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ABSTRACT 

  

Proper and precise interpretation of radio occultation soundings of planetary 

atmospheres requires understanding the signal amplitude and phase variations caused by 

random perturbations in the complex index of refraction caused by atmospheric 

turbulence.  This research focuses on understanding the turbulence and its impact on 

these soundings. 

From aircraft temperature, pressure and humidity measurements we obtained a 

parametric model for estimating the strength of the atmospheric turbulence in the 

troposphere.  We used high-resolution balloon measurements to understand the spatial 

spectrum of turbulence in the vertical dimension. 

We also review and extend electromagnetic scintillation theory to include a 

complex index of refraction of the propagating medium. In contrast to when the 

fluctuations in only the real component of the index of refraction are considered, this 

work quantifies how atmospheric turbulent eddies contribute to the signal amplitude and 

phase fluctuations and the amplitude frequency correlation function when the index of 

refraction is complex. The generalized expressions developed for determining the 

signal’s amplitude and phase fluctuations can be solved for planar, spherical or beam 

electromagnetic wave propagation. 

We then apply our mathematical model to the case of a plane wave propagating 

through a homogenous turbulence medium and estimate the amplitude variance for 

signals at various frequencies near the 22 GHz and 183 GHz water vapor absorption 
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features. The theoretical results predict the impact of random fluctuations in the 

absorption coefficient along the signal propagation path on the signal’s amplitude 

fluctuations. These results indicate that amplitude fluctuations arising from perturbations 

of the absorption field can be comparable to those when the medium has a purely real 

index of refraction. This clearly indicates that the differential optical depth approach 

devised by Kursinski et al. (2002) to ratio out the effects of turbulence on signals passing 

through a medium of a purely real index of refraction must be modified to include the 

effects of turbulent variations in the imaginary part of the refractivity. 
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1 INTRODUCTION 

1.1 The Radio Occultation Technique 

The active radio occultation technique has proven to be a useful tool for the 

sounding of planetary atmospheres. This method has been explained in several papers in 

the scientific literature, a good start is the work of Phinney and Anderson (1968). The 

technique dates back to the early 1960s when scientists from Stanford University and the 

Jet Propulsion Laboratory used the tracking and telemetry signals from the Mariners 3 

and 4 missions to probe the thermodynamic properties of the atmosphere of Mars (Kliore 

at al., 1964; 1965; Fjeldbo and Eshleman, 1968). As the electromagnetic signal slices 

through the atmosphere the observed bending angle, originating in the vertical gradient of 

the atmosphere’s index of refraction, can be converted into a profile of atmospheric 

refractivity by means of a mathematical Abel’s transform (Fjeldbo et al., 1971).  

The simultaneous detection of at least two signals at different frequencies helps to 

separate the effects of the dispersive ionosphere from the non-dispersive effects of the 

neutral atmosphere (Fjeldbo et al., 1965; Fjeldbo and Eshleman, 1968). In turn, the 

refractivity profile can be used to retrieve the electron density in the ionosphere, and 

together with the hydrostatic differential equation and the information from a boundary 

condition, the temperature, pressure, geopotential height and winds in the dry part of the 

atmosphere (Yunck et al., 2000a). In general since its inception, the radio occultation 

technique has proven to be a useful tool for the study of planetary atmospheres. In 

particular the technique has been applied to the study of the atmospheres of Mars (Kliore 

at al., 1964; 1965; Fjeldbo and Eschelman, 1968; Zhang et al., 1990, Hinson et al, 1999), 
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Venus (Fjeldbo et al., 1971; Zhang et al., 1990, Jenkins et al, 1994), Jupiter (Kliore et al., 

1974, Lindall and Eshleman, 1980), Saturn (Tyler et al., 1981; Conrath et al, 1984), and 

to the study of the atmosphere of Saturn’s moon Titan (Lunine et al, 1983; Bird et al., 

1997; Kliore, 2008).  On the study of the Earth’s atmosphere, the radio occultation 

technique by detection of microwave signals from the Global Positioning System (GPS) 

propagating through the limb of the atmosphere have also proven very successful 

(Kursinski et al., 1996; Ware et al., 1996; Wickert et al, 2001; Hajj et al., 2004, Anthes et 

al, 2008). A more complete historical account of the Radio Occultation technique can be 

found in the Doctoral Thesis of Foelsche (1999) and in the review of Yunck et al. 

(2000a). For an overview of the radio occultation technique, the discussion of spherical 

symmetry, the determination of the bending angle from the observed Doppler shift, the 

derivation of the atmospheric profiles in the Earth’s atmosphere and an extensive analysis 

of error sources see Kursinski et al. (1997). 

However, current radio occultation systems for the study of the Earth’s 

atmosphere are limited in their ability to retrieve the concentration of water vapor 

through the wet part of the atmosphere. In practice solving for the water vapor profile is 

only possible by bringing additional information from climatology, additional 

observations or weather analyses (Kursinski et al., 1997). This is of course not an 

optimum process since the climatology or models will bias the retrieval of atmospheric 

parameters and this most definitely prevents using the full potential of the radio 

occultation technique for monitoring the climate. The limitation of actual radio 

occultation systems to derive water vapor independent of models and/or climatology 
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arises from the fact the refractivity of air depends on both temperature and humidity and 

only one observable is available (Yunck et al., 1978); consequently, the profile of the real 

component of refractivity, obtained from the propagation of low frequency microwave 

signals, is not enough information to accurately solve for all parameters including the 

humidity profile. A way to overcome this limitation is to add a second observable 

consisting of the amplitude change of one or more radio occultation signals at a 

frequency selected within a suitable molecular water absorption band (Lusignan et al., 

1969). This method has been revisited in the work of Kursinski et al. (2002) who suggest 

monitoring signals near the 22 GHz and 183 GHz water vapor absorption lines. A radio 

occultation system with this capability is expected to provide sub-Kelvin accuracy in the 

retrieval of the temperature profile, individual water vapor profiles with accuracies in the 

range 0.5% to 3% and geopotential height accuracy in the range 10 m to 20 m, from 75 

km altitude to near the surface (Kursinski et al., 2002). 

The concept of adding additional signals that are sensitive to water vapor 

absorption has been central in the proposals for the sounding of the Earth atmosphere of 

AMORE (Yunck et al., 2000), ATOMS (Feng et al, 2000; Kursinski et al., 2002; Herman 

et al, 2004), ACE and ACE+ (Kirchengast and Hoeg, 2004) and ATOMMS (Kursinski et. 

el, 2008). 

However, the accuracy in the retrieval of the water vapor concentration as a 

function of altitude, or the concentration of another absorbing gas (depending on the 

signal frequency), is limited by random amplitude fluctuations (focusing and defocusing) 

of the detected radio occultation signal due to the density fluctuations caused by 
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atmospheric turbulence. Consequently, to infer the concentration of the absorbing gas 

along the path of the signal by using the change in amplitude of an electromagnetic 

signal, it is absolutely necessary to understand and finds ways to reduce the impact of 

signal amplitude fluctuations that originate in isotropic and anisotropic perturbations of 

the air index of refraction. 

1.2 Atmospheric Turbulence 

Turbulence is one of those difficult subjects of science. Lumley and Yaglom 

(2001) stated that in the last 100 years of research we have only produced a very few 

great hypotheses and most of the experiments are only of an exploratory nature. In this 

dissertation the main interest is on the turbulent generation of air density fluctuations that 

produce fluctuations in the index of refraction of air and affect the propagation of 

electromagnetic signals through the atmosphere. An understanding of index of refraction 

fluctuations largely began in 1941 with the research of Obukhov in Russia (see papers in 

1946, 1949, 1953) motivated by the need to understand the propagation of short waves 

through the atmosphere. This effort was carried further in the seminal work of Tatarski 

(1961) and benefited greatly from the Kolmogorov statistical hypotheses that described 

the inertial regime of turbulence at high Reynolds numbers (Kolmogorov, 1941; 1962). 

The analysis of the physical mechanisms responsible for the turbulence generation, as 

well as the techniques to measure it is out of the scope of this dissertation. Classical 

studies are those of Taylor (1915), Prandtl (1932) and the most recent textbook on 

Turbulence of Frisch (2006). Recent efforts to monitor turbulence utilizing standard 

sensors available in commercial aircrafts are included in the work of Cornman et al. 
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(1995), and the climatology of upper troposphere-lower stratosphere turbulence can be 

found in the works of Frehlich and Sharman (2004), from the analysis of data gathered 

with sensors in commercial aircrafts, or from reanalysis in the work of Jaeger and 

Sprengler (2007). 

Important contributions toward understanding the amplitude fluctuations of 

microwave occultation signals caused by perturbations introduced in the real component 

of the air index of refraction can be found in the works of Woo et al. (1980), Yakovlev et 

al. (1995; 2003), Martini et al. (2006) and Gorbunov and Kirchengast (2007). A great 

deal of the theory on amplitude and phase fluctuations arising from the perturbations in 

the real component of the air index of refraction was covered in the seminal work of 

Tatarski (see for instance Tatarski, 1961). The main contribution of this work is to 

develop a model that can be used to compute the level of amplitude fluctuations of 

microwave radio occultation signals when propagating through a turbulent, absorbing 

medium, i.e. amplitude fluctuations arising from fluctuations in the imaginary part of the 

index of refraction due to turbulence. A good understanding of the amplitude fluctuations 

of the radio occultation signals enables development of methods to mitigate the effect of 

turbulence in the main observables with the goal of monitoring the thermodynamic 

quantities of the atmosphere as well as the concentration of important gases such as water 

vapor and ozone with enough accuracy to allow for long-term studies of the Earth's 

climate. Yet, the radio occultation systems work on the other hand as a scintillometer (see 

for instance Figure 4 in Sokolovskiy et al., 2007) with truly global coverage and as such 

become relevant for the study of atmospheric turbulence including its production, 
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dissipation and trends that will strongly impact our understanding of transfer of 

momentum, heat and dynamics of the Earth atmosphere.  

1.3 Objectives of this study 

A radio occultation system including the propagation of several signals at 

frequencies within the absorption bands of water vapor near 22.2 GHz and 183.3 GHz, as 

well as ozone at 195.4 GHz have been proposed in the work of Kursinski et al. (2002). 

That study also suggests differential optical depth measurements to be a key factor in 

controlling the impact of turbulence in the performance of the radio occultation system. 

This concept has evolved to the proposal of the Active Temperature, Ozone and Moisture 

Microwave Spectrometer (ATOMMS) explained in Kursinski et al. (2008a). 

The main contribution of this work is on understanding how turbulence in an 

absorbing medium produces random fluctuations of amplitude and phase of an 

electromagnetic signal propagating through the turbulent medium. In this regard, a 

relationship for estimating the structure constant of the wet component of the air 

refractive index is presented in Chapter 2. This relationship is derived on both theoretical 

and empirical bases with the analysis of thermodynamic data obtained at various altitude 

levels in the atmosphere with the help of the NSF/NCAR Gulfstream V (GV) research 

aircraft and the ELECTRA (during the TOGA/COARE mission) aircrafts. The data 

analyzed in this study come from flight-path sections of constant bearing and nearly 

constant pressure level. This relationship is useful for estimating amplitude fluctuations 

of microwave and millimeter wavelength signals propagating through the lower 

atmosphere. In particular, this relationship is currently being utilized to understand the 
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effect of atmospheric turbulence in the performance of a new generation radio occultation 

technique to probe the Earth atmosphere using electromagnetic signals at frequencies 

higher than the GPS Radio Occultation system and which are sensitive to water vapor 

absorption. The turbulence model found in this study is used for the estimation of the 

standard deviation in the log-amplitude fluctuations of a 20 GHz microwave signal 

propagating through the Earth’s atmosphere in a Radio Occultation geometry. 

Chapter 3 focuses on the power spectral density of the index of refraction of air in 

the vertical dimension. High vertical resolution atmospheric soundings have been used to 

calculate the air refractive index profile and its power spectral density (PSD) in two 

sections of the atmosphere, namely the lower troposphere (LT) from 1 km to 6 km 

altitude and the upper troposphere-lower stratosphere (UTLS) from 6 km to 15 km 

altitude, respectively. This work includes the analysis of the soundings gathered at an 

equatorial oceanic station (Nauru) in 2005, and a subtropical location station (Fort 

Worth) in 2006. The results of the analyses shows that the air refractive index, one-

dimensional PSD, in the UTLS can be explained by two inertial regimes with power law 

index of -5/3 (Kolmogorov) at the small scales region and a -3 power law index at the 

longer scales region, respectively. While the one-dimensional PSD of air refractive index 

in the LT is in most cases explained by a single power law function with a power law 

index of -3, it is occasionally possible to get a PSD that shows two inertial regimes, as 

seen in the UTLS. However, in this second case the power law index at the small scales is 

of -2 which might be the evidence of sharp changes in the index of refraction profile. The 



 24 

two-inertial regime in the PSD is typical of air refractive index variability dominated by 

temperature fluctuations. 

Chapter 4 revisits the electromagnetic scintillation theory, in particular following 

closely the approach used in Wheelon (2003). The important goal is to extend the theory 

to account for the random turbulent fluctuations in both the real and imaginary parts of 

the complex dielectric properties of the medium. The analysis leads to the derivation of 

generalized mathematical models for determining the signal’s amplitude and phase 

fluctuations accounting for the complex nature of the index of refraction of the 

propagating medium. Including turbulent fluctuations in the imaginary part of the index 

of refraction increases the expected signal amplitude fluctuations relative to including 

only the real component of the index of refraction.  This analysis shows that large scale 

turbulent eddies play an important role. The physical implications of the generalized 

models for the determination of the amplitude and phase fluctuations are discussed as 

well as the dependence of atmospheric scintillation on Frequency of the signal traversing 

the turbulence medium. 

Applications and discussion of physical aspects are examined in Chapter 5, 

Chapter 6 includes the overall conclusions of this dissertation as well as the tasks to be 

addressed in future works. 
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2 ON THE STRUCTURE-FUNCTION CONSTANT OF THE WET 

COMPONENT OF ATMOSPHERIC INDEX OF REFRACTION 

2.1 Introduction to the problem 

Typically, sounding of an atmosphere by means of the radio occultation technique 

consists of converting the observed bending-angle of the electromagnetic signal path as a 

function of altitude via an Abel transform into a profile of air refractivity (Fjeldbo et al., 

1971).  In a last step, the refractivity profile is used to obtain the electron density ne in the 

ionosphere region, and together with the hydrostatic differential equation and the 

information from a boundary condition, the air temperature 

€ 

T  and pressure 

€ 

P  are also 

obtained through the stratosphere down to the upper troposphere. For details of the 

retrieval process see Kursinski et al. (1997). The mid to upper stratosphere is a section of 

the atmosphere where the humidity contribution to air refractivity is small and, depending 

on the accuracy required for the determination of the temperature and pressure profiles, it 

can be considered essentially negligible. 

However, in Earth’s troposphere the air refractivity depends on both the air 

temperature and humidity as shown in Equation 2.1. 

 

€ 

N = k1
Pd
T

+ k2
Pw
T

+ k3
Pw
T 2

 
 
 

 
 
 

= Nd + Nw   (2.1) 

Here N represents the air refractive index 

€ 

n at the part-per-million (ppm) level, 

€ 

N = (n −1) ×106. 

€ 

Pd  is the partial pressure of the dry atmosphere in hPa, 

€ 

T  is the air 

temperature in K, 

€ 

Pw  is the partial pressure of the water vapor in hPa, and the constants 
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are: 

€ 

k1  = 77.6890 K hPa-1, 

€ 

k2 = 71.2952 K hPa-1 and 

€ 

k3 = 375463 K hPa-1, respectively. 

The first term on the right side of Equation 2.1 accounts for the contribution of the dry 

atmosphere to the total air refractivity, 

€ 

Nd , and the terms within curly brackets 

correspond to the contribution of the humid atmosphere to the total air refractivity, 

€ 

Nw , 

which originate from the contribution of water vapor density and the permanent dipole of 

the water vapor molecules. The constants are the 'best average' and the dry term account 

for a concentration of 375 ppm of CO2 in the atmosphere (Rüeger, 2002).  

Atmospheric turbulence is responsible for fluctuations in the air index of 

refraction in the atmosphere through the mixing of eddies of different thermodynamic 

properties. Consequently, the variance in the air index of refraction can be related to the 

variance induced by turbulence on its dry and wet components  (see for instance, Peltier 

and Wyngaard, 1995). The scientific literature includes models of 

€ 

CT
2 and 

€ 

Cq
2 , structure-

function constants for atmospheric temperature and specific humidity in the atmosphere 

boundary layer, derived from the principles established in the Monin-Obukhov similarity 

theory (Obukhov, 1946; Monin and Obukhov, 1954) as well as in the works of Wyngaard 

and Coté (1971), Wyngaard et al.(1978), Peltier and Wyngaard (1995) and from diffusion 

principles in the work of Fairall (1987). 

In this work the focus is on the determination of the air refractive index structure-

function constant in the troposphere, as this is essential for the study of amplitude 

fluctuations in the propagation of radio occultation signals through this turbulent region 

of the atmosphere. Our basic assumption is that in the troposphere, fluctuations in the air 

index of refraction are dominated by fluctuations in the wet-component 

€ 

Nw  of the air 
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refractivity. Figure 2.1 shows the 

€ 

δNw
δNd

ratio as function of pressure level produced 

from the analysis of data available to this study. It is clear that our assumption is valid in 

the section of the atmosphere at pressure levels higher than ~400 hPa (below the 7 km 

altitude), where as shown in Figure 2.1 fluctuations in the wet-component of refractivity 

of air are in average about 10 times larger than the fluctuations in the dry component of 

refractivity. 
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Figure 2.1 Ratio in the fluctuations of the wet-component to that of dry-component of air 

refractivity as function of pressure from data gathered with the Gulfstream V aircraft (at 

pressures lower than 400 hPa) and with the ELECTRA aircraft (at pressures higher than 

400 hPa). The black dash line shows the ratio of 10. 
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The total 

€ 

Cn
2 profile can be understood as the sum of three terms, 

€ 

Cnd
2 , 

€ 

Cnw
2 , and 

€ 

Cndnw , which are the contributions to the total turbulence strength arising from 

perturbations in the dry and wet components of the air index of refraction and the joint 

structure parameter, respectively. In the lower atmosphere, it can be assumed that 

€ 

Cn
2  can 

be represented to a good degree by 

€ 

Cnw
2 . This work shows the empirical derivation and 

analytical confirmation of a model for the determination of 

€ 

Cnw
2  that can be used to 

estimate the strength of the turbulence in the troposphere, dominated by fluctuations in 

the humidity field.  This model has been derived from the analysis of thermodynamic 

data obtained at various altitude levels in the atmosphere with the help of the NSF/NCAR 

Gulfstream V (GV) research aircraft also known as the High-Performance Instrumented 

Airborne Platform for Environmental Research (HIAPER) and the ELECTRA (during the 

TOGA/COARE mission) aircrafts. The model is currently used in an ongoing study 

intended to estimate the amplitude fluctuations in the ATOMMS (Kursinski et al., 2008) 

radio occultation signals as function of the strength of atmospheric turbulence. 

2.2 Description of the Data 

The data available for this work comes from the sampling of the temperature, and 

humidity fields by instrumented aircraft over flight paths at near constant pressure levels 

and constant bearing.  Specifically, the data used in this study comes from the following 

experiments. 



 29 

2.2.1 The Gulfstream V (GV) Data 

GV aircraft data obtained during the Stratosphere-Troposphere Analyses of 

Regional Transport (START) experiment (Pan et al., 2007; Bowman et al., 2007) was 

made available for this study. The data correspond to that gathered in flight 5 of the GV 

aircraft on December 9, 2005. The aircraft took off from Jefferson County Airport near 

Boulder, Colorado and flew two counterclockwise circuits in a roughly triangular path 

over the states of Colorado and Arizona; the trajectory of the flight is depicted in Figure 3 

of Bowman et al. (2007). This data-set comprises several pressure levels in the region 

from 590 hPa to 275 hPa, 4500 m to 11100 m altitude. The sensors on board of GV 

aircraft and their main parameters, which are relevant for this study, are those listed in 

Table 2.1. The time resolution of the measurements is 1 s, which translates into a spatial 

resolution of about 220 m along the flight path. The time intervals at which GV flew at 

constant bearing and constant pressure level are listed in Table 2.2.  

A sample of the time series of the data gathered with the GV instruments along 

section 2C, at a mean altitude of 9450 m, is shown in Figure 2.2. The mean pressure and 

temperature levels of section 2C are 287.56 hPa and 222.7 K, respectively. The 

€ 

1σ  

standard deviation in the barometric pressure data series is of 0.057 hPa. The mean air 

density at this pressure and temperature level is of 0.45 Kg m3; therefore, the change in 

altitude corresponding to this 

€ 

1σ  pressure variation is of about 1.3 m. The peak-to-peak 

pressure fluctuation, of 0.65 hPa, corresponds to an altitude fluctuation of about 15 m.  

The smoothing in the dew-point temperature measured by the 1011C chilled-

mirror hygrometer (see Figure 2.2.c) is readily apparent and due to the horizontal 
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averaging associated with its slow temporal response. However, the long-term stability of 

this instrument is superior to that of the faster open-path absorption infrared hygrometers 

(see Figure 2.3.c). The time lag between the chilled-mirror and the open-path absorption 

infrared (see Figure 2.3.a) was determined by cross-correlation of the humidity data from 

both instruments. In a second step, the output of the chilled-mirror hygrometer was used 

to calibrate the absolute magnitude of the fast time response open-path absorption 

infrared hygrometer. Finally, the corrected open-path absorption infrared hygrometer data 

was used in this study in the determination of the air index of refraction. 
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Figure 2.2 Raw data observed with the Gulfstream V (GV) aircraft instruments along 

section 2C (Table 2.2). 
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Table 2.1 Subset of the Gulfstream V (GV) aircraft sensors used in this research and their 

main parameters. 
Variable Instrument Range Resolution Accuracy Response 

time 
Ambient air 
Temperature 

Rosemount Sensor, 
Model 102AL TAT 

-80 to +40 ˚C 0.006 ˚C ± 0.5 ˚C 0.02 s 

Ambient 
pressure 

Paroscientific Model 
1000 Digiquartz 
Transducer 

50 to 1085 hPa 1x10-5 hPa ± 0.1 hPa 0.02 s 

Humidity Buck Research 
Model 1011C 
hygrometer 

-75 to +50 ˚C 0.006 ˚C ± 0.5 ˚C (Tdp > 0 
˚C) 
± 1.0 ˚C (Tdp < 0 
˚C) 

0.2 - 10 s 

Humidity Spectrasensors Open 
Path TDL 
absorption 
hygrometer 

0.001 to 10 g m-3 2x10-4 g m-3 5 to 10% 1 s 

 

Table 2.2 GV: Sections of data extracted for analysis. 

Section Start Time 
UT 

End Time 
UT 

Total Length, km Mean Altitude, 
m 

1A 18.7022 19.1100 367.4 9145 
1B 19.1330 19.2823 134.0 “ 
1C 19.3092 19.5500 154.0 “ 
1D 19.5500 19.8720 285.0 “ 
2A 19.9250 20.0557 118.0 9450 
2B 20.0923 20.4633 334.0 “ 
2C 20.4633 20.9788 464.0 “ 
2D 21.0047 21.4210 375.0 “ 
3A 21.4978 21.9521 410.0 11064 
3B 21.9602 22.0495 80.0 “ 
3C 22.1671 22.4144 222.0 “ 
3D 22.4147 22.5261 100.0 “ 
3E 22.5261 22.8121 257.0 “ 
4A 22.8628 22.9520 80.0 10669 
4B 23.3346 23.7420 366.0 “ 
4C 23.7493 23.9793 208.0 “ 
5A 24.4386 24.5750 123.0 4576 
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Figure 2.3 (a) Original Gulfstream V (GV) hygrometers data series, (b) The chilled-

mirror hygrometer data series shifted 6.4 Km to the left (cross-correlation gave a lag-time 

of 28 s), (c) Ratio of the open-path absorption hygrometer to the chilled-mirror 

hygrometer. 

 

2.2.2 The ELECTRA Data, from TOGA/COARE Mission 

The available GV aircraft data spans levels from 4600 m to 11100 m altitude. In 

order to obtain information on the air refractivity at lower elevations we used data from 

the Tropical Ocean-Global Atmosphere Coupled Ocean-Atmosphere Response 

Experiment (TOGA/COARE). This mission is tied to the response of global atmospheric 
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circulation to sea surface temperature variations in the tropical Pacific Ocean (Webster 

and Lukas, 1992; Halpern, 1996). 

Data from the TOGA/COARE mission is available upon request from the 

Research Aviation Facility (RAF), which is part of the Earth Observing Laboratory 

(EOL) of the National Center for Atmospheric Research (NCAR).  Summaries of the 

daily missions are given in Yuter et al. (1995). TOGA/COARE gathered data from 

multiple platforms, in particular from the instruments onboard the Lockheed L-188C 

ELECTRA (Tail Number N308D) aircraft. The ELECTRA aircraft gathered data at 

various pressure levels in the range from 1000 hPa to 447 hPa, from near surface to about 

6900 m altitude. The instruments used for this study are those listed in Table 2.3. The 

mean ground speed of the aircraft is about 100 m s-1. Consequently, those instruments 

with a 0.05 s time resolution imply a spatial resolution of 5 m and those with a 1 Hz 

sampling provide a spatial resolution of about 100 m along the flight path, respectively. 

The datasets at which the ELECTRA aircraft flew at constant bearing and constant 

pressure level and which are used in this work are those listed in Table 2.4. A sample of 

the time series of the data gathered with ELECTRA instruments along section RF31-6A, 

at a mean altitude of 3227 m, is shown in Figure 2.4. 
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Figure 2.4 Raw data observed with ELECTRA instruments along section RF31-6A 

(Table 2.4). 

2.3 Determination of the air refractive index structure-function constant in the low to 

mid troposphere. 

Atmospheric turbulence includes large scale eddies that introduce 

inhomogeneities and anisotropies in the atmospheric fields causing them to be non-

stationary (i.e. the mean value of the field depends on time or spatial scales). Under these 

conditions, in analyzing the temporal or spatial structure of the atmospheric fields, such 

as the air refractive index, it is convenient to use the structure function method. This 
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method is appropriate because the difference between the field values at two points (in 

time or space) is affected by inhomogeneities of scale smaller than the separation 

between the two points, and if the separation of the two points is not too large then it will 

not be affected by the large-scale fluctuations of the field (Tatarski, 1961). Equation 2.2 

shows the definition of the air index of refraction structure function and can be 

understood as the two-point variance in the field variable as a function of only the two-

point separation 

€ 

δ  in space.  

 

€ 

Dn δ( ) = n r + δ( ) − n r( )
2
≡ Cn

2 ⋅ δα  (2.2) 

The structure function can provide information on the transfer of energy from the 

large scales (high Reynolds numbers, outer scale of the turbulence) down to the small 

scales (low Reynolds number, inner scale of the turbulence) where molecular viscosity 

finally dissipates the energy. The spatial scales in the range from the outer to the inner 

scale of the isotropic turbulence correspond to the inertial range. Kolmogorov (1941) 

showed that for locally homogenous and isotropic turbulence the energy cascaded from 

the large to the small scales, given by the structure function, follows a power-law with 

exponent 

€ 

α = 2 3. The situation described here is well illustrated in Figure 2.5 that 

includes the following information:  Figure 2.5.a shows the real part of air refractivity 

calculated using Equation 2.1 and using the data observed along the GV flight path 

section-1A. This section of the data is of approximately 370 km in length and it shows 

signs of non-stationary behavior along the path. Figure 2.5.b shows the refractivity 

profile after removing a low-frequency baseline that accounts for the non-stationarity 

effect. Finally, Figure 2.5.c shows the air refractive index structure function calculated by 
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means of Equation 2.2 for the data series shown in Figures 2.5.a (black) and 2.5.b (red), 

respectively. This figure shows that both structure functions follow each other very well 

up to scales in the order of 40 km, at which point the distance between pair of points 

become large enough as to be able to see the effects of the large scale inhomogeneities in 

the total variance. 
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Figure 2.5  (a) Air Refractivity along Section-1A (see Table 2.2) of the Gulfstream V 

(GV) flight path, (b) Air refractivity anomaly after removal of the low frequency 

fluctuation, (c) Structure functions for air-refractive-index (black) and air-refractive-

index anomalies (red).  

 

The structure function for the total air index of refraction 

€ 

n  and wet 

(

€ 

nw = Nw
106 ) component was obtained for each of the GV and ELECTRA flight path 

sections shown in Tables 2.2 and 2.4. A least-square fit of a power law function was 
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performed to the inertial range of each of the structure functions. The fit process allowed 

the determination of the power-law structure constant and power-law index for each case. 

The results, are shown in Tables 2.5 and 2.6 for the GV data and in Tables 2.7 and 2.8 for 

the ELECTRA data including the spatial average and standard deviation for the wet-

component of air index of refraction and total index of refraction, respectively.  

 

Table 2.3 Subset of the ELECTRA (N308D) aircraft sensors used in this research and 

their main parameters. 
Variable Instrument Range Resolution Accuracy Time 

Resolution 
Ambient Air 
Temperature 

Platinum resistance 
Rosemount, Inc. 
Model 102E2AL 

-60 to +40 ˚C 0.006 ˚C ± 0.5 ˚C 0.05 s 

Ambient 
Pressure 

Variable capacitance 
Rosemount, Inc. 
Model 1201F 

250-1035 hPa 0.07 hPa ± 1 hPa 0.05 s 

Humidity Thermoelectric 
hygrometer, General 
Eastern Model 
1011B 

-65 to +50 ˚C 0.2% ± 0.5 ˚C (Tdp > 0 
˚C) 
± 1.0 ˚C (Tdp < 0 
˚C) 

1 s 

Humidity Lyman-a 
hygrometer NCAR 
Developed LA-3 

0.1 to 25 g m-3 0.2% ± 5 % 0.05 s 

 

In those cases where the power-law exponent 

€ 

α  was found to be within 30% of 

the 2/3-Kolmogorov power-law index, the fit to the structure function was done again.  

This time the fit was done by fixing the power-law exponent to a value of 2/3 and solving 

only for the structure constants 

€ 

Cnw
2  and 

€ 

Cn
2 , respectively. The results are shown in 

columns (4) and (5) in Tables 2.5, 2.6, 2.7 and 2.8. These results indicate most of the 

cases under analysis give a power-law exponent close to the one predicted by the 

Kolmogorov theory. 
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Table 2.4 TOGA/COARE: Sections of data extracted for analysis. 

Section Date Start Time 
UT 

End Time 
UT 

Total 
Length, Km 

Mean 
Altitude, m 

RF08-1A 12/6/1992 22.3187 22.5898 97.6 6950 
RF08-1B  21.8501 22.2702 151.2 6950 
RF08-1C  18.2050 18.6261 151.6 5190 
RF08-1D  17.3789 18.1753 286.7 5190 
RF08-1E  20.5023 20.7743 97.9 161- 
RF08-1F  19.9420 20.3695 153.9 421 
RF08-1G  19.4764 19.8931 150.0 150 
RF08-1H  19.0192 19.4048 138.8 90 
RF13-2A 12/13/1992 21.7284 22.5290 288.2 6950 
RF13-2B  17.3459 17.8151 168.9 5190 
RF13-2C  18.2730 18.6635 140.6 2855 
RF13-2D  20.3000 -  1612 
RF13-2E  - 20.6812  1612 
RF14-3A 12/14/1992 18.7690 19.1414 134.1 3227 
RF14-3B  18.2056 18.6799 170.7 3227 
RF14-3C  17.4990 17.8650 131.8 3227 
RF14-3D  17.2062 17.4990 105.4 3227 
RF15-4A 12/15/1992 21.9652 22.6043 230.1 5555 
RF15-4B  17.3712 18.0424 241.6 5191 
RF15-4C  19.1175 19.4150 107.1 3239 
RF15-4D  18.7849 -  3239 
RF15-4E  - 19.0471  3239 
RF28-5A 2/6/1993 20.1248 21.1490 368.7 3190 
RF31-6A 2/17/1993 23.9845 (02.0098) 

2/18/1993 
481.3 3227 

 

2.4 Simple model for 

€ 

Cnw
2  as a function of 

€ 

Nw  

In formulating a model to estimate the strength of the turbulence in the 

troposphere, we started with the assumption that the fluctuations in the wet-component of 

the air refractivity should have a functional dependence on the absolute value of humidity 

along a given path. This because the larger the magnitude of humidity the larger the range 
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for the humidity field to fluctuate along the given path under the effect of turbulent 

mixing. This hypothesis was tested with help of the GV and ELECTRA data shown in the 

previous section. Figure 2.6 shows, in log-log space, the wet-refractive-index structure-

function constant 

€ 

Cnw
2  versus the mean value of the wet-component of refractivity along a 

horizontal path through the atmosphere using the data from columns 5 and 6 in Tables 2.5 

through 2.8 that can be found at the end of this chapter. 

10!2 10!1 100 101 10210!22

10!20

10!18

10!16

10!14

10!12

 <Nw>, ppm
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n 

W

2
 , 

m
!2

/ 3
 

(B)

(A)

 
Figure 2.6 Relationship between the structure constant of the wet-component of air 

refractive index at radio-wavelengths 

€ 

Cnw
2 and the mean value of wet-refractivity 

€ 

Nw along the path of the aircrafts in the (A) Gulfstream V (GV) and (B) ELECTRA 

datasets.  
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Despite the scattering, Figure 2.6 suggests a power-law functional dependence 

between 

€ 

Cnw
2  and the mean value of the wet-component of air refractivity 

€ 

Nw . The 

least-square fit to the data points is given in Equation 2.3 and is shown by the dash-line in 

Figure 2.6. The scatter of the data points in Figure 2.6 is an indication of the spread in 

atmospheric conditions. The spread in the structure constant levels on the order of a 

magnitude of 10 translates in a fluctuation in the order of ±3 in terms of standard 

deviation. 

 

€ 

Cnw
2 =1.06 ×10−17 ⋅ Nw

1.9 (2.3) 

2.5 Analytical derivation of a model for the determination of 

€ 

Cnw
2  as function of 

€ 

Nw         

An analytical model to explain the power-law functional dependence between 

€ 

Cnw
2  and 

€ 

Nw  has been found by starting from the air refractivity equation at radio-

wavelengths shown in Equation 2.1. Taking partial derivatives of this equation with 

respect to the temperature and water vapor partial pressure variables, it can be shown that 

the square of the fluctuations in the wet-component of the air-refractivity along a given 

path is given by Equation 2.7 and depends on the following terms:  the square of the 

mean value of wet-refractivity, square of the fractional change in temperature, square of 

the fractional change in partial pressure of water vapor, as well as product of fractional 

change in temperature and humidity  along the atmospheric path, respectively.  
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A small perturbation in the wet component of air refractivity can be expressed in 

terms of small perturbations in the water vapor and temperature fields by taking partial 

derivatives of the expression within curly brackets in Equation 2.1. 

 

€ 

δNw = k2
Pw
T
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  (2.4) 

The terms in Equation 2.4 can be arranged in the following way: 
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  (2.5) 

The Expressions in curly brackets in Equation 2.5 correspond to the wet-

component of air refractivity 

€ 

Nw  (see Equation 2.1). The last term in Equation 2.5 

accounts only for the contribution to the wet refractivity arising from the dipole term. 

This term is the dominant term in the wet component of air refractivity. It can be shown 

that the ratio (in percentage) between the first and second terms in wet-refractivity is 

given by the expression 

€ 

100 k2 k3
 
 
  

 
 ⋅T . Replacing the constants 

€ 

k2  and 

€ 

k3  leads to the 

conclusion that the water vapor density term accounts for only about 5% of the total wet-

component of air refractivity in the range of temperatures found in the atmosphere. 

Therefore, the term in round brackets in Equation 2.5 can be taken approximately as 

€ 

Nw  

within 5% accuracy. Hence, the variation in wet-refractivity can be written in terms of the 

fractional changes in water vapor pressure and temperature as shown in Equation 2.6. 

 

€ 

δNw = Nw
δPw
Pw

− 2δT
T

 
 
 

 
 
 

 (2.6) 
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The total variance of the wet refractivity fluctuations along a given path through 

the atmosphere can be obtained by ensemble average of the square of the fractional 

changes in the partial pressure of water vapor and that of temperature as given in 

Equation 2.7. 

 

€ 

δNw
2 = Nw

2 δPw
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 (2.7 

Starting from Equation 2.7 and recalling that the total variance of a statistical 

variable can be obtained by integration of the corresponding Power Spectral Density 

(PSD) function, it is possible to write the following expression for the total variance of 

the wet refractivity fluctuations along a given path. 

 

€ 

δNw
2 = ΦNw

κ( )dκ = Nw
2

Φ fPw
κ( )dκ

κ1

κ 2

∫ + 4 Φ fT κ( )dκ
κ1

κ 2

∫ − 4 Φ fPw fT
dκ

κ1

κ 2

∫
 
 
 

  

 
 
 

  κ1

κ 2

∫  (2.8) 

In the expression above 

€ 

Φ fPw
κ( ) , 

€ 

Φ fT κ( )  and 

€ 

Φ fPw fT
κ( )  correspond to the PSD 

functions of fractional water vapor pressure and temperature, as well as the PSD of the 

cospectrum of the fractional changes in water vapor and temperature, respectively. 

€ 

κ  is 

the spatial wavenumber along the horizontal axis, 

€ 

κ1 and 

€ 

κ2  are the wave-numbers that 

define the integration range contributing to the wet-refractivity variance 

€ 

δNw
2 . Taking 

the fractional changes in water vapor pressure, temperature and their product as 

conservative, passive additives, it can be assumed that their PSD can be represented as a 

function of their corresponding structure constants, spatial wavenumber 

€ 

κ , as well as a 

function of the inner 

€ 

l0  and outer 

€ 

L0 scales of the turbulence. Therefore, under similarity 

arguments and assuming the scales of the turbulence are the same for all the involved 
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statistical variables leads to the relation between the wet component of air refractivity 

structure constant and that of the fractional changes in humidity, temperature and their 

cross-term as shown in Equation 2.9. The factor 10-12 was added to obtain the structure 

constant for the wet component of the air index of refraction. The GV and ELECTRA 

datasets available for this study, described earlier in sections 2.1.1 and 2.1.2, were used to 

evaluate the expressions within curly brackets in Equation 2.9 given a median value of 

8x10-6. This analytical expression confirms the empirical relationship between 

€ 

Cnw
2  and 

€ 

Nw  derived from the best fit to the data in Figure 2.6.  

 

€ 

Cnw
2 = Nw

2 CfPw
2 + 4CfT

2 − 4CfPw fT{ } ⋅1×10−12 = 8 ×10−18 Nw
2  (2.9) 

The model shown in Equation 2.9 provides a useful tool to estimate the strength 

of the turbulent fluctuations in the air index of refraction in the troposphere where the 

fluctuations are dominated by variations in the humidity field. The important physical 

conclusion of this relationship arises from the fact the structure-function constant is a 

function of the wet component of refractivity. It then provides a way to estimate the 

strength of the fluctuations in the air index of refraction as function of altitude accounting 

for latitudinal and seasonal effects through the value of wet refractivity. 



 44 

Table 2.5 Gulfstream V (GV): Power law function coefficients of the wet component of 

air index of refraction 

€ 

nw. 

Section 
 

(1) 

€ 

α  
 

(2) 

€ 

Cnw
2  

m-2/3 

(3) 

€ 

α  
 

(4) 

€ 

Cnw
2  

m-2/3 

(5) 

€ 

Nw  
ppm 
(6) 

€ 

σNw
 

ppm 
(7) 

1A 0.699 1.881x10-18 2/3 2.355x10-18 0.260 0.0650 
1B 0.599 2.087x10-18 2/3 1.300x10-18 0.279 0.0330 
1C - - - -   
1D 0.729 2.706x10-19 2/3 4.193x10-19 0.089 0.0340 
2A 0.832 2.106x10-18 2/3 6.679x10-18 0.139 0.0336 
2B 0.945 5.425x10-19 - - 0.111 0.0454 
2C 0.676 5.121x10-20 2/3 1.081x10-19 0.076 0.0289 
2D - - - - 0.077 0.0181 
3A 1.034 8.215x10-22 - - 0.035 0.0023 
3B 1.384 5.727x10-22 [5/3] 8.377x10-23 0.047 0.0044 
3C 1.193 9.313x10-22 [5/3] 3.650x10-23 0.034 0.0035 
3D 0.880 1.936x10-21 2/3 8.315x10-21 0.027 0.0043 
3E 0.590 5.719x10-21 2/3 3.381x10-21 0.026 0.0036 
4A 0.290 2.816x10-20 - - 0.039 0.0007 
4B 1.113 9.619x10-22 [5/3] 2.219x10-23 0.039 0.0044 
4C 0.726 5.537x10-21 2/3 8.316x10-21 0.041 0.0029 
5A 1.550 2.217x10-17 [5/3] 1.005x10-17 6.671 2.3326 

 

Table 2.6 Gulfstream V (GV): Power law function coefficients of total air index of 

refraction 

€ 

n. 
Section 

 
(1) 

€ 

α  
 

(2) 

€ 

Cn
2  

m-2/3 

(3) 

€ 

α  
 

(4) 

€ 

Cn
2  

m-2/3 

(5) 

€ 

N  
ppm 
(6) 

€ 

σN  
ppm 
(7) 

1A 0.590 4.438x10-17 2/3 2.591x10-17 103.407 0.1834 
1B 0.310 3.466x10-16 - - 103.630 0.0723 
1C - - - - - - 
1D 0.562 1.726x10-17 2/3 8.309x10-18 104.184 0.0759 
2A 0.731 2.775x10-17 2/3 4.340x10-17 100.988 0.0955 
2B 0.510 9.844x10-17 2/3 3.392x10-17 100.833 0.1316 
2C 0.646 3.017x10-17 2/3 2.609x10-17 100.376 0.2466 
2D - - - - - - 
3A 1.136 1.564x10-19 - - 83.826 0.0656 
3B 1.431 1.134x10-19 - - 84.046 0.0896 
3C 1.325 1.161x10-19 - - 84.129 0.1499 
3D 1.246 3.240x10-19 - - 83.654 0.2309 
3E 1.098 1.375x10-18 - - 83.943 0.3749 
4A 0.876 7.127x10-18 2/3 2.965x10-17 87.779 0.0918 
4B 0.892 5.247x10-18 2/3 2.435x10-17 87.298 0.1648 
4C - - - - 86.997 0.0623 
5A 1.573 2.092x10-17 - - 174.959 2.4379 
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Table 2.7 ELECTRA: Power law function coefficients of the wet component of air index 

of refraction 

€ 

nw . 

Section 
 

(1) 

€ 

α  
 

(2) 

€ 

Cnw
2  

m-2/3 

(3) 

€ 

α  
 

(4) 

€ 

Cnw
2  

m-2/3 

(5) 

€ 

Nw  
ppm 
(6) 

€ 

σNw
 

ppm 
(7) 

RF08-1A 0.705 1.239x10-15 2/3 1.627x10-15 1.607 0.7108 
RF08-1B 0.744 4.495x10-15 2/3 7.363x10-15 4.003 1.4514 
RF08-1C 0.671 2.753x10-13 2/3 2.831x10-14 14.221 2.6990 
RF08-1D 0.672 1.154x10-14 2/3 1.198x10-14 8.634 3.2016 
RF08-1E 0.567 6.718x10-14 2/3 3.721x10-14 84.582 3.0308 
RF08-1F 0.536 2.922x10-13 2/3 1.347x10-13 119.955 4.8651 
RF08-1G 0.461 5.998x10-13 2/3 1.747x10-13 125.460 5.9755 
RF08-1H 0.404 5.579x10-13 2/3 1.158x10-13 130.823 4.1039 
RF13-2A 0.532 3.680x10-15 2/3 1.648x10-15 14.193 0.5143 
RF13-2B 0.749 4.371x10-15 2/3 7.126x10-15 24.349 0.8473 
RF13-2C 0.831 2.176x10-15 2/3 5.788x10-15 53.221 1.9277 
RF13-2D 0.625 2.093x10-14 2/3 1.578x10-14 84.998 1.6397 
RF13-2E 0.686 1.068x10-13 2/3 1.196x10-13 89.792 4.5947 
RF14-3A 0.707 5.253x10-14 2/3 6.739x10-15 42.907 1.0306 
RF14-3B 0.639 2.801x10-14 2/3 2.365x10-14 45.902 2.9041 
RF14-3C 0.650 5.185x10-14 2/3 4.679x10-14 47.891 3.1725 
RF14-3D 0.688 5.666x10-14 2/3 6.448x10-14 43.449 3.9382 
RF15-4A 0.752 3.110x10-15 2/3 5.530x10-15 15.646 2.8448 
RF15-4B 0.862 1.082x10-14 2/3 4.057x10-14 20.153 6.2410 
RF15-4C 0.912 8.627x10-16 2/3 4.527x10-15 48.712 1.0667 
RF15-4D 0.674 6.121x10-14 2/3 6.442x10-14 51.874 2.2582 
RF15-4E 0.671 6.651x10-15 2/3 6.862x10-15 43.901 1.1205 
RF28-5A 0.746 2.474x10-15 2/3 4.426x10-15 55.224 1.2295 
RF31-6A 0.891 5.476x10-16 2/3 2.086x10-15 37.913 0.8850 
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Table 2.8 ELECTRA: Power law function coefficients of total air index of refraction 

€ 

n. 
Section 

 
(1) 

€ 

α  
 

(2) 

€ 

Cn
2  

m-2/3 

(3) 

€ 

α  
 

(4) 

€ 

Cn
2  

m-2/3 

(5) 

€ 

N  
ppm 
(6) 

€ 

σN  
ppm 
(7) 

RF08-1A 0.720 9.980x10-16 2/3 1.566x10-15 132.729 0.7151 
RF08-1B 0.728 4.570x10-15 2/3 6.775x10-15 135.148 1.4876 
RF08-1C 0.672 2.506x10-14 2/3 2.604x10-14 169.800 2.5598 
RF08-1D 0.674 1.094x10-14 2/3 1.151x10-14 164.994 3.3321 
RF08-1E 0.575 6.080x10-14 2/3 3.532x10-14 303.743 3.0448 
RF08-1F 0.550 2.563x10-13 2/3 1.284x10-13 364.066 4.8492 
RF08-1G 0.454 5.869x10-13 2/3 1.309x10-13 375.609 5.7990 
RF08-1H 0.581 1.646x10-13 2/3 9.000x10-14 381.630 3.7461 
RF13-2A 0.556 3.492x10-15 2/3 1.673x10-15 145.073 0.5411 
RF13-2B 0.803 3.085x10-15 2/3 6.950x10-15 179.813 0.8998 
RF13-2C 0.933 1.951x10-15 2/3 9.515x10-15 248.067 2.1526 
RF13-2D 0.621 2.279x10-14 2/3 1.671x10-14 304.253 1.6791 
RF13-2E 0.693 1.001x10-13 2/3 1.177x10-13 309.202 4.5725 
RF14-3A 0.794 3.407x10-15 2/3 7.454x10-15 229.870 1.1321 
RF14-3B 0.662 2.493x10-14 2/3 2.453x10-14 233.323 3.0600 
RF14-3C 0.667 4.534x10-14 2/3 4.551x10-14 235.138 3.1718 
RF14-3D 0.698 5.137x10-14 2/3 6.220x10-14 230.706 3.9755 
RF15-4A 0.778 2.365x10-15 2/3 5.017x10-15 165.439 2.6703 
RF15-4B 0.861 1.021x10-14 2/3 3.840x10-14 175.254 6.7700 
RF15-4C 0.949 7.355x10-16 2/3 4.963x10-15 236.884 1.1568 
RF15-4D 0.690 5.575x10-14 2/3 6.532x10-15 239.893 2.3560 
RF15-4E 0.747 3.830x10-15 2/3 6.565x10-15 231.751 1.1990 
RF28-5A 0.768 2.470x10-15 2/3 4.512x10-15 243.371 1.2404 
RF31-6A 0.882 5.583x10-16 2/3 2.104x10-15 220.243 0.8422 
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3 ONE DIMENSIONAL POWER SPECTRAL DENSITY OF ATMOSPHERIC 

TURBULENCE ALONG THE VERTICAL AXIS 

3.1 Introduction to the problem 

In dealing with the effects of a gaseous atmosphere on the propagation of 

microwave electromagnetic signals one major consideration is that of the effects 

introduced by the atmospheric turbulence. Specifically, the effects occur as a result of 

scintillation effects introduced by diffraction of the electromagnetic signals through 

atmospheric eddies of size comparable to that of the Fresnel size, and by differential 

phase delay affecting the signal’s wavefront as it propagates through parcels of air of 

varying air index of refraction. These effects of turbulence are of stochastic nature and 

have been treated extensively in the seminal work of Tatarski (1961).   

The previous chapter dealt with the study of the strength of the turbulence from 

the analysis of perturbations in the index of refraction of air along the horizontal axis 

through the Earth’s atmosphere. Regarding the vertical axis, we anticipate the maximum 

scale size of the homogenous and isotropic turbulent eddies will be compressed as a 

result of a hydrostatic atmosphere. In other words, the turbulent eddies are constrained in 

their vertical development due to atmospheric layering. The focus of this study is to use 

high vertical resolution atmospheric sounding data to calculate the power spectral density 

(PSD) for the air index of refraction along the vertical dimension in the upper 

troposphere-lower stratosphere (UTLS) altitude range 6 km to 15 km, and low 

troposphere (LT), 1 km to 6 km zones. It will be shown that the PSD shows two-inertial 
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regimes. The spatial scale at which the two-inertial regimes intersect gets compared to the 

Fresnel scale of electromagnetic signals at millimeter wavelengths with the final goal to 

infer the possible effects of atmospheric turbulence in the propagation of electromagnetic 

signals used for the sounding of the atmosphere by means of the active radio occultation 

technique.  

As stated in the introduction chapter of this thesis, low microwave frequencies 

and the Doppler shift technique work better for the relatively dry layers of the upper 

troposphere/lower stratosphere where the contribution from water vapor to the air 

refractivity is negligible.  The major limitation found in the retrievals in the low 

troposphere has been the inability to separate the effects of temperature and water vapor 

on the refractivity profile derived using the radio occultation technique (Kursinski et al. 

2002; Von Engeln and Nedoluha, 2005; Von Engeln, 2006). Consequently, propagation 

of millimeter wavelength signals in limb-viewing radio occultation geometry will provide 

additional information by means of the attenuation the signal experiences as a function of 

water vapor concentration along the occultation path. In clear sky conditions Kursinski et 

al. (2002) estimated that an active sounding system like this would retrieve horizontally 

averaged water vapor concentrations on the order of 1% to 2% precision with 

approximately 250 m or better diffraction-limited vertical resolution from near the 

surface well into the mesosphere. 

However, the amplitude of radio signals propagating through the atmosphere is 

also affected by atmospheric turbulence, which introduces scintillation effects. 

Consequently, the amplitude of the scintillations will limit the retrieval efficiency of an 
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active sounding system that relies on the signal amplitude change as a main observable. 

The amplitude fluctuations are a function of the strength of the turbulence (Tatarski, 

1961).  For this reason, a statistical characterization of the fluctuations in the atmospheric 

refractive index along the path of the signal propagation is required. The present study is 

to understand how the fluctuations of the air index of refraction vary along the vertical 

axis. 

3.2 Data used in this study 

In order to assess the shape of the one-dimensional PSD of atmospheric 

turbulence along the vertical axis relatively high vertical resolution soundings must be 

used for this study. Table 3.1 summarizes the location and identification of such sounding 

stations. These stations were selected because they sample the atmosphere at different 

atmospheric regions including: equatorial, tropical, sub-tropical, mid-latitude and sub-

arctic cases. Data for the northern latitudes station were obtained from the Stratospheric 

Processes And their Role in Climate Data Center for year 2006 (SPARC, 2000; SPARC 

Data Center, 2008). The Nauru Island data available is that of year 2005. 

The results shown in this chapter come from the analysis of only the Nauru and 

Fort-Worth (SPARC ID 03990) stations; the high vertical resolution soundings for mid-

latitudes and sub-Arctic stations remain to be analyzed. After the analysis of the Nauru 

and Fort Worth stations data it was found the PSD of turbulence in the UTLS, and in 

some cases in the LT could be explained by two inertial regimes, the first with a power-

law-index of -3 in the small spatial wavenumbers region and a power-law-index of -5/3 

(Kolmogorov) in the large spatial wavenumbers region. At this point a review of the 
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existing literature spanning since the 1960s into the 2000s was conducted and it was 

found the shape of the spectrum might be explained as the result of atmospheric 

processes such as convective turbulence and wind shear induced turbulence. The results 

included in this chapter are intended to document this effort summarizing the complexity 

of the problem, identifying those aspects suitable for future work, and propose a 

mathematical model that represents the two-power-laws spatial spectral density of 

turbulence. 

 

Table 3.1 High vertical resolution sounding stations 

 
WBAN 

ID 
Station Name US ID Lat Lon Station 

Altitude 
Region 

 Nauru Island 91532 0.52 S 193.08 
W 

7 m Equatorial 
Maritime 

21504 Hilo, HI, USA 91285 19.72 N 155.07 
W 

10 m Tropics 
Maritime 

03990 Fort Worth, TX, 
USA 

72249 32.80 N 97.30 W 196 m Sub-tropical 
Continental 

13996 Topeka, KS, 
USA 

72456 39.07 N 95.62 W 268 m Near Mid-
latitude 

Continental 
26510 McGrath, AK, 

USA 
70231 62.97 155.62 

W 
103 m Sub-Arctic 

 

The SPARC and Nauru soundings exhibit a variable altitude sampling. For the 

purpose of this study the vertical profiles of air temperature, pressure, and humidity were 

linearly interpolated to a fixed vertical resolution of 35 m and 8 m for the SPARC and 

Nauru datasets respectively. Figure 3.1 shows the temperature, air pressure and water 

vapor pressure profiles for a typical sounding out of the SPARC database. In this figure 
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the water vapor pressure over water was calculated out of the dew-point temperature in 

the soundings together with equation 2.2 (Buck Research Hygrometers Manual). 

 

€ 

eS = 6.1121× e
17.502⋅T
240.97+T
 

 
 

 

 
 

 (3.1)  

Equation 3.1 gives the water vapor pressure at saturation in hPa as function of 

temperature in Celsius degrees.  
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Figure 3.1 Forth Worth (WBAN ID 03990) Station sounding, 2006-05-05, 12UT. The 

section of the sounding shown corresponds to that of the upper-troposphere lower-

stratosphere (UTLS) region. (red) air temperature, (black) air pressure, (blue) partial 

pressure of water vapor, (magenta) total air refractivity (N) and (cyan) temperature lapse 

rate. 
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3.3 Determination of the one dimensional power spectral density of air refractive index 

perturbations from high-resolution vertical soundings 

Equation 2.1 (Chapter 2, Section 2.1) is the expression for the air refractivity as 

function of temperature, partial pressure of dry air and partial pressure of water vapor in 

the Earth’s atmosphere. Equation 2.1 makes explicit the dry 

€ 

Nd  and wet 

€ 

Nw  terms in the 

refractivity equation. This equation together with the vertical soundings from Nauru and 

Fort Worth stations were used to compute the vertical profile of total air refractivity 

including its dry and wet components.  

The process of deriving the power spectral density of the air refractive index 

perturbations along the vertical dimension in the UTLS and in the LT regions consisted 

of the following steps: first an exponential function was removed from the refractivity 

profile to account for a background condition, this was followed by a further removal of a 

linear function connecting the first and last data point in the residuals series generating 

this way a second and final air refractivity residual data series. The process to generate 

the residuals data series is shown graphically in Figure 3.2. As one can see, the residuals 

profile still includes the effect of a very low spatial frequency component. Several 

background profiles were tried, another promising one was the use of an exponential 

profile weighted by a 3rd degree polynomial function intended to remove most of the very 

low-frequency effects. This added some complexity in the data process and the net effect 

in the determination of the air-refractivity perturbation PSD was only at the level of the 

shortest spatial wavenumber data point. Hence, the statistics to be shown here were 
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derived by creating the perturbations profile by removing a simple exponential 

refractivity background.  
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Figure 3.2 Figure 3.2 Forth Worth Station sounding, 2006-05-05, 12 UT. (a) Vertical 

profile of total air refractivity (black) and best exponential fit to account for a background 

refractivity condition (segmented line in red), (b) Air refractivity residuals after 

subtracting the exponential profile, (c) Air refractivity residuals after further subtraction 

of a linear profile.  

 

The refractivity perturbations profile was used to determine its corresponding 

power spectral density. The one-sided PSD was calculated using the pwelch function 

implemented in Matlab© and for sections of 256 data points with each section processed 
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through a Hanning1 window. The PSD was further smoothed by calculating its average in 

steps of length 0.025 in spatial wavenumbers. The PSD that correspond to the residuals in 

Figure 3.2.c is shown in Figure 3.3. Special care was taken to check the integral of the 

PSD over the entire wavenumber domain to match, within reasonable limits due to the 

smoothing in the PSD, the total variance observed in the air refractive index residuals.  

The procedure outlined here was applied to each of the vertical soundings 

available for the Nauru Island station in 2005 and Fort Worth station gathered in 2006, 

respectively. In the case of the Nauru Island station 516 data files were made available 

for this study spanning the period from January 1st until September 30th 2005 and 734 

soundings from the Forth Worth stations through the course of 2006. Soundings were 

launched at 0Z and 12Z; however, there are days through 2005 (Nauru Station) when up 

to four soundings were obtained.  

3.4 Statistical analysis of the one-dimensional power spectral density of vertical 

refractive index perturbations profile 

Each of the one-dimensional power spectral density profile was inspected as to 

indentify its overall shape. The analysis consisted of a combination of automatic process 

and visual inspection of the PSD, and in those cases when the spectrum shows two 

inertial regimes a power-law function was fit to each of the two regions of the spectrum. 

A good example is the one shown in Figure 3.3. Consequently, since the knee2 point in 

                                                
1 The effect of the hanning window in the determination of the spectrum is to lower its resolution in the 

wavenumber domain at the same time that it helps increasing the stability of the solution. 
2 The knee point is defined as the transition point between the two power-law functions. 
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the spectrum was picked based on visual inspection the statistics of the knee parameter 

scale may have an uncertainty of ±15%.  

 
Figure 3.3 PSD for the residuals of air index of refraction along the vertical dimension for 

the sounding observed at Fort Worth station on 20060505 at 12 UT. The red line that fits 

the PSD at the small scales corresponds to a power law function with an exponent of -

1.54. The blue-segmented line fits the PSD at the longer spatial scales and has a slope of -

4 (the most probable value however favored a -3 slope, see Figures 3.6 and 2.6). The 

wavenumber in this figure is defined as 

€ 

m = 1l , with l being a vertical scale in m. 

 

In each of the PSD generated for the air index of refraction fluctuations in the 

region from 6 km to 15 km altitude (UTLS), the following parameters were measured in 

the PSD and stored for its descriptive statistical analysis: 

• 

€ 

α , the exponent of the power law function that best fit the PSD at the small scales 

(large spatial wavenumbers region, red segmented line in Figure 3.3). 
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• 

€ 

C1, This corresponds to the magnitude of the PSD when the power-law function 

that best fit the large wavenumbers region is extrapolated down to the 1 m scale. 

• 

€ 

C2, This corresponds to the magnitude of the PSD when the power-law function, 

using a -5/3 (kolmogorov) index, that best fit the large wavenumbers region is 

extrapolated down to the 1 m scale. 

• 

€ 

β , the exponent of the power law that best fit the PSD at the large scales (small 

spatial wavenumbers region, blue segmented line in Figure 3.3). 

• 

€ 

mt , this variable correspond the vertical scale, extracted from the PSD, at which 

the two power laws intersect. This is the transition scale (knee), from one inertial 

regime to the other. 

Figures 3.4 and 3.5 show the histograms computed for the exponent 

€ 

α  of the 

power law functions that best fit the air index of refraction PSD along the vertical 

coordinate for the UTLS region and for the Nauru Island and Forth Worth stations, 

respectively. The statistics show that in both cases the slope of the power law in the large 

spatial wavenumbers region can be explained as being Kolmogorov with a slope of -5/3. 

This implies the atmospheric turbulence in this region is most likely homogenous and 

isotropic up to a scale of a few hundred meters.  
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Figure 3.4 Nauru Island station; Histogram of the power law function index 

€ 

α  at the 

large wavenumbers region of the air refractive index perturbations power spectral 

density. The vertical red dash line shows the -5/3 Kolmogorov power law index. The red 

lines show the mean value (-1.41) and the ± 1 standard deviation region. Total data points 

516. 
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Figure 3.5 Fort Worth station; Histogram of the power law function index 

€ 

α  at the large 

wavenumbers region of the air refractive index perturbations power spectral density. The 

vertical red dash line shows the -5/3 Kolmogorov power law index. The red lines show 

the mean value (-1.48) and the ± 1 standard deviation region. Total data points 306. 

 

On the other hand, Figures 3.6 and 3.7 show the histograms of the power law 

index 

€ 

β  associated to the power law function that best fit the air index of refraction PSD 

along the vertical coordinate for the UTLS region at the small spatial wavenumbers 

region and for the two stations considered up to this point in this study. Statistically, the 

slope of this region of the spectrum is near -3.3. The power law exponents in the tail of 

the distributions shown in Figures 3.6 and 3.7 might originate in incomplete removal of 
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the exponential background removed from the original refractivity profile leaving some 

residual low frequency structure as is apparent in the residuals shown in Figure 3.2.c. 

 

 
 
Figure 3.6 Nauru Island station; Histogram of the power law function index 

€ 

β  at the 

small wavenumbers region of the air refractive index perturbations power spectral 

density. The lognormal distribution has a peak at 

€ 

β = −3.3 . Total data points 516. 
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Figure 3.7 Fort Worth station; Histogram of the power law function index 

€ 

β  at the small 

wavenumbers region of the air refractive index perturbations power spectral density. The 

lognormal distribution has a peak at 

€ 

β = −3.2 . Total data points 306. 

 

The histogram of spatial scales at which the transition point in the spectrum has 

been found in the analysis of the Nauru and Fort Worth sounding stations is shown in 

Figures 3.8 and 3.9, respectively. The most probable value of this transition scales is 250 

m and becomes very important since it compares with the order of magnitude of the first 

Fresnel zone diameter of electromagnetic signals propagating through the limb of the 

atmosphere at microwave wavelengths such as the ones proposed by Kursinski et al. 
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(2002) for the active sounding of the atmosphere by means of the radio occultation 

technique. 

 

Figure 3.8 Nauru Island station; Histogram of the spatial scale of the knee point at which 

the two power law functions that fit the air refractive index PSD intersect. The knee point 

is visible in the example PSD on Figure 3.3. The statistics of this distribution give: 1st 

quartile is at a scale of 155.7 m, the 2nd quartile (median) is at a scale of 244.15 m and the 

3rd quartile is at a scale of 411.2 m, respectively. Number of data points is 516 and bin 

size of 50 m. 
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Figure 3.9 Fort Worth station; Histogram of the spatial scale of the knee point at which 

the two power law functions that fit the air refractive index PSD intersect. The knee point 

is visible in the example PSD on Figure 3.3. The statistics of this distribution give: 1st 

quartile is at a scale of 168.6 m, the 2nd quartile (median) is at a scale of 228.2 m and the 

3rd quartile is at a scale of 337.0 m, respectively. Number of data points is 306 and bin 

size of 50 m. 

 

Finally, another important parameter consists in the power level in the PSD of the 

air refractive index in the UTLS region (6 km to 15 km altitude). This is shown in Figures 

3.10 and 3.11 for the Nauru and Fort Worth sounding stations, respectively. These figures 

are basically including a time series of the constants 

€ 

C1 and 

€ 

C2 described earlier in this 

section. What is the difference between these two constants? 

€ 

C1 corresponds essentially 
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to the magnitude of the power in the PSD at the scale of 1 m when extrapolating the 

power-law function that best fit the PSD in the large wavenumbers scale region. Since the 

analyses shows that the power-law index in this region of the PSD is near the -5/3 

Kolmogorov slope (see Figures 3.4 and 3.5), a second power-law was fit to this region of 

the PSD using the power law index set to -5/3 and including only one degree of freedom, 

which is that of the magnitude of the PSD at the scale of 1 m. Figures 3.10 and 3.11 show 

that the PSD power fluctuates through the year. In the particular case of the Fort Worth 

sounding station is obvious that the power is larger in the warm seasons (larger 

turbulence) and the power is smaller in magnitude (less turbulence) in the cold months. 

The mean power level is in the order of 1x10-17 ppm2 m-1. This power level implies the 

strength of the turbulence given by the structure constant 

€ 

Cn
2  term is in the order of 3x10-

16, a reasonable level for the UTLS region in the Earth’s atmosphere. 

3.5 The one-dimensional power spectral density of air refractive index perturbations 

along the vertical axis in the lower troposphere 

The high vertical resolution soundings were also used to study the one-dimensional 

PSD of air refractive index perturbations in the lower part of the troposphere (LT). The 

LT region includes the section of the refractivity profile in the range from 1 km to 6 km 

altitude. The only difference being that in this 5000 meter range, with a vertical 

resolution of 35 m in the sounding, there are only 142 data points to calculate the PSD. 

Consequently the one-sided PSD was calculated using the pwelch function in Matlab© 

and for sections of 128 data points with each section processed through a Hanning 
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window. The PSD was further smoothed by calculating its average in steps of length 

0.010 in spatial wavenumbers. 

 

 
Figure 3.10 Nauru Island station; (red) Time series of the value of the magnitude of the 

PSD when the power-law that best fit the large wavenumbers region gets extrapolated 

down to the 1 m scale; (blue) magnitude of the PSD when extrapolating the -5/3 

(Kolmogorov) power-law that best fit the large wavenumbers region of the spectrum. 
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Figure 3.11 Fort Worth station; (red) Time series of the value of the magnitude of the 

PSD when the power-law that best fit the large wavenumbers region gets extrapolated 

down to the 1 m scale; (blue) magnitude of the PSD when extrapolating the -5/3 

(Kolmogorov) power-law that best fit the large wavenumbers region of the spectrum. 

 

In Chapter 2 (section 2.1 and Figure 2.1) it was shown, with the assistance of 

Equation 2.2 and aircraft data, that the strength of the turbulence in the lower part of the 

atmosphere is dominated by fluctuations in the humidity field. The effects of temperature 

inversions, convection and mechanical turbulence in the low part of the atmosphere make 

the problem a very complex one. In order to obtain the refractive index perturbations 

profile is necessary to come with the best representation of the background condition. If 

the interest is on the determination of homogenous and isotropic turbulence this implies 
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removing the effects of anisotropies such as layering of the water vapor field due to the 

stability introduced by temperature inversions which are very complex to model. A 

significant effort was made to address the whole complexity of the problem, 

unfortunately no conclusive results were achieve.  

Figures 3.12 and 3.13 show two typical cases in the shape of the PSD. The first 

one shows a single inertial regime with a slope of -3. The second case shows a two 

inertial regimes shape. However the power-law-index in the large wavenumbers region of 

the PSD is close to -2 which is an indication of sharp changes in the refractivity field 

along the vertical axis due to atmospheric layering (R. Frehlich, Private Communication). 

 

 
Figure 3.12 Fort Worth station; PSD computed from the refractivity profile observed on 

20061007 at 0Z. The power law that best fit this PSD (segmented blue line) has a slope of 

-3. The wavenumber in this figure is defined as 

€ 

m = 1l , with l being a vertical scale in 

m. 
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Figure 3.13 Fort Worth station; PSD computed from the refractivity profile observed on 

20061201 at 12Z. The power law that best fit this PSD at the small scales region 

(segmented red line) has a slope of -1.9. The wavenumber in this figure is defined as 

€ 

m = 1l , with l being a vertical scale in m. The knee point of the spectrum is 

approximately at a 500 m vertical scale. 

 

3.6 Physical explanation of the -3 power law index in the small wavenumber region of 

the one-dimensional PSD of the air refractive index perturbations 

A review of the existing literature spanning the period from the 1960s into the 

2000s was conducted and it was found the shape of the spectrum might be explained as 

the result of atmospheric processes such as convective turbulence and wind shear induced 

turbulence.  
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The work of Tsuda et al. (1991) focused on the spectral analysis of fractional 

temperature changes 

€ 

T ' /T  and Brunt-Väisälä frequency fluctuations observed by 

radiosondes with a vertical resolution of 150 m in the troposphere (2 km to 8 km altitude 

range) and lower stratosphere (18.5 km to 25.0 km altitude). The results show that the 

power spectral density of 

€ 

T ' /T  is characterized by a power-law function with power-law 

exponent close to -3. The shape of the spectrum was explained as being the result of 

saturated gravity waves spectra; the same as previously modeled by Dewan and Good et 

al. (1986). By extension and using similarity theory it is possible to infer these theoretical 

considerations also apply to the PSD of refractive index perturbations. These studies 

(Hodges, 1967; Phillips, 1977; Fritts, 1982; VanZandt, 1985; Dewan and Good, 1986; 

Tsuda, 1991, Sato, 1994) show that convective as well as dynamic instabilities induce a 

turbulence spectrum with a inertial regime of power-law index equal to -3 at the large 

spatial scales as it was found in this study from the analysis of higher vertical resolution 

soundings. The work of Hodges (1967) states that density fluctuations due to internal 

gravity waves might have enough power to produce convective instabilities in thin layers 

that propagates with the wave.  

A similar, two-inertial regimes, has been found to explain the PSD of zonal and 

meridional wind fluctuations and potential temperature along the horizontal axis. One of 

such studies is that of Nastron and Gage (1985, Figure 3) from the analysis of data 

gathered with the help of the Global Air Sampling Program (GASP) dataset. A two-

inertial regimes spectrum, with a -3 slope in the large scales and -5/3 power law functions 

in the small scales, has been inferred from theoretical interpretations claiming quasi-
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geostrophic turbulence (Gage and Nastrom, 1986).  According to quasi-2D geostrophic 

theory (Charney, 1971) stirring by baroclinic instability will induce a forward cascade of 

potential enstrophy reflected in the -3 slope at the low wavenumbers (large horizontal 

scales) region.  

Tung and Orlando (2003) explained the -3 slope of the zonal wind as the result of 

baroclinic instability claimed to generate turbulent energy in the mid-latitude 

troposphere. This turbulent energy in turn results in a short upscale cascade of energy 

truncated by large-scale Ekman friction and the finite scale of the planet, that together 

with a downscale cascade of enstrophy. They hypothesized the small scales of the 

spectrum is explained as the result of the downscale of energy flux to dominate over that 

of the direct cascade of enstrophy. Furthermore, Tung and Orlando (2003) elaborated a 

two-layer quasigeostrophic model, forced by radiative relaxation towards a baroclinically 

unstable mean state and dissipated at large scales by linear Ekman damping and 

hyperviscosity at the small scales, that helps support their hypothesis. However, this 

hypothesis, or at least the extent to which Tung and Orlando rely on the magnitude and 

role of the hyperviscosity in their model, was challenged in the work of Smith (2003). 

Smith believes the high magnitude hyperviscosity level claimed by Tung and Orlando 

(2003) accounts for unresolved energy dissipation mechanisms such as: frontogenesis, 

gravity wave generation, three-dimensional boundary layer turbulence. A true 

parameterization of fronts, shocks and wave breaking must at least be non-linear (Smith, 

2003). 
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In the next chapter the focus will be on the determination of a mathematical 

model for estimating the amplitude fluctuations of an electromagnetic signal propagating 

through a turbulent and absorbing medium. It will be concluded that the shape of the 

power spectral density of air index of refraction perturbations at the small wavenumbers 

regime is of great importance. This conclusion is opposite to what is currently claimed to 

be valid for the propagation of radio occultation signals based on the predictions of 

atmospheric turbulence in a non-absorbing medium. 

In this study we propose the mathematical model in Equation 3.2 and depicted in 

Figure 3.14 to explain the two inertial regimes of the one-dimensional PSD of the 

refractive index perturbations along the vertical axis. The terms in these model are: 

€ 

m  the 

spatial wavenumber along the vertical axis, 

€ 

mt = 1
Lt

 the spatial wavenumber at which 

the two inertial regimes intersect (the transition point), 

€ 

m0 = 1
l0

 the wavenumber at the 

inner scale of the turbulence, 

€ 

me = 1
le

 the wavenumber at an external large scale as to 

limit the energy from increasing continuously towards the small wavenumbers region, 

€ 

Cn
2 

the mean strength of the turbulence in the particular altitude range. In this study, 

€ 

Cn
2 has a 

value of 9x10-15 in the UTLS region (6 km to 15 km altitude range). 

 

€ 

Φn
1D m( ) = 0.033 ⋅Cn

2 m2 + mt
2( )
2
3

m + me( )3
e
−

m
m0

 

 
 

 

 
 

2

 (3.2) 
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Figure 3.14 Model of the one-dimensional power spectral density of air index of 

refraction perturbations along the vertical axis in the upper-troposphere lower-

stratosphere (UTLS) region. The section (a) follows an inertial regime with a power-law 

function of slope equal to -3 (the spectrum flattens out at large scales), (b) correspond to 

an inertial regime of slope -5/3 and (c) shows the dissipation region. Sections (a) and (b) 

have been found from analysis of vertical soundings with vertical resolution of 35 m. The 

scale for the transition from the inertial regime of slope -3 to the inertial regime of slope -

5/3 

€ 

Lt  has a most probable value of 250 m. In this figure the vertical spatial wavenumber 

is defined as 

€ 

m = 1l , with 

€ 

l a vertical distance in meters. 
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4 ELECTROMAGNETIC SCINTILLATION IN A TURBULENT ABSORBING 

MEDIUM 

 

4.1 Introduction to the problem 

Active sounding of planetary atmospheres by means of the radio occultation 

technique, using signals propagating at frequencies selected within molecular absorbing 

bands, requires an understanding of the contribution to the total signal amplitude 

fluctuations from random perturbations in the imaginary part of the index of refraction 

due to atmospheric turbulence. This work reexamines the existing models for amplitude 

and phase fluctuations to account for the complex nature of the index of refraction of the 

propagating medium. This analysis shows that in contrast to the situation when only 

fluctuations in the real component of the index of refraction are considered, when the 

index of refraction is taken to be a complex field the large scale turbulent eddies also 

contribute to the signal amplitude fluctuations. In this study, the frequency dependence of 

the electromagnetic scintillation for signals propagating through a complex index of 

refraction turbulent medium is also analyzed. This is of great importance in assessing the 

performance of the differential optical depth approach suggested by Kursinski et al. 

(2002) to calibrate the radio occultation signals to eliminate the scintillation effects.  

The problem in using microwave signals for the active sounding of the Earth’s 

atmosphere, with a frequency within suitable absorption bands, has been stated in 

Chapter 1 (Section 1.1). The main observable in this case is the amplitude change in the 

received signal; this amplitude change is related to the concentration of the absorbing gas 
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along the path of the signal. In the case of water vapor in the Earth’s atmosphere most, of 

the absorption that contributes to the change in the amplitude signal occurs in the deepest 

layer of the radio occultation path because, on average, concentration increases as the 

radio occultation path gets closer to the surface. Interestingly enough this is not 

necessarily the case when the absorbing gas is ozone with a concentration profile that 

increases with depth into the atmosphere until reaches a maximum at a varying altitude 

level (depending on latitude and season) near the mid-to high stratosphere and decreases 

below that level. In the case of the ozone profile, the peculiarities of the problem and the 

error sources in the retrieval are a subject of ongoing research (Sammler, 2008). In using 

the amplitude change of a signal as the main observable complications arise from 

focusing and defocusing of the signal due to atmospheric turbulence. 

The work of Wheelon (2001; 2003) provides an excellent review of scintillation 

theory and its progress spanning several decades. The works of Wheelon provided a good 

start for this study and his approach and notation is followed closely in this study. The 

contribution of this study is in developing general expressions for the determination of 

the amplitude and phase fluctuations which will account for the random turbulent 

fluctuations in the complex (non-dispersive and absorbing components) dielectric 

properties of the medium. 

4.2 Electromagnetic wave equation for a signal propagating in a medium of complex 

permittivity undergoing smooth turbulence induced perturbations 

The analysis in this study applies to the amplitude and phase fluctuations of a 

signal propagating through an inhomogeneous medium when observed at large distances 



 74 

from the transmitter.  Under these conditions diffraction by refractive index 

inhomogeneities must be taken into account. The expressions to estimate the amplitude 

and phase fluctuations, including refraction effects and using Rytov approximation 

(Rytov, 1937), called the method of small perturbations, was developed by Tatarski 

(1961; Chapter 7) and were summarized in great detail in Wheelon (2003; Chapter 2). In 

both works the small perturbations in the dielectric properties of the medium were 

assumed to have only a real component and its imaginary part was not considered in the 

analyses.  The assumption of a real dielectric field makes sense when the frequency of the 

electromagnetic signals propagating through the medium are out of absorption bands as 

would be the case when selecting signals for long-range communications.  

However, in the particular case of using the radio occultation method to probe 

water vapor or ozone in the Earth’s atmosphere the signal frequency is selected to fall 

within a suitable absorption band such that the concentration of the absorbing gas can be 

estimated from the attenuation of the signal that propagates through the absorbing 

medium. This method is the one that has been proposed in the early work of Lusignan 

(1969) and revisited in the work of Kursinski et al. (2002) and has been essential for the 

radio occultation concept proposed in Kirchengast and Hoeg (2004). When signals are 

selected such that their frequencies fall within a given absorption band, amplitude 

fluctuations will originate not only from perturbations on the real component of the 

dielectrics of the medium but also in the random fluctuations of its imaginary part, the 

latter given by the absorption coefficient of the medium at the given signal’s frequency.  
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The wave equation propagating in a medium with complex permittivity is derived 

beginning with Maxwell’s wave equations, taking the wave’s current density term to be 

zero away from the source (transmitter), assuming that the depolarization of the wave 

induced by the random medium is negligible (Wheelon 2003, Chapter 11) and making 

use of the Rytov approximation.  

4.2.1 Derivation of the Wave Equation for a complex-permittivity medium and 

using Rytov’s approximation (smooth perturbations) 

Starting from Maxwell’s equations (as shown below) 
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E = 4πρe  (4.3) 
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B = 0 (4.4) 

The variables in the Maxwell’s equations are: the   

€ 

 
E electric and   

€ 

 
H  the magnetic 

fields vector,   

€ 

 
B  the magnetic induction,   

€ 

 
D  the electric displacement, 

€ 

ρe  and   

€ 

 
J  the 

macroscopic (free) charge density and current density, respectively (Mishchenko, Travis 

and Lacis, 2005). All these quantities are a function of time and spatial coordinates. In 

these equations the speed of light in vacuum 

€ 

c  is also included. 

Taking curl of Equation 4.1, assuming the permeability of the medium 

€ 

µ is unity 

which implies that   

€ 

 
B =
 
H , and recalling that the current density displacement vector and 



 76 

the signal’s amplitude field are relate through the permittivity of the medium (  

€ 

 
D = ε

 
E ) it 

can be shown that: 

 
  

€ 

 
∇ ×

 
∇ ×
 
E ( ) = −

1
c 2
∂ 2 ε
 
E ( )

∂t 2
−
4π
c 2

∂
 
J 
∂t

 (4.5) 

On the other hand, starting from the identity in Equation 4.6, and taking the 

gradient of   

€ 

 
D = ε

 
E  which leads to 
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E = −

 
E ⋅
 
∇ log ε( ){ } the wave equation takes the 

form shown in Equation 4.7. 

 
  

€ 

 
∇ ×

 
∇ ×
 
E ( ) = −∇2  E +

 
∇ 
 
∇ ⋅
 
E ( )  (4.6) 

 
  

€ 

∇2  E + 1
c 2
∂ 2 ε
 
E ( )

∂t 2
=
4π
c 2

∂
 
J 
∂t

+
 
∇ 
 
E ⋅
 
∇ log ε( ){ }{ }  (4.7) 

In Equation 4.7, 

€ 

ε corresponds to the complex permittivity of the medium. The 

first term on the right side of the equation is the current density term, which is zero away 

from the source (transmitter). The second term on the right side of this equation 

correspond to the depolarization induced by the random fluctuations of the medium. This 

last term can be neglected on the ground that is far below the threshold for line-of-sight 

transmissions (Wheelon, 2003, Chapter 11). Therefore, the wave equation takes the form 

in Equation 4.8. 

 
  

€ 

∇2  E + 1
c 2
∂ 2 ε
 
E ( )

∂t 2
= 0  (4.8) 

Under the assumption that the temporal fluctuations of the dielectric properties of 

the medium due to atmospheric turbulence change in timescales significantly longer than 

the propagation of the electromagnetic signals from transmitter to receiver through the 
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limb of the atmosphere, allows setting the time partial derivatives of the permittivity to 

zero. Also, taking   

€ 

E( r ,t) = E( r )e−iϖt  as a possible solution for the electric field 

amplitude, with 

€ 

ϖ = 2πf  the circular frequency, help transforming the wave equation in 

4.8 to the expression in Equation 4.9 where 

€ 

k  correspond to the signal’s wavenumber. 

 
  

€ 

∇2  E + ω 2

c 2
 

 
 

 

 
 ε
 
E =∇2  E + k 2ε

 
E = 0  (4.9) 

The most important aspect of this study is to take the permittivity of the medium 

as a complex variable 

€ 

ε = εr + iεi , with 

€ 

εr its real component and 

€ 

εi its imaginary 

component, respectively. 

At this point the Rytov’s approximation   

€ 

E( r ) = E0(
 r )eψ

 
r ( )  may be used where the 

electric field at a given position in space is represented by the strength of the field at that 

position in absence of the medium times the exponential of a surrogate function that is a 

function of the dielectric properties of the medium. Finally representing the Rytov’s 

approximation as the product of two functions 
  

€ 

E( r ) = E0(
 r )eψ

 
r ( ) = F  r ( )G  r ( ), using the 

identity 

€ 

∇2 FG( ) = F∇2G + 2∇F∇G +G∇2F  and taking the permittivity of the medium as 

the sum of a mean background term plus a perturbation field due to turbulent processes 

€ 

ε = εr + iεi = ε0r + iε0 i{ } + δεr + iδεi{ } helps to transform the wave equation in Equation 

4.9 into the expression in equation 4.10 where the change with time and space of the 

permittivity perturbation field is emphasized. 

 
  

€ 

∇2  ψ +
 
∇ 
 
ψ ( )

2
+ 2
 
∇ ψ0 ⋅

 
∇ 
 
ψ + k 2 δεr

 r ,t( ) + iδεi
 r ,t( ){ } = 0 (4.10) 
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The terms in Equation 4.10 are: 

€ 

ψ0 , the Rytov’s surrogate function at the 

transmitter location, 

€ 

k = 2π λ  is the signal’s wavenumber, 

€ 

δεr and 

€ 

δεi, are the real and 

imaginary perturbations of the complex dielectric field whose are function of space, 

signal’s wavenumber and time, respectively, and 

€ 

i = −1 the complex number. For 

completeness, the Rytov approximation relates the signal’s field amplitude at any given 

position as a function of the unperturbed field’s amplitude and a surrogate function 

€ 

ψ  in 

the following way: 
  

€ 

E  r ( ) = E0e
ψ
 
r ( ) . This approximation helps to separate the properties of 

the medium from the unknown magnitude of the signal’s field amplitude at a given 

position in space such that the dielectric perturbations of the medium become a source 

function (as emphasized by Wheelon 2003).  

The surrogate function 

€ 

ψ  can be represented as the sum of several other surrogate 

functions   

€ 

ψ =ψ1 +ψ2 +ψ3… each one corresponding to a different power of the dielectric 

variations. The first order surrogate function 

€ 

ψ1 corresponds to the basic Rytov’s solution 

and can be safely used as the solution to the propagation of microwaves through a weak 

scattering random medium. The solution to 

€ 

ψ1 depends on the unperturbed field surrogate 

and the first order dielectric variations and its solution have been given in Equation 7.22 

of Tatarski (1961) and also in Equation 2.18 of Wheelon (2003). In this study the solution 

is shown in Equation 4.11 with the important addition that the permittivity field is taken 

as a complex field. This is an important step towards the goal of determining the 

amplitude fluctuations of an electromagnetic signal with a frequency within a given 
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absorption band propagating through an absorbing medium that experiences random 

fluctuations of its dielectric properties due to turbulence.  

 
  

€ 

ψ1
 
R ( ) = −k 2 d3rG(

 
R , r ) δεr + iδεi{ }

E0
 r ( )

E0

 
R ( )∫  (4.11) 

In Equation 4.11   

€ 

G(
 
R , r ) correspond to the Green’s function,   

€ 

 
R  is the vector of 

the receiver position and the surrogate function is normalized by the unperturbed field 

strength 
  

€ 

E0

 
R ( )  (in absence of the fluctuating medium) at the receiver position. 

Consequently, recalling the Rytov’s approximation shown earlier, the first-order solution 

of the electric field propagating through a weakly scattering medium that experiences 

small perturbations on its dielectric permittivity, is given by Equation 4.12. 

 
  

€ 

E1

 
R ( ) = E0

 
R ( )eψ1

 
R ( ) = E0

 
R ( )e

−k 2 d 3rG(
 
R ,
 
r ) δε r + iδε i{ }

E0
 
r ( )

E0
 
R ( )

∫

 (4.12) 

4.3 Signal amplitude and phase fluctuations induced by small perturbations of the 

permittivity field 

An electromagnetic wave equation can be expressed in terms of an amplitude 

component given by its real part and a phase component given by the imaginary part of 

the field.  Following Wheelon (2003), the Green’s function times the normalized wave 

electric field can be represented by a complex function as shown in Equation 4.13. This 

time the 
  

€ 

A
 
R , r ,k( ) and 

  

€ 

B
 
R , r ,k( )  functions make explicit their dependence not only in the 

position vectors but also their dependence on signal’s wavenumber 

€ 

k = 2π λ , this 

notation would be necessary later on. 
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€ 

G(
 
R , r )

E0
 r ( )

E0

 
R ( )

= A
 
R , r ,k( ) + iB

 
R , r ,k( )  (4.13) 

In this study the complex nature of the permittivity perturbation field has been 

introduced and consequently the product of the Green’s function weighted by the 

normalized electric field and the complex permittivity perturbation field that shows up in 

Equation 4.13 can be expanded as follows: 

 

  

€ 

A
 
R , r ,k( ) + iB

 
R , r ,k( ){ } δεr

 r ,t( ) + iδεi
 r ,t( ){ } =

A
 
R , r ,k( )δεr

 r ,t( ) − B
 
R , r ,k( )δεi

 r ,t( )

+i A
 
R , r ,k( )δεi

 r ,t( ) + B
 
R , r ,k( )δεr

 r ,t( ){ }

 

 
 

  

 

 
 

  

 (4.14) 

The logarithmic amplitude (log-amplitude for short) 

€ 

χ  is defined as the real part 

of Equation 4.12. 

 
  

€ 

χ
 
R ,k( ) = log

E1

 
R ( )

E0

 
R ( )

 

 
  

 

 
  =ℜ −k 2 d3rG(

 
R , r ) δεr + iδεi{ }

E0
 r ( )

E0

 
R ( )

∫
 

 

 
 

 

 

 
  (4.15) 

Making use of the real part of Equation 4.15 helps defining the log-amplitude 

€ 

χ  

in terms of the 
  

€ 

A
 
R , r ,k( ) and 

  

€ 

B
 
R , r ,k( )  functions as well as in terms of the real and 

imaginary components of the dielectric field perturbations 

€ 

δεr and 

€ 

δεi, respectively. 

 

 
  

€ 

χ
 
R ,k( ) = log

E1

 
R ( )

E0

 
R ( )

 

 
  

 

 
  = −k 2 d3r A

 
R , r ,k( )δεr

 r ,t( ) − B
 
R , r ,k( )δεi

 r ,t( )[ ]∫  (4.16) 

Similarly, the signal’s phase 

€ 

ϕ  is defined by the imaginary part of Equation 4.12 

that together with the expression in 4.14 leads to the general solution shown in Equation 

4.17. 
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€ 

ϕ
 
R ,k( ) = −k 2 d3r B

 
R , r ,k( )δεr

 r ,t( ) + A
 
R , r ,k( )δεi

 r ,t( )[ ]∫  (4.17) 

These general expressions for the signal’s log-amplitude and phase,

€ 

χ  and 

€ 

ϕ , 

arised as the result of considering the medium to have complex permittivity and they help 

to obtain expressions for the determination of the log-amplitude and phase variance 

expected for a signal traversing a turbulent and absorbing medium. In fact, taking the 

square of Equations 4.16 and 4.17 and averaging the square of the signal’s amplitude and 

phase fluctuations arising from the spatial correlation of perturbations in the real and 

imaginary components of the medium’s permittivity leads to the variance Equations 4.18 

and 4.19, for log-amplitude and phase, respectively.  

 

  

€ 

χ 2
 
R ,k( ) = k 4

d3rA
 
R , r ,k( ) d3r'A

 
R , r ',k( ) δεr

 r ,t( )δεr
 r ',t( )∫∫

−2 d3rA
 
R , r ,k( ) d3r'B

 
R , r ',k( ) δεr

 r ,t( )δεi
 r ',t( )∫∫

+ d3rB
 
R , r ,k( ) d3r'B

 
R , r ',k( ) δεi

 r ,t( )δεi
 r ',t( )∫∫

 

 
  

 
 
 

 

 
  

 
 
 

 (4.18) 

 

  

€ 

ϕ 2  R ,k( ) = k 4
d3rA

 
R , r ,k( ) d3r'A

 
R , r ',k( ) δεi

 r ,t( )δεi
 r ',t( )∫∫

−2 d3rA
 
R , r ,k( ) d3r'B

 
R , r ',k( ) δεr

 r ,t( )δεi
 r ',t( )∫∫

+ d3rB
 
R , r ,k( ) d3r'B

 
R , r ',k( ) δεr

 r ,t( )δεr
 r ',t( )∫∫

 

 
  

 
 
 

 

 
  

 
 
 

 (4.19) 

The permittivity perturbations spatial covariance functions shown in the 

Equations 4.18 and 4.19 can be expanded in terms of their corresponding Fourier spatial-

wavenumber decomposition. The exact representation on the spatial Fourier space will 

depend on the characteristics of the turbulence.  Wheelon 2003 provides expressions for 

the cases of homogenous and inhomogeneous turbulence field.  

For this study is also of high interest to find an expression to compute the 

amplitude-frequency-correlation. In other words, for a radio occultation system 
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consisting in the propagation of signals at various frequencies is important to know how 

the amplitude of these signals are correlated by perturbations in the dielectrics of the 

medium induced by turbulence. The amplitude-frequency-correlation term can be 

obtained by dividing the log-amplitude covariance found for any two signals (with 

signal’s wavenumbers 

€ 

k1 and 

€ 

k2 , respectively) propagating through the turbulent and 

absorbing medium by their corresponding root-mean-square values as shown in the 

expression in Equation 4.20. 

 

  

€ 

Corr(
 
R ,k1,k2) =

χ
 
R ,k1( ) ⋅ χ

 
R ,k2( )

χ 2
 
R ,k1( ) ⋅ χ 2

 
R ,k2( )( )

1
2

 (4.20)  

4.4 Log-amplitude and phase variances for a wave propagating through complex 

homogenous turbulence medium 

In the particular case of a homogenous random medium the spatial Fourier 

decomposition of the spatial covariance of the real and imaginary perturbations of the 

permittivity field are given by the following expressions, respectively: 

 
  

€ 

δεr
 r ,t( )δεr

 r ',t( ) = d3κΦδε r
κ( )∫ eiκ

 
r −
 
r '( )  (4.21) 

 
  

€ 

δεi
 r ,t( )δεi

 r ',t( ) = d3κΦδε i
κ( )∫ eiκ

 
r −
 
r '( )  (4.22) 

Similarly, the spatial covariance of the product of the real and imaginary 

perturbation can be taken as: 

 
  

€ 

δεi
 r ,t( )δεr

 r ',t( ) = d3κΦδε iδε r
κ( )∫ eiκ

 
r −
 
r '( )  (4.23) 
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In Equations 4.21, 4.22 and 4.23 

€ 

κ  corresponds to the spatial wavenumber and 

€ 

Φδε r
and 

€ 

Φδε i
are the power spectral densities for the real and imaginary perturbations 

fields and 

€ 

Φδε iδε r
 the cospectrum of perturbations of the real and imaginary components 

of the dielectric fields, respectively.  These power spectral density functions can be any 

suitable functions that explain the distribution of energy in the perturbations of the real 

and imaginary index of refraction as function of spatial wavenumbers in the three-

dimensional space. In the exercise in Chapter 5 it will be assumed these functions are 

modeled by a Von Kármán spectrum.  However, a more elaborated power spectral 

density model can be applied, specially regarding the findings in Chapter 3 where it was 

found the one-dimensional spectrum of air refractive index perturbations along the 

vertical axis is explained by two-inertial regimes with significantly different power-law 

slopes.  

Introducing the Fourier representation of the turbulence in the solutions found for 

the log-amplitude and phase fluctuations helps to decouple the wave scattering from the 

characteristics of the turbulence.  

An interesting step shown by Wheelon (2003) was the introduction of the 

following definitions: 

 

  

€ 

D κ,k( ) = k 2 d3rA
 
R , r ,k( )e+ iκr∫

D −κ,k( ) = k 2 d3rA
 
R , r ,k( )e−iκr∫

E κ,k( ) = k 2 d3rB
 
R , r ,k( )e+ iκr∫

E −κ,k( ) = k 2 d3rB
 
R , r ,k( )e−iκr∫

  (4.24)  



 84 

Introducing the Fourier decomposition of the turbulence and the functions defined 

in 4.24 in the solutions found for the log-amplitude and phase fluctuations variance in 

Equations 4.18 and 4.19 leads to the following solutions: 

 

  

€ 

χ 2
 
R ,k( ) =

d3κΦδε r
κ( )D κ,k( )D −κ,k( )∫

−2 d3κΦδε iδε r
κ( )D κ,k( )E −κ,k( )∫

+ d3κΦδε i
κ( )E κ,k( )E −κ,k( )∫

 

 
  

 
 
 

 

 
  

 
 
 

 (4.25) 

 

  

€ 

ϕ 2  R ,k( ) =

d3κΦδε r
κ( )E κ,k( )E −κ,k( )∫

−2 d3κΦδε iδε r
κ( )D κ,k( )E −κ,k( )∫

+ d3κΦδε i
κ( )D κ,k( )D −κ,k( )∫

 

 
  

 
 
 

 

 
  

 
 
 

 (4.26) 

Similarly, the Equation 4.27 in terms of the cospectra of the dielectric 

perturbations field gives the amplitude-frequency-covariance function included in the 

numerator of Equation 4.21.  

 

  

€ 

χ
 
R ,k1( ) ⋅ χ

 
R ,k2( ) =

d3κΦ k( )δε r k1( )δε r k2( )
D κ,k1( )D κ,k2( )∫

− d3κΦ k( )δε r k1( )δε i k2( )
D κ,k1( )E κ,k2( )∫

− d3κΦ k( )δε r k2( )δε i k1( )
D κ,k2( )E κ,k1( )∫

+ d3κΦ k( )δε i k1( )δε i k2( )
E κ,k1( )E κ,k2( )∫

 

 

 
  

 

 
 
 

 

 

 
  

 

 
 
 

 (4.27) 

In the literature dealing with fluctuations in the real component of the dielectric 

properties of the medium, the

€ 

D κ,k( )D −κ,k( ) and

€ 

E κ,k( )E −κ,k( ) terms are called the 

amplitude and phase weighting functions, respectively. If only the real part of the 

dielectric field is considered, the solution for the log-amplitude and phase fluctuation 

variances are given only by the first term in Equations 4.25 and 4.26, respectively. This 

study shows that when the perturbations in the imaginary component of the permittivity 
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of the medium are included the log-amplitude and phase variances are coupled through 

the

€ 

D κ,k( )  and

€ 

E κ,k( ) functions. These functions are both weighting the spectral 

characteristics of the turbulence and this will yield interesting physical conclusions.  

The exact solutions for the

€ 

D κ,k( )D −κ,k( ) and

€ 

E κ,k( )E −κ,k( ) functions depend 

on whether the signal propagating through the random medium corresponds to a planar, 

spherical or beam wave and also on their propagation geometry. The work of Wheelon 

(2003) focuses on finding solutions for the

€ 

D κ,k( )  and

€ 

E κ,k( ) functions for several types 

of signals and propagation geometries. This task was accomplished by making the

€ 

D κ,k( )  

and 

€ 

E κ,k( ) functions to be the real and imaginary components of a complex weighting 

function 

€ 

Λ κ,k( ) = D κ,k( ) + iE κ,k( ) , where the lambda function is given by Equation 

4.28. 

 
  

€ 

Λ κ,k( ) = k 2 d3r G
 
R , r ( ) E0

 r ( )
E0

 
R ( )

 

 

 
 

 

 

 
 ∫ eiκ

 
r  (4.28) 

4.5 Log-amplitude and phase variances for a wave propagating through complex 

inhomogeneous turbulence medium 

In most cases, the electromagnetic signals traverse through a medium with 

varying turbulence characteristics; this is the case of microwaves propagating in radio 

occultation geometries, satellite-to-ground communication links, as well as optical and 

radio-astronomy signals propagating through the atmosphere at different zenith angles.  

In the case of inhomogeneous turbulence the spatial covariance of the real and imaginary 

permittivity fields depend on the average position of the two points  (Wheelon, 2001; 
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Section 2.2.8).  This case was analyzed in Wheelon (2003; Section 2.1.1.2) and led to the 

introduction of a turbulence-profile function shown here in Equation 4.29. 

 
  

€ 

℘
 r ( ) =

Cn
2  r ( )

Cn
2 0( )  (4.29) 

The net result in the case of an inhomogeneous medium is that the turbulence 

profile function weights the lambda function. 

 
  

€ 

Λ κ( ) = k 2 d3r G
 
R , r ( ) E0

 r ( )
E0

 
R ( )

 

 

 
 

 

 

 
 ∫ eiκ

 
r ℘
 r ( ) (4.30) 

As in the case of the homogenous turbulence, the

€ 

D κ,k( )  and 

€ 

E κ,k( ) functions 

are given by the real and imaginary components of the 

€ 

Λ κ,k( )  function. The generic 

solutions for the log-amplitude and phase variance propagating through the random 

medium remain the same as shown in Equations 4.25 and 4.26, respectively. The 

difference is that this time the 

€ 

D κ,k( )  and 

€ 

E κ,k( ) functions account for the effects 

introduced by the changing turbulence profile through the path of the electromagnetic 

signal. 

4.6 Representation of the power spectral density (PSD) of the real and imaginary 

components of permittivity in terms of the PSD of the real and imaginary 

components of the index of refraction 

Until now, in this study the wave equation (Equation 4.10), as well as the 

expressions for the determination of amplitude and phase fluctuations have been derived 

in terms of the complex permittivity of the medium. In particular Equations 4.25 and 4.26 
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include the spatial power spectral density functions of the perturbations on the real and 

imaginary components of the permittivity perturbation fields. In this section a relation 

between the permittivity and index of refraction power spectral densities is derived. The 

analyses begins with the definition of permittivity in terms of the index of refraction of 

the medium shown in Equation 4.31. 

 

€ 

ε = n2  (4.31) 

In the case of a medium of complex dielectric properties, the expression Equation 4.31 

can be write explicitly in terms of the real and imaginary components. 

 

€ 

εr + iεi( ) = nr + ini( )2 (4.32) 

The real and imaginary components of permittivity and refractive index can be 

expanded as the sum of a mean background value, shown with a zero sub index, and a 

perturbation, emphasized by the 

€ 

δ  terms, induced by random fluctuations of the medium 

due to turbulence, as shown in Equation 4.33. 

 

€ 

εr0 + iεi 0( ) + δεr + iδεi( ) = nr0 + ini0( ) + δnr + iδni( )( )
2
 (4.33) 

Expanding the binomial expression and neglecting the product of perturbations leads to:   

 

€ 

εr0 + iεi 0( ) + δεr + iδεi( ) ≅ nr0 + ini0( )
2

+ 2 nr0 + ini0( ) δnr + iδni( ) (4.34) 

The first term on the right side involving only the mean background index of 

refraction can be related to the mean background permittivity. This leaves the second 

term on the right side to estimate the perturbation permittivity field as shown explicitly in 

Equation 4.35. 

 

€ 

δεr + iδεi( ) ≅ 2 nr0 + ini0( ) δnr + iδni( ) = 2 nr0δnr − ni0δni( ) + i nr0δni + ni0δnr( ){ } (4.35) 
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Consequently, the real and imaginary components of the permittivity field can be 

estimated from the expressions 4.36 and 4.37. 

 

€ 

δεr ≅ 2 nr0δnr − ni0δni( )  (4.36) 

 

€ 

δεi ≅ 2 nr0δni + ni0δnr( ) (4.37) 

In the particular case of the Earth’s atmosphere the real part of the index of 

refraction is a quantity very close to unity and its perturbation in the order of a few parts-

per-million. On the other hand at any given point in space the product of the background 

imaginary part of the index of refraction times its corresponding perturbation is very 

small when compared to the product of the real component terms. Hence, the real and 

imaginary components of the permittivity perturbations field are further approximated by 

the following expressions: 

 

€ 

δεr ≅ 2nr0δnr  (4.38) 

 

€ 

δεi ≅ 2nr0δni (4.39) 

The statistical variance of the real and imaginary components of the permittivity 

perturbations can be obtained from the ensemble average of the square of the 

perturbations along a given path through the medium as shown in Equations 4.40 and 

4.41. 

 

€ 

δεr
2 ≅ 4nr0

2 δnr
2  (4.40) 

 

€ 

δεi
2 ≅ 4nr0

2 δni
2  (4.41) 

Finally, recalling that the statistical variance is given by the integral of the 

corresponding power spectral densities leads to the following expressions to approximate 
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the power spectral densities of the complex permittivity perturbations in terms of the 

corresponding power spectral densities for the real and imaginary perturbations of the 

real index of refraction: 

 

€ 

Φδε r
κ( ) ≅ 4Φδnr

κ( ) (4.42) 

 

€ 

Φδε i
κ( ) ≅ 4Φδni

κ( ) (4.43) 

4.7 The log-amplitude and phase variance solutions in terms of the spatial spectral 

characteristics of the medium refractive index perturbations 

 
It is convenient to express Equations 4.25 and 4.26 in terms of the power spectral 

densities of the real and imaginary components of the index of refraction perturbations 

rather than that of permittivity.  The corresponding power spectral densities can be 

estimated from relationships shown in Equations 4.42 and 4.43. Therefore, the solution 

for the log-amplitude and phase variances, in terms of the spectral characteristics of the 

perturbations in the complex refractive index of the medium, are given by the expressions 

in Equations 4.44 and 4.45, respectively. 

 

  

€ 

χ 2
 
R ,k( ) = 4

d3κΦδnr
κ( )D κ,k( )D −κ,k( )∫

−2 d3κΦδniδnr
κ( )D κ,k( )E −κ,k( )∫

+ d3κΦδni
κ( )E κ,k( )E −κ,k( )∫

 

 
  

 
 
 

 

 
  

 
 
 

 (4.44) 

 

  

€ 

ϕ 2  R ,k( ) = 4

d3κΦδnr
κ( )E κ,k( )E −κ,k( )∫

−2 d3κΦδniδnr
κ( )D κ,k( )E −κ,k( )∫

+ d3κΦδni
κ( )D κ,k( )D −κ,k( )∫

 

 
  

 
 
 

 

 
  

 
 
 

 (4.45) 
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Similarly, the Equation 4.27 that gives the amplitude-frequency-covariance 

function can be written this time in terms of the cospectra of the perturbations of the air 

index of refraction. Consequently, the amplitude-frequency-correlation function given in 

Equation 4.21 can be evaluated by using the covariance function in Equation 4.46 and 

dividing that by the square root of the product of the expression 4.44 evaluated at the two 

signal’s wavenumbers of interest 

€ 

k1 and 

€ 

k2, respectively.  

 

  

€ 

χ
 
R ,k1( ) ⋅ χ

 
R ,k2( ) = 4

d3κΦ k( )δnr k1( )δnr k2( )
D κ,k1( )D κ,k2( )∫

− d3κΦ k( )δnr k1( )δni k2( )
D κ,k1( )E κ,k2( )∫

− d3κΦ k( )δnr k2( )δni k1( )
D κ,k2( )E κ,k1( )∫

+ d3κΦ k( )δni k1( )δni k2( )
E κ,k1( )E κ,k2( )∫

 

 

 
  

 

 
 
 

 

 

 
  

 

 
 
 

 (4.46) 

The expressions in Equations 4.44 and 4.45 are generalized solutions to compute 

the log-amplitude and phase fluctuations variance for a signal propagating through a 

random medium with complex dielectric properties.  These are going to be the basic 

functions to estimate the effects of the imaginary component of the refractive index of the 

medium for signal propagating through the Earth atmosphere in radio occultation 

geometry. The scientific literature includes solutions for the so-called amplitude and 

phase weighting functions 

€ 

D κ,k( )D −κ,k( ) and

€ 

E κ,k( )E −κ,k( ) for different kind of waves 

namely, planar, spherical or beam waves, propagating under different geometries. Until 

now, this study has followed deliberately the nomenclature and notation found in 

Wheelon (2003) because it summarizes in great detail the solutions for the amplitude and 

phase weighting functions found in the peer reviewed electromagnetic scintillation 
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literature, and is becoming a relevant source of information for the researchers in the 

field.  

Consequently, the amplitude and phase weighting functions solutions included in 

Wheelon (2003) can be used to estimate the log-amplitude and phase fluctuation 

variances, this time following the formulations derived in this study. 

 

4.8 Relation between the power spectral density of the perturbations in the imaginary 

part of the index of refraction and the corresponding power spectral density of the 

absorption coefficient of the medium 

The focus of this study as stated in the introduction is on understanding the 

amplitude fluctuations of electromagnetic signals propagating through a turbulent and 

absorbing medium. This calls for taking another step forward and derive the relationship 

between the spatial power spectral density of the fluctuations in the imaginary index of 

refraction 

€ 

Φδni
κ,k( ) , that appears in Equations 4.44 and 4.45, and the random 

fluctuations in absorption coefficient for a signal at a given wavelength. 

The imaginary part of the index of refraction of the medium is given in terms of 

the absorption coefficient 

€ 

α  and the signal’s wavelength 

€ 

λ , or alternatively signal’s 

wavenumber 

€ 

k , according to the relationship 

€ 

ni = λ 4πα = 12kα  (Van de Hulst, 1957; 

Chapter 14). If the medium experiences random fluctuations due to turbulence, the 

imaginary part of the refractive index as well as the medium’s absorption coefficient can 
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be expressed in terms of a mean background field and a perturbation field as shown in 

Equation 4.47. 

 

€ 

ni 0 + δni = 12k α + δα( )  (4.47) 

The perturbation fields are related by means of Equation 4.48. This is made 

explicit here since it will help deriving the relation between the corresponding spatial 

power spectral densities for the imaginary component of the index of refraction and that 

of the absorption coefficient perturbation fields. 

 

€ 

δni = 12kδα  (4.48) 

Taking the ensemble average of the square of the refractive index and absorption 

fluctuations along the path of the electromagnetic signals leads to the determination of 

the total variance in the corresponding variables under analysis. 

 

€ 

δni
2 = 1

4k 2 δα
2  (4.49) 

Recalling that the total variance can be calculated from the integral of the 

corresponding power spectral densities, leads to the conclusion that the power spectral 

density of the perturbations in the imaginary component of the refractive index relates to 

the power spectral density of the fluctuations in the medium’s absorption coefficient as 

shown in Equation 4.50 with 

€ 

k  corresponding to the signal’s wavenumber. 

 

€ 

Φδni
= 1

4k 2Φδα  (4.50) 

Therefore, the spatial characteristics of the turbulence expressed in terms of the 

power spectral density of perturbations of the absorption coefficient can be included in 

the generalized solutions for amplitude and phase fluctuations in Equations 4.44 and 
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4.45. With this last step all of the tools to investigate the effects of atmospheric 

turbulence in the propagation of electromagnetic signals through an absorbing medium 

are in place.  

The absorption coefficient of the medium 

€ 

α  can include all of the gaseous and 

liquid phase environments along the path of the signal that contribute to the absorption of 

energy from the propagating signal at the given signal’s wavenumber as shown in 

Equation 4.51. In the particular case of the Earth’s lower troposphere, and for the case of 

signals with frequencies within the water vapor absorption bands, it might be necessary to 

include in the total absorption coefficient perturbation field the effects of water vapor, 

suspended water drops in clouds and water ice in ice clouds.  

 

€ 

α = αgasi
i
∑ +α liq +α ice (4.51) 
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5 APPLICATIONS AND PHYSICAL DISCUSSION 

 

5.1 Estimation of the strength of turbulence for model atmospheres 

As shown in Chapter 2, in the lower to mid troposphere the total refractive index 

structure-function constant 

€ 

Cn
2 can be approximated as the sum of a wet component 

€ 

Cnw
2  

and a dry component 

€ 

Cnd
2 .  Consequently, in order to estimate 

€ 

Cn
2, we applied Equation 

2.9 for 

€ 

Cnw
2  along with a simple parameterization for 

€ 

Cnd
2  that depends only on altitude 

and that follows the profiles in Jursa (1985). 

Figure 5.1 shows the results for each of the standard Lowtran atmospheres (Cole 

and Kantor, 1978) Lowtran 1 through Lowtran 6.  For the most part, the contribution 

from the wet component dominates in the lower atmosphere where water vapor amounts 

are high, while the dry component dominates at higher altitudes where water vapor 

amounts are low. 

5.2 Amplitude fluctuations for a 20 GHz signal for radio occultations 

The strength of the turbulence profiles computed in the preceding section have 

been used to compute estimations of the amplitude fluctuations for electromagnetic 

signals at 20 GHz, which travel from a transmitting satellite through the limb of the 

atmosphere to a receiving satellite.  For simplicity, a straight path geometry is assumed, 

neglecting the bending of the signal due to the vertical gradient of air refractive index.  

The log amplitude variance of the received signal is estimated using equation 5.1 that 
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correspond to a simplified version of Equation 4 in Frehlich and Ochs (1990) and that 

was derived for spherical waves. 
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Figure 5.1 Strength of the turbulence profiles calculated for various model atmospheres 

as defined in (Cole and Kantor, 1978), (a) tropical,(b) mid-latitude summer, (c) mid-

latitude winter, (d) arctic-summer, (e) arctic-winter, (f) US Standard. The dashed black 

line shows the 

€ 

Cnw
2  profile obtained with the help of Equation 2.9 (Chapter 2), the black 

line shows the 

€ 

Cnd
2 profile using a parameterization that fits the data in Jursa (1985), and 

the red dashed line gives the total 

€ 

Cn
2  profiles approximated by the sum of the 

€ 

Cnw
2  and 

€ 

Cnd
2  terms. 
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€ 

χ 2 = 0.56k
7
6 Cn

2 x( ) x − x
2

L
 

 
 

 

 
 

0

L

∫
5
6
dx  (5.1) 

€ 

χ 2 is the variance in neper units of the log-amplitude fluctuations of the signal, 

€ 

L   is the 

total length from transmitter to receiver and 

€ 

x  denotes the position along the signal 

propagation path, 

€ 

k  is the signal wavenumber (

€ 

k = 2π λ ) and 

€ 

Cn
2  the strength of the 

turbulence profile (accounting only for fluctuations in the real part of the index of 

refraction). 

The computed standard deviation of the log amplitude fluctuation for each of the 

standard Lowtran atmospheres considered in this analysis is shown in Figure 5.2 where 

tangent altitude refers to the lowest altitude traversed by the occultation signal.  As the 

signals penetrate deeper into the atmosphere, where 

€ 

Cn
2 is largest, the turbulence-induced 

amplitude scintillations grow.  The largest amplitude scintillations are found in the lower 

tropical atmosphere where the water vapor content is largest.  Failure to account for the 

wet component of the refractivity results in a severe underestimate of the amplitude 

scintillations in the lower and middle troposphere.  Additionally, our model allows us to 

account for variable amounts of water vapor in the atmosphere.   

The results shown in Figure 5.2 can be compared to those found in Martini et al. 

(2006) for the propagation of a 20 GHz microwave occultation signal. This comparison 

reveals that the results in this study yield a larger standard deviation for the log-amplitude 

fluctuations. In the analysis it was found that the lower magnitude amplitude-fluctuations 

predicted by Martini et al. (2006) originate in the fact that their solution accounts mainly 

for the contribution to the total signal amplitude fluctuations contributed by the lower-
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most layer in the radio occultation path. In contrast, this study accounts for contribution 

along the entire path from the transmitting to the receiving satellite through the entire 

turbulent atmosphere and as such includes the total variation expected at each tangential 

height.  
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Figure 5.2 Log-amplitude standard deviation (in nepers) for a radio electromagnetic 

signal at 20 GHz propagating through the limb atmosphere (straight path has been 

assumed) for the six model atmospheres as defined in Cole and Kantor (1978). 
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5.3 Physical implications of the formulations for the determination of the log-

amplitude and phase variances for signals propagating in a medium of complex 

index of refraction 

Solutions for the 

€ 

D κ,k( )D −κ,k( ) and

€ 

E κ,k( )E −κ,k( ), so called the amplitude and 

phase weighting functions, and for the case of planar, spherical or beam waves 

propagating through homogenous and inhomogeneous random media can be found in the 

electromagnetic scintillation theory (e.g. Wheelon, 2003, Chapters 3 and 7). Figure 5.3 

shows the shape of the amplitude (black lines) and phase (red lines) weighting functions 

as function of the scale of the turbulence 

€ 

κ  and the Fresnel scale 

€ 

Fs of the 

electromagnetic signal propagating through a homogenous medium. Figure 5.3 uses 

solutions found in Wheelon (2003; Equations 3.30, 3.51, 7.10 and 7.20) for planar (solid 

lines) and spherical (dashed lines), respectively. When the dielectric properties of the 

medium are purely real, the Equation 4.44 developed in this work, together with the 

amplitude weighting functions shown in Figure 5.3, show that the log-amplitude 

fluctuations are dominated by the small spatial scales of the turbulence spanning from the 

Kolmogorov inertial regime to the dissipation range at the very small spatial scales. This 

is because the amplitude weighting functions, in Figure 5.3, approach zero at the large 

spatial scales (small spatial wavenumbers region). The situation is even more obvious for 

the case of a spherical wave propagating through the medium.  In contrast for the 

variance in the signal’s phase, as shown in Equation 4.45 the phase fluctuations get a 

significant contribution from the large scale turbulent eddies.  In the case of a spherical 
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wave propagating through the medium the large scale turbulent eddies contribute even 

more.  
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Figure 5.3 Amplitude (black) and Phase (red) weighting functions for Planar (solid) and 

Spherical (segmented) waves propagating through an homogenous medium of 100 km in 

length. 

€ 

κ  is the turbulence scale wavenumber and 

€ 

Fs the Fresnel Scale of the signal 

propagating through the medium. 

 

When the signals propagate through an absorbing medium, the so-called 

amplitude and phase weighting functions, 

€ 

D κ,k( )D −κ,k( ) and

€ 

E κ,k( )E −κ,k( ), show up 

in the solution to estimate both the signal’s log-amplitude and phase variances by 

weighting the spatial spectral characteristics of the imaginary part of the medium’s index 
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of refraction. Consequently, the log-amplitude and phase variances are coupled through 

the spectral characteristics of the complex (real and imaginary components) of the air’s 

index of refraction. In this more general case the large scale turbulent eddies also 

contribute to the total log-amplitude variance by weighting the spectral characteristics of 

the imaginary component of the index of refraction. In Chapter 3 of this study it was 

found that in the large spatial scales region (beyond about 250 m) the one-dimensional 

power spectral density of air index of refraction fluctuations along the vertical axis 

typically follows a -3 power-law-index. This implies that this region will have an 

influence on the signal’s log-amplitude fluctuations. A similar conclusion was reached by 

Gurvich (1968) from his development of an expression to estimate the log-amplitude 

fluctuations for a plane wave signal traversing a homogenous turbulence and absorbing 

section of the atmosphere.  

Similarly, in the case of the signal’s phase variance, the small scales of the 

turbulence are also important. The magnitude of the contribution to the log-amplitude and 

phase variances will depend on the power of the spatial fluctuations of the complex part 

of the index of refraction. 

Another physical aspect of interest has to do with the dependence on the signal’s 

frequency for the log-amplitude and phase variance models. The scintillation theory 

shows that when only the fluctuations in the real part of the index of refraction are 

considered, the standard deviation of the signals log-amplitude fluctuations scale 

approximately with the square root of signal’s wavenumber. The dependence of the 

signal’s amplitude fluctuations on signal’s wavenumber is of great importance to assess 
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the performance of the differential optical depth approach suggested in the work of 

Kursinski et al. (2002) as a way to reduce the effect of atmospheric scintillation in the 

ability of the radio occultation technique, using signals within molecular absorption 

bands, to probe the Earth’s atmosphere.  

The generalized log-amplitude and phase variance expressions developed in this 

study can be used to better understand this issue. In a non-dispersive environment, only 

fluctuations in the real part of the index of refraction are taken into account. The spectral 

characteristics of the turbulence shown in Equations 4.44 and 4.45 are then independent 

of signal’s wavenumber. Consequently, the log-amplitude and phase fluctuations depend 

on wavenumber through the corresponding amplitude and phase weighting functions. 

However, when dealing with an absorbing medium both the spatial spectral 

characteristics of the turbulence, through fluctuations of the imaginary component of the 

medium’s index of refraction, and the corresponding weighting functions depend on 

signal’s wavenumber. 

Equation 4.50 can be used to understand the dependence on wavenumber of the 

power spectral density that originates from spatial fluctuations of the imaginary part of 

the medium’s index of refraction. The dependence on the signal’s wavenumber is through 

the 

€ 

Φδα

k 2 factor. In the case of the Earth’s atmosphere, if the absorption comes 

exclusively from the water vapor resonant bands, Equation 4.50 implies the wavenumber 

dependence is expected to show the effect of the complex water absorption lineshape 

divided by the square of the wavenumber of the signal propagating through the medium. 
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5.4 A practical case: Amplitude fluctuation of a plane wave propagating through an 

homogenous turbulence atmospheric layer 

One of the most important goals of this research has been to understand what is 

the total amplitude fluctuation of an electromagnetic signal propagating through a 

turbulent and absorbing medium. This helped us to derive a general model to estimate the 

amplitude fluctuation given in Equation 4.44.  In this section we evaluate Equation 4.44 

for the special case of a plane electromagnetic wave of wavenumber 

€ 

k  propagating 

through a homogenous turbulence layer of thickness 

€ 

L  and representing the turbulence in 

cylindrical coordinates. For simplicity we assume the turbulence follows Kolmogorov 

statistics and we will be concerned only with the inertial range with the outer scale of the 

turbulence denoted 

€ 

L0. This is not a bad assumption when dealing with microwaves, 

however in the case of optical or infrared waves, characterized by small wavelengths, the 

energy-dissipation scales of the turbulence do require special attention, see for instance 

Andrews (1992).  

In the case of study the 

€ 

D κ,k( )  and 

€ 

E κ,k( ) functions, to be included in Equation 

4.44, are given by the expressions 3.18 and 7.6 of Wheelon (2003). For completeness the 

expressions are reproduced here in Equations 5.2 and 5.3, respectively. 

 

€ 

D κ( ) =
k
2
eiLκ x dxe−ixκ x sin x κ r

2

2k
 

 
 

 

 
 

0

L

∫  (5.2) 

 

€ 

E κ( ) =
k
2

dxeixκ x cos L − x( )κ r
2

2k
 

 
 

 

 
 

0

L

∫  (5.3) 
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The double integrals 

€ 

D κ,k( )D −κ,k( ), 

€ 

D κ,k( )E −κ,k( )  and 

€ 

E κ,k( )E −κ,k( ) 

involved in Equation 4.44 can be solved under the assumption that the refractive index 

fluctuations are uncorrelated for points in space separated by more than the eddy size 

(Rytov et al., 1989), using trigonometric identities that help separating the spatial 

variables, and last but not least with the help of clever variable substitutions3. Assuming 

Von Kármán turbulence spectrum, with 

€ 

κ0 = 1
L0

being the wavenumber of the outer 

scale of the turbulence, adn under similarity theory arguments that claim the inner and 

outer scale of the turbulence to be the same for the case of fluctuations in the real, 

imaginary and cross term of the refractive index perturbations, leads to the following 

expressions for the three-dimensional power spectral density of turbulence, each one 

function of its corresponding structure function constant.  

 

€ 

Φδnr
κ( ) = 0.033Cδnr

2 κ 2 +κ0
2( )
−116  (5.4) 

 

€ 

Φδnrδni
κ( ) = 0.033Cδnrδni

κ 2 +κ0
2( )
−116  (5.5) 

 

€ 

Φδni
κ( ) = 0.033Cδni

2 κ 2 +κ0
2( )
−116  (5.6) 

Making use of all the above, leads to the Equation 5.7 for the determination of the 

amplitude fluctuations of an electromagnetic signal propagating through a homogenous 

turbulent layer.  In this equation 

€ 

s = Lκ
2

k
 is the scattering parameter, where 

€ 

κ  is the 

spatial wavenumber of the turbulent eddies. Similarly, 

€ 

s0 = Lκ0
2

k
. 

                                                
3 The solutions involved tedious mathematical development. The individual steps are not included here 

since the final solutions to these expressions are already available in the scientific literature; see 
Chapters 3 and 7 in Wheelon (2003). 
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€ 

χ 2
 
R ,k( ) = π 2 ⋅ 0.033 ⋅ L

11
6 ⋅ k

7
6

Cδnr

2 ds ⋅ s + s0( )
−11

6 1−
sin s( )

s
 
 
 

 
 
 0

∞

∫

−2 ⋅Cδnrδni
ds ⋅ s + s0( )

−11
6
sin2 s

2( )
s /20

∞

∫

+Cδni

2 ds ⋅ s + s0( )
−11

6 1+
sin s( )

s
 
 
 

 
 
 0

∞

∫

 

 

 
 
 
 

 

 
 
 
 

 

 

 
 
 
 

 

 
 
 
 

 (5.7) 

The first and second integrals in Equation 5.7 converge to a relatively small 

number, the first one is of about unity and the second converges to a value around 2. 

However, the third integral is undefined in the lower integration limit when the outer 

scale of the turbulence is omitted, this is situation is avoided by using a Von Kármán 

spectrum with a finite outer scale of the turbulence as is done here. The lower limit in the 

third integral is defined by the magnitude of 

€ 

s0  which is inversely proportional to the 

signal’s wavenumber. This becomes increasingly small as the signal’s wavenumber 

increases causing the value of the integral to increase. 

An expression similar to Equation 5.7 was derived by Gurvich (1968) for the 

specific case of a plane wave traversing a turbulent and absorbing medium. However, in 

the expression of Gurvich, the cross-term is positive and he thus neglects its effect on the 

examples included in his manuscript.  This second term being negative, as we will see 

later, will suppress the signal’s amplitude fluctuations whenever the absolute magnitude 

of this term is larger than the magnitude of the third term in Equation 5.7. In the 

development of Equation 5.7 in this study and contrary to the expression used in Gurvich 

(1968) the cross-term comes negative, same as in the study of Cole et al. (1988). 
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The Gulfstream V and ELECTRA data introduced in Chapter 2 was used to 

evaluate Equation 5.7 at different pressure levels in the atmosphere, 238.4 hPa (~10.7 

km), 287.5 hPa (~9.5 km), 300.1 hPa (~9.1 km), 447 hPa (~7 km), 549.8 hPa (~ 5.2 km), 

839.3 hPa (~1.6 km) and 964.2 hPa (~0.42 km), respectively. Tables 5.1, 5.2 and 5.3 

shows the results for microwave signals at different frequencies, in the 22 GHz and the 

183 GHz bands, propagating through the turbulent and absorbing medium sampled by the 

ELECTRA and GV aircrafts, respectively. The information calculated from the data 

includes the structure-function constants, 

€ 

Cδnr
2 , 

€ 

Cδni
2 , and the cross-spectrum structure 

constant

€ 

Cδnrδni
, the mean optical depth in a 100 km path of the signal through the 

medium, the signal amplitude variance in a 100 km path due to perturbations in the real 

component of the index of refraction of air, the signal amplitude variance in a 100 km 

path due to perturbations in the imaginary component of the index of refraction of air, as 

well as the cross-term. Is important to notice that in these calculations the outer scale of 

the turbulence was set to L0=500 m. This outer scale magnitude makes the results 

consistent and comparable with the turbulence scheme used in the work of Kursinski et 

al. (2008a). 

5.5 Analysis of the results 

The results of the exercise explained above are included in Tables 5.1, 5.2 and 5.3 

found at the end of this chapter. These tables include for each signal’s frequency the 

magnitude of the structure-function constants 

€ 

Cδnr
2 , 

€ 

Cδnrδni
 and 

€ 

Cδni
2 calculated from the 

ELECTRA and Gulfstream V datasets for the several altitude levels in the atmosphere. 
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Besides, these tables include the results of evaluating the three terms in Equation 5.7 

regarding the contribution to the signal’s log-amplitude variance from the turbulent 

perturbations in the real and imaginary components of the index of refraction of air as 

well as the cross-term, given by the terms 

€ 

χR
2 , 

€ 

χ I
2 , and 

€ 

χR ,I
2 , respectively.  

In Tables 5.1 through 5.3, when the absolute magnitude of the 

€ 

χR ,I
2  term is 

larger than the magnitude of the 

€ 

χ I
2  term, the turbulent random perturbations of the 

imaginary part of the index of refraction will contribute to decrease the signal’s log-

amplitude variance, in comparison with random perturbations due to the real index of 

refraction alone. 

The results shown in Tables 5.1 through 5.3 are conveniently plotted in Figures 

5.4 through 5.9 separated by frequency band (22 GHz and 183 GHz) and altitude level in 

the atmosphere, and as function of optical depth and frequency.  

Figures 5.4 and 5.5 show (in percentage) the total signal’s log-amplitude standard 

deviations (including the effects of turbulent fluctuations in the imaginary part of the 

index of refraction) relative to the log-amplitude fluctuations expected if only random 

perturbations in the real part of the index of refraction were considered. These figures 

illustrate the magnitude of the contribution from random fluctuations in the imaginary 

part of the index of refraction, and provide a good indication of how well the differential 

optical depth approach suggested by Kursinski et al. (2002) would ratio out the effect of 

turbulent amplitude fluctuations in the signals propagating in an active radio occultation 

system. Thus far, the differential optical depth approach suggested in Kursinski et al. 

(2002) has considered only the effects of random fluctuations in the real part of the index 
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of refraction through the radio occultation path, and as such it assumes the signals log-

amplitude standard deviation would scale with signal’s wavenumber to the power of 

€ 

7
12, 

€ 

k
7
12 . Under the conditions of this exercise, Figure 5.4 (for signals in the 22 GHz band) 

shows that accounting for turbulent random fluctuations in the imaginary part of the 

medium’s index of refraction reduces the log-amplitude standard deviations in a 

magnitude less than 1%. Consequently, in this particular case when the effect of random 

fluctuations of the imaginary part of the index of refraction is quite small, the log-

amplitude standard deviation do in fact scale as function of the frequency ratio to the 

power of 

€ 

7
12 as is possible to see in Figure 5.8.  For completeness, Figure 5.6 shows the 

contribution from random fluctuations in the imaginary part of the index of refraction as a 

function of frequency illustrating that the effect (although small in magnitude in this 

exercise) becomes larger as the signal’s frequency shifts closer to the corresponding 

resonant band and the optical depth of the medium increases.  

The results found for the signals in the 22 GHz band discussed above could 

change dramatically as the outer scale of the turbulence increases, or if the power spectral 

density is not well represented by a Von Kármán spectrum and higher energy exists at the 

larger scales. In Chapter 3 it was found from the analysis of vertical soundings data that 

the one-dimensional power spectral density of fluctuations in the air index of refraction 

shows a two-inertial regime shape with a slope higher than Kolmogorov for spatial scales 

larger than about 250 m. Based on those findings, and to better represent the impact we 

decided to keep in Equation 5.7 a Von Kármán spectrum but use a larger outer scale of 

the turbulence to account for the effect of potentially higher energy density in the air 



 108 

index of refraction at the small wavenumbers region. In this case the outer scale was set 

to 

€ 

L0 = 8000  m (detailed calculations not included here). Having more energy in the 

small wavenumbers region caused the contributions from random fluctuations in the 

imaginary part of the index of refraction to increase the total log-amplitude standard 

deviations, for the signals in the 22 GHz band, in about 5% (in the low troposphere) and 

larger than 10% (in the mid troposphere region) beyond that would be expected if only 

fluctuations in the real index of refraction were to be considered (see Figure 5.10). In this 

last case, the differential optical depth approach suggested by Kursinski et al. (2002) will 

likely leave a larger turbulence residual arising due to fluctuations in the imaginary part 

of the index of refraction. If the ratio of signals amplitudes leaves a turbulence induced 

noise of 2%, this will transfer into a 4% in terms of optical depths difference and this 

ultimately transfer in a larger uncertainty in the determination of the variables of interest, 

such as temperature and humidity, probably in the same order of magnitude as the noise 

left behind in the determination of the optical depth difference if no attention is given to 

the effects of random perturbations on the imaginary part of the index of refraction. 

In this simple exercise of a plane wave traversing a 100 km homogenous 

turbulence medium with outer scale of 

€ 

L0 = 500  m, and for the case of signals in the 183 

GHz band, the random fluctuations due to atmospheric turbulence in the imaginary part 

of the index of refraction have a larger effect. Figure 5.5 shows the signal’s total log-

amplitude standard deviations (including the effects of turbulent fluctuations in the 

imaginary part of the index of refraction) relative to the log-amplitude fluctuations 

expected if only random perturbations in the real part of the index of refraction were to be 
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considered. This time dependence on the turbulence strength (function of altitude) and 

signal frequency (optical depth through the medium) the random fluctuations in the 

absorption field can contribute as much as 100% for optical depths not higher than 15 

nepers (see insert in Figure 5.5). In this example, the total signal’s log-amplitude standard 

deviation (see Figure 5.9) reaches about 5% level for a 100 km path at altitudes of 9 km 

to 10 km. In a full radio occultation path, at these altitudes, the total log-amplitude 

standard deviation might increase by a factor of 5 leading to a total of 25%. Based on the 

results shown in the insert to Figure 5.5, one can infer that of the 25% log-amplitude 

standard deviation, more than 50% (at optical depth of 5 and 9.45 km altitude) is 

contributed by random fluctuations of the absorption field due to atmospheric turbulence. 

Therefore, neglecting the scintillations due to fluctuations of the imaginary part of 

the index of refraction would lead to significant residual noise in the originally proposed 

differential optical depth approach. It is also very important to notice that the 

enhancement in the log-amplitude standard deviation arising from the random 

perturbations in the imaginary part of the index of refraction of the medium increases 

approximately as the optical depth squared, as shown by the dotted lines connecting the 

symbols in Figure 5.5.  

We need to consider this new information in the context of our previous 

understanding about the impact of turbulence which included only the impact of turbulent 

variations in the real part of the index of refraction.   

The error analysis of Kursinski et al. (2008b) considered the impact of turbulence 

but only turbulent variations in the real part of the index of refraction. From that error 
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analysis, Kursinski concluded that minimizing the fractional differential-optical-depth 

error as atmospheric turbulence increases requires that the radio occultation signals are 

chosen such that they experience higher optical depths; i.e. the signals get closer to the 

resonant frequency of the corresponding absorption band (see Figure 2 in Kursinski et al., 

2008b).  

The dependence of the log amplitude scintillation on turbulent variations of the 

imaginary part of the index of refraction derived here leads to the following very 

interesting conclusions. On the one hand, the log amplitude scintillation “noise” grows 

quadratically with optical depth, significantly more rapid than a linear relation.  On the 

other hand, this quadratic dependence offers a “signal” that can be used to isolate and 

attenuate the amplitude fluctuations due to random fluctuations in the imaginary part of 

the index of refraction.  As a result simultaneous radio occultation measurements at three 

or more selected frequencies could provide the information needed to separate the log-

amplitude variance contributed by random fluctuations in both the real and imaginary 

parts of the index of refraction. Such an approach would generalize and improve the 

differential optical depth approach suggested by Kursinski et al. (2002). Clearly this 

needs more attention in the near future in order to revise the differential optical depth 

approach in light of the new understanding of the errors due to turbulent variations in the 

imaginary part of the index of refraction, to understand the minimum errors of this new 

differential optical depth approach and refine the ATOMMS instrument design 

accordingly. 
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In the meantime a proof of concept of a radio occultation system including signals 

with frequencies within the 22 GHz and 183 GHz water vapor absorption bands is under 

development. This is the Atmospheric Temperature, Ozone and Moisture Microwave 

Spectrometer (ATOMMS) project (Kursinski et al. [2008]). At the microwave, electronic 

and mechanical integration of ATOMMS is near completion and ground tests as well as 

radio occultation geometry tests, using the transmitters and receivers on board of 

NASA’s WB-57 aircrafts, are planned for the first half of 2009. Only at that time will be 

possible to run some field tests to monitor the effects of random fluctuations in the 

complex index of refraction of air in the propagation of the ATOMMS’s signals as to 

validate the results and ideas described in this Chapter. The generalized equations for the 

determination of the log-amplitude and phase variances developed in Chapter 4 

(Equations 4.44 and 4.45) will be solved for the particular type of wave and propagation 

geometry of the ATOMMS field tests and the results from the models will be compared 

to the actual measurements with the goal of developing the best possible approach to 

minimizing the effect of random fluctuations in the complex air index of refraction 

induced by atmospheric turbulence on the main radio occultation observables. 
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Figure 5.4 (22 GHz Band) contribution (in percentage, negative implies suppression) to 

the total amplitude fluctuation in the 22 GHz Band for a 100 km path from perturbations 

of the real and imaginary part of the air index of refraction compared to the amplitude 

fluctuation due to perturbations from the real part of the air index of refraction alone 

versus optical depth. The curves show results at altitudes of: 0.42 km (right triangle), 1.61 

km (left triangle), 5.20 km (stars), 6.95 km (squares), 9.14 km (circle) and 9.45 km (up 

pointing triangle). This figure shows the results from using Equation (5.7) with L0=500 m 

for the outer scale of the turbulence and the structure constants in Tables 5.1, 5.2 and 5.3. 

Each symbol corresponds to a different frequency, 18, 19, 20, 21, 23 and 22 GHz (in 

order of increasing optical depth).
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Figure 5.5 (183 GHz Band) contribution (in percentage, negative implies suppression) to 

the total amplitude fluctuation in the 183 GHz Band for a 100 km path from perturbations 

of the real and imaginary part of the air index of refraction compared to the amplitude 

fluctuation due to perturbations from the real part of the air index of refraction alone 

versus optical depth. The curves show results at altitudes of: 0.42 km (right triangle), 1.61 

km (left triangle), 5.20 km (stars), 6.95 km (squares), 9.14 km (circle) and 9.45 km (up 

pointing triangle). This figure shows the results from using Equation (5.7) with L0=500 m 

for the outer scale of the turbulence and the structure constants in Tables 5.1, 5.2 and 5.3. 

Each symbol corresponds to a different frequency, 194, 192, 190, 188, 186 and 184 GHz 

(in order of increasing optical depth).
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Figure 5.6 (22 GHz Band) contribution (in percentage, negative implies suppression) to 

the total amplitude fluctuation in the 22 GHz Band for a 100 km path from perturbations 

of the real and imaginary part of the air index of refraction compared to the amplitude 

fluctuation due to perturbations from the real part of the air index of refraction alone 

versus frequency. The curves show results at altitudes of: 0.42 km (right triangle), 1.61 

km (left triangle), 5.20 km (stars), 6.95 km (squares), 9.14 km (circle) and 9.45 km (up 

pointing triangle). This figure shows the results from using Equation (5.7) with L0=500 m 

for the outer scale of the turbulence and the structure constants in Tables 5.1, 5.2 and 5.3. 
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Figure 5.7 (183 GHz Band) contribution (in percentage, negative implies suppression) to 

the total amplitude fluctuation in the 183 GHz Band for a 100 km path from perturbations 

of the real and imaginary part of the air index of refraction compared to the amplitude 

fluctuation due to perturbations from the real part of the air index of refraction alone 

versus frequency. The curves show results at altitudes of: 0.42 km (right triangle), 1.61 

km (left triangle), 5.20 km (stars), 6.95 km (squares), 9.14 km (circle) and 9.45 km (up 

pointing triangle). This figure shows the results from using Equation (5.7) with L0=500 m 

for the outer scale of the turbulence and the structure constants in Tables 5.1, 5.2 and 5.3. 
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Figure 5.8 (22 GHz Band) standard deviation of total signal amplitude fluctuation (in 

percentage) including the effect of perturbations in the real and the imaginary part of the 

air index of refraction due to atmospheric turbulence along a path of 100 km versus 

frequency. Altitudes: 0.42 km (right triangle), 1.61 km (left triangle), 5.20 km (stars), 

6.95 km (squares), 9.14 km (circle) and 9.45 km (up pointing triangle). This figure shows 

the results from using Equation (5.7) with L0=500 m for the outer scale of the turbulence 

and the structure constants in Tables 5.1, 5.2 and 5.3. 
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Figure 5.9 (183 GHz Band) standard deviation of total signal amplitude fluctuation (in 

percentage) including the effect of perturbations in the real and the imaginary part of the 

air index of refraction due to atmospheric turbulence along a path of 100 km versus 

frequency. Altitudes: 0.42 km (right triangle), 1.61 km (left triangle), 5.20 km (stars), 

6.95 km (squares), 9.14 km (circle) and 9.45 km (up pointing triangle). This figure shows 

the results from using Equation (5.7) with L0=500 m for the outer scale of the turbulence 

and the structure constants in Tables 5.1, 5.2 and 5.3.



 118 

! " # $ % &! &"!

"

#

$

%

&!

&"

&#

'()*+,-./0()1.*2.,.&!!.34.(,)15.20(067

8.9
.9!

60
,-

"
.:
.!
60
,-
5*4
,;

"
.:
.!
*4
,;

"
<=!

60
,-

"
<&
="
!&
>?
&!
!5
.@

! !A& !A" !AB
!

&

"

B

#

"9&!!.34<5.20(067
7,
4
0.
,7
.4
,*
2.
C*;
D6
0

 
Figure 5.10 (22 GHz Band) contribution (in percentage, negative implies 

suppression) to the total amplitude fluctuation in the 22 GHz Band for a 100 km path 

from perturbations of the real and imaginary part of the air index of refraction compared 

to the amplitude fluctuation due to perturbations from the real part of the air index of 

refraction alone versus optical depth. The curves show results at altitudes of: 0.42 km 

(right triangle), 1.61 km (left triangle), 5.20 km (stars), 6.95 km (squares), 9.14 km 

(circle) and 9.45 km (up pointing triangle). This figure shows the results from using 

Equation (5.7) with L0=8000 m for the outer scale of the turbulence and the structure 

constants in Tables 5.1, 5.2 and 5.3. Each symbol corresponds to a different frequency, 

18, 19, 20, 21, 23 and 22 GHz (in order of increasing optical depth). 
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Table 5.1 Amplitude variances for microwave signals propagating at three altitude levels 

using ELECTRA aircraft data 
Signal 

 

€ 

ν  

Signal 
 

€ 

k  

€ 

Cδni
2  

€ 

Cδnrδni
 Optical 

depth, 

€ 

τ  
in a 100 
km path. 

€ 

χR
2  

€ 

χR ,I
2  

€ 

χ I
2  

[GHz] [m-1] [m-2/3] [m-2/3] [nepers] [nepers]   
Pressure level = 447 hPa, altitude ~ 6.95 km, Data from TOGA/COARE, Section RF08-1B (see Table 2.4) 

Outer scale of the turbulence, L0=500 m.                           

€ 

Cδnr
2 = 8x10−15  [m-2/3]  

18 377.3 3.0x10-22 9.3x10-19 0.12 0.0037 -2.14x10-6 1.05x10-7 
19 398.2 6.8x10-22 1.4x10-18 0.15 0.0039 -3.44x10-6 2.65x10-7 
20 419.2 2.1x10-21 2.5x10-18 0.23 0.0041 -6.55x10-6 9.08x10-7 
21 440.1 8.0x10-21 4.8x10-18 0.40 0.0044 -1.34x10-5 3.81x10-6 
22 461.1 2.5x10-20 8.6x10-18 0.69 0.0046 -2.54x10-5 1.31x10-5 
23 482.2 1.7x10-20 7.1x10-18 0.62 0.0049 -2.21x10-5 9.72x10-6 

184 3856.4 1.0x10-17 1.8x10-16 106.0 0.0551 -0.0072 0.3661 
186 3898.3 9.6x10-19 5.3x10-17 32.0 0.0558 -0.0021 0.3590 
188 3940.2 1.7x10-19 2.3x10-17 13.8 0.0565 -0.0009 0.0065 
190 3982.1 5.9x10-20 1.3x10-17 8.1 0.0572 -0.0005 0.0023 
192 4024.0 2.8x10-20 9.3x10-18 5.7 0.0579 -0.0004 0.0011 
194 4065.9 1.7x10-20 7.2x10-18 4.4 0.0586 -0.0003 0.0007 

Pressure level = 549.8 hPa, altitude ~ 5.2 km, Data from TOGA/COARE, Section RF08-1C (see Table 2.4) 
Outer scale of the turbulence, L0=500 m.  

€ 

Cδnr
2 = 3x10−14  [m-2/3] 

18 377.3 1.7x10-21 3.9x10-18 0.32 0.0137 -8.96x10-6 5.95x10-7 
19 398.2 3.7x10-21 5.8x10-18 0.45 0.0146 -1.43x10-5 1.44x10-6 
20 419.2 9.8x10-21 9.3x10-18 0.72 0.0155 -2.44x10-5 4.24x10-6 
21 440.1 3.0x10-20 1.6x10-17 1.28 0.0164 -4.46x10-5 1.43x10-5 
22 461.1 6.8x10-20 2.5x10-17 2.00 0.0173 -7.38x10-5 3.56x10-5 
23 482.2 5.5x10-20 2.2x10-17 1.88 0.0182 -6.86x10-5 3.15x10-5 

184 3856.4 2.7x10-17 5.0x10-16 319.70 0.2065 -0.0001 0.9884 
186 3898.3 4.2x10-18 1.9x10-16 122.40 0.2091 -0.0200 0.1571 
188 3940.2 9.0x10-19 9.0x10-17 56.30 0.2117 -0.0077 0.0344 
190 3982.1 3.3x10-19 5.4x10-17 33.70 0.2144 -0.0037 0.0129 
192 4024.0 1.7x10-19 3.9x10-17 23.90 0.2170 -0.0022 0.0068 
194 4065.9 1.0x10-19 3.1x10-17 18.90 0.2196 -0.0016 0.0041 
196 4107.9 7.4x10-20 2.6x10-17 16.00 0.2223 -0.0013 0.0031 

Pressure level = 839.3 hPa, altitude ~ 1.6 km, Data from TOGA/COARE, Section RF13-2D (see Table 2.4) 
Outer scale of the turbulence, L0=500 m.  

€ 

Cδnr
2 = 4.3x10−14  [m-2/3] 

18 377.3 6.0x10-21 1.1x10-17 2.20 0.0196 -2.53x10-5 2.10x10-6 
19 398.2 1.0x10-20 1.5x10-17 3.10 0.0209 -3.69x10-5 3.90x10-6 
20 419.2 1.8x10-20 1.9x10-17 4.50 0.0222 -4.98x10-5 7.78x10-6 
21 440.1 3.2x10-20 2.6x10-17 6.54 0.0235 -7.24x10-5 1.52x10-5 
22 461.1 4.4x10-20 3.0x10-17 8.40 0.0248 -8.85x10-5 2.30x10-5 
23 482.2 4.4x10-20 3.0x10-17 8.63 0.0261 -9.36x10-5 2.52x10-5 

184 3856.4 1.5x10-17 5.5x10-16 1269.00 0.2960 -0.0220 0.5491 
186 3898.3 6.5x10-18 3.7x10-16 769.70 0.2997 -0.0150 0.2432 
188 3940.2 2.4x10-18 2.2x10-16 441.30 0.3035 -0.0090 0.0917 
190 3982.1 1.1x10-18 1.5x10-16 290.60 0.3073 -0.0062 0.0429 
192 4024.0 6.6x10-19 1.2x10-16 216.60 0.3110 -0.0051 0.0263 
194 4065.9 4.5x10-19 9.7x10-17 175.50 0.3148 -0.0041 0.0183 
196 4107.9 3.5x10-19 8.5x10-17 152.90 0.3186 -0.0037 0.0145 
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Table 5.2 Amplitude variances for microwave signals propagating at three altitude levels 

using ELECTRA aircraft data (2) 
Signal 

 

€ 

ν  

Signal 
 

€ 

k  

€ 

Cδni
2  

€ 

Cδnrδni
 Optical 

depth, 

€ 

τ  
in a 100 
km path. 

€ 

χR
2  

€ 

χR ,I
2  

€ 

χ I
2  

[GHz] [m-1] [m-2/3] [m-2/3] [nepers]    
Pressure level = 964.2 hPa, altitude ~ 0.42 km, Data from TOGA/COARE, Section RF08-1F (see Table 2.4) 

Outer scale of the turbulence, L0=500 m.  

€ 

Cδnr
2 =1.2x10−13  [m-2/3] 

18 377.3 2.2x10-20 3.3x10-17 3.4 0.0548 -7.59x10-5 7.70x10-6 
19 398.2 3.5x10-20 4.1x10-17 4.6 0.0583 -1.01x10-4 1.36x10-5 
20 419.2 5.5x10-20 5.2x10-17 6.5 0.0619 -1.36x10-4 2.38x10-5 
21 440.1 8.3x10-20 6.4x10-17 8.8 0.0656 -1.78x10-4 3.95x10-5 
22 461.1 1.07x10-19 7.2x10-17 10.9 0.0692 -2.12x10-4 5.60x10-5 
23 482.2 1.1x10-19 7.3x10-17 11.3 0.0729 -2.28x10-4 6.30x10-5 

184 3856.4 3.15x10-17 1.3x10-15 1567.4 0.8259 -0.0002 1.1532 
186 3898.3 1.77x10-17 9.3x10-16 1066.7 0.8364 -0.0520 0.6621 
188 3940.2 8.0x10-18 6.3x10-16 663.6 0.8469 -0.0377 0.3057 
190 3982.1 4.1x10-18 4.5x10-16 454.4 0.8574 -0.0187 0.1600 
192 4024.0 2.5x10-18 3.5x10-16 345.5 0.8680 -0.0147 0.0997 
194 4065.9 1.8x10-18 3.0x10-16 284.7 0.8785 -0.0128 0.0733 
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Table 5.3 Amplitude variances for microwave signals propagating at three altitude levels 

using GV aircraft data 
Signal 

 

€ 

ν  

Signal 
 

€ 

k  

€ 

Cδni
2  

€ 

Cδnrδni
 Optical 

depth, 

€ 

τ  
in a 100 
km path. 

€ 

χR
2  

€ 

χR ,I
2  

€ 

χ I
2  

[GHz] [m-1] [m-2/3] [m-2/3] [nepers] [nepers]   
Pressure level = 238.4 hPa, altitude ~ 10.7 km, Data from GV, Section 4B (see Table 2.2)   

€ 

Cδnr
2 = 2.2x10−17  [m-2/3] 

Outer scale of the turbulence, L0=500 m. 
18 377.3 5.1x10-27 3.1x10-22 0.0333 1.00E-5 -7.13x10-10 1.79x10-12 
19 398.2 5.6x10-27 3.7x10-22 0.0351 1.07E-5 -9.10x10-10 2.18x10-12 
20 419.2 7.6x10-27 4.1x10-22 0.0374 1.11E-5 -1.07x10-9 3.28x10-12 
21 440.1 1.9x10-26 6.7x10-22 0.0411 1.12E-5 -1.87x10-9 9.05x10-12 
22 461.1 1.1x10-25 1.7x10-21 0.0493 1.13E-5 -5.02x10-9 5.75x10-11 
23 482.2 5.1x10-26 1.1x10-21 0.0484 1.13E-5 -3.43x10-9 2.92x10-11 

183.35 3842.7 1.6x10-22 6.3x10-20 3.05 1.51E-4 -2.51x10-6 5.82x10-6 
184 3856.4 1.9x10-24 4.1x10-20 1.97 1.51E-4 -1.64x10-6 6.96x10-8 
186 3898.3 2.9x10-25 6.9x10-21 0.3703 1.53E-4 -2.80x10-7 1.08x10-8 
188 3940.2 9.5x10-26 2.7x10-21 0.1691 1.55E-4 -1.11x10-7 3.63x10-9 
190 3982.1 4.6x10-26 1.5x10-21 0.1142 1.57E-4 -6.24x10-8 1.80x10-9 
192 4024.0 2.8x10-26 1.1x10-21 0.0923 1.59E-4 -4.63x10-8 1.12x10-9 
194 4065.9 2.8x10-26 8.2x10-22 0.0817 1.61E-4 -3.50x10-8 1.14x10-9 

Pressure level = 287.5 hPa, altitude ~ 9.5 km, Data from GV, Section 2A (see Table 2.2) 

€ 

Cδnr
2 = 4.5x10−17  [m-2/3] 

18 377.3 1.1x10-25 1.7x10-21 0.0438 2.05E-5 -3.91x10-9 3.85x10-11 
19 398.2 2.3x10-25 2.4x10-21 0.0466 2.19E-5 -5.90x10-9 8.97x10-11 
20 419.2 6.7x10-25 4.2x10-21 0.0507 2.32E-5 -1.10x10-8 2.90x10-10 
21 440.1 3.4x10-24 9.5x10-21 0.0589 2.46E-5 -2.65x10-8 1.62x10-9 
22 461.1 2.1x10-23 2.3x10-20 0.0767 2.60E-5 -6.79x10-8 1.10x10-8 
23 482.2 1.0x10-23 1.6x10-20 0.0730 2.73E-5 -4.99x10-8 5.72x10-9 

183.35 3842.7 2.6x10-20 8.0x10-19 7.41 3.08E-4 -3.19x10-5 9.45x10-4 
184 3856.4 1.3x10-20 5.6x10-19 5.30 3.10E-4 -2.24x10-5 4.76x10-4 
186 3898.3 5.3x10-22 1.1x10-19 1.12 3.14E-4 -4.46x10-6 1.98x10-5 
188 3940.2 8.3x10-23 4.5x10-20 0.48 3.18E-4 -1.85x10-6 3.17x10-6 
190 3982.1 2.7x10-23 2.6x10-20 0.30 3.22E-4 -1.08x10-6 1.05x10-6 
192 4024.0 1.3x10-23 1.8x10-20 0.22 3.25E-4 -7.58x10-7 5.18x10-7 
194 4065.9 7.9x10-24 1.4x10-20 0.19 3.29E-4 -5.97x10-7 3.21x10-7 
196 4107.9 5.6x10-24 1.2x10-20 0.17 3.33E-4 -5.18x10-7 2.33x10-7 

Pressure level = 300.1 hPa, altitude ~ 9.1 km, Data from GV, Section 1A (see Table 2.2)   

€ 

Cδnr
2 = 2.8x10−17  [m-2/3] 

18 377.3 4.8x10-26 1.0x10-21 0.0461 1.28E-5 -2.30x10-9 1.68x10-11 
19 398.2 9.7x10-26 1.4x10-21 0.0497 1.36E-5 -3.44x10-9 3.78x10-11 
20 419.2 2.8x10-25 2.3x10-21 0.0555 1.44E-5 -6.03x10-9 1.21x10-10 
21 440.1 1.4x10-24 4.9x10-21 0.0686 1.53E-5 -1.36x10-8 6.67x10-10 
22 461.1 7.4x10-24 1.1x10-20 0.0979 1.62E-5 -3.25x10-8 3.87x10-9 
23 482.2 3.9x10-24 8.0x10-21 0.0896 1.70E-5 -2.50x10-8 2.23x10-9 

183.35 3842.7 8.4x10-21 3.7x10-19 12.61 1.92E-4 -1.47x10-5 3.05x10-4 
184 3856.4 4.4x10-21 2.7x10-19 9.16 1.93E-4 -1.08x10-5 1.61x10-4 
186 3898.3 1.9x10-22 5.6x10-20 1.98 1.95E-4 -2.27x10-6 7.1x10-6 
188 3940.2 3.1x10-23 2.2x10-20 0.83 1.98E-4 -9.03x10-7 1.18x10-6 
190 3982.1 1.0x10-23 1.3x10-20 0.50 2.00E-4 -5.41x10-7 3.90x10-7 
192 4024.0 4.8x10-24 8.9x10-21 0.36 2.00E-4 -3.75x10-7 1.91x10-7 
194 4065.9 2.9x10-24 6.9x10-21 0.30 2.01E-4 -2.94x10-7 1.18x10-7 
196 4107.9 2.1x10-24 5.8x10-21 0.26 2.08E-4 -2.50x10-7 8.72x10-8 
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6 SUMMARY AND CONCLUSIONS 

6.1 Conclusions 

In summary, a dataset that comprises the sounding of the atmosphere at several 

altitude levels with instrumented aircrafts (ELECTRA and GV) have been put together. 

The data includes information on temperature, pressure and humidity observed at 

different altitudes in the atmosphere and along horizontal flight paths of a few hundred 

kilometers and horizontal resolution ranging from 5 m to 250 m. This dataset has proved 

valuable to get statistical description of the turbulence and to derive parameters that are 

useful for the study of propagation of electromagnetic signals through a turbulent and 

absorbing medium.   

The results and contributions of this research can be summarized as follows: In 

Chapter 2, a parametric equation was developed to allow the determination of the 

strength of the turbulence as a function of the mean value of the wet refractivity which is 

important at microwave frequencies. This was based upon an examination of soundings 

of thermodynamics variables of the atmosphere along extended horizontal paths by 

means of instrumented aircraft. This parametric equation has been successfully used to 

derive the standard deviation in the log-amplitude fluctuations of a microwave signal 

crossing the limb of the atmosphere for various model atmospheres. The results indicate 

that the largest scintillation will be found in the lower atmosphere where fluctuations in 

the humidity field contribute the most. The parametric Equation 2.9 proves useful for this 



 123 

kind of simulations since the strength of the turbulence in the lower atmosphere can be 

estimated from the wet-component of air refractivity which in turn can be computed from 

any profiles of temperature and humidity of interest. 

In Chapter 3, vertical soundings of the atmosphere at two locations, one equatorial 

and one sub-tropical, were used to understand the shape of the one-dimensional power 

spectral density (PSD) of air refractive index perturbations in the vertical direction in the 

Earth atmosphere. The analysis emphasized the Lower Troposphere (LT) and the upper 

troposphere-lower stratosphere (UTLS) regions. The results showed that the PSD exhibits 

a two-inertial regime, one at the small spatial wavenumbers region with a slope of -3 and 

one at the large wavenumbers region with a slope of -5/3 in the UTLS region but more in 

the order of -2 in the LT region. The vertical scale of the transition between the two 

regimes was found to be on the order of 250 m, comparable with the Fresnel scale of 

microwaves and millimeter wavelength electromagnetic signals. The extended model to 

compute the amplitude fluctuations of an electromagnetic signal propagating through a 

turbulent and absorbing medium, in Equations 4.44, show that large scale turbulent 

eddies are also important, therefore the two-inertial regimes shape of the index of 

refraction PSD becomes even more relevant. A review of the scientific literature shows 

that this shape of the spectra responds to the very complex processes that take place in the 

atmosphere where the small wavenumbers inertial regime can be explained in terms of 

either convective or dynamic instabilities, and the mechanisms triggering these 

instabilities might involve the participation of gravity waves, wind shear strong enough to 

dominate over thermal stability. Similarly, a two-inertial regime shape for the spectrum 
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of temperature perturbations along the horizontal axis has been reported in the scientific 

literature. There is much debate on the physical processes responsible for this shape of 

the spectrum. The small wavenumbers inertial regime is believed to originate in 

baroclinic instabilities, together with Ekman dumping and estrophy cascading. On the 

other hand, the small spatial scales region of the spectrum is explained as the result of the 

downscale of energy flux to dominate over that of the direct cascade of enstrophy. The 

transition between inertial regimes is at a horizontal scale of about 300 km to 400 km.  

In Chapter 4 of this research we derived a generalized mathematical model for the 

determination of the amplitude and phase fluctuations of electromagnetic signals 

propagating through a turbulent and absorbing medium. The analysis was done by 

extending the existing models available in the electromagnetic scintillation theory taking 

the permittivity of the medium to be complex with a real and an imaginary component, 

the latter arising from the absorption coefficient of the medium. An important conclusion 

arising from this results is that, contrary to what is currently believed, the large scale 

turbulent eddies are also contributing to the total amplitude fluctuations of 

electromagnetic signals propagating through the atmosphere. The large scale turbulent 

eddies have an effect through the spatial power density of the fluctuations in the 

imaginary part of the index of refraction, or alternatively the spatial power density of the 

fluctuations in the medium’s absorption coefficient. 

The model derived for the determination of the signal’s log-amplitude fluctuations 

of electromagnetic signals propagating through a turbulent and absorbing medium was 

solved for the case of a plane wave propagating through a 100 km thick homogenous 
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turbulence section of the atmosphere. Under the conditions of this exercise, that uses an 

outer scale of the turbulence of 500 m (L0=500m) and with the spectral characteristics of 

the perturbations in the complex index of refraction evaluated with the use of aircraft 

data, the results show that for the case of signals in the 22 GHz band the effect of 

considering the perturbations of the imaginary part of the index of refraction leads to a 

slight suppression of the signal’s log-amplitude fluctuations. On the other hand, for the 

signals in the 183 GHz water vapor absorption band, the contribution to the amplitude 

fluctuations arising from the perturbations in the imaginary part of the index of refraction 

relative to that originating in the perturbations contribute to increase the log-amplitude 

variance when compared to have considered only fluctuations in the perturbation in real 

part of the index of refraction. The closer the frequency of the microwave signal 

propagating through the turbulent and absorbing medium to the resonant frequency of a 

particular water vapor absorption band, the higher the optical depth, and this translates in 

a higher amplitude fluctuation arising from perturbations in the imaginary component of 

the dielectrics of the medium.  

The analysis of the results in Chapter 5 show that the differential optical depth 

approach suggested by Kursinski et al. (2002) as a way of reducing the impact of 

turbulence from signals in a radio occultation sounding of the atmosphere must be 

revisited. This approach must be generalized to account for and minimize the 

contribution of random perturbations of the imaginary part of the index of refraction 

along the propagation path of the radio occultation signals. 
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6.2 Future work 

The expressions found in this research for determining the amplitude and phase 

fluctuations shown in Equations 4.44 and 4.45 need be solved for cases of spherical and 

beam waves propagating in a full radio occultation path. Importantly, the frequency 

dependence of the signal’s log-amplitude fluctuations contributed by the turbulent 

fluctuations of the imaginary component of the index of refraction can be studied with the 

help of the amplitude-frequency-correlation function shown in Equation 4.20 and that can 

be evaluated with the help of the generalized expressions 4.44 and 4.45. This is critical to 

deriving an approach that allows minimization of the impact of atmospheric turbulence 

on the observables of the radio occultation system because any residual fluctuations will 

reduce the accuracy of the parameters of interest, such as the temperature, pressure and 

concentration of absorbing gases profiles.  

A proof of concept of ATOMMS, the radio occultation system concept explained 

in Kursinski et al. (2008a), is under development. This proof of concept includes radio 

occultation signals in the 22 GHz and 183 GHz water vapor band as well as near the 195 

GHz ozone absorption band. The transmitters, receivers, microwave optics as well as 

monitoring equipment are under construction at the University of Arizona with funds 

provided by the USA’s National Science Foundation. The transmitter and receivers will 

be carried by high altitude NASA WB-57 aircrafts as described in Kursinski et al. 

(2008a). As part of this proof of concept project, a series of radio occultation tests will 

begin starting with ground tests where the radio occultation signals will be transmitted 

through a relatively short atmospheric path. These tests will provide measurements of 
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atmospheric scintillations to evaluate against the equations derived in this dissertation. Is 

important to stress the fact that the models derived in this work are general ones and as 

such can be utilized for specific type of electromagnetic waves propagating under 

different geometry.  

Also, the rationale included in Chapter 4 to derive models for determining the 

signal’s log-amplitude and phase fluctuations in a turbulent and absorbing medium can be 

extended to deal with strong turbulence by adding additional terms in the Rytov’s 

surrogate function. The extension of the analysis performed in this thesis to strong 

turbulence medium can be of high interest for those interested in the propagation of 

infrared electromagnetic signals through the atmosphere. 
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