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“I think, at a child’s birth, if a mother could ask a fairy godmother to endow it

with the most useful gift, that gift would be curiosity.”
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existing. One cannot help but be in awe when contemplating the mysteries of
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merely to comprehend a little of the mystery every day. The important thing is

not to stop questioning.”

– Albert Einstein, LIFE magazine (2 May 1955)

“Curiosity is the very basis of education and if you tell me that curiosity killed

the cat, I say only the cat died nobly.”

– Arnold Edinborough
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ABSTRACT

Core-collapse supernovae are some of the most energetic events in the Uni-

verse, they herald the birth of neutron stars and black holes, are a major site

for nucleosynthesis, influence galactic hydrodynamics, and trigger further star

formation. As such, it is important to understand the mechanism of explosion.

Moreover, observations imply that asymmetries are, in the least, a feature of the

mechanism, and theory suggests that multi-dimensional hydrodynamics may be

crucial for successful explosions. In this dissertation, we present theoretical in-

vestigations into the multi-dimensional nature of the supernova mechanism.

It had been suggested that nuclear reactions might excite non-radial g-modes

(the ε-mechanism) in the cores of progenitors, leading to asymmetric explosions.

We calculate the eigenmodes for a large suite of progenitors including excitation

by nuclear reactions and damping by neutrino and acoustic losses. Without ex-

ception, we find unstable g-modes for each progenitor. However, the timescales

for growth are at least an order of magnitude longer than the time until collapse.

Thus, the ε-mechanism does not provide appreciable amplification of non-radial

modes before the core undergoes collapse.

Regardless, neutrino-driven convection, the standing accretion shock insta-

bility, and other instabilities during the explosion provide ample asymmetry.

To adequately simulate these, we have developed a new hydrodynamics code,

BETHE-hydro that uses the Arbitrary Lagrangian-Eulerian (ALE) approach, in-

cludes rotational terms, solves Poisson’s equation for gravity on arbitrary grids,

and conserves energy and momentum in its basic implementation. By using time-

dependent arbitrary grids that can adapt to the numerical challenges of the prob-

lem, this code offers unique flexibility in simulating astrophysical phenomena.
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Finally, we use BETHE-hydro to investigate the conditions and criteria for

supernova explosions by the neutrino mechanism. We find that a critical-

luminosity/mass-accretion-rate condition distinguishes non-exploding from ex-

ploding models in hydrodynamic 1D and 2D simulations. Importantly, the criti-

cal luminosity for 2D simulations is found to be ∼70% of the critical luminosity

for 1D simulations. We identify the specifics of multi-dimensional hydrodynamic

simulations that enable explosions at lower neutrino luminosities in 2D and dis-

cuss how these results might foreshadow successful explosions by eventual 3D

radiation-hydrodynamic simulations.
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CHAPTER 1

INTRODUCTION

Most stars with masses above ∼8 M� catastrophically end their lives as core-

collapse supernovae (CCSNe) and, in so doing, become the keystones for a wide

array of astrophysical phenomena. Such supernovae give birth to neutron stars

and stellar-mass black holes, with all their observational consequences. They

are an important site of nucleosynthesis in the Universe. In fact, the existence

of life crucially depends upon nucleosynthesis in CCSNe. Energetically, core-

collapse supernovae are some of most spectacular events in Nature. In light,

∼1049 erg of energy is radiated, the explosions yield ∼1051 erg, or ∼1 Bethe (B), of

kinetic energy, and the energy emitted in neutrinos amounts to several hundred

B. Because of the appreciable energetics, CCSNe play an important role in stellar

and galactic evolution. They help to supply the thermal and kinetic energies of

the interstellar medium, enrich the composition of galaxies, and catalyze further

star formation. Even though CCSNe have a profound impact on a variety of

astrophysical phenomena, a complete theory for the explosive mechanism has

yet to be determined.

There are many aspects of the mechanism that we do understand. Only the

most massive stars, stars with masses above ∼8 M�, form Fe or O-Ne-Mg cores

that are supported by electron degeneracy pressure. As the layers just above

the core continue to burn, the core approaches the Chandrasekhar mass limit.

Upon reaching this limit (∼1.4 M�) the core experiences a global and violent

collapse. At nuclear densities, the equation of state (EOS) stiffens, forming the

protoneutron star (PNS) and initiating the bounce shock wave. However, before

the bounce shock can explode the star, it is sapped of energy by nuclear dis-
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sociation and neutrino losses and stalls into an accretion shock (Mazurek 1982;

Bruenn 1985; Bruenn 1989). Yet detection of neutrinos during SN 1987A (Bionta

et al. 1987; Hirata et al. 1987) confirmed that such explosions are coeval with

neutron star formation. Therefore, understanding the mechanism that revives

the stalled shock into explosion has been the central goal of the community for

many decades.

For more than two decades, the favored shock revival mechanism has been the

delayed neutrino mechanism (Wilson 1985; Bethe & Wilson 1985). In this mech-

anism, neutrinos emitted by the PNS heat the post-shock region and restart the

shock’s outward progress after hundreds of milliseconds of delay. However, de-

tailed one-dimensional (1D) simulations using state-of-the-art equations of state

(EOSs), neutrino-matter cross sections, and neutrino transport have shown that

the neutrino mechanism fails to produce explosions in 1D (Liebendörfer et al.

2001a; Liebendörfer et al. 2001b; Rampp & Janka 2002; Buras et al. 2003; Thomp-

son et al. 2003; Liebendörfer et al. 2005), except the least massive of the massive

stars (Kitaura et al., 2006; Burrows et al., 2007a).

Recently, observations and theory suggest that multi-dimensional phenomena

are a feature of CCSNe and may be crucial for the mechanism. Spectropolarime-

try of many supernovae, in particular SN II-P and including SN 1987A, indicate

that the ejecta are non-spherical, and the degree of asphericity increases toward

the center, the seat of the explosion (Jeffery 1991; Wang et al. 2001; Wang et al.

2002; Leonard et al. 2006; Maund et al. 2007). Many observations including

measured proper motions, bow shocks, and derived orbital characteristics of bi-

nary systems containing neutron stars suggest that kicks are hallmarks of neutron

star formation (Lyne & Lorimer 1994; Lorimer, Bailes, & Harrison 1997; Hansen

& Phinney 1997; Cordes & Chernoff 1998). In fact, Arzoumanian, Chernoff, &
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Cordes (2002) suggest that roughly 50% of the pulsars in the solar neighborhood

escape the Galaxy and that ∼15% have kick speeds greater than 1000 km s−1.

These observations certainly hint that non-radial effects are, in the least, features

of the core-collapse mechanism.

Simulations of the last decade have suggested that the success of the mecha-

nism may require multi-dimensional hydrodynamics (Herant et al., 1994; Janka

& Müller, 1995; Burrows et al., 1995; Janka & Müller, 1996; Burrows et al., 2007d;

Kitaura et al., 2006; Buras et al., 2006b,a). Even though 1D simulations failed

to explode, early two-dimensional (2D) simulations using flux-limited diffusion

noted a trend toward explosions, aided by neutrino-driven convection (Burrows

et al., 1995; Janka & Müller, 1996). However, the crudeness of the neutrino trans-

port schemes and an overabundance of neutron-rich ejecta cast doubt that the

problem had been solved. More recently, a new multi-dimensional instability has

been identified, the standing accretion shock instability (SASI) (Blondin et al.,

2003), that results in extremely non-radial shocks and post-shock flows and may

prove crucial for the viability of the neutrino mechanism. The source of this insta-

bility is currently debated. It may be an advective-acoustic (Foglizzo & Tagger,

2000; Foglizzo, 2002; Foglizzo et al., 2007) or purely acoustic cycle (Blondin &

Mezzacappa, 2006). Whichever explains the SASI, recent simulations have sug-

gested that it may facilitate the neutrino mechanism (Marek & Janka, 2007; Buras

et al., 2006a). However, these simulations have yet to demonstrate a reliable ex-

plosion mechanism for a wide range of progenitor masses that yields explosion

energies consistent with Nature. Furthermore Burrows et al. (2006), Burrows et al.

(2007d), Burrows et al. (2007c), Burrows et al. (2007a), and Burrows et al. (2007b),

using multi-group flux-limited diffusion (MGFLD), obtain successful explosions

only for the 8.8-M� model by the neutrino mechanism alone. Instead, explosions
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are obtained for the majority of models via two mechanisms that absolutely de-

pend upon multi-dimensional phenomena. The first is the acoustic mechanism

(Burrows et al., 2006, 2007c,d), which seems to succeed on long timescales when

and if other mechanisms fail. In this mechanism, highly non-spherical flows

excite core g-modes in the PNS. These in turn couple to outward propagating

sound waves that efficiently deposit energy behind the shock. The second are

magnetically-induced jet explosions in the context of rapidly-rotating progenitor

stars (Burrows et al., 2007b). Whether magnetic jets, the acoustic mechanism, or

the neutrino mechanism are responsible, multi-dimensional considerations are

likely needed to explain successful core-collapse supernova explosions.

In Chapter 2, we address a possible mechanism for pulsar kicks. Of the many

mechanisms suggested, one hydrodynamic mechanism may require large initial

asymmetries in the cores of supernova progenitor stars that amplify during col-

lapse and interact with the supernova mechanism to produce the kick. Specifi-

cally, Goldreich, Lai, & Sahrling (1997) suggested that unstable g-modes trapped

in the iron (Fe) core by the convective burning layers and excited by nuclear re-

actions (the ε-mechanism) may provide the requisite asymmetries. As a prelude

to more definitive multi-dimensional radiation hydrodynamic investigations of

neutron star kicks in the supernova context, one wonders if global asymmetries

prior to core collapse in fact occur. Hence, a thorough analysis of the progenitor

oscillations and their growth rates is necessary. In Chapter 2, we explore the vi-

ability of the g-mode oscillation origin for putative pre-collapse anisotropies by

performing such an eigenmode analysis, and we show that the ε-mechanism is

unlikely to excite large asymmetries prior to collapse.

In Chapter 3, we describe a new hydrodynamics code to simulate multi-

dimensional phenomena using arbitrary unstructured grids. The ability to sim-
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ulate hydrodynamic flow is key to studying most astrophysical objects, in par-

ticular core-collapse supernovae. Even though 1D hydrodynamics is by and

large a solved problem, we include this capability to consistently compare multi-

dimensional hydrodynamics with 1D simulations. In general astrophysical the-

ory, requires the ability to address time-dependent gravitational potentials, com-

plicated equations of state (EOSs), flexible grids, multi-D shock structures, and

chaotic and turbulent flows. Therefore, to address the core-collapse supernova

mechanism, as well as a host of other outstanding astrophysical puzzles, we

have designed the new hydrodynamic code, BETHE-hydro (the hydrodynamic

core of BETHE [Basic Explicit/Implicit Transport and Hydrodynamics Explosion

Code]), from the bottom up. Its general capabilities are in line with the require-

ments listed above, but the most striking feature is that it solves 1D and 2D sim-

ulations using time-dependent, arbitrary-unstructured grids. BETHE-hydro will

be coupled with the 2D mixed-frame radiation transport scheme of Hubeny &

Burrows (2007) to create the 2D radiation/hydrodynamics code BETHE, and the

merger of these two codes will be the subject of a future paper. In Chapter 3,

we present and test the hydrodynamic and gravity algorithms of BETHE-hydro.

Since BETHE-hydro uses arbitrary grids, we expect it to be a powerful and flexi-

ble numerical tool, able to configure the grid to suit the computational challenge

at hand.

In Chapter 4, we use BETHE-hydro to quantify the interplay between the SASI

and the neutrino mechanism and to identify the criteria for successful explosions

by the neutrino mechanism. Solving the core-collapse problem will require de-

tailed three-dimensional (3D) radiation-hydrodynamic simulations. However,

such simulations are beyond the scope of current computing technology. Further-

more, the core-collapse problem involves many subtle local and global nonlinear
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couplings and feedbacks, and extracting the essence of the mechanism from even

1D radiation-hydrodynamic simulations has proven very difficult. Hence, reveal-

ing the core ingredients and conditions of the mechanism will likely require a

two-front attack. On the one hand, fully consistent multi-dimensional radiation-

hydrodynamic simulations will give observationally testable results. On the

other hand, simplified models that nevertheless retain the important physics, but

allow adjustment of important parameters will help reveal what is important. In

Chapter 4, we pursue the latter philosophy. Specifically, we present a system-

atic parameter study of the conditions and criteria for explosion by the neutrino

mechanism, emphasizing the effect that going to 2D from 1D has on the critical

neutrino luminosity required for explosions.

Finally, in Chapter 5, we summarize each chapter and provide an analysis of

the results within the context of asymmetries in core-collapse supernovae. We

also describe future directions for investigations into multi-dimensional simula-

tions of the core-collapse supernova mechanism.
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CHAPTER 2

PULSATIONAL ANALYSIS OF THE CORES OF MASSIVE STARS AND ITS

RELEVANCE TO PULSAR KICKS

The mechanism responsible for the natal kicks of neutron stars continues to be a

challenging problem. Indeed, many mechanisms have been suggested, and one

hydrodynamic mechanism may require large initial asymmetries in the cores of

supernova progenitor stars. Goldreich, Lai, & Sahrling (1997) suggested that un-

stable g-modes trapped in the iron (Fe) core by the convective burning layers and

excited by the ε-mechanism may provide the requisite asymmetries. We perform

a modal analysis of the last minutes before collapse of published core structures

and derive eigenfrequencies and eigenfunctions, including the nonadiabatic ef-

fects of growth by nuclear burning and decay by both neutrino and acoustic

losses. In general, we find two types of g-modes: inner-core g-modes, which

are stabilized by neutrino losses and outer-core g-modes which are trapped near

the burning shells and can be unstable. Without exception, we find at least one

unstable g-mode for each progenitor in the entire mass range we consider, 11 M�
to 40 M�. More importantly, we find that the timescales for growth and decay

are an order of magnitude or more longer than the time until the commencement

of core collapse. We conclude that the ε-mechanism may not have enough time

to significantly amplify core g-modes prior to collapse.

2.1 Introduction

Observations indicate that many pulsars have high proper motions (Lyne &

Lorimer 1994; Lorimer, Bailes, & Harrison 1997; Hansen & Phinney 1997; Cordes

& Chernoff 1998) and that many neutron star systems require kicks at birth. For
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example, pulsar bow shock morphologies (Cordes, Romani, & Lundgren 1993),

misaligned spins of binary pulsars (Cordes, Wasserman, & Blaskiewicz 1990;

Kramer 1998; Wex, Kalogera, & Kramer 2000; Kaspi et al. 1996; Lai, Bildsten,

& Kaspi 1995; Lai 1996; Kumar & Quataert 1997), the statistics of low-mass X-

ray binaries (LMXBs) (Kalogera 1997; Kalogera & Webbink 1998), the high orbital

eccentricities of some Be star systems (Verbunt & van den Heuvel 1995), and sce-

narios for double neutron star systems (Dewey & Cordes 1987; Fryer & Kalogera

1997; Fryer, Burrows, & Benz 1998; Dewi & van den Heuvel 2004; Willems &

Kalogera 2004) all indicate that neutron stars experience significant natal kicks.

Furthermore, Arzoumanian, Chernoff, & Cordes (2002) find a bimodal distribu-

tion of birth kick speeds with peaks at ∼100 km s−1 and ∼700 km s−1 and dis-

persions of 90 and 500 km s−1. They suggest that roughly 50% of the pulsars in

the solar neigborhood escape the Galaxy and that ∼15% have kick speeds greater

than 1000 km s−1. The observations indicate that kicks seem to be hallmarks of

neutron star formation.

What is the mechanism producing the observed and inferred kicks? To give

a 1.4 M� neutron star a speed of 1000 km s−1, the mechanism must be able to

impart ∼1049 erg of kinetic energy, which is just 1% of the canonical SN mechan-

ical energy (∼1051 erg) or 0.01% of the collapse energy (∼1053 erg). Additionally,

any explanation must address the distribution of speeds. If the distribution is

bimodal, then it is possible that more than one mechanism is responsible for the

kicks. Lai (2000b) has summarized the possible magnetic, neutrino (ν), and hy-

drodynamic kick mechanisms, but in general many of the scenarios have trouble

producing kicks larger than ∼200 km s−1.

Of the many mechanisms propounded, hydrodynamic mechanisms are the

most compelling. For example, neutrino-driven convection, which is inherently a
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nonspherical phenomenon, excites large-scale convective motions that stochasti-

cally jostle the protoneutron star (Burrows, Hayes, & Fryxell 1995; Janka & Müller

1994). However, multi-dimensional calculations indicate that any kick imparted

as a result of the convective jostling (“Brownian motion”) has an average mag-

nitude of ∼200 km s−1 (Burrows et al. 1995; Janka & Müller 1994; Scheck et al.

2004) and cannot explain the highest velocities nor the second peak in a possible

bimodal distribution.

These analyses suggest the need for additional asymmetries before the onset

of collapse. Burrows & Hayes (1996) state that global asymmetries in the progen-

itor may be prerequisites for large kicks. In a 2-D hydrodynamic simulation and

with modest asymmetries, Burrows & Hayes (1996) are able to produce a recoil

speed of ∼550 km s−1. However, these calculations are crude and the results,

while suggestive, are not conclusive. Goldreich et al. (1997) have proposed that

these asymmetries may be excited by the ε-mechanism in which g-mode oscilla-

tions in the core are pumped by nuclear reactions.

As a prelude to more definitive multi-dimensional radiation hydrodynamic

investigations of neutron star kicks in the supernova context, one would like to

determine whether global asymmetries prior to core collapse in fact occur. Hence,

a thorough analysis of the progenitor oscillations and their growth rates is nec-

essary. In this paper, we explore the viability of the g-mode oscillation origin for

putative pre-collapse anisotropies by performing such an eigenmode analysis.

2.2 Linear Perturbation Equations

To set the stage for our eigenmode analysis of the cores of nonrotating massive

stars, we first describe linear stellar pulsation theory in the general case. In linear

perturbation theory, a star is assumed to be in hydrostatic equilibrium, around
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which perturbations are small, making second-order or higher terms in the per-

turbation equations negligibly small. Therefore, if f0(~r) is a quantity satisfying

the hydrostatic equations, then f(~r, t) → f0(r) + f ′(~r, t), where 0 denotes the

background solution and ′ denotes the Eulerian perturbation. We assume that the

perturbation is of the form f ′(~r, t) = f ′(r)Ylm(θ, φ)eiωt, where Y`m(θ, φ) is a spher-

ical harmonic in that ` and m are the polar and azimuthal indeces, respectively,

and ω is the oscillation frequency. Under these assumptions and an assumption

of adiabatic perturbations, if P , ρ, φ, cs are the pressure, density, gravitational po-

tential, and sound speed, respectively, the adiabatic linear peturbation equations1

are
1

r2

d

dr
(r2ξr) −

g

c2s
ξr +

(

1 − L2
l

ω2

)

P ′

ρc2s
=
l(l + 1)

ω2r2
φ′, (2.1)

1

ρ

dp′

dr
+

g

ρc2s
P ′ + (N2 − ω2)ξr = −dφ

′

dr
, (2.2)

and
1
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)

− l(l + 1)

r2
φ′ = 4πGρ

(

P ′

ρc2s
+
N2

g
ξr

)

. (2.3)

ξr and ξh are the radial and horizontal components of the Lagrangian displace-

ment vector, ~ξ = ~r − ~r0, and are defined by

~ξ =

(

ξr, ξh
∂

∂θ
, ξh

∂

sin θ∂φ

)

Ylm(θ, φ)eiωt (2.4)

and

ξh =
1

ω2r

(

P ′

ρ
+ φ′

)

. (2.5)

N and L` are the Brunt-Väisälä and Lamb frequencies, respectively, which are

given by

N2 = g

(

1

Γ1

dlnP

dr
− dlnρ

dr

)

(2.6)

1For a complete derivation of the adiabatic linear peturbation equations see Unno et al. (1989).
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and

L2
` =

`(`+ 1)c2s
r2

, (2.7)

where g = GMr/r
2, G is the gravitational constant, and Mr is the mass interior to

r.

Equations (2.1), (2.2), and (2.3) represent a fourth-order boundary value prob-

lem. Near r ∼ 0, simplifications and regularity in the variables φ′, ξr, and

(P ′/ρ+ φ′) dictate that the inner boundary conditions are

dφ′

dr
− `φ′

r
= 0 (2.8)

and

ξr − `ξh = 0. (2.9)

At the surface of the calculational domain, r = R or Mr = M , one outer boundary

condition, from the regularity of φ′, is

dφ′

dr
+

(l + 1)

r
φ′ = 0. (2.10)

A second outer boundary condition allows for the possibility that the atmosphere

is either evanescent to both p- and g-waves or progressive to outgoing p-waves

(Lai 2000b), depending upon the mode frequency:

(
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)

ξr
r
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g
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(
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P
, (2.12)
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(
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)

, (2.14)
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b1 =
`(`+ 1)GM

ω2R3
− V

Γ1
, (2.15)

b2 =
ω2R3

GM
− rN2

g
, (2.16)

α1 =
b1(rN

2/g) − ((1 + rN2/g) + `)V/Γ1

(V/Γ1 − 3 + `)(1 + rN2/g + `) − b1b2
, (2.17)

and

α2 =
b2V/Γ1 − (V/Γ1 − 3 + `)rN2/g

(V/Γ1 − 3 + `)(1 + rN2/g + `) − b1b2
. (2.18)

If the mode frequency is such that this boundary condition represents leakage of

mode energy by progressive p-waves then the eigensolutions are complex, with

the imaginary part of ω, ωI , being related to the rate of leakage.

The solutions to the boundary and eigenvalue problem as defined by eqs.

(2.1)-(2.3) with the boundary conditions, eqs. (2.8)-(2.11), are the eigenmodes of

the perturbed star. The eigenvalue, ω2, and eigensolution depend on the stellar

structure and spherical harmonic index, `, but without rotation are degenerate for

different values of m. We have found solutions to this boundary value problem

using a shooting technique2, in which we search for all modes within a region

of the complex plane of ω2. This is accomplished with a 2-D Newton-Raphson

technique, where convergence to one part in 106, or better, in the eigenvalue is

required. We compare our eigensolutions and eigenfrequencies for the standard

Solar model (Christensen-Dalsgaard et al. 1996) with the eigenmodes determined

by a publicly accessible Fortran code3 designed to solve the adiabatic linear per-

turbation equations. The agreement between the two is better than 0.1%4.

2.2.1 Work Integral

In general, non-adiabatic effects such as nuclear burning and neutrino emission

are included in the perturbation equations. However, if these terms are small, the

2For a more detailed description of the numerical technique employed see §A.1
3provided by J. Christensen-Dalsgaard http://astro.phys.au.dk/∼jcd/adipack.n/
4For a more thorough discussion of our validation criteria see §A.2
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contributions to the imaginary part of ω, ωI , which is directly related to the rate

of growth or decay of the mode, can be obtained from the time-averaged work

integral, Wj (Unno et al. 1989). For a quasi-adiabatic oscillation,

Wj =
π

ω

∫ M

0
εj

(

εjT +
εjρ

Γ3 − 1

)

∣

∣

∣

∣

∣

δT

T
Ylm(θ, φ)

∣

∣

∣

∣

∣

2

dMr, (2.19)

where εj (erg g−1 s−1) is the deposition or loss of energy by either nuclear heat-

ing if j = nuc or neutrino losses if j = ν. Furthermore, εjT = (∂lnεj/∂lnT )ρ,

εjρ = (∂lnεj/∂lnρ)T , and Γ3 − 1 ≡ (∂lnT/∂ρ)S , where S is the entropy. The radial

distribution of the Lagrangian perturbation in temperature is given by

δT

T
= V∇ad

(

ω2

g
ξh −

φ′

gr
− ξr

r

)

, (2.20)

where ∇ad = (∂lnT/∂lnρ)s.

When ω is complex, as is the case when the mode gains or loses energy, the

time dependence of the modes may be written as

~ξ ∝ eiωRtet/τ , (2.21)

where ωR is the real part of ω, and τ is the timescale for growth (+) or decay (-)

and is a composite effect determined by the equation

1

τ
=

1

τnuc
+

1

τν
+

1

τleak
. (2.22)

τnuc, τν , and τleak include the effects of nuclear gains, neutrino losses, and acous-

tic losses, respectively. The nuclear and neutrino timescales are related to their

respective work integrals by

τj =
4πEW

ωRWj
, (2.23)

where EW is the energy in the mode:

EW =
ω2

R

2

∫ M

0
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~ξ
∣
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∣

2
dMr, (2.24)
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and τleak is directly determined by the imaginary part of ω, Im(ω) = −1/τleak.

This quantity is the solution to the adiabatic linear perturbation equations when

eq. (2.11) is the fourth boundary condition. The modes are stable or unstable for

τ < 0 or τ > 0, respectively.

2.3 Massive Star Structures

To investigate the character of the eigenmodes as a function of progenitor mass

and time, t, prior to the onset of collapse, we consider the cores of nonrotating,

massive stars with masses of 11 M�, 13 M�, 15 M�, 25 M�, 30 M�, 35 M� and

40 M� (Rauscher et al. 2002; Woosley, Heger, & Weaver 2002) and at t = 3600,

600, 60, 30, 25, 20, 15, 10, 5, 2, 1, and 0 (start of collapse) seconds before the onset

of collapse. The commencement of collapse is defined at the time when the peak

infall velocity exceeds 900 km s−1. This is about 200 to 250 ms before core bounce.

The structure of each stellar model uniquely determines its eigenmodes. Thus, an

indentification of important trends in the models is helpful in characterizing these

modes. In the top panel of Fig. 2.1 we see that more massive models have higher

entropy, translating into lower central densities and more extended density (ρ)

versus interior mass, Mr, profiles. Consequently, prominent boundaries which

are associated with discontinuities in entropy and Ye and which affect the char-

acter of the modes are also located at larger radii for higher-mass progenitors.

These discontinuities are the boundary between the fossil Fe core (the residue of

core Si burning) and the most recent Fe ashes from shell Si burning (circles on Fig.

2.1), the edge of the Fe core (includes the fossil Fe core and recent Fe ashes) and

the Si burning shell (stars on Fig. 2.1), and the interface between the Si burning

and O burning shells (triangles on Fig. 2.1). The general structural profiles and

these distinct boundaries (Table 2.3) together determine the eigenfunctions and
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eigenfrequencies.

The role of structure in affecting the general character of the solutions can

be understood using the local dispersion relation for plane waves of the form

ei(~k·~r±ωt):

k2
r =

(N2 − ω2)(L2
` − ω2)

c2sω
2

, (2.25)

where kr is the radial component of the wave vector (Unno et al. 1989). This re-

lation implies that for N2 < ω2 < L2
` , all waves are evanescent, for N2 < L2

` < ω2,

they are p-waves, and for ω2 < N2 < L2
` , they are g-waves (Unno et al. 1989).

A propagation diagram, which plots N2 and L2
` versus Mr or r, shows where in

the star each type of wave is allowed to propagate. The propagation diagrams

for the 13 M� (top panel) and 30 M� (bottom panel) models and their corre-

sponding density and Ye profiles, are presented in Fig. 2.2. The positions of the

prominent discontinuities are marked as in Fig. 2.1. Rather than plotting N2

and L2
` , the equivalent period has been presented for each. These periods are

PBrunt = 2π/
√

|N2| and PLamb = 2π/
√

L2
` . An important feature illustrated in Fig.

2.2 is that N2 rises and then falls, creating a resonant cavity for g-modes. The

fall is partly due to the density and pressure structures, but on the outside it dra-

matically plummets due to convection in the O-burning shell, thereby confining

g-waves within the core. For higher frequencies (lower periods), p-waves are al-

lowed. However, they are free to propagate throughout the entire star. Since the

sound-crossing time in the outer stellar mantle is extremely long and dissipative

processes exist, the establishment of standing p-modes is prevented. Hence, for

all models and times, g-modes are trapped in the core, encompassing the Fe core

and frequently the Si burning shell.

Other salient features evident in Fig. 2.2 are the spikes in PBrunt, or equiva-

lently, N2. These spikes are the result of S, Ye, and ρ discontinuities at the bound-
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Figure 2.1 Density (top panel) and electron fraction, Ye, (bottom panel) versuses
interior mass, M , for the 11 M� (solid and dark blue), 13M� (dotted and light
blue), 15 M� (dashed and green), 20 M� (dot-dash and olive green), 30 M� (dot-
dot-dot-dash and red), 35 M� (long dashed and orange), and 40 M� (solid or-
ange) models, all at 5 s before the onset of collapse. Note in the top panel that the
lower mass models have higher central densities, but that the higher mass models
have shallower density gradients. Included on the Ye plot are points indicating
significant features in the star, which greatly affect the modes. Circles represent
the farthest extent of the fossil Fe core, which was formed during convective core
Si burning. Stars represent the base of the Si burning shell at 5 seconds before
the start of collapse (i.e., the extent of the Fe core, including the fossil Fe and the
most recent ashes from Si shell burning), which generally aren’t convective until
collapse. The triangles represent the base of the convective O burning shell
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Table 2.1. Structural Boundaries

Mass (M�)1 Fossil Core (M�)2 Fe Core (M�)3 O Base (M�)4

11 0.83 1.22 (C) 1.36(C)

13 0.98 1.33 (R) 1.44(C)

15 1.05 1.41 (R) 1.74(C)

20 0.99 1.46 (R) 1.60(C)

30 1.06 1.45 (R) 2.03(C)

35 0.96 1.47 (M) 1.66(C)

40 0.97 1.54 (R) 1.76(C)

1The initial mass of the model.
2The location of the fossil Fe core, which was formed by con-

vective core Si burning, at 5 s before collapse.

3The location of the base of the Si burning shell or the top of

the Fe core, which inludes the fossil Fe core and the more recent

ashes from the Si burning shell. A C indicates that the shell is

convective, R indicates that it is radiative, and M inidicates that

the shell is radiative in its inner portion and convective in its

outer portion.

4The location of the base of the O burning shell.
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Figure 2.2 Density (solid green) and Ye (solid red) versuses interior mass in com-
parison to the propagation diagram for the 13 M� model at 5 s before the onset of
collapse. Usually, the square of the Brunt-Väisälä (N2) and Lamb (L2

` ) frequencies
are plotted. In this case, an equivalent period of oscillation is displayed instead,

defined by PBrunt = 2π/
√

(|N2|) and PLamb = 2π/
√

(|L2
` |). The circles, stars, and

triangles represent the same structural boundaries as in Fig. 2.1. The vertical
spikes are from discontinuous density and Ye changes in the profiles and are real.
The bottom panel provides the equivalent information for the 30 M� model.
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aries indicated in Table 2.3. As impedance mismatches these spikes effectively

reflect g-waves. Therefore, even though most g-modes have their greatest am-

plitude near the center of the core, the reflecting boundaries imply that there

might be sub-regions within the overall resonating cavity in which modes may

be trapped.

By prodigious neutrino emission, the cores of massive stars continue to

change their structures prior to the onset of core collapse (Woosley et al. 2002).

Figure 2.3 illustrates the changes of the propagation diagram for the 13 M�
model during the last ten minutes of evolution. As the inner regions quickly

evolve and contract, the Brunt-Väisälä frequency increases with time, gradually

increasing the modal frequencies. In contrast, the model corresponding to t = 0

s (onset of collapse) exhibits a dramatic truncation in the size of the resonating

cavity, in that N2 drops to negative values as the convective region grows due

to implosive burning. However, collapse happens on a dynamical timescale, and

will take 200 to 250 ms. Given that the convective turnover times and the pe-

riods of oscillation are longer than this, the assumption of steady-state mixing-

length convection is probably violated. Although for completeness, results for

the t = 0 s models are presented here, the quantitative results at t = 0 s should

be viewed with healthy skepticism. At other times, the structural changes are

gradual enough for our peturbation theory to be reliable.

In this paper, the major sources and sinks of energy considered are nuclear

burning, neutrino losses, and losses by coupling to outward propagating p-waves

(Lai 2000b). Since losses by radiation are overwhelmed by neutrino emission,

perturbations in the radiative flux is ignored. Throughout the Fe core, neutrino

losses dominate over energy deposition. Only in the Si- and O-burning shells do

nuclear reactions allow the ε-mechanism to operate. For the typical g-mode with
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Figure 2.3 A time series of the propagation digram for the 13 M� model from 600
s to 0 s before the start of collapse. PBrunt and PLamb are defined as in Fig. 2.2.
Notice that the evolution aburptly changes for t = 0 s. This is due to the dramatic
increase in nuclear rates during implosive burning, which causes new regions to
become convective in the mixing-length calculation.
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its largest amplitudes in the center, neutrino losses will dominate in eq. (2.22),

resulting in stability. However, potentially unstable modes are those that are

trapped mostly in the outer part of the core near or in the Si-burning region by

the discontinuities in entropy, Ye, and density (Lai 2000b).

2.4 Results

The results of our analysis are summarized in Table 2.4, which lists all unsta-

ble modes found, and Figs. 2.4-2.11, which are described in detail below. Even

though we did find modes for ` = 1, 2, 3, and higher `s, we present the results

only for ` = 1, 2, and 3 in Table 2.4. since the trends at higher `s are adequatly

demonstrated with the set presented in this paper. In general, the most interest-

ing spherical harmonics to consider are those with odd `, or those with a top-

bottom asymmetry. However even `s are interesting as well, as the nonlinear

evolution of the perturbations into a kick may be triggered by any low order `.

Since the dipole, ` = 1, spherical harmonic most closely resembles the desired

kick geometry, we focus in this section on ` = 1, with peripheral mention of ` = 2

and 3.
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Table 2.2. Growing Modes

Mass (M�)1 t (s)2 Period (s)3 τ (s)4 1/τnuc (s−1)5 −1/τν (s−1)6 −1/τleak (s−1)7

` = 18

11 0 2.21 1.23 × 101 1.60 × 10−1 6.66 × 10−2 1.23 × 10−2

- 1 7.63 5.93 × 102 6.62 × 10−3 4.93 × 10−3 ∼ 0

- 1 4.37 1.20 × 102 1.52 × 10−2 6.87 × 10−3 2.20 × 10−5

- 1 3.04 5.49 × 101 2.87 × 10−2 6.40 × 10−3 4.12 × 10−3

- 1 2.74 1.86 × 102 2.56 × 10−2 6.30 × 10−3 1.39 × 10−2

- 5 4.97 1.85 × 102 7.09 × 10−3 1.68 × 10−3 1.56 × 10−5

- 5 3.53 2.56 × 102 7.96 × 10−3 2.02 × 10−3 2.03 × 10−3

- 30 9.14 3.47 × 102 3.79 × 10−3 9.07 × 10−4 ∼ 0

- 30 6.24 5.69 × 102 3.07 × 10−3 1.31 × 10−3 ∼ 0

- 30 5.75 9.77 × 101 1.11 × 10−2 8.26 × 10−4 ∼ 0

- 30 4.96 8.20 × 102 2.68 × 10−3 1.44 × 10−3 1.87 × 10−5

- 30 4.09 1.83 × 102 7.23 × 10−3 9.63 × 10−4 8.07 × 10−4

- 30 3.62 1.30 × 103 4.14 × 10−3 1.15 × 10−3 2.22 × 10−3

- 60 9.80 6.74 × 102 2.09 × 10−3 6.11 × 10−4 ∼ 0

- 60 6.80 7.24 × 102 2.19 × 10−3 8.11 × 10−4 ∼ 0

- 60 6.37 2.34 × 102 4.89 × 10−3 6.15 × 10−4 ∼ 0

- 60 4.48 8.15 × 102 2.36 × 10−3 6.85 × 10−4 4.50 × 10−4

13 0 4.44 8.59 × 100 2.54 × 10−1 1.37 × 10−1 6.46 × 10−6

- 0 4.34 4.70 × 10−1 2.15 × 100 2.32 × 10−2 9.40 × 10−5

- 1 8.42 1.55 × 101 6.65 × 10−2 2.19 × 10−3 4.82 × 10−6

- 1 5.59 3.47 × 101 3.24 × 10−2 3.38 × 10−3 1.42 × 10−4

- 5 9.50 7.90 × 102 2.32 × 10−3 1.05 × 10−3 4.20 × 10−6

15 0 4.59 7.13 × 10−1 1.43 × 100 1.54 × 10−3 2.61 × 10−2

- 1 8.39 3.15 × 101 3.18 × 10−2 6.32 × 10−5 ∼ 0

- 1 5.23 5.64 × 101 5.02 × 10−2 6.05 × 10−4 3.19 × 10−2

- 5 8.66 1.37 × 102 7.35 × 10−3 4.82 × 10−5 ∼ 0

- 30 9.15 4.43 × 102 2.30 × 10−3 3.88 × 10−5 ∼ 0

- 30 6.62 9.75 × 102 1.42 × 10−3 3.93 × 10−4 ∼ 0

- 60 9.52 6.31 × 102 1.63 × 10−3 4.40 × 10−5 ∼ 0
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Table 2.2—Continued

Mass (M�)1 t (s)2 Period (s)3 τ (s)4 1/τnuc (s−1)5 −1/τν (s−1)6 −1/τleak (s−1)7

- 60 7.03 9.44 × 102 1.45 × 10−3 3.92 × 10−4 ∼ 0

- 600 11.04 9.68 × 105 6.84 × 10−5 6.73 × 10−5 ∼ 0

- 3600 24.28 5.48 × 104 7.68 × 10−5 5.86 × 10−5 ∼ 0

- 3600 16.47 9.99 × 104 5.89 × 10−5 4.89 × 10−5 ∼ 0

- 3600 13.00 3.40 × 105 2.40 × 10−5 2.11 × 10−5 ∼ 0

20 1 10.03 3.61 × 101 2.94 × 10−2 1.65 × 10−3 1.95 × 10−5

- 1 6.77 1.77 × 102 9.49 × 10−3 3.68 × 10−3 1.43 × 10−4

- 5 11.14 2.91 × 102 4.18 × 10−3 7.44 × 10−4 5.11 × 10−6

25 0 5.86 7.29 × 10−1 1.38 × 100 4.03 × 10−3 ∼ 0

- 1 10.70 2.89 × 101 3.79 × 10−2 3.27 × 10−3 ∼ 0

- 1 7.09 1.74 × 101 5.96 × 10−2 2.20 × 10−3 ∼ 0

- 1 6.74 1.17 × 102 1.34 × 10−2 4.85 × 10−3 ∼ 0

- 5 11.30 3.97 × 102 3.91 × 10−3 1.39 × 10−3 ∼ 0

- 5 7.88 2.54 × 102 5.04 × 10−3 1.10 × 10−3 ∼ 0

- 30 8.71 2.59 × 103 1.12 × 10−3 7.33 × 10−4 ∼ 0

- 60 9.18 1.01 × 104 7.30 × 10−4 6.31 × 10−4 ∼ 0

- 3600 17.25 8.35 × 105 6.13 × 10−5 6.01 × 10−5 ∼ 0

30 0 5.35 2.28 × 100 4.41 × 10−1 3.31 × 10−3 ∼ 0

- 1 7.51 2.44 × 101 4.18 × 10−2 8.26 × 10−4 ∼ 0

- 5 8.67 4.23 × 102 3.04 × 10−3 6.76 × 10−4 ∼ 0

- 30 9.79 3.84 × 103 7.83 × 10−4 5.23 × 10−4 ∼ 0

- 3600 16.13 5.74 × 106 3.21 × 10−5 3.20 × 10−5 ∼ 0

35 0 5.09 3.49 × 101 9.27 × 10−2 6.41 × 10−2 1.49 × 10−5

- 0 4.82 5.28 × 10−1 1.90 × 100 6.93 × 10−3 1.08 × 10−3

- 1 7.99 1.81 × 102 8.57 × 10−3 3.05 × 10−3 ∼ 0

- 1 7.60 1.35 × 102 1.06 × 10−2 3.16 × 10−3 ∼ 0

- 1 5.85 5.22 × 101 2.14 × 10−2 2.20 × 10−3 ∼ 0

- 5 8.36 9.90 × 102 2.06 × 10−3 1.05 × 10−3 ∼ 0

- 5 6.44 1.09 × 103 2.14 × 10−3 1.22 × 10−3 ∼ 0

- 30 9.19 5.03 × 103 7.07 × 10−4 5.09 × 10−4 ∼ 0

- 60 9.70 6.22 × 103 5.61 × 10−4 4.00 × 10−4 ∼ 0

40 0 5.95 5.45 × 101 6.82 × 10−2 4.98 × 10−2 1.83 × 10−5
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Table 2.2—Continued

Mass (M�)1 t (s)2 Period (s)3 τ (s)4 1/τnuc (s−1)5 −1/τν (s−1)6 −1/τleak (s−1)7

- 0 5.47 5.43 × 10−1 1.85 × 100 7.20 × 10−3 1.55 × 10−3

- 1 9.00 7.88 × 101 1.60 × 10−2 3.31 × 10−3 ∼ 0

- 1 8.56 3.63 × 101 3.03 × 10−2 2.81 × 10−3 ∼ 0

- 1 7.39 4.46 × 103 4.74 × 10−3 4.51 × 10−3 ∼ 0

- 1 6.36 5.41 × 101 2.24 × 10−2 3.47 × 10−3 5.00 × 10−4

- 1 5.95 5.62 × 101 2.23 × 10−2 3.36 × 10−3 1.11 × 10−3

- 5 9.45 6.06 × 102 2.55 × 10−3 8.97 × 10−4 ∼ 0

` = 2

11 0 1.36 4.55 × 101 1.19 × 10−1 8.66 × 10−2 9.96 × 10−3

- 1 4.47 9.37 × 102 6.07 × 10−3 5.00 × 10−3 ∼ 0

- 1 2.63 1.02 × 102 1.57 × 10−2 5.87 × 10−3 1.19 × 10−5

- 1 1.90 1.28 × 102 1.75 × 10−2 7.99 × 10−3 1.67 × 10−3

- 1 1.73 7.23 × 101 3.58 × 10−2 4.37 × 10−3 1.76 × 10−2

- 5 4.82 2.40 × 103 2.28 × 10−3 1.86 × 10−3 ∼ 0

- 5 2.98 1.98 × 102 6.66 × 10−3 1.59 × 10−3 1.11 × 10−5

- 5 2.68 6.02 × 103 2.93 × 10−3 2.74 × 10−3 2.73 × 10−5

- 5 2.21 5.67 × 102 4.89 × 10−3 2.40 × 10−3 7.25 × 10−4

- 5 1.98 1.41 × 103 1.15 × 10−2 1.31 × 10−3 9.52 × 10−3

- 30 5.35 3.45 × 102 3.77 × 10−3 8.73 × 10−4 ∼ 0

- 30 3.77 3.43 × 103 1.70 × 10−3 1.41 × 10−3 ∼ 0

- 30 3.44 8.76 × 101 1.21 × 10−2 7.12 × 10−4 ∼ 0

- 30 3.07 6.34 × 102 2.98 × 10−3 1.39 × 10−3 1.02 × 10−5

- 30 2.55 2.50 × 102 5.46 × 10−3 1.11 × 10−3 3.54 × 10−4

- 30 2.29 2.94 × 102 6.24 × 10−3 9.68 × 10−4 1.87 × 10−3

- 60 5.74 6.82 × 102 2.08 × 10−3 6.13 × 10−4 ∼ 0

- 60 4.10 2.49 × 103 1.30 × 10−3 8.98 × 10−4 ∼ 0

- 60 3.82 1.81 × 102 6.04 × 10−3 5.00 × 10−4 ∼ 0

- 60 2.78 1.21 × 103 1.79 × 10−3 7.59 × 10−4 2.04 × 10−4

- 60 2.50 6.38 × 103 1.79 × 10−3 7.31 × 10−4 8.98 × 10−4

13 0 2.68 2.77 × 100 4.87 × 10−1 1.26 × 10−1 9.02 × 10−6
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Table 2.2—Continued

Mass (M�)1 t (s)2 Period (s)3 τ (s)4 1/τnuc (s−1)5 −1/τν (s−1)6 −1/τleak (s−1)7

- 0 2.65 5.43 × 10−1 1.88 × 100 3.80 × 10−2 4.10 × 10−5

- 1 4.99 1.49 × 101 6.93 × 10−2 2.10 × 10−3 1.89 × 10−6

- 1 3.44 3.46 × 101 3.24 × 10−2 3.41 × 10−3 6.10 × 10−5

- 5 5.64 7.10 × 102 2.41 × 10−3 9.96 × 10−4 2.04 × 10−6

15 0 2.85 6.14 × 10−1 1.64 × 100 1.25 × 10−3 7.38 × 10−3

- 0 1.79 1.01 × 101 1.76 × 10−1 6.39 × 10−2 1.35 × 10−2

- 0 1.72 3.76 × 100 3.35 × 10−1 3.67 × 10−2 3.26 × 10−2

- 1 6.16 5.42 × 101 1.85 × 10−2 3.28 × 10−5 ∼ 0

- 1 3.24 1.89 × 101 6.47 × 10−2 4.80 × 10−4 1.14 × 10−2

- 5 6.34 1.75 × 102 5.76 × 10−3 2.55 × 10−5 ∼ 0

- 60 4.34 1.10 × 103 1.24 × 10−3 3.28 × 10−4 ∼ 0

- 3600 14.17 6.48 × 104 7.16 × 10−5 5.62 × 10−5 ∼ 0

- 3600 10.32 1.58 × 105 2.71 × 10−5 2.08 × 10−5 ∼ 0

- 3600 9.11 1.73 × 105 4.80 × 10−5 4.22 × 10−5 ∼ 0

20 1 6.04 3.50 × 101 3.02 × 10−2 1.65 × 10−3 9.49 × 10−6

- 1 4.19 3.43 × 102 7.12 × 10−3 4.15 × 10−3 4.97 × 10−5

25 0 2.38 2.85 × 100 4.67 × 10−1 7.70 × 10−4 1.16 × 10−1

- 1 6.43 3.07 × 101 3.59 × 10−2 3.39 × 10−3 ∼ 0

- 1 4.43 1.52 × 101 6.78 × 10−2 1.87 × 10−3 ∼ 0

- 1 4.24 2.20 × 102 9.57 × 10−3 5.02 × 10−3 ∼ 0

- 5 6.58 1.21 × 103 2.49 × 10−3 1.67 × 10−3 ∼ 0

- 5 4.91 2.32 × 102 5.39 × 10−3 1.07 × 10−3 ∼ 0

- 30 5.41 1.56 × 103 1.17 × 10−3 5.28 × 10−4 ∼ 0

- 60 5.70 8.32 × 103 7.60 × 10−4 6.40 × 10−4 ∼ 0

- 3600 4.59 4.81 × 104 3.23 × 10−5 1.15 × 10−5 ∼ 0

30 0 3.20 2.27 × 100 4.41 × 10−1 1.12 × 10−3 ∼ 0

- 0 1.68 1.49 × 100 7.94 × 10−1 2.55 × 10−3 1.21 × 10−1

- 1 4.52 2.47 × 101 4.12 × 10−2 6.75 × 10−4 ∼ 0

- 5 5.23 4.11 × 102 3.01 × 10−3 5.74 × 10−4 ∼ 0

- 30 5.91 3.37 × 103 7.55 × 10−4 4.58 × 10−4 ∼ 0

35 0 2.98 4.93 × 10−1 2.03 × 100 5.28 × 10−3 6.57 × 10−4

- 1 4.77 2.31 × 102 7.53 × 10−3 3.20 × 10−3 ∼ 0
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Table 2.2—Continued

Mass (M�)1 t (s)2 Period (s)3 τ (s)4 1/τnuc (s−1)5 −1/τν (s−1)6 −1/τleak (s−1)7

- 1 4.56 1.34 × 102 1.06 × 10−2 3.15 × 10−3 ∼ 0

- 1 3.63 5.13 × 101 2.17 × 10−2 2.23 × 10−3 ∼ 0

- 1 3.41 2.01 × 103 4.80 × 10−3 4.30 × 10−3 ∼ 0

- 5 5.00 8.02 × 102 2.24 × 10−3 9.89 × 10−4 ∼ 0

- 5 3.99 1.45 × 103 1.96 × 10−3 1.27 × 10−3 ∼ 0

- 30 5.49 4.08 × 103 7.37 × 10−4 4.92 × 10−4 ∼ 0

- 60 5.79 4.78 × 103 5.93 × 10−4 3.84 × 10−4 ∼ 0

40 0 3.44 5.12 × 10−1 1.96 × 100 6.00 × 10−3 7.37 × 10−4

- 0 2.04 1.14 × 101 2.73 × 10−1 1.27 × 10−3 1.83 × 10−1

- 1 5.37 7.42 × 101 1.68 × 10−2 3.32 × 10−3 ∼ 0

- 1 5.14 3.53 × 101 3.11 × 10−2 2.85 × 10−3 ∼ 0

- 1 3.99 6.50 × 101 1.94 × 10−2 3.74 × 10−3 2.70 × 10−4

- 1 3.75 4.21 × 101 2.75 × 10−2 2.95 × 10−3 8.16 × 10−4

- 5 5.68 5.29 × 102 2.75 × 10−3 8.57 × 10−4 ∼ 0

` = 3

11 0 0.99 1.10 × 101 1.63 × 10−1 5.81 × 10−2 1.35 × 10−2

- 0 0.88 3.74 × 100 4.71 × 10−1 1.03 × 10−2 1.94 × 10−1

- 1 1.95 1.12 × 102 1.42 × 10−2 5.20 × 10−3 2.74 × 10−6

- 1 1.33 2.69 × 101 4.67 × 10−2 3.09 × 10−3 6.43 × 10−3

- 5 3.49 1.49 × 103 2.34 × 10−3 1.66 × 10−3 ∼ 0

- 5 2.21 2.90 × 102 5.19 × 10−3 1.73 × 10−3 1.77 × 10−6

- 5 2.04 7.05 × 102 3.85 × 10−3 2.43 × 10−3 6.93 × 10−6

- 5 1.72 3.69 × 103 2.98 × 10−3 2.63 × 10−3 8.16 × 10−5

- 5 1.53 9.65 × 101 1.46 × 10−2 1.06 × 10−3 3.19 × 10−3

- 30 3.86 3.89 × 102 3.45 × 10−3 8.84 × 10−4 ∼ 0

- 30 2.54 8.66 × 101 1.22 × 10−2 6.88 × 10−4 ∼ 0

- 30 2.34 3.47 × 102 4.18 × 10−3 1.30 × 10−3 ∼ 0

- 30 1.98 3.78 × 102 3.92 × 10−3 1.22 × 10−3 4.68 × 10−5

- 30 1.79 1.43 × 102 8.31 × 10−3 8.23 × 10−4 4.93 × 10−4

- 60 4.15 8.29 × 102 1.86 × 10−3 6.54 × 10−4 ∼ 0
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Table 2.2—Continued

Mass (M�)1 t (s)2 Period (s)3 τ (s)4 1/τnuc (s−1)5 −1/τν (s−1)6 −1/τleak (s−1)7

- 60 2.83 1.53 × 102 6.97 × 10−3 4.27 × 10−4 ∼ 0

- 60 2.56 5.36 × 104 9.63 × 10−4 9.45 × 10−4 ∼ 0

- 60 2.16 2.59 × 103 1.23 × 10−3 8.23 × 10−4 2.29 × 10−5

- 60 1.95 7.26 × 102 2.24 × 10−3 6.45 × 10−4 2.18 × 10−4

13 0 2.02 9.43 × 10−1 1.14 × 100 8.20 × 10−2 3.31 × 10−6

- 0 2.01 9.39 × 10−1 1.15 × 100 8.29 × 10−2 3.63 × 10−6

- 0 2.01 9.39 × 10−1 1.15 × 100 8.29 × 10−2 3.63 × 10−6

- 1 3.66 1.41 × 101 7.29 × 10−2 1.99 × 10−3 3.30 × 10−7

- 1 2.65 3.66 × 101 3.09 × 10−2 3.53 × 10−3 7.66 × 10−6

- 5 4.14 6.59 × 102 2.47 × 10−3 9.52 × 10−4 3.54 × 10−7

15 0 2.21 5.65 × 10−1 1.77 × 100 1.06 × 10−3 1.26 × 10−3

- 0 1.42 3.08 × 101 1.02 × 10−1 6.84 × 10−2 1.45 × 10−3

- 0 1.38 4.50 × 100 2.57 × 10−1 3.07 × 10−2 4.45 × 10−3

- 1 2.49 1.31 × 101 7.92 × 10−2 3.38 × 10−4 2.56 × 10−3

- 1 1.67 2.17 × 101 5.90 × 10−2 1.34 × 10−3 1.16 × 10−2

- 5 2.76 1.89 × 102 7.16 × 10−3 2.20 × 10−4 1.64 × 10−3

- 30 3.06 1.05 × 103 1.22 × 10−3 2.67 × 10−4 ∼ 0

- 60 3.26 1.07 × 103 1.20 × 10−3 2.67 × 10−4 ∼ 0

- 3600 10.18 8.41 × 104 6.51 × 10−5 5.32 × 10−5 ∼ 0

- 3600 8.42 2.73 × 105 8.11 × 10−6 4.45 × 10−6 ∼ 0

- 3600 6.95 5.68 × 105 5.03 × 10−5 4.85 × 10−5 ∼ 0

20 1 4.58 6.79 × 101 1.79 × 10−2 3.14 × 10−3 7.57 × 10−7

- 1 4.51 6.96 × 101 1.76 × 10−2 3.25 × 10−3 8.71 × 10−7

- 1 3.35 2.38 × 102 8.13 × 10−3 3.91 × 10−3 5.18 × 10−6

25 0 2.00 2.80 × 100 3.82 × 10−1 3.23 × 10−4 2.42 × 10−2

- 0 1.00 1.17 × 102 1.99 × 10−2 9.07 × 10−3 2.28 × 10−3

- 1 3.45 1.21 × 101 8.42 × 10−2 1.48 × 10−3 ∼ 0

- 1 2.20 2.17 × 102 2.06 × 10−2 2.23 × 10−3 1.37 × 10−2

- 1 2.17 3.40 × 102 1.74 × 10−2 2.94 × 10−3 1.15 × 10−2

- 5 3.81 1.92 × 102 6.24 × 10−3 1.03 × 10−3 ∼ 0

- 30 4.20 2.15 × 103 1.24 × 10−3 7.70 × 10−4 ∼ 0

- 60 4.41 9.52 × 103 7.75 × 10−4 6.70 × 10−4 ∼ 0
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Table 2.2—Continued

Mass (M�)1 t (s)2 Period (s)3 τ (s)4 1/τnuc (s−1)5 −1/τν (s−1)6 −1/τleak (s−1)7

- 600 3.18 2.42 × 103 4.36 × 10−4 2.25 × 10−5 ∼ 0

- 3600 3.86 4.35 × 104 3.23 × 10−5 9.29 × 10−6 ∼ 0

30 0 2.36 2.30 × 100 4.35 × 10−1 6.71 × 10−4 ∼ 0

- 0 1.38 1.10 × 100 9.31 × 10−1 1.52 × 10−3 2.41 × 10−2

- 1 3.34 2.44 × 101 4.16 × 10−2 5.30 × 10−4 ∼ 0

- 1 1.66 6.45 × 101 4.43 × 10−2 4.29 × 10−4 2.83 × 10−2

- 5 3.87 3.90 × 102 3.01 × 10−3 4.51 × 10−4 ∼ 0

- 30 4.38 2.59 × 103 7.54 × 10−4 3.68 × 10−4 ∼ 0

35 0 2.30 4.93 × 10−1 2.03 × 100 2.93 × 10−3 8.37 × 10−5

- 1 3.55 6.73 × 103 4.07 × 10−3 3.92 × 10−3 ∼ 0

- 1 3.41 1.11 × 102 1.20 × 10−2 2.98 × 10−3 ∼ 0

- 1 2.79 4.35 × 101 2.49 × 10−2 1.93 × 10−3 ∼ 0

- 1 2.65 2.13 × 104 4.25 × 10−3 4.20 × 10−3 ∼ 0

- 5 3.71 7.14 × 102 2.34 × 10−3 9.42 × 10−4 ∼ 0

- 5 3.07 1.42 × 103 1.94 × 10−3 1.23 × 10−3 ∼ 0

- 30 4.06 6.22 × 103 6.79 × 10−4 5.18 × 10−4 ∼ 0

- 60 4.28 6.63 × 103 5.36 × 10−4 3.85 × 10−4 ∼ 0

- 3600 3.31 1.63 × 105 1.14 × 10−5 5.26 × 10−6 ∼ 0

40 0 1.74 4.63 × 100 2.59 × 10−1 3.73 × 10−4 4.29 × 10−2

- 0 0.98 2.71 × 102 2.07 × 10−2 1.51 × 10−2 1.89 × 10−3

- 1 4.00 1.24 × 102 1.20 × 10−2 3.90 × 10−3 ∼ 0

- 1 3.86 2.85 × 101 3.77 × 10−2 2.67 × 10−3 ∼ 0

- 1 3.55 2.18 × 103 5.41 × 10−3 4.95 × 10−3 5.42 × 10−7

- 1 3.09 4.21 × 101 2.70 × 10−2 3.22 × 10−3 6.66 × 10−5

- 1 2.94 4.82 × 101 2.41 × 10−2 3.23 × 10−3 1.16 × 10−4

- 5 4.25 4.14 × 102 3.18 × 10−3 7.66 × 10−4 ∼ 0

- 5 3.20 3.03 × 103 1.66 × 10−3 1.22 × 10−3 1.08 × 10−4
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Table 2.2—Continued

Mass (M�)1 t (s)2 Period (s)3 τ (s)4 1/τnuc (s−1)5 −1/τν (s−1)6 −1/τleak (s−1)7

- 30 4.65 1.90 × 104 4.75 × 10−4 4.23 × 10−4 ∼ 0

1The initial mass of the model.

2The time before collapse in seconds.

3The period of the particular growing mode.

4The growth timescale given by 1/τ = 1/τnuc + 1/τν + 1/τleak

5Inverse of the growth timescale from nuclear burning.

6Negative and inverse of the decay timescale due to ν emission.

7Negative and inverse of the decay timescale due to acoustic losses to the envelope.

8Each row is associated with a specific ` given by the header for each section.

Stable and unstable modes are found in all progenitor models. Figures 2.4

and 2.5 display the propagation diagram for the 13 M� and 30 M� models, at

t = 5 s before the commencement of collapse. These diagrams represent modes

of the compact and extended profiles, respectively. Note again, the spikes re-

sulting from Ye and ρ discontinuities in PBrunt and the existence of a resonance

cavity confined by O-shell convection in the 13 M� model (Fig. 2.4). Because

the O shell is farther out in mass for the more massive 30 M� model (Fig. 2.5),

the density and pressure profiles are more relevant in defining the resonant re-

gion. In both figures each horizontal line corresponds to a specific mode; the

shading encodes |~ξ|2. Dark and lighter shading signify low and high displace-

ment, respectively, while blues denote stable modes and reds identify the unsta-

ble modes. Figures 2.4 and 2.5 show that there are many more stable modes than

unstable modes, which is true for all models at all times and for all `s. We also

identify two classes of g-modes, inner-core and outer-core g-modes. Inner-core
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Figure 2.4 The propagation diagram for ` = 1 and the 13 M� model at 5 s before
the onset of collapse with PBrunt (solid) and PLamb(` = 1) (dashed), as defined in
Fig. 2.2. The horizontal lines correspond to each eigenmode and period and are
quantized. The shading in the lines is a measure of the magnitudes of the square
of the amplitude, |ξ|2. Within a single line brighter portions indicate a higher
amplitude while the darker color signifies a lower amplitude. The blues indicate
modes which are stable (τ < 0), and the reds correspond to the modes which are
unstable (τ > 0).

g-modes have their greatest displacements toward the center and diminish with

radius. Their spacing in log10(Period) systematically decreases with increasing

period and increasing number of half-wavelengths, n. In contrast outer-core g-

modes do not have their greatest amplitude in the center. They are trapped by

discontinuites between the fossil Fe core and the O shell in the case of the 13 M�
model and within the Si burning shell in the case of the 30 M� model. Similar

trapping exists for all other progenitors we consider.

Less than half of the outer-core g-modes are modes trapped entirely under
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Figure 2.5 This figure is similar to Fig. 2.4, but for the 30 M� model.

the spikes (i.e. surface g-modes). While these modes satisfy the adiabatic linear

oscillation equations, their physical significance is not well constrained. Their

eigenfunctions and eigenfrequencies depend on the spike widths and heights,

which in turn depend upon the interface between convective and radiative re-

gions in mixing-length theory. However, the results and conclusions we present

in this paper are not predicated on their character or existence.

A sample of inner-core g-modes for the 13 M�, t = 5 s, model with ` = 1

is plotted versus interior mass in Fig. 2.6. The decreasing envelope of the eigen-

function and systematic increase in period with increasing half-wavelengths, n, is

well explained by a WKB analysis (Unno et al. 1989). The quantization condition,

nπ =
∫

krdr, integrated over an appropriate resonant cavity, for g-waves gives

ωR =
[`(`+ 1)]1/2

nπ

∫

cavity

N

r
dr. (2.26)
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Numerically, the inner core frequencies are proportional to [`(` + 1)]1/2/n, and

integrating eq. (2.26) over the appropriate resonance cavity gives approximately

the same value. Following the conservation of wave flux arguments in Goldreich

& Wu (1999), the envelope for the aribtrarily scaled amplitudes of ξr/R and ξh/R

in Fig. 2.6 also correspond with those from the WKB analysis. In contrast, a

simple WKB analysis fails to predict either the shape or the period of the outer-

core g-mode shown in Fig 2.7. Instead, this mode’s period and large displacement

farther out in mass are determined by both resonance in the overall cavity and

resonant trapping between disontinuities in density, Ye, and entropy.

In the context of losses and gains in energy, Fig. 2.8 displays |~ξ|2 versus in-

terior mass for two representative inner-core g-modes (top panel) and an outer-

core g-mode (bottom panel) for the 13 M�, t = 5 s model for ` = 1, in addition

to εnuc and εν in erg g−1 s−1. Figure 2.9 presents similar information for the 30

M� model. The overlap of |~ξ|2 with εnuc and εν is an excellent diagnostic proxy

for the integrand in the work integral (eq. (2.19)). Clearly, neutrino losses dom-

inate the work integral for the case of inner-core g-modes in both models. For

the particular outer-core g-modes plotted for the 13 M� and 30 M� progenitors

in the bottom panels of Figs. 2.8 and 2.9, respectively, the large amplitude in the

Si-burning region allows for instability. While all outer-core g-modes in Fig. 2.5

are unstable, two of the three 13 M� outer-core g-modes in Fig. 2.4 are stablized

by neutrino and acoustic losses. In general, at least one outer-core g-mode has

the requisite radial perturbation distribution to be unstable.

The growth timescales versus period for ` = 1, 2, and 3, t = 60, 30, 25, 20,

15, 10, 5, 2, 1, and 0 s before the onset of collapse are plotted for 11 M� 13 M�,

and 30 M� models in Figs. 2.12, 2.10, and 2.11, respectively. As expected, these

figures illustrate that for higher ` the periods are smaller. Even though we find
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Figure 2.6 The dimensionless eigenfunctions of stable g-mode oscillations with
periods of 10.51, 9.28, 8.17, and 7.07 s, for ` = 1, 13 M�, and 5 s before the start
of collapse. Each mode is distinguished by its period. The top panel plots ξr/R,
where ξr is the radial component of perturbation and R is the calculation domain
size. The amplitude is arbitrarily scaled to 1.0 at its peak value. The bottom panel
plots the corresponding horizontal amplitude, ξh/R.
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Figure 2.7 Plotted are the same attributes depicted in Fig. 2.6, but for a represen-
tative unstable mode with period 9.50 s.
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Figure 2.8 The Lagrangian displacement squared, |ξ|2 (browns and oranges), the
local deposition of energy by nuclear processes, εnuc (solid and black), and the
local losses of energy due to neutrinos, εν (dashed), versus interior mass (M�)
for the 13 M� model, ` = 1, and 5 s before the onset of collapse. The top panel
illustrates this comparison for two representative stable modes (periods = 10.51
and 9.28 s), while the bottom panel plots an unstable mode (period = 9.5 s). Note
that the inner-core g-modes have their largest relative amplitudes where neutrino
losses dominate, but that the outer-core g-modes have their largest relative am-
plitudes trapped in the recent Si burning ashes as well as the Si burning layer
giving rise to instability.
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Figure 2.9 Same as Fig. 2.8, but for the M = 30 M� progenitor, stable modes with
periods of 10.48 s and 9.19 s, and an unstable mode with period = 8.67 s.
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many unstable modes for the 11 M� we do not find clear trends in the τ versus

period plane. In contrast, as represented by the 13 M� and 30 M� models, all

other masses we consider demonstrate a distinct trend. The arrows in Figs. 2.10

and 2.11 indicate the direction in which the modes evolve with time in the τ

versus period plane. Specifically, later models are more compact and have shorter

period oscillations. In addition, the later, more compact, models have slightly

higher densities and temperatures in the burning regions, thereby dramatically

increasing the burning rates and decreasing τ in Figs. 2.10 and 2.11. Also note

that at no point in any of the models are the growth timescales shorter than the

times until the start of collapse. These trends continue to the onset of collapse,

which is marked on Figs. 2.10 and 2.11 with red symbols. In fact, for the latest

models, t = 0 s and 1 s before the start of collapse, τ becomes comparable to

the period, calling into question the assumption in §2.2.1 of small nonadiabatic

effects. While dramatic changes imposed by dynamical collapse and implosive

burning for the t = 0 s models make the effects listed above more pronounced,

the qualitative trends highlighted still obtain for the t = 0 s models.

For all unstable modes found Table 2.4 lists the progenitor mass, time until

onset of collapse, the period, growth timescale, τ , and the contributions, τnuc, τν ,

and τleak. From tens of minutes before commencement of collapse until collapse

itself, unstable modes exist in all progenitor models. However, at every evolu-

tionary stage the timescale for growth is an order-of-magnitude or two longer

than the time until onset of collapse. The rates of growth or decay we derive

are too long compared to the time to onset of collapse to significantly alter the

mode amplitudes. It seems that even though the ε-mechanism is present in the

later evolutionary stages of the cores of massive stars, the timescales imply that

its effect is not large.
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Figure 2.10 The growth timescales, τ , in seconds, for the unstable modes versus
their periods, in seconds, for the 13 M� model. The plots are for ` = 1 (circle), 2
(triangle), and 3 (square) and for times of 60 (blue), 30, 25, 20, 15, 10, 5, 2, 1, and
0 (red) seconds before the onset of collapse. The arrow indicates the evolution of
the period and growth timescales for particular modes as the models approach
collapse.
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Figure 2.11 Same as Fig. 2.10, but for the M = 30 M� progenitor. Note the clear,
uninterupted evolution of specific g-modes up to the onset of collapse.

2.4.1 Analytic Estimates

Consistently, we find that the timescales for growth are longer than the time until

the onset of collapse. As such the ε-mechanism is not able to significantly affect

the amplitudes of the unstable g-modes. Hence, our evaluation of the succesful-

ness of the ε-mechanism depends upon the validity of the timescale calculations.

In this section we corroborate, with an analytic estimate for τnuc, our numerical

evaluations for the growth timescales.

Wj , given by eq. (2.19), is the rate of energy gained or lost, and EW , eq. (2.24),

is the energy in the mode. Assuming the region where nuclear burning inter-

acts with a growing mode is small and the mode itself may be represented by a

top-hat function located entirely and only within the burning region with max-

imum displacement ∆r/r, then the integrand in eq. (2.19) is roughly constant.
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Figure 2.12 Same as Fig. 2.10 but for the M = 11 M� progenitor. While plenty of
growing modes exist, their timescales are far too long for any significant growth
to occur.
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Therefore,

Wj ∼
π

ωR

εjεjT

(

δT

T

)2
∆M

4π
, (2.27)

and eq. (2.20), simplifies to

δT

T
∼ V∇ad

(

∆r

r

)

. (2.28)

As a harmonic oscillation, g-modes are the oscillations of isodensity contours

about their equilibrium positions in hydrostatic equilibrium. The harmonic po-

tential is U ∼ 1/2∂
2φeff/∂r

2x2, where x = ∆reiωt. From ~∇φ = ~∇P/ρ, we get

φeff ∼ φ ∼ P/ρ ∼ GMr/r. Hence, the potential energy, u, is given by

u ∼ GMr

r

(

x

r

)2

. (2.29)

Since EW = 2
∫

< u > dMr, where <> denotes the time average over one period

of oscillation, then

EW ∼ GMr

r

(

∆r

r

)2 ∆M

4π
. (2.30)

Finally, taking the ratio of eq. (2.30) and eq. (2.27) gives a rough estimate for τ :

τnuc =
4πEW

ωRWnuc
∼ 4

P/(ρV )

εnucεnucT∇2
ad

, (2.31)

In the burning region, for the 30 M� t = 5 s model and the 8.67 s, ` = 1 mode,

P/ρ ∼ 2.2 × 1017 erg g−1, εnucεnucT ∼ 2 × 1016 erg g−1 s−1, ∇ad ∼ 1/4, and V ∼ 2,

giving τnuc ∼ 320 s from eq. (2.31). The numerical solution in Table 2.4 is τnuc =

328 s. Similarly for the 8.45 s, ` = 1 mode of the 13 M� progenitor model at t = 1

s, P/ρ ∼ 1.4 × 1017 erg g−1, εnucεnucT ∼ 1017 erg g−1 s−1, ∇ad ∼ 1/4, and V ∼ 3,

giving τnuc ∼ 30 s from eq.(2.31). The numerical solution (Table 2.4) is τnuc = 15.5

s. That the simple analytic arguments and estimates approximately reproduce the

numerical results is reassuring. Even though the nuclear rates increase toward

later times, at no time is this trend enough to cause significant growth prior to

collapse.



56

2.5 Summary and Conclusions

For all progenitors, we find stable and unstable g-modes with oscillation periods

in the range from ∼1 to ∼10 seconds. The stable g-modes are often concentrated

in the inner core and are stabilized by neutrino emission. Unstable g-modes on

the other hand are trapped in the outer radii of the core by discontinuities in

S, density, and Ye. Their typical growth timescales determined numerically and

analytically range from 10s to 10,000s of seconds, which are long compared to the

time until the start of collapse. Therefore, we conclude that the ε-mechanism is

an unlikely source for large perturbations in the progenitor prior to the onset of

collapse.

There are several caveats to our conclusion. Our results are for a set of 1-D

nonrotating models from Rauscher et al. (2002) and Woosley et al. (2002). Ro-

tation in the late stages of massive stellar evolution may significantly effect the

structure of the star prior to collapse (Heger, Langer, & Woosley 2000; Heger,

Woosley, & Langer 2003), thereby altering the analysis in this paper. However,

with modest Fe core rotation periods (∼> 10 s) we expect little deviation from our

results, and the simple energy arguments in §2.4.1 should hold. We also have not

considered a different suite of progenitor models (Nomoto & Hashimoto 1988;

Limongi & Chieffi 2003), which may have different eigenmodes. In addition, cal-

culating full 3-D, non-linear, dynamical convection with nuclear reactions during

the final stages of massive star evolution is a task for the future; the progenitors

and their g-modes may be significantly different than assumed or calculated here.

We also have not considered coupling between convective modes and g-

modes, which provides an excellent mechanism for the excitation of the 5-minute

p-modes in the Sun (Goldreich & Kumar 1990). In such analyses, the amplitudes

of the modes are estimated by assuming steady state is achieved in the nonlin-
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ear time-dependent amplitude equations. However, the short timescales until

the onset of collapse would violate the assumption of steady state and invalidate

such analyses. More importantly, it would be unlikely that the short timescales

until the onset of collapse would allow for significant excitation of g-modes by

convection.

On the other hand, the growth of perturbations in the supersonic regions dur-

ing collapse does occur (Lai 2000a; Lai & Goldreich 2000). Because we have not

ruled out all possible sources of perturbations prior to collapse, asymmetries in

the progenitor may still be relevant in producing the largest kicks. For example,

convection in the last stages of evolution is often quite vigorous and may have

Mach numbers in the range 0.1 to 0.2 and density perturbations, δρ/ρ, in the range

0.01 to 0.05 (Bazan & Arnett 1998). These perturbations may indeed be sufficient

to produce the observed kicks (Burrows & Hayes 1996).

In performing a stellar pulsational and stability analysis of the late-time cores

of massive stars, we have identified many stable and unstable modes. We note

that stability is predominantly determined by the neutrino losses or energy de-

position by nuclear reactions. Compared with the time until the onset of collapse,

the timescales for growth and decay are long. In §2.4.1, we argue that the long

growth timescales (compared with the time until the start of collapse) are con-

firmed by energetic arguments. We suggest that the ε-mechanism for g-mode

growth does not generate the requisite perturbations prior to collapse needed to

stimulate large kicks during the supernova explosion. Therefore, we conclude

that if the hydrodynamic mechanism in combination with progenitor perturba-

tions is to succeed in explaining neutron star kicks other sources of seed pertur-

bations must be investigated.
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CHAPTER 3

BETHE-HYDRO: AN ARBITRARY LAGRANGIAN-EULERIAN

MULTI-DIMENSIONAL HYDRODYNAMICS CODE FOR ASTROPHYSICAL

SIMULATIONS

In this paper, we describe a new hydrodynamics code for 1D and 2D astrophysi-

cal simulations, BETHE-hydro, that uses time-dependent, arbitrary, unstructured

grids. The core of the hydrodynamics algorithm is an arbitrary Lagrangian-

Eulerian (ALE) approach, in which the gradient and divergence operators are

made compatible using the support-operator method. We present 1D and 2D

gravity solvers that are finite differenced using the support-operator technique,

and the resulting system of linear equations are solved using the tridiagonal

method for 1D simulations and an iterative multigrid-preconditioned conjugate-

gradient method for 2D simulations. Rotational terms are included for 2D calcu-

lations using cylindrical coordinates. We document an incompatibility between a

subcell pressure algorithm to suppress hourglass motions and the subcell remap-

ping algorithm and present a modified subcell pressure scheme that avoids this

problem. Strengths of this code include a straightforward structure, enabling sim-

ple inclusion of additional physics packages, the ability to use a general equation

of state, and most importantly, the ability to solve self-gravitating hydrodynamic

flows on time-dependent, arbitrary grids. In what follows, we describe in detail

the numerical techniques employed and, with a large suite of tests, demonstrate

that BETHE-hydro finds accurate solutions with 2nd-order convergence.
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3.1 Introduction

The ability to simulate hydrodynamic flow is key to studying most astrophysical

objects. Supernova explosions, gamma-ray bursts, X-ray bursts, classical novae,

the outbursts of luminous blue variables (LBVs), and stellar winds are just a few

phenomena for which understanding and numerical tools evolve in tandem. This

is due in part to the physical complexity, multi-dimensional character, and insta-

bilities of such dynamical fluids. Moreover, rotation is frequently a factor in the

dynamical development of astrophysical transients. One-dimensional hydrody-

namics is by and large a solved problem, but multi-dimensional hydrodynamics

is still a challenge. In the context of astrophysical theory, this is due primarily to

the need to address time-dependent gravitational potentials, complicated equa-

tions of state (EOSs), flexible grids, multi-D shock structures, and chaotic and

turbulent flows. As a result, theorists who aim to understand the Universe de-

vote much of their time to code development and testing.

One of the outstanding and complex problems in theoretical astrophysics is

the mechanism for core-collapse supernovae. For more than two decades, the

preferred mechanism of explosion has been the delayed neutrino mechanism

(Bethe & Wilson, 1985). One-dimensional (1D) simulations generally fail to pro-

duce explosions (Liebendörfer et al., 2001b,a; Rampp & Janka, 2002; Buras et al.,

2003; Thompson et al., 2003; Liebendörfer et al., 2005). However, 2-dimensional

(2D) simulations, and the accompanying aspherical instabilities, suggest that the

neutrino-mechanism may indeed be viable (Herant et al., 1994; Janka & Müller,

1995; Burrows et al., 1995, 2007d; Buras et al., 2006b; Kitaura et al., 2006), though

this has yet to be proven. In fact, Burrows et al. (2006) have recently reported

an acoustic mechanism, which seems to succeed on long timescales when and if

other mechanisms fail. These authors identified two primary reasons why this



60

mechanism might have been missed before: 1) 2D radiation-hydrodynamic sim-

ulations with reasonable approximations are still expensive to run, and with lim-

ited resources simulations are rarely carried to late enough times; and 2), a note-

worthy feature of the code they used, VULCAN/2D, is its Arbitrary Lagrangian-

Eulerian (ALE) structure. VULCAN/2D incorporates non-standard grids that

liberate the inner core from the Courant and resolution limitations of standard

spherical grids. In this context, Burrows et al. (2006) claim that simulating all de-

grees of freedom leads to a new mechanism in which the gravitational energy in

aspherical accretion is converted to explosion energy by first exciting protoneu-

tron star core g-modes. These modes then radiate acoustic power and revive the

stalled shock into explosion. Remarkably, the acoustic mechanism, given enough

time, leads to successful core-collapse supernovae in all progenitors more mas-

sive than ∼9 M� simulated to date (Burrows et al., 2006, 2007d). However, this is

a remarkable claim, and given the implications, must be thoroughly investigated.

For instance, one question to ask is: could the results seen by Burrows et al. (2006)

be numerical artifacts of VULCAN?

Therefore, to address this and other issues that surround the acoustic super-

nova mechanism, as well as a host of other outstanding astrophysical puzzles,

we have designed the new hydrodynamic code, BETHE-hydro1, from the bottom

up. BETHE-hydro will be coupled with the 2D mixed-frame radiation transport

scheme of Hubeny & Burrows (2007) to create the 2D radiation/hydrodynamics

code BETHE, and the merger of these two codes will be the subject of a future pa-

per. In this paper, we present and test the hydrodynamic and gravity algorithms

of BETHE-hydro. Since BETHE-hydro uses arbitrary grids and a general gravity

solver, we expect it to be a powerful and flexible numerical tool, able to configure

1Hydrodynamic core of BETHE (Basic Explicit/Implicit Transport and Hydrodynamics
Explosion Code)
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the grid to suit the computational challenge.

The core of BETHE-hydro is a 1D and 2D ALE hydrodynamics solver. First,

solutions to the Lagrangian hydrodynamic equations are obtained on an arbitrary

polygonal grid. Then, to avoid tangled grids, the hydrodynamic variables can be

remapped to another grid. A unique and powerful feature of ALE schemes is

their flexibility to tailor an arbitrary grid to the computational challenge and to

alter the grid dynamically during runtime. Hence, purely Lagrangian, purely

Eulerian, or arbitrarily moving grids (chosen to optimize numerical performance

and resolution) are possible. These grids can be non-orthogonal, non-spherical,

and non-Cartesian.

Some of the earliest 2D hydrodynamic simulations in astrophysics were, in

fact, performed to address the core-collapse problem. While some employed

standard fixed-grid schemes (Smarr et al., 1981), other 2D simulations were cal-

culated with adaptive grids. Although many utilized moving grids, for the most

part, the differencing formulations were Eulerian (LeBlanc & Wilson, 1970; Sym-

balisty, 1984; Miller et al., 1993). On the other hand, Livio et al. (1980) did employ

an “Euler-Lagrange” method involving a Lagrangian hydrodynamic solve, fol-

lowed by a remapping stage. Even though these simulations did exploit radially

dynamical grids, they were restricted to be orthogonal and spherical.

Many of the current hydrodynamic algorithms used in astrophysics are based

upon either ZEUS (Stone & Norman, 1992) or higher-order Godunov methods,

in particular the Piecewise-Parabolic Method (PPM) (Colella & Woodward, 1984;

Woodward & Colella, 1984). Both approaches have been limited to orthogonal

grids. One concern with PPM-based codes is that they solve the hydrodynamic

equations in dimensionally-split fashion. As a result, there have been concerns

that these algorithms do not adequately resolve flows that are oblique to the
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grid orientation. Rectifying this concern, recent unsplit higher-order Godunov

schemes, or approximations thereof, have been developed (Truelove et al., 1998;

Klein, 1999; Gardiner & Stone, 2005; Miniati & Colella, 2007). Despite this and the

employment of adaptive mesh refinement (AMR), these codes must use orthog-

onal grids that are often strictly Cartesian.

In BETHE-hydro, we use finite-difference schemes based upon the support-

operator method (Shashkov & Steinberg, 1995) of Caramana et al. (1998) and

Caramana & Shashkov (1998). Differencing by this technique enables conser-

vation of energy to roundoff error in the absence of rotation and time-varying

gravitational potentials. Similarly, momentum is conserved accurately, but due

to the artificial viscosity scheme that we employ, it is conserved to roundoff error

for hydrodynamic simulations using Cartesian coordinates only. Moreover, using

the support-operator method and borrowing from an adaptation of the support-

operator technique for elliptic equations (Morel et al., 1998), we have developed

a gravity solver for arbitrary grids. Unfortunately, by including a general grav-

ity capability, we sacrifice strict energy and momentum conservation. However,

we have performed tests and for most cases the results are reasonably accurate.

Furthermore, we have included rotational terms and we use a modified version

of the subcell pressure scheme to mitigate hourglass instabilities (Caramana &

Shashkov, 1998).

To resolve shocks, we employ an artificial viscosity method, which is designed

to maintain grid stability as well (Campbell & Shashkov, 2001), and there are no

restrictive assumptions made about the equation of state. Higher-order Godunov

techniques employ Riemann solvers to resolve shocks, but frequently need an

artificial viscosity scheme to eliminate unwanted post-shock ringing. Moreover,

the inner workings of Riemann solvers often make local approximations that the
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EOS has a gamma-law form, which stipulates that as the internal energy goes

to zero so does the pressure. For equations of state appropriate for core-collapse

supernovae, this artificially imposed zero-point energy can pose problems for the

simulations (Buras et al., 2006b).

Two codes in astrophysics which have already capitalized on the arbitrary

grid formulations of ALE are Djehuty (Bazán et al., 2003; Dearborn et al., 2005)

and VULCAN/2D (Livne, 1993; Livne et al., 2004). In both cases, the grids

employed were designed to be spherical in the outer regions, but to transition

smoothly to a cylindrical grid near the center. These grid geometries reflected the

basic structure of stars, while avoiding the cumbersome singularity of a spherical

grid. With this philosophy, Dearborn et al. (2006), using Djehuty, have studied

the helium core flash phase of stellar evolution in 3D. In the core-collapse con-

text, Burrows et al. (2006, 2007b,d), using VULCAN/2D, performed 2D radia-

tion/hydrodynamic and radiation/MHD simulations with rotation.

Several gravity solvers have been employed in astrophysics. The most trivial

are static or monopole approaches. For arbitrary potentials, the most extensively

used are N-body schemes, which fit most naturally in Smooth Particle Hydro-

dynamics (SPH) codes (Monaghan, 1992). As a virtue, SPH solves the equations

in a grid-free context, and while SPH has opened the way to three-dimensional

(3D) hydrodynamic simulations in astrophysics, including core-collapse simula-

tions (Fryer & Warren, 2002), the smoothing kernels currently employed pose

serious problems for simulating fundamental hydrodynamic instabilities such

as the Kelvin-Helmholtz instability (Agertz et al., 2007). Another approach to

the solution of Poisson’s equation for gravity is the use of multipole expansions

of the potential (Müller & Steinmetz, 1995). This technique achieves its relative

speed by calculating simple integrals on a spherical grid once. Then, the stored
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integrals are used in subsequent timesteps. In BETHE-hydro, we construct finite-

difference equations for Poisson’s equation using the support-operator method

and find solutions to the resulting linear system of equations for the potentials

via an iterative multigrid-preconditioned conjugate-gradient method (Ruge &

Stuben, 1987).

In §3.2, we give a summary of BETHE-hydro and sketch the flowchart of the

algorithm. The coordinates and mesh details are discussed in §3.3. We then de-

scribe in §3.4 the discrete Lagrangian equations, including specifics of the 2nd-

order time-integration and rotational terms. Section 3.5 gives a complete descrip-

tion of the 1D and 2D gravity solvers. Hydrodynamic boundary conditions are

discussed in §3.6. The artificial viscosity algorithm that provides shock resolu-

tion and grid stability is described in §3.7. In §3.8, we present the subcell pressure

scheme that suppresses hourglass modes. Remapping is described in depth in

§3.9. In §3.10, we demonstrate the code’s strengths and limitations with some test

problems. Finally, in §3.11 we summarize the central characteristics and advan-

tages of BETHE-hydro.

3.2 BETHE-Hydro: An Arbitrary Lagrangian-Eulerian Code

In ALE algorithms, the equations of hydrodynamics are solved in Lagrangian

form. Within this framework, equations for the conservation of mass, momen-

tum, and energy are:
dρ

dt
= −ρ~∇ · ~v , (3.1)

ρ
d~v

dt
= −ρ~∇Φ − ~∇P , (3.2)

and

ρ
dε

dt
= −P ~∇ · ~v . (3.3)
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ρ is the mass density (which we refer to simply as “density” and is distinct from

the energy or momentum densities), ~v is the fluid velocity, Φ is the gravitational

potential, P is the isotropic pressure, ε is the specific internal energy, and d/dt =

∂/∂t+~v · ~∇ is the Lagrangian time derivative. The equation of state may have the

following general form:

P = P (ρ, ε,Xi) , (3.4)

where Xi denotes the mass fraction of species i. Therefore, we also solve the

conservation equations:
dXi

dt
= 0 . (3.5)

Completing the set of equations for self-gravitating astrophysical flows is Pois-

son’s equation for gravity:

∇2Φ = 4πGρ , (3.6)

where G is Newton’s gravitational constant.

All ALE methods have the potential to solve eqs. (3.1-3.3) using arbitrary, un-

structured grids. In this lies the power and functionality of ALE methods. The

solutions involve two steps and are conceptually quite simple: 1) a Lagrangian

solver moves the nodes of the mesh in response to the hydrodynamic forces;

and 2) to avoid grid tangling, the nodes are repositioned, and a remapping al-

gorithm interpolates hydrodynamic quantities from the old grid to this new grid.

Of course, the challenge is to find accurate solutions, while conserving energy

and momentum. In constructing BETHE-hydro to satisfy these requirements, we

use the ALE hydrodynamic techniques of Caramana et al. (1998), Caramana &

Shashkov (1998), Campbell & Shashkov (2001), and Loubère & Shashkov (2005).

To summarize the overall structure of BETHE-hydro, we present a schematic

flowchart, Fig. 3.1, and briefly describe the key steps. Establishing the structure

for all subsequent routines, the first step is to construct the arbitrary, unstructured
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grid. This leads to the next step, problem initialization. Then, the main loop for

timestep integration is entered. After a call to the EOS to obtain the pressure,

solutions to Poisson’s equation for gravity are calculated using either the 2D or

1D algorithms in §3.5. Both use the support-operator method to discretize eq.

(3.6), and the resulting system of linear equations is solved by a tridiagonal solver

in 1D and a multigrid pre-conditioned conjugate-gradient iterative method in 2D

(§3.5).

After the timestep is calculated (§3.4.2), the Lagrangian equations of hydro-

dynamics are solved on an arbitrary grid using the compatible hydrodynamics

algorithm of Caramana et al. (1998) (see §3.4 for further discussion). To ensure

2nd-order accuracy in both space and time, we employ a predictor-corrector itera-

tion (§3.4.2), in which a second call to the EOS and the gravity solver are required.

Other than the gravity solver block, the Lagrangian hydrodynamics solver (§3.4)

is represented by the set of steps beginning with Predictor and ending with Cor-

rector (Fig. 3.1).

After finding Lagrangian hydrodynamic solutions at each timestep, one could

proceed directly to the next timestep, maintaining the Lagrangian character

throughout the simulation. However, in multiple spatial dimensions, grid tan-

gling will corrupt flows with significant vorticity. In these circumstances, we

conservatively remap the Lagrangian solution to a new arbitrary grid that miti-

gates tangled grids. The new grid may be the original grid, in which case we are

solving the hydrodynamic equations in the Eulerian frame, or it may be a new,

arbitrarily-defined, grid.
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Figure 3.1 The flowchart for BETHE-hydro. See §3.2 for a discussion.
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3.3 Coordinate Systems and Mesh

In BETHE-hydro, eqs. (3.1-3.6) may be solved with any of several coordinate

systems and assumed symmetries. Included are the standard 1D & 2D Cartesian

coordinate systems. For astrophysical applications, we use 1D spherical and 2D

cylindrical coordinate systems. Irrespective of the coordinate system, we indicate

a position by ~x. The components of the Cartesian coordinate system are x and y;

the spherical components are r, θ, and φ; and the cylindrical coordinates are r, z,

and φ.

Distinct from the coordinate system is the grid, or mesh, which defines an

arbitrary discretization of space. It is this unique feature and foundation of ALE

techniques that provides their flexibility. Figure 3.2 shows two example grids:

the butterfly mesh on the left and a spiderweb mesh on the right. Either may be

used in a 2D Cartesian or 2D cylindrical simulations, although the placement of

the nodes is neither Cartesian nor cylindrical. Instead, these meshes have been

designed to simulate spherically or cylindrically convergent phenomena without

the limitation of small zones near the center.

When using cylindrical coordinates in ALE algorithms, one may use control-

volume differencing (CVD) or area-weighted differencing (AWD); we use CVD.

Thorough comparisons of these two differencing schemes may be found in Cara-

mana et al. (1998). Here, we give a basic justification for choosing CVD. For CVD,

the volumes of the subcell, cell, and node are calculated by straightforward par-

titioning of these regions by edges. Hence, volumes and masses are exact rep-

resentations of their respective regions. While this discretization is natural and

easy to comprehend, it does not preserve strict spherical symmetry when using a

spherical grid and cylindrical coordinates. On the other hand, AWD is designed

to preserve spherically symmetric flows, but only with the use of spherical grids
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Figure 3.2 On the left, a representative butterfly mesh and on the right, a repre-
sentative spiderweb mesh. In general, we construct meshes with much higher
resolution. However, to easily see the features of the mesh we reproduce low res-
olution versions here. The butterfly mesh is a standard grid that captures the ben-
efits of a spherical grid near the outer boundary and avoids the singularity at the
center. The spiderweb mesh captures the benefits of a spherical grid throughout,
but near the center, the angular resolution is modified to avoid extreme Courant-
condition limits and the singularity. Construction begins with half of an octagon
at the center. Subsequent tiers of nodes are placed ∆r farther in radius from the
interior set. When r∆θ exceeds ∆r the angular size is halved. For these transition
nodes, ∆r is alternately multiplied by 1 + ε and 1 − ε to exaggerate the concavity
of the cells.
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that have equal spacing in angle. Since this prevents the use of arbitrary grids,

and the asymmetries of CVD are small, we use CVD for discretization.

Construction of the grid begins with the arbitrary placement of nodes. At

these nodes, coordinate positions, velocities, and accelerations are defined. Sim-

ply specifying node locations does not completely define a mesh, since there is

not a unique way to assign cells and masses to these nodes. Therefore, the user

must specify the connectivity among nodes, which define the arbitrarily-shaped

polygonal cells. It is within these cells that cell-centered averages of ρ, ε, P , Xi,

and Φ are defined.

With the node positions, their connectivity, and the cells defined, a mesh

is completely specified and all other useful descriptions follow. Cells are de-

noted by z, and nodes are indexed by p. The set of nodes that defines cell z

are p ∈ S(z), where the nodes are ordered counterclockwise. Conversely, the set

of cells that shares node p is denoted by z ∈ S(p). Each cell has Np(z) nodes

that define it, and each node has Nz(p) cells that share it. The sample sub-grid

depicted in Fig. 3.3 helps to illustrate the nodal and cell structure. The filled

circles indicate node positions, ~xp, and the crosses indicate the cell-center posi-

tions, ~xz = (1/Np(z))
∑

p∈S(z) ~xp. The solid lines are direction-oriented edges that

separate cells from one another, and the open circles indicate their mid-edge loca-

tions. Partitioning the cell into subcells, the dashed lines connect the mid-edges

with the cell centers. No matter how many sides a cell has, with this particular

division the subcells are always quadrilaterals. Naturally, the cell volumes (see

appendix B.2 for formulae calculating discrete volumes), Vz, are related to the

subcell volumes, V z
p , by

Vz =
∑

p∈S(z)

V z
p . (3.7)

Furthermore, each node has a volume, Vp, defined by the adjoining subcells that
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share the node p:

Vp =
∑

z∈S(p)

V p
z . (3.8)

For calculating pressure forces and fluxes, vectors are assigned to each half edge

on either side of node p: ~Cz
p+ and ~Cz

p−, where + indicates the half edge in the

counterclockwise direction around the cell and − indicates its opposite counter-

part. Their magnitudes are the areas represented by the half edges, and their

directions point outward and normal to the surface of cell z. From these half-

edge area vectors, an area vector, ~Sz
p , that is associated with zone z and node p is

then defined:

~Sz
p = ~Cz

p+ + ~Cz
p− . (3.9)

Similarly, vectors are associated with the lines connecting the mid-edges and the

cell centers: ~az
p. Again, their magnitudes are the corresponding area, but while

the vector is normal to this line, the direction is oriented counterclockwise around

the cell.

3.4 Discrete Lagrangian Hydrodynamics

The fundamental assumption of Lagrangian algorithms is that the mass, mz, of a

discrete volume Vz is constant with time. For staggered-grid methods, in which

scalars are defined as cell-centered averages and vectors are defined at the nodes,

it is necessary to define a Lagrangian mass, mp, for the nodes as well. This nodal

mass is associated with the node’s volume Vp (eq. 3.8). Conservation of mass (eq.

3.1) implies zero mass flux across the boundaries, ∂V , of either the cell volume or

nodal volume. Therefore, the region of overlap for Vz and Vp, which is the subcell

volume V z
p , is bounded by surfaces with zero mass flux. Consequently, the most

elemental Lagrangian mass is the subcell mass, mz
p, and the cell mass (mz) and
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Figure 3.3 A portion of an unstructured, polygonal mesh. Filled circles indicate
node positions, p. Crosses mark cell centers, z. Open circles show the mid-edge
locations. Cells are bounded by the edges (solid lines), and the cell is further

divided into subcells via dashed lines. ~Cz
p+ and ~Cz

p− are the half-edge area vectors.
~az

p and ~az
p−1 are the area vectors for the lines connecting the cell centers and mid-

edges (see §3.3 for a discussion).
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node mass (mp) are constructed as appropriate sums of subcell masses:

mz =
∑

p∈S(z)

mz
p , (3.10)

and

mp =
∑

z∈S(p)

mp
z . (3.11)

Hence, we arrive at three discrete forms of mass conservation (eq. 3.1):

ρz
p =

mz
p

V z
p
, ρp = mp

Vp
, and ρz = mz

Vz
. (3.12)

In defining the discrete momentum and energy equations, we use the com-

patible hydrodynamics algorithms developed by Caramana et al. (1998). Specif-

ically, the discrete divergence and gradient operators are compatible in that they

faithfully represent their analog in continuous space and their definitions are ex-

pressly related to one another using the hydrodynamic expressions for conserva-

tion of momentum and energy. As a result, this approach leads to discretizations

that satisfy momentum and energy conservation to machine accuracy. This is

accomplished with the support-operator method (Shashkov & Steinberg, 1995).

Given the integral identity,

∫

V
Φ(~∇ · ~H)dV +

∫

V

~H · ~∇ΦdV =
∮

∂V
Φ ~H · d~S , (3.13)

where Φ is any scalar and ~H is some vector, there is an incontrovertible connec-

tion between the divergence and gradient operators. For many choices of dis-

cretization, the discrete counterparts of these operators could violate this integral

identity. Simply put, the goal of the support-operator method is to define the

discrete operators so that they satisfy eq. (3.13). The first step is to define one of

the discrete operators. It is often, but not necessary, that the discrete divergence

operator is defined via Gauss’s Law:

∫

V

~∇ · ~vdV =
∮

∂V
~v · d~S , (3.14)
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and then eq. (3.13) is used to compatibly define the other discrete operator. Dis-

cretizing the hydrodynamic equations, Caramana et al. (1998) begin by defining

(~∇P )p at the nodes and use the integral form of energy conservation and an equa-

tion equivalent to eq. (3.13) to define for each cell the discrete divergence of the

velocity, (~∇ · ~v)z.

To begin, Caramana et al. (1998) integrate eq. (3.2) (excluding gravity and ro-

tational terms) over the volume of node p, producing the discrete form for ( ~∇P )p

and the momentum equation:

mp
∆~vp

∆t
= −

∫

Vp

~∇P dV = −
∮

∂Vp

P d~S = −
∑

z∈S(p)

Pz
~Sp
z , (3.15)

where ∆~vp = ~vn+1
p − ~vn

p is the change in velocity from timestep n to the next

timestep n+ 1, the timestep is ∆t, and Pz is the pressure in cell z. In other words,

the net force on node p is a sum of the pressure times the directed zone areas

that share node p. Hence, the subcell force exerted by zone z on point p is ~f p
z =

Pz
~Sp

z . A more complete description of the subcell force, however, must account

for artificial viscosity (§3.7):

~f p
z = Pz

~Sp
z + ~f p

z,visc , (3.16)

where ~f p
z,visc, is the subcell force due to artificial viscosity. Furthermore, in this

work, we include gravity and rotation for 2D axisymmetric simulations, and the

full discrete momentum equation becomes

mp
∆~vp

∆t
=

∑

z∈S(p)

~f p
z +mp~gp +mp

~Ap , (3.17)

where ~gp and ~Ap are the gravitational and rotational accelerations, respectively.

For simplicity, and to parallel the discussion in Caramana et al. (1998), we ignore

these terms in the momentum equation and proceed with the compatible con-

struction of the energy equation (see §3.4.3.1 and §3.5.4 for discussions of total

energy conservation including rotation and gravity, respectively).
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To construct the discrete energy equation, Caramana et al. (1998) integrate eq.

(3.3) over the discrete volume of cell z:

mz
∆εz

∆t
= −

∫

Vz

P ~∇ · ~v dV = −Pz(~∇ · ~v)zVz , (3.18)

where ∆εz = εn+1
z − εn

z . Then, the objective is to determine a discrete form for

the right hand side of this equation that conserves energy and makes the discrete

gradient and divergence operators compatible. Caramana et al. (1998) accom-

plish this with the integral for conservation of energy (neglecting gravity):

∫

(

ρ
dε

dt
+

1

2
ρ
dv2

dt

)

dV = −
∫

V
(P ~∇ · ~v + ~v · ~∇P )dV = −

∮

∂V
P~v · d~S , (3.19)

where the second expression is the integral identity, eq. (3.13), that defines the

physical relationship between the gradient and divergence operators. Neglecting

boundary terms, the discrete form of this integral is

∑

z



mz
∆εz

∆t
+

∑

p∈S(z)

~vn+1/2
p · ~f p

z



 = 0 , (3.20)

where we used ∆~v2
p = (~vn+1

p )2 − (~vn
p )2 = 2~vn+1/2

p · ∆~vp, ~vn+1/2
p = 1/2(~vn+1

p + ~vn
p ),

and substituted in eq. (3.15). If we set the expression for each zone in eq. (3.20)

to zero, we arrive at the compatible energy equation:

mz
∆εz

∆t
= −

∑

p∈S(z)

~vn+1/2
p · ~f z

p . (3.21)

The RHS of eq. (3.21) is merely the PdV work term of the first law of thermo-

dynamics. Its unconventional form is a consequence of the support-operator

method.

Thus, we derive two significant results. First, inspection of eqs. (3.21) and

(3.15) leads to compatible definitions for the discrete gradient and divergence op-

erators. Specifically, the discrete analogs of the gradient and divergence operators
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are

(~∇P )p =
1

Vp

∑

z∈S(p)

Pz
~Sp

z (3.22)

and

(~∇ · ~v)z =
1

Vz

∑

p∈S(z)

~vp · ~Sp
z . (3.23)

Second, eqs. (3.12), (3.15), and (3.21) form the compatible discrete equations of

Lagrangian hydrodynamics.

3.4.1 Momentum Conservation

In its current form, BETHE-hydro strictly conserves momentum for simulations

that use Cartesian coordinates and not cylindrical coordinates. Caramana et al.

(1998) show that the requirement for strict conservation is the use of control-

volume differencing, or that exact representations of cell surfaces are employed.

As a simple example, consider momentum conservation with pressure forces

only:
∑

p

~Fp =
∑

p

∑

z∈S(p)

~f p
z =

∑

z

Pz

∑

p∈S(z)

~Sz
p . (3.24)

For Cartesian coordinates, the sum
∑

p∈S(z)
~Sz

p is exactly zero for each cell as long

as the surface-area vectors are exact representations of the cell’s surface. This is

not the case for area-weighted differencing, and hence momentum is not con-

served in that case. For cylindrical coordinates, the sum of surface-area vectors

gives zero only for the z-component. However, the assumption of symmetry

about the cylindrical axis ensures momentum conservation for the r-component.

Therefore, control-volume differencing ensures momentum conservation, even

with the use of cylindrical coordinates.

Based upon similar arguments, the subcell-pressure forces that eliminate

hourglass motions (§3.8) are formulated to conserve momentum for both Carte-

sian and cylindrical coordinates. On the other hand, because we multiply the
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Cartesian artificial viscosity force by 2πrp to obtain the force appropriate for cylin-

drical coordinates, the artificial viscosity scheme (§3.7) that we employ is conser-

vative for Cartesian coordinates only.

We test momentum conservation with the Sedov blast wave problem (§3.10.3)

using Cartesian and cylindrical coordinates. Symmetry dictates conservation in

the r-component of the momentum. Consequently, we compare the z-component

of the total momentum at t = 0 s with subsequent times. Since the initial momen-

tum of this test is zero, we obtain a relative error in momentum by Pz(t)/Pz,z>0(t),

where Pz(t) is the z-component of the total momentum at time t and Pz,z>0(t)

is a similar quantity for z > 0. As expected, the relative error using Cartesian

coordinates reflects roundoff error. For cylindrical coordinates and 35,000 cells,

the relative error in momentum is ∼ 3 × 10−7 after 0.8 s and 71,631 timesteps.

Although momentum is strictly conserved for simulations using Cartesian co-

ordinates only, the Sedov blast wave problem demonstrates that momentum is

conserved very accurately, even when cylindrical coordinates are used.

3.4.2 Second-Order Time Integration: Predictor-Corrector

Our method is explicit in time. Therefore, for numerical convergence, we limit the

timestep, ∆t, to be smaller than three timescales. By the Courant-Friedrichs-Levy

(CFL) condition we limit ∆t to be smaller than the shortest sound-crossing time

and the time it takes flow to traverse a cell. In addition, it is limited to be smaller

than the fractional change in the volume represented by (~∇·~v)z/Vz. In calculating

these timescales a characteristic length for each cell is needed. Given arbitrary

polygonal grids, we simply use the shortest edge for each cell. In practice, the

timestep is the shortest of these timescales multiplied by a scaling factor, CFL. In

our calculations, we set CFL = 0.25.

To ensure second-order accuracy and consistency with the time levels speci-
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fied in eqs. (3.17) and (3.21), we employ predictor-corrector time integration us-

ing the finite difference stencil from Caramana et al. (1998). For each timestep, the

current time level of each quantity is identified with n in superscript. The time-

centered quantities are indicated with a n + 1/2 superscript, while the predicted

values are labeled n+1, pr, and the fully updated values for the next timestep are

labeled with a n + 1 superscript.

Table 3.1 lists the steps for the predictor-corrector integration. The predictor

step begins by defining the forces on nodes, ~fn, using current pressures P n, ar-

eas ~Sn, and artificial viscosity forces ~fn
visc. Eq. (3.17) is then used to calculate the

predicted velocity, ~vn+1,pr. The predicted node coordinate is then calculated by

~xn+1,pr = ~xn + ∆t~vn+1/2, where ~vn+1/2 is the time-centered velocity computed as

~vn+1/2 = 1
2
(~vn+1,pr +~vn). Then, using ~fn and ~vn+1/2 in eq. (3.21), the predicted spe-

cific internal energy, εn+1,pr, is obtained. Using the predicted node positions, the

predicted rotational acceleration ( ~An+1,pr
p ), volume (V n+1,pr), and density (ρn+1,pr),

are computed, which in turn are used to calculate the predicted gravitational ac-

celeration, ~gn+1,pr. Calling the EOS with εn+1,pr and ρn+1,pr gives the predicted

pressure P n+1,pr. We finish the predictor step and prepare for the corrector step

by calculating the time-centered positions ~xn+1/2, pressures P n+1/2, rotational ac-

celerations ~An+1/2
p , and gravitational accelerations ~gn+1/2 as simple averages of

their values at the (n+ 1, pr) and n time levels.

The corrector step then proceeds similarly to the predictor step. P n+1/2 and

~Sn+1/2 are used to compute ~fn+1/2, which in turn is used to compute the updated

velocity, ~vn+1. After computing the new time-centered velocity, the node coor-

dinates are finally updated using the time-centered velocity. Then, the specific

internal energy, εn+1/2, is updated using ~fn+1/2 and ~vn+1/2. Finally, the volume,

V n+1, and density ρn+1 are computed for the next timestep.
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Table 3.1. The predictor-corrector procedure. The operations to determine

predicted and corrected values are listed in the left and right columns,

respectively. See §3.4.2 for a detailed discussion.

Predictor Corrector

P n & ~Sn −→ ~fn P n+1/2 & ~Sn+1/2 −→ ~fn+1/2

~fn, ~fn
visc

, ~An
p , &~gn −→ ~vn+1,pr ~fn+1/2, ~fn

visc
, ~A

n+1/2
p , &~gn+1/2 −→ ~vn+1

~vn+1/2 = 1
2
(~vn+1,pr + ~vn) ~vn+1/2 = 1

2
(~vn+1 + ~vn)

~xn+1,pr = ~xn + ∆t~vn+1/2 ~xn+1 = ~xn + ∆t~vn+1/2

~fn &~vn+1/2 −→ εn+1,pr ~fn+1/2 &~vn+1/2 −→ εn+1

~xn+1,pr −→ V n+1,pr −→ ρn+1,pr xn+1 −→ V n+1 −→ ρn+1

calculate ~gn+1,pr & ~An+1,pr
p

en+1,pr&ρn+1,pr −→ P n+1,pr

~xn+1/2 = 1
2
(~xn+1,pr + ~xn)

P n+1/2 = 1
2
(P n+1,pr + P n)

~gn+1/2 = 1
2
(~gn+1,pr + ~gn)

~A
n+1/2
p = 1

2
( ~An+1,pr

p + ~An
p )
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3.4.3 Rotation in 2D cylindrical coordinates

In 2D simulations using cylindrical coordinates, we have extended BETHE-hydro

to include rotation about the axis of symmetry. For azimuthally symmetric con-

figurations, all partial derivatives involving φ are zero. Consequently, the conser-

vation of mass and energy equations are

Dρ

Dt
= −ρ~∇rz · ~v (3.25)

and

ρ
Dε

Dt
= −P ~∇rz · ~v , (3.26)

where the rz subscript on the del operator reminds us that the derivatives with

respect to φ vanish. For concise notation, we define a pseudo Lagrangian deriva-

tive:
D

Dt
=

∂

∂t
+ vz

∂

∂z
+ vr

∂

∂r
. (3.27)

While eqs. (3.25) and (3.26) are simple extensions of the true mass (eq. 3.1) and

energy (eq. 3.3) equations, the presence of “Christoffel” terms in the momentum

equation give it extra terms:

ρ
D~v

Dt
= −~∇rzP + ρ ~A . (3.28)

where the extra rotational terms are represented by ~A:

~A =



























0 êz

v2
φ

r
êr

−vφvr

r
êφ

(3.29)

To see the origin of these extra terms, one must begin with the momentum

equation in cylindrical coordinates and Eulerian form:

ρ
(

∂vz

∂t
+ vz

∂vz

∂z
+ vr

∂vz

∂r
+ vφ

1
r

∂vz

∂φ

)

= −∂P
∂z

ρ
(

∂vr

∂t
+ vz

∂vr

∂z
+ vr

∂vr

∂r
+ vφ

1
r

∂vr

∂φ
− v2

φ

r

)

= −∂P
∂r

ρ
(

∂vφ

∂t
+ vz

∂vφ

∂z
+ vr

∂vφ

∂r
+ vφ

1
r

∂vφ

∂φ
+

vφvr

r

)

= −1
r

∂P
∂φ
.

(3.30)
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Again, dropping terms involving partial derivatives of φ, and moving all terms

not involving partial derivatives to the right-hand side (RHS), eq. (3.30) reduces

to

ρ
(

∂vz

∂t
+ vz

∂vz

∂z
+ vr

∂vz

∂r

)

= −∂P
∂z

ρ
(

∂vr

∂t
+ vz

∂vr

∂z
+ vr

∂vr

∂r

)

= −∂P
∂r

+ ρ
v2

φ

r

ρ
(

∂vφ

∂t
+ vz

∂vφ

∂z
+ vr

∂vφ

∂r

)

= −ρvφvr

r
.

(3.31)

Hence, using our definition for the pseudo Lagrangian derivative, D/Dt, and ~∇rz

in eq. (3.31) we obtain eq. (3.28). It is now apparent why D/Dt is a pseudo La-

grangian derivative. Strictly, the “extra” rotational terms are a result of “Christof-

fel” terms in the true Lagrangian derivative. Therefore, in definingD/Dtwithout

them, we’ve defined a pseudo Lagrangian derivative.

Conveniently, the φ component of eq. (3.28),

ρ
Dvφ

Dt
= −ρvφvr

r
, (3.32)

is simply a statement of the conservation of angular momentum about the axis of

symmetry:
DJ

Dt
= 0 , (3.33)

where J is the angular momentum about the z-axis of a Lagrangian mass.

Other than the appearance of an extra term on the RHS of the r-component

and of an equation for the φ component in eq. (3.28), the 2D hydrodynamic equa-

tions including rotation about the z-axis are similar to the equations without ro-

tation. Therefore, the algorithms for dynamics in the 2D plane remain the same,

except for the inclusion of the conservation of angular momentum equation and

the fictitious force term.

It seems natural to define J = mpvφ,prp and vφ,p = ωprp, where ωp is the angu-

lar velocity of node p. In fact, our first implementation of rotation did just this.
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However, results indicated that this definition presents problems near the axis

of rotation. Whether vφ,p or ωp is defined, the angular momentum at node p is

associated with the region of subcells that comprise the node’s volume. For the

nodes on the axis, this definition states that J = 0 since rp = 0, which implies that

the angular momentum for the region of subcells near the axis is zero. This awk-

ward feature causes no problems for Lagrangian calculations with no remapping.

However, during the subcell remapping step, the subcells near the axis contain

no angular momentum, yet physically there should be some angular momentum

to be remapped.

Therefore, we have devised an alternative method for including rotational

terms in 2D simulations. Just as for mass, the angular momentum of a subcell, Jz
p ,

is a primary indivisible unit, which by eq. (3.33) is constant during a Lagrangian

hydrodynamic timestep. The angular momentum for a cell is

Jz =
∑

p∈S(z)

Jz
p , (3.34)

and for each node is

Jp =
∑

z∈S(p)

Jz
p . (3.35)

To relate angular velocity and vφ to the angular momentum, we treat each subcell

as a unit with constant angular velocity. For such regions of space the angular

momentum is related to the angular velocity by

Jz
p = ωz

p

∫

V z
p

ρz
pr

2dV = ωz
pI

z
p , (3.36)

where Iz
p =

∫

V z
p
ρz

pr
2dV is the moment of inertia for subcell {z, p}. Since we are

interested in accelerations and velocities at the nodes, we choose that ωz
p = ωp,

which naturally leads to

Jz
p = ωpI

z
p . (3.37)
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Substituting eq. (3.37) into eq. (3.35), we define a relationship between the angu-

lar momentum at the nodes and the angular velocity at the nodes:

Jp = ωpIp , (3.38)

where

Ip =
∑

z∈S(p)

Iz
p . (3.39)

By conservation of angular momentum, Jn+1
p = Jn

p = Jp = ωn+1In+1
p , the angular

velocity at the n+ 1 timestep , ωn+1, is

ωn+1 =
Jp

In+1
p

. (3.40)

Finally, a new form for the r-component of ~Ap is constructed. The previously

defined form is v2
φ/r, and having r in the denominator poses numerical problems

near and at r = 0. Since v2
φ/r = ω2r, the new half timestep acceleration is

~Ar,p =
(

ω2
prp

)n+1/2
. (3.41)

3.4.3.1 Conservation of Energy with Rotation

Without rotation and time-varying gravity, the equations for 2D simulations us-

ing cylindrical coordinates conserve energy to machine precision. However, with

rotation, strict energy conservation is lost. Using the equations for energy and

momentum including rotation, eqs. (3.26) and (3.28) the energy integral becomes

∫

v

(

ρ
Dε

Dt
+

1

2
ρ
Dv2

Dt

)

dV =
∫

v

(

−P ~∇rz · ~v − ~v · ~∇rzP + ρ(vrAr + vφAφ)
)

dV .

(3.42)

Since the terms vrAr and vφAφ are equal in magnitude and opposite in sign, the

rate of change for the total energy reduces to the usual surface integral:

∂E

∂t
=
∮

P~v · d~S . (3.43)
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If the form of the energy equation is to remain the same, discrete versions of vrAr

and vφAφ must be derived that cancel one another.

In the previous section, we made arguments not to use J = mpvφr. How-

ever, it is simpler and more intuitive to illustrate why the 2D equations, includ-

ing rotation, can not satisfy strict energy conservation, while satisfying angu-

lar momentum conservation. With conservation of angular momentum we have

vn+1
φ rn+1 = vn

φr
n or

vn+1
φ = vn

φ

(

rn

rn+1

)

. (3.44)

The discrete time derivative of vφ is then

∆vφ

∆t
= −v

n
φv

n+1/2
r

rn+1
, (3.45)

where we have used ∆r = vn+1/2
r ∆t. This specifics the required time levels for the

components ofAφ to conserve angular momentum. Considering time integration,

the discrete analog of vrAr +vφAφ is vn+1/2
r Ar +v

n+1/2
φ Aφ. To ensure that this sums

to zero, the discrete analog of Ar is

Ar =
v

n+1/2
φ vn

φ

rn+1
. (3.46)

With these time levels, the 2D equations, which include rotation, would satisfy

energy and angular momentum conservation to round-off error. However, rn+1

and v
n+1/2
φ are not known at the beginning of the timestep. It is only after the pre-

dictor step of the predictor-corrector method that v
n+1/2
φ and rn+1,pr are obtained.

As a result, Ar, including the correct time levels and predictor values, is

Ar =
v

n+1/2
φ vn

φ

rn+1,pr
, (3.47)

but to conserve angular momentum and energy, rn+1 appears in the denomina-

tor. Therefore, the terms v
n+1/2
φ Aφ and vn+1/2

r Ar will not be exactly opposite and
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equal in magnitude, and angular momentum and energy conservation can not be

enforced to machine precision at the same time.

In the previous section, we motivated a different discretization of angular mo-

mentum, angular velocity, and vφ. However, the basic results of this section do

not change. There is still the fundamental problem that to strictly conserve angu-

lar momentum, positions at the n+ 1 time level are required, while one must use

the predicted, n + 1, pr, values in updating the radial velocity. Sacrificing strict

energy conservation, we have chosen to strictly conserve angular momentum for

simulations including rotation.

3.4.3.2 Simple Rotational Test

We have designed a test that isolates and tests rotation. Using cylindrical coordi-

nates, the calculational domain lies in the r − z plane and extends from the sym-

metry axis, r = 0, to r = 1.0 cm and from z = −0.1 cm to z = 0.1 cm . The initial

density is homogeneous with ρ = 1.0 g cm−3. Isolating the rotational forces, we

eliminate pressure gradients by setting the internal energy everywhere to zero.

Consequently, the trajectory of a Lagrangian mass is a straight line in 3D and has

a very simple analytic evolution for r(t), determined only by its initial position

and velocity. We set vz = 0 and give vφ and vr homologous profiles: vr = −3r/r0

cm s−1 and vφ = r/r0 cm s−1. This produces a homologous self-similar solution

for vr and vφ that our algorithm for rotation should reproduce.

In Figure 3.4, plots of vφ vs. r (top panel) and Ω vs. r panel (bottom)

show that BETHE-hydro performs well with this test. Simultaneously testing

the rotational remapping (§3.9.7) and hydrodynamic algorithms, we employ

three remapping regions. The inner 0.1 cm is Eulerian, zones exterior to 0.2

cm follow Lagrangian dynamics, and the region in between provides a smooth

transition between the two domains. Both vφ and Ω profiles are presented at
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t = 0.0, 0.1, 0.2, 0.35, 0.45, 0.55, 0.65, 0.75, 0.85, and 1.0 s. As designed the angular

momentum is conserved to machine accuracy. In the top panel (vφ vs. r), it is hard

to discern any deviation of the simulation (crosses) from the analytic solution

(solid line). In fact, the maximum error as measured by (vφ,ana − vφ)/max(vφ,ana)

ranges from ∼ 4 × 10−5 near the beginning of the simulation to ∼ 8 × 10−4 at the

end. Ω vs. r (bottom panel) shows similar accuracy, except for the region near the

axis. At the center (Ωana −Ω) reaches a maximum value of 0.2 rads s−1 at t = 0.55

s. On the whole, Fig. 3.4 demonstrates that this code reproduces the analytic

result with and without remapping.

3.5 Gravity

There are two general strategies for solving Poisson’s equation for gravity on ar-

bitrary grids. The first is to define another regular grid, interpolate the density

from the hydro grid to this new gravity grid, and use many of the standard Pois-

son solvers for regular grids. However, in our experience this approach can lead

to numerical errors, which may lead to unsatisfactory results. The second ap-

proach is to solve eq. (3.6) explicitly on the arbitrary hydro grid, eliminating an

interpolation step. We prefer the latter approach, giving potentials and accelera-

tions that are more consistent with the hydrodynamics on an unstructured mesh.

In determining the discrete analogs of eq. (3.6), we use the support-operator

method. After a bit of algebra these discrete equations may be expressed as a

set of linear equations whose unknowns are the discretized gravitational poten-

tials. Solving for these potentials is akin to solving a matrix equation of the form,

A~x = ~b, and since the solutions change little from timestep to timestep, we use an

iterative matrix inversion approach in which the initial guess is the solution from

the previous timestep.
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Figure 3.4 Plots of vφ vs. r (top panel) and Ω vs. r (bottom panel) for the simple
rotational test discussed in §3.4.3.2. We employ three remapping regions. The in-
ner 0.1 cm is Eulerian, zones exterior to 0.2 cm follow Lagrangian dynamics, and
the region in between provides a smooth transition between the two domains. vφ

and Ω profiles are presented at t = 0.0, 0.1, 0.2, 0.35, 0.45, 0.55, 0.65, 0.75, 0.85, and
1.0 s. In the top panel, the deviation of the simulation (crosses) from the ana-
lytic solution (solid lines) is not discernible. The maximum error as measured by
(vφ,ana − vφ)/max(vφ,ana) is ∼ 4 × 10−5 near the beginning of the simulation and
∼ 8 × 10−4 at the end. The Ω vs. r panel (bottom) shows similar accuracy, except
at the center, where (Ωana−Ω) reaches a maximum value of 0.2 rads s−1 at t = 0.55
s.
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In solving Poisson’s equation for gravity, we seek an algorithm satisfying the

following conditions: 1) the potential should be defined at zone centers and the

gravitational acceleration should be defined at the nodes; 2) we should conserve

momentum and energy as accurately as possible; and 3) the solver must be fast.

To this end, we employ the method described in Shashkov & Steinberg (1995),

Shashkov & Steinberg (1996), and Morel et al. (1998) for elliptic solvers. Specifi-

cally, we follow the particular implementation of Morel et al. (1998).

Applying the support-operator method, we first define the divergence oper-

ator and, in particular, define (~∇ · ~g)z. Poisson’s equation for gravity may be

written as an equation for the divergence of the acceleration,

−~∇ · ~g = 4πGρ , (3.48)

where ~g, the gravitational acceleration, is the negative of the gradient of the po-

tential.

~g = −~∇Φ . (3.49)

Integrating eq. (3.48) over a finite volume gives

∫

V

~∇ · ~gdV =
∮

∂V
~g · d~S = −

∫

V
4πGρdV , (3.50)

and if the volume of integration, V , is chosen to be that of a cell, the RHS of eq.

(3.50) becomes −4πGmz. In discretizing the middle term in eq. (3.50),

∮

∂Vz

~g · d~S −→
∑

e

geAe , (3.51)

an expression for the divergence of ~g follows naturally:

(~∇ · ~g)z =
1

Vz

∑

e∈S(z)

geAe , (3.52)

where Ae is the area of edge e, and ge is the component of the acceleration parallel

to the direction of the edge’s area vector. Therefore, substituting eq. (3.52) into
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eq. (3.50) suggests a discrete expression for eq. (3.48):

−
∑

e

geAe = 4πGmz . (3.53)

Having defined the discrete divergence of a vector, we then use the support-

operator method to write the discrete equivalent of the gradient. Once again, the

integral identity relating the divergence and gradient operators is given by eq.

(3.13). Applying the definition for the discrete divergence, the first term on the

LHS of eq. (3.13) is approximated by
∫

V
Φ(~∇ · ~H)dV ∼ Φz

∑

e

heAe , (3.54)

where he is the component of ~H perpendicular to edge e, and the RHS of eq. (3.13)

is approximated by
∮

∂V
Φ ~H · d~S ∼

∑

e

ΦeheAe . (3.55)

It is already apparent that the discrete potential is defined for both cell centers

(Φz) and edges (Φe). This fact seems cumbersome. However, we will demon-

strate below that in the final equations the number of unknowns may be reduced

by eliminating the cell-centered potentials, Φz, in favor of the edge-centered po-

tentials, Φe. Completing the discretization of eq. (3.13), the second term on the

LHS is
∫

V

~H · ~∇ΦdV ∼ −
∑

p

~Hp · ~gpW
z
p Vz , (3.56)

where W z
p is a volumetric weight and ~Hp and ~gp are defined at the nodes. The

volumetric weight associated with each corner is defined as one quarter of the

area of the parallelogram created by the sides that define the corner. Additionally,

the weights are normalized so that
∑

p∈N(z)W
z
p = 1. The remaining task is to

define the dot product ~Hp · ~gp at each corner when the vector is expressed in

components of a nonorthogonal basis set:

~Hp = heêe + he−1êe−1 , (3.57)
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where êe−1 and êe are basis vectors located at the center of the edges on either

side of the corner associated with node p with orientations perpendicular to the

edges, and he−1 and he are the corresponding magnitudes in this basis set. With

this basis set, the inner product is

~Hp · ~gp = 〈Sp
e,e−1

~Hp, ~gp〉 , (3.58)

where

Sp
e,e−1 =

1

sin2 θp
e,e−1







1 cos θp
e,e−1

cos θp
e,e−1 1





 , (3.59)

and θp
e,e−1 is the angle formed by edges e and e− 1. Using eqs. (3.57)-(3.59) in eq.

(3.56), the second term on the LHS of eq. (3.13) is

−
∑

p

~Hp · ~gpW
z
p Vz = −

∑

e

he ((αp + αp+1)ge + βpge−1 + βpge+1) (3.60)

where αp = W z
p Vz/ sin2 θp and βp = W z

p Vz cos θp/ sin2 θp. Combining eqs. (3.54),

(3.55), and (3.56), we have the discrete form of the identity eq. (3.13):

∑

e

[(Φe − Φz)heAe − he ((αp + αp+1)ge + βpge−1 + βpge+1)] = 0 . (3.61)

To find the equation for ge on each edge we set the corresponding he = 1 and

set all others to zero. This gives an expression for ge in terms of Φe, Φz, and the

other edge-centered accelerations of cell z:

(Φe − Φz)Ae − [(αp + αp+1)ge + βpge−1 + βpge+1] = 0 (3.62)

or

[(αp + αp+1)ge + βpge−1 + βpge+1] = (Φe − Φz)Ae . (3.63)

Together, the set of equations for the edges of cell z forms a matrix equation of

the form2

Q~g = ~b , (3.64)

2On a practical note, all terms involving ge on the z-axis are zero because the areas on the
axis of symmetry are zero. Therefore, for the zones along the axis, one less equation and variable
appear in the set of equations for ge.
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where ~b is a vector based upon the edge values, be = Ae(Φz − Φe). Inverting this

equation gives an expression for the edge accelerations as a function of the cell-

and edge-centered potentials:

ge =
∑

e′
aee′Ae′(Φz − Φe′) . (3.65)

After finding the edge acceleration for each zone, these values are inserted into

eq. (3.53). The stencil of potentials for this equation for each cell includes the

cell center and all edges. While eq. (3.65) gives the edge accelerations associated

with cell z, there is no guarantee that the equivalent equation for a neighboring

cell will give the same acceleration for the same edge. To ensure continuity, we

must include an equation which equates an edge’s acceleration vectors from the

neighboring cells:

−Aege,L − Aege,R = 0 , (3.66)

where ge,L and ge,R are the edge accelerations as determined by eq. (3.65) for the

left (L) and right (R) cells. While we could have chosen a simpler expression for

eq. (3.66), the choice of sign and coefficients ensures that the eventual system of

linear equations involves a symmetric positive-definite matrix. This enables the

use of fast and standard iterative matrix inversion methods such as the conjugate-

gradient method. The stencil for this equation involves the edge in question, the

cell centers on either side, and the rest of the edges associated with these cells. At

first glance, it seems that we need to invert the system of equations that includes

the cell-centered equations, eq. (3.65), and the edge-centered equations, eq. (3.66).

Instead, we use eq. (3.53) to express the cell-centered potentials in terms of edge-

centered potentials and the RHS of the equation:

Φz =
1

ζz

(

∑

e′
Ae′Φe′ψe′ − 4πGmz

)

, (3.67)
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where ψe =
∑

e′ A
′
eae′e, and ζz =

∑

e

∑

e′ Aeaee′Ae′ =
∑

e′ Ae′ψe′ . Substituting eq.

(3.67) into the expression for the edge acceleration, eq. (3.65),

gk = −ηk

ζz
4πGmz +

∑

e

ΦeAe

(

ηk

ζz
ψe − ake

)

, (3.68)

where ηk =
∑

e akeAe. Finally, substituting eq. (3.68) into eq. (3.66) gives the

matrix equation for gravity with only edge-centered potential unknowns:

A∗

∑

eR

ΦeAe(a
R
∗e −

ηR
∗ ψ

R
e

ζR
) + A∗

∑

eL

ΦeAe(a
L
∗e −

ηL
∗ ψ

L
e

ζL
) = −4πGA∗(

ηR
∗

ζR
mR +

ηL
∗

ζL
mL) .

(3.69)

The stencil for this equation involves the edge and all other edges associated with

the zones on either side of the edge in question. Taken together, the equations

result in a set of linear equations for the edge-centered potentials, Φe.

Since this class of matrix equations is ubiquitous, there exists many accurate

and fast linear system solvers we can exploit. To do so, we recast our discrete

form of Poisson’s equation as

A~Φ = ~s , (3.70)

where ~Φ is a vector of the edge-centered potentials, and ~s is the corresponding

vector of source terms. We solve the matrix equation using the conjugate-gradient

method with a multigrid preconditioner. In particular, we use the algebraic multi-

grid package, AMG1R63 (Ruge & Stuben, 1987).

3.5.1 Gravitational Acceleration

Unfortunately, this discretization scheme does not adequately define the accel-

erations at the nodes where they are needed in eq. (3.17). Therefore, we use

the least-squares minimization method to determine the gradient on the unstruc-

tured mesh. Assuming a linear function for the potential in the neighborhood of

3See §3.10.9 for details on performance.
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node i, Φ̂i(x, y), we seek to minimize the difference between Φk and Φ̂i(xk, yk),

where Φk is the neighbor’s value and Φ̂i(xk, yk) is the evaluation of Φ̂i(x, y) at

the position of the neighbor, (xk, yk). More explicitly, we minimize the following

equation:
∑

k∈N (i)

ω2
kiE

2
ik , (3.71)

where the “neighbors” are the nearest cell-centers and edges to node i and are

denoted by k ∈ N (i),

E2
ik = (Φi − Φk + Φx,i∆xik + Φy,i∆yik)

2 , (3.72)

∆xik = xk − xi, ∆yik = yk − yi, and ω2
ik = 1/(∆x2

ik + ∆y2
ik).

Usually, minimization of eq. (3.71) leads to a matrix equation for two un-

knowns: Φx,i and Φy,i, the gradients for Φ in the x and y directions, respectively

(§3.9.2). However, Φi, the potential at the node is not defined and is a third un-

known with which eq. (3.71) must be minimized. Performing the least-squares

minimization process with respect to the three unknowns, Φi, Φx,i, and Φy,i, leads

to the following set of linear equations for each node:

aΦi + bΦx,i + cΦy,i = k

dΦi + eΦx,i + gΦy,i = l

hΦi + iΦx,i + jΦy,i = m

, (3.73)
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where

a =
∑

k ω
2
ik

b =
∑

k ω
2
ik∆xik

c =
∑

k ω
2
ik∆yik

d =
∑

k ω
2
ik∆xik

e =
∑

k ω
2
ik∆x

2
ik

g =
∑

k ω
2
ik∆xik∆yik

h =
∑

k ω
2
ik∆yik

i =
∑

k ω
2
ik∆xik∆yik

j =
∑

k ω
2
ik∆y

2
ik

k =
∑

k ω
2
ikΦk

l =
∑

k ω
2
ikΦk∆xik

m =
∑

k ω
2
ikΦk∆yik

(3.74)

Inversion of this linear system gives the potential and the gradient at the node.

Specifically, we use the adjoint matrix inversion method to find the inverse matrix

and the three unknowns, including Φx,i and Φy,i.

3.5.2 Gravitational Boundary Conditions

The outer boundary condition we employ for the Poisson solver is a multipole ex-

pansion for the gravitational potential at a spherical outer boundary. Assuming

no material exists outside the calculational domain and that the potential asymp-

totes to zero, the potential at the outer boundary, r, is given by

φ(r) = −G
∞
∑

n=0

1

rn+1

∫

(r′)nPn(cos θ′)ρ(r′)dV ′ , (3.75)

where Pn(cos θ′) is the usual Legendre polynomial. In discretized form, eq. (3.75)

becomes

φ(r) = −G
Nn
∑

n=0

1

rn+1

∑

z

(rz)
nPn(cos θz)mz , (3.76)

where Nn is the order at which the multipole expansion is truncated.
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3.5.3 Gravity: 1D Spherical Symmetry

For 1D spherically symmetric simulations, calculation of gravity can be straight-

forward using

gp = −Gmp,enclosed

r2
p

, (3.77)

where mp,enclosed is all of the mass enclosed by point p. Instead, we solve Poisson’s

equation for gravity using similar methods to those employed for the 2D gravity.

By doing this, we remain consistent when comparing our 1D and 2D results.

Furthermore, we show that deriving a Poisson solver based upon the support-

operator method is equivalent to the more traditional form, eq. (3.77).

The inherent symmetries of 1D spherical simulations reduce eq. (3.62) to the

following form:

(Φe − Φz)Ae − V z
p ge,z = 0 . (3.78)

Unlike the full 2D version, one may eliminate the edge potentials in favor for the

cell-centered potentials and the accelerations at the edges. Since each edge e will

have an equation for its value associated with cells z and z + 1, this leads to

ΦzAe + V z
p ge,z = Φz+1Ae + V z+1

p ge,z+1 . (3.79)

Using the continuity of accelerations at the edges,

ge,z = −ge,z+1 , (3.80)

the expression for gravitational acceleration at edge e in terms of the cell-centered

potentials is

ge,z =
1

Vp

(Φz+1 − Φz)Ae . (3.81)

Substituting this expression into

∑

e

Aege,z = −4πGmz , (3.82)
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leads to a tridiagonal matrix equation for the cell-centered potential, which can

be inverted in O(N) operations to give the cell-centered potentials. Substituting

these cell-centered potentials back into eq. (3.81) gives the gravitational accelera-

tion needed for the momentum equation (eqs. 3.2 and 3.17).

It should be noted that eq. (3.82) can be rewritten as a recursion relation for

the gravitational acceleration, gp, at node p:

Apgp = Ap−1gp−1 − 4πGmz,interior , (3.83)

where mz,interior is the mass of the cell interior to point p. With the boundary

condition g1 = 0 and then recursively solving eq. (3.83) for gp from the center

outward, the expression for the gravitational acceleration simplifies to eq. (3.77).

This is the traditional form by which the gravitational acceleration is calculated

for 1D spherically symmetric simulations and for which the potential is usually

not referenced. The beauty of our approach is that 1D and 2D simulations are

consistent, and that it self-consistently gives the gravitational potential.

3.5.4 Conservation of Energy with Gravity

For self-gravitating hydrodynamic systems, the total energy is

E = E +K + U , (3.84)

where E is the total internal energy, K is the total kinetic energy, and U is the total

potential energy:

U =
1

2

∫

V
ρΦdV , (3.85)

An alternative form is possible with the substitution of eq. (3.48) into eq. (3.85)

and integration by parts:

U = − 1

8πG

[∮

S
~gΦ · d~S +

∫

V
|~g|2dV

]

. (3.86)
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The integral form of eq. (3.84) is

E =
∫

V
(ρe+

1

2
ρv2 +

1

2
ρΦ)dV , (3.87)

and total energy conservation is given by

∂E

∂t
=

∂

∂t

∫

V
(ρe+

1

2
ρv2 +

1

2
ρΦ)dV = 0 . (3.88)

Since the solution to Poisson’s equation for gravity, using Green’s function, is

Φ(~x) = −G
∫

ρ(~x′)dV ′

|~x− ~x′| , (3.89)

the time derivative of the total potential energy may take three forms:

∫

V
ρ
∂Φ

∂t
dV =

∫

V
Φ
∂ρ

∂t
dV =

1

2

∫

V

∂(ρΦ)

∂t
dV . (3.90)

Note that this is true only for the total potential energy and does not imply ρ∂Φ
∂t

=

Φ∂ρ
∂t

= 1
2

∂(ρΦ)
∂t

. Using eq. (3.90) and the Eulerian form of the hydrodynamics

equations (see appendix B.1), eq. (3.88) becomes a surface integral:

∂E

∂t
= −

∮

S
(ρe+ P +

1

2
ρv2 + ρΦ)~v · d~S , (3.91)

which simply states that energy is conserved in the absence of a flux of energy

through the bounding surface.

The discrete analogs of E and K are trivially obtained using E =
∑

z mzεz and

K = 1
2

∑

p mpv
2
p, respectively. The discrete total potential energy may take two

forms, the analogs of eqs. (3.85) and (3.86):

U =











1
2

∑

z mzΦz

− 1
8πG

[

∑

pb Φpb~gpb · ~Spb +
∑

p ~gp · ~gpVp

]

,
(3.92)

where pb indicates outer-boundary values. Upon trying both forms, we get simi-

lar results. Therefore, we use the simpler form involving the cell-center potential:

U = 1
2

∑

z mzΦz.
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Because our discrete hydrodynamics equations including gravity do not give

strict energy conservation, we use the core-collapse simulation (§3.10.9) to gauge

how well energy is conserved. Rather than measuring the relative error in total

energy by ∆E/Eref , where ∆E = En − Eref , Eref is the initial total energy, and

En is the total energy at timestep n, we use ∆E/|Un|. For stellar profiles, the

kinetic energy is small and the internal and gravitational energies are nearly equal

in magnitude, but opposite in sign. Since the total energy is roughly zero in

comparison to the primary constituents, E and U , of the total energy, we use

the gravitational potential energy as a reference. For example, the internal and

gravitational energies start at ∼ 4 × 1051 erg and reach ∼ 1 × 1053 ergs at the end

of the run. However, the total energy is a small fraction of these energies initially,

∼ 5 × 1050, and after core bounce, ∼ 1.5 × 1051. Hence, we measure the relative

error in total energy as ∆E/|Un|.
The total energy for the 1D and 2D core-collapse simulations evolve simi-

larly and is conserved quite well. For all times except a few milliseconds around

bounce, total energy is conserved better than ∼1 ×10−3. During collapse, from 0

to 147 ms, the total energy deviates by only ∼3 ×10−4. Over a span of 5 ms around

bounce, t = 148 ms, the total energy changes by ∼2.2 ×10−2. For 100s of millisec-

onds afterward, the relative error in the total energy reduces to ∼7 ×10−4. Hence,

for all but about 5 ms of a simulation that lasts many hundreds of milliseconds

the relative error in total energy is better than ∼1 ×10−3.

3.5.5 Tests of Gravity

We include here several assessments of the 1D and 2D Poisson solvers. First,

we calculate, using the butterfly mesh, the potential for a homogeneous sphere

and compare to the analytic solution. This tests overall accuracy and the abil-

ity of our solver to give spherically symmetric potentials when a non-spherical
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mesh is employed. Similarly, we substantiate the algorithm’s ability to produce

aspherical potentials of homogeneous oblate spheroids. Then, we verify that the

hydrodynamics and gravity solvers give accurate results for stars in hydrostatic

equilibrium, and for a dynamical problem, the Goldreich-Weber self-similar col-

lapse (Goldreich & Weber, 1980).

Figure 3.5 compares the simulated and analytic solutions for a homogeneous

sphere, having density ρ0 = 1 g cm−3, and maximum radius ra = 1 cm. The

analytic potential inside the sphere is Φana = Gρ0
2
3
π(r2 + z2 − 3r2

a), and the top

panel of Fig. 3.5 shows the relative difference of the analytic potential and the

numerical solution, Φz , as a function of radius. Results for four resolutions of the

butterfly mesh are shown: 2550 cells with an effective radial resolution ∆r ∼ 0.02

cm (blue); 8750 cells with ∆r ∼ 0.01 cm (green); 15,200 cells with ∆r ∼ 0.006 cm

(yellow); and 35,000 cells with ∆r ∼ 0.005 cm (red). Two facts are obvious: 1) the

solutions are accurate at a level of ∼ 3×10−5 for ∆r/ra ∼ 0.005 and ∼ 3×10−4 for

∆r/ra ∼ 0.02; and 2) the degree to which the solution is spherically symmetric is

similarly a few times 10−5 for ∆r/ra ∼ 0.005 and a few times 10−4 for ∆r/ra ∼
0.02. Plotting the minimum error as a function of the effective radial resolution,

the bottom panel of Fig. 3.5 verifies that the 2D Poisson solver convergences with

2nd-order accuracy (solid line).

Next, we calculate the aspherical potential for an oblate spheroid . The homo-

geneous oblate spheroid has an elliptic meridional cross section, and the minor-

and major-axes of the ellipse are rb and ra, where ra is the equatorial radius. Thus,

the eccentricity of the spheroid is e =
√

1 − (rb/ra)2. Given a uniform density, ρ0,

the potential for a spheroid is

Φana(r, z) = −πGρ0

(

IBT r
2
a − [a1r

2 + a3z
2]
)

, (3.93)
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Figure 3.5 Potential of a uniform density sphere. The density of the sphere is
1 g cm−3 and the radius is 1 cm. Presented are results for four resolutions of
the butterfly mesh (see left panel of Fig. 3.2): 2550 cells with an effective radial
resolution ∆r ∼ 0.02 cm (blue); 8750 cells with ∆r ∼ 0.01 cm (green); 15,200
cells with ∆r ∼ 0.006 cm (yellow); and 35,000 cells with ∆r ∼ 0.005 cm (red).
The top panel shows (Φ − Φana)/|Φana|, where Φ are the cell-center potentials as
determined by the Poisson solver, and Φana is the analytic potential. The bottom
panel shows the minimum error for each resolution as a function of the effective
radial resolution. The solid line illustrates the fact that the 2D Poisson solver
converges with 2nd-order accuracy.
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where, for oblate spheroids,

a1 =

[

sin−1 e

e
− (1 − e2)1/2

]

(1 − e2)1/2

e2
, (3.94)

a3 = 2

[

(1 − e2)−1/2 − sin−1 e

e

]

(1 − e2)1/2

e2
, (3.95)

and IBT = 2a1 + a3(1 − e2) (Chandrasekhar, 1969).

Numerical results with e = 0.8 are shown in Fig. 3.6. As with the sphere,

ρ0 = 1 g cm−3 and ra = 1 cm. However, for the given eccentricity, the polar-axis

radius, rb, is 0.6 cm. Once again, the grid is a butterfly mesh, but this time the

outer boundary follows the ellipse defining the surface of the spheroid. The top

panel of Fig. 3.6 presents the spheroid’s potential, and the degree of accuracy is

presented in the bottom plot. With Ncell = 35, 000 and ∆r/ra ∼ 0.005, the relative

error in the potential ranges from ∼ 2×10−6 near the outer boundary to ∼ 3×10−5

in interior regions. Conspicuous are features in the relative error that track abrupt

grid orientation changes in the mesh. Fortunately, these features have magni-

tudes smaller than or similar to the relative error in the local region. The relative

error in the gravitational acceleration magnitude, (|~gp| − |~gana|/max(|~gana|) ranges

from ∼−10−4 to ∼10−4, where ~gana is the analytic acceleration and max(|~gana|) is

the maximum magnitude on the grid. Typical errors in the acceleration direc-

tion range from ∼−10−4 to ∼10−4 radians with rare deviations as large as ∼10−3

radians near the axis and abrupt grid orientation changes.

In Fig. 3.7, we demonstrate that the ALE algorithm in combination with our

gravity solver produces reasonably accurate hydrostatic equilibria. The grid is

the butterfly mesh with 8750 zones, and the initial model is a Lane-Emden poly-

trope with γ = 5/3, M = 1 M�, and R = 2.9 × 1010 cm. Crosses show the

density profile at t = 1 × 104 s, while the solid line shows the maximum density

as a function of time and that the star pulsates. These oscillations result from the
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Figure 3.6 The potential of a homogeneous spheroid with e = 0.8 (top panel) and
the relative accuracy of the potential, (Φ − Φana)/|Φana| (bottom panel). ρ0 = 1
g cm−3 and the equatorial radius is ra = 1 cm. For the given eccentricity, the
polar-axis radius, rb, is 0.6 cm. The grid is a butterfly mesh, but the outer bound-
ary follows the ellipse defining the surface of the spheroid. With Ncell = 35, 000
and ∆r/ra ∼ 0.005, the relative error in the potential ranges from ∼2 ×10−6 near
the outer boundary to ∼3 ×10−5 in interior regions. Features in the relative er-
ror that track abrupt grid orientation changes in the mesh are apparent, but the
magnitude of these features does not dominate the errors.
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Figure 3.7 Hydrostatic Equilibrium. The grid is the butterfly mesh with 8750
zones. The initial model is a Lane-Emden polytrope with γ = 5/3, M = 1 M�,
and R = 2.9 × 1010 cm. The green crosses show the density profile at t = 1 × 104

s. The solid line shows the maximum density as a function of time. The oscilla-
tions are due to the slight difference between an analytic hydrostatic equilibrium
structure and a discretized hydrostatic equilibrium structure. This figure shows
the code’s ability to follow oscillations for many periods with very little or no
attenuation.

slight difference between an analytic hydrostatic equilibrium structure and a dis-

cretized hydrostatic equilibrium structure, and with increasing resolution, they

decrease in magnitude. Interestingly, the oscillations continue for many cycles

with very little attenuation.

Simulating the Goldreich-Weber self-similar collapse (Goldreich & Weber,

1980) in 1D and 2D is a good test of dynamic simulations including gravity. The

analytic profile is similar to a Lane-Emden polytrope with γ = 4/3, and in fact,

we use the gamma-law EOS with γ = 4/3. While the Lane-Emden polytropes
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are assumed to be in hydrostatic equilibrium, the Goldreich-Weber self-similar

collapse has a homologous velocity profile and a self-similar density profile. The

physical dimensions have been scaled so thatM = 1.3 M�, the initial central den-

sity is 1010 g cm−3, and the maximum radius of the profile is 1.66 × 108 cm. For

the 1D simulation, we initiate the grid with 200 evenly-spaced zones, and for 2D,

a butterfly mesh with 35,000 zones (effectively with 200 radial zones) is used to

initiate the grid. Subsequent evolution for both simulations uses the Lagrangian

configuration.

Figure 3.8 shows snapshots of density vs. radius for 1D (top panel) and 2D

(bottom panel) simulations at t =0, 20, 40, 60, 80, 100, 120, and 130 ms. Both plots

indicate that the simulations (crosses) track the analytic solution (solid lines).

Quantitatively, we measure a relative difference, (ρz − ρana)/(max(ρana)), for the

reported times, where ρz are the simulated cell-center densities and ρana are the

analytic values. Consistently, the largest deviations are at the center and Table 3.2

gives these values for the 1D simulation (2nd column) and the 2D simulation (3rd

column). The relative differences range from −9.2 × 10−8 at 0 ms to −3.6 × 10−2

at 130 ms for the 1D simulation and −1.2 × 10−7 at 0 ms to −6.3 × 10−2 at 130 ms

for the 2D simulation. At all times, the departure from spherical symmetry is no

more than ∼ 1 × 10−4.

3.6 Hydrodynamic Boundary Conditions

Boundary conditions are implemented in one of two ways. Either an external

pressure is specified or the velocities at the nodes are fixed. For external pres-

sures, ghost cells are defined that have no true volume or mass associated with

them. Their only function is to apply an external force to the boundary cells equal

to an external pressure times the boundary surface area. Specifying nodal veloci-
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Figure 3.8 Density profiles for Goldreich-Weber self-similar collapse in 1D (top
panel) and 2D (bottom panel) and at t =0, 20, 40, 60, 80, 100, 120, and 130 ms.
Simulation results (crosses) are compared with analytic solutions (solid lines). A
gamma-law EOS is used with γ = 4/3. The physical dimensions have been scaled
so that M = 1.3 M�, the initial central density is 1010 g cm−3, and the maximum
radius of the profile is 1.66 × 108 cm. The initial grid for the 1D simulation uses
200 evenly-spaced zones. For the 2D simulation, a butterfly mesh with 35,000
zones with effectively 200 radial zones is used. These tests are calculated using
the Lagrangian configuration. See §3.5.5 and Table 3.2 for quantitative discussion
of the accuracy.
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Table 3.2. Relative error in density, (ρz − ρana)/(max(ρana)), at the center for the

Goldreich-Weber self-similar collapse test. The first column is the time in

milliseconds, and the second and third columns are the error between the

simulation, ρz, and the analytic solution, ρana, scaled by the maximum density of

the analytic solution max(ρana) for 1D simulation and 2D simulations,

respectively. See §3.5.5 for a discussion.

Time (ms) 1D 2D

0 −9.2 × 10−8 −1.2 × 10−7

20 −7.2 × 10−4 −1.4 × 10−3

40 −1.2 × 10−3 −2.2 × 10−3

60 −1.9 × 10−3 −3.6 × 10−3

80 −3.2 × 10−3 −6.0 × 10−3

100 −6.2 × 10−3 −1.1 × 10−2

120 −1.6 × 10−2 −2.8 × 10−2

130 −3.6 × 10−2 −6.3 × 10−2
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ties on the boundary accomplishes the same task. In this case, there is an implied

external force and pressure. In practice, generic dynamical boundaries use the ex-

ternal pressure boundary condition. On the other hand, pistons, reflecting walls,

and the azimuthal axis have the velocity perpendicular to the boundary specified,

while the parallel component executes unhindered hydrodynamic motions.

3.7 Artificial Viscosity

To resolve shocks over just a few zones, we include artificial viscosity in the equa-

tions of hydrodynamics. For 1D simulations, we add a viscous-like term to the

pressure (Von Neumann & Richtmyer, 1950). We denote this viscous pressure by

q. The original realization of q employed one term proportional to (∆v)2, where

∆v is the difference in velocity from one zone to the next. While this form ade-

quately resolved shocks, unphysical oscillations were observed in the post-shock

flow. A second term, linear in ∆v, was then added that effectively damped these

oscillations (Landshoff, 1955). Another form which we employ for our 1D simu-

lations is

q = ρ



c2
γ + 1

4
|∆v| +

√

c22

(

γ + 1

4

)2

(∆v)2 + c21c
2
s



 |∆v| , (3.96)

where cs is the sound speed, c1 is the parameter associated with the linear term,

and c2 is the parameter associated with the quadratic term. This form has the

appealing attribute that it is motivated by the expression for the shock-jump con-

dition for pressure in an ideal gas (Wilkins, 1980).

For 2D simulations, the artificial viscosity scheme we have settled upon is the

tensor artificial viscosity algorithm of Campbell & Shashkov (2001). Here, we do

not re-derive the artificial viscosity scheme, but highlight some of its salient fea-

tures and practical implementations. The useful feature of the tensor algorithm

is its ability to calculate artificial viscosity on an arbitrary grid, while suppressing
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artificial grid buckling when the flow is not aligned with the grid. In the strictest

sense, the tensor artificial viscosity does not employ the simple viscous pressure

described above. Instead, Campbell & Shashkov (2001) assume that the artificial

viscosity tensor is a combination of a scalar coefficient,

µ ∝ ρ



c2
γ + 1

4
|∆v| +

√

c22

(

γ + 1

4

)2

(∆v)2 + c21c
2
s



 , (3.97)

and the gradient of the velocity tensor, ~∇~v. Therefore, references to the parame-

ters c1 and c2 in 1D and 2D refer to the same linear or quadratic dependence on

|∆~v|. With this assumption, the momentum equation, eq. (3.2), becomes

ρ
d~v

dt
= −ρ~∇Φ − ~∇P + ~∇ · (µ~∇~v) , (3.98)

and the energy equation, eq. (3.3), is

ρ
dε

dt
= −P ~∇ · ~v + µ(~∇~v) : (~∇~v) , (3.99)

where (~∇~v) : (~∇~v) = (~∇~v)ij(~∇~v)ij, using the normal Einstein summation conven-

tion. With the method of support operators, Campbell & Shashkov (2001) derive

discrete forms of these equations. Analogous to the gradient of the pressure term,

the discrete artificial viscosity term in the momentum equation becomes a sum-

mation of corner forces,

~∇ · (µ~∇~v) −→
∑

z∈S(p)

~f p
z,visc , (3.100)

and the corresponding term in the energy equation is the usual force-dot-velocity

summation:

µ(~∇~v) : (~∇~v) −→ −
∑

p∈S(z)

~f z
p,visc · ~vp. (3.101)

Therefore, implementation of the artificial viscosity scheme is straightforward

and similar to that for the pressure forces.
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In practice, this artificial viscosity scheme is formulated for Cartesian coordi-

nates, and to obtain the equivalent force for cylindrical coordinates, we multiply

the Cartesian subcell force by 2πrp. In general, this works quite well, but sacrifices

strict momentum conservation (See §3.4.1).

3.8 Subcell Pressures: Eliminating Hourglass Grid Distortion

A problem that can plague Lagrangian codes using cells with 4 or more sides

is the unphysical hourglass mode (Caramana & Shashkov, 1998). To suppress

this problem, we employ a modified version of the subcell pressure algorithm of

Caramana & Shashkov (1998). For all physical modes (translation, shear, and ex-

tension/contraction) the divergences of the velocity on the subcell and cell levels

are equal,

(∇ · v)z
p = (∇ · v)z . (3.102)

Hence, as long as the calculation is initiated such that the subcell densities of

a cell are equal to the cell-averaged density, then they should remain equal at

all subsequent times. Any deviation of the subcell density from the cell density,

δρz
p = ρz

p−ρz, is a direct result of the hourglass mode. The scheme of Caramana &

Shashkov (1998) uses this deviation in subcell density to define a subcell pressure

that is related to the deviation in subcell and cell density, δρz
p, by

P z
p = Pz + c2sδρ

z
p (3.103)

with the corresponding deviation in pressure: δP z
p = c2sδρ

z
p.

Application of these pressures as subcell forces counteracts the hourglass dis-

tortion. However, the pressure throughout the cell is no longer uniform. As a

result, the subcell pressures exert forces on the cell centers and mid-edge points.

These locations in the grid are not subject to physical forces as are the nodes.
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Instead, their movement is tied to the motions of the nodes. To conserve mo-

mentum, the forces acting on these enslaved points must be redistributed to the

dynamical nodes. Though the choice of redistribution is not unique, we follow

the procedure established by Caramana & Shashkov (1998) for the form of the

subcell force (for the definitions of ~Sz
p and ~az

p, see §3.3 and Fig. 3.3.):

~f z
p = δP z

p
~Sz

p +
1

2
[(δP z

p − δP z
p+1)~a

z
p + (δP z

p−1 − δP z
p )~az

p−1] . (3.104)

This particular scheme works quite well for Lagrangian calculations. How-

ever, it can be incompatible with subcell remapping algorithms. The hourglass

suppression scheme described above assumes that only hourglass motions re-

sult in nonzero values for δρz
p. Even in calculations that are completely free of

hourglass motions, the subcell remapping scheme can and will produce subcell

densities within a cell that are different from the cell density. Since this difference

of subcell and cell densities has nothing to do with hourglass motions, any sub-

cell forces that arise introduce spurious motions that don’t correct the hourglass

motions.

Investigating several alternative schemes, we settled on a modification of the

Caramana & Shashkov (1998) approach. After each remap, we define a tracer

density whose only purpose is to track the relative changes in the subcell and

cell volumes during the subsequent hydrodynamic solve. For convenience, and

to keep the magnitude of the subcell pressures about right, we set the subcell

tracer density equal to the cell density. After replacing δρz
p with the difference be-

tween the subcell tracer density and the cell density, δρz
p,tr, we proceed with the

scheme prescribed by Caramana & Shashkov (1998). We have found that the sub-

cell forces of Caramana & Shashkov (1998) significantly resist hourglass motions

only after δρz
p achieves significant magnitude. For our new hourglass scheme,

if a remap is implemented after each hydrodynamic solve, δρz
p,tr does not have
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a chance to achieve large values, and hence, the subsequent subcell forces are

not very resistant to hourglass distortions. However, for many simulations, we

have found that it is not necessary to remap after every Lagrangian hydrody-

namic solve. Rather, the remap may be performed after N timesteps. In these

circumstances, the subcell tracer density is allowed to evolve continuously as

determined by the hydrodynamic equations. With large N , δρz
p,tr does develop

significant amplitude and the subcell forces become effective in suppressing the

hourglass modes. In fact, in the limit that N � 1, this scheme becomes the hour-

glass suppression scheme of Caramana & Shashkov (1998).

In practice, we multiply this subcell force by a scaling factor. To determine the

appropriate magnitude of this scaling factor, we executed many test problems

and found that problems that involved the perturbation of hydrostatic equilib-

rium provide a good test of the robustness of the hourglass fix. During the test-

ing protocol, we ran a simulation for at least 200,000 timesteps, ensuring that the

hourglass fix remains robust for long calculations. For Lagrangian calculations,

a scaling factor ∼ 1 produced reasonable results. For runs in which remapping

occurred after N timesteps, we found that larger values of the scaling factor were

required. However, for very large values of N , such as 64 or greater, such large

values compromised small structures in the flow. Hence, we settled on scaling

factors near 1 for large N . For small N , we found that the difference in tracer

density and the cell-centered density had little time to build to significant ampli-

tudes, so larger values of the scaling factor are required, but anything above 4

produced noticeable problems in flows with many timesteps. In summary, the

scaling factor should be adjusted to be ∼ 1 for large N and ∼ 4 for small N .
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3.8.1 Tests of the Hourglass Elimination Algorithm

To demonstrate the need for an hourglass suppression scheme, and that our al-

gorithm to address the hourglass distortions works, we show in Fig. 3.9 results

for the Goldreich-Weber self-similar collapse in 2D (§3.5.5), with and without the

hourglass suppression (§3.8). These results represent a Lagrangian simulation of

the self-similar collapse at t = 118 ms. On the left (“r < 0”) the grid clearly shows

problematic grid buckling when the hourglass suppression is turned off. The grid

on the right (“r > 0”) shows the elimination of grid buckling with the use of the

hourglass suppression scheme and a scaling factor of 2.0.

Figure 3.10 illustrates the problem of using the hourglass suppression scheme

of Caramana & Shashkov (1998) in combination with the subcell remapping algo-

rithm (§3.9). All three panels show the results of the single-mode Rayleigh-Taylor

instability at t = 12.75 s. For the left panel, no hourglass suppression is employed.

This panel represents our control. While the hourglass instability does not cause

serious problems for the calculation, one can see evidence of slight hourglass pat-

terns at the scale of the grid resolution. In particular, two blobs near the top and

on the edges form distinct patterns. The central panel demonstrates the problem

of using the subcell remapping scheme and the subcell pressure method of Cara-

mana & Shashkov (1998). On the other hand, the right panel demonstrates that

the modified subpressure scheme we have developed suppresses the hourglass

distortions, while preserving the expected flow.

3.9 Remapping

Fluid flows with large vorticity quickly tangle a Lagrangian mesh, presenting

severe problems for Lagrangian hydrodynamic codes. To avoid entangled grids,

it is common to remap the state variables after each Lagrangian hydrodynamic
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Figure 3.9 Comparison when hourglass suppression is turned off (left) and on
(right) for the Goldreich-Weber self-similar collapse. The simulations in this fig-
ure were run in the Lagrangian configuration with the butterfly mesh. Displayed
in the region “r > 0” are results at t = 0.118 s when the hourglass suppression
scheme of §3.8 is used and the scale factor has been set to 2.0. The results shown
in the region “r < 0” represent what happens when the hourglass suppression
scheme is turned off.
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Figure 3.10 Single-mode Rayleigh-Taylor instability: investigating hourglass sup-
pression schemes (see §3.10.7 for a description of the setup). We present the re-
sults of the single-mode Rayleigh-Taylor instability with no hourglass fix (left
panel), the hourglass subcell pressure scheme of Caramana & Shashkov (1998)
(center panel), and the modified subpressure scheme described in this paper
(right panel). While the results of the left panel are acceptable, there are hints
of hourglass patterns in the contours. The central panel is a consequence of the
incompatible nature of the subcell remapping scheme and the subcell pressure
scheme of Caramana & Shashkov (1998), and our modified subpressure scheme
(right panel) suppresses the hourglass distortions, while preserving the expected
flow.
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advance to another less tangled mesh. Even flows that exhibit very little vorticity,

but extreme compression or expansion along a particular direction, leading to

very skewed cells, can limit the accuracy of Lagrangian calculations. In this case

as well, one can employ a remapping scheme which is designed to minimize the

calculational error.

To remap, a new grid must be established. One choice is to remap to the

original grid, thereby effectively solving the hydrodynamics equations on an Eu-

lerian mesh. Another is to use a reference Jacobian matrix rezone strategy, which

establishes a new mesh close to the Lagrangian mesh, while reducing numeri-

cal error by reducing unnecessarily skewed zones. The arbitrary nature of the

remapping algorithm even allows the freedom of choosing one rezoning scheme

in one sector of the grid and another rezoning scheme in other sectors. For ex-

ample, one could remap in an Eulerian fashion in one sector, let the grid move in

a Lagrangian manner in another, and in the intervening region smoothly match

these two regions.

Generally, there are two options for remapping schemes. One can remap from

one arbitrary grid to another completely unrelated arbitrary grid. For these unre-

lated grids, one needs to determine the overlap of the zones of the first grid with

the zones of the second. In general, this can be a very cumbersome and expensive

process. As a result most ALE codes, remap to an arbitrary grid that is not too

different from the first. Specifically, the usual stipulation employed is that the

face of each cell does not traverse more than one cell during a timestep, and that

the connectivity among nodes, faces, edges, and cells remains the same from the

first grid to the remapped grid. The regions swept by the faces then contain the

mass, momentum, or energy which is added to the cell on one side of the face

and subtracted from the cell on the other side.
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It is in this context that we use the swept-region remapping algorithms of

Loubère & Shashkov (2005), Margolin & Shaskov (2003, 2004), Kucharik et al.

(2003), and Loubère et al. (2006). This remapping scheme may be described by

four stages:

1. The first is the gathering stage. This is a stage in which subcell quantities of

the mass, momenta, and energies are defined in preparation for the bulk of

the remapping process.

2. The second is to remap the subcell quantities from the Lagrangian grid to

the new rezoned grid using the swept-region approximation. In doing so,

the remapping algorithm remains 2nd-order accurate, but avoids time in-

tensive routines to calculate the overlap regions of the old and new grids.

3. The third is to repair the subcell densities. Because exact spatial integra-

tion is avoided with the swept-region approximation, local bounds of sub-

cell densities may be violated. Therefore, a repair algorithm which redis-

tributes mass, momentum, and energies to preserve the local bounds is im-

plemented.

4. Finally, there is the scattering stage, in which the primary variables of the

hydrodynamics algorithm are recovered for the new rezoned grid.

3.9.1 Gathering Stage

In order to remap the primary quantities using the subcell remapping algorithm,

mass, momenta, internal energy, and kinetic energy must be defined at the subcell

level. In the Lagrangian stage, the subcell mass, mz
p, is already defined. The

subcell density which is a consequence of the change in the subcell volume (V z
p )
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during the Lagrangian hydro step is

ρz
p =

mz
p

V z
p

. (3.105)

Unfortunately, there is no equivalent quantity for the subcell internal energy. In-

stead, we define the internal energy density for each zone, ez = εzρz, fit a linear

function for the internal energy density, êz = ez+(~∇e)z ·(~x−~xc), and integrate this

function over the volume of each subcell to determine the total subcell internal

energy and, consequently, the average subcell internal energy density:

Ez
p =

∫

vz
p
êdV and ez

p =
Ez

p

V z
p
. (3.106)

Performing the integration of eq. (3.106) involves a volume integral and volume

integrals weighted by x and y in Cartesian coordinates or r and z in cylindrical

coordinates (see appendix B.2 for formulae calculating these discrete integrals).

Note, that, by construction, these newly defined internal energies satisfy conser-

vation of internal energy for each zone, mzεz =
∑

p∈S(z)E
z
p .

Similarly, there are no readily defined subcell-centered averages for the mo-

menta, ~µz
p, or velocities, ~uz

p. However, they should be related to one another by

~µz
p = mz

p~u
z
p . (3.107)

If the gathering stage is to preserve momentum conservation, then the following

equality must hold:
∑

p∈S(z)

mz
p~u

z
p =

∑

p∈S(z)

mz
p~vp . (3.108)

By inspection, it might seem natural to set ~uz
p = ~vp. However, we follow the more

accurate suggestion made by Loubère & Shashkov (2005) to define the subcell-

averaged velocity as follows:

~up
z =

~uz + ~vp + ~vp+1/2 + ~vp−1/2

4
, (3.109)



118

where ~uz is obtained by averaging over all nodal velocities associated with

zone z, and ~vp+1/2 and ~vp−1/2 are edge-averaged velocities given by ~vp+1/2 =

1/2 (~vp + ~vp+1) and ~vp−1/2 = 1/2 (~vp + ~vp−1). Substituting eq. (3.109) into eq.

(3.108) and rearranging terms, we get an expression for the subcell velocity that

depends on known subcell masses and nodal velocities:

~up
z =

1

4

(

2~vp +
~vp+1

2
+
~vp−1

2

)

+
∑

p′∈S(z)

mz
p′

8mz
(4~vp′ − ~vp′+1 − ~vp′−1) . (3.110)

We now rewrite eq. (3.110) in a form that obviously makes it easy to write the

gathering operation in matrix form:

~up
z =

1

4

(

2~vp +
~vp+1

2
+
~vp−1

2

)

+
∑

p′∈S(z)

~vp′

(−mz
p′−1 + 4mz

p′ −mz
p′+1

8mz

)

. (3.111)

If Uz is a vector of one component of all velocities associated with cell z, and USC
z

is the equivalent for subcell velocities, then

USC
z = MzUz , (3.112)

where the matrix, Mz, for each zone is given by the coefficients in eq. (3.111).

To conserve total energy in the remap stage, we define the subcell kinetic en-

ergy and follow the same gather procedure as for the velocity by simply replacing

velocity with the specific kinetic energy:

kp =
|~v|2
2
. (3.113)

We ensure conservation of total kinetic energy for a cell:

∑

p∈S(z)

mz
pk

z
p =

∑

p∈S(z)

mz
pkp = Kz , (3.114)

where kz
p is the subcell-averaged specific kinetic energy. Then, the transformation

from nodal specific kinetic energies to subcell-averaged specific kinetic energies

is given by

kSC
z = Mzkz , (3.115)
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where kSC
z is a vector of the subcell-averaged specific kinetic energies, kz is a

vector of the nodal specific kinetic energies, and Mz is the same transformation

matrix used for the velocity transformations. Having found the specific kinetic

energies, the calculation of the kinetic energy for each subcell is then straightfor-

ward: Kz
p = mz

pk
z
p.

Upon completion of the gathering stage, each relevant quantity, mz
p, ~µz

p, Ez
p ,

and Kz
p , is expressed as a fundamentally conserved quantity for each subcell.

From these conserved quantities and the subcell volumes, we have the corre-

sponding densities, which, as is explained in §3.9.2, are important components of

the remapping process.

3.9.2 Swept-edge Remap

Having gathered all relevant subcell quantities, we begin the bulk of the remap-

ping process. Since all variables are now expressed in terms of a conserved quan-

tity (subcell mass, energy, and momentum) and a density (mass density, energy

density, and momentum density), for clarity of exposition, we focus on repre-

sentative variables, subcell mass and density, to explain the generic remapping

algorithm. When there are differences in the algorithm for the other variables, we

note them.

We have instituted the remapping algorithm of Kucharik et al. (2003). To

avoid the expensive process of finding the overlap of the Lagrangian grid with

the rezoned grid, this algorithm modifies the mass of each subcell with a swept-

edge approximation for the rezoning process. As long as the connectivity and

neighborhood for each cell remain the same throughout the calculation, time

spent in connectivity overhead is greatly reduced. The objective of the remap-

ping algorithm is then to find the amount of mass, δme, that each edge effectively

sweeps up due to the rezoning process and to add or subtract this change in mass
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to the old subcell mass to obtain the new subcell mass, m̃z
p:

m̃z
p = mz

p +
∑

e∈S(z)

δme . (3.116)

Of course, the change in mass is obtained by integration of a density function

over the volume of the swept region:

δme =
∫

δe
ρ̂dV . (3.117)

The density function, ρ̂(x, y), may take on any functional form. To maintain

second-order accuracy of the algorithm we use a linear density function;

ρ̂ = ρp
z + (~∇ρ)p

z · (~x− ~xp
z) , (3.118)

where ~xp
z is the average of the nodal positions defining the subcell.

In determining the gradient, (~∇ρ)p
z, we employ one of two standard methods

for calculating the gradient using the densities from subcell {z, p} and its neigh-

bors. The first method uses Green’s theorem to rewrite a bounded volume inte-

gral as a boundary integral around the same volume. We begin with a definition

of the average gradient of ρ for a given region. For each component, the average

gradient is
〈

∂ρ
∂x

〉

= 1
V

∫

V ρxdV = 1
V

∮

∂V ρdy
〈

∂ρ
∂y

〉

= 1
V

∫

V ρydV = − 1
V

∮

∂V ρdx ,
(3.119)

where ρx and ρy are the gradients in the x- and y-directions, respectively. The

region over which the integrals are evaluated is defined by segments connecting

the centers of the neighboring subcells. Hence, the discrete form of the average

gradient is
〈

∂ρ
∂x

〉p

z
= 1

V

∑

e
ρ1+ρ2

2
∆y12

〈

∂ρ
∂y

〉p

z
= − 1

V

∑

e
ρ1+ρ2

2
∆x12 .

(3.120)
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While this method works reasonably well, an unfortunate consequence of the

integration and division by volume is that the value of the gradient is directly

influenced by the shape and size of the cell.

An alternative method for determining gradients, which is not as easily in-

fluenced by the shape of the mesh, is a least-squares procedure. For simplicity

of notation, we describe this method in the context of cells rather than subcells.

Again, assuming a linear form for ρ̂z(x, y), we seek to minimize the difference

between ρc and ρ̂z(xc, yc), where ρc is the neighbor’s value and ρ̂z(xc, yc) is the ex-

trapolation of cell z’s linear function to the position of the neighbor, (xc, yc). More

explicitly, we wish to minimize the following equation:

∑

c∈N (z)

ω2
czE

2
zc , (3.121)

where the set of neighbors for cell z is denoted by c ∈ N (z),

E2
zc = (−∆ρcz + ρx,z∆xcz + ρy,z∆ycz)

2 , (3.122)

ρx,z and ρy,z are the x and y components of the gradient, ∆ρcz = ρc − ρz, ∆xcz =

xc − xz, ∆ycz = yc − yz, and ω2
cz = 1/(∆x2

cz + ∆y2
cz). Minimizing eq. (3.121) with

respect to the two unknowns, leads to the following set of linear equations:

aρx + bρy = d

bρx + cρy = e ,
(3.123)

for each subcell, where

a =
∑

c∈N (z) ω
2
cz∆x

2
cz

b =
∑

c∈N (z) ω
2
cz∆xcz∆ycz

c =
∑

c∈N (z) ω
2
cz∆y

2
cz

d =
∑

c∈N (z) ω
2
cz∆ρcz∆xcz

e =
∑

c∈N (z) ω
2
cz∆ρcz∆ycz .

(3.124)
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Solving this linear system with Cramer’s rule then gives the least-squares gradi-

ents.

After calculating the gradient we ensure monotonicity using the Barth-

Jespersen limiter (Barth, 1997). The gradient is limited by a scalar, Φz, that has

a range between 0 and 1:

ρ̂z(x, y) = ρz + Φz(~∇ρ)z · (~x− ~xz) . (3.125)

First, we determine the minimum and maximum value of ρ among ρz and its

neighbors ρc:

ρmin
z = min(ρz, ρc) (3.126)

ρmax
z = max(ρz, ρc) . (3.127)

We satisfy the requirement that

ρmin
z ≤ ρ̂(x, y) ≤ ρmax

z . (3.128)

This is accomplished in the following way.

Φz = min(Φn
z ) , (3.129)

where Φn
z is a limiter associated with each node of the cell and is given by

Φn
z =



























min
(

1, ρmax
z −ρz

ρ̂(xn,yn)−ρz

)

for ρ̂(xn, yn) − ρz > 0

min
(

1, ρmin
z −ρz

ρ̂(xn,yn)−ρz

)

for ρ̂(xn, yn) − ρz < 0

1 for ρ̂(xn, yn) − ρz = 0 ,

(3.130)

where ρ̂(xn, yn) is the unlimited linear function evaluated at the nodes.

With the linear function ρ̂ defined for each subcell, we return to the task of

determining the swept mass, δme. The specific linear function ρ̂ for density used

in eq. (3.117) depends upon which subcell the edge encroaches upon. In fact,
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it is quite possible that the volume swept by the edge intersects more than one

immediate neighbor of the subcell in question. Of course, an accurate swept-

edge integration scheme would take into account all spatial functions in the rele-

vant subcells. Kucharik et al. (2003), and references therein, have noted that such

an accurate scheme may be cumbersome and computational expensive. Instead,

they suggest an approximate swept region integration in which only the subcells

to the left and right of the oriented edge need matter in determining the spatial

function of density used for integration. To this end, an oriented volume integral

is defined:

δVe =
∮

xdy . (3.131)

Whether this volume integral is negative or positive, the density function is taken

from either the left or right subcell:

ρ̂ =











ρ̂r, δVe ≥ 0 ,

ρ̂l, δVe < 0
(3.132)

3.9.3 Repair

While the above scheme is second-order accurate and mass conserving, the ap-

proximations made in the swept-edge algorithm can violate local bounds. In

practice, the values of the remapped densities should be bounded by the neigh-

borhood values of the original grid. Computationally expensive schemes that

find the overlap regions among the old and new grid can be made to preserve the

bounds. However, the local bounds can be violated in swept-edge remapping.

Using the linearity-and-bound-preserving method of Kucharik et al. (2003), we

conservatively repair quantities by redistributing mass, energy, momenta, and

number to neighbors satisfying the local bounds of the quantities on the previous

Lagrangian grid. However, the order in which one processes the cells and sub-

cells influences the specific values that emerge from the repair process. Therefore,
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we employ the order independent scheme of Loubère et al. (2006). These repair

schemes are designed to repair subcell densities. For velocities and composition

we wish to preserve the bounds of ~v and Xi. Therefore, we have appropriately

adjusted the scheme to conservatively repair momenta and particle number by

preserving the local bounds of ~v and Xi, respectively.

3.9.4 Scattering

The final remap step is to recover the primary variables for the next hydrody-

namic step. The new cell-centered and node-centered masses are

m̃z =
∑

p∈S(z)

m̃z
p (3.133)

and

m̃p =
∑

z∈S(p)

m̃p
z , (3.134)

respectively. Consequently, the subcell and cell-averaged densities are

ρ̃z
p =

m̃z
p

Ṽ z
p

(3.135)

and

ρ̃z =
m̃z

Ṽz

, (3.136)

respectively.

Recovering the velocities at the nodes is slightly more involved. First, the new

subcell-averaged velocity is defined using the remapped momenta and masses:

ṽz
p =

µ̃z
p

m̃z
p

(3.137)

Then, for each cell we invert the matrix equation that transforms node velocities

into subcell velocities:

Ũz = M̃−1
z ŨSC

z . (3.138)
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In this scheme, each cell provides its own velocity for a node, which may be

different from another cell’s value for the same node. Therefore, for each node

velocity, we average node velocities resulting from the inversion of eq. (3.138):

ṽp =
1

m̃p

∑

z∈S(p)

m̃z
pṽp(z) . (3.139)

Finally, we recover the specific internal energy. Comparing the sum of the

old internal energy and kinetic energy with the sum of remapped internal energy

and a kinetic energy defined by the remapped node velocities will not necessarily

ensure conservation of total energy. Therefore, the old kinetic energy is remapped

along with the node velocities. The discrepancy between these two kinetic energy

representations is then added to the internal energy, ensuring conservation of

total energy during the remap stage:

Ẽz =
∑

p∈S(z)

Ẽz
p +









∑

p∈S(z)

K̃z
p



−




∑

p∈S(z)

m̃z
p

|ṽp|2
2







 . (3.140)

The new cell-centered specific internal energy is then obtained using the modified

internal energy, Ẽz, and the remapped mass, m̃z:

ε̃z =
Ẽz

m̃z
. (3.141)

This ensures conservation of total energy at the expense of consistent remap-

ping of internal energy. Whichever is desirable depends upon the problem. For

example, in flows with large kinetic energies and small internal energies, the dis-

crepancy in kinetic energy remapping could substantially alter or even dominate

the internal energy. Consequently, we include a flag in BETHE-hydro that deter-

mines whether the remapped kinetic energy differences are added to the internal

energy.
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3.9.5 Remapping Tests

Figure 3.11 demonstrates the basic effectiveness of the remapping algorithm. We

remap a 1D step function in density many times. From x = 0 to x = 1/2 cm, the

density is ρ = 2.5 g cm−3, and from x = 1/2 to x = 1 cm, the density is ρ = 1.5 g

cm−3. This test has 50 cells and Nnodes = 51 nodes. Indexing each node by i, the

positions of the nodes are

xi = (1 − α)
(

i− 1

Nnodes − 1

)

+ α
(

i− 1

Nnodes − 1

)2

, (3.142)

where

α =
1

4
sin

(

4π
n

nmax

)

(3.143)

and the remapping step is n. As a result, the grid completes two full cycles in this

remapping test. Figure 3.11 shows the result of this remapping test where nmax =

800. The top panel displays the density profile for remapping steps 0 to nmax/2,

while the bottom panel shows the profile for steps nmax/2 to nmax. Comparison

of the first half (top panel) with the second half (bottom panel) indicates that the

remapping process diffuses the discontinuity over a small number (∼4) of zones

initially, and “diffusion” slows substantially after the initial phase, maintaining a

somewhat consistent width in the discontinuity.

3.9.6 Composition Remap

Barring any nuclear or chemical transformations, the composition equation, eq.

(3.5), states that Xi is conserved. The Lagrangian hydro portion of our algorithm

will not change a cell’s composition. All alterations in composition are, therefore,

a result of advection, and in an ALE code advection is handled by the remapping

algorithm.

Equation (3.5) may be written in Eulerian form:

∂(ρXi)

∂t
+ ~∇ · (ρXi~v) = 0 , (3.144)
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Figure 3.11 Remapping a 1D step function. A step function in density is
remapped many times with a grid that oscillates for two full cycles. There are
51 nodes (50 cells) and nmax = 800 remapping steps. The top panel displays the
density profile for remapping steps 0 to 1/2nrmmax, and the bottom panel shows
the profile for steps 1/2nmax to nmax. Initially, the discontinuity spreads over a
small number of zones (∼4), and in later steps (bottom panel) the discontinuity
spreads very slowly.
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which implies a close dependence of the advection of Xi on ρ and ~v. In prac-

tice, if the composition is not advected in a manner entirely consistent with the

advection of mass, then the advection of composition will develop peculiarities.

Since the remapping of density is truly a remapping of the subcell masses, we

have designed a scheme for the remapping of composition which operates on an

equivalent subcell quantity.

Specifically, we define new Lagrangian quantities for composition. They are

the number of species i in the cell, Ni,z, and the number of species i in the subcell,

N z
i,p. Analogous to the mass density is the number density, ni,z and nz

i,p. These

new quantities are related to the previously defined quantities by: ni = ρXi and

Ni = niV or Ni = mXi.

The remap (or advection) of composition follows the scheme outlined for the

advection of mass on the subcell level, with ni replacing ρ and Ni replacing mass.

The new compositions are then determined by X̃i,z = Ñi,z/m̃z. The final minor,

but crucial, difference between mass and composition remapping occurs during

the repair process. While the repair process maintains the bounds on the number

density, we also enforce bound preservation of the compositions.

While we do not address specific rate equations in this work, transport and

nuclear processes will require consideration of nonzero terms on the RHS of eqs.

(3.5) and (3.144). Since our division of composition into subcell compositions

has consequences for discrete implementations with rates, we include here some

discussion.

Normally, the discrete form of eq. (3.5) with a nonzero RHS would be de-

signed to operate at the cell level. In other words, it would involve Nz,i and nz,i.

However, the fundamental Lagrangian subunit is the subcell. Therefore, we have

developed an algorithm to handle the composition changes, ∆Xi, at the subcell
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level due to changes at the cell level.

Irrespective of the scheme employed, a condition which must be satisfied is

that
∑

z

∆Nz,i =
∑

z

∑

p∈S(z)

∆N z
p,i . (3.145)

We’d like to convert the statement of number conservation into the more useful

relationship:

∆Nz,i =
∑

p∈S(z)

∆N z
p,i . (3.146)

When the change in composition due to the rates is applied in operator-split form

to the discrete hydro equations, we have the following relations:

∆Ni,z = ∆Xi,zmz , (3.147)

and

∆N z
i,p = ∆Xz

i,pm
z
p . (3.148)

Our dilemma is that the rate equations will determine ∆Xz,i, but they put no

constraint on ∆Xz
p,i. A fairly natural and simple choice is ∆Xz

p,i = ∆Xz,i, giving

∆N z
p,i = ∆Xz,im

z
p . (3.149)

Substituting eq. (3.149) into eq. (3.146) we have

∆Nz,i =
∑

p∈S(z)

∆Xz,im
z
p = ∆Xz,i

∑

p∈S(z)

mz
p = ∆Xz,imz . (3.150)

Hence, by simply stating that ∆Xz
p,i = ∆Xz,i, we have developed discrete rate

equations that satisfy conservation of species number and operates at the subcell

level.
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3.9.7 Angular Velocity Remap

The remap of the angular momentum deserves special mention. As in mass

remapping, we try to find new subcell angular momenta, J̃z
p , based upon an ap-

proximate swept-region approach. In other words,

J̃z
p = Jz

p +
∑

e∈S(z)

δJe , (3.151)

which parallels eq. (3.116) in form. A notable difference, however, is the expres-

sion for the swept angular momentum. It no longer involves a simple volume

integral, but an integral weighted by r2 (see appendix B.2 for calculating the dis-

crete analog of this integral):

δJe = ωρ
∫

r2dV . (3.152)

After finding the new subcell angular momentum we determine the new cell

angular momentum,

J̃z =
∑

p∈S(z)

J̃p
z , (3.153)

and node angular momentum,

J̃p =
∑

z∈S(p)

J̃p
z , (3.154)

and in turn determine the new angular velocity;

ω̃p =
J̃p

Ĩp

. (3.155)

3.10 Code Tests

In this section, we characterize BETHE-hydro’s performance using several test

problems. First, we demonstrate that this code produces 2nd-order accurate so-

lutions for self-gravitating flows. To assess the accuracy of high Mach-number
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simulations, we use the Sod shock tube problem, Sedov blast wave, and Noh im-

plosion problem, which all have analytic solutions. Furthermore, we simulate

the Saltzman and Dukowicz piston problems to test the code’s ability to simu-

late piston-driven shocks using oblique meshes. In simulating two important

hydrodynamic instabilities, the Rayleigh-Taylor and Kelvin-Helmholtz instabili-

ties, we further demonstrate this code’s strengths and limitations. Demonstrating

BETHE-hydro’s ability to simulate astrophysical phenomena, we conclude with

a core-collapse supernova simulation.

3.10.1 2nd-Order Accuracy

To verify the 2nd-order character of BETHE-hydro, a smooth hydrodynamics flow

is required. The Goldreich-Weber self-similar collapse (see §3.5.5 and Fig. 3.8)

satisfies this requirement and is ideal to check convergence of the hydrodynamic

and gravity solvers and their coupling. We use L1-norms of the error:

L1 =
∑

|ez∆r
d| , (3.156)

where the error is ez = ρana( ~xz)−ρz , ρana is the analytic density at t = 130 ms, ∆r is

the zone size, and d is 1 for 1D and 2 for 2D. Strictly speaking, the simulations are

Lagrangian and have time-varying zone sizes. Fortunately, this collapse problem

is self-similar, implying a direct correlation between the starting resolution and

the resolution at a later time. Therefore, we use the initial zone size in eq. (3.156)

and in Fig. 3.12. The L1-norm as a function of ∆r (crosses) is plotted in Fig. 3.12.

As the figure demonstrates, both 1D simulations (top panel) and 2D simulations

(bottom panel) converge with roughly 2nd-order accuracy.

3.10.2 Sod Shock Tube Problem

The Sod shock tube problem is a standard analytic test that assesses the code’s

ability to simulate three characteristic waves: a shock, a rarefaction wave, and



132

Figure 3.12 The L1-norm as a function of ∆r (crosses), the initial zone size, is
plotted for Goldreich-Weber simulations in 1D (top panel) and 2D (bottom panel).
The L1-norm is calculated at t = 130 ms for both simulations. Both 1D and 2D
simulations (crosses) converge with roughly 2nd-order accuracy (solid line). See
§3.10.1.
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a contact discontinuity. A simple gamma-law EOS is employed with γ = 1.4.

Initially, the computational domain is divided into left and right static regions

with different densities and pressures. Specifically, the left and right regions have

densities of 1.0 g cm−3 and 0.125 g cm−3 and pressures of 1.0 erg cm−3 and 0.1 erg

cm−3, respectively. This gives rise to a self-similar solution involving a shock

propagating to the right, a rarefaction wave propagating to the left, and a contact

discontinuity in between.

In Fig. 3.13, we display the Sod shock tube test results for 1D Lagrangian, 1D

Eulerian, 2D Lagrangian, and 2D Eulerian configurations. Cell-centered densities

and locations are marked with plus signs, while the analytic results are denoted

by solid dark lines. The 1D Lagrangian result shows the appropriate density pro-

file, while the other profiles have been shifted vertically so that distinguishing

features are more easily compared. In addition, the profiles are further distin-

guished by displaying them at different times: 1D Lagrangian (t = 0.2 s), 1D

Eulerian (t = 0.225 s), 2D Lagrangian (t = 0.25 s), and 2D Eulerian (t = 0.275

s). The 1D calculations are resolved with 400 zones. Similarly, the 2D tests are

resolved along the direction of shock propagation with 400 zones, and they are

resolved in the perpendicular direction by 10 zones.

The overall features of the shock, post-shock material, contact discontinuity,

and rarefaction wave are reproduced. For all scenarios, the shock is resolved

within a few zones. For the 1D Eulerian and Lagrangian calculations the post-

shock density is good to ∼ 0.05% and ∼ 0.01%, respectively. Upon viewing the

profiles in greater detail, there is a noticeable departure from the analytic solution

at the tail of the rarefaction wave where the density dips below the expected

value. This error in density at the tail of the rarefaction wave is ∼ 2.5% for the

Lagrangian simulation and ∼ 1% for the Eulerian simulation. Since the contact
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Figure 3.13 Sod shock tube test. For a gamma-law EOS and γ = 1.4, we compare
the results of the 1D Lagrangian (bottom), 1D Eulerian (2nd from the bottom), 2D
Lagrangian (3rd), and 2D Eulerian (top) Sod shock tube tests with the analytic re-
sult (solid lines). Other than the 1D Lagrangian results, the density profiles have
been shifted vertically to distinguish features. The profiles are further separated
by displaying them at different times: 1D Lagrangian (t = 0.2 s), 1D Eulerian
(t = 0.225 s), 2D Lagrangian (t = 0.25 s), and 2D Eulerian (t = 0.275 s). The
1D calculations are resolved with 400 zones, and the 2D tests are resolved with
400x10 zones. See §3.10.2 for a discussion.
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discontinuity moves with the flow speed, both Lagrangian calculations resolve

the contact discontinuity exactly from one zone to the next and maintain this

resolution throughout the simulation. The Eulerian calculations, not surprisingly,

distribute the contact discontinuity over several (∼4) zones.

3.10.3 Sedov Blast Wave

A classic test, the Sedov blast wave problem provides a quantitative measure of

a code’s ability to simulate spherical explosions. Initial conditions are set so that

the total energy of the Sedov blast is 0.244816 ergs, ρ0 = 1.0 g cm−3, ε0 = 1×10−20

ergs g−1, and the gamma-law EOS has γ = 5/3. We compare the simulations with

the analytic result (solid lines) for the following scenarios: 1D Lagrangian, 1D

Eulerian, 2D Lagrangian using the butterfly mesh, and 2D Lagrangian using the

spiderweb mesh.

Results of the Sedov explosion are plotted in Fig. 3.14. The top panel com-

pares the analytic and numerical density profiles, while the bottom panel shows

the relative differences between the numerical solutions and the analytic profile.

To easily distinguish different runs and details, we plot the 1D Lagrangian cal-

culation at t = 0.4 s, the 1D Eulerian at t = 0.53 s, the 2D Lagrangian using the

butterfly mesh at t = 0.66 s, and the 2D Lagrangian using the spiderweb mesh at

t = 0.80 s. The 1D calculations are resolved with 400 zones. The spiderweb test

has a total of 12,381 zones with 200 radial zones and a maximum of 64 angular

zones, while the butterfly mesh has a total of 35,000 zones with effectively 200

radial and 200 angular zones. Qualitatively, all simulations reproduce the overall

structure and position of the shock and post-shock flows.

There are some practical issues about formulating the Sedov runs that are

worth mentioning. For the 1D simulations, we found that simply placing the

initial explosion energy in a small number of inner zones was adequate. On the
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Figure 3.14 Density profiles of the Sedov blast wave test. The Sedov blast energy
is 0.244816 ergs. Initial conditions are ρ0 = 1.0 g cm−3, ε0 = 1×10−20 ergs g−1, and
the gamma-law EOS has γ = 5/3. Top panel compares the simulations (crosses)
with the analytic result (solid lines) for 1D Lagrangian (t = 0.4 s), 1D Eulerian (t =
0.53 s), 2D Lagrangian using the butterfly mesh (t = 0.66 s), and 2D Lagrangian
using the spiderweb mesh (t = 0.80 s). 1D calculations are resolved with 400
zones. The spiderweb test has a total of 12,381 zones with 200 radial zones and
a maximum of 64 angular zones. The butterfly mesh has a total of 35,000 zones
with effectively 200 radial and 200 angular zones. Plotted in the bottom panel
are the relative errors of the density, (ρ − ρana)/ρmax, vs. radius, where ρ is the
simulated density profile, ρana is the analytic profile, and ρmax is the maximum
density of the analytic profile.
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other hand, the 2D simulations using non-spherical grids required more care.

Simply depositing all the energy within a small number of zones near the center

led to severe grid tangling and distortions. We remedied this by initiating all

profiles with the analytic solution at t = 0.001 s.

The bottom panel of Fig. 3.14 emphasizes the quantitative accuracy of the

post-shock solutions. Plotted are the relative errors of the density, (ρ−ρana)/ρmax,

versus radius, where ρ is the simulated density profile, ρana is the analytic pro-

file, and ρmax is the maximum density of the analytic profile. The 1D Lagrangian

simulation gives the best results with a maximum relative error near the shock of

∼ 2%. In comparison, the 1D Eulerian test gives ∼ 4% deviation near the shock.

The 2D Lagrangian simulation using the spiderweb mesh has a maximum devia-

tion similar to the 1D Lagrangian simulation, even though the 1D simulation has

radial zones with half the zone size. The simulation using the spiderweb mesh

shows some slight departure from spherical symmetry. Specifically, for most of

the post-shock region, the peak-to-peak variation of density is less than ∼ 1%,

and near the shock the peak-to-peak variation of density reaches ∼ 3%. The 2D

Lagrangian simulation using the butterfly mesh has a maximum density devia-

tion of ∼ 4% near the shock and a deviation from spherical symmetry of similar

magnitude.

3.10.4 Noh Implosion Problem

Initial conditions for the Noh Problem are uniform density ρ0 = 1 g cm−3, zero

(or very small) internal energy ε0 = 0 ergs, a convergent velocity field with mag-

nitude v0 = 1 cm s−1, and a gamma-law EOS with γ = 5/3. Subsequent evolution

produces a symmetric self-similar flow including supersonic accretion, an accre-

tion shock, and stationary post-shock matter in which kinetic energy has been
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converted into internal energy. The analytic solution for this problem is

{ρ, ε, v} =















{

ρ0

(
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γ−1

)d
, 1

2
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0, 0

}

if r < rs
{

ρ0

(

1 − v0t
r

)d−1
, 0, v0

}

if r > rs

(3.157)

where v is the velocity magnitude, the shock position is rs = ust, the shock ve-

locity is us = 1
2
(γ − 1)v0, and d is 2 for 2D Cartesian, 3 for 2D simulations using

cylindrical coordinates, and 3 for 1D spherically symmetric simulations.

In Fig. 3.15, we present the density profiles at t = 0.2 s for 1D, spherically

symmetric simulations of the Noh problem using four resolutions. The initial

grid spans the range x ∈ {0 : 1} cm and is evenly divided into 200, 400, 800, and

1600 zones. The solid line is the analytic solution for γ = 5/3. Higher resolu-

tion simulations more accurately capture the shock position and the post-shock

density profile. However, all resolutions depart significantly from the analytic

solution near the center. This is “wall heating” and is a common problem for

Lagrangian schemes (Rider, 2000).

The four panels of Fig. 3.16 present the density profiles for 2D simulations.

Three of the four panels show the results using Cartesian coordinates. The top-

left panel shows the results using a Cartesian grid with 100×200 zones, the top-

right panel shows the results using the butterfly mesh with 22,400 zones, and the

lower-left panel shows the results using the spiderweb mesh. The fourth panel,

lower-right, shows the results using 2D cylindrical coordinates and a Cartesian

mesh with 100×200 zones. Obvious is the fact that the mesh employed has conse-

quences for the solution. Both the top-left and bottom-right panels indicate that

using the Cartesian mesh for this problem produces fairly smooth results, with

some asymmetry (∼7%) in the post-shock region. The lower-left panel shows

that using the spiderweb mesh produces perfectly symmetric solutions except

near the center where the deviation from symmetry is as large as ∼25%. Fi-
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Figure 3.15 Density profile for the Noh Problem at t = 0.2 s. The solid line is
the analytic solution for γ = 5/3, and the crosses show the numerical results for
resolutions of 200, 400, 800, and 1600 zones. The downturn of the density profile
near the center is “wall heating,” a common problem for Lagrangian schemes
(Rider, 2000). For the post shock material, the higher resolution runs capture
the analytic solution. The upstream flow matches the analytic solution for all
resolutions.
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nally, simulations using the butterfly mesh, top-right panel, shows a similarly

mixed capacity to preserve symmetry. In this light, it is important to choose a

grid that minimizes numerical artifacts for the problem at hand. A task easily

accomplished with the use of ALE methods.

3.10.5 Saltzman Piston Problem

A standard test for arbitrary grid codes, the Saltzman piston problem (Margolin,

1988) addresses the ability of a code to simulate a simple piston-driven shock

using a grid with mesh lines oblique to the shock normal. The top panel of Fig.

3.17 shows the grid with 100 × 10 zones. For a grid with Nx × Ny nodes within

a domain defined by x ∈ {0 : xmax} and y ∈ {0 : ymax}, where xmax = 1.0 and

xmax = 0.1, the x positions of the nodes are given by

x = (i− 1)
xmax

Nx − 1
+ (Ny − j) sin

(

π
(i− 1)

(Nx − 1)

)

ymax

Ny − 1
, (3.158)

where i ∈ {1 : Nx} and j ∈ {1 : Ny}. At the piston, the left wall is moving at a

constant velocity, 1.0 cm s−1, to the right. Initially, the density and internal energy

are set equal to 1.0 g cm−3 and 0.0 ergs, respectively, and we use a gamma-law

EOS with γ = 5/3.

In the bottom panel of Fig. 3.17, we show the grid and the density colormap

at t = 0.925 s after the shock has traversed the domain twice, reflecting off the

right and left walls once. In this snapshot, the shock is traveling to the right. Our

results are to be compared with Figs. 15 and 16 of Campbell & Shashkov (2001).

Figure 15 of Campbell & Shashkov (2001) depicts a simulation with severe grid

buckling, which we do not observe in our simulations. Instead, our Fig. 3.17

shows reduced grid buckling and appropriate densities in accordance with the

results of Fig. 16 of Campbell & Shashkov (2001).
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Figure 3.16 Similar to Fig. 3.15, except here we present the results of 2D tests. All
but the lower-right show results using 2D Cartesian coordinates. The lower-right
shows results using 2D cylindrical coordinates. The grids used are: a Cartesian
grid with 100×200 zones (top-left and lower-right), a butterfly mesh with 22,400
zones (top-right), and a spiderweb mesh with 8550 zones (lower-left). Both the
top-left and bottom-right panels indicate that using the Cartesian mesh produces
fairly smooth results, with some (∼7%) asymmetry in the post-shock region. Us-
ing the spiderweb mesh produces perfectly symmetric solutions except near the
center where the deviation from symmetry is as large as ∼25%. Using the butter-
fly mesh produces similar mixed accuracy in symmetry.
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Figure 3.17 Saltzman piston problem. This problem tests the code’s ability to
resolve shocks that are oblique to the orientation of the grid. The top panel shows
the initial grid with 100 × 10 zones. The left wall is a piston moving at a constant
velocity, 1.0 cm s−1, to the right. Initially, the density and internal energy are set
equal to 1.0 g cm−3 and 0.0 ergs, respectively, and we use a gamma-law EOS with
γ = 5/3. The grid and the density colormap are shown in the bottom panel at
t = 0.925 s. See §3.10.5 for a discussion of the results.
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3.10.6 Dukowicz Piston Problem

The Dukowicz piston problem (Dukowicz & Meltz, 1992) is another test using an

oblique mesh. The initial setup involves two regions. Region 1 has a density of 1 g

cm−3 and is resolved with 144×120 zones. In the vertical domain, y ∈ {0 : 1.5} cm,

and the mesh lines evenly partition the space into 120 sections. Dividing region

1 horizontally involves mesh lines with changing orientation. The leftmost mesh

line is parallel to the vertical, while the rightmost mesh line is oriented 60◦ relative

to the vertical. The mesh lines in between smoothly transition from 0◦ to 60◦.

Region 2 has a density of 1.5 g cm−3 and is gridded with a 160 × 120 mesh, with

the vertical mesh lines uniformly slanted at 60◦. Including region 1 and region 2,

the bottom boundary spans the range x ∈ {0 : 3} cm and is evenly divided into

304 segments. Initially, both regions are in equilibrium with P = 1.0 erg cm−3.

The top, bottom, and right boundaries are reflecting, and the left boundary is a

piston with a velocity in the positive x direction and a magnitude of 1.48 cm s−1

(see the top panel of Fig. 3.18 for a low resolution example of this grid).

A piston-driven shock travels from left to right, and encounters the density

jump at an angle of 60◦, producing a rich set of phenomena. The incident shock

continues into the lower density region, a transmitted/refracted shock propa-

gates into the higher density region, a vortex sheet develops behind the transmit-

ted shock, and a reflected shock propagates into the incident shock’s post-shock

flow (see the labels in the bottom plot of Fig. 3.18 for visual reference). The re-

sults are to be compared with the semi-analytic shock-polar analysis presented

by Dukowicz & Meltz (1992) (see Figure 13 and Table I of Dukowicz & Meltz

(1992)). In their paper, angles subtended by the five regions are presented. In

Table 3.3, we recast this information as the angles that the transmitted shock,

vortex sheet, reflected shock, and incident shock have with x-axis. The first row
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Figure 3.18 The Dukowicz piston problem, another test using an oblique mesh.
The initial setup involves two regions having an interface with a 60◦ orientation
with the vertical. The top panel shows a low-resolution example of the grid used.
Region 1 has a density of 1 g cm−3 and is resolved with 144 × 120 zones, and
region 2 has a density of 1.5 g cm−3 and is gridded with a 160 × 120 mesh, with
the vertical mesh lines uniformly slanted at 60◦. Initially both regions are in equi-
librium with P = 1.0 erg cm−3. The left boundary is a piston with a velocity in
the positive x direction and a magnitude of 1.48 cm s−1. The piston-driven shock
travels from left to right, and encounters the interface. The incident shock con-
tinues to the lower density region, a transmitted/refracted shock propagates into
the higher density region, a vortex sheet develops behind the transmitted shock,
and a reflected shock propagates into the incident shock’s post-shock flow. The
orientations of the flow are reproduced accurately (see §3.10.6 and Table 3.3).
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Table 3.3. The analytic and simulated orientations of features for the Dukowicz

problem. While Dukowicz & Meltz (1992) published the angles subtended by

various regions, we list the angles of each feature with respect to the x-axis.

Transmitted Shock Vortex Sheet Reflected Shock Incident shock

Analytic (deg.) -101.02 -122.92 146.12 90

Simulation -103.21 -124.42 146.92 90.32

gives the analytic values, which should be compared with the simulated orien-

tations in the second row. Strikingly, despite the fact that the incident shock has

traversed a grid with an oblique mesh, the simulated and analytic orientations

differ very little. The simulated and analytic reflected-shock orientations agree

to within ∼ 0.5%, and the orientations of the transmitted shock and vortex sheet

agree to within 2%.

3.10.7 Rayleigh-Taylor Instability

Here, we simulate the growth of a single mode of the Rayleigh-Taylor Instability.

A heavy fluid is placed on top of a lighter fluid in the presence of a constant

gravitational acceleration. The top and bottom densities are ρ1 = 2.0 g cm−3 and

ρ2 = 1.0 g cm−3, respectively, and the gravitational acceleration points downward

with magnitude g = 0.1 cm s−2. The domain is a rectangle with x ∈ {−0.25 : 0.24}
cm and y ∈ {−0.75 : 0.75} cm and 100 × 300 grid zones. The top and bottom

boundaries are reflecting while the left and right boundaries are periodic. For

such configurations, small perturbations of the interface between the heavy and

light fluids are unstable to exponential growth. Assuming that the boundaries

are far from the interface, the exponential growth rate of a perturbation with
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wavenumber k is

ω =

√

kg(ρ1 − ρ2)

ρ1 + ρ2

. (3.159)

For all single-mode Rayleigh-Taylor simulations we initiate the perturbation by

setting the vertical component of the velocity equal to vy = 2.5 × 10−3(1 +

cos(2πx/λ))(1+ cos(3πy)), where the wavelength, λ, is 0.5 cm. Therefore, we sim-

ulate one wavelength of the mode, and the exponential growth rate (ω) should be

0.65 s−1.

Figure 3.19 shows the evolution of a single-mode Rayleigh-Taylor instability

at t = 12.75 s for four resolutions. From left to right, the grid sizes are 50×150, 74×
222, 100×300, and 150×450. Gross features compare well, with all the resolutions

differing by only a few percent in the maximum and minimum position of the

interface. However, higher resolution simulations manifest greater complexity

for the Kelvin-Helmholtz rolls. One can compare the third panel to the results of

Fig. 4.5 of Liska & Wendroff (2003). In a general sense, these authors conclude

that fewer features imply more dissipation. However, it could be that some of the

Kelvin-Helmholtz rolls are seeded by grid noise in some schemes4.

Next, we discuss the effects of artificial viscosity on the single-mode Rayleigh-

Taylor flow. As stated in §3.7, artificial viscosity is a requirement for ALE algo-

rithms in order to simulate shocks. In the current formulation, there are two

parameters of the artificial viscosity scheme. One parameter, c2, is the coefficient

for (~∇ · ~v)2, which is largest in shocks. Effectively, this term provides shock reso-

lution. The second parameter, c1, is the coefficient of the term that is proportional

to cs(~∇ · ~v) and is designed to reduce the amount of post-shock ringing in the

solution. Typical values suggested for both are 1.0 (Campbell & Shashkov, 2001).

For the single-mode Rayleigh-Taylor test, the flows are subsonic, so the term mul-

4See results from Jim Stone’s Athena for a more favorable comparison and a discussion of the
grid noise issue (http://www.astro.princeton.edu/ jstone/tests/rt/rt.html).
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Figure 3.19 Nonlinear phase of a single mode of the Rayleigh-Taylor instability
at t = 12.75 s. The top and bottom densities are ρ1 = 2.0 g cm−3 and ρ2 = 1.0
g cm−3, respectively, and the gravitational acceleration points downward with
magnitude g = 0.1 cm s−2. The top and bottom boundaries are reflecting while
the left and right boundaries are periodic. From left to right, grid sizes are 50 ×
150, 74×222, 100×300 (this is the resolution used in Fig. 3.10), and 150×450. See
§3.10.7 for discussions comparing these results with those in other works.
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tiplied by c1 has the greatest impact on the magnitude of the artificial viscosity

forces. Each panel of Fig. 3.20 presents the nonlinear Rayleigh-Taylor flow af-

ter 12.75 s for different values of the artificial viscosity parameter, c1. Clearly,

c1 = 0.01 (left panel) reproduces the expected results for this low-Mach-number

flow. On the other hand, the c1 = 0.1 run (center panel) displays significant depar-

tures for the Kelvin-Helmholtz rolls, while the overall progression of the plumes

remains similar. Unfortunately, the model with c1 = 1.0 (right panel) completely

suppresses the Kelvin-Helmholtz rolls on these scales and plume progression is

severely retarded.

In Fig. 3.21, the interface perturbation amplitude is plotted as a function of

time (dashed lines). The solid line is the analytic exponential growth rate scaled

to the simulation results. The dashed lines show the simulation results for vis-

cosity parameters, c1, of 0.01, 0.1, and 1.0. Three distinct phases are apparent: an

early transient phase, a phase in which the slope most closely matches the expo-

nential growth rate, and the subsequent nonlinear phase. The simulations with

c1 = 0.01 and 0.1 manifest exponential growth for several e-folding times. The

run with c1 = 1.0, on the other hand, seems to follow the linear phase for only 1

s (∼ 1/2 e-folding), if at all. Around 5 s, the evolution of the interface amplitude

enters the nonlinear phase.

For the artificial viscosity scheme that we employ, the Rayleigh-Taylor in-

stability test indicates that lower values of c1 are preferred. However, tests of

the Sod shock-tube problem including a parameter study of c1 indicate that un-

wanted post-shock ringing is diminished only for values above ∼ 0.5. This repre-

sents the primary weakness of BETHE-hydro to simulate flows with both shocks

and Rayleigh-Taylor instabilities. To be clear, this does not represent a weak-

ness of ALE methods in general, but of the tensor artificial viscosity algorithm
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Figure 3.20 Single-mode Rayleigh-Taylor instability: investigating the artificial
viscosity parameter. The same resolution, setup, and time are shown as pre-
sented in Fig. 3.10 and the third panel of Fig. 3.19. Each panel shows results
for different values of the artificial viscosity parameter, c1, that is the coefficient

of cs(~∇ · ~v) (see §3.7). The artificial viscosity parameters are c1 = 0.01 (left panel),
c1 = 0.1 (center panel) and, c1 = 1.0 (right panel). From this analysis, it would
seem that one should choose the lower values of c1 to accurately represent low
Mach number Rayleigh-Taylor flows. However, higher values help to eliminate
unwanted ringing in post shock flows.
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Figure 3.21 The interface amplitude vs. time for the single-mode Rayleigh-Taylor
instability test. Resolutions and setup are similar to those presented in Fig. 3.20.
We compare the analytic exponential growth rate (solid line) with simulation re-
sults (dashed lines) for viscosity parameters, c1, of 0.01, 0.1, and 1.0. Simulations
with c1 = 0.01 and 0.1 manifest exponential growth for several e-folding times,
while the run with c1 = 1.0 seems to follow the linear phase for only 1 s (∼ 1/2
e-folding).
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designed to mitigate the hourglass instability that we employ. Other artificial

viscosity schemes such as edge viscosity (see Campbell & Shashkov (2001) for

references) allow for proper development of hydrodynamic instabilities, but do

little to suppress the hourglass instability (Milan Kucharik, private communica-

tion). Of great interest to users of ALE is a methodology that suppresses the

hourglass instability and post-shock ringing while enabling proper evolution of

hydrodynamic instabilities.

3.10.8 Kelvin-Helmholtz Instability

Another important phenomenon we explore is the Kelvin-Helmholtz shear in-

stability. Agertz et al. (2007) have shown that SPH has trouble simulating the

Kelvin-Helmholtz instability when extreme density contrasts are involved. We

find that this instability is reasonably well handled in BETHE-hydro, and that the

evolution during the small amplitude regime is accurately characterized by ana-

lytic linear analysis. The calculational domain covers the square region bounded

by x ∈ {0 : 1} cm and y ∈ {0 : 1} cm and has 256×256 zones. The top and bottom

boundaries are reflecting, while the left and right boundaries are periodic. For

y < 0.5 cm, ρb = 1.0 g cm−3, and for y > 0.5 cm, ρt = ρb/χ, where χ = 8. These

regions are in pressure equilibrium with P = 1.0 erg cm−3. The shearing veloc-

ity, vshear is scaled with respect to the slowest sound speed (sound speed in the

bottom region, cb). This relative shearing velocity is split between the top region,

which flows to the left with speed 1
2
vshear, and the bottom region, which flows to

the right with the same speed. For this test, the linear coefficient in the viscosity,

c1, is set to 0.01. A gamma-law EOS is used with γ = 5/3. The initial perturbation

(see Agertz et al. 2007 ) is placed in a small band centered on the interface and is
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a perturbation in velocity given by

vy = δvyvshear sin
(

2πx

λ

)

for |y − 0.5| ≤ 0.025 , (3.160)

where λ = 1/3 cm. It should be noted that this perturbation is not an eigenmode

of the instability. Therefore, simulations have a transient phase at the beginning

in which this perturbation settles into one or more modes of the instability. We

have found that using amplitudes suggested by Agertz et al. (2007), δvy = 1/80

and 1/40, produces strong transients that complicate the interpretation of the lin-

ear regime. To avoid strong long-lasting transients, we set δvy = 1/160. These

initial conditions should produce a perturbation of the interface that grows expo-

nentially in magnitude with an e-folding time given by

τKH =
λ(ρtop + ρbot)

2πvshear
√
ρtopρbot

. (3.161)

For the simulations presented here, we consider two shearing velocities: vshear =

1
2
cb = 0.6455 cm s−1 and vshear = 1

4
cb = 0.32275 cm s−1. Hence, τKH is 0.262 s and

0.523 s, respectively.

The top panel of Fig. 3.22 shows the evolution at t = 5.5 s for vshear = 1
4
cb. The

first set of nonlinear Kelvin-Helmholtz rolls have appeared. Qualitatively, the

morphology of the rolls is similar to the results presented in Figure 13. of Agertz

et al. (2007) labeled by “grid 1” at t = 2πτKH (there is a factor of 2π difference in the

definition of τKH between our work and theirs). There are two main differences.

For one, we simulate with a factor two larger wavelength to adequately resolve

the wavelength for linear analysis. Secondly, the time at which we present the re-

sults in the top panel of Fig. 3.22 corresponds to t = 1.67×(2πτKH), not t = 2πτKH.

We have noticed similar discrepancies in the time required to achieve similar evo-

lution using λ = 1/6 and vshear = 1
2
cb. Additionally, we analyze the growth rate of

the interface during the linear regime. We determine the interface amplitude by



153

generating a contour for ρ = 0.5(ρt + ρb), measuring the peak to peak amplitude,

and dividing by two. The bottom plot of Fig. 3.22 shows this amplitude (solid

line) versus time and compares to the expected exponential growth (dashed line)

for a simulation with vshear = 1
4
cb (green) and vshear = 1

2
cb (blue). There are three

distinct phases in the log-linear plot: an early transient phase, a phase in which

the slope most closely matches the exponential growth rate, and the subsequent

nonlinear phase. While the growth rate during the linear regime differs slightly

(∼10%) from theory, the bottom panel of Fig. 3.22 demonstrates that the correct

dependence of the growth rate on vshear is obtained.

3.10.9 Core-Collapse Test

Incorporating all aspects of BETHE-hydro, we simulate 1D and 2D hydrody-

namic core-collapse of a 15 M� star. We use the s15s7b2 model (S15) of Woosley

& Weaver (1995) and the Shen EOS (Shen et al., 1998) and initiate collapse using

a Ye-ρ parameterization (Liebendörfer et al., 2006). While there are no analytic

solutions for such a test, we test to see whether the density profiles, timescales,

and shock radii, etc. all match experience with other codes and results published

(Liebendörfer et al., 2001b,a; Rampp & Janka, 2002; Buras et al., 2003; Thompson

et al., 2003; Liebendörfer et al., 2005). For 2D simulations, the grid is composed

of a butterfly mesh in the interior with a minimum cell size of ∼0.5 km and ex-

tends to 50 km where a spherical grid carries the domain out to 4000 km. In total,

there are 23,750 cells, with an effective resolution of ∼250 radial and ∼100 an-

gular zones. For the best comparison, the 1D grid has 250 zones, mimicking the

effective radial resolution of the 2D simulation. Figure 3.23 depicts the density

vs. radius for 1D (lines) and 2D (crosses) at times 0, 70, 110, 130, 140, and 150

ms after the start of the calculation. Core bounce occurs at 148 ms. Other than a

∼10% difference in the shock radii at 150 ms, 1D and 2D calculations track one
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Figure 3.22 Kelvin-Helmholtz shear instability. The domain is resolved with 256×
256 zones. The bottom region has ρb = 1.0, and the top region has ρt = ρb/χ,
where χ = 8, and both regions have P = 1.0 erg cm−3. A gamma-law EOS is
used with γ = 5/3. The top panel shows the development of Kelvin-Helmholtz
rolls at t = 5.5 s for vshear = 1

4
cb and τKH 0.523 s. The bottom plot of Fig. 3.22

shows the interface amplitude (solid line) vs. time and compares to the expected
exponential growth (dashed line) for a simulation with vshear = 1

4
cb (green) and

vshear = 1
2
cb (blue). There are three distinct phases in the log-linear plot: an early

transient phase, a phase in which the slope most closely matches the exponential
growth rate, and the subsequent nonlinear phase.
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another quite well. Furthermore, Fig. 3.24 shows an exceptional correspondence

between the 1D and 2D gravitational accelerations.

Using this core-collapse test to best represent the conditions during astrophys-

ical simulations, we describe some timing results of this problem. A standard

measure is the average CPU time spent per cell per cycle. Using one core of a

Dual-Core AMD OpteronTM2.8 GHz processor for this test, the average time spent

is 8.125 × 10−5 CPU seconds/cycle/cell. 80% of which is spent in AMG1R6, the

multigrid solver. For this problem, the iterative multigrid solver usually takes

∼5 to ∼10 cycles to achieve a fractional residual of ∼10−7 to ∼10−9, where the

fractional residual of the linear system A~x = ~b is (A~x−~b)/~b.
We re-simulate the collapse of the S15 model, but with an angular velocity

profile of the form Ω(r) = 1/(1 + (r/A)2), where A = 1000 km and Ω0 = 2 radians

s−1. The Ω vs. r plot is shown in Fig. 3.25. Core bounce occurs at 151 ms. First

of all, total angular momentum is conserved to machine accuracy. Since there

are no analytic descriptions for the evolution of angular velocity in core collapse

scenarios, we cannot validate the numerical results via analytic theory. However,

the central angular velocity, Ωc is proportional to ρ2/3
c , where ρc is the central

density. Since the central density compresses from ∼1010 g cm−3 at t = 0 ms to

∼2.2 ×1014 g cm−3 at t = 160 ms, Ωc should be ∼1600 radians s−1 at t = 160

ms. This is consistent with results shown in Fig. 3.25. Furthermore, the angular

velocity evolves smoothly with no evidence of axis effects. On the other hand,

there is a slight, but noticeable, glitch at the location of the shock.

3.11 Discussion and Conclusions

In this paper, we have presented the algorithms employed in BETHE-hydro, a

new code for 1D and 2D astrophysical hydrodynamic simulations. The hydrody-
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Figure 3.23 Density vs. radius for the core collapse of a 15-M� star. The model
is the s15 model of Weaver & Woosley. Density vs. radius for 1D (lines) and 2D
(crosses) at times 0, 70, 110, 130, 140, and 150 ms after the start of the calculation.
Core bounce occurs at 148 ms. The 2D grid is composed of a butterfly mesh in the
interior with a minimum cell size of ∼0.5 km and extends to 50 km. A spherical
grid extends the domain out to 4000 km. There are 23,750 cells in total, with an
effective resolution of ∼250 radial and ∼100 angular zones. The 1D grid has 250
zones, with similar resolution to the 2D run at all radii. For the most part, the
1D and 2D calculations track one another quite well. There is roughly a ∼10%
difference in the shock radii at 150 ms.
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Figure 3.24 Radial component of the gravitational acceleration during the core
collapse of a 15-M� star. Similar to Fig. 3.23. Note the good match between the
1D and 2D results.
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Figure 3.25 Angular velocity evolution during the core collapse of a rotating 15-
M� star. This test problem was calculated on the same grid as in Fig. 3.23.
The initial angular velocity profile is constant on cylinders and is given by
Ω(r) = 1/(1 + (r/A)2), where A = 1000 km and Ω0 = 2 radians s−1. As expected,
the central angular velocity, Ωc is proportional to ρ2/3

c , where ρc is the central den-
sity. The central density compresses from ∼1010 g cm−3 at t = 0 ms to ∼2.2 ×1014

g cm−3 at t = 160 ms. Therefore, at t = 160 ms, Ωc should be ∼1600 radians
s−1, consistent with results shown in this figure. Other than a slight, but notice-
able, glitch at the location of the shock (∼180 km), the angular velocity evolves
smoothly with no evidence of axis effects.
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namic core is an ALE algorithm, and its most striking feature is the ability to use

arbitrary, unstructured grids. With finite-differencing based upon the support-

operator method (Shashkov & Steinberg, 1995) of Caramana et al. (1998) and

Caramana & Shashkov (1998), energy is conserved to roundoff error in the ab-

sence of rotation and gravity, and momentum is strictly conserved using Carte-

sian coordinates. For all other circumstances, energy and momentum are con-

served accurately, if not precisely. We use a subcell remapping scheme that con-

servatively remaps mass, momentum, energy, and number density. For 2D cal-

culations using cylindrical coordinates, we include rotational terms in the La-

grangian solver, and develop a remapping algorithm that conservatively remaps

angular momentum while minimizing unwanted features in the angular velocity

near the axis. To provide shock resolution and grid stability, we use the ten-

sor artificial viscosity of Campbell & Shashkov (2001), and to minimize hour-

glass instabilities, we have developed a subcell pressure method that is a close

derivative of the scheme developed by Caramana & Shashkov (1998), but avoids

pathological problems when used in conjunction with the subcell remapping al-

gorithm. Finally, we have developed a gravity solver for arbitrary grids that uses

a support-operator technique for elliptic equations (Morel et al., 1998) and an

iterative multigrid-preconditioned conjugate-gradient method (Ruge & Stuben,

1987) to solve the system of linear equations.

Overall, BETHE-hydro offers many unique and useful features for astrophys-

ical simulations. For one, by using ALE techniques, the structure of BETHE-

hydro is straightforward, enabling simple inclusion of a variety of additional

physics packages. Examples, which will be discussed in future papers, are nu-

clear networks and time-dependent radiation transport. In contrast with other

techniques, such as higher-order Godunov methods, no assumptions are made
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in ALE techniques about characteristic waves nor the relationships among im-

portant thermodynamic variables. Hence, one of its useful features is an ability

to use a general EOS.

Most important among BETHE-hydro’s strengths is the ability to solve self-

gravitating hydrodynamic flows on arbitrary grids. This is achieved primarily

because the foundation of the Lagrangian hydrodynamics solver is an arbitrary,

unstructured polygonal grid. Furthermore, grids may be time-dependent since

the hydrodynamic flow from one timestep is remapped to another arbitrary grid

for subsequent evolution. Consequently, simulations may be executed using a

purely Lagrangian, purely Eulerian, or an arbitrarily defined time-dependent

grid. With BETHE-hydro, simulations have great flexibility, tailoring the grid

to minimize numerical error and suiting the grid to the computational challenge.

Ironically, this flexibility leads to BETHE-hydro’s most prominent weakness,

which is shared among all ALE codes, the hourglass instability and grid buckling.

We use subcell pressure and tensor artificial viscosity algorithms to mitigate these

numerical artifacts, but the resolution is imperfect. In §3.8, we present a subcell

pressure algorithm that is compatible with the subcell remapping algorithm, but

the efficacy of hourglass elimination is slightly compromised. Although the ten-

sor artificial viscosity does well to mitigate grid buckling, it can be more resistive

to the proper development of hydrodynamic instabilities compared to other ar-

tificial viscosity schemes used in ALE (Milan Kucharik, private communication).

Hence, we diminish the effects of the hourglass instability, but with some un-

wanted side effects. While mitigation in 2D is tractable, the instability in 3D has

many more modes and is not as easily eliminated (Guglielmo Scovazzi, private

communication ), making long 3D ALE simulations a challenge.

Throughout this paper, we have not only demonstrated BETHE-hydro’s flex-
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ibility, but have shown that it produces accurate and 2nd-order convergent so-

lutions. With density distributions having analytic potentials, we have shown

that the 2D gravity solver gives accurate spherically symmetric potentials when

a non-spherical grid is used, it produces accurate non-spherical potentials, and

solutions converge with 2nd-order accuracy. Further tests demonstrated accurate

solutions for self-gravitating hydrostatic and dynamic problems. We have shown

that our hourglass elimination algorithm minimizes the hourglass instability and

does not present problems when used in conjunction with subcell remapping. In

addition, we have quantified the accuracy of hydrodynamic simulations by sim-

ulating problems with analytic solutions. Simulating piston-driven shocks using

oblique meshes, we confirmed we can obtain accurate solutions in the context of

arbitrary grids. Verifying the code’s ability to capture basic hydrodynamic in-

stabilities, we simulate the Rayleigh-Taylor and Kelvin-Helmholtz instabilities.

Concluding the tests, we simulated a supernova core collapse, which demon-

strates the ability to simulate complex astrophysical phenomena.

Simulating hydrodynamic flow is fundamental to understanding most as-

trophysical objects, and despite the long tradition of hydrodynamic simula-

tions many puzzles remain. This is due primarily to the need to address time-

dependent gravitational potentials, complicated equations of state (EOSs), flexi-

ble grids, multi-D shock structures, and chaotic and turbulent flows. Therefore,

with BETHE-hydro, we introduce a uniquely flexible and functional tool for ad-

vancing the theory of complex astrophysical phenomena.
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CHAPTER 4

CRITERIA FOR CORE-COLLAPSE SUPERNOVA EXPLOSIONS BY THE NEUTRINO

MECHANISM

In this chapter, we investigate the criteria for successful core-collapse supernova

explosions by the neutrino mechanism. We find that a critical-luminosity/mass-

accretion-rate condition distinguishes non-exploding from exploding models in

hydrodynamic one-dimensional (1D) and two-dimensional (2D) simulations. We

present 95 such simulations that parametrically explore the dependence on neu-

trino luminosity, mass accretion rate, resolution, and dimensionality. While radial

oscillations mediate the transition between 1D accretion (non-exploding) and ex-

ploding simulations, the non-radial standing accretion shock instability charac-

terizes 2D simulations. We find that it is useful to compare the average dwell

time of matter in the gain region with the corresponding heating timescale, but

that tracking the residence time distribution function of tracer particles better

describes the complex flows in multi-dimensional simulations. Integral quanti-

ties such as the net heating rate, heating efficiency, and mass in the gain region

decrease with time in non-exploding models, but for 2D exploding models, in-

crease before, during, and after explosion. At the onset of explosion in 2D, the

heating efficiency is ∼2% to ∼5% and the mass in the gain region is ∼0.005 M�
to ∼0.01 M�. Importantly, we find that the critical luminosity for explosions in

2D is ∼70% of the critical luminosity required in 1D. This result is not sensitive

to resolution or whether the 2D computational domain is a quadrant or the full

180◦. We suggest that the relaxation of the explosion condition in going from 1D

to 2D (and to, perhaps, 3D) is of a general character and is not limited by the

parametric nature of this study.
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4.1 Introduction

Four decades of core-collapse simulations have increased our understanding of

the core-collapse mechanism, yet a complete theory of the mechanism has not

emerged. Detection of neutrinos during SN 1987A (Bionta et al., 1987; Hirata

et al., 1987) confirmed only the fundamentals of core-collapse supernovae. The-

ory suggests that the Fe core collapses to form a protoneutron star (PNS), which

launches a shock wave. Before the bounce shock can explode the star, it is sapped

of energy by nuclear dissociation and neutrino losses and stalls into an accretion

shock (Mazurek, 1982; Bruenn, 1985, 1989). Understanding the mechanism that

revives the stalled shock into explosion has been the goal of the community for

many decades.

Since the pioneering work of Wilson (1985) and Bethe & Wilson (1985), the

favored shock revival mechanism has been the delayed-neutrino mechanism (or

simply neutrino mechanism), in which neutrinos heat the post-shock region and

restart the shock’s outward progress after hundreds of milliseconds of delay.

Detailed one-dimensional (1D) simulations using state-of-the-art equations of

state (EOSs), neutrino-matter cross sections, and neutrino transport have shown

that the neutrino mechanism fails to produce explosions in 1D (Liebendörfer

et al., 2001b,a; Rampp & Janka, 2002; Buras et al., 2003; Thompson et al., 2003;

Liebendörfer et al., 2005), except the least massive of the massive stars (Kitaura

et al., 2006; Burrows et al., 2007a). Recent 2-dimensional (2D) simulations, and the

accompanying aspherical instabilities, have suggested that the neutrino mecha-

nism may yet succeed though it fails in 1D (Herant et al., 1994; Janka & Müller,

1995; Burrows et al., 1995; Janka & Müller, 1996; Burrows et al., 2007d; Kitaura

et al., 2006; Buras et al., 2006b,a; Marek & Janka, 2007; Ott et al., 2008). Thus, the

fundamental question of core-collapse theory remains; how is accretion reversed
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into explosion?

Exposing the core-collapse mechanism will require detailed three-dimensional

(3D) radiation-hydrodynamic simulations. However, the core-collapse problem

is messy, with many subtle nonlinear couplings and feedbacks on local and global

scales, and extracting the essence of the mechanism from even 1D radiation-

hydrodynamic simulations has proven very difficult. Hence, revealing the core

ingredients and conditions of the mechanism will likely require a two-front at-

tack. On the one hand, multi-dimensional radiation-hydrodynamic simulations

will give fully consistent explosions, producing observationally testable energies,

neutron star masses, nucleosynthetic yields, and more. On the other hand, sim-

plified models that nevertheless retain the important physics, but allow adjust-

ment of important parameters will help reveal what is important. In this paper,

we pursue the latter philosophy. We present a systematic parameterization of

the conditions and criteria for explosion by the neutrino mechanism, emphasiz-

ing the effect that going to 2D from 1D has on the critical neutrino luminosity

required for explosions.

Burrows & Goshy (1993) suggested a simple framework for determining the

conditions for successful explosions by the neutrino mechanism. They approx-

imated the stalled shock and accretion phase as a steady-state problem, trans-

forming the governing partial differential equations into ordinary differential

equations. By parameterizing the electron-neutrino luminosity, Lνe , and the mass

accretion rate, Ṁ , they identified a critical Lνe-Ṁ curve that distinguishes steady

state accretion solutions (lower luminosities) from explosions (high luminosities).

This implied that global conditions, not local conditions, mediate the transition

from accretion to explosion, which in turn suggests that core-collapse explosion

is a global instability. More than a decade later, Yamasaki & Yamada (2005, 2006)
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reproduced these results and performed a linear stability analysis of the steady-

state solutions that showed unstable solutions near the critical luminosity. In

this paper, we extend this previous work by performing a suite of hydrodynamic

simulations in both 1D and 2D.

Assuming that the concept of a critical luminosity applies to 2D simulations,

many have noted that critical luminosities for 2D simulations are likely to be

lower than in 1D simulations. In their 1D steady-state solutions, Yamasaki &

Yamada (2005, 2006) investigated the effects of rotation and convection on the

critical luminosity, but these analyses lacked a self-consistent treatment of what

is an inherently 2D/3D phenomenon. Early 2D simulations using flux-limited

diffusion noted a trend toward explosions aided by neutrino-driven convection

(Burrows et al., 1995; Janka & Müller, 1996), while 1D simulations failed to ex-

plode for the same neutrino luminosity. More recently, Blondin et al. (2003) iden-

tified a new instability that may prove crucial for the viability of the neutrino

mechanism. It is the standing accretion shock instability (SASI), which may be an

advective-acoustic (Foglizzo & Tagger, 2000; Foglizzo, 2002; Foglizzo et al., 2007)

or purely acoustic cycle (Blondin & Mezzacappa, 2006). Whichever explains the

SASI, recent simulations have suggested that it may facilitate the neutrino mecha-

nism (Marek & Janka, 2007; Buras et al., 2006a). However, these simulations have

yet to demonstrate a reliable explosion mechanism for a wide range of progen-

itor masses that yields explosion energies consistent with Nature. Furthermore

Burrows et al. (2006), Burrows et al. (2007d), Burrows et al. (2007c), Burrows et al.

(2007a), and Burrows et al. (2007b), using VULCAN/2D (Livne, 1993; Livne et al.,

2004) and multi-group flux-limited diffusion (MGFLD), obtain successful explo-

sions only for the 8.8-M� model by the neutrino mechanism alone. Recently,

Ott et al. (2008) compared MGFLD and multi-angle transport in VULCAN/2D.
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While they note some interesting differences between the transport schemes, ex-

plosions remain elusive. Moreover, it has not been demonstrated that the concept

of a critical Lνe-Ṁ condition pertains to 2D simulations, and if it does, how do the

critical luminosities of 1D and 2D simulations compare?

To address these questions, we conduct 1D and 2D simulations for various

values of Lνe . In the past, there have been a few investigations on the system-

atic effects of neutrino luminosity on the explosion mechanism (Janka & Müller,

1996), neutron star kicks (Scheck, Kifonidis, Janka, & Müller, 2006), and the SASI

(Ohnishi et al., 2006), but none has thoroughly investigated both Lνe and Ṁ in 1D

and 2D simulations to address the viability of a critical luminosity condition for

explosion. In addition to Lνe and Ṁ , we compare simulations with different spa-

tial resolutions. Using the code, BETHE-hydro (Murphy & Burrows, 2008a), we

simulate the core-collapse, bounce, and post-bounce phases in time-dependent

1D and 2D simulations. These simulations have no inner boundary and include

the PNS core. A finite-temperature EOS that accounts for nucleons, nuclei, pho-

tons, electrons, positrons, and all the appropriate phase transitions is used (Shen

et al., 1998). Employing 11.2- and 15-M� progenitors (Woosley, Heger, & Weaver,

2002; Woosley & Weaver, 1995) as initial conditions, a wide range of Ṁ is sam-

pled (from ∼0.08 M�/s to ∼0.3 M�/s). Finally, we use standard approximations

for neutrino heating and cooling that enable a straightforward parameterization

of Lνe (Bethe & Wilson, 1985; Janka, 2001).

The basic equations and the numerical techniques are presented in §4.2. In

§4.3, we discuss the progenitor models and describe the suite of simulations per-

formed. In §4.4, we analyze the evolution of the shock for 1D and 2D simulations

and discuss the role shock oscillations play in the explosion. In §4.5, we investi-

gate the effect that the grid, specifically spatial resolution and the angular extent
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of the domain, has on explosions. In §4.6, we revisit the condition for explosion

as expressed by the heating and advection timescales, and in §4.7 describe other

conditions at explosion. In §4.8, we quantify the differences in the critical lumi-

nosity condition between 1D and 2D simulations. Finally, in §4.9, we summarize

our conclusions.

4.2 Equations and Numerical Techniques

The basic equations of hydrodynamics are the conservation of mass, momentum,

and energy:

dρ

dt
= −ρ~∇ · ~v , (4.1)

ρ
d~v

dt
= −ρ~∇Φ − ~∇P , (4.2)

and

ρ
dε

dt
= −P ~∇ · ~v + H− C . (4.3)

ρ is the mass density, ~v is the fluid velocity, Φ is the gravitational potential, P is

the isotropic pressure, ε is the specific internal energy, and d/dt = ∂/∂t + ~v · ~∇
is the Lagrangian time derivative. In this work, the neutrino heating, H, and

cooling, C, terms in eq. (4.3) are assumed to be

H = 1.544 × 1020Lνe

(

100km

r

)2 (
Tνe

4Mev

)2
[

erg

g s

]

, (4.4)

and

C = 1.399 × 1020
(

T

2MeV

)6
[

erg

g s

]

. (4.5)

Note that these approximations for heating and cooling by neutrinos (Bethe &

Wilson, 1985; Janka, 2001) depend upon local quantities and predefined param-

eters. They are ρ, temperature (T ), the distance from the center (r), the electron-

neutrino temperature (Tνe), and the electron-neutrino luminosity (Lνe), which is
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in units of 1052 erg s−1. By using eqs. (4.4) and (4.5), we gain considerable time

savings by approximating the effects of detailed neutrino transport. For all sim-

ulations, we set Tνe = 4 MeV. In eq. (4.4), it has been assumed that Lνe = Lν̄e

and that the mass fractions of protons and neutrons sum to one. Therefore, the

sum of the electron- and anti-electron-neutrino luminosities is Lνeν̄e = 2Lνe . Clo-

sure for eqs. (4.1-4.3) is obtained with an EOS appropriate for matter in or near

nuclear statistical equilibrium (NSE) (Shen et al., 1998), and the effects of pho-

tons, electrons, and positrons are included. As such, the EOS has the following

dependencies:

P = P (ρ, ε, Ye) , (4.6)

where Ye is the electron fraction. Therefore, we also solve the equation:

dYe

dt
= Γe , (4.7)

where Γe is the net rate of Ye change.

Using BETHE-hydro (Murphy & Burrows, 2008a), we solve eqs. (4.1-4.3) in

one and two dimensions by the Arbitrary Lagrangian-Eulerian (ALE) method. To

advance the discrete equations of hydrodynamics by one timestep, ALE methods

generally use two operations, a Lagrangian hydrodynamic step followed by a

remap. The structure of BETHE-hydro’s hydrodynamic solver is designed for

arbitrary-unstructured grids, and the remapping component offers control of the

time evolution of the grid. Taken together, these features enable the use of time-

dependent arbitrary grids to avoid some unwanted features of traditional grids.

For the calculations presented in this paper, we use this flexibility to avoid the

singularity of spherical grids in two dimensions. While spherical grids are gen-

erally useful for core-collapse simulations, the convergence of grid lines near the

center place extreme constraints on the timestep via the Courant-Friedrichs-Levy
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condition. A common remedy is to simulate the inner ∼10 km in 1D or to use

an inner boundary condition. Another approach, which has been used in VUL-

CAN/2D simulations (Livne, 1993; Livne et al., 2004), is to avoid the singularity

with a grid that is pseudo-Cartesian near the center and smoothly transitions to a

spherical grid at larger radii. We use a similar grid, the butterfly mesh (Murphy

& Burrows, 2008a), for the simulations in this paper.

For 1D simulations, 700 radial zones are distributed from the center to 4000

km. The innermost 100 zones have a resolution of 0.34km, and the remaining 600

zones are spaced logarithmically from 34 km to 4000 km. After each Lagrangian

hydrodynamic solve, the flow is remapped back to the original grid, which in

effect produces an Eulerian calculation. For 2D simulations, we use a butterfly

mesh interior to 34 km and a spherical grid exterior to this radius. For all 180◦

simulations, the innermost pseudo-rectangular region is 50 by 100 zones, and the

region that transitions from Cartesian to spherical geometry has 50 radial zones

and 200 angular zones. The outermost spherical region has 200 angular zones

and 300 or 150 radial zones which are logarithmically spaced between 34 km and

either 4000 km or 1000 km. The butterfly portion has an effective radial resolu-

tion of 0.34 km with the shortest cell edge being 0.28 km. The grids for the 90◦

simulations are similar, but with half the number of zones. In 2D simulations, we

do not remap every timestep. Since the timestep is limited by the large sound

speeds in the PNS core, we can afford to perform several Lagrangian hydrody-

namic solves before remapping back to the original grid. By remapping seldomly,

we gain considerable savings in computational time.

We investigate the systematics of the neutrino mechanism by parameterizing

Lνe , Ṁ , resolution, and the dimensions of the simulation. Since this requires a

large set of simulations, we make several approximations to expedite the calcu-
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lations. For one, gravity is calculated via ~g = −GMint/r
2, where Mint is the mass

interior to the radius r. During collapse, rather than solving the rate equations

for Ye due to neutrino transport, we use a Ye vs. ρ parameterization. Liebendörfer

(2005) observed that 1D simulations including neutrino transport produce Ye val-

ues during collapse which are essentially a function of density alone. This allows

for a parameterization of Ye as a function of ρ. To change Ye, we use results of 1D

SESAME (Burrows et al., 2000; Thompson et al., 2003) simulations to define the

function Ye(ρ), and we employ the prescription of Liebendörfer (2005) to calcu-

late local values of Γe. As a result, the most important effects of electron capture

during collapse are included without the need for expensive, detailed neutrino

transport.

4.3 Progenitor and Simulation Models

To sample a range of Ṁ , we initiate the simulations with two core-collapse pro-

genitor models that have different density profiles: a 15 M� progenitor with a

shallow density profile exterior to the Fe core (Woosley & Weaver, 1995), and a

11.2 M� progenitor with a steeper exterior density profile (Woosley, Heger, &

Weaver, 2002). In Fig. 4.1, the mass accretion rate, Ṁ , vs. time at 250 km (just

above the stalled shock) is shown for 1D non-exploding models. The solid and

dashed lines show the time-dependent accretion rate for the 11.2 and 15.0 M�
models. While the outer portions of the Fe core accrete through the shock, Ṁ is

as high as 10 M�/s and decreases to 2 M�/s within 50 ms of bounce for both

masses. After the Fe core is fully accreted, the accretion rates for the two models

deviate. It takes 50 ms to fully accrete the Si-burning shell using the 11.2-M�
model and 100 ms using the 15-M� model. Afterward, Ṁ declines slowly to 0.2

M�/s (0.08 M�/s for the 15 M� model). Together, these two models slowly
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sweep through a range of accretion rates from 0.3 M�/s to 0.08 M�/s, enabling

a study of the Ṁ dependence.

The results presented in the following sections are derived from 95 simula-

tions that as a group, represent a parameterization of Lνe , Ṁ , resolution, and di-

mensionality. Table 4.1 lists these simulations into 14 sequences. Each sequence

of simulations is distinguished by the progenitor model (column 2), dimensional-

ity (column 3), number of radial zones (column 4), radius of the outer boundary

(column 5), and a range of electron-neutrino luminosities (column 6). The se-

quence names encode the information contained in columns 2 through 5. The

first four characters indicate the progenitor model. Next are the dimensionality

labels: “1D” for 1D simulations, “2D” for 2D simulations that incorporate the

full of θ (180◦), and “Q” for 2D simulations that simulate the quadrant that lies

between the pole and equator (90◦). For the 2D simulations, the final charac-

ter represents the resolution: “1” for the lowest resolution of 250 effective radial

zones within 4000 km, “2” for a finer resolution of 400 effective radial zones in

4000 km, and “3” for the highest resolution of 400 effective radial zones within

1000 km. On the whole, Table 4.1 represents a parameter study for the conditions

near explosion in Lνe , Ṁ , dimensionality, and resolution.

4.4 Radial Shock Oscillations in 1D and the SASI in 2D

When Burrows & Goshy (1993) reported a critical luminosity vs. accretion rate

condition for successful explosions, they did so based upon steady-state solu-

tions. It was left to subsequent calculations to show that the concept of a criti-

cal luminosity condition was appropriate for time-dependent simulations. With

plots of the evolution of the shock radius, we show that a critical luminosity con-

dition distinguishes non-exploding and exploding models in time-dependent 1D
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Figure 4.1 Accretion rate, Ṁ , vs. postbounce time above the stalled shock (250
km). The solid and dashed lines show the time-dependent accretion rate for
the 11.2- and 15.0-M� models, respectively (Woosley, Heger, & Weaver, 2002;
Woosley & Weaver, 1995). While the outer portions of the Fe core accrete (t = 0-
50 ms), Ṁ is as high as 10 M�/s and decreases to 2 M�/s. After the Fe core
fully accretes, the accretion rates for the two models diverge. For the 11.2-M�
(15-M�) model, it takes 50 ms (100 ms) to accrete the Si-burning shell. As the

Si/O interface accretes, Ṁ plummets to 0.3 M�/s (0.2 M�/s) for the 15 M� (11.2

M�) model. Afterward, Ṁ declines slowly to 0.2 M�/s (0.08 M�/s). Together,
these two models slowly sweep through a range of accretion rates from 0.3 M�/s

to 0.08 M�/s, which enables a parameterization in Ṁ .



173

Table 4.1. Model parameters.1

Sequence Name Mass (M�)2 Dimension3 Nr
4 Rmax (km)5 Lνe

(1052 erg s−1)6

15.0-1D 15.0 1D 700 4000 1.6-2.9

15.0-2D1 15.0 2D 250 4000 1.5-2.0

15.0-2D2 15.0 2D 400 4000 1.5-2.0

15.0-2D3 15.0 2D 400 1000 1.5-2.0

15.0-Q1 15.0 2D-90◦ 250 4000 1.5-2.0

15.0-Q2 15.0 2D-90◦ 400 4000 1.5-2.0

15.0-Q3 15.0 2D-90◦ 400 1000 1.5-2.0

11.2-1D 11.2 1D 700 4000 1.0-1.8

11.2-2D1 11.2 2D 250 4000 0.7-1.2

11.2-2D2 11.2 2D 400 4000 0.7-1.2

11.2-2D3 11.2 2D 400 1000 0.7-1.2

11.2-Q1 11.2 2D-90◦ 250 4000 0.7-1.2

11.2-Q2 11.2 2D-90◦ 400 4000 0.7-1.2

11.2-Q3 11.2 2D-90◦ 400 1000 0.7-1.2

1This table summarizes the 95 simulations presented in this paper. These simulations rep-

resent a four-dimensional parameterization that investigates the dependence of the conditions

for explosion on the accretion rate (column 2), dimensionality (column 3), resolution (columns

4 & 5), and neutrino luminosity (column 6).

2Progenitor model.

3Dimensionality.

4Number of radial or effective radial zones.

5Radius of the outer boundary

6The range of neutrino luminosities investigated.
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and 2D simulations, and that the critical luminosity for 2D simulations is lower

than the critical luminosity for 1D simulations. In addition, we report global os-

cillations near the critical luminosity in both 1D and 2D simulations, but we show

that the oscillations are of a quite different character.

The time evolution for the shock radius, Rshock, of 1D simulations is presented

in Fig. 4.2. In the top panel, we display the radii for many models of the 15.0-1D

sequence, and each is labeled by Lνe . The range of luminosities shown, Lνe = 2.2-

2.9 (in units of 1052 erg s−1), highlight values near the critical luminosity for this

model. The fact that several luminosities lead to explosion at different times is

an early indication that the critical luminosity depends upon the mass accretion

rate. In §4.8, we elaborate on the accretion rate dependence. Similarly, the bottom

panel shows Rshock for the range of luminosities surrounding the critical luminos-

ity, Lνe = 1.1-1.7, of the 11.2-1D sequence.

Prior to the accretion of the Si/O interface, the shock stalls for both sequences

at radii that are slightly dependent upon Lνe . The accretion of this interface and

the abrupt drop in Ṁ trigger an immediate explosion for the highest luminos-

ity, Lνe = 1.7 (2.9) for the 11.2-1D (15.0-1D) sequence and oscillations in Rshock

for the other luminosities considered. These radial oscillations either decay or

maintain large amplitudes until the model explodes. As an example, the oscilla-

tion periods of the 15.0-1D sequence range from ∼90 ms (Lνe = 2.2) to ∼170 ms

(Lνe = 2.8), and the timescales for decay range from 450 ms (Lνe = 2.2) to 1.0 s

(Lνe = 2.5). These radial oscillations and their large amplitudes near explosion

support, but do not prove, the hypothesis that a global instability is responsible

for the transition between accretion and explosion.

Near the critical luminosity, others have reported large radial oscillations in

1D simulations. Ohnishi et al. (2006) executed time-dependent 1D simulations
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Figure 4.2 Shock radius, Rshock, vs. postbounce time for the 1D sequences. The
top panel displays the radii for 15.0-1D, and the bottom panel shows the radii for
11.2-1D. Each line is labeled by the electron-neutrino luminosity in units of 1052

ergs s−1. Comparing models within a sequence, all models show similar behavior
prior to the accretion of the Si/O interface. The accretion of the Si/O interface
either initiates an explosion or excites radial oscillations in the shock radius. For
the 15.0-1D sequence, the oscillation periods range from ∼90 ms for Lνe = 2.2
to ∼170 ms for Lνe = 2.8. Of the models that oscillate, the lower luminosity
simulations decay in the oscillation amplitude, while higher luminosity models
oscillate and explode. The timescales for decay range from ∼450 ms for Lνe = 2.2
to 1.0 s for Lνe = 2.5.
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of the steady state solutions in Yamasaki & Yamada (2005) and observed simi-

lar pulsations, with amplitudes of order 10%. For some luminosities, we report

similar amplitudes (Fig. 4.2), but just as many models have large amplitudes of

order unity. Furthermore, we find, as do they, that the amplitudes, periods, and

Lνe are correlated. Buras et al. (2006b) simulated the collapse, bounce, and post-

bounce phases for the 15 M� model using a Boltzmann transport algorithm in

1D and a “ray-by-ray” derivative of the same transport algorithm for 2D simu-

lations. Generically, they did not obtain explosions. However, for a few runs,

they omitted the velocity-dependent terms in their transport formulation, and

this resulted in explosions. Explosions occurred soon after the shock stalled in

their 2D simulations, aborting any obvious oscillations in shock radius. On the

other hand, like our simulations, accretion of the Si/O interface initiates pulsa-

tions with amplitudes ∼25% in their 1D simulations oscillations. .

In reporting the temporal morphology of shocks in 2D simulations, we de-

compose the shock position, Rshock(θ, t), into spherical harmonics:

Rshock(θ, t) =
√

4π
∑

`

a`(t)Y`0 , (4.8)

where

a`(t) =
1√
4π

∫

Rshock(θ, t)Y`0dΩ , (4.9)

are the time-dependent coefficients, and the normalization for a` in eq. (4.9) en-

sures that a0 is the average shock radius. As is usual, Y`0 are the spherical har-

monics, azimuthal symmetry dictates m = 0, and the spherical harmonics are

normalized to satisfy
∫

Y ∗
`0Y`0dΩ = 1 . (4.10)

These temporal coefficients for the 15.0-2D3 sequence are plotted in Fig. 4.3.

The average shock radius, a0 or 〈Rshock〉, is shown in the top panel, and a dot in-
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dicates the time of explosion, texp for the exploding models. Accompanying are

error bars indicating an estimated uncertainty of texp (see §4.7 for the definition of

texp). The ` = 1 and ` = 2 components normalized by a0 are shown in the middle

and bottom panels. First of all, note that the range of luminosities bracketing the

critical luminosity for the 2D simulations in Fig. 4.3 are lower than the range for

1D simulations in Fig. 4.2. Further comparison indicates that, unlike 1D simu-

lations, 2D simulations show very little oscillation in 〈Rshock〉 prior to explosion.

In fact, oscillations in 〈Rshock〉 are miniscule for non-exploding models and only

reach ∼10% around texp for exploding simulations.

Instead, SASI originated oscillations in ` = 1 and ` = 2 components dom-

inate the non-exploding and exploding models. The amplitudes of the dipole

component, a1/a0, for Lνe = 1.5 remain low at ∼2.5%, from bounce until 500 ms.

Around 500 ms, the amplitude grows to ∼10%. On the other hand, models with

Lνe = 1.6-1.9 show a steady rise to ∼10% from bounce. Exploding models, for

which Lνe = 1.8, 1.9, and 2.0, show an abrupt increase in amplitude to ∼20%.

For non-exploding models, a1/a0 saturates at ∼10%, and for Lνe = 1.5 and 1.6

it decreases to ∼5%. At early times, simulations with Lνe = 1.5 and Lνe = 2.0

show the lowest and highest SASI amplitudes, respectively, and are easily dis-

tinguished from the other simulations. While this would suggest a correlation

in SASI amplitude with Lνe , the other models do not show a similar monotonic

trend. Rather their amplitudes occupy the region between Lνe = 1.5 andLνe = 2.0

but show no discernible trend with luminosity. The quadrapole term, a2/a0, is

generally below ∼5% during non-exploding phases. For times just before explo-

sion and afterward, a2/a0 can reach ∼10%.

Two important results are apparent in Figs. 4.2 and 4.3. A critical luminosity

separates exploding and non-exploding models in time-dependent 1D and 2D
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Figure 4.3 Shock morphology vs. postbounce time for the 15.0-2D3 sequence.
The top panel shows a0 or 〈Rshock〉, the average shock radius, and the middle and
bottom panels plot the ` = 1 and ` = 2 components divided by to the average
shock radius: a1/a0 and a2/a0, respectively. The filled circles in the top panel
indicate texp, the time of explosion, and the error bars show our estimate of un-
certainty (±50 ms). Unlike the 1D models (Fig. 4.2), the 2D simulations show
very little radial oscillation near the critical luminosity, but significant nonradial
oscillations. In general, a1/a0 grows from 0% to ∼10% for all models, and a2/a0

grows to ∼5%. The a1/a0 amplitudes hint at a correlation with Lνe (see §4.4 for a
discussion). Near explosion the amplitude of a1/a0 can peak around ∼20%.
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simulations, and the critical luminosity for 2D simulations is ∼70% of the critical

luminosity for 1D models. More evidence will be presented in §4.8 that the critical

luminosity depends upon Ṁ . For 1D simulations, we observe pulsations near the

critical luminosity, but in 2D simulations, radial oscillations are all but absent.

Instead, non-radial SASI oscillations dominate.

4.5 Effects of the Grid

The conclusions of the previous section might depend upon the grid structure

used in 2D simulations. To address this concern, we investigate the dependence

of these results on resolution and the range of polar angle, θ, included in the sim-

ulations. Encoded in the sequence names (Table 4.1) are the types of grids used

for 2D simulations. For calculations that encompass the full range of θ from pole

to pole (180◦) θ is divided into 200 zones, and for simulations that include only

the region between a pole and the equator (90◦) θ is divided into 100 zones. Se-

quences that use the 180◦ grid have ‘2D’ in their name, and for sequences that

use the 90◦ grid, ‘Q’ is in its stead. The numbers after ‘2D’ or ‘Q’ indicate the

resolution. The lowest resolution, denoted by ‘1’, extends the spherical grid from

the outer edge of the butterfly mesh, 34 km, to 4000 km with 150 radial zones.

The middle resolution, ‘2’, divides this same space into 300 radial zones, and the

highest resolution, ‘3’, divides the radii between 34 km and 1000 km into 300

zones. For all resolutions, the space between the butterfly mesh and the outer

boundaries are positioned logarithmically. These simulations do show nontriv-

ial differences in the SASI and post-shock flow. However, the conclusions of the

previous section are insensitive to changes in resolution and the range of θ simu-

lated.

For these three resolutions, Fig. 4.4 shows 〈Rshock〉, a1/a0, and a2/a0 vs. time
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for a single luminosity, Lνe = 1.9, and the 15-M� progenitor model. Their gen-

eral evolution is similar to what was discussed in §4.4 and shown in Fig. 4.3.

However, there are some nontrivial differences.

After the Si/O interface is accreted, 〈Rshock〉 of the lowest resolution model

(15.0-2D1) secularly creeps out to ∼220 km over 100 ms. Then, outward progres-

sion stalls again, and the model doesn’t explode until 581 ms after bounce. Both

the 15.0-2D2 and 15.0-2D3 models momentarily stall at ∼200 km, a smaller ra-

dius. 150 ms later, the average shock radius of the 15.0-2D2 model reaches ∼220

km on its way to explosion. At an even later time, 550 ms, the shock radius of the

15.0-2D3 model reaches ∼220 km. By this measure, the trend with resolution is

monotonic. However, this does not translate to monotonicity in explosion time

with resolution. From the lowest resolution (15.0-2D1) to the highest resolution

(15.0-2D3), the explosion times are 581, 359, and 649 ms. Yet, considering another

luminosity, Lνe = 2.0 (see Table 4.2) does present a monotonic trend toward later

explosion times with higher resolution: from the lowest to the highest resolution,

texp = 325, 364, and 395 ms. From this, one might conclude that higher-resolution

grids forestall explosion, yet only the highest resolution shows an explosion for

Lνe = 1.8.
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Figure 4.4 The shock morphology vs. time for three different resolutions of 2D
simulations (15.0-2D1, 15.0-2D2, and 15.0-2D3). The layout is similar to Fig. 4.3.
The electron-neutrino luminosity for each is 1.9 × 1052 ergs s−1. From lowest
resolution (15.0-2D1) to the highest resolution (15.0-2D3), the explosion times are
581, 359, and 649 ms. Hence, texp is not monotonic with resolution. See §4.5 for a
discussion.
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Table 4.2. Conditions at the time of explosion.

Lνe
(1052 erg s−1)1 texp (ms)2 Ṁexp (M�/s)3 Q̇ (B/s)4 Q̇/Lνe ν̄e

5 Mgain (M�)6

11.2-1D7

1.3 932 0.084+0.006
−0.003 0.63 0.0244 0.0123

1.4 496 0.112+0.012
−0.010 1.50 0.0535 0.0121

1.5 312 0.136+0.025
−0.011 2.00 0.0668 0.0153

1.6 409 0.124+0.002
−0.003 4.46 0.1393 0.0228

15.0-1D

2.6 718 0.227+0.017
−0.015 3.69 0.0710 0.0105

2.7 459 0.263+0.027
−0.013 3.79 0.0701 0.0129

2.8 335 0.312+0.001
−0.006 5.57 0.0995 0.0177

2.9 216 0.341+0.027
−0.027 3.42 0.0589 0.0319

15.0-2D1

1.9 581 0.247+0.001
−0.001 1.49 0.0392 0.0123

2.0 325 0.310+0.002
−0.001 1.97 0.0494 0.0167

15.0-2D2

1.9 359 0.313+0.001
−0.023 1.51 0.0399 0.0120

2.0 364 0.313+0.001
−0.027 1.60 0.0401 0.0133

15.0-2D3

1.8 778 0.210+0.014
−0.007 1.21 0.0337 0.0099

1.9 649 0.249+0.001
−0.015 1.33 0.0351 0.0113

2.0 395 0.299+0.014
−0.031 1.76 0.0440 0.0152

15.0-Q1
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Table 4.2—Continued

Lνe
(1052 erg s−1)1 texp (ms)2 Ṁexp (M�/s)3 Q̇ (B/s)4 Q̇/Lνe ν̄e

5 Mgain (M�)6

1.7 837 0.202+0.007
−0.005 0.91 0.0268 0.0074

1.8 419 0.283+0.029
−0.024 1.19 0.0330 0.0098

1.9 418 0.284+0.028
−0.024 1.31 0.0344 0.0109

2.0 361 0.313+0.001
−0.025 1.71 0.0428 0.0152

15.0-Q2

1.7 748 0.217+0.018
−0.009 0.91 0.0267 0.0073

1.8 517 0.249+0.011
−0.002 1.30 0.0362 0.0119

1.9 471 0.258+0.023
−0.010 1.19 0.0314 0.0100

2.0 299 0.310+0.008
−0.001 1.54 0.0385 0.0126

15.0-Q3

1.7 695 0.235+0.014
−0.018 1.14 0.0335 0.0096

1.8 602 0.249+0.001
−0.001 1.08 0.0301 0.0089

1.9 420 0.282+0.029
−0.024 1.42 0.0373 0.0122

2.0 383 0.307+0.004
−0.033 1.66 0.0415 0.0135

11.2-2D1

0.7 808 0.091+0.000
−0.001 0.23 0.0165 0.0050

0.8 585 0.098+0.005
−0.002 0.30 0.0190 0.0055

0.9 471 0.118+0.006
−0.013 0.43 0.0242 0.0068

1.0 335 0.129+0.020
−0.005 0.55 0.0276 0.0086

1.1 288 0.147+0.016
−0.019 0.89 0.0404 0.0131

1.2 288 0.147+0.016
−0.019 0.89 0.0370 0.0131

11.2-2D2

0.7 828 0.092+0.001
−0.002 0.24 0.0170 0.0054
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Table 4.2—Continued

Lνe
(1052 erg s−1)1 texp (ms)2 Ṁexp (M�/s)3 Q̇ (B/s)4 Q̇/Lνe ν̄e

5 Mgain (M�)6

0.8 595 0.097+0.005
−0.002 0.31 0.0193 0.0053

0.9 529 0.104+0.012
−0.005 0.40 0.0220 0.0070

1.0 339 0.128+0.019
−0.004 0.54 0.0268 0.0077

1.1 235 0.163+0.001
−0.014 0.85 0.0386 0.0115

1.2 235 0.163+0.001
−0.014 0.85 0.0354 0.0115

11.2-2D3

0.8 791 0.091+0.000
−0.001 0.32 0.0200 0.0057

0.9 553 0.101+0.009
−0.004 0.40 0.0225 0.0059

1.0 372 0.125+0.008
−0.001 0.60 0.0300 0.0087

1.1 257 0.162+0.001
−0.025 0.91 0.0413 0.0122

1.2 257 0.162+0.001
−0.025 0.91 0.0378 0.0122

11.2-Q1

0.7 777 0.091+0.001
−0.001 0.23 0.0165 0.0048

0.8 500 0.111+0.012
−0.009 0.31 0.0191 0.0060

0.9 784 0.091+0.001
−0.001 0.78 0.0434 0.0133

1.0 294 0.144+0.019
−0.017 0.52 0.0260 0.0076

1.1 177 0.166+0.034
−0.004 0.91 0.0414 0.0124

1.2 177 0.166+0.034
−0.004 0.91 0.0379 0.0124

11.2-Q2

0.7 631 0.096+0.003
−0.002 0.22 0.0158 0.0040

0.8 525 0.105+0.013
−0.006 0.28 0.0174 0.0056

0.9 413 0.124+0.001
−0.004 0.39 0.0218 0.0071

1.0 293 0.145+0.018
−0.017 0.54 0.0269 0.0075

1.1 270 0.158+0.004
−0.025 0.82 0.0371 0.0107

1.2 270 0.158+0.004
−0.025 0.82 0.0340 0.0107
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Table 4.2—Continued

Lνe
(1052 erg s−1)1 texp (ms)2 Ṁexp (M�/s)3 Q̇ (B/s)4 Q̇/Lνeν̄e

5 Mgain (M�)6

11.2-Q3

0.7 759 0.091+0.001
−0.001 0.22 0.0160 0.0047

0.8 583 0.098+0.005
−0.003 0.30 0.0186 0.0056

0.9 417 0.124+0.001
−0.005 0.39 0.0218 0.0065

1.0 293 0.145+0.018
−0.017 0.56 0.0282 0.0083

1.1 256 0.162+0.001
−0.024 0.84 0.0383 0.0125

1.2 256 0.162+0.001
−0.024 0.84 0.0351 0.0125

1Electron-neutrino luminosity

2The time of explosion

3The mass accretion rate at explosion,

4The net heating rate

5The heating efficiency, where Lνe ν̄e
is the combined electron- and anti-electron-neutrino

luminosity.

6The mass in the gain region.

7The table is divided into sections corresponding to the conditions at explosion for each se-

quence presented in Table 4.1.

The ` = 1 and ` = 2 (the middle and bottom panels of Fig. 4.4) spherical

harmonic coefficients, like the monopole term, show some differences with res-

olution, but present very few clear trends. Any trends that do appear are sub-

tle. In the earliest phase, before accretion of the Si/O interface, the highest res-

olution simulations exhibits the greatest amplitude, though all three resolutions

have amplitudes in the ` = 1 coefficient that are less than 5%. At the same time,

the ` = 2 component is comparable for all three resolutions. After accretion of

the Si/O interface, the nonradial components begin to rise for all three resolu-

tions. From ∼200 to ∼325 ms, the 15.0-2D1 model shows the greatest increase in

both nonradial components, while for 15.0-2D2 and 15.0-2D3 they are compara-
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ble in growth. At ∼325 ms, the 15.0-2D2 model shows a significant increase in

the nonradial components that coincides with explosion. The nonradial compo-

nents for the other two simulations continue a secular increase in amplitude until

their explosions at later times. All the while, the lowest resolution run consis-

tently maintains a slightly larger amplitude in the ` = 1 component, but the ` = 2

components are quite similar. Generally, before accretion of the Si/O interface,

oscillation amplitudes for a1 are mildly correlated with resolution, and afterward

it is mildly anti-correlated with resolution.

Figure 4.5 compares 180◦ (15.0-2D3, solid) and 90◦ (15.0-Q3, dashed) simula-

tions. 〈Rshock〉 and a2/a0 vs. time are plotted for two electron-neutrino luminosi-

ties Lνe = 1.8 (purple curves) and Lνe = 1.9 (green curves). Once again dots in the

top panel mark texp; surprisingly, the 90◦ simulations consistently explode before

the 180◦ simulations. Other than for times near ∼300 to ∼400 ms, all models show

similar evolution in the amplitude of a2/a0. The one exception appears around

∼300 to ∼400 ms, when the 90◦, Lνe = 1.9 model starts exploding and shows the

largest amplitude. Even though the 90◦ simulations explode earlier than the 180◦

simulations, the critical luminosities for the 180◦ and 90◦ simulations are very

similar (see Table 4.2 and §4.8).

Using a “ray-by-ray” neutrino transport algorithm, Buras et al. (2006a) per-

formed simulations of the 11.2-M� progenitor that teetered on the verge of explo-

sion for a 90◦ calculation, but exploded using 180◦. They reported no explosion

with a 90◦ simulation but, with all else being equal, obtained an explosion with a

180◦ simulation. Differences between our simulations and theirs include neutrino

transport, EOS, and hydrodynamic solver. While any of these could account for

the apparent discrepancy, we emphasize the difference in the 90◦ grids. The 90◦

simulations of Buras et al. (2006a) included a wedge that extends plus and minus
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Figure 4.5 〈Rshock〉 and a2/a0 vs. time for two models of 15.0-Q3 and 15.0-2D3.
This compares the differences among the 2D runs using 180◦ (solid) and 90◦

(dashed). Lνe = 1.8 corresponds to the purple curves and Lνe = 1.9 corresponds
to the green curves. Inspection of 〈Rshock〉 (top panel of Fig. 4.5) shows that the
90◦ simulations consistently explode before the 180◦ simulations. Other than the
time near ∼300 to ∼400 ms, all models show similar evolution in the amplitude
of a2/a0. The one exception appears around ∼300 to ∼400 ms, when the 90◦,
Lνe = 1.9 model explodes and shows the largest amplitude.
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45◦ of the equator and suppressed ` = 1 and ` = 2 modes, the two prominent

modes of the SASI. Our 90◦ simulations range from the pole to the equator and

inhibit only the ` = 1 mode. Regardless, Buras et al. (2006a) noted that their

90◦ simulation was close to explosion and that extending the grid to 180◦ simply

tipped the scales toward explosion. Using the same hydrodynamics and neutrino

transport as Buras et al. (2006a) but a 90◦ grid that goes from the pole to the equa-

tor, Marek (2007) found that 90◦ simulations explode insignificantly earlier than

180◦ simulations. In either case, these results are consistent with our finding that

the critical luminosity for simulations using 90◦ and 180◦ are very similar.

Resolution and the angular size of the grid non-trivially affect the shock po-

sition and morphology in 2D simulations. For one, the lowest resolution simu-

lations consistently maintain a slightly larger amplitude in the ` = 1 component.

At early times, the lowest resolution simulations reach ∼220 km before higher

resolution simulations. This does not lead to a monotonic correlation in explo-

sion times, though. In changing the angular size of the grid, the 90◦ simulations

consistently explode at earlier times compared to the 180◦ simulations. Despite

differences that result from grid changes, the conclusions of the previous section

do not change. Specifically, the critical luminosity for the 90◦ and 180◦ simula-

tions are very similar.

4.6 Heating and Advection Timescales

Measures that are related to the critical Lνe and Ṁ condition (Burrows & Goshy,

1993) are the timescale for matter to traverse the gain region, the advection

timescale, τadv, and the heating timescale of the matter in the gain region, τq.

Thompson (2000) argued that 1D core-collapse simulations do not explode be-

cause τq is longer than τadv. In other words, core-collapse simulations fail because
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τadv/τq < 1. He defined, τq ∼ aT 4/Q̇, and the advection time as the flow time

across a scale height. Janka (2001) explored similar integral concepts, and pro-

posed conditions for explosion that are akin to

τadv/τq > 1 , (4.11)

the opposite of the Thompson (2000) failure condition. Thompson et al. (2005)

applied this condition to 1D core-collapse simulations and demonstrated that

this ratio does indeed help to distinguish non-exploding models from exploding

models. They defined the advection timescale as H/vr, where H is the pressure

scale height, and the heating timescale as (P/ρ)/q̇, where q̇ is the local net heating

rate. Since, others have explored τadv and τq as a condition for explosion in 2D

simulations (Buras et al., 2006b; Scheck et al., 2008). While τadv/τq > 1 is to some

extent useful in identifying explosions, our results suggest that it is only useful

as a rough diagnostic.

We define the heating time as a characteristic time for neutrinos to change the

thermal energy of the matter in the gain region, where heating dominates cooling,

τq =

∫

gain(ε− ε0)dm

Q̇
, (4.12)

where ε0 is the zero point energy for the EOS and

Q̇ =
∫

gain
(H− C)dm (4.13)

is the net heating rate and is integrated over the gain region. While Scheck et al.

(2008) and Buras et al. (2006a) include 1/2v2 + Φ in the integrand of eq. (4.12),

we suggest, like Thompson (2000) and Thompson et al. (2005), that comparing

the heating rate to the thermal energy eq. (4.12) is a more natural definition of

a heating timescale. To be clear though, these differences in definition alter the

absolute scale, but not the general trends.
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For spherically symmetric flow, the advection timescale is

τadv =
∫

gain

dr

vr
(4.14)

where the the integral is integrated from the shock position to the gain radius.

For 2D simulations, many incarnations of eq. (4.14) have appeared in the litera-

ture. Scheck et al. (2008) use a solid-angle averaged version of eq. (4.14) for τadv.

Buras et al. (2006a) use eq. (4.14) for the advection timescale in 1D, but for 2D

simulations they redefine this timescale as the time for a mass shell to traverse

the gain region. We’ve explored three measures of the advection timescale. The

first replaces the denominator in eq. (4.14) with the solid-angle averaged veloc-

ity, 〈vr〉 = (
∫

vrdΩ)/4π. For the second, if one assumes steady-state flow, then

τm = Mgain/Ṁ is a useful measure of the accretion timescale, where Mgain is the

mass in the gain region and Ṁ is the mass flux in or out of the gain region. For

simplicity, we use Ṁ just exterior to the shock. The advantage of this definition

is that it is relatively straightforward to measure Mgain and Ṁ for 2D simulations.

Prior to explosion, these two definitions give similar results, but as the model

explodes, the assumption of steady-state accretion is violated and τm begins to

underestimate τadv. Neither of these definitions, however, fully capture the com-

plex multi-dimensional nature of the post-shock flow.

We define a new timescale that better captures the multi-dimensional nature

of the post-shock flow. Post-processing the simulation data, we integrate the

paths of tracer particles for 150 ms, record their trajectories, and define a res-

idence time, τr, which is the duration of each particle’s time spent in the gain

region. 50,000 particles are initiated at either 400 km, a radius well outside the

shock, or 150 km, the middle of the gain region. At either radius, the particles

are randomly distributed in µ = cos θ. For most situations, the particles traverse

the gain region within the integration time, 150 ms, and have accreted onto the
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PNS. Every 10 ms, a new generation of 50,000 particles is generated, providing a

time-dependent distribution of τr.

The ratio τadv/τq vs. time is shown in Fig. 4.6 for the 15.0-1D sequence. The

top panel shows the models that do not explode by 1.3 s after bounce, and the

bottom panel shows those that do explode. Despite dramatic oscillations, τadv/τq

rarely reaches a value of one for the non-exploding models (top panel). In all

non-exploding cases, except Lνe = 2.5, the oscillations in this ratio decay with

a timescale commensurate with the decay times of the shock radius oscillations

(Fig. 4.2). For exploding models (bottom panel), τadv/τq executes large excursions

from ∼0.1 to ∼100. Note that τadv/τq makes several excursions to values above

order unity and back again. Smaller luminosities produce more excursions, with

one at Lνe = 2.9 and four for Lνe = 2.6.

The ratio of these timescales for 2D simulations (15.0-2D3 sequence) are

shown in Fig. 4.7. The models that don’t explode, Lνe = 1.5, 1.6, and 1.7, show

relatively constant ratios for all time. On the other hand, the exploding models,

Lνe = 1.8, 1.9, and 2.0, start at a low ratio (∼0.1) and secularly increase to ratios

of order ∼10. Unlike the 1D models, once this ratio reaches large values (in an

average sense), it remains there for the rest of the simulation.

Generally, the condition τadv/τq > 1 is a useful diagnostic of explosion, but

given the ambiguities in defining τadv and τq , its accuracy is limited. For example,

1D simulations that explode make dramatic excursions above and below this line

before explosion. It might be more sensible to state that this condition should be

satisfied for a finite time before explosion occurs. However, one shouldn’t ex-

pect rigor when defining a heating timescale. Note that this condition assumes a

quasi-steady state, and the large amplitude oscillations in 1D complicate this as-

sumption. Finally, τadv/τq, in 2D exploding simulations, increases monotonically
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Figure 4.6 The ratio of advection and heating timescales, τadv/τq, vs. postbounce
time for the 15.0-1D sequence. The top panel shows the models that do not ex-
plode by 1.3 s after bounce, and the bottom panel shows those that do explode.
Despite dramatic oscillations, τadv/τq rarely reaches a value of above ∼1 for the
non-exploding models (top panel). In all non-exploding cases, except Lνe = 2.5
(in units of 1052 erg s−1), the oscillations decay (see text and the caption of Fig. 4.2
for the timescales). For exploding models (bottom panel), τadv/τq makes large ex-
cursions from ∼0.1 to ∼100. Larger luminosities produce more excursions, with
one at Lνe = 2.9 and four at Lνe = 2.9. We conclude that τadv/τq > 1 is a useful
diagnostic, but not a rigorous condition for explosion.
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Figure 4.7 Similar to Fig. 4.6, but we plot τadv/τq vs. postbounce time for the 15.0-
2D3 sequence. The models that don’t explode, Lνe = 1.5, 1.6, and 1.7 (in units of
1052 erg s−1) show relatively constant ratios for all times. On the other hand, the
exploding models, Lνe = 1.8, 1.9, and 2.0, start at low ratios (∼0.1) and increase
to ratios of order ∼10. Unlike the 1D models, once this ratio reaches large values,
it remains there for the rest of the simulation. The times of explosion are 395,
648, and 778 ms for Lνe = 1.8, 1.9, and 2.0, respectively. Notice that the ratio of
timescales begin to rise before τadv/τq = 1, suggesting that these models are on
their way to explosion before the condition τadv/τq > 1 is met.
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for ∼100 ms, while this ratio remains low for 2D non-exploding simulations. This

distinction implies that 2D exploding models are well on their way to explosion

before τadv/τq > 1 is satisfied. Hence, τadv/τq is a useful diagnostic for explosion,

but may not be a rigorous condition for explosion.

In Fig. 4.8, we plot for all generations of tracer particles the mean residence

times, 〈τr〉 (top panel), and the fraction (fr) of particles with τr > 40 ms (bottom

panel) as a function of time for the Lνe = 1.9 model of the 15.0-2D3 sequence.

The particles with Rstart = 400 km (150 km) are shown with solid (dashed) lines.

Both 〈τr〉 and fr show that the particles with Rstart = 400 km and 150 km track

two fundamentally different flows. Generally, the particles with Rstart = 150 km

have longer average residence times and more particles with τr > 40 ms than

the generation of particles with Rstart = 400 km, which suggests that most of the

mass that accretes through the shock quickly finds its way to the PNS through

narrow, low entropy plumes. Despite the quick accretion of new matter, the long

τr of particles with Rstart = 150 km indicate that a significant amount of mass in

the gain region does linger, resulting in more heating and higher entropies.

In addition, 〈τr〉 and fr show four distinct phases, with each successive phase

having longer 〈τr〉 and higher fr. Distributions of τr that represent these four

phases are shown in Fig. 4.9, and spatial colormaps of entropy are shown in Figs.

4.10, 4.11, and 4.12 that correspond to the beginning (Fig. 4.10), middle (Fig. 4.11),

and end (Fig. 4.12) of each generation’s integration time of 150 ms. The top panel

of Fig. 4.9 shows the distribution for four generations with Rstart = 400 km and

at t = 0.130, 0.370, 0.530, and 0.6 s after bounce. The bottom panel shows similar

residence-time distributions for generations with Rstart = 150 km.

The entropy maps in the top-left panels of Figs. 4.10, 4.11, and 4.12 show

that there is very little convection or SASI for the first phase (t = 0.130 s), and
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Figure 4.8 The mean residence time (〈τr〉) (top panel) and the fraction (fr) of parti-
cles with τr > 40 ms (bottom panel) as a function of time forRstart = 400 km (solid
line) and Rstart = 150 km (dashed line). These residence times were calculated for
the 15.0-2D3, Lνe = 1.9 model. 50,000 tracer particles are initiated randomly in
solid angle at either Rstart = 150 km or Rstart = 400 km. The trajectories for these
particles are integrated for 150 ms, and a new generation is initiated every 10 ms.
The time on the horizontal axis corresponds to the start time for a generation.
From ∼200 ms and beyond, particles that start in the gain region (Rstart = 150
km) consistently show larger 〈τr〉 and more particles with longer residence times.
There are four phases in this plot that correspond to very short residence times,
steady growth in the SASI, an increase in the vigor of the SASI, and the initial
stages of explosion. See §4.6 for a discussion and Figs. 4.10, 4.11, and 4.12 for
entropy maps.
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Figure 4.9 The distribution of residence times, τr, for four generations of tracer
particles corresponding to the four phases in Fig. 4.8. The times shown in the
legend correspond to the starting time for each generation, and Rstart indicates
the starting radius for all 50,000 particles of each generation. Rstart = 400 km is
situated well outside the shock radius, and Rstart = 150 km is approximately the
middle of the gain region. The top panel shows that most of the mass that accretes
through the shock traverses the gain region on relatively short timescales, ∼40
ms, while the bottom panel shows that in addition to rapidly accreting plumes,
there are regions in the gain region in which mass has a large residence time and
is subjected to prolonged heating.



197

Figure 4.10 Colormaps of entropy (kB/baryon) for 15.0-2D3, Lνe = 1.9 and for the
four phases shown in Fig. 4.9. Each panel is 400 km × 800 km. These snapshots
of the flow correspond to the times in Fig. 4.9, which label each histogram by the
start time of the four generations of particles shown. The four phases are: 1) there
is very little convection or SASI and the particles accrete quickly (∼9 ms) onto the
PNS (top left), 2) the SASI undergoes a steady growth and the particles initiated
at 400 km (200 km) have a mean residence time of 22 ms (32 ms) (top right), 3) the
SASI is becoming quite vigorous and the residence times for both sets of particles
are steadily increasing (bottom left), and 4) The SASI is very vigorous and 150 ms
later (see Fig. 4.12) the model undergoes explosion (bottom right).
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Figure 4.11 The same as Fig. 4.10, except the flow is shown 75 ms after the start
of each generation of particles, which is the midpoint of particle tracking. Low
entropy plumes that quickly transport newly-accreted material to the PNS are
quite pronounced in the bottom-right panel.
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Figure 4.12 The same as Fig. 4.10, except the flow is shown 150 ms after the start
of each generation of particles, which is the end of particle tracking. Note that
the simulation is exploding in the bottom-right panel.
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the distributions of τr (Fig. 4.9) show that all particles traverse the gain region

quickly, within ∼9 ms. At ∼150 ms, when the Si/O interface is accreted, both 〈τr〉
and fr show a dramatic increase. The mean residence time increases from ∼10

ms to ∼40 ms for Rstart = 400 and 150 km, and fr increases from 0% to 35% for

Rstart = 400 km and ∼50% for Rstart = 150 km. The second phase, from ∼200 ms

to ∼450 ms, corresponds to the growth and nonlinear saturation of the SASI (top-

right panels of Fig. 4.10-4.12). During this phase (t = 0.370 s in Fig. 4.9), 〈τr〉 for

Rstart = 400 km (150 km) is ∼22 (∼32), and fr is ∼10% (∼30%). The third phase,

from ∼0.45 to ∼0.6 s, shows a rise in both 〈τr〉 and fr. The distributions in Fig. 4.9

that represent this phase, t = 0.530 s, have mean residence times of ∼50 ms (∼30

ms) for Rstart = 150 km (400 km) and fr of 50% (20%). The fourth and final phase

is marked by a significant increase of 〈τres〉 and fres for Rstart = 150 km particles

and continued rise for Rstart = 400 km. In Fig. 4.9, the example distribution is

shown at t = 0.6 s. For Rstart = 400 km, 〈τres〉 ∼ 40 ms and fres ∼ 25%, while

〈τres〉 ∼ 90 ms and fres ∼ 70%. This phase is also characterized by a large bump

of particles with very long residence times in Fig. 4.9, which is much larger for

Rstart = 150 km than for Rstart = 400 km. The appearance of the bump at large τr

is one of the most pronounced indicators that the star has reached an explosive

situation.

In Fig. 4.13, we compare 1D entropy profiles of the 15.0-1D, Lνe = 1.9 simula-

tion (solid red lines) with the entropy distributions shown in Fig. 4.10. For each

zone of the 2D simulation, points mark the entropy and radius from the center.

Generally, both 1D and 2D profiles show the shock as an abrupt jump in entropy

of the accreting matter, the gain region as indicated by the highest entropies, and

the cooling region where entropy is significantly reduced as matter continues to

accrete onto the PNS. Where 1D profiles show a negative entropy gradient, 2D
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simulations are convective. The most striking differences, though, are that when

the SASI dominates the post-shock flow, t = 0.370, 0.530, and 0.600 s, the shock

is asymmetric, and the gain region has a large range of entropies, in which high

entropies correspond to regions of long residence times, and low entropies corre-

spond to plumes that funnel matter toward the PNS.

Other than passage through shocks, the entropy is determined by neutrino

heating and cooling. Therefore, entropy is a good measure of the integrated his-

tory of net heating. Considering mass- and volume-weighted averages, the en-

tropy for 2D simulations is a couple kB/baryon (less than 10%) higher than 1D

simulations. However, Fig. 4.13 shows that 2D simulations have regions with

∼30% higher entropies than 1D simulations for the same Lνe and Ṁ . In other

words, the long residence times that accompany the SASI in 2D simulations re-

sult in regions with higher integrated net heating and offer an explanation for the

lower critical luminosity of 2D simulations.

4.7 Conditions at Explosion

As relevant indicators of the core-collapse mechanism, we investigate the net

heating rate (Q̇), heating efficiency (Q̇/Lνeν̄e), and the mass in the gain region

(Mgain). In general, these quantities show distinctly different evolutions for 1D

and 2D simulations near their respective critical luminosities. Plots of the 1D

simulations reflect the very large radial shock oscillations, while plots of the 2D

simulations show relatively smooth evolution and bifurcations distinguishing ex-

plosive models from non-explosive models. Scheck et al. (2008) compared these

quantities for 1D and 2D simulations with the same neutrino luminosity and

found similar bifurcations in these integral measures. We show that this bifur-

cation is generic when we include 1D and 2D non-exploding and 2D exploding
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Figure 4.13 Entropy vs. radius for the times shown in Fig. 4.10. Solid red lines
are entropy profiles for the 15.0-1D, Lνe = 1.9 simulation, and points show the
entropy and radius for each zone of the 15.0-2D3, Lνe = 1.9 model. These en-
tropy profiles are coeval with the residence time distributions in Fig. 4.9 and the
entropy maps in Fig. 4.10. Features of the entropy profiles highlight the shock
(∼150 km for t = 0.130 s and ∼200 km for all other times), the gain region, (∼100
km to ∼ 200 km), and the cooling region (∼50 km to ∼100 km). 1D profiles show
a negative entropy gradient in the gain region that results in convection in 2D
simulations. When the SASI dominates the post-shock flow, t = 0.370, 0.530, and
0.600 s, the shock is distinctly aspherical, and a large range of entropies character-
ize the gain region. Low entropies correspond to plumes that funnel matter onto
the PNS, while high entropies correspond to regions of long residence times and
more integrated net heating. This is the likely cause for 2D simulations having
lower critical luminosities than 1D simulations.
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models. In Table 4.2, we summarize the conditions at explosion, but first we take

care to define texp, the time of explosion.

The time of explosion for 1D simulations is quite pronounced and occurs near

the time when the ratio τadv/τq becomes of order unity or larger for the last time.

However, for 2D simulations, all measures show a gradual trend toward explo-

sion over 50 to 100 ms timescales. Therefore, to define texp we identify the last

time that τadv is less than 50 ms (65 ms) for 15-M� (11.2-M�) models. This defini-

tion establishes the time of explosion after there is a clear trend toward explosion,

but before post-shock material is launched outward. Acknowledging the ambi-

guity of such a definition, we assign an uncertainty to texp of ±50 ms.

Having defined texp, we now define the conditions at explosion. For 1D simu-

lations, Ṁexp is defined at 250 km and at texp. For 2D simulations, Ṁexp is defined

just exterior to the shock (at roughly 300 to 250 km) at the time of explosion.

Corresponding to the uncertainty in texp, we determine the uncertainty in Ṁexp.

Figs. 4.14, 4.15, and 4.16, show a general upward trend of Q̇, Q̇/Lνν̄e , and Mgain

around the time of explosion. The values in Table 4.2 are obtained by averaging

Q̇, Q̇/Lνν̄e , and Mgain for a 50 ms range centered on texp. We also experimented

with a range of 10 and 100 ms and obtained similar results. For 1D simulations,

we note the conditions at the time of explosion, but due to large nonlinear oscil-

lations the specific values are sensitive to the definition of texp.

Figure 4.14 compares the time evolutions of the net heating rates, Q̇, for the

15.0-1D and 15.0-2D3 sequences. While the top panel shows Q̇ for the sequence

of 1D simulations near explosion, the bottom panel shows Q̇ for the sequence of

2D simulations (solid) near explosion. For comparison, 1D models (dotted) for

the same range of Lνe as the 2D sequence are included. The dots show Q̇ at the

time of explosion for the 2D simulations. As expected, Q̇ correlates with Lνe (Fig.
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Figure 4.14 Time evolution of the net heating rate, Q̇, for the 15.0-1D and 15.0-2D3
sequences. The top panel plots Q̇ for the 1D sequence only for the range of Lνe

near the 1D critical luminosity. The bottom panel highlights the range of Lνe near
the critical luminosity of the 2D sequence, and plots both 1D and 2D simulations.
The dots show the Q̇ at the time of explosion for the 2D simulations. Q̇ shows
pronounced oscillations for the 1D simulations near explosion (top panel), with
the peaks corresponding to dips in shock radius in Fig. 4.2. For non-exploding 1D
and 2D simulations Q̇ evolves downward. Exploding 2D simulations, however,
have Q̇ that tends toward flat or upward evolutions.
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Figure 4.15 Similar to Fig. 4.14, but here we plot the heating efficiency, Q̇/Lνeν̄e ,
vs. postbounce time. The efficiencies at texp for the 1D sequence near the critical
luminosity range from 3% to 10%, while the efficiencies of the 2D simulations at
texp are 3.4%, 3.5%, and 4.4% for Lνe = 1.8, 1.9, and 2.0, respectively. For non-
exploding 1D and 2D simulations Q̇/Lνeν̄e evolves downward. Exploding 2D
simulations, however, have efficiencies that tend to stay flat or increase.
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Figure 4.16 Similar to Fig. 4.14, but here we plot the mass in the gain region,
Mgain, vs. postbounce time. The oscillations of Mgain in the 1D models (top panel)
correspond to the oscillations in shock radius. The minima in Mgain correspond
to the minima in shock radius. In the exploding models of 15.0-2D3, there is a
secular increase in the amount of mass in the gain region leading up to and past
explosion that is distinct from the non-exploding 1D and 2D models.
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4.14). Consequently, the range of Q̇ for the 1D exploding models (∼1 to ∼11 B/s,

where 1 Bethe (B) = 1051 erg) is higher than the range of Q̇ for the 2D exploding

models (∼0.5 to ∼6 B/s). The 1D sequence in the top panel shows pronounced

oscillations in Q̇ that correspond to the oscillations in shock radius in Fig. 4.2.

The maxima in Q̇ coincide with the minima in the shock radius, which has been

observed before for 1D simulations (Buras et al., 2006b).

The 2D sequence, on the other hand, shows no such oscillations in Q̇. Rather,

the bottom panel of Fig. 4.14 shows a relatively smooth evolution with time.

After bounce, Q̇ evolves secularly downward for non-exploding 1D and 2D sim-

ulations. In contrast, 50 ms to 100 ms before texp, Q̇ for exploding 2D simulations

remains flat with time or even begins to rise slightly. In either case, there is a clear

bifurcation in the evolution for exploding 2D simulations and non-exploding 1D

and 2D simulations.

Similar to Fig. 4.14, in Fig. 4.15 we plot the heating efficiency, Q̇/Lνeν̄e . Even

after dividing by Lνeν̄e the efficiency has a positive correlation with Lνe . This sug-

gests that the correlation between Q̇ and Lνe is steeper than linear. The efficiencies

at texp for the 1D sequence range from 3% to 10%, while the efficiencies of the 2D

simulations at texp are 3.4%, 3.5%, and 4.4% for Lνe = 1.8, 1.9, and 2.0, respec-

tively. Naturally, the trends in Q̇/Lνeν̄e are similar to the those of Q̇, including the

bifurcation of Q̇/Lνeν̄e for exploding and non-exploding models.

Fig. 4.16 shows the time evolution of Mgain for the 15.0-1D and 15.0-2D3 se-

quences. Once again, the oscillations in Mgain correspond to the oscillations in

shock radius, but this time the minima inMgain correspond to the minima in shock

radius. In the exploding models of 15.0-2D3, there is a clear secular increase in

the amount of mass in the gain region leading up to and past explosion. This is

consistent with the idea that the SASI helps to increase the amount of mass in the
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gain region, tipping the scales toward explosive solutions. However, we note in

Fig. 4.3 that even the non-exploding models show some ` = 1 oscillations, and

hence, the SASI is necessary but not sufficient in increasing the mass in the gain

region. At texp, Mgain = 0.099, 0.0113, and 0.0152 M� for Lνe = 1.8, 1.9, and 2.0,

respectively.

We summarize the conditions at explosion in Table 4.2. We list for each se-

quence in Table 4.1, the electron-neutrino luminosity, Lνe (column 1), time of ex-

plosion, texp (column 2), accretion rate at the time of explosion near the shock,

Ṁexp (column 3), the net heating rate, Q̇ (column 4), the heating efficiency, Q̇/Lνeν̄e

(column 5), and the mass in the gain region at the time of explosion, Mgain (col-

umn 6). The mass accretion rate at texp is addressed in the next section. The 11.2-

1D sequence manifests a wide range of Q̇, from 0.63 to 4.46 B/s, and the range

of the corresponding heating efficiencies is similarly wide, from 2.4% to 14%. In

contrast, the 15.0-1D models have much larger Q̇ at texp, but with a smaller range.

Typically they are ∼3.5 B/s with one at 5.57 B/s. The heating efficiencies are

similarly high, ∼5.9 to ∼10%. On the other hand, 2D simulations have lower ef-

ficiencies at explosion. All 2D models that use the 15-M� progenitor have Q̇ that

lies in the range ∼1 to ∼2 B/s, and have efficiencies that range from ∼3 to ∼4%.

For most models, Mgain at texp is ∼0.01 M�, but can be as low as 0.0073 M� and

as high as 0.0319 M�.

In Figs. 4.14, 4.15, and 4.16, the exploding 2D models show distinctly differ-

ent values of these indicators compared to those of the non-exploding 1D and

2D simulations. Q̇, Q̇/Lνeν̄e , and Mgain trend downward for the non-exploding

models. Just before, during, and after explosion, the heating rate, heating effi-

ciency, and gain mass increase with time for the 2D exploding models. Scheck

et al. (2008) have shown a similar trend in comparing 1D and 2D models at the
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same neutrino luminosity, and we show that this bifurcation exists among the 2D

exploding and non-exploding models as well.

4.8 Critical Luminosity and Mass Accretion Rate

Figure 4.17 indicates that the concept of a critical luminosity versus accretion

rate condition is relevant for time-dependent 1D and 2D simulations and quanti-

fies the difference in critical luminosity between 1D and 2D simulations. It plots

electron- plus anti-electron-neutrino luminosity, Lνeν̄e , vs. accretion rate, Ṁ . The

trajectory of each model evolves from right to left as the accretion rate decreases

with time and the luminosity is held constant. For models that explode, we plot

the luminosities and accretion rates at explosion. These points strongly suggest

Lνeν̄e-Ṁ curves that separate exploding from non-exploding models. Indeed,

models that do not explode remain in the low luminosity and high accretion-

rate realm that is delineated by the critical curves. With error bars, we show the

range of accretion rates encompassed by texp ± 50 ms. In general, 1D simulations

are represented by orange, 2D simulations by green hues, and 2D-90◦ runs by

blue hues. The three resolutions are represented by stars (1), upside-down tri-

angles (2), and squares (3). The fit for Lνeν̄e as a function of Ṁ from Burrows &

Goshy (1993) is plotted (solid line). While their fit passes through the 15.0-1D

points, it overpredicts the critical luminosities for the 11.2-1D runs by ∼15%. The

critical luminosity for all 2D simulations is ∼70% of the critical luminosity for 1D

calculations.

It is interesting that the points for the 15.0-1D sequence are consistent with the

results of Burrows & Goshy (1993). However, we caution against interpreting this

coincidence too literally. While we do employ very similar heating and cooling

terms, it is not a priori clear how the many differences between our more realistic
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Figure 4.17 The electron- and anti-electron-neutrino luminosity, Lνeν̄e , vs. mass
accretion rate, Ṁ , of explosion. The accretion rate is defined just exterior to the
shock at texp. Because the time of explosion is difficult to define, we also show
the range of accretion rates 50 ms before and after texp as error bars. In general,
1D simulations are represented by orange, 2D simulations by green hues, and
2D-90◦ runs by blue hues. The points that lie in the Ṁ range from ∼0.8 to ∼1.7
M�/s correspond to simulations using the 11.2-M� progenitor, and the points in
the range from ∼0.2 to ∼3.5 M�/s correspond to 15 M�. The three resolutions
are represented by stars (1), upside-down triangles (2), and squares (3). The fit
for Lνeν̄e as a function of Ṁ from Burrows & Goshy (1993) is plotted (solid line).
While this analytic expression passes through the 15.0-1D points it over predicts
the critical luminosities for the 11.2-1D runs by ∼15%. These results show that
time-dependent 1D and 2D simulations reproduce the critical Lνe and Ṁ condi-
tion, the critical luminosity is indeed a function of Ṁ , and the critical luminosity
for 2D simulations is ∼70% the critical luminosity for 1D calculations.
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time-dependent models should compare to the assumptions made in Burrows &

Goshy (1993) to obtain steady-state solutions.

Although the concept of a critical Lνe and Ṁ condition was derived using

steady-state accretion models (Burrows & Goshy, 1993), Fig. 4.17 shows that the

condition is appropriate for time-dependent 1D and 2D models. We find that the

critical luminosity for explosion is a function of Ṁ , and that it roughly follows the

trend suggested by Burrows & Goshy (1993). The critical luminosity for explo-

sions in 2D is ∼70% of the luminosity required for explosions in 1D simulations.

While there are differences between the 90◦ and 180◦ simulations and between

simulations with different resolutions, they roughly show the same reduction in

critical luminosity when we go to 2D.

4.9 Conclusions

Since Burrows & Goshy (1993) published the critical luminosity condition for ex-

plosions by the neutrino mechanism, the relevance of this condition for 1D and

2D time-dependent simulations has remained unresolved. Furthermore, recent

simulations have hinted that 2D simulations teeter on the verge of explosion,

when 1D simulations completely fail. One wonders if the concept of a critical

condition in 2D simulations can quantitatively explain the trend toward success-

ful explosions by the neutrino mechanism.

With 95 simulations that parameterize Lνe , Ṁ , resolution, and dimensionality,

we investigate the criteria for neutrino-driven explosions. The results of which

indicate that:

• A critical luminosity and accretion rate condition is observed in time-

dependent 1D simulations. Burrows & Goshy (1993) used the success

and failure of obtaining steady-state accretion solutions to suggest a crit-
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ical luminosity and mass accretion rate condition for explosions. Others

have found a critical neutrino luminosity condition for explosion in time-

dependent 1D simulations (Ohnishi et al., 2006; Buras et al., 2006b). We

note that a critical luminosity is applicable for time-dependent 1D simula-

tions and that it is dependent upon Ṁ , as suggested by Burrows & Goshy

(1993).

• Radial oscillations are characteristic of the transition between 1D accre-

tion (non-exploding) and exploding simulations. Our results add to a

growing body of literature that obtain radial oscillations near the critical

luminosity (Mayle, 1985; Ohnishi et al., 2006; Buras et al., 2006b).

• A critical Lνe and Ṁ condition distinguishes accretion and exploding

models of time-dependent 2D simulations.

• Unlike 1D simulations, radial oscillations are not prominent near the crit-

ical luminosity of 2D simulations. Rather non-radial SASI oscillations

characterize 2D simulations, even for non-exploding models.

• We suggest that τadv/τq is a useful diagnostic for explosion, but may not

be a rigorous condition for explosion. Specifically, we found that some 1D

models strongly satisfied this condition several times before explosion, and

2D models that exploded exhibited trends toward explosion well before this

condition was met.

• We suggest an improved measure of the residence time of matter in the

gain region, τr, that better elucidates the conditions leading to explosions.

While τadv is a convenient measure of the timescale that a parcel of mass is

exposed to net heating, we find τr a more informative measure for diagnos-
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ing the conditions and criteria leading to and during explosion in 2D sim-

ulations. For example, by following the trajectories of particles that start

outside and within the gain region, we note that much of the mass that

accretes through the shock receives very little heating as it quickly advects

onto the inner core. On the other hand, there is a significant amount of mass

within the gain region that has long residence times and receives a great

deal of neutrino heating. It is this latter material that experiences longer

and longer residence times and prolonged heating that likely reverses ac-

cretion into explosion.

• Several integral quantities such as heating rate, heating efficiency, and

mass in the gain region grow with time in 2D exploding models, while

they decline in 1D and 2D non-exploding models. Scheck et al. (2008)

compared these quantities for 1D and 2D simulations with the same neu-

trino luminosity and found similar bifurcations in these integral measures.

We find this bifurcation to be generic when we compare 1D and 2D non-

exploding to 2D exploding models.

• Resolution does affect the SASI and the post-shock flow in 2D simula-

tions, but hardly alters the critical luminosity and accretion rate condi-

tion. It noticeably alters the explosion time, but the correspondence be-

tween texp and resolution is not monotonic, nor is it easy to disentangle the

trends. However, the 2D critical luminosity vs. Ṁ curve is little affected by

resolution.

• The 90◦ simulations explode earlier than the 180◦ counterpart, but again

the critical luminosity condition is hardly affected. We contrast this con-

clusion with the findings of Buras et al. (2006a) who found an explosion for
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180◦ simulation, while a 90◦ simulation did not explode. However, their 90◦

simulation is ±45o of the equator and suppresses ` = 1 and ` = 2 nonra-

dial flow, the dominant components of the SASI. We simulated the region

from the pole to the equator, which suppresses ` = 1 but allows ` = 2. In

agreement with our results, Marek (2007) found earlier explosions for 90◦

compared to 180◦ simulations using the same hydrodynamics and neutrino

transport as Buras et al. (2006a) but a 90◦ grid similar to ours. In any case,

Buras et al. (2006a) speculated that their 90◦ simulation was close to explo-

sion and not very different than the 180◦ simulation, and we show that the

critical luminosity for simulations using 90◦ and 180◦ are very similar.

• The critical luminosity for explosions in 2D simulations is ∼70% of the

luminosity required for explosions in 1D simulations. Irrespective of res-

olution or the angular size of the simulation, this conclusion holds.

By employing local heating and cooling algorithms, we avoid expensive neu-

trino transport, but we also sacrifice accuracy. In our simulations, heating and

cooling by neutrinos are decoupled from one another, which is not consistent

with neutrino transport calculations. In addition, simulations using MGFLD

(Dessart et al., 2006) and “ray-by-ray” Boltzmann transport (Marek & Janka, 2007)

have neutrino luminosities that decrease by ∼50% from 100 ms to 300 ms past

bounce. Our constant Lνe certainly does not reflect this evolution in neutrino lu-

minosities. Furthermore, a large fraction of Lνe is derived from accretion at early

times (Scheck, Kifonidis, Janka, & Müller, 2006). In our simulations, Lνe is com-

pletely decoupled from such effects, and, hence, we ignore any feedback due to

this coupling. While our assumptions compromise the accuracy of the results,

they enable the parameter study that we present, and we suspect that the gen-

eral conclusions and trends regarding the critical luminosity condition are still
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relevant for simulations including detailed transport.

Of the conclusions listed above, the most striking is that time-dependent 1D

and 2D simulations show a critical neutrino luminosity and accretion rate condi-

tion for successful explosions. Equally significant is that the critical luminosity for

2D simulations is ∼70% of the critical luminosity for 1D simulations. This quan-

titatively supports suspicions that multi-dimensional effects increase the likeli-

hood of successful explosions by the neutrino mechanism. While none have ex-

plicitly explored these results, the simulations of the past decade are consistent

with this conclusion, while also being intuitive and concise. In this sense, these

results are expected and reassuring. Remarkably, this global condition for suc-

cessful explosions, which was informed by 1D steady-state solutions, survives

despite the complexities of time-dependent multi-dimensional simulations.

For all permutations of the core-collapse mechanism considered in this paper,

oscillations are ubiquitous during the transition from accretion to explosion. In-

terestingly, the character of these oscillations for 1D and 2D simulations is quite

different, and leads to distinctly different critical luminosities. Specifically, we

suggest that the extra degree of freedom in 2D simulations offers an easier route

to explosion via the SASI. This suggests that for other than the lightest progeni-

tors, the core-collapse mechanism is inherently multi-dimensional, and an accu-

rate theory for the core-collapse mechanism must be developed in the context of

the multi-dimensional Universe.

Our results show that the critical luminosity for 2D simulations is lower than

the critical luminosity in 1D simulations, but why is this the case? The most ob-

vious cause is that the residence time of matter in the gain region is different for

1D and 2D simulations, and the longer residence times in 2D simulations reduce

the neutrino luminosity required for explosion. So, what accounts for the dif-
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ferent residence times when the accretion rate is the same? After all, we have

shown that during the steady-state accretion phase, the advection timescales de-

termined by the flow across the gain region (τadv, as calculated by eq. (4.14)) and

by τm = Mgain/Ṁ are similar. Put another way, the solid-angle, average, radial

velocity at radius r is

vr(r) =
Ṁ(r)

4πr2ρ(r)
, (4.15)

and if ρ(r) and Ṁ(r) are the same for 1D and 2D simulations, the flow across

the gain region should be similar. Yet, 2D simulations explode when 1D simula-

tions do not. This discrepancy can be resolved by noting that the flow in the gain

region is by no means spherically symmetric in 2D simulations. The plots, his-

tograms, and entropy maps of Figs. 4.8-4.12 show that much of the material that

accretes through the shock is channeled to plumes and quickly accrete onto the

PNS. At the same time, there are large regions of high entropy material that have

long residence times in the gain region. When the residence times within these

high entropy regions reach some threshold, it seems as though sufficient heating

has occurred to launch an explosion, and because relevant regions behind the

shock are in sonic contact, the shock radius expands globally. Hence, the critical

luminosities for 2D simulations are lower because some matter resides for longer

times in the gain region for the same Ṁ .

Since the concept of a critical luminosity condition applies for 1D and 2D sim-

ulations, we assume that it should also apply for 3D simulations. Increasing the

dimensionality from 1D to 2D, has proven favorable for successful explosions by

the neutrino mechanism. Specifically, the extra degree of freedom in 2D simula-

tions increases the dwell time of matter in the gain region. Similarly, we suspect

that differences between 2D and 3D simulations will continue the trend toward

lower critical luminosities for higher dimensions. For example, convection in
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2D simulations experiences a turbulent energy cascade from smaller to larger

scales. In Nature and in 3D simulations, however, the turbulent energy cascade

is described well by Kolmogorov theory, in which energy cascades from larger to

smaller scales. If we analyze the transport of matter through the convective gain

region as a diffusive problem, then the time to diffuse through the gain region

would roughly scale as

tdiff ∼ d

(

l2

v2τcoll

)

, (4.16)

where d is the number of degrees of freedom, l is the characteristic size, v2 is

the mean-squared speed of the diffusing particle, and τcoll is the average time

between collisions. The extra degree of freedom in 3D simulations alone could

increase the dwell time by ∼50% compared to 2D simulations. In addition, we

suspect that the smaller scales of 3D simulations would produce shorter τcoll

compared to 2D simulations and, consequently, further increase the dwell times.

Whether these scaling arguments bear out in realistic 3D simulations, in which

advection and the SASI are key in the flow, will be determined by future 3D

simulations. If they are relevant, then the increased dwell time might result in

a critical luminosity in 3D simulations that is even lower than the critical lumi-

nosity in 2D simulations. In turn, this might lead to successful explosions in 3D

radiation-hydrodynamic simulations.
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CHAPTER 5

CONCLUSIONS AND FUTURE DIRECTIONS

Observations imply that asymmetries are, in the least, a feature of CCSNe, and

theory suggests that multi-dimensional hydrodynamics may be crucial for under-

standing the mechanism of explosion. We have undertaken a theoretical inves-

tigation of the important multi-dimensional effects in the core-collapse mecha-

nism. Specifically, we have shown that the ε-mechanism is an unlikely means

to seed large asymmetries for explosion, developed BETHE-hydro, a multi-

dimensional hydrodynamics code that uses arbitrary grids, described the con-

ditions and criteria for successful explosions by the neutrino mechanism, and

have shown that in going from 1D to 2D simulations the condition for explosion

is relaxed.

5.1 Pulsational Analysis of the Cores of Massive Stars and its Relevance to Pul-

sar Kicks

In Chapter 2, we addressed the ability of the ε-mechanism to produce large asym-

metries in the progenitors of CCSNe, which in turn might lead to pulsar kicks.

We performed a modal analysis of the last minutes before collapse of published

core structures and derived eigenfrequencies and eigenfunctions, including the

nonadiabatic effects of growth by nuclear burning and decay by both neutrino

and acoustic losses. In general, we found two types of g-modes: inner-core g-

modes, which are stabilized by neutrino losses and outer-core g-modes which

are trapped near the burning shells and are excited by nuclear reactions. Without

exception, we found at least one unstable g-mode for each progenitor in the entire

mass range we considered, 11 M� to 40 M�. More importantly, we found that
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the timescales for growth and decay are an order of magnitude or more longer

than the time until the commencement of core collapse. In §2.4.1, we argued that

the long growth timescales (compared with the time until the start of collapse)

are confirmed by energetic arguments. Therefore, the ε-mechanism may not have

enough time to significantly amplify core g-modes prior to collapse.

On the other hand, perturbations in the progenitor are amplified during col-

lapse (Lai 2000a; Lai & Goldreich 2000). Because we have not ruled out all pos-

sible sources of perturbations prior to collapse, asymmetries in the progenitor

may still be relevant in producing the largest kicks. For example, convection in

the last stages of evolution is often quite vigorous and may have Mach numbers

in the range 0.1 to 0.2 and density perturbations, δρ/ρ, in the range 0.01 to 0.05

(Bazan & Arnett, 1998; Meakin & Arnett, 2007). These perturbations may indeed

be sufficient to produce the observed kicks (Burrows & Hayes 1996).

Early multi-dimensional calculations of the core-collapse mechanism had in-

dicated that any kick imparted as a result of the convective jostling (“Brownian

motion”) has an average magnitude of ∼200 km s−1 (Burrows et al. 1995; Janka

& Müller 1994) and cannot explain the highest velocities nor the second peak in

a possible bimodal distribution. However, this was before it was shown that the

SASI results in large dipole and quadrapole oscillations. More recent simulations

(Scheck, Kifonidis, Janka, & Müller, 2006) show that core-collapse explosions in

the context of the SASI could lead to the observed neutron star kick distribution.

While these calculations are tantalizing, they used an inner boundary to avoid

the singularity of spherical grids. To resolve this, simulations that consistently

include the core are needed.
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5.2 BETHE-Hydro: An Arbitrary Lagrangian-Eulerian Multi-dimensional Hy-

drodynamics Code for Astrophysical Simulations

In Chapter 3, we described a new hydrodynamics code for 1D and 2D astrophysi-

cal simulations, BETHE-hydro, that uses time-dependent, arbitrary, unstructured

grids. The core of the hydrodynamics algorithm is an arbitrary Lagrangian-

Eulerian (ALE) approach, in which the gradient and divergence operators are

made compatible using the support-operator method. We presented 1D and

2D gravity solvers that are finite differenced using the support-operator tech-

nique, and the resulting system of linear equations are solved using the tridi-

agonal method for 1D simulations and an iterative multigrid-preconditioned

conjugate-gradient method for 2D simulations. Rotational terms are included

for 2D calculations using cylindrical coordinates. We documented an incom-

patibility between a subcell pressure algorithm to suppress hourglass motions

and the subcell remapping algorithm and presented a modified subcell pressure

scheme that avoids this problem. With a large suite of tests, we demonstrated that

BETHE-hydro finds accurate solutions with 2nd-order convergence. Strengths of

this code include a straightforward structure, enabling simple inclusion of addi-

tional physics packages, the ability to use a general equation of state, and most

importantly, the ability to solve self-gravitating hydrodynamic flows on time-

dependent, arbitrary grids. This enables BETHE-hydro to simulate astrophysical

problems, tailoring the grid to minimize numerical error and suiting the grid to

the computational challenge.

Because radiation-hydrodynamics is a core subject in the study of astrophys-

ical phenomena, the future of BETHE-hydro lies in the inclusion of radiation

transport. Hence, we are in the process of coupling a mixed-frame radiation

transport scheme (Hubeny & Burrows, 2007) to BETHE-hydro. The resulting
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code will be BETHE, a multi-angle, multi-energy-group, multidimensional, time-

dependent radiation-hydrodynamics code that uses arbitrary grids.

5.3 Criteria for Core-Collapse Supernova Explosions by the Neutrino Mecha-

nism

In Chapter 4, we used BETHE-hydro to investigate the criteria for successful

core-collapse supernova explosions by the neutrino mechanism. Specifically, we

parametrically explored the dependence on neutrino luminosity, mass accretion

rate, resolution, and dimensionality, and found that a critical-luminosity/mass-

accretion-rate condition distinguishes non-exploding from exploding models

in hydrodynamic one-dimensional (1D) and two-dimensional (2D) simulations.

While radial oscillations mediate the transition between 1D accretion (non-

exploding) and exploding simulations, the non-radial standing accretion shock

instability characterizes 2D simulations. Importantly, we found that the critical

luminosity for explosions in 2D is ∼70% of the critical luminosity required in 1D.

This result is not sensitive to resolution or whether the 2D computational domain

is a quadrant or the full 180◦. Furthermore, we suggested that the relaxation of

the explosion condition in going from 1D to 2D (and to, perhaps, 3D) is of a gen-

eral character and is not limited by the parametric nature of the study in Chapter

4.

Integral quantities such as the net heating rate, heating efficiency, and mass in

the gain region decrease with time in non-exploding models, but for 2D explod-

ing models, increase before, during, and after explosion. The increase in these

integral quantities foreshadowed explosion by roughly 100 ms. At the onset of

explosion in 2D, the heating efficiency is ∼2% to ∼5%, and the mass in the gain re-

gion is ∼0.005 M� to ∼0.01 M�. Generally, We found that it is useful to compare
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the average dwell time of matter in the gain region with the corresponding heat-

ing timescale, but that tracking the residence time distribution function of tracer

particles better describes the complex flows in multi-dimensional simulations.

In fact, the distribution of residence times seems to explain the lower crit-

ical luminosity of 2D simulations. Comparing the angle-averaged advection

timescale in 2D simulations to the advection timescale in 1D simulations shows

similar times and trends. However, distributions of the residence times high-

light regions with short and long residence times. Much of the material accreting

through the shock is channeled to plumes and quickly accrete onto the PNS, and

accounts for the shorter times. On the other hand, there are regions in which

matter dwells for longer times, is exposed to net heating for longer times, and, as

a result, has higher entropies. Although the average advection timescale in 2D

is similar to the advection timescale in 1D, aspherical flows allow a fraction of

the matter to receive more heating for the same Ṁ . This, we believe, enables the

reduction in the critical luminosity condition in going from 1D to 2D simulations,

and is of a general character of multi-dimensional core-collapse simulations.

We expect that a critical luminosity and accretion rate condition should also

apply for 3D simulations. In going from 1D to 2D simulations, the chance of

obtaining successful explosions by the neutrino mechanism is improved. Simi-

larly, we suspect that differences between 2D and 3D simulations will continue

the trend toward lower critical luminosities for higher dimensions. For example,

transport of matter through a convective region is sometimes modeled roughly

as diffusion. In 3D simulations, there are 3 degrees of freedom compared to 2

in 2D simulations. This increases the diffusive time by ∼50%. In addition, en-

ergy cascades from small to large scales in 2D simulations, while it cascades to

smaller scales in Nature and 3D simulations. The smaller scales in 3D simula-
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tions should further retard diffusion through the gain region. Both of these ef-

fects increase exposure to net heating and reduces the critical luminosity in 3D

simulations compared to 2D simulations, but whether these effects are relevant

in realistic simulations, in which advection and the SASI are key in the flow, will

be determined by future 3D radiation-hydrodynamic simulations.
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APPENDIX A

LINEAR PERTUBATION ANALYSIS

A.1 Dimensionless Equations and Numerical Technique

The most convenient and standard form in which to integrate the nonradial adi-

abatic oscillation equations is the dimensionless form. Following the convention

established by Dziembowski (1971) and described in detail by Unno et al. (1989),

the dimensionless independent variables are

y1 = ξr/r, (A.1)

y2 =

(

P ′

ρ
+ φ′

)

/gr, (A.2)

y3 = φ′/gr, (A.3)

y4 =
dφ′

dr
/g, (A.4)

and

y5 = σ2 =
ω2R3

GM
. (A.5)

The dimensionless coordinate is

x =
r

R
. (A.6)

Substitution of these variables into the nonradial, adiabatic oscillation equations

(eqs. (2.1), (2.2), and (2.3)) leads to

x
dy1

dx
= (Vg − 3)y1 +

(

l(l + 1)

c1y5
− Vg

)

y2 + Vgy3, (A.7)

x
dy2

dx
= (c1y5 − A∗)y1 + (A∗ − U + 1)y2 − A∗y3, (A.8)

x
dy3

dx
= (1 − U)y3 + y4, (A.9)
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and

x
dy4

dx
= UA∗y1 + UVgy2 + (l(l + 1) − UVg)y3 − Uy4. (A.10)

In equations (A.7), (A.8), (A.9), and (A.10), the dimensionless coefficients repre-

senting the stellar structure are

Vg =
V

Γ1
= − 1

Γ1

dlnP

dlnr
=
gr

c2s
, (A.11)

U =
dlnMr

dlnr
=

4πρr3

Mr
, (A.12)

c1 =
(r/R)3

Mr/M
, (A.13)

and

A∗ = −rA =
rN2

g
. (A.14)

The inner boundary conditions, eqs. (2.8) and (2.9), become

ly3 − y4 = 0 (A.15)

and
c1ω

2

l
y1 − y2 = 0. (A.16)

The outer boundary condition, eq. 2.10, is recast as

(l + 1)y3 + y4 = 0. (A.17)

The remaining outer boundary condition appears in various guises depending

upon the physical conditions assumed to be appropriate. For δP = 0, the condi-

tion is

y1 − y2 + y3 = 0, (A.18)

for a finite pressure boundary with an evanescent atmosphere it is,

y1

(

1 +

(

`(`+ 1)

σ2
− 4 − σ2

)

/V

)

− y2 + y3

(

1 +

(

`(`+ 1)

σ2
− `− 1

)

/V

)

= 0,

(A.19)
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or for either a more precise estimate of the evanescent atmosphere or an atmo-

sphere that allows for outward propagating p-waves, the outer boundary condi-

tion is
(

λ− − b11
b12

)

y1 − y2 −
(

α1(λ− − b11)

b12
− α2

)

y3 = 0, (A.20)

where

λ− = 1/2(Vg + A∗ − 2 − γ1/2), (A.21)

γ = (A∗ − Vg + 4)2 + 4(`(`+ 1)/σ2 − Vg)(σ
2 − A∗) (A.22)

b11 = Vg − 3, (A.23)

b12 =
`(`+ 1)

σ2
− Vg, (A.24)

b21 = σ2 − A∗, (A.25)

b22 = 1 + A∗, (A.26)

α1 =
b12A

∗ − Vg(b22 + `)

(b11 + `)(b22 + `) − b12b21
, (A.27)

and

α2 =
b21Vg −A∗(b11 + `)

(b11 + `)(b22 + `) − b12b21
. (A.28)

There are two basic schemes to practically solve such a boundary condition

problem (Press et al. 1995). The more stable method is to supply a guess, and then

iteratively relax to the solution with a relaxation method. However, a good guess

must be supplied for the relaxation method to quickly converge. An alternative

method of solving boundary value problems is the shooting method, which we

have employed. In this case, N1 initial boundary values are stated, leaving the

remaining Nb −N1 initial values as guesses, where Nb is the number of boundary

conditions for the problem. If the Nb −N1 final boundary values are not met, the

initial guesses are altered by an iteration method.
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We have tried two variants of the shooting method. A benefit of using the

shooting method is that it can be easily tailored to search for all eigenmodes

within the frequency range σ2
1 : σ2

2 . The two variants differ in how this is ac-

complished. Initially, we followed the prescription as outlined by Castor (1971)

and expanded upon by Unno et al. (1989) to use a discriminant in searching the

σ2 space. However, the particular discriminant chosen by those authors exhibits

pathologies in the realm of g-mode calculations of the cores of massive stars.

A less troublesome method is the following. Choose a value for σ2
i , which

may or may not be an eigenvalue. As in a standard shooting method, we inte-

grate from one boundary to the other. To avoid exponentially growing solutions

in the evanescent outer layer we begin our integration at the outer boundary

by supplying guesses for y1(R) and y3(R). The outer boundary conditions, eqs.

(A.17) and (A.20), are then used to determine the value for y2(R) and y4(R). Let

f1 and f2 equal the left side of the inner boundary conditions, eqs. (A.16) and

(A.16), respectively. If the guesses for σ2
i , y1(R), and y3(R), are exactly the eigen-

value and eigensolution, then f1 and f2 would be zero, by definition. However,

if the guess for σ2
i is the eigenvalue, but the guesses for y1(R), and y3(R) are not

the eigensolution, then they would have to be modified until f1 = 0 and f2 = 0

is satisfied. In other words, the following linear system of equations are to be

solved:

f1 = Ay1(R) +By3(R) = 0

f2 = Cy1(R) +Dy3(R) = 0.
(A.29)

This system is only true, however, if σ2
i is an eigenvalue. In addition, there is

a solution only if the determinant of the coefficients is zero. Consequently, the

determinant may be used as the discriminant:

Discr(σ2) = AD − BC. (A.30)
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The values for the coefficients are easily obtained. We set y1(R) = 1 and y3(R) = 0,

and this gives A = f1 and C = f2. Similarly, setting y1(R) = 0 and y3(R) = 1,

gives B = f1 and D = f2. For a range of values for σ2, we perform this

step until Discr(σ2) crosses zero, at which point we use Netwon-Raphson to

find the local root of Discr(σ2) and integrate one last time with y1(R) = 1 and

y3(R) = −y1(R)A/B. The result is that all of the eigenmodes and corresponding

eigensolutions are found within the search region.

A.2 Validation

To ensure the fidelity of our method of finding solutions to the nonradial adia-

batic oscillations equations, eqs. (A.7), (A.8), (A.9), and (A.10), we quantitatively

compare our results with solutions for the well studied case of the standard solar

model. J. Christensen-Dalsgaard has graciously provided public access to adi-

pack, a Fortran program tailored to solve the linear pulsation equations1. In-

cluded in the package are Gong data files for the standard model of the Sun.

Having files for the standard solar model and the eigensolutions from adipack,

we are able to easily compare our solutions with the adipack solutions.

For several low node order p- and g-modes, we compare the eigensolutions

and eigenvalues for ` = 1, 2, 3, 4, and 5 obtained by our numerical solutions and

those detemined by adipack. In general, the solutions agree to better than 0.1%.

Two other distinquishing features of our analysis that we have validated are

the timescales for growth or decay and the eigenfunction solutions in the pres-

ence of discontinuities in ρ, Ye, and entropy. In § 2.4.1 we have already shown that

analytic and order of magnitude arguments confirm the numerical timescales we

derive. To ensure that the discontinuities do not adversely affect the numerical

1http://astro.phys.au.dk/∼jcd/adipack.n/
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solutions to the nonraidal adiabatic equations we solve the equations with vary-

ing resolutions, which differ from the stellar model resolution. With finer resolu-

tion, the discontinuities become “resolved” numerically and the eigenvalue and

eigensolutions quickly asymptote to a particular set of eigenmodes.

Therefore, for the cores of massive stars, we are confident that we accurately

solve the nonradial adiabatic oscillation equations and determine their growth

and decay timescales.
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APPENDIX B

BETHE-HYDRO ADDENDUM

B.1 Hydrodynamic equations: Eulerian form

In Eulerian form, the equations for conservation of mass, momentum, and energy

are
∂ρ

∂t
+ ~∇ · (ρ~v) = 0 , (B.1)

∂(ρ~v)

∂t
+ ~∇ · (ρ~v~v) + ~∇P = −ρ~∇Φ , (B.2)

and
∂(ρε + 1/2ρv2)

∂t
+ ~∇ · [(ρε+ P + 1/2ρv2)~v] = −ρ~∇Φ · ~v . (B.3)

B.2 Volume and Weighted-Volume Integrals in 2D

In this appendix, we give the exact analytic volumes and weighted-volume inte-

grals in discrete form. Since we are dealing with 2D simulations all integrals are

2D integrals, and can be further reduced using Green’s formula to 1D boundary

integrals. For example, the volume of zone z in Cartesian coordinates is

∫

Vz

dV =
∮

∂Vz

xdy =
∑

e

1

2
(x1 + x2)(y2 − y1) (B.4)

or alternatively,

∫

Vz

dV = −
∮

∂Vz

ydx = −
∑

e

1

2
(y1 + y2)(x2 − x1) , (B.5)

where the direction of the boundary integral is clockwise, e indicates an edge of

the cell, and subscripts 1 and 2 represent the endpoints of edge e. In cylindrical

coordinates, the volume integral is

∫

Vz

dV = 2π
1

2

∮

∂Vz

r2dz = 2π
∑

e

1

6
(r2

1 + r1r2 + r2
2)(z2 − z1) . (B.6)



231

Throughout BETHE-hydro, integrals of linear functions produce volume in-

tegrals weighted by x or y. The discrete form of these integrals are

∫

Vz

xdV =
1

2

∮

∂Vz

x2dy =
∑

e

1

6
(x2

1 + x1x2 + x2
2)(y2 − y1) (B.7)

and
∫

Vz

ydV = −1

2

∮

∂Vz

y2dx = −
∑

e

1

6
(y2

1 + y1y2 + y2
2)(x2 − x1) . (B.8)

Using cylindrical coordinates these are

∫

Vz

rdV = 2π
1

3

∮

∂Vz

r3dz = 2π
∑

e

1

12
(r3

1 + r2
1r2 + r1r

2
2 + r3

2)(z2 − z1) (B.9)

and

∫

Vz
zdV = 2π 1

2

∮

∂Vz
r2zdz

= 2π
∑

e
1
6

[

(3
4
r2
2 + 1

2
r2r1 + 1

4
r2
1)(z2 − z1) + (r2

2 + r2r1 + r2
1)z1

]

(z2 − z1) .

(B.10)

Finally, for angular momentum remapping, we require integrals in cylindrical

coordinates weighted by r2:

∫

Vz

r2dV = 2π
1

4

∮

∂Vz

r4dz = 2π
∑

e

1

20
(r4

1 + r3
1r2 + r2

1r
2
2 + r1r

3
2 + r4

2)(z2 − z1) . (B.11)
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