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ABSTRACT

Phyllotaxis, namely the arrangement of phylla (leaves, florets, etc.) has intrigued nat-

ural scientists for over four hundred years. Statistics show that about 90% of the spiral

patterns has their numbers of spirals belonging to two consecutive members of the regular

Fibonacci sequence. (Fibonacci(-like) sequences refer to any sequences constructed with

the addition rule aj+2 = aj + aj+1, while the regular Fibonacci sequence refers to the

particular sequences 1,1,2,3,5,8,13,...) Historical research on pattern formation on plants,

tracing back to as early as four hundred years ago, was mostly geometry based. Current

studies focus on the activities on the cellular level and study initiation of primordia (the ini-

tial undifferentiated form of phylla) as a morphogenesis process cued by some signal. The

nature of the signal and the mechanisms governing the distribution of the signal are still

under investigation. The two top candidates are the biochemical hormone auxin distribu-

tion and the mechanical stresses in the plant surface (tunica). We built a model which takes

into consideration the interactions between these mechanisms. In addition, this dissertation

explores both analytically and numerically the conditions for the Fibonacci-like patterns to

continuously evolve (i.e. as the mean radius of the generative annulus changes over time,

the numbers of spirals in the pattern increase or decreases along the same Fibonacci-like

sequence), as well as for different types of pattern transitions to occur. The essential condi-

tion for the Fibonacci patterns to continuously evolve is that the patterns are formed annu-

lus by annulus on a circular domain and the pattern-forming mechanism is dominated by a

quadratic nonlinearity. The predominance of the regular Fibonacci pattern is determined by

the pattern transitions at early stages of meristem growth. Furthermore, Fibonacci patterns

have self-similar structures across different radii, and there exists a one-to-one mapping

between any two Fibonacci-like patterns. The possibility of unifying the previous theory of

optimal packing on phyllotaxis and the solutions of current mechanistic partial differential

equations is discussed.
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GOALS AND MAIN RESULTS OF THIS DISSERTATION

Goals and main results of this dissertation:

The goals and main results of this dissertation are:

• to build a model incorporating the pattern forming mechanisms induced by me-

chanical stresses and hormone auxin distribution and the coupling between the two

mechanisms. Until very recently, all models to explain phyllotaxis were paradigms

based on various fitness criteria. There were no connections made between observa-

tions and possible physical and biochemical mechanisms which might lead to plant

patterns. We show how the two top candidates, namely elastic buckling of the tu-

nica (plant surface) due to compressive stresses arising from differential growth and

a nonuniform auxin distribution arising from an instability, can each lead to patterns.

But, we also argue that they do not, in all circumstances, act independently. Growth

influences stress through the stress-strain relation while it is also known that stress

influences growth even though the exact way is not well known yet. The pattern

of surface deformation and the pattern of phylla placement may or may not be the

same. We can identify circumstances under which these two patterns are the same or

different. For instance, we will show that it is possible that the phylla are placed on

a hexagonal-like lattice while the surface deformation is ridge-like.

• to reproduce all the patterns that have been generated from the paradigms

(Hofmeister[9], Snow & Snow[10] , Douady & Couder[5, 6, 7]) using the govern-

ing equations with their physical and biochemical backgrounds (the mechanical,

biochemical or combination model) and to develop additional understanding. The

paradigms (Douady & Couder[5, 6, 7], which will be reviewed in Chapter 2) based

on a set of rules of primordia positioning proposed by Hofmeister [9] have been able

to generate many patterns that resemble those found on real plants. However, the

“mechanisms” in the paradigms were empirical rules based on observations, which
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are not motivated by any physics or biochemistry at either the macroscopic or micro-

scopic levels. We are the first to study the mechanics and biochemistry motivated

pattern-forming mechanisms on plants at a quantitative level, where the results can

be compared to measurable quantities, such as enumerations of patterns. We will

analyze the model equations using the method of amplitude equations (or order pa-

rameter equations) and direct numerical simulations of the governing PDEs. We are

able to find all the configurations that were discovered in paradigm-based models, in-

cluding the whorl patterns (in an N-whorl pattern, N phylla form at once), the regular

Fibonacci patterns and other Fibonacci-like patterns (the definition of Fibonacci pat-

terns will be given below in the next bullet). In addition, the results will be compared

with those from the paradigms (Douady & Couder).

We will also show that the results of our combined model are richer than the

paradigms since another measure - the amplitudes of the modes in the Fourier

decomposition of the pattern - has been introduced on top of underlying lattice

shape (corresponding to the wavevectors in the Fourier decomposition). The

wavevectors determine the positions of local maxima (corresponding to the tip

of the bump in the surface deformation or the positions of phylla placement) of

the pattern, while the amplitudes describe the weights of the modes.

• to show that Fibonacci patterns arise naturally on plants when the patterns are laid

down annulus by annulus. It is known that hexagonal planforms are preferred near

the onset of pattern formation in a two dimensional, rotationally and translationally

invariant planar geometry and a broken up-down symmetry. Perfect hexagons consist

of three Fourier modes where whose wavevectors are of equal lengths and are 120o

apart. The analogue of hexagonal patterns in circular geometries dominated by bias

and boundary conditions are slowly evolving hexagons with unequal amplitudes (im-

perfect hexagons), and the pattern consists of smooth transitions between hexagons

(offset diamonds) and diamond shapes. As will be discussed in section 1.6, off-set
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diamonds can be interpreted as imperfect hexagons. and thus the two concepts will

be used interchangeably. The sunflower head in Figure 5.4 shows gradual transi-

tions between diamonds and off-set diamonds. In addition, the seeds in contact form

two families of spirals emanating from the center of the sunflower head, one family

winding clockwise, one family winding counterclockwise. The numbers of spirals in

each family are integers, which in most cases (approximately 90%, see section 1.2

for the statistics) belong to consecutive members of the regular Fibonacci sequence

1,1,2,3,5,8,13,21,34,55,... The numbers of spirals are higher Fibonacci numbers on

the outer rim of the sunflower head and lower Fibonacci numbers toward the center.

Mathematically, the hexagonal patterns and the diamond-shaped patterns are super-

positions of rolls with different orientations. Hexagons are superpositions of three

dominant rolls, while diamonds are superpositions of two rolls (or four rolls where

two of them have larger amplitudes than the other two). The number of spirals in

each spiral family corresponds to the circumferential wavenumber of the correspond-

ing Fourier mode. If the circumferential wavenumbers of all the dominant Fourier

modes (with largest amplitudes) belong to any Fibonacci-like sequence (a sequence

generated by the addition rule an+1 = an + an−1, including the regular Fibonacci

sequence 1,1,2,3,5,8,... with a1 = 1, a2 = 1, and the Lucas sequence 1,3,4,7,... with

a1 = 1, a2 = 3, etc.), then the pattern is called a Fibonacci(-like) pattern.

All the Fibonacci sequences are related as described by their “family tree” (in Figure

4.3). In Figure 4.3, every branching triad has a normal direction where the successive

triad has a new member obtained by adding the last two numbers of the current triad;

it also has an abnormal branch where the new member in the successive triad is the

summation of the first and third members of the current triad. It would appear that

the abnormal branch is also relevant because of the quadratic coupling (as will be

discussed in Chapter 4). However, we will show that no matter which branching

triad in the “family tree” (in Figure 4.3) that the initial pattern has, the domi-
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nant angular wavenumbers of the pattern can evolve along the normal branch

while the abnormal branch is not easily accessible because it requires a starting

configuration (especially the wavevectors) that is very different from those on

the normal branches. Given that the pattern is formed annulus by annulus, the

old pattern in the neighboring annulus imposes a great influence on the choice of

the next pattern among all possible configurations. Thus the abnormal branch

is not easily accessible and therefore rarely observed.

• to study the self-similar properties of all the Fibonacci-like patterns and the simi-

larities between any two Fibonacci-like patterns. Figure 5.1 shows an example of a

self-similar Fibonacci pattern. One spiral out of each of three different spiral fami-

lies is drawn on the real image of a sunflower head. One can see that the pattern at

radius R is locally similar to the pattern at radius Rφ (where φ ≈ 1.62 is the golden

number) only with a difference in the orientation of the dominant rolls. Mathemati-

cally, the Fourier decomposition shows that the radial wavenumber for spirals in the

spiral family 1 (see Figure 5.1) at radius R is approximately the same as the radial

wavenumber for the spiral family 2 at radius Rφ in absolute values while having

an opposite sign. φ is the golden number defined as the larger root to the equation

φ2 − φ− 1 = 0.

We proposed a theorem describing the self-similarity of all the Fibonacci-like

patterns. We found that the free energy, the primordium area (which is inversely

related to the packing efficiency) are all periodic functions of log(R) where R is

the mean radius of the generative annulus on the apical meristem when new

primordia (the initial undifferentiated form of leaves for flowers) are formed.

In addition, there is a one-to-one mapping between any two Fibonacci-like pat-

terns. Especially we will show that the packing efficiencies of all Fibonacci-like

patterns are the same. This means that no single Fibonacci-like pattern has an ad-

vantage over another. Thus the predominance of the regular Fibonacci pattern should
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be explained by the “luck of birth”, i.e. the regular Fibonacci pattern is favored at the

initial stage of the pattern formation and transitions.

• to show evidence of continuous evolution of Fibonacci patterns and to understand

the pattern transitions. Sudden pattern transitions can be found in many plants.

For instance, a 2-whorl (2,2,4) pattern can make transitions to a (2,3,5) Fibonacci

pattern, then to a 3-whorl (3,3,6) pattern. The reason for the pattern transitions is

that the coexisting patterns at the same radius R have different packing efficiencies

and free energies. Thus if the current pattern does not have the lowest possible free

energy, it would have a motivation to make transitions to a different pattern whose

free energy is lower. We aim to understand the conditions for the transitions to occur

or not to occur by studying the stability of each pattern. In particular, conditions

for the Fibonacci patterns to continuously evolve will be discussed. By continuous

evolution, we mean that the dominant angular wavenumbers of the pattern climb

up or down the same Fibonacci-like sequence. For example, we say that a regular

Fibonacci pattern continuously evolves if the circumferential wavenumbers of the

dominant Fourier modes in the pattern belong to the regular Fibonacci sequence at all

R. Direct numerical simulations of PDEs show examples of continuously evolving

Fibonacci-like patterns, one along the regular Fibonacci sequence and one along the

Lucas sequence.

• to study the propagations of the generative front. With the amplitude equations,

we have assumed that the annulus has infinite width and that the radial wavenumbers

can be chosen from a continuous set. However, on real patterns, primordia are not

formed at once. Instead, they are laid down annulus by annulus (see Section 1.7)

as if the infinite geometry gradually unfolds. The bias of the old patterns in the

neighboring annulus on the new pattern is imposed as the boundary condition. To

make the model more realistic, we refine it by letting the pattern gradually propagate

into the unstable equilibrium state. The properties of this ”generative front” will be
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discussed in Section 8.1.
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GLOSSARY

active set the set of wavevectors whose radial and circumferential wavenumbers, lm and

m, satisfy A = {(lm,m)|σ(lm,m) > −σ∗}

c.c. complex conjugate of all previously shown terms

dominant Fourier modes the Fourier modes with the largest amplitudes in the Fourier

decomposition of the pattern. All other Fourier modes have much smaller amplitudes

compared to the dominant Fourier modes.

dominant circumferential (or angular) wavenumbers the circumferential wavenum-

bers of the dominant Fourier modes

divergence angle D the winding angle between consecutively form primordia

divergence fraction d the divergence angle divided by 2π

Fibonacci(-like) sequence a sequence in the form m,n,m + n, 2n + m, 3n + 2m, ...

(m < n) constructed following the addition rule aj+2 = aj + aj+1. The Fibonacci

sequence usually refers to a particular instance of the Fibonacci(-like) sequence, the

regular Fibonacci sequence 1,1,2,3,5,8,13,..., i.e. with m=1, n=1. But sometimes in

this dissertation, for simplicity, Fibonacci sequences may refer to all Fibonacci-like

sequences in general. The meanings of the term should be clear within the specific

context.

Fibonacci(-like) pattern a spiral pattern whose numbers of spirals (within the most con-

spicuous spiral families) belong to a Fibonacci(-like) sequence. In particular, as the

mean radius of the generative annulus changes, if the numbers of spirals increases

or decreases along the same Fibonacci(-like) sequence, we say the Fibonacci(-like)

pattern continuously evolves. In this dissertation, we usually refer to the Fibonacci(-

like) patterns as the continuously evolving Fibonacci(-like) patterns.
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family tree all Fibonacci(-like) sequences can be connected with their families trees. See

the definition in Chapter 4.

gradient flow a system is a gradient flow if its evolves to minimize some free energy.

golden number φ the positive root of the equation 1 + φ = φ2. φ ≈ 1.62, and φ is the

asymptotic ratio between consecutive members of any Fibonacci-like sequence.

generalized (or imperfect) hexagonal pattern a pattern whose Fourier decomposition is

dominated by three Fourier modes which has the largest amplitudes. The wavevec-

tors of the three dominant Fourier modes ~kj , j=1, 2, 3 add up to zero. If |~kj| = k0

(which implies ~kj are pairwise 120o apart), j=1, 2, 3 and the amplitudes of the dom-

inant Fourier modes are equal, then the pattern is a perfect hexagonal pattern. If

a pattern is not a perfect hexagonal pattern but is still dominated by three Fourier

modes, we call it a generalized (or imperfect) hexagonal pattern.

offset diamond pattern a pattern which appears to be tiled with diamond shapes. The

diamonds have the same orientations but the vertices of adjacent diamonds do not

coincide. Offset diamonds can be interpreted as imperfect hexagons. See Section

1.6.2 for further discussions.

parastichies primordia closest to the 0th primordium. The parastichies usually character-

ize the number of spirals each spiral family.

packing efficiency the number of primordia per unit area of the meristem.

primordium area the area of each primordium. In this dissertation, the primordium area

is defined as the total area of the some domain divided by the number of primordia

on it. It is equivalent to the area of the parallelogram enclosed by the the parastichies

of the pattern. It is also the area enclosed by the borders of the Voronoi diagram.

phylla a general term for florets, leaves, bracts, etc.
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primordia the initial, undifferentiated form of phylla.

spiral families a family of spirals refers to spirals whose orientations are nearly parallel.

If one looks at a local patch of a spiral pattern, there are usually two or three con-

spicuous families of spirals. We stress the “most conspicuous spirals” since one can

always find other spirals by deliberately connecting corresponding primordia. The

reason that our attention are easily drawn by two or three particular spiral families

is, in mathematical terms, that the Fourier modes corresponding to these conspic-

uous spiral families have the largest amplitudes. Without stating otherwise, in this

dissertation, we always refer to the spirals families as the most conspicuous spirals

families.

Voronoi diagram Given a set of points P in a two dimensional metric space, a Voronoi

diagram divide the space into Voronoi cells, and each Voronoi cell contains one of

the points Pi and all the points in the space whose distances to Pi are smaller than

to all other Pj’s in the given set of points.

whorl number G the number of primordia which form simultaneously.

R, R̃, r, r′ R, the mean effective radius of the generative annulus. R̃ The actual radius

of an annulus which expands over time due to the growth of the meristem. r, the

distance to the meristem center. r′, the distance from the outer flank of the meristem.

Sometimes, for simplicity, r and r′ are used interchangeably and they all represent

r′. We can think of R as a measurement of the size of the domain, while r or r′ is the

local coordinate on the domain.
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Chapter 1

INTRODUCTION

In this chapter, I will first show (in Section 1.1) examples of patterns that are com-

monly seen in nature, in particular various patterns on plants. Although the patterns on

plants share many similarities with patterns in general (for example, in two dimensional

planar geometries with translational and rotational symmetries), they have some very spe-

cial features, the principal one of which is the fact that plant patterns are formed annulus

by annulus. The beautiful mathematical features of the plant patterns will be displayed in

Sections 1.2, 1.3 and 1.4. The challenges of a good phyllotactic theory will be summarized

in Section 1.5. Mathematical descriptions of the patterns in annular geometries, including

two dual coordinate systems (the phyllotactic coordinates and Fourier decompositions) -

will be given in Section 1.6. Section 1.7 describes how the patterns are gradually formed

on the plants’ apical meristems. The goals of Section 1.6 and 1.7 is to prepare the read-

ers with mathematical techniques of pattern quantification and the necessary biological

backgrounds.

1.1 Phyllotactic patterns

Patterns, structures made by repeating some assembling unit, are everywhere. Some

are man-designed and seen in laboratories while a large majority is designed by nature

(See Figure 1.1). Most of the patterns shown in Figure 1.1 are patterns in a two dimen-

sional extended plane with the ratio (wavelength)/(box size) small. Such patterns have

local rotational and translational symmetry and, as a result, for the most part, give rise to

stripes or hexagons. The reason for a preference for hexagons will be further discussed in

Chapter 4.
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FIGURE 1.1. Examples of various patterns discovered in nature. (a) Sand ripples. (b)
The “Giant’s Causeway” in Ireland. (c) Fingerprint. (d) Faraday experiment. (e) Peacock
feathers. (f) Sunflower head. (g) Fluid convection.

In particular, patterns are seen in the plant world. Configurations of the florets, leaves,

stickers, etc. (See Figure 1.2) are called phyllotaxis. Patterns on plants bear much in com-

mon with patterns elsewhere but there are significant differences. The principal difference

is that the pattern is laid down annulus-by-annulus so that the bias of the existing pat-

tern in the neighboring annulus plays an essential role in choosing the new pattern among

many possible outcomes. As a result, successive annuli cannot be tiled by pure hexagons

with the same orientation. Rather, a smooth tiling requires a combination of diamonds and

(hexagon-like) off-set diamonds.

Alternate and whorl patterns

Phylla can be numbered by the order in which they are formed. Sometimes at a given radius

just one bud, sometimes two or three buds form at once. To the eyes of the observer who
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(a) (b) (c) (d)

(e) (f) (g) (h)

FIGURE 1.2. Examples of various phyllotactic lattice and tiling patterns.
(a) Ridges. (b) Undulating ridges on the barrel cactus. (c) Diamonds (parallelograms)
on the pine cones. (d) Hexagons. (e) Alternating patches of diamonds and off-set dia-
monds on a sunflower head. In (c) and (e), the phylla (leaves, flowers, bracts, needles,
etc) are arranged on families of spirals. In (c) There are families of 8 clockwise and 13
counterclockwise spirals. In (e), the numbers of spirals are different at different radii. (f)
Alternating configuration. (g) Decussate (2-whorl) configuration. (h) Tricussate (3-whorl)
configuration.

sees the more mature plant such as the stem of a tree, one sees either one leaf (switching

from side to side, called an alternate pattern ), two leaves (called a 2-whorl pattern or a

decussate configuration), three leaves(called a 3-whorl pattern) emanating from one node.

1.2 Spiral phyllotaxis and predominance of the Fibonacci sequence

Sometimes phylla form families spirals emanating from the center of the plants. Figure

1.2(c,e) show examples of spiral patterns. Spiral patterns can be classified in several ways,

one being essentially equivalent to another. The easiest way is to classify the spiral patterns
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is to count the number of spirals in each spiral family. For example, the spiral pattern in

Figure 1.2(c) is a (8,13) spiral pattern since there are 13 spirals winding in the clockwise

direction and 8 spirals in the counterclockwise direction. The order of the two numbers is

not important.

In approximately 90% [11] of all spiral patterns, the numbers of spirals belong to two

consecutive members of the Fibonacci sequence 1,1,2,3,5,8,13,21,... (a sequence con-

structed with the rule an = an−1 + an−2 starting with a0 = 1, a1 = 1). One famous

example of a Fibonacci spiral pattern is the sunflower head. The numbers of conspicuous

spirals on a sunflower head, formed by seeds in contact, vary radius by radius. Higher

Fibonacci numbers are seen near the outer rim of the capitulum and lower Fibonacci num-

bers close to the center of the capitulum. (Figure 1.2(e)). Using 4,290 cones from ten

species of pine found in California, only 74 (1.7%) deviated from the Fibonacci pattern

[Brousseau 1968]. Another investigation based on 12,750 observations on 650 species

found over 150 years shows that the Fibonacci sequence arises in more than 92% of all

possible spiral cases [Jean 1992a]. Among the 12,750 observations mentioned above, the

bijugate main sequence 2,4,6,10,16,...(i.e. twice the regular Fibonacci sequence) arises

about 6% and the Lucas sequence (i.e. the first accessory) 1,3,4,7,... arises about 1.5%.

Sometimes, but only very rarely, other Fibonacci-like sequences such as the tth accessory

sequence (1,t,t+1,2t+1,3t+2,...), t=4,5,6,7 and (2,5,7,12,19), 1,5,6,11,17,... can be observed

with approximately %0.1 frequencies respectively.

The reason for the predominance of the Fibonacci sequence has intrigued natural scien-

tists for over four hundred years. Leonardo da Vinci was the first to suggest that the adaptive

advantage of the Fibonacci pattern is to maximize exposure to dew and sunlight [12]. Airy

[13] first proposed that if the primordia are arranged in Fibonacci spirals, they would prob-

ably pack the plant meristem most densely to avoid exterior harm to the meristem. People

surmise that if we think of the primordia as circular disks, the packing efficiency, which

is defined as the total area covered by all the disks divided by the total space available, is

maximized if the parastichies (the numbers of spirals in the most conspicuous spiral fami-
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lies) belong to the Fibonacci sequence. We do not know how to prove this claim. Douady

& Couder [6] calculated the packing density, defined the same as above, of the patterns

obtained from their simulations (the result will be reviewed in Section 2.2). They found

the inverse packing efficiency for all Fibonacci-like patterns oscillates with the distance

from the plant center, which means no single Fibonacci-like pattern has the best packing

efficiency at all radii. A similar conclusion has be drawn from our analysis. We found (see

Chapter 4) that any spiral pattern can involve in such a way that, asR increases or decreases,

their dominant angular wavenumbers move up or down within the same Fibonacci-like se-

quence. The reason for such a continuous evolution of any Fibonacci-like pattern is the fact

that the plant patterns are formed annulus by annulus and that the bias of the old pattern

in the neighboring annulus plays an essential role in choosing the new pattern. The bias

of the initial state will be a recurring and dominant theme in the development of our

theory.

Then the reason for the predominance of the regular Fibonacci pattern must lie in the

initial positioning of the first few primordia. The most commonly seen starting patterns

are alternating (1,1,2) or 2-whorl (2,2,4) [14]. Statistics shows that the decussate patterns

may make transitions to spiral phyllotaxis during vegetative or floral development [15]. It

was shown by Codaccioni in 1955 that the destabilization of the decussate mode occurs at

the second, third or fourth node respectively in 25%, 43% and 25% of the 200 specimens

studied [14].

1.3 Patterns of surface deformation

Plant patterns refer not only to patterns of phylla configuration (or phyllotaxis), but

also the pattern of surface deformation, since these patterns can be similar or different. For

instance, a barrel cactus has a phyllotaxis where the stickers lie on a hexagonal-like lattice,

while its surface deformation (the vertical ribs) is mostly ridge-like. Figure 1.3 shows

pictures of three different plants whose phyllotactic configurations are approximately the
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same, while the shape of surface tilings are dramatically different.

(a) (b) (c)

(d) (e) (f)

FIGURE 1.3. Examples of different surface tiling shapes corresponding to approximately
the same phyllotaxis [1, 2]. (a)-(c): The images of the real plants. (d)-(f): The sketches of
the surface tilings and the enumerations of the phylla (in the order of their formation). The
centers of the phylla in all the three plants lie approximately on the same lattice, while the
shapes of the phylla are quite different -(b) is radially elongated and (c) is circumferentially
elongated in comparison to (a).

1.4 Pattern transitions and defects

Different patterns are often found at different radii of the same plant. The change in the

pattern can result from changes in the key parameters, such as those related to the mechan-

ical stresses, hormone auxin concentrations and the radius of the generative region when

the phylla are formed. The plant pattern responds to the change by inserting or removing

one or several rolls of phylla. The transition between different patches of patterns may

appear smooth or non-smooth. Smooth transitions are defect free. For instance, Figure
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1.2 shows a sunflower head where the number of spirals gradually moves up the Fibonacci

sequence from (3,5) near the center, through (5,8), to (8,13) on the outside without leaving

any defects (indeed one can hardly tell the exact location of where such transition occurs).

Non-smooth transitions involving merging or splitting of primordium bumps leave defects.

Figure 1.4 (a) shows a hepta-penta defect at the junction of the transition of hexagonal pat-

terns. Namely, patches of hexagons are joined by two polygons with five and seven sides

respectively. Hexagonal patterns are superpositions of three rolls with different orienta-

tions, and a penta-hepta defect is left when two of its dominant rolls split or merge and the

third roll remains unchanged. Figure 1.4(b) shows an example a dislocation at the junction

of different numbers of ridges on a saguaro cactus.

(a) (b)

FIGURE 1.4. Examples of pattern transitions on plants. (a) Transition between patches
of hexagonal patterns which leaves a hepta-penta defect (Picture obtained from [3]). (b)
Transition between patches of a ridge-like pattern where one ridge forks into two.

Studying the nature of the pattern transitions on plants help us understand the similar-

ities and differences between the pattern forming mechanisms of different plants. It will

also bring the theory to a more quantitative level and provides a testing ground for different

phyllotactic theories.
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1.5 Challenges

The challenge of a good phyllotactic theory is to provide explanations for the formation

of the various patterns on plants. The mechanism(s) should be capable of capturing

• the reasons for the formation of various phyllotactic configurations and the pat-

terns of the surface deformation (surface tiling shapes), their connections and po-

tential differences

• the reason for the predominance of Fibonacci sequences in spiral phyllotaxis

• the self-similarity and the universality of all Fibonacci-like patterns

• the reasons for and the nature of transitions which occur in the phyllotactic pat-

terns.

Not only should the mechanism(s) be able to generate patterns that look like the patterns

on real plants, but also capture the change of patterns as the parameters change.

1.6 Phyllotactic lattices, coordinates and dual wavevector space

1.6.1 Phyllotactic lattices and coordinates

The purpose of this section is to introduce the reader two coordinate systems that are

used to record the positions of the phylla.

It is natural to use polar coordinates in circular geometries, namely the radial (r) and

angular (α) coordinates. The key parameters are the divergence d fraction and the plas-

tochrone ratio or plastochrone difference λ. The divergence angle D (see Figure 1.5) is the

winding angle from the N-th phylla to the N+1-th phylla and the divergence is defined as

the fraction d = D
2π

. Denote the distance from the nth primordium (where by convention

the 0th primordia is closest to the center) to the center of the meristem as Ln. The plas-

tochrone difference and plastochrone ratio is defined as Ln+1 − Ln and Ln+1

Ln
respectively.
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The plastochrone difference/ratio is determined by the initial radial distance between two

consecutive primordia when they first form as well as the expansion rate of the meristem

tissue after the positions of the primordia have been fixed to the meristem. For convenience,

we let α = α−α0, r̂ = r−r0 for linear growth or r̂ = ln r− ln r0 for the geometric growth

(where α0 and r0 are the polar coordinates of the 0-th phylla).This way, at any time, the 0-th

phylla will have coordinates (0,0). The position of all other phylla can then be determined

by their relative distance to the 0-th phylla as follows.

~Wj = (αj, rj) = (2π(jd− qj), jλ), j = 0, 1, 2, .. (1.1)

The integer qj is the number of excessive winding, which has to be subtracted from the

angle to make sure 0 < α ≤ 2π. For example, if d = 0.4, j = 6, then one should choose

q6 = 2 such that α6 = 2π(6d− q6) = 2π(2.4− 2) = 2π(0.4) ∈ [0, 2π).

FIGURE 1.5. The phylla on the left are numbered according to their distances to the center
of the meristem. Marked on the graph are the divergence angle D and the radial distances
lj between the jth (j=0,1,2,...) primordia and the center of the meristem.
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FIGURE 1.6. The phylla on the left (a,c) are numbered according to their distances to the
center of the meristem. (b,d) show the corresponding phyllotactic coordinates (s, α) of the
numbered points on the left. This figure is copied from [3]. For the spiral pattern in Figure
(a), there are three conspicuous family of spirals, two families winding clockwise (with 3
and 8 spirals respectively in each family) and one family winding counterclockwise (with
5 spirals). The pattern in Figure (c) is a 2-whorl pattern with the whorl number G = 2.

1.6.2 Fourier decomposition

The surface deformation field can be approximately expressed as the Fourier decompo-

sition

w =
∑
j

A
sj
j cos(

∫
lj dr −mjα) (1.2)

(here assuming the plastochrone difference is the important parameter), where lj and mj

are the radial and circumferential wavenumbers(see Chapter 4 for a further discussions).

The superscript sj is determined by the sign of the radial wavenumber lj . If lj > 0,

then the amplitude of the corresponding Fourier mode is represented as A+
j ; If lj < 0, then

the amplitude of the corresponding Fourier mode is represented as A−j . If the plastochrone

ratio is the important parameter, replace r by ln(r). Note mj (∀j) are integers due to the



36

circular geometry of the domain.

Patterns dominated by one Fourier mode are ridge-like (Figure 1.7(b)). Patterns dom-

inated by two Fourier modes are diamond-shaped(Figure 1.7(c)). Patterns dominated by

three Fourier modes are hexagonal. If the three dominant wavevectors of a hexagonal pat-

tern have equal lengths ( and are 120o apart) and the amplitudes are all equal, then it is a

perfect hexagonal pattern; if the amplitudes are not equal, it is a generalized hexagonal

pattern (as long as there are three dominant Fourier modes in the pattern). Generalized

hexagonal patterns can be interpreted as offset-diamonds as one can see in Figure

1.7(d).

1.6.3 Relations between the two coordinate systems

The centers of the phylla can be viewed as positions of local maxima of the deformation

field

w(α, r) = Asmm cos(−mα +

∫
lmdr) + Asnn cos(−nα +

∫
lndr)

+A
sm+n

m+n cos(−(m+ n)α +

∫
(lm + ln)dr) + ... (1.3)

Then the positions of the local maxima of the field w(α, r) satisfy

−nα + lnr = ±2pπ, −mα + lmr = ±2qπ, p, q ∈ N (1.4)

Solve for α and r from these equations, and we obtain

α = ±−qln + plm
mln − nlm

· 2π, r = ±−nq +mp

mln − nlm
· 2π (1.5)

The 1st phylla is the one which has the smallest positive r. This means−nq+mp must

be minimized among all integers p and q. This is achieved by choosing p, q ∈ N such that

−nq + mp = ±G (where G = gcd[m,n] is the whorl number). Note that the choice of p

and q is not unique. Among all the possible p and q, choose the pair that makes the angle

of the first phylla 0 < α1 < 2π. Select this specific pair of p and q and we get

λ =
2πG

nlm −mln
(1.6)
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d =
plm − qln
nlm −mln

(1.7)

For instance, the regular Fibonacci sequence has two successive members m,n such

that (
m
n

)
=

(
2
3

)
(1.8)

The p, q satisfying −nq +mp = 1 can be any of the following pairs(
p
q

)
= ±

(
−5
−3
| −2
−1
| 1

1
| 4

3
| 7

5
| 10

7
| ...
...

)
(1.9)

Pick p = 1, q = 1. Next, based on this chosen pair of p, q for m = 2, n = 3, one can

find the p, q values for any two adjacent Fibonacci members. This can be simply done by

generating a new Fibonacci sequence using p = 1, q = 1 as the initial values. The chart

for (m,n) and (p,q) are shown as follows where the boldfaced numbers indicate the

corresponding pairs. (
m
n

)
=

(
1
1
| 1

2
| 2

3 |
3
5
| 5

8
| 8

13

)
(1.10)

(
p
q

)
=

(
1
0

)
=

(
1
1
| 1

1 |
2
1
| 3

2
| 5

3

)
(1.11)

Lets take look at a less commonly seen sequence - the Lucas sequence 1,3,4,7,11,...(
m
n

)
=

(
1
3

)
(1.12)

(
p
q

)
= ±

(
−4
−1
| −1

0
| 2

1
| 5

2
| 8

3
| 11

4
| ...
...

)
(1.13)

Pick p = 1, q = 0. Next, based on this chosen pair of p, q for m = 1, n = 3, one can find

the p, q values for any two adjacent Lucas members. Again, this can be done by generating

a new Fibonacci-like sequence using p = 1, q = 0 as the initial values.(
m
n

)
=

(
1
3 |

3
4
| 4

7
| 7

11
| 11

18
| 18

29

)
(1.14)
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(
p
q

)
=

(
1
0 |

1
1
| 2

1
| 3

2
| 5

3
| 8

5

)
(1.15)

We can also equivalently express the radial wavenumbers in terms of the phyllotactic

parameters.

ln =
2π

λ
(q − nd), lm =

2π

λ
(p−md) (1.16)

1.6.4 Classification of plant patterns according to their dominant circumferential

wavenumbers

Each Fourier mode corresponds to a family of spirals emanating from the center of the

meristem (see Figure 1.7(a)). Fourier modes with wavenumbers {lm > 0, j, A+
j } corre-

spond to counterclockwise spirals, while Fourier modes with {lm < 0, j, A−j } correspond

to clockwise spiral families. The angular wavenumber m counts the number of spirals in

the spiral family.

We classify the patterns on circular domains with their dominant angular wavenumbers.

For instance, a hexagonal pattern with dominant angular wavenumbers 2, 3, 5 will be called

a (2,3,5) pattern, meaning that the amplitudes A±2 , A∓3 , A±5 dominate all other Asmm . As

we will show in Chapter 5, for a hexagonal pattern, the signs of the radial wavenumbers

of modes 2 and 5 are opposite to that of mode 3. For instance, the pattern may have

l2 < 0, l5 < 0 and l3 > 0 (i.e. spiral families with 2 and 5 spirals wind clockwise and

the spiral family with 3 spirals winds counterclockwise), or the other way around. Other

Fourier modes may also exist but with much smaller amplitudes. In some circumstances,

these non-dominant modes are also included in the name of the pattern for convenience.

For instance, sometimes we call the (2,3,5) pattern a (1,2,3,5,8) pattern while stressing that

the largest amplitudes correspond to the angular wavenumbers 2,3,5.
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(a)

(b) (c) (d)

FIGURE 1.7. (a) Example of a pattern on a annular domain. (b) A ridge-like pattern
dominated by one Fourier mode. (c) A diamond-shaped pattern dominated by two Fourier
modes. (d) A hexagonal pattern (or off-set diamond pattern) dominated by three Fourier
modes.

1.6.5 Primordium area

We define the area of the primordium to be the area of the parallelogram determined by

the two generative vectors of the primordia lattice.

A = det

(
λm λn

2πR(md− q) 2πR(nd− p)

)
=

2πRλ

G
(1.17)

Note thatA is independent of the divergence angle. It can also be expressed in terms of the

wavenumbers as

A =
4π2R

|nlm −mln|
(1.18)
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1.7 Botany 101: Where and how are florets/leaves formed?

This section describes the dynamical process of primordia formation on the shoot api-

cal meristem. The goal is to familiarize the reader with the fact that patterns are laid down

“annulus by annulus” on the plant’s apical meristem. In particular, I will use the develop-

ment of a sunflower capitulum as an example to describe the evolution of the central region

of the meristem.

It has been generally assumed that the positioning of florets on a capitulum is the same

as the positioning of the leave primordia on a shoot apex meristem, despite several mor-

phological and developmental differences [16]. For this reason, the discussions apply to

the positioning of all the organs that follow a similar set of rules. Changes of phyllotactic

patterns due to external influences on the apical meristem, such as wounding [17], pinch-

ing [18] or applying chemical substances [19, 20], imply that the positions of floret or leaf

primordia are not predetermined, but are rather dynamically arranged. Phylla (a general

term referring to organs such as flowers, leaves, bracts, etc.) initiate on the (floral/shoot)

apical meristem. The center of the meristem consists of a less-stiff region of completely

undifferentiated meristematic cells. Meristemic cells are functionally analogous to stem

cells in animals and are capable of continued cellular division. Meristemic cells become

increasingly differentiated (to a cell type which we refer to as the “generative cells”) near a

certain radius r = R1(t) as they take on the stiff nature of the plant’s tunica (surface skin).

Only “generative cells” in the region r > R1(t) can be utilized in the primordium (the

initial incompletely differentiated form of phylla) formation. At the initial stage, simple

patterns, usually of alternate or decussate (2-whorl) phyllotaxis [14], form in the annular

region R1(t) < r < R2(t) where r = R2(t) is the outer rim of the meristem. Both R1(t),

R2(t) can change in time. R2(t) increases with the same rate as the growth of the entire

meristem. R1(t) is determined by the balance between the rate of stem cell proliferation

and the rate that the less-stiff stem cells convert into a stiff textured surface. The annulus

R1(t) < r < R2(t) consists of the fully developed pattern on the outside and the emerging
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pattern on the inside. Usually it appears that the pattern forms so quickly so that as soon as

new tunica surface is created at r = R1(t), a new primordium will form there. Namely, the

action only takes place in a very narrow annulus (called the generative region whose width

λ is about only a few multiples of the size primordia), i.e. R1(t) < r < R1(t) + λ. After

formation, the positions of the primordia will be fixed relative to the plant body, and as the

entire meristem grows in size, the pattern gets geometrically expanded. As a result, if one

stands at the center of the meristem, the old patterns look as if they are carried straight away

along the radii. As time elapses, established primordia matures and develop to a specific

organ type, such as florets, leaves, etc. Our current focus is primarily on the initial stage of

primordium initiation.

The number of primordia that fit in one circle of the generative region 2πR1(t) gives a

rough idea of the enumeration of the pattern. For example, on cacti with five ribs, there can

be roughly as many as five primordia arranged in one circle of the generative annulus. As

the R1(t) changes, the configuration will evolve in response to the change. In many plants,

R1(t) increases with time, and thus the newer pattern on the inside is more complicated (i.e.

has a higher enumeration) than the older patterns on the outside. However, this enumeration

is reversed in some plants, for instance, on sunflower heads [4, 21]. In fact, there are two

distinct stages in the development of the sunflower capitulum. At the first stage, both

R1(t) and R2(t) increase over time, and R2(t) increases faster. During this stage, which

is the flower formation stage, the dominant angular wavenumbers of the pattern climb up

the Fibonacci sequence. The numbers of spirals are higher on the inside. In the second

stage, which is the seed forming stage, R1(t) starts to decrease as R2(t) continues

increasing. The numbers of spirals decrease along the Fibonacci sequence toward

the center of the meristem. The Fibonacci patterns formed in the seed forming stage

cover the majority of the sunflower head and are thus more obvious to the observers’

eyes. They are the Fibonacci patterns that people commonly refer to when it comes to

the sunflower heads. At the very late stage, row amalgamation occurs, where the pattern

becomes disorganized and the number of spirals ceases following the Fibonacci sequence.
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(a) (b)

(c)

FIGURE 1.8. (a) A mature sunflower head. (b) The schematic representation of the shoot
apical meristem. (c) The capitulum of a sunflower in the developmental stage (left). This
picture is reproduced and edited courtesy of Dosio et al. [4]. (d) the zoomed view of (c)
near the generative annulus (right).

The row amalgamation is achieved by primordia merging. The primordia formation process

stops when R1(t) = 0 and all the spots are taken. The mechanism that controls the position

R1(1), a process called the meristem maintenance [22, 23], is in itself a problem that is not

yet well understood.
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Chapter 2

HISTORY OF RESEARCH

In this chapter, I will walk the reader through the history of the research on phyllotaxis.

The sections are arranged in a natural order according to the timeline of the theory de-

velopment. Sections 2.1 and 2.2 review the observation-based hypotheses on primordia

positioning and the results of various simulations guided by these hypotheses. Section 2.3

describes the top two candidates of the mechanistic models, which form the basis for the

rest of the dissertation. This section mostly focuses on the relevant experimental evidence

of the proposed mechanisms while the specific mathematical descriptions will follow in the

next chapter.

2.1 Rules of primordia positioning based on observations

In this section, I will go over the set of rules proposed by Hofmeister[9] and Snow &

Snow [10] regarding the positioning of primordia. These rules provided guidance for the

research on phyllotaxis for over 100 years.

Wilhelm Hofmeister [9] proposed a set of rules for the formation of phyllotactic pat-

terns. The rules are as follows.

1. The stem apex is axial-symmetric.

2. The primordia are formed at the periphery of the apex and, due to the shoots’ growth,

they move away from the center with a radial velocity V (r) which depends on their

radial locations.

3. New primordia are formed at regular time intervals (the plastochrone time T ).

4. The incipient primordium forms in the largest available space left by the previous

ones.
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5. Outside of the generative region with mean radius R, the primordia will continue to

move radially and mature (as flowers) but will NOT change their angular positions.

Snow & Snow [10] modified Hofmeister’s rules by suggesting that the time interval of pri-

mordia formation is not necessarily constant but should rather depend on the space avail-

able on the peripheral region. Various versions of physical and computational simulations

were carried out in alignment with these rules, some of which will be reviewed in the next

section.

2.2 Physical and computational paradigms

The goal of this section is to review the key results from Douady & Couder’s series of

paradigms and simulations. Moreover, the relations between these simulations (which are

based on the repulsive potential and space availability) and our analyses on the mechanis-

tic models (which describes both the surface deformation patterns induced by mechanical

stresses and the configurations of the phylla placement orchestrated by the distribution of

auxin concentrations) will be discussed.

Based on Hofmeister’s hypotheses, Douady & Couder [5] designed a physical experi-

ment to simulate the primordia formation process. The device uses a dome in the center to

represent the non-stiff central region on the meristem; with a fixed time interval, a ferro-

magnetic droplet is emitted at the center of the dome and is allowed to fall in any direction

to the boundary of the dome and then continue to move straight outward without changing

its angular position by the imposition of a magnetic force . The position of the new droplet

when it reaches the boundary of the dome is determined by the repulsive potential created

by the existing droplets all together. In these experiments, Fibonacci patterns were found

along with many other spiral patterns. The key parameter in the experiment is G = V0T
R

where R is the radius of the central dome, V0 is the speed of the droplet at the boundary of

the dome and T is the emission time interval. The experiment didn’t admit whorl patterns

because the droplets were introduced one at a time.
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This limitation was amended by a later set of computational simulations by Douady &

Couder [14, 6, 7] following Snow & Snow’s modification. The meristem is imitated by a

cone where a circular region of radius R at the apex of the cone is defined as the central

region of the meristem. One or more circular disks that mimic primordia is/are placed at

some spot on the periphery of the central region if both of the following conditions are

satisfied: first, the repulsive potential (which is prescribed mathematically) at that spot is

below some threshold; second, the space at that spot is enough to fit in a circular disk

with diameter d0. Because of the geometry of the cone, circular disks look elliptic from

the top of the cone. The phyllotaxis refers to the configuration of the centers of the disks.

Conditions for different types of pattern transitions were recorded based on observations

from the computational simulations [14]. The key parameters and key results in Douady &

Couder’s simulations are summarized as follows.

Key parameters

• The key parameter in the simulation is a dimensionless parameter G = V0T
R

, where

R is the radius of the central dome, V0 is the radial velocity of the droplet at the pe-

riphery of the central dome and T is the time interval between successively released

droplets. In their simulations [5] following Hofmeister’s rules, T is a prescribed

constant. In the later simulations which adopt Snow & Snow’s hypotheses, T is dy-

namically determined by the space availability and energy potential at the periphery

of the central dome. In this case, the average time interval < T > can be defined as

the average time interval. The other two parameter V (r) (the outward radial velocity

of the droplet at each point, where r is the distance to the center of the dome) and R

are usually prescribed. Note that V0 = V (R). In the simulations where R gradually

increases, V (r) remains the same profile while V0 = V (R) changes with R.

• Γ = d0
R

where d0 is the diameter of the disks mimicking the primordia. Γ describes

the number of disks that can pack on the circle with radiusR. Remark: In our model,
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we have defined a parameter Γ′ = R
Λ

(we actually call it Γ, but here we refer to it as

Γ′ to distinguish the Γ defined by Douady & Couder) where R is the radius of the

central region (or approximately the mean radius of the generative annulus) and

Λ is the natural wavelength of the pattern (determined by an instability analysis)

divided by 2π. If one writes d0 as 2πΛ, then Γ′ = 1
2π

1
Γ

.

• The velocity profile V (r). V (r) is the velocity that each point on the circular domain

moves outward. If the velocity at every point is proportional to the radius to the cen-

ter, i.e. V (r) ∼ r, then the growth is exponential and exponential growths result in a

plastochrone ratio a = e
V0<T>

R . If V (r) is independent of r, then the growth is uni-

form and uniform growths produce a constant plastochrone difference at a constant

R.

• Other parameters include the stiffness α of the repulsive energy potential E = 1
rα

(note that α describes the rate with which the repulsive force decays with the dis-

tance) and the conity N (describing the sharpness of the cone). See further discus-

sions in [6].

What is each parameter’s role in influencing the pattern?

• The parameter G, and the stiffness of the repulsive energy potential α and the conity

N altogether determine the stationary patterns. (Remark: As we can see in Figure

2.1(a)(b), there are many solution branches and there can be more than one configu-

ration admitted by the same values these parameters. Thus the positions of the first

few primordia are also very important in choosing one pattern against the other.) The

parameter G is determined by R, V0 and < T >. If d0 is fixed, then Γ and R have a

one-to-one correspondance. Since usually V0 is R dependent (i.e.V0 = V (R)), while

< T > depend on both V0 and Γ = d0
R

(see the argument right below), R (or Γ)

would be the only important parameter in control of G.
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We use Γ′ = R
Λ

as the key parameter in our analysis for the same reason. The

characteristic wavelength of the pattern 2πΛ are determined by the instabilities of

the pattern-forming mechanisms.

• The velocity V0 (assuming exponential growth) and Γ determine the mean time <

T >. Γ influences the minimum radial distance between successive primordia. The

smaller Γ (the largerR), the shorter distance is needed. V0, on the other hand, controls

the velocity with which the aforementioned minimum distance can be traveled. For

the same distance, the larger V0, the shorter time interval < T >. Douady & Couder

[7] found in their simulations (with exponential velocity profiles, i.e. V (r) ∼ r) that

< T > behaves like Γ2, i.e. < T >∼ 1
R2 . This result means that the minimum radial

distance needed between consecutive primordia behaves like 1
R

. This is because

distance=time · velocity ∼ 1
R2 ·R ∼ 1

R
.

In the language of the Fourier decomposition of the pattern, the minimum radial

distance corresponds to the Fourier mode with the shortest radial wavelength, or

the largest radial wavenumber. As I will discuss in Chapter 5, we found that the

radial wavenumbers increase as O(R) as R→∞.

• The velocity profile V (r) determines the pattern one finally sees after exponen-

tial/uniform growth of the meristem. Our model does not consider the “post-life” of

the pattern of primordia after they are hardened, and thus has no counterpart for

this profile.

The key results from Douady & Couder’s work are summarized as follows. Compar-

isons between these results and our findings will be summarized in the appropriate sections

(where the section numbers will be mentioned in the summary below).

Continuous evolution of the Fibonacci patterns
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Douady & Couder found that as Γ gradually changes, the parastichies of the pattern can

continuous evolve within the same Fibonacci-like sequence. That is, among the multiple

coexisting patterns (the smaller Γ, the more patterns coexist), the one that gets chosen de-

pends on the positions of the previously laid primordia. Based on our analysis, the role

of bias from patterns in the neighboring annulus is also the main reason for the Fi-

bonacci patterns to continuously evolve. We also plot the divergence angles as functions

of R for different Fibonacci-like patterns (in Chapter 5) and they resemble Figure 2.1(a)

(considering R ∼ 1
Γ

).

Optimal packing theory

The packing efficiency, defined as the total area covered by all the disks (mimicking pri-

mordia) divided by the area of the entire meristem, is calculated by Douady & Couder as a

function of Γ based on their simulations. The inverse packing efficiencies of all the phyl-

lotaxis in a range of Γ are plotted in Figure 2.1. In this figure, one can see that the packing

efficiency along any Fibonacci-like branch oscillates with Γ (namely with R). This means

no single Fibonacci-like branch has absolutely the highest packing efficiency for all Γ,

i.e. at all distances from the meristem center. The difference in the packing efficiencies of

different configurations at a given Γ provides motivations for the pattern to make transitions

to another configuration with a higher packing efficiency. From our analysis on the bio-

physical and biochemical mechanisms, we found that both the free energies associated

with the patterns (for the biochemical model, the free energy only exists near the onset

of pattern formation; see further discussions in Chapter 4) and the packing densities of

the patterns oscillate in log(R) (where R is the mean radius of the generative annulus;

see Chapter 5 for further discussions). At a given R, the difference in the free energy

for different patterns provides incentives for the pattern to make transitions to another

pattern with a lower free energy (if the current pattern is linearly unstable (see Section

8.2)).

Initial transitions
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FIGURE 2.1. The results obtained by Douady & Couder in several of their publications
(Pictures reproduced courtesy of [5, 6, 7]). (a) The steady divergence fractions ([8, 5]) as
a function of G = V0T

R
. The divergence fraction evolves continuously along the Fibonacci-

like configurations. (b) The inverse packing efficiency β [6] as a function of log(Γ). β
oscillates as any Fibonacci-like pattern continuously evolve. A low β means a high packing
efficiency and a high β signifies low a packing efficiency.

The computational simulations by Douady & Couder [14, 6] studied the destabilization

of the 2-whorl pattern and the possible outcomes of the pattern transitions. It was found

that many Fibonacci-like patterns (such as (1,3,4,7,...), (1,4,5,9,...), (2,5,7,12,...) and the

bijugate pattern (2,4,6,10,..), etc.) can result from the an instability of a starting 2-whorl

pattern, as Γ decreases. However, each of these patterns has a different probability of

occurrence, as will be summarized as follows. Each pattern can be generated either by

using a specific initial configuration (i.e. the number of primordium pairs in the initial

decussate pattern before Γ starts to decrease), or a specific time evolution of Γ(t) (i.e. the

Γ value is tuned so as to prefer a certain pattern). Douady & Couder noticed that as Γ

decreases, it first crosses the interval where the regular Fibonacci pattern is most stable.

Then it successively crosses the intervals where the bijugate patterns (there is actually an

interval of Γ where both bijugate and regular Fibonacci patterns are stable) and the Lucas

patterns are most stable respectively. In particular, they have pointed out that the regular

Fibonacci patterns have the largest probability of occurrence, in the sense that they are the

first to destabilize the decussate pattern and that the Γ interval for the instability to occur is

the largest in comparison to other patterns.
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We studied the initial transitions from the 2-whorl patterns using the amplitude equa-

tions (see Section 4.2) as well as by direct numerical simulations of the PDEs, and have

found their transitions to many patterns (such as the regular Fibonacci pattern, the bi-

jugate patterns, the 3-whorl patterns, etc.). Among them, the regular Fibonacci pattern

is the first instability the 2-whorl patterns come across as the R gradually increases or

decreases from the value that is perfect for the 2-whorl pattern.

2.3 Mechanical and biochemical mechanisms

The geometrical models consider the primordia as circular disks and assume a repulsive

potential to be the mediator in positioning the new primordia. However, they do not give

answers to the more fundamental questions such as why the pattern forms in the first place,

or what the nature of the repulsive potential is, or why the shape of primordia can be

assumed to be circular with a fixed size. To answer these questions, one need to look

into the mechanisms which are closely related to cellular activities in the meristem and

are responsible for pattern formation in this region. Even though there is not a widely

accepted theory as to which mechanism(s) is/ responsible for inducing the primordium

formation, current thinking concentrates on two candidates - mechanical stresses, which

induce buckling in the tunica, and hormone auxin concentration distribution, which, due to

an instability we shall describe, becomes nonuniform.

Biophysical mechanisms involving mechanical stress/pressure in the tunica were first

introduced by Schwendener [24]. Models based on the idea that mechanical stresses, cre-

ated by differential growth between the plant corpus and its tunica, were developed by

Green et al. [25, 26], Dumais and Steele [27] and Shipman and Newell [28, 3, 29].

Green proposed that the compressive stresses in the generative region caused by differ-

ential growth can cause the meristem surface to buckle. Green’s analysis did not explain

any details of the pattern configuration. Newell and Shipman mathematically formulated

equations for the surface deformation, and found that the buckled surface then creates an
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uneven distribution of stresses. The mechanical-driven process assumes that the initiation

of primordia is a biochemical process orchestrated by the uneven stress field created by the

surface buckling.

Until early 1990’s most biochemical models of phyllotaxis were based on reaction-

diffusion of some biochemical agents [30, 31]. Experiments [20] involving applying auxin

and its inhibitors on the shoot apical meristem have shown that auxin plays an important

role in primordia formation. However, how the auxin concentration is regulated such that

they form a quasi-periodic pattern was not understood until the past few years. Normally,

a chemical such as auxin, if nonuniform, will defuse and become uniformly distributed.

Not until recently was it discovered by Meyerowitz, Traas, Jöhnson et al. that the protein

PIN1 in each cell, which acts as an active auxin transporter between neighboring cells

[32, 33, 34, 35, 15] , can distribute themselves according to the local auxin concentrations.

The net effect of the auxin - PIN1 interaction is to transport auxin in the direction of its

concentration gradient. Namely, auxin will be transported from low to high concentrations.

The PIN1 regulated auxin transportation acts like a reverse diffusion; for sufficiently large

reverse diffusion, it can give rise to an instability of the spatially uniform state and lead to

a patterned state. We [36] derived the continuum limit, which is a PDE with a canonical

form (to be discussed in Chapter 3), of the auxin field from this discrete model.

Even though both (mechanical and biochemical) mechanisms can induce instabilities

that lead to pattern formation, they interact with each other under all circumstances. On

one hand, biochemical agents can change the mechanical properties of the cell walls. On

the other hand, the mechanical stress is key to tissue growth and remodeling [37, 38, 39] al-

though the relationship is not well formulated. Fleming [40] suggested that stress can play

a role in the interactions between PIN1 and auxin. There can be a cascade of the activities

involved in the primordia formation involving both mechanical and biochemical processes.

Which mechanism acts as the activator of the chain? Do they play equally important roles

in determining the pattern? The answers to these questions can possibly be different from

plant to plant. We proposed and studied a combined model which incorporable the interac-
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tions between the mechanical factors and the biochemical factors [36]. From the combined

model, we can identify circumstances under which the pattern of surface deformation and

the pattern of phylla configuration are the same or different. The mathematical formulation

of these mechanistic models will be reviewed in the next chapter.
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Chapter 3

COOPERATION AND COMPETITION BETWEEN

BIOCHEMISTRY AND MECHANICS IN PHYLLOTACTIC

PATTERN FORMATION

In this chapter, I will first (in Section 3.1 and 3.2) review the governing equations for

the top two candidate mechanisms responsible for pattern formation on the plant meristem,

namely the surface deformation induced by mechanical stresses and the auxin concentra-

tion distributions mediated by protein PIN1. Then a combined model [36] which incorpo-

rates the interactions between the mechanical stresses and the auxin-induced growth will

be discussed in Section 3.3.

3.1 Mathematical modeling of the surface deformation induced by
mechanical stresses

The aim of this section is to review the equations governing the surface deformation of

the tunica due to in-plane compressive stresses. The derivation of these equations can be

found in Appendix A.

The deformation of an elastic material is governed by the minimization of its total elas-

tic energy. The specific form of the governing equations depends on the geometry of the

surface, the elastic properties of the material and external constraints such as external forces

or boundary conditions. For a curved thin elastic shell (referring to a portion of the hemi-

spherical shaped tunica with mean radius of curvature R and thickness h, plotted in Figure

3.1(a)) attached to an elastic foundation, the equations for w (the normal deformation of its

middle surface) and f (the fluctuation of the Airy’s stress potential relative to some steady
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state distribution) are governed by the modified FvKD equations [41, 42] as follows

ζwt +D∇4w + V ′(w) +N∇2
χw − [f, w] +

1

Rα

∇2
ρf = 0 (3.1)

1

Eh
∇4f − 1

Rα

∇2
ρw +

1

2
[w,w] = 0 (3.2)

where [f, w]
.
= 1

R2 (wrrfαα + wααfrr − 2wαrfαr) and V (w) = κ
2
w2 + γ

4
w4 describes the

energy potential of the elastic foundation.

Here we use a local “Euclidean” coordinate system of (r, α), where r is the radius and

α is the angle. This approximation is valid as long as the average circumferential radius

R is much larger than the local wavelength of the surface deformation field. In this case,

the Laplacian operator can be approximated as ∇2 = ∂2
r + 1

R2∂
2
α which is similar to that

in an Euclidean space. Similarly, ∇2
ρ = ∂2

r + ρ
R2∂

2
α, ∇2

χ = χ∂2
r + 1

R2∂
2
α, D = Eh3

12(1−µ2)

(where E is the Young’s modulus, h is the thickness of the shell, µ is the Poisson ratio of

the material), χ = Nr
N

(where Nr is the compressive stress in the radial direction, N is the

compressive stress in the circumferential direction, χ signifies the anisotropy of the stress

field) and ρ = Rr
R

(Rr is the meridional radius, R is the circumferential radius, and for a

perfect hemisphere ρ = 1).

Variables w and f are both functions of spatial coordinates r, α and time t. They evolve

together and the system of equations can be solved simultaneously. The system is assumed

to be over-damped (i.e. not allowing temporal oscillation), which is the reason that the time

derivative is of the first order. Equation (3.1) is a gradient flow (i.e. an energy minimizing

process) due to its physical origin, since it minimizes the elastic energy [3].

The quartic term in the elastic potential V (w) saturates the growth of any instability,

and we assume this to dominate all other saturation effects.

The key parameters of these equations can be categorized as follows

• the geometric parameters. R the average circumferential radius of curvature; Rr the

average meridional radius of curvature; h the thickness of the shell.

• the elastic moduli. E the Young’s modulus; µ the Poisson ratio; κ, γ moduli of linear
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FIGURE 3.1. (a) The schematic of the curved elastic shell attached to an elastic foundation.
(b) Top view of the generative annulus on the shoot apical meristem.

and cubic elasticity of the elastic foundation.

• the background stresses. N the circumferential background pressure before buck-

ling; Nr the radial background pressure before buckling.

The derivation of these equations can be found in Appendix A.

Remarks on the background stresses:

• The distribution of the residual stress depends on the specific form of differential

growth, i.e. on the rate of expansion of at any point of the material [43, 44, 45]. Sev-

eral models have been investigated by different groups of researchers where the re-

sulting residual stress distributions arevery different [46, 25]. Paul Green [25] found

that on the generative annulus of a sunflower head, the circumferential pressure is

larger than the radial pressure and thus χ < 1. This has been confirmed by Dumais

with incision experiments [27].

• Generally the (background) circumferential and radial stresses are nonuniformly dis-

tributed in space. However, in the thin annular shell, we assume these stresses are

uniform and view them as constant parameters of the equations.
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3.2 Equations for auxin concentrations mediated by protein PIN1

This section reviews the equation describing the auxin concentration distribution. The

single governing (partial differential) equation is derived by taking the continuum limit of

a cellular level model proposed by Jönsson et al. [34]. The derivation of the continuum

limit can be found in Appendix B.

The equations that govern the exchange of auxin between neighboring cells were pro-

posed by Jönsson et al. [34]. These equations are briefly reviewed in Appendix B. Because

of the fact that he length scale of auxin concentration variation (i.e. the distance between

nearest auxin concentration maxima) is approximately 10 cells[34], the auxin concentra-

tion distribution can be interpreted as a smooth field. This provides us with the opportunity

to analyze the equations via the continuum limit. The derivation of the continuum limit

and the definition of the coefficients L, H , κ1, κ1, δ′ in Equation (3.3) can be found in

[36] as well as briefly in Appendix B. If we represent the auxin concentration as the mean

level plus fluctuations, i.e. A = A0 + a, then we get the equation for a. Furthermore, we

assume the strain tensor gij = δijg induced by uneven auxin distribution is isotropic and is

proportional to the auxin fluctuation field a around the mean level. In the end, we get the

rescaled continuum limit for the field of growth strain tensors g as follows

gt = −Lg −H 52 g −54g − κ̄15 (g5 g)− κ̄25 (5g52 g)− δ′g3 (3.3)

Remarks:

• The auxin distribution equation (3.3) takes a similar form as the surface deforma-

tion equation (3.1). Each of them can trigger an instability and form a pattern. The

similarity between the two pattern forming mechanisms is due to the similar sym-

metries shared by the two systems. To determine which mechanism(s) is/are in fact

responsible for the formation of plant patterns, careful tests involving measurable mi-

croscopic details should be conducted and the phenomena should match the model

predictions for a range of parameters.
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• Because of the underlying macroscopic symmetries shared by many pattern-forming

systems, one may expect some features of the plant patterns, such as the predom-

inance of the Fibonacci sequence, to be found in other contexts such as physical

experiments. The universality of the Fibonacci patterns will be further discussed in

Chapter 5.

• The distribution of auxin is not in any obvious way a gradient flow. It is a gradient

flow only if the wavevectors in the dominant triad have equal lengths and are pair-

wise 120o apart. However, near the onset of instability, this approximation is valid,

and thus we assume the combined model is also a gradient flow which minimizes a

corresponding free energy.

3.3 Combined model

Even though either of the mechanical and biochemical mechanisms alone can give rise

to an instability that leads to patterned states, it is known that the two mechanisms, in all

circumstances, interact with each other instead of acting independently. For this reason,

we [36] proposed a combined (coupled) model which incorporates the interactions between

growth (governed by the auxin concentration) and the mechanical stress distribution. In

this section, I will discuss the equations for the combined model.

How does growth influence stresses?

For linear elastic materials, the stresses σij are proportional to the elastic strain which

equals the total strain εij subtracted by the strain gij , a two dimensional strain tensor, in-

duced by the in-plane growth. The new stress-strain relations are

σxx(z) =
E

1− µ2
(εxx(z) + µεyy(z)− gxx − µgyy) (3.4)

σyy(z) =
E

1− µ2
(εyy(z) + µεxx(z)− gyy − µgxx) (3.5)

σxy(z) =
E

2(1 + µ)
(εxy(z)− gxy) (3.6)
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Growth induces stresses in two stages.

• Before the initiation for primordia. Differential growth of apical meristem induces

residual stresses.

• After the initiation for primordia. The growth of primordia creates an uneven

growth tensor field (isotropic with principal components g) which modify the local

stress distribution∇2f through the stress-strain (3.8).

How does stress influence growth?

It has been long known that stress influences growth [47, 48]. However, the mechanisms

through which stress regulates growth is not well understood. Stress-modulated growth

has recently become a hot topic [49, 50, 46]. Experimental results suggest the possibility

that the regulation is achieved by changing the mechanical properties of the cell wall. Cell

walls, which are composed with cellulose fibers, provide structural stability of plant cells.

The cellulose fibers winding helically around the cells resist turgor pressure exerted on the

cell walls by the fluid inside the cell. It has been shown that increased turgor pressure may

trigger biochemical events that are essential for growth [51]. As a result, increased turgor

pressure can, possibly by directly or indirectly loosening the cell walls, yield permanent

increment in cell sizes and cellulose fiber lengths (i.e. induce plastic strain to the cells). It

was shown that anisotropic stresses can also reorient the direction of the helically winding

cellulose fibers [46].

We assume a simple rule of how the applied stress influences growth. We evaluate

the total stress at any point with the trace of the stress tensor (i.e. the summation of the

principal stresses) and assume the mean stress acts as an additional simulant for growth

(see the additional term %52 f on the right hand side of the growth equation.

The governing equations for the combined model

In summary, the new set of rescaled partial differential equations governing the surface nor-

mal deformation (w(r, α, t)), the Airy Stress tensor (f(r, α, t)) and the growth (g(r, α, t))
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fields are summarized below.

wt = −∇4w − κw − γw3 − P∇2
χw +

1

ν
[f, w]− C∇2

ρf (3.7)

∇4f − C∇2
ρw +

1

2ν
[w,w] +∇2g = 0 (3.8)

gt = −Lg −H 52 g −54g − κ̄15 (g5 g)− κ̄25 (5g52 g)− δg3 + %∇2f (3.9)

These equations are equivalent to Equations (3.10)-(3.11) if one substitutes Equation (3.8),

i.e.

∇2f = Cw − 1
2ν
∇−2[w,w]− g into Equations (3.7) and (3.9).

wt = −54 w − P∇2
χw + w + Cg +

C

2ν
[w,w] +

1

ν
[5−2(Cw − g), w]− γw3 (3.10)

gt = −54 g −H 52 g − (L+ %)g − %Cw

− %

2ν
5−2 [w,w]− κ̄15 (g5 g)− κ̄25 (5g52 g)− δg3 (3.11)

These equations can be analyzed either theoretically using the amplitude equations (or

order parameter equations [52]) or numerically with direct PDE simulations. The key ana-

lytical results [36] of the combined model will be briefly summarized in Chapter 6.
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Chapter 4

AMPLITUDE EQUATIONS AND THE REASON FOR THE

PREDOMINANCE OF FIBONACCI PATTERNS

The outline of this chapter is as follows. Section 4.1 discusses the idea and form of the

order parameter equations (amplitude equations) for the governing PDEs of the pattern-

forming process. Section 4.2 discusses reasons for the predominance of the regular Fi-

bonacci pattern by separately considering two main issues related to this topic. Section

4.2.1 discusses the initial transitions from the 2-whorl patterns to the spiral patterns and

other whorl patterns. In particular, the reader will see that the regular Fibonacci pattern

has an advantage during the initial transitions since it can destabilize the 2-whorl pattern

earlier than other spiral patterns or whorl patterns. The results will be compared with

Couder’s work [14] on the same topic. The goal of Section 4.2.2 is to show (with theoreti-

cal and numerical evidence) that if the starting configuration is a (2,3,5) spiral pattern, the

mode (l2 + l5, 7) which is made relevant by quadratic coupling, cannot be easily accessed

(without finite perturbations). Instead, the successive dominant mode asR increases would

be (l3 + l5, 8), whose angular wavenumber is a continuation of the Fibonacci sequence

(2,3,5,(8),...). This is what we call a continuous evolution of the Fibonacci pattern.

4.1 Linear analysis and nonlinear amplitude equations

In this section, I will go over the linear analysis of the combined model and derive

the full nonlinear amplitude equations near onset of pattern formation. In particular, the

choice of active modes, the importance of the circular geometry of the domain, the role of

boundary conditions, and the role of quadratic interactions (the first nonlinear effect) will

be emphasized. The coefficients of the nonlinear terms will be listed and briefly discussed,

while the details of the derivation can be found in Appendix C. The general form of the
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amplitude equations for the combined model will be shown at the end this section.

4.1.1 Linear analysis

If we decompose w(r, α, t) (the surface deformation field) and g(r, α, t) (the auxin fluc-

tuation/growth field) into the Hankel-Fourier basis (H±m(kmr)e
−imα), which is the natural

basis for the translational and rotational invariant systems on circular geometries, we will

get

w(r, α, t) =
∑
m

Ã±mH
±
m(kmr)e

−imα + (c.c.) (4.1)

g(r, α, t) =
∑
m

B̃±mH
±
m(kmr)e

−imα + (c.c.) (4.2)

where H±m(r) are the Hankel functions of the first and second kind. (c.c.) denotes com-

plex conjugates of all the previous terms. In the m
r

finite, r >> 1 limit, the Hankel

functions Ã±mH
±
m(kmr) and B̃±mH

±
m(kmr) can be approximated by Asmm (r, t)ei

∫
lmdr and

Bsm
m (r, t)ei

∫
lmdr with lm = ±

√
k2
m −m2/r2 and sm = sgn(lm) (sm is a superscript, not

an exponent). Then the decompositions are approximated on the Fourier basis as follows

w(r, α, t) =
∑
m

Asmm (r, t)ei
∫
lmdr−imα + (c.c.) (4.3)

g(r, α, t) =
∑
m

Bsm
m (r, t)ei

∫
lmdr−imα + (c.c.) (4.4)

where lm and m are the radial and circumferential wavenumbers of the Fourier modes. The

reason for the approximation is that it is much easier to multiply exponential functions.

When deriving the amplitude equations, we assume the width of the generative annulus

is infinite (or at least very large in comparison to the radial wavelengths of the pattern).

This is not the most realistic model one can get since the patterns are, in fact, formed

annulus-by-annulus (not simultaneously), but, as a starting point, we will allow the radial

wavenumbers to vary continuously. In Section 8.1, we will discuss a more realistic model
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that involves the propagation of the generative front (the front between the patterned state

and the unstable uniform state) and the reader will see how the infinite geometry unfolds

annulus-by-annulus. The circumferential wavenumbers m must be integers because of the

circular geometry of the domain. The superscript sm describes the winding direction of the

corresponding spiral family. If lm > 0 (or sm = +), the corresponding family of spirals

winds counterclockwise; If lm < 0 (or sm = −), the corresponding family of spirals winds

clockwise.

In the same limit, the Laplacian operator can be approximated by ∇2 ≈ ∂2

∂r2
+ 1

r2
∂2

∂α2

Then the linear growth rate for the mode Asmm (r, t)ei
∫
lmdr−imα+σ(lm,m)t (the Fourier ampli-

tude of the surface deformation field) is

σ(lm,m) = −(l2m +
m2

Γ2
)2 + P (χl2m +

m2

Γ2
)− 1, (4.5)

where Γ is the rescaled mean radius of the generative annulus (Γ = R
Λ

, where R is

the mean radius of the generative annulus on the meristem, and 2πΛ is the natural

wavelength for the surface deformation field). See Section 7.1 for detailed discussions

on the definition of R.. P is the nondimensional circumferential stress in the annulus

before the surface deformation occurs. When χ = 1 (i.e. the in-plane stress is isotropic),

the above linear growth rate can be rewritten as −(l2 + m2

Γ2 − P/2)2 + (P 2/4− 1) and it is

maximized at l2 + m2

Γ2 = P/2. If P 2/4− 1 > 0, the maximum growth rate is positive. This

means that all the Fourier modes (lm,m) with their wavevectors lying in the neighborhood

of the ellipse l2 + m2

Γ2 = P/2 get excited upon small perturbation. For the anisotropic case

where χ 6= 1, the most excited wavevectors would be (lm,m) = (0,
√
P/2). See the graph

of σ(lm,
m
Γ

) in the (l, m
Γ

) plane in Figure 4.1.

Fourier modes (lm,m) with very negative σ(lm,m) are linearly damped, and they would

decay to zero very quickly if there were no nonlinear interactions. With the presence of the

nonlinear coupling, they may gain a small amount of growth only as a result of nonlinear

interactions with other modes. The growths of these modes are passively slaved to the

growths of other active modes (to be defined below) in the sense that their amplitudes are
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(a) (b) (c) (d)

FIGURE 4.1. (a-b): The σ(lm,m) in the (lm,m) plane in the (a) isotropic and (b)
anisotropic cases. (c-d): The active sets A = {(lm,m)|σ(lm,m) > −σ∗} for the (c)
isotropic and (d) anisotropic cases.

determined by algebraic expressions of the amplitudes of active modes.

According to the active/passive role that each mode plays, the whole {(lm,m), l ∈

R,m ∈ R} set is divided into an active set A and a passive set P. The active set contains

all the wavevectors (lm,m) satisfying σ(l,m) > −σ∗ and the passive set is the complement

which includes all other wavevectors. The value −σ∗ sets a cutoff between the two sets.

We would like to choose a −σ∗ which is low enough to make sure all active modes are

indeed included in the active set and the modes that are close to the cutoff point play no

real active roles. The results are independent of the specific choice of −σ∗. (If −σ∗ is too

low, too many modes would need to be included in the amplitude equations which make

the computation cumbersome.) Figure 4.1(c-d) shows the active set for the isotropic and

anisotropic cases with some arbitrarily chosen −σ∗.

Since the angular wavenumbers m must be integers, the actual set of feasible wavevec-

tors are constrained to a much smaller subset, i.e. m = 1, 2, 3, 4, ... within the active set.

For any integerm, the corresponding lm has the freedom to be anywhere in the active band.

Note, that largest angular wavenumber m which can stay within the active set approxi-

mately increases with Γ.

The linear analysis of the auxin/growth equation can be carried out in a similar way and

the linear growth rate for Bsm
m (r, t)ei

∫
lmdr−imα is

σh(lm,m) = −(l2m +
m2

Γ2
)2 +H(l2m +

m2

Γ2
)− L = −(l2m +

m2

Γ2
− H

2
)2 + (

H2

4
− L)(4.6)
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At this stage, all modes with integers angular wavenumbers m are included. There

is, as yet, no hint as to why the subsets of Fibonacci sequences are preferred.

4.1.2 Nonlinear analysis

Patterns are macroscopic subjects. Similar patterns are found in many different places

despite the very difference microscopic details in the pattern forming mechanisms. The

similarities in periodic and quasiperiodic structures and the defect types are a result of their

shared symmetries. Hexagonal planforms are preferred near the onset of pattern formation

in two dimensional, rotationally and translationally invariant planar geometries and broken

up-down symmetry because of the first nonlinear interaction, the quadratic coupling, gives

them preferential treatment, as we shall shortly see. Hexagonal patterns are seen in many

physical experiments. Rolls (stripes) are preferred when the up-down symmetry is not bro-

ken but where the cubic cross coupling of rolls with different orientations is stronger than

the cubic self interactions of a roll solution with itself. Far from onset, hexagonal patterns

often destabilize to roll patterns. From the available evidence, quadratic interactions are

dominant in plant pattern formation. However, the specialty about pattern formation on

plants is that the patterns are laid down layer-by-layer on the generative annulus which

makes pure hexagonal patterns (with a fixed orientation) impossible to smoothly tile the

space and to satisfy the strong bias imposed by the boundary conditions of the neighboring

annulus. Instead, continuous tiling can only be attained by smooth hexagon-diamond-

hexagon alternations.

The symmetry of the system is manifested mathematically through the form of linear

and nonlinear terms in the governing equation. Quadratic nonlinearity is the first nonlin-

earity near the onset of the pattern formation with a broken up-down symmetry. Quadratic

nonlinearity is carried out between members of triads, and triad interactions usually lead to

hexagonal patterns. In planar geometries, the reason that strongly interacting triads ei~kj ·~x,

j=1,2,3, |~kj| = k0, must have their wavevectors 120o apart. In the circular geometry, the
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quadratic coupling between modes ei
∫
lmdr−imα and ei

∫
lndr−inα resonates with the mode

ei
∫

(lm+ln)dr−i(m+n)α whose (radial and angular) wavenumbers are simple additions of those

of the former two modes. This is due to the addition rule in the exponential products:

ei
∫
lmdr−imαei

∫
lndr−inα → ei

∫
(lm+ln)dr−i(m+n)α (4.7)

The set of three modes {(lm,m), (ln, n), (lm ± ln,m + n)} is called a triad. Suppose the

modes (lm,m), (ln, n) are in the active set. Then the new mode (lm ± ln,m + n) will play

an active role if its linear growth rate σ(lm± ln,m+ n) > −σ∗. In our representations, we

focus on all triads where all three members are in the active set. As a result, in the equation

for Am, terms such as

+τm,n,m+nA
sn∗
n A

sm+n

m+n

will be present. There can be many such terms in the equation for Am since the mode

(lm,m) can be a member of many triads. The quadratic coefficient τm,n,m+n is made by a

composition of the original parameters in the governing PDEs.

In the mechanical model, the quadratic interaction induced by the curvature of the shell

and the coefficients are

τm,n,m+n = τm + τn + τm+n (4.8)

where τj =
|
−→
k m ×

−→
k n|2

ν|
−→
k j|2

, j = m,n,m+ n (4.9)

In the biochemical model, quadratic coupling induced by the positive feedback system

formed by auxin and PIN1 has coefficients

κ̂1,{2,3} = κ̄1|
−→
k 1|2 + κ̄2(

−→
k 1 ·
−→
k 2|
−→
k 3|2 −

−→
k 1 ·
−→
k 3|
−→
k 2|2)

κ̂2,{1,3} = κ̄1|
−→
k 2|2 + κ̄2(

−→
k 2 ·
−→
k 1|
−→
k 3|2 −

−→
k 2 ·
−→
k 3|
−→
k 1|2)

κ̂3,{1,2} = κ̄1|
−→
k 3|2 + κ̄2(−

−→
k 3 ·
−→
k 2|
−→
k 1|2 −

−→
k 3 ·
−→
k 1|
−→
k 2|2)

The derivation of these parameters can be found in Appendix C. Generally the quadratic

coefficient can be dependent on the specific triad. In some systems such as the deforma-

tion of the elastic shell, the quadratic coefficients are cyclically invariant, i.e. τm,n,m+n =
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τn,m+n,m = τm+n,m,n. As we shall shortly see, the system of amplitude equations with this

property will be a gradient flow, i.e. minimizes some free energy. The quadratic coeffi-

cients in the biochemical model do not preserve such an cyclical invariance. Only when

wavevectors in the triad have equal lengths and are 120o apart (which approximately hold

near the onset of the pattern formation) does κ̂1,{2,3} = κ̂2,{1,3} = κ̂3,{1,2} hold, and in this

case the biochemical process is a gradient flow.

Note again that only when all the members (lm,m), (ln, n), (lm±ln,m±n) in the triad lie

in the active set A do the strong interactions occur. For instance, let’s assume there are four

basic modes ei
∫
l2dr−2iα, ei

∫
−l2dr−2iα, ei

∫
l3dr−3iα, ei

∫
−l3dr−3iα (l2 < 0, l3 > 0) in the sys-

tem. The two modes with the same angular wavenumbers and radial wavenumbers with op-

posite signs are purposely chosen to maintain the left/right winding symmetry as well as to

provide conveniences in studying whorl patterns. These four modes serve as generating ba-

sis of a much larger set which consists of all possible integer linear combinations of this ba-

sis. In other words, let us begin with modes (±lm,m), (±ln, n). Then the quadratic interac-

tions will lead to circumferential wavenumbersm,n, 2m,m+n, 2m+n,m+2n, ...However

we will only choose those combinations of quadratically generated radial wavenumbers for

which the linear growth rate is in the active zone. We now give an example to illustrate

these choices.

As will be shown later, the spanned set includes most of the patterns that appear on real

plants. Without loss of generality, we let l2 < 0 and l3 > 0. Listed below are some of

the possible quadratic interactions within the set. Graphs of these triads are also plotted in

Figure 4.2.

Included triads

Wavevectors of spiral patterns

(ei
∫
l2dr−2iα)∗ei

∫
l3dr−3iα = ei

∫
(l3−l2)dr−iα (4.10)
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ei
∫
l2dr−2iαei

∫
l3dr−3iα = ei

∫
(l3+l2)dr−5iα (4.11)

ei
∫

(l3+l2)dr−5iαei
∫
l3dr−3iα = ei

∫
(2l3+l2)dr−8iα (4.12)

ei
∫

(l3+l2)dr−5iαei
∫

(2l3+l2)dr−8iα = ei
∫

(3l3+2l2)dr−13iα (4.13)

ei
∫

(l3+l2)dr−5iαei
∫
l2dr−2iα = ei

∫
(l3+2l2)dr−7iα (4.14)

Wavevectors of whorl patterns

ei
∫
l2dr−2iαei

∫
−l2dr−2iα = ei

∫
−4iα (4.15)

ei
∫
l3dr−3iαei

∫
−l3dr−3iα = ei

∫
−6iα (4.16)

Excluded triads

Even though the following interaction

ei
∫
−l2dr−2iαei

∫
l3dr−3iα = ei

∫
(l3−l2)dr−5iα (4.17)

is also possible, it is a priori excluded because the generated mode (l3− l2, 5) is far outside

the active band. By comparing (l3− l2, 5) and (l3 + l2, 5), it is easy to see that |l3− l2| >>

|l3 + l2| (since l3 and l2 have opposite signs).

The quadratic interactions can be characterized by the diagrams in Figure 4.3. The

integers in the diagram represent the angular wavenumbers of the Fourier modes. The

arrow from any triad points to the two possible outcomes of quadratic interactions. For

instance, a triad with angular wavenumbers (1,2,3) can generate a new mode with angu-

lar wavenumber 4 (4=1+3) and 5 (5=2+3). Thus (1,3,4) and (2,3,5) are the two possible

outcomes of quadratic interactions among modes within (1,2,3). Generally speaking, the
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(a) (b) (c) (d)

(e) (f) (g) (h)

FIGURE 4.2. Examples of possible triads (with χ = 1, −σ∗ = −0.9, P = 1 at R = 7)
and our rule of selection. The active set of wavevectors (with σ > −σ∗) forms an annulus
plotted in each graph. Here we use the simplified notation msm to represent the wavevector
(lm,m), where sm = sgn(lm). For instance, 2− is equivalent to the wavevector (l2 < 0, 2).
(a) (2−, 3+, 5−). (b) (3+, 5−, 8+). (c) (2−, 2+, 40). (d) (3−, 3+, 60). (e) (2−, 5−, 7−).
(f) (3+, 5+, 8+). (g) (1+, 2−, 3+). (h) (5−, 8+, 13−). Quadratic interactions between the
members in the triads illustrated in (a)-(e) are strong since all three members in each triad
lie in the active set. Quadratic interactions between the members in the triads illustrated in
(f)-(g) are weak since in each of these triads, there is at least one member that does not lie
in the active set.

two modes are obtained by summing the first and third member of the current triad

(which we call an abnormal branch) and by summing the last two members of the cur-

rent triad (which we call an normal branch). Starting from triad (1,1,2), a “family tree”

(see Figure 4.3(a)) can be generated following such rules. Note that starting from any triad

in the family tree, if one always follow the normal branches afterwards, the numbers on

the path form a Fibonacci-like sequence. By Fibonacci-like sequence, we mean any se-

quence in the form m,n,m + n, 2n + m, 3n + 2m, ... (m < n) constructed following the

addition rule aj+2 = aj + aj+1. This family tree contains all the Fibonacci-like sequences

whose members have a greatest common divisor (GCD) equal to 1. Similarly, family trees
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containing all the Fibonacci-like sequences whose members have GCD=2 and GCD=3 are

plotted in Figure 4.3(b-c). The commonly seen spiral patterns with GCD=1 include the reg-

ular Fibonacci patterns (whose angular wavenumbers are members of the regular Fibonacci

sequence 1,1,2,3,5,8,13,..., i.e. the main normal branch of the family tree) and the Lucas

pattern (whose angular wavenumbers belong to the Lucas sequence 1,3,4,7,11,..., which

deviates from the main normal branch by an abnormal branching from the triad (1,2,3) to

(1,3,4) and then follow all the way along its own normal branches). The 2-whorl and bi-

jugate patterns are included in the family tree with GCD=2, while the 3-whorl patterns are

included in the family tree with GCD=3.

If the angular wavenumbers of the dominant Fourier modes (dominant refers to the

modes whose amplitudes are largest) of a pattern belongs to the same Fibonacci-like se-

quence, then we call it a Fibonacci(-like) pattern. From the diagram, one can note that

the quadratic interactions provide a necessary, but not sufficient condition for the Fi-

bonacci patterns to occur. For a pattern to be a Fibonacci pattern (especially when the

angular wavenumbers increases as R increases), the angular wavenumbers must always

follow the normal branches no matter which triad the starting configuration has. There is

no hint so far as to why the abnormal branches should be disadvantageous in the competi-

tion with the normal branches. Moreover, competitions between different family trees also

exist. We will discuss the chances for Fibonacci patterns to survive and the reason for the

predominance of the regular Fibonacci pattern in the next section.

We assume that the saturation of the amplitude equations (or the growth of the insta-

bility) is provided by the cubic nonlinearity. In the mechanical model, we assume the sat-

uration is dominated by the nonlinear elastic foundation. This simplifies greatly the cubic

term because it principally arises from κw3 (in the w) equation and not from the quadratic

interactions between the second and first harmonics. In the biochemical model, the cubic

saturation was introduced to cap the maximum auxin concentration in each cell. For the
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(a)

(b)

(c)

FIGURE 4.3. (a) “Family tree” consisting of all Fibonacci-like sequences with
GCD=1. (b) “Family tree” consisting of all Fibonacci-like sequences with GCD=2. (c)
“Family tree” consisting of all Fibonacci-like sequences with GCD=3.
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equation for Am, the cubic interactions are given by

−3γAsmm (|Asmm |2 + µ
∑

δmn|Asnn |2) (4.18)

δmn =

{
1, if m = n
0, if m 6= n

and µ = 2 for simple cubic nonlinearities such as −w3.

4.1.3 The general form of the amplitude equations

The amplitude equations of the combined model are in the following form

∂A−2
∂t

= σ−2 A
−
2 + CB−2 − Cτ235A

+∗
3 A−5 − Cτ224A

+∗
2 A4 + τ3B

+∗
3 A−5 + τ5B

−
5 A

+∗
3

+τ2B
+∗
2 A4 + τ4B4A

+∗
2 − 3γA−2 (2SA − |A−2 |2) (4.19)

∂B−2
∂t

= σ−h2B
−
2 + βCA−2 − βτ+

2 A
+∗
3 A−5 − βτ−2 A+∗

2 A4 + κ2−,{3+,5−}B
+∗
3 B−5

+κ2+,{2−,4}B
+∗
2 B4 − 3δ′B−2 (2SB − |B−2 |2) (4.20)

where SA =
∑
|Aj|2, SB =

∑
|Bj|2 (the sum is over all active modes above). Only

two equations are given here as an example. The full set of amplitude equations should

contain equations for all the participating active modes. The definition of these coefficients

can be found in Appendix A,B,C.

Note that all the radial wavevectors can be seen as generated by two generators. For

instance, we pick the basis to be (l2, l3) without loss of generality. For any given R and any

given (l2, l3), the amplitude equations (4.19)-(4.20) can be solved adiabatically by setting

the right hand sides to zero.

4.1.4 Free energy

When the quadratic coefficients are cyclically invariant among the triad members, the

amplitude equation system is a gradient flow that minimizes a corresponding free energy

functional. The form of the free energy functional can be found in Appendix C. Since the

stationary adiabatic solutions Aj are functions of {l2, l3, R}, the free energy functional is
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also essentially a function of {l2, l3, R}. If we do a two dimensional search in (l2, l3) space,

we will find the optimal (l2, l3) pair that minimizes the free energy functional. That is,

dAj
dt

= − ∂E

∂A∗j
,

dBj

dt
= − ∂E

∂B∗j
(4.21)

dl2
dt

= −∂E
∂l2

,
dl3
dt

= −∂E
∂l3

(4.22)

4.2 Why Fibonacci?

The question now is: In the competition between the solutions of the equation system

(4.19)-(4.20), how the initial form of Fibonacci patterns (i.e. patterns whose angular

wavenumbers are primarily supported on the Fibonacci subset (1,1,2,3,5,8,13,...) of all

integers) is generated in the first place, and why the evolution along the normal branches

of the family tree (in Figure 4.3) is preferred over all the abnormal branches? I will

address these two questions in Sections 4.2.1 and 4.2.2 respectively. The reader will see

that

• First, the regular Fibonacci pattern is favored when the starting configuration

(say a 2-whorl or a decussate pattern) gets unstable as the radius R of the gen-

erative annulus increases or decreases from the value (usually close to R = 4)

which is perfect for a 2-whorl pattern.

• Supposing that the regular Fibonacci pattern is indeed favored during the ini-

tial transitions, why would the number of spirals (in the two most conspicuous

spiral families) climb along the same Fibonacci sequence, i.e. along the normal

branches in the family trees instead of wandering onto any abnormal branches?

Taking advantage of the canonical forms of the equations forw, f and g in the combined

model, and for simplicity of presentation, we will carry out the analyses on a simplified

partial differential equation (of a single variable u)

∂u

∂t
= −(∇2 + 1)2u+ εu+ ϑ(∇u)2 − 2ϑ∇(u∇u)− γu3 (4.23)
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as the “artificial” pattern-forming equation. Equation (4.23) shares the same linear and

cubic terms with the equations for w, f and g, and the only difference between them lies

in the form of the quadratic nonlinearity. Equation (4.23) should produce qualitatively

similar results as the equations for w, f and g. Moreover, Equation (4.23) is a gradient flow

corresponding to free energy functional

E =

∫ ∫
{1

2
[(∇2 + 1)u]2 − 1

2
εu2 − ϑu(∇u)2 +

1

4
γu4}rdrdα (4.24)

Write

u(r, α, t) =
∑
m

Asmm (r, t)ei
∫
lmdr−imα + (c.c.) (4.25)

The amplitude equations then take the following form

∂Aj
∂t

= σjAj + βj,l,kAlA
∗
k − 3γ|Aj|(2S − |Aj|2) (4.26)

where S =
∑
|Aj|2. βj,l,k is the quadratic coefficient which can be explicitly derived from

the quadratic terms ϑ(∇u)2 − 2ϑ∇(u∇u) in Equation (4.23).

4.2.1 Initial transitions: Why are the Fibonacci patterns favored at the initial stage?

In this section I will discuss the stability of the 2-whorl patterns and their transitions

to the regular Fibonacci pattern patterns. As R gradually increases or decreases from

R = 4 (the radius which is perfect for the 2-whorl patterns), the regular Fibonacci pattern

would be the first to destabilize the 2-whorl patterns. In fact, as R gradually increases

from R = 4, the 2-whorl pattern first destabilizes to spiral patterns with dominant angular

wavenumbers 2,3,5. As R gradually decreases from R = 4, the 2-whorl pattern first desta-

bilizes to spiral patterns with dominant angular wavenumbers 1,2,3. This gives the regular

Fibonacci spiral pattern a head start in the competition with other spiral patterns.

The perfect 2-whorl pattern consists of three dominant modes (l2, 2), (−l2, 2), (0, 4)
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(l2 < 0). They satisfy the amplitude equations

∂A−2
∂t

= σ(l2, 2)A−2 + β2,2,4A4A
+∗
2 − 3γA−2 (2S − |A−2 |2)

∂A+
2

∂t
= σ(−l2, 2)A+

2 + β2,2,4A4A
−∗
2 − 3γA+

2 (2S − |A+
2 |2)

∂A4

∂t
= σ(0, 4)A4 + β2,2,4A

−
2 A

+
2 − 3γA4(2S − |A4|2)

where S = |A−2 |2 + |A−2 |2 + |A4|2. At R = 4, the optimal l2 is −
√

3
2

, and the pattern

is a perfect hexagonal pattern since the optimal wavevectors (
√

3
2
, 2), (−

√
3

2
, 2), (0, 4) are

of equal lengths and the amplitudes are all equal (A−2 = A+
2 = A4). For R 6= 4, the

optimal 2-whorl configurations become imperfect hexagonal patterns with A−2 = A+
2 6= A4

and l2 6= −
√

3
2

. Such 2-whorl patterns exist for a large range of R and the optimal radial

wavenumbers l2(R) are functions of R.

Let us perturb a 2-whorl pattern with mode {As33 ,(l3, 3)} and {As55 ,(l5 = l3+l2, 5)}. The

linear growth of perturbation modes can be described by the following amplitude equations

(4.27). The question is whether there exists an l3 (hidden in the expression of σ(l3, 3) and

σ(l5, 5)) which make the linear growth rate of the coupled differential equations positive.

∂As33

∂t
= σ(l3, 3)As33 + β2,3,5A

s5
5 A

−∗
2 − 3γAs33 (2S − |As33 |2) (4.27)

∂As55

∂t
= σ(l2 + l3, 5)As55 + β2,3,5A

s3
3 A

−
2 − 3γAs55 (2S − |As55 |2) (4.28)

where S = |A−2 |2 + |As33 |2 + |As55 |2.

Let σ+ be the largest linear growth rate of the coupled system, i.e. the largest eigenvalue

of the linear growth matrix

M2w =

(
σ(l3, 3) β2,3,5A

−
2

β2,3,5A
−
2 σ(l2 + l3, 5)

)
. (4.29)

Figure 4.4 shows σ+ as a function of l3 for several R values. Each curve corresponds to an

R value. We can see that there is a criticalRc1 value(for the example given in Figure 4.4, the

critical Rc1 ≈ 5.3), above which there exists a band of l3 that corresponds to positive σ+. If

the perturbation contains a mode {A3,(l3, 3)} whose l3 lies in this band, then this particular
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FIGURE 4.4. The largest eigenvalue of the matrixM2w (4.29) as functions of |l3| for several
discrete values of R ∈ [4.8, 5.3]. Each curve corresponds to an R value. For each R, the l2
is the optimal value for the 2-whorl pattern.

perturbation will destabilize 2-whorl pattern, and lead to a spiral pattern with dominant

angular wavenumbers (2,3,5). The width of the l3 band that triggers the instability varies

with R, and the peaks of the σ+ curves correspond to the fastest destabilization. Generally,

Rc1 depends on the coefficients in the equation.

4.2.2 Continuous evolution of the Fibonacci patterns along the normal branches

In this subsection, I will use the evolution of spiral pattern (2,3,5) as an example to

show that the it continuously evolves along the normal branch of the family tree (in Figure

4.3) to a (3,5,8) spiral pattern (i.e. the next dominant angular wavenumber is obtained by

summing up the last two members of the current triad). The most difficult part in proving

this is to show that mode 7 in the abnormal branch (obtained by quadratic interactions of

the first and third member of the current triad 2+5=7) cannot play an active role given

the pattern start with an optimal (2,3,5) configuration. The competition between mode 7

and 8 is very subtle because, in fact, as R increases, mode 7 would be linearly favored

around R = 7, which is earlier than R = 8. Also, quadratic interactions between mode

2 and 5 support the growth of mode 7 in a similar way as mode 3 and 5 support mode

8. Despite the seeming opportunities, mode 7 doesn’t get the chance to play an important

role because the radial wavenumbers required for the (2,5,7) patterns are far away from
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the path of the radial wavenumbers which starts with the optimal (2,3,5) pattern. The

choice of the new optimal radial wavenumbers among many possibilities is imposed by the

boundary condition of the neighboring annulus. Now I will show evidence to this fact via

the following different approaches.

The energy landscape obtained from the amplitude equations

The amplitude equation for the five modes {(l2, 2), (l3, 3), (l2 + l3, 5), (2l2 + l3, 7), (l2 +

2l3, 8)} (where l2 < 0, l3 > 0) are

A−2t = σ(l2, 2)A−2 + β2,3,5A
+∗
3 A−5 + β2,5,7A

−∗
5 A−7 − 3γA−2 (2S − |A−2 |2)

A+
3t = σ(l3, 3)A+

3 + β2,3,5A
−∗
2 A−5 + β3,5,8A

−∗
5 A+

8 − 3γA+
3 (2S − |A+

3 |2)

A−5t = σ(l2 + l3, 5)A−5 + β2,3,5A
−
2 A

+
3 + β3,5,8A

+∗
3 A+

8 + β2,5,7A
−∗
2 A−7 − 3γA−5 (2S − |A−5 |2)

A−7t = σ(2l2 + l3, 7)A−7 + β2,5,7A
−
2 A
−
5 − 3γA−7 (2S − |A−7 |2)

A+
8t = σ(l2 + 2l3, 8)A+

8 + β3,5,8A
+
3 A
−
5 − 3γA+

8 (2S − |A+
8 |2) (4.30)

where S = |A−2 |2 + |A+
3 |2 + |A−5 |2 + |A−7 |2 + |A+

8 |2.

The corresponding free energy landscapes E(l2, l3) for several R values are plotted in

Figure 4.5 (a-b). For R ≈ 5, the free energy has only one local minimum and its amplitude

curve (Figure 4.5(d)) indicates that this is a hexagonal pattern dominated by modes with

angular wavenumbers(2,3,5). For this R value, l5 < 0 (see Figure 4.5(h)), and the modes

7 and 8 gains small but more or less equal amplitudes. As R slowly increases, the energy

landscape evolves gradually and the minimum naturally follows to the neighboring new

minimum. When R reaches around 8, the position of the energy minimum has evolved to

point J (where l5 < 0) in Figure 4.5(b). The amplitude curves for these evolving patterns

at R = 5, R = 7 and R = 8 are plotted in Figure 4.5(d,e,f). Their corresponding wavevec-

tors are plotted in Figure 4.5(h,i,j). Notice that the mode with angular wavenumber 7 never

plays any important role in the evolution. However, at R ≈ 6.5, there is another shallow

energy well (or energy crater) looming near point K (with l5 > 0). From its amplitude

curve (Figure 4.5(g)), we clearly see that the new minimum corresponds to the pattern
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dominated by modes with angular wavenumbers (2,5,7). As R continues to increase, the

new energy crater evolves on their own, and the patterns that follow the evolution of the

new energy minima have their dominant angular wavenumber climb up the Fibonacci-like

sequence 2,5,7,12,19,... in a similar way as do the regular Fibonacci patterns. The loci

(l2, l3) of the free energy corresponding to the regular Fibonacci pattern and the Fibonacci-

like pattern 2,5,7,9,12,.. form two distinct paths in the (l2, l3) plane which never intersect

(see Figure 4.5(c)). In conclusion, the pattern with a starting configuration whose domi-

nant angular wavenumbers are (2,3,5) cannot have smooth transitions (unless with a large

perturbation) to a pattern dominated with angular wavenumbers (2,5,7) because the initial

radial wavenumbers (with l5 < 0) is far from the radial wavenumbers (with l5 > 0) required

for the (2,5,7) pattern.

Due to the similarities between different Fibonacci patterns (which will be discussed

in detail in Chapter 5), all the triads in the “Fibonacci family tree” (in Figure 4.3) should

behave in the same way. That is, no matter which dominant angular wavenumbers

(m,n,m + n) that the starting pattern has, the pattern will evolve along the normal

branch (m,n,m + n, 2n + m, 3n + 2m, ...) and form a Fibonacci-like pattern. The ab-

normal branches along the way of the evolution cannot be easily accessed.

Remark:

• From Figure 4.5(d,f,h,j), it can be clearly seen that the shape of the amplitude curves

on the subset of the angular wavenumbers (2,3,5,8) and the corresponding wavevec-

tor configurations remain the same as R increases from 5 to 8. The only difference

between them is the signs of the dominant radial wavenumbers. For instance, the

l2 value at R=5 is approximately the same as the −l3 value at R=8; The l3 value

at R=5 is approximately the same as the −l5 value at R=8, etc. The ratio 8
5
≈ φ

where φ ≈ 1.62 is the golden number (to be defined later). These are the self-similar

properties of the Fibonacci-like patterns that we will discuss extensively in Chapter

5.
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(a) (b) (c)

(d) (e) (f) (g)

(h) (i) (j)

FIGURE 4.5. (a)-(b) The free energy landscapes corresponding to the amplitude equations
(4.30) at R = 5 and R = 8. There are two energy minima in Figure (b). The energy
minimum J is continuously evolved from the energy minimum I in Figure (a), while the
energy minimum K starts to exist only after R ≈ 6.5. When the new minimum K starts to
form, its (l2, l3) values are far from the (l2, l3) values of the existing energy minimum. The
two branches of energy minima have their l5 = l2 + l3 < 0 and > 0 respectively. (c): The
loci of the optimal radial wavenumbers (in a range ofR) corresponding to the two branches
of energy minima. (d-f) and (h-j): The amplitude curves and the optimal wavevectors for
the branch with l5 < 0, at R = 5, R = 7, R = 8 respectively. (f) The amplitude curve for
the branch with l5 > 0 at R = 7.
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Numerical simulations of the PDE

Direct numerical simulations of the modified Swift-Hohenberg equation (see Equation

(7.10)) show that Fibonacci patterns, be they the regular Fibonacci pattern or other Fi-

bonacci - like patterns, all evolve along with their normal branch. Figure 7.5(a) shows

an example of the regular Fibonacci pattern whose dominant angular wavenumbers climb

up the regular Fibonacci sequence, and an example of the Lucas pattern whose dominant

angular wavenumbers climb up the Lucas sequence.
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Chapter 5

SELF-SIMILARITIES OF FIBONACCI PATTERNS AND

ONE-TO-ONE MAPPINGS BETWEEN ANY TWO FIBONACCI

PATTERNS

This chapter has two goals. The first goal is to show that any Fibonacci(-like) pattern

has self-similar properties, i.e. the local patterns at any given R and Rφ (where φ ≈ 1.62

is the golden) are the same (except for the opposite winding directions of the dominant

spirals). See Figure 5.1 for an example (This figure will be discussed below). The second

goal is to show that there exists a one-to-one mapping between any two Fibonacci(-like)

patterns.

Figure 5.1(a) shows an image of the lower half of a real sunflower head. One spiral out

of each of three spiral families are hand-drawn. The radial wavenumber corresponding to

each family of spirals is plotted in Figure 5.1(b). The wavevectors for these three families

of spirals form a triad since the summation of the radial wavenumber of family 1 and

the radial wavenumber of family 2 equals the radial wavenumber of family 3. It is clear

that the radial wavenumber of family 1 at radius R is equal to the radial wavenumber of

family 2 at radius Rφ in absolute value, but with an opposite sign. This relation holds

for all R. A similar relation holds for the radial wavenumbers between family 2 and 3

as well. This example shows the self-similarity of the Fibonacci spiral patterns in terms

of the radial wavenumbers. The self-similar properties of the Fibonacci patterns can be

manifested in many other measures, such as the shape of amplitude curves, the free energy

and the primordium area, etc., and we will investigate such properties in this Chapter.

The outline of this chapter is as follows. Section 5.1 states the theorem of self-similar

properties of the Fibonacci patterns, gives the mathematical proof of the theorem and cor-

roborates the theorem with computational results from the amplitude equations. This sec-
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(a) (b)

FIGURE 5.1. The analysis of the pattern on a sunflower capitulum. (a) Top: A sunflower
capitulum. Middle: The zoomed view of lower half of the sunflower capitulum. Three
spirals of different winding orientations were highlighted where the center of each seed is
handpicked. The box containing an obvious defect (primordia merging, marked with a dot)
is zoomed below. Bottom: The defect is hepta-penta type since one of the spirals going
through the defected seed remain continuous while two other spirals merge. (b) The radial
wavenumbers corresponding to the three spirals marked in Figure (a). The evolution of
these radial wavenumbers show self-similarity, i.e. the shape of one radial wavenumber
curve is similar to another one only at different R values. The self-similar will be dis-
cussed in Chapter 5. This similarity hold even after the primordia merging occurs, i.e. after
the regular Fibonacci pattern transit to other Fibonacci-like spiral patterns. The similari-
ties between the regular Fibonacci pattern and (Fibonacci-like)spiral patterns will also be
discussed in Chapter 5.

tion uses the regular Fibonacci pattern as an example to present the theorem, but the

self-similar properties hold for all Fibonacci(-like) patterns. Section 5.1.1 explicitly writes

down the set of the amplitude equations (which is a subset consisting of modes with their

angular wavenumbers belonging to the regular Fibonacci sequence only) and the free en-

ergy functional for the regular Fibonacci pattern. The algorithm which we use to search
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for the optimal configuration (corresponding to the local minimum of the free energy) at

each R value will be described. Section 5.1.2 states the theorem and gives the mathemati-

cal proof of it. Section 5.1.3 shows the computational results from the amplitude equations.

Section 5.1.4 reformulates the self-similarity of the radial wavenumbers with a linear trans-

formation matrix. The goal of Section 5.2 is to show that all the Fibonacci-like patterns are

alike in the sense that there exist a one-to-one mapping between any two Fibonacci patterns

asymptotically. The existence of the one-to-one mapping indicates that the behavior of any

Fibonacci-like pattern can be predicted by the behavior of the regular Fibonacci pattern

(or any other Fibonacci-like pattern). In particular I will show that the free energy and

packing efficiency for all Fibonacci patterns asymptotically behave the same.

5.1 Self-similarity of the Fibonacci patterns

5.1.1 The amplitude equations for the regular Fibonacci patterns F0

For clarification, I will explicitly show the amplitude equations for the regular Fibonacci

patterns even though it is nothing more than rewriting equations (4.26) on the Fibonacci

subset. The amplitude equations for to the Fibonacci modes ~k1 = (l1, 1), ~k2 = (l2, 2),

~k3 = (l3, 3), ~k5 = (l5, 5), ~k8 = (l8, 8), ~k13 = (l13, 13), ~k13 = (l21, 21),... are as follows

A1t = σ(l3 − l2, 1)A1 + β1,2,3A
∗
2A3 − 3γA1(2S − |A1|2)

A2t = σ(l2, 2)A2 + β2,3,1A
∗
1A3 + β2,3,5A

∗
3A5 − 3γA2(2S − |A2|2)

A3t = σ(l3, 3)A3 + β3,1,2A1A2 + β3,2,5A
∗
2A5 + β3,5,8A

∗
5A8 − 3γA3(2S − |A3|2)

A5t = σ(l2 + l3, 5)A5 + β5,2,3A2A3 + β5,3,8A
∗
3A8 + β5,8,13A

∗
8A13 − 3γA5(2S − |A5|2)

A8t = σ(l2 + 2l3, 8)A8 + β8,5,3A3A5 + β8,5,13A
∗
5A13 + β8,13,21A

∗
13A21 − 3γA8(2S − |A8|2)

A13t = σ(2l2 + 3l3, 13)A13 + β13,5,8A5A8 + β13,8,21A
∗
8A21 − 3γA13(2S − |A13|2)

A21t = σ(3l2 + 4l3, 21)A21 + β21,8,13A8A13 − 3γA21(2S − |A21|2)

...
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where σm = σ(lm,m) = −(l2m + m2

R2 − 1)2 + ε and S = |A1|2 + |A2|2 + |A3|2 + |A5|2 +

|A8|2 + |A13|2 + |A21|2 + .... The definition of parameters σ(lj, j), βi,j,k and γ can be found

in Chapter 3 and in Appendix A, B, C. Usually we keep around 10 modes altogether in the

computation of the amplitude equations, five with m < R and five with m > R. Due to the

space constraint and for simplicity of presentation, only 7 equations are listed above. The

reader can easily include more modes into the equation system. Here we do not need to

put superscripts sm on the amplitudes Am since there are not more than one Fourier modes

which has the same angular wavenumber m.

The free energy associated with the amplitude equations is

E = −
∑
m∈F0

σmAmA
∗
m

−
∑

j+p=q,j,p,q∈F0

βj,p,q(A
∗
jA
∗
pAq + (c.c.))

+3γ[
∑
m∈F0

1

2
|Am|4 +

∑
m,n∈F0,m 6=n

δmn|Am|2|An|2] (5.1)

where F0 = {1, 2, 3, 5, 8, 13, 21, 34, 55, ...}.

The optimal pattern is obtained by minimizing the free energy, i.e.

0 = − ∂E

∂A∗j
, (j ∈ {m,n,m+ n,m+ 2n, ...}), 0 = − ∂E

∂lm
, 0 = −∂E

∂ln
(5.2)

Note that Equation system (5.2) is written in general forms for all Fibonacci-like patterns.

For the regular Fibonacci patterns, m=1, n=2. Moreover, notice that lm and ln are indepen-

dent and lm+n = lm + ln, lm+2n = lm + 2ln, etc. The last two equations in (5.2) can be

written as

0 =
∂E

∂lm
= −∂σm

∂lm

∂lm
∂lm
|Am|2 −

∂σn
∂ln

∂ln
∂lm
|An|2 −

∂σm+n

∂lm+n

∂lm+n

∂lm
|Am+n|2

−∂σm+2n

∂lm+2n

∂lm+2n

∂lm
|Am+2n|2 + ...

= −∂σm
∂lm
|Am|2 −

∂σm+n

∂lm+n

|Am+n|2 −
∂σm+2n

∂lm+2n

|Am+2n|2 + ...

= 4lmηm|Am|2 + 4lm+nηm+n|Am+n|2 + 4lm+2nηm+2n|Am+2n|2 + ...(5.3)
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0 =
∂E

∂ln
= −∂σm

∂lm

∂lm
∂ln
|Am|2 −

∂σn
∂ln

∂ln
∂ln
|An|2 −

∂σm+n

∂lm+n

∂lm+n

∂ln
|Am+n|2

−∂σm+2n

∂lm+2n

∂lm+2n

∂ln
|Am+2n|2 + ...

= −∂σn
∂ln
|An|2 −

∂σm+n

∂lm+n

|Am+n|2 − 2
∂σm+2n

∂lm+2n

|Am+2n|2 + ...

= 4lnηn|An|2 + 4lm+nηm+n|Am+n|2 + 8lm+2nηm+2n|Am+2n|2 + ... (5.4)

where ηj = l2j + j2

R2 − 1.

The algorithm: self-similarity of the Fibonacci patterns

The free energy E(l2, l3;R) for three different R values are shown in Figure 5.2. Notice

that the shape of the energy landscape continuously evolves as R increases. The position

of the minimum, corresponding to the optimal choice of (l2, l3), evolves accordingly. At

the energy minimum for each R value, all the basic variables such as the wavenumbers, the

amplitudes and the energy level are recorded. Other variables of interest, which depend on

the basic variables, such as the divergence angle, the plastochrone ratio, the primordium

area, the packing density, the lattice shape and the pattern image are also computed. As we

will see in the next section, the self-similarity characteristics of the Fibonacci pattern are

clearly manifested in all these data.

FIGURE 5.2. Energy as a function of (l2, l3). Red and blue colors display higher and lower
values. The energy follows different paths as R increases and decreases due to the first
order phase transition. The blues dots are followed by increasing R’s and the red circles
followed by decreasing R’s. The same markers are used for other graphs to distinguish the
different solutions as R moves in both directions.
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5.1.2 Theorem: self-similar properties of the Fibonacci patterns

In this subsection, I will give the theorem of self-similar properties of the Fibonacci pat-

terns and its proof. The explanations of the theorem and a concrete example will be given

in the next subsection as we show the computational results from the amplitude equations.

Theorem

As long as all the coefficients in the equation system (5.2) (where the last two equations

in the system are explicitly written as Equations (5.3)-(5.4)) are functions of l2mj and
m2
j

R2

(∀j) only, Equation system (5.2) (conditions for the optimal Fibonacci(-like) patterns) is

asymptotically (as R→∞) invariant under the transformation

R→ Rφ (5.5)

A
sj
j (R)→ A

−sj
j+1(Rφ) (5.6)

lj(R)→ −lj+1(Rφ) (5.7)

mj → mj+1(' mjφ) (5.8)

where φ is the golden number
√

5+1
2

.

Proof:

The proof uses simply the fact that the ratio between consecutive Fibonacci numbers ap-

proaches the golden number φ ≈ 1.62 (in fact, fact φ is the positive root of 1 + φ = φ2).

Indeed, 5
3
≈ 8

5
≈ 13

8
≈ 21

13
→ φ. Equation system (5.2) at R and Rφ can be written out

explicitly as follows, where m1,m2,m3, ... represent any Fibonacci-like sequence.

0 = σ(lmj (R),mj ;R)Amj (R) + βmj−2,mj−1,mj (R)Amj−2 (R)Amj−1 (R)

+ βmj−1,mj ,mj+1 (R)A∗mj−1
(R)Amj+1 (R) + βmj ,mj+1,mj+2 (R)A∗mj+1

(R)Amj+2 (R)

− 3γAmj (R)[2S − |Amj (R)|2] (5.9)

0 = σ(lmj+1 (Rφ),mj+1;Rφ)Amj+1 (Rφ) + βmj−1,mj ,mj+1 (Rφ)Amj−1 (Rφ)Amj (Rφ)

+ βmj ,mj+1,mj+2 (Rφ)A∗mj
(Rφ)Amj+2 (Rφ) + βmj+1,mj+2,mj+3 (Rφ)A∗mj+2

(Rφ)Amj+3 (Rφ)

− 3γAmj+1 (Rφ)[2S − |Amj+1 (Rφ)|2] (5.10)

0 = 4lm1 (R)ηm1 (R)|Am1 (R)|2 + 4lm3 (R)ηm3 (R)|Am3 (R)|2 + 4lm4 (R)ηm4 (R)|Am4 (R)|2 + ... (5.11)
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0 = 4lm1 (Rφ)ηm1 (Rφ)|Am1 (Rφ)|2 + 4lm3 (Rφ)ηm3 (Rφ)|Am3 (Rφ)|2 + 4lm4 (Rφ)ηm4 (Rφ)|Am4 (Rφ)|2 + ...(5.12)

0 = 4lm2 (R)ηm2 (R)|Am2 (R)|2 + 4lm3 (R)ηm3 (R)|Am3 (R)|2 + 8lm4 (R)ηm4 (R)|Am4 (R)|2 (5.13)

0 = 4lm2 (Rφ)ηm2 (Rφ)|Am2 (Rφ)|2 + 4lm3 (Rφ)ηm3 (Rφ)|Am3 (Rφ)|2 + 8lm4 (Rφ)ηm4 (Rφ)|Am4 (Rφ)|2 (5.14)

By comparison, we can show that if (Amj(R), lmj(R),mj) satisfy Equation system

(5.9), (5.11) and (5.13), then (Amj+1
(Rφ) ≈ Amj(R), lmj+1

(R) ≈ −lmj(R),mj+1 ≈ φmj)

satisfy Equation system (5.10), (5.12) and (5.14) in the limit R → ∞, due to the fact that

the coefficients in these equations are functions of l2j and
m2
j

R2 only.

Indeed, take σ(lj,mj;R) for example. Since

σ(lj(R),mj;R) = −(lj(R)2 +
m2
j

R2
− 1)2 + ε

and σ(−lj+1(Rφ),mj+1;Rφ) = −((−lj+1(Rφ))2 +
m2
j+1

(Rφ)2
− 1)2 + ε,

|lj+1(Rφ)| ≈ |lj(R)| and mj+1

φ
≈ mj imply that

σ(−lj+1(Rφ),mj+1;Rφ) ≈ σ(lj(R),mj;R).

Similarly, we can show that the quadratic coefficients τijk for both mechanical and bio-

chemical equations are also functions of l2mj and
m2
j

R2 only and thus satisfy the premises for

the invariant transformations. Note that when proving the theorem, we assumed that the

amplitudes are compactly supported on a finite subset of the Fibonacci sequence. This is a

valid assumption since all of the active Fibonacci modes have their angular wavenumbers

lying in the neighborhood of the radius R, and modes whose angular wavenumbers are far

away from R are severely damped.

Recall that the superscript sm represents the sign of lm. sm = + (or lm > 0) means

that the corresponding spiral family (with m spirals) winds counterclockwise; sm = − (or

lm < 0) means that the corresponding spiral family (with m spirals) winds clockwise.
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5.1.3 Corroborations of the theorem: results from the amplitude equations

The amplitude curve

Plotted in Figure 5.3 (the third row) are the (discrete) amplitude curves at several values

of radii. At R ' 4 (case (a)), the (hexagonal) pattern is dominated by three modes with

angular wavenumbers 2,3,5, and thus is hexagonal. AsR increases, the amplitude for mode

2 gradually decreases and the amplitude for mode 8 increases. At a certain point, these two

modes have equal amplitudes (case (c)), and the pattern is dominated by two modes with

angular wavenumbers 3 and 5, and thus is diamond-shaped. The evolution continues into

cases (d)(where R ≈ 7) where 8 becomes one of the three dominant modes of the pattern.

We can see that the amplitude curve in case (a) has shifted one index up the Fibonacci

sequence without changing the shape to case (d). The ”repetitions” of the pattern forms

happen in a scaling period φ, i.e. at R, Rφ and Rφ2, etc. for all R. and Rc
Ra
≈ 1.62.

The smooth transitions between hexagons (or offset-diamonds, in cases (a,d)) and diamond

shapes (in cases (c,f)) are seen on real sunflower heads. See Figure 5.4. Think of the

pattern on a sunflower head forms from the right to the left in Figure 5.4(a) where R

gradually decreases. This is the case in the second stage, i.e. the seed formation stage, of

the sunflower head development (See Section 1.7 for further discussions on the sunflower

head development). The corresponding circular view of the pattern is shown in Figure

5.4(b). We can clearly seen smooth transitions between diamond and offset diamond (or

hexagonal) patterns. Compare Figure 5.4(b) and Figure 5.4(c)(a real sunflower head) to see

the resemblance of the pattern shapes.

The free energy

We plot in Figure 5.3(a) the free energy E(R) (Equation (5.1)) over the range R1 to R1φ
2

(two cycling periods starting R1 ' 4), and in Figure 5.3(b) the loci of the preferred ra-

dial wavenumber pairs l2, l3 over the same range. The free energy oscillates with log(R)

between its lowest values achieved by the hexagonal configurations (points (a,d)) and its

highest values attained by the diamond-shaped patterns (points (c,f)).
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(a) (b)

(c) (d)

FIGURE 5.3. (a) The free energies for optimal configurations in two “periodic” cycles
(R ∈ [4, 11]). The lowest energy is achieved at point a and point d while the highest energy
is attained at point c and point f. (b) The optimal radial wavenumbers for the marked
points the (−l2, l3) plane. One can see that the l3 values of points d,e,f (which are exactly
one period after points a,b,c) are very close to the −l2 values of points a,b,c respectively.
(c) Primordium area as a function of R. (d) The optimal radial wavenumbers lj(R) as a
function of R. Also plotted is−lj+1(Rφ). We can see that they overlap very well. The third
row: amplitude curves for R values corresponding to points a,b,c,d in Figure 5.3(a). The
fourth row: wavevectors of the optimal configurations corresponding to R values at points
a,b,c,d in Figure 5.3(a).
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(a)

(b) (c)

FIGURE 5.4. (a) The superposition of the Fourier modes whose amplitudes and wavenum-
bers are the optimal values predicted by the amplitude equations. The pattern alternates
between hexagons (or off-set diamonds) and diamonds in a self-similar manner. (b) The
same as graph (a) except that it is plotted as an annulus. (c) Image of a real sunflower head,
where one can see annuli of diamonds and off-set diamonds.

The radial wavenumbers

The preferred radial wavenumbers are obtained simply by tracking the positions of the

local minima of the free energy. The transformation (5.7) can be clearly manifested in

Figure Figure 5.3(d). The values of all the optimal radial wavenumbers (l2(R), l3(R),

l5(R) = l2(R) + l3(R),...) are plotted vs. R. The darkness of each curve indicates the

amplitude of the corresponding mode. At most values of R, there are three or four darkest



90

curves, corresponding to the dominant modes in the solution. The red circles plot−lj+1 vs.

Rφ, which should overlap the lj vs. R curves according to the transformation (5.7) in the

theorem. We can see they do overlap very well.

The wavevectors corresponding to cases a,c,d,f are plotted at the bottom of Figure 5.3.

It is clear that the wavevectors of the dominant modes in the hexagonal patterns have equal

lengths and forms equilateral triangles. The wavevectors of the dominant modes in the

diamond-shaped patterns are 90o apart, have equal lengths, and thus form a square.

Divergence fraction

The divergence fraction d(R) for the Fibonacci pattern is given by Formula (1.7), where

the corresponding (p, q) chart is listed in (1.10), (1.11). Its value at the optimal l2(R) and

l3(R) is a function of R as well. These quantities are related to the shapes of the lattices

only, and do not have direct relations with the amplitudes. In Figure 5.5(a), we can see that

the divergence fractions oscillate around and converge to 1
φ2

. Therefore, the divergence

angles converge to 1
φ2

2π = 137.5o, the golden angle.

Here is how to prove it. Let m, n be two consecutive numbers in the Fibonacci se-

quence. As we will show in Section 5.1, lj+1 ≈ −φlj in the limit R → ∞. In the same

limit, q
p
→ 1

φ
, m
n
→ 1

φ
. Thus the divergence fraction

d =
plm − qln
nlm −mln

→
plm + qlm

1
φ

nlm +mlm
1
φ

=
p+ q 1

φ

n+m 1
φ

→
p(1 + 1

φ2
)

n(1 + 1
φ2

)
=
p

n
. (5.15)

Hence d converges to the asymptotic ratio p
n

. Notice in (1.11) that the p also forms a regular

Fibonacci sequence, but are two positions smaller than n. Thus the ratio approach 1
φ2

. The

evolution of the divergence angle for the regular Fibonacci pattern over a range of R is

consistent with diagram 2.1. (In diagram 2.1, G = V T
R

is inversely related to R, and thus

R→∞ is equivalent to G→ 0).

Primordium area and packing efficiency

The primordium area A(r) can be computed using Formula (1.18), and it plotted in Figure

5.3(c). By comparing Figure 5.3(a) and Figure 5.3(c), we notice the free energy and the pri-
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mordium area oscillate roughly in a synchronized manner. Note that the primordium area,

which is inversely related to the packing efficiency, oscillates (with log(R)) in a similar

fashion as Figure 2.1(b) from Douady and Couder’s simulations.

Primordia lattice

The primordia lattice - characterized by the plastochrone difference λ and divergence frac-

tion d - are plotted in Figure 5.5. The diagrams provide a direct visual image of the relative

positions of the primordia on the meristem. One can identify the parastichies (primordia

closest to the 0th primordium) from the diagrams and see how they evolve. One can draw

the Voronoi diagrams on the lattice and watch them transform between hexagons and

diamonds. Given a set of points P in a two dimensional metric space, a Voronoi di-

agram divide the space into Voronoi cells, and each Voronoi cell contains one of the

points Pi and all the points in the space whose distances to Pi are smaller than to all

other Pj’s in the given set of points.

Remark:

In the amplitude equations,R represents the average radius of the generative annulus. Due

to the growth of the meristem, any annulus on the meristem will expand with time. In Chap-

ter 7, we will introduce a new variable R̃, which represents the actual radius of an annulus.

As we shall see in Chapter 7, R̃ = R + Ut where U is the outward convection speed of

the established patterns. All the quantities we obtained from the amplitude equations, in-

cluding the free energy, the packing efficiency, the radial wavenumbers, etc., are functions

of R, the average radius of the generative annulus when patterns are formed. If we intend

to calculate these quantities as functions of R̃, we simply need to substitute R̃ − Ut for R.

This step is necessary for us to understand the patterns that we observe on a mature plant.

On a real mature plant where the old patterns have been convected outward with speed U ,

the overall pattern configurations on the meristem should be functions of R̃, not R. For

instance, suppose R does not change over time, the packing efficiency (i.e. the number of

primordia divided by the area of the generative annulus) of the new pattern should also
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remain constant on the generative annulus. However, the pattern on each annulus moves

radially outward on the meristem, and therefore, the packing efficiency on the same annu-

lus decreases over time because the area of the annulus increases. Here, we clarify that all

the results from the amplitude equations, in particular the self-similar properties of the

Fibonacci patterns, should be interpreted as functions of R, not R̃. Only in the special

case where U = 0, i.e. R̃ = R, the self-similar properties of the Fibonacci patterns can be

clearly manifested on a mature plant. In fact, at the second stage, i.e. the seed formation

stage, of the sunflower head development, R rapidly decreases in time. In this stage, the

outward convection speed U is small, and thus R̃ ≈ R. The Fibonacci patterns we com-

monly refer to, which cover the majority of the mature sunflower head, are formed in the

seed formation stage where R̃ ≈ R. This is the reason that the self-similar properties are

clearly manifested on such Fibonacci patterns.

5.1.4 Transformation matrices

The evolution of the free energy landscape in the (l2, l3) plane as R gradually increases

can be fully predicted by knowing its behavior within one cycling period. Due to the self-

similarity of Fibonacci patterns, if we know the value of the energy for any (l2, l3) at R,

then at Rφ there is a corresponding point (l′2, l
′
3) which has the same free energy. The re-

lations between the corresponding wavenumbers are l′3 = −l2 and l′5 = −l3 (according to

transformation (5.7)). Solve for l2 and l′3 while noting l′5 = l′2 + l′3, and we get l′2 = l2 − l3
and l′3 = −l2. These relations can be rewritten as a linear transformation

(
l′2
l′3

)
= T

(
l2
l3

)
, whereT =

(
1 −1
−1 0

)
. (5.16)

|det(T )| = 1 indicates that the area of any contour enclosed region is invariant under the

transformation. T has two eigenvalues φ+ ≈ 1.62 and φ− ≈ −0.68. (note that φ+φ− = −1,

φ+ + φ− = 1). Their corresponding eigenvectors are (1, φ−) and (1, φ+). Indeed, for in-

stance,
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(
1 −1
−1 0

)(
1
φ−

)
=

(
1− φ−
−1

)
=

(
φ+

−1

)
= φ+

(
1
φ−

)
. (5.17)

The two eigenvectors are orthogonal since

<

(
1
φ+

)
,

(
1
φ−

)
>= φ+φ− + 1 = 0 (5.18)

This transformation T acting on any point (l2, l3) can be interpreted as taking the following

steps. First, stretch in the (1, φ−) direction by a factor of φ+ > 1. Second, compress along

the (1, φ+) direction by a factor of |φ−| < 1. At last, since φ− < 0, the point needs to be

reflected across the line (1, φ−). See Figure 5.6. In particular, the optimal (l2, l3) loci get

closer and closer to the line l3 = φ−l2 (namely l2 = −φ+l3 ) in the R→∞ limit.

Remark:

The asymptotic relation l2(R) = −φ+l3(R) together with the invariant transformation

l2(R) = −l3(Rφ+) indicates that l3(Rφ+) = φ+l3(R). This means that l3(R) is of

the order O(R) as R → ∞, i.e. l3(R) has a linear trend. Similarly, all the radial

wavenumbers lj(R) have linear trends with R as R→∞.

5.2 One-to-one mapping between any two Fibonacci patterns

This section investigates the one-to-one mapping between any two Fibonacci patterns,

i.e. patterns whose dominant Fourier modes have circumferential wavenumbers belonging

to two different Fibonacci-like sequences. The outline of this section is as follows. Sec-

tion 5.2.1 sets the background of the theorem by showing the asymptotic ratios between

any two Fibonacci sequences. Then the theorem of one-to-one mapping between Fibonacci

patterns will be stated and proved in Section 5.2.2. The theorem will be corroborated in

Section 5.2.3 by computational results from the amplitude equations. The theorem implies

that any two Fibonacci patterns are not locally distinguishable in the sense that their local

wavevectors and amplitudes all have one-to-one correspondences. Similarities and differ-

ences between different Fibonacci patterns will be summarized in Section 5.2.4.
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5.2.1 Asymptotic ratios between Fibonacci sequences

The asymptotical ratio between corresponding members in two Fibonacci sequences

can be calculated analytically. For instance, the asymptotic ratio between two sequences

{m,n,m+n,m+ 2n, ...φj+1n+φjm, ...} and {n,m,m+n, 2m+n, ...φj+1m+φjn, ...}

is

φm,n ≈
m+ nφ

n+mφ
, (5.19)

Note that φm,n depends on m and n and the order of m, n. The inverse ratio between these

two sequences is

φn,m =
1

φm,n
(5.20)

For instance, the asymptotic ratio between the Fibonacci-like sequence {(3), 2, 5, 7, 12,

19, ...} and the regular Fibonacci sequence {2, 3, 5, 8, 13, 21, ...} is φ2,3 ≈ 2+3φ
3+2φ

= 1.10.

5.2.2 Theorem: one-to-one mapping between any two Fibonacci patterns

Theorem:

As long as all the coefficients in Equation system (5.2) are functions of l2mj and
m2
j

R2 (∀j)

only, Equation system (5.2) are asymptotically (as R → ∞) invariant under the following

transformation (quantities with and without ̂ correspond to those of sequences m,n,m+

n,m+ 2n, ... and n,m,m+ n, 2m+ n, ... respectively).

R→ R̂φn,m (5.21)

Aj(R)→ Âj(Rφn,m) (5.22)

lj(R)→ l̂j(Rφn,m) (5.23)

mj → m̂j(' mjφn,m) (5.24)

Proof:

The proof for the one-to-one mapping between Fibonacci-like patterns is very similar to
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the proof for the self-similarity of Fibonacci patterns. Here I will not explicitly repeat the

proof, but will only point out the most essential step. The trick still lies in the form of the

coefficients in the amplitude equations. For instance, the linear coefficients σ(lj,mj;R)

has the property that σ(l̂j(Rφn,m), m̂j;Rφn,m) = −(−l̂j(Rφn,m)2 − m̂2
j

(R̂φn,m)2
+ 1)2 + ε ≈

−(−lj(R)2 − m2
j

(R̂)2
+ 1)2 + ε = σ(lj(R),mj;R).

5.2.3 Corroborations of the theorem: results from the amplitude equations

Figure 5.7(a) displays the free energy curve for three different Fibonacci patterns. The

reader can easily check that if the free energy curve for the Lucas pattern (1,3,4,7,...) is

rescaled horizontally with a factor of 1.17 (≈ φ1,2), i.e. plotted against 1.17R, it will

overlap the free energy curve of the regular Fibonacci pattern very well. Figure 5.7 (b)

plots the dominant optimal radial wavenumbers for three different Fibonacci patterns. The

radial wavenumbers of each Fibonacci-like pattern forms a line with a distinct slope. Figure

5.7 (c) graphs the divergence fraction as a function ofR for the Lucas pattern. Figure 5.7(d)

plots the amplitude curves for the regular Fibonacci patterns atR = R1,R = R2 and Figure

5.7(e) plots the amplitude curves for the Lucas patterns at R = R1φ2,1, R = R2φ2,1. They

show clear resemblance at the corresponding R values.

5.2.4 Summary on the similarities and differences between all Fibonacci patterns

• Similarities

– All the Fibonacci patterns consist of smooth transitions between hexagons

(or offset diamonds) and diamond shapes.

– Their free energy, primordium area and packing density oscillates with

log(R) and are periodic in log(R). In particular, these functionals not only

match in the overall trend, but also achieve the same maximal and minimal

values for all Fibonacci patterns.
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– The shapes of their amplitude curves A(m,n,m + n,m + 2n, 2m + 3n, ...)

are the same at their corresponding R values.

• Differences

– The divergence angle. The divergence fraction d(R) for all the Fibonacci-

like patterns are given by the formula (1.7). In section 5.1, we have also

shown that the divergence fraction asymptotically behaves like p
n

. Note that

p and n both belong to some Fibonacci-like sequences and thus finding the ra-

tio p
n

is equivalent to finding the asymptotical ratio between their respective

Fibonacci-like sequences. Take the Lucas pattern for an example. n belongs to

the Lucas sequence 3, 4, 7, 11, 18, ... while q belongs to the regular Fibonacci

sequence 1, 1, 2, 3, 5, 8, .. (See expressions (1.14) and (1.15) in Section 1.6).

The asymptotical ratio between these two sequences is Fibonacci
Lucas = φ1,2 ≈

2φ+1
φ+2
≈ 1.1713. Considering the positional lag of p, the actual ratio should be

p
n
≈ φ1,2 · 1

φ3
≈ 0.276. Hence, the divergence difference for the Lucas pattern

converges to (0.276) ∗ 360o = 99.36o as R → ∞. The divergence fraction

d(R) of the Lucas pattern computed with l2(R) and l3(R) (obtained from the

amplitude equations) is plotted in Figure 5.7(c). Again, the divergence angles

of all the Fibonacci-like patterns resulted from the amplitude equations are

consistent with diagram 2.1.

– The specific R values where the maximum energy (corresponding to the

hexagonal patterns) and the minimum energy (corresponding to the dia-

mond patterns) are attained.

– The value R where each pattern starts to exist. The regular Fibonacci

pattern, which becomes a stable pattern at very low R values, exist over the

longest range of R. As R gets larger, other Fibonacci-like patterns come into

existence at a certain point.
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– the slope of the ray (or line) formed by the optimal loci of (l2(R), l3(R)).

The optimal (l2, l3) for any Fibonacci pattern (in the family tree 4.3(a)) forms

a line in the (l2, l3) plane (Figure 5.7(b)) whose slope has a one-to-one corre-

spondence with this particular Fibonacci pattern.
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(a) (b)

(c) (d)

FIGURE 5.5. (a) The divergence fraction d of the regular Fibonacci patterns. It is clear
from this graph that it approaches the golden number 1

φ2
≈ 0.382 as R increases. (b-

e) The “lattice configuration” (the positions of local maxima) of the deformation field in
the physical (α, r) space at (b) R=4, (c) R=5.5, (d) R=7, (e) R=9. Also plotted are the
parastichies (the points that are closest to point “0”) and the Voronoi diagram associated
with each lattice configuration.
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FIGURE 5.6. The free energy landscape at R = 7.4(left) and R = 12(right). This graph
demonstrates the relation between the free energy landscapes at R and Rφ. One can see
that the free energy landscape on the right (R = 12) can be obtained by stretching the
the free energy profile along the line −l2 = φl3, reflecting it across the same line, and
compressing it in the perpendicular direction. In particular, note that the transformation
makes the optimal locus of (l2, l3) closer to the line −l2 = φl3.
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(a)

(b) (c)

(d) (e)

FIGURE 5.7. (a) Free energy curves for three different Fibonacci patterns. (b) The
loci of optimal radial wavenumbers for the regular Fibonacci pattern, the Lucas pattern
(1,3,4,7,11,...), and the Fibonacci pattern (2,5,7,12,19,...) in the (l2, l3) plane(c) The di-
vergence fraction of the Lucas pattern. (d) The amplitude curves are for: (a’) the regular
Fibonacci pattern at R = 7, (b’) the regular Fibonacci pattern at R = 9, (c’) the Lucas
pattern at R = 6, (d’) the Lucas pattern at R = 7.5. The similarity between (a’) and
(c’), (b’) and (d’) are due to the one-to-one mapping between these two Fibonacci-like pat-
terns (where 7/6 ≈ 9/7.5 ≈ 1.17 is the asymptotical ratio between the regular Fibonacci
sequence and the Lucas sequence).
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Chapter 6

KEY RESULT OF THE COMBINED MODEL

In this section, I will summarize the key results of the combined model based on the

amplitude equation analyses. See the attached publication for detailed discussions [36].

• One mechanism being dominant and one being passive. If the system is in a param-

eter regime where one mechanism is near the onset of an instability that leads to a

patterned state while the other is deeply suppressed, then the former will be the lead-

ing process that determines the pattern and the latter will be passively slaved. The

amplitudes of the slaved modes algebraically follow those of the active modes. See

Figure 6.2 (the right column) for an example. In this case, the pattern of the surface

deformation field and the pattern of the phylla configuration are approximately the

same.

• Both mechanisms being active and have similar natural wavelengths. If the pre-

ferred wavelengths of the two processes are close to each other, by linear analysis, we

have shown that the linear growth rate for the coupled system can get positive even

when both individual growth rates are below zero. The two interacting mechanisms

form a positive-feed back system that enhances the instability. The goal of a simple

computation (results shown in Figure 6.1) is to see the it is possible for the mechani-

cal stresses to create a ridge-like surface deformation, while the auxin concentration

forms a hexagonal-like pattern. Figure 6.2 sketches possible patterns of the surface

deformation and the auxin distribution field based on the combined model.
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(a) (b)

FIGURE 6.1. Computational results from the combined amplitude equations (3.10)-(3.11)
with β = 0, σ2 = σ3 = 0.5, σh1 = σh2 = σh3 = 0 and σ1 ∈ [−0.5, 0]. (a) A2

A1
: The

ratio between the amplitudes of the surface deformation. (Note that A2

A1
= 1 corresponds

to hexagonal patterns and A2

A1
= 0 corresponds to ridge-like patterns). (b) B2

B1
: The ratio

between the amplitudes of the auxin concentration distribution.
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FIGURE 6.2. Possible patterns of surface deformation and auxin distributions obtained
from the combined model. The 1st and 2nd rows: the surface deformation pattern (1st row:
top view; 2nd row: side view). The 3rd row: The auxin distribution pattern. Bottom row:
superpositions of the surface deformation patterns and the auxin distribution patterns. Left
column: ridge-like surface deformation pattern and hexagonal-like auxin distribution pat-
tern. Right column: hexagonal-like surface deformation pattern and hexagonal-like auxin
distribution pattern. Middle column: In between the two cases above.
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Chapter 7

DIRECT NUMERICAL SIMULATIONS OF THE PDES

The goal of this chapter is to show numerical evidence of self-similarity and universality

of Fibonacci patterns, as well as circumstances under which transitions occur. In Section

7.1, I will first formulate in mathematical terms the dynamics of pattern formation on the

apical meristem (as discussed in Section 1.7), which captures

• the geometric expansion of the entire meristem (manifested by the radially outward

convection of the existing pattern);

• the conversion of the mushy textured stem cell in the central region of the meristem

to the partially differentiated, stress-supporting “generative cells” in the generative

annulus;

• the formation of patterns on the generative annulus.

The actual dynamical equations need to be piecewisely defined on the three regions, the

central region, the generative annulus and the hardened region, and the technical difficulty

in solving such equations will be discussed. Therefore, we are motivated to apply a ”trick”

to simplify the problem to a single partial differential equation which captures the activities

on all the three regions. We will argue that even though this equation has certain differences

with the actual dynamical equations (due to the simplification), it is similar enough for our

purpose, especially inside the thin generative annulus.Section 7.2 and Section 7.4 show

results of direct numerical simulations of the PDE (that we proposed). The purpose of

Section 7.2 is to show that the dominant angular wavenumbers of the patterns can evolve

along the Fibonacci-like sequences, i.e. along the normal branches of the family tree (in

Figure 4.3). The evidence includes two examples: one with the regular Fibonacci pattern

which is dominated by angular wavenumbers (1,2,3), (2,3,5), (3,5,8), (5,8,13) respectively
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at different radii as R increases from 2.5 to 11.5; the other with the Lucas pattern which

is dominated by angular wavenumbers (1,3,4), (3,4,7) at different radii as R increases

from 3 to 6.5. In Section 7.3, the “numerical patterns” are compared with the adiabatic

solutions of the amplitude equations. Section 7.4 shows examples of pattern transitions.

For simplicity of presentation, we use equation (4.23) (see Section 4.2 for discussions on

the reasoning of the choice) in polar coordinates as the governing equations for pattern

formation.

7.1 Mathematical description of the pattern-forming processes on the
plant meristems

In this section, I will first mathematically formulate the dynamics of pattern formation

on an apical meristem. We propose a single partial equation which has great simplicity yet

is arguably similar enough to the actual dynamical equation (especially inside the active

generative annulus).

Suppose the diameter of the meristem increases with rate U (see Figure 7.1 (a)), then all

the patterns get convected radially outwards with speedU (here we letU be a constant). The

meristem consists of three different functional regions (see Section 1.7 for more detailed

descriptions): the central region M (consisting of mushy textured stem cells), the genera-

tive annulus G (where primordia are first seen) and the hardened (or patterned) region P

(where the angular positions of the patterns are no longer subject to change). There are

two “soft boundaries” in between these three functional regions. We think of the boundary

between the central region and the pattern forming generative annulus as being controlled

by parameter ε(r, t) where it takes a subcritical value (such that pattern formation is inhib-

ited) on the central region and a supercritical value on the generative annulus (such that

pattern formation is encouraged). The boundary between the generative annulus and the

hardened region is characterized by the “degree of matureness” of the fresh primordia. In

a first attempt, we built a simple model that considers ε(r, t) being determined by some
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“unknown” external factors and that the interface between subcritical and subcritical ε(r, t)

values moves with a constant speed U −V . We combine the central region and the genera-

tive annulus and call these two regions the ”dynamical region”. The boundary between the

dynamical region and the hardened region is described as an artificial cutoff point for the

piecewisely defined governing equations (7.1)-(7.2). Figure 7.1 (b) is a rectangular look

of the apical meristem where the coordinate of each “soft boundary” is marked. Constant

r0 denotes the mean radius of the generative annulus when the first primordium is formed

(corresponding to t = 0).

(a) (b)

FIGURE 7.1. The different functional regions (subdomains) on an apical meristem. (a) the
circular view. (b) the rectangular view.

• On the dynamical region, i.e. r ∈ [0, r0 + (U − V )t + dr
2

], the forming pattern is

governed by the following equation

∂u

∂t
= −(

1

r

∂

∂r
(r
∂

∂r
) +

1

r2

∂2

∂α2
+ 1)2u− U ∂u

∂r
+ εu

+ϑ[(
∂u

∂r
)2 +

1

r2
(
∂u

∂α
)2]− 2ϑ[

1

r

∂

∂r
(ru

∂u

∂r
) +

1

r2

∂

∂α
(u

∂

∂α
u)]− γu3 (7.1)
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where

ε(r − (U − V )t) = ε̂((r − (U − V )t)− r0) (7.2)

The term −U ∂u
∂r

on the right hand side reflects the convection of pattern with an

outward velocity U due to the growth of the meristem. The shape of function ε̂((r −

(U − V )t)− r0) is sketched at the bottom of Figure 7.1 (b).

• On the hardened region, i.e. r ∈ [r0 + dr
2

+ (U − V )t, r0 + dr
2

+ Ut],

∂u

∂t
= 0 (7.3)

In other words, the hardening of the pattern is enforced by not allowing u to change

with time. It is important to enforce this condition on the hardened region since

otherwise the pattern will keep transforming because the radius of the same annulus

keeps increasing at it moves outward.

However, this piecewisely defined equation system is clumsy and it is not clear that the

solution of the equations will be continuous at the boundary. Therefore, we are motivated

to write a single PDE which captures the idea of piecewisely defined equations (7.1)-(7.3)

on both the dynamical and the hardened regions, and moreover, guarantees the continuity

of its solutions.

New frame of reference

The equations above use the center of the apical meristem as the frame of reference for

different speeds. However, it is more convenient to change the frame of reference to the

one that moves with the established patterns. We make the following change of coordinates.

r′ = −r + Ut+ r0 (or r = −r′ + Ut+ r0), and t = t′ (7.4)

Figure 7.2 shows a schematic of the meristem at a sequence of time. The bands to the right

of the mushy central region (M) are numbered in the order of the formation of patterns.
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The coordinates in both frames of reference are marked on the diagrams for comparison.

Note that the center of the meristem (left edge of the rectangles) always has r = 0, while

the middle of the most exterior annulus on the meristem (i.e. on the right hand side of the

rectangular box) always has r′ = 0.

FIGURE 7.2. Rectangular views of the apical meristem at a sequence of time. M: the
central mushy region. Layers 1,2,3 are patterned regions where the numbers indicate the
order of pattern formation on these regions.

Since

∂

∂r
→ − ∂

∂r′
,

∂

∂t
→ ∂

∂t′
+ U

∂

∂r′
(7.5)

Equations (7.1)-(7.2) become

• On the dynamical region, i.e. r′ > V t′ − dr
2

,
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∂u

∂t′
= −(

1

R̃

∂

∂r′
(R̃

∂

∂r′
) +

1

R̃2

∂2

∂α2
+ 1)2u+ εu

+ϑ[(
∂u

∂r
)2 +

1

R̃2
(
∂u

∂α
)2]− 2ϑ[

1

R̃

∂

∂r′
(R̃u

∂u

∂r′
) +

1

R̃2

∂

∂α
(u

∂

∂α
u)]− γu3(7.6)

where R̃(r′, t′) = −r′ + Ut′ + r0 and ε = f(r′ − V t′ − dr
2

) (which is supercritical at

V t′ − dr
2
< r′ < V t′ + dr

2
).

• On the hardened region, i.e. −dr
2
< r′ < V t′ − dr

2
,

∂u

∂t′
= 0 (7.7)

Again, as discussed previously, we will not directly solve this piecewisely defined equation.

Instead, we will write a single PDE which captures the idea of the piecewisely defined

equation.

The notion of “mean effective radius”

Figure 7.3(a) shows graphs of R̃(r′, t′) vs. r′ for a sequence t′ values. However, since the

positions of the primordia are only actively determined within the annulus V t′− dr
2
< r′ <

V t′+ dr
2

(shaded areas in Figure 7.3(a)), only the segment of R̃ inside this interval matters.

Let r̃′ = V t′ represent the center of this interval and define

R = R̃(r̃′, t′) = −V t′ + Ut′ + r0. (7.8)

R, which we call the mean effective radius, records the mean radius of the annulus not

at the current time, but at the time when it serves as the generative annulus. Any fresh

generative annulus (supposedly with radius R) will eventually expand and the primordia

on it will harden, but the mean effective radius R always remains the same for the same

annulus. Figure 7.3(b) shows the values of R̃ and R (where R̃ represents the current radius

of the annulus while R represents the radius of the annulus when it serves as the generative
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annulus) for different annuli at sequential time intervals ∆t. From this sketch, we can see

that R and R̃ are always the same at the innermost layer (the generative annulus) but are

different on other annuli.

Remark:

• The mean effective radius can be viewed as either a function of t′ as given in (7.8) or

a function of r′

R = R̃(r′, t′ =
r′

V
) = r0 + U

r′

V
− r′ = r0 + (

U

V
− 1)r′. (7.9)

R is not a function of r′ and t′ independently, since r′ and t′ are locked by the relation

r′ = V t′ in the generative annulus.

• The mean effective radius R of the annulus may increase over time if U − V > 0,

remain constant if U − V = 0 or decrease if U − V < 0. In space, R is linear in r′

with a slope U
V
− 1.

The model that we will actually solve

We modify Equations (7.6)-(7.7) by substituting R̃(r′, t′) with the mean effective radius

R(r′) and get

∂u

∂t
= −(

1

R

∂

∂r′
(R

∂

∂r′
) +

1

R2

∂2

∂α2
+ 1)2u+ εu (7.10)

+ϑ[(
∂u

∂r
)2 +

1

R2
(
∂u

∂α
)2]− 2ϑ[

1

R

∂

∂r
(Ru

∂u

∂r
) +

1

R2

∂

∂α
(u

∂

∂α
u)]− γu3. (7.11)

Even though Equation (7.10) is different from the original setup (Equations (7.6)-(7.7)),

it shares reasonably enough similarities with the original problem since R̃ ≈ R in the

generative annulus (which is the only place where new patterns are actively determined).

Equation (7.10) has the advantage of having more mathematical simplicity and generality.
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(a)

(b)

FIGURE 7.3. Comparison between the actual radius R̃ and the mean effective radius R of
different radii.

Note that the two equations (7.6)-(7.7) are now merged to one (7.10) since there is no need
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to forcefully fix the pattern in the hardened region any more. This is because R(r′), which

serves as a parameter in Equation (7.10), does not change over time. Thus a pattern u(r′, α)

formed at any time t′ will remain a stable configuration at a later time. Due to the generality

of the equation, properties of Equation (7.10) can also be extended to other pattern-forming

systems.

The domain of Equation (7.10), i.e. α ∈ [0, 2π] and r ∈ [0, rmax], are plotted in Figure

7.4. The shape of R and ε are also illustrated in the same figure.

FIGURE 7.4. The domain of the numerical simulations and the shape of parameters ε(r′ −
V t) and R(r′) in Equation (7.10).

Finally, note that Equation (7.10) minimizes the following free energy

E =
1

2

∫ ∫
[(
∂2u

∂r2
+

1

R

∂u

∂r
+

1

R2

∂2u

∂2α2
+ Pu)2 − εu2]Rdrdα

−ϑ
∫ ∫

u[(
∂u

∂r
)2 +

1

R2
(
∂u

∂α
)2]Rdrdα+

∫ ∫
1

4
γu4Rdrdα (7.12)
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The initial condition consists of a pattern on a thin band 0 < r′ < r′I (corresponding

to the outer flank of the meristem) and a uniform zero elsewhere. This initial pattern was

approximated by superposing the dominant Fourier modes obtained from the amplitude

equations. The initial shape of ε(r′ − V t′) is such that it is supercritical on the patterned

region and subcritical on the zero region. As time elapses, the supercritical region gradually

expands to the right (see Figure 7.4(b)) and the pattern on the left propagates to the right

accordingly.

7.2 Numerical results I: Continuous evolution of Fibonacci-like pat-
terns

The purpose of Section 7.2 is to show two examples where the numbers of spirals climb

up Fibonacci-like sequences (the regular Fibonacci sequence and the Lucas sequence).

Conditions for continuous evolution of Fibonacci patterns will be discussed in Section 8.3.

Continuous evolution of the regular Fibonacci pattern

Figure 7.5(a) shows the evolution of the regular Fibonacci pattern whose dominant angu-

lar wavenumbers (corresponding to the largest amplitudes in the Fourier decomposition)

shift up the regular Fibonacci sequence (1, 2, 3, 5, 8, ...). Plotted are two snapshots of the

evolving pattern. In the final snapshot (the bottom graph in Figure 7.5(a)) of the regular Fi-

bonacci pattern, the angular wavenumbers for the dominant Fourier modes has climbed up

to as high as 13 to the right of the rectangular box. In Figure 7.5(b-e), we show the Fourier

analyses of the pattern at several R values. From the Fourier space, we can verify that

the dominant modes (with the largest amplitudes) indeed have their angular wavenumbers

belonging to the regular Fibonacci sequence. Furthermore, we notice the number of dom-

inant Fourier modes alternates between three and two, which correspond to hexagons (or

offset diamonds) and diamond shapes in the pattern. The directions of the locally dominant

modes are manually connected to help the reader better visualize the winding spirals.
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Continuous evolution of the Lucas pattern

Figure 7.5(f) graphs the final snapshot of the Lucas (1, 3, 4, 7, 11, ...) pattern where the

largest amplitudes in the Fourier decomposition of the pattern correspond to angular

wavenumbers (1,3,4) and (1,4,7) respectively at different radii.

7.3 Comparison between the numerical results and results from the
amplitude equations

In this section, we check that the numerical results at least qualitatively agree with the

amplitude equations. The agreement is only expected up to certain numerical accuracy,

which is dependent of the numerical method and the grid size of the discretization.

Figure 7.6 plots the radial wavenumbers l2, l3 and the amplitudes of the dominant modes

of the regular Fibonacci pattern shown in Figure 7.5(a). We can see that they are qualita-

tively similar to those predicted by the amplitude equations, such as the overall trend of

the radial wavevectors and the shape of amplitude curves. However, the quantitative dis-

crepancy is also obvious. There can be two sources of the discrepancy: numerical accuracy

and the innate difference between the PDE and the adiabatic solutions to the amplitude

equations. The former appears to be the dominant reason of the quantitative differences.

Error induced by numerical truncation

To test the convergence of the numerical scheme, we gradually decrease the grid size 4r,

4α. The computation was carried out with parameter R(r′) ≡ R0 constant throughout out

the entire domain. This is the when we expect the amplitude equations to approximate the

PDE with its best capacity. The initial condition consists of a pattern - the optimal pattern

predicted by the amplitude equation at R0 - on the left and uniform zero on the right. The

pattern is then allowed to propagate slowly up to the speed V which is much less than

the intrinsic front speed. We verified that the solution converges. Furthermore, by Fourier

analysis on the saturated pattern, we see the amplitudes and the radial wavenumbers get

closer to the optimal values predicted by the amplitude equation as the grid size decreases.
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Figure 7.8(a) plots the free energy profile in the l2, l3 plane where the loci of the optimal

l2, l3 and those extracted from the numerical simulations are marked. The smaller grid

size the closer (l2, l3) is to the optimal. The amplitude curve calculated with the amplitude

equation and the one extracted from the numerical simulation with the finest grid are plotted

in Figure 7.8(b)-(c) for comparison. They exhibit similar shapes, but differ in magnitude by

about 20%. The accuracy can be improved by further decreasing the grid size. However,

pursuing numerical accuracy at the cost of computational resources is not our primary

interest.

7.4 Numerical results II: Pattern transitions and defects

Figure 7.9 shows examples of pattern transitions.

In addition the numerical simulations have been able to generate many of the transitions

from the 2-whorl pattern which are observed in nature. The results are listed in Figure 7.10.
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(a)

(b) (c) (d) (e)

(f)

FIGURE 7.5. (a) Time evolution of the propagating regular Fibonacci pattern with domi-
nant angular wavenumbers supported within the regular Fibonacci sequence (1,2,3,5,8,13).
Two snap shots are shown in (a). (b)-(e) Fourier analyses of the above Fibonacci pattern
at special R values. Vertical axis: circumferential wavenumber m. Horizontal axis: ra-
dial wavenumber lm. It is clear that the patterns are dominated by three Fourier modes
(corresponding to hexagonal patterns) or two Fourier modes (corresponding to diamond
shaped patterns). (f) The final snap shot of the Lucas pattern (1,3,4,7). Key parameters:
ε+ = 0.2 (supercritical value of ε(r′ − V t′)), ε− = −1 (subcritical value of ε(r′ − V t′)),
ϑ = 1 (quadratic coefficient), γ = 0.2 (cubic coefficient), R(the mean effective radius) ∈
[2.5, 11.5], V = 0.5, U = 0.53.
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FIGURE 7.6. The radial wavenumbers l2(R), l3(R) from the regular Fibonacci pattern
in Figure 7.5. The black curves are the optimal radial wavenumbers obtained from the
adiabatic solutions to the amplitude equations. The colored curves are extracted from the
pattern obtained from direct simulations of the PDE.

FIGURE 7.7. The ”trapezoidal” view of the Figure 7.6(a). The vertical axis (α) in Fig-
ure 7.6(a) is replaced with 2πRα, where R is the mean radius of the generative annulus.
The self-similar properties of the Fibonacci patterns are more clearly manifested in this
”trapezoidal” view.
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(a) (b) (c)

FIGURE 7.8. Test of numerical accuracy with different grid sizes. The free energy config-
uration at R = R0. Also plotted on the graphs are the loci of (l2, l3) from several numerical
simulations with different grid sizes. In each runs of simulation, parameter R ≡ R0 is
uniformly constant on the domain. Point 0 is the optimal locus of radial wavenumbers cal-
culated from the amplitude equations (free energy minimizing configuration). Point 1,2,3,4
represent the loci of (l2, l3) from the numerical simulations using different grid sizes. Point
1 corresponds to the smallest grid size and point 4 corresponds to the largest grid size.
From the graph, it is clearly seen that, the smaller grid size, the closer the locus of (l2, l3)
is to the optimal values. (b) The amplitude curve corresponding to the adiabatic solution to
the amplitude equations. (c) The amplitude curve extracted from the pattern obtained from
the PDE simulation with the finest grid size.
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(a)

(b)

FIGURE 7.9. (a) Pattern transitions from (1,2,3) to (1,3,4) to (1,4,5). (b) Pattern transitions
from (1,2,3) to (2,2,4) to (2,3,5).
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(a) (b)

(c) (d)

FIGURE 7.10. (a)Transition from a 2-whorl pattern down to a (1,2,3) pattern. (b) Transition
from a 2-whorl pattern to a 3-whorl pattern. (c) Transition from a 2-whorl pattern to a 4-
whorl pattern. (d) Transition from a 2-whorl pattern to a (2,4,6) bijugate pattern.
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Chapter 8

DISCUSSION

In this chapter, I will discuss several topics related to pattern propagation and pattern

transitions, which are partly inspired by, and will provide analytical bases for the various

numerical results shown in Chapter 7. The outline of Chapter 8 is as follows. Section

8.1 concentrates on the characteristics of the propagation of the generative front (the front

between the stable patterned state and the unstable non-pattered equilibrium state). Section

8.2 discusses the stability of any Fibonacci pattern (the definition to be given in Section 8.2)

and the possibilities of transitions from one Fibonacci pattern to another Fibonacci pattern

or to the whorl patterns. The conditions for continuous evolution of any Fibonacci pattern

(i.e. without transitions to other Fibonacci patterns or whorl patterns) will be summarized

in Section 8.3.

8.1 Propagation of pattern-forming generative front

In reality, primordia form sequentially over time, instead of all at once. Thus a more

accurate and realistic description of the “unfolding pattern” involves the notation of a

propagating front. The smooth connection between the patterns (generalized hexagons or

diamonds) and the unstable non-patterned state is called a generative front. The aim of

this section is to discuss the characteristics of the propagation of the generative front. The

amplitudes of the dominant modes in the pattern propagate in a coupled manner while each

amplitude has a different preferred speed. Generally speaking, the competition between

the linearity (individual preference) and nonlinearity (cross interactions) determines the

degree of synchrony of these propagating coupled amplitudes.

The notion of generative fronts bring us more in line with the paradigms of Hofmeister

[9], Snow & Snow [10], and Douady & Couder [5].
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There are two other “fronts” that are related to the generated front. One is the front (we

can call it a “conversion front”) describing the conversion from mushy stem cells to the

pattern-formation-capable “generative cells”. The generative front can only propagate on

the region consisting “generative cells”. We have modeled this “boundary” by the parame-

ter ε(r′ − V t′) which moves with a given velocity V . However, in reality, the “conversion

front” may (the mechanism is not well understood yet) interact and synchronize with the

generative front and their velocities would be dynamically determined. Another front de-

scribes the transition between the fresh (newly formed) and the hardened primordia. The

fresh pattern has the freedom to adjust its shape (including the angular positions of the local

maxima), while the hardened pattern cannot further arrange the relative positions of their

local maxima except for moving radially outward due to the growth of the meristem. As

described in Chapter 7, we have simplified the model so that the hardening process does

not need to be explicitly prescribed in the equation (7.10).

8.1.1 The amplitude equations with spatial variations

The analytical investigation of fronts calls for a set of more sophisticated amplitude

equations, which consider of the spatial structure of the amplitudes. In other words, let

u =
∑

Am(r, t)ei
∫
lmdr−imα + (c.c.) (8.1)

where Am(r, t) can vary in time and space and (c.c.) denotes the complex conjugates of all

previous terms. Substitute (8.1) into equation (7.10) and note that l(r), R(r), A(r) are all

slow functions of r. The amplitude equations for Aj(r, t) can be written as follows.

∂Aj
∂t

= −(2i~kj · ∇+∇2)2Aj + εAj + βj,l,kAlA
∗
k − 3γ|Aj|(2S − |Aj|2) (8.2)

where S =
∑
|Aj|2, ∇ = (

∂

∂r
,

1

R

∂

∂α
), ∇2 =

1

R

∂

∂r
(R

∂

∂r
) +

1

R2

∂2

∂α2
.

There can be other quadratic terms if Aj is also involved in quadratic coupling with other

terms, but they will not be listed here for simplicity of presentation. The Lyapunov energy

density corresponding to (8.2) is
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E = ELin + EQuad + ECub (8.3)

where

ELin =
∑

σmAmA
∗
m + (

∂lm
∂r

+
1

R
lm)2AmA

∗
m +

∂2Am

∂r2
∂2A∗m
∂r2

+ (4l2m +
1

R2
)
∂Am

∂r

∂A∗m
∂r

.

(8.4)

EQuad and ECub are the free energies corresponding to the quadratic and cubic terms in

Equation (8.2). See Appendix C for the expressions of these terms.

Equation (8.2) is the Newell-Whitehead-Segel equation [52], which is an extension of

the amplitude equations (4.26) by considering spatial variations of the amplitudes.

8.1.2 Propagation of hexagonal patterns

This subsection discusses the propagation of the hexagonal patterns (patterns which

have three largest amplitudes) into uniform states. Propagations of the diamond-shaped

patterns are not explicitly discussed here, but the methods of investigation and the results

should be similar. Without loss of generality, we take γ = 1
3

in Section 8.1.2 for simplicity

of presentation.

To the leading order, the amplitude equations (8.2) for the hexagonal patterns (suppos-

ing the dominant angular wavenumbers are m < n < m + n) in the large R limit can be

written out explicitly as

∂Am
∂t

= 4l2m
∂2Am
∂r2

+ εAm + βA∗nAm+n − Am(|Am|2 + 2|A2
n|+ 2|Am+n|2)

∂An
∂t

= 4l2n
∂2An
∂r2

+ εAn + βA∗mAm+n − An(|An|2 + 2|A2
m|+ 2|Am+n|2)

∂Am+n

∂t
= 4l2m+n

∂2Am+n

∂r2
+ εAm+n + βAmAn − Am+n(|Am+n|2 + 2|A2

m|+ 2|An|2)

where β = βm,n,m+n. This set of equations has the following stationary states: Am(r) ≡

Ãm, An(r) ≡ Ãn, Am+n(r) ≡ Ãm+n, and Am(r) ≡ 0, An(r) ≡ 0, Am+n(r) ≡ 0. For

ε > 0, the equilibrium state Am(r) ≡ 0, An(r) ≡ 0, Am+n(r) ≡ 0 is unstable. The front
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profile, which connects these two states, is determined by the traveling wave solutions of

the nonlinear amplitude equations (8.2). The leading edge of the front can be approximated

by an exponential decaying function with decay rate λ.

The linear speed and the decay rate for the front profile for each amplitude are

v∗j = 2
√

4l2j ε = 4|lj|
√
ε, λ∗j = 2

√
l2j ε

4
= |lj|

√
ε

For an (almost) perfect hexagonal pattern with dominant angular wavenumbers m < n <

m + n, radial wavenumbers |lm| > |ln| > |lm+n|, their linear spreading speeds have

the relation v∗m > v∗n > v∗m+n. Their front profiles (corresponding to the linear speeds)

have |λ∗m| < |λ∗n| < |λ∗m+n|. This means that the Fourier mode with the smallest angular

wavenumberm in the dominant triad has the largest linear speed and longest tail in the front

profile. However, these properties are only accurate if there were no nonlinear coupling be-

tween the amplitudes. With nonlinear coupling, the situation becomes more complex and

will be discussed below.

The behavior of propagating hexagonal patterns for the special case l2m = 1, l2n =

l2m+n = 1
4
, m = 0, n = R, m + n = R has been studied by Pismen[53] and Csahók [54].

They found that the behavior of the front can be classified into three parameter regimes.

When the ε < 0 (subcritical) or 0 < ε < ε1 (ε1 is some threshold value), the hexagons

propagate into the equilibrium state as a (nongeneric) nonlinear pushed front. As ε in-

creases to ε > ε1, the propagation involves two “steps”: first, the roll with the fastest speed

(i.e. the roll with the largest radial wavenumber l2m = 1 and smallest angular wavenum-

ber m) propagate into the unstable equilibrium state with speed vRE = 2
√

4ε; then, since

the leading roll pattern is unstable, the hexagonal pattern on the back invades the unstable

roll pattern with speed vHR. The speed vHR can be obtained by linearizing the amplitude

equations around the stationary roll solution (Âm =
√
ε, Ân = Âm+n = 0).

∂An
∂t

=
∂2An
∂r2

+ εAn + (βÂm)Am+n − An(|An|2 + 2|Â2
m|+ 2|Am+n|2)

∂Am+n

∂t
=

∂2Am+n

∂r2
+ εAm+n + (βÂm)An − Am+n(|Am+n|2 + 2|Â2

m|+ 2|An|2)
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Seeking for a solution Am = Am+n, the equation for either of them becomes (up to the

leading order)

∂An
∂t

=
∂2An
∂r2

+ (−ε+ β
√
ε)An − h.o.t.

Thus the linear spreading speed is RRH = 2
√
β
√
ε− ε. For ε1 < ε < ε2 (where ε2 is

another threshold value), vRE < vHR and thus the hexagonal pattern catches up with the

roll pattern and the width of the roll region remains constant. Their common speed is found

to be in good agreement with the linear spreading speed of the fastest roll vRE . For ε > ε2,

vRE > vHR, and thus the two fronts detach and the distance between the leading roll and

the leading hexagon increases over time.

Since the plant patterns are formed annulus-by-annulus and the new pattern receives

strong influences from the existing patterns in the neighboring annulus (assuming noise

does not dominate the behavior of the front), the mode with angular wavenumber m = 0

(equivalent to the leading rings) cannot get into the picture. However, the mode with the

smallest angular wavenumber in the dominant triad play a similar role and manifest itself

as rolls ahead of the fully grown hexagons. Figure 8.1(a) shows the amplitude profiles

(which propagate to the right) of the three dominant modes (l3, 3), (l5, 5) and (l8, 8) and the

superposition of these modes. It is clear that the leading stripes correspond to mode (l3, 3)

which has the smallest angular wavenumber. Numerical simulations of the PDE suggest the

same way. Figure 8.1(b) exhibits a snapshot during the evolution of the solution to the PDE

obtained from direct numerical simulations. Notice the rolls ahead of the fully developed

hexagonal pattern. In this picture, the hexagonal pattern has dominant wavenumbers (1,2,3)

and the leading roll corresponds to the mode with angular wavenumber 1, i.e. the smallest

angular wavenumber among the dominant triad.

For plant patterns, the mean radius of the generative annulus R is a slowly varying

parameter. As discussed in Chapter 7, one can think of it as slowly varying either in time or

in space. The amplitudes and the phases of the Fourier modes should respond to the change

of R as they propagation through regions with different R values. However, the mode with
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(a)

(b)

FIGURE 8.1. (a) Amplitude profiles for the three dominant modes in a hexagonal pattern
and the superposition of the dominant modes. There appears to be a leading roll pattern
ahead of the fully developed hexagonal pattern. The stripes correspond to mode (l3, 3)
which has the smallest angular wavenumber. (b) Numerical simulation of the PDEs shows
a roll pattern ahead of the fully developed hexagons behind.

the smallest angular wavenumber m is least sensitive to the change of R because of ratio

m/R is small. Consider the extreme case wherem = 0, (m/R = 0). The amplitude and the

phase of this mode areR independent, sinceR does not show up in the amplitude equations

at all. For this reason, if the mode with the smallest angular wavenumber propagates ahead

and (almost) without responding to the change of R, the hexagonal pattern which invades

the rolls later will not have the optimal radial wavenumbers since it does not have complete
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freedom to choose its preferred radial wavenumbers (with lm preset by the rolls ahead).

This is the reason that causes the radial wavenumbers of the PDE to mismatch the optimal

configurations predicted by the adiabatic solutions of the amplitude equations. As will

be discussed in the next section, if the mismatch in the radial wavenumbers is too much

(beyond a certain stability boundary), the pattern will become unstable and make transitions

to other patterns. The mismatch can be ameliorated by intentionally slowing down the front

(by decreasing V in the external control parameter ε(r′ − V t′)). This way, it would give

more time for

• the other two modes in the hexagonal pattern to catch up with the leading mode.

• the newly formed pattern to converge to the optimal radial wavenumbers.

8.2 Stability of the Fibonacci patterns

The goal of this section is to study the stability of Fibonacci patterns and circumstances

under which they make transitions to other Fibonacci patterns or to whorl patterns. Since

Fibonacci patterns are triad-dominated patterns (they even locally resemble hexagonal pat-

terns at special radii), the discussion will start with the stability of hexagonal patterns. In

Section 8.2.1, the competition between perfect hexagonal patterns and roll patterns will be

discussed. Within the parameter regime where hexagonal patterns are stable, the stability

of the amplitudes up to long wavelength perturbations (modal instability) is an additional

question. Section 8.2.2 discuss the modal stability of perfect hexagons (where the three

dominant wavevectors have equal lengths and are 120o apart), especially up to longitu-

dinal and transverse perturbations (corresponding to Eckhaus and zigzag instabilities of

hexagons). Section 8.2.3 discusses the limitation of pure longitudinal and transverse per-

turbations in describing the stability of hexagonal patterns and broadens the investigation

to more general types of perturbations, especially those that support quadratic interactions

in the leading order. Up to this point, the readers will see that the patterns under investiga-



128

tion are no longer limited to patterns with only one triad (as in a hexagonal pattern) and

the results apply to all Fibonacci-like patterns.

8.2.1 Hexagon - roll competition

In this section, I will show the competition between perfect hexagonal patterns and roll

patterns whose amplitudes are governed by the NWS equations (8.2).

The amplitudes of a perfect hexagonal pattern (Aj ≡ A, j=1,2,3) satisfy

ε + βA − 5(3γ)A2 = 0. It has two real solutions A = a± =
β±
√
β2+20(3γ)ε

10(3γ)
when ε >

− β2

20(3γ)
. The amplitudes of a roll pattern (A1 ≡ A,A2 = A3 = 0) satisfy ε− (3γ)A2 = 0. It

has two real solutionsA = b± = ±
√

ε
(3γ)

when ε > 0. The amplitudes of the hexagonal and

roll patterns as a function of ε (for a fixed β and γ) are plotted in Figure 8.2. The stability

of the hexagonal and roll patterns is listed as follows as well as marked on Figure 8.2 (Blue

circles correspond to stable patterns and red circles correspond to unstable patterns.).

For ε < − β2

20(3γ)
, the uniformly zero solution is the only stable solution. For − β2

20(3γ)
<

ε < 0, hexagonal pattern (the upper branch A = a+) and a uniform zero solution coexist

and are mutually stable. For 0 < ε < εRH , the upper branch of the hexagonal pattern

A = a+ is the only stable pattern (The lower branch A = a− of the hexagonal pattern

is unstable to the roll pattern, while the roll pattern is unstable to the upper branch of the

hexagonal pattern). For εRH < ε < εHR, the upper branch of the hexagonal pattern is

mutually stable with the roll pattern. For ε > εHR, roll patterns (either branch) are the only

stable configurations. The threshold values that set the mutual stable region for rolls and

hexagonal patterns are εRH = 3β2

(3γ)
and εHR = 4β2

(3γ)
.

8.2.2 Zigzag and Eckhaus instabilities for perfect hexagonal patterns

In this subsection, I will discuss two special types of modal instability of a perfect

hexagonal pattern: zigzag and Eckhaus instabilities. Without loss of generality, we take

γ = 1
3

in Section 8.2.2 and 8.2.3 for simplicity of presentation.
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(a) (b)

FIGURE 8.2. (a) Amplitudes of the perfect hexagonal patterns and roll patterns governed
by the NWS equations (8.2) as a function of ε. β = 0.2 and γ = 1

3
, s = 1 are fixed

parameters. In the plot, stable hexagons are marked in blue and unstable hexagons in red.
Unstable rolls are marked in green and stable rolls in purple. (b) Zoomed view of Figure
(a) near ε = 0 where the existence of the hexagonal pattern for ε < 0 is more clearly
illustrated.

Perfect hexagonal patterns are superpositions of rolls with orientations 120o apart. If

the wavelength of a roll pattern is too short in comparison to the optimal, ideally the system

would want to eliminate one or more rolls to converge to the optimal configuration; Other-

wise if the wavelength is too long then the system would like to insert one or more rolls, or

reorient the local directions of the rolls to effectively shorten the wavelength. Merging and

splitting of rolls (or Eckhaus instabilities) is caused by instability to longitudinal perturba-

tions (i.e. the wavevector of the perturbation is parallel to the dominant wavevector) while

rotation of orientation (or zigzag instability where patches of differently orientated rolls

are smoothly connected in a zigzag manner) is caused by transverse perturbations (i.e. the

wavevector of the perturbation is perpendicular to the dominant wavevector). The merging

and splitting are achieved by a sudden increase or decrease of the phase by 2π at the point

where the amplitude touches zero (See Figure 8.3).

Analysis of the stability of hexagonal patterns based on the NWS equation will be

summarized below. Assume that the optimal wavenumber (length of the wavevectors~|kj|)

is 1 and the three dominant wavevectors of the current hexagonal pattern all have lengths
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FIGURE 8.3. The amplitudes (left) and the corresponding pattern (right), before, while and
after the merging of rolls (top, middle, bottom).
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(1 + κ)kj (where κkj is the amount of mismatch). Thus the amplitudes of the dominant

modes can be expressed as

Aj = Aeiφj+i
~kjκ·~x, j = 1, 2, 3.

Since Aj satisfy the NWS equation, its absolute value A should satisfy the algebraic equa-

tion

(ε− 4κ2) + βA− 5A2 = 0, i.e. 5A2 = (ε− 4κ2) + βA (8.5)

Now, perturb Aj with longitudinal and transverse perturbations.

• Transverse perturbations and zigzag instabilities of hexagonal patterns.

Perturb Aj as follows

Aj = Aeiφjei
~kjκ·~x + uje

i~tjL·~x + vje
−i~tjL·~x

where ~tj is a unit vector perpendicular to ~kj and uj and vj are the amplitudes of the

perturbations. Substitute these perturbed amplitudes into the NWS equations, and

we will get a new set of amplitude equations for uj and vj , j=1,2,3. The original

hexagonal pattern is unstable subject to transverse perturbations if the growth rate of

the perturbations is positive.

For this specific type of perturbation, the only nonlinear interactions that contribute

to (in the leading order) the growth of uj and vj are cubic, i.e.

(Aei
~kjκ·~x)2(uje

i ~kjκ·~x+i~tjL·~x)∗ = (A2
ju
∗
j)e

i ~kjκ·~x−i~tjL·~x

resonates with vjei
~kjκ·~x−i~tjL·~x. See Figure 8.4(a) for illustration. This cubic inter-

action provides linear coupling between u∗j and vj , and consequently, their linear

growth matrix is (where S = 3A2)

M·,Zig =

(
ε− 4κ2 − (κ2 + L2)2 − 4κ(κ2 + L2)− 2S −A2

−A2 ε− 4κ2 − (κ2 + L2)2 − 4κ(κ2 + L2)− 2S

)
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The hexagonal pattern is zig-zag unstable if

−
√
ε

4
< κ < −1

2

√
β
√
ε/5 (8.6)

Note: The left bound is the neutral stability boundary and the interval is not empty

only if
√

ε
4
> 1

2

√
β
√
ε/5, i.e. β <

√
5ε (See Figure 8.4(c)). But if β <

√
3
4
ε

the hexagonal pattern will lose stability to roll patterns. In summary, the zigzag

instability region is not empty if
√

3
4
ε < β <

√
5ε. The stable region subject to

transverse perturbations enlarges as the quadratic coefficient β increases.

• Longitudinal perturbations and Eckhaus instabilities of hexagonal patterns.

Perturb Aj as follows

Aj = ei
~kjκ·~x(Aeiφj + uje

i ~kjL·~x + vje
−i ~kjL·~x)

where uj and vj are the amplitudes of the perturbations. The original hexagonal

pattern is unstable subject to longitudinal perturbations if the growth rate of the per-

turbations is positive.

For this specific type of perturbation, the only nonlinear interactions that contribute

to (in the leading order) the growth of uj and vj are cubic, i.e.

(Aei
~kjκ·~x)2(uje

i ~kj(κ+L)·~x)∗ = (A2
ju
∗
j)e

i ~kj(κ−L)·~x

resonate with vjei
~kj(κ−L)·~x. See Figure 8.4(b) for an illustration. This cubic inter-

action provides linear coupling between u∗j and vj , and consequently, their linear

growth matrix is

M·,Eck =

(
ε− 4(κ+ L)2 − 6A2 −A2

−A2 ε− 4(κ− L)2 − 6A2

)
A hexagonal pattern is Eckhaus unstable if

⇒
{

8A2 − 64κ2 + 8βA < 0
(8A2 − 64κ2 + 8βA)2 − 64(β2A2 + 2βA3) ≥ 0
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The Eckhaus stable and unstable regions are plotted in Figure 8.4(d). The width of

the stable band depends on the quadratic coefficient β even though no quadratic inter-

actions are directly involved in the dynamics of the perturbations. The quadratic co-

efficients are implicitly manifested through the expression of A (See equation (8.5)).

Generally speaking the width of the stable band increases with β (see Figure 8.4(e)).

(c) (d) (e)

FIGURE 8.4. (a) Illustration of transverse perturbations on a perfect hexagonal pattern. (b)
Illustration of longitudinal perturbations on a perfect hexagonal pattern. In both cases, the
only important nonlinear interactions are cubic. (c) Zigzag instability region (shaded area)
for perfect hexagonal patterns. (d) Eckhaus instability region (red) and stable region (blue)
for the perfect hexagonal patterns (with a fixed β). (e) Width of the stability region vs. the
quadratic coefficient β, with all other parameters fixed.

The diagonal elements of the growth matrices in both cases above are the independent

growth rates of u∗j and vj . They are the linear growth rates subtracted by 6A2 from cubic
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saturations. The off-diagonal coefficients represent the coupling between u∗j and vj as we

have discussed previously. The linear growth rate of the coupled system of the perturba-

tions is characterized by the eigenvalues of these matrices and the condition for instability

is that at least one of the eigenvalue is positive. The crossover point from two negative

eigenvalues to at least one positive eigenvalue is the moment when the determinant of the

matrix becomes negative. This means that the stability of the hexagonal pattern is essen-

tially governed by the competition between the product of independent growth rates of the

perturbation modes and the fourth power of the amplitude of the existing pattern.

8.2.3 The triad based instability

In this subsection, I will broaden the type of perturbations from strict transverse and

longitudinal to all possible perturbation modes. By doing so, other types of nonlinear inter-

actions are made possible and the goal is to find the perturbations that the current pattern

is most unstable to. In particular, in this section, I will discuss a particular type of per-

turbation that support quadratic interactions between the two perturbation modes and an

existing dominant mode. In many cases (that will be discussed below), such perturbations

trigger pattern instabilities easier than the pure transverse and longitudinal perturbations.

It leads to pattern transitions from which hepta-penta defects arise.

Suppose the current hexagonal pattern has dominant wavevectors ~k1, ~k2, ~k3 where ~k1 +

~k2 + ~k3 = 0. We perturb it with perturbation modes with wavevectors ~k1 + (−l,−z) and

~k2+(l, z) (see Figure 8.5(a) for an illustration). Since [~k1+(−l,−z)]+[~k2+(l, z)]+~k3 = 0,

the two perturbation modes ~k1 + (−l,−z) and ~k2 + (l, z) form a triad with the unperturbed

mode (or the mediator mode) ~k3, which support quadratic interactions. The corresponding

linear growth matrix of the perturbations is

M·,HP =

(
σ(~k1 + (−l,−z))− 6A2 βA3

βA3 σ(~k2 + (l, z))− 6A2

)

where σ(~k1 + (−l,−z)) and σ(~k2 + (l, z)) are the independent linear growth rates of the



135

perturbation modes. The presence of quadratic interactions, in some circumstances, trigger

the instability more easily than the pure longitudinal or transverse perturbations. As we

have discussed in Section 8.2.2, the Eckhaus and zigzag instabilities of are supported by

cubic interactions and thus the linear cross coupling between the perturbation modes has

a coefficient A2. On the other hand, the triad-based instability is supported by quadratic

interactions and thus the linear cross coupling between the two perturbation modes has

coefficient βA. In either case, the cross couplings boost the growth of the perturbations.

If βA > A2 (this is the case when β is large), the triad-based instability will trigger the

instability more easily and make the stable band narrower.

The quadratic interaction between the unperturbed mode and the two perturbation

modes lead to hepta-penta defects (Figure 8.5(b)), where among the three dominant roll

families in the hexagonal pattern, one family of rolls remain unchanged while splitting or

merging occur in the other two roll families. The hepta-penta defects (which correspond

to triad-based instability) are seen more frequently than cases where all the three dominant

modes split or merge at once (which correspond to Eckhaus instability).

In summary, the stability boundary of any hexagonal pattern is dictated by the most

unstable perturbation. We have seen that the specific type of perturbation, which support

quadratic interactions on the leading order, provides a better landmark of the instability

boundary than the pure longitudinal or transverse perturbations. From this point on, I will

restrict the discussion on this specific type of perturbation.

The algorithm that we use to search for all the possible triad-based instabilities

Any mode in the active set can serve as the mediator mode and each of them needs

to be tested respectively. For instance, assume the current pattern has active modes with

angular wavenumbers (...,m,n,m+n, 2n+m,...). Let’s first assume the mode with angular

wavenumber n is the unperturbed mediator mode. At most four perturbation modes whose

amplitudes and wavevectors are Aa, Ab, Ac, Ad, ~ka = (la, a), ~kb = (lb, b), ~kc = (lc, c),
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(a) (b)

FIGURE 8.5. (a) Illustration of triad-dominated instabilities, where one Fourier mode is
unperturbed and the perturbations on the other two modes sum up to zero. (b) The hepta-
penta defect, where one family of dominant rolls remain unchanged and the other two
families of dominant rolls merge or split.

~kd = (ld, d) can get involved in quadratic interactions with the fixed mode. Namely, these

wavevectors satisfy ~ka + ~kb = ~kn, ~kb + ~kn = ~kc and ~kn + ~kc = ~kd, and their amplitudes

satisfy the following equations

∂Aa
∂t

= σaAa + βa,b,nAnA
∗
b − |Aa|(2S ′ − |Aa|2)

∂Ab
∂t

= σbAb + βa,b,nAnA
∗
a + βb,n,cA

∗
nAc − |Ab|(2S ′ − |Ab|2)

∂Ac
∂t

= σcAc + βb,n,cAnAb + βn,c,dA
∗
nAd − |Ac|(2S ′ − |Ac|2)

∂Ad
∂t

= σdAd + βn,c,dAnAc − |Ad|(2S ′ − |Ad|2)

where

S ′ = |A2
m|+ |A2

n|+ |A2
m+n|+ |Aa|2 + |Ab|2 + |Ac|2 + |Ad|2

The linear growth matrix is (where S = |A2
m|+ |A2

n|+ |A2
m+n|)

M̃HP =


σa − 2S βa,b,nAn 0 0
βa,b,nAn σb − 2S βb,n,cAn 0

0 βb,n,cAn σc − 2S βn,c,dAn
0 0 βn,c,dAn σd − 2S
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Note that among the wavevectors of the four perturbation modes there is only one indepen-

dent radial wavenumber and one independent angular wavenumber. Thus a 2-dimension

search for these independent wavenumbers needs to be conducted to check whether there

exists such a combination such that the matrix M̃HP has at least one positive eigenvalue. If

the positive eigenvalue does exist, we not only determine that the current pattern is unstable,

but also know which particular perturbations can trigger the instability. Similar procedures

need to be repeated by using other active modes as the mediator modes.

Remarks:

• For patterns in a circular geometry, the angular wavenumbers of the perturbation

modes also need to be restricted to integers, i.e. a, b, c, d ∈ N.

• Both radial sidebands and jumps of circumferential wavenumbers can be thought of

as a consequence of a mixture of transverse and longitudinal perturbations. If the

perturbation modes involve jumping in circumferential wavenumbers, they will be

manifested by splitting (when the circumferential wavenumber jumps up) or merg-

ing (when the circumferential wavenumber jumps down) of the corresponding roll

family. Figure 8.6(a) shows an example of an unstable pattern (plotted in the form

of its wavevectors) and the set of wavevectors (the colored blobs) that triggers the

instability (here mode 2 is the unperturbed mediator mode).

• Since any Fibonacci pattern can be characterized its wavevectors, i.e. by the basis of

the radial wavenumbers (l2, l3), the stability of the Fibonacci patterns can be recorded

on the (l2, l3) plane. See Figure 8.6(b).

8.3 Under what circumstances should we expect Fibonacci patterns?

The aim of this section is to summarize the factors that influence the stability of the

propagating Fibonacci patterns and suggest conditions (on a qualitative basis) for the Fi-

bonacci pattern to evolve continuously.
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FIGURE 8.6. (a) An example of an unstable pattern (plotted in the form of its wavevectors)
and the set of wavevectors (the colored blobs) that triggers the instability using mode 2 as
the mediator mode. (b) The stability of Fibonacci patterns (1,2,3,5,8) in the (l2, l3) plane at
a given R = 6.

Generally speaking, the condition for the Fibonacci patterns to evolve continuously is

that the wavenumbers lie within their stability band at all time. This implies that the

actual speed of the generative front min(V, s) (where s is the intrinsic speed of the gen-

erative front and V is the speed of ε(r′− V t′)) needs to be small enough to give the pattern

enough time (this time scale is denoted as T ) to evolve towards the optimal target (includ-

ing the optimal amplitudes and optimal radial wavenumbers). In order for the Fibonacci

pattern to continuously evolve, the actual speed of the front cannot exceed certain threshold.

The threshold speed depends on several parameters, which are discussed as follows.

• The quadratic coefficient β in the amplitude equations. The larger β, the larger

threshold speed.

– First, the larger β, the larger stable region in the (l2, l3) plane (see Section 8.2).

– Second, the larger β, the more synchronized the front is. As discussed in Sec-

tion 8.1, the amplitudes of the dominant Fourier modes propagate in a coupled

manner. Large quadratic coupling enhances the synchrony of the amplitudes

and inhibits the fastest roll to detach from the hexagons in the back. On the con-

trary, small β encourages the fastest roll (with the smallest angular wavenum-

ber) to dominate the leading edge of the front. Since this leading roll pattern
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is insensitive to the change of R, it inhibits the radial wavenumbers to respond

promptly and causes the actual radial wavenumbers to lag from their optimal

values. This harms the stability of the pattern.

• ∂R
∂r′

= U
V
− 1. This is the slope of the linear relation R = r0 + U−V

V
r′ (see Chapter 7).

– First, in order for the adiabatic solutions of the amplitude equations to well

approximate the PDEs, their spatial derivatives should be relatively small. In

order for ∂Aj(r
′)

∂r′
= ∂r′

∂R

∂Aj(R)

∂R
to be small, we need ∂r′

∂R
<< 1, i.e. U

V
− 1 << 1

(or V . U ). We have only considered cases where the adiabatic solutions

of the amplitude equations agree with the PDEs, i.e. when U
V
− 1 << 1, or

U & V .

– Second, the threshold speed is inversely proportional to ∂R
∂r′

.

• The mean effective radius R of the generative annulus.

The threshold speed decreases as R increases.
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Chapter 9

APPENDIX A: (REVIEW) DERIVATION OF THE MODIFIED

FVKD EQUATION

For each buckling configuration, there is an elastic energy associated. The shell will

then adjust the landscape in order for the elastic energy to be relaxed to the local minimum.

In this chapter I will review the derivation of the surface deformation equation. For further

discussions, see [28].

The geometric properties

The material points in thin elastic shell can be described relative to the middle surface of

the shell as r(x, y) + zN, −h
2
< z < h

2
, where N is the unit normal vector to the middle

surface and h is the thickness of the shell. The deformation of the middle surface can be

decomposed into orthogonal directions tx, ty and N as

r′ = r + utx + vty + wN (9.1)

where ty and ty are the two orthogonal tangential unit vectors. The change of local metrics

dr′2−dr2 due to (u, v, w) can be equivalently expressed as strain tensors εij . To the leading

order

εxx = ux − k1w +
1

2
w2
x, εyy = vy − k2w +

1

2
w2
y, εxy = uy + vx + wxwy.

κxx = −wxx, κyy = −wyy, κxy = −wxy

where κxx, κxy, κyy represent the rate of change in curvature in xx, xy, yy directions re-

spectively. The in-plane strain in other layers of the shell away from the middle surface can

be approximated by a linear expansion around the strains in middle surface.

εxx(z) = εxx(0) + zκxx, εyy(z) = εyy(0) + zκyy, εxy(z) = εxy(0) + zκxy



141

The elastic properties

Constitutive equations (Generalized 3-D Hooke’s law) for elastic materials, which describe

the stress-strain relationship are as follows.

εxx(z) =
1

E
(σxx(z)− µ(σyy(z) + σzz(z))

εyy(z) =
1

E
(σyy(z)− µ(σxx(z) + σzz(z))

εzz(z) =
1

E
(σzz(z)− µ(σxx(z) + σyy(z))

εxy(z) =
σxy(z)

G
, εyz(z) =

σyz(z)

G
, εxz(z) =

σxz(z)

G

where E is the Young’s modulus and G is the shear modulus. Homogeneous isotropic linear

elastic materials have their elastic properties uniquely determined the Young’s modulus E

and the Poisson ratio µ (or any other two elastic moduli). For instance, the shear modulus

G = E
2(1+µ)

. Assuming σzz(z) ' 0, σxz(z) ' 0, σyz(z) ' 0 for the thin shell, one would

get the relations between the in-plane stresses and in-plane strains in each layer of the shell

σxx(z) =
E

1− µ2
(εxx(z) + µεyy(z))

σyy(z) =
E

1− µ2
(εyy(z) + µεxx(z))

σxy(z) =
E

2(1 + µ)
εxy(z)

Since σxz(z) = σzz(z) = σzz(z) ' 0, the elastic energy of the shell is

E =
1

2

∫ ∫ ∫ h/2

−h/2
[σxx(z)εxx(z) + σxy(z)εxy(z) + σyy(z)εyy(z) + V (w)]AB(1 + zh1)(1 + zh2)dzdxdy

(9.2)

V (w) describes the energy potential induced by the restoration force imposed by elastic

foundation attached to the elastic shell. For simplicity, assume V (w) = κ
2
w2 + γ

4
w4 and

corresponding the restoration force is −κw − γw3. Integrate in the z direction first, then

we will get an “averaged” energy density in the middle surface, i.e.

E =
Eh

2(1− µ2)

∫ ∫
E0ABdxdy +

Eh3

24(1− µ2)

∫ ∫
E2ABdxdy (9.3)
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where

E0 = (εxx + εyy)
2 − 2(1− µ)(εxxεyy −

ε2xy
4

)

E2 = (κx + κy)
2 − 2(1− µ)(κxκy −

τ 2

4
)

−2(h1 − h2)(εxxκx − εyyκy)− (1− µ)(h1 − h2)εxyτ

+(h1 − h2)(ε2xxh2 − ε2xyh2) +
1− µ

2
(h2

1 − h1h2 + h2
2)ε2xy

≈ (κx + κy)
2 − 2(1− µ)(κxκy −

τ 2

4
)

From the formulas forE0 andE2, we can interpretEm
.
= Eh

2(1−µ2)
E0 andEb

.
= Eh

24(1−µ2)
E2 as

the in-plane energy density and bending energy density respectively. This energy functional

implicitly depends on u, v and w through the strain tensors. In order to find the minimal

configuration, we need to take variational derivatives with respect to u, v and w.(
∂Em
∂εxx

)
x

+

(
∂Em
∂εxy

)
y

= 0 (9.4)

(
∂Em
∂εyy

)
y

+

(
∂Em
∂εxy

)
x

= 0 (9.5)

0 =
∂2

∂x2

(
∂Eb
∂κx

)
+ 2

∂2

∂x∂y

(
∂Eb
∂τ

)
+

∂2

∂y2

(
∂Eb
∂κy

)
+
∂

∂x

(
∂Em
∂εxx

wx

)
+

∂

∂y

(
∂Em
∂εxy

wx

)
+

∂

∂x

(
∂Em
∂εxy

wy

)
+

∂

∂y

(
∂Em
∂εyy

wy

)
(9.6)

This first two equations imply that the Airy’s stress potential f can be defined such that

∂2

∂x2
f =

∂Em
∂εyy

=
Eh

1− µ2
(εyy + µεxx)

.
= Nyy (9.7)

∂2

∂y2
f =

∂Em
∂εxx

=
Eh

1− µ2
(εxx + µεyy)

.
= Nxx (9.8)

∂2

∂x∂y
f = −∂Em

∂εxy
=

Eh

1 + µ
εxy

.
= −Nxy (9.9)
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Here Nij are the average of stress σij through the width of the shell. By doing this, the

three equations above reduce to one equation

0 = D∇4w + V ′(w) +∇2
cf − [f, w] = 0

where

[f, w]
.
= wxxfyy + wyyfxx − 2wxyfxy, D =

Eh3

12(1− µ2)
, ∇2

c = −k2∂
2
x − k1∂

2
y .

The compatibility conditions

The compatibility condition gives another equation below

1

Eh
∇4f −∇2

cw +
1

2
[w,w] = 0

Coupled equations of Airy’s stress potential f and the normal deformation w

ζwt +D∇4w + V ′(w) +∇2
cf − [f, w] = 0 (9.10)

1

Eh
∇4f −∇2

cw +
1

2
[w,w] = 0 (9.11)

In polar coordinates,

∇2 = ∂2
r +

1

r

∂

∂r
+

1

r2
∂2
α

and in the R >> 1 (R =< r > being the mean circumferential radius of the shell) limit,

∇2 ' ∂2
r +

1

R2
∂2
α, ∇2

c '
1

R
∂2
r +

1

Rr

1

R2
∂2
α

A stationary solution for the Equations (9.10)-(9.11) is

ws = constant, fs =
1

2
Nααr

2 +
1

2
NrrR

2α2
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Nrr and Nαα are the radial and circumferential background stress of the shell before buck-

ling. stress (in-plane stress in the middle surface). Expression w and f as their stationary

solutions plus fluctuations, i.e. w = ws +w′, f = fs + f ′. Then w′ and f ′ satisfy equations

ζw′t +D∇4w′ + V ′(w′) +∇2
cf
′ − [Fs + f ′, ws + w′] = 0

1

Eh
∇4(fs + f ′)− 1

Rα

∇2
ρ(ws + w′) +

1

2
[ws + w′, ws + w′] = 0

By defining

N
.
= −Nαα, χ

.
=
Nrr

N
, ∇2

χ
.
= χ∂2

r +
1

R2
∂2
α, R

.
= Rr, ρ

.
=
Rr

Rα

, ∇2
ρ
.
= ∂2

r +
ρ

R2
∂2
α

and upon dropping the primes, one get he following equation for the fluctuation parts

ζwt +D∇4w + V ′(w) +N∇2
χw − [f, w] +

1

Rα

∇2
ρf = 0

1

Eh
∇4f − 1

Rα

∇2
ρw +

1

2
[w,w] = 0

Fourier analysis gives the characteristic wavelength 2πΛ of the linearized pattern forming

equation system (9.12)-(9.12) where

Λ = 4

√
D

κ+ Eh
R2
α

(9.12)

Equations (9.12)-(9.12) can be converted into a dimensionless form according to its char-

acteristic wavelength and the width of the shell. Substitute

w → hw′, f → νEh3f ′, r → Λr′, α→ Λα′, T =
Λ4ζ

Eh3ν2
, t→ Tt′, Γ =

R

Λ

ν2 =
1

12(1− µ2)
, C =

Λ2

Rαhν
, P =

NαΛ2

Eh3ν2
, κ =

Eh3ν2

Λ4
κ′, γ =

Ehν2

Λ4
γ′,

∆ ' ∂2

∂r2
+

1

Γ2

∂2

∂α2
, ∆χ ' χ

∂2

∂r2
+

1

Γ2

∂2

∂α2
, ∇2

ρ '
∂2

∂r2
+

ρ

Γ2

∂2

∂α2
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into Equations (9.12)-(9.12) one obtains the (rescaled) dimensionless equations (upon drop-

ping the primes)

wt +∇4w + κw + γw3 + P∇2
χw −

1

ν
[f, w] + C∇2

ρf = 0 (9.13)

∇4f − C∇2
ρw +

1

2ν
[w,w] = 0 (9.14)
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Chapter 10

APPENDIX B: DERIVATION OF THE CONTINUUM LIMIT OF

THE AUXIN DISTRIBUTION FIELD

According to the Jöhnson’s model [34], auxin concentration is governed by the follow-

ing equations

dA(i)

dt
= D

∑
k

(A(k)− A(i)) + T
∑
k

(A(k)P (k, i)− A(i)P (i, k)) + c− dA(i) (10.1)

where the above summations are taken over all neighbors of cell i. Variable A(i) represents

the auxin contraction in cell i and P (i, k) represents the concentration of PIN1 attached

on the cell wall (i, j). From Equation (10.1) we can see the change of auxin concentration

over time is governed by three parts.

c − dA(i) describes the transportation of auxin between the outer surface of the apical

meristem and the bulk below. The endless supply of auxin from the bulk below is char-

acterized by constant c. When there is excessive auxin in the top surface, it will be trans-

ported back down. This is the only part that describes the exchange of auxin between the

top surface with outside. The other two parts govern the auxin flow within the surface.

The second part D
∑

k(A(k) − A(i)) is the diffusion term that drives the auxin to flow

from high concentration to low concentration and D is the diffusion coefficient. The third

part T
∑

k(A(k)P (k, i) − A(i)P (i, k)) is the so-called PIN1 up-regularization term, be-

cause protein PIN1 on the cell wall can orient themselves so that auxin is transported from

low concentration to high concentration, which works in the opposite way of diffusion.

T
∑

k(A(k)P (k, i) is the amount of auxin flowing into cell i and the T
∑

k(−A(i)P (i, k))

is the amount flowing out of cell i. T is constant measuring the strength of dependency of

auxin transportation on PIN1 distribution.

When there is an uneven distribution of auxin concentration around cell i, the PIN1

proteins will redistribute themselves by attaching to one of the four sides of the cell wall
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(assuming each cell is surrounded by four neighboring cells). The redistribution of PIN1 is

governed by the following equations [34]

dPij
dt

= f(Aj)Pi − k2Pij (10.2)

dPi
dt

=
∑
k

(k2Pik − f(Ak)Pi) (10.3)

where Pi is the amount of PIN1 in the inner part of cell i, and Pij is the amount of PIN1 on

cell wall (i,j), i.e. the part of cell wall of cell i which is adjacent to cell j. From Equation

(10.2), we can see the PIN1 on cell wall (i, j) will increase if a high auxin concentration

in cell j calls for more PIN1 to be transported from inner cell i to the call wall, which

is described by the f(Aj)Pi term. At the same time, there is also an internalization term

−k2Pij , acting like diffusion, taking PIN1 back to the inner part of cell i with a constant rate

k2. Similarly, Equation (10.3) describes the change of PIN1 concentration of the inner part

of cell i. The right hand side of this equation has exactly the opposite signs with Equation

(10.2) because whenever the cell wall loses a PIN1, the inner cell gains it, and vice versa.

Since it is assumed each cell is surrounded by a four-side cell wall, a summation is taken

over all sides. Based on the mechanism we talked about above, we know the function f(Aj)

to should be an increasing function of Aj , yet the exact formula is unknown. The simplest

assumption is a linear model f(Aj) = k1Aj . Assuming the PIN1 cycling process has a

smaller time scale than auxin redistribution, i.e. whenever the change in auxin distribution

requires the PIN1 distribution to reconfigure, PIN1 can readjust their positions quickly

enough that we can assume it to be at the steady state all the time. With this assumption,

the distribution of PIN1 can be expressed as an algebraic equation of auxin concentrations

as follows

P (k, i) = P
A(i)

κ+
∑(k)

j A(j)
(10.4)

where P (k, i) is the amount of PIN1 pointing from cell k to cell i and P is the total amount

of PIN1 in a single cell which is assumed constant throughout all cells, and κ = k2
k1

. Here
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∑(k)
j A(j) is taken over all neighbors of cell k. Approximately, the fraction of PIN1 at-

tached to a specific part of cell wall (i,j) is determined by the fraction of auxin concentra-

tion in the cell j over the total concentration of neighborhoods of cell i. Substitute (10.4)

into Equation (10.1) and one would get a closed set of equations of the auxin concentration

only.

dA(i)

dt
= D

∑
k

(A(k)− A(i)) + TP
∑
k

(
A(k)A(i)

κ+
∑(k)

j A(j)
− A(k)A(i)

κ+
∑(i)

j A(j)

)
+ c− dA(i)

(10.5)

A uniform distribution of auxin, i.e. Aj = A0 = c
d
, ∀j is a stationary solution to this

equation system. By direct numerical simulations of this model, Meyerowitz et al.[34]

found periodic patterns of the auxin concentration.

The continuum limit

Meyerowitz and Traas et al. found the distances between closet peaks of auxin concentra-

tions are approximately 10 cells. Thus the auxin concentrations can be effectively viewed as

a continuous field (the continuum limit of the discrete distributions). The continuum limit

provides an alternative approach in analyzing the auxin distribution. Next I will briefly

review the derivation of the continuum limit of Equation (10.5).

The continuum limit can be obtained by expressing the auxin concentration in neigh-

boring cells of A(i, j) by Taylor expansions at (i, j). For instance,

A(i, j + 1) = A(i, j) +
∂A

∂y
|(i,j)h+

∂2A

∂y2
|(i,j)

h2

2
+
∂3A

∂y3
|(i,j)

h3

6
+ ...

A(i+ 1, j) = A(i, j) +
∂A

∂x
|(i,j)h+

∂2A

∂x2
|(i,j)

h2

2
+
∂3A

∂x3
|(i,j)

h3

6
+ ...

Also, express the auxin concentration as the uniform stationary distribution plus fluctua-

tions, i.e. A = A0 + a. Then one obtain the equation for the fluctuation part (a) of the
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continuum limit (A) of Equation (10.5).

at = −da+ h2(D − PT A2
0

(κ+ A0)2
)52 a− PTA2

0h
4

4(κ+ A0)2
54 a

−2PTh2κA0

(κ+ A0)3
5 (a5 a)− PTh4A2

0

2(κ+ A0)3
5 (5a52 a)

The equation for the growth strain tensor

For simplicity, we assume the growth strain tensor is isotropic and its principal com-

ponents are g. We also assume that g is proportional to the fluctuation of the auxin field,

i.e. g = 1
ς
a
A0

where ς measures the strength of such a contribution. Substituting a by

A0gς , and rescale the spatial variables w.r.t. Λ (where 2πΛ is the natural wavelength of the

mechanical equation), we get the (rescaled) dimensionless equation for the growth strain

tensor below. The reason that the rescaling is done w.r.t. the natural wavelength of the

mechanical equation instead of the natural wavelength of the auxin equation is for easier

comparison of the two models.

gt = −Lg −H 52 g −54g

− κ̄15 (g5 g)− κ̄25 (5g52 g)− δ′g3

where

L =
4(κ+A0)2

PTA2
0h

4
Λ4d, H =

4(κ+A0)2

PTA2
0h

4
Λ4h2(PT

A2
0

(κ+A0)2
−D) = 4(

Λ

h
)2(1− D

PT
(
κ+A0

A0
)2)

κ̄1 =
4(κ+A0)2

PTA2
0h

4
Λ4 2PTh2κA0

(κ+A0)3
A0ς =

8κς

κ+A0
(
Λ

h
)2, κ̄2 =

4(κ+A0)2

PTA2
0h

4
Λ4 PTh4A2

0

2(κ+A0)3
A0ς =

2A0ς

κ+A0

δ′ = δA2
0ς

2
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Chapter 11

APPENDIX C: DERIVATION OF THE AMPLITUDE EQUATIONS

11.1 The nonlinear coefficients

For our purpose, only terms containing ei
−→
k 1·−→x are shown explicitly on the right hand

sizes. All other terms are expressed as in [...].

The quadratic terms in the surface deformation equation

C5−2

2ν
[w,w] +

C

ν
[5−2w,w]

= − C

ν|
−→
k 1|2
|
−→
k 2 ×

−→
k 3|2A∗2A3e

i
−→
k 1·−→x − C

ν|
−→
k 2|2
|
−→
k 3 ×

−→
k 1|2A∗2A3e

i
−→
k 1·−→x

− C

ν|
−→
k 3|2
|
−→
k 1 ×

−→
k 2|2A∗2A3e

i
−→
k 1·−→x + [...]

= −C
ν
|
−→
k 1 ×

−→
k 2|2

3∑
j=1

1

|
−→
k j|2

A∗2A3e
i
−→
k 1·−→x + [...] (11.1)

C

ν
[5−2g, w] = −C

ν
|
−→
k 2 ×

−→
k 3|2(

1

|
−→
k 2|2

B∗2A3 +
1

|
−→
k 3|2

B3A
∗
2)ei

−→
k 1·−→x + [...] (11.2)

Thus the equation for A1 would be

∂A1

∂t
= σ1A1 + CB1 − Cτ123A

∗
2A3 + τ2B

∗
2A3 + τ3B3A

∗
2 − γA1(|A1|2 + 2|A2|2 + 2|A3|2)(11.3)

where τ1 = |
−→
k 2×

−→
k 3|2

ν|
−→
k 1|2

, τ2 = |
−→
k 1×

−→
k 3|2

ν|
−→
k 2|2

, τ3 = |
−→
k 1×

−→
k 2|2

ν|
−→
k 3|2

, τ123 = τ1 + τ2 + τ3.

The quadratic terms in the biochemical equation

−κ̄15 (g5 g) = −κ̄1i
−→
k 1(B∗2(i

−→
k 3B3) +B3(−i

−→
k 2B

∗
2))ei

−→
k 1·−→x + [...]

= −κ̄1i
−→
k 1(i(

−→
k 3 −

−→
k 2))B∗2B3e

i
−→
k 1·−→x + [...]

= κ̄1|
−→
k 1|2B∗2B3e

i
−→
k 1·−→x + [...] (11.4)
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−κ̄25 (5g52 g) = −κ̄2i
−→
k 1(−i

−→
k 2B

∗
2(−|
−→
k 3|2B3) + i

−→
k 3B3(−|

−→
k 2|2B∗2))ei

−→
k 1·−→x + [...]

= −κ̄2(−
−→
k 1 ·
−→
k 2|
−→
k 3|2 +

−→
k 1 ·
−→
k 3|
−→
k 2|2)B∗2B3e

i
−→
k 1·−→x + [...] (11.5)

Then the equation for B1, B2, B3 are

∂B1

∂t
= σh1B1 + %CA1 + κ̂1,{2,3}B

∗
2B3 + βτ1A

∗
2A3 − δB1(|B1|2 + 2|B2|2 + 2|B3|2)

∂B2

∂t
= σh2B2 + %CA2 + κ̂2,{1,3}B

∗
1B3 + %τ1A

∗
1A3 − δB2(2|B1|2 + |B2|2 + 2|B3|2)

∂B3

∂t
= σh3B3 + βCA3 + κ̂3,{2,1}B1B2 + βτ1A1A2 − δB3(2|B1|2 + 2|B2|2 + |B3|2)

where κ̂1,{2,3} = κ̄1|
−→
k 1|2 + κ̄2(

−→
k 1 ·
−→
k 2|
−→
k 3|2 −

−→
k 1 ·
−→
k 3|
−→
k 2|2),

κ̂2,{1,3} = κ̄1|
−→
k 2|2 + κ̄2(

−→
k 2 ·
−→
k 1|
−→
k 3|2 −

−→
k 2 ·
−→
k 3|
−→
k 1|2),

κ̂3,{1,2} = κ̄1|
−→
k 3|2 + κ̄2(−

−→
k 3 ·
−→
k 2|
−→
k 1|2 −

−→
k 3 ·
−→
k 1|
−→
k 2|2).

κ̂3,{1,2} = κ̂2,{1,3} = κ̂3,{1,2} only if |k1| = |k2| = |k3|, i.e. ~k1, ~k2, ~k3 are 120o apart.

The quadratic terms in the amplitude equations contribute terms such as

EQuad = τijkA
∗
iA
∗
jAk (11.6)

to the free energy functional. If the quadratic terms involves taking derivatives of the field

(which are the case for both mechanical and biochemical equations), additional terms

will arise. These additional terms would add to the free energy functional terms like

τ ′i,j,k
∂A∗i
∂r

∂A∗j
∂r
Ak and τ ′′i,j,kA

∗
iA
∗
j
∂Ak
∂r

, etc.

The cubic saturation

Again, only terms containing ei
−→
k 1·−→x are shown explicitly on the right hand sizes. All other

terms are expressed as in [...].

w3 = (
∑

Aei
∫
lmdr+imα + (c.c.))3

= 3
∑

A1(A1A
∗
1 + 2

∑
n6=1

AnA
∗
n)ei

−→
k 1·−→x + [...] = 3A1(|A1|2 + 2

∑
n 6=1

|An|2)ei
−→
k 1·−→x + [...]

The cubic term γw3 in the amplitude equations contribute

ECub =
γ

4
(6
∑
|Am|4 + 24

∑
n6=j

|An|2|Aj|2) (11.7)
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to the free energy functional.

11.2 Summarization of the coupled amplitude equations and the cor-
responding free energy functional

In summary, the simple version (without considering the spatial derivatives) of the cou-

pled amplitude equations for the combined model are as follows.

∂A1

∂t
= σ1A1 + CB1 − Cτ123A

∗
2A3 + τ2B

∗
2A3 + τ3B3A

∗
2 − γA1(2SA − |A1|2)

∂A2

∂t
= σ2A2 + CB2 − Cτ123A

∗
1A3 + τ3B

∗
3A1 + τ1B

∗
1A3 − γA2(2SA − |A2|2)

∂A3

∂t
= σ3A3 + CB3 − Cτ123A2A1 + τ2B2A1 + τ1B1A2 − γA3(2SA − |A3|2)

∂B1

∂t
= σh1B1 + %CA1 + κ1,{2,3}B

∗
2B3 + %τ1A

∗
2A3 − δB1(2SB − |B1|2)

∂B2

∂t
= σh2B2 + %CA2 + κ2,{1,3}B

∗
1B3 + %τ2A

∗
1A3 − δB2(2SB − |B2|2)

∂B3

∂t
= σh3B3 + %CA3 + κ3,{1,2}B2B1 + %τ3A2A1 − δB3(2SB − |B3|2) (11.8)

where SA =
∑
|Aj|2, SB =

∑
|Bj|2.

The system is a gradient flow (i.e. the equations are variational derivatives of a free

energy functional and the evolution of the variables relaxes the energy functional to its

local minimum) if κi,{j,k} = κj{i,k} = κk,{i,j}. This requires, as discussed above, |
−→
k 1| =

|
−→
k 2| = |

−→
k 3|, and

−→
k j’s must all form an angle 120o. This is the case when the system

is near the onset of pattern formation. In this case, we have the simple version of the free
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energy functional

E = −
3∑
i=1

σiAiA
∗
i −

3∑
i=1

σhiBiB
∗
i −

3∑
i=1

C(AiB
∗
i + A∗iBi)

−τ1(B∗1A
∗
2A3 +B1A2A

∗
3)− τ2(B∗2A

∗
1A3 +B2A1A

∗
3)− τ3(B3A

∗
2A
∗
1 +B∗3A2A1)

−1

%
κ1,{2,3}(B

∗
1B
∗
2B3 +B1B2B

∗
3) + Cτ123(A∗1A

∗
2A3 + A1A2A

∗
3)

+
3γ

2
(A2

1A
∗2
1 + A2

2A
∗2
2 + A2

3A
∗2
3 ) + 6γ(A1A

∗
1A2A

∗
2 + A2A

∗
2A3A

∗
3 + A3A

∗
3A1A

∗
1)

+
3δ

2%
(B2

1B
∗2
1 +B2

2B
∗2
2 +B2

3B
∗2
3 ) + 6

1

%
δ(B1B

∗
1B2B

∗
2 +B2B

∗
2B3B

∗
3 +B3B

∗
3B1B

∗
1)

(11.9)
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Chapter 12

APPENDIX D: (REVIEW) ANALYSIS OF FRONT

PROPAGATION

This Appendix reviews the properties of front propagations. More detailed discussions

can be found in the extensive review in [55].

12.1 Uniformly translating fronts

Equation (12.1)

∂u

∂t
= Duxx + αu+ βu2 − γu3 (12.1)

admits propagating front solutions with boundary condition: u(x, t) −→ u0 as x −→

−∞, u(x, t) −→ 0 as x −→ +∞. This equation above can be rescaled to the following

dimensionless form by letting u → au′, x → bx′, t → dt′ (where a =
β±
√
β2+4αγ

2γ
,

b =
√

D
aβ

= 1, d = 1
aβ

), the equation then becomes (upon dropping the primes)

∂u

∂t
= uxx + εu+ u2 − (1 + ε)u3 (12.2)

with boundary conditions u(x, t) −→ 1 as x −→ −∞, u(x, t) −→ 0 as x −→ +∞.

12.1.1 Linear marginal speed

For a pure linear equation containing only diffusion and linear growth, the unstable

state (the leading edge) has an intrinsic need to grow, which drives the propagation with a

preferable speed. The asymptotic behavior of the front can be found by approximating the

inverse Fourier integral of the front using the method of steepest descent. Finding the saddle

point and the steepest descending direction is equivalent to finding the group velocity of the

front. Simply put the linear marginal front is the single front whose speed is the same as the
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group velocity. The group velocity can be found by substituting ansatz u = eiλx+iωt into

the partial differential equation, solving for ω(λ) from it. The group velocity is vg = ∂ω
∂λ

.

The phase velocity for eiλx+iωt is vp = Im(ω)
Im(λ)

. The magnitude of the front profile doesn’t

growth or decay on the frame of reference that moves with the phase velocity. Then the

linear marginal front profile would be ∼ eiλ
∗(x−v∗t) where λ∗ satisfies

vg = vp ⇔ ∂ω

∂λ
|λ∗ =

Im(ω)

Im(λ)
|λ∗ (12.3)

The dispersion relation of Equation (12.2) is

ω = i(−λ2 + ε)

Condition (12.3) gives the linear marginal front speed and profile for the dimensionless

equation (12.2) as

v∗ε = 2
√
ε, λ∗ε =

√
ε

The linear marginal front speed and profile for the original dimensional Equation (12.1)

is

v∗ =
√
Dα, λ∗ =

√
ε

D

12.1.2 Phase plane analysis of the traveling wave solution

If the front is uniformly translating, i.e. the front profile is only a function of z = x−vt,

then the partial differential equation can be reduced to an ordinary differential equation of

z. Substitute ansatz z = x− vt into the equation and one will get

−vuz = uzz + εu+ u2 − (1 + ε)u3 (12.4)

Notice that the profile u(z) is v dependent, i.e. for different front velocities, the front profile

propagating with those velocities are also different. In the phase plane, we look for an orbit



156

that connect u = 1, uz = 0 and u = 0, uz = 0. This can be viewed as a damped oscillation

problem in the potential energy well (12.5) where v is the “friction coefficient”.

d

dz
E = −v(uz)

2 ≤ 0, where E =
1

2
εu2 +

1

3
u3 − (1 + ε)

4
u4. (12.5)

The shapes of E in (12.5) for different ε values are plotted in Figure 12.1 [56].

FIGURE 12.1. E as a function of u. (a) ε = 0.9. (b)ε = 0. (c)ε = −0.35.

From the plot, we see that when ε < 0, u = 0 and u = 1 are both saddle points. So

the c has to be exactly chosen in order to connect u = 0 and u = 1. For ε > 0, u = 1

is a saddle point and u = 0 can either be an attracting spiral or a node depending on the

“friction coefficient” v. The transition of these two states occurs at a critical v∗ε . The value

of v∗ε can by found by liberalization of Equation (12.4) around its stationary state u = 0,

i.e.

λ2 + vλ+ ε = 0⇒ λ1,2 =
−v ±

√
v2 − 4ε

2
(12.6)

and the critical v∗ε is such that equation (12.6) has two identical roots, namely

v∗2ε − 4ε = 0 =⇒ v∗ε = ±2
√
ε, λε

∗ = −v
∗
ε

2
= −
√
ε (12.7)

Remark:

This v∗ε is the same as the linear marginal speed. This suggests that the linear marginal

speed is the smallest speed for the leading edge of front profile to monotonically approach

zero. Any front propagating with less speed must have an oscillating leading edge. Any

front propagating with a larger speed can have a profile either shallower (λ1) or steeper(λ2)

than the linear marginal decaying rate λ∗ε , i.e. λ2 < λ∗ε < λ1 < 0.
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12.1.3 Nonlinear pushed front

Nonlinear pushed fronts are more difficulty to find since global nonlinear analysis are

needed. Method of “Reduction of order” can be used to find a special class of solutions

and in some parameter regime these special solutions are the nonlinear pushed front we are

interested in [55]. Since we are interested in finding an orbit connecting u = 1 and u = 0,

and since we are considering monotonic function u, it is valid to assume the path takes the

form ∂u
∂z

= h(u) (where h(0) = h(1) = 0) without loss of generality. Substitute it into

Equation (12.2) and we will get

=⇒ h(u)h′(u) + ch(u) + εu+ u2 − (1 + ε)u3 = 0 (12.8)

h(u) can only be analytically solved for some special form of right hand side (RHS) of

the partial differential equation, for instance, RHS in the form εu + u2 − (1 + ε)u3 as in

Equation (12.2). one can show that for ṽε = −3λε + 1
λ̃ε

where λ̃ε = −
√

1+ε
2

,the solution

is h(u) = λ̃εu(1 − u) [55]. Note that |λ̃ε| > |λ∗ε | ⇐⇒
√

1+ε
2
>
√
ε ⇐⇒ ε < 1, meaning

ε < 1 is a sufficient condition for the pushed front to exist.

In conclusion, when ε < 1, there exist a nonlinear pushed front for dimensionless

Equation (12.2) whose profile decay rate and speed are

λ̃ε = −
√

1 + ε

2
< λ∗ε < 0, ṽε = −3λ̃ε +

1

λ̃ε
> v∗ε (12.9)

The dimensional Equation (12.1) has a pushed front if β2 > 1
2
αγ (otherwise the front is

pulled). The speed of this pushed front is

ṽ =
−β ± 3

√
β2 + 4αγ

2
√

2γ

√
D, λ̃ = −

√
β ±

√
β2 + 4αγ

√
α

4D
(12.10)

12.2 Pattern-forming fronts

Another class front propagating equation is of the Swift-Hohenberg kind. Such equa-

tions leaves patterns behind as the front propagates.
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Direct linear analysis of the (one dimensional) Swift-Hohenberg equation

The linearized operator of the Swift-Hohenberg equation around w = 0 is

∂u

∂t
= (−(

∂2

∂x2
+ P )2 + ε)u = −∂

4u

∂x4
− 2P

∂2u

∂x
+ (−P 2 + ε)u

which have a dispersion relation for mode eikx+iωt as

ω = i(−k4 + 2Pk2 − P 2 + ε)

Condition (12.3) determines the profile and the corresponding speed of the linear pull front.

Let v∗ be the linear spreading speed and λ∗ and k∗ be the imaginary and real part of the

front profile which represent the exponential decaying rate of the front envelope and the

frequency of the spatial oscillation respectively. For 0 < ε < P 2

v∗ε =
2

3
√

6
(4P +

√
4P 2 + 24ε)(−2P +

√
4P 2 + 24ε)1/2

λ∗ε =
1

2
√

6
(−2P +

√
4P 2 + 24ε)1/2

k∗ε =
1

2
√

2
(6P +

√
4P 2 + 24ε)1/2

Such fronts are pattern forming because of the presence of the imaginary part of the front

profile. Another way to analyze such pattern forming front is via the amplitude equation,

provided the frequency of the pattern is close to the optimal frequency [57]. Especially ap-

proach of amplitude equations appears to the best tool to analyzed pushed pattern formation

front.



159

REFERENCES

[1] F. J. Richards, “Phyllotaxis: its quantitative expression and relation to growth in the
apex,” Philos. Trans. R. Soc. B, vol. 235, pp. 509–564, 1951.

[2] R. F. Williams, “The shoot apex and leaf growth,” Cambridge University Press, Cam-
bridge., 1975.

[3] P. D. Shipman and a. C. Newell, “Polygonal planforms and phyllotaxis on plants.,”
Journal of theoretical biology, vol. 236, pp. 154–97, 2005.

[4] G. a. a. Dosio, F. Tardieu, and O. Turc, “How does the meristem of sunflower capit-
ulum cope with tissue expansion and floret initiation? a quantitative analysis.,” The
New phytologist, vol. 170, pp. 711–22, January 2006.

[5] S. Douady and Y. Couder, “Phyllotaxis as a dynamical self organizing process part
i: The spiral modes resulting from time-periodic iterations,” Journal of Theoretical
Biology, vol. 178, pp. 255–273, February 1996.

[6] S. Douady and Y. Couder, “Phyllotaxis as a dynamical self organizing process part ii:
The spontaneous formation of a periodicity and the coexistence of spiral and whorled
patterns,” Journal of Theoretical Biology, vol. 178, pp. 275–294, February 1996.

[7] S. Douady and Y. Couder, “Phyllotaxis as a Dynamical Self Organizing Process Part
III: The Simulation of the Transient Regimes of Ontogeny,” Journal of theoretical
Biology, vol. 178, no. 3, pp. 295–312, 1996.

[8] S. Douady, “The selection of phyllotactic patterns,” Symmetry in plants. World Scien-
tific, Singapore, pp. 335–358, 1998.

[9] W. Hofmeister, “Allgemeine morphologie der Gewächse,” 1868.
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