
Cooperative Effects for Measurement -
Raman Superradiance Imaging and Quantum
States for Heisenberg Limited Interferometry

Item Type text; Electronic Dissertation

Authors Uys, Hermann

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 26/05/2023 10:21:24

Link to Item http://hdl.handle.net/10150/195015

http://hdl.handle.net/10150/195015


- COOPERATIVE EFFECTS FOR MEASUREMENT -

RAMAN SUPERRADIANCE IMAGING AND QUANTUM STATES

FOR HEISENBERG LIMITED INTERFEROMETRY

by

HERMANN UYS

A Dissertation Submitted to the Faculty of the

DEPARTMENT OF PHYSICS

In Partial Fulfillment of the Requirements
For the Degree of

DOCTOR OF PHILOSOPHY

In the Graduate College

THE UNIVERSITY OF ARIZONA

2 0 0 8



2

THE UNIVERSITY OF ARIZONA

GRADUATE COLLEGE

As members of the Dissertation Committee, we certify that we have read the dissertation

prepared by Hermann Uys

entitled Cooperative Effects for Measurement - Raman Superradiance Imaging and

Quantum States for Heisenberg Limited Interferometry

and recommend that it be accepted as fulfilling the dissertation requirement for the

Degree of Doctor of Philosophy

Pierre Meystre Date: February 4, 2008

Poul Jessen Date: February 4, 2008

Ewan Wright Date: February 4, 2008

Alex Cronin Date: February 4, 2008

Final approval and acceptance of this dissertation is contingent upon the candidates

submission of the final copies of the dissertation to the Graduate College.

I hereby certify that I have read this dissertation prepared under my direction and

recommend that it be accepted as fulfilling the dissertation requirement.

Dissertation Director : Pierre Meystre Date: February 4, 2008



3

STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of requirements for an advanced
degree at The University of Arizona and is deposited in the University Library to be made
available to borrowers under rules of the Library.

Brief quotations from this dissertation are allowable without special permission, provided
that accurate acknowledgment of source is made. Requests for permission for extended
quotation from or reproduction of this manuscript in whole or in part may be granted by
the head of the major department or the Dean of the Graduate College when in his or her
judgment the proposed use of the material is in the interests of scholarship. In all other
instances, however, permission must be obtained from the author.

SIGNED: Hermann Uys



4

ACKNOWLEDGEMENTS

It is a pleasure to thank my advisor Professor Pierre Meystre for sharing the adventure

of quantum optics, it has been an exciting few years in your gedanken lab. My gratitude

also to the other members of the group Mishkat Battacharya, Whenzhou Chen, Omjyoti
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ABSTRACT

Cooperative effects in many-particle systems can be exploited to achieve measurement

outcomes not possible with independent probe particles. We explore two measurement

applications based on the cooperative phenomenon of superradiance or on correlated

quantum states closely related to superradiance.

In the first application we study the off-resonant superradiant Raman scattering of

light from an ultracold Bose atomic vapor. We investigate the temperature dependence of

superradiance for a trapped vapor and show that in the regime where superradiance occurs

on a timescale comparable to a trap frequency, scattering takes place preferentially from

atoms in the lowest trap levels due to Doppler dephasing. As a consequence, below the

critical temperature for Bose condensation, absorption images of transmitted light serve

as a direct probe of the condensed state. Subsequently, we consider a pure condensate and

study the time-dependent spatial features of transmitted light, obtaining good qualitative

agreement with recent imaging experiments. Inclusion of quantum fluctuations in the

initial stages of the superradiant emission accounts well for shot-to-shot fluctuations.

Secondly, we have used simulated annealing, a global optimization strategy, to sys-

tematically search for correlated quantum interferometer input states that approach the

Heisenberg limited uncertainty in estimates of the interferometer phase shift. That limit

improves over the standard quantum limit to the phase sensitivity of interferometric mea-

surements by a factor of 1/
√
N , where N is the number of interfering particles. We com-

pare the performance of these states to that of other non-classical states already known to

yield Heisenberg limited uncertainty.
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CHAPTER 1

INTRODUCTION

Two prototypical quantum optical phenomena that a single two-level atom may exhibit are

spontaneous emission of a photon after the atom was excited, and resonance fluorescence

when the transition is continuously driven by a monochromatic, resonant light field [1, 2,

3]. During spontaneous emission in free space the probability of the atom to occupy the

excited state decays exponentially due to coupling of the atomic dipole to all modes of the

electromagnetic vacuum. Resonance fluorescence, by contrast, is characterized by a mean

scattered light intensity consisting of two contributions, the coherently scattered intensity

due to the average motion of the atomic dipole under the influence of the driving field,

and the incoherently scattered intensity due to fluctuations in that dipole moment, again

as a consequence of coupling to the vacuum electromagnetic field. These mean intensities

are obtained when averaging photon detection events over times very long compared to

the inverse Rabi frequency and compared to the average decay time 1/[(γ+Γ)/2], where

γ is the decay constant of the polarization and Γ the decay constant of the upper state

population. On time scales comparable to the above inverse frequencies the quantum

nature of the scattered field manifests itself through the phenomenon of anti-bunching.

That is, if a photon is detected there is a vanishing probability to detect a second photon

immediately thereafter, since after emission of a photon the atom is in the ground state of

the two-levels and will take some time to be excited before it can emit a second photon.

Furthermore, for a linearly polarized driving light field, and if the two levels of the

transition have the same spin magnetic quantum number, the spatial emission pattern

over many repetitions of spontaneous emission and resonance fluorescence, is given by

the sin 2θ Rayleigh scattering pattern of a classical oscillating dipole, where θ is the angle

between the direction of emission and the polarization of the driving light field.
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If instead of a single atom, a sample of N À 1 very dilute atoms undergoes either

spontaneous emission after a single inversion pulse, or resonance fluorescence, the de-

tected intensities will be simple ensemble averages over the independent contributions of

the individual atoms. In other words, in the case of spontaneous emission a light field will

be detected with an exponentially decaying intensity N times stronger than that of an in-

dividual atom, and with the same spatial emission pattern. The mean intensity in the case

of resonance fluorescence will also be N times more intense, although the anti-bunching

effect will no longer be observable due to the average over independent emission events

by many atoms.

On the otherhand if the N atom sample is dense, or more precisely the atoms are lo-

cated within a cooperation length of each other, close enough so that each atom interacts

with the light field emitted by the other atoms1, then both the temporal and spatial charac-

ter of these phenomena can be dramatically altered. Under such circumstances the atoms

may radiate in concert in a process known as superradiance during which one or more

brief, intense pulses of light are emitted which may also be highly directional. Superradi-

ance, and correlated quantum states that may lead to superradiance, play a central role in

the measurement problems discussed in this dissertation.

Along with lasing, recoil induced resonance, coherent atomic recoil lasing and free

electron lasing, superradiance falls in a class of radiation phenomena which may be de-

scribed as cooperative. Cooperative effects are not only of fundamental interest as emer-

gent phenomena, but can be practically exploited during measurements to overcome lim-

itations present when using independent probe particles. I cite two examples of state-of-

the-art measurement applications based respectively on the cooperative radiation effects

lasing and free electron lasing.

Laser technology is ubiquitous in precision measurement applications such as the set-

ting of time and frequency standards. The precise measurement of time is important for

applications as practical as navigation using the global positioning system, or as funda-

1See for example [17] for a quantitative definition of the cooperation length.
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mental as exploring physics beyond the standard model by testing whether the funda-

mental constants vary with time. The next generation of time standards will most likely

include single ion, all optical frequency clocks [4, 5] which are predicted to reach frac-

tional frequency uncertainties of one part in 1018. One key ingredient to these exquisitely

sensitive measurement instruments is a stable, coherent, near monochromatic light source

with a subhertz line width, with which to drive the optical clock transition. The underly-

ing physical phenomenon on which such a light source is based is the cooperative effect

of lasing during which the emission of light into a well defined mode is enhanced through

Bose stimulation. In these clocks the reliance on laser technology is crucial, in contrast

to rubidium vapor clocks, a few orders of magnitude less precise, which use rubidium

discharge lamps.

Unlike Bose stimulation, cooperativity in free electron lasing is not a purely quantum

effect. Rather it results when relativistic electrons dynamically match the phase of the

radiation they emit [3]. A similar phase-matching effect occurs as a consequence of the

spatial bunching atoms during coherent atomic recoil lasing and extended sample super-

radiance, as we will discuss in more detail in appendix A. Free electron lasers emitting

in the x-ray regime (XFEL) hold the promise of resolving long standing measurement

problems in structural biology and material science [6]. In these disciplines x-ray crys-

tallography has long served as a powerful tool for structure determination with atomic

resolution of solid state and biological compounds. It relies on the detection of an x-ray

diffraction pattern consisting of Bragg peaks which result when the periodic arrangement

of molecules in a crystallized sample scatter x-rays passing through the sample coher-

ently into the Bragg directions. A significant impediment to advance in this field has

been the inability to crystallize many biological samples of interest. Without the bene-

fit of Bragg diffraction the x-ray intensity in traditional synchrotron sources is too weak

to image individual molecules. In addition the structural determination of an individual

molecule would require an x-ray beam phase coherent across the width of that molecule.

XFEL’s can overcome both limitations by providing intense x-ray pulses with long co-



12

herence lengths [7]. The world’s first XFEL, due to come online in 2009 at the Stanford

Linear Accelerator [8], will usher in a new era in structural biology by direct exploitation

of a cooperative radiation effect for measurement.

After a brief introduction to cooperative spontaneous emission this dissertation ex-

plores two measurement problems, one in which the dynamical cooperative nature of su-

perradiance is used to image atoms that undergo a Bose-Einstein phase transition and one

in which correlated quantum states characteristic of superradiant systems are employed

for making precision measurements.

1.1 Cooperative spontaneous emission

As an illustrative example consider a system of two atoms undergoing spontaneous emis-

sion, a system which despite its simplicity can exhibit striking cooperative effects. To

set the stage we’ll first review the Weisskopf-Wigner theory of spontaneous emission for

a single atom and then adapt it to the two atom case. Since Weisskopf-Wigner theory

is described in many textbooks [2, 3], we only outline the derivation. A two-level atom

with electronic ground and excited states |g〉 and |e〉 respectively, is assumed to initially

be in the excited state. In free space this atom will couple to all modes of the electro-

magnetic vacuum described by the creation and annihilation operators â†k and âk, which

obey bosonic commutation relations
[
âk, â

†
k′

]
= δk,k′ . If the energy separation between

ground and excited states is h̄ω0 and the atom is assumed to couple to all vacuum modes

with equal strength χ, then the energy of the system is given by the Hamiltonian

H =
∑

k

h̄ωkâ
†
kâk +

1

2
h̄ω0 (|e〉〈e| − |g〉〈g|) + h̄

∑

k

(
χâk|e〉〈g|+ χ∗â†k|g〉〈e|

)
, (1.1)

where h̄ωk is the energy of the mode âk. After emission the system will consist of the

atom in the ground state and a photon in one mode. The wavefunction at any time can

therefore be described by

|ψ〉 = ce0(t)|e, 0〉+
∑

k

cgk(t)|g, 1k〉, (1.2)
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where |e, 0〉 is the state with zero photons and the atom in the excited state, and |g, 1k〉 is

the state with a photon in mode âk and the atom in its ground state. From the Schrödinger

equation, and after defining ce0(t) = c̃e0(t)e
−i

ω0
2

t and cgk(t) = c̃gk(t)e
i(ω0/2−ωk)t, we find

equations of motion for the amplitudes in Eq. (1.2)

˙̃ce0 = −i
∑

k

χc̃gk(t)e
i(ω0−ωk)t (1.3)

˙̃cgk = −iχ∗c̃e0(t)e−i(ω0−ωk)t. (1.4)

Formally integrating Eq. (1.4) and substituting into Eq. (1.3) yields

˙̃ce0 = −
∑

k

|χ|2
∫ t

t0

c̃e0(t
′)ei(ω0−ωk)(t−t′)dt′. (1.5)

Taking the sum to a 3D integral in k-space and using the dispersion relation ωk = ck to

transform to frequency space gives after integrating over the angular part

˙̃ce0 = − |℘|2
6ε0h̄π2c3

∫ ∞

0

ω3
kdωk

∫ t

t0

c̃e0(t
′)ei(ω0−ωk)(t−t′)dt′, (1.6)

where ℘ = 〈er〉 is the electric dipole moment matrix element. If one assumes that the

factor c̃e0(t′) is slowly varying compared to the exponential, it can be evaluated at t and

taken out of the integral. To proceed we need the identity
∫ t

t0

ei(ω0−ωk)(t−t′)dt′ = πδ(ω0 − ωk)− P
[

i

ωk − ω0

]
. (1.7)

The principal part in the latter equation leads to a frequency shift related to the Lamb shift

which we neglect. Using Eq. (1.7) we finally get

˙̃ce0 = −Γ

2
c̃e0. (1.8)

One thus gets exponential decay of the atom from the excited state at the Weisskopf-

Wigner decay rate

Γ =
|℘|2ω3

0

3ε0h̄πc3
, (1.9)

which is accompanied by the spontaneous emission of a photon.
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We now turn to the two atom system. To allow direct comparison to the single atom

case we will consider the emission of only one photon by assuming the initial state of the

atom is either a symmetric triplet

|φ+〉 =
1√
2

(|e1, g2〉+ |g1, e2〉) (1.10)

or a singlet

|φ−〉 =
1√
2

(|e1, g2〉 − |g1, e2〉) , (1.11)

where |e1, g2〉 indicates that atom 1 is in the excited state and atom 2 is in the ground state

and so on. Again assuming coupling to all modes of the electromagnetic vacuum gives

the two-atom Hamiltonian

H =
∑

k

h̄ωkâ
†
kâk +

∑
i=1,2

1

2
h̄ω0 (|ei〉〈ei| − |gi〉〈gi|)

+ h̄
∑
i=1,2

∑

k

(
χâk|ei〉〈gi|+ χ∗â†k|gi〉〈ei|

)
. (1.12)

The wavefunction at a later time is now given by

|ψ±〉 = c±0(t)|φ±, 0〉+
∑

k

cgk(t)|g1, g2, 1k〉. (1.13)

Proceeding as in the single atom case we obtain the equations

ċ±0 = −i
√

2
∑

k

χc̃gk(t) (1.14)

˙̃cgk = −i(1± 1)√
2

χ∗c±0(t)e
−i(ω0−ωk)t. (1.15)

Thus, due to the the sum in round brackets in Eq. (1.15), we get ċ−0 = ˙̃cgk = 0 when

the atoms are initially in the state |φ−〉 , i.e. the singlet state does not radiate at all! This

phenomenon is referred to as subradiance. On the other hand when the atoms are initially

in |φ+〉 we get

ċ+0 = −2
∑

k

|χ|2
∫ t

t0

c+0(t
′)ei(ω0−ωk)(t−t′)dt′. (1.16)
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The latter differs from the single atom case, Eq. (1.5), only by an overall factor of 2, so

we can immediately write

ċ+0 = −Γc+0. (1.17)

The two atoms cooperate to spontaneously emit the photon twice as fast as the single

atom alone. This enhanced spontaneous emission rate is referred to as superradiance.

1.2 The Dicke model

The more general situation of N spontaneously emitting atoms was investigated in detail

by Dicke [9] in 1954. A convenient mathematical approach to this problem consists of

mapping the N -atom, two-level system onto a pseudo-spin system of spin N/2. One

proceeds as follows. Define a new set of operators

σ̂z
i =

1

2
(|ei〉〈ei| − |gi〉〈gi|) (1.18)

σ̂+
i = |ei〉〈gi| =

(
σ̂−i

)†
. (1.19)

These operators obey angular momentum commutation relations

[
σ̂z

i , σ̂
±
j

]
= 2δijσ̂

z
i (1.20)

[
σ̂+

i , σ̂
−
j

]
= ±δijσ̂±i , (1.21)

where δij is the Kronecker delta function. The Hamiltonian, Eq. (1.12), generalized to the

N atom case is then

H =
∑

k

h̄ωkâ
†
kâk +

N∑
i=1

h̄ω0σ̂
z
i + h̄

N∑
i=1

∑

k

(
χâkσ̂

+
i + χ∗â†kσ̂

−
i

)
, (1.22)

which describes the interaction of the electromagnetic field with N spin 1/2 particles.

One can further simplify by defining
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Ŝz =
N∑

i=1

σ̂z
i (1.23)

Ŝ+ =
N∑

i=1

σ̂+
i =

(
Ŝ−

)†
, (1.24)

which again obey angular momentum commutation relations, so that the Hamiltonian

becomes

H =
∑

k

h̄ωkâ
†
kâk + h̄ω0Ŝ

z + h̄
∑

k

(
χâkŜ

+ + χ∗â†kŜ
−
)
. (1.25)

The latter now describes the interaction of a single spin N/2 particle interacting with the

electromagnetic field, allowing us to immediately generalize well known methods from

angular momentum theory to the problem at hand. We seek therefore to describe the

system in a basis, denoted |S,mz〉, which are simultaneous eigenstates of the operators

Ŝz, with eigenvalues mz, and the total angular momentum operator

Ŝ2 = Ŝ+Ŝ− + Ŝz(Ŝz − 1), (1.26)

with eigenvalue S(S + 1). To identify the relation between this spin-basis and the basis

describing the system in terms of ground and excited states of the atom we need only find

the state

|S,mz = S〉 (1.27)

and can then generate all other states in that basis using the relation

Ŝ−|S,mz〉 =
√
S(S + 1)−mz(mz − 1)|S,mz − 1〉. (1.28)

The state in Eq. (1.27) is that state with the largest z-component of the spin. Since the

eigenvalues of σ̂z
i = (1/2)(|ei〉〈ei| − |gi〉〈gi|) for any single atom state is either −1/2 or

1/2, the largest achievable value is 1/2, i.e. when the atom is in the state |ei〉. Corre-

spondingly the N atom state will have the largest achievable spin z-component when all
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atoms are in the excited state, so we can relate

Ŝz|S,mz = S〉 = S|S,mz = S〉 ⇐⇒
N∑

i=1

σ̂z
i |e1, e2, ..., eN〉 =

N

2
|e1, e2, ..., eN〉.

(1.29)

By successively applying Eq. (1.28) therefore

|S,mz〉 =

√
(N − (N/2−mz))!

N !

∑
P
|g1, ...gN/2−mz , eN/2−mz+1, ...eN〉, (1.30)

where the sum runs over all permutations of the N atoms of which N/2 −mz are in the

ground state. In analogy to the two atom case, Dicke demonstrated that a system initially

in the state |S = N/2,mz〉 experiences an enhanced spontaneous emission rate

Γ = (S +mz)(S −mz + 1)Γ0, (1.31)

where Γ0 is the spontaneous emission rate of a single atom in the excited state. This

superradiant rate is largest when mz = 0, i.e. the symmetrized state with half the atoms

in the ground and half in the excited states, in which case the single atom emission rate is

enhanced by a factor of N2.

The spin N/2 basis set is not a unique set of simultaneous eigenstates of Ŝ2 and Ŝz

[9]. In fact one can construct a complete set of states for each integer or half-integer S,

depending on whether N is odd or even, such that 0 ≤ S ≤ N/2. States with low S are

subradiant and the case S = 0 does not radiate at all.

1.3 Dissertation Format

The introductory discussion illustrated that correlations between radiating particles can

lead to dramatic changes in their radiation rate from the super- to subradiant regimes.

This dissertation discusses the theory of two measurement applications that rely on such

cooperative effects to achieve measurement outcomes not possible had the fields probed

independent particles. The main body of this thesis consists of four appendices presenting
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my published work (or work submitted for publication at the time of defense) in this

regard. The research and writing was carried out by myself under the supervision of

my dissertation adviser Prof. Pierre Meystre who is a co-author on all the publications

included. The first appendix is a review article that serves as a literature survey and

a further introduction to cooperative scattering of light and atoms in atomic gases that

are ultra cold. The last three contain research work on the topics of Raman superradiance

imaging and Heisenberg limited interferometry. I now briefly summarize those two topics

to emphasize the role cooperativity plays in each case.
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CHAPTER 2

THE PRESENT STUDY

The theoretical approach, results and conclusions of this study are presented in the papers

appended to this dissertation. The following is a summary of the most important findings

in this document.

2.1 Theory of Raman superradiance imaging

More than twelve years after the experimental realization of Bose-Einstein condensation

in an atomic vapor it remains a topic of extensive theoretical and experimental interest.

Probably the single most widely used technique for probing these systems is absorption

imaging in which a probe laser beam illuminates the condensate and an image of the

transmitted light is captured using a CCD camera. The detected light intensity is then

a direct measure of the atomic density integrated along the direction of incidence of the

light. When used in conjunction with time-of-flight methods, in which the atom trapping

fields are turned off to allow the condensate to expand ballistically before taking the ab-

sorption image, that image can reveal information regarding the momentum distribution

of atoms, the presence of quantized vortices, the presence of coherence in the system due

to the appearance of interference fringes and more.

Bose condensates are ideal systems for studying the symmetry breaking phase tran-

sition that leads to its formation. Usual absorption imaging methods, however, do not

discriminate between thermal atoms and atoms that have condensed. Appendices II and

III develop theoretical aspect of a recently implemented imaging technique [10] that over-

comes this limitation and images selectively the condensed fraction of the atomic vapor

while remaining insensitive to the thermal fraction. This is accomplished using a super-
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radiant probe in the following way.

In extended atomic samples, samples of which at least one dimension is long com-

pared to the wavelength of superradiant light, superradiance is accompanied by the for-

mation of a density modulation. This grating forms in response to radiation pressure (or

photon recoil in a quantum picture) of the interfering pump and scattered light fields. It

acts like a diffraction grating that causes the scattering of more pump light and ultimately

the self-amplifying process of superradiance. It is counteracted by collisional, Doppler

and other dephasing mechanisms. Doppler dephasing is expected to cause decay of the

grating on a timescale τc ≈ 1/kr∆v, where kr is the atom recoil velocity and ∆v the local

atomic rms velocity. This time corresponds roughly to the time it takes an atom to travel

beyond the coherence length λ = h̄/m∆v. Consequently, in a BEC with long coherence

length the grating will decay much more slowly than in a thermal vapor.

If the sample is below the critical temperature for Bose condensation it will consist of

both a condensed and a thermal fraction, each characterized by a significantly different

coherence time. In the superradiant imaging technique the atomic sample is subjected to

a series of pump light pulses of sufficient intensity to cause superradiance. The pulses are

separated by delays during which the grating due to the thermal fraction of the gas will

decay rapidly, while the relative pulse-to-pulse contribution of the condensate will grow.

Light therefore scatters preferentially from the condensed fraction providing a sensitive

probe that remains insensitive to the thermal atoms.

Appendix B discusses the temperature dependence of superradiant scattering in the

scenario sketched above, and demonstrates the selective sensitivity of the superradiant

probe light to atoms in low lying trap levels in the relevant experimental regimes. Ap-

pendix C develops a theoretical model incorporating spatial variations in the light and

atom fields to model experimental absorption images taken with the superradiance imag-

ing technique.
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2.2 Quantum states for Heisenberg limited interferometry

All measurements are mediated by signals that are ultimately composed of discrete par-

ticles. If the detection of individual particles are independent events, the detection prob-

abilities will obey a binomial distribution, as shown in many elementary textbooks on

statistics [11]. In the limit where the average number of detected particles, n̄, is large, that

distribution becomes Poissonian, i.e. the probability to detect n particles becomes

pn̄(n) =
n̄ne−n̄

n!
, (2.1)

which has a standard deviation from the mean of

∆n =
√
n̄. (2.2)

Then, if the measurement uncertainty is limited solely by the discrete nature of the par-

ticles, the fractional uncertainty in a measurement signal proportional to the number of

detected particles is
∆n

n̄
=

√
n̄

n̄
=

1√
n̄
. (2.3)

This type of detection noise is commonly referred to as “shot noise”, and it constrains

the precision of measurements in many experiments. Quantum mechanics fortuitously

provides us with a means of overcoming this shot noise limit to precision by decreasing

the uncertainty in measurements by as much as an additional factor of 1/
√
n̄. The latter

limit on precision is called the Heisenberg limit. Measurements at the Heisenberg limit

have now been demonstrated in several experiments using, a few ions [12], and as much

as 378 photons in an adaptive scheme [13].

This feat is accomplished, by using, instead of independent particles, highly correlated

quantum states. In fact, it was realized [14, 15, 16] that the Dicke superradiant state

|S = N/2,mz = 0〉, and related states, are candidates that would allow interferometric

measurements at the Heisenberg limit. Indeed, cooperative effects provide us with an

avenue to make measurements of unprecedented precision!
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Apart from the Dicke state it has also been proposed to realize such measurements

with, amongst others, so-called N00N states

|ψN00N〉 =
1√
2

(|S = N/2,mz = N/2〉+ |S = N/2,mz = −N/2〉) (2.4)

and with the superposition

|ψtwin〉 =
1√
2

(|S = N/2,mz = −1〉+ |S = N/2,mz = 1〉) . (2.5)

In the final appendix of this thesis we show that, in fact, there exist many correlated states

with which the Heisenberg limit can be achieved. We obtained this result having used a

brute force method of searching for such states with a global optimization algorithm.
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ABSTRACT

Superradiance and coherent atomic recoil lasing are two closely related phenomena, both

resulting from the cooperative scattering of light by atoms. In ultracold atomic gases

below the critical temperature for Bose-Einstein condensation these processes take place

with the simultaneous amplification of the atomic matter waves. We explore these phe-

nomena by surveying some of the experimental and theoretical developments that have

emerged in this field of study since the first observation of superradiant scattering from a

Bose-Einstein condensate in 1999 [1].

A.1 Introduction

The excitation of correlated atomic states that lead to coherent spontaneous emission first

gained practical importance in the field of nuclear magnetic resonance, and was put on

firm theoretical footing for an arbitrary system of radiators in a seminal paper by Dicke

[2]. In that paper Dicke investigated two limits for a system of stationary radiators: the
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small sample limit in which all radiators are contained within a volume of which each

dimension is much smaller than the wavelength λ of the radiation field, and the extended

sample limit where the atoms are spatially distributed over a volume much larger than

the former, but small compared to 1/∆k = c/∆ω the inverse line width. In the small

sample limit, there exists highly correlated states for which the radiation rate is increased

by a factor of N2 compared to the radiation rate of a single atom in its excited state,

where N is the number of radiating atoms. This increased radiation intensity he named

superradiance. Furthermore, he illustrated that there exists correlated states that will not

radiate at all. In antithesis to the former these states are referred to as subradiant. In the

extended sample limit he also found superradiant states, but showed that those states are

correlated so that the radiation is coherent only in a particular direction.

Detailed experimental studies of superradiance in the optical regime followed from

1973 on [3]. Early experimental work [3, 4, 5, 6] was carried out on thermal atomic

or molecular vapors. More recently, renewed interest was sparked in the subject after

Inouye and co-workers [1] carried out an experimental study of Rayleigh scattering from

a Bose-Einstein condensed gas (BEC).

The goal of this short review is to discuss some of the novel physics associated with

the cooperative scattering of light in ultracold atomic systems. Section II briefly reviews a

number of experiments, including the observation of Rayleigh superradiant scattering and

later Raman superradiant scattering in Bose condensed systems, the amplification of seed

matter waves by superradiance, and the observation of the closely related phenomenon of

coherent atomic recoil lasing (CARL). Section III discusses theoretical models in which

superradiance is viewed as the bad cavity limit of CARL. We consider both the limit

where the radiating atoms may be treated as point particles and the quantum-degenerate

regime where the wave nature of the particles becomes important, and also consider the

role of propagation effects. Finally, section IV discusses the use of superradiance as a

coherent imaging tool to image selectively the condensed fraction of an ultracold Bose

gas, and the potential of quantum-correlated atomic states to store and retrieve quantum
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states for quantum information applications.

A.2 Experiments

A.2.1 Rayleigh vs. Raman Superradiant Scattering

A typical experimental setup to observe superradiant light emission in a Bose-Einstein

condensate (BEC) is illustrated in Fig. 1(a). A gas of alkali atoms is trapped and cooled

to form a BEC ofN ≈ 105−106 atoms. The trap frequencies are chosen to give the trap a

cigar-shaped geometry with a ratio of the radial to axial trap frequencies, ωrad/ωz, of the

order of 1/10. An electronic transition is then driven off-resonantly with the pump light

incident along the radial direction. Under these conditions, superradiant scattering occurs

preferentially along so-called “end-fire modes,” which are quasi-modes of the electro-

magnetic field directed along the long axis of the condensate [7]. For appropriate choices

of the frequency and polarization of the pump light either a Rayleigh, Fig. A.1(b), or

Raman, Fig. A.1(c), process can be made the dominant scattering channel.

A physical picture of the mechanism underlying the amplification can be approached

from two perspectives [8]. In one view, and concentrating on the Rayleigh case, a scat-

tering event into an end-fire mode leads to a recoiling condensate atom. This atom inter-

feres with the condensate at rest, leading to a periodic density modulation that acts as a

diffraction grating, resulting in more light being scattering into the end-fire modes. Alter-

natively, one can view the end-fire mode of the light field and the pump beam as forming

a standing wave that diffracts atoms in a stimulated scattering process between momen-

tum states. Since each scattered atom adds a photon to the standing wave the process

similarly becomes self-amplifying. The applicability of these complementary points of

view was explored in particular in Refs. [8] and [9]. When Raman scattering dominates a

polarization grating forms instead of a density grating.

The first observation of superradiance in ultracold atoms was realized with a conden-

sate of sodium atoms in the |F = 1,mF = −1〉 ground state [1]. The 3S1/2, F = 1 →
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Figure A.1: (a) Typical experimental setup for observing superradiance in a BEC. A
cigar-shaped condensate is illuminated by a pump pulse incident radially. Superradiantly
enhanced scattering occurs predominantly in end-fire modes along the long axis of the
condensate. (b) Rayleigh and (c) Raman scattering.
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Figure A.2: Characteristics of end-fire mode light. (a) The angular pattern of the end-fire
mode radiation indicates that several modes participate in the scattering process. Here
θD = 107± 20 mrad and the images were integrated over the entire duration of the pulse
light. (b) The end-fire mode trace recorded on a photomultiplier tube. The laser intensities
are 3.8 mW/cm2 (solid line), 2.4 mW/cm2 (dashed line), and 1.4 (dotted line) mW/cm2.
The inset shows a secondary peak, an effect known as ringing. (c) Threshold behavior
in the inverse initial rise time. As shown in Eq. (A.1) it is a consequence of competition
between coherence and dissipation. From S. Inouye, A.P. Chikkatur, D.M. Stamper-Kurn,
J. Stenger, D.E. Pritchard, and W. Ketterle, Science, Vol. 285, p. 571, (1999). Reprinted
with permission from AAAS.
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Figure A.3: Time-of-flight absorption images illustrating the atomic recoil patterns in
various superradiance experiments. Arrows show the direction of incidence of the pump
light. (a) The Kapitza-Dirac regime of superradiant Rayleigh scattering allows both for-
ward and backward recoiling modes in a characteristic ‘X’ pattern. (b) The Bragg regime
for Rayleigh scattering typically results in fan patterns. (c) In the case of Raman scatter-
ing the scattered atoms occupy a different electronic state than the unscattered atoms and
can consequently not reabsorb pump light to scatter into higher order momentum modes.
The insert in (b) indicates that the scattering of higher order modes is correlated with the
depletion of the condensate center. (d) Absorption and emission processes that can lead to
either forward or backward recoiling atoms. From D. Schneble, Y. Torii, M. Boyd, E.W.
Streed, D.E. Pritchard, and W. Ketterle, Science, Vol. 300, p. 475, (2003), reprinted with
permission from AAAS; and from: D. Schneble, K.C. Gretchen, W.S. Erik, B. Micah,
D.E. Pritchard, and W. Ketterle, Phys. Rev. A, Vol. 69, p. 041601(R), (2004) - copyright
(2004) by the American Physical Society.
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3P3/2 = 0, 1, 2 transition was pumped by an off-resonant, linearly polarized laser pulse

1.7 GHz red-detuned from the transition. When the pump beam polarization was chosen

perpendicular to the condensate axis, light was seen to scatter superradiantly into the end-

fire modes via Rayleigh decay back to the original ground state. Figure A.2(b) shows the

time dependence of the end-fire mode intensity measured with a photo-multiplier tube for

three different pulse intensities. The end-fire mode pulses are shorter and more intense

for stronger pump pulses. The inset in Fig. A.2(b) shows a secondary peak that arises

for sufficiently high laser power, an effect known as ringing. Figure A.2(a) shows images

recorded on a CCD representing the angular distribution of the end-fire mode intensity

around the axial direction. Several bright spots appear, indicating that several different

end-fire modes contained within a small angular region participate in the scattering pro-

cess. This is consistent with a Fresnel number of F = πd2/4Lλ > 1, where d is the

sample diameter, L the length and λ the wave length of the light, a regime in which

multimode superradiance occurs [10, 7, 11].

The early stages of superradiant emission can be described by a simple model neglect-

ing propagation effects and condensate depletion. Consider a condensate with N0 atoms.

Assuming that Nj atoms have been scattered into a particular recoil mode due to the scat-

tering of Nj end-fire photons, one expects the diffraction efficiency of the density grating

to be proportional to the square of the depth of the density modulation Nmod = 2
√
N0Nj .

It follows that for short times the exponential amplification of the atomic recoil mode is

exponential,

Ṅj = (Gj − Γj)Nj, (A.1)

where the gain coefficient is

Gj = RN0
sin 2θj

8π/3
Ωj. (A.2)

HereR is the single-atom rate of Rayleigh scattering, the factor sin 2θj is due to the dipole

emission pattern where θj is the angle between the polarization of the incident light and

the direction of the scattered light, and Ωj the phase-matching solid angle for scattering

into mode j. The second term in Eq. (A.1), Γj , is a phenomenological decay term.
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The competition between gain and decay in Eq. (A.1) leads to the threshold behavior

observed experimentally, as shown in Fig. A.2(c) where the inverse initial rise time is

plotted as a function of the Rayleigh scattering rate.

In this experiment the pump frequency was chosen so as to drive a transition for which

Rayleigh scattering is the strongest allowed decay path [12] and the polarization was per-

pendicular to the condensate axis. For that choice the dipole radiation pattern is strongest

in the plane of the pump beam and condensate axis. On the other hand, when the polar-

ization is parallel to the condensate axis the dipole pattern suppresses Rayleigh scattering

along that axis and consequently no Rayleigh superradiant enhancement is observed. This

orientation of the polarization does, however, allow the emission of circularly polarized

light along the condensate axis via a Raman scattering process. It may then lead to Raman

superradiance, as was reported independently by two groups [13, 14].

A key feature of superradiance in ultracold bosonic gases below the BEC critical tem-

perature is the recoil of atoms into well defined, highly directional momentum modes,

a simple consequence of momentum conservation and of the narrow momentum distri-

bution of atoms in the condensed state. The growth of these atomic recoil modes may

be viewed as the coherent amplification of matter-waves. Experimentally the macro-

scopic occupation of well-defined momentum modes after superradiance may be probed

by turning off the trapping fields and allowing the atoms to expand ballistically. An ab-

sorption image is then taken of the atoms using a vertical probe beam, along the y-axis

in Fig. A.1(a), revealing momentum patterns such as illustrated in the case of Rayleigh

scattering in Fig. A.3(a) and (b) and for Raman scattering in Fig. A.3(c).

The analysis of the recoil patterns reveals two regimes of superradiant scattering,

Kapitza-Dirac scattering in the strong pulse regime and Bragg scattering in the weak

pulse regime. Figure A.3(a), where the arrow indicates the direction of incidence of the

pump laser, shows an example of Kapitza-Dirac scattering. The backward modes of the

X pattern are due to the absorption of an end-fire mode photon which is subsequently

scattered back into the pump beam as illustrated in Fig. A.3(d-2). These backward recoil-
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ing atoms have an energy mismatch of ∆E = 4h̄ωr, where ωr = h̄k2/2m is the recoil

frequency. They are only allowed for times τ <≈ h̄/∆E. Note also that Kapitza-Dirac

regime was observed only in the case of Rayleigh scattering, where the end-fire modes

are near resonance with the transition driven by the pump beam and have the same polar-

ization. Usually in the case of Raman scattering neither of these conditions are satisfied

[13, 14].

For longer times energy conservation is more strictly enforced, and only forward re-

coiling of atoms is allowed. The fan pattern of Fig. A.3(b) is characteristic of the Bragg

regime of Rayleigh scattering.

For both the Kapitza-Dirac and the Bragg regimes of Rayleigh superradiance many

recoiling modes become occupied over time, due to the successive absorption of a pump

photon and its subsequent re-emission into an end-fire mode, and vice versa. This is

to be contrasted with the situation in Raman superradiance, where only the first order

recoil modes in the forward direction become occupied, see Fig. A.3(c). This is a direct

consequence of the fact that the second ground state cannot absorb pump photons, due to

the relative detuning from the first ground state.

A.2.2 Matter Wave Amplification

Optical technology has benefitted greatly from the availability of active optical elements

such as parametric amplifiers. To extend these technologies to the realm of atom optics

requires analogous matter wave amplifiers. Superradiant scattering from a BEC can be

viewed as such a process. So far we have only described experiments in which the su-

perradiance process was initiated by spontaneous emission of a photon into an end-fire

mode. In that scenario superradiance can be considered as an amplifier of vacuum fluctu-

ations. We now turn to two experiments [15, 16] where instead a matter-wave input seed

was amplified.

Inouye and co-workers [15] produced a cigar-shaped sodium BEC in the |F =

1,mF = −1〉 state. They then applied a 10µs Bragg pulse using one laser beam par-
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Figure A.4: Time-of-flight absorption images illustrating the amplification of a seed mat-
ter wave. (a) Without the amplification pulse, or (b) with amplification but with no matter
wave seed supplied by a Bragg pulse, no output is observed. (c) When both seed and
amplification is applied a clear output wave is observed as pointed out by the arrow.
Reprinted figures with permission from: Macmillan Publishers Ltd: Nature, S. Inouye,
T. Pfau, S. Gupta, A.P. Chikkatur, A. Görlitz, D.E. Pritchard, and W. Ketterle, Vol. 402,
p. 641, (1999) - copyright (1999).

allel to the condensate axis and one along the radial direction, both being red-detuned by

1.7 GHz from the 3S1/2, F = 1 → 3P3/2,= 0, 1, 2 transition. In addition the radial beam

was blue-detuned relative to the axial beam by the recoil frequency of the atoms, 50 kHz,

thus fulfilling the Bragg resonance condition. This Bragg pulse produced a small input

matter-wave seed containing fewer than 0.2% of the atoms of the original condensate

which was then amplified by applying a 20µs pump pulse along the radial direction only.

(The number of amplified atoms was determined by ballistic expansion and absorption

imaging.) Neither the initial Bragg pulse alone, nor the amplifying pulse alone generated

a discernible output signal, but an amplified matter wave was clearly visible when both

were applied, see Fig. A.4. An interferometric technique was subsequently used to verify

that indeed the amplification process is phase coherent.

Kozuma and co-workers performed a similar experiment on a cigar-shaped conden-

sate of ∼ 2 × 105, 87Rb atoms in the 5S1/2, |F = 1,mF = −1〉 state, driving the

5S1/2, F = 1 → 5P3/2, F
′ = 2 transition with consecutive Bragg and pump pulses
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Figure A.5: Time-of-flight absorption images taken after a 20 ms ballistic expansion illus-
trating the amplification of a seed matter wave. (a) The pulse sequence consists of a com-
bination of an initial Bragg pulse due to two axially counter-propagating laser beams (B
and C) detuned by a recoil frequency, and/or an axial pump pulse (A) driving a Rayleigh
transition. The trap fields are turned off before application of the pulses. (b) Superradiant
enhancement of the forward recoiling atomic mode occurs if the pump pulse is applied
directly after the trap is turned off and before the BEC has time to expand. (c) When
the BEC is first allowed to expand for 500µs before the amplification pulse is applied no
enhancement takes place. (d) When only the Bragg pulse is applied, after allowing 500µs
expansion a small seed wave is observed. (e) When both the Bragg- and amplification
pulses are applied after the initial condensate expansion the seed wave is amplified by a
factor of 10. From M. Kozuma, Y. Suzuki, Y. Torii, T. Sugiura, T. Kuga, E.W. Hagley,
and L. Deng, Science, Vol. 286, p. 2309, (1999). Reprinted with permission from AAAS.
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[16], illustrated in Fig. A.5. In that case the pump beam was applied along the conden-

sate axis and the Bragg pulse consisted of two laser beams counter-propagating along the

same axis. This choice of pump direction supports Rayleigh superradiance only along

the backscattering direction, and applying that pulse alone lead to the amplification of

spontaneously backscattered photons. To ensure the pump pulse amplified only the seed

wave produced by the Bragg pulse, the magnetic trap was turned off and the conden-

sate allowed to expand, thus changing its aspect ratio and suppressing the spontaneous

enhancement of the backscattered mode which occurs due to geometrical considerations

[7]. After expansion the pump pulse alone no longer lead to amplification, but applying

the Bragg-pump pulse sequence amplified the seed wave by more than a factor 10. A

Mach-Zehnder interferometric scheme was also implemented to verify that the phase co-

herence was preserved during the amplification process. Raman amplification of matter

waves was also demonstrated in Ref. [13].

A.2.3 Coherent Atomic Recoil Lasing

A cooperative scattering process known as coherent atomic recoil lasing (CARL) was

predicted by Bonifacio and De Salvo in 1994 [17]. Its initial experimental demonstration

was achieved in hot atomic vapors [18, 19] and later in the temperature regime of a several

100µK [20, 21]. CARL shares the same gain mechanism as superradiance, namely en-

hanced scattering due to the formation of a density grating in response to the pump laser

field and a spontaneously scattered probe beam. Superradiance and CARL may therefore

be seen as two limits of the same phenomenon [22], a distinguishing feature being the

scaling of the peak scattered light intensity, Imax, as a function of the number of particles.

In the case of superradiance Imax ∝ N2, while for CARL Imax ∝ N4/3. Here we concen-

trate on recent experiments exploring the relationship between superradiance and CARL

in ultracold atomic samples in, or close to, the quantum degenerate regime [23, 24].

In the experiments of Refs. [23, 24] a cigar-shaped vapor of N ∼ 106, ultracold
87Rb atoms was trapped in the Zeeman state |F = 2,mF = 2〉. The vapor was then
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Figure A.6: (a) Typical backscattered power (solid line) in the good cavity regime. Here
N = 1.5 × 106, λ = 797.3 nm, F = 87000 and the maximum pump pulse power
(dashed line - scaled down by a factor 0.001) was 4 W. (b) Theoretical prediction from
the CARL equations. Reprinted figure with permission from: S. Slama, G. Krenz, S.
Bux, C. Zimmermann, and P.W. Courteille, Phys. Rev. A, Vol. 75, p. 063620, (2007) -
copyright (2007) the American Physical Society.

transferred into a ring cavity with a round-trip length of 8.5 cm, with the long axis of the

vapor parallel to the cavity axis. One of two counterpropagating modes of the cavity was

continuously pumped with a Ti-sapphire laser with a typical power of ∼ 1 W, far detuned

(around 103 GHz) from the 794.8 nm D1-line. The quality factor of the cavity could be

controlled by choosing the polarization of the in-coupled light. Depending on the relative

size of the cavity decay rate, κ, versus the superradiant gain, G, the cavity is classified as

“good”, when G À κ, or “bad”, when G ¿ κ. For p-polarized light the cavity finesse

was F = 87000, which for the parameters given above corresponds to the good cavity

limit, while for s-polarized light it was F = 6400, corresponding to the bad cavity limit.

The power (intensity integrated over the area of the beam) of the backscattered light

was monitored as a function of time. This is shown for the good-cavity limit in Fig. A.6(a).

Note that in contrast to many superradiance experiments [1, 25] where usually only one

pulse, or at most one additional ringing pulse is seen, multiple ringing appears over the



39

Figure A.7: Height of the first peak of the probe light power as a function of the number
of atoms N . The crosses indicate experimental points and the solid lines simulations with
no free parameters. The dotted line shows a N2 dependence and the dashed line a N4/3

dependence. (a) Good-cavity limit with the pump laser set to 0.5 W and λ = 796.1 nm.
(b) Bad-cavity limit with the pump laser set to 70 mW and λ = 795.3, somewhat closer
to resonance to compensate for loss of cooperativity. Reprinted figure with permission
from: S. Slama, S. Bux, G. Krenz, C. Zimmermann, and P.W. Courteille, Phys. Rev.
Lett., Vol. 98, p. 053603, (2007) - copyright (2007) the American Physical Society.
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Figure A.8: Time-of-flight absorption images of a BEC (a) without CARL, (b) with
CARL. (c) Pump (dotted line) and probe (solid line) light power corresponding to (b).
(d) Momentum distribution derived from (b). Reprinted figure with permission from: S.
Slama, G. Krenz, S. Bux, C. Zimmermann, and P.W. Courteille, Phys. Rev. A, Vol. 75,
p. 063620, (2007) - copyright (2007) the American Physical Society.

duration of the pump pulse. The pump power is shown as the dotted line in Fig. A.6(a).

Figure A.6(b) shows the results of a numerical simulation of the CARL equations, and is

in good agreement with the experimental results.

The difference between CARL and superradiance in ultracold atomic samples was

further illustrated by repeating the experiment for various particle numbers in both the

good and bad-cavity limit. The results are summarized in Fig. A.7 where the peak power

of the first pulse of scattered light is plotted as function of particle number. Crosses are

experimental points while solid lines represent numerical simulations. For emphasis the

dashed line plots a N4/3 scaling corresponding to the CARL regime, while the dotted

line shows a N2 scaling corresponding to the superradiant regime. The experimental

points indicate that the good-cavity limit realizes CARL behavior and the bad-cavity limit

superradiant behavior. Finally, Fig. A.8(b) illustrates that CARL experiments using a
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BEC lead to atomic recoil patterns analogous to those shown in Fig. A.3, as should be

expected.

A.3 Theory

In this section we discuss theoretical approaches to the CARL/superradiance problem.

As summarized in Ref. [26] these can broadly be categorized into two groups, namely

ray atom optics vs. wave atom optics models. Ray atom optics models treat the atoms

as classical point particles or interpret the quantum mechanical expectation value of the

position operator as its classical position. The original CARL model was derived in this

way [17]. In superradiance experiments using ultracold atoms, though, the de Broglie

wavelength of the atoms may approach, or exceed, the wavelength of the optical field.

Under these conditions a classical treatment can no longer capture the detailed dynamics

of the system and a full quantum mechanical treatment of the center-of-mass motion of

the atoms is necessary. This regime arises when the temperature T of the gas is less than

the recoil temperature, Tr, of the atoms T ¿ Tr = h̄2k2/2mkB, where the symbols have

their usual meanings.

In the following we summarize these two approaches, borrowing elements from many

treatments of the problem [7, 17, 27, 28, 29, 30, 31, 32, 22]. Our aim is to illustrate the

emergence of the characteristic behavior of CARL and superradiance in various regimes,

in particular the ∼ N2 scaling of the peak scattered light intensity in the superradiance

regime versus the ∼ N4/3 and ∼ N scalings characteristic of the classical and quantum

CARL regimes respectively. We also discuss and contrast the regimes of Kapitza-Dirac

and Bragg scattering. For simplicity we restrict ourselves to the geometry usually as-

sociated with CARL, namely a collection of atoms pumped by a laser beam and a sin-

gle counterpropagating probe beam that describes the backscattering of the pump by the

matter-wave grating. This situation may be realized experimentally either by placing the

cold gas inside a ring cavity so that the counterpropagating modes of the cavity corre-

spond to pump and probe [23], or by pumping an elongated cold gas along its long axis
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[16] so that geometry dictates [7] that the backscattered mode is the one most strongly

amplified. Here we assume specifically that the condensate is in a cavity to allow us to

explore the regimes of strong and weak decay of the light field.

A.3.1 Ray optics model

The ray optics model was developed by Bonifacio and co-workers in a series of papers

[17, 28, 29, 30, 31], see also [26]. One considers a collection of N two-level atoms whose

positions and momenta are associated with operators ẑj and p̂j respectively, and electronic

levels |gj〉 and |ej〉 with transition frequency ω0. The transition between these states is

driven off-resonantly by a pump beam and a scattered counterpropagating field, both of

frequency ω = ck. The corresponding creation operators are â†k and â†−k, respectively.

With these definitions the Hamiltonian describing the atom-field interaction is given by

H = h̄ω
(
â†kâk + â†−kâ−k

)

+
N∑

j=1

{
p̂2

j

2m
+

1

2
h̄ω0σ̂zj + ih̄Ωc

[
â†kσ̂

−
j e

−ikẑj + â†−kσ̂
−
j e

ikẑj − h.c.
]}

. (A.3)

where we have introduced the effective spin operators σ̂zj = (|ej〉〈ej| − |gj〉〈gj|) /2 and

σ̂−j = |gj〉〈ej| = (σ̂+
j )†, and Ωc = dEc/h̄ = d(h̄ω/2ε0V )1/2/h̄ is the Rabi frequency due

to the single photon cavity field Ec, and d the dipole moment of the transition |gj〉 → |ej〉.
If the pump beam is far off-resonant the excited state can be eliminated adiabatically.

Further assuming that the pump is not significantly depleted by the scattering process

and transforming to a frame rotating with the pump frequency leads to the Heisenberg

equations of motion [26]

dẑj

dt
= p̂j/m (A.4)

dp̂j

dt
= ih̄k

Ω2
c

δ

(
â†kâ−ke

2ikzj − h.c.
)

(A.5)

dâ−k

dt
= −Γa−k + i

Ω2
c

δ
ak

N∑
j=1

e−2ikẑj , (A.6)



43

where δ = ω0 − ω is the detuning, and we have added a phenomenological decay rate Γ.

These equations are then treated semi-classically by replacing the operators by complex

valued variables. The last term on the right-hand side of Eq. (A.6) reveals the underlying

physical mechanism responsible for cooperative gain in the backward propagating light

field, namely the spatial bunching of atoms at half-wavelength intervals. The degree of

bunching is quantified by the so-called “bunching parameter”

b =

∣∣∣∣∣
1

N

N∑
j=1

e−2ikẑj

∣∣∣∣∣ . (A.7)

Initially the atoms are randomly distributed in space, but the presence of the pump and

back-scattered light beams cause the atoms to feel an effective optical potential that leads

to self-organization and bunching of the atoms with a period of a half-wavelength, thus

increasing the bunching parameter. The process is self-amplifying since an increased

bunching parameter leads to a stronger backscattered field, which in turn increases the

depth of the optical potential, leading to stronger bunching, and so on. The rearranged

atomic density effectively constitutes a diffraction grating. Intuitively, the bunching is

degraded if the atoms have a wide initial momentum distribution.

Figures A.9(a)-(c) summarize the results of a simulation of Eqs. (A.4)-(A.6) using 500

atoms initially stationary and distributed at random over an interval −10 < z < 10, in

units of 1/k. The curve in Fig. A.9(a) shows the time dependence of the resulting end-fire

mode intensity and Fig. A.9(b) the growth of the bunching parameter. The trajectories

plotted in Fig. A.9(a) clearly show the self-organization of the atoms.

Equations (A.4)-(A.6) can easily be integrated numerically in the semi-classical ap-

proximation for tens of thousands of atoms. In so doing one can demonstrate that in the

limit of strong decay, corresponding to the bad cavity limit described of section II-D, the

peak pulse intensity scales as I = 1
2
ε0|E|2 ∼ 〈â†−kâ−k〉 ∼ N2. This scaling is typical of

superradiance. On the other hand, the limit of weak decay, or the good cavity limit, can

be viewed as the CARL regime and there one finds I ∼ N4/3.
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Figure A.9: Ray optics simulation of (a) the photon number in the backscattered beam;
(b) the bunching parameter, and (c) the trajectories of 500 atoms within an interval−10 <
z < 10. Time is in units of Ω2

c/δ, position in units of 1/k. In this example 2ωr/(Ω
2
c/δ) =

0.1, where ωr is the recoil frequency, and decay is neglected. The initial distribution of
atoms was chosen randomly on the plotted interval and with zero initial velocities. Note
the spatial bunching coinciding with high scattering intensity and bunching parameter.



45

A.3.2 Wave optics model

To develop a quantum description appropriate for the wave optics regime it is convenient

to start from an effective manybody Hamiltonian, obtained as before by adiabatically

eliminating the excited electronic state of the atoms,

H = h̄∆(k)â†kâk +

∫
dxψ̂†(x)

[
− h̄

2∇2

2m
+ V (x)

]
ψ̂(x)

−
∫
dx
d2E0Ec

h̄δ
ψ̂†(x)

[
â†ke

ikrz + h.c.
]
ψ̂(x). (A.8)

Here we have assumed for simplicity a classical pump beam of amplitude E0 that Rayleigh

scatters off-resonantly from an atomic field described by the bosonic field creation oper-

ator ψ̂(x)†, and into the quantized counterpropagating probe beam with creation operator

â†k. The first term in H is the energy of the probe beam in a frame rotating with the fre-

quency of the electronic transition, where ∆(k) denotes the detuning between that field

and the atomic transition frequency, the second term gives the kinetic and potential ener-

gies of the atomic field, and the last term describes the atom-light coupling.

This Hamiltonian yields the Heisenberg equations of motion

ih̄
∂ψ̂(x)

∂t
= − h̄

2∇2

2m
ψ̂(x)− d2E0Ec

h̄δ

[
â†ke

ikrz + h.c.
]
ψ̂(x)

(A.9)

ih̄
dâk

dt
= h̄(∆(k)− iΓ)âk − d2E0Ec

h̄δ

∫
dx|ψ̂(x)|2eikrz,

(A.10)

where we have added a phenomenological decay term as before.

If the atomic system is a condensate near T = 0 its dynamics is well described within

the mean-field approximation, where ψ̂†(x) is replaced by a complex order parameter.

We assume further that the condensate is confined in a trap and that the atoms occupy

its ground state, described by the wave function φ0(x). The effect of recoil during the

scattering of a single photon is to transfer the atoms from the center-of-mass state φ0(x)

to a state that is momentum-shifted by the photon recoil momentum, kr, φ0(x)eikrz. This
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motivates the expansion of the center-of-mass state of the atom in quasi-modes [7, 27, 32,

22] according to

ψ̂(x) =
∞∑

n=−∞
φ0(x)einkrz ĉn, (A.11)

where ĉ†n and ĉn, respectively, creates and annihilates an atom in the momentum state

φn(x) = φ0(x)einkrz. For typical recoil frequencies the states φn(x) are orthogonal to a

very good approximation, implying that the operators ĉn also obey bosonic commutation

relations. After substituting the expansion (A.11) into Eqs. (A.10), and in the mean-field

approximation, we arrive at the equations of motion for the complex amplitudes of the

momentum state operators

∂cn
∂τ

= −in2cn −G(akcn+1 + a†kcn−1) (A.12)

∂ak

∂τ
= (−i∆̃− κ)ak + iG

∞∑
n=−∞

c†ncn−1. (A.13)

Here we have transformed to a dimensionless time τ = ωrt scaled by the recoil frequency

so that ∆̃ = ∆/ωr, κ = Γ/ωr and G = d2E0Ec/h̄
2δωr. The factor

∞∑
n=−∞

c†ncn−1 describes

in the present wave optics description the bunching physics encompassed in the parameter

b, Eq. (A.7), of the ray optics model.

To gain some intuitive understanding of the underlying physics we now make a num-

ber of simplifications. Firstly, we restrict our analysis to include only the first forward and

backward recoiling modes. This is appropriate for times short compared to the width of

the first superradiant pulse. Next we assume the bad cavity limit in which ∂ak

∂τ
<< κak.

One can then approximate the backscattered light field as

ak ≈ iG

κ

(
c†1c0 + c†0c−1

)
. (A.14)

Substituting Eq. (A.14) into Eq. (A.12) and further assuming that the amplitude of the

mode ĉ0 remains roughly constant (≈ √
N) for short times, one obtains a single equation

for the quantity B = c1 + c†−1 [22]

d2B

dτ 2
+ (1 + iα)B = 0, (A.15)
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where α = 2G2N/κ. This equation has an unstable solution of the form B(τ) ∝
exp [(λ1 + iλ2)t] where

λ1 =
1√
2

(√
1 + α2 − 1

)1/2

(A.16)

and λ2 = α/2λ1. One can also show that

|c−1|
|c1| ≈

α/2√
(λ1 + α/2)2 + (λ2 + 1)2

. (A.17)

Taking the appropriate limits in Eq. (A.17) illustrates the difference between the

Kapitza-Dirac and Bragg regime of diffraction. In particular for small gain where α¿ 1

one finds |ĉ−1|/|ĉ1| ≈ α/4 ¿ 1, i.e. only forward recoiling atoms are amplified as is

consistent with the Bragg regime. On the other hand, for large gain α À 1 we have

|ĉ−1|/|ĉ1| ≈ 1−
√

1/α, i.e. both forward and backward recoiling atoms grow at compa-

rable rates, a feature of the Kapitza-Dirac regime.

Consider specifically the Bragg regime, in which the mode c−1 can be neglected. The

amplitude of the backscattered light field is then given by

|ak|2 ≈ G2

κ2
|c1|2|c0|2. (A.18)

Since only two atomic modes are involved and due to number conservation |c1|2 + |c0|2 =

N , the light intensity is strongest when |c1|2 = |c0|2 = N/2, and

Imax ∝ |ak|2max ∝ N2. (A.19)

This scaling is typical of superradiance and confirms that the bad cavity limit is associated

with the superradiant regime.

Turning now to the good cavity regime, we assume for simplicity that κ ≈ 0. In

Eq. (A.13) we take the light field to be shifted from the pump frequency by ∆̃ = −1

(recall we are working in units of recoil frequency). In the case of weak pumping, where

only forward recoiling atomic modes are important, and including only the first forward
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mode we then have

∂c0
∂τ

= iGākc̄1 (A.20)

∂c̄1
∂τ

= iGā†kc0 (A.21)

∂āk

∂τ
= iGc̄1c0, (A.22)

where we have defined ak = āke
iτ and c1 = c̄1e

−iτ . Since we are neglecting decay we

must in the short time have |āk| = |c̄1|. If initially both āk and c̄1 are real they are also

exactly equal for later times. Defining then c̃0 = c0 we can write

∂c̃0
∂τ

= −Gc̄21 (A.23)

∂c̄1
∂τ

= Gc̄†1c̃0. (A.24)

The solution of these equations is a hyperbolic secant pulse

c̄1(τ) =
√
Nsech

[
G

√
N(τ − τD)

]
, (A.25)

where for an initial value of c1(0) ¿ N the delay time to peak intensity is

τD =

√
N

Gc1(0)2
ln

[
2

√
N

c1(0)

]
. (A.26)

Equation (A.25) indicates that in the quantum good cavity regime the peak light intensity

scales as Imax ∝ N in contrast to the ∼ N4/3 scaling obtained in the semiclassical ray

optics model. As discussed in Ref. [27] the solution to the full set of equations (A.12)-

(A.13) is a sequence of similar hyperbolic secant pulses separated by intervals 2τD, but

this result is dramatically different when including spatial effects in the model [9].

A.3.3 Spatial Effects

The previous section discussed several characteristic features of cooperative scattering

both in the CARL and superradiant regimes under the simplifying assumption that the
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light field amplitudes were constant over the length of the condensate. In this section

we remove this assumption to explain several structural features of superradiance in cold

gases. These include the depletion of the condensate near the edges of the trap in the

strong pulse regime, the depletion in the center of the condensate in the weak pulse

regime, as well as the appearance of atoms recoiling into “X” and fan patterns, and of

asymmetric angles of forward and backward recoiling atoms in the Kapitza-Dirac regime.

These effects were discussed in detail by Zobay and Nikolopoulos [33, 9], whose

starting point is the Maxwell-Schrödinger equations for the mean-field atomic wavefunc-

tion ψ(x, t) coupled via an off-resonant Rayleigh transition to a classical light field of

positive and negative frequency components E(±)(x, t),

ih̄
∂ψ

∂t
=

h̄2

2M
∇2ψ +

(d · E(−))(d · E(+))

h̄δ
ψ (A.27)

and
∂2E(±)

∂t2
= c2∇2E(±) − 1

ε0

∂2P(±)

∂t2
. (A.28)

Assuming that the atom and light fields may be described within a slowly varying enve-

lope approximation as

ψ(x, t) =
∑

(n,m)

ψnm(z, t)√
A

e−i(ωn,mt−nklx−mkz), (A.29)

where ψnm(z, t) is the slowly varying envelope of the atomic mode which has experienced

n photon recoils along the x-direction and m along the z-direction, and

E(+)(x, t) = E(−)∗(x, t) =
1

2

[Eleye
−i(ωlt−klx) (A.30)

+ E+(z, t)eye
−i(ωlt−kz) + E−(z, t)eye

−i(ωlt+kz)
]
,

where El is the constant amplitude of the driving field incident along the radial direction,

and E±(z, t) is the slowly varying envelope of the end-fire mode travelling in the ±z
direction. After rescaling the optical and matter waves according to

E±,l → e±,l

√
h̄ωkl

2ε0A
, ψnm→ ψnm

√
kl√
A

(A.31)
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and introducing the dimensionless time τ = 2ωrt and length ξ = klz one finds

i
∂ψnm(ξ, τ)

∂τ
= −1

2

∂2ψnm(ξ, τ)

∂2ξ
− im

∂ψnm(ξ, τ)

∂ξ
+ κ

[
e∗+ψn−1,m+1(ξ, τ)e

i(n−m−2)τ

+ e∗−ψn−1,m−1(ξ, τ)e
i(n+m−2)τ + e+ψn+1,m−1(ξ, τ)e

−i(n−m)τ

+ e−ψn+1,m+1(ξ, τ)e
−i(n+m)τ

]
, (A.32)

and neglecting retardation effects,

e+(ξ, τ) = −iκ
χ

∫ ξ

−∞
dξ′

∑

(n,m)

ei(n±m)τψnm(ξ′, τ)ψ∗n+1,m∓1(ξ
′, τ), (A.33)

where κ = (g/2ωr)
√
klL and

g =
|d|2El

2h̄2δ

√
h̄ωl

2ε0AL
.

The first term on the right-hand side of Eq. (A.32) describes the wavepacket dispersion,

while the second term accounts for its propagation. The first two terms in round brackets

account for the absorption of a pump photon followed by emission of an end-fire mode

photon, and the last two terms describe the absorption of an end-fire mode photon that

is re-emitted into the pump beam. Terms involving exchange between end-fire mode

photons have been neglected.

Short time growth

Over time scales short compared to the typical superradiance time 1/κ the effects of free

propagation of the recoiling atoms, as well as the depletion of the condensate (mode

ψ00(z, t)), can be neglected. Then substituting Eq. (A.33) into Eq. (A.32) and keeping

only the atomic modes with a single photon recoil momentum, it is possible to obtain

analytical solutions for the growth of these modes. In particular, in the weak pulse regime

it can be shown that the total sidemode population,N1,−1(τ) =
∫ Λ

0
|ψ1,−1(ξ, τ)|2 dξ where

Λ = klL is the dimensionless condensate length, is

N1,−1(τ) ≈ N1,−1(0)

8πΓτ
exp (4

√
Γτ) (A.34)
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Figure A.10: Numerical simulation of spatial profiles of the optical end-fire modes and
lowest order atomic recoil modes in the strong pulse regime with g = 3 × 106 s−1. The
density of the condensate has been scaled down by a factor 0.25 for clarity. Reprinted
figure with permission from: O. Zobay and G.M. Nikolopoulos, Phys. Rev. A, Vol. 73,
p. 013620, (2006) - copyright (2006) the American Physical Society.

and in the strong pulse regime

N1,−1(τ) ≈ N1,−1(0)

12π
√

3τ 2
exp (33/2Γ1/3τ 2/3/2). (A.35)

Thus in contrast to the exponential growth predicted when ignoring propagation effects,

taking into account the slow variation of the light field across the condensate leads to

sub-exponential growth in both the strong and weak pulse regimes.

Strong pulse regime

As already mentioned, the strong pulse (Kapitza-Dirac) regime leads to atomic recoil

both in the forward and backward directions, see Fig. A.3(a). In the first observation

of superradiance in this regime [8], it was noted that the angles into which forward and
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Figure A.11: Schematic of the asymmetry between the forward (to the right) and back-
ward (to the left) recoiling atomic modes. This asymmetry is also visible in Fig. A.3(a).
The arrow shows the direction of incidence of the pump light.

backward recoiling atoms scatter are different. This asymmetry can be understood by

considering the spatial profiles of atomic and light fields in the strong pulse regime. As

the results of a numerical simulation show in Fig. A.10, the end-fire modes build up

monotonically in intensity across the condensate and are strongest at its edges, the atomic

modes having a corresponding asymmetry. Note that the forward-recoiling mode (1, 1)

that results from absorption of a pump photon and emission of an end-fire photon E−
grows on the same edge of the condensate as the backward-recoiling mode (−1,−1)

that arises due to absorption of an end-fire photon E− and emission back into the pump

beam. The recoils of these two modes are in opposite directions along the condensate axis.

Hence the forward mode moves first towards the condensate center, while the backward

mode immediately moves away from the center, thus leading to the asymmetric recoil

angles illustrated in Fig. A.11.

This spatial variation also explains the ”X” pattern of the recoiling modes that arises

in the strong pulse regime, see Fig. A.3(a). The modes in this pattern correspond to atoms

having experienced an equal number of recoils in the x- and z-directions, i.e. modes la-

belled by (n, n). These atoms emit or absorb photons only from one end-fire mode, while
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deviations from this pattern occur when atomic modes having interacted with the end-fire

mode E− subsequently interact with the end-fire mode E+ and vice versa. However, as

Fig. A.10 indicates, there is very little spatial overlap between atomic modes originally

recoiling from one end-fire mode and the opposing end-fire mode, thus enforcing the

X-pattern in the strong pulse regime.

An additional consequence of the spatial profiles of the matter-wave and optical fields

is that the condensate is depleted most strongly around the edges as was directly observed

in a Raman scattering system in [25]. This is in contrast to the weak pulse regime where

the condensate is strongly depleted in the center of the trap [8].

Weak pulse regime

The atomic momentum distribution in the weak pulse regime leads to the characteristic

fan-shaped patterns shown in Fig. A.3(b). In contrast to the strong pulse regime, there

is now sufficient overlap between e.g. the atomic modes (1,±1) and the opposing end-

fire modes e± to allow the growth of atomic modes (n,m) for which |n| 6= |m|. Spa-

tial variations also lead to the depletion of the condensate in the center of the trap, as

shown in a time sequence of the atomic mode profiles shown in Fig. A.12(a)-(d). Ini-

tially, Fig. A.12(a), the mode profiles are similar to those in the strong pulse regime of

Fig. A.10. Once the condensate edges are strongly depleted, Fig. A.12(b), oscillations set

on between the modes (±1,±1) and the condensate. During this process the overlap be-

tween the atomic modes (1,±1) and the end-fire modes e± increases until a rapid growth

of the mode (2, 0) is initiated. Fig. A.12(d) shows that the growth of that mode coincides

with the depletion of the center of the condensate [8].

A further consequence of the spatial variation in the end-fire mode intensity [9] is that

a small intensity emitted from the condensate does not necessarily imply a proportionally

small intensity inside the condensate. This situation might for example arise during the

period of growth of the mode (2, 0), which requires strong absorption of end-fire mode

photons that are scattered back into the pump beam.
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Figure A.12: Spatial profiles of the initial condensate (solid line) and sidemodes (1,1)
(dotted line), (1,-1) (dash-dotted line), and (2,0) (dashed line) in the weak pulse regime
(g = 3 × 105 s−1) at times (a) t = 200, (b) t = 270, (c) t = 350 and (d) t = 420 µs.
Reprinted figure with permission from: O. Zobay and G.M. Nikolopoulos, Phys. Rev. A,
Vol. 73, p. 013620, (2006) - copyright (2006) the American Physical Society.
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A.4 Applications

In this final section we discuss two applications where the collective nature of superradiant

scattering plays an essential role.

A.4.1 Coherence Imaging

Ultracold alkali Bose gases are exquisitely controllable systems that offer an ideal testing

ground to study the onset of symmetry-breaking phase transitions and off-diagonal long

range order. Absorption imaging is widely used to probe these systems, usually after

release of the gas by turning off the trap and allowing the gas to expand freely for a

predetermined time. In that technique, the detected light intensity is a direct measure

of the atomic density integrated along the direction of incidence of the imaging light.

Information regarding coherence in the atomic sample may be gained from interference

patterns in the absorption image. In recent work, L.E. Sadler et al. discussed a new

approach to probing long range coherence based on superradiant Raman scattering [34].

Their investigation is one of few experimental studies of extended sample superradiance

that is not only temporally, but also spatially resolved.

The technique exploits the difference in decay times of the condensed and thermal

fractions to image selectively the condensed fraction. As already discussed, superradi-

ance in low-density, ultracold atomic samples relies on the formation of a density (or

polarization) grating, a process which is counteracted by collisional, Doppler and other

dephasing mechanisms. Doppler dephasing is expected to cause the decay of the grating

on a timescale τc ≈ 1/kr∆v where kr is the atom recoil momentum and ∆v is the local

atomic rms velocity. This time corresponds roughly to the time it takes an atom to travel

beyond the coherence length λ = h̄/m∆v. Consequently, in a BEC with long coherence

length the grating will decay much more slowly than in a thermal vapor.

Below the critical temperature for Bose condensation the sample consists of a con-

densed and a thermal fraction, each characterized by significantly different coherence
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Figure A.13: (a) Experimental coherent absorption imaging data from Ref. [34]. The
darkest regions indicate strongest absorption, with a maximum absorption of ∼ 15%, and
time increases from top to bottom. (b) Theoretical absorption images. (c)-(d) Experiment-
theory comparison of the end-fire mode intensity. Reprinted figures with permission from:
H. Uys and P. Meystre, Phys. Rev. A, Vol. 75, p. 033805, (2007) - copyright (2007) the
American Physical Society.
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Figure A.14: (a) Net coherence enhanced absorption integrated over a sequence of images
as shown in Fig. A.13(a) as a function of temperature. That technique probes only atoms
with a sufficiently long coherence time as opposed to (b) linear Raman absorption images
probing both thermal and condensed atoms. Reprinted figure with permission from: L.E.
Sadler, J.M. Higbie, S.R. Leslie, M. Vengalattore, and D.M. Stamper-Kurn, Phys. Rev.
Lett., Vol. 98, p. 110401, (2007) - copyright (2007) the American Physical Society.

lengths and times. In the superradiant Raman imaging technique the atomic sample is

subjected to a series of pump pulses separated by variable delay times τ . During the

delays between pulses the grating in the thermal fraction of the gas will decay rapidly,

while the relative pulse-to-pulse contribution of the condensate will grow, thus providing

a probe insensitive to the thermal fraction.

In their experiments Sadler et al. trapped a gas of 87Rb atoms in its |F = 1,mf = −1〉
hyperfine state in a cigar shaped trap with trap frequencies ωx,y,z = 2π(48, 48, 5)s−1. The

temperature of the gas was varied yielding 15× 106 atoms at the BEC transition temper-

ature and pure condensates with 1.6× 106 atoms. The imaging (pump) light was radially

incident, with its polarization oriented parallel to the long axis of the condensate, and 102

MHz blue detuned from the F = 1 → F ′ = 1, D1 transition. For that configuration the

dominant scattering process is Raman scattering leaving atoms in the |F = 2,mF = 1〉
hyperfine state. Real time images of the transmitted light were recorded on a CCD cam-

era as the superradiance proceeds. In addition the intensity of end-fire mode light was

monitored using a photomultiplier detector.
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Figure A.13(a) is a time sequence of images obtained in this way for a pure conden-

sate, with time increasing from top to bottom. The gray scale in these images is a mea-

sure of the number of absorbed photons on each camera pixel, with dark areas indicating

strongest absorption. Note, the absorption takes place most strongly in two lobed regions

towards the edges of the condensate. Furthermore, the position of maximum absorption

in each lobe moves closer to the center as the superradiance progresses.

A theoretical model discussing the origin of this spatial structure was given in

Ref. [11]. That model incorporates spatial effects in a manner similar to the approach

[9] discussed in section III-C, but assumes a Raman transition and includes in addition

the depletion of the pump beam as it passes through the condensate. It predicts spatial

structures in the end-fire mode intensity and recoiling atomic modes similar to those of

Fig. A.10, which are directly responsible for the lobed structure in the absorption images

of Fig. A.13(a). These images are the most direct measurements so far indicating the

importance of spatial effects during superradiance. A simulation based on the model of

[11] yields good qualitative agreement with the experiment, as shown in Fig. A.13(b).

The end-fire mode photomultiplier trace corresponding to Fig. A.13(a) is shown in

Fig. A.13(c). Note that even though the pump pulse intensity is zero during inter-pulse

delays, the end-fire mode signal does not reduce to zero due to the slow response time of

the detector. Fig. A.13(d) again shows the theoretical simulation.

To obtain a measure of the total scattered intensity over the course of the pulse se-

quence, the total number of absorbed photons at each pixel in the images of Fig. A.13(a)

may be calculated by summing over all images in the sequence. Such composite images

are shown in Fig. A.14(a) for temperatures above and below the critical temperature. For

the experimental parameters of this example negligible absorption takes place above the

critical temperature, as the Doppler dephasing is too fast to allow superradiant scattering.

These images should be compared to Fig. A.14(b) which is the result of conventional lin-

ear absorption imaging which does not discriminate between atoms with long and short

coherence lengths. Clearly, the superradiance imaging technique is capable of selectively
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imaging only those atoms in the gas with sufficiently long coherence lengths.

A.4.2 Quantum memory

Quantum information protocols hold the promise of technological applications unattain-

able by purely classical means such as the 100% secure transfer of information. A basic

requirement for such long distance communication is the faithful transport of nearly per-

fectly entangled quantum states, for which the best candidates are photons [35]. Massive

particles, on the other hand, are better suited for the storage of quantum information. For

this reason exchanging quantum states between optical and matter waves is likely to be

an important ingredient of future quantum information schemes. In this section we dis-

cuss recently implemented examples of storage and retrieval of photonic quantum states

in atomic polarization [36, 37, 38, 39, 40]. We note that while these experiments do not

fall strictly within the realm of superradiance experiments, they are closely related in that

they rely on the formation of Dicke states [2].

We consider a pencil-shaped sample of atoms, not necessarily ultracold, with a Λ-type

three level structure, in which two ground states |a〉 and |b〉 are connected to an excited

state |e〉 via two control optical fields, Ea and Eb, of frequencies ωa and ωb, each field

driving only one of the transitions. The objective is to store an incoming photon in the

atomic polarization and to retrieve it at a later time. The storage-retrieval sequence is

initiated by a write-pulse of the field Ea driving the transition |a〉 → |e〉. As the write-

pulse is far detuned from the excited state, that state it is not populated, but photons may

spontaneously scatter via the Λ transition thus changing the electronic state of the atoms

to |b〉. The write-pulse is chosen to be so weak that there is a vanishing probability of

scattering more than one photon. Furthermore, since it is uncertain from which atom the

photon scatters, the scattering event must leave the atoms in the perfectly symmetrized

state

|ψa〉 =
N∑

i=1

1√
N
|a1, a2, ...bi, ..., aN〉. (A.36)



60

In his first discussion of superradiance Dicke [2] considered N atoms successively occu-

pying symmetrized collective states (Dicke states) such as in Eq. (A.36), with successive

states having an increasing number of atoms in the state |b〉. The key feature allowing re-

liable storage and retrieval via the state (A.36) is that it is dominantly correlated with the

emission of a photon travelling in the direction of incidence of the write-photon. Although

the detection of this spontaneously emitted forward-scattered photon is still a probabilistic

event governed by spontaneous emission, detection thereof signals with high probability

that the atoms are in the state |ψa〉.
Once the atoms are in the Dicke state (A.36), a photon of frequency ωa can essentially

be retrieved on demand by applying a read pulse off-resonantly driving the transition

|b〉 → |e〉, leading with high probability to emission of a photon along the direction of

incidence of the original write photon.

Note that the correlation between the symmetrized state and forward-scattered photon

is a collective effect. It is in that sense that it is related to superradiance. Since only one

photon scatters in the above description, though, the system is far from the fully developed

superradiance regime where the dynamics is completely dominated by a superradiant

mode. In fact, it is still spontaneous emission dominated and the collective effect is only in

the correlation enhancement between the forward-scattered photon and the atomic Dicke

state. A detailed theoretical discussion of this effect may be found in [41].

A.5 Conclusions

In this brief review we have outlined some experimental and theoretical highlights of

superradiance in ultracold atomic gases. Further aspects of the reviewed problem can be

found in the additional references included at the end of the article.

This work is supported in part by the US Office of Naval Research, by the National

Science Foundation, and by the US Army Research Office.
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SUPERRADIANT RAMAN SCATTERING FROM A FINITE TEMPERATURE,

ULTRACOLD BOSE GAS

H. Uys and P. Meystre
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ABSTRACT

We study superradiant Raman scattering from an ultra-cold, but finite temperature Bose

gas in a harmonic trap. Numerical simulations indicate the existence of distinct timescales

associated with the decoherence of the condensed versus thermal fractions, and the con-

comitant preferred scattering from atoms in low lying trap states in the regime where

superradiance takes place on a timescale comparable to a trap frequency. As a conse-

quence the scattered atoms experience a modest reduction in temperature as compared to

the unscattered atoms.

B.1 Introduction

Superradiance using atomic gases in the ultracold regime was first studied in 1999 [1] and

has since been the focus of several experiments, notably in the context of coherent matter

wave amplification [2, 3, 4]. The majority of these studies used nearly pure condensates in

which superradiant enhancement is strong due to the near absence of Doppler dephasing.

To our knowledge only two recent experimental studies considered in detail superradiance

from ultracold thermal vapors and its behavior as a function of temperature [5, 6], in
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addition to some theoretical work [7] and related experimental work on coherent atomic

recoil lasing [8, 9]1.

One important feature of superradiance from a bosonic atomic vapor cooled below the

critical temperature for Bose condensation is the existence of two well-separated decay

time scales, the fast one attributed to the Doppler dephasing of the thermal fraction of

the gas, and the other, slower by roughly an order of magnitude, due to the condensed

fraction. These separate time scales were observed by Yoshikawa and co-workers [6] and

exploited by Sadler et al. [5] to selectively image the condensed fraction of the vapor.

A main goal of this paper is to provide a theoretical description of superradiance

in ultracold bosonic gases at finite temperature to explain the key features of these two

experiments.

The paper is organized as follows. Section II discusses our theoretical model describ-

ing a non-interacting, ultra-cold atomic gas undergoing Raman transitions in a spherical

harmonic trap. Section III presents numerical results demonstrating the existence of two

decay times in the superradiant signal. Section IV shows that in that regime where the

superradiance time scale becomes comparable to a trap frequency, superradiant scattering

occurs predominantly from atoms in the low-lying energy states of the trap, hence it may

be used to selectively probe those states. We also remark that superradiance may leave

the cold and ‘hot’ atoms in two different electronic states. Finally, section V is a summary

and conclusion.

B.2 Finite temperature theory

We consider N non-interacting ultracold atoms in a spherical harmonic trap, Fig. 1(a).

The atoms undergo Λ-type Raman scattering between two electronic ground states |1〉
1Early demonstrations of superradiance were realized in room temperature gases [15, 16, 17, 18]. The

majority of these experiments involved initially inverted atomic transitions in relatively high-density sam-

ples, a situation often refereed to as superfluorescence [19, 18]. By contrast, the recent experiments using

ultra-cold atomic vapors considered the off-resonant light scattering in very low density samples.
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Figure B.1: (a) Experimental setup - a spherically shaped atomic vapor is driven by a
laser beam incident along the x-axis. The end-fire modes travelling along the z-axis are
superradiantly amplified. The pump light is assumed to drive a Λ-type Raman transition
for which ωL À ω2 >≈ δL, see Fig. 1(b)
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and |2〉 via an excited state |e〉, see Fig. 1(b). We assume that the transition |1〉 → |e〉 is

driven by an off-resonant classical pump laser EL(t) of frequency ωL propagating along

the x-axis of the trap. For a spherical trap there are no geometrical effects [10] that lead

to the selection of particular superradiant modes as would be the case for a cigar-shaped

trap, but a preferential direction can be selected by placing the sample in a low finesse ring

cavity or by first applying a Bragg pulse to generate a seed matter wave [3, 2]. We assume

that this is the case here and that as a result the dominant superradiant modes propagate

along the z-axis. We refer to them as end-fire modes in analogy to the case of elongated

samples. The polarization of the pump light is also chosen parallel to the z-axis. For that

polarization Rayleigh scattering into the end-fire modes is suppressed due to the angular

radiation pattern of Rayleigh scattering. It does however allow Raman scattering into

circularly polarized end-fire modes which we describe quantum-mechanically in terms

of bosonic creation and annihilation operators â†k and âk, respectively. The total electric

field is then

Ê = ẑ
[
ELe

i(kL·x−ωLt) + E∗
Le
−i(kL·x−ωLt)

]
+ ε̂σ

∑

k

[(
h̄ωk

2ε0V

) 1
2

âk(t)e
ik·r + h.c.

]
,

(B.1)

where the incident laser field envelope EL is taken as constant in amplitude. In terms of

the detuning

δL = ωe − ωL (B.2)

we have

ωk = ωe − ω2 − δL. (B.3)

We proceed by introducing bosonic matter-field creation and annihilation operators

ψ̂†i (x, t) and ψ̂i(x, t), that create and annihilate, respectively, an atom at position x in

electronic state |i〉 = |1〉, |e〉 or |2〉, with

[
ψ̂i(x, t), ψ̂

†
j(x

′, t)
]

= δijδ(x− x′). (B.4)
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Taking ω1 = 0 the Hamiltonian of the atom-field system is Ĥ = Ĥ0 + Ĥc, with

Ĥ0 =
∑

k

h̄ωkâ
†
kâk +

∫
dx

{
h̄ωeψ̂

†
e(x)ψ̂e(x) + h̄ω2ψ̂

†
2(x)ψ̂2(x)

}

+
∑

i=1,2,e

∫
dx ψ̂†i (x)

[
− h̄

2∇2

2m
+ V (x)

]
ψ̂i(x), (B.5)

while

Ĥc = −
∫
dx

{
Ê · d

[
ψ̂†e(x)ψ̂1(x) + ψ̂†e(x)ψ̂2(x)

]
+ h.c.

}
(B.6)

describes the electric dipole interaction between the atoms and the electromagnetic field,

d being the dipole moment which we take to have the same magnitude for both transitions.

For large enough detunings the excited state is not significantly occupied and may be

adiabatically eliminated. Introducing slowly varying operators ψ̃i = ψ̂ie
iΩit and ãk =

âke
iωkt and using the rotating wave approximation yields then the effective interaction

Hamiltonian

Heff = −
∫

h̄

δL
dx

{
Ω2

Lψ̂
†
1(x)ψ̂1(x) + Ω2

kψ̂
†
2(x)ψ̂2(x)â†kâk

+ ΩLΩk

(
ψ̂†2(x)ψ̂1(x)ãke

i(kL−k)·x + h.c.
)}

. (B.7)

Here ΩL = dEL/h̄ is the Rabi frequency of the incident field and Ωk = d
√
ωk/(2ε0h̄V ).

Expanding the atomic field operators in states of the trap,

ψ̂i(x) =
∞∑
i=0

φn(x)ĉni (B.8)

where H0φn(x) = h̄νnφn(x) and the subscript n labels generically excitations in all

three dimensions of the trap, n = {nx, ny, nz}, and νn = (nx + ny + nz + 3/2)ωt.

Substituting the expansion (B.8) into Hamiltonians (B.7) and (B.5), and denoting the
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expectation values 〈ãk〉 = ak, we obtain the Heisenberg equations of motion

∂〈c̃†j1c̃n1〉
∂τ

= i
∑

km

[
ηnm (−q) a†k〈c̃†j1c̃m2〉ei(ν′n−ν′m)τ − η∗jm (−q) ak〈c̃†m2c̃n1〉ei(ν′m−ν′j)τ

]
,

(B.9)
∂〈c̃†j2c̃n2〉

∂τ
= i

∑

km

[
ηnm (q) a†k〈c̃†j2c̃m1〉ei(ν′n−ν′m)τ − η∗jm (q) ak〈c̃†m1c̃n2〉ei(ν′m−ν′j)τ

]
,

(B.10)
∂〈c̃†j2c̃n1〉

∂τ
= i

[
(
ΩL

Ωk

−
∑

k

Ωk

ΩL

a†kak)

]
〈c̃†j2c̃n2〉

+ i
∑

km

[
ηnm (−q) a†k〈c̃†j2c̃m2〉ei(ν′n−ν′m)τ − η∗jm (q) ak〈c̃†m1c̃n1〉ei(ν′m−ν′j)τ

]
.

(B.11)

Here the dimensionless time τ = ΩRt where ΩR = ΩLΩk/δL is an effective ‘two-

photon’ Rabi frequency, ν ′n = νn/ΩR, the slowly varying operators c̃ni = ĉnie
iν′nt and the

overlap function

ηnj(q) =

∫
φ∗n(x)φj(x)eiq·xdx, (B.12)

where the recoil momentum is q = kL − k. Finally, the time evolution of the end-fire

modes is given by
∂ak

∂τ
= iΩk/ΩL

∑
m

〈c̃†m2c̃m2〉ak

+ i
∑
mn

ηmn (q) 〈c̃†m2c̃n1〉ei(ν′m−ν′n)t − Γak, (B.13)

where the last term is a phenomenological decay added to account for the escape of the

photons from the sample. Note that by factorizing the expectation values of the optical

and matter-wave fields, we have neglected any quantum correlation and entanglement that

may build up between these fields.

The atoms obey initially an equilibrium Bose distribution. We determine the distribu-

tion for excitations in the z-direction by averaging over the x and y-directions,

〈c†n1cn1〉 =
1

N
∞∑

nx,ny=0

1

eh̄ωt(nx+ny+nz)/kBT − 1
, (B.14)
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Figure B.2: Gray scale rendering of the absolute value of the overlap function |ηmn(k)|
for the first 25 trap levels.
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where N is a normalization factor chosen to fix the thermal fraction of atoms, nth =
∞∑

n=0

〈c†n1cn1〉, at the value nth = N(T/Tc)
3 determined by the temperature of the sample

[11], where Tc is the critical temperature.

We conclude this section by remarking that in order to keep the computations manage-

able we have assumed that the light field intensity is uniform within the sample, thereby

neglecting spatial effects that have previously been shown to play an important role in the

growth of the end-fire modes [12, 13, 14]. The role of these effects at finite temperature

remains therefore an open question. In the following simulations we also assume for sim-

plicity that the atoms recoil only along the z-axis and we are therefore only interested in

excitations along that direction.

B.3 Dephasing

This section summarizes numerical results that illustrate the dynamics of the thermal and

condensed fractions of the vapor, showing that these dynamics are characterized by two

distinct time scales. Specifically, we simulate a pump-probe technique that was experi-

mentally implemented by Yoshikawa and co-workers [6] to measure superradiant coher-

ence. This procedure entails applying a superradiant pump pulse until the end-fire mode

intensity reaches a maximum. At that point the pulse is turned off for a variable delay

time, τd during which the polarization grating deteriorates due to Doppler dephasing. The

pump beam is then turned back on to its original intensity to probe the remaining co-

herence. Had the polarization grating remained intact the superradiant intensity would

immediately return to its pre-delay level, however, due to Doppler dephasing the post-

delay intensity is reduced. The ratio of the pre- and post-delay end-fire mode intensity,

ξ = |ak(τmax + τd)|2/|ak(τmax)|2, (B.15)

is therefore a measure of the decoherence of the superradiant pulse.

Figure B.3(a) illustrates the detector response (upper curve) to a square pulse pump-

probe sequence (lower curve). Here the end-fire mode intensity was convoluted with the
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Figure B.3: (a) Pump-probe spectroscopy. The lower curve shows the pump-probe se-
quence and the upper curve the resulting end-fire mode intensity. The ratio of the peak
heights directly after to directly before the delay is used as a measure of coherence. (b)
Dephasing. Dotted line: post- to pre-delay intensity signal ratio for a vapor with 0.95 con-
densed fraction. For a condensed fraction of only 0.1 (solid line) the decay is bimodal,
the initial rapid decay being attributed to the thermal fraction. Dashed line: intermediate
case, nc = 0.5. (Inset) Solid circles: polarization

∣∣∣〈c̃†m2c̃01〉
∣∣∣; open circles Fourier compo-

nents of the signal for nc = 0.95 in the main figure. The dotted line envelope shows the
overlap function |ηm0(q)|.
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Figure B.4: Summary of numerical simulations for nc = 0.5. (a) Circles: Ratio of the total
number of thermal atoms (n

(2)
th ) to total number of condensed atoms (n

(2)
c ) transferred

from the state |1〉 at peak superradiant intensity ; triangles: fraction of total number of
atoms scattered to the state |2〉 (condensed and thermal included), as a function of ωt/ΩR.
(b) Fraction of atoms left in ground state |1〉 at the end of the pulse complete by trap level
for ωt/ΩR = 0.25, 0.5, 0.75 and 1.0. (c) Initial distribution of atoms by trap level (solid
circles) and distribution of atoms in state |2〉 at the end of the pulse for ωt/ΩR = 1.0.
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response function of the detector, assumed to have a (dimensionless) response time of

τ ′ = 0.01.

We considered a sample ofN = 106 atoms in a three-dimensional, isotropic harmonic

trap with trap frequency ωt = 2π · 800 rad/s and ωt/ΩR = 0.5, including 400 trap levels

in the simulations. We have chosen such a tight trap for computational reasons: For that

value of ωt the occupation of levels higher than n = 400 remains negligible at all times

for the conditions that we consider 2. We choose ΩL/Ωk = 1000 and neglect laser pump

depletion. Since the decay of the light field due to its escape from the atomic sample, see

Eq. (B.13), is the fastest process by several orders of magnitude the state of the scattered

light field is nearly instantaneously determined by the state of the atomic fields, so that

ak ≈ i

Γ

∑
mn

ηmn (q) 〈c̃†m2c̃n1〉ei(ν′m−ν′n)t. (B.16)

Either a seed atomic polarization or a seed end-fire mode occupation is required to

initiate the superradiant growth. In this paper we usually assume that the end-fire mode

has an initial value ak =
√

10 and that all atoms are in the state |1〉 obeying the distribu-

tion (B.14). The first numerical iteration of Eqs. (B.9)-(B.11) then creates a small initial

polarization. Thereafter we use Eq. (B.16) to determine the instantaneous value of the

end-fire mode, with Γ ≈ (104 ∼ 105)× ΩR.

Figure B.3(b) plots ξ(τd), the post- to pre-delay intensity ratio, Eq. (B.15), as a func-

tion of the pump-probe delay time for three different sample temperatures. The dotted

line corresponds to a nearly pure condensate, with a condensed fraction nc = 0.95. After

an initial increase for short times due to the continued build-up of the atomic polarization

, the signal ratio decreases as expected with a decay time to half the initial intensity of

τc ≈ 0.3.
2The relatively high trap frequency that we consider is guided solely by numerical considerations: an

atom in the lowest trap level that experiences a recoil h̄kL along either of the axes is excited to a trap

level nr ≈ h̄k2/2Mωt, or nr ≈ 103 for typical trap frequencies (ωt = 10π rad/s in [5]). Our choice

of ωt reduces nr by two orders of magnitude, rendering the problem computationally significantly more

tractable.
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The slow oscillations in ξ(τd) can be understood by comparing its Fourier transform to

the components of the atomic polarization |〈c†m2c01〉| between the trap ground state and its

excited levels, see insert of Fig. B.3(b). As expected, there is a one-to-one correspondence

between these frequencies. Hence the oscillations in ξ(τd) are a signature of the specific

trap characteristics. In this example the atomic coherence is only significant between

even trap states. This is a combined consequence of the way the end-fire mode fields are

seeded in our simulations, and of the form of the overlap function (ηj0(q)) between the

lowest trap level and higher levels, which are alternately purely real or purely imaginary

due to the harmonic oscillator states being alternately even and odd. In Eq. (B.11), only

the last term on the right-hand side contributes initially. Then, by choosing the initial

overall phase of the left-propagating end-fire mode to be the same as that of the right-

propagating one, the left and right contributions for all odd trap levels cancel out since

the overlap functions for those modes are purely imaginary. The cancellation is no longer

exact if either the phases of the left and right-propagating end-fire modes are not the

same or if their initial amplitudes are not equal. Of course the relative initial amplitude

of left and right-propagating modes fluctuates from shot-to-shot due to the fact that they

are initiated by quantum noise. As a result, the frequency components of ξ(τd) will also

vary, leading to a washing out of its oscillations when averaging over many runs of the

experiment.

As the temperature approaches Tc, ξ(τd) undergoes a rapid initial decay on a timescale

τth roughly an order of magnitude faster than the slow decay characterized by τc. This

is illustrated for nc = 0.1 as the solid line in Fig. B.3(b). These two time scales were

experimentally observed by Yoshikawa et al., see Fig. 3 in Ref. [6]. The appearance of

a slow decay below the critical temperature Tc, combined with the disappearance of the

rapid decay at T → 0, clearly points to the fact that they are associated with the condensed

and thermal fractions respectively. The existence of these two time scales was exploited

by Sadler et al. [5] to image selectively the condensed fraction of an ultra-cold Bose gas

below the critical temperature while remaining blind to the thermal fraction, as we discuss
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next.

B.4 Thermally selective scattering

This section further discusses how the Doppler broadening of the thermal fraction inhibits

superradiance when the effective Rabi frequency ΩR becomes comparable to the trap

frequency, thereby making superradiance a sensitive probe of the condensed fraction of

the sample [5].

The circles in Fig. B.4(a) show the ratio n(2)
th /n

(2)
c , the number of atoms transferred to

the electronic state |2〉 from the excited trap levels to the number of atoms transferred from

the trap ground state to |2〉, at peak end-fire mode intensity and as a function of ωt/ΩR

for an initial condensed fraction nc = 1/2. As the ratio ωt/ΩR increases, fewer thermal

atoms participate in the superradiant scattering as a consequence of Doppler dephasing.

The triangles, which show the total number of scattered atoms, confirm that indeed, the

bulk of the superradiant emission is associated to the condensed atoms in that case.

This behavior is further illustrated by plotting the fraction of atoms left in the elec-

tronic state |1〉 as a function of trap level at the end of the superradiant emission. This is

illustrated in Fig. B.4(b) for the cases (from lowest to highest curve) ωt/ΩR = 0.25, 0.5

and 0.75 and 1.0. When the superradiance occurs on a time scale faster than the inverse

trap frequency, all levels contribute roughly in proportion to their initial occupation 3. But

as ωt/ΩR becomes of order unity, the lower trap levels contribute significantly more in

proportion to their initial occupation than the higher levels which Doppler dephase faster.

The selective scattering of atoms initially in the deepest trap levels implies that the

scattered atoms are in effect colder than the unscattered atoms — a situation somewhat

akin to evaporative cooling, except that in the present case it is the warmer atoms that

are “left behind.” The squares in Fig. B.4(c) show the atomic distribution of atoms in

3The rapid rise at the tail-end of that curve is a consequence of the finite number of trap levels in the

simulations. Since the population of high levels remains low at all times this artifact does not significantly

affect our conclusions.
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electronic state |2〉 at the end of the superradiant emission for the first 20 trap levels for

nc = 0.5, ωt/ΩR = 1.0 and N = 106. The solid circles show the initial distribution of

thermal atoms in state |1〉 (the occupation number of the lowest trap level is off scale and

is not shown here.)

We use the root-mean-square deviation of the center-of-mass energy of the atoms as a

measure of their temperature, and compare its initial value ∆ε1 for atoms in the state |1〉,
to that of the atoms in the electronic ground state |2〉, ∆ε2, at the end of the superradiant

emission. For ωt/ΩR = 1.0 we find ∆ε2 = ∆ε1/2, a modest reduction in rms energy.

This is despite the fact that several trap levels wind up being significantly populated, as

opposed to only the lowest trap level being significantly populated initially and follows

from the comparatively few thermal atoms undergoing Raman scattering, as we have seen.

For the case at hand, 58% of the particles in the state |1〉 initially occupy the first 10 trap

levels, but after scattering 82% of the particles scattered to |2〉 occupy these 10 levels.

This effect can be enhanced if the trap frequency is chosen so as to approximately

match the photon recoil frequency, h̄q2/2M ≈ ωt, that is, for a Lamb-Dicke parameter

η = kL

√
h̄/2mωt ' 1. In that case the overlap function η0m(q) is appreciable only for

m = 1, and the condensed atoms will only recoil to that level, instead of several levels as

shown in Fig. B.4(c).

B.5 Conclusion

In this paper we have explored theoretically various aspects of superradiance from ul-

tracold, but finite temperature atomic gases. In particular we’ve illustrated explicitly the

existence of two well separated coherence timescales associated with the condensed and

thermal fractions of the gas respectively. In the regime where Doppler dephasing plays

an important role, we found that superradiant scattering takes place predominantly from

atoms in the lowest lying trap levels as these are less prone to the Doppler dephasing. That

effect was exploited in [5] to image selectively the condensed fraction of an ultra-cold gas.

We demonstrated that as a consequence atoms in the scattered state have a reduced rms
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deviation from the average trap energy as compared to the atoms in the initial state, and

are in that sense colder than atoms in the initial state.

Our calculations considered a system with end-fire modes recoiling perpendicularly to

the pump beam. In a system where the pump beam propagates collinearly to the scattered

beams, such as an elongated condensate pumped along the long axis, it is possible to

suppress Raman scattering into the backward end-fire mode, as compared to the forward

end-fire mode, by exploiting the same dephasing effects that lead to thermally selective

scattering. This results because the recoil momentum associated with the forward end-

fire mode is small compared to that due to backward scattering. Hence it is possible to

realize conditions such that the forward scattering Lamb-Dicke parameter ηf ¿ 1 and the

backward scattering one ηb À 1. This effect would not be present in Rayleigh scattering

experiments using the same geometry, since there the pump beam simply sees a phase

shift in the forward direction and only the backward mode is superradiantly enhanced.
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ABSTRACT

We describe theoretically the dynamics of the off-resonant superradiant Raman scattering

of light in a prolate atomic Bose-Einstein condensate, from the initial stages governed

by quantum fluctuations to the subsequent semiclassical regime, and within a multimode

theory that fully accounts for propagation effects. Our results are in good agreement with

recent experimental results that exploit Raman superradiance as an imaging technique to

probe the long-range coherence of condensates, including the observed time-dependent

spatial features, and account properly for the macroscopic shot-to-shot fluctuations result-

ing from the quantum noise that initiates the superradiance process.

C.1 Introduction

In a beautiful recent series of experiments Sadler and co-workers have exploited super-

radiant Raman scattering as a probe of long-range coherence in a quantum-degenerate
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bosonic gas [1]. Their investigation is one of few experimental studies of extended sam-

ple superradiance that is both temporally and spatially resolved. The detailed information

that can be extracted from such experiments provides a strong motivation to revisit the

theory of superradiance and to bring it to a level of sophistication at a par with these

developments.

Superradiance is a well-known phenomenon [2] that was first discussed by Dicke [3]

in 1954. In that process, atoms scatter light collectively, producing a short burst of in-

tense radiation. In a typical superradiance experiment with Bose-Einstein condensates,

an elongated sample of ultracold atoms is subjected to a pump pulse of far off-resonant

laser light. For an appropriate polarization of that field, the cigar-shaped condensate ge-

ometry results in the scattering of photons predominantly into modes propagating along

the long axis of the sample, commonly referred to as the end-fire-modes (EFM). As the

atomic cloud is Bose-condensed, the scattering process simultaneously leads to the coher-

ent amplification of the recoiling atomic fields. Such coherent matter-wave amplification

(CMA) has been observed both in the case of Rayleigh scattering [4, 5, 6] and of Raman

scattering [7, 8], and several theoretical descriptions of this effect have been published

[9, 10, 11, 12].

A necessary condition for superradiance to occur is [13, 14, 15]

τc ¿ T ∗2 , (C.1)

where T ∗2 is the reciprocal inhomogeneous linewidth and τc = 2/(cργλ2)1/2 is the super-

radiant cooperation time with ρ the atomic density, c the speed of light, λ the wavelength

and γ the linewidth of an isolated atom.

An ultracold Bosonic gas at temperature T with 0 < T < Tc, where Tc is the critical

temperature, consists of both condensed and non-condensed phases. As Doppler broad-

ening for the two phases can be dramatically different, it is possible for the appropriate

choice of experimental parameters to have condition Eq. (C.1) satisfied for the condensed

phase, but not the non-condensed phase [4]. Under such circumstances light will scatter



89

superradiantly only from the condensed portion of the gas, thus providing the experi-

menter with a sensitive probe of that phase. In Ref. [1] this approach is followed to both

quantify the condensate number and study the spatial and temporal evolution of the su-

perradiant process. It provides a novel probe of long-range coherence which may lead

to insight in the symmetry-breaking dynamics of normal- to superfluid phase transitions.

To our knowledge only one previous study [4] exists that resolves spatial features in ex-

tended sample superradiance in atomic vapors. In that case the angular pattern of the

emitted EFM was integrated over the course of a superradiant pulse and found to consist

of several bright spots (Fig. 3(a) in Ref. [4]).

Zobay and Nikolopoulos [16, 17] have given a detailed semiclassical analysis of the

spatial features of both the matter-wave and the optical fields in CMA experiments based

on Rayleigh scattering. They found that propagation effects play a crucial role in the

amplification process and account for several characteristic features seen in experiments

[4, 7]. These include the characteristic “X” and fan shapes of the atomic recoil modes

corresponding to the strong and weak pulse limits respectively, the asymmetry between

forward and backward side-modes in the strong pulse regime, and the depletion of the

condensate center in the weak pulse regime. Furthermore, they found that low superradi-

ant emission does not necessarily imply a small EFM field inside the atomic sample, as

a result of the scattering of EFM photons back into the pump beam. They also demon-

strated that propagation effects lead to sub-exponential growth of the scattered fields in

contrast to the exponential growth seen in fully quantized uniform field models, an effect

reminiscent of laser lethargy in short-wavelength optical amplifiers [18, 19].

An important aspect of superradiance experiments is the appearance of large shot-to-

shot fluctuations, a result of the quantum noise that dominates the dynamics during the

initial stages of the experiment [2, 20, 21, 22]. At later times the scattered fields become

macroscopically occupied and evolve in an essentially classical manner from initial con-

ditions determined by those quantum fluctuations. A common strategy to treat the full

evolution of superradiance is therefore to break the problem into an initial quantum stage
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followed by a classical stage. The initial stage is analyzed primarily to determine the

appropriate probability distribution of initial conditions for the classical stage. Experi-

mentally observed fluctuations in the classical stage are simulated by solving the dynam-

ics a large number of times with initial conditions chosen according to this probability

distribution, each simulation representing a single realization of the experiment.

The primary aim of this paper is to provide a detailed theoretical framework to inter-

pret experiments such as reported in Ref. [1]. With this goal in mind we generalize the

semiclassical model of Refs. [16, 17] to the Raman scattering case, and also extend it to

a multimode quantum description that allows for a systematic treatment of the build-up

of the classical fields from quantum noise, thereby accounting for shot-to-shot fluctua-

tions. Whereas Refs. [16, 17] focus on the post-pump expansion patterns of the recoiling

modes, we also investigate in detail the time-dependent imaging of the condensate while

undergoing superradiant emission and find good qualitative agreement with experimental

observations. The present theory is limited to the zero-temperature limit and to the case

of bosonic atoms, but these limitations will be removed in future work.

We note that although superradiance imaging can work in principle both for Raman

and Rayleigh transition, Raman superradiance offers several distinct advantages. Most

importantly perhaps, in Raman superradiance the atoms are not further scattered to higher-

order spatial modes after having been scattered once, making the interpretation of the

experiments significantly simpler than in the case of Rayleigh scattering. Also, Raman

superradiance differs from Rayleigh superradiance in that in the former case, the physical

mechanism at the origin of the process is the creation of a spin polarization grating in

the sample, while it is a density grating in the latter situation, thereby eliminating the

dispersive phase shift that would cause aberrations in imaging (see Ref. [1]).

The paper is organized as follows. Section C.2 discusses the experiment under con-

sideration, introduces our model, and considers the initial stages of the evolution of the

atoms and light field, treating the scattered optical field quantum mechanically. Section

C.3 turns then to the classical stage by solving coupled Maxwell-Schrödinger equations
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within the slowly varying envelope approximation. Numerical results are presented in

Sec. C.4, and Sec. C.5 is a summary and conclusion.

C.2 Initial stage and quantum fluctuations

We consider a cigar-shaped Bose-Einstein condensate of widthw and length Lwith a total

of N atoms. The ultra-cold atoms in the condensate undergo Raman scattering between

two ground states |1〉 and |2〉 via an off-resonant excited state |e〉. The energy of level |1〉
is taken as the zero of energy, and the energies of the states |2〉 and |e〉 are h̄ω2 and h̄ωe,

respectively, see Fig. 1. We assume that the transition |1〉 → |e〉 is driven by a classical

pump laser EL(t) of frequency ωL and polarized along the ŷ-axis, see Fig. 2, with

ωL = ωe − δL (C.2)

while the transition |e〉 → |2〉 takes place via spontaneous emission to a continuum of

vacuum modes with frequencies

ωk = ωe − ω2 − δk. (C.3)

The total electric field is then

Ê = EL(t) +
∑

ε̂

∫
dk Êk

= ŷ
[
EL(t)ei(kL·r−ωLt) + E∗

L(t)e−i(kL·r−ωLt)
]

+
∑

ε̂

∫
dk

[(
h̄ωk

2ε0V

) 1
2

ε̂kâε̂k(t)e
ik·r + h.c.

]
,

where the creation operators â†ε̂k(t) obey the usual bosonic commutation relations
[
âε̂k, â

†
ε̂′k′

]
= δ(k− k′)δε̂ε̂′ . (C.4)

The incident laser field envelope EL(t) is taken as constant in amplitude during the initial

stages of the amplification process, but its full time dependence can be accounted for in

the classical stages of the evolution.
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We proceed by introducing bosonic matter-field creation and annihilation operators

ψ̂†i (r, t), (ψ̂i(r, t)), that create (annihilate) an atom at position r in electronic state |i〉 =

|1〉, |e〉 or |2〉, with [
ψ̂i(r, t), ψ̂

†
j(r

′, t)
]

= δijδ(r− r′), (C.5)

in terms of which the Hamiltonian of the atom-field system is Ĥ = Ĥ0 + Ĥc, with

Ĥ0 =
∑

ε̂

∫
dk h̄ω(k)â†ε̂k(t)âε̂k(t)+

∫
dr

{
h̄ωeψ̂

†
e(r, t)ψ̂e(r, t) + h̄ω2ψ̂

†
2(r, t)ψ̂2(r, t)

}
,

(C.6)

and the interaction Hamiltonian

Ĥc = −
∫
dr

{
Ê ·

[
d1ψ̂

†
e(r, t)ψ̂1(r, t) + d2ψ̂

†
e(r, t)ψ̂2(r, t)

]
+ h.c.

}
, (C.7)

describes the electric dipole interaction between the atoms and the electromagnetic

field, di being the dipole moment of the |i〉 ↔ |e〉 transition.

We assume that the atoms are initially in their ground state |1〉, and that the pump

laser is sufficiently far detuned from resonance for the excited state population to remain

negligible at all times. The excited level |e〉 can then be adiabatically eliminated in the

standard fashion. Thus transforming to slowly varying interaction picture operators

ãε̂k(r, t) = âε̂ke
iωLt (C.8)

ψ̃1(r, t) = ψ̂1(r, t) (C.9)

ψ̃e(r, t) = ψ̂e(r, t)e
iωet (C.10)

ψ̃2(r, t) = ψ̂2(r, t)e
iω2t, (C.11)

and performing the rotating wave approximation (RWA), yields the effective Hamiltonian

H̃c = −
∫
dr

∫
dk

{
g(k)ã†ε̂kψ̃

†
2(r, t)e

i(kL−k)·rψ̃1(r, t)e
i(δL−δk)t + h.c.

}
, (C.12)
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where

g(k) = (ŷ · d1)(ε̂ · d2)

√
ωk

2h̄ε0V

(
δk + δL
δkδL

)
EL. (C.13)

In Eq. (C.12) we have neglected higher-order scattering terms coupling modes of the

scattered light field, an approximation justified in the early stages.

The effect of the Hamiltonian H̃ is to transfer atoms initially in the ground state |1〉 and

with spatial wave function φ0(r) into the ground state |2〉 with a momentum-conserving

spatial wave function φ0(r)e
i(kL−k)·r via scattering of a photon into mode k. Following

Ref. [10] we therefore expand the matter-field operators into quasi-modes according to

ψ̃1(r) = φ0(r)c̃0 (C.14)

and

ψ̃2(r) =

∫
dq φ0(r)e

iq·rc̃q, (C.15)

where c̃0 annihilates a particle in a quasi-mode with electronic state |1〉 and wave function

〈r|0〉 = φ0(r) and c̃q annihilates a particle in a quasi-mode with electronic state |2〉 and

wave function 〈r|q〉 = φ0(r)e
iq·r. These quasi-modes are nearly orthogonal provided that

they are separated by an angle

θ⊥ >≈ 2Kw/|k| = λ/(πw),

where Kw = 2/w is the momentum width of the condensate. In that case the quasi-mode

creation and annihilation operators c̃q obey to a good approximation bosonic commutation

relations [
c̃q, c̃

†
q′

]
≈ δqq′ (C.16)

and are statistically independent during the early stages of the evolution.

In terms of the quasi-modes q, the Hamiltonian (C.12) becomes

Hc =
∑
q

∫
dk

{
η(k, q) ei(δL−δk)tã†kĉ

†
q ĉ0 + h.c.

}
(C.17)

where

ηq(k) = g(k)

∫
dr|φ0(r)|2ei(kL−k−q)·r. (C.18)
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We have used the normalization condition
∫
dr |φ0(r)|2 = 1. The Hamiltonian (C.17)

differs from the effective Hamiltonian derived by Moore and Meystre for the Rayleigh

scattering case [10] in that the electronic state of recoiling atomic modes is |2〉 instead

of the original ground state |1〉 and the term oscillating with frequency δL − δk = ωk −
(ωL−ω2) enforces the coupling of the scattered modes to photons with frequency ωL−ω2

instead of ωL.

With these differences in mind, we may easily generalize the results of Ref. [10] and

determine that the quasi-modes initially grow exponentially,

c̃q = exp[GqNt/2]c̃q(0) +

∫ t

0

dτ exp[GqNt/2]f̃ †q(t− τ), (C.19)

where

Gq = 2π

∫
dk |ηq(k)|2δ[ωk − (ωL − ω2)] (C.20)

and f̃q(t−τ) is a noise operator the second-order correlation functions of which are given

in the Markov approximation by

〈f̃ †q(t)f̃q(t′)〉 = 0, (C.21)

〈f̃q(t)f̃ †q(t′)〉 = GqNδ(t− t′). (C.22)

In this limit, the probability Pq(n, t) of having n atoms in mode q at time t is that of a

chaotic field,

Pq(n, t) =
1

n̄q(t)

(
1 +

1

n̄q(t)

)−(n+1)

, (C.23)

where n̄q(t) = 〈c̃†qc̃q〉 is the mean number of atoms in the quasi-mode q at time t.

An important feature of the linear gain factor Gq is that it remains relatively constant

for quasi-modes excited via the scattering of photons at small angles θk with respect to

the long axis of the condensate. This is the case until θk reaches the geometric angle

θg ≈ w

L



97

after which the linear gainGq falls off rapidly. The electromagnetic modes corresponding

to scattering into that angle collectively form the EFMs, and they dominate the short-time

dynamics of the system.

This suggests that we may accurately simulate the linear dynamics of the superradiant

system by considering the scattering of photons into a finite number of modes distributed

within a solid angle 2πθg around the long axis of the condensate only. We note that while

the geometric angle into which significant scattering takes place is fixed by the aspect

ratio of the condensate, the number m of independent quasi-modes depends also on the

wavelength of the optical fields involved,

m ≈
(
θg

θ⊥

)2

=

(
πw2

2λL

)2

= F 2, (C.24)

where F is the Fresnel number. Typical experiments correspond to a number of quasi-

modes m ≈ 1 ∼ 102.

C.3 Classical Evolution

We now turn to the quantum-noise initiated classical regime that occurs once the superra-

diance process is fully underway and the scattered modes are macroscopically occupied.

In typical experiments of Ref. [1] the velocity of the recoiling atoms is such that they may

traverse half a condensate width over the course of a single run of the experiment. In ad-

dition, atom-atom scattering may cause significant dephasing on the same time scale. In

this section we therefore include both kinetic energy and mean field atom-atom collisional

terms.

In the classical regime the optical field can be described by a complex field amplitude

Ecl = EL +
∑

k

Ek

= ŷ
[
EL(r, t)ei(kL·r−ωLt) + E∗

L(r, t)e−i(kL·r−ωLt)
]

+
∑

ε̂k

ε̂
[
Ek(r, t)e

i(k·r−ωkt) + E∗
k(r, t)e

−i(k·r−ωkt)
]
.
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Following the discussion of Sec. C.2 we restrict the sum over k to the discrete set of

quasi-modes in the end-fire cone and set ωk = ωL − ω2. At this point we no longer

assume that the pump field remains undepleted. As usual, the field amplitudes Ei(r, t)

are assumed to be slowly varying,

|∇Ei(r, t)| ¿ |kiEi(r, t)| , (C.25)∣∣∣∣
∂Ei(r, t)

∂t

∣∣∣∣ ¿ |ωiEi(r, t)| . (C.26)

Eliminating adiabatically the excited electronic state of the atoms as before by introducing

the slowly varying Schrödinger field operators

ψ̃0(r, t) = ψ̂1(r, t) (C.27)

ψ̃kL
(r, t) = ψ̂e(r, t)e

i(ωe+ωer)te−ikL·r (C.28)

ψ̃k(r, t) = ψ̂k(r, t)e
i(ω2+ω2r)te−i(kL·r−k·r), (C.29)

where h̄ωer = h̄2k2
L/2m and h̄ω2r = h̄2(k2

L+k2)/2m, results in the effective Hamiltonian

H̃ = H̃0 + H̃aa + H̃c where

H̃0 = −
∫
dr

{∑

k

h̄2

2m
ψ̃†k∇2ψ̃k

}
, (C.30)

H̃aa = −
∫
dr

{
U11ψ̃

†
0ψ̃

†
0ψ̃0ψ̃0 +

∑

k

(
Ukkψ̃

†
kψ̃

†
kψ̃kψ̃k + U1kψ̃

†
0ψ̃

†
kψ̃kψ̃0

)}
, (C.31)

H̃c = −
∫
dr

∑
ij

gij

(1− iγ/δL)
ψ̃†i (r, t)ψ̃j(r, t). (C.32)

Here

gij =
didj

3δLh̄
E∗

i (r, t)Ej(r, t), (C.33)

in which the factor 3 arises from an average over all possible orientations of the dipole

and

U11(kk) =
4πh̄2a

m
,U1k =

8πh̄2

m

(
a+ ika2

)
, (C.34)
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where a is the s-wave scattering length and the indices i, j run over−k, 0, k. The last term

on the right in Eq. (C.34) is a momentum-dependent loss that has been used to account

for elastic scattering losses in the Gross-Pitaevski equation [23]. It arises upon keeping

the second-order term when expanding the manybody T-matrix in powers of k. For the

Raman system under consideration we need not include higher-order modes of the form

ψ̃nkL+qk (n,q being integers) in the sum over k, since the second ground state can no

longer absorp pump photons [7].

Within the slowly varying envelope approximation (SVEA) the Hamiltonian (C.32)

yields the matter-wave Heisenberg equations of motion

dΨ0(r, t)

dτ
=

i

(1− iγ/δL)
E∗L

[
d1

d2

ELΨ0 +
∑

k

EkΨ−k

]
+ i

∑

j

u1j|Ψj|2Ψ0

(C.35)

dΨk(r, t)

dτ
= −κ · ∇Ψk +

i

(1− iγ/δL)
E∗−k

[
ELΨ0 +

d2

d1

∑

k

EkΨ−k

]

+ i
∑

j

ukj|Ψj|2Ψk. (C.36)

We have cast these equations in dimensionless units where the dimensionless time is

τ =
Ω2

L

δL
t, (C.37)

in which

ΩL =
dEin

L√
3h̄

(C.38)

is the the Rabi frequency of the incident laser field of amplitude Ein
L and d =

√
d1d2 . The

elecric field amplitudes are rescaled as

Ei =
Ei

E in
L

, (C.39)

and the matter-wave fields as

Ψi =
ψ̃i√
ρc

, (C.40)
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where

ρc =
N

Lw2
(C.41)

is a characteristic density.

When performing the derivatives of the kinetic energy term, dimensional analysis

along with the SVEA indicate that the second order derivative is smaller than the first by

a factor 10−4. We have therefore retained only the advective contribution (first term on

the right in Eq. (C.36)) with a dimensionless velocity

κ =
δL
LΩ2

L

h̄

2m
(kL + k). (C.42)

Finally, the rescaled atom-atom scattering strength is

uij =
δL
Ω2

L

Uij. (C.43)

The recoil velocity imparted by the scattering process on the condensate atoms is of

the order of centimeters per second. The resulting recoil motion of the scattered atoms

through the original condensate is neglected in some of the simulations presented in

Sec. C.4, an excellent approximation in the early stages of the dynamics. The factor

γ/δL in Eqs. (C.35) and (C.36) is due to the inclusion of a phenomenological decay term

to account for losses due to spontaneous emission from the excited state.

The evolution of the optical field is governed by the Maxwell wave equation coupled

to the macroscopic polarization of the condensate. Treating the pump laser as a continu-

ous wave we find

∂EL

∂ξ
=

iℵ
(1− iγ/δL)

Ψ†
0

{
d1

d2

ELΨ0 +
∑

k

EkΨ−k

}

(C.44)

sign(k)
∂Ek

∂ζ
=

iℵ
(1− iγ/δL)

Ψ†
−k

{
ELΨ0 +

d2

d1

∑

k

EkΨ−k

}

(C.45)
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where ξ = x/L, ζ = z/L and

ℵ =
πd2ρc

3ε0h̄δL

L

λ
(C.46)

is a dimensionless parameter that describes the superradiant coupling between the incident

and scattered fields. Equations (C.44) and (C.45), together with Eqs. (C.35) and (C.36),

fully describe the multimode dynamics of the slowly varying envelopes of the electric and

matter-wave fields. They may be solved analytically in the short-time regime as shown in

Appendix A. In this regime the fields Ψ±k obey

Ψk(r, τ) = ψk′(0)I0

(
2
√
τ∆

)
, (C.47)

where ψk′(0) is the square root of the recoiling mode density at τ = 0 and ∆ is a function

of ζ defined in Appendix A. A similar result was previously obtained in Ref. [17].

C.4 Numerical Results

C.4.1 General considerations

This section presents selected results from numerical simulations of the onset and growth

of superradiant scattering in a cigar-shaped condensate. We assume here that all atoms in

the condensate at temperature T = 0 are initially in the electronic ground state |1〉, and

approximate their center-of-mass wave function by a separable Thomas-Fermi profile (in

dimensionless units),

Ψ0(R) = 63/2L2/w2
∏

i

√
(Li/2L)2 −R2

i

where the product is over the rescaled spatial coordinates Ri and Li is the corresponding

condensate width 1. Close to the Thomas-Fermi radii, where the Thomas-Fermi approxi-

mation breaks down, we let the wavefunction go to zero smoothly by matching both the

1Around the center of the wavefunction this approximation has small corrections, second order in

xixj/rirj , to the true Thomas-Fermi wavefunction.
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Figure C.3: Typical time evolution of the EFM intensity. These simulations neglect dis-
sipation, mean-field interactions and effects due to photon recoil. The curves correspond
to: solid line ℵ = 6.0, dashed line ℵ = 3.0, gray line ℵ = 1.0 and dot-dashed line ℵ = 1.0
with γ/δL = 0.04. The x’s mark points at which the spatial field and absorption profiles
are plotted in Figs. C.4-C.6.
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Figure C.4: Density profile of the condensate at τ = 0 (top solid line) and of the atomic
side mode Ψ+k at half the maximum EFM intensity, as indicated by x’s in Fig. C.3:
solid line ℵ = 6.0, dashed line ℵ = 3.0 and gray line ℵ = 1.0. Mean-field interactions,
dissipation and effects due to photon recoil are neglected.
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function and its derivative to a Gaussian tail. This is necessary to prevent numerical insta-

bilities resulting from the advective term in Eq. (C.36). To remain true to the experiments

of Ref. [1], we choose the aspect ratio of the condensate to be w/L ≈ 0.1.

As we have seen, the amplitudes of the end-fire modes at the onset of the classical

regime are stochastic variables the values of which must be selected at random from run-

to-run consistently with the results of Sec. II. However, to set the stage for our discussion,

we consider first a simplified situation with only one left-recoiling and one right-recoiling

side-mode of equal initial amplitudes small compared to the amplitude of Ψ0, but with

the same spatial structure. We include, for the moment, only the atom-light coupling and

neglect the mean-field interaction, photon recoil and dissipation.

Figure C.3 illustrates examples of superradiant EFM pulse shapes, for different val-

ues of the atom-field coupling strength ℵ. To facilitate comparison we scaled the peak

intensities to 1, and the time axes so that the peaks coincide. The gray line, corresponding

to ℵ = 1.0, demonstrates a typical main pulse followed by a secondary peak, an effect

known as ringing [2]. Increasing the coupling strength to ℵ = 3.0 raises the secondary

peak maximum relative to the first peak, as shown by the dashed line. The black line, for

which ℵ = 6.0, represents a qualitatively different regime: The superradiant maximum

is now followed by a slowly decaying tail rather than ringing. Dissipation also leads to

suppression of the ringing, as shown by the dot-dashed line which is for γ/δL = 0.04 and

ℵ = 1.0. The appearance of ringing with increased coupling strength has been observed

experimentally, [Fig. 3(b) of Ref. [4]].

Figures C.4 and C.5 show spatial profiles along the long axis z of the condensate, of

the atomic side mode Ψ+k and of the corresponding EFM field E−k. Here the same values

of ℵ as in Fig. C.3 were used: solid line ℵ = 6.0, dashed line ℵ = 3.0 and gray line

ℵ = 1.0. The EFM profiles have again been scaled for comparison. All z-axis profiles

correspond to the times indicated by the x’s in Fig. C.3. In Fig. C.4 the atomic mode Ψ+k

grows from the left edge of |Ψ0|(ζ)2, a consequence of the build-up of the EFM electric

field as it moves across the condensate, see Fig. C.5. For clarity the mode Ψ−k is not
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Figure C.5: Typical spatial envelopes of EFM electric fields at half maximum EFM in-
tensity as indicated by x’s in Fig. C.3: solid line ℵ = 6.0, dashed line ℵ = 3.0, gray
line ℵ = 1.0. The peak in intensity for ℵ = 1.0 and 3.0 arises due to scattering of EFM
photons back into the probe beam. Mean-field interactions, dissipation and effects due to
photon recoil are neglected here.
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Figure C.6: Absorption profile of the pump pulse along the z axis at half maximum EFM
intensity as indicated by x’s in Fig. C.3: solid line ℵ = 6.0, dashed line ℵ = 3.0 and
gray line ℵ = 1.0. Mean-field interactions, dissipation and effects due to photon recoil
are neglected here.
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shown. It is simply a mirror image of Ψ+k. Interestingly, in the absence of dissipation

the weaker coupling strength is more efficient at scattering atoms to ground state |2〉 over

a single superradiant pulse, as evidenced by the gray line in Fig. C.4. Keep in mind,

however, that the time scale is slower for the weaker coupling, a feature not apparent due

to the scaling of time in the figure.

For the cases ℵ = 1.0 and 3.0, the EFM profile peaks before reaching the edge of

the condensate, see Fig. C.5. During the dynamical evolution this peak appears shortly

after the first intensity maximum in Fig. C.3. It is a consequense of the EFM field being

scattered back into the probe beam from atoms in ground state |2〉. As pointed out in Ref.

[17] this may cause a strong EFM field to exist within the atomic system despite small

emission outside the sample.

The fraction of absorbed laser intensity

A(x, z) =
|E in

L |2 − |EL(x, z)|2
|E in

L |2

is shown in Fig. C.6 for x À w after the laser field exits the condensate, again for the

same values of ℵ as in Fig. C.3 and at half the EFM intensity maximum. The two central

peaks in each absorption profile appear close to the edges of the condensate early in the

time evolution and migrate towards each other. Secondary features, such as regions of

gain around the edges of the condensate, appear shortly after the EFM pulse maximum

for ℵ = 1.0 and 3.0. This gain is a signature indicating that EFM light is being scattered

back into the pump field. For ℵ = 6.0 the growth of secondary absorption peaks at the

edges of the condensate, as shown by the black line, is the dominant secondary feature

rather than gain.

The semi-classical model is valid provided the relevant modes are macroscopically

occupied. In the above simulations the initial seed amplitude of the recoiling atomic

modes was treated as a free parameter that may in general be chosen to fit experimental

data. To study the effects of this choice of initial amplitude we plot in Fig. C.7 the time

evolution of EFM intensity for initial densities of the recoiling modes being respectively
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Figure C.7: Time evolution of EFM intensity for an initial density of the recoiling modes
10−6 (solid black line), 10−5 (dashed line) and 10−4 (gray line) times smaller than the
condensate density.
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Figure C.8: Comparison of EFM intensity with γ/δL = 8× 10−3, ℵ = 1.7 for superradi-
ance only (black solid line), superradiance and photon recoil (dashed line), superradiance
and mean-field interaction (dot-dashed line), and superradiance with both mean-field in-
teractions and photon recoil included (gray line).

10−6 (solid black line), 10−5 (dashed line) and 10−4 (gray line) times smaller than the con-

densate density. For smaller initial amplitude the time to peak superradiance is delayed

and the ringing peak is higher relative to the intensity maximum.

Now consider the effects of mean-field interactions and photon recoil. Figure C.8

shows the time evolution of the EFM intensity for γ/δL = 8 × 10−3 and ℵ = 1.7. The

results are for simulations taking into account superradiance only (solid black line), su-

perradiance and recoil velocity (dashed line), superradiance and mean-field interaction

(dot-dashed line), and superradiance with both mean-field interactions and recoil veloc-

ity (gray line). The recoil velocity was so chosen that an atom would traverse roughly

half a condensate width over ∆τ = 12.0. The primary effect of including the photon
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Figure C.9: Comparison of (a) experimental photomultiplier signal of EFM intensity to,
see [1], (b) a theoretical simulation with ℵ = 1.7. Experimental data by D. Stamper-Kurn
et al. [24].

recoil and mean-field interactions is to reduce the EFM amplitude. Note that the height

of the ringing peak is increased somewhat relative to the first intensity maximum when

including only mean-field interactions. But generally speaking we do not find significant

qualitative changes in the spatial and temporal evolution of either matter or light fields

other than a reduction in overall amplitudes and slight relative delays.

C.4.2 Comparison with experiment

The primary purpose of the multimode treatment is to describe the quantum fluctuations

that govern the initial evolution of the system. As discussed in Sec. C.2 this entails

randomly choosing seed amplitudes for the intial state of the recoiling atomic modes
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Figure C.10: (a) Experimental coherent absorption imaging data, see [1], in which darkest
regions indicate strongest absorption, with a maximum absorption of ∼ 15%. (b) Simu-
lated absorption images for ℵ = 1.7 and an initial density of recoiling modes |Ψ0|2/104.
(c) Comparison of experimental (circles) to simulated (gray lines) transverse averaged
absorption profiles. The maximum in the experimental data is ∼ 6%. In all figures time
evolves from top to bottom and the horizontal frame width is L ≈ 200µm. Experimental
data by D. Stamper-Kurn et al. [24].

with the appropriate statistical properties. We have found, however, that the multimode

description gives the same results as a single-mode model as far as EFM intensity and

absorption profiles are concerned, provided that the sum of initial seed densities in the

multimode case is equal to the seed density of the single-mode system. For a single run

of the experiment a single-mode description is therefore sufficient if the seed densities

are chosen judiciously. We thus turn to a comparison of the single-mode theory to data

obtained in experiments at UC Berkeley [24].

As described in Ref. [1], a Bose condensate ofN = 1.6×106 87Rb atoms trapped in an

Ioffe-Pritchard trap with trap frequencies of ωx,y,z = 2π(48, 48, 5)s−1 was superradiantly

pumped via the F = 1 → F ′ = 1 D1 transition from the |F = 1,mf = −1〉 to the
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Figure C.11: Example of (a) Typical absorption image, see [1], and (b) its averaged pro-
file, demonstrating asymmetry that may arise from quantum fluctuations. Experimental
data by D. Stamper-Kurn et al. [24].

|F = 2,mf = 1〉 groundstates via a sequence of ten pump pulses of 100 µs, each

separated by a 68 µs delay. (This delay is important for studies at nonzero temperatures,

since it allows the noncondensed atoms to dephase, thus keeping the experiment sensitive

to the condensed fraction only. It is, however, unimportant in the present zero-temperature

theory.) For these experimental parameters and an s-wave scattering length for 87Rb of

a ≈ 100a0, the condensate has an aspect ratio of about w/L ≈ 0.1 and ℵ ≈ 1.7.

Fig. C.9(a) shows a typical EFM pulse sequence recorded on a photomultiplier tube

(PMT). The rise time between pulses is a consequence of the slow response time of

the PMT. The lack of ringing indicates that dissipation plays a significant role in the

dynamics. Dissipation due to spontaneous emission may be estimated using γ/δL =

ω3d2/3πε0h̄c
3δL ≈ 8 × 10−3 [25]. The experimental data agree qualitatively with the

three dimensional simulation, see Fig. C.9(b). Here the initial density of recoiling atoms

was chosen 104 times smaller than the condensate density, and the dimensionless time

scale was such that an atom would traverse roughly half a condensate width over the

course of the pulse sequence as in the Berkeley experiments. The PMT response was
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Figure C.12: Absorption profile A(z) of the input laser field. Figures (a)-(b) are rep-
resentative profiles resulting from single realizations of a superradiance experiment for
geometries with (a) m = 5 and (b) m = 20 quasi-modes each in the left- and right EFM
directions. The peak separation, ∆α, as indicated by the dotted lines in (a) characterizes
the asymmetry. Figures (c) and (d) give the frequency of occurrence of the absorption
profiles resulting from 500 realizations for (c) m = 5 and (d) m = 20. As indicated by
the gray scale in the color bar, the darkest shade of gray corresponds to the most frequent
occurrences. (e) Distribution of the asymmetry of absorption peaks from 500 realiza-
tions, for systems with m = 5 (black line), m = 10 (gray line) and m = 20 (dashed line)
quasi-modes in both the left- and right EFM directions.

accounted for by convoluting the EFM intensity with a response function with response

time of the order of the pulse separation.

Experimental absorption images corresponding to the PMT signal of Fig. C.9(a) are

shown in Fig. C.10(a), where time evolves from top to bottom and each image is the time

averaged absorption over the duration of each pulse in the sequence. Consistently with

the observation that in this experimental run the asymmetry in the absorption profile is

small, we have taken the initial amplitudes of the atomic side modes Ψ±k to be equal.

The resulting absorption images are shown in Fig. C.10(b). An effect not resolved in

Ref. [1] is the weak absorption seen at the upper- and lower edges of the condensate in

the lower six images of Fig. C.10(b). This absorption arises since the edges of the con-

densate are less dense than the center, thus delaying superradiance in time and intensity.
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A comparison between the theory and the transversely averaged experimental absorption

profiles is shown in Fig. C.10(c). The qualitative agreement is quite satisfactory although

the value of the peak absorption is underestimated by a factor of ∼ 2. Note that the aver-

aging procedure supresses gain and other secondary features seen in the simulation of Fig.

C.10(b), thus leading to the simple double peaked structure of Fig. C.10(c). The simula-

tion furthermore suggests that these features are too small in spatial extent and amplitude

to be resolved in the experimental data.

The only free parameters in this simulation are the initial seed amplitude and the total

time duration of the pulse sequence, and they are tightly constrained by, respectively, the

rise time to peak superradiance relative to the EFM pulse width and the EFM pulse width

relative to the overall time duration of the pulse sequence. Nonetheless, an alternative

approach to comparing theory and experiment would be to adjust ℵ to produce a best fit.

We have also used such an approach, leading to the value ℵbestfit ≈ 3.5, a value that

removes the factor-of-2 discrepancy mentioned earlier, but at the cost of overestimating

the particle number in the sample by the same factor.

C.4.3 Shot-to-shot fluctuations

We now turn to the shot-to-shot fluctuations resulting from the quantum noise-dominated

early stages of the emission process. In Fig. C.11(a) we show a typical absorption im-

age obtained experimentally and exhibiting strong asymmetry, as well as its transverse

averaged profile in Fig. C.11(b). To account for this asymmetry we solve the multimode

Eqs. (C.35)-(C.36) and (C.44)-(C.45) for ℵ = 3.0, neglecting mean-field interactions and

effects due to photon recoil, with the initial amplitude of each quasi-mode chosen from

the probability distribution (C.23) independently of the other modes. The average particle

number n̄q is taken to be the same for all distributions.

Figures C.12(a)-(b) show absorption profiles for two randomly chosen realizations of

a superradiance experiment for systems with (a) m = 5 and (b) m = 20 quasi-modes

each in the left- and right EFM directions of propagation. In all cases the absorption



115

profile is shown at the time of the first EFM intensity maximum in either the left- or right

traveling EFM. The separation ∆A, as indicated by the dotted lines in (a), may be used

to characterize the asymmetry. Figure C.12(c)-(d) shows a gray scale plot constructed

from 500 realizations of the superradiance experiment for (c) m = 5 and (d) m = 20

quasi-modes each in the left- and right travelling EFMs. Each profile is again taken at the

first EFM intensity maximum. The gray scale represents the frequency of occurrence of

absorption, with darkest shade of gray being the highest frequency.

The distribution of absorption asymmetries, ∆A, for a random set of 500 realizations

of the experiment is plotted in Fig. C.12(e) for m = 5 (black line), m = 10 (gray line)

andm = 20 (dashed line) quasi-modes each in the left- and right EFM directions. As may

be expected the width of the distribution decreases with increasing number of modes.

C.5 Conclusion

We have presented a multimode theory of Raman superradiance scattering that includes

both its initiation from quantum noise and its full time dependence while the pump laser

propagates through the condensate. Superradiant Raman scattering into end-fire modes

leads to nontrivial, time-dependent, spatial structures in both the matter and optical fields.

The microscopic quantum fluctuations that trigger the inital superradiant dynamics lead

to macroscopic fluctuations and asymmetries in the spatial features of absorption im-

ages during later stages. This theory successfully explains the main dynamical features

of recent experiments that exploit it as an imaging tool for quantum-degenerate atomic

systems, the calculated absorption profiles being in good qualitative agreement with ex-

perimental observations. Future work will extend this theory to finite tempratues and to

the case of fermionic systems.



116

Acknowledgments

We thank L.E. Sadler, D. Stamper-Kurn and M. Vengalattore for making their experimen-

tal results available prior to publication and for sharing their expertise, and D. Meiser for

countless usefull discussions on this work.

This work is supported in part by the US Army Research Office, NASA, the National

Science Foundation and the US Office of Naval Research.

APPENDIX A

The short-time expressions may be obtained by making an approximation of zero deple-

tion for the laser field, EL ≈ 1, and keeping only highest order terms in the equations of

motion for the atomic fields and end-fire-modes,

dΨ0(r, t)

dτ
≈ i

(1− iγ/δ)
|EL|2Ψ0 (A-1)

dΨk(r, t)

dτ
≈ i

(1− iγ/δ)
E∗−kELΨ0 (A-2)

sign(k)
∂Ek

∂ζ
≈ iℵ

(1− iγ/δ)
Ψ†
−kELΨ0 (A-3)

Equation (A-1) may immediately be solved to give

Ψ0(τ) = Ψ
(0)
0 eiητe−ντ (A-4)

where η = 1
(1+(γ/δ)2)

, ν = γ/δ
(1+(γ/δ)2)

and Ψ
(0)
0 is the initial condensate wave function which

is assumed to be of the form Ψ
(0)
0 = φζφ(ξ,Υ). Here Υ = y/L is the dimensionless length

in the y-direction. We also assume that in the initial state the recoiling atomic modes have

the same wavefunction as the condensate, but smaller in amplitude by a factor β ¿ 1. At

time τ = 0 the EFM field is, by direct integration of Eq. (A-3),

sign(k)Ek(ζ) = ℵ(iη − ν)β|φ(ξ,Υ)|2
(∫ ζ

− 1
2

|φζ′|2dζ ′ + E0

)

= ℵ(iη − ν)β|φ(ξ,Υ)|2∆(ζ)/α, (A-5)
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where E0 is chosen so that the boundary condition E−k(1/2) = 0 is satisfied and

∆(ζ) = α

(∫ ζ

− 1
2

|φζ |2dζ ′ + E0

)
(A-6)

where

α =
ℵ

((1 + (γ/δ)2)
|φξ,Υ|2 . (A-7)

Now substitute Eq. (A-4) into Eq. (A-3) and define Ẽ∗−k = E∗−ke
iητ+ντ . Then upon taking

the time derivative of Eq. (A-3) and substitution of Eq. (A-2) therein we find

sign(k)
∂2Ẽ∗−k

∂τ∂ζ
= α |φζ |2 Ẽ∗−ke

−2ντ . (A-8)

To solve this differential equation we first treat the case of zero dissipation, i.e. η → 1

and ν → 0, using the method of Laplace Transforms. Taking the Laplace transform with

respect to time of Eq. (A-8) we obtain

s
E∗−k(ζ, s)

∂ζ
− iℵβ

∣∣Ψ(0)
0

∣∣2 = α|φζ |2E∗−k(ζ, s), (A-9)

in which E∗−k(ζ, s) = L
(
Ẽ∗−k

)
. Equation (A-9) is a linear first order differential equation

and my be solved by standard means. We find

E∗−k(ζ, s) = be∆(ζ)/s − iℵβ|φ(ξ,Υ)|2/α. (A-10)

The EFM field is found by inversion of the Laplace transform

E∗−k(ζ, τ) =
1

2πi

∫ µ+i∞

µ−i∞
esτE∗−k(ζ, s)ds. (A-11)

The contour of integration is chosen so as to include all poles of the integrand and the

integral may be evaluated using the residue theorem. This is done by expanding both

exponentials in the integrand in series and multiplying out the result. Integrating term-

by-term the residue is found to be of the form

∞∑
n=1

τn−1∆n

(n− 1)!n!
=

√
∆

t
I1

(
2
√
τ∆

)
, (A-12)
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where Iq is a modified Bessel function of the first kind of order q. Thus

E∗−k(ζ, τ) = iβ

√
∆

τ
I1

(
2
√
τ∆

) ∣∣∣
ν=0

, (A-13)

and by substitution into Eq. (A-3)

Ψk(r, τ) = βΨ
(0)
0 I0

(
2
√
τ∆

) ∣∣∣
ν=0

. (A-14)

We now turn to the case with non-zero dissipation. Since the solution to the latter

must give rise to Eq. (A-13) for ν → 0, we suggest a solution of the form

E∗−k ∼ a1(τ)∆ + a2(τ)∆
2 + a3(τ)∆

3 + ... (A-15)

were the an(τ) are time dependent coefficients that must vanish at τ = 0 and reduce to
τn−1

(n−1)!n!
for ν → 0. Substituting Eq. (A-15) into Eq. (A-8) one obtains a recursion relation

for the nth coefficient
∂an

∂τ
=
an−1

n
e−2ντ . (A-16)

To satisfy the ν → 0 condition we find that

an =
1

2n−1νn−1(n− 1)!n!

(
1− e−2ντ

)
. (A-17)

The latter leads to the desired solutions

Ẽ∗−k(r, τ) = iβ(1− iγ/δ)

(
2ν∆(ζ)

1− e−2ντ

) 1
2

I1 (g(ζ)) , (A-18)

and

Ψk(r, τ) = βΨ
(0)
0 I0 (g(ζ)) . (A-19)

The argument of the Bessel functions is given by

g(ζ) =

(
2∆(ζ)(1− e−2ντ )

ν

) 1
2

. (A-20)

Finally, to find absorption profiles of the laser field we have to include all terms in the

differential equation

∂EL

∂ξ
=

iℵ
(1− iγ/δ)

Ψ†
0

{
ELΨ0 +

∑

k

EkΨ−k

}
. (A-21)
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For simplicity we take a uniform distribution in the ξ-direction since the exact ξ-profile

should not be too important in the short time limit. Substituting the short-time solutions

obtained above we find

EL(ζ) = ef(ζ) −
∑
σ=±1

ℵβ
∣∣Ψ(0)

0

∣∣2 (1 + iγ/δ)

(1− iγ/δ)

2∆(ζ)

g(σζ)
I1 (g(σζ)) I0 (g(σζ))

ef(ζ) − 1

f(ζ)
,

(A-22)

where

f(ζ) = ℵ (iη − ν)φζ

∫ w
2L

− w
2L

φ(ξ,Υ)dξ. (A-23)

For a Thomas-Fermi profile φζ =
√

(1/2)2 − ζ2 and

∆(ζ) = α

(
2

3
(1/2)3 − (1/2)2ζ +

1

3
ζ3

)
. (A-24)
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ABSTRACT

The phase sensitivity of interferometers is limited by the so-called Heisenberg limit,

which states that the optimum phase sensitivity is inversely proportional to the number

of interfering particles N , a 1/
√
N improvement over the standard quantum limit. We

have used simulated annealing, a global optimization strategy, to systematically search

for quantum interferometer input states that approach the Heisenberg limited uncertainty

in estimates of the interferometer phase shift. We compare the performance of these states

to that of other non-classical states already known to yield Heisenberg limited uncertainty.

D.1 Introduction

An important aspect of quantum metrology is the engineering of quantum states with

which to achieve measurements whose precision is Heisenberg limited. In this limit the

measurement uncertainty is inversely proportional to the number of interfering particles

N , representing a 1/
√
N improvement over the standard quantum limit. Squeezed light
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has long been employed to beat the shot-noise limit [1, 2] and a growing body of theo-

retical literature indicates that the Heisenberg limit is in principle achievable using more

exotic quantum states as interferometer inputs [3, 4, 5, 6, 7, 8]. Several proof-of-principle

experimental realizations of such states have recently been carried out [9, 10, 11, 12, 13].

Other proposals to beat the standard quantum limit involve the use of feedback schemes

[14, 15] or multi-mode interferometry [16]. The potential superiority of atomic fermions

over bosons in some applications of atom interferometry with quantum-degenerate atomic

gases has also been pointed out [17, 18].

This paper summarizes the results of a systematic search for input quantum states

that lead to Heisenberg limited interferometric detection of phase shifts. Using the global

optimization method of simulated annealing we demonstrate the existence of numerous

possibilities over-and-above those already proposed in the literature, and we evaluate and

compare their performance.

Section II discusses our theoretical model of a Mach-Zehnder interferometer used to

measure the relative phase shift φ accumulated during the propagation of single-mode

optical or matter waves along its two arms. Section III introduces a likelihood function

used to estimate that phase and discusses its asymptotic form in the limit of many mea-

surements. Section IV summarizes our main results obtained using simulated annealing

and section V focuses on the prospects for the experimental realization of a quantum state

of particular interest. Finally, section VI is a summary and conclusion.

D.2 Mach-Zehnder Interferometer

We consider a Mach-Zehnder interferometer with two input ports A and B, see Fig. D.1,

characterized by bosonic annihilation and creation operators â and â† and b̂ and b̂†, re-

spectively. We restrict our investigation to a system with fixed particle number N , in

which case its properties are conveniently described in terms of the angular momentum
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Figure D.1: (Color online) Schematic of a Mach-Zehnder interferometer, with relative
phase shift φ resulting from propagation of an input field through its arms.

operators [5]

Ĵx =
â†b̂+ b̂†â

2
, (A-1)

Ĵy =
â†b̂− b̂†â

2i
, (A-2)

Ĵz =
â†â− b̂†b̂

2
, (A-3)

Ĵ2 = Ĵ2
x + Ĵ2

y + Ĵ2
z , (A-4)

which obey the familiar commutation relations
[
Ĵi, Ĵj

]
= εijkiĴk, where εijk is the Levi-

Civita symbol, and
[
Ĵ2, Ĵi

]
= 0. Choosing z as the quantization axis we work in the

basis of eigenstates common to Ĵ2 and Ĵz,

|j,m〉z ≡ |na〉|nb〉. (A-5)

Here |ni〉 is a Fock state with ni particles in arm I = A,B. For brevity we drop the

subscript z henceforth. The eigenvalues corresponding to Ĵ2 and Ĵz are j(j + 1) and m
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respectively, where

j = (na + nb)/2 = N/2 (A-6)

and

m = (na − nb)/2. (A-7)

In terms of these operators, the propagation of the input fields through the interferometer

– which consists of three unitary transformations describing an input 50/50 beam-splitter,

the relative phase shift φ, and an output 50/50 beam splitter – reads [5]

|ψout〉 = e−i(π/2)ĴxeiφĴzei(π/2)Ĵx|ψin〉 (A-8)

= e−iφĴy |ψin〉. (A-9)

Our aim is to find input states

|ψin〉 =

N/2∑

m=−N/2

αm|j,m〉 (A-10)

such that the uncertainty in the estimate of the phase φ is minimized.

Our restriction in this paper to fixed total particle number leads to considerable analyt-

ical and computational simplification, but the more general problem in which the average

particle number is conserved is also of interest, and can in principle be carried out with

the same techniques.

D.3 Likelihood Function

A number of approaches have been used as measures of the uncertainty in estimate of the

relative phase φ. Commonly the standard error propagation formula is used to express

this phase uncertainty in terms of the mean square error of a measured observable such as

the particle number difference [17]

∆φ = ∆Ĵz/(dĴz/dφ). (A-11)
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Probability operator measures are also used [14], as well as information theoretical mea-

sures such as the Shannon mutual information [19]. In this paper we estimate the relative

phase following an operational approach based on Bayes’ theorem [20, 4, 21, 22]. Con-

sider an experiment in which the probability amplitude of the ith basis state of an N + 1

dimensional Hilbert space depends on some phase φ,

|ψ〉 =
N∑

i=0

αi(φ)|i〉. (A-12)

The probability to measure |i〉 conditioned on that phase is P (i|φ) = |αi(φ)|2, with

N∑
i=0

P (i|φ) = 1. (A-13)

Bayes’ theorem states that the probability that the phase shift has the value φ, condi-

tioned on the outcome i, is

P (φ|i) =
P (φ)P (i|φ)

P (i)
, (A-14)

where P (φ) is the phase probability distribution prior to the measurement and P (i) is the

prior detection probability for the outcome i. Following a measurement with outcome i1,

the phase probability distribution becomes P (φ|i1), which may now be used as the prior

phase probability distribution for a second measurement [4], so that

P (φ|i1, i2) =
P (φ|i1)P (i2|φ)

P (i2)
=
P (φ)P (i1|φ)P (i2|φ)

P (i1)P (i2)
. (A-15)

Likewise, the phase probability distribution conditioned on the outcome of a sequence of

M measurements is

P (φ|i1, i2, ..., iM) =
P (φ)P (i1|φ)P (i2|φ)...P (iM |φ)

P (i1)P (i2)...P (iM)
. (A-16)

For a large number of measurements, M À 1, and assuming that the true phase shift is

φ = θ, the number of times a factor P (i|φ) appears in the product (A-16) is approximately

P (i|θ)M . This motivates the introduction of a likelihood function for the phase shift to
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be φ, conditioned on its true value being θ, as [21, 22]

PM(φ|θ) =
1

N
N∏

i=0

P (i|φ)P (i|θ)M , (A-17)

where

N =

∫ π
2

−π
2

dφ′
N∏

i=0

P (i|φ′)P (i|θ)M (A-18)

is a normalization constant. The likelihood function PM(φ|θ) has the desirable property

that it possesses a maximum at the true value, θ, of the phase shift. This is easily shown

by taking its derivative

dPM(φ|θ)
dφ

=
N∑

i=0

[
MP (i|θ)P (i|φ)[MP (i|θ)−1]dP (i|φ)

dφ

N∏

k 6=i

P (k|φ)MP (k|θ)
]

= M

[
N∏

k=0

P (k|φ)MP (k|θ)
]

N∑
i=0

P (i|θ)
P (i|φ)

dP (i|φ)

dφ
. (A-19)

Evaluating Eq. (A-19) at θ, together with the normalization condition (A-13) gives

then
dP (φ|θ)
dφ

∣∣∣
θ

= M

[
N∏

k=0

P (k|θ)MP (k|θ)
]

N∑
i=0

dP (i|φ)

dφ

∣∣∣
θ

= 0, (A-20)

implying an extremum at θ. Taking the second derivative and again using normalization

shows this extremum to be a maximum.

In order to estimate the phase uncertainty in the limit of large M we introduce the

function

K(φ|θ) = logP (φ|θ). (A-21)

Expanding then K(φ|θ) around φ = θ and accounting for the normalization condition

(A-13) we find that P (φ|θ) is approximately given by

P (φ|θ) ≈ eK(θ|θ)− (φ−θ)2

2σ2 (A-22)
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where

σ2 =
1

M
∑N

i=0

(
dP (i|φ)

dφ
|θ

)2

/P (i|θ)
=

1

MF
, (A-23)

and

F =
N∑

i=0

(
dP (i|φ)

dφ

∣∣∣
θ

)2

/P (i|θ) (A-24)

is the so-called Fisher information, as shown in Appendix A [23]. For large M the ex-

ponential suppresses strongly those contributions to P (φ|θ) for which φ >≈ σ so that

P (φ|θ) becomes Gaussian in that limit [20]. Asymptotically, the likelihood function is

therefore completely characterized by its variance, or equivalently by its Fisher infor-

mation. Equation (A-23) also shows that the phase uncertainty decreases as the inverse

square root of the number of measurements.

The Fisher information plays an important role in information theory as it gives a

lower limit to the variance of any estimator via the Cramer-Rao inequality [23]

var(x) ≥ 1

F
, (A-25)

where var(x) is the mean square error of the random variable x being estimated and Eq.

(A-25) is the defining relation for the Fisher information. (Note also that the Fisher in-

formation of M ′ independent and identically distributed samples is M ′ times the individ-

ual Fisher information.) Thus Eq. (A-22) indicates that the likelihood function PM(φ|θ)
achieves the Cramer-Rao limit. It permits us to find input states of the interferometer of

the form of Eq. (A-10) that result in an estimate of the phase shift with minimum uncer-

tainty.

To illustrate how the likelihood function may be used to estimate a phase shift ex-

perimentally, consider a thought experiment using the Mach-Zehnder interferometer in

Fig. 1. Each measurement counts the number of particles na exiting the interferometer in

arm “A”. Due to particle conservation, this is a direct measure of the quantum number m.

Expanding the exit state of the field as

|ψout(φ)〉 =
∑
m

αm(φ)|j,m〉, (A-26)
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Figure D.2: (Color online) (a) Probability amplitudes αm for the twin-Fock state (solid
black line), the external N00N state (green dot-dashed line), the internal N00N state Eq.
(31) (solid gray line) and the di-Fock state |ψdi(q = 1)〉 (red dotted line). Corresponding
likelihood functions for (b) (M = 1) and (c) (M = 10). In the di-Fock state secondary
peaks are already almost completely absent for M = 1, thus concentrating more proba-
bility density around φ = 0. Secondary features are however suppressed for larger values
of M in all cases, indicating that the twin-Fock state results in a slightly smaller phase
uncertainty.

each measurement yields a specific particle number n(i)
a = N/2+m(i) with an associated

phase probability distribution

P (m(i)|φ) = |α(i)
m (φ)|2. (A-27)

After M such measurements the conditional phase probability distribution takes the form

of Eq. (A-16), which for sufficiently large M is a good approximation to the likelihood

function Eq. (A-17) — up to the normalization constant as in Eq. (A-18). The maximum

of this conditional phase probability distribution is an estimate of the phase shift and its

variance gives the uncertainty.

An important consideration is the number of measurements needed for the conditional

phase probability distribution, Eq. (A-16), to be an accurate representation of the likeli-

hood function. This matter is not addressed in this paper where we use throughout the

assymptotic form of the likelihood function, but has been investigated by Braunstein [24].
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D.4 Results

This section summarizes results of a numerical search for optimum input states of the

interferometer. This search employed the global optimization protocol of simulated an-

nealing [25, 26], whose main features are summarized in Appendix B.

To set the stage for this discussion, we first recall that several states have previously

been proposed as good candidates for Heisenberg limited interferometry. One such state

is the balanced twin-Fock input state [6, 8]

|ψtw〉 = |j, 0〉 ≡ |N/2〉a|N/2〉b, (A-28)

a state that we use as a benchmark in the following discussion. It was suggested in Refs.

[3, 8] that improvements over that state can be achieved by using instead the state

|ψdi(q)〉 = 1/
√

2 (|j, q〉+ |j,−q〉) , (A-29)

with q = 1. This state, which we refer to as a di-Fock state in the following, presents the

advantage of suppressing secondary peaks in the likelihood function, thus concentrating

more probability density around the true value of the phase shift.

It has also been proposed that Heisenberg limited phase sensitivity can be achieved

with the so-called N00N state [27]

|ψN00N〉 ≡ |ψdi(q = j)〉 = 1/
√

2 (|j, j〉+ |j,−j〉)
= 1/

√
2 (|N〉a|0〉b + |0〉a|N〉b) .

(A-30)

Some disagreement exists in the current literature regarding the phase sensitivity of N00N

states, with some authors claiming that it in fact obeys shot noise limited sensitivity [8].

Mitchell et al. [13] as well as Walther et al. [12] have pointed out that N00N states may

be used to produce super-resolving phase oscillations, with a period of 2π/N , in inter-

ferometric measurements. In agreement with this we will show that similar oscillations
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occur in the likelihood function, if Eq. (30) describes the state of the system after the first

beam splitter. To be explicit we distinguish between external N00N states for which Eq.

(A-30) is the state before the first beam splitter, and internal N00N states for which Eq.

(A-30) is the state after the first beam splitter. The internal N00N state is equivalent to

using an input state

e−iĴxπ/2|ψN00N〉. (A-31)

It can also be achieved by using as an input the state |N〉a|0〉b and replacing the first beam

splitter with a non-linear beamsplitter with appropriate interaction time, as shown in [9].

Figure D.2(a) shows the probability amplitudes αm of the basis states |j,m〉 for the

input states of Eqs. (A-28)-(A-29), as well as the external N00N and internal N00N states,

for a system with N = 20 particles, and a relative phase θ = 0 between the two arms of

the interferometer. The solid black line corresponds to the twin-Fock input, the dotted

red line to the input state |ψdi(q = 1)〉, the green dot-dashed line to the external N00N

state and the gray solid line to the internal N00N state . The corresponding likelihood

functions for M = 1 are plotted in Fig. D.2 (b). Apart from the internal N00N state the

probability density is concentrated close to φ = 0 in all cases, but the di-Fock state seems

more favorable as it results in a narrow distribution with no significant secondary peaks.

However, this apparent advantage rapidly disappears for larger M , in which case the

secondary peaks associated with the twin-Fock state are suppressed, leading to a slightly

narrower distribution. Note the distribution corresponding to the external N00N state

remains considerably wider than the other candidates, indicating a larger uncertainty in

the phase estimate. The likelihood function of the internal N00N state rapidly oscillates

with a period of 2π/N radians. This is consistent with the N -fold increase in phase

oscillations observed in [12, 13].

Figure D.3 illustrates some of the large number of possible input states numerically

obtained from the simulated annealing algorithm for a system of N = 100 particles.

Column A plots the probability amplitudes αm of the input states; column B shows the

corresponding likelihood functions with M = 1 (broken red broken lines) and compares
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Figure D.3: (Color online) Column A: probability amplitudes for several possible input
states with N = 100 particles. Column B: Corresponding likelihood functions for M = 1
(dotted red line), compared to the result for the benchmark twin-Fock input (solid black
line). Column C: Likelihood functions for (M = 10).
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Figure D.4: (Color online) Scaling of the inverse square root Fisher information, σ =
1/
√
F with particle number for the state in row 1 of Fig. 3 (blue dotted line), twin-Fock

state (solid red line), the “gaussian state” (black dashed line) and the external N00N state
(green dot-dashed line). The points are calculated using Eq. (A-24) while the lines corre-
spond to least square fits, with the values external N00N state: σ = 1.0/N1/2, “gaussian”:
σ = 1.9/N , twin-Fock: σ = 1.4/N and state in row 1 of Fig. 3: σ = 1.0/N . Note the
log-log scale.

them to the likelihood function of the benchmark twin-Fock input (solid black lines); col-

umn C plots the situation for M = 10 measurements. A remarkable feature of these

results is that while these input states are very markedly different, their likelihood func-

tions become almost indistinguishable for largeM . Surprisingly perhaps the optimization

procedure clearly shows the existence of a large number of local minima resulting in al-

most identical likelihood functions.

To demonstrate that all states identified by the simulated annealing algorithm indeed

result in approximate Heisenberg limited phase sensitivity, Fig. 4 shows a log-log plot of

the inverse square root Fisher information, 1/
√
F , as a function of particle number over a

range of 50 ≤ N ≤ 2500. The solid red line is for twin-Fock states, the green dot-dashed
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line for external N00N states, the dotted blue line for the uppermost state in Fig. D.3, and

the dashed black line for the state in row 2 of Fig. D.3. For clarity we refer to the latter

state as a ”gaussian state” in the following. All lines are least square fits of the equation

σ =
C

Nβ
, (A-32)

where C and β are fit parameters.

Table 1 summarizes the results of this fit for the states of Fig. D.3, the number refer-

ring to the row number in the figure. Up to differences of a few percent in the overall

proportionality constant C, all of these states clearly satisfy the 1/N scaling characteris-

tic of Heisenberg limited sensitivity, the only notable exception being the external N00N

state, which (in agreement with Pezzé and Smerzi [8]) is shot-noise limited. On the other

hand, the inverse square root Fisher information of the internal N00N state does scale

with the Heisenberg limit. Despite this, the rapid oscillations in the likelihood function

seen in Fig. 2(b) and (c) allow a phase estimate only modulo 2π/N . The consequent am-

biguities imply that the internal N00N state may not be useful for phase estimation when

using the current Bayesian analysis unless one has a priori knowledge that the phase shift

lies within a particular phase-bin of width 2π/N . We now discuss the candidates obtained

by search algorithms in turn.

The state with the highest Fisher information that we found, an apparent global op-

timum, is shown in row 1 of Fig. D.3. The envelope of its probability amplitudes αi

is a Gaussian with width w =
√
N . Despite the high Fisher information of that state,

though, it produces a significant ambiguity in the determination of the phase estimate as

secondary peaks persist even for M = 10, as seen in column C. A feature not apparent

on the scale in this figure is that the central peak is the absolute maximum and becomes

increasingly dominant for increased M . Yet, as in the case of the internal N00N state, the

persistence of secondary peaks for relatively large sequences of measurements indicates

that it may not be the most useful state in practice.

In the case of the “gaussian state”, second row of Fig. D.3, the probability amplitudes
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State 1/
√
F = C/Nβ

|j, 0〉 1.4/N

External N00N state 1.0/N1/2

Internal N00N state 1.0/N
|ψdi(q = 1)〉 2.0/N

#1 1.0/N
#2 1.9/N
#3 1.5/N
#4 1.5/N
#5 1.7/N
#6 1.6/N

Table D.1: Scaling of the phase uncertainty as a function of the particle number N for
the the twin state, the external- and internal N00N states, the di-Fock state, and the input
states of Fig. D.3.

αm have a Gaussian distribution around the state |j,m = 0〉,

αm = exp
[−m2/σ′2

]
/N ′,

where N ′ is a normalization constant, and the standard deviation is σ′ = 1.7 for the

example at hand. That state results in Heisenberg limited sensitivity for 0 < σ′ << j,

with
1√
F
≈ σ′

N
. (A-33)

The limit σ′ → 0 corresponding to the twin-Fock state.

The state described in the third row of Fig. D.3 is an example of a state we refer to as

a tri-Fock state, and it has the form

|ψtri(q)〉 = (α−|j,−q〉+ α0|j, 0〉+ α+|j, q〉) /N ′, (A-34)

where N ′ is a normalization constant. We find numerically that it results in Heisenberg

limited sensitivity for any value of q.

The fourth row in Fig. D.3 describes a state that is a superposition of four Fock states.

For the N = 100 particles considered in our simulations, and the state in row one of
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Fig. D.3 aside, we have found states with superpositions containing up to ∼ 8 Fock states

that result in Heisenberg- limited sensitivity.

We also found that di-Fock states, Eq. (A-29), with arbitrary q generally result in

Heisenberg limited or near Heisenberg limited scaling for q as large as q << 0.98j. For

larger q the state approaches the shot-noise limited external N00N state.

Several general trends can be noted in the results of our search. First, we find that the

scaling of Eq. (A-32) depends only weakly on the relative probability amplitudes αM of

the Fock states involved. Changing the relative amplitudes of these coefficients by factors

as large as 3 typically results in changes in the coefficient C by a few percent only. The

Gaussian state is a notable exception to this trend, and obeys instead the scaling equation

(A-33).

Second, we found no inherent symmetry in the input states that result in the Heisen-

berg limit. This is illustrated by the states of rows 5-6 in Fig. D.3. For example, the state

of row 5 is an unbalanced twin-Fock state of the form

|ψtw〉 = |j, γj〉, (A-35)

where γ is some fraction. We found numerically that the state resulted in Heisenberg

limited sensitivity for 0.02 << γ << 0.98.

All states shown in Fig. D.3 have real amplitudes. Allowing for complex amplitudes

of the same magnitudes retains Heisenberg limited or near Heisenberg limited scaling,

with β >≈ 0.95 in Eq. (A-32) and the coefficient C changed by only a few percent.

Again the effect is more pronounced in the Gaussian state, where the change in C can be

up to a factor of ∼ 2. This is because that state has neighboring states occupied, and the

number statistics of these states influence each other even for small phase shifts.

Due to the existence of numerous input states resulting in nearly identical uncertainties

within the measurement scheme presented here, a more relevant criterion for the selection

of an appropriate input state is likely to be its ease of experimental realization. We address

this point in some more detail in the next section for the case of the ”gaussian state.”
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Figure D.5: (Color online) Number statistics for phase shifts of φ = 0, φ = π/100 and
φ = π/10 in a system with N = 100 particles for (a)-(c) a twin-Fock input state and (d)-
(f) a ”gaussian” input state. The twin-Fock state populates number states symmetrically
around m = 0, leading to an expectation value of 〈Ĵz〉 = 0 for all values of φ. This is not
the case for a gaussian state.

D.5 The Gaussian state

The “gaussian” input state is a promising candidate for Heisenberg limited interferometry

for two reasons: (1) there is a simple experimental scheme available to generate it; (2) as

we show below, the expectation value of Ĵz is phase dependent in that case (as opposed

to the situation for twin-Fock input states) providing an alternative phase estimate to the

direct measurement of the likelihood function, while still allowing Heisenberg limited

sensitivity.

D.5.1 Number statistics

As mentioned in section III, the likelihood function can be experimentally reconstructed

by multiplying the phase probability distributions P (i|φ) associated with a sequence of

measurement outcomes. This is the approach that was adopted in the simulations carried

out in Refs. [4, 6] for twin-Fock input states. In that case however the average particle
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number difference remains zero for all relative phase shifts between the interferometer

arms, and is therefore not a useful observable. The same is true for the majority of the

states that we identified in our numerical optimization search. One way to circumvent

this difficulty is to measure instead the variance of Ĵz, an approach that still results in

Heisenberg limited estimates. However, as was pointed out in Ref. [6] for the case of the

twin-Fock state, the signal to noise ratio is then small, 〈Ĵ2
z 〉/

√
〈Ĵ4

z 〉 − 〈Ĵ2
z 〉2 =

√
2.

One advantage of using a gaussian input state instead is that 〈Ĵz〉 now depends on

the relative phase φ. This is illustrated in Fig. 5(a)-(c), which shows the probability

distribution P (m|φ) at the exit of the interferometer for twin-Fock and gaussian input

states, and for phase shifts φ = 0, φ = π/100 and φ = π/10. The expectation value

of Ĵz for the Gaussian state is clearly not equal to zero for non-zero phase shifts, and

may therefore be used directly to estimate that shift. The uncertainty in Ĵz, evaluated via

the standard error propagation formula Eq. (A-11), is shown in Fig. 6 as a function of

the number of interfering particles. Least square fits indicate that the uncertainties are

Heisenberg limited, with ∆φ = 2.0/N for the gaussian state and similarly ∆φ = 2.4/N

in the case of a tri-Fock state with q = 1.

D.5.2 Input state engineering

We have seen that the constraints on the relative phases of the complex probability am-

plitudes αi of the input states are surprisingly weak when estimating phase shifts φ via

a reconstruction of the likelihood function. However, the number statistics of the field

after passage through the interferometer depend critically on these relative phases. For

example, if in the Gaussian state of Fig. D.3 the components |j,−1〉 and |j,+1〉 are π/2

radians out of phase with |j, 0〉, the output state |ψout〉 will be populated symmetrically

around |j, 0〉 independently of φ, so that 〈Ĵz〉 = 0 for all φ. Hence, some care must be

taken in preparing the input states |ψin〉.
It is possible to generate a gaussian input state from an initial twin-Fock state, Eq.
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Figure D.6: (Color online) Scaling of the uncertainty in the estimate of the relative phase
from a measurement of average particle number difference. The dashed black line is for
a Gaussian state and the red solid line of a tri-Fock state, Eq. (A-34), with q = 1, and the
green dot-dashed line represents the state engineered as described in section V(B). The
points are numerically determined while the lines correspond to least square fits. Note the
log-log scale.
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(A-28), by subjecting it to the Hamiltonian

Hx = h̄gĴx, (A-36)

where g is a coupling constant, for a time τ = 3π/4Ng. The resulting state is precisely

the state shown in row 2 of Fig. 3, but with the probability amplitudes of the compo-

nents |j,−1〉 and |j,+1〉 π/2 radians out of phase with the component |j, 0〉. These three

components can be brought into phase via an additional evolution under the Hamiltonian

Hz = h̄χĴ2
z (A-37)

for a time τ = 3π/2χ. The resulting state allows Heisenberg limited phase estimation by

measuring 〈Ĵz〉, with the scaling law ∆φ = 3.2/N as a function of the particle number

N . We remark that while the time evolution (A-37) of the input state brings the three

main components of |ψin〉 in phase with each other, that is not so for the other, weakly

populated number states that comprise it. This results in a somewhat reduced performance

compared to Gaussian state with all components in phase.

Hamiltonians of the form Eq. (A-37) have long been known to act as squeezing opera-

tors in interferometers [28]. In the case of photons, they can be implemented by inserting

an optical Kerr medium into each arm of the interferometer [29]. In the case of charged

particles they arise due to mutual phase modulation from Coulomb interaction between

particles in each arm [30]. Atomic spins coupled to the polarization of an optical field

[31, 32] can lead to similar Hamiltonians for neutral atoms.

D.6 Conclusion

We have used a global optimization scheme to systematically search for input states of

a quantum mechanical Mach-Zehnder interferometer that yield phase estimates with ac-

curacy scaling like the inverse number of particles, the Heisenberg limit. Surprisingly

perhaps, we find that a large number of states can achieve that limit. They typically con-

sist of superpositions of a small number of Fock states, with few restrictions on the relative
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phase of their complex amplitudes on on their symmetry. An input state of particular rel-

evance consists of a gaussian distribution of amplitudes around the state |N/2〉a|N/2〉b,
due principally to its relative ease of realization with simple Hamiltonian dynamics.

We would like to thank Lajos Diosi for insightful conversations regarding the relation

between the likelihood function and information theoretical concepts. This work is sup-

ported in part by the US Office of Naval Research, by the National Science Foundation,

by the US Army Research Office, and by the National Aeronautics and Space Adminis-

tration.

Appendix a - Fisher information

Consider the deviation 〈δAθ〉 of an observable from its mean value 〈A(θ)〉 at a fixed phase

θ, as a function of the phase shift φ,

〈δAθ〉 =
∑

j

(aj − 〈A(θ)〉)P (j|φ). (A-38)

Then

d〈δAθ〉
dφ

=
∑

j

(aj − 〈A(θ)〉) dP (j|φ)

dφ
(A-39)

=
∑

j

(aj − 〈A(θ)〉)P (j|φ)
logP (j|φ)

dφ
. (A-40)

Regrouping the factors in Eq. (A-40) and squaring gives

[
d〈δAθ〉
dφ

]2

=

[∑
j

(
(aj − 〈A(θ)〉)

√
P (j|φ)

) (√
P (j|φ)

logP (j|φ)

dφ

)]2

(A-41)

≤
[∑

j

P (j|φ)

(
logP (j|φ)

dφ

)2
] [∑

j

(aj − 〈A(θ)〉)2 P (j|φ)

]
,

(A-42)
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where we have used the Schwarz inequality in the last step. Noting that the second

term in Eq. (A-39) vanishes due to normalization we have d〈δAθ〉/dφ = d〈A〉/dφ. We

can then rewrite inequality (A-42) and evaluate it at θ to give the desired result:

∆φ2 =
∆A2

[d〈A〉/dφ]2
≥ 1

∑
j

P (j|θ)
(

log P (j|φ)
dφ

|θ
)2 . (A-43)

This is the Cramer-Roa inequality, Eq. (A-25), in the current context. The denominator

on the right in Eq. (A-43) defines the Fisher information.

Appendix b - Simulated annealing

Simulated annealing [25, 26] is a mathematical approach to global optimization simulat-

ing the metallurgical process whereby an amorphous compound is successively heated

and cooled while gradually lowering the average temperature in an attempt to enlarge the

grain size of single crystals in the compound. The protocol is as follows:

1. Initial conditions for the optimization parameters, x = (x1, x2, ...xr) are chosen,

usually at random.

2. With each allowed value of x is associated an pseudo-energy, E(x), which is the

quantity to be minimized.

3. A new value, x′ = x + ∆x, is then generated for the optimization parameters, and the

change in energy ∆E = E(x′)− E(x) calculated.

4. The new value of x always replaces the old if p = e−∆E/kT > 1, or with probability

p if p < 1. Here k is a constant of proportionality analogous to Boltzmann’s constant in

statistical mechanics, and T is a pseudo-temperature.

5. The process is repeated.

Accepting new parameter sets for which p < 1, i.e. uphill steps on the energy man-

ifold, allows the algorithm to explore the whole parameter space instead of converging

directly to the closest local minimum.
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Two important considerations in this procedure are the method of choosing the next set

of parameters x′ and the annealing schedule, i.e. the protocol for gradually lowering the

temperature with intermittent heating cycles until the system has frozen into, hopefully, a

global minimum. Various approaches to these considerations have been discussed in the

literature [33, 25].

In our implementation the optimization parameters are the set of amplitudes αm of

the input state vector Eq. (A-10) and the energy the inverse square root of the Fisher

information. We execute the simulated annealing algorithm not on a single vector ᾱ, but

a population of vectors chosen at random. The pseudo-temperature of the system is set

by the average energy of the population,

T =
1

P

P∑
i=1

1/
√
Fi, (A-44)

where P is the number of state vectors in the population and Fi the Fisher information

of the ith state vector. Defining the temperature in this way self-regulates the cooling

cycle. If a single global minimum exists, the algorithm will continue sampling until the

majority of state vectors have fallen into the global minimum. On the other hand if many

local minima of comparable depth exist the algorithm will also continue to sample the

parameter space until the majority of state vectors have found such local minima. As

more local minima are found the system ”cools down” by itself.

When the state vectors ᾱ have converged near the minima and the step size |∆ᾱ| =

|ᾱ′ − ᾱ| is fixed, all new steps ᾱ′ will be uphill, thus halting further convergence. To

enable further convergence we therefore half the step size when the number of downhill

steps found over a several iterations drops below a threshold.

It may also happen in our approach that the system reaches an equilibrium condition in

which the average number of uphill steps accepted become equal to the average number of

downhill steps found. To ensure that the system continues to converge towards minima,

we lower Boltzmann’s constant by k → 0.9k if this point is reached. We take as an

indicator that the system is near this point whenever the number of accepted uphill steps
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is larger than the number of downhill steps in a given iteration cycle.

To summarize the algorithm:

1. Choose initial population at random and calculate pseudo-temperature

2. Find new state vectors ᾱ′ = ᾱ + ∆ᾱ and replaces the old if p = e−∆E/kT > 1, or

with probability p if p < 1

3. If the number of uphill steps accepted is greater than number of downhill steps

decrease k → 0.9k.

4. If the number of downhill steps found is less than specified threshold reduce ∆ᾱ→
0.5∆ᾱ.

5. Repeat algorithm

We have implemented searches that assume either real or complex amplitudes. In

addition, in some searches we imposed no restrictions on the symmetry of input states,

while in others we forced the input states to be either symmetric or anti-symmetric around

|N/2〉a|N/2〉b.
In the case of real amplitudes, the initial population was chosen by generating a ran-

dom number between [−1, 1] for each αm and then normalizing the state vector. For

complex amplitudes the magnitudes |αm| were chosen at random between 0 and 1 and a

complex phase between 0 and 2π.

We have used two different approaches to specifying the new state vectors ᾱ′ during

each iteration. In the first one new state vectors were selected by changing each amplitude

at random within an interval εαm < α′m < (1 + ε)αm, with ε < 1 and then renormalizing

the state vector. In the case of complex amplitudes a new phase was also chosen as

φ′m = φm + ∆φ where −ε < ∆φ < ε, while in the case of real amplitudes sign changes

were allowed if |αm| < 0.02 by choosing −(1 + ε)|αm| < α′m < (1 + ε)|αm|. In this

approach, step (4) in the algorithm described above was rather insensitive to the values

chosen for ε and ε. They were therefore taken to have fixed values ε = 0.5 and ε = 0.05.



146

In the second approach each vector ᾱ is specified by a set of angles such that the vector

moves on a hyperspherical surface of radius 1 to ensure normalization. The next vector is

chosen in a random direction on the hyper-sphere with the initial step size ∆θ̄ = 0.1. It is

decreased in successive iterations according to step (5) in the algorithm above.

In the first approach the state vectors in the population settle in many local minima of

comparable depths, while in the second approach all state vectors converge to an apparent

global minimum which is the state shown in row 1 of column A in Fig. 3.
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