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ABSTRACT

While general relativity is a very successful theory of gravity, having thus far

passed all observational tests with flying colors, it is thought to be incomplete.

Indeed, we lack an ultimate high energy theory in which general relativity and

quantum mechanics are both valid. We consider extensions to the action of gen-

eral relativity, and seek to place constraints on these alternative theories using

astrophysical tests. General relativity has been extensively tested in the solar sys-

tem, but not with precision in strong gravity systems. We discuss constraints

that could be placed on alternative theories using neutron stars. We find that we

may not be able to distinguish between general relativity and some alternative

theories in the spacetimes around black holes. We also discuss constraints from

cosmological tests, and show that instabilities can appear.

Adding higher-order terms to the action of general relativity can introduce

new dynamical degrees of freedom and instabilities. From the standpoint of ef-

fective field theory however, these alternative theories are inconsistent because

they are not unitary. In an effective field theory, no new degree of freedom is in-

troduced. This also means that extra polarizations of gravitational waves, which

are predicted by some alternative theories, would not be present in an effective

field theory.

We then consider an effective field theoretic formulation for gravitational ra-

diation called Non-Relativistic General Relativity (NRGR). We study the gravita-

tional wave emission in non-relativistic coalescing compact binaries, which are

thought to be powerful emitters of gravitational waves. While NRGR is based on

the post-newtonian (PN) approximation to general relativity, and should there-

fore be in complete agreement with other post-newtonian methods, the effective
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field theory approach provides two major advantages: it provides a consistent

framework for the dynamics using a lagrangian formulation; also, one can in

principle compute observables to all orders in the orbital velocity in a systematic

way. We provide a brief overview of NRGR methods, and present the NRGR

calculation of the subleading spin-orbit correction to the newtonian potential.
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CHAPTER 1

INTRODUCTION

Modern physics is based on two great theories: general relativity and quantum

mechanics. The former describes gravity at large distance scales, while the lat-

ter, with the formulation of field theory, describes the other three forces (electro-

magnetic, weak and strong) at small scales. General relativity assumes a smooth

space-time everywhere, while quantum fluctuations make space-time chaotic at

small scales. It is however misleading to say that general relativity and quan-

tum mechanics are incompatible: they both do just fine at ordinary, low energies

far from the Planck scale. Our ignorance lies in the nature of the ultimate high

energy theory where both general relativity and quantum mechanics need to be

valid [1]. The end goal is then to find a quantum theory of gravity or a theory of

everything which encompasses both theories. String theory and other theories

involving extra dimensions are candidates. They are still work in progress how-

ever, and experiments at the Large Hadron Collider [2] at CERN may confirm or

exclude many theories including supersymmetry.

While a very successful theory thus far, general relativity has been proven to

be insufficient or incomplete in several instances. First, general relativity predicts

singularities (where the density becomes infinite), such as at the center of black

holes, which does not seem physical. This suggests a breakdown of the theory at

those points. Second, recent observations of supernovae [3] and the cosmological

microwave background [4] make the presence of dark energy in the universe very

probable. The presence of this new form of missing energy also indicates that

general relativity is not the end of the story. Therefore, as elegant as general

relativity may be, it makes sense to be looking for extensions to it.
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General relativity has been tested in environments of weak gravity such as the

solar system, with measurements of the precession of Mercury and the deflection

of light around the Sun. Environments of strong gravity such as the spacetimes

around neutron stars and black holes have also been studied, and agree qualita-

tively with the predictions of general relativity. However because general relativ-

ity has not been confirmedwith precision, this leaves room for the possibility that

gravity might deviate from general relativity in environments of strong gravity.

It therefore makes sense to try and constrain deviations from general relativity by

using strong-gravity astrophysical systems such as neutron stars and black holes.

We propose to extend general relativity by adding higher-order terms to the

Einstein-Hilbert action, from which the Einstein equations are derived. The ad-

dition of these higher-order terms is actually predicted by string theory in the

low-energy limit. The main part of this work consists in exploring the type of

astrophysical tests that can constrain these new terms. We consider observations

from neutron stars, black holes, as well as cosmology. We also briefly discuss

observations from gravitational waves.

Neutron stars are ideal strong-gravity environments to test higher-order the-

ories of gravity. One test that can be done using neutron stars is related to the

mass and size of neutron stars. Recent advances in X-ray astronomy have led to

the very first measurement of the mass-to-radius ratio of a neutron star via ob-

servations of gravitationally redshifted lines from its surface [5]. The predicted

mass-to-radius ratio depends very sensitively on the properties of our theory of

gravity and can, therefore, provide a strong constraint on deviations from general

relativity [6]. We will show that neutron stars can help us constrain the impor-

tance of the higher-order terms by 14 orders of magnitudemore than solar system

tests could.
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We also consider the study of black holes to help place constraints. While

stellar black holes and neutron stars have roughly the same mass and size, they

have different characteristics: there is no matter at the event horizon. One can

study the spacetime around a neutron star and match it with the boundary at the

surface of the star. However there is no matter at the event horizon of a black

hole that one could match the spacetime metric to. The solutions that we study

in black hole spacetimes are vacuum solutions.

Cosmological tests can also be used to constrain alternative theories of grav-

ity. These tests are becoming more stringent because of the high-precision cos-

mological measurements that have recently been made. For example, the com-

bination of supernovae data [3] and cosmic microwave background observations

with WMAP [4] gives a precise estimate on the current acceleration rate of the

universe. Since the rate of expansion of the universe is dependent upon the the-

ory of gravity, we can use it to place constraints on any deviation from general

relativity. Specifically, we look at the evolution of the scale factor as a function

of time for different theories of gravity, and see how the evolution differs from

general relativity.

This work is timely as much research is currently being done to try and bridge

general relativity and quantum mechanics, in the quest to find a quantum theory

of gravity. String theory and other theories involving extra dimensions, as well

as deviations from general relativity using scalar tensor fields or higher-order

terms in the curvature, are being investigated. There is no plenty of data coming

from astrophysical systems, including neutron stars, black holes and cosmology

to help us constrain these theories.
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CHAPTER 2

ASTROPHYSICAL CONSTRAINTS ON ALTERNATIVE THEORIES OF GRAVITY

2.1 Introduction

While general relativity is entirely self-consistent at the classical level, the action

of the gravitational field may be more general than the Einstein-Hilbert action.

The Einstein field equation was indeed constructed to obey only four simple re-

quirements [7]. Of all the possibilities that meet these requirements, the field

equations that are derived from the Einstein-Hilbert action are the only ones that

are also linear in the Riemann tensor.

Albeit simple and elegant, there is no deep theoretical or experimental reason

to choose this over a more general classical action. At the quantum level, one can

interpret the metric tensor as a quantum field and the Einstein-Hilbert action as

a quantum-field theoretic action. If we proceed to perform quantum-mechanical

calculations, radiative corrections will induce a series of counterterms which can-

not be reabsorbed into the original Lagrangian. Such terms would also appear as

new, higher-derivative corrections terms in the Einstein-Hilbert action. More-

over, string theory incorporates general relativity while predicting an infinite set

of correction terms to the Einstein-Hilbert action [8]. Such terms are considered

to be string-theoretic corrections to general relativity. Therefore, there are good

reasons to believe that general relativity is probably only an effective theory of

gravity which is accurate only at relatively small curvatures.

In the limit of weak gravitational fields (or small curvatures), the parametric

post-newtonian framework provides the means with which tests of metric grav-

itational theories can be performed [9]. However this method cannot be used

when performing tests of gravity in the strong-field regime, where, by construc-
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tion, any post-newtonian expansion fails. Other attempts to experimentally con-

strain deviations from general relativity have been numerous; they were made in

the cases where terms added to the action were: scalar fields [10, 11], non-linear

functions f(R) of the Ricci scalar [12, 13, 14, 15] or higher-order expansions in the

Ricci curvature [16].

Use of astrophysical data is of course crucial for constraining (or even dis-

proving in some cases) these theories. Solar system tests, e.g. the precession of

Mercury or the deflection of light around the Sun [9], have been used earlier and,

so far, confirm the validity of general relativity. As these involve low curvatures

–and the Ricci scalar is a measure of curvature– solar system tests cannot be used

to detect with precision corrections to an action with higher-order terms like R2.

Indeed, while general relativity has been extensively tested in astrophysical en-

vironments of weak gravity, it still needs to be accurately tested in environments

of strong gravity [17].

We look specifically at actions where the added terms are quadratic in the

curvature:

S = M2
Pl

∫ √−g (R + αR2 + β Rµν Rµν

+γ Rαβγδ Rαβγδ) d4x. (2.1)

Under specific conditions, adding higher-order terms to the Einstein-Hilbert ac-

tion is equivalent to the addition of scalar fields or additional tensor fields [18]

[19]. Here, we will not follow that direction, but will rather work directly with

the curvature terms.

There are also two ways of deriving Einstein’s equations: through the metric

formalism, where the action is minimized with respect to the metric tensor, and

the Palatini formalism, where the affine connection is assumed to be independent

from the metric tensor and thus the action is minimized with respect to both the
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metric tensor and the affine connection. In general relativity, these two formula-

tions lead to the same field equations (Einstein’s equations), but with extra terms

in the action, this is no longer the case. Each formulation leads to different field

equations. Also, the metric formalism is by construction torsion-free, since the

connection described by Christoffel symbols is symmetric. In the Palatini formal-

ism, the independent connection can be made to be symmetric or not symmetric,

i.e. the theory can have torsion or no torsion. Capozziello et al. discuss torsion in

f(R) theories [20]. Here we will focus on the torsion-free metric formalism.

Starting from the action (2.1), we derive the field equations and in particular

the equations that describe the evolution of the cosmological scale factor and the

structure of neutron stars. As mentioned above, strong gravity will better con-

strain these higher-order terms. Tests of gravity using neutron stars and black

holes therefore seem best suited for the task [21]. Recent advances in X-ray as-

tronomy have led to the first measurement of the mass-to-radius ratio of a neu-

tron star via observations of gravitationally redshifted lines from its surface [5];

additionally, one can use the X-ray properties of accreting neutron stars and black

holes [21]. While these are environments of high curvature, so is early-universe

cosmology. Big bang nucleosynthesis [22] can therefore be studied to constrain

R+R2 gravity. Comparing the predictions of this equation with actual cosmolog-

ical data is essential. This is timely, as much cosmological data has recently been

released: supernovae data [3] as well as WMAP data [4], which together predict

the current acceleration of the universe.

2.2 Motivation

Astrophysical and cosmological phenomena provide us with the unique ability

to constrain the magnitudes of additional terms in the Einstein-Hilbert action in
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distinct and complementary ways. We focus on the contributions of second-order

terms in the Einstein-Hilbert action. The magnitude of the constraints imposed

on the parameters of the generalized theory will depend on the curvature of the

gravitational field probed by each test. Curvature –viewed as the source of strong

gravity– is represented by the Riemann curvature tensor or its contractions, the

Ricci tensor and the Ricci scalar. Indeed, with an Einstein-Hilbert action of the

form

S = M2
Pl

∫ √−g (R + αR2) d4x, (2.2)

the higher-order terms will introduce negligible deviations from what is pre-

dicted by General Relativity when

αR2 ≪ R, (2.3)

or equivalently when

α ≪ 1

R ≡ r2
curv, (2.4)

where we have defined the “radius of curvature” of the gravitational field as

rcurv ≡ R−1/2. Clearly, the smaller the radius of curvature of the gravitational

field, the better the constraint on the contribution of the higher-order terms to the

Lagrangian action.

For tests involving stellar and terrestrial objects, the characteristic scale of the

Riemann curvature tensor at a distance r away from the center of an object of

massM isRαβγδ ∼ GM/r3c2 (we use this here as an order of magnitude estimate

and do not consider the fact that, if this distance is larger than the radius of the

object, the Ricci tensor and Ricci scalar vanish). Figure 2.1 shows the radii of

curvature of the gravitational fields probed by different tests of general relativity.

In this case, deviations from general relativity are negligible when

α ≪ r2
curv ≡

(

r3c2

GM

)

. (2.5)
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The gravitational fields of neutron stars and stellar black holes have a radius of

curvature that is smaller by about 5 orders of magnitude compared to all other

tests. Observations of neutron stars and black holes can therefore place more

stringent constraints on the higher-order terms by about 10 orders of magnitude.

For a neutron star, rcurv ≈ 107 cm and hence we expect to be able to impose con-

straints on the parameters of order α ≤ (107 cm)2 by comparing our model cal-

culations to the observed neutron-star properties (such as their radii, maximum

masses or maximum spins). We note that the possible detection of gravitational

waves by LIGO or LISA can also be used to test general relativity.

For tests involving the evolution of the universe, and assuming small devi-

ations from general relativity, the curvature radius is of the order of the Hubble

distance, rcurv ∼ DH ≡ c/H and hence the contribution of higher-order terms will

be negligible when:

α ≪
( c

H

)2

= (c tH)2 , (2.6)

where H is the Hubble parameter and tH ≡ 1/H is the Hubble time. Figure 2.2

shows the characteristic Hubble time at which the evolution of the universewould

be affected by the higher-order terms in the action. The early universe is an

ideal laboratory for constraining higher-order terms. The best constraints on

strong-field gravity from cosmological observations can be achieved by compar-

ing the elemental abundances predicted by Big Bang nucleosynthesis calculations

with observations. Such phenomena probe the gravitational field in the Universe

when the Hubble timewas of order∼ 1 s, and hence place constraints on the coef-

ficients of the higher-order terms that are of order (3× 1010 cm)2. Inflation would

provide an even better constraint at ( 10−34 cm)2. R2 terms were in fact first sug-

gested by Starobinsky [13] to generate inflation. Current experiments however

are ill-suited to probe such early time periods.
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Figure 2.1: Tests of general relativity placed on an appropriate parameter space [23]. The

y-axis represents the scale of the “radius of curvature”, defined as rcurv ≡
√

r3c2/GM , of

the gravitational field probed by a test performed at a distance r away from a central ob-

ject of massM . The dynamical time is defined as the characteristic orbital time rcurv/2πc

of test particles at the same place in the gravitational field, and is relevant for tests of

gravity with timing studies of compact objects. The lower right diagonal line represents

the event horizons of Schwarzschild black holes, whereas the upper left diagonal line

represents the MOND acceleration scale (a0 = 1.2× 10−10 m/s2). The lower dashed hori-

zontal line corresponds to frequencies of gravitational waves probed by LIGO, while the

upper dashed horizontal line represents frequencies probed by LISA. Not plotted on the

graph is the possibility of a LHC black hole, which would give us even better constraints,

but we are not yet sure these exist. [24]
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Figure 2.2: Cosmological tests of general relativity. The y-axis represents the ra-

dius of curvature (or Hubble distance) and on the right, the Hubble time (equal

to rcurv/c) of the universe down to which general relativity should accurately de-

scribe gravitational interactions. [4, 22]
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2.3 Field equations for alternative theories of gravity

2.3.1 Sign conventions

Here we use the Misner-Thorne-Wheeler (+ + +) convention [7] for the metric

signature:

+g = −(ω0)2 + (ω1)2 + (ω2)2 + (ω3)2, (2.7)

the Riemann tensor

+Rµ
ναβ = ∂αΓµ

νβ − ∂βΓµ
να + Γµ

σαΓσ
νβ − Γµ

σβΓσ
να, (2.8)

the Einstein equation

Gµν = +8πGTµν , (2.9)

where we define the Christoffel symbols to be

Γµ
νβ =

1

2
gαδ

(

∂gαβ

∂xν
+

∂gαν

∂xβ
− δgβν

∂xα

)

, (2.10)

the Ricci tensor

Rµν = Rα
µαν , (2.11)

the Ricci scalar

R = Rµ
µ = Rµνg

µν , (2.12)

and finally the Einstein tensor

Gµν = Rµν −
1

2
Rgµν . (2.13)

The choice of sign convention leads to different signs in the Einstein equations,

although the physical significance of the terms does not change. Different nota-

tions are used in the literature. Barraco andHamity [16] also use theMTW (+++)

convention. Buchdahl [25] however uses the (−−−) notation. Davies [26] shows

how to go from one notation to the other. DeWitt [27] uses a different notation

altogether (+ − +?) but finds the same field equation as for (−−−).
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2.3.2 Generalized Einstein-Hilbert action

We are interested in an Einstein-Hilbert action that is second-order in the curva-

ture:

S = M2
Pl

∫ √−g
(

R + αR2 + βRστR
στ + γRαβγδR

αβγδ
)

d4x, (2.14)

whereM2
Pl = 1/(16πG).

Classically, because of the Gauss-Bonnet identity, variations with respect to

the metric of the term proportional to RαβγδR
αβγδ can be expressed as variations

of the terms proportional to R2 and RστR
στ [12]:

δ

δgµν

∫

d4x
√−g

(

R2 − 4RστR
στ + RαβγδR

αβγδ
)

= 0. (2.15)

Therefore in classical cases, the predictions of the theory described by the ac-

tion (2.14) are identical to those of the action

S = M2
Pl

∫ √−g
(

R + α′R2 + β′RστR
στ

)

, (2.16)

where

α′ = α − γ, (2.17)

β′ = β + 4γ. (2.18)

When the spacetime is isotropic and homogeneous, as is the case in cosmology,

an additional identity is satisfied [12], i.e.,

δ

δgµν

∫

d4x
√−g

(

R2 − 3RστR
στ

)

= 0. (2.19)

This implies that in cosmology, the predictions of the theory described by the

action (2.14) are identical to those of the action

S = M2
Pl

∫ √−g
(

R + α′′R2
)

, (2.20)
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where

α′′ = α +
1

3
β +

1

3
γ. (2.21)

2.3.3 Generalized Einstein Equations in R + R2-Gravity

As seen above, in the context of R2–gravity, the most general classical action is:

S = M2
Pl

∫ √−g
(

R + αR2 + βRστR
στ

)

d4x. (2.22)

In order to find the generalized Einstein equations, we minimize the action with

respect to the metric tensor gµν . There are three contributions: the GR term

S0 = M2
Pl

∫ √−g R d4x = M2
Pl

∫ √−g Rµν gµν d4x, (2.23)

for which
δS0

δgµν
= M2

Pl

√−g

(

Rµν −
1

2
gµν R

)

. (2.24)

The term proportional to the square of the Ricci curvature:

S1 = M2
Pl

∫ √−g R2 d4x, (2.25)

for which

δS1

δgµν
= M2

Pl

√−g

(

−2 R;µν + 2 gµν 2R + 2 R Rµν −
1

2
R2 gµν

)

, (2.26)

and where

R;µν =
∂2

∂xµ∂xν
R, (2.27)

2R =
∂2

∂xµ∂xµ

R, (2.28)

and the term proportional to the square of the Ricci tensor:

S2 = M2
Pl

∫ √−g Rστ Rστ d4x, (2.29)
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for which

δS2

δgµν
= M2

Pl

√−g
(

− 2 R σ
µ ;σν + 2Rµν −

1

2
gµν RστR

στ

+
1

2
gµν 2R + 2 R α

µ Rαν

)

. (2.30)

The generalized field equations are therefore

Rµν −
1

2
R gµν + α Kµν + β Lµν = 8πGTµν , (2.31)

where

Kµν ≡ −2 R;µν + 2 gµν 2R − 1

2
R2 gµν + 2 R Rµν , (2.32)

and

Lµν ≡ −2 R σ
µ ;σν + 2Rµν +

1

2
gµν 2R − 1

2
gµν Rστ Rστ + 2 R α

µ Rαν . (2.33)
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CHAPTER 3

CONSTRAINTS WITH NEUTRON STARS

3.1 Motivation

As seen in Chapter 2, using the observed properties of neutron stars can lead

to more stringent constraints on the contributions from higher-order terms. For

neutron stars, the action is described by Equation (2.22):

S = M2
Pl

∫ √−g
(

R + αR2 + βRστR
στ

)

d4x. (3.1)

and the generalized field equations by (2.31), (2.32) and (2.33).

One idea that has been explored in theories like scalar tensor theories is that

of observing the orbits of particles in the external spacetime of a neutron star

[21]. This will not be useful however when studying R + R2 gravity. Indeed, any

solution to general relativity’s vacuum field equations (for which Rµν = 0) is also

a solution to the generalized field equations of R+R2, and this is true even in the

presence of a cosmological constant. Therefore one will not be able to distinguish

between the two theories when solely working in the external spacetime of a

neutron star (we explore this in detail in Chapter 4).

Solutions in the interior of a neutron star will however depend on the theory

of gravity. One can derive the expressionsM(r) (mass of neutron star as a func-

tion of its radius) and dp/dr (pressure differential along the radius of the neutron

star), which together are called the Oppenheimer-Volkoff equations, the relativis-

tic equivalent of hydrostatic equilibrium. They are simply the reduction of the

generalized Einstein equations for the interior of static and spherically symmet-

ric stars. Given an equation of state for the neutron star, these two equations can
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be solved simultaneously [28]. From this we can obtain expressions that deter-

mine the structure of the neutron star: mass, pressure and density as a function

of radius.

One astrophysical test involving neutron stars is the determination of their

mass-to-radius ratio. Heavy elements falling into the surfaces of neutron stars can

lead to the emission of surface atomic lines which, due to the strong gravitational

field surrounding neutron stars, become gravitationally redshifted. A relation

between mass and radius can be determined from such a measurement of the

gravitational redshift in surface atomic lines. [5, 6, 29]. Atomic lines are rarely

observed in neutron stars however. The most promising candidates are young

cooling stars and accreting X-ray bursters, in which heavy elements are common.

A gravitational redshift was observed in the slowly rotating neutron star EXO

0748-676 during thermonuclear flashes. The mass-to-radius relation was found

to be: M ≃ 1.4 (R/10 km ) M⊙ [30]. A theory-dependent expression M(r) (as

explained above) can then be compared to the mass-to-radius ratio determined

from atomic line observations, which are theory-independent. Comparisons of

theory-dependent calculations and observations enable us to constrain the field

of possible theories.

In this chapter, we work toward calculating the Oppenheimer-Volkoff equa-

tions for neutron stars inR+R2 gravity. We note that calculations of theOppenheimer-

Volkoff equations for relativistic stars in R + R2 gravity were done by Stelle [31]

as well as Barraco and Hamity [16]. They linearized the metric, meaning that the

calculations are valid for relativistic stars in the weak-field limit only. Because we

are studying the strong-field gravity of neutron stars, an approximation will not

be valid here. We attempt instead to compute the equations exactly. I show in this

chapter how we get started, where the equations get complicated, and how we
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may be able to simplify them. Overall, the full calculation of the Oppenheimer-

Volkoff equations inR+R2 gravity turns out to be a complex numerical problem.

3.2 Deriving the Oppenheimer-Volkoff equations

To derive these equations, we first assume the interior of a neutron star to be

static and spherically symmetric, and thus consider the metric:

ds2 = −B(r) dt2 + A(r) dr2 + r2 (dθ2 + sin2 θ dφ2), (3.2)

where A(r) and B(r) are functions of r only. For the matter content, we use the

energy-momentum tensor of a perfect fluid and assume spherical symmetry:

Tµν = p gµν + (p + ρ) Uµ Uν , (3.3)

where p is the pressure, ρ the total energy density (functions of r only) and Uµ the

velocity four-vector. For a fluid at rest, Ur = Uθ = Uφ = 0, Ut = −
√

B(r). We are

left with

Tµν =



















ρB(r) 0 0 0

0 pA(r) 0 0

0 0 p r2 0

0 0 0 p r2 sin2 θ



















, (3.4)

or in mixed form

T ν
µ = gανTµα, (3.5)

we have

T ν
µ =



















−ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p



















. (3.6)
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Using this metric and energy-momentun tensor, we write the generalized field

equations (2.31) in mixed tensor form. The t-t equation becomes

− 1

r2A
[−1 + A + rA′/A + (...)] = −8π Gρ, (3.7)

where (...) stands for the 35 terms listed in Table 3.1. The r-r component leads to

1

r2A
[1 − A + rB′/B + (...)] = 8 π Gp, (3.8)

where (...) stands for the 26 terms listed in Table 3.2.

3.3 Looking for terms of leading order

Many new terms appear in the t-t and r-r components of the generalized Einstein

tensor, making the equations quite complicated. We sought to simplify the equa-

tions by finding which terms were dominant, if any. We estimated the magnitude

of these terms by using the general relativistic values of the metric components

A(r) and B(r). In general relativity, we have [28]

A(r) = grr =
1

1 − 2M(r)/r
, (3.9)

We also know that:

• M ′(r) = 4πr2ρ(r),

• d ln ρ
d ln r

= 1, leading to rρ′ = ρ.

From this we find:

A′ = 2A2

(

4πrρ − M

r2

)

, (3.10)

as well as higher derivatives in A(r). On the other hand,

B(r) = −g00 = e2 ν(r), (3.11)
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1 (10α/r2 + 3β/r2)1/A

2 −4(3α/r2 + β/r2)

3 (2α/r2 + β/r2)A

4 2(4α/r2 + β/r2)r A′

A2

5 (−2β/r2)rB′

B

6 (2β/r2)r B′

AB

7 1/2(4α/r2 + β/r2)r2 A′

A2
B′

B

8 −1/2(32α/r2 + 17β/r2)r3 A′

A2
B′′

B

9 −3(2α/r2 + β/r2)r4 A′

A2
B(3)

B

10 1/2(30α/r2 + 15β/r2)r3 A′

A2 (
B′

B
)2

11 −29/8(2α/r2 + β/r2)r4 A′

A2 (
B′

B
)3

12 27/4(2α/r2 + β/r2)r4 A′

A2
B′

B
B′′

B

13 −(4α/r2 + β/r2)r2 A′′

A2

14 −1/2(12α/r2 + 5β/r2)r3 A′′

A2
B′

B

15 −2(2α/r2 + β/r2)r4 A′′

A2
B′′

B

16 3/2(2α/r2 + β/r2)r4 A′′

A2 (B′

B
)2

17 −(4α/r2 + β/r2)r3 A(3)

A2

18 −1/2(2α/r2 + β/r2)r4 A(3)

A2
B′

B

19 1/4(40α/r2 + 11β/r2)r2 A′2

A3

20 1/4(56α/r2 + 25β/r2)r3 A′2

A3
B′

B

21 19/4(2α/r2 + β/r2)r4 A′2

A3
B′′

B

22 −57/16(2α/r2 + β/r2)r4 A′2

A3 (B′

B
)2

23 −7(4α/r2 + β/r2)r3 A′3

A4

24 −7/2(2α/r2 + β/r2)r4 A′3

A4
B′

B

25 13/2(4α/r2 + β/r2)r3 A′A′′

A3

26 13/4(2α/r2 + β/r2)r4 A′A′′

A3
B′

B

27 −1/4(8α/r2 + 5β/r2)r2 1
A
(B′

B
)2

28 1/4(52α/r2 + 25β/r2)r3 1
A
(B′

B
)3

29 −49/16(2α/r2 + β/r2)r4 1
A
(B′

B
)4

30 −9/4(2α/r2 + β/r2)r4 1
A
(B′′

B
)2

31 −1/2(44α/r2 + 23β/r2)r3 1
A

B′

B
B′′

B

32 29/4(2α/r2 + β/r2)r4 1
A
(B′

B
)2 B′′

B

33 4(2α/r2 + β/r2)r3 1
A

B(3)

B

34 −3(2α/r2 + β/r2)r4 1
A

B′

B
B(3)

B

35 (2α/r2 + β/r2)r4 1
A

B(4)

B

Table 3.1: Terms in the t-t equation
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1 (14α/r2 + 5β/r2)1/A

2 −4(3α/r2 + β/r2)

3 −(2α/r2 + β/r2)A

4 (−2β/r2)rA′

A

5 (2β/r2)r A′

A2

6 1/2(16α/r2 + 7β/r2)r2 A′

A2
B′

B

7 −1/2(2α/r2 − 3β/r2)r3 A′

A2 (
B′

B
)2

8 −3/8(2α/r2 + β/r2)r4 A′

A2 (
B′

B
)3

9 1/2(2α/r2 + β/r2)r4 A′

A2
B′

B
B′′

B

10 (8α/r2 + 3β/r2)r2 A′′

A2

11 (4α/r2 + β/r2)r3 A′′

A2
B′

B

12 1/4(2α/r2 + β/r2)r4 A′′

A2 (B′

B
)2

13 −1/4(56α/r2 + 17β/r2)r2 A′2

A3

14 −1/4(28α/r2 + 3β/r2)r3 A′2

A3
B′

B

15 −7/16(2α/r2 + β/r2)r4 A′2

A3 (B′

B
)2

16 1/4(32α/r2 + 11β/r2)r2 1
A
(B′

B
)2

17 −1/4(8α/r2 − β/r2)r3 1
A
(B′

B
)3

18 −7/16(2α/r2 + β/r2)r4 1
A
(B′

B
)4

19 1/4(2α/r2 + β/r2)r4 1
A
(B′′

B
)2

20 (6α/r2)r3 1
A

B′

B
B′′

B

21 3/4(2α/r2 + β/r2)r4 1
A
(B′

B
)2 B′′

B

22 −(4α/r2 + β/r2)r3 1
A

B(3)

B

23 −1/2(2α/r2 + β/r2)r4 1
A

B′

B
B(3)

B

24 2(4α/r2 + β/r2)r 1
A

B′

B

25 −2(4α/r2 + β/r2)r2 1
A

B′′

B

26 (4α/r2 − β/r2)r3 A′

A2
B′′

B

Table 3.2: Terms in the r-r equation
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so that [28]:
B′

B
= (lnB)′ = 2

dν

dr
= 2

M + 4πr3p

r2(1 − 2M/r)
. (3.12)

Assuming that the pressure p and its derivatives are negligible, we get:

B′ = 2 AB
M

r2
, (3.13)

from which higher derivatives in B(r) can be calculated.

Once all the derivatives were calculated, we used the following approxima-

tion: ρ = M
4/3πr3 . Finally, we were able to estimate the magnitude of each of the

tt and rr terms as functions in M/r. We plotted in Fig 3.1 and Fig 3.2 the relative

amplitudes of each of these terms.
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Figure 3.1: We plotted the relative amplitude of each of the 35 terms in the t-t

component of the generalized Einstein tensor as a function of M/r. The relative

amplitude is the estimated amplitude of each term using general relativity, di-

vided by the amplitude of the first term in the series, with r2/α factored out. β is

taken to be equal to α, but even for smaller (or null) values of β, the curves have

the same overall behavior. The relative sum of all 35 terms is also plotted. We

find that none of the terms closely matches the overall sum, meaning that none

of the terms can be safely ignored. We therefore won’t be able to simplify the t-t

equation.
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Figure 3.2: In a similar fashion, we plotted the relative amplitude of the 26 terms

in the r-r component of the generalized Einstein tensor as a function of M/r.

When the relative sum is plotted, we find that it is very closely matched by one

of the 26 terms. Term 8 in Table 3.2 of the form − A′

A2 (
B′

B
)3 is overwhelmingly

dominant. While the magnitudes were estimated using general relativity (and

not higher-order gravity), it is a safe approximation in further calculations to keep

the dominant term and neglect the remainder of the terms.
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Replacing the (...) in Equation (3.8), we get:

1

r2A

[

1 − A + rB′/B − 3/8(2α + β)r2 A′

A2

(

B′

B

)3
]

= 8 π Gp, (3.14)

This is a coupled differential equation with only first order derivatives in A(r)

and B(r). Higher order derivatives in the metric, which naturally occur when

adding higher order terms to the action, are absent in the r-r equation. One could

use this simplified r-r equation to derive the generalized Oppenheimer-Volkoff

equations, following the methods of Glendenning [28]. However for the t-t equa-

tion which gives the density ρ(r), we need to keep all of the terms.

3.4 Discussion

A perturbative approach – as was done in the stellar case [16, 31] – is not ap-

propriate in the strong-gravity environment of a neutron star. For the time-time

component, as seen in Figure 3.1, none of the terms can be neglected. However

for the r-r component, as seen in Figure 3.2, the equation simplifies drastically

as one of the terms closely matches the sum. These two equations can be used

together to derive the Oppenheimer-Volkov equations –the equivalent of hydro-

static equilibrium– which express the changes in pressure and density along the

radius of the neutron star. After selecting an appropriate equation of state, we

can numerically solve for the Oppenheimer-Volkov equations. Results can then

be matched against observed values of mass-to-radius ratio for neutron stars,

thus constraining the α and β coefficients of the higher order theory.
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CHAPTER 4

CONSTRAINTS WITH BLACK HOLES

4.1 Introduction

We now explore the role that black holes can play in constraining alternative the-

ories of gravity [32].

Black holes are among the most extreme astrophysical objects predicted by

general relativity. They are vacuum solutions of the Einstein field equations real-

ized astrophysically at the end stages of the collapse of massive stars. According

to a variety of no-hair theorems, a general relativistic black hole is characterized

only by three parameters identified with its gravitational mass, spin, and charge.

Any additional “hair” on the black hole, associatedwith the properties of the pro-

genitor star or the collapse itself, are radiated away in the form of gravitational

waves over a finite amount of time.

Black holes might look different if general relativity is only an effective theory

of gravity, valid at the curvature scales probed by current terrestrial and astro-

physical experiments. If the more fundamental gravity theory has additional de-

grees of freedom, they might appear as additional “hair” to the black hole. This

would be important for a number of reasons. First, additional degrees of free-

dom appear naturally in all attempts to quantize gravity, either in a perturbative

approach [33] or within the context of string theory [8]. Detecting observational

signatures of these additional degrees of freedom in black-hole spacetimes would

serve as a confirmation of quantum gravity effects. Second, black-hole solutions

not described by the Kerr-Newmanmetric may follow a set of thermodynamic re-

lations different than those calculated by Bekenstein [34] and Hawking [35] with

important implications for string theory [36]. Finally, the external spacetimes of
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astrophysical black hole will soon be mapped with gravitational-wave [37] and

high-energy observations [30] and the means for searching for black holes with

additional degrees of freedom will become readily available.

Introducing additional degrees of freedom to the Einstein-Hilbert action of

the gravitational field does not necessarily alter the resulting field equations and

hence the black-hole solutions. For example, the addition of a Gauss-Bonnet term

to the action leaves the field equation completely unchanged [33]. Moreover, a

large class of gravity theories in the Palatini formalism for which the action is a

general function f(R) of the Ricci scalar curvature R, lead to field equations that

are indistinguishable from the general relativistic ones [38]. In all these situations,

no astrophysical observation of a classical phenomenon, such as test particle or-

bits or gravitational lensing, can distinguish between these theories. Neverthe-

less, this leaves a large number of Lagrangian gravity theories that incorporate

general relativity as a limiting case but are described by more general field equa-

tions.

The most widely studied such extension of general relativity is the Brans-

Dicke gravity, which incorporates a dynamical scalar field in addition to the

metric tensor. Black hole solutions in this theory were studied by Thorne &

Dykla [39]. Following a conjecture by Penrose, these authors showed that the

Kerr solution of general relativity is also an exact solution of the field equations

in Brans-Dicke gravity and offered a number of arguments to support the claim

that the collapse of a star in this gravity theory will produce uniquely a Kerr black

hole. Additional analytic [35, 40, 41] and numerical [42] arguments were offered

by other authors providing further evidence for the uniqueness of the Kerr solu-

tion in Brans-Dicke gravity.

We show that black-hole solutions of the general relativistic field equations
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are indistinguishable from solutions of a wide variety of gravity theories that

arise by adding dynamical vector and tensor degrees of freedom to the Einstein-

Hilbert action. Although we do not prove that the general relativistic vacuum

solution is the unique solution of the extended Lagrangian theories, we use our

results to argue that an observational verification of the Kerr solution for an astro-

physical object cannot be used in distinguishing between general relativity and

other Lagrangian theories such as those considered here. Note that we are only

considering four-dimensional theories that obey the equivalence principle, and

hence we are not studying theories with prior geometry [43], that are Lorentz

violating [44], or braneworld gravity theories [45]. Although several of these ex-

tensions lead to predictions of an unstable quantum vacuum and of ghosts, we

are focusing here on their classical black-hole solutions.

In general relativity, the external spacetimes of black holes that are astrophys-

ically relevant, i.e., with zero charge, are completely specified by the relation

Rµν =
R

4
gµν , (4.1)

with R,µ = 0. Here Rµν is the Ricci tensor and R is the Ricci scalar curvature.

When the cosmological constant Λ is considered to be non-zero, then R = 4Λ.

It is our aim to show that the external spacetimes of general relativistic black

holes, which satisfy equation (4.1), are practically indistinguishable from solu-

tions in a number of gravity theories that arise by adding vector or tensor degrees

of freedom to the Einstein-Hilbert action

S =
1

16πG

∫

d4x
√−g (−2Λ + R) . (4.2)

It is important to make here a distinction between the external spacetimes of

black holes and those of stellar objects, which also satisfy equation (4.1) in general
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relativity. The field equation of a gravity theory is a high-order partial differen-

tial equation and its solutions depend on the boundary conditions imposed. In

particular, when solving for the external spacetime of a stellar object, a number of

regularity conditions need to be satisfied at the stellar surface, inside which the

field equations are altered by the presence of matter. As a result, proving that the

external spacetime of a general relativistic star satisfies the vacuum field equation

of a different gravity theory is not a guarantee that it will be a valid solution for

that theory, as well. It also needs to meet the altered regularity conditions at the

stellar surface. This issue was recently explored for 1/R gravity in the metric [46]

and in the Palatini formalism [47] with important implications for the viability

of this theory. This concern, however, is not relevant for black-hole solutions, in

which there is no matter anywhere outside the horizon and hence no regularity

conditions need to be met. Indeed the vacuum field equation is valid through-

out the entire spacetime accessible to a distant observer and only the boundary

conditions at radial infinity need to be checked.

4.2 f(R) Gravity in the Metric Formalism

A self-consistent theory of gravity can be constructed for any Lagrangian action

that obeys a small number (four) of simple requirements [7]. Of all the possibili-

ties, the field equations that are derived from the Einstein-Hilbert action (4.2) are

the only ones that are also linear in the Riemann tensor and result in field equa-

tions that are of second order. However, any other action f(R) that depends only

on the Ricci curvature scalar will also satisfy the above four requirements [48],

while being free of the Ostrogradski instability [49].

The field equation that results from extremizing an action that is a general
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function of the Ricci scalar, f(R), is

(−R;kR;l + gklR;mR;m) f ′′′(R)

+ (−R;kl + gkl2R) f ′′(R)

+Rklf
′(R) − 1

2
gklf(R) = 0 , (4.3)

where primes denote differentiation with respect to R and we have used the sign

convention of Ref. [7].

A general relativistic black-hole solution, i.e., one that satisfies equation (4.1)

with R,µ = 0, will also be a solution of the field equation (4.3) if

1

2
Rf ′(R) − f(R) = 0 . (4.4)

We will now consider non-pathological functional forms of f(R) that can be ex-

panded in a Taylor series of the form

f(R) = a0 + R + a2R
2 + a3R

3 + ...anRn + ... , (4.5)

where we have normalized all coefficients with respect to the coefficient of the

linear term. The Einstein-Hilbert action is the specific case of equation (4.5) for

a0 = −2Λ, and an≥2 = 0. We can then write the condition (4.4) for the existence of

a constant curvature solution as

−a0 −
1

2
R +

1

2
a3R

3 + ... +
n − 2

2
anR

n + ... = 0 . (4.6)

There are three cases to consider: (i) If a0 = 0, then the Kerr solution, which

corresponds to R = 0, will always be a solution of the field equations of a general

f(R) theory. Thus, in the absence of a cosmological constant, we conclude that the

Kerr solution of general relativity remains an exact solution to all f(R) theories

as long as f(R) has a Taylor expansion of the form in Eq. (4.5).
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(ii)Moreover, independent of the value of a0, all of the constant-curvature so-

lutions of General Relativity in vacuum – including the Kerr solution – remain

exact solutions of the f(R) theory, if the Taylor series for f(R) terminates after

the quadratic term (i.e., if an≥3 = 0). Indeed, this statement remains true indepen-

dently of the value of a0, and thus holds for both vanishing and non-vanishing

cosmological constants.

(iii) Finally, if a0 6= 0 and the Taylor expansion extends beyond the quadratic

term, then Kerr-like black-hole solution will always be possible. The only change

is that the value of its constant curvature will be shifted relative to the value

predicted in General Relativity. Since terrestrial and solar-system tests require

any extra non-linear terms in the gravity action to be perturbative, this shift in

the curvature will also be correspondingly small. However, even in this case, it

is straightforward to show that the corrections to the curvature are actually sup-

pressed by additional powers of the cosmological constant relative to what might

naively have been expected on the basis of dimensional analysis. For example,

given the expansion for f(R) in Eq.(4.5), we would have expected the curvature

term to have a leading correction termwhich scales asR = −2a0[1+O(a0a2)+ ...].

However, explicitly solving Eq. (4.6), we find that the true leading correction is

actually given by

R = −2a0

(

1 + 4a2
0a3 + ...

)

. (4.7)

Thus the deviations of the vacuum curvature solutions of f(R) gravity from those

of General Relativity are particularly suppressed.

4.3 f(R) Gravity in the Palatini Formalism

In deriving the field equation (4.3), we extremized the action of the gravitational

field with respect only to variations in the metric. In the so-called Palatini for-
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malism, field equations of lower order can be derived from the same action of the

gravitational field, by extremizing it over both the metric and the connection [50].

A large class of f(R) theories in the Palatini formalism are known to result in the

same field equations as general relativity [38].

Applying this procedure for a gravitational action that is a general function

f(R) of the Ricci scalar curvature, we obtain the well-known set of equations [50]

Rklf
′(R) − 1

2
gklf(R) = 0 (4.8)

∇σ

[√−gf ′(R)gµν
]

= 0 . (4.9)

In order to look for constant curvature solutions in vacuum for this theory,

we first take the trace of equation (4.8). The result is simply the algebraic equa-

tion (4.4), which we can solve for the value of the constant curvature (4.7) as

before. For a solution with constant curvature, the factor f ′(R) in equation (4.9) is

a constant, and the solutions to this equation are simply the Christoffel symbols

of general relativity. As a result, any general relativistic solution of constant cur-

vature, such as the black-hole solutions with cosmological constant, will also be

solutions (with the same or slightly different value of the cosmological constant)

to the field equations of an f(R) gravity in the Palatini formalism.

4.4 General Quadratic Gravity

We shall now consider a gravitational action that incorporates all combinations

of the Ricci curvature, Ricci tensor, and Riemann tensor, up to second order, i.e.,

S =
1

16πG

∫

d4x
√−g

(

−2Λ + R + αR2 + βRστR
στ

+γRαβγδR
αβγδ

)

. (4.10)

with α, β, and γ the parameters of the theory. Such terms appear naturally as

radiative corrections to the Einstein-Hilbert action in perturbative approaches to
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quantum gravity [33] or in string theory [8]. Note, however, that in general such

theories are not free of the Ostrogradski instability [49].

Because of the Gauss-Bonnet identity, the predictions of the theory described

by the action (4.10) in calculating classical properties of astrophysical black holes

are identical to those of the action [12]

S =
1

16πG

∫ √−g
(

−2Λ + R + α′R2 + β′RστR
στ

)

, (4.11)

where α′ = α − γ and β′ = β + 4γ.

The field equation for this action in the metric formalism is

Rµν −
1

2
Rgµν + α′Kµν + β′Lµν + Λgµν = 0 (4.12)

where

Kµν ≡ −2R;µν + 2gµν2R − 1

2
R2gµν + 2RRµν , (4.13)

Lµν ≡ −2R σ
µ ;σν + 2Rµν +

1

2
gµν2R −

1

2
gµν RστR

στ + 2R α
µ Rαν . (4.14)

It is trivial to show that, for any black-hole solution satisfying equation (4.1),

Kµν = Lµν = 0 and the field equation of quadratic gravity reduces to that of

general relativity. As a result, the Kerr solution is also a solution of the general

quadratic theory considered here.

4.5 Vector-Tensor Gravity

We finally consider a gravitational theory that incorporates a dynamical vector

field in addition to the metric tensor. A priori, such an addition to the Einstein-

Hilbert action appears to have the highest probability of requiring black-hole so-

lutions that are not described by the Kerr metric. This is because the vector field
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has the same spin as photons, the geodesics of which are used to define the event

horizon of a black hole. We restrict our attention to Lagrangian theories that are

linear and at most of second-order in the vector field. The most general action for

such a theory is [51]

S =
1

16πG

∫

d4x
√−g (−2Λ + R + ωRKµK

µ

+ηKµKνRµν − ǫFµνF
µν + τKν;µK

µ;ν) , (4.15)

with

Fµν = Kν;µ − Kµ;ν . (4.16)

The vector fieldKµ at large distances from an object ismeant to asymptote smoothly

to a background value determined by a cosmological solution. Note that the val-

ues of the model parameters ω, η, ǫ, and τ are not independent [51].

As in the case of previous investigations of scalar-tensor gravity [39], we will

be seeking vacuum solutions that are characterized by constant curvature, as well

as by a constant vector Kµ. In this case, the field equations that are derived from

the action (4.15) are [51]

Rµν −
1

2
Rgµν + ωΘ(ω)

µν + ηΘ(η)
µν + Λgµν = 0 (4.17)

ωKµR + ηKαRµα = 0 , (4.18)

whereK2 ≡ KµK
µ,

Θ(ω)
µν = KµKνR + K2Rµν −

1

2
gµνK

2R , (4.19)

Θ(η)
µν = 2KαKµRνα − 2KαKνRµα

−1

2
gµνK

αKβRαβ . (4.20)

We now multiply equation (4.18) by Kν , combine it with equation (4.17), and
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look for the constant curvature solution (4.1) to obtain
[

Λ − R

4

(

1 + ωK2
)

]

gµν

−η
R

4

(

KµKν +
1

2
K2gµν

)

= 0 . (4.21)

Contracting equation (4.21) with gµν , we obtain for the constant curvature

R =
16Λ

4 + (4ω + 3η)K2
≃ 4Λ

[

1 −
(

ω +
3η

4

)

K2

]

. (4.22)

As in the previous cases, a black-hole solution that differs only in the value of

the constant curvature from the general relativistic one is possible for the vector-

tensor gravity theory that we have considered.

4.6 Discussion

Our results have important implications for current attempts to test general rel-

ativity in the strong-field regime using astrophysical black holes. On the one

hand, we appear to be lacking a parametric theoretical framework with which

to interpret observational data and quantify possible deviations from the general

relativistic predictions for astrophysical black holes. On the other hand, the de-

tection of deviations from the Kerr metric in the spacetime of an astrophysical

black hole will be a very strong indication for the need of a major change in our

understanding of gravitation.

4.7 Conclusion

We showed that the black-hole solutions of theories obtained by extending gen-

eral relativity with additional scalar, vector or tensor degrees of freedom are es-

sentially indistinguishable from those of general relativity. Thus, we conclude

that a potential observational verification of the Kerr metric around an astro-

physical black hole cannot, in and of itself, be used to distinguish between these
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theories. On the other hand, it remains true that detection of deviations from

the Kerr metric will signify the need for a major change in our understanding of

gravitational physics.
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CHAPTER 5

CONSTRAINTS WITH COSMOLOGY

After exploring tests using neutron stars and black holes, let us see how cosmo-

logical data can constrain higher-order theories of gravity. We look at the evo-

lution of the scale factor a(t), which represents the size of the universe, and see

how it is affected by higher-order terms in the action. We plug the Friedmann-

Robertson-Walker metric into the generalized Einstein equations, and find the

modified time evolution of the scale factor. This leads us to a differential equa-

tion of the third order in the scale factor.

5.1 Evolution of scale factor

In cosmology, the spacetime is assumed to be isotropic and homogeneous, there-

fore for an R + R2 type of gravity theory, the action is that of Equation (2.20):

S = M2
Pl

∫ √−g (R + αR2) d4x, (5.1)

and the generalized field equations follow from Equation (2.31) where β = 0. The

universe’s isotropic and homogeneous spacetime is described by the Friedmann-

Robertson-Walker metric:

ds2 = −dt2 + a2(t)

(

1

1 − κ r2
dr2 + r2 (dθ2 + sin2 θ dφ2)

)

. (5.2)

The energy content of the universe, like for the interior of a neutron star, can be

modeled by the energy-momentum tensor of an isotropic perfect fluid

T ν
µ =



















−ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p



















. (5.3)
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By plugging the Friedmann-Robertson-Walker metric into the generalized field

equations, we get two differential equations in the scale factor a(t). In the case

κ = 0 for a flat spacetime, the time-time equation – the generalized Friedmann

equation– is a third-order differential equation in a(t):

−
(

ȧ
a

)2
+ 6α

[

3
(

ȧ
a

)4 − 2 ȧ2ä
a3 +

(

ä
a

)2 − 2 ȧa(3)

a2

]

= −8πGρ/3. (5.4)

Define the Hubble parameter

H =
ȧ

a
, (5.5)

and the deceleration parameter

q = − äa

ȧ2
, (5.6)

then the generalized Friedmann equation becomes

−H2 + 6α
[

−3(q2 − 1)H4 + 2q̇H3
]

= −8πGρ/3. (5.7)

The energy density of the universe ρ can however be expressed as a function of

the scale factor a. To see this, we use the conservation of the energy-momentum

tensor

T µν
;ν = 0, (5.8)

which leads to the continuity equation

ρ̇ + 3
ȧ

a
(ρ + p) = 0. (5.9)

We assume the universe to be made of radiation (ρr), matter (ρm) and a cosmolog-

ical constant component (ρΛ). As is the case for general relativity, the continuity

equation leads to



50

• ρr = ρr0 ( a
a0

)−4 for radiation, since p = ρ/3,

• ρm = ρm0 ( a
a0

)−3 for matter, since p = 0,

• ρΛ = ρΛ0 for vacuum, since p = −ρ,

and since a0 = 1, the energy density is

ρ = ρr0 a−4 + ρm0 a−3 + ρΛ0 (5.10)

In general relativity, the critical density is defined by

ρc =
3H2

8πG
, (5.11)

and the ratio of energy density to critical density is defined by

Ω =
ρ

ρc

, (5.12)

then

8πGρ/3 = H2 ρ

ρc

= H2 Ω, (5.13)

and

8πGρ0/3 = H2
0 Ω0, (5.14)

leading to

8πGρ/3 = H2
0

(

Ωr0

a4
+

Ωm0

a3
+ ΩΛ0

)

. (5.15)

While this is true in general relativity but not necessarily inR+R2 gravity, we use

this expression for density as an approximation. The Friedmann equation then

becomes:

−
(

ȧ

a

)2

+ H2
0

(

Ωr0

a4
+

Ωm0

a3
+ ΩΛ0

)

+ 6α
[

−3(q2 − 1)H4 + 2q̇H3
]

= 0. (5.16)

This third-order differential equation in a(t) can also be rewritten as 3 first-order

equations in a(t), H(t) and q(t):

ȧ = a H, (5.17)
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Ḣ = −(1 + q) H2, (5.18)

and for α 6= 0:

q̇ =

[

1

H
− H2

0

H3

(

Ωr0

a4
+

Ωm0

a3
+ ΩΛ0

)]

/(12α) +
3

2
H(q2 − 1). (5.19)

We use observed current values for density: Ωm0 = 0.25, Ωr0 = 4.6 × 10−5 and

ΩΛ0 = 0.75. The scale factor a and deceleration parameter q are already defined as

unitless quantities, and their initial values were taken to be, as general relativity

would predict: a0 = 1 and q = −0.625. We only consider scenarios with a flat

universe (κ = 0). The Hubble parameter H however is dimensionful. We rewrite

H as:

H = H0 H ′ (5.20)

and time as:

t = tH t′ = t′/H0 (5.21)

so that the quantitiesH ′ and t′ = t/tH are dimensionless. Our 3 differential equa-

tions are rewritten as:

ȧ′ = a H ′, (5.22)

Ḣ ′ = −(1 + q) H ′2, (5.23)

and for α 6= 0:

q̇′ =

[

1

H ′
− 1

H ′3

(

Ωr0

a4
+

Ωm0

a3
+ ΩΛ0

)]

/(12α′) +
3

2
H ′(q2 − 1), (5.24)

where we define:

α′ = α H2
0 , (5.25)

and H0
∼= 2.3 × 10−18s−1 or in equivalent natural units ∼ 10−28 cm−1. Therefore

α = α′ × 1056 cm2.
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We integrate these 3 equations together using a Runge-Kutta routine. In Fig-

ure 5.1, we plot the scale factor a(t) vs t for different values of α′. We observe

that adding a nonzero α term has a direct effect on the evolution of the scale

factor. Whether α is positive or negative, the age of the universe will be lower

than the current prediction of 13.7 Gyr. For positive α’s, the age of the universe

varies between 90% and 100% of the Hubble time. As α goes to zero, we recover

general relativity as expected. However, for negative α’s, the behavior is the op-

posite. Low absolute values of α lead to nonphysical behavior where the age of

the universe could be arbitrarily small.

5.2 Age of the universe

In Figure 5.2, we plot the age of the universe as a function of |1/α′|. We verify

that negative values of α are non-physical, as small values of α give arbitrarily

small values for the age of the universe. While this may be of interest to cre-

ationists, here we are interested in real data: observed lower limits of the age

of the universe. These are constraints due to observations from radioactive dat-

ing, globular clusters and white dwarfs. The age estimate of 13.7 billion years

from WMAP data was not used as a constraint, because it is model dependent:

the estimate was derived using general relativity. White dwarfs give us our best

model-independent lower limit on the age of the universe at approximately 12

billion years. Observations of white dwarfs however are not sufficient to provide

an upper limit on positive, physical α’s.

5.3 Dolgov-Kawasaki instability

We find that positive α’s are well-behaved, and that as expected, we recover the

general relativistic evolution when α → 0. Surprisingly, we find that negative α’s
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Figure 5.1: Scale factor a(t) vs. time for a wide range of α′ values. t/tH = 0

corresponds to the current time, and t/tH = −1 corresponds to the time of the

Big Bang, as predicted by general relativity in a flat universe with a cosmological

constant Λ. Note that we did not restrict ourselves to the range where the per-

turbation is valid (relatively small α′ values), rather we investigated all α’ values

from 0 to infinity. Graph 1 shows the evolution of the scale factor for α′ = 10−3;

Graph 2 corresponds to α′ = −10−3 and Graph 3 corresponds to α′ = −10−5. We

also plotted the evolution for α′ at infinity (positive or negative infinity values of

α′ yield the same evolution).
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Figure 5.2: Age of the universe as a function of log|1/α′|. The left section corre-

sponds to α < 0, the right section corresponds to α > 0, and the central section

outlines where the perturbation breaks down: |αR| > 1, which is equivalent to

|α′| > 1. The only physical part is the right section with positive α’s. Horizontal

lines represent observed lower limits for the age of the universe from radioactive

dating, globular clusters and white dwarfs. These lower limits are not sufficient

to constrain positive α’s.
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are not well-behaved as α → 0. The physics is not smooth in α but rather in 1/α.

This nonperturbative effect, where general relativity is not recovered as we take

its limit (for a negative sign of α), can be shown to have its root in singular per-

turbation theory. It is a property of classical differential equations. For example,

in the equation:

ǫẍ + ẋ + x = 0, (5.26)

one does not necessarily recover the lower-order differential equation ẋ + x = 0

when applying ǫ → 0.

In the literature of higher-order theories of gravity (which induce differential

equations of higher order than general relativity), this instability has been called

the Dolgov-Kawasaki instability. Hu [52] shows that a f(R) theory is stable only

when d2f/dR2 > 0. In the case of the action ∼ R + αR2 that we have studied in

this chapter, this corresponds to α > 0 as expected.

We note the difference between solving exact differential equations, and con-

sidering effective field theories. In the above example, ǫ is the parameter that is

adjusted and for which a limit is taken. In an effective field theory on the other

hand, it is not the parameter or coefficient ǫwhich is adjusted, rather we say that

the higher-order operator itself is suppressed. This would correspond here to ẍ.

This distinction is important when we consider the effect of higher order terms,

and will be discussed in more detail in Chapter 6.

5.4 Discussion and Problems

We encountered problems and made approximations in this Chapter which need

careful consideration.

• As mentioned above, some of the solutions (α < 0) are not stable. This may

suggest a breakdown of our perturbation.
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• We used general relativity to find the initial (current) value for the decel-

eration parameter q. An alternative theory could have different boundary

conditions.

• In the initial values for the density parameters, we assumed that the density

Ωwas 1. However inR+R2 gravity, κ = 0 in the metric (flat space) does not

necessarily lead to Ω = 1 anymore. We have too many parameters. We re-

ally would need to explore the parameter space (a ,H , q , Ωr , Ωm , ΩΛ , α, κ).
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CHAPTER 6

ALTERNATIVE VS. EFFECTIVE: THE BATTLE

So far we have been exploring alternative theories of gravity, which consist in

adding extensions to the action of general relativity. There are two schools of

thought however, usually depending on whether one belongs to the general rela-

tivity or the high energy theory/effective field theory communities. One the one

hand, alternative theorists explore extensions to general relativity, which could

be considered to be ad hoc and sometimes lead to nonperturbative effects. On the

other hand, effective field theorists view perturbations of the action very differ-

ently. If a perturbative term in the action appears to have nonperturbative effects,

then any such effect will be canceled out by yet a higher order in the expansion.

This is examplified by a field redefinition as shown in the following section.

6.1 Vacuum solutions of higher-order gravity

As seen in Chapter 4, the vacuum solution R = 0 to general relativity is also solu-

tion to a number of higher-order or alternative theories of gravity. Observation of

the Kerr metric around a spinning black hole, for example, would therefore not

constitute a verification of general relativity. In that case one would not be able

to distinguish between theories of gravity. This thinking can be further demon-

strated with the use of a field redefinition in the context of effective field theory.

Following Burgess [33], we take the Einstein-Hilbert action:

SEH =
M2

P

2

∫

d4x
√−g R (6.1)

Minimizing the Einstein-Hilbert action leads to:

M2
P

2
δ

(∫

d4x
√−g R

)

= −M2
P

2

∫

d4x
√−g [Rµν − 1/2 R gµν ] δgµν (6.2)
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We make a field redefinition:

δgµν = Yµν =
1

M2
P

[2aRµν − (a + 2b)Rgµν ] (6.3)

When plugging this into equation (6.2), the minimization of the Einstein-Hilbert

action leads to terms in R2 and RµνRµν . Therefore in an extended action of the

form:

Seff =

∫

d4x
√−g

[

M2
P

2
R + aRµνR

µν + bR2

]

(6.4)

the terms in R2 and RµνRµν are canceled exactly by the field redefinition of equa-

tion (6.3), regardless of the values of a and b. Therefore, as seen before, the R2

terms should not affect the dynamics.

This is only true in vacuum, and there is discussion in the alternative school

of thought as to whether general relativity’s vacuum solutions (R = 0) would be

viable solutions in some alternative theories [53]. This certainly does not apply

in environments filled with a fluid such as in cosmology. An R2 term could have

an effect and possibly generate inflation [13].

An important question is how this applies to the emission of gravitational

waves in inspiralling compact binaries. Far enough from each of the two com-

pact objects, the vacuum solution R = 0 should apply and one could argue that

R2 terms in an extended action would not affect the dynamics of the binary or

the emission of gravitational waves. Therefore gravitational waves coming from

these systems would not constrain alternative theories of the R + R2 type or the

theories mentioned in Chapter 4. This is however at odds with the alternative

school of thought.

6.2 Alternative vs. Effective: The Battle

Here is the showdown.
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6.2.1 The Alternative

The first approach studies alternative theories of gravity where specific finite

terms are added to the Einstein-Hilbert action. f(R) theories are one example.

In previous chapters we studied R + R2 theories where no other term (such as

R3 or R4) was considered to follow, even if negligible. The R2 extension is con-

sidered to be ad hoc. This is also the case of 1/R theories proposed to explain the

acceleration of the universe. They were not proposed as an infinite series of terms

such as a polynomial expansion in the curvature.

In the case of R + R2 theories, the Einstein equations become fourth order in

the metric instead of second order. The higher orders in the differential equation

can be interpreted as additional degrees of freedom. This is well illustrated as

one makes a conformal transformation from the Jordan frame with the original

R2 term, to the Einstein frame which introduces scalar fields instead [19]. These

extra degrees of freedom can be dynamical or not. Dynamical degrees of freedom

can introduce instabilities, such as the Dolgov-Kawasaki instability observed in

Chapter 5.

In the case of gravitational waves, the extra dynamical degrees of freedom

are said to imply extra polarizations in the waves. This is remarkable. It implies

that gravitational waves would be great observatories for detecting an alternative

theory of gravity. Detecting one of these extra polarizations in a gravitational

wave signal would effectively constitute a disagreement with general relativity.

6.2.2 The Effective

Stelle suggested that adding R2 terms to the Einstein-Hilbert action could make

the theory renormalizable [54]. While a remarkable fact, the theory also predicts

the presence of negative energy modes, which make a R+R2 theory non-unitary.

By anyone in the high energy theory or effective field theory community, a theory



60

that is not unitary is not consistent and needs not be considered.

From the effective field theory standpoint, an R2 term would merely be a

term in an infinite perturbative expansion about the leading-order solution to

the equation of motion, in this case R = 0. Terms in the perturbative expansion

are suppressed by increasing powers of 1/M2
P . Having anR2 termwould not add

any additional degrees of freedom and would not have a nonperturbative ef-

fect on the dynamics such as creating an instability or an additional gravitational

wave polarization. Any nonperturbative effect such as these would be viewed as

an artifact of the expansion that could be corrected at higher order.

Therefore from the effective field theory perspective, there should be no mea-

surement effect in vacuum from the presence of an R2 term (assuming there are

higher order terms completing the expansion). This is illustrated by the field

redefinition above. Of course this is not true in cosmology or where matter is

involved.

6.3 Constraints with gravitational waves

The question remains: can we use gravitational wave polarization to constrain

R + R2 gravity?

• If we consider a perturbative expansion such as in effective field theory,

then there will no observable effect in gravitational waves, therefore gravi-

tational radiation cannot be used to discriminate among theories of gravity.

• If we consider a finite, ad hoc theory such asR+R2, then extra polarizations

of the gravitational wave should be present and could be detected. The

question is whether it makes sense to consider a theory that is not unitary.

We note that Cooney, DeDeo and Psaltis [55] have sought to eliminate these

degrees of freedomwith the method of perturbative constraints, first introduced by
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Simon [56].

In the next chapter, we consider newtonian gravity as an effective field theory

of general relativity. We use this effective approach in studying gravitational

dynamics and gravitational radiation of inspiralling compact binaries.
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CHAPTER 7

EFFECTIVE FIELD THEORY OF GRAVITATIONAL RADIATION

We now turn our attention to the gravitational dynamics and gravitational radi-

ation from inspiralling compact binaries. We consider newtonian gravity to be

an effective field theory of a higher order theory, in this case, general relativity.

Such a perturbation around newtonian gravity is called the Post-Newtonian (PN)

approximation to general relativity. While the PN approximation has been very

useful thus far in computing gravitational observables, it lacks a coherent frame-

work such as a lagrangian formalism. We explore in this Chapter the formalism

of Non Relativistic General Relativity (NRGR) which, while based on the Post-

Newtonian expansion, provides a consistent framework, and where observables

can in principle be computed at any order in the velocity expansion.

7.1 Introduction

In light of possible detection of gravitational waves in the near future by LIGO or

LISA, research in gravitational wave physics is very timely and relevant.

Coalescing compact binaries are thought to be powerful emitters of gravita-

tional radiation. During the inspiral phase of coalescing compact binaries, when

the compact objects can be considered to be non-relativistic (v/c < 0.5), one can

treat the dynamics as a perturbative expansion in the orbital velocity. This is

called the Post-Newtonian (PN) approximation to general relativity. However,

current PN methods run into divergences because they approximate the com-

pact objects to be point masses. They also lack a coherent framework such as a

lagrangian formalism.

First introduced by Goldberger and Rothstein [57], Non-Relativistic General
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Relativity (NRGR) offers an alternative. This effective field theoretic formalism

takes into account the physical extent of the compact objects, therefore avoid-

ing divergence issues, and provides a consistent framework using a lagrangian

formalism where observables can be calculated at any order in the velocity. Ef-

fective field theories are used to describe the low-energy limits of more funda-

mental, possibly unknown, theories. They are widely used in the field of high

energy physics and nuclear physics, as with non-relativistic quantum chromody-

namics (NRQCD) and chiral perturbation theory. General relativity, as a theory of

gravity, is considered to be the classical low-energy limit of a more fundamental

theory. Newtonian gravity itself can be considered to be an effective field the-

ory of Einstein’s general relativity. Effective field theories can be applied to any

physical systems, including classical ones, which contain distinct length scales

(or equivalent energy scales). Such a framework allows us to describe the physics

of a system at each particular scale by parametrizing our ignorance of the high

energy effects.

During the inspiral phase of coalescing compact binaries, there are 3 widely

separated length scales: 1) the size of each compact object 2) the size of the orbit 3)

the wavelength of gravitational radiation that escapes the binary and reaches our

detectors on Earth. By integrating out the physics at small length scales (size of

compact object and size of orbit), one can extract gravitational wave observables

such as energy, power and phase.

Themethods of effective field theories enable us to provide a consistent frame-

work with which to study gravitational dynamics and gravitational wave emis-

sion, using a lagrangian formalism. By describing the physics at different length

scales separately, any divergences are resolved and renormalized into the coeffi-

cients of the parametric expansion. One can then calculate gravitational observ-
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ables to any order in the velocity. NRGR enables us to 1) calculate the leading and

subleading corrections (in powers of v/c) of the newtonian potential in order to

better model the gravitational dynamics 2) calculate corrections to the predicted

gravitational wave emission and providemore accurate templates. These calcula-

tions can be compared to other PN results (and should be in complete agreement),

and can also be completed at higher orders in a systematic way, surpassing other

PN calculations.

Note: there has been puzzlement in the gravitational wave community as to

the choice of the name ”Non-Relativistic General Relativity (NRGR)”, or as to

how relativity could possibly be non-relativistic. The non-relativistic part actually

refers to the low orbital speeds of the compact objects, while general relativity is

of course a theory of gravity. This is in analogy with the effective field theories

of NRQCD and NRQED which nuclear physicists are familiar with. NRGR is in

essence the same thing as the post-newtonian approximation to general relativity.

The difference comes with the methods used (lagrangian formalism and path

integral formulation).

7.2 What has been done in NRGR

A number of corrections to the newtonian potential have been successfully cal-

culated using NRGR. Goldberger & Rothstein first calculated the spinless 1PN

correction to the newtonian potential [57] (the so-called Einstein-Infeld-Hoffman

potential). Gilmore & Ross calculated the 2PN correction [58] using the so-called

Kol variables [59]. The spinless 1PN and 2PN NRGR calculations are in perfect

agreement with other post-newtonian calculations. The 3PN spinless correction

remains to be calculated and compared with PN calculations.

Porto and Rothstein have developed a formalism in which to take into ac-
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count the spins of each of the compact objects [60]. Spin(1)-spin(2) coupling –

the coupling of the spin of one compact object with the spin of the other compact

object – at 2PN and 3PN was calculated by Porto & Rothstein [61]. After initial

disagreements which were resolved, these NRGR results agreed with the post-

newtonian results from Schaefer et al. [62]. Spin(1)-Spin(1) or Spin(1) squared –

the coupling of the spin of one compact object with itself – was also calculated

in NRGR by Porto & Rothstein [63]. This was also calculated by Schaefer et al.

using post-newtonian methods [64].

The coupling of compact object spin with the angular momentum of the bi-

nary (spin-orbit coupling) was calculated by Porto & Rothstein at 1.5PN [60],

which is the leading order term for spin-orbit. The next-to-leading order spin-

orbit term at 2.5PN had not yet been calculated using NRGR. We show in the

next Chapter the calculation of this term. Calculations of this term have been

done by the post-newtonian teams of Buonanno et al. [65], Tagoshi at al. [66]

and Damour et al. [67]. We note that Kol & Smolkin have also explored spin-

orbit at 2.5PN using NRGR and the so-called Kol variables. They have so far only

presented diagrams [68].

7.3 NRGR Tutorial

In calculating the next-to-leading order spin-orbit term at 2.5PN, we use the same

effective field theory methods that were used by Goldberger & Rothstein to cal-

culate the spinless 1PN correction [57]. We also use the same spin formalism and

methods used by Porto & Rothstein to calculate the 3PN spin(1)-spin(2) term [61].

As outlined above, the major advantage of NRGR is that, unlike other post-

newtonian methods, it is based on a lagrangian formalism. As in general relativ-

ity, the NRGR action is the sum of the Einstein-Hilbert (gravitational) action and
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the matter action, which is modeled here as 2 point particles + corrections:

S = SEH + Spp (7.1)

where:

SEH = −2M2
P

∫

d4x
√−g R (7.2)

and to lowest order:

Spp = −m

∫

dτ = −m

∫

√

gµνdxµdxν (7.3)

The NRGR effective action is found from the path integral:

exp[iSeff [xa]] =

∫

Dhµν exp[iS] (7.4)

From the Einstein-Hilbert gravitational action, we can write the expression for

a graviton propagator, as well as 3-graviton or in general n-graviton vertices.

From the point particle (matter) action, we can find the mass vertices showing the

coupling of compact object mass with gravitons. Combining mass vertices with

graviton propagators enable use to calculate the gravitational potential correc-

tions at different orders.

Note: in our discussions of alternative theories of gravity, we had been using

a (− + ++) sign convention for the metric. In this Chapter, we switch to a sign

convention which is normally used in field theory: (+−−−). The Planck mass is

also defined differently: M 2
P = 1/(32 πG).

While we are using methods of quantum mechanics (path integrals), the sys-

tem here of two coalescing compact sources remains purely classical. Quantum

corrections are actually quite negligible. From the real (conservative) part of the

effective action, one extracts the gravitational dynamics: potential and equations

ofmotion. The imaginary (nonconservative) part gives us the rate of gravitational

radiation or energy loss.
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One cannot however compute a path integral directly. This is where a pertur-

bative expansion is needed. Such a perturbative expansion can be represented

as a sum of Feynman diagrams, i.e. we can represent each order in the velocity

as a set of Feynman diagrams. First, we expand the metric around Minkowski

spacetime. This is a valid assumption since the compact objects are assumed to

be far apart (r >> R), therefore the curvature is small:

gµν = ηµν +
hµν

MPl

(7.5)

While we keep track of the order in the velocity, we also need to keep track of

the order in the gravitational perturbation h (which can be linear, quadratic etc.).

Expanding the point particle action in linear terms of h:

Spp = −m

∫

dt

[

−1

2
v2 +

1

MPl

(
1

2
h00 − h0ivi + ...)

]

(7.6)

gives us the coupling of the compact object worldlines (mass m) with the grav-

itational field or graviton h. At zeroth order in v, one recovers the Newtonian

potential. Calculating diagrams at second order in v (1 PN) enabled Goldberger

& Rothstein [57] to successfully recover the Einstein-Infeld-Hoffman potential.

Gilmore & Ross have recently calculated the 2PN corrections [58] using Kol vari-

ables [59].

7.4 Spin degrees of freedom

In many cases, compact objects spin about their axes in addition to their orbit.

The original formalism [57] for NRGR however did not include spin degrees of

freedom. In [60], Porto showed that one can allow the local frame basis to rotate

by adding spin degrees of freedom to the point particle action. The lowest order

lagrangian term for spin is:

L =
1

2MPl

hi0,kS
ik (7.7)
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Spin(1)-spin(2) (the coupling of the spin of one compact object with the spin

of the other object) and spin-orbit (the coupling of the spin of one compact object

with the orbital angular momentum) can in principle be calculated at any order.

Porto & Rothstein recently computed the spin(1)-spin(2) potential at 3PN [61], in

agreement with other PN calculations [62].

7.5 Spin-orbit corrections

In order to calculate spin-orbit corrections to the potential, one needs to combine

a spin term with a simple mass insertion, keeping track of the order in the veloc-

ity. The leading order spin-orbit interaction at 1.5 PN is the sum of 2 diagrams:

�
v1

v2 �
v0

v3

Figure 7.1: Leading order spin-orbit interaction (1.5 PN or v3). The blob repre-

sents a spin insertion, while the other vertex consists of a simple mass insertion

at various orders in the velocity (hence a spin-orbit coupling).

Each diagram contributes to the gravitational potential: the sum of the diagram

amplitudes corresponds to −iV , where V is the potential. The potential correc-

tion that is calculated from these 2 diagrams is the following [60]:

V so
1.5PN =

Gm2

r2
nj

(

Sj0
1 + Sjk

1 (vk
1 − 2vk

2)
)

+ 1 ↔ 2 (7.8)

At next-to-leading order, we write down all the diagrams that sum up to 2.5PN,

or equivalently v5. This is the subject of the next Chapter.
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CHAPTER 8

SUBLEADING SPIN-ORBIT CORRECTION IN DYNAMICS OF COMPACT BINARIES

8.1 The Toolbox

We are interested in the next-to-leading order (2.5PN) spin-orbit correction to the

newtonian potential. Taking into account the spins of the compact objects adds

many subtleties to the calculation. In NRGR, following the works of [57, 61]:

• The gauge wework in is not fully harmonic. Buonanno et al. [65] use a fully

harmonic gauge.

• The spin is defined in the local frame of each compact object, as opposed to

the Post-Newtonian/orbital frame used by Buonanno et al. [65].

• A spin supplementary condition (SSC) is needed. We use the covariant SSC

Sj0 = Sjkvk.

In order to calculate diagrams for the potential, we first need to write down

the Feynman rules. We need all of the vertices: linear (spinless) mass vertices;

quadratic (spinless) mass vertices; linear spin vertices; quadratic spin vertices. In

spin-orbit, unlike spin-spin, there is only one spin term. The rule of the game is

to mix and match one spin vertex with one spinless mass vertex. At 2.5PN, the

allowed combinations of vertices and propagators are those that add up to 2.5PN

or equivalently v5.

8.1.1 Mass vertices

We obtain the mass vertices (or mass-graviton coupling) from expanding the

point particle action:

Spp = −m

∫

dτ = −m

∫

dt [ 1 − ~v2 +
1

MP

(H00 + 2 H0i vi + Hij vi vj )]1/2 (8.1)
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Linear mass vertices are shown in Figure (8.1) and quadratic mass vertices in

Figure (8.2).

� L0PN = −1

2

m

MP

H00

L0.5PN = − m

MP

H0i vi

L1PN = −1

2

m

MP

[ Hij vi vj +
1

2
H00 ~v2 ]

L1.5PN = −1

2

m

MP

H0i vi ~v
2

Figure 8.1: Linear mass vertices

Quadratic terms:

� L1PN =
1

8

m

M2
P

H00 H00

L1.5PN =
1

2

m

M2
P

H00 H0i vi

Figure 8.2: Quadratic mass vertices

8.1.2 Spin vertices

We extract the linear spin term in the point particle lagrangian:

L =
1

2Mp

Hαγ,β Sαβ uγ (8.2)

Using power counting, we write the linear spin vertices in Figure (8.3). The

quadratic spin term in the point particle lagrangian is:

L =
1

4M2
p

Sβγ uµ Hγ
λ (

1

2
Hβλ,µ + Hµλ,β − Hµβ,λ) (8.3)
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�
L1PN =

1

2Mp

Hio,k Sik

L1.5PN =
1

2Mp

(Hij,k Sik uj + H00,k S0k)

L2PN =
1

2Mp

(H0j,k S0k uj + Hi0,0 Si0)

L2.5PN =
1

2Mp

Hij,0 Si0 uj

Figure 8.3: Linear spin vertices

� L2PN =
1

4 M2
p

Sij (Hλ
j H0λ,i − Hk

j H0i,k)

L2.5PN =
1

4 M2
p

{Sij(
1

2
Hλ

j (Hiλ,0 + Hiλ,ku
k + 2Hkλ,iu

k) − H0
j H0i,0

−H l
jHki,lu

k) + S0j(Hk
0 H0j,k − Hk

j H00,k − Hλ
0 H0λ,j)}

Figure 8.4: Quadratic spin vertices

from which we read quadratic spin vertices as listed in Figure (8.4).

8.2 Potential

We find the diagrams for the 2.5PN spin-orbit potential by mixing and matching

mass and spin vertices to the right order. The diagrams are shown in Figures

(8.5), (8.6), (8.7) and (8.8).
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�
v3

v2 �
v2

v3 �
v1

v4 �
v0

v5

Figure 8.5: Feynman diagrams with one-graviton propagator

�
v1 v0

v4 �
v0 v0

v5

�
v2

v2 v1�
v3

v2 v0�
v2

v3 v0

Figure 8.6: Quadratic terms

�
v1

v2 �
v0

v3

Figure 8.7: Propagator correction

�
v1 v0

v2 �
v0 v0

v3

�
v0

v2 v1�
v1

v2 v0�
v0

v3 v0

Figure 8.8: 3-graviton terms
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8.2.1 Amplitudes

The amplitude of each Feynman diagram is shown in Tables (8.1), (8.2), (8.3) and

(8.4). �
v3

v2

i Gm2 Sik
1 ~v2

2 v2i nk/r
2

�
v2

v3

i Gm2 {(2 ~v1.~v2 v2i − 3/2 ~v2
2 v1i) Sik

1 − 1/2 ~v2
2 S0k

1 }nk/r
2

�
v1

v4

2 i Gm2 S0k
1 (r a2k + ~v1.~v2 nk + v2k ~v2.~n)/r2

�
v0

v5

−i Gm2 S0k
1 v1k ~v2.~n/r2

Table 8.1: Feynman diagrams with single-graviton exchange

Total amplitude for linear terms:

−i V = i
G m2

r2
{Sik

1 nk ((v2i−
3

2
v1i) ~v2

2+2 v2i ~v1. ~v2)+S0k
1 ((2 ~v1. ~v2−

1

2
~v2

2)nk+(2 v2k−v1k)~v2.~n+2ra2k)}

(8.4)

Total amplitude for quadratic terms:

−i V = i
G2m2

r3
nk{m1(S

ik
1 (2 v2i − v1i) + S0k

1 ) + 2 m2 Sik
1 (v1i − v2i)} (8.5)

Total amplitude for 3-graviton terms:

−i V = −i
G2m2

r3
nk{m1(S

ik
1 (

1

2
v1i + 2 v2i) + 2 S0k

1 ) + m2(S
ik
1 (

3

2
v1i + v2i) + 2 S0k

1 )}

(8.6)
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�
v1 v0

v4

−2 i G2 m 2
2 Sik

1 v2i nk/r
3

�
v0 v0

v5

2 i G2 m 2
2 Sik

1 v1i nk/r
3

�
v2

v2 v1

0�
v3

v2 v0

2 i G2 m1 m2 Sik
1 v2i nk/r

3

�
v2

v3 v0

i G2 m1 m2 ( S0k
1 − Sik

1 v1i ) nk/r
3

Table 8.2: Feynman diagrams with quadratic terms



75

�
v1 v0

v2

−i G2 m 2
2 Sik

1 v2i nk/r
3

�
v0 v0

v3

−i G2 m 2
2 (3/2 Sik

1 v1i + 2 S0k
1 ) nk/r

3

�
v0

v2 v1

−3 i G2 m1 m2 Sik
1 v1i nk/r

3

�
v1

v2 v0

−2 i G2 m1 m2 Sik
1 v2i nk/r

3

�
v0

v3 v0

2 i G2 m1 m2 (5/4 Sik
1 v1i − S0k

1 ) nk/r
3

Table 8.3: Feynman diagrams with 3-graviton vertex

�
v1

v2

i Gm2 Sik
1 /r2 { r a2i ( v1k − nk ~v1.~n )

+ v2i (−3 nk ~v1.~n ~v2.~n + nk ~v1.~v2 + ~v1.~n v2k + v1k ~v2.~n) }

�
v0

v3

i Gm2 S0k
1 {nk ~v2

2 + r a2k − r ~a2.~n nk + 2 v2k ~v2.~n − 3 nk (~v2.~n)2 }/(2r2)

Table 8.4: Feynman diagrams with propagator correction
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Total amplitude for terms with a propagator correction:

−i V = i
Gm2

2 r2
{S0k

1 (ra2k + 2 v2k ~v2.~n + nk (~v2
2 − 3 (~v2.~n)2 − r ~a2.~n)) + 2 Sik

1 (ra2i (v1k − nk ~v1.~n)

+v2i (nk(~v1.~v2 − 3 ~v1.~n ~v2.~n) + v2k ~v1.~n + v1k ~v2.~n))} (8.7)

Adding all of the amplitudes, and taking amp = -iV gives us the potential V.

VS2.5PN =
G2 m2

2 r3
nk {S0k

1 (2 m1 + 4 m2) + Sik
1 ((3 m1 − m2) v1i + 6 m2 v2i)}

+
Gm2

2 r2
{S0k

1 (−5 ra2k + r nk ~a2.~n + 2 (v1k − 3 v2k) ~v2.~n + nk (3(~v2.~n)2 − 4 ~v1.~v2))

+Sik
1 (−2 ra2i(v1k − nk ~v1.~n) − 2 v2i (v2k ~v1.~n + v1k ~v2.~n)

+nk (3 v1i ~v2
2 − 2 (~v2

2 − 3 ~v1.~n ~v2.~n + 3 ~v1.~v2) v2i))} + (1 ↔ 2) (8.8)

or equivalently:

VS2.5PN =
G2 m2

2 r3
nk {S0k

1 (2 m1 + 4 m2) + Sik
1 ((3 m1 − m2) v1i + 6 m2 v2i)}

−G2 m1

2 r3
nk {S0k

2 (2 m2 + 4 m1) + Sik
2 ((3 m2 − m1) v2i + 6 m1 v1i)}

+
Gm2

2 r2
{S0k

1 (−5 ra2k + r nk ~a2.~n + 2 (v1k − 3 v2k) ~v2.~n + nk (3(~v2.~n)2 − 4 ~v1.~v2))

+Sik
1 (−2 ra2i(v1k − nk ~v1.~n) − 2 v2i (v2k ~v1.~n + v1k ~v2.~n)

+nk (3 v1i ~v2
2 − 2 (~v2

2 − 3 ~v1.~n ~v2.~n + 3 ~v1.~v2) v2i))}

+
Gm1

2 r2
{S0k

2 (−5 ra1k + r nk ~a1.~n − 2 (v2k − 3 v1k) ~v1.~n − nk (3(~v1.~n)2 − 4 ~v1.~v2))

+Sik
2 (−2 ra1i(v2k − nk ~v2.~n) + 2 v1i (v1k ~v2.~n + v2k ~v1.~n)

−nk (3 v2i ~v1
2 − 2 (~v1

2 − 3 ~v1.~n ~v2.~n + 3 ~v1.~v2) v1i))}. (8.9)

8.3 Conclusion

Themethods of effective field theory enable us to provide a consistent framework

with which to study gravitational dynamics and gravitational wave emission. By

describing the physics at each length scale separately, divergences are resolved
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and renormalized into the coefficients of the parametric expansion. One can then

calculate gravitational observables to any order in the velocity. NRGR enables us

to calculate the corrections to 1) the Newtonian potential in order to better model

the gravitational dynamics 2) the gravitational wave emission and will help pro-

vide more accurate templates for LIGO detection. Using the methods of NRGR,

we have calculated the next-to-leading order (2.5PN) spin-orbit correction to the

gravitational potential. Because we are not working in the same gauge, a direct

comparison of this potential with that of Buonanno et al. is not possible. This

will require calculating a gauge-invariant quantity such as the energy of a circu-

lar orbit as a function of frequency. Other subtleties such as different definitions

for spin also need to be considered when comparing results.
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