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ABSTRACT 

Learning in the real world occurs when an agent, which perceives its current state and 

takes actions, interacts with the environment, which in return provides a positive or 

negative feedback. The field of reinforcement learning studies such processes and 

attempts to find policies that map states of the world to the actions of agents in order to 

maximize cumulative reward over the long run. In multi-agent systems, agent learning 

becomes more challenging, since the optimal action of each agent generally depends on 

the actions of other agents. Most studies in multiagent learning research employ non-

cooperative equilibrium as a learning objective. However, in many situations, the 

equilibrium gives worse payoffs to both players than their payoffs would be in the case of 

cooperation. Therefore the agents have strong desire to choose a cooperative solution 

instead of the non-cooperative equilibrium. In this work, we apply the Nash Bargaining 

Solution (NBS) to multi-agent systems with unknown parameters and design a multiagent 

learning algorithm based on bargaining, in which the agents can reach the NBS by 

learning through experience. We show that the solution is unique and is Pareto-optimal. 

We also prove theoretically that the algorithm converges. In addition, we extend the work 

to multi-agent systems with asymmetric agents having different powers in decision 

making and design a multiagent learning algorithm with asymmetric bargaining. To 

evaluate these learning algorithms and compare with the existing learning algorithms, the 

benchmark, grid world games, are adopted as the simulation test-bed. The simulation 

results demonstrate that our learning algorithms converge to the unique Pareto-optimal 
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solution and the convergence is faster in comparison to the existing multiagent learning 

algorithms. Finally, we discuss an application of multiagent learning algorithms to a 

classic economic model, which is known as oligopoly. 
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1 INTRODUCTION 

Applications involving or requiring multiple agents (e.g., robot soccer, search and rescue, 

auctions and electronic commerce, autonomous computing) are becoming commonplace 

as physical robots and software agents become more pervasive. This dissertation focuses 

on the problem that arises when an agent is learning successful courses of action in 

domains involving other external learning agents. 

An agent is an abstract entity which has three components: perception, reasoning, 

and action. The perception and action components enable an agent to perceive the state of 

the environment and take an action to react to the state, respectively. After an action is 

taken, the agent receives a scalar reward or reinforcement from the environment. The 

reasoning component is responsible for mapping the received percepts into a choice of 

action. The agents usually have some goal. It may be achieving a desirable state, or 

maximizing an objective function. Learning occurs naturally when an agent interacts with 

the environment, that is, an agent changes its behavior through experience to improve its 

ability to achieve a goal or accumulate long-term rewards.  

 Learning from experience is a key feature of artificial intelligence. It has been 

studied extensively in single-agent tasks. A learning agent is programmed with goals, 

instead of detailed plans/behaviors. With the goal given, the learning agent is able to 

adapt the mapping of observations to actions through interaction with the environment. 

Therefore, the developmental burden of accurate models and optimal reasoning with 
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respect to the models are removed from agent programming. The agent has the ability to 

adapt to unforeseen difficulties and to change in the environment. This learning process is 

a more accurate and therefore a better model of real intelligence.  

Learning has special importance in multi-agent settings where the consequence is 

decided by the joint actions of all agents involved and the other agents’ behavior is not 

known in advance. This creates a situation of adapting to a moving target. The normal 

definition of an optimal policy no longer applies since each agent has its own objective 

function. In such situations, game theory concepts, i.e. equilibrium or cooperative 

solutions, are used as solution concepts in multi-agent learning. We will return to these 

concepts later in this dissertation.  

1.1 Objective 

In the decision science literature there are many different solution concepts and methods 

to find satisfactory decisions. There is a general confusion in selecting the most 

appropriate concept. The confusion can be also observed in the literature of multiagent 

learning.  

The dissertation seeks to answer the following questions: 

• Does the equilibrium have to be one of the key objectives in multiagent 

learning?  

• When agents choose or have to cooperate, can an agent effectively learn to 

reach a Pareto-optimal solution given the presence of other learning agents in an 

unknown complex environment? 
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• How does the difference in agents’ powers influence the decision making, 

i.e., with the unequal power and awareness of the asymmetry, how will the agents learn 

to reach a satisfactory solution in the case of cooperation? 

Learning becomes complicated with the existence of other agents acting in the 

same environment. The other agents are independent and not under the control of the 

same agent. In current multiagent research, no matter how sophisticated the learning 

criteria are, one of the key learning objectives is to ensure that the learning reaches an 

equilibrium in self play, i.e., when all other learning agents play the same learning 

algorithm. However, this objective is questionable because of the following reasons. First, 

since the agents are independent, there is no guarantee that the best payoff is reached in 

an equilibrium strategy if the other agents play different strategies. Second, even if all 

agents play equilibrium strategy, there might be multiple equilibria and there is no 

agreement among the agents in regards to which equilibrium to choose. Third, if the 

equilibrium is unique and all agents play equilibrium strategy it is also possible that the 

payoffs of the agents in the equilibrium point are worse than the payoffs they could 

achieve through cooperation. Since all agents are interest-driven and there are no 

permanent enemies, the agents are willing to cooperate in some way if they can achieve 

better payoffs through cooperation. Such examples include the political alliance among 

countries and nonverbal pricing policy agreement among primary manufacturers of the 

same product in a market. 

Since cooperation is a common relationship in multiagent systems, the multiagent 

learning in cooperative games has broad applications. Applications include network 
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resource allocation, autonomous computing, and peace-keeping, to name a few. To 

achieve an agreement among the agents with self-interest and different objectives, the 

agents involved have to negotiate how to cooperate. Thus, a bargaining situation, i.e., the 

agents have a common interest in cooperating, but have conflicting objective functions, is 

obtained.  

There are two main reasons for being interested in bargaining situations. The first 

is the fact that many important and interesting human (economic, social and political) 

interactions are bargaining situations. In addition to this practical reason, there is a 

theoretical reason that understanding of such situations is fundamental to the 

development of reasonable human interaction, or otherwise, of prevailing monetary and 

fiscal policies. In the bargaining process, the agents may have different bargaining 

powers for a number of reasons. For example, patience during the process of negotiations 

confers bargaining powers, while risk aversion affects it adversely. A player’s outside 

options enhance her bargaining power if and only if they are attractive and therefore 

credible. A player’s bargaining power is higher if her inside options are larger. In 

addition, in many situations since a poor player is typically more eager to strike a deal in 

any negotiations, poverty adversely affects bargaining power.  

In this dissertation, we will focus on multiagent learning in cooperative games 

while considering both equal and unequal powers of the agents in a decision making 

process.  
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1.2 Approach 

The dissertation questions are examined in the context of the stochastic game framework. 

Stochastic games were first studied in the field of game theory, but they can be viewed as 

a generalization of Markov Decision Processes (MPD). MDP has served as the 

foundation of most single-agent reinforcement learning studies. Stochastic games 

subsume both MDPs and the well-known game theory model of matrix games. Like 

MPDs, Markov games use state space, action space, probability transition over state 

space, and a reward function to describe the problem. Unlike MDPs where the goal is 

usually to maximize the total discounted reward in long term, there is no obvious optimal 

function in stochastic games. This is the same as in matrix games where an agent does 

not always have a well-defined notion of optimal behavior. The most common solution 

concept in these games is the Nash equilibrium. All stochastic games under realistic 

conditions have at least one Nash equilibrium. However, equilibrium is only sensible if 

all agents are fully rational. In its mildest form, rationality implies that every player is 

motivated to maximize his/her own payoff. In a stricter sense, it implies that every player 

always maximizes his utility, thus being able to perfectly calculate the probabilistic result 

of every action. The rationality helps a player maximize its own interest with the other 

players’ options given. However, in real world, not all players are completely rational. 

Some players (e.g. humans) have emotional connections with each other; some players 

(e.g. manufacturers) have an interest connection among each other and want to continue 

the relationship in the future. In addition, the other player’s action options are not always 

given or known in advance. In these cases, the players are more likely to choose 
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cooperation. Even when all players are completely rational, when they realize that they 

can achieve more through cooperation than non-cooperation, they will cooperate with 

each other through an enforceable contract and make commitments to each other to 

cooperate. 

 We approach the first question of the dissertation by examining current multi-

agent learning criteria. We then consider scenarios where cooperation is desired by the 

agents. The prisoner’s dilemma game is applied as an illustration of such scenarios. 

However, in dynamic games with unknown parameters, the agents are not able to reach 

cooperation easily even if they choose to. We use the techniques developed for 

multiagent reinforcement learning to address the learning problem in unknown 

environments. Our ultimate goal is to help agents find the most appropriate behaviors in a 

dynamic (there are multiple states and probability distributions over state transitions) and 

uncertain (the same action may result in different results) environment to ensure and 

enjoy the advantages of the cooperation.  

 An important factor in cooperation is to select what cooperation policy to adopt. 

We want the cooperation policy to be fair, reasonable, acceptable by all agents, and also 

easy to implement in the learning process. Nash bargaining solution is an attractive 

solution concept because of its simplicity as well as the fact that the axioms under certain 

conditions imply uniqueness and Pareto-optimality of solution.  

 In answering the last question we have proposed, that is, to examine the influence 

of unequal agents in decision making, there is no existing multiagent learning study we 

can refer to. A review of the conflict resolution methodology in game theory indicates 
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that the non-symmetric Nash bargaining solution is the only approach which was 

published in the literature (Harsanyi and Selten, 1972), although there are some other 

approaches possible. Therefore, we adopt non-symmetric Nash bargaining solution to 

handle the situations with non-symmetric agents, which is a natural extension of the 

multiagent learning models with bargaining solution. However, we will briefly introduce 

other methods applicable in the non-symmetric case. 

 An important issue in multiagent learning research is the convergence of the 

algorithm. Hence, our theoretical and empirical analysis will examine the convergence of 

the learning process.  

 The final point of our approach is the demonstration of an application of our 

learning algorithm in complex domains. The application is a classical economic model, 

which is known as oligopoly. Because of the large and continuous set of the state space, 

the local greedy algorithm is used at each iteration in combination with multiagent 

learning techniques. 

1.3 Contributions 

The key contributions of this dissertation are the following (Qiao etc. 2006a, 2006b): 

1. In this dissertation, multiagent learning in the cooperative games is studied and 

bargaining solution concepts known from cooperative game theory are introduced and 

adapted in multi-agent learning.  Previous multiagent learning research is limited mostly 

to non-cooperative games, where the equilibrium and the best-response are the primary 

solutions. However, in many situations the agents are able to gain more reward through 
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cooperation with each other than what they could achieve without cooperation. Since one 

agent’s winning does not prevent another agent from winning, they are more prone to 

coordinate with each other. This cooperative relationship is determined by the agents’ 

philosophy, attitude toward each other, desire, and interest. The cooperation is guaranteed 

by the common interest goal, the supervision of higher authority, or enforceable contract.  

2. This dissertation studies the multiagent learning problem where the agents have 

different powers in decision making and agents take actions simultaneously. It is a 

common phenomenon that the agents have different powers in bargaining. It is necessary 

and essential that the learning agents account for the power difference when they learn 

the behavior against other agents through experience. The study of asymmetric 

multiagent learning has broad and practical applications. With asymmetric powers and 

the agents’ awareness of the asymmetry, the learning process might be much more 

complex in multiagent systems. It is one of the reasons why the asymmetric multiagent 

reinforcement learning is not well studied. The only paper that addresses this issue 

(Kononen, 2004) models the problem where the agents involved in the learning task have 

unequal information structure; some agents (leaders) have information how their 

opponents (followers) will select their actions and based on this information leaders 

encourage followers to select actions that lead to improved payoffs for the leaders. This 

dissertation, for the first time, addresses the asymmetric multiagent learning problem 

where the agents have different bargaining powers and take actions simultaneously. This 

dissertation also gives a complete review of asymmetric bargaining solutions. Among 

these solutions, the non-symmetric Nash solution is the only approach which was 
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published in the literature (Harsanyi and Selten, 1972). The proposal of introducing the 

concept of asymmetric agent learning where agents have different powers and a review of 

asymmetric bargaining solutions will help future studies of multiagent learning in 

cooperative games. 

3. We introduce a novel and general model of multiagent learning with bargaining 

solution. The model adopts stochastic games as a theoretical framework and employs 

Nash bargaining solution as the solution concept. It is extended to asymmetric agents 

with different powers. It is a general algorithm for solving cooperative games. The 

experimental results indicate that the algorithm converges to a unique Pareto-optimal 

solution. The convergence is also proved theoretically. In comparison to other multiagent 

learning models using stochastic games as framework, the algorithm needs less 

computation time than other multiagent learning algorithms. An additional advantage of 

our method is the fact that it avoids the equilibrium selection problem.  

 The dissertation is organized as follows.  In chapter 2, we first give a brief review 

of reinforcement learning, and then discuss the problems we have to face in moving from 

single-agent reinforcement learning to multi-agent reinforcement learning. To address 

these problems, two bodies of literature, multiagent learning and game theory are 

connected. We present a concise categorization of the related work in mulitagent learning, 

and a complete review of bargaining solutions in game theory. This chapter also 

motivates our introduction to multiagent learning in cooperative games and essentially 

the foundations upon which the rest of our work is built. In chapter 3, we give the 

motivation for asymmetric multiagent learning and review the existing non-symmetric 
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bargaining solution concepts. The extensions of these solutions to discrete problems are 

also introduced. In chapter 4, the multiagent learning model with bargaining is presented. 

The model is described and analyzed in detail from the perspective of the algorithm and 

complexity; and the convergence proof is presented. In chapter 5, the multiagent learning 

model is extended to multiagent systems with asymmetric agents. In chapter 6, the model 

is studied experimentally. First, the benchmark test cases, grid world games, are studied 

carefully with both symmetric and asymmetric agents. Our experimental results indicate 

that the solution is unique, Pareto-optimal, and the learning is convergent. Then a 

classical problem in economics, the oligopoly game, is studied using multiagent learning 

theory. The experimental results are presented and analyzed. In this application, the 

greedy algorithm is adopted at each step in order to make multiagent learning applicable 

in solving a large scale problem. In chapter 7, we conclude the dissertation with a review 

of our contributions along with a consideration of future research in the area of 

multiagent learning in cooperative games. 
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2 LITERATURE REVIEW 

2.1 Reinforcement Learning 

It is desirable that any agent, which is an abstract entity with capabilities to perceive a 

situation to some extent and react to the situation, has the intelligence to automatically 

learn and to improve with experience, like the way humans learn to solve problems 

through trial and error. This type of intelligence has great practical value for any agent, 

e.g., a decision maker, a robot, a software agent etc. Learning occurs naturally when the 

agent interacts with the environment. At a specific state, the agent observes the state, 

takes an action that might change the state of the situation, receives punishment or reward. 

Next time, when the same state occurs, the agent might try different action to see how 

good it is. This type of learning is also known as reinforcement learning because the 

agent learns what actions to take through delayed reinforcement.  

In reinforcement learning, there are two items: the environment and the agent. 

The environment must be at least partially observable by the agent. The observations may 

come in the form of sensor readings, symbolic descriptions, etc. An agent chooses the 

actions based on the states of the environment in order to maximize the rewards it 

receives. One of the differences between the environment and the agent is that the agent 

is interest driven while the environment is not interested in rewards and stays neutral in 

regards to reinforcement. The agent-environment interaction in reinforcement learning is 

illustrated in Figure 2-1. 
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Figure 2-1 The agent-environment interaction. 

Markov Decision Process (MDP) is usually adopted as the general framework of 

reinforcement learning. MDP is represented as a tuple where  is the state 

space, 

),,,( PRAS S

A is the action set, ℜ→× ASR : is the reward function,  is a 

transition probability distribution over the state space . In the agent-environment 

interaction shown in 

)(: SPDASP →×

S

Figure 2-1, at time step , the agent receives some representation of 

the environment’s state , and chooses action 

t

Sst ∈ )( tt sAa ∈ . One time period later, i.e. at 

time , the agent receives reward 1+t Rrt ∈+1 , and fi-nds itself in a new state . Based 

on these interactions, the reinforcement learning agent must develop a policy to specify 

the agent’s behavior. If a policy 

Sst ∈+1

π  is stationary, it is a mapping from states to actions 

AS →:π . If a policy is stochastic, it is a probability distribution over state-action pairs 

]1,0[: →× ASπ ,and ∑ =∈ sAa saP 1)|(  for all Ss∈ , where  represents the probability that 

policy 

)|( asP

π  selects action a  in state s . 

There are several polular optimimality criteria in the MDP literature. If the 

enviornment has a terminal state, the optimal function is to develop a policy π  which 

maximizes the expected undiscounted sum of rewards  

∑ −
=

1
0 ),(N

t tt asr , 
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where  is the number of time steps taken before reaching the terminal state. In ininite-

horizon settings where the agent may taken an infinite number of numbers, the 

undiscounted sum of rewards can be infinite. To avoid this, discounted and average 

reward optimality criteria are often used. In discounted reward MDP, near-term rewards 

are weighted more than distant rewards. The agent’s goal is to maximize  

N

∑∞
=0 ),(t tt

t asrγ , 

where )1,0[=γ is the future reward discounting factor.  

With a specific policy π , the value of a state is defined as the sum of the 

discounted reinforcements received when starting in that state and following the same 

policy thereafter, that is,  

 
,|),|()( 0

0
1

⎭
⎬
⎫

⎩
⎨
⎧

=== ∑
∞

=
+ ssrEsREsV

t
t

tγπ π
π  (2.1)

where )1,0(∈γ  is the discount rate as before. The above function is called the value 

function. If an optimal policy is denoted by , then the optimal value function, denoted 

by , is  

*π

)(* sV

 ).(max)(* sVsV π

π
=  (2.2)

The optimal state value functions,  satisfy the Bellman optimality equations as 

follows: 

*V

 ).())(,|()( 111
* *

1

+++ ∑
+

=+= t
s

tttttt sVsassPrsV
t

ππγ  (2.3) 

Similarly, the action-value function for policyπ  is defined to specify how good 

is to take an action in a given state )(sAa∈ s under a specific policyπ : 
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which represents the expected return starting from state s by taking action a and then 

following policy π  thereafter.  

Let be the expected discounted reinforcement of taking action a in state s, 

then continuing with actions in the new state  optimally. can hence be written 

recursively as  

),(* asQ

'a 's ),(* asQ
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.)','(max),|'(

,|)',(max),(

'

*

'1

1
*

'1
*

∑+=

==+=

+

++

s
at

tttat

asQassPr

aassasQrEasQ

γ

γ
 (2.5)

Note also that, since , we have as an optimal 

policy. The Bellman Equations 2.3 and 2.5 are related by .  

),(max)( ** asQsV a= ),(maxarg)( ** asQs a=π

),(max)( ** asQsV a=

Another formulation of optimality is that of average reward. In this formulation 

the value of a policy is its long-term expected reward per time step: 

∑ == =
∞→

T
t

t

T
ssrE

T
sV 0

0 }.,|{1lim)( ππ  

A common assumption that accompanies this optimimality criterion is that the MDP is 

unichain (i.e., every stationary policy gives rise to a Markov chain with a single recurrent 

class). It implies that the average reward of any policy is state independent.  

Reinforcement learning originates from three fundamentals. The first one is the 

learning by trial and error which started in psychology when examining animal learning. 

Another thread is optimal control and dynamic programming. These two threads are 

independent. The third thread is temporal-difference methods. The combination of these 
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principles formed the reinforcement learning, a computational approach to understand 

and automate goal-directed learning and decision-making. 

Most reinforcement learning algorithms are instances of the temporal difference 

(TD) learning.  

Temporal difference learning 

Let  be the reinforcement in time step t. Let be the correct prediction that is 

equal to the discounted sum of all future reinforcements. The discounting is done by the 

powers of factor 

tr tV

γ so that reinforcements at distant past time steps become less important: 

∑=
∞

=
+

0i
it

irV γ . 

This formula can be expanded as  

.1
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The reinforcement is the difference between the ideal prediction and the current 

prediction: 

1+−= ttt VVr γ . 

Let s be the agent's state before the transition, a its choice of action, r  the instantaneous 

reward it receives, and s' its resulting state. We update the state-value function using 

the estimated return 

)(sV

1++ tt Vr γ : 
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where α  is learning rate. The key idea is that )'(sVrt γ+ is a sample of the value of V(s), 

and it is more likely to be correct because it incorporates the real value of r . If the 
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learning rate α is adjusted properly (it must be slowly decreased) and the policy is held 

fixed, TD(0) is guaranteed to converge to the optimal value function.  

With TD learning, the agent updates estimates of the action-value function based 

in part on other estimate, without waiting for the true value. TD is a combination of 

dynamic programming and Monte Carlo methods. With the Monte Carlo methods one 

must wait until the end of an episode, because the return is known only at that time, 

whereas with TD methods one needs to wait only one time step. The TD methods learn 

their estimates in part on the basis of other estimates. Obviously, TD methods have an 

advantage over dynamic programming methods, since they do not require a model of the 

environment, the reward and the next-state probability distributions. 

Two most popular TD methods are SARSA (Rummery ad Niranjan, 1994) and Q-

learning (Watkins and Dayan, 1992). The core of Q-learning and SARSA is a simple 

value iteration update.  

In Q-learning for each state s in the state set S, and for each action a in the action 

set A, we can calculate an update to its expected discounted reward with the following 

updating rule: 

)],()','(max[),(:),( ' asQasQrasQasQ a −++= γα  

where ',',,,,, asras γα  are the same as as described earlier. If each action is executed in each 

state at infinite number of times on an infinite run and α is decayed appropriately, then 

the Q values will converge with probability 1 to .  *Q

The SARSA algorithm performs the following update upon seeing a transition 

from state s to  when taking action : 's a
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)]','(),([),()1(),( asQasrasQasQ γαα ++−= . 

Instead of learning , it learns for the current policy, but then selects actions so as to 

maximize it current Q estimates. That is, it observes the current state 

*Q πQ

s , and selects action 

so that , with some exploration strategy. a ),(maxarg asQa a=

Reinforcement learning has been applied successfully to various problems, 

including robot control, elevator scheduling (Crites and Barto, 1995), 

telecommunications (Singh & Bertsekas, 1997), inventory management (Van Roy et al. 

1997), backgammon and chess. 

2.2 Single-agent to Multi-agent Learning 

In multi-sided conflicts, the action taken by an agent will change the system state and 

each (joint) action will result in different payoffs to different agents. In addition, there are 

several sources of uncertainty in multi-agent environments.  

1. Since the rewards at any state are determined by the joint actions of all agents (a 

special case is that some agents take no action), the agents take actions simultaneously, 

no agent knows the consequence of its own action precisely. Therefore no deterministic 

policy can be optimal. One classic simple example is rock-paper-scissors, in which any 

deterministic policy will be defeated. 

2. The environment will be non-deterministic; that is, taking the same set of actions in the 

same state in two different occasions may result in different next states. However, we 

assume that the environment is stationary. That is, the probabilities of making state 

transitions or receiving specific reinforcement signals do not change over time. 
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In modeling multi-sided conflicts with the above properties, stochastic game is 

adopted as the theoretical  framework for multi-agent systems. 

Definition 2.1. An n-player stochastic game Γ is a tuple , 

where  is the set of agents, S is the state space, 

),}{,}{,,( PRASN Ni
i

Ni
i

∈∈

},,2,1{ nN K= iA  is the action set of agent 

 is the payoff function for agent i ,  is the 

transition probability over the state space . 

,i RAASR ni →××× K1: )(: 1 SAASP n Δ→××× K

S

In stochastic games, a strategy or policy is a mapping from state to action. When 

all agents take actions simultaneously, like in rock-paper-scissors, the agents select mixed 

(probabilistic) strategies. On the other hand, in sequential games, like chess, the agents 

usually choose pure strategies since the deterministic consequences of the actions can be 

observed by the next player. 

Definition 2.2. In a stochastic game Γ , for each agent i , a pure strategy is 

defined as a map , and mixed strategy is defined as a map , 

where is the set of probability distributions over agent i ’s action space 

ii AS →:π )(: ii APDS →π

)( iAPD iA , which 

is the set of agent i ’s mixed actions. 

As we know, in multi-sided conflicts, each agent wants to maximize its rewards, 

but the rewards depend on the joint actions of all agents. The objectives of individual 

agents are therefore usually in conflict, and there is no profile of strategies that 

maximizes the rewards of all agents simultaneously. Decision problems with several 

decision makers and conflicting objectives are modeled and solved by game theoretical 

concepts and methods.  
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The next section will introduce the mathematical concepts of game theory, 

definition of the Nash equilibrium and some cooperative game solution concepts. In this 

dissertation a special cooperative solution concept, bargaining will be applied. Therefore 

the main bargaining methods will be discussed in detail in a later part of this chapter.  

2.3 Game Theory Analysis Concepts 

Game theory studies situations where multiple agents make decisions in an attempt to 

maximize their returns when their interests are in conflict. The essential feature is that it 

provides a formal modeling approach to situations in which decision makers interact with 

each other in certain ways. 

Game Theory can be roughly divided into two broad areas: non-cooperative 

games where each agent considers only its own return without any concern for other 

agent’s return and cooperative games where the agents consider the returns of the others. 

In non-cooperative games, a primary solution concept is Nash equilibrium, where each 

player's action is optimal given the actions of the other players. In Nash equilibrium, no 

agent can increase payoff by changing its own action only, therefore no agent has the 

incentive to unilaterally change its action and therefore all the agents will remain with 

current strategies.   

One classical example of non-cooperative games is prisoner’s dilemma, in which 

there are two agents and each agent has to choose between two actions, “cooperate” with 

or “defect” the other agent. The only concern of each individual agent is to maximize its 

own payoff, without any concern for the other agent’s payoff. Figure 2-2 below shows 
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the payoffs to each agent corresponding to each combination of actions, e.g., payoff 

vector is (10, 0) when agent 1 defects and agent 2 cooperates, that is, the payoffs are 10 

and 0 for agent 1 and agent 2, respectively. Since each agent always gains more by 

defecting, no matter what action the other agent selects, each agent will choose action 

“defect” and the Nash equilibrium in the game is (defect, defect). However, both agents 

can gain more if they both change action simultaneously to “cooperate”. The strategy of 

(cooperate, cooperate) is Pareto-optimal, i.e., there is no other strategy in which both 

agents gain more or at least no less. The dilemma arises when the agents do not trust each 

other and cannot make better decision without knowing what action is played by the other 

agent.  

 

Figure 2-2 Prisoner’s dilemma 

In many situations, the agents would like to cooperate with each other if they 

know that they can reach a win-win situation through cooperation. The cooperation is 

either enforced by contract, or conducted on the basis of trust among the agents, or it is a 

common sense agreement. In this dissertation, we focus on the problems in which the 

features are the same as in the prisoner’s dilemma, i.e., the agents gain more through 

cooperation than non-cooperation. Therefore, details of non-cooperative games, the 
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existence and uniqueness and the computation of Nash equilibrium are omitted and can 

be found in Forgo et al. (1999). 

In cooperative games, one research area is the formation of coalition. The agents 

will join a coalition only if they expect to gain from it. In order to find what coalitions 

will actually be created, one needs to estimate both the relative power of different 

coalitions, as well as the strength of the different players within each coalition. The core 

value and Shapley value are the main solution concepts for such situations. The core of a 

game is a set of vectors allocating payoffs to players, which preserve two conditions. 

First, in a coalition containing all players, the sum of individual payoffs should equal the 

value of the grand coalition. Second, no coalition can earn more than its value. Shapley 

value is an approach to describe the fair allocation of gains obtained by cooperation 

among the agents. It represents how much each agent can contribute by joining a 

coalition. Another solution concept in cooperative games is the kernel, a vector of 

payoffs which is efficient and personally reasonable. The von Neumann solution has both 

interior and externals stability. Each concept is based on a computed value of each 

coalition. One way to define the value is the characteristic function which is a guaranteed 

payoff for the coalition regardless what is played by the players outside the coalition. 

This is a typical max-min payoff.  

The other problem in cooperative game theory is how to reach a Pareto-optimal 

solution. Bargaining is the most common way to reach such a solution that the outcome is 

preferred by every agent and cannot be improved without hurting at least one agent. So 
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these solutions are acceptable by all players. Various bargaining solution concepts will be 

introduced later in this dissertation.  

2.4 Multi-agent Learning Methods  

The basic analysis concepts and milestones of multi-agent learning in the game theory 

framework are introduced next. 

Let i−σ be a strategy profile of all players except player i . When each player 

chooses strategy },,1{ ni K∈ iσ  resulting in strategy profile ),,,1( nσσ K σ=  then player  

obtains payoff  

i

),( iiiR −σσ . In a non-cooperative matrix game, the goal of a learning agent 

is to learn a strategy that maximizes its reward. A strategy is a mapping that defines the 

probability of selecting an action.  

Definition 2.3. For a matrix game, the best-response function for player i , 

)( iiBR −σ  is the set of all strategies that are optimal given the other players(s) play the joint 

strategy i−σ . Formally,  if and only if )(*
iii BR −∈ σσ

),,(),()( * ><≥><∈∀ −− iiiiiiii RRAPD σσσσσ  

where is the set of all probability distribution over the set , that is, the set of all 

mixed strategies for payer i . 

)( iAPD iA

Definition 2.4. A Nash equilibrium in a matrix game is a collection of strategies 

for all player such that each player’s strategy iσ  satisfies 

)( iii BR −∈ σσ . 

In a Nash equilibrium, no player has incentive to unilaterally change its action. Players 

are in equilibrium if a change in strategies by any one of them would result in less 
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earning than its payoff by remaining with its current strategy. For games in which players 

can select mixed strategy, the expected or average payoff must be at least as large as that 

obtainable by any other strategy. 

 Each player is given a set of strategies. If a player chooses to take one action with 

probability 1 then that player is playing a pure strategy. This is in contrast to a mixed 

strategy where individual players choose a probability distribution over several actions.  

 John Nash (1951) proved that there is a Nash equilibrium (not his term) for every 

finite game. One can divide Nash equilibria into two types. Pure strategy Nash equilibria 

are Nash equilibria where all players are playing pure strategies. Mixed strategy Nash 

equilibria are equilibria where at least one player is playing a mixed strategy. While Nash 

proved that every finite game has a Nash equilibrium, not all have pure strategy Nash 

equilibria. The game “rock paper scissors” is an example of a game that does not have a 

Nash equilibrium in pure strategies. However, many games do have pure strategy Nash 

equilibria (e.g. the prisoner's dilemma). A game may have multiple Nash equilibria and 

the equilibrium selection is a notorious problem since the players play independently in a 

non-cooperative game, so there is no coordination of selecting the same equilibrium. 

 In stochastic games, a policy for player i , iπ  is a mapping that defines the 

probability of selecting an action from a particular state. Formally, ],1,0[→×∈ ASiπ  

where  

.1),(, =∈∀ ∑
∈Aa

asSs π  
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To quantify the value of a policy in a stochastic game, discounted reward and average 

reward can be applied. In the discounted reward framework, the value of the joint policy 

π  to player i  at state s , with discount factor γ , is 

∑
∞

=

==
0

},,)0(|)({)(
t

i
t

i sstrEsV πγπ  

where  is the expected reward that player i  receives at time t given the 

initial state 

},)0(|)({ πsstrE i =

s  and the agents follow the joint policy π . Similarly, the average reward 

formulation in stochastic games is 
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 In stochastic games, the Q-values for each agent, with a particular joint policy, are 

defined as 

∑
∈

+=
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iii sVsasTasRsQ
'

),'()',,(),()( ππ γ  

corresponding to discounted reward framework. 

 Matrix games is a special class of stochastic games with only one stage. Unlike in 

matrix games, the goal of a learning agent in stochastic games is to maximize the long-

term reward, e.g., the total expected discounted reward or average reward over time. The 

optimal policy of a learning agent depends on the policies of the other agents.  

Definition 2.5. For a stochastic game, the strategy iπ  for agent  is the best-

response policy

i

)( iiBR −π  given the other player(s) play the joint policy i−π  if and only if 

).()(, ),(),( *

sVsVSs iiii
iiii

−− ≥∈∀∏∈∀ πππππ  
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Definition 2.6. For a stochastic game, a Nash equilibrium is a collection of all 

players’ policies },,1),(|{ niBR iiii K=∈ −πππ . 

So, when each player’s policy is best-response, the joint policy reaches Nash 

equilibrium. No player can do better by unilaterally deviating from the Nash equilibrium 

point. 

2.4.1 Equilibrium based multi-agent learning  

2.4.1.1 Learning in zero-sum games 

Zero-sum game is a special case of general-sum games in which all outcomes generate 

zero total sum of all player’s payoffs. Hence, a gain for one participant is possible only at 

the expense of another, as in most sporting events. The first successful extension from 

single Q-learning to a multi-agent setting is MiniMax Q learning in zero-sum games 

(Littman 1994). The essence of the minimax property is: behave that maximizes your 

reward in the worst possible case. Thus at each time period, V is updated with the 

minimax of the Q value with respect to mixed strategies. Mixed strategies are selected 

because of the presence of uncertainties discussed before. The V function is updated as 

∑
∈

∈∈
=
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1
221

)),(,(minmax)( 21)(1
Aa

aAaAPD
aasQsV π

π
. 

2.4.1.2 Learning in team games  

In team games (also called common payoff games), all agents have an identical reward 

function, but the common payoff is different for different outcomes. Thus the agents’ 

problem is to find and conduct coordination. The challenge of learning to play a Nash 
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equilibrium in these games is not difficult in practice. Even single-agent learning 

techniques can achieve this goal (Claus & Boutilier, 1998). Claus & Boutilier (1998) 

studied team games using a belief-based approach: explicitly maintaining a belief 

regarding the likelihood of the other agents’ policies, and updating the V function based 

on the induced expectation of the Q values:  

,)),(,(),(max)( ∑
−− ∈

−−=
ii

i Aa
iiiiiai aasQasPsV  

where is the action of agent i and is the joint action of all other agents except agent i. ia ia−

This approach is well known in game theory procedures such as the fictitious play 

method and rational play. The joint learners specifically adopt the belief-maintenance 

procedure: probability of a given action in the next stage is assumed to be its past 

empirical frequency. In each stage, an agent selects its best response to the historical 

frequency of actions of its opponents.  

However, the team game assumption opens up the possibility of stronger 

guarantees. In particular, Wang and Sandholm (2002) presented Optimal Adaptive 

Learning that is guaranteed to converge in self-play to the optimal Nash equilibrium in 

any team stochastic game. That is, the play converges to strategies that achieve the 

highest possible payoffs, thus avoiding all suboptimal Nash equilibria, which other 

algorithms often converge to. Brafman and Tennenhotz (2002a) go further by presenting 

an algorithm that will converge with arbitrarily high probability in self-play to an optimal 

Nash equilibrium in polynomial time. In summary, the assumption that the game is a 

team game is very powerful for making stronger guarantees on the learned policies. 
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2.4.1.3 Learning in general-sum games 

Unlike in zero-sum or team games, learning in General Sum Games is much more 

difficult and complex. Hu & Wellman (1998) generalized single agent Q-learning to 

general-sum games and designed Nash-Q learning based on the presumption that at each 

time period the agents choose Nash-equilibrium actions. Nash-Q updates the V-values 

with the Nash equilibrium based on the Q-values: 

)),,(,),,(()( 1 asQasQNashsV nii r
L

r
=  

where is the payoff matrix to player i, and iQ )),(,),,(( 1 asQasQNash ni r
L

r  is agent ’s 

payoff in state 

i

s  for the selected equilibrium. This algorithm converges to the Nash 

equilibrium policies under certain restrictive conditions, namely that there is a unique 

Nash equilibrium or all agents choose the same Nash equilibrium. However, the 

independent and non-cooperative agents usually have different equilibrium selection 

mechanisms. Therefore, focus of Nash-Q has been given on only a special class of 

stochastic games. 

Littman (2001) noticed the restrictions of Nash-Q learning and reinterpreted 

Nash-Q learning as Friend-or-Foe learning. Friend-or-Foe learners treat every other agent 

as either friend or foe, and the algorithm converges to the Nash equilibrium for two 

special cases of games; constant-sum stochastic games which exhibit minimax 

equilibrium (foe-Q) and coordination games with uniquely-valued equilibrium (friend-Q). 

For simplicity, we show how the V values are updated in a two player game: 

Friend: , and )),(,(max)( 211

,
1 2211
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AaAa ∈∈

=
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Foe: )),(,(minmax)( 211
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In generalizing Nash-Q and FF-Q, Greenwald & Hall (2003) proposed CE-Q 

learning based on the correlated equilibrium (CE) solution concept. Nash equilibria are 

independent stochastic distributions over the player’s action space. Correlated equilibria 

allow stochastic distributions over joint actions, where players do not randomize 

independently. A correlated joint policy is a mapping from states and joint actions into 

probabilities. Formally, ],1,0[),( →∈ ASπ  where  

∑
∈

=∈∀
Aa

asSs 1),(, π . 

Correlated equilibrium is more general than a Nash equilibrium since it permits 

dependencies among the agents’ probability distributions, while maintaining the property 

that the agents are optimizing. CE-Q learning is similar to NashQ, however it uses the 

value of a correlated equilibrium to update the V values: 

)),(,),,(()( 1 asQasQCEsV nii
r

L
r

= . 

Like the Nash equilibrium, correlated Nash equilibrium is not unique and so the agents 

must use some central arbitrator to insure they all select the same equilibrium when 

computing the value of a state. This technique is more efficient than Nash-Q, since it 

does not need the complex quadratic programming Nash equilibrium solver.  

2.4.2 Best response multi-agent learning 

In the class of multi-agent Q learning, learning in zero-sum games and common-payoff 

(team) games is relatively straightforward, but learning in general-sum games is more 

complex. The learning algorithms in general-sum games are introduced so far for only to 
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show convergence to the equilibrium.  However, if the other agents do not play 

equilibrium, it does not make sense for a learning agent to play equilibrium strategy 

either. The second class of multi-agent learning is to play best-response to any actual play 

of the other agents. 

2.4.2.1 Opponent modeling 

Opponent modeling Q-learning (Uther & Veloso, 1997) or joint action learning (JAL) 

(Claus & Boutilier, 1998) are reinforcement learning algorithms that are similar to the 

well known fictitious play method. Explicit models of the opponents are learned as 

stationary distributions over their actions (i.e.,  is the probability that the 

other players will select joint action  based on past experience). These distributions, 

combined with learned joint-action values from standard temporal difference method, are 

used to select an action. This type of opponent modeling approach is studied in the 

context of zero-sum games by Uther & Veloso (1997) and in the context of team matrix 

game.  

)(/),( snasC i−

ia−

This approach is well known in game theory procedures such as the fictitious play 

method and rational play. The joint learners specifically adopt the belief-maintenance 

procedure: probability of a given action in the next stage is assumed to be its past 

empirical frequency. In each stage, an agent selects his best response to the historical 

frequency of actions of his opponents.  
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2.4.2.2 Infinitesimal gradient ascent 

Another best-response learning algorithm is Infinitesimal Gradient Ascent (IGA) (Singh, 

Kearns, & Mansour, 2000). The basic idea is for an agent to adjust its policy in the 

direction of the gradient of the value function. If the gradient is positive, then the interest 

of the agent is to increase its strategy. In the case of negative gradient, the interest of the 

agent is to decrease its strategy. Zero gradient means optimal choice when the agent does 

not need to change its strategy. Against a stationary opponent, the policy will over time 

converge to a local maximum. In the case of linear value functions, all local maxima are 

global maxima, and so the algorithm necessarily converges to a best-response.  

  Singh, Kearns, & Mansour (2000) examined the dynamics of using gradient 

ascent in two-player, two action, repeated games. The reward matrices for the two players 

are shown as 
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where the action set is ,  and  are rewards to the row player and to the column 

player, respectively, when the row player selects action i and the column player selects 

action j. Let 

}2,1{ ijr ijc

]1,0[∈α  be a strategy for the row player, where α corresponds to the 

probability that the player selects the first action and α−1 is the probability that the player 

selects the second action. Similary, let ]1,0[∈β  be a strategy for the column player. For 

any pair of strategies ),( βα , we can compute the expected payoffs for the row and 

column players: 
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The player moves its strategy in the direction of the current gradient with some step size, 

η . If ),( kk βα are the strategies at the kth iteration, and both players are using gradient 

ascent then the new strategies are  
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The algorithm is called Infinitesimal Gradient Ascent (IGA) because Singh et al. 

examined the case of an infinitesimal step size ( ). Fixing the other player’s strategy 

will cause the player’s gradient to become a constant, i.e., converging to optimal pure 

strategy response. The analysis also shows that if both players follow IGA, then the 

strategies converge to a Nash equilibrium or the average payoffs over time converge to 

the expected payoffs of a Nash equilibrium. 

0lim →η

2.4.2.3 Regret-minimizing algorithms 

There is another category of algorithms that neither learn equilibrium directly nor play 

best-responses, but rather seek to minimize regret. Regret is traditionally defined as the 

maximum payoff that could have been achieved by playing any stationary policy against 

the opponent’s entire history of actual moves minus the actual payoff the agent received.  
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 These algorithms are mainly limited to single-state games. Consider the context of 

repeated matrix game for player i. Let be the actual payoff that the player receives at 

time , and let  be the number of times the other players played joint action  in 

the first t trials. Then, mathematically, regret at time t  is, 
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An algorithm achieves no-regret if and only if 

0)(lim ≤
∞→

tregretit
. 

If playing against a fixed strategy, the algorithm is guaranteed to converge to the value of 

the best-response strategy. Therefore, this algorithm can also be classified as best-

response learning methods.  

Several algorithms have been proven to achieve at most zero regret at the limit. Auer et al. 

(1995) relaxed the requirements that the payoffs for unplayed actions were observable. 

As a representative of this body of work, Hart and Mas-Collel (2002) introduced an 

algorithm with an even stronger no-regret property. They compared the total reward 

received with the amount of reward the agent could have received if instead of playing 

some action , it played a different action , in the particular history of play. ia ja

If defining the regret of agent i  for playing the sequence of actions 

instead of playing action , given that the opponents played the sequences , then the 

regret is 
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 The agent then selects each of its actions with probability proportional to 

at each time step )0),,(max( ij
t

i sar 1+t . This is a strictly stronger notion of regret, which 

they demonstrate can also be achieved. These works cannot be applied to models such as 

MDPs or stochastic games; the only exception for stochastic games is the work of Manor 

(2001), which extended no-regret properties to average-reward stochastic games. The 

difficulties of extending the minimal-regret concept to stochastic games are discussed in 

(Mannor and Shimkin, 2003).  

2.4.3 More sophisticated learning 

The multi-agent learning algorithms introduced so far reach one of the following rules: 

1. Convergence of the strategy profile to an (e.g., Nash) equilibrium of the stage game in 

self play, that is, all agents adopt the learning procedure under consideration; 

2. Successful learning of an opponent’s strategy (or opponents’ strategies). 

The criterion of learning by equilibrium or best-response strategy is argued to be a 

problematic idea by Bowling & Veloso (2002), Conitzer & Sandholm (2003), Powers & 

Shoham (2005) and etc. They introduce a number of ways for judging algorithms. In 

addition to discussing the merits of their proposal, each study also demonstrated an 

algorithm meeting their criteria. 

In (Fudenberg and Levine, 1995) two criteria are suggested. The first is that the 

learning rule be ‘safe’, which is defined as the requirement that the learning rule 

guarantees at least the minimax payoff of the game. (The minimax payoff is the 

maximum expected value a player can guarantee against any possible opponent.) The 
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second criterion is that the rule should be ‘consistent’. In order to be ‘consistent’, the 

learning rule must guarantee that it does at least as well as the best response to the 

empirical distribution of play when playing against an opponent whose play is governed 

by independent draws from a fixed distribution. They define ‘universal consistency’ as 

the requirement that a learning rule do at least as well as the best response to the 

empirical distribution regardless of the actual strategy the opponent is employing (this 

implies both safety and consistency). The authors also show that a modification of the 

fictitious play algorithm achieves this requirement. In (Fudenberg and Levine, 1998) they 

strengthen the requirement that the learning rule must adapt to simple patterns in the play 

of its opponent. The requirement of ‘universal consistency’ is in fact equivalent to 

requiring that an algorithm exhibits no-regret, against all opponents, which is defined as 

follows: 

))]|,(max1[(lim,0 εε <>∀ −∈∞→ iij
t

iAat ssar
t ij

 

Bowling & Veloso (2002) proposed two criteria to guide multi-agent learning.  

1. The learning algorithm will terminate with a best-response to their policies if 

the other players’ policies converge to stationary policies. 

2. The learning should always converge to a stationary policy, an equilibrium, if 

the other agents use an algorithm from some class of learning algorithms. 

In combination, these two criteria guarantee that the learning will converge to a 

stationary strategy that is optimal given the play of the other players. Bowling & Veloso 

(2002) designed the WoLF (Win or Learn Fast) algorithm to meet the above criteria, 

where the Q-values are maintained just as in the case of normal Q-learning. However it 
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performs “policy hill climbing” in the space of mixed policies based on the principle: 

“learn quickly while losing, or slowly while wining.” WoLF is a best-response learning, 

which was convergent in all experiments, though no formal proof is offered. It was 

applied to games with two players and two actions per player. 

To adopt the same criteria, Conitzer & Sandholm (2003) proposed the 

AWESOME (Adapt When Everybody is Stationary, Otherwise Move to Equilibrium) 

algorithm. The basic idea behind AWESOME is to try to adapt to the others’ strategies 

when they appear stationary, otherwise retreat to a pre-computed equilibrium. 

 Although the above criteria are well justified, Powers & Shoham (2005b) argued 

that these criteria give little attention to the capability of the other agents to adapt and 

learn. They explored the learning against dynamic opponents, and defined a criterion 

parameterized by a class of ‘target opponents’. With this parameter there are three 

requirements of any learning algorithm: (1) (Targeted optimality) The algorithm must 

achieve a Q-optimal payoff against any ‘target opponent’, (2) (Safety) The algorithm 

must achieve at least the payoff of the security level strategy minus Q against any other 

opponent, and (3) (Auto-compatibility) The algorithm must perform well in self-play. 

The authors then introduced an algorithm with hybrid strategies that probably meets these 

criteria when the target set is the set of stationary opponents in general-sum two-player 

repeated games. These results have been extended more recently to handle opponents 

whose play is conditional on the recent history of the game (Powers and Shoham, 2005a) 

and settings with more than two players (Vu et al., 2006). These works can be applied to 

repeated games rather than general stochastic games. In addition, it is assumed that the 
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agents care about their average reward rather than the discounted total sum of the rewards. 

Thus, a different long-term objective was used in their works.  

2.4.4 Summary 

Most research in multi-agent learning focuses only on non-cooperative games. Actually, 

whether the agents cooperate or not depends on the agent’s philosophy, desires, attitude 

toward each other. In certain cases the agents compete with each other; in other cases, 

they try to reach a common agreement to corporate with each other in certain ways. 

Sometimes they even make certain compromises instead of going to unnecessary war. It 

is well known from economic literature (Kopel and Szidarovszky, 2006) that each player 

can improve its profit by cooperating with each other, which creates a win-win situation.  

In many situations, non-cooperative equilibrium or best response strategy is not 

always desirable. The agents are able to improve payoffs by cooperation or bargaining. 

Peshkin et al. (2000) considered the possibility of cooperative playing among two agents 

in a simple stochastic game, and found that it leads to a local optima in the policy space. 

Stimpson and Goodrich (2003) devised a special learning approach based on 

noncooperative bargaining model to solve a social dilemma. It is similar to equilibrium 

based multi-agent reinforcement learning (MARL) algorithms, and therefore it still has 

the equilibrium selection problem. 

2.5 Bargaining Solutions 

A two-person conflict can be mathematically considered as a pair ),(
*

fS , where S  is the 

feasible payoff set and 
*

f  is the “status quo” point. That is, if there is no agreement 
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between the players then the components of vector 
*

f  give the payoffs of the two players, 

and the components of any vector Sf ∈ can be obtained as simultaneous payoff values for 

the players.  

In the conflict resolution literature the central problem is to find a payoff vector 

that is considered to be fair and acceptable by both players. The resolution concept 

therefore must depend on the understanding of fairness, so different notions of fairness 

usually lead to different solution concepts. In the next subsection, we will present the 

most commonly applied solution concepts and algorithms. 

2.5.1 Nash’s bargaining solution 

The bargaining solution of Nash (1950) considers the solution as a function of the 

pair ),(
*

fS  and requires a set of fairness requirements to be satisfied which are called the 

Nash axioms. If the solution is denoted by ),(
*

fSϕ , then we assume that the following 

axioms are satisfied: 

i) SfS ∈),(
*

ϕ , that is the solution has to be feasible (feasibility); 

ii) 
**

),( ffS ≥ϕ , that is, at the solution each player has to get at least as large 

payoff than it would get without agreement (rationality); 

iii) If Sf ∈ and ),(
*

fSf ϕ≥ , then ),(
*

fSf ϕ=  (Pareto-optimality); 

iv) If and SS ⊆1 1*
),( SfS ∈ϕ , then ),(),(

*1*
fSfS ϕϕ = (independence from 

unfavorable alternatives); 

v) Let 0, 21 >αα , and 21 ,ββ  be constants, furthermore 
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 ),(' 2*221*11*
βαβα ++= fff  and  

}.),(|),{(' 21222111 SffffS ∈++= βαβα  

Then ),()','( 222111*
βϕαβϕαϕ ++=fS  with ),(),( 21*

ϕϕϕ =fS . That is, if both S  and 
*

f  are 

transformed, then the solution is also obtained by using the same linear transformation 

from the original solution (independence from increasing linear transformations); 

vi) If for a bargaining problem *2*1 ff =  and , then the 

components of the solution 

SSffff =∈ }),(|),{( 2112

),(
*

fSϕ  must be equal. That is, if there is no difference 

between the players both in the feasible payoff set S and in the “status quo” point 
*

f , 

then there is no difference in the solution as well (symmetry). 

The main result of Nash can be formulated as follows.  

Theorem 2.1 (Nash, 1950). Let S be convex, closed and bounded, furthermore 

assume that there is at least one Sf ∈  such that 
*

ff >  Then ),( fSϕ is unique and it can 

be obtained as the solution of the following optimization problem: 

Maximize     ))(( *22*11 ff −− ϕϕ  

subject to   

 

S
f
f

∈
≥
≥

),( 21

*22

*11

ϕϕ
ϕ
ϕ

 
(2.6)

Before proving this theorem, we need a simple fact from elementary geometry. 

Consider hyperbola 
x
ay =  in the positive quartal, and assume that line AB  is tangent to 

the hyperbola at point C . Then  is the middle point of segment C AB  (see Figure 2-3). 
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Figure 2-3 A hyperbola with tangent line 

Assume , then the slope of the tangent line is ),( vuC = 2u
a

− , and it passes through 

point , so its equation is  ),( vu

)(
2

ux
u
avy −−=−

. 

The x intercept of this line is the solution of equation 

),(2 ux
u
av −−=−

 

and since , it is  uva =

uu
a

vux 2
2

=+=  

which completes the proof.  

Proof of Theorem 1 (Ruth, 1979). First we show that the solution of problem (2.6) 

is unique. The logarithm of the objective function is )log()log( *22*11 ff −+− ϕϕ , which is 
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strictly concave implying the uniqueness of the solution. Next we show that the solution 

of problem (2.6) satisfies all axioms.  

(i) It follows from the third constraint of problem (2.6). 

(ii) As a consequence of the first two constrants of (2.6). 

(iii) At the solution of (2.6), *11 f>ϕ  and *22 f>ϕ , otherwise the objective function 

would be zero. Since there is an Sf ∈  such that 
*

ff > , the optimal objective function 

value has to be positive. Assume next that there is an Sfff ∈= ),( 21  such that 11 ϕ≥f and 

22 ϕ≥f . If at least one of these inequities would be strict, then would give higher 

objective value for 

),( 21 ff

(2.6) than ),( 21 ϕϕ . 

(iv) If we reduce the feasible set of (2.6) and the optimal solution remains feasible, 

then the optimal solution remains the same.  

(v) By linear transformation, all constrains of (2.6) remain satisfied, and the 

transformed objective function becomes ))(( 2*222221*11111 βαβϕαβαβϕα −−+−−+ ff  

))(( *22*1121 ff −−= ϕϕαα which has the same optimal solution as the original objective 

function, since 1α  and 2α  are positive. 

Assume symmetry in 
*

f  and  but assume that the solution S ),( 21 ϕϕ  of problem 

(2.6) is non-symmetric, then 21 ϕϕ ≠  and clearly ),( 12 ϕϕ  gives the same objective function 

value than ),( 21 ϕϕ  showing that there are at least two different optimal solutions. This is 

in contradiction to the uniqueness of the optimal solution. 

Next we show that the solution satisfying axioms (i) to (vi) is the same as the 

optimal solution of problem (2.6). This proof consists of several steps.  
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First assume that 0
*
=f  and }1,0,|),{( 212121 ≤+≥= ffffffS . 

 

Figure 2-4 Nash solution with triangular S 

Since 
*

f  and  are symmetric (see S Figure 2-4), the solution has to be symmetric 

and Pareto optimal. Therefore it has to be the midpoint of the segment connecting the 

points (1,0) and (0,1). Notice that axiom (v) implies that the same holds for any not 

necessarily symmetric triangles. Let next be any convex, closed, bounded set. Let point 

 be the optimal solution of problem 

S

T (2.6) with 0*2*1 == ff . Consider the hyperbola 

passing through point T . The region R located above the hyperbola is closed, convex as 

well as S , therefore the theorem of separating hyperplans implies that there is a straight 

line through T  separating sets  and . If R S A  and  are the intercepts of this line with 

the two coordinate lines, then T  has to be the midpoint between 

B

A  and  as a 

consequence of the simple geometric fact outlined before this proof. Hence if  denotes 

the triangle , then 

B

'S

ABO TfS =),'
*

(ϕ , however  and 'SS ⊆ ST ∈ , so axiom (iv) implies that 

T=fS ),(
*

ϕ . Hence the Theorem is proved for 0
*
=f . If 0

*
≠f , then we can apply axiom 

(v) with 021 ==αα  and *ii f=β , 2,1=i . 
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Figure 2-5 Nash solution for general S 

2.5.2 Kalai-Smorodinsky solution 

In the absence of an agreement the players receive the status quo payoffs. Let  and  

denote the largest payoffs that the players may obtain without considering the other 

payers, that is,  

*
1f

*
2f

}.),(|max{ 21
* Sf ii ∈= ϕϕϕ  

The point  is called the ideal point.  ),( *
2

*
1 ff

This concept simultaneously increases both payoffs in the direction of their best 

values from the status quo point as far as possible. Graphically this concept means that 

the solution is the intercept of the boundary of S  with the linear segment connecting the 

status quo point  with the “ideal point”  (see ),( *2*1 ff ),( *f i
*

2f Figure 2-6). 
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Figure 2-6 Kalai-Smolodinsky solution 

Mathematically this solution can be obtained by solving the following nonlinear 

optimization problem:  

Maximize       t  

subject to Sfffftff ∈−−+ ),(),( *2
*

2*1
*

1*2*1  (2.7)

For an axiomatic development of this method see Kalai and Smorodinsky (1975). An 

alternative method is the solution of the nonlinear equation 

)).(()( *1
*

1*1*2
*

2*2 fftfgfftf −+=−+  

Standard methods are available for the solution of this equation (Szidarovszky and 

Yakowitz, 1978). 

2.5.3 Area monotonic solution 

Since the players are rational, the actual feasible set is  

},,),(|),{( *22*112121 ffSS ≥≥∈=+ ϕϕϕϕϕϕ . 

This solution concept finds an array originating at the status quo point and terminates at a 

boundary point A  of  such that the array divides  into two subsets of equal area 

(Anbarci, 1993). Here the point 

S +S

A  is accepted as the solution. The graphical 

representation is shown in Figure 2-7. 
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Figure 2-7 Area monotonic solution 

If  is the boundary function of  between the extreme points  and , 

the point  can be obtained by solving the following nonlinear equation for 

: 

)( 12 fgf = S 1E 2E

))(,( 11 fgfA =

1f

 ∫ −−+−−=+−−∫
*

1

1

1

*1
))()((

2
1)()())()((

2
1)( *21*111

*
1

*
2*21*11

f
f

f
f ffgfffffdttgffgffdttg . (2.8)

2.5.4 Equal sacrifice method 

As we have seen earlier, the best payoffs of the players would be  and  if they 

would not consider the other player. Since the payoff vector  is the usually 

infeasible ideal point, both players must sacrifice in order to reach an agreement at a 

feasible payoff vector. In this concept (Chun, 1988) each player relaxes its payoff value 

with equal speed until a feasible vector is reached. This concept can be realized by the 

optimization problem: 

*
1f

*
2f

),( *
2

*
1 ff

Minimize                   t

subject to  Stftf ∈−− ),( *
2

*
1 . (2.9)
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Since the optimal solution is on the boundary of S , this problem is equivalent to the 

solution of the nonlinear equation for : 1f

 )( 1
*

21
*

1 fgfff −=− . (2.10)
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3 CONFLICT RESOLUTION WITH ASYMETRIC PLAYERS 

The classical methods of conflict resolution and bargaining assume that all agents are 

equal. However it is common in practical situations that different agents have different 

powers in a decision making process. Existing MARL algorithms have only studied 

multi-agent systems where the agents are symmetric, having equal power. In political and 

economic negotiations different countries have different tools to enforce their wills on 

others (military power, economic sanctions, etc.).  In less important negotiations we also 

face similar situations, especially if the agents have different wealth, or one of them has a 

certain urgency to strike a deal so the other agent can take advantage of this and therefore 

has higher bargaining power.   

 A usual way of considering different agents is by assuming different information 

structure and a sequential decision process. Leader-follower methods represent this idea: 

when the leader selects its decision alternative by knowing the expected response of the 

follower, so the leader optimizes its payoff given the response of the follower. As for my 

knowledge, so far (Kononen 2004) is the only paper that studies this idea of the 

asymmetric MARL, and proposes a Stackelberg equilibrium based learning in non-

cooperative games where one agent is the leader and the other is the follower. He studied 

the MAS where the information states of the agents involved in the learning task are not 

equal; some agents (leaders) have information how their opponents (followers) will select 

their actions and based on this information leaders encourage followers to select actions 

that lead to improved payoffs for the leaders.  
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In this dissertation, cooperative games of players with different powers are 

adopted to solve the social dilemma problems. We follow a different path than Kononen 

when we generalize bargaining solution concepts to the more general case of non-

symmetric agents. The non-symmetric Nash solution is the only approach which was 

published earlier in the literature (Harsanyi and Selten, 1972). 

In this chapter we introduce the nonsymmetric extensions of the most common 

conflict resolution methods.   

3.1 Nonsymmetric Nash Solution 

In many conflict situations the players have different bargaining powers, so the 

symmetricity axiom (iv) of Nash is not realistic. By dropping this axiom non-symmetric 

Nash solutions are obtained. They are based on the following result (Harsanyi and Selten, 

1972): 

Theorem 3.1.Let  be convex, closed and bounded, furthermore assume the 

existence of an 

S

Sf ∈  such that 
*

ff > . Then for any solution satisfying axioms (i) to (v) 

there is an )1,0(∈α  such that it is the optimal solution of problem 

Maximize    
αα ϕϕ −−− 1

*22*11 )()( ff

subject to  

 *11 f≥ϕ  (3.1)

*22 f≥ϕ  

S∈),( 21 ϕϕ . 
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Notice that for 2
1

=α
, problems  (3.1) and (2.6) are equivalent, so the non-symmetric 

Nash solution reduces to the original Nash bargaining solution. The proof of this theorem 

is similar to that of Theorem 1, so the details are omitted. 

 Harsanyi and Selten (1972) introduced the non-symmetric generalization for 

convex, closed consequence spaces, but the usage of these methods is common in 

nonconvex, even discrete cases based on the following considerations:  

1. If we consider the mixed extension of the game with randomly selected moves, then 

the new consequence space is always convex and closed;  

2. Most of the original Nash axioms are fulfilled even if the consequence space is non-

convex, however, there is no guarantee that this is the only solution satisfying these 

axioms, but certainly one of them, so it gives a fair solution; 

3. The Nash product can also be imagined as a utility function taking into account the 

interest of both players in a certain way. So it establishes a particular way of cooperation 

between the players. Thus without Nash's uniqueness guarantee and without convexity of 

the consequence space, it is a realistic cooperative solution concept. 

3.2 Nonsymmetric Kalai-Smorodinsky Solution 

With non-identical weights, problem (2.7) can be generalized as:  

Maximize     t

subject to Sffwffwtff ∈−−+ ))(),((),( *2
*

22*1
*

11*2*1  (3.2) 

which requires that the objectives should grow faster in the  direction if , and 

faster in the  direction if 

1f 21 ww >

2f 21 ww < . If 21 ww = , then this problem reduces to (2.7). 
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3.3 Nonsymmetric Area Monotonic Method 

Similarly, problem (2.8) has to be modified by the weights: 
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(3.3)

by requiring that the ratio of the two areas be
1

2

w
w . 

3.4 Nonsymmetric Equal Sacrifice Method 

In the nonsymmetric sacrifice method we require that the weaker player has to 

decrease its payoff faster than the other player leading to the optimization problem: 

Mimimize                t

subject to ( ) Stfwtfw ∈−− *
21

*
12 (),(  (3.4)

or to the solution of the nonlinear equation 

 ( ) ( ))( 1
*

22
*

11 fgfwffw −=−  (3.5)

3.5 Application to Discrete Problems 

In many applications S is a finite set, consisting of discrete points. The solution 

methods described in the previous parts of this section cannot be used directly, since S  

does not satisfy the condition of being convex, closed, and bounded. In the lack of 

convexity, we have to apply the methods with some modification.  
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Problem (3.1) can be solved on any discrete set, so its solution can be obtained 

even if S  is discrete. However problem (3.2) may be infeasible if direction 

 is selected in a way that the half line has no other point of the 

feasible set than the status quo point. In this case we select the Pareto point for which the 

ratio  

( ))(),( *2
*

22*1
*

11 ffwffw −−

 
*2

*
2

*22

*1
*

1

*11

ff
f

ff
f

−
−

÷
−
− ϕϕ

 
(3.6)

gives the best approximation for . Similarly, instead of solving the exact equation 21 / ww

(3.3), we find the Pareto point for which the ratio 

 ( )( )

( ) ( )( )∫

∫

−−+−−

+−−
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1

1

1
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*
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f

f

f

f
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(3.7)

gives the best approximation for , where 21 / ww g  is a piece-wise linear function 

connecting the Pareto points. Similarly, instead of solving equation (3.5), we find the 

Pareto point for which the ratio 

1
*

1
*

2 )(
ff
fgf

−
−

 

gives the best approximation of . In all cases the best approximation from the finite 

set of Pareto points has to be found, which is a very easy task.  

21 / ww
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4 MULTI-AGENT LEARNING WITH BARGAINING 

In this chapter, a multiagent learning model with symmetric bargaining agents is 

presented. The model is first introduced and then the algorithm is developed. The 

complexity and the convergence of the algorithm are finally analyzed. 

4.1 Algorithm 

To adapt Q-learning to multi-agent systems, first we have to redefine the Q-values. There 

are two factors we have to take into account. First, in a system with n  agents, the new 

state is decided by the joint actions  rather than a single action. Second, unlike 

in any single agent system, the objective is not to maximize the sum of the discounted 

rewards since there is no single objective in multi-agent systems. With the Nash 

bargaining solution as the solution concept, we define a Nash bargaining Q-value as the 

expected sum of the discount rewards when all agents follow Nash bargaining solution 

from the next period on. More precisely, we refer to  as a Nash bargaining Q-function 

for agent i . 

),,( 1 naa K

iQ*

Definition 4.1.Agent ’s Nash bargaining Q-function is defined over , 

as the sum of agent i 's current reward plus its future rewards when all agents follow a 

Nash bargaining strategy. That is 

i ),,,( 1 naas K

 ∑
∈

+==
Ss

ninnini svaasspaasraasQ
'

*
1
*

111
* ),,,,'(),,,|'(),,,(),,,( ππβ KKKK

 
(4.1)
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where  is the joint Nash bargaining strategy, is agent i 's one-

period reward in state 

),,( *
1
*

nππ K ),,,( 1 ni aasr K

s  under joint action ,  is agent ’s total 

discounted reward over infinite time periods starting from state 

),,( 1 naa K ),,,'( *
1
*

ni sv ππ K i

s , given that agents 

follow the Nash bargaining strategy.  

Many game theory solution concepts are known from the literature for static 

games, which are games without state transitions. They are also called state games. 

Stochastic games are the ones with state transitions.  

Definition 4.2. An n-player state game is defined as  where for 

 

),,,( 1 nMM K

,,,1 ni K= iM is agent k ’s payoff function over the space of joint actions, 

, and },K,|),,({ 111 nnnkk AaAaaarM ∈∈= K kr  is the reward for agent k .  

In a stage game, we define Nash bargaining solution as below.  

Definition 4.3. A joint strategy  constitutes a Nash bargaining solution 

for the stage game  if for 

),,( 1 nσσ K

),,( 1 nMM K ,,,1 nk K=  

kkkkkkkk

kkkkkkkk

kkkkkkkk

MMMM

MMMM

MMMM

−−−−

−−−−

−−−−

≥

≥

≥

σσσσ

σσσσ

σσσσ

))

)

)

  

where , i.e., the product of strategies of all agents other than agent 

. 

nkkk σσσσσ LL 111 +−− =

k

In a stochastic game, at each state we can treat the game as a stage game 

according to the above definition. The stochastic game is a series of stage games with 

transition probability distribution over the state space as shown in Figure 4-1. In this 

example, there are 2 agents and each agent has two choices of actions at each state.  is )(sR
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the payoff function at state s , that is, a payoff matrix. When action  is taken under 

state 

),( 21 aa

s , the new state   is reached with probability . With the 

Nash bargaining solution, the objective of multi-agent learning in stochastic games is to 

obtain the Nash bargaining solution at each stage game and therefore the objective of the 

stochastic game is also guaranteed to be the Nash bargaining solution. 

ks ),,1( mk K= ),,|( 21 aassP k

),,|( 211 aassP

),,|( 212 aassP

),,|( 21 aassP m

)(sR

)( 1sR

)( 2sR

)( msR

 

M

Figure 4-1 Stochastic games represented as stage games at state s and new state s’ 

The learning agent, indexed by , learns about its Q-values through the process of 

interaction. At time 0, the agent makes a guess with or without any prior knowledge. One 

simple guess is to let  at 

i

,0),,,( 1 =ni
t aasQ K 0=t  for any state Ss∈ , . At 

each later time period 

nn AaAa ∈∈ ,,11 K

t , agent i  observes the current state, and takes its action. After a 

joint action is taken, agent i  observes its own reward, the others’ rewards, the actions 

taken by all other agents, and the new state . At state , it is a stage game with payoff 's 's
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function . Agent i  determines a Nash bargaining strategy 

 for such a stage game and updates its Q-values according to 

))'((,),'(( 1
1

1 sQsQ n
tt ++ K

)'()'(1 ss nππ L

 )]'([) , (4.2)1( −),,,( 1
1 sVrQaasQ i

t
i

t
i
t

ni
t βαα ++=+ K

where  

 )'()'(|)'())'(,),'(()( 11' sssQsQsQNBSsV ni
t

n
tt

ii
t ππ LK == . (4.3)

Here denotes the Nash bargaining solution payoff matrix and 

 denotes the Nash bargaining based payoff for agent i . In order to 

determines the Nash bargaining strategies , each learning agent needs to 

know  and choose the actions such that  

))'(,),'(( 1 sQsQNBS n
tt K

))'(,),'(( 1 sQsQNBS n
tt

i K

)(,),( ''1 ss nππ K

)'(,),'(1 sQsQ n
tt K

 )]}ˆ()ˆ[(,'|,,{)(,),( 11
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1''1 nn
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nn QQQQMaxsaass
n

−××−= KKK
K

ππ
, (4.4) 

where  is the status quo point for agent iQ̂ nii ,,1, K= . 

The learning algorithm is summarized in Table 4-1. Note that each agent in the 

system uses the same learning algorithm, keep track of every agent’s Q-functions, but 

updates only its own policy. At each iteration, the learning agents update only the entry 

corresponding to the current state and joint action vector. They do not update all entries 

in the Q-functions. That is, the entries  in the Q-functions 

remain the same as before until time , . 

),,,(),,,( 11 n
ttt

n aasaas KK ≠

't ),,,(),,,( '
1
''

1 n
ttt

n aasaas KK =
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Inputs: 

Learning rate )1,0(∈α  

Discount factor )1,0[∈γ  

Let the learning agent be indexed by  k

Total training iterations T  

Initialization: 

For all  and , let ,Ss∈ ii Aa ∈ ,1),,,( 1 =ni aasQ K 0ˆ =iQ ni ,,1 K= ; 

Loop: 

For  to 1=t T  

Choose action . ka

Observe , , and new state nrr ,,1 K nkk aaaa ,,,, 111 KK +− '1 sst =+ . 

Update  for ),,,( 1
1

ni
t aasQ K+ ni ,,1 K=   

)]'([),,,()1(),,,( 11 sVraasQaasQ iinini γαα ++−= KK  

where  is the defined in )(sV i (4.3). 

Table 4-1 Nash bargaining based learning algorithm with symmetric agents 

4.2 Complexity Analysis 

According to the algorithm, each learning agent needs to maintain one Q-function 

separately. Let  be the number of states in the state space, and be the size of agent 

’s action space 

|| S || iA

i iA , then the total number of entries in  is . If 

, then the total number of entries in  is 

iQ |||||| 1 nAAS L⋅

|||||| 1 AAA n ===L iQ nAS ⋅ . Each agent has to 
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maintain  tables because there are n  agents, so the total space requirements for a 

learning agent is . Therefore the algorithm, in terms of memory space 

complexity, is linear in the number of states, polynomial in the number of actions, and 

exponential in the number of agents, same as in the case of applying Nash-Q learning. 

n

nASn |||| ⋅⋅

At each iteration, each Q-function is updated and the product of the Q values is 

compared with the V-value, so the running time of NBS based learning at each iteration 

is , where n  is the number of agents. Therefore, the total running time with t  

iterations is , which is linear in the number of total iterations 

)(nO

)( tnO ⋅ t  and in the number 

of total agents n . 

In Nash-Q learning, the total running time is dominated by the computation of the 

Nash equilibrium at each iteration, and the computation complexity of finding an 

equilibrium in the matrix game can be done with linear programming, which is more 

expensive than linear in time since it is a polynomial algorithm at best. Because of the 

linear running time, the NBS learning algorithm is much faster than the non-cooperative 

equilibrium based learning algorithms.  

4.3 Convergence Proof  

Our convergence proof requires two basic assumptions about infinite sampling 

and decaying of learning rate. These two assumptions are similar to those in single agent 

Q-learning. 

Assumption 1. Every state s S∈ and action  are visited infinitely 

often. 

nkAa kk ,,1, K=∈
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Assumption 2. The learning rate tα satisfies the following conditions for all 

),,,(,, 1 naaats L
r
= : 

1. , and the last two conditions hold 

uniformly and with probability 1. 

[ ] ∞<∞=<≤ ∑∑ ∞

=

∞

=

2

00
),(,),(,1),(0

t tt tt asass
rrr

αααα

2. 0),( =αα
rst  if ),(),( ttss αα

rr
≠ . 

The second item in Assumption 2 states that the agent updates only the Q-function 

element corresponding to the current state  and actions ts ar . 

Lemma 1. (Szepesvari and Littman, 1999) Assume that tα satisfies Assumption 2 

and mapping satisfies the following condition: there exists a number Θ→Θ:tP 10 << β  

and a sequence 0≥tλ converging to zero with probability 1 such that 

ttt QQQPQP λβ +−≤− **  for all Θ∈Q  and ][ ** QPEQ t= , then the iteration defined by  

)()1(1 tttttt QPQQ αα +−=+  

converges to  with probability 1. *Q

In the above lemma,  is a pseudo-contraction operator because a “true” 

contraction operator should map every two points in the space closer to each other, which 

means 

tP

QQQPQP tt
ˆˆ −≤− γ  for all . Even when Θ∈QQ ˆ, 0=tλ ,  is still not a contraction 

operator, because it only maps every 

tP

Θ∈Q  closer to , not mapping every two points in 

closer to each other.  

*Q

Θ

For an n-player stochastic game, we define the operator  as follows: tP
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Definition 1. Let , where  for),( 1 nQQQ L= kkQ Θ∈ nk ,,1 K= , and . 

 is a mapping from the complete metric space 

nΘ××Θ=Θ L1

Θ→Θ:tP Θ into Θ , , 

where  

),,( 1 n
ttt QPQPQP L=

),'()'()'(),(),( 1 sQssasrasQP knk
t

k
t πγπ K

rr
+=   

for  where  is the state at time ,,,1 nk K= 's 1+t , and  is a Nash 

bargaining solution for the stage game . 

))'(,),'(( 1 ss nππ K

))'(),'(( 1 sQsQ nL

Lemma 2. For an n-player stochastic game, **][ QQPE t = , where . ),( *
1
**

nQQQ L=

Proof: Suppose that  is agent k’s Nash bargaining payoff for the stage game 

, and is its Nash bargaining solution point. Then, we have 

. Note that 

),,'( *
1
*

nk sv ππ K

))'(),'(( *
1
* sQsQ nL ))(,),(( *

1
* ss nππ K

)'()'()'(),,'( **
1
**

1
* sQsssv knnk ππππ LK =
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))'()'()'(),,,()(,,,|'(
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1
*

'
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'
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11
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knnnk

nk

aasQPE
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K
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∈
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for all . Thus . So, naas K,, 1 ][ **
k

t
k QPEQ = **][ QQPE t =  for all . k

 In the following, we know that the operator is a pseudo-contraction operator. 

We first define the distance between two Q-functions. 

tP

 Definition 2. For , define  Θ∈QQ ˆ,

|),,,(ˆ),,,(|maxmaxmax

||)(ˆ)(||maxmax||ˆ||

11

,,

),(

1

njnj

aasj

sj
jj

sj

aasQaasQ

sQsQQQ

n
KK

K
−≡

−≡−
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 Assumption 3. For any Θ∈Q , we assume that BQ ≤ , where B is a given 

constant. 

Assumption 3 means that is the space of all uniformly bounded Q functions. Θ

Lemma 3 For an n-player stochastic game, **][ QQPE t = , where . ),( *
1
**

nQQQ L=

Proof: Notice first that  

|})(ˆ)(ˆ)(ˆ||)(ˆ)()(||)(ˆ)()()()()({|maxmax

|)(ˆ)(ˆ)(ˆ)(ˆ)()()(ˆ)()()()()(|maxmax

|)(ˆ)(ˆ)(ˆ)()()(|maxmax

ˆmaxˆ
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  (4.5)

We know that, 

.|),,,(ˆ),,,(|),(),(

|),,,(ˆ),,,()(,(),(|

|)(ˆ)()()()()(|

,,

1111

,,

1111

11

1

1

∑

∑

−≤

−=

−

n

n

aa

njnjnn

aa

njnjnn

jnjn

aasQaasQasas

aasQaasQasas

sQsssQss

K

K

KKL

KKL

LL

ππ

ππ

ππππ

 

So 
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|)(ˆ)()()()()(|maxmax 11

QQ

sQsssQss jnjn

sj

−≤

− ππππ LL
 (4.6)

Noting that 

|),,,(ˆ|),,,(),,,()(ˆ)()( 111

,,

111
1

njn

aa

njn aasQaasaassQss
n

KKLKL
K

ππππ ∑= , 

we have 

 .|)(ˆ)()(|maxmax 1 BsQss jn

sj
≤ππ L  (4.7)



 71

Similarly,  

 .|)(ˆ)(ˆ)(ˆ|maxmax 1 BsQss jn

sj
≤ππ L  (4.8)

Therefore,  

 .2||ˆ||||ˆ|| BQQQPQP tt +−≤− β  (4.9)

Theorem 1. Under Assumptions 1-3, the sequence , updated by  ),,( 1 n
ttt QQQ K=

))'()'()'((),,,()1(),,,( 111
1 sQssraasQaasQ k

t
nk

tt
nk

tt
nk

t πγπαα LKK ++−=+  

for , where  is the Nash bargaining solution for the stage 

game , converges to the Nash bargaining solution based Q-value 

. 

nk ,,1K= ))'(,),'(( 1 ss nππ L

))'(,),'(( 1 sQsQ n
tn L

),,( *
1
**

nQQQ K=

Proof: Our proof is a direct application of Lemma 1, which establishes convergence 

under two conditions. First,  is a pseudo-contraction operator by Lemma 3. Second, the 

fixed point condition, 

tP

** )( QQPE t = , is established by Lemma 3. Therefore, the process 

][)1(1 tttttt QPQQ αα +−=+  

converges to . *Q
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5 MULTI-AGENT LEARNING WITH ASYMMETRIC AGENTS IN 

BARGAINING 

This brief chapter develops a learning algorithm based on nonsymmetric bargaining that 

was introduced in Chapter 3. This method is also a generalization of the learning 

algorithm described in the previous chapter. Any one of the nonsymmetric bargaining 

methods can be applied, but in order to have a clear comparison I decided to select the 

nonsymmetric Nash solution since symmetric Nash solution was applied in Chapter 4.  

5.1 Introduction 

Bargaining is a situation in which two or more players have a common interest to 

cooperate, but have conflicting objectives and interests over exactly how to cooperate. 

Because of various reasons, the agents involved in bargaining have different powers to 

reach an agreement. The factors which determine bargaining powers and outcomes are 

listed, but not limited to, as follows: 

1. Patience during the process of negotiations confers bargaining power. In general, since 

a poor player is typically more eager to strike a deal in any negotiations, poverty (by 

including a larger degree of impatience) adversely affects bargaining power. There is no 

wonder why the richer nations of the world often obtain relatively better deals than the 

poorer nations in international trade negotiations.  

2. In the bargaining process there is the possibility that negotiations might break down 

into disagreement because of some exogenous and uncontrollable factors. Typically, a 

player’s bargaining power is higher when its profit (or payoff) is higher following the 
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occurrence of the exogenous and uncontrollable factors that triggers a breakdown in the 

negotiations. Even if the possibility of such an occurrence, i.e., the risk of breakdown is 

small, it nevertheless may provide appropriate incentives to the players to compromise 

and reach an agreement. Risk aversion adversely affects bargaining power: i.e., a player’s 

bargaining power is higher when she is less averse to risk relative to the other negotiator.  

3. In many bargaining situations the players may have access to ‘outside’ options and/or 

‘inside’ options. For example, two individuals, a seller who owns the house and a buyer 

who wants to buy the house are bargaining over the price of the house. The seller may 

have a non-negotiable (fixed) price offer on her house from another buyer, and she may 

derive some ‘utility’ (or benefit) while she lives in it. The former is her outside option, 

while the latter is her inside option. The inside options and/or outside options also play 

roles in bargaining. A key principle is that a player’s outside option will increase her 

bargaining power if and only if the outside option is sufficiently attractive; if it is not 

attractive enough, then it will have no effect on the bargaining outcome. It implies that 

having the outside option (such as an outside job offer) will not necessarily increase the 

bargaining power; it will not necessarily enable an employee to extract a higher wage 

from her current employer unless the outside job offer yields higher wage than the 

amount her current employer is paying.   

We have a brief review of bargaining solutions with non-symmetric agents in 

Chapter 4. Among these solutions, the non-symmetric Nash bargaining solution is the 

simplest one in terms of the description of the optimization problem to be solved. In 

addition, non-symmetric Nash bargaining solution keeps all the attractive features of the 
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original Nash bargaining solution except the symmetry. As a natural extension of our 

work reported in Chapter 4, non-symmetric Nash bargaining solution is used in our multi-

agent learning with non-symmetric agents. 

5.2 Asymmetric Learning Algorithm in Bargaining 

The learning process is similar to the case with symmetric agents. The learning 

agent, indexed by i , learns about its Q-values through the process of interaction. At time 

0, the agent makes a guess with or without any prior knowledge. One simple guess is to 

let  at  for any state ,0),,,( 1 =ni
t aasQ K 0=t Ss∈ , . At each later time period nn AaAa ∈∈ ,,11 K

t , agent i  observes the current state, and takes its action. After a joint action is taken, 

agent i  observes its own reward, the others’ rewards, the actions taken by all other agents, 

and the new state . At state , it is a stage game with payoff function 

. Agent i  calculates a nonsymmetric Nash bargaining strategy 

 for such a stage game and updates its Q-values according to 

's 's

))'((,),'s(( 1
1

1 sQQ n
tt ++ K

,),( '1 s nππ K

)'()'(1 ss nππ L

 )]'([),,,()1(),,,( 11
1 sVraasQaasQ i

t
i

t
ni

t
ni

t γαα ++−=+ KK , (5.1)

where  

 ).'()'(|)'())'(,),'(()'( 11 sssQsQsQANBSsV ni
t

n
tt

ii
t ππ LK ==  (5.2)

Here  denotes the asymmetric Nash bargaining solution payoff 

matrix at state  and  denotes the corresponding payoff for agent i  at 

state . In order to compute the non-symmetric Nash bargaining strategy , 

each learning agent needs to know  and choose the actions such that  

))'(,),'(( 1 sQsQANBS n
tt K

's ))'(,),'(( 1 sQsQANBS n
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i K
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Where  is the status quo point for agent i , and is bargaining power for agent 

. 

iQ̂ iw

nii ,,1, K=

The learning algorithm is summarized in Table 5-1. Note that each agent in the 

system uses the same learning algorithm, keep track of every agent’s Q-functions, but 

updates only its own policy. At each iteration, the learning agents update only the entry 

corresponding to the current state and joint action vector. They do not update all entries 

in the Q-functions. That is, the entries  in the Q-functions 

remain the same as before until time , . 

),,,(),,,( 11 n
ttt

n aasaas KK ≠

't ),,,(),,,( '
1
''

1 n
ttt

n aasaas KK =

Inputs: 

Learning rate )1,0(∈α  

Discount factor )1,0[∈γ  

Let the learning agent be indexed by  k

Total training iterations T  

Initialization: 

For all  and , let ,Ss∈ ii Aa ∈ ,1),,,( 1 =ni aasQ K 0ˆ =iQ ni ,,1 K= ; 

Loop: 

For  to T  1=t

Choose action . ka

Observe , , and new state nrr ,,1 K nkk aaaa ,,,, 111 KK +− '1 sst =+ . 
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Update  for ),,,( 1
1

ni
t aasQ K+ ni ,,1 K=   

)]'([),,()1(),,,( 11 sVraasQaasQ iinini γαα ++−= KK  

where  )'()'(|)'())'(,),'(()'( 11 sssQsQsQANBSsV ni
t

n
tt

ii
t ππ LK ==

))'(,),'(( 1 sQsQANBS n
tt

i K is value with asymmetric Nash bargaining solution 

strategy at state as defined in equation (5.3). 

)'(sQi
t

)(,),( ''1 ss nππ K 's

Table 5-1 Multiagent learning algorithm with bargaining solution with asymmetric agents 

 The algorithm shown in Table 5-1 is similar to the one in Table 4-1. In the 

algorithm of Table 5-1, each agent’s bargaining power is taken into account and the non-

symmetric Nash product is used to update V functions. This difference does not affect the 

algorithm complexity, and its convergence. Therefore, the detailed analysis of algorithm 

complexity, the convergence, and the learning process for multiagent learning with 

bargaining solution with asymmetric agents are omitted from this chapter.  
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6 CASE STUDIES 

6.1 Grid World Games 

The commonly used framework of multi-agent systems includes stochastic games 

and matrix games. Since we model a dynamic process instead of a one-shot play, we 

adopt stochastic games to model state transition. In the multi-agent learning with the 

stochastic game framework, grid games are commonly used as benchmarks for evaluation 

of the algorithms (Littman 1994, Hu and Wellman 2003, Greenwald and Hall 2003).  

In these games, two agents take actions simultaneously. At each time, each agent 

can only move one step/cell. They are not allowed to stay in the same cell at the same 

time except at the cell which is their common goal. We assume that the agents do not 

know the location of the targets and the overall payoff function. They can however 

observe the previous actions taken by the other player, the new state that results from the 

joint action and the immediate payoff of each action to each player. The objective of each 

agent is to reach its goal cell with the minimal number of steps of movement. 

6.1.1 Grid games with symmetric agents 

6.1.1.1 Game configurations 

We simulated the two grid games (Hu and Wellman 2003, Greenwald and Hall 2003) 

which are shown in Figure 6-1. In both games, the agents start from the respective lower 

corners, trying to reach their goals, respectively. An agent can only move one cell a time, 

and in four directions: left, right, up, down. If the two agents attempt to move into the 
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same cell excluding a goal cell, then they are bounced back to the previous cells. The 

game ends when any agent reaches its goal.  

 The objective of an agent in this game is to reach its goal with a minimum number 

of steps of movements. The fact that one agent’s wining does no preclude the other agent 

to win makes them more prone to coordinate. Therefore, Nash bargaining solution is a 

good choice.  

 We assume that the agents do not know the locations of their goals at the 

beginning of the learning period. Furthermore, they do not know their own payoff 

functions and that of the other agents. Agents choose their actions simultaneously. When 

they take actions, they can observe the previous actions of both agents and the current 

state. They can also observe the immediate rewards of both agents when the joint actions 

are taken.  

 

a) Grid Game 1   b) Grid Game 2 

Figure 6-1 Grid games with symmetric agent 
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Figure 6-2 The labeling of 3X3 grid games 

The difference between grid game 1 and grid game 2 is that there are two 

different goals in grid game 1, and one common goal in grid game 2. Another difference 

is that in game 2, there is a barrier above cells 0 and 2. When an agent is located in cell 0 

or 2 and selects action to move up, it has 50% possibility to succeed and 50% possibility 

to fail, i.e., to move back to its original cell. 

6.1.1.2 Representation as stochastic games 

In the game , ),}{,}{,,( PRASN Ni
i

Ni
i

∈∈ },2,1{=N  the state of the game is decided by 

the two agents’ joint location , where each agent’s location is 

represented in 

)},{( 21 llS = Nil i ∈= ,9,,1K

Figure 6-2. Each agent’s action space iA  consists of four one-step 

movements, .  },,,{ rightleftdownupAi =

If both agents attempt to move into the same cell, they have to back off and both 

lose one point. If an agent reaches its goal, it is rewarded 100 points and the game is over. 

If none of the agents reaches its goal and they do not conflict, then each agent scores zero, 

so neither one is rewarded or punished. The payoff function is represented as 
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 The state transitions are deterministic in Grid Game 1, that is, there is a one-to-

one mapping from state/action pairs to successor states. In other words, in Grid Game 1, 

the transition from state x after performing action a will always result in state x' with 

probability one. In Grid Game 2, state transitions are non-deterministic in cells 0 and 2, 

since when an agent chooses action “up”, it moves up with probability 0.5, and remains 

in its previous position with probability 0.5. When both agents choose action “up” from 

state (0 2), then the next state is equally likely to be (0 2), (3 2), (0 5), or (3 5) each with 

probability 0.25. When agent 1 moves “right” and agent 2 moves “up”, then the 

probabilities for new states are: 5.0),),20(|)21( =uprightP , and 5.0),),20(|)51( =uprightP . 

Similarly, we have 5.0),),20(|)10( =leftupP and 5.0),),20(|)13( =leftupP . 

6.1.1.3 Nash bargaining Q-values 

Since we assume the agents play pure strategies in Grid Games, an agent’s policy 

depends only on its location. So the policy defines a path, that is, a sequence of locations 

from the starting position to the final destination. Two shortest paths that do not interfere 

with each other constitute a Nash bargaining solution, since each agent wants to minimize 

its path and the two agents cooperate with each other. Some Nash bargaining paths for 

Grid Game 1 are shown in Figure 6-3(a). The other Nash bargaining paths in Grid Game 

1 which are not shown in Figure 6-3(a) are their symmetric variants. The Nash bargaining 

paths in Grid Game 2 are shown in Figure 6-3(b). 
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  (a) Grid Game 1     (b) Grid Game 2 

Figure 6-3 Solution paths in Grid Games with symmetric agents 

The value of the game for game 1 is defined as its accumulated discounted reward 

when both agents play Nash bargaining strategies, 

∑=
t

t
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2
*

1
*0

1 ππγ . 

 In game 1 with initial state )20(0 =s  and 99.0=λ , the above value becomes 

0.97
10099.0099.0099.00)( 32

0
1

=

⋅+⋅+⋅+=sv  

Based on the values for each state, we can then derive the Nash bargaining Q values for 

agent 1 in state , 0s

∑+=
'

121
0
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0

121
0
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s

svaasspaasraasQ β . 

Therefore , and . The Nash 

bargaining Q-values for both agents in state of  Grid Game 1 are shown in 

1.95))20((99.01),,( 0
1
* =+−= vleftrightsQ 0.97))53((99.00),,( 1

0
1
* =+= vupupsQ

)20( Table 6-1.  

 Left Up 

right 95.1, 95.1 97.0, 97.0 
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Up 97.0, 97.0 97.0, 97.0 

Table 6-1 Nash bargaining Q-values in Grid Game 1 in state (0,2) 

 In Grid Game 2, the v values in states )20(0 ≠s for agent 1 are derived similarly: 

0099.0099.00))10(( 21 =⋅+⋅+=v  

,0))0((1 =xv  8,,3 K=xfor  

9910099.00))21((1 =⋅+=v  
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9910099.00))51((1 =⋅+=v  
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99))31(())13(( 11 == vv  

9910099.00))23((1 =⋅+=v  

9910099.00))53((1 =⋅+=v  

The v values in state have to be calculated only in expectation because of the 

randomness of the state transition when one of them chooses action up. Using the results 

we have derived above, the Nash bargaining Q-values for agent 1 in state are 
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Because of the symmetry of Grid Game 2, we can get the Q values for agent 2 in the 

same way. The bargaining Q values for both agents in state  are shown in )20( Table 6-2. 

 Left Up 

Right ))20((99.01)),20((99.01 21 vv +−+−  49,98  

Up 98,49  21 9925.049,9925.049 vv ⋅+⋅+  

Table 6-2 Nash bargaining Q values in Grid Game 2 in state (0,2) 

In Table 6-2, there are two potential pure Nash bargaining strategies, (right, up) and (up, 

left). If one of them, e.g., (right,up),  is Nash bargaining solution for stage game 

, then  and then . Thus, we can 

get all of the Q values in 

))(),(( 0
2
*0

1
* sQsQ 49)()()()( 0

1
0

2
0

1
0

1 == sQsssv ππ 47),,( 0
1
* =leftrightsQ

Table 6-2 given that (right, up) is the Nash bargaining solution, 

as shown in the first table in Table 6-3. If (up, left) is the Nash bargaining solution, then 

we can derive another set of Q values, as shown in the second table in Table 6-3. 

 Left Up    Left up 

right 47,97 98,49   right 96,47 98,49 

 up 49,98 61,73   up 49,98 73,61 

Table 6-3 Two sets of Nash bargaining Q values in state (0,2) in Grid Game 2 

 An important difference between Grid Game 1 and 2 is the following: there is a 

unique set of Nash bargaining Q values for each state-action tuple in Grid Game 1, there 

are two sets of different Nash bargaining Q values in Grid Game 2. This will cause a 

problem in the convergence of multi-agent learning with Nash equilibrium; however, this 

is not a problem in multi-agent learning with bargaining. The reason is that the products 

of the Q values for each state-action tuple are the same for any set of Q values in Grid 
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game 2. In addition, in multi-agent learning with Nash equilibrium, it is required that the 

Nash equilibrium is a global optimum or a saddle point in order to ensure the 

convergence of learning process. The convergence in multi-agent learning with Nash 

bargaining is much more relaxed and this condition is not required. 

6.1.1.4  The learning process 

The game starts from the initial state (0 2). After observing the current state, agents 

choose their actions simultaneously. They then observe all agents’ rewards, the new state, 

as well as the actions taken by the other agent. When any one of the agents reaches its 

goal, the game is over and restarts. Then the agent checks if they need to update the 

corresponding Q values, the state-action tuple that matches, for both agent. The other Q 

values from the previous episodes are also kept. In the new episode, each agent is 

randomly assigned a new position except its goal cell. The training stops after a certain 

number of episodes. Theoretically, the longer the learning process, the faster it converges 

to the solution, since an assumption of the convergence is that each state and action have 

to be visited infinite often. In Grid Game 1, the total number of state-action tuples is 424. 

If the total number of episodes is n, the average number of steps is 8 in each episode, then 

the total number of steps is 8n. Thus, each state-action tuple is visited 8n/424 times in the 

average. We define the learning rate as the inverse of the number of visits, that is 

,
),,(

1),,( 21
21

aasn
aas

t
t =α where is the number of times that the tuple has 

been visited. When the total number of episodes is 50,000, then 

),,( 21 aasnt ),,( 21 aas

001.0
50000*8
424

==tα , the 

results from new visits hardly change the Q values already learned. 
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 In our implementation, we calculate the Nash bargaining solution in each stage 

game  by maximizing the product of the Q values of the two agents. If one of 

the Q values is zero, we choose the actions that maximize the other agent’s Q value, 

instead of doing the multiplication. The agent with zero Q value does not lose more by 

helping the other agent gaining more. It makes sense in cooperative games since a Pareto-

optimal solution is desired. Since the agent with zero Q value in the stage game will not 

be able to gain more no matter what actions it takes, actually it may get negative Q value 

if it does not choose the cooperative solution. Therefore, it is acceptable to reach an 

agreement that ensures another agent gain as much as possible.  

))(),(( 21 sQsQ

 Learning is internal for each agent. Two agents may learn different sets of Q 

values which yield different Nash bargaining solutions. For example, in Grid Game 1 

agent 1 might learn a Nash bargaining path corresponding to the joint path in the second 

graph in Figure 6-3(a), while agent 2 might learn a Nash bargaining solution path 

corresponding to the joint path in the last graph in Figure 6-3(a). In this case agent 1 will 

choose to move left in state (0,2) and agent 2 will choose to move right. Then the actual 

paths they take will interfere with each other. However, this case is avoided in the 

learning process because all agents have the same sequence to update the state-action 

tuples and use the same updating rule, although the sequence to visit state-action tuples is 

random. 
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6.1.1.5 Convergence results 

After learning 40,000 iterations, we find that the agents’ Q-values stabilize at certain 

values. Some learning results are shown in Table 6-4 and Table 6-5. We see that the 

results in Table 6-4 are close to the theoretical derivation in Table 6-1, and the results in 

Table 6-5 are close to the first table in Table 6-3. 

 Left Up 

Right 95.06, 95.03 97.03, 97.03 

Up 97.03, 97.03 93.03, 97.03 

Table 6-4 Final Nash bargaining Q values in state (0,2) for one selected Nash bargaining solution in 

Grid Game 1 

 Left Up 

Right 48.01, 97.03 99.06,50.12 

Up 50.12,99.06 62.3,74.01 

Table 6-5 Final Nash bargaining Q values in state (0,2) for one selected Nash bargaining solution in 

Grid Game 2. 

Figure 6-4 shows the experimental results in another way. The x-axis represents 

time, and the y-axis represents the means of the distribution of the errors  for all time 

steps t and 

i
terr

|),(| 1
i
t

i
t

i
t QasQerr −−= . The experimental results show that NBS based Q learning 

converges in both deterministic and nondeterministic grid games. In these two grid games, 

like equilibrium based learning, there are multiple NBS solution options. In equilibrium 

based Q learning, such as Nash-Q and CE-Q, there is the question of which equilibrium 

policies the algorithms converge to. When there are multiple equilibria, there has to be a 
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central selection mechanism. However, in NBS based Q learning, the solution converges 

to a unique solution without centralized control. At different runs, it may reach different 

NBS solutions. If there are multiple optimal solutions with the same value, then one of 

the solutions is reached depending on the sequence of the state-action tuple being 

selected during the iterations. 

     

       (a) Convergence: Grid Game 1     (b) Convergence: Grid Game 2 

Figure 6-4 Convergence in grid games with symmetric agents 

6.1.2 Grid games with non-symmetric agents 

The configuration is similar to the one with symmetric agents. We assume that the agents 

do not know the locations of their goals at the beginning of the learning period. 

Furthermore, they do not know their own payoff functions and that of the other agents. 

Agents choose their actions simultaneously. When they take actions, they can observe the 

previous actions of both agents and the current state. They can also observe the 

immediate rewards of both agents when the joint actions are taken. If either one of the 

agent reaches its goal, the game is over. The objective of each agent is to reach its goal 

with a minimum number of steps of movements.  
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The games in Figure 6-5 are designed in the way that there is a cell which is a 

critical junction of two agents’ shortest paths. The cell in key position works like a hub. 

We assume that agent 1 is that agent 1 is more powerful than agent 2. When they are in 

conflict, that is, they try to move to the same cell, both of them receive punishment, but 

the stronger agent is able to make the desired movement successfully and the weaker 

agent has to hold and wait until the stronger one has passed that specific cell. The local 

reward function is defined as  
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      a) Grid Game 1   b) Grid Game 2              c) Grid Game 3 

Figure 6-5 Grid games with non-symmetric agents 

 The learned path of the games are shown in Figure 6-6 and Figure 6-7Figure 6-4 

shows the convergence results where the x-axis represents time and the y-axis represents 

the means of the distribution of the errors  for all time steps t, i
terr |),(| 1

i
t

i
t

i
t QasQerr −−= .  
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Figure 6-6 Solution paths of grid games with non-symmetric agents: agent 1 is stronger than agent 2, 

the dotted line represents agent 1's movement, solid line represents agent 2's movement, and small 

circle represents action “hold and wait". 

 

Figure 6-7 Convergence in grid games with non-symmetric agents 

 The experiment indicates that the changes of weights does not influence the speed 

of convergence, only changes the solutions.  

6.2 Economic Application 

Oligopoly model is a special economic situation in which a particular market is 

controlled by a small group of firms. In the market the number of sellers is so small that 

the actions of any one of them will materially affect the price and have a measurable 

impact on the competitors.  In the U.S.A, oligopolistic industries include accounting & 
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audit services, tobacco, beer, aircraft, military equipment, motor vehicle, film and music 

recording industries among others. 

Oligopoly theory is one of the most frequently discussed economic model class in 

the literature. The simplest model originates from the pioneering work of Cournot (1838). 

It models a realistic economic situation. Consider an industry that produces identical 

good or offers identical service. Let  kx ),...,2,1( nk =  denote the quantity offered by firm k , 

then its cost, , depends on its own production level, but the price, , depends on 

the total quantity  offered to the market. The firms are assumed to have finite 

capacity limits, , and their profits are the differences of their revenues and costs. The 

revenue of firm  is  with cost , so the profit of this firm is  

)( kk xC )(sf

nxxs ++= L1

kL

k )(sfxk )( kk xC

 )(),,(
1

1 kk
n

l
lknk xCxfxxx −⎟
⎠
⎞

⎜
⎝
⎛ ∑=

=
Lϕ

 
(6.1)

Cournot considered this situation as an n-person game, where the firms are the 

players, the strategy set of player k  is the finite, closed interval , and its payoff 

function is given by equation 

],0[ kL

(6.1).  

Following the work of Cournot, several extensions, static and dynamic, of this 

classical model have been developed. If the firms produce different goods, then each 

good has its own price that depends on all individual quantities. That is, the price of good 

 is , so the payoff function k ),,( 1 nk xxf L (6.1) is modified as  

 )(),,(),,( 11 kknkknk xCxxfxxx −= LLϕ . (6.2)

This model is called the single-product oligopoly with product differentiation.  
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 In the early stages of research, the existence and uniqueness of the equilibrium 

was the central issue. The main result can be given as follows. 

 Theorem Assume that the price function and cost functions  are 

twice continuously differentiable, furthermore 

f nkCk ,,1, K=

i) ; 0'<f

ii)  and ;0''' ≤+ ffxk

iii)  0''' <−Cf

for all feasible  values. Then there is a unique equilibrium.  kx

 Notice that condition i) is a natural requirement, since any increase in the supply 

has to decrease the market price. Conditions ii) and iii) are clearly satisfied if is 

concave and all cost functions  are convex.  

f

kC

In this dissertation, we study single-product oligopoly and assume the price 

function  and cost functions  are all linear as typically defined in economic models: f kC

 sBAsf ⋅−=)( , (6.3)

 kkkk xbaC += , (6.4)

where is the total output, B and ∑
=

=
n

i
ixs

1

A  are positive constants which are decided by 

the market,  is the marginal cost, the cost per unit, and is the fixed cost. In this case, 

all conditions of the above theorem are satisfied and there exists a unique equilibrium.  

kb ka

 The profit of each agent  is represented as  k
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where is the total output of all agents except agent .  ∑
≠

− =
ki

ik xx k

 From equation (6.5), without cooperation, each agent’s best response is obtained 

from the first order condition:  
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that is, 
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where  is the total supply, as before. ∑=
=

n

i
ixs

1

 By adding these equations for all values of  we have  k

B
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and from equation (6.7), the quilibrium production level of firm  is the following: k
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 (6.9)

 In the nonlinear case, the first order conditions provide n  nonlinear equations for 

the  unknown production levels, , and usually computer methods are used to find the n kx
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solution. A comprehensive summary of the relevance results is found in Okuguchi and 

Szidarovszky (1999). 

 The equilibrium is the solution of the game, if it is considered non-cooperative. If 

there is certain level of cooperation between the firms, then cooperative game theoretical 

methods can be applied.  Most solution concepts are based on the characteristic function 

of the oligopoly game. It is a real-valued function defined on all possible coalitions of the 

 players. Since there are  possible subgroups (including the empty set), there are  

values for the characteristic function. By definition, 

n n2 n2

0)( =φv , and 

 For any coalition ).,,(max}),,1({ 1
1

n

n
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k xxnv KK ∑
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= ϕ },,,{ 1 riiC K=  
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=
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x
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xxCv
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).,,(minmax)( 1 Kϕ  (6.10)

This value can be computed in the following way. Notice first that  
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∈∉∈∈∈
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kk xCxxfxxx )()()(),,( 1 Kϕ  (6.11)

 The firms not belonging to coalition C minimize this function by producing 

maximum amounts, so the price becomes as small as possible. Under this condition the 

coalition wants to maximize the quantity 

 ∑−∑+∑∑
∈∉∈∈ Ck

kk
Cl

l
Ck

k
Ck

k xCLxfx )()()( . (6.12)

This can be done by using the following idea. Consider first the parameter  

 ∑
∈

=
Ck

kc xX  (6.13)

and solve the optimization problem 
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for all values of . Let  denote the optimal objective function value. 

It shows the most efficient distribution of the total quantity  among the 

members of coalition C. In the second stage, the coalition maximizes the function 
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in the interval . The maximum value of this function provides the characteristic 

function value at C.   

],0[ ∑
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 The core of the game is the set of all payoff vectors ),,( 1 nϕϕ K  such that for all 

coalitions ,  },,2,1{ nC K⊂
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The Shapley-value gives the payoff 
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to player k . Here the summation is given for all coalitions C that contain player k, |C| is 

the number of players in group C, the difference }){()( kCvCv −− gives the contribution of 

player k to group C.  

 Another class of solutions is based on bargaining. There are several concepts and 

solution methods to find bargaining solutions.  They are discussed in Chapter 2 of this 

dissertation. The most popular method is the Nash bargaining solution, which maximize 

the Nash-product 
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 (6.18)

where *kϕ  is a “status quo” value, it might be the individual minimum value of the payoff 

of player , it can also be the equilibrium payoff, or simply zero, since in the absence of 

agreement no firm will participate in the industry, so no profit is obtained. By selecting 

k

0* =kϕ  for all players, linear price and cost functions, the Nash bargaining solution is 

obtained by solving the following complicated optimization problem:  

Maximize     ∏ ∑
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Since this is a nonconvex problem, there is no guarantee that any algorithm will give 

global optimum and does not terminate at a local optimum. Instead of applying a 

multidimensional optimization routine, an agent-based simulation method can be 

suggested, in which the firms (players) are the agents, and at each time period each agent 
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adjusts its output to optimize the Nash product. So at each step a single dimensional 

problem is solved.  

In the stochastic game  mapped from the above oligopoly 

model, the agent set is (n is the number of firms in competition), the state 

space S is a set of market prices, action space  is formed from the selected output 

values of the firms i ,  is the profits that firm i  receives corresponding to S and 

. The state transition probability P is always one since the game is deterministic. 

),}{,}{,,( PRASN Ni
i

Ni
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Ni
iR ∈}{

Ni
iA ∈}{

We consider only the classical Cournot model, and assume that the firms know 

the true price function and the simultaneous output values of all competitors. In this case 

for firm k, the best output choice is  at time )(* txk t . If  is the current output of the 

firm and is its desired output, then under discrete time scales the firm will change 

its output in the direction toward the desired output, since it cannot have large "jumps" 

instantaneously. Therefore the output change of the firms can be described by: 

)(txk

)(* txk

 ))()(()()1( * txtxtxtx kkkk −+=+ α  (6.20)

where α  is the learning rate. However, at the next time period, the other firms may also 

adjust their outputs, so the market price is changed, and the optimal output value  

will not be optimal any more in such a dynamic economic construct. 

)(* txk

 For the situation with only two agents and with the same input parameters, the 

results with sequential movements and simultaneous movements are given below. We 

notice that the convergence of simultaneous movements is faster than that of sequential 

movements, which is consistent with our intuition. 
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 a) Sequential movement case   b) simultaneous movement case 

Figure 6-8 The convergence in sequential and simultaneous movements with the same inputs 

 In any oligopoly, symmetric agents have the same cost function.  Figure 6-9 

shows the process with symmetric agents, where ,1,300 == BA  

 and the initial outputs of the three firms are  ,1,10 321321 ====== bbbaaa ,101 =x ,402 =x  

and , respectively. In the case with symmetric agents, since the agents have the 

same production abilities, their final outputs are the same after convergent learning 

regardless of the difference in initial production values. 

1203 =x

Figure 6-10 shows the learning 

process with non-symmetric agents, where 1,100 11 == ba , ,1,20 22 == ba 1,1000 33 == ba , 

and the market price model is the same as in the case with symmetric agents. In both 

Figure 6-9 and Figure 6-10, firm 1’s output is represented with red line, firm 2’s output is 

represented with blue line, and firm 3’s output with green line. In the case of non-

symmetric firms, all firms have the same marginal cost but firm 3’s fixed cost is much 

larger than those of firm 1 and firm 2. However, in Figure 6-10, firm 3’s output is larger 

than those of firm 1 and firm 2.  The learning result seems to be in conflict with intuition. 
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However, it can be explained easily since the bargaining solution tries to reach global 

optimum of the Nash product instead of looking for individual optimal solutions.   

 

Figure 6-9 Learning process with symmetric agents 

 

Figure 6-10 Learning process with non-symmetric agents 
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 In order to further study the influence of the marginal cost, we study the case with 

non-symmetric agents, where the agents have the same fixed cost but different marginal 

costs. In Figure 6-11, the fixed cost is 1000 in the first graph and 300 in the second graph. 

The marginal costs of firm 1 (represented with red line), firm 2 (represented with blue 

line), and firm 3 (represented with green line) are in ascending order.  However, the 

sequences of the output values are various. There is no association between the output 

and the value of marginal costs value in oligopoly.  

  

Figure 6-11 The learning processes ith agents with various marginal costs 

Figure 6-1

 w

2 shows the learning process with various learning rates 0,2.0=  and ,0.1,5.α

,4.1  respectively. The figure shows that the convergence of learning speeds up with the 

ease of the learning rate when 1incr ≤α . When α is larger than 1, learning does not 

converge any more.  This is consistent with learning in the case of non-cooperative 

oligopoly games. In the same oligopoly problem, Ozuguchi and Szidarovszky (1999) 

have proved that in equilibrium based learning the equilibrium is locally asymptotically 

stable if  
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here kα  w is the learning rate for agen . Assume as a special case that all agents have 

the same learning rate and are symmetric, then we have the convergence condition 

t k
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Figure 6-12 Learning processes with various learning rate 
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7 SUMMARY AND CONCLUSIONS 

The dissertation seeks to answer the following questions: 

• Does the equilibrium have to be one of the key objectives in multiagent 

learning?  

• When agents choose or have to cooperate, can an agent effectively learn to 

reach a Pareto-optimal solution with the presence of other learning agents in an unknown 

complex environment? 

• How does the difference among agent powers influence the decision 

making, i.e., with the non-equal power and awareness of the asymmetry, how will the 

agents learn to reach a satisfactory solution in the case of cooperation? 

 In the final chapter we summarize the contributions we have presented that 

address these questions. The potential new directions for future work that these 

contributions raise and the potential extension of the work are also described and 

discussed.  

7.1 Contribution 

Current multiagent learning research is mostly limited to non-cooperative games, 

where equilibrium and best-response are the primary solutions, though there is a lot of 

argument regarding learning criteria. We want to ask the same question that was posed by  

Shoham et. al. (2006), “If multi-agent learning is the answer, what is the question?” In 

many situations the agents are able to gain more through cooperation with each other than 

they can achieve without cooperation. Since one agent’s winning does not prevent 
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another agent from winning as well, they are more prone to coordinate with each other. If 

the agents are fully rational, which implies that every player is motivated by maximizing 

can gai ore

 will be guaranteed by enforceable contract or the supervision of a higher 

level authority

towards each other. Even when the agents are totally interest-

driven, they m

agent learning in 

etric powers and agents’ awareness of the asymmetry, the learning 

proce ore complex in multiagent systems. This is one of the reasons 

that the asymmetric multiagent reinforcement learning is not well studied. The only paper 

that address this issue (Kononen,2004) models the problem such that the agents involved 

in the learning task have non-equal information states and take action in sequence of 

leaders and followers. This dissertation addresses the asymmetric multiagent learning 

problem where the agents have different bargaining powers in decision making and 

where the agents take actions simultaneously.  

his own payoff without consideration for the other agents’ payoffs, when they see they 

n m  through cooperation, they are prone to cooperate with each other and this 

cooperation

. In reality, not all agents are fully rational. People have various emotional 

connections, and the cooperation relationship is also determined by the agents’ 

philosophy or attitude 

ay want to compromise and cooperate since the other agents’ potential 

courses of action are unknown a priori and cannot always be predicted. Since cooperative 

games are common in real world, it is necessary to study multi

cooperative games. 

It is a common phenomenon that the agents have different powers in decision 

making. The difference in agent powers has to be taken into account during the learning 

process. With asymm

ss might be much m
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This dissertation gives a complete review of the methodology in conflict 

resolution with non-symmetric agents. Among these approaches, the asymmetric Nash 

bargaining solution is the only approach which was published in the literature (Harsanyi 

and Selten, 1972). The proposal of the concept of asymmetric agent learning, where 

agents have different powers and the review of asymmetric bargaining solutions will help 

future study of multiagent learning in cooperative games.  

In this dissertation we introduced a novel and general model of multiagent 

learning with bargaining solution. The model adopts stochastic games as a framework 

and employs Nash bargaining solution as the solution concept. It was also extended to 

asymmetric agents with different powers. It is a general purpose scalable algorithm for 

cooperative games. The experimental results indicate that the algorithm converges to a 

unique Pareto-optimal solution. The convergence is also proved theoretically. Finally, the 

algorith

7.2 Directions for Future Work 

ple of a 

ms demand less computation time in comparison to other multiagent learning 

algorithms and avoids the equilibrium selection problem.  

7.2.1 Training efficiency 

One area for further research is that of training efficiency, that is, how can an agent learn 

more quickly with less training experience. Although we believe the techniques presented 

in this work are relatively competitive in terms of learning speed, i.e., CPU time, we also 

recognize the need for using less data, especially when the problem domain is large. In 

this dissertation, a classic economic model, oligopoly, is studied as an exam
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comple

g which does not model the 

environ

oretically the convergence of 

multi-agent learning with Nash bargaining is not related to the sequence of actions taken, 

because the assumption is made that each state and action can be visited infinitely often. 

mption does not hold true, and we always want to reach 

x problem, which has a large and continuous sate space. In that application, the 

greedy algorithm is applied to choose actions. However, this approach to speed up 

convergence is application dependent and cannot be generalized.  

 Typically, in large domains, the model of the environment is not completely 

unknown. To increase learning efficiency, we can integrate some planning methods, 

which require a model of the environment, with learnin

ment. After some interaction with the environment, we may have built a model of 

the environment, which assists the decision making during the learning process. 

Conversely, with progression of the learning process, the environment model is improved. 

This approach might be resource consuming, since we have to maintain two lines, 

decision making learning and model learning. 

 Another possible approach to speed convergence is to prioritize the sequence of 

actions and the states to explore using heuristics, that is, the states and actions that have 

larger Q values have higher priority for exploration. The

In real world application, the assu

the solution with minimal trials. To explore the states and actions with higher Q values, 

heuristic search not only serves as an action-selection technique, but also suggests ways 

of selectively distributing backups that may lead to better and faster approximation of the 

optimal value function. The difficulty of the application of heuristic search in multi-agent 
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learning is much more complex in comparison to single-agent reinforcement learning 

since the action is a joint action of all the agents.  

7.2.2 Further analysis of the other bargaining solutions 

Nash bargaining solution, the most common solution concept in cooperative games, is 

multiagent learning problem is another promising extension of the work in the 

learning model we have proposed in the dissertation, how is the performance in 

 If the new solution concepts cannot 

ployed within our m

technique, can we still keep stochastic games as framework and can we design a 

ascent? 

learn how to react to the changes in the system, and also cooperate with each other in 

adopted as the solution concept in our multiagent learning model. How the other 

cooperative solution concepts that are discussed in the dissertation can be used with 

dissertation. We have to answer a series of questions: If they can be employed in the 

comparison to the results we achieved in this work?

be em ultiagent learning model with value iteration learning 

multiagent learning model by adapting existing learning techniques such as gradient 

7.2.3 Applications  

Autonomic computing is a large-scale self-managing multiagent system targeted towards 

self-configuration, self-healing, self-optimizing, and self-protecting. With behavior 

policy specified by system administrators via high-level policies, the system and its 

components have to adaptively figure out how to carry out the policies. In this complex 

domain, there is no unilateral self-optimization in the system view. The agents have to 
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order to maintain performance efficiency of the system with the limited system resources 

available. This application is another ideal scenario to use the multiagent learning model 

with bargaining solution that we have proposed in the dissertation. The difficulty is how 

to model the system in terms of the states, components’ behaviors, and reward fucntions. 

This is the common difficulty we have to face in any multiagent learning problems. 
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