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Abstract

Recently laser cooling of semiconductors has received renewed attention, with the

hope that a semiconductor cooler might be able to achieve cryogenic temperatures.

In order to study semiconductor laser cooling at cryogenic temperatures, it is crucial

that the theory include both the effects of excitons and the electron-hole plasma. In

this dissertation, I present a theoretical analysis of laser cooling of bulk GaAs based

on a microscopic many-particle theory of absorption and luminescence of a partially

ionized electron-hole plasma.

This theory has been analyzed from a temperature 10K to 500K. It is shown

that at high temperatures (above 300K), cooling can be modeled using older models

with a few parameter changes. Below 200K, band filling effects dominate over Auger

recombination. Below 30K excitonic effects are essential for laser cooling. In all cases,

excitonic effects make cooling easier then predicted by a free carrier model.

The initial cooling model is based on the assumption of a homogeneous undoped

semiconductor. This model has been systematically modified to include effects that

are present in real laser cooling experiments. The following modifications have been

performed. 1) Propagation and polariton effects have been included. 2) The effect of

p-doping has been included. (n-doping can be modeled in a similar fashion.) 3) In

experiments, a passivation layer is required to minimize non-radiative recombination.

The passivation results in a npn heterostructure. The effect of the npn heterostructure

on cooling has been analyzed. 4) The effect of a Gaussian pump beam was analyzed

and 5) Some of the parameters in the cooling model have a large uncertainty. The

effect of modifying these parameters has been analyzed.

Most of the extensions to the original theory have only had a modest effect on

the overall results. However we find that the current passivation technique may not

be sufficient to allow cooling. The passivation technique currently used appears to
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be very good at low densities, but loses some of it’s effectiveness at the moderately

high densities required for laser cooling. We suggest one possible solution that might

enable laser cooling. If the sample can be properly passivated, then we expect laser

cooling to be possible.
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1. Introduction

In 1929, Priengshem showed that it could be possible to achieve cooling through

luminescence upconversion [63]. The idea is that if an experiment can be created

such that the mean luminescence energy out of a sample is greater then the original

pump energy, then the luminescence will cool the sample. Figure 1.1 shows how this

might work for a semiconductor without Coulomb effects. The laser is tuned to the

bandgap energy. As such it creates electron-hole (e-h) pairs with very low kinetic

energy. As these carriers interact with the phonons in the system, they pick up

additional kinetic energy and come to quasi-thermal equilibrium. Eventually the e-h

pair recombine releasing a photon with more energy then the initial pump photon.

The additional energy came from the heat stored in the sample, so the sample is

cooled.

Techniques for laser cooling of gases are well developed and have become a crucial

tool in low temperature physics. However, laser cooling of solids is still in it infancy.

Laser cooling of solids was first observed in 1995 in ytterbium doped glass [16]. Since

then, laser cooling has been observed in several rare-earth doped glasses [16, 15,

23, 34, 82, 18] as well as in a laser dye solution [9]. However, due to the energy

structures of the rare-earth atoms, these coolers are not expected to be able to achieve

low temperatures (below 100K). It is hoped that semiconductor laser cooling can be

used to create a compact, vibration free cooler that will be able to achieve cryogenic

temperatures.

Luminescence upconversion was first observed in a GaAs diode in 1964 [13]. How-

ever, net cooling of a semiconductor has not yet been observed1. In order to achieve

1Finkeißen et al. reported seeing local cooling in a GaAs quantum well structure [20]. However,
Ref. [26] argues that the phenomenon seen in Ref. [20] might have been due to density effects rather
then cooling.
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Figure 1.1. Band diagram of the basic cooling principle. i) The semiconductor
is pumped with a laser at the bandedge, creating e-h pairs with low kinetic energy.
ii) The e-h pairs interact with phonons picking up additional energy. iii) The e-h
pairs recombine emitting a photon at a higher energy then the initial pump photon,
removing energy from the sample.

net cooling, the cooling effects must be greater then the heating effects. The pump en-

ergy is close to the bandgap (Eg). If the generated e-h pair recombine non-radiatively,

then all of this energy becomes heat. The upconversion (or cooling effect) is on the

order of kBT . Since Eg ≫ kBT , net cooling requires a very high quantum efficiency.

In addition, the high refractive index of GaAs (n=3.6) makes it difficult to get pho-

tons out of the semiconductor. If a photon is reabsorbed, it has another chance to

recombine non-radiatively. Fortunately, these problems are already being addressed

in the semiconductor community. There has already been a significant amount of

work on growing high quality semiconductors, passivating the surfaces to prevent

non-radiative recombination, and developing techniques to improve the photon ex-

traction efficiency. There is good reason to believe that semiconductor laser cooling

will soon be achieved.

Oraevsky [57] and Gauck et al. [21] laid the foundation for a rate-equation based
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theory which includes the effects of non-radiative, radiative and Auger recombina-

tion. Sheik-Bahae and Epstein modified this theory to include the effects of photon

recycling and background parasitic absorption [78]. Additional theoretical work has

been done in [64, 3, 35, 50, 43].

The initial emphasis for my work was to model the laser cooling of semiconductors

at low temperatures and to understand the effect of excitons on laser cooling. To

accomplish this, the simple rate equation model for radiative recombination needed

to be replaced with a microscopic many-particle theory (developed by Nai Kwong)

that was able to treat the electron-hole plasma and excitons on and equal footing. I

developed a comprehensive numerical cooling model that allowed me to analyze many

critical aspects in semiconductor laser cooling. In order to understand the effect

of excitons on cooling, the cooling was also analyzed using several simpler models

including a free-carrier model. I found that excitonic effects always make cooling

easier, and become crucial to achieving cooling at low temperatures (T < 30K). Our

theory for radiative recombination is provided in Ch. 3 with numerical results in Ch.

4. The cooling theory is provided in Ch. 2 with numerical results in Ch. 5.

Unfortunately, the resulting theory predicted that cooling would be possible for

experiments where cooling could not be achieved. I therefore set out to systematically

eliminate the differences between our initial theory and the actual experiments that

were being performed. Our initial theory was based on an undoped, optically thin,

infinite slab of GaAs. The experiments were performed on a npn GaInP/GaAs/GaInP

heterostructure that was not really optically thin, and was pumped by a pump beam

with Gaussian spatial intensity profile. As such, the following have been analyzed:

the effect of light propagation and polaritons (Ch. 7),

the effect of using a doped semiconductor (Ch. 8),

the effect of the npn heterostructure (Ch. 9 ),
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the effect of using a Gaussian pump beam (Ch. 10).

The most significant difference between our initial theory and the experiments

appears to come from the use of a highly n-doped GaInP layer to passivate the

surfaces of the GaAs. This passivation technique appears to greatly reduce the non-

radiative surface recombination for low carrier densities. However, this passivation

technique does not reduce the non-radiative surface recombination significantly at

the optimal density for laser cooling. As such, a sample with a good non-radiative

lifetime measured at low densities, may not have a sufficient non-radiative lifetime at

the optical cooling density to achieve laser cooling.

In addition, work was done on laser cooling for two dimensional quantum well

systems which is presented in Ch. 11.

Parts of this thesis have been published in following references which I have co-

authored: [47, 48, 49, 66, 67, 68, 69, 70, 71, 72].

1.0.1. Software developed

In order to analyze the theory developed in this thesis, the following software programs

have been developed:

Abs3D

This fortran program is the primary program for this thesis and calculates the

absorption using the microscopic theory given in Ch. 3. This program calculates

the absorption spectra for a given temperature and density, and allows for the

possibility of a non-charge neutral system. Flags in the header file can be

adjusted to control what approximations are used in the absorption calculation.

Abs2D

Almost a duplicate of Abs3D, but everything is calculated in 2-D in order to

model quantum well systems.



18

OptScan

C-shell script that runs Abs3D for all of the temperatures and densities needed

for the cooling analysis.

ProcessOptScan

Octave script that takes the absorption data and calculates all of the parameters

needed for the cooling analysis and places them into a “B data” file. The “B

data” file contains a line for each density. Each line contains: the electron den-

sity (ne), the hole density (nh), the radiative recombination coefficient (B), the

optimal pump frequency (ωa), the mean luminescence (ωℓ) and the absorption

ratio (
αb+σfcan

α(ωa)
).

FindA

Fortran program that calculates the break-even non-radiative recombination

coefficient (A) for all densities and all extraction efficiencies. It then finds the

optimal cooling density and corresponding maximum A.

OptData

Origin script that collects all of the optimal cooling data (n̄e, n̄h, ω̄a, ω̄ℓ,

αb+σfcan̄

α(ω̄a)
) for all temperatures and places the data into a single file that can

easily be imported into Origin.

hs

Fortran program that calculates the state of a npn heterostructure in quasi-

thermal equilibrium.

lifetime

Fortran program that uses the data calculated by hs, and calculates the lu-

minescence decay for a npn heterostructure. This program ignore the density

dependence of the radiative recombination coefficient, and ignores the Auger

recombination.
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CoolLife

Fortran program that uses the data calculated by hs, and calculates the lu-

minescence decay for a npn heterostructure as well as the external quantum

efficiency (ηext) and the cooling efficiency (ηc).
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2. Cooling Theory

In this chapter, we present our approach to the analysis of sufficient conditions for

cooling. Our theory extends the rate-equation approach of Ref. [78]. There, it was

shown that cooling can only occur if the upconversion dominates all other loss (heat-

ing) mechanisms, including non-radiative recombination, luminescence re-absorption,

Auger recombination, free-carrier absorption and other parasitic absorption processes.

The net power imparted to the system is given by

Pnet = I [α (ωa, n) + αb + σfcan] − ~ωlηeBn2 (2.1)

where, in steady state, the electron-hole pair density n is given by

dn

dt
=

α (ωa, n)

~ωa

I − An − ηeBn2 − Cn3 = 0 (2.2)

Where:

I is the intensity of the pump laser,

α (ωa, n) is the absorption of the semiconductor at the pump frequency (ωa),

αb is the (parasitic) background absorption,

σfcan is the free carrier absorption,

~ωℓ is the mean luminescence energy. Defined as ~ωℓ =
R

d~ω ~ωR(ω,n,T )
R

d~ω R(ω,n,T )
, where

R (ω, n, T ) is the luminescence spectral density,

An is the non-radiative recombination rate,

ηe is the extraction efficiency (the probability that an emitted photon escapes

from the semiconductor without being reabsorbed),
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Bn2 is the radiative recombination rate,

Cn3 is the Auger recombination rate.

The simple density dependence (linear for non-radiative, quadratic for radiative and

cubic for Auger recombination) is not always correct. For example, the simple model

for the radiative recombination rate, Bn2, is only valid for low densities (cf. [42]). To

correctly model the radiative recombination for all densities, we introduce a density

dependent radiative recombination coefficient,

B (n) n2 =

∫
dω

2π
R (ω, n) ≡ L (n) (2.3)

where the luminescence L (n) and correspondingly the density dependent radiative

recombination coefficient B (n) is calculated using our microscopic theory.

The Auger recombination rate is also likely to be different from the from the

simple Cn3 model for low temperatures where exciton effects are significant, or at

high densities. However, in chapter 5, we will show that Auger recombination is only

important to the cooling results for temperatures above 200K. In addition, in order

for cooling to be possible, the Auger recombination rate must significantly smaller

then the radiative recombination rate. This is only possible if the density is kept

reasonably small. With these two restrictions, the Cn3 model for Auger is expected

to produce reasonable results.

Cooling occurs when Pnet < 0. In an experiment, a desired starting temperature

(T ) is chosen. Then A, C, ηe, αb, σfca are fixed parameters, while the pump intensity

(and thereby n) and ωa are variables that can easily be adjusted. A useful cooling

criterion defined in Ref. [78] is the break-even non-radiative recombination coefficient,

Ab, which marks the boundary at which cooling becomes possible (Pnet(Ab) = 0). The

break-even Ab is given by

Ab(n, ωa) =
~ωlηeB (n) n

~ωa

(
1 +

αb+σfcan

α(ωa,n)

) − ηeBn − Cn2. (2.4)
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A numerical maximization is then used to find the optimal Ab over the space of all

densities and absorption frequencies,

Āb = max Ab(n, ωa). (2.5)

We denote the density and absorption frequency necessary to achieve the maximum Ab

(denoted by Āb) by n̄ and ω̄a, respectively. Physically, Āb represents a requirement

on the sample quality needed to achieve cooling in an experiment with the fixed

parameter values listed above.

2.1. Sheik-Bahae Epstein Cooling Theory

For the cooling analysis performed in chapter 5, we compare out results with the

theory presented by Mansoor Sheik-Bahae and Richard I Epstien in [78], which we

label the SB-E theory. Their analysis starts with equations that are mathematically

equivalent to eqs. 2.1 and 2.2. Then assuming that B is independent of density, they

find

Āb =

(
ηq −

αb

α (ωa)

)2
(ηeB)2

4C ′
(2.6)

Where:

ηq = ~ωℓ−~ωa

~ωa

C ′ = C +
σfcaηeB

α(ωa)

In order to get numerical results, they set αb = σfca = 0, assume ∆~ω ≡ ~ωℓ −~ωa =

kBT and set B = 4 ·10−10 s−1cm−3. We find that this analysis is very similar to using

a free carrier model with no band-filling effects (replacing Fermi and Bose functions

with Boltzmann distributions) provided that we make a few small changes to the

parameters used. For our analysis of the SB-E theory, we use ∆~ω = 1.55kBT and

B = 4.69 · 10−10 s−1cm−3.
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3. Absorption/Luminescence Theory

This chapter explains the microscopic many-particle theory used to calculate the

absorption and luminescence used in our cooling analysis. Nai Kwong derived the

luminescence and absorption theory, while I focused on the cooling theory and the

numerical analysis of the semiconductor luminescence and absorption. Our initial

study of semiconductor laser cooling was focused on understanding the effects of

excitons on the cooling process. This required a theory that would treat excitons and

free particles on an equal footing, and therefore be able to predict the ionization ratio

(the ratio of free particles to total particles).

At low densities, when each luminescing electron-hole pair is isolated from the

rest of the plasma, the correlations between the two particles are completely given

by the solution to a hydrogen-like two-body problem (e.g. [28]). In dense plasmas,

additional correlations with the surrounding particles significantly affect the dynamics

of the luminescing pair – both their individual motions through the plasma and the

interaction between them. At low temperatures, understanding of these correlations

is further complicated by the binding of a fraction of the electron-hole population into

excitons. To include these correlation in our calculation, we use a real-time Green’s

function theory [40, 54, 27, 11, 46] with a self-consistent T-matrix self energy, which

is designed to treat two-body bound-state and scattering-state correlations on equal

footing. Assuming the partially ionized plasma to be in quasi-thermal equilibrium,

our theory is applicable from cryogenic to room temperatures and from zero density

through the Mott transition.

Early theoretical works on medium carrier effects [86, 30, 85, 51] (see also [75] and

references therein) clarified the roles of (static) screening and mean field (exchange

and ’Coulomb hole’) energy renormalizations. Correlations beyond the mean field,

including the effects of the bound exciton, were studied in a self-consistent T-matrix
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approximation in a model one-dimensional electron-hole system in [59] and for bulk

ZnSe in [76]. The effects of dynamical screening of the Coulomb potential were studied

in e.g. [73, 53]. Our absorption theory is very close to that of Ref. [76]. Many-body

effects on luminescence from quantum well systems have also been extensively studied

(see e.g. [58, 25, 32]).

Our theory assumes that the system is in quasi-thermal equilibrium (The electrons

and holes are in thermal equilibrium with the phonon bath, but the electrons and

holes are not in thermal equilibrium with each other). As such the state of the

system is given by the temperature and the electron-hole density. For the state of the

system to be in quasi-thermal equilibrium, the phonon scattering rate must be much

faster then the electron-hole recombination rate. At room temperature, the phonon

scattering occurs on a sub-picosecond timescale, while the luminescence occurs on

a nanosecond timescale, thus quasi-thermal equilibrium is easily obtained. As the

temperature decreases the luminescence rate increases while the phonon scattering

rate decreases. By 10K, the luminescence at the optimum cooling density occurs on

a 100 picosecond timescale, while the phonon scattering occurs on a 10 picosecond

timescale, which should still allow the system to reach a quasi-thermal state. For

the cooling analysis, we need the luminescence spectra in addition to the absorption

spectra. In quasi-thermal equilibrium, the luminescence spectra can be found from

the absorption spectra using the Kubo-Martin-Schwinger (KMS) relation.

The KMS relation [40, 85] plays a fundamental role in equilibrium Green’s func-

tion theory. In applications, whenever approximations are adopted, one needs to

verify the preservation of this relation under the approximations. As already pointed

out in [58, 25], the T-matrix formulation does preserve the KMS relation between the

susceptibility and the luminescence spectrum. We give a more comprehensive discus-

sion of the issue here. In chapter 4 we present the numerical results of this theory.

There we show the absorption and luminescence spectra, as well as the single particle

self energies and spectral functions, and discuss how the partially ionized nature of
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the electron-hole plasma affects these quantities.

As formulated below, our theory allows the treatment of the emitted photon’s

propagation through the plasma. Initially we will focus on Coulomb correlation effects

and evaluate the theory only to the lowest order in the photon-material coupling.

Polariton effects and reabsorption will not be included until chapter 7. Comparison

with experiments is further complicated by such issues as the occurrence of band-to-

impurity transitions which will be addressed in chapter 8.

The equilibrium Green’s function formalism and the calculation techniques based

on the Dyson equation adopted here have been extensively applied to other quantum

fluids such as atomic plasmas (see e.g. [45]) and nucleonic matters (see e.g. [6, 55]

for applications of the self-consistent T-matrix to the superfluid transition problem

in nuclear and neutron matters).

We give an account of the general diagrammatic Green’s function theory and the

self-consistent T-matrix approximation in Section 3.1 and the appendices.

3.1. Green’s function formalism

The light absorption problem is formulated as the linear response of the semiconductor

to an external classical electric field. Luminescence is calculated as the fluctuations

of the quantized photon field coupled to the semiconductor. In this chapter, the bulk

semiconductor sample is modeled as a translationally invariant infinite system. It is

assumed that an electron-hole plasma has been pre-excited in the sample and has

reached quasi-thermal equilibrium.

3.1.1. Absorption

We consider the propagation of light waves through a direct gap semiconductor. The

light field induces a polarization density field Pt(x, t) which acts back on the light

field. In the absence of any other unbalanced charge or current densities, the Maxwell
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equation obeyed by the transverse oscillating electric field E(x, t) can be written as

[
1

c2

∂2

∂t2
−∇2

]
E(x, t) = −4π

c2

∂2

∂t2
Pt(x, t), (3.1)

with ∇ · E = ∇ · Pt = 0. We consider light waves with frequencies in a spectral

region around the fundamental band gap. Within this restriction, we write the semi-

conductor’s response as Pt = P + Pb where P denotes contributions from the lowest

interband electronic transitions and Pb contributions from all other transitions, which

are spectrally removed from the region of interest. Calculating P is the concern of this

subsection. The ’background’ polarization density Pb is modeled by a real constant

refractive index nb: Pb(x, t) = (1/4π)(n2
b − 1)E(x, t).

With Pt thus specified, the spacetime Fourier transform of Eq. (3.1) is

[
−n2

bω
2

c2
+ q2

]
E(q, ω) =

4πω2

c2
P(q, ω). (3.2)

Our Fourier transform convention is such that E(q, ω) is the coefficient of the plane

wave ei(q·x−ωt). (For notational simplicity we use the same symbol for a field and its

Fourier transform. The arguments indicate which function is represented.) Only lin-

ear response is considered here: P(q, ω) = χR(q, ω)E(q, ω), where the susceptibility

χR (to be calculated) depends on the electron-hole dynamics but not on the electric

field. χR is diagonal in momentum q and frequency ω by the assumption of spacetime

translational invariance of the unperturbed semiconductor. Spatial isotropy is also

assumed, which reduces χR(q, ω) from generally a rotation (rank 2) tensor to a scalar

and makes it independent of the direction of q. Substituting χR(q, ω)E(q, ω) for P

in Eq. (3.2), one obtains the dispersion relation

q2 =
ω2

c2

[
n2

b + 4πχR(q, ω)
]
. (3.3)

For each fixed (real) frequency ω, the propagating modes inside the semiconductor are

plane waves, each with a (possibly complex) wave number q(ω) satisfying Eq. (3.3).

The intensity of each mode decays exponentially in space with a rate 2Im [q(ω)].
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When the coupling between light and matter is weak, i.e. |4πχR(q, ω)| ≪ n2
b , one

can solve Eq. (3.3) perturbatively in orders of O(χR)). The zeroth order solution is

q(0)(ω) = ωnb/c. The leading order solution for Im [q(ω)] is obtained by substituting

q(0)(ω) into the right hand side of Eq. (3.3): Im
[
q(1)(ω)

]
= 2πω

nbc
Im

[
χR(q(0), ω)

]
. In

the weak coupling limit, this mode dominates over all others, leading to the usual

expression of the absorption coefficient α(ω) in terms of the susceptibility:

α(ω) =
4πω

nbc
Im

[
χR(q = ωnb/c, ω)

]
(3.4)

In the remainder of this section, the susceptibility χR(q, ω) is defined within our

microscopic electron-hole theory. A Green’s function diagrammatic perturbation for-

malism is used to set up approximations for the calculation of relevant quantities. The

self-consistent T-matrix approximation for χR is specified and discussed. The micro-

scopic theory starts with setting up the Fock space from a basis set of single-electron

and single-hole orbitals, which are labeled by (crystal) momenta and band indices

(s, s′ etc for conduction electrons and j, j′ etc for valence holes; when convenient,

we also use the band index ’a’ to represent any band, conduction or valence). For

simplicity, we limit our considerations to the lowest conduction and the highest heavy

hole valence bands. So for GaAs for example, the band indices only run through the

spin states: s = ±1/2, j = ±3/2. The extension to include more bands is straightfor-

ward. The polarization density P(q, t) is the expectation value of the total electric

dipole operator restricted to the bands in our model space and in the usual envelope

function approximation: P̂(q) = − 1
V

∑
sjk [djs(k)aj,q−kask + h.c.], where ask is the

annihilation operator for an electron in the conduction band s with momentum k

etc, and djs(k) = qe〈j̄|r|s〉η(k) is the single-site dipole moment, with qe being the

magnitude of electronic charge, 〈j̄|r|s〉 the atomic dipole transition element between

conduction band orbital s and the valence band orbital j̄ that corresponds to the hole

orbital j, and η(k) a cutoff function at large k [30]. Our model Hamiltonian for the
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electrons and holes is written in the form:

Ĥ = Ĥeh + Ĥfield (3.5)

Ĥeh governs the carriers’ motions in the absence of the light field and is specified below.

Ĥfield is the coupling to the electric field that effects the interband transitions. In

the dipole approximation it is given by Ĥfield =
∫

dxP̂(x) · E(x, t) which, restricted

to our model space and in the rotating wave approximation, is

Ĥfield(t) =
∑

sjkq

∫
dω

2π

[
dsj(k) · E(q, ω)e−iωta†

ska
†
j,q−k + h.c.

]
(3.6)

In Eq. (3.6) the spectrum of E(q, ω) is limited to positive frequencies.

The quantum dynamical setting for calculating the susceptibility is as follows. A

preexcited electron-hole plasma in the semiconductor is in quasi-thermal equilibrium

at the initial time t0, the state being determined by the temperature T , the densities

ne and nh (or the chemical potentials µe and µh) of the electron and hole popula-

tions, and the field-free Hamiltonian Ĥeh. The assumption of well-defined densities

or chemical potentials implies that Ĥeh must be chosen to conserve electron and hole

numbers. At some point in time after t0, a classical light pulse arrives and induces

coherent interband transitions according to Ĥfield. At subsequent times, the polar-

ization density serves as a measure of the effect of the electric field perturbation. As

stated above, E(x, t) is assumed sufficiently weak for P(x, t) to be taken to be linear

in E(x, t). We then follow standard treatments of linear response theory (see e.g.

[19]) to obtain the ratio of their Fourier transforms χR(q, ω), taking t0 → −∞, as

χR(q, ω) = (
i

~
)

∫
d(t − t′)eiω(t−t′)θ(t − t′)

1

V

∑

sjkk′

d±
js(k)d±

sj(k
′)

〈[
aj,q−k(t)ask(t) , a†

sk′(t
′)a†

j,q−k′(t
′)
]〉

0
(3.7)

where a(t), a†(t) are Heisenberg picture operators relative to Ĥeh:

a(t) = eiĤeh(t−t0)/~ae−iĤeh(t−t0)/~ (3.8)
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etc, and 〈· · ·〉0 denotes expectation value in the quasi-thermal equilibrium state. In

keeping with the assumption of rotational invariance, Ĥeh is assumed to conserve

s and j, which makes the commutator in Eq. (3.7) diagonal in the band indices.

The superscript in d±
sj denotes the (circular) polarization component (helicity) of the

dipole moment vector. The value of χR does not depend on which sign is chosen.

Since χR(q, ω) does not depend on the light field, Eq. (3.7) is in particular valid in

the steady-state situation where the light pulse approaches the monochromatic limit.

In Eq. (3.7), χR(q, ω) has been cast in a general form suitable for calculation

in the diagrammatic Green’s function formalism. To proceed further, one needs to

specify the electron-hole Hamiltonian. We adopt a commonly used model Ĥeh, which

contains single-particle parabolic band energies and pairwise Coulomb forces:

Ĥeh = Ĥ1 + Ĥ2 (3.9)

where

Ĥ1 =
∑

ks

[ǫs(k) + Eg] a
†
ska

†
sk +

∑

kj

ǫj(k)a†
jkajk , ǫa(k) =

~
2k2

2ma

, a = s, j (3.10)

Ĥ2 =
1

2V

∑

q 6=0kk′

V (q)

[
∑

ss′

a†
s,k+qa

†
s′,k′−qas′k′ask +

∑

jj′

a†
j,k+qa

†
j′,k′−qaj′k′ajk−

∑

sj

(
a†

s,k+qa
†
j,k′−qajk′ask + s ↔ j

)]
.

Eg is the band gap, and V (q) = 4πq2
e

εbq2 is the Coulomb repulsion where εb = n2
b is the

background dielectric constant. In the interaction Hamiltonian Ĥ2, we have included

only processes that keep both particles in their respective initial bands: the particles

only exchange momentum. Auger and exchange type processes have been omitted.

One can easily verify that this Ĥeh satisfies the symmetry requirements – conservation

of s, j, ne, nh and being isotropic – stipulated above.

The electron-hole Hamiltonian Ĥeh defines, in the standard way, a diagrammatic

real-time Green’s function theory, which we summarize in Appendix A. The reader is
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referred to this appendix for the notations and terminology used in this paper. Our

selections of diagram classes to be summed follow from a ’minimal list’ of correlation

effects considered important for the problem at hand: (i) Coulomb scattering and

bound state correlations between the electron-hole pair in the light absorption process,

(ii) screening of Coulomb interactions among charges, and (iii) interaction effects

on single-particle motions. Correlations of type (i) are embodied in the T-matrix

or ladder diagram contributions to the susceptibility (Fig. 3.1a and 3.1b). Each

’rung’ of the ladder is a screened Coulomb potential with screening (correlations (ii))

effected through a series of ring diagrams (Fig. 3.1c). As explained below, we are

at present not using the full dynamically screened potential as represented in Fig.

3.1c but instead a static (frequency-independent) approximation of it. Between two

scatterings in a ladder diagram, the motions of the two particles are represented

by single particle Green’s functions. These Green’s functions are dressed by a self-

energy that includes direct scattering to all orders (a T-matrix) with other particles

and first order exchange (Fock) scattering (Fig. 3.1d). In the solution procedure,

the equations represented by Fig. 3.1b and d are first solved self-consistently. The

resulting T-matrix and single particle Green’s functions are then used to construct

the susceptibility (Fig. 3.1a).

For an equilibrium state parameterized by the temperature T and chemical poten-

tials µe, µh, the relevant Green’s functions are defined in Appendix A.1. The Feynman

rules for developing the diagrammatic perturbation series of these Green’s functions

are summarized in Appendix A.2. We gather here the equations corresponding to the

diagrams in Fig. 3.1. For more detail on their derivation, the reader is referred to

Appendix A.3. We work in momentum-frequency space. Fig. 3.1b gives the equation

for the (retarded) T-matrix:

TR
aa′(p1,p2,q, ω) = Waa′(p1 − p2) +

∑

p3

Waa′(p1 − p3)g
0R
aa′(p3,q, ω)TR

aa′(p3,p2,q, ω)

(3.11)
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Figure 3.1. Diagrammatic representation of the self-consistent T-matrix approxi-
mation.

where the T-matrix TR
aa′ for two scattering particles in the orbitals a and a′ gives the

transition amplitude from initial relative momentum ~p2 to final relative momentum

~p1. It depends parametrically on the total momentum ~q and total energy ~ω of

the particles.

For the effective screened interaction Waa′ , we use the so-called ’quasistatic’ limit

of the plasmon pole approximation of the screened Coulomb interaction (see e.g.

[28, 51]) represented by Fig. 3.1c. As a function of the momentum transfer qt, it is

given by

Waa′(qt) = zaza′

4πq2
e

εb [q2
t + κ2(qt)]

(3.12)

where za is the sign of the charge of orbital a ( -1 for conduction band electron orbitals

and +1 for valence hole orbitals). The qt-dependent inverse screening length κ is given
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by

κ2 (qt) =
κ2

0

1 + C
κ2
0q2

t

ω2
pl

(3.13)

Here κ0 is a static inverse screening length:

κ2
0 =

4πq2
e

εb

(
∂nfree

e

∂µe

+
∂nfree

h

∂µh

)
(3.14)

ωpl is the plasma frequency: ωpl =
√

4πnq2
e

mr
, mr being the reduced mass of an electron-

hole pair, and C is a numerical constant, which we set equal to 3.0. This value

of C has been chosen to minimize the density-induced shift of the exciton peak in

the self-consistent T-matrix from its low-density position. nfree
e(h) is that part of the

density of electron-hole pairs which are not bound in excitons. The electrically neutral

excitons are not expected to contribute significantly to screening. Away from the zero-

density, zero-temperature limit, when the exciton peak acquires a sizable width, the

definition of this ’free plasma’ density is not free of ambiguities. Here we estimate it

to be equal to the density of a hypothetical non-interacting electron or hole gas at

the same respective chemical potential (and temperature) as the interacting plasma

in our theory. The single-particle energies in this hypothetical plasma include the

exchange and Coulomb hole shifts (see below).

The two-particle Green’s function g0R
aa′ describes the propagation of two particles in

band orbitals a, a′ between two successive interactions. Strictly speaking, our many-

body theory, starting with the Hamiltonian Eq. (3.9), includes only Coulomb-induced

effects. In applying the theory, however, we have added effects of phonon broadening

to our Green’s functions by constructing phenomenologically model phonon-induced

self-energies. Explicitly, we write g0R
aa′ as

g0R
aa′(p,q, ω) =

[(
g̃0R

aa′(p,q, ω)
)−1

+ ΣphR
aa′ (ω)

]−1

(3.15)

The model phonon-induced self-energy ΣphR
aa′ (ω) for the particle pair is constructed

in Appendix B. The ’uncorrelated-pair’ Green’s function g̃0R
aa′ , represented by two



33

directed lines in Fig. 3.1b, is the product of two single particle Green’s functions in

band orbitals a, a′. As a retarded function, it can be written as a dispersion integral

over its imaginary part:

g̃0R
aa′(p,q, ω) = − 1

π

∫
dω′ Img̃0R

aa′(p,q, ω′)

ω − ω′ + iγ
, γ ↓ 0 (3.16)

and

Img̃0R
aa′(p,q, ω) = − 1

2~

∫
dω′

2π
[1− fa(ω−ω′)− fa′(ω′)]Aa(k, ω−ω′)Aa′(k′, ω′) (3.17)

Aa(k, ω) ≡ −2ImGR
a (k, ω) being the single particle spectral function, and the particle

momenta k,k′ being related to the total and relative momenta by k = ma

M
q + p,

k′ =
ma′

M
q − p, M = ma + ma′ .

Fig. 3.1d represents the Dyson equation for the single particle Green’s function.

Its solution’s retarded part is given by

GR
a (k, ω) =

~

~ω − ǫa(k) − ΣR
a (k, ω)

(3.18)

From GR
a one obtains the one-particle observables such as the total density in each

orbital:

na =
∑

k

∫
dω

2π
fa(ω)

[
−2ImGR

a (k, ω)
]

(3.19)

where fa(ω) = 1/(eβ(ω−µa) + 1), β = 1/kBT , is the equilibrium Fermi distribution

function. µa = µe(µh) if ’a’ is a conduction band (valence hole band) orbital. The

self-energy consists of three contributions:

ΣR
a (k, ω) = ΣTR

a (k, ω) + Σexch
a (k) + ΣCH

a (3.20)

The T-matrix self-energy ΣTR
a gives the energy due to scatterings with other particles

and is given by

ΣTR
a (k, ω) = − 1

π
lim
γ↓0

∫ ∞

−∞

ImΣTR
a (k, ω′)dω′

ω − ω′ + iγ
(3.21)
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and

ImΣTR
a (k, ω) =

1

2

∫
dω′

2π

∑

a′

[baa′(ω + ω′) + fa′(ω′)] (3.22)

∑

k′

[2ImTR
aa′(p,p,q, ω + ω′)]Aa′(k′, ω′)

where baa′(Ω) = 1/eβ(Ω−µ) − 1), µ = µa + µa′ , is the Bose distribution function. The

momenta in Eq. (3.22) are again related by q = k + k′, p =
ma′k−mak

′

ma+ma′
. The second

and third terms in Eq. (3.20) constitute a quasi-static approximation [51, 28] of the

dynamically screened exchange energy represented by the last graphical term in Fig.

3.1d. This level of approximation is consistent with that of using the quasi-static

approximation for the screened potential in the T-matrix [85]. The static exchange

energy is given by Σexch
a (k) =

∑
k′ Waa(k− k′)

∫
dω
2π

fa(ω)Aa(k
′, ω), and the ’Coulomb

hole’ energy is an orbital-independent red shift given by the difference between the

screened and unscreened potentials ΣCH
a = 1/2

∑
q [Waa(q) − V (q)].

Independent of ΣphR
aa′ (ω) introduced in Eq. (3.15), we also phenomenologically

broaden ImGR
a in calculating the density in Eq. (3.19). The form and parametric

dependency of this broadening is specified in Appendix B (Eq. (B.3)). It is not used

in any other parts of the calculation, and its effect on Eq. (3.19) is negligible outside

of the low density regime.

A sum rule for the exact spectral function:

∫ ∞

−∞

dω

2π
Aa(k, ω) = 1 (3.23)

is easily deduced from the definition of the one particle Green’s function and the equal-

time anti-commutation relation between the creation and annihilation operators [40].

It has been proved [39] that this sum rule is guaranteed for an approximate Aa(k, ω)

if it is calculated via Eq. (3.18) with (i) ImΣa(k, ω) all negative and integrable, and

(ii) the frequency dependent part of ReΣa(k, ω) calculated via the Kramers-Kronig

relation Eq. (3.21). In our calculations, satisfaction of condition (ii) is of course
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built-in. It can also be shown that our T-matrix approximation, Eqs. (3.11), (3.17),

and (3.22), gives an ImΣa(k, ω) that is all negative. So we expect the sum rule Eq.

(3.23) to hold for our calculated spectral function.

Given the Hamiltonian Eq. (3.9), the temperature T , the electron density ne =
∑

s ns and the hole density nh =
∑

j nj, Eqs. (3.11)-(3.22) form a closed set of

equations which are solved self-consistently, yielding the (retarded) T-matrix TR
aa′ ,

the (retarded) single particle Green’s function GR
a , and the chemical potentials µe, µh.

The integral equations are solved in three-dimensional momentum space in polar

coordinates and an angular momentum expansion is used. The details are given

in Appendix C. The T-matrix and Green’s functions are then substituted into the

equation for the susceptibility represented by Fig. 3.1a:

χR (q, ω) = −
∑

sjp1p2

d+
jsd

+
sj

[
g0R

sj (p1,q, ω) δp1p2 +

g0R
sj (p1,q, ω) TR

sj (p1,p2,q, ω) g0R
sj (p2,q, ω)

] (3.24)

3.1.2. Luminescence

Experimentally luminescence is measured as light exiting the semiconductor sample.

In the limit of weak light-matter coupling, the luminescence rate can be taken to be

equal to the rate of photon production inside the sample. This assumes that each

photon is created in a freely propagating state inside the sample and escapes from the

sample with unit probability. Reabsorption and modifications of the photon density

of states through interactions with the plasma (polariton effects) will be presented in

ch. 7. In this chapter, the weak coupling limit is assumed for our microscopic theory.

Our microscopic theory for luminescence starts with a Hamiltonian in which the

radiation field is quantized:

Ĥ = Ĥeh + Ĥγ + Ĥeh−γ. (3.25)

Ĥeh is the interacting electron-hole Hamiltonian defined above in Eq. (3.9). Ĥγ is
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the free radiation field Hamiltonian:

Ĥγ =
∑

qλ

~ωqc
†
λqcλq (3.26)

where cλq (c†λq) is the annihilation (creation) operator for photons with momentum

q and polarization label λ and ωq = cq/nb. The matter-field interaction term is, in

first quantized form for the electrons, Ĥeh−γ = −∑
i

q
m0c

A(xi) · pi, where A(xi) is

the quantized vector potential field at the position of the i-th electron, pi is that

electron’s momentum operator, and m0 is the free-space electron mass. Here we have

neglected the interaction term proportional to
∑

i |A(xi)|2. The vector potential field

is given by

A(x) =
∑

qλ

√
2π~c

V qnb

[
cλqǫ̂λe

iq·x + c†λqǫ̂
∗
λe

−iq·x
]

(3.27)

ǫ̂λ being the unit polarization vector labeled by λ and V the quantization volume. In

second quantizing (with respect to the charges’ degrees of freedom) Ĥeh−γ, we restrict

it to the electron-hole Fock space of Ĥeh, include only interband transition processes,

and take the rotating wave approximation. The upshot is

Ĥeh−γ =
1√
V

∑

sjλqk

[
Γλ

sj(q)a†
ska

†
j,q−kcλq + h.c.

]
(3.28)

Γλ
sj(q) = − qe

m0

√
2π~

qcnb

〈s|p|j̄〉 · ǫ̂λ(q̂)

With the Hamiltonian Eq. (3.25), one can again develop a diagrammatic per-

turbation theory for Green’s functions involving electrons, holes, and photons. The

definitions and some properties of the photon Green’s functions are summarized in

Appendix A.4. The perturbation series of the one-photon Green’s function on the

Keldysh time contour can be organized into a Dyson equation, Eq. (A.24), which

is diagrammatically represented in Fig. 3.2. The photon’s self energy Πγ
λ(q, t̄1, t̄2)

consists of all one-photon-irreducible diagrams (i.e. diagrams that can not be split

into two disconnected parts by cutting one photon line) sandwiched between two
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Ĥeh−γ vertices. In the weak light-matter coupling limit, Πγ
λ is given by Eq. (A.27).

As indicated above, the luminescence rate is related to the rate of change of the

photon density, which in our theory is obtained through the function D<
λ (q, t1, t2) ≡

−i〈c†qλ(t2)cqλ(t1)〉. The Kadanoff-Baym version, Eqs. (A.25) and (A.26), of the pho-

ton Dyson equation is a convenient form of the equation of motion for this function.

For our purpose we subtract Eq. (A.26) from Eq. (A.25), sum over the momentum

q, and take the equal time limit t2 → t1 to get

(
∂

∂t1
+

∂

∂t2

) ∑

q

iD<
λ (q, t1, t2)

∣∣∣∣∣
t2→t1

=
∑

q

∫ ∞

t0

dt′1
[
Πγ<

λ (q, t1, t
′
1)D

A
λ (q, t′1, t1) −

DR
λ (q, t1, t

′
1)Π

γ<
λ (q, t′1, t1) + (3.29)

ΠγR
λ (q, t1, t

′
1)D

<
λ (q, t′1, t1) −

D<
λ (q, t1, t

′
1)Π

γA
λ (q, t′1, t1)

]

We see that the quantity on the left hand side of Eq. (3.29) is just the time rate

of change of the photon density in circular polarization state λ. Since our theory

models the semiconductor sample as an infinite closed system, and at the same time

we assume all photons eventually exit the system, this rate is identified with the

luminescence (photon count) rate per unit sample volume, which we denote by Lλ.

In the weak photon-matter coupling limit, for the lowest order (in Γλ
sj) Lλ, we take

all the Green’s functions on the right hand side of Eq. (3.29) to be those for the

initial uncoupled state: quasi-thermal equilibrium for the interacting electron-hole

subsystem and free radiation field with zero photon density. Each function in the

integrand then depends only on the difference between its two time arguments, and

the time integral can be transformed into an integral over the frequency variable

conjugate to the relative time. It follows that the luminescence spectrum Rλ(ω)

(i.e. the photon count rate per unit frequency per unit sample volume), defined by
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Figure 3.2. Diagrams representing photon propagation in the electron-hole medium.

Lλ =
∫

dωRλ(ω), is given by

Rλ(ω) = − i

π

∑

q

[
Πγ<

λ (q, ω)ImDR
λ (q, ω) − D<

λ (q, ω)ImΠγR
λ (q, ω)

]
(3.30)

Furthermore, D<
λ (q, ω) ≈ D

(0)<
λ (q, ω) = 0 and ImDR

λ (q, ω) ≈ ImD
(0)R
λ (q, ω) =

−πδ(ω − ωq), giving

Rλ(ω) =
1

2

(nb

c

)3 (ω

π

)2

iΠγ<
λ (q = ωnb/c, ω) (3.31)

3.1.3. Preservation of the Kubo-Martin-Schwinger (KMS) relations

In the derivation of our working equations Eqs. (3.11)-(3.22) for the electron-hole

equilibrium state, we have used the Kubo-Martin-Schwinger (KMS) relations between

the retarded parts and the (≷) components of all two-time functions on the Keldysh

time contour. The (bosonic) KMS relation also relates the luminescence spectrum

R(ω) =
∑

λ Rλ(ω) to the absorption spectrum in the following way. Πγ<
λ is given

by the four-point electron-hole Green’s function P<
sj , Eq. (A.28), while the linear

susceptibility is given by the retarded part of the same function by Eq. (A.5). From

their definitions, P<
sj and ImPR

sj obey the KMS relation Eq. (A.6) [85], from which

one deduces

R(ω) =
(ωnb

cπ

)2

beh(ω, T )α(ω) (3.32)

where beh(ω, T ) = 1/
[
e(~ω−µe−µh)/kBT − 1

]
. This same relationship was also derived

by Roosbroeck and Shockley by using the principle of detailed balance in total thermal

equilibrium[5, Sec. 10.3].



39

The KMS relations are satisfied by the exact Green’s functions, but not nec-

essarily by their approximations. So in devising an approximation scheme, it is

important to ensure that the KMS relations are preserved. In the case of the ab-

sorption/luminescence spectra, for example, a KMS-preserving approximation would

guarantee that α(ω) crosses zero at ~ω = µe + µh, thereby canceling the singular-

ity of beh(ω) at the same point and ensuring the regularity of R(ω) given by Eq.

(3.32). In connection with the T-matrix approximation, this issue was discussed in

e.g. [58, 25]. We give an expanded treatment in Appendix A.5 where we show that

KMS indeed holds for all the two-time functions in the self-consistent T-matrix ap-

proximation. We also show that the phenomenological phonon-induced self energy

ΣphR
aa′ (ω) is constructed to preserve KMS.



40

3.2. Numerical Considerations

In order to calculate the absorption numerically, several approximations are required.

This section details the approximations that have been used. In some cases, the

approximation can be turned on or off according to the level of accuracy desired and

computation time available.

3.2.1. Spherical Harmonics

Spherical harmonics are used to simplify the angle dependence between ~k and ~q. The

spherical harmonics are then truncated at either l = 1 or l = 4.

3.2.2. Angle Averaging

In order to get numerical results it is necessary to use the average out the angle

dependence between ~q and ~k.

3.2.3. Large k Values

The real part of the two particle Green’s function (g0R
sj,l (k,q, ω)) is calculated from the

imaginary part using the Krammers Kronig relationship. In order for this procedure to

be accurate, the calculation must include all non-zero values of the imaginary part.

However, for large k values, the bulk of the imaginary component of the Green’s

function may be outside of the energy range stored for the calculation. In this case,

the imaginary part of the Green’s function is approximated by the delta function that

would result from a free particle with the static energy shifts included:

Im
{
g0R

sj,l(k,q, ω)
}
≈ δ (ω − ǫ̃s (ks) − ǫ̃j (kj)) (3.33)

where the particle energy with static energy shifts is given by:

ǫ̃a(ka) =
~ |k|2
2ma

+ ΣR,CH
a (ka) + ΣR,exc

a (ka) (3.34)
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This results in:

Re
{
g0R

sj,l (k,q, ω)
}

= {1 − fs (ω − ǫ̃s (ks)) − fj (ω′ − ǫ̃j (kj))}
1

ǫ̃s (ks) + ǫ̃j (kj) − ω
(3.35)

Similar approximations are made when calculating the carrier density. When ǫ̃a (k)

gets too large, the spectral function (Aa (k, ω)) is approximated as a delta function

Aa (k, ω) ≈ 2πδ (ω − ǫ̃a(k)).

3.2.4. Absorption Calculation

In the absorption calculation, d+
js (k) is assumed to be constant over all k, so it can

be taken out of the integral. In addition |q| = ωnb

c
is very small so we use the

approximation |q| ≈ 0. 1

3.2.5. Coulomb Potential

The program uses the spherical harmonics of the Coulomb potential given by:

Wl (k,k′) =
2l + 1

2

∫ 1

−1

d cos θ Pl (cos θ) W (k,k′) (3.36)

where:

θ = ∠ (k − k′).

Pl (cos θ) is the lth spherical harmonic function.

For the statically screened potential (Wss (k,k′) = 4πe2

|k−k′|2+κ2 ), this integral can

be evaluated analytically. With the plasmon-pole approximation of the screened

Coulomb potential (Wpp (k,k′)), it is no longer possible to evaluate the integral an-

alytically, and when |k − k′| → 0 a lot of sample points are needed to evaluate

the integral numerically. To get around this problem, we note that in the limit

1When polariton effects are calculated, we can not assume |q| = 0. In this case we used the

approximation α (ω,q) ≈ α
(
ω − ~|q|2

2mr

,q = 0
)
.
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|k − k′| → 0, Wpp (k,k′) ≈ Wss (k,k′). We then solve for the spherical harmonics of

the plasmon-pole potential as

Wl,pp (k,k′) = 2l+1
2

∫ 1

−1
d cos θ Pl (cos θ) [Wpp (k,k′) − Wss (k,k′)] + (3.37)

2l+1
2

∫ 1

−1
d cos θ Pl (cos θ) Wss (k,k′)

The first integral is easily evaluated numerically, and the second integral can be

evaluated analytically. For l=0-3 the second integral results in:

W0,ss (k,k′) = −2πw0 (3.38)

W1,ss (k,k′) = −3π

(
2

b
− a

b
w0

)
(3.39)

W2,ss (k,k′) = −5

2
π

[
−6a

b2
+

(
3a2

b2
− 1

)
w0

]
(3.40)

W3,ss (k,k′) =
7

2
π

[
10

3b
+

10a2

b3
− 6

b
−

(
5a3

b3
+

3a

b

)
w0

]
(3.41)

where:

w0 =
1

b
ln

(
a + b

a − b

)
(3.42)

a = |k|2 + |k′|2 + κ2 (3.43)

b = −2|k||k′| (3.44)

3.2.6. Narrow Lorenztian Functions

If the imaginary part of the self energies is constant with frequency, then the spectral

function will have a Lorenztian line shape with the width being determined by the

imaginary part of the self energies. In order to accurately sample the spectral function,

you need to have several sample points in the width of the Lorentzian peak. In some

cases, this width may be extremely small (in the free carrier model, the width goes
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to zero), and adequate sampling becomes impossible. To get around this problem,

we define an effective spectral function

Ãa (k, ω) =
1

∆ω

∫ ω+∆ω
2

ω−∆ω
2

dω′ Aa (k, ω′) (3.45)

Where ∆ω is the frequency sample spacing. By assuming that the self energies stays

constant across ∆ω, this integral can be solve analytically as

Ãa (k, ω) =
1

2∆ω

{
tan−1

(
ω − ω0 − ∆ω

2

γ0

)
− tan−1

(
ω − ω0 + ∆ω

2

γ0

)}
(3.46)

Where

ω0 = ǫa (k) + Re
{
ΣR,T

a (k, ω) + ΣR,exc
a (k) + ΣR,CH

a

}

γ0 = Im
{
ΣR,T

a (k, ω)
}

The effective spectral function makes sure that the sampled spectral function will have

the same area as the real spectral function, but may move the peak by up to half of

the sample spacing. The small movement in the peak should not have a significant

effect as long as the frequency is adequately sampled. With this approximation, γ0

can become arbitrarily small while still producing valid results.

3.2.7. q Dependence

In order to calculate the T-matrix self energy (ΣR,T
a ) we calculate the T-matrix for

all values of q. In order to understand the q dependence of the T-matrix it is useful

to look at the two particle Green’s function given in Eq. 3.17 as:

Im
{
g0R

sj (k,q, ω)
}

= (3.47)

− 1

2~

∫
dω′

2π
{1 − fs (ω − ω′) − fj (ω′)}As (ks, ω − ω′) Aj (kj, ω

′)

At low densities, the spectral functions (As and Aj) are essentially delta functions,

the Fermi term {1 − fs (ω − ω′) − fj (ω′)} → 1, and the q dependence becomes a
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simple shift in the frequency

g0R
sj (k,q, ω) = g0R

sj

(
k,q = 0, ω − ~ |q|2

2M

)
(3.48)

A corresponding shift is seen in the T-matrix. Modeling the q dependence as a simple

shift in frequency makes the equations much easier to solve, and is generally valid for

low densities. The program can be configured to use the q = 0 data with a frequency

shift, or to calculate the T-matrix for several q sample point and interpolate between

them.

When calculating the real q dependence it is still useful to note that q generally

results in a frequency shift. Removing the expected frequency shift, interpolating

between stored values, and then adding the frequency shift back in, allows the program

to use less q sample points and still produce reasonable results. This results in

TR
sj (k,k′,q, ω) = (1 − r) TR

sj

(
k,k′,qn, ω − ~|q|2

2M
+ ~|qn|

2

2M

)
+ (3.49)

rTR
sj

(
k,k′,qn+1, ω − ~|q|2

2M
+ ~|qn+1|

2

2M

)

where

r =
|q| − |qn|

|qn+1| − |qn|
(3.50)

If {1 − fs (ω − ω′) − fj (ω′)} 6= 1, then modeling the q dependence as a simple

frequency shift can results in some numerical artifacts. {1 − fs (ω − ω′) − fj (ω′)}
changes sign at the chemical potential (µ), and as a result, the T-matrix will also

change sign at ω = µ. In the T-matrix self-energy:

Im
{
ΣR,T

a (ka, ω)
}

= (3.51)
∑

a′,ka′

∫
dω′

2π
{b (ω + ω′) + fa′ (ω′)} Im

{
T ′′R

aa′ (k,k,q, ω + ω′)
}

Aa′ (ka′ , ω′)

the Bose function will also change sign at µ and cancel out the sign change in the

T-matrix such that Im
{
ΣR,T

a (ka, ω)
}

< 0 for all ω. However, if the q dependence

of Im
{

T ′′R
aa′ (k,k,q, ω + ω′)

}
is modeled as a simple ω shift, then it will not change
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sign at the correct place, and Im
{
ΣR,T

a (ka, ω)
}

may become positive for some values.

This results in an unrealistic spectral function. To get around this problem, the pro-

gram will identify negative Im
{

T ′′R
aa′ (k,k,q, ω + ω′)

}
values. If possible, it will try

to remove the negative values by moving the negative component to it nearest neigh-

boring ω sample points (smoothing out the values of Im
{

T ′′R
aa′ (k,k,q, ω + ω′)

}
). If

this still results in a negative value, then the value is set to zero. When µ gets close

to the exciton peak, this process creates numerical artifacts resulting in a very noisy

Im
{
ΣR,T

a (ka, ω)
}

values as shown in Sec. 4.2. 2

2Due to the structure of the T-matrix a scale factor in front of g0R
sj (k,q, ω) will not be passed

through to TR
aa′ (k,k,q, ω) in a simple manner. Therefore, if we wish to account for the Fermi factor

in g0R
sj (k,q, ω) we might as well calculate the full T-matrix q dependence.
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4. Microscopic many-particle theory results

Using the microscopic many-particle theory presented in ch. 3, we computed the

single-particle Green’s functions of the partially ionized, quasi-equilibrium electron-

hole plasma in bulk GaAs and, from them, the absorption/luminescence spectra. The

electron and hole masses are set at me = 0.067m0 and mh = 0.48m0, m0 being the

free-space electron mass, and the background dielectric constant εb = 13, giving the

exciton Rydberg ER = 4.2 meV and the exciton Bohr radius aB = 13 nm. We

have performed this calculation over a wide range of temperatures (30K to 500K)

and electron-hole densities (1012 cm−3 to 1018 cm−3). We discuss some results in this

chapter. The single-particle Green’s functions can of course yield all thermodynamical

observables [19], but we will restrict our discussion to those observables relevant to

the luminescence problem.

The value of the constant C in the inverse screening length κ, Eq. (3.13), is set to

minimize the density-induced exciton shift in TG(0) (defined below). The same value

is used for the other approximations.

4.1. Calculation models

The calculation scheme as laid out in ch 3 is rather involved. To better understand

the physics contained in the numerical results, we have repeated the calculations tak-

ing certain further approximations and compared results with the full self-consistent

T-matrix approximation. The various levels of approximation are described and mo-

tivated here.
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4.1.1. TG model

From here on, the full self-consistent T-matrix approximation is denoted by TG. This

model contains the exciton resonance in the spectra as well as exciton occupation

effects, described by the (excitonic) correlation peak in the renormalized electron and

hole spectral functions, as well as plasma screening due to the plasma fraction of the

partially ionized electron-hole system.

4.1.2. TG(0) model

The TG(0) approximation is defined as replacing the Green’s function outside the T-

matrix in the T-matrix self energy diagram in Fig. 3.1d by the ’independent-particle’

Green’s function, which has the form of the free-particle Green’s function but with a

single-particle spectrum, denoted ǫ̃a(k) being the kinetic energy shifted by the static

self energies (ǫ̃a(k) = ǫa(k) + Σexch
a (k) + ΣCH

a ). This corresponds to replacing the

spectral function inside the integral in Eq. (3.22) by a delta function, which renders

the integral trivial, thereby eliminating one of the most time consuming computing

steps in the calculation.

4.1.3. TG(0)(q = 0) model

In TG(0)(q = 0), we further approximate the T-matrix at finite total momentum as

TR
aa′(p,p,q, Ω) ≈ TR

aa′(p,p,0, Ω − ~
2q2/(2(ma + ma′))) (4.1)

in the expression for the self energy, Eq. (3.22). This replacement is exact at the low

density limit.

We note here that KMS is preserved by the T-matrix in TG(0) but not in TG(0)(q =

0).
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4.1.4. Screened Hartree-Fock (SHF) model

The screened Hartree-Fock (SHF) approximation takes the simplification further by

neglecting the T-matrix contribution ΣTR
a to the self energy in Eq. (3.20). This

model is sometimes referred to as the “plasma theory” [86, 73, 51, 29, 79], it contains

exciton resonances in the optical spectra, but the renormalizations of the particle

properties at non-zero electron-hole densities are restricted to frequency-independent

plasma contributions (technically screened Hartree Fock selfenergies), in our case the

quasistatically screened Hartree-Fock and Coulomb-hole selfenergies. It also con-

tains the effects of quasi-static screening of the Coulomb interaction, but unlike the

TG and TG(0) models, the screening here is caused by the entire electron-hole sys-

tem. The SHF model does not account for plasma-assisted dephasing of the exciton

resonance. Rather, the width of the exciton resonance is determined only by the

density-independent phonon-assisted dephasing.

4.1.5. T(2) models

Another approximation, denoted by T(2)G, is the same as TG in the thermodynamical

calculation, i.e., self-consistent calculation of the Green’s function and the T-matrix

self energy in Eqs. (3.11)-(3.22) (Fig. 3.1b-d), but in the final step of constructing

χR in Eq. (3.24) (Fig. 3.1a), a single-pass infinite order ladder sum for the T-matrix

is performed with Green’s functions dressed by a second order Coulomb self energy.

This approximation is motivated by indications that the full TG self energy may over-

estimate the absorption linewidth of the exciton that arises from collisions with other

excitons, and that vertex corrections diagrams, not included in TG, may be needed to

redress this problem. These vertex corrections are quite complicated and their proper

treatment will be left to future work. In T(2)G, the second order self energy ignores

the contributions from exciton collisions. Hence from the differences between TG

and T(2)G results, we may estimate the magnitude of the vertex corrections. We also
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define the T(2)G(0) and the T(2)G(0)(q = 0) approximations as carrying out the same

calculations as TG(0) and TG(0)(q = 0) respectively in the thermodynamic calculation

and then dressing the T-matrix to second order in obtaining χR.

4.1.6. Free model

The free model contains no Coulomb interaction between the electrons and the holes,

as such no excitons exist in this model. This model includes only phase-space fill-

ing; it simulates a system where the carriers neither interact with each other nor

with phonons, and where the Pauli exclusion principle is the only cause for density

dependent optical properties.

4.1.7. Free/ph model

In the free/ph model carriers are assumed not to interact with each other, but phonon-

induced dephasing is taken into account.

4.2. Equilibrium properties of the partially ionized plasma

It is clear from the formal development in Section 3.1 that the single particle spectral

function Aa(k, ω) ≡ −2 ImGR
a (k, ω) is the key quantity in determining the system’s

thermodynamic properties as well as the medium effects on the electron-hole pair

involved in the absorption/luminescence process. In our formulation, as given in

Eq. (3.18), the spectral function is in turn determined by the retarded self energy

ΣR
a (k, ω). The real part of the self energy can be interpreted as an effective potential

seen by the particle, while − ImΣTR
a (k, ω)/~ is the decay rate of a particle in orbital

(a,k) into other system states at frequency ω.

In a non-interacting system, where the self energy is absent, the ’retarded’ bound-

ary condition places the pole in GR
a (k, ω) just below the real ω axis: GR

a (k, ω) =

limη↓0 ~/(~ω − ǫa(k) + iη), in which case Aa(k, ω) = 2π~δ(~ω − ǫa(k). Of the three
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Coulomb-induced contributions to ΣR
a (k, ω) in Eq. (3.20), the exchange Σexch

a (k) and

Coulomb-hole ΣCH
a are independent of frequency (or instantaneous) and amount to a

shift in the delta function peak position in Aa(k, ω) from the free-fermion value ǫa(k).

This is the result in the SHF approximation. The T-matrix contribution ΣT
a (k, ω), be-

ing frequency dependent, can lead to nontrivial modifications of the spectral function.

Algebraically, we have

Aa(k, ω) =
−2~ImΣR

a (k, ω)

[~ω − ǫa(k) − ReΣR
a (k, ω)]2 + [ImΣR

a (k, ω)]2
(4.2)

Peak structures may occur at frequencies where ~ω = ǫa(k) + ReΣR
a (k, ω) is satisfied

and ImΣR
a is not too large. In the weak correlation limit, where |ΣTR

a | ≪ |ǫa +Σexch
a +

ΣCH
a |, usually only one peak is present, which can be interpreted as a quasi-particle

resonance.

We show the imaginary parts of the self energies of both fermion species at k = 0,

T = 30K, and density = 1016 cm−3 calculated in the TG approximation in Fig. 4.1 and

in the TG(0) approximation in Fig. 4.2. The four curves in each figure, labeled (aa′),

with a, a′ = e, h, give the contributions to ImΣTR
a due to scattering off a population of

particles of species a′. (In this section, we also use the subscripts e and h in addition

to the band orbital indices s and j. Since there is only one band, with two spin

projections, for each species in our model, and the two spin states are degenerate,

there is no ambiguity.) Comparing the (eh) to (ee) curves, for example, one can

see the exciton resonance strongly enhances the ’scattering-out’ rate and shifts its

spectral distribution toward the resonance. The distribution is slightly broader in

TG ((eh) and (he) curves in Fig. 4.1) than in TG(0) (Fig. 4.2). This broadening in

TG results from the spread in the correlated spectral function of the medium particle

participating in the scattering compared to a delta function peak in TG(0).

The spectral functions at the same momentum, temperature, and density are

shown in Fig. 4.3 for both electrons and holes in the TG and TG(0) approximations.

The shifts by the static parts of the self energy in TG are Σexch
e (0) = −0.231ER ,
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Figure 4.1. Imaginary part of the T-matrix self energy vs frequency for k = 0 at
T = 30K and density = 1016 cm−3 in the TG approximation. The labels of the four
lines, aa′, with a, a′ = e, h, correspond to the self energy of a particle of species a
due to scattering off the population of species a′. E = (~ω −Eg) for the electron self
energy (curves ee and eh), where Eg is the band gap, and E = ~ω for the hole self
energy (curves he and hh). ER the exciton Rydberg.
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Figure 4.2. Imaginary part of the T-matrix self energy vs frequency for k = 0
at T = 30K and density = 1016 cm−3 in the TG(0) approximation. The labels are
explained in Fig. 4.1.
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Figure 4.3. Spectral functions vs frequency for k = 0 at T = 30K and density =
1016 cm−3 in two approximations. The labels are explained in Fig. 4.1.

Σexch
h (0) = −0.074ER, and ΣCH

e = ΣCH
h = −0.402ER. Both spectral functions have

widths of ∼ 1 − 2ER. It is clear from the self energies that the states within the

peaks of the spectral functions contain strong excitonic correlations, and hence the

peaks should not be interpreted as quasi-particle resonances. Ae(0, ω) is broader than

Ah(0, ω) due to the overall stronger ImΣTR
e . The TG(0) electron spectral function

develops two peaks because the TG(0) ImΣTR
e is sharper and hence smaller at the

frequencies where ~ω = ǫe(k) + ReΣR
e (k, ω) is satisfied.

To convey a picture of the dependencies of the self energies and spectral functions

on physical parameters, we show a set of results of these quantities for another tem-

perature (T = 10K) and density (6 × 1015 cm−3) in Figs. 4.4-4.6. The imaginary

part of the electron self energy is shown for k = 0 in three approximations in Fig.

4.4. Comparing with Fig. 4.1, one can see that the TG self energy does not change

much between 10K and 30K. The TG(0) curve, by contrast, becomes much sharper

at 10K. This difference in behavior can be understood as follows. In the expression

Eq. (3.22) for ImΣTR
e (0, ω), ImTR is dominated by exciton formation with a hole
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in the medium at around total momentum q = 0, which implies at zero electron

momentum (k = 0), the most important contributions to the hole momentum sum

come from k′ ≈ 0. In TG(0), the ’input’ hole spectral function is a delta function

Ah(k
′, ω′) = 2π~δ(~ω′ − ǫ̃h(k

′). Carrying out the ω′ integration, one can see that the

frequency dependence of ImΣTR
e (0, ω) basically tracks that of ImTR(0,0,0, ω+ǫ̃h(0)).

That is, the width of the self energy in TG(0) is similar to the collisional width of the

T-matrix, which grows as temperature rises, when the ionization channel becomes

increasingly open as final states in the scattering process. In TG, the ’input’ hole

spectral function is the self-consistent one, which has a significant width even at

10K. In this case, the convolution of the relatively sharp peak of ImTR
eh at 10K with

Ah(0, ω′) still gives a broad peak for ImΣTR
e (0, ω). The result of the TG(0)(q = 0)

approximation is also shown in Fig. 4.4, which agrees quite well with that of TG(0)

in the peak region. The insufficient resolution of the q-grid that we use leads to the

numerical noises seen in frequencies below the peak in TG(0) and TG(0)(q = 0). (The

part of the noise that extends across to positive values has been removed by hand

and the value of ImΣTR
e set to zero there.) TG avoids the noise problem by having a

smooth spectral function in the integrand in Eq. (3.22). The problem is much worse

in TG(0)(q = 0) than in TG(0) because of the formers violation of KMS, leading to

spurious fluctuations near the chemical potential (here µ − Eg ≈ −4ER) even in the

numerically accurate (converged, noise-free) result. We have not tried to improve on

the numerical accuracy for ImΣTR
a in these two approximations because, as shown

in Figs. 4.5 and 4.6 below, these noises do not pose a significant problem for the

precision of the spectral functions calculated from these ImΣTR
a .

We show ImΣTR
e for k = 2a−1

B in Fig. 4.7. Its magnitude is several times smaller

than it is at k = 0, and the effect of taking the TG(0) approximation is relatively

more drastic at this momentum. The spectral functions for the two momenta are

shown in Figs. 4.5 and 4.6. The lower peak in TG(0) can still be seen for k = 2a−1
B

on the logarithmic scale. At k = 0, Ae(0, ω) at 10K is similar to that at 30K. The
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Figure 4.6. Electron spectral function vs frequency for k = 2 inverse exciton Bohr
radii at T = 10K and density = 6× 1015 cm−3 in various approximations. The labels
are explained in the text and Fig. 4.1.

upper peak in TG(0) is higher at 10K because of a sharper drop-off of ImΣTR
e . At

k = 2a−1
B , the T-matrix self energy is small compared to the shifted static electron

energy ǫe + Σexch
e + ΣCH

e = ER, which implies that the peak in Ae is essentially a

quasi-particle resonance. For the same reason, the difference between TG and TG(0)

is smaller in the spectral function than in the T-matrix self energy.

An overall view of the spectral functions calculated in TG(0)(q = 0) are shown

as contour plots in the energy-momentum plane in Figs. 4.8 and 4.9 at T = 10K

and a relatively low density = 2 × 1015 cm−3. In each graph, the quasi-particle peak

and the excitonic correlations (lower peak) at low momenta are clearly visible. This

picture agrees with results in previous works [85] (see also [74]). The corresponding

contour plots for results in TG are not shown. Due to the considerable broadening

of the peaks in TG (Fig. 4.5), such plots would not show the two-peak structure.

We next consider the thermodynamic quantities. The equation of state Eq. (3.19),

together with the condition ne = nh, relates the three thermodynamic variables tem-
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Figure 4.9. A contour plot of the hole spectral function in the TG(0)(q = 0) approx-
imation at T = 10K and density n = 2 × 1015 cm−3. The hole mass is mh = 0.48m0.

perature, chemical potential, and density for each fermion species. This relation is

governed by the statistical distribution of the spectral weight of the single particle

state carried in fa(ω) and the spectral weight distribution due to the Hamiltonian

carried in Aa(k, ω). Fig. 4.10 shows the chemical potential µ = µe + µh (actually

(µ − Eg)/kBT ) as a function of temperature for three values of the density and Fig.

4.11 shows the density dependence of µ for T = 30K. Results from TG, TG(0),

and SHF are shown together with those from a non-interacting electron-hole model

(dashed-dotted curves labeled ’Free’). On a gross scale, µ follows the expected trends

of decrease with temperature and increase with density. In Fig. 4.10 the linear behav-

ior at high temperature is characteristic of a Boltzmann gas. Where the ’Free’ curves

deviate from straight lines at low temperature mark the onset of degeneracy. Compar-

ison among the four approximations shows that a large part of the interaction effect

is already contained in the SHF, which is essentially an independent-particle model

with renormalized single-particle spectra. The redshift of the band edge, induced

by the screened Hartree-Fock and Coulomb hole interactions, pushes the chemical
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Figure 4.10. Chemical potential (µ = µe + µh) in units of kBT vs temperature
for various densities. Results for four approximations are used; see text for their
definitions.

potential down. On a finer scale, one can see the effect of Coulomb correlations (T-

matrix self energy) on µ at low temperatures (at T ≈ the exciton binding energy

ER = 4.2meV ≈ 60K and below) and/or high densities. Correlations, especially ex-

citonic correlation in the e-h T-matrix, further lowers the single particle energy and

hence the chemical potential.

In Figs. 4.12 we show our estimates of the mean ionization ratios (nfree
e +

nfree
h )/(2n). The overall trend of the ratios as functions of density and tempera-

ture agrees with expectations. At low densities, the system approaches complete

ionization. As the plasma becomes denser, the bound state fraction increases with

the rate of encounter between electrons and holes. These behaviors agree with the

predictions of the Saha equation and its generalization, the Beth-Uhlenbeck formula

[36] (see also [87, 62, 80, 12]). At the high density limit, the weakening of the binding

potential by screening and Pauli blocking raises the ionization ratio again to unity.

We note that our recipe for estimating the ionization ratios of the electron and hole
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Figure 4.11. Chemical potential vs density for T = 30K. See Fig. 4.10 and text for
the definitions of symbols.

populations does not constrain the two to be equal. Indeed, as shown in Fig. 4.13

for T = 30K, nfree
h at high density is significantly smaller than nfree

e , which reflects

the fact that µh is lowered by a larger amount by excitonic correlations from its ’free’

value at the same density than µe (recall that the single-particle dispersions in our

hypothetical ’free’ system include the static self energy renormalizations).

4.3. Absorption and luminescence spectra

The Green’s functions and T-matrices shown in the previous subsection are used

in Eq. 3.24 to calculate the susceptibility and hence the photo-absorption spectra

(Eq. 3.4). We show the absorption spectra α(ω) at T = 30K for various densities

in the TG approximation in Fig. 4.14. At n = 1013 cm−3, our result approaches the

’independent pair’ limit in which the photon changes into the electron-hole pair almost

unaffected by the surrounding low-density plasma. Phonon-coupling contributes a

sizable fraction of the exciton linewidth here. As density goes up, the exciton peak
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Figure 4.13. Ionization ratios vs density at T = 30K.
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Figure 4.14. Absorption spectra of the electron-hole system in bulk GaAs (including
only the heavy-hole valence band) at T = 30K and various densities in the TG
approximation. The density unit is cm−3, Eg is the band gap and ER the exciton
Rydberg.

is rather efficiently damped by interactions, embodied by the T-matrix self energy

ImΣTR, with the partially ionized plasma. Moreover, the self energy pull the band

edge downwards, which tends to red-shift the entire absorption spectrum. At the

same time, increasing screening by the ambient plasma reduces the exciton’s binding

energy. These two counteracting effects lead to relatively small variations of the

exciton’s spectral position on density, which has been discussed in the literature (see

e.g. [86, 30, 17, 51]). We can see from Fig. 4.14 that up to n = 1015 cm−3 in TG, the

exciton peak is slightly lowered, and by n = 1016 cm−3, the broadened exciton peak

merges with the red-shifted electron-hole continuum.

We have mentioned above that TG may overestimate the density-induced damp-

ing of the exciton, but the proper inclusion of ’vertex corrections’ is a complicated

task that we defer to the future. We are then motivated to introduce the T(2)G ap-

proximation. We show the absorption spectra calculated in this approximation in Fig.
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Figure 4.15. Absorption spectra of the electron-hole system in bulk GaAs at T =
30K and various densities in the T(2)G approximation. The density unit is cm−3, Eg

is the band gap and ER the exciton Rydberg.

4.15 for the same parameters as in Fig. 4.14. As expected, collisional damping is much

reduced in T(2)G. We note, however, that the exciton peak at n = 1016 cm−3 is shifted

down by a rather significant amount. It may be reasonable to expect the real absorp-

tion spectra to lie within the range of results spanned by the two approximations. In

Fig. 4.16 we further compare T(2)G with T(2)G(0) at low temperature (T = 10K) and

moderately low density (n = 6 × 1015 cm−3). The exciton peak in T(2)G is shifted

downwards from its low density position by ∼ 0.4ER while it stays almost unshifted

in T(2)G(0). We reiterate that the parameter C in the inverse screening length has

been fixed at one value for all approximations and values of thermodynamic parame-

ters used. In general, the calculated density-induced exciton shift does depend on the

chosen value of C [73]. The static band edge shift in TG (Σexch
e + Σexch

h = −0.86ER)

is actually smaller than that in TG(0) (Σexch
e + Σexch

h = −0.97ER), but this is more

than offset by a weaker (more effectively screened) potential in TG(0) (κ0 = .87a−1
B )

than in TG (κ0 = .56a−1
B ).
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Figure 4.16. Comparison of calculated absorption spectra from various approxima-
tions at T = 10K and density = 6 × 1015 cm−3. Eg is the band gap and ER the
exciton Rydberg.

Our luminescence spectra are obtained from the absorption spectra via the KMS

relation Eq. (3.32). We show the spectra R(ω) for T = 30K and various densities

in TG and T(2)G in Figs. 4.17 and 4.18 respectively. As in the absorption spectra,

the correlation-induced width of the exciton is smaller in T(2)G than in TG. As

discussed above, the differences between these two sets of results may be an estimate

of the uncertainties in our predictions that can be attributed to the limitations of

the TG approximation. It is noteworthy that the absorption spectra at n = 1016

cm−3 shown in both Figs. 4.14 and 4.15 cross over to gain (α(ω) < 0) at around

~ω − Eg ≈ −0.73ER. By virtue of the built-in preservation of the KMS relation in

both TG and T(2)G, as explained in Section 3.1.3 and Appendix A.5, this crossing

point is exactly the chemical potential. The zero-crossing in α(ω) and the singular

Bose function b(ω) in Eq. (3.32) thus combine to give a smooth positive R(ω) as

shown in Figs. 4.17 and 4.18.

Finally, we mention that many of the quantities we calculate here are not very

sensitive to changes in our estimate of the ionization ratio. The ionization ratio is



64

-10 -5 0 5 101018

1020

1022

1024

1026

 

 

Lu
m

in
es

ce
nc

e 
 (c

m
-3
 

 s
-1
 E

R
-1
)

(  - Eg) / ER

 1013

 1014

 1015

 2·1015

 4·1015

 1016

 2·1016

 4·1016

 1017

Figure 4.17. Luminescence spectra of the electron-hole system in bulk GaAs at
T = 30K and various densities in the TG approximation. The density unit is cm−3,
Eg is the band gap and ER the exciton Rydberg.
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Figure 4.18. Luminescence spectra of the electron-hole system in bulk GaAs at
T = 30K and various densities in the TG(2) approximation. The density unit is
cm−3, Eg is the band gap and ER the exciton Rydberg.
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Figure 4.19. The density dependent radiative recombination coefficient (B(n)) for
10K, calculated with plasma screening (solid line) and with all carriers included in
the screening (ionization ratio = 1) (stars).

only used to limit the carriers used in the Coulomb screening calculation to the free

carriers (since the bound excitons have a much smaller effect on screening then the

free carriers). In figure 4.19 we shown the density dependent radiative recombination

coefficient (B(n)) for 10K calculated with the normal plasma screening (solid line) and

with all carriers included in the screening (equivalent to setting the ionization ratio to

unity) (stars). We have also checked that replacing the lowest mean ionization ratio

in Fig. 4.12 (≈ 0.2) by unity would only cause small changes in α(ω) and moderate

changes in the spectral functions in that case.

4.4. Radiative recombination rate

One of the most significant changes I have made to the SB-E cooling theory is to

include a density dependent radiative recombination coefficient (B(n)) defined in Eq.
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2.3. This section evaluates B(n) using several different models. The results for 30K

and 300K are shown in Fig. 4.20. The models are grouped into those models that

include exciton effects (labelled “E”), and models with no Coulomb interaction (free

carrier models) (labelled “F”).

From general physical arguments, we expect the following behavior for the density

dependence of B. For low densities, the system is composed of a dilute electron-hole

gas. In this regime, the electron must first find a hole before it can recombine and emit

a photon. Hence, the luminescence rate is proportional to n2 and B (n) is a constant.

If the system is composed of an exciton gas, the electron is bound to the hole and

the luminescence rate is proportional to n. If the system is sufficiently dense to be a

degenerate two-component fermi fluid, then band filling again leads to a luminescence

rate proportional to n [42]. Figure 4.20 shows that, as the density becomes small,

B(n) approaches a constant for all models as expected. As the temperature increases

the density where the system transitions from a dilute gas to a dense gas increases.

At 300K, the system has not transitioned into a dense gas by 1018 cm−3, and B (n)

is a constant for all densities shown. At 30K, we see that the excitonic models all

have significantly higher B then the free models. As, with increasing density, excitons

start to form at densities ∼ 1014 cm−3, B begins to drop off. The full and second-

order theories produce nearly identical results. For any given density, B is higher

for the plasma (SHF) theory. This is due to the neglect of the excitonic correlation

contributions to the single-particle spectrum, which increases the chemical potential

µ and consequently B. The symbols in Fig. 4.20 mark the optimal cooling density,

which will be discussed in the Ch. 5. For low temperatures, the B-value at the optimal

cooling density is significantly less then the low density value.

We note that, even though the ionization degree approaches unity as n → 0

(in agreement with the Saha equation), the excitonic and plasma contributions to

the luminescence remain of the same order in the free density in this limit. The

exciton luminescence is proportional to the exciton density, and can be written as
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L = Bexcnexc, while the plasma luminescence is proportional to the square of the free

carrier density, L = Bfreen
2
free. However, from the Saha equation, nexc ∝ n2

free, while

in the zero-density limit nfree ∼ n. Hence, both the exciton and plasma have an

approximate n2 dependence in the zero-density limit.

Figure 4.21 shows the temperature dependence for the low density B-value. Using

a free-carrier model, the B-value has been predicted to have a T−3/2 temperature

dependence.[5] In our model, B increases faster than ∼ T−3/2 as T ↓ 0. At low

densities, the absorption spectra have two dominant features: an exciton peak and a

step function at the continuum edge. The exciton peak leads to a 1
(kBT )3

exp
(

ER

kBT

)

temperature dependence of B. The step function at the continuum leads to a T−2 tem-

perature dependence. The real temperature dependence is seen to be a superposition

of these two limiting cases, tending towards the excitonic temperature dependence

at low temperatures and towards the step function temperature dependence at high

temperatures. In experiments, the temperature dependence of B has been found to

be closer to T−3/2 predicted from the free-carrier model (see [56, 81, 37]). The calcu-

lation presented here is based on an undoped sample, however, experiments rely on

using a doped sample and measuring the resulting lifetime. The effects of doping on

B are discussed in sec. 8.2. There it is shown that accounting for doping can lead to

a better match between theory and experiment.
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Figure 4.20. Density dependent radiative recombination coefficient for 30K (top
graph) and 300K (bottom graph) calculated using several different models. Group
“E” comprises several excitonic models: full T-matrix (TG(0)), second-order T-matrix
(T (2)G(0))and screened Hartree-Fock (SHF) model. Group “F” contains models with-
out electron-hole Coulomb interaction:“free” and “free with phonons” (“Free/ph”).
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5. Cooling Results

In this chapter, we combine the numerical results from our microscopic luminescence

theory with our cooling theory, and examine how the various components of the

theory effect cooling at different temperatures. The theory which we have presented

so far, is applicable to any direct gap semiconductor system. Our numerical analysis

of the semiconductor cooling is based on a GaAs system, which allows us to compare

our results to current experiments. We note that Ref. [35] suggests that a large

bandgap system will be better for cooling and therefore recommend an AlN system.

However, it is important that the experimentalist chose a semiconductor material

where current processing techniques exists to create a sample with very high external

quantum efficiency.

For this cooling analysis, (unless specified otherwise), we use the parameters σfca =

10−20 cm2, αb = 1cm−11, ηe = 0.25,2 a temperature-dependent Auger coefficient [78,

37]

C(T ) = C(300K) exp(2.24(1 − 300/T [K])) (5.1)

with C(300K) = 4 × 10−30 cm6s−1, and a temperature dependent bandgap

Eg = 1520meV − 0.56
T 2

T + 226K
meV/K (5.2)

5.1. Cooling Results

Figure 5.1 shows the results for the optimized break-even non-radiative lifetime (de-

fined as τ̄b = 1/Āb) as function of temperature. In order for laser cooling to be pos-

1The background absorption is assumed to be dominated by the absorption of the substrate (e.g.
ZnSe) assumed to have αL = 10−4. Modeling this absorption as a background absorption inside the
active medium (GaAs) and assuming it to be 1µm thick, we obtain αb = 1cm−1.

2Chapter. 6 examines the effect of changing ηe. Chapter 7 includes the full effects of propagation
and surface reflections. This allows us to calculates ηe. We find that ηe should be closer to a value
of ηe = 0.12.
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sible, the sample must have a non-radiative lifetime τnr > τ̄b. The solid and dotted

lines show the results of the full calculation and the second-order approximation using

G(0) in the T-matrix selfenergies. The overall temperature dependence is similar for

these two curves3, suggesting that many-body correlation effects beyond the T -matrix

approximation would probably not change the results significantly. Comparing the

results of the “TG(0)” and “TG” models, we see that the inclusion of correlations

in the single-particle Green’s function that enters the T-matrix selfenergies does not

affect the results significantly. We note that, due to increasing numerical challenges

with decreasing temperature, we show the “TG” results only for temperatures larger

than 30K. The absence of data below 30K does not imply cooling to be impossible.

To better understand our results with the full T-matrix selfenergies, we also show

τ̄b for several simplified models. In addition to the simplified models discussed in Sec.

4.1, we present results from a model that is based on an analytical expression derived

by Sheik-Bahae and Epstein in Ref. [78], which we label as “SB-E” model. This

model was summarized in Sec. 2.1.

Figures 5.2, 5.3, and 5.4 show the optimal n̄, B (n̄) and ∆~ω (n̄) components that

enter the break-even cooling calculation, (shown in Fig. 5.1), and help us analyze

and understand the basic features of the temperature dependence of τ̄b.

5.2. Upconversion density dependence

Before analysing the cooling results further, it is useful to understand the density

dependence of the luminescence upconversion. The optimal density n̄ and pump

frequency ω̄a follow from the optimization of Eq. (2.4). The optimal pump frequency,

3The luminescence spectra in the full T -matrix and second-order approximations are quite dif-
ferent, but the resulting differences in the values of the optimal N and B largely compensate each
other, leading to similar values for τ̄b.
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together with the mean luminescence frequency,

ωℓ =

∫
dωωR (ω)∫
dωR (ω)

(5.3)

yield the upconversion ∆ω = ωℓ − ω̄a. In order to enhance our understanding of ∆ω,

for which the density is fixed at the optimal density n̄, we discuss in the following a

density-dependent function ∆ω̃(n), which is designed to coincide with ∆ω for n = n̄.

It is defined as ∆ω̃ = ωℓ− ω̃a(n) where ω̃a(n) maximizes the break-even non-radiative

decay rate Ab over the space of all absorption frequencies ωa for fixed n, i.e. it solves

Ab(n) = max Ab(ωa)|n . (5.4)

It can be seen from Fig. 5.5 that ∆ω̃ has a peak at moderate densities. At

low densities, ωℓ is slightly above the exciton resonance, and, generally, the stronger

the exciton resonance the closer ωℓ is to the resonance. As the density increases,

the exciton strength decreases, causing ωℓ and therefore ∆ω̃ to increase. At high

densities, ∆ω̃ quickly decreases and becomes negative. This occurs as the chemical

potential (µ) gets close to the optimal pump frequency. As discussed earlier, µ marks

the boundary between absorption and gain. Thus, in order for the sample to absorb

the pump laser, ωa > µ. Figure 5.6 shows µ in relationship to ω̃a and ωℓ for 30K.

µ increases as the density increase. It can be seen that the sudden reduction in ∆ω̃

occurs when µ gets close to ω̃a. At this point, ω̃a must increase in order to stay in

the absorption region. Cooling becomes impossible when ω̃a > ωℓ.

5.3. Cooling at high temperatures T > 200K

We now focus on explaining the cooling results in the high temperature region (T >

200K). In the basic SB-E theory with negligible background absorption,

Pnet = An~ωa − ηeBn2∆~ω + Cn3
~ωa. (5.5)
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dependent optimal pump frequency ω̃a(n) (dotted line) and the chemical potential
(dashed line) in “T (2)G(0)” approximation at 30K.

One sees that increasing the density allows the radiative recombination (cooling) to

dominate over the non-radiative (heating). Auger recombination (heating) limits the

maximum density. As the temperature decreases, the Auger recombination coefficient

decreases exponentially. In the SB-E theory, this allows the optimal cooling density

to increase, causing τ̄b to decrease exponentially (see Figs. 5.2 and 5.1). In more

realistic models, band-filling effects limit the optimal cooling density. As discussed in

section 5.2, µ > ωa. As the density increases, the chemical potential eventually forces

ωa > ωℓ, thus preventing cooling. The free electron-hole theory adds band-filling

effects to the SB-E theory. In Fig. 5.1 we can see that the free electron-hole theory

reproduces the results from the SB-E theory for temperatures above 200K. Below

200K, the free electron-hole theory results in dramatically larger τ̄b. Figure 5.2 shows

that the increase in τ̄b below 200K is due to band-filling effects which limit n̄ and

cause n̄ to decrease with decreasing temperature.

Figure 5.1 shows that excitonic effects makes it easier to achieve cooling for any
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initial starting temperature. For T & 40K the improvement comes from the increased

radiative recombination rate B. Figure 5.3 shows that the exciton resonance increases

B over the full temperature range shown. This increase in B takes place even though,

at the optimal cooling density, B is generally less then its low density value (see sec.

4.4). We note that at the optimal cooling density, the exciton peak has been decreased

and broadened sufficiently so that ∆ω is essentially the same it would be in the free

electron-hole theory (see Fig. 5.4 and Fig. 5.5).

5.4. Cooling for moderate temperatures (40K < T < 200K)

For a discussion of the results for temperatures 40K . T . 200K, it is instructive to

consider the case without Auger recombination and background parasitic absorption.

Indeed, both effects play only a minor role in this temperature interval. With this

simplifying assumption, we have

Pnet ≈ An~ω − ηeBn2∆~ω (5.6)

resulting in a break-even recombination rate of

Ab = ηeBn
∆~ω

ωa

(5.7)

Ab is proportional to the multiplication of the parameters shown in figures 5.2, 5.3

and 5.4. For low temperatures at the optimal cooling density, the density is high

enough that B has started to decrease with density and B ∝ 1/n. In this case,

the density dependency of B cancels out the factor of n in Eq. 5.7, and the optimal

cooling density will be chosen to maximize ∆ω (see Fig. 5.5a). This also helps to

explain the differences between the full and second-order theories. Figures 5.2 and

5.3 show that B̄ and n̄ have different values between the two theories. However, the

differences in B̄ and n̄ cancel each other to a large degree, so that in Fig. 5.1 both

theories lead to similar τ̄b.
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5.5. Cooling at low temperatures (T < 40K)

At very low temperatures, T . 40K, the background parasitic absorption plays a

significant role in cooling. In fact, for the free electron-hole theory, the background

absorption prevents cooling for T . 20K. This is indicated by a negative Āb and

correspondingly the absence of a physical solution for τ̄b. To better understand the

effect of the background absorption, it is instructive to consider a system where the

non-radiative recombination and Auger recombination are both negligible (A=C=0).

In this case, cooling requires

α (ωa) > (αb + σfcan)
~ωa

~ωℓ − ~ωa

(5.8)

which follows from Eqs. (2.1) and (2.2).

Equation 5.8 provides a minimum requirement for cooling to be possible. Figure

5.7 shows the calculated absorption spectra and the minimum required absorption

at the pump frequency (right side of eq. 5.8). The absorption spectra is calculated

for low density (n=1012 cm−3) at 10K, using: (a) the free electron-hole theory or

(b) the plasma (SHF) theory. In the free electron-hole theory, the absorption does

not increase fast enough to ever exceed the break-even condition, indicating that

the background absorption prevents cooling for the free electron-hole model. In the

plasma (SHF) theory, the strong exciton resonance peak allows the absorption to

easily exceed the break-even condition and overcome the effects of the background

absorption. Here, the steep slope of the excitonic resonance is determined by the

non-Lorentzian lineshape discussed earlier. The example of the exciton resonance

in the plasma theory shown in Fig. 5.7 is representative for all models that include

excitonic effects. Thus at low temperatures, excitonic effects are essential to overcome

the background absorption and allow cooling.
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6. Sensitivity to parameters

In the previous chapter, we took C, αb and ηe to be well known parameters. However,

there is a reasonable amount of uncertainty in the precise value for these parameters.

In addition, we have assumed that an experiment will easily be able to obtain the

optimal n̄ and ω̄a. In this chapter we study how errors in the estimated value for

C, αb and ηe can effect laser cooling. We also look at how close the experiment has

to come to the exact optimal n̄ and ω̄a in order to achieve cooling. We find that it

should be easy for an experiment to come close enough to the optimal n̄ and ω̄a in

order to achieve cooling in the lab. Errors in the parameters C, αb and ηe can make

cooling more difficult, however as long as we do not have a combination of bad errors

in several of the parameters, cooling should still be possible.

We start by studying how sensitive the experiment is to the exact optimal pumping

conditions. The figure 6.1 shows the region where cooling is possible (i) for a sample

that has a non-radiative lifetime τnr (300K) = 0.125µs, corresponding to 0.5τ̄b at

300K, and (ii) τnr (300K) = 0.625µs, corresponding to 2.0τ̄b at 300K. We assume the

temperature dependence of the sample’s non-radiative lifetime to be τnr (T ) ∝ eEa/kBT

(with Ea = 18meV[37], see also [81]). It can be clearly seen that, as the sample is

cooled down, the pump laser frequency will need to be adjusted to compensate for

the temperature dependence of the bandgap (cf. [50]). The required pump intensity

is not as sensitive to temperature. Indeed, it may be possible to cool a sample

from room temperature to below 30K without ever changing the pump intensity.

However, for optimal cooling conditions, the pump intensity should be decreased as

the temperature goes down. The regions where cooling is possible are reasonably

large. Although the regions with a 100K temperature change do not overlap, we

would expect that an experiment would easily be able to see cooling effects before

needing to adjust the pump frequency or intensity. Figure 6.2 shows slices through



81

1.38 1.40 1.42 1.44 1.46 1.48 1.50 1.52

0

2

4

6

10

10

10

P
um

p 
In

te
ns

ity
  (

W
/c

m
2 )

a  (eV)

10

300K

200K

100K

60K

30K

Figure 6.1. Parameter region where cooling is possible for a sample with
τnr (300K) = 0.625µs (circled regions) or τnr (300K) = 0.145µs (solid region).

the contour plot of Fig. 6.1. It can be seen that there is a range of ωa and pump

intensities which can lead to cooling, outside of this range, τb increases rapidly and

cooling becomes impossible.

It should be noted that samples used in recent cooling experiments have a τnr ≃
27µs [37]. According to our analysis, it should be possible to see laser cooling with

these samples. However cooling has not been observed. It is therefore necessary

to analyze possible uncertainties of the parameter values that we have used in the

preceding analysis. Significant modifications of our results based on the specific pa-

rameter values used could be due to the following. (1) The extraction efficiency could

be lower than we expect it to be. The effect of a lower extraction efficiency is shown in

Fig. 6.3. (2) The background absorption could be higher than expected. The effects

of a higher background absorption are shown in Fig. 6.4. (3) The Auger recombina-

tion coefficient could be larger than expected. The Auger recombination coefficient is

difficult to measure or calculate accurately, and published values may possibly be off
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Figure 6.3. Temperature dependence of τ̄b for several different ηe using the second-
order model.

by one or two orders of magnitude. The effect of a higher Auger coefficient is shown

in Fig. 6.5. A combination of these three effects could lead to a case where cooling

would not be possible with existing samples. We note that the model being used

here assumes a homogeneous, optically thin sample with no impurities. Subsequent

chapters expand the theory to more accurately represent the actual sample used in

current experiments.
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7. Propagation and polariton effects

So far the model for luminescence has only included the first order coupling between

the light field and the electron-hole subsystem. The effect of photon reabsorption

and surface reflection have been phenomenologically included through the extraction

efficiency parameter ηe. This chapter will analyze the effect of higher order coupling

to the light field and surface reflections. The model presented will be able to calculate

an effective ηe as well as the change in the luminescence spectra due to propagation

and polariton effects.

7.1. Polaritons

In semiconductor systems, there can be a strong coupling between excitons and pho-

tons. This leads to the creation of exciton-photon quasi-particles called polaritons. As

we have discussed our cooling model, there has been significant interest in the effect

that polariton effects have on our luminescence model and the resulting cooling.

Ideal polaritons come from a theoretical system composed of excitons and photons

with strong coupling between the excitons and photons. In such a system, the eigen-

states of the system are a mixture of exciton and photon states. The eigenstates of

the system are called polaritons. To model ideal polaritons in our current frame work,

we need to reduce the electron-hole system to include only the excitonic resonance

and include an infinite number of interactions between the electron-hole system and

the photons. Since we have built a luminescence theory, we will focus on the pho-

ton propagator function. A similar effect should also show up in the electron-hole

propagation function if infinite electron-hole/photon interactions are included.

Previously, we have assumed

Im
{
DR

λ (q, ω)
}
≈ Im

{
D

(0)R
λ (q, ω)

}
= −πδ(ω − ωq) (7.1)
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where ωq is the frequency of the light field in absence of the electron-hole system

(ωq = |q|c/n). To include polariton effects, we must include an infinite number of

interactions between the electron-hole system and photons as shown in Fig. 3.2. This

results in

DR
λ (q, ω) = D

(0)R
λ (q, ω) + D

(0)R
λ (q, ω)ΠγR

λ (q, ω)DR
λ (q, ω) (7.2)

or

DR
λ (q, ω) =

[
1

D
(0)R
λ (q, ω)

− ΠγR
λ (q, ω)

]−1

(7.3)

where,

D
(0)R
λ (q, ω) = lim

γ→0

~

~ω − ~ωq − iγ
(7.4)

For the ideal polariton case, the electron-hole system must be reduced to a single

exciton resonance.

ΠγR
λ (q, ω) =

~ |Cλ(q)|2
~ω − ~ωx(q) + iγ

(7.5)

where ωx(q) is frequency of the exciton resonance, and

Cλ(q) = qe

√
2π

~qcnb

ωx(0) 〈s|rλ|j〉φsj(0)δms+mj ,λ (7.6)

This results in a Im
{
DR

λ (q, ω)
}

that has poles at

~ω± =
~ωq + ~ωx(q) + iγ

2
±

√(
~ωq + ~ωx(q) + iγ

2

)2

+ ~2 |Cλ(q)|2 (7.7)

The resulting polariton dispersion curve is shown in Fig. 7.1 (solid lines). The po-

lariton dispersion has both photon like (poles close to ~|q|c
nb

) and exciton like (poles

close to ~ωx(q)) components. Where the exciton and photon dispersion cross, the

polariton dispersion has an anti-crossing.

The theory presented here includes the effect of a broadened exciton peak, as can

be seen in Fig. 7.2. In addition, the theory presented here can include the effect of

the full electron-hole system (with higher exciton and continuum states). Figure 7.3

shows Im
{
DR

λ (q, ω)
}

for a low density GaAs system at 10K. The polariton effects
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.
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Figure 7.2. log
(
−Im

{
DR

λ (q, ω)
})

for a Lorentzian exciton peak.

for the 1s and 2s exciton can clearly be seen. In addition, we see that absorption into

the continuum broadens the photon dispersion.

7.1.1. Internal Luminescence with Polaritons

The photon spectra inside an infinite semiconductor in the presence of polaritons is

calculated from eq. 3.30.

Rλ,tot(ω) = − i

π

∑

q

[
Πγ<

λ (q, ω)ImDR
λ (q, ω) − D<

λ (q, ω)ImΠγR
λ (q, ω)

]
(7.8)

This spectra is composed of two terms. The first term describes the photons created

by luminescence.

Rλ,lum(ω) = − i

π

∑

q

Πγ<
λ (q, ω)ImDR

λ (q, ω) (7.9)
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Figure 7.3. log
(
−Im

{
DR

λ (q, ω)
})

for GaAs with a low carrier density at 10K.

The second term describes the photons destroyed by absorption.

Rλ,abs(ω) = − i

π

∑

q

−D<
λ (q, ω)ImΠγR

λ (q, ω) (7.10)

If the semiconductor is in quasi-thermal equilibrium,

Πγ<
λ (q, ω) = 2i b(µ, T, ω) Im

{
ΠR

λ (q, ω)
}

(7.11)

where b(µ, T, ω) is the Bose function b(µ, T, ω) = [1−e
1

kBT
(ω−µ)

]−1. ΠR
λ (q, ω) is related

to χR
λ (q, ω) from eq. 3.24 by

ΠR
λ (q, ω) = −2πω

n2
b

χR
λ (q, ω) (7.12)

For the analysis that follows, we approximate the dispersion of the electron-hole

system as:

ΠR
λ (q, ω) = ΠR

λ

(
q = 0, ω − ~

2 |q|2
2M

)
(7.13)
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where M = me + mh is the total mass of a exciton. Combining equations 7.9, 7.11,

7.12 and 7.13, the luminescence inside an infinite semiconductor in the presence of

polariton can be calculated as:

Rλ,lum(ω) = −4ω

n2
b

∑

q

b(µ, T, ω) Im

{
χR

λ

(
q = 0, ω − ~

2 |q|2
2M

)}
ImDR

λ (q, ω) (7.14)

If DR
λ (q, ω) is approximated with D

(0)R
λ (q, ω), then 7.14 reduces to the KMS relation-

ship given in eq. 3.32. Figure 7.4 shows the luminescence spectra for 10K using the

full DR and the KMS approximation. In the full polariton model, the exciton peak is

smeared out to higher energies. This is due to the dispersion in χR
λ . In eq. 7.14 the

only thing that cuts off high q values is the Bose function, which only cuts off the q

values as the dispersion gets large. This spectra is what we would expect to see inside

the semiconductor. Outside of the semiconductor, the coupling between the internal

and external light fields cuts off the large q values, and the spectra observed is closer

to the KMS approximation.

7.1.2. External Luminescence with Polaritons

In order to compare the luminescence with experiment or calculate cooling, we need

to look at the luminescence in terms of the photons which get coupled to the external

light field and make it out of the semiconductor. For our analysis we assume that the

sample is infinite in the x and y directions and a finite thickness in the z direction. As

a result, the light field is no longer homogeneous throughout the sample, but varies

with z. We start with the Poynting vector

S =
c

4π
(E × H) (7.15)

We define a spectral density of the energy flux J such that

〈S(x, t)〉 =
∑

λ

∫
dω

2π

∫
dq

(2π)3
Jλ(x,q, ω) e−iωt (7.16)
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Figure 7.4. Luminescence inside an infinite semiconductor using the full polariton
model (solid line) and KMS model (dashed line). Calculated for 10K at low density
(105 cm−3).

We assume that the energy flux varies slowly with distance compared to the typical

wavelength scale of the luminesced light and obtain the energy flux from (7.15) as:

Jλ(x,q, ω) =
~

2

(
c

nb

)2

q

[
∑

k

eik·xiD<
λ

(
q +

k

2
,q − k

2
, ω

)
+ c.c.

]
(7.17)

Here D<
λ (q,q′, ω) is the photon Green’s function (A.22) generalized to inhomogeneous

systems:

iD<
λ (q,q′, ω) =

∫
d(t − t′) eiω(t−t′)

〈
c†λq(t

′)cλq(t)
〉

0
(7.18)

It obeys a set of Kadanoff-Baym equations of motion which is again a generalization

of Eqs. A.25 and A.26. The assumption of slowly varying energy flux amounts to

assuming that D<
λ (q,q′, ω) is peaked around q = q′. Expanding the equations of

motion D<
λ (q,q′, ω) around this point in a series in q−q′, and retaining only leading
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order terms, we arrive at a transport equation for the energy flux in steady state:

[
v(q, ω) q · ∇ − 2 Im ΠγR

λ (q, ω)
]
Jλ(x,q, ω) = −~

(
c

nb

)2

q 2 ImDR
λ (q, ω)iΠ<

λ (q, ω)

(7.19)

For an ideal slab, this transport equation can be reduced to

[
∂

∂z
+ β(q, ω)

]
Jλ(z,q, ω) = σ(q, ω) (7.20)

where:

β(q, ω) =
1

v(q, ω)

1

cos θ

(
−2 ImΠγR

λ (q, ω)
)

cos θ = q̂ · ẑ (7.21)

σ(q, ω) =
~q

v(q, ω)

(
c

nb

)2 (
−2 ImDR

λ (q, ω) i Πγ<
λ (q, ω)

)
(7.22)

Assuming that the sample is the only source of light, the photon energy flux coming

out of the sample can be calculated as:

J+λ

(
d

2
,q, ω

)
=

σ(q, ω)
(
1 − e−β(q,ω)d

) (
1 + r−λe

−β(q,ω)d
)

β(q, ω) (1 − r+λr−λe−2β(q,ω)d)
(7.23)

J−λ

(
−d

2
,q, ω

)
=

σ(q, ω)
(
1 − e−β(q,ω)d

) (
1 + r+λe

−β(q,ω)d
)

β(q, ω) (1 − r+λr−λe−2β(q,ω)d)
(7.24)

where d is the thickness of the slab. J+λ

(
d
2

)
(J−λ

(
−d

2

)
) is the light coming out of

the sample into the positive (negative) z direction, and r+λ (r−λ) is the reflection

coefficient at the z = d
2

(z = −d
2
) boundary. For the purpose of this analysis, we ap-

proximate r+λ and r−λ using Fresnel’s reflection coefficients.1 The total luminescence

emitted from the sample is calculated as

L(ω) =
∑

λ,q

J+λ

(
d

2
,q, ω

)
+ J−λ

(
−d

2
,q, ω

)
(7.25)

The luminescence emitted from a 1µm thick sample at 10K for low densities is shown

in Fig. 7.5.

1Fresnel’s reflection coefficients assume that there is a fixed dispersion between ω and q. With
polaritons, there is an infinite number of (ω,q) combinations. In order to use Fresnel’s formula,
we use an effective refractive index of n(q, ω) = qc

ω
. A more accurate calculation of the reflection

requires the use of additional boundary conditions.
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Figure 7.5. Luminescence emitted from a 1µm thick GaAs slab with air on either
side at 10K at low density (105 cm−3). The solid line is calculated including polariton
and propagation effects. The dashed line only includes propagation effects. The
dotted line only includes the single pass normal propagation with ηe = .03.

As with the internal luminescence, it is useful to compare the external lumines-

cence calculated with the full polariton effects to the luminescence calculated using

the DR
λ (q, ω) = D

(0)R
λ (q, ω) approximation. This removes the integral over |q| and

removes the polariton effects while leaving the reabsorption and surface reflection

effects. In this case, the energy flux J̃λ(z, q̂, ω) is independent of |q|. The equation of

motion remains the same as shown in eq. 7.20, however β and σ are now:

β(q̂, ω) =
1

cos θ
α(ω) (7.26)

The factor 1
cos θ

takes care of the change in variable from q to z such that β(q̂, ω) dz =

α(ω) dq.

σ(q̂, ω) =
1

8π
R(ω) (7.27)

where R(ω) is given by eq. 3.32. The factor 1
8π

takes into account that the lu-

minescence is omnidirectional and goes into both polarizations, such that R(ω) =
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Figure 7.6. Comparison of polariton effects (solid line) to propagation only effects
(dashed line) for 10K at the optimal cooling density (6 · 1015 cm−3). (Note: near
the chemical potential (µ = −1.65 ER), the polariton model has some significant

numerical errors due to the approximation ΠR
λ (q, ω) ≈ ΠR

λ

(
q = 0, ω − ~

2|q|2

2M

)
, which

does not properly conserve the sign change at ω = µ)

∑
λ

∫
dq̂ σ(q̂, ω). This propagation only model is shown in Fig. 7.5. Comparing the

full polariton model (solid line) with the propagation only model (dashed line), we

see that the polariton leads to a small dip in the middle of the exciton peak. This dip

is expected to disappear as the exciton peak broadens with increasing temperature

or density. Since the optimal cooling density is close to the Mott transition, we do

not expect to see any difference between the propagation only model and the full

polariton model in calculating laser cooling (see Fig. 7.6).

In some cases it is useful to have a simple model for the spectral shape of the

luminescence. A useful model is to look only at the single pass luminescence normal

to the surface. In this case, the equation of motion becomes:
[

∂

∂z
+ α(ω)

]
J(z, ω) = R(ω) (7.28)
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If α(ω) and R(ω) are independent of z, this can be analytically solved as:

J(z =
d

2
, ω) = ηe

R(ω)

α(ω)

(
1 − e−α(ω)d

)
(7.29)

where the phenomenological ηe has been added to account surface reflections. This

is shown in Fig. 7.5 as a dotted line. It can be seen that this model comes close to

reproducing the correct spectral shape for the luminescence. We used this model to

adjust the phonon parameters to match the experimental data provided by Gopal et.

al. in [22].

7.2. Propagation Effects on Laser Cooling

In original cooling analysis, propagation effects have been included using a phe-

nomenological extraction efficiency (ηe). Using the propagation model outlined in

the previous section, we can now calculate the effective ηe. The effective ηe is calcu-

lated as:

ηe =

∫
dω Lpol(ω)∫

dω RKMS(ω) d
(7.30)

The effective ηe is both temperature and density dependent. Figure 7.7 shows the

density dependence of ηe for 30K. At high densities, the absorption is reduce increasing

ηe. The effective ηe for the optimal cooling density for a 1 µm sample is shown in

figure 7.8. For moderate temperatures, the optimal ηe varies between 11% - 16%.

This is considerably lower then our initial estimate of ηe=.25;

Since the light reabsorption is frequency dependent, propagation through the sam-

ple also modifies the overall spectral shape of the luminescence that comes out of the

sample. This results in a shift in the mean luminescence frequency. The upconversion

∆~ω at the optimal cooling density for a 1 µm sample is shown in Fig. 7.9. In general,

propagation increases the low energy tail, where absorption is low, and decreases the

exciton peak where absorption is high. The optimal cooling density usually occurs
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Figure 7.9. Comparison of ¯∆~ω for a thin sample (dashed line) and a 1µm thick
sample (solid line).

close to the Mott transition, where the exciton peak has already broadened consider-

ably. As such, the increased luminescence out of the low energy tail tends to decrease

the mean luminescence. In the 30K case, the optimal cooling density still has a

considerable exciton peak, and the reduction in the exciton peak allows the mean

luminescence to be higher.

The overall effect of propagation on laser cooling can be seen in Fig. 7.10. It can

be seen that both the decreased ηe and the decreased ¯∆~ω increase τ̄b and make it

harder to achieve cooling. Overall, propagation effects make cooling almost an order

of magnitude harder then our original estimates. However, even with propagation

effects included, we still expect current samples to be able to achieve cooling at room

temperature.



98

30 100 500
0.1

1

10

100

 

 

b   
(

s)

Temperature  (K)

 1 m Thick
 e=0.25
 e=0.12

Figure 7.10. Temperature dependence of τ̄b with propagation (solid line) compared
to the cooling calculated with ηe=.25 (dashed line) or a more realistic ηe=.12 (dotted
line).
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8. Doping Effects

In current laser cooling experiments, the semiconductor has been unintentionally p-

doped. The p-doping introduces electron to acceptor level luminescence below the

exciton, that reduces the mean luminescence frequency. If the doping level is small

enough that we can not pump the semiconductor at the impurity level, and large

enough that it effects the mean luminescence frequency, then the impurities may pre-

vent laser cooling. Since it is impossible to grow a perfect semiconductor without any

impurities, it is necessary to study the effect of impurities to understand what level of

impurities is acceptable. The impurities in the samples currently being used for laser

cooling experiments are p-type, therefore we will focus on p-doped semiconductors.

If desired, the theory could be easily adapted to n-doped semiconductors.

In this chapter, we consider acceptor states with density Nacc, acceptor energy εacc,

and degeneracy Dacc. We will formulate a theory of acceptor states that is consistent

with the well-known acceptor statistics (e.g. Ref. [4]):

facc(εacc) =
1

e−β(εacc−µh) + Dacc

(8.1)

These statistics differ from those of non-interacting carriers by the appearance of the

term Dacc, which ensures that an acceptor site can have at most one hole; two or

more holes are prohibited by the strong on-site Coulomb repulsion.

Let us consider one-hole levels that are labeled by {m,xa} where xa is the position

of the a-th acceptor ion, a = 1. . . , MA, MA is the number of acceptor ions, and

m = {i, σ} labels the spatial orbitals around one ion and spin states, respectively

(i = 1. . . ,d, d is the number of spatial orbitals, and σ = ±1
2

is the hole spin, Dacc =

2d).

We assume all one-hole levels to be degenerate in energy and that there is no

hopping between levels around different acceptor ions. We also neglect interactions
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between two holes on two different ions and hybridization of the acceptor states

with the extended semiconductor states, in particular with the valence band states.

Finally we assume infinite Coulomb repulsion between two holes on the same ion.

This assumption turns a dynamical effect (repulsion term in the Hamiltonian) into

a kinematical constraint (redefinition of the Hilbert space). The Hilbert subspace

Ha of holes in levels around the ion at xa has the orthonormal basis {|0〉, |m〉,m =

1, ..., Dacc}, where |0〉 is the zero-hole state, |m〉 is the state with one hole in the m

level (and none in others). States with multiple holes around one ion are excluded.

The hole Hilbert space is then a direct sum of Ha, a = 1. . . ,Na and the Fock space

of holes in the valence bands. We define acceptor hole creation and annihilation

operators am, a†
m (the ion label is suppressed when not needed) in the following way:

am = |0〉〈m|, a†
m = |m〉〈0|. As such, they do not obey fermion anticommutation rules,

ama†
n + a†

nam = |0〉〈m|n〉〈0| + |n〉〈0|0〉〈m| = δmn|0〉〈0| + |n〉〈m| (8.2)

although the anticommutators {an, am}, {a†
n, a†

m} are still 0. The number operation

for holes around xa is

N̂a =
∑

m

|m〉〈m| =
∑

m

a†
mam (8.3)

It can be verified that N̂aai = 0, aiN̂a = ai. So, trivially [ai, N̂a] = ai. It follows that

N̂aa
†
i = a†

i , a†
iN̂a = 0 ⇒ [a†

i , N̂a] = −a†
i . These commutators are the same as those

for fermion operators.

Let us now consider the system Hamiltonian Ĥsys = Ĥeh + ĤA that describes the

extended band states (Bloch states) and the acceptor states (subscript A). Ĥeh is

defined in eq. 3.9 and contains the valence and conduction band energies (electrons

and holes) as well as the Coulomb interaction between the charge carriers. The

acceptor Hamiltonian in the approximation discussed above reads

ĤA = εacc

∑

ma

a†
amaam = εacc

∑

a

N̂a (8.4)
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The grand canonical partition function is

Z = Tr[e−β( bHsys−µe
bNe−µh

bNh)] (8.5)

Since [Ĥeh, ĤA] = 0, [N̂a, N̂a′ ] = 0, [N̂a, N̂eh] = 0 for a, a′ = 1,. . . , NA, we have

Z = ZehZA (8.6)

Zeh = Tr[e−β( bHeh−µe
bNe−µh

bNh)] (8.7)

ZA = Tr[e−β( bHA−µh

P

a
bNa)] (8.8)

=
∏

a

Tr[e−β(εacc−µh) bNa)] ≡
∏

a

Za (8.9)

Za = 〈0|e−β(εacc−µh) bNa|0〉 +
Dacc∑

m=1

〈m|e−β(εacc−µh) bNa|m〉 (8.10)

= 1 + Dacce
−β(εacc−µh) (8.11)

(8.12)

We can now evaluate equal-time correlation functions. The correlation functions

involving creation/annihilation operators also factorize into their components in the

various hole Hilbert subspaces. For any operator acting on acceptor states at xa, we

have

〈Ô〉 ≡ Tr[Ôe−β(εacc−µh) bNa ]

Za

(8.13)
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From this, we have

〈am〉 = 0 (8.14)

〈a†
m〉 = 0 (8.15)

〈a†
nam〉 =

1

Za

[〈0|a†
name−β(εacc−µh) bNa|0〉 +

∑

m′

〈m′|a†
name−β(εacc−µh) bNa|m′〉(8.16)

= δnm
e−β(εacc−µh)

Za

(8.17)

〈ama†
n〉 =

1

Za

[〈0|ama†
ne

−β(εacc−µh) bNa|0〉 +
∑

m

〈m′|ama†
ne

−β(εacc−µh) bNa|m′〉(8.18)

=
δnm

Za

(8.19)

(8.20)

Hence,

〈a†
nam + ama†

n〉 = δnm
1 + e−β(εacc−µh)

Za

(8.21)

Note that, in contrast to non-interacting particles, this is not equal to δnm (unless

Dacc=1).

We can generalize the preceding results and introduce time-dependent correlation

functions. Using the Heisenberg picture with Hamiltonian (8.4), we have

〈
am(t)a†

n(t′)
〉

=
δnm

Za

e−
i
~

εacc(t−t′) (8.22)

〈
a†

n(t′)am(t)
〉

= δnm
e−β(εacc−µh)

Za

e−
i
~

εacc(t−t′) (8.23)

Finally, we can introduce the acceptor Green’s functions defined in analogy with

ordinary fermions

G>
a (m, t, n, t′) ≡ −i

〈
am(t)a†

n(t′)
〉

(8.24)

G<
a (m, t, n, t′) ≡ i

〈
a†

n(t′)am(t)
〉

(8.25)

GR
a (m, t, n, t′) = θ(t − t′) [G>

a (m, t, n, t′) − G<
a (m, t, n, t′)] (8.26)

GA
a (m, t, n, t′) = −θ(t′ − t) [G>

a (m, t, n, t′) − G<
a (m, t, n, t′)] (8.27)
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From their definitions, we have

G>
a (ω) = − [G>

a (ω)]
†

(8.28)

G<
a (ω) = − [G<

a (ω)]
†

(8.29)

[
GR

a (ω)
]†

= GA
a (ω) (8.30)

G>
a (ω) − G<

a (ω) = GR
a (ω) − GA

a (ω) (8.31)

These relations do not depend on the specifics of ĤA (except for its hermiticity).

Using again Hamiltonian (8.4), we have

G>
a (m,n, ω) = −i

δnm

Za

2π~δ(~ω − εacc) (8.32)

G<
a (m,n, ω) = i

δnm

Za

e−β(εacc−µh)2π~δ(~ω − εacc) (8.33)

2ImGR
a (m,n, ω) = −δnm

1 + e−β(εacc−µh)

Za

2π~δ(~ω − εacc) (8.34)

Thus ImGR
a does not have the interpretation of being a spectral function. In the

following, we will refer to it as a generalized spectral function.

From Eqs. (8.32), (8.33) , one can see that G>
a and G<

a obey the Kubo-Martin-

Schwinger (KMS) relation[40]

G>
a (m,n, ω) = −eβ(~ω−µh)G<

a (m,n, ω) (8.35)

which yields

G<
a (m,n, ω) =

1

1 + eβ(~ω−µh)

[
GR

a (m,n, ω) − GR∗
a (n,m, ω)

]
(8.36)

G>
a (m,n, ω) = −

(
1 − 1

1 + eβ(~ω−µh)

) [
GR

a (m,n, ω) − GR∗
a (n,m, ω)

]
(8.37)

This is the same as for ordinary fermion Green’s functions.

With Ga(m,n) = δmnGa(m), we can now define the generalized spectral function

Ãa(m,ω) = −2ImGR
a (m,ω) (again, bearing in mind that Ãa does not necessarily
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carry the meaning of a spectral function). We have

G<
a (m,ω) = ifh(ω)Ãa(m,ω) (8.38)

G>
a (m,ω) = −i (1 − fh(ω)) Ãa(m,ω) (8.39)

Ãa(m,ω) =
1 + eβ(~ω−µh)

Dacc + eβ(~ω−µh)
2π~δ(~ω − εacc) (8.40)

8.1. Photon Absorption and Emission From P-doped Semiconductors

Figure 8.1. Diagram representing the equation for calculating the optical suscepti-
bility (hatched bubble), with the acceptors included. Dashed line: acceptor Green’s
function.

Since the operators am and a†
m are not bona fide fermion operators, the diagram-

matic analysis in Ch. 3 are in general not applicable to the correlation functions

made up of these operators. But in our simple model, the impurity bound holes are

not correlated with other carriers in the system. This allows us, at least for linear

absorption, to write down diagrams and expressions analogous to those for the carri-

ers in the bands. In Fig. 8.1, we show the diagrammatic representation of the optical

response function with the contribution from the conduction-to-acceptor transitions

included. The new term is given by:

χR
sm (q, ω) = −

∑

smp

d+
msd

+
sm |Φm(q − p)|2 g0R

sm (p,m, ω) (8.41)

where:

Im
{
g0R

sm (p,m, ω)
}

= − 1

2~

∫
dω′

2π
[1−fs(ω−ω′)−fa(ω

′)]As(p, ω−ω′)Ãa(m,ω′) (8.42)

This new term is obtained by calculating the response function for an arbitrary spatial

distribution of impurity sites and then averaging over a random ensemble of impurity

distributions.
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Figure 8.2. Luminescence spectra for a doping density of Na = 3 × 1015 cm−3 for
several different temperatures.

From the solution of the equation for the photon Green’s function, we obtain

the absorption spectrum α(ω) at arbitrary electron (ne) and hole (nh) densities and

temperatures (T ), the chemical potential (µ) of the electron-hole system (including

acceptor holes), the luminescence spectrum, the mean luminescence frequency (ωl),

and the extracted total (i.e. frequency-integrated) luminescence (Le) at arbitrary

densities and temperatures. Figure 8.2 shows the calculated luminescence spectra for

several different temperatures with a doping density of 3× 1015 cm−3 at a low optical

excitation. Figure 8.3 shows the luminescence spectra calculated for several different

doping densities at 30K with low optical excitation. At low temperatures, there are

two peaks produced by the acceptor level. This is due to the two peaks (exciton and

free electron) seen in the electron spectral function (see Fig. 4.3).
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Figure 8.3. Luminescence spectra for a doping density of 3 × 1015 (solid line),
3 × 1016 (dashed line) and 317 cm−3 (dotted line) for 30K at low optical excitation.

8.2. Radiative Recombination Coefficient

Several experiments have measured the radiative lifetime for GaAs samples. In these

experiments, the lifetime is matched to a T−x model with 2 > x ≥ 1.5 [56, 81, 37]. In

chapter 4 it was shown that an undoped excitonic theory predicts a temperature de-

pendence where x ≥ 2. In the experiments, the lifetime is usually given as 1
τ

= BNa.

Following the precedent of these experiments, figure 8.4 shows the temperature de-

pendence of B calculated using a simple L = BneNa model. For reference, Fig. 8.4

also shows a T−1.6 temperature dependence similar to ref. [56]. For the undoped sam-

ple B increases faster then expected as T → 0, however doping the sample decreases

the slope of B and can lead to a situation where B matches a T−1.6 temperature

dependence over a reasonable temperature range.

A better model for the luminescence acknowledges that the electron-hole recombi-

nation does not occur at the same rate as the electron-acceptor recombination. This
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experimental T−1.6 (thin solid line) is also shown. A doped sample can match the
T−1.6 temperature dependence for a limited temperature range.

leads to the model:

L(ne) = Beanena + Behnenh (8.43)

where:

Bea is the electron-acceptor radiative recombination coefficient

Beh is the electron-hole radiative recombination coefficient

ne is the density of electrons in the conduction band

na is the density of un-ionized acceptors. na = Na − N−
a

nh is the number of holes in the valence band. In a charge neutral system

nh = ne + N−
a

Using this model, the temperature dependence for Beh and Bea are shown in figures

8.5 and 8.6 respectively. The value for Beh changes slightly as the doping density is
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Figure 8.5. Temperature dependence of the electron-hole radiative recombination
coefficient (Beh) for several different doping densities.

modified, where as, the value for Bea does not appear to be affected by the doping

density.

8.3. Cooling

To calculate the conditions required for cooling in a doped semiconductor, equations

2.1 and 2.2 need to be modified to account for the possibility of different electron and

hole densities. The net power imparted to the system is given by:

Pnet = I [α (ωa, ne) + αb] − ~ωlηeL(ne) (8.44)

In steady state, the density is given by

α (ωa, ne)

~ωa

I = Ane + ηeL(ne) + Cnen
2
h (8.45)

Here, ne is the electron density, where all of the electrons are optically generated. nh

is the total density of holes in the valence band, consisting of the optically generated
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Figure 8.6. Temperature dependence of the electron-acceptor radiative recombina-
tion coefficient (Bea) for several different doping densities. All three data sets overlap
each other indicating that Bea is essentially independent of the doping density.

hole (nopt
h = ne), and the holes from ionized acceptors (nacc

h ). Resulting in:

nh = nopt
h + nacc

h = ne + nacc
h (8.46)

The holes from ionized acceptors is given by:

nacc
h = Na[1 − Dacc fa(εa)] = Na − N−

a (8.47)

Depending on the processes involved, the Auger recombination may have a Cnen
2
h

or Cn2
enh dependence. We use Cnen

2
h which results in the worst case heating. The

luminescence, L(ne) is calculated from the microscopic theory with acceptor states

included.

The analysis of the cooling characteristics follows the outline given in chapter 5.

We define a break-even nonradiative recombination coefficient A by the condition

Pnet = 0, which renders A to be a function of ne and ωa (assuming that all other

material parameters are fixed, as is the case in a typical experimental situation). The
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optimal cooling density (n̄e) and absorption frequency (ω̄a) is found by searching for

the density and absorption frequency that result in the largest break-even A.

Figure 8.7 shows the optimal break-even nonradiative lifetime (τ̄nr = 1/Āb). Here,

we compare the case of an undoped semiconductor with that of the p-doped semi-

conductor with a three different densities: 3 × 1015, 3 × 1016 and 3 × 1017 cm−3. For

doping densities less then 3×1015 cm−3, the doping has very little effect on the overall

cooling. For the moderate densities (3× 1016 cm−3), the doping does not effect cool-

ing at high temperatures. At lower temperatures, the electron-acceptor luminescence

decreases the mean luminescence and makes cooling harder. At high doping densities

(3 × 1017 cm−3), for high temperatures, the doping make it possible to pump the

semiconductor at a lower frequency making cooling easier. At low temperatures, the

electron-acceptor luminescence decreases the mean luminescence and makes cooling

impossible.

The low temperature and high doping density cooling response is similar to the

comparison between the plasma model and the free carrier model discussed in ch. 5.

At low temperatures, the absorption spectra needs to rise quickly in order to allow

the pump laser to be absorbed efficiently (without losing too much energy into the

background parasitic absorption) while allowing the mean luminescence frequency to

be larger then the pump frequency. If the absorption does not rise quickly enough,

then cooling will be impossible. The impurity absorption creates a broad peak that

is not sharp enough to allow cooling at low temperatures.

For high temperatures, careful adjustment of the doping density may make cooling

easier. At low temperatures, doping reduces the ability to cool the semiconductor.

Fortunately, even at low temperatures, laser cooling can tolerate a fairly high (3×1016

cm−3) doping density. So, it is unlikely that unintentional doping will prevent laser

cooling.

We note that our analysis of the influence of doping is restricted to the modification

of the luminescence spectra. It is possible that the acceptors might increase the non-
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radiative recombination. If the non-radiative recombination is increased significantly,

then cooling would become more difficult.
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9. Heterostructure Effects

The majority of the non-radiative recombination is due to recombination at the sur-

face of the sample. In order to reduce non-radiative recombination, and make cooling

possible, the surface of the sample must be passivated. One promising technique that

has been used in laser cooling experiments is to add a n-doped GaInP passivation

layer to both sides of the GaAs sample. In these experiments, the GaAs is unin-

tentionally p-doped due to carbon impurities. This passivation technique has been

reported to increase the non-radiative lifetime to 27 µs at room temperature [37].

However, this technique leads to a npn heterostructure. In total thermal equilibrium,

this can produce a type II structure, where the electrons are separated from the holes

(see Fig. 9.3). It was feared that this type II structure would reduce the radiative

recombination and make it harder to achieve cooling. After modeling the structure

at higher densities, the npn structure is not expected to have a significant effect on

radiative recombination. However, as we look at the effect of the heterostructure on

surface recombination, we find that the heterostructure does a good job of reduc-

ing surface recombination at low densities, but will not provide the same benefit at

the moderately high densities needed for laser cooling. Therefore, the effective non-

radiative lifetime at the optimal cooling density may not be sufficient to achieve laser

cooling.

9.1. Quasi-thermal heterostructure theory

The heterostructure system is modeled assuming that the system is in quasi-thermal

equilibrium, and that the overall system is charge neutral. Since the system is in

quasi-thermal equilibrium, the e(h) density in a free carrier model at any point in the
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system is given by:

ne (z) =
2

L3

∑

k

1

1 + eβ(ǫe(k)−eV (z)−µe−Ec(z))
(9.1)

nh (z) =
2

L3

∑

k

1

1 + eβ(ǫh(k)+eV (z)−µh−Ev(z))
(9.2)

where:

ǫa (k) = ~
2k2

2ma
,

V (z) is the electrical potential at point z,

Ec(v) is the energy level of the conduction (valence) band,

the 2 in front is due to the spin degeneracy.

The number of ionized acceptors (donors), as discussed in ch. 8, is given by:

N−
a (z) = Na

[
1 − 1

1 + 1
Dacc

eβ(ǫa+eV (z)−µh−Ev(z))

]
(9.3)

N+
d (z) = Nd

[
1 − 1

1 + 1
Ddon

eβ(ǫd−eV (z)−µe−Ec(z))

]
(9.4)

The electrical potential is calculated from Poisson’s equation. We assume that

there is no external electrical field outside the semiconductor ( E (Ze) = 0 ). The

reference point for the electrical potential can be chosen arbitrarily. Due to the

symmetry of the heterostructure, I set the middle of the structure as the reference

point for the electrical potential, as well as the origin for the z-axis (V (z = 0) = 0).

With this convention, the electric field in the GaInP passivation layer is given as:

E (z) =
−4πe

ǫGaInP

∫ z

Ze

dz′ ncharge (z′) (9.5)

For the GaAs layer, we must account for the difference in the dielectric constant at

the junction resulting in:

E (z) =
−4πe

ǫGaAs

∫ z

Zj

dz′ ncharge (z′) +
ǫGaInP

ǫGaAs

−4πe

ǫGaInP

∫ Zj

Ze

dz′ ncharge (z′) (9.6)

Where,
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ncharge (z) =
[
ne (z) − N+

d (z)
]
− [nh (z) − N−

a (z)],

Zj is the position of the junction between GaAs and GaInP,

Ze is the position of the edge of the sample,

ǫGaInP is the dielectric constant of GaInP,

ǫGaAs is the dielectric constant of GaAs.

The electric potential is then given by:

V (z) = −
∫ z

0

dz′ E (z′) (9.7)

We also assume total charge neutrality:

∫ Ze

−Ze

dz ncharge (z) = 0 (9.8)

For a system is in quasi-thermal equilibrium, the state of the system can be

specified by two parameters: the temperature, and a density parameter. For the

density parameter we chose to use the density of the minority carrier at the center of

the semiconductor (nmin(z = 0)). Where we define:

nmin(z) = min {ne(z), nh(z)} (9.9)

Equations 9.1 - 9.8 provide a self consistent solution for the state of the system.

In the description that follows, we assume that the electrons are the minority carrier

at the center of the sample. If the holes are the minority carrier, then exchange the

e and h subscripts. To solve the system of equations, V (z) is initialized to zero.

µe is calculated from equation 9.1 and ne (z = 0). Then µh can be calculated using

equations 9.8, 9.2 and 9.3. Which allows a new V (z) to be calculated. The newly

calculated V (z) tends to significantly over correct for the errors in the original V (z),

so V (z) must be slowly updated. To accomplish this, a update factor (α) is used,

such that Vn+1 (z) = (1−α)Vn (z)+αVcalc (z). Where Vcalc (z) is the newly calculated
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value, and Vn+1 (z) is the value to be used in the next iteration. The process is then

iterated until the error in V (z) (|Vcalc(z) − Vn(z)|) is acceptable. (Note: to speed up

conversion, α is increased if the maximum error in V (z) decreases enough times in a

row, and is decreased each time the maximum error increases.)

9.2. Band Structure Results

For the analysis that follows: The active GaAs layer thickness is either d = 0.75µm or

d = 1µm. The GaAs is p-doped with either Na = 1014 cm=3 or Na = 3.5×1015 cm−3.

The GaAs is passivated by two n-doped GaInP layers with either Nd = 1017 cm−3 or

Nd = 1019 cm−3. Due to the symmetry of the system, only half of the structure needs

to be modeled.

For the GaAs, we use the same parameters used in Ch. 3 and 5 (Eg = 1.424@300K

with the temperature dependence given by Eq. 5.2. me = 0.067m0 and mh =

0.48m0). For the GaInP we use Eg = 1.91@300K, me = 0.105m0
1 and mh = 0.62m0

2.

Between the GaInP and GaAs we use a conduction band shift of CBO=0.18eV and

valence band shift of VBO=0.31eV [84]. In our calculation, the CBO and VBO

are independent of temperature which results in the GaInP Eg = 2.01eV at low

temperature, which is within reported values. The resulting band structure (before

carriers are allowed to move) at 30K is shown in Fig. 9.1. The acceptors have a

degeneracy factor of Dacc = 4 and the donors have a degeneracy factor Ddon = 2.

Figures 9.2 and 9.3 show the bandstructure for quasi-thermal equilibrium with

a minority center density of 1010, 1015 and 1017 cm−3, as well as the total thermal

equilibrium case. It can be seen that the higher p-doping sample results in greater

band bending. The 3.5 × 1015 cm−3 doped sample at thermal equilibrium results in

1 me = 0.13m0 for GaP [84] and me = 0.0795m0 for InP [84] resulting in me = 1.05m0 for
Ga51In49P by linear interpolation.

2 mh = 0.67m0 for GaP [52] and mh = 0.56 for InP [52] resulting in mh = 0.62m0 for Ga51In49P
by linear interpolation.
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Figure 9.1. Reference band structure before carriers are allowed to move at 30K.
Conduction band (thin line), Valence band (thick line).

a type II structure, where the electrons and holes are separated from each other with

the electrons at the edge of the sample, and the holes in the middle. In the 1014 cm−3

doped sample electrons are not tightly bound to a specific region. At 30K, a small

density (< 1010) quickly eliminates the band bending and leads to a flat band across

the GaAs active region. At 300K, a higher density is required to flatten the band.

The optimal cooling density (≈ 4 × 1017 cm−3 at 300K) will result in a flat band

across the active region.

Figure 9.4 shows the density profile for a low center minority carrier density of

1010 cm−3. We note that even though the GaAs is p-doped, the holes are the minority

carriers in the center of the sample for all of cases shown except for the 30K Na =

3.5×1015 cm−3 case. For low optical excitation, the hole density drops off significantly

as we approach the GaAs/GaInP junction, while the electron density increases.

Even though the carrier densities change significantly across the active region,

at low optical excitation, the luminescence from electron-hole recombination remains

almost constant. To understand this, we note that at low density, the electron-hole

luminescence rate can be modeled as Leh ≈ ηeBehnenh, and a Boltzmann distribution
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Figure 9.2. Band structure for Na = 1014 cm−3, Nd = 1017 cm−3, and d = 0.75
µm. The legend specifies nmin(z = 0) in units of cm−3. The case of total thermal
equilibrium (µe + µh = Eg) is also shown (solid line).
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Figure 9.3. Band structure for Na = 3.5 × 1015 cm−3, Nd = 1017 cm−3, and
d = 0.75 µm. The legend specifies nmin(0) in units of cm−3. The case of total thermal
equilibrium (µe + µh = Eg) is also shown (solid line).
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can be used in place of the Fermi distributions.

ne (z) ≈ 2
∑

k

e−β(ǫe(k)−eV (z)−µe−Ec(z)) (9.10)

nh (z) ≈ 2
∑

k

e−β(ǫh(k)+eV (z)−µh−Ev(z)) (9.11)

This results in

ηeBehne(z)nh(z) ≈ 2ηeBeh

∑

k

e−β(ǫh(k)+ǫe(k)−µe−µh−Ec(z)−Ev(z)) (9.12)

where the final equation is independent of the band bending (eV (z)), and the only

z dependence is on the bandgap. This leads to a constant luminescence over the

active region with almost no luminescence from the passivation layers. Figure 9.5

shows ne(z)nh(z) with the full Fermi distributions for several different densities. This

figure shows that the product ne(z)nh(z) is essentially constant across the structure,

even with the full Fermi distribution, indicating that we should expect a constant

electron-hole luminescence from the active region with almost no luminescence from

the passivation layers.

For the electron-acceptor luminescence, the story can be similar to the electron-

hole luminescence. The density of un-ionized acceptors is

na(z) = Na
1

1 + 1
Dacc

eβ(ǫa+eV (z)−µh−Ev(z))
(9.13)

If the p-doping density is small and the active region is small enough, then the hole

chemical potential will be far enough away from the acceptor energy that the un-

ionized acceptor density can be modeled as

na ≈ NaDacce
−β(ǫa+eV (z)−µh−Ev(z)) (9.14)

resulting in constant electron-acceptor luminescence across the active region. If the

p-doping density is high or active region is large, then the hole chemical potential will
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Figure 9.6. The luminescence from several different points in the active region for
30K with a doping density Na = 1014 cm−3 with a low minority center density of 1012

cm−3.

be close to the acceptor energy. In this case most of the acceptor sites will be un-

ionized, and the electron-acceptor luminescence will increase as the electron density

increases.

Figures 9.6 and 9.7 show the luminescence from several points in the active region

for a sample with a minority center density of 1012 cm−3 at 30K. As explained above

the electron-hole luminescence is essentially constant across the active region, with

only the luminescence from the very edge of the active region showing any difference.

For a doping density of Na = 1014 cm−3 (Fig. 9.6), µh = −32.3 meV which is

less then the acceptor energy of εa = −26.5 meV, resulting in electron-acceptor

luminescence that is almost constant across the active region. For a doping density of

Na = 3.5× 1015 cm−3 (Fig. 9.7), µh = −20.4 meV which is greater then the acceptor

energy resulting most of the acceptors being un-ionized and the electron-acceptor

luminescence increases as we get closer to the junction and ne(z) increases .

To get a feel for how the variation across the active region effects the total lumi-
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Figure 9.7. The luminescence from several different points in the active region for
30K with a doping density Na = 3.5 × 1015 cm−3 with a low minority center density
of 1012 cm−3.

nescence emitted from the semiconductor, we look at the luminescence from a single

pass through the semiconductor at normal incidence (using eq. 7.28 with a position

dependent α(ω). ) and compare it to the luminescence that would be calculated if

the active region was homogeneous with the state at the center extended throughout

the active region (using eq. 7.29 with α(ω, z = 0)). Figures 9.8 and 9.9 show the

luminescence after propagation for a minority center density of 1012 cm−3 at 30K for

Na = 1014 and Na = 3.5×1015 respectively. We find that for Na = 1014, the variation

across the active region slightly broadens the electron-acceptor luminescence peak.

For Na = 3.5 × 1015 the variation across the active region significantly increases

the electron-acceptor luminescence. In both cases, the electron-hole luminescence is

constant across the active region. At high temperatures, the electron-acceptor lu-

minescence disappears leaving a constant luminescence across the active region (see

Fig. 9.10). At high densities, in particular at the optimal cooling density, the band

becomes flat across the active region resulting in constant luminescence across the
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Figure 9.8. Luminescence for a single pass at normal incidence propagation through
the active region, for a minority center density of 1012 cm−3 at 30K and Na = 1014

cm−3. Solid line includes the variations across the active region. Dashed line assumes
the center state can approximate the state across the active region.

sample (see Fig. 9.11).

9.3. Surface recombination in heterostructures

The original reason for adding a n-doped GaInP layer and creating a npn heterostruc-

ture was to reduce the surface recombination. This section examines the effect of the

npn heterostructure on the surface recombination.

The surface recombination is usually modeled with the use of the surface recom-

bination velocity (S). Where the surface recombination rate (Us) is given by:

Us = Sn (9.15)

n is the density of the minority carrier at the edge of the depletion region. In our

case, the depletion region may extend all the way through the GaAs active region.

If the depletion region does not extend all the way through the active region, then
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Figure 9.9. Luminescence for a single pass at normal incidence propagation through
the active region, for a minority center density of 1012 cm−3 at 30K and Na = 3.5×1015

cm−3. Solid line includes the variations across the active region. Dashed line assumes
the center state can approximate the state across the active region.

the density at the edge of the depletion region will be the same as the density at the

center of the active region. As pointed out in [10] and [1] the surface recombination

velocity defined in this fashion is not a constant of the material and can be highly

sensitive to the carrier densities. Using a Shockley-Read-Hall recombination model,

the surface recombination can be modeled as:

Us =

∫ Ec

Ev

σnσpνth,nνth,p (nh(Zj)ne(Zj) − n2
i ) Nss(E)

σnνth,n(ne(Zj) + n1) + σpνth,p(nh(Zj) + p1)
dE (9.16)

Where:

σn (σp) is the electron (hole) surface state capture cross sections,

νth,n (νth,p) is the electron (hole) thermal velocity,

ne(Zj) (nh(Zj)) is the electron (hole) density at the surface,

ni is the intrinsic density of the semiconductor,
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Figure 9.10. Luminescence for a single pass at normal incidence propagation
through the active region, for a minority center density of 1012 cm−3 at 300K and
Na = 3.5 × 1015 cm−3. Solid line includes the variations across the active region.
Dashed line assumes the center state can approximate the state across the active
region.
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Figure 9.11. Luminescence for a single pass at normal incidence propagation
through the active region, for a minority center density of 2 × 1016 cm−3 at 30K
and Na = 3.5× 1015 cm−3. Solid line includes the variations across the active region.
Dashed line assumes the center state can approximate the state across the active
region.
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Nss(E) is the density of surface states,

n1 = Nce
−β(Ec−E),

p1 = Nve
−β(E−Ev).

To gain a better understanding of the general behavior of the surface recombi-

nation, we will follow the analysis of Correig et.al. [10], and assume σn = σp = σ,

νth,n = νth,p = νth and Nss(E) = Nss,0δ(E − Ef ) where Ef is the Fermi level of an

intrinsic semiconductor. Under these assumptions, eq. 9.16 reduces to

Us ≈ σνthNss,0
ne(Zj)nh(Zj) − n2

i

(ne(Zj) + ni) + (nh(Zj) + ni)
(9.17)

We now define a surface density surface recombination velocity Ss = σνthNss,0. With

optical excitation, ne(Zj) ≫ ni and/or nh(Zj) ≫ ni, the equation can be reduced to:

Us ≈ Ss
ne(Zj)nh(Zj)

ne(Zj) + nh(Zj)
(9.18)

We note that if one of the densities is significantly larger then the other then the

surface recombination becomes

Us ≈ Ss min {ne(Zj), nh(Zj)} (9.19)

which is essentially the same as eq. 9.15 except that we now use the density at the

surface and we have a correspondingly different value for Ss. By using the density at

the surface, we allow Ss to be independent of the device configuration and be more

independent of the carrier density.

As a brief aside, we note that the density of surface states (Nss(E)) tends to have

a horseshoe distribution, with more states near the conduction and valence bands. A

delta function in the middle of the band is not a very realistic approximation for the

real horseshoe distribution. We will briefly approximate the distribution as

Nss(E) ≈ 2

3
Nss,0

(
Nc

Nss,0

δ(E − Ef,n) +
Nv

Nss,0

δ(E − Ef,p)

)
(9.20)
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Using the same assumptions as we used to get eq. 9.18 we get:

Us ≈ Ss
2

3

(
nh(Zj)ne(Zj)

2ne(Zj) + nh(Zj)
+

nh(Zj)ne(Zj)

ne(Zj) + 2nh(Zj)

)
(9.21)

If one of the densities is much bigger then the other, then both eq. 9.18 and 9.21 give

the same result. If ne(Zj) = nh(Zj) then eq. 9.18 gives Us ≈ 1
2
Ssne(Zj) where as eq.

9.21 gives Us ≈ 4
9
Ssne(Zj). The two approximations yield essentially the same results

with only a slight difference in the amount that the surface recombination is reduced

if ne(Zj) = nh(Zj). In the real case where the weights for the two impulse functions

are not chosen so carefully, or where σnνth,n 6= σpνth,p, then Ss may be different for

electrons and holes. Since eqs. 9.18 and 9.21 give similar results, and we do not know

Nss(E) for GaInP passivated GaAs, we use eq. 9.18 or 9.19 for all of the analysis in

this paper.

9.4. Simple model for non-radiative lifetime

In this section, we derive a simplistic model for the density dependence of the non-

radiative lifetime. Technically, this model is only valid for samples with a large active

region, where the carrier densities stay constant across most of the active region with

a very small depletion region near the junction. The samples which we analyze here

(with d = 1µm or d = 0.75µm) do not meet this criteria. However, the results of

this theory provide a qualitative understanding of the density dependence of the non-

radiative recombination and help to improve our understanding of the underlying

process.

We focus on the density dependence of the non-radiative recombination using Eq.

9.19. The S from Eq. 9.15 and Ss from 9.19 are related by:

S =
nmin(Zj)

nmin(Zc)
Ss (9.22)

where Zc = 0 is the center of the heterostructure, and Zj is the position of the

GaAs/GaInP junction. The heterostructure reduces non-radiative recombination by
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Figure 9.12. Density dependence of nmin(Zc)/nmin(Zj) (thick lines) for 300K. The
ratio nmin(Zj − 5nm)/nmin(Zc) is shown as thin lines. The default n-doping for the
GaInP is Nd = 1017 cm−3. The p-doping for the GaAs in the Nd = 3 · 1019 case
(dotted line) is Na = 1014 cm−3.

significantly reducing nmin at the junction resulting in significantly lower surface re-

combination. The density dependence of the ratio nmin(Zj)/nmin(Zc) is shown by the

thick lines in Figs. 9.12 and 9.13 for 300K and 30K respectively. The ratio is shown

for three different cases: 1) the GaAs is p-doped with Na = 1014 cm−3 and the GaInP

is n-doped with Nd = 1017 cm−3 (solid line), 2) Na = 3.5 × 1015 cm−3 and Nd = 1017

cm−3 (dashed line) and 3) Na = 1014 cm−3 and Nd = 1019 cm−3 (dotted line). It can

be seen that at low density, the heterostructure significantly reduces the density of

the minority carriers at the junction which will greatly reduce S. At high densities,

this effect disappears and S ≈ Ss. Increasing the p-doping changes S at low density,

but has no significant effect at high density. Increasing the n-doping will decrease S

for low densities, and allow S to be decreased for higher densities.

In the laser cooling analysis done so far, the non-radiative recombination is as-

sumed to be primarily from the surface recombination and the density is assumed to
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Figure 9.13. Density dependence of nmin(Zj)/nmin(Zc) for 30K. The n-doping for
the GaInP is Nd = 1017 cm−3.

be constant across the structure such that:

A = 2
S

d
(9.23)

The non-radiative lifetime is given by the inverse of A:

τnr = 1/A (9.24)

In order to get a general feel for the effect of the heterostructure on laser cooling,

we combine eqs. 9.22, 9.23 and 9.24 to get:

τnr =
nmin(Zc)

nmin(Zj)

d

2Ss

(9.25)

We note, that eq. 9.23 is not strictly valid if the density is not constant across

the active region. This will be addressed in greater detail in Sec. 9.5. Still, eq.

9.25 provides useful insight into the effect of the heterostructure on non-radiative

recombination.
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There has been significant experimental laser cooling work on a sample with a

1µm active region that has a measured non-radiative lifetime of 27 µs. The lifetime

is inherently measured at low densities. As we discuss in the Sec. 9.5, we believe this

sample to have Na = 1014 cm−3 and Nd = 1017 cm−3. In Figure 9.14, we show the

expected density dependence for τnr for this sample. Assuming that Ss is independent

of the doping densities, we also show the expected τnr for increasing the p-doping to

Na = 3.5 × 1015 or increasing the n-doping to Nd = 1017. For reference, the optimal

cooling density (n̄ = 4.3×1017 cm−3) and break even non-radiative lifetime (τ̄b = 1.6µs

) for 300K (from Fig. 7.10) are also shown. We find that even though this sample

has a non-radiative lifetime at low densities that is significantly above the break-even

non-radiative lifetime, that at the optimal cooling density, the non-radiative lifetime

is expected to be too small to achieve cooling. For p-doping of Na = 3.5× 1015 cm−3,

the non-radiative lifetime is decreased for low densities3, but there is no significant

change at higher densities. In order to increase the non-radiative lifetime at the

optimal cooling density, the n-doping in the GaInP needs to be increased. A sample

with Nd = 1019 cm−3 comes close to meeting the break-even cooling condition at

room temperature.

The reduction in the surface recombination comes strictly from reducing the mi-

nority carrier density (holes) at the junction. Figure 9.15 shows the hole density

around the junction for n = 4 × 1017 and T = 300K. It can be seen that increasing

the n-doping to 1019 decreases the surface recombination by creating a very small

depletion region around the junction. However, this means that the density is de-

creasing rapidly near the junction. In our current model, only the carriers at the

very edge of the junction contribute to the surface recombination. In a more realistic

model, the wavefunction of the surface states would extend away from the junction,

3 For a p-doping of Na = 1014 cm−3, the electrons are the center minority carrier. As the
p-doping is increased, the low density lifetime initially increases. Eventually, the center minority
carrier becomes the holes, and then the low density lifetime decreases as the p-doping is increased.



132

1010 1012 1014 1016 1018
10-2

100

102

104

106

 

 

nr
  (

s)

nmin(Zc)

 Na=1014

 Na=3.5·1015

 Nd=10
19

n

b
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Figure 9.15. Hole density profile near the GaAs/GaInP junction for 300K at
nmin(0) = 4 × 1017. For the dashed and dotted lines Nd = 1017 cm−3. For the
solid line, Na = 1014 cm−3. The active layer thickness d = 1.0 µm.

and any carriers with a wavefunction that overlaps the wavefunction of the surface

states would be have a chance of being involved in the surface recombination. Since

the depletion region near the junction is so small at this density, this will limit the

ability of the heterostructure to reduce surface recombination. To get a feel for how

significant of an effect this might have we show the ratio of nmin(Zc)/nmin(Zj − 5nm)

as thin lines in Figs. 9.12 and 9.13, and we have calculated the expected value for τnr

under the assumption the S ≈ nmin(Zc)/nmin(Zj − 5nm)Ss. as thin lines in Fig. 9.14.

The heterostructure still appears to help reduce surface recombination, but it is not

clear how much the surface recombination will be reduced.

It should also be pointed out, that Nd = 1019 cm−3 is a very high doping con-

centration. The Bohr radius for the donor sites is around 10 nm. We can roughly

approximate the density where the donor sites will start to overlap as 1/a3
0, which

results in a density of 1018 cm−3. A donor density of Nd = 1019 cm−3 would have



134

significant donor site overlap and could easily have undesirable effects that are not

included in our current theory. It is sufficient to say that our current theory predicts

that a sample with Nd = 1019 cm−3 and Na = 1014 cm−3 should be able to achieve

cooling at room temperature. There are many reasons why our theory is not accurate

at this doping density, however testing samples with high n-doping may still be worth

the effort.

9.5. Luminescence decay in npn heterostructures

Luminescence lifetime measurements are frequently used to determine the radiative

and non-radiative recombination coefficients. For a homogeneous p-doped semicon-

ductor,
∂ne

∂t
= −Ane − ηeBehnenh − ηeBeanena − Cnen

2
h (9.26)

At low densities (ne ≪ Na), nh is dominated by the ionization of acceptors and

essentially becomes a constant and the Auger recombination becomes negligible. In

this case, eq. 9.26 can be solved analytically as:

ne(t) = n0e
−t/τ (9.27)

with
1

τ
=

1

τnr

+
1

τrad

= A + ηeBehnh + ηeBeana (9.28)

For this to be true, it is essential that nh and na is a constant, so that the luminescence

(ηeBehnenh + ηeBeanena) is directly proportional to ne. This condition results in an

exponential decay for ne that can be directly observed in the luminescence decay.

In the npn heterostructures at low densities, the carrier densities (ne(z) and nh(z))

are not constant across the active region. This leads to difficulties in understanding

the meaning of the lifetime measurements. It is therefore desirable to calculate the

theoretical luminescence decay for the npn structure. For this analysis, we assume

that the quasi-thermalization (due to diffusion and drift currents) occurs quickly
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compared to the radiative and non-radiative recombination, such that the system is

always in quasi-thermal equilibrium. In this case the average number of optically

induced electrons (holes) is given by:

n̄opt
e =

1

d

∫ Ze

−Ze

dz
{
ne(z) − ndon

e (z)
}

(9.29)

n̄opt
h =

1

d

∫ Ze

−Ze

dz {nh(z) − nacc
h (z)} (9.30)

Due to total charge neutrality, n̄opt
e = n̄opt

h . See appendix D for more details on why

the average optical density is used for the rate equations.

As discussed in Sec. 8.2 we break the radiative recombination into the electron-

hole and electron-acceptor components such that the radiative recombination rate is

given by4:

(
∂n̄opt

e

∂t

)

rad

=

(
∂n̄opt

h

∂t

)

rad

=
1

d

∫ Zj

−Zj

dz {ηeBehne(z)nh(z) + ηeBeane(z)na(z)}

(9.31)

where we have assumed that the radiative recombination in the GaInP layer is neg-

ligible.

The non-radiative surface recombination is given by :

(
∂n̄opt

e

∂t

)

surface

=

(
∂n̄opt

h

∂t

)

surface

=
2Ss

d

ne(zj)nh(zj)

ne(zj) + ne(zj)
(9.32)

where the 2 accounts for both surfaces, and Ss is defined in section 9.3.

The Auger recombination is given by:

(
∂n̄opt

e

∂t

)

Auger

=

(
∂n̄opt

h

∂t

)

Auger

=
1

d

∫ Zj

−Zj

dz max
{
Cne(z)n2

h(z), Cn2
e(z)nh(z)

}

(9.33)

If we calculate the state of the npn heterostructure using the theory presented

in sec 9.1 for several different densities, then we can calculate the time it takes to

4 In the GaInP layers, nh(z) is very small. This results in almost no radiative recombination from
these layers. Rather then calculate Beh and Bdh for GaInP, we ignore the tiny amount of radiative
recombination that comes from the GaInP layers.



136

transition between densities as:

∆t =
∆nopt

e(
∂nopt

e

∂t

)
rad

+
(

∂nopt
e

∂t

)
surface

+
(

∂nopt
e

∂t

)
Auger

(9.34)

The luminescence is equivalent to the radiative recombination rate given in eq. 9.31,

which combined with the times calculated with eq. 9.34 allows us to calculate the

luminescence decay.

The luminescence decay for a 1µm thick sample with Na = 3.5× 1015 as reported

in [37] for 300K is shown in Fig. 9.16. The corresponding carrier densities for this

structure are shown in Fig. 9.17. From figure 9.17 we see that at moderate to low

densities, the holes are the majority carriers in the center of the active region, and

the electrons are the majority carriers at the edge of the active region. In order to

make the assumptions necessary to get an exponential luminescence decay, we need

one of the carriers to be significantly larger than the other. This condition is not

maintained across the active region, and in Fig. 9.16 we see that the luminescence

does not have an exponential decay. (The decay is almost proportional to t−1.2.)

Figures 9.18 and 9.19 show the experimental luminescence decay measurements

obtained from the UNM group for a sample with similar doping concentrations to the

sample in [37] with a 0.75 µm GaAs active region and 0.75 µm GaInP passivation

layers. We find that we are able to obtain a reasonable match to this data if we

assume Na = 1014 cm−3 and Ss = 1000e−18meV/kBT cm/s. This sample was still

mounted to a GaAs substrate. The d = 1.0 µm sample in [37] that was mounted to

a GaAs substrate, was found to have a S < 0.6 cm/s at 300K. With our calculations

the d = 0.75 µm sample has Ss = 499 at 300K with nmin(Zj)/nmin(Zc) = 0.00183,

which results in S = 0.91 cm/s.

With the sample mounted to a GaAs substrate with unknown impurity concen-

tration and non-radiative recombination, it is difficult to accurately calculate ηe. To

model ηe, we used our propagation model for a sample with a dome and adjusted the

refractive index of the dome to match the data. We found that a refractive index of
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Figure 9.16. Luminescence decay for a 1µm thick sample with Na = 3.5 × 1015

cm−3 and Nd = 1017 cm−3 at 300K.
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Figure 9.17. Carrier densities for a 1µm thick sample with Na = 3.5 × 1015 cm−3

and Nd = 1017 cm−3 at 300K. Electrons (thin lines), Holes (thick lines).
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nd = 1.9 gave the best match to the experimental data. In addition, the experimental

data has arbitrary luminescence units, which requires us to adjust the vertical scale

to best match the data, and the starting density is unknown, which requires us to

shift the time axis to best match the data.

At low temperatures (below 100K) the theoretical model does not match the

experimental data as well as we would like. There are several reasons not to expect

our current theoretical model to work as well at low temperatures. First, our current

model for the npn heterostructure uses a free carrier model to calculate the carrier

densities. At low temperatures exciton formation and density dependent band-gap

shift can create significant errors in the free carrier model. In addition, the current

model uses the low density Beh and Bea as a constant across the sample. As seen

in Fig. 4.20, Beh will decrease significantly if the density is high enough, and the

density where Beh starts to decrease decreases with temperature. In addition, the

assumption of quasi-thermal equilibrium may break down at low temperatures. It is

believed that further enhancements to the theory would result in a better fit to the

experiment at low temperature.

Figure 9.20 shows the carrier densities in the sample with Na = 1014 and a 0.75

µm thickness. In this case at moderate to low densities, the electrons are the majority

carriers across the full active region. This appears to allow the luminescence to have

an exponential decay. However, because the electrons are the majority carrier in the

p-doped active region, instead of the holes, we must be careful in interpreting the

results of the lifetime measurements. Assumptions such as nh ≈ Na and ne ≪ nh are

clearly invalid for this structure.

9.6. Effect of heterostructures on cooling

This section studies the effect of the heterostructure on the overall cooling. This

analysis is done by looking at the cooling efficiency (the ratio of net cooling to input
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Figure 9.18. Luminescence decay for 30K to 150K for a d = 0.75 µm thick sample
with Na = 1014 cm−3 and Nd = 1017 cm−3. Theoretical (solid line) compared to
experiment (dashed line). Experimental data provided by UNM group.
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Figure 9.19. Luminescence decay for 170K to 300K for a d = 0.75 µm thick sample
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experiment (dashed line). Experimental data provided by UNM group.
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Figure 9.20. Carrier densities for a 0.75 µm thick sample with Na = 1014 at 300K.
Electrons (thin lines), Holes (thick lines).

power).

ηc =
−Pnet

Pin

= ηext
ωℓ

ωa

α(ωa)

α(ωa) + αb + σfcan
− 1 (9.35)

Where the external quantum efficiency (ηext) is the ratio of the number of photons

out of the sample to the number of photons absorbed, and is calculated as:

ηext =

(
∂n̄opt

e

∂t

)
rad(

∂n̄opt
e

∂t

)
surface

+
(

∂n̄opt
e

∂t

)
rad

+
(

∂n̄opt
e

∂t

)
Auger

(9.36)

ηext can be estimated from experimental measurements, and measures how close a

system is to achieving laser cooling [79].

The optimal cooling density tends to be at moderately high densities where it

is important to use a density dependent value for Beh. In addition, since we no

longer have local charge neutrality, Beh depends on both ne and nh. The extraction

efficiency is also highly dependent on density, since higher densities decrease the

photon reabsorption. In order to simplify these calculations, we approximate

ηeBeh(ne, nh) ≈ ηe,undopedBundoped (max {ne, nh}) (9.37)
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Figure 9.21. ηext vs. density at 300K. d = 1µm. By default Nd = 1017 cm−3. For
the dashed-dotted line Na = 1014 cm−3 and Nd = 1019 cm−3.

where ηe,undopedBundoped(n) is calculated using homogeneous undoped semiconductor

with the correct sample thickness and a ZnS dome.

ηext can be calculated using Eq. 9.37 in Eq. 9.31 and Eqs. 9.32, 9.33 and 9.36.

The results are shown in Fig. 9.21.

The density dependence of ηext can be understood by breaking it down to its

individual components. The non-radiative, radiative and auger recombination rates

for the Na = 1014 cm−3 sample are shown in Fig. 9.22. For low densities, the electrons

are the majority carriers, and are essentially independent of nmin(0). This results in

all of the recombination rates being directly proportional to nmin(0), resulting in a

constant ηext.

For the range 3 × 1014 < nmin(0) < 1017, nh(z) becomes similar in magnitude

to ne(z). At this point, the radiative recombination takes on its normal n2
min(0)

dependence, and the Auger recombination takes on its normal n3
min(0) dependence.
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Figure 9.22. Breakdown of the density dependent decay rates for a sample with
d = 1µm, Na = 1014 cm−3, Nd = 1017 cm−3 at 300K.

The depletion region near the GaAs/GaInP junction starts to disappear causing the

non-radiative recombination to increase faster then it’s normal nmin(0) dependence.

In this region the non-radiative recombination seems to have a ∼ n2
min(0) dependence.

Which allows ηext to remain almost constant through this region.

For the range 1017 < nmin(0) < 1018, the depletion region has almost completely

disappeared, so that nmin(Zj) ≈ nmin(Zc) causing the non-radiative recombination to

go back to a nmin(0) dependence. The radiative recombination increases faster then

the non-radiative causing ηext to increase.

For nmin > 1018, the Auger recombination becomes greater then the non-radiative

recombination and starts to reduce ηext.

ηc can be calculated by plugging ηext into Eq. 9.35. For this calculation, we

approximate wℓ, wa and the ratio α(ωa)
α(ωa)+αb+σfcan

by the values for a homogeneous p-

doped semiconductor with the same density as the center of the structure. As shown
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Figure 9.23. Cooling efficiency vs density at 300K. d = 1µm. By default Nd = 1017

cm−3. For the dashed-dotted line Na = 1014 cm−3 and Nd = 1019 cm−3.

in Sec. 9.2, the luminescence (and hence the absorption) is frequently constant across

the structure, as such, approximating the structures absorption and luminescence

values by the corresponding value at the center of the structure should be reasonable.

The results for ηc are shown in Fig. 9.23. The two structures Na = 1014 and

Na = 3.5 · 1015 which both have Nd = 1017 cm−3, show similar results. By adjusting

the p-doping in this structure, we can increase or decrease the low density non-

radiative recombination. Unfortunately, the radiative recombination is adjusted by

a similar amount resulting in no improvement for the overall cooling. In the end,

the cooling results for different p-doping concentrations are surprisingly similar. In

contrast, increasing the n-doping (see the Nd = 1010 cm−3 (solid) line) decreases the

non-radiative recombination without increasing the radiative recombination. This

allows the overall structure to achieve cooling.
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10. Spot Size Effects

The cooling theory presented so far has assumed that the sample is uniformly illu-

minated by the pump beam. In practice, the beam profile is typically smaller than

the extension of the GaAs sample. For example, the beam profile can be Gaussian

(with azimuthal symmetry) and the sample can be disk-like. Typical numbers for

the beam waist are 100µm with a disk diameter of 1000µm or larger (see Fig. 10.1).

As discussed in chapter 5, the cooling process is sensitive to the carrier density. If

the density is too large, then Auger recombination or band filling prevent cooling. If

the density is too low, then non-radiative recombination prevents cooling. As such,

the spatially inhomogeneous optical excitation can be expected to have negative con-

sequences for the cooling process. Since the excitation power drops away from the

beam center, the cooling threshold can be expected to be reached only for a small

fraction within the beam. Hence it would be possible that the sample cools in a nar-

row region at the center of the beam, while it heats in the beam’s radial wing. This

effect is expected to be exacerbated by the reabsorption of the luminescence propa-

gating (laterally) inside the sample. Since this is expected to move carriers away from

the higher density cooling regions into lower density heating regions. This chapter

investigates the effects of finite spatial beam profiles, both with and without lateral

photon transport.

For our analysis, we assume the pump beam to have a Gaussian profile.

Ipump(r) = I0 e−
r2

2σ2 (10.1)

The beam radius is assumed to be very large compared to the exciton Bohr radius.

As such, the absorption and luminescence at any point is assumed to be independent

of the gradient of the carrier density. (i.e. α (ω, r) = α (ω, n(r))) The effects of charge

carrier diffusion have not been considered so far.
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Figure 10.1. Sketch of excitation geometry with a disk-like GaAs sample and a
Gaussian beam.

10.1. Results without lateral photon transport

In this section, we analyze the cooling without lateral photon transport. We assume

the excitation beam to have a radial intensity distribution Consequently, the carrier

density n(r) and the net power imparted on the system Pnet depend on the radial

coordinate, while being independent of the azimuthal angle φ. We furthermore assume

the density and power profile to be homogeneous over the thickness of the disk, i.e.

independent of the vertical coordinate z. Under these conditions, power imparted to

the system (see eq. 2.1) is given by:

Pnet(r) = Ipump(r) [α (ωa, n(r) ) + αb] − ~ωℓ(r)ηeB (n(r)) n(r)2 (10.2)

and the the rate equation for the carrier density (see eq. 2.2) becomes:

dn(r)

dt
= 0 =

α (ωa, n(r))

~ωa

Ipump(r) − An(r) − ηeB (n(r)) n(r)2 − Cn(r)3 (10.3)
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We fix all input parameters to have the following values: ωa = Eg − 30.79meV,

ηe = 0.25, T = 300K, and I0 = 1.3 · 105 W/cm2.

In order to solve Eq. (10.3), we apply a numerical interpolation scheme to handle

the nonlinear density dependence of the luminescence term. That allows us to obtain

the density profile n(r) from that equation. We then use the density profile to directly

calculate the power profile Pnet(r) from Eq. (10.2).

In Fig. 10.2 we show the results for the density profile for two different values

of the non-radiative recombination coefficient, here expressed as the non-radiative

recombination time τnr = 1/A. As expected, the density profile basically follows the

excitation profile. In Fig. 10.3 we show the corresponding results for the power. We

find that a longer non-radiative lifetime (16 µs) allows for efficient cooling at the

beam center (note that negative power corresponds to cooling, while positive power

corresponds to heating). Away from the beam center, the cooling power is reduced

and crosses zero at r = 155 µm. For r > 155 µm, there is a negligible heating

effect. In contrast, the shorter non-radiative lifetime (0.4 µs) shows reduced cooling

at the center and pronounced heating in the wings of the beam. This demonstrates

that spatially varying beam intensity and excitation power can lead to neighboring

regions of heating and cooling. The particular value of τnr = 0.4µs has been chosen

such that the spatially integrated power vanishes:
∫

dr r Pnet(r) = 0 (10.4)

10.2. Results with lateral photon transport

In this section, we consider the effects of radial spatial photon transport. We as-

sume that at each point in the structure, the fraction 1 − ηe of the locally generated

luminescence propagates inside the medium. For simplicity, we assume the propaga-

tion direction to be restricted to the radial direction, either outwards (away from the

center) or inwards (toward the center), see Fig. 10.4.
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Figure 10.2. Spatial density profile for excitation with a Gaussian beam (σ =
100µm) at temperature T=300K without spatial photon transport.

We have developed a theoretical model for photon transport that is based on

our Green’s function approach to the coupled semiconductor-light system, and that

involved photon Green’s functions (including generalized amplitude correlation func-

tions). We formulate an equation for the spectral density of photon number flux

Jq,σ,ω(r) for photons with wavevector q, frequency ω and polarization state σ. As-

suming azimuthal symmetry, the wavevector is either parallel (outward flow) or an-

tiparallel (inward flow) to the position vector: q = ±qêr (where we use cylindri-

cal coordinates and êr is the radial unit vector). The same is true for the flux,

as its direction is determined by the direction of q. For outward flow, we define

J+qêr,σ,ω(r) = +Jout
q,σ,ω(r)êr and for inward flow J−qêr,σ,ω(r) = −J in

q,σ,ω(r)êr. The trans-

port equation, including the luminescence source term and the luminescence reab-

sorption term (with α(r, ω) ≡ α(n(r), ω)), reads

{
±1

r

∂

∂r
r + α(r, ω)

}
Jout/in

q,σ,ω (r) = sq,ω,σ(r) (10.5)
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Figure 10.3. Spatial profile of the net power for excitation with a Gaussian beam
(σ = 100µm) at temperature T=300K without spatial photon transport.

where the upper sign is for Jout and the lower sign for J in, respectively.

Using the boundary conditions J in
q,σ,ω(∞) = 0 and Jout

q,σ,ω(0) = J in
q,σ,ω(0) (which

accounts for the fact that inward flow passes through the origin and then contributes

to outward flow), we find the outgoing flux to be

Jout
q σ ω(r) =

1

r

∞∫

0

dr′r′sq,ω,σ(r′)


θ(r − r′)e

−
r
R

r′
dr′′α(r′′,ω)

+ e
−

r
R

−r′
dr′′α(|r′′|,ω)


 (10.6)

and the incoming flux is

J in
q σ ω(r) =

1

r

∞∫

r

dr′r′sq,ω,σ(r′) e
−

r′
R

r

dr′′α(r′′,ω)
(10.7)

The luminescence source sq,ω,σ(r) is normalized such that the total in-plane (lateral)

luminescence (i.e. sq,ω,σ(r) summed/integrated over all wave vectors, frequencies and

polarization states) yields the fraction 1 − ηe of the globally generated luminescence

(integrated over all space).
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Figure 10.4. (a) Sketch of luminescence propagation. A fraction ηe of the lumines-
cence produced at a given position r in the sample escapes from the sample, whereas
the rest (1 − ηe) propagates laterally in the sample and is reabsorbed for sufficiently
laterally extended samples. (b) In our model, the reabsorption at position r has two
contributions from lateral photon propagation, one from luminescence propagation
laterally outward and the other laterally inward.

We can now modify the cooling equations (10.3) and (10.2) to include the reab-

sorption calculated with the lateral photon transport model. The new rate equation

for the density profile read

dn(r)

dt
= 0 =

α (ωa, n(r))

~ωa

Ipump(r) −An(r)−B (n(r)) n(r)2 −Cn(r)3 + Qn(r)

(10.8)

Note that the luminescence term (Bn2) is not multiplied by the extraction efficiency.

Instead, we include a source term that accounts for the reabsorption of carriers due

to lateral luminescence propagation, which is given in terms of the photon flux and

the absorption coefficient,

Qn(r) =
∑

~q,σ,ω

α(r, ω)J tot
q σ ω(r) (10.9)

with J tot
q σ ω(r) = Jout

q σ ω(r) − J in
q σ ω(r). Similarly, we have for the power equation

Pnet(r) = Ipump(r) [α (ωa, n(r) ) + αb] − ~ωℓ(r)B (n(r)) n(r)2 + Qe(r) (10.10)
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with the source term due to luminescence reabsorption

Qe(r) =
∑

~q,σ,ω

α(r, ω)~ωJ tot
q σ ω(r) (10.11)

As in the previous section, Eq. (10.8) is a nonlinear equation in the density

that requires a self-consistent solution. However, in the present case reaching self-

consistency is numerically more demanding, since the photon flux involves integrals

in the exponentials of the (density-dependent) nonlinear absorption coefficient.
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Figure 10.5. Spatial density profile for excitation with a Gaussian beam (σ =
100µm) at temperature T=300K with spatial photon transport.

Figures 10.5 and 10.6 show results corresponding to those shown in Figs. 10.2

and 10.3, but now with the lateral photon transport included. We see that, apart

from slight numerical noise, the results for the power is very similar in both cases,

implying that lateral photon transport under typical experimental conditions should

not be expected to prohibit cooling. As expected, the density profile in the case

with lateral photon transport is smeared out beyond the region of optical excitation

by the external light beam. However, the off-axis density produced by luminescence
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Figure 10.6. Spatial profile of the net power for excitation with a Gaussian beam
(σ = 100µm) at temperature T=300K with spatial photon transport.

reabsorption is much smaller than the density excited directly by the external beam.

This explains why the power profiles are very similar in the two cases (with and

without lateral photon transport).
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11. Quantum Well Systems

Most studies so far on semiconductor laser cooling have been directed at bulk sam-

ples; quantum wells have not received much attention. In efficiency terms, quantum

wells have some potential advantages derived from their broken translational invari-

ance such as fast near-equilibrium temperature equilibration by phonon scattering

[78, 38, 7]. In this chapter, we give a brief account of a generalization of our micro-

scopic theory of absorption/luminescence and cooling analysis to quantum wells. As

before, we assume the partially ionized electron-hole plasma to be sufficiently close

to quasi-thermal equilibrium and relate the luminescence spectrum to the absorp-

tion spectrum by the Kubo-Martin-Schwinger (KMS) relation [30, 85]. The form of

this relation appropriate for 2D systems was derived previously in [48]. Through

diagrammatic perturbation techniques, the equation for the absorption spectrum is

derived in the ladder approximation with several levels of approximations for the sin-

gle electron/hole Green’s functions, the most complex of which being to self-consistent

T-matrix accuracy. These approximations are designed to take excitonic correlation

effects into account reasonably. (See [50] for another approach to this problem.) For

the cooling analysis, we also need input information about nonradiative recombina-

tion (e.g. Ref. [24, 83]), Auger recombination rates [31, 61] etc in quantum wells.

The applicability of our luminescence theory of course depends crucially on how

close the experimental system is to quasi-equilibrium. In general, if the pump-

generated electron-hole pair is thermalized in the plasma much faster than the loss of

carriers, radiatively or nonradiatively, from the plasma, one can assume the plasma

to be close to quasi-thermal equilibrium (provided the pump intensity is not too

high). For bulk semiconductors under CW excitations, this condition seems to be

satisfied. In particular, the experimental luminescence spectra shown in Ref. [22]

are consistent with the assumption of quasi-thermal equilibrium. So seem to be the
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luminescence spectra for quantum wells in the same reference. However, other works

[77, 60, 44, 33, 8] have provided evidence that, at very low temperatures, quasi-thermal

equilibrium is not reached by the excited carriers in thin quantum wells before they

decay. So the theory presented here must be applied with this limitation in mind.

In Section 11.1, we give a brief account of our microscopic theory for light absorp-

tion and luminescence and present some numerical results for a two-band model of

a GaAs quantum well. These results are used in a threshold analysis of cooling in

Section 11.2.

11.1. Absorption and luminescence of quantum wells

The quantum well (QW) is assumed to have zero width and be located at z = 0.

Assuming normal light incidence and isotropy in the quantum well’s plane, one can

describe linear order light absorption by the QW through its susceptibility χR (ω)

defined by

P (z, ω) = δ (z) χR (ω)E (z, ω) (11.1)

which relates the polarization density to the light field amplitude. In terms of χR (ω),

the normal-incidence absorbance of the QW can be obtained via a transfer matrix

approach[41] to be

A (ω) ≡ 1 − Ir

I0

− It

I0

≈ Im
{
σR (ω)

}
(11.2)

where

σR (ω) = 4π
ω

nbc
χR (ω) (11.3)

and the incident, transmitted and reflected intensities are denoted by I0, It and Ir,

respectively, and nb is the refractive index of the barrier material. In a second quan-

tized formulation of the dynamics of the electrons and holes, the QW susceptibility
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(for normal incidence) is given by

χR (t − t′) =
i

~
θ (t − t′)

1

A
∑

sj
kk′

|d+
j s|2

〈[
aj,−k (t) ask (t) , a†

sk′ (t
′) a†

j,−k′ (t
′)
]
−

〉

(11.4)

where s and j label the electron and hole valence bands respectively, k, k′ denote

(crystal) wave vector, d+
j s is the transition dipole matrix element for (arbitrarily cho-

sen) (+)-polarized light, and A is the quantization box area.

To calculate χR, we use the same real-time Green’s function formalism and di-

agrammatic perturbation techniques on the Keldysh double-time contour that was

used for bulk GaAs. However, all momentum sums are now done in 2D, and we now

use a 2D Coulomb potential.

The luminescence spectrum of the QW, summed over all outgoing directions and

polarization states, and subject to the selection rules of the conduction to heavy-hole

(the only valence band included here) transitions, is given by [48] (see also [65, 2])

R (ω) = 1
π

(
1
~

)
1
A

nbω
3

c3

π∫
0

dθ sin θ
2

(1 + cos2 θ)

× ∑

sj
kk′

∣∣d+
sj

∣∣2 ∫
d (t − t′) eiω(t−t′)

〈
a†

sk′ (t′) a†
j,q||−k′ (t′) aj,q||−k (t) ask (t)

〉

(11.5)

where q|| = ωnb

c
sin θ is the in-plane component of the 3D wavevector of the outgoing

photon, with θ being the angle between this 3D wavevector and the normal to the

QW’s plane. The weight factors 1 and cos2θ in Eq. 11.5 are for TE and TM photon

modes respectively (see e.g. [65, 2]).

We note that, over the range of q|| contributing to the integral in Eq. 11.5 (i.e.

between zero and the photon wavevector), the variation of of the four-operator ex-

pectation value may be negligible, since the photon wavevectors are much smaller

than typical electronic wavevectors (especially those contributing to excitonic reso-

nances). Under this assumption, the integral over θ can be done trivially. Similar to
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the analysis given in [85], we can prove a KMS relation between the two four-operator

expectation values in the Eq. 11.4 and Eq. 11.5, leading to the following relation be-

tween the luminescence spectrum R(ω) and the absorbance spectrum Im
{
σR(ω)

}

(via Eq. 11.3) for the transition between the conduction band and the heavy-hole

valence band [48]:

R (ω) =
2

3

(ωnb

πc

)2
(

1

e(~ω−µ)/kBT − 1

)
Im

{
σR (ω)

}
(11.6)

where µ is the total chemical potential of the electron-hole pair. We reiterate that

the factor 2/3 is a consequence of the selection rules for this transition (see also e.g.

[65]). With this KMS relation, the luminescence spectrum is obtained trivially from

the absorbance.

As we did in with the bulk semiconductors, to better understand the contributions

of various physical factors to the absorbance/luminescence and the cooling process

and/or to seek possibilities to simplify the calculation without sacrificing accuracy,

we have also evaluated the theory with a number of further approximations. (1)

TG(0): The Green’s function outside of the T-matrix in the selfenergy (Fig. 3.1d)

is taken to be the noninteracting Green’s function (with the kinetic energy shifted

by HF and CH) instead of the full self-consistent G. (2) T (2)G(0): In addition to

the G outside the T-matrix being taken to be noninteracting, the T-matrix in the

selfenergy is evaluated in the second-order approximation in the calculation of χR(ω).

The chemical potential is still calculated with the full T-matrix. This approximation

is expected to mimic to a certain degree the effects of ’vertex corrections’ in χR that

accompany the T-matrix selfenergy but are currently omitted form our theory. (3)

SHF: The T-matrix selfenergy is neglected. Only the HF CH selfenergies are included.

(4) Free: The plasma is replaced by a noninteracting two-component fermion gas.

In Fig. 11.1 we show the calculated absorbance spectra of a GaAs quantum well

with a pair density of n = 1010 cm−2 at various temperatures. The spectra are cal-

culated in the T (2)G(0) approximation. A temperature-dependent phonon-induced
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Figure 11.1. Absorbance spectrum of a GaAs quantum well at fixed electron-hole
density and various temperatures. Eg = gap energy, ER = 3D exciton binding energy.

dephasing is included. From the absorbance spectra in Fig. 11.1, the luminescence

spectra are obtained via the KMS relation (Eq. 11.6) and shown in Fig. 11.2. One

can see that the excitonic enhancement is significant at low to intermediate tempera-

tures. As in the analysis for bulk GaAs [78, 72], we define a radiative recombination

coefficient,

B(n, T ) = (1/n2)

∫
dω R(ω, n, T ) (11.7)

for use in the cooling analysis. This coefficient is shown in Fig. 11.3 as a function

of pair density for various temperatures. It’s general behavior is similar to those for

bulk semiconductors (see sec. 4.4): it tends to a constant at low densities, while it

falls off at high densities due to excitonic and Pauli-blocking correlations.

11.2. Cooling threshold analysis

The cooling analysis for QW structures is essentially the same as given in Ch. 2 with

all values changed to there 2-D equivalent values. Similar to Eq. 2.1, the net power
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imparted to each QW is given by

Pnet = I
[
Im

{
σR (ωa, n)

}
+ σb

]
− ~ωlηeBn2 (11.8)

Where the absorbance σR (ωa, n) is now a unitless number, and the 2-D radiative

recombination coefficient B is now in units of cm2 s−1. The density is again calculated

assuming the system to be in steady state resulting in the rate equation (compare

Eq. 2.2)
dn

dt
=

Im
{
σR (ωa, n)

}

~ωa

I − An − ηeBn2 − Cn3 = 0 (11.9)

Where the 2-D Auger recombination coefficient now has units of cm4 s−1. Ab is the

break-even non-radiative recombination coefficient that results in Pnet = 0, and Āb is

the maximum Ab optimized over density and pump frequency.

In Fig. 11.4 we show our calculated minimum break-even non-radiative lifetime

(τ̄b = 1/Āb) as a function of temperature using the four approximations for calculating
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the luminescence, which were defined in the last section. The parasitic absorption

per QW is set at σb = 1.235 × 10−6 1. For the Auger rate, we use a temperature

independent value of 10−17cm−4/s, which is more conservative (higher) than the rates

given in [31, 61]. The extraction coefficient is set at ηe = 0.25. Effects of light

propagation and reabsorption inside the MQW structure are not explicitly considered.

For each curve, cooling is possible if the actual sample non-radiative lifetime is above

the curve. As in bulk GaAs, the excitonic enhancement of absorption/luminescence at

low frequencies lowers τ̄b and hence improves the prospects of cooling. The difference

in the results of TG(0) and T (2)G(0) gives an indication of the effects of including

the appropriate vertex corrections in the TG(0) calculations. These two curves give

similar results indicating that adding vertex corrections will probably not change the

results.

We note two differences between QW and bulk GaAs that are relevant to the

behavior of τ̄b. (1) At equivalent levels of background parasitic absorption, excitonic

correlations are more important in enabling cooling at low temperatures in bulk than

in QWs. In order to achieve cooling, the semiconductor must be pumped below

the mean luminescence, and the absorption at the pump frequency must be signifi-

cantly higher then the background absorption. For a free fermi gas, the 2D density

of states is much higher than its 3D counterpart at the low frequency end of the

absorption/luminescence spectrum. This allows the 2D free model to have sufficient

absorption at the pump frequency, whereas in 3D excitonic effects are needed to pro-

vide sufficent absorption. Hence, in ch. 5 cooling was shown to be impossible for

bulk GaAs below 30K in the free model at the assumed level of background absorp-

tion, whereas for a QW system at low temperature, excitonic effects serve merely to

improve τ̄b by an order of magnitude (see Fig. 11.4). (2) While the Auger coefficient

in bulk GaAs decreases exponentially with temperature, the QW Auger coefficient

1A stack of 81 quantum wells with this level of σb would give a total parasitic absorption roughly
equal to what we used in the bulk analysis in ch. 5.
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varies much more slowly [31, 61]. As a result, Auger effects are negligible in the cool-

ing analysis in bulk GaAs below 100K, whereas in QWs, they are still appreciable in

the determination of τ̄b at lower temperatures.

Available experimental measurements of non-radiative lifetime in GaAs-based

QWs [24, 83] give values between 1 and 10 ns which is two orders of magnitude

shorter than τ̄b shown in Fig. 11.4. While in bulk semiconductors the non-radiative

lifetime increases exponentially with decreasing temperature, Ref. [24] reports a de-

crease below approximately 100K, with a maximum nonradiative lifetime of about 10

ns. Ref. [83] reports nonradiative lifetimes in shallow GaAs QWs that do increase

with decreasing temperature below 100K, but the maximum nonradiative lifetimes

are still on the order of 10 ns. Unless this nonradiative lifetime can be improved

dramatically, laser cooling may be difficult to achieve in QWs. This contrasts with

the rather favorable estimation for bulk GaAs.
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12. Conclusion

We have developed a comprehensive model for the laser cooling of a GaAs semi-

conductor. The core of this model is a microscopic many-particle theory for the

absorption and luminescence. This theory is based on a Green’s function analysis in

quasi-thermal equilibrium, and allows us to model a partially ionized electron-hole

plasma, treating the excitons and free particles on an equal footing.

The cooling has been analyzed over a large temperature range from 10K to 500K.

We find that at high temperatures, Auger recombination limits the maximum density

that can be used for cooling. At moderate temperatures (between 30K and 200K)

band filling limit the maximum density and Auger effects become negligible. At low

temperatures, excitonic effects become crucial to enable laser cooling. In all cases,

excitonic effects make laser cooling easier than would be predicted from a free carrier

model.

The initial model is based on the assumption of a homogeneous undoped GaAs

semiconductor. This model has been systematically modified to include effects that

are present in real laser cooling experiments. These effects include:

1) The effect of propagation and polaritons. In the initial theory, the propa-

gation effects were modeled with a simple extraction efficiency (ηe). With an

appropriate propagation model I was able to calculate what ηe should be for

the structure we model. I found that our initial estimate for ηe (ηe = 0.25) was

too high, and that a more appropriate value was around ηe = 0.13. The full

propagation model also includes the red shift that is created by the reabsorp-

tion of light as it propagates through the semiconductor. Our model also has

the ability to include polariton effects. These effects can be significant at low

temperatures and low densities. However, at the optimal cooling density, the
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polariton effects are negligible, and propagation effects can be calculated using

a classical light propagation theory.

2) The effect of using a p-doped semiconductor was studied. This was important

since the samples being used in laser cooling experiments are unintentionally

p-doped. I found that at low to moderate doping concentrations, the p-doping

had negligible effects. At high doping, cooling could become easier at high

temperatures, but became more difficult or impossible at low temperatures.

3) The effect of the passivation layers was analyzed. In order to reduce the sur-

face non-radiative recombination, the GaAs layer is sandwiched between two

highly n-doped layers of GaInP. This creates an npn heterostructure, with po-

sition dependent carrier densities and electrical fields. I found that the npn

heterostructure only had a modest effect on the overall luminescence out of the

semiconductor. However, this structure was most effective at reducing non-

radiative recombination at low densities. At the moderately high densities re-

quired for laser cooling the non-radiative recombination could be several orders

of magnitude worse then originally expected. This increase in non-radiative re-

combination could prevent laser cooling. In our theory increasing the n-doping

of the GaInP layer appears to allow cooling at room temperature. However,

there may be practical limits to the n-doping that prevent technique from being

feasible.

4) The effect of the Gaussian pump beam was analyzed. Using a Gaussian pump

beam makes it impossible to have a uniform carrier density across the sample.

It may be possible to achieve cooling in the very center of the Gaussian beam,

but the density will be smaller then desired at the edge of the beam resulting

in heating in this region. The Gaussian beam make laser cooling harder, but it

only decreases the optimal breakeven non-radiative lifetime by around a factor
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of two. It is unlikely to prevent laser cooling.

5) The sensitivity of the model to some of the input parameters was analyzed.

In our cooling model, we assume that the experimentalist can achieve the exact

laser frequency and carrier density needed to optimize laser cooling. I verified

that if the sample is slightly better then the minimum required, then there is a

reasonable range of laser frequencies and pump densities that will result in laser

cooling. In addition, our theory uses several parameters where the correct value

is not precisely known. I evaluated the effect of errors in these parameters.

If the parameters are worse then expected, then laser cooling becomes more

difficult, but no error in single parameter was expected to prevent laser cooling.

Overall I found that laser cooling looks very promising. The biggest limitation

appears to be that we still need to improve the sample passivation so that the surface

recombination can be reduced even with high carrier densities. It looks like this might

be achieved simply by increasing the n-doping in the GaInP passivation layers.
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A. Real-time Green’s functions for semiconductor optics

A.1. Electron and hole Green’s functions

For the photo-absorption problem in the linear response approximation, the electron

and hole Green’s functions are defined by the Hamiltonian Ĥeh given in Eqs. (3.9)

and (3.10). Heisenberg-picture operators relative to Ĥeh are defined with the con-

vention that a Heisenberg operator Ô(t) and its Schrödinger picture counterpart ÔS

coincide at the initial time t0: Ô(t) = eiĤeh(t−t0)/~ÔSe−iĤeh(t−t0)/~. The state of the

electron-hole system at t = t0 is supposed to be given. To exploit Feynman-diagram

perturbation methods, the Green’s functions are usually defined as expectation val-

ues (in the initial state) of path-ordered products of field operators on a double time

contour (the Keldysh contour) that, as illustrated in Fig. A.1, goes from t0 along the

real time axis to t → ∞ and back to t0. We label the forward (backward) branch

C+ (C−) and the combined contour C. For the special case where the initial state

is in thermal equilibrium, which is the case in this paper, it is useful to extend the

contour into the complex time plane, as labeled by C0 in Fig. A.1 [11, 54]. In this

subsection, we consider the Green’s functions only on C, postponing the extension to

C0 in Subsection A.2 below.

Two-point and four-point electron and hole Green’s functions are used in this

paper. The single-particle, or two-point, fermion Green’s functions are defined as

Ga(k, t̄1, t̄2) = −i
〈
TC

[
aak(t̄1)a

†
ak(t̄2)

]〉
0

, a = s, j (A.1)

where TC [ψ(t̄1)φ(t̄2)] equals ψ(t̄1)φ(t̄2) if t̄1 comes later than t̄2 on the contour C

and equals −φ(t̄2)ψ(t̄1) if t̄1 comes earlier for any pair of fermion operators ψ and

φ. 〈· · ·〉0 denotes taking the expectation value in the initial (at t0) quasi-equilibrium
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Figure A.1. Contour in the complex time plane.

state defined by the temperature T (β = 1/kBT ) and the chemical potentials µe, µh:

〈Ô〉0 ≡
Tr

[
ρ̂Ô

]

Trρ̂
, ρ̂ = e−β( bHeh−µe

bNe−µh
bNh) (A.2)

It is convenient for calculations to write the Green’s function in four components

according to which branch, C+ or C−, the time arguments t̄1 and t̄2 reside in. Ex-

plicitly, write t̄1 as the pair (t1, b1) where t1 is the actual time and b1 = ± designates

the branch (same for t̄2), and the four components Gb1b2
a (k, t1, t2) are

G++
a (k, t1, t2) = −i

〈
T+

[
aak(t1)a

†
ak(t2)

]〉
0

G+−
a (k, t1, t2) = i

〈
a†

ak(t2)aak(t1)
〉

0

G−+
a (k, t1, t2) = −i

〈
aak(t1)a

†
ak(t2)

〉
0

G−−
a (k, t1, t2) = −i

〈
T−

[
aak(t1)a

†
ak(t2)

]〉
0

T+ denotes ordinary time ordering and T− anti-time ordering. We also use the com-

mon notations G<
a (k, t1, t2) ≡ G+−

a (k, t1, t2), G>
a (k, t1, t2) ≡ G−+

a (k, t1, t2), and define

the retarded and advanced Green’s functions

GR/A
a (k, t1, t2) = ±θ(±(t1 − t2)) [G>

a (k, t1, t2) − G<
a (k, t1, t2)] (A.3)
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Since under Ĥeh the system remains in (quasi-)equilibrium, the two-point functions

depend only on the relative time t1 − t2. Under this condition, and taking t0 → −∞,

all single-particle properties of the system can be obtained from one function for each

fermion species – the single-particle spectral function Aa(k, ω) ≡ −2ImGR
a (k, ω), ω

being the frequency variable conjugate to t1−t2. In particular, ReGR
a (k, ω) is obtained

from the spectral function via the Kramers-Kronig relation and the other two-point

functions are obtained via the Kubo-Martin-Schwinger (KMS) relation: G>
a (k, ω) =

−iAa(k, ω)[1 − f(ω, T, µa)], G<
a (k, ω) = iAa(k, ω)f(ω, T, µa), where f(ω, T, µa) =

1/[e(~ω−µa)/kBT +1] is the fermion distribution function at temperature T and chemical

potential µa. As the definition of χR, Eq. 3.7, indicates, we will also use an electron-

hole (four-point) Green’s function, which we define as

Psj(ζ̄1, ζ̄2) = i
〈
TC

[
ajq−k(t̄1)ask(t̄1)a

†
sk′(t̄2)a

†
jq−k′(t̄2)

]〉
0

(A.4)

where ζ̄1 = (k,q − k, t̄1) and ζ̄2 = (k′,q − k′, t̄2). Similar to the two-point functions,

we also have

P<
sj (ζ1, ζ2) = i

〈[
ajq−k(t1)ask(t1)a

†
sk′(t2)a

†
jq−k′(t2)

]〉
0

P>
sj (ζ1, ζ2) = i

〈[
a†

sk′(t2)a
†
jq−k′(t2)ajq−k(t1)ask(t1)

]〉
0

P
R/A
sj (ζ1, ζ2) = ±θ(±(t1 − t2))

[
P>

sj (ζ1, ζ2) − P<
sj (ζ1, ζ2)

]

with ζ1 = (k,q−k, t1) etc. Comparing these expressions with Eq. (3.7), we have, for

quasi-equilibrium,

χR(q, ω) = − 1

~V

∑

sjkk′

d±
js(k)d±

sj(k
′)PR

sj(k,q − k,k′,q − k′, ω) (A.5)

The general four-point Green’s function has four distinct time arguments. It is clear

from the definition Eq. (A.4) that Psj is a limiting case with only two distinct time

arguments. The more general four-point functions are not needed here. KMS relations
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have also been proved [85] for the components of Psj:

P<
sj(ω) = bsj(ω, T )

[
PR

sj(ω) − P
R†
sj (ω)

]
(A.6)

P>
sj(ω) = [1 + bsj(ω, T )]

[
PR

sj(ω) − P
R†
sj (ω)

]
(A.7)

where bsj(ω, T ) = 1/
[
e(~ω−µs−µj)/kBT − 1

]
is the Bose distribution function, and PR

sj

and P
≷
sj denote matrices whose elements are the four-point Green’s functions arranged

in the basis of initial and final momentum pairs.

A.2. Feynman rules for diagrammatic perturbation series

Standard time-dependent perturbation theory procedures in the interaction picture

[19, 11, 46] are followed. For the field-free electron-hole system, the Coulomb inter-

action Ĥ2 is the perturbation. Our convention is again that the interaction picture

operator ÔI coincides with its Schrödinger picture counterpart at the initial time t0:

ÔI(t) = eiĤ1(t−t0)/~ÔSe−iĤ1(t−t0)/~. The two-point Green’s function Eq. (A.1) can be

written in terms of interaction-picture field operators as

Ga(k, t̄1, t̄2) = −i
〈
TC

[
U−+(t0, t0)aak(I)(t̄1)a

†
ak(I)(t̄2)

]〉
0

(A.8)

for a = s, j, where U−+(t0, t0) is the interaction picture evolution operator along C

from (t0, +) to (t0,−):

U−+(t0, t0) = TC

[
e−

i
~

R

C
dt̄ bH2(I)(t̄)

]
(A.9)

If the initial state were uncorrelated, i.e, if the density operator ρ̂ could be written

as the exponential of a one-body operator, Wick’s theorem would be applicable to

the expectation values of path-ordered operator products in Eq. (A.8), resulting in

the Feynman rules for enumerating the perturbation terms (see e.g. [11, 46]). This

condition is not satisfied by our ρ̂ (Eq. (A.2)), which has a two-body operator Ĥ2

in the exponential. The common way to handle this particular complication [11, 54],
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which we follow, is to add the segment C0, from (t0,−) to t0 − i~β, to the contour

and extend the definition of Heisenberg and interaction picture operators to (complex)

times on C0, t = t0−iτ , τ ∈ [0, ~β]. The Green’s functions and the interaction picture

evolution operation are likewise extended to the contour C ∪C0, which we denote by

C(β):

Ga(k, t̄1, t̄2) = −i

〈
TC(β)

[
U0+(t0 − i~β, t0)aak(I)(t̄1)a

†
ak(I)(t̄2)

]〉
I

〈U0+(t0 − i~β, t0)〉I
(A.10)

for t̄1, t̄2 ∈ C(β) where

U0+(t0 − i~β, t0) = TC(β)

[
e−

i
~

R

C(β) dt̄ bH2(I)(t̄)
]

(A.11)

and

〈Ô〉I ≡
Tr

[
ρ̂IÔ

]

Trρ̂I

, ρ̂I = e−β( bH1−µe
bNe−µh

bNh) (A.12)

For time arguments restricted to the real-time part C of the contour, Eq. (A.10)

reduces to Eq. (A.8). In ρ̂I we have now a density operator that allows Wick decom-

position of each term in the expansion of Eq.(A.10), enabling efficient enumeration of

the terms via a set of Feynman rules [11, 46]. For notational clarity and consistency,

we state the Feynman rules for the two-point Green’s function here:

(1) To enumerate all perturbation terms of order n in the perturbing Hamiltonian

Ĥ2(I)(t̄), draw all topologically distinct, connected diagrams with two (open) external

points, n interaction (or V ) lines (denoted by directed thin wavy lines) and 2n + 1

particle lines (denoted by directed thin solid lines). These graphical elements are

illustrated in Fig. A.2). An external point is an open end of a particle line. All other

ends of particle and V lines terminate at internal vertices, at each of which one V

line meets two particle lines, one incoming and the other outgoing.

(2) A particle line is labeled by an orbital index (which indicates also the species)

and momentum which flows in the direction of the arrow. A V line is labeled by a

momentum, which flows in the arrow’s direction, and an orbital index at each end. A
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time argument (on the contour C(β)) is assigned to each vertex. The orbital indices

carried by the two particle lines and that by the V line meeting at a vertex must be the

same. The two external points are labeled by the two time arguments and the orbital

index of the Green’s function whose perturbation series the diagrams represent. The

arrow of the particle line connected to an external point is directed towards (away

from) the point if the point is associated with an annihilation (creation) operator in

the Green’s function. Along any continuous chain of successive particle lines, whether

an open one between two external points or a closed one forming a loop, the arrows

must go in the same direction. The arrow’s direction in any V line may be arbitrarily

set.

(3) For each particle line with orbital index a, momentum k, and the arrow di-

rected from a vertex or external point t̄2 to a vertex or external point t̄1, write down

a factor iGa(0)(k, t̄1, t̄2) where Ga(0) is the noninteracting one-body Green’s function:

Ga(0)(k, t̄1, t̄2) = −i
〈
TC(β)

[
aak(I)(t̄1)a

†
ak(I)(t̄2)

]〉
I

(A.13)

(4) For each interaction (or V ) line with momentum qt between vertices labeled

t̄1, a1 and t̄2, a2), write the factor −(i/~)za1za2V (qt)δ̄(t̄1 − t̄2), where V (qt) is the

(repulsive) Coulomb potential V (qt) = 4πq2
e

εbqt
2 , za1 , za2 = ±1 are the signs of the charges

carried by the particle in orbitals a1 and a2 respectively, and

δ̄(t̄1 − t̄2) = δ(t1 − t2) if t̄1, t̄2 ∈ C+

= −δ(t1 − t2) if t̄1, t̄2 ∈ C−

= iδ(τ1 − τ2) if t̄1, t̄2 ∈ C0

= 0 elsewhere

with t̄1 = t0 − iτ1 etc on C0.

(5) For a closed particle line loop attached to only one vertex so that the two time

arguments of the corresponding iGa(0)(k, t̄1, t̄2) approach each other, the equal-time

limit is to be taken as t̄1 ↑ t̄2 (t̄1 comes before t̄2 on the contour C(β)).
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Figure A.2. Feynman diagram graphical elements. The directed thin solid line
represents iGa(0)(k, t̄1, t̄2). The thin wavy line represents −(i/~)za1za2V (q)δ̄(t̄1 − t̄2).
See text for explanation of the symbols.

(6) Impose momentum conservation at each vertex: the sum of momenta entering

a vertex must equal the sum of momenta exiting the vertex. Sum over all independent

momenta (in the continuum limit, replace
∑

k by
∫

dk/(2π)3) and orbital indices.

(7) Integrate over time at each vertex. The time integral is

∫

C(β)

dt̄ =

∫ ∞

t0

dt(alongC+) −
∫ ∞

t0

dt(alongC−) − i

∫
~β

0

dτ(alongC0) (A.14)

(8) Assign a factor of (−1)Nl where Nl is the number of fermion loops in the

diagram.

A.3. Approximations as partial sums of diagram classes

Using the usual launching point for approximations, we formally organize the pertur-

bation series of Ga(k, t̄1, t̄2) into a Dyson equation

Ga(k, t̄1, t̄2) = G(0)
a (k, t̄1, t̄2) +

1

~

∫

C(β)

dt̄′1dt̄′2G
(0)
a (k, t̄1, t̄

′
1)Σa(k, t̄′1, t̄

′
2)Ga(k, t̄′2, t̄2)

(A.15)

where the self energy −(i/~)Σa includes in the exact case all amputated one-particle-

irreducible (1PI) two-point diagrams (a diagram is one-particle-irreducible if it can

not be separated into two disjoint parts by cutting one particle line). Approximations

usually come in the form of picking a finite subset of 1PI diagrams to represent Σa

and solving Eq. (A.15) for the Green’s function. It is also common to make the

approximation self-consistent, as we do in this paper, by replacing each thin particle
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line in Σa by the full Green’s function, i.e., the solution of the equation itself. In

the diagrammatic representation of the Dyson equation Eq. (A.15), the full Green’s

function is denoted by a thick directed solid line (see Fig. 3.1). At this point, one

argues (see e.g. [54]) that the full Green’s function has a finite correlation (or memory)

time, i.e., for both t̄1 and t̄2 on C, Gb1b2
a (k, t1, t2) decays to zero when |t1 − t2| exceeds

a certain time scale for all four combinations of (b1, b2). If one time argument is a

finite time on C while the other time is on C0, we can take t0 to be sufficiently large

and negative so that the Green’s function vanishes too. Then one can see that, at the

limit t0 → −∞, if both external times in Eq. (A.15) are on C, and all the particle

lines in Σa are full Green’s functions (thick lines), the contributions from C0 to all

the integrals over internal time can be neglected. This argument should apply to

the exact Green’s functions of reasonable models of interacting many-body systems,

including ours. For a Ga calculated with Eq. (A.15) via an approximate Σa, the

property of finite memory time can be considered a consistency check.

In sum, the extension of the contour to include C0 has been used to set up the

perturbation theory for Ga. Since the system is in equilibrium, the physics does not

depend on the value of the initial time t0. In particular, if we are only interested in

real-time Green’s functions, we can shift t0 to −∞, in which case the contributions

from C0 vanish. Hence in all our equations the time integrals are taken over C.

We next write the equations corresponding to Figs. 3.1b-d according to the

Feynman rules stated above. The box labeled ’T’ represents the T-matrix which

Fig. 3.1b defines as an infinite sum of ladder diagrams. It is an amputated four-

point diagram: it is connected to other diagram parts at four exposed vertices, two

of which are to be joined to incoming particle lines and the other two to outgo-

ing particle lines. It is redrawn with full labeling in Fig. A.3: the box represents

(−i/~)Taa′(p1, t̄1, t̄
′
1,p2, t̄2, t̄

′
2,q), which is the amplitude for two particles with orbital

indices a, a′ scattering from initial total momentum ~q and relative momentum ~p2

to final total momentum ~q and relative momentum ~p1. Each rung of the ladder is
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Figure A.3. Graph representing the T-matrix: (−i/~)δ̄(t̄1 − t̄′1)δ̄(t̄2 − t̄′2)
Taa′(p1, t̄1,p2, t̄2,q). See text for explanation of the symbols.

a screened Coulomb potential, denoted by a thick wavy line, which is defined by the

diagrams in Fig. 3.1c. The screened potential as defined is non-local in time, but as

discussed in Section 3.1, we approximate it by a time-local, static screened potential

Waa′(qt) given in Eq. (3.12). This results in the T-matrix depending on only two

time arguments: Taa′(p1, t̄1, t̄
′
1,p2, t̄2, t̄

′
2,q) = δ̄(t̄1 − t̄′1)δ̄(t̄2 − t̄′2)Taa′(p1, t̄1,p2, t̄2,q).

In this notation, the equation transcribed from Fig. 3.1c is

Taa′(p1, t̄1,p2, t̄2,q) = δ̄(t̄1 − t̄2)Waa′(p1 − p2) +
∑

p3

Waa′(p1 − p3)

∫

C

dt̄3 g̃0
aa′(p3, t̄1, t̄3,q)Taa′(p3, t̄3,p2, t̄2,q)

(A.16)

where g̃0
aa′(p3, t̄1, t̄3,q) = (i/~)Ga(k, t̄1, t̄3)Ga′(k′, t̄1, t̄3), with k = ma

M
q + p3,k

′ =

ma′

M
q − p3,M = ma + ma′ . The contribution of the T-matrix to the self energy ΣT

a

(second diagram on the right hand side of Fig. 3.1d) is then given by

ΣT
a (k, t̄1, t̄2) = −i

∑

a′k′

Taa′(p, t̄1,p, t̄2,q)Ga′(k′, t̄2, t̄1) (A.17)

with p =
ma′

M
k − ma

M
k′ and q = k + k′.

The time branch components ΣTb1b2
a , T b1b2

aa′ , b1, b2 = ±, as well as Σ
TR/A
a , T

R/A
aa′ , are

defined in a similar way as those for the Green’s functions, except that when being

expressed in terms of the ’less than’ and ’greater than’ functions, Σ
TR/A
a , ΣT±±

a , T
R/A
aa′ ,
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and T±±
aa′ may acquire additional time-local terms. For example,

T
R/A
aa′ (ζ1, ζ2) = δ(t1 − t2)Waa′(p1 − p2) ± θ(±(t1 − t2)) [T>

aa′(ζ1, ζ2) − T<
aa′(ζ1, ζ2)]

with ζn = (pn, tn), n = 1, 2 and the total momentum label q being suppressed. Also,

ΣTR/A
a (k, t1, t2) = δ(t1 − t2)

∑

a′

Waa′(0)na′ ±

θ(±(t1 − t2))
[
ΣT>

a (k, t1, t2) − ΣT<
a (k, t1, t2)

]
,

but here, for a neutral system, the sum over the time-local (Hartree) terms adds up

to zero.

It can be shown (e.g. [27]) that for two-time quantities satisfying Dyson-like

equations Eqs. (A.15) and (A.16) on C, their respective retarded components also

satisfy the same equations in ordinary time. We explain in Section A.5 below that

in the T-matrix approximation, the T-matrix and the self energy in frequency space

satisfy the KMS relations:

ΣT>
a (k, ω) = 2iImΣTR

a (k, ω) [1 − f(ω, T, µa)] (A.18)

ΣT<
a (k, ω) = −2iImΣTR

a (k, ω)f(ω, T, µa) (A.19)

T>
aa′(q, ω) =

[
TR

aa′(q, ω) − T
R†
aa′(q, ω)

]
[1 + b(ω, T, µa + µa′)] (A.20)

T<
aa′(q, ω) =

[
TR

aa′(q, ω) − T
R†
aa′(q, ω)

]
b(ω, T, µa + µa′) (A.21)

Here T
≷
aa′ and TR

aa′ denote T-matrices in the relative momentum basis. This leads to

our working equations Eqs. (3.11)-(3.22) in the text.

A.4. Photon Green’s functions

We use a quantized field Hamiltonian Ĥ, Eq. (3.25), in our theory of lumines-

cence. The corresponding Hilbert space is then the direct product of the electron-

hole Fock space and the photon Fock space. The Heisenberg operators in this section

are defined relative to this Hamiltonian, instead of Ĥeh as in Section A.1 above.
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Except for this difference, the electron and hole Green’s functions are again given

by Eq. (A.1). Here the initial state to be used in the expectation value 〈· · ·〉0 is

ρ̂ = e−β( bHeh−µe
bNe−µh

bNh)
⊗

|0〉〈0| where |0〉 denotes the vacuum state in the photon

subspace. We define the two-point photon Green’s function on the Keldysh contour

C as:

Dλ(q1, t̄1,q2, t̄2) = −i
〈
TC

[
cλq1(t̄1)c

†
λq2

(t̄2)
]〉

0
(A.22)

where cλq(t̄) (c†λq(t̄)) denotes the annihilation (creation) operator for a photon in the

state of polarization (direction) λ and wave vector q. Again, it is convenient to also

define the components of Dλ on the specific time branches:

D++
λ (q1, t1,q2, t2) = −i

〈
T+

[
cλq1(t1)c

†
λq2

(t2)
]〉

0

D+−
λ (q1, t1,q2, t2) = −i

〈
c†λq2

(t2)cλq1(t1)
〉

0

D−+
λ (q1, t1,q2, t2) = −i

〈
cλq1(t1)c

†
λq2

(t2)
〉

0

D−−
λ (q1, t1,q2, t2) = −i

〈
T−

[
cλq1(t1)c

†
λq2

(t2)
]〉

0

The functions D≷
λ and D

R/A
λ are also defined in the same way as the fermion functions.

One goes as before to the interaction picture to set up a perturbation formalism.

Here the unperturbed Hamiltonian is Ĥ1 + Ĥγ and the perturbation is Ĥ2 + Ĥeh−γ .

The initial photon state being the vacuum, Wick’s theorem can be applied to the

expectation values of path-ordered photon field operators on C without the help of

the contour extension C0. To parallel the development in Section A.2, we extend

the photon field operators to C0 but set the photon-carrier coupling to zero on C0.

Feynman rules are derived in a similar way as in the field-free case above. The rules

for writing perturbation terms for the two-point photon Green’s function are:

(1’) For perturbation terms of order 2m in Ĥeh−γ(I) (terms of odd orders vanish)

and order n in Ĥ2(I), draw all topologically distinct, connected diagrams with two

external points, m + 1 photon lines (represented by directed thin dashed lines in Fig.

A.4), n interaction (V ) lines, and 2(n+m) fermion lines, m photon-fermion coupling
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(or Γ) vertices each of which annihilates a photon and creates an electron-hole pair

(represented by a dot joined to an incoming photon line and a pair of outgoing

electron-hole lines in Fig. A.4), and m photon-fermion coupling (or Γ∗) vertices each

of which annihilates an electron-hole pair and creates a photon. Each external point

is joined by a photon line to the rest of the diagram. Each photon line goes from a

Γ∗ vertex or an external point to a Γ vertex or an external point. A fermion line goes

from a Γ vertex or a V vertex to a Γ∗ vertex or a V vertex.

Figure A.4. Feynman diagram graphical elements for photons. The thin directed
dashed line represents iDλ(0)(q, t̄1, t̄2). The vertex joined to an incoming photon line
(dashed arrow) and a pair of outgoing electron-hole lines (solid arrows) represents
(−i/~)Γλ

sj(t̄). The vertex joined to an outgoing photon and an incoming electron-
hole pair represents (i/~)Γλ∗

sj (t̄).

(2’) Rules (2) to (8) in Section A.2 apply with the following modifications. The

fermion lines do not go to the external points; they are organized into internal loops.

If a fermion loop does not contain any Γ (or Γ∗) vertex, the arrows on the lines must

all go in one direction. In a fermion loop with photon coupling, Γ and Γ∗ vertices

must appear alternately along the loop. Along the succession of fermion lines between

a Γ vertex and a Γ∗ vertex, separated only by V vertices, the arrows on the lines lead

from the Γ vertex to the Γ∗ vertex. Of the two fermion lines connected to a Γ or Γ∗

vertex, one must be an electron line and the other a hole line.

(3’) Each photon line is labeled by a momentum and a polarization direction

index. Each Γ or Γ∗ vertex is labeled by a (Keldysh) time argument. The two

external points are labeled by the two time arguments and the polarization index of

the photon Green’s function whose perturbation series the diagrams represent. The

arrow of the photon line connected to an external point is directed towards (away
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from) the point if the point is associated with an annihilation (creation) operator in

the Green’s function.

(4’) For each photon line with polarization index λ and momentum q, write the

factor iDλ(0)(q, t̄1, t̄2) where Dλ(0) the free photon Green’s function:

Dλ(0)(q, t̄1, t̄2) = −i
〈
TC

[
cλq(I)(t̄1)c

†
λq(I)(t̄2)

]〉
I

(A.23)

(5’) For each Γ vertex with the time argument t̄, and λ, s, and j being the po-

larization index of the incoming photon line and the orbital indices of the outgoing

electron-hole lines respectively, write the factor (−i/~)Γλ
sj(t̄). For the Γ∗ vertex with

the same labels, write (i/~)Γλ∗
sj (t̄).

(6’) Impose momentum conservation at each Γ or Γ∗ vertex (and as before at

vertices with V lines). Integrate over all independent internal momenta. Integrate

over time at each Γ or Γ∗ vertex along C (and along C(β) at each V vertex as before).

Sum over independent polarization and fermion orbital indices.

The perturbation series can again be organized into a Dyson equation for the

photon Green’s function:

Dλ(q, t̄1, t̄2) = D
(0)
λ (q, t̄1, t̄2) +

∫

C

dt̄′1dt̄′2D
(0)
λ (q, t̄1, t̄

′
1)Π

γ
λ(q, t̄′1, t̄

′
2)Dλ(q, t̄′2, t̄2)(A.24)

where the photon self energy −iΠγ
λ(q, t̄′1, t̄

′
2) contains in the exact case all one-photon-

irreducible diagrams contributing to the two-point photon Green’s function with the

two terminal photon lines removed. This equation is represented graphically in Fig.

3.2, where the full iDλ is denoted by a directed thick dashed line and −iΠγ
λ by a

bubble labeled Π. In time-branch components, Eq. (A.24) can be written as the
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Kadanoff-Baym equation:
[
i~

∂

∂t1
− ~ωq

]
D<

λ (q, t1, t2) = ~
∫ ∞

t0
dt′1

[
ΠγR

λ (q, t1, t
′
1)D

<
λ (q, t′1, t2) +

Πγ<
λ (q, t1, t

′
1)D

A
λ (q, t′1, t2)

]

(A.25)[
−i~

∂

∂t2
− ~ωq

]
D<

λ (q, t1, t2) = ~
∫ ∞

t0
dt′1

[
DR

λ (q, t1, t
′
1)Π

γ<
λ (q, t′1, t2) +

D<
λ (q, t1, t

′
1)Π

γA
λ (q, t′1, t2)

]

(A.26)

These equations are used to derive the photon rate equation Eq. (3.29).

Eq. (A.24), or equivalently, Eqs. (A.25) and (A.26), is general and so includes

effects of propagation and reabsorption of the luminesced photon in the electron-hole

medium. But these effects are ignored in this paper: we approximate D<
λ only up to

second order in Ĥeh−γ . That is, we include only the first two terms in the geometric

series solution to Fig. 3.2, and for the Π bubble, only terms with no photon lines are

taken. In this approximation, Πγ
λ can be written as

Πγ
λ(q, t̄1, t̄2) = − i

V ~2

∑

sjs′j′kk′

Γλ
sjΓ

λ∗
s′j′

〈
TC

[
aj,q−k(t̄1)ask(t̄1)a

†
s′k′(t̄2)a

†
j′,q−k′(t̄2)

]〉
0

(A.27)

where the expectation value is over fermion Heisenberg operators evolved by Ĥeh and

is thus exactly the four-point electron-hole function −iPsj in Eq. (A.4). Using the

definitions for djs, Γλ
sj, and the relation 〈s|p|j̄〉 ≈ iω〈s|x|j̄〉 [30], ω being a typical

transition frequency, we can write in Fourier space

Πγ<
λ (q, ω) = − 2πω

V ~n2
b

∑

sjkk′

dλ
js(k)dλ

sj(k
′)P<

sj (k,q − k,k′,q − k′, ω) (A.28)

A.5. Preservation of the KMS relations in approximations

In this appendix, we show that the (fermionic) KMS relation is consistently satisfied

by the self-consistent T-matrix (TG) approximation to the single particle Green’s
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function, Eqs. (3.11)-(3.22), and that the (bosonic) KMS relation between the lumi-

nescence and absorption spectra Eq. (3.32) is preserved by our approximation. We

start by recalling some results for a general two-time function F on C given in terms

of two other two-time functions F0 and K by a Dyson-like equation F = F0 +F0KF.

Here we write two-time functions as matrices with each row or column labeled by

a time argument and state indices. Matrix multiplication means a time integration

along C together with a summation over state indices. One can readily prove that if

the time branch components of F0 and K satisfy the relation

F±±
0 (t1, t2) = ±δ(t1 − t2)F

s
0(t1) + θ(±(t1 − t2))F

>
0 (t1, t2) +

θ(±(t2 − t1))F
<
0 (t1, t2) (A.29)

(same for K), then so do F’s components. We call Eq. (A.29) Property (A). We only

consider cases where either the time-local term in F±±
0 or that in K±± is zero (e.g.

the time-local term in the two-point Green’s function is zero). We also include the

time-local term to the advanced and retarded functions by defining FR = F++−F< =

F> − F−− and FA = F++ − F> = F< − F−−, (same for F0 and K). With all three

functions having Property (A), it can be shown that the Dyson-like equation implies

(see e.g. [27])

F≷ = (I + FRKR)F≷
0 (I + FAKA) + FRK≷FA (A.30)

from which follows:

FR − FA = (I + FRKR)(FR
0 − FA

0 )(I + FAKA) + FR(KR − KA)FA (A.31)

It is clear that the time integrations in matrix multiplications involving time branch

components are over ordinary time.

We consider the conditions under which the T-matrix satisfies the KMS relation.

In matrix notation, Eq. (A.16) is Taa′ = Waa′ + Waa′g̃0
aa′Taa′ (the total momentum

label q is suppressed). Suppose both Waa′ and g̃0
aa′ have Property (A). Then so does
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the T-matrix, and Eqs. (A.30) and (A.31) can be used. Substituting Waa′ for F0

and g̃0
aa′ for K, one gets

T
≷
aa′ = TR

aa′g̃
0≷
aa′T

A
aa′ (A.32)

TR
aa′ − TA

aa′ = TR
aa′(g̃0R

aa′ − g̃0A
aa′)TA

aa′ (A.33)

Fourier transform these two equations to frequency space and further suppose g̃0
aa′(ω)

satisfies the bosonic KMS relations: g̃0>
aa′(ω) = [1+baa′(ω)][g̃0R

aa′(ω)−g̃0A
aa′(ω)], g̃0<

aa′(ω) =

baa′(ω)[g̃0R
aa′(ω) − g̃0A

aa′(ω)]. Then it is clear from Eqs. (A.32) and (A.33) that Taa′(ω)

satisfies the same relations.

We next consider the suppositions made in the last paragraph. That Waa′ has

property (A) follows trivially from its definition: W±±
aa′ (t1, t2) = ±δ(t1 − t2)Waa′ ,

W
≷
aa′ = 0, where we denote the matrix of the time-independent screened potential

in the relative momentum basis by Waa′ . One can also readily check that g̃0
aa′ , as

given by the two-point Green’s functions below Eq. (A.16), has Property (A) if

Ga and Ga′ have it. Furthermore, if Ga(ω) satisfies the fermionic KMS relations,

g̃0<
aa′(ω) is given, in the momentum conventions of Eq. (3.17), by g̃0<

aa′(p,q, ω) =

−(i/2π~)
∫

dω′fa(ω − ω′)fa′(ω′)Aa(k, ω − ω′)Aa′(k′, ω′). Comparing this expression

with Eq. (3.17), and noting 1 − fa(ω − ω′) − fa′(ω′) = fa(ω − ω′)fa′(ω′)/baa′(ω), one

sees that KMS for g̃0<
aa′(ω) is satisfied. A similar argument holds for g̃0>

aa′(ω).

In defining the phenomenological phonon-induced two-fermion self energy (Ap-

pendix B), we construct the imaginary part of the retarded component ImΣphR
aa′ (ω).

The real part is obtained through the Kramers-Kronig relation to ensure the retarded

nature of ΣphR
aa′ . The ’lesser’ and ’greater’ components of the self energy are then de-

fined through the bosonic KMS relations. Since the Bose distribution function baa′(ω)

is singular at ω = µa + µa′ , we ensure the regularity of Σph≷
aa′ by requiring ImΣphR

aa′ (ω)

to pass through zero at the same point. The particle-pair Green’s function g0
aa′ is

obtained through the Dyson-like equation g0
aa′ = g̃0

aa′ + g̃0
aa′Σ

ph
aa′g

0
aa′ . Eqs. (A.32) and

(A.33) can again be applied, showing that g0
aa′ has Property (A) and satisfies KMS.
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One can invoke similar arguments in extending property (A) and the KMS rela-

tions to other quantities. These two properties are passed on from Taa′ and Ga to ΣT
a

through Eq. (A.17), and then from ΣT
a and G

(0)
a to Ga through the Dyson equation.

To recap, we have self-consistently established the preservation of the KMS rela-

tions for the two-point Green’s function in the TG approximation: we assume that

the ’input’ Ga, in the T-matrix self energy, satisfies (fermionic) KMS and show that

the ’output’ Ga obtained as the solution of the Dyson equation also satisfies KMS.

Moreover, the particle-pair Green’s function g0
aa′ and the T-matrix Taa′ calculated

from this Ga satisfy the bosonic KMS relations. The electron-hole Green’s function

Psj giving both the absorption and luminescence spectra (Eqs. (A.5) and (A.28))

is given in our theory by (1/~V )Psj = g0
sj + g0

sjTsjg
0
sj. Arguments similar to those

above show that the bosonic KMS relation Eq. (A.6)between P<
sj and PR

sj is indeed

preserved in the T-matrix approximation.
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B. The effects of phonons

In this appendix, the construction of the phonon contributions to the self energies is

briefly explained. More detail can be found in [67]. The phenomenological phonon-

induced self energy Σ
(2)ph
aa′ (ω) for the two-particle Green’s function g0R

aa′(p,q, ω) is

introduced in Eq. (3.15). Its imaginary part is constructed as a temperature and

frequency dependent function and its real part is then obtained by the Kramers-

Kronig relation. First, the magnitude scale of ImΣ
(2)ph
aa′ is modeled as a function γ0

ph

of temperature:

γ0
ph(T ) = γLAT +

γLO

e
ΩLO
kBT − 1

where, for GaAs, we take the longitudinal acoustic phonon width γLA = 3.9 µeV,

the longitudinal optical phonon width γLO = 30.4 meV, and the LO phonon energy

ΩLO= 36 meV. We impose two requirements in modeling the frequency dependency:

ImΣ
(2)ph
aa′ decays exponentially as ω → −∞ and, as discussed in Appendix A.5, it

crosses zero at the chemical potential. We choose to satisfy these two conditions with

the definition:

ImΣ
(2)ph
aa′ (ω, T ) =

2γ0
ph(T )

1 + eSβ(ω−ǫ0)

(
1 − 2

eβ(~ω−µ) + 1

)
(B.1)

where β = 1/kBT . At all densities low enough so that the band gap renormalized by

the static self energies, Eg + Σexch
e (0) + ΣCH

e + Σexch
h (0) + ΣCH

h (see Eq. (3.20) and

following discussion), has not reached the lowest exciton energy, ǫ0 is set to the lowest

exciton energy (ǫ0 = Eg − ER). Otherwise, ǫ0 is set to the renormalized band gap

energy. The dimensionless parameter S is set equal to 4. This phonon width with

the cited parameter values has been fitted with good agreement to the low density

luminescence data of Ref. [22]. The complex phonon self energy is given by

Σ
(2)ph
aa′ (ω) = − 1

π
lim
γ↓0

∫ ∞

−∞

ImΣ
(2)ph
aa′ (ω′)dω′

ω − ω′ + iγ
(B.2)
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As explained in the text, when calculating the density in Eq. (3.19), we also

phenomenologically broaden the spectral function in the integrand. If Aa(k, ω) is the

spectral function as calculated in Eq. (3.18), the broadened spectral function is given

by

Aph
a (k, ω) =

∫
dω′

2π
Aa(k, ω − ω′)

2

πγ0
ph cosh

(
2~ω′/γ0

ph

) (B.3)

This broadening is used only in Eq. (3.19), not anywhere else in our theory.
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C. Angular momentum expansion and numerical solution

For each fixed (q, ω), the T-matrix TR
aa′ is obtained by solving Eq. (3.11), in three-

dimensional momentum space, with the screened Coulomb potential Waa′ and the

two-particle Green’s function g0R
aa′ as input. Overall spherical symmetry guarantees

independence on the direction of q of all functions involved. We choose a polar

coordinate system in momentum space with the z-axis parallel to q, writing the

momentum vectors as p1 = (p1, θ1, ϕ1) etc. Since the excitations have cylindrical

symmetry around ẑ, g0R
aa′(p3,q, ω) does not depend on the azimuthal angle ϕ and both

Waa′(p1−p2) and TR
aa′(p1,p2,q, ω) depend on the difference ϕ1−ϕ2. This cylindrical

symmetry makes the azimuthal angular momentum m a conserved quantum number.

We expand each quantity in Eq. (3.11) in angular momentum eigenstates (spherical

harmonics):

TR
aa′(p1,p2,q, ω) =

∑

l1l2m

TR
aa′l1l2m(p1, p2, q, ω)

4πY ∗
l1m(θ1, ϕ1)Yl2m(θ2, ϕ2)√
(2l1 + 1)(2l2 + 1)

(C.1)

Waa′(p1,p2) =
∑

l

Waa′l(p1, p2)Pl(cos θ12) (C.2)

g0R
aa′(p,q, ω) =

∑

l

g0R
aa′l(p, q, ω)Pl(cos θ) (C.3)

Being conserved, the same m appears in both spherical harmonics in Eq. (C.1).

In the expansion of the potential, Eq. (C.2), θ12 is the angle between p1 and p2:

cos θ12 = cos θ1 cos θ2 + sin θ1 sin θ2 cos(ϕ1 − ϕ2). These expansions are substituted

into Eq. (3.11) and the integrals over intermediate angle variables are performed,

leading to

TR
aa′l1l2m(p1, p2, q, ω) = Waa′l1(p1, p2)δl1l2 +

∑

l3≥|m|

∫ ∞

0

dp3

2π2
p2

3Waa′l1(p1, p3)

Kaa′l1l3m(p3, q, ω)TR
aa′l3l2m(p3, p2, q, ω) (C.4)
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where

Kaa′l1l3m(p3, q, ω) =
∑

l′3≥0

(−1)m

(
l1 l′3 l3
0 0 0

)(
l1 l′3 l3
m 0 −m

)
g0R

aa′l′3
(p3, q, ω) (C.5)

In Eq. (C.5), the 2 × 3 matrices denote Wigner 3j-symbols (see e.g. [14]). For each

fixed (q, ω,m),m = 0,±1,±2..., Eq. (C.4) can be solved numerically by discretizing

the one-dimensional p-space, reducing the equation to a matrix equation with the

basis being the direct product of the p−grid and an l−space truncated at the top

(l = |m|, |m| + 1, ..., lmax). In terms of these angular momentum coefficients, the

susceptibility in Eq. (3.24) is written as

χR (q, ω) = −
∑

sj

d+
jsd

+
sj

∫
dp1

2π2
p2

1

[
g0R

sj0 (p1, q, ω) +

∫
dp2

2π2
p2

2

∑

l1l2

1

(2l1 + 1)(2l2 + 1)

g0R
sjl1

(p1, q, ω) TR
sjl1l20 (p1, p2, q, ω) g0R

sjl2
(p2, q, ω)

]
(C.6)

Eq. (C.4) is an exact equation for the T-matrix angular coefficients. We note

that the sum in Eq. (C.5) is usually dominated by the l′3 = 0 term. If, as an

approximation, only this term is retained in the sum, a great simplification will

result, since Kaa′l1l3m and hence TR
aa′l1l2m will become l-diagonal, and with the re-

lation (−1)m

(
l1 0 l1
0 0 0

) (
l1 0 l1
m 0 −m

)
= 1

2l1+1
, we see that TR

aa′l1l2m will be

independent of m. In this case, we define a quantity TR
aa′l1

by TR
aa′l1l2m(p1, p2, q, ω) =

δl1l2T
R
aa′l1

(p1, p2, q, ω), and, substituting into Eq. (C.4), we obtain

TR
aa′l(p1, p2, q, ω) = Waa′l(p1, p2) + (C.7)

1

2l + 1

∫
dp3

2π2
p2

3Waa′l(p1, p3)g
0R
aa′0(p3, q, ω)TR

aa′l(p3, p2, q, ω)

Like for Waa′ , the expansion of TR
aa′(p1,p2) in terms of TR

aa′l involves only the angle

θ12 between p1 and p2:

TR
aa′(p1,p2, q, ω) =

∑

l

TR
aa′l(p1, p2, q, ω)Pl(cos θ12) (C.8)
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This approximation, which we call the angle average approximation, is exact in the

low-density limit where fe, fh → 0 and when phonon broadening can be ignored so

that Aa(k, ω) ∼ 2πδ(~ω − ~
2k2

2ma
). It is also exact at q = 0 at any density.

We have taken the angle average approximation for g0R
aa′ in our calculations to

date. In terms of the single-particle spectral function, the angle-averaged, or l = 0

component of, g̃0R
aa′ (Eq. (3.17)) is explicitly given by

Img̃0R
aa′0(p, q, ω) = − 1

4~

∫
dω′

2π
[1 − fa(ω − ω′) − fa′(ω′)] (C.9)

∫ 1

−1

dcosθAa(k, ω − ω′)Aa′(k′, ω′)

with k (k′) =
√(

ma

M

)2
q2 + p2 ± 2ma

M
q p cosθ, M = ma + ma′ , together with the

Kramers-Kronig dispersion relation. The T-matrix self-energy in Eq. (3.22) reduces

in this approximation to

ImΣTR
a (k, ω) =

∫
dω′

2π

∑

a′

[baa′(ω + ω′) + fa′(ω′)]

∫ ∞

0

dk′k′2Aa′(k′, ω′)

∫ 1

−1

dcosθ

∑

l

ImTR
aa′l(p, p, q, ω + ω′) (C.10)

where

q =
√

k2 + k′2 − 2kk′cosθ (C.11)

p =
1

M

√
m2

a′k2 + m2
ak

′2 − 2ma′makk′cosθ (C.12)

and the susceptibility reduces to

χR (q, ω) = −
∑

sj

d+
jsd

+
sj

∫
dp1

2π2
p2

1g
0R
sj0 (p1, q, ω) (C.13)

[
1 +

∫
dp2

2π2
p2

2T
R
sj0 (p1, p2, q, ω) g0R

sj0 (p2, q, ω)

]
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D. heterostructure rate equations parameters

For quasi-thermal equilibrium, we assume that the electrons in the conduction band

and at the donors sites are in thermodynamic equilibrium with one chemical potential

while the holes in the valence band and at the acceptor sites are in equilibrium with

another chemical potential. The total number of electrons in the conduction band -

donor site system is given by:

ntot
e =

∫ Ze

−Ze

dz ne(z) +
(
Nd(z) − N+

d (z)
)

(D.1)

and the total number of holes in the valence band - acceptor site system is:

ntot
h =

∫ Ze

−Ze

dz nh(z) +
(
Na(z) − N−

a (z)
)

(D.2)

Rate equations can then be used to model the creation or annihilation of electrons in

the conduction band - donor site system and the creation or annihilation of holes in

the valence band - acceptor site system. Since electrons and holes are always created

or annihilated in pairs, ∂ntot
e

∂t
=

∂ntot
h

∂t
.

In chapter 8 we separated the hole in the valence band according to whether

they were due to optical excitation, or acceptor ionization. We repeat this for the

heterostructure such that:

ne(z) = nopt
e (z) + ndon

e (D.3)

nh(z) = nopt
h (z) + nacc

h (D.4)

Where ndon
e (z) = N+

d (z) and nacc
h (z) = N−

a (z). Solving for the optical component and

integrating across the structure:

nopt
e =

∫ Ze

−Ze

dz
[
ne(z) − ndon

e

]
(D.5)

nopt
h =

∫ Ze

−Ze

dz [nh(z) − nacc
h ] (D.6)
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We note that nopt
e (nopt

h ) is related to ntot
e (ntot

h ) by a constant

nopt
e = ntot

e −
∫ Ze

−Ze

dz Nd(z) (D.7)

nopt
h = ntot

h −
∫ Ze

−Ze

dz Na(z) (D.8)

Which results in ∂nopt
e

∂t
= ∂ntot

e

∂t
=

∂nopt
h

∂t
=

∂ntot
h

∂t
. Due to total charge neutrality (Eq.

9.8):

∫ Ze

−Ze

dz
{[

ne (z) − N+
d (z)

]
−

[
nh (z) − N−

a (z)
]}

= 0 (D.9)

∫ Ze

−Ze

dz
{
nopt

e (z) − nopt
h (z)

}
= 0 (D.10)

from which nopt
e = nopt

h .

In order to keep the density in units of cm−3, we define an average optical density

n̄opt
e =

1

d
nopt

e = n̄opt
h =

1

d
nopt

h (D.11)

We use these variables for the npn heterostructure rate equations in sec. 9.5.
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