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Roman
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Cs Smagorinsky constant

D turbulence distruction term

G Görtler number

` characteristic length of turbulence

Lx, Lz streamwise and spanwise domain size

P turbulence production

P , p pressure

Q = 1
2
(u2

ii − uijuji) vortex indentification criterion, (Jeong & Hussain (1995))

r, z (cylindrical) wall–normal and spanwise coordinates

R0 radius of the Coanda cylinder, reference length

Re Reynolds number

Reδ Reynolds number based on the wall jet halfwidth, δh

Rij, Cij, Lij Reynolds, cross–term, and Leonard stress tensors

Sij resolved strain rate tensor

t, T time

uτ wall velocity, friction velocity

~u velocity vector (Cartesian and cylindrical)

u′, v′, w′ unresolved flow field

U , V , W velocity components (Cartesian and cylindrical),
resolved flow field

Umax maximum velocity of the wall jet, reference velocity

v characteristic velocity of turbulence

Wij = 1
2

(
∂Ui

∂xj
− ∂Uj

∂xi

)
resolved rotation tensor

x, y, z streamwise, wall–normal, and spanwise coordinates

(Cartesian geometry)
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Greek

α = 2π
λx

eigenvalue of the Orr–Sommerfeld equation

β = 2π
λz

eigenvalue of the Görtler EV P

γk = 2π
λk

spanwise wave number (mode k)

δh wall jet thickness, halfwidth

δ+ wall unit, wall length scale

∆ generalized computational grid size

ε turbulence dissipation rate

ηK Kolmogorov length scale

θ downstream coordinate for the Coanda cylinder

Θ angular streamwise extent of the curvilinear domain

κ Kármán constant, turbulent kinetic energy

λ general wavelength

λi streamwise wavelength (mode i)

λk spanwise wavelength (mode k)

µ molecular viscosity

ν kinematic viscosity

νT turbulent viscosity

ω specific turbulence dissipation rate

~ω vorticity vector in physical space

~Ω vorticity vector in Fourier space

ρ density

ρi = 2π
λi

streamwise wave number (mode i)

τ time period for time–average operation,

turbulent time scale

τw shear stress at the wall, skin friction

τ , τij turbulent stress tensor
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Symbols and Modifiers

φ+ generalized variable in wall coordinates

φ|w, φ|wall value of φ measured at the wall

φres resolved part of the flow field

φunres = φSGS unresolved part of the flow field (Sub–Grid Scale)

|~φ| magnitude of the vector ~φ

|φ| module of the tensor φ

∇ Nabla operator

φ̂ dimensional variable

Aij i, j component of a tensor, generalized tensor

〈φ〉 spatial filter, non–Reynolds average

φ Reynolds average

φi,k variable in double–Fourier space

(i, k) double–Fourier mode (i streamwise, k spanwise)

αi,k damping coefficient for Robin conditions

at the free–stream boundary

lx × lz generalized two–dimensional extent of the

computational domain (streamwise × spanwise)

Identifiers

first scenario turbulent plane wall jet without large structures

second scenario turbulent Coanda wall jet with longitudinal structures

third scenario turbulent plane wall jet with spanwise structures

fourth scenario turbulent Coanda wall jet with multiple structures
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Abbreviations

ASM Algebraic Stress Model

CFD Computational Fluid Dynamics

CFL Courant–Friedrichs–Lewy condition

CPU Central Processing Unit (processor)

DES Detached Eddy Simulation

DNS Direct Numerical Simulation

EASM Explicit Algebraic Stress Model

EVP EigenValue Problem

FSM Flow Simulation Methodology

HTM Hybrid Turbulence Model

LES Large Eddy Simulation

LST Linear Stability Theory

KH Kelvin–Helmholtz (instability mode)

ODE Ordinary Differential Equation

PANS Partially Averaged Navier–Stokes

PDE Partial Differential Equation

RANS Reynolds Averaged Navier–Stokes

SDNS Spatial Direct Numerical Simulation

SGS Sub–Grid Scales, unresolved portion of the spectrum

TDNS Temporal Direct Numerical Simulation

TS Tollmien–Schlichting (wave or instability mode)

2D two–dimensional, also referred to instability

in the streamwise plane

3D three–dimensional, also referred to instability

in the spanwise plane
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ABSTRACT

In a novel application of the temporal numerical simulation, an investigation of

turbulence modeling techniques is carried for the turbulent wall jet over a convex sur-

face (Coanda wall jet.) The simultaneous presence of multiple instability mechanisms

and the interaction with the turbulence dynamics at the solid boundary produces a

unique combination of different large turbulent coherent structures that constitutes

both a consistent challenge for numerical simulations and an ideal test bed for tur-

bulence models.

The Temporal Direct Numerical Simulation (TDNS) of the Coanda wall jet re-

stricts the focus from the global turbulent Coanda wall jet to a smaller, local portion

of the flow and offers a wide array of advantages to the present work. In particular,

the size of the computational domain can be arbitrarily chosen in both the spanwise

and the streamwise directions. This allows to either suppress or enhance individual

physical mechanisms and, consequently, to selectively reproduce different large coher-

ent structures within the local flow. In the first part, temporal numerical simulations

are employed to reproduce four different flow scenarios of the local Coanda wall jet

with a level of numerical resolution that, because of the reduced size of the compu-

tational domain, cannot be matched by standard DNS of the entire physical flow

(spatial DNS, or SDNS.)

The TDNS of these four flow scenarios are then used in the second part for

an a–posteriori analysis of different turbulence models in order to address common

shortcomings shown by Hybrid Turbulence Models (HTM). For each flow scenario,

the turbulent flow field is deliberately decomposed in resolved and unresolved flows by

the application of different filters in space corresponding to different grid resolution.

The behavior of turbulence models can be reproduced from the resolved flow and

compared to the turbulent stress tensor directly calculated from the unresolved part

of the flow field. Starting from the RANS limit, turbulence models with different

levels of complexity are studied. Successively, the performance of these models is
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analyzed at intermediate numerical resolutions between RANS, LES, and DNS.

Finally, an improved formulation of the Flow Simulation Methodology (FSM) is

proposed.
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1. INTRODUCTION

Wall jets can be found in a wide spectrum of technological applications, ranging from

cooling, where the wall–tangential injection of high–momentum fluid next to a solid

boundary can considerably alter the heat transfer properties between surface and

fluid, to separation control, to circulation control on airfoils. Furthermore, wall jets

can be tangentially blown on lifting surfaces in the flow stream direction in order

to re–energize the boundary layer, thus delaying separation, or in order to alter the

circulation, thus augmenting the overall lift.

A more technologically advanced application is represented by a jet blown tan-

gentially along a surface curved in the streamwise direction, where the consequent

curvature of the streamlines generates a pressure gradient normal to the surface and

thus results in a net lateral force vector. Such a flow has become generally known as

the Coanda wall jet after the Romanian aerodynamicist Henri-Marie Coanda (1885–

1972) who patented this effect in 1930 (Coanda, 1930), even though Young (1800)

already had discussed this phenomenon 130 years earlier.

An indication of the great potential of the Coanda technology is illustrated by the

success of the NOTAR helicopter, for which the tail rotor has been replaced with jets

blown tangentially over the tail boom, with obvious advantages in terms of versatility,

mechanical simplicity, and robustness.

Possible further applications of the controlled Coanda flow range from hinge–less

maneuvering of submersibles at low speed, to control of circulation on airfoils, to drag

reduction for blunt bodies. Such a broad technological extension is, however, hindered

by today’s limited theoretical understanding of the complex underlying physics and,

consequently, by the lack of reliable prediction tools.
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1.1 The Plane Wall Jet and the Coanda Wall Jet

From a general point of view, the downstream evolution of the turbulent wall jet is

characterized by a spreading of the jet in the wall–normal direction that goes along

with a decrease in both the maximum velocity and the wall shear–stress (skin friction),

as sketched in figure 1.1. A global characterization of a turbulent wall jet can therefore

be provided by the downstream behavior of three parameters: The maximum velocity,

Umax, the skin friction at the wall, τw, and a length scale that describes the thickness

of the jet commonly defined as the halfwidth, δh, i.e. the distance from the wall of

the location where the velocity reaches 50% of the maximum velocity.

Figure 1.1: Global flow geometry of the plane
wall jet. The downstream evolution is characterized
by a spreading thickness, δh, a decaying maximum
velocity, Umax, and a decreasing wall shear, τw.

A wall jet blown tangentially along

a curved wall (Coanda wall jet), is simi-

larly affected by the diffusion of the jet,

resulting in spreading, decay of maxi-

mum velocity and decrease of skin fric-

tion in the downstream direction. In ad-

dition, however, the distribution of pres-

sure along the surface also plays a rele-

vant role in defining the global develop-

ment of the flow. Neuendorf & Wygnanski (1999) observed that the Coanda wall jet

on a circular cylinder produces a region of constant pressure extending up to θ = 120◦

(with θ being the azimuthal coordinate around the cylinder, with origin at the noz-

zle), followed by a region of adverse pressure gradient that eventually leads to the

detachment of the jet at θ ≈ 230◦, as sketched in figure 1.2.

It appears that the control of the detachment point is therefore of paramount

importance when the Coanda wall jet is employed as a flow control device. Yet,

detachment is the result of a complex interaction of heterogeneous features in the

upstream flow. The downstream evolution of the jet is very sensitive to the flow con-
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ditions at the nozzle. The distribution of turbulence production and dissipation, for

example, can be greatly altered by the shape of the mean flow at the nozzle. Similarly,

the simultaneous presence of different types of large coherent turbulent structures is a

consequence of the perturbations present in the flow upstream, at the nozzle or even

before. The entrainment of ambient fluid produced by large coherent turbulent struc-

tures, in turn, affects the region of adverse pressure gradient and finally determines

the detachment point, as shown in experiments by Neuendorf & Wygnanski (1999)

and in numerical simulations by Wernz & Fasel (2004a) and by Gross et al. (2003,

2004).

Figure 1.2: Global flow geometry of the
Coanda wall jet.

For the laminar wall jet, Tetervin (1948) and

later Glauert (1956) were able to derive a self–

similar expression, by which the shape of the ve-

locity profile normalized with the maximum ve-

locity, Umax, and with the halfwidth, δh, remains

constant along the downstream direction. Such

convenience, however, is only possible in the lam-

inar regime, where only the diffusion caused by

the molecular viscosity is acting on the flow.

For the flat–plate geometry one characteristic

length scale can be defined through the viscosity,

ν, and used as scaling factor in order to define one similarity variable. The resulting

similarity transformation simplifies the governing equation from a system of partial

differential equations (PDE), to a single ordinary differential equation (ODE). In the

Coanda wall jet, on the other hand, the downstream curvature of the wall represents

an additional characteristic length scale that therefore contrasts with the definition

of self–similar solution.

However, whenever the jet thickness, δh, is very small compared to the cylinder

radius, R0, curvature terms become negligible and the boundary layer assumption
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can thus be maintained. In other words, for the laminar regime, the downstream

evolution of the Coanda wall jet coincides with the downstream evolution of the wall

jet on a flat plate.

For sufficiently high Reynolds numbers, the turbulent regime represents the most

probable solution of the Navier–Stokes equation, and for most applications the wall

jet is indeed fully turbulent. Over the past 40 years, numerous experimental studies

have been dedicated to the investigation of the turbulent wall jet with the goal of

determining accurate and universal scaling laws for its downstream evolution. A

detailed review was compiled by Launder & Rodi (1983). More recently, Wygnanski

et al. (1992) were able to refine the scaling laws proposed by Narasihma et al. (1973)

for different regions of the wall jet. Their experimental data suggest that the jet

thickness, δh, grows linearly in the downstream direction, whereas the maximum

velocity decreases as ∼ x−0.5. Such self–similarity remains, however, limited to the

outer region of the jet (from the location of maximum velocity to the quiescent free

stream.) In the wall region, mechanisms of turbulence production may be present

and introduce an additional characteristic length scale, also called the wall unit,

δ+ =
ν√
τw

ρ

, (1.1)

that depends on the viscosity, ν, and on the shear stress at the wall, τw.

The downstream development of the wall region of the jet (governed by δ+) is

therefore strongly dependent on the Reynolds number and additional scaling laws can

be established to describe both the shape of the velocity profile and the skin friction

at the wall. The same law of the wall, originally developed for turbulent boundary

layers, appears to hold for the wall region of the wall jet. Numerical investigations

carried out by Wernz (2001) further confirmed the validity of such scaling laws and

were able to provide a more detailed description of the flow field in the vicinity of the

wall.

Further experimental work by Neuendorf & Wygnanski (1999) was aimed to the
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comparison of the turbulent Coanda wall jet with the equivalent turbulent flat–plate

wall jet previously investigated by Zhou et al. (1996). For the downstream region

between θ = 0◦ (jet nozzle) and θ = 120◦ of the Coanda cylinder, similarity laws were

provided with regard to the outer length scale of the wall jet mean velocity profile, i.e.

the halfwidth, δh. The spreading rate measured for the case with wall curvature was,

however, considerably larger than for the plane wall jet. Furthermore, a second region

could be identified between θ = 120◦ and θ = 230◦, where an adverse pressure gradient

was present, eventually leading to separation. Turbulent characteristics of the flow

were also measured in the experiments, particularly the u′u′ and u′v′ components

of the turbulent stress tensor, with u and v defined as the the streamwise and the

wall–normal velocity components, respectively.

However, both experiments and numerical simulations suggest that a significant

contribution to the global behavior of the wall jet in terms of spreading and velocity

decay is provided by the appearance of large coherent turbulent structures in the

flow. Compared to the diffusive effect of the molecular viscosity, the large scales of

turbulent motion determine a drastic increase in the mixing of mass and momentum

across the wall–normal direction, whereby high–momentum fluid is more efficiently

displaced toward the wall and toward the outer quiescent region. An appropriate

forcing applied near the nozzle can thus greatly control the downstream evolution

of the flow, as demonstrated by Schober & Fernholz (2000), by Seidel (2000), and

by Wernz (2001).

A further consequence of the presence of large coherent structures in the turbulent

wall jet consists in the coupling of wall region and outer region. As pointed out

by Seidel (2000, 2006), the offset of the distribution of u′v′ with respect to the location

of maximum velocity due to the large structures introduces interaction dynamics that

alter the log–layer in the wall region and that consequently affect possible scaling laws.

An even larger impact of the large coherent turbulent structures on the global

flow behavior was detected for the turbulent Coanda wall jet, where different types
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of coherent structures can be present, as observed in experiments by Cullen et al.

(2002). Corresponding numerical studies were carried out by Fasel and coworkers

(Wernz et al., 2003; Gross et al., 2004; Wernz & Fasel, 2004a) by using numerical

simulations based on the same geometry as used by Neuendorf & Wygnanski (1999).

It was shown that different global behaviors of the flow could be produced depending

on the types of large coherent structures that were selectively forced by low–amplitude

perturbations at the nozzle (Wernz & Fasel, 2004a).

In conclusion, the turbulent Coanda wall jet presents a prototypical configuration

that combines a wall–bounded flow with two possible types of large coherent turbulent

structures. The complex interactions among these phenomena determine the global

behavior of the flow and, particularly, the detachment point of the jet. A thorough

understanding not only of the underlying individual instability mechanisms, but also

of their interactions is therefore a necessary condition for the efficient control of the

Coanda device.

1.2 Instability Mechanisms and Large Coherent Structures

It has been suggested by Ho & Huerre (1984), and later by Gaster et al. (1985), that

large coherent structures are generated in a turbulent mixing layer flow by the same

mechanisms responsible for the growth of instability waves in a laminar flow. Even

though such assumption is still the subject of a theoretical debate, it has been verified

by numerous numerical investigations (see, for example, Schober & Fernholz, 2000;

Wernz & Fasel, 2004a) and represents a principal foundation of the present research.

Indeed, the local flow investigation combined with the double spectral representa-

tion of the flow field provides here a helpful point of view to further validate such

assumption and to understand the relation between primary instability mechanisms

inherent to the mean velocity profile of the Coanda wall jet and the occurrence of

large turbulent structures in the flow.
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In the plane wall jet, the presence of an inflection point in the mean velocity

profile is responsible for a shear–layer type instability, also called inviscid instability or

Kelvin–Helmholtz instability. This instability mechanism causes small perturbations

in the streamwise direction to grow into co–rotating vortical structures with axis in the

spanwise direction. These structures, more commonly referred to as spanwise rollers

(or, simply, rollers), are located in the outer region of the jet and are convected

with the flow, as observed, for example, by Katz et al. (1992). An inviscid flow

with an inflectional velocity profile is unstable for all wavelengths. The presence of

viscosity results in a damping of perturbations with wavelengths smaller than a given

wavelength, also called neutral wavelength, λ0.

On the other hand, the combined effect of viscosity and a solid boundary also

gives rise to an additional viscous instability mechanisms that, in the case of flat–plate

boundary layers, is referred to as Tollmien–Schlichting instability. Despite their dif-

ferent nature, both instability modes are solutions of the Orr–Sommerfeld eigenvalue

problem, as first determined by Chun & Schwarz (1967) and later studied by Mele

et al. (1986), by Wernz (1993), and by Tumin & Aizatulin (1997).

For the Coanda flow, the streamwise curvature of the wall gives rise to an addi-

tional centrifugal (inviscid) instability mechanism. A simple criterion for such an in-

stability was developed by Lord Rayleigh (1915) in the nineteenth century (Rayleigh’s

circulation criterion),

(V0r0)
2 < (V1r1)

2 , with r1 > r0, (1.2)

which states that a mean flow velocity profile is stable with regard to centrifugal in-

stability mechanisms in the regions where the square of the circulation (here indicated

as V r = Γ) grows with increasing distance from the wall. In the Coanda wall jet,

the region close to the wall, where the mean velocity monotonically grows from zero

to the maximum velocity, is therefore stable with regard to the centrifugal instability

mechanism, and the outer region of the flow, where the mean velocity decays mono-
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tonically to zero for r → ∞ is unstable, as also confirmed by a later refinement of the

criterion, proposed by Florian (1986).

The centrifugal instability mechanism for viscous curved flows has first been in-

vestigated by Görtler (1954). Although most of the research on the Görtler instability

has focused on boundary layers on concave walls, the eigenvalue problem arising from

the Linear Stability Theory (LST ) as developed by Görtler (1954) for the concave

boundary layer and later improved by Florian & Saric (1982) can be successfully

applied to the Coanda wall jet flow as well.

The occurrence of large coherent turbulent structures has been observed in both

experiments and numerical simulations in correspondence with the instability mech-

anisms (Kelvin–Helmholtz and centrifugal) predicted by LST applied to the mean

velocity profile of the Coanda flow. Both types of coherent structures (rollers and

Görtler vortices) appear in the outer region of the wall jet and are associated with

mechanisms of turbulence production. In addition, the presence of the wall is also

cause for turbulence production through the regeneration mechanism, as described

by Hamilton et al. (1995).

This unique combination of a wall–bounded flow with two different primary insta-

bility modes in the Coanda wall jet generates complex interaction dynamics between

heterogeneous turbulence mechanisms. Being the global behavior of the Coanda flow

the consequence of the energy balance between such mechanisms, it logically follows

that small alterations of the properties of the primary instabilities can be used to

modify the downstream evolution of the jet and thus to shift the detachment point.

In the local point of view given by the temporal numerical simulation of the

Coanda wall jet, on the other hand, the knowledge of the properties of primary

instability mechanisms can be exploited to reproduce turbulent flows that are based

on the same underlying mean velocity profile (wall jet profile) in which large coherent

structures can be deliberately generated or suppressed.



32

1.3 Turbulence Modeling for Complex Flows

Despite the dramatic increase in computational power available to fluid dynamics

research over the last few decades, the Direct Numerical Simulation (DNS) of the

complete turbulent Coanda flow at high Reynolds numbers can only be carried out

on very large supercomputers. The large separation of scales between the global

size of the physical domain and the smallest turbulent wavelength sets the number

of grid points needed in a numerical simulation in the order of billions and pushes

the requirements in terms of both CPU–hours and storage capacity well beyond the

present capabilities. In addition, one has to bear in mind that the final goal of

numerical simulations of the Coanda wall jet flow consists of the determination of

the large scales of motion only, especially when the investigation aims at a handful of

global flow parameters such as the pressure distribution on the surface of the Coanda

cylinder. On the other hand, the entire spectrum of scales of motion has to be

computed, including the small scales, since they contribute to the correct reproduction

of the energy balance among different scales and thus significantly affect the resulting

global flow properties. Yet, details of the dynamical behavior of the small scales may

be of no interest in these cases.

For these cases, turbulence modeling becomes a useful tool, as it can significantly

reduce the requirements in terms of numerical resolution. By adopting a turbulence

model, numerical simulations can be performed on a grid that is coarser than the one

required by a true DNS. Only a portion of the entire spectrum of motion is computed

(Large Eddy Simulation, LES.) The sub–grid motion is then modeled in terms of

its effect on the large scales by using informations from the large scales themselves,

from the physics of turbulence dynamics, and from a–posteriori calibrations with

experimental data.

Numerical Simulations of the turbulent Coanda jet flow performed by Gross et al.

(2004) and by Wernz et al. (2005) with different turbulence modeling approaches
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showed the strong dependence of the resulting global development of the flow on the

adopted turbulence model.

Furthermore, numerical investigations of complex flows such as the turbulent

Coanda wall jet clearly indicate the two–fold nature of the turbulence modeling prob-

lem with regard to practical applications. On the one hand, both the development

and the validation of a turbulence model require the availability of a complete flow

field that describes the entire spectrum of turbulent motion (in other words, a DNS),

such that the dynamical quantities delivered by the turbulence model on a coarser

grid can be compared with the actual turbulence quantities directly calculated from

the known flow. On the other hand, such a complete description of the flow can only

be achieved for simple flows and for relatively low Reynolds numbers, where no sig-

nificant complex interaction dynamics are present and where theoretical turbulence

statistics do not necessarily apply.

Therefore, testing and validation of turbulence models have been typically carried

out for selected prototypical model flows, the simplest of which is represented by ho-

mogeneous turbulence in a box, as described, for example, by Batchelor (1953) and

by Townsend (1951). In a significant number of research efforts (Menon et al., 1996;

Speziale, 1998a; Hughes et al., 2001; Domaradzki & Radhakrishnan, 2005, among

the latest) the three–dimensional homogeneity of the turbulence quantities has been

used in order to validate the energy dynamics predicted by turbulence models. In

this framework of homogeneous turbulence, Kolmogorov (1941) was able to develop

an universal equilibrium theory that describes the cascade dynamics in the spectrum

of turbulent kinetic energy, and that generally applies to the smallest scales of tur-

bulence.

By assuming periodicity in all three spatial dimensions, and employing implicit

boundary conditions and equidistant grids, numerical codes are indeed capable of

capturing the smallest scales of turbulence with very high resolution in both time

and space (Kaneda et al., 2003).
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However, in the vast majority of practical flows the homogeneity of turbulent

motion is confined to the small scales, whereas a more complex geometry than the

periodic box introduces some degree of anisotropy in the turbulence quantities. The

next level of flow complexity is represented by a wall–bounded flow at a sufficiently

high Reynolds number, where the presence of a no–slip boundary disrupts the ho-

mogeneity in the wall–normal direction. The resulting anisotropy in the turbulence

statistics extends the investigation to the complete Reynolds stress tensor, τij, in

contrast to investigations of homogeneous turbulence that are limited to its trace,

κ = 1
2
u′

iu
′
i = −1

2
τii.

The effects of the turbulence on the flow in the vicinity of a solid boundary are

captured by the famous law of the wall, that, although empirically derived through

dimensional analysis, appears to be valid for a wide range of flows. On the other

hand, a great deal of analytical work has been dedicated in the past 100 years to

the determination of the wall–normal behavior of turbulence properties, resulting in

the development of a wide range of turbulence models. For simple wall–bounded

turbulent flows, an extensive DNS database has been produced over the years, such

as for the channel flow or for the boundary layer flow with zero pressure gradient.

It is worth noting that the fully developed channel flow is perfectly parallel and

allows therefore for the application of the temporal approach, which assumes peri-

odicity in both the spanwise and the streamwise directions. Landmark simulations

of the turbulent channel flow have been performed by Moin & Kim (1982), by Kim

et al. (1987), and by Mansour et al. (1989), among others, and the amount of data

produced by such a numerical effort represents a valuable universal reference for the

validation of turbulence models.

The temporal model has also been adopted for the direct numerical simulation of

turbulent boundary layer flows, whereas the downstream evolution of the thickness, δ,

was either deliberately neglected or introduced through additional numerical correc-

tions (Spalart, 1988; Marxen, 1998). In general, however, the turbulence properties
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of the flow captured by such temporal numerical simulations proved to be consistent

with theory and experiments, as verified by Spalart (1989).

A further level of complexity is represented by the combined presence of a solid

boundary and large turbulent coherent structures in the turbulent flow. Large turbu-

lent coherent structures, in fact, not only significantly alter the energy dynamics of

the entire turbulent spectrum, but also locally eliminate homogeneity on scale sizes

close to the global length scale. The production mechanism at the wall is also affected

by large scales of motion in the flow.

Few attempts have been made to generate a reference simulation of a turbulent

flow containing large structures. Because of the simultaneous presence of large span-

wise structures, solid walls and reverse flow, numerical simulations of the backward–

facing step (Vogel & Eaton, 1985; von Terzi, 2004) have been proposed as reference

DNS for testing turbulence models. For the same reason the turbulent Coanda wall

jet also represents a challenging test bed for turbulence models since it presents dif-

ferent types of large coherent structures in a wall–bounded turbulent flow (Gross &

Fasel, 2006).

Vreman et al. (1997) proposed to use the time–dependent turbulent free shear–

layer flow to evaluate the behavior of different turbulence models in the presence of

a periodic row of large coherent structures. However, the absence of a solid wall in

the geometry does not provide a clear indication of how turbulence models perform

where the flow changes from predominant wall turbulence to predominant large–scale,

free–stream turbulence.

In general, however, for spatial DNS that consider large and complex flow geome-

tries, the tremendous computational costs impose a limit to the affordable numerical

resolution. Thereby, such DNS often present large regions where the resolution is

too coarse to provide an effective and comprehensive analysis of turbulence model

techniques. A viable compromise consists in a simplification of the geometry that

allows for the reduction in size of the computational domain. Dean (1978), for exam-
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ple, applied streamwise curvature to the channel flow, thus generating longitudinal

vortical structures in a stationary turbulent channel flow. These coherent structures,

however, are located in the wall region and are therefore strongly limited in terms of

turbulent kinetic energy.

In the present research, the turbulent Coanda wall jet is reproduced through a

temporal numerical approach. A wall jet is simulated in a curvilinear computational

domain that is periodic in both the spanwise and the streamwise directions, as later

discussed in section 2.1. From a physical point of view, this methodology corresponds

to the simulation of a small slice of the global physical domain. Global effects are

thus neglected and only local phenomena act on the (temporal) flow, which is still

governed, however, by the same Navier–Stokes equation as the flow in spatial DNS

(SDNS). In other words, even though the numerical simulation of the temporal

Coanda wall jet cannot reconstruct the complete Coanda flow, this numerical tool

is capable of accurately reproducing the mechanisms that govern the local dynamics

of wall turbulence as well as of large coherent turbulent structures. In addition,

numerous coarse–grid SDNS of both the plane wall jet (Wernz & Fasel, 2004b) and

the Coanda wall jet (Wernz & Fasel, 2004a; Gross et al., 2003, 2004) have been

performed and can be used for validating the TDNS results. Simulation results can

also be compared with the experimental data by Neuendorf & Wygnanski (1999).

Therefore, within the scope of the present research the temporal Coanda wall

jet flow represents an ideal compromise between complexity and computational cost,

since the reduced domain allows for a numerical resolution comparable with the small-

est scales of turbulent motion.

As a further benefit, the domain size can be freely chosen in both the streamwise

and the spanwise directions. Individual mechanisms can thus be selectively suppressed

or allowed, and their interaction can be systematically studied, as demonstrated in

chapter 4. (see also Laible et al., 2006). In addition, the effect of different large

coherent structures in the flow on the performances of turbulence models can be
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assessed.

1.4 Filters, Averages and the Difference Between RANS and LES

It has been estimated that the ratio between the largest and the smallest scale of mo-

tion in the homogeneous turbulence grows with the Reynolds number as ∼ Re
3
4 . The

number of points needed by the spatial direct numerical simulation of a turbulent flow

without solid boundaries is, therefore, proportional to Re
9
4 . If one also considers that

the CFL condition (Courant et al., 1928) imposes (for explicit numerical schemes) an

additional limitation to the size of the computational time step, it becomes evident

that the complete simulation of turbulent flows on complex geometries for typical

applications of technological interest (where the Reynolds number is in the order of

107) remains beyond the capability of today’s computer technology and will probably

remain so for the next decades. Indeed, DNS of flows on complex geometries have

been performed only recently for flows up to Re ≈ 105.

Although only the large scales of motion are relevant for the typical application,

the entire spectrum of turbulence plays a prominent role in the global flow and its

energy dynamics must therefore be included in the numerical simulation. Typical nu-

merical simulations are performed on numerical grids that lack the resolution required

to capture all relevant length scales. The unresolved part of the turbulence energy

spectrum and its effect on the resolved scales of motion are not explicitly computed

and have instead to be modeled.

Historically, the development of turbulence models has followed two distinct and

separate paths: Reynolds–Averaged Navier–Stokes (RANS) and Large–Eddy Sim-

ulation (LES). The choice between these two approaches is in general dictated by

the scope of the specific numerical simulation itself. RANS is typically associated

with a resulting steady picture that averages (and, in principle, models) the entire

spectrum of fluctuations, whereas LES is considered when most of the spectrum has



38

to be resolved and only the smallest scales of turbulence are modeled. However, the

great variety of turbulent models proposed over the past decades has brought some

widespread confusion in the terminology since, in general, the definition of average is

an operative consequence of the adopted model rather than vice versa (see also the

discussion by Israel, 2006).

By applying a generalized average to the flow field, Reynolds (1895) obtained a

decomposition into “mean–motion”, ~U , and “relative–motion”, ~u′,

~u = ~U + ~u′, (1.3)

such that the Navier–Stokes equation could be rewritten in a formulation hence re-

ferred to as the Reynolds–Averaged Navier–Stokes equation,

∂Ui

∂t
+

∂UiUj

∂xj

= −1

ρ

∂P

∂xi

+ ν
∂2Ui

∂xjxj

−
∂u′

iu
′
j

∂xj

, (1.4)

whereas the continuity equation, as consequence of its linearity, is simply split in two

independent expressions,

∂Ui

∂xi

= 0,
∂u′

i

∂xi

= 0. (1.5)

It is worth noting that “as the result of this definition the equations are true, and

are only true as applied to fluid in which the mean–motions of the matter, excluding

the heat–motions, are steady.” (Reynolds, 1895) More precisely, the RANS equation

is valid whenever the decomposition of the flow field is carried out through an average

for which the properties,

fg = fg, f ′ = 0, (1.6)

hold, with f being a generalized flow field quantity and the over–bar being the average

operation. A general average operation that satisfies the properties expressed by

equation (1.6) is commonly called Reynolds average.
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In the resulting governing equation (1.4), all terms, except for one, are expressed

in the resolved flow field, ~U , whereas the additional term describes the effects of

the fluctuation component onto the resolved flow. It also represents the desired

contribution of the turbulence model and is universally considered in terms of the

turbulent stress tensor, τRANS
ij ,

−
∂u′

iu
′
j

∂xj

=
∂

∂xj

τRANS
ij . (1.7)

Clearly, the same formal representation of the equation can be achieved by any

number of average operations that may, therefore, lead to differences in the physics

of the modeled stress tensor, τ , as well as in the physical meaning of the calculated

mean (resolved) flow. For turbulent flows three different methods can be considered

for averaging the flow field and thus for defining the resolved flow field: Ensemble

average, time average, and spatial average. The ensemble average is defined as the

mean over a finite number of repetitions of an experiment,

f ens =
1

N

N∑

n=1

fn (~x, t) , (1.8)

and is based on the randomness of perturbations in both the initial and the boundary

conditions. This definition is widely used for experimental statistics, but becomes

meaningless for numerical simulations. For numerical simulations, the flow field can

be averaged in time,

f τ =
1

τ

∫ t+τ

t

f (~x, t′) dt′, (1.9)

or in space over a defined volume,

fV =
1

V

∫∫∫

V

f
(
~x′, t

)
d~x′, (1.10)

whereby the latter operation is typically referred to as a spatial filtering and can be

more rigorously described as a convolution of the flow field with a filter function in

space,

〈f〉 =

∫∫∫ ∞

−∞

G
(
~x − ~ξ

)
f

(
~ξ, t

)
d~ξ, (1.11)
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as more commonly adopted in the framework of LES.

The three operations described by equations (1.8), (1.9), and (1.10) can be con-

sidered as a Reynolds average only in the limit of infinity. Such condition represents

a relevant limitation in the application of RANS. In the most widely recognized def-

inition, as also pointed out by Durbin (2002), the Reynolds average is in fact applied

over an infinite time period,

f = lim
τ→∞

[
1

τ

∫

τ

f (~x, t′) dt′
]

, (1.12)

with the consequence that the resulting resolved flow field, ~U = ~U(~x), is independent

of time and therefore represents a steady flow.

It is important to notice that, despite the common definition of RANS as resulting

from an average in time, a Reynolds average can also be applied to any direction, xn,

in space,

f = lim
Lxn→∞

[
1

Lxn

∫

Lxn

f
(
~x′, t

)
dxn

]
, (1.13)

with the consequence that the resulting resolved flow field is constant along that

direction. Such operation is reasonable in physical sense only when the considered

direction in space presents homogeneity in the turbulent motion or, in other words,

when all fluctuations around the mean are caused by small–scale, isotropic turbulence.

When large coherent turbulent structures are present in the flow, however, the use

of the Reynolds average may become questionable as it would simply eliminate such

large–scale motion.

This might be the origin of some confusion in the common terminology, whereas

RANS has been mostly considered as average in time and thus conceptually incom-

patible with LES, typically associated with a coarsening of the spatial resolution.

However, for the isotropic distribution shown by small–scale turbulence, the ergodic-

ity principle bridges time with space in the sense that an average in time eliminates

fluctuations in space, too. In a RANS calculation carried out by using the average

defined in equation (1.12), the resulting resolved flow field, ~U = ~U(~x), only describes
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motion for length scales comparable with the global flow geometry, even though no

explicit filter is applied in space. RANS can thus be more generally defined as the

asymptotic limit in which the average eliminates the entire spectrum of fluctuations.

On the other hand, Large Eddy Simulations (LES) have been developed as nu-

merical tools that directly compute most of the fluctuations in the flow field and only

leaves the Sub–Grid Scales (SGS) of motion to the turbulence model.

By applying the filter in space described by equation (1.11), the flow field is again

decomposed into a resolved part and an unresolved part,

~u = 〈~u〉 + ~u′, (1.14)

which is formally equivalent to equation (1.3) with the difference, however, that the

properties (1.6) do not hold any longer.

As first discussed by Leonard (1974), it follows from the definition of non–linear

terms,

〈(Ui + u′
i)

(
Uj + u′

j

)
〉 = 〈UiUj〉 + 〈Uiu

′
j〉 + 〈u′

iUj〉 + 〈u′
iu

′
j〉, (1.15)

that the turbulent stress tensor for the case of non–Reynolds average grows in com-

plexity,

−τij = 〈UiUj〉 − 〈Ui〉〈Uj〉 + 〈Uiu
′
j〉 + 〈u′

iUj〉 + 〈u′
iu

′
j〉, (1.16)

where the composition of the first two terms is known as the Leonard stress tensor, Lij,

the combination of the third and the fourth terms is called the cross stress tensor, Cij,

and the last term is the Reynolds stress tensor, Rij. It should be noted that both the

Leonard stress tensor and the cross–term stress tensor are not Galilean invariant when

considered separately. Therefore, with the exception of a few attempts, turbulence

models are widely applied to the entire turbulent stress tensor, τij. However, the

relevance of both Leonard and cross stress tensors over the Reynolds counterpart is

still the subject of discussion in the framework of hybrid RANS/LES methodologies.
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1.5 A Brief History of Turbulence Modeling

The definition of τij as a “stress” tensor becomes evident from its appearance in the

filtered Navier–Stokes equation. The viscous term, in fact, can be rewritten as a

function of the (resolved) strain rate tensor,

Sij =
1

2

(
∂Ui

∂xj

+
∂Uj

∂xi

)
, (1.17)

and can be grouped with the turbulence stress term,

ν
∂2Ui

∂xj∂xj

+
∂τij

∂xj

=
∂

∂xj

[νSij + τij] . (1.18)

Since the unresolved scales represent the turbulent motion associated with the

dissipation of kinetic energy, it seems reasonable to reduce their effect to an additional

eddy–viscosity, νT ,
∂

∂xj

[νSij + τij] =
∂

∂xj

[( ν + νT )Sij] , (1.19)

as first proposed by Boussinesq (1877) and later universally accepted as the Boussi-

nesq assumption, which is the basis of the large majority of turbulence models used

for both RANS and LES.

From this point of view, first Taylor (1915) and later Prandtl (1925) modeled

the small–scale turbulence as represented by an “eddy” with a characteristic velocity,

v, that randomly travels an average length ` before mixing with the surroundings,

characterized by a different average velocity. This concept, which has become known

as the mixing length model, requires the definition of two dimensional quantities that

characterize the local turbulence dynamics at each point in space and time in order

to determine the eddy–viscosity,

νT ∼ v`. (1.20)

For the turbulent boundary layer, Prandtl then suggested that the characteristic

turbulence velocity, v, be derived from the gradient of the mean flow in the wall–

normal direction,

v ∼ `

∣∣∣∣
∂U

∂y

∣∣∣∣ . (1.21)
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Hence the eddy–viscosity becomes,

νT ∼ `2

∣∣∣∣
∂U

∂y

∣∣∣∣ . (1.22)

Even though such a formulation has been developed many decades ago, mixing

layer models are still often implemented for their simplicity, as demonstrated by

the popularity of the Baldwin–Lomax model, or of the Cebeci–Smith model, among

others. These models are also known as algebraic turbulence models because they

determine local turbulence properties through an algebraic expression. For example,

the mixing length, `, in the expression (1.22) is commonly determined as a function

of the distance from the wall through the ramping function defined by Van Driest

(1956),

` = κy

(
1 − e

−y+

A+

)
, (1.23)

where κ is the Kármán constant and y+ is the distance from the wall expressed in

wall units.

In the model envisioned by Prandtl (1925), the characteristic turbulence velocity

is closely related to the presence of a wall and the distance from the wall is assumed

to be uniquely defined. While this seems trivial for a turbulent boundary layer over

a flat plate, it quickly becomes a problem for complex three–dimensional geometries.

In what is considered the first definition of a Large Eddy Simulation, Smagorinsky

(1963) defined the eddy–viscosity from equation (1.19) as

νT = (Cs∆)2 |S| = (Cs∆)2 SijSij, (1.24)

where Cs is the Smagorinsky constant, ∆ is a characteristic length of the local com-

putational grid, and |S| is the module of the resolved strain–rate tensor. In this

algebraic model, the characteristic turbulence velocity,

v ∼ ∆SijSij, (1.25)
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is thus determined from a generalized velocity gradient, Sij. A length scale that

describes the local computational grid, ∆, rather than a property of the flow, is

adopted to model the mixing length.

A more detailed representation of the local turbulence properties can be obtained

by determining the characteristic turbulence velocity, v, from the turbulent kinetic

energy,

κ =
1

2
û′

iu
′
i, (1.26)

where the “hat” represents an appropriate average depending on the adopted turbu-

lence modeling approach.

Reynolds (1895) was able to derive a transport equation for the turbulent kinetic

energy as the first moment of the Navier–Stokes equation,

∂κ

∂t
+ Uj

∂κ

∂xj

= τij

∂Ui

∂xj

+
∂

∂xj

[
ν

∂k

∂xj

− 1

2
u′

iu
′
iu

′
j −

1

ρ
p′u′

j

]
− ν

∂u′
i

∂xk

∂u′
i

∂xk

, (1.27)

where third–order correlation terms, u′
iu

′
ju

′
k, consequently, appear. Further moments

of the Navier–Stokes equation can be considered which define a transport expression

for correlations of corresponding order. Yet, again, terms in higher–order correlations

appear that do not allow for the closure of the problem.

Higher order correlation terms are therefore modeled by using physical reasoning,

dimensional analysis and data from experiments. In the formulation of the transport

equation for κ proposed by Prandtl (1945),

∂κ

∂t
+ Uj

∂κ

∂xj

= P + D − ε + ν
∂2κ

∂xj∂xj

, (1.28)

such terms are modeled as the production of turbulence,

P = τij

∂Ui

∂xj

, (1.29)

as the turbulent destruction,

D = − ∂

∂xj

[
+

1

2
u′

iu
′
iu

′
j +

1

ρ
p′u′

j

]
, (1.30)
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and as the turbulence dissipation,

ε = ν
∂u′

i

∂xk

∂u′
i

∂xk

, (1.31)

thus allowing for the closure of the equation and, consequently, providing a proper

estimate for the distribution of the characteristic turbulence velocity as

v ∼
√

κ. (1.32)

The turbulent stress tensor, τ , that appears in the production term is modeled

according to the Boussinesq approximation. The same concept can also be applied

to the third order correlation term contained in the turbulence diffusion term by

considering transport due to turbulence, as also indicated by Wilcox (1998). Finally,

for the turbulence dissipation, ε, dimensional analysis indicates that it depends on

both the local turbulence kinetic energy and the characteristic turbulence length scale,

`,

ε ∼ κ
3
2

`
. (1.33)

Yet, an expression for the mixing length is needed and an algebraic relation such

as equation (1.23) can be adopted. Over the past decades, many similar one–equation

models have been proposed that implement transport equations of different turbulence

characteristic properties. Probably the most in use today, particularly for commercial

codes, is the Spalart–Allmaras model (SA–model, Spalart & Allmaras, 1992), which

employs a transport equation for the turbulent viscosity, νT , and takes advantage of

both its intuitive physical definition and its simple boundary conditions.

Since the local properties of turbulence have been defined through two character-

istic scales (v and `), a complete system is represented by two–equation models, which

deploy a transport equation for each characteristic scale and thus in principle allow

for the turbulence model to predict the properties of the turbulence scales without

prior knowledge of the turbulence structure. In other words, such a turbulence model

should be capable of automatically adapting to the presence of solid wall as well as to
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free–shear flows. This should, in turn, avoid ad–hoc functions such as, for example,

the van–Driest damping function (equation (1.23)).

In a first formulation, proposed by Kolmogorov, a transport equation for the

specific dissipation rate, ω,

∂ω

∂t
+ Uj

∂ω

∂xj

= −βω2 +
∂

∂xj

[
σνT

∂ω

∂xj

]
, (1.34)

is coupled with the transport equation for the turbulent kinetic energy, κ, and the

eddy–viscosity, νT , is then derived as

νT ∼ κ

ω
. (1.35)

Further improvements have been made by Wilcox (1998) with the inclusion of

corrections for different flow geometries.

Many different sets of turbulence quantities have been proposed for two–equation

models. Probably the most widely implemented is the κ−ε model developed by Jones

& Launder (1972) where, in addition to equation (1.28) for κ, a modeled expression

is given for the transport of the turbulence dissipation rate, ε,

∂ε

∂t
+ Uj

∂ε

∂xj

= Cε1
ε

κ
τij

∂Ui

∂xj

− Cε2
ε2

κ
+

∂

∂xj

[(
ν +

νT

σ

) ∂ε

∂xj

]
, (1.36)

with

νT ∼ κ2

ε
. (1.37)

A difficulty shared by κ − ε and κ − ω models is represented by the definition

of proper boundary conditions for turbulence quantities such as ε and ω that have a

complicated mathematical origin and no intuitive physical counterpart. Typically, in

fact, both quantities need correction functions to be applied either close to the wall or

towards the free stream. Speziale et al. (1992) developed a system that computes the

transport equation for the turbulent kinetic energy, κ, and for the turbulent time scale,

τ . Moreover, κ − ` models were also developed that directly consider the transport
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equation of the turbulence characteristic length, `, and therefore offer the advantage

of simpler boundary conditions.

Despite the growing complexity of the turbulence models, difficulties have sur-

faced when implementing such models in numerical simulations of complex geometries

where the distance from solid boundaries cannot uniquely be identified and where co-

herence in the turbulence structures emerges. A common problematic limitation is

the alignment of the modeled turbulent stress tensor, τij, with the strain–rate tensor,

Sij, as also pointed out, for example, by Speziale (1987) and by Schmitt & Hirsch

(2002). This is a consequence of the Boussinesq approximation (1.19), whereby the

contribution of the turbulence model is reduced to the definition of a single scalar,

νT , that is used to determine a tensor (τ ).

A second moment of the Navier–Stokes equation can be used to derive exact

transport equations for the turbulent stress tensor, τ . By means of an equilibrium

hypothesis that allows to neglect both convection and transport terms, Pope (1975)

first derived an algebraic expression for the two–dimensional turbulent stress tensor,

τ , from the exact transport equation. Later, Gatski & Speziale (1993) were able to

expand the analysis to the three–dimensional tensor and to develop what is com-

monly known as the Algebraic Stress Model (ASM). This model delivers an algebraic

expression,

bij = − 3

3 − η2 + 6ξ2

[
Sij + SikWkj + SjkWki − 2

(
SikSkj −

1

3
SklSklδij

)]
, (1.38)

of the anisotropy tensor,

bij =
τij − 2

3
κδij

2κ
, (1.39)

in terms of both the symmetric and the antisymmetric part of the strain–rate tensor,

Sij =
1

2

(
∂Ui

∂xj

+
∂Uj

∂xi

)
Wij =

1

2

(
∂Ui

∂xj

− ∂Uj

∂xi

)
, (1.40)

respectively. Successive optimizations of this turbulence model were carried out by Xu

& Speziale (1996), by Speziale (1997), and more recently by Rumsey et al. (2000) and
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by Rumsey & Gatski (2001), who introduced additional corrections for the case of

curved streamlines.

1.6 Hybrid RANS/LES

By considering the generalized spectrum of turbulent kinetic energy that describes

the local properties of a turbulent flow, it can be noticed that most of the energy is

in the low wave numbers, corresponding to the large scales of motion. The energy

associated with smaller wavelengths decreases monotonically with the length scale

until the so–called Kolmogorov length scale, ηK , is reached. At this length scale the

kinetic energy cascading down from the larger scales is finally dissipated into heat by

viscosity, as theoretically predicted by Kolmogorov (Batchelor, 1953).

Figure 1.3: Classification of the different numerical
approaches by the extent of the resolved portion of the
turbulence spectrum.

A Direct Numerical Simulation

(DNS) is thus defined as a nu-

merical scheme capable of captur-

ing the complete spectrum down to

the smallest scales of turbulence, as

sketched in figure 1.3.

For an intermediate range of tur-

bulence length scales approaching

ηK, the turbulent motion can be con-

sidered isotropic and thus approxi-

mated by a simple energy cascade

from the larger scales to the smaller

scales. The energy dynamics in this

range of the turbulent kinetic energy

is typically independent of the global

flow. Generally, Large–Eddy Simulations (LES) are carried out on numerical grids
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that capture wavelengths slightly larger than ηK. Simple turbulence models are there-

fore sufficient to reproduce the effects of smaller scales on the resolved flow field.

However, for common high–Reynolds number applications, the advantage in terms of

computational cost offered by such LES with respect to a DNS is limited.

On the other hand, RANS does not include any portion of the spectrum in the

resolved flow field. In figure 1.3, the flow resolved by RANS is steady (or homoge-

neous) and therefore coincides with the vertical axis, whereas all fluctuations have to

be modeled.

Numerous numerical approaches have been proposed to bridge such a wide gap in

the spectrum in order for numerical simulations to be performed on a computational

grid that can only capture large scales of motion. This way, the advantages of a rep-

resentation of the flow more detailed than the one offered by RANS can be combined

with computational costs less prohibitive than the ones imposed by LES.

Approaching such an optimal solution from the LES side of the spectrum has

been commonly referred to as Very Large–Eddy Simulation (V LES), where the com-

putational grid is much coarser and where, consequently, the turbulence model has to

predict more complex turbulence dynamics. Attempts have also been made in order

to expand the RANS approach towards a more detailed description of the flow in the

so–called Unsteady RANS (URANS), where the largest scales of motion are included

in the mean flow.

Both URANS and V LES attempt to tackle the intermediate portion of the spec-

trum from opposite directions. However, it has to be pointed out that, by moving

away from either extreme (RANS limit or DNS limit), the assumption of Reynolds

average (1.6) does not hold any longer and both the Leonard tensor, Lij, and the

cross term tensor, Cij, become relevant in the definition of turbulent stress tensor,

τij. Additionally, for these intermediate conditions the complexity of the implemented

turbulence model requires a certain level of prior knowledge of the resulting flow in

order to adjust the numerous constants to each flow geometry. This task appears par-
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ticularly difficult for complex geometries, where numerical simulations have to take

into account both the presence of solid walls and the occurrence of large coherent

structures, which have to be differently treated by turbulence models.

An intuitive solution is represented by a zonal hybrid model, where RANS is

applied to some portions of the computational domain (typically close to walls) and

LES is used for the everywhere else. This approach is used by the most widely

implemented hybrid technique, the Detached Eddy–Simulation (DES) introduced

by Spalart et al. (1997). DES is based on the SA–model where the distance function,

d, is expanded as,

d̂ = min [d, CDES∆] , (1.41)

with CDES being an adjustment parameter of the model, and ∆ a characteristic length

of the local computational grid. This way, the model is forced to behave as RANS

where the grid is very coarse, and as LES in locations where the grid is sufficiently

refined.

The success of this technique can be appreciated by considering the widespread

literature produced in the last few years which describes the application of DES to

large scales geometries of complex turbulent flows (Shur et al., 1999; Travis et al.,

1999; Squires et al., 2002; Maddox et al., 2004; Squires, 2004).

However, this model is based on the Boussinesq assumption and computes the

turbulent viscosity, νT , by predicting a characteristic turbulence length through a

one–equation model. A first limitation thus arises in the alignment of the modeled

turbulent stress tensor, τij, with the resolved strain–rate tensor, Sij, which, in the

presence of large coherent structures, becomes an increasingly inaccurate assumption

as the computational grid coarsens. Moreover, the expression (1.41) introduces an

arbitrary and artificial boundary within the turbulent flow field across which a sudden

change from RANS to LES occurs. It can be argued that the determination of

such boundary requires prior knowledge of the flow field even though DES partially
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retrieves such information from the numerical grid.

Similarly, Felten & Lund (2005) proposed an approach that uses RANS at the

solid boundaries in order to compute the boundary conditions for the LES imple-

mented in the rest of the domain. Despite the simplicity of the concept, difficulties

arise at the interface between two zones. The flow field computed by the RANS

portion is steady, whereas the LES side of the boundary contains fluctuations.

From an analytical point of view, the Flow Simulation Methodology (FSM), ini-

tially proposed by Speziale (1998b,c), represents the first bridging concept between

the two ends of the turbulence spectrum that can be considered a universal hybrid

RANS/LES model. In the formulation of FSM adopted by Fasel et al. (2002), the

modeled turbulent stress tensor,

τFSM
ij = f(∆, ηK)τEASM

ij =
(
1 − e

−β ∆
ηK

)
τEASM
ij , (1.42)

is first computed in the RANS limit by a non–linear stress model (EASM) and then

modulated through a contribution function, f(∆, ηK), that determines which portion

of the spectrum of turbulent kinetic energy has to be supplied to the resolved flow.

The contribution function is designed to automatically detect the relation between

numerical resolution and turbulence intensity for each location of the computational

domain and can therefore adjust the level of modeling detail to the structure of the

flow and to the underlying numerical grid.

More recently, a similar continuous function that modulates the contribution of

the model to the numerical simulation has been directly applied to the transport

equations in a two–equation model in order to model the subgrid portion of the

turbulence quantities. This approach, often referred to as Partially Averaged Navier–

Stokes (PANS), has been initially proposed by Girimaji et al. (2003) and further

developed by Basu et al. (2005).

In their formulation, a two–equation κ− ε model is considered that computes the

subgrid–scale turbulence quantities, κSGS and εSGS. Similarly to the FSM approach,
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the location in the spectrum of turbulent motion, where the numerical resolution

determines the cut–off wave number, is calculated as the ratio between the grid size

∆ and the smallest scale of motion, ηK. A continuous “contribution function”,

fk =
1 + tanh [2π (Λ − 0.5)]

2
, (1.43)

where Λ is a function of the ratio ηK/∆, is then applied to the destruction term in

the transport equation of ε (equation (1.36)) and modulates the turbulence quantities

in accordance to the relative level of numerical resolution.

1.7 The Present Research

The overall goal of the present research is to exploit the numerical advantages of

the temporal approach in order to produce highly resolved TDNS of a complex flow

that are successively used for a complete a–posteriori analysis of different turbulence

modeling techniques. This work is therefore composed of two conceptually different,

but equally important parts: The production of a TDNS database, and the a–

posteriori analysis of the turbulence models.

The numerical simulation of the turbulent Coanda wall jet is a novel application

of the temporal approach and necessarily requires a thorough analysis of similarities

and differences with its spatial counterpart. Of particular interest is its local char-

acter that allows individual mechanisms to be selectively suppressed or enhanced.

Therefore, after a description of the numerical method, four different flow scenarios

are reproduced that present a common mean flow (the wall jet velocity profile) with

different types of coherent structures. The first scenario is represented by a turbulent

wall jet where no large structures are present. In the second scenario, only structures

with longitudinal axis (Görtler vortices) are produced in the flow, whereas in the third

scenario, only large structure with spanwise axis (rollers) are generated. The fourth

scenario, finally, presents a turbulent flow where both types of coherent structures

are present.
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In the second part, the high resolution afforded by the TDNS database enables

the determination of a wide range of turbulence properties for each simulated flow

scenario. Furthermore, the double–Fourier character of the resulting flow field allows

to define different levels of (cut–off) grid filter, thus simulating a gradual transition

from RANS to TDNS. By arbitrarily dividing the (completely known) flow field

into resolved and unresolved parts, the behavior of the general turbulence model can

be simulated (from the resolved flow) and compared to the turbulent stress tensor

(from the unresolved flow) that it is expected to approximate (a–posteriori analysis.)

The performance of different types of turbulence models is initially evaluated for

the RANS limit by applying time–averaging operations over a very long time period.

Particular attention is given to the behavior of the computed eddy–viscosity, νT , and

to the alignment (or lack of it) between the resolved strain–rate tensor, Sij, and the

modeled turbulent stress tensor, τij.

Successively, by considering different numerical resolutions, the behavior of FSM

is scrutinized. This a–posteriori analysis offers a unique perspective over the difference

between the turbulent stress tensor that the unresolved flow would need and the ones

provided by FSM . Some aspects of the original formulations of the contribution

function are scrutinized, which leads to suggestions for an improved formulation.
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2. TEMPORAL APPROACH

The temporal numerical simulation owes its name to the stability analysis, where two

possible approaches are considered: The temporal model, where disturbances in form

of traveling waves are allowed to grow or to decay only in time, and the spatial model,

where disturbances are traveling waves that can grow or decay only in space.

Within this analogy, numerical simulations that describe a stationary flow that

develop in the downstream direction (space) are also called spatial numerical simu-

lations. In contrast, temporal numerical simulations reproduce a flow the evolves in

time and where periodicity can be imposed in the streamwise direction. Therefore,

spatial numerical simulations typically include the entire physical domain, whereas

temporal simulations reproduce only portions of the flow that are sufficiently small

to ensure streamwise periodicity. An exception is represented by the channel flow, for

which no spatial evolution is present. In this case, the temporal numerical simulation

may include a very large physical domain. In general, however, global effects that

can be captured by spatial simulations, such as, for example, the induced effect from

large structures downstream, are neglected in the temporal approach and only local

phenomena are considered.

2.1 Governing Equations

For the present research a highly accurate numerical code that discretizes the three–

dimensional incompressible Navier–Stokes equation in the velocity–vorticity formu-

lation was employed. The code, originally developed by Meitz (1996) for spatial

numerical simulations, was adapted to the temporal version by Marxen (1998) and

validated for the turbulent boundary layer. Successively, Postl (2003) introduced the

curvilinear coordinates system.

In the velocity–vorticity formulation, the incompressible Navier–Stokes equation
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are represented by the three–dimensional vorticity transport equation,

∂~ω

∂t
= ∇× (~u × ~ω) + ν∇2~ω, (2.1)

combined with the Poisson equation for the velocity,

∇2~u = ∇× ~ω, (2.2)

where the kinematic viscosity is ν = µ

ρ
and the vorticity is here defined as

~ω = −∇× ~u. (2.3)

In the present research, both the plane wall jet and the Coanda wall jet are simu-

lated, thus requiring two different computational geometries, as sketched in figure 2.1.

For the plane wall jet, a Cartesian coordinate system is adopted such that the axis

triad defines the x coordinate to point in the streamwise direction, the y coordinate

in the wall–normal direction, with y = 0 representing the wall, and the z coordinate

in the spanwise direction. For the Coanda flow, a cylindrical geometry is adopted

(figure 2.1, right) with the streamwise direction defined by the angular coordinate θ,

the wall–normal direction by the radial coordinate r, and the spanwise direction by

the axial coordinate z.

In order to allow for a comparison of the numerical results from both flow ge-

ometries, consistency between the two coordinate systems is maintained in that the

velocity components in the streamwise direction, in the wall–normal direction, and

in the spanwise direction are indicated by u, v, w, respectively, in both systems. In

the Cartesian system, the distance from the wall coincides with the wall–normal co-

ordinate. In the cylindrical system, it can be related to the radial coordinate, r, by a

translation from the origin,

y = r − R0, (2.4)

with R0 being the radius of the Coanda cylinder. Throughout the present work, there-

fore, the variable y is used to indicate the distance from the wall for both geometries.



56

r,v

L z

z,w

Θ
θ,u

L zL x

L y

z,w
x,u

y,v

R 0

Rmax

Figure 2.1: Schematics of the computational domains adopted in the present work: Cartesian
geometry (left), and cylindrical geometry (right.)

A more significant difference between the two geometries is encountered in the

treatment of the streamwise direction. In the Cartesian system adopted for the plane

geometry, the streamwise coordinate is in the form of a length, x, whereas in the

cylindrical system it appears as an angle, θ, and consistency has to be restored by an

appropriate non–dimensionalization of the governing equation.

For the plane wall jet, the characteristic length, Lref , defined in spatial simulations

as a length scale of the global geometry, becomes difficult to interpret in the temporal

approach, where the flow does not present a downstream evolution, nor it expresses

any global properties of the flow. On the other hand, for the Coanda wall jet the radius

of the Coanda cylinder, R0, expresses the same global property (the downstream

curvature of the wall) in the temporal case as well as in the spatial case.

The cylinder radius is therefore adopted as a reference length scale for both geome-

tries, Lref = R0, thus ensuring that the two system are dimensionally consistent at

the wall. Although the equivalence in the streamwise length between the two systems

becomes less accurate away from the wall,

Lθ|wall = Θ · r, (2.5)
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this can still be considered an acceptable approximation due to the relatively small

wall jet thickness compared to the reference length, Lref = R0, and to the reduced

streamwise extent of the computational domain. The resulting flows from both ge-

ometries are comparable as far away from the wall as the boundary layer assumption

holds.

As a further normalization quantity for the governing equation, the kinematic

viscosity, ν, is adopted. In order to maintain consistency with the corresponding spa-

tial numerical simulations, a global Reynolds number is defined whence the reference

velocity, Uref , is indirectly determined,

Uref =
Re · ν
Lref

=
Re · ν
R0

. (2.6)

For both the Cartesian and the cylindrical coordinate systems, the components of

the velocity are non–dimensionalized as

u =
û

Uref

, v =
v̂

Uref

, w =
ŵ

Uref

, (2.7)

where the “hat” denotes dimensional quantities.

Similarly, the dimensional lengths can be normalized for the curvilinear case,

y =
ŷ

R0
, r =

r̂

R0
, z =

ẑ

R0
, (2.8a)

and for the Cartesian case,

x =
x̂

Lref

=
x̂

R0
, y =

ŷ

Lref

=
ŷ

R0
, z =

ẑ

Lref

=
ẑ

R0
. (2.8b)

It is worth mentioning that in the curvilinear geometry the streamwise coordinate

is represented by an angle, θ, which is non–dimensional by definition. The choice of

the Coanda cylinder radius, R0, as reference length scale for both geometries makes

the streamwise width (at the wall) in the computational domain identical for both

cases,

Lx = Θ · R0 = Lθ|wall , (2.9)
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where Θ is the azimuthal extent of the cylindrical domain.

Finally, time can be accordingly non–dimensionalized,

t = t̂ · Lref

Uref

=
t̂ · Re · ν

R2
0

. (2.10)

For the Cartesian geometry, equation (2.1) can be written in non–dimensional

form as

∂ωx

∂t
= +

∂a

∂y
− ∂c

∂z
+

1

Re
·
[
∂2ωx

∂x2
+

∂2ωx

∂y2
+

∂2ωx

∂z2

]
(2.11a)

∂ωy

∂t
= −∂a

∂x
+

∂b

∂z
+

1

Re
·
[
∂2ωy

∂x2
+

∂2ωy

∂y2
+

∂2ωy

∂z2

]
(2.11b)

∂ωz

∂t
= +

∂c

∂x
− ∂b

∂y
+

1

Re
·
[
∂2ωz

∂x2
+

∂2ωz

∂y2
+

∂2ωz

∂z2

]
, (2.11c)

where the non–linear terms have been regrouped into a compact formulation in three

components,

a = u · ωy − v · ωx (2.12a)

b = v · ωz − w · ωy (2.12b)

c = w · ωx − u · ωz, (2.12c)

and equation (2.2) becomes,

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
=

∂ωz

∂y
− ∂ωy

∂z
(2.13a)

∂2v

∂x2
+

∂2v

∂y2
+

∂2v

∂z2
=

∂ωx

∂z
− ∂ωz

∂x
(2.13b)

∂2w

∂x2
+

∂2w

∂y2
+

∂2w

∂z2
=

∂ωy

∂x
− ∂ωx

∂y
. (2.13c)

In a similar way, the governing equations (2.1) and (2.2) in cylindrical coordinates

become,

∂ωθ

∂t
=

∂a

∂r
− ∂c

∂z
+

1

Re

[
1

r2

∂2ωθ

∂θ2
+

∂

∂r

(
1

r

∂rωθ

∂r

)
+

∂2ωθ

∂z2
+

2

r2

∂ωr

∂θ

]
(2.14a)

∂ωr

∂t
= −1

r

∂a

∂θ
+

∂b

∂z
+

1

Re

[
1

r2

∂2ωr

∂θ2
+

∂

∂r

(
1

r

∂rωr

∂r

)
+

∂2ωr

∂z2
− 2

r2

∂ωθ

∂θ

]
(2.14b)

∂ωz

∂t
=

1

r

∂c

∂θ
− ∂b

∂r
− b

r
+

1

Re

[
1

r2

∂2ωz

∂θ2
+

1

r

∂

∂r

(
r
∂ωz

∂r

)
+

∂2ωz

∂z2

]
, (2.14c)
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and,

1

r2

∂2u

∂θ2
+

∂2u

∂r2
+

3

r

∂u

∂r
+

u

r2
+

∂2u

∂z2
=

∂ωz

∂r
+

2

r
ωz −

∂ωr

∂z
(2.15a)

1

r2

∂2v

∂θ2
+

∂2v

∂r2
+

1

r

∂v

∂r
+

v

r2
+

∂2v

∂z2
+

2

r2

∂u

∂θ
=

∂ωθ

∂z
− 1

r

∂ωz

∂θ
(2.15b)

1

r2

∂2w

∂θ2
+

∂2w

∂r2
+

1

r

∂w

∂r
+

∂2w

∂z2
=

1

r

∂ωr

∂θ
− ∂ωθ

∂r
− ωθ

r
, (2.15c)

where the non–linear terms are defined as

a = u · ωr − v · ωθ (2.16a)

b = v · ωz − w · ωr (2.16b)

c = w · ωθ − u · ωz. (2.16c)

Finally, it should be noted that, since in the present work the vorticity is considered

to be the negative curl of the velocity (equation (2.3)), its components become, in

Cartesian coordinates,

ωx =
∂v

∂z
− ∂w

∂y
(2.17a)

ωy =
∂w

∂x
− ∂u

∂z
(2.17b)

ωz =
∂u

∂y
− ∂v

∂x
, (2.17c)

and, in cylindrical coordinates,

ωθ =
∂v

∂z
− ∂w

∂r
(2.18a)

ωr =
1

r

∂w

∂θ
− ∂u

∂z
(2.18b)

ωz =
∂u

∂r
+

u

r
− 1

r

∂v

∂θ
. (2.18c)

2.1.1 Parallel Flow and Periodicity

Since the streamwise extent of the computational domain is reduced to a deliberately

small portion of the entire physical domain, in the temporal approach the mean flow

can be considered constant in the streamwise direction and, therefore, parallel.
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Periodicity is commonly assumed in the spanwise direction for numerical simu-

lations of wall–bounded flows such as the Coanda wall jet. In temporal numerical

simulations, periodicity can also be enforced in the streamwise direction and a two–

dimensional Fourier transformation can be applied. For the Cartesian coordinate

system, the generalized flow field quantity, f , assumes the form,

f (x, y, z, t) = F0,0 (y, t) +

n∑

i=0

[
m∑

k=1

F cc
i,k (y, t) ·cos

(
2πk
Lz

z
)

+

m∑

k=1

F cs
i,k (y, t) ·sin

(
2πk
Lz

z
)]

cos
(

2πi
Lx

x
)

+

n∑

i=1

[
m∑

k=1

F sc
i,k (y, t) ·cos

(
2πk
Lz

z
)

+

m∑

k=1

F ss
i,k (y, t) ·sin

(
2πk
Lz

z
)]

sin
(

2πi
Lx

x
)

,

(2.19a)

where Fi,k(y, t) represents the quantity f in the double–Fourier space. In other words,

the streamwise/spanwise plane (x, z) is mapped to the Fourier plane (i, k).

For the cylindrical geometry, a corresponding formulation can be obtained,

f (θ, r, z, t) = F0,0 (r, t) +

n∑

i=0

[
m∑

k=1

F cc
i,k (r, t) ·cos

(
2πk
Lz

z
)

+

m∑

k=1

F cs
i,k (r, t) ·sin

(
2πk
Lz

z
)]

· cos
(

2πi
Θ

θ
)

+

n∑

i=1

[
m∑

k=1

F sc
i,k (r, t) ·cos

(
2πk
Lz

z
)

+

m∑

k=1

F ss
i,k (r, t) ·sin

(
2πk
Lz

z
)]

· sin
(

2πi
Θ

θ
)
,

(2.19b)

where the streamwise coordinate, x, is substituted with the azimuthal coordinate, θ,

and where Θ is the azimuthal extent of the computational domain in the streamwise

direction.

Since non–symmetric Fourier series are employed for both spatial directions, each
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double–Fourier mode (i, k) is thus defined as a matrix of four values,

Fi,k (y, t) =

[
F cc

i,k (y, t) F cs
i,k (y, t)

F sc
i,k (y, t) F ss

i,k (y, t)

]
for (i, k) 6= (0, 0). (2.20)

For (i, k) = (0, 0), the Fourier coefficient is a single value and will be referred to

as the zeroth mode. The zeroth mode describes the generalized flow field quantity av-

eraged in both the streamwise and the spanwise directions and therefore corresponds

to the mean velocity (or vorticity) profile.

It is worth mentioning here that the parallel assumption made for the temporal

approach results in a zero wall–normal component of the mean velocity, V0,0. In fact,

integrating the incompressible continuity equation over the entire domain in both the

streamwise and the spanwise directions yields, for the planar geometry,

∂V0,0

∂y
= −∂U0,0

∂x
− ∂W0,0

∂z
= 0 → V0,0 ≡ Vwall = 0,

and, similarly, for the cylindrical geometry,

∂rV0,0

∂r
= −∂U0,0

∂x
− ∂W0,0

∂z
= 0 → V0,0 ≡ Vwall = 0.

In principle, no such restrictions apply to the spanwise component of the velocity,

but a proper rotation of the coordinate system around the wall–normal axis typically

ensures, for the plane wall jet, that the only non–zero component of the mean velocity

is the one in the streamwise direction,

~U0,0 = [U0,0 V0,0 W0,0]
T = [U0,0 0 0]T , (2.21)

whereas for the Coanda wall jet the flow is assumed to be tangential to the cylinder

with no spanwise component.

Moreover, the double integration of the vorticity components over x (or θ) and z,

shows that the mean vorticity vector also contains a single non–zero component in
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the spanwise direction,

Ωx
0,0 =

∂V0,0

∂z
− ∂W0,0

∂y
= 0

Ωy
0,0 =

∂W0,0

∂x
− ∂U0,0

∂z
= 0

Ωz
0,0 =

∂U0,0

∂y
− ∂V0,0

∂x
=

dU0,0

dy
,

or, for the cylindrical coordinate system,

Ωθ
0,0 =

∂V0,0

∂z
− ∂W0,0

∂r
= 0

Ωr
0,0 =

1

r

∂W0,0

∂θ
− ∂U0,0

∂z
= 0

Ωz
0,0 =

∂U0,0

∂r
+

U0,0

r
− 1

r

∂V0,0

∂θ
=

dU0,0

dr
+

U0,0

r
.

A further interesting consequence of the double–Fourier transform is that only

discrete sets of wavelengths in both the streamwise and the spanwise directions are

computed. Consequently, TDNS represents a very accurate numerical tool for sta-

bility investigations. In fact, once the size of the computational domain (Lx or Θ,

and Lz) is chosen, the set of wavelengths computed by the numerical simulation is

defined, in both directions, by the harmonic series,

λ1 = L, λ2 =
L

2
, λ3 =

L

3
, λ4 =

L

4
, . . . (2.22)

thus excluding from the simulation wavelengths larger than L, as well as smaller,

non–harmonic wavelengths.

An obvious advantage of the double–spectral representation is that the fluctua-

tions around the mean flow in both the streamwise and the spanwise directions are

directly computed in the form of normal modes, thus delivering high precision in the

determination of stability properties and behaviors. Furthermore, spectral accuracy

is obtained for derivatives in these directions.

Finally, it is worth adding that, with the spectral formulation, initial perturbations

can be precisely introduced in the flow field at localized modes in both the streamwise

and the spanwise directions.
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2.1.2 Boundary Conditions

Periodic boundary conditions are implicitly enforced through the use of Fourier trans-

forms in both the streamwise and the spanwise directions for the velocity field ~u and

for the vorticity field ~ω.

The upper boundary is chosen sufficiently far away from the wall (≈ 5 radii from

the wall, corresponding to ≈ 25 times the halfwidth) to allow for the assumption of

irrotational free stream,

~ω
∣∣
ymax

= 0, for the plane wall jet ~ω
∣∣
rmax

= 0, for the Coanda wall jet,

for all modes of the vorticity field.

While the zeroth modes of the wall–normal (V0,0) and of the spanwise (W0,0) veloc-

ity are identically zero in the entire domain, for the streamwise velocity component,

a Neumann condition is imposed at the free stream boundary,

dU0,0

dy

∣∣
ymax

= 0, for the plane wall jet
dU0,0

dr

∣∣
rmax

= 0, for the Coanda wall jet,

in order to allow for the numerical simulation of velocity profiles with non–zero free

stream.

The Neumann condition, moreover, helps reducing the effects of small fluctuations

in the derivatives of the wall–vorticity. By integrating the momentum equation in the

streamwise direction over the three directions of space, an expression for the Cartesian

coordinate system can be obtained,

∂U0,0

∂t

∣∣∣∣
freestream

= −ν
∂Ωz

0,0

∂y

∣∣∣∣
wall

, (2.23)

which indeed links the vorticity at the wall to the velocity at the free stream. As

a consequence, the numerical error in the first derivative of the wall–vorticity (cor-

responding to the second derivative of the streamwise velocity at the wall) causes

oscillations in time in the free stream velocity and a Dirichlet condition would reflect

these oscillations back into the flow field.
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For the higher modes of all velocity component, Robin conditions are enforced at

the upper boundary,

d~ui,k

dy

∣∣
ymax

= −αi,k · ~ui,k

∣∣
ymax

, (for the plane wall jet)

d~ui,k

dr

∣∣
rmax

= −αi,k · ~ui,k

∣∣
rmax

, (for the Coanda wall jet),

with αi,k tuned (see Marxen, 1998, for details) to ensure a proper decay of perturba-

tions that may eventually reach the upper boundary,

αi,k =

√
2π

λi
x

+
2π

λk
z

.

At the wall, the no–slip condition is enforced, ~u|w = 0, except for the cases where

perturbation (blowing/suction) are introduced at the wall and where, therefore, the

wall–normal component of the velocity, Vi,k|w, is non–zero for selected modes.

A shortcoming of the vorticity–velocity formulation is represented by the difficulty

of imposing boundary conditions for the vorticity at the wall. In the numerical scheme

used for the present work, the vorticity at the wall is directly calculated from the

velocity field,

Ωy
i,k = 0, for all i, k (2.24a)

Ωx
i,k =

{
0 for (i, k) = (0, 0)

1
ρi

2+γk
2

[
γk

(
−ρi

2Vi,k +
∂2Vi,k

∂y2 − γk
2Vi,k

)
− ∂2Ωy

i,k

∂y∂x

]
for (i, k) 6= (0, 0)

(2.24b)

Ωz
i,k =





0 for (i, k) = (0, 0)
∂Ui,k

∂y
for i = 0

1
ρi

2

[
−ρi

2Vi,k +
∂2Vi,k

∂y2 − γk
2Vi,k − γkΩ

x
i,k

]
otherwise.

(2.24c)

At every time step, after the Poisson equation has been numerically solved, the

computation of the wall vorticity is iterated for convergence in order to ensure con-

servation of mass. The formulation (2.24) takes into account the more general case
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in which perturbation are introduced into the flow in the form of sinusoidal blow-

ing/suction at the wall, Vi,k|w. For no–slip conditions, the expressions (2.24) thus

assume a simpler formulation.

Note that equations (2.24) contain an expression for
∂2Ωy

i,k

∂x∂y
whose determination

requires some particular attention, as explain in detail by Marxen (1998).

Finally, the expression (2.24) for the wall vorticity is valid for both the Cartesian

and the cylindrical coordinate system.

2.1.3 Initial Conditions and Perturbations

For the great majority of the numerical simulations discussed in the present work,

the zeroth mode, which represents the mean flow, is taken from SDNS results and

prescribed as constant in time (see chapter 3.) Due to the differences in the bound-

ary conditions between spatial and temporal numerical simulations, the turbulent

flow field computed by the SDNS is unsuitable as initial condition for the TDNS.

Therefore, as the initial condition for temporal numerical simulations, a (parallel)

laminar flow field, U(y), is prescribed instead and transition to turbulence is then

triggered by introducing appropriate initial perturbations.

The numerical code used for the present work offers two different methods for

introducing initial perturbations into the flow.

By taking advantage of the double–Fourier decomposition of the flow in the

streamwise and in the spanwise directions, blowing/suction slots at the wall repro-

duce perfectly sinusoidal distributions of wall–normal velocity. This not only satisfies

continuity (no net mass exchange with the flow), but also allows to accurately target

specific wavelengths.

In addition, it is possible to introduce perturbations in the outer region of the

wall jet in the form of volume forcing pulses. These consist of additional source terms

in the momentum equation that simulate a localized force acting within the flow
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that reproduces, for example, the effects of plasma actuators. Forcing pulses adopted

here have a Gaussian distribution in the wall–normal direction and are applied to

individual Fourier modes.

2.2 Numerical Method

By taking advantage of the double Fourier transform indicated in equations (2.19a)

and (2.19b), the governing equations (2.11) and (2.13) for the planar coordinate

system can be expanded as

∂Ωx
i,k

∂t
= −∂Ai,k

∂y
− γk · Ci.k +

1

Re

[
−ρi

2 · Ωx
i,k +

∂2Ωx
i,k

∂y2
− γk

2 · Ωx
i,k

]
(2.25a)

∂Ωy
i,k

∂t
= +ρi · Ai,k − γk · Bi.k +

1

Re

[
−ρi

2 · Ωy
i,k +

∂2Ωy
i,k

∂y2
− γk

2 · Ωy
i,k

]
(2.25b)

∂Ωz
i,k

∂t
= −ρi · Ci,k +

∂Bi,k

∂y
+

1

Re

[
−ρi

2 · Ωz
i,k +

∂2Ωz
i,k

∂y2
− γk

2 · Ωz
i,k

]
, (2.25c)

and

ρi
2 · Ui,k +

∂2Ui,k

∂y2
− γk

2 · Ui,k = +
∂Ωz

i,k

∂y
− γk · Ωy

i,k (2.26a)

ρi
2 · Vi,k +

∂2Vi,k

∂y2
− γk

2 · Vi,k = +ρi · Ωz
i,k + γk · Ωx

i,k (2.26b)

ρi
2 · Wi,k +

∂2Wi,k

∂y2
− γk

2 · Wi,k = −ρiΩ
y
i,k −

∂Ωx
i,k

∂y
, (2.26c)

where the quantities indicated in capital letters are the (i, k) Fourier modes for the ve-

locity (U, V, W ), for the vorticity (Ωx, Ωy, Ωz), and for the non–linear terms (A, B, C).

In addition, it is important to remember that each Fourier mode is defined by a matrix

of four numerical values, as indicated in equation (2.20).

Furthermore, ρi and γk are the wave numbers in the streamwise and in the span-

wise directions, respectively. A corresponding formulation is then derived for the set

of governing equations (2.14) and (2.15) in cylindrical coordinates.



67

2.2.1 Time Integration

A three stage explicit Runge–Kutta scheme was implemented for integrating the vor-

ticity transport equation (2.25). For numerical stability, diffusion terms are integrated

in time using a Crank–Nicolson scheme. The scheme has a formal accuracy of second

order in time.

For each Runge–Kutta sub–step, the non–linear terms are first computed in phys-

ical space and then transformed back into Fourier space. After that, the right–hand

side of the transport equation is computed, whereby the wall–normal diffusion term

1
Re

∂2~Ωi,k

∂y2 is estimated by a compact–difference scheme with 6th–order accuracy. The

solution is then advanced in time and the wall–normal diffusion term is computed

with the implicit Crank–Nicolson scheme. Finally, both the velocity (through the

Poisson equation) and the vorticity at the wall are computed.

More details on the numerical schemes can be found in Marxen (1998).

2.2.2 Wall–Normal Grid

The numerical grid in wall–normal direction used in the spatial DNS (193 collocation

points) appears to be too coarse for the temporal simulations. Through successive

attempts, several different stretched grids for the wall–normal direction have been

developed in order to fit the flow patterns exhibited by the different investigated flow

scenarios.

Numerical grids have been successively used in the present work with 279, 325,

400, and 500 collocation points, all of them spanning ≈ 4R0 from the wall. In all cases,

a very fine resolution close to the wall allows the viscous sub–layer to be resolved with

more than 20 grid points, with the first point being at Y + < 0.3. The entire wall

region of the wall jet is described by ≈ 100 points.

The difference between the numerical grids lays mainly in the outer region, as

shown in figure 2.2. Grids with 279 points and with 325 points were designed to
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capture the turbulence dynamics at the wall for the turbulent flows without large

coherent structures. The stretching of these grids is obtained by combining a cubic

function in the near–wall region with the exponential expression used by Meitz (1996)

and adapted from the original formulation by Tannehill et al. (1997).
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Figure 2.2: Stretched wall–normal grids used for
TDNS compared with the original one used in the
spatial DNS.

For the numerical simulation of tur-

bulent flows with large coherent struc-

tures present in the outer region, a fur-

ther grid refinement around y = δh is re-

quired, thus resulting in a computational

grid with 500 point. In this case, the high

density of points in the wall region is fol-

lowed by a coarser grid in the vicinity of

the Umax location and by a second region

of high point density located around the

inflection point. A trigonometric func-

tion is used for the stretching and is combined with an exponential expression.

2.2.3 Computational Environment

The original source codes for both the plane and the cylindrical geometries were

written in Fortran77 with additions in Fortran90 and have been validated on a wide

range of computer architectures (SGI, Alpha, Intel). As a consequence of the double

Fourier character of the computed fields, the codes are well suited for parallelization

and have proved to scale well for up to 16 processors.

Due to the reduced size of the computational domain when compared with SDNS

of the turbulent Coanda wall jet, temporal numerical simulations can be successfully

performed on both small and large computers depending on the number of numerical

modes computed in the individual case. However, the parallelization of the computa-
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tional routines is carried out by OpenMP directives. Therefore, the parallel version

of the numerical codes can only be used on shared memory architectures.

Preliminary simulations with low–resolution cases (up to 20 × 20 Fourier modes)

could be performed on a single processor Intel Xeon 2.0GHz. Larger simulations (30×
30 Fourier modes) were equally distributed between an HP–GS1280 (16 CPU) and a

SGI Origin 3400 (16 CPU .) Very large numerical simulations have been performed

on HP–rx5670 servers (4 × Itanium2.)

The numerical code was initially developed for the investigation of the instability

properties of laminar boundary layer flows, for which RAM allocation does not rep-

resent an optimization parameter. Run–time memory becomes, however, a critical

issue when applying the code to the simulation of highly resolved turbulent wall jet

flows and a limit therefore emerges on the size of the computed flow field.

For the Cartesian version of the code, the largest size of the flow field for a TDNS

corresponds to 321 modes in the streamwise direction, 500 collocation points in the

wall–normal direction, and 41 modes in the spanwise direction. For the curvilinear

version, this size further reduces to 241 modes, 500 points, and 41 modes, respectively.

2.3 Filtered Governing Equation

As discussed in section 1.4, average operators or space filters can be applied to the

Navier–Stokes equation and result in a filtered expression,

∂Ui

∂t
+

∂UiUj

∂xj

= −1

ρ

∂P

∂xi

+
∂

∂xj

[νSij + τij] , (2.27)

that contains terms for the resolved flow (~U , P , and Sij) and where the effects of the

unresolved component of the flow field, ~u′, appear in the additional turbulent stress

tensor, τij, as discussed in section 1.5. Equation (2.27) thus represents a general

formulation that applies to any type of turbulence modeling.

In the present research, however, the governing equation is implemented in the

vorticity–velocity formulation, as described in section 2.1. By applying a generalized
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filter to equation (2.11), a vorticity–velocity formulation of the filtered equation (2.27)

can be obtained in Cartesian coordinates,

− ∂

∂y
(A + a′) +

∂

∂z
(C + c′) =

1

Re
·
[
∂2Ωx

∂x2
+

∂2Ωx

∂y2
+

∂2Ωx

∂z2

]
(2.28a)

+
∂

∂x
(A + a′) − ∂

∂z
(B + b′) =

1

Re
·
[
∂2Ωy

∂x2
+

∂2Ωy

∂y2
+

∂2Ωy

∂z2

]
(2.28b)

− ∂

∂x
(C + c′) +

∂

∂y
(B + b′) =

1

Re
·
[
∂2Ωz

∂x2
+

∂2Ωz

∂y2
+

∂2Ωz

∂z2

]
. (2.28c)

where the non–linear a′, b′, c′ contain the effects of the unresolved scales onto the

resolved flow field.

In turn, these unresolved non–linear terms, a′, b′, c′, can be rewritten in terms of

the turbulent stress tensor, τij, by the means of some mathematical rearranging,

a′ =
1

2

∂

∂z
(+τ11 + τ22 − τ33) −

∂τ13

∂x
− ∂τ23

∂y
= +

∂κ

∂z
− ∂τ13

∂x
− ∂τ23

∂y
− ∂τ33

∂z
(2.29a)

b′ =
1

2

∂

∂x
(−τ11 + τ22 + τ33) −

∂τ12

∂y
− ∂τ13

∂z
= +

∂κ

∂x
− ∂τ11

∂x
− ∂τ12

∂y
− ∂τ13

∂z
(2.29b)

c′ =
1

2

∂

∂y
(+τ11 − τ22 + τ33) −

∂τ23

∂z
− ∂τ12

∂x
= +

∂κ

∂y
− ∂τ12

∂x
− ∂τ22

∂y
− ∂τ23

∂z
, (2.29c)

where κ represents one half of the negative trace of the turbulent stress tensor,

κ = −1

2
τii, (2.30)

and coincides with the definition of turbulent kinetic energy. Note that, since the

over–bar denotes a generic filter operation, both equation (2.29) and the definition of

κ (2.30) are not restricted to any specific turbulence model or approach.

The same analysis can be carried out in the case of cylindrical coordinates by

applying a generic filter to the governing equation (2.14) and by considering the def-

inition (2.16). The unresolved non–linear quantities, a′, b′, c′, expressed as functions



71

of the turbulent stress tensor,

a′ = +
∂κ

∂z
− 1

r

∂τ13

∂θ
− 1

r

∂

∂r
(rτ23) −

∂τ33

∂z
(2.31a)

b′ = +
1

r

∂κ

∂θ
− 1

r

∂τ11

∂θ
− 1

r2

∂

∂r
(r2τ12) −

∂τ13

∂z
(2.31b)

c′ = +
∂κ

∂r
− 1

r

∂τ12

∂θ
− 1

r

∂

∂r
(rτ22) −

∂τ23

∂z
+

τ11

r
, (2.31c)

thus appear very similar to the corresponding formulation (2.29), with the turbulent

stress tensor having the same formal definition as in the Cartesian coordinates.

2.4 Flow Parameters

The numerical simulation presented in this research are based on results from spatial

DNS by Wernz & Fasel (2004a), as later explained in chapter 3. These spatial simu-

lations, in turn, were performed with flow parameters that could reproduce conditions

similar to the ones used by Neuendorf & Wygnanski (1999), whose experiments were

carried out on a Coanda cylinder of radius R0 = 0.1016m with exit nozzle width

b = 2.34mm.

In the experiments, wall jets with jet–exit velocities of Uref = 48m
s

and Uref = 30m
s

were investigated, whereas only the latter case has been considered for temporal nu-

merical simulations. For the spatial case, the reference length and the reference veloc-

ity define a global Reynolds number Re = 203, 200 which is adopted as the reference

Reynolds number in temporal numerical simulations, as explained in section 2.1.

The mean velocity profile used for the temporal numerical simulations has been

extracted from SDNS by Wernz & Fasel (2004a) at one specific downstream location

(see chapter 3) and defines a Reynolds number based on the jet thickness, Reδ ≈
16, 000, with the jet thickness being δh = 17.78mm.
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3. FROM SPATIAL DNS TO TEMPORAL DNS

The present work proposes the use of the temporal approach for the numerical sim-

ulation of a complex turbulent flow where large coherent structures are present, and

the turbulent Coanda wall jet appears to be perfectly suited for this task.

The wall jet over a convex surface computed with the temporal approach (temporal

Coanda wall jet) necessarily presents conceptual differences compared to its spatial

counterpart encountered in experiments and in numerical simulations. In particular,

while the latter delivers a global view of the turbulent flow, capable of capturing the

complete dynamics (e.g. upstream history, etc.), the former can be associated to a

local observation which takes into consideration a (deliberately) restricted spectrum of

flow phenomena such as local instability mechanisms and local turbulence production

mechanisms.

The temporal Coanda wall jet is a simplified model that offers no intuitive cor-

responding physical representation even though it is governed by the same Navier–

Stokes equation as the spatial representation of the Coanda wall jet. It is therefore

reasonable to assume that the dynamics of the turbulent motion are affected by the

elimination of global phenomena and by the parallel flow assumption, and only a qual-

itative comparison with the flow field resulting from a spatial numerical simulation is

possible.

It is in principle possible to reach the turbulent flow regime in a temporal simula-

tion of the wall jet over a curved surface. However, for the investigation of statistical

quantities of the turbulence, a comparison with existing data from experiments or

spatial numerical simulations is needed. An additional requirement consists in some

sort of stationarity of the turbulent flow that allows for a meaningful definition of

turbulence statistics.

A natural starting point is therefore provided by existing numerical simulations of
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the spatially developing, turbulent Coanda wall jet. Time–averaged velocity profiles

can, in fact, be extracted at different locations from SDNS and used as mean flow

for the temporal simulation of the local turbulent flow.

Different turbulent flow scenarios are thus produced where large coherent struc-

tures are deliberately suppressed or enhanced. Practical problems obviously arise

from such a novel and unconventional approach. Starting from a preliminary study

of the flow field obtained from SDNS, the present chapter aims to address questions

related to the stationarity of the turbulent temporal Coanda wall jet and, eventually,

to justify and validate the numerical tools used in the remainder of the work.

3.1 Results from Spatial Numerical Simulations

SDNS of the turbulent Coanda wall jet flow performed by Wernz & Fasel (2004a)

are considered as the starting point of the present research. In these simulations, a

laminar wall jet velocity profile solution of the Glauert similarity problem (henceforth

Glauert profile) was prescribed at the inflow boundary. Large–amplitude perturba-

tions were introduced near the inflow boundary to transition the flow to turbulence.

This case was referred to as the “unforced” scenario (figure 3.1, left.) Additional

perturbations were also applied in order to enhance the downstream development of

different types of large coherent structures, thus altering the global appearance of

the resulting turbulent Coanda flow. High–frequency, two–dimensional forcing was

used to generate large coherent turbulent structures, or rollers (figure 3.1, center),

whereas steady three–dimensional forcing led to the formation of large, longitudinal

structures (figure 3.1, right.)

In addition, the unforced case has also been simulated by Wernz et al. (2005) with

the same flow parameters and same initial perturbations in the limit of zero wall

curvature, i.e. for the plane wall jet, with the resulting mean flow velocity field being

very similar to the curved case over a large downstream region.



74

Figure 3.1: Snapshots of spanwise vorticity from SDNS by Wernz & Fasel (2004a). Unforced case
(left); Spanwise coherent structures forced (center); Streamwise coherent structures forced (right.)
(Reproduced with permission)

Figure 3.1 shows instantaneous snapshots of SDNS of the turbulent Coanda wall

jet subjected to different forcing and indicates the presence of different large coherent

structures. From the study of the mean flow it was then possible to infer how the

presence of such large structures modifies the global appearance of the Coanda wall

jet, measured by the downstream evolution in terms of jet spreading, δh(θ), velocity

decay, Umax(θ), and decreased skin friction, τw(θ). Despite the different downstream

evolution of both thickness, δh, and maximum velocity, Umax, a wide downstream

region could be defined for each case where the local mean velocity profiles, when

rescaled by δ and by Umax, show a partial self–similarity in the outer part of the

wall jet profile. This appears to agree with the experimental results by Neuendorf

& Wygnanski (1999), where similarity laws could be found with regard to the outer

length scale of the wall jet mean velocity profile, δh, for a downstream region from

θ ≈ 60◦ to θ ≈ 120◦. Farther downstream, between θ ≈ 120◦ and θ ≈ 230◦, a second

region in the experiments could be identified where an adverse pressure gradient is
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present, thus leading to separation at ≈ 230◦.

In the Coanda flow, the region close to the wall is affected by a possible viscous

instability akin to the one that gives rise to “Tollmien–Schlichting” modes in the

flat–plate boundary layer, also called viscous mode. The presence of an inflection

point in the outer region of the wall jet profile is responsible for an inviscid instabil-

ity (also called “Kelvin–Helmholtz” instability) that gives rise to an inviscid mode.

In addition, the streamwise curvature of the wall introduces an additional primary

instability mechanism based on the balance between centrifugal and inertial forces,

generally referred to as Görtler instability mode. According to Rayleigh’s circulation

criterion (1.2), the Coanda jet contains a region that is stable with regard to spanwise

perturbations (the wall region) and a region that is unstable (the outer region, where

the streamwise velocity decreases monotonically with increasing distance from the

wall.)

As a consequence of these instability mechanisms, in the laminar Coanda wall jet

small perturbations develop into finite–amplitude co–rotating vortices with spanwise

axis and counter–rotating longitudinal vortices due to primary instability mechanisms

such as, respectively, Kelvin–Helmholtz instability and Görtler instability.

The same mechanisms are believed to be acting in the turbulent regime as well,

as also postulated by Gaster et al. (1985), whereas large coherent structures repre-

sent the turbulent counterpart of laminar vortices generated by primary instability

phenomena associated with the mean flow. Indeed, as also shown in figure 3.1 and

indicated by experiments as well, a typical Coanda jet at sufficiently high Reynolds

numbers shows both coherent structures with spanwise axis (or rollers, generated by

Kelvin–Helmholtz instability), and coherent structures with longitudinal axis (Görtler

vortices, generated by centrifugal instability.)

Any wall–jet–like velocity profile supplies the primary instability mechanisms re-

quired to produce large vortices in the flow. The presence of the generated large

structures, however, necessarily modifies the mean flow itself, as well as the presence
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of turbulent motion does. In addition, the need for stationarity of the temporal tur-

bulent Coanda wall jet, as later explained in section 3.5, requires that in the temporal

numerical simulation a mean flow velocity profile is prescribed and maintained during

the simulation. Such a profile is not only unknown for the temporal case, but it also

varies depending on the presence of different coherent structures. Yet, for the scope

of the present research, a fixed velocity profile is needed as a common mean flow for

different flow scenarios. An optimal compromise is therefore the use of a mean flow

velocity profile extracted from a turbulent flow where large coherent structures are

already present.
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poral simulations.

The forced cases (figure 3.1, center and right)

can thus be excluded because of their strong

prevalence of either type of large coherent struc-

tures (rollers or longitudinal vortices). The un-

forced SDNS (figure 3.1, left) seems therefore

the best choice. In addition, unforced SDNS

are available for both the plane wall jet and the

Coanda wall jet.

The complete flow field obtained from the un-

forced SDNS is first averaged both in time and

in the spanwise direction. Velocity profiles are

then extracted at different downstream locations,

as indicated in figure 3.2, and separately investigated with the temporal approach.

Since the occurrence of large coherent turbulent structures is intimately connected

to primary instability mechanisms, a preliminary investigation of the local stability

properties of the extracted velocity profiles represents the next logical step of the

research.
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3.2 2D Instability Mechanisms (Streamwise Plane)

For all velocity profiles extracted from the spatial numerical simulations (as indicated

in figure 3.2), the halfwidth remains significantly smaller than the radius of the wall

curvature, δh << R0. The boundary layer assumption therefore holds and the cur-

vature terms in the linearized Navier–Stokes equations can be neglected. Within the

framework of the 2D linear stability analysis, the Coanda wall jet can be replaced

by a plane wall jet, whereby the curvilinear streamwise variable, θ, replaces the cor-

responding Cartesian streamwise variable, x, and the wall–normal variables, y and

r, are related by the linear translation (2.4). In the present section, the curvilinear

notation is used as the more general representation.

The wall jet velocity profile supports two possible instability modes: The viscous

mode, related to the wall region, and the inviscid mode, related to the inflection

point in the shear layer. A locally parallel, two–dimensional wall jet flow can be

decomposed into mean flow and perturbation flow,

~u(θ, r, t) = ~U(r) + ~u′(θ, r, t), (3.1)

where the mean flow, ~U(r), has only one non–zero streamwise component, U(r), and is

only a function of the wall–normal direction. For small amplitudes, the perturbation

flow can be considered as a series of normal modes,

~u′(θ, r, t) =
∞∑

n=1

~un(r) · ei·(αn·θ−ωn·t), (3.2)

where αn and ωn are, in principle, both complex.

The linearized governing equation reduces to the Orr–Sommerfeld eigenvalue equa-

tion,

(U − c)
(
D2 − α2

)
φ(r) − U

′′

(r)φ(r) =
1

iαReδ

(
D2 − α2

)2
φ(r), (3.3)

where each eigensolution consists of an eigenfunction, φ(r), and two complex eigen-

values: α, which represents a wave number, and c = ω/α, the phase speed.
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As indicated in equation (3.2), an eigensolution where α and ω (or c) are both

complex represents a traveling wave that can exponentially grow or decay in both time

and space. However, two models are considered in the linear stability analysis. The

spatial model defines α as complex and ω as real, such that the eigenmode represents

a traveling wave that grows or decays in space. On the other hand, the temporal

model defines α real and ω complex, whereby the eigenmode represents a traveling

wave that grows or decays in time. Needless to say, for the scope of the present work

the temporal model is adopted.

By applying this analytical tool to a laminar wall jet represented by the self–

similar Glauert solution, Chun & Schwarz (1967) carried out the first Linear Stability

Analysis (LST ) of the wall jet flow. They showed the existence of two instability

modes for Reynolds numbers larger than Reδc > 57. Later, Mele et al. (1986) and

Wernz (1993) confirmed the possibility of two unstable eigenmodes for wall jet flows,

and Tumin & Aizatulin (1997) demonstrated that two distinct modes are associated

with the same wave number, α, for Reδ > Reδ,c = 381.

Instead of solving the eigenvalue problems (EV P ) for both 2D and Görtler insta-

bility modes, temporal numerical simulations were used in the present work for the

stability analysis. For each mean flow velocity profile extracted from the SDNS re-

sults, two–dimensional temporal simulations were performed in the streamwise plane

(θ, r). Due to the inherent Fourier decomposition in the streamwise direction, each

wavelength is computed separately, where the specified width of the computational

domain in the streamwise direction determines the largest wavelength, λθ, considered

by the simulation. Initial perturbations can thus accurately target the first streamwise

mode.

Furthermore, the small amplitude of the initial perturbation (u′/Umax in the order

of 10−11) ensures the investigation to be completely in the linear regime and the

perfectly exponential growth (or decay) detected over a sufficiently long time period

in the simulations successively validates such assumption. It has to be pointed out
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that the shape of the resulting instability mode (the eigenfunction, in the EV P ) is

not known a priori. Moreover, for the considered Reynolds number, two eigenmodes

are expected for a wide range of wavelengths. The initial perturbation is introduced

in the form of a Gaussian distribution of volume force in the wall–normal direction

localized around the inflection point. As illustrated in figure 3.3, an initial transitory

phase is thus present in which the initial perturbation progressively transforms into

the shape of the instability mode predicted as eigensolution.
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Figure 3.3: Initial transitory and linear growth
of 2D instability modes.

For the linear regime, the results ob-

tained from TDNS can thus be com-

pared with LST , where the first nu-

merical mode, U1,0(r, t), normalized by

its maximum, can be operatively consid-

ered as corresponding to an eigenfunc-

tion, and its evolution in time to the ex-

ponential growth/decay,

Ui,k(r, t) ≈ φ(r) · eωit. (3.4)

The linear stability analysis of the velocity profiles extracted from the unforced

SDNS was therefore carried out by performing two–dimensional temporal numer-

ical simulations over a wide range of different streamwise widths of the integration

domain, Lθ ≡ Lx (corresponding to streamwise wavelengths, λx.) The use of the com-

plete Navier–Stokes equations ensures that the initial transient from the wall–induced

initial perturbations to the fully developed 2D mode is correctly captured, yet the

small initial amplitude still preserves the initial linearity of the instability mecha-

nism. The amplitude of the first streamwise Fourier mode (1, 0) for the v–velocity is

monitored in time at a specified wall–normal location and the slope of the amplitude

curve (linear in the logarithmic diagram), derived from equation (3.4), is computed
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as the amplification rate,

ωi =
log(v1,0(t2)) − log(v1,0(t1))

t2 − t1
, (3.5)

where t1 and t2 are within the linear regime. The amplification rate is monitored at

the location of the inflection point, rip, for each mean velocity profile. In order to

filter background noise, the amplitude of the velocity perturbation is recorded and

averaged over 10 collocation points around the inflection point. Other monitoring

locations have also been tested with different components of the perturbation velocity,

u1,0 and v1,0, and the resulting amplification rates were in excellent agreement with

the ones computed through the formula (3.5).
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Figure 3.4: Curves of amplification rate of 2D instability modes for mean velocity profiles extracted
from SDNS at different downstream locations (left.) On the right, the same curves rescaled by the
dominant wavelength, Λx,max, and by the maximum amplification rate, ωx,max.

The calculated amplification rates, ω, can be plotted in a stability diagram versus

the wavelength, λx, as shown in figure 3.4 (left).

The mean flow velocity profiles used here were extracted from the unforced SDNS

of the Coanda wall jet. Over a certain range of downstream locations, these mean flow

profiles match the corresponding profiles from the SDNS of the plane wall jet very

well. Because the mean flow velocity profiles are very similar, the resulting linear

instability properties are also consistently in agreement, as also validated by two–

dimensional temporal simulations performed on both the Cartesian and the curvilin-
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ear geometry. These matching instability results also further validate the boundary

layer assumption and conceptually allow for the comparison of flow dynamics in the

wall region on both geometries.

For the investigated turbulent Coanda wall jets, the typical Reynolds numbers

based on the thickness are considerably above the limit Reδ,c = 381 for which two

instability modes associated with the same streamwise wavelength, λθ = R · Θ = Lx,

exist. This implies that, in a numerical simulation with a given streamwise domain

width, an initial perturbation can give rise to two instability modes simultaneously.

Typically, one mode is related to the effects of the wall (viscous mode) and is prevalent

for shorter wavelengths, whereas the second mode is related to the free shear layer

(inviscid mode) and shows more significant presence at larger wavelengths. However,

the two modes develop as a linear combination in the TDNS and a separation of

the two requires more sophisticated mathematical efforts such as the expansion in

bi–orthogonal eigenfunction systems discussed by Tumin et al. (1996).

Even though two distinct maxima are observed in the amplification curves for

some particular conditions (e.g. curve at θ = 14.1◦ in figure 3.4, left), for every unsta-

ble wavelength the combined disturbance necessarily contains an inviscid component

(the Kelvin–Helmholtz mode.) In other words, in a temporal numerical simulation

carried out on a computational domain whose streamwise extent is larger than a

critical wavelength, λx,c, a roller necessarily emerges in the outer region of the wall

jet. The strength of this roller in its final, saturated state, measured in terms of the

kinetic energy of the first streamwise Fourier mode (1, 0), is represented by a mono-

tonic function growing from zero, corresponding to the neutral wavelength, λθ,0, to a

maximum, corresponding to the dominant wavelength, λθ,max.

Outer scaling laws for the mean flow velocity profiles could be defined for some

streamwise regions of the turbulent Coanda jet (Neuendorf & Wygnanski, 1999; Wernz

& Fasel, 2004a). Consistently, the present linear stability investigation highlights also

similarity in the instability diagrams. By rescaling the amplification curves with the
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dominant wavelength, λmax, and with the maximum amplification rate, ωmax, the

curves collapse onto each other with very good approximation in the range θ = 35.2◦

to θ = 141.0◦. Interestingly, they match the corresponding rescaled curve relative

to the initial Glauert laminar profile (θ = 0.3◦). This confirms that the region of

unstable wavelengths is mostly dominated by the inviscid mode, with the exception

of the neighborhood of the neutral wavelength, λx,0, that appears scattered from

λ0/λmax = 0.1 to λ0/λmax = 0.6.

The shear–layer instability is directly related to the inflection point and, more

generally, to the outer region of the wall jet velocity profile which, for all considered

cases (laminar, turbulent forced, turbulent unforced, plane wall jet and Coanda wall

jet) presents a very similar (rescaled) shape, as indicated by Neuendorf & Wygnanski

(1999). In addition, from figure 3.4 (right), the behavior of the inviscid mode appears

to be relatively independent of the shape of the mean flow velocity profile in the wall

region. There is reason to believe that this property might hold even for the (non–

linear) turbulent regime, in which case it becomes extremely useful in the simulation

of a turbulent wall jet flow with large coherent structures. If the stability behavior of

the inviscid mode is similar for a very wide range of wall jet mean velocity profiles, the

resulting large coherent structures (rollers) might also scale with the wall jet thickness,

δh, and be quite independent of the shape of the wall portion of the velocity profile.

For the scope of this research, the present section aims to determine one critical

wavelength, λx,c, such that in temporal numerical simulations with streamwise domain

larger than λx,c a large coherent structure develops in the flow field, while in temporal

numerical simulations with a streamwise domain shorter than λx,c such structures are

suppressed. In principle, λx,c should correspond to the neutral wavelength, λx,0,

below which no instability mode is present. However, a short region of wavelengths

larger than λx,0 appears to be unstable predominantly to the viscous mode. By

choosing such wavelengths, by–pass transition might be facilitated because of the

increased instability of the wall region. The inviscid mode can also be present for
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these wavelengths, but its strength is significantly reduced.

The entire range of results from the temporal numerical simulations used for the

linear stability analysis of velocity fields from spatial simulations goes well beyond the

scope of the present work. It is important to point out, however, that the approach

discussed in the present section represents a novel synergistic model that clearly iso-

lates local linear instability properties and excludes global effects. In spatial numerical

simulations, in fact, local instability mechanisms are often difficult to interpret and

are closely intertwined with global effects. As an example, vortex merging observed

in the SDNS can thus be understood as being the result of the downstream growth of

the dominant wavelength instead of being the consequence of subharmonic resonance,

or vice versa. While SDNS alone are unable to deliver conclusive information about

the local stability properties of the flow, the additional informations provided by tem-

poral numerical simulations can close this gap. More detailed results and discussion

were collected in a separate work (Valsecchi et al., 2005).

3.3 Centrifugal Instability Mechanisms (Spanwise Plane)

A similar investigation as the one discussed in the previous section can be carried

out in the spanwise plane (r, z) for the linear Görtler instability. The application of

Rayleigh’s criterion determines that the outer region of the Coanda wall jet can be un-

stable to centrifugal mechanisms, whereas the wall region is stable. Small initial per-

turbations in the spanwise direction can therefore grow into a row of finite–amplitude

counter–rotating vortices.

The linearized Navier–Stokes equation has been simplified into an eigenvalue prob-

lem by Görtler (1954), where a perturbation in the velocity field (eigenmode) takes

the form of a normal mode,

~u′(r, z, t) = ~u(r) · ei·(β·z−ω·t).
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In the analysis by Görtler (1954), the flow is considered two–dimensional in the

spanwise plane and parallel in the streamwise direction. No downstream evolution

is therefore taken into account. In addition, the eigenmode evolves in time, being β

real and ω imaginary.
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Figure 3.5: Curves of amplification rate of Görtler instability modes for mean velocity profiles
extracted from SDNS of the turbulent Coanda jet (left.) On the right, the same curves rescaled by
the dominant wavelength, Λz,max, and by the maximum amplification rate, ωz,max.

Again, instead of the EV P solver, TDNS are employed now on a two–dimensional

computational domain in the spanwise plane (r, z) with the clear advantages of solving

the complete set of Navier–Stokes equation. Mean velocity profiles extracted from the

unforced SDNS of the turbulent Coanda jet are employed and laminar simulations

are performed with different spanwise domain widths. As for the 2D instability

analysis, very small initial perturbations are initially introduced and then monitored

in time, thus allowing to calculate the amplification rate from the amplitude of the

first spanwise mode during the linear growth period,

ω =
log(w0,1(t2)) − log(w0,1(t1))

t2 − t1
. (3.6)

Here, the monitored quantity is the spanwise component of the velocity, instead of

the wall–normal component used in equation (3.5) for the 2D modes. Amplification

curves can thus be obtained for each velocity profile, as shown in figure 3.5 (left), and
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represent the amplification rate detected in the linear regime corresponding to each

spanwise wavelength.

The scope of the present section (as already stated in section 3.2) is limited to

the determination of a critical wavelength in the spanwise direction, λz,c, such that

simulations of the Coanda wall jet on a computational domain with spanwise size

Lz > λz,c can reproduce the generation of large coherent turbulent structures aligned

in the streamwise direction, whereas in simulation with Lz < λz,c such structures are

suppressed. The capability of the present approach, however, offers a much wider

spectrum of results and the discussion could thus be extended to the non–linear

regime. Since such investigation is well beyond the scope of the present research,

it was completed and collected in a separate publication (Laible et al., 2006) which

provides a more detailed insight into the development of primary and secondary

Görtler instability mechanisms for the Coanda flow.

As in the case of the 2D modes, similarity in the stability curves is evident for

a wide range of downstream locations (from θ = 98◦ to θ = 141.0◦), as indicated in

figure 3.5 (right), where the curves of amplification rate are rescaled by the dominant

wavelength, λz,max, and by the maximum amplification rate, ωz,max.

The centrifugal instability mechanism is associated with the outer region of the

jet and is therefore influenced by the shape of the velocity profile mainly in this

region. It can therefore be concluded that the wall region of the velocity profile

does not play a significant role in the properties of the flow with respect to the

primary Görtler instability. Consequently, it is not unreasonable to predict that,

by simulating turbulent Coanda jet flows with different underlying mean velocity

profiles, the produced longitudinal structures might scale with the wall jet thickness,

but should, otherwise, be energetically similar, as long as the velocity profiles are

self–similar in the outer region.

Despite the different nature of the two phenomena, instability mechanisms in

the streamwise plane and instability mechanisms in the spanwise plane appear to
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result in comparable dominant wavelengths that might therefore be related to the

characteristic length scale of the outer region, i.e. the wall jet thickness, δh.

3.4 The Mean Flow Velocity Profile at θ = 84.6◦

The results from the preliminary stability analyses led to the identification of one

mean flow velocity profile (among all profiles extracted from the SDNS) that is most

suitable for the temporal numerical simulation of a of turbulent Coanda wall jets

under varying instability conditions.

Any wall jet velocity profile, i.e. a velocity profile that presents a monotonically

growing velocity from the wall to a maximum velocity (boundary layer) followed by a

monotonically decreasing velocity to zero at the free stream (shear layer), is subjected

to instability mechanisms able to generate the types of large coherent structures dis-

cussed above. However, it is desirable that the underlying instability conditions and,

consequently, the resulting large coherent structures maintain the greatest possible

resemblance to the phenomena observed in both the spatial numerical simulations

and the experiments.

A downstream region of self–similarity was found between θ = 60◦ and θ = 120◦,

where scaling laws for the stability curves were found for a wider range (from θ = 35.2◦

to θ = 141.0◦.) For both primary instability mechanisms studied in sections 3.2

and 3.3, the maximum amplification rate significantly reduces for larger downstream

locations and the dominant wavelength increases. Velocity profiles at locations closer

to the lower limit, θ > 60◦, offer the advantage of shorter computed time for the

development of large coherent structures (higher amplification rates), and of a reduced

influence of the curvature (shorter streamwise domain extent.)

In addition, in order for the turbulence production mechanism acting at the wall

to be correctly reproduced, the velocity profile at the wall must follow the conditions

of a turbulent boundary layer. Expressed in wall coordinates, the velocity profile
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should present a well defined log–layer region between the laminar sublayer and the

location of maximum speed. Shown in figure 3.6 are the mean flow profiles from the

SDNS in wall coordinates. While the profiles at the first three locations shown are

still transitional, at θ = 63◦ the profiles start exhibiting a clear log layer. The velocity

is here normalized by the wall velocity,

uτ =

√
τw

ρ
. (3.7)
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Figure 3.6: Mean velocity profiles extracted
from SDNS and represented in wall coordinates.

The extent of the log layer increases

in downstream direction and the veloc-

ity profile extracted at θ = 84.6◦ rep-

resents an optimal compromise between

the indicated requirements. The wall re-

gion offers a clear log layer that extends

from Y + ≈ 30 to Y + ≈ 700. The outer

region, on the other hand, shows good

properties of self–similarity in both the

velocity profile and the stability curves.

From the investigation of the stability

properties carried out in sections 3.2 and 3.3, the critical domain extent, Lx = λx,c,

and width, Lz = λz,c, are determined to be Lx = 0.439 and Lz = 0.1345, respectively.

As later explained in greater detail (section 4.1.1), the turbulence production

mechanism at the wall imposes a lower limit for the size of the computational domain

in the wall region in order for the simulation to correctly reproduce the regeneration

mechanisms of turbulent structures. Results by Jimenez & Moin (1991) defined a

minimal flow unit as 100+ − 1000+ in the streamwise direction and 50+ − 100+ in the

spanwise direction. Since the wall unit for the chosen velocity profile is δ+ ≈ 10−4,

the smallest computational domain used for the temporal numerical simulation can

capture around 4000 wall units in the streamwise direction and 1000 in the spanwise
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direction, thus ensuring a correct reproduction of the wall turbulence production

mechanism.

3.5 The Problem of Stationarity

In the Coanda flow, a jet is blown from a nozzle tangentially over a curved surface.

The resulting flow is represented by a jet evolving in the downstream direction from

the nozzle to the detachment point. Different scales of motion are present in the form

of both large coherent turbulent structures and embedded small–scale turbulence, but

the average in time over a sufficiently long period offers a meaningful representation

of the global flow that can therefore be considered as “stationary.”

In the local, temporal representation of the Coanda wall jet, lacking the down-

stream dimension the evolution of the jet occurs in time, thus making the very concept

of time–average difficult to interpret. In a local slice of the fully developed turbulent

Coanda wall jet, three main factors act on the geometry of the mean flow and gov-

ern its evolution in time. First, the molecular viscosity, ν, diffuses the momentum

in the wall–normal direction and also dissipates kinetic energy. Second, the effect of

small–scale turbulence can be considered as equivalent to the molecular viscosity, only

orders of magnitude stronger and non–uniform in the wall–normal direction. Third,

large coherent turbulent structures provide a formidable mixing of momentum within

the flow that leads to a fast spreading of the jet in the wall–normal direction.

In contrast to the spatial case, where the nozzle continuously provides momentum

and therefore kinetic energy to the flow, no energy source is present in the tempo-

ral Coanda wall jet. The total amount of kinetic energy is supplied by the initial

flow condition and decays in time as a consequence of molecular viscosity, turbulent

viscosity, and large coherent structures. The energy cascades from the mean flow to

the large scales (large coherent structures) to small scales, and is finally dissipated

by molecular viscosity at the Kolmogorov level. Energy can therefore be supplied to
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the temporal Coanda wall jet only in the form of additional terms in the governing

equation that are commonly referred to as volume–forcing terms.

Temporal numerical simulations carried out without volume–forcing are capable

to reproduce the turbulent flow decaying in time starting form the initial condition

given by the velocity profile extracted from the spatial DNS. To demonstrate this,

simulations are performed on a computational domain whose extent in the streamwise

direction is Lx = 0.4 and in the spanwise direction is Lz = 0.1. By–pass transition is

triggered (see section 4.1) and, once the flow becomes turbulent, the mean flow quickly

evolves by spreading in the wall–normal direction and by reducing the maximum

velocity, as indicated in figure 3.7 (left). Consistently, the Reynolds number based on

the jet halfwidth, Reδ, also decays.
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Figure 3.7: Evolution of the turbulent mean flow on a 0.4 × 0.1 domain with different numerical
resolutions (left), and the subsequent reduction of the size of the computational domain expressed
in wall units (right.)

Additionally, the spreading of the jet causes a decreasing wall shear stress which,

according to equation (1.1), results in a larger defined wall unit, δ+. The number of

wall units captured by the (fixed) computational domain thus decreases in time, as

shown in figure 3.7 (right), from the initial 4000+ × 1000+ to the limits of Minimal

Wall Unit as defined by Jimenez & Moin (1991).

A further comparison can be performed between the turbulent mean flow velocity

profile resulting from this preliminary temporal simulation and the original turbulent
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mean flow extracted from the SDNS. The original profile represents the stationary

solution of the spatial Coanda flow at that specific downstream location as resulting

from the balance of different global effects. Small–scale turbulence is present as well

as large coherent turbulent structures generated somewhere upstream. On the other

hand, the flow condition for the temporal turbulent wall jet in a computational do-

main that suppresses large coherent structures evolves without reaching a stationary

turbulent regime.

Scaling laws similar to the ones suggested by Wygnanski et al. (1992) can be

applied to the flow developing in time instead of space. By rescaling the mean flow

velocity profile with the properties of the outer region (the thickness, δh, and the

maximum velocity, Umax), as shown in figure 3.8 (left), the outer portion of the jet

indicates the tendency to a slightly different slope of the velocity, likely due to the

suppression of large coherent structures in that region.

By adopting a scaling such as the wall unit, δ+, and the wall velocity, uτ , a

better representation of the inner region of the mean flow velocity profile is obtained.

Despite the spreading of the jet and the decay of the maximum velocity, the rescaled

velocity profile tends to a defined shape, as shown in figure 3.8 (right). Nevertheless,

a clearly defined log–layer cannot be detected and a trend to relaminarization around
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the region of maximum velocity can be inferred. The dissipation of the turbulent

motion away from the wall can be only in part attributed to the coarse numerical

resolution adopted for these validation cases. It appears that the produced (temporal)

turbulent flow could develop a more defined log layer on a longer time period, but

the general decay in the Reynolds number occurs at a faster pace.
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Finally, the development in time of

the mean flow also negatively affects the

calculation of turbulence properties. As

indicated in equation (1.9), the definition

of properties associated with the turbu-

lent regime of the flow is based on the

average over a defined time span, τ . In a

non–stationary turbulent flow, τ must be

sufficiently long to filter the small scales

of turbulence, but also shorter than the

time scale of the evolving global flow. In

other words, a clear separation of scales must be present between the small scales

and the mean flow scales. For the wall–turbulence production mechanism, if the low–

speed streak is considered as the basic element of the turbulence activity at the wall,

a temporal scale can be defined as the time needed by a typical streak to move along

the wall. By adopting the characteristic wall velocity, uτ , as defined in equation (3.7),

and an average length of the streak of 500+ wall units, such a time scale becomes,

t+ref =
500 · δ+

uτ

, (3.8)

which itself is a function of time. This characteristic time scale changes in fact with

the evolution of the mean flow and, as shown in figure 3.9, grows from 2 to 5 during the

simulation. However, it is clear that the mean flow undergoes considerable changes

over this time span. From figure 3.7, for example, it can be appreciated that the
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mean flow reduces its Reynolds number by ≈ 5% every t+ref = 5 and the definition of

turbulence properties becomes therefore meaningless.

Thus, when no forcing terms are added to the governing equation and when,

consequently, no additional energy sources are present, the temporal representation

of the Coanda flow can be (approximately) associated to a very small observation

frame moving in the downstream direction with a non–constant speed. On the other

hand, the scope of the present research is the reproduction of the local turbulent

Coanda wall jet at a given, constant downstream location which, in turn, requires

the temporal mean flow to maintain its global geometry (defined by the thickness,

δh, the maximum velocity, Umax, and the skin friction, τw) as stationary in time. In

other words, two effects acting on the mean flow must be prevented and counteracted:

Dissipation and diffusion.

In terms of dissipation, from an energy point of view, maintaining a stationary

total amount of kinetic energy in a temporal simulation of the wall jet flow implies

the introduction of a source of kinetic energy at some point of the cascade process.

Since the dynamics of the energy balance are unknown a priori, it appears reasonable

to introduce a source of energy at the top of the cascade, i.e. in the mean flow. The

diffusion of the mean flow, on the other hand, is the result of complex interaction

between large structures, small scales of turbulence and molecular viscosity.

Source terms in many different forms can be added to the original governing

equation in order to achieve the goal of counteracting both diffusion and dissipation.

In the course of the present research, considerable time has been dedicated to the

formulation of a proper volume forcing term. It was finally concluded that, for the

goals of the present work, the optimal compromise would be represented by the so–

called perturbation formulation, for which mode (0, 0), corresponding to the mean

flow, is maintained constant by overwriting it at the end of each computational time

step.

This not only achieves the goal of maintaining the mean flow at its original shape,
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but also provides a continuous source of kinetic energy sufficient to maintain the

energy balance within the spectrum of turbulent kinetic energy. Clearly, such a

formulation also neglects the effects of the large scales of motion on the mean flow

and strongly influences the general energy balance in the stationary state. This way,

the process of generating large coherent structures within the flow through linear

instability mechanisms becomes a very delicate balance. Large structures extract

energy from the mean flow and a natural equilibrium is reached when the mean flow

consequently loses energy. By maintaining a constant mean flow, such a saturation

mechanism is missing and stationarity is achieved by other means as, for example,

the presence of small–scale turbulence. The same saturation level for large coherent

structures is thus raised to higher kinetic energy. Consequently, the spectrum of

turbulent kinetic energy resulting at the equilibrium state is also strongly affected by

the resetting of mode (0, 0).

On the other hand, by properly choosing the prescribed mean flow velocity profile,

constant instability properties in the outer region as well as a fixed log layer in the

wall region are ensured. This formulation, therefore, sets the conditions for both the

generation of large coherent turbulent structures and the production of turbulence at

the wall.

Turbulence quantities in experiments are commonly defined in terms of ensemble

averaging (equation (1.8)), whereas in numerical simulations averaging operations can

be applied in time or in space, as discussed in section 1.4. For the case of stationary

turbulent flow the turbulence statistics are constant in time at a given position in

space and the averaging operation can be extended in time over an “infinite” time

span, thus becoming a Reynolds average that obeys conditions (1.6).

From this point of view, the mean velocity profiles extracted from the spatial

DNS of the unforced turbulent Coanda wall jet becomes a good choice. The velocity

profile at θ = 84.6◦ not only offers instability properties that allow the generation of

large coherent turbulent structures, but also contains such structures in the spatial
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simulation because this location is sufficiently far away downstream from the nozzle.

In other words, the mean velocity profile extracted at θ = 84.6◦ allows the rise of

large structures and also contains traces of their presence. In addition, the extent of

the log layer in the wall region represents an optimal condition for the reproduction

of the correct turbulence dynamics at the wall.

It is important here to stress that the goal of the present work is to produce a

database of temporal turbulent flow simulations that serves as a test bed for the

investigation of turbulence modeling techniques, where the most important require-

ment is that the underlying physics of the turbulent flow are maintained consistently.

For this purpose, the mean flow velocity profile has been extracted from a reasonably

good representation of the turbulent Coanda wall jet. It is also worth mentioning

that the TDNS, even with the described formulation for maintaining the mean flow,

discretizes the complete Navier–Stokes equation in the same fashion as any other

Direct Numerical Simulation.

Finally, the use of a single, static mean flow velocity profile for the temporal

numerical simulations also allows to build a meaningful database consisting of differ-

ent TDNS that represent the same underlying turbulent Coanda wall jet, and also

contain either streamwise structures, spanwise structure, or none. This represents

an advantage for the investigation of turbulence model techniques that, at present,

remains unmatched by any known DNS database.
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4. TEMPORAL DIRECT NUMERICAL SIMULATIONS

For the turbulent Coanda wall jet, a TDNS database was produced by using the same

underlying mean flow velocity profile, as explained in section 3.5, and by varying the

size of the computational domain in order to suppress or enhance different types

of large coherent turbulent structures. When compared to a spatial DNS, the use

of the temporal approach allows to greatly increase the numerical resolution as a

consequence of the reduced size of the considered physical domain, thus enabling the

numerical scheme to capture the smallest scales of motion even for the high Reynolds

number used here.

Turbulence statistics extracted from these numerical simulations are later em-

ployed in the second part of this work (chapter 5) for the analysis of the performances

of different turbulence models and turbulence modeling techniques.

The presence of two primary instability mechanisms in the Coanda jet (2D in-

stability modes and Görtler instability mode) may lead to the possible development

of two types of large vortical structures in the flow: Rollers, with spanwise axis, and

Görtler vortices, with longitudinal axis. Consequently, four different configurations

can be envisioned which will henceforth be referred to as flow scenarios. As already

pointed out in previous sections, such numerical simulations do not represent an at-

tempt to accurately reproduce the entire spatial turbulent Coanda flow, but rather

aim at simulating each single mechanism separately and, consequently, their local

effect on the turbulence properties of the flow.

Temporal Direct Numerical Simulations of the different flow scenarios are de-

scribed in the present chapter in order of increasing flow complexity. In the first sce-

nario (section 4.1), both primary instability mechanisms generating large structures

are suppressed by reducing the streamwise extent of the computational domain and

by reducing the streamwise curvature of the wall. A turbulent wall jet flow without
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Scenario Geometry Instability Mechanisms Coherent Structures

First Cartesian none none
Second Cylindrical Centrifugal longitudinal
Third Cartesian Shear–Layer spanwise
Fourth Cylindrical Shear–Layer + Centrifugal spanwise + longitudinal

Table 4.1: Description of the four flow scenarios investigated in the present work.

large structures is thus reproduced. Successively (section 4.2), centrifugal instability

is allowed by adding the streamwise curvature of the wall. Thus, a turbulent flow can

be simulated where longitudinal coherent structures are present. In the third flow

scenario (section 4.3), only the 2D instability mechanism is allowed by eliminating

the curvature of the wall. This way, large rollers are generated in the turbulent flow.

Finally, a turbulent flow is simulated where both mechanisms are allowed and, con-

sequently, both longitudinal vortices and rollers (section 4.4) are expected to arise.

Both geometry and flow properties of the four scenarios are summarized in table 4.1.

It should be pointed out that while the suppression of the Kelvin–Helmholtz mode,

which is responsible for the generation of large rollers in the flow, is achieved by the

reduction of the streamwise extent of the computational domain, the suppression of

the centrifugal instability mode can be pursued in two different ways, either by re-

ducing the spanwise width of the computational domain below the neutral spanwise

wavelength, λz,0, or by eliminating the wall curvature altogether. However, as also

later discussed in section 4.1.1, the limit imposed by the spanwise neutral wavelength,

λz,0, is incompatible with the minimal spanwise size needed for a correct representa-

tion of the turbulence production at the wall. Consequently, in order to both suppress

centrifugal instability phenomena and sustain turbulence production mechanisms, the

simulations corresponding to the first and to the third scenarios were carried out on

the Cartesian geometry for a plane wall jet.

Because of the stationarity of the turbulent regime produced for each flow scenario,

a time–average can be computed over the entire simulation time and can be considered
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as equivalent to a Reynolds average (equation (1.12).) Consequently, the evaluation

of the turbulence properties of the flow can be carried out through a handful of

quantities defined by the fluctuation of the flow field around the mean.

In particular, the turbulent kinetic energy,

κ =
1

2
u′

iu
′
i =

1

2
u′u′ + v′v′ + w′w′, (4.1a)

the turbulence dissipation rate,

ε = ν
∂u′

i

∂xj

∂u′
i

∂xj

, (4.1b)

and the production of turbulence,

P =
∂Ui

∂xj

· u′
iu

′
j, (4.1c)

are used in the present chapter, with the over–bar denoting the Reynolds average in

time.

4.1 Turbulent Wall Jet without Large Structures

From the stability investigations carried out in sections 3.2 and 3.3, it is shown that for

the mean velocity profile adopted here (θ = 84.6◦ from the unforced SDNS) the neu-

tral wavelengths in the streamwise and in the spanwise directions are λx|θ,0 = 0.4460

and λz,0 = 0.01367, respectively. In the spanwise direction, the critical wavelength

coincides with the neutral wavelength, λz,0. In the streamwise direction, the presence

of two instability modes results in a critical wavelength that is slightly larger than the

neutral wavelength, λx,0, as explained in section 3.2. These non–dimensional lengths

define the size limits of a physical domain for which the flow is stable with regard to

both the viscous and the inviscid 2D modes in the streamwise direction, and to the

centrifugal instability in the spanwise direction. A turbulent flow simulated in such

a sub–critical computational domain is therefore expected not to contain any large
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turbulent coherent structure, whereby the turbulence activity occurs predominantly

in the wall region.

While the upper limit in the computational domain size is dictated by instability

mechanisms that mainly originate in the outer region of the wall jet velocity profile,

the lower limit is set by the turbulence dynamics at the wall. An appropriate length

scale for the wall region is provided by the wall shear stress, τw, and is quantified

by equation (1.1) as the wall unit. Since the wall unit is a function of the mean

flow, it may vary over time depending on the averaging procedure (see discussion

in section 3.5.) Consequently, the size of the computational domain expressed in

wall units can also vary over a wide range, depending on the turbulent state of the

flow. In the present work, however, the particular formulation of the volume force

keeps the mean flow (zeroth mode) at a fixed value without any time–variation of the

(mean) wall shear, τw. Hence, the non–dimensional wall unit maintains a constant

value throughout the simulation, δ+ = 9.96 · 10−5 ≈ 10−4, and so does the size of the

computational domain expressed in wall units.

At the wall, turbulence is produced through a complex regeneration cycle (for

sufficiently high Reynolds numbers.) Jimenez & Moin (1991) determined that the

condition for a numerical simulation to correctly reproduce such dynamics and thus

maintain a stationary turbulence production is that the size of the computational

domain must be equal or larger than the Minimal Flow Unit, set at 1000+ in the

streamwise direction and 100+ in the spanwise direction.

Expressed in wall units, the critical wavelength, λx,c, corresponds to ∼ 4000+.

As a consequence, a “windows of opportunity” can be defined between Lx = 1000+

and Lx = 4000+ for which numerical simulations show a turbulent flow without large

spanwise coherent structures.

On the other hand, the limit set by the primary Görtler instability mechanism in

terms of the neutral wavelength, λz,0, determines a spanwise width of the domain that

is too narrow (∼ 50+) to correctly reproduce the wall turbulence production. There-
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fore, as an alternative approach for suppressing the centrifugal instability mechanism,

it is possible to just reduce the wall curvature instead of reducing the spanwise width.

For the flow geometry used in the present research, the chosen mean velocity profile

remains well within the boundary layer assumption, δh << R0, such that the wall

curvature should not significantly affect the turbulence activity close to the wall. In

addition, the close resemblance between the averaged velocity profiles from the un-

forced turbulent plane wall jet and from the unforced turbulent Coanda jet permits

the use of the same mean velocity profile (zeroth mode) for both geometries in the

TDNS.

In conclusion, a computational domain whose extent in the streamwise direction

is Lx = 0.4 ≈ 4000+ and whose spanwise width is Lz = 0.1 ≈ 1000+ has been

determined as the optimal compromise that satisfies the requirements of stability

(with respect to the Kelvin–Helmholtz mode), turbulence production and numerical

resolution. However, some preliminary numerical investigations were carried out on a

smaller computational domain (Lx = 1000+, Lz = 1000+), particularly for the study

of the by–pass transition.

Since the dimensions of the computational domain in both the streamwise and

the spanwise direction determine the physical phenomena occurring in the flow, the

different domains will be henceforth indicated as Lx × Lz, where the size can be

expressed either in non–dimensional values (e.g. Lx = 0.4) or in wall–units (e.g.

Lx = 4000+).

4.1.1 Turbulence Production Mechanism and By–Pass Transition

Since the computational domain is chosen such that primary instability mechanisms

are suppressed, the problem arises of how to trigger transition to turbulence, and

also of how to maintain a turbulent flow. The initial condition for the temporal

simulation corresponds to the prescribed mean velocity profile extracted from the
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spatial simulation without any turbulent fluctuations. Small scales of motion cannot

be extracted from the spatial simulation and directly prescribed in the temporal

simulation, since such flow field is not necessarily periodic in the streamwise direction.

In general, for a sufficiently high Reynolds number, an initially laminar flow sub-

jected to small–amplitude perturbations transitions to turbulence through a sequence

of successive instability mechanisms, starting with a primary instability. The elim-

ination of this starting mechanism precludes such a path and a by–pass transition

represents the only way to reach the turbulent regime. However, once the turbu-

lent regime is reached, the ergodicity principle should ensure that the turbulent flow

eventually becomes independent from the transition path.

By–pass transition is based on the secondary instability mechanism acting on low–

speed streaks, as originally proposed by Andersson et al. (2001) for boundary–layer

flows. In wall–bounded turbulent flows, low–speed streaks, defined as regions with

concentrated streamwise vorticity, are typically present near the wall where they play

a significant role in the turbulence production mechanism. As observed by Hamilton

et al. (1995), a complex regeneration cycle takes place in the near–wall region that

involves a continuous generation of such coherent structures and their subsequent

breakdown. Streaks typically extend 100 wall units in the spanwise direction and are

elongated up to 1000 wall units in the streamwise direction. From this point of view,

the artificial creation of streaks and their three–dimensional destabilization during

the by–pass process can be considered as jump–starting the regeneration mechanism

at the wall. Once this process is started, turbulent motion is continuously produced

at the wall and affects the entire wall jet flow.

Due to the suppression of primary instability mechanisms, the “activation energy”

of such a transition process results higher than for the natural transition. Indeed, the

secondary instability of streaks requires a very high amplitude of the primary pertur-

bation (in the order of 30% of the reference velocity) in order to become effective.

Turbulence mechanisms at the wall also dictate the requirements for the numerical
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resolution of the computational grid. It is commonly indicated in the literature that

the first point in the wall–normal direction should be closer to the wall than y+ = 1,

that the laminar sublayer should be resolved by a minimum of 7 grid points and that

the region below 50+ should contain at least 25 grid points. The flow parameters

used in the present research determine the first wall–normal grid location to be at

y+ ≈ 0.27, the laminar sublayer to be discretized by 20 grid points, and the wall

region to be resolved by more that 100 grid points.

On the other hand, the average low–speed streak represents the basic element of

the turbulence activity at the wall and a numerical grid that can resolve an average

streak (500+ in the streamwise direction and 100+ in the spanwise direction) can,

in principle, reproduce the wall turbulence production mechanism. On the given

computational domain, a numerical simulation with 10 Fourier modes in both the

streamwise and the spanwise directions can capture flow structures as small as 400+×
100+, using a grid cell size of ∆x × ∆z = 125+ × 31.25+.

Figure 4.1: Low–speed streaks in the wall region
shown by contours of instantaneous wall–normal
vorticity at the wall. The domain size is 1000+ ×
1000+.

Preliminary numerical simulations

are performed on a 1000+ × 1000+

computational domain by using only 5

Fourier modes in both the streamwise

and the spanwise directions, thus result-

ing in a numerical resolution of ∆x =

∆z = 62.50+. Despite the coarseness of

the numerical grid, a fully turbulent, sta-

tionary flow is reached through by–pass

transition and the regeneration mecha-

nism is successfully captured with low–speed streaks occurring in the near–wall re-

gion, as indicated in figure 4.1. Further numerical simulations confirm that, in order

to reproduce and maintain the wall–turbulence mechanisms, these streaks must be

resolved with at least one Fourier mode in both directions, as also previously pointed
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out by Kleiser & Zang (1991). In other words, the wavelength of the highest Fourier

modes cannot be larger than 600+ in the streamwise direction and 200+ in the span-

wise direction. For the domain size chosen for the present case, this implies that

reliable numerical simulations can be performed with at least 5 Fourier modes in

both the streamwise and the spanwise direction.

On a 1000+ × 1000+ computational domain, an initial perturbation at the wall in

the (1, 5) mode of the wall–normal component of the velocity is applied to generate

flow structures similar to a set of streaks, each one extending 500+ in the streamwise

direction and 100+ in the spanwise direction. Subsequently, an additional pertur-

bation of the first streamwise mode (mode (1, 0)) is introduced in order to trigger

the secondary instability of these structures and thus quickly transition the flow to

turbulence. Such a numerical simulation was performed with 20 Fourier modes in

both the streamwise and the spanwise directions.

Since by–pass transition is obtained by introducing high–amplitude initial distur-

bances in the flow, various combinations of streamwise and spanwise perturbations

can be used, in principle, to reach a turbulent regime.

For comparison, similar simulations were also performed with initial perturbations

of different spanwise wavelengths ((1, 2),(1, 3),(1, 4) and (1, 5)) aimed at generating

initial streaks extending 500+ in the streamwise direction and 500+, 250+, 166+, 125+,

and 100+ in the spanwise direction, respectively.

The numerical simulations were carried out over an extended time period in order

to ensure that a stationary turbulent regime is reached. For all these cases, the

spectrum of turbulent kinetic energy (both streamwise and spanwise) in the wall

region is shown in figure 4.2. As expected, the distribution of kinetic energy for high

wave numbers assumes the shape predicted by the energy cascade and appears to be

independent of the initial transition path. Even though these simulations present a

more than sufficient numerical resolution, a high–resolution TDNS is also performed

on the same computational domain and shows a good agreement with the lower
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Figure 4.2: Ergodicity principle for the fully developed stationary turbulent flow without large
structures: Final spectra of turbulent kinetic energy in the wall region for different initial by–pass
conditions.

resolution simulations in terms of distribution of kinetic energy in both the streamwise

and the spanwise spectra (red dotted line in figure 4.2.)

It can be argued that, even though the small scales of motion can redistribute

their energy over short periods of time (ergodicity principle), the signature of the

large scales of motion introduced to force the by–pass transition are more persistent

and difficult to eliminate, given the very high amplitude of the initial perturbation.

On the other hand, the numerical setup adopted in the present research allows for the

simulation of stationary turbulent flows that can be sustained for an indefinite time

period, thus making the dissipation of spurious large scales of motion, in principle,

just a matter of extended simulation time.

The time scale for the dissipation of spanwise modes appears to be much larger

than the time scale for streamwise modes. It can be observed from numerical sim-

ulations that the amplitude of the initial spanwise perturbation that is necessary to

generate longitudinal structures at the wall (streaks) is also likely to induce large–

scale motion that propagates away from the wall into the outer region, where the

turbulence activity is less intense than at the wall and where dissipation mainly takes
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place through molecular viscosity. As an example, the isocontours of Q = 1.0 in

figure 4.3 indicate the presence of such structures in the outer region of the jet for a

numerical simulation on a 1000+ × 1000+ domain.

Figure 4.3: Persistent structures origi-
nated from the initial perturbation, ren-
dered by isocontours of Q.

Although these persistent longitudinal struc-

tures are an unavoidable by–product of the by–

pass transition, the results presented in fig-

ure 4.2 suggest that their effect on the turbu-

lence dynamics at the wall might be negligi-

ble and, moreover, can be further reduced by

a careful choice of the initial perturbations. In

fact, the overall strength of such structures was

observed to depend on the wavelength of the ini-

tial perturbation, and reaches a minimum for a

spanwise wavelength that matches the natural

width of streaks (∼ 100+.)

A further cause of the persistence of such

structures can be found in the imperfect shape

of the velocity profile in the outer region. The

profile is extracted from SDNS data as an aver-

age over a finite simulation time where the presence of large coherent structures in the

outer region produces minor discrepancies in the monotone decrease of the velocity in

the wall–normal direction. It is not unreasonable to assume that small perturbations

in the smoothness of the velocity and of the vorticity might allow turbulent structures

to remain in the outer region of the flow.
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4.1.2 Stationary Turbulent TDNS

Once the numerical setup has been defined and validated, numerical simulations are

carried out in order to produce a TDNS of a stationary turbulent wall jet flow

where no large structures are present. The computational domain with size 0.4× 0.1

is considered the optimal compromise for correctly capturing the wall turbulence

production mechanism and for suppressing the growth of large coherent structures in

the upper region of the jet.

Several numerical simulations were performed with increasingly refined numerical

resolution in both the streamwise and the spanwise directions, starting with 10 × 10

modes (10 Fourier modes in the streamwise direction × 10 Fourier modes in the

spanwise direction) up to 161×41 modes, which can be considered sufficiently resolved

to qualify as TDNS.

The absence of large coherent structures introduces homogeneity in both the

streamwise and the spanwise direction and allows the Reynolds average to be extended

to those directions. Turbulence properties can thus be represented as functions of the

wall–normal variable, y, only.

In addition, the turbulence activity is predominantly located in the wall region

of the flow and the properties of the turbulent motion are therefore indicated in

the logarithmic representation that is common for wall–related phenomena. Con-

sequently, the turbulence quantities (4.1a), (4.1b), and (4.1c) can be expressed in

wall–coordinates as

κ+ =
κ

uτuτ

=
κ

ν · ∂u
∂y

∣∣∣
w

, (4.2a)

ε+ =
ε

“

∂u
∂y |w

”2

ν

=
ν · ε

(
∂u
∂y

∣∣∣
w

)2 , (4.2b)

P+ =
P

“

∂u
∂y |w

”2

ν

=
ν · P

(
∂u
∂y

∣∣∣
w

)2 , (4.2c)
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respectively. It is worth mentioning, however, that, because of the constant mean flow,

the representation offered by equations (4.2a), (4.2b), and (4.2c) does not provide

any additional information and it is adopted only for consistence with the existent

literature.
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Figure 4.4: Distribution in the wall–normal direction of the turbulent kinetic energy, κ+ (left),
and of the production of turbulence, P+ (right), for the turbulent wall jet without large coherent
structures. The distributions are compared with the mean velocity profile.

Numerical simulations of the stationary turbulent wall jet without large coherent

structures are performed on a 4000+ × 1000+ computational domain. Increasing

numerical resolutions are adopted in both the streamwise and the spanwise directions.

In figure 4.4 (left), the distribution of turbulent kinetic energy, κ+, is shown in wall–

coordinates together with the mean velocity profile. It is not surprising that the curve

of κ+ is well captured even in medium–resolution simulations (81× 21 modes), if one

considers that the large scales of motion typically contain most of the energy.

The two regions of the wall jet are clearly discernible. Two maxima of κ+ in fig-

ure 4.4 (left), are separated by a minimum at y+ ≈ 600, corresponding to the location

of the maximum velocity in the mean profile. The peak in the outer region of the jet

confirms that the entire flow is fully turbulent, but also suggests that some amount

of large scale of motion is present. As discussed in the previous section, the initial

perturbation necessary for by–pass transition leaves a signature in the outer region

of the flow. In addition, it has been observed that the reduction of the streamwise
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Figure 4.5: Spectra of turbulent kinetic energy for numerical simulations at different resolutions,
computed in the log–layer for both the streamwise direction (left) and the spanwise direction (right.)

extent of the computational domain below the critical wavelength, λx,c (defined in

section 3.2), tends to enhance such large–scale motion. Both flow parameters and

computational setup are thus optimized to reduce such spurious phenomenon and,

consequently, its effect on the wall region, to a minimum.

Indeed, for the numerical simulations presented in the present section the distribu-

tion of turbulence production, P+, shows a well defined peak at y+ ≈ 10. In the outer

region, minor activity can be detected that directly correlates with the mean shear

∂U
∂y

. Residual structures from the initial perturbation do not seem to significantly

affect the distribution of turbulence production, P+.

A further proof of the validity of the numerical simulation of the first flow scenario

can be inferred from figure 4.5, where the spectra of turbulent kinetic energy are

plotted for both the streamwise and the spanwise directions. The spectra are directly

calculated from the simulation data over a portion of the log–layer (y+ = 20 to

y+ = 200), and show a decay in kinetic energy with increasing wave number that is

typical for the energy cascade from large scales to smaller scales (− 5
3

law, indicated

by the red line in figure 4.5.)

A good agreement can be observed among simulations with different numerical
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resolutions in both the streamwise and the spanwise directions. However, simulations

with a limited number of modes tend to distribute more energy in the higher wave

numbers, as observable from figure 4.5 (left). The smallest scales are not completely

captured by simulations with low resolution and the energy cascade is thus inter-

rupted. Lacking the dissipation provided by the small scales, balance is achieved for

a higher energy level, since the highest resolved wave numbers can only dissipate the

kinetic energy through molecular viscosity and cannot transfer it to smaller scales.

Even though such energy pile–up is also observed in the spanwise direction, an

excellent agreement of the spectra for different numerical resolution can be seen (fig-

ure 4.5, right.)
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Figure 4.6: Spectrum of streamwise turbulence
dissipation rate for different numerical resolutions,
computed in the log–layer.

A similar discussion can be carried

out for the turbulence dissipation rate,

for which spectra in the streamwise di-

rection are directly calculated from the

numerical simulations in the wall re-

gion and are shown in figure 4.6. A

characteristic shape can be observed for

the streamwise spectra, with the curves

for all numerical resolutions indicating a

growing dissipation with increasing wave

numbers for the small scales. A similar

plot could not be obtained for the corresponding spectra in the spanwise direction.

It can be concluded that the temporal numerical simulations performed with 161×
41 modes can be considered a true TDNS, since it seems capable of capturing the

smallest scales of turbulent motion. The smallest resolved scales indicate in fact a

very low content in turbulent kinetic energy and high turbulence dissipation rate.

An additional TDNS has been performed with enhanced numerical resolution in the

spanwise direction (161 × 81 modes). Even though the resulting spanwise spectrum
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of energy extends further in the high–wave number region (figure 4.5), no significant

improvement in the quality of the turbulence statistics is gained in comparison with

the 161 × 41 TDNS. In addition, operational limitations in the storage capabilities

require that the increase in spatial resolution is accompanied by a reduction of the

number of time steps that can be contained in a single file. Consequently, the limited

number of time steps recorded from this TDNS negatively affects the averaging

operation in time.

A further validation of the quality of the TDNS data can be obtained by con-

sidering the Kolmogorov length scale, which can be estimated from the turbulence

dissipation rate, ε,

ηK =

(
ν3

ε

) 1
4

, (4.3)

and which represents the smallest scale of motion in a turbulent flow. Hence, a

comparison of ηK with the local grid spacing can provide for a rough estimate of

the portion of the energy spectrum that remains unresolved. In figure 4.7 (left),

the Kolmogorov length scale estimated from the turbulence dissipation rate is shown

(in wall coordinates) as a function of the wall–normal direction. The mean velocity

profile is also shown and allows to correlate the variation in size of the smallest scales

of turbulence with the different regions of the jet. A minimum is located close to the

wall, with ηK slightly growing in the log–layer and reaching a local maximum at the

location of the maximum mean velocity. The turbulence activity in the outer region

of the wall jet determines a further minimum for ηK at a wall–normal location close

to the halfwidth, δh.

It is interesting to note that the computed Kolmogorov length scale appears to be

sufficiently independent from the numerical resolution in both the streamwise and the

spanwise directions. In fact, the curves in figure 4.7 (left), corresponding to numerical

simulations carried out with different numbers of computed modes, agree very well

with each other.
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and Right) the 3D diagonal of the grid cells.

The estimated Kolmogorov length scale, in turn, can be used to evaluate how

well the numerical grid locally captures the smallest scales of the turbulent motion.

Because of the grid stretching in the wall–normal direction, the aspect ratio of the

grid cells varies with the distance from the wall and is therefore characterized by

multiple length scales. By comparing the Kolmogorov length scale with the wall–

normal extent of the grid cells, the ratio ηn/∆y, shown in figure 4.7 (right), indicates

that the smallest scales of turbulence are fully captured in the wall region (ηK ≥ ∆y)

and are sufficiently well represented in the outer region of the jet, where ∆y is no

larger than 10 times the Kolmogorov length scale.
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A more complex picture emerges when also considering the lateral (streamwise and

spanwise) size of the local grid cell. The wall–normal distribution of the ratio ηK/∆x

is shown in figure 4.8 and indicates that only the numerical simulation performed with

161 × 41 modes is capable of sufficiently resolving the smallest scales of turbulence.

For simulations with fewer numerical modes, the size of the smallest scales is, in the

near–wall region, more than one order of magnitude smaller than the grid size. The

ratio of the Kolmogorov length scale to the geometric diagonal of the grid cell,

ηK√
∆x2 + ∆y2 + ∆z2

, (4.4)

offers a more comprehensive representation of the capability of the numerical grid

to capture the turbulent motion and further confirms that the numerical simulation

carried out with at least 161 × 41 modes satisfies the resolution requirements for

a Direct Numerical Simulation and can therefore be adopted for the a–posteriori

analysis discussed in chapter 5.

Figure 4.9: Streaks at the wall in a high–resolution TDNS visualized by isocontours of total
vorticity and colored by levels of streamwise velocity.

In conclusion, a TDNS of the turbulent wall jet without large structures was car-

ried out with a numerical resolution that is sufficient for capturing scales of turbulent
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motion in the order of the Kolmogorov length scale.

The turbulence dynamics are correctly reproduced. Minor turbulence activity is

present in the outer region and the wall region is dominated by the regeneration mech-

anism constantly acting at the wall. Small elongated coherent structures (streaks) are

also correctly captured, as indicated in figure 4.9, where the instantaneous isocontours

of the total vorticity are rendered for a portion of the turbulent flow.

4.2 Turbulent Coanda Flow with Longitudinal Structures

The numerical simulation of a stationary turbulent wall jet flow where no large struc-

tures are present was made possible by reducing the streamwise extent of the com-

putational domain below the neutral wavelength for 2D instability mechanisms and

by eliminating the downstream curvature of the wall.

Figure 4.10: 3D rendering of turbulent Görtler vortices. Isocontours of the streamwise vorticity
(red clockwise and blue counter–clockwise rotation) superimposed to the streamwise velocity profile.

In the present section, the downstream curvature of the wall is introduced, thus

adding a further element of complexity to the flow in the form of centrifugal instability

mechanism. As a result, turbulent coherent structures that are aligned in the stream-
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wise direction are expected to arise within the flow. By maintaining the streamwise

extent of the domain shorter than the critical wavelength, λx,c, the suppression of

Kelvin–Helmholtz instability mechanisms and, consequently, of large spanwise coher-

ent structures is ensured.

The isocontours of the time–averaged streamwise vorticity shown in figure 4.10

highlight the presence of stationary longitudinal coherent structures located in the

outer region of the wall jet. However, it is important to point out that in the more

general spatial case the concept of steady a Görtler vortex in terms of saturation is

difficult to define. Due to the downstream spreading of the wall jet, longitudinal

vortices continue to grow until non–linear effects such as pairing become effective

and shift the amplification onto other wavelengths. Indeed, the longitudinal vortices

observed in the experiments show continuous downstream evolution.

In the temporal numerical simulation of the Coanda wall jet, the laminar Görtler

vortices continue to grow in the (r, z) plane without reaching a steady saturation

state and keep elongating, instead, in the wall–normal direction. This phenomenon is

observed in the unforced case and is amplified by the introduction of volume forcing

terms in the governing equation. In the turbulent regime, on the other hand, due to

the presence of the complete spectrum of turbulent motion the kinetic energy cascades

across the entire spectrum and effectively produces an energy balance that leads to the

saturation of the large structures. As a result, the flow remains stationary, whereby

the turbulent longitudinal coherent structures maintain both a steady shape and a

steady position of their core.

The introduction of the downstream curvature modifies both the geometry of the

computational domain and the governing equations, as discussed in chapter 2. The

streamwise extent of the computational domain is thus expressed as an angle, Θ, and

the streamwise length becomes a function of the distance from the wall,

Lθ = Lθ(r) = r · Θ. (4.5)
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For the numerical simulations carried out in the present section, the streamwise

extent, Θ, is chosen such that the streamwise length at the wall remains consistent

with the numerical simulations performed in the previous section,

Θ =
Lθ(r)

r

∣∣∣∣
w

= 0.4, (4.6)

and the spanwise width of the computational domain is kept unchanged, Lz = 0.1.

This way, the computational domain is capable of consistently capturing, at the

wall, 4000 wall units in the streamwise direction and 1000 wall units in the spanwise

direction. It appears, therefore, reasonable to expect the turbulence dynamics at the

wall to be very similar to the case of the plane wall jet. As in the previous section,

however, preliminary numerical investigations are carried out on a domain with a

reduced streamwise extent, Θ = 0.1 ≈ 1000+.

On the other hand, the extent of the computational domain in the outer region

of the wall jet is larger than the extent at the wall. The instability properties of 2D–

modes (Kelvin–Helmholtz, inviscid modes) depend on the inflection point of the ve-

locity profile, whose location can be approximated with the location of the halfwidth,

δh. For the curved geometry, the streamwise length of the computational domain

at the halfwidth is ≈ 17% longer than the length at the wall. Consequently, the

instability properties with respect to the Kelvin–Helmholtz mechanism are expected

to be slightly different, particularly in the neighborhood of the neutral wavelength

because of the steep slope of the amplification curves, as shown in figure 3.4. How-

ever, the curvature–corrected wavelength remains safely shorter than the streamwise

dominant wavelength for 2D modes, λx,max. A preliminary numerical simulation car-

ried out with this size of the computational domain verified that the effects of the

Kelvin–Helmholtz instability modes are reasonably suppressed.
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4.2.1 Transition Paths to Turbulence

For the flow geometry adopted in the present section, the resulting stationary turbu-

lent flow is expected to exhibit both mechanisms of turbulence production at the wall

and saturated large coherent turbulent structures in the outer region. Starting from

a laminar flow, however, different paths toward such a stationary turbulent regimes

can be envisioned. Yet, it is not unreasonable to predict that once the stationary

turbulent regime is reached, the ergodicity principle should ensure the resulting flow

to be independent of the initial condition, i.e. of the transition path.

Preliminary numerical investigations with a relatively low resolution (30 × 30

Fourier modes) are carried out on the cylindrical geometry in order to compare dif-

ferent transition paths and eventually to validate the ergodicity of the resulting sta-

tionary turbulent regime.

A first possible transition path is represented by the same by–pass process adopted

in section 4.1 for a scenario where the suppression of both primary instability mech-

anisms does not offer alternatives. Here, the addition of a primary instability such

as the centrifugal mechanism produced by the curvature of the wall provides a fur-

ther transition path. In a temporal numerical simulation, an initially laminar wall

jet can develop finite–amplitude fluctuations in the spanwise direction in the form of

counter–rotating vortex pairs (Görtler vortices.) Secondary instability mechanisms

successively modulate the vortex pairs in the streamwise direction, thus introducing

three–dimensionality in the flow, as also discussed in more detail by Laible et al.

(2006). In a classic sequence of further bifurcations, the flow eventually transitions

to a fully developed turbulent regime.

Both transition paths are compared and represented in figure 4.11 by the evolution

in time of the amplitudes of streamwise and spanwise numerical modes in both the

wall region and the outer region. In the left plot, initial spanwise perturbations in the

outer region grow exponentially in time and clearly indicate the effects of the primary
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Figure 4.11: Two different paths to transition described by the evolution in time of the streamwise
modes near the wall (upper plots), of the spanwise modes near the wall (central plots), and of the
spanwise modes in the outer region (lower plots). On the left, transition path through primary
instability. On the right, by–pass transition.

instability mechanism. Successive instability stages of the finite–amplitude Görtler

vortex pairs eventually lead to transition and finally produce a stationary turbulent

flow.

On the right–hand side of figure 4.11, the initial by–pass process can be recognized

from the rapid growth of all modes at the wall between time T = 0 and time T ≈ 3.5.

Initially, turbulent motion is confined near the wall, as inferred by considering that

the mode amplitudes at the wall are one order of magnitude larger than the mode

amplitudes in the outer region. Only successively, spanwise perturbations develop,

from T ≈ 5 to T ≈ 8, into finite–amplitude Görtler vortices. After saturation, the

flow stabilizes into a stationary turbulent regime.

In contrast to the numerical simulations presented in the previous section, where

by–pass transition was triggered for the plane wall jet on the same domain size, the

by–pass transition for the cylindrical geometry produces a turbulent state at the

wall that does not appear to be sustainable. As indicated by figure 4.11 (right), the

amplitude of all modes, in fact, slowly decays in time, from T = 2 to T = 9, until

large turbulent structures in the outer region dominate the flow.

As a further validation, figure 4.12 compares the distribution of the turbulent
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kinetic energy, κ+, for successive time instants of the by–pass process to the distribu-

tion of κ+ for the stationary turbulent plane wall jet (from section 4.1.) The initial

breakdown of the streaks generated at the wall produces a distribution of kinetic

energy consistent with the regeneration process. However, the total kinetic energy

decays in time as the energy content in the outer region grows as a consequence of

the centrifugal instability mechanism.
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Figure 4.12: Evolution in time of the turbulent
kinetic energy expressed in wall–coordinates, κ+,
and compared with the corresponding value from
the plane wall jet. The mean velocity profile is
also indicated.

Such behavior cannot be explained

by the differences between the Cartesian

and the curvilinear geometry, since the

thickness of the wall region is negligible

compared to the radius of curvature and

the boundary layer assumption allows to

neglect the curvature terms in the curvi-

linear governing equation.

Instead, a possible explanation can

be drawn from Rayleigh’s criterion (1.2).

The regeneration mechanism for the wall

turbulence is based on the growth and

breakdown of the streaks near the wall. The streaks are coherent structures aligned

in the streamwise direction and are located in a region of the flow that, according to

Rayleigh’s criterion, is stable to perturbations in the spanwise direction. The growth

of streaks is therefore reduced and, consequently, the regeneration mechanisms is

weakened and less effective.

An additional explanation of this behavior can be sought in the energy interaction

between instability mechanisms in the wall region with instability mechanisms in

the outer region. Streaks are stable with respect to linear centrifugal modes (their

dynamics are indeed based on non–linear mechanisms, as discussed in section 4.1.1),

whereas a primary instability mechanism is present in the outer region of the jet.
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Therefore, the initial spanwise perturbations develop into the linear Görtler mode

instead of producing the desired streaks at the wall. In other words, the primary

instability dominates the energy balance in the linear phase before the streaks can

become relevant in the non–linear regime. Kinetic energy from the base flow is thus

transferred to the laminar Görtler vortices in the outer region instead of being used

to jump–start the regeneration mechanism at the wall.
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Figure 4.13: Comparison between the amplifica-
tion rate of the Görtler mode in the laminar flow
and in the flow where turbulence is present.

The reduced turbulence activity ini-

tially produced at the wall through by–

pass transition for the Coanda wall jet

can also be appreciated by comparing the

growth of the Görtler mode in both tran-

sition paths. The evolution in time of the

first spanwise mode, (0, 1), for both cases

(shown in the lower plots of figure 4.11),

are considered from T = 0 to T = 9 and

their amplification rate is compared in

figure 4.13.

For the “natural” transition path (through primary instability), the first spanwise

mode, (0, 1), shows perfectly exponential growth. When by–pass transition is trig-

gered, the turbulence at the wall induces turbulent motion in the outer region, which

is expected to alter the centrifugal instability mechanism, since turbulence activity

corresponds to an additional turbulent viscosity, νT . Yet, the evolution in time of the

first spanwise mode, (0, 1), approaches the same linear growth rate as in the laminar

case (figure 4.13, bottom.)

Beyond the transition, however, the intense momentum exchange provided by the

turbulent motion is expected to “enforce” the ergodicity principle and ensure that the

final stationary turbulent regime becomes independent of the initial perturbations

and, consequently, of the transition path. The turbulence statistics calculated at
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Figure 4.14: Distribution of the turbulent kinetic energy, κ+, and of the turbulence production,
P+, for stationary turbulent regimes obtained with two different transition paths and compared
with the corresponding stationary solution from the plane wall jet without large structures.

a sufficiently advanced time from preliminary simulations (carried out with coarse

numerical resolution on a Lθ = 0.1 × Lz = 0.1 computational domain) seem to

confirm such assumption.

Figure 4.15: Low–speed streaks ren-
dered by isosurfaces of streamwise vortic-
ity for the case of curved wall.

In figure 4.14, the distributions of turbulent

kinetic energy, κ+, and of turbulence produc-

tion, P+, indicate a substantial agreement be-

tween the stationary turbulent regimes reached

through the two different transition paths dis-

cussed above. Slight differences can be at-

tributed in part to the coarse resolution, and in

part to the insufficient simulation time elapsed

from the transition. The presence of large struc-

tures, in fact, is believed to significantly extend the time needed for convergence.

The Görtler vortex pair in the outer region of the jet is responsible for the peak in

kinetic energy (figure 4.14, left.) It is also worth noting that the kinetic energy at the

wall appears to be slightly lower than for the case of the turbulent plane wall jet where

no large structures are present. The distribution of turbulence production, P+, on

the other hand (figure 4.14, right), indicates the presence of two distinct mechanisms.
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Figure 4.16: Spectra of turbulent kinetic energy computed in both the streamwise and the spanwise
directions, for both the wall region and the outer region. The converged stationary turbulent flows
from two different transition paths are compared.

Near the wall, turbulence production is distributed similarly as in the case of the

plane wall jet discussed in the previous section. This suggests that the regeneration

mechanism is still active, as indicated by the presence of streaks (figure 4.15), albeit

significantly reduced when compared with the plane case.

The predominant mechanism, however, is represented by the Görtler vortex pair

in the outer region of the turbulent wall jet profile. The kinetic energy associated

with the large structure is one order of magnitude larger than the energy associated

with the wall activity and the turbulence production is more than double in the outer

region compared to the wall region.

A conclusive validation of the ergodicity principle for the flow conditions investi-

gated in the present section is offered by the comparison of the spectra of turbulent

kinetic energy, of the flow resulting from the two indicated transition paths. In fig-

ure 4.16, good agreement is observed for both streamwise and spanwise spectra at

the wall as well as in the outer region. An increased level of energy (energy pile–up)
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is visible at the high–wave number end of the curves for the outer region and is an

indication of coarse resolution.

As opposed to the flow condition investigated in the previous section, where no

large structures are present, the prevalent turbulence activity in the Coanda wall jet

studied in the present section is located in the outer region of the flow. The cylindrical

geometry widens the streamwise size of the grid cells away from the wall and makes

the requirements in terms of numerical resolution more stringent.

It also has to be pointed out that the numerical resolution of the wall–normal

grid adopted for these preliminary numerical simulations is particularly coarse in the

outer region. This leads to an overestimation of the energy associated with the largest

spanwise modes in the outer region.

4.2.2 Stationary Turbulent TDNS

The preliminary numerical simulations of the turbulent Coanda wall jet performed

on a reduced computational domain with low resolution have successfully validated

the use of the temporal approach for the numerical reproduction of a turbulent wall

jet flow on a curved surface in which only large coherent longitudinal structures are

present (second flow scenario.)

Successively, two numerical simulations are carried out with a refined wall–normal

grid and increased number of Fourier modes in both the streamwise and the spanwise

directions. The first simulation has 81 modes in the streamwise and 21 modes in the

spanwise directions, whereas the second, most resolved simulation has 161×41 modes.

The extent of the domain at the wall is consistent with the one of the numerical

simulations presented in section 4.1, where Lx = 0.4 and Lz = 0.1. Transition

to turbulence is achieved through a by–pass procedure and a large time period is

considered in order to let the turbulent flow converge to a stationary regime where

longitudinal structures occur.
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Figure 4.17: Distribution of turbulent kinetic energy, κ+, and of turbulence production, P+, for
the turbulent Coanda wall jet when only large longitudinal coherent structures are present. The
same distribution is also shown for the case of turbulent flow without large structures. The mean
velocity profile is indicated in the lower portion of the diagrams.

Compared with the first flow scenario (section 4.1), for the turbulent flow with

longitudinal vortices (second flow scenario) the distribution of turbulent kinetic en-

ergy, κ+, shows a significant shift of turbulence intensity from the wall region to the

outer region, as indicated in figure 4.17 (left.) It can also be observed that the region

of maximum turbulent kinetic energy, corresponding to the turbulent Görtler vortex

pair, presents a peak close to the halfwidth of the wall jet and extends its influence

into the wall region. No minimum of κ+ can be observed that would correlate with

the maximum velocity in the mean profile.

It is important to point out that the wall–coordinate representation in figure 4.17

is used in order to highlight wall behaviors and implies a logarithmic scale. As a

consequence, the integral of the energy increase in the outer region is much larger

than the integral of the energy decrease in the wall region, when compared with the

turbulent flow without large structures. The total kinetic energy of the turbulence

contained in the flow is therefore much larger when large structures are present.

The difference in energy content can be appreciated by separately considering

the spectra of turbulent kinetic energy in the outer region and in the wall region, in

the streamwise and in the spanwise directions, as shown in figure 4.18. In the outer
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Figure 4.18: Spectra of turbulent kinetic energy computed in both the streamwise and the spanwise
directions, for both the wall and the outer regions. The case of flow without large structures is also
indicated.

region, the curves corresponding to the turbulent flow with longitudinal structures

are noticeably higher than those for the case without large structures, whereas the

opposite occurs in the wall region.

Again, the effect of the energy pile–up can be observed for the case of medium

numerical resolution (81 × 21 modes), albeit much reduced with respect to the case

shown in figure 4.5.

As in the case of the plane wall jet without large structures (section 4.1), the qual-

ity of the numerical resolution can be evaluated a–posteriori by directly computing

the turbulence quantities from the TDNS data. For the turbulent Coanda wall jet

with longitudinal structures, the Kolmogorov length scale, ηK , (estimated from the

turbulence dissipation rate, ε, equation (4.3)) is shown in figure 4.19 (left) for two

different numerical resolutions (81× 21 modes and 161× 41 modes) and is compared
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Figure 4.19: Wall–normal behavior of the estimated Kolmogorov length scale, ηK (left), and of
the ratio of ηK with the wall–normal grid cell size (right), for turbulent Coanda wall jet with Görtler
vortices. The same distribution is also shown for the case of turbulent flow without large structures.

with the distribution of ηK resulting from the plane wall jet without large structures

(red curve.)

It can also be observed that, while the local maximum of ηK for the plane wall jet

without large structures (first flow scenario) coincides with the location of maximum

velocity in the mean profile, for the flow with longitudinal vortices this location is

shifted toward the wall. As an additional consequence of the presence of coherent

structures, the local minimum of ηK in the outer region reaches a lower value which

indicates a stronger turbulence activity in this region. In contrast, ηK increases near

the wall for the Coanda wall jet, thus indicating a decreased turbulence activity.

As a result, the wall–normal resolution of the small scales in this region increases,

when compared to the first flow scenario. This can be seen from the ratio ηK/∆y in

figure 4.19 (right), which indicates that the smallest turbulent structures are resolved

by more that 10 grid points. However, the ratio of the Kolmogorov length to the

geometric diagonal of the grid cell (equation (4.4)) appears more representative of

how well the small scales of turbulence are resolved by the grid, as shown in figure 4.20

for both the plane wall jet (first flow scenario) and the Coanda wall jet (second flow

scenario.) It should be noted that, for the cylindrical geometry adopted for the

Coanda wall jet, the streamwise extent of the grid cells increases in radial direction
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as

∆x = ∆x(r) = r · ∆x|w = (1 + y) · ∆x|w , (4.7)

thus reducing the numerical resolution in the outer region in comparison with the

Cartesian geometry used for the plane wall jet.
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Figure 4.20: Wall–normal behavior of the ratio
between the Kolmogorov length scale, ηK , and the
diagonal of the local grid cell.

From figure 4.20 it can be in-

ferred that the numerical simulation

performed with 161×41 modes is capa-

ble of resolving flow structures smaller

than ∼ 10ηK in the wall region as well

as in the outer region. Therefore, this

numerical simulation represents a true

Temporal Direct Numerical Simulation

(TDNS) of the turbulent Coanda wall

jet that can be used for the a–posteriori

analysis of turbulence models carried

out in chapter 5.

4.3 Turbulent Wall Jet with Large Spanwise Structures

In this section, the mean velocity profile extracted from the SDNS at location 84.6◦

has been adopted for the numerical simulation of a stationary turbulent wall jet

where large coherent structures with spanwise axis (rollers) develop. As discussed

in section 4.1, the centrifugal instability mechanism is suppressed by reducing the

streamwise curvature to zero and thus a wall jet flow on a flat plate is considered. On

the other hand, the streamwise extent of the computational domain, Lx, is now larger

than the critical wavelength, λc,x, and the wall jet is therefore unstable with regard

to 2D, inviscid modes. The simulation of this turbulent wall jet flow is thus expected

to exhibit large coherent spanwise structures and, compared to the turbulent flows
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reproduced in the two previous sections, it offers more similarities with the spatial

wall jet observed in both experiments and SDNS.

Additionally, the large spanwise rollers generated within the turbulent flow pro-

duce a more significant alteration of the flow. Since the core of the vortex is relatively

close to the wall, a further counter–rotating vortex in the wall region is induced that,

in turn, increases the turbulence activity near the wall.

A preliminary investigation is carried out by means of low–resolution numerical

simulations in order to study different transition paths that bring the initially laminar

flow to a stationary turbulent regime, and to validate the ergodicity principle applied

to this particular flow.

4.3.1 Stationarity and Traveling Waves

Figure 4.21: Steady large spanwise coherent
structures rendered by isosurfaces of Q in a moving
observation frame. The flow is averaged in time.

As opposed to the stationary flow of the

previous section, where longitudinal vor-

tices are present in the flow with a rel-

atively steady core, the turbulent wall

jet flow presented in this section exhibits

large coherent structures aligned in the

spanwise direction which are convected

with the flow. Consequently, while the

average over an arbitrary time–period

of the former case reveals the presence

of Görtler vortices, the same operation

would cancel the large–scale motion (rollers) in the present flow scenario.

This apparent difference between two types of large–scale turbulent structures

that are otherwise intuitively defined as vortices was explained by Wu et al. (2006) to

be based on a Galilean invariant. Both vortices can be described in terms of spatial
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waves. While Görtler vortices have zero phase speed and are therefore steady, span-

wise rollers are convected. In a stationary turbulent regime, the advective vortices

move with constant speed and a geometric transformation with an observation frame

that travels with the rollers thus results in a turbulent flow with a stationary system

of large coherent structures, as indicated in figure 4.21.

With such a unique analysis tool, a stationary picture of the turbulent flow with

large coherent structures is obtained and the availability of an unrestricted simulation

time allows for a very accurate determination of turbulence statistics.

4.3.2 Transition Paths to Turbulence

The presence of one primary instability mechanism constitutes a possible transition

path to turbulence. For the case investigated in section 4.2, for example, centrifugal

modes in the laminar flow generate finite–amplitude vortices that trigger higher–order

instability modes, thus leading to breakdown to turbulence. In a similar way, by

allowing 2D instability modes in the flat–plate laminar wall jet studied in the present

section, the primary instability gives rise to finite–amplitude spanwise vortices which

are unstable to secondary instability modes and eventually transition to turbulence.

This will be henceforth referred to as the “natural” transition path.

Alternatively, the streamwise periodicity of temporal numerical simulations allows

for the realization of an additional possible transition path where the laminar flow is

first transitioned through by–pass mechanisms (see section 4.1.1) and large vortices

are only later on allowed to grow in the turbulent flow. Because of the periodicity, the

stationary flow field obtained in the first flow scenario (section 4.1) on a Lx = 0.4 ×
Lz = 0.1 domain can be repeated twice in the streamwise direction in order to form a

new computational domain with twice the streamwise extent (Lx = 0.8 × Lz = 0.1),

as sketched in figure 4.22 in streamwise Fourier space.

In the temporal model, the flow field is represented in the streamwise Fourier space,



128

whereby the first streamwise mode, (1, 0), corresponds to a wavelength that coincides

with the streamwise domain extent, λ1 = Lx. The higher modes are represented by

a subsequent harmonic series, as defined by the expression (2.22). By doubling the

streamwise extent of the domain, the first mode also doubles its wavelength, λ1 = 2Lx,

and the harmonic series is altered correspondingly, as sketched by the green line in

figure 4.22.

Figure 4.22: The effect of streamwise domain
doubling on the streamwise spectrum.

From an operational point of view, by

taking a flow field that represents a sta-

tionary turbulent wall jet on a 0.4 × 0.1

computational domain (black/red line in

figure 4.22) and by inserting it into a do-

main that is twice as long in the stream-

wise direction (0.8 × 0.1), a larger num-

ber of Fourier modes are required (green

line in figure 4.22). In fact, in the longer

domain, the original flow becomes repre-

sented only by the even wave numbers,

whereby the odd wave numbers are initially zero.

A first obvious consequence is that the numerical simulation of the flow carried

out on a domain that is twice as large requires twice as many modes in order to

maintain the same numerical resolution as for the original domain. A more important

consequence, however, is that all odd Fourier modes are (initially) identically zero.

It should be noted that the interaction between Fourier modes in the Navier–Stokes

equation only occurs by means of the non–linear terms, where the flow field appears

as a second moment, U i,kU i,k. Therefore, no odd mode (1,3,5,7,...) can be affected

by any non–linear combination of even modes (2,4,6,8,...). An initial perturbation in

(at least) one odd mode is necessary to produce a complete spectrum of motion, even

though the flow is already turbulent.
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Figure 4.23: Amplitude and amplification rate of mode (1, 0) for the plane wall jet. Comparison
between the linear growth in the laminar regime and the growth in the turbulent regime.

From this point of view the temporal numerical simulation represents an un-

matched investigation tool for the analysis of primary instability mechanisms in tur-

bulent flows. For the flow investigated here, it also offers a validation of the as-

sumption proposed by Ho & Huerre (1984) and by Gaster et al. (1985), a that the

occurrence of large coherent structures in turbulent flows is a direct consequence of

primary instability mechanisms.

Two distinct temporal numerical simulation are performed on a 0.8× 0.1 compu-

tational domain. The first starts with a laminar wall jet in which the first streamwise

mode, (1, 0), is initially perturbed and monitored in time. Since the first streamwise

mode with wavelength λx = 0.8 is unstable with regard to 2D instability mechanisms,

its amplitude exhibits, in accordance with the linear stability theory, exponential

growth over a certain interval in time, as indicated in the upper plot of figure 4.23.

The second numerical simulation starts from a turbulent flow without large struc-
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tures originally generated on a 0.4 × 0.1 computational domain (the wavelength

λx = 0.4 is stable with regard to 2D instability mechanisms) and doubled in the

streamwise direction to a 0.8 × 0.1 computational domain. As shown in the center

plot in figure 4.23, the first streamwise mode, (1, 0), which is initially zero, is per-

turbed and its evolution is monitored in time. Despite the presence of underlying

turbulent motion and the associated non–linear interactions, the growth of the first

streamwise mode approximates the linear behavior found in the laminar case, as in-

dicated in the lower plot of figure 4.23. The amplification rate shown in the turbulent

case appears to be smaller than in the laminar case and such a difference can be

explained by considering that the presence of small–scale turbulence corresponds to

an additional turbulent viscosity which effectively lowers the Reynolds number and

therefore alters the stability properties of the flow.

A complete investigation of the effect of turbulence on the primary instability

mechanisms is beyond the scope of the present research and the study of two concur-

rent transition paths from the laminar flow to the (stationary) turbulent wall jet with

spanwise coherent structures is carried out here for the sole purpose of validating the

ergodicity principle in a similar way as discussed in section 4.2.1.

Compared to both the first flow scenario (wall jet without large structures) and

the second flow scenario (Coanda wall jet with longitudinal vortices), the turbulent

wall jet with large rollers (third flow scenario) requires a much longer simulation time

in order to reach a stationary turbulent regime. Nevertheless, the two preliminary

numerical simulations of the different transition paths eventually show convergence

to a similar stationary state, as indicated in figure 4.24.

The wall–normal distributions of the turbulent kinetic energy, κ+, corresponding

to the turbulent flows obtained from both transition paths (figure 4.24, left) show

good agreement in both the outer region and the wall region. The rollers represent

the dominant phenomenon in this turbulent flow and their effect extends across the

entire computational domain, as inferred by the higher level of turbulent kinetic
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Figure 4.24: Validation of the ergodicity principle for the turbulent wall jet with large spanwise
structures. Distribution of turbulent kinetic energy, κ+, and of turbulence production, P+, for
numerical simulations of two different transition paths.

energy in both the wall region and the outer region. The mismatch observed inside

the outer region of the wall jet in the energy distribution between the two turbulent

flows can be attributed, in part, to the incomplete convergence toward the stationary

regime and in part to the relatively coarse numerical resolution adopted for these

preliminary simulations.

Additionally, it should be pointed out that for the present case the wall–normal

distributions shown in figure 4.24 are obtained from averaging in the streamwise di-

rection in order to allow for a direct comparison with the turbulent flows investigated

in the two previous sections. The presence of a large coherent structure in the tur-

bulent flow leads to a significant variation of κ and P over both the wall–normal and

the streamwise directions. Therefore, a 2D representation in the streamwise plane

(x, y) would provide a more accurate description of the turbulence activity. This

becomes particularly apparent in figure 4.24 (right) for the turbulence production.

The streamwise average cancels out variations in the streamwise direction and the

resulting level of turbulence production in the outer region appears therefore strongly

reduced.

Nevertheless, the agreement is sufficient to justify the ergodicity principle for the

turbulent wall jet with large spanwise structures and further validation is provided by
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Figure 4.25: Stationary Turbulent wall jet with large spanwise vortices obtained though two
different transition paths: Spectra of turbulent kinetic energy in the streamwise and in the spanwise
directions for both the wall region and the outer region.

the agreement in the distribution of the turbulent kinetic energy across the spectrum

in both the spanwise and the streamwise directions, in the outer region as well as in the

wall region, as indicated in figure 4.25. Small differences appear in the small scales of

motion and are clearly related to the lack of numerical resolution, particularly in the

spanwise direction. Yet, for the large scales of motion, the distribution of turbulent

kinetic energy is almost identical.

4.3.3 Stationary Turbulent TDNS

Preliminary numerical investigations have provided a validation of the temporal nu-

merical simulation of a stationary turbulent wall jet with spanwise large structures

and have demonstrated that the ergodicity principle holds even in the presence of

very strong structures within the flow.

It has been observed that, for temporal numerical simulations, the saturation

level of the large coherent structures and the associated energy balance depend on
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the streamwise wavelength of the structures (which coincides with the streamwise

extent of the computational domain). Such analogy to the linear disturbance growth

should not come as a surprise. As indicated in figure 3.4 (left), according to LST

each wavelength is associated with a defined amplification rate that is connected with

an energy transfer from the mean flow to the disturbance.

Within the framework of the linear theory, the energy transfer to the first stream-

wise mode, (1, 0), continues indefinitely, thus resulting in unbounded growth. Coun-

teracting mechanisms arise as a consequence of non–linearity and, particularly, through

the cascade process within the turbulence spectrum.

In the turbulent regime, energy is transferred from the mean flow to the first

streamwise mode through the primary instability mechanism, but it is also redis-

tributed to higher modes through non–linear interactions. A stationary state (satu-

ration) thus represents a dynamic energy balance in which the rate of energy transfer

from the mean flow is equal to the rate of energy transfer to the higher modes.

For highly resolved TDNS, which will now be discussed, the streamwise extent

of the computational domain was reduced from Lx = 0.8, as adopted for preliminary

investigations, to Lx = 0.7, which allows for a significant reduction of the total

kinetic energy within the turbulent flow and which, therefore, poses less stringent

requirements in terms of computational costs.

The two–dimensional distribution of the turbulent kinetic energy (figure 4.26, top)

highlights the distribution of turbulent activity in the region surrounding the roller

and explains the drastic increase in κ+ shown in figure 4.24 (left.) Correspondingly,

the distribution of turbulence production, P, shown in figure 4.26 (bottom), also

exhibits a strong two–dimensional character that reflects the shape of the (traveling)

roller.

It can be observed that a numerical simulation with relatively coarse resolution

(81 × 21 modes) is able to reproduce the correct distribution of both κ and P. On

the other hand, high–resolution numerical simulations (161×41 and 321×41 modes)
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Figure 4.26: Distribution in the streamwise plane of turbulent kinetic energy, κ (top), and of
turbulence production, P (bottom), for the turbulent wall jet with large spanwise structures.

show two distinct maxima of turbulence production, P. One is located close to the

wall and is comparable to the peak observed for the case of the turbulent wall jet

without large coherent structures (see figure 4.4.) The second peak occurs in the

region where the fluid is lifted away from the wall by the roller.

From a more general point of view, figure 4.26 offers a clear insight into the

turbulence dynamics caused by the large coherent structure. At the wall, the presence

of the roller induces high shear that generates a characteristic peak in turbulence

production. The fluid from this region and the associated turbulent kinetic energy is

then convected around the roller by its counterclockwise rotation.

The spectra of turbulent kinetic energy in both the streamwise and the spanwise

directions are calculated in the wall region as well as in the outer region and are

shown in figure 4.27. The presence of the rollers is made evident by the high energy

associated with the first streamwise mode. Because of the energy cascade, however,

the energy throughout the entire spectrum exhibits higher levels than for the turbulent

flows from the previous two sections, even though the − 5
3

behavior is followed with

good approximation by the spectra corresponding to the high–resolution simulation

(321 × 41 modes.)

It can also be observed that the enlarged streamwise domain requires a larger
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Figure 4.27: Spectra of turbulent kinetic energy in the streamwise and in the spanwise directions
for both the wall region and the outer region of the turbulent wall jet with large spanwise vortices.
The spectra from the cases without large structures and with longitudinal vortices are also shown.

number of numerical modes in order to maintain a sufficient resolution in space. The

accumulation of energy in the higher wave numbers (energy pile–up) becomes more

relevant as a consequence of the increased overall energy content and is only reduced

by a very large number of numerical modes.

An important consequence of the increased overall turbulent kinetic energy is

illustrated in figure 4.28 (left), where the Kolmogorov length scale, ηK , estimated

from the resolved flow field, is shown. As already noted for the turbulent flows

presented in the previous sections, the estimate of ηK does not seem to be affected

by the numerical resolution of the simulation. Compared to the turbulent flow from

the first and from the second flow scenarios, the size of the smallest turbulent scale

significantly decreases for the turbulent flow with rollers. As a consequence of the

increased turbulence activity, ηK becomes even smaller throughout the entire wall

region and only in the outer region it reaches values that are comparable with the

previous turbulent flows.
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Figure 4.28: Wall–normal distribution of the size of the smallest scale of turbulent motion (Kol-
mogorov length scale, ηK , on the right) estimated from the turbulence statistics of the flow field,
and compared with the diagonal of the local numerical grid cell (left.)

In addition to the increased numerical cost due to the extended streamwise domain

size, the smaller estimated Kolmogorov length scale causes a further reduction in the

capability of the numerical simulation to capture the smallest scales of motion. In

figure 4.28 (right), the diagonal of the local grid cell appears to be almost two orders

of magnitude larger than ηK at the wall for a numerical resolution of 81 × 21 modes

(low resolution.) With 161 × 41, the ratio is reduced to ∼ 50 : 1, and only for the

highest resolution allowed by the numerical code (321 × 41) this ratio reduces to a

small enough value such that the numerical simulation qualifies as (Temporal) Direct

Numerical Simulation.

4.4 Turbulent Coanda Flow with Multiple Coherent Structures

The turbulence mechanisms present in the Coanda wall jet that were studied sep-

arately in the previous sections are finally combined in the present section. The

curvature of the wall is added and the streamwise size of the computational domain

is extended beyond the critical wavelength. Aside from the turbulence production

mechanism due to the presence of the wall, two different types of large coherent struc-

tures are expected to occur as a consequence of two primary instability mechanisms

that also lead to turbulence production.
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This case represents the most complex flow scenario produced by the temporal

numerical simulation of the turbulent Coanda wall jet based on a fixed mean velocity

profile. Interactions between single coherent structures in the outer region (either

rollers or Görtler vortices) and the turbulence production mechanism at the wall

have already been discussed in the previous sections. The interactions between two

different large coherent structures coexisting in the outer region of the jet can now

be investigated in a turbulent flow that is maintained stationary over time.

4.4.1 Transition and Stationarity

In the first flow scenario (section 4.1), transition from laminar to turbulent regime

could be achieved only through a by–pass process. For the second and for the third

flow scenarios (section 4.2 and section 4.3, respectively), it was demonstrated that the

introduction of one primary instability mechanism generates one additional (“natu-

ral”) transition path characterized by the initial growth of a primary instability mode

followed by secondary instability modes that lead to breakdown. For these scenarios,

the flow transitions to a stationary turbulent regime that is uniquely defined for each

particular flow configuration and that, due to the ergodicity principle, is independent

of the transition paths.

For the present case (fourth flow scenario) the increased flow complexity derived

from the presence of both primary instability mechanisms not only allows for addi-

tional transition paths, but also puts the uniqueness of the resulting “stationary”

turbulent regime into question. In fact, it is not unreasonable to predict that either

type of coherent structures (longitudinal or spanwise) can dominate the turbulent

flow while suppressing the other, in which case different transition paths can lead

to different stationary turbulent regimes. Incidentally, this would validate the diver-

sification of the turbulent Coanda wall jet observed in experiments where different

upstream perturbations are introduced. Even though the temporal approach is the
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perfect numerical tool for the such an investigation, the analysis of multiple transition

paths and multiple equilibrium states for the turbulent Coanda wall jet is well beyond

the scope of the present work. On the other hand, it should be pointed out that for

the particular flow parameters adopted here the large spanwise structures appear to

dominate the turbulent flow. Furthermore, for temporal numerical simulations of the

laminar Coanda wall jet carried out on the same geometry as used in the present

work, Laible et al. (2006) showed that even when fully developed Görtler vortices are

present, large spanwise vortices arise and quickly dominate the flow.

Two preliminary numerical simulations have therefore been performed in order

to evaluate the ergodicity principle for the present flow parameters. Each simulation

starts with a stationary turbulent flow with either type of coherent structures present,

to which a further instability mechanism is added. In the first case, a turbulent flow

with longitudinal coherent structures (Görtler vortices, as simulated in the second

flow scenario) is used as initial condition in a computational domain whose streamwise

extent is twice as wide. The larger domain allows for 2D instability modes that are

expected to generate (additionally to the already present longitudinal structures)

spanwise coherent structures (rollers) in the turbulent flow. In the second case, the

stationary turbulent wall jet with spanwise coherent structures (rollers) is considered

as initial condition and centrifugal instability modes are introduced in the flow by

gradually increasing the curvature of the wall from zero (flat plate) to that of the

Coanda cylinder.

For both simulations, the amplitudes of the streamwise modes are monitored over

time and compared in figure 4.29. When starting from the turbulent Coanda wall

jet with longitudinal structures (figure 4.29, top), the growth of the rollers can be

clearly detected, whereas in the second case (starting from the turbulent plane wall

jet with rollers, bottom of figure 4.29) only minor adjustments occur in the energy

distribution of flow, whereby no Görtler vortices are observed to develop.
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Figure 4.29: Amplitude of the streamwise modes for the turbulent Coanda wall jet evolving from
two different states. On the top: From the turbulent wall jet with longitudinal structures. On the
bottom: From the turbulent wall jet with rollers.

Figure 4.30: Weak three–dimensionality of the
time–averaged stationary turbulent Coanda wall
jet where both instability mechanisms are allowed.
Isosurfaces of Q (red) render the roller, isosurfaces
of κ (blue) highlight 3D secondary structures.

The mechanisms that are responsi-

ble for the generation of large spanwise

structures (rollers) appear to have much

stronger effects on the turbulent flow

than the centrifugal mechanisms that

generate the longitudinal structures. In-

deed, in the first case the presence of

saturated Görtler vortices do not seem

to affect the growth of rollers within the

turbulent flow, and in the second case

the introduction of centrifugal instability

mechanisms results in only minor alter-

ations of the turbulent flow when rollers

are already present.
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Both preliminary numerical simulations converge to the same stationary turbulent

flows (rendered in figure 4.30 by isocontours of Q and of κ) that appears similar to the

third flow scenario (turbulent plane wall jet with rollers.) The (time–averaged) lon-

gitudinal vortical structures that develop from centrifugal instabilities due to stream-

wise curvature are strongly reduced in the presence of the spanwise vortices.

It is worth noting that the presence of a steady vortical structure aligned in the

spanwise direction generates regions where the flow experiences a strong streamwise

curvature. In the corresponding cylindrical coordinates based on the vortex core,

significant velocity gradients in the radial direction pose the conditions (Rayleigh’s

criterion) for an additional, local centrifugal instability mechanism that is expected

to assume a more relevant role than the centrifugal instability due to the curvature

of the wall. This secondary instability mechanism is in fact considered responsible

for the development of so–called braids, i.e. longitudinal coherent structures wrapped

around the rollers, as first observed by Breidenthal (1978) and by Bernal et al. (1979),

and later discussed by von Terzi (2004) and by Valsecchi et al. (2005).

On the other hand, however, the spanwise width of the computational domain co-

incides with the dominant wavelength defined for the primary Görtler instability, and

is necessarily different from the dominant wavelength determined by the secondary

centrifugal mechanism caused by the presence of rollers. Therefore, even though the

three–dimensional character of the coherent structures shown in figure 4.30 can be

attributed to this secondary instability phenomenon, the strength of the secondary

coherent structures is considerably reduced by the limited spanwise domain width.

4.4.2 Stationary Turbulent TDNS

A unique stationary state has been determined for the turbulent Coanda wall jet that

exhibits dominant large spanwise coherent structures and weak longitudinal coherent

structures. In the following, TDNS are carried out with higher numerical resolutions
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(161 × 21 modes and 241 × 41 modes.) Although the resulting stationary turbulent

flow appears similar to the turbulent flow presented in section 4.3, some important

differences can be detected by considering the spectra of turbulent kinetic energy at

the wall and in the outer region, as shown in figure 4.31.
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Figure 4.31: Spectra of turbulent kinetic energy computed in both the streamwise and the spanwise
directions, for both the wall and the outer regions. Results from the complete turbulent Coanda
wall jet are compared with the corresponding results from the third flow scenario.

In the streamwise spectra both near the wall and in the outer region, the presence

of a dominant spanwise structure produces a characteristic maximum for the low wave

numbers that replicates the behavior found in the third flow scenario (turbulent plane

wall jet with rollers.) However, the overall energy level of the turbulence appears

higher. This can be explained as a consequence of the curvilinear geometry, for

which the streamwise extent of the computational domain grows with increasing wall

distance. Compared to the case with plane wall (third flow scenario, section 4.3), the

streamwise size of the rollers is slightly larger and their saturation occurs therefore

at a higher energy level. This is also the likely cause of the increased energy pile–up
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for high wave numbers observed in figure 4.31.

On the other hand, the spanwise spectra show an increase of energy uniformly

distributed over all wave numbers that can be attributed to the introduction of the

additional centrifugal instability mechanisms due to the streamwise curvature. Weak

longitudinal structures are present and, indeed, the differences in the spanwise spectra

between the present case and the case of the turbulent plane wall jet with rollers

resemble the differences in figure 4.18 between the case of the turbulent plane wall jet

without large structures (first flow scenario) and the turbulent Coanda wall jet with

longitudinal structures (second flow scenario.)
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Figure 4.32: Wall–normal evolution of the nu-
merical resolution for the case of complete Coanda
flow, compared with the previous three flow sce-
narios.

The increased level of turbulent en-

ergy in the flow results in a even smaller

Kolmogorov length scale than for the

case presented in the previous section

(third flow scenario.) In addition, the

maximum number of numerical modes

supported by the curvilinear version of

the numerical code (241 × 41 modes) is

smaller than in the Cartesian case, as

discussed in section 2.2.3. The capac-

ity of the numerical grid to resolve the

smallest scales of turbulent motion is therefore reduced. For the highest numerical

resolution of the simulation of the complete turbulent Coanda wall jet, the ratio be-

tween the Kolmogorov length scale and the local grid cell size exhibits minima of 0.05

at the wall and in the outer region, and a maximum that barely reaches 0.1, as shown

in figure 4.32. This TDNS is, therefore, somewhat under–resolved.
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5. ANALYSIS OF TURBULENCE MODELS

In this part of the research, the TDNS database discussed in the previous chapter is

utilized for investigating the capabilities of different turbulence modeling techniques

with the ultimate goal of improving the performance of the Flow Simulation Method-

ology (FSM).

By taking advantage of the high numerical resolution delivered by TDNS, the

turbulence quantities that in simulations on coarser grids are estimated by turbulence

models can be directly calculated from the fully resolved flow field. Therefore, a

direct comparison becomes possible between the turbulent stress tensor estimated by

any turbulence model, τmodel
ij = τmodel

ij (~U, Sij), and its correct values, τ true
ij = −u′

iu
′
j,

thus allowing a clear quantitative assessment of the performance of the investigated

turbulence models. This methodology is often referred to as an a–posteriori analysis.

After a discussion of the topology of the turbulent stress tensor for the different

TDNS flow scenarios presented in this work, the analysis focuses on the capability

of different turbulence modeling techniques to reproduce the various turbulence pat-

terns arising from different flow conditions (wall region, large structures, etc.). The

stationarity of the turbulent flows represented by the TDNS allows the investigation

to consider RANS conditions, for which both the mean flow and turbulence statistics

are constant in time. Successively, time–dependence is introduced in order to evaluate

the behavior of the hybrid turbulence model FSM .

5.1 Turbulent Stress Tensor and Homogeneous Directions in Space

The particular formulation of the forcing term applied to the governing equation

allows the temporal numerical simulations performed in the framework of the present

research to reproduce turbulent flow fields that are stationary in time, as discussed

in section 3.5. The duration of the TDNS simulation time can thus be extended
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indefinitely and the time–average computed over the entire simulations becomes a

good approximation of definition of the Reynolds average (equation (1.12).)

This allows a clear operative definition of coherence with regard to turbulent

structures that are present in the flow. By applying a Reynolds average in time

to the governing equation, the flow field can be decomposed into a mean flow, ~U

(resolved flow), and a fluctuation portion, ~u′ (unresolved flow), that represents the

underlying turbulent motion, as discussed in section 1.4. The resulting mean flow is

therefore constituted not only by the wall jet profile extracted from the SDNS at

θ = 84.6◦ (which is kept constant in time), but also contains large scales of motion in

all directions of space that do not fluctuate in time, i.e. coherent structures,

~U = ~U(~x) = ~U86.4◦(y) + ~Ucoher.str.(x|θ, y, z). (5.1)

From this point of view, it appears evident that the difference between the time–

averaged flow fields resulting from the four different flow scenarios reduces to the

(steady) coherent structures, ~Ucoher.str., that are present in the time–averaged flow. In

other words, the TDNS database is based on the wall jet profile, ~U86.4◦ = ~U(y), onto

which different large coherent structures with increasing complexity are superimposed.

The TDNS database represented by the four flow scenarios thus offers a particularly

valuable basis for the performance analysis of turbulence models since it includes four

representations of the same turbulent wall jet with increasing topological complexity,

from the case of a flow without large structures to the case of flow with multiple large

coherent structures.

The effect of the unresolved scales of motion, ~u′, on the resolved scales, ~U , is

represented in the governing equation by the turbulent stress tensor, τij = −u′
iu

′
j.

Form the point of view of the flow physics it can intuitively be expected that the

spatial distribution of the mean flow determines a corresponding complexity of the

underlying turbulent motion, whereby particular flow topologies of the mean flow

such as large coherent structures result in a characteristic distribution of the different
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Figure 5.1: Spatial distribution of the components of the turbulent stress tensor, τ , compared with
the geometry of the large coherent structures. Top left: Coherent structures rendered by isocontours
of Q. Top right: Isocontours of κ. Bottom left: Isocontours of diagonal components of τ . Bottom
right: Isocontours of off–diagonal components of τ .

components of the turbulent stress tensor τ .

The highest level of complexity in the mean flow is found in the fourth flow

scenario (section 4.4), where two primary instability mechanisms act and two types

of large coherent structures arise. Indeed, the mean flow, composed of the wall

jet velocity profile and a superimposed system of large coherent structures shows

three–dimensionality with modulations in all directions of space, as made evident

by the isosurfaces of Q shown in figure 5.1 (top left.) As discussed in section 4.3.1,

an observation frame that travels at constant speed with the convected rollers is

adopted and allows for averaging in time over long periods, thus providing an accurate
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description of the coherent structures in the flow. A steady roller centered in the

moving frame can thus be clearly identified and weak secondary structures are present

as well, both at the wall and wrapped around the roller.

The direct computation of the turbulent stress tensor from the TDNS data shows

a concentration of turbulent kinetic energy, κ, in the region where the secondary

structures are located, as indicated in figure 5.1 (top right.) It is important to note

that the particular isocontour chosen in the figure (κ = 0.15) only highlights the

region where turbulent kinetic energy exhibits large values, even though turbulence

activity can be observed in both the wall region and in the outer region as well.

While the turbulent kinetic energy, κ, represents the negative half trace of the

tensor τ , the individual diagonal components of τ are shown separately in figure 5.1

(bottom left.) On the other hand, the location where the off–diagonal components of

τ have their largest values can be seen from figure 5.1 (bottom right.) Although the

diagonal components of τ appear dominant over the off–diagonal components, the

shape of τ reflects the three–dimensionality of the mean flow.

The suppression of either instability mechanism is expected to simplify the topol-

ogy of the resulting mean flows. In the third flow scenario (turbulent plane wall jet

with large spanwise rollers, section 4.3), large spanwise vortices dominate the flow, as

indicated in figure 5.2 (top left) by isocontours of Q, shown over one streamwise pe-

riod. In addition, weaker secondary structures are visible around the spanwise rollers.

The distribution of turbulent kinetic energy, κ, in figure 5.2 (top right) indicates that

the turbulence activity has its maximum in the region between the rollers. In this

region, braid vortices are present that typically accompany the rollers, as discussed in

section 4.4. However, this flow appears predominantly two–dimensional if one consid-

ers that the isocontour shown in figure 5.2 for τ33 corresponds to 15% of the amplitude

of the isocontours for τ11, thus reflecting the strength of the two–dimensional rollers

in the flow. This suggests that flow quantities can be reduced to two dimensions by

an additional averaging over the spanwise direction,
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Figure 5.2: Spatial distribution of the components of the turbulent stress tensor, τ , compared
with the geometry of the large coherent structures. Top left: Coherent structures rendered by
isocontours of Q. Top right: Isocontours of κ. Bottom left: Isocontours of diagonal components of
τ . Bottom right: Isocontours of off–diagonal components of τ . Note that the values of Q chosen for
the visualization of the isocontours are different for each component of τ ; e.g. τ33 is 15% of τ11.

Φ = φ (x, y) = lim
τ→∞

[
lim

Lz→∞

[
1

Lz

1

τ

∫ z+Lz

z

dz′
∫ t+τ

t

φ (x, y, z′, t′) dt′
]]

, (5.2)

where φ may represent the velocity vector, ~u, or the vorticity vector, ~ω. In fact, when

applying such averaging to the 3D Navier–Stokes equation, the resolved part of the

flow field, ~U , becomes a function of the streamwise and of the wall–normal directions

only. Furthermore, the simplification of the governing equation determines a different

definition of the turbulent stress tensor,

τij = lim
τ→∞

[
lim

Lz→∞

[
1

Lz

1

τ

∫ z+Lz

z

dz′
∫ t+τ

t

u′
i (x, y, z′, t′) u′

j (x, y, z′, t′) dt′
]]

. (5.3)



148

Figure 5.3: Strong two–dimensionality of the turbulent Coanda wall jet with longitudinal vortices.
On the left: Isocontours of turbulent kinetic energy, κ. On the right: Contours of Q in the (y, z)–
plane superimposed to the distribution of streamwise vorticity.

It is important to point out that τij resulting from equation (5.3) is, however,

defined as a three–dimensional tensor even though the components τ13, τ23, and τ33

tend to zero with decreasing coherence of the flow in the spanwise direction, i.e.

when the turbulent motion is homogeneous in the spanwise direction. On the other

hand, the two–dimensional formulation also implies that only the 2D portion of the

turbulent stress tensor,

τ 2D =

[
τ11 τ12

τ12 τ22

]
, (5.4)

is considered by the governing equation. The analysis can thus be reduced to the

(x, y)–plane.

In the case of the Coanda wall jet with longitudinal vortices (second flow scenario,

section 4.2), the time–averaged flow field shows only small variations in the streamwise

direction. The isocontours of turbulent kinetic energy, κ, in figure 5.3 (left) highlight

the homogeneity of the turbulence activity in the streamwise direction and suggest

that the flow can be decomposed into a two–dimensional mean flow in (y, z)–plane,

as indicated in figure 5.3 (right), with a three–dimensional fluctuating part.

As discussed for the case of the turbulent wall jet with rollers, the homogeneity of
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Figure 5.4: Two–dimensional representation of the components of the turbulent stress tensor,
τij , in the (y, z)–plane by contour levels for the turbulent Coanda wall jet with only longitudinal
structures.

the turbulent motion in one direction in space justifies the application of an additional

average operation. For the case of longitudinal vortices, the average is considered in

the streamwise direction and equation (5.2) becomes,

Φ = φ (y, z) = lim
τ→∞

[
lim

Lx→∞

[
1

Lx

1

τ

∫ x+Lx

x

dx′

∫ t+τ

t

φ (x′, y, z, t′) dt′
]]

, (5.5)

where φ may represent the velocity vector, ~u, or the vorticity vector, ~ω. Because of

the periodicity in the streamwise direction, equation 5.5 also meets the condition (1.6)

of the Reynolds average.

By applying the Reynolds average operation in both time and the streamwise

direction (equation 5.5), a 2D formulation of the Navier–Stokes is obtained and the

representation of the turbulent stress tensor, τij, can be reduced to the (y, z)–plane,

as shown in figure 5.4. As opposed to the previous case, however, all six components

of the turbulent stress tensor remain relevant, since the averaged flow field maintains

a dominant streamwise component due to the wall jet velocity profile.
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Furthermore, it can be observed that the 2D distribution of the turbulent stress

tensor indicates the presence of coherent structures in the outer region of the wall jet.

In a further simplification, both the Kelvin–Helmholtz and the centrifugal instabil-

ity modes are eliminated (first flow scenario, section 4.1) thus resulting in a turbulent

flow where no large structures are present. Since the time–averaged flow does not

exhibit significant variations in either the streamwise or the spanwise direction, addi-

tional averaging operations can be applied to both homogeneous directions in space

(streamwise and spanwise),

Φ = φ (y) = lim
τ→∞

[
1

Lx

1

Lz

1

τ

∫ x+Lx

x

dx′

∫ z+Lz

z

dz′
∫ t+τ

t

φ (x′, y, z′, t′) dt′
]

, (5.6)

where φ may represent velocity vector, ~u, or the vorticity vector, ~ω. As for the previous

cases, equation (5.6) also represents a Reynolds average because of the periodicity

in both the streamwise and the spanwise directions. The governing equation is thus

further reduced to one dimension, whereby the resulting mean flow coincides with the

velocity profile extracted from the SDNS and maintained constant for all simulations,

as discussed in chapter 4.

Accordingly, the turbulent stress tensor, τij, also becomes homogeneous in both

the streamwise and the spanwise directions and can therefore be described, with-

out loss of physical meaning, by its wall–normal distribution alone. The dominant

component is τ11, as shown in figure 5.5, even though also τ12 and τ22 are typically

considered in the analysis.

The mean flow in this case, however, is not completely one–dimensional. As

discussed in section 4.1, large scales of turbulent motion appear inadvertently in the

temporal numerical simulation of the first flow scenario that was designed to be free

of large structures. Since this residual large–scale motion occurs in the outer region

and has no noticeable effect on the turbulence activity near the wall, the analysis of

the turbulent stress tensor is still meaningful in the wall region.
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Figure 5.5: One–dimensional representation of
the components of τij for the turbulent wall jet
without large structures.

In figure 5.5, the wall–normal behavior

of the individual components of the tur-

bulent stress tensor, averaged in both the

streamwise and the spanwise directions, is

shown. Different asymptotic behavior is

observed for each component and a quali-

tative agreement can be inferred with the

results by Wernz et al. (2005).

The presence of homogeneity in time

and in different directions of space bears

significant consequences in terms of modeling accuracy. Turbulence models estimate

the effect of the unresolved scales of motion (the turbulent stress tensor, τ ) from a

resolved flow which either is constant in time (in case of RANS) or consists of only

the large scales of motion (in case of LES), whereby the unresolved flow is both time–

dependent and three–dimensional. In other words, the effects of a three–dimensional

turbulent flow are estimated from a two–dimensional (or even one–dimensional) re-

solved flow.

5.2 Turbulence Models in the RANS Limit

The flow fields reproduced by the four scenarios presented in this work are considered

stationary and the corresponding turbulence statistics become therefore constant in

time. In this framework, the properties of the individual turbulence models can be

studied entirely in terms of spatial distribution, thus considerably simplifying the

analysis.

Turbulence models can provide an estimate of the turbulent stress tensor, τmodel
ij ,

which is achieved through different numerical means. In the framework of the Boussi-

nesq assumption, the contribution of the model reduces to the turbulent viscosity, νT ,
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whereas more sophisticated models supply all individual components of the tensor.

A complete review of all existing turbulence models is beyond the scopes of this

investigation and can be found in most text books on turbulence modeling (see, for

example, Wilcox, 1998). In the present work, instead, only three different models

are considered as representative of increasingly complex numerical approaches. First,

the Baldwin–Lomax method is discussed here as an example of an algebraic model

and, successively, two–equation models are considered. Finally, the Explicit Algebraic

Stress Model (EASM) is adopted for the investigation of the alignment properties of

non–linear models in which all components of τ are calculated individually.

It is important to point out that the analysis presented in this section refers

to the RANS limit, where the decomposition into resolved and unresolved flows is

achieved through an infinite–time averaging operation. This means that the resolved

flow (mean flow) allows, in principle, for the entire spectrum of fluctuations in space.

The chaotic nature of turbulence, however, ensures that the average in time also

indirectly provides filtering in space. This justifies the assumption that such an

operation delivers a resolved flow that only contains coherent structures.

5.2.1 Baldwin–Lomax Algebraic Model

The a–posteriori analysis of turbulence models starts with the most simple techniques,

represented by algebraic models. As discussed in section 1.5, in algebraic models the

turbulent stress tensor is calculated by multiplying the strain rate tensor with a

turbulent viscosity, νT , estimated as a function of the resolved velocity field. No

transport equations are used.

For the scope of the present work, the model proposed by Baldwin & Lomax

(1978) is considered due to its popularity and to its wide application over the last

decades. The Baldwin–Lomax model is a two–layer algebraic model in which the flow

is artificially divided into an inner region (close to the wall) and an outer region, with
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the turbulent viscosity being computed differently in each region and matched at the

intersection.

The turbulent viscosity in the inner region, νT,inner, is computed through the

Prandtl mixing length concept combined with the van Driest wall scale,

νT,inner = `2 |W | , (5.7)

where

` = κ̃y

(
1 − e

−y+

A+

)
, |W | =

√
WijWij, (5.8)

and where κ̃ and A+ are calibration constants, and Wij is the rotation tensor, or the

half–vorticity.

In the outer region, the turbulent viscosity assumes the form,

νT,outer = KCcpFwakeFKleb(y), (5.9)

with

FKleb(y) =

[
1 + 5.5

(
yCKleb

ymax

)6
]−1

, (5.10)

and K, Ccp, CKleb as calibration parameters. The function,

Fwake = min

(
ymaxFmax; Cwkymax

u2
dif

Fmax

)
, (5.11)

connects the turbulent viscosity at the intersection, whereby Fmax and ymax corre-

spond to the maximum and to the location of the maximum, respectively, of the

function,

F (y) = y |Ω|
(

1 − e
−y+

A+

)
. (5.12)

From the Boussinesq assumption, the turbulent stresses are then computed as

τij = 2νB−L
T Sij, (5.13)

where νB−L
T is the turbulent viscosity provided by the model.
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For the case of a turbulent wall jet without large structures (first flow scenario), the

homogeneity in both the streamwise and the spanwise directions allows the mean flow

to be considered as one–dimensional, i.e. with variations in the wall–normal direction

only. Due to the conservation of mass, the mean flow consists of only one non–zero

component, U = U(y), which causes the strain rate tensor, Sij = 1
2
( ∂ui

∂xj
+ ∂ui

∂xj
), to

contain only one non–zero component, S12 = 1
2

∂U
∂y

. Accordingly, algebraic turbulence

models based on the Boussinesq assumption such as the Baldwin–Lomax model deliver

only one non–zero component of the turbulent stress tensor,

τ = νT




0 S12 0

S12 0 0

0 0 0


 → τ12 = 2νT S12 = νT

∂U

∂y
, (5.14)

where Sij is the strain rate tensor based on the mean flow.
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Figure 5.6: Turbulent viscosity, νT , directly com-
puted from the TDNS compared with νT modeled
by the Baldwin–Lomax algebraic model.

Since both τ12 and S12 are known

from the TDNS, the expression (5.13)

can be inverted,

νT =
τ12

2S12
=

τ12

∂U
∂y

, (5.15)

in order to determine the wall–normal

behavior of νT and to compare it to the

prediction provided by the turbulence

model, as shown in figure 5.6. It can be

observed that the the prediction of the

Baldwin–Lomax model for the turbu-

lent wall jet without large structures remains in very good agreement with its target

for both the wall region and the outer region even though the asymptotic near–wall

behavior of νT is not correctly reproduced by the model.

Furthermore, the transition from the wall region to the outer region is captured

with sufficient accuracy and the modeled turbulent viscosity in the outer region seems
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to correctly reproduce the effects of the small scales of turbulence. However, it has

to be pointed out that the Baldwin–Lomax turbulence model is based on a two–layer

assumption. The wall–normal location of the transition point between wall layer and

outer layer is a parameter of the model and must be adjusted to the individual flow.

The behavior of the model in the outer region is very significantly affected by this

parameter. Nevertheless, this algebraic model is very accurate in the RANS limit for

the numerical simulation of wall–bounded flow with limited separation regions and is

still therefore very popular for its simplicity and robustness (see Wilcox, 1998).

By considering the second flow scenario, where longitudinal vortices are present,

it can be recognized that the mean flow becomes two–dimensional (~U = ~U(y, z))

and that all but one components of the strain rate tensor, Sij, become non–zero.

Algebraic models, however, cannot supply the diagonal components of the turbulent

stress tensor, since the conservation of mass imposes the trace of the strain rate tensor

to be identically zero, Sii ≡ 0. Consequently, the modeled turbulent kinetic energy is

also identically zero,

κB−L = −1

2
τB−L
ii = −1

2
νB−L

T Sii ≡ 0, (5.16)

with the superscript B − L indicating quantities modeled by the Baldwin–Lomax

scheme. Only the off–diagonal components of the turbulent stress tensor are therefore

expected to be provide by the algebraic model,



τ12

τ13

τ23


 = 2νT




S12

S13

S23


 . (5.17)

The turbulent viscosity directly calculated from equation (5.17) by using TDNS

data varies over the spanwise direction, consistently with the presence of longitudinal

vortices, as indicated in figure 5.7. However, the two–dimensional distribution of

the turbulent viscosity that the model should provide according to equation (5.17)

appears to be different for each off–diagonal component, even though the τ13 and τ23

components are very small in comparison to the τ12 component.
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Figure 5.7: Turbulent viscosity, νT , computed as the quotient between turbulent stress and strain
rate for the off–diagonal components in the case of turbulent Coanda wall jet with only longitudinal
structures.
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Figure 5.8: Turbulent viscosity, νT , directly com-
puted from the TDNS compared with νT modeled
by the Baldwin–Lomax algebraic model.

On the other hand, the turbulent

viscosity predicted by the Baldwin–

Lomax algebraic model is purely a

function of the distance from the wall

only and does not account for varia-

tions in the streamwise direction, nor in

the spanwise direction. The contribu-

tion of the mean flow to the model is re-

duced to the wall–normal distribution

of the total vorticity (equation (5.8)),

whereby the spanwise component is

dominant over the others. Therefore, the distribution of turbulent viscosity pre-

dicted by the model for the second flow scenario (Coanda wall jet with longitudinal

structures) is not significantly different from the one predicted for the first flow sce-

nario.

The turbulent viscosity calculated from the TDNS can thus be further averaged

along the spanwise direction and compared with the turbulent viscosity predicted

by the Baldwin–Lomax model, as indicated in figure 5.8. A strong mismatch is

evident, which reflects the change in the distribution of turbulence quantities due to
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the vortices that are captured in the TDNS and missed by the model. It can also be

observed that the turbulent viscosity calculated through the τ13 and τ23 components

does not “survive” the average in the spanwise direction and becomes practically zero.

In conclusion, the algebraic model appears unable to capture the effects of large

scales of motion sufficiently close to the wall (Görtler vortices) onto the small–scale

turbulence. While such a shortcoming can be alleviated by the use of a wall scale

(van Driest function) for (nearly) parallel attached flows, no obvious alternative is

offered whenever the mean flow presents fluctuations in other directions.

5.2.2 Two–Equation Models

In more sophisticated turbulence models, the two characteristic turbulence quantities

(mixing length, `, and characteristic velocity, v) that form the definition of turbu-

lent viscosity (1.20) can be derived from appropriate transport equations instead of

computing them from the simple dimensional relations offered by the algebraic mod-

els. Different moments of the Navier–Stokes equation can be combined to formulate

transport equations for relevant turbulence quantities (as explained in detail by Is-

rael, 2006) where terms containing higher–order turbulence quantities are, in turn,

modeled through algebraic expressions.

As an added benefit, these models provide an estimated distribution of the turbu-

lent kinetic energy, κmodel, and are therefore able to model the diagonal components

of the turbulent stress tensor. A more accurate formulation of the Boussinesq as-

sumption is thus derived,

τij = 2νT Sij −
2

3
κδij, (5.18)

which takes into account the physical meaning of the trace of τ .

The most widely used two–equation models are the κ−ε model originally proposed

by Jones & Launder (1972), and the κ−ω model, developed by Wilcox (1998). Both

models estimate the distribution of turbulent kinetic energy, κ, and one additional
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Figure 5.9: Turbulent wall jet without large structures. On the left, the turbulent viscosity, νT ,
directly computed from TDNS data is compared with νT calculated from κ and ε obtained from
the two–equation model. On the right, the most relevant components of the turbulent stress tensor.

turbulence quantity (the turbulence dissipation rate, ε, or the specific dissipation rate,

ω) from which the turbulent viscosity is computed as

νκ−ε
T = Cµ

κ2

ε
or νκ−ω

T =
κ

ω
, (5.19)

where Cµ = 0.09, as derived from experimental data.

The availability of the complete flow field provided by TDNS allows for a complete

evaluation of this improved model of the turbulent viscosity. Instead of using the

(modeled) transport equations for κ, ε, or ω, all these turbulence quantities can be

directly calculated from the TDNS data. The accuracy of equation (5.19) can thus be

evaluated for the case of the turbulent wall jet without large structures, as indicated

in figure 5.9 (left), where the turbulent viscosity is computed by means of κ and ε.

On the other hand, ω does not possess a unique mathematical definition based on

the unresolved velocity field, ~u′, and is instead typically written in terms of other

turbulence quantities, e.g. ω ∼ ε/κ.

Although the general shape of νκ−ε
T modeled by a two–equation method could

be considered a sufficient approximation of its target, it can be observed that the

asymptotic behavior toward the wall projects a larger turbulence activity in the wall

region than the one indicated by the TDNS. Indeed, the value of νT between Y + = 10
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and Y + = 100 appears even larger than the one predicted by the algebraic model.

It is worth noting that the near–wall region appears particularly critical for the

model quantities, since in this region the S12 component of the strain rate tensor

exhibits a consistent maximum. As a consequence, a small error in the turbulent

viscosity generates a significant mismatch between the modeled τ12 and its target, as

indicated in figure 5.9 (right).

On the other hand, two–equation models provide an estimate of the turbulent

stress tensor that includes the diagonal components. Even though the trace of the

strain rate tensor, Sii, is identically zero for incompressible flows, the model distributes

the turbulent kinetic energy, κ, equally among the diagonal components of τ , as shown

in figure 5.9.

In addition, it can also be observed that the agreement of the modeled turbu-

lent stress tensor with its computed counterpart improves significantly with growing

distance from the wall. Even though the modeled turbulent viscosity, νκ−ε
T , fails to

follow the steep gradients in the vicinity of the maximum velocity, as indicated in

figure 5.9, the wall–normal behavior of the components of the turbulent stress tensor

is correctly captured in this region.

For the turbulent wall jet without large structures the analysis only needs to

consider the wall–normal behavior of turbulence quantities. On the other hand, for the

turbulent Coanda wall jet with longitudinal vortices the mean flow shows additional

fluctuations in the spanwise direction that are expected to produce corresponding

spanwise fluctuations in the turbulence quantities.

The analysis must therefore be extended to the (y, z)–plane and the turbulent

viscosity defined by equation (5.19) becomes a function of both the wall–normal and

the spanwise direction. This also reflects the presence of longitudinal vortices in the

outer region of the wall jet, as indicated in figure 5.10.

The presence of longitudinal vortices has a particularly strong effect on the τ13

(shown in figure 5.11, left) and τ23 components, for which the large scales of motion
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Figure 5.11: (y, z)–distribution of two off–diagonal components of the turbulent stress tensor for
the turbulent Coanda wall jet with longitudinal vortices. On the left, τ13 and, on the right, τ12.

produce variations that are antisymmetric in the spanwise direction. These variations

would not be visible in a one–dimensional evaluation. Other components of τ (for

example τ12, shown in figure 5.11), present variations in the spanwise direction that

are negligible compared with the wall–normal variation.

Figure 5.10: 2D distribution of νT

computed from κ and ε for the turbu-
lent Coanda wall jet with longitudinal
vortices.

Each component of the turbulent stress ten-

sor modeled with equations (5.18) and (5.19) can

thus be compared with the corresponding compo-

nent of τ directly calculated from the TDNS. As

an example, figure 5.11 offers such a comparison

for two off–diagonal components (τ13 and τ12) and

indicates the capability of two–equation models

to replicate with good approximation the differ-

ent shapes of the single components, even though

with consistent differences in their absolute val-

ues.

A similar comparison between the modeled

turbulent stress tensor and its target (τ directly

calculated from the TDNS) can be carried out

for the third flow scenario, where large spanwise vortices dominate the turbulent

wall jet. As discussed in the previous section, the mean flow shows a significant
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three–dimensionality in some regions around the rollers. However, a two–dimensional

representation in the (x, y)–plane appears sufficient for the present discussion.

Figure 5.12: 2D distribution of νT computed from κ

and ε for the turbulent Coanda wall jet with rollers.

The turbulent viscosity, νκ−ε
T ,

computed from the expression (5.19)

reflects the presence of large co-

herent structures, as shown in fig-

ure 5.12. The enhanced strength

of the spanwise rollers (compared

to the longitudinal vortices from

the previous case) results in an in-

creased turbulence activity around

the rollers.

It can also be observed that the presence of energetic rollers in the turbulent wall

jet for this flow scenario consistently affects all components of the turbulent stress

tensor, τ , as indicated in figure 5.2. In other words, the distribution in the (x, y)–

plane of each component of τ reproduces a similar shape. On the other hand, the

(x, y)–distribution shown by the individual components of the strain rate appears

very different from each other.

As a consequence, even when only considering a two–dimensional representation

in the (x, y)–plane, some components of the modeled turbulent stress tensor, τ κ−ε, ev-

idently show a significant mismatch with the corresponding value directly calculated

from the TDNS data. This is the case for the τ11 component, shown in figure 5.13,

where the value computed by a two–equation model shows both positive and neg-

ative values that cannot be expected from a diagonal component (characteristically

negative, since τ11 = −u′
1u

′
1.)

At this point of the discussion, it can be noted that the turbulent stress tensor

components have so far been computed by using turbulence statistics (κ and ε) directly

extracted from the TDNS data, instead of adopting the corresponding transport
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Figure 5.13: Turbulent wall jet with large spanwise rollers. 2D representation of the turbulent
stress tensor component τ11: Left) as directly calculated from the TDNS, and Right) as modeled
by two–equation turbulence model (right).

equations. This has allowed to single out the capabilities and the shortcomings of

the Boussinesq assumption expressed by equation (5.18) and, in general terms, to

conclude that the Boussinesq assumption is significantly challenged by the presence

of strong vortices close to the wall, as in the case of the turbulent wall jet with large

spanwise structures (third scenario.)

5.2.3 Validity Limits of the Boussinesq Assumption

The three–dimensional character of the mean flow altered by the presence of large

coherent structures implies heterogeneity in the components of both the strain rate

tensor, Sij, and the turbulent stress tensor, τij. From the discussion in the previous

section, it appears that the Boussinesq assumption does not take into account such

heterogeneity, since it supplies one single value of the turbulent viscosity that is

supposed to be valid for each component of the tensor, as expressed in equation (5.18).

In other words, it is assumed that the turbulent stress tensor is aligned with the strain

rate tensor.

By solely considering the off–diagonal components of the tensors as a three–

dimensional vector,

~τe−d =




τ12

τ13

τ23


 and ~Se−d =




S12

S13

S23


 , (5.20)
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the departure from the Boussinesq assumption can be locally evaluated in terms of

the cosine of the angle between the two vectors,

cos(γ) =
~τe−d · ~Se−d

|~τe−d|
∣∣∣~Se−d

∣∣∣
, (5.21)

that can thus be calculated for each location in space and for each flow scenario

investigated in the present work. This represents a very simplified analysis compared

to a more rigorous investigation that would instead consider the alignment between

the complete tensors such as, for example, in the studies carried out by Tao et al.

(2000, 2002). Nevertheless, this analysis can still provide helpful insights into the

advantages offered by non–linear models.
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Figure 5.14: Turbulent wall jet without large
structures. Alignment between the off–diagonal
vectors of the strain rate and of the turbulent
stress.

For the case of a turbulent wall jet

without large structures (first flow sce-

nario), the behavior in the wall–normal

direction of the alignment angle between

~Se−d and ~τe−d is shown in figure 5.14.

With the exception of the region very

close to the wall (Y + < 10), where the

flow is laminar, and of the region around

the maximum velocity, where the turbu-

lence activity has a minimum, the av-

erage angle between the vectors is con-

tained within 40◦. Turbulence models

based on the Boussinesq assumption are indeed very successful for simple wall–

bounded turbulent geometries, without separation, nor large structures.

The increased complexity of the flow associated with the occurrence of turbulent

coherent structures strongly reduces the alignment between the turbulent stress ten-

sor, τij, and the strain rate tensor, Sij. For the case of a turbulent Coanda wall jet

where longitudinal vortices are present, the angle between the off–diagonal vectors
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Figure 5.15: Alignment angle between the strain rate and the turbulent stress for the Coanda
wall jet with turbulent longitudinal vortices. On the left, 2D representation in the (y, z)–plane. On
the right, spanwise–averaged wall–normal behavior compared with the case of wall jet without large
structures.

computed using equation (5.21) shows a larger departure from the Boussinesq as-

sumption than the case of a turbulent wall jet without large structures, as indicated

in figure 5.15 (on the right.) The heterogeneity of the mean flow in the spanwise

direction also causes spanwise variations in the alignment angle. The 2D represen-

tation in the (y, z)–plane shown in figure 5.15 (left) highlights the tendency towards

alignment inside the vortex cores alternated with misalignment in the region between

vortices.

In the case of a turbulent wall jet with large spanwise rollers, the strong influence of

the large structures on the flow significantly alters the relation between the strain rate

and the turbulent stress, as discussed in the previous section. The alignment between

the two off–diagonal vectors defined in equation (5.21) is thus further reduced, as

shown in figure 5.16, where the geometry of the large structures is identified by

contours of spanwise vorticity. The largest values of misalignment occurs inside the

core of the rollers and also in regions where the turbulence activity tends to zero.

Overall, however, the alignment angle remains above 65◦, thus considerably violating
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Figure 5.16: Alignment angle between the strain rate and the turbulent stress for the turbulent
wall jet with spanwise rollers. The large structures are made visible by contours of spanwise vorticity,
whereas the color scale indicates the alignment angle.

the Boussinesq assumption.

Formulations of the modeled turbulent stress tensor that consider higher–order

terms in the strain rate tensor have been proposed during the last decade in order to

enhance the alignment properties of turbulence models. The most widely used non–

linear stress model is the Algebraic Stress Model (ASM) first introduced by Gatski

& Speziale (1993) and successively improved (Xu & Speziale, 1996; Speziale, 1997)

into the Explicit Algebraic Stress Model (EASM) by Rumsey & Gatski (2001).

By taking advantage of the TDNS data, both the mean flow and the turbulence

statistics can be directly computed. A modeled turbulent stress tensor, τEASM
ij , can

thus be obtained,

τEASM
ij =

2

3
κδij − ν∗

t

[
Sij+α1

(
SikWkj − WikSkj

)

+α2

(
SikSkj −

1

3
SklSklδij

)]
, (5.22)

where Sij = 1/2
(

∂Ui

∂xj
+

∂Uj

∂xi

)
and Wij = 1/2

(
∂Ui

∂xj
− ∂Uj

∂xi

)
. Successively, the alignment

between the modeled turbulent stress tensor, τEASM
ij , and the turbulent stress tensor

calculated from TDNS data can be evaluated, as shown in figure 5.17.

For the turbulent wall jet without large structures the advantages of this formu-
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Figure 5.17: Distribution of alignment angle between τ modeled by EASM and τ calculated from
the TDNS of the turbulent wall jet with spanwise rollers. The large structures are made visible by
contours of spanwise vorticity, whereby the color scale indicates the alignment angle.

lation are minimal since the wall dynamics are already sufficiently well captured by

simpler turbulence models. EASM does provide an improvement in more complex

cases such as the turbulent wall jet with large spanwise structures (third scenario),

as indicated in figure 5.17, where the angle between the two vectors appears much

more homogeneously distributed across the domain. In particular, by comparing fig-

ure 5.17 with figure 5.16, it can be observed that the loss of alignment inside the vortex

cores is substantially reduced. This behavior suggests that a non–linear turbulence

model such as EASM is indeed better suited for the representation of turbulent flow

with large coherent structures. Clearly, the important improvement provided by the

EASM consists of its capability of locally adjusting the turbulent stress to the large

structures eventually present in the flow.

It has to be pointed out, however, that despite the increased complexity of the

turbulence model, the misalignment between the turbulent stress tensor calculated

from the TDNS and the tensor modeled by EASM remains significant.

A possible explanation of such a mismatch can be gained by considering that all

quantities used in equation (1.38) are calculated from the (completely known) flow

field and are therefore very accurate, whereas in the implementation of the turbu-
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lence model turbulence statistics such as κ and ε are estimated by modeled transport

equations. Indeed, the modeled transport equations are highly sensitive to variations

in the mean flow and the a–posteriori analysis carried out in the present chapter does

not take into account possible interactions between mean flow, ~U , modeled turbulent

stress, τmodel
ij , and turbulence statistics.

5.3 From the RANS limit to the TDNS limit

The performance of different turbulence models has been investigated in the previous

section for the RANS case, where the decomposition of the flow field produces a

resolved flow that is independent of time and an unresolved flow that contains all

fluctuations in time. From a spectral point of view, this represents the limiting case

in which the decomposition assigns all frequencies to the unresolved part of the flow

field.

By performing the average defined by equation (1.12) over a finite time period, τ ,

the resolved component, ~u, of the flow field becomes time–dependent. The finite time

period in the time–averaging operation thus defines a limiting frequency, f = 1/τ ,

that separates, in the spectral space, the resolved field (frequencies smaller than f)

from the unresolved field (frequencies higher than f), and can be referred to as “cut–

off” frequency. This way, the TDNS limit can be defined as the case for which

the time period in the averaging is comparable to the Kolmogorov scale and the

intermediate case between the RANS limit and the TDNS limit can be defined as

URANS, V LES, or LES, depending on their relative distance motion from both

limits in the spectrum of turbulent.

In this regard, it is important to note the equivalence between time and space

for the turbulence motion. The flow field can be Fourier–transformed in both time

(because of the stationarity of the flow) and space (because of the periodicity of the

domain.) For the peculiar boundary conditions of the turbulent flow investigated
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in the present work, the mean flow can be defined as the wall jet velocity profile

with superimposed (steady) large structures. In the time spectrum, the mean flow is

represented by the limit of zero frequency, whereas in the space spectrum (streamwise

or spanwise) it is represented by a limited region of low wave numbers. The rest of

both spectra is therefore represented by the turbulent part of the flow field, which is

obtained by subtracting the mean flow from the total flow. Because of the chaotic

nature of the turbulence, the representations of the turbulent part of the flow field in

space and in time are equivalent in the sense that a fluctuation in space with a given

wavelength corresponds to a fluctuation in time with a defined frequency. Indeed,

the Kolmogorov limit for small scales of motion describes both a length scale and a

corresponding time scale.

As a consequence, setting a cut–off frequency in the time spectrum corresponds

to setting a cut–off wave number in the space spectrum. In other words, the resolved

part of the flow field, ~U , defined by an average over a given time period, τ = 1/f ,

does not contain fluctuations in space with wave numbers higher than a corresponding

value, kcut−off = kcut−off(τ). Conversely, a reduction in the grid resolution leads to

a reduction in the frequency of the smallest resolved scales.

Even though the relation between the limiting wave number, kcut−off , and the

limiting frequency, fcutoff = 1/τ , is highly complex and depends on the definition of

the adopted spatial filter (see Sagaut, 2002, for a more detailed discussion), for the

scope of the present discussion the intermediate cases between the RANS limit and

the TDNS limit can be defined by a generalized “cut–off” in the space spectrum as

well as in the time spectrum. In the present temporal simulations, the spatial cut–

off wave number is directly provided by the spectral spatial filter that is inherent in

the pseudo–spectral discretization in space. The spatial resolution determines which

wave numbers are included in the simulation and which ones are not. In a coarse

simplification that, however, suits the scope of this investigation, the terms “space

filter”, “cut–off wave number”, and “grid resolution” are here used interchangeably
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and refer to the same operation that decomposed the flow field into a resolved part,

~U , and an unresolved part, ~u′, as sketched in figure 5.18.
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Figure 5.18: Decomposition of the complete flow

field (from TDNS) into resolved, ~U , and unre-

solved, ~u′, flow given by four different numerical
resolutions indicated in the streamwise spectrum
of turbulent kinetic energy.

In the present section, the investi-

gation extends from the RANS limit

into the spectrum of turbulent motion by

progressively increasing the cut–off wave

number (cut–off frequency) for the re-

solved portion of the flow field. Again,

the availability of highly resolved TDNS

provides the means for an exhaustive a–

posteriori analysis.

From the TDNS data, the flow field

at each computed time step can be de-

composed into the resolved flow, ~U , and

the unresolved flow, ~u′, whereby the cut–off can be deliberately set at any point in

the spectrum. The knowledge of both parts of the spectrum, therefore, allows to com-

pute the contribution that the turbulence model provides and to compare it to the

contribution that is required. This is illustrated in figure 5.18, where the streamwise

spectrum of turbulent kinetic energy is plotted for the case of a turbulent wall jet

without large coherent structures (first flow scenario), and where the spectral cut–off

is indicated for four different numerical resolutions. By resolving this flow field with

81× 21 modes (corresponding to half the resolution in each direction compared with

the TDNS), most of the scales of motion are captured, as in a LES. A further

coarsening to 41× 11 modes approximates the conditions of a V LES, whereas 21× 5

modes can be qualified as a URANS. Finally, the extreme case of 5× 3 modes offers

a very coarse description of the mean flow, where the coherent structures are only

partially defined by the resolved flow.

It should also be noted that, by moving the cut–off frequency from zero (RANS
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limit) to any location within the spectrum, the decomposition of the velocity field

generates additional terms in the definition of the turbulent stress tensor, as indicated

by equation (1.16). Even though some LES approaches (Bardina et al., 1980) address

the problem of modeling the additional Leonard and cross stress tensors, it is common

practice in hybrid techniques based on RANS turbulence models such as FSM to

neglect both the Leonard stress term, Lij, and the cross stress term, Cij, and to

approximate the turbulent stress tensor with the Reynolds stress tensor,

τij ∼ Rij = −〈u′
iu

′
j〉. (5.23)

The goal of all turbulence models is to estimate the effect of the unresolved flow

onto the resolved flow field (turbulent stress tensor, τ model) by only using information

extracted from the resolved flow. In the case of EASM , transport equations are

first employed to determine two turbulence quantities (typically, κ and ε), and the

resolved strain rate tensor, Sij, is then used to generate an estimate of the turbulent

stress tensor.

In the hybrid FSM , only a fraction of the modeled turbulent stress tensor, τ EASM ,

is fed back into the numerical simulation, according to the local relation between

grid resolution and turbulence activity. However, this methodology is based on two

fundamental assumptions that are here separately discussed. First, it is assumed that,

by gradually reducing the grid resolution from the TDNS limit, the turbulent stress

tensor, τij = −〈u′
iu

′
j〉, grows from zero to its RANS value with a sufficient regularity

that can be described by a simple contribution function. Furthermore, it is assumed

that the turbulent stress tensor modeled by EASM , τ EASM , estimates the RANS

limit of τ , independently of the numerical resolution. The evaluation of the limitations

for the validity of these assumptions is therefore necessary for understanding the

performances of the FSM . The following sections therefore address the effects of

the varying grid resolution on the turbulent stress tensor, τ , that is required by the

simulation (computed directly from the TDNS data), and on the modeled turbulent
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Figure 5.19: Reduction of the turbulent stress tensor, τij , with increasing numerical resolution for
the case of turbulent wall jet without large coherent structures. Two components are here shown:
τ11 (left), and τ12 (right).

stress tensor, τ model, that is provided by the combination of a two–equation model

(κ − ε) and a non–linear stress model (EASM .)

5.3.1 Turbulent Stress Tensor for Different Numerical Resolutions

While in the RANS limit the turbulent stress tensor, τij = −〈u′
iu

′
j〉, describes the

contribution of the entire spectrum of the turbulent motion, for numerical simulations

with cut–off at an intermediate location in the spectrum the amplitude of τ gradually

decreases to zero with increasing numerical resolution, e.g. as the cut–off moves toward

higher wave numbers (higher frequencies.) For the case of a turbulent wall jet without

large coherent structures, where the time–averaged τ only depends on the wall–

normal direction, this behavior can be nicely illustrated by the τ − y plots shown in

figure 5.19. When coherent structures are present in the flow, the spatial distribution

of the turbulent stress tensor components becomes more complex. For the case of

a Coanda wall jet with longitudinal vortices (second flow scenario), for example, a

two–dimensional functional representation is required, as shown by the perspective

views of τ11, τ12 and τ13 in figure 5.20.

Similarly, the spatial distribution of the turbulent stress component for the case of

a turbulent wall jet with large spanwise structures (third flow scenario) can be repre-

sented in the streamwise plane, as shown in figure 5.21. Even though few components
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Figure 5.20: Reduction of the turbulent stress tensor, τij , with increasing numerical resolution for
the case of turbulent Coanda wall jet with longitudinal structures. Three components are shown
here: τ11 (top), τ12 (center), and τ13 (bottom).

Figure 5.21: Reduction of the turbulent stress tensor, τij , with increasing numerical resolution for
the case of the turbulent plane wall jet with spanwise rollers. Two components are shown here: τ11

(left), and τ12 (right).



173

of τ are reproduced in the figures 5.19, 5.20, and 5.21 for different turbulent flow sce-

narios, they provide an indication of the differences in behavior between diagonal and

off–diagonal components of the turbulent stress tensor, τ .

In the flow scenarios indicated by figures 5.19, 5.20, and 5.21, the increasing

resolution causes a reduction in the magnitude of the diagonal components of the

stress tensor (here shown for the component τ11) that appears more regular and slow

than the reduction in the magnitude of the off–diagonal components. For the diagonal

components, however, the varying resolution does not significantly affect the shape of

the distribution. This can be observed, for example, in figure 5.21 (left), where the

isosurfaces corresponding to different resolution suggest a scaling law,

τRANS
ii = f (kcut−off ) τ

kcut−off

ii , (5.24)

for which the generalized function f(kcut−off) only depends on the relative location

of the cut–off wave number in the spectrum of turbulent kinetic energy between the

large scales and the Kolmogorov scale.

On the other hand, a more complex behavior is observed for the off–diagonal

components of τ . As an example, in figure 5.21 (right) the presence of large coherent

structures can be detected in the distribution of τ12 for coarse resolutions (5 × 3

modes) and quickly disappears for finer resolutions. Furthermore, the amplitude of

τ12 is drastically reduced from a case with resolution of 5×3 modes (in the streamwise

and in the spanwise directions, respectively), to the case with resolution of 21 × 5

modes, whereas additional increases in numerical resolution (41×11 and 81×21) are

associated with smaller changes in the amplitude.

However, for the cases with higher numerical resolution, where a sufficient amount

of the energy associated with large structures is captured in the resolved scales, the

amplitude decay of the off–diagonal components of τ becomes more regular with in-

creased numerical resolution. This suggests a scaling that (for these high numerical

resolutions) does not depend on the presence of large structures and can therefore
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assume a similar formulation as for the diagonal components (equation (5.24)). While

these considerations validate the FSM approach, which considers a generalized scal-

ing function, f(kcut−off), that only depends on the numerical resolution, they also

highlight a consistent heterogeneity of behaviors among the different components of

the turbulent stress tensor. Therefore, in the ideal case of a complete knowledge of

τRANS , a successful contribution function that simulates the behavior of the scaling

function f(kcut−off) is required to discriminate between diagonal and off–diagonal

components of τ .

5.3.2 Modeled Turbulence Statistics and Numerical Resolution

In order to model the turbulent stress tensor, the knowledge of local properties of

the turbulence is needed in the form of two turbulence quantities, as discussed in

section 1.5. The investigation discussed in the present section focuses on the estima-

tion of two particular turbulence quantities (κ and ε.) Yet, the conclusions can be

generalized to other two–equation models.

The two–equation κ−ε model is based on the transport equations for the turbulent

kinetic energy, κ,

∂κ

∂t
+ Uj

∂κ

∂xj

= P − ε +
∂

∂xj

[(
ν +

νT

σk

)
∂κ

∂xj

]
, (5.25a)

and for the turbulence dissipation rate, ε,

∂ε

∂t
+ Uj

∂ε

∂xj

= Cε1
ε

κ
P − Cε1

ε2

κ
+

∂

∂xj

[(
ν +

νT

σε

)
∂ε

∂xj

]
, (5.25b)

where P is the turbulence production. The different constants are described in ta-

ble 5.1.

Even though two–equation turbulence models were developed for RANS, they are

also typically applied to numerical simulations with cut–off wave numbers located at

intermediate position within the spectrum of turbulent motion (URANS or hybrid

models, such as FSM .) Nevertheless, it is implicitly assumed that such models



175

supply distributions of turbulence quantities that correspond to the RANS limit. In

other words, the estimated κ and ε (or any other combination, such as κ and ω)

calculated by the transport equations (5.25) are assumed to be independent on the

grid resolution of the numerical simulation.

κ–transport equation σk 1.0
σε 1.3

ε–transport equation Cε1 1.44
Cε2 1.83

Table 5.1: Parameters for the κ − ε model.

However, both transport equations (5.25)

contain source terms (production, P) and

sink terms (dissipation, ε), which determine

the equilibrium state for both the turbulent

kinetic energy and the turbulence dissipation

rate. Therefore, the grid resolution plays a

relevant role in the production of turbulence, P, since it is computed through the

resolved strain rate,

P =
∂Ui

∂xj

〈u′
iu

′
j〉 ≈

∂Ui

∂xj

τEASM
ij , (5.26)

thus meaning that a reduction of numerical resolution decreases the production term

and, consequently, the level of energy at equilibrium.

In order to better illustrate the dependence of the turbulence model on the nu-

merical resolution, the two–equation κ − ε model (using EASM for computing the

turbulent stress tensor) has been applied to the case of a plane wall jet without large

coherent structures (first flow scenario.) Three numerical simulations are carried out

with different grid resolutions (21× 5, 41× 11, and 81× 21 modes) and the resulting

turbulence quantities are shown in figure 5.22. Differences due to the numerical res-

olution can be observed in the turbulence production and appear even more evident

in the distribution of the turbulence dissipation rate, ε, whereas the distribution of κ

shows smaller variations. This behavior reflects the physics of κ and ε, as highlighted

in section 4.1: While the turbulent kinetic energy is related to the low wave numbers

and can be well captured by few Fourier modes, the turbulence dissipation rate has

its maximum at high wave numbers and requires high numerical resolution in order
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Figure 5.22: Turbulence quantities (κ, ε, P)
computed by the κ − ε model for the wall jet
without large coherent structures.

Figure 5.23: Turbulent wall jet with rollers.
Distribution of turbulent kinetic energy, κ, re-
sulting from the κ − ε model for three different
grid resolutions.

Figure 5.24: Turbulent wall jet with rollers. Comparison of the distribution of κ (left) and ε

(right) resulting from the κ − ε model with the corresponding quantities directly calculated from
TDNS data.

to provide a sufficient approximation.

A similar behavior can be observed when large structures are present in the flow

as, for example, in the third flow scenario. The distribution of turbulent kinetic

energy, κ, calculated with simulations using κ− ε model is shown in figure 5.23 (note

that some surfaces are only partially represented in order to increase the visibility.)

Similarly to the case illustrated in figure 5.22, a slight increase in the amplitude is

observable for increasing grid resolution.

However, even though the modeled κ follows with good accuracy the shape of the

distribution of the turbulent kinetic energy calculated in the RANS limit from the

TDNS data, as shown in figure 5.24 (left), its amplitude remains consistently lower.
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On the other hand, the amplitude of the modeled turbulence dissipation rate, ε,

in the region of the wall jet where the rollers are located appears larger than the

distribution calculated in the RANS limit, as shown in figure 5.24 (right.)

Therefore, it can be concluded that the two–equation model is capable to rec-

ognize the presence of large coherent structures, but it estimates an energy balance

characterized by higher dissipation and lower kinetic energy. In addition, while the

modeled κ remains relatively independent from the grid resolution, ε still needs a

numerical resolution corresponding to a V LES (here 41 × 11 modes) in order to be

accurately predicted by the model.

5.3.3 Turbulence Models and Numerical Resolution

In the general formulation of the modeled turbulent stress tensor,

τmodel
ij = −2

3
κδij + bij (κ, ε, Sij) , (5.27)

the turbulent kinetic energy, κ, has a dominant role for the diagonal components only

(the Kronecker delta in equation (5.27)), whereas the off–diagonal components mostly

depend on the strain rate tensor, Sij, as suggested by equations (5.18) and (5.22).

It is therefore not unexpected that off–diagonal and diagonal components of τ model

show different behaviors with regard to the numerical resolution.

In the present section, the effect of the grid resolution on the determination of κ

and ε are neglected and it is assumed that the κ−ε model provides a perfectly accurate

representation of both the turbulent kinetic energy and the turbulence dissipation

rate. This way, the effect of the resolved strain rate tensor, Sij, (varying with the

numerical resolution) on τ can be independently evaluated.

The different behaviors of the components of τ model for the case of turbulent wall

jet without large structures is shown in figure 5.25, where τmodel
11 (left) represents the

diagonal components of the stress tensor and τmodel
12 the off–diagonal components.
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Figure 5.25: Reduction of the turbulent stress tensor, τij , with increasing numerical resolution for
the case of turbulent wall jet without large coherent structures. Only two components are shown
here: τ11 (left), and τ12 (right).

Figure 5.26: Coanda wall jet with longi-
tudinal structures. Behavior of τκ−ε

ij with
varying numerical resolution.

Note that the diagonal component, τ11, (fig-

ure 5.25, left) only shows a minor dependence

on the numerical resolution, as a consequence

of assuming a perfectly accurate distribution of

both κ and ε. On the other hand, the mag-

nitude of the off–diagonal components modeled

by EASM requires a high numerical resolution

in order to supply a good approximation of τ .

This can be explained by considering that, as

opposed to κ, the resolved strain rate tensor,

Sij, needs larger portions of the spectrum of

motion to approximate the complete strain rate

STDNS
ij .

A similar distinction between the behavior

of the diagonal components and the behavior of

the off–diagonal components can be made for

the case of a turbulent flow with longitudinal

coherent structures, as indicated in figure 5.26
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for the second flow scenario (some surfaces are only partially represented in order

to increase the visibility.) While the modeled τ11 does not change significantly with

different numerical resolutions, the off–diagonal components show a decreasing ampli-

tude with decreasing resolution. It can also be observed that the modeled turbulent

stress tensor, τEASM , behaves differently in the wall region and in the outer region

with regard to the numerical resolution. In the wall region, the accuracy of the model

is strongly dependent on the resolution, whereas in the outer region the predicted

turbulent stress tensor remains very close to the RANS limit for different resolu-

tions. In other words, EASM approximates well the RANS limit of the turbulent

stress tensor in regions where large coherent structures are present, thus satisfying

the assumption of a τmodel that is independent of the grid resolution. The validity of

this assumption, however, is reduced in the wall–near region.

5.3.4 The Contribution Function in the FSM

In the hybrid Flow Simulation Methodology (FSM), the explicit algebraic stress

model (EASM) provides an estimate of the turbulent stress tensor in the RANS

limit which is then rescaled at each point in space according to the relative position

of the cut–off in the spectrum. The contribution of the RANS–modeled turbulent

stress tensor to the momentum equation,

τFSM
ij = f (∆, ηK) τEASM

ij , (5.28)

is thus scaled by a contribution function,

f (∆, ηK) = 1 − e
−β ∆

ηK , (5.29)

that compares the local numerical resolution, ∆, with the smallest scale of turbulence,

ηK, whereas β is a calibration parameter that is typically maintained between 10−2

and 10−3.
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Figure 5.27: Contribution function computed with the FSM formulation (left) for the turbulent
flow without large structures, and directly inferred from the TDNS data (right) for τ11 and for τ12.

The wall–normal distribution of the FSM contribution function is shown in fig-

ure 5.27 (left) for the case of a turbulent flow without large coherent structures, where

f(∆, ηK) is plotted for different numerical resolutions and with three different values

of the parameter β. For the same turbulent flow, the ratio between the modeled

turbulent stress tensor and its ideal value,

f̂ =
τij

τEASM
ij

, (5.30)

is directly computed from the TDNS data and shown in figure 5.27 (right) for one

diagonal component, τ11, and for one off–diagonal component, τ12.

The comparison between the FSM contribution function computed by the hybrid

model and the distribution, f̂ , obtained from the TDNS results offers a revealing

indication of the behavior of this formulation of FSM and therefore provides sugges-

tions for possible improvements.

The ideal distribution of the contribution function determined from equation (5.30)

for the diagonal component, τ11, indicates a sufficiently regular behavior with de-

creasing resolution that can be reasonably well predicted by the FSM contribution

function. On the other hand, the behavior shown by the off–diagonal component, τ12,

indicates a more complex dependence on the numerical resolution. This suggests that

the FSM contribution function should implement separate formulations for diagonal
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and off–diagonal components.

Furthermore, the simulation with a very coarse numerical resolution (5×3 modes)

appears unable to correctly predict off–diagonal components of the turbulent stress

tensor and such a shortcoming becomes therefore very difficult to be counteracted by

the contribution function which, indeed, would assume virtually unbounded values,

as shown in figure 5.27 (right).

From figure 5.27 (right), it can also be inferred that, even for higher grid resolu-

tions, the contribution function, f̂ , can reach values larger than 1 for certain cases,

in particular for the off–diagonal components. This should come as no surprise if one

considers that the modeled turbulent stress tensor, τEASM
ij , and its corresponding tar-

get, τij, show opposite behaviors with varying numerical resolution. By moving from

the RANS limit to the TDNS limit, i.e. by increasing the portion of the spectrum of

motion resolved by the flow field, the amplitude of τ decreases (see, for examples, fig-

ures 5.19, 5.20, and 5.21), while the amplitude of the turbulent stress tensor estimated

by the turbulence model, τ EASM , increases, at least for the off–diagonal components

(figures 5.25 and 5.26.) Moreover, it can be observed that the contribution function,

f̂ , computed for the component τ12 highlights the difference in behavior between the

wall region and the outer region. This can be attributed, however, to the inability

of the turbulent model (EASM) to correctly reproduce the turbulent stress tensor

approaching the wall.

A further insight into the performance of the contribution function can be gained

by considering the turbulent wall jet with large coherent structures, such as the one

simulated in the third flow scenario.

As for the previous case, a distinct difference can be observed between the diagonal

and the off–diagonal components, whereby the diagonal terms indicate a sufficient

regularity in the scaling of the contribution function and good correlation with the

contribution function defined by FSM , as shown in figure 5.28 (note that some

surfaces are only partially shown in order to enhance the visibility.) In particular, it
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can be observed that the contribution estimated by the FSM assigns higher values in

the region around the roller (where the turbulence activity is more intense) and lower

values at the core of the roller. This distribution estimated by FSM qualitatively

approximates the “ideal” contribution function, inferred with the expression (5.30)

(figure 5.28, right) by considering the τ11 component of the turbulent stress tensor.

Figure 5.28: Contribution function computed with the FSM formulation (left) for the turbulent
flow with large spanwise structures, and directly inferred from the TDNS data for τ11 (right.)

It is interesting to observe that in the (“ideal”) distribution of f calculated a–

posteriori the difference in amplitude of f between the the core of the roller and the

region surrounding the core is substantially reduced when compared to the FSM

contribution function, as a consequence of the accuracy provided by the EASM .

Nevertheless, it should be pointed out that the comparison offered by figure 5.28

can be considered a theoretical validation of the FSM for regions of turbulent flows

where large coherent structures occur.

Modeling the wall region, on the other hand, appears from figure 5.28 to represent

a more challenging task for FSM . Close to the wall, the “ideal” distribution of f

(computed a–posteriori through τ11) estimates values much larger than 1. However, a

monotone and regular growth of f with decreasing numerical resolution is maintained

throughout the entire domain. Moreover, the reduced performance shown in the wall

region can be attributed to the decay in accuracy of the κ − ε turbulent model with

EASM .

On the other hand, the off–diagonal part of the turbulent stress tensor is more
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difficult to model with the contribution function. A very coarse resolution (5 modes)

produces a significant mismatch between the modeled turbulent stress tensor, τ EASM ,

and its target, τ , which cannot be corrected by the contribution function. For simula-

tions with higher numerical resolution, however, the contribution function computed

with the expression (5.30) shows fluctuations ranging well beyond the limits f = 0 and

f = 1. This behavior can be explained with the misalignment between the modeled

turbulent stress tensor and its target, as shown in figure 5.17. Large variations and

relatively sharp peaks are, in fact, produced by the close proximity of regions of very

high turbulence activity and regions of low turbulence activity, and small errors in

the alignment result in large differences between the required turbulent stress tensor

and the tensor supplied by the FSM .

It can be argued that such mismatch might represent only a transitory condition

and that the effect of the turbulence model on the momentum equation might result

in a successive realignment between τ model and τ . In this case, however, a side effect

of the hybrid turbulence model would consist in the alteration of the convective speed

of the large coherent structure.

A final consideration on the accuracy of the contribution function predicted by

FSM can be drawn from the discussion on the modeled turbulence dissipation rate,

ε. In section 5.3.2, it has been shown that ε provided by the two–equation (κ − ε)

model is dependent on the grid resolution. Consequently, the estimated smallest scale

of motion (Kolmogorov length scale, equation (4.3)) is affected by the grid resolution

as well. Since ε decreases with the coarsening of the grid, the computed Kolmogorov

length scale increases, thus greatly reducing the accuracy of the ratio ∆/ηK. As

a consequence, hybrid models such as FSM become increasingly unable to adjust

the contribution of the modeled turbulent stress tensor, τ EASM , as the numerical

resolution becomes coarser than the LES level.
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5.4 An Enhanced Formulation of the FSM

The examples discussed in the previous section validate the theoretical approach of

FSM , but also highlight some shortcomings in terms of its present formulation (5.29)

and of the turbulent stress tensor provided by the EASM . Furthermore, the insight

offered by this a–posteriori analysis also provides the means for enhancing the formu-

lation of this hybrid methodology.

In particular, four distinct issues were observed. First, the modeled turbulence

statistics (in particular ε) are dependent on the numerical resolution. Second, the

diagonal and the off–diagonal components of the turbulent stress tensor exhibit dif-

ferent behaviors and need therefore to be differently modeled. Third, while the region

of the flow where large coherent structures are present appears sufficiently well mod-

eled by the hybrid model, lack of homogeneity is observed in the wall region between

the model and its target. Fourth, with decreasing numerical resolution it becomes

increasingly difficult to determine the relative position of the cut–off wave number

with respect to the spectrum of turbulent motion.

From a general point of view, the analysis carried out in the present chapter indi-

cates that only in the LES range the prediction of all turbulence quantities remains

sufficiently independent of the numerical resolution. Coarser grids cause a degrada-

tion in the accuracy of the modeled quantities that results in a significant reduction

of the overall performance of the Flow Simulation Methodology (FSM .)

Among the turbulence statistics, however, the turbulent kinetic energy, κ, presents

a physical behavior that can be used to the advantage of the model. Not only is most

energy contained in the large scales of motion, but also the energy cascade from low

wave numbers to higher wave numbers is described by a general relation (the 5/3 law)

that applies to a large portion of the spectrum and is sufficiently independent of the

topology of the turbulent flow. The turbulent kinetic energy contained by a portion
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of the spectrum between two wave numbers can thus be approximated as

κ(k1,k2) =

∫ k2

k1

C1k
− 5

3 dk = C2

[
1 −

(
k2

k1

) 2
3

]
, (5.31)

where C1 and C2 are constant. Hence, the total turbulent kinetic energy of the flow

can be calculated by extending the integral from the large scales to the Kolmogorov

scale,

κRANS = κtot = Etotal ≈
∫ Kolmogorov

large−scales

C1k
− 5

3 dk = C2

[
1 −

(
ηK

Lx

) 2
3

]
, (5.32)

where Lx is the streamwise extent of the computational domain and, in the case of

temporal numerical simulations, offers a good approximation of the size of the largest

scales of motion.

Valuable information can therefore be extracted from the resolved turbulent ki-

netic energy,

κres = 〈ui〉〈ui〉 = UiUi, (5.33)

which is represented by extending the integral in equation (5.31) from the large scales

to the cut–off (the local grid cell size),

κres ≈ C2

[
1 −

(
∆

Lx

) 2

3

]
, (5.34)

and which indeed shows a regular behavior with varying numerical resolution, as

indicated in figure 5.29 for the turbulent wall jet without large structures (first flow

scenario.)

The unresolved portion of the turbulent kinetic energy can be similarly calculated

from

κunres = κtot − κres ≈ C2

[
1 −

(ηK

∆

) 2
3

]
. (5.35)
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By considering that κEASM predicted by

the two–equation model shows only minimal

variations for different grid resolutions, the

additional information provided by κres can

be used to optimize the turbulence model.

The constant C2 is determined from equa-

tion (5.34), where all other terms are known,

and can then be used in equation (5.32) in

order to produce an additional estimation of

κRANS . A combination of the two values of the turbulent kinetic energy (from the

κ − ε model and from the resolved scales) such as, for example, the average,

κenhanced =
1

2

[
κκ−ε + κRANS

]
, (5.36)

is finally adopted. This formulation is expected to provide a prediction of κ that

more accurately approximates the RANS limit. In addition, the contribution of

information directly extracted from the resolved scales (equation (5.32)) reduces the

dependence on the grid resolution.

Moreover, equation (5.32) also provides an additional estimation of the Kol-

mogorov length scale. In fact, by combining equation (5.19) with equation (4.3),

the smallest scale of motion can be expressed as

ηres
k =

(
νT ν3

(κRANS)2cµ

) 1
4

, (5.37)

where κRANS is computed using equation (5.32). ηres
k can then be used to correct

the Kolmogorov length scale estimated through the modeled ε. Due to the reduced

dependence on the grid resolution, this formulation of ηK is expected to prevent the

loss of accuracy in predicting the relative location of the cut–off wave number in the

spectrum of turbulent motion with decreasing resolution, as discussed in section 5.3.4.
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Alternatively, a further formulation of the ratio ∆/ηK can be derived from equa-

tion (5.35),
ηK

∆
=

[
1 − β · κEASM

κres

(
1 −

(
∆

Lx

)α1
)]α2

, (5.38)

where the exponent α1 should be, in principle, 2/3, but can be adjusted with results

from numerical simulations, and where α2 is the inverse of α1. In addition, artificial

boundaries should be set in order to limit the value of expression (5.38).

It can be noted that, similarly to the PANS approach, this new formulation of the

FSM modifies the model in the transport equations for κ and ε by considering the

relative location of the cut–off wave number in the spectrum of turbulence. However,

the PANS formulation aims to the determination of the SGS part of the turbu-

lence quantities and uses them in order to determine the ratio ∆/ηK . Consequently,

such approach is affected by the “negative feed–back” discussed in section 5.3.4 and

becomes inaccurate for very coarse resolutions.

Moreover, in the PANS approach the turbulent stress tensor is successively cal-

culated using the unresolved turbulence quantities, κPANS and εPANS . However, the

definition of τ as function of the turbulence statistics has been derived for the RANS

limit and it can be argued that τ PANS calculated from κPANS and εPANS does not

necessarily corresponds to the turbulence stress tensor defined by the grid resolution.

The enhanced formulation of FSM presented here, instead, not only predicts

the turbulence quantities in the RANS limit, but also ensures independence of the

grid resolution. Finally, the turbulent stress tensor is first computed in the RANS

limit (by using κ and ε in the RANS limit) and only successively reduced with the

contribution function.
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6. CONCLUSIONS

A comprehensive a–posteriori analysis of the performance of turbulence models in

the presence of different types of turbulent coherent structures has been carried out.

This task required highly resolved numerical simulations of a sufficiently complex

flow such as the turbulent Coanda wall jet at high Reynolds numbers. The temporal

approach has therefore been employed, thus satisfying the combined requirements

of low computational cost and high numerical resolution. Consequently, this work is

divided in two equally important, parts: The establishment of a database from highly

resolved TDNS, and the a–posteriori analysis based on the TDNS data.

By prescribing a mean velocity profile extracted from a DNS of the spatially

evolving flow, the temporal direct numerical simulations were successful in capturing

the relevant physical mechanisms that govern local regions of the turbulent Coanda

flow. By suppressing or allowing primary instability mechanisms, coherent structures

could be selectively generated and maintained in the turbulent flow, thus producing

four different flow scenarios for the same wall jet mean velocity profile. This repre-

sents a fundamental result of the present investigation because a direct connection

between primary instability mechanisms and turbulent coherent structures was thus

demonstrated.

Moreover, the selective suppression of primary instability mechanisms allowed the

investigation of different transition paths from the laminar state to the turbulent

regime. When all primary instability phenomena were suppressed (first flow sce-

nario), transition was possible only through a by–pass process, whereas the presence

of an instability mechanism such as the Görtler mode (second flow scenario) or the

Kelvin–Helmholtz mode (third flow scenario) enabled an additional, “natural” transi-

tion. In this case, primary instability modes first develop into large amplitude laminar

vortices whereas secondary instabilities then lead to transition. In this framework,
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the ergodicity principle has been verified, whereby the final turbulent regimes re-

sulting from either the by–pass transition or the “natural” transition path becomes

indistinguishable after a sufficiently long time period.

For the cases in which a single primary instability mechanism is present, a unique,

stationary turbulent regime could be defined where the turbulent wall jet flow exhibits

corresponding coherent structures (Görtler vortices or rollers.) The coexistence of

multiple primary instability mechanisms (fourth flow scenario), on the other hand,

leads to a more complicated physics where multiple equilibrium states are possible

for the turbulent regime, with either type of coherent structure dominating the flow

and suppressing the other structures. For the flow geometry adopted here, however,

only one equilibrium state was observed, with highly energetic rollers dominating the

flow and weakening Görtler vortices.

The quality of the TDNS database was validated in terms of grid resolution, by

comparing the grid cell size to the smallest scales of the turbulent motion (Kolmogorov

length scale), as well as in terms of energy dynamics, by considering the distribution

of the turbulent kinetic energy across the spectrum.

The a–posteriori analysis of the turbulence models has been divided in two further

parts. First, the RANS limit was investigated, whereby the flow field resulting from

the TDNS have been averaged over a long time period, thus approximating the

Reynolds average. Under this condition, turbulence models have been evaluated

in terms of the modeled turbulent stress tensor, from algebraic models (Baldwin–

Lomax), to two–equation models (κ− ε.) The behavior of the models was considered

for different conditions, in particular for the near–wall region and for the outer flow

region, where large coherent structures are present.

While simple models such as the Baldwin–Lomax model are capable of reproduc-

ing the turbulent stress tensor in the wall region for attached flows, the presence

of large coherent structures (as in the case of the third flow scenario) represents a

significant challenge for models based on the Boussinesq assumption and instead re-
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quires non–linear models. The availability of highly resolved TDNS for different

configurations of the turbulent wall jet allowed for the comparative investigation of

the modeled turbulent stress tensor and its target. In particular, the alignment of

the modeled tensor with the tensor computed from the TDNS data could be quan-

titatively evaluated and indicated the superiority of non–linear models such as the

EASM over Boussinesq–based models whenever large coherent structures are present

in the turbulent flow.

In the second part, the investigation then moved away from the RANS limit and

different levels of numerical resolutions were considered, thus leading to intermediate

cases such as URANS, V LES, or LES, whereby the relation between filtering in

space and averaging in time has been discussed.

Increasing the numerical resolution corresponds to a decreasing amplitude of the

required turbulent stress tensor. Hybrid turbulence models (HTM) are therefore

expected to recognize the relative position of the cut–off in the spectrum of turbulent

motion in order to adapt the contribution of the model to the filtered governing

equations. However, FSM is based on the assumption that the underlying models

estimate the RANS limit of the turbulence quantities. This assumption has been

critically evaluated here and the results indicated an increasing degradation in the

accuracy of the modeled turbulence quantities (e.g. κ and ε) with the coarsening of

the grid. This, in turn, implies that a contribution function that scales the τ model to

the tensor required by the simulation cannot be limited from 0 to 1, but should be

allowed to exceed both extremes.

A further significant shortcoming of FSM has finally been addressed. The eval-

uation of the level of resolution compared to the spectrum of turbulent motion is

typically carried out by computing the Kolmogorov length scale from the turbulence

quantities (e.g. κ and ε) estimated by the turbulence model. However, in this way the

decreasing resolution leads to an underestimation of the turbulence quantities and

thus to an overestimation of the Kolmogorov length scale, which significantly reduces
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the contribution of the model at locations where the model should contribute most.

It is therefore suggested to integrate the formulation of the Kolmogorov length scale

with an expression that depends on the large scales of motion.
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