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Abstract

The thesis is devoted to the investigation of the initial-value problem for linearized
Euler equations utilizing an idealized one-reaction detonation model in the case of
three-dimensional perturbations in a circular pipe.

The problem is solved using the Laplace transform in time, Fourier series in the
azimuthal angle, and expansion into Bessel’s functions of the radial variable.

For each radial and azimuthal mode, the inverse Laplace transform can be pre-
sented as an expansion of the solution into the normal modes of discrete and contin-
uous spectra. The dispersion relation for the discrete spectrum requires solving the
homogeneous ordinary differential equations for the adjoint system and evaluation of
an integral through the reaction zone.

The solution of the initial-value problem gives a convenient tool for analysis of
the flow receptivity to various types of perturbations in the reaction zone and in the

quiescent gas.
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1. Introduction

The word “detonation” comes from the Latin word detonare - to expend thunder.
This type of combustion has been known for quite a long time. In 1747 James [2]
stated that “Detonation may be look’d upon as a Kind of Calcination, perform’d in
the Fire, by Means of Nitre, and other sulphureous Substances”. As to experimental
investigations, in 1799 it was published that “Professor Wurzer, of Bohn, ... obtained
a detonation which rendered him deaf for several days” [3].

In the present consideration the combustion will be analyzed for gaseous media
only. In general, there are two types of combustion waves in gases: detonation and
deflagration. The latter is the most common combustion phenomenon - a deflagration
wave propagates with subsonic velocity (with respect to the reactants ahead of the
wave) by means of diffusion of heat and mass. The burning medium heats the adjacent
region of reactants to the ignition temperature and the combustion wave moves on.
The characteristics of detonation are different.

A detonation process propagates with a supersonic velocity. The general scheme
is the following: reactants are adiabatically compressed by the leading shock wave,
then the species undergo preparative chemical changes inside an induction zone, that
comes right after the shock. The induction zone is followed by the region where the
reaction processes occur, converting the prepared reactants into products - this region

is called the reaction zone. The density and pressure decrease through the reaction
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zone, providing the shock wave with energy to propagate further into the reactants.

Unlike the detonation in solids, the first systematic studies of detonation in gases
were reported only in the end of the XIX'*" century. Two groups of French scientists
examined the behavior of gaseous explosives to find the reasons of firedamp acci-
dents in mines. In 1881 Berthelot and Vieille [4] and independently Mallard and Le
Chatelier [5] published, with a two-week difference, their first experimental results.
The measured reaction propagation speed was strikingly high - 2.5 kilometers per
second. The subsequent work of the French scientists and the thorough experiments
by Dixon [6] led to a number of theoretical models and explanations of the detonation
phenomenon.

The first qualitative theory to predict detonation speed was formulated indepen-
dently by Chapman [7] (in 1899) and Jouguet [8, 9] (in 1905). It is worth noting that
V. A. Mikhelson was the very first person to develop a similar theory of detonation
in gases. His paper was published in Russia in 1893 [10], but the publication was un-
known to the non-Russian scientific world, and the theory was named after Chapman
and Jouguet only.

The flow model, called the CJ model, depicts one-dimensional combustion waves
propagating through a reactant that is assumed to be a perfect gas. The scheme of
the flow is shown on Fig. 1.1.

Let the wave propagate with velocity D into quiescent medium of density p, and

pressure p, - the initial state of gas. Then, let the reaction products have velocity
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Combustion

wave
Quiescent gas -

Py Po u=0 = Burnt

-
gas
-

D pb; pb: Z/lb

Figure 1.1: Chapman-Jouguet detonation flow scheme in a fixed laboratory system
of coordinates.

up, density p, and pressure p, at the point where the variations of state parameters
are negligible - the point of the final state of gas. Then the conservation of mass and

momentum, written in the system of coordinates attached to the wave, gives

py (D —up) = pgD
(1.1)

Db — Dg = PgtipD

By elimination of uy, these two equations can be written as one:

%:pglﬁ_w:o (1.2)

Vg — W
where v = p~! is the specific volume. In p — v plane Eq. (1.2) describes a straight
line called the “Rayleigh line” [11] which has a constant slope equal to —p2D?, the

squared mass flux per unit area.

The energy conservation condition for the wave can be written in the following
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form

1 1
ey + pup + B (D — ub)2 =e,+ Py + §D2 (1.3)

where e, = e (py, 1), €, = €(py, V) are specific internal energies. The elimination
of up and D from Eq. (1.3) by means of Eqs. (1.1) gives the equation of so called

“Hugoniot curve” [12]:

1
Hzeb_eq_é(pb""pq)(’/q_’/b):O (1.4)
Therefore, the Hugoniot curve (1.4) is a rectangular hyperbola in p — v plane.
Once the initial state parameters are given, the Hugoniot curve determines the
locus of all possible final states for any detonation velocity D. For an ideal gas the

equation of state and the internal energy definition can be written as

pv = R,T,
PqVq
= C\ T, = 2
€q ate T LT (1.5)
ep = CopTh — Q = Dt Q,
Y — 1

where () is the reaction heat release, R, is a gas constant, C, is specific heat of the gas
at constant volume, and v = C,/C, is specific heat ratio. From now on it is assumed,

that v, = v, = 7 is known, as the chemical details of the combustion mechanisms are
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rather complicated, and are beyond the scope of the present research.

The amount of heat released in a specific reaction is assumed to be constant.
The value of Q can be found with the help of standard codes, such as CEA [13] and
STANJAN [14], so it is considered to be known as well.

So far, there are five unknowns, v, py, up, D and ey, for four equations, Eqgs. (1.1),
Eq. (1.4) and Eq. (1.5). One more constraint is needed to close the system. Further
analysis of p — v plane may provide ideas for the possible closure.

The conservation relations (1.2) and (1.4) must be satisfied all at once, so only the
points of the lines’ intersection on p — v plane give the steady detonation solutions.

Three possible scenarios are shown on Fig. 1.2.

A
p

\%

Figure 1.2: Diagram of Rayleigh lines and Hugoniot curve for Chapman-Jouguet
detonation model.

For D = D, the slope of the Rayleigh line is large enough to cross the Hugoniot

curve two times. So there are two solutions: a weak detonation at point W, and a
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strong, or overdriven, detonation at point S. It can be shown that the final state
speed for the strong solution is subsonic, D —u < ¢ = /ypv, while for the weak
solution it is supersonic, D — u > c. If the Rayleigh and Hugoniot lines are tangent,
D = D¢y, then there is a unique solution called the CJ point, and for this point the
final state flow is sonic, D — u = ¢. For D = D, there are no intersections, thus no
detonation solution is possible for D < D¢.

The strong solution cannot be sustained for detonations that propagate freely:
the flow at the final state is subsonic and the shock wave can be attenuated by
perturbations propagating upstream to the shock [15]. Therefore, the strong solution
can be neglected in the further analysis of unsupported detonations. The weak and
CJ solutions are discussed below.

Chapman [7] postulated that the tangent solution, or solution with minimum ve-
locity is the only possible detonation regime, as this velocity value agrees remarkably
well with the experimental results. Jouguet [8] proposed the solution with sonic ve-
locity of reaction products to be the correct one. Also he noted that this solution
corresponds to the minimum change of entropy during the reaction. It can be shown
that the arguments of Chapman and Jouguet are equivalent.

The CJ criterion of minimum velocity provides the closure for the system of Eqs.
(1.1), (1.4) and (1.5). Also it allows to predict values of detonation velocity within the
accuracy of several percent. Nevertheless, the postulate neither explains the exclusion

of weak detonations, nor can it be justified from the physical fundamentals of the flow.
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Almost forty years after the Chapman and Jouguet hypothesis, in the beginning
of 1940s, Zel’dovich [16], von Neumann [17] and Déring [18] independently introduced
a detonation theory that extends the CJ results by the investigation of the reaction
zone.

In the ZND theory it is assumed that the shock wave is much thinner than the
zone of chemical reaction. This assumption is physically reasonable, as the number
of intermolecular collisions that can bring a molecule to a mechanical equilibrium is
much lower than the number of collisions that can initiate a chemical reaction. The

scheme of ZND detonation structure is shown on Fig. 1.3.

ﬁk wave Final state
Quiescent gas - Burnt gas
-
Py Py =0 - D
-
"5 p(x), p(x) -~
M(X),A(X) pb; pb: ub
x=0 Induction and A=1 o
A=0 reaction zones

Figure 1.3: ZND detonation flow scheme in a fixed laboratory system of coordinates.

The reaction progress, A, in the quiescent gas ahead of the wave is zero, A = 0.
The shock that leads the wave is a jump discontinuity that adiabatically compresses
the gas. The shock is followed by the induction zone where the dissociation processes
develop and the matter is converted to the reacting state with a slight variation of

thermodynamic parameters, i.e. density and pressure. The induction zone is followed
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by the reaction zone that ends at the final state plane, the same as in CJ model. The
flow in the reaction zone is steady in the coordinate system connected to the shock.
The shock and the reaction zone propagate together at the detonation velocity D.
As the solution is steady between the shock and the final state, the conservation
of mass and momentum are the same as for CJ model. The equations (1.1) hold
between any points in the assumed constant state. The energy definition now depends
on the reaction progress variable A that varies from 0 for the fresh mixture, to 1 for

completely burnt medium:

A) = —A 1.6
e(p. v, A) po— Q, (1.6)
and the Eq. (1.4) is transformed to the form
1
H=e(p, v, \) —e(pg, Vg 0) — = (p+p,) (v;—v)=0 (1.7)

2

The p — v diagram for the generalized energy equation is shown on Fig. 1.4.

The detonation is steady through the reaction zone, so there is only one value for
the velocity of shock wave. Thus the single variable A defines the state completely
as the state point moves down the Rayleigh line. On Fig. 1.4 it is shown that
immediately behind the shock the state point is NV, that lies on the Hugoniot curve

A = 0 (the gas is compressed adiabatically). As the reaction proceeds the state point
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Figure 1.4: Diagram of Rayleigh lines and Hugoniot curves for ZND detonation model.

moves down the Rayleigh line until the end of reaction zone at point S. At each
point on the Rayleigh line between N and S there is a unique value of A determined
from the Hugoniot relation. The corresponding values of p and v can be found from
conservation conditions (1.2) and (1.7).

Thus the state is completely specified at every point between the initial point N
and the point of the strong detonation regime S. The strong solution is excluded for
an unsupported detonation, so the only possible option for the detonation to exist is
the tangency point, or CJ regime. For the case of the overdriven detonation, both CJ
and strong solutions are possible. However, the weak solution W is still obtainable,
but only in the case when the partially reacted Hugoniot curves (0 < A < 1) intersect

each other [17]. Such cases are called pathological detonations [15] and are beyond
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the scope of present analysis.

The ZND theory adopts an inviscid flow model. To show that the omission of
viscous effects is reasonable, the estimate of Reynolds number should be performed.
It can be done from the intermolecular collision point of view [19] as follows.

Using the Boltzmann distribution law, the probability for one molecule to achieve
an energy F in one collision is estimated as exp (—E /RT ), where R is universal
gas constant. Therefore, the required number of collisions can be estimated as n., ~
exp (E / RT) . The velocity of the medium behind the shock can be written as D—uy ~
cs, where ¢ is the sound speed behind the shock. The length of the reaction zone
can be estimated as A ~ lf,n.,, Where [y, is a mean free path of a particle in the
reaction zone. Let v, be the kinematic viscosity of the gas behind the shock wave,
and the viscosity can be estimated as v = c4lf,. The Reynolds number estimate is
then

(D —ug) A A

Re, = R SR 1.8
c Vs cslgp Teol (1.8)

and, for the typical values of activation energy, E = 50 kcal/mole, and temperature
T = 2000 K, the number of collisions is estimated as n.,; ~ 3 - 10°> >> 1, therefore,
the inviscid flow model is valid for the investigations of detonation phenomenon.
The one-dimensional ZND theory is the base of theoretical detonation research
even today. However, the experiments show that the nature of detonation is es-
sentially three-dimensional. The so-called spinning detonation is an example of the

phenomenon’s complexity. In 1926, Campbell and Woodhead [20] observed that det-
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onation in circular pipes exhibits a highly luminous region which traces a helical path
along the walls of the pipe at a nearly constant angular frequency.

Later it was shown that for normally detonating mixtures the spin detonation
regime is the only possible detonation regime near the limits of propagation of the

13

shock [19]. Lee [15] called the spinning detonation “... nature’s last resort for main-
taining the detonation mode of combustion for most mixtures”. The structure of the
phenomenon was studied carefully and comprehensively by Voitsekhovskiy, Mitro-
fanov and Topchiyan [21] and Schott [22].

The detonation waves are considered to be intrinsically unstable. Williams [23]
states that “few, if any, real combustible gas mixtures admit stable planar Chapman-
Jouguet waves”: the loss of stability leads to three-dimensional structures in the flow.
The investigation of detonation instability mechanisms, even with the implementation
of one-dimensional ZND theoretical model, can provide the physical explanation of
the variety of experimental results.

The analysis of detonation stability was initiated by Shchelkin in 1959 [24]. He
considered the simplified model of the phenomenon called square-wave detonation:
the shock is followed by an induction zone with constant thermodynamic parameters,
and the reaction is completed instantaneously at the end of the induction zone. The
similar flow behavior can be achieved at the limit of large activation energies, £ — oo.

The qualitative results of Shchelkin were followed by work of Zaidel who performed

the conventional stability analysis of the square-wave model in 1961 [25]. The review



33

of the square-wave model analysis was presented by Erpenbeck in 1963 [26], where it
was shown that the model leads to an enumerable infinite set of discrete modes that
may have an arbitrary large growth rate in time. However, even with the existence
of the growing modes, the square-wave model is attractive due to its simplicity.

In 1980s Buckmaster with coworkers performed the asymptotic analysis of the
square-wave detonation, for £ — oo (see [27], [28]). The calculated spectrum of the
problem still possessed the modes with unbounded growth rate. Nevertheless, the
numerical studies of detonations with high activation energies performed by Short in
1997 [29] depicted the reasonable agreement, in a certain range of parameters, between
the asymptotical analysis of the square-wave model and the stability calculations
based on ZND flow model.

The stability analysis of the steady ZND detonation was established by J.J. Erpen-
beck in series of papers in 1960s. The first paper [30] treated the initial-value problem
for the linearized reactive Euler equations for a one-reaction unbounded flow. The
base steady state was considered as one-dimensional overdriven ZND flow and the
perturbations were assumed to be three-dimensional and time-dependent. The sys-
tem of partial differential equations was converted to an inhomogeneous ODE system
by means of Fourier transform in spatial transverse coordinates and Laplace trans-
form in time. It was shown that the solution may have poles at the right-hand side of
the Laplace variable plane and thus the flow may be unstable. The dispersion relation

for the poles was formulated in explicit form but was not solved numerically. Instead,
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Erpenbeck [31] used the principle of argument in order to establish the existence of
the poles in the case of idealized one-reaction detonations.

In his works Erpenbeck studied the stability of step shocks [32], the case of two-
reaction detonation [33], the stability problem with zero activation energy [34], and
with the transverse spatial wavelength limit 2w/e — 0 (where ¢ is the transverse
wave number) [35]. Also he treated the nonlinear stability problem for one- and two-
dimensional detonations [36, 37]. The summary of the detonation stability research
over the decade can be found in the Erpenbeck’s paper published in 1969 [38].

Another method to deal with the stability problem is the normal-mode approach.
In this method the perturbations are assumed to depend exponentially on time,
exp (7t) where 7 has to be determined. The system of partial differential (Euler)
equations is converted to an inhomogeneous system of ordinary differential equations
in the shock-attached coordinates. The boundary conditions are set both on the
shock and at the end of the reaction zone. In 1963 Pukhnachev [39, 40] applied this
technique to the problem of idealized CJ detonation in round pipes. Abouseif and
Toong [41] gave an approximate linear one-dimensional analysis for the normal mode
instabilities.

In 1990 Lee and Stewart [42] investigated the one-dimensional detonation ex-
pansion into normal modes, providing the thorough analysis of the neutral stability
boundaries and the behavior of the unstable spectra in the space of the heat release @),

activation energy F and overdrive factor f. They integrated the ODE system start-



35

ing with the post-shock values (z = 0,) for the velocity, pressure, specific volume,
and reaction progress perturbations. At the end of the reaction zone (x — +00),
the solution’s boundedness constraint was formulated as an algebraic relation for the
perturbations. This constraint served as the dispersion relation, solved with the help
of a shooting algorithm in order to find the eigenvalue 7. The initial guess for the
shooting procedure was provided by means of a “carpet search” technique. The anal-
ysis was extended to the two-dimensional perturbations by Sharpe [43] and Short and
Stewart [1]. The normal mode analysis of detonation stability in a confined cylindrical
geometry was performed by Kasimov and Stewart [44].

The thorough overview of detonation research and stability investigations can
be found in the book by Wildon Fickett and William C. Davis [45]. The recently
published work of John H. S. Lee [15] considers the detonation phenomenon from its
physical fundamentals and gives the present state-of-art in the detonation research.

The normal-mode approach had been used in hydrodynamic stability theory for a
long time before Morkovin [46] and Reshotko [47] showed that the receptivity problem
also plays important role in understanding of the flow response mechanics. The pos-
sible strategy is to solve the initial value problem corresponding to a system of partial
differential equations describing the flow. This method involves the Laplace trans-
form in time to obtain the formal solution. The inverse Laplace transform leads to an
expansion of the solution into normal modes of continuous and discrete spectra. The

mode weights correspond to receptivity of the flow to the given initial perturbation.
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The example of the application of this technique is given in the paper of Forgoston
and Tumin [48], where the method is applied to solve the initial value problem in
hypersonic boundary layers. Tumin [49] revisited the Erpenbeck’s approach by solv-
ing the initial-value problem for one-dimensional idealized detonation and showing
that the acquired discrete spectrum is equivalent to the spectrum of the conventional
normal mode analysis.

The initial-value problem for detonation in a circular pipe has not been considered
yet. Erpenbeck [38] stated that this problem “involves some unsolved complications”.

The objectives of the present work are the following: to solve the initial-value
problem for three-dimensional perturbations in a circular pipe in idealized planar
one-reaction detonation wave and to solve the receptivity problem for different types
of initial disturbances.

Chapter 2 of this dissertation is devoted to the formulation of the problem, consid-
eration of steady-state solutions and derivation of the governing equations for pertur-
bations. In Chapter 3 the initial-value problem is formulated and the transformation
of the system of governing partial differential equations to the ODE system is shown.
In Chapter 4 the discrete spectrum of the problem is considered. Chapter 5 is devoted
to the spectrum calculations. Chapter 6 represents the numerical results of receptiv-
ity analysis for different types of initial perturbations. The explicit form of equations,

supplemental derivations and numerical results can be found in Appendices.
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2. Problem Formulation

2.1 Governing Equations

The inviscid flow described by the Euler equations for a reactive gas is considered in
this section. An ideal gas participates in a first-order, irreversible reaction without
mole and specific heat change. It means that the number of moles of the reactant is
negligible with respect to the total number of moles present in the pipe.

Thus, the gas constant, R,, and the specific heat ratio, v, are the same for the
quiescent gas and in the reaction zone. We consider three-dimensional perturbations
in a one-dimensional base flow. One can state the continuity, momentum, energy and

the reaction progress equations in the laboratory frame as follows:

D
pii HoV =0
Du! 1 .
D VP
(2.1)
Dh 10p 0
Dttt pot!
DA
Dt

where p, p, and u' are the density, pressure and velocity respectively; D/Dt! =
d/0t! +u' - V! is the substantial derivative and superscript ‘I’ indicates the laboratory

frame quantities. The total enthalpy is h = e+p/p+ul2/2, where e = p/(yp—p) —AQ
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is the specific energy for an ideal polytropic gas, A is the reaction progress variable
(A is equal to zero in the quiescent gas, and grows to unity for the completely burnt
mixture), and Q) is the dimensional heat release.

The first-order reaction rate is assumed in the form w = k(1 — \) exp(—E/R,T),
where F is the dimensional activation energy, 1" is the temperature, and k is a nor-
malization constant. The system of equations is supplemented by the equation of
state for an ideal gas, p = pR,T". The energy equation can be rewritten in terms of
pressure as

Dp

D—tﬂ‘YPVl'Ul—(V—l)QPW:O

The shock wave is considered as a discontinuity with Rankine-Hugoniot jump

conditions: l l l l
p(u—D)-n‘Jr:p(u—D)-nL:m
o (1 1
pr—p-=m | ———
P— P+
uoty|, =0, u'-ty], =0 (2.2)
P+ P- 1 L1
- =5 (s +p-) (———)
(v =Dps (r=1)p- 277 p— Pt

)\+:>\_

where subscript ‘+’ stands for the parameters in the media after the shock wave, and
subscript ‘—’ corresponds to the parameters of quiescent media before the shock wave.
The vector n is the unit normal, and vectors t;, to are independent unit tangents to

the shock surface. The vector D' = nD is the shock velocity.
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We use the parameters of the steady one-dimensional flow for scaling of the gov-
erning equations and the conditions on the shock. Density of the steady flow, p;, its
pressure, pg, and the speed of sound behind the shock, ¢, are the dimensional scales
of the problem. The half-reaction zone length, I., is the characteristic length scale:
it is the distance from the shock to the point where the reaction progress variable

reaches the value of one half. The time scale is represented by ratio, t. = [./cs.

2.2 Steady State

l

Y

We use cylindrical coordinate system, where the laboratory frame variables are r
¢!, 2, t - radial, angular, axial coordinates and time respectively, and the wave
propagates along the axial coordinate z' heading to z! = —oo. The steady-state
parameters can be found from the system of conservation laws stated in a frame
moving with the shock [50, 30]. The dimensionless distributions of pressure, p*,

velocity, u}, and density, p*, are written as

*

- M,
Pt =01+ (1= b)) /1—boBN, ul = 7Mp + M, pt= (2.3)

z

where superscript ‘*’ indicates the steady-state values, M, is the Mach number of

the flow behind the shock in the frame moving with the shock wave, and by, by are
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constants:

(y=1D2+2  1+4D? _ My = 1)
DIy 1 T D= (v=1) T (1—b)2(y+1)

M, (2.4)

The steady dimensionless detonation velocity, Dy, is scaled with the speed of sound
in the quiescent gas. The dimensionless heat release, 3 = Q /R T, is based on the

temperature behind the shock, T,. The dimensionless reaction rate, w*, is defined as

w=k(1—X)exp(—0/T") (2.5)

where § = F /RyTs is the dimensionless activation energy, and k is the constant

determined from the scaling:

1/2 u*
k= / S oxp (6/T) d\". (2.6)
o T-x

The steady-state flow is characterized by the overdrive factor f = (D,/D¢y)?

where

D¢y = \/1 + Gk ;71) ¢ + \/(72 ;71) @ (2.7)

is the Chapman-Jouguet detonation velocity scaled with the speed of sound in the

quiescent gas (the shock Mach number), and Q = Q/R,T, is the dimensionless heat



41

release scaled with the quiescent gas temperature, 7,. Another important steady-
state parameter is the dimensionless activation energy scaled with 7j, £ = E /R,T,.
Also, it is convenient to express the reaction progress variable, \*, as a function of
distance from the shock wave, z. The integration of the last equation in (2.1) gives

the necessary relationship:

z = /0 u; () d\ = l/o u; () exp (p*0/p") d\ (2.8)

Equations (2.3)-(2.8) completely describe the steady base flow according to the ZND
detonation model. The examples of the steady flow parameters’ behavior are given
below.

Figures 2.1-2.4 illustrate the reaction progress variable A* as a function of z, and

the flow parameters as functions of \*.
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2.3 Governing Equations for Perturbations

The governing system of equations (2.1) is linearized over the steady-state mean flow.
First, the coordinate system is shifted from the laboratory frame to the one attached
to the perturbed shock. The transformation to the shock-attached frame is done as

follows:

t=t, r=rl, ¢o=¢, z2=2—Dgt—1(r, o, t) (2.9)

where D, < 0 is the detonation velocity scaled with the speed of sound behind the
shock, and ¢ (r, ¢, t) is the perturbation of the shock surface. The perturbation 9 is
included into the coordinate transformation because the derivatives of the base flow
in axial direction, d/dz, are not equal to zero. Therefore, a shift of the shock is ac-
companied by perturbations of local parameters stemming from the non-uniformity of
flow in z direction. The particle velocity is measured with respect to the unperturbed
shock wave frame:

u, = ul — Dj. (2.10)

z

In principle, one can measure velocity with respect to the perturbed shock as it
was introduced in [44]. However, this choice is not crucial because it leads just to
redefinition of the streamwise velocity perturbation.

The six dependent variables - density, three velocity components, pressure and

. . . . T
reaction progress can be written in vector notation as q = (p, u,, Ugp, Uz, P, A)
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(superscript T stands for transposed). The perturbation is introduced as

a=q"+d

where q* = (p*, 0, 0, uf, p*, )\*)T is the base flow vector determined in the previous
section, and q' = (p' , Uy, Uy, UL, P )\’)T is the perturbation vector. Before the
linearization with respect to disturbances, q' and v, the progress rate w is expanded
in Taylor series about the steady-state solution,

ow* ow* ,  ow*

=w* ! + N+
WEC e T Tt T

After the linearization procedure, the governing equations (2.1) are recast in the
shock-attached system of coordinates as follows
oq’ oq’ 109 oq’ o o 1oy

— 4+ A —+A;——+ A, — g — g — -—— =
8t+ r87"+ o + Z—I—Cq gt@t grar gr@qﬁ

0 (2.11)

where A,, Ay, A,, and C are 6 x 6 matrices. The column vectors g;, g,, and g,
depend on the axial gradients of the base flow. If p*, u}, p* and \* are constant,
then the column vectors disappear and the shock perturbation 1) does not appear in
the governing equations. In this case, one can also exclude ¢ from the coordinate

transformation (2.9). The matrices and vectors of the system (2.11) are presented in
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Appendix A.
The linearized Rankine-Hugoniot conditions on the shock can be written in the

form

q/ (T, ¢Jz = 0+7t> :qu (Ta ¢7Z = 077t> +

10v (r, ¢,t) 212
b

V(o) | (o)

9
h
the—5, or

Matrix Y and vectors h;, h, and h; are presented in Appendix B. One can
recognize from Eq. (2.12) that the perturbation introduced in the quiescent gas,
q (r,¢,z = 0_,t), enters the problem as the boundary condition depending on time.
The vector ' (r, ¢,z = 0_,t) is treated as known, because the perturbations in the

fresh mixture can be determined rather easily.
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3. Initial-value Problem

We consider the solution of Eq. (2.11) that satisfies the following initial condition:

t=20: q/ (T’, ¢, Z, O) = o (Ta ¢7 Z) ) d} (T7 ¢7 0) = 1/}0 (T7 ¢) (31)

where qo = (po, Ur0, Up0, Uz, Do, )\O)T is the initial disturbance that satisfies the
Rankine-Hugoniot condition on the shock. The term 1)y represents the initial pertur-
bation of the shock surface. Also we impose the non-penetration boundary condition
on the wall of the pipe:

r=a: u.(a, ¢, 2z,t)=0 (32)

where a stands for the radius of the pipe.
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3.1 Fourier and Laplace Transforms of the Perturbation Equations

We begin with the expansion of the perturbations in Fourier series with respect to

the azimuthal variable ¢:

q (r, ¢, z, t) an T, z, t)exp (ing),
Qo (r, ¢, 2 Zq(]n r, z)exp (ing);
b (r, ¢, 1) Z% r, t) exp (ing),

U (r, 6) = 5= 3t () exp (ino)

where n is an azimuthal wave number. Then, applying the Laplace transform with

respect to time:
Qn (1, z, 7) :/ an (r, z, t) e ™dt
0

(3.4)
@Z;n (r, 7) = / Uy, (1, t) e Tdt
0
we arrive to the following system:
O 0dn . , N in -
an + A i + A¢_qn —Azi + an - Tgtwn — 8 w - gqﬁ_wn =
or 0z or r (3.5)

= qO,n - gtw(),n
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The shock conditions, Eq. (2.12), are recast as follows:

Qn (r, 2=04, 7)=Yq, (r, 2=0_, 7) +

. (3.6)
. o0, (r n -
+h, <T77/)n (r, 7) — Yon (7“)> + hr%ﬂ + hd)%wn (r, 7)

3.2 Eigenfunction Expansion

The inhomogeneous system of equations (3.5) is solved with the help of the eigenfunc-
tion expansion method [51]. Consideration of the homogeneous system (3.5) leads to

the separation of variables in the following form:

A (r, 2, 7) =

We substitute this form of variables into the homogeneous system of equations and
arrive to the Bessel equations for the functions R, U,, U, U,, P, A and ¥ that
depend on radius r and the separation constant k. The explicit form of separation is

the following [44, 52]:
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where J,, (kr) is a Bessel function of the first kind. The azimuthal index n is the order
of the Bessel functions. The boundary condition (3.2) leads to the discrete spectrum

of k,; that is found from the equation
=0 (3.9)

where subscript [ stands for the number of the root of this equation.
Therefore, we are looking for a solution of inhomogeneous system (3.5) in the form
of the eigenfunction expansion:

Pnl <Z7 T) Jn (knlr>
ur,nl (Z7 7_) knl Jyll (knlr)

Gn (1, 2, 7) = lzl “Z"lnfz(;l;]’}ﬁ’,j%/ ") = lzlwm (7) Ju (ki) (3.10)
- DPni (Z, T (knlr> -

In
At (2, T) Ty (k)

or in matrix-vector form

(ry z, 7) ZJZ ) Qi (2, T) (3.11)

where J; is the 6 x 6 expansion matrix shown in Appendix C.

The values of roots k,;;a are shown in Table 3.1.
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| n=0 1 2 3 4 5 6 7
I=1] 38317 18412 3.0542 42012 53176 64156 7.5013  8.5778
2 | 7.0156 5.3314 6.7061 8.0152  9.2824 10.5199 11.7349 12.9324
3 | 10.1735 8.5363  9.9695 11.3459 12.6819 13.9872 15.2682 16.5294
4 | 133237 11.706 13.1704 14.5859 15.9641 17.3128 18.6374 19.9419

Table 3.1: Roots k,a of Eq. (3.9), where [ represents number of the root, n is the
order of Bessel function.
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3.3 Equations for the Amplitude Functions

The eigenfunctions for the case of the ordinary circular pipe are the Bessel functions

of the first kind. The functions have the following orthogonality property [53]:

/ I (kr) Jn (kpmr) 7dr = O dy,
0

(3.12)
_ kimaz —n? 72

d
2K2, "

(knma)

where 0, is the Kronecker delta, and k,,, is the m-th root of Eq. (3.9). With the
help of the condition (3.12) the equations for the amplitude functions of the expansion

(3.10) can be derived as
dqpm .
Az dz + (TI + Cm) Qnm — (Tgt + g+ an¢) ¢nm = D() (Z) (313)

This is an inhomogeneous system of ordinary differential equations with the axial
coordinate z as an independent variable. The 6 x 6 coefficient matrix C,,, and the
initial-data vector Dg are given in Appendix D.

The main difficulty in derivation of the system (3.13) is the appearance of terms
with an infinite sum in the continuity and the energy equations. The treatment of

the term and the derivation of Eq. (3.13) are given in Appendix E.
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The fully transformed shock condition is written as

dnm (Z = O+7 T) :anm (Z = 077 T) +
(3.14)
+ht (T¢nm (7-) - wO,nm) + (hr + Z?’Lh¢) wnm (7—) )

where 19 ., s the coefficient of the initial shock perturbation.

3.4 Solution of the Amplitude Function System

We are searching for the bounded solution of the initial-value problem (3.13)-(3.14).
In order to write down the solution of Eq. (3.13) that satisfies the shock boundary
condition (3.14) and is bounded at z — oo, we can implement the method of variation
of parameters. That is we need to analyze the fundamental solutions of the homo-
geneous system (3.13) at z — oo. From now on, we consider overdriven detonation
(f > 1) to avoid singularities in the inverse of matrix A,. The homogeneous system

1S written as

ddnm
dz

+ A (71+ C) Gum =0 (3.15)

The system has six fundamental solutions: Q;, j = 1,...,6. We consider the analytical

behavior of the solutions at z — oo in the following form [30]

Q; (2) = Qjoo exp (112) (3.16)
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where the characteristic numbers p; can be written as

UET + Coor/T2 + K2,,c% (1 — M2)
H1 = )

3 (1= M)
UET — Coon/T? + k2,2 (1 — M2
T T+ CC(,SG)

po = —————,

*
uOO

M3 = g = U5 = —
u

x )
o]

where C89 is the element of matrix C,, at z — oo; the mean velocity, u?_, the speed
of sound, ¢, and the Mach number, M., correspond to the flow parameters in the
burnt gas.

For the overdriven case, M., < 1, one can see that the first fundamental solution,
Q1 (z), is unbounded at z — oo as Re (u1) > 0 for Re (1) > 0. The other fundamen-
tal solutions decay exponentially downstream from the shock wave. The amplitude
vectors Qjeo, j = 1,...,6 are presented in Appendix F.

Using these properties of the fundamental solutions, one can write down the

bounded solution of Eq. (3.13) in the following form:

6

Qo (2, T) = ;2 (aj + /O (s, F) dz’) Qi+ Q /oo o, B (3.18)

F=TF,+Fopm, F1 = A 'Dy, Fo = A (1g; + g, +ingy) ,
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where y; are fundamental solutions of the adjoint system of equations:

Y[ (1 0]y =0 319

where the bar stands for complex conjugation. The dot product is defined as (y,F) =

6
> i F;, with g; and F; being the i-th components of vectors y and F respectively.
i=1

The fundamental solution, y;, of Eq. (3.19) can be obtained as a vector that

is composed of cofactors of the j-th column of the matrix of the fundamental solu-

tions Q = [Q1, Qa, ..., Q] and is divided by det (Q) [54] with complex conjugation.

Therefore, the fundamental solutions have the following property:

where d;;, is Kronecker delta. At z — oo, the adjoint fundamental solutions can be

written in exponential form: y; (2) = yjoo€xp (—fi;2), j

1,...,6. The amplitude
vectors, ¥, are given in Appendix G.

The coefficients as, ..., ag and the shock displacement v, can be found from the

boundary conditions on shock, Eq. (3.14). Particularly, the shock displacement can
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be represented as a ratio:

¢ — _g - _ (YI (0) ) anm (O—) - htwo,nm) + fooo (yl, Fl) dz (3 21)
" V (yl <O> 7Tht + hr + Znhd)) + fooo (yl, F2> dZ )

where the denominator V' depends on 7 and k,,,.
As the coefficients and the shock displacement are known (see Appendix H), the
solution (3.18) is known as well, and therefore, applying the expansion (3.10), we can

write the formal solution of the initial-value problem as the inverse Laplace transform

1 o+100
a (r, 2, 1) = 5 /Uioo Qn (r,z,7) e™tdr, (3.22)
where the path of integration lies on the right-hand side of singularities of q,.

The solution §,, may have singularities on the complex plane 7, where the denom-

inator in Eq. (3.21) is equal to zero:
V (7, knm) = (y1(0), 7hy + h, 4+ inhy) + / (y1,F2)dz=0 (3.23)
0

Roots of Eq. (3.23), 75, were of the main interest for Erpenbeck [30, 31]. The
limited power of computers at that time should explain why he did not try to solve
Eq. (3.23) directly. Although zeros of V' in the complex plane 7 were associated with

unstable modes, Erpenbeck did not discuss closing of the path of integration in Eq.
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Figure 3.1: The integration path in an evaluation of the inverse Laplace transform
with respect to 7.

(3.22) to explain how the residue values at the poles will originate in the solution. In

addition to the poles, there are two branch points, as p; and py of the solution (3.18)

contain the square root of a complex number, /72 + k2,,c2 (1 — M2). Therefore,
the branch points are located at 7 = +ir, = iiknmcmm. These points
represent acoustic cut-off frequencies of the problem: the acoustic perturbations with
—7. < Im (1) < 7. die out exponentially [55].

In order to evaluate the inverse Laplace transform (3.22), one may consider a
closure of the integration path. One of the options is shown on Fig. 3.1, where the

path is kept at Re(7) > 0. This choice provides the bounded solution at z — oo,

and the result of the integration can be represented as a sum of the residue values
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associated with roots of Eq.(3.23) and an integral along the imaginary axis, Im (7),

qn (r,z,t) = Z Jm RnsQpat.s (2, kpm, 7s) €™F + L 100 Z J i Qnm (2, kpm, 7) €70 dT

v : (3.24)
If a pole occurs on the imaginary axis, the path has to be deformed around the pole
keeping Re (7) > 0. Tumin [49] showed that the choice of the path around the poles on
the imaginary axis is crucial for constructing a solution consistent with the causality
principle.

The result, Eq. (3.24), can be interpreted as an expansion of the solution of the
initial-value problem into the modes of discrete and continuous spectra. The vectors
apus in Eq. (3.24) are the discrete modes, and their weights, R,,s, are the receptivity
coefficients:

[(y1(0), Yy, (0-) = hytboum) + [y~ (y1, F1)dz]

Ry = — oV/on) =T (3.25)

T=Ts

The derivation of R,,s and qp s is given in Appendix L.

The modes of continuous spectrum come from fundamental solutions Qg, ..., Qg
evaluated at 7 = il, where [ is a real parameter (angular frequency). Their physical
interpretation can be given based on the asymptotic behavior at z — oo. For example,
the fundamental solution Q; represents the upstream acoustic mode. One can see

that the solution, Eq. (3.18), does not have the upstream acoustic mode at z — oo,
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whereas the mode does exist upstream of the introduced initial perturbation. The
fundamental solution Qs represents the downstream acoustic wave, whereas Qs, Q4
and Qs represent two vorticity modes and the entropy mode.

At some fixed value of coordinate z, one also may consider a closure in the left-
hand side of the complex plane 7, as shown on Fig. 3.2. In this case, the input from
the continuous spectrum will be reduced to evaluation of integrals along the branch
cuts. Although the solution can also have poles at Re (7) < 0, their input will be

exponentially small for ¢ — oo.

Figure 3.2: An alternative integration path in an evaluation of the inverse Laplace
transform with respect to 7 for a fixed value of z.
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4. Discrete Spectrum

We begin the consideration of the discrete modes with the analysis of the normal-
mode approach to the problem.

The conventional normal mode analysis of stability of detonations in a circular
pipe [44] could be formulated in the shock-attached coordinate system as the following
inhomogeneous system of ordinary differential equations (with ¥, = 1):

dv

AZE + (7I4+C,,) 0 =78 + g + ingy (4.1)

with the initial condition at the shock

In the normal mode analysis, it is assumed that there is the following relation between

the azimuthal and radial velocity components:

Ugnm (2) = iNU- p, (2) (4.3)

and the system of equations (4.1) is reduced to a system of five equations. One can

recognize that Eq. (4.3) means zero axial vorticity of the normal modes.
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It can be shown that after exclusion of w4 ., (2) and the third equation in (4.1),
the system of equations will be the same as the system of Eqs. (27) in the paper by
Kasimov and Stewart [44] (up to the difference in the definition of the streamwise
velocity perturbation: u, ,,, in the present work is equal to «), + 7 in [44]).

Solution of Egs. (4.1) has to be bounded at z — oo. Kasimov [52] derived a
radiation condition in a differential form taking into account that in the leading order
the perturbation of the reaction progress variable, \,,,, is negligible in the burnt gas.
Thus, Egs. (4.1), initial conditions (4.2) together with the radiation condition at
z — oo, that will be discussed later, represent an eigenvalue problem for discrete
spectrum 7 = 7.

Following Tumin [49], one can show that the discrete spectrum in the normal
mode analysis is equivalent to the discrete spectrum stemming from the initial-value
problem formulation, i.e., to the roots of Eq. (3.23). The analysis is given in Appendix
H.

The vectors qpas s, that are the parts of the initial-value problem solution (3.24),
are also the solution of the system (4.1)-(4.2) and are bounded at z — oo. Therefore,
dpn,s are equivalent to eigenfunctions stemming from the normal mode analysis. The
discussion of qpas s is given in Appendix 1.

Because the solution (3.24) does not include Q; at z — oo, and the adjoint solution

y1 is orthogonal to the other fundamental solutions, Qa, ..., Qg, the rear boundary
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condition (the radiation condition) can be written straightforwardly as

Using the first adjoint fundamental solution (G.1), one can write the radiation con-

dition as the following algebraic relation at z — oc:

1
2 *
ur,nmknmuoo + 7—uz,nm — Pnm
VP
o0 o0

VP AT = M) Ryt

)\nmC’g&uio (72 — u2k2, ]

oo Tnm

+
P 2R, — T2 O — 72 4 (e /T 2 (1 - M) R,

=0

(4.5)
The perturbation of the reaction progress variable, \,,,, is exponentially small in the
burnt gas. Thus, the leading order of the radiation condition will be:

1
2 *
ur,nmknmuoo + Tuz,nm — Pnm 7p* c
o0~

V242 (1—M2)E2, =0 (4.6)

The main difference between the perturbations in a circular pipe and the perturba-
tions in an unbounded domain, studied in [30, 31, 29, 1, 56] is that the perturbations
confined in a pipe have discrete spectrum of the radial modes associated with zeros
in Eq. (3.9). For a given pipe radius, the radial eigenfunctions are determined by the

discrete values of k,,,, m = 1,2,.... However, the eigenvalue problem in z direction,
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Egs. (4.1), (4.2), and (4.6), is independent of the pipe radius itself. It means that “z
eigenvalue problem” for 7;, that determines growth rate of the perturbation in time,
should be the same for the pipe detonations and for detonations in an unbounded

domain. The transformations,

k2 Uy = —iktly, kpp =k (4.7)

where u), is the velocity component that is perpendicular to the mean flow direction
(in notation used in [29, 1, 56]) and k is the corresponding wave number, establish the
equivalence of the eigenvalue problems in a circular pipe [44, 52] and in an unbounded
domain [29, 1, 56].

In the case of an unbounded domain, parameter k is a real parameter representing
the Fourier transform in direction perpendicular to the mean flow. Having applied
the transformation (4.7) to the radiation condition (4.6) and skipping indexes, one

can find

1

Vi 2 (1—M2)E2=0 (4.8)

. ! %
—ikugul, + Tu, — p—
00 Coo

The constraint (4.8) was derived in [27] and was used in [29, 1] for the analysis of

three-dimensional perturbations.
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5. Spectrum Calculations

For the numerical implementation, we solve the reduced systems of differential equa-
tions of the direct, Eq. (4.1), and adjoint, Eq. (3.19), problems. Both systems contain
five differential equations obtained by exclusion of the third component of the direct
solution q,.,, and by deletion of the third component of the adjoint solution y, re-
spectively.

The direct problem was solved numerically starting from the shock conditions
(4.2) and finishing at some point z = z,,,, situated far from any changes of flow
characteristics. After obtaining the solution, the radiation condition, Eq. (4.6), was
used to find the eigenvalue.

The adjoint problem was solved in a different way: we started with the asymptotic
solution, Eq. (G.1), as an initial data at z = 2,4, and integrated the equations
toward the shock, z = 04. Then we used the dispersion relation (3.23) to find an
eigenvalue. Both approaches, direct and adjoint, led to the same set of eigenvalues.

The direct and adjoint eigenvalue problems were solved by means of an iterative
algorithm based on Newton’s method. The initial guess for the Newton’s method was
supplied by code based on multi-domain spectral collocation method (SCM). Further
details of the implemented numerical methods are discussed in Appendix K.

In the case of one-dimensional perturbations, the SCM technique was utilized

with the rear-boundary condition included into the algorithm [57]. The inclusion was
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possible because the boundary condition was a linear function of the eigenvalue 7.
Fig. 5.1 illustrates the eigenvalue map for one-dimensional perturbations obtained
with the help of three-domain SCM at f = v = 1.2, E = @ = 50. Number of
polynomials for each domain in this example is N = 100.

In the case of three-dimensional perturbations, the rear-boundary condition (4.6)
cannot be expressed in a form of polynomial with powers of 7. Therefore, the conven-
tional methods ([58, 59]), that are developed for problems where eigenvalues appear
in a nonlinear form, cannot be applied and we had to enforce homogeneous boundary
conditions on the perturbation at some large distance z,,,,. Such boundary condition
brings the discretized continuous spectrum (along the imaginary axis) into the map

together with spurious modes.

7 T T T T T T T T T T

f=y7=12, E=0=50 |

0.0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 5.1: Eigenvalue map for one-dimensional perturbations obtained with the help
of three-domain spectral collocation method.
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XX

Figure 5.2: Eigenvalue map for three-dimensional perturbations obtained with the
help of three-domain spectral collocation method.

The spectrum for three-dimensional perturbations is displayed on Fig. 5.2 for the
following set of parameters: f = 1.2, v =12 F = = 50 and k = 1 (because k»,
in this analysis is a parameter, we omit the subscripts of the azimuthal mode and the
radial modes numbers): there are four distinct discrete unstable modes and discretized
continuous spectrum. One more discrete mode is hidden among the atomized debris.

Figure 5.3 shows the behavior of function based on the radiation condition equa-

tion (4.6):

1
YP5oCoo

RC (2) = KU} Uppm (2) + Tz (2) — Prum (2) VT2 (1— M2)E2, (5.1)

where parameter £ = 1, and the considered eigenvalue is 7 = 7. + 17; = 0.39516 +
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Mode I, k=1, f=y =12, E=0=50

3 N T T T i

-~ Radiation condition:
real part b

\ — — imaginary part 1

S~

" 1 " 1 "
0 1 2 3
Axial coordinate, z

Figure 5.3: Real and imaginary parts of the function RC (z), Eq. (5.1).

10.74902 = 7)1 - the mode with the lowest frequency 7; on Fig. 5.2. The function
RC (z) can be used as an indicator: if RC' vanishes for large z values, then the
eigenvalue really belongs to the discrete spectrum.

Figure 5.4 demonstrates the real and imaginary parts of the eigenfunction q,,, =
(Prms Urnm s Uznms Prm, /\nm)T that corresponds to the eigenvalue 7j;1. Numbers in

the legends indicate the components of the eigenfunction vector qy,,.
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0 1 2 3 4 5
Axial coordinate, z

(a)

3 T T T T T

I \ Im(qnm) _;.
f -
2t \ 5
---=5
/,’
Ll

- -

2 1 1 1 1
0 1 2 3 4 5

Axial coordinate, z

(b)

Figure 5.4: Real (a) and imaginary (b) parts of the eigenfunctions at 7 = 0.39516 +
10.74902, f =12, v =12, E = = 50 and k£ = 1. Numbers 1 through 5 indicate
components of the vector q,.,.
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Figure 5.5 shows the real and imaginary parts of the adjoint solution, y, at the
same parameters as in Fig. 5.4.

Figure 5.6 illustrates dependence of the eigenvalues on the parameter k for nine
modes. One may compare these plots with Figures 7a and 7b in paper of [1], re-
spectively. The comparison simply illustrates the statement that the spectra of the z
eigenvalue problem for a circular pipe and an unbounded domain are equivalent. The
lines represent results obtained from the analysis of both direct and adjoint problems,

whereas the symbols represent the results of [1].
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Figure 5.5: Real (a) and imaginary (b) parts of the eigenfunctions of adjoint problem
at 7 = 0.39516 4 40.74902, f = 1.2, vy =12, F = @ = 50 and £ = 1. Numbers 1
through 5 indicate components of the vector y.
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Figure 5.6: Stability spectrum showing (a) Re(7) vs k and (b) Im (7) vs Re () for
the nine unstable modes at f = v = 1.2, E = ) = 50. Lines - results from analysis
of the direct and adjoint problems; the symbols - the results of [1].
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6. Receptivity Analysis

6.1 Initial Perturbations Placed in Quiescent Gas

6.1.1 Axial Vorticity Perturbation

The first case to be investigated is an azimuthal velocity perturbation, u, localized
in the pipe at z € [—z9, —21], where z = 0 is the shock location. The medium inside
the interval rotates with constant speed w. The perturbation at the shock location

can be written as a function of time as

uy (r,¢,2 =0_,t) = (H (t —t1) — H (t — tz)) wr, (6.1)

where H is a Heaviside function, ¢; is the time that takes the shock wave to arrive to
the point —zy, t; = 21/ Dy, to is the time when the shock arrives to the end-point of
perturbation, —zy, and ty = 25/ Ds.
In other words, the rigid-body rotation of a localized portion of quiescent gas
which is approached by the shock wave of speed D, is considered in this section.
The transformed perturbation, after Fourier expansion and Laplace transforma-

tion, has the following form:

Upo (1,2 =0_,7) = g (e7™ —e2) . (6.2)



5

There is no dependence on ¢, therefore the only nonzero coefficient of Fourier expan-
sion (3.3) is the coefficient with azimuthal index n = 0.
The Bessel expansion of the azimuthal component of velocity is shown in Appendix

E, and the transformed initial perturbation is

w
Ugom (2 =10-) :aOm? (exp (—7t1) —exp (—7t2)),

(6.3)
1 a

Qom =7 JU (kOmr) ng’/”,

dOm 0

note that r = > agmJo (komr) /7, and ko, are the roots of Eq. (3.9).

For the considered perturbation the azimuthal index n = 0, therefore, the axial
vorticity term (E.27) is equal to zero. The receptivity coefficient (3.25) is found to
be zero as well with the help of the properties of the matrix Y and the fundamental
vector y;. Thus, the solution of the initial-value problem does not include discrete
modes.

The azimuthal velocity component can be derived as

Ugpom (2, T) = Ugpom (2 = 0_) exp (/ —ldz’) , (6.4)
0

*
uz

and all other components of the amplitude solution (3.18) are equal to zero. The
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general solution of the initial-value problem, Eq. (3.24), can be written as

z / z !/
u;(r,z,t):wr[H(t—tl—/ di)—H(t—h—/ d—i)} (6.5)
0o U, o U

The perturbation dynamics is the following: the rotating portion of fresh gas is

reached by the detonation shock, squeezed by it, and then the portion evolves in the
reaction zone with the speed depending on the axial coordinate z and the baseflow

velocity u}. The example of solution (6.5) in ¢ — z plane is shown on Fig. 6.1.

14 /

N z,=-5,z,=-10 //-
/.
- -
EN /
! 1/
2| /

>

-10 -5 0 5 10
Axial coordinate, z

Figure 6.1: The boundaries of perturbation (6.5) depending on time ¢ and axial
coordinate z, baseflow parameters are £ =) =50, f =~v =1.2.

The considered example illustrates that a perturbation associated with the axial
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vorticity only does not generate modes from discrete spectrum. The example serves
to point out that the continuous spectrum is required in order to accommodate such
perturbations. In the past, the issue was overlooked and the continuous spectrum has

not been mentioned until the recent work of Tumin [49].
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6.1.2 Periodic Perturbations

Another example of a quiescent gas perturbation to be considered is an axisymmetric

. After performing the Fourier

isobaric density disturbance proportional to sinwz
and Bessel expansions with Laplace transform, one can write the perturbation in the

leading order (i.e., neglecting the input of shock displacement) as:

w

w2 + 72

Pom (Z = 0,, T) = _BOm (66)

where By, = foa Jo (komr) rdr and subscript ‘0’ indicates that the disturbance is

o
axisymmetric. The frequency is written as w = w|D;|, where D, < 0 is the detonation
velocity scaled with the speed of sound behind the shock, c,.

If the eigenvalue 7, is close to +iw, then the amplitude of pg,, (z = 0_,7) may
become large and lead to resonance. Such eigenvalue can be expected to influence
the long-term dynamics due to its large initial amplitude, even if its growth rate is
small compared to the other unstable modes. However, the resonance contribution is
compensated by the continuous spectrum for large time scales, as it was derived by
C. Chiquete in [56].

The general solution is represented by Eq. (3.24). Any initial perturbations in the

reaction zone and perturbations of transversal velocity components are absent, so the

term in the receptivity coefficient (3.25) that includes Dy is equal to zero. Therefore,
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the coefficients for the considered perturbation can be written as R,,s = Bom"ms,

where

_ (Y1 (O) 7Yq0m (0—7 T))
Tms = 7 (OV/or) (6.7)

T=Ts

with qom (0_,7) = (pom (z = 0_,7),0,0,0,0,0)" /Bop.

The example of flow receptivity to the isobaric density perturbation for the first
discrete mode is shown on Fig. 6.2. The parameter set is the following: £ = ) = 50,
v = f = 1.2, the radial parameter kK = 2 and the eigenvalue 71 = 0.13128 + 1.20838¢,
and w varies from 0 to 5.

The behavior of the first mode on radial parameter k is shown on Fig. 6.3: the
mode approaches the imaginary axis Re (7) = 0 with the increase of k thus leading
the mode to a resonance. In the vicinity of the resonance (w =~ 1.3), the input from

the continuous spectrum has to be taken into account as well (see [56]).
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30r k=2
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Figure 6.2: Maximum of pressure perturbation in the first discrete mode for the
isobaric density initial perturbation placed in the quiescent gas, with k =2, f =~ =
1.2, E =@ = 50.

Figure 6.3: Trajectory of the first mode in the complex plane 7, the radial number &
varies from 0 to 2.3, f =~y =12, E = Q = 50.
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6.2 Initial Perturbations Placed Inside the Reaction Zone

6.2.1 Axial Vorticity Perturbations

The vorticity perturbation of the same type as in Section 6.1.1 is under consideration,

but now the rotating portion of gas is placed inside the reaction zone:

q (r,¢,2,0) = (0, 0, u, (r,$,2,0), 0, 0, 0)", (6.8)

where the azimuthal velocity component uy (r, ¢, 2,0) = (H (2 — 21) — H (2 — z2)) wr,
21 is the left boundary and z, is the right boundary of perturbation, z; < z5; w is the
angular velocity of rotation. For now, the perturbation has no azimuthal dependence.

The Fourier and Bessel expansions with Laplace transformation lead to the fol-

lowing form of the initial perturbation:

Ugp.om (2,0) = agmw (H (2 —21) — H (2 — 22)) (6.9)

where 0 in subscripts means that n = 0 for the considered perturbation, and the
coefficients ag,, are defined by Eq. (6.3). Using the properties of matrix Y and of
the adjoint fundamental solution y;, one can find that the axial vorticity term (E.27)
and the receptivity coefficient (3.25) are zeros for the considered perturbation (6.8).

The solution of the transformed system, Eq. (3.18), includes only the azimuthal



82

velocity component:

z z 2 . 0
Ug,om (2,T) = exp (—/ ldz) / exp (/ ldz”) %’O—wdz’ (6.10)
0 Ui 0 0o U uk
The inverse transformations lead to the general solution of the following form:
( t) wr 400 . z dz y

= —_— e — _

BT S N u
4 Z/ H / _ _ H / _
. [ / o ( / T dsz) (—z)-H (=) ]
0 0 Uz u;

This is the solution for the initial perturbation (6.8) that has no dependence on ¢.

(6.11)

The perturbation boundaries evolve along the characteristics

Uy

“d
t— / —f = constant (6.12)
0

which are shown on Fig. 6.4 for z; = 0.2 and 2z, = 0.3.
Although the considered solution stems from the results of Section 6.1.1, the anal-
ysis is repeated for the purpose of clarity of the next example where the perturbation

has an azimuthal dependence.
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3.0
- z, = 0.2, z,= 0.3 ) /

e
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7
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0.0 0.5 1.0 1.5 2.0
Axial coordinate, z

Time, ¢

Figure 6.4: The boundaries of perturbation (6.11) depending on time ¢ and axial
coordinate z, the baseflow parameters are £ = Q =50, f =~v=1.2.
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The initial perturbation (6.8) with inclusion of periodic azimuthal dependence has

the following form:
uly (r,¢,2,0) = wr (H (z — 1) — H (2 — 23)) €, (6.13)
the transformed perturbation is
Ugp onm (2) = apmw (H (2 — 21) — H (2 — 22)), (6.14)
where the coefficients are the same as the ones defined in Section 6.1.1 for the per-

turbation in quiescent gas. The axial vorticity term can be written as G,, = ¢, Bum

where

z dy z k4 dz"\ H (2 — —H(s —
gm (2) = exp (—7‘/ —i) / exp (7-/ i ) (2 — =) i (2 ZQ)dZ/
0o U 0 0 U, u,

and the transversal coefficient is

Bun = [ /OarJn(knmr)dr] (6.16)



85

The receptivity coefficient can be represented as R,.s = TmsBnm, Where

" (y1, A71Dy) gimdz
7n'rns — fO ! 3V/87‘0 (6]‘7)

T=Ts

with Dy = (p*, 0, ds3, 0, vp*, O)T. The component d3 has no influence on the coeffi-
cient due to the form of vector y, so it is not shown in the explicit form.

The behavior of the maximum values of pressure perturbation, max |p|, with the
weights r,,s, for different values of 2y, 25, k and 7, are presented on the following
figures.

As in Section 6.1.1, the first example describes the perturbations with the same
value of z; but with different values of 2z,. Fig. 6.5 demonstrates the behavior of
max |p| for the first three discrete modes and z; = 0.5. The parameter k£ = 1 and the
flow parameters are the same as in Fig. 6.4.

The behavior of max |p| is similar to the example of vorticity perturbation outside
of the reaction zone, Fig. ?7?: the values of max |p| become constants for large zs.
For perturbations inside the reaction zone the adjoint solution y; has the major
influence on max [p|: the maxima of pressure distributions become constants due to
the vanishing of y; for large values of z (see Fig. 5.5).

Again, the flow is more receptive to the discrete modes of lower frequency and to
the one-dimensional perturbations rather than for three-dimensional ones, as shown

on Fig. 6.6.
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f=12, E=0=50, k=1, z =0.5
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Figure 6.5: Maximum of pressure perturbation in the discrete modes 1, 2 and 3 for
vorticity perturbation placed inside the reaction zone, with fixed z; = 0.5 and 2
varying from 0.5 to 5.

Figure 6.7 shows the values of max |p| for perturbations of fixed width, Az =
2o — 21 = 0.2 with the same parameters as in Fig. 6.5. The values of max |p| for
the first mode and for different values of k are presented on Fig. 6.8. The flow is
more receptive to disturbances that possess lower frequency and that are closer to the
shock wave. The one-dimensional perturbations possess more influence on the flow

than the perturbations with k ~ 1.
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Figure 6.6: Maximum of pressure perturbation in the first discrete mode for vorticity
perturbation placed inside the reaction zone, with fixed z; = 0.5 and 2z, varying from
0.5 to 5.
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Figure 6.7: Maximum of pressure perturbation in the discrete modes 1, 2 and 3 for
vorticity perturbation placed inside the reaction zone, with fixed Az = 25 — 21 = 0.2
and z; varying from 0.2 to 2.
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Figure 6.8: Maximum of pressure perturbation in the first discrete mode for vorticity
perturbation placed inside the reaction zone, with fixed Az = 29 — 2y = 0.2 and 2z;

varying from 0.2 to 4.
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6.2.2 Adiabatic Perturbations

Consider the following initial perturbation placed in the reaction zone:

6 (r—mr9)0()d(z— 20)

r

Y0 (7", (ba Z) = Qrc (618)

where q,. = (—p*?,0,0,0, —’yp*p*,O)T represents the adiabatic perturbation. This

initial perturbation has the following Fourier transform

d(r—ro)d(z— 20)

qo0,n (7‘, Z) = Qrc , (619)
Expansion into the Bessel functions gives
1 ¢ JTL knmr
Q((),11)1m (Z) :d_ / Q((),lr)z (ra Z) rdn (knmr) dr = —p*Q%é (Z — 20) s
m J0O m
(6.20)
I o »Jdn (Kpmr
Q(()i)zm (Z) :d_ / Q(()?n (T7 Z) TJn (kan) dr = =P p %5 (Z - ZO)
m JO m

Consider perturbations located on the axis (ro — 0). In this case, the perturbation
is axisymmetric and only terms with n = 0 are to be considered. Then, the receptivity

coefficient can be recast as follows:

27 ms

RmS — "5 79 1
a?J (koma)

(6.21)
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where the coeflicient

(Y1 ) Az_lqrc)

m =T T v /o) (622

T=Ts, =20

The values of max |p| of adiabatic perturbation for the first three modes are shown
on Fig. 6.9, the value of radial parameter is fixed and equal to unity, the position of
perturbation, z, varies from 0 to 2, the flow parameters are the following: E = ) = 50,
f =7 = 1.2. The magnitude of pressure maxima for all modes is almost the same,
the values of max |p| decay as the perturbation is moved away from the shock.

Figures 6.10-6.12 demonstrate the behavior of max |p| for Mode 1, Mode 3 and
Mode 5 for different values of k. The one-dimensional perturbations, with k << 1,
are still surpassing the perturbations with k£ &~ 1 for Mode 1, but for higher-frequency

modes the flow is more receptive to the three-dimensional perturbations.
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f=12, E=0=50, k=1

04 T T T
- Mode 1
N - - Mode 2
0.3 )\ ----Mode3 ]

max | p |

Figure 6.9: Maximum of pressure perturbation in the discrete modes 1, 2 and 3 for
adiabatic perturbation placed inside the reaction zone, with zy varying from 0 to 2.
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f=12, E=0=50,Mode 1

1.0 —— k= 0.001
-=--k=0.1
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3 ‘\Q
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Figure 6.10: Maximum of pressure perturbation in the first discrete mode for adiabatic
perturbation placed inside the reaction zone, with 2, varying from 0 to 2.
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f=12, E=0=50,Mode 3
0.8 . . . , .

max | p |

Figure 6.11: Maximum of pressure perturbation in the third discrete mode for adia-
batic perturbation placed inside the reaction zone, with zy varying from 0 to 2.
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f=12, E=0=50,Mode 5
0.7 . , . , .

max | p |

Figure 6.12: Maximum of pressure perturbation in the fifth discrete mode for adia-
batic perturbation placed inside the reaction zone, with zy varying from 0 to 2.
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7. Conclusions

The initial-value problem for perturbations in a circular pipe was solved using the
Laplace transform in time.

The inverse Laplace transform leads to the expansion of the solution into the
modes of discrete and continuous spectra. The discrete modes represent the waves
propagating upstream and downstream the flow. The advantage of the initial-value
problem is associated with evaluation of the normal-mode amplitudes depending on
the initial perturbations.

As it was noted in Chapter 4, the discrete modes have zero axial vorticity. It means
that initial perturbations having nonzero axial vorticity are to be accommodated by
the modes of the continuous spectra.

The solution allows evaluation of amplitudes of the unstable modes. The consid-
ered examples illustrate that there is a variety of paths for their excitation.

The periodic perturbations placed in the quiescent gas may lead to a resonance
caused by discrete modes, but the continuous spectrum has to be taken into account
because it can compensate the contribution of discrete modes.

Examples of initial adiabatic perturbations within the reaction zone demonstrate
that the flow is more receptive to three-dimensional perturbations. In addition,
three-dimensional unstable modes may have larger growth rates than one-dimensional

modes. Both these factors are consistent with experimental observations that real



detonation waves have three-dimensional structure.
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Appendix A:
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Matrices of Governing Equations

Nonzero elements of matrices in the linearized Euler equations (2.11), the superscripts

(1j) stand for (7, j)-th matrix element:

A5~12) =, A£25) =—, A£52) = vp*;
P
1
A403) _ o, 465 _ : AB3) _ yp*;
¢ ¢ v p* ¢
Agi) =u,, 1=1,..,6,
1
A,(zl4) = p*’ Ag45) - A,(z54) =P ;
vp
o _ oty _ U2 gy _ 7
dz’ r’
ot _ 0y v dus
dz’ p* dz’
(51) wh oWt (52) _ P
pr " Op
du ow™ ow*
055 : 0 = 7
d- " op* oA
ooy — 99" qen _ AN
op*’ dz’
o6 _ 09 ey _ O
op*’ ON*’
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where k = 5 (y — 1) p*.
Nonzero components of vectors in the linearized Euler equations (2.11), the su-

perscripts (i) stand for i-th vector component:

W _dpt @y dup 5 dpt ) AN

gt - dZ ’ gt - dZ ) gt dZ ) gt dZ )
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Appendix B: Matrices of Rankine-Hugoniot Conditions

Nonzero elements of vectors and matrices of the linearized condition on the shock,

Eq. (2.12):
say _ DD E+DI0-1) 4
2 ) 9 )
(24 D2 (y—1)) (v +1) DEM,
2
Yoo — 2 ye) _y) _y6e) _
(y+1) M
vy _ _ M (y+ 1) Dy ap _Dalv-D-2 5 2
(2+ (v — 1) D2)* Di(v+1) (v +1) M,
yon - MO DD; gy M ey 17
2+ (y—1)D2)* v+ v+ 1
ON 4 g _ 2D e M,
! (y+1) DM Y D2(y+1) v+1’

h® = h{) = |D,| - M..

Here the value D, represents the speed of the shock scaled with the speed of sound
in the quiescent gas (shock Mach number). The value |D;| is the speed of the shock
scaled with the speed of sound behind the shock, c¢,; M, is the flow Mach number

behind the shock, and v is the specific heat ratio.
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Appendix C: Matrix of Bessel Expansion

The diagonal matrix of the eigenfunction expansion (3.11) is represented as

In
dJ,/dr 0
Jn T

where J,, = J,, (kyr) is the Bessel function of the first order.
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Appendix D: Matrices of Transformed Equations

The matrices of the transformed system (3.13) are represented in this Appendix. The
superscripts (ij) stand for (7, j)-th matrix element; the elements of matrices A,, A,

A, and C from the general system (2.11) are also shown to depict the equations’

transformations:
o) _ o) _ o) _ oy _ 4
m mn dz’

O = — k2, rC1? = —k2 A = —2, AV = —k2, p*,

m nm--r

o) _ qawy _ 40"
m dz’
o) _ qem 1
VP

COY = jn A =

¢ v p*

ul dul



m

C6Y — o6 — _,. (W*

o6 _ oy _

m dz’
du*
07(75)5) — 0(55) =~ y z
z
ow*
0(56) _ 0(56) — ’
™ "on
con — ey 9
m ap* )
o) _ o _ A
m dz’
C65) _ ((65) _ _&U*
m 8]?* )
ow*
C(66) — ((66) — _
m O+’

*

where kK = (v — 1) p*.

p*

N ow*
op* )’

O — k2, 7O = k2 A = k2 AP — k2

103



The superscript (i) stands for the i-th vector element:

a do*
D(()l) - _/ Po,n (Ta Z) Jn (k:nmr) rdr — d_i’¢0,nm - p*Gm (z) ’
0

1 a T
D(()Q) = —/ / Uron (' 2)dr’ | T (Kpmr) rdr,
dm Jo LJo ’

D((jg) = 5 / Ugo,n (7“, Z) In (k"mr) Ter’
0

1 [ dp®
D(()5) ~d / Pon (T, Z) Jn (kan> rdr — pz womm - f}/p*Gm (z) ’
0

d d
- A"
D(()G) _ % i )\O,n (7", Z) I (knm’l”) rdr — Az wﬂ,nma

where 19 ,,m, is the coefficient of the initial shock perturbation,

1 a
wO,nm = d_ / wO,n (T) Jn (knmr) rdr,
m J0

and G, represents the axial vorticity term derived in Appendix E.
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Appendix E: Equations for the Amplitude Functions

The derivation of the system of amplitude coefficients is considered in this Appendix.
For the derivation of amplitude equations here will be considered the system (3.5),

the Bessel expansion (3.10) and the orthogonality property of Bessel functions (3.12):

a n a n n 7
Téln + A aq + A(i’_ qn + A aq + an Tgtl/}n gr ad] - Zn¢n =
(3.5)
= Qo,n — &tVon
Pnl <Z7 ) Jn (kan>

T
Up nl (27 T) knlJ (knl'r)
&, = Z Upnt (2, T) I (k1) /7“ b Zw ) (3.10)
n u, i (Z 7_) Jn (knlr nl n nl .
pnl (Za 7—) n( an)
At (2, T) I (Rir)
/ I (kr) Iy (Kpmr) rdr = 0pnd,y,
0
(3.12)
krszCLQ — n2 2

To derive the system of the ordinary differential equations, we substitute the

expansion (3.10) into the system (3.5) and consider each equation of the system

separately.
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Continuity equation. Substitute the eigenfunction expansion into the continuity

equation:

= dpn, Ay dut dp* dp*
Z (Tpnl + U,: dpzl + P* i + anl + iuz,nl - Td_pzwnl) Jn (knlr) +

dz dz dz
=1
- Zp*ur,nl (k?zljrlz, (kr) + ;knl‘]flz (knlr)> + ::—Z,O* Z U niJn, (K1) = (E.1)
=1 =1
dp*
- pO,n (7", Z) - dZ 7v/}O,n (7')

Equation (E.1) is multiplied by rJ,, (kn,7) and integrated with respect to the radius,
r, from zero to a. Taking into account the orthogonality condition (3.12) and the

Bessel equation for J,, (kyr):

1 2
KT+ ~ku ), = —k20 T + %Jn (E.2)

one can derive from Eq. (E.1) that

dpnm duy pm  du N dp* dp*
nm y - : 5 nm_k - Tnm 7 Uznm T T T nm
np* [ — , dr dp*
+ dm o Z (nur,nl + Zu¢,nl)Jn (knlr) Jn (knm/’n) 7 = Po,nm (Z) - Ewo,nm
=1

(E.3)
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where the initial amplitude coefficient is written as

1 a
Po,nm (Z) =7 / Po,n (T, Z) Jn (knmfr) Td?",
0

(E.4)
1 a

= Yo (1) Iy (Kpm1) rdr.
dm 0

The last term in the left-hand side of Eq.(E.3) contains an infinite sum that will

be considered after the equations’ expansion.

Radial momentum equation. Substitute the eigenfunction expansion into the

radial momentum equation gives

& dur nl 1 1 dp ) /
TUrnl + U + — ¢nl nlJn (knlr) = Uro,n (T‘, Z) (ES)
lzl < dz p* Yp* dz

Equation (E.5) is integrated with respect to r from zero to r, then the result is
multiplied by 7J,, (kn,7) and integrated again with respect to the radius, r, from zero

to a:

L AUy, 1 1 dp*
TUrnm + u, ——Pnm — 5
’ dz vp* vp* dz

wnm -

1 LUy 1 1 d “
d_ Z (Tur nl u dz l + ——Pnl — P 1/%;) n ( nlo) / Jn (k:nmr) rdr =
mo=1 0

v+ vp* dz

= Uro,nm (T7 Z)
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where the initial amplitude coefficient is written as

1 a '
Upro.m (2) = d_/o (/o Uron (17, 2) dr') I (k) rdr. (E.6)

m

Taking into account that .J,, (0) = 0 for n > 0 and

/ 1o (o) dr = 2, (Foma) =~ Jg (Fyma) = 0 (E.7)
0

0Om kOm
due to the boundary condition (the same properties are taken into account in deriva-
tion of the shock boundary condition for u, ., (04) in (3.14)), one can derive the

following amplitude equation:

AUy ym 1 1 dp*
’ dz yp* yp* dz v Uro.nm (2) (E.8)

Azimuthal momentum equation. Substitute the eigenfunction expansion into

the azimuthal momentum equation:

o

dugn 0 in dp* I (k)
n * @00 nl — n _ = n (T, E.9
;_1 <ru¢, U e (@ z) . ugon (r; 2)  (E.9)
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Multiply Eq.(E.9) by r%J, (ku,7) and integrate with respect to the radius, r, from
zero to a. The result is the following:

dug nm n mn dp*
~Dnm

dz vp B yp* dz

TUgp pm + U Ynm = Ug0.nm (2) (E.10)

where

1

Up0,nm (Z) = d_/() Upo,n (T, Z) Jn (knm'r) TZdT- (Ell)

Axial momentum equation. Substitute the eigenfunction expansion into the ax-

ial momentum equation:

> du, 1 dpy = uldu; du® du*
Z,m . : — z n, — zml — n Jn kn -
;(TU’H_UZ dz +7p* dz+p*dzpl+dzu’l szd)l (Fr)

du},
dZ 7ﬂO,n (r>

= Uy (1, 2) —
(E.12)

Using orthogonality of the Bessel functions, Eq. (3.12), one can derive from Eq.

(E.12) the following result:

L du pm 1 dppm  uldu} n du’ du}, "
TUznm u, — nm S Uzmm — T Ynm =
’ dz vp* dz p* dz P dz 7 dz

(E.13)
d

u*
= Uz0,nm (Z) - zwo,nm
dz
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where

1 a
Uz0.nm = d_/ Uz (75 2) Iy (Kpmt) Tdr. (E.14)
m Jo

Energy equation. Substitute the eigenfunction expansion into the energy equa-

tion:

= duznl dpnl ow* dp*
N * ) * o -1 * * N n
;[szﬂp Totulm =By = 1) (W By ) P et

du L Ow* Ow* dp*
+<7d2 (=10 )pnl—ﬁ(’Y D)o Td—iwm}mkmm

- 1
+ D (kizﬂf () + Ty, (Kar) > +w Z% ntIn (ki)
=1

n (7)

=pon (1, 2) —
(E.15)

One can multiply Eq. (E.15) by rJ,, (k,mr) and integrate with respect to the radius,
r, from zero to a. Taking into account the orthogonality condition (3.12) and the

Bessel equation (E.2), the following result can be achieved:

*

LUz dpnm . 40w .
TPnm + VP +u - 6( ) <W +p ) Prm — kim’)/p (X

dz dp*
dp* du* ow* ow* dp
- : By —1)p o - 1) p* = A
g + (v 7 By—=1)p ap*)pnm B(y—1)p" B wner
L ® . dr dp*
- 1) I Gent) T () S = P (2) = S

U

(E.16)
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where

1 a
Pom = d_/ Don (1, 2) Jn (knpr) rdr. (E.17)
m Jo

The equation (E.16) contains the same infinite sum as the continuity equation
(E.3). The term with the sum will be considered after the expansion of the reaction

equation.

Reaction rate equation. Substitute the eigenfunction expansion into the equation

for the reaction rate:

> w* - A\ Ow* L d\* dw*
£ 6)\* 4y gp P T gy e T g Pt T
(E.18)
_ax A"
wnl] T ar) = do (1, 2) = P )

The same procedure as for the above equations leads to the following form of the

amplitude equation:

o ow* \ A, B ow* n ﬂu B ow* B Tﬁw B
(E.19)

dN*
- )\O,nm (Z) - Ew(],nm

where

1 a
Xo.nm = d_/ o (1, 2) T (Kpgmr) rdr. (E.20)
m Jo
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Analysis of the term with an infinite sum. The main obstacle in resolving the

amplitude equations is associated with the infinite sum

n o [% . dr
G (2) = —— /0 > (Mg + itig ) T (i) T (k) — (E.21)
m =1

that appears in Egs. (E.3) and (E.16). One can show that this sum is associated
with the axial vorticity perturbation and that it can be found from the given initial
data. In other words, the sum in Egs. (E.3) and (E.16) can be considered as a known
function.

Using the radial and azimuthal momentum equations from the system (2.11), one

can find the following first-order linear partial differential equation:

01, 0f),
* =0 E.22
ot "oz (E:22)
where (), is a perturbation of the axial vorticity:
1 /oru, ou
0, ==~ v E.23
r < or 8¢) ( )

Solution of Eq. (E.22) can be easily found with the help of the method of char-
acteristics. In order to be consistent with the adopted eigenfunction expansion, the

Fourier transform in ¢, the Laplace transform in time, and the eigenfunction expan-
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sions for the velocity components (3.10) are implemented here. After all transforma-

tions, the following equation can be written:

a o0
+ut— Ut — 10U 1) ka ! (k) = 705 (1, 2 E.24
) 3 G ) ) =100 ) (821
where Q.0 ,, (7, 2) is the Fourier transform of the axial vorticity distribution at ¢ = 0.
Equation (E.24) is integrated with respect to r from zero to r, the result is multi-
plied by inJ,, (k,mr) /r and integrated with respect to the radius, r, from zero to a.

Hence one can find the following differential equation for G, (2):

dG

G +ut—= = Fy,, E.25
TGm + Uz 0m (%) (E.25)
where the initial data term is
mn r 7 , , , dr
Fom (2) = T " Qo (r'y 2)dr’ | Ty (knmr) —. (E.26)
m r
0 0

Solution of Eq. (E.25) can be written in the following form:

z 2!

/ d / d E m / dz"
G (2) = Koexp _T/—Z texp |- [ = /—0’ (Z)exp T/ = az
U u uz (#) us
0 0 0

(E.27)
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where K is the perturbation of the axial vorticity coming from the quiescent gas. If
there are no perturbations of the axial vorticity at ¢ = 0, i.e. Fp,, = 0 and Ky = 0,
we have G, (2) = 0.

Now, the amplitude equations can be written in the solvable vector-matrix form

as follows:

ddpm

where Dy is known function of the coordinate z and the Laplace variable 7 depending

on initial distribution of perturbations.
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Appendix F: Fundamental Solutions of the Direct Problem

Fundamental solutions of the direct system (3.15) can be written in the form Q; () =
Qjooexp (1j2), 7 =1,...,6 for z — co. The amplitude vectors Q- are shown in this

section.

PloT Ul Coopio\/ T3Hc2 (1= M2 )2,
3
*2 2

o0 COO

u
in (U — c)
—uit = oo/ P+ G (L= MR, |
7 (i + ienpio /7 B (L= M) R, )
0

Qloo -

PoT—WhoCoopio/ T3Hc2 (1-MZ K2,
3
*2 .2

o0 COO

u
in (uff — )
—ULT A+ coo/T0 + A (- ME) K, ’

7 (Prer = weapi VP & (1= MRS, )

QZoo =

Q3oo =

cooc oo~

o

3

|

o

V]

=

*

o

8

|
coor~RoO

QGoo = u* gCC(EG) _|_7.> )
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where n is the azimuthal index, k,, is the m-th root of the boundary-condition

*
o

equation (3.9). Also, p%, is density, u’, is mean velocity, ¢ is the speed of sound
and p?_ is pressure in the burnt medium. The symbols %Y and C&9 stand for the

elements of matrix C,,, at z — oc.
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Appendix G: Fundamental Solutions of the Adjoint Problem

Fundamental solutions of the adjoint system (3.19) can be written in the form y; (2) =
Voo €Xp (—f1;2), j = 1,...,6 for z — oo. The conjugate form of the amplitude vectors

¥jco UP to normalization factors are shown in this section.

0
k,Z *

’anO

0

Yieo = T ) (Gl)
/P R (- M)
Poo 0(56) * ( 2 k)2 *2)

nmWoo

o (—7(CEV+7) 4k us2 ) + L yute oo pto N/ T2+ K B (1- M)

0
_kZ *

anO

0

yQOO = -7 )
e R, (L M)

Poo 0(56) * ( 2 k2 *2)
i (T(C£6)+7) —k%mu’gg) +CE v, oot \/T2+k%mcgo(1_Mgo)

—1 0 0 0
0 2 2 %2
0 T inks, uss 0
_ _ 0 ~ (i e Tl 0
Y30 = 0 s Yico = Tut y Yoo — inTu* y Y600 — 0 y
,yclz e in_"'oo 0
VP VP5o
o 0 5 o)
C8Ve2 >

where n is the azimuthal index, k,,, is the m-th root of the boundary-condition

equation (3.9). Also, p% is density, u’, is mean velocity, ¢y is the speed of sound
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and pZ  is pressure in the burnt medium. The symbols C%% and 0% stand for the

elements of matrix C,,, at z — oo.
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Appendix H: Derivation of Coefficients for Solution of Trans-

formed System

The amplitude coefficients a; and shock displacement ,,,, are derived here.

For the derivation of coefficients we will need the formal solution of the amplitude

system:

6

qQnm = Z (aj + /OZ (YJ7 F) dzl) Qj + Ql /z <y17 F) d’zl

=2 o

F = Fl + F2wnm7 Fl = Az_lD07 F2 = Az_l (Tgt + g, + an¢) 5

and the condition on the shock front:

Anm (0+) = anm (07> + ht (Tl/)nm - zbO,nm) + (hr + inh(b) wnnm

Substitution of Eq. (3.18) into condition (3.14) leads to

6 [e's)
= anm (O—) - htwo,nm - Z anj (O) + Qloo / (Y1> Fl) dZ
j=2 0

(3.18)

(3.14)

(H.1)

Dot product of (H.1) and y; (0) gives the following equation for the displacement of
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the shock ,,,:

— wnm |:/Oo <y17 Fg) dz + (yl (O) ,Tht + hr + mh@} =
0

ZWN%Y%M&%mWwH+A(mEﬂW

we use the orthogonality of direct and adjoint fundamental solutions: (y;, Q;) = d;;,
where 9;; is Kronecker delta, as y; are vectors composed of cofactors of the j-th
column of the matrix of the fundamental solutions Q = [Q1, Qo, ..., Qg] which is
divided by det (Q) [54].

Then we can extract ¥, as

U (7, knm)
Yo = (H.2)
where
UZWMWY%M¢%4WWM+A (y1.Fy) dz, (H.3)
V= / (Y1 Fa) dz + (y1 (0), 7hy + by + inhy) (H.4)
0

In the same fashion, dot product of Eq. (H.1) and y,; (0), j = 2,...,6 give the

equations for the coefficients a;:

U

a; = (y] (0) 7anm (0—) - ht¢0,nm) - V (YJ (0) aTht + h7‘ + Z?’Lh¢) (H5)
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The explicit form of Eq. (3.18) is

— 26: {(YJ (0),Ydm, (0-) — hytbg ) + /0 (yj,Fl)dz’} Q,+Q / (y1,Fy) d'—

oo

_% (i {(yj (0)77ht+hr+mh¢)+/0z (yj,FZ)dz'] Qj‘f‘Ql/o:(YLFQ)dZ/>
(H.6)
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Appendix I:  Derivation of the General Solution

The integral of the inverse Laplace transform, the receptivity coefficients, and the
formula of the general solution are discussed in this Appendix.

When all terms of the amplitude solution (3.18) are known, and we can go back-
ward through the transformations to obtain the formula for perturbations ' (r, ¢, z, t).

The Bessel expansion gives the following series:

o0
(ryz,7) = ZJm (KnmT) Qum (2, T)
m=1
Then the integral of the inverse Laplace transformation can be written as

1 o+100
qn (r,z,t) = —/ Qn (r,2,7) e dr =

21 )y ioo

100

= RSTS n\" <, d>
Z e +2m q(rzT)T

where the first term is the summation over all poles 7, - zeros of the denominator
V(1) with Re (75) > 0 - the part of the integral due to the discrete spectrum of the
problem. The second term is the integral over the imaginary axis, the contribution of
the continuous spectrum to the solution. The integration contour used in the inverse
Laplace transformation is shown on Fig. 3.1.

Each element of the sum in the discrete spectrum term of Eq. (I.1) can be written
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as:
Rs = Z Jm (knmr)RmquM,s (27 knm7 Ts)
m=1

The weight coefficient R, is produced from the evaluation of residue at the pole 7:

U U
Rms = Res (V’ TS) = W

Y

T=Ts

where the numerator U is given by Eq. (H.3), denominator V' - by Eq. (H.4), and
the partial derivative OV/O07 can be evaluated with finite differences.

The explicit form of the vector qpass follows from the last line of Eq. (H.6):

apM,s =

= [i [(Yj (0), 7hy + b, + inhy) + /OZ (¥, F2) dzl] Q;+Q /z (y1,F2) d?’

o0

Jj=2
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Appendix J: Equivalence of Spectra

The equivalence of the discrete spectrum stemming from normal-mode and present

analyses is considered in this Appendix.

Equivalence of the dispersion relationship. Consider the dot product of (4.1)

and the first fundamental solution (G.1) of the adjoint problem (3.19)

dy )
(YL %) + (y1, AN (Cpo+ D) V) — (y1, AL (T8¢ + & +ingy)) =0 (J.1)

After integration by parts of (J.1) with respect to z from zero to infinity, and using

Eq. (3.19), we arrive at the following relationship:
510, 900+ [ (1 A (7t ) ds =
or, with the help of Eq. (4.2):
(y1(0), 7hy + h, 4 inhy) + /0 N (y1, AZ' (tg + g, +ingy)) dz = 0, (J.2)

which is exactly the same as (3.23).
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Equivalence of the solutions. The normal-mode system (4.1) and the system
(3.13) for the amplitude functions possess the same solutions of direct and adjoint
homogeneous systems, Q; and y; respectively (i = 1,...,6).

Therefore, the solution of (4.1) that is bounded at z — oo can be written in the

form

9 = Z (aj + /0 (v;,F2) dz’) Q, + Q. / (y1,Fa)dz' (J.3)

6
J=2 o
where Fy = A (7g; + g, +ingy). Coefficients «; can be found from the initial

condition (4.2): substitution of the solution (J.3) into (4.2) gives

o0

6 0
Zanj + Q1 (0) / (y1,F2) dz' = 7hy + h, + inh,, (J.4)
=2

then, by multiplication of Eq. (J.4) on y; (0), and with implementation of orthogo-

nality of asymptotic solutions, we get the coefficients:
;= (y] (0) ,Tht + h/r + mh¢)

The solution ¢ is equal to

9= ZG: ((yj (0),7h; + h, +inh,) + /OZ (y;, F2) dz') Q;+Q /Z (y1,F2)dz (J.5)

Jj=2 (o'¢)
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and, evaluated at 7 = 7, it is exactly the discrete mode vector qpas s, given by Eq.
(L.2).

Thus, we can conclude that the discrete spectra found by both normal-mode and
present analyses are identical, and that the normal-mode solution is included into the

present solution of the initial-value problem.
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Appendix K: Numerical Methods

In the numerical integration of the differential equations several different solvers were
used.

In the first solver, the IMSL routine DIVPAG implementing Gear’s BDF method
[60] was utilized. The second code was based on LAPACK package, and the calcula-
tions were performed using DDASSL subroutine developed by L. R. Petzold (down-
loaded from software repository of the National Institute of Standards and Technol-
ogy). The third solver was developed by means of Mathematica, the computational
system by Wolfram Research. All solvers were found to be efficient for solution of
direct and adjoint problems. A shooting procedure together with Newton’s algorithm
was used in order to find a root of Egs. (4.6) (direct problem) and (3.23) (adjoint
problem).

The shooting method requires an initial guess of the eigenvalue 7,. Multi-domain
spectral collocation method (SCM) with Chebyshev polynomials was utilized to find
the eigenvalues that could be used in the shooting iterations. The method is thor-
oughly explained in [57] for the case of one-dimensional detonations. The LAPACK
solver ZGGEV and subroutine DG6CCG of IMSLL FORTRAN library were used in
SCM investigations of spectrum.

The SCM calculations need large amounts of computing power to investigate cases

with many domains and high numbers of collocation nodes. Such massive calculations
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were conducted with the help of the CFD laboratory of the University of Arizona.
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Appendix L: Supplemental Receptivity Results

The dependence of maximum values of pressure distribution max |p| on overdrive
factor f, activation energy E and heat release () are described here.

The results are demonstrated for Mode 1 (see Fig. 5.6) with the radial parameter
k fixed and equal to unity, v = 1.2. The dependence of coordinates of Mode 1 on f is
shown on Fig. L.1. The curves start at f = 1.01, as the value of f =1 is beyond the
scope of the present research, and end at f = 4.14, where the discrete mode merges

with the continuous spectrum.

Mode 1, E=0=50, k=1

Figure L.1: Dependence of coordinates of the first discrete mode on overdrive factor
f,for k=1, F=@Q = 50.
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The behavior of coordinates of Mode 1 with respect to E are shown on Fig. L.2.

The range of E from 0 to 50 is covered.

Mode 1, f=1.2, 0=50, k=1
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Figure L.2: Dependence of coordinates of the first discrete mode on activation energy
E fork=1,Q =50and f=1.2.

The dependence of coordinates of Mode 1 on @) is shown on Fig. L.3. The

considered range of () is between 20 and 50, as the values () < 20 for constant

activation energy E = 50 are difficult to analyze due to the stiffness of the problem.

Three types of perturbations are considered: vorticity perturbation placed out-

side of the reaction zone (see Section 6.1.1), vorticity perturbation placed inside the

reaction zone (Section 6.2.1) and adiabatic perturbation placed inside the reaction

zone (Section 6.2.2).
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Mode 1, f=1.2, E=50, k=1
0.8 T T T T T T T T T T

20 25 30 35 40 45 50

Figure L.3: Dependence of coordinates of the first discrete mode on heat release @,
for k=1, F =50 and f =1.2.

Vorticity perturbations inside the reaction zone. The two considered types of
vorticity perturbations are now placed inside the reaction zone. For the disturbance
with fixed boundary z; = 0.5, the receptivity results are shown on Figs. L.4-1.6: flow
receptivity increases with increase of f and decrease of ), the effect of the activation
energy change is small.

The fixed-width perturbation is described by Figs. L.7-L.9. The flow receptivity
decays with distance from the shock wave, as well as with decrease of F, and increase

of f and Q.
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0.18 C T T T T T T T 1
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012 F L i
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max | p |

0.06 |-

0.03 |

0.00

Figure L.4: Maximum of pressure perturbation in the first discrete mode for vorticity
perturbation placed inside the reaction zone, with fixed z; = 0.5 and 2z, varying from
0.5 to 5. The dependence is shown for three values of the overdrive factor f.

Adiabatic perturbations inside the reaction zone. The receptivity of the flow
to adiabatic perturbations analyzed in Section 6.2.2 is described on Figs. L.10-L.12
for different values of f, F and (). The flow becomes more receptive to the considered
perturbation with increase of activation energy F, and decrease of heat release () and

overdrive factor f.
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f=12, 0=50, k=1, z =0.5

0.12 - E

0.10 |-
0.08 |-

0.06 |-

max | p |

0.04 -

0.02 -

0.00

Figure L.5: Maximum of pressure perturbation in the first discrete mode for vorticity
perturbation placed inside the reaction zone, with fixed z; = 0.5 and 2z, varying from
0.5 to 5. The dependence is shown for three values of the activation energy E.

S=12, E=50, k=1, z =05
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0151
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0

Figure L.6: Maximum of pressure perturbation in the first discrete mode for vorticity
perturbation placed inside the reaction zone, with fixed z; = 0.5 and 2z, varying from
0.5 to 5. The dependence is shown for three values of the heat release Q.
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E=0=50, k=1, Az=02
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0.02 -
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Figure L.7: Maximum of pressure perturbation in the first discrete mode for vorticity
perturbation placed inside the reaction zone, with fixed Az = 29 — 2y = 0.2 and 2;
varying from 0.2 to 3. The dependence is shown for three values of the overdrive

factor f.
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Figure L.8: Maximum of pressure perturbation in the first discrete mode for vorticity
perturbation placed inside the reaction zone, with fixed Az = 29 — 2y = 0.2 and z;

varying from 0.2 to 2. T
energy F.

he dependence is shown for three values of the activation
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=12, E=50, k=1, Az=0.2
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Figure L.9: Maximum of pressure perturbation in the first discrete mode for vorticity
perturbation placed inside the reaction zone, with fixed Az = 29 — 2y = 0.2 and 2z;
varying from 0.2 to 2. The dependence is shown for three values of the heat release
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Figure L.10: Maximum of pressure perturbation in the first discrete mode for adi-
abatic perturbation placed inside the reaction zone at z = 2. The dependence is
shown for three values of the overdrive factor f.
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Figure L.11: Maximum of pressure perturbation in the first discrete mode for adi-
abatic perturbation placed inside the reaction zone at z = 2. The dependence is
shown for three values of the activation energy FE.
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Figure L.12: Maximum of pressure perturbation in the first discrete mode for adi-
abatic perturbation placed inside the reaction zone at z = 2. The dependence is
shown for three values of the heat release Q).
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