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Daniel Eisenstein

Xiaohui Fan

Drew Milsom

Date: April 3rd, 2007

Date: April 3rd, 2007

Date: April 3rd, 2007

Date: April 3rd, 2007

Date: April 3rd, 2007

Final approval and acceptance of this dissertation is contingent upon the candidate’s submission of the final copies of the dissertation to the Graduate College.

I hereby certify that I have read this dissertation prepared under my direction
and recommend that it be accepted as fulfilling the dissertation requirement.

Dissertation Director: Dimitrios Psaltis

Date: April 3rd, 2007

3

S TATEMENT B Y A UTHOR
This dissertation has been submitted in partial fulfillment of requirements for
an advanced degree at The University of Arizona and is deposited in the University Library to be made available to borrowers under rules of the Library.
Brief quotations from this dissertation are allowable without special permission, provided that accurate acknowledgment of source is made. Requests for
permission for extended quotation from or reproduction of this manuscript in
whole or in part may be granted by the head of the major department or the
Dean of the Graduate College when in his or her judgment the proposed use of
the material is in the interests of scholarship. In all other instances, however,
permission must be obtained from the author.
S IGNED: Martı́n Elı́as Pessah

4
A CKNOWLEDGMENTS
During my incursion in MHD turbulence and accretion disk theory, I have
benefited from fruitful discussions with several people. I thank Eric Blackman for
sharing with us his ideas and points of view on different aspects of dynamo theory and stress modeling. I am grateful to Gordon Ogilvie for interesting discussions and for his detailed comments and constructive criticism on early versions
of the last two chapters of this study. I thank Jim Stone for useful discussions
and for helping us with the necessary modifications to the ZEUS code that was
used in the last chapter of this work. I am also grateful to Omer Blaes, Andrew
Cumming, Wolfgang Duschl, Charles Gammie, Peter Goldreich, Fred Lamb, Eliot
Quataert, and Ethan Vishniac, for useful discussions during the last few years.
I thank the Faculty of the Astronomy Department, specially to those who have
left an impression on me. To Adam Burrows, for putting the physics in his Theoretical Astrophysics course. If I ever teach a course, I will be lucky if I have half of
his enthusiasm. To Daniel Eisenstein, whose door was always open. I will always
wonder how it would have been to become a cosmologist under his advice. To
Rob Kennicutt, who told me a lot with only a few words. To George Rieke, for
not giving up in trying to make a theorist understand how an instrument works.
I am indebted to my advisor, Dimitrios Psaltis, for encouraging me to address
important questions, for being open, and for always allowing me to choose. He
provided me with the support that helped me to feel confident and the freedom
that taught me to be responsible. I take with me his greatest advice: “To get more
done you have to work less”. I have not figured out how this is supposed to work . . .
I have the privilege of shearing the office, for many hours, with Chi-kwan
Chan, my friend and collaborator. A lot of the work in this dissertation would
not have been the same without him and the many week-long discussions we
had. I am sure we hold the pair-staring-at-a-white-board-full-of-equations record
(someone should keep track of these things!). I wish I had learned more from him.
Thanks to Erin Carlson, Michelle Cournoyer, Catalina Diaz-Silva, Joy Facio,
Chris Impey, Ann Zabludoff, and Peter Strittmatter for making my life as a graduate student much easier. I also thank the people in charge of computer support;
to Mike Eklund, Jeff Fookson, Phil Goisman, and Neal Lauver, for helping me out
even when they had to fix things that I should not have broken.
I thank Andy Marble, John Moustakas, Jeremiah Murphy, Nick Siegler, and
Amy Stutz who became my friends in between coffee, courses, exams, IDL, and
discussing how we would run things if we were in charge. Our time will come!
I thank Ana, Gaspar, and Luis, who I definitely regret not meeting sooner, for
making me feel at home away from home. I thank the people that I have seen
so little during the last several years, my family and friends, for making me feel
loved in spite of the distance. Finally, and most importantly, I thank Paula, my
wife, for her unconditional support and for believing in me more than she should.

5
D EDICATION

A Paula. Por tu amor, tu paciencia y tu comprensión sin lı́mites . . .

6
TABLE OF C ONTENTS
L IST OF F IGURES

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8

A BSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9

C HAPTER 1 I NTRODUCTION . . . . . . . . . . . . . . . . . . . . . . .
1.1 Basic Disk Structure . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 The Angular Momentum Problem . . . . . . . . . . . . . . . .
1.3 The Standard Accretion Disk Model . . . . . . . . . . . . . . .
1.4 The Magnetorotational Instability and MHD Turbulence . . .
1.5 This Dissertation in Context . . . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.

.
.
.
.
.
.

. 11
. 13
. 15
. 16
. 18
. 23

C HAPTER 2 T HE S TABILITY OF M AGNETIZED R OTATING P LASMAS WITH
S UPERTHERMAL F IELDS . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2 MHD Equations for Perturbations and the Dispersion Relation . . .
2.2.1 Equations for the Perturbations . . . . . . . . . . . . . . . . .
2.2.2 Dispersion Relation . . . . . . . . . . . . . . . . . . . . . . . .
2.2.3 Previous Treatments . . . . . . . . . . . . . . . . . . . . . . .
2.3 Numerical Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.4 The Onset of Instabilities . . . . . . . . . . . . . . . . . . . . . . . . .
2.4.1 Unstable Modes . . . . . . . . . . . . . . . . . . . . . . . . . .
2.4.2 Analytic Approximations . . . . . . . . . . . . . . . . . . . .
2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.5.1 Importance of Curvature Terms . . . . . . . . . . . . . . . . .
2.5.2 Magnetorotational Instabilities with Superthermal Fields . .
2.5.3 Comparison to Previous Analytical Studies . . . . . . . . . .
2.5.4 Implications for Shearing Box Simulations . . . . . . . . . .
2.6 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . .

29
30
34
35
43
45
50
55
55
57
66
66
69
73
80
83

C HAPTER 3 T HE S IGNATURE OF THE M AGNETOROTATIONAL I NSTABILITY
IN THE R EYNOLDS AND M AXWELL S TRESS T ENSORS IN A CCRETION D ISKS 85
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
3.2 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.3 The Eigenvalue Problem for the MRI: A Formal Solution . . . . . . 91
3.3.1 Eigenvectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.3.2 Properties of the Eigenvectors . . . . . . . . . . . . . . . . . . 94
3.3.3 Temporal Evolution . . . . . . . . . . . . . . . . . . . . . . . 97
3.4 Net Angular Momentum Transport by the MRI . . . . . . . . . . . . 98
3.4.1 Definitions and Mean Values of Correlation Functions . . . 98
3.4.2 Properties of the MRI-Driven Stresses . . . . . . . . . . . . . 101

7
TABLE OF C ONTENTS — Continued
3.5 Energetics of MRI-driven Fluctuations . . . . . . . . . . . . . . . . . 105
3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
C HAPTER 4 A M ODEL FOR A NGULAR M OMENTUM T RANSPORT IN A CCRE TION D ISKS D RIVEN BY THE M AGNEOTROTATIONAL I NSTABILITY . . . . 112
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
4.2 A Model for MHD Turbulent Pumping by the MRI . . . . . . . . . . 114
4.3 A Model for the Saturation of MRI-driven Turbulence . . . . . . . . 118
4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
C HAPTER 5 T HE F UNDAMENTAL D IFFERENCE B ETWEEN A LPHA -V ISCOSITY
AND T URBULENT M AGNETOROTATIONAL S TRESSES . . . . . . . . . . . . 124
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
5.2 Alpha Viscosity vs. MHD Stresses . . . . . . . . . . . . . . . . . . . 126
5.3 Predictions from Stress Modeling . . . . . . . . . . . . . . . . . . . . 129
5.3.1 Kato & Yoshizawa 1995 . . . . . . . . . . . . . . . . . . . . . 130
5.3.2 Ogilvie 2003 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
5.3.3 Pessah, Chan, & Psaltis 2006 . . . . . . . . . . . . . . . . . . 137
5.4 Results from Numerical Simulations . . . . . . . . . . . . . . . . . . 140
5.4.1 The Shearing Box Approximation . . . . . . . . . . . . . . . 141
5.4.2 Numerical Set Up . . . . . . . . . . . . . . . . . . . . . . . . . 142
5.4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
C HAPTER 6 S UMMARY AND O UTLOOK : T OWARDS M AGNETOROTATIONAL
A CCRETION D ISK M ODELS . . . . . . . . . . . . . . . . . . . . . . . . . . 147
6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
6.2 Beyond the Standard Accretion Disk Model . . . . . . . . . . . . . . 150
6.3 A New Era in Accretion Disk Modeling . . . . . . . . . . . . . . . . 152
A PPENDIX A MRI M ODES WITH FINITE kr /kz RATIOS . . . . . . . . . . . . 156
A PPENDIX B MRI M ODES WITH VANISHING F REQUENCY . . . . . . . . . . 159
R EFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

8
L IST OF F IGURES
1.1
1.2
1.3

Schematics of the magnetorotational instability (MRI) . . . . . . . .
Mode structure for the MRI . . . . . . . . . . . . . . . . . . . . . . .
Timescales and lengthscales in accretion disks . . . . . . . . . . . .

21
22
25

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10
2.11

Eigenfrequencies of dispersion relation (2.25) – real parts . . . . . .
Eigenfrequencies of dispersion relation (2.25) – imaginary parts . .
MRIs with strong toroidal magnetic fields - numerical solutions . .
Eigenfrequencies of simplified versions of dispersion relation (2.25)
MRIs with strong toroidal magnetic fields - analytical approximation
Importance of curvature terms . . . . . . . . . . . . . . . . . . . . .
MRIs with strong magnetic fields as a function of the local shear . .
MRIs with strong magnetic fields as a function of the sound speed .
Stabilization of the MRI for strong toroidal fields - Growth rates . .
Stabilization of the MRI for strong toroidal fields - Mode structure .
Implications for shearing box simulations with strong toroidal fields

51
52
56
61
63
67
71
72
75
76
81

3.1
3.2
3.3
3.4

Components of unstable MRI eigenvectors . . . . . . . . . .
per-k contributions of the linear MHD stresses and energies .
Correlation between Maxwell and Reynolds stresses . . . . .
Ratio between Maxwell and Reynolds stresses vs. local shear

4.1
4.2

Model stress-to-magnetic energy correlations in MRI-turbulence . . 121
Model energy-density saturator predictor in MRI-turbulence . . . . 123

5.1

Fundamental difference between MRI-stresses and alpha-viscosity 134

.
.
.
.

.
.
.
.

.
.
.
.

A.1 Eigenfrequencies of dispersion relation (2.25) for finite ratios k r /kz

. 95
. 102
. 109
. 110

158

9
A BSTRACT

It is currently believed that angular momentum transport in accretion disks
is mediated by magnetohydrodynamic (MHD) turbulence driven by the magnetorotational instability (MRI). More than 15 years after its discovery, an accretion
disk model that incorporates the MRI as the mechanism driving the MHD turbulence is still lacking. This dissertation constitutes the first in a series of steps
towards establishing the formalism and methodology needed to move beyond
the standard accretion disk model and incorporating the MRI as the mechanism
enabling the accretion process. I begin by presenting a local linear stability analysis of a compressible, differentially rotating flow and addressing the evolution
of the MRI beyond the weak-field limit when magnetic tension forces due to
strong toroidal fields are considered. Then, I derive the first formal analytical
proof showing that, during the exponential growth of the instability, the mean
total stress produced by correlated MHD fluctuations is positive and leads to a
net outward flux of angular momentum. I also show that some characteristics of
the MHD stresses that are determined during this initial phase are roughly preserved in the turbulent saturated state observed in local numerical simulations.
Motivated by these results, I present the first mean-field MHD model for angular
momentum transport driven by the MRI that is able to account for a number of
correlations among stresses found in local numerical simulations. I point out the
relevance of a new type of correlation that couples the dynamical evolution of the
Reynolds and Maxwell stresses and plays a key role in developing and sustaining
the MHD turbulence. Finally, I address how the turbulent transport of angular
momentum depends on the magnitude of the local shear. I show that turbulent
MHD stresses in accretion disks cannot be described in terms of shear-viscosity.
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I imagine that right now you are feeling a bit like Alice... Stumbling down the rabbit
hole? Hmm? [...] This is your last chance. After this, there is no turning back. You take
the blue pill, the story ends, you wake up in your bed and believe whatever you want to
believe. You take the red pill, you stay in Wonderland and I show you how deep the rabbit
hole goes...

— Morpheus, The Matrix.
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C HAPTER 1
I NTRODUCTION
A large number of celestial objects exchange mass and angular momentum
with their environments by means of accretion disks during crucial evolutionary
stages. Understanding the processes that determine the rate at which matter accretes and energy is radiated from these disks is vital for unveiling the mysteries
surrounding the formation and evolution of a wide variety of objects in the Universe. The physical roles played by accretion disks, as well as their observable
implications, are as diverse as the nature of the astrophysical bodies that they
surround:
• Although it is still unknown what exactly determines the initial mass func-

tion of protostars for a fixed molecular cloud mass or even the masses of planets
around a given star, there is little doubt that the accretion process plays a central
role in both cases (Bonnell, Clarke, Bate, & Pringle, 2001). Accretion via proto-

planetary disks is also thought to be intimately related to the bipolar molecular
outflows and brightness variations observed in newly-born protostars.
• Disk accretion onto white dwarfs is believed to be responsible for the vio-

lent behavior observed in cataclysmic variable systems, including novae, dwarfnovae, recurrent novae, and novae-like variables (Wheeler, 1993; Warner, 1995).
The presence of accretion disks in these systems is supported by the observed
blue continua, double-peaked emission lines, and even the brightness distribution of the disk in some cases (Horne, 1985; Marsh & Horne, 1988).
• The interaction of the accretion flow with the proto-neutron star resulting

from a core-collapse supernovae might not only determine the final mass of the
neutron star but also its initial spin (Thompson, Quataert, & Burrows, 2005).
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• It is currently believed that an important fraction of the plethora of vari-

ability phenomena observed from the ultra-violet to X-rays in binary systems
containing white dwarfs, neutron stars, and stellar mass black holes originates in
the inner regions of the accretion flow (Mauche, 2002; van der Klis, 2005).
• The torques exerted by the accretion disk on old neutron stars in binary

systems seems to be responsible for their spin up, bringing them to life again in
the form of millisecond pulsars (Bhattacharya & van den Heuvel, 1991).

• Accretion disks seem to play a crucial role for the successful launch of rela-

tivistic jets giving rise to the associated gamma-ray burst in collapsar models of
black-hole formation (MacFadyen, Woosley, & Heger, 2001). Although the details
are yet to be understood, there is a growing consensus on the fundamental connection between disk inflows and jet outflows in a variety of accretion scenarios.

• Disk accretion onto supermassive black holes is the most likely mechanism

accounting for the various phenomena observed in Active Galactic Nuclei across
the electromagnetic spectrum (Rees, 1984). The characteristic UV spectral feature known as the big blue bump is usually interpreted as the spectra of an opti-

cally thick disk. Further spectroscopic evidence of disks is offered by asymmetric double-peaked hydrogen (Chen, Halpern, & Filippenko, 1989; Eracleous, &
Halpern, 1994) and iron line profiles (Tanaka et al., 1995). In the last decade, HST
resolved several gaseous disks in AGN (e.g., M87, NGC4261, NGC4258) providing a kinematic mean to estimate the masses of the central engines (see, e.g., Ford
et al. 1994; Jaffe et al. 1993; Miyoshi et al. 1995).
Because of their ubiquity, and their fundamental roles in a broad range of
astrophysical phenomena, accretion disks have been a main focus of attention in
theoretical astrophysics for decades. Despite significant efforts, however, some of
the most basic questions on accretion disk physics still await definitive answers.
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1.1

Basic Disk Structure

Under a set of simplifying, but a priori reasonable, assumptions we can derive
a set of equations to describe the basic structure of an accretion disk around a
gravitating body (see, e.g., Shakura & Sunyaev, 1973; Kato, Fukue, & Mineshige,
1998; Frank, King, & Raine, 2002). If we assume that
• The gravitational field is determined by the central object,
• The disk is axisymmetric,
• The disk is geometrically thin and optically thick,
• Hydrostatic balance holds in the vertical direction,
• There are no disk winds or external torques,
then the basic equations for the disk structure are:
Continuity equation
∂Σ 1 ∂
+
(rΣv̄r ) = 0 ,
∂t
r ∂r

(1.1)

where Σ is the vertically integrated gas density and v̄r is the mean radial flow
velocity. The radial integration of this equation, with the appropriate boundary
value, leads to the expression for the accretion rate Ṁ = −2πrv̄r Σ.
Momentum conservation in the radial direction

¯l2
∂v̄r
∂v̄r
GM
1 ∂P
+ v̄r
− 3 =− 2 −
,
∂t
∂r
r
r
Σ ∂r

(1.2)

where ¯l = rΣv̄φ stands for the vertically integrated angular momentum density,
M is the mass of the central object, and P is the vertically integrated gas pressure.
Angular momentum conservation
∂ ¯l 1 ∂ ¯
1 ∂ 2
+
(rlv̄r ) = −
(r T̄rφ ) ,
∂t r ∂r
r ∂r

(1.3)
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where T̄rφ represents the stress acting on a fluid element, i.e., the flux density of
φ-momentum in the radial direction.
Hydrostatic balance in the vertical direction
H=

cs
,
ΩK

(1.4)

where H is the disk scaleheight, cs stands for the sound speed, cs ≡

p
kB Tc /µmH ,

with kB the Boltzmann constant, Tc the midplane temperature, µ the mean molec-

ular weight, mH the mass of the hydrogen atom, and ΩK stands for the Keplerian
p
angular frequency ΩK ≡ GM/r3 .
Equation of state

a
P = c2s Σ + 2H Tc4 ,
3

(1.5)

where a is the radiation constant, a = 4σ/c, with σ the Stefan-Boltzmann constant
and c is the speed of light in vacuum.
Energy balance
4
2σTeff

=



∂ ln Ω
−
∂ ln r



Ω T̄rφ ,

(1.6)

where it is assumed that (locally) the rate at which the gas is viscously heated
−
equals the rate at which energy is radiated from the disk (i.e., Q +
vis = Qrad ). Here,
4
the effective temperature is related to the disk midplane temperature by T eff
=

Tc4 /3τ and the optical depth, τ = κ̄Σ/2, depends on the opacity law, κ̄ = κ̄(Σ, T c ).
In order for a parcel of gas to spiral down towards smaller radii, ultimately
converting its gravitational potential energy into the emitted radiation, it must
lose part of its angular momentum. If we know the rate at which angular momentum is lost from the disk, i.e., if we understand how the stress T̄rφ depends on
the other variables in this set of equations, then for a given mass M and accretion
rate Ṁ , these equations provide Σ, v̄r , ¯l (equivalently v̄φ or Ω), P, H, cs , Teff , Tc , τ, κ̄,
as a function of radius.
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In summary, under our current set of assumptions, a model for the stress, T̄rφ ,
leads to a model for the entire structure of the accretion disk. The main unsolved
problem in accretion disk physics is the precise nature of the mechanism that
allows angular momentum to be removed from the disk, i.e., an ab initio theory
to calculate the stress T̄rφ .
1.2

The Angular Momentum Problem

Given that a disk of gas orbiting in a central potential is expected to exhibit differential rotation, one might first attempt to model the stress between adjacent
disk annuli as a viscous shear stress. To lowest order, it is natural to assume that
the local stresses between adjacent disk annuli are proportional to the local rate
of strain,
T̄rφ = −rΣνmol

dΩ
,
dr

(1.7)

where νmol = λmol cs stands for the coefficient of molecular viscosity. Here (Padmanabhan, 2001)
λmol ∼ 6.4 × 10

4



T2
n



cm ,

(1.8)

and
cs ∼ 104 T 1/2 cm s−1 ,

(1.9)

stand for the mean free path for the particles, with number density n and temperature T , in the laminar disk and the sound speed (both in cgs units), respectively.
However, since the early days of accretion disk theory, it has been recognized
that molecular viscosity is too small to account for a number of observational
properties of accreting objects. For example, if microscopic gas viscosity were
the only physical process enabling angular momentum transport in an accretion
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disks surrounding a cataclysmic variable, the timescales characterizing a global
disk event would be of the order of
tmol ∼


R2
∼ 1020 6.4 × 10−8 nT −5/2 s ∼ 106 yr ,
νmol

(1.10)

where we have taken n ∼ 1015 cm−3 , R ∼ 1010 cm, and T ∼ 104 K as representative
values for the number density, the disk radius, and its temperature. This estimate

contrasts sharply with observations of cataclysmic variables in which outbursts
last only for a few days and thus suggest that the viscous torques acting on the
disk are close to ten orders of magnitude larger than molecular viscous torques,
i.e.,
tmol
νobs
∼
∼ 1010 .
νmol
tobs

(1.11)

The elucidation of viable physical mechanisms that could account for the required enhanced transport has been the focus of intensive work over the last
three decades (see, e.g., Kato, Fukue, & Mineshige, 1998; Frank, King, & Raine,
2002).
1.3

The Standard Accretion Disk Model

The initiation of modern accretion disk theory was marked by the postulation of
Shakura & Sunyaev (1973) of a source of “anomalous viscosity” thought to be
operating in the disks. They offered an appealing solution to this problem by
assuming a source of enhanced disk viscosity due to turbulence and magnetic
fields. In essence, the transfer of angular momentum in the standard disk model
rest on two distinct assumptions.
First, it is postulated that the total (vertically integrated) stress exerted on a
fluid element can be modeled as a turbulent shear stress, i.e., that, in cylindrical
coordinates,
T̄rφ = −rΣνturb

dΩ
.
dr

(1.12)
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This is a turbulent version of the shear stress given by equation (1.7) usually employed to model shear viscosity in a differentially rotating laminar flow (Landau
& Lifshitz, 1959), but with the coefficient of molecular kinematic viscosity, ν mol ,
replaced by a turbulent counterpart, νturb = λturb vturb . This parameterization dictates the direction of angular momentum transport. It is always opposite to the
angular velocity gradient.
Second, on dimensional grounds, Shakura and Sunyaev argued that turbulent
motions in the disk would likely be restricted by the conditions λ turb <
∼ H and
vturb <
∼ cs and proposed to parametrize the turbulent viscosity as
νturb ≡ αcs H ,

(1.13)

with α a constant of the order of, but smaller than, unity. Thus, the physical
mechanism that allows angular momentum transport (or more precisely diffusion) throughout different disk radii is envisioned as the viscous interaction of
turbulent eddies of typical size H, on a turnover time of the order of H/c s . In this
way, the enhanced viscous coefficient, νturb , dictates the magnitude of the rate at
which angular momentum is transferred. Note that, if α ∼ 1, this enhanced vis-

cosity “solves” the angular momentum problem discussed in §1.2. Indeed, in this
case, considering H/R ∼ 0.01 leads to νturb ∼ 1010 νmol .

The idea that turbulent angular momentum transfer in accretion disks can be

described in terms of an enhanced version of the molecular transport operating in
laminar differentially rotating media has been at the core of the majority of studies in accretion disk theory and phenomenology for over three decades. Since
its conception, the standard accretion disk model has been extensively used to
study the accretion flows surrounding young stellar objects, white dwarfs, neutron stars, and black holes on all mass scales. Much of its success lies on the fact
that some disk observables are determined mostly by energy balance and depend
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weakly on the adopted prescription (Balbus & Papaloizou, 1999).
However, the standard disk model is known to suffer from important shortcomings. The source of viscosity is assumed to be local; this conjecture has been
challenged by numerical simulations where the turbulence has a magnetohydrodynamic, rather than hydrodynamic, origin (Armitage, 1998). The standard accretion solutions allow information to propagate across sonic points (where the
flow speed equals the local sound speed), artificially connecting the inner (supersonically falling) regions of the accretion flow with the outer (nearly Keplerian)
disk. Most importantly, because of its own nature, the standard accretion disk
model is not self-consistent. The α-parameterization leaves unanswered fundamental questions on the origin of the assumed turbulent transport and its detailed
characteristics.

1.4

The Magnetorotational Instability and MHD Turbulence

The origin of the turbulence that leads to enhanced angular momentum transport in accretion disks has been a matter of debate since the work of Shakura
& Sunyaev (1973). To date, the development and sustainment of turbulence in
differentially rotating media remains one of the least understood processes in
modern astrophysics. In particular, the issue of whether hydrodynamic turbulence can be generated and sustained in astrophysical disks, because of the large
Reynolds numbers involved, is currently a matter of renewed interest (Afshordi,
Mukhopadhyay, & Narayan, 2005; Mukhopadhyay, Afshordi, & Narayan, 2005).
However, this idea has long been challenged by analytical (Ryu & Goodman,
1992; Balbus & Hawley, 2006), numerical (Stone & Balbus, 1996; Balbus, Hawley,
& Stone, 1996; Balbus & Hawley, 1997; Hawley, Balbus, & Winters, 1999), and,
more recently, experimental work (Ji, Burin, Schartman, & Goodman, 2006).
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During the last decade, it has become evident that the interplay between turbulence and magnetic fields in accretion disks is at a more fundamental level
than originally conceived. There is now strong theoretical and numerical evidence suggesting that the process driving the turbulence is related to a magnetic
instability, now called the magnetorotational instability (MRI), that operates in
the presence of a radially decreasing angular velocity profile. The existence of
this magnetic instability in differentially rotating flows was first appreciated by
Velikhov (1959) and later by Chandrasekhar (1960), but its relevance to accretion
disks was not fully appreciated until the work by Balbus & Hawley (1991).
The essence of the MRI can be understood by examining the equations describing the local dynamics of small amplitude perturbations in a disk threaded
by a weak magnetic field. For simplicity, consider perturbations of the form
δv = [δvr (t, z), δvφ (t, z), 0] and δB = [δBr (t, z), δBφ (t, z), 0] in an incompressible,
cylindrical, differentially rotating flow, threaded by a mean vertical magnetic
field, Bz (see Figure 1.1). The equations for the dynamical evolution of these
fluctuations are given by1

∂
δvr
∂t
∂
δvφ
∂t
∂
δBr
∂t
∂
δBφ
∂t

Bz ∂
= 2Ωδvφ +
δBr ,
4πρ ∂z


d ln Ω
Bz ∂
= − 2+
Ω δvr +
δBφ ,
d ln r
4πρ ∂z
∂
= Bz δvr ,
∂z
d ln Ω
∂
=
Ω δBr + Bz δvφ .
d ln r
∂z

(1.14)
(1.15)
(1.16)
(1.17)

Taking the Fourier transform of these equations with respect to time, t, and the
1

A more general and thorough derivation of this set of equations is provided in chapter 2.
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vertical coordinate, z, and conveniently combining them we can write


2
2
2 d ln Ω
+ (kz vAz ) δBr ,
−ω δBr + 2iωΩδBφ = − 2Ω
d ln r
−ω 2 δBφ − 2iωΩδBr = −(kz vAz )2 δBφ ,

(1.18)
(1.19)

where ω stands for the frequency corresponding to the mode with vertical wave√
number kz , and vAz ≡ Bz / 4πρ stands for the Alfvén speed associated with the
vertical magnetic field. The solution of this homogeneous linear system will be

non-trivial only when its determinant vanishes, i.e., when the frequency ω corresponding to the mode with wavenumber kz satisfies


2 2
2 d ln Ω
4
2 2
2
2
2 2
=0.
ω − (2kz vAz + κ )ω + kz vAz kz vAz + 2Ω
d ln r

(1.20)

A typical solution of this dispersion relation is shown in Figure 1.2. All the perturbations with vertical wavenumber smaller than the critical wavenumber k BH
are unstable (open circles), with
2
2
kBH
vAz
≡ −2Ω2

d ln Ω
.
d ln r

(1.21)

As long as the magnetic field is not too strong (in order for the instability to
work efficiently, some unstable modes should have vertical wavelengths smaller
than the disk scaleheight) the growth rate of the instability is considerably large.
For a Keplerian disk, the e-folding time for perturbations to grow is simply 3Ω K /4
(right panel in Figure 1.2). This is rather fast and indeed comparable to the natural dynamical timescale at any given disk radius. The ultimate success of the
MRI is that it provides a mechanism to initiate the development of turbulence
in flows with Keplerian angular velocity profiles, which are believed to be very
stable in the absence of magnetic fields. Indeed, unmagnetized flows with radially increasing angular momentum profiles satisfy the Rayleigh criterion for
hydrodynamic stability.
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Figure 1.1 Schematics of the shearing of vertical magnetic field lines in a differentially rotating flow that leads to the runaway process known as the magnetorotational instability (MRI). The coordinate system is assumed to be in corotation with
the disk at some fiducial radius. The dashed arrows in the azimuthal direction
represent the background velocity field as seen from the corotating system. The
azimuthal component of the restoring force due to magnetic field tension of the
perturbed field line exerts a torque on the displaced fluid elements. The torque
acting on the fluid element displaced towards the central object causes it to lose
angular momentum. The fluid element then migrates to a lower orbit dragging
with it the magnetic field line and increasing the magnetic tension responsible
for the torque. A similar situation takes place with a fluid element initially displaced outwards. In this case, the angular momentum of such a fluid element
increases and it migrates outwards. For a given magnetic field strength, all the
perturbations with wavenumbers kz ≤ kBH are unstable (eq. [1.21]).
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Figure 1.2 The real (left) and imaginary (right) parts of the solutions to the dispersion relation (1.20) corresponding to an incompressible Keplerian disk with
vAz = 0.01Ωr. Open circles indicate unstable modes (i.e., those with positive imaginary part). The rightmost open circle in the left panel denotes the
wavenumber corresponding to the largest unstable wavenumber, k BH (eq. [1.21]).
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Since the appreciation of the relevance of the MRI to accretion physics, a variety of local (Hawley, Gammie, & Balbus, 1995, 1996; Stone, Hawley, Gammie, &
Balbus, 1996; Brandenburg, Nordlund, Stein, & Torkelsson, 1995; Brandenburg,
2001; Sano, Inutsuka, Turner, & Stone, 2004) and global (Armitage, 1998; Hawley,
2000, 2001; Hawley & Krolik, 2001; Stone & Pringle, 2001) numerical simulations
have revealed that its long-term evolution gives rise to a turbulent state, providing a natural avenue for vigorous angular momentum transport.
Despite the fact that the MRI is currently considered the most promising mechanism to enable efficient angular momentum transport in accretion disks there is
no theory available that incorporates the MRI as the input source of MHD turbulence and describes, at least qualitatively, the saturated turbulent state of magnetohydrodynamic disks found in numerical simulations. What is much needed
is a dynamical model for MHD stresses in turbulent, anisotropic, differentially
rotating flows. This dissertation presents an effort towards this end.

1.5

This Dissertation in Context

Since the (re)discovery of the MRI, many analytical studies have been devoted to
understanding its linear evolution in a broad variety of astrophysical situations
(see the reviews by Balbus & Hawley 1998 and Balbus 2003). The vast majority of
these works have addressed the conditions under which the MRI can be triggered
and the rate at which the instability can disrupt the background (laminar) flow in
weakly magnetized disks. These studies are important for at least two reasons.
First, they offer valuable insight into complicated physical processes by allowing
us to concentrate on a specific aspect of a problem usually involving a large range
of timescales and lengthscales. Second, they provide results against which the
initial evolution of numerical simulations can be checked.
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In chapter 2, I present a local stability analysis of a compressible, strongly
magnetized, differentially rotating plasma taking fully into account, for the first
time in an study of this type, the forces induced by the finite curvature of the
toroidal magnetic field lines. The generality of this study allows me to provide a
common ground to understand apparently contradictory results reached by previous works. I show that when the general dispersion relation is obtained, then
all the previous results in the literature associated with this problem can be obtained by taking appropriate limits. I find that strongly magnetized differentially
rotating flows are subject to three different types of magnetorotational instabilities (Pessah & Psaltis, 2005). I show that the presence of a strong toroidal field
component can alter significantly the stability of the magnetized flow not only by
modifying how fast the instabilities grow, but also by determining which lengthscales are unstable. In particular, I demonstrate that the MRI can be completely
stabilized at large scales by strong toroidal fields. However, I also find that, for a
broad range of magnetic field strengths and geometries, two additional new instabilities are present. These results have important implications for the stability
of strongly magnetized flows in the inner regions of accretion disks and for magnetically dominated winds in young stars. The relevance of this study lies in that
it shows that differentially rotating flows are unstable to different “magnetorotational instabilities” regardless of the strength and geometry of the magnetic field.
This argues in favor of the development of MHD turbulence across the entire disk
or wind.
The last decade has witnessed major advances in numerical simulations of
turbulent magnetized accretion disks. The increase of computational power and
the development of sophisticated algorithms has allowed us to follow the development of MHD turbulence for many (several) dynamical times in local (global)
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Figure 1.3 Diagram containing the various relevant timescales and lengthscales
characterizing disk accretion onto a massive black hole (a mass of M = 10 7 M
is considered
for the sake of this example). The orbital timescale is simply
p
3
torb = R /GM . The saturation timescale, tsat , is the time that numerical simulations must be evolved in order to obtain statistically reliable estimates of turbulent flow quantities, roughly tsat ∼ 100torb . The viscous time, tvis is the time
that it takes for the disk to globally react to a change in the accretion rate, roughly
tvis ∼ (R/H)2 (torb /α) ∼ 104 torb , for R/H ∼ 100 and α ∼ 1. BLR stands for ’broad
line region’, the size of which has been taken as representative of the outer disk
radius. The phenomena of interest, e.g., disk spectra, black hole growth and variability, span a huge dynamical range in both spatial and temporal scales. This
makes it extremely challenging for addressing the long-term global disk phenomena with direct numerical simulations and argues in favor of complementary
approaches to model the accretion flows.
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numerical simulations. There is no doubt that numerical simulations will continue to be irreplaceable tools in the quest towards understanding how accretion disks work. However, because of the large temporal and spatial dynamical
ranges involved (Figure 1.3), the study of the long-term evolution of the accretion
flows and of the accreting objects will remain beyond reach in the near future.
Current state-of-the-art numerical codes can evolve non-radiative, thick, black
hole accretion disks that span at most one hundred gravitational radii for at most
a few hundred orbits. Realistic time-explicit numerical simulations to address
the long-term evolution (millions of orbits) of an entire turbulent magnetized
radiatively efficient, thin, disk (spanning thousands of gravitational radii) will
remain beyond the horizon of computational astrophysics for quite some time to
come. Order-of-magnitude estimates carried out by Ogilvie (2003) suggest that
in order to evolve a realistic thin disk over many viscous timescales is at least a
factor of 1010 more demanding than the efforts involved in local numerical simulations spanning a few dynamical timescales2 . It is then evident that, in order
to address some of the long-standing problems in accretion physics including
the global structure, stability, long-term evolution, and observational signatures
of turbulent magnetized disks, it is necessary for us to follow a complementary
approach.
In order to bridge the existing gap between local stress dynamics, which are
amenable to study with current computational resources, and long-term global
disk dynamics, it is essential to develop more realistic models for the physical
processes that take place on fast (dynamical) timescales. The first obvious, and
arguably most important, candidate to model is the turbulent transport of angular momentum.
2
This estimate assumes that one would like to obtain the same level of detail in both types of
simulations.
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Turbulent MHD stresses play a crucial role in determining the global disk
structure and its dynamical evolution by removing angular momentum from the
disk. Therefore, understanding their physical properties is crucial for developing
reliable theoretical disk models. However, the complexity characterizing MHD
turbulence has hampered this endeavor for several decades. Because of this, analytical insight into this problem is highly valuable.
All previous stability analyses addressing the relevance of the MRI to the angular momentum transport problem have calculated the eigenfrequencies (growth
rates) associated with the unstable modes under different circumstances (but see
Goodman & Xu 1994). In chapter 3, I calculate, for the first time, in collaboration
with C.K. Chan (Pessah, Chan, & Psaltis, 2006a), the eigenvectors corresponding
to the problem defined by the MRI. This allows me to follow the temporal evolution of the Fourier amplitudes of the fluctuations in the velocity and magnetic
fields. Moreover, I present the formalism to calculate the mean value of MRIdriven stresses that result from the correlations among exponentially growing
fluctuations. I show that some characteristics of the stresses observed in the fully
developed turbulent state observed in 3-dimensional numerical simulations are
determined during the onset of the magnetic instability (MRI) driving and sustaining the MHD turbulence. This possibility has been suspected for many years,
but this is the first time that a quantitative assessment is provided. These result
suggests that the mechanism leading to the saturation of the instability, whose
details are not yet understood, must work in a very particular way.
Guided by the results of chapter 3, I present in chapter 4 a dynamical model
for angular momentum transport in MRI-driven accretion disks (Pessah, Chan,
& Psaltis, 2006b). This is the first model that can describe (with only two parameters) the most relevant aspects of angular momentum transfer as revealed by
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local 3-dimensional numerical simulations (Hawley, Gammie, & Balbus, 1995).
Moreover, I uncover the importance of a new quantity that plays a key role in
the accretion process in turbulent magnetized disks. I show that considering the
dynamical effects of this new quantity is the only possible way to account for the
exponential growth of the stresses observed during the initial stages of numerical
simulations. This is a fundamentally new result in the context of both dynamo
theory and MRI-driven turbulence.
With the help of the model for angular momentum transport derived in chapter 5, and by performing a series of numerical studies with the ZEUS code (Stone
& Norman, 1992a,b; Stone, Mihalas, & Norman, 1992), in collaboration with C.K.
Chan, I show that MHD turbulent stresses are not proportional to the local shear
(Pessah, Chan, & Psaltis, 2007). This finding challenges one of the central assumptions in the standard α-model and calls for a reassessment of the theoretical
foundations of turbulent magnetized accretion disks. If MHD turbulence driven
by the MRI is indeed the relevant mechanism for angular momentum transfer,
then these results may have important implications for the global structure of the
accretion disks and thus for their observational properties.
Finally, in chapter 6, I present a summary and comment on some future lines
of work aimed at improving our fundamental understanding on how accretion
disks work.
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C HAPTER 2
T HE S TABILITY OF M AGNETIZED R OTATING P LASMAS
WITH

S UPERTHERMAL F IELDS

During the last decade it has become evident that the magnetorotational instability is at the heart of the enhanced angular momentum transport in weakly
magnetized accretion disks around neutron stars and black holes.
In this chapter, we investigate the local linear stability of differentially rotating, magnetized flows and the evolution of the magnetorotational instability beyond the weak-field limit. We show that, when superthermal toroidal fields are
considered, the effects of both compressibility and magnetic tension forces, which
are related to the curvature of toroidal field lines, should be taken fully into account. We demonstrate that the presence of a strong toroidal component in the
magnetic field plays a non-trivial role. When strong fields are considered, the
strength of the toroidal magnetic field not only modifies the growth rates of the
unstable modes but also determines which modes are subject to instabilities. We
find that, for rotating configurations with Keplerian laws, the magnetorotational
instability is stabilized at low wavenumbers for toroidal Alfv én speeds exceeding the geometric mean of the sound speed and the rotational speed. For a broad
range of magnetic field strengths, we also find that two additional distinct instabilities are present; they both appear as the result of coupling between the modes
that become the Alfvén and the slow modes in the limit of no rotation.
We discuss the significance of our findings for the stability of cold, magnetically dominated, rotating fluids and show that, for these systems, the curvature
of toroidal field lines cannot be neglected even when short wavelength perturbations are considered. We also comment on the implications of our results for the
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validity of shearing box simulations in which strong toroidal fields are generated.

2.1

Introduction

Linear mode analyses provide a useful tool in gaining important insight into
the relevant physical processes determining the stability of magnetized accretion
flows. Studies of local linear modes of accretion disks threaded by weak magnetic
fields have offered important clues on viable mechanisms for angular momentum
transport and the subsequent accretion of matter onto the central objects (Balbus
& Hawley, 1991, 1998, 2002; Sano & Miyama, 1999; Balbus, 2003). They have
also provided simplified physical models and analogies over which more complex physics can, in principle, be added (Balbus & Hawley, 1992, 1998; Quataert,
Dorland, & Hammett, 2002). These treatments were carried out in the magnetohydrodynamic (MHD) limit (but see Quataert, Dorland & Hammett 2002 who
studied the kinetic limit) and invoked a number of approximations appropriate to
the study of the evolution of short-wavelength perturbations, when weak fields
are considered. In this context, the strength of the magnetic field, B, is inferred by
comparing the thermal pressure, P , to the magnetic pressure and is characterized
by a plasma parameter, β ≡ 8πP/B 2 > 1.

It is not hard to find situations of astrophysical interest, however, in which

the condition of weak magnetic fields is not satisfied. A common example of
such a situation is the innermost region of an accretion disk around a magnetic
neutron star. It is widely accepted that X-ray pulsars are powered by accretion of
matter onto the polar caps of magnetic neutron stars. For this to occur, matter in
the nearly Keplerian accretion disk has to be funneled along the field lines. This
suggests that, at some radius, centrifugal forces and thermal pressure have to be
overcome by magnetic stresses, leading naturally to regions where β <
∼ 1.
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In the context of accretion disks, the presence of superthermal fields in rarefied
coronae also seems hard to avoid, if coronal heating is a direct consequence of the
internal dynamics of the disk itself rather than being produced by external irradiation from the central object. Three-dimensional MHD simulations by Miller &
Stone (2000) showed that magnetic turbulence can effectively couple with buoyancy to transport the magnetic energy produced by the magnetorotational instability (MRI) in weakly magnetized disks and create a strongly magnetized corona
within a few scale heights from the disk plane. On long time scales, the average vertical disk structure consists of a weakly magnetized (β ' 50) turbulent

core below two scale heights and a strongly magnetized (β <
∼ 0.1) non-turbulent

corona above it. The late stages of evolution in these models show that the disks

themselves become magnetically dominated. Machida, Hayashi, & Matsumoto
(2000) also found that the average plasma β in disk coronae is ' 0.1 − 1 and

the volume filling factor for regions with β <
∼ 0.3 is up to 0.1. Even in the ab-

sence of an initial toroidal component, simulations carried out by Kudoh, Matsumoto, & Shibata (2002) showed that low-β regions develop near the equator of
the disk because of a strong toroidal component of the magnetic field generated

by shear. On more theoretical grounds, strong toroidal magnetic fields produced
by strong shear in the boundary layer region have been suggested as responsible
for the observed bipolar outflows in young stellar objects (Pringle, 1989). More
recently, Pariev, Blackman, & Boldyrev (2003) found self-consistent solutions for
thin magnetically-supported accretion disks and pointed out the necessity of assessing the stability properties of such configurations.
Another case in which magnetic fields seem to play an important dynamical
role in rotating fluid configurations is that of magnetically supported molecular
clouds. Observations of both large Zeeman line-splitting and of broad molecular
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lines support the presence of superthermal fields (see Myers & Goodman 1988
for further references and Bourke & Goodman 2003 for a review on the current
understanding on the role of magnetic fields in molecular clouds). Values of the
plasma β of the order of 0.1 − 0.01 have also been used in numerical studies of

the structural properties of giant molecular clouds (Ostriker, Stone, & Gammie,
2001).
As a last example of astrophysical interest, we mention magnetocentrifugally
driven winds, such as those observed in protostars. These outflows seem to
play an important role in the evolution of young stellar objects and in the dy-

namics of the parent clouds by providing a source of turbulent energy. Magnetocentrifugal jets typically involve internal Alfvén speeds comparable to the
flow speeds. These structures are supported mainly by magnetic pressure due to
strong toroidal fields. The ratio of magnetic pressure in the jet to the gas pressure
of the ambient medium can be of the order of 106 (for an extensive study of MHD
driven instabilities in these systems see Kim & Ostriker 2000 and §2.5.3).
In this chapter, we investigate the local linear stability of differentially rotating
flows without imposing any a priori restrictions on the strength of the magnetic
field. We do, however, restrict our attention to rotationally supported flows (we
loosely use this term to refer to flows with internal Alfvén speeds smaller than
the rotational speed). Our intent is to demonstrate that the effects of the finite
curvature of the toroidal field lines on the stability of small-wavelength vertical
perturbations (i.e., on the most unstable modes present in the weak-field MRI)
cannot be neglected when superthermal toroidal fields are present. In order to
achieve this task, we relax the Boussinesq approximation (see also Papaloizou
& Szuszkiewicz 1992 and Blaes & Balbus 1994), which is valid only when the
toroidal component of the field is subthermal (Balbus & Hawley, 1991). We thus
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consider the MHD fluid to be fully compressible. Moreover, even though we perform a local analysis, we do consider curvature terms when evaluating magnetic
forces, for they become important in the strong-field regime (see also Knobloch
1992 and Kim & Ostriker 2000).
In most early studies addressing the MRI, it was found that the only role
played by a toroidal component in the magnetic field is to quench the growth
rates of the modes that are already unstable when only weak vertical fields are
considered (Balbus & Hawley 1991; Blaes & Balbus 1994; see Quataert, Dorland,
& Hammett 2002 for the kinetic limit; see also Kim & Ostriker 2000 for the cold
MHD limit). Here, we show that, when strong fields are considered and the approximations usually invoked in the study of the weak-field MRI are relaxed, the
presence of a toroidal component of the magnetic field plays a crucial role not
only in the growth rates of the unstable modes but also in determining which
modes are subject to instabilities1 . As expected, the presence of a toroidal component breaks the symmetry of the problem, also giving rise to traveling modes.
Moreover, for a broad range of magnetic field strengths, we find that two different instabilities are present. They both appear as the result of coupling between
the modes that become the Alfvén and the slow mode in the limit of no rotation.
This chapter is organized as follows. In §2.2, we describe the physical setup

to be studied, present the dispersion relation to be solved, and discuss the im-

portance of curvature terms in the limit of superthermal fields. In §2.3, we solve
numerically the dispersion relation in some interesting regimes. In §2.4, we study
the onset of instabilities as a function of magnetic field strengths and present

some useful approximate criteria that enable us to study analytically some as1
We will comment later in more detail on the paper by Curry & Pudritz (1995) who outlined
the effects of a dynamically important toroidal field (in the case of an incompressible MHD flow)
and address the similitudes and differences with our findings.
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pects of the full problem. In §2.5, we compare our results to previous investi-

gations and discuss some of the implications of this study. Finally, in §2.6, we
present a brief summary and our conclusions.
2.2

MHD Equations for Perturbations and the Dispersion Relation

We start with the set of equations that govern the behavior of a polytropic fluid
in the MHD approximation,
∂ρ
+ ∇·(ρv) = 0 ,
∂t


 
B2
B
∂v
+ (ρv·∇) v = −ρ∇Φ − ∇ P +
·∇ B ,
+
ρ
∂t
8π
4π
∂B
+ (∇·v) B − (B·∇) v + (v·∇) B = 0 ,
∂t
and
P = P0



ρ
ρ0

Γ

.

(2.1)

(2.2)
(2.3)

(2.4)

In these equations, ρ is the mass density, v the velocity, P the gas pressure, and Γ
the polytropic index; B is the magnetic field and Φ the gravitational potential. For
convenience we adopt a cylindrical set of coordinates (r, φ, z) with origin in the
central object (i.e., the neutron star or black hole). We assume a steady axisymmetric background flow characterized by a velocity field of the form v = v φ (r, z)φ̂
and threaded by a background magnetic field. For consistency, our analysis is restricted to background fields of the form B = Bφ φ̂+Bz ẑ since the effect of including a radial component in the field is to generate a linear growth in time of the
toroidal component (Balbus & Hawley, 1991). Under these circumstances, all the
background quantities depend on the radial and vertical coordinates only. In the
present treatment, we neglect the self gravity of the fluid. In fact, Pariev, Blackman, & Boldyrev (2003) showed that magnetically dominated accretion disks
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have lower surface and volume densities for a fixed accretion rate. This suggests that these systems are lighter than standard disks and thus are not subject
to self-gravity instabilities.
2.2.1

Equations for the Perturbations

In order to perform the local linear mode analysis, we perturb the set of equations
(2.1)-(2.4) by substituting every physical variable f by f +δf and retain only linear
orders in δf . In the following, we focus our analysis on the study of axisymmetric
perturbations in an axisymmetric background.
We first consider, in some detail, the radial component of the momentum
equation (2.2), which becomes



∂δvr
1 ∂δP
1 ∂Bφ
∂δBφ ∂Bz
∂δBz
− 2Ωδvφ +
+
δBφ + Bφ
+
δBz + Bz
∂t
ρ ∂r
4π
∂r
∂r
∂r
∂r




∂P δρ
1
1
Bφ
∂Bφ
∂Bz δρ
∂δBr
−
−
Bφ
+ Bz
−
Bz
− 2 δBφ
∂r ρ2
4πρ
∂r
∂r
ρ
4πρ
∂z
r
2
1 Bφ δρ
= 0.
(2.5)
−
4πρ r ρ
The coefficients in this linear equation for the perturbed variables depend in general on r and z, [e.g., the angular velocity Ω is in general Ω(r, z)]. Therefore, at
this point, the decomposition of perturbed quantities into Fourier modes – e.g.,
P
symbolically δf =
δfk ei(kr r+kz z−ωt) – would not result in any particular simplification of the problem. This can be seen by taking the Fourier transform of
equation (2.5) which results in a sum of convolutions of the Fourier transforms of
background and perturbed quantities. Further progress can be made if we restrict
the wavelengths of the perturbations for which our stability analysis is valid. To
this end, we choose a fiducial point, r 0 = (r0 , φ0 , z0 ), around which we perform
the local stability analysis. The choice of the particular value of φ 0 is, of course,
irrelevant in the axisymmetric case under study.
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We expand all the background quantities in equation (2.5) in Taylor series
around r 0 and retain only the zeroth order in terms of the local coordinates ξ r =
r − r0 and ξz = z − z0 to obtain

∂δvr
− 2Ω0 δvφ
∂t



1 ∂δP
1 ∂Bφ
∂Bz
0 ∂δBφ
0 ∂δBz
+
+
+
δBφ + Bφ
δBz + Bz
ρ0 ∂ξr
4π
∂r 0
∂ξr
∂r 0
∂ξr


δρ
1
∂P δρ
∂Bz
∂Bφ
−
+ Bz0
−
Bφ0
2
∂r 0 ρ0
4πρ0
∂r 0
∂r 0 ρ0


0
Bφ
1 (Bφ0 )2 δρ
1
0 ∂δBr
Bz
− 2 δBφ −
=0.
(2.6)
−
4πρ0
∂ξz
r0
4πρ0 r0 ρ0

Here, Ω0 , ρ0 , Bφ0 , and Bz0 stand for the angular velocity, background density, and
magnetic field components at the fiducial point r 0 and the subscript “0” in the
derivatives with respect to the radial coordinate r indicates that they are evaluated at r 0 . Equation (2.6) is a linear partial-differential equation in the local variables for the perturbed quantities but with constant coefficients. This is a good
approximation as long as the departures (ξr , ξz ) are small compared to the length
scales over which there are significant variations in the background quantities,
i.e, ξr  Lr and ξz  Lz , where Lr and Lz are the characteristic length scales in

the radial and vertical directions, respectively.

It is only now that it is useful to expand the perturbed quantities in equation
(2.6) into Fourier modes. We can thus write each one of the perturbed quantities
as

δf = δf (kr , kz , ω) ei(kr ξr +kz ξz −ωt) ,

(2.7)
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and write the radial momentum equation for each mode as

 0
Bφ δBφ
Bz0 δBr
2
∂ ln Bφ
−iωδvr − 2Ω0 δvφ − ikz
+ ikr + +
4πρ0
r0
∂r 0 4πρ0


 0

∂ ln Bz
∂ ln ρ
Bz δBz
δρ
+
ikr +
+ ikr −
(c0s )2
∂r 0 4πρ0
∂r 0
ρ0



∂ ln Bφ
1
0 2 ∂ ln Bz
0 2 δρ
+
=0.
−
(vAφ
)
(vAz
)
r0
∂r 0
∂r 0
ρ0

(2.8)

0
0
Here, we have introduced the quantities c0s , vAφ
and vAz
that stand for the local

sound speed and local Alfvén speeds associated with the toroidal and vertical
components of the local magnetic field and are defined by
s
Bφ0
P0
Bz0
0
0
0
√
√
cs ≡ Γ ,
vAφ ≡
,
and
vAz ≡
.
ρ0
4πρ0
4πρ0

(2.9)

Note that, for brevity, we have omitted the dependences (k r , kz , ω) in the Fourier
amplitudes. For consistency, the validity of the analysis is now restricted to
modes with wavenumbers satisfying kr Lr  1 and kz Lz  1. Without loss of
generality, we assume that the fiducial point is inside the disk so we can write the

local conditions on the wavenumbers as kr r0  1 and kz z0  1 . Moreover, for

fiducial points such that r0 ≥ z0 the latter condition also implies kz r0  1.

At this point, it is also convenient to define a new set of independent variables

(δvAr , δvAφ , δvAz ) defined in terms of (δBr , δBφ , δBz ) in such a way that δv A ≡
√
δB/ 4πρ0 . In this case, equation (2.8) reads
0
δvAr
− iωδvr − 2Ω0 δvφ − ikz vAz





∂ ln ρ
∂ ln Bz
1
∂ ln Bφ
δρ
0 2
0 2
0 2
+
ikr −
(cs ) −
(vAφ ) +
(vAz )
+
∂r 0
r0
∂r 0
∂r 0
ρ0




∂ ln Bφ
2
∂ ln Bz
0
+
ikr + +
vAφ
δvAφ + ikr +
v 0 δvAz = 0 .
(2.10)
r0
∂r 0
∂r 0 Az

As a last step, it is useful to work with dimensionless quantities. To this end,

we define dimensionless variables by scaling all the frequencies with the local rotational frequency Ω0 and all speeds with the local circular velocity Ω0 r0 . It is also
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convenient to define dimensionless wavenumbers by multiplying the physical
wavenumber by the radial coordinate r0 . In summary, we define
ω̃ = ω/Ω0 ,
c̃0s = c0s /Ω0 r0 ,
δ ρ̃ = δρ/ρ0 ,

k̃r = kr r0 ,
0
0
ṽAφ
= vAφ
/Ω0 r0 ,

δṽ = δv/Ω0 r0 ,

k̃z = kz r0 ,

(2.11)

0
0
ṽAz
= vAz
/Ω0 r0 ,

(2.12)

δṽ A = δv A /Ω0 r0 .

(2.13)

For completeness, we introduce here the epicyclic frequency κ and its local dimensionless counterpart


1 d ln Ω
κ = 2Ω 1 +
2 d ln r

1/2

and


1/2
κ0
1 d ln Ω
κ̃0 =
=2 1+
.
Ω0
2 d ln r 0

(2.14)

This quantity appears naturally in stability analyses of differentially rotating configurations and it is the frequency at which all the flow variables oscillate around
their background values in the absence of magnetic fields. For a rotational profile given by a power law, the epicyclic frequency is proportional to the angular
frequency at all radii.
Finally, the dimensionless version of equation (2.10) reads,
0
− iω̃δṽr − 2δṽφ − ik̃z ṽAz
δṽAr





∂ ln Bφ
∂ ln Bz
∂ ln ρ
0 2
0 2
0 2
δ ρ̃
(c̃s ) − 1 +
(ṽAφ ) +
(ṽ )
+
ik̃r −
∂ ln r 0
∂ ln r 0
∂ ln r 0 Az




∂ ln Bφ
∂ ln Bz
0
+
ik̃r + 2 +
(2.15)
ṽ δṽAφ + ik̃r +
ṽ 0 δṽAz = 0 .
∂ ln r 0 Aφ
∂ ln r 0 Az

Following a similar procedure with the remaining equations in the system
(2.1)-(2.4), we arrive to the linear set of equations needed to perform the local stability analysis. For brevity, we now drop the hat in all the dimensionless variables
0
0
and the superscript in c̃0s , ṽAφ
and ṽAz
. We then write




∂ ln ρ
r0 ∂ ln ρ
−iωδρ + ikr + 4 +
δvr + ikz +
δvz = 0 ,
∂ ln r 0
z0 ∂ ln z 0

(2.16)
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− iωδvr − 2δvφ − ikz vAz δvAr




∂ ln Bz
∂ ln Bφ
vAφ δvAφ + ikr +
vAz δvAz
+
ikr + 21 +
∂ ln r 0
∂ ln r 0





∂ ln ρ
∂ ln Bφ
∂ ln Bz
2
2
2
+
ikr −
c − 2 +
v +
v
δρ = 0 ,
∂ ln r 0 s
∂ ln r 0 Aφ
∂ ln r 0 Az
(2.17)
r0 ∂ ln Ω
κ2
δvz −
−iωδvφ + δvr +
2
z0 ∂ ln z 0



∂ ln Bφ
3 +
∂ ln r

− ikz vAz δvAφ −

−iωδvz

0



vAφ δvAr

r0 ∂ ln Bφ
z0 ∂ ln z

vAφ δvAz = 0 ,
0



∂ ln Bz
r0 ∂ ln Bφ
−
vAz δvAr + ikz +
vAφ δvAφ
∂ ln r 0
z0 ∂ ln z 0



r0 ∂ ln Bφ
∂ ln Bz
r0 ∂ ln ρ
2
2
cs −
vAφ
+
+
ikz −
z0 ∂ ln z 0
z0
∂ ln z 0
∂ ln z

iωδvAr + ikz vAz δvr = 0 ,

(2.18)

2
vAz
0



δρ = 0 ,
(2.19)
(2.20)

d ln Ω
r0 d ln Ω
δvAr −
δvAz − ikz vAz δvφ
d ln r 0
z0 d ln z 0




∂ ln Bφ
r0 ∂ ln Bφ
+
ikr +
vAφ δvr + ikz +
vAφ δvz = 0 ,
∂ ln r 0
z0 ∂ ln z 0
(2.21)

−iωδvAφ −

and


∂ ln Bz
−iωδvAz + ikr + 4 +
∂ ln r

0



vAz δvr = 0 ,

(2.22)

where we have used equation (2.4) to recast the pressure perturbations in terms
of density perturbations. The local conditions over the wavenumbers now read
kr  1 and kz  1.
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The factors i , with i = 1, 2, 3, 4, are just convenient dummy variables that
we introduce in order to help us keep track of the terms that account for the finite curvature of the background and are usually neglected in local studies of the
weak-field MRI. Their numerical values are to be regarded as unity, unless otherwise mentioned. The terms proportional to 1 and 2 in equation (2.17) and the
term proportional to 3 in equation (2.18) are due to the effects of magnetic tension and they appear naturally when a cylindrical coordinate system is adopted.
The terms proportional to 4 in equations (2.16) and (2.22) are related to flux conservation in cylindrical coordinates. Although the three terms labeled by  1 , 2 ,
and 3 share the same physical origin (i.e., magnetic tension introduced by the
curvature of toroidal field lines), it is useful to be able to distinguish among them
because the one labeled with 2 vanishes in the limit of an incompressible flow.
Note that equations (2.20) and (2.22) ensure a divergence-free perturbed magnetic field, i.e., ∇·δB = 0, only when the finite curvature of the background is
accounted for (i.e., 4 = 1).
Up to this point, our intention has been to keep the discussion as general as
possible in order to clearly state all the assumptions that we have made to obtain
the set of equations for the perturbations to perform a local linear mode analysis. For the sake of simplicity, and to avoid the parametric study from being too
extensive, we further invoke the following assumptions. We choose the fiducial
point r 0 to lie in the disk mid-plane and assume that, locally, the vertical gradients in all background quantities are negligible and set them to zero. This will
be a good approximation as long as we consider equilibrium configurations such
that
d ln ρ
d ln z

0

1,

d ln Bφ
d ln z

0

1,

and

d ln Ω
d ln z

0

1.

(2.23)

Note that the solenoidal character of the magnetic field ensures that, for B =
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Bφ (r, z)φ̂ + Bz (r, z)ẑ, the condition ∂Bz /∂z = 0 holds for arbitrary z.
In general, the forces induced by the curvature terms (e.g., the one proportional to 2 in eq. [2.17]) and those induced by background (logarithmic) gradients
in the radial direction, (e.g., the term proportional to d ln B φ /d ln r|0 in the same
equation) will not cancel each other. As a single exception, for the case in which
Bφ ∝ r−1 , the most important effects due to the finite curvature of toroidal field

lines are canceled out by the gradients in the toroidal field. This particular case,

however, might not be completely relevant to realistic rotating flows since, in order to ensure force balance when the thermal pressure can be neglected against
magnetic stresses, the magnetic field strength must decline more slowly than r −1
(see, e.g., Kim & Ostriker 2000). For simplicity, we further focus our attention on
the study of differentially rotating, axisymmetric MHD flows with locally negligible radial gradients in the background density and magnetic field, i.e.,
d ln ρ
d ln r

0

1,

d ln Bφ
d ln r

0

1,

and

d ln Bz
d ln r

0

1.

(2.24)

In the rest of the chapter, we consider that the only background flow variable
with a non-negligible local radial gradient is the angular velocity Ω ∝ r −q and set
all other radial gradients to zero. Note that this assumption is widely invoked in

many investigations of the weak-field MRI (e.g., Blaes & Balbus 1994; Balbus &
Hawley 1998; Blaes & Socrates 2001; Quataert, Dorland, & Hammett 2002; Balbus
2003). This assumption is also generally a part of the initial set of conditions used
in many numerical analyses of the MRI in the shearing box approximation (e.g.,
Hawley, Gammie, & Balbus 1994, 1995, 1996; Miller & Stone 2000).
In spite of being linear in the perturbed quantities, the terms proportional to
i have been neglected in previous local studies of the MRI under the assumption that kr  1 and kz  1 (but see also Knobloch 1992 and Kim & Ostriker
2000). Although comparing an imaginary term against a real one in a stability
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analysis might seem particularly risky, this might not be a bad argument in order
to neglect the terms proportional to 1 in equation (2.17) or 4 in equations (2.16)
and (2.22) against ikr (but see the discussion in Appendix A). The same could be
said about the terms proportional to 2 in equation (2.17) or 3 in equation (2.18)
in the limit of a very weak toroidal component in the magnetic field, given that
both of them are proportional to vAφ . It is not evident, however, that we can neglect the terms proportional to either 2 in equation (2.17) or 3 in equation (2.18)
if we are to explore the regime of strong toroidal fields. There are two different
reasons for this. In order to neglect the term proportional to  2 against the one
proportional to kr in equation (2.17) we should be able to ensure that the con2
dition (2 /kr )(vAφ
/c2s )  1 is always satisfied, since both terms are proportional

to δρ. In this particular case, neglecting the forces induced by the bending of

toroidal field lines becomes a progressively worse approximation the colder the
disk is and is not well justified in the limit cs → 0. The case presented in equation
(2.18) is even harder to justify a priori since now we would need to guarantee that

the condition (3 /kz )(vAφ /vAz )(δvAr /δvAφ )  1 is always satisfied. However, this

ratio is not only proportional to vAφ /vAz , which might not be negligible in many
astrophysical contexts but, through the ratio δvAr /δvAφ , is also a function of kr , kz ,
and ω(kr , kz ); the magnitude of this term is therefore unknown until we solve the
problem fully. A similar situation to this one is encountered if we aim to compare
2
the term 2 vAφ
δρ with the term proportional to kz vAz δvAr in equation (2.17) (see

§2.5.1 for further discussion).
For the sake of consistency and in order not to impose a constraint on the
magnitude of the toroidal Alfvén speed with respect to the sound speed we keep
all the terms proportional to the parameters i . We will later show that the term
proportional to 1 is negligible when superthermal toroidal fields are considered.
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We will also discuss under which conditions the terms proportional to  4 can be
neglected and why the terms proportional to 2 and 3 are particularly important.
2.2.2

Dispersion Relation

In order to seek for non-trivial solutions of the homogeneous system of linear
equations (2.16)-(2.22) we set its determinant to zero. The resulting characteristic
polynomial is
ω 6 + a4 ω 4 + a3 ω 3 + a2 ω 2 + a1 ω + a 0 = 0

(2.25)

with
2
2
2
2
a4 = −{(kz2 + kr2 )(c2s + vAφ
+ vAz
) − ikr [(21 − 2 )vAφ
+ 4 (c2s + vAz
)]

(2.26)

2
2
+ kz2 vAz
+ κ2 + 2 4 vAφ
},

(2.27)

a3 = − (21 + 3 ) 2kz vAφ vAz ,

2
2
2
2
]
) + ikr (2 − 3 )vAφ
+ vAz
[(kz2 + kr2 − 4 ikr )(2c2s + vAφ
a2 = kz2 vAz


d ln Ω 2
4
2 2
2
2 2
2
2
2
+ kz κ (cs + vAφ ) + 21 4 cs vAφ + 2 4 vAφ + 2
v + (2 4 − 21 3 )vAφ vAz ,
d ln r Az
(2.28)



2
,
a1 = 2kz3 vAφ vAz (21 + 3 + 4 )c2s + (2 + 3 )vAφ
a0 =

2
−kz4 vAz



(kz2

+

kr2

−

2
4 ikr )c2s vAz


d ln Ω 2
2 2
4
+2
c − 21 3 cs vAφ − 2 3 vAφ ,
d ln r s

(2.29)

(2.30)

where we have dropped the subscript “0” in the radial logarithmic derivative
of the angular frequency. This is the most general dispersion relation under our
current set of assumptions. When all the parameters i are set equal to zero, we
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recover the results of previous analyses where the curvature of the toroidal field
lines was not considered (e.g., Blaes & Balbus 1994; Balbus & Hawley 1998), while
when they are set equal to unity we obtain our full dispersion relation.
Although the original linear system (2.16)-(2.22) related seven variables (recall
that we had eliminated δP in terms of δρ using eq. [2.4] which is time - independent), the characteristic polynomial is only of 6th degree. This is easily understood by noting that equations (2.20) and (2.22) can be combined into one single
equation expressing the solenoidal character of the perturbations in the magnetic
field, ∇·δB = 0. This implies a relationship between δBr and δBz (or equivalently between δvAr and δvAz ) that must be satisfied at all times and is, therefore,
independent of ω. The fact that the dispersion relation (2.25) is of 6 th and not of 4th
degree is because we are taking into account the effects of finite compressibility.
This can be seen immediately by taking the limit cs → ∞.
Once all the dimensionless variables have been properly defined, it is not evident that the magnetic-tension terms, proportional to  1 , 2 , and 3 , will play
a negligible role in determining the eigenfrequencies ω. This is because the nonvanishing toroidal component of the magnetic field introduces odd powers in the
dispersion relation and hence breaks its even symmetry. In fact, small modifications in the odd-power coefficients can and do have an important impact on the
nature (real vs. complex) of the solutions. As we will see in §2.3 and describe in

further detail in §2.4, these curvature terms introduce further coupling between

the radial and toroidal directions, which in turn result in a strong coupling be-

tween the Alfvén and the slow mode.
Also important is the fact that some of the coefficients in the dispersion relation (2.25) are no longer real due to the factors ikr . The presence of these terms
does not allow us to affirm that complex roots will appear in conjugate pairs. As
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we discuss in Appendix A, the terms proportional to ikr play an important role
in determining the stability of modes for which the ratio k r /kz is non-negligible,
even in the local limit, i.e., when kr  1. Of course the smaller the ratio kr /kz ,
the smaller the effects of the factors ikr will be. If we consider the limit kz  kr in
equation (2.25), the imaginary part of all the coefficients in the dispersion relation

will become negligible. In this limiting case, whenever a given complex root is
a solution of the dispersion relation (2.25) so is its complex conjugate, since the
dispersion relation has real coefficients (see Appendix A).
In the next section, we will show that the dispersion relation (2.25) reduces
to the dispersion relations previously derived in many local studies in different regimes. It is important to emphasize, however, that this dispersion relation fully considers the effects of compressibility and magnetic tension simultaneously without imposing any restrictions on the field strength or geometry. This
feature is crucial in determining the stability properties of the MHD flow when
strong toroidal fields are considered.
2.2.3

Previous Treatments

There has been some discussion in the past about the importance of the curvature
terms for the stability of magnetized Keplerian flows (Knobloch, 1992; Gammie &
Balbus, 1994). In studies in which these terms were considered (Knobloch, 1992;
Dubrulle & Knobloch, 1993), compressibility effects were neglected. On the other
hand, there have also been treatments in which compressibility was addressed
but the curvature terms were neglected (Blaes & Balbus, 1994). Both types of
studies provided arguments for and against the importance of these terms. The
limit of cold MHD flows has been addressed by Kim & Ostriker (2000). These
authors concluded that when the magnetic field strength is superthermal, the
inclusion of toroidal fields tends to suppress the growth of the MRI and that for
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quasi-toroidal field configurations no axisymmetric MRI takes place in the limit
cs → 0.

Because of the generality of our treatment, in which both curvature terms and

compressibility effects are fully taken into account, we are able to address all of
these issues in §2.5. For the time being, and as a check, we can take the appro-

priate limits in the general dispersion relation (2.25) to recover the dispersion
relations derived in the aforementioned works.

Compressibility with no field curvature — Setting i = 0, for i = 1, 2, 3, 4, and
considering perturbations propagating only in the vertical direction (this can be
formally done by taking the limit kz  kr in equation [2.25]) we recover the dis-

persion relation derived in the compressible, weak-field limit by Blaes & Balbus
(1994),
2
2
ω 6 − [kz2 (c2s + vAφ
+ 2vAz
) + κ2 ]ω 4


d ln Ω 2
2
2 2
2
2
2
2 2
2
v
ω2
+ kz kz vAz (2cs + vAφ + vAz ) + κ (cs + vAφ ) + 2
d ln r Az


d ln Ω
4 2 2
2 2
=0.
− kz vAz cs kz vAz + 2
d ln r

(2.31)

The stability criterion derived from this dispersion relation is not different from
the one derived, within the Boussinesq approximation, by Balbus & Hawley
(1991). All the perturbations with vertical wavenumber smaller than the critical
wavenumber kBH are unstable, with
2
2
kBH
vAz
≡ −2

d ln Ω
.
d ln r

(2.32)

In this case, the strength of the toroidal component of the magnetic field does not
play any role in deciding which modes are subject to instabilities.
Field curvature with no compressibility — It is important to stress that even in the
incompressible limit not all the terms proportional to i in the dispersion relation

47
(2.25) are negligible (of course, the ones proportional to  2 are). To see that this is
the case, we can take the limit cs → ∞ in the dispersion relation (2.25) to obtain
(kz2 + kr2 − ikr 4 )ω 4
2
2
− kz2 [2vAz
(kz2 + kr2 − 4 ikr ) + κ2 + 21 4 vAφ
]ω 2

− 2kz3 vAφ vAz (21 + 3 + 4 )ω


d ln Ω
4 2
2
2
2
2
+ kz vAz (kz + kr − 4 ikr )vAz + 2
− 21 3 vAφ = 0 ,
d ln r

(2.33)

where we have explicitly left the factors i that should be considered as unity.
This incompressible version of our dispersion relation is to be compared with the
one obtained by Dubrulle & Knobloch (1993) as the local limit of the corresponding eigenvalue problem. Note that, in order to compare expression (2.33) with
the dispersion relation (eq. [37]) presented in Dubrulle & Knobloch (1993), it is
necessary to considered the limit ∂vAφ /∂r, ∂vAz /∂r → 0 in their equation (9). We
also note that the radial wavenumber kr appears in equation (2.33) only in the
combination kz2 + kr2 − ikr while in equation (37) in Dubrulle & Knobloch (1993)

we only find it as kz2 + kr2 (i.e., n2 + k 2 in their notation). This is because when tak-

ing the local limit, kr  1, in the process of deriving their equation (37) from their

equation (9), the terms proportional to ikr were neglected against kr2 by Dubrulle
& Knobloch (1993).
When the toroidal component of the magnetic field is negligible, i.e., when
vAφ → 0 in equation (2.33), and we consider vertical modes (kz  kr ), we recover
the dispersion relation for the incompressible MRI; the onset of unstable modes

is still given by expression (2.32). For weak toroidal fields, i.e., when v Aφ  1, we

can read off the small corrections to the critical wavenumber from the constant
coefficient,
2
(kz0i )2 vAz
= −2

d ln Ω
2
+ 21 2 vAφ
.
d ln r

(2.34)
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For stronger fields, however, the ω = 0 mode is no longer unstable (see Appendix
B for a general discussion on the stability of the ω = 0 mode when compressibility
and curvature terms are considered) and it is necessary to solve equation (2.33)
in order to find the critical wavenumber for the onset of the instability. Roughly
speaking, we would expect the solutions of equation (2.33) to depart significantly
from the solutions to the incompressible version of the dispersion relation (2.31)
2
>
when vAφ
∼ |d ln Ω/d ln r|, or vAφ >
∼ 1.2 for a Keplerian disk. Since we are con-

cerned here with rotationally supported configurations (i.e., v Aφ <
∼ 1), we will

not address the modifications to the mode structure caused by curvature terms
in incompressible MHD flows.
It is important to stress that, for both dispersion relations (2.31) and (2.33), in
the case of rotationally supported disks, the stability criterion is insensitive (or,
at most, very weakly sensitive, in the incompressible case) to the magnitude of
the toroidal component of the field. As we will see throughout our study, the
stability criteria that emerge from equation (2.25) are significantly different from

the ones discussed in this section, when we consider fields for which v Aφ > cs .
We will also see that the term proportional to 2 , which depends on curvature
and compressibility effects and is, therefore, absent from either equation (2.31) or
(2.33), plays an important role in determining the mode structure in the general
case.
Cold limit with no field curvature — Another limit of interest is the one corresponding to the cold, MHD, cylindrical shearing flows usually involved in the
modeling of cold disk winds (i.e., far away from the disk). In this context, Kim &
Ostriker (2000) addressed the behavior of the compressible axisymmetric MRI in
the limit cs → 0. These authors obtained a dispersion relation considering both
vertical and radial wavenumbers and derived the criterion for instability asso-
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ciated with it. Their dispersion relation in the fully compressible case [eq. (57)]
reads
2
2
2
ω 6 − [(kz2 + kr2 )(c2s + vAφ
+ vAz
) + kz2 vAz
+ κ2 ]ω 4


d ln Ω 2
2
2
2 2
2
2
2
2 2
2
vAz ω 2
+ kz (kz + kr )vAz (2cs + vAφ + vAz ) + κ (cs + vAφ ) + 2
d ln r


d ln Ω
2 2
2
=0.
(2.35)
− kz4 vAz
cs (kz2 + kr2 )vAz
+2
d ln r

This dispersion relation can be obtained from equation (2.25) if we set  i = 0, for
i = 1, 2, 3, 4. Note that if we take the limit kz  kr in equation (2.35) we recover
equation (2.31).

For extremely cold flows we can take the limit cs → 0 in equation (2.35) to

obtain

2
2
2
ω 4 − [(kz2 + kr2 )(vAφ
+ vAz
) + kz2 vAz
+ κ2 ]ω 2
2
2
2
2
2
+ 2kz2 vAz
) + κ2 kz2 vAφ
+ vAz
(kz2 + kr2 )(vAφ
+ kz2 vAz

d ln Ω
=0.
d ln r

(2.36)

On the other hand, taking the limit cs → 0 in equation (2.25), we obtain the more

general dispersion relation

2
2
2
2
}ω 4
+ κ2 + 2 4 vAφ
] + kz2 vAz
+ 4 vAz
ω 6 − {(kz2 + kr2 )vA2 − ikr [(21 − 2 )vAφ

2
2
− (21 + 3 ) 2kz vAφ vAz ω 3 + kz2 vAz
[(kz2 + kr2 − 4 ikr )vA2 + ikr (2 − 3 )vAφ
]


d ln Ω 2
2
2 2
4
2
2
+ kz κ vAφ + 2 4 vAφ + 2
v + (2 4 − 21 3 )vAφ vAz
ω2
d ln r Az
2
2
4
+ 2kz3 vAφ vAz (2 + 3 )vAφ
ω + kz4 vAz
2 3 vAφ
= 0,
(2.37)
2
2
where vA2 = vAφ
+ vAz
. Note that in this expression, as it was also the case in the

incompressible limit, several of the terms that are due to the finite curvature of
the toroidal field lines are still present.
Analyzing the limit cs → 0 in the dispersion relation (2.35), Kim & Ostriker

(2000) concluded that toroidal fields tend to suppress the growth of the MRI and
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that, for a Keplerian rotation law, no axisymmetric MRI occurs if i < 30 ◦ , where
i is the local pitch angle of the magnetic fields defined by i ≡ tan −1 (vAz /vAφ ).

However, the eigenfrequencies satisfying the dispersion relations (2.25) and (2.35)

in the limit cs → 0 are different and so are the criteria for instability which they
are subject to. In §2.5.3, we comment in more detail on how the solutions to

the dispersion relations (2.25) and (2.35) differ in the limit c s → 0 and on the

implications regarding the stabilization of the MRI in cold MHD shearing flows.

In order to investigate how previous results from local stability analyses of
the weak field MRI are modified as the strength of the toroidal field component
increases, we will focus our attention on the stability of modes with k z  kr .2

This approach is physically motivated, since vertical modes correspond to the
most unstable modes in the well studied MRI, and is also more tractable mathematically. In the next two sections, we will perform a thorough numerical and
semi-analytical study of the general dispersion relation (2.25) in the limit k z  kr ,
with particular emphasis on the case of strong toroidal fields. We will then be in a

better position to understand the similarities and differences of our findings with
those of the aforementioned studies and we will address them in §2.5.
2.3

Numerical Solutions

We solved numerically the dispersion relation (2.25) for the frequency ω as a function of the wavenumber kz , employing Laguerre’s root finding method (Press et
al. 1992). As a typical situation of interest, we consider a Keplerian disk with
cs = 0.05 and vAz = 0.01. As it will be seen from the range of values of kz in which
the various instabilities occur, the case of quasi-toroidal superthermal fields is
perfectly suited to be studied in the local approximation, i.e., when k z  1,
2
In Appendix A, we briefly describe how these results are modified when finite ratios k r /kz
are considered. I thank Ethan Vishniac for encouraging me to address this limit.
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Figure 2.1 The real parts of the numerical solutions to the dispersion relation
(2.25) corresponding to a Keplerian disk with cs = 0.05 and vAz = 0.01. Left panel:
solutions to the full problem (1 = 2 = 3 = 4 = 1). Central panel: the case in
which compressibility is neglected in the curvature terms (1 = 3 = 4 = 1 and
2 = 0). Right panel: the case in which all curvature terms are neglected ( 1 =
2 = 3 = 4 = 0). Open circles indicate unstable modes (i.e., those with positive
imaginary part). Long-dashed, short-dashed, and point-dashed lines show the
fast, Alfvén, and slow modes, respectively, in the limit of no rotation.
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Figure 2.2 The imaginary parts for the cases discussed in Figure 2.1.
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provided that the vertical component of the magnetic field is weak enough (i.e.,
vAz  1).

To better appreciate the effects that the curvature terms have on the stability

of the modes, a set of solutions to the dispersion relation (2.25) is shown in Figures 2.1 and 2.2.3 Each of the three panels, in both figures, shows the real and
imaginary parts of the solutions for different values of the toroidal field strength,
parameterized by vAφ . The left panel shows the solutions to the full dispersion
relation (2.25), i.e., when 1 = 2 = 3 = 4 = 1. The central panel shows the solutions to equation (2.25) when compressibility is neglected in the curvature terms,
i.e., when 1 = 3 = 4 = 1 and 2 = 0. For the sake of comparison, the right panel
shows the solutions to the dispersion relation (2.31), in which all curvature terms
are neglected.
We first analyze Figure 2.1. When all magnetic tension terms are neglected
(right panel), the qualitative structure of the normal modes of the plasma is insensitive to the magnitude of the toroidal field component (see Blaes & Balbus
1994). However, the situation is very different when the magnetic tension terms
are included. For weak toroidal fields, i.e., when vAφ <
∼ 0.1, the solutions seem

quite insensitive to the curvature terms; indeed these terms do not seem to play
a significant role in altering the local stability properties of magnetized Keplerian

flows compared to what is quoted elsewhere in the literature. As we will see
later, for a Keplerian disk, the presence of the curvature terms is significant once
2
>
vAφ
∼ 0.22.
∼ cs , which in this case translates into vAφ >

For stronger toroidal fields, i.e., when vAφ >
∼ 0.2, the modes with the longest

wavelengths become stable when all curvature terms are included, in sharp con-

trast to the case in which 2 = 0. For even stronger toroidal fields, i.e., when
3
Some animations of the results presented in Figs. 2.1, 2.2, 2.7, and 2.8 are available at
http://www.physics.arizona.edu/∼mpessah/research/
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vAφ >
∼ 0.3, a second instability appears at long wavelengths, while the original in-

stability is suppressed. When vAφ >
∼ 0.4, both instabilities coexist as separate en-

tities and the original instability reaches smaller and smaller spatial scales, when

the magnitude of the toroidal field increases. For even higher toroidal fields,
i.e., when vAφ >
∼ 0.7, the largest unstable wavenumber of the instability that de-

veloped for vAφ >
∼ 0.3 approaches kBH (see eq. [2.32]). The major implication

of neglecting compressibility in the curvature terms is that the original instability
seems to be totally suppressed for toroidal fields larger than the ones corresponding to vAφ >
∼ 0.3.
As it is clear from the dispersion relation (2.25), the presence of the toroidal

component in the field introduces odd powers of the mode frequency ω and
hence breaks the symmetry between positive and negative real parts of the solutions. The physical meaning of this is clear. The phase velocities of the instabilities are no longer zero and they are propagating vertically throughout the disk.
This, of course, is not the case for the unstable solutions to the dispersion relation
(2.31) regardless of the magnitude of vAφ . In that case, the most noticeable effect
of an increasing toroidal field is to reduce the phase velocity of the stable modes
beyond kBH (which is itself independent of vAφ ).
It is also interesting to analyze how the presence of the curvature terms modifies the growth rates of the unstable modes as a function of the toroidal magnetic field. This is shown in Figure 2.2. Again, there are no significant changes
for vAφ <
∼ 0.1; however, quite significant modifications to the growth rates are

present for vAφ >
∼ 0.2. The sequence of plots in the left panel shows more clearly

the suppression of the original instability, the appearance of the instability at low

wavenumbers, the return of the instability at high wavenumbers, and finally the
fusion of these last two. The right panel in this figure shows the effects that the
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presence of a strong toroidal component has on the mode structure when curvature terms are not considered. In this case, the critical wavenumber for the onset
of instabilities is not modified while there is a clear reduction in the growth rate
of the non-propagating unstable modes as the magnitude of the toroidal field
component increases. When the curvature terms are considered fully, the effects
are more dramatic. Note also that the growth rate of the original instability is
reduced faster from the first to the second plot in the left panel in Figure 2.2 with
respect to their counterparts in the right panel of the same figure.
2.4

The Onset of Instabilities

2.4.1

Unstable Modes

In §2.3 we presented how the structure of the various modes evolves as a func-

tion of the toroidal field strength and noted that, for a range of field strengths,

two different instabilities are clearly distinguishable. Here, we obtain the conditions (i.e., the range of wavenumbers and toroidal field strengths) for which these
unstable modes are present. We start by plotting in Figure 2.3 the range of unstable wavenumbers as a function of the toroidal field strength. As a reference, we
have plotted the case for a Keplerian disk. The black dots in the diagram represent the unstable vertical wavenumbers, in units of kz vAz /cs , for a given toroidal
Alfvén speed, in terms of vAφ /cs . Three regions of unstable modes are clearly
distinguishable:
• Region I shows the evolution of the original instability present in the top-

most three plots in the left panel in Figure 2.1. This is the region where

the MRI lives. Strictly speaking, the MRI is confined to the region where
vAφ /cs  1. As we will comment in §2.4.2, instability I is no longer in-

compressible beyond this point. The maximum wavenumber for which
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Figure 2.3 The black dots represent unstable modes obtained from solving the
dispersion relation (2.25) numerically for a Keplerian disk with c s = 0.05 and
vAz = 0.01. The solid (kz0 ) and dashed (kz0i ) lines correspond to the critical
wavenumber for which the ω = 0 mode exists in the case of a compressible (see
Appendix B) and an incompressible (discussed in §2.2) flow, respectively. For
strong toroidal fields, compressibility plays a crucial role in the stability of the
ω = 0 mode. Note that, in the limit of small vAφ /cs we have kz0 , kz0i → kBH , and the
trivial mode becomes unstable.
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this instability exists is independent of vAφ and corresponds to the critical
wavenumber for the onset of the MRI (i.e., kBH in eq. [2.32]). The stabilization of the long-wavelength perturbations beyond a critical value of the
toroidal Alfvén speed is also evident in this region. For larger toroidal field
strengths, shorter and shorter wavelengths are stabilized up to the ones corresponding to kBH .
• Region II represents the evolution of the instability that is only present for

wavenumbers kz > kBH . Note that kBH is now the minimum wavenumber
for the onset of instability II. In this case, increasing v Aφ /cs gives rise to
unstable modes with even shorter wavelengths (two bottommost plots in
the left panel of either Figure 2.1 or 2.2).

• Region III shows the instability that appears for intermediate wavenumbers
(see for example the third plot in the left panel in Figure 2.1). Note that the

shortest unstable wavelength in this region approaches k BH for large values
of vAφ /cs (i.e., bottommost plot in the left panel of either Figure 2.1 or 2.2).
2.4.2

Analytic Approximations

In this section we obtain analytical approximations to the dispersion relation
(2.25) in various limits, which will help us identify the different critical curves
in Figure 2.3.
The fast (or magnetosonic) modes are reasonably well decoupled from the
rest of the oscillations (see left panels in Fig. 2.1). By studying the modes that
satisfy the condition ω 2  kz2 c2s , we effectively eliminate the fast modes from our

analysis. This can be done for strong toroidal fields because, even in the presence

of rotation, the magnetosonic modes are well described by ω 2 ' kz2 (c2s + vA2 ). Note

that imposing ω 2  kz2 c2s is a distinct and weaker condition than asking for the
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MHD fluid to be incompressible (cs → ∞). By eliminating these fastest modes,
it is possible to find a 4th degree dispersion relation in ω, with solutions that
constitute a very good approximation to the interesting modes seen in Figures
2.1 and 2.2.
We first write the equations for the evolution of the perturbations in the magnetic field. For the sake of clarity, we present the intermediate steps with the
appropriate physical dimensions but we drop the index indicating local values.
Substituting equations (2.16), (2.20), and (2.22) in equation (2.19) we obtain δv z in
terms of δBφ and δBz ,

 2
vAφ δBφ δBz
kz ωc2s
.
+
δvz = −
(kz cs )2 − ω 2 c2s Bφ
Bz

(2.38)

Using this result in equation (2.21) we find,

 2

vAφ δBφ δBz
dΩ
(kz cs )2
ikz Bz δvφ = −
.
δBr − iωδBφ − iωBφ
+
d ln r
(kz cs )2 − ω 2 c2s Bφ
Bz

(2.39)

From equations (2.16), (2.22), and (2.38) we can recast δρ in terms of δB φ and δBz
as


2
kz2 vAφ
(kz cs )2
δBz
δρ
δBφ
=−
+ 1−
.
2
2
2
2
ρ
(kz cs ) − ω Bφ
(kz cs ) − ω
Bz

(2.40)

Finally, we can write equations (2.38)-(2.40) for the modes with frequencies
such that ω 2  kz2 c2s as,
#
δBφ
4 δBr
,
+i
Bφ
kz r Bz
"



2 #
4 ω B φ
dΩ
vAφ
ikz Bz δvφ = −
−
δBr − 1 +
iωδBφ ,
d ln r
r kz Bz
cs
ω
δvz = −
kz

and

"

vAφ
cs

2

2
vAφ
δρ
δBφ
=− 2
,
ρ
cs B φ

(2.41)
(2.42)

(2.43)

where we have used equations (2.20) and (2.22) to recast δB z in terms of δBr .
Note that, neglecting the factor ω 2 against kz2 c2s in equation (2.38), and therefore in
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equations (2.39) and (2.40), effectively reduces to neglecting the term proportional
to ω in equation (2.19). Thus, for the modes of interest, the condition ω 2  kz2 c2s

is a statement about force balance in the vertical direction, which is made explicit
in equation (2.43). In this way, we can see how important perturbations in the
density are, in the presence of strong toroidal fields (see also Balbus & Hawley
1991). For vAφ  cs , even small variations in the toroidal component of the field
can have an important impact on the dynamics of the perturbations. For this

reason, the assumption of an incompressible MHD flow is not valid, whenever
superthermal toroidal fields are considered. Note that, in order to recover the
incompressible MRI when i = 0, for i = 1, 2, 3, 4, we have not neglected the
factor unity against (vAφ /cs )2 , in equation (2.42).
We now have all the elements to write equations (2.17) and (2.18) in terms
of δBr and δBφ . Using equations (2.41)-(2.43), valid in the limit ω 2  kz2 c2s , we

obtain, in terms of the dimensionless variables,
"
2 #



d ln Ω
ω vAφ
v
Aφ
2
2
δBr
δBφ = − 2
+ (kz vAz ) − 24
−ω δBr + 2iω 1 +
cs
d ln r
kz vAz
"

2 #
vAφ
− ikz vAφ vAz 21 + 2
δBφ ,
cs

(2.44)

"

−ω 2 δBφ 1 +



vAφ
cs

2 #



− iω 2 + 4



ω vAφ
δBr = −(kz vAz )2 δBφ + ikz vAφ vAz 3 δBr .
kz vAz
(2.45)

These equations are the generalization of the set of equations used to illustrate
the physics behind the weak-field MRI as a system of masses coupled by a spring
in a differentially rotating background. Indeed, in the incompressible limit and
neglecting the curvature terms proportional to i , for i = 1, 2, 3, 4, we recover the
set of equations presented elsewhere (Balbus & Hawley 1992, 1998).
Setting the determinant of the linear system (2.44)-(2.45) equal to zero and
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taking the limit vAφ  cs provides the following approximate dispersion relation

that is valid for strong toroidal fields4 ,

2
2
ω 4 − (κ2 + kz2 vAz
+ 2 4 vAφ
)ω 2 − 2kz vAφ vAz (2 + 3 )ω
#
"


2
d
ln
Ω
c
s
2
2
2
− 2 3 vAφ
=0.
kz2 vAz
+2
+ kz2 vAz
2
vAφ
d ln r

(2.46)

2
in the last term in equation
Note that we have not neglected the factor c2s /vAφ

(2.46) because its contribution is non-negligible at large wavenumbers. The solutions to the dispersion relation (2.46), for a Keplerian disk with c s = 0.05,
vAz = 0.01, and vAφ = 0.4, are shown in the central panels in Figure 2.4. For
the sake of comparison, the left panels in the same figure show the solutions of
the full dispersion relation (2.25). The solutions to the approximate dispersion
relation (2.46) are in excellent agreement with the solutions to the general dispersion relation (2.25) for which ω 2  kz2 c2s .

Note that the term proportional to 1 is not present in equation (2.46). This

feature has important consequences for us to understand the physics behind the
stability of strongly magnetized compressible flows. It has been suggested (Curry
& Pudritz, 1995) that the magnetic tension term Bφ δBφ /r0 (i.e., the one proportional to 1 in eq. [2.17]) is responsible for the stabilization of long-wavelength
perturbations via the restoring forces provided by strong toroidal field lines in
incompressible MHD flows. This argument sounds compelling, but we can see
from the last term in equation (2.44) that the term proportional to  1 is not dynamically important for compressible flows in which vAφ  cs . At least in the radial

direction, it is rather the term proportional to 2 the one governing the deviation
compared to the stability properties of weak toroidal fields. This is in complete
agreement with equation (2.43).

4
Note that, had we taken the opposite limit, i.e., cs  vAφ , we would have recovered the
dispersion relation (2.33) in the limit kr /kz → 0.
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Figure 2.4 Left panels: Solutions to the full dispersion relation (2.25). Central
panels: Solutions to the 4th order, approximate dispersion relation (2.46), with
2 = 3 = 4 = 1. Right panels: Solutions to the 2nd order, approximate dispersion
relation (2.49), with 2 = 3 = 1 and 4 = 0. All solutions correspond to a Keplerian disk with cs = 0.05, vAz = 0.01, and vAφ = 0.40. Open circles in upper panels
indicate unstable modes. Note that the phase velocities of the two instabilities
(seen in either the leftmost or central upper panels and corresponding to Region
II and III in §2.4.1) are similar to the phase velocities, positive and negative respectively, of the slow mode (point-dashed line) in the limit of no rotation. The
fast magnetosonic modes can barely be seen close to the left axis in the upper left
panel.
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The dispersion relation (2.46) is of the form
ω 4 + b2 ω 2 + b1 ω + b 0 = 0 .

(2.47)

For this 4th order equation to have complex roots (corresponding to unstable
modes), its discriminant has to be negative, i.e.,
D4 (vAφ , kz vAz ) = −4b32 b21 − 27b41 + 16b0 b42 − 128b2 b20 + 144b2 b21 b0 + 256b30 < 0 . (2.48)
The modes satisfying this condition are shown as black dots in Figure 2.5.
This analytical criterion agrees well with the numerical results for most of the parameter space (vAφ /cs , kz vAz /cs ) with the exception of some of the unstable modes
close to the separatrix of the Regions I and II, defined in §2.4.1.

Limiting wavenumbers for Regions I and II.— The modes satisfying the condition

D4 = 0 correspond to the limits of Regions I, II, and III in Figure 2.5. Their
analytical expressions, however, are complicated. More progress can be made
by realizing that the solutions to the second order equation obtained by simply
dropping the ω 4 term in equation (2.46),
2
2
)ω 2 + 2kz vAφ vAz (2 + 3 )ω
+ 2 4 vAφ
(κ2 + kz2 vAz
"
#


2
d
ln
Ω
c
s
2
2
2
− kz2 vAz
kz2 vAz
+2
− 2 3 vAφ
=0,
2
vAφ
d ln r

(2.49)

constitute a very good approximation to the solutions of the dispersion relation
(2.25) whenever the frequencies of the modes satisfy ω 2  1. This can be appreci-

ated by comparing the left and right panels in Figure 2.4. The physics behind this

approximation is not as direct as the physics behind the condition ω 2  kz2 c2s , but

it can also be understood in terms of force balance, this time in the radial direction. The dispersion relation (2.49) can be obtained by neglecting the term pro-

portional to ω 2 in equation (2.44), setting to zero the determinant of the resulting
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Figure 2.5 The black dots represent unstable modes satisfying the approximate
instability criteria (2.48), described in §2.4.2. The dashed lines, labeled by k zc1 and
kzc2 , are the limits of Regions I and II obtained analytically, also in §2.4.2. The onset
of instability III is labeled by kzc3 . As in Figure 2.3, we have assumed a Keplerian
disk with cs = 0.05 and vAz = 0.01.
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linear system given by equations (2.44)-(2.45) and taking the limit v Aφ  cs . This

approximation is equivalent to neglecting the term proportional to ω in equation

(2.17) and hence related to neglecting the radial acceleration experienced by a
displaced fluid element.
Setting the discriminant of equation (2.49) to zero, gives an equation in k z with
solutions that are the limiting wavenumbers for the onset of instabilities I and II
in Figure 2.5, i.e.,
D2 (vAφ , kz vAz ) = (kz vAz )4

!#
2
2
v
d
ln
Ω
c
Aφ
2
(kz vAz )2
− vAφ
+ κ2 + 2
− 4 2s
2
d ln r
cs
vAφ
!#
"
2
2
v
d ln Ω 2
c
Aφ
4
2
+ 2
− 4 vAφ
=0.
κ − vAφ
− 4 2s
2
d ln r
cs
vAφ
"

(2.50)

Here, we have set 2 = 3 = 1 but have explicitly left 4 to show that its contribution to the onset of instabilities I and II is not important when v Aφ  cs , as long as

we are considering a rotationally supported disk. We mention, however, that the

numerical solutions show that the contribution of the term proportional to  4 is
small but not negligible for the unstable modes in region III. Neglecting the terms
proportional to 4 , the solutions to equation (2.50) are simply

 4

4
1 vAφ
d ln Ω
1 vAφ
2
c
2
(kz vAz ) =
−
κ
+
2
±
−4 .
2 c2s
d ln r
2 c2s

(2.51)

One of these solutions always coincides with kBH (eq. [2.32]),
d ln Ω
,
d ln r

(2.52)

4
vAφ
= 2 − κ2 .
cs

(2.53)

(kzc1 vAz )2 = −2
and the other one is
(kzc2 vAz )2

The modes with wavenumbers in the range [min(kzc1 , kzc2 ), max(kzc1 , kzc2 )] are
unstable. In Figure 2.5, the critical curves kzc1 (vAφ ) and kzc2 (vAφ ) are shown, with
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the proper normalization, as dashed lines. The critical wavenumber k zc2 in equation (2.53) will be positive only for toroidal Alfvén speeds larger than
I
vAφ
=

√

κcs .

(2.54)

This is the critical value of the Alfvén speed beyond which the modes with longest
wavelength in Region I (see Fig. 2.5) begin to be stable. For a Keplerian disk, the
epicyclic frequency coincides with the orbital frequency and thus, in dimensionless units, κ2 = 1. In this case, the critical Alfvén speed for kzc2 to be positive
corresponds to vAφ = 0.223. This is the reason for which the long-wavelength
modes are already stable in the second plot in the left panel in Figure 2.1, where
vAφ = 0.25.
Incidentally, we find that the values of toroidal Alfvén speeds for which the
standard MRI gives the appropriate range of unstable modes are not restricted
√
√
to vAφ  cs but rather to vAφ  κcs . For vAφ >
∼ κcs , the standard MRI is
stabilized at low wavenumbers. We point out that, Papaloizou & Szuszkiewicz
(1992) found, by means of a global stability analysis of a compressible flow, that
for a slim disk threaded only by a vertical field, the flow is stable if the vertical
Alfvén speed exceeds, within a factor of order unity, the geometrical mean of
the sound speed and the rotational speed. In dimensionless units, this stability
√
criterion translates into vAz >
∼ cs .
The limiting case in which kzc1 = kzc2 , is reached for
II
vAφ
=

√

2cs .

(2.55)

Note that, for cs = 0.05, this corresponds to a value for the critical toroidal Alfv én
speed of vAφ = 0.316. This situation is to be compared with the mode structure in
the third plot in the left panel in Figure 2.1, where vAφ = 0.32.
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Limiting wavenumbers for Region III.— In the previous section we presented
some useful analytical approximations to describe the dependence of the critical
values of the toroidal Alfvén speeds and wavenumbers defining Regions I and II
on the different quantities characterizing the MHD flow. We could not, however,
find simple analytical expressions to describe satisfactorily the corresponding behavior of the critical values defining Region III. We will describe next how the
different unstable regions in Figure 2.3 depend on the magnitude of the sound
speed and the steepness of the rotation profile.
2.5

Discussion

In this section, we address several issues related to the importance of the curvature terms in determining the stability criteria obeyed by the solutions to the
dispersion relation (2.25). We comment on some controversies raised by previous
investigations that have treated the standard MRI taking into account, in various
ways, either compressibility or curvature of the background magnetic field. We
also comment on the importance in the outcome of the instabilities played by the
magnetic tension produced by toroidal filed lines in the limit of cold MHD flows.
We highlight the similarities and differences of our findings with the results of
Curry & Pudritz (1995), who also found the emergence of a new (but different)
instability for strong toroidal fields in the case of an incompressible MHD flow.
Finally, we address the potential implications of our findings for shearing box
models in which magnetic tension terms, induced by the curvature of the background field, are not considered.
2.5.1

Importance of Curvature Terms

In section §2.2 we mentioned that the terms proportional to  i , for i = 1, 2, 3, 4, are

usually neglected in local stability analyses due to their 1/r0 dependence. Some

67

Figure 2.6 The importance of the curvature terms proportional to  2 and 3 , as
defined by the ratios R1 (eq. [2.57]) and R2 (eq. [2.58]). For illustrative purposes,
we have considered a Keplerian disk with cs = 0.05, vAz = 0.01, and vAφ = 0.4.
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of these terms, however, are also proportional to the magnitude of the toroidal
field. In this chapter, we found that, when strong toroidal fields are considered,
these terms led to substantial modifications to the stability criteria of MHD modes
known to be valid in the limit of weak fields. After solving the full problem, we
are in a better position to understand why this is the case.
To illustrate the point, consider the ratio of the term proportional to k z to the
one proportional to 2 in equation (2.17) and the ratio of the term proportional to
kz to the one proportional to 3 in equation (2.18), i.e.,
R1 ≡

2
2 vAφ
δρ
ikz vAz δvAr

and

R2 ≡

3 vAφ δvAr
.
ikz vAz δvAφ

(2.56)

In order to ensure that the contributions due to curvature are negligible in a local
analysis regardless of the magnitude of the toroidal field component, we should
be able to ensure that the conditions R1  1 and R2  1 hold in the limit of

large kz for any value of vAφ <
∼ 1. While it is encouraging that both dimension-

less ratios are proportional to 1/kz , they are also proportional to the ratio of perturbed quantities, which we do not know a priori. It is only after having found

the eigenfrequencies ω(kz ) by taking into account all the curvature terms that we
can properly address this issue.
We can calculate how the ratios R1 and R2 depend on the wavenumber kz as
follows. The ratio R1 can be recast using equations (2.43) and (2.44) as


d ln Ω
ω vAφ

2
2
2 2
ω
−
2
+
k
v
−
2
4 kz vAz
z Az
d ln r
2 vAφ vAφ



R1 =


 2  .
2
kz vAz
cs
vAφ
v
2ω 1 + cs
+ kz vAz vAφ 21 + 2 cAφ
s
In a similar way, we can rewrite the ratio R2 using equation (2.45) as

 2 
v
2
2
− kz2 vAz
ω 1 + cAφ
s
3 vAφ
i
h
.
R2 =
kz vAz ω 2 +  ω vAφ +  k v v
3 z Az Aφ
4 kz vAz

(2.57)

(2.58)
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For the sake of simplicity, let us consider a given value for the toroidal Alfv én
speed, e.g., vAφ = 0.4. Figure 2.6 shows the dependence of the ratios R1 and R2 on
wavenumber for the unstable modes. The eigenfrequencies ω(k z ) were obtained
by solving equation (2.25) with i = 1, for i = 1, 2, 3, 4, considering a Keplerian
disk with cs = 0.05 and vAz = 0.01. The ratios R1 and R2 for the unstable modes
(with vAφ = 8cs ) in Regions II and III in Figure 2.3 are clearly identified. The
complete mode structure corresponding to this case can be seen in the left panels
of Figure 2.4.
It is important to stress that neither the real nor the imaginary parts of either
R1 or R2 are negligible compared to unity even for Alfvén speeds of order a few
times the sound speed. In fact, for the unstable modes, the ratio R 1 is of order
unity and the ratio R2 is in some cases larger than one by one order of magnitude.
Their functional form is significantly different than the assumed 1/k z .
2.5.2

Magnetorotational Instabilities with Superthermal Fields

In §2.3 we demonstrated that, when the toroidal magnetic field in a differentially

rotating MHD flow becomes superthermal, three distinct instabilities can be identified, which we denote by roman numerals I, II, and III in Figure 2.3. We summarize the qualitative characteristics of these instabilities below.
In contrast to the weak-field MRI, all three instabilities correspond to compressible MHD modes. Moreover, while the traditional MRI corresponds to perturbations with negligible displacements along the vertical direction, this is not
true for any of the three instabilities with superthermal toroidal fields. Instead,
vertical displacements are an important characteristic of these instabilities and
they occur with negligible acceleration, under a force balance between thermal
and magnetic pressure. Finally, as in the case of the MRI, there is no significant
acceleration along the radial direction but rather a force balance between mag-
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netic tension, magnetic pressure, and thermal pressure.
In Figures 2.7 and 2.8 we study numerically the dependences of the three instabilities on the properties of the background flow. As also shown in the case
of the weak-field MRI (Balbus & Hawley, 1991), instability I occurs only in differentially rotating flows, with radially decreasing angular velocity. However,
instability I also requires the presence of a non-negligible thermal pressure. Either a radially increasing angular velocity or a superthermal toroidal field can
suppress instability I and hence the traditional MRI.
Instability II is ubiquitous, whenever the background toroidal field of the flow
is significantly superthermal. Indeed, it occurs even for flat rotation profiles (see
Fig. 2.7) or very cold (see Fig. 2.8) flows. In a sense opposite to instability I, the
steepness of the rotational profile determines the minimum unstable wavenumber, whereas the magnitude of the sound speed determines the minimum toroidal
field strength required for the instability to occur. This instability seems to correspond to a generalization of the axisymmetric toroidal buoyancy (ATB) mode
identified in Kim & Ostriker (2000), where the case cs = 0 was studied. In a
similar way to instability II, the ATB modes with cs = 0 become unstable for
all wavenumbers exceeding a critical value (for vertical modes this value is just
given by kBH ). When a finite sound speed is considered, however, thermal effects
play an important role at small scales by completely stabilizing all the modes
with wavenumbers larger than kzc2 (eq. [2.53]).
Finally, instability III depends strongly on the rotational profile but very weakly
on the sound speed. For rotationally supported flows (i.e., for v Aφ  1), instabil-

ity III occurs only for significantly steep rotational profiles, e.g., q = |d ln Ω/d ln r| >
∼
1.0, for the parameters depicted in Figure 2.7.
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Figure 2.7 The black dots represent unstable modes obtained from solving numerically the dispersion relation (2.25) as a function of the toroidal Alfv én speed.
As an example, we have assumed cs = 0.05 and vAz = 0.01. In each plot, we
consider different values of the rotational profile, q = −d ln Ω/d ln r. Note that,
the highest value of the local toroidal Alfvén speed considered here corresponds
to the local circular velocity.
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Figure 2.8 The black dots represent unstable modes obtained from solving the
dispersion relation (2.25) numerically, for a Keplerian disk with v Az = 0.01. In
each plot, different values of the local sound speed, c s , are considered. Note that
in this case, the axes are not normalized by the particular value of the local sound
speed, but rather by our initial choice of dimensionless variables, see §2.2.
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2.5.3

Comparison to Previous Analytical Studies

Soon after the original paper by Balbus & Hawley (1991), Knobloch (1992) critiqued their approach to the study of local instabilities for lacking the contributions of curvature terms. Knobloch (1992) formulated the stability analysis of a
vertically unstratified, incompressible disk as an eigenvalue problem in the radial
coordinate. He found that the presence of a toroidal field component changes the
conditions for the presence of the instability as well as the character of the unstable modes from purely exponentials to overstable (i.e., Re[ω] 6= 0). Gammie &

Balbus (1994) argued against Knobloch’s findings regarding overstability, stating

that it arose as a consequence of having kept only small order terms (like v A /cs
and vA /Ω0 r0 ). They concluded that these contributions would have been negligible had the flow been considered compressible.
As we comment in §2.4.2, Knobloch’s dispersion relation is correct even in the

limit cs  vAφ (i.e., without the necessity of imposing strict incompressibility).

Formally speaking, the linear term in ω in equation (2.33) does break the symme-

try of the problem allowing for unstable modes with Re(ω) 6= 0. But it is also the

case that, in the limit cs  vAφ , because of the relative magnitude of the coeffi-

cients in the dispersion relation (2.33), we do not expect the stability properties of

the flow to differ greatly from those described by the incompressible MRI. As we
mention in §2.2.3, in order to see significant differences, the Alfv én speed would
have to be of the order of the circular speed and therefore we do not expect the

curvature terms to play a significant role on the stability of incompressible, rotationally supported flows. On the other hand, if we allow the MHD fluid to be
compressible and consider the curvature of the background flow, the mode structure can be radically different from what is expected for the compressible MRI
(c.f. Blaes & Balbus 1994). This is the case, even if the toroidal Alfv én speed ex-
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ceeds the sound speed by a factor of a few without the necessity of violating the
condition of a rotationally supported disk (see Fig. 2.1).
The stability of axisymmetric perturbations in weakly ionized and weakly
magnetized shear flows was considered by Blaes & Balbus (1994). They showed
that, when ionization equilibrium is considered in the two-fluid approach, strong
toroidal fields can fully stabilize the flow. As part of their study, they relaxed the
Boussinesq approximation in the case of a single fluid and argued that, to all
orders in the field strength, the magnitude of Bφ does not affect the stability criterion. As noted by Curry & Pudritz (1995), this conclusion was reached because
the terms proportional to Bφ /r0 were not included in the local analysis.
The behavior of the MRI in cold MHD shearing flows, has been addressed by
Kim & Ostriker (2000). When performing their local analysis, these authors obtained the compressible version of the standard dispersion relation for the MRI
and studied its solutions for different values of the ratio c 2s /vA2 . Analyzing their
dispersion relation (i.e., their equation [57] which is equivalent to equation [2.35]
in this study), Kim & Ostriker (2000) concluded that, when the magnetic field is
superthermal, the inclusion of a toroidal component suppresses the growth rate
of the MRI. Moreover, they found that, for a Keplerian rotation law, no axisymmetric MRI takes place in very cold MHD flows if i < 30◦ , where i is the pitch
angle of the local magnetic fields, i ≡ tan−1 (vAz /vAφ ).
In §2.4 we showed that, depending on the strength of the toroidal field com-

ponent, accounting for the finite curvature of the background magnetic field and
the finite compressibility of the flow could be crucial in establishing which modes
are subject to instabilities. In particular, we stated that both effects should be considered simultaneously whenever the local value of the toroidal Alfv én speed exceeds the geometric mean of the local sound speed and the local rotational speed
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Figure 2.9 The growth rate evolution of the different instabilities defined in §2.4.1
for increasing magnetic field strength parameterized in terms of the ratio c 2s /vA2
for a fixed pitch angle i ≡ tan−1 (vAz /vAφ ) = 25◦ . Left panels: Growth rates of
the unstable solutions to the full dispersion relation (2.25), when all curvature
terms are taken into account. Right panels: Growth rates of the unstable solutions
to the dispersion relation (2.35), i.e., when all curvature terms are neglected. In
both cases, we have considered a vanishing ratio kr /kz , vAz = 0.05, and a Keplerian disk. The dotted lines, in both panels, show the stabilization of the standard
MRI as the magnetic field becomes superthermal (instability I). The solid and
dashed lines on the left panel show the growth rates corresponding to instability
III and II respectively. As discussed in §2.3, these instabilities do not have a counterpart when the magnetic tension induced by bending of toroidal field lines is
neglected. For completeness we have included, in the right panel, with solid and
dashed lines the unstable solutions to equation (44) in Kim & Ostriker (2000). Instability II corresponds to a generalization of the ATB mode when thermal effects
are accounted for.
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Figure 2.10 The real parts of the solutions to the dispersion relation (2.25) corresponding to c2s /vA2 = 0.01 for a pitch angle i = tan−1 (vAz /vAφ ) = 25◦ , a vanishing
ratio kr /kz , vAz = 0.05, and a Keplerian disk. Left panel: Solutions to the full dispersion relation (2.25), when all curvature terms are taken into account. Right
panel: Solutions to the dispersion relation (2.31), i.e., when all curvature terms
are neglected. Open circles indicate unstable modes. In both cases, the unstable
modes with the shortest wavelength correspond to kBH vAz .
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(for a Keplerian disk). However, this analytic criterion was found to be relevant
for the modes with frequencies satisfying the condition ω 2  kz2 c2s . Therefore, it
is not obvious that we can trust this criterion in the limit c s → 0.

In order to see whether finite curvature effects do play a role in the stability
of cold MHD flows we solved the complete dispersion relation (2.25) for a pitch
angle i = 25◦ and considered different values for the ratio c2s /vA2 . Figure 2.9 shows
the growth rates for the unstable modes of our dispersion relation (i.e., eq. [2.25])
and compares them to the ones of the dispersion relation obtained when the curvature terms are neglected (i.e., eq. [2.35]). In both cases, we have considered
kz  kr , vAz = 0.05, and a Keplerian disk. The stabilization of the standard MRI

(i.e., instability I) as the magnetic field becomes superthermal (v A > cs ) is evident
(dotted lines in both panels). When the effects of magnetic tension are considered, not only does the growth rate of the MRI decrease faster for low values of
c2s /vA2 but the modes with longest wavelengths are no longer unstable (e.g. when
c2s /vA2 = 0.01). Because of this, the MRI is completely stabilized even for finite
values of c2s /vA2 . In contrast, when the curvature of the field lines is neglected,
the growth rates decrease but the range of unstable modes remains unchanged
as cs → 0 (right panel in Figure 2.9); it is only when cs = 0 that the MRI is com-

pletely suppressed. For completeness, we present in Figure 2.10 the real parts of

the solutions to the dispersion relation (2.25) for i = 25 ◦ , kz  kr , vAz = 0.05,

c2s /vA2 = 0.01 and a Keplerian disk, in the cases where curvature terms are considered (left panel) and neglected (right panel). The stabilization of the MRI at
low wavenumbers and the emergence of instability III are evident. Note that,
from Figure 2.10, it is clear that the inclusion of magnetic tension terms can cause

modifications to the mode structure when vA  cs , even when the toroidal and
vertical components of the magnetic field are comparable.

78
In §2.5.2 we mentioned that instability II seems to be a generalization of the ax-

isymmetric toroidal buoyancy (ATB) modes, identified by Kim & Ostriker (2000),
that accounts for finite temperature effects. Further indication that this is indeed
the case can be found in Figure 2.9 where we have plotted (dashed lines) the
growth rates corresponding to instability II and the one corresponding to the
2
in Kim & Ostriker 2000).
ATB mode (solutions of equation [44] with ω 2  kz2 vAz

Although finite compressibility suppresses instability II at large wavenumbers, it

is clear that, as cs → 0, the growth rates associated with instability II tend contin-

uously to the growth rate of the cold ATB mode. For completeness, we have also
included, in the right panel of Figure 2.9, the growth rate corresponding to the remaining unstable solution of equation (44) in Kim & Ostriker (2000) (solid line).
This growth rate should be interpreted with great care since the aforementioned

equation was derived under the condition ω 2  kz2 vA2 , which is not satisfied by
the corresponding unstable mode. Nonetheless, we have included it to show the
similarities that it shares with the growth rates corresponding to instability III
(solid lines in the left panel) as cs → 0 . Note that the growth rates corresponding

to instability III increase as cs → 0 and they saturate at cs = 0. Although the

higher critical wavenumber and the growth rate around this critical wavenumber seem to be the same for both instabilities, the differences between them at
low wavenumbers is also evident. These differences become more dramatic as
the pitch angle increases.
Curvature terms cannot, of course, be neglected in global treatments of magnetized accretion disks. It is, therefore, not surprising that new instabilities, distinct from the MRI, have already been found in global studies in which strong

fields were considered. In particular, Curry & Pudritz (1995) performed a global
stability analysis to linear axisymmetric perturbations of an incompressible, dif-
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ferentially rotating fluid, threaded by vertical and toroidal fields. They considered power-law radial profiles for the angular velocity and the toroidal and vertical components of the field. Each of these were parameterized as Ω ∝ r −a ,
Bφ ∝ r−b+1 , and Bz ∝ r−c+1 , respectively. Most of their analysis dealt with a
constant vertical field and they allowed variations of the exponents (a, b), with

the restriction that they correspond to a physical equilibrium state with a stationary pressure distribution. Although the majority of that paper dealt with
global characteristics, they also performed a WKB analysis and concluded that,
for 3/2 ≤ a = b ≤ 2 and vAφ < 1, the growth rate of unstable modes is suppressed

for both short and long wavelengths and it approaches zero when v Aφ → 1. On
the other hand, for a = b 6= 2 and vAφ > 1, they found a new instability, with

a growth rate that increased with vAφ . They call this the Large Field Instability
(LFI) and showed that it can be stabilized for sufficiently large v Az .
It is worth mentioning the major qualitative differences between the LFI and

the new instability discussed in §2.3 that emerges for kz < kBH after the stabi-

lization of the MRI. Although it is true that, for our instability to be present, it

is necessary for the toroidal Alfvén speed to exceed the local sound speed, there
is no need to invoke Alfvén speeds larger than the local rotational speed. This
is in sharp contrast with the LFI which only appears for vAφ > 1. Regarding the
range of unstable wavenumbers, the LFI remains unstable for k z → 0, albeit with

a diminishing growth rate for large values of vAz . This is not the case for the
new instability present at low wavenumbers in our study. This can be seen, for
example, in the left panels in Figure 2.4. Perhaps the most noticeable difference
is that the two instabilities in Curry & Pudritz (1995) that are present in the case
a = b 6= 2 do not seem to coexist under any particular circumstances. The insta-

bility present for vAφ < 1 reaches zero growth for vAφ → 1, while the LFI appears
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for vAφ = 1 and its growth rate is proportional to vAφ . When compressibility is
considered, however, the two new instabilities found in our study can coexist
even for Alfvén speeds smaller than the local rotational speed.
2.5.4

Implications for Shearing Box Simulations

In an attempt to capture the most relevant physics without all the complexities
involved in global simulations, the shearing box approach has been widely used
in numerical studies of magnetized accretion disks (see, e.g., Hawley, Gammie,
& Balbus 1994). The aim of the shearing box approximation is to mimic a small
region of a larger disk. The size of the box is usually Hz × 2πHz × Hz , with Hz

the thermal scale height of the isothermal disk. In this approach, it is common
to adopt a pseudo-Cartesian local system centered at r0 and in corotation with
the disk with an angular frequency Ω0 , with coordinates x = r − r0 , y = r0 (φ −

Ω0 t), and z. The effects of differential rotation are then considered by imposing

a velocity gradient in the radial direction. For a Keplerian accretion disk this is
achieved by setting vy = −(3/2)Ω0 x.

In most studies of unstratified shearing boxes, Alfvén speeds rarely exceed the

value of the local sound speed (e.g., Hawley, Gammie, & Balbus 1995, 1996). This
is mainly because they are designed to simulate the mid-plane of the disk where
the flow is relatively dense. In §2.4.2, we have seen that, as long as the toroidal

2
Alfvén speed does not exceed the critical value vAφ
= cs κ, neglecting magnetic

tension due to the curvature of toroidal field lines does not seem to affect the outcome of the MRI and hence the shearing box approach is well justified. However,
when stratification is taken into account, usually by adopting a density profile
of the form ρ ∝ exp[−z 2 /(2H 2 )] in the case of isothermal disks, the steep drop

in the density beyond a few scale heights can potentially lead to a magnetically
2
dominated flow, with Alfvén speeds larger than the critical value vAφ
= κcs .
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Figure 2.11 The implication of our study for shearing box simulations. Left panels:
Solutions to the full dispersion relation (2.25), when all curvature terms are taken
into account. Right panels: Solutions to the dispersion relation (2.31), i.e., when
all curvature terms are neglected. In both cases, we have considered c s = 0.007,
vAz = 0.01, vAφ = 0.1, and a Keplerian disk. Open circles in upper panels indicate unstable modes. The vertical line indicates the minimum wavenumber (i.e.,
largest wavelength) that can be accommodated in the simulations of a stronglymagnetized corona above a weakly magnetized disk by Miller & Stone (2000).
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As discussed in the introduction, Miller & Stone (2000) carried out threedimensional MHD simulations to study the evolution of a vertically stratified,
isothermal, compressible, magnetized shear flow. The simulations were local
in the plane of the disk but vertically extended up to ±5 thermal scale heights.

This allowed them to follow the highly coupled dynamics of the weakly magnetized disk core and the rarefied magnetically-dominated (i.e., β < 1) corona that
formed above the disk, for several (10 to 50) orbital periods.
Miller & Stone (2000) considered a variety of models, all sharing the same
initial physical background, but with different initial field configurations. In particular, they considered the following values: Ω0 = 10−3 , 2c2s = 10−6 (so that
√
Hz = 2cs /Ω0 = 1), and r0 = 100. We mention some of the results they obtained
for the models with initial toroidal fields (BY), which were qualitatively similar
to the zero net z-field (ZNZ) models. After a few orbital periods, the presence of a
highly magnetized (with plasma β ' 0.1 − 0.01) and rarefied (with densities two

orders of magnitude lower than the disk mid-plane density) corona above ∼ 2
scale heights is evident. Within both the disk and the corona, the “toroidal” com-

ponent of the field (By ), favored by differential rotation, dominates the poloidal
component of the field by more than one order of magnitude (with B x2 ' Bz2 ).
We can compare the predictions of our study to the mode structure that one
might expect from the standard compressible MRI for the particular values of
sound and Alfvén speeds found in the strongly magnetized corona by Miller &
Stone (2000). To this end, we consider as typical (dimensionless) values c s =
0.007, vAφ = 0.1 and vAz = 0.01, where we have assumed β = 2(cs /vA )2 ' 0.01

and Bφ = 10Bz . The largest features that their simulations are able to accommo-

date are those with kz ∼ 60 (corresponding to a wavelength of 10 in the vertical

direction). As is seen in Figure 2.11, the role of the curvature terms is not negligi-
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ble in two different respects. First, they completely stabilize the perturbations on
the longest scales well inside the numerical domain. Second, they significantly
reduce the growth of the unstable modes.
It is difficult to extrapolate from the present work to address how the instabilities discussed here would couple to buoyancy in the presence of a stratified
medium like the one considered by Miller & Stone (2000). Shearing boxes might
also suffer from other problems when used to model strongly magnetized plasmas (e.g., the shearing sheet boundary conditions in the radial direction might
not be appropriate for strong fields). The question is raised, however, about
whether, because of their own Cartesian nature, they constitute a good approach
at all to simulating compressible flows in which superthermal toroidal fields are
present. Despite the fact that the generation of strongly magnetized regions via
the MRI in stratified disks seems hard to avoid, their stability properties will
ultimately depend on both the use of proper boundary conditions and proper
accounting of the field geometry.

2.6

Summary and Conclusions

In this chapter we have addressed the role of toroidal fields on the stability of
local axisymmetric perturbations in compressible, differentially rotating, MHD
flows, when the geometrical curvature of the background is taken into account.
In order to accomplish this task, without imposing restrictions on the strength
of the background equilibrium field, we relaxed the Boussinesq approximation.
In particular, we have studied under which circumstances the curvature terms,
intimately linked to magnetic tension in cylindrical coordinate systems, cannot
be neglected. We have shown that the MRI is stabilized and two distinct instabilities appear for strong toroidal fields. At least for large wavenumbers, the
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structure of the modes seems to be the result of a purely local effect that is accounted for when compressibility and curvature terms are consistently taken into
account. In particular, we have demonstrated that, even for rotationally supported cylindrical flows, both curvature terms and flow compressibility have to
be considered if, locally, the toroidal Alfvén speed exceeds the critical value given
2
by vAφ
= (κ/Ω)cs Ωr (in physical units).

There is little doubt that a realistic treatment of normal modes in magnetized
accretion disks has to include gradients in the flow variables over large scales and
should, therefore, be global in nature. The results presented in this chapter, however, provide the complete dispersion relation and, more importantly, analytic
expressions for some of its solutions that should be recovered, in the appropriate
limit, by a study of global modes in magnetized accretion disks, where compressibility effects are likely to be non negligible.
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C HAPTER 3
T HE S IGNATURE OF THE M AGNETOROTATIONAL I NSTABILITY IN THE
R EYNOLDS AND M AXWELL S TRESS T ENSORS IN A CCRETION D ISKS
The magnetorotational instability is thought to be responsible for the generation of magnetohydrodynamic turbulence that leads to enhanced outward angular momentum transport in accretion disks. In this Chapter, we present the first
formal analytical proof showing that, during the exponential growth of the instability, the mean (averaged over the disk scale-height) Reynolds stress is always
positive, the mean Maxwell stress is always negative, and hence the mean total
stress is positive and leads to a net outward flux of angular momentum. More
importantly, we show that the ratio of the Maxwell to the Reynolds stresses during the late times of the exponential growth of the instability is determined only
by the local shear and does not depend on the initial spectrum of perturbations or
the strength of the seed magnetic field. Even though we derived these properties
of the stress tensors for the exponential growth of the instability in incompressible flows, numerical simulations of shearing boxes show that this characteristic
is qualitatively preserved under more general conditions, even during the saturated turbulent state generated by the instability.
3.1

Introduction

Magnetohydrodynamic (MHD) turbulence has long been considered responsible
for angular momentum transport in accretion disks surrounding astrophysical
objects (Shakura & Sunyaev, 1973). Strong support for the importance of magnetic fields in accretion disks followed the realization by Balbus & Hawley (1991)
that laminar flows with radially decreasing angular velocity profiles, that are hy-
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drodynamically stable, turn unstable when threaded by a weak magnetic field.
Since the discovery of this magnetorotational instability (MRI), a variety of local
(e.g., Hawley, Gammie, & Balbus, 1995, 1996; Brandenburg, Nordlund, Stein, &
Torkelsson, 1995; Brandenburg, 2001; Sano, Inutsuka, Turner, & Stone, 2004) and
global (e.g., Hawley, 2000, 2001; Stone & Pringle, 2001) numerical simulations
have shown that its non-linear evolution gives rise to a turbulent state characterized by enhanced Reynolds and Maxwell stresses, which in turn lead to outward
angular momentum transport.
The relevance of the Reynolds and Maxwell stresses in determining the dynamics of a magnetized accretion disk is best appreciated by examining the equation for the dynamical evolution of the mean angular momentum density of
a fluid element (see, e.g., Balbus & Hawley, 1998; Balbus & Papaloizou, 1999).
Defining this quantity for a fluid element with mean density ρ̄ as ¯l ≡ rρ̄v̄φ we can

write in cylindrical coordinates
∂t ¯l + ∇·(¯lv̄) =

1
1
∇·r(B̄φ B̄) +
∇·rδBφ δB − ∇·rρδvφ δv ,
4π
4π

(3.1)

where v̄, B̄, δv, and δB stand for the means and fluctuations of the velocity and
magnetic fields, respectively, and the bars denote suitable averages. It is clear
that the presence of mean magnetic fields or of non-vanishing correlations between the fluctuations in the magnetic or velocity field can potentially allow for
the specific angular momentum of a fluid element to change. In the absence of
strong large-scale magnetic fields, the last two terms on the right hand side will
dominate and we can simplify equation (3.1) as
∂t ¯l + ∇·(¯lv̄) = −∇·(r F̄ ) ,

(3.2)

where the vector F̄ characterizes the flux of angular momentum. Its components are related to the Reynolds and Maxwell stresses, R̄ij = ρ δvi δvj and M̄ij =
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δBi δBj /4π via
F̄i ≡ R̄iφ − M̄iφ = T̄iφ .

(3.3)

It is straightforward then to see that in order for matter in the disk to accrete,
i.e., to lose angular momentum, the sign of the mean total stress, T̄rφ , must be
positive. Note that in the MRI-literature the Maxwell stress is defined as the
negative of the correlations between magnetic field fluctuations. We have chosen
instead to use a definition in which the sum of the diagonal terms has the same
sign as the magnetic energy density.
In a differentially rotating MHD turbulent flow, the sign of the stress component T̄rφ will depend on the mechanism driving the turbulence (presumably the
MRI), the mechanism mediating the energy cascade between different scales, and
the dissipative processes that lead to saturation. Nevertheless, mechanical analogies of the MRI (Balbus & Hawley, 1992, 1998; Kato, Fukue, & Mineshige, 1998;
Brandenburg & Campbell, 1997; Balbus, 2003) as well as analyses involving the
excitation of single-wavenumber modes (Balbus & Hawley, 1992, 2002; Narayan,
Quataert, Igumenshchev, & Abramowicz, 2002, see also §4) suggest that angular

momentum is transported outwards even during the linear phase of the instabil-

ity.
In this chapter, we derive analytic expressions that relate the dynamics of the
MRI-driven fluctuations in Fourier space with the mean values, averaged over
the disk scale-height, of the different stresses in physical space. This allows us to
provide the first formal analytical proof showing that the MRI leads to a positive
mean total stress T̄rφ which, in turn, leads to a net outward transport of angular momentum. Within this formalism, we demonstrate that the Reynolds stress
is always positive, the Maxwell stress is always negative, and that the absolute
value of the Maxwell stress is larger than the Reynolds stress as long as the flow
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in the absence of magnetic fields is Rayleigh-stable. Moreover, we uncover a robust relationship between the Maxwell and Reynolds stresses as well as between
the magnetic and kinetic energy of the MHD fluctuations during the late times of
the linear phase of the instability. Specifically, we show that the ratio of the absolute value of the Maxwell and Reynolds stresses is equal to the ratio of magnetic
and kinetic energy densities, and that both ratios depend only on the value of the
local shear characterizing the flow.
The rest of the chapter is organized as follows. In §2 we state our assump-

tions. In §3 we present the complete solution to the MRI-eigenvector problem in
Fourier space. We pay particular attention to the characterization of the complex

nature of the MRI-eigenvectors. In §4, we present the formalism to derive ana-

lytic expressions for the mean physical Reynolds and Maxwell stresses in terms

of the fluctuations in spectral space. We show that the MRI leads to a net outward transport of angular momentum. We also study there the different properties of the MRI-driven stresses during the late times of their exponential growth.
In §5 we compare these stress properties with similar properties found in previ-

ous numerical simulations that addressed the non-linear turbulent regime using
shearing boxes. We also present our conclusions there.

3.2

Assumptions

We are concerned here with the signature of the axisymmetric MRI in the mean
values (averaged over the disk scale-height) of the Reynolds and Maxwell stress
tensors. In particular, we consider a cylindrical, incompressible background,
characterized by an angular velocity profile Ω = Ω(r)ž, threaded by a weak vertical magnetic field B̄ = B̄z ž. In order to address this issue, we work in the shearing sheet approximation, which has proven useful to understand the physics of
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disk phenomena when the scales involved are smaller than the disk radius.
The shearing sheet approximation consists of a first order expansion in the
variable r −r0 of all the quantities characterizing the flow at the fiducial radius r 0 .

The goal of this expansion is to retain the most important terms governing the dy-

namics of the MHD fluid in a locally-Cartesian coordinate system co-orbiting and
corotating with the background flow with local (Eulerian) velocity v = r 0 Ω0 φ̌.
(For a more detailed discussion regarding the shearing sheet approximation, see
Goodman & Xu 1994 and references therein.)
The equations for an incompressible MHD flow in the shearing sheet limit are
given by
∂v
+ (v·∇) v = −2Ω0 ×v + qΩ20 ∇(r − r0 )2
∂t


B2
(B·∇)B
1
+
− ∇ P+
ρ
8π
4πρ
∂B
+ (v·∇) B = (B·∇) v
∂t

(3.4)
(3.5)

where P is the pressure, ρ is the (constant) density, the factor q ≡ −d ln Ω/d ln r| r0

parametrizes the magnitude of the local shear, and we have defined the (locallyCartesian) differential operator
∇ ≡ ř

φ̌ ∂
∂
∂
+
+ ž
,
∂r r0 ∂φ
∂z

(3.6)

where ř, φ̌, and ž are coordinate-independent, orthonormal vectors corotating
with the background flow at r0 .
In what follows, we focus our attention on fluctuations that depend only
on the vertical coordinate. These types of fluctuations are known to have the
fastest growth rates (Balbus & Hawley, 1992, 1998) and will, therefore, constitute
the most important contributions to the corresponding Reynolds and Maxwell
stresses during the exponential growth of the instability. The equations govern-
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ing the dynamics of these fluctuations can be obtained by noting that the velocity
and magnetic fields given by
v = δvr (z)ř + [−qΩ0 (r − r0 ) + δvφ (z)]φ̌ + δvz (z)ž ,
B = δBr (z)ř + δBφ (z)φ̌ + [B̄z + δBz (z)]ž ,

(3.7)
(3.8)

constitute a family of exact, non-linear, solutions to the one-dimensional incompressible MHD equations in the shearing sheet limit. As noted in Goodman &
Xu (1994), the only non-linear terms, which are present through the perturbed
magnetic energy density, are irrelevant in the incompressible case under study
(i.e., the total pressure can be found a posteriori using the condition ∇·v = 0).
Due to the divergenceless nature of the disturbances under consideration, the
fluctuations in the vertical coordinate, δvz (z) and δBz (z), reduce to a constant.
Without loss of generality, we take both constants to be zero 1 . We can further simplify the system of equations (3.4) and (3.5) by removing the background shear
flow v shear = −qΩ0 (r − r0 )φ̌. We obtain the following set of equations for the
fluctuations

∂
δvr
∂t
∂
δvφ
∂t
∂
δBr
∂t
∂
δBφ
∂t

B̄z ∂
δBr ,
4πρ ∂z
B̄z ∂
= −(2 − q)Ω0 δvr +
δBφ ,
4πρ ∂z
∂
= B̄z δvr ,
∂z
∂
= −qΩ0 δBr + B̄z δvφ ,
∂z
= 2Ω0 δvφ +

(3.9)
(3.10)
(3.11)
(3.12)

where the first term on the right hand side of equation (3.10) is related to the
p
epicyclic frequency κ ≡ 2(2 − q) Ω0 , at which the flow variables oscillate in an
unmagnetized disk.

1
Note that the fluctuations studied in Goodman & Xu (1994) are a particular case of the more
general solutions (3.7) and (3.8).
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√
It is convenient to define the new variables δbi ≡ δBi / 4πρ for i = r, φ, and

introduce dimensionless quantities by considering the characteristic time- and
√
length-scales set by 1/Ω0 and B̄z /( 4πρ Ω0 ). The equations satisfied by the dimensionless fluctuations, δṽi , δ b̃i , are then given by
∂t̃ δṽr = 2δṽφ + ∂z̃ δ b̃r ,

(3.13)

∂t̃ δṽφ = −(2 − q)δṽr + ∂z̃ δ b̃φ ,

(3.14)

∂t̃ δ b̃r = ∂z̃ δṽr ,

(3.15)

∂t̃ δ b̃φ = −qδ b̃r + ∂z̃ δṽφ ,

(3.16)

where t̃ and z̃ denote the dimensionless time and vertical coordinate, respectively.
In order to simplify the notation, we drop hereafter the tilde denoting the
dimensionless quantities. In the rest of this chapter, all the variables are to be
regarded as dimensionless, unless otherwise specified.
3.3

The Eigenvalue Problem for the MRI: A Formal Solution

In this section we provide a complete solution to the set of equations (3.13)–(3.16)
in Fourier space. Taking the Fourier transform of this set with respect to the zcoordinate, we obtain the matrix equation
∂t δ̂(kn , t) = L δ̂(kn , t) ,

(3.17)

where the vector δ̂(kn , t) stands for



ˆ
 δvr (kn , t) 


 δvˆφ (kn , t) 


δ̂(kn , t) = 

 δbˆ (k , t) 
 r n



δbˆφ (kn , t)

(3.18)
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and L represents the matrix




0
2 ikn 0 



 −(2 − q) 0
0 ikn 


L=
.

ikn
0
0
0 




0
ikn −q 0

(3.19)

The functions denoted by fˆ(kn , t) correspond to the Fourier transform of the real
functions, f (z, t), and are defined via
1
fˆ(kn , t) ≡
2H

Z

H

f (z, t) e−ikn z dz ,

(3.20)

−H

where H is the (dimensionless) scale-height and kn is the wavenumber in the
z-coordinate,
kn ≡

nπ
,
H

(3.21)

with n being an integer. Here, we have assumed periodic boundary conditions at
z = ±H.

In order to solve the matrix equation (3.17), it is convenient to find the base of

eigenvectors, {ej } with j = 1, 2, 3, 4, in which L is diagonal. This basis exists for

all values of the wavenumber kn (i.e., the rank of the matrix L is equal to 4, the
√
dimension of the complex space) except for kn = 0 and kn = 2q. In this base,
the action of L over the set {ej } is equivalent to a scalar multiplication, i.e.,
Ldiag ej = σj ej

for j = 1, 2, 3, 4 ,

(3.22)

where {σj } are complex scalars.
3.3.1

Eigenvectors

In the base of eigenvectors, the matrix L has a diagonal representation L diag =
diag(σ1 , σ2 , σ3 , σ4 ). The eigenvalues {σj }, with j = 1, 2, 3, 4, are the roots of the
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characteristic polynomial associated with L, i.e., the dispersion relation associated with the MRI (Balbus & Hawley, 1991, 1998),
(kn2 + σj2 )2 + 2(2 − q)(kn2 + σj2 ) − 4kn2 = 0 ,

(3.23)


√ 1/2
,
σj = ± −Λ ± ∆

(3.24)

and are given by

where we have defined the quantities Λ and ∆ such that
Λ ≡ kn2 + (2 − q) ,

(3.25)

∆ ≡ (2 − q)2 + 4kn2 .

(3.26)

For the modes with wavenumbers smaller than
kBH ≡

(3.27)

p
2q ,

i.e., the largest unstable wavenumber for the the MRI, the difference

√

∆ − Λ is

positive and we can define the “growth rate” γ and the “oscillation frequency” ω
by
√

1/2
∆−Λ
,
1/2
√
∆+Λ
,
ω ≡
γ ≡

(3.28)
(3.29)

both of which are real and positive (for all positive values of the parameter q).
This shows that two of the solutions of equation (3.23) are real and the other two
are imaginary. We can thus write the four eigenvalues in compact notation as
σ1 = γ ,

σ2 = −γ ,

σ3 = iω ,

and

σ4 = −iω .

(3.30)

The set of normalized eigenvectors, {eσj }, associated with these eigenvalues

can be written as

eσj ≡

ej
kej k

for j = 1, 2, 3, 4 ,

(3.31)
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where







ej (kn ) = 




and the norms are given by



σj
(kn2

+

σj2 )/2

ikn
−i2kn σj /(kn2 + σj2 )

kej k ≡

"

4
X
l=1

elj el∗
j

#1/2

,





,




(3.32)

(3.33)

where elj is the l-th component of the (unnormalized) eigenvector associated with
the eigenvalue σj . This set of four eigenvectors {eσj }, together with the set of

scalars {σj }, constitute the full solution to the eigenvalue problem defined by the

MRI.

The roots σj of the characteristic polynomial are not degenerate. Because of
this, the set {eσj } constitutes a basis set of four independent (complex) vectors

that are able to span C4 , i.e., the space of tetra-dimensional complex vectors,
for each value of kn , provided that γ and ω are given by equations (3.28) and
(3.29), respectively. Note, however, that they will not in general be orthogonal,
i.e., eσj · eσj0 6= 0 for j 6= j 0 . If desired, an orthogonal basis of eigenvectors can

be constructed using the Gram-Schmidt orthogonalization procedure (see, e.g.,
Hoffman & Kunze, 1971).
3.3.2

Properties of the Eigenvectors

Despite the complicated functional dependence of the various complex eigenvector components on the wavenumber, kn , some simple and useful relations hold
for the most relevant (unstable) eigenvector. Figure 3.1 shows the four components of the eigenvector eγ as a function of the wavenumber for a Keplerian profile (q = 3/2) and illustrates the fact that the modulus of the different components
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Figure 3.1 The components of the normalized unstable eigenvector e γ defined in
equation (3.31). The vertical dotted lines denote the wavenumber corresponding
to the most unstable mode, kmax , (eq. [3.37]), and the largest unstable wavenumber, kBH , (eq. [3.27]).
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satisfy two simple inequalities
|e4γ | > |e1γ | ,

(3.34)

|e3γ | > |e2γ | ,

(3.35)

for all values of 0 < kn < kBH . These inequalities do indeed hold for all values of
the shear parameter 0 < q < 2.
We also note that equation (3.32) exposes a relationship among the components of any given eigenvector eσj . It is immediate to see that
−e4σj
e1σj

=

e3σj
e2σj

=

2ikn
,
kn2 + σj2

for j = 1, 2, 3, 4 .

(3.36)

In particular, the following equalities hold for the components of the unstable
eigenvector, eγ , at the wavenumber
kmax

q
≡
2

r

4
− 1,
q

for which the growth rate is maximum, γmax ≡ q/2,
r
1 q
1
2
eγ (kmax ) = eγ (kmax ) =
,
2 2
r
q
i
3
4
2− .
eγ (kmax ) = −eγ (kmax ) =
2
2

(3.37)

(3.38)
(3.39)

As we show in the next section, the inequalities (3.34) and (3.35), together
with equations (3.38) and (3.39), play an important role in establishing the relative
magnitude of the different mean stress components and mean magnetic energies
associated with the fluctuations in the velocity and magnetic fields.
Finally, we stress here that the phase differences among the different eigenvector components cannot be eliminated by a linear (real or complex) transformation. In other words, it is not possible to obtain a set of four real (or purely
imaginary, for that matter) linearly independent set of eigenvectors that will also
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form a basis in which to expand the general solution to equation (3.17). Taking
into consideration the complex nature of the eigenvalue problem in MRI is crucial when writing the physical solutions for the spatio-temporal evolution of the
velocity and magnetic field fluctuations in terms of complex eigenvectors. As we
discuss in the next section, this in turn has a direct implication for the expressions
that are needed in the calculation of the mean stresses in physical (as opposed to
spectral) space.
3.3.3

Temporal Evolution

We have now all the elements to solve equation (3.17). In the base defined by
{eσj }, any given vector δ̂(kn , t) can be written as
δ̂(kn , t) =

4
X

aj (kn , t) eσj ,

(3.40)

j=1

where the coefficients aj (kn , t), i.e., the coordinates of δ̂(kn , t) in the eigenvector
basis, are the components of the vector a(kn , t) obtained from the transformation
a(kn , t) = Q−1 δ̂(kn , t) .

(3.41)

The matrix Q−1 is the matrix for the change of coordinates from the standard
basis to the normalized eigenvector basis and can be obtained by calculating the
inverse of the matrix
Q = [eσ1 eσ2 eσ3 eσ4 ] .

(3.42)

Multiplying equation (3.17) at the left side by Q−1 and using the fact that
Ldiag = Q−1 L Q ,

(3.43)

we obtain a matrix equation for the vector a(kn , t),
∂t a(kn , t) = Ldiag a(kn , t) ,

(3.44)
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which can be written in components as
∂t aj (kn , t) = σj aj (kn , t) with j = 1, 2, 3, 4 .

(3.45)

The solution of these equations is then given by
with j = 1, 2, 3, 4 .

aj (kn , t) = aj (kn , 0) eσj t

(3.46)

We can finally write the solution to equation (3.17) as
δ̂(kn , t) =

4
X

aj (kn , 0) eσj t eσj ,

(3.47)

j=1

where {σj } and {eσj }, for j = 1, 2, 3, 4, are given by equations (3.30) and (3.31),

and the initial conditions a(kn , 0) are related to the initial spectrum of fluctuations, δ̂(kn , 0), via a(kn , 0) = Q−1 δ̂(kn , 0).
3.4

Net Angular Momentum Transport by the MRI

Having obtained the solution for the temporal evolution of the velocity and magnetic field fluctuations in Fourier space we can now explore the effect of the MRI
on the mean values of the Reynolds and Maxwell stresses.
3.4.1

Definitions and Mean Values of Correlation Functions

The average over the disk scale-height, 2H, of the product of any two physical
quantities, f (z, t) g(z, t),
1
f g (t) ≡
2H

Z

H

f (z, t) g(t, z) dz ,

(3.48)

−H

can be written in terms of their corresponding Fourier transforms, fˆ(kn , t) and
ĝ(kn , t), as
f g (t) = 2

∞
X
n=1

Re[ fˆ(kn , t) ĝ ∗ (kn , t) ] .

(3.49)
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Here, Re[ ] stands for the real part of the quantity between brackets, the asterisk in ĝ ∗ (kn , t) denotes the complex conjugate, and we have considered that the
functions f (z, t), and g(z, t) (both with zero mean) are real and, therefore, their
Fourier transforms satisfy fˆ(−kn , t) = fˆ∗ (kn , t).
For convenience, we provide here a brief demonstration of equation (3.49).
The relationship between the mean value of the product of two real functions,
f g, and their corresponding Fourier transforms can be obtained by substituting
the expressions for f (z, t) and g(z, t) in terms of their Fourier series, i.e.,

f (z, t) ≡

∞
X

fˆ(kn , t) eikn z ,

(3.50)

n=−∞

into the expression for the mean value, equation (3.48). The result is,

∞
X

1
f g (t) =
fˆ(kn , t) ĝ ∗ (km , t)
2H
n,m=−∞

Z

H

ei(kn −km )z dz ,

(3.51)

−H

which can be rewritten using the orthogonality of the Fourier polynomials in the
interval [−H, H] as

f g (t) =

∞
X

fˆ(kn , t)ĝ ∗ (kn , t) .

(3.52)

n=−∞

This is the discrete version of Plancherel’s theorem which states that the Fourier
transform is an isometry, i.e., it preserves the inner product (see., e.g., Shilov &
Silverman, 1973). Denoting the Fourier transforms fˆ(kn , t) and ĝ ∗ (kn , t) by fˆn and
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ĝn∗ in order to simplify the notation, we can write the following series of identities
f g (t) =

∞
X

(3.53)

fˆn ĝn∗ ,

n=−∞

= fˆ0 ĝ0 +
= fˆ0 ĝ0 +
= fˆ0 ĝ0 +

∞
X

fˆn ĝn∗ +

n=1
∞ h
X

n=1
∞ h
X

fˆn ĝn∗

(3.54)

n=−∞
∗
fˆn ĝn∗ + fˆ−n ĝ−n

fˆn ĝn∗ + fˆn∗ ĝn

n=1
∞
X

= fˆ0 ĝ0 + 2

−1
X

i

i

Re[fˆn ĝn∗ ] ,

(3.55)
(3.56)
(3.57)

n=1

where we have used the fact that the functions f (z, t) and g(z, t) are real and,
hence, their Fourier transforms satisfy fˆ−n = fˆn∗ and ĝ−n = ĝn∗ . Note that the
factors fˆ0 and ĝ0 are just the mean values of the functions f (z, t) and g(z, t) and,
therefore, do not contribute to the final expression in equation (3.49). It is then
clear that, no matter whether the initial Fourier transforms corresponding to the
functions f (z, t) and g(z, t) are real or imaginary, the mean value, f g (t), will be
well defined.
Using equation (3.49), we can write the mean values of the quantities
Rij (z, t) ≡ δvi (z, t) δvj (z, t) ,

(3.58)

Mij (z, t) ≡ δbi (z, t) δbj (z, t) ,

(3.59)

with i, j = r, φ, as
R̄ij (t) ≡ 2
M̄ij (t) ≡ 2

∞
X

ˆ i (kn , t) δv
ˆ j∗(kn , t) ] ,
Re[ δv

(3.60)

ˆ i (kn , t) δb
ˆj∗(kn , t) ] ,
Re[ δb

(3.61)

n=1

∞
X
n=1

ˆ r (kn , t),
where the temporal evolution of the fluctuations in Fourier space, δv
δvˆφ (kn , t), δbˆr (kn , t), and δbˆφ (kn , t), is governed by equation (3.47).
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3.4.2

Properties of the MRI-Driven Stresses

At late times, during the exponential growth of the instability, the branch of unstable modes will dominate the growth of the fluctuations and we can write the
most important (secular) contribution to the mean stresses by defining
R̄rφ (t) = 2
M̄rφ (t) = 2

N
BH
X

n=1
N
BH
X
n=1

Rrφ (kn ) |a1 |2 e2γt + . . . ,

(3.62)

Mrφ (kn ) |a1 |2 e2γt + . . . ,

(3.63)

where NBH is the index associated with the largest unstable wavenumber (i.e., the
mode labeled with highest kn < kBH )2 , the dots represent terms that grow at most
as fast as eγt , and we have defined the functions
Re[e1γ e2∗
γ ]
,
ke1 k2

(3.64)

Re[e3γ e4∗
γ ]
.
Mrφ (kn ) =
ke1 k2

(3.65)

Rrφ (kn ) =
and

Note that these functions are not the Fourier transforms of the Reynolds and Maxwell stresses, but rather represent the contribution of the fluctuations at the scale
kn to the corresponding mean physical stresses. We will refer to these quantities
as the per-k contributions to the mean.
The complex nature of the various components of the unstable eigenvector,
together with the inequalities (3.34) and (3.35), dictate the relative magnitude of
the per-k contributions associated with the Maxwell and Reynolds stresses and
the magnetic and kinetic energy densities. Figure 3.2 shows the functions R rφ (kn )

and Mrφ (kn ) for a Keplerian profile (q = 3/2). It is evident from this figure that,

in this case, the per-k contribution of the Maxwell stress is always larger than

2
Extending the summations to include the non-growing modes with k n > kBH would only
add a negligible oscillatory contribution to the mean stresses.
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Figure 3.2 The per-k contributions, Rrφ (kn ), Mrφ (kn ), EK (kn ), and EM (kn ), associated with the corresponding mean physical stresses (3.62) and (3.63) and mean
physical magnetic and kinetic energy densities, eqs. (3.75) and (3.74). The vertical
dotted lines denote the wavenumber corresponding to the most unstable mode,
kmax , (eq. [3.37]), and the largest unstable wavenumber, k BH , (eq. [3.27]).

103
the the per-k contribution corresponding to the Reynolds stress, i.e., −M rφ (kn ) >

Rrφ (kn ). This is indeed true for all values of the shear parameter 0 < q < 2 (see

below).

The coefficients ejγ for j = 1, 2, 3, 4 in equations (3.64) and (3.65) are the components of the (normalized) unstable eigenvector given by equation (3.32) with
σ1 = γ. We can then write the mean values of the Reynolds and Maxwell stresses,
to leading order in time, as
R̄rφ (t) =

N
BH
X

|a1 |2 2γt
e ,
ke1 k2

(3.66)

γ kn2 |a1 |2 2γt
e .
kn2 + γ 2 ke1 k2

(3.67)

γ (kn2 + γ 2 )

n=1

M̄rφ (t) = −4

N
BH
X
n=1

Equations (3.66) and (3.67) show explicitly that the mean Reynolds and Maxwell stresses will be, respectively, positive and negative,
R̄rφ (t) > 0

and

M̄rφ (t) < 0 .

(3.68)

This, in turn, implies that the mean total MRI-driven stress will be always positive, i.e.,
T̄rφ (t) = R̄rφ (t) − M̄rφ (t) > 0 ,

(3.69)

driving a net outward flux of angular momentum as discussed in §3.1.

It is not hard to show now that the magnitude of the Maxwell stress, − M̄rφ (t),

will always be larger than the magnitude of the Reynolds stress, R̄rφ (t), provided
that the shear parameter is q < 2. In order to see that this is the case, it is enough
to show that the ratio of the per-k contributions to the Reynolds and Maxwell
stresses, defined in equations (3.64) and (3.65), satisfy
4k 2
−Mrφ (kn )
= 2 n 2 2 > 1,
Rrφ (kn )
(kn + γ )

(3.70)
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for all the wavenumbers kn . Adding and subtracting the factor (kn2 + γ 2 )2 in the
numerator and using the dispersion relation (3.23) we obtain,
2(2 − q)
−Mrφ (kn )
=1+ 2
,
Rrφ (kn )
kn + γ 2

(3.71)

which is clearly larger than unity for all values of kn provided that q < 2. It is
then evident that the mean Maxwell stress will be larger than the mean Reynolds
stress as long as the flow is Rayleigh-stable, i.e.,
−M̄rφ (t) > R̄rφ (t) for 0 < q < 2 .

(3.72)

This inequality provides analytical support to the results obtained in numerical
simulations, i.e., that the Maxwell stress constitutes the major contribution to the
total stress in magnetized accretion disks (see, e.g., Hawley, Gammie, & Balbus,
1995).
We conclude this section by calculating the ratio −M̄rφ (t)/R̄rφ (t) at late times

during the exponential growth of the instability. For times that are long compared

to the dynamical time-scale, the unstable mode with maximum growth dominates the dynamics of the mean stresses and the sums over all wavenumbers in
equations (3.66) and (3.67) can be approximated by a single term corresponding
to kn = kmax . In this case, we can use equations (3.38) and (3.39) to write
Re[e3γ e4∗
−M̄rφ (t)
γ ]
lim
=−
t1 R̄rφ (t)
Re[e1γ e2∗
γ ]

=
kmax

4−q
.
q

(3.73)

This result shows explicitly that the ratio −M̄rφ (t)/R̄rφ (t) depends only on the
shear parameter and not on the magnitude or even the sign of the magnetic field.

These same conclusions can be drawn for the ratio between the magnetic and
kinetic energies associated with the fluctuations.
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3.5

Energetics of MRI-driven Fluctuations

The relationships given in equation (3.36) lead to identities and inequalities involving the different mean stress components and the mean kinetic and magnetic energies associated with the fluctuations. In particular, the total mean stress
is bounded by the total mean energy of the fluctuations. Moreover, the ratio of
the mean magnetic to the mean kinetic energies is equal to the absolute value of
the ratio between the mean Maxwell and the mean Reynolds stresses given by
equation (3.84).
As we defined the mean stresses in terms of their per-k contributions in §3.4,

we can also define, to leading order in time, the mean energies associated with
the fluctuations in the velocity and magnetic field by
ĒK (t) = 2
ĒM (t) = 2

kBH
X

n=1
kBH
X
n=1

EK (kn ) |a1 |2 e2γt ,

(3.74)

EM (kn ) |a1 |2 e2γt ,

(3.75)

where the corresponding per-k contributions are given by
1
[Rrr (kn ) + Rφφ (kn )] ,
2
1
EM (kn ) =
[Mrr (kn ) + Mφφ (kn )] .
2
EK (kn ) =

(3.76)
(3.77)

Figure 3.2 shows the dependences of the functions EK (kn ) and EM (kn ) for a Keplerian profile, q = 3/2, and illustrates the fact that EM (kn ) > EK (kn ) for 0 < kn < kBH

and 0 < q < 2.

Using equation (3.36) and the expression for the dispersion relation (3.23), it
is easy to show that the following inequalities hold for each wavenumber k n
Rrφ (kn )
−Mrφ (kn )
2γ(kn )
=
=
≤ 1,
EK (kn )
EM (kn )
q

(3.78)
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as long as q > 0. It immediately follows that the same inequalities are also satisfied by the corresponding means, i.e.,
R̄rφ (t) ≤ ĒK (t) ,

(3.79)

−M̄rφ (t) ≤ ĒM (t) .

(3.80)

This result, in turn, implies that the total mean energy associated with the fluctuations, Ē(t) = ĒK (t) + ĒM (t), sets an upper bound on the total mean stress,
i.e.,
T̄rφ (t) ≤ Ē(t) .

(3.81)

At late times during the exponential growth of the instability, the growth of the
fluctuations is dominated by the mode with kn = kmax and the mean stress T̄rφ (t)
will tend to the total mean energy Ē(t), i.e.,
lim T̄rφ (t) = lim Ē(t) .
t1

t1

(3.82)

Furthermore, according to the first equality in equation (3.78), we can conclude that the ratio of the mean magnetic to the mean kinetic energies has the
same functional dependence on the shear parameter, q, as does the (negative of
the) ratio between the mean Maxwell and the mean Reynolds stresses given by
equation (3.84), i.e.,
ĒM (t)
4−q
=
.
t1 ĒK (t)
q

lim

(3.83)

Therefore, the mean energy associated with magnetic fluctuations is always larger
than the mean energy corresponding to kinetic fluctuations as long as the flow is
Rayleigh-stable.
3.6

Discussion

In this chapter we have studied the properties of the mean Maxwell and Reynolds stresses in a differentially rotating flow during the exponential growth of the
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magnetorotational instability and have identified its signature in their temporal
evolution. In order to achieve this goal, we obtained the complex eigenvectors
associated with the magnetorotational instability and presented the formalism
needed to calculate the temporal evolution of the mean Maxwell and Reynolds
stresses in terms of them.
We showed that, during the phase of exponential growth characterizing the
instability, the mean values of the Reynolds and Maxwell stresses are always positive and negative, respectively, i.e., R̄rφ (t) > 0 and M̄rφ (t) < 0. This leads, automatically, to a net outward angular momentum flux mediated by a total mean
positive stress, T̄rφ (t) = R̄rφ (t) − M̄rφ (t) > 0. We further demonstrated that, for a
flow that is Rayleigh-stable (i.e., when q = −d ln Ω/d ln r < 2), the contributions
to the total stress associated with the correlated magnetic fluctuations are always

larger than the contributions due to the correlations in the velocity fluctuations,
i.e., −M̄rφ (t) > R̄rφ (t).

We also proved that, during the late times of the linear phase of the instability,

the ratio of the Maxwell to the Reynolds stresses simply becomes
lim
t1

4−q
−M̄rφ (t)
=
.
q
R̄rφ (t)

(3.84)

This is a remarkable result, because it does not depend on the initial spectrum of
fluctuations or the value of the seed magnetic field. It is, therefore, plausible that,
even in the saturated state of the instability, when fully developed turbulence is
present, the ratio of the Maxwell to the Reynolds stresses has also a very weak
dependence on the properties of the turbulence and is determined mainly by the
local shear.
For shearing box simulations with a Keplerian velocity profile, the ratio of the
Maxwell to the Reynolds stresses in the saturated state has been often quoted to
be constant indeed (of order ' 4), almost independent of the setup of the sim-
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ulation, the initial conditions, and the boundary conditions. This is shown in
Figure 3.3, where we plot the correlation between the Maxwell stress, M̄rφ , and
the Reynolds stress, R̄rφ , at saturation, for a number of numerical simulations of
shearing boxes, with Keplerian velocity profiles but different initial conditions
(data points are from Hawley, Gammie, & Balbus 1995; Stone & Balbus 1996;
Fleming & Stone 2003; Sano, Inutsuka, Turner, & Stone 2004; Gardiner & Stone
2005). It is remarkable that this linear correlation between the stresses, in fully
developed turbulent states resulting from very different sets of initial conditions,
spans over six orders of magnitude. The ratio −M̄rφ /R̄rφ = 4 is shown in the

same figure with a dashed line, whereas the solid line shows the ratio obtained

from equation (3.84) for q = 3/2, i.e., −M̄rφ /R̄rφ = 5/3, characterizing the linear
phase of the instability. Hence, to within factors of order unity, the ratio between
the stresses in the turbulent state seems to be independent of the initial set of conditions over a wide range of parameter space and to be similar to the value set
during the linear phase of the instability.
The dependence of the ratio of the stresses on the shear parameter, q, has not
been studied extensively with numerical simulations so far. The only comprehensive study is by Hawley, Balbus, & Winters (1999) and their result is shown
in Figure 3.4. Note that, Hawley, Balbus, & Winters (1999) quote the average
stresses and the width of their distribution throughout the simulations, but not
the uncertainty in the mean values. In Fig. 3.4, we have assigned a nominal 30%
uncertainty to their quoted mean values. This is comparable to the usual quoted
uncertainty for the stresses and is also comparable to the spread in Fig. 3.3. Superimposed on the figure is the analytic prediction, equation (3.84), for the ratio
of the stresses as a function of the shear q at late times during the exponential
growth of the MRI. In this case, the qualitative trend followed by the ratio of
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Figure 3.3 The correlation between the Maxwell stress, M̄rφ , and the Reynolds
stress, R̄rφ , at saturation obtained in numerical simulations of shearing boxes
with Keplerian velocity profiles but different initial conditions. Filled circles correspond to simulations with zero net vertical magnetic flux. Open circles correspond
to simulations with finite net vertical magnetic flux. Squares correspond to simulations with an initial toroidal field. (See the text for references.) The dashed line
is the correlation often quoted in the literature. The solid line corresponds to the
late-time ratio of the two stresses during the exponential growth of the MRI, as
predicted by equation (3.84) for q = 3/2.
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Figure 3.4 The dependence of the ratio of the mean Maxwell to the mean Reynolds stresses, −M̄rφ /R̄rφ , on the shear parameter q. The data points correspond
to the results of shearing box simulations by Hawley, Balbus, & Winters (1999) in
the saturated state. The solid line shows the analytic result (eq. [3.84]) for the ratio
of the mean stresses during the late time of the exponential growth of the MRI.
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the stresses at saturation as a function of the shear parameter q seems also to be
similar to that obtained at late times during the linear phase of the instability.
The simultaneous analysis of Figures 3.3 and 3.4 demonstrates that the ratio
−M̄rφ /R̄rφ during the turbulent saturated state in local simulations of accretion
disks is determined almost entirely by the local shear and depends very weakly

on the other properties of the flow or the initial conditions. These figures also
show that the ratios of the Maxwell to the Reynolds stresses calculated during
the turbulent saturated state are qualitatively similar to the corresponding ratios
found during the late times of the linear phase of the instability, even though the
latter are slightly lower (typically by a factor of 2). This is remarkable because,
when deriving equation (3.84) we have assumed that the MHD fluid is incompressible and considered only fluctuations that depend on the vertical, z, coordinate. Moreover, in the spirit of the linear analysis, we have not incorporated
energy cascades between different scales, neither did we consider dissipation or
reconnection processes that lead to saturation. Of course, the numerical simulations addressing the non-linear regime of the instability do not suffer from any
of the approximations invoked to solve for the temporal evolution of the stresses
during the phase of exponential growth. Nevertheless, the ratio of the Maxwell
to the Reynolds stresses that characterize the turbulent saturated state are similar
(to within factors of order unity) to the ratios characterizing the late times of the
linear phase of the instability.
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C HAPTER 4
A M ODEL FOR A NGULAR M OMENTUM T RANSPORT IN A CCRETION D ISKS
D RIVEN BY THE M AGNEOTROTATIONAL I NSTABILITY
In this Chapter, we develop a local model for the exponential growth and saturation of the Reynolds and Maxwell stresses in turbulent flows driven by the
magnetorotational instability. We first derive equations that describe the effects
of the instability on the growth and pumping of the stresses. We highlight the
relevance of a new type of correlation that couples the dynamical evolution of
the Reynolds and Maxwell stresses and plays a key role in developing and sustaining the magnetorotational turbulence. We then supplement these equations
with a phenomenological description of the triple correlations that lead to a saturated turbulent state. We show that the steady-state limit of the model describes
successfully the correlations among stresses found in numerical simulations of
shearing boxes.
4.1

Introduction

Since the early days of accretion disk theory, it has been recognized that molecular
viscosity cannot account for a number of observational properties of accreting
objects. Shakura & Sunyaev (1973) introduced a parametrization of the shear
stress that has been widely used since. Much of the success of their model lies
on the fact that many disk observables are determined mostly by energy balance
and depend weakly on the adopted prescription (Balbus & Papaloizou, 1999).
However, this parametrization leaves unanswered fundamental questions on the
origin of the anomalous transport and its detailed characteristics.
Strong support for the relevance of magnetic fields in accretion disks arose
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with the realization that differentially rotating flows with radially decreasing angular velocities are unstable when threaded by weak magnetic fields (Balbus &
Hawley, 1991, 1998). Since the discovery of this magnetorotational instability
(MRI), a variety of local (Hawley, Gammie, & Balbus, 1995, 1996; Sano, Inutsuka, Turner, & Stone, 2004) and global (Hawley, 2000, 2001; Stone & Pringle,
2001; Hawley & Krolik, 2001) numerical simulations have confirmed that its longterm evolution gives rise to a sustained turbulent state and outward angular momentum transport. However, global simulations also demonstrate that angular
momentum transfer in turbulent accretion disks cannot be adequately described
by the Shakura & Sunyaev prescription. In particular, there is evidence that the
turbulent stresses are not proportional to the local shear (Abramowicz, Brandenburg, & Lasota, 1996) and are not even determined locally (Armitage, 1998).
Some attempts to eliminate these shortcomings have been made within the
formalism of mean-field magnetohydrodynamics (Krause & Rädler, 1980). This
has been a fruitful approach for modeling the growth of mean magnetic fields
in differentially rotating media (Brandenburg & Subramanian, 2005). However,
it has proven difficult to use a dynamo model to describe the transport of angular momentum in these systems (Blackman, 2001; Brandenburg, 2005). This is
especially true in turbulent flows driven by the MRI, where the fluctuations in
the magnetic energy are larger than the mean magnetic energy, and the turbulent velocity and magnetic fields evolve simultaneously (Balbus & Hawley, 1991,
1998).
In order to overcome this difficulty various approaches have been taken in
different physical setups. Blackman & Field (2002) derived a dynamical model
for the nonlinear saturation of helical turbulence based on a damping closure for
the electromotive force in the absence of shear. On the other hand, Kato and
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Yoshizawa (see, e.g., Kato & Yoshizawa 1993, 1995; Kato, Fukue, & Mineshige
1998) and Ogilvie (2003) derived a set of closed dynamical equations that describe
the growth and saturation of the Reynolds and Maxwell stresses in shearing flows
in the absence of mean magnetic fields.
In this chapter, we relax some of the key assumptions made in previous works
and develop the first local model for the dynamical evolution of the Reynolds and
Maxwell tensors in turbulent magnetized accretion disks that explicitly incorporates the MRI as their source.
4.2

A Model for MHD Turbulent Pumping by the MRI

The equation describing the dynamical evolution of the mean angular momentum density, ¯l, of a fluid element in an accretion disk with tangled magnetic fields
is
∂t ¯l + ∇·(¯lv̄) = −∇·(r F̄ ) .

(4.1)

Here, the over-bars denote properly averaged values, v̄ is the mean flow velocity,
and the vector F̄ characterizes the flux of angular momentum. Its radial component, F̄r ≡ R̄rφ − M̄rφ , is equal to the total stress acting on a fluid element. The

stresses due to correlations in the velocity field, R̄rφ ≡ hρδvr δvφ i, and magnetic
field fluctuations, M̄rφ ≡ hδBr δBφ i/4π, are the Reynolds and Maxwell stresses,

respectively. A self-consistent accretion disk model based on the solution of the

equations for the mean velocities requires a closed system of equations for the
temporal evolution of these mean stresses.
In a recent paper (Pessah, Chan, & Psaltis, 2006a), we identified the signature
of the magnetorotational instability in the mean Maxwell and Reynolds stresses
due to correlated fluctuations of the form δv = [δvr (t, z), δvφ (t, z), 0] and δB =
[δBr (t, z), δBφ (t, z), 0] in an incompressible, cylindrical, differentially rotating flow,
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threaded by a mean vertical magnetic field, B̄z . We demonstrated that a number
of properties of the mean stresses during the initial phase of exponential growth
of the MRI are approximately preserved in the saturated state reached in local
three-dimensional numerical simulations. As a first step in our calculation, we
aim to derive dynamical equations for the mean stresses that describe this result.
In order to work with dimensionless variables we consider the characteristic
√
time- and length-scales set by 1/Ω0 and v̄Az /Ω0 . Here, Ω0 and v̄Az = B̄z / 4πρ0
denote the local values of the angular frequency and the (vertical) Alfv én speed
in the disk with local density ρ0 at the fiducial radius r0 . The equations governing the local dynamics of the (dimensionless) MRI-driven fluctuations in Fourier
space, are then given by (Pessah, Chan, & Psaltis, 2006a),

ˆ r = 2δvˆφ + ikn δbˆr ,
∂t δv

(4.2)

ˆ r + ikn δbˆφ ,
∂t δvˆφ = (q − 2)δv

(4.3)

ˆr ,
∂t δbˆr = ikn δv

(4.4)

∂t δbˆφ = −q δbˆr + ikn δvˆφ ,

(4.5)

ˆ i and δb
ˆ i stand for the Fourier transform of the dimensionless physical
where δv
fluctuations δvi /v̄Az and δBi /B̄z . The wavenumber, kn , denotes the mode with n
nodes in the vertical direction and the parameter q ≡ −d ln Ω/d ln r| r0 is a measure
of the local shear.

Using the fact that the modes with vertical wavevectors dominate the fast
growth driven by the MRI, we obtain a set of equations to describe the initial
exponential growth of the Reynolds and Maxwell stresses. We start from the
equations for the fluctuations (4.2)–(4.5) and use the fact that the mean value of
the product of two functions f and g, with zero means, is given by (Pessah, Chan,
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& Psaltis 2006a; see also chapter 3),
hf gi(t) ≡ 2

∞
X

Re[ fˆ(kn , t) ĝ ∗ (kn , t) ] .

(4.6)

n=1

By combining different moments of equations (4.2)–(4.5) we obtain the dimensionless set
∂t R̄rr = 4R̄rφ + 2W̄rφ ,

(4.7)

∂t R̄rφ = (q − 2)R̄rr + 2R̄φφ − W̄rr + W̄φφ ,

(4.8)

∂t R̄φφ = 2(q − 2)R̄rφ − 2W̄φr ,

(4.9)

∂t M̄rr = −2W̄rφ ,

(4.10)

∂t M̄rφ = −q M̄rr + W̄rr − W̄φφ ,

(4.11)

∂t M̄φφ = −2q M̄rφ + 2W̄φr ,

(4.12)

where we have defined the tensor W̄ij with components
hδbφ δωφ i ,

(4.13)

W̄rφ ≡ hδvr δjφ i = −hδbr δωφ i ,

(4.14)

W̄φr ≡ hδvφ δjr i = −hδbφ δωr i ,

(4.15)

W̄φφ ≡ hδvφ δjφ i =

(4.16)

W̄rr ≡ hδvr δjr i =

hδbr δωr i .

Here, δji and δωi , for i = r, φ, stand for the components of the induced current
δj = ∇×δb and vorticity δω = ∇×δv fluctuations. Note that the components of
the tensor W̄ij are defined in terms of the correlations between the velocity and
current fields. However, for the case under consideration, these are identical to
the corresponding correlations between the magnetic field and vorticity fluctuations (eqs. [4.13]-[4.16]).
Equations (4.7)–(4.12) show that the MRI-driven growth of the Reynolds and
Maxwell tensors can be described formally only via the correlations W̄ij that con-
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nect the equations for their temporal evolution. Note that, in contrast to the correlations hδvi δωk i and hδbi δjk i, that appear naturally in helical dynamo modeling

and transform as tensor densities (i.e., as the product of a vector and an axial

vector), the correlations hδvi δjk i and hδbi δωk i transform as tensors. Moreover, the

tensor W̄ij cannot be recast in terms of the cross-helicity tensor H̄ij ≡ hδvi δbj i

because, for the unstable MRI modes, the ratio H̄ij /W̄ij approaches zero at late
times. Neither can W̄ij be expressed in terms of the turbulent electromotive force
hδv×δbi, as the latter vanishes under our set of assumptions, implying that no

mean magnetic field is generated.

In order to describe the MRI-driven exponential growth of the stresses in
equations (4.7)–(4.12) we need to write an additional set of dynamical equations
for the evolution of the tensor W̄ij . Using appropriate combinations of different
moments of equations (4.2)–(4.5) we obtain
R 2
M 2
∂t W̄rr = q W̄rφ + 2W̄φr + (k̄rφ
) R̄rφ − (k̄rφ
) M̄rφ ,

(4.17)

R 2
M 2
∂t W̄rφ = 2W̄φφ − (k̄rr
) R̄rr + (k̄rr
) M̄rr ,

(4.18)

R 2
M 2
∂t W̄φr = (q − 2)W̄rr + q W̄φφ + (k̄φφ
) R̄φφ − (k̄φφ
) M̄φφ ,

(4.19)

R 2
M 2
∂t W̄φφ = (q − 2)W̄rφ − (k̄rφ
) R̄rφ + (k̄rφ
) M̄rφ ,

(4.20)

where we have defined the set of mean wavenumbers
∞
X
ˆ i δv
ˆ j∗ ]
kn2 Re[δv
(k̄ijR )2 ≡

n=1
∞
X

,

(4.21)

ˆ i δv
ˆ j∗ ]
Re[δv

n=1

and

(k̄ijM )2 ≡

∞
X

ˆ i δb
ˆj∗ ]
kn2 Re[δb

n=1
∞
X
n=1

.
ˆ i δb
ˆj∗ ]
Re[δb

(4.22)
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4.3

A Model for the Saturation of MRI-driven Turbulence

The system of equations (4.7)–(4.12) and (4.17)–(4.20) describes the temporal evolution of the stresses during the exponential growth of the MRI in a way that is
formally correct, with no approximations. Motivated by the similarity between
the ratios of the stresses during the exponential growth of the MRI and during the
saturated turbulent state (Pessah, Chan, & Psaltis, 2006a), we propose to use the
right-hand sides of equations (4.7)–(4.12) and (4.17)–(4.20) as a local model for the
source of turbulence in MRI-driven magnetohydrodynamic flows. Of course, in
the turbulent regime, the various average wavenumbers k̄ijR,M will depend on the
spectrum of velocity and magnetic field fluctuations. As the lowest order model
for these wavenumbers we choose
(k̄ijR,M )2

=

2
ζ 2 kmax



q2
=ζ q−
4
2

for i, j = r, φ ,

(4.23)

where ζ is a parameter of order unity and kmax corresponds to the wavenumber at
which the growth rate of the fluctuations reaches its maximum value, γ max ≡ q/2.

By construction, the set of equations (4.7)–(4.12) and (4.17)–(4.20) leads to

the expected exponential growth of the mean stresses driven by modes with
wavevectors perpendicular to the disk midplane. These modes, however, are
known to be subject to parasitic instabilities, which transfer energy to modes
in the perpendicular (kr , kφ ) directions (Goodman & Xu, 1994). The initial fast
growth experienced by the stresses will eventually be slowed down by the combined effects of non-linear couplings between modes and of dissipation at the
smallest scales of interest.
The terms accounting for these interactions would appear in the equations for
the stresses as triple correlations between components of the velocity and magnetic fields, i.e., they would be of the form hδvi δvj δbk i and hδvi δbj δbk i. These types
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of non-linear terms have also been considered by Ogilvie (2003), who proposed
scalings of the form
1/2

hδvi δvj δbk i ∼ hδvi δvj i hδbk δbk i1/2 ∼ M̄kk R̄ij .

(4.24)

In the absence of a detailed model for these correlations and motivated again
by the similarity of the stress properties during the exponential growth of the MRI
and the saturated turbulent state (Pessah, Chan, & Psaltis, 2006a), we introduce
a phenomenological description of the non-linear effects on the evolution of the
various stresses. In particular, denoting by X̄ij the ij-component of any one of
the three tensors, i.e., R̄ij , M̄ij , or W̄ij , we add to the equation for the temporal
evolution of that component the sink term1
s
M̄
∂ X̄ij
≡−
X̄ij .
∂t sink
M̄0

(4.25)

Here, M̄ /2 = (M̄rr + M̄φφ )/2 is the mean magnetic energy density in the fluctuations and M̄0 is a parameter.
Adding the sink terms to the system of equations (4.7)–(4.12) and (4.17)–(4.20)
leads to a saturation of the stresses after a few characteristic timescales, preserving the ratio of the various stresses to the value determined by the exponential
growth due to the MRI and characterized by the parameter ζ. These non-linear
terms dictate only the saturated level of the mean magnetic energy density according to limt→∞ M̄ = Γ2 M̄0 , where Γ is the growth rate for the stresses, which,
in the case of a Keplerian disk, with q = 3/2, is given by
Γ2 = 2

hp

1 + 15ζ 2 − 1 + 15ζ 2 /8

i

.

(4.26)

We infer the dependence of the energy density scale M̄0 /2 on the four characteristic scales in the problem Ω0 , H (the vertical length of the box), ρ0 , and v̄Az
1

The complete set of equations is explicitly written in §5.3.3
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using dimensional analysis. We obtain
2−δ
M̄0 /2 ∝ ρ0 H δ Ωδ0 v̄Az

(4.27)

which leads, with the natural choice δ = 1, to (in dimensional quantities)
M̄0 /2 ≡ ξρ0 HΩ0 v̄Az ,

(4.28)

where we have introduced the parameter ξ.
Our expression for M̄0 describes the same scaling between the magnetic energy density during saturation and the various parameters characterizing the
disk (ρ0 , H, Ω0 , and v̄Az ) found in a series of shearing box simulations threaded
by a finite vertical magnetic field and with a Keplerian shearing profile (Hawley,
Gammie, & Balbus, 1995, 1996). By performing a numerical study of the late-time
solutions of the proposed model, we found a unique set of values (ζ, ξ) such that
its asymptotic limit describes the correlations found in these numerical simulations.
Figure 4.1 shows the correlations between the rφ-components of the Maxwell
and Reynolds stresses and the mean magnetic energy density found during the
saturated state in numerical simulations (Hawley, Gammie, & Balbus, 1995, 1996).
In our model, this ratio depends only on the parameter ζ and the shear q (held
fixed at q = 3/2 in the simulations). It is evident that, in the numerical simulations, the ratios of the stresses to the magnetic energy density are also practically
independent of any of the initial parameters in the problem that determine the
magnetic energy density during saturation (i.e., the x-axis in the plot). This is
indeed why we required for our model of saturation to preserve the stress ratios that are determined during the exponential phase of the MRI. Assigning the
same fractional uncertainty to all the numerical values for the stresses, our model
describes both correlations simultaneously for ζ = 0.3.
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Figure 4.1 Correlations between the Maxwell and Reynolds stresses and mean
magnetic energy density at saturation in MRI-driven turbulent shearing boxes
(Hawley, Gammie, & Balbus, 1995, 1996). The lines show the result obtained with
our model in the asymptotic limit for ζ = 0.3.
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Figure 4.2 shows the mean magnetic energy density in terms of a saturation
predictor found in numerical simulations (Hawley, Gammie, & Balbus, 1995,
1996). For ζ = 0.3 and assigning the same fractional uncertainty to all the numerical values for the stresses, we obtain the best fit for ξ = 11.3. These values
for the parameters complete the description of our model.
4.4

Discussion

In summary, in this chapter we developed a local model for the evolution and saturation of the Reynolds and Maxwell stresses in MRI-driven turbulent flows. The
model is formally complete when describing the initial exponential growth and
pumping of the MRI-driven stresses and, thus, satisfies, by construction, all the
mathematical requirements described by Ogilvie (2003). Although it is based on
the absolute minimum physics (shear, uniform B̄z , 2D-fluctuations) for the MRI
to be at work, the model is able, in its asymptotic limit, to recover successfully
the correlations found in three-dimensional local numerical simulations (Hawley, Gammie, & Balbus, 1995, 1996).
Finally, the local model described here contains an unexpected feature. The
mean magnetic field in the vertical direction couples the Reynolds and Maxwell
stresses via the correlations between the fluctuations in the velocity field and the
fluctuating currents generated by the perturbations in the magnetic field. These
second order correlations, that we denoted by the tensor W̄ij , play a crucial role
in driving the exponential growth of the mean stresses and energy densities observed in numerical simulations. To our knowledge this is the first time that their
relevance has been pointed out in either the context of dynamo theory or MRIdriven turbulence.
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Figure 4.2 The mean magnetic energy density in terms of a saturation predictor
found at late times in numerical simulations of MRI-driven turbulence (Hawley,
Gammie, & Balbus, 1995, 1996). The line shows the result obtained with our
model in the asymptotic limit for ζ = 0.3 and ξ = 11.3.
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C HAPTER 5
T HE F UNDAMENTAL D IFFERENCE B ETWEEN A LPHA -V ISCOSITY AND
T URBULENT M AGNETOROTATIONAL S TRESSES
Numerical simulations of turbulent, magnetized, differentially rotating flows
driven by the magnetorotational instability are often used to calculate the effective values of alpha viscosity that is invoked in analytical models of accretion
disks. In this chapter we use various dynamical models of turbulent magnetohydrodynamic stresses as well as numerical simulations of shearing boxes to
show that angular momentum transport in accretion disks cannot be described by
the alpha model. In particular, we demonstrate that turbulent magnetorotational
stresses are not linearly proportional to the local shear and vanish identically for
angular velocity profiles that increase outwards.
5.1

Introduction

It has long been recognized that molecular viscosity cannot be solely responsible for angular momentum transport in accretion disks. Shakura & Sunyaev
(1973) offered an appealing solution to this problem by postulating a source of
enhanced viscosity due to turbulence and magnetic fields. The standard accretion disk model rests on the idea that the stresses between adjacent disk annuli
are proportional to the local shear, as in a Newtonian laminar shear flow, but that
it is the interaction of large turbulent eddies that results in efficient transport.
The idea that angular momentum transport in accretion disks can be described in
terms of an enhanced version of shear-driven transport in (laminar) differentially
rotating media has been at the core of the majority of studies in accretion disk
theory and phenomenology ever since (see, e.g., Frank, King, & Raine, 2002).
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The origin of the turbulence that leads to enhanced angular momentum transport in accretion disks has been a matter of debate since the work of Shakura &
Sunyaev (1973). The issue of whether hydrodynamic turbulence can be generated and sustained in astrophysical disks, due to the large Reynolds numbers
involved, is currently a matter of renewed interest (Afshordi, Mukhopadhyay, &
Narayan, 2005; Mukhopadhyay, Afshordi, & Narayan, 2005). However, this idea
has long been challenged by analytical (Ryu & Goodman, 1992; Balbus & Hawley,
2006), numerical (Stone & Balbus, 1996; Balbus, Hawley, & Stone, 1996; Balbus &
Hawley, 1997; Hawley, Balbus, & Winters, 1999), and, more recently, experimental
work (Ji, Burin, Schartman, & Goodman, 2006).
During the last decade, it has become evident that the interplay between turbulence and magnetic fields is at a more fundamental level than originally conceived. There is now strong theoretical and numerical evidence suggesting that
the process driving turbulence is related to a magnetic instability that operates
in the presence of a radially decreasing angular velocity profile. Since the appreciation of the relevance of this magnetorotational instability (MRI) to accretion physics (Balbus & Hawley 1991; see Balbus & Hawley 1998 and Balbus 2003
for a more recent review), a variety of local (Hawley, Gammie, & Balbus, 1995,
1996; Stone, Hawley, Gammie, & Balbus, 1996; Brandenburg, Nordlund, Stein,
& Torkelsson, 1995; Brandenburg, 2001; Sano, Inutsuka, Turner, & Stone, 2004)
and global (Armitage, 1998; Hawley, 2000, 2001; Hawley & Krolik, 2001; Stone &
Pringle, 2001) numerical simulations have revealed that its long-term evolution
gives rise to a turbulent state and provides a natural avenue for vigorous angular
momentum transport.
The fact that the overall energetic properties of turbulent magnetohydrodynamic (MHD) accretion disks are similar to those of viscous accretion disks (Bal-
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bus & Papaloizou, 1999) has lead to the notion that angular momentum transport due to MRI-driven turbulence in rotating shearing flows can be described in
terms of the alpha model proposed by Shakura & Sunyaev (1973). This, in turn,
has motivated many efforts aimed to computing effective alpha values from numerical simulations (see, e.g., Gammie, 1998; Brandenburg, 1998, and references
therein) in order to use them in large scale analytical models of accretion disks.
In this chapter, we address in detail how the transport of angular momentum
mediated by MHD turbulence depends on the magnitude of the local shear and
contrast this result to the standard model for shear viscosity. We find that one of
the fundamental assumptions in which the standard viscous disk model is based,
i.e., that angular momentum transport is linearly proportional to the local shear,
is not appropriate for describing turbulent MRI-driven accretion disks.

5.2

Alpha Viscosity vs. MHD Stresses

The equation describing the dynamical evolution of the mean angular momentum density of a fluid element, ¯l, in an axisymmetric turbulent MHD accretion
disk with tangled magnetic fields is
∂ ¯l 1 ∂ ¯
1 ∂ 2
+
(rlv̄r ) = −
(r T̄rφ ) .
∂t r ∂r
r ∂r

(5.1)

Here, the over-bars denote properly averaged values (see, e.g., Balbus & Hawley,
1998; Balbus & Papaloizou, 1999), v̄r is the radial mean flow velocity, and the
quantity T̄rφ represents the total stress

T̄rφ ≡ R̄rφ − M̄rφ

(5.2)
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acting on a fluid element as a result of the correlated fluctuations in the velocity
and magnetic fields in the turbulent flow, i.e.,
R̄rφ ≡ hρδvr δvφ i ,

(5.3)

M̄rφ ≡

(5.4)

hδBr δBφ i
,
4π

where R̄rφ and M̄rφ stand for the rφ-components of the Reynolds and Maxwell
stress tensors, respectively.
Equation (5.1) highlights the all-important role played by correlated velocity
and magnetic-field fluctuations in turbulent accretion disks; if they vanish, the
mean angular momentum density of a fluid element is conserved. In order for
matter in the bulk of the disk to accrete, i.e., to lose angular momentum, the sign
of the mean total stress must be positive. Note that the potential for correlated kinetic fluctuations to transport angular momentum in unmagnetized disks is still
present in the hydrodynamic version of equation (5.1). However, as noted by Balbus & Hawley (1997, 1998), the dynamical role played by the correlated velocity
fluctuations in hydrodynamic flows is radically different from the corresponding
role played by correlated velocity and magnetic field fluctuations in MHD flows,
even when the magnetic fields involved are weak.
In order to calculate the structure of an accretion disk for which angular momentum transported is described by equation (5.1), it is necessary to obtain a
closed system of equations for the second-order correlations defining the total
stress T̄rφ . In this context, the original proposal by Shakura and Sunyaev (see
also, Lynden-Bell & Pringle, 1974) can be seen as a simple closure scheme for the
correlations defining the total turbulent stress in terms of mean flow variables.
The model for angular momentum transport on which the standard accretion
disk is based rests on two distinct assumptions. First, it is postulated that the
vertically averaged stress exerted on any given disk annulus can be modeled as a
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shear viscous stress (Lynden-Bell & Pringle, 1974), i.e., in cylindrical coordinates,
v
T̄rφ
≡ −rΣνturb

dΩ
,
dr

(5.5)

where Σ and Ω stand for the vertically integrated disk density and the angular
velocity at the radius r, respectively. This is the Newtonian model for the viscous
stress between adjacent layers in a differentially rotating laminar flow (Landau &
Lifshitz, 1959); the coefficient νturb describes in this case the turbulent kinematic
viscosity. In this model, the direction of angular momentum transport is always
opposite to the angular velocity gradient. This is the essence of a shear viscous
disk.
Second, on dimensional grounds, it is assumed that the viscosity coefficient
is given by νturb ≡ αcs H. This is because the physical mechanism that allows

for angular momentum transport is envisaged as the result of the interaction of

turbulent eddies of typical size equal to the disk scale-height, H, on a turnover
time of the order of H/cs , where cs is the isothermal sound speed. The parameter
alpha is often assumed to be constant and smaller than unity. In the presence of
a shearing background, the vertically integrated stress is then given by
v
T̄rφ
= −αP

d ln Ω
,
d ln r

(5.6)

where P = Σc2s stands for the average pressure and we have used the fact that the
scale-height of a thin disk in vertical hydrostatic equilibrium is roughly H ∼ c s /Ω.
This parameterization of the coefficient of turbulent kinematic viscosity implies

that the efficiency with which angular momentum is transported is proportional
to the local average pressure. This is the idea behind the standard alpha-disk
model.
Note that the expression usually employed to define the stress in alpha-models,
v
i.e., T̄rφ
= αP , only provides the correct order of magnitude for the stress in terms
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of the pressure for a Keplerian disk. Indeed, in this case, the shear parameter is
q ≡ −d ln Ω/d ln r = 3/2 ∼ 1. However, the fact that the viscous stress is pro-

portional to the local shear cannot be overlooked for regions of the disk where

the local angular velocity can differ significantly from its Keplerian value. This
is expected to be the case in the boundary layer around an accreting star or close
to the marginally stable orbit around a black hole. These inner disk regions are
locally characterized by different, and possibly negative, shearing parameters q.
It is important to emphasize that, if the explicit dependence of the stress on the local shear is not considered then equation (5.6) predicts unphysical, non-vanishing
stresses for solid body rotation, q ≡ 0 (c.f., Blaes, 2004).

More than a decade after the paper by Balbus & Hawley (1991), the MRI

stands as the most promising driver of the turbulence thought to enable the accretion process. It is important to note, however, that there is no a priori reason
to assume that the correlated fluctuations defining the total turbulent stress in
MRI-driven turbulence are linearly proportional to the local shear. In fact, this
assumption can be challenged on both theoretical and numerical grounds.
5.3

Predictions from Stress Modeling

There are currently few models that aim to describe the local dynamics of turbulent stresses in differentially rotating magnetized media by means of high-order
closure schemes (Kato & Yoshizawa, 1993, 1995; Ogilvie, 2003; Pessah, Chan, &
Psaltis, 2006b)1 . In these models, the total stress, T̄rφ = R̄rφ − M̄rφ , is not prescribed, as in equation (5.6), but its value is calculated considering the local ener-

getics of the turbulent flow. This is achieved by deriving a set of non-linear cou1
The studies described here concern models for the evolution of the various correlated fluctuations relevant for describing the dynamics of a turbulent magnetized flow. We note that Vishniac
& Brandenburg (1997) proposed an incoherent dynamo model for the transport of angular momentum driven by the generation of large-scale radial and toroidal magnetic fields.
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pled equations for the various components of the Reynolds and Maxwell stress
tensors. These equations involve unknown triple-order correlations among fluctuations making necessary the addition of ad hoc closure relations.
Although the available models differ on the underlying physical mechanisms
that drive the turbulence and lead to saturation, some important characteristics
of the steady flows that they describe are qualitatively similar. In particular, all of
the models predict that turbulent kinetic/magnetic cells in magnetized Keplerian
disks are elongated along the radial/azimuthal direction, i.e., R̄rr > R̄φφ while
M̄φφ > M̄rr . Furthermore, turbulent angular momentum transport is mainly carried by correlated magnetic fluctuations, rather than by their kinetic counterpart,
i.e., −M̄rφ > R̄rφ . These properties are in general agreement with local numerical

simulations. However, a distinctive quantitative feature of these models that con-

cerns us here is that they make rather different predictions for how the stresses
depend on the magnitude and sign of the angular velocity profile.
In the remainder of this section, we highlight the most relevant physical properties characterizing the various models and assess the functional dependence of
the total stress, T̄rφ , on the sign and steepness of the local angular velocity profile.
For convenience, we summarize in Appendix A the various sets of equations that
define each of the models.
5.3.1

Kato & Yoshizawa 1995

In a series of papers, Kato & Yoshizawa (1993, 1995) developed a model for hydromagnetic turbulence in accretion disks with no large scale magnetic fields (see
Kato, Fukue, & Mineshige, 1998, for a review, and Nakao 1997 for the inclusion
of large scale radial and toroidal fields). In their closure scheme, triple-order
correlations among fluctuations in the velocity and magnetic fields are modeled
in terms of second-order correlations using the two-scale direct interaction ap-
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proximation (Yoshizawa, 1985; Yoshizawa, Itoh, & Itoh, 2003), as well as mixing
length concepts. The temporal evolution of the Reynolds and Maxwell stresses is
described by
2
∂t R̄rr = 4R̄rφ + Π̄rr − S̄rr − G ,
3
∂t R̄rφ = (q − 2)R̄rr + 2R̄φφ + Π̄rφ − S̄rφ ,

2
∂t R̄φφ = 2(q − 2)R̄rφ + Π̄φφ − S̄φφ − G ,
3
2
∂t R̄zz = Π̄zz − S̄zz − G ,
3
2
∂t M̄rr = S̄rr − 2β M̄rr − M ,
3
∂t M̄rφ = −q M̄rr + S̄rφ − 2β M̄rφ ,

2
∂t M̄φφ = −2q M̄rφ + S̄φφ − 2β M̄φφ − M ,
3
2
∂t M̄zz = S̄zz − 2β M̄zz − M ,
3

(5.7)
(5.8)
(5.9)
(5.10)
(5.11)
(5.12)
(5.13)
(5.14)

where the relevant characteristic speed used to define dimensionless variables is
the local sound speed2 .
In this model, the flow of turbulent energy from kinetic to magnetic field fluctuations is determined by the tensor given by
S̄ij = C1S R̄ij − C2S M̄ij ,

(5.15)

where C1S and C2S are model constants. This tensor plays the most relevant role in
connecting the dynamics of the different components of the Reynolds and Maxwell tensors. If S̄ij is positive, the interactions between the turbulent fluid motions and tangled magnetic fields enhances the latter.
2
In order to simplify the comparison between the different models, we adopt the notation introduced in §5.2, even if this was not the original notation used by the corresponding authors.
With the same motivation, we work with dimensionless sets of equations obtained by using the
inverse of the local angular frequency (Ω−1
0 ) as the unit of time and the relevant characteristic
speeds or lengths involved in each case. We also provide the values of the various model constants that were adopted in order to obtain the total turbulent stresses as a function of the local
shear shown in Figure 5.1.
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The pressure-strain tensor is modeled in the framework of the two scale direct
interaction approximation according to
Π̄ij = −C1Π (R̄ij − δij R̄/3) − C2Π (M̄ij − δij M̄ /3)
−q C0Π R̄ (δir δjφ + δiφ δjr ) ,

(5.16)

where R̄ and M̄ stand for the traces of the Reynolds and Maxwell stresses, respectively. This tensor accounts for the redistribution of turbulent kinetic energy
along the different directions and tends to make the turbulence isotropic. The
dissipation rates are estimated using mixing length arguments and are modeled
according to
3
νG (R̄ + M̄ ) ,
2
3
νM (R̄ + M̄ ) ,
=
2

G =

(5.17)

M

(5.18)

where νG and νM are dimensionless constants. The escape of magnetic energy
in the vertical direction is taken into account phenomenologically via the terms
proportional to the (dimensionless) rate
β = X M̄ 1/2 ,

(5.19)

where 0 < X < 1 is a dimensionless parameter.
The values of the constants that we considered in order to obtain the curve
shown in Figure 5.1 are the same as the ones considered in case 2 in Kato &
Yoshizawa (1995), i.e., C0Π = C1Π = C2Π = C1S = C2S = 0.3, νG = νM = 0.03. We
further consider X = 0.5 as a representative case.
In this model, the shear parameter q appears explicitly only in the terms that
drive the algebraic growth of the turbulent stresses. The physical mechanism that
allows the stresses to grow is the shearing of magnetic field lines. This can be seen
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by ignoring all the terms that connect the dynamical evolution of the Reynolds
and Maxwell stresses. When this is the case, the dynamics of these two quantities
are decoupled. The Maxwell stress exhibits algebraic growth while the Reynolds
stress oscillates if the flow is Rayleigh stable. The growth of the magnetic stresses
is communicated to the different components of the Reynolds stress via the tensor
S̄ij ≡ C1S R̄ij − C2S M̄ij .

A characteristic feature of this model is that the physical mechanism that

leads to saturation is conceived as the escape of magnetic energy in the vertical direction. This process is incorporated phenomenologically by accounting for
the leakage of magnetic energy with terms of the form −β M̄ij , where β stands

for the escape rate. Although turbulent kinetic and magnetic dissipation act as
sink terms in the equations for the various stress components (proportional to the

model parameters G and M , respectively), if it were not for the terms accounting
for magnetic energy escape, the system of equations would be linear. This means
that, in order for a stable steady-state solution to exist, either the initial conditions
or the constants defining the model will have to be fine-tuned.
The functional dependence of the total stress on the shear parameter q for the
model proposed in Kato & Yoshizawa (1995) is shown in Figure 5.1. The model
predicts vanishingly small stresses for small values of |q|; the total stress T̄rφ is a

very strong function of the parameter q. Indeed, for q > 0, the model predicts
T̄rφ ∼ q 8 .
5.3.2

Ogilvie 2003

Based on a set of fundamental principles constraining the non-linear dynamics of
turbulent flows, Ogilvie (2003) developed a model for the dynamical evolution
of the Maxwell and Reynolds stresses. Five non-linear terms accounting for key
physical processes in turbulent media are modeled by considering the form of the
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Figure 5.1 Total turbulent stress at saturation as a function of the shear parameter q ≡ −dln Ω/dln r. The various lines show the predictions corresponding to
the three models for turbulent MHD angular momentum transport discussed in
§5.3. The filled circles correspond to the volume and time averaged MHD stresses
calculated from the series of shearing box simulations described in §5.4. Vertical
bars show the typical rms spread (roughly 20%) in the stresses as calculated from
ten numerical simulations for a Keplerian disk. The dotted line corresponds to a
linear relationship between the stresses and the local shear, like the one assumed
in the standard model for alpha viscosity. All the quantities in the figure are normalized to unity for a Keplerian profile, i.e., for q = 3/2.
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corresponding triple-order correlations, energy conservation, and other relevant
symmetries.
Ogilvie suggested that the functional form of the equations governing the local, non-linear dynamics of a turbulent MHD flow are strongly constrained by
a set of fundamental principles. The model that he developed is given by the
following set of equations
∂t R̄rr = 4R̄rφ − c1 R̄1/2 R̄rr − c2 R̄1/2 (R̄rr − R̄/3)
+c3 M̄ 1/2 M̄rr − c4 R̄−1/2 M̄ R̄rr ,

(5.20)

∂t R̄rφ = (q − 2)R̄rr + 2R̄φφ − (c1 + c2 )R̄1/2 R̄rφ
+c3 M̄ 1/2 M̄rφ − c4 R̄−1/2 M̄ R̄rφ ,

(5.21)

∂t R̄φφ = 2(q − 2)R̄rφ − c1 R̄1/2 R̄φφ − c2 R̄1/2 (R̄φφ − R̄/3)
+c3 M̄ 1/2 M̄φφ − c4 R̄−1/2 M̄ R̄φφ ,

(5.22)

∂t R̄zz = −c1 R̄1/2 R̄zz − c2 R̄1/2 (R̄zz − R̄/3)
+c3 M̄ 1/2 M̄zz − c4 R̄−1/2 M̄ R̄zz ,

(5.23)

∂t M̄rr = c4 R̄−1/2 M̄ R̄rr − (c3 + c5 )M̄ 1/2 M̄rr ,

(5.24)

∂t M̄rφ = −q M̄rr + c4 R̄−1/2 M̄ R̄rφ − (c3 + c5 )M̄ 1/2 M̄rφ ,

(5.25)

∂t M̄φφ = −2q M̄rφ + c4 R̄−1/2 M̄ R̄φφ − (c3 + c5 )M̄ 1/2 M̄φφ ,

(5.26)

∂t M̄zz = c4 R̄−1/2 M̄ R̄zz − (c3 + c5 )M̄ 1/2 M̄zz .

(5.27)

Here R̄ and M̄ denote the traces of the Reynolds and Maxwell tensors and we
have defined the quantities c1 , . . . , c5 which are related to the positive dimensionless constants defined by Ogilvie C1 , . . . , C5 via Ci = Lci , where L is a vertical
characteristic length (e.g., the thickness of the disk). Note that Ogilvie’s original
equations are written in terms of Oort’s first constant A = q/2.
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The constant c2 dictates the return to isotropy expected to be exhibited by
freely decaying hydrodynamic turbulence. The terms proportional to c 3 and c4
transfer energy between kinetic and magnetic turbulent fields. The constants c 1
and c5 are related to the dissipation of turbulent kinetic and magnetic energy,
respectively. Note that, in order to obtain the representative behavior of the total
turbulent stress as a function of the local shear that is shown Figure 1, we have
set c1 , . . . , c5 = 1.
The resulting model describes the development of turbulence in hydrodynamic as well as in magnetized non-rotating flows. An interesting feature is that,
depending on the values of some of the model constants, it can develop steady
hydrodynamic turbulence in rotating shearing flows. For differentially rotating
magnetized flows with no mean magnetic fields, the physical mechanism that allows the stresses to grow algebraically is the shearing of magnetic field lines, as
in the case of Kato & Yoshizawa (1995).
The transfer of energy between turbulent kinetic and magnetic field fluctuations is mediated by the tensor c3 M̄ 1/2 M̄ij − c4 R̄−1/2 M̄ R̄ij ,, where R̄ and M̄

are the traces of the Reynolds and Maxwell stresses, respectively, and c 3 and c4
are model constants. Note that, in this case, the terms that lead to communication between the different Reynolds and Maxwell stress components are intrinsically non-linear. The terms leading to saturation are associated with the turbulent dissipation of kinetic and magnetic energy and are given by −c 1 R̄1/2 R̄ij and

−c5 M̄ 1/2 M̄ij , respectively.

The dependence of the total stress on the shear parameter for the model described in Ogilvie (2003) is shown in Figure 5.1. For angular velocity profiles
satisfying 0 < q < 2, the stress behaves as T̄rφ ∼ q n with n between roughly 2 and

3. Although the functional dependence of the total stress on negative values of
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the shear parameter q is different from the one predicted by the model described
in Kato & Yoshizawa (1995), this model also generates MHD turbulence characterized by negative stresses for angular velocity profiles increasing outwards.

5.3.3

Pessah, Chan, & Psaltis 2006

Motivated by the similarities exhibited by the linear regime of the MRI and the
fully developed turbulent state (Pessah, Chan, & Psaltis, 2006a), we have recently
developed a local model for the growth and saturation of the Reynolds and Maxwell stresses in turbulent flows driven by the magnetorotational instability (Pessah, Chan, & Psaltis, 2006b).
Using the fact that the modes with vertical wave-vectors dominate the fast
growth driven by the MRI, we obtained a set of equations to describe the exponential growth of the different stress components. By proposing a simple phenomenological model for the triple-order correlations that lead to the saturated
turbulent state, we showed that the steady-state limit of the model describes successfully the correlations among stresses found in numerical simulations of shearing boxes (Hawley, Gammie, & Balbus, 1995).
In this model, the Reynolds and Maxwell stresses are not only coupled by
the same linear terms that drive the turbulent state in the previous two models
but there is also a new tensorial quantity that couples their dynamics further.
This new tensor cannot be written in terms of R̄ij or M̄ij , making it necessary to
incorporate additional dynamical equations.
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The set of equations defining the model is

∂t R̄rr = 4R̄rφ + 2W̄rφ −

s

M̄
R̄rr ,
M̄0

(5.28)

∂t R̄rφ = (q − 2)R̄rr + 2R̄φφ − W̄rr + W̄φφ −
∂t R̄φφ = 2(q − 2)R̄rφ − 2W̄φr −

s

s

M̄
R̄φφ ,
M̄0

2
∂t W̄rφ = 2W̄φφ − ζ 2 kmax
(R̄rr − M̄rr ) −

2
+ ζ 2 kmax
(R̄φφ − M̄φφ ) −

s

s

∂t M̄rr = −2W̄rφ −

s

s

M̄
W̄rr ,
M̄0

M̄
W̄rφ ,
M̄0

M̄
W̄φr ,
M̄0

2
∂t W̄φφ = (q − 2)W̄rφ − ζ 2 kmax
(R̄rφ − M̄rφ ) −

(5.31)
(5.32)

(5.33)
s

M̄
W̄φφ ,
M̄0

M̄
M̄rr ,
M̄0

(5.34)
(5.35)

∂t M̄rφ = −q M̄rr + W̄rr − W̄φφ −
∂t M̄φφ = −2q M̄rφ + 2W̄φr −

(5.29)
(5.30)

2
∂t W̄rr = q W̄rφ + 2W̄φr + ζ 2 kmax
(R̄rφ − M̄rφ ) −

∂t W̄φr = (q − 2)W̄rr + q W̄φφ

M̄
R̄rφ ,
M̄0

s

s

M̄
M̄rφ ,
M̄0

M̄
M̄φφ ,
M̄0

(5.36)
(5.37)

where we have defined dimensionless variables using the mean Alfv én speed
√
v̄Az = B̄z / 4πρ0 , with B̄z the local mean magnetic field in the vertical direction and ρ0 the local disk density. We have also introduced the tensor W̄ik =
hδvi δjk i, defined in terms of correlated fluctuations in the velocity and current

(δj = ∇×δB) fields. The (dimensionless) wavenumber defined as
2
kmax
=q−

q2
4

(5.38)
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corresponds to the scale at which the MRI-driven fluctuations exhibit their maximum growth and
M̄0 ≡ ξρ0 HΩ0 v̄Az ,

(5.39)

is a characteristic energy density set by the local disk properties, with H the disk
thickness. The parameters ζ ' 0.3 and ξ ' 11 are model constants which are

determined by requiring that the Reynolds and Maxwell stresses satisfy the cor-

relations observed in numerical simulations of Keplerian shearing boxes with
q = 3/2 (Hawley, Gammie, & Balbus, 1995).
In our model, a new set of correlations couple the dynamical evolution of the
Reynolds and Maxwell stresses and play a key role in developing and sustaining
the magnetorotational turbulence. In contrast to the two previous models, the
tensor connecting the dynamics of the Reynolds and Maxwell stresses cannot be
written in terms of R̄ij or M̄ij . This makes it necessary to incorporate additional
dynamical equations for these new correlations. In agreement with numerical
simulations, all the second-order correlations exhibit exponential (as opposed to
algebraic) growth for shear parameters 0 < q < 2. Incidentally, this is the only
model in which the shear parameter, q, plays an explicit role in connecting the
dynamics of the Reynolds and Maxwell stresses. The terms that lead to non-linear
saturation are proportional to −(M̄ /M̄0 )1/2 , where M̄ is the trace of the Maxwell

stress and M̄0 is a characteristic energy density set by the local disk properties.

The functional dependence of the total turbulent stress on the shear parameter
q for the model developed in Pessah, Chan, & Psaltis (2006b) is shown in Figure
5.1. For angular velocity profiles decreasing outwards, i.e., for q > 0, the stress
behaves like T̄rφ ∼ q n with n between roughly 3 and 4. For angular velocity

profiles increasing outwards, i.e., for q < 0, the stress vanishes identically. Note
that this is the only model that is characterized by the absence of transport for all
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negative values of the shear parameter q.
Figure 5.1 illustrates the sharp contrast between the functional dependence of
the saturated stresses predicted by the MHD models with respect to the standard
shear viscous stress defined in equation (5.5). In order to compare the predictions
from each model independently of other factors, we normalized all the stresses
to unity for a Keplerian shearing profile3 . It is remarkable that, despite the fact
that the various models differ on their detailed structure, all of them predict a
much steeper functional dependence of the stresses on the local shear. Indeed,
for angular velocity profiles decreasing outwards, they all imply T̄rφ ∼ q n with

n>
∼ 2. The predictions of the various models differ more significantly for angular

velocity profiles increasing outwards. In this case, the models developed in Kato
& Yoshizawa (1995) and Ogilvie (2003) lead to negative stresses, while the model
developed in Pessah, Chan, & Psaltis (2006b) predicts vanishing stresses.
5.4

Results from Numerical Simulations

There have been only few numerical studies to assess the properties of magnetorotational turbulence for different values of the local shear. Abramowicz, Brandenburg, & Lasota (1996) carried out a series of numerical simulations employing
the shearing box approximation to investigate the dependence of turbulent magnetorotational stresses on the shear-to-vorticity ratio. Although the number of
angular velocity profiles that they considered was limited, their results suggest
that the relationship between the turbulent MHD stresses and the shear is not
3
Note that the model described in Pessah, Chan, & Psaltis (2006b) was developed to account
for the correlations among stresses and magnetic energy density at saturation when there is a
weak mean magnetic field perpendicular to the disk mid-plane. It is known that, for a given initial
magnetic energy density, numerical simulations of MHD turbulent Keplerian shearing flows tend
to saturate at higher magnetic energy densities when there is a net vertical magnetic flux (Hawley,
Gammie, & Balbus, 1996). The normalization chosen in Fig. 5.1 allows to compare the sheardependence of the various models regardless of their initial field configurations.
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linear. Furthermore, Hawley, Balbus, & Winters (1999) carried out a series of
shearing box simulations varying the shear parameter from q = 0.1 up to q = 1.9
in steps of ∆q = 0.1 and reported on the dependence of the Reynolds and Maxwell stresses on the magnitude of the local shear but not on the corresponding
dependence of the total stress.
In order to investigate the dependence of MRI-driven turbulent stresses on
the sign and magnitude of the local shear, we performed a series of numerical
simulations in the shearing box approximation for shear profiles in the range
−1.9 ≤ q ≤ 1.9. We used a modified version of the publicly available ZEUS code,

which is an explicit finite difference algorithm on a staggered mesh. A detailed
description of the ZEUS code can be found in Stone & Norman (1992a,b) and
Stone, Mihalas, & Norman (1992).
5.4.1

The Shearing Box Approximation

The shearing box approximation has proven to be fruitful in studying the local
characteristics of magnetorotational turbulence from both the theoretical and numerical points of view. The local nature of the MRI allows us to concentrate on
scales much smaller than the scale height of the accretion disk, H, and regard the
background flow as essentially homogeneous in the vertical direction.
In order to obtain to the equations describing the dynamics of a compressible
MHD fluid in the shearing box limit, we consider a small box centered at the radius r0 and orbiting the central object in corotation with the disk at the local speed
v 0 = r0 Ω0 φ̌. The shearing box approximation consists of a first order expansion
in r − r0 of all the quantities characterizing the flow. The goal of this expansion

is to retain the most important terms governing the dynamics of the MHD fluid
in a locally Cartesian coordinate system (see, e.g., Goodman & Xu, 1994; Hawley,
Gammie, & Balbus, 1995). This is a good approximation as long as the magnetic
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fields involved are subthermal (Pessah & Psaltis, 2005). The resulting set of equations is then given by
∂ρ
+ ∇ · (ρ v) = 0
∂t


∂v
(B·∇)B
1
B2
+
+ (v·∇) v = − ∇ P +
∂t
ρ
8π
4πρ
−2Ω0 ×v + qΩ20 ∇(r − r0 )2
∂B
= ∇ × (v × B)
∂t

∂E
+ ∇ · (E v) = −P ∇ · v
∂t

(5.40)

(5.41)
(5.42)
(5.43)

where ρ is the density, v is the velocity, B is the magnetic field, P is the gas
pressure, and E is the internal energy density. In writing this set of equations, we
have neglected the vertical component of gravity and defined the local Cartesian
differential operator,
∇ ≡ ř

∂
φ̌ ∂
∂
+
+ ž
,
∂r r0 ∂φ
∂z

(5.44)

where ř, φ̌, and ž are, coordinate-independent, orthonormal basis vectors corotating with the background flow at r0 . Note that the third and fourth terms on
the right hand side of equation (5.41) account for the Coriolis force that is present
in the rotating frame and the radial component of the tidal field, respectively.
We close the set of equations (5.40)–(5.43) by assuming an ideal gas law with
P = ( γ − 1 ) E, where γ is the ratio of specific heats.
5.4.2

Numerical Set Up

In order to explore a wide range of local shearing profiles, we modified a version
of ZEUS-3D to allow for angular velocity profiles that increase with increasing
radius and are thus characterized by shear parameters q < 0.
We set the radial, azimuthal, and vertical dimensions of the simulation domain to Lr = 1, Lφ = 6, and Lz = 1. In order to ensure that the numerical
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diffusion is the same in all directions, we set the resolution of the simulations to
32 × 192 × 32. We assume an adiabatic equation of state with γ = 5/3 and set the
initial density to ρ = 1. The initial velocity field corresponds to the steady state

solution v = −qΩ0 (r − r0 )φ̌ and we choose the value Ω0 = 10−3 in order to set the

time scale in the shearing box. Note that for q = 3/2, this velocity field is simply

the first order expansion of a steady Keplerian disk around r 0 . We consider the
case of zero net magnetic flux through the vertical boundaries by defining the
initial magnetic field according to B = B0 sin[2π(r − r0 )/Lr ]ž. The plasma β in all

the simulations that we perform is β = P/(B02 /8π) = 200, so the magnetic field is
highly subthermal in the initial state.
Keeping all the aforementioned settings unchanged, we perform a series of
numerical simulations with different values of the shear parameter q, from q =
−1.9 up to q = 1.9 in steps of ∆q = 0.1. In order to excite the MRI, we introduce

random perturbations at the 0.1% level in every grid point over the background
internal energy and velocity field. For each value of the shear parameter q, we
run the simulation for 100 orbits. We then compute a statistically meaningful
value for the saturated stress T̄rφ by averaging the last 50 orbits in each simulation
(Winters, Balbus, & Hawley, 2003; Sano, Inutsuka, Turner, & Stone, 2004).
5.4.3

Results

The results from thirty nine numerical simulations performed with different values of the shear parameter −1.9 ≤ q ≤ 1.9 are shown in Figure 5.1 as filled circles.

The vertical bars show the typical spread (roughly 20%) in the total saturated

turbulent stress as calculated from ten numerical simulations with a Keplerian
profile, i.e., for q = 3/2. We have taken this as a representative value for the
typical rms spread in runs with different values of the parameter q.
It is evident from Figure 5.1 that the turbulent magnetorotational stresses are
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not proportional to the local shear. There is indeed a strong contrast with respect
to the standard assumption of a linear relationship between the stresses and the
local shear (dotted line in the same figure) for both positive and negative shear
profiles. For angular velocity profiles that decrease with increasing radius, i.e.,
for q > 0, all of the turbulent states are characterized by positive mean stresses
and thus by outward transport of angular momentum. In these cases, stronger
shear results in larger saturated stresses but the functional dependence of the
total stress is not linear. For angular velocity profiles that increase with increasing
radius, i.e., for q < 0, all the numerical simulations reach the same final state
regardless of the magnitude of the parameter q. The stresses resulting from the
initial seed perturbations (at the 0.1% level) quickly decay to zero. This is in
sharp contrast with the large negative stresses that are implied by the standard
Newtonian model for the shear viscous stress in equations (5.5) and (5.6).
In order to explore further the decay of MHD turbulence found for angular
velocity profiles increasing outwards, we also performed the following numerical experiment. We seeded a run with a shear parameter q = −3/2 with perturbations at the 100% level of the background internal energy and velocity field.
In this case, the timescale for the decay of the initial turbulent state was longer
than the one observed in the corresponding run seeded with perturbations at the
0.1% level. The final outcome was nonetheless the same. After a few orbits, the
stresses decayed to zero and remained vanishingly small until the end of the run
at 100 orbits. This result highlights the strong stabilizing effects of a positive angular velocity gradient on the dynamical evolution of the turbulent stresses due
to tangled magnetic fields. This behavior can be understood in terms of the joint
restoring action due to magnetic tension and Coriolis forces acting on fluid elements displaced form their initial orbits.
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5.5

Discussion

In this chapter, we investigated the dependence of the turbulent stresses responsible for angular momentum transport in differentially rotating magnetized media
on the local shear parameterized by q = −d ln Ω/d ln r. The motivation behind
this effort lies in understanding whether one of the fundamental assumptions

on which much of the standard accretion disk theory rests, i.e., the existence of
a linear relationship between these two quantities, holds when the MHD turbulent state is driven by the MRI. We addressed this problem both in the context of
current theoretical turbulent stress models as well as using the publicly available
three-dimensional numerical code ZEUS.
From the theoretical point of view, we have seen that, despite their different
structures, all of the available high-order closure schemes (Kato & Yoshizawa,
1993, 1995; Ogilvie, 2003; Pessah, Chan, & Psaltis, 2006b) predict stresses whose
functional dependence on the local shear differ significantly from the standard
alpha model. In order to settle this result on firmer grounds, we performed a
series of numerical simulations of MRI-driven turbulence in the shearing box approximation for different values of the local shear characterizing the background
flow. The main conclusion to be drawn from our study is that turbulent MHD
stresses in differentially rotating flows are not linearly proportional to the local
background disk shear. This finding challenges the central assumption in the
standard accretion disk model, i.e., that the total stress acting on a fluid element
in a turbulent magnetized disk can be modeled as a (Newtonian) viscous shear
stress.
We find that there is a strong contrast between the stresses produced by MHD
turbulence and the viscous shear stresses regardless of whether the disk angular
velocity decreases or increases outwards. In the former case, i.e., for q > 0 as in

146
a Keplerian disk, the total turbulent stress generated by tangled magnetic fields
is not linearly proportional to the local shear, q, as it is assumed in standard accretion disk theory. On the other hand, for angular velocity profiles increasing
outwards, i.e., for q < 0 as in the boundary layer close to a slowly rotating accreting stellar object, MHD turbulence driven by the MRI fails to transport angular
momentum, while viscous shear stresses lead to enhanced negative stresses.
If magnetorotational turbulence is the main mechanism enabling angular momentum transport in accretion disks then the dependence of the stress on the local
shear discussed here has important implications for the global structure and long
term evolution of accretion disk around protostars, proto-neutron stars, accreting
binaries, and active galactic nuclei.
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C HAPTER 6
S UMMARY AND O UTLOOK :
T OWARDS M AGNETOROTATIONAL A CCRETION D ISK M ODELS
It has long been thought that turbulence provides a natural avenue towards
efficient angular momentum transport in accretion disks (Shakura & Sunyaev,
1973). However, for many years, the relevance of magnetic fields as the driving
mechanism of the required turbulence remained only a speculation. More than 15
years after Balbus and Hawley realized the relevance of the MRI in the context of
astrophysical disks, this powerful instability stands as the most promising mechanism for driving and sustaining the turbulent state in sufficiently ionized disks.
Nevertheless, there are currently no accretion disk models that incorporate the
MRI in a self-consistent way as the driving mechanism enabling turbulent angular momentum transport. In this dissertation I presented a series of steps towards
this end.
6.1

Summary

As a first step towards understanding the stability properties of more realistic
accretion flows, I investigated the local linear stability of differentially rotating,
magnetized flows and the evolution of the MRI beyond the weak-field limit. I
showed that, when superthermal toroidal fields are considered, the effects of both
compressibility and magnetic tension forces, which are related to the curvature of
toroidal background field lines, should be taken fully into account. The more general framework that I considered allowed me to reconcile seemingly discordant
results derived in previous works. I demonstrated that the presence of a strong
toroidal magnetic field component plays a non-trivial role not only by modifying
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the growth rates of the unstable modes but also by determining which modes are
subject to instabilities. For rotating configurations with Keplerian laws, I found
that the MRI is stabilized at low wavenumbers for toroidal Alfv én speeds exceeding the geometric mean of the sound speed and the rotational speed. For a broad
range of magnetic field strengths, I also found that two additional distinct instabilities are present. I discussed the significance of these findings for the stability
of cold, magnetically dominated, rotating fluids and the implications of these results for the validity of the standard shearing box approximation when strong
toroidal fields are considered.
It has been suspected for some time that, on top of being able to disrupt the
laminar disk flow, the MRI might play a continuous role by influencing the characteristics of the turbulent stresses observed during the saturated state reached
by numerical simulations (Winters, Balbus, & Hawley, 2003). In chapter 3, I
presented the first formal analytical proof showing that, during the exponential
growth of the instability, the mean Reynolds stress is always positive, the mean
Maxwell stress is always negative, and hence the mean total stress is positive and
leads to a net outward flux of angular momentum. More importantly, I showed
that the ratio of the Maxwell to the Reynolds stresses during the late times of the
exponential growth of the instability is determined only by the local shear and
does not depend on the initial spectrum of perturbations or the strength of the
seed magnetic field. Even though I derived these properties of the stress tensors
during the exponential growth of the instability in incompressible flows, numerical simulations of shearing boxes show that this characteristic is qualitatively
preserved under more general conditions, even during the saturated turbulent
state generated by the instability.
The observation that the MHD turbulence in local numerical simulations seems
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to be strongly influenced by the MRI itself motivated the development of a local
model for angular momentum transport where the turbulent stresses are continuously driven by the instability. In chapter 4, I derived equations that describe
the effects of the instability on the growth and pumping of the stresses and then
supplemented these equations with a phenomenological description of the triple
correlations that lead to saturation. I showed that the steady-state limit of the proposed model describes successfully the correlations among stresses found in numerical simulations of shearing boxes. Furthermore, I highlighted the relevance
of a new type of correlation that couples the dynamical evolution of the Reynolds and Maxwell stresses and plays a key role in developing and sustaining the
magnetorotational turbulence. Preliminary results suggest that these correlations
are dynamically important not only during the initial phase of the instability, but
more importantly during the fully developed turbulent state.
Real accretion disks are unlikely to have Keplerian angular velocity profiles at
all radii and at all times. Therefore, it is important to understand how the physical characteristics of angular momentum transport are modified when the disk
rotational profile is different from Keplerian. In the α-model, the stress responsible for angular momentum transport is linearly proportional to the local disk
shear. In chapter 5, I noted that there is no a priori reason to assume that the correlated fluctuations defining the total turbulent stress in MRI-driven turbulence
behaves in this way.
I addressed in detail how the transport of angular momentum mediated by
MHD turbulence driven by the MRI depends on the magnitude of the local shear.
I found that there is a strong contrast between the stresses produced by MHD turbulence and viscous shear stresses regardless of whether the local disk angular
velocity decreases or increases outwards. In the former case, which includes Ke-
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plerian disks, the total turbulent stress generated by tangled magnetic fields is
not linearly proportional to the local shear, as it is assumed in standard accretion disk theory. On the other hand, for angular velocity profiles increasing outwards, like the one expected in a boundary layer close to an accreting star, MHD
turbulence driven by the MRI fails to transport angular momentum, while viscous shear stresses lead to enhanced negative stresses. These results suggest that
one of the fundamental assumptions in which the standard model for viscous angular momentum transport is based is not appropriate for describing turbulent
MRI-driven accretion disks.

6.2

Beyond the Standard Accretion Disk Model

The work presented in this dissertation constitutes the first in a series of steps
towards establishing the formalism and methodology needed to move beyond
the standard accretion disk model. The next step consist of building the framework to couple the local model for angular momentum transport driven by the
MRI (chapters 4 and 5) with the equations that describe the global disk dynamics
(chapter 1).
In order to obtain the global structure of a turbulent magnetized accretion
disk, it is necessary to solve the coupled set of equations describing mass conservation, radial momentum conservation, and angular momentum conservation, together with a suitable energy equation. In order for the model to be selfconsistent, however, it will be necessary to consider the simultaneous evolution
of the turbulent stresses by incorporating the set of equations that describes their
dynamics (Pessah, Chan, & Psaltis, 2006b).
A global disk model built in this way will thus constitute a fundamental improvement over the standard α-disk in five crucial respects:
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• (i) The stresses will no longer be postulated but will be calculated selfconsistently as the result of the joint action of magnetic fields and differential rotation.

• (ii) By construction, in the local limit, the stresses will not be proportional

to the local shear (as in the α-disk) but instead will agree with the results

from local numerical simulations.

• (iii) Because the model will allow for the different flow variables, including
the stresses, to be carried in (advected) with finite propagation speed as

matter moves inwards, the stresses will no longer be locally determined but
will be affected by the recent history of the flow, in agreement with global
numerical simulations (Armitage, 1998; Hawley, 2000, 2001).

• (iv) In the α-disk, defined by parabolic (diffusive) equations, the stresses at

the inner disk must be provided as a boundary condition. This value has
been a matter of heated debate for several decades. The properties of this

new model, defined by hyperbolic (causal) equations, will allow us to calculate the stresses at the inner disk as a function of the global disk properties.

• (v) Finally, in the α-disk, information can propagate across sonic points

(where the radial inflow speed of matter equals the local value of the sound
speed). This is an unphysical property of viscous α-disks that can only be

eliminated by invoking ad hoc prescriptions. The set of equations that I will
solve is hyperbolic and, therefore, the disk model that it describes will not
suffer from this causality problem.
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6.3

A New Era in Accretion Disk Modeling

By contrasting the predictions of this self-consistent model with observations, it
will be possible to deepen our fundamental understanding of the formation, evolution, and physical properties of stars and black holes in a way that is unattainable within the framework of the α-disk. I am particularly interested in four outstanding astrophysical problems in which I expect the global structure of an MRIdriven accretion disk to depart significantly from the current standard model.
Origin of millisecond pulsars — Accretion disks have long been thought to
be responsible for the spin up of old neutron stars. Recent Chandra observations
of the extraordinary population of millisecond pulsars in 47 Tuc have provided
strong support for their binary origin (Bogdanov,Grindlay, & van den Berg, 2005).
Current direct numerical simulations for studying the interaction between a turbulent magnetized accretion disk and a weakly magnetized neutron star can only
be evolved for nearly 50 orbits (Steinacker & Papaloizou, 2002). I will use the accretion disk model that I will develop to study the long-term effects of accretioninduced spin up. Initially, the accreting neutron star in the binary must be rotating significantly slower than the Keplerian period at its surface. Thus, in the
region known as the boundary layer, the angular velocity profile of the disk must
present a maximum and decrease toward smaller radii. Under this condition,
standard α-disks are subject to strong negative stresses, while I have shown that
MRI turbulence cannot be driven in situ. Therefore, the exerted torques at the
inner disk must be determined by the stresses advected from larger radii. The
resulting direction and magnitude of angular momentum transfer between the
disk and the slowly spinning neutron star will determine how long it takes to
significantly spin it up and its limiting spin frequency. By performing a numerical study along the lines of Popham & Narayan (1991), I will then investigate the
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long-term effects of the interaction between a turbulent MRI-driven disk and a
slowly spinning, weakly magnetized, accreting neutron star. I will determine the
conditions, and the implied timescales, that lead to significant neutron star spin
up and, possibly, spin-orbit alignment.

Emission spectra of turbulent black hole accretion disks — The wealth of
spectroscopic observations obtained with ASCA, BeppoSAX, RXTE, XMM-Newton,
and Chandra has open up the possibility of constraining the spin of galactic black
holes via accretion disk spectral modeling (Shafee et al., 2006; Davis, Done, &
Blaes, 2006). There are currently a few available models with different degrees of
sophistication. In all of them, the emitted spectrum is calculated by adding the
contributions from the different disk annuli to obtain the total emitted disk radiation. Even though the various models predict different emerging spectra from a
given disk annulus, at present, all of them adopt the standard α-prescription to
determine the global structure of the disk. This, in turn, determines the overall
shape of the emergent spectrum (e.g., the nature of the color correction is sensitive to the model-dependent disk surface density profile). I will calculate the
spectral energy distribution emitted by self-consistent disk models for which angular momentum transport is mediated by turbulent MRI-driven stresses. I will
investigate how the emission spectrum of a turbulent magnetized disk depends
on the mass, spin, and accretion rate of the central black hole. By comparing
the predictions of these models with observations, I will set constraints on the
values of these quantities. This study will also provide an explicit way to check
the sensitivity of the derived black hole properties to the nature of the mechanisms enabling angular momentum transfer, especially in the inner, potentially
non-Keplerian, regions of the accretion flows.
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Origin of broad-band black hole variability — It is believed that the X-ray
variability observed from black holes of all masses with RXTE, XMM-Newton,
and Chandra is produced by global oscillations of the inner accretion disks (Nowak
& Wagoner, 1991; Kato, 2001). To date, however, only a few attempts have been
made to understand the effects that the magnetic fields (that allegedly allow the
accretion process) have on these oscillations and none of them have taken into
account the fact that accretion disks are highly turbulent. In order to understand
the different ways in which turbulent disks can oscillate, I will perform the first
diskoseismic analysis of a geometrically-thin turbulent magnetized disk. By understanding how the mass and the spin of the black hole determine the frequency
and amplitude of the oscillations trapped in the deep potential well of a pseudorelativistic gravitational field, I will seek to constrain these quantities with observations. This study will also provide a solid theoretical basis for the phenomenological work that I have done on mass estimation of supermassive black holes
using X-ray binaries (Pessah, 2007; Pessah & Psaltis, 2007). On the other hand,
disk instabilities are currently the most promising mechanism accounting for the
optical/UV variability observed in AGN (Kawaguchi, Mineshige, Umemura, &
Turner, 1998; Hawkins, 2002). The variability properties predicted by these models depend on the various timescales governing the dynamics of the disk. With
this in mind, I will construct disk instability models that will incorporate the various timescales relevant to turbulent magnetized disks. I will then investigate
the nature of the observed correlations in the broad-band (from the optical to Xrays) variability of accreting black holes. I will also address the role of turbulent
transport in variable disk phenomena at lower energies. I will then compare the
predictions of these models with the results obtained from AGN light curves in
order to infer some of the physical properties of their accretion flows.
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Black hole spin and torques at the inner edge — The energetic photons produced in the inner disk regions carry vital information on the physical conditions under which they were emitted. The exquisite spectroscopic information
obtained with Chandra and XMM-Newton, has opened up the possibility of constraining the physical properties of compact objects via the study of the fluorescent broadened Fe Kα line (Agol & Krolik, 2000; Wilms, Reynolds, & Begelman,
2001; Reynolds at al., 2004). One fundamental assumption made when modeling
the profile of this line is that the stresses vanish at the radius of the innermost stable circular orbit (which depends on the mass and spin of the black hole). However, this assumption has been challenged by recent numerical simulations (Gammie, 1999; Krolik, 1999; Hawley & Krolik, 2001; Krolik & Hawley, 2002; Reynolds
& Armitage, 2001). The accretion disk model that I will construct will incorporate the advection of turbulent stresses throughout successive disk radii, leading
naturally to non-vanishing stresses inside the marginally stable orbit. I will investigate how these stresses determine the structure of the inner disk and, thus,
the profile of the iron line. This will allow me to assess how the standard assumption affects the derivation of reliable physical parameters of accreting black
holes. I will also seek to shed light onto the discrepancies in black hole spins
obtained from spectral fitting and iron-line modeling (Miller, 2006). I expect that
the semi-analytical nature of this treatment will facilitate systematic studies of the
degeneracies that affect the profile of the iron line. These types of studies are crucial for understanding the feasibility of unambiguously constraining black hole
properties with observations. With a more realistic inner disk model, I will study
the conditions for efficient accretion disk-black hole spin-jet alignment that seems
to be supported by theoretical work (Volonteri, 2005; Natarajan & Pringle, 1998)
and observations of radio-loud early-type galaxies (van Dokkum & Franx, 1995).
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A PPENDIX A
MRI M ODES WITH FINITE kr /kz RATIOS
The central dispersion relation derived in chapter 2 , i.e., equation (2.25), was
derived considering axisymmetric perturbations in both the vertical and the radial directions. Throughout the majority of our analysis, however, we focused
our attention on the modes with vanishingly small ratios k r /kz . Particular emphasis has been given to the study of these modes in the literature of weakly
magnetized, differentially rotating disks, since these are the modes that exhibit
the fastest growth rates (Balbus & Hawley, 1992, 1998; Balbus, 2003). After having
analyzed the role played by magnetic tension forces due to the finite curvature of
strong toroidal field lines on the stability of these modes, we are in a better position to understand their effects on the modes for which the ratio k r /kz is finite.
In Figure A.1, we present the solutions to the dispersion relation (2.25) for
three different ratios of the radial to the vertical wavenumber, i.e., k r /kz = 0.01,
0.1, and 1. For the sake of comparison, we have used in this figure the same
parameters that we used in obtaining the left panels in Figure 2.4, for which the
ratio kr /kz was considered to be vanishingly small; we have assumed cs = 0.05,
vAz = 0.01, vAφ = 0.4 and a Keplerian disk. In all the cases, the same instabilities
(II and III) that were present in the case kz  kr can be clearly identified. Note
however, that even for very small ratios kr /kz (e.g., left panels in Figure A.1)

some of the modes that were stable in the case kz  kr become unstable, albeit

with negligible growth rate, when compared with the other unstable modes. It

is also evident that in the limit kz  kr , the mode structure in Figure A.1 tends
continuously toward the mode structure in the left panels in Figure 2.4. It is this

continuous behavior that ultimately justifies the study of modes with negligible
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ratio kr /kz in a local stability analysis.
In the case kr = kz (right panels in Figure A.1), the value of the critical vertical
wavenumbers for the onset of instabilities, i.e., kzc1 and kzc2 in equations (2.52)
and (2.53) respectively, are different with respect to the case in which k z  kr
√
by a factor 2. This indicates that kz and kr play similar roles in establishing
these critical wavenumbers. The growth rates of all these modes are reduced with
respect to the case with kz  kr . This behavior is similar to the one observed
in the case of weak magnetic fields. It is important to stress that, even for the

modes with comparable values of vertical and radial wavenumbers, the general
characteristics of the instabilities for strong toroidal fields that we discussed in
§2.4.1 are insensitive to the inclusion of a non-negligible k r .

The completely new feature in Figure A.1 is the appearance of another insta-

bility with a growth rate that does not seem to depend on wavenumber; the terms
proportional to ikr in equation (2.25) are crucial for the appearance of this new
instability. The mode that is unstable seems to correspond to the mode that becomes the Alfvén mode in the limit of no rotation. With increasing values of the
ratio kr /kz , the growth rates of the instabilities studied in §2.4.1 go to zero, but

the new instability in Figure A.1 persists. Note that for k r ' kz the growth rates

of all the instabilities in Figure A.1 are comparable.

As an aside, we point out that all the terms that are proportional to ik r , as
opposed to kr2 , in equation (2.25) are also proportional to some factor  i with i =
1, 2, 3, 4. All of these terms are negligible for sufficiently small ratios k r /kz no
matter how strong the toroidal field is. Indeed, if we consider perturbations with
small enough radial wavelengths, at some point, curvature effects will not be
important. However, this is not true in the vertical direction. In that case, we can
ignore the curvature terms only when the toroidal field is weak.
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Figure A.1 Solutions to the dispersion relation (2.25) for different values of the ratio kr /kz . The left, central, and right panels show the results for k r /kz = 0.01, 0.1,
and 1 respectively. In all three cases, we have considered c s = 0.05, vAz = 0.01,
vAφ = 0.4, and a Keplerian disk. Open circles in upper panels indicate unstable
modes. The same instabilities that were present in the case with vanishing ratio
kr /kz (left panels in Figure 2.4) can be clearly identified.

159
A PPENDIX B
MRI M ODES WITH VANISHING F REQUENCY
In chapter 2, we have seen that the toroidal component of the magnetic field
does play a role in determining the stability criteria. In fact, for superthermal
fields and quasi toroidal configurations, it dictates the values of some of the critical wavenumbers for the onset of instabilities (see §2.4.2). A particular, simple

case, in which the importance of considering both compressibility and magnetic

tension terms can be appreciated, is the study of modes with negligible frequency,
i.e., with ω  1. We can obtain the wavenumber of these modes by imposing

ω = 0 to be a solution of the dispersion relation (2.25). We obtain, in physical
dimensions,
(kz0 )2

d ln Ω
= −2
d ln r
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(B.1)

In what follows, let us consider a rotationally supported disk whose rotational
profile is not too steep (i.e., |d ln Ω/d ln r| is of order unity). The Alfv én speed vAz

appears in all three terms on the right hand side of equation (B.1) and therefore

it does not play a role in determining the relative magnitudes between them.
Unlike the second term, the third term is not necessarily small with respect to the
first one, when superthermal fields are considered. In this case, it seems again
(see §2.4.2) safe to neglect the curvature term proportional to  1 δvAφ in equation

(2.17). However, had we neglected the curvature term proportional to  2 δρ in
equation (2.17) or the one proportional to 3 δvAr in equation (2.18), we would
have missed the important impact that the third term in equation (B.1) has on the
stability of modes with ω → 0, in the limit of strong toroidal fields (see Fig. 2.3).

This is somewhat counterintuitive because there does not seem to be any a priori
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indication about which of the magnetic tension terms (related to the curvature
of the toroidal field component) is less relevant in the original set of equations
(2.16)-(2.22) for the perturbations. This particular example illustrates the risks
associated with neglecting terms that are not strictly 2 nd order in the perturbed
quantities but rather address the geometrical characteristics of the background in
which the (local) analysis is being carried out.
From equation (B.1) it is also straightforward to see under which circumstances it is safe to neglect the curvature terms. For subthermal fields, k z0 will not
differ significantly from kBH (eq. [2.32]) regardless of the geometry of the field
configuration. This is because, if the field is weak enough (v A  cs ), no matter
how strong of a (subthermal) Bφ component we consider, the second and third

term are negligible with respect to the first one. We conclude this short analysis by commenting that, while a strong vertical field plays a stabilizing role, in
the sense that it drives kz0 toward small values leaving all modes with shorter
wavelengths stable, the consequences of considering strong toroidal fields is a
little more subtle as can be seen in the evolution of the structure of the modes in
Figure 2.1.
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