and a scalar

field Φ which propagated through the bulk between the branes. This field is known

as a modulus, and is predicted in string theory. It functions to set the size of the

extra dimension.

An important prediction of higher dimensional theories is the appearance of in-
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finite towers of KK modes (see Sect. 1.3). These are heavy copies of the particles

we currently observe, and are Fourier components of fields existing along an extra

dimension. The particles we observe are called zero modes, and the rest are known

as excited modes. Since matter is confined to branes in the RS model, no KK exci-

tations can arise from such fields. However, there are KK modes for gravitons, which

do propagate along the extra dimension. Due to the effective 4D hierarchy, a collider

should not be able to produce graviton zero modes in the RS model. However, it

should be possible to produce KK excitations of gravitons. A powerful collider might

produce black holes or otherwise probe strong gravity in the quantum regime.

1.2.2 The DDG Model: A Solution to the Electroweak-GUT Hierarchy

On a similar order of magnitude as the Planck scale is another energy scale which

might be of fundamental importance. It is suspected that at 1016 GeV, the three forces

in the Standard Model become unified into a single force. The process by which this

happens — if it does indeed occur — is known as grand unification. Models in which

the gauge forces are unified at high energies are called grand unified theories (GUT’s).

The energy for unification is known as the GUT scale.

The models we have described so far attempt to explain why there seems to be

an enormous hierarchy between the Planck scale and the electroweak scale. We also

might ask why there appears to be a similar hierarchy between the GUT scale and

the electroweak scale. The DDG (Dienes, Dudas, Gherghetta) model attempts to

eliminate this hierarchy by introducing an extra dimension [15]. Due to effects of

excited KK modes, the GUT scale is lowered to the TeV-scale. Before describing this

model, we will first give a brief overview of grand unification.

Grand Unification One of the most astounding discoveries made in the development

of the Standard Model was that electromagnetism and the weak force are not sepa-

rate forces, but manifestations of an electroweak and hypercharge interaction which
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are spontaneously broken down. Soon after the formulation of electroweak theory,

physicists wondered whether the electroweak force, hypercharge and perhaps even

the strong force were low-energy manifestations of a unified force. Perhaps a mech-

anism similar to the Higgs for electroweak symmetry breaking was responsible for

breaking down the unified force.

Within the Standard Model, there are hints that unification of all forces might

indeed occur at higher energies. One hint is that the number of generations for quarks

and leptons in the Standard Model are the same. This is a possible indication that

quarks and leptons — which interact very differently — somehow are partners of each

other, naturally belonging to a single multiplet of particles. If so, then by analogy

to the behavior of the constituents of electroweak doublets and color triplets in the

Standard Model, they might interact through the same force.

One might try to dismiss it as an accident that leptons and quarks have the same

number of generations. However, since the SU(2)L and U(1)hypercharge forces of the

Standard Model couple to axial currents, chiral anomalies must cancel for all triangle

diagrams connected to the carriers of these forces. This only can happen if quarks and

leptons have the same number of generations. That is, the Standard Model is self-

consistent only if quarks and leptons are paired in generations. However, the success

of this requirement appears to be a lucky accident of the Standard Model. This

pairing begs for a deeper explanation. The obvious one is that quarks and leptons

are related through some symmetry, perhaps one which is gauged. This might be an

indication that all particles in the Standard Model fundamentally interact under the

same force.

Another indication that the forces of the Standard Model may in fact unify is

coupling constant unification. If renormalization group runnings for the couplings for

the three forces of the Standard Model are extrapolated to very high energy, then

they come close to each other around 1014 GeV. A priori, one would not expect that

this would ever occur, since the strengths for the three forces are much different at
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the energies we can observe. If weak-scale SUSY is assumed to exist, then the three

couplings almost exactly unify to a single value near 2 × 1016 GeV. This is unlikely

to be a coincidence, and the simplest explanation is that the gauge forces of the

Standard Model fundamentally are unified into a single force. Remarkably, the scale

for coupling constant unification is of a similar order of magnitude as the Planck scale

(2×1018 GeV). This seems to suggest that the gauge forces might unify with gravity.

Different scenarios (GUT’s) for unification of the gauge forces have been proposed

(see e.g., Ref. [9]). In every case, the SU(3) × SU(2) × U(1) gauge group of the

Standard model is embedded into a larger group (e.g., SU(5) or SO(10)). Typically,

a new Higgs field spontaneously breaks the GUT group down near the scale of 2×1016

GeV. In some cases (e.g., SU(5) unification), the GUT group breaks down directly to

the gauge group of the Standard Model. In other scenarios, it breaks down in stages.

Efforts have even been made to embed GUT groups into larger groups predicted in

string models.

Gauge particles corresponding to the broken sector of a GUT group gain masses,

analogous to the W and Z masses in the Standard Model. The masses of these

new particles are on the order of the GUT scale. They are charged under all of the

Standard Model gauge groups, since the symmetry between these interactions is what

is broken. In the SU(5) model, the heavy bosons are known as X and Y . They have

color like quarks, and form a doublet under the SU(2) gauge interaction. The X and

Y particles can interchange quarks and leptons at their vertices, thus violating baryon

and lepton number conservation (but not baryon minus lepton number). This leads

to proton decay. Baryon number violation and proton decay are generic phenomena

of GUT’s, in no way restricted to SU(5).

One would expect the proton to have an extremely large lifetime, due to the fact

that the GUT scale appears to be enormous. A successful GUT model must satisfy

the experimental constraint that proton decay has never been observed. Searches

for proton decay quickly ruled out the first GUT model proposed: SU(5) with no
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supersymmetry. (When the model was proposed, there was enough uncertainty in

the measurements of coupling constants that it appeared that they might unify with-

out SUSY.) The lifetime of the proton must either come out to be above current

experimental bounds, or there must be a special mechanism to stabilize the particle.

Baryon number violation may appear to be a problem, since it leads to proton de-

cay. However, it is a necessary ingredient for baryogenesis in the early universe. GUT

models have the additional bonus of predicting the quantization of electric charge, be-

cause the spontaneous breaking of a simple group down to a product containing U(1)

leads to magnetic monopoles [10]. As is well known, monopoles result in charge quan-

tization. The GUT scale is an ingredient in the seesaw mechanism, which attempts

to account for the smallness of the neutrino masses.

Unification in the DDG Model Coupling constant unification appears to be a miracle

of a 4D supersymmetric extension to the Standard Model. Generically, one would

expect the effect to go away if new sets of particles were coupled to the Standard

Model gauge fields below the GUT scale. In particular, one would naively expect a

large extra dimension to spoil coupling constant unification, because Kaluza-Klein

modes would interact with the gauge fields and change the runnings of the couplings.

The authors of Ref. [15] examined the runnings of couplings in a 5D theory with a

large, flat extra dimension. They found that the runnings do indeed change. But

instead of being destroyed, coupling constant unification occurs at a lowered scale.

The authors of Ref. [15] embedded the MSSM into a space-time with δ extra

dimensions, each with an S1/Z2 compactification. (The orbifold conditions are neces-

sary to make fermions chiral.) Each S1 manifold has a radius R, and the coordinate

along each extra direction ranges from 0 to 2πR.

The authors of Ref. [15] allowed the Higgs field and the gauge fields to propagate

through the bulk. They decided to let η generations of fermions propagate through

the bulk and the remaining 3 − η stay confined to the branes at 0 and πR.
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The authors of Ref. [15] calculated renormalization group runnings of the gauge

couplings the typical way one would in a four-dimensional theory. All effects from

the extra dimensions manifested from excited KK modes. They treated these modes

merely as heavy particles in a 4D EFT. The authors of Ref. [15] paid particular

attention to the fact that gauge theories become nonrenormalizable when generalized

to higher dimensions. They noted that when a KK decomposition is performed,

divergences arising from the extra dimension manifest as effects from infinite KK

towers. However, an EFT for KK modes contains only a finite number of excitations.

Hence, they argued that the problems of nonrenormalizability would not matter when

extrapolating the runnings of couplings upward from one finite scale to another. They

neglected the effects of higher order operators in the MSSM, in the interactions of 4D

particles and excited modes. They justified this by noting that SUSY would suppress

such operators.

As inputs, the authors of Ref. [15] used measured values of couplings and masses at

the scale for production of the Z. They found that the effects of the excited KK modes

induced power law runnings of the three Standard Model couplings. Despite the

changes in the runnings, coupling constant unification occurred almost exactly. The

power-law behavior accelerated the convergence of the couplings, so that unification

occurred at a lowered scale.

If loop corrections to some quantity diverge logarithmically in a 4D theory, then

the divergence will take on a power-law behavior in higher dimensions. Therefore,

the power-law running was entirely expected. If one starts with a GUT in higher

dimensions, then one would expect constants for couplings with different particles to

split as effects below the GUT scale are integrated out, and to run down according to

power laws. However, one would not expect it to be possible for the three couplings

to take arbitrary values at the scale of the Z. Therefore, it is remarkable that the

authors of Ref. [15] obtained coupling constant unification by using experimental data

as inputs.
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The authors of Ref. [15] found that unification occurred for arbitrary values of

the number η of generations of fermions propagating through the bulk, even when

the number δ of extra dimensions was fixed. Additionally, unification was preserved

under variation of δ. Hence, coupling constant unification is a generic result of the

DDG model, and not a consequence of tuning new parameters.

With the power-law running, the unification scale in the DDG model can be

lowered to the TeV range. This required TeV-scale extra dimensions. Hence, large

hierarchies are eliminated. An obvious objection is that the lifetime of the proton

now would be set by the TeV scale, rather than an energy on the order of 1016 GeV.

It would appear that the proton would decay unacceptably rapidly. However, the

authors of Ref. [15] discovered that by exploiting the higher dimensional nature of

their model, they could eliminate proton decay entirely. Subsequent work showed

that all dangerous operators which might lead to baryon number violation can be

removed in a similar fashion.

In Ref. [15], it was proposed that all fermions be localized on the branes (i.e., the

case of η = 0). The X and Y particles (and anything else not in the MSSM) would

have wave functions which are odd with respect to the higher dimensional coordinates

y. This ensures that the X and Y fields vanish at the branes. (The fact that the fields

are odd functions of y clearly forces them to vanish at 0. They also vanish at πR,

due to the fact that odd wave functions have sinusoidal KK expansions.) With these

fields vanishing where the fermions are located, it is impossible for them to mediate

proton decay. Thus, the DDG model is phenomenologically viable. Of course, bosons

which appear in the MSSM must have wave functions which are even with respect to

y.

Even a nonzero value of η can be acceptable. The authors of Ref. [15] noted

that as long as only the first generation of matter was confined to the branes, proton

decay would be loop suppressed, and the lifetime of the particle would be above

experimental bounds.
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Although the work we have described so far is on the higher dimensional MSSM,

the DDG model allows coupling constant unification to occur without SUSY. Simple

extensions to the Standard Model are all that are needed to achieve this. For example,

the authors of Ref. [15] showed that it was sufficient to introduce a scalar which

transformed under the adjoint representation of SU(2). As before, unification occurs

at the TeV scale, given extra dimensions with radii on the order of an inverse TeV.

Therefore, the DDG solution to the hierarchy problem is an alternative to SUSY.

In addition to their analysis of gauge couplings, the authors of Ref. [15] calculated

runnings of Yukawa couplings. They found that these couplings rapidly decrease with

the energy scale. Furthermore, the Yukawa couplings have a common Landau pole at

the lowered GUT scale. The ratios between the couplings are driven toward 1 near

this pole. Thus, the hierarchy between the fermion masses (not including the neutrino

masses) is removed at the lowered GUT scale, which is the fundamental scale of the

theory.

In short, the DDG model is a possible solution to both the problems of the hier-

archies between the electroweak scale and the GUT scale and between the fermion

masses. A novel higher dimensional solution to the proton decay problem can be

implemented. Unification can occur even without SUSY. Thus, the model is a com-

pletely independent approach to the problems of hierarchies. Unlike the ADD model,

the DDG model introduces no new hierarchies. When TeV-scale extra dimensions are

utilized, unification occurs at the TeV-scale.

1.3 Extra Dimensions: A Brief Overview

We describe the basics of constructing higher dimensional models and the phenomeno-

logical consequences of introducing extra dimensions. We shall start with the most

straightforward cases, and only generalize when necessary. For simplicity, we shall

only consider extra spatial dimensions. The results presented here can be found in
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any standard primer on extra dimensions.

1.3.1 Circular Compactification

The simplest phenomenologically viable higher dimensional theory would be one in

which a single extra dimension is compactified to a circle whose circumference is below

the smallest length which can be measured with current technology. We consider this

case.

Scalar Bosons The most straightforward field theory is for a scalar boson. We shall

consider the situation in which an extra dimension is compactified to a circle, and

consider the action:

S =

∫

d4x

∫ 2πR

0

dy

[

1

2
∂Mφ∂

Mφ− m2

2
φ2 − Cφs

]

, (1.7)

where φ is the 5D scalar. The parameter M is a 5D Lorentz index. The quantity m

is the mass of the scalar, and C is a self-coupling. The power s is an integer greater

than 2. The variable y is the coordinate along the extra dimension. It is taken to

range from 0 to 2πR, where R is defined to be the compactification radius. The extra

dimension has the topology of a circle (i.e., the points 0 and 2πR are equivalent).

This is known as an S1 compactification.

Due to the circular compactification, the field φ obeys periodic boundary condi-

tions along the extra dimension, i.e.,

φ(x, y) = φ(x, y + 2πR) . (1.8)

Therefore, φmay be Fourier expanded along y in terms of functions which are periodic

over an interval of 2πR. In the basis of complex exponential functions,

φ(x, y) =
1√
2πR

∞
∑

n=−∞

φn(x)e
iny/R . (1.9)
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The quantity φn is the Fourier transform of φ along the extra dimension. No Fourier

transform has been made along the 3+1 uncompactified dimensions. Since φ(x, y) is

real,

φ−n(x) = φ∗
n(x) . (1.10)

However, this result would not hold if the 5D scalar were not real. Substituting

Eq. (1.9) into Eq. (1.7) and integrating over y, we obtain

S =

∫

d4x

{

∑

n

[

1

2
∂µφ

∗
n∂

µφn −
1

2

(

n2

R2
+m2

)

φ∗
nφn

]

−c
∑

r1

∑

r2

· · ·
∑

rs

δr1+r2+···rs,0φr1φr2 · · ·φrs

}

, (1.11)

where

c =
C

(2πR)s/2−1
. (1.12)

In Eq. (1.7), we started with a 5D action for a single field φ. By performing a

Fourier transform and an integral, we rewrote it as a 4D action for an infinite set of

fields φn. The particle excitations of these fields are known as Kaluza-Klein (KK)

modes. As alluded to in Sect. 1.2.1, the particle with n = 0 is known as the zero mode.

It is the particle we would observe in standard experiments which do not probe the

extra dimension. The particles with nonzero n-values are known as excited modes, or

KK excitations. These are copies of the zero mode, except with successively higher

masses and higher dimensional generalizations of interactions. The discovery of a KK

tower would be the most direct signature of an extra dimension.

According to Eq. (1.11), the mass of the n’th KK mode is given according to

m2
n =

n2

R2
+m2 . (1.13)

It would appear that one would identify an extra dimension with a circular com-

pactification by discovering a tower of particles with masses given according to this

dispersion relation. However, we note that this is a tree-level relation. As we shall

show in later chapters, it can be altered by radiative corrections.



30

The coupling constant C from the 5D theory is replaced by a 4D coupling constant

between KK modes, given in Eq. (1.12). The units for these two constants are differ-

ent. Although the particular relation between the two couplings will depend on the

theory, we always will expect couplings to change dimensions through multiplicative

factors of 2πR. This is because the units of a coupling term always will depend on

the dimensionality of space-time.

The δ-function in the coupling term in Eq. (1.11) enforces conservation of mode

number. This is an example of momentum conservation, since a KK excitation has a

momentum component along an extra dimension equal to its mode number divided

by the radius.

Gauge Bosons Previously, we analyzed a KK theory for a 5D scalar field. We now

perform a KK expansion of the action for a vector boson corresponding to a U(1)

gauge symmetry in 5D.

The action for a 5D gauge field AM is

S =

∫

d4x

∫ 2πR

0

dy

[

−1

4
FMNF

MN

]

=

∫

d4x

∫ 2πR

0

dy

[

−1

4
FµνF

µν − 1

2
F4µF

4µ

]

, (1.14)

where M and N are 5D Lorentz indices, and F is the electromagnetic field tensor in

5D. The µ and ν indices label directions along the four non-compactified dimensions,

whereas 4 labels the direction along the extra dimension. The standard convention

is to use 5 to label this direction. However, for reasons we shall explain in the next

chapter, our own notation in this monograph is to use 4 instead of 5. Note that

there is no F44F
44-term in Eq. (1.14). This is completely expected, since F is an

anti-symmetric tensor.

The field AM has a KK expansion of the same form as φ in Eq. (1.9). Since this

field must be real,

AM−n = AMn
∗
, (1.15)
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where AMn represents the n’th KK mode of AM . The KK expansion for the 5D action

is

S =

∫

d4x

[

− 1

4
Fµν,0F

µν
0 +

1

2
∂µA4,0∂

µA4,0

−1

4

∑

n 6=0

Gµν,n
∗Gµν

n +
1

2

∑

n 6=0

n2

R2
Bµ,n

∗Bµ
n

]

, (1.16)

where

Bµn ≡ Aµn +
iR

n
∂µA4,n for n 6= 0 , (1.17)

Fµν,n ≡ ∂µAνn − ∂νAµn , (1.18)

and

Gµν,n ≡ ∂µBνn − ∂νBµn . (1.19)

Note that the KK excitations of the A4-field have been absorbed into Bµn. Thus,

with the proper gauge choice, the excitations of A4 are “eaten” by the excited modes

of the Aµ-fields. The zero mode of A4 remains massless, whereas the modes which

eat its excitations are massive. The zero mode of A4 is a massless scalar. In certain

models, it can gain a mass, and act as a Higgs. In orbifold constructions, it can be

removed, like the zero modes of X and Y in the DDG model.

In the next chapter, we will examine 5D QED. However, we will work in a gen-

eral gauge, rather than one in which the KK excitations of A4 are eaten. This is

because our purpose is to show that gauge invariance survives radiative corrections.

Specifically, we will look at radiative effects on the excited modes of A4.

Fermions We analyze the KK action for a spin-1/2 fermion in 5D. We follow the

same outline as we took for bosons.

As is well known, a noninteracting Dirac spinor obeys the free-field Dirac equation

in the appropriate number of dimensions:

iγM∂Mψ −mψ = 0 , (1.20)
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wherem is the fermion mass. In 4D, the field ψ is well known to have four components.

However, a four-component spinor cannot solve the Dirac equation in a space-time

with an arbitrary number of dimensions. In general, it is necessary to introduce

additional components to ψ and to increase the size of the γ-matrices. Fortunately,

four components are sufficient in 5D. We will focus on the 5D case, because it is what

pertains to our work.

In any number of dimensions, γ-matrices obey the following anti-commutation

relations:

{γM , γN} = 2gMN . (1.21)

In 5D, it is straightforward to check that these relations are satisfied by the familiar

gamma-matrices γ0, · · · , γ3 corresponding to a 4D theory plus an additional γ4-matrix

which is conventionally denoted γ̂5. The γ̂5-matrix is given as

γ̂5 = iγ5 , (1.22)

where the matrix on the right side of this equation is the usual γ5-matrix from 4D.

The 5D action for a noninteracting fermion field ψ is

S =

∫

d4x

∫ 2πR

0

dyψ̄(iγM∂M −m)ψ . (1.23)

After a KK expansion, this becomes

S =

∫

d4x
∑

n

ψ̄n

(

iγµ∂µ + i
n

R
γ5 −m

)

ψn , (1.24)

where ψn is the n’th KK fermion mode. From the above equation, the mass term for

the n’th KK fermion mode is

ψ̄n

(

m− i
n

R
γ5
)

ψn . (1.25)

This mass matrix leads to fermion mass eigenvalues of the form given in Eq. (1.13).

Conventionally, the action in Eq. (1.24) is rewritten in terms of the fermion compo-
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nents ψL and ψR which respectively would be interpreted as left-handed and right-

handed in 4D. In terms of these components, the mass term in Eq. (1.24) is

ψ†
Ln

(

m− i
n

R

)

ψRn + ψ†
Rn

(

m+ i
n

R

)

ψLn . (1.26)

The 4D derivative terms in Eq. (1.24) are expanded the usual way with respect to

left and right components.

We stress that “left” and “right” merely refer to components of the ψ-fields which

would have these types of handedness in 4D. In 5D — or in any odd number of

dimensions on an orientable manifold — there is no chirality. We also stress that

the γ5-term in Eq. (1.25) does not violate parity or CP symmetry. The matrix is

multiplied by n, which also is odd under a 5D parity transform. Like all momentum

components, the components along the extra dimension switch sign under time re-

versal, which — according to the CPT theorem — implies that they are odd under

CP. In later chapters, other examples of γ5 operators will appear in theories which

conserve parity. In every case, they have coefficients which are odd functions of mode

number.

1.3.2 Orbifold Compactification

If extra dimensions exist, the question of whether they have endpoints would be

relevant, due to their finite sizes. In the circular (S1) compactification discussed in

the previous section, there were no endpoints; a particle propagating along the extra

dimension would return to the same point after traveling a distance 2πR. Every point

on the extra dimension was equivalent to every other point. This was an example of

compactification to a manifold. However, we may easily generalize compactification to

the case in which special points exist. A region containing endpoints or other preferred

points is known as an orbifold. Orbifold compactifications will be the subject of this

section.
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To construct an orbifold, one starts with a Lie group M which describes a higher

dimensional space-time manifold and its symmetries, and a discrete normal subgroup

D. The orbifold is the quotient group M/D. Taking the quotient group is known as

“modding out” D. Points in M which are invariant under the discrete transform D

are known as orbifold fixed points.

The most common example of an orbifold compactification is S1/Z2, which we

now describe. We would start with the circular compactification (S1) discussed in

the previous section. According to the periodic boundary conditions of this compact-

ification, a coordinate y along the extra dimension is identified with y + 2πR. Next,

we would demand that every point on the extra dimension is equivalent to the point

with the opposite coordinate, i.e., they are equivalent under

y ↔ −y , (1.27)

defined by the Z2 subgroup. This is the process of modding out Z2. This defines the

S1/Z2 orbifold.

The point y = 0 is invariant under the Z2-transform. Hence, this is a fixed point

of the orbifold. The Z2 transform sends y = πR to y = −πR. By the periodic

boundary conditions of the original S1 compactification, the point −πR is already

identified with πR. Therefore, y = πR is a second fixed point of the orbifold. The

Z2 equivalence class maps the interval πR < y < 2πR to −2πR < y < −πR. The

periodic boundary condition of S1 identifies this interval with 0 < y < πR. Thus, the

orbifold projection reduces the S1 manifold to line segment with fixed endpoints at

y = 0 and πR.

By the periodic boundary conditions on S1, a field φ on S1/Z2 must be expanded

in terms of functions with period 2πR, i.e., the KK expansion in Eq. (1.9) would hold.

The orbifold projection leads to the additional requirement that the Lagrangian for

a field theory must be invariant under the transformation y ↔ −y. Consequently,

any field must be either an even or an odd function of y. In general, modding out
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a discrete symmetry will reduce a manifold and introduce end points and/or other

fixed points.

The field in Eq. (1.9) was Fourier expanded in terms of complex exponentials.

Since the complex exponentials are mixtures of even and odd functions, they clearly

do not form a basis which is appropriate for an orbifold theory. However, the field

equivalently could have been expanded in terms of sines and cosines, which form a

basis of even (cosine) and odd (sine) functions. The orbifold projection requires that

a field be expanded purely in terms of cosines or in terms of sines. Specifically, the

field φ(x, y) must take one of the following two forms:

φ(+)(x, y) =
1√
2
φ

(+)
0 (x, y) +

∞
∑

n=1

φ(+)
n (x) cos

(nπy

R

)

or

φ(−)(x, y) =

∞
∑

n=1

φ(−)
n (x) sin

(nπy

R

)

. (1.28)

The field φ(+) is an even function with respect to y, whereas φ(−) is odd. Note that

a zero mode exists for the even function, but not the odd one. The zero mode is the

only type of KK state which exists in a 4D effective field theory. Hence, the φ(−)-

field corresponds corresponds to something which never has been directly observed.

Nevertheless, φ(−)-fields can be important in higher dimensional models. The X and

Y fields in the DDG model are examples of φ(−) fields which are required. Regardless

of which manifold M and which discrete symmetry group D are chosen for the M/D

compactification, a KK spectrum for the orbifold will have fewer states than the

corresponding spectrum for the manifold.

Until this point, we have assumed that fields are free to propagate along the extra

dimension; this is the case of a universal extra dimension. Since orbifolds have special

points, it is possible that fields may not propagate freely. Specifically, it may happen

that there are fields which are localized to the orbifold fixed points. For this case in

the S1/Z2 scenario, the 5D action would be of the form

S =

∫

d4x

∫

dy
[

Lbulk(x, y) + L(0)
brane(x)δ(y) + L(π)

brane(x)δ(y − πR)
]

, (1.29)
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where Lbulk is the Lagrangian for fields which are free to propagate along the extra

dimension, and L(0)
brane and L(π)

brane represent Lagrangians for fields which are localized

to the fixed points at y = 0 and πR respectively. The localization points are branes.

Fields confined to branes, of course, have no KK excitations. The rest of the extra

dimension is known as the bulk. In non-perturbative string theory and M-theory,

matter can get trapped to hyper-surfaces known as D-branes. Therefore, localizing

fields to 4D is justified from the standpoint of string theory. It is important to stress

that gravitons should not be confined to branes. Since gravitation is a geometric

effect, and since a metric is defined everywhere along an extra dimension, gravity

always propagates along the bulk.

As we mentioned at the end of Sect. 1.3.1, there is no chirality on an orientable

manifold with an odd number of dimensions. Therefore, it is impossible to construct

a chiral theory from the S1 compactification introduced in the previous section. This

is a phenomenological problem for this compactification, since the Standard Model

is chiral. A major advantage of orbifold compactifications is that they can support

chiral theories. The most straightforward scenario is to confine fermions to a (3 +

1)-dimensional brane, where chirality obviously is defined. Chiral terms may be

introduced, just as in the 4D Standard Model. Another method is to construct each

Standard Model fermion from the “left-handed” component of the zero-mode of one

field and the “right-handed” component of the zero-mode of another. The remaining

components are taken to be odd, and therefore do not have zero modes. Any 4D

interaction — whether chiral or not — may be modeled in this fashion.

The Z2-reflection y ↔ −y corresponds exactly to the identification of points glued

together on a Mobius strip. Heuristically, one can think of the orbifold projection as

providing a twist to the extra dimension. The twist allows us to distinguish between

left and right-handed orientations, thus making chirality a meaningful concept.
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1.3.3 Multiple Extra Dimensions

We have described the compactification of a single extra dimension. Given that most

string models contain many extra dimensions, one should not be surprised if at least

two are large enough to be found at a collider. In this section, we shall describe the

physics of multiple extra dimensions.

As an example, we consider a model with two perpendicular extra dimensions

compactified to circles of radii R1 and R2. We define a field theory for a real, 6D

scalar φ with mass m and self-coupling C:

S =

∫

d4x

∫ 2πR1

0

dy1

∫ 2πR2

0

dy2

[

1

2
∂Mφ∂

Mφ− m2

2
φ2 − Cφs

]

, (1.30)

where y1 and y2 are the coordinates along the two extra dimensions, and R1 and R2

are the two radii. The Lorentz index M labels the directions along the four large

dimensions plus those along the extra dimensions. The KK spectrum of a field is

obtained by Fourier transforming along the two extra dimensions. Each KK state has

two mode-number indices. The KK mass spectrum is of the form

m2
(n1,n2) =

n2
1

R2
1

+
n2

2

R2
2

+m2 . (1.31)

The KK coupling is C, rescaled by appropriate powers of R1, R2 and 2π. The coupling

term carries two delta-functions, which enforce momentum conservation along the two

directions.

The example described here is a case of compactification to a genus-one torus.

Compactifications to other topologies (e.g., a genus-n torus, or a sphere) also are

possible. Each one will give rise to a different type of KK spectrum. As in the case of

a single extra dimension, we may compactify to orbifolds. We also may vary the shape

of the compactification. For example, we might demand that the extra dimensions

in a toroidal compactification be non-orthogonal or of different sizes. We may define

a shape modulus in terms of the angle between the extra dimensions and the ratio
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of their sizes. Like volume and topology, shape affects the KK spectrum (see e.g.,

Ref. [16]).

1.4 Overview

We have seen that large extra dimensions offer possible solutions to the electroweak

hierarchy problem, and therefore are of phenomenological interest. We also have

seen that the collider phenomenology of extra dimensions would be determined by

the physics of towers of KK modes. In particular, the mass and coupling spectra of

KK modes would signify different compactifications. In this introduction, we only

considered KK spectra at tree level. In the following chapters, we shall examine the

effects of radiative corrections to mass and coupling spectra. In Chaps. 2 and 3, we

shall outline the development of new techniques which allow us to perform calculations

of radiative corrections in higher dimensional theories. Specifically, we shall describe

the development of new regulators which respect higher dimensional symmetries of

KK theories. In Chap. 4, we shall apply our methods to particular 5D toy models

— namely φ4 theory and Yukawa theory. We shall end with concluding remarks,

in Chap. 5. The material in these chapters is based on our work in Refs. [17], [18]

and [19].
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Chapter 2

New Regulators

2.1 Introduction

Extra dimensions are among the leading candidates for physics beyond the Standard

Model. However, despite the vast amount of work done in this area, phenomenological

studies of higher-dimensional models still face limitations. A fundamental issue is that

virtually all realistic theories in higher dimensions are nonrenormalizable. Because

parameters in a nonrenormalizable theory are extremely sensitive to an ultraviolet

(UV) cutoff, and because an infinite number of counterterms are needed to absorb

divergences, our ability to make meaningful predictions at different energy scales ap-

pears to be compromised.1 Additionally, regulators of UV divergences can introduce

unphysical artifacts. For example, a hard cutoff in QED artificially generates a large

photon mass term (provided that counterterms are not put in by hand to cancel the

mass). The problem of artifacts should be especially severe in higher-dimensional

theories since the nonrenormalizability will magnify any such radiative effect.

Unfortunately, such artifacts will be introduced by many of the regulators which

are typically used to perform calculations in spacetimes with compactified extra di-

mensions. This happens because these regulators artificially treat momentum com-

ponents along compactified extra dimensions as if they were separate from the other

components. To be more explicit, let us consider a typical one-loop diagram in a the-

ory with a single universal compactified extra dimension. The amplitude correspond-

ing to such a diagram can be expressed as a mode-number sum over a four-momentum

1We note that it always is possible to perform calculations with an effective field theory defined at
a given scale. We are referring to the problem of performing calculations directly from a Lagrangian
defined in the UV, or of deriving an effective field theory from the underlying theory.
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integral, i.e.,

M =
∑

r

∫

d4k

(2π)4
I(k, r) , (2.1)

where M represents the one-loop amplitude, k is the four-momentum of a Kaluza-

Klein (KK) state running in the loop, and r is its KK mode number. The function I

depends on k and r, as well as the the couplings in the theory and momenta and mode

numbers of any external particles. Of course, both the four-momentum integral and

the KK sum contribute to possible divergences, and both potential sources of infinities

must be regularized.

The typical approach is to apply a standard four-dimensional regulator (such as a

hard cutoff or dimensional regularization) to the integral, and to truncate the sum at

large but finite limits. Thus, the sum and the integral are regulated independently.

Unfortunately, independent regularizations artificially violate the higher-dimensional

Lorentz invariance that originally existed in the theory, thereby leading to unphys-

ical artifacts in M. This is because the variables k and r/R from Eq. (2.1) are

actually part of a single five-momentum running in the loop. Our regulator should

therefore reflect this higher-dimensional Lorentz symmetry, just as a hard cutoff in

4D is always imposed on the total Euclidean four-momentum running in a loop, and

not a particular subset of momentum components. This is why separate regulariza-

tions of four-momentum integrals and KK sums violate higher-dimensional Lorentz

invariance. Without respecting the full five-dimensional Lorentz symmetry, any such

regulator has the potential to introduce unphysical artifact terms into the results of

any calculation.

Of course, it might seem that we can always subtract unphysical artifacts at the

end of a calculation. However, this is not generally possible because the compacti-

fication itself, which breaks the higher-dimensional Lorentz invariance globally, can

also induce local violations of the higher-dimensional Lorentz invariance in an EFT at

finite energy. We would therefore not know which terms to subtract, since it would be
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extremely difficult to distinguish these unphysical artifacts from the expected bona-

fide violations of five-dimensional Lorentz invariance stemming which arise due to the

compactification.

Given this situation, our goal in this chapter is to develop a set of regulators which

are based firmly on two fundamental higher-dimensional symmetries:

• higher-dimensional Lorentz invariance; and

• higher-dimensional gauge invariance, when appropriate.

Regulators which are based on these symmetries should therefore be broadly applica-

ble and free of unphysical artifacts. Moreover, we shall also require that our regulators

be theory-independent . In other words, we shall require that our regulators be insen-

sitive to the specific particle content and interactions characterizing the field theory

in question.

In this chapter, we shall develop two distinct regulator schemes which meet these

criteria. Indeed, in each case, these regularization methods can be viewed as higher-

dimensional generalizations of well-known four-dimensional regulators. However, as

discussed above, their distinguishing property is that they control four-momentum

integrals and KK sums collectively , as appropriate for higher-dimensional calculations.

Under this scheme, the constraints on the integral and the sum in Eq. (2.1) become

coupled.

Our first regulator will generalize of a hard cutoff to the case of theories with KK

modes. We shall refer to this regulator as an “extended hard cutoff” (EHC) regulator.

To do this, we shall consider the case of a single extra dimension compactified on a

circle. Instead of separately regulating four-momentum integrals and KK sums, we

shall implement a cutoff on the total five-momenta of virtual KK states running

through internal loops. This procedure is Lorentz-invariant, and therefore does not

introduce unphysical artifacts.
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By contrast, our second regulator will be a generalization of dimensional regu-

larization, to be referred to as “extended dimensional regularization” (EDR). Specif-

ically, we shall use standard dimensional-regularization techniques to control four-

momentum integrals. However, we shall also demand that KK sums be truncated

at limits which depend on the dimensional regularization parameter ǫ. The critical

point, then, is to determine an appropriate balancing relation between this KK cut-

off and the dimensional-regularization parameter ǫ which preserves not only higher-

dimensional Lorentz invariance, but also higher-dimensional gauge invariance. To do

this, we shall consider the case of five-dimensional QED compactified on a circle and

show explicitly that preserving both higher-dimensional Lorentz invariance and gauge

invariance in this theory leads to a unique relation between ǫ and the KK cutoff. Our

criterion of theory-independence will then guarantee that this relation between the

KK cutoff and ǫ should hold for all higher-dimensional field theories, regardless of

whether or not they contain gauge symmetries.

At this stage, one might be tempted to offer two possible objections to the ap-

proach we shall be following in this chapter. First, since the compactification itself

distinguishes extra dimensions from the ones we currently observe, one could argue

that there is no need to respect higher-dimensional Lorentz invariance. Indeed, one

might even argue that the very process of compactification forces us to employ regula-

tors that do not respect higher-dimensional Lorentz invariance: since the momentum

components along compactified dimensions are discrete variables and components

along large dimensions are continuous, it might seem that no regularization scheme

can truly put these variables on equal footing. However, it is important to realize

that compactification is an effect at finite distance and therefore finite energies. In the

UV limit, by contrast, this discreteness fades away and higher-dimensional Lorentz

invariance is restored. Since regulators are designed to control UV divergences, it is

therefore essential that they respect whatever symmetries exist at short distances.

Second, one might object that higher-dimensional theories are nonrenormalizable.
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Therefore, it would seem that we should obtain meaningless results regardless of which

regulator we use, in which case there is no point in trying to extract exact predictions

from such theories. However, despite the nonrenormalizability, it is possible to derive

precise, finite relationships between the renormalized parameters in our effective field

theories that characterize KK states. Indeed, as we shall explicitly demonstrate in

Chap. 3, the use of proper regulators will allow us to relate the parameters describ-

ing excited KK modes to the corresponding parameters describing zero modes, after

each have received radiative corrections. If the zero-mode parameters are taken to

be experimental inputs, then the entire KK spectrum is determined. We empha-

size that this only works when regulators are designed to respect higher-dimensional

symmetries.

Although our extended hard-cutoff and extended dimensional-regularization pro-

cedures ultimately achieve the same goal, there are two significant conceptual differ-

ences between them. First, our extended hard cutoff is designed to treat all compo-

nents of loop momenta in the same way, and hence this cutoff never breaks higher-

dimensional Lorentz invariance. By contrast, our extended dimensional-regularization

procedure controls divergences from four-momentum integrals and KK sums through

very different means. Higher-dimensional symmetries thus do not appear to be pre-

served from the outset, but survive in the end only because of a special relation

between their regularization parameters.

There also is a second important difference. Because a hard cutoff explicitly vi-

olates gauge invariance, our extended hard-cutoff regulator will not be suitable for

higher-dimensional theories in which gauge symmetries are present. By contrast,

our extended dimensional-regularization procedure is designed to respect higher-

dimensional gauge invariance as well as higher-dimensional Lorentz invariance. As

such, this is the regulator of choice when dealing with gauge-invariant theories. In this

connection, we remark that while the process of compactification explicitly violates

Lorentz invariance globally (and this can translate into local Lorentz violations below
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the UV limit), the process of compactification in and of itself does not violate any

higher-dimensional gauge symmetry which exists in the UV limit. Specifically, as we

shall demonstrate for the case of five-dimensional QED compactified on a circle, a full

five-dimensional gauge invariance survives after compactification, even at low energy

scales. Our extended dimensional-regularization procedure will reflect this explicitly

through the preservation of Ward identities and Ward-Takahashi identities; indeed,

such identities will continue to hold not only for the (zero-mode) photon, but for all

of the excited (KK) photons as well.

This chapter is organized as follows. In Sect. 2.2, we introduce our extended

hard cutoff (EHC) regulator, and explain how it regularizes divergences in a Lorentz-

invariant fashion. In Sect. 2.3, we then introduce our extended dimensional regulator

(EDR) in the context of higher-dimensional gauge theory. In Sect. 2.4, we turn to a

discussion of other regulators which have been utilized in the literature, and compare

our regulators with those. We also demonstrate, through explicit examples, the kinds

of difficulties that can arise when one uses a regulator which does not respect higher-

dimensional Lorentz invariance. We also discuss the relations between our EHC and

EDR regulators and several other Lorentz-invariant methods which have already been

developed in the literature. Finally, Sect. 2.5 contains our conclusions and ideas for

possible extensions.

2.2 The Extended Hard Cutoff

In this section, we introduce our higher-dimensional extended hard cutoff (EHC)

regulator. For simplicity, we consider the case of a single extra dimension compactified

on a circle; generalizations to other compactifications will be straightforward. As

discussed in the Introduction, our cutoff will be purely five-dimensional in nature,

and will respect five-dimensional Lorentz invariance from the outset. Of course, if

our higher-dimensional theory is also gauge invariant, then a hard cutoff will not be
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the regulator of choice; in such cases, the EDR regulator in Sect. 3 should be used.

µP=(p  ,n)

µK=(k  ,r)

µP=(p  ,n)

µ µK−P=(k  −p  ,r−n)

Figure 2.1. A generic one-loop diagram: an external Kaluza-Klein particle (dotted
line) with four-momentum pµ and Kaluza-Klein index n interacts with a tower of
Kaluza-Klein particles (solid lines) of bare mass M .

To illustrate our procedure, let us consider a generic one-loop diagram of the

form shown in Fig. 2.1 in which an external particle with four-momentum pµ and

mode number n interacts with a tower of KK particles of bare mass (zero-mode

mass) M . Enforcing 5D momentum conservation at the vertices (as appropriate for

compactification on a circle) and assuming that the solid lines correspond to scalar

fields with no derivative interactions leads to a one-loop integral of the form

Ln(p) =
∑

r

∫

d4k

(2π)4

1

k2 − r2/R2 −M2

1

(k − p)2 − (r − n)2/R2 −M2
(2.2)

where k is the four-momentum of a particle in our loop and r is its mode number.

Although we are considering a particular form for a loop integral, we will keep our

discussion as general as possible.

Following standard techniques, we may immediately rewrite this loop integral as

Ln(p) = i

∫ 1

0

dx
∑

r

∫

d4ℓE
(2π)4

[

1

ℓ2E + ℓ42 + M2(x)

]2

, (2.3)

where x is a Feynman parameter, where ℓ represents the shifted momentum

ℓ ≡ k − xp , ℓ4 ≡ (r − xn)/R , (2.4)
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where ℓE is the Euclidean (Wick-rotated) momentum

ℓ0E ≡ − iℓ0 , ~ℓE ≡ ~ℓ , (2.5)

and where the effective mass in Eq. (2.3) is given by

M2(x) ≡ M2 + x(x− 1)

[

p2 − n2

R2

]

. (2.6)

Note that the quantity M in Eqs. (2.3) and (2.6) is completely different than the

quantity M in Eq. (2.1). Throughout this chapter, vector and tensor components

corresponding to the fifth dimension will be denoted with a superscript ‘4’. We have

chosen this somewhat unorthodox convention in order to emphasize the preservation

of five-dimensional Lorentz invariance, so that our five-dimensional Lorentz indices

are given as M = 0, 1, 2, 3, 4.

We now introduce our hard momentum cutoff Λ. We shall apply this directly to

the Euclidean five-momentum running in the loop, as appropriate for an intrinsically

five-dimensional calculation, so that

ℓ2E + ℓ4
2 ≤ Λ2 . (2.7)

Of course, this constraint equation correlates the cutoff for the integration over the

four-momentum ℓE with the cutoff for the summation over the KK index r. In

particular, the constraint in Eq. (2.7) can be implemented by restricting the KK

summation to integers in the range

−ΛR + xn ≤ r ≤ ΛR+ xn (2.8)

and then restricting our ℓE-integration to the corresponding range

ℓ2E ≤ Λ2 − ℓ4
2

≤ Λ2 − (r − xn)2/R2 . (2.9)

Clearly, Eqs. (2.8) and (2.9) are nested constraints on the components of the mo-

mentum of the particle running in the loop. However, this “nesting” is unavoidable if
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our regulator is to preserve five-dimensional Lorentz invariance and avoid distinguish-

ing a special direction in spacetime. Since ℓE is continuous and ℓ4 is discrete, one

might argue at first glance that these variables are fundamentally different, and that

Eq. (2.7) does not truly respect a five-dimensional Lorentz symmetry. However, as

discussed in the Introduction, the discreteness is an effect at finite energy scales, orig-

inating from the compactification. This discreteness is not apparent in the UV limit,

where the gaps between KK masses are effectively negligible. Therefore, Eq. (2.7) will

indeed allow us to regularize five-dimensional UV divergences in a Lorentz-invariant

fashion.

Eqs. (2.7) through (2.9) define our extended hard-cutoff (EHC) regularization

procedure. Indeed, unlike the case with dimensional regularization to be discussed in

Sect. 3, the maintenance of five-dimensional Lorentz invariance in this case has not

been particularly difficult or profound. However, this is not enough, since we also need

to know how to perform calculations which implement these constraints. Eq. (2.8) is

particularly unpleasant, since it puts the Feynman parameter and the mode number

of the external particle in the summation limits. One might hope that we can neglect

these terms when Λ is large. However this is ultimately not possible due to the

hypersensitivity to the exact value of a cutoff in a nonrenormalizable theory. The

rest of this section is therefore devoted to the calculational issue of converting such

expressions for loop diagrams into useful forms.

For the special case of n = 0, our loop diagram can be written as

L0(p) = i

∫ 1

0

dx

ΛR
∑

r=−ΛR

f0(p, r, x) (2.10)

where f0 is the integral over ℓE from Eq. (2.3), subject to the constraint in Eq. (2.9).

In general, f0 is a function of p, r, and x, but we will not need to evaluate f0 for this

discussion. Note that in writing Eq. (2.10), we have treated ΛR as an integer. In the

limit of a large cutoff, this assumption will have no effect on our results.

For n 6= 0, however, the cutoff on the r-summation depends on the Feynman
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parameter x. Fortunately, we can eliminate this dependence through a series of

variable substitutions. Let us first assume that n > 0. In this case, our summation is

over all integers r in the range −ΛR+ xn ≤ r ≤ ΛR+ xn. In the following, we shall

adopt a notation whereby
∑b

r=a denotes a summation over integer values of r within

the range a ≤ r ≤ b even if a and b are not themselves integers. We can then write

Ln(p) = i

∫ 1

0

dx

ΛR+xn
∑

r=−ΛR+xn

fn(p, r, x) , (2.11)

where fn is the analog of f0 for non-zero n. For n > 0, we may express this summation

as
∫ 1

0

dx
ΛR+xn
∑

r=−ΛR+xn

=
1

n

∫ n

0

du
ΛR+u
∑

r=−ΛR+u

where u ≡ xn

=
1

n

n−1
∑

j=0

∫ j+1

j

du
ΛR+u
∑

r=−ΛR+u

=
1

n

n−1
∑

j=0

∫ 1

0

dû
ΛR+û
∑

r̂=−ΛR+û

where

{

û ≡ u− j
r̂ ≡ r − j

=
1

n

n−1
∑

j=0

∫ 1

0

dû
ΛR
∑

r̂=−ΛR+1

. (2.12)

In passing to the last line, we have continued to treat ΛR as an integer. We have also

used the fact that the exact û = {0, 1} endpoints of the û-integration region are sets

of measure zero.

For general n 6= 0 of either sign, we can make an analogous set of substitutions,

resulting in the general identity:

∫ 1

0

dx
ΛR+xn
∑

r=−ΛR+xn

=
1

|n|

|n|−1
∑

j=0

∫ 1

0

dû
ΛR
∑

r̂=−ΛR+1

, (2.13)

where

û ≡ x|n| − j (2.14)

and

r̂ ≡ sign(n)r − j . (2.15)
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Together, Eqs. (2.14) and (2.15) imply that Rℓ4 = sign(n)[r̂ − û].

Note that the mode number n has disappeared from the magnitude of ℓ4. This is

precisely as we expect, since ℓ4 is merely a summation variable and should not depend

on the magnitude of n. Likewise, the dependence on sign(n) arises by convention and

can be absorbed into coefficients of ℓ4. Ultimately, this removal of n from ℓ4 was

possible only because of the limits we chose for r at the beginning of our calculation.

However, it is important to realize that n has not vanished from our calculation.

Because û is now viewed as an independent Feynman-like variable in Eq. (2.13),

x must now be expressed in terms of û, and this reintroduces a dependence on n

into any expressions which previously depended on x. For example, the quantity x

appears within M2, as defined in Eq. (2.6). However, the important point is that this

dependence on n is now wholly within the four-dimensional integrand, and no longer

appears within the KK summation limits.

Given these variable substitutions, our loop-diagram expression for non-zero n

now may be rewritten as

Ln(p) = i

∫ 1

0

dû
1

|n|

|n|−1
∑

j=0

ΛR
∑

r̂=−ΛR+1

fn(p, r̂, û, j) . (2.16)

We shall henceforth drop the hats from r̂ and û. Note that the functions f0(r, u) and

fn(r, u, j) each depend on the cutoff Λ because they are integrals whose limits contain

Λ. For example, if our original diagram is of the form (2.3), then these functions f0

and fn are given by

f0(r, u) =

∫

d4ℓE
(2π)4

1

[ℓ2E + r2/R2 +M2 + u(u− 1)p2]
2

fn(r, u, j) =

∫

d4ℓE
(2π)4

1
[

ℓ2E + (r − u)2/R2 +M2 + (u+ j)(u+ j − |n|)
(

p2

n2 − 1
R2

)]2

(2.17)
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where these integrals are subject to the cutoffs

f0 : ℓ2E ≤ Λ2 − r2/R2

fn : ℓ2E ≤ Λ2 − (r − u)2/R2 (2.18)

respectively. Note that fn is the same as f0, but with the simultaneous algebraic

substitutions r → ρ ≡ r − u, u→ y ≡ (u+ j)/|n|, and p2 → p2 − n2/R2.

Eqs. (2.10) and (2.16) are the main results of this section. Once loop diagrams

are in these forms, they can be evaluated directly using standard four-dimensional

techniques. Similarly, although we restricted ourselves to the case of a single external

particle, generalizations to more complicated situations are straightforward.

Finally, before concluding our discussion of our EHC regulator, we remark that the

identity we have outlined in Eq. (2.13) relies rather fundamentally on the assumption

that the one-loop diagrams we are regulating can be evaluated through the introduc-

tion of only a single Feynman parameter x (or u). However, this procedure readily

generalizes to diagrams that would utilize arbitrary numbers of Feynman parameters.

µ
K

=(
k 

 ,r
)

µ
P=(p  ,n  )1

1

1

µ

P=(p  ,n
  )2

2
2

Figure 2.2. A generic one-loop diagram with three external particles and three
internal propagators. Such a one-loop diagram will require two Feynman parameters.

As a concrete example, let us consider a diagram such as the one-loop vertex
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correction in Fig. 2.2 which would require two Feynman parameters. In general, such

a diagram will take the algebraic form

Ln1,n2
(p1, p2) = i

∫ 1

0

dx1

∫ 1

0

dx2

∑

r

fn1,n2
(p1, p2, r, x1, x2) (2.19)

where x1 and x2 are our two Feynman parameters and f is our four-momentum inte-

gral. However, unlike the case of a single Feynman parameter, our shifted momentum

within f will now be given by

ℓ ≡ k − x1p1 − x2p2 , ℓ4 = (r − x1n1 − x2n2)/R . (2.20)

Despite this change in the definition of ℓ, our EHC regularization condition continues

to take the same form as in Eq. (2.7). The cutoffs on our KK summation therefore

now take the form

−ΛR+ x1n1 + x2n2 ≤ r ≤ ΛR+ x1n1 + x2n2 (2.21)

while our corresponding four-momentum integral is subject to the cutoff

ℓ2E ≤ Λ2 − (r − x1n1 − x2n2)
2/R2 . (2.22)

As before, the primary difficulty here is the presence of the Feynman parameters

x1 and x2 in the upper and lower limits of the KK summation in Eq. (2.20). However,

these can be eliminated in a manner completely analogous to the method outlined in

Eq. (2.13). First, we observe that when n1 = n2 = 0, the Feynman parameters are

eliminated trivially, and Eq. (2.21) reduces to −ΛR ≤ r ≤ ΛR. Moreover, when one

ni = 0 but the other is non-zero, only one Feynman parameter appears in Eq. (2.21).

The variable transforms introduced in Eq. (2.13) may therefore be employed to dis-

entangle the remaining Feynman parameter from the summation limits. As a result,

the only new non-trivial case is the one in which both n1 and n2 are non-zero.

Let us first consider the case in which both n1 and n2 are positive. Repeating the
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steps in Eq. (2.12), we can then write

∫ 1

0

dx1

∫ 1

0

dx2

ΛR+x1n1+x2n2
∑

r=−ΛR+x1n1+x2n2

=

=
1

n1n2

∫ n1

0

du1

∫ n2

0

du2

ΛR+u1+u2
∑

r=−ΛR+u1+u2

where ui ≡ xini

=
1

n1n2

n1−1
∑

j1=0

n2−1
∑

j2=0

∫ j1+1

j1

du1

∫ j2+1

j2

du2

ΛR+u1+u2
∑

r=−ΛR+u1+u2

=
1

n1n2

n1−1
∑

j1=0

n2−1
∑

j2=0

∫ 1

0

dû1

∫ 1

0

dû2

ΛR+û1+û2
∑

r̂=−ΛR+û1+û2

where

{

ûi ≡ ui − ji
r̂ ≡ r − j1 − j2 .

=
1

n1n2

n1−1
∑

j1=0

n2−1
∑

j2=0

∫ 1

0

dû1

[

∫ 1−û1

0

dû2

ΛR
∑

r̂=−ΛR+1

+

∫ 1

1−û1

dû2

ΛR+1
∑

r̂=−ΛR+2

]

. (2.23)

In passing to the final line, we have continued to treat ΛR as an integer and recognized

that while the combination û1 + û2 ranges from 0 to 2, the summation index r̂ ranges

over the following values:

{

−ΛR + 1 ≤ r̂ ≤ ΛR for 0 < û1 + û2 < 1
−ΛR + 2 ≤ r̂ ≤ ΛR+ 1 for 1 < û1 + û2 < 2 .

(2.24)

Dropping the hats, it follows that under the EHC regulator, the diagram Ln1,n2
(p1, p2)

in Eq. (2.19) with n1, n2 > 0 can be rewritten as

Ln1,n2
(p1, p2) = i

∫ 1

0

dx1

∫ 1

0

dx2

∑

r

fn1,n2
(p1, p2, r, x1, x2)

=
i

n1n2

n1−1
∑

j1=0

n2−1
∑

j2=0

∫ 1

0

du1

[

∫ 1−u1

0

du2

ΛR
∑

r=−ΛR+1

+

∫ 1

1−u1

du2

ΛR+1
∑

r=−ΛR+2

]

fni
(pi, r, ui, ji)

=
i

n1n2

n1−1
∑

j1=0

n2−1
∑

j2=0

∫ 1

0

du1

∫ 1

0

du2

ΛR
∑

r=−ΛR

fni
(pi, r, ui, ji) + E (2.25)

where ℓ4 = (r−u1−u2)/R, where the one-loop integrals fn1,n2
are regulated according

to Eq. (2.22), and where E denotes an “endpoint contribution” which depends on the
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particular values of f at or near the cutoff endpoints of the KK summation, as given

below.

The above results are given for the case in which n1 and n2 are both positive.

However, we can handle the general case in which both n1 and n2 are non-zero as

follows. Let us define si ≡ sign(ni), and likewise let us define ûi ≡ xi|ni| − ji and

r̂ ≡ r−s1j1−s2j2. Note that in terms of these variables, we have Rℓ4 = r̂−s1û1−s2û2.

Dropping the hats, we then find the general identity

Ln1,n2
(p1, p2) =

i

|n1n2|

|n1|−1
∑

j1=0

|n2|−1
∑

j2=0

∫ 1

0

du1

∫ 1

0

du2

ΛR
∑

r=−ΛR

fni
(pi, r, ui, ji) + Es1,s2

(2.26)

where the endpoint contributions E±,± are given as

Es1,s2 = − i

|n1n2|

|n1|−1
∑

j1=0

|n2|−1
∑

j2=0

∫ 1

0

du1 Ês1,s2 (2.27)

with

Ê++ ≡
∫ 1

0

du2 f(−ΛR) +

∫ 1

1−u1

du2 [f(−ΛR+ 1) − f(ΛR+ 1)]

Ê−− ≡
∫ 1

0

du2 f(ΛR) +

∫ 1

1−u1

du2 [f(ΛR− 1) − f(−ΛR− 1)]

Ê+− ≡
∫ u1

0

du2 f(−ΛR) +

∫ 1

u1

du2 f(ΛR)

Ê−+ ≡
∫ u1

0

du2 f(ΛR) +

∫ 1

u1

du2 f(−ΛR) . (2.28)

In writing Eq. (2.28, we have suppressed all indices and variables for the f -functions

except their dependence on the KK mode number r. These results have obvious

generalizations to one-loop diagrams with additional Feynman parameters.

We see, then, that our EHC regulator is quite general, and that the methods

outlined here enable us to eliminate the resulting Feynman parameters from the

upper and lower limits on our KK summations.
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2.3 Extended Dimensional Regularization

In this section, we turn to our 5D extended dimensional-regularization (EDR) pro-

cedure. Unlike the case of the hard cutoff in Sect. 2, our extended dimensional-

regularization procedure is designed to respect not only five-dimensional Lorentz in-

variance, but also five-dimensional gauge invariance. As discussed in the Introduction,

this will happen as the result of a careful balancing between the dimensional regu-

larization parameter ǫ which regulates the four-dimensional momentum integral and

the KK cutoff Λ which regulates the KK sum.

This section is organized as follows. We start with a preliminary exposition of

our procedure in Sect. 2.3.1. Then, in Sect. 2.3.2, we discuss the method by which

gauge invariance is maintained by demonstrating that the Ward(-Takahashi) identities

must hold not only for the zero-mode photon, but also for all KK excitations of the

photon. In Sect. 2.3.3, we then use this in order to generate a relation between the

cutoff parameters used for the momentum integrals and the KK mode-number sums.

Finally, in Sect. 2.3.4, we deal with a number of loose ends. For example, we show

that this relation implies that five-dimensional Lorentz invariance will be preserved

as well.

2.3.1 Preliminary steps

We begin by considering a generic one-loop amplitude in five dimensions, with one

dimension compactified on a circle. As with the diagram in Fig. 2.1, we will assume

that we have a certain fixed number of external particles with four-momenta pµi and

KK mode numbers ni which enter the diagram as initial states or exit as final states.

We shall also assume that only one Feynman parameter is needed; the generalization

to multiple Feynman parameters is straightforward. Such an amplitude then generally
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takes the form

LMN...
n (p1, p2, ...) = i

∫ 1

0

dx
∑

r

∫

d4ℓE
(2π)4

ΩMN...
n (ℓE, r, x) (2.29)

where ΩMN...
n (ℓE , r, x) is an appropriate unspecified integrand and where the overall

n subscript denotes the collection of external KK indices. Here M,N, ... are five-

dimensional Lorentz indices appropriate for the diagram in question; thus, unlike the

situation in Sect. 2, we are now explicitly indicating that these amplitudes need not

be Lorentz scalars. We shall also assume that our theory contains a five-dimensional

gauge invariance prior to compactification.

We now seek to develop a regularization procedure for such amplitudes which is

based on the traditional ’t Hooft-Veltman dimensional regularization procedure [20]

for the four-momentum integral. However, we need to regulate not only the four-

dimensional momentum integral but also the KK sum, and our goal is to implement

these two regulators in such a balanced way that both five-dimensional Lorentz in-

variance and five-dimensional gauge invariance are maintained. It is this “balancing”

feature which extends the ’t Hooft-Veltman dimensional regularization procedure to

spacetimes with compactified extra dimensions, and which results in our name “ex-

tended dimensional regularization” (EDR).

As we shall see, the EDR procedure will consist of three separate components:

• First, we shift the 4D momentum integral into d ≡ 4− ǫ spacetime dimensions.

• At the same time, we deform the integrand ΩMN...
n (ℓE, ℓ

4, x) to reflect the fact

that our integral is now in d ≡ 4 − ǫ dimensions. For example, one standard

integrand substitution which is familiar from traditional dimensional regular-

ization in four dimensions is to replace ℓµℓν → ℓ2gµν/(4−ǫ) where ℓ2 ≡ gµνℓ
µℓν .

However, we now expect there to be a similar deformation for the terms in the

integrand which depend on the (discrete) fifth component ℓ4 of the momentum.
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Deriving the precise form of this deformation is the first of our tasks. (The gen-

eralization of the deformation is not trivial, since momentum components along

the large and compact dimensions are regularized different ways.) Note that

since the introduction of a fifth dimension does not introduce any additional

Dirac γ-matrices, the usual deformation of the γ-matrix algebra that one must

perform for 4D dimensional regularization is unchanged for 5D.

• Finally, we apply lower and upper cutoffs {r1(ǫ), r2(ǫ)} to our KK sum, so that

this sum is over the range r1(ǫ) ≤ r ≤ r2(ǫ). These cutoffs will be functions

of ǫ, and deriving the precise relation between ǫ and these limits is our second

task.

Indeed, the precise deformation of terms involving ℓ4 in the integrand, as well as

the precise forms of the cutoffs {r1(ǫ), r2(ǫ)} as functions of ǫ, will be determined

by the fact that five-dimensional Lorentz invariance and gauge invariance must be

maintained.

We stress that because momentum components along the 3 + 1 large dimensions

are continuous while the one along the compactified dimension is discrete, the only

alternative is to put different regulators on these components at the outset, and to

relate them at the end.

A common step in ’t Hooft-Veltman dimensional regularization is to multiply a

loop integral by a coefficient of µǫ. This allows one to interpret the regularization in

terms of a momentum scale. However, the procedure is not necessary to regularize

integrals, and is not described in Ref. [20]. We will not add this step to the EDR

procedure, because it will turn out that r1(ǫ)/R and r2(ǫ)/R play the role which

would have otherwise been taken by µ. An additional factor of µ would simply act

as an extraneous scale. Introducing a factor of µǫ as an alternative to cutting off the

KK sum will not work, because the sum would not be regulated.

Even before imposing five-dimensional gauge invariance, there are certain simplifi-
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cations we can make. First, we know that we must have r1(ǫ) → −∞ and r2(ǫ) → +∞
as ǫ → 0. Second, however, just as in Eq. (2.8), we claim that r1,2(ǫ) must actually

take the form

r1(ǫ) = −Λ(ǫ)R+ xn

r2(ǫ) = Λ(ǫ)R+ xn (2.30)

in terms of a single as-yet-undetermined function Λ(ǫ). In other words, although our

summation cutoffs are not symmetric in the r-variable, we claim that they must be

symmetric in the ℓ4-variable, where Rℓ4 ≡ r − xn. The reason for this is simple. At

first glance, it might appear that since the four-momentum integrals in dimensional

regularization are over infinite domains, there is no difference between integrating over

the internal loop four-momentum kµ or the shifted loop four-momentum ℓµ ≡ kµ−xpµ,
and we might expect the same to hold for the KK sums. However, integrals which

are odd with respect to ℓ vanish by convention in dimensional regularization. This

means that it is the domain of integration for ℓ which is symmetric, even if it tends

to an infinite size. Therefore, higher-dimensional Lorentz invariance requires that the

limits on ℓ4 also be the ones which are symmetric. Indeed, we have verified that any

other choice will ultimately lead to inconsistencies — specifically, the sorts of checks

that we will perform at the end of Sect. 4 would not be successful with any other

choice.

We can also further refine the form of the deformations within the integrand

ΩMN...
n (ℓE , r, x) itself. As mentioned above, we know that terms of the form ℓµℓν

should be replaced by ℓ2gµν/(4− ǫ). In flat space (which is the only case we consider

in this chapter), this amounts to a deformation for terms (ℓi)2 for i = 0, 1, 2, 3. Five-

dimensional Lorentz invariance therefore requires a corresponding deformation for

the discrete fifth component ℓ4ℓ4 that arises within expressions of the form ℓMℓN . In

general, we can parametrize this deformation in the form

ℓ4ℓ4 →
[

1 + λǫ+ O(ǫ2)
]

(ℓ4)2 (2.31)
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where λ is an unknown parameter we seek to determine. As we shall see, determining

the deformation to this order in ǫ will be sufficient for our purposes. We stress, how-

ever, that the deformation in Eq. (2.31) is only appropriate for terms that arise within

a Lorentz-covariant expression of the form ℓMℓN . By contrast, terms (ℓ4)2 which might

arise from other Lorentz-covariant forms such as [ℓ2 − (ℓ4)2]gMN remain undeformed,

in accordance with our expectations from ordinary dimensional-regularization in four

dimensions.

Given these observations, we can then proceed by implementing the variable sub-

stitutions described in Sect. 2. We thus have

LMN...
0 = i

∫ 1

0

dx
ΛR
∑

r=−ΛR

∫

ddℓE
(2π)d

ΩMN...
0 (ℓE, r, x) (2.32)

where the zero KK subscript indicates that all external particles are zero modes, and

LMN...
n = i

∫ 1

0

dû
1

|n|

|n|−1
∑

j=0

ΛR
∑

r̂=−ΛR+1

∫

ddℓE
(2π)d

ΩMN...
n (ℓE, r̂, û, j) (2.33)

where the transformed variables û and r̂ are defined in Eqs. (2.14) and (2.15). As

discussed above, the KK cutoffs Λ are to be viewed as functions of ǫ.

Again, we stress that it is remarkable that there will exist solutions for Λ(ǫ) and

λ which can simultaneously preserve both higher-dimensional Lorentz invariance and

higher-dimensional gauge invariance. After all, our four-momentum integrals are

unrestricted, while our KK summations are truncated. Likewise, our four-momenta

are continuous, while our KK momenta are discrete. Nevertheless, we shall find that

the proper solutions for Λ(ǫ) and λ will conspire to simultaneously maintain both of

these higher-dimensional symmetries at the end of any calculation.

Thus, the complete development of our EDR regulator now rests on determining

two remaining unknowns. First, we seek to determine Λ(ǫ) as a function of ǫ. Second,

we seek to determine the value of the parameter λ in Eq. (2.31).
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2.3.2 Ward-Takahashi identities for KK photons

We now demand that our EDR regulator preserve whatever five-dimensional gauge

invariance exists prior to compactification. However, before proceeding further, it is

important to determine the extent to which the process of compactification, in and of

itself, might break the full five-dimensional gauge invariance. In other words, we need

to understand the extent to which five-dimensional gauge invariance can be expected

to survive the process of spacetime compactification.

In this section, we shall address this issue within the framework of the specific

case of five-dimensional QED compactified on a circle. Although the usual Ward

identities (and indeed the more general Ward-Takahashi identities) are expected to

hold for the usual four-dimensional zero-mode photon (as a result of the residual four -

dimensional gauge invariance), we shall demonstrate that analogues of these identities

actually hold for all of the KK excitations of the photon as well . In other words, five-

dimensional gauge invariance is manifested in our compactified theory through the

existence of a whole tower of Ward(-Takahashi) identities, one for each KK photon

excitation; compactification does not break gauge invariance at the level of these

identities. As such, these identities can be taken as the signature of the original full

five-dimensional gauge invariance, and demanding that these identities continue to

hold in our compactified theory will ultimately enable us to determine the value for

the parameter λ as well as the relation between Λ and ǫ.

Let us begin by quickly reviewing the usual Ward and Ward-Takahashi identities

in 4D. Let M(p; q1, ..., qN ; q′1, ..., q
′
N) represent the full Fourier-transformed correla-

tion function for some QED process with N incoming fermions of four-momenta

{q1, ..., qN}, N outgoing fermions with four-momenta {q′1, ..., q′N}, and an incoming

photon γ with four-momentum p. In general, these fermion momenta need not be

on-shell, and we can write M in the form M = ǫµMµ where ǫµ represents the photon

polarization four-vector. Likewise, let M0 represent the full Fourier-transformed cor-
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relation function for the same process except without the photon γ. Then the usual

four-dimensional Ward-Takahashi identity states that

pµMµ(p; q1, ..., qN ; q′1, ..., q
′
N) = e

∑

i

[

M0(q1, ..., qN ; q′1, ..., (q
′
i − p), ...)

−M0(q1, ..., (qi + p), ...; q′1, ..., q
′
N)

]

,

(2.34)

where e is the unit of electric charge carried by each fermion. Moreover, if we then

use the LSZ reduction procedure to obtain the corresponding amplitude for the cor-

responding amputated diagrams, we find that the right side of Eq. (2.34) does not

contribute. We thus obtain the simpler Ward identity

pµMµ(p; q1, ..., qN ; q′1, ..., q
′
N) = 0 (2.35)

which holds when each of the external momenta (including that of the external pho-

ton) is on shell. Of course, the quantity M in Eq. (2.35) now represents the ampli-

tude of the corresponding amputated diagram, and the external momenta are now

restricted to be on-shell.

Before we consider whether and how these identities can be extended to the case

of a compactified higher-dimensional spacetime, we first review their derivation. The

usual diagrammatic proof of the Ward-Takahashi identity (see, e.g., any standard

reference such as Ref. [21]) proceeds by realizing that by summing over each of the

diagrams that contribute to M0, and then by summing over all possible ways of

inserting an extra external photon into each of these diagrams, we produce all of

the diagrams contributing to M. Thus, we can focus on any individual diagram

contributing to M0, and consider all possible ways in which an additional external

photon line can be inserted into such a diagram. In QED, a photon line can only be

inserted onto an already-existing fermion line, and there are only two possible types

of fermion lines such a diagram may contain: a closed internal loop (as illustrated
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in Fig. 2.3), or a line which ultimately connects an incoming fermion to an outgoing

fermion.

k1

k 3

q1

q2 qN−1

qN

k N−1

k2

k4

q3

kN

Figure 2.3. A closed fermion loop with N photon lines, with momentum label-
ing conventions as indicated. Summing over all possible insertion locations of an
additional photon with momentum pµ into this diagram produces the amplitude in
Eq. (2.36).

If the additional photon connects to a fermion line in the former class, the sum over

insertion locations cancels identically upon integrating over the internal fermion loop

momentum. Specifically, the sum over all insertion points for a photon of momentum

pµ into the diagram in Fig. 2.3 is proportional to

eN+1

∫

d4k1

(2π)4
tr

[

(

i

6 kN −m

)

γλN

(

i

6 kN−1 −m

)

γλN−1 ...

(

i

6 k1 −m

)

γλ1

−
(

i

6 kN+ 6 p−m

)

γλN

(

i

6 kN−1+ 6 p−m

)

γλN−1 ...

(

i

6 k1+ 6 p−m

)

γλ1

]

.

(2.36)

The γλj factors are from the vertices of the photons already shown in Fig. 2.3, and m

is the mass of the internal fermion running in the loop. [Note that these momenta ki,
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qi and the integer N have no relations to the similarly-named quantities in Eqs. (2.34)

and (2.35).] However, it is easy to see that Eq. (2.36) vanishes. Rewriting Eq. (2.36)

as the difference of two integrals, we can shift the variable of integration in the second

term from k1 to k1 +p. These two integrals thus cancel against each other identically.

We see, then, that sum over all insertion points of a photon into a closed loop is zero;

such diagrams do not contribute to right side of the Ward-Takahashi identity.

By contrast, the right side of Eq. (2.34) arises from the subclass of diagrams in

which the additional photon line attaches to a fermion line that connects an incoming

fermion to an outgoing fermion. The treatment of such diagrams is standard, and the

derivation can be found in Ref. [21]. The upshot is that the summation over diagrams

contributing to M0 then yields Eq. (2.34). Although this is only a diagrammatic proof

of the Ward-Takahashi identity, it is sufficient for our purposes and can be replaced

by a more general path-integral derivation if needed.

We now wish to extend this derivation of the Ward-Takahashi identity to the case

of five-dimensional QED compactified on a circle. Our first step will be to repeat

this derivation in five uncompactified dimensions. However, it is immediately clear

that there is no change to the basic result. Indeed, the entire diagrammatic proof

sketched above survives intact, and we obtain a five-dimensional Ward-Takahashi

identity which is identical to Eq. (2.34) except with the replacement of Lorentz indices

µ → M ≡ (µ, 4) and the understanding that all momenta are now five-momenta.

Thus, each five-momentum now contains the usual four-momentum as well as an

additional fifth component. The same is true, of course, for the external photon

momentum p.

Given this, our second and final step is to determine the extent to which this five-

dimensional Ward-Takahashi identity survives the process of compactification. Of

course, compactification has the net effect of changing each of these fifth components

from continuous to discrete. For cases in which the external photon attaches to a

fermion line stretching between incoming and outgoing fermions, this discretization
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of the fifth component has no net effect on the analysis and our algebraic results

survive as before.

However, we must also verify that there are no new features for the cases in which

the external photon attaches to a fermion line which forms a closed internal loop.

This case is special because our integral over the internal loop five-momentum now

becomes an integration over the four-dimensional loop-momentum components as well

as a discrete summation over the fifth component (i.e., a summation over the Kaluza-

Klein index of the internal fermion). To be more specific, we now wish to consider

the compactified five-dimensional analogue of Fig. 2.3 in which each of the momenta

shown represents a discretized five-momentum, with ki ≡ (kµi , k
4
i ) and qi ≡ (qµi , q

4
i )

where k4
i ≡ ri/R and q4

i ≡ si/R for some integers ri, si ∈ ZZ. If our external photon

has five-momentum p ≡ (pµ, n/R), the sum over insertion locations for this external

photon now leads to the compactified five-dimensional amplitude

eN+1
∑

r∈ZZ

∫

d4k1

(2π)4
tr

[

(

i

6 kN −m

)

γλN

(

i

6 kN−1 −m

)

γλN−1 ...

(

i

6 k1 −m

)

γλ1

−
(

i

6 kN+ 6 p−m

)

γλN

(

i

6 kN−1+ 6 p−m

)

γλN−1 ...

(

i

6 k1+ 6 p−m

)

γλ1

]

(2.37)

where quantities such as 6k are now understood to represent five-dimensional con-

tractions, i.e., 6k ≡ kMγ
M ≡ kµγ

µ − (r/R)γ̃4 where γ̃4 ≡ iγ5 = γ0γ1γ2γ3. Just

as with Eq. (2.36), we can once again separate these terms into distinct integra-

tions/summations and recognize that the second term is the same as the first term

except for the algebraic replacements kµi → kµi +pµ and ri → ri+n. The first of these

replacements has no net effect because the four-momentum integration in Eq. (2.37)

has infinite range; indeed, this range remains infinite even when the integrand is reg-

ulated through 4D dimensional regulation. However, the situation with the second

replacement is slightly more subtle. Of course, the shift ri → ri + n does not disturb

the form of our KK summation because each integer ri in the summation range is
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merely being shifted by another integer n. However, in this case the summation range

is not infinite, since there is an implicit cutoff. It is therefore only as this cutoff is

removed at the end of the calculation that the replacement ri → ri + n has no net

effect on the KK summation, and Eq. (2.37) holds. Of course, for the special n = 0

case (corresponding to a zero-mode external photon), this last issue does not arise,

and the KK summation is unaltered regardless of the value of the cutoff.

Putting the pieces together, then, we obtain a Ward-Takahashi identity which is

suitable for five-dimensional spacetimes with a single compactified dimension:

pM MM(p; k1, ..., kN ; q1, ..., qN) = e
∑

i

[

M0(k1, ..., kN ; q1, ..., (qi − p), ...)

−M0(k1, ..., (ki + p), ...; q1, ..., qN)

]

.

(2.38)

Here M is the five-dimensional Lorentz index, and all momenta are understood to be

five-momenta. As usual, this identity holds in the presence of a suitable regulator.

In the special case of a zero-mode external photon, this identity holds exactly. By

contrast, for all other cases, this identity holds up to terms which vanish as the

regulator is removed.1 The identity in Eq. (2.38) is quite powerful, however: it implies

not only that our ordinary (zero-mode) photon satisfies the Ward-Takahashi identity

(as we might have always expected), but also that each of our excited KK photons

satisfies a Ward-Takahashi identity as well . In this sense, our original five-dimensional

gauge invariance has survived the process of compactification — even though our

original five-dimensional Lorentz invariance is broken.

Given this result, we can then generate a corresponding five-dimensional Ward

identity in the usual way. In general, Ward identities follow from the Ward-Takahashi

identities through LSZ reductions, but we do not really require the full LSZ machinery.

1We stress that this is not a trivial result. Even in 4D, not all regulators satisfy this property.
For example, a hard cutoff Λ in 4D results in a violation of the Ward identity, which is proportional
to Λ2. As the cutoff tends to infinity, the violation does as well.
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The critical observation is that the two sides of Eq. (2.38), just like the two sides of

its four-dimensional version Eq. (2.34), have differing pole structures in momentum

space: the left sides of these equations have 2N + 1 poles, while the right sides

of these equations have 2N poles. Nothing pertaining to the dimensionality of the

spacetime or the process of compactification reconciles this mismatch in the pole

structure. Consequently, passing to the amplitudes of the corresponding amputated

diagrams and placing our external particles on shell, we find that the right sides

of these equations cannot contribute, and thus we obtain a five-dimensional Ward

identity which holds for each KK photon:

pM MM(p; k1, ..., kN ; q1, ..., qN) = 0 . (2.39)

As with Eq. (2.38), it is understood that this is an exact relation which holds for

zero-mode external photons in the presence of a regulator; for excited KK photons,

by contrast, this relation holds up to terms which vanish as the regulator is removed.

However, this will be sufficient for our purposes.

Finally, note that unlike the Ward-Takahashi identities in Eq. (2.38), the Ward

identities in Eq. (2.39) hold only when the external photon is on-shell. However, in

the special case of amplitudes with no external fermions, the right side of Eq. (2.38)

vanishes identically. In such cases, we expect the Ward identity in Eq. (2.39) to hold

regardless of whether the external photon momentum is on-shell or off-shell.

One important special case that we will shortly consider is the case of diagrams

with two external photons and no external fermions — i.e., a five-dimensional vac-

uum polarization diagram. By momentum conservation, the five-momentum pM =

(pµ, n/R) of the incoming photon will be equal to the five-momentum of the outgoing

photon. In this case, our amplitude MMN will have two five-dimensional Lorentz

indices, and our Ward identities take the form

pM MMN = pN MMN = 0 . (2.40)
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Expanded out, these identities imply

pµMµν =
n

R
M4ν and pν Mµν =

n

R
Mµ4 (2.41)

as well as

pµMµ4 =
n

R
M44 and pν M4ν =

n

R
M44 . (2.42)

Combining these two results, we thus obtain the relation

pµpν Mµν =
( n

R

)2

M44 . (2.43)

Of course, our derivation of these identities has been purely diagrammatic and

restricted to the special case of five-dimensional QED compactified on a circle. De-

spite these limitations, the arguments of this section should easily generalize to the

case of multiple extra dimensions compactified on square tori. Moreover, we expect

identities like these to hold for even more general spacetimes and compactifications.

After all, Ward(-Takahashi) identities are merely expressions of Noether’s theorem

(and resulting Schwinger-Dyson equations) applied to gauge symmetries. As such,

they can generally be proven using path-integral techniques which should survive

compactification as long as no spacetime boundary is introduced (to produce new

surface terms). Thus, we expect a Ward identity of this type to emerge whenever

our higher-dimensional Lagrangian exhibits a gauge symmetry and the spacetime is

compactified on a smooth manifold.

Needless to say, the situation can be significantly different for compactifications

on orbifolds. The presence of fixed points (or fixed lines/planes, etc.) can give rise to

surface terms (such as brane kinetic terms) which render the would-be Ward identities

invalid for all but the usual four-dimensional Ward identity on the brane. Moreover,

even for compactifications on manifolds, we stress that the corresponding Ward iden-

tities may not always take a recognizable form. Implicit in our derivation above was

the assumption that the Kaluza-Klein eigenfunctions coincide with momentum eigen-

functions. While this is true for compactifications on square tori, this will not be
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true in general: for example, compactification on a sphere produces Legendre poly-

nomials which have no interpretations in terms of individual plane waves. Since our

Ward identities are usually written in terms of momentum-space wave functions, such

compactifications can lead to Ward identities involving many non-trivial interactions

between individual plane-wave modes.

Finally, we remind the reader that not every regulator will respect these identities:

certain UV divergences can spoil the argument we made about insertions into a KK

fermion loop. For example, some regulators (e.g., the hard cutoff) are known to

violate these identities in four dimensions. Thus, only certain regulators will respect

these five-dimensional Ward(-Takahashi) identities, and it is the goal of this section

to determine for which regulators this is the case.

2.3.3 Imposing the Ward-Takahashi identities for KK photons

We now impose our higher-dimensional Ward-Takahashi identities in order to derive a

relationship between the dimensional-regularization parameter ǫ and the summation

cutoff Λ introduced in Sect. 2.3.1. We shall also determine the precise value for λ

introduced in Eq. (2.31).

To do this, we consider the special case of Fig. 2.1 in which the external particles

are on-shell KK photons and the particles running in the loop are a tower of KK

fermions with bare mass M (so that the tree-level squared mass of the rth excitation

is given by r2/R2 + M2). Such a diagram is indeed nothing but a five-dimensional

vacuum polarization diagram with two Lorentz indices (M,N) corresponding to the

external photons, and this is precisely the sort of diagram for which we expect the

higher-dimensional Ward identities given in Eqs. (2.40) though (2.43) to hold.

Prior to regularization, the different components of the vacuum polarization am-

plitude take the form

LMN
n = − 4e2

∫ 1

0

dx
∑

r

∫

d4ℓ

(2π)4

[

1

ℓ2 − ℓ42 −M2(x)

]2

ΩMN
n (2.44)
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where

Ωµν
n = 2ℓµℓν + 2x(x− 1)pµpν

+ gµν
[

−ℓ2 + ℓ4
2
+ (2x− 1)(n/R)ℓ4 −M2(x) + 2M2

]

Ωµ4
n = pµ

[

(2x− 1)(n/R)ℓ4 + 2x(x− 1)n/R
]

Ω44
n = ℓ2 + ℓ4

2
+ (2x− 1)(n/R)ℓ4 + 2x(x− 1)n2/R2 + M2(x) − 2M2 . (2.45)

Here n is the mode number of the external photon, and in writing these expressions,

we have continued to use the notation and conventions listed at the beginning of

Sect. 2. The procedure outlined in Sect. 2.3.1 then demands that we regularize four-

momentum integrals by taking their dimensionality to be d = 4−ǫ, truncate KK sums

according to Eq. (2.30), and also deform the integrands according to Eq. (2.31). After

performing the momentum loop integrations, we then find that these components take

the form

LMN
n = − ie2

4π2
Rǫ

∫ 1

0

dx

Λ(ǫ)R+xn
∑

r=−Λ(ǫ)R+xn

fMN
n (2.46)

where

fµνn =
{[

(2x− 1)(n/R)ℓ4 + 2M2 − 2M2(x)
]

gµν + 2x(x− 1)pµpν
}

W

fµ4
n = pµ

[

(2x− 1)ℓ4 + 2x(x− 1)(n/R)
]

W

f 44
n =

[

3ℓ4
2
+ (2x− 1)(n/R)ℓ4 + 2x(x− 1)(n/R)2 + 3M2(x) − 2M2

]

W

+ (1 − 2λ)ℓ4
2
+ M2(x) (2.47)

with

W ≡ 2

ǫ
− γ + log(4π) − log[(ℓ4R)2 + (M(x)R)2] + O(ǫ) . (2.48)

Here γ is the Euler-Mascheroni constant. Note that the KK summation in Eq. (2.46)

does not necessarily force the terms which are linear with respect to ℓ4 to vanish.

This is an important distinction from the case in which ℓ4 is a continuous variable.

Given these expressions for the vacuum polarization diagrams, we now demand

that they respect the Ward identities (2.41) and (2.42) for the KK photon modes.
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First, we immediately observe from the above results that

pµ f
µν
n =

( n

R

)

f 4ν
n . (2.49)

Thus, we find that the full Ward identity in Eq. (2.41) for the amplitudes LMN
n

is satisfied identically as the result of a Ward identity for the integrands fMN
n for

all external KK photon mode numbers n. This implies that the Ward identity in

Eq. (2.41) holds regardless of whether the external KK photon is on-shell or off-shell,

and regardless of how ǫ and Λ are related in the internal KK sum in Eq. (2.46).

Moreover, because this amplitude contains no external fermions, the fact that the

Ward identities hold when the external photon momenta are off-shell implies that the

full Ward-Takahashi identities hold as well. Thus, while Eq. (2.49) is an important

self-consistency check on our approach, it does not yield any new information which

helps us determine Λ(ǫ) or λ.

The situation, however, is different for the Ward identity in Eq. (2.42). Examining

the integrands, we find that

pµf
µ4 −

( n

R

)

f 44 =

[

−
( n

R

)(

3ℓ4
2
+ M2(x)

)

+ (2x− 1)ℓ4
(

p2 − n2

R2

)]

W

−
( n

R

) [

(1 − 2λ)ℓ4
2
+ M2(x)

]

. (2.50)

Note that this vanishes identically when our external photon is the zero-mode photon

(i.e., n = 0) and is on-shell. Thus, we find that the Ward identity in Eq. (2.42) also

holds automatically for zero-mode photons, as we expect. Moreover, even when the

external zero-mode photon is not on-shell, the Ward(-Takahashi) identity continues

to hold because the non-zero factor (p2 − n2/R2) in Eq. (2.50) comes multiplied by

a single power of ℓ4, which vanishes over the symmetric r-summation in Eq. (2.46).

Together, this is nothing but the preservation of four-dimensional gauge invariance,

which once again occurs regardless of the precise relations between Λ, λ, or ǫ.

By contrast, in order to preserve five-dimensional gauge invariance, we require

that the Ward(-Takahashi) identities in Eq. (2.42) hold for all KK photons — i.e.,
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for all values of n. We must therefore concentrate on the cases when n 6= 0, and

determine a value for λ and a relation between the KK summation cutoff Λ and ǫ

such that Eq. (2.42) holds. At first glance, our main complication is that our cutoffs

Λ appear only in the KK summation limits. However, since n 6= 0, we can utilize the

variable-transformation methods we developed in Sect. 2. Specifically, following the

steps outlined in Sect. 2, we change variables from x to û defined in Eq. (2.14) and

from r to r̂ defined in Eq. (2.15), and then drop the hats from û and r̂. This amounts

to the algebraic substitution x → (u + j)/|n|, and we shall define y ≡ (u + j)/|n|.
Following Eq. (2.33), we can then write

pµL
µ4 − n

R
L44 =

ie2

4π2

sign(n)Rǫ

R

ΛR
∑

r=−ΛR+1

1

|n|

|n|−1
∑

j=0

∫ 1

0

du fn (2.51)

where the integrand fn is the variable-shifted version of Eq. (2.50), i.e.,

fn =

[

|n|
(

3(r − u)2

R2
+ M2(y)

)

+ (1 − 2y)(r − u)

(

p2 − n2

R2

)]

W

+ |n|
[

(1 − 2λ)
(r − u)2

R2
+ M2(y)

]

. (2.52)

Here W continues to represent the quantity in Eq. (2.48), now written with the

algebraic substitutions (Rℓ4)2 → (r − u)2 and M2(x) → M2(y).

It is not immediately clear which relationships between Λ, λ, and ǫ would force

the expression in Eq. (2.51) to vanish as Λ → ∞ (or as ǫ → 0), or whether such a

relation even exists. However, we may consider the special case in which the external

KK photons are on-shell. In other words, we can restrict our attention to the Ward

identities rather than the full Ward-Takahashi identities. Once we determine the

appropriate relationships between Λ, λ, and ǫ for the purposes of maintaining the

Ward identities, we can then verify that the full Ward-Takahashi identities hold as

well.

When the external KK photons are on-shell, p2 − n2/R2 = 0 and M2(y) = M2.

Our integrand is also independent of j, which enables us to explicitly perform the
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j-summation in Eq. (2.51) and soak up the overall factor of |n|. We then see that

Eq. (2.51) is given by

pµL
µ4 −

( n

R

)

L44

=
ie2nRǫ

4π2R

ΛR
∑

r=−ΛR+1

∫ 1

0

du

[

(

3(r − u)2

R2
+M2

)

W + (1 − 2λ)
(r − u)2

R2
+M2

]

=
ie2nRǫ

4π2R

ΛR−1
∑

r′=−ΛR

∫ r′+1

r′
dw

[

(

3w2

R2
+M2

)

W + (1 − 2λ)
w2

R2
+M2

]

=
ie2nRǫ

4π2R

∫ ΛR

−ΛR

dw

[

(

3w2

R2
+M2

)

W + (1 − 2λ)
w2

R2
+M2

]

=
ie2nRǫ

4π2R

{

2Λ̃3

R2

[

1 + c− 2λ

3
− log(Λ̃2 +M2R2)

]

+ 2Λ̃M2
[

1 + c− log(Λ̃2 +M2R2)
]

}

. (2.53)

Note that the second equality above follows from defining w ≡ u − r and r′ = −r,
and the third follows from explicitly performing the truncated KK sum. The fourth

equality is obtained by substituting W = 2/ǫ− γ+ log(4π)− log[w2 +(MR)2] +O(ǫ)

and explicitly evaluating the w-integral. Finally, in writing the final line, we have

defined Λ̃ ≡ ΛR and c ≡ 2/ǫ− γ + log(4π).

Given these results, we see that there are many different ways in which this final

expression can be made to vanish as Λ̃ → ∞, as required by our Ward identity

for excited KK photons. One possibility, for example, is to demand that Λ and ǫ be

related to each other such that 1+c = log(Λ̃2+M2R2) up to terms which vanish more

strongly than 1/Λ̃3 as Λ̃ → ∞. If we additionally take λ = 0, then both of the terms in

the final expression in Eq. (2.53) will vanish as Λ̃ → ∞ (or as ǫ→ 0). However, such
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relations are not suitable for a bona-fide regulator because they depend on M . They

thus depend on the particular fermions in the theory, and are not theory-independent.

It turns out that there is only one possible M-independent regulator which does

the job. For large Λ, we can write log(Λ̃2+M2R2) ≈ 2 log(Λ̃)+(MR/Λ̃)2, whereupon

Eq. (2.53) takes the form

pµL
µ4 −

( n

R

)

L44 =
ie2nRǫ

4π2R

[

2Λ̃3

R2

(

1 + c− 2λ

3
− 2 log Λ̃

)

+ 2Λ̃M2
(

c− 2 log Λ̃
)

+ O(MR/Λ̃)

]

. (2.54)

We therefore demand that c = 2 log Λ̃ up to terms which vanish faster than 1/Λ̃3

as Λ̃ → 0, and we likewise choose λ = 3/2. These choices guarantee that pµL
µ4 −

(n/R)L44 → 0 as ǫ→ 0, i.e., as Λ → ∞.

Thus, to summarize, we conclude that the proper relationship between Λ and ǫ is

given by
2

ǫ
− γ + log(4π) + O(ǫ) = 2 log(ΛR) + δ (2.55)

where δ → 0 as Λ → ∞. [For example, for the expression in Eq. (2.54), we know that

δΛ3 → 0 as Λ → ∞.] We shall discuss the role played by δ below. We also conclude

that

λ = 3/2 . (2.56)

Eqs. (2.55) and (2.56) are the relations between Λ, λ, and ǫ which preserve higher-

dimensional gauge invariance as well as higher-dimensional Lorentz invariance. As

such, these relations therefore define our extended dimensional-regularization (EDR)

procedure. Moreover, as we shall see, these relations are universal (as demanded by

our criterion of theory-independence): as we shall soon discuss, they apply for any

loop diagram in any theory with a circular extra dimension, even though we derived

them via a study of five-dimensional QED.
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Finally, although we have shown above that these relations are sufficient to satisfy

the Ward identities for all KK photons, we have also verified through an explicit cal-

culation that they actually satisfy the full Ward-Takahashi identities for KK photons

as well. In other words, the Ward identities are satisfied regardless of whether the

external photon momenta are on-shell or off-shell.

We should also emphasize an important point. Clearly, our EDR regulator should

be applicable for all values of the compactification radius R. As such, the EDR

regulator should be applicable even in the R → ∞ limit in which flat five-dimensional

Minkowski space is restored and our KK sum becomes an integral. However, even

in this limit, our EDR regulator does not reduce to ordinary ’t Hooft-Veltman 5D

dimensional regularization. This is because we are continuing to treat the resulting

five-dimensional momentum integral in an asymmetric way, even in the R → ∞ limit,

using 4D dimensional regularization for the large spacetime dimensions and a hard

cutoff for the extra spacetime dimension. Thus, while we continue to have a self-

consistent regulator even in the R → ∞ limit, this is not the flat five-dimensional

version of the ordinary ’t Hooft-Veltman regulator. Note that this situation was

entirely different for our extended hard-cutoff regulator in Sect. 2. In that case, the

R → ∞ limit does reproduce an ordinary five-dimensional hard cutoff.

Another example of this difference between the R → ∞ limit of the EDR proce-

dure and the ordinary 5D ’t Hooft-Veltman dimensional regularization procedure is

the fact that EDR involves a deformation of the four-momentum components of the

form ℓµℓν → ℓ2gµν/(4−ǫ), but a deformation of the extra fifth component of the form

in Eq. (2.31) with λ = 3/2. These deformations are intrinsically different, and remain

so even in the R → ∞ limit; indeed, neither of these deformations is what would be

encountered in 5D ’t Hooft-Veltman dimensional regularization. These inequivalent

deformations in some sense compensate for the inequivalent regularizations applied to

the four-momenta and the KK momenta, and are precisely what are required in order

to maintain the Ward-Takahashi identities. Moreover, as we shall discuss below, this
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is also necessary for the maintenance of five-dimensional Lorentz invariance for all

values of R.

Despite these differences, the overall form of the relation (2.55) is expected at

a certain intuitive level. We know, for example, that the 1/ǫ pole in ordinary 4D

dimensional regulation corresponds to a logarithmic divergence, and a logarithmic

divergence manifests itself as the logarithm of a cutoff Λ. Thus, a relation of the form

in Eq. (2.55), which relates 1/ǫ to log(Λ), is to be expected. What is non-trivial,

by contrast, is that this relation also preserves five-dimensional gauge invariance, as

expressed through the preservation of the Ward identities. This, of course, was the

objective of our entire analysis.

2.3.4 Loose ends

Thus far, our development of the EDR regulator has led us to the conditions in

Eqs. (2.55) and (2.56). However, there are a number of issues which we have not yet

addressed:

• We have not yet demonstrated that these conditions preserve higher-dimensional

Lorentz invariance.

• We have not yet demonstrated that these conditions are universal — i.e., that

they suitably regulate the divergences that might appear in any potential dia-

gram in a gauge-invariant five-dimensional theory compactified on a circle, so

that all possible amplitudes satisfy appropriate Ward-Takahashi identities.

• And finally, we have not yet discussed the significance of the quantity δ which

appears in Eq. (2.55).

All of these issues must be addressed before we can claim to have a bona-fide

regulator for five-dimensional theories compactified on a circle. The purpose of this

section is to address each of these issues, one at a time.
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Higher-dimensional Lorentz invariance We begin by considering the issue of higher-

dimensional Lorentz invariance.

It is, of course, unavoidable that reducing the dimensionality of our uncompactified

spacetime from four dimensions to d ≡ 4 − ǫ dimensions breaks higher-dimensional

Lorentz invariance, since this dimensional-alteration process cannot regularize discrete

KK sums. Therefore, the best one can do in a dimensional-regularization setup is to

restore the higher-dimensional Lorentz symmetry at the end of a calculation, just as

we restore the Ward identities (and more generally, the Ward-Takahashi identities)

in the Λ → ∞ limit. However, we already know that our extended hard-cutoff (EHC)

regularization procedure in Sect. 3 preserves five-dimensional Lorentz invariance, by

construction. Therefore, within the context of a five-dimensional theory without

gauge invariance, if we can demonstrate that our EHC and EDR procedures lead to

identical results after the cutoffs are removed, we will have demonstrated that our

extended dimensional-regularization procedure preserves higher-dimensional Lorentz

invariance. Fortunately, we have done this calculation within the context of the

effective field theories of KK modes discussed in Ref. [19], and the results are positive.

Moreover, even within the calculation we have done in Sect. 3.3, it is straightfor-

ward to verify that five-dimensional Lorentz invariance is preserved. Recall that we

began with a vacuum-polarization amplitude in Eq. (2.44) which a priori transforms

as a five-dimensional Lorentz tensor. However, after we impose our regulator, this

expression took the form in Eq. (2.46) where the integrands for the different Lorentz

components are given in Eq. (2.47). Clearly, the forms of these different Lorentz

components are quite different, and it seems that higher-dimensional Lorentz invari-

ance is broken. However, if we take the R → ∞ limit, the KK sum in Eq. (2.46)

becomes an integral. Imposing the relations in Eqs. (2.55) and (2.56) and assuming

that M2(x) ≥ 0, we then find that these different components all collapse into the
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single form

LMN = − ie25
8π3

∫ 1

0

dx 2x(1 − x)
{

[p2 − (p4)2]gMN − pMpN
}

W ′ (2.57)

where e5 ≡
√

2πR e is the 5D gauge coupling and where

W ′ = 4Λ − 2π
√

M2(x) + O(m2/Λ) . (2.58)

Likewise, similar expressions can be derived for the case with M2(x) < 0. Clearly,

the expression in Eq. (2.57) transforms as a higher-dimensional Lorentz tensor. We

note that this happens only if we impose the relations in Eq. (2.55) and (2.56).

We shall present further explicit evidence of the preservation of five-dimensional

Lorentz invariance in Sect. 2.4.

Universality In this section, we discuss the question of universality — i.e., whether

our EDR regulator can suitably regulate the divergences that might appear in any

potential one-loop diagram in a gauge-invariant five-dimensional theory compactified

on a circle.

Thus far, we have only demonstrated that EDR preserves the higher-dimensional

Ward-Takahashi identities for vacuum polarization diagrams with two external KK

photons. However, our regulator should respect higher-dimensional gauge symmetry

in general. This only can happen if our extended dimensional-regularization proce-

dure preserves KK Ward identities and Ward-Takahashi identities for arbitrary QED

processes in higher dimensions.

Even though there are an infinite number of possible amplitudes in QED, it is suf-

ficient for our regulator to preserve KK Ward-Takahashi identities for loop diagrams

of the type shown in Fig. 2.3, with no external fermions. This is because a divergence

from this type of diagram is the only effect which has the potential to spoil the proof

of the Ward-Takahashi identity that we outlined in Sect. 3.2. Furthermore, power

counting in 5D implies that diagrams with six or more external KK photons should
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be finite (provided the assumption we have made all along that higher order operators

in 5D QED can be ignored). Hence, we only need to check that the Ward-Takahashi

identities hold for amplitudes with at most five external photons and no external

fermions. Note that for such amplitudes, the Ward-Takahashi identity reduces to

the same form as the Ward identity, except that the external photons need not be

on-shell.

We can therefore consider the cases with 0 ≤ N ≤ 5 external photons individually.

Just as elsewhere in this chapter, we restrict our attention to one-loop diagrams.

• N = 0: Diagrams of this form with no external photons are mere vacuum

bubbles which never contribute to physical amplitudes (provided we neglect

gravity).

• N = 1, 3, 5: In these cases, our amplitudes have odd numbers of external pho-

tons and vanish as a consequence of Furry’s theorem. Note that Furry’s theorem

is itself a direct consequence of charge-conjugation symmetry, and does not rely

on gauge invariance per se. Since our regulator respects charge-conjugation in-

variance, the KK Ward-Takahashi identities are thus trivially satisfied in each

of these cases.

• N = 2: This is the case we already examined, and we have already shown that

our dimensional-regularization procedure respects KK Ward-Takahashi identi-

ties for such vacuum polarization diagrams.

Given these conclusions, it only remains to check that our regulator preserves the

Ward-Takahashi identities in the N = 4 case, i.e., for “box” diagrams of the type

shown in Fig. 2.3 with four external KK photons.

Of course, if gauge invariance is truly maintained, then power counting actually

over-estimates the degree of divergence in each diagram. This is because gauge invari-

ance generally removes several powers of divergence from each diagram. For example,
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we have already seen that gauge invariance forces the vacuum polarization diagrams

to diverge linearly in the summation cutoff Λ rather than cubically. In general, in-

serting extra external photons will also decrease the degree of divergence. Therefore,

if we can show that the N = 4 box diagram is actually finite, then our demonstration

of universality is complete.

Evaluating the box diagram is a rather complicated undertaking, even in four di-

mensions [22]. Therefore, rather than providing a direct evaluation in five dimensions,

we shall instead provide an indirect argument that this diagram is indeed finite. Our

argument proceeds as follows. Let us first consider the R → ∞ limit in which our ex-

tra dimension is completely uncompactified. In this case, we know that the ordinary

’t Hooft-Veltman 5D dimensional regularization procedure [20] provides a valid regu-

lator which preserves the Ward-Takahashi identities. Given that the Ward-Takahashi

identities are satisfied for this regulator, it can be shown that our 5D box amplitude

is finite; this will be demonstrated explicitly below. Thus, we conclude that the box

amplitude is finite in the R → ∞ limit. However, the process of compactifying the

extra spacetime dimension cannot change the leading-order divergence structure of

an amplitude; an amplitude which is finite as R → ∞ must be finite for all values

of R. This radius-independence of the leading divergence structure follows from the

fact that the UV behavior of an amplitude should be independent of the large-scale

geometry of our smooth spacetime manifold. (Indeed, one of the primary alternative

regularization methods to be discussed in Sect. 4 will depend on this fact.)

The only missing step, then, is to demonstrate that our five-dimensional box am-

plitude is finite in the R → ∞ limit if the Ward-Takahashi identities hold. However,

this result is well-known in the four-dimensional case (see, e.g., Ref. [21]), and every

step of the proof carries directly over to the case of the one-loop box amplitude in

five dimensions. The only difference is that rather than having a degree of divergence

of −4 (as in four dimensions), this amplitude now has a degree of divergence of −3.

One might worry that this proof has a potential loophole. Since the individual
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diagrams contributing to the box amplitude are separately superficially divergent,

a bad choice of regulator could disturb the cancellation between diagrams triggered

by gauge invariance, thereby yielding an incorrect, divergent result. However, it is

always possible to use a gauge-invariant regulator such as the Pauli-Villars regulator

in order to render each diagram individually superficially convergent. There is then

no danger of destroying the cancellations between diagrams, and the Pauli-Villars

regulator can be lifted at the end of the calculation. Indeed, this “pre-treating” of

each diagram with a Pauli-Villars regulator can also be used to justify the Furry-

theorem cancellations inherent in the N = 1, 3, 5 diagrams.

Within box diagrams, such cancellations are actually rather robust. For example,

in the four-dimensional case, the required cancellations are known to occur in a special

case (so-called “Delbrück scattering” [22]) even when a simple hard cutoff is used.

We thus conclude that the EDR procedure preserves the Ward-Takahashi identities

for all possible one-loop diagrams in five-dimensional QED compactified on a circle.

The fate of δ Thus far, we have shown that our momentum integrations and KK

sums must have cutoff parameters ǫ and Λ which are related through Eq. (2.55).

This expression is sufficient to describe the manner in which ǫ and Λ are correlated

as ǫ→ 0 (or as Λ → ∞).

However, each side of this relation contains additional terms [O(ǫ) and δ respec-

tively] which vanish in these limits. Even though these terms individually vanish,

it may seem that determining these terms can be critical for performing radiative

calculations. For example, in a given calculation, δ may eventually be multiplied by

terms which grow as Λ → ∞; this structure is already apparent in expressions such

as Eq. (2.54). Thus, it may appear that δ can give rise to non-zero terms which con-

tribute to the final results of radiative calculations, even after the cutoff is removed.

Clearly, the precise form of the O(ǫ) terms will depend on the specific diagram in

question, much as we expect in ordinary 4D dimensional regularization. Consequently,
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we expect that δ will also be a diagram-dependent quantity. We stress, however, that

the relation (2.55) is itself general. Indeed, the only diagram-dependence is in how

certain terms (which vanish as the cutoffs are removed) are reallocated between O(ǫ)

and δ in Eq. (2.55).

We shall now discuss the fate of δ as a contributing factor in any field-theory

calculation. As we shall explain, no physical observable can possibly depend on δ.

Therefore, it is never necessary to calculate δ for any given diagram, and the universal

relation in Eq. (2.55) is sufficient for the calculation of any physical observable.

This claim ultimately rests on the observation that any physical observable must

be finite and regulator-independent. For example, a diagram such as that in Fig. 2.1

represents a one-loop mass shift for the external particle. If Ln represents the value

of this diagram when the external particle carries KK mode number n, we know

that each Ln might individually be divergent; it is only after renormalization that

such a one-loop corrected mass becomes finite. However, differences such as Ln −L0

represent one-loop radiative contributions to the mass differences between different

KK modes. Since such mass differences are physical observables, quantities such as

Ln −L0 should be both finite and regulator-independent. In the upcoming chapters,

we shall demonstrate that such differences are indeed regulator-independent: even

though the raw expressions for the loop-diagram differences appear to contain the

regulator cutoffs, these cutoffs can all be eliminated through resummations and can-

cellations. However, imposing the requirement of finiteness on these differences will

lead us to our observation about the irrelevance of δ.

We begin by considering the result of any single diagram. Our interest is in the

behavior of such a diagram as our cutoff is removed (i.e., as Λ → ∞), so we shall

concentrate on only those contributions which potentially survive as Λ → ∞. In

general, following steps such as those which led to Eq. (2.54), we may express the
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value of any particular diagram L(i) in the form

L(i) ∼ α
(i)
0 + α(i)(Λ) + δ(i)(Λ) β(i)(Λ) (2.59)

where the symbol ‘∼’ indicates that we are only retaining terms which survive as

Λ → ∞. In Eq. (2.59), α
(i)
0 is a diagram-dependent constant term, while α(i) and

β(i) are diagram-dependent diverging functions of Λ. Likewise, δ(i) is our diagram-

dependent δ-parameter. Even though δ(i) is assumed to vanish as Λ → ∞, it multiplies

a potentially divergent function β(i)(Λ) and thus can still give rise to a contribution

which survives as Λ → ∞. In general, this contribution will take the form

δ(i)(Λ) β(i)(Λ) ∼ b
(i)
0 + b(i)(Λ) (2.60)

where once again b
(i)
0 is a potential constant (Λ-independent) term and b(i)(Λ) is a

divergent function of Λ.

Given these individual diagrams L(i), the correction to a physical observable at

one-loop order will always take the form of a linear combination
∑

ciL
(i). Such a

physical observable will therefore have the divergence behavior

∑

ciL
(i) ∼

∑

i

ciα
(i)
0 +

∑

i

ciα
(i)(Λ) +

∑

i

cib
(i)
0 +

∑

i

cib
(i)(Λ) . (2.61)

However, because this corresponds to a physical observable, we know that this ex-

pression must be finite as Λ → ∞. We therefore have that

∑

i

ciα
(i)(Λ) = −

∑

i

cib
(i)(Λ) . (2.62)

Moreover, as we shall explain below, we further claim that

∑

i

cib
(i)
0 = 0 . (2.63)

Thus, regardless of the precise value of the δ(i)(Λ) functions, we see that their entire

purpose is simply to soak up all other potential divergences from physically observable
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quantities. In the end, the final result for any physical observable in the Λ → ∞ limit

is given by
∑

i ciα
(i)
0 , and this quantity is completely δ(i)-independent.

Of course, a critical step here was the assumption in Eq. (2.63) that
∑

i cib
(i)
0 = 0.

However, this quantity must cancel because it is regulator-dependent (depending

ultimately on the individual δ(i)’s). Indeed, as we have discussed above, this quantity

is related to the regulator-dependent O(ǫ) terms through Eq. (2.55), and as such these

b
(i)
0 terms are analogous to the factors of log(4π) or the Euler-Mascheroni constant

γ which appear in dimensional regularization calculations but have no observable

effects. The cancellation in Eq. (2.63) is merely the expression of the fact that such

terms will always cancel in the calculation of any physical observable.

Thus, we conclude that the δ terms in Eq. (2.55) — although potentially important

for the value of any individual diagram L(i) — will ultimately be irrelevant for the

calculation of any physical observable. Therefore, as indicated above, it is never

necessary to calculate δ for any given diagram, and the universal relation in Eq. (2.55)

is sufficient for the calculation of any physical observable.

2.4 Comparisons with Other Regulators

In this section, we shall compare our techniques with other regulators that exist in the

literature for dealing with higher-dimensional quantum field theories with compact-

ified extra dimensions. We shall pay particular attention to existing methods which

respect higher-dimensional symmetries, with the purpose of demonstrating that our

regulator successfully reproduces results that can be obtained by these methods.

However, we also shall explain why our particular regulators are useful, despite the

existence of alternatives. We shall also illustrate the unwanted complications that

can emerge when one employs a regulator which does not respect higher-dimensional

symmetries.
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2.4.1 Review of existing techniques

We begin by reviewing various regularization techniques which have already appeared

in the literature.

The most straightforward way to analyze radiative corrections on extra dimensions

is to decompose our higher-dimensional fields in terms of KK modes, and to treat these

modes as heavy 4D particles. One defines the theory up to some large but finite cutoff

Λ, and the Euclidean four-momenta of particles and their KK masses are assumed to

lie below this cutoff, i.e.,

p2
E ≤ Λ2 , (2.64)

and

m2
n ≤ Λ2 , (2.65)

where mn is the mass of the nth KK mode. For compactifications on a circle, these

masses given by the usual dispersion relation:

m2
n = m2 +

n2

R2
. (2.66)

In the usual treatments, Eqs. (2.64) and (2.65) are taken to be independent con-

straints, since such a regulator is insensitive to the original higher-dimensional nature

of the KK theory. By contrast, the dispersion relation in Eq. (2.66) is nothing but

the expression of 5D Lorentz invariance which exists at tree level.

This sort of regulator has been applied in a number of calculations going all

the way back to the original work in Ref. [15], in which it was shown that gauge

coupling unification can occur with a significantly reduced GUT scale in a higher-

dimensional context, and that large fermion mass hierarchies can also be generated.

Since then, regulators such as these have been applied in a variety of contexts having

to do with precision studies of extra dimensions and their diverse effects on ordinary

four-dimensional (zero-mode) physics.
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These studies all have one feature in common: they are concerned with the prop-

erties of the zero modes and the radiative corrections to these properties which are

induced by the existence of the excited KK states. Because the properties of the

zero modes are sensitive to only four-dimensional symmetries, regulators which break

five-dimensional symmetries but preserve four-dimensional symmetries are sufficient

for such calculations. For example, it is straightforward to demonstrate that for cal-

culations involving only zero modes, the sort of 4D regulator defined in Eqs. (2.64)

and (2.65) and the 5D regulator we introduced in Sect. 2.2 will yield results whose

divergences differ by at most an overall multiplicative constant. However, such a

constant can be absorbed into the definition of the cutoff itself (which is particularly

ambiguous in a nonrenormalizable theory), and these effects necessarily vanish as the

regulator is removed. Thus, both types of regulators will produce identical results for

all zero-mode calculations.

Unfortunately, such four-dimensional regulators are insufficient for calculations of

the properties of the excited KK modes themselves. Such regulators are therefore

also insufficient for calculations that aim to compare the properties of the excited KK

modes (such as their masses or couplings) with those of the zero modes, as might be

extracted in a collider experiment. Indeed, as we shall show explicitly in Sect. 2.4.3,

such four-dimensional regulators lead to unphysical artifacts which are difficult to

disentangle from true, physical effects.

To date, there are very few calculational methods in the literature which preserve

the original higher-dimensional symmetries that existed prior to compactification.

However, there are three notable exceptions which we shall now discuss.

First, it can sometimes happen that no regulator is needed, even in higher di-

mensions. For example, in Ref. [23], a practical example of a regulator-independent

calculation in higher dimensions was given. Specifically, the authors of Ref. [23] cal-

culated g − 2 for the muon in a higher-dimensional Standard Model compactified on

universal extra dimensions. For the case of a single extra dimension, they found that
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g−2 received only finite corrections from KK modes at one-loop order. Of course, no

regulator was needed in this case. However, they found that such corrections diverged

logarithmically in six dimensions.

Second, it can sometimes happen that a four-dimensional regulator might itself be

sufficient in higher dimensions. An example of this phenomenon appears in Ref. [24].

Applying ordinary 4D dimensional regularization, the author of Ref. [24] showed that

it was possible to obtain regulator-independent results for QED on a universal extra

dimension. A priori , one would have expected an infinite number of counterterms for

this theory, due to its nonrenormalizability. However, it was shown in Ref. [24] that

only a counterterm for the electric charge was needed for describing corrections to the

zero-mode coupling at one-loop order. Specifically, the author of Ref. [24] calculated

the vacuum polarization diagram Lµν(p) = Π(p2)(pµpν−gµνp2) for a photon zero mode

with four-momentum p, and found that the regulator ǫ canceled in the difference

Π(p2) − Π(0). Any divergence in a correction to a higher-order coupling operator

(e.g., the electron magnetic moment) is therefore solely a consequence of the charge

renormalization. Quantities such as g−2 receive finite (hence, regulator-independent)

corrections. However, the author of Ref. [24] showed that this sort of cancellation

occurs only at one-loop order in 5D, and explicitly demonstrated that additional

counterterms are needed when there are two extra dimensions. Moreover, there was

no discussion of vertex corrections, which are needed for calculating corrections to

higher-order operators.

To the best of our knowledge, there is only one other regulator which has ap-

peared in the literature which is intrinsically higher-dimensional and which preserves

higher-dimensional Lorentz and gauge symmetries. This is the regularization method

developed in Ref. [25]. This method rests upon the observation that the effects of com-

pactification should evaporate in the UV limit, and consequently the UV divergence

of a given diagram evaluated on a four-dimensional space with a single compacti-

fied extra dimension should be the same as the UV divergence of the same diagram
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evaluated on a five-dimensional flat (uncompactified) space. One can thus extract a

finite result from any given loop diagram in the compactified theory by subtracting

the value of the corresponding diagram in a theory where all of the dimensions are

infinite. In this way, one therefore obtains [25] a recipe for extracting finite values

from loop diagrams which respects the full higher-dimensional Lorentz invariance as

well as whatever higher-dimensional gauge invariance might exist.

Operationally, the technique in Ref. [25] employs a Poisson resummation in or-

der to recast the sum over Kaluza-Klein momentum mode numbers n within a loop

diagram on a compactified extra dimension as a convergent sum over a “dual” set

of winding numbers w. It turns out that the w = 0 contribution is nothing but

the contribution from the corresponding diagram evaluated on the uncompactified

space. This “regularization” procedure therefore amounts to transforming to the

dual winding-number basis and then disregarding the contribution from the w = 0

winding mode.

The authors of Ref. [25] used this method to analyze five-dimensional QED with

massless fermions, compactified on a circle. Although the zero-mode photon does not

gain a mass as a result of four-dimensional gauge invariance, it was found that the

masses of the excited KK photon modes are each shifted by a uniform amount

∆m2
n = − e2

2πR2

∑

w 6=0

2

|2πw|3 = − e2ζ(3)

4π4R2
, (2.67)

where e is the unit of electric charge and where the ζ-function represents the winding-

number sum:

ζ(n) ≡
∞
∑

w=1

1

wn
. (2.68)

Indeed, most of the results obtained using this method involve the ζ-function as a

sum over winding numbers.

We note that it was strictly for gauge fields that the authors of Ref. [25] found

such a splitting pattern. In Chapter 4, we shall show that such splittings also occur
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for other types of particles, even when there is no gauge symmetry. However, we

find that these types of splittings occur only when the four-dimensional masses of our

particles are non-zero (a case which was not considered in Ref. [25]).

It is important to note that the procedure introduced in Ref. [25] is not , strictly

speaking, a regulator. Indeed, a regulator is a way of temporarily deforming a diver-

gent expression to render it finite; such deformed expressions are then parametrized

by a continuous deformation parameter (such as Λ or ǫ) which is removed at the end

of the calculation. For example, let us assume that two expressions A and B are each

separately divergent, but their difference is a physical quantity and therefore finite.

Rather than separately evaluate A and B, we might instead evaluate A′ and B′, where

A′ and B′ are regulated, finite expressions. We would then find that A′ −B′ is either

regulator-independent, or tends to a finite value as the regulator is removed.

By contrast, the procedure introduced in Ref. [25] is simply a method of extracting

a finite expression from a single, infinite diagram. In general, we have no assurance

that this finite expression corresponds to any physical quantity unless the particu-

lar calculation we are doing happens to lead to this expectation for other reasons.

For example, let Ln|R denote the value of a one-loop vacuum-polarization diagram

with an external KK photon with mode number n, evaluated when our extra space-

time dimension has radius R, and let Ln|∞ denote the value of the corresponding

vacuum-polarization diagram on an infinite extra dimension. (The subscript n in

the uncompactified case indicates that the fifth component of our external photon

momentum is still given by n/R, just as in the compactified case.) Let us also define

L̃n|R as that portion of Ln|R which renormalizes the mass (i.e., L̃µνn |R would represent

the piece within Lµνn |R which is proportional to the metric gµν). Within such a setup,

we can then write expressions such as L̃n|R − L̃0|R in the form

L̃n|R − L̃0|R = (L̃n|R − L̃n|∞) − (L̃0|R − L̃0|∞) (2.69)

where we have taken L̃n|∞ = L̃0|∞ (as occurs when appropriate renormalization
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conditions are applied, such as placing the external photons on-shell in each case).

Now, the residual four-dimensional gauge symmetry requires that L̃0|R should vanish

for all R (including R → ∞), whereupon we conclude that the physical difference

L̃n|R − L̃0|R is actually finite and given by L̃n|R − L̃n|∞. Indeed, it is for this reason

that this technique is capable of evaluating radiative shifts to individual KK masses,

even though it was designed only to yield differences between corrections to quantities

in a compactified theory and an uncompactified one.2

Even though the method of Ref. [25] is not, strictly speaking, a regulator, it is

nevertheless possible to generalize this method slightly in order to make it a full-

fledged regulator. For example, we could always write any (divergent) expression

Ln|R in the form

Ln|R = (Ln|R − Ln|∞) + Ln|∞ . (2.70)

The first term would then clearly be finite, and the second term could be regularized

using any of the standard higher-dimensional regulators that apply in an uncompact-

ified space. Together, we would then have a bona-fide regulator prescription which

could be universally applied for any expression Ln|R. However, such a regulator would

involve two separate methods, one for each of the terms in Eq. (2.70), and would thus

be relatively awkward to employ in practical settings.

2Note that in this specific example of KK-photon mass renormalization, the above results also
imply that L̃n|∞ = 0 for all n. Of course, this can be easily understood as a result of five-dimensional
gauge invariance. Thus, in this particular case, our original diagram L̃n|R was already finite by
itself, and indeed the subtracted term L̃n|∞ vanishes. We have nevertheless chosen to present this
somewhat “null” example because this is the original example given in Sect. II of Ref. [25]. In this
context, we remark that although the result [25] quoted in our Eq. (2.67) is correct, it would be
incorrect to make the further assumption that the w = 0 contribution follows the same functional
form as the w 6= 0 contributions, diverging as 1/w with w → 0. Indeed, as we have explained
above, the w = 0 contribution actually vanishes by five-dimensional gauge invariance, and a direct
calculation of the w = 0 contribution will yield an expression which is either identically zero, or
occasionally indeterminate in the absence of a suitable regulator.
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2.4.2 Comparisons with previous results

If our EHC and EDR regulators are valid, they must reproduce the results derived

via the winding-number technique discussed above. In this section, we shall show

that this is indeed the case.

We first consider the squared-mass shift described by Eq. (2.67). This shift is

derived from the part of the vacuum polarization diagram in Eqs. (2.46) and (2.47)

which is proportional to gµν . As above, we define L̃µν to be this part of the diagram.

Let us first evaluate this expression following our extended dimensional-regularization

(EDR) procedure. Utilizing our Λ(ǫ) relation in Eq. (2.55) and explicitly performing

the sum over KK modes, we obtain

L̃µν = − ie
2gµν

4π2R2
lim

ΛR→∞

{

4

9
(ΛR)3 − ΛR

3
−
[

4

3
(ΛR)3 + 2(ΛR)2 +

2ΛR

3

]

log(ΛR)

+ 2
ΛR
∑

r=1

r2 log(r2)

}

. (2.71)

Therefore, our regulator will not reproduce the result in Eq. (2.67) unless

lim
ΛR→∞

{

4

9
(ΛR)3 − ΛR

3
−
[

4

3
(ΛR)3 + 2(ΛR)2 +

2ΛR

3

]

log(ΛR)

+ 2
ΛR
∑

r=1

r2 log(r2)

}

?
=

ζ(3)

π2
. (2.72)

On the surface, such an identity would seem somewhat improbable, since the left side

involves individual terms which are each manifestly divergent, while the right side is

finite. Indeed, some of the terms on the left side of Eq. (2.72) are simple polynomials

in ΛR, while the expression on the second line is a discrete sum in which ΛR appears

as an upper limit.

Surprisingly, however, it is easy to verify numerically that Eq. (2.72) holds to any

precision desired. Indeed, the expression on the left side of this identity experiences a

remarkably fast convergence to ζ(3)/π2, already coming within 10% of this value for
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ΛR = 1, and coming within 1% for ΛR = 9. In fact, Eq. (2.72) is an entirely novel

mathematical representation for the ζ-function as the limit of an infinite summation.

Equivalently, inverting this relation provides an analytical form for the infinite sum
∑

r r
2 log(r2), which can be useful in many contexts dealing with KK summations.

This, then, provides a highly non-trivial check of our extended dimensional reg-

ularization (EDR) procedure. By demonstrating that EDR is consistent with the

technique in Ref. [25], we once again verify that EDR indeed preserves both higher-

dimensional Lorentz invariance and higher-dimensional gauge invariance, as promised.

Although we have only shown a comparison for one particular diagram, it is straight-

forward to verify that similar cross-checks hold for other diagrams as well.

We can also verify that our extended hard cutoff (EHC) regulator is consistent

with the method of Ref. [25]. However, in order to make such a comparison, we

should examine a theory which exhibits higher-dimensional Lorentz invariance but

not higher-dimensional gauge invariance.

For this purpose, let us examine a toy five-dimensional model consisting of a single

scalar φ and a single fermion ψ compactified on a circle and experiencing a Yukawa

interaction of the form Gφ(ψψ) where G is the five-dimensional Yukawa coupling.

Indeed, this theory will be analyzed more extensively in Ref. [19]. Within this theory,

let us examine the one-loop diagram which renormalizes the squared mass of a KK

excitation of the scalar field with mode number n. This diagram is shown in Fig. 2.1,

where we now take the external lines to represent KK modes of the scalar φ and the

internal lines to represent KK modes of the fermion ψ. As before, we shall write

Ln|R to denote the value of this diagram when our extra spacetime dimension has

radius R, and we shall write Ln|∞ to denote the corresponding diagram on an infinite

extra dimension. Note that in the latter case, despite the disappearance of discrete

KK modes, the subscript n continues to be specified as a reminder that the fifth

component of the external momentum in such a diagram should continue to carry the

value n/R.
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Because gauge invariance is not a symmetry of this theory, it will be sufficient

to employ our extended hard cutoff (EHC) regulator in evaluating this diagram.

Following the procedure outlined in Sect. 2.2, we then obtain the expression

Ln|R − Ln|∞ =
ig2

4π2R2
lim

ΛR→∞

{

4

9
(ΛR)3 − ΛR

3

−
[

4

3
(ΛR)3 + 2(ΛR)2 +

2ΛR

3

]

log(ΛR) + 2
ΛR
∑

r=1

r2 log(r2)

}

.

(2.73)

The quantity Λ now represents our hard cutoff, which is the same for both diagrams,

and g ≡ G/
√

2πR represents the Yukawa coupling of each individual KK mode.

Note that the above result holds for any value of n, including n = 0, and holds

independently of whether the 5D scalar is real or complex (since the scalar does not

run in the loop). By contrast, the regularization technique of Ref. [25] leads to the

expression

Ln|R − Ln|∞ =
ig2

4π4R2
ζ(3) =

iG2

8π5R3
ζ(3) . (2.74)

However, once again, the identity in Eq. (2.72) ensures that these results are equiv-

alent. Indeed, we see that Eq. (2.72) essentially serves as a mapping between the

results derived using the methods of this chapter and those derived using the meth-

ods of Ref. [25].

Although these UV regulators yield the same results for mass corrections, they

nevertheless treat infrared (IR) divergences differently. Because there is no direct

relationship between the IR divergence that results in a given diagram when an extra

dimension is compactified and the IR divergence that results when the extra dimension

is infinite, the regularization method of Ref. [25] does not eliminate IR divergences.

Indeed, the discrete KK sum that results for a compactified extra dimension and

the KK integral that would result in the case of an infinite dimension only become

more dissimilar in the IR limit. Of course, the regulators in this chapter also leave
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IR divergences intact. However, because the method of Ref. [25] requires that we

pass from a KK momentum basis to a KK winding basis in order to eliminate the

UV divergence, any IR divergence which remains is redistributed across all winding

modes, particularly those with large winding numbers, and can no longer easily be

isolated. By contrast, because our methods do not require any such reorganization,

the IR divergences that remain in our method continue to be easily identified and

treated.

As a concrete example of these ideas, let us consider the vacuum polarization

diagram Lµνn in the case in which the external KK photon of mode number n is on-

shell and the bare (five-dimensional) mass M of the fermion running in the loop is

zero. Using our EDR procedure, we obtain the results in Eqs. (2.46) and (2.47).

Although the integrands in Eq. (2.47) are finite for each non-zero r, the quantity

W in Eq. (2.48) diverges for n = r = 0, i.e., for a zero-mode external photon with

a zero-mode fermion running in the loop. This is the IR divergence, encapsulated

entirely within the zero-mode contribution to the KK sum in Eq. (2.46). By contrast,

if we were to use the methods of Ref. [25] to analyze the same vacuum-polarization

diagram, we would obtain the result

Lµν0 |R − Lµν0 |∞ =
ie2

4π2

pµpν

3

∑

w 6=0

1

|w| . (2.75)

In this case, the IR divergence is reflected in the divergence of the winding-number

sum, and cannot be isolated to a particular term within Eq. (2.75).

Note that IR divergences can generally be regularized through the introduction

of small masses. For example, the IR divergence discussed above is eliminated when

the fermion is given a small non-zero four-dimensional mass or the external photon

is slightly off-shell. The introduction of such a mass is relatively straightforward to

implement within the framework of the regulators in this chapter. However, the in-

troduction of such a mass within the framework of Ref. [25] might be significantly

more complicated. Such an IR regulator would inevitably be redistributed across
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every contribution to the winding-number sum (rendering it finite), but such a sum

is not likely to have a simple mathematical form. Alternatively, one could imag-

ine regulating a sum such as that in Eq. (2.75) directly (e.g., by inserting a small

Boltzmann-like suppression factor), but such an insertion is likely to break higher-

dimensional Lorentz invariance or gauge invariance. Moreover, it is not clear that

transforming such a factor back to the KK momentum basis would provide it with

any clear physical interpretation.

We have seen, then, that the regulators we have proposed in this chapter are able

to reproduce the corresponding results of Ref. [25] when appropriate. However, to

be truly useful, our techniques also must apply in situations where other methods do

not. Since the technique in Ref. [25] operates strictly in the winding-number basis,

it loses information about contributions to radiative corrections from different physi-

cal momentum scales. This poses no problem in calculations of radiative corrections

to physical parameters (e.g., masses and couplings) which would be observed in ex-

periments. However, it is not possible to calculate Wilsonian renormalization-group

evolutions of such parameters in this scheme. If extra dimensions are discovered at a

future collider, it may be desirable to define EFT’s for KK modes below the center-

of-mass (CM) energy. Calculating the parameters in such a theory would require

the use of the Wilsonian renormalization group, with the corresponding evolution of

parameters running from the UV to the CM energy. As we shall see in Chap. 3, our

regulators can handle such calculations explicitly. Indeed, this was one of our original

motivations for developing the new regulators in this chapter.

2.4.3 The necessity of preserving higher-dimensional Lorentz invariance

In this section, we illustrate the pathologies which appear when using regulators that

break higher-dimensional Lorentz invariance. As a concrete example, we shall again

consider our toy five-dimensional model consisting of a single scalar φ and a single
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fermion ψ compactified on a circle and experiencing a Yukawa interaction of the form

Gφ(ψψ) where G is our five-dimensional Yukawa coupling. Within this theory, we

shall attempt to calculate the radiative corrections to the KK masses of the scalar

using a regulator which preserves four-dimensional Lorentz invariance but breaks

five-dimensional Lorentz invariance.

Once again, we shall do this by calculating the difference between a loop diagram

which renormalizes the squared mass of a scalar mode in Yukawa theory and the

corresponding diagram for the zero mode. We define Ln(p) to be the squared-mass

renormalization diagram for a scalar with mode-number n and four-momentum p

(shown in Fig. 2.1). For simplicity, we take the zero-mode masses mψ and mφ of

these two fields to vanish. We then find

Ln = 4ig2

∫ 1

0

dx
∑

r

∫

d4ℓE
(2π)4

[

ℓ2E + r(r − n)/R2 + x(1 − x)n2/R2

(ℓ2E + (r − xn)2/R2)2

]

(2.76)

where g ≡ G/
√

2πR. Note that we now write (r − xn)/R rather than ℓ4 because we

are no longer treating this quantity as the fifth component of a five-vector.

The expression in Eq. (2.76) is badly divergent, and must be regularized. Let

us therefore place a 4D cutoff Λ on ℓE and truncate the KK sum at this cutoff. In

other words, we shall take our integration limits to be given by ℓ2E ≤ Λ2 and our

summation limits to be given by −ΛR ≤ r ≤ ΛR. Note that these constraints

break higher-dimensional Lorentz invariance, since they separately regularize four-

momentum integrals and KK sums. Nevertheless, imposing these constraints, we find
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that

Ln − L0 = − ig2

4π2R2

ΛR
∑

r=−ΛR

∫ 1

0

dx

{

(−2x2 + x)n2

+
(r − xn)4 + (r − xn)2 [x(x− 1)n2 − r(r − n)]

Λ2R2 + (r − xn)2

+
[

2(r − xn)2 + x(x− 1)n2 − r(r − n)
]

·
[

log(Λ2R2 + (r − xn)2) − 2 log(r − xn)
]

− r2
[

log(Λ2R2 + r2) − 2 log r
]

}

. (2.77)

Clearly, this expression diverges linearly with Λ. This is a problem, since this quantity

corresponds to the difference between squared masses, which should be finite.

The reason this divergence appears is that the loop diagrams in this equation

do not determine renormalized masses by themselves. Rather, each KK mode should

have a counterterm for its squared mass, and a calculation of a squared mass difference

must include these counterterms. Such terms would indeed cancel artificial violations

of Lorentz invariance. However, they also would break the KK dispersion relation for

the underlying theory, since they are part of the bare Lagrangian.

This situation has an analogue in four-dimensional QED. If we use a hard cutoff

to regularize divergences in that theory, we then generate a photon mass which is

proportional to the cutoff. As well as being divergent, such a mass term violates

gauge symmetry. However, as is well known (see, e.g., Ref. [21]), this problem can

be remedied by introducing counterterms which break gauge invariance and cancel

the unphysical effects from loop diagrams. However, our bare Lagrangian is then no

longer gauge invariant.

In 5D Yukawa theory, the relevant symmetry is higher-dimensional Lorentz in-

variance. In the spirit of QED, it may therefore appear straightforward to intro-

duce counterterms to cancel regulator-induced violations of 5D Lorentz invariance.

However, the compactification of an extra dimension also breaks higher-dimensional
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Lorentz invariance at finite scales. This violation can manifest itself in an EFT as a

violation of the usual 5D dispersion relation, as in the case of Eq. (2.67). Therefore,

counterterms would not only have to cancel unphysical violations induced by our

regularization scheme, but nevertheless preserve the bona-fide effects induced by the

compactification itself. Without a priori knowledge of what the results should be, it

would be quite difficult to determine which effects would be physical and which would

not. Indeed, it would be difficult to deduce the form of appropriate counterterms if

we limit ourselves to this sort of regulator. Such a regulator, therefore, does not lend

itself to a straightforward calculation involving the relative renormalizations of the

parameters describing a KK spectrum.

As required, the regulators developed in this chapter yield finite loop-diagram

differences and thus avoid this problem. We therefore did not need to introduce

counterterms, since the squared masses of KK states — which are renormalized by our

loop diagrams — all carry the same divergence at tree level. Indeed, the dimensionless

squared masses are given by the relation m2
nR

2 = m2
0R

2 + n2 at tree level, and only

the m2
0R

2-term diverges in the UV. Hence, only one counterterm is needed for the

entire mass spectrum of KK states, and the effects of such a counterterm cancel when

calculating differences between squared masses. Similar results hold for other types

of loop diagrams. It is for this reason that our techniques can produce regulator-

independent EFT’s. These issues will be discussed in more detail in Chap. 3.

2.5 Conclusions and Future Directions

In this chapter, we proposed two new regulators (EHC and EDR) for quantum

field theories in spacetimes with compactified extra dimensions. Although they

are based on traditional four-dimensional regulators, the key new feature of these

higher-dimensional regulators is that they are specifically designed to handle mixed

spacetimes in which some dimensions are infinitely large and others are compactified.
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Moreover, unlike most other regulators which have been used in the extra-dimension

literature, these regulators are designed to respect the original higher-dimensional

Lorentz and gauge symmetries that exist prior to compactification, and not merely

the four-dimensional symmetries which remain afterward.

As we have discussed, these regulators should be particularly useful for calcu-

lations of the physics of the excited Kaluza-Klein modes in any higher-dimensional

theory, and not merely the radiative effects that these excited KK modes induce on

zero modes. Indeed, by respecting the full higher-dimensional symmetries, our reg-

ulators avoid the introduction of spurious terms which would not have been easy to

disentangle from the physical effects of compactification.

Moreover, as part of our work, we also derived a number of ancillary results. For

example, in gauge-invariant theories, we demonstrated that analogues of the Ward-

Takahashi identity hold not only for the usual zero-mode (four-dimensional) photons,

but for all excited Kaluza-Klein photons as well.

Clearly, the analysis we have done in this chapter only begins to scratch the

surface of what is possible. For example, this analysis has been restricted to five

dimensions and, in many places, to one-loop amplitudes. While this clearly covers

the most pressing situation that might emerge if extra dimensions are ultimately

discovered, it would be interesting to extend our discussion to multi-loop amplitudes

(where appropriate) and to even higher dimensions. In particular, both of these

extensions would involve additional KK sums which would require their own cutoffs,

and thus there will be additional balancing constraints that must be imposed between

these cutoffs and the regulator of the four-dimensional momentum integral in order

to preserve higher-dimensional Lorentz and gauge symmetries.

Other sorts of extensions are also possible. For example, in more than five di-

mensions, we can consider compactifications not just on flat spaces (such as we have

considered here), but also spaces with their own intrinsic curvatures or warpings.

Moreover, even for flat compactification manifolds, there remains the possibility of
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having non-trivial shape moduli [16]. All of these possibilities represent different

types of mixed spacetimes which would have unusual KK spectra and which would

in principle require their own analysis.

There are also other important geometric extensions to consider, even in five

dimensions. For example, although the analysis of this chapter has been restricted

to compactification on a smooth manifold, it is important to extend these results to

orbifolded spacetimes which contain boundaries (i.e., branes, or orbifold fixed points).

Indeed, compactification on such orbifolded geometries is ultimately required in order

to obtain a chiral theory in four dimensions. In such theories, some processes are

purely four-dimensional (occurring on the branes) while others are five-dimensional

and others are mixed. Although the existence of brane-kinetic terms [26] can have

a profound effect on the physics on the brane, we nevertheless expect our higher-

dimensional Ward identities to be preserved in the bulk. Regulators such as those

we have developed here should therefore continue to have application for the bulk

physics in such situations. This will be discussed in more detail in Ref. [19].

Even within the framework of compactification of a single extra dimension on

a circle, there remain important extensions of our work which we have not consid-

ered. For example, we have primarily focused on abelian gauge theories and their

associated Ward identities, but we have not considered their non-abelian extensions.

This will be important for ultimately calculating radiative corrections within, say, a

higher-dimensional Standard Model. Likewise, in this chapter we often considered

five-dimensional QED. Although this theory is nonrenormalizable, we restricted our

attention to the usual electron/photon coupling and did not allow allow additional

nonrenormalizable interactions. Even though such interactions should continue to re-

spect our higher-dimensional Lorentz and gauge symmetries (therefore requiring the

use of a regulator such as we have developed here), the existence of such interactions

can be expected to lead to complications beyond those considered in this chapter.

Finally, it should be stressed that this work focused on only one rather narrow
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type of regulator, namely one in which our KK sums were regulated through a hard

cutoff Λ. However, other types of regulators are possible. For example, an infinite

KK sum might alternatively be regulated through the introduction of Boltzmann-like

suppression factors, e.g.,
∑

r

1

r
−→

∑

r

1

r
e−y|r| (2.78)

where y > 0 is a regulator parameter. One would then take y → 0 at the end of

the calculation, while simultaneously maintaining a certain relation between y and ǫ

(analogous to our EDR relation between Λ and ǫ) so that five-dimensional Lorentz and

gauge invariance are maintained. However, it is not clear what physical interpretation

might be ascribed to such a regulator parameter y. Similarly, we again mention the

possibility of preserving gauge invariance even with a hard cutoff, but with suitable

counterterms as well. However, such counterterms will necessarily break the original

higher-dimensional symmetries of our bare Lagrangian.

Another approach, first advanced in Ref. [27], is to rewrite the KK sum as a

contour integral in which the different terms of the sum emerge from the poles of the

integrand. One can then apply a regularization procedure akin to ’t Hooft-Veltmann

dimensional regularization to the integral [27, 28]. However, this still results in two

independent regulators, one for the KK integral and another for the four-momentum

integral, and five-dimensional symmetries will generally not be protected unless these

two regulators are balanced in a manner similar to what we have outlined in this

chapter.

There are, of course, other potential methods of deforming our KK summations.

For example, we might Poisson-resum our KK summation, and attempt to apply one

of the above regulators to the Poisson-resummed version instead. Note that Poisson

resummation of the KK sum was originally introduced into the large extra dimension

context in Ref. [29]. There are also other techniques which might be employed, such

as proper-time regulators, zeta-function regularization, etc. Indeed, these methods
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ultimately play various roles in the different approaches sketched here. Other ap-

proaches towards treating the KK summation based on dimensional regularization

have also been utilized in various calculations [30].

Another possibility might be to employ a so-called “mixed propagator” formal-

ism [31]. In such a formalism, the four large dimensions are treated in momentum

space, as usual, while the compactified extra dimension is treated in position space.

This avoids the introduction of a KK sum altogether. However, in such situations

the higher-dimensional divergences are not eliminated — they are the same as would

appear in the corresponding higher-dimensional uncompactified theory, as this for-

malism makes abundantly clear. This formalism thus lends itself naturally to the

treatment given in Ref. [25].

Of course, it is possible that the true UV limit of a given higher-dimensional theory

is not higher-dimensional at all [32]. Such “deconstructed” extra dimensions would

change the UV divergence structure of the theory in a profound way that would

eliminate the need for many of these different regularization techniques. Indeed,

deconstruction can also be used as an alternative technique for performing many of

the sorts of radiative calculations for excited KK modes that have been our focus in

this paper [33]. Similarly, radiative corrections may be finite in cases in which there

exist additional symmetries (either unbroken or softly broken) to protect against

divergences. A well-known example of this would include radiative corrections in

theories with supersymmetry broken through the Scherk-Schwarz mechanism [34]

(leading to so-called “KK regularization”, in which the full KK summations lead

to finite results), or in theories in which the Higgs is identified as a component of

a higher-dimensional gauge field and consequently has a mass for which radiative

corrections are protected by gauge symmetries [35].

Likewise, such theories in higher dimensions may ultimately be embedded into

string theory. String theory provides entirely new methods of eliminating divergences

which transcend what is possible in quantum field theories based on point particles.
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Indeed, there even exist several string-inspired methods of regularizing field theories

directly [36, 37, 38].

Another possibility is to retain the full higher-dimensional space but take a non-

perturbative approach towards extracting exact solutions for the excited KK masses

and couplings. Ideas in this direction have been advanced, e.g., in Ref. [39].

In this connection, it might seem strange that we have not discussed the Pauli-

Villars (PV) regulator. Indeed, such a regulator preserves both Lorentz invariance

and gauge invariance, even in higher dimensions, and may be more than sufficient

for certain calculations (see, e.g., Refs. [40, 41]). However, there are several reasons

why such a regulator may not ultimately be suitable for general calculations in mixed

spacetimes, especially those focusing on the radiative corrections to the properties

of the excited KK modes. First, the PV regulator does not preserve non-abelian

gauge symmetries, even in four dimensions. Second, even for the abelian theories

which have been our main focus in this chapter, compactification introduces a major

algebraic problem: the PV regulator parameter Λ becomes inextricably entangled

in our KK mode-number sum except in particular situations (see, e.g., Ref. [41]) in

which the radiative corrections are already known to be finite. Thus, this regulator

is particularly unsuited for the mixed spacetimes which have been our main focus in

this chapter. Of course, it might seem that such a PV regulator might nevertheless be

suitable for numerical studies which do not require closed-form analytical expressions.

However, even this is not possible, because there is a third complication: unitarity

is not preserved using a PV regulator unless the regulator parameter Λ is sent to

infinity. Thus, it is likely to be difficult to treat such a system numerically with any

confidence when our PV regulator is in force. By contrast, the regulators we have

developed in this chapter are designed to be relatively straightforward, intuitive, and

easy to use for practical calculations.
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Chapter 3

Implementation of the Regulators

3.1 Introduction

If all goes according to plan, the Large Hadron Collider (LHC) will uncover exciting

new phenomena at the TeV scale. These phenomena are likely to hold clues pertaining

to some of the most pressing current mysteries of particle physics, including the nature

of electroweak symmetry breaking and the origin of the stability of the energy scale

at which this occurs. Indeed, through such discoveries, data from the LHC is likely to

change the paradigm of high-energy physics, eventually leading to a new “Standard

Model” for the next generation of particle physic(ist)s.

Of course, if we subscribe to the belief that the truly fundamental energy scales of

physics are unreachably high (e.g., at or near MPlanck ≈ 1019 GeV, or at least signifi-

cantly above the electroweak scale), then this new “Standard Model” will be at best

yet another EFT, valid only within a well-prescribed energy range. Interpreting this

data-produced effective Lagrangian will then require comparisons to the EFT’s which

can be derived from various potential theoretical models of possible new physics. For

example, weak-scale supersymmetry (SUSY) is widely considered to be a compelling

candidate for new physics, and most phenomenological studies of weak-scale SUSY

focus on specific EFT’s (e.g., the Minimal Supersymmetric Standard Model) in which

the supersymmetry is broken but in which the origin of this breaking is not included.

Extra spacetime dimensions are also leading candidates for new physics beyond the

current Standard Model. However, while there has been considerable work analyzing

the cumulative effects that the corresponding towers of Kaluza-Klein (KK) states

might have on ordinary four-dimensional physics, there have been almost no studies

concerned with the EFT’s of the towers of excited KK modes themselves. Analyses
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which do exist are qualitative, focus on special interactions (e.g., brane kinetic terms),

or contain special implicit assumptions.

Yet there are general EFT questions which might be asked in this context. For

example, if there exists a single extra flat dimension compactified on a circle of radius

R, then the masses of the corresponding KK modes can be expected to follow the

well-known relation m2
n = m2

0 +n2/R2. Likewise, the couplings of these modes will all

be equal: λn,n′,... = λ0,0,...δn+n′+.... These relations are nothing but the reflection of the

higher-dimensional Lorentz invariance which holds in the ultraviolet (UV) limit, and

such patterns will be taken as strong evidence in judging whether newly discovered

particles are indeed KK states. However, as one passes to lower energies (e.g., through

a Wilsonian renormalization group analysis), these masses and couplings are subject

to radiative corrections. As a result, we expect that these simple mass and coupling

relations will be deformed as the heavy KK states are integrated out of the spectrum.

Indeed, at relatively low energies, the spectrum of low-lying KK modes may be signif-

icantly distorted relative to our naive tree-level expectations, and this can potentially

be important for experimental searches for (and the identification/interpretation of)

such states.

The goal of this chapter is to develop methods of deriving and analyzing the

EFT’s of such KK towers as functions of energy scale. Indeed, if extra dimensions

are ultimately observed at the LHC through the discovery of KK resonances, it will

be important to understand the radiative corrections to the masses and couplings

of such states since this information will ultimately feed into precision calculations

of their cross-sections and decay rates. However, aside from potential experimental

consequences, analyzing the EFT’s of towers of KK resonances as functions of the

energy scale is also interesting from a purely theoretical perspective, since this pro-

vides the only systematic way of understanding what happens as extra dimensions are

“integrated” out in passing from a higher-dimensional UV limit to a four-dimensional

infrared limit.
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One fundamental obstacle to performing such a renormalization-group analysis of

the KK spectrum has been that general techniques for regularizing loop effects in KK

theories were not known. While quantum-mechanical regulators exist which preserve

the four-dimensional symmetries (such as Lorentz invariance and gauge invariance)

which remain after compactification, such regulators are sufficient only for radiative

calculations of the physics of the zero modes. By contrast, calculations of the excited

KK modes will require techniques which preserve the full set of higher-dimensional

symmetries. While there has been a small literature concentrating on radiative cor-

rections in KK theories (see, e.g., Refs. [2-18]), relatively few approaches actually

satisfy this latter requirement.

In Chap. 2, we developed two new regulators for quantum field theories in space-

times with compactified extra dimensions. We refer to these regulators as the “ex-

tended hard cutoff” (EHC) and “extended dimensional regularization” (EDR). Al-

though based on traditional four-dimensional regulators, the key new feature of these

higher-dimensional regulators is that they are specifically designed to handle mixed

spacetimes in which some dimensions are infinitely large and others are compactified.

Moreover, unlike most other regulators which have been used in the extra-dimension

literature, these regulators are designed to respect the original higher-dimensional

Lorentz and gauge symmetries that exist prior to compactification, and not merely

the four-dimensional symmetries which remain afterward.

By respecting the full higher-dimensional symmetries, the regulators of Chap. 2

avoid the introduction of spurious terms which would not have been easy to disentan-

gle from the physical effects of compactification. Moreover, by preserving the physics

associated with higher-dimensional symmetries, they maintain the associated Ward

identities. For example, in a gauge-invariant theory, analogues of the Ward-Takahashi

identity should hold not only for the usual zero-mode (four-dimensional) photons, but

for all excited Kaluza-Klein photons as well. It is the regulators in Chap. 2 which

preserve such identities for the excited KK modes as well as the zero modes.
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In this chapter, we will extend the techniques in Chap. 2 in two directions.

• First, we shall show how the regulators of Chap. 2 can be used in order to ex-

tract ultraviolet-finite results from one-loop calculations. Our method operates

by ensuring that divergent corrections to parameters describing the physics of

the excited Kaluza-Klein modes are absorbed into the corresponding param-

eters for zero modes, thereby eliminating the need to introduce independent

counterterms for parameters characterizing different Kaluza-Klein modes.

• Second, we shall show how these finite results can be used in order to construct

effective field theories (EFT’s) for towers of Kaluza-Klein (KK) modes. Our

EFT approach will therefore provide a framework for comparing an effective

Lagrangian extracted from LHC data to higher-dimensional theoretical models.

Additionally, as we shall discuss, our EFT’s will carry special advantages for

calculations of loop effects in experiments involving excited KK modes.

In this chapter, we shall follow a Wilsonian approach towards deriving our EFT’s.

Specifically, we shall employ the regulators of Chap. 2 to calculate the masses and

couplings of the KK states as functions of a Wilsonian renormalization group scale.

In other words, we shall explicitly integrate out heavy KK states above a given scale

µ, and observe how the parameters describing the remaining light (but nevertheless

excited) KK states are affected as a function of the scale µ. One key observation will be

essential to this analysis: Although the masses and couplings of individual KK states

can be expected to experience strong divergences, the relative differences of these

parameters between excited KK modes and the zero mode are physical observables

and thus can be expected to remain finite and regulator-independent. Thus, if the

parameters describing the zero modes at a given energy scale are assumed to be

determined from experiment, then these finite differences can be used to obtain the

parameters describing all of the other excited KK states at this scale. We thus
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obtain all the parameters needed to define EFT’s describing the tower of KK states

as functions of energy scale.

Although the techniques presented here are more general than most previously

existing methods, our analysis in this chapter will be restricted in certain significant

ways. First, our procedures will apply to calculations in theories for which the com-

pactification space is a smooth manifold rather than an orbifold. As such, we will

not be considering the effects of extra terms which might arise at singularities of the

compactification space, such as brane kinetic terms. Moreover, as discussed above,

although the differences between KK parameters should be finite regardless of any

perturbative expansion, this chapter will focus exclusively on one-loop calculations.

Finally, although our techniques can easily be generalized, for concreteness we shall

primarily consider the case of a single extra dimension compactified on a circle.

This chapter is organized as follows. In Sect. 3.2, we shall show how to use the

regulators from Chap. 2 in order to extract finite, regulator-independent predictions

in KK theories at one-loop order. Specifically, we shall provide a general procedure

for deriving finite, regulator-independent expressions for differences between renor-

malized KK parameters. Then, in Sect. 3.3, we shall provide two explicit examples

illustrating how this procedure is implemented. In Sect. 3.4, we shall then demon-

strate how to obtain regulator-independent Wilsonian EFT’s from these differences.

Specifically, we shall show how to calculate Wilsonian evolutions of EFT parameters

with respect to the energy scale. Our conclusions can be found in Sect. 3.5.

3.2 Ultraviolet Finiteness

We provide a general procedure for calculating finite, regulator-independent correc-

tions to differences between parameters characterizing excited modes and zero modes

in KK towers. As indicated in the Introduction, we shall rely on the methods devel-

oped in Chap. 2, and we shall assume that the reader is familiar with these techniques.
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Sect. 3.3 will then provide two explicit examples illustrating how this procedure is

implemented.

We begin by considering a generic one-loop diagram of the form shown in Fig. 2.1

in which an external particle with four-momentum pµ and mode number n interacts

with a tower of KK particles of bare (five-dimensional) mass M . For example, the

mass of the rth KK mode in this tower is given by m2
r = M2 + r2/R2 if the extra

dimension is compactified on a circle. Enforcing 5D momentum conservation at the

vertices (as appropriate for compactification on a circle) then leads to a one-loop

expression of the general form

Ln(p) = i

∫ 1

0

dx
∑

r

fn(p, r, x) (3.1)

where x is a Feynman parameter and where fn represents an appropriate four-

dimensional loop momentum integral.

In general, such an expression will diverge badly. Meaningful algebraic manipula-

tions are therefore only possible in the presence of a regulator. In this case, there are

two possible sources of divergence: the four-momentum integral fn, and the internal

KK summation
∑

r. Both must therefore be regulated, and, as discussed in the Intro-

duction, we need to utilize regulators which preserve the full five-dimensional symme-

tries which exist prior to compactification. These include not only five-dimensional

Lorentz symmetry, but also five-dimensional gauge symmetry when appropriate. The

fact that five-dimensional symmetries must be preserved implies that we must some-

how correlate the regulator for the four-momentum integral with the regulator for

the KK summation so that they are both imposed and lifted together.

In Chap. 2, two such regulator procedures were introduced. In our extended hard

cutoff (EHC) procedure, the four-momentum integral fn is regulated through the

introduction of a hard cutoff, while our extended dimensional regularization (EDR)

procedure utilizes a generalization of ordinary ’t Hooft-Veltman dimensional regular-

ization for fn. In either case, the KK summation is regulated through the introduc-
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tion of a hard cutoff Λ, and all appropriate five-dimensional symmetries are protected

through the introduction of strict relations between this cutoff Λ and the regulator

parameters involved in regulating fn. These relations are given in Chap. 2. Note that

while our EDR procedure is completely general, preserving both five-dimensional

Lorentz and gauge symmetries, our EHC regulator preserves only Lorentz symme-

tries and thus is suitable for theories without gauge symmetries. In either case, the

net result is that the general expression in Eq. (3.1) then takes the regulated form

Ln(p) = i

∫ 1

0

dx

ΛR+xn
∑

r=−ΛR+xn

fn(p, r, x) (3.2)

where we now understand fn to denote an appropriate regulated four-momentum

integral, and where the particular form of the KK limits is explained in Chap. 2, with

the notation
∑b

r=a denoting a summation over integer values of r within the range

a ≤ r ≤ b (even if a and b are not themselves integers). We shall also assume that

ΛR can be treated as an integer; in the Λ → ∞ limit as our cutoff is removed, this

assumption will not affect our final results. Of course, it is understood when writing

expressions such as Eq. (3.2) that we are to take the limit Λ → ∞ at the end of the

calculation (along with a simultaneous, correlated removal of the regulator within the

four-momentum integral).

Our goal is to obtain finite, regulator-independent expressions for differences such

as Ln − L0 for n 6= 0. In order to do this, we begin by utilizing an identity discussed

in Chap. 2. By Eqs. (2.13), (2.14) and (2.15), and dropping the hats from û and r̂,

we get

−i(Ln − L0) =
1

|n|

|n|−1
∑

j=0

∫ 1

0

du

ΛR
∑

r=−ΛR+1

fn(r, u, j) −
∫ 1

0

dx

ΛR
∑

r=−ΛR

f0(r, x) . (3.3)

Relabeling x → u in the second term and using the fact that f0 is j-independent to
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join the integrands, we thus have

−i(Ln − L0) =
ΛR
∑

r=−ΛR

1

|n|

|n|−1
∑

j=0

∫ 1

0

du

[

fn(r, u, j) − f0(r, u)

]

− 1

|n|

|n|−1
∑

j=0

∫ 1

0

du fn(−ΛR, u, j) . (3.4)

Note that we have dropped the four-momentum p from the expressions for L0 and

Ln, since these expressions are presumed to be evaluated after appropriate renormal-

ization conditions have been applied.

As discussed in the Introduction, physical observables such as the relative masses

and couplings between different KK states must remain finite even though the masses

and couplings for individual KK states might accrue divergent radiative corrections.

Indeed, relative differences such as these are originally finite at tree-level (modulo

potential effects due to classical rescalings), and are also finite to all orders in the UV

limit (or equivalently the R→ ∞ limit) where five-dimensional Lorentz invariance is

restored and the effects of compactification become irrelevant.1 Since the divergence

structure of the theory should not be altered by changing R, we expect such relative

differences to remain finite regardless of the radius or effective energy scale. As a

result, we expect that expressions such as those in Eq. (3.4) should be finite either

exactly as written, or with L0 and Ln replaced with those sub-expressions within

L0 and Ln which are responsible for renormalizing observables. (For example, if the

external KK particle in Fig. 2.1 is a KK photon carrying Lorentz index µ, then the

relevant sub-expression would consist of those terms L̃µνn within the full Lµνn which

are proportional to the metric gµν and which therefore renormalize the masses of the

excited KK photons.) We shall assume that our generic expressions Ln consist of only

such terms in what follows. Note that since we are restricting our attention to one-

loop diagrams, radiative corrections to relative KK parameters will indeed correspond

to linear differences of the forms Ln − L0.

1This is not true in orbifold theories, due to the possible presence of brane kinetic terms.
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Even though Eq. (3.4) is finite, our goal is to write Ln−L0 in a manifestly finite,

regulator-independent fashion. In other words, we seek to be able to write differences

such as Ln − L0 in the analogous form

−i(Ln − L0) =
∞
∑

r=−∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

du

[

αn(r, u, j) − α0(r, u)

]

+ ∆n , (3.5)

where the functions α0, αn, and ∆n are are each manifestly finite and regulator-

independent. However, comparing Eqs. (3.4) and (3.5), we see that we are nearly

there. Indeed, looking at Eq. (3.4), we see that there are only two cases we need to

consider.

These cases can be distinguished by two properties. If

• fn(−ΛR, u, j) remains finite as ΛR → ∞, and

• fn(r, u, j) − f0(r, u) remains finite as ΛR→ ∞ for each value of r,

then our first case will apply. Our second case will arise in all other situations, when

either one or both of these conditions fail.

In the first case, fn(−ΛR, u, j) remains finite as ΛR → ∞. This situation arises

when the UV divergence from the four-momentum integration within fn is canceled

by the diverging Kaluza-Klein number r ≡ −ΛR → −∞ in the denominator of the

integrand. In such cases, the second line of Eq. (3.4) is finite by itself and may be

identified as ∆n:

∆n = − lim
ΛR→∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

du fn(−ΛR, u, j) . (3.6)

The first line of Eq. (3.4) must then also be individually finite, which implies that

the KK summation over the difference fn − f0 should also be finite as ΛR → ∞.

By itself, this need not imply that each fn − f0 should be finite for each individual

term in the KK sum, for it is possible that divergences of individual fn(r) − f0(r) as

ΛR → ∞ are canceled across the increasingly many terms in the sum as ΛR → ∞.
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(We shall see an explicit example of this phenomenon in Sect. 3.) However, if we

additionally know that each fn(r, u, j) − f0(r, u) remains finite as ΛR → ∞ for each

value of r (our second defining criterion above), it then follows that all regulator

dependence must cancel within the difference fn − f0 in Eq. (3.4). In such cases, we

can therefore proceed to identify α0 and αn as the cutoff-independent parts of f0 and

fn, respectively.

Alternatively, it may happen that one or both of the two conditions itemized

above are not satisfied. This is therefore the second possible case we need to face.

For example, if fn(−ΛR, u, j) diverges as ΛR → ∞, then neither expression within

Eq. (3.4) is finite by itself, and a further rearrangement of terms within Eq. (3.4) is

needed. However, we can generally handle this situation as follows. In general, we

can identify αn as the cutoff-independent part of the difference fn − f̃n, where f̃n is

the value of fn when all of the bare masses in our theory vanish and renormalization

conditions for massless particles have been applied. Subtracting f̃n from fn then

cancels the cutoff-dependent terms that do not contain a bare mass, and subtracting

L0 from Ln then cancels whatever cutoff dependence remains. However, the price we

pay is that these extra f̃n and f̃0 terms are now shifted into ∆n, so that ∆n is now

given by

∆n = lim
ΛR→∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

du

{

ΛR
∑

r=−ΛR

[

f̃n(r, u, j) − f̃0(r, u)
]

− fn(−ΛR, u, j)

}

.

(3.7)

Of course, these extra terms are precisely what are needed in order to cancel the

divergence of fn(−ΛR) as Λ → ∞ in cases in which it diverges, and render ∆n finite.

Even when fn(−ΛR) remains finite as Λ → ∞, these extra terms will preserve the

finiteness of ∆ and compensate for the shifted definition of α-functions relative to our

first case above.

Even though ∆n is finite in each case, it is still important to be able to write ∆n

in an explicitly regulator-independent form. We shall show how to do this in Sect. 3.
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Thus, we conclude that as our regulators are removed, the difference between loop

diagrams will always take the form of Eq. (3.5) regardless of whether fn(−ΛR, u, j)

or fn(r, u, j)− f0(r, u) have finite limits as ΛR → ∞. In Eq. (3.5), all dependence on

a cutoff has been absorbed into observed parameters, and it is understood that the

Kaluza-Klein r-summation in Eq. (3.5) is to be evaluated symmetrically, with equal

and opposite diverging limits. Expressions of this form will then enable us to obtain

regulator-independent equations for such renormalized KK parameters as masses and

couplings.

It may seem suspicious that we have defined the α- and ∆-functions differently

for the cases in which fn(−ΛR) and fn−f0 either remain finite or diverge as Λ → ∞.

However, this was done simply as a matter of convenience. In all cases, the most

general procedure is the second one which we have outlined above, and this procedure

is also valid even when both of our defining criteria are met. In such cases, this

procedure merely introduces extraneous terms to the α- and ∆-functions, but these

new additions will always cancel in the loop diagram difference Ln − L0.

Finally, before concluding, we remark that the procedure we have outlined here

has relied rather fundamentally on the assumption that the one-loop diagrams we are

regulating can be evaluated through the introduction of a single Feynman parameter

x (or u). However, as we showed in Chap. 2, this procedure readily generalizes to

one-loop diagrams that would utilize arbitrary numbers of Feynman parameters.

3.3 Two Explicit Examples

In this section, we shall provide two explicit examples of the general procedure out-

lined in Sect. 2. These two examples are designed to illustrate the two different cases

sketched at the end of Sect. 2.
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3.3.1 First example: Pure scalar theory

Our first example will assume that our external particles in Fig. 2.1 are Lorentz

scalars, and that the solid lines in Fig. 2.1 represent scalars as well. In this case,

the generic diagram Ln(p) is given by Eq. (2.2). Combining the denominators using

standard Feynman-parameter methods, we can then cast this expression into the form

in Eq. (3.1) where fn(p, r, x) is given by Eq. (2.3). As it stands, these expressions are

divergent. We can regulate them, while preserving the full five-dimensional Lorentz

invariance, using either of the two regulators introduced in Chap. 2. Either regulator

leads to an expression of the form in Eq. (3.2), and after the variable substitutions in

Eq. (2.13), these f -functions take the forms given in Eq. (2.17).

Using either the EHC or the EDR regulator, the functions f0 and fn can be

evaluated explicitly. Applying appropriate renormalization conditions in each case

(for example, p2 = M2
e and p2 = M2

e + n2/R2 respectively, where Me is the bare

four-dimensional mass of the external particles in Fig. 2.1) and explicitly performing

the integrals in Eq. (2.17) with the EHC regulator, we obtain

f0(r, u) =
1

16π2

{

r2 − Λ2R2

[Λ2 + M2(u)]R2
+ log[(Λ2 + M2(u))R2] − log[r2 + M2(u)R2]

}

(3.8)

where M2(u) ≡ M2 + u(u − 1)M2
e . The function fn(r, u, j) is given by an identical

expression with the replacements r → ρ ≡ r − u and u → y ≡ (u + j)/|n|. As

promised, we see that the Λ-dependence is completely canceled in the difference fn−f0

as Λ → ∞.

Given the forms in Eq. (3.8), it may easily be verified that fn(−ΛR, u, j) remains

finite (and in fact vanishes) as ΛR → ∞. Likewise, it is easy to check that fn(r, u, j)−
f0(r, u) remains finite as ΛR → ∞ for each value of r. This is therefore an example of

the first case discussed at the end of Sect. 2, whereupon we see that we can identify

α0 and αn as the cutoff-independent parts of f0 and fn, respectively. Looking at

Eq. (3.8), we see that the only cutoff-independent term that survives in the difference
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fn − f0 as Λ → ∞ is the final term in Eq. (3.8). We can therefore identify

α0(r, u) = − 1

16π2
log
[

r2 + M2(u)R2
]

αn(r, u, j) = − 1

16π2
log
[

ρ2 + M2(y)R2
]

(3.9)

where ρ ≡ r − u and y ≡ (u+ j)/|n|.
We can also explicitly evaluate ∆n for this example. Since fn(−ΛR, u, j) re-

mains finite as ΛR → ∞, we know that ∆n is given by Eq. (3.6). However, since

fn(−ΛR, u, j) actually vanishes as ΛR → ∞, Eq. (3.6) implies that ∆n vanishes as

well. We therefore conclude that ∆n = 0 for this example. Indeed, we have found

this to be a common result for theories without gauge invariance (for which our EHC

regulator is appropriate). However, these results are of course independent of the spe-

cific regulator employed as long as the regulator respects all of the five-dimensional

symmetries that exist in the theory prior to compactification.

3.3.2 Second example: Five-dimensional QED

As a somewhat more complicated example, let us now consider the case of a vacuum

polarization diagram in five-dimensional QED. We can therefore take the external

lines in Fig. 2.1 to correspond to an incoming/outgoing KK photon, while our internal

lines correspond to a tower of KK fermions. As in the previous example, we shall

assume that this tower of KK fermions has bare five-dimensional mass M . However,

unlike the situation in the previous example, this theory has both five-dimensional

Lorentz invariance and five-dimensional gauge invariance prior to compactification.

Because the incoming and outgoing photons carry five-dimensional Lorentz vector

indices M,N = 0, 1, 2, 3, 4, this diagram LMN
n will have a Lorentz two-tensor struc-

ture. Thus, in general, after integration over the internal momentum running in the

loop, LMN
n will contain one part which is proportional to gMN and another which is

proportional to pMpN . We shall restrict our attention to the part of Lµνn which is
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proportional to gµν, since this is the component which gives rise to renormalizations

of the squared masses of the KK photons. We shall henceforth denote these terms as

L̃µνn .

Clearly, L̃µν0 vanishes for the photon zero mode; this is because four-dimensional

gauge invariance protects the zero-mode photon from gaining a mass. However, using

the techniques we have sketched above, it is relatively straightforward to calculate

L̃µνn for non-zero n. Employing the EDR regularization procedure from Chap. 2 (as

appropriate for theories with gauge invariance) and applying the renormalization con-

dition p2−n2/R2 = 0 for on-shell external KK photons (as appropriate for calculating

mass corrections), we then find that L̃µνn takes the form in Eq. (3.2) with

fµνn (r, x) ≡ − e2Rǫ

4π2R2
(2x− 1)n (r − xn)W gµν , n 6= 0 , (3.10)

where W is given in Eq. (2.48). Equivalently, after the variable substitutions in

Eq. (2.13) and dropping the hats on r̂ and û, we find that fµνn (r, u, j) is given by

Eqs. (3.10) and (2.48) where we simply replace x → y ≡ (u + j)/|n| and r − xn →
(r − u) · sign(n).

Given these results, we can now examine the behavior of fµνn (−ΛR, u, j) as ΛR→
∞ and ǫ → 0. It first glance, it may appear that this expression diverges. However,

we must recall that ΛR and ǫ are related according to Eq. (2.55). Substituting

Eq. (2.55) into Eq. (2.48), we find that W ≈ −2u/(ΛR) + δ as ΛR → ∞. Since δ

also vanishes as ΛR → ∞ [and generally does so more quickly than 1/(ΛR)], we see

that fµνn (−ΛR, u, j) actually remains finite in this limit. On the other hand, it is

immediately apparent that fn(r, u, j) diverges as ΛR → ∞, while f0(r, u) = 0. Thus,

our second defining condition at the end of Sect. 2 is not satisfied, whereupon we see

that five-dimensional QED is an example of the second case discussed at the end of

Sect. 2.

Before going further, it is important to stress that these observations do not

contradict the overall finiteness of Eq. (3.4). Indeed, the finiteness of fµνn (−ΛR, u, j)
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in this limit implies that the second line of Eq. (3.4) is finite by itself, and this in

turn implies that the first line of Eq. (3.4) must also be finite as ΛR → ∞. In order

to see how these divergences cancel, let us consider the simple case where n = 1. In

this case, j = 0 and y = x, whereupon we find that the first line of Eq. (3.4) takes

the form

ΛR
∑

r=−ΛR

∫ 1

0

du (2u− 1)(r − u)
{

log[(ΛR)2] − log[(r − u)2 + (MR)2]
}

. (3.11)

Note that both terms in Eq. (3.11) diverge like (ΛR) log(ΛR) as ΛR → ∞; this is

a subtle interplay between terms in which the cutoff ΛR appears explicitly in the

integrand/summand (as in the first term above) and in which the cutoff appears

only as the upper limit on the r-summation (as in the second term above). It is

nevertheless straightforward to verify that these two divergences cancel directly in

Eq. (3.11), leading to a finite expression as ΛR → ∞. A similar cancellation happens

for each value of n.

According to our general prescription in Sect. 2.1, we must therefore identify

αn(r, u, j) as the cutoff-independent part of the difference fn − f̃n, where f̃n is the

value of fn when all of the bare masses in our theory vanish. We thus find that

αµνn (r, u, j) =
e2gµν

4π2R2
(2y − 1) |n| (r − u)

{

log
[

(r − u)2 + (MR)2
]

− log
[

(r − u)2
]}

(3.12)

for all n 6= 0, while αµν0 = 0. We can also calculate ∆µν
n . Using the definition in

Eq. (3.7) and incorporating the relation in Eq. (2.55), we find

∆µν
n = − e2gµν

4π2R2

1

|n|

|n|−1
∑

j=0

∫ 1

0

du

lim
ΛR→∞

ΛR
∑

r=−ΛR+1

(2y − 1) |n| (r− u)
{

log[(ΛR)2] − log[(r − u)2]
}

. (3.13)

While these are indeed the correct results, we note that the summand/integrand

in Eq. (3.13) is still regulator-dependent, depending explicitly on Λ. Thus, in contrast
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to the regulator-independent αµν-terms from Eq. (3.12), we see that we have not yet

succeeded in writing ∆µν
n in a manifestly finite, regulator-independent manner. We

emphasize that it is not the cutoffs on the upper and lower limits of the KK sum in

Eq. (3.13) which cause difficulty; after all, at an algebraic level, these KK summation

cutoffs may be smoothly removed without difficulty. By contrast, it is the explicit

factor of ΛR within the summand itself which causes algebraic difficulty and which

prevents this expression from being truly regulator-independent.

Our goal, of course, is to show that the expression for ∆µν
n in Eq. (3.13) — just like

our expressions for αµνn and αµν0 — can be rewritten in a manifestly finite, regulator-

independent manner. In other words, without affecting the value of ∆µν
n , we wish to

replace the second line of Eq. (3.13) with an expression of the general form

∞
∑

r=−∞

h(r, u, j) (3.14)

where h(r, u, j) is a regulator-independent function.

Clearly, in order to derive the appropriate function h(r, u, j), we need to find a way

of algebraically redistributing the explicit Λ-dependence in the summand of Eq. (3.13)

across all of the terms in the KK sum. This can be accomplished as follows. First,

we observe that explicitly performing the KK summation and Feynman integration

for the Λ-dependent term in Eq. (3.13) yields

∫ 1

0

du

ΛR
∑

r=−ΛR+1

(2y − 1)|n|(r − u) log[(ΛR)2] = − 1

3
(ΛR) log[(ΛR)2] . (3.15)

Note that this result is an odd function of the cutoff ΛR. However, we can now

“invert” this and rewrite any odd function of the cutoff F (ΛR) in the desired form
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using the identity

F (ΛR) = 1
2

[F (ΛR) − F (−ΛR)]

= 1
2

∫ ΛR

−ΛR

dz f(z) where f(z) ≡ dF (z)/dz

= 1
2

ΛR
∑

r=−ΛR+1

∫ r

r−1

dz f(z)

= −1
2

ΛR
∑

r=−ΛR+1

∫ 0

1

du f(r − u) where u ≡ r − z

= 1
2

ΛR
∑

r=−ΛR+1

∫ 1

0

du f(r − u) . (3.16)

As we see, this identity has the net effect of throwing an arbitrary, explicit (odd)

dependence on ΛR into the upper and lower limits of a discrete sum, just as desired.

In the case at hand, we have F (z) ≡ −1
3
z log(z2), whereupon we see that f(z) ≡

−1
3
(log z2 + 2). We thus find that h(r, u, j) ≡ −1

3
(log[(r − u)2] + 2) in Eq. (3.14),

whereupon we conclude that ∆µν
n can be written in the regulator-independent form

∆µν
n =

e2gµν

4π2R2

1

|n|

|n|−1
∑

j=0

∫ 1

0

du

∞
∑

r=−∞

{[

(2y − 1) |n| (r− u) +
1

6

]

log[(r − u)2] +
1

3

}

.

(3.17)

Similar algebraic manipulations can also be performed for other diagrams of interest.

It is straightforward to verify that the expression in Eq. (3.17) converges to a finite

result. As an example, let us consider the case with n = 1. For n = 1, we have j = 0

and y = u. Explicitly performing the u-integration and defining s ≡ r− 1/2, we then

find

∆µν
1 =

e2gµν

144π2R2

∑

s∈ZZ+1/2

{

(4 − 24s2) + 3s(4s2 − 1)
[

log[(s+ 1
2
)2] − log[(s− 1

2
)2]
]}

.

(3.18)

We immediately observe that the summand has a symmetry under s → −s, which

implies that contributions from positive values of s are identical to contributions
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from negative values of s. Thus, the finiteness of Eq. (3.18) does not rely on a

cancellation between contributions from positive and negative KK mode numbers;

sums over positive or negative values of s are each separately convergent. Furthermore,

we see that the contributions from |s| = 1/2 are also finite, since the divergent

logarithm in Eq. (3.18) for |s| = 1/2 is multiplied by the factor (4s2 − 1), which

vanishes even more strongly. This cancellation of the logarithmic divergence can also

be verified by evaluating the original integral in Eq. (3.17) directly with r = 0, 1.

Finally, for large |s|, it is straightforward to verify that the summand in Eq. (3.18)

scales as ∼ 1/s2. Thus the KK sum in Eq. (3.18) is absolutely convergent, as required.

In fact, it can easily be shown that the s-summation in Eq. (3.18) converges to

−36ζ(3)/π2, where ζ(n) is the Riemann zeta-function. We therefore find ∆µν
1 =

−[e2gµν/(4π4R2)]ζ(3), in agreement with results quoted in Chap. 2 and Ref. [25]. It

turns out that ∆µν
n takes this value for all n 6= 0.

3.4 Effective Field Theories for Kaluza-Klein Modes

Thus far, we have described how to calculate radiative shifts to physical KK param-

eters such as KK masses and couplings. In doing this, we have included effects from

all energy scales from the deep infrared to the ultraviolet, as required.

However, as a question of both practical importance and mathematical curiosity,

it is useful to have an EFT description of our KK system which is appropriate for

any arbitrary finite cutoff µ. In the context of KK theories, EFT’s are particularly

useful tools for doing calculations and making predictions because they only contain

finite numbers of KK states, and the presence of a cutoff eliminates problems of non-

renormalizability. Indeed, it is ultimately only an EFT (with finitely many relevant

parameters) which can be fit to experiment.

Towards this end, we now seek to obtain EFT’s which can be used to describe

our KK systems at lower energy scales. In order to do so, we need to determine how
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these radiative corrections accrue as we move from the ultraviolet limit (where the

full 5D Lorentz invariance of the theory is restored and the corrections vanish) to the

infrared. In other words, we seek to express these radiative corrections as evolution

functions of the energy scale µ at which a collider might operate.

In this section, we will present a procedure for doing this which is based on a

Wilsonian approach. We begin, in Sect. 4.1, with some general comments concerning

novel features of the Wilsonian approach which arise for KK theories. In Sect. 4.2,

we then present our general results describing the flow of KK parameters using a

Wilsonian treatment.

3.4.1 Wilsonian flow in Kaluza-Klein theories

Given a Lagrangian in the UV limit, a Wilsonian approach to analyzing the behavior

of the corresponding effective field theories at different lower energy scales µ consists

of integrating out all physics with (Euclidean) momentum or energy scales exceeding

µ. In general, this has two effects: it produces new effective interactions which were

not present in the original UV Lagrangian, and it changes the values of the bare

parameters which were already present in the original Lagrangian, rendering them

µ-dependent. The resulting Lagrangian then describes a Wilsonian EFT at energy

scale µ. Within the framework of such a theory, we would then perform calculations

in the usual way based on this effective Lagrangian, except that µ now serves as a

hard UV cutoff for such calculations. This is appropriate because the contributions

from the physics at scales above µ has already been absorbed directly into the EFT

Lagrangian.

In an ordinary four-dimensional setup, this process of integrating out physics

above the scale µ is performed uniformly across all sectors of the theory, for all parti-

cle species that may appear in the Lagrangian. Following the strict approach outlined

above, we do not eliminate heavy particles from our theory; it is simply that their
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contributions become small because of the kinematic constraints that operate within

a restrictive cutoff µ. For example, let us imagine that our 4D theory contains dif-

ferent particle species with masses mi for i = 1, .., n. Evaluating a one-loop radiative

correction within such a theory, we would sum over the contributions from each par-

ticle which is allowed to propagate in the loop. Likewise, each of these contributions

is evaluated by integrating the possible loop momentum over all possible values up to

infinity. Of course, for each individual particle running in the loop, the contributions

to the momentum integral will be greatest from those values of the loop momentum

for which the internal particle is closest to being on-shell. As a result, the contribu-

tions from particles whose masses exceed the cutoff will be exceedingly small because

they will be significantly off-shell for all allowed values of the loop momentum below

the cutoff. However, within the framework of a Wilsonian-derived EFT, we are only

instructed to truncate each of these momentum integrals at a scale µ. We are not

instructed to eliminate any of the particle species themselves, even if their masses mi

significantly exceed µ.

This situation changes significantly for KK theories. At first glance, one might

think that a KK theory is simply another four-dimensional theory with an infinite set

of increasingly heavy particles. However, we must remember that in a KK theory, the

masses of these particles receive contributions from (and are therefore the reflections

of) the fifth components of a higher-dimensional momentum. It would be acceptable

to disregard this fact if we were not aiming to develop EFT’s that respect our original

higher-dimensional symmetries as far as possible. This includes higher-dimensional

Lorentz invariance. However, in the present case, we seek to follow an intrinsically

higher-dimensional approach so as to avoid the introduction of spurious Lorentz-

violating contributions.

As a result, we must follow an intrinsically higher-dimensional Wilsonian approach

to deriving our EFT’s. In the case of five dimensions, this means that one-loop inte-

grals such as that in Eq. (2.3) must be truncated with an intrinsically five-dimensional
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cutoff µ. In other words, we must impose the five-dimensional Lorentz-invariant con-

straint

ℓ2E + (ℓ4)2 ≤ µ2 . (3.19)

Because Rℓ4 ≡ r − xn, such a constraint equation correlates the cutoff for the inte-

gration over the four-momentum ℓE with the cutoff for the summation over the KK

index r. In particular, the constraint in Eq. (3.19) can be implemented by restricting

the KK summation to integers in the range

−µR + xn ≤ r ≤ µR + xn (3.20)

and then restricting our ℓE-integration to the corresponding range

ℓ2E ≤ µ2 − (ℓ4)2

≤ µ2 − (r − xn)2/R2 . (3.21)

Thus, we see that in a truly five-dimensional setup, a Wilsonian treatment not only

implies a truncation for four-dimensional loop integrations; it also implies a truncation

in the KK tower . In other words, we not only eliminate certain momentum scales

from consideration; we also eliminate heavy KK states entirely.

It is, of course, no accident that the KK constraint in Eq. (3.20) resembles that

in Eq. (3.2), and that the four-momentum cutoff in Eq. (3.21) resembles that in

Eq. (2.18), except with the replacement Λ → µ. Eqs. (3.2) and (2.18) together stem

from our extended hard-cutoff (EHC) regulator, whose defining characteristic is also

the imposition of a five-dimensional Lorentz-invariant cutoff. There is, however, a

major conceptual difference between the two cutoffs Λ and µ: while Λ is a regulator

cutoff which is always removed at the end of a calculation, µ is a finite physical

(Wilsonian) cutoff which defines an associated momentum scale for our EFT and

which serves as a finite physical cutoff for calculations performed within the context of

that EFT. Such a cutoff is not taken to infinity at the end of such an EFT calculation.

It is therefore only at the algebraic level that these two cutoffs appear similar.
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3.4.2 Deriving Wilsonian EFT’s

Given these observations, it is now straightforward to derive our Wilsonian EFT’s

as a function of the momentum scale µ. We shall do this to one-loop order, and

shall provide a general method of deriving the µ-dependence that our KK parameters

(masses and couplings) accrue. There are, of course, new effective operators that will

also be generated in these EFT’s. The procedure we shall be outlining below also

applies to their coefficients as well.1

We shall let λn collectively denote these KK parameters. Of course, these pa-

rameters λn will receive classical rescalings in cases where they are dimensionful. In

order to eliminate these classical rescalings, we shall henceforth assume that each λn

has been multiplied by a sufficient power of the radius R so as to be dimensionless.

Likewise, we know that each λn will receive quantum corrections which are diver-

gent when our cutoffs are removed; indeed, it is only differences such as λn − λ0

which can be expected to remain finite. Our strategy will therefore be to derive the

µ-dependence of differences such as λn − λ0. The parameters λn 6=0 describing the

excited KK states in our EFT associated with any scale µ can then be obtained in

terms of the parameters λ0 for the zero modes.

Let us first consider the full, one-loop radiative correction to the difference λn−λ0.

According to Eq. (3.5), this one-loop radiative correction ∆(λn − λ0) is given by

∆(λn − λ0) =

∞
∑

r=−∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

du [αn(r, u, j) − α0(r, u)] + ∆n (3.22)

where the αn- and ∆n-functions are determined according to the procedures described

in Sect. 2. Note that since the λn are dimensionless, the αn-functions corresponding

1Of course, even our original higher-dimensional theory can be viewed as an EFT of its own,
and hence would contain all possible operators consistent with our UV symmetries. From this
perspective, the only “new” operators that would be generated are those which break the higher-
dimensional symmetries but not the four-dimensional symmetries. In any case, the procedure we
are outlining here is applicable to the coefficients of any operators, whether higher-order or not.
However, for convenience, we shall refer to these coefficients as KK masses and couplings in what
follows.
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to these λn are dimensionless as well. Clearly Eq. (3.22) represents the complete

radiative shift in λn− λ0 that is accrued from momentum scales all the way from the

ultraviolet limit to the infrared.

Our goal, however, is to evaluate the corrections to the bare parameters in the UV

Lagrangian that accrue due to integrating out only that portion of the physics associ-

ated with momenta exceeding µ. We therefore wish to calculate the partial radiative

correction from the ultraviolet limit down to an arbitrary non-zero momentum scale

µ. To do this, we calculate the same one-loop radiative correction, only now imposing

the constraint

ℓ2E + (ℓ4)2 ≥ µ2 , (3.23)

where µ is treated as an infrared cutoff. In other words, we must integrate out the

contributions from KK modes satisfying

r ≤ − µR+ xn or r ≥ µR+ xn , (3.24)

where the corresponding ℓE-integrations are restricted to the region

ℓ2E ≥ µ2 − (r − xn)2/R2 . (3.25)

In analogy with Eqs. (3.3) and (3.4), we see that this then leads to the partial radiative

correction

∆(λn − λ0)

∣

∣

∣

∣

µ

=
1

|n|

|n|−1
∑

j=0

∫ 1

0

du lim
ΛR→∞

[(

−µR
∑

r=−ΛR+1

+

ΛR
∑

r=µR+1

)

fn(r;µ,Λ)

−
(

−µR
∑

r=−ΛR

+
ΛR
∑

r=µR

)

f0(r;µ,Λ) + δµR,0 f0(0;µ,Λ)

]

=
1

|n|

|n|−1
∑

j=0

∫ 1

0

du lim
ΛR→∞

{(

−µR
∑

r=−ΛR

+
ΛR
∑

r=µR

)

[

fn(r;µ,Λ)− f0(r;µ,Λ)

]

− fn(−ΛR;µ,Λ) − fn(µR;µ,Λ) + δµR,0 f0(0;µ,Λ)

}

.

(3.26)
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Here the fn-functions are the dimensionless functions appropriate for calculations

of the λn parameters. Note that in writing these functions, we have suppressed

their (u, j) arguments relative to the notation in previous sections. However, we

have also added two explicit cutoff arguments, writing f(r;µ1, µ2) where µ1 and µ2

respectively represent the infrared and ultraviolet cutoffs which truncate the four-

momentum integrals contained within these functions. In Eq. (3.26), we have also

defined δµR,0 ≡ 1 only if µR = 0, and zero otherwise. Terms proportional to δµR,0

in Eq. (3.26) compensate for the notational overcounting which arises in the µR = 0

special case. Finally, note that the µR → 0 limit of Eq. (3.26) indeed reproduces the

full radiative correction in Eq. (3.4), which may then be replaced by the explicitly

finite form in Eq. (3.5).

In the expressions in Eq. (3.26), the scale µ always appears as as infrared cutoff

for the f -functions. However, there also exists an alternative but equivalent set of

expressions in which µ appears as an ultraviolet cutoff within the f -functions. This

alternative formulation exists because ∆(λn − λ0)|µ can equivalently be calculated

by integrating all the way down to zero energy, yielding the full contribution in

Eq. (3.5), but then subtracting the contributions that emerge if we restore the partial

contributions from zero energy back up to µ. These latter contributions are given in

Eq. (3.4), where ultraviolet cutoff Λ is replaced by µ and kept finite. Combining the

results in Eqs. (3.5) and (3.4), we therefore have

∆(λn − λ0)

∣

∣

∣

∣

µ

=
1

|n|

|n|−1
∑

j=0

∫ 1

0

du

∞
∑

r=−∞

[αn(r, u, j) − α0(r, u)] + ∆n

− 1

|n|

|n|−1
∑

j=0

∫ 1

0

du

{ µR
∑

r=−µR

[

fn(r; 0, µ)− f0(r; 0, µ)

]

− fn(−µR; 0, µ)

}

. (3.27)

Note that µ now appears as an ultraviolet cutoff within the f -functions. For example,

in the case of the first example discussed in Sect. 3, we see that f0(r; 0, µ) is given by
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the expression in Eq. (3.8) with the replacement Λ → µ. Note that in the final line

of Eq. (3.27), we do not take the additional step of replacing our f -functions with α-

functions in which the µ-dependence is eliminated. While such a replacement would

have been appropriate in the µ → ∞ limit, we are regarding µ as an arbitrary finite

parameter in Eq. (3.27). Consequently, although any divergent behavior as a function

of µ indeed continues to cancel in the difference fn−f0, there can be subleading terms

which scale with inverse powers of µ. Such terms must be retained for finite µ. Also

note that since f(r; 0, 0) = 0, the µ → 0 limit of Eq. (3.27) again restores the full

radiative contribution in Eq. (3.5).

In either case, with ∆(λn − λ0)|µ written as in Eq. (3.26) or as in Eq. (3.27), we

can then write the value of λn at scale µ in terms of λ0 at the same scale:

λn|µ = λ0|µ +

[

κn + ∆(λn − λ0)

∣

∣

∣

∣

µ

]

(3.28)

where κn denotes the difference λn − λ0 evaluated in the UV limit:

κn ≡ (λn − λ0)

∣

∣

∣

∣

µ=∞

. (3.29)

For example, if λ corresponds to the squared (dimensionless) masses (mR)2 of the

KK modes arising from a one-dimensional compactification on a circle, then κn = n2.

We conclude this section with two related comments. First, it is clear that the

above analysis has been based on our EHC regulator, as introduced in Chap. 2. This

does not imply, however, that such a formalism cannot be used in theories with gauge

invariance. If the higher-dimensional theory in question has gauge invariance, this

formalism may continue to be utilized; the only difference is that gauge-dependent

counterterms must be introduced in order to compensate for the (apparent) breaking

of gauge invariance induced by the presence of a hard cutoff. Moreover, an analo-

gous formalism can be developed which avoids the hard cutoff altogether, and which

utilizes our EDR regulator from Chap. 2. This formalism would preserve our higher-

dimensional symmetries, both Lorentz invariance and gauge invariance, in a com-
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pletely manifest way. Note that regardless of which specific regulator from Chap. 2

is employed, the crucial ingredient that enables this formalism to operate is the fact

that such regulators preserve the original symmetries of our higher-dimensional La-

grangian, and not merely those four-dimensional symmetries which remain after com-

pactification.

Second, we also emphasize that the Wilsonian approach we have followed here

is different from the more canonical approach in which the renormalization scale µ

is introduced through renormalization conditions involving the momenta of external

particles. By contrast, the above approach does not impose any particular relationship

between the external momenta and the scale µ; for example, we are free to choose to

place our external particles on-shell as in Sect. 3, if desired.

Given the above effective field theories, we would then proceed to compare with

experiment in the usual way. We would begin with our effective Lagrangian formu-

lated in terms of our KK parameters λ evaluated for an arbitrary scale µ:

L = L[λi(µ)] . (3.30)

Since experimentalists will measure physical observables such as cross sections and

decay rates at a particular energy E, we would then calculate such quantities from

our effective Lagrangian. Denoting such physical observables collectively as σ, we

would thereby obtain predicted values for these quantities in terms of µ, E, and our

unknown parameters λi(µ):

σpred = σpred[λi(µ), µ, E] . (3.31)

Setting σpred = σexpt then allows us to constrain the λi(µ) parameters, and thereby

deduce the effective Lagrangian experimentally. Note, in this context, that while the

values of the λi(µ) parameters in the effective Lagrangian will depend on the specific

chosen reference value of µ, the final result for the physically observable cross sections

and decay rates are independent of µ, as always.
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3.5 Conclusions and Future Directions

In Chap. 2, we proposed two new regulators for quantum field theories in spacetimes

with compactified extra dimensions. Unlike most other regulators which have been

used in the extra-dimension literature, these regulators are specifically designed to

respect the original higher-dimensional Lorentz and gauge symmetries that exist prior

to compactification, and not merely the four-dimensional symmetries which remain

afterward.

In this chapter, we continued this work by showing how these regulators may be

used in order to extract ultraviolet-finite results from one-loop calculations. We pro-

vided a general procedure which accomplishes this, and demonstrated its use through

two explicit examples. We also showed how this formalism allows us to derive Wilso-

nian effective field theories for Kaluza-Klein modes at different energy scales.

The key property underpinning our methods is that the divergent corrections to

parameters describing the physics of the excited Kaluza-Klein modes are absorbed

into the corresponding parameters for zero modes. This eliminates the need to intro-

duce independent counterterms for parameters characterizing different Kaluza-Klein

modes. Our effective field theories can therefore simplify radiative calculations involv-

ing towers Kaluza-Klein modes, and should be especially relevant if data from the

LHC should happen to suggest the existence of TeV-sized extra dimensions. Indeed,

when the parameters describing the zero modes are taken as experimental inputs, the

relative corrections ∆(λn−λ0) that we have determined will enable us to predict the

properties of the entire corresponding KK spectrum. Knowledge of these differences

thus allows us to obtain regulator-independent (i.e., Λ-independent) EFT’s for KK

modes at various energy scales.

Despite the fact that our final results are regulator-independent, as required, we

stress that the approaches we have taken here rely rather crucially on the existence

of such regulators in order to perform the explicit calculations. If we had not em-
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ployed regulators which explicitly preserve the higher-dimensional Lorentz and gauge

symmetries that exist prior to compactification, we would have obtained additional

spurious terms which would not have been easy to disentangle from the physical ef-

fects of compactification. Note that in some sense, all of the radiative corrections

we have been calculating represent the breaking of five-dimensional Lorentz invari-

ance due to compactification: this breaking, which originates non-locally through the

compactification of the spacetime geometry in the UV limit, becomes a local effect

in the EFT at lower energy scales. It would thus have been difficult to separate

these 5D Lorentz-violating terms from those that would have also emerged from a

poor choice of UV regulator. However, by employing the regulators we developed in

Chap. 2, we have avoided the introduction of such spurious terms altogether. The 5D

Lorentz-violating effects of the radiative corrections we have calculated can thus be

interpreted directly as the low-energy consequences of spacetime compactification, as

expected.

As already noted at the end of Chap. 2, our analysis has been limited in a number

of significant ways. For example, this analysis has been restricted to five dimensions

and to one-loop amplitudes. We have also focused on flat compactification spaces

without orbifold fixed points. However, compactification on orbifolded geometries

is ultimately required in order to obtain a chiral theory in four dimensions. There-

fore, although our results can be taken to apply to the bulk physics in such setups,

they would require generalization before they could accommodate orbifold fixed-point

contributions such as those which might emerge from, e.g., brane-kinetic terms.

Even within the framework of compactification of a single extra dimension on a

circle, there remain important extensions which can also be considered. For example,

when deriving our effective field theories in Sect. 4, we focused on the scale-dependence

of those parameters λi (e.g., KK masses and couplings) which already appeared in

the original UV Lagrangian. However, as we pass to lower energies, new effective

operators, i.e., new higher-order interactions, will be generated. Despite the intrinsic
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nonrenormalizability of higher-dimensional theories, such operators have generally

been ignored in the higher-dimensional literature. Fortunately, our techniques have

the advantage of being able to handle these new interactions just as easily as they

handle the leading interactions we have already considered; all that changes is the

form of the f -functions. Although the extra contributions from such operators are

generally suppressed compared with the leading contributions which have been our

focus, they can give rise to important phenomenological effects and thus must be

taken into account in any complete study of the low-energy phenomenologies of KK

theories.
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Chapter 4

Radiative Corrections

4.1 Introduction

The existence of Kaluza-Klein (KK) states is perhaps the most important phenomeno-

logical prediction of extra dimensions, and any future search for physics beyond the

Standard Model will look for signs of these particles. For this reason, it is vital to

understand the properties of these states and the effects that they induce. In recent

years, there has been much discussion of the radiative effects that these states can

induce in the low-energy physics consisting of only zero modes. For example, run-

ning of gauge couplings becomes power-law (see Chap. 1), modifications of (s,t,u)

parameters, etc.

However, there has been relatively little attention paid to the radiative effects that

these particles may have on their own masses and couplings. Since these particles

are likely to be our only direct experimental probes into the apparent geometry of

the compactification manifold, it is important to understand the extent to which

radiative corrections can distort the expected tree-level relations that the KK masses

and couplings can be expected to satisfy and which will be used as evidence of a

geometric underpinning for such states.

To sharpen the discussion, let us consider the simplest possible case of a single

extra dimension compactified to a circle. As explained in Chap. 1, the masses of the

corresponding KK states can be expected to obey the well-known dispersion relation

at tree level:

m2
n = m2 +

n2

R2
, (4.1)

where mn is the mass of the n’th mode, m is the zero-mode mass, and R is the

radius of the extra dimension. In this chapter, we shall henceforth refer to m as the
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“bare” mass. Note that this result assumes only that our extra dimension is flat and

that our original theory obeys five-dimensional (5D) Lorentz symmetry. Likewise,

at tree level, the couplings in a Lorentz-invariant theory on an extra dimension are

universal, independent of mode number. Specifically, as mentioned in Chap. 3, if

λn,n′,... represents a coupling between KK modes n, n′, ..., then

λn,n′,... = λ δn+n′+...,0 , (4.2)

where λ is a constant and where the δ-function merely enforces 5D momentum con-

servation at a vertex. The important point is that λ is independent of mode number.

Like the masses and couplings in any theory, however, the masses and couplings

of KK states can receive radiative corrections. Thus, it is possible that the tree-level

relations in Eqs. (4.1) and (4.2) will no longer hold once these masses and couplings

are replaced by their one-loop renormalized values.

Focusing on the mass relation in Eq. (4.1), we can imagine a number of potential

outcomes. One possibility is that the one-loop renormalized KK masses will continue

to obey a relation of the form (4.1), but in which all radiative corrections can be

bundled into a new effective bare mass m or a new effective radius R. Despite the

fact that m and R are merely fixed parameters describing our ultraviolet theory, we

shall refer to these outcomes as effective renormalizations of these terms. However, the

spectrum of renormalized KK masses may instead have an entirely new dependence

on mode number, implying that even the form of the tree-level relations is violated.

More precisely, we can classify the different types of quantum corrections that our

squared KK masses may experience:

1. The corrections are independent of mode number. In this case, the bare mass

m is effectively renormalized, but the KK dispersion relation maintains the

same mathematical form. In this case, local 5D Lorentz invariance is preserved.

However, since compactification breaks global 5D Lorentz invariance by singling
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out the extra dimension, this occurrence would be entirely unexpected. We shall

give an example where this phenomenon arises to one-loop order in Sect. 3.

2. The corrections are proportional to the square of mode number. In this case, we

can bundle the renormalizations into an effective value of the radius R. To the

extent that the radius is an arbitrary parameter and the form of the general KK

mass relation is preserved, this also would not signal a direct breaking of local

Lorentz invariance. We say that the apparent radius of the extra dimension is

rescaled. This is because the square of mode number is the coefficient of 1/R2

at tree-level. A correction proportional to the square of mode number therefore

appears to rescale the value of 1/R2. However, we note that this is not a true

geometric effect, since there is no reason for the KK excitations of different

particles to experience the same mass corrections. Only a renormalization of

the metric would literally be geometric.

3. The corrections depend on mode number non-quadratically. For this case, there

are two possibilities:

a. An infinite subset of the KK tower shifts according to Case 1 or 2. However,

the KK dispersion relation is broken (e.g., through additive terms which

take discrete values) for the tower on a whole. We call this an implicit

violation of the KK dispersion relation.

b. The KK dispersion relation does not survive for any infinite subset of

modes. We call this an explicit violation of the KK dispersion relation.

We say that the apparent geometry of the extra dimension is distorted. We

use the term, “geometry distortion”, because a KK tower is the signature of an

extra dimension. If after renormalization, the KK masses no longer obey the

dispersion relation in Eq. (4.1), then it would seem that the KK modes were

not excitations on an extra dimension.
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In Chaps. 2 and 3, we developed techniques for analyzing radiative corrections in

theories with compactified extra dimensions. In Chap. 2, we developed new regulators

specifically to respect higher dimensional symmetries which exist prior to compact-

ification. In Chap. 3, we showed how to employ these techniques to obtain finite,

regulator-independent results for differences between renormalized excited mode and

zero-mode parameters. Such differences turn out to be convergent sums over the

mode numbers of virtual KK states. Once the renormalized zero-mode parameters

are given, these differences yield the entire spectrum of quantities characterizing a

KK tower. We showed that these finite differences only are possible to calculate with

regulators — such as the ones in Chap. 2 — which respect higher dimensional sym-

metries. Furthermore, any error induced by a bad regulator will be magnified, due to

the nonrenormalizability of higher dimensional theories.

In this chapter, we will apply our method to φ4 theory and Yukawa theory on

a circular extra dimension. These theories are relevant to the Higgs sector of the

5D Standard Model. We will obtain results for radiative corrections to all of the

masses and couplings of KK modes in these theories. Specifically, we will derive mass

corrections in Yukawa theory which violate the KK dispersion relation according to

Cases 3a and 3b. In both theories, couplings between KK states can become mode-

number dependent, despite the fact that they are universal in the UV limit. That

is, in contrast to Eq. (4.2), the coupling λn,n′,... can be more general than a constant

multiplied by a delta-function. Both implicit and explicit dependencies on mode

number arise.

In Sects. 4.2 and 4.3, we give our results for the mass and coupling shifts in φ4

theory and Yukawa theory. In Sect. 4.4, we discuss our results.
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4.2 φ4 Theory

As stated in the introduction, our goal is to determine how the masses and couplings of

KK modes should renormalize. As a simple toy model, in this section we will examine

the case of a purely bosonic φ4 theory on a circular extra dimension of radius R.

We shall begin with a five-dimensional theory defined by the φ4 action

S =

∫

d4x

∫ 2πR

0

dy

[

1

2
∂Mφ∗∂Mφ− 1

2
m2
φφ

∗φ− λ(5)

4!
φ4

]

, (4.3)

where y is the coordinate along the extra dimension, λ(5) is a 5D coupling, and φ is

assumed to be a real scalar. Proceeding in the usual way, we decompose the φ-field

in terms of Kaluza-Klein modes

φ(xµ, y) =
1√
2πR

∑

n

φn(x
µ) einy/R , (4.4)

and substitute this back into the original action in Eq. (4.3). Since φ is real, we also

have

φ∗
n = φ−n . (4.5)

Integrating over y, we thus obtain a purely four-dimensional action of the form

S =

∫

d4x

(

1
2

∑

n

∂µφ∗
n∂µφn − 1

2

∑

n

m2
φnφ

∗
nφn

− 1

4!

∑

r

∑

r′

∑

r′′

∑

r′′′

λr,r′,r′′,r′′′ φr′′′φr′′φr′φr

)

, (4.6)

where

m2
φn = m2

φ + n2/R2 (4.7)

and where

λr,r′,r′′,r′′′ = δr+r′−r′′−r′′′,0
λ(5)

2πR
. (4.8)

Note, in particular, that the δ-function in Eq. (4.8) merely expresses the conservation

of five-momentum at a vertex, as appropriate for compactification on a circle in which
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translational invariance in the extra dimension has been preserved. Other than this,

our tree-level coupling is independent of the external Kaluza-Klein indices.

We shall now transform these mass and coupling relations in a minor but signifi-

cant way, rewriting them entirely as relations between measurable, four-dimensional

quantities. According to Eq. (4.7), the zero-mode mass is given by m0 ≡ mφ; likewise,

according to Eq. (4.8), the vertex for four zero-modes has a coupling given by

λ ≡ λ0,0,0,0 =
λ(5)

2πR
. (4.9)

Thus we can rewrite Eq. (4.9) as

λr,r′,r′′,r′′′ = δr+r′−r′′−r′′′,0 λ . (4.10)

Eqs. (4.7) and (4.10) then are the tree-level relations for which we seek to calculate

one-loop radiative corrections. Having already described our techniques for doing this

in Chaps. 2 and 3, we shall simply quote the results.

First, to one-loop order, we find that Eq. (4.7) remains intact. In other words,

there are no mode-number dependent corrections to the KK masses at one-loop order

in φ4 theory. The corrections purely are shifts to the bare mass term m2
φ. Thus, this

is an example of Case 1 from Sect. 4.1.

It is easy to see why this situation arises. The relevant diagram for one-loop mass

renormalization is shown in Fig. 4.1(a). Because of the topology of this diagram, the

momentum that flows through the loop is wholly independent of the Kaluza-Klein

index on the external line. Thus, each Kaluza-Klein state accrues exactly the same

mass correction, and it is possible to bundle this into an effective “renormalization”

of the constant term m2
φ in Eq. (4.7).

We stress, however, that this is merely a one-loop phenomenon. For example,

two-loop diagrams contributing to mass renormalization are shown in Figs. 4.1(e) and

4.1(f). While Fig. 4.1(e) also leads to a mass renormalization which is independent of

the Kaluza-Klein number of the external line, the contribution from Fig. 4.1(f) clearly
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(c)

(f)

(b)

(e)

(a)

(d)

Figure 4.1. Relevant diagrams for renormalization in φ4 theory: (a) one-loop
mass renormalization; (b,c,d) one-loop coupling renormalizations; (e,f) two-loop mass
renormalizations. Of the diagrams contributing to mass renormalization, only dia-
gram (f) yields a contribution which depends on the Kaluza-Klein mode number of
the external particle. Thus, only diagram (f) produces Lorentz-violating deformations
away from the form of the tree-level Kaluza-Klein mass relation.

depends non-trivially on this index. Thus, to two-loop order, Fig. 4.1(f) represents

the only diagram leading to radiative effects which break tree-level mass relations.

Violations of 5D Lorentz invariance appear at one-loop order for the couplings,

however. At one-loop order, we find that λn,n′,n′′,n′′′ no longer is universal as in

Eq. (4.10), with all couplings equal. Instead, radiative corrections introduce splittings

in the couplings so that the new one-loop renormalized relation takes the form:

λn,n′,n′′,n′′′ = δn+n′−n′′−n′′′,0 [λ+ ∆(λn,n′,n′′,n′′′ − λ0,0,0,0)] , (4.11)

where

∆(λn,n′,n′′,n′′′ − λ0,0,0,0) =
λ2

4π
[ξn+n′(s) + ξn−n′′(t) + ξn−n′′′(u)] . (4.12)

We shall now proceed to define each of the terms which appear in this result, and
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shall plot the coupling corrections in Fig. 4.2. The ξ-functions are given as

ξn(s) =

∞
∑

r=−∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

dv
[

α(ξ)
n (r, v, j; s) − α

(ξ)
0 (r, v; s)

]

, (4.13)

where

α(ξ)
n =

1

4π
log(ρ2 + M2(y; s)R2) . (4.14)

The quantity M2(y; s) is defined to be

M2(y; s) = y(y − 1)s+m2
φ , (4.15)

where

y =
v + j

|n| . (4.16)

The quantity ρ is defined to be r−v when the mode-number subscript on α is nonzero.

For a vanishing subscript (i.e., the case of α0), ρ = r, and M2
φ(y) is replaced with

M2
φ(v). The variable v is a Feynman parameter. Note that Eq. (4.11) is of the form

of a mode-number sum over α-functions, as described in Eq. (3.5).

The quantity λ in Eq. (4.11) is the zero-mode coupling. Technically, a coupling

constant corresponding to the first excited mode should appear in the coefficient in

Eq. (4.12). However, to one-loop order, we may approximate the coefficient to be

λ2/(4π). The quantities s, t and u are Mandelstam variables for five-momenta. As-

signing five-momenta (p, n/R) and (p′, n′/R) to the incoming states in Fig. 4.1 (b), (c)

and (d), and five-momenta (p′′, n′′/R) and (p′′′, n′′′/R) to the outgoing states, we find

that

s = (p+ p′)2 − (n+ n′)2/R2 , t = (p− p′′)2 − (n− n′′)2/R2 ,

u = (p− p′′′)2 − (n− n′′′)2/R2 . (4.17)

In this calculation, these variables are fixed through renormalization conditions. The

appropriate conditions are determined by the energy scale at which the couplings are

measured.
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Figure 4.2. ∆(λ0,0,1,−1 − λ0,0,0,0)/χλ vs. µR, where χλ ≡ λ2/(4π). Curve A
represents the case of m2

φR
2 = 0. Curve B represents the case of m2

φR
2 = 0.25.

Curve C represents the case of m2
φR

2 = 0.5. The four incoming and outgoing KK
modes are taken to be on shell. The scale µ is defined according to the conditions
t = u = −µ2/2, s = µ2 + 4m2

φ. The scale µ runs from the threshold to produce
the (1,−1) pair of KK modes to the (2,−2)-threshold. Note that to save space, the
variable on the y-axis merely is denoted as ∆λ. Similar abbreviations will be used in
the remaining plots in this chapter.

Fig. 4.2 shows the relative runnings of the λ0,0,1,−1 and the λ0,0,0,0-couplings. Ac-

cording to this figure, the λ0,0,1,−1-coupling has a positive splitting from the λ0,0,0,0-

coupling (i.e., there is a tiny enhancement of the coupling between the zero mode

and the first excited KK mode). The largest enhancement would be at the threshold

for production of the first excited mode. As the bare scalar mass mφ increases, the

enhancement is reduced.

In Eq. (4.12), the radiative correction is written as summations over α-functions,

multiplied by a factor of λ2/(4π). By factoring out λ2/(4π) from the other parts of

the corrections, we separate out effects which depend on the strength of the coupling

from effects which do not. We shall continue to use this convention throughout this

chapter. Naively, it might seem to be more convenient to define the α-functions such
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that a factor of λ2 is the coefficient in Eq. (4.12), or such that the factor of 1/(4π) is

removed from Eq. (4.14). We chose this form for the coupling coefficient, because it is

analogous to the fine structure constant e2/(4π) in QED, which signifies the strength

of the electromagnetic interaction. Throughout this chapter, we shall write coupling

coefficients as pure powers of g2/(4π), where g is the coupling.

Note that for certain values of s, the function α
(ξ)
n (s) in Eq. (4.14) can be com-

plex. Although the imaginary part of an amplitude is important, only the real part

renormalizes parameters (e.g., masses and couplings) of a Lagrangian. Therefore, we

are implicitly taking the real part of the right hand side of Eq. (4.12). Unless stated

otherwise, it will be understood that the real part is taken in any expression for a

KK correction.

4.3 Yukawa Theory

We now turn to the case of 5D Yukawa theory in which a scalar particle interacts with

a Dirac fermion. In some sense, this is the next simplest theory to consider. Moreover,

as we shall see, the structure of the radiative corrections is far more involved, both

for the KK masses and for the couplings.

For Yukawa theory, we will consider two cases: one in which the scalar is real,

and the other in which it is complex. In the case of a real scalar, we shall take the

5D action to be

S =

∫

d4x

∫ 2πR

0

dy
[

1
2
∂Mφ∂

Mφ− 1
2
m2
φφ

2 + ψ̄(iγM∂M −mψ)ψ −Gφψ̄ψ
]

(4.18)

where G is the coupling, φ is the scalar, and ψ is a Dirac spinor. In the case of a

complex scalar, by contrast, we shall take our action to be

S =

∫

d4x

∫ 2πR

0

dy
[

1
2
∂Mφ

∗∂Mφ− 1
2
m2
φφ

∗φ+ ψ̄(iγM∂M −mψ)ψ −G(φψ̄ψ + h.c.)
]

.

(4.19)

As we shall see, these two cases lead to somewhat different results.
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We first consider the case of a real scalar field. The KK decomposition of the

scalar again is given by Eq. (4.4). The mode expansion of the fermion is

ψ(xµ, y) =
1√
2πR

∑

n

ψn(x
µ) einy/R . (4.20)

The field ψ and its KK modes have the same algebraic representations as ordinary

4D Dirac fermions. The only caveat is that there is an additional γ matrix in the

action:

γ4 = γ0γ1γ2γ3 . (4.21)

When we expand the action in terms of KK modes (which appear to be heavy, four-

dimensional particles), γ4 may be rewritten as −iγ5.

An effective action for KK modes in Yukawa theory has the following form:

S =

∫

d4x

[

1
2

∑

n

∂µφ
∗
n∂

µφn +
∑

n

ψniγ
µ∂µψn − 1

2

∑

n

m2
φnφ

∗
nφn

−
∑

n

ψnMnψn −
∑

r

∑

r′

φr′−r ψr′ ĝr,r′ ψr + · · ·
]

, (4.22)

where

Mn = m
(D)
ψn − im

(A)
ψn γ

5 (4.23)

and

ĝr,r′ = gr,r′ + i g
(A)
r,r′ γ

5 . (4.24)

As we shall see, the γ5-terms in the action are odd with respect to mode number.

For that reason, parity is conserved at all energy scales. At tree level, m2
φn is given

by Eq. (4.7). The other parameters of the theory are given by

m
(D)
ψn = mψ , m

(A)
ψn = n/R , (4.25)

gr,r′ = g ≡ G√
2πR

, (4.26)

and

g
(A)
r,r′ = 0 . (4.27)
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The situation is nearly identical for a complex scalar field. Following the same

Kaluza-Klein reduction results in a four-dimensional action of the form in Eq. (4.22)

except that we no longer make the identification in Eq. (4.5) and we replace φr′−r →
φr′−r + φ∗

r−r′ in the final coupling term.

4.3.1 Mass Shifts of the Boson Modes

Regardless of whether the 5D scalar is real or complex, the renormalized masses of

the scalar modes in Yukawa theory are given by the following formula:

m2
φn =

n2

R2
+m2

φ0 +
1

R2
∆
[

m2
φnR

2 −m2
φ0R

2
]

, (4.28)

where

∆
[

m2
φnR

2 −m2
φ0R

2
]

=
g2

4π

∞
∑

r=−∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

dv
[

α(φ)
n (r, v, j) − α

(φ)
0 (r, v)

]

, (4.29)

and where g is the zero-mode coupling. (As in φ4 theory, deviations from the zero-

mode coupling should appear. However, only are important at higher loop order.)

The function α
(φ)
n is given as

α(φ)
n (r, v, j) =

1

π

[

(ρ2 + (1 − 2y)|n|ρ) log(ρ2)

−(ρ2 + (1 − 2y)|n|ρ+ 3M2
φ(y;m

2
φ)R

2) log(ρ2 + M2
φ(y;m

2
φ)R

2)
]

.

(4.30)

When n = 0, we replace y in the above equation with v. The quantity ρ is defined

the same way as it is in φ4 theory. The quantity M2
φ(y;µ

2) is defined as

M2
φ(y;µ

2) = m2
ψ + y(y − 1)µ2 . (4.31)

Note that in this equation, we are expressing M2
φ in terms of a new variable µ, rather

than the scalar zero-mode mass mφ. This new quantity represents an energy scale

for an experiment. Although we define masses in terms of on-shell renormalization
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conditions, we will wish to consider the runnings of couplings with respect to an

energy scale. The quantity M2
φ(y;µ

2) will enter such expressions.

As evident from Fig. 4.3, the mass correction described in Eq. (4.28) is an example

of Case 3. Algebraically, one can see that this should be the case, by Taylor expanding

the summand in Eq. (4.29) in powers of the zero-mode masses mφ andmψ. Performing

this expansion, we find that

δ(m2
φnR

2 −m2
φ0R

2) =
g2

4π2

[

7m2
ψ −m2

φ

3µ̂2
+

[

9m2
ψ −m2

φ

10R2

−
11m4

ψ

2
+

1

6

(

−1 +
1

10n2

)

m4
φ +

1

3

(

5 − 1

5n2

)

m2
ψm

2
φ

]

1

µ̂4

+O(m6/µ̂6)

]

, (4.32)

where δ(m2
φnR

2 −m2
φ0R

2) is the contribution to ∆(m2
φnR

2 −m2
φ0R

2), from KK states

with mode number r/R = ±µ̂, and m is a mass on the order of mφ and mψ. It is

assumed that µ̂≫ mφ and mψ.

Figure 4.3. ∆(m2
nR

2 −m2
0R

2)/χg vs. n, for the scalar modes, where χg ≡ g2/(4π).
Curve A represents the case of m2

ψR
2 = 0. Curve B represents the case of m2

ψR
2 =

0.25. Curve C represents the case of m2
ψR

2 = 0.5. For the remaining figures in this
chapter, Curves A, B and C will correspond to these values of the fermion bare mass.

Performing a mode-number sum over the terms in Eq. (4.32) which are inde-

pendent of n leads to a constant shift for the squared-masses of the excited modes.
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This is a violation of the KK dispersion relation, described by Case 3a, since the

zero-mode does not receive this shift. Performing a mode-number sum over the 1/n2-

terms leads to a violation of the KK dispersion relation, described by Case 3b. The

1/n2-dependence fundamentally does not fit into the tree-level dispersion relation for

KK masses.

From the Taylor expansion in Eq. (4.32), one would expect effects described by

Case 3b for small values of n, but for effects described by Case 3a to dominate for large

values. Although this expansion only is valid when µ̂ ≫ mφ and mψ, this prediction

indeed turns out to be correct, as can be seen in Fig. 4.3, where total squared-mass

corrections are plotted as functions of mode number. Furthermore, corrections should

be described purely by Case 3a in the special case that mφ = 0, in agreement with

the prediction from the Taylor expansion. Even without a Taylor expansion, one can

see that it must, because nontrivial dependence on y = (v + j)/|n| is removed when

the bare mass vanishes.

The limit of large mode numbers corresponds to high momentum components

along the extra dimension. Since the discretization of momentum becomes negligible

in this limit, one would expect a correspondence between the physics of high mode

numbers and that of a non-compactified theory. Therefore, it should come as no

surprise that corrections are of the form given in Case 3a when n → ∞, since the

KK dispersion relation holds for this case, albeit with a bare mass which is different

from the zero-mode mass. (This bare mass can differ from the zero-mode mass, since

the zero mode is part of the physics of low mode numbers, where discretization is

significant.) Fig. 4.3 confirms that corrections take the form of Case 3b for small

values of n and Case 3a as n→ ∞.

As seen in Fig. 4.3, the shifts have nontrivial dependencies on the bare masses of

the fermion on the scalar. The nature of these dependencies is examined further in

Fig. 4.4. According to Fig. 4.4, ∆(m2
1R

2−m2
0R

2) has a non-monotonic dependence on

the bare fermion mass. This is due to the fact that we are taking a difference between
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∆(m2
1R

2) and ∆(m2
0R

2) (i.e., there is competition between the two contributions to

∆(m2
1R

2 −m2
0R

2). The curves in Fig. 4.4 have maxima which move to the right as

mφ increase, and which approach the mψ = 0 location as mφ → 0. To the left of the

maxima are kinks, which mark the thresholds for decays of scalar zero mode or the

first excited mode. (These correspond to where the imaginary parts of the diagrams

which renormalize the scalar masses become zero.)

For all cases shown in Fig. 4.4, ∆(m2
1R

2 −m2
0R

2) tends to zero in the limit of a

large fermion bare mass. This is explained by the fact that αn and α0 — as described

by Eqs. (4.30) and (4.31) — approach each other in this limit.

Figure 4.4. ∆(m2
1R

2 −m2
0R

2)/χg for the boson, vs. the dimensionless bare squared
mass of the fermion.

4.3.2 Mass Shifts of the Fermion Modes

The renormalized masses of the fermion modes are given by the following equations:

m
(D)
ψn = m

(D)
ψ0 +

1

R
∆
[

m
(D)
ψn R−m

(D)
ψ0 R

]

, (4.33)

and

m
(A)
ψn =

n

R
+

1

R
∆(m

(A)
ψnR) , (4.34)

where

∆
[

m
(D)
ψn R−m

(D)
ψ0 R

]

=
g2

4π

∞
∑

r=−∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

dv
[

α(ψD)
n (r, v, j) − α

(ψD)
0 (r, v)

]

(4.35)
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and

∆(m
(A)
ψnR) =

g2

4π

∞
∑

r=−∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

dvα(ψA)
n (r, v, j) . (4.36)

When the 5D scalar is real, the α functions take the following values:

α(ψD)
n =

mψR

4π
(1 + y) log(ρ2 + M2

ψ(y)R2) (4.37)

and

α(ψA)
n =

sign(n)

4π
ρ
[

log(ρ2 + M2
ψ(y)R

2) − log(ρ2)
]

. (4.38)

The function sign(n) in Eq. (4.38) is taken to be zero when n = 0. The variables y

and ρ are defined the same way as they were in our expressions for the corrections to

the squared masses of the scalars. The M2
ψ-term is defined as

M2
ψ(y) = (y − 1)2m2

ψ + ym2
φ . (4.39)

Note that we only gave corrections to masses defined through on-shell renormalization

conditions. This is because off-shell renormalization conditions are complicated for

fermion 1PI diagrams, and are not particularly illuminating. Promoting the 5D scalar

to a complex field doubles the values of α(ψD), α(ψA) and α(Zψ).

Corrections to the Dirac masses are shown in Fig. 4.5. Corrections are described

by Cases 3a and 3b. Analogous to the boson mass corrections, the effects from Case

3b dominate in the limit of large n, whereas the effects from Case 3a are important

when n is small. These corrections are monotonic with respect to mode number and

the bare masses.

Note that the corrections shown in Fig. 4.5 are of ∆(m
(D)2
n R2−m(D)2

0 R2), whereas

Eq. (4.33) gives an expression for ∆(m
(D)
n R − m

(D)
0 R). Fig. 4.5 actually is a plot

of 2mψR∆(m
(D)
n R −m

(D)
0 R), which is the squared mass correction expanded out to

leading order in the coupling. All results in this chapter are given at leading order in

couplings. To obtain results at higher order, one would have to consider multi-loop

diagrams.
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Figure 4.5. ∆(m
(D)2
n R2 −m

(D)2
0 R2)/χg vs. n, for the fermion modes.

Corrections to the axial masses are shown in Fig. 4.6. Clearly, these are monotonic

with respect to mode number. They also are monotonic with respect to the bare mass

of either the boson or the fermion, when the other bare mass is fixed.

Figure 4.6. ∆(m
(A)
n R)/χg vs. n, for the fermion modes.

In Fig. 4.6, the radiative corrections vanish when the bare masses mψ and mφ of

the fermion and the boson are equal. Eq. (4.36) implies that this is indeed a general

result, but we stress that this only is shown to occur at one-loop order. Runnings of

axial masses with respect to relative values of m2
ψ and m2

φ are plotted in Fig. 4.7.

In the limit of large mode numbers, the axial mass corrections tend to zero. This

should come as no surprise, since there should be a correspondence to the physics of

a large extra dimension in this limit. However, Fig. 4.8 shows that the squares of
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Figure 4.7. ∆(m
(A)
1 R)/χg vs. ∆m2R2, for fixed values of m2. The quantities m2

and ∆m2 are defined such that m2
ψ = m2 − ∆m2, and m2

φ = m2 + ∆m2.

the axial masses approach constant, nonzero values in this limit. Again, this is an

example in which the corrections are described best by Case 3b for small values of

n, and Case 3a for large values. Corrections to the squared axial masses once again

are monotonic with respect to mode number and the bare masses of the boson and

the fermion. The graphs in Fig. 4.8 are of 2n∆(m
(A)
n R), which is the leading order

correction to ∆(m
(A)2
n R2).

Figure 4.8. ∆(m
(A)2
n R2)/χg vs. n, for the fermion modes.

Although both Dirac and axial mass terms exist in a KK action for fermions, the

most important physical quantity is the mass corresponding to the pole of a propa-
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gator. This is determined from the sum of the squares of the two mass components:

m2
n = m(D)2

n +m(A)2
n , (4.40)

where mn is the physical mass. As in the case of the bosons, one would determine

the renormalized spectrum of the fermions by calculating ∆(m2
nR

2 −m2
0R

2). In this

case,

∆(m2
nR

2 −m2
0R

2) = ∆(m(D)2
n R2 −m

(D)2
0 R2) + ∆(m(A)2

n R2) . (4.41)

One might have expected ∆(m
(A)2
n R2 − m

(A)2
0 R2) to appear in the above equation,

instead of ∆(m
(A)2
n R2). However, as we showed earlier, m

(A)
0 remains zero even after

radiative corrections.

Fig. 4.9 shows corrections to the physical squared masses of the fermion modes.

Unlike the corrections to the Dirac and axial components, these do not have simple

monotonic dependencies on the bare masses. This is due to competition between

the contributions from the Dirac and axial corrections in Eq. (4.40). As Figs. 4.5

and 4.8 show, the corrections to the squared Dirac and axial masses vary in opposite

directions with respect to the fermion bare mass.

In conclusion, both the Dirac and axial components of the masses of KK fermions

receive radiative corrections. Such corrections violate the KK dispersion relation,

according to Case 3. The corrections to the axial components are odd with respect to

mode number, as required by CP symmetry. As a corollary, this symmetry protects

the fermion zero mode from gaining an axial mass. However, the zero mode is not

protected from corrections to the Dirac mass. A correction to an axial mass of a

KK mode can be either positive or negative for a given mode number, depending

on whether the bare mass of the boson or the fermion is larger. Such a correction

vanishes at one-loop order when the boson and fermion bare masses are equal.
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Figure 4.9. ∆(m2
nR

2 −m2
0R

2)/χg vs. n, for the fermion modes.

4.3.3 Coupling Corrections

Corrections to the couplings between KK modes are given by the following pair of

formulas at one-loop order:

gn1,n2
(µ2) = g0,0(µ

2) + ∆
(

gn1,n2
(µ2) − g0,0(µ

2)
)

, (4.42)

and

g(A)
n1,n2

(µ2) = iL(2)
n1,n2

(µ2) , (4.43)

where

∆
(

gn1,n2
(µ2) − g0,0(µ

2)
)

= i
(

L(1)
n1,n2

(µ2) − L
(1)
0,0(µ

2)
)

+
g

2

[

∆
(

Z
(n1)
ψ − Z

(0)
ψ

)

+∆
(

Z
(n2)
ψ − Z

(0)
ψ

)

+∆
(

Z
(n2−n1)
φ (µ2) − Z

(0)
φ (µ2)

) ]

. (4.44)

The functions L(1) and L(2) in Eqs. (4.44) and (4.43) respectively are the parts

of a loop diagram on a vertex which are proportional to the identity and to iγ5.

The quantities Zψ and Zφ are the field strength renormalizations for a fermion mode

and a scalar mode, respectively. The corresponding mode numbers are given by the

superscripts on the field strengths and the subscripts on the loop diagrams. The

quantity µ2 is the square-momentum of the scalar mode, defining the experiment in
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which the couplings are measured. When n1 and n2 6= 0, the corrections from the

vertex diagrams are given by

i
(

Ln1,n2
(µ2) − L0,0(µ

2)
)

=

(

g2

4π

)3/2 ∞
∑

r=−∞

1

|n1||n2|

|n1|−1
∑

j=0

|n2|−1
∑

k=0

∫ 1

0

dv1

∫ 1

0

dv2

[

α(g)
n1,n2

(r, v1, v2, j, k;µ
2) − α

(g)
0,0(r, v1, v2;µ

2)
]

.

(4.45)

In the above expression, we omitted the superscript (the label “1” or “2”) from the

L-diagrams and the α-functions. This is because our result has this form for both

values of the index. However, the diagram L
(2)
0,0 vanishes. The α-functions for the

vertex diagrams are

α(g1)
n1,n2

=
1√
π

{

log(ρ2 + M2
g(n1,n2)

(y1, y2;µ
2)R2)

+
1

2

[

M2
g(n1,n2)

(y1, y2;µ
2)R2 + (2 − v1 − v2)

2m2
ψR

2

ρ2 + M2
g(n1,n2)

(y1, y2;µ2)R2

]}

,

(4.46)

and

α(g2)
n1,n2

= − 1√
π

(2 − y1 − y2)mψR

(

ρ

ρ2 + M2
g(n1,n2)

(y1, y2;µ2)R2

)

. (4.47)

The superscripts “1” and “2” on the α-functions correspond to those on the L-

functions. Since there are now two Feynman parameters, the variable ρ is defined

differently than before. It is given as

ρ =















r for n1 = n2 = 0
r − sign(n1)v1 for n1 6= 0 and n2 = 0
r − sign(n2)v2 for n1 = 0 and n2 6= 0
r − sign(n1)v1 − sign(n2)v2 for n1 6= 0 and n2 6= 0 .

(4.48)
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When both n1 and n2 are nonzero, the expression for M2
g(n1,n2)

is

M2
g(n1,n2)

(y1, y2;µ
2) = (y1 + y2)

2m2
ψ + (1 − y1 − y2)m

2
φ − y1y2µ

2 , (4.49)

where y1 and y2 are given by analogs of Eq. (4.16), with the appropriate indices placed

on v and n. When n1 = 0, we replace the y1-terms in Eqs. (4.46), (4.47) and (4.49)

with u1. We replace y2 with v2 when n2 = 0.

For the case of n1 6= 0 and n2 = 0, corrections from the vertex diagrams are

described by the formula:

i
(

Ln1,0(µ
2) − L0,0(µ

2)
)

=

(

g2

4π

)3/2 ∞
∑

r=−∞

1

|n1|

|n1|−1
∑

j=0
∫ 1

0

dv1

∫ 1

0

dv2

[

α
(g)
n1,0

(r, v1, v2, j;µ
2) − α

(g)
0,0(r, v1, v2;µ

2)
]

.

(4.50)

The result is similar for the case in which n1 = 0 and n2 6= 0.

The field strength renormalizations Z
(n)
φ for the scalar modes are given by the

formula

Z
(n)
φ (µ2) = Z

(0)
φ (µ2) + ∆

[

Z
(n)
φ (µ2) − Z

(0)
φ (µ2)

]

, (4.51)

where

∆
[

Z
(n)
φ − Z

(0)
φ

]

=
g2

4π

∞
∑

r=−∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

dv
[

α(Zφ)
n (r, v, j;µ2) − α

(Zφ)
0 (r, v;µ2)

]

,

(4.52)

and

α(Zφ)
n (µ2) =

1

π
y(1 − y)

[

3 log
(

ρ2 + M2
φ(y;µ

2)R2
)

+
(1 − 2y)|n|ρ+ 2M2

φ(y;µ
2)R2

ρ2 + M2
φ(y;µ

2)R2

]

. (4.53)

This result holds for a real or a complex scalar. Here and in Eq. (4.54), ρ is defined

the same way as in φ4 theory.
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The renormalizations of the fermion field strengths are given as

∆
(

Z
(n)
ψ − Z

(0)
ψ

)

=
g2

4π

∞
∑

r=−∞

1

|n|

|n|−1
∑

j=0

∫ 1

0

dv
[

α(Zψ)
n (r, v, j) − α

(Zψ)
0 (r, v)

]

, (4.54)

where

α(Zψ)
n =

1

4π
y log

(

ρ2 + M2
ψ(y)R

2
)

. (4.55)

Note that on-shell renormalizations conditions for Zψn are applied.

We note that our expressions for the α-functions for the couplings and the field

strength renormalizations apply when the 5D scalar in our theory is real. When this

field is complex, the α(Zψ)- and the α(g)-functions double. The α(Zφ)-function does

not change.

Fig. 4.10 shows runnings of corrections to a non-axial coupling relevant to the

production of the first KK mode. Relative to corrections to zero-mode couplings,

these can be either positive or negative, depending on the energy scale and the values

of the bare masses. Thus, the corrections can lead to either enhanced or suppressed

creation of the first KK mode.

Unlike the case of φ4 theory, the excited-coupling increases relative to the zero-

mode coupling, as the energy scale increases. We note that when the bare mass of the

scalar vanishes, there are infrared divergences in the one-loop diagrams responsible

for corrections to the zero-mode coupling. However, this does not spoil predictivity,

because infrared divergences always cancel in calculations of observables. We note

that there also are infrared divergences in the one-loop diagrams in the 4D theory

and in QED.

Fig. 4.11 shows runnings of corrections to the corresponding axial coupling. Ac-

cording to this figure, a nonzero axial coupling is generated when the fermion bare

mass mψ is nonzero. However, it vanishes at one-loop order when mψ = 0. As in

the case of φ4 theory, the maximum correction is at the threshold for production of

the first KK mode. Like the corrections to the non-axial couplings, these decrease as
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Figure 4.10. ∆(g0,1 − g0,0)/χ
3/2
g vs. µR. The scale µ is defined according to the

condition Q2 = −µ2, where Q is the five-momentum of the scalar in a vertex diagram.
The scale µ runs approximately from the threshold to produce a particle-antiparticle
pair of the first excited fermion KK mode, to the threshold for a pair of the second
mode, in a t-channel production process for production from a pair of fermion zero
modes. Note: no plot is given for the case of mφ = 0. This is because ∆g0,0 contains
infrared divergences at one-loop order, for the renormalization conditions described
here.

the scalar bare mass mφ increases. However, the two types of coupling corrections

have opposite types of variations with respect to mφ and µ. The corrections shown

in Fig. 4.11 are the axial couplings themselves, since no such interactions exist at

tree level. The experimental signature of such an interaction would be a correlation

between spin and the angular scattering amplitude.

4.4 Conclusions

In this chapter, we calculated radiative corrections to masses and couplings in φ4

theory and Yukawa theory on a circular extra dimension. Using the technique we de-

veloped in Chaps. 2 and 3, we expressed renormalized masses and couplings for excited

modes in terms of the corresponding parameters for zero modes at the same energy

scale. Divergent corrections to excited mode parameters are identical to zero-mode
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Figure 4.11. ∆g
(A)
0,1 /χ

3/2
g vs. µR. The scale µ is defined in the previous figure.

divergences. Thus, we were able to absorb all regulator dependence in renormalized

excited mode parameters into the values of zero-mode parameters at a given scale.

We found that in both φ4 theory and Yukawa theory on a circle, splittings between

different KK couplings can be induced. These lead to enhanced production of the first

excited KK mode in φ4 theory. In Yukawa theory, there can be either enhancement

or suppression, depending on the values of zero-mode masses and the energy scale of

an experiment. The mass dispersion relation m2
n = n2/R2 + m2

0 can get deformed

under radiative corrections, leading to a new dependence on mode number.

Our analysis lead to some counterintuitive results. One is the generation of a

γ5-interaction in Yukawa theory. This interaction does not lead to CP violation, and

is analogous to the axial mass terms from the KK Lagrangian at tree level. Another

counterintuitive result is that corrections to the axial masses of the fermions in Yukawa

theory vanish when the zero-mode masses of the boson and fermion are equal.
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Chapter 5

Conclusions

The existence of TeV-scale extra dimensions is an exciting possibility for physics

beyond the Standard Model, and may offer a solution to the electroweak hierarchy

problem. The most direct experimental signature of TeV-scale dimensions would be

the appearance of towers of Kaluza-Klein (KK) modes at a collider. To understand

the phenomenology of KK modes, it is important not only to know tree-level relations

for the properties of these particles, but the effects of radiative corrections as well. A

number of studies have examined radiative effects on zero modes. However, few have

investigated radiative corrections to properties of excited modes.

In Chap. 2, we developed new ultraviolet (UV) regulators specifically for calcu-

lations of radiative corrections in KK theories. In four dimensions (4D), regulators

control UV divergences in momentum integrals, while respecting the appropriate sym-

metries (e.g., Lorentz invariance, gauge invariance) of a theory. When there are extra

compactified dimensions, loop diagrams are given as KK sums over four-momentum

integrals. Divergences from both the integrals and the sums must be regularized.

Our regulators are known as the Extended Hard Cutoff (EHC) and Extended

Dimensional Regularization (EDR). Each one simultaneously controls divergences

from both four-momentum integrals and KK sums, such that appropriate higher

dimensional symmetries are respected. We presented both regulators in the context

of a theory with a flat, circular extra dimension. (However, generalizations should be

possible.)

The EHC regulator cuts off five-momenta of KK modes running in loops, specifi-

cally so that higher dimensional Lorentz invariance is preserved. Although the concept

behind this regulator is simple, its implementation is nontrivial, due to the discrete-
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ness of momentum components along the compactified dimension. In order to perform

a calculation, certain variable transforms must be employed.

The EDR regulator controls four-momentum integrals via the usual dimensional

regularization procedure in 4D. At the same time, a hard cutoff is placed on KK

sum, and a new quantity λ is introduced to parameterize deformations of 5D tensor

components under dimensional regularization. Remarkably, there exists a value of

λ (λ = 3/2) and a relation between the 4D dimensional regularization parameter

ǫ and the summation cutoff, such that higher dimensional Ward identities for KK

modes are preserved in 5D QED. In the EDR procedure, regularization parameters

are set such that higher dimensional Ward identities are respected. The regulator

therefore respects higher dimensional gauge invariance, since higher dimensional Ward

identities result from this symmetry. It also respects higher dimensional Lorentz

invariance.

It might not appear to be appropriate for our regulators to respect higher di-

mensional Lorentz invariance, since this symmetry is broken by the compactification.

However, the compactification is a global effect at finite distances, and higher dimen-

sional Lorentz invariance remains as a local symmetry. Regulators control effects in

the UV, where physics at short distances is relevant. Additionally, we demonstrated

that 5D Ward identities must hold exactly, even after compactification to a circle.

Although our regulators are tailored to respect higher dimensional Lorentz invari-

ance, our techniques nevertheless are sensitive to violations of the symmetry, induced

by the compactification. In Chap. 2, we showed that our regulators can reproduce

calculations of such effects, yielded from another technique. In Chap. 4, we employed

our regulators, to calculate radiative corrections in 5D φ4 theory and Yukawa theory.

We derived numerous violations of higher dimensional Lorentz invariance.

Performing the calculations in Chap. 4 required not only the regulators developed

in Chap. 2, but also subtraction techniques described in Chap. 3. An individual pa-

rameter of a KK mode receives corrections which are badly divergent. Calculations
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might even appear to be ambiguous, due to the nonrenormalizability of most realistic

theories in higher dimensions. However, in Chap. 3, we developed a technique for un-

ambiguously calculating a finite, regulator-independent difference between a radiative

correction to an observable parameter characterizing an excited KK mode and the

corresponding parameter for the zero mode. We also showed how to derive effective

field theories for KK modes at different energy scales.

The subtraction technique in Chap. 3 allows us to absorb the divergence in a

radiative correction to an excited-mode parameter into the renormalized value of the

corresponding zero-mode parameter. The finite difference between corrections is the

deformation of the KK spectrum (i.e., the effect which breaks the tree-level prediction

for the KK dispersion relation). Thus, excited-mode parameters may be written in

terms of tree-level dispersion relations plus terms which break higher dimensional

Lorentz invariance. The subtraction works, only because the regulators developed

in Chap. 2 are employed. Without these, it would not be clear how to disentangle

physical effects which break higher dimensional Lorentz invariance from regularization

artifacts.

In Chap. 4, we derived a number of interesting effects due to radiative corrections

in 5D φ4 theory and Yukawa theory. We showed that the masses of KK modes in

Yukawa theory receive radiative corrections which non-trivially violate the tree-level

dispersion relation. However, when the mode number of a KK excitation tends to

infinity, corrections to squared masses approach constant splittings from zero-mode

values. This is true for both scalar and fermion modes in the theory. At one-loop

order in φ4 theory, there are no violations to the mass dispersion relation predicted

at tree level. However, radiative corrections induce splittings between couplings for

different KK modes. Coupling splittings also occur in Yukawa theory.

In Yukawa theory, radiative corrections generate a γ5-coupling (i.e., an axial cou-

pling), which is not present at tree level. This coupling does not violate CP symmetry,

because it is odd with respect to mode number. There also are axial components to
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masses of excited fermion modes, and these exist at tree level. We found that when

the zero-mode masses of the fermion and the boson in Yukawa theory are equal,

corrections to the axial masses vanish.

The work described in this thesis can be extended, and we hope to do this in the

future. For example, it should be possible to generalize our regulators to theories

with more complicated compactifications (e.g., the cases of multiple or warped extra

dimensions, or of dimensions with orbifold fixed points). We hope to analyze radiative

corrections in more realistic higher dimensional models (e.g., the higher dimensional

Standard Model with and without supersymmetry added), and to calculate scattering

amplitudes and decay widths. In particular, we are interested in analyzing effects of

brane kinetic terms in orbifold theories, and in generalizing our EDR procedure to

non-Abelian gauge theories. We also hope to perform multi-loop calculations.

We are in the process of employing the calculational techniques in this thesis, to

perform a study of decays of KK modes. Naively, one would expect that the lifetimes

of these particles should decrease with mode number, due to their increasing masses.

However, from a five-dimensional point of view, a state with a large mode number

has a large momentum component along the extra dimension. This translates to a

large Lorentz factor γ. Therefore, in the lab frame of a collider, the Lorentz factor

would seem to lead to an increase in the lifetimes of KK states, with mode number.

Calculations we have performed seem to confirm that this is indeed the case. From the

perspective of a four-dimensional effective field theory, the phenomenon is explained

by the fact that conservation of mode number constrains the possible decay channels

of KK states. The conservation law forbids a state with large mode number from

decaying into only few states with small mode number. Decay into a large number of

states with small mode-number is phase-space suppressed. Hence, the counterintuitive

result of an increase in lifetime with mode number. We stress that this phenomenon

is particular to circular compactification, for which mode number is conserved. Our

study of decays may have interesting cosmological consequences, or may constrain
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theories with circular extra dimensions.
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