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ABSTRACT

Views of giftedness have evolved from unilateral notions to multilateral
conceptions. The primary purpose of this study was to investigate the psychological
validity of the threemathematical minds model (Mdgveloped by the authoiThe M3 is
basedon multilateral conceptiors giftednesgo identifymahematically gifted students.
Teachings oPoincare and Polya about mathematical akagyvell aghe theory of
successful intelligence proposed by Sternberg (1p8xR)idedthe initial framevork in
the developmenif the M3 A secondary purpose was to examine the psggical
validity of the thredevel cognitive complexity model (C3) developed by the authdne
C3 is based on studies abexpertise to differentiate among gifted, abaverage and
averagebelowaverage students at three levels.

The author developed a test of mathematdbdlity based othe M3and C3with
the collaboratiorof mathematicians. The test was administéoe2B1middle school
students from four differenthools The reliability anysis indicated that the M3 had
a .72coefficientas a consistency of scordsxploratory factoranalysis yielded three
separate componerggplaining 55% othe totalvariance The convergent validity
analysis showed that td3 had medium to higimedium correlations with teachers’
ratings of students’ mathematical abilify = .45)and students’ ratirgpf their own
ability (r = .36)and their liking of mathematiqs = .35) Item-subtesttotal score
correlations ranged fromow to high Some M3 items were found to be homogenous

measuring only one aspect of mathematical absiigh as creative mathematical ability,
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whereas some items were fouiedoegood measures of more than one facet of
mathematical ability.

The C3 acounted for 41% of variance in item difficulfiR square = .40&
<.001) Item dificulty ranged from .02 to .9&ith a mean of .29The analys ofthe
discrimination power of the three levels of the C3 revealed thattewehnd levethree
problemddifferentiated significantly among three ability levels, but lems problems
did not differentiate between gifted and above average students. The findings provide
partial evidence for the psychological validity of both the M3 and C3 for the identficat

of mathematically gifted students.
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CHAPTER |
INTRODUCTION

Conceptions of giftedness vary among scholars within a field, as well as among
those in different fields. This diversity can be explained in part by remarkable growth in
knowledgeabout humamtellectual abilitiesn the last centurpecause of the work of
those with kem intellects More divergent approachestte study of giftedness are
available, both in general and to the assessment of mathematical ability

Multidisciplinary studiesin particular,have providedoundevidence about the
nature of human ability that partially supports diverdgbeabriesof ability in which
people can be gifted in domains orgrocesses. Threeodels of giftednesgor example,
have emergettom divergent theoriegeneral giftedness influenced by the theory of
general intelligencg (Spearman, 1904), domapecificgiftedness influenced by the
theory of multiple intelligences (Gardner, 1983, 199@d process giftedness influenced
by the heory ofthetriarchic mird (Sternberg, 1988, 1997 he theoris postulated
thoughtful principles antbundevidenceo supportheir theories. For example,
Spearman relied on cofational and factorial evidende support his theory of genéra
intelligence; Sternberg generally usatbrmation processing data to support his process
oriented theory ofhe triarchic mind; and Gardner made use of evidéee different
disciplines to support his domadmientedtheory of multiple intelligences.

Following theoreticatievelopmentspther issues related to the conceptualization
and assessmeat giftednesave emerged. Ideas related to theseesare abundant

(Heller, Monks, Sternberg & Subotnik, 20@ternberg & Davidsor,986). Probably
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the most pevalent questiors whether giftedness emerges in different forms. Although
the notion of multiple forms of giftedness has received sufficient egalitarian applause
from a sociological point of view, how these forms can be assessed and determined
objectivdy has not been given enough attention. The assessment of multilateral
giftedness in mathematics tsetmain subject of this study

As suggested by the title of thizidy, the author believes that thaesessment of
mathematicagiftednesshould inclué three formsof giftednessexperts, analysts and
creators Note that theserms of giftednesghethree mathematical mindare kinds of
giftednesghat can be measured at particular levels of performance on an expertise
continuum | do not intend taliscover some hidden potential that may show up one day
or never. As a matter of fact, the model might constitute a foundation for assessment
practices of both mathematical competence and mathematical potential, rather than those
of only mathematical pettial or only competence. That is to say, the assessment of
competence also includes the assessment of potential because competence does not
develop without potential. The differentiation is similar to that between buds and blooms;
that is, buds have pmise to flower while blooms already have done Isofact, how
potentially gifted students are identified also isgjiomable, because most tests
measuring potenti@mploy items that are thought to be free of domain knowledge and
experience. Yet, géidness, particularly expertise and creativity, belongs to a domain
(Chi, Glaser & Farr, 1988; Csikzentmihalyi, 1997; Gardner, 1999; Sternberg & Lubart,
1995). My reason for relating giftedness to experissthat giftedness develops upon

learning and expsue in a domain of human performanddumerous interviews with
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and biographies of youngsters wparticipated in competition at tidghens 2004
Olympics indicated thanany years of hard body and mind war&re needetb
demonstrate superior performance

| think that mathematics is no different from other discgdim the development
of exceptionaperformance.Onlychild prodigies who are one in a mitin, are born
mathematicians, but mosthw become expert mathematiciatgiberatelywork many
yeas to develop their skills. As Sternberg (1998) postulatktities are forms of
expertise so giftedness idevelopinganexpertise, whether in the form of analysis,
creativity orof domain expertise and whether in mathematics or in other demain

Significance of the Study

The questions the author seeks to answer in this study are of two kinds. One
group of questions pertains to theoretical issues in the assessment of mathematical ability
to identify mathematically gifted students. The authoppses to assess mathematical
ability from a multilateral point of view. Unilateral practices for the assessment of
mathematical giftedness are criticized from a multilateral point of view. A multilateral
practice involves the assessment of several eaktacets of ability. The three
mathematical minds model (M3) postulated by the author is an alternative to unilateral
practices to assess the analytical, creative and knowledge aspects of mathematical ability.
The second group of questions is relatedem development that is used to measure
different types of ability at differenéVels. The thregevel cognitive complexity model
(C3) offered by the author is a way to assess mathematical ability at different levels.

Furthermore, the author offais use differential item functioning to validate item
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constructs and to develop theatgven ability tests as a supplement to the traditional
differential item functioning practices. Note that any problems to be discussed below
pertain directly or indiretly to the need for the thremathematical minds model or the
threelevel cognitive complexity model.
Theoretical Concerns

One central paradigm in the assessment of human abilities istthatswv
measured bgn ability test must be of essential uséhm domain of knowledge ihe
ability test isto have educational value. Stieeng (1996), for example, stattthat
performane in mathematics courses andability tests usuallydoes not predict
effectivelywho succeeds as a mathematicidhe predicton failure ofmany ability tests
and school gradesiis partdue to the fact that they often measure onlyesaspects of
mathematical ability such as analytical ability, memorynathem#écal knowledge. As
Sternbergasserted, someone can get away gitbd memory and analytical skills until
one attainghe highest level of education. By the same toRemcarg1952b) believed
thatmany people are thought gifted because of their great hpavtar for recall
however, they are not gifted in the reahse of productive mathematics because they
lack the ability to apprehend the harmonious structure of mathematics. | Henaot
blameassessment practices that have been undertaken by some resdauthbedieve
that the problemnemains unsolved tsome extent.The main source of this enduring
problem does not result totally from assessment practices, but from nadefivigd
theoretical underpinnings of these practices. In other words, some researchers have

conceptualized mathematical abilityonly one way as a unified construct that could be
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applied in all branches of mathematics, while they have overlooked its many aspects in
their assessment practices.

From this author’s vantage point, one theoretical solution for a comprehensive
assessng of domain abilities is to view a domain from multiple angles; that is, what
cornerstones are those on which the domain is built. The extensive review of the
empirical and theoretical literature by this author indicated that there indeed exist
cornerstoe abilities that play crucial roles in production, reproduction and in problem
solving in many knowledge domains. The thnegthematical minds model to be
discussed extensively in the next chapter is the effort of the author to integrate
psychological, pilosophical and mathematical models to assess mathematical ability
multilaterally, which includes analytical mathematical ability as a source of analytical
minds, creative mathematical ability as a source of creative minds, and mathematical
knowledge as aource of knowledge expert minds. The model, based on studies about
expertise, on ideas of mathematicians about mathematical ability, and on the theory of
successful intelligence (Sternberg, 1997), is an instrument for developing-tie@ny
tests of nathematical ability to assess students’ three primary cognitive abilities for
production, reproduction and problem solving in the domain of mathematics.

At this point in the discussionshould pay some attention to the term
“mathematician” to pinpointintellectual tools of mathematicians and to explicate the
need for multilateral assessmemoinare (1952b), who was a geniusirathematics
and a philosopher of mathematical reasoning, asserted that the abilities to store and recall

information do not acessarily make a person a real mathematicddamathematician is
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the one who can discover mathematical rules and make useful constructions with
mathematical entities. Thportance ofnathematical abilityin this creative form
possessely real mathemticians, wagnunciated by the greatanathematicians. Polya
(1954a)extensively quotes such statements fidescartes, Gauss, Kepler, Laplaame
Poincare These mathematicians stated that creative ability is of the highest importance
to a mathematian because discoveries areloé utmost importance forthe advancement
of mathematics and discoveries #re result of creative abilityln the course of
discoveries, mathematicians usudatgrt with making conjectures based updieeling

of intuition or a priori synthetic judgment (Poincare, 1958). Then, iticce
mathematical orders or rules, majameralizations andspecializations through
demonstrations, transfeunles from known problems to unknown problems through
analogy, and end up witleasonable conclusions. At the final step, these new
conclusions are verified throughathematical deductions (Poincare, 1952a; Polya, 1954a,
b). This course of discovery involves the ability to think in a flexible fashion. Flexible
thinking necessitatethe ability to shift cognitive fuectioning in multiple directions
breaking through cognitive blocks arsstructuring thinking so that a problem is viewed
from multiple perspectives.

If creativity is central to the advancement of mathematics, then shtmst
differentiate between those who will be creative mathematicians and those who will not.
An integration of mathematicians’ ideiasthe assessment mathematical ability can
make an invaluable contribution to the identification of mathematicdtiggstudents

who will be creative mathematicians. One way to achieve this integration is to take a
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mathematical approach combined with psychometric and information processing
approaches. The mathematical approach can help researchers understand how real
mathematicians solve complex problems and how they go through discoveries.
Psychometric anthformation processing approaches can guide researchers to develop
scientificmethods to measumaathematical abilitypossessed by mathematiciarfor
example, mthematicians of the productive kind extensively use induction, deduct
analogy and selection. Thaged extensive mathematical domianowledge while they
need fewcomputational skif or little memory because computation or memory does not
make prodations (Fonicdly, technology already has takére part of computational

skills).

An ability, such agreativity, to be measured by some tests is not neutral with
respect to whether the level of a person’s abilityrssalt of inherited characteris$, of
learning or of a combination of then@arroll (1996) articulated thaté¢ estimate of an
individual's level of ability in terms of some tasks is only a documentation of the
individual's capability at a given time to perform these tasks. Howedwes not say
much about hw ability has developed or can develop through learning tower. For
this reason, and because knowledge and ability often interact in superior cognitive
performance (Weisberg, 1999), an assessment of cognitive abilitieshaldd measre
the current learning level or factual domain knowledgeof an individu&in a domain.
This type of assessment, in tupnpvides a more comprehensive evaluatioarof
individual's retrospective and prospective intellectual performandeeimomain.The

preponderance of search (Weisberg) also reveals that domain knowledge is associated
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significantly with creative achievement. Weisberg further asserted that domain

knowledge is the only factor that accounts for creative achievemenstatftistically

controlling for intellectual and personality attributéghis finding, especially, is true for

the domain of mathematics because it is very abstract in nature and usually is acquired by
schooling.

Researchers who have studied expertise In@ported key findings about how
domain knowledge is acquired by schooling and by deliberate practrasow
expertise should be measured as acquisition of despaaific knowledge in students.
One of the key findings is thakperts have differeminowledge structures from novices
(Chi., Glaser., & Farr, 1988). In other words, experts differ from novices in the ways
they store, recall and use information, not necessarily in the strength of their innate
abilities (Ericsson, 2003). Furtheesearchrs who empirically studiestudentseported
that teaching, training or delibergieactices improvedtudents’ cognitive abilities,
includinginduction, deduction, domain knowledge ansight(Ansburg & Hill, 2003;
Dollinger, Levin, Robinson, 1991; Fam, Brown & Campione, 1986; Gray, Pinto, Pitta
& Tall, 1999; Klauer, Meiser & Naumer, 2000; Miyazaki, 2000; Vartaniaartidale &
Kwiatkowski, 2003). A1 pointed out in the fagoing discussiofnthese abilities also
should be the coreahents in thassessment ohathematical ability because the major
purpose of the assessment is to inform teael@aming and thinking practicestudies
on expertise have important implications not only for instruction but also for assessment
related to developingroclivities, abilities and competencies. Because studies on

expertise are rather new compared to those on other abilities, few reselasteers
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studiedboth expertise and abilities tettper, and few expertise theorib@sve integrated
tests of abilitiesn their researchLikewise, few abilities theorists have used tests
expertise in their research. Sternberg and Grigorenko (2003) proposed that insufficient
communication betwedhesetwo areas of human studies brought alzolatk of
comprehensiveaounts orhow abilities, competencies and expertise relateach other
Because expertise isare related to the acquisition of domain knowledge and to its
representation in long term memoagsessment of mathematical ability also should
contain testshat measure developing expertise knowledge, as well as tests that measure
analytical and creative abilities.
Methodological Concerns

Factorial level concerns. Researchers who have used factor analysis to examine
intelligenceoften haveemployed subtsto measurea variety afogritive processes in
domainsof intelligence such as verbal or quantitativ@jt not in process domainsych
as analytical or creative. This type of investigation usually yields a second stratum factor,
such as quantitativeeasoning; that is, mathematical ability was found as an aspect of
general ability (Carroll, 1996). By the same token, researchers who have used factor
analysis to investigate mathematical ability usually included subtests that measured a
mixture of matematical reasoning and knowledge. This type of investigation, on the
other hand, resulted in a measurement of general mathematical ability. Therefore, like
the theory of generahtelligence “g,”a general theory of ma#imatical ability has
prevailed inthe assessment nfathematical ability.l call this overarching mathematical

ability by the capital letterM,” and other aspects of mathematical ability, such as
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creative mathematical ability, wittMc.” Indeed, this notion of general mathematical
ability might be psychogically credible. However, mathematical abildgserves more
research to find out whethan assessment of multilateral facets of mathematical ability
is more promisings a wayo identify mathematically gifted students.

Itemlevel concerns. An assessment model should be validated not only on the
factorial level but also on the item level. The problem to be discussed here is whether an
item functions differently in the assessment of different types of mathematical ability,
and wrlether differential itenfunctioning provides evidence ftine validity of the three
mathematical minds model. The point of discussion, thus, is related to item validity and
homogeneity.Carroll (1996)maintained that one of the major problemswfrentitem
development practices to determine the homogeneity of itenteem Response Theory
researcher@RT, [Embretson & McCollam, 20Q)) for example, assuntlat all items in
a test are homogeneous in ganse that they measure the same abiligm
homogeneity is subjectively judged thetest constructor in the beginnionfitem
development; that is, the test constructor develops a series of items, similar in format and
content but that vary in difficulty, and thaieasure the same ability. Beocawas$ no
initial item validation, the homogeneity becomes a serious matter; thus, a test might
measure unintended abilitiga addition to thosabilities it is developed to measure
What needs to be done at this point of analysis is a kind of item wcinatidity. In
nature, thissalidity looks like the general notion tést construct validity, but should be
applied at thétem level The rationale behind my assption is that every item is

developedo measure a constryu@iist as every test.igOne way to accomplish such an
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item validationis to carry out further analysis of item discriminations and difficulties
based on different ability groupd his examination provides information about whether
an item discriminates betweé#mse who are higim one type of ability and those who
are high in another type of ability.would call such a situatichfunctional deviation,” if
items differentiate between unintended abilitees] such item$functionally deviated
items,” showing functional deviatian Items of functional deviatiazan be said ttack
construct validity(especially divergent validity) because they measure some abilities they
are not developed to measure, as well as abilities they are developed to m@#sere
items that measure \ahthey need to measureuld be called functionally fitted items”
and the situatiofifunctional fitness.”

Differential Item Functioning (DIF) has been used to analyze items demonstrating
different functions for different groups of individuals. DIF & often has been
amlied to members of such grouas gender, race, ethnicity, region, socioeconomic and
second language learners (Linn, 1993). This modealf/sis also can shed light on
practicesn the assessmeat mathematical ability iappliedto members ohigh ability,
average ability, higtaverage ability and low ability in mathematical ability in genasal
well asin mathematical domain knowledge, analytical mathematical ability and creative
mathematical ability in particular. In turn, shmode of analysialso indicates whether
the item measuremly the intended ability or some other abilities, as wEbr example,
an item developed to measure analytical ability also can discriminate highly between high

and average domain knowledget ifequires some domain knowledge.
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Application of DIF to different types of abilitg different from the caventional
approach, in whiclthe composite score often ised to estimate item discrimination and
difficulty indexes (Anastasi & Urbi, 1997), vinich usually resultg overlookinglow
discriminative itemshat might be good measurefsdifferent aspects of ability factor
scores araised ashe base. The point is that one item can have a low discrimination
level for an ability such as analyticaathematical abily while the same item can be a
good measure @nother ability such as creative mathematical ability, depending upon
which factor score is used as the base on which the item discrimination index is estimated.
The use of different faots as the &se can provide evidence about whetdreitem isa
good measure dghe ability under measurement. For example, one item can discriminate
very well between high analytical ability and low analytical ability; however, the same
item does not nexssarily discriminate between high creative ability and low creative
ability. Indeed, the same item can discriminate againktdrigative ability because the
type of psychological construttte item measures can bawdifferent from that to
measurereative ability. Therefore, test developatsuld disclose what each item
measures and the purpose of each item should be aligned with the purpose of the
assessment. The point is that if the purpose of an assessment tool is to identify
analytically giftedstudents, then eactem must to be scrutinized to determinleether it
also discriminates between those who are high in other abilities.

Item cognitive complexity. As | partially enunciated problems surrounding item
homogeneity in the fegoing dicussion, anotheissue isvhy an itemis difficult and

what makes an item difficufor some individuals Sternberg (2002) statéladlatsources
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of item difficulty must be developgusychologicdl through asystematic approach.
Likewise, Lohman (2000naintained that a good psychometric test is the collection of
items of different difficulty levels.From a psychological point of view, an assessment
model, such as the one undertakg the author, should be informative abatiat it is
that makes some itesimore difficult than others. The author’s hypothesis is that item
difficulty varies as a result of the performance levels of individuals as demonstrated in a
domain. Perfomance level in a domain meathat item difficulty comes from two
sources, respaeely. The very first one is the function of the content of an #em
content domain- corresponding to an intellectual domain. For example, a problem of the
analytical mathematical kind can be very difficult for a group of individuals who have
strong ceative mathematical ability but have weak or average analytical ability, or vice
versa, thus, the type of ability plays the major role in item difficulty. The second source
is the function of the cognitive complexity level of an item. For example,laalcu
problems can be too advanced for average middle school studeatsb these students
do not have that level of knowledge, but it is appropriate for high school students; thus,
the level of an item plays the major role in item difficul&urther, &ew problems that
are constructed at significantly different difficulty levels are enough to measure a single
construct

Onetheoretical and methodological model for item developrngeobgnitive
complexity anapproactthat includes both performance éand performance domain.
Different models of complexity approachedast. According todvels of cognitive

complexitymodels, for examplehinking can be measured at different le®sDaniel
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& Lawrence, 1990) and according to tearningdevelopmehapproachedearning and
cognitive development can be measured at different qualitative levels (Biggs & Collins,
1982; Pegg, 2003)However, the most curretiteories and research on cognitive
complexityare concernedith the quality or complexity oftgdents’ responses to

problems, not that of the item itself. The approach for the development of item
complexity the author undertakes in this study isdnelopnent ofitemsaccording to
performance level as a cultivation of experience in mathematich as novice dsst

level, developing experts as second level and expetite #srd level. In this model,

titled threelevd cognitive complexity, each item measures a specific level of a particular
ability because othe level of cognitive demarttie item poses to the problem solver.
Cognitive demands are established on spayehological sourcesuch as demands for
knowledge pr for analytical ability or forcreative ability. While an individual can be at

the third level in analytical abilitghe same person can &ethefirst or second level in

other abilities.Further, if a test, such as the one undertaken by the author, measures three
different abilities, such as three mathematical minds, at three complexity levels, a 3 x 3
profile of an ndividual can be obtained from the performance of that particular person on
the test. Table 1 shows how this comparison can be made by standings of individuals A,
B, and C according to the combination of the threghematicaminds with the three

level cognitive complexity model.
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Table 1.1
Integration of the threenathematical mindand thethreelevel cognitive complexity

model for the assessmentrofthematical ability tadentify mathematically gifted

students

Cognitive Types of Ming

Complexity Analytical Creative Expert
Level 1 A C B
Level 2 B A C
Level 3 C B A

Purpose

The primarypurpose of this study was itovestigde the psychological validity of
the threemathematical minds model for the assessment of mathematical ability to
identify mathematically gifted students. The secondary purpose was to examine the
psydological validity of the threéevel cognitive complexity model for the development
of psychologicallyconstructed test items.

Research Questions and Hypotheses

The first biree questions and associated hypotheses are related to the three
mathematicaminds model. The last two questions and their associated hypotheses are
related to the threkevel cognitive complexity model.

1. How theoretically valid is the thremathematichminds mode{M3)?
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a. What is the underlying structure of mathematical ability?

b. How arethecomponent®f mathematical mindsypothetically constructeds
mathematical expertisanalytical mathematical ability, drcreative
mathematical ability associated

c. How are subcomonentshypotheticallyconstructed as knowledge @fjebra,
of geometryand of statisticdjnear sylogism, conditional syllogism and
categorical syllogism; and as induction, insight, and selective attention
associated

2. What are the psycimeetric properties afhe M3test battery

a. How rdiable is theM3?

b. What cavergent alidity doesthe M3 havewhen students’ liking of
mathematics, their rating of their own mathematical ability and teachers’
rating of students’ mathematical ability aredss converging variables?

c. Does thavi® differentiate betwen students of variougade levels?

d. How valid is the internal congencyof the M3 for item-total <ore, item
subtest and subtesital score correlations?

3. Which M3 itemsare good measures wlathematical knowledge, analytical
mathematical ability and creative mathematical alfility
4. How psychologically valid is the thrdevel cognitive complexity model?

a. Whatrelations if any, exist amondtem cognitive complexity @C),item

difficulty (ID) and item discrimination ([?)

b. Hypothesis- ICC signficantly predicts ID.
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5. How do the three ability groupgifted (aboved5%), above average (&81%) and
average and belcaverage (below 85%as identified by the composite score, differ
in their performane on the items at different levels of cognitive complexity?

a. Null hypothesis—No significant difference exists between the performance of
gifted studentsind that ofbove average studerasitems at the third level of
cognitive complexity only.

b. Null hypothesis- No significantdifference exists between the performance of
above average studerdsd that ohverage and baw average studentm
items at the second and third les/ef the cognitive compixity.

c. Null hypothesis- No signficant difference eists amonghe performance of

the three ability groupsn items at the first level of the cognitive complexity.
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CHAPTER I
LITERATURE REVIEW

This chapter in overview of theories and research about the nature of
mathenatical abilityin generbandof mathematical giftedness in particular. In thetfi
part, | will discuss the nature of mathematical ability, mostlgrrafg to mathematicians’
ideas about mathematical reasoning to set the theoretical ground for this study. In the
second part, will discuss different mathematical minds a way to study araksess
mathematical abilityandto identify mathematidly gifted students. fie third part
includes a discussion psychological and neuropsychological theories and research
about analytial ability, creativityand expertiséo provide support to the study of
different mathematical minds. Finally, &etend of the third partwill proposethe
threemathenatical minds model (M3) for the assessmanhathematical ability.

Mathematical hility can be studied from mufile perspectives including
branches of mathematics as a discipline of knowledge agridtn@ processes of
mathematical abilityas a discipline of thought. The road a researcher takes to study
mathematical ability often isfluenced by the paradigms of the discipline in which the
researcher worksl find three disciplines essential for teidy of this ability:
philosophy,psychology and mathematics. yMttempt will be to integrate these
disciplines to study mathematicability. 1 find no restrictions but do find directions and
positions abouhow to study mathematical abilityDthers can choose other ways

depending on their convictions.
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Part |
The Nature of Matheatics

Mathematics is intriguingn that researchefsom a varietyof disciplines have
been keemn the study of mathematics. The involvement of a wide range of disciplines
in the study of mathematid$e viewing of mathematics from multiple angles, has
brought about a rich @wide body of knowledge. édearchers from any discipliméo
attemp to study mathematical ability, however, are expected to ask how to thefine
domain of mathematickiow knowledge is producewd this domain, and what tools
mathematicians use tequuce knowledge. | will usBhaw’s classification (1918) to
frame the points of my discussion about theireaof mathematics while enriching my
argumentith the teachings of the mathematicians Poincare and Bbtyat
mathematical ability According to Shaw, the study of mathematias be classified in
many wayssuch as the content of mathematics, the central principles of mathematics, and
themethods of mathematics. The scope of my discussion wilieoeentral principles
that defne the structure of mathematesd the method&at characterize the processes
of knowledge production and problem solving.

First, it is essential to pinpoint the subjecatter of mathematics to understand
how the principles and methods of mathematics apply to the subject nfdtéecontent
of mathenatics includes static mathematics and dynamic mathematics. Static
mathematics is composed of numbers leading to arithmetic, of figures leading to
geometry, of arrangements leading to tactic, and of propositions leading to logistic.

These divisions aref the static kind because anyjebts being studied in this waye
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given fixed entities or some collectiaf entities. Dynamic mathematics, on the other
hand, includes operators leading to operational calculus, hypernumbers leading to algebra,
processeteading to transmutations, and systems leading to general inference. These
divisions areof thedynamic kind because objects of this type are transitions rather than
states.
Central Principles of Mathematics

In each subjeatatter of mathematicShaw 918) argued that four central
principles of mathematiappearforms, invariance, fuctionality, and inversion Form
or structure is the particular character or property of constructions. Kempe (as cited in
Shaw 1918) claimed that the study of mathéicel properties of any subjentatter §
only a study of form. &rmsappeain numbers, figures, arrangements or any other
constructions. Regularity and harmony, for example, are important characteristics of
mathematics and can be seen in numericaéonggtric constructions. Consider, for
example, natural numbers. Every even number is followed bydinwdber: 1, 2, 3, 4,
5... and vie versa. There is more in this regularity. Every numgomcreased by one
thatis n + 1. Thisimple example inditasto ussome evidence dfow mathematical
entities arerdered by some rules, which, indeed, are particular characteristics of natural
numbers. The rule i3+ 1 in the above examplea when an individual studies natural
numbers, s/he studi¢ise formof natural numbers composed of particular features or
rules.

How is regularity related to the other principles of mathematishematics is

far more tharsimple facts; rather, it is structured on nelas between mathematical facts
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and on relationsdiweernrelations. Hardy (194(Qssertesnathematics is much deeper
than what nonmathematicians thinkccording to Hardy, a mathematician works like a
painter or a poet. A paintenakes patterns with colaa,poetmakes patterns with words,
anda matheratician makes patterns with ideg@p.25)

The mathematician’s patterns, like the painter’'s and the poet’s,

must be beautiful; the ideas, like the colors or the words, must fit together

in a harmonious way. Beauty is the first test: There is no permplaeet

in theworld for ugly mathematics.

While the structure or the form defines the particular character of constructions,
such asatural numbers, invarianegethe common characteristic of any class. The
structure and invariance can be observed nigtiarrelations between mathematical
entities that form a clasbut also between relations ofatbns, showing functionality.
That is forms of each kind correspotal each other in one to one, one to many, and
many to many ways. A relation, for exaepcan be analogous to another relation.
Consider this example on relations of relatiolmsmathematicssomethingalways is
analogous to another thathigher or simpler in structure. A square is analogous to a
cube in that the relationship betwdeem is that a cube is composed of six squares in
surface; and the area of a square (n) is analogous to that of a cube, that is 6n. Now,
consider a triangle and a prism. The relationship between a square and a cube is exactly
analogous to that dhe reationshipbetween a triangle and a prism. A prism consists of

four triangles in surface, and the area of a prism is that of four times a triangle, that is 4n.
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Methods of Mathematics

Methods mathematicians use to carry out investigations are of fals. kirhe
first is the scientific method from which mathematicians borrowed methods of
observation, experimentation, analysis and generalization. Sylvester (as quoted,in Shaw
1918 pp. 169), for example, stated that most of the great ideas of modermmatitise
emanated from observations. The arithmetical theory of forms, for instance, is rooted in
observations of such geniuses as Euler and Jacobi. Likewise, mathematicians use
generalizations, just like natural scientists do, to apply an idea or amedqoatolve a
variety of problems. Poincare’s discovery of Fuchsian functions (1958) is a good
example for mathematical generalizations in that Fuchsian functions could be used to
solve differential equations and algebraic equations, and to expressates f
algebraic curves. Generalization is crucial in mathematics in that mathematics proceeds
from the particular to the general (Poincare, 1952a). According to Hardy (1940), a
serious mathematical idea or a theorem shoulgelneral that can be apad in many
mathematical constructs. The theorem shbeldble to be extended andtieical of
other theorems of its kind. Therefore, mathematicians always attempt to generalize
propositions they have obtained, such as from the particular instarted + a, to a
more general statementa + b = b + a. The process is proof by recurrence according to
Poincare such that we show that a theorem is true for n = 1; then if it is true Igntis
true for n. Then we conclude that it is true for akgers.

The second method mathematicians use to carry out investigations is the

intuitional method. This method, very often criticized by strict logiciarsn &priori
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syntheic from Poincare’s perspecti&952b). In essence, a person immediately
discerns what the problem is and what mg®lements arerucial for the solution.For
example, some people sapa, | know what the answer is,” whenytlage given a
perplexing opuzzlelike problem. They often are not able to kxp where or how th
answer pop#to their heads, but they say, “I just know it.” Therefore, the intuitional
findings or solutions do not come about through some reasoning processes, such as
dissecting, comparing, contrasting, or relating; instead, they domugh gesits.
Intuitive people usually think with pictures, diagrams, or other visuals. Indeed, Poincare
called creative mathematicians geometers, postulating that creative mathematicians are
those who work with geometry, use tables, diagrams and other vistiaésrivvork.
Poincare further argued that it is almost impossible to find even one diagram in the work
of many mathematicians considered uncreative by Poincare. Furthermore, intuition is not
restricted to the visual representation of proldeatcordingo Shaw; rather, intuition
expands the capability for insightful thinking. Riemann, for example, connected the
deformation of surfaces and the theory of algebraic functions through insights just like
the insight of Poincare who argued the carlgg an intitive study Shaw (1918, pp.175)
pointed out the importance of intuition in mathematics by saying that:
It is the intuition method that enables mathematicians to pass in the

direction just opposite to that of logic, namely, from the particular to the

general. Itis primarily a method of discovery and often starting from a

few particular cases is able to see in them theorems that are universally

true. It must be accompanied by a keen power of analysis and ready
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perception of what is essential. It oftesmppens that hasty generalizations

would lead to results that are valid for many cases, for the analytical

power must be very keen.

Another method mathematicians ajwause in problem solving ealledthe
“deductive method.” Because all mathematiciaage to use deduction to prove their
postulates, mathematics has come to be viewed as a deductive stnethegleductive
method, individuals deduamnclusions from given premises or information. The
conclusion is drawn from the general to the paldicuAccording to Shaw (1918),
deducton is used in two ways: firsit is the méhod of exposition of results, and
secondly, it is the method of verification. The deductive method, however, usually is
used as a means of verifying theorems or confirraorgectures.

Although the deductive method is a ltéar certainty, it is not a todbr creativity.
Consider this syllogism. All humans are mortal. Alice is human so Alice is mortal. The
first sentence is a true statement, a premise. The seatedc®is a reality and a valid
conclusion. Nothing is new in this statement. Further, consider the following syllogism.
All prime numbers are dividable only by themselves and by one. Seven is a prime
number; therefore, seven is dividable only by ftaeld by one. Heren axiom or a
theoremexistsabout prime numbers that was postulated by its discoverer. The logic we
followed to prove this theorem is the product of deduction. We did not discover
something new or did not add anything to the origineory. Therefore, the most

essential use dhedeductive method is to verifyur knowledge. A new theory always is
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in need of such verifications because it often is discovered through induction or intuition,
or through our common sense, whose potglare not always correct

The faurth method, but perhaps not the last, is the creative method. As
enunciated before, mathematics usually is construed as a demonstrative discipline of
science that relies on certainty or only proofghre deduction. Heever, deductioris
only one aspect of mathematics (Poincare, 1952a; Polya, 1954a). Polya maintained that
mathematics has two facets. One is the deductive facet that is the rigorous side of
mathematics. The second faceniduction that is relateéto inventions in mathematics.

In the making of knowledge, mathematics is no different from other disciplines.
Consider this general process of a discovery: A matheilarahas to make conjectures
abouta mathematical theorem before he g®it. Successivgl heconjecturs the
method of proof before he works out the details. He has to combine olusesat
information selectivelyand use analogies. To Descartes every problem he solved became
a rule that served as an analagysolve other problems (Paly1962). He enunciated
that any new mathematical truths he discovered depended on a few principal problems.
What happens at the end of a mathematician’s discovery or any creative work is
generalization; that is, a mathematical discovery should be ablgto awide rangeof
domains, which is the actual discovery. Because | will discuss mathematical inventions
in detail in the following sections, | shall end my discussion of the creative method with
what Shaw (1918saidabout it According to Shawhe stamp of the great
mathematician is what he creates as a new set of mathematical entities. These entities

usually arise as a response to the needdlutions that are applicable many domains.
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The Nature oMathematical Ability
Conceptions of Mathematical Ability

Conceptions omathematical ability vary among scholars who hagen
involved in the psychological and philosophical study of mathematosdoubt a
psychological study of human abilities has had much influence on the conceptions
becawse the controversy of “can do” or “has done” (potential vs compe}enseen in
these conceptiondg-or example, Thurstone (1950) defiradallity as what an individual
can do while Werdelin (1958) defined it as what an individias done during the
measirement Carroll (1996) sggested that the definition ability must be relatetb
variations over individuals arntieir threshold levels of difficulty in successfully
performing some defined class of tasks. According to this suggestion, ability is
highlighted by the tasks used in the measurement.

Conceptual griationsamong psychologistsomepartially from different weights
attached to the different facetsrofthematical ability.These conceptions can be at the
practical or theoretical level. lhése conceptions, both the aspects of mathematics as a
domain of knowledge and the aspects of mathematical thinking as a discipline of thought
can be seen. Therefotle conceptions may vadgpending omeliefs abouthe nature
of mathematics asknowledge domain or as a thought domain. For example, Griffin
(2000) considered math as a set of conceptual relations between quantities and numerical
symbols. In this definition the branch of numbers is emphasized as a crucial aspect

branch of mathemascand the definition is rather theoretical.
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Thomas (thelefinition is cited in Werdelin, 1958) differentiatbdtween
different aspects ahathematickability at a practical level. He emphasizsuktraction,
logical reasoning, spatial perception, anuitive poweras well aghe ability to use
formulas, mathematical imagination, and the ability to construct mathematical gestalts.
Note hat Thomas’ definition includebiought processes. Cameron’s definition (1925),
however, is more practical. Hefoledthe most essential facetsrmahthematical ability
as the power of analysis of combinations and reconstructions of its elements in a new
way, as thepower of comparison and classification of numerical and spatialatathe
power of concrete imagitian and facility in mechanical operations, axthe ability to
apply general principles and to manipulate abstract quantitiesce that Cameron
emphasizedboth processes drbranches of mathematics in tthefinition. Werdelin
(1958) a0 addresseahultiple aspects of mathemati@ility in the definition at a
practical level.He definednathematical ability as the ability to understand the nature of
the mathematical problems, symbols, methods and proofs; to learn them, to retain them in
the memoryand to reproduce them; to combine them with other problems, symbols,
methods and proofs; and to use them when solving mathematical tasks. A contemporary
psychologis Howard Gardner (1999) usémhic and mathematics together in his
conception of mathematl ability as logicamathematical intelligence. According to
him, logicatmathematical intelligence is the capacity to analyze problems of the
mathematical kind logically, perform mathematical operations and study problems

scientifically. Obviously, his definition is much more general thiwe others.
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Conceptions of mathematicians arfpbilosophers of mathematicsfer from
those of psychologists. Logic and iiton are main concepts in mathematicians’
conceptions, and power of memory has litthgportance in mathematical ability.

Poincare (1952b), for example, enunciated that it is not a strong memory or atention
mental calculatiothat makes people mathematicians, but it is the intuition that enables
them to feel, to see and to conceivegtracture or relations among mathematical entities.
Poincare believed that this ability does not belong to everyone, but to those wha are in
condition of discoveryPoincare statethat people with great memory and attention and
the capacity for analisalso can be gifted in mathematics. They can learn every detall
of mathematics, but they lack the ability to create or to discover.

Another type of mathematical mind is the mental calculator who usually is
uneducated, but can make very complicatedutalions very quickly (Hadamard, 1954).
According to Hadamard, such talent is very different from mathematical ability, and only
a few eminent mathematicians possessed such talent. Hadamard asserted that exceptional
calculators can show remarkable cledeastics. They carry out remarkable calculations
without willful effort that is activated in their unconscious. Ferrol, for example, was able
to do such complex calculations. Ferrol's statements indicated that answers to problems
came to his mind suddenly as if someone had whispered in his ear. However, Ferrol is an
exceptional case, and he was good at algebra as Hadamard said. According to Poincare,
however, mental calculation is not a characteristic of mathematicians of the productive

kind. Many known mathematicians, including Poincare himself, were not good
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calculators. Indeed, Poincare confessed that he forgot the multiplication tables many
times.

In addition, Polya (1954a, 1954b) proposed two kiofdeasoning underlying
mathematical ability One isdemonstrative reasoning, usually called deductive reasoning
or logic. This mode of thinking belongs to analysts. The principal function of
demonstrative reasoning is to distinguish a proof from a conjecture or a valid argument
from an invalid argment; thus, demonstrative reasonamgures certainty in
mathematics. The other type of reasoning asisible reasoning, usually called inductive
reasoning in psychologyhough plausible reasoningasnore comprehensive
phenomenon that indies indudgbn, analogyand other similar constructs. Polya
considered these particular reasoning tools as particular cases of plausible reasoning or
the entire reasoning process. The primary function of plausible reasoning is to
differentiate a more reasonablengerture from a less reasonable conjecture by providing
logicd evidence This mode of thinking belongs to creators. The two types of reasoning
are not in a polar fashion, but they complete each other in mathematical problem solving.
Factorial Sructure of Mathematical Ability

Factor analytic studies of mathematical ability are as old as ttoeyhed factor
analysis itself.In this section, | briefly discuss what factor anatysécognitive abilities
have revealed about the naturerathematical abty. Mathematical ability takes many
forms, depending on the nature of the mathematical task. Mathematical tasks also vary,

depending on the bmahes of mathematicich as arithmetic, algebra, geometry,
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numbers or statisticand on the cognitive prosgessuch as induction, deduction or
computation.

One of the earliest quantitative investigatiofsnathematical ability, before
factor analytic methodss the one by Rogers (1918). Rogers constructed a variety of
tests, which covered many branched arocesses in mathematics as weppragluctive
and reproductive aspects of mathematicsxtmene different aspects ofathematical
ability. The mode of the analysis was correlation coefficients. The coefficients of
correlation ranged from .01 to .5%\fter further analysis of combined test scores, Rogers
corcluded that geometri@lgebraic and even verbal abilgiere equally important to
mathematical ability. She nmaained thatmathematical ability is a complex confluence
of a number of looselgonnected capacitie$iowever, Spearman’s and Werdelin’'s
reanalysis of Roger data, using factor analysis, (as reviewed in Werdelin, 1958)
revealed a different picture. thereanalysis, a geometyian algebraic (mostly
numerical) and a verbal factarere found.Note that all factors are relatéalthe domain
of knowledge not to that of cognitive processes

Following the advent of factor analysis, studiesnatthematical ability seemead
be moe informative At least four or five factors undenhg mathematical ability were
found repeatedly. A numerical factor was found in major factor analytic studies of
mathematical ability (Spearman, 192 hufstone, 1938; Werdelin, 1958)nsisting
mostly of addition, multiplication and other arithmeticallgems. Spearman stated that
the numerical factor was one factor common to arithmetic over and above g. Another

common factor found was related to visual or spatial tasks that required the manipulation
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of objects in two and three dimensional space, imgly@ connection betwedine ability

to visualize andjeonetric ability. However, the relationship between the numerical

factor and the spatial factor is controversial in that the correlations between these two
factors were found positive in some studied aegative in others (WerdelinDther

common factas in factor analytic studies relatéo mathematical ability werthe

reasoning factors, consisting mostly of induction (number series) and deduction tasks
(syllogisms) (Thurstone, 1938; Werdelin, 1958Yerdelin also found a deduction factor
separate from the general reasoning factor underlying mathematical ability. Other factors,
such as verbal and scholastic factors reflecting school grades and achievemext$aests,
werefound in these studies.

Carroll (1993) reanalsed four hundred eighty studiasing exploratory factor
analysis. Many of the studies also had datasets relevant to mathematical ability. His
reanalysis indicated a hierarchical structure in cognitive abilities, similar to oHuereth
proposed earlier (Cattell, 1971). Carroll suggested a-8tratum theory whereby
cognitive abilities can be classified hierarchically in terms of their generality into general,
broad and narrow factor#t the highest level is the general alyil{g); broad abilities
are located in the second stratum, such as crystallized and fluid intelligence, and narrow
factors are in thefst stratum.In his reanalysisCarroll found quantitative abilityunder
the secondgtratum factarfluid intelligence No uniquemathematical abilitgxisted
according to the reanalysislowever, some firskevel factors were foundThese first
level factors were general sequential reasoning, quantitative reasoning and induction.

However, Carroll (1996) suggted thatluid intelligence wasrelated to mathematical
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ability because most reasoning actestundethefluid intelligence wereassociated with
logical and quantitative concepts. Further, he concluded that fluid intelligenktebe
estimated separately frofg” because fluid intelligence did not correlate perfectly with
“g” in many analyses. Although Carroll never suggested the existence of a unique
mathematical ability, his conclusion implicitly communicates that what usually
distinguishs fluid intelligen@ from other factorgs the existence of many mathematical
tasks under fluid intelligendactor.

Factor analytic studies have enlightemeskearchers abouatany aspects of
mathematical ability.However, as happens in many statatenalyses, many fimugs
may beartificial, depending on the number, type and difficulty of tasks. Another
drawback of most factor analytic stuslishowthereasoning tasks were differdnbm
the knowledge tasks used in pretudieswere not clear Most taks used in tse studies
seem to measugspects ofralytical mathematical abilityeaving ouessential tasks
undelying mathematical creativity. Bthematical creativitpever was mentioned with
the exception of Sternberg’s studyhich indicated thateparate anglical and creative
abilitiesexistedin mathematics (Sternberg, 2002). However, in Carroll’s reanalysis
(1993) under the secorsdratum broad retrieval ability, first level factors representing
some aspects of creativity, such as originality and fluemeye found.Nonetheless,
these factors wereonceptuated as retrieval abilityfar from referringo mathematical
creativity. Therefore, processes and branches in mathematics deserve more factorial
investigations with a focus aspects of mathematlaaeativity, along with other

mathematical reasoning componends a final point of this section, | would like to
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express that although factanalytic studies helpnderstand the psychological structure
of mathematical abty, they are not a tool faunderstandingpow mathematicians solve
problems and go through discoveries. A deeper understanding can be gained from
mathematicians themselves about their ability.

Mathematical Ability from the Mathematician’s Point of View

The focusof this part of thechapter is orthe most essential components of
mathematical ability from the vantage points of Poincare and Polya. Particularly
important is the argument | will carry out about how creative mathematical problem
solving is achieved using inductive andigid tools; therefore, the discussion starts with
mathematical induction and endsth insightful thinking.

Mathematical induction. Polya (1954a) defined mathematical induction as a
process of discovering general laws by observation and combinatiantictifar
instances.According toPolya inductive reasoningiga component gblausible
reasoning. In very general terms, plausible reasoning implies a series of inductive
processes followed by demonstrative phaseduction is carried out mostly by
conjectures. Polya maintained that knowledge is produced primarily by conjectures.
Some conjectures are highly credible and reliable, such as those in general laws of
science, while some conjectures are neither credible nor reliable, such as those in
newgapers. Whilenathematical knowledge ensuredy demonstrative reasoning, we
strengthen our conjectures by plausible reasoning. A matineal proof, for example, is
demonstrative reasoning, but a weather broadieshgs to plausible reasoning be@aus

variations might happen in weather estimates.
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Let us see first how the prosesf plausible reasoning is carried duting
mathematal problem solving; thenye can realizdetterthe full importance of
inductive reasoning as an underpinningniathenatical reasoning. Let us first analyze
the solution of a number problem, consisting of several phases as proposed by Polya
(1954a). Most people are able to discern properties of integers, suchas 1, 2, 3, 4, 5...
They candistinguish odd and even numbgand knw the squares, such as 1, 4afd
the primes, such as 2,5, 7, and 11. Some peophay be able to observe intriguing
relations between numbers that others do not see.

Consider these equations 3 + 7 =10, 13 + 17 = 30, and 2363.7A good
mathematical mind discerns the relations between these numbers. The numbers, 3, 7, 13,
17, 23 and 37 all are odd numbers, and a deeper analysis indicates that they also are
primes; thus they are odd primes. An analysis of their sums indicatelsehailtare
even numbers (10, 30 and 60). This first step of analysis revealed some relations or
similarities between these numbers. A seestegp analysis indicated that the equations
are analogous to each other in terms of their structural relafidres), a conjecture can
be made as a third step based on the initial analysis of our observation;theedus of
two odd primesis an even number. Poincare deemed this entire initial process or the
discernment of harmonious relations a “prior synthgtilgment,” which is fundamental
to mathematal creativity

Theinitial attempt yielded aonjecture. We still need to go further and further,
and find particular cases that verify the conjecture. When we take more even numbers as

sums, such as 12, 146 and 18, there still are odd primes that verify the conjecture. An
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analysis of the numbers 2 and 4, however, indicates that they cannot be split into a sum of
two odd primes; therefore, we need a more specific stategnéven number that is
neither a prime nor the square of a primeis the sum of two odd primes. This last step
was a geeralization derived from thearticular examies; namely, the examples
proceededrom the particular cases of 3, 7, 13, and 17 to all odd primes, and from 10, 20,
ard 30 to all even numbers, and then to a general relation: even number = prime + prime.
This statement or conclusion is a conjecture in essence, indiapadticular
cases and obtaindxy induction. It is, by no means, proved yet. Thus, it deserviefu
investigation. What we have carried out so far is the first stage of the inductive process
according to Polya and a prior synthetic judgment followed by an incomplete induction
according to Poincare. Now, we shall continue our arsafysiher to conplete a total
induction or plausible reasoning.
A systematic examination elven numbers as sums of two primes, for example,
from 6 to 100 camprovide further support for theonjecture or prior synthetic judgment.
A tabulation of all these numbers stah) 6 =3 +3,8=3+5...98 =37 + 61, 100 =43 +
57, indicates that our conjecture is true for all even numbers from 6 to 100. However,
such instances still do not prove the tlegombecausaumbersare limitless Although a
single verification does not prove the theoreach verification increases confidence in
the conjectureby providing further supporthat is, each verification renders the
conjecture moreredible and makes it morglausible according to Polya.
The entire procegdiscussed aboviadicates tht a conjecture wasonceived by

prior synthetic judgment from some relations between numiRasicular instances
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were investigated to verify the conjectudemonstrationg/ere usedor other instances,

and theconjecturewvas foundrue inall cases; as a resultggneral statementas made
Mathematical discoveries, therefore, involve several phases that include generalization,
specialization, analogy, and inductiohhese processes oftare used togethan the
discovery. The previousxample discussed above indicated the analogy of three
relations: 3+7 =10,3 + 17 =20 and 13 + 17 = 30; then a generalization from the
particular odd numbers to allipres, which were obtainedy induction. Finallg,
specialization from the conjectlrstatement to particular cases such asd68awas

verified bydeductions.

Analogy in mathematics. Laplace enunciated that in mathematical science the
principal instruments to discover the truth are induction and analogy (as cited in Polya,
1954a). Anessential part of mathematical knowledge is stameghe form of formerly
proventheorems.According to Polya, almost no proble@® unrelated to formerly
solved problems. Indeed, he claimed that if such problems do exist, they would be
insoluble. When people encounter a problem, tinegke use of previously solved
problems, using their results or thenethods, or the experience thegquired while
solving them. Howeer, in the case giroblems too ilistructuredo choose or toefate to
a problempeopleusually search for links bgnalogy. An analogy might meamany
similar aspects between objects, which in turn brings the idea of regularity or order in the
mathematical world. As stated befott@s is a tool fothe discoverer in mathematics.

Whensolving mostmathematical problems, peoplkee previous experience to

guide their thinking and solutions for problems just as mathematicians do. Use of prior
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learning can take several formBeoplecan recall an appropriate formula from memory,
suchas that for computing the area of a circle, and apply it to the solution of the new
problem. If a proper formula cannot bednd, students most likely willty two other
options (Novick, 1992).0ne option is to develop a solution or solution strategidbeir
own by simply using their general knowledge of mathematical facts and procedures.
Another option is to relate the new problem to a specific problem, previously encountered,
andto transfer some aspects of the prior probtatving experience to ¢ghnew situation.
Notice that this is not a mere transfer of prior knowledge; rattéch morehinking

exists in this last optiomnanalogy. However, according to Poincare (1952b), an
ordinary analogyloes not guiddiscoveries; rather, the kindéanalogies leading to
discoveriesaare much more deeply hidden. Likes&#t psychologists, Poincabelieved
that such analogies involve an uncommon penetration into the problem situation while
giving up old hab# of thinking.

Now we shall see hotine tse ofanalogies can be a major instrument for
discoveries.We shallstart with an example in solid geometry rethto the partition of
space on which Polya worké¢tl954a): Into how many piecest mostis space divided
by five planes, provided that tipdanes are in a general position (no two planes are
parallel)? At a glance, geometric visualization of all the partitions affected by five planes
is too difficult to see, ans more difficult or even impossible if the plaresemore than
five. In fact finding the number of partitions evesvery difficultif the planes are more
than ten.In such circumstancethe main tool of a mathematician is to devise easy

analogous problems to develop a model. This method of analogous model development
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often isused in mathematical science (Polya, 1954a). Polya articulated that using simpler
problems that are similar to the present problem could be a promising analogy. These
simpler problems also are accessible to our geometric intuition. Going baak to o

original problem a single plane splits a space into two pieces; two planes cut it into a
maximum of four pieces; three planes divide it into eight parts and four planes divide it
into fifteen parts at most. This underlying similarity can help us to esgtithatnumber

of partitions inaspace made by five or more planes. Howewere analoggexists in

spatial geometry.

An analogouselationshipexistsbetween points, lines, planes and spaddss
analogycan be usetb solve problems related to poimts aline, lines oma planeand
lastly, planes ora space Let’s startwith the easiespointline relation and then line
plane relation. One point splits 1 line into 2 parts; 2 points divide it into 3 parts; 3 points
cut it into 4 parts; 4 pointswde it into 5 parts; and 5 points split it into 6 parts; and
points split it inton + 1 different parts. Now we shall look at lines on planes to continue
our analogy one step further. Againo lines are parallel as aspaceplane problem. A
plane s divided by 1 line into 2 parts, by 2 lines into 4 parts, by 3 lines into 7 parts, and
by 4 lines ito 11 parts. Hereg patterrappearsn all cases.

Table 2.1 similar to theone designed by Polya, shotinés pattern.This table
containingsome mathemacal regularitys a challenge to creative ability according to
Polya. The task is to induce the relation and to discthe rule. Notéhat we have
come to this point, the table, by a variety of little analogies. More discoveries can be

made from theable by the use of inductive reasoning and selective combinations of
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particular elements. The result is not a simple juxtaposition of elements; rather each
combination (number of divisions in the table) commungateme regularity or
connection amonthe elements of the juxtaposition.

Table 2.1

Number of divisions o& space by the number of dividing planesagpiane by the

number of dividing lines, and afline by the number of dividing points.

Number of dividing  Divisions of line Divisions of plane  Divisions of space

elements By points By lines by planes

0 1 1 1
1 2 2 2
2 3 4 4
3 4 7 8
4 5 11 15
5

N N+1 N N

Our original problem was to search for the number of divisioaspace made
by 5 planes.The last column presentsgularity 1, 2, 4,and8. This regularityis the
successive powers of Zhe next terms 15. It does not fit into this regularityThen we
look at the third column, divisions of plane by lines, as it is analogous to the last column,

divisions of spce by planes. We induce that every entry in the third column is the sum
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of two other entries; that is the number above it anditimeber to the left of jtsuch as 4
+ 7 = 11 (italicized in the tab). This pattern continuefter finding the order, @ can
verify it in more casesA mathematician often uses recursive reasoning (a branch of
mathematical induction) to prove the rule because he cannot work out all nufobers
they are infinite. If we proceed further by recursive reasoning, we cathéndle and
develop the formulat + n + n (n- 1)/2 whichgives the number of divisions aplane
by lines. We already found that 1 + n is the number of divisions of a line by points.

If we proceed by recursive reasoniaigd apply it to the last catin, under which
divisions of space by planes are represented, we also can discover the pattern, the rule
and the formula to find the number of divisions of spdeer. instance, fouplanes divide
space into 15 parts as seen in the table. Our inducigemang indicates that 15 is the
sum of 8 and 7; that is the entatpove 15 and the entry left® When we continue such
reasoning, we discover that fipéanes divide space into 26 parts; that is 11 + 15 = 26.
Indeed, if we continue further, we wikks that this pattern continues, as well. In sum, we
used several branches of mathematical inductive reasoning to solve a problem that
initially seemed too challenging to our minds.

Sdection, attention, and insight in mathematics. According to Polya (1®4a) and
Poincare (1952b), induction and analogy are major instruments for mathematical
discoveries. Also important instruments for discoveries are seleattention and
insight Poincare (391) proclaimed thatiscovery is selection.” Polya underswred
“ selective attention” during a problem solution. Selection occurs, first, in understanding

the problem. A good mathematical mind becossbxtive during problem solving
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(Polya, 1954b).A filter can be a good analody a selectively working mathentiaian.

S/he filters out what is related to the problem under investigation and what is unrelated to
it, ands/heidentifies what is known and what is unknown. Tledme works with the
information that is promising to the solution.

Poincare (1952a) deeed that the ability to discern what information is promising
for the solution is a prior synthetic judgment. According to him, a creative
mathematician, by intuition, feels the interconnectedness of elements in a sit\idhian.
does Poincare really medy intuitior? It isthe insight ability to discerrat a glance
harmonious relations between mathematical entities. According to Po{h8&&b), this
intuition helps peopléo see harmonies and relations hidden among juxtaposed elements.
Some peom@ do not have this ability of apprehension of relations. He claimed that one
could be a mathematical creator without a great power of attention and memory, but he
could not be a createvithout this feeling ofntuition. A mathematical demonstration is
not a simple juxtaposition of syllogisms; it consists of syllogisms placed in a certain order,
and the order is more important than the elements themséteascare believed that if
an individualhas tle ability to discern this order, s/dees not neeatrecall all the
elements othejuxtaposition because each element places itsétfe position prepared
for it in the mind of a creator.

Second, selection also occurs in mathematical constructions. A mathematician
must work selectively while constriregg mathematical combations. Mathematical
discovery is nothemaking of combinations with mathematical entities that are already

known; rather it is constructingewcombinationghat are usefulPoincare, 1952b). A
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real mathematical discoverer hagdiscern the useful combination among numerous

others. In mathematics, the number of samples or cases is so numerous that the entire life
of a mathematician would not be enough to examine all samplesvi® @iconjecture or

to makecombinations that aggromising. What a mathematician really needsado

discover is to choose among numerous samples or combinations with a view to

eliminating those that are useless. According to Poincare, this selective abombin

must be felt with insight and not berimulated;only then comegroof as a result of

insightful thinking.

Another distinguishing feature of mathematical problem solving that leads to
discoveries is the phagsewhicha problem soler questions himself by selectitige
direction he takes tamtse a problem (Polya, 1954a). In such problems, a problem solver
often has to redirect his attention and his strategpésctively restructure the problem,
and sometimes interpret it from very different angles. According to Poincare (1952b)
useful conbinations come to a creator’s mind as a result of a preliminary shift after
restructuring the problem. In the same line of think{agstalt psychologists of
insightful thinking proposethat solutions to perplexingroblemsoften come after
restructuringa problem (Ducker, 1945).

Selection also plays an important role in finding analogi@emRing analogies
come from the use of selective working. In other words, a mathematician selectively
looks for underlying structures between a target problenaawdirce problem. For
example, the use of dominant functionaasanalogy has served to solve numerous

problems. Poincare’s discovenf/ThetaFuchsian is an example sélective analogy.
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He was guided by the analogy with elliptical functions. Theaieder wagusta
justification ofhis discovery with a series of deductive processes.
Part Il
Searching for Different Mathematical Minds

From the foegoing dscussion, two types of mathematical abityergedin
otherwords, two kinds of abiliticharaterize tvo types of mathematical mindsone that
is analytical and one that is creative. In fhast, | will discusghese two kinds of
mathematical minds in detail. The third mind that | believe is important for
understanding and assessing mathemalaty is the expert mind. | will discusxgert
minds later Howeve, | point out athe onset that mathematical expertise, although more
related to mathematical knowledge than cognitive processes, might be much more related
to mathematical analysand creativity than | consider. That is to say, analysts and
creators differ in their use of cognitive processes while experts differ in their knowledge
structure, having specialized knowledge.
Analysts and Creators

Poincarg(1958)thought of two kind®f mathematical mind#nalysts or
logicians andCreators or intuitionists. These two minds work differently and contribute
to science differently. Creators make discoveries of theorems. Analysts, on the other
hand, usually do microscopic work by anahgimathematical rules, axioms,
combinationsor theoremghe creator already has discovered. The primary thinking tool
of analysts is logic. Syllogisms or deductive reasoning are the particular cases of this

logic. The primary thinking tool of creatorsngathematical induction by rule discovery,
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analogy or mathematical constructions. Let’s read this distinction from Poincare’s words
(pp-197)
It is impossible to study the works of the great mathematicians,

without noticing...two entirely different kinds ofinds. The one sort are

above all preoccupied with logic; to read their works, one is tempted to

believe they have advanced only step by step, after the manner of a

Vauban who pushes on his trenches against the place besieged, leaving

nothing to chanceThe other sort are guided by intuition and at the first

stroke make quick but sometimes precarious conquests, like bold

cavalrymen of the advance guard.

According to Poincar€l958),the natue of their minds makes mathematicians
either analysts or crea®) and this can be seen in the way they approach a novel problem.
That is,not onlydo thetwo minds workdifferently, but also the ways thesgo minds
deal with a problem makéem different. Analysts approach a problem by their logic
whereas creatogproach the same problem by their intuitidiat is to say, the nature
of the problem does not change the nature of thinking of the two minds. Let’s read it
more precisely from Poincare’s language (pp.197):

The method is not imposed by the matteatied. Though one

often says of the first that they are analysts and calls the others geometers,

that does not prevent the one sort from remaining analysts even when they

work at geometry, while the others are still geometers even when they

occupy themsebs with pure analysis....Nor is it education which has
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developed in them one of the two tendencies and stifled the other. The

mathematician is born, not made, and it seems he is born a geometer or an

analyst.

Further, be former is weak in visualizingpa®, and the latter is weak in long
calculations and soon can become tired of perplexing calculatfdti®ugh Poincare
believed that mathematician is bomitheran analyst or a creatohis notion is very
controversiafrom the psychological point ®ew, if not from the philosophical
standpointgiven the fact that human cognition is pronedanuch development if
nurtured For example, Polya (1957, 1962) enunciated that students can learn
mathematical problem solving in many walggoughpurposeflipractices, whether
analysis or synthesis in nature.

Poincare’s contrast (1958) between ancient mathematicians’ intuitional approach
and contemporary mathematicians’ logical approach is even more intriguing. The works
of ancient mathematicians indicdleat they treated problems by inturticso they can be
classifiedasintuitionalists. However, aanalysis of their work shovike work of a
logician in their discoveries. Accard) to Poincarean evolution frontheintuitive
approach taheanalytichapproachhas emergedWhat makes contemporary
mathematicians logians is what the field require$ them; thats to say, the field
requiresrigorous and certain proofs, which cannot be accomplished only by intuition. In
fact, intuition sometimes cadeceive people on thdiypotheses unless intuitias
supported by strict logic or analysislowever,pure logic can lead to tautologies, not to

discoveries.
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Intuition is not limited to only one kind, antis not just feeling Consider these
mathematal axioms: 1) Any numbers of quantities that are equal to another quantity
also are equal to each other; 2) if a theorem is true for the number 1, and truelfor n +
and for n, therthe theorentan be provefor all whole numbers. The first axiom is a
result of formal logic or, so to speak, a microscopic analysis. How about the second
axionf? It cannot be solved by pure logic or analysis, neither by intuitive imagination. It
is a synthetic a priori judgment and the intuition of pure number, whodwding to
Poincare, can give a rigorous proof anceisl mathematical reasoning. Therhat is the
role of logic in invention® The major role of logic is the analysis of mathematical
constructions to prove thenThus, both logic and intuition have thessential roles in
mathematics: “Logic, which alone can gwecertainty, is the instrument of
demonstration; intuition is the instrumeftinvention” (Poincare, 1958 207).

Experts as Knowledge Masters

In the forgoing section, | discussed analystd creators as twtypes of minds in
mathematicandcomparecow they differ in mathematical problem solving,
purposefully excluding experts from the scope of the discuss$iomd expertise more
related to domain knowledge, knowledge representatiomeimory and experience in the
domain;whereas| consider analysts and creators more related to the way they approach
a probem and the way their minds deelth problems and novelty. Herewill discuss
expertsasmasters of domain knowledgég thirdkind of mind in mathematics.

First, what is expertise? The electronic version of EncyclopedianBica

Dictionary 2003 includethe following definition: having, involvigor displaying
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special skill or knowledge derd from training or experiencédn expert isone with the
special skill or knowledge representing mastery of a particular subject. This definition
implies at least the followingl) expertise involves extensive training or experience in
theform of relevant knowledge. 2) It must demonstrated. 3) It must be activated in
the relevant domainGrigorenko (2003) also made such an analysis of expertike
definition of expertise.Expert knowledge is linked tbeknowledge base and building
this knowledge base is associated teesive training. In the defition, as Grigorenko
also statedindividualsencounter two limiting factors. First, an individual usually
demonstrates expert performance in one domain or in a limited number of domains when
compaed to the individual hisdf-within individual comparison. Second, expert
performance is compared to other individuals in the same domain to draw some
distingushing line between experideveloping gperts and novices. However, tast
point is not free of controversyror exanple, rejecting the idea of expertise as intrinsic
to a person, Connell, Sheridan and Gardner (2003) asserted that someone cannot have
expertise; ratheian individual can have competencies of coordinated skills and factual
knowledgethat help her/hinto olve problems or create products that are valued in a
culture. Therefore, thedid or the culture defines expertise abmaeting some
predetermined criteria set by the field.

The theories of expertise have been influenced by studies of masterss axpert
novices in chess. For example, usiitgink-aloud procedure in a pioneering study,
DeGroot (1965) investigated expert chess players’ strategies. DeGroot concluded that the

knowledge experts acquired playing chess over a prolonged time enabletd them
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outperform their opponents. DeGroot drew a direct line between knowledge base,
experience and expertis&xperts were better at recognizing meaningful chess
configurations. DeGroot thought that the better recall ability of experts was related to
thar extensive knowledge base while Chase and Simon (1973) asserted that experts’
better recall ability could be explained simply by their better memories. According to
theories of egertise (Chase & Simon, 1973; Geot, 1965), expertise is characterized
by domainspecific knowledge. Consider the major features of expartsvledge
(Bransford, Brown & Coking, 2000): Experts have mastered agtee content
knowledge inorganized ways that enable them to understia@deep structure of the
subject matterhowever, experts’ knowledge cannotdb@racterized as isolated facts.
Their knowledges organized around principles and big ideas and reflects practical
applicability in specific situations. This knowledge organizaheitps them to discern
meaningflipatterns of information and to retrieve relevant knowledge fluently. The
superior recognition ability of experts was explained by the way they chunk information
into meaningful, relational and familiar patterns in their memory (Bransford, B&own
Coding). In an analysis of &root’s study and Chase and Simon’s study, Grigorenko
(2003) concluded thahe organization of experts’ knowledge base rather than only
superior recall ability was the major factor that distinguished experts from novices.
Further based upon my own analysis of studies on expeeixgertse also can be
explained by thénteraction effect of recall artie knowledge base.

Other poins of view and lins of researchhat need to be discussed egkated to

deliberatepractice and)gertise. Individuals having theseews usually undervaluine
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importance ofnnate abilities, but underscdiee importance of deliberate practice.
Expert performance is accoudt®r by such factors as early involvement in domain
related activities, arly training andhe amountf relevant experience (Ericsson, 2003).
Based on empirical data and extensive literature review, Ericsson stated thaseispert
primarily acquired and that learning mechanisms primarily explain this acquisition, not
the imate abiliies because changimag individuals innate potential associatedth
learningis impossible Although this is a@ry extreme view that undervaluas
individual's gertic endowment in explainingxpert performace, this viewalso is very
important inpointing out the importance of deliberate practice associated with expertise.
According to Ericsson, the key principle tdaa expert performance is notere practice,
but continuously increased challenges that improve the performance beycnd éme
level.

Expertise in mathematics. My discusion of expertise, hitherto, has beefated
to general views of expertise. Hpthien,is expertiseelated to mathematics? An
expecation ofsuperior performance from someone who lacks knowledgethematics
is rather unimaginable. Firgtwill discussthekinds of knowkdge an individual needs
solve mathematical problems as Mayer proposed (1991, 2003). Then, | gubglis
expertise in mathematics ahdw it is related to the kinds of knowlelge in mathematical
problem solving.

According to Mayer (1991, 2003) successful mathematical problem solving
requires knowing the kind of knowledge needed in each phase for solutions. The first

phase igroblem representation; that is, the problem solvéranslates the prédm and
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integrates problem elements into mental representations. The second phalders
solution wherein the problem solver plans a solution strategythed executes this
strategy to produce solutions. In problem represemain individual needs linguistic,
semantic and schematic knowledge to understand the problem and translate it into
internal representationkinguistic knowledge helps one to understand the meaning of
words or sentences in a problem. However, if thelprolstatement does not contain
any words or phrases, a problem solver may not need linguistic knowledge to solve the
problem. An algebraic problesuch as 2y = x; y = 1; x =? does not require linguistic
knowledge. Semantic knowledge is based upothe kid of facts, rules or theorems
problem solving An example ishat one straight line divides a space into two equal
halves. Semantic knowledge is important in mathematical problem salvitigat many
mathematical problems require at least simplesfamtsolutions. For example, an
individual who hasio knowledge of graphs ivspend a great deal of timmderstanthg
and solvingime-ratedistance problems provided that has not learned the formula
distance = time x rate. Needless to,ssymantt knowledge sets up the foundation for
high performance in mathematics. Without this kind of factual knowledge, one hardly
performs at a higher cognitive level. Whdemantic knowledge constitutine

foundations in mathematical problem solving, anokied of knowledge is needed to
make connections between chunks ébimation or mathematical facéd distinguish
irrelevant from relevant information to integrate the relevant. This type of knowledge is
calledschematic knowledge; namely, knowledge gfroblem types (Mayer, 1991).

Schematic knowledge constitutes the bridge between single facts. For exaropliegk
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that all area problems abased omalength x width relabnship helps a problem solver
carry out further or harder area problems, siugctha area of a cube or a prism ratihan
the aea of a square or a rectangM/hen a problem solver recogesthat a problem
involves area, Bk activates schemas related to area formulas.

In problem solution an individual needs at least two typésawledge as
proposed by Mayer (1991). Onestsategic knowledge, which the individual uses to plan
and monitor a problem solution. Strategic knowledge usually plays its role after the
individual understands and builds the mental representationrobem. The individual
can set up some plans or strategies to execute the solution, such as determining subgoals,
reducing or isolating elements. Polya (1957) also suggested a set of strategies for
effective mathematical problem solutions, such as fopdimilar but easier problems and
going backward in the solution process. However, neither model of strategic knowledge
is related to factual mathematical knowledge; rather, they involve skills or knowledge of
problem solving procees Another type of kowledge in problem solution is called
procedural knowledge, the knowledge of how to agrout a sequence of operatisgsch
as computations. For example, imding the area of a rectangke problem solver needs
to know how to multiply two numerical vags, say 3 and 4, to get the correct answer.
Notice that this stage giroblem solving involvearatherbasic cognitive process,
computation.

Experts knowledge in mathematics. In the foegoingsections | discussddeas of
mathematicians about how rhamatics is a science of structure ardtiensandhow

the knowledge of structural features of problesnsiuch more important than thoske
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surface features. Therefore, only isolat@dtua] mathematical knowldge does not

suffice in demonstrating ert performance; rathéthowledge needs to be stru@drin

a way that enables thecallof chunks of information in an intercnacted manner,

which helps the problem solvdiscern structural relations among elements of a problem.
Mathematics expert$or example, were able tecognizequicklypatterns of information

in situations that entailed specific classes of mathematical solutions. Physicists were able
to recognize problems of river currents and problems of headwinds and tailwinds in
airplanesas involving similamathematical principles, those r@flative velocity (Hinsley,

Hayes & Simon, 1977).

The kind ofknowledgeexperts possdbat enables them to recognize problem
types is characterized as involving an organizetceptual structure arhat is called
schematic representation of knowledge in memory. This type of representation of
knowledge as opposed to isolated faamables experts to think around principles when
encountering a problem while novices tend to solve problems by atbgnptiecall
specific formulas that could be applicable to the problem. For example, Hinsley, Hayes
and Simon (1977) investigated schematic representation of high school and college
students. They presented students with a problem that avsienceratetime problem
butthey includedrrelevant information about a triangular relasbip. Hinsley and
colleagues found that the participants used either distategme schema or triangle
schema to solve the problem. They concluded that the part€igahema influenced

what they looked for ithe problem statemeand thus their choice of problem solution.
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Consider the following line of research on knowledgeesentation differences
amongexperts, developing experts and novices in mathemagibger (1981)asked
seventh graders to classify 16 arithmetic word problems into grdtaesh problem
overlapped with one or more problems both in its mathematical structure and in its story
context. Students were grouped into three levels of profigiepresenting three levels
of expertise: good, average and poor based on their performances in solving arithmetic
story problems Expert students classified problems according to similarities in their
mathematical structuresghile novices grouped problesbasean their story contexts.
Schoenfeld and Herrmann'’s experimerstaidy (1982) provided evidendaat
representation differences between experts and novices were related to knowledge
differencesnot ability diferences. ®idents’ representation$ @ set of problems before
and after instruction and also compared their representations to college professors’
representations. The findings indicated that students’ representations shifted from
grouping problems according to their surface featuresuotatal features as a result of
the instruction, though their regsentations still were netmilar to those of professors
after the instruction. Further, Aaronson and So (as cited in Novick, 1992) investigated
how much time exgrt problem solvers allated tospecific components of problems and
comparedheir allocatiorto novice problem solvers. Novice problem solvers spent most
of their time on words that represented surface features of problems, such as objects and
actors, while expert problem sofgespent most of their time on the components that

represented structural features of problems, such as units and operations.



66

In addition to knowledge representatiomthematicexperts also differ in their
level of semantic knowldge Concerning studes’ developing expertise and their level
of knowledge, Ni (198) investigated 7 and 8 yeald children’s performance on
classificatory reasoning tasks that required sorting dinosaurs intensdasberships and
into class inclusion. Childrewere testedo detemine their cognitive levels as pre
operational or concrete operationaing Piagetian conservation and classificatibn
guantitative tasks. Children&xpertise level was determined imgasuring their
knowledge level about dinosaurs. The firginndicated that levels of expertise were
found to have a significant effect on children’s sorting performance. Children with high
expertise were more able base their sorting on domaialevant solutions, including
both perceptual (surface) and imglieatures (structural) while children with low
expertise basktheir sorting on perceptudbmainrelevant features and domain
irrelevant featuresAlso, my own research (Sak & Mar, 2003) involved first through
6" grade students’ level of factual emantic knowledge and their use of numerical
strategies in mathematics. After statistically controlling the effect of age, semantic
knowledge still hac significant effect on the students’ use of numerical strategies.
Studerts with high knowledge weregetterable to produce more strategeasd were more
likely to elaborate on the strategies they produced. Likewise, Ostad (1998) investigated
2" 4" and ' grade mathematically normal and mathematically disabled children’s
performance on arithmetic wb problems and on number facoplems and their use of
taskspecific strategies to solve the problenhathematically normal children used

verbal and material strategies in the early gradestheyddvanced in mentalrstegies
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as they advanced stiool. Mathemaécally disabled children primarilysed material
and verbal strategies at all grades. The author concluded that the poor performance of
mathematically disabled children rhigoe explained byetrieval problems and working
memory problems, ahg with their insufficient conceptual knowledge. These three
aforementionedtudies indicate that a domaspecific knowledge base hslphildren to
process and recall taslpecifc information more efficienthandhelps themapply
strategies more effacely.

As a final remarklet's assume some secondary studentdasesloping expest
A student, for example, with strong memory can recall many facts related to a given
problem. This studentaving only factuaknowledge can be thoughttahe firstlevel of
expertiseor asa novice. What elséle needs is the knowledge to relate each piece of
information to other chunks of information stored in behismemory. For example,
knowing the formuldo calculate the area of a squdrawnin a triande, whose sides are
defined may not be enoudior this studento find the area. Obviously, the solution of
this problem requires some knowledyfeelationshipdetween a square and a triangle.
Thestudent who can solve this problenay be thoughto be at the second level of
expetise, or developing expertiseghencompared to others who have simiamperience.
A third level maybebeyond the relational knowledg@& his levelcan be characterized as
schematic or conceptual knowledge as elaborateldnyists of expertiseHere, the
student haa knowledge represetitan that enables her or him to solve mathematical
problems that requinaferring relations of relations betweehunks of information or

applyingto a mathematical theoretiat looks irelevant afirst glance.
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Reconsider the above squdnangle examplelf more demands added for this
problem in a way thahe problem also requires squd#iiangleside-angle relations. The
studentneeds to link relations between sides and araflassquare and those of a
triangle to find the solutigrthereby connecting chunks of information stored in the
memory. The student ateliirst level of expertise, arovicelevel, has difficulty in
solvingthe third problem because the solution oftthied level problems more related
to conceptularepresentation of facthan isolated representation of single facts. Note
that this model of classification of levels of expertise can apply to a group of people who
have similar experience in a knowleddomain, such as a group of elementary students,
a group of high school students or a group of gredstaidents in mathematic$he
levels of expertise also can be applied to aen@xtreme comparison of groygsich as
high school students as novicesllege students as developing experts and college
professors as experts.

Part Ill
Psychological and Neuropsychological Invesimad of Creativeand
Analytical Abilities

The purpose of this part of the literature review is to propglehological and
neuropsghological supports to the idea of differing mathematical minds. The mode of
support includes empirical research findings alamatlytical and ieative abilities
directly or indirectly related to mathematical abilitydrbw some distinguishingnles
between the two abilities froresearch findings ia spectrm of studies on human

abilities.
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Crealvity is a rare trait, and involves dealing with novelty. Analytical ability
involves analysis, comparison, contrasting and evaluating, not nelgesseaelty. The
consensus among researchers is that creativity is a highet endergenetittrait
(Eysenck, 1995; Martindale, 1999a, 1999b). That is, creativity is a manifestation of the
confluence of several genetic, cognitive, personality and@mwiental factors
(Sternberg & Lubart, 1995)The confluenhature of creativity atsaccounts for
distribution in that while any trait (e.g., intelligence) related to creativity may be
distributed normally in the population, the distribution of geniusis Eysenck1995)
articulated thaall the necessary traits for creativity would occur simultaneously in
anyone but geniuses. To Poincare (1958), while all creative people alsalgtean
analytial people are not necessarily creative.

Successful Intelligence: A Psychological Theory of Creative, Analytical and
Practical Minds

Perhapshe first processriented theory of intelligence that psychologically
specified creativity and analytical ability separately is the theory of successful
intelligence. Sternberg (1997) proposed the theory of successful intelligence based on
process skills, which were conceptualized in his earlier thedtyeafiarchic mind
(1988). According to Sternbermtelligence ks three aspects that underlie the theory of
successful intelligence: creative, analytical and practical abilities. According to this
theory, a common set of processes underlies all aspects of intelligence. These processes
are thought universally important, dhey mayshow developmental differere@

different contexts. For example, Sternberg (2002) asserted that solutions to problems in
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one culture might be intelligent while they are not in another culture. However, the
intellectual processes used in solutions are the same. Defining a pestddmanslating
strategies to solve problems, for example, exist in any culture.

Analytical abiity involvesthe use othe componesstof intelligence in anakng,
compaling, contrashg, evaluating and judgingelatively familiar problemsThinking
ocaurs at an abstract leveSternberg (1977analyzed analytical kinds of problems, such
as syllogisms and analogies, into components to undertaimdormation processing
origins d individual differences iranalytical ability. Encoding, inference and
comparison were founi beimportant processes in the solving of anabitproblems.
Particularly interesting was the finding that good reasoners allocated more time in the
encoding phases, which Sternberg interpratdds findingthat good reasoneadso used
their metacomponents efficiently (e.g., defining a problem, and planning and monitoring
problem solution). On the other hand, creative ability is invoked when the information
processing components of intelligence are applied to relatively posaems or
situations to create, design, imagiseppose, explore, invent discover; that is, novelty
and production are the focus. For example, Sternberg (1982) investigated how people
dealt with novel uses of some words, as opposed to their camvalntises, such as blue
green and grubleen. The information processing component requiring people to switch
from conventional uses and novel uses or vacl and forward was a good measure of
the ability to cope with novelty. In addition, practicall@pinvolves solving real life

problems and is related to tacit knowledge. However, | conceptualize practical ability as
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the knowledge aspect of expertise, siiiée more related to knowledge and experience.
Sternberg (2002) also stated that tacitidealge is acquired by experience.

Sternberg and his colleagues have carried out a sésasdiesto investigate the
validity of the theory of successful intelligence (a complete review in Sternberg, 2002;
Sternberg, Castejon, Prieto, Hautakami, & Gmggko, 2001; Sternberg, Grigorenko,
Ferrari, & Clinkenbeard, 1999), usitige Sternberg Triarchic Abilities Test (STAT).

Their factorial research supported the triarchic theory of intelligence, revealing separate
and uncorrelated analytical, creative g@mdctical factors. STAT measurddee kinds of
ability in three domains: analyticalreativeand practical abilities in verbal, figural,
guantitativedomains Quantitative analytical ability was measured throagiest of

number series. Studsrhad ¢ figure out what cameext in a series of numberkthink

this part of the test mayvolve some aspects of creative abiligchuse students have to
discoverrules that forrmumber series. Rule discovery is an important aspect of
mathematical creatity according to mathematicians (Poincare, 1952b; Polya, 1954a).
Creative ability wasneasured by a test of novel number operati@tadents were
presented with rules that defthevhat operations students haduse For example,

“flix” involves numerial manipulations that differ as a function of whether the first of
two operands is greater than, equal to, or less than the second. From thoy piew,

this kind of problem or operatiamight be noel to students in the first encounter
however,once hey start to solve problems of the same nature, problem solving would be

easier and no longer novel, because students automatically would know what to do to
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solve problems of the same nature. Further, quantitative practical abilitpeessired
by scenais, requiring students solve real life problems using mathematical skills.
Psychological Investigationsinto Creativity and Analytical Ability

According to the neural network model of creativity, creative individuals have
access to higher numbers oftg@atially useful mental associations (Martindale, 1981,
1995). However, a creative person must eliminate less promising alternatives prior to
testing the potentially more promising ones. That is, the creative process is characterized
by the generation @subsequent selection of hypotheses (Eysenck, 1993; Simonton,
1989). The theory behind this lies in the context of chaoecdiguration theory.
Campbell (1960) argued that creativity is the result of adte@p processThe first step,
referred to aslimd variation,involves the generatiorf beterogeneous mental activity
which gives rise to a set of configurations or potential hypotheses. The second step
involves subjecting those configurations to selection, thereby reducing unsuccessful
configuratons and arriving at the most viable hypothe¥ithat isimportant here is what
helps eliminate unpromising ideas and what processes are used in the generation of
heterogeneous hypotheses and the subsequent elimination ofSdenti.on seemingly
plays amajor role in the confirmation of the most useful hypotheses among many.

In an attempt taunderstand the relatishipsamongcreativity, inductive
reasoning and selectip¥artanian, Martindale and Kwiatlski (2003) tested
participantsusingthe Alternae Uses Test and Wason'glb rule discovery testThe
former is a divergent thinking test while the latter is a test of rule discovery by inductive

reasoning.The results of the study revealed that performance onthe2ask was
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related to potentiadreativity, as measured by fluency scores on the Alternate Uses Test.
That is, the group that was successful in discovering the rule generated more
confirmatory and disconfirmatory hypotheslean the unsuccessful groupluéncy
accounted for a signifamt amount of variance in rule discovery in the stege
regression analysis. The authors concluded that fluenaytlzes allity to generate
ideas, was associated wighccess on the-2—6 task because participants with higher
fluency scores would genate more hypotheses, thereby increasing the probability of
discovering the target rule.

Another line of research in the psychological and neuropsygtuall
investigations about creativity is relatedbe influence of selective attention on
creativity. Cognitive attention on given information to solve problems has been debated
as one source of mathematical creativity (Poincare1957; Polya, 1954a). The controversy
is that focused attention promotes the generatistrohg associatiawhile diffused
attentionsupporsthe generation of remote associations (Finke, Ward & Smith, 1992;
Martindale, 1995). That is to say, individuals who disperse their cognitive resources
more easilymight be more likely to generate more unusual associations than are those
whose cognitive resources are more narrowly focuRebearchers in this line of study,
however, suggeshat those who are creative and routinely allocate their attention in a
diffuse manner have more difficulty completing the target task than do thhmsarerless
creative and who maintain a more narrow focus. For example, Dykes and McGhie (1976)
found that under certain conditions, highly creative individuals showed more shadowing

errors on a dichotic listening task than did less creative individiRasulings (1985)
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reported that creative individuals showed more intrusion errors on the shadowing task
than did less creative individuals; however, compared to the less creative participants,
creative individuals showed a better memory for the secondaynation. That is,
creative individuals were better able to complete a task that required diffuse attention (i.e.,
the memory task) than weethe less creative individualstthe pattern was reversed for
a focused attention taskich as shadowingn addition,Mendelsohn and Griswold (1966)
found that, when solving anagrams, creative individuals were more likely to take
advantage of incidentally presented hints than were those who scored lower on a measure
of creativity. Mendelsohn’s review of empaiaesearch also showed a positive
relationship between measures of attentional capacity andarbal and verbal
indicators of creativity.

According to the present author, a diffuse attentional strategy would result in
trivial outcomes if not supported/tbocused attention. That is, although creative
individuals seem to have a propensity toward allocating attention broadly, when the
situation denands, they must be able to fo¢hsir cognitve resources on certain parts of
the situation.In fact, Martirdale (1995), in his description of a connectionist model of
creativity as discussed before, asserted that the ability to change cognitive states between
defocused and focused attention is a crucial characteristic of creative thinking. For
example, Dallob and Dominowski (1993) found that when participants’ attention was
experimentally drawn to certain aspects of insight problénesiged or selective

attention)solution rates increased significantly.
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An important question related to creativity, analytedaility and selective
attention is whethethe pattern of resource allocation or diffuse attention as a trait
possessed by individuals different in creative and analytical ability. Here, creative
thinking is thoughof as the ability to generatessociabns or relations. Aalytical
ability is thoughtof as the ability to dissect, divide or analyze parts, aggregates or
juxtapositions. Martindale (1995) discussed anayand creative thinking by saying
that a creative insight is not possible with dethgcreasoning because the conclusion is
implicit in the premises, and creative productions usually require remote associations.
One assumption kad on the notion of selectiattentional differences between creative
people and analytical people is thia acquisition of a large amount of information
during problem solving might result in a trad# of crucial processing capacity. That is,
for some types of problems (e.g., deductive reasoning problems) gathering incidental
information may not allow eifient and effective processing of more central information.
Because analytic thinking involves an evaluation/dissection of the problem elements,
sustained focus on the problem elements is required for selusitiantion directed to
peripheral items simplwastes cognitive resoucéDykes & McGhie, 1976). That is to
say,analytial thinkers should not exhibit an inclination to diffuse attention. Therefore,
the propensity to allocate attentional resources to aspects of the problem solving situation
which are not obviously centradhould be uniquely characteristic of creative thought and
not exhibited by analyta thinkers. To test this assumptiand to investigate selective
attentional differences between analytical thinkers and creative thinkesisuynand

Hill (2003) tested participants, usitite Remote AssociagelTest (RAT) to measure
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creativity, a variety of deductive problems to measure analytical thinking, and a variety
of focal and control anagrams, along with some peripheral cues.

Those vino tendedo make unusual connections wermere likely to allocate their
attenton in a diffuse manner than wetteose who were more anabal. Ansburg and
Hill (2003) suggested that allocating attention broadly was not a strategy routinely
employed by hgood problem solvers. Instead, this cognitive trait was one that
distinguished creative problem solving from other kinds of problem solving. The finding
that creative thinkers used a different cognitieeaurce allocation strategy from
analyti@al thinkers also is consistent with the view that creative problem solving is
distinct from other kinds of problem solving. For example, Shaw and Conway (1990)
found that during a wordetection task creative individuals were more sensitive to
nonconscious infanation than were less creative individuals. That is, highly creative
thinkers were more likely to produce unconsciously primed solutions than were the less
creative thinkers. Schooler, Ohlsson, and Brooks (1993) found that when participants
were forcedo become aware of their problesolving procedures through verbalization,
insightful problem solving was inhibited. Shaw (1992) suggested that creative
individuals gather information using attentional processes that might occur unconsciously.
Accordingto Shaw, this unmonitored stream of information activates prior knowledge
and can account for the suddenness with which creative solutions come into

consciousness.
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Neuropsychological Investigations about Creativity and Analytical Ability

Neuropsychologialresearchers also have investigated the structure and the
functions of the brain related to analytical and creative abilites (1952) for example,
distinguished amongrimary process thinking, which is analogical, and free associative
thinking, canmonly associated with creativity, and secondary process thinking, which is
logical and realityoriented, commonly associated with analytical thinking.
Neuropsychological research impligt creative people are more flexible along the
primary pro@ss-seondary process continuuamd that creative insights are more likely
to occur in a primary process mode of cognition (Martindale, 1989). Deductive
reasoning, for example, represents a form of secondary process thinking (Martindale,
1995) whereas inducti thinking, characterized by the generation or discovery of
original ideas, can be associated with primary process thinking.

Creativity, analytical ability, and hemisphericity. According to Martindale
(1999a), the right hemispheoéthe brain operates e primaryprocess fashion while the
left hemisphere operates in a secongancess fashionResearchers in this line of
reasoning suggestat verbal, sequential, and analgtiprocessing occur in the left
hemisphere, while rightemisphere capabiliganvolve parallel and holistic processing
of nonverbal stimuli and creativityin other words, the right frontal lobe is more
involved in spontaneous productiof norverbal representationghereasthe left lobe
may exert control and secondary evaleand verbal analysis. For example, Martindale,
Hines, Mitchell and Covello (1984) found that creative people had significantly more

right- than lefthemisghere activity as measured by an electroencephalography (BEG)
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opposed to low creative people a creativity task, but not on a roreativity task. In
their study, student artists showed much greater right than left hemisphere activity during
the drawing test than did the control group. They also included a reading task to measure
asymmetry dung a noncreative task. On this taskists showed more asymmetry than
did thecontrol group but in the opposite direction from that found during the drawing
task. Left hemisphere activation was greater than right hemisphere activation, and this
was mae the ase for the artists than fapn-artists. Thus, Martindalend his colleagues
concludedhat creative people reliedore on the right hemisphere ththe left
hemisphere Also, Hoppe and Kyle (1990) examined patients with commissurotomy
(split-brain) as well as normal subjectdtheyconcluded that creativity depended
whether the presentational symbolization andyeng in the right hemisphere were
available to the left hemisphere via the corpus callosum.

Another method of study of hemispluity that might be related to creativity is
the use of right and left hand advantages and right and left visual field priming. For
example, Poreh and Whitman (1991) compared undergraduat@aigied males on a
variety of creativity tests such #t®e Torrance Test of Creative Thinking Verbal and
Figuralforms theRemote Associatelest, and Verbal Closure based on participants’ ear
advantage (hemispheric dominance). They found that verbal convecgees varied as
a function ofhemisphericity. Sceas on this factor were found to be higher for all
subjects with a right ear advantage (left hemisphere dominance). They concluded that

verbal processing and verbal convergent scores were significantly related to
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hemisphericity.Also important was that dividuals with a left ear advantage generated a
small number of ideas when processing nonverbal stimuli.

Another neuropsychological method to study thinking and brain functions is the
measurement of regional cerebral blood flow (CBEarlsson, Wendt, ahRisberg
(2001) investigated the relationship between creativity and hemispheric asymmetry as
measuredy CBF They found that thehighly creativegroup usedbilateral prefrontal
regions when doing the Brick task (a creativity test), whilddirecreatve groupused
functions predominantly on the left side. When the activation response during the
fluency task was compared with that of the Brick taskhtgkly creative groughowed
increasesn all three bilateral prefrontal areas. Toe creative goup showed more
decreases and had an unchanged level only in the left anterior prefrontal region.
Furthermore, theuperior frontal regionseemed to play a special part in this
investigation. Good performance on the Brick task mexgmtivelycorreldedwith high
activity both inthe left andn the right region

Creativity and cortical activation. According to cortical activation and coherence
theories, creative individuals are distinguished from noncreative ones by the distributed
pattern of their cortal activation andhe coherence amortige regions ofheir brain
(Martindale, 1999a) Cortical activation and coherenckaraceristics hdp creative
peoplethink of a creative idea because the spread of activation across a wide associative
horizon maks it more likely that two distant nodes may be simultaneously activated and
thata coherence between thesel@®isestablished to form a novel composite concept.

For example, Martindale and Hines (1975) meastiredmount of EEG alpha wave
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activity, aninverse measure of cortical arousal, while subjects took the Alternate Uses
Test(AUT), the Remote Associadest, and an intelligence teddligh creative
participantsshoweda differential amount of cortical agation across the three tasks,
whereas lw creative participantdid not. Creativity, as measured by the Remote
Associates Test, wa®nnected with a tendency to exhibit differential amounts of alpha
on different types of cognitive tasks, whdeeativity, as measured by the Alternate Uses
test,wasconnected with a tendency to exhibit a high percentage of basal alpha on a
variety of cognitive tasksThe finding does make psychological sense bedhese
Alternate Uses @st is primarily a measure of ideational fluency or the ability to come up
wth a large number of idea he Remote Associate€3t, on the other nd, requires
both producingognitive elements and putting these elements together to come up with a
correct answer. Thus, both focusing and defocusing abilities would seem nefmssary
good performance on it. Creativity, as measured by dhled&AT orthe AUT, is
associated with exhibition of a high percentagbasfal alphas while taking the Alternate
Uses BEst. In contrast, creativity as measured by either test is not assbwitbegreater
alpha abundance during the basal or feedback conditions fifidirsy supports the
hypothesis of an association between creativity and low cortical activation, specifically
during tasks that call for or allow creativity.

Creativity, analytical ability and neural coherence. Electrical relatedness in some
way reflects the functional relationship among braegas(Sheppard & Boyer, 1990).
Nunez (1995) argued that decreaseerall coherence obtained amaihg regions of the

brain when a cagtive task is performed could indicate that cognitive processing
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involves a general shift from more global to local operation.the other hand, Petsche
(1996) suggested that increasn coherence might indicatksercooperation of the
brain areasyvhereasa coherence decrease shows that brain regions become functionally
more separate. In both cases, the number of coherence changes centered on an electrode
could be an indicator of the functional importance of this region for the task. Thatcher
andWalker (1985) demonstrated a negative correlation between coherence increase and
IQ. Notice that IQ mostly is a measure of analytical ability. Petsche (1®B@also
correlated coherence measures with sconea text composition tasftqund that mosof
the correlations obtained in males were positive and related to the left hemisphere. Note
thattheleft hemisphere hosts analytical ability. In another study, Petsche (1996)
compared coherence changes in people while they were performing creatkstynta
verbal, visual and musical domains. He further demonstrated that acts of creative
thinking were characterized by a greateherence increase between occipital and
frontopolar electrode sites than in the solution of more closed problems.
Perhapslaisovec’s study (2000) is more related to the cooperation of brain
regions withcreative and analytical abilities. He investigated the differences in cognitive
processes related to creativity and intelligence using EEG coherence and power measures.
He conpared intelligent, creative and average people in coherence and power measures
(alpha wave) while participants were solving open and closed problems. Intelligent
people were those who had highs]@nd creative people were those who higtl Bcores
on a ceativity test but not necessarily high £ He found that eative individuals

displayed more interand inte-hemispheric cooperation amotig far distant brain
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regions. He aacluded that generally increaseoherence, together with more selective
involvement of cortical zoneseflectthe specificity of functions anmg the areas of the
brain that in turn, is related to creativity.

In conclusion, theesearctbriefly discussed above implidisat creativity and
analytical ability might be very diffen¢, butthey are notistinct proess abilities
because some processeslerlie both abilities. At least, thasstinction is my personal
conviction based on thesearch findings. First, creatiwrequires cooperation among
many regions of the brain tgenerate remote or original associations or prodaots
analytical thought occurs among nearer regions, particularly in the leftlfpamtaf the
brainwhich results in strongonnected associations that nisyweak in originality.
Second, creatity involves both focused and defocused attention on a problem situation
while analytical thought require@sly focused attention. In the context of creativay,
individual needs to generate diverse ideas. The production of diverse ideas is facilitated
by defocused attentionThen, the individual selectively eliminates ideas that are
unpromising for the problem solution. The selective elimination of ideas is facilitated by
focused attention. In the context of analytical thought, an individual doe=oessarily
need to perform the first stepamely, production of many heterogeneous ideas or
hypotheses. However, the individual has to analyze each piece to verify what has been
found new or has been discovered in the first step. My conclusion etivadividual
can have very strong analytical and creative abilities or only one of them, depending on

theperson’shiological and experiential background.
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Part IV
The ThreeMathematical Minds Model

The discussion in this chapter provigestial support for the idea oflifferent
mathematical minds.nlthis part, | offer the thremathematical minds model to the study
and assessment of mathematical abilBgfore | discuss the mdel, | will present my
conceptions of mathematical ability and of matla¢ical giftedness.

From the author’s point of view, mathematical ability is the biopsychological
potential to reproduce mathematical constructions or to produce new and useful
constructions or to learn mathematical facts, rules, theorems, or lawsultbe
activated in mathematical problem solving. Mathematical giftedness is the mathematical
competence demonstrated in the form of production, reproduction or problem solving in
any branch of mathematics at a given time and is recognized as remaskaidenbers
of mathematical communities (e.g., teachers or mathematicians). A mathematically
gifted person is the one who demonstrates outstanding competence compared to his or
her age, grade or experience peers to perform logical analysis of mathematical
constructions, to produce new constructions or to solve mathematical problems that are
recognized as being exceptional within the person’s context.

Consider that underlying differences exist between mathematical ability and
mathematical giftedness indlabove definitions. The former reflects biopsychological
potential while the latter is a form of demonstrated potential at a certain level of
competence that is recognized as superior by members of mathematical communities.

The second distinction is tlemphasis placed upon productive, reproductive, and
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problem solving components and upon different branches of mathematics, such as space
or numbers. That is, an individual demonstrating remarkable competence in one or all
components in any of the brancledsnmathematics may be thoughttheathematically
gifted.

The threemathematical minds model, therefore, is aligned with the above
definitions. This modedk a tool toremncile various views in thagiftedness can emerge
in many formsas postulated byt&nberg (200Q)such as analystexpers, creatos, or in
the interaction of any of theas seen in figure 2.1Figure 2.2 shows how the three
minds differ in certain aspects. They differ in three aspects, respectively. The first
difference is the cagtive components, such as memory, intuition or logic, to carry out
cognitive tasks. The second is cognitive tasks, such as domain facts, novelty or
ambiguity. Finally, they differ in their eagroducts as a result of applying certain
cognitive componestin different tasks, such as knowledgeduction or reproduction.
In this model.expert mathematical misdliffer from the others in their knowledge
representation, amount of knowledge, andxperiencebut not necessarily itheir
cognitive abilityand styles Their knowledge is spgalized, representing domain
specificity or taskspecificity; therefore, their cognitive eqpidoducts are internalized
knowledge.Unlike experts, creators and analytical thinkers manifest themselves more as
a function oftheir thinking,such aghe differences in their brainseural activation, the
way they g@proach a problem, thefiocusedor diffused attention, thelogic or intuition,

and the way they deal withformation, suclas to search for novelty or to seafch
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ambiguity. Although experts, too, differ in their thinking compared to novices, this
difference stems mostly from the nature of their knowledge.
| am certain that every mental work is achieved through many cognitive processes;
but the one that remeably differentiates creative people from the other types, analytical
and knowledgeable, is the work of the unconscious, which | have not addressed yet. The
unconscious may initiate a spectrum of ideas, which Poincare (1952b) compared to
scattering atomsAccording to Hadamard (1945), the unconscious might have levels that
may vary in the proximity to the conscious. Some levels at which remote ideas
congregate may be deeper while other levels at which near ideas come together may be
superficial. The fomer characterizes a creative mind while the latter depicts an
analytical kind. Further, the processes | have discussed hitherto can behave differently in
different mathematical minds. For example, Hadamard said that the extent to which our
minds work feely can be a plausible reason why we are more an intuitive type or a
logical type, because scattered ideas can be brought into life depending on the extent to
which our mind takes a direction of thought either narrower or wider. The former is
typical ofthe analytical type. The latter is the distinctive mark of the creative type.
Figure2.1 shows that it is plausible to think of mathematical difess in seven
forms. That is, giftedness may be conceptualized basdwontéractions ahe three
minds. For example, the intaction of expertise and analytical abilgyoduces aexpert
analyst, who is competent both in domain knowledge and in analysis. The interaction of
expertise and creativity makesraative expert who is a good intuitive freghinker and

has remarkabldomain knowledge. By the same token, the interaction of analysis and
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creativity gives birth to areative analyst, who has both good, logical judgment ath
priori synthetic judgmentFinally, the interaction of all bringsto beinga “ master,”
who demonstrates remarkable analytical ability, domain kedgd, and creative
productivity who, no doubt, is very rare.

In conclusion, | have proposed the threathematical minds model to the study
and assessment of mathematgiftedness. Although they differ in many respects, they
by no means are distihconstructs; rathefundamental knovedge and skill components
underlie all three. However, it is plausible to study, to assess, and to teach for all three
types; otherwisepne type would be overlooked the expense of the othé&ternberg,
2000) The rest of this study deals with the author’s empirical research to investigate the
psychological validity of the thremathematical minds model in the assessment of

mathematial giftedness.
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Creativeanalyst

Creatve expert

Expert analyst

KNOWLEDGE
EXPERT

Figure 2.1. The thremathematical minds adeland seven fans of mathematical
giftednessThis model is based on patterns of giftedness proposed by Sternberg (2000)

and studies on expertis€li, Glaser, & Farr1988).
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[Mathematical Mind}

| | 1
[Knowledge Expeﬂ( [ Creative ] [ Analytical ]

f Memory _[ Domain ] [ Intuition ]__[ Novelty ] [ Logic ]__[ Certainty )
X Recal facts Inductive Deductive )

Knowledge Production Reproduction  fe

Figure 2.2. Myjor instruments of mathematical minds applied in cognitive tasks, and thgrahatts
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CHAPTER 1l
METHOD
This chapter includes descriptions of participants involved in this study,
procedures used to develop test items according to therttattematal minds malel
and the thredevel cognitive complexity model. Finally, statistical data analyses used to
answertheresearch questions are presented.
Participants
The totd number of participants was 29Participantsncluded 6", 7" and &'
gradestudents from foudifferent schools.Schools A and B were located in one city and
school D was in another city. School C Wasated in a rural aredll schoolswere
located in the southwten part of the United State$he socioeconomic status of
students in each school varied from lower to upper. Students of the schools A and D
came mostly from middle class families. Students of the schools B and C came mostly
from low-middle class families. The participants’ ages ranged from 10.5 to 15.5. The
mean age was 13.04. In addition, tables 3.1, 3.2, 3.3 and 3.4 show frequency and
percentage distributions of the participants by school, grade, gender and race.
Procedures
A test of mathematical ability was developed through multiple steps and used to
assess the participants’ mathematical ability. The procedures used in the test

development and adinistration of the test follow
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Frequency of participants by school
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School Frequency Percent
A 41 14.1

B 27 9.3

C 71 24.4
D 152 52.2
Total 291 100.0
Table 3.2

Frequency of participants by grade

Grade Frequency Percent
6 63 21.6
7 117 40.2
8 111 38.1
Total 291 100.0
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Frequency of participants by race
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Race Frequency Percent
American Indian 4 1.4
Asian 10 3.4
Black 7 2.4
Mexican American 42 14.4
White 210 72.2
Other 18 6.2
Total 291 100.0
Table 3.4

Frequency of participants by gender

Gender Frequency Percent
Female 133 45.7
Male 158 54.3
Total 291 100.0
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Instruments

The test of mathematical aibyl was developed based on the thnegthematical
minds model and the thrdevel cognitive complexity model. The test contained nine
subtests for a total of 27 problems. Each subtest had three problems (see Appendix A for
the entire test battery).

In addition to mathematics problems, the test booklet included two questionnaire
items about students’ liking of mathematics and their beliefs about the strength of their
mathematical ability. They rated their likingcabeliefs on a fivgpoint scale, respating
to the two questionnaire items below:

A. How muwch do | like mathematics? (a) very much (b) much (c) some (d) a little

(e) not at all

B. How am | in mathematics? (a&xcellent (b) good (c) ok (d) weafe)very

weak

Another questionnaire item wése teachers’ rating of students’ mathematical ability.
The cover page of the test booklet included a space for the teacher to rate each student’s
ability according to the following scale. The teachers, who filled out the boxes after
students completdthe test, rated each as follepAppendix C):

5) highly talented; 4) has high ability but not necessarily talented; 3) average; 2)

weak ; 1) very weak
Development of the Test of the Three-Mathematical Minds (M3)

Collaboration with experts. A team of exprts with the leadership of the author

develogd mathematis problems according the threemathematical mind@M?2) and
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thethreelevel cognitive complexy model(C?), as seen in table 3.9 he content and
complexity of items will be discussed latertins chapter.The team consisteaf the
following membes: wwo mathematicians, one with a Ph.D in the science of mathematics
and the othehada Ph.D in mathematics educatitwvp middle andhigh school
mathematics teacherand the author, who speciatin the assessment cbgnitive

abilities, creativity andjiftedness.

First, the author developed twerggven sample problems to measure the three
aspects of analytical mathematical ability, creative mathematical abititypnathematical
knowledge athree levels of cognitive complexity. Thehetsample problems were sent
to the mathematicians for their review prior to the author’s initial meetings with them.
Afterward, the author met with each mathematician twice to review, to revise and to
developnew problems. The first meeting resulted in modifying four problems,
developing 20 new problems, keeping three original problems unchanged, and omitting
20 problems. The second meeting ended with modifying 22 problems, developing five
new problems, keepg three original problems unchanged, and omitting two problems;
thus, having a total of 30 problems.

In the second phase, the final 30 problems, of which 27 were main and 3 were
additional problems, were setd the teachers to review the content arfficdity level of
each problem according to the level Bf@ade students’ mathematical ability. The
teachers used the following scale to rate problems: 1) very easy, 2) easy, 3) average, 4)
difficult, and 5) very difficult. They rated the difficultgvel of each problem by

comparing it to other problems in the same subtest. For example, the problems in the
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insight subtest were compared only to each other, not to other problems in the other
subtests. The reason for such a rating procedure was boe’sgbnviction that only
problems of the same psychological nature could be compared in their psychological
difficulty. The teachers’ ratings of problems’ difficulty later were used in the construct
validity of the three levels of the cognitive comptgxnodel discussed later.

Because of strong agreement between the author and the mathematicians on the
difficulty level of the problems, | predicted high correlations betwtsn cognitive
complexity (CC) levels of the 30 problems and the teacherggatof item difficulty for
8™ grade students; however, correlational analysis indicated low and nonsignificant
correlations, contradicting the initial agraents. The correlations wefel between the
ICC levels and the ratings of the first rater, @fsilbetween the ICC levels and the
ratings of the second rater. On the other hand, theemahér raters agreed at a high
level. The correlation coefficient was .82 between the raters (p<.01). The analysis of
ICC and teacher timgs for each problem stwed that problems in the induction and
insight subcomponents were in conflict. The main reason for the conflict, perhaps, was
the fad thatthese problems wemot developed according to C3 but the autawdt the
mathematicians agreed on the difficulkyél of each problemTherefore, | set out a
third phase, during which | revised 7 problems, replaced 3 problems, and omitted 3
additional problems. The teachers’ ratings on the problems in igatiasd induction
subtestslso were integrated in thimél revision. Then, the mathematicians reviewed the
final problems bfore the test wagiven to the participants. Table 3Bowsthe contents

and the psychological sourcestbé ICC levelsevised after the final phase.



95

Item Content and the Use of the Three-Mathematical Minds Model in Item Devel opment

All problems included in the test were developed tasnee some aspects of the
threemathematical minds as seen in table Brpwledgecomponent, analytical
component, and creativity componeiiiachcomponent had three subcomponents.
Problems in each subcomponent hypothetically were developed to measure an aspect of
one of the minds. The knowledge component consisted of problems with algebra,
geometry and statistics subcomponenfthe analytical amponent contained problems of
linear, categacal and conditional syllogisraubcomponents. The creativity component
was made up of problems of induction, insight and selection subcomponents. The
discussion of the theoretical and technical backgrounieior development in each
component, as well as in each subcomponent follows.

Knowledge expert. Studies on expertise providdtetheoretical background in
the development of knowledge problenT$iree branches of mathemati@lgebra,
geometry and statiics) wereused to develop three separate classes of problems. The
theoretcal purpose of these subtests wameasure factual, relational and schematic
knowledge to distinguish betwe#rmse who demonstrated the knowledge of a novice
andthose who demustrated knowledge possessed by expetgebra problems
required kiowledge ofsubstitution transposing, and factoring, as well as that of solving
an algebra word problem by translating it into an equation with two unknowns.
Geometry problems requireinowledge of area, perimeter, and of angles as well as
knowledge of relationships between area and perim&8tatistics problems required

knowledge of rate, peent, interest andata tables.
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Item development according to the thraathematial minds with the threkevel

cognitive complexity radel

Construct Cognitive Complexity
Minds Sub®mponentg Level | Level I Level I
Conceptual
Relational
Algebra Factual schematic
knowledge
knowledge
Conceptual
Knowledge Relatonal
Geometry Factual schematic
Expert knowledge
knowledge
Conceptual
Relational
Statistics Factual schematic
knowledge
knowledge
5 elements
Linear 6 elements +
Analytical 5 elements +
Reasoning coefficients +
additions

divisors




Table3.5 — continued
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Construct Cognitive Complexity
Minds Subcomponents Level | Level I Level I
Conditional Two conditions
One condition | Two conditions
Reasoning Double negation
Four sets:
Three sets:
Analytical Two sets: one intersection
Categorical dissedbns
onesuperset two dissections
Reasoning onesuperset
onesubset two supersets
onesubset
two subsets
Discovery— Free one rule
one relation
Induction classification one relation
Insight Team agreemerit Team agreement Team agreemer
Selective
Creative Selective encoding +
Sekctive encoding + Selective
Selection
encoding Selective combination +
combination Selective
comparison
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Analytical ability. Works of mathematicians Poincare and Polya and of
psychologist Sternberg provided insights in the developofehe analytical items.
Analytical ability was measured by three deductive subcomponents: linear reasoning,
conditional reasoning and categorical reasanifhige theoretcal purpose of these
subcomponents wds measure analyticahathematical abilityo distinguish between
novice analysts and expert analyggsoblems in thicomponent werpresented ithe
forms of numerical or geometrical notatiamsa mkture of both such as A > BIn other
words,these prolems werdransformation of typical ceductive word problems, such as
Mike is taller than Sally, who is shorter than Frank; or Mike is 5 years older than Bob and
Bob is 3 years younger than Cathy; or Adam works three times as much as does Bob who
works twice less than Cathyl'he reasoning béd the use of mathematicabtations
instead of word in syllogistic problems was thatpilot study undertaken by the author
(Sak, 2004) indicated thatproblemwith algebraic symbols hadbetter discrimination
levelin measuring analytical mathematiedility thandid the same problemgiven in a
word format

In linear syllogism, two or more quantitative relations wegeen between each of
two pairs of items, depending on the cognitive complexity of the it®me item of each
pair overlappedavith anitem of another pajisuch as A < B and B >.CThe task of the
problem solver was to figure out relationshifjgtween the naverlapping terms, and to
verify a logical caclusion In conditional syllogismone condition was presented with
five conclusims, of which only one option satisfied the conditidine following is an

example ofa conditional syllogismproblem: If x < 0, then (a) x2 > 2x;(b) x? < 3x (c) x?
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<0 (d)x2<x+x(e)x3>x2 In categorical syllogism, participants hado figureout

relationships between members of classes. Group memberships were presented in a table.
The following is an example of a categorical word problenis. Hores’ farm, half of

the meateatinganimals also cana¢ plants. Half of the plargatinganinmals also can eat

meat. Sixteen animals only eat meat. How many animals cannot eat meat?

Creative Ability. This component, too, was framed on the works of
mathematicians Poincare and Polya and psychologist Sternberg. Creative ability was
measured byhree subcomponents: Induction, selection and insighé theoretal
purpose of these subtests vwasneasurethe creative mathematical abilitylistinguish
betweemovices and creative experts. The following is the review of the subcomponents.

Induction problems can beharacterize@itherby mathematical rule discoveoy
by rule production In rule discovery problems, the task of the individual weegiscover
arule(s)that was constructed by the authetween a series alimbers or
commonalitis betweemumbers and those between figusch as sideornerangle
relations The following wasan example of this kind: what is the sum of inteamales
of a shape that has sitles, given that the sum of internal angles of a triasdl80, a
thesum of internal angles of a squae&60 and a pentagon’s is 540 degreBise task of
the individual wago figure out the relationships between the number of sides and the
sum oftheinternal anglesof the shapes to find the rula this casethe rde is (n—

2)180. In the rule production problem, a set of numbers was presented. An individual
hadto develop or generate los herown rule oridentify commonalities between the

numbers, such as grouping numbers from 1 to 20 based on a rule



100

Selection problemscan becharacterized by finding out relevant or irrelevant
information by selective encoding, by selectively combining encoded information and by
analogizing combinations to other constructions thapegsergd in the problem stem or
amongansweroptions as related to the solution of the problentetheoretcal purpose
of these problems wde measure selection in problem solving as articulated by Poincare
(1952a) and Polya (1954a) and as theorized by Davidson and Sternberg {li9&4).
types of selection problems were usethe frst kind wasselective encoding; an
individual had to findout relevant or irrelevant information for the solution. The
following is an examplefdhis kind: In a classroomwenty percenof the students
pased mathematics; thirty percent passed English; and forty percent passed both. What
information is NOT required to find the number of students in the classrdaymumber
of students who passed math) number of students who passed Englishnumberof
students who passed boft) percentage of students who failed both clageg¢siumber
of students who failed both classes. Thesddkind of problem requirdooth selective
encoding andsel ective combination; the individual first had to encode reléed elements in
a problem and then findut which corbination of given information was the correct
combination for the solutionThe hird kind of problem requirest ective encoding,
sel ective combination, and selective comparison; an individualhad to grformselective
encoding and selective combinatiand selectively compates/her combination to a
given construction

The insight subcomponent contained probleaisnathematial recreations The

theoretical background of these problems came froma@stychology, according to
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which an insight might occur through restructuring thinking and problems or through
gestalts. Thus, thiheoretcal purpose of this subtest wasmeasure ability to restructure
both thinking and problemsThe taslkof an indvidual wasto think in a flexibleand
unconventional moder to scatter thinking over the problem to see the big pictline.
following was an example of this kind: Write a fraction whose numerator is smaller than
its denominator and whose result is &rthan its numerator. An individual has to give

up thinking only of positive numbers and start to think in negative numbers to come up
with a correct answer fdhis problem, such a8/2 =-4.

Levels of Item Cognitive Complexitiesin Item Devel opment

Item cognitive complexity refers to psychological sources of item difficulty, such
as levels and kinds of knowledge or cognitive processes a problem requires for the
solution. The difficulty level of each problem used in this study was dewklope
accordingo the thredevel cognitive complexity model proposed by the author (see table
3.5). Consider the model below.

The thredevel cognitive complexity model (C3) was developed psychologically
according to a performance continuum on which novice and ex@eple can be
categorized, based on their intellectual performance on some tasks that are related to the
domain of mathematics. Figure 3.1 shows the continuum on a triangular shape. The
triangle gradually gets more intense in color from the left sideetoight side. The
intensity of color is a connotation of intellectual complexity, less developed on the left
and better developed on the right. In other words, the more an individual moves to the

right, the more proficiently s/he performs on intellettiasks. The continuum also gets
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narrower from the left to the right representing the distribution of expertise in a domain.
Novices, for example, are in the beginning of developing expertisenmgsaoed to

experts That is to say, they have not beposed enough to the domain, or could not
benefit as much as could experts from the same amount of experience to master necessary
skills and knowledge. Their performance is not recognésstiperior or exceptional by
members of the field in which the mhain is located. Because the continuum reflects a
developmental performance, people may be found at every point on the continuum. Note
that the model was not developed based on a conception of giftedness that favors the
measurement of pure capacitiesgersience free) in mathematics; rather, it was

developed based on a conceptof giftedness in which giftednessdiemonstrated
performance ofesulting from thenteraction of domain experience and developed
mathematical skills.

Based orthe continuum,hterefore, expertise can be measured at different levels.
Although | used three levels, novices, developing experts and experts, other levels might
be found by dividing the continuum at different points that have psychological meaning.
For example, anotihgroup of people, as masters, can be added at the highest level.
However, the point of dissection should be about where giftedness is scattered as a form
of expertise. A psychologicallyredibleanswer, probably, is to apply a developmental
approacho distinguish among ability groups. Thatpgople, whose performance is
recognized as being superior by members in a field (e.g., scientists, mathematicians or
math teachers) compared to their experience perdethought gifted. When this

developmetalapproach is applied in the classification of school childregoad
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comparison may be made by comparing students at the same grade level in the same

school.

Continuum of Expertise

Knowled

Knowledge or Cognitive Domain 2

Novices Devebping Experts Experts
Level 1 Level 2 Level 3

Figure3.1. Distribution of expertise and knowledgel @kills development in experts

In this study, therefore, a specific ability or a psychological construct was
measured at three levels only by three problems. In other words, each subtest had three
problems developed to measure a particular psychologicakgotedta particular
cognitive complexity level, such as novices at the first level and experts at the third level.
Novices were expected to solve only first level problems while experts pvedicted to
solveproblemsat all levels

The souce of cogitive complexity was established on the level of cognitive
demands for a particular cognitive abilityfor some particulamathenatical knowledge
that a problem posedd the problem solverTable 3.5showsthethreelevel cognitive

complexity model efmedded in the threenathematical minds modellhe first level
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problems constitutkthe simpest problems and the third level problems waeemost
complex ones. & example, a knowledgeoblem at the first levedf cognitive
complexity entailedknowing and recalling only one fact for the solutisach as the area
of a triangle A prodem at the second level requirextalling two facts and relating
these facts for the solution, such as findimg sum of the internal angles of a triangle
given one interal angle and one external anglg problem at the third iel necessitated
a conceptual knowledder the solutionsuch aslrawing two different shapes that had
equal areas but unequal perimetdxmtice thatevel one andevel two problems require
novice knowedge, isolated factsyhile a level three problemequires schematic
knowledge that is the relationship between theaaaad perimeter of a geometsisape
The difficulty levels of the ppblems in each subtest were establishezhin

ascendingrder. In addition to the knowledge problems mentioned abeve airesome
sample linear syllogistiproblemsfrom the test batteny the form of algebraic notations.
They aresimilar in structur@and in purpos& measure linear syllogisrhuttheyare
different in their cognitive complexities (see appendix A for the other problems’
characteristics)

1. A>B;C>D;D>E; E>A. Which is theecondargest?

2. a=b+1;c=d+3;a=f+3;b=d+ 2. Which isgshwlles?

3. A=3B; C=2D; F=G/2; Bx Al2; 2D = 3G. Whichs thesmalles?

Notice that the first problem is the easiest one because it requires a single pair

wise mmparison of five elements. This problem hassuch quantifiers as coefficients,

additions or divisors. It involves encodingfive elements and inferring relationships
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between each pair and, then, comparing each pair to the other pairs. The second problem,
on the other hand, has one additional element along with additions suchas a=Db + 1.
This problem is more difficult #n the fist one because it requires the employment of
more encodings and inferences at a more abstract level because it also requires
comparing and eliminating additions. Obviously, the addition of quantifiers, such as plus
one or two, to the elemenisus more demands on processes of abstract thinking and on
those of working memory. The third problem is more difficult than the second one
because each element in the third problem has a coefficient or a divisor while the second
problem only has additionsThe third problem also has one additional element. Note
that processing multiplication and division is more difficult thamcessingddition from
the cognitive developmental perspectives.
Item Format

Two types of item formatwereused. Most itemswere presented in a multiple
choice formatonsisting of a problem stem and five answer opti@sly one option
was correct in these types of problems. The sefmnthtwas open problemsmore
than one method and solution or more than one methashbubne solution was
acceptedscorrect.
Item Scoring

One point wagjiven for each correct answer in both multiple choice g&ho

problems. N@oint redwtion was taken for wrong answers.
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Test Administration

Mathematics teacheexiministeedthe test during students’ regular mathematics
classesn the beginning of the spring semesiéthe 20042005 schoolear The testing
was done in one sittingaking about 45 minuteslhe teachers read standard instructions
before the testing (Appendix)C

Data Analysis

Research Question 1

This research question was abassociationbetween different types of
mathenatical ability Correlational analyses were used to examine associagbnsen
the hypotlesized mathematical abilitie€xploratory fator analysis waasedto examine
the nature of mathematical ability.
Research Question 2

This research question wedated to psychometric properties of M&test
battery. KuderRichardson reliability analysisasperformed to answehereliability
guestion. Bivariate orrelation coefficients werdetermined to analyzbe convergent
validity of the tesbattery when students’ ratirad their iking of mathematicgheir
rating of their own mathematal ability and teachers’ ratingf students’ madtematical
ability wereused as converging variabldBointbiserial correlations were used to
examinegtem-total test and itersubtestelationshipgo provide information about the
construct validity of the M3 Analysis of Variance (ANOVA) was used toaenine

performance differences of students at different grade levels.
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Research Question 3

This research question was develofredetemine whichM? items were good
measures of mathematical knowledge, analytical mathematical ability, and creative
mathenatical ability. This researclguestion was investigated to provide additional
information about the construct validity of the M# this analysisitems constitute
casesjust like individuals.Each item ha@ continuousdiscriminationindex in each
component General Linear Modeling (GLM) Repeatecddbures were uséd analyze
differences between discrimination indicgsrived from component scores, as well as
from the composite scare
Research Question 4

This research question was abassociatias between item cognitive complexity
(ICC), item difficulty (ID) and item discrimination (D)The underlying assumption was
that ICC is the major source ofmedifficulty, whichaccounts for variance in item
discrimination. A $andardRegressionalyss wasused to answehis research
guestionand to tesanassociated hypothesigs well as bivariate correlations to explore
associations among the ICC, ID and D
Research Question 5

This research question wesated to discrimination powers of itewfsdifferent
cognitive complexity.The underlying assumption wasatgifted students (aboves% of
the total participanjsas identified by the composite score, outperform the rest of the
participantsn different degrees on items of differexgnitivecomplexity. A

nonparamgic Chi-Square analysis wased to analyzdifferences in the proportions of
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the groups passirgt each item A MANOVA was used performance differences of the
ability groups on three levels of cognitigemplexity.
Item Analysis

Point biserial iterrtotal test and itersubtest correlational analyses were used to
analyze whethethe M3items measured mathematical ability in the direction the entire
test battery measured. In additiorptuntbiserial correlations, the classictdm
discrimination model was used to explaieam discrimination. | appliethe classial
mathematical modeb different ability grops,with a focuson comparing the gifted
group to nongifted groups to find out which items were good measures of matlaémat
knowledge, creative mathematical ability and analytical mathematical aliéy.
discriminationlooks at the proportion passing an item based on total test dndfes
study, lestimate item discrimination indices based on the composite scdlsn, the
performance of the upper and the lower percentiles were compared on the factaoscores
investigatefurther validity evidence at the item levelable 3.6 showkow ths
comparison can be mad&he capital letters represent different abiliyels on a
percentile scale while composite, expertise, anal#éiod creativity scores indicate types

of abilities.
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Table 3.6

The estimaon of item discrimination indies based on different levels of different types

of mathematical ability

Iltem discrimination estimated based on

ltem Composite Expertise Analytic Creativity

A B **C A B C A B C A B C

Note. *the comparison of # upper 2% andthe lower 27%; **the comparison tfe

upper 85% ané0 to 84% and ***the comparison ahe upper 95% and &4.
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CHAPTER IV
RESULTS

This chapter includes findings fdrd research questignghich wereinvestigated
in this study. HKst, each research question will tentroduced in the order in which it
wasintroduced inthe first chapterandresearch findings will be presented.

Research Question 1
How theoretically valid is the three-mathematical minds model (M3)?

a. What is the underlying structure of mathematical ability? As stated in the
previous chaptethe M3 items were hypothetically grouped into nine categgries
therefore, a subtesvel factor analysis was used to answer this research questien.
nine subtests dhe M3 were subjected to principal components analysis (PCA) to
examine the theoretical validity of the thn@athematical minds model. Prior to
performing PCA, the suitability of data for factor analysis was assessed. Inspection of
the correlation matxirevealed the presence of coefficients of .3 and above. The Kaiser
MeyerOklin value for sampling adequacy was .81, exceeding the recommeaided
of .6 (Kaiser, 1974). fAe Barlett’s Test of Sphericity reached statistical significance (p
<.001),which suppotedthe factorability of the correlation matrix.

The initial, unrotated PCA of the nine subtests revealed the preseihceeof t
components with eigenvaluegceeding 1. As seen in table 4.1, Component 1 explained
31.31%of the total varianceConponent 2 explained 12.32%nd Component 3
accounted for 11.40% of the total variamespectively. Also, table 4dhowsinitial

factor loadings with .30 or above values tiog unrotated PCA. Because only three
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components had an eigenvalue above kehleree components were investigated further,
using Varimax rotation with Kaiser Normalization. Factors that had less than .40
absolute values were not reported in the rotated solufitve three factor solution
explained 55.03% of the variance, withr@onent 1 contributing 29.30%, Component 2
contributing 13.58% and Component 3 contributing 12.16%. These components were
labeled as followsthe knowledgereasoning componerthe geativity component and

the analytical component. Table 4.3 shows tbtated factor solution for subtests and

their loadings for each component. According to the three factor solution and subtest
loadings, geometry, algebra, statistics, linear syllogism, conditional syllogism, and
induction subtests were assigned in th&t fiheknowledge component; the selection
subtestwvere assigned in the secotitk creativity component; and categorical syllogism
was assigned in the thirthe analytical component. Because the insight component
loaded equally on the first and secomdnponents, it was not assigned in a component by
this author.

Although the factor analytic findings partially supported the tme¢hematical
minds model yielding thregeparateomponents, fousubtests did not fit into the
components for which they weedeveloped. Theduction subtest was developed t
measure a@aspect of the creative mindut this subcomponentas found in the
knowledgereasoning component. Conditional and linear syllogism subtests were
developed to measure the analytical mimattheytoo were found in the knowtiye

reasoning componentinally, the insight subtest was developed one aspect of the



112

creative mind, but it loaded equally on the Knowledge component and the Creativity
component.
Table 4.1

Unrotated component matrix

Component
Subtest 1 2 3
Geometry 778
Conditional Syllogism .700 310
Algebra .612
Statistics .594
Linear Syllogism .593 -.309
Insight .550 417
Induction .546 -.339
Categorical Syllogism 794
Selection .568 .662

Total Variance Explained %31.31 %12.32 %11.40
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Table 4.2

Total variance explained by each component

Initial Eigenvalues

Component Total % of Variance Cumulative %
1 2.82 31.31 31.31
2 1.11 12.32 43.62
3 1.03 11.40 55.02
4 .82 9.1 64.11
5 .76 8.43 72.55
6 73 8.15 80.70
7 71 7.92 88.62
8 .56 6.20 94.81

9 A7 5.19 100.00
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Table 4.3

Varimax rotation fothethree factor solution for the M3

Component
Subtest 1 2 3
Geometry 74
Linear Syllogism .65
Algebra .63
Statistics .63
Induction .58
Conditional Syllogism .58
Selection .85
Insight 43 44
Categorical Syllogism .83
Total Variance Explained %29.30 %13.58 %12.16
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b. How are the subcomponents of the M3 (hypothetically constructed as
knowledge of algebra, of geometry and of statistics; as linear syllogism, conditional
syllogism and categorical syllogism; and as induction, insight, and selection) associated?
The relationships among the subcomponents of the M3 were investigated eesisgnP
ProductMomentcorrelation coefficientPreliminary analyses were performed to check
the assumptions of normality, linearity and homoscedastiéikyebra, statistics and
induction subtsts distributed normally. émetry, linear syllogism, conditional
syllogism, categrical syllogism, insight and selection subtests westtipely skewed.
That is, scores were scattered around low perform@eecAppendix A).

Table 4.4 showa number oftatistically significant and naignificant
correlations amonde subtestswith the highest associations among the knowledge
subtests, linear syllogism, conditional syllogism, insigitt eaduction subtests.
Categorical syllogism and selection subtests had the lowest associations with the other
subtests. In fact, the categoricabtest did not have any significant correlations with any
other subtestsand the selection subtest had a statistically signifitantiow correlation
only with the induction subtest (r = .16; p < .05). The disassociations of the latter two
subtests atswere substantiated with factor analyessseported in threvious research
guestion

c. How are the components of the M3 (theorized as mathematical expertise,
analytical mathematical ability, and creative mathematical ability) associated?
Although fador analysis did not reveal three subtests in each component, the nine

subtests were grouped in three components ratigrmltynot factor analyticallyto
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examine relationships among tteee minds. As discussed ih&pter 3, algebra,

geometry and statics subtests were grouped in the Knowledge component; linear

syllogism, conditional syllogism and categorical syllogisubtests were grouped in the

analytical component; and selection, insight and induactigbtests were grouped in the

creativitycompaent. As seen in table 4 gtatistically significant correlations existed

among the components ranging from dieto middle-high correlations. Therlowledge

component had the highest correlations with the other components and the M3 composite

(.49, .44 .84, p < .01). The creativity andalytical components had lower correlations

with each other compared to thedwledge component.
Table 4.4

Bivariate correlations among &1® components

Component Analytical Creative M3 composite
Knowledge A49** A4+ 84+
Analytical A1 82%*
Creative T 2%

** Correlation is significant at the 0.01 level@iled).
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Bivariate correlations among &3 subcomponents
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Variables Geo. Stat. L. Syllo. Co. Syllo. Ca. Syllo.  Select. Indud. Insight M3 comp.
Algebra 35%* 30** 28** 34** .05 .03 24** 21%* D™
Geometry .36** A2** AT .03 .09 34** .36** A3**
Statistics 25** 26%* .01 .03 26%* 24** ST
L. Syllogism 26** .08 .02 25** A7+ H9**
Co. Syllogism .03 16** 26%* .38** 67**
Ca. Syllogism .10 13* .00 32%*
Selection .06 .07 .30**
Induction 2% .55**
Insight S50**

Note. ** Correlation is significant at the 0.01 leveltéed). * Correlation is significant at tlge05 level (2tailed).



118

Research Question 2

What are the psychometric properties of the M3 test battery?

a. Howreliable isthe M3? The purpose of thisesearch question was examine
the consistency of scoresthe M3. KuderRichardson reliability aalysis wascarried
out to investigate the reliability of the M3. Thealysis showed.72 coefficiency level
slightly exceeding the minimum desirkxvel .70 for consistency of scorder
psychologicatests.

b. What is the convergent validity of the M3 when students' liking of mathematics,
thelir rating of their own mathematical ability and teachers' rating of students
mathematical ability are used as converging variables? This research question was
investigated to examine if the M3 correlated withey variables with which it
theoretically should correlate. Partial correlation coefficients were computed, while
grade was controlled in the equation, to investigate the relationships between teachers’
rating of students’ mathematical ability, studeméding of their own mathematical ability
and their liking of mathematics and the M3 subcompon(ets table 4.6 for bivariate
correlations among student variable§orrelations ranged from low to highedium
with the majority of correlations being gtstically significant as seen in table 4.7 his
finding providedpartial evidence for the convergent validitiythe M3 Particularly
important werehe correlations between the M3 composite and the other variables. These
correlations medium to highmediumwere as follow: .45 between the M3 composite and
teachers’ ratingg(< .01), .36 between the M3 composite and students rating of their own

ability (p < .01) and .35 between the M3 composite and students’ rating of their liking of
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mathematics. Ted&ers’ rating of students’ mathematical ability had higher correlations
with the M2 and its subcomponents than students’ rating of their own mathematical
ability ard their liking of mathemati¢®s seen in table 4.7.

Table 4.6

Bivariate correlations amoraistudent variables

Teacher Student Student
Variable Age Rating Liking Rating
Grade .84** -.13 -.07 =17
Age -.14 -.13* =21
Teacher Rting 58** 50**
Student liking 55**

Note. **p < .01, * p < .05(2-tailed)

c. Does the M8 differentiate among students of various grade levels? The purpose
of thisresearch question was to examine whetherM? showed developmental variance.
Levene’s test for homogeneity of variances in scores of the groups showed no violation
(p=.077; p igequired to be greater than .05). A -emey betweergroups analysis of
variance (ANOVA) was conducted to inspect performance differencéy @' énd &'
grade students on the M3 composite (see table 4.8 for mean performance for each grade

level).



Table 4.7

Partial correlationbetween student variables and the M3 comporaards
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subcomponents
Teacher  Student Student

Component Grade Age Rating Liking Rating
Algebra .02 -.03 26%* .20%* 21%*
Geometry 16** A1 33** 25** 33**
Statistics .06 -.02 .38** 24** 34**
Linear Syllogism 14* .07 23** A1 .08
Conditional Syllogism 13 .05 31 24** 27
Categorical Syllogism .03 .02 .09 16%* .01
Selection .05 .01 13 .07 .07
Induction A3* .04 29** 19** 22%*
Insight 16** 10 25%* 18** 19**
Knowledge A1 .03 A2** 32%* A0**
Analytical 15 .07 32 26 19
Creative 18** .07 35** 24** 26**
M3 Composite 18** .07 A5** 35** .36**

Note. The effect of grade was removét.Correlation is significantat the 0.01 level 2

tailed). * Correlation is significant at the 0.05 levek#é#led).
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The analysis indicated statistically significant differences among the giafigs (
288]=7.5,p < .00} see table A)l The effect size, calculated using etassqd, vas .05,
a medium effect. Posioc tests using Tukeionestly Significant DifferenceHSP
revealedhe following mean differences among the gradsisle A.9. Eighh graders
performed significantly higher thar'and &' graders§ < .01 andp < .05, respectively)
This finding provideddevelopmental evidence for the construct validity of the M3,
Although no significant performardifference existed betwe&H and &' graders on the
M3 composite, sixth gradersniermed slightly higher tha@™ gradersg = .89) This
finding shows a contradiction fdhe developmental evidenagbtained in the previous
finding.

d. What is the internal consistency of the M2 for item-total score, item-subtest and
subtest-total score correlations? In thisresarch question, the purpose wasanalyze the
degree to which test items asdbtests were homogenous or heterogenelousther
words, an attempt was made to determine whether the M3 items nteasurdied
construct omultiple constructs.The degre®f homogeneity or heterogeneity afest
has some relevance to its coostrvalidity. Becausethe M3 is a measure of multilateral
aspects of mathematical ability, an investigation of item homogeneity and heterogeneity
in the M3 provides information abbits construct validity. Pointigerial correlations
between the items aride M3 composite and betwethe items and the subtestsre
computed.As seen in table 4.9, correlations between the items and the M3 composite
ranged from low to high, with latorrelations being statistically significant excégpt

item 26. Ithad a very low and statistically nonsignificant correlation with the M3
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Table 4.8

Mean and standard deviation for student variables and the M3 subcomponents by grade

Grack
Variable 6 7 8 Total
M SD M SD M SD M SD

Teacher Rting 4.00 95 345 108 350 141 359 1.23
Student liking 3.06 157 287 130 278 143 288 141
Student Rting 3.89 96 339 100 336 1.08 349 1.04
Algebra 1.60 66 150 .71 161 .72 155 .70
Geometry .67 .90 72 .86 1.01 .90 .82 .90
Statistics 1.11 86 108 .80 121 .79 113 81
Linear Syllogism 73 .87 76 .72 101 .90 .85 .83

Conditional Syllogism .81 .82 89 .83 1.09 .99 .95 .89

Categorical Syllogism .82 .92 62 .79 .85 94 75 .88

Selection .52 M2 49 .62 .59 .67 .54 .66
Induction .90 79 91 66 111 .71 .99 g1
Insight .32 .56 27 47 .53 .69 .38 .59

M2 Composite 749 399 723 3.26 9.03 394 798 3.77
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compositgr = .06, respectively). Thoughthe corelations weresignificant,items 2, 6,
and 15 correlated with tHd3 compositeatlow levek.

Thesecond mode of analysis wagint biserialcorrelatiorcomputed between the
items and the subtests to examine the homogeneity and heterogeneityerhgheln
other words, | assumed that an item wagsespd to correlate highly with tiseibtesin
which it was located to sholmomogeneity and to correlate at a low lewéh a subtest in
which it was not locatetb showheterogeneity. As seen in tal.9, correlations ranged
from low negative to very highositive correlations. For example, the correlation
coefficient was.12 betweeritem 26 and the subtest selection in which it was not located
(p <.05. The correlationvas .88 betweeitem 7 andhe subtest insight in which it was
located p < .01). What should be read from table 4.9 are correlations between the items
and he subtestin which they are locatedteln had a high or very high correilat with
the suliest in which they were locatpwhereasitesn had a very low to medium
correlation with the subtest in which these itemearenot located. Onlytem 24 hadh
medium correlation with the statistics subtest in which it was locatetitem 26 hach
medium level correlation with thasight subtest in which it was located; however, the
correlations still were statistically significam € .01 for both items). As seen in the
table, the pattern of correlations provddeartial support for both homogeneity and
heterogeneity of the M3 bause many items also had significant correlations with the
other subtests in which they were not located; however, these correlations were low. In
addition, Appendix A provids interitem correlations showingsociations amonthe

items.
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Table 4.9

Item-subtest and itertotal testpointbiserial correlations

Linear Cond. Categor.

ltem  Algebra Geometry Statistics  Syllo. Syllo. Syllo.  Selection Induction Insight Total

1 24** .38** 29%* 67** A7 .08 .01 24** .08 A46**
2 AT+ .08 A13* .05 .06 .00 -.09 A1+ .04 A7+
3 24** 29%* 19** 21** 2% -.06 .01 16** 29** A4+
4 20%* (6%* 29** 30** .35%* -.08 .03 23** 29** S1**
5 27 34** .66** 29%* 31+ .01 .07 23** .30** S1**
6 -.03 .05 .02 -.02 .09 .04 .69** .02 -.01 16**
7 5% 29** 22** A13* 31+ -.05 .08 19* .88** A41**
8 24** 28** 29** 28** 29** .09 -.01 .69** A12* AT
9 147 28** 16** 16** 61** -.01 10 .08 21** 37**

10 A7 19** 12* .63** 21%* .00 .01 .09 22%* 34%*
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Table 4.9- continued

Linear Cond. Categor.

Iltem  Algebra Geometry Statistics  Syllo. Syllo. Syllo.  Selection Induction Insight Total

11 10 18** A1 10* 23** A13* .08 oY Rl A5%* 33**
12 28** (5% 20%* .35%* 39** .08 .06 22%* 27+ .56**
13 18** 25** 67** 5% 20%* -.04 -.03 21** 19** 37
14 A13* 14+ .04 .09 -.02 4% .06 A1+ .05 29%*
15 -.03 -.06 -.05 .01 -.06 A9 .03 .06 -.02 5%
16 .00 -.01 .03 .09 A7+ S1** A13* A12* -.06 21**
17 .80** .36%* 26%* 33** 34** .05 10* 27 23** .56**
18 .03 .09 .05 .04 A1 A1 54** .05 A1 22**
19 .05 .01 -.03 .03 .08 .03 B51** .04 .03 14
20 10 21%* .06 56** A1 .08 .02 A3* .03 28**

21 247 30** 19** 20%* 29%* .07 .08 A1 .61** 42%*
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Linear Cond. Categor.

Iltem  Algebra Geometry Statistics  Syllo. Syllo. Syllo.  Selection Induction Insight Total
22 .28** .35** A7 14> .62** A12* 20%* 25%* 24** 50**
23 .54** A13* 4% .05 16** .04 -.03 .02 .09 23**
24 A13* A15** .38** .05 .07 16** 12 A13* -.02 .25**
25 .07 5% .04 .05 -.04 .03 .05 .58** -.04 18**
26 .02 .08 -.03 -.03 .09 .01 -.12* -.06 .36** .06
27 .26™* .56™* 27 21 24** A1 A3* .30** 18** A49**

Note. * Correlatia is signifiant at the 0.05 level** Correlation is significant at the 0.01 level.
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Research Question 3
Which M3 items represent good measures of mathematical knowledge, analytical
mathematical ability and creative mathematical ability?

The purposef thisresarch question was examinavhich M3 items were good
measures of mathematical knowledge, creative mathematical ability and analytical
mathematical ability.This type of analysis providevidence for item homogeneity and
heterogengy in corstruct validity Item discrimination analysis was usecet@amine
item characteristicsThe index for item discrimination was computed based
comparison of the performance of the uppét gércentile group and that of the lower
25" percentile groupn the M3 composite, as well as on the components.

Tale 4.10 shows discrimination indeéor each item computed based on the M3
compositeand itscomponents as well as mean indiaasd standard deviations for each
component.Discrimination indicesanged from-.02 (negative discrimination) to .84
(very high positive disemination). These indicasieanthat some items were
homogenousmeasuring similar constructs, whereassitemswere heterogeneous
measuring separate constructthe M3 compositbad a mean of .41 discrimination index
and the knowledge component had a mean of .30 discrimination indéx.inBices
were moderatéevels ofdiscrimination for general mathematical abiliag measured by
the composite. The analytical and creativitynponents had lovevels of
discriminations for general mathematical ability as measured by the composite (.29

and .24, respectively).
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Table 4.10

Item difficulty, item cognitive complexity and item discriminations

D D D D
ltem ID ICC Composite Knowledge Analytical  Creative
1 .36 1 .62 48 .59 A5
2 .93 1 A2 13 .06 .02
3 42 1 .60 44 .57 27
4 41 1 g7 .79 .39 .32
5 .58 1 .80 74 40 .35
6 27 1 19 .05 10 41
7 .30 1 .58 .39 .25 .61
8 .67 1 .64 48 43 45
9 .20 2 44 .28 40 .20
10 .23 2 41 22 41 16
11 .09 2 27 14 A7 27
12 .30 2 .76 .68 A7 .30
13 34 2 A48 .59 18 22
14 31 1 .39 14 49 A2
15 .30 2 14 -.01 A7 .08

16 15 3 21 -.02 31 .09
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Table 4.10- continued

D D D D
ltem ID ICC Composite Knowledge Analytical  Creative
17 Sl 2 .84 .82 45 37
18 A7 2 .26 .06 .09 .29
19 10 3 A2 -.01 .08 22
20 .26 3 .36 15 .36 .09
21 .06 2 .30 18 15 .20
22 .33 3 72 42 .58 .39
23 13 3 19 22 .05 .02
24 15 3 27 .25 A1 13
25 22 3 .20 10 .01 41
26 .02 3 .03 .02 .03 .03
27 A1 3 40 .32 24 27
Mean .29 2 41 .30 .29 24
D .20 .83 24 .26 19 A5

Note. Item difficulty range: .8Q.00 very easy, .6(0r9 easy, .4059 moderately difficult,
20-39 very difficult and .0019 extremely difftult. Item discrimination range: .50 and

above high, .3@19 moderate, .129 low, .00.15 very low and negative.
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A second mode of analysis was performed utiegseneral Linear Modeling
(GLM) Repeated Masures Repeated Masures were uséaanalyzefurtherif
statistically significant differences existbdtween discrimination indiceterived from
comporent scores, as well as fraime composite score. Four levels of withsnbjects
factors(composite, knowledge, analytical and cretyivivere defird for use irthe
GLM Repeated Measures. Priorthe GLM, Mauchly’s test of sphericity was performed
to inspect the homogeneity of variarm@variance matrices to assure the validity of the F
statistic for use in the univariate test. No violation egigbe< .001). The GLM
Repeated Masures indicated a statistically significant difference among the measures
(E(3, 24) = 35.65, p <.001; Wilks’ Lamda = .18; partial eta squared = .82) effdrt
size of .82 is very largeThis finding suggests that nalt items were homogenequend
someitemswere good or poor measures of multilateral aspects of mathematical ability.
Findings related to the items will be discussed in the next chapter.

Research Question 4
How psychologically valid is the three-level cognitive complexity model (C3)?

The purpose of thisesearch question wds explore associations amoigm
cognitive complexity (ICC), item difficulty (ID) and item discrimination (D). The
underlying assumption was that ICC was the major sourcerofdifficulty. Bivariate
correlation was used to explore agations amondCC, ID and D. Standardrkegression
Analysis was used to analyzetherthis research question and to t@stssociated

hypohess.
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a) What relations, if any, exist among item cognitive complexity (ICC), item
difficulty (ID) and item discrimination (D)? The relationships among ICC, ID and D
were investigated usirthe Pearson ProdueMoment Correlation Gefficient. As seen in
table 4.11, ICC had a high and statistically sigaifit correlation with IDr(= .64,p
<.01), which provided evidence for theid#tly of the thredevel cognitive complexity
model. Meanwhile, ICC had medium and statistically significant correlations with the
discrimination indices except that the ctations between ICC and D computedded
on the creativityand analytical components waret statistically significant.
Table 4.11

Bivariate correlations among ICC, ID and D

D- D- D-
Variable ICC ID Composite Knowledge Analytical
Item Difficulty (ID) .64**
D-Composite A43* A43*
D-Knowledge .39* 46* 93**
D-Analytical 37 .32 A2%* A49**
D-Creativity .33 18 Ho** A45* A5

Note. ICC was reversed* Correlation is significant at the 0.01 leveH@iled). *

Correlation issignificant at the 0.05 level {@iled).
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Moreover, ID had higimedium and statistically significant correlations with the
discrimination indices computed based on the composite and the knowledge component
(r=.43,p<.05;r = .46,p < .05);while it did not have statistically significant
correlations with the discrimination indices on the analytical and creativity components (r
=.32, .18, p > .05 for both correlations). High or medium correlations found in this study
between ID and D did not providagport for thevalidity of the thredevel cognitive
complexity model. That is to say, a high correlation between item difficulty and item
discrimination is not desirable.

b. Hypothesis— ICC significantly predicts ID. A StandardRegression Analysis
wasperformed to test this hypothesis. ICC was the independent variable as predictor and
ID was the dependent variable. As reported irfdhegoing research question, ICC
accounted fo#1% ofthevariance in ID (R square = .408< .001). As table 4.1hsws
respective values of standardized and unstandardised Beta values, |I&€§tdtestically
significant contribution to explaithe variance inD. Therefore, this hypothesis was
accepted.

Table 4.12

Summary of Standarf@degression Analysis for ICC mteting ID

Unstandardised Standardised

Variable Beta Beta Standard Error Significance

ICC 15.49 .64 3.73 .000
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Research Question 5
How do the three ability groups, gifted (above 95%), above average (85-94%) and
average and bel ow-average (below 85%) as identified by the composite score differ in
their performance on the items at different levels of cognitive complexity?

This research question was investigated to determine if each level of the cognitive
complexity mode(C?) discriminated betweedifferent ability groups. To analyze data,
the items were put in three groups, level 1, level 2 and level 3, based on their cognitive
complexity leveldas seen in table 4.13Participants also were categorized in three
groups according to their perfoamceon the total score: gifted (abo98%), above
average (8®4%) and aveage and below average (below?86 Note that grouping the
participans based on their total scorestbe M3 might contribute to performance
differenceamong the groupsn each ognitive complexity level; however, an analysis of
group differences on eadlem and each complexitgvel might provideadditional
information aboutliscrimination and difficulty characteristics of items.

A MANOVA was used to investigate performancéatiences of the three ability
groups on the three levels. Preliminary assumption testing was conducted to check
normality, linearity, univariate and multivariate outliers, homogeneity of vadance
covariance matrices, and multicollinearity. Levene’siteditated inequality of error
variance in the level 1 and level 3 groups(.01 for both). Therefore, an alpha level
of .01 was set for determining significancedks for variables. The analysadicated a
statistically significant difference amotige ability groups on tncombined dependent

variables (E(6, 572) = 68,42p < .01; Wilks’ Lambda =34, partial eta squared = .42]]
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Then PostHoc tests were conducted using the Tukey Honestly Significant Difference
test (HSD) to inveggate the folloving hypothesegable 4.14)

Null hypothesis — No significant difference exists between the performance of
gifted students and that of above average students on items at the third level of cognitive
complexity only. Posthoc comparisons indicated thattgd students scoresignificantly
higher than above average students on the level three pem®Z1; see table 4.13 for
pog-hoc comparisons and table 4fbB group means). However, gifted déunts also
scoredsignificantly higher than above averagfadents on the levélo items p < .01)
but not on the levebne items. Therefore, thmull hypothesis was rejected

Null hypothesis — No significant difference exists between the performance of
above average students and that of average and bel ow average students on items at the
second and third level of the cognitive complexity. Posthoc comparisons indicated that
above averagstudents scoregignificantly higher than average and belaverage
students did on the levehe problemsg < .01), as wll as on the levetwo and level
three problemsp(< .01 for both differences). Therefore, thidl hypothesis was
rejected

Null hypothesis — No significant difference exists among the performance of the
three ability groups on items at thefirst level of the cognitive complexity. Posthoc
comparisons indicated that gidtstudents scoresignificantly higher than averagnd
belowaverage students the levebne problemsg < .01). Similarly, abovaverage
students scored significantly higher trearerag and belowaverage studentm level

one problemsg < .01). Therefore, this null hypothesis was rejecteabld 4.14shows
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that only one nasignificant difference among the groups existed: the one between the
gifted and above average group oe finst level itemsg > .05)

A Chi Square test was used to examine differences in the proportions of each
ability group passing each item. Table 4.15 displays proportions of the ability groups
passing each item and the Chi Square test results perfamaty group differences.
According to Chi Square test, only items 2, 6, 15 and 19 did not differentiate significantly
among the three ability groups. Items 2 and 6 are first level problems. Item 15 is a
second level problem. Item 19 is a third levellgem.

Table 4.13

Mean and standard deviation of performancallodbility groups on three levets the C3

Ability Group
Complexity Gifted Above Average Below Average
Level N=17 N =42 N =232

Mean 7.23 6.42 3.63
Level 1

Std Deviation 75 1.03 1.58

Mean 5.64 3.71 1.67
Level 2

Std Deviation 1.27 1.38 1.17

Mean 4.00 2.31 1.12
Level 3

Std Deviation 1.54 1.33 1.07




Table4.14

Tukey HSDMultiple Comparisons
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Complexity MeanGroup Std.
level () Group (J) Group Difference (}J) Error p
Above Average .81 42 .140
Gifted (> 95%) AverageBelow
3.60 .37 .000
Level 1 Average (<85%)
Above Average AverageBelow
2.79 .24 .000
(85-94%) Average
Above Average 1.93 .34 .000
Gifted AverageBelow
3.97 .30 .000
Level 2 Average
AverageBelow
Above Average 2.04 .20 .000
Average
Above Average 1.69 .32 .000
Gifted AverageBelow
2.88 .28 .000
Level 3 Average
AverageBelow
Above Average 1.19 .19  .000

Average




Table 4.15

Chi Square test for group differences on each itenttaaygroportion ofthe aility

groups passing each item
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Ability Group Chi Square Test
Average,
Above Below-

Gifted Average Average Pearson Chi Asymp. Sig
ltem % % % Squarevalue  (2-sided)
1 94.1 59.5 28.0 41.19 .000
2 94.1 97.6 92.2 1.63 442
3 76.5 78.6 32.8 29.51 .000
4 94.1 78.6 30.2 55.62 .000
5 100.0 90.5 48.7 38.64 .000
6 41.2 33.3 24.6 3.29 192
7 64.7 71.4 20.3 54.30 .000
8 94.1 92.9 60.3 23.00 .000
9 58.8 35.7 14.7 26.35 .000
10 47.1 50.0 15.9 29.63 .000
11 35.3 214 5.3 25.68 .000
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Table4.15 — continued

12 100.0 64.3 19.0 76.27 .000
13 94.1 45.2 28.0 33.25 .000
14 64.7 40.5 26.3 13.27 .001
15 47.1 31.0 28.0 2.81 .256
16 41.2 19.0 12.1 11.37 .003
17 88.2 90.5 40.9 45.00 .000
18 52.9 16.7 14.7 16.32 .000
19 17.6 14.3 8.2 2.86 .240
20 58.8 33.3 20.0 12.70 .002
21 41.2 16.7 1.3 56.26 .000
22 94.1 61.9 22.8 55.70 .000
23 47.1 11.9 10.3 19.27 .000
24 35.3 23.8 11.6 10.22 .006
25 47.1 26.2 19.8 7.19 .027
26 0.0 7.1 1.3 6.41 .041

27 58.8 33.3 3.4 74.65 .000
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Summary of Finding

The exploratory factoanalysis yielded three separate components partially
supporting the thremathematical minds modeThe threefactor solution explained
55.03% of the varianceSome subtests did not fit in the components in which they were
expeded to cluster.The ategorical syllogism and selection subtests did not correlate
substantially with the other subtesfEhis indicatesow association with other thinking
skills, whereas the other subtests had statistically significant correlatidmsagtt other.

Regarding the M3 reliability, thikuder Richardson analysis showthat the M3
testhad a .72 coefficiency levak a consistency of scoreéBhe convergent validity
analysis showed that the M3 had medium to ‘mgddium correlations with tebers’
rating of students’ mathematical ability and students’ rating of their own ability and their
liking of mathematics. Another mode of analysis involved developmental differences
among the 8, 7" and &' graders. Eiglitgrade students performed sificantly higher
than the other two groups, whil& Graders scored slightly higher than tﬁbg‘r‘aders.
Most of the items in th®1® had medium to high correlations with the compnents and the
composite with the exception oheof the twentyseven itens.

Item discrimination indiceganged from.02 (negative discrimination) to .84
(very high positive dscrimination) dependingn the component or the composite score
on which item discrimination was compute@LM Repeated Masures indicated a
statisti@ally significant difference among the four types of discrimination indices. Item
difficulty analysis indicated that the difficulty level of the items ranged from .02 to .93,

with a mean of .29 difficult level
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The threeevel cognitive complexity modehad a strong ass@tion with item
difficulty andaccounted for 41% of variance in item difficulty. The analydi
discrimination pwer of the thredevel cognitive complexity model revealed tluatted
students scoresignificantly higher than abevawerage students on the leweb and
levelthree problemsbut not on the levaine problems. Gifted students also scored
significantly higher than average and below average students on the first, second and
third level problems. Fauwf the twentysevenproblems {wo first-level problems, one
secondlevel and one third levedid not discriminate significantly among the three levels

of mathematical ability. Research findings will be discussed in detail in the next chapter.
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CHAPTER V
DISCUSSION AND CONCLUSION
The primary purpose of this study was to investigate the psychological validity of
the threemathematical minds model (M3). The secondary purpose was to examine the
psychological vatlity of the thredevel cognitive complexity mod€IC3). The author
alongwith mathematics expertdeveloped test of mathematical abilityaccording to the
M3 and the C3. The test was administered to 291 middle school students. Comparative
and correlational analyses were conducted to analyze Tatschapter includes the
discussion of research findings antplications,recommendations for future essch
and practice, anstudy limitations. Research findings related to the thmathematical
minds model will be discussed first. Then, researatirigs about the threlevel
cognitive complexity model will be discussed.
The ThreeMathematical Minds Mod€g[C3)
Research Question 1
How theoretically valid is the three-mathematical minds model? The factor
analysigrevealed three separate compdaeaut of nine subtests; thiat the three facter
solution expert mindsanalyti@l minds and creative mingdgrovides the best fit to
explainmathematical ability This finding supports the psychological validity of the
threemathematical minds modet the component level. However, the finding partially
supports the M3 at the subcomponent level, in that factor analysis yielded that some
subcomponents of eative and analytical minadustered in the knowledge component,

contradicting the author’s thesticd position. The author’s initial assumption was that
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geometry, algebra and statistics subcomponents cluster in the knowledge component; the
three syllogism subcomponents cluster in the analytical component; and insight, selection
and induction subcuoponents cluster in the creativity component. The discussion of
componential and subcomponential research findings follows.

Table 4.3 showtoadings of each subcomponent on the component in which it
clustered According to the analysigeometry, algebratatistics, linear syllogism,
conditional syllogism and inductionusterin the first componerdnd explairalmost
30% ofthevariance. This component can be labeled, with confidéhe&nowledge
reasoning component or expert mind. An inspecticdh®subtests and problems in each
subtest willsupport my label. In chapter thréestated that the third level problems in
the knowledge component require some reasoning because these problems entail
conceptual understanding of subject mattesr exanple, the level three problem the
geometry subtest requires understanding perimeter and area relationships for the solution.
Conceptubunderstanding mearaalyzing fact and relating them. However, the fact
thatthese subcomponents clustéth thelinear syllogism, conditional syllogism and
indudion subcomponents is unexpectedhis author. Obviously, some overlap exists
among the subcomponents.

What was unepected washe clustering of induction, linear syllogism and
conditional syllogism intte knowledge component. They have low to medlioum
statistically significantcorrelations with the other subcomponents of the knowledge
component. An inspection of the problems in the induction subcomponent, which was

supposed to cluster in the credly component but clustered in the knowledge
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component, indicates ththe first level problemacategorizing numbeysand the second
level problem(finding out the sum of the internal angles of a shape of 14)sidade
solved by using mathematical kmiedge, as well as by inductive processes. However,
the third level poblem finding outthe number of tumof a wheel)does not require
mathematical knowledgeNeedless to sayhefirst and second level problems contribute
to the overlap betwedhe knowledge componerand the induction subcomponent from
this author’s point of view. Another reason for the overlap can be seen from the finding
that the induction subcomponent has a higher correlation with the geometry
subcomponent because the second lawve the third level problems in the induction
subtest also require spatial ability while the first level problem requires numerical ability.
The subcomponent conditiahsyllogism, which was expectéal clustelin the
analytical componentluskered n the knowledge component. The conditional syllogism
hasa similar nature of overlap #dise indution subcomponen that problems in the
conditional syllogism were presentedalgebraic expressions. Conditional syllogism
problemsalso require the use obefficients and factors. Theog€, the correlation
betweenalgebra andhe conditional syllogisnsubtesis .34, a statistically significant
finding (as seen in table 4.4). As a matter of fact, the conditional syllogism carelate
with the geometry sidmmponent at a highével, .47. This author believethatthe
overlap between the conditiorslllogism and the knowledge componenbccurs
because ofhe similar nature of the problems in the conditional syllogism andlgjedra
subcomponent. Perpsisome students, whwere not good at algebmdid noteven

attempt to solve conditional problems because of surface similarities between algebra and
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the conditional syllogism problems. The strong overlap between the conditional
syllogism and the geomgtsubcomponent found in this study needs to bestiyated
furtherin future research related to thE, in particular andmathematics and
mathematical abilityin general

Unlike conditional syllogism and induction subcomponethislinear syllogism
subcomponent does nodve problems similar to algebra probletmswever |t, too,
clustered in the knowledge component. Linear syllogism problems lity resquire
focused attentigras well aghe comparing and contrastiagpects of analytical akiji
Therefore, | predicted the linear syllogism subcomponentld correlate highlwith the
catggorical syllogism and cluster irthe analytical component like the categorical
syllogism, but it didhot. What made the lineayllogism subcomponent cluste the
knowledge component needs further investigation.

Unlike the other subcomponents, which have multiple significant correlations
with each other, the categorical syllogisobcomponerttas very low correlations with
the others. The categorical lsgism subcomponent was foutawbea separate
component in factor analysis explaining 12%h#variane. The categorical syllogism
problems like linear syllogism problemsequire focused attention, contrasting and
comparing. Therefore, this componhe&ras labeleéds amanalytcal component by this
author. The categorical subcomponleas a significant correlatioriL3, withonly the
induction subcomponent. ategorical problems were presented in a table, and the test
takers were supposed to figure the nunber of individuals in intersectingnd

disjointedgroups. Here, an association exists between the induction and the categorical
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problems. However, thoverlap is quite small,6%. Keep in mind that a significant
correlation might exist betwedwo variables with a large sample size. Therefore, this
correlation does not tell much about the relationship bettyeanductive processes and
the categorical syllogism processes. Indeed, the finding might be just an artifact of the
sample size. Ftlrermore, although the categorical syllogism subcomponent itself is a
separate component in the factor analysis, the difficulty level of the categorical problems
might have contributed to the distinctiohtbis component. &tegorical prolems have a
meandifficulty level of .25 a very difficult level (see table 4.10). Therefore, how much
the difficulty level of categorical problems contribsite variance in the categorical
subcomponent compared to the other components needs to be investigatedyfltiser b
author to study mathematical ability both at the factorial level and at the item level.

Like the categorical syllogism subcomponéehgselection and insight
subcomponents together appear as a separate component in factor asatgsn (a
table 4.3). Howeverthe insight subcomponent contributes to both the first and second
component equally Althoughits loading is sligtly higher on the second componéi4)
than that on the firstomponen(.43), it was not assigned the creativity compnent
Therefore, the second componentuded only the selection subcomponent. The insight
subcomponent has a medium level correlation with the geometry subcomponent because
two of the insight problems require spatial abilifjherefore, the nature tfe problems
in the insight subcomponent might have contributed to the correlation between the insight

subcomponent and the knowledge compondmt.inspection of the correlational matrix



146

presented in table 4.4 indicates that thegimssubcomponent hagak associationsith
the other subcomponents
The second component wWabeledas thecreativity component or creative mind

by this author because, as stated in the literature resed@ction problems requires
unusual mode of thinking, sativethinking; therefore, selection problems are different
from problems in the other subtests. Recall that, as pointed out in the literature review
(Davidson & Sternberg, 1984), many creative ideas come about through sorting out
related and unrelated infort@n and combining them selectively or through the use of
analogies as in the thildvel selective comparison problem in the selection
subcomponent. Overall, the selection subcomponent seems to measure a different aspect
of human ability. This differerccan be seen more clearly from gwent biserial item
subtest correlations in table 4.9. The problems in the selection subtest correlate
significantly only with the total score of the selection subtest.

The factorial findings of this study differ iloe aspects from those of prior
factor analytic studies ahathematial ability. For example, Rogerstudy (1918)
showedcorrelations among math subtests, ranging from .02 to .59. Similarly,
correlations among theubtests of the M3 randgem almost.00 to .47. Prior researchers
such as Spearman (1927), Thurstone (1937) and Verdelin (1958) reported separate
numerical and spatilisual factors underlying mathematical ability. In this study, the
author did not find any separate numerical or spatiéfacinstead, algebra, geometry
and statistics subtests underlying numerical and spatial ability, respectively, clustered in

the knowledgeeasoning component. However, Verdelin also found a deductive factor
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(analytical ability in this study) that waspseate from other mathematical factors.
Likewise, the categorical syllogism subcomponent is a separate component from the
other components in this studin addition, this study revealedmathematical creativity
component that has not been reportedthgoresearchemsith the exception of
Sternberg (2002).

Research Question 2

What are the psychometric properties of the M3 test battery?

Reliability findings. Thereliability coefficient may be interpreted in terms of the
percentage of score variand&riautable to different sources. For example, a reliability
coefficient of .90 means that 90% of theigace in test scores is accounted fotrone
variance in abity measured, and 10% is explaineddyor variance The mode of
reliability analysign this studywas KudetRichardson reliability, a measure of interterm
consistency.The analysis yielded reliability coefficient of .72 This coefficient slightly
exceeds the desired minimum levetlod coefficient, .70 (Anas& & Urbina, 1997).

Although the coefficients are above the minimum level, they are not very strong,
in that over 25% of the variance in scores in the M3 is attribeitabérror variance. hie
M3 is not a measure of a single trdatit a measure of multilateral aspects of
mathematical ability. That is, the items in the M3 are heterogeneous; therefore, the
interitem consistency of the M3 should not be expettdukbvery high because the
interitem consistency is influenced largely by the heterogeneity of the behavior domain
sanpled (Anastasi & Urbina, 1997)In other words, the more homogeneous the domain,

the higher the interitem consistency. Recall that the M3 has nigeraplonents and
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three componentsieasuring separate aspects of mathematical ability. Overall, the
reliahlity findings provide partial evidence for the reliability of the M3 as a measiure
unified mathematical abilitand good evidence for the reliability of the M3 as a measure
of multilateral aspects of mathematical ability.
The Construct Validity of the M3

In this section, | will discuss research findings related to the converglafity
of the M3 first. | will discuss research findings relatedvaether the M3 shows
developmental evidence by differenitigt among different grade levedsid whether it
shows internal consistency for itetwtal score, itersubtest and subtesital score
correlations.

Convergent validity of the M3. Campbell (1960b) pointed out that a psychological
test should coelate with other variables to which itald be relatedheoretically to
show construct validity, meaning that the test measures what it intends to measure.
Convergent validity, however, is only one way to investigate the conséiated
validity of a psychological test. ddvergent validitycan be investigated through the
correlation of the same ability measured by different tests or through the correlation of
similar abilities measured by the same or different tests. The correlation between scores
on aptitude tests and gradesnath coursg is one example abnvergent validity. In
this study, the convergent validity of the M3 was investigated by correlating students’ M3
scores with teachers’ rating of students’ mathematical ability, students’ rating of their
own mathematical ability anduglents’ rating of their liking of mathematics. Note that

the first two ratings are measures of students’ mathematical ability, also measured by the
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M3. The liking of mathematics is not a measure of mathematical abilityt is
associated with a studigs mathematical performance.

Table 4.7 summarizes partial correlations among the aforementioned variables.
Recall that the overlapping effect of grade is statistically controlled in the correlational
analysis. As read from the table, correlations betwthe M3 and the ratings range from
medium to highmedium, with all correlations being statistically significanthat.01
level. The correlation between teachers’ rating and the M3 composite score is the highest
among the others (r = .45), followed Styidents’ rating of their own ability (r = .36) and
their liking of mathematics (r = .35). What is interesting in the table is the pattern of
correlations between the M3 components and the ratings. Both teachers aating
students’ rating correlatewith the knowledge component (r = .42 & .40) much higher
than their ratings with the creativity (r = .35 & .26) and analytical component (r = .32
& .19). This author interpretdiese correlation® meanthat teachers and students
associate ntaematical aility more withamount of mathematical knowledge and
achievement in math classes than with creative and analytical ability. Perhaps, some
creativity and analytical problems also were unusual to the students, as some students
commented about some problearsthe test booklet by saying, “weirddifferent;
“excellent; “neverseen” or “impossiblsolution.”

Overall, these findings provide evidence fag tonvergent validity of the M3.
The author’s future research agenidawevershould focus on assations between
scores on the M3 and scores on another test of mathematical ability for a meoeitlear

picture of the convergent validity evidence. Also, further research is needetermine
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the relationsip between scores on the M3 agréhdes in mdtematics classes or
performance on an achievement test to provide critegtated validity evidenctor the
M3,

Developmental differences among students of various grade levels. A major
criterion used in the validation of a number of intelligencestissage differentiation
(Anastasi & Urbina, 1997). However, the use of age in the validation of aptitude tests,
such as the M3, is not appropriate because they measure ability that is influenced largely
by school learning. Therefore, the major critefionaptitude tests should be grade
differentiation, which is what the author used to check the M3 against grade to determine
whether the scores in the M3 show a progressive increase with grade during middle
school (6 through & grade).

As reported irthe foregoing chapter, the findings provide paxtaidity evidence
about whether the Miiscriminates among different grade levels. The partial evidence
means that'8grade studentscored significantly higher thar' and &' grade students
however the " graders scored slightly higher than tffegraders. Needlsso say, the
latter findirg contradicts the formeeven though the difference between tefaders
and the 7 graders is not significanfThe discus#n of this contradiction fdows.

An inspection of table 3.2 indicates that a significant difference exists among
sample sizes. The size of tHegrade is almost half that of th® grade. This difference
might have contributed to the performance difference betweel'theds#' graders,
favoring the & graders. Another reason for the contradiction might come from the

statewide achievement difference betweBmbd 7' grade studentsMy personal
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conversation with one of the teachers who administered the M3 indicatesetiéat t
graders scored higher than tHtgtaders on a sta@pproved achievement tes.
Chandler, pemnal communicationJanuary 13, 2005)No reason has been fouby
state educators for this unexpected differerfa@rther,developmentally, somage&ks and
slumpsmight exist instudents performanceluring middle school. For example,
Torrance (1968) reported that children aerstratecan early peakn divergent thinking
followed bya slumparound fourth gradeand a latencrease.Likewise, Sak anilaker
(2003) foundstagnancyn fluency of students mathematicsit fourth grade That is,
children’scognitivedevelopment may show curvilinear trajectories with peaks and
slumps in one or more facets of their abilityterestingly, inthe selectionand insight
subtests in this studgslumpexists around % grade and a peak arounl grade.

Briefly, the findings show partial, developmental evidence for the walidithe M3,
Thereforethe authds future research agenda includes administeahegVF to a
different sample to saéthe sane or different results abtained. These findings also
suggest that researchers should check a reovigtructed abty or achievement test for
grade differentiation.

The internal consistency for item-total score, item-subtest and subtest-total score
correlations. Internal consistency correlations, whetbased on items or subtests, show
thehomogeneity and heterogeneitytbétest itemaised to measutiée ability domain
sampled by the &. Therefore, the degree of homogeneity or heterogeneity of a test has
some relevance to its construct validity. In other words, the internal consistency

correlations mighprovide evidence related to whetli®ms in a test battg measure the
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same costruct,similar constructs or completely different constructs. Anastasi and
Urbina (1997) stated that correlations among items, subtests and the total score are
expected to be signdant if the test battery is constructedneasure a single, unified
corstruct. Because most psychological tests are developed to measure a unifiedtconstruc
the degree of significance aorrelations among items and between items and subtests of
a test battery developed to measure separate abilities is uncleapsytheéogical
literature. Theauthor's assumption is that low correlations exist among items and
between items and subtests that are developed to measure separate constructs even
though they are parts of the same test battEBor example, the M3 is designied
measure three aspects of mathematical ability; therefore, low correlations should be
expected among items measuring different aspects of mathematical abihyas the
creative mind and the analytical mind. On the other hand, high correlations bkould
expected among items measuring the same aspect of mathematicalsalmhtgs the
analytical mind.

As seen in the point biseriabrrelationaimatrix in table 4.9, twentgix of the
twenty-seven items in the M3 test battery correlate significamitlly the total score.
Indeed, most correlations are within the range of medium to high, prowdidgnce of
strang internal consistenayf item-total score relationships. In other wortse twenty
six items differentiate among thespondents in theasne directioras does the entire test
battery. However,item 26 havealow and nosignificant correlatiorwith the total sore
showing low discrimination Therefoe, thisproblem neeslto be revised oremoved

from the test battery. Furthermore, bivégiaorrelations between the subtests and the M3
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total score are significant, ranging from mediunhigh. The correlations between items
and the total score arde correlations between the subtests and the total score provide
evidence of internal conseicyrelated to the construcahdity of the M3 (see table 4.5
for multiple comparisons).

The correlation pattern in table 4.9 also provides additipsychological
evidence othe internal consistency dig¢ M3. What is most important this patten are
the correlations between the items and the sulitesthich the items are locateshd the
correlations between the items and the subtests in which the items are not located. As
seen in the table, the items, such as 1, 10 and 20 located in Hresijlegism subtest,
have high and significant correlations with the subtests in which they are located. In
other words, each linear syllogism problem, for example, differentiates among
individuals in the same direction, as does the entire subtest diylegism. This pattern
repeats itself for the other subtests, as well. However, the only items that do not have
high correlations withheir associated subtests @&mmns 24 and 2@hough they have
moderate and signdant correlations. #pointed otin the foregoing discussion, these
items may need further revision.

To this authormore interesting than thegh correlations arw positive and
low negative correlations between the items and the subtests in which these iteohs are
located. Inmother words, these items and the subtests are not developed to measure the
same construs. The correlation betwedem 25, an induction problem, and the subtest
conditional syllogism, for example, 194, meaning that they do not measure the same

ability and they differentiate among different abilities. Loggative or low positive and
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norsignificant correlations exist between most items of the M3 and the subtests that
measure different catructs. These findings shdhe internal consistency of the it
the item level and subtelevel. The findings also providalidity evidence for the three
mathematical minds model, in that the items developed to measure one of the
mathematical minds, such @ analytical mathematical mind, differentiates thmand
from the other two mindandvice versa.
Research Question 3

Which M3 items represent good measures of mathematical knowledge, analytical
mathematical ability and creative mathematical ability? Thepurpose of thisesarch
guestion was to attempt tdindurther evidence at the item level for the psychological
validity of the M3 and for the assessment of multilateral facets of mathematical ability.
As stated beforean assessment model should be validated not only on the factorial level
but also orthe item level. A€arroll (1996) maintained, one major problern
assessment practicissto determine the homogenedyheterogeneitpf items. The
particular interest of thiauthor was to find owrhich M2 items were good measures of
multilateral @pects of mathematical abilityrhis type of analysis provides/idence for
item homogeneity and heterogenafydiscrimination powers of items to differentiate
among individuals who may have high ability in different ability areas within the same
domain As pointed out in the first chapter, some items might show functional deviation,
meaning that they measure abilities thi@goreticallyare not constructeth measure On
the other hand, some items might be functionallyttiéy onlymeasure abilitiethey are

constructedo measure
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As noted previously, the mode of analysis \wamparison of the performance
of the upper 25% of the composite and the components with that of the lowelEzs%
item has four discrimination indices as a rest@iiheuse of four base scoreabe
composite, analytical, knowledge and creativity scores. As reported in the foregoing
chapter, GLM repeated measures yield very significant difference among the four groups
of discrimination indices. The effect size, computgdising Cohen’s d, is .82, a very
large effect. Therefore, discrimination indices for each item deserve further discussion.

As seen in tabld.10, each item has discrimination indice®st of which differ
significantly from each other. Item onfer example, has a high discrimination for
analytical minds, but has a low discrimination for creative minds. Th#&ns,one is a
good measure of analytical ability, larly the use of problemskie item onean ability
testswill miss many creative mindsSimilarly, item 6is a good measure of creative
ability butit overlooks individuals who have high mathematical knowledge. Findings
that are more radical are the discrimination indices of items 15 and 16. Although they
differentiate analytical minds fr@ nonanalytical minds, they discriminate against
knowledgeexpert minds. That is to say, knowleeggert minds will be overlooked
when only analytical types of problems are used in ability tests. Based on the
discrimination indices presented in tabl&0}.the author’s conclusisrabout each item
areas follow:

Problems 6, 7, 8.8,22 and 2%re good measures of creative abiliBroblems 1,

2,10,14, 15, 16, 20, 23, 24nd 26are not good measurekcreative ability
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Problems 1, 3, 4, 5, 8, 9, 102, 14, 15, 17, 20 and 22e good measures of
analytical ability. Probkems 2, 611, 18, 19, 21, 23, 225 and 2@re not good measures
of analytical ability.

Problems 1, 3, 4,5, 7, 8, 1P3, 17, 22 and 2dre good measures of mathematical
knowledge Problems 2, 6, 11, 14, 15, 16, 18, 19, 20, 21, 25 and 26 are not good
measures of mathematical abilityn fact, poblems 15, 16 and 1discriminate against
knowledgeexpert minds.

Problem 2s too easynd problem 26 too difficult therefore, theyhave low
discrimination levels. Thegeed further revision.

In addition, sore items show functional fithesghereas others do not. Items that
show functional fithess, meaning that they measure highly or moderately one type of
mathematical mind or onlyhat they are supposed to measare creativig problems 6,
11, 18, 19 and 25nalytical poblems 9, 10, 14, 15, 16 and 2®d knowledge problems
13 and 23. The rest of the problems show functional deviations, meaning that they also
differentiate morehan one type of mathematical mindhterestingly, most of these
problems are knowledge problems.

Overall, some problems in the M3 are homogeneous, diffatargionly one type
of ability whereas some are heterogeneous, differentiating more thaypenef t
mathematical ability. Some problems have low discriminations not because they do not
discriminate between high ability and low ability, but because they are just too difficult
evensome of the individuals with the highest abiliteesild not solveahem. Problems 11,

21 and 23re good illustrations of these typesldficult and low discriminating
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problems. As seen in table 4.15, only 35% to 47% of the top 5% of the participants
passed items 11, 21 and 23. On the other hand, 1% to 10% ofdvedverage students
passed these items. Therefore, discrimination indices of problems in an ability test
should be computed based not only on a comparistiveopper 25% anthelower 25%
but also on a comparison thietop 5% and above average indwals if the major
purpose of the test is to differentiate between giftedremgifted individuals. To this
author’s best knowledge, no prior research exists about this type of item discrimination
computation. Finally, no prior researchers computed discrimination based on
different ability groups within the same domaliinf, 1993). Based on tHedings in
this study, the author suggests that test items should be validated not only based on item
total score or subtesdtal score correlations foneir internal consistengyput alsoon
item discrimination indices estimated based on factor scores. Thisftigpen validation
is essentigparticularlyfor ability tests that measure various aspects of human ability.
The ThreelLevel Cognitive Compleity Model (C3)

Research Question 4

How psychologically valid is the three-level cognitive complexity model? The
author investigated the psychological daly of the thredevel cognitive complexity
model (C3) through correlational, regression and muiat@ analyses and nonparametric
analysis. Theauthor'sassumption was thaem cognitive complexity, developed based
upon the C3was the majoraurce of item difficulty As pointed out in the first chapter, a
good psychological test consists of prabdethat are in an ascending level of difficulty

(Lohman, 2000; Sternberg, 2002); however, the difficulty level of problems should have
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psychological sources. The psychological background of the C3 was discussed
extensively in chapter three. Sources eftcognitive complexity also were presented in
chapter three. Here, | will discuss research findings related to the psychological validity
of the Cs.

As read from correlations in table 4.11, item cognitive complexity is associated
significantly with itemdifficulty level (r = .64). The association between the C3 and item
difficulty was investigated further by regression analysis to find out how much variance
in item difficulty was explained by the C3 or if the C3® was the major source of item
difficulty. As presented in table 4.12, the C3 is the major source of item difficulty,
explaining 41% of the variance. This finding provides support for the psychological
validity of the C83, buthe findingdoes not sufficassupportforthe effectiveness dhe
three levels in differentiating three ability groups: novices, developing experts, and
experts. Research question five and associated hypotheses aimed at finding out if the
three levels differentiate among theups. The discussion dsearch questionvie
follows.

Research Question 5

How do the three ability groups, gifted (above 95%), above average (85-94%)
and average and bel ow-average (bel ow 85%), as identified by the composite score, differ
in their performance on items at different levels of cognitive complexity? Threenull
hypotheses were tested to determine whether each level of the C2 differentiated among
novices, developing experts and experts, or averatpg\average, above average and

gifted students, respectively. The finstll hypothesiss related to the discrimination
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power of the third level problems between developing experts (average and below
average students) and expette(op 5%of students)no significant difference exists

between the performance of gifted students and that of above average students on items

at the third level of cognitive complexity only. In other words, only third level problems
are supposed to differentiate between developing expettex@erts according to the C3;
whereasthe first and second level ptelms do notifferentiate As posthoc

comparisons show in table 4.13, both letveb and levelthree problems differentiate
significantly between expert students and developing expert students; howevernkvel
problems do notdifferentiate between ttveo. These findings imply that levedo

problems are very difficult for developing expert students, so most of these students were
unable to solve these problems correctlnergfore, levetwo problems shoulte

revised so that no significant perfomea difference exists between developing expert
students and expert students on léwal problems. The findings also indicate that level
one and levethree problems function in the direction they were developed according to
the three levels of the cogivie complexity model.

The seconadull hypothesis is related tbe discrimination power dévektwo and
levelthree problems between developing experts and noWoesgnificant difference
exists between the perfor mance of above average students and that of average and below
average students on items at the second and third level of the cognitive complexity. In
other words, only levetwo and levethree problems are supposed to differentiate
between developing expert students and novice studentslegrto the C3. The

findings presented in table 4.13 indicate that kwel and levetthree problems
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significantly differentiate between the two groups; however, developing expert students
also perfom significantly higher than novice studen#s notel earlier,levelone
problems do not differentiate between expert studentsleveloping expert students.
Therefore, levebne problems need further revision so that no significant performance
difference exists between the two groups on leved problers.

Thethird null hypothesis is related to the discrimination power of the Jexel
problems among the thrgeoups:no significant difference exists among the performance
of the three ability groups on items at thefirst level of the cognitive complexity. In other
words, the firsievel problems are not constructéal differentiate among the threeogps
according to the C3. 1 findings presented in table 4.13 illustrate tiat firstlevel
problems do not differentiate between expert students @relaping expert students, but
do differentiate between the novice students and expert students and between novice
students and developing expert students. These findings mean thattllesdir
problems are difficulenough for novice students; thugperts and developing experts
outperform novices orne firstlevel problemsas well as on the second and third level
problems. Therefore, as recommended in the foregoing discussiommhevptoblems
need further revision so that they do not differgatgagnificantly among the three ability
groups.

Overall, thethreelevel cognitive complexity model deserves further research,
particularly as towhether each level differentigt@mong the three aliyi groups in the
directionassumed. However, as dissad in research question four, the C3 accounts for

a significant degree of variance in item difficulty (41%), meaning that item difficulty
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comes from psychological sources, such as demand for mathematical knowledge,
analytical mathematical ability or citege mathematical ability, developed according to
the C3. Although 41% dhevariance in item difficulty is explained by the C3, what
contributes to the rest tlievariance is unknown. Probably, other factors, such as the
difficulty of language, the legth of verbal statements, the clarity of graphs or some
external factorscontribute to item difficultyas well. Therefore, in future research related
to the Cs8, the author may investigate the contribution of these factors to item difficulty as
well as hat of the C3. The author also suggests that every rawilstructed test should
be validated through the analysis of sxms ofitem difficulty. This type of analysis is
missing in many ability testsThistype of analysis should be carried out andoréed in
test manualso thattest users assiate the difficulty of a test witthe characteristics of
the students to be assessed.
Study Limitations

A number of limitations exigh this study, most of which pertain to the sample.
First, the number ahe 6" grade students is much lekan that of the'7and &' grade
students. Thiglifferencemight have contributetb theperformance variance among the
groups. Second, the sample is not an exact representation ofthgedause it was
drawn onlyfrom the southwest regioof the country. Bportions of gender and
ethnicity in this studyhowever are close to those of the&J in general.

The test was given in the beginning of the spring semester; therefore, the
participants had notoenpleted heir associated grade leveAs a result, they had not

mastered mathematical knowledge and had not developedtakdistat the end of their
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respective grade levelThe timeof the school year in whidhe test was given might
have contributed to itemlifficulty because problemsere developed according 83
grade studentgevel of mathematical abilitys rated by mathematics teachers.
Otherlimitations arerelated to the methodolog¥irst, the M3 items were
hypothetically assigned into theirtgests; thereforey subtest factor analysis was used
instead ofan item factor analysis. An item factor analysis is recommended for future
research related to the MSecond, Bhough the conditional syllogism and linear
syllogism subtests did not clestin the analytical component, as reported by factor
analysis, the author grouped them in the analytical component in the computation of
multiple item discriminations based on component scores. Likewise, the indaation
insightsubtest weregrouped irthe crativity component even though the induction
subtestlustered in the knowledge componant the insight subtektaded equally on
the analytical and creativity componeatsording to factor analysig:he third
limitation is related toability grouping in research question five. The participants were
categorized into three groupscording to theiMs? total scores. Because each item
contributes tdhe participantstotal scores, some of the performance difference among
the three ability groupsn each level of the Ghight come fronthe relative contribution
of each item.Therefore, the author suggests that readers consider aforementioned

limitations in their own interpretation of the research findings.
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APPENDIX A
Crosstabulation of Partmants
Inter ItemBiserial Correlations

Distribution of Correct Answers in the M3



Table A.1

Crosstabulation of participants by school, grade, gender and race
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Race

School Grade Gender Asian Black Hispanic Indian Other White Total

Female

6 Male

Total

Female

A 7 Male

Total

Female

8 Male

Total

Female

6 Male

Total

Female

7 Male

Total

0

0

0

0

0

0

1

5

12

13

1

5

15

18

13

10

11




Table A.1- continued
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School Grade Gender

Asian Black Hispanic Indian Other White Total

Female

8 Male

Total

Female

7 Male

Total

Female

8 Male

Total

Female

6 Male

Total

Female

Male

Total

Female

8 Male

Total

0

0

0

0

1

1

0

0

0

0

10

19

17

18

35

18

18

36

20

22

42

19

17

36

14

17

31

19

21

40

23

21

44

29

28

57

26

25

51




Table A.2
Interitem biserial correlations

166

ltem 2 3 4 5 6 7 8 9 10 11 12 13

1 .09 A3 26" 26%* .03 .07 29%* 5% A7 A3 29%* 22%*
2 .09 .03 .10 A1 .06 3% .00 .02 -.05 .06 A1

3 .26%* .16** .00 .26** 20%* 23** 21%* A1 21** 15*
4 27 02 21% 20%* .26%* 15* 12* 29%* 21**
5 A1 31 26%* 22%* 21** .06 25%* 19**
6 .04 .01 .08 .00 .04 .02 -.04
7 A13* 21** .18** .10 23 15%*
8 12* 12* 12* 19** 21**
9 14* 3% 20 .08
10 .03 18** .09
11 .18** A7
12 14*




Table A.2— continued
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ltem 14 15 16 17 18 19 20 21 22 23 24 25 26 27
1 A1 -.00 .05 29%* .03 .05 .01 .05 .05 .01 .00 -01 -01 .24*
2 .06 -.06 -.00 14* -06 .04 -03 .01 .02 .02 .01 .08 -.06 .10
3 -08 -.09 .08 25%* .02 .01 .06 A7 12* .05 .01 -02 .07 12*
4 .04 .16** -05  .24* .05 .01 .15 27 A7 .04 .00 .09 .08 18**
5 .02 -.04 .04 23** -02 .02 .06 A8 23 14 -13* .06 -02 .17
6 .04 .05 -.01 .04 -05 .09 -07 -.05 .09 -.02 -04 -01 -09 .09
7 -01 -05 -04 A7+ .08 .01 -01 .22~  .15* .02 -11 -01 .06 5%
8 .05 .07 .07 29%* -03 .01 .10 .08 24** -.02 .01 -03 -05 .20*
9 -.07 .01 .06 .09 .07 .01 .02 A3 .07 A7 -06 -09 -01 .10
10 -.00 .01 -.02  .19% -01 .02 .06 18** .06 .06 -13* .01 .04 .05
11 .10 .09 .10 13* A1 .02 .03 22%% 21% .06 -05 .03 -.04 .08
12 3% .02 .00 27 .06 .01 .18 .19 34  13* -06 .04 .06 22%*
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13

14

15

16

17

18

19

20

21

22

23

24

25

26

.00

-.04

39**

-.06

.04

.16**

21%*

13*

.02

.02

.04

.07

-.02

20%*

.08

.04

.01

.02

.06

.06

.08

-.04

.04

.01

3%

14~

.04

.10

19%*

12*

.03

-.02

22%*

16**

.07

16**

14*

A1

-.02

19

32%*

13*

.15%

14*

.26%*

-.02

.04

.02

.02

.09

-.01

-.02

.01

A7

A1

-.06

.05

.00

.06

-.00

.07

-.03

.09

-.06

-.10

3%

-.01

.06

-.04

.06

.05

.04

.08

.10

-.06

.01

.02

.02

-.00

.06

.01

-.06

.05

-.07

-.05

-.09

A7

.10

.02

-.02

-.02

19**

.15*

.04

.04

24**

.10

.03

.09

.15%

.25%*

13*

A1

23

.03

Note. * Correlation is significant at the 0.05 levett@led). ** Correlation is significant at the 0.01 leveltgled).
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Table A.3

Number of correct answers in the total test battery

Number of correct

answers Frequency Percent Cumulative Percent
1 8 2.7 2.7
2 4 1.4 4.1
3 23 7.9 12.0
4 17 5.8 17.9
5 21 7.2 25.1
6 28 9.6 34.7
7 39 13.4 48.1
8 39 13.4 61.5
9 30 10.3 71.8
10 23 7.9 79.7
11 12 4.1 83.8
12 11 3.8 87.6
13 7 2.4 90.0
14 12 4.1 94.2
15 5 1.7 95.9
16 3 1.0 96.9

17 3 1.0 97.9
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Table A.3— continued

Number of correct

answers Frequency Percent Cumulative Percent
18 4 1.4 99.3
20 1 3 99.7
21 1 3 100.0
Total 291 100.0
100

)

S Std. Dev = 3.77
a?.)- Mean = 8.0

T N = 291.00

00 25 50 7.5 100 125 15.0 17.5 20.0

Total

Figure A.1. Distributiorof scoresn the total test battery
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Table A.4

Number of correct ansavs in the knowledge subtest

Number of Correct

Answers Frequency Percent Cumulative Percent
0 8 2.7 2.7
1 33 11.3 14.1
2 41 14.1 28.2
3 66 22.7 50.9
4 638 23.4 74.2
5 38 13.1 87.3
6 16 5.5 92.8
7 16 5.5 98.3
8 2 7 99.0
9 3 1.0 100.0

Total 291 100.0
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160

140 +

&

GC_, Std. Dev = 1.80
q?.)- Mean = 3.5

C N =291.00

0.0 2.0 4.0 6.0 8.0 10.0

Knowledge

Figure A.2. Distribution ofscores the knowledge subtest.
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Table A.5

Number of correct answers in the analytical subtest

Number of correct

answers Frequency Percent Cumulative Percent

0 25 8.6 8.6

1 62 21.3 29.9
2 69 23.7 53.6
3 63 21.6 75.3
4 34 11.7 86.9
5 21 7.2 94.2
6 10 3.4 97.6
7 5 1.7 99.3
8 2 g 100.0

Total 291 100.0
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80

)

q:) Std. Dev = 1.68
qg)— Mean = 2.5

C N = 291.00

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

Analytical

Figure A.3. Distribution ofscores the analytical subtest
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Table A.6

Number of correct answers in the creity subtest

N Frequency Percent Cumulative Percent
0 37 12.7 12.7
1 70 24.1 36.8
2 109 37.5 74.2
3 44 15.1 89.3
4 23 7.9 97.3
5 6 21 99.3
6 2 g 100.0

Total 291 100.0
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120

&
S Std. Dev = 1.23
qg)— Mean = 1.9
T N = 291.00
0.0 1.0 2.0 3.0 4.0 5.0 6.0
Creative

Figure A.4. Distribution of scoren the creativity subtest
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160

140 +

120 o

100 +

80 +«

60 1

40 1

Std. Dev = .70
Mean = 1.6
N =291.00

20 14

Frequency

Algebra

Figure A.5 Distribution of scores in the algebra subtest

140

120

100

80

60

40

>

(&)

GC) 20 Std. Dev = .90
g Mean = .8

[<B]

o o N = 291.00

0.0 1.0 2.0 3.0
Geometry

Figure A.6 Distribution of scores in the geometry subtest
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140

120 +

100 +

80 +

60

40

Std. Dev = .81
Mean = 1.1
N =291.00

N
o

Frequency

0.0 1.0 2.0 3.0

Statistics

Figure A.7 Distribution of scores in the statistics subtest

140 «

120

100

80

60

40

Std. Dev = .83
Mean = .8
N = 291.00

N
]

Frequency

0.0 1.0 2.0 3.0

Linear Syllogism

Figure A.8 Distribution of scores in the linear sifogism subtest
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120

100

80

60

40

20 Std. Dev = .89

Mean = .9
N =291.00

Frequency

0.0 1.0 2.0 3.0

Conditional Syllogism

Figure A.Q Distribution of scores in the conditional syllogism subtest

160

140

120

100

80

60

40

3

§ 2 Std. Dev = .88
g Mean = .7

I o N = 291.00

0.0 1.0 2.0 3.0

Categorical Syllogism

FigureA.10. Distribution of scores in the categorical syllogism subtest
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200
100
>
2 _
o Std. Dev = .66
= Mean = .5
]
I 0 N =291.00
0.0 1.0 2.0 3.0
Selection

FigureA.11. Distribution of scores in the selection subtest

200

>
< -
Py Std. Dev =.71
g Mean = 1.0
f’—: N =291.00
0.0 1.0 2.0 3.0
Induction

FigureA.12. Distribution of scores in the induction subtest
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300
200
100
>
< _
S Std. Dev = .59
?.)— Mean = 4
o 0 N =291.00
0.0 1.0 2.0 3.0
Insight

FigureA.13. Distribution of scores in the insight subtest
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Table A.7

ANOVA for grade differences on the M3 composite

Sum of Mean
Variable Squares df Square F Sig.
Between Grops 204.46 2 102.23 7.50 .001
Within Groups 3924.37 288 13.62
Total 4128.83 290

Table A.8

PostHoc comparisons of mean differences among all grades on the M3

95% Confidence

Intervd
Mean Std. Lower Upper
Test Grade Grade Difference Error Sig. Bound Bound
7 .26 57 .89 -1.09 1.62
° 8 -1.54* .58 .02 -2.91 -17
Tukey 6 -.26 57 .89 -1.62 1.09
HSD 7 8 -1.80* A48 .00 -2.95 -.65
6 1.54* .58 .02 A7 291
8

7 1.80* A48 .00 .65 2.95
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100

80+

= 60+
(6]
=
(5]

O 40

204

O-

Novice Developing Expert Expert
Continuum of Expertise

Figure Al4. Percentagef three ability groups on the M3

16
14
o 12
(&)
<
g 10'
£ 8]
a
6
4
2-
Novice Developing Expert Expert
Expertise Level

Figure A.15Performance idtribution of three ability groups on the M3
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APPENDIX B
The M3 Problems
Solutions of the Problems
Problem Characteristics

Cover Page of the M3
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Table B1

M3 problems and their oat in the test booklet

Iltem

Number Problems

1. A>B;C>D;D>E; E>A. Which is theecondargest?
(@) A
(b)B
(c) C
(d)D

(e) E

2. X+ 9 =27. What is the value of x?
a) 36
b) 18
c) 9
d) 3

e) 27
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3. If x > 0, which one is definitely correct?
a) 2x>1
b) x2>1
C) Xx2>2x
d) x2>x

e) none of the above

4. In the figure below, A and B lines are C

parallel, and the measurearigle y is50. N A
What is the measure ahgle x? /u

y 7 B
a)140

b)110

c)120
d)50

€)130
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5. Sam and Mike are carrying books for the school librarlgere are 64 books.
How many books are left if Sam carrig=of the books, and Mike carriés of
the books?

(a) 38
(b) 48
(c) 40
(d) 56

(e) 24

6. Thirty percent of studes in a classroom play footbadlixty percent play
basketball, and ten students play both spdfihat iSNOT required to find the
total number of students in the classroom?

(a) number of students who play football

(b) proportion of students who play both football and basketball
(c) number of students who do not play basketball

(d) proportion of students who do raiay football

(e) number of students who play basketball
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7. Suppose that you need to plant 5 trees in 2 rows, with 3 trees in each row in

your backyard. Draw your answer below.

8. 2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 20, 25, 30
Maketwo different groups consistiranly of the above numbers. Use each
number onlyonce All numbers in each group must have some

commonalitiesor each group must be based amla. Write under each

group commonalities you have found among the numbeteauleon

whichyou havebased your groupingTry to make the mositriginal

grouping! An example may be like this: some numbers are one digit and
some are two digits, so one digit numbers can be placed in one box and two
digits can be put in anothbox. Now, you should make two different

groups, as said above.

Group 1 Group 2

Commonalitiesor the rule: Commonalitiesor the rule:
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9. If x <- 1 and y < x, which one is definitely correct?
a) y>>x?
b) y2 < x2
C) x2<2y
d) 3x>y?

e) 2x <2y

10. a=b+1;c=d+4;a=f+4;b=d+2. Which isghwlles?
(@c
(b) d
(b
(d) f

(e) a
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11.  What is the sum of the internal angles of the shape“the table?

a) 1800
b) 2520
Shapes | Sum of internal anglesNumber of sides
c) 1260
d) 5040 Triangle 180 3
e) 2160 Pentagon 540 5
Heptagon 900 7
X ? 14

12. What is the area of the shaded region in the figure below
if the center of the circle also is
the center of the squardhase
one side is 12 inches?
a) 144 - 36n
b) 144 — 12t
c) 144 —6n
d) 48-6n

e) 42-12n
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13.

Bottles
Ounces | Price Extra discount Promotion
per bottle | per bottle | At check out
A 18 $1.79 None None
B 36 $5.40 %55 None
C 6 $1.00 None Buy one get one
free

There are five ifferent sizes of bottles of peanuts of the same quality as seen
in the above table. The table shows the amount of peanuts each bottle has and
its cost. Notice that some bottles have extra discounts or promotions.
Which is the best buy for peanuts?
a A
b) B
c) C
d) BandC

e) AandC
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Answerquestionsl4, 15, and 16 according to the table below. The table

shows the number or the proportion of students in school clubs. You must read
the table from the left to the right, not from the top to the bottom. For

exanple, the first row shows that there are 25 students in the chess club and all
of them are in the technology club and none is in the poetry club. The second
row shows that half of the technology students are in the chess club and five

technology studentgain the art club.

14.

Clubs Chess Technology | Poetry Art
Chess 25 All None ?
Technology | Half ? ? 5
Poetry None Half 22 ?
Art ? All All ?

What is the number of students in the art club?

a) 22
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15. How many chess students also are adh club?
a) 5
b) 6
c) 14
d) 25

€) none

16. How many students in the technology club are neither in the chess club nor in
the poetry club?
a) 3
b) 11
c) 22
d) 14

e) none
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17.

18.

If 2x — 3y = 2; y = 3z; and z = 2, what is the value of x?

a) 10
b) 20
c) 6
d) 9

e) 8

Which combinatiorof two triangles in the figure makesquar® (A square

has four equal sides). The figure is not drawn on a scale.

1

2.

3.

- HDC g NOC
HFC 9. AoH
HOG 10 AME
EOF  11.aFB
CNG 12 AHF
COF  13.ACB
ACD
a) land?2
b) 3and 4
c) 7and13
d) 5and 10

e) 6and9

A

D(-2, 3) N C(2 3)

G(0.1)
H (@] F
< p X
E(0-1)
A(-2,3) . B(2-3)

v
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19.  Which combination of any two triangles in the aboverfiegforms a rectangle

similar to the 4 by 8 rectangle below? 4

a) COF and AOH 8
b) ABC and DCA
c) AMO and HOA
d) FOC and HOA

e) EOF and HOG

200 A=3B;C=2D; F=G/2; D=A/2; 2D = 3G. Which is the smallest?
@ G
(b) B
(¢ F
(d)D

(e) C
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21. Consider that the numerator of a fian issmallerthan its denominator and

the result of the fraction iargerthan its numerator. Write such a fraction by
filling the boxes below.

Numerator

— R Result

— Denominator

22. If X2 +y =19 and y£ 3, which one is definitely correct?
a) x#4
b) x#3
C) X#2
d x#1

e) x#0
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23. Mary worked 5 hours and Josh worked 6 hours in the first dayogether
they made $71. The second dayriviworked 3 hours and Josh worked 2

hours,ard together theynade $33. How much was Josh paid per hour?

24. Sally spat 62.5% her money to buy a aard deposited 1/8 of her money in
her saving account at a rate of 6% interest. One year later, she had $742 in her
account. How mucHid she pay for the car?
a) $742
b) $3710
c) $3500
d) $5600

e) 2100
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25. The figure shows a chain of six ge@neels. The number on each one shows
how many gears that particular gedreel has.How many times does F turn

whenA moves clockwise 18 full turns?

a) 3 N -7 T~ ATTTN
7 RN 7 N\ /7 \
‘e v/ \ ’ F \
b) 4 ' 4 \ ' 36
' A |-==~a /
- P D e \\\ 7
/BT | 72 r “e__-"
c) 6 v\ J \
\ 18, \ / |
N7 \ 48 1
AN hN - /
d) 12 127 == N
e) 18

26. Mr. Sanchez hassguarefarm. A tree stands 5 feet from and 90 degree
diagonal to each corner as seen in the figure. How cdout@ehis farm in
area, which still isquarewithout cutting or removing the trees or without

owning the &nd upon which the trees stand? Draw your solution on the figure.
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27. Draw three different shapes that have equal perimeters but different areas.

Prove your answer.
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Table B.2

Solutions of theM? problems

ltem
Number Soluions

1. Option D
Random values:
A=20andB=19(A>B),E=21(E>A),
D=22(D>E),C=23(C > D), therefore,
C>D,D>E,E>A,andA>B

2. Option B
X=27-9;x=18

3. Option E
If x is a number between 0 and 1, then all the abipéions are wrong.

4. Option E

X is an alternative angle to y. The sum of them must be equal to 180.
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Option C

64 — (64/4 + 64/8) = 40

Option D
Proportion of students who do not play football is not required because the
number of footbalplayers or that of those who do not play football is not

given.

Many solutions
An intersection between two rows is required, such as a shape of T, L, X, V

Or a Cross:

>—>—>

Many solutions
For example, 2, 4, 8, and 10 are divisible by 2 and &)@,15 are divisible

by 3.

Option A
When two negative numbeasesmaller thanl, the square of the smaller one

always is larger than the square of the larger number.
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10.

11.

12.

13.

Option D
Random values:

a=10,b=9,c=11,d=7,f=6

Option E
(n—2) 180 is the rule to find the sum of internal angles of any shapes. This
can be induced from the number of sides and the sum of internal angles of the
shapes given in the problem stem. The second solution is adding 180 degrees

with each additionaside after the triangle.

Option A
The square’s asds 144 (12 x 12)
The circle’s area is 36 because its radius equals to one half of the square’s

one side (12/2)

Option B
Bottle B has the lowest price per ounce. This can be foundadd&r
discount is taken away from the total price and the remaining is dibigle

the amount per ounce.




203

14.

15.

16.

Option B
All art students are in the technology class and only 5 of the technology

students are in the art class.

Option E
All art students are in the poetry class and none of the poetry students is in the
chess d@ss; therefore, there is no intersection between art class and chess

class.

Option D
The number of students in the irgections and dissections amarigess,
technology and poetry classes should be taken into account for a correct
solution. The fdbwing is one way to find the correct solution:
The total number of technology students is 50 because half of the technology
class is in the chess class, which has 25 students. Half of the poetry class,
which is 11, is irthe technology class. d\intergction between poetry and
chess classesxists therefore, the sum of 25 and 11 gives the total number of
technology students who are either in chess or poetry class. Finaly3&0

= 14 is the correct answer.
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17.

18.

19.

20.

Option A
2x—3y=2;y=3z;and =2
2x—18=2
2x = 20; therefore, x = 10

Option D

Two triangles with equal bases and heights should be found.
A 2 x 2 square is an example.

Others are not square.

Option E
A rectangle with sides in ¥z rate should be composed frongtda in the
graph; that is, selective encoding and combination should be carried out to

construct an analogous side relation in the rate of 1/2 between two rectangles.

Option C
Random values:

A=15,B=5C=15D=75F=25,G=5
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21.

22.

23.

24.

25.

Many solutions
Negative numberer decimalshave to be used for a correct solution, such as

-6/2 =-3

Option A

If y is not equal to 3, then x2 cannot be 16; therefore, x cannot be 4.

Option B

5Mary + 6Josh = $713Mary + 2Josh = $33

-3(3May + 2Josh) = $3HMary + 6Josh = $71

-4Mary =-$28; Mawy = $7 per hour

Jos = $6 per hour (substitute Main the first or second equation)

Option C

Option C

Relation: Wheels increasing by multiples of 6 in gears. Rule: speed rate of 1/3
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26.

27.

One correct solution

[ T e
by
[ T D T
[ T e
[ T e
[ T e

Many solutions
For example, a square rectangle and a circle with 2 inches in perimeters
will have areas from the largest to the smallest in the ofdgrate, square
and rectanguleThat is, the area alwaysdmnes different in units no matter
how the shape is changed even if the perimeter remains the same. The

following is an example:

Square’s perimeter (2 x 2): 8 inches

Square’s area: 4 square inches

Rectangle’s perimeter (1 x 3): 8

Rectangle’s area: 3

Circle’s perimeter£2.54): 8, respectively

Circle’s area: 5.06, respectively
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Problem complexity leveland cognitive componenésid subcomponentseasured by

each problem

ltem Complexity
number Mind measured Subcomponent measured level
1 Analytical Linear syllogism 1
2 Knowledge expert Algebra 1
3 Analytical Conditional syllogism 1
4 Knowledge expert Geometry 1
5 Knowledge expert Statistics 1
6 Creative Selection 1
7 Creative Insight 1
8 Creative Inductionrule production 1
9 Analytical Conditional syllogism 2
10 Analytical Linear syllogism 2
11 Creative Inductive rule discovery 2
12 Knowledge expert Geometry 2
13 Knowledge expert Statistics 2
14 Analytical Categorical syllogism 1
15 Analytical Categorical syllogism 2
16 Analytical Categorical syllogism 3
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ltem Complexity
Number Mind measured Subcomponent measured level
17 Knowledge expert Algebra 2
18 Creative Selection 2
19 Creative Selection 3
20 Analytical Linear syllogism 3
21 Creative Insight 2
22 Analytical Conditional syllogism 3
23 Knowledge expert Algebra 3
24 Knowledge expert Statistics 3
25 Creative Inductionrule discovery 3
26 Creative Insight 3
27 Knowledge expert Geometry 3
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For Teacher Use Only:

The mathematics test you are about to take has 2 ons about your perceptions of
mathematics and 27 mathematics problems you need to answer. Y5 minutesto
complete the tes

First Name:

Grade

Gender:

Last Name:

Date of Birth:

Race:

African American___
American Indian
Asian____

Hispanic

White

Other

Figure B.1. Cover page of the test booklet
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APPENDIX C

Student Questionnaire and Teachnstruction



Student Questionnaire

C. How much do | like mathematics?

e.

very much
much
some
a little

not at all

D. How am | in mathematics?

a. excellent

b.

good
ok
weak

very weak

211
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Teacher Instructions and Questionnaire
Before the Test:

Please, read the following instructions before students start the test:

You will solve some mathematics problems today. The time for the test is 45
minutes. Results of thiestwill not affect your gradén any ways. The researcher is
interested in how you solve different mathematics problems. Please, try your best!
After the Test:

After all students finish the test, rate each student’s mathematical ability
according to the ftowing five-point rating scale. Write the rating in the box designated
for teacher use on the cover page of each test booklet:

5) Highly talented

4) Has high ability but not necessarily talented
3) Average

2) Weak

1) Very weak

Thanksfor your participation in this research.
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APPENDIX D

Epilogue
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Epilogue

Every snowball begings journey assnowflake so doegvery springoeginwith
only a flower. In the beginning, Dr. Maker and | thought | should dgvalnew
assessment of mathematical ability to identify mathematically talented students although
we knewa lot d tests of nathematical ability in existedComing from a psychological
tradition, | started reading current studies on conceptions of matisahability and its
assessment from a psychological vantage point. Frankly speaking, | vehemently
followed ideas of many contemporary psychologists; however pitmyded little
illumination about how a mathematician thinks and solves problems ofidttgematical
kind. I learned little about the content and structure of mathematics from a psychological
point of view. However, | learned a lot about how to develop test items psychologically
in orderto assess mathematical ability objectively.

Then, Ibegarextensivareadingabout mathestics and mathematicians. |
discoveredPoincare, Polya, Riemann, Russell and many others. Latatized that |
had gonento the history of mathmatics | could not stop myself. | went to the library
to check otione book, but | left the libranyith many books. | would not havaished
this dissertation in time should | have not wittingly stopped delving into the writings of
those who were both mathematicians and philosophers of mathematics.

| was not a mamatician, nohave | become a mathematician during the writing
of this dissertation. However, | learned a lot about the philosophy and psychology of
mathematical ability. | studied the content of mathematics like a high school student and

got very inteested in theorems and the discovery of theorems in mathematics rather than
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justthe content of mathematicsinevitably admitted whatlardyoncesaid, “...to many
readers who never have been angenevill be mathematicians,there is more in

mathematicshan they thought” (Hardy, 1940, p. 77). “Hasaid |, after facing the

phenomenon
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