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Abstract

String theory offers the unique promise of unifying all the known forces in nature.
However, the internal consistency of the theory requires that spacetime have more
than four dimensions. As a result, the extra dimensions must be compactified in
some manner and how this compactification takes place is critical for determining the
low-energy physical predictions of the theory. In this thesis we examine two distinct
consequences of this fact.

First, almost all of the prior research in string model-building has examined the
consequences of compactifying on so-called “abelian” orbifolds. However, the most
general class of compactifications, namely those on non-abelian orbifolds, remains
almost completely unexplored. This thesis focuses on the low-energy phenomeno-
logical consequences of compactifying strings on non-abelian orbifolds. One of the
main interests in pursuing these theories is that they can, in principle, naturally give
rise to low-energy models which simultaneously have N=1 supersymmetry along with
scalar particles transforming in the adjoint of the gauge group. These features, which
are exceedingly difficult to achieve through abelian orbifolds, are exciting because
they are the key ingredients in understanding how grand unification can emerge from
string theory.

Second, the need to compactify gives rise to a huge “landscape” of possible re-
sulting low-energy phenomenologies. One of the goals of the landscape program in
string theory is then to extract information about the space of string vacua in the
form of statistical correlations between phenomenological features that are other-
wise uncorrelated in field theory. Such correlations would thus represent features of
string theory that hold independently of a vacuum-selection principle. In this thesis,
we study statistical correlations between two features which are likely to be central
to any potential description of nature at high-energy scales: gauge symmetries and
spacetime supersymmetry. We analyze correlations between these two kinds of sym-
metry within the context of perturbative heterotic string vacua, and find a number of
striking features. We find, for example, that the degree of spacetime supersymmetry
is strongly correlated with the probabilities of realizing certain gauge groups, with
unbroken supersymmetry at the string scale tending to favor gauge-group factors with
larger rank. We also find that nearly half of the heterotic landscape is nonsupersym-
metric and yet tachyon-free at tree level; indeed, less than a quarter of the tree-level
heterotic landscape exhibits any supersymmetry at all at the string scale.
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1. Introduction

The Standard Model has had great success in explaining experimental data. The
lagrangian of the model is invariant under a SU(3) ⊗ SU(2) ⊗ U(1) local gauge
symmetry. The fields in the models fall into representations of the gauge group. In
addition to this, the parameters of the model have to be put in by hand to match
experimental data.

The observed three generations of quarks and leptons have been successfully in-
corporated into the model. CP invariance in the bulk of processes as well as the
breaking of CP symmetry in certain processes can be explained through a choice of
certain parameters in the theory. Nuclear β decay, neutral current scattering pro-
cesses, color confinement are some of the phenomena which can be explained by the
structure of the theory and/or choice of certain parameters in the theory.

Research attempts have been made to find correlations between the seemingly un-
correlated parameters in the theory. Grand Unified Theories were one of the outcomes
of such research attempts. The Standard Model is made up of three different simple
groups and the coupling constants of each of these simple portions are different. It
has been suggested that the three groups SU(3), SU(2), U(1) are part of a larger
group like SO(10) or SU(5), which contain SU(3) ⊗ SU(2) ⊗ U(1) as a subgroup.
These models are Grand Unified Theory (GUT) models. The scalar GUT Higgs bo-
son breaks the GUT symmetry to the Standard Model at the GUT scale. Hence, the
low energy theory is the theory of the Standard Model. The couplings of the three
simple groups of the Standard Model run and equal each other at the GUT scale.
(For an easy to understand review of the basics of GUTs, please refer to Ref. [1]).

The Standard Model has a problem which needs an explanation. This is the
problem of the quadratic divergence of the Standard Model Higgs boson mass. This
problem is also called as the “Hierarchy Problem”. To understand this issue consider
the diagram in Fig.1(a). The diagram in Fig.1(a) comes from the Yukawa coupling
term λψ̄ψφ, which is the vertex at both ends of the diagram. φ represents the
Standard Model Higgs and ψ represents the fermions in the theory. This diagram
represents the one loop correction to the Higgs mass. The diagram scales as Λ2, where
Λ is the scale of a higher energy theory (example: GUTs) at which new physics starts
appearing. Since the Standard Model is supposed to describe physics below the weak
scale, the amplitudes cannot scale as positive powers of Λ. This contribution should
be canceled.

Supersymmetry is a leading candidate for explaining the cancellation of the above
amplitude. Supersymmetry is an extended symmetry of the Poincaré algebra. Poin-
caré algebra comprises of the following commutation relations
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φ φ

ψ

(a)

φ φ

φs

(b)

Figure 1.1. Higgs Divergence and its Cancellation

[Lµν , Lρσ] = i(ηνρLµσ − ηµρLνσ − ηνσLµρ + ηµσLνρ) (1.1)

[Lµν , Pρ] = ηµρPν − ηνρPµ (1.2)

[Pν , Pµ] = 0. (1.3)

Lµν ’s are the generators of rotation, Pν is the generator of translation. η is the
Minkowski metric. All the generators Lµν , Pν above are bosonic. This algebra can
be extended by introducing new fermionic generators, because of the results of the
Coleman-Mandula theorem (Ref. [2]). These generators, (henceforth referred to as
Qα, Qβ̇) have appropriate commutation relations with the rotation operators of the
Poincaré algebra so as to qualify as spin 1/2 operators.

The generators associated with supersymmetry transformations are made up of a
left handed Weyl spinor Qα and a right handed Weyl spinor Qβ̇, where α, β̇ ∈ {1, 2}
are spinor indices.
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The anti-commutation relation which plays the main part in cancellation of the
Standard Model Higgs mass divergence is (Ref. [3])

{Qα, Q̄β̇} = 2σµ
αβ̇Pµ. (1.4)

The σµ’s are the Pauli matrices. Q̄β̇ = Q∗
β. A lagrangian constructed out of such

a theory has a symmetry in which bosons transform into fermions (and vice-versa)
because of the spin 1/2 nature of the Q operator. The supersymmetric lagrangian
has a λ2φ2φs

2 (φ is the Standard Model Higgs, whereas φs is the superpartner of the
fermion field) term which produces the loop diagram in Fig.1(b). This contribution
comes with an opposite sign to the Standard Model contribution from Fig.1(a) and
hence cancels the quadratic divergence of the Standard Model Higgs mass.

The Standard Model gauge couplings should run and equal each other at the GUT
scale in order for unification to make any sense whatsoever. It is however seen that this
is not true unless a minimal N = 1 supersymmetric extension of the Standard Model
is considered. The theory at the GUT scale would then be a N = 1 supersymmetric
GUT theory.

The Standard Model can describe the physics below the weak scale with the help
of dimension four or less operators. However gravity requires the presence of higher
dimensional operators at lower energies. There has always been a strong desire from
within the scientific community to express gravity in an unified framework with other
known forces of nature.

A major research area over the past many decades has worked with this idea
of unification of gravity with other known forces of nature. This area of research
constitutes the domain of string theory.

The basics of string theory will be described in the sections below, please consult
Ref. [4] for a comprehensive treatment.

1.1. String theory

String theories are theories in which the fundamental entity is a string instead of a
particle. As the string propagates through spacetime, it describes a worldsheet instead
of a world line. The string can be open or closed. Open and closed strings can be
studied independently of each other in spite of hypothesized duality relations between
the two (Ref. [5]) . We will be considering only closed strings in this dissertation.
Also we would be considering the case of flat spacetime only. Gravitons will appear
as excitations of string theory which later act as background fields. Please refer to
Ref. [4] and references therein for further understanding. The worldsheet can be
described by two co-ordinates, σ corresponding to a position along the length of the
string and τ which is analogous to the time co-ordinate. We will be considering the
bosonic string in this section. The position of the string in spacetime is given by the
co-ordinate Xµ(σ, τ).
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The string action can be written as

S = T

∫ √
hhαβ∂αX

µ∂βXµd
2σ (1.5)

where T is the tension in the string, hαβ is the metric on the two dimensional string
worldsheet, h is the determinant of hαβ and d2σ = dσdτ .

To understand the above equation, we can imagine the worldsheet of the string
to be a two dimensional manifold, with metric hαβ. Then, the above equation would
correspond to the area of the worldsheet in spacetime. The classical path traveled by
the string is the one that minimizes the above action.

However it is also possible to write the area of the worldsheet as

S = T

∫

√

(
∂Xµ

∂τ
.
∂Xµ

∂τ
)(
∂Xµ

∂σ
.
∂Xµ

∂σ
) − (

∂Xµ

∂τ

∂Xµ

∂σ
)2d2σ. (1.6)

Since eqn (1.5) and eqn (1.6) define the same quantity, the physics of the system
should be independent of the extra field hαβ . hαβ has three independent components.
Two of these components can be eliminated through a reparametrization of σ and τ .
With this reparametrization hαβ can be put in the form, hαβ = Λ(σ, τ)ηαβ . Now, it
can be easily checked that equation (1.5) is invariant under the identification hαβ →
Λ(σ, τ)hαβ . To see this note that

√
h is the square root of the determinant of hαβ and

hence transforms as
√
h→ [Λ(σ, τ)]−1

√
h. This symmetry is known as the conformal

symmetry.
The classical equation of motion δS

δhαβ = 0 gives us

Tαβ = ∂αX
µ∂βXµ − 1

2
hαβh

α′β′

∂α′Xµ∂β′Xµ = 0. (1.7)

Conformal invariance is the statement that (Tα)α = 0.
Conformal invariance and reparametrization invariance together imply that we

can make a choice hαβ = ηαβ. With such a choice the equation of motion for Xµ(σ, τ)
becomes the wave equation

[∂σ∂
σ − ∂τ∂

τ ]Xµ(σ, τ) = 0. (1.8)

For closed strings we have the boundary condition Xµ(σ+π, τ) = Xµ(σ, τ) (going
once around a closed string corresponds to σ changing from σ to σ + π). With this
boundary condition the solution to the above equation becomes

Xµ
L = xµ +

1

2
l2pµ(τ − σ) +

i

2
l
∑

n 6=0

1

n
αn

µe−2in(τ−σ) (1.9)

Xµ
R = xµ +

1

2
l2pµ(τ + σ) +

i

2
l
∑

n 6=0

1

n
α̃µ

ne
−2in(τ+σ) (1.10)
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where l = 1/πT 1/2, αn
µ is the amplitude contribution of the e−2in(τ−σ) factor to Xµ

L,
with an analogous definition for α̃n. Xµ

R implies a function of (τ+σ) andXµ
L implies

a function of (τ −σ), such that Xµ(σ, τ) = Xµ
L +Xµ

R. We will be using labels (L,R)
to represent a co-ordinate system made up of (τ − σ, τ + σ) instead of (τ, σ). xµ

and pµ are the center of mass position and momentum of the string, which appear as
the position and momentum of the low energy particle. Since string excitations are
identified as particles at lower energies, we should have the following commutation
relationship

[xµ, pµ] = i~. (1.11)

Quantizing the world sheet theory gives us the following commutation relation-
ships

[Xµ, P µ] = i~. (1.12)

Here P µ is the canonical momentum corresponding to Xµ. Substituting for Xµ

and P µ (Ref. [4]) gives us the following commutation relations

[αm
µ, αn

ν ] = imδm+nη
µν (1.13)

[α̃µ
m, α̃

ν
n] = imδm+nη

µν . (1.14)

Here, δm+n = 0 if m+ n 6= 0, else δm+n = 1.

[αm
µ, α̃ν

n] = 0. (1.15)

Define

Lm =
T

2

∫ π

0

e−2imσTLLd
2σ =

1

2

∞
∑

n=−∞
αm−nαn (1.16)

L̄m =
T

2

∫ π

0

e2imσTRRd
2σ =

1

2

∞
∑

n=−∞
α̃m−nα̃n. (1.17)

Here the stress energy tensor is considered in the L(R) co-ordinate system i.e.
TLL = Tσ−τ,σ−τ and TRR = Tσ+τ,σ+τ as explained before. Any state of the theory |φ〉
should obey Lm|φ〉 = 0, L̄m|φ〉 = 0 for m 6= 0. αm−n and αn only commute for m 6= 0.
For m = 0 we have a normal ordering ambiguity in the definition of L0 (Ref. [4]).
For m = 0, (L0 − a)|φ〉 = 0, (L̄0 − ā)|φ〉 = 0 instead should be obeyed. Here a, ā are
normal ordering constants. These relations are the quantum equivalent of Tαβ = 0.

Unitarity of the theory, requires the absence of states with 〈φ|φ〉 < 0, which are
even massless at the string scale. This constraints the dimensions of the theory and
the value of a. It sets the spacetime dimension of the theory to be D = 26 and a = 1.
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1.2. Superstring theory

In the previous section the elements of bosonic string theory were presented. The
theory did not have fermionic excitations. Also, bosonic string theory has tachyons
in its spectrum. String theories with worldsheet supersymmetry produce fermions.
These theories are called superstring theories. The subset of these theories which are
spacetime supersymmetric do not have tachyons.

The bosonic string theory was presented as a two dimensional worldsheet theory,
with the space time fields Xµ(σ, τ) living on the worldsheet. The Xµ’s are scalars of
the two dimensional worldsheet theory. The Lorentz symmetry is a global symmetry
of the two dimensional worldsheet theory. Xµ(σ, τ) transforms as a vector under
this Lorentz symmetry. Let us introduce fields ψµ(σ, τ) on the worldhseet. Let them
transform as spinors of the two dimensional theory, but transform as vectors according
to the Lorentz symmetry. The action in the hαβ = ηαβ gauge could be written as

S =

∫

d2σ(∂αXµ∂αXµ − ψ̄µγα∂αψµ) (1.18)

which in turn could be written as

S =

∫

d2σ(∂αXµ∂αXµ − iψµ†γ0γα∂αψµ). (1.19)

The action is worldsheet supersymmetric. The two gamma matrices are

γ0 =

(

0 −i
i 0

)

(1.20)

and

γ1 =

(

0 i
i 0

)

. (1.21)

For the ψ fields to be worldsheet spinors, we need the following commutations
relations

{ψµ(σ), ψν(σ′)} = πηµνδ2(σ − σ′). (1.22)

The matrix corresponding to the γ5 in four dimensions is called γ = γ0γ1 in the
two dimensional theory

γ =

(

1 0
0 −1

)

. (1.23)

Since a fermion in two dimensions has two components, it can be written as
(ψ−, ψ+). We can choose this to be a real spinor as iγα∂α is real.

Hence if ∂σ − ∂τ = ∂L and ∂σ + ∂τ = ∂R eqn(1.19) becomes
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S =

∫

d2σ(∂αXµ∂αXµ − ψµ
R∂RψµR − ψµ

L∂LψµL). (1.24)

The above lagrangian is worldsheet supersymmetric with Xµ and ψµ transforming
into each other. Here ψL implies a function of σ − τ and ψR implies a function of
σ + τ .

In order to preserve conformal symmetry at the quantum level we need the di-
mension of spacetime to be ten.

Let us also mention that there is a residual symmetry which appears even after
reparametrization invariance and conformal invariance together have been used to
set hαβ to ηαβ . Further transformations on the worldsheet co-ordinates are possible
which do not change this choice of hαβ . This residual gauge symmetry can be used
to fix two Xµ and two ψµ fields. This gets rid of ghosts in the theory. The theory
however becomes a theory with SO(8) Lorentz symmetry.

The requirement Tαβ = 0, becomes Lm|φ〉 = 0 form > 0, (L0−a)|φ〉 = 0, L̄m|φ〉 =
0 for m > 0 and (L̄0 − ā)|φ〉 = 0 for the quantum theory (Ref. [4]). The boundary
conditions for the closed superstring fields have the form Xµ(σ+π, τ) = Xµ(σ, τ) and
ψµ

R(σ + π, τ) = ∓ψµ
R(σ, τ) with ψµ

L(σ + π, τ) = ∓ψµ
L(σ, τ). To understand this

note that the lagrangian should be periodic when going from σ to σ + π. Periodicity
would allow ψµ

L,R(σ + π) = eiwψµ
L,R(σ) (w is a real number). But reality of the

fermions only allows the subset ψµ
L,R(σ + π, τ) = ∓ψµ

L,R(σ, τ)
ψµ

L,R(σ + π, τ) = ψµ
L,R(σ, τ) boundary conditions are termed as Ramond (R)

boundary conditions.
ψµ

L(σ + π, τ) = ψµ
L(σ, τ) gives

ψµ
L =

1√
2

∑

n∈Z

dn
µe−2in(τ−σ) (1.25)

and ψµ
R(σ + π, τ) = ψµ

R(σ, τ) gives

ψµ
R =

1√
2

∑

n∈Z

d̃µ
ne

−2in(τ+σ). (1.26)

d̃µ
n, dn

µ are the amplitude contributions (which become string excitations upon
quantization) from e−2in(τ−σ), e−2in(τ+σ) to ψµ

L, ψµ
R respectively.

ψµ
L,R(σ+π, τ) = −ψµ

L,R(σ, τ) boundary conditions are termed as Neveu-Schwarz
(NS) boundary conditions.

ψµ
L(σ + π, τ) = −ψµ

L(σ, τ) gives

ψµ
L =

1√
2

∑

r∈Z+ 1
2

br
µe−2ir(τ−σ) (1.27)
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ψµ
R(σ + π, τ) = −ψµ

R(σ, τ) gives

ψµ
R =

1√
2

∑

r∈Z+ 1
2

b̃µr e
−2ir(τ+σ). (1.28)

b̃µn, bn
µ are the amplitude contributions (which become string excitations upon

quantization) from e−2in(τ−σ), e−2in(τ+σ) to ψµ
L, ψµ

R respectively.
Hence, we can have the following combinations R-R, R-NS, NS-R, NS-NS for

superstrings, corresponding to the (ψR) - (ψL) boundary conditions.
It should be noted that Lorentz invariance forces all ten left moving fermions

(right moving fermions) to have the same boundary condition. That is either all of
the left (right) movers are of NS type or R type.

The Ramond excitations are of special interest. Because of equation (1.22), their
commutation relations after quantization become

{dν
m, d

µ
n} = δm+nη

µν . (1.29)

For m = n = 0, the commutation relations become

{dν
0, d

µ
0} = ηµν . (1.30)

These are just the gamma matrix commutation relationships for spacetime Lorentz
algebra. So we see that two dimensional fermions which transform as space time
vectors can produce spacetime fermionic excitations upon quantization.

Even though it has not been proved here, it can be shown that this theory with
worldsheet supersymmetry can produce a theory with excitations, which form a rep-
resentation of spacetime supersymmetry under certain situations. We will show this
for the case of Type II strings in a later section.

1.3. Modular invariance and GSO constraints

Until now we have described string theories as being two dimensional conformally
invariant field theories. The excitations of these strings are seen as particles of the
low energy theory. The string states satisfy (L0 − a)|φ〉 = 0, Lm|0〉 = 0 (for m > 0)
as well as (L̄0 − a)|φ〉 = 0, L̄m|0〉 = 0 (for m > 0) as talked about before. However
there are additional constraints that the string states have to satisfy as will be talked
about below.

Let us consider a one loop closed string spacetime propogation amplitude. This
is depicted pictorially by Fig.1.2. The amplitude can be expressed as a path integral.
For a closed bosonic string the path integral takes the form (for more information
please refer to Ref. [4])

Z(t) =

∫

DXµ(σ, τ)Dhαβ(σ, τ)e−( 1
2

R

d2σ
√

hhαβ∂αXµ∂βXµ). (1.31)
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Figure 1.2. Toroidal string diagram involving a closed string going to a closed string

Figure 1.3. Toroidal string diagram involving a string going to a string where a
conformal transformation has transformed the incoming and outgoing strings into
points on the torus

By a conformal transformation hα,β = eφhα,β, Fig.1.2 can be converted into the
the compact diagram of Fig.1.3.

The points in the figure correspond to vertex operators (Ref. [4]) of the incoming
and outgoing strings. The one loop amplitude in the case of a string can hence be
reduced to a toroidal amplitude, corresponding to the possibility of a string returning
to its original configuration after τ -time t. As far as the story on the string worldsheet
goes, the torus can be imagined as a rectangle with length 1 unit along the σ direction
and length t along the τ direction. The torus can be defined by identifying the
opposite sides of the rectangle, as in Fig.1.4.

Integrating over t would yield a summation over all possible worldsheet toroidal
configurations in the path integral.

Additional symmetries arise because of defining a conformal theory on a torus.
These symmetries constitute a symmetry called as modular invariance. This symme-
try is made up of the following transformations t → t + 1 and t → −1

t
. The string
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1 unit

unitst

Figure 1.4. Representation of the torus in worldsheet space

amplitude should be invariant under these transformations. This puts constraints
called as GSO (Green-Schwarz-Olive) constraints on the states allowed to propagate
in a string theory.

1.4. Construction of states

As was explained before the requirement of conformal invariance imposes the con-
straints (L0 − a)|φ〉 = 0 and Lm|φ〉 = 0 (for m > 0) as well as (L̄0 − ā)|φ〉 = 0 and
L̄m|φ〉 = 0 (for m > 0) on the states of the theory. a, ā are normal ordering constants,
which can be understood as being related to the anomaly of the two dimensional con-
formal symmetry. In gauge theories the contribution of the fermions to the gauge
anomaly is additive. We have a similar situation in the case of the two dimensional
conformal symmetry. A fermion with an NS boundary condition contributes 1/24
to a, whereas a R boundary condition fermion contributes −1/48 to the conformal
anomaly a. A two dimensional boson contributes −1/24 to a.

It was mentioned before that all the left moving (right moving) fermions have the
same boundary condition, because of lorentz symmetry. Hence in all four different
combinations of string boundary conditions are possible, depending on the various
combinations of the left moving and right moving boundary conditions.
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1.4.1. The type 0 string

For these strings both left and right moving worldsheet fermions have the same bound-
ary conditions. Either both of them are R type or both of them are NS type. When
both are NS type then a, ā equal -1/2. In this case modular invariance imposes the
boundary condition NR −NL = even, where NR (NL) are the number of excitations
of the right (left) woldsheet fermions that make up a state.

The vacuum |0〉L
⊗ |0〉R easily becomes one possible state of the system. The

mass formula α′M2 = 2(L0 + L̄0 + a + ā) (α′ = 1
Mstring

2 . Mstring = gstringMP lanck.

Here Mstring implies the string scale. MP lanck is the Planck Scale. gstring is the string
coupling constant. Please refer to Ref. [4] for an explanation of these terms), tells us
that for this state α′M2 = −2. Hence this state is a tachyon.

bµ−1/2|0〉L
⊗

bν−1/2|0〉R written as V8

⊗

V8 (meaning that the state is a cross prod-
uct of two SO(8) vectors) is another possible state from this sector. This state is
massless. It can be split into the graviton gµν , an antisymmetric tensor bµν and a
scalar φ.

Let us now consider states from the fermionic sector where both left movers and
right movers are of the R type. The a and ā are both equal to 0 in this case. The
modular invariance constraints translate into NL − NR being either even or odd.
This is merely saying that NL and NR can be even or odd. As was explained before
the dµ

0’s obey {dµ
0, d

ν
0} = ηµν . Hence these excitations produce the spinors of the

Lorentz group. Because NL and NR can be even or odd, spinors of both chirality
are possible in this case. Hence the possible string excitations can be written as
{S8, C8}L

⊗{S8, C8}R. The {S8, C8} implies SO(8) spinors of both chirality. NL −
NR = even produce a Type 0A string theory and NL −NR = odd produce a Type 0B
string theory.

1.4.2. The type II string

All four combinations of left moving and right moving boundary conditions give us
the type II string.

If both left moving and right moving worldsheet fermions are of the NS type, then
modular invariance adds in an extra constraint to NL − NR = even, NR = odd. a
and ā both equal -1/2 in this case. The first constraint allows both the tachyon and
the massless gravity multiplet of type 0 string. However, the second constraint gets
rid of the tachyon.

If both left and right movers are of the Ramond type, then a as well as ā equal 0.
Modular invariance adds in the constraints NL −NR being odd as well as even just as
the type 0 case. However we have an extra constraint that NR should be odd. Hence
we end up with the massless {S8, C8}L × {S8}R in this case.

If left movers are NS type and right movers are R type then we have a = −1/2 and
ā = 0. In this case modular invariance imposes the following constraints: NL −NR is
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even and NR is odd. Hence the right movers are S8 lorentz spinors. In this case we can
have a massless state bµ−1/2|0〉L

⊗{S8}R. This state is really a V8

⊗

S8 state, where
V8 means a SO(8) vector. This state is called a gravitino and is the supersymmetric
partner of the graviton which is part of the gravity multiplet.

If the right movers are of NS type and left movers are of R type then we have
ā = −1/2 and a = 0. Modular invariance imposes the constraints: NL − NR is even
or odd and NR is odd. Another way of saying this is that NR is odd, while NL can
be either even or odd. Hence, this produces the massless states {S8, C8}L

⊗{V8}R.
Collecting all the above massless states V8

⊗

V8, {S8, C8}L

⊗{S8}R , V8

⊗

S8,
{S8, C8}L

⊗{V8}R, we can visualize a much better grouping (V8

⊕{C8, S8})L

⊗

(V8

⊕

S8)R. We see that there are two spacetime supersymmetries above. One of
them exchanges V8 and S8 among the right movers, the other exchanges V8 and
{C8, S8} among the left movers.

Exchange of V8 and S8 for left movers is similar to an identical exchange for the
right movers and this string is called the Type IIA string. Exchange of V8 and C8

on the other hand is opposite to the V8 and S8 exchange for right movers and such a
string is called the Type IIB string.

The theory lacks tachyons. Even though we have shown the emergence of a mass-
less supersymmetric spectrum , it can be shown that the spectrum is supersymmetric
for all possible masses (Ref. [4]).

1.5. Heterotic strings

In the last section we considered superstrings, which produced fermions, however
superstring theories do not produce gauge bosons. Heterotic strings are a construction
which produce this element of the particle spectrum.

Let us review a few concepts from the last two sections. The bosonic strings, have
twenty six left moving and twenty six right moving bosonic fields living on the string
worldsheet. The action for the bosonic string in the hαβ = ηαβ gauge is

S =

∫

d2σ(∂LXµ
L∂LXµL + ∂RXµ

R∂RXµR). (1.32)

Here ∂L means that we take a derivate with respect to σ − τ . ∂R means that
we take a derivate with respect to σ + τ . The Xµ are worldsheet bosons and obey a
SO(24)L×SO(24)R symmetry, with respect to the worldsheet physics, which in reality
is the Lorentz symmetry of space time physics (SO(24) and not SO(26) because of
residual gauge symmetries as was talked about in the previous section). As far as
the worldsheet physics goes D is just the number of bosonic excitations, twenty six
of these excitations are required in order to prevent the presence of ghosts in the
spectrum of the theory. Left movers and right movers are separate fields. In the
above lagrangian we have twenty six left moving and twenty six right moving fields.
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We may as well have had just twenty six left moving or twenty six right moving
worldsheet bosonic fields in our theory by themselves.

Let us consider a two dimensional theory with twenty six such left moving fields
as below

S1 =

∫

d2σ(∂LX i
L∂LXiL). (1.33)

Please note that we have removed the spacetime index µ and instead used the
index i in the above equation. There was apriori no reason for the worldsheet bosons
X to be spacetime vectors. We can also choose the fields X to be spacetime scalars.
The above action is self consistent in itself as far as the two dimensional theory goes.

We also studied the worldsheet supersymmetric string action in the hαβ = ηαβ

gauge in the previous section

S2 =

∫

d2σ(∂αXµ∂αXµ − ψµ
R∂RψµR − ψµ

L∂LψµL). (1.34)

Here the number of dimensions necessary for elimination of ghost states equals
ten. As far as the worldsheet theory goes, the Xµ and ψµ are just worldsheet bosonic
and fermionic fields. We can take either left moving or right moving Xµ and ψµ

fields and still get a consistent worldsheet theory. Let us consider a right moving
superstring theory with the action

S3 =

∫

d2σ(∂RXµ
R∂RXµR − ψµ

R∂RψµR). (1.35)

The number of µ’s (spactime dimensions) in the above lagrangian equals ten.
We could combine the actions in eqn (1.33) and eqn (1.35) to describe a theory

with ten Xµ
R fields, ten ψµ

R fields, sixteen X i
L fields and ten Xµ

L fields. Hence we
would get the action shown below

S4 =

∫

d2σ(∂LX i
L∂LXiL + ∂LXµ

L∂LXµL) +

∫

d2σ(∂RXµ
R∂RXµR − ψµ

R∂RψµR).

(1.36)
Since none of the theories described by eqns (1.33) and (1.35) lagrangians contain

ghosts states, the theory described by the above action should not contain ghosts
either. The above string is called a heterotic string.

1.5.1. Free fermionic construction

A boson compactified to radius
√

2α′ in a two dimensional field theory at the Planck
scale can be described by a free fermion in a two dimensional field theory. A com-
pactified boson implies the boson φ is identified with φ + 2πR in the configuration
space of the scalar field φ. This causes the spectrum of the bosonic excitations to
be discrete, which allows for a one to one correspondence with a discrete fermionic
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spectrum (Ref. [4]). We can use the above correspondence to write sixteen of the (L)
bosons as sixteen (L) complex fermions. These fermions are complex, unlike the real
fermions ψµ. Hence the heterotic string action becomes

S =

∫

d2σ(−ψi
L∂LψiL)+

∫

d2σ∂LXµ
L∂LXµL +

∫

d2σ(∂RXµ
R∂RXµR −ψµ

R∂RψµR).

(1.37)
The lagrangian does not produce ghost states on quantization as talked before.

The number of the ψi fields equal sixteen and the number of space time dimensions
µ equal ten. We can compactify six of these dimensions to reach four dimensions. If
we compactify to a radius

√
2α′ again, the action becomes

S =

∫

d2σ(−ψi
L∂LψiL) +

∫

d2σ∂LXµ
L∂LXµL

+

∫

d2σ(∂RXµ
R∂RXµR − ψµ

R∂RψµR)

+

∫

d2σ(∂RXj
R∂RXjR − ψj

R∂RψjR). (1.38)

Since the ψi’s don’t carry lorentz indices and are complex their boundary condi-
tions can be written as

ψi(σ + π, τ) = −e−2πiV σ
iψi(σ, τ). (1.39)

V σ
i is a phase factor. Collection of V σ

i for i ∈ [0, 32] gives us the V σ vector.
The above boundary condition can be used to define the mode expansions for the
fermions. For example, the mode expansion for the (R) fermions becomes

ψR
i(σ, τ) =

∞
∑

n=1

(bn+V σ
i− 1

2
e−i(n+V σ

i−1/2)(σ+τ) + d†n−V σ
i−1/2e

i(n−V σ
i−1/2)(σ+τ)). (1.40)

The number operator is defined as

Ni =

∞
∑

n=1

(b†n+V σ
i− 1

2
bn+V σ

i− 1
2
− d†n−V σ

i−1/2dn−V σ
i−1/2), (1.41)

the bi’s produce fermions and di’s produce anti-fermions.
As mentioned before the requirement of modular invariance imposes additional

constraints on the allowed spectrum. On a torus we have boundary conditions along
the τ direction also. This boundary condition is
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ψi(σ, τ + π) = −e−2πiV τ
iψi(σ, τ) (1.42)

V τ
i is a phase factor. Collection of V τ

i for i ∈ [0, 32] gives us the V τ vector. If V σ is
a boundary condition vector then V σ + V τ is also a boundary condition vector along
the σ direction as can be easily seen from the construction of a torus.

We can have a collection of linearly independent V vectors labeled as Vi, and linear
combinations of these V vectors can act as boundary conditions along the σ and τ
directions, giving possible string excitations. Modular invariance of the partition
function , imposes the following constraints on the string excitations (Ref. [6])

Vi ·NαV =
∑

j

kijαj + si − Vi · ᾱV . (1.43)

The equality above is true to mod 1. Here αV = αkVk is one possible sector
producing string excitations similar to V σ above. The NαV is the number vector for
a particular string excitation. si is the first element of the thirty two dimensional
vector Vi. The kij’s are the parameters of the string model and satisfy (Ref. [6])

kij + kji = Vi.Vj (mod 1). (1.44)

The kij also have to be mod m, where m is the number which when multiplied
by Vj produces a vector with every element an integer. In addition we also have the
following constraints (Ref. [6])

kii + ki0 + si −
1

2
Vi · Vi = 0 (mod 1) (1.45)

si = Vi
2+3l + Vi

3+3l + Vi
4+3l. (1.46)

The above equation is evaluated at mod 1, where l takes values 0,1,2. A choice
of linearly independent Vi’s and kij obeying above constraints are an example of an
abelian string model.

We should also mention here that all elements of the Vi vectors and the elements
of the constructed sectors αV should lie in the interval [−1

2
, 1

2
). The kij’s should also

lie in the interval [−1
2
, 1

2
).

1.5.2. Example of an abelian heterotic string model

Let us consider the simple example of a model which is made up of only one V vector.
This is the model with V0 vector below

V0 =
(

(−1

2
)(−1

2
,−1

2
,−1

2
)3|(−1

2
)22

)

. (1.47)
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The 3 and 22 to which the blocks in the above equation are raised, refer to the
presence of that many muliptles of the blocks in V0 respectively. Because this vector
corresponds to each fermion going to itself as you travel once around the closed string,
this vector should exist in any heterotic string model.

This model produces the 0 sector, corresponding to a V vector with all of its
entries equal to zero. This sector has ā = −1/2 and a = −1. The GSO constraints
for this sector become

V0 ·N =

i=9
∑

i=0

−N
R

i

2
−

i=32
∑

i=10

−N
L

i

2
= −1

2
. (1.48)

The state with α′M2 = −2, (α′M2 = 2(L0+L̄0+a+ā) (Ref. [4])) is |0〉R
⊗

bµ−1/2|0〉L.
This state is tachyonic. Another state bµ−1/2|0〉R

⊗

αν |0〉L is also allowed by the GSO
constraints. It is a massless state and is just the gravity multiplet as can be easily
seen.

Another possible state is bµ−1/2|0〉R
⊗

bi−1/2b
j
−1/2|0〉L. This state has a lorentz

vector index as well as internal indices. This state fits the description of a gauge
boson. A gauge boson should always be in the adjoint representation of a gauge
group as is well known. The symmetry generators of the internal fermion action
S = −

∫

d2σψ̄i
L∂Lψ

i
L are given by ψ̄i

Lψ
i
L. With these charge vectors it is easy to

see that the states bµ−1/2|0〉R
⊗

bi−1/2b
j
−1/2|0〉L fall into the adjoint representation of

the SO(44) gauge group.

1.6. Discussion

In this section we started with introducing Grand Unified Theories as a possibility
for unifying the three simple groups of the Standard Model in to a single group. We
talked about the hierarchy problem and talked about supersymmetry being a possible
solution to the same. N=1 supersymmetric extension of the Standard Model was
mentioned as a extension of the Standard Model which helped with the unifications
of the Standard Model gauge couplings at the GUT scale. Any theory beyond the
Standard Model should address ways of getting N=1 supersymmetric GUT theories as
an important area of research. String theory was motivated as a theory for describing
the physics beyond the Standard Model.

The basics of bosonic string theory were first introduced. This theory does not
produce gauge bosons or fermions and contains spacetime tachyons. Next superstring
theory which possesses worldsheet supersymmetry was introduced as a way of getting
spacetime fermions in string theory. This theory can have spacetime supersymmetry
under certain conditions. Modular invariance in string theory was motivated. The
massless spectrum of Type 0 and Type II theory was constructed. Type II theories
are theories with spacetime supersymmetry. Even though superstring theories are
successful in producing fermions and can produce supersymmetry, they don’t produce
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gauge bosons. Heterotic string theory which produces this facet of string theory was
also presented. The basics of the free fermionic construction were presented and an
abelian heterotic string model was presented.

Even though abelian heterotic string theories can produce gauge bosons, they
don’t produce adjoint scalars, which are required for GUT phenomenology. Non-
abelian orbifolds are a construction that have a potential for producing adjoint scalars.
We describe the construction and properties of non-abelian orbifolds in chapter 2.
The chapter illustrates this construction and phenomenology of the D4 non-abelian
orbifold. We also present a general proof for absence of chiral fermions in possi-
ble phenomenologically pleasing GUT theories obtained through non-abelian orbifold
construction.

As was mentioned in the introduction, string theories are consistent only in space-
time dimensions larger than four. The extra dimensions of the theory have to be
compactified. String compactification on abelian orbifolds was talked about in the
introduction, in the case of heterotic strings. However, there are other ways of com-
pactifying string theories. It has been conjectured that the number of such possible
compactifications is of the order of 10500. It has also been suggested that possibly the
universe just selects one vaccum out of these 10500 and there is no explicit vacuum
selection principle. Hence under such an assumption a statistical study of correla-
tions between various facets of these vacuua is worthy of research. In chapter 3, we
consider correlations between supersymmetry and gauge symmetry on the lanscape
of the heteortic string vacuua. We conclude with trying to answer the question of
the naturalness of occurence of supersymmetry in the heterotic string landscape in
chapter 4.
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2. Non-abelian orbifolds

2.1. Introduction

We have talked about the importance of N = 1 supersymmetric Grand Unified the-
ories in the introduction. The introduction also talked about heterotic string theory
being a leading candidate for explanining beyond the Standard Model physics. Hence
the research on getting N = 1 GUTs from heterotic string theory should be an im-
portant area of research.

As was discussed in the introduction, heterotic string compactifications to four
dimensions produces gauge bosons, fermions, as well as spacetime supersymmetry
(under certain conditions). However N = 1 supersymmetry in free fermionic heterotic
string construction using abelian orbifolds does not allow the simultaneous appearance
of adjoint scalars. This is a hinderance to N=1 SUSY GUTs production from heterotic
string theory. Abelian constructions also produce rank twenty two gauge groups,
without rank reduction which are uncomfortably large.

String compactification on non-abelian orbifolds is an attempt to remedy these
problems. They have a potential for producing string models with chiral fermions,
with adjoint scalars and gauge groups of smaller ranks.

Section 2.2 reviews the construction of non-abelian orbifolds. Section 2.2.1 is
a review of the general formalism for constructing non-abelian orbifolds (Ref. [7],
Ref. [8] and Ref. [9]). Section 2.2.2 presents a short review of the free fermionic
construction for constructing abelian orbifolds. Section 2.2.3 presents an extension
of the free fermionic construction technique to construct non-abelian orbifolds. This
is a review of the work presented in Ref. [10]. In section 2.2.4, we present a specific
case of non-abelian orbifolds, the case of D4 non-abelian orbifolds. The D4 case is
developed further in sections 2.2.5 and 2.2.6. Section 2.3 presents a summary of the
construction and analysis of the models that were explicitly constructed. Section 2.4
lists the general inferences for D4. Section 2.4.1 and 2.4.2 talk about gauge groups
and N=1 supersymmetry realizations in D4 constructions. Section 2.4.3 talks about
the most important result for D4: The absence of asymmetry between chiral and
chiral conjugate fermions. Section 2.5 outlines a general proof for absence of chiral
fermions in phenomenologically interesting non-abelian orbifold constructions. The
appendix lists a few models which were explictly constructed.

For the pioneering work on orbifolds please refer to references Ref. [7] and Ref. [8].
The first paper on non-abelian orbifolds in literature is Ref. [9]. The work in Ref. [11]
and Ref. [12] talks about the need for non-abelian orbifolds in constructing heterotic
string models which are interesting from a phenomenological perspective. The paper
that seriously discussed non-abelian orbifolds in reference to string phenomenology is
Ref. [10].
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2.2. Review of non-abelian orbifolds

2.2.1. General formalism

Let us denote the fields living on the string worldsheet by ψ (need not be fermions).
Also let us assume that the string worldsheet lagrangian is invariant under the group
transformation

ψ → gψ (2.1)

where g is an element of a group G. Because of the above relation we can consider
the following boundary conditions for a closed string on a torus.

ψ(σ + π, τ) = gψ(σ, τ) (2.2)

ψ(σ, τ + π) = hψ(σ, τ) (2.3)

where g, h ∈ G. Evaluation of loop amplitudes imposes the constraints of modular
invariance on the possible excitations of the string.

In theory, the classical string lagrangian could be invariant under any Unitary
group. The vacuum choice would however singe out a subgroup G. The string exci-
tations should be invariant under the whole group G. Now there are two possibilities
either gh = hg or gh 6= hg. Let us consider the first case. That is, the group G is
abelian.

In such a case a string excitation from a sector ψ(σ+π, τ) → gψ(σ, τ) when acted
upon by h gets transformed into

(hψ(σ + π, τ)) = hgh−1hψ(σ, τ) = g(hψ(σ, τ)). (2.4)

So we end up with a state in the g sector itself. Hence, the method of constructing
all the states in the theory boils down to the following prescription.

1) Choose an element g from G.
2) Only allow the states from sector g which are invariant upon action by all

elements present in G.
The string partition function could be written as below

Z =
1

|G|
∑

g,h

Zh
g (2.5)

where |G| refers to the number of elements in G.
If instead our orbifold group is non-abelian, then we have added features. Let us

say that our non-abelian group G contains two elements c and d that don’t commute.
Let us say that we have a closed string with the boundary condition

ψ(σ + π, τ) = cψ(σ, τ). (2.6)

ψ(σ, τ + π) = bψ(σ, τ). (2.7)
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b ∈ G and [b, c] = 0. Now, the question is what happens when you act on
this string state with the element d. The endpoints of the string get converted to
dψ(σ + π, τ) and dψ(σ, τ). Hence multiplying both sides of above equation by d, we
get

dψ(σ + π, τ) = dcd−1dψ(σ, τ) (2.8)

this gives us

Z(c, b) = Z(dcd−1, dbd−1). (2.9)

So the string state actually gets converted to a state belonging to the dcd−1 sector.
Hence, when we construct states that are invariant under the whole non-abelian group
we should consider states that are linear combinations of states from the c sector
(which are invariant under the action of group elements that commute with c) with
the corresponding states in the dcd−1 sector. To produce the entire spectrum we
collect states from all possible sectors c.

To frame the above statement mathematically, let us say that our non-abelian
group is G. Next we consider all possible maximal abelian subgroups Gp, Gq etc.
A maximal abelian subgroup is defined as a abelian subgroup Gm, to which if you
add any other element of G not belonging to Gp, you get a non-abelian subgroup
of G. Also let us define |Gp| to be the number of elements in Gp. Then it is easy
to verify that the partition function constructed by taking states from all possible
sectors, which are invariant under the whole non-abelian group is (Ref. [10])

Z(G) =
1

|G| [
∑

p

|Gp|Z(Gp) −
∑

p<q

|Gpq|Z(Gpq) +
∑

p<q<r

|Gppr|Z(Gpqr)] (2.10)

where Gpq is the group formed by the intersection of Gq and Gq with a similar def-
inition for Gpqr. In the expression above it should be noted that for each Z on the
R.H.S we are only including states that are invariant under the whole non-abelian
group G. This chapter utilizes the methods of free fermionic construction to realize
non-abelian orbifold constructions. The free-fermionic presented in the introduction
is presented once again, to make contact with the concept of abelian orbifolds.

2.2.2. Free fermionic construction: short review

In the case of closed strings, the string worldsheet lagrangian symmetry allows for
the following boundary conditions for the internal degrees of the freedom.

ψi(τ + π, σ) = −e−2παV i

ψi(τ, σ) (2.11)

ψi(τ, σ + π) = −e−2πβV i

ψi(τ, σ) (2.12)
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αV and βV correspond to possible linear combinations of n V vectors.
In order to make connection with the orbifold picture we label the symmetry

induced by Vi by g and the symmetry induced by Vj by h (g, h ∈ G, [g, h] = 0). The
string partition function in the orbifold picture is given by

Z =
∑

g∈G

Tr[(−1)FgqHg
L

qHg
R

Pg] =
1

|G|
∑

g,h∈G

Z(g, h) (2.13)

where

Pg =
1

G

∑

h∈G

h (2.14)

is the projection operator, which takes the value 0 for a state that is projected out and
value 1 for a state that is projected in. q = e2πτ , qHg refers to the patition function
summation over all states that come from the sector g. L,R refer to left and right
movers. A αV would correspond to gmhn with a similar expression for βV . Making
contact with the free fermionic prescription described in the previous chapter we see
that h can be taken to be

h = e2πi[Vi.NαV −kijαj−si−cVi.αV ]. (2.15)

In order that we have a consistent string partition function evaluated at one loop,
we impose the following constraints.

• Worldsheet supersymmetry

V 1 = V 2+3i + V 3+3i + V 4+3i (2.16)

The above equation is evaluated at mod 1. i takes values 0,1,2.

• Modular invariance

• Physically sensible projection: A space time boson contributes with weight 1,
a space time fermion with weight -1 in the partition function.

The value of si equals the first element of Vi. In addition we have the following
GSO constraints

kij + kji = Vi.Vj (mod 1). (2.17)

The kij also have to be mod m, where m is the number which when multiplied by
Vj produces a vector whose every element is an integer.

kii + ki0 + si −
1

2
Vi · Vi = 0 (mod 1). (2.18)
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The partition function then becomes

Z =
1

Πmi

∑

α,β

Tr[(−1)αsqHR
αV qHL

αV e2πiβi[Vi.NαV −kijαj−si−Vi.αV ]. (2.19)

The states from the αV sector that are kept satisfy

Vi.NαV = kijαj − si − Vi.αV (mod 1). (2.20)

2.2.3. Non-abelian orbifold extension

If instead our orbifold group is non-abelian, then we have added features. Let us say
that our non-abelian group G contains two elements c and d that don’t commute.
Let us say that we have a closed string with the boundary condition

ψ(σ + π, τ) = cψ(σ, τ). (2.21)

Now, the question is what happens when you act on this string state with an
element d. The endpoints of the string get converted to dψ(σ + π, τ) and dψ(σ, τ).
Hence multiplying both sides of above equation by d, we get

dψ(σ + π, τ) = dcd−1dψ(σ, τ). (2.22)

Hence we get

Z(c, b) = Z(dcd−1, dbd−1). (2.23)

b ∈ G, [b, c] = 0. In order to make sense out of eqn (2.23) a state from the c sector
should have a corresponding conjugate state in sector dcd−1. Hence, we can have the
following situations.

If c belongs to Gp and dcd−1 belongs to Gq

Since p and q are 2 different subgroups of the non-abelian group and since Zp(c, b) =
Zq(dcd

−1, dbd−1), we can choose the V vectors in p and q to be the same, even though
the ψi basis are different. Hence in order to satisfy Zp(c, b) = Zq(dcd

−1, dbd−1), we
choose the kij ’s in both p and q to be the same.

If c and dcd−1 belong to the same maximal abelian subgroup Gp

This just means that if we have a state in sector c it should also have a conjugate in
sector dcd−1. Let the V vector representing c be Vi and the V vector representing b
be Vj. Now let us say the action of d converts these vectors into

Vdcd−1 = λikVk (2.24)
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Vdbd−1 = λjkVk. (2.25)

In order to satisfy Z(c, b) = Z(dcd−1, dbd−1) we should have

e2πi(Vj ·NVi
−kji+sj+Vj ·Vi) = e2πi((λjkVk)·NλikVk

−λikλjl

P

klk+λjksk+λjkVk ·λilVl). (2.26)

The equation above should hold for all states. Hence it should also hold for the
vacuum. Solving we get.

kji = λjkkklλil −▽j · λilVl (mod 1). (2.27)

Three different abelian orbifolds Z(Gp), Z(Gq) and Z(Gr)

Let us say we have a sector c, which occurs in each of the maximal abelian domains
Gp, Gq and Gr, but it is expressed in different bases. Also let us consider elements
b1 ∈ Gp, b2 ∈ Gq, b1b2 ∈ Gr. and b1b2 does not belong to Gp and Gq. Then for a
particular state with number vector expressed in 3 different bases as NαpVp

, NαqVq
,

NαrVr
, where αpVp, αqVq , αrVr are the c sector expressed in the different abelian

models. We should have

eVb1
·NαpVpeVb2

·NαqVq = eVb1b2
·NαrVr . (2.28)

hence we get the following constraint

(Vb1 · αpVp − kb1,pαp) + (Vb2 · αqVq − kb2,qαq) = (Vb1b2 · αrVr − kb1b2,rαr)(mod1) (2.29)

In deriving the above relation we have used the equality sαpVp
+ sαqVq

= sαrVr

(mod 1).

2.2.4. D4 example

In this section we consider a particular example of a non-abelian orbifold model. This
orbifold is generated by the D4 group. The group is defined by two elements r and θ
and the following relationship between them.

r2 = θ4 = 1 (2.30)

θ3r = rθ. (2.31)

The maximal abelian subgroups are the following

Gr ∈ [1, r, rθ2, θ2] (2.32)

Grθ ∈ [1, rθ, rθ3, θ2] (2.33)
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Gθ ∈ [1, θ, θ2, θ3]. (2.34)

The subgroup
Gθ2 ∈ [1, θ2] (2.35)

is common to all of the maximal abelian subgroups of D4. Other than this group,
we don’t have any more subgroups which can be formed by intersecting the maximal
abelian subgroups. Hence using equation(2.10), the partition function for the D4

theory becomes

Z =
1

2
Zr +

1

2
Zrθ +

1

2
Zθ −

1

2
Zθ2 . (2.36)

The only irreducible representation of the D4 group is two dimensional and the
following.

θ =

(

i 0
0 −i

)

, r =

(

0 1
1 0

)

. (2.37)

Please note that in order to realize the orbifold boundary conditions, we have
to choose a basis for the internal fermions. A basis chosen in one maximal abelian
subgroup (e.g. Gr) is not a proper basis for describing a string which is periodic up
to elements from the maximal abelian subgroup Gθ. It is this difficulty of choosing
a single basis to describe strings coming from various domains (maximal abelian
subgroups) that makes a non-abelian construction more difficult and interesting that
a abelian construction.

It should also be noted that observable quantities are independent of the choice
of basis used to describe the internal fermions ψi. For example in order to figure out
the gauge group and the explicit way in which the string spectrum transforms under
the gauge group, we need to construct charge current operators. In the basis in which
θ is diagonal the charge operators are of the form ψ̄iψi. These charge operators are
obviously invariant under θ. Under application by r, they transform as

ψ̄iψi −→ ¯ψi+1ψi+1, ¯ψi+1ψi+1 −→ ψ̄iψi (2.38)

(we are only talking about internal fermions represented by the two dimensional
representation of D4 in the above equations). Hence the charge operators invariant
under the whole D4 group are

1√
2
[ ¯ψi+1ψi+1 + ψ̄iψi]. (2.39)

As far as measurements go, two states having the same charge vectors, same
mass, space time helicity etc, should be considered degenerate. Hence the problem
arising because of different ψi bases for different maximal abelian subgroups, gets
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circumvented if we look for the gauge charges as a reference, when comparing two
states coming from different domains.

Let us start with a string model with V vectors and kij as below.

V0 =
(

(−1

2
)10 | (−1

2
)22

)

,

V1 =
(

(−1

2
)(−1

2
, 0, 0)(−1

2
, 0, 0)(−1

2
, 0, 0) | (0)22

)

,

V2 =
(

(−1

2
)(−1

2
, 0, 0)(0,−1

2
, 0)(0,−1

2
, 0) |

(−1

2
)4, (0, 0), (−1

2
,−1

2
), (0, 0), (−1

2
,−1

2
)3, (0, 0)3

)

,

kij =





0 0 −1
2

0 0 −1
2

−1
2

0 0



 (2.40)

The 2-dimensional representation of D4 talked about before could help us to write
the following Vr, Vrθ and Vθ vectors

Vr =
(

−1

2
(−1

2
,−1

2
,−1

2
), (0,−1

2
, 0), (0,−1

2
, 0) | (−1

2
, 0)8, (−1

2
,−1

2
)3

)

Vrθ =
(

0, (−1

2
,−1

2
, 0), (−1

2
,−1

2
, 0), (0, 0, 0) | (−1

2
, 0)8, (0, 0)3

)

Vθ =
(

−1

2
, (0, 0,−1

2
), (−1

2
, 0, 0), (0,−1

2
, 0) | (

1

4
,−1

4
)8(−1

2
,−1

2
)3

)

.

Please note the first 16 entries in each of the Vr, Vrθ,Vθ are constructed using the
two dimensional representation of D4. Also note that the corresponding elements of
V0, V1, V2 are made up of two dimensional blocks with both entries the same. This
just means that the original orbifold constructed from V0, V1, V2 was compactified on
D4, hence elements that define that orbifold commute with D4.

We can add Vθ2 to the list of V0, V1, V2 as θ2 commutes with all elements of D4.
Next, we come to the relationships between conjugate sectors. In the r sector r

and rθ2 are conjugate to each other because

θrθ−1 = rθ2. (2.41)

Also we know that the r domain is constructed out of the independent vectors
V0, V1, V2, Vr, V

2
θ . Hence the application by θ changes these vectors in the following

way
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V0 → V0

V1 → V1

V2 → V2

Vr → Vr + Vθ2

V 2
θ → V 2

θ .

So the λ matrix could be written as

λ =













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 1
0 0 0 0 1













. (2.42)

With these λij and V ′s we get an extra constraint on the kij’s given by eqn(2.27).
In the rθ domain we get a similar condition. The domain is generated by the

following vectors V0, V1, V2, Vrθ, Vrθ3. Under operation by θ the vectors get converted
to

V0 → V0

V1 → V1

V2 → V2

Vrθ → Vrθ + Vθ2

Vθ2 → Vθ2.

The λ matrix remains the same as for the r domain, as can be easily checked. We
get extra GSO constraints for the kij’s of this domain from equation eqn(2.27)

In the θ domain the generating vectors are V0, V1, V2, Vθ. Under application by r
we get the following transformation.

V0 → V0 (2.43)

V1 → V1 (2.44)

V2 → V2 (2.45)

Vθ → 3Vθ. (2.46)

Please note that we have a factor of 3 in the last line because θ gets converted
into θ3 on application by r. This gives the following λ matrix below as can be easily
checked
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λ =









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 3









. (2.47)

Hence we get an extra GSO constraint of the form eqn(2.27).
Next we see that V0, V1, V2, V

2
θ occur in all three domains (in different bases

though). Hence from eqn(2.29) we get the following GSO constraint.

(Vr · αpVp − kr,pαp) + (Vθ · αpVp − kθ,pαp) = (Vrθ · αpVp − krθ,pαp) (2.48)

where αp · Vp is a sector constructed out of V0, V1, V2, V
2
θ .

In addition to the GSO constraints above, we have to impose the GSO constraints
from equations eqn(2.17) and eqn(2.18) in each domain separately.

2.2.5. An example

A possible model is the one shown below
The V vectors and kij’s in the r domain are

V0 =
(

(−1

2
)10 | (−1

2
)22

)

,

V1 =
(

(−1

2
)(−1

2
, 0, 0)(−1

2
, 0, 0)(−1

2
, 0, 0) | (0)22

)

,

V2 =
(

(−1

2
)(−1

2
, 0, 0)(0,−1

2
, 0)(0,−1

2
, 0) |

(−1

2
)4, (0, 0), (−1

2
,−1

2
), (0, 0), (−1

2
,−1

2
)3, (0, 0)3

)

,

Vr =
(

−1

2
(−1

2
,−1

2
,−1

2
), (0,−1

2
, 0), (0,−1

2
, 0) | (−1

2
, 0)8, (−1

2
,−1

2
)3

)

Vθ2 =
(

010 | −1

2

16

06
)

kij =













0 0 −1
2

−1
2

0
0 0 −1

2
−1

2
0

−1
2

0 0 −1
2

0
−1

2
0 0 0 −1

2

0 0 0 −1
2

0













. (2.49)
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The V vectors and kij’s in the rθ domain are

V0 =
(

(−1

2
)10 | (−1

2
)22

)

,

V1 =
(

(−1

2
)(−1

2
, 0, 0)(−1

2
, 0, 0)(−1

2
, 0, 0) | (0)22

)

,

V2 =
(

(−1

2
)(−1

2
, 0, 0)(0,−1

2
, 0)(0,−1

2
, 0) |

(−1

2
)4, (0, 0), (−1

2
,−1

2
), (0, 0), (−1

2
,−1

2
)3, (0, 0)3

)

,

Vrθ =
(

0, (−1

2
,−1

2
, 0), (−1

2
,−1

2
, 0), (0, 0, 0) | (−1

2
, 0)8, (0, 0)3

)

Vθ2 =
(

010 | −1

2

16

06
)

kij =













0 0 −1
2

−1
2

0
0 0 −1

2
−1

2
0

−1
2

0 0 −1
2

0
−1

2
0 −1

2
0 −1

2

0 0 0 −1
2

0













. (2.50)

The V vectors and kij’s in the θ domain are

V0 =
(

(−1

2
)10 | (−1

2
)22

)

,

V1 =
(

(−1

2
)(−1

2
, 0, 0)(−1

2
, 0, 0)(−1

2
, 0, 0) | (0)22

)

,

V2 =
(

(−1

2
)(−1

2
, 0, 0)(0,−1

2
, 0)(0,−1

2
, 0) |

(−1

2
)4, (0, 0), (−1

2
,−1

2
), (0, 0), (−1

2
,−1

2
)3, (0, 0)3

)

,

Vθ =
(

−1

2
, (0, 0,−1

2
), (−1

2
, 0, 0), (0,−1

2
, 0) | (

1

4
,−1

4
)8(−1

2
,−1

2
)3

)

Vθ2 =
(

010 | −1

2

16

06
)

kij =









0 0 −1
2

−1
2

0 0 −1
2

0
−1

2
0 0 −1

2

0 −1
2

0 1
4









. (2.51)

Next we consider the construction of states. If a sector is constructed from V
vectors which are common to all domains, then a state coming from this sector should
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‘not’ be projected out in each domain. It is only then, that this state would be
considered invariant under the whole D4 group. To explain this concretely let us
consider the gauge bosons coming from the 0 sector. This sector is common to all
the domains.

Let us consider the r domain first. The constraints of invariance under the Gr

group (abelian GSO constraints) imposed on any state from the 0 sector, looks like
below

V0 ·N =
(

∑

0≤i≤9

(−1

2
·Ni) −

∑

10≤i≤32

(−1

2
·Ni)

)

= s0 = −1

2

V1 ·N =
(N0

2
+
N1

2
+
N4

2
+
N7

2

)

= s1 = −1

2

V2 ·N =
(N0

2
+
N1

2
+
N5

2
+
N8

2
− N10

2
− N11

2
− N12

2
− N13

2
− N16

2

−N17

2
)

∑

i=20,i=22,i=24

−Ni

2
− Ni+1

2

)

= s2 = −1

2

Vr ·N =
(N0

2
+
N1

2
+
N2

2
,+

N3

2
+
N5

2
+
N8

2
−

∑

5≤i≤12

N2i

2

−
∑

26≤i≤31

Ni

2

)

= sr = −1

2

Vθ2 ·N = −
∑

10≤i≤25

Ni

2
= sθ2 = 0.

As far as the rθ and the θ domains go, the constraints for the V0, V1, V2, Vθ2 remain
the same. The extra constraint in the rθ domain is the constraints from the Vrθ

Vrθ ·N =
(N1

2
,+

N2

2
+
N3

2
+
N4

2
−

∑

5≤i≤12

N2i

2

)

= srθ = 0.

The extra constraint in the θ domain, is the constraint from Vθ

Vθ ·N =
(N0

2
+
N3

2
+
N4

2
+
N8

2
+

∑

5≤i≤12

(
N2i

4
− N2i+1

4
) −

∑

26≤i≤31

Ni

2

)

= sθ = −1

2
.

Since the first sixteen left moving elements of the V vectors are constructed out
of a two dimensional representation, the charge operators that are invariant under
the whole D4 group are
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1√
2
[ψ̄2iψ2i + ¯ψ2i+1ψ2i+1] if 5 ≤ i ≤ 12 (2.52)

ψ̄iψi if 26 ≤ i ≤ 31. (2.53)

With this in mind, let us consider states which contain only the first sixteen left
moving fermionic excitations.

Let us start with the sinvariant = b10− 1
2

b11− 1
2

| 0〉 state. This state is allowed by the

constraints coming from V0, V1, V2, Vθ2. This state is allowed by constraint coming
from Vθ but not from constraints coming from Vr and Vrθ. Hence this state is not
allowed.

Next let us consider the state snon−invariant= b10− 1
2

b12− 1
2

| 0〉. This state satisfies the

GSO constraints in the r and rθ domain, but it does not satisfy the GSO constraints
in the θ domain. The D4 invariant state is b10− 1

2

b12− 1
2

| 0〉+b11− 1
2

b13− 1
2

| 0〉. It has the charge

vector [ 1√
2
, 1√

2
, 0, 0, 0......]. This is the projected state. So if we can find a state which

is allowed in the θ domain and if the projected form of the state is [ 1√
2
, 1√

2
, 0, 0, 0......],

then we know that the projected state with charge vector [ 1√
2
, 1√

2
, 0, 0, 0......] is allowed

in every domain and hence should be an allowed state. Fortunately, the state b10− 1
2

b13− 1
2

|
0〉 is allowed in the θ domain. The corresponding D4 invariant state is b10− 1

2

b13− 1
2

|
0〉 + b11− 1

2

b12− 1
2

| 0〉. This state has a charge vector [ 1√
2
, 1√

2
, 0, 0, 0......]. Hence the state

with charge vector [ 1√
2
, 1√

2
, 0, 0, 0......] is allowed in each domain and hence is allowed

in the D4 model.
Also note that we didn’t have such an argument in the case of the sinvariant

state. This is because the D4 invariant state is b10b11 | 0〉. And its charge vector
is [ 2√

2
, 0, 0.....]. We cannot find states which are allowed in the rθ or the r domain

which when D4 projected give us a charge vector [ 2√
2
, 0, 0.....], as can be easily checked.

Let us call the two dimensional representation of D4 contribution to a V vector as
a two dimensional block. We have labeled the states as sinvariant and snon−invariant to
suggest that the states are produced by excitations from the same two dimensional
block or from different two dimensional blocks respectively.

We can easily see that if a non-invariant state is allowed in one domain, then
the D4 invariant state with corresponding charge vector is allowed in each domain.
To see this note that the number vector from at least one two dimensional block
of this state, should be [∓1, 0]. If this state is not allowed in any domain then the
corresponding [0,∓1] state is definitely allowed in that domain. You can easily see
that the D4 invariant states in both cases have the same charge vector. Hence the D4

invariant state of a non-invariant state is always allowed by the orbifold construction.
Such a statement cannot be made about an invariant state. Only if such a state

is allowed in each domain, would the D4 invariant state be allowed.
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As far as the states coming from excitations of the non two dimensional blocks
go, they have to satisfy the GSO constraints in each domain. These excitations don’t
undergo any extra projection.

With this in mind, we can see that as far as the eight two dimensional blocks go
we get a SO(12) ⊗ SO(4) = SO(12) ⊗ SU(2) ⊗ SU(2) group, realized at level
two as can be easily checked. The non two dimensional portions of the gauge boson
producing sector similarly generate the gauge group SO(4) at level one.

Next let us consider the supersymmetry of the model. It is easy to see that a
gravitino with right moving charge vector (−1

2
, 1

2
, 0, 0,−1

2
, 0, 0, 1

2
, 0, 0) is the only

gravitino allowed in each domain. Hence this model has N=1 supersymmetry. So it
suffices to list the scalars, as the fermions are just superpartners.

Since the SO(10) at level two is phenomenologically pleasing, we will only illus-
trate construction of states that are non-singlets under this group.

Let us first consider the sector common to all the domains

V1 + V2 + V 2
θ =

(

0, 0, 0, 0,−1

2
,−1

2
, 0,−1

2
,−1

2
, 0 | 0, 0, 0, 0,−1

2
,−1

2
, 0, 0,

−1

2
,−1

2
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

)

.

The constraints from V0, V1, V2, V
2
θ allow a state of the form [0, 0, 0, 0, N4, N5, 0-

, N7, N8, 0 | N10, N11, 0, 0, (1, 1), 0, 0, (1, 0)0, .....], such that N4 + N7 = N5 + N8 =
N10 + N11 = 1. Hence eight states are possible. It can be easily seen that this is a
non-invariant state. Hence it produces four states that are allowed upon projection
by the complete D4 orbifold. These are the highest weight states of a (12,2,2)
representation of the SO(12) ⊗ SU(2) ⊗ SU(2) at level two.

We get scalars from the 0 sector as well. In abelian orbifold constructions, it is
impossible to simultaneously get N=1 supersymmetry and scalars transforming in
the adjoint representation of the gauge group. As far as D4 case goes, if a state with
left mover charge vector [(1, 0), (1, 0), 0000..] is not allowed in any domain, then a
state with left mover charge vector [(1, 0), (0, 1), 0, 0....] is definitely allowed, because
it is a non-invariant state. The allowed D4 projected state has the charge vector
[ 1√

2
, 1√

2
, 0, 0....] . Hence we see that we can end up with scalar adjoints for N=1.

Altogether we get two scalar representations transforming as (66,1,1) and four scalar
representations transforming as (12,2,2) from this sector.

2.2.6. A note on the possible representations of V vectors for D4

As was illustrated in the previous sections, eight two dimensional blocks were utilized
in the construction of the V vectors. We present here an argument as to why any
other representation would not suffice.
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Since kiθ and kθ,θ should be mod 4, Vθ, Vr and Vrθ should contain either four or
eight two dimensional blocks.

With this being said, we can easily see that four two dimensional blocks in the
construction of V ’s lead to contradictions. With four two dimensional blocks, we get
the following form for V 2

θ

V 2
θ =

(

(0)10 | (−1

2
)8, (0)14

)

.

This sector could produce the following possible charge vectors for the left moving
portion of the gauge bosons [(1

2
, 1

2
)2, (1

2
,−1

2
)2, (0)14], which is a non-invariant state.

This state when D4 projected ends up with a charge vector [1, 1, 0, 0....]. But this
gauge boson also comes from the 0 sector. Hence we would end up with gauge boson
degeneracies.

In order for this situation to not occur, the GSO constraints from the V ’s common
to each domain should not allow this non-invariant state. The GSO constraint from
these V vectors becomes

(Vi ·N)L = kiθ2 − Vi · Vθ2

= kθ2i

where L means that we are considering the GSO constraint for the left movers. As
discussed earlier, the counterparts of the two dimensional blocks of the D4 vectors,
for Vi’s are made up of two dimensional blocks, with both entries the same. Hence
the non-invariant state above always contributes a value zero to the LHS of the above
equation. Hence if kθ2i 6= 0, we can get rid of this gauge boson degeneracy problem.
But since kθ2i = 2kθi and since kθi is either 0 or ∓1

2
mod 1, we will always end up

with gauge boson degeneracies.
Hence only D4 representations with V vectors made up of eight two dimensional

blocks are allowed.
If we were just considering abelian orbifold construction, degeneracies for gauge

bosons would appear, if we had mistakenly used V vectors which were not linearly
independent. Since it is the projected gauge bosons and not the unprojected gauge
bosons which are responsible for these gauge boson degeneracies, we could possibly
conjecture that our choice of V vectors in the D4 orbifold construction were not
independent to begin with. It is because all the V vectors couldn’t be described
in a single basis for non-abelian constructions, that the possible linear dependence
of V vectors was not so obvious and this dependence of V vectors was seen in the
degeneracies of the projected gauge bosons.
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2.3. Construction and analysis of models

A computer code was written to construct and analyze the D4 models. Random V
vectors were chosen in each domain. Next, random kij’s were further chosen. The
choice of V ’s and kij’s was considered satisfactory if they satisfied the GSO constraints
in each domain as well as GSO constraints between the domains. This process itself
was very time consuming. When three vectors were present in the common sector (one
V0, one V1 which was the supersymmetry producing sector and another V vector), it
took a month to produce 358791 consistent sets of V ’s and kij ’s. When four vectors
were present in the common sector, just 25286 consistent sets of V ’s and kij’s were
produced.

These were analyzed for gauge group, supersymmetry, fermion and scalar irreps.
Only distinct models were collected. Two models were considered distinct, if they
had the same gauge group, same number of supersymmetries as well as same number
of fermion and scalar irreps.

It was noticed that in the 358791 sets, only 57 sets produced distinct models.
However in the 25286 sets, 227 distinct models were produced. This is because of the
presence of an extra V vector in the common sector. The extra constraints caused
more distinct models to be scanned, as a varied space of V ’s and kij ’s had to be
scanned.

Below we present some data obtained from the computer search below. The first
subsection lists the data obtained from the 57 models followed by a sub-section that
lists the data obtained from the 227 models talked about above. Only those properties
that have a non-zero value are listed. For example we don’t see any models with
shatter twenty two. Hence shatter twenty two is not listed as an entry in the tables
below.

It should be noted that even though certain correlations are observed (the absence
of a model with N = 4 SUSY, for example), these correlations are not general trends,
but are only seen because of the limited size of model space that we have scanned.
As was noticed, the number of sets of V ’s and kij’s produced dropped dramatically
with the introduction of an extra V vector in the common sector. However, this
reduced set, produced far greater distinct models. We could in principle keep adding
more and more V vectors and run the codes for production of V ’s and kij’s for
longer periods of time to scan a bigger portion of the landscape. However, even if we
could reach sufficiently constrained situations following the above procedures, we still
reach limits because of the inherent non-randomness in production of V ’s and kij ’s ,
because of limitations imposed ( by the computational hardwares and softwares) in
the production of randomness in V ’s and kij ’s.

Because of the limited time allowed and other constraints, the following data was
obtained. Even though this data may not be too suggestive of deeper issues (not
obvious without a computer simulation) in D4 construction; The data still represents
the analysis on the largest data set of non-abelian orbifold models ever constructed.
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2.3.1. Some general analyses of the 57 models

Gauge Group Multiplicity
SU1(2) 90
SU1(4) 9
SU2(2) 54

Table 2.1. Multiplicities of SU ’s

Gauge Group Multiplicity
SO1(5) 6
SO1(7) 6
SO1(8) 9
SO1(9) 6
SO1(11) 6
SO1(12) 9
SO1(13) 6
SO1(15) 6

Table 2.2. Multiplicities of SO’s at level 1

Gauge Group Multiplicity
SO2(8) 24
SO2(12) 33
SO2(16) 12

Table 2.3. Multiplicities of SO’s at level 2

U(1)’s appeared only as U(1)3 and were present in 9 of the 57 models.
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SUSY Number of Models
N = 0 19
N = 1 19
N = 2 19
N = 4 0

Table 2.4. Supersymmetry vs Number of Models

Shatter Number of Models
2 3
3 9
4 18
5 9
6 9
7 3
9 6

Table 2.5. Shatter vs Number of Models

2.3.2. Some general analyses of the 227 models

Gauge Group Multiplicity
SU1(2) 377
SU1(4) 50
SU1(6) 2
SU2(2) 292
SU2(4) 90

Table 2.6. Multiplicities of SU ’s

An Sp group appeared twice as Sp1(8) and (F4)1 appeared once in our search.
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Gauge Group Multiplicity
SO1(5) 98
SO1(7) 45
SO1(8) 28
SO1(9) 30
SO1(10) 9
SO1(11) 10
SO1(12) 5
SO1(15) 2

Table 2.7. Multiplicities of SO’s at level 1

Gauge Group Multiplicity
SO2(8) 85
SO2(10) 49
SO2(12) 40
SO2(16) 11

Table 2.8. Multiplicities of SO’s at level 2

Gauge Group Multiplicity
U(1) 23
U(1)2 55
U(1)3 39
U(1)4 16
U(1)5 3
U(1)6 6
U(1)7 3

Table 2.9. Multiplicities of U(1)’s

SUSY Number of Models
N = 0 80
N = 1 84
N = 2 63
N = 4 0

Table 2.10. Supersymmetry vs Number of Models
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Shatter Number of Models
2 1
3 9
4 36
5 47
6 45
7 52
8 21
9 6
10 4
11 6

Table 2.11. Shatter vs Number of Models
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2.4. General inferences

In this section we will talk about some general properties of our models.

2.4.1. Gauge group

In the case where only the 0 sector contributes to the production of gauge bosons,
no invariant state contributes. However, all non-invariant states allowed by the GSO
constraints from the V vectors common to each domain, contribute to the gauge
bosons. These gauge bosons realize a gauge group at level two. The biggest rank two
group that could be produced is a rank eight SO(16). This group could obviously be
broken down to a phenomenologically interesting SO(10), either by a Higgs mecha-
nism or by adding an appropriate V vectors to the original orbifold model, before it
gets D4 compactified.

2.4.2. Supersymmetry

Next we look at ways of getting N=1 supersymmetry. The D4 partition function
eqn(2.36), tells us that N=1 supersymmetry requires Nθ2 be at least two. This is
because the gravitinos of the D4 model are subsets of the gravitinos of θ2 domain. Nθ2

equal to one, means that we couldn’t have started with a model containing adjoint
scalars to begin with, hence after D4 compactification we couldn’t get any adjoint
scalars. Hence, we are left with the following configurations below.

Nr Nrθ Nθ Nθ2

1 1 2 2
2 1 1 2
1 2 1 2
2 2 2 4

Also note that we shouldn’t be ending up with a situation where N=0 in any
domain. Even though mathematically the partition function would give us one grav-
itino in the D4 model, we wouldn’t be getting equal number of bosons and fermions
in the D4 model.

If we can satisfy the above constraints with proper choices of V ’s and kij, then we
can get N=1 supersymmetry, with possibility of adjoint scalars.

Generally if a invariant scalar state with left moving charge vector[1, 1, 0, 0.......]
is allowed in each domain, then it is seen that we don’t end up with an adjoint scalar
representation.

It was observed that scalar representations bigger than the scalar adjoint repre-
sentation contain the scalar adjoint. In such a case we cannot get a separate scalar
adjoint representation. Other than this case, N = 1 constructed from the table above
gives us scalar adjoints.
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2.4.3. Absence of asymmetry between chiral and chiral conjugate fermions

In order to get at least an SO(10) group at level two we choose our common sector
vectors to contain at least five consecutive (0, 0) blocks in the left movers. Let us say
that chiral fermions are coming from the domain containing the Vr vector. We can
choose the Vr vector as being a fermion producing vector. That is Vr produces the
fermions.

The sector conjugate to Vr is Vrθ2 . In order to show that Vr cannot be chiral,
let us first assume that Vr is chiral. Then a chiral state from Vr sector needs a
corresponding state in the Vrθ2 sector to form a D4 invariant state. This would
violate modular invariance in the θ domain or the r domain as shown through the
free fermionic construction below.

The presence of an asymmetry between chiral and chiral conjugate fermions does
require the presence of at least one V vector whose right moving part will have −1

2

entries only in positions where Vr has zero entries and vice versa (except for the first
entry), with the first entry of the V vector being −1

2
, as can be easily checked.

Let us choose V0, V1, Vr and V as below.

V0 =
(

(−1

2
)10 | (−1

2
)22

)

,

V1 =
(

(−1

2
)(−1

2
, 0, 0)(−1

2
, 0, 0)(−1

2
, 0, 0) | (0)22

)

,

Vr =
(

(−1

2
)(−1

2
, 0, 0)(0,−1

2
, 0)(0,−1

2
, 0) | (−1

2
, 0)8(0)6

)

,

V =
(

(−1

2
)(0,−1

2
, 0)(−1

2
, 0, 0)(0, 0,−1

2
) | (−1

2
,−1

2
)5(0)12

)

,

Now we will show that such a possibility is not consistent with the GSO constraints
for D4 orbifolds.

As was studied earlier the λ matrix in the r could be written as

λij = δij (2.54)

if i and j are common sector vectors or Vθ2.

λrr = 1, λrθ2 = 1. (2.55)

The extra non-abelian constraints in the r don’t impose extra constraints on the
kij’s as △i equals zero. However extra GSO constraints are imposed on kir

kir = kir + kiθ2 −△i × (...)

= kir + kiθ2. (2.56)
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The above relations are true up to mod 1. The second line follows as △i equals
zero. This gives us kiθ2 equal to zero. However the dot product of V and Vθ2 is 1 mod
2. This implies that kθ2i = −1

2
or kθi = ∓1

4
, which cannot be true as kθi has to be

mod 2. If instead we had chosen V to give us an SO(12) group, we could get around
this problem, as then the dot product of V and Vθ2 would be zero. But we would
have another problem as the dot product of V and Vr would then be mod 4, which is
also not allowed.

2.5. General proof of absence of asymmetry between chiral and chiral conjugate
fermions in non-abelian orbifolds

2.5.1. General form of the non-abelian group

The way that non-abelian orbifolds differ from abelian orbifolds is that acting with
an element a of the non-abelian group on a state belonging to a sector b, turns the
state into a state of sector a−1ba. If a and b don’t commute then b and a−1ba are
different sectors.

Now two situations are possible. If b and a−1ba commute then both sectors can be
expressed by the same basis of internal fermions. If a state from b gets transformed
into a state in a−1ba under action by a, then action by a can at the most just
interchange the fermions. Otherwise, b and a−1ba cannot be expressed in the same
basis.

To be more explicit, action by a can take ψi to ψI , ψj to ψJ and vice versa, so
that a state b− 1

2

ib− 1
2

j belonging to sector b gets transformed into a state b− 1
2

Ib− 1
2

J

belonging to sector a−1ba. However if ψi is taken to ψi +ψI and ψj is taken to ψj +ψJ

under action by a, then it would mean that we cannot transform the state b− 1
2

ib− 1
2

j

belonging to the b sector into a state in the a−1ba sector. This is because any state
in the a−1ba sector is of a form b− 1

2

pb− 1
2

q, because both b and a−1ba are expressed by
the same basis.

This just implies that in a basis in which b is diagonal, a has to be expressed by
a matrix made up of rows in which only one entry is non-zero. i.e.

aij = aiδi,j(i) (2.57)

where j(i) is an integer valued function of i. i.e. a is just a permutation matrix.
In such a case, as has been stated in the D4 case, the state from b combines with

the state from a−1ba, to form a state invariant under b and a (at the most up to a
phase, but that is physically fine, as all we want is that the scattering amplitudes
should be invariant under a and b). In our example above, the invariant state is
b− 1

2

ib− 1
2

j + b− 1
2

Ib− 1
2

J .
Also currents have to be constructed which are invariant under actions by a and

b. In the present case, the invariant currents are ψ̄iψi + ψ̄IψI , ψ̄jψj + ψ̄JψJ etc up to
normalization constants.
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In case we had a situation where action by a took ψi to ψi1, ψi1 to ψi2 and ψi2

to ψi, then we would have the invariant current as ψ̄iψi + ψ̄i1ψi1 + ψ̄i2ψi2 up to a
normalization constant.

This mechanism causes the gauge group rank to be reduced and the gauge groups
to be realized at higher levels as was shown explicitly in the D4 case.

The other situation is when b and a−1ba don’t commute, i.e. they belong to
different domains. In such case b and a−1ba are expressed in completely different bases,
which are not related to each other. The invariant states are formed by combination
of states from b and a−1ba. The currents are a linear combination of currents from
domain containing b and from domain containing a−1ba.

To be more explicit. Action by a could take ψi to ΨI , ψj to ΨJ and vice versa, so
that a state b− 1

2

ib− 1
2

j belonging to sector b gets transformed into a state B− 1
2

IB− 1
2

J

belonging to sector a−1ba.
The invariant currents in this case are ψ̄iψi + Ψ̄IΨI , ψ̄jψj + Ψ̄JΨJ etc up to

normalization constants.
Note that the ψ, Ψ distinction is explicitly mentioned above in order to stress the

point that the fermionic bases in the two domains are independent.
Since these currents are constructed out of different bases, which are completely

independent of each other, we don’t have any shortening of roots in this case. The two
sectors b and a−1ba should have the same spectrum, and it is as if, we are counting
the two sectors as giving one contribution. We have a phenomenology similar to
abelian orbifolds in this case. Hence this scenario is not interesting.

2.5.2. Consequences of the elements of the non-abelian group having representations
which are permutation matrices

As talked above the interesting cases arise when b and a−1ba commute. If we consider
two such n× n matrices a and b, the requirement that a and b be diagonal or at most
permutation matrices, implies that both an and bn should be diagonal. To see this,
please note that a permutation matrix has zero diagonal elements. The requirement
that the matrix should be diagonalizable implies that two rows cannot have the non-
zero elements at the same position. These two statements together imply that the
nth power of a n-dimensional permutation matrix b, should be diagonal.

The basis in which b is diagonal, a−1ba is b with its entries permuted among
itself (as a is a permutation matrix), as can be easily checked. Hence in this basis
b commutes with a−1ba. Since commutation relations are basis independent b and
a−1ba commute. Similarly, in the basis in which a is diagonal b is a permutation
matrix. Hence, arguments expressed in this paragraph in turn imply a and b−1ab
commute with each other.

a and b−1ab commuting with each other coupled with a−1ba commuting with b,
implies
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ab = Πba (2.58)

where Π is a matrix that commutes with both a and b. This implies that the only
form that Π can take is eiθ1. Hence we get ab = eiθba. Choosing a basis such that a
is diagonal, we get the matrix equation below

aiibij = eiθbijajj. (2.59)

Hence aii = eiθajj if bij 6= 0. This implies that einθ = 1, for a n-dimensional
irreducible representation.

To summarize, in our non-abelian group the interesting cases arise, if for two
elements a and b, ab = eiθba. If the smallest irreducible representation of this group
is n-dimensional then an and bn commute with a as well as b. Also eniθ = 1.

Next we will consider situations in which not only does a commute with b−1ab
but also commutes with c−1ac, such that b does not commute with a, and c does not
commute with a.

The above paragraph implies that ab = eiθ1ba, and ac = eiθ2ca. In a basis in
which a is diagonal the first relationship implies that the minimum phase difference
possible between non-identical elements of a is θ1, whereas the second relationship
implies this minimum phase difference equals to θ2. The two states are contradictory
unless θ1 equals θ2 = θ.

We should also notice that if nθ = 1 for one domain, then as far as the gauge
bosons coming from the 0 sector are concerned, the projected gauge bosons should be
realized at level n. Since projected gauge bosons in each domain should be realized
at the same level, θ’s for each domain should equal each other. This in turn implies
that θ can be considered a defining parameter of the non-abelian string model.

Up until now, we have shown that string model construction is possible only if
two elements a and b of the non-abelian group obey ab = eiθba. θ can be considered
as one of the defining parameters of the string model. We also have shown that for a
n-dimensional irreducible representation eniθ = 1. We will now show that emiθ cannot
equal 1, for m < n.

To understand this note that if this was the case, that is, if mθ is an integer for
m smaller than n, then we would have the entry at position i, being the same as the
entry at position i+m. This would be the case for Va as well as Vb. In this case 0 will
also have a state of the form (0, 1, 0, 0, ..−1)n, wher the 1 and −1 are separated by m
entries. This would produce a state with all elements of the charge vector being zero,
for charge operators which are invariant under the entire non-abelian group. This
would produce unwanted degeneracies in the gauge bosons.
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2.5.3. Constraints from N=1 supersymmetry and appearance of scalar adjoints, on
the allowed gauge groups

Previously we had talked about how in the D4 case, non-abelian orbifolds ensure that
adjoint scalars are produced in string models that are N=1 supersymmetric. Let us
discuss the general situation.

Let us represent the common sector vectors by Vi and the non-abelian V vectors by
Vnon−abelian. If the non-abelian group is represented by a n-dimensional representation,
then the elements in the corresponding n-dimensional blocks of Vi are either all −1

2
or

all 0. The more the number of blocks with the same elements, the larger the higher
level group. The corresponding n dimensional blocks in the Vnon−abelian can be written
such that consecutive elements differ by θ ( If the non-abelian group is ab = ei2θba).

We will now show that, N=1 supersymmetric string models would end up with
adjoint scalars only if the gauge bosons and the corresponding scalars come from a
sector constructed out of the common Vi’s.

To see this, let us first consider the case in which gauge bosons are actually
produced from the sectors constructed out of common Vi’s. Then it should be noted
that the left movers of the adjoint gauge bosons contribute in the same way to the
Vi ·N portion of the GSO constraints. In an abelian orbifold some scalar excitations
corresponding to gauge boson excitations get projected out if the string model is N=1
supersymmetric. The way non-abelian orbifolds get rid of this problem is as follows.

If the n dimensional blocks contribution to the Vi’s are of the form
[...(−1/2,−1/2...)n(−1/2,−1/2...)n(−1/2,−1/2...)n...], then any sector constructed
out of Vi’s would have a form [...(−1/2,−1/2...)n(−1/2,−1/2...)n(−1/2,−1/2...)n...]
or [...(0, 0...)n(0, 0...)n(0, 0...)n...] . Vnon−abelian can be written in the form [(−p/q,-
−p/q + θ, ....)n, (−p/q,−p/q + θ, ....)n...]. Hence if gauge bosons and corresponding
scalars are constructed out of a sector made up of the Vi’s, then a number vector N
given by [(1, 0..)n(−1, 0, ...)n] will contribute in the same way, to the GSO constraints
for the Vi vectors, as any number vector constructed with the 1’s or -1’s permuted
within the respective n-dimensional blocks. However this will not be the case for the
GSO constraints for the Vnon−abelian vector as can be easily seen.

For gauge bosons excitations for which the corresponding scalar excitation N
vectors get projected out (which is the situation that arises in N=1 supersymmetric
abelian models), a permutation of the N vector is included (This happens if for one
entry in the Vnon−abelian n-dimensional block, there is another entry which differs from
this entry by 1

2
). This is because a specific permutation of the N vector (one that

corresponds to two fermionic excitations of the 0 sector which cause a difference of 1
2

among the corresponding elements of Vnon−abelian) will satisfy all the GSO constraints
even if the N vector does not satisfy all the GSO constraints. Since the non-abelian

invariant charge operators have a form
∑

i=1,n

ψ̄iψi, the N vector and its permuted

counterpart will evaluate similarly under a projected charge vector. This implies that
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the projected string model will have adjoint scalars.
If gauge bosons are constructed out of a sector containing Vnon−abelian vector, then

finding permuted N vectors which would produce a state analogous to a projected
gauge boson, under invariance of the entire non-abelian group as talked about in the
previous paragraph, would not be a possibility (one reason for this is the absence of
two equal elements in an n-dimensional block). This would result in the absence of
scalar adjoints.

If a sector with eight left movers being −1/2 and the other fourteen being 0 is
used to construct gauge bosons, there is a possibility for the production of degenerate
gauge bosons, as was talked in the case of D4 orbifolds. Hence, the only sector that
could produce gauge bosons contributing to the higher level gauge group, has to be
the 0 sector. This just implies that only higher level SU or SO groups are possible
through a non-abelian orbifold construction.

2.5.4. Absence of asymmetry between chiral and chiral conjugate fermions in inter-
esting models

A n-dimensional block for Vnon−abelian can be written as [− p
qn
,− p

qn
+ l

n
,− p

qn
+ 2l

n
, ...

− p
qn

+ l(n−1)
n

], where p < q. The first element is − p
qn

, because both an and bn are

diagonal. If any element of the above n-dimensional block is greater in value than 1
2
,

then the element should be subtracted by as many multiples of 1, until the element
starts to lie in the interval ∈ [−1

2
, 1

2
). Once we are done with this procedure, we

should ensure that none of the elements should equal each other.
If, the vector Vnon−abelian, could actually produce a fermion then, the sum of all

the elements in the n-dimensional block would correspond to a charge eigenvalue of

the invariant charge vector
i=n
∑

i=1

ψ̄iψi, where none of the fermions corresponding to

the n-dimensional block are excited. This sum equals (−p
q

+ l(n−1)
2

) as can be easily

checked. In order to get a charge ∓1
2

(corresponding to interesting representations of
SO and SU groups), p

q
should equal 1

2
or 1.

If p
q

equal 1
2
, then the requirement that the difference between say 1

2n
and 1

2n
+ l

n

equal 1/2, would imply l
n

should be 1/2. This means that n is an even number. Now
let us see what this says about the sum of elements of the n-dimensional block. This
sum equals (−p

q
+ l(n−1)

2
). If n is even it says that in order for this sum to equal ∓1

2
,

p
q

should be an integer. Hence our initial assumption that p
q

equals 1
2

was not right.
We have to end up with minimum rank four of a higher level gauge group. This

forces the maximum dimension for a n-dimensional block to be five. Since n is even
it means, n can only be 2 or 4.

n = 2 gives us a two dimensional representation with commutation relations of
the form ab = −ba. Also a2 and b2 are diagonal. This implies that D4 is a subgroup
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of such a non-abelian group. We have already shown that this does not give chiral
fermions.

If n = 4 then l can only take values 1 and 3. This is because l = 2 would produce
two equal elements in the four dimensional block, which is not allowed as explained
before. l = 1 and l = 3 produce the following block, (−1

2
,−1

4
, 0, 1

4
).

If a V vector containing this block produces fermions, then there are two options
possible. Either the left movers vacuum energy is zero, or it is not. Since interesting
gauge groups would only be possible if the number of n-dimensional blocks equals
four or more, we see that a zero left mover vacuum energy would be impossible unless
there is only one non-zero entry −1

2
in the four dimensional block. This contradicts

the obtained form for the four dimensional block.
The other case is when the left mover vacuum energy is non-zero. In this case if

states are constructed from the sector made up of Vnon−abelian, then these states should
involve at least one n-dimensional block where a non- −1

2
is excited. Since the −1

2

excitations are of zero energy, there are also states possible where, two fermions (one
−1

2
excitation and one non- −1

2
excitations) from a n-dimensional block are excited.

This would produce charge vectors which are not of the form (±1
2
,±1

2
,±1

2
,±1

2
). Hence

these states don’t produce the required states required for chiral matter.

2.6. Discussion

In this chapter we reviewed the general formalism for construction of non-abelian
orbifolds. Acting on a state coming from a particular sector with elements of the
non-abelian group generally produces a state from a different sector. This is the
crucial difference between abelian and non-abelian orbifolds. This property of non-
abelian orbifolds gives rise to extra GSO constraints which were presented.

We illustrated the formalism for non-abelian orbifold model construction, by pre-
senting the special case of D4 non-abelian orbifolds. The formalism involved con-
structing maximal abelian subgroups of D4. The states coming from the sectors of
each maximal abelian subgroup (domain) had to obey the GSO constraint in that
domain. The states also had to obey the extra GSO constraints which arose because
of the non-abelian nature of D4. Charge vectors had to be constructed in each do-
main which were invariant under the entire D4 group. D4 invariant states were also
constructed in each domain. If a state arose from a sector which was common to
more than one domain, then the corresponding D4 invariant state had to be present
in those domains, to be considered as a state of the theory. Else, it was projected
out.

We showed how D4 orbifolds realize N=1 SUSY with scalar adjoints. Some re-
sults obtained through an analysis of constructed models were also presented. The
difficulties in producing a sizeable number of these models were also discussed. It was
noted that the results don’t reflect the state of affairs on the whole D4 landscape.
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However, it should also be noted that these results still represent the analysis on the
largest data set of non-abelian orbifold models ever constructed.

We showed that D4 constructions don’t give chiral fermions and hence are not
suitable for phenomenological studies. We concluded by outlining a proof for the
absence of chiral fermions in GUT models which could have been interesting from a
phenomenological viewpoint, obtained through non-abelian orbifold constructions.

2.7. Appendix: Actual models

Below we present a few D4 models which were actually constructed by us.

2.7.1. Model 1:

The V Vectors and the kij are below. First the V vectors of the r domain are
presented. V0, V1, V2,Vr,Vθ2 are presented in the respective order, followed by the
kij for the r domain. Next the V vectors for the rθ domain are presented. V0, V1,
V2,Vrθ,Vθ2 are presented in the respective order, followed by the kij for the rθ domain
and finally, the V vectors for the θ domain are presented. V0, V1, V2,Vθ are presented
in the respective order, followed by the kij for the θ domain

The V vectors and the kij are mod 4 below.

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 )

(-2 0 -2 0 -2 0 0 0 0 -2 -2 -2 -2 -2 0 0 -2 -2 -2

-2 0 0 -2 -2 -2 -2 -2 -2 0 -2 -2 0 )

( 0 0 0 0 -2 -2 0 -2 0 -2 -2 0 -2 0 -2 0 -2 0 -2

0 -2 0 -2 0 -2 0 0 0 0 0 0 0 )

( 0 0 0 0 0 0 0 0 0 0 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 0 0 0 0 0 0 )

0 -2 -2 -2 0

-2 -2 -2 -2 0

-2 0 -2 -2 0

-2 0 -2 0 -2

0 0 0 -2 0

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 )

( -2 0 -2 0 -2 0 0 0 0 -2 -2 -2 -2 -2 0 0 -2 -2 -2 -2

0 0 -2 -2 -2 -2 -2 -2 0 -2 -2 0 )

( 0 0 -2 -2 0 0 0 0 -2 -2 -2 0 -2 0 -2 0 -2 0 -2 0
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-2 0 -2 0 -2 0 -2 -2 -2 0 0 -2 )

( 0 0 0 0 0 0 0 0 0 0 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 0 0 0 0 0 0 )

0 -2 -2 -2 0

-2 -2 -2 0 0

-2 0 -2 -2 0

-2 0 0 -2 -2

0 0 0 -2 0

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 )

( -2 0 -2 0 -2 0 0 0 0 -2 -2 -2 -2 -2 0 0 -2 -2 -2 -2 0

0 -2 -2 -2 -2 -2 -2 0 -2 -2 0 )

( 0 0 -2 -2 -2 -2 0 -2 -2 0 1 -1 1 -1 1 -1 1 -1 1 -1 1

-1 1 -1 1 -1 -2 -2 -2 0 0 -2 )

0 -2 -2 -2

-2 -2 -2 -2

-2 0 -2 -2

0 0 -2 1

The spectrum for the above model is below. The scalars are just superpartners of
the fermionic representations.

1 No of supersymmetries

[S0(12)_2] x [SU(2)_1] x [SU(2)_1] x [SU(2)_1] x [SU(2)_1] x [SU(2)_1]

x [SU(2)_1] x [SU(2)_2] x [SU(2)_2]

14 g.nss

0 g.n_u1

90 dimension predicted

76 number of gauge bosons

35 Fermion irreps:

66 -2-2 0 0-2 0 0-2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

66 -2 2 0 0-2 0 0 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

48 -2 2 0 0 2 0 0-2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1

48 -2-2 0 0 2 0 0 2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1

24 -2 0 2 0 0 0 2-2 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0

24 -2 0-2 0 0 0 2-2 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0

24 -2-2 0 0 0 0-2 0 0-2 1 0 0 0 0 0 0 1 0 0 0 0 0 0

24 -2-2 0 0 0 0-2 0 0 2 1 0 0 0 0 0 1 0 0 0 0 0 0 0

64 -2-2 0 0 0 2 0 0 0 2 0 0 0 0 1 0 0 0 0 0 0 0 0 1

64 -2-2 0 0 0 2 0 0 0 2 0 0 0 0 0 1 0 0 0 0 0 0 0 1

64 -2-2 0 0 0-2 0 0 0-2 0 0 0 0 0 1 0 0 0 0 0 0 1 0

64 -2-2 0 0 0-2 0 0 0-2 0 0 0 0 1 0 0 0 0 0 0 0 1 0

12 -2 0 2 0 2 0 0 0 0 2 0 0 0 0 0 0 1 0 0 0 0 1 0 2

12 -2 0-2 0 2 0 0 0 0 2 0 0 0 0 0 0 1 0 0 0 1 0 0 2

3 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2
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8 -2 0-2 0 0 0-2-2 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1

8 -2 0 2 0 0 0-2-2 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1

8 -2-2 0 0 0 0 2 0 0 2 0 0 0 0 0 0 0 1 0 0 0 0 1 1

8 -2-2 0 0 0 0 2 0 0-2 0 0 0 0 0 0 1 0 0 0 0 0 1 1

12 -2 0 2 0 2 0 0 0 0-2 0 0 0 0 0 0 0 1 0 0 0 1 2 0

12 -2 0-2 0 2 0 0 0 0-2 0 0 0 0 0 0 0 1 0 0 1 0 2 0

3 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0

16 -2 2 0 0 2 0 0-2 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0

4 -2 0-2 0 2 0 0 0 0 2 0 0 0 0 0 0 0 1 0 0 0 1 0 0

4 -2 0-2 0 2 0 0 0 0-2 0 0 0 0 0 0 1 0 0 0 0 1 0 0

4 -2 0 2 0 2 0 0 0 0 2 0 0 0 0 0 0 0 1 0 0 1 0 0 0

4 -2 0 2 0 2 0 0 0 0-2 0 0 0 0 0 0 1 0 0 0 1 0 0 0

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0

2.7.2. Model 2:

The V Vectors and the kij are below. First the V vectors of the r domain are
presented. V0, V1, V2,Vr,Vθ2 are presented in the respective order, followed by the
kij for the r domain. Next the V vectors for the rθ domain are presented. V0, V1,
V2,Vrθ,Vθ2 are presented in the respective order, followed by the kij for the rθ domain
and finally, the V vectors for the θ domain are presented. V0, V1, V2,Vθ are presented
in the respective order, followed by the kij for the θ domain

The V vectors and the kij are mod 4 below.

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 )

( -2 -2 -2 -2 0 0 -2 0 -2 0 -2 -2 0 0 0 0 0 0 0 0 -2

-2 -2 -2 -2 -2 -2 0 0 0 0 -2 )

( 0 -2 0 -2 -2 -2 0 0 0 0 -2 0 -2 0 -2 0 -2 0 -2 0 -2

0 -2 0 -2 0 0 0 0 0 0 0 )

( 0 0 0 0 0 0 0 0 0 0 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 0 0 0 0 0 0 )

0 0 -2 -2 0

0 0 0 -2 0

-2 -2 -2 -2 0

-2 0 0 0 -2

0 0 0 -2 0

(-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )
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(-2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 )

(-2 -2 -2 -2 0 0 -2 0 -2 0 -2 -2 0 0 0 0 0 0 0 0 -2 -2

-2 -2 -2 -2 -2 0 0 0 0 -2 )

( 0 0 0 0 0 -2 -2 0 -2 -2 -2 0 -2 0 -2 0 -2 0 -2 0 -2 0

-2 0 -2 0 -2 0 -2 -2 0 -2 )

( 0 0 0 0 0 0 0 0 0 0 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 0 0 0 0 0 0 )

0 0 -2 -2 0

0 0 0 0 0

-2 -2 -2 -2 0

-2 0 -2 -2 -2

0 0 0 -2 0

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 )

( -2 -2 -2 -2 0 0 -2 0 -2 0 -2 -2 0 0 0 0 0 0 0 0 -2

-2 -2 -2 -2 -2 -2 0 0 0 0 -2 )

( 0 -2 0 -2 -2 0 -2 0 -2 -2 1 -1 1 -1 1 -1 1 -1 1 -1 1

-1 1 -1 1 -1 -2 0 -2 -2 0 -2 )

0 0 -2 -2

0 0 0 -2

-2 -2 -2 -2

0 0 0 1

The spectrum for the above model is below. The scalars are just superpartners of
the fermionic representations.

1 No of supersymmetries

[S0(8)_2] x [S0(8)_2] x [SU(2)_1] x [SU(2)_1] x [SU(2)_1] x [SU(2)_1] x

[SU(2)_1] x [SU(2)_1]

14 g.nss

0 g.n_u1

74 dimension predicted

60 number of gauge bosons

35 Fermion irreps:

64 -2-2 0 0-2 0 0 2 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0

64 -2-2 0 0 2 0 0-2 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0

64 -2-2 0 0 2 0 0-2 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0

64 -2-2 0 0-2 0 0 2 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0

28 -2 2 0 0 2 0 0 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

28 -2 2 0 0-2 0 0-2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

16 -2 0 2 0 0-2 0 2 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0
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16 -2 0 2 0 0-2 0 2 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0

16 -2 0 2 0 0 2 0 2 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0

16 -2 0 2 0 0 2 0 2 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0

16 -2 0 2 0 2 0 0 0 0 2 0 0 0 1 0 0 0 0 0 1 0 0 0 0

16 -2 0 2 0 2 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1 0 0 0 0

16 -2 0 2 0 2 0 0 0 0-2 0 0 0 1 0 0 0 0 1 0 0 0 0 0

16 -2 0 2 0 2 0 0 0 0-2 0 0 1 0 0 0 0 0 1 0 0 0 0 0

64 -2 0 0 2 0 2 0 2 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0

64 -2 0 0 2 0 2 0 2 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0

64 -2 0 0-2 0-2 0 2 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0

64 -2 0 0-2 0-2 0 2 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0

28 -2 2 0 0 2 0 0 2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

28 -2 2 0 0-2 0 0-2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

16 -2 0-2 0 0 2 0 2 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0

16 -2 0-2 0 0 2 0 2 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0

16 -2 0-2 0 0-2 0 2 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0

16 -2 0-2 0 0-2 0 2 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0

16 -2 0-2 0 2 0 0 0 0-2 0 0 0 0 0 0 1 0 0 1 0 0 0 0

16 -2 0-2 0 2 0 0 0 0-2 0 0 0 0 0 0 0 1 0 1 0 0 0 0

16 -2 0-2 0 2 0 0 0 0 2 0 0 0 0 0 0 1 0 1 0 0 0 0 0

16 -2 0-2 0 2 0 0 0 0 2 0 0 0 0 0 0 0 1 1 0 0 0 0 0

16 -2-2 0 0 2 0 0-2 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1

3 -2 2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2

3 -2 2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0

3 -2 2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0

3 -2 2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0

3 -2 2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0

3 -2 2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0

2.7.3. Model 3:

The V Vectors and the kij are below. First the V vectors of the r domain are
presented. V0, V1, V2,Vr,Vθ2 are presented in the respective order, followed by the
kij for the r domain. Next the V vectors for the rθ domain are presented. V0, V1,
V2,Vrθ,Vθ2 are presented in the respective order, followed by the kij for the rθ domain
and finally, the V vectors for the θ domain are presented. V0, V1, V2,Vθ are presented
in the respective order, followed by the kij for the θ domain

The V vectors and the kij are mod 4 below.

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 )

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 0 0 -2 -2 -2 -2 0 0 -2

-2 -2 -2 -2 -2 -2 0 -2 0 0 0 )

( 0 -2 -2 0 -2 -2 0 0 0 0 -2 0 -2 0 -2 0 -2 0 -2 0 -2

0 -2 0 -2 0 0 0 0 0 0 0 )

( 0 0 0 0 0 0 0 0 0 0 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 0 0 0 0 0 0 )

0 -2 -2 -2 0
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-2 -2 -2 -2 0

-2 -2 -2 -2 0

-2 0 0 0 -2

0 0 0 -2 0

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 )

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 0 0 -2 -2 -2 -2 0 0 -2

-2 -2 -2 -2 -2 -2 0 -2 0 0 0 )

( 0 0 0 0 -2 0 -2 -2 0 -2 -2 0 -2 0 -2 0 -2 0 -2 0 -2

0 -2 0 -2 0 0 -2 0 -2 -2 -2 )

( 0 0 0 0 0 0 0 0 0 0 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 0 0 0 0 0 0 )

0 -2 -2 0 0

-2 -2 -2 0 0

-2 -2 -2 -2 0

0 -2 0 0 -2

0 0 0 -2 0

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 )

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 0 0 -2 -2 -2 -2 0 0 -2

-2 -2 -2 -2 -2 -2 0 -2 0 0 0 )

( 0 -2 -2 0 0 -2 -2 -2 0 -2 1 -1 1 -1 1 -1 1 -1 1 -1 1

-1 1 -1 1 -1 0 -2 0 -2 -2 -2 )

0 -2 -2 0

-2 -2 -2 -2

-2 -2 -2 -2

-2 0 0 -1

The spectrum for the above model is below. The scalars are just superpartners of
the fermionic representations.

1 No of supersymmetries

[S0(12)_2] x [SO(11)_1] x [SU(2)_1] x [SU(2)_1] x [SU(2)_2]

14 g.nss

0 g.n_u1

130 dimension predicted

116 number of gauge bosons

25 Fermion irreps:

77 -2 2 0 0 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0

66 -2-2 0 0-2 0 0-2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

66 -2 2 0 0-2 0 0 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
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66 -2-2 0 0 2 0 0 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

24 -2 0 0-2-2 0 0 0 2 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0

24 -2 0 0 2-2 0 0 0-2 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0

24 -2 0 0-2-2 0 0 0-2 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0

24 -2 0 0 2-2 0 0 0 2 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0

64 -2 0-2 0 0-2 0-2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1

64 -2 0 2 0 0 2 0-2 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1

64 -2 0 2 0 0 2 0-2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1

64 -2 0-2 0 0-2 0-2 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1

64 -2 2 0 0 0 0 2 0 0-2 0 0 0 0 1 0 0 0 0 0 0 0 0 1

64 -2 2 0 0 0 0-2 0 0 2 0 0 0 0 1 0 0 0 0 0 0 0 0 1

64 -2 2 0 0 0 0-2 0 0 2 0 0 0 0 0 1 0 0 0 0 0 0 0 1

64 -2 2 0 0 0 0 2 0 0-2 0 0 0 0 0 1 0 0 0 0 0 0 0 1

33 -2 2 0 0 2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 2

55 -2-2 0 0 2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

11 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

11 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

3 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2

3 -2 2 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2

3 -2-2 0 0 2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2

3 -2-2 0 0 2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0

3 -2-2 0 0 2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0

2.7.4. Model 4:

The V Vectors and the kij are below. First the V vectors of the r domain are
presented. V0, V1, V2,Vr,Vθ2 are presented in the respective order, followed by the
kij for the r domain. Next the V vectors for the rθ domain are presented. V0, V1,
V2,Vrθ,Vθ2 are presented in the respective order, followed by the kij for the rθ domain
and finally, the V vectors for the θ domain are presented. V0, V1, V2,Vθ are presented
in the respective order, followed by the kij for the θ domain

The V vectors and the kij are mod 4 below.

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 )

( -2 -2 0 0 0 -2 0 0 -2 0 -2 -2 -2 -2 -2 -2 0 0 -2

-2 0 0 -2 -2 -2 -2 -2 -2 0 0 -2 -2 )

( -2 -2 0 0 -2 -2 -2 -2 -2 -2 -2 0 -2 0 -2 0 -2 0 -2

0 -2 0 -2 0 -2 0 0 0 0 0 0 0 )

( 0 0 0 0 0 0 0 0 0 0 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 0 0 0 0 0 0 )

0 -2 -2 -2 0

-2 -2 -2 -2 0

-2 0 -2 -2 0

-2 -2 0 0 -2

0 0 0 -2 0

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )
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( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 )

( -2 -2 0 0 0 -2 0 0 -2 0 -2 -2 -2 -2 -2 -2 0 0 -2 -2

0 0 -2 -2 -2 -2 -2 -2 0 0 -2 -2 )

( 0 -2 -2 0 -2 0 -2 0 -2 -2 -2 0 -2 0 -2 0 -2 0 -2 0

-2 0 -2 0 -2 0 -2 -2 -2 -2 -2 -2 )

( 0 0 0 0 0 0 0 0 0 0 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 0 0 0 0 0 0 )

0 -2 -2 -2 0

-2 -2 -2 0 0

-2 0 -2 -2 0

-2 -2 -2 -2 -2

0 0 0 -2 0

( -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2

-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 )

( -2 -2 0 0 -2 0 0 -2 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 )

( -2 -2 0 0 0 -2 0 0 -2 0 -2 -2 -2 -2 -2 -2 0 0 -2 -2

0 0 -2 -2 -2 -2 -2 -2 0 0 -2 -2 )

( -2 0 -2 0 0 -2 0 -2 0 0 1 -1 1 -1 1 -1 1 -1 1 -1

1 -1 1 -1 1 -1 -2 -2 -2 -2 -2 -2 )

0 -2 -2 -2

-2 -2 -2 -2

-2 0 -2 -2

0 0 0 1

The spectrum for the above model is below. The scalars are just superpartners of
the fermionic representations.

1 No of supersymmetries

[S0(12)_2] x [S0(8)_1] x [SU(2)_1] x [SU(2)_1] x [SU(2)_2] x [SU(2)_2]

14 g.nss

0 g.n_u1

106 dimension predicted

92 number of gauge bosons

27 Fermion irreps:

66 -2-2 0 0-2 0 0-2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

66 -2-2 0 0 2 0 0 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

48 -2 2 0 0 2 0 0-2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1

48 -2 2 0 0-2 0 0 2 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1

24 -2 0-2 0 2 0 0 0 2 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0

24 -2 0 2 0 2 0 0 0 2 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0

64 -2 0 0-2 0-2 0 2 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1
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64 -2 0 0-2 0-2 0 2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1

64 -2 0 0 2 0 2 0 2 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0

64 -2 0 0 2 0 2 0 2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0

24 -2 2 0 0 0-2 0 0-2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 2

3 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2

3 -2-2 0 0 2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2

8 -2 0 2 0 2 0 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1

8 -2 0-2 0 2 0 0 0-2 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1

24 -2 2 0 0 0 2 0 0-2 0 0 0 0 0 0 0 0 0 1 0 0 0 2 0

24 -2 2 0 0 0 2 0 0-2 0 0 0 0 0 0 0 0 0 0 1 0 0 2 0

3 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0

3 -2-2 0 0 2 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0

28 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

32 -2 2 0 0 2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0

32 -2 2 0 0 2 0 0-2 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0

8 -2 2 0 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

8 -2 2 0 0 0-2 0 0 2 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

8 -2 2 0 0 0 2 0 0 2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

3 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0

3 -2-2 0 0-2 0 0-2 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0
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3. Supersymmetry versus gauge symmetry on the heterotic

landscape

3.1. Introduction

Recent developments in string theory suggest that there exists a huge “landscape”
of self-consistent string vacua [27]. The existence of this landscape is of critical
importance for string phenomenology since the specific low-energy phenomenology
that can be expected to emerge from string theory depends critically on the particular
choice of vacuum state. Detailed quantities such as particle masses and mixings,
and even more general quantities and structures such as the choice of gauge group,
number of chiral particle generations, and the magnitude of the supersymmetry-
breaking scale, can be expected to vary significantly from one vacuum solution to the
next. Thus, in the absence of some sort of vacuum-selection principle, it is natural
to determine whether there might exist generic string-derived statistical correlations

between different phenomenological features that would otherwise be uncorrelated
in field theory [28]. In this way, one can still hope to extract phenomenological
predictions from string theory.

To date, there has been considerable work in this direction [28, 29, 30, 31, 32, 33,
54, 35, 36, 37, 38]; for recent reviews, see Ref. [39]. Collectively, this work addresses
questions ranging from the formal (such as the finiteness of the number of string
vacua and the methods by which they may be efficiently scanned and classified) to
the phenomenological (such as the value of the cosmological constant, the scale of
supersymmetry breaking, and the statistical prevalence of the Standard Model gauge
group and three chiral generations).

In this chapter, we shall undertake a statistical study of the correlations between
two phenomenological features which are likely to be central to any description of na-
ture at high energy scales: spacetime supersymmetry and gauge symmetry. Indeed,
over the past twenty years, a large amount of theoretical effort has been devoted
to studying string models with N=1 spacetime supersymmetry. However, it is im-
portant to understand the implications of choosing N=1 supersymmetry over other
classes of string models (such as models with N=2 or N=4 supersymmetry, or even
non-supersymmetric string models) within the context of the landscape. Moreover,
since N=1 supersymmetry plays a huge role in current theoretical efforts to extend
the Standard Model, we shall also be interested in understanding the statistical preva-
lence of spacetime supersymmetry across the landscape and the degree to which the
presence or absence of supersymmetry affects other phenomenological features such
as the choice of gauge group and the resulting particle spectrum.

In this chapter, we shall investigate such questions within the context of the het-
erotic string landscape. There are several reasons why we shall focus on the heterotic
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landscape. First, heterotic strings are of tremendous phenomenological interest in
their own right; indeed, these strings the framework in which most of the original
work in string phenomenology was performed in the late 1980’s and early 1990’s.
Second, heterotic strings have internal constructions and self-consistency constraints
which are, in many ways, more constrained than those of their Type I (open) coun-
terparts. Thus, they are likely to exhibit phenomenological correlations which differ
from those that might be observed on the landscape of, say, intersecting D-brane
models or Type I flux vacua. Finally, in many cases these perturbative supersymmet-
ric heterotic strings are dual to other strings (e.g., Type I orientifold models) whose
statistical properties are also being analyzed in the literature. Thus, analysis of
the perturbative heterotic landscape, both supersymmetric and non-supersymmetric,
might eventually enable statistical tests of duality symmetries across the entire string
landscape.

The first statistical study of the heterotic landscape appeared in Ref. [54]. This
study, which focused exclusively on the statistical properties of non-supersymmetric
(N=0) tachyon-free heterotic string vacua, was based on a relatively small data set of
four-dimensional heterotic string models [40] which were randomly generated using
software originally developed in Ref. [53]. Since then, there have been several ad-
ditional statistical examinations of certain classes of N=1 supersymmetric heterotic
strings [36, 37]. Together, such studies can therefore be viewed as providing heterotic
analogues of the Type I statistical studies reported in Refs. [31, 32, 33].

Although the study we shall undertake here is similar in spirit to that of Ref. [54],
there are several important differences which must be highlighted. First, as discussed
above, we shall be focusing here on the effects of spacetime supersymmetry. Thus, we
shall be examining models with all levels of spacetime supersymmetry (N=0, 1, 2, 4),
not just non-supersymmetric models, and examining how the level of spacetime su-
persymmetry correlates with gauge symmetry. Second, the current study is based on
a much larger data set consisting of approximately 107 heterotic string models which
was newly generated for this purpose using an update of the software originally devel-
oped in Ref. [53]. This data set is thus approximately two orders of magnitude larger
than that used for Ref. [54], and represents literally the largest set of distinct heterotic
string models ever constructed. Indeed, for reasons we shall discuss in Sect. 3.3, we
believe that data sets of this approximate size are probably among the largest that
can be generated using current computer technology.

But perhaps most importantly, because our heterotic-string data set was newly
generated for the purpose of this study, we are able to quote results that take into
account certain subtleties concerning so-called “floating correlations”. As discussed
in Ref. [35], the problem of floating correlations is endemic to investigations of this
type, and reflects the fact that not all physically distinct string models are equally
likely to be sampled in any random search through the landscape. This thereby causes
statistical correlations to “float” as a function of sample size. In Ref. [35], several
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methods were developed that can be used to overcome this problem, and it was shown
through explicit examples that these methods allow one to extract correlations and
statistical distributions which are not only stable as a function of sample size, but
which also differ significantly from those which would have been näıvely apparent from
a direct counting of generated models. We shall therefore employ these techniques in
the current chapter, extracting each of our statistical results in such a way that they
represent stable correlations across the entire heterotic landscape we are examining.

As with most large-scale statistical studies of this type, there are several lim-
itations which must be borne in mind. First, our sample size is relatively small,
consisting of only ∼ 107 distinct models. However, although this number is minis-
cule compared with the numbers of string models that are currently quoted in most
landscape discussions, we believe that the statistical results we shall obtain are stable
as a function of sample size and would not change significantly as more models are
added to the data sample. We shall discuss this feature in more detail in Sect. 3.3.
Indeed, as mentioned above, data samples of the current size are likely to be the
largest possible given current computer technology.

Second, the analysis in this chapter shall be limited to correlations between only
two phenomenological properties of these models: their low-energy gauge groups, and
their levels of supersymmetry. More detailed examinations of the particle spectra of
these models will be presented in Ref. [57].

Finally, the models we shall be discussing are stable only at tree level. For example,
the models with spacetime supersymmetry continue to have flat directions which have
not been lifted. Even worse, the non-supersymmetric models (even though tachyon-
free) will generally have non-zero dilaton tadpoles and thus are not stable beyond tree
level. Despite these facts, each of the string models we shall be studying represents a
valid string solution at tree level, satisfying all of the necessary string self-consistency
constraints. These include the requirements of worldsheet conformal/superconformal
invariance, modular-invariant one-loop and multi-loop amplitudes, proper spacetime
spin-statistics relations, and physically self-consistent layers of sequential GSO pro-
jections and orbifold twists. Thus, although such models may not represent the sorts
of truly stable vacua that we would ideally like to be studying, it is reasonable to hope
that any statistical correlations we uncover are likely to hold even after vacuum sta-
bilization. Indeed, since no stable perturbative non-supersymmetric heterotic strings
have yet been constructed, this sort of analysis is currently the state of the art for
large-scale statistical studies of this type, and mirrors the situation on the Type I
side, where state-of-the-art statistical analyses [31, 32, 33] have also focused on mod-
els which are only stable at tree level. Eventually, once the heterotic model-building
technology develops further and truly stable vacua can be analyzed, it will be inter-
esting to compare those results with these in order to ascertain the degree to which
vacuum stabilization might affect these other phenomenological properties.

This chapter is organized as follows. In Sect. 3.2, we describe the class of models
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that we shall be examining in this chapter. In Sect. 3.3, we summarize our method
of analysis which enables us to overcome the problem of floating correlations in order
to extract statistically meaningful correlations. In Sect. 3.4, we present our results
concerning the prevalence of spacetime supersymmetry across the heterotic landscape,
and in Sect. 3.5 we present our results concerning correlations between spacetime
supersymmetry and gauge groups. Finally, our conclusions are presented in Sect. 3.6.

3.2. The models

The models we shall be examining in this chapter are similar to those studied in
Ref. [54]. Specifically, each of the vacua we shall be examining in this chapter rep-
resents a weakly coupled critical heterotic string compactified to four large (flat)
spacetime dimensions. In general, such a string may be described in terms of its
left- and right-moving worldsheet conformal field theories (CFT’s). For a string in
four dimensions, these must have central charges (cR, cL) = (9, 22) in order to enforce
worldsheet conformal anomaly cancellation, and must exhibit conformal invariance
for the left-movers and superconformal invariance for the right-movers. While any
such CFT’s may be considered, in this chapter we shall focus on those string models
for which these internal worldsheet CFT’s may be taken to consist of tensor products
of free, non-interacting, complex (chiral) bosonic or fermionic fields.

As discussed in Ref. [54], this is a huge class of models which has been discussed
and analyzed in many different ways in the string literature. On the one hand, taking
these worldsheet fields as fermionic leads to the so-called “free-fermionic” construc-
tion [43] which will be our primary tool throughout this chapter. In the language
of this construction, different models are achieved by varying (or “twisting”) the
boundary conditions of these fermions around the two non-contractible loops of the
worldsheet torus while simultaneously varying the phases according to which the con-
tributions of each such spin-structure sector are summed in producing the one-loop
partition function. However, alternative but equivalent languages for constructing
such models exist. For example, we may bosonize these worldsheet fermions and
construct “Narain” models [44, 45] in which the resulting complex worldsheet bosons
are compactified on internal lattices of appropriate dimensionality with appropriate
self-duality properties. Furthermore, many of these models have additional geomet-
ric realizations as orbifold compactifications with appropriately chosen Wilson lines;
in general, the process of orbifolding is quite complicated in these models, involving
many sequential layers of projections and twists. All of these constructions generally
overlap to a large degree, and all are capable of producing models in which the cor-
responding gauge groups and particle contents are quite intricate. Nevertheless, in
all cases, we must ensure that all required self-consistency constraints are satisfied.
These include modular invariance, physically sensible GSO projections, proper spin-
statistics identifications, and so forth. Thus, each of these vacua represents a fully
self-consistent string solution at tree level.
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In order to efficiently survey the space of such four-dimensional string-theoretic
vacua, we implemented a computer search based on the free-fermionic spin-structure
construction [43]. Details of this study are similar to those of the earlier study de-
scribed in Ref. [54], and utilize an updated version of the model-generating software
that was originally written for Ref. [53]. In our analysis, we restricted our attention to
those models for which our real worldsheet fermions can always be uniformly paired
to form complex fermions, and therefore it was possible to specify the boundary con-
ditions (or spin-structures) of these real fermions in terms of the complex fermions
directly. We also restricted our attention to cases in which the worldsheet fermions
exhibited either antiperiodic (Neveu-Schwarz) or periodic (Ramond) boundary con-
ditions around the non-contractible loops of the torus. Of course, in order to build a
self-consistent string model in this framework, these boundary conditions must satisfy
tight constraints. These constraints are necessary in order to ensure that the one-loop
partition function is modular invariant and that the resulting Fock space of states
can be interpreted as arising through a physically sensible projection from the space
of all worldsheet states onto the subspace of physical states with proper spacetime
spin-statistics. Thus, within a given string model, it is necessary to sum over appro-
priate sets of untwisted and twisted sectors with different boundary conditions and
projection phases.

Our statistical analysis consisted of an examination of over 107 distinct vacua
in this class. Essentially, each set of fermion boundary conditions and GSO projec-
tion phases was chosen randomly in each sector, subject only to the required self-
consistency constraints. However, in our statistical sampling, we placed essentially
no limits on the complexity of the orbifold twisting (i.e., in the free-fermionic lan-
guage, we allowed as many as sixteen linearly independent basis vectors). Thus, our
statistical analysis included models of arbitrary intricacy and sophistication. We also
made use of techniques developed specifically for analyzing string models generated
in random searches, allowing for the mitigation of many of the effects of bias which
are endemic to studies of this sort.

As part of our study, we generated string models with all degrees of spacetime
supersymmetry (N=0, 1, 2, 4) that can arise in four dimensions. For N=0 models,
we further demanded that supersymmetry be broken without introducing tachyons.
Thus, the N=0 vacua are all non-supersymmetric but tachyon-free, and can be con-
sidered as four-dimensional analogues of the ten-dimensional SO(16) × SO(16) het-
erotic string [46] which is also non-supersymmetric but tachyon-free. However, other
than this, we placed no requirements on other possible phenomenological properties
of these vacua such as their possible gauge groups, numbers of chiral generations,
or other aspects of the particle content. We did, however, require that our string
construction begin with a supersymmetric theory in which the supersymmetry may
or may not be broken by subsequent orbifold twists. (In the language of the free-
fermionic construction, this is tantamount to demanding that our fermionic boundary
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conditions include a superpartner sector, typically denoted W1 or V1.) This is to be
distinguished from a potentially more general class of models in which supersymmetry
does not appear at any stage of the construction. This is merely a technical detail in
our construction, and we do not believe that this ultimately affects our results.

As with any string-construction method, the free-fermionic formalism contains
numerous redundancies in which different choices of worldsheet fermion boundary
conditions and/or GSO phases lead to identical string models in spacetime. Indeed,
a given unique string model can have many different representations in terms of
worldsheet constructions. For this reason, we judged string vacua to be distinct
based on their spacetime characteristics — i.e., their low-energy gauge groups and
massless particle content.

SUSY class # distinct models
N=0 (tachyon-free) 4 946 388

N=1 3 772 679
N=2 492 790
N=4 1106
Total: 9 212 963

Table 3.1. The data set of perturbative heterotic strings analyzed in this chapter.
For each level of supersymmetry allowed in four dimensions, we list the number of
corresponding distinct models generated. As discussed in the text, models are judged
to be distinct based on their spacetime properties (e.g., gauge groups and particle
content). All non-supersymmetric models listed here are tachyon-free and thus are
four-dimensional analogs of the SO(16)× SO(16) string model in ten dimensions.

Given this, our ultimate data set of heterotic strings is as described in Table 3.1.
Note that all non-supersymmetric models listed in Table 3.1 are tachyon-free, and
thus are stable at tree level. We should mention that while generating these models,
we also generated over a million distinct non-supersymmetric tachyonic vacua which
are not even stable at tree level. We therefore did not include their properties in our
analysis, and recorded their existence only as a way of gauging the overall degree to
which the tree-level heterotic string landscape is tachyon-free. Also note that as the
level of supersymmetry increases, the number of distinct models in our sample set
decreases. This reflects the fact that relatively fewer of these models exist, so they
become more and more difficult to generate. This will be discussed further in Sects. 3
and 4.

Of course, the free-fermionic construction realizes only certain points in the full
model space of self-consistent heterotic string models. For example, since each world-
sheet fermion is nothing but a worldsheet boson compactified at a specific radius,
a larger (infinite) class of models can immediately be realized through a bosonic
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formulation by varying these radii away from their free-fermionic values. However,
this larger class of models has predominantly only abelian gauge groups and rather
limited particle representations. Indeed, the free-fermionic points typically represent
precisely those points at which additional (non-Cartan) gauge-boson states become
massless, thereby enhancing the gauge symmetries to become non-abelian. Thus, the
free-fermionic construction naturally leads to precisely the set of models which are
likely to be of direct phenomenological relevance.

We should note that it is also possible to go beyond the class of free-field string
models altogether, and consider models built from more complicated worldsheet
CFT’s (e.g., Gepner models). One could even go beyond the model space of crit-
ical string theories, and consider non-critical strings and/or strings with non-trivial
background fields. Likewise, we may consider heterotic strings beyond the usual per-
turbative limit. However, although such models may well give rise to phenomenologies
very different from those that emerge in free-field constructions, their spectra are typ-
ically very difficult to analyze and are thus not amenable to an automated statistical
investigation.

3.3. Method of analysis

Each string model-construction technique provides a mapping between a space of in-
ternal parameters and a corresponding physical string model in spacetime. In the
case of closed strings, for example, such internal parameters might include compact-
ification moduli, boundary-condition phases, Wilson-line coefficients, or topological
quantities specifying Calabi-Yau manifolds; in the case of open strings, by contrast,
they might include D-brane dimensionalities and charges, wrapping numbers or in-
tersection angles, fluxes, and the vevs of moduli fields. Regardless of the construction
technique at hand, however, there is a well-defined procedure through which one can
derive the spectrum and couplings of the corresponding model in spacetime.

Given this, one generally conducts a random search through the space of models
by randomly choosing self-consistent values of these internal parameters, and then
deriving the physical properties of the corresponding string models. Questions about
statistical correlations are then addressed in terms of the relative abundances of mod-
els that emerge with different spacetime characteristics. Indeed, if {α, β, γ, ...} denote
these different spacetime characteristics (or different combinations of these character-
istics), then we are generally interested in extracting ratios of population abundances
of the form Nα/Nβ, where Nα and Nβ are the numbers of models which exhibit
physical characteristics α and β across the landscape as a whole.

Clearly, we cannot survey the entire landscape, and thus we are forced to attempt
to extract such ratios with relatively limited information. In particular, let us as-
sume that our search has consisted of analyzing D different randomly generated sets
of internal parameters, ultimately yielding a set of different models in spacetime ex-
hibiting varying physical characteristics. Let Mα(D) denote the number of distinct
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models which are found which exhibit characteristic α. Our natural tendency is then
to attempt to associate

Nα

Nβ

?
=

Mα(D)

Mβ(D)
(3.1)

for some sufficiently large value of D. While this relation might not hold exactly
for relatively small values of D, the expectation is that we might be able to reach
sufficiently large values of D for which we might hope to extract reasonably accurate
predictions for Nα/Nβ.

Unfortunately, as has recently been discussed in Ref. [35], Eq. (3.1) does not
generally hold for any reasonable value of D (short of exploring the full landscape).
Indeed, the violations of this relation are striking, even in situations in which sizable
fractions of the landscape are explored, and will ultimately doom any attempt at
extracting population fractions in this manner. In the remainder of this section, we
shall first explain why Eq. (3.1) fails. We shall then summarize the methods which
were developed in Ref. [35] for circumventing these difficulties, and which we will be
employing in the remainder of this chapter.

As stated above, each string model-construction technique provides a mapping
between a space of internal parameters and a physical string model in spacetime.
However, this mapping is not one-to-one, and there generally exists a huge redundancy
wherein a single physical string model in spacetime can have multiple realizations or
representations in terms of internal parameters. For this reason, the space of internal
parameters is usually significantly larger than the space of obtainable distinct models.

The failure of this mapping to be one-to-one is critical because any random sta-
tistical study of the string landscape must ultimately take the form of a random
exploration of the space of internal parameters that lead to these models. First,
one must randomly choose a self-consistent configuration of internal parameters; only
then can one derive and tabulate the spacetime properties of the corresponding model.
But then we are faced with the question of determining whether spacetime models
with multiple internal realizations should be weighted more strongly in our statistical
analysis than models with relatively few realizations. In other words, we must decide
whether our landscape measure should be based on internal parameters (wherein each
model is weighted according to its number of internal realizations) or based on space-
time properties (wherein each physically distinct model is weighted equally regardless
of the number of its internal realizations).

If we were to base our landscape measure on internal parameters, then these redun-
dancies would not represent problems; they would instead become vital ingredients
in our numerical analysis. However, if we are to perform statistics in the space of
models in a physically significant way, it is easy to see that we are forced to count
distinct models rather than distinct combinations of internal parameters. The reason
for this is as follows. In many cases, these redundancies arise as the result of world-
sheet symmetries (e.g., mirror symmetries), and even though such symmetries may
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be difficult to analyze and eliminate analytically for reasonably complicated models,
their associated redundancies are similar to the redundancies of gauge transforma-
tions and do not represent new physics. In other cases, such redundancies are simply
reflections of the failures or limitations of a particular model-construction technique;
once again, however, they do not represent new physics, but rather reflect a poor
choice of degrees of freedom for our internal parameters, or a mathematical difficulty
or inability to properly define their independent domains. Finally, such redundancies
can also emerge because entirely different model-construction techniques can often
lead to identical models in spacetime. Thus, two landscape researchers using dif-
ferent construction formalisms might independently generate random sets of models
which partially overlap, but once again this does not mean that the models which
are common to both sets should be double-counted when their statistical results are
merged. Indeed, in all of these cases, redundancies in the mapping between inter-
nal parameters and spacetime properties do not represent differences of physics, but
rather differences in the description of that physics. We thus must use spacetime
characteristics (rather than the parameters internal to a given string construction) as
our means of counting and distinguishing string models.

Many of these ideas can be illustrated by considering the E8 ×E8 heterotic string
in ten dimensions. As is well known, this string model can be represented in many
ways: as a ZZ2 orbifold of the SO(32) supersymmetric string, as a ZZ2 × ZZ2 orbifold of
the non-supersymmetric SO(32) heterotic string, and so forth. Likewise, this model
can be realized through an orbifold construction, through a free-fermionic construc-
tion, through a bosonic lattice construction, and through other constructions as well.
Yet, there is only a single E8 × E8 string model in ten dimensions. It is therefore
necessary to tally distinct string models, and not distinct internal formulations, when
performing landscape calculations and interpreting their results.

Unfortunately, this redundancy inherent in the mapping between internal param-
eters and their corresponding string models implies that in any random exploration
of the space of models, certain string models are likely to be sampled much more
frequently than other models. Thus, one must filter out this effect by keeping a
record of each distinct model that has already been sampled so that each time an
additional model is generated (i.e., each time there is a new “attempt”), it can be
compared against all previous models and discarded if it is not new. Although this
is a memory-intensive and time-consuming process which ultimately limits the sizes
of the resulting data sets that can be generated using current automated technology,
this filtering can successfully be employed to eliminate model redundancies.

However, there remains the converse problem: because some models strongly dom-
inate the random search, others effectively recede and are therefore extremely difficult
to reach. They therefore do not tend to show up during the early stages of a ran-
dom search, and tend to emerge only later in the search process after the dominant
models have been more fully tallied. Indeed, as the search proceeds into its later
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stages, it is only the models with “rare” characteristics which increasingly tend to be
generated, precisely because those models with “common” characteristics will have
already been generated and tabulated. Thus, the proportion of models with “rare”
characteristics tends to evolve rather dramatically as a function of time through the
model-generation process.

This type of bias is essentially unavoidable, and has the potential to seriously
distort the values of any numerical correlations that might be extracted from a random
search through the landscape. In particular, as discussed in Ref. [35], this type of
bias generally causes statistical correlations to “float” or evolve as a function of the
sample size of models examined. Moreover, since one can ultimately explore only a
limited portion of the landscape, there is no opportunity to gather statistics at the
endpoint of the search process at which these correlations would have floated to their
true values. This, then, is the problem of floating correlations.

Fortunately, as discussed in Ref. [35], there are several statistical methods which
can be used in order to overcome this difficulty. These methods enable one to extract
statistical correlations and distributions which are stable as a function of sample
size and which, with some reasonable assumptions, represent the statistical results
that would be obtained if the full space of models could be explored. We shall now
describe the most important of these methods, since we shall be using this technique
throughout the rest of this chapter.

In general, a model search proceeds as follows. One randomly generates a self-
consistent set of internal parameters, and calculates the properties of the correspond-
ing string model. One then compares this model against all models which have
previously been generated: if the model is distinct, it is recorded and saved; if it is
redundant, it is discarded. One then repeats this process. Early in the process, most
attempts result in new distinct models because very few models have already been
found. However, as the search proceeds, an increasing fraction of attempts fail to
produce new models. This rise in the ratio of attempts per new model indicates that
the space of models is becoming more and more explored. Thus, attempts per model
can be used as a measure of how far into the full space of corresponding models our
search has penetrated.

Therefore, if we are interested in extracting the ratio Nα/Nβ for two physical
characteristics α and β, as discussed above Eq. (3.1), the solution is not to extract
this ratio through Eq. (3.1) because such a relation assumes that the spaces of α-
models and β-models are being penetrated at exactly the same rates during the
random search process. Rather, the solution [35] is to keep a record not only of the
models generated as the search proceeds, but also of the cumulative average attempts

per model that are needed in order to generate these models. We then extract the
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desired ratio Nα/Nβ through a relation of the form

Nα

Nβ
=

Mα(dα)

Mβ(dβ)

∣

∣

∣

∣

∣

dα
Mα(dα)

=
dβ

Mβ(dβ )

(3.2)

where dα and dβ respectively represent the numbers of attempts that resulted in α-
models and β-models, regardless of whether the models in each class were distinct.
Thus, we must essentially perform two independent search processes, one for α-models
and one for β-models, and we terminate these searches only when they have each
reached the same degree of penetration as measured through their respective numbers
of attempts per model dα/Mα. The value of Nα/Nβ obtained in this way should then
be independent of the chosen reference value of dα/Mα for sufficiently large dα/Mα.
This method of extracting Nα/Nβ is discussed more fully in Ref. [35], where the
derivation and limitations of this method are outlined in detail.

Of course, in the process of randomly generating string models, we cannot nor-
mally control whether a random new model is of the α- or β-type. Both will tend
to be generated together, as part of the same random search. Thus, our procedure
requires that we completely disregard the additional models of one type that might
be generated in the process of continuing to generate the required, additional models
of the other type. This is the critical implication of Eq. (3.2). Rather than let our
model-generating procedure continue for a certain duration, with statistics gathered
at the finish line as in Eq. (3.1), we must instead establish two separate finish lines
for our search process, one for α-models and one for β-models. Of course, these finish
lines are not completely arbitrary, and must be chosen such they correspond to the
same relative degree of penetration of the α- and β-model spaces. Indeed, these finish
lines must be balanced so that they correspond to points at which the same ratio of
attempts per model has been reached. However, these finish lines will not generally
coincide with each other, which requires that some data actually be disregarded in
order to extract meaningful statistical correlations.

As discussed in Ref. [35], Eq. (3.2) will enable us to extract a value for the ratio
Nα/Nβ which is stable as a function of sample size only when the biases within the
α-model space are the same as those within the β-model space. In such cases, we
can refer to the physical characteristics α and β as being in the same universality
class. However, for a given model-generation method (such as the free-fermionic
construction which we shall be employing in this chapter), it turns out that many
physical characteristics of interest {α, β, ...} have the property that they are in the
same universality class. In the rest of this chapter, correlations for physical quantities
will be quoted only when the physical characteristics being compared are in the
same universality class. The above method is then used in order to extract these
correlations.
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3.4. Supersymmetry on the heterotic landscape

In this section, we begin our analysis of the structure of the heterotic string landscape.
In so doing, we shall also provide an explicit example of the method described in
Sect. 3. Our focus in this section is to determine the extent to which string models
with different levels of unbroken supersymmetry (N=0, 1, 2, 4) populate the tree-level
four-dimensional heterotic landscape. For N=0 models, we shall further distinguish
between models which are tachyon-free at tree level, and those which are tachyonic.
Note that these characteristics are all mutually exclusive and together span the entire
landscape of heterotic string models in four dimensions. Thus, our goal is to achieve
nothing less than a partitioning of the full set of tree-level heterotic string models
according to their degrees of supersymmetry. (We stress that this analysis will be the
only case in which unstable tachyonic N=0 string models will be considered in this
chapter.) We will then proceed in Sect. 5 to examine questions related to correlations
between the numbers of unbroken supersymmetry generators and the corresponding
gauge groups.

The landscape of four-dimensional heterotic strings is a relatively large and com-
plex structure. It may therefore be useful, as an initial step, to quickly recall the
much smaller “landscape” of ten-dimensional heterotic strings. In ten dimensions,
the maximal allowed supersymmetry is N=1, and thus our tree-level ten-dimensional
landscape may be partitioned into only three categories: N=1 models, N=0 tachyon-
free models, and N=0 tachyonic models. Note that since the N=0 tachyonic models
are not even stable at tree level, the tree-level “landscape” actually consists only
of models in the first two categories. However, for convenience, in this section we
shall use the word “landscape” to describe the full set of heterotic vacuum solutions
regardless of stability.

SUSY class % of 10D landscape % of reduced 10D landscape
N=0 (tachyonic) 66.7 62.5
N=0 (tachyon-free) 11.1 12.5

N=1 22.2 25.0

Table 3.2. Classification of the ten-dimensional tree-level heterotic “landscape” as
a function of the number of spacetime supersymmetries and the presence/absence of
tachyons at tree level. As always, models are judged to be distinct based on their
gauge groups and particle contents. The full ten-dimensional heterotic landscape con-
sists of nine distinct string models, while the landscape of models accessible through
our random search methods is reduced by one model. In either case, we see that two
thirds of the tachyon-free portion of the ten-dimensional landscape is supersymmet-
ric. Thus unbroken supersymmetry tends to dominate the “landscape” consisting of
ten-dimensional models which are stable at tree level.
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As is well known [47], the full set of D = 10 heterotic strings consists of nine
distinct string models: two are supersymmetric [these are the SO(32) and E8 × E8

models], one is non-supersymmetric but tachyon-free [this is the SO(16) × SO(16)
string model [46]], and six additional models are non-supersymmetric and tachyonic.
Expressed as proportions of a full ten-dimensional heterotic landscape, we therefore
find the results shown in the middle column of Table 3.2. It is important to note,
however, that not all of these models would be realizable through the methods we
shall be employing in this chapter (involving a construction in which all degrees of
freedom are represented in terms of complex worldsheet fermions). Indeed, one of
the tachyonic non-supersymmetric models exhibits rank-reduction and thus would
not be realizable in a random search of the sort we shall be conducting. Statistics
for the corresponding “reduced” landscape of accessible models are therefore listed
along the third column of Table 3.2; these are the statistics which will form the basis
for future comparisons. Note that in either case, the tachyon-free portion of the ten-
dimensional landscape is dominated by supersymmetric models. This suggests that
breaking supersymmetry without introducing tachyons is relatively difficult in ten
dimensions.

Our goal is to understand how this picture changes after compactification to four
dimensions. Towards this end, one procedure might be to randomly generate a large
set of string models, and see how many models one obtains of each type after a cer-
tain fixed time as elapsed. However, as discussed in Sect. 3.3, these percentages will
generally float or evolve as a function of the total number of models examined. This
behavior is shown in Fig. 3.1, and we see that while the non-supersymmetric per-
centages seem to be floating towards greater values, the supersymmetric percentages
seem to be floating towards lesser values.

As discussed in Sect. 3.3, it is easy to understand the reason for this phenomenon.
Clearly, as we continue to generate models randomly, an ever-increasing fraction of
these models consists of models without supersymmetry. This in turn suggests that
at any given time, we have already discovered a greater fraction of the space of su-
persymmetric models than non-supersymmetric models. This would explain why it
becomes increasingly more difficult to randomly generate new, distinct supersym-
metric models as compared with non-supersymmetric models, and why their relative
percentages show the floating behavior illustrated in Fig. 3.1.

How then can we extract meaningful information? As discussed in Sect. 3.3, the
remedy involves keeping track of not only the total numbers of distinct models found
in each supersymmetric class, but also the total number of attempts which yielded
a model in each class, even though such models were not necessarily new. This
information is shown in Table 3.3 for our total sample of >∼ 107 models.

As we see from Table 3.3, the number of required attempts per model increases
dramatically with the level of supersymmetry. This in turn implies, for example, that
although we may have generated many fewer distinct N=4 models than N=1 models,
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Figure 3.1. The numbers of distinct string models exhibiting different amounts of
spacetime supersymmetry, plotted as functions of the total number of distinct string
models examined. Models exhibiting N=4 supersymmetry are too few to appear on
this figure.

the full space of N=4 models has already been penetrated much more fully than
the space of N=1 models. Thus, as we continue to generate more models, it should
become relatively easier to generate non-supersymmetric models than supersymmetric
models. If true, this would imply that the relative proportion of non-supersymmetric
models should increase as we continue to generate more models, while the relative
proportion of supersymmetric models should decrease. This is, of course, exactly
what we have already seen in Fig. 3.1.

In order to extract final information concerning the relative sizes of these spaces,
the procedure outlined in Sect. 3.3 instead requires that we do something different,
and compare the numbers of distinct models generated in each class at those points

in our model-generating process when their corresponding numbers of attempts per

model are equal . It is only in this way that we can overcome the effects of floating
correlations and extract stable relative percentages which do not continue to evolve
as functions of the total sample size.

For example, let us consider the relative numbers of N=1 and N=2 models.
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SUSY class # distinct models # attempts avg. attempts/model
N=0 (tachyonic) 1 279 484 3 810 838 2.98

N=0 (tachyon-free) 4 946 388 18 000 000 3.64
N=1 3 772 679 24 200 097 6.41
N=2 492 790 13 998 843 28.41
N=4 1106 6 523 277 5 898.08
Total: 10 492 447 66 533 055 6.34

Table 3.3. This table expands on Table 3.1 by including the numbers of attempts
to generate models in each class as well as the corresponding average numbers of
attempts per distinct model. We also include information about the attempts which
resulted in non-supersymmetric models whose spectra are tachyonic at tree level. It
is apparent that the number of attempts per model increases rather dramatically as
the level of supersymmetry increases, indicating that our heterotic string sample has
penetrated further into the spaces of models with greater numbers of supersymmetries
than into those with fewer.

Although we see from Table 3.3 that our full sample of >∼ 107 models contains ap-
proximately 7.66 times as many N=1 models as N=2 models, this is not the relative
size of their corresponding model spaces because the N=2 space of models has al-
ready been explored more fully than the N=1 model space, with 6.41 attempts per
N=1 model compared with 28.41 attempts per N=2 model. However, at an earlier
point in our search, we found that it took an average of approximately 6.41 attempts
to generate a new, distinct N=2 model: this occurred when we had generated only
approximately 90 255 models with N=2 supersymmetry. This suggests that the space
of N=1 models is actually 3772679/90255 ≈ 41.8 times as large as the space of N=2
models.

Moreover, we can verify that this ratio is actually stable as a function of sample
size. For example, at an even earlier point in our search when we had generated only
≈ 2.22×106 N=1 models, we found that an average of 3.64 attempts were required to
generate a new, distinct N=1 model. However, this same average number of attempts
per model occurred in our N=2 sample when we had generated only ≈ 53 000 N=2
models. Thus, once again, the N=1 and N=2 model spaces appear to have a size
ratio of ≈ 41.8 : 1.

In this way, by comparing total numbers of models examined at equal values of
attempts per model, we can extract the relative sizes of the spaces of models with
differing degrees of supersymmetry and verify that these results are stable as functions
of sample size (i.e., stable as functions of the chosen value of attempts per model). Our
results are shown in Table 3.4. As far as we can determine, the percentages quoted
in Table 3.4 represent the values to which the percentages in Fig. 3.1 would float if
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we could analyze what is essentially the full landscape. However, short of examining
the full landscape, we see that there is no single point at which these percentages
would simultaneously appear in any finite extrapolation of Fig 3.1. Instead, it is only
by comparing the numbers of models obtained at different points in our analysis that
the true ratios quoted in Table 3.4 can be extracted.

SUSY class % of heterotic landscape
N=0 (tachyonic) 32.1

N=0 (tachyon-free) 46.5
N=1 20.9
N=2 0.5
N=4 0.003

Table 3.4. Classification of the four-dimensional tree-level heterotic landscape as a
function of the number of unbroken spacetime supersymmetries and the presence/ab-
sence of tachyons at tree level. This table is thus the four-dimensional counterpart
of Table 3.2, which quoted analogous results for ten dimensions. Relative to the sit-
uation in ten dimensions, we see that compactification to four dimensions tends to
favor breaking all spacetime supersymmetries without introducing tachyons at tree
level.

Table 3.4 thus represents our final partitioning of the tree-level four-dimensional
landscape according to the amount of supersymmetry exhibited. There are several
rather striking facts which are evident from these results:

• First, we see that nearly half of the heterotic landscape is non-supersymmetric
and yet tachyon-free.

• Second, we see that the supersymmetric portion of the heterotic landscape ap-
pears to account for less than one-quarter of the full four-dimensional heterotic
landscape.

• Finally, models exhibiting extended (N ≥ 2) supersymmetries are exceedingly
rare, representing less than one percent of the full landscape.

Of course, we stress once again that these results hold only for the tree-level

landscape, i.e., models which are stable at tree level only. It is not clear whether
these results would persist after full moduli stabilization. However, assuming that
they do, these results lead to a number of interesting conclusions.

The first conclusion is that the properties of the tachyon-free heterotic landscape
as a whole are statistically dominated by the properties of string models which do
not have spacetime supersymmetry. Indeed, the N=0 string models account for
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over three-quarters of this portion of the heterotic string landscape. The fact that
the N=0 string models dominate the tachyon-free portion of the landscape suggests
that breaking supersymmetry without introducing tachyons is actually favored over
preserving supersymmetry for this portion of the landscape. Indeed, we expect this
result to hold even after full moduli stabilization, unless an unbroken supersymmetry
is somehow restored by stabilization.

The second conclusion which can be drawn from these results is that the super-
symmetric portion of the landscape is almost completely comprised of N=1 string
models. Indeed, only 2% of the supersymmetric portion of the heterotic landscape
has more than N=1 supersymmetry. This suggests that the correlations present for
the supersymmetric portion of the landscape can be interpreted as the statistical cor-
relations within the N=1 string models, with the N=2 correlations representing a
correction at the level of 2% and the N=4 correlations representing a nearly negligible
correction.

It is natural to ask what effects are responsible for this hierarchy. As was dis-
cussed in Sect. 3.3, two string models are considered distinct if any of their spacetime
properties are found to be different. Two models which have the same number of
unbroken spacetime supersymmetries must therefore differ in other features, such as
their gauge groups and particle representations. Thus, if there exist more models
with one level of supersymmetry than another, this must mean that there are more
string-allowed configurations of gauge groups and particle representations with one
level of supersymmetry than the other. Indeed, given the results of Table 3.4, our
expectation is that increasing the level of supersymmetry will have the effect of de-
creasing the number of distinct models with a given gauge group, and possibly even
the range of allowed gauge groups. We shall test both of these expectations explicitly
in Sect. 3.5.

3.5. Supersymmetry versus gauge groups

Within the heterotic string, worldsheet self-consistency conditions arising from the
requirements of conformal anomaly cancellation, one-loop and multi-loop modular
invariance, physically sensible GSO projections, etc., impose many tight constraints
on the allowed particle spectrum. These constraints simultaneously affect not only
the spacetime Lorentz structure of the theory (such as is involved in spacetime super-
symmetry), but also the internal gauge structure of the theory. Thus, it is precisely
within the context of string theory that we expect to find correlations between super-
symmetries and gauge symmetries — features which would otherwise be uncorrelated
in theories based on point particles.

In general, these correlations can lead to certain tensions in a given string con-
struction. Models exhibiting large numbers of unbroken supersymmetries may be
expected to have relatively rigid gauge structures, and vice versa. There are two spe-
cific types of correlations which we shall study. First, we shall analyze how the degree
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of supersymmetry affects the range of possible allowed gauge groups. For example, in
extreme cases it may occur that certain gauge symmetries may not even be allowed
for certain levels of spacetime supersymmetry. Second, even within the context of a
fixed gauge group, we can expect the degree of spacetime supersymmetry to affect
the range of allowed particle representations which can appear at the massless level.
In other words, the number of distinct string models with a given fixed gauge group
may be highly sensitive to the degree of spacetime supersymmetry.

Some of these features are already on display in the ten-dimensional heterotic
“landscape”. For example, no gauge group is shared between those ten-dimensional
models with supersymmetry and those without. Moreover, in each case, there is
only a single model with each allowed gauge group. Thus, in ten dimensions, the
specification of the level of supersymmetry (and/or the gauge group) is sufficient to
completely fix the corresponding particle spectrum.

Clearly, in four dimensions, things will be far more complex. In particular, we
shall study three correlations in this section:

• First, we shall focus on the number of allowed gauge groups as a function of
the degree of supersymmetry. We shall also study gauge-group multiplicities
— i.e., the probabilities that there exist distinct string models with the same
gauge group but different particle spectra. This will be the focus of Sect. 5.1.

• Second, as a function of the degree of supersymmetry, we shall investigate “shat-
ter” — i.e., the degree to which our total (rank-22) gauge group is “shattered”
into distinct irreducible factors, or equivalently the average rank of each irre-
ducible gauge-group factor. This will be the focus of Sect. 5.2.

• Finally, as a function of the degree of supersymmetry, we shall study the prob-
abilities of realizing specific (combinations of) gauge-group factors in a given
string model. This will be the focus of Sect. 5.3.

As we shall see, these studies will find deep correlations which ultimately reflect the
string-theoretic tension between supersymmetry and the string consistency condi-
tions.

3.5.1. Numbers and multiplicities of unique gauge groups

We begin by studying the total numbers of distinct gauge groups which can be realized
as a function of the number of unbroken supersymmetries in a given string model.

To do this, one direct approach can might be to classify models according to
their numbers of unbroken spacetime supersymmetries, and tabulate the numbers of
distinct gauge groups which appear as functions of the total number of models in
each class. As we continue to generate more and more models, we then obtain the
results shown in Fig. 3.2.
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Figure 3.2. Numbers of distinct gauge groups obtained as functions of the number
of distinct string models generated. Each curve corresponds to models with a different
number of unbroken spacetime supersymmetries, with N=0 signifying models which
are non-supersymmetric but tachyon-free. We see that for a fixed sample size, models
with more unbroken supersymmetries tend to exhibit a larger number of distinct gauge
groups. (Note that models with N=4 supersymmetry are too few to be shown in this
plot.)

It is evident from Fig. 3.2 that for a fixed sample size, models with more unbroken
supersymmetries tend to exhibit larger numbers of distinct gauge groups, or equiva-
lently smaller numbers of model multiplicities per gauge group. For example, we see
from Fig. 3.2 that when each class of models has reached a sample size of 500 000
models, the tachyon-free N=0 models have a greater multiplicity per gauge group
than N=1 models by an approximate factor ≈ 1.4, while the N=2 models have a
smaller multiplicity per gauge group than the N=1 models by an approximate factor
≈ 0.8. However, it is easy to understand this behavior. As the level of supersym-
metry increases, there are more constraints on the possible particle spectra that can
emerge for a given gauge group. This in turn implies that there are likely to be fewer
ways for two models with the same gauge group to be distinct, which in turn implies
that there is a greater chance that distinct models will be forced to exhibit distinct
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gauge groups. Thus, models exhibiting greater amounts of supersymmetry are likely,
on average, to exhibit greater numbers of gauge groups amongst a fixed number of
models.

Of course, as also evident from Fig. 3.2, the multiplicity of distinct models per
gauge group exhibits a strong, floating dependence on the sample size. Therefore, in
order to extract a stable ratio of multiplicity ratios — one which presumably repre-
sents the values of these ratios when extrapolated to the full landscape — we must
employ the methods described in Sect. 3.3. We then obtain the results shown in the
middle column of Table 3.5. Using these results in conjunction with the correspond-
ing ratios of landscape magnitudes in Table 3.4, we can also calculate the relative
numbers of distinct gauge groups realizable within each SUSY class of models. These
results are shown in the final column of Table 3.5. Note that in each case, these
quantities are quoted as ratios relative to their N=1 values; this represents the most
detailed information that can be extracted using the methods of Sect. 3.3.

avg. multiplicity # of realizable
SUSY class per gauge group gauge groups

N=0 (tachyon-free) 1.65 1.35
N=1 1.00 1.00
N=2 0.89 0.03

Table 3.5. The average relative multiplicities (distinct models per gauge group) and
total numbers of realizable gauge groups, evaluated for heterotic string models with
N = 0, 1, 2 unbroken spacetime supersymmetries. In each case, these quantities are
normalized to their N=1 values.

We see from Table 3.5 that both the average multiplicities per gauge group and
the total numbers of realizable gauge groups are monotonically decreasing functions
of the number of unbroken supersymmetries. While this is to be expected on the basis
of the arguments described above, we must realize that our class of N=0 models does
not consist of all non-supersymmetric models, but merely those which are tachyon-
free. Thus, the requirement of avoiding tachyons could have turned out to be more
stringent than the requirement of maintaining an unbroken supersymmetry, at least as
far as generating a variety of gauge groups is concerned. This is indeed what happens
in the ten-dimensional landscape, where there are fewer realizable gauge groups for
non-supersymmetric tachyon-free models than for models with N=1 supersymmetry.
However, the results in Table 3.5 indicate that the opposite is true in D = 4.

Note that in Table 3.5, we do not quote results for the N=4 portion of the heterotic
landscape because the absolute numbers of models in this class are so small that no
stable numerical results can be extracted relative to the other levels of supersymmetry.
However, it is worth noting that literally each N=4 model in our sample has a unique
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gauge group, so the absolute (rather than relative) gauge-group multiplicity in the
N=4 case is exactly 1.000. This only reinforces our general observation that increased
levels of supersymmetry reduce the gauge-group multiplicity; indeed, we now see that
the case of maximal supersymmetry appears to result in the minimal allowed gauge-
group multiplicity. It is likely that this result can be proved analytically for the N=4
landscape as a whole.

3.5.2. Shatter/average rank

Having studied the numbers of different possible gauge groups, we now turn our
attention to the gauge groups themselves. Once again, our goal is to study how these
gauge groups depend on the presence or absence of spacetime supersymmetry.

To begin the discussion, our focus in this section will be on what we call “shat-
ter” [54]. Recall that the heterotic string models we are considering all have gauge
groups with total rank 22. This stretches from models with gauge group SO(44) all
the way down to models with gauge groups of the form U(1)n × SU(2)22−n with po-
tentially all values of n in the range 0 ≤ n ≤ 22. Following Ref. [54], we shall define
the “shatter” for a given string model as the number of distinct irreducible gauge-
group factors into which its total rank-22 gauge group has been shattered. Note that
for this purpose, factors of SO(4) ∼ SU(2) × SU(2) contribute two units to shatter.
Since the total rank of the gauge group is fixed at 22 for such models, this means that
shatter is also a measure of the average rank of the individual group group factors,
with 〈rank〉 = 22/shatter. Roughly speaking, shatter can also be taken as a measure
of the degree of complexity needed for the construction of a given string model, with
increasingly smaller individual gauge-group factors tending to require increasingly
many non-overlapping sequences of orbifold twists and Wilson lines.

Given this definition of shatter, we may then calculate the distribution of shatter
across the landscape of heterotic strings. We may calculate, for example, the relative
probabilities that models with certain levels of shatter emerge across the landscape,
and ask how these probability distributions vary with the amount of spacetime su-
persymmetry present in the model.

Our results are shown in Fig. 3.3. Once again, we stress that our raw data tends
to evolve significantly as a function of the sample size of models considered. It is
therefore necessary to employ the techniques described in Sect. 3 in order to extract
stable results which should apply across the landscape as a whole. In practice, this
requires a difficult and time-consuming process in which each of the data points
shown in Figs. 3.3 for N=0, 1, 2 has individually been extracted through the limiting
procedure described in Sect. 3. Only then is an entire “curve” constructed for each
level of supersymmetry, as shown.

For the N=4 case, by contrast, our sample size is too small to permit stable results
to be extracted. However, the fact that the attempts per model count in Table 3.3
is so large for the N=4 models suggests that our N=4 sample has already explored
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a significant fraction (and perhaps even most) of the corresponding landscape. The
N=4 curve in Fig. 3.3 thus represents a direct tally of our N=4 sample set.

As evident from Fig. 3.3, certain features of these plots are independent of the level
of spacetime supersymmetry. These therefore represent general trends which hold
across the entire tachyon-free heterotic string landscape. For example, one general
trend is a strong preference for models with relatively high degrees of shatter and
correspondingly small average ranks for individual gauge-group factors — models
exhibiting shatters near or in the teens clearly dominate. On the other hand, this
preference for highly shattered gauge groups does not appear to extend to the limit
of completely shattered models with shatter=22; indeed, the set of models with only
rank-one gauge-group factors seems to represent a fairly negligible portion of the
landscape regardless of the degree of supersymmetry. This indicates that most models
in this class have gauge groups which contain at least one factor of rank greater than
one.1

Another universal trend implied by (though not explicitly shown in) Fig. 3.3 is
that string models with shatters of less than four accrue relatively little measurable
amount of probability. Even in the N=4 case, these models are thus actually quite
rare across the landscape as a whole. In some sense, this too is to be expected, since
there are many more ways of breaking a large gauge symmetry through orbifolds and
non-trivial Wilson lines than of preserving it.

Despite these universal features, we see that spacetime supersymmetry neverthe-
less does have a significant effect on the shapes of these curves. In this regard, there
are two features to note.

First, we observe that as the degree of unbroken supersymmetry increases, the
range of probable shatter values also tends to increase, with probability shifting from
models with high shatters to models with lower shatters. This is especially noticeable
when comparing the distribution of the N=2 and N=4 models with those of the N=0
and N=1 models. These results indicate that models exhibiting smaller amounts
of shatter (i.e., models whose gauge-group factors have larger individual average
ranks) become somewhat more probable as the level of supersymmetry increases.
Ultimately, this correlation between unbroken supersymmetry and unbroken gauge
symmetry emerges since both have their underlying origins in how our orbifold twists
and Wilson lines are chosen.

Second, and perhaps more unexpectedly, we see that the degree of supersymme-

1Of course, we stress that this conclusion applies only for models in the free-fermionic class. In
general, it is always possible to deform away from the free-fermionic limit by adjusting the internal
radii of the worldsheet fields away from their free-fermionic values; in such cases, we expect all gauge
symmetries to be broken down to U(1)22. However, as noted earlier, the free-fermionic points typi-
cally represent precisely those points at which additional (non-Cartan) gauge-boson states become
massless, thereby enhancing the gauge symmetries to become non-abelian. Thus, as discussed more
fully in Sect. 2, the free-fermionic construction naturally leads to precisely the set of models which
are likely to be of direct phenomenological relevance.
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Figure 3.3. The absolute probabilities of obtaining distinct four-dimensional het-
erotic string models with different numbers of unbroken supersymmetries, plotted as
functions of the degree to which their gauge groups are “shattered” into separate
irreducible factors. The total value of the points (the “area under the curve”) in each
case is 1. Here N=0 refers to models which are non-supersymmetric but tachyon-free.
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try also affects the overall profiles of these curves. While the N=0 curve is relatively
smooth, exhibiting a single peak at shatter=20, these curves begin to experience
even/odd oscillations as the degree of supersymmetry increases, with odd values of
shatter significantly favored over even values when supersymmetry is present. The
origins of this phenomenon are less apparent, and perhaps lie in the modular invari-
ance and anomaly cancellation constraints which correlate the orders of the allowed
twists leading to self-consistent string models. Interestingly, this even/odd behavior
continues into the N=4 case, although these oscillations are significantly less pro-
nounced and flip sign, with evens now dominating over odds.

One notable feature of the N=4 curve is its approximate reflection symmetry
around shatter=10. It is unclear whether this is an exact symmetry which holds in
situations with maximal supersymmetry, or whether this is merely an accident.

3.5.3. Specific gauge-group factors

Finally, we turn to an analysis of the probabilities of realizing individual gauge-group
factors. Just how likely is it, say, that a randomly chosen heterotic string model will
exhibit an SU(3) factor in its gauge group, and how does this probability correlate
with the spacetime supersymmetry of the model?

Just as with previous questions, addressing this issue requires a detailed analysis
along the lines discussed in Sect. 3. This is because the probabilities of realizing
different gauge-group factors also float quite strongly as a function of sample size.
As dramatic illustration of this fact, let us restrict our attention to models with
N=1 spacetime supersymmetry and calculate the probability that a given model will
exhibit an SU(3) gauge-group factor as a function of the number of models we have
examined. We then obtain the result shown in Fig. 3.4, and it is clear that the
percentage of models with SU(3) gauge-group factors floats rather significantly as a
function of the sample size. Indeed, on the basis of this information alone, it would be
quite impossible to determine the final value to which this curve might float. Just as
with previous examples, this floating behavior ultimately occurs because models with
SU(3) gauge-group factors are relatively difficult to generate using the construction
methods we are employing; thus, they tend to emerge in increasing numbers only
after other models are exhausted. As discussed more fully in Ref. [35], this does not
imply that there are fewer of these models or that our construction method cannot
ultimately reach them — all we can conclude is that they are less likely to be generated
in a random search than other models, and thus they tend to emerge only later in
the search process. Indeed, as we shall shortly see, models with SU(3) gauge-group
factors actually tend to dominate the landscape.

Therefore, in order to extract meaningful results, we again employ the methods
discussed in Sect. 3. We then obtain the final percentages quoted in Table 4.2.
We observe, in particular, that the probability of models with N=1 supersymmetry
exhibiting at least one SU(3) gauge-group factor has actually risen all the way to 98%.
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Figure 3.4. The percentage of distinct four-dimensional N=1 supersymmetric het-
erotic string models exhibiting at least one SU(3) gauge-group factor, plotted as a
function of the number of models examined for the first 1.25 million models. We see
that as we generate further models, SU(3) gauge-group factors become somewhat
more ubiquitous — i.e., the fraction of models with this property floats. One must
therefore account for this floating behavior using the methods described in Sect. 3
in order to extract meaningful information concerning the relative probabilities of
specific gauge-group factors.

The fact that this probability has floated from nearly 55% to 98% only reinforces the
importance of the analysis method presented in Sect. 3.3, and illustrates the need
to properly account for floating correlations when quoting statistical results for such
studies.

As we see from Table 4.2, supersymmetry can have quite sizable effects upon the
probability of realizing specific groups. However, there are some general trends that
hold for the full heterotic landscape. These trends include:

• A preference for SU(n + 1) over SO(2n) groups for each rank n. Even though
these two groups have the same rank, it seems that SU groups are more common
than the SO groups for all levels of supersymmetry.
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gauge group N=0 N=1 N=2 N=4

U1 99.9 94.5 68.4 89.6
SU2 62.46 97.4 64.3 60.9
SU3 99.3 98.0 93.0 45.1
SU4 14.46 30.0 39.0 53.5
SU5 16.78 43.5 66.3 33.8
SU>5 0.185 1.7 10.6 73.0
SO8 0.482 1.6 6.2 21.1
SO10 0.084 0.2 1.6 18.7
SO>10 0.005 0.038 0.77 7.5
E6,7,8 0.0003 0.03 0.16 11.5

Table 3.6. Percentages of heterotic string models exhibiting specific gauge-group
factors as functions of their spacetime supersymmetry. Here SU>5 and SO>10 collec-
tively indicate gauge groups SU(n) and SO(2n) for any n > 5, while N refers to the
number of unbroken supersymmetries at the string scale. Note that the N=0 models
are all tachyon-free.

• Groups with smaller rank are much more common than groups with larger rank.
Once again, this also appears to hold for all levels of supersymmetry.

• Finally, the gauge-group factors comprising Standard-Model gauge groupGSM ≡
SU3 × SU2 × U1 are particularly common, much more so than those of any of
its grand-unified extensions.

As we found in Sect. 4, the N=0 string models dominate the tachyon-free portion
of the heterotic landscape. Similarly, the N=1 string models are the dominant part
of the supersymmetric portion of the landscape. Nevertheless, it is interesting to
examine the gauge-group probabilities across both of these portions of the landscape.
These probabilities are easy to calculate by combining the results in Tables 3.4 and
4.2, leading to the results shown in Table 3.7.

Several features are immediately apparent from Table 3.7. First, gauge groups
with larger ranks appear to be favored more strongly across the supersymmetric
subset of the landscape than across the tachyon-free landscape as a whole. Since
each of our heterotic string models in this class has a gauge group of fixed total
rank, this preference for higher-rank gauge groups necessarily comes at the price of
sacrificing smaller-rank gauge groups. Indeed, it often happens that this preference
for larger-rank gauge groups actually precludes the appearance of any small-rank
gauge groups whatsoever. Interestingly, the supersymmetric portion of the landscape
seems to sacrifice U(1) primarily and SU(3) to a lesser extent. This is in contrast to
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gauge entire SUSY
group landscape subset

U1 98.00 93.89
SU2 73.22 96.62
SU3 98.85 97.88
SU4 19.42 30.21
SU5 25.37 44.03
SU>5 0.73 1.92
SO8 0.87 1.71
SO10 0.13 0.23
SO>10 0.02 0.06
E6,7,8 0.01 0.03

Table 3.7. Percentage of heterotic string models exhibiting specific gauge-group fac-
tors, quoted across the entire landscape of tachyon-free models (both supersymmetric
and non-supersymmetric) as well as across only that subset of models with at least
N≥1 spacetime supersymmetry. These results are derived from those of Table 4.2
using the landscape weightings in Table 3.4.

SU(2), which is actually more strongly favored in the supersymmetric portion of the
landscape than in the general tachyon-free landscape as a whole.

Second, the level of supersymmetry also appears to affect the probability distribu-
tions across the different possible gauge-group factors. The supersymmetric portion
of the landscape has a much greater representation of the large rank groups. This
suggests that the constraints placed on the string spectrum in order to preserve space-
time supersymmetry also have the effect of favoring larger gauge symmetries, a fact
already noted in Sect. 5.2. In other words, there tends to be a decrease in the gauge-
group multiplicity for highly shattered gauge groups which consist of only very small
gauge-group factors, and thus the larger-rank gauge groups make up a larger propor-
tion of the whole landscape. Indeed, this effect is particularly acute for that subset
of the landscape exhibiting maximal N=4 supersymmetry, where the larger-rank SU
gauge groups are particularly well represented.

3.6. Discussion

In this chapter, we have examined both the prevalence of spacetime supersymmetry
across the heterotic string landscape and the statistical correlations between the ap-
pearance of spacetime supersymmetry and the gauge structure of the corresponding
string models. Somewhat surprisingly, we found that nearly half of the heterotic
landscape is non-supersymmetric and yet tachyon-free at tree level; indeed, less than
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a quarter of the tree-level heterotic landscape exhibits any supersymmetry at all at
the string scale. Moreover, we found that the degree of spacetime supersymmetry is
strongly correlated with the probabilities of realizing certain gauge groups, with un-
broken supersymmetry at the string scale tending to favor gauge-group factors with
larger rank.

There are several extensions to these results which are currently under investiga-
tion. For example, we would like to understand how the presence of supersymmetry
affects the statistical appearance of the entire composite Standard-Model gauge group
GSM ≡ SU3 × SU2 ×U1, and not merely the appearance of its individual factors. We
would also like to understand how the presence or absence of supersymmetry affects
other features which are equally important for the overall architecture of the Stan-
dard Model: these include the appearance of three chiral generations of quarks and
leptons, along with a potentially correct set of gauge couplings and Yukawa couplings.
This work has already been completed, and will be reported shortly [57].

Despite this progress, such studies have a number of intrinsic limitations which
must continually be borne in mind. A number of these have been emphasized by us
in recent articles (see, e.g., the concluding sections of Refs. [54, 35]) and will not be
repeated here. However, other limitations are particularly relevant for the results we
have quoted here and thus deserve emphasis.

First, we must continually bear in mind that our study has been limited to models
in which rank-cutting is absent. Thus, all of the four-dimensional heterotic string
models we have examined exhibit a fixed maximal rank=22. This has the potential
to skew the statistics of the different gauge-group factors. For example, it is possible
that gauge-group factors with smaller ranks might be over-represented in this sample
simply because the appearance of such groups is often the only way in which a given
model can precisely saturate the total rank bound. By contrast, for models which can
exhibit rank-cutting, this saturation would not be needed and it is therefore possible
that lower-rank groups are consequently less abundant.

A second limitation of this study stems from the nature of performing random
search studies in general. In Sect. 3.3, we summarized several methods by which the
problematic issue of floating correlations can be transcended, and this has provided
several examples of not only the need for such methods but also of the means by
which they are implemented. As more fully discussed in Ref. [35], such problems are
going to arise — and such methods are going to be necessary — whenever we attempt
to extract statistical correlations from a large data set to which our computational
access is necessarily limited. However, despite the apparent success of such methods,
it is always a logical possibility that there exists a huge pool of string models with
non-standard physical characteristics remaining just beyond our computational power
to observe. The existence of such a pool of models would completely change the
nature of our statistical results, to an extent which is essentially unbounded, yet we
may miss this completely because of limited computational power. Although this
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becomes increasingly unlikely as our search through the landscape becomes larger
and increasingly sophisticated, this nevertheless always remains a logical possibility
which cannot be discounted.

But finally, perhaps the most serious limitation of our study is the fact that we are
analyzing the statistical properties of string models which are not necessarily stable
beyond tree level. Indeed, since none of our non-supersymmetric string models has a
vanishing one-loop cosmological constant, these models in particular necessarily have
non-zero dilaton tadpoles at one-loop order and thus become unstable. Even our su-
persymmetric models have flat directions which have not been lifted. Thus, as we have
stressed throughout this chapter, the “landscape” we have examined in this chapter
is at best a tree-level one. Despite this fact, however, it is important to realize that
these models do represent self-consistent string solutions at tree level. Specifically,
these models satisfy all of the constraints needed for worldsheet conformal/super-
conformal invariance, modular-invariant one-loop and multi-loop amplitudes, proper
spacetime spin-statistics relations, and physically self-consistent layers of sequential
GSO projections and orbifold twists. Indeed, since no completely stable perturbative
heterotic strings have yet been constructed, this sort of analysis is currently the state
of the art for large-scale statistical studies of this type. This mirrors the situation
on the Type I side, where state-of-the-art statistical analyses have also focused on
models which are only stable at tree level.

Nevertheless, we are then left with the single over-arching question: to what
extent can we believe that the results we have found for this “tree-level” landscape
actually apply to the true landscape that would emerge after all moduli are stabilized?
The answer to this question clearly depends on the extent to which the statistical
correlations we have uncovered here are likely to hold even after vacuum stabilization.

A priori , this is completely unknown. However, one surprising result of this chap-
ter is the observation that the string self-consistency requirements themselves — even
merely at tree-level — do not preferentially give rise to supersymmetric solutions at
the string scale. Indeed, as we discussed in Sect. 4, less than a quarter of the tree-level
heterotic landscape appears to exhibit any supersymmetry at all at the string scale.
Thus, breaking supersymmetry without introducing tachyons is actually statistically
favored over preserving supersymmetry, even at the string scale and even when the
requirements of avoiding tachyons are implemented. Observations such as these tend
to shift the burden of proof onto the SUSY enthusiasts, and perhaps reframe the ques-
tion to one in which we might ask whether an unbroken supersymmetry is somehow
restored by modulus stabilization. This seems unlikely, especially since most modern
methods of modulus stabilization rely on breaking rather than introducing supersym-
metry. In either case, however, this shows how the results of such studies — even
though limited to only the tree-level landscape — can have the power to dramatically
reframe the relevant questions. Indeed, once the technology for building heterotic
string models develops further and truly stable vacua can be statistically analyzed in
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large quantities, it will be interesting to compare the statistical properties of those
vacua with these in order to ascertain the degree to which vacuum stabilization might
affect these other phenomenological properties.

Thus, it is our belief that such statistical landscape studies of this sort have their
place, particularly when the results of such studies are interpreted correctly and in
the proper context. As such, we hope that this study of the perturbative heterotic
landscape may represent one small step in this direction.
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4. Is SUSY Natural

4.1. Introduction

Most theoretical frameworks for physics beyond the Standard Model involve the intro-
duction of supersymmetry (SUSY), and there are many reasons why this is so. First,
supersymmetry solves the technical gauge hierarchy problem. Second, supersym-
metry provides a dynamical mechanism for triggering electroweak symmetry break-
ing. Third, supersymmetry improves the accuracy of gauge coupling unification, and
fourth, it provides a dark matter candidate. As a result, supersymmetry is truly
ubiquitous in particle physics, appearing virtually everywhere — except the data.

However, through the years, lots of competing or alternative theories have been
proposed. Some involve large extra dimensions and some involve small extra di-
mensions. Others do not explicitly involve extra dimensions at all, yet contain new,
strongly coupled sectors. Likewise, especially over the past decade, the substance of
phenomenological model-building has changed dramatically. Indeed, it is now quite
common that a talk introducing a new particle-physics scenario will begin with a
litany of sequential assumptions that would have sounded increasingly fantastic to
the ear of a physicist a mere decade ago. We are made of open strings. And we
live on a brane. And the brane lives in extra dimensions. And the brane is wrapped
and intersects other branes. And the extra dimensions are warped. And the warp-
ing is severe and forms a throat. And the brane is falling into a throat. And so
forth, and so on. Indeed, such scenarios now often form the backbone of cutting-edge
model-building.

Admittedly, all of this may sound highly unnatural, and it is excusable to yearn
for the simpler days of the MSSM and their cousins, the SUSY GUTs. But is SUSY
itself truly natural? What does it mean to be “natural”, anyway?

There are many different notions of naturalness that have appeared in the litera-
ture. For example, Dirac naturalness stipulates that an effective field theory (EFT)
is natural if the dimensionless coefficients for all operators are ∼ O(1) — i.e., no
exceedingly small or large numbers are allowed. In this sense, the large electroweak
gauge hierarchy is unnatural, which is one of the biggest motivations for supersym-
metry. Another notion is ’t Hooft naturalness: even if such a number is small, it can
be viewed as “natural” if its smallness is protected by a nearly unbroken symmetry.

But neither of these addresses the question of whether a theory, even if “natural”
in the above sense, is likely to be right. How likely is SUSY to be the correct theory?

The word likely often causes us to shudder. Indeed, even though we constantly
judge theories this way, we don’t say this word aloud because the question of theoret-
ical likelihoods seems more philosophical than scientific, especially when we have no
data upon which to base our assessments. How likely relative to what? To all other
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theories that one can imagine? And who is doing the imagining? One might get very
different responses depending on the identity of the unlucky proponent. Ultimately,
we seem to be faced with a dead-end question. How can one compare the likelihood

of one theory against another?

String theory provides a framework in which this question can be addressed in
a mathematical way. This is because string theory provides a large set of possible
vacuum solutions (“vacua”, or string “models”, collectively called “the landscape”),
each of which corresponds to a different alternative universe with different physical
laws. In this context, we can then place our likelihood question on firmer statistical
footing, as originally advocated in Ref. [48]. In the landscape of possible string solu-

tions, how many of these solutions are supersymmetric? Is SUSY “natural” on this

landscape, or relatively rare?

This is the subject of this chapter.

4.2. Our Study: the Heterotic Landscape

In order to approach this question in a somewhat tractable way, we shall focus on
the landscape associated with perturbative four-dimensional heterotic strings which
are realizable using free-field constructions (such as those based on free worldsheet
bosons or fermions). Our investigation will then focus on the fundamental question
of determining the probability that such theories exhibit spacetime supersymmetry
at the string scale. Note that this is different from previous discussions [49] in which
a certain intrinsically supersymmetric framework [50] for the high-scale theory is
assumed, and in which one asks about the likelihood that dynamical supersymmetry
breaking is subsequently generated near the electroweak scale.

In a recent paper [51], we conducted a random exploration of the landscape as-
sociated with such models, using the free-fermionic construction method [52]. In
this construction, each model can be described in terms of its left- and right-moving
worldsheet conformal field theories. These conformal field theories consist of ten-
sor products of non-interacting, free, complex fermionic fields. Different models are
then achieved in this method by varying the boundary conditions of these worldsheet
fermionic fields around the two non-contractible loops of the worldsheet torus. The
sets of allowed boundary conditions for the fermionic fields are restricted by numerous
string self-consistency conditions which also must be applied. These self-consistency
conditions guarantee that the string partition function can be viewed as the trace
over a Fock space corresponding to a self-consistent string model. Other perturba-
tive self-consistency constraints (such as conformal and modular invariance) are also
imposed.

This study was similar to earlier studies performed in Refs. [53, 54], and resulted
in a data set of approximately 107 distinct self-consistent four-dimensional heterotic
string models, each of which is tachyon-free and hence stable at tree level. To the
best of our knowledge, this is the largest set of distinct heterotic string models ever
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constructed. However, this study has some important limitations. For example, this
study examined string models for which all real worldsheet fermions could be grouped
together to form complex worldsheet fermions. This effectively reduces the number
of consistent sets of fermion worldsheet boundary conditions, but allows for the uti-
lization of many time-saving computational algorithms. The major phenomenological
consequence of this restriction is that these string models have gauge groups with a
fixed rank (namely twenty-two in four dimensions).

In our study, two models were considered distinct if their spacetime phenomenolo-
gies differ in some way. For example, two models were considered distinct if they differ
in their amounts of unbroken supersymmetry, or in their gauge group or massless par-
ticle spectrum. Moreover, using data gathered from our sample set of models, a novel
technique [55] was utilized in order to extract stable statistical results which do not
vary as a function of sample size. As discussed in Ref. [55], this method transcends
a mere statistical analysis of the models in our limited sample set, and yields results
which are likely to be indicative of the corresponding landscape associated with such
models as a whole. The techniques by which such results are extracted is discussed
in Ref. [55].

4.3. Results

In this section, we shall describe the results of our study. As indicated above, the
statistical methodology utilized in extracting these results is discussed in Ref. [55],
and a full discussion of the results of Sects. 3.1 and 3.2 can be found in Ref. [51].

4.3.1. Prevalence of SUSY on the heterotic landscape

One of the first questions addressed in our study concerned the prevalence of spacetime
supersymmetry in the heterotic landscape. In other words, what percentage of the
heterotic string landscape consists of string models exhibiting an unbroken spacetime
supersymmetry at the string scale? Clearly, answering this question is the first step
towards addressing the overall issue of the naturalness of supersymmetry.

Our results [51] are reproduced in Table 4.1. Note that in quoting these results,
we are explicitly focusing on only that portion of the heterotic string landscape which
is stable at tree level. In other words, we are explicitly disregarding those non-
supersymmetric portions of the landscape (which amount to approximately 32.1% of
the total) for which tachyonic states exist at tree level.

Table 4.1 represents our final partitioning of the tree-level four-dimensional het-
erotic landscape according to its degree of supersymmetry. There are several rather
striking facts which are evident from these results.

• First, we see that more than half of the stable heterotic landscape is non-
supersymmetric and yet tachyon-free. Indeed, this proportion remains near half
of the total even when the non-supersymmetric tachyonic models are included.
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SUSY class % of heterotic landscape
N=0 (tachyon-free) 68.48

N=1 30.78
N=2 0.74
N=4 0.0044

Table 4.1. Classification of the four-dimensional heterotic landscape as function of
the number of unbroken spacetime supersymmetries. We are explicitly focusing on
string models which are stable (and thus tachyon-free) at tree level.

• Second, we see that the supersymmetric portion of the heterotic landscape ap-
pears to account for less than one-third of the full tachyon-free four-dimensional
heterotic landscape.

• Finally, models exhibiting extended (N ≥ 2) supersymmetries are exceedingly
rare, together representing less than one percent of the full landscape.

Of course, we stress once again that these results hold only for the tree-level land-
scape, i.e., models which are stable at tree level only. A priori , it is not clear whether
these results would persist after full moduli stabilization. However, it seems likely
that they would, given that most modern methods of moduli stabilization (fluxes,
superpotentials, etc.) tend to further break (rather than restore) spacetime super-
symmetry. Indeed, under these assumptions, these results then lead to a number of
interesting conclusions.

The first conclusion is that the properties of the tachyon-free heterotic landscape
as a whole are statistically dominated by the properties of string models which do not

have spacetime supersymmetry. Indeed, the N=0 string models account for nearly
three-quarters of this portion of the heterotic string landscape. The fact that the
N=0 string models dominate the tachyon-free portion of the landscape suggests that
breaking supersymmetry without introducing tachyons is actually favored over pre-
serving supersymmetry for this portion of the landscape. Indeed, we expect this result
to hold even after full moduli stabilization (as has been argued within the context
of Type I strings [56]), unless an unbroken supersymmetry is somehow restored by
stabilization.

The second conclusion which can be drawn from these results is that the super-
symmetric portion of the landscape is almost completely comprised of N=1 string
models. Indeed, only 2.4% of the supersymmetric portion of the heterotic landscape
has more than N=1 supersymmetry. This suggests that the correlations present for
the supersymmetric portion of the landscape can be interpreted as the statistical cor-
relations within the N=1 string models, with the N=2 correlations representing a
correction at the level of 2% and the N=4 correlations representing a nearly negligible
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correction.
In fact, the SUSY faction of the full string landscape may be even smaller than

quoted here. One reason is that free-field string constructions (such as we are employ-
ing here) probably tend to artificially favor models with unbroken supersymmetry.
Second, even when stabilized string models nevertheless exhibit spacetime SUSY at
the string scale, there remains the difficult question of determining the statistical like-
lihood that this SUSY will survive all the way down to the electroweak scale [49]. At
the very least, this should restrict the number of string models leading to weak-scale
SUSY still further.

Thus, we conclude that weak-scale SUSY is rather unnatural from a string land-
scape perspective. On the one hand, this result shifts the burden of proof onto the
SUSY enthusiasts, which represents a dramatic reframing of the underlying question
of whether SUSY should exist at or above electroweak scale. But the conclusion that
weak-scale SUSY is unnatural should not necessarily be viewed as a problem for string
phenomenology. In fact, this result might even be considered good news: it implies
that we will actually learn something about string theory and its preferred compactifi-
cations if/when weak-scale supersymmetry is actually discovered in upcoming collider
experiments!

4.3.2. Correlations between SUSY and gauge groups

We shall now examine the effects of supersymmetry on the probability of realizing
different gauge group factors in this landscape. What percentage of string models
with a given level of supersymmetry will contain a given gauge group factor amongst
its unbroken gauge group at the string scale? We shall also be interested in knowing
the likelihood of realizing different gauge group factors for the full landscape as a
whole.

Our results [51] are presented in Table 4.2. As can clearly be seen, supersymmetry
has a profound effect upon the prevalence of different gauge group factors. Moreover,
even independently of SUSY, there are some general trends which emerge from these
results. These trends include:

• A preference for SU(n + 1) over SO(2n) groups for each rank n. Even though
these two groups have the same rank, it seems that SU groups are more common
than the SO groups for all levels of supersymmetry.

• Groups with smaller rank are much more common than groups with larger rank.
Once again, this also appears to hold for all levels of supersymmetry.

• Finally, the gauge-group factors comprising Standard-Model gauge groupGSM ≡
SU(3) × SU(2) × U(1) are particularly common, much more so than those of
any of its grand-unified extensions.
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gauge group N=0 N=1 N=2 N=4 full landscape

U1 99.9 94.5 68.4 89.6 98.0
SU2 62.46 97.4 64.3 60.9 73.2
SU3 99.3 98.0 93.0 45.1 98.9
SU4 14.46 30.0 39.0 53.5 19.4
SU5 16.78 43.5 66.3 33.8 25.4
SU>5 0.185 1.7 10.6 73.0 0.73
SO8 0.482 1.6 6.2 21.1 0.87
SO10 0.084 0.2 1.6 18.7 0.13
SO>10 0.005 0.038 0.77 7.5 0.021
E6,7,8 0.0003 0.03 0.16 11.5 0.011

Table 4.2. The percentage of heterotic string models exhibiting specific gauge group
factors as functions of their spacetime supersymmetry. Here SU>5 and SO>10 collec-
tively indicate gauge groups SU(n) and SO(2n) for any n > 5, while N refers to the
number of unbroken supersymmetries at the string scale. Note that the N=0 models
are all tachyon-free. The rightmost column of this table is derived from the other
columns using the landscape weightings in Table 4.1.

4.3.3. SUSY naturalness

At this point, we have presented both the unrestricted probability of finding different
levels of supersymmetry on the heterotic landscape, and the restricted probability
of finding different gauge group factors when a certain degree of supersymmetry
is assumed. However, a more useful quantity might be the “inverse” of this last
probability, namely the probability of finding different levels of supersymmetry given
a specific gauge group factor. This would give an indication of how “natural” each
level of supersymmetry is for each different possible gauge group factor.

In order to derive these probabilities, we can utilize the results presented above.
First, let us recall some basic elements of probability theory. The results in the
first four columns of Table 4.2 are necessarily conditional probabilities: each number
in these columns represents the probability of finding a specific gauge group factor
given a certain level of supersymmetry. Thus, if A represents the occurrence of a
specific gauge group factor and B represents the occurrence of a specific level of
supersymmetry, then the results presented in Table 4.2 are all of the form

P (A | B) ≡ P (A ∩B)

P (B)
. (4.1)

Of course, what we now seek is not P (A | B), but the “inverse” P (B | A). In general,
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SUSY U1 SU2 SU3 SU4 SU5 SU>5 SO8 SO10 SO>10 E6,7,8

N = 0 69.80 58.41 68.79 50.98 45.29 17.33 37.98 43.68 16.21 1.85
N = 1 29.68 40.94 30.51 47.53 52.78 71.56 56.66 46.75 55.38 83.00
N = 2 0.51 0.65 0.69 1.48 1.92 10.65 5.25 8.95 26.84 10.59
N = 4 0.004 0.002 0.002 0.012 0.006 0.44 0.11 0.63 1.57 4.57

Table 4.3. The percentage of string models with different levels of supersymmetry
as a function of different gauge group factors. Thus, if we know that a given string
model gives rise to a specific gauge group factor at the string scale, this table lists
the corresponding probabilities that this model will have various levels of unbroken
supersymmetry. This table can therefore be viewed as the “inverse” of Table 4.2.

the relationship between P (B | A) and P (A | B) is given as

P (B | A) =
P (B)

P (A)
P (A | B) . (4.2)

Fortunately, all of the probabilities needed within the right side of Eq. (4.2) are
present in Tables 4.1 and 4.2. Specifically, P (A) is given within the rightmost column
of Table 4.2, while P (B) is given in Table 4.1 and P (A | B) is given in the rest
of Table 4.2. Thus, given the presence of specific gauge group factor at the string
scale, we can now determine the corresponding probability of finding different levels of
unbroken supersymmetry at the string scale. Our results are presented in Table 4.3.
Note that in calculating the results in Table 4.3, we have retained more significant
digits than are explicitly shown in Tables 4.1 or 4.2.

By comparing these probabilities to the probabilities given in Table 4.1, it is
possible to determine which gauge group factors tend to favor different levels of su-
persymmetry beyond their expected representations on the landscape as a whole. For
example, we see from Table 4.1 that 68.48% of the stable heterotic landscape is non-
supersymmetric. Thus, if a given gauge group factor is associated with models of
which fewer than 68.48% are non-supersymmetric, then this gauge group factor can
be said to preferentially favor supersymmetry.

These results have a number of dramatic implications.

• First, we observe that gauge group factors with large rank (greater than four)
actually favor the appearance of unbroken supersymmetry.

• Second, we observe that the gauge group factors which comprise the Standard
Model gauge group do not generally favor supersymmetry.

• Finally, we see that the SU(n) gauge group factors (with n > 5) and the excep-
tional gauge groups E6,7,8 overwhelmingly favor N = 1 supersymmetry. This
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preference is substantial, resulting from the combined effects of the individual
probabilities contributing to Eq. (4.2).

We thus conclude that the heterotic string landscape appears to favor either the
non-supersymmetric Standard Model gauge group or an N = 1 SUSY GUT gauge
group at the string scale. However, the opposite outcomes (namely the MSSM or a
non-SUSY GUT gauge group) are significantly disfavored.

One important caveat is that the gauge group factors presented in Table 4.3 do
not generally specify the gauge group fully. Indeed, these gauge group factors could
be part of either a hidden sector or the visible sector. However, the gauge group
factors listed in these tables are necessarily among those which are explicitly present
in the full gauge group of the string model at the string scale.

4.4. Discussion

In this chapter, we have presented results concerning the prevalence of spacetime
supersymmetry at the string scale and its possible statistical correlations with the
unbroken gauge group which might also appear at the string scale. Since these two
quantities (spacetime supersymmetry and unbroken gauge group) are completely in-
dependent in an ordinary quantum field theory based on point particles, these sorts
of correlations represent true predictions of string theory and thereby provide one
possible route towards answering the question as to whether supersymmetry is truly
“natural” as a component of Beyond-the-Standard-Model physics.

As we have seen, the results of this calculation show that spacetime supersym-
metry is not generically a feature of the low-energy limit of string theory. However,
spacetime supersymmetry is actually statistically favored for certain gauge group
factors.

There are some inherent limitations to these results which must continually be
borne in mind. For example, these string models are generally unstable: the non-
supersymmetric models generically have non-zero dilaton tadpoles, and the supersym-
metric string models have flat directions. Thus, one might think that these results
might change if only fully-stabilized models are considered. Unfortunately, no fully
stable perturbative heterotic string models have ever been constructed. One could
even argue that if the non-supersymmetry string models were required to be as “sta-
ble” as the supersymmetric string models (e.g., only have some finite number of flat
directions), then these results would also change. However, at this point in time, the
string models considered in this study are state-of-the-art and are as stable as many
of the other classes of string models which have been considered in other statistical
studies.

Another issue facing this study concerns the extent to which these sorts of statis-
tical correlations can be trusted, given that the full heterotic landscape has not been
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surveyed. However, this issue has been discussed in Ref. [55], and the methods devel-
oped there have been used in order to extract each of the results quoted here. Thus,
to the best of our knowledge, the results quoted here are independent of the size of
our sample of heterotic string models, and thus should persist across the landscape
as a whole.

Finally, one could argue that the construction method utilized in this study neces-
sarily only probes certain sections of the heterotic landscape. While this is true, these
sections are the ones most likely to contain string models realizing non-abelian gauge
symmetries. As such, these are the sections most likely to give rise to non-trivial low
energy phenomenologies.

The interpretation of these results is also open to some debate. The probability-
based definition of naturalness used in this chapter is not the traditional one, and
may only hold relevance for a landscape study such as the one we are performing.
However, this definition of naturalness has the advantage of being applicable in a
wide variety of contexts, and does not resort to any aesthetic or theoretical prejudices
concerning the parameters that appear in effective Lagrangians. As such, probability-
based definitions of naturalness may have inherent advantages over other definitions.

There are several extensions to these results which are currently under investiga-
tion. For example, we would like to understand how the presence of supersymmetry
affects the statistical appearance of the entire composite Standard-Model gauge group
GSM ≡ SU(3) × SU(2) × U(1), and not merely the appearance of its individual fac-
tors. We would also like to understand how the presence or absence of supersymmetry
affects other features which are equally important for the overall architecture of the
Standard Model: these include the appearance of three chiral generations of quarks
and leptons, along with a potentially correct set of gauge couplings and Yukawa
couplings. This work will be reported elsewhere [57].
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5. Conclusion

In this thesis we started with explaining the importance of getting N=1 SUSY GUTs
for any theory of physics beyond the Standard Model. We talked about string theory
being one of the leading contenders for physics beyond the Standard Model. We
introduced the basics of string theory.

We talked about non-abelian orbifolds as being an important construction which
would give us N=1 SUSY scalar adjoints (which are required for GUT theories)
in string theory. The methods for non-abelian orbifold string model construction
were reviewed. Construction of D4 non-abelian orbifold string models were explicity
presented. It was shown that D4 models didn’t produce chiral fermions and hence
were unsuitable for phenomenology. Proof for absence of phenomenologically pleasing
chiral GUT models in non-abelian orbifold constructions was also presented.

The results of statistical studies on heterotic string models were presented. Sta-
tistical methods that took into consideration the issue of floating correlations were
reviewed. Correlations between appearance of degree of supersymmetry versus the
gauge groups were studied. The relative abundance of various degrees of supersmme-
try in the heterotic landscape were found. We found that nearly half of the heterotic
landscape is nonsupersymmetric and yet tachyon-free at tree level; indeed, less than a
quarter of the tree-level heterotic landscape exhibits any supersymmetry at all at the
string scale. The relatives probabilities for finding different gauge groups as a func-
tion of degree of supersymmetry were also presented. It was found that the heterotic
landscape favours either the non-supersymmetric Standard Model gauge group or an
N=1 SUSY GUT gauge group at the string scale. The opposite outcomes (namely
the MSSM or a non-supersymmetric GUT) are significantly disfavored.
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