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Abstract

With the manufacture of nano-scale features in the last ten years, it is possible to

do optical experiments on features as small as a tenth/hundredth wavelength. It

turns out that the experimental data cannot be explained by classical di�raction

theories. Thus, it is necessary to develop new methods or use existing approaches

which are e�ective in other �elds, to solve problems in photonics. We use �nite

di�erence time domain (FDTD), to study transmission properties of sub-wavelength

slits in a metallic �lm. By doing simulations on periodic and single slits, we con�rm

that the TE mode has a cuto� while a TM mode always has a propagating mode

in the small apertures. Then we �nd that the transmittance is minimum when the

array period is equal to the wavelength of surface plasmon polariton (SPP) at normal

incidence. In fact, the SPP-like waves exist in both periodic and isolated slits, and

they help the transmittance of small apertures. In order to establish the role of SPP

in the transmission mechanism, it is necessary to single out each mode from the total

�elds. We developed Bloch mode method (BMM) to calculate the amplitudes of the

lowest N orders, and the amplitudes tell us which one is dominant (not including the

guided mode) at high and low transmission. BMM converges very fast and it is more

accurate than FDTD since it doesn’t su�er from numerical dispersion. Both methods

can resolve the Wood anomaly and SPP anomaly; however, FDTD converges very

slowly at the SPP resonance and oscillates around the value obtained through BMM

at the Wood anomaly. BMM is not sensitive to material types, incident angles, and

anomalies; it will be a useful tool to investigate similar problems.
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Chapter 1

Introduction

In the last ten years, numerous numerical simulations were done for passive optical

devices. Since Ebbeson published his paper [1] on extraordinary high transmission

of light through small holes in periodic structures in 1998, there has been increased

interest in the simulation of light transmission through sub-wavelength apertures in

metallic media.

Ebbeson and his colleagues found that arrays of sub-wavelength holes displayed

highly unusual zero-order transmission spectra at wavelengths larger than the array

period (the peak beneath the large arrow at �0 = 1370nm in �gure 1.1). They argued

that this phenomenon could not be explained with di�raction theories since di�racted

waves disappear when periods are less than wavelengths at normal incidences. They

subsequently came to the conclusion that the periodic structures are active devices

and the observations are related to surface plasmons (SPs).

SPs, also known as surface plasmon polaritons (SPPs), are surface electromagnetic

waves that travel along metal/dielectric interfaces with small losses. Raether [2] gave

a detailed introduction to these waves using the name SPs instead of SPPs. We follow

his terminology in chapter 2 and 3. As more and more scientists use the term SPPs

when referring to the same physical phenomena, we use SPPs in chapter 4, 5 and 6.

Raether showed that the complex dielectric constants of the two media must be of

opposite signs for SPs/SPPs to exist, and the wave number of the SPs/SPPs shown

in �gure 1.2 is equal to kSP P = k0

p
"p"n=("n + "p) (k0 = 2�=�0 is the wave number

in free space).

Solving boundary condition problems equivalent to that in the Ebbesen’s paper

has been common practice in optical sciences for more than 100 years. In 1902,
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Figure 1.1. Ebbeson’s experiments [1]
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Figure 1.2. A surface plasmon (SP), also known as surface plasmon polariton (SPP),
propagates along a metal/dielectric interface [2].
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Wood published unexpected results on grating di�raction [3], where he observed that

\under certain conditions the drop from maximum illumination to minimum, a drop

certainly of from 10 to 1, occurred within a range of wavelengths not greater than the

distance between the sodium lines" (as shown in �gure 1.3, spectrum no. 4). Later,

Rayleigh [4] proposed dynamic di�raction theory in order to explain this anomaly;

thereafter, this maximum re
ection at 1st order di�raction (at p = �0 for normal

incidence) was called Rayleigh-Wood or Wood anomaly (which corresponds to the

maximum transmission in section 4.6). The minimum transmission adjacent to the

Wood anomaly was later named SP anomaly.

Rayleigh’s expansion of �elds in di�erent di�racted orders has been applied in

gratings extensively since then. Petit, Noponen and Johnson ([5], [6] and [7]) dis-

cussed the details of di�erent techniques that focus on attacking the problems with

eigenfunctions in periodic structures. Li ([8], [9] and [10]) gave instructive examples

of di�erent approaches in optical grating simulations. They all follow the idea of

plane wave expansion set by Rayleigh about 100 years ago. The �nite-di�erence-

time-domain (FDTD) method [11] was rarely used to simulate these structures due

to large computational resource requirements. Compared to other methods, FDTD

can be applied almost universally with careful selection of grid resolution and the use

of perfectly matched layers (PMLs) [12]. FDTD may be the most straight-forward

method to use without much knowledge of modes beforehand. Thus, we use FDTD

in our research and try to get more researchers involved in this since many FDTD

simulations in 2D are nowadays doable even on a personal computer.

We examine the transmission properties of light through sub-wavelength slits in

metallic media to study the role of SPPs in producing the high transmission observed.

These structures are simple enough to simulate for any reasonable size in 2D; fur-

thermore, the 2D simulations simplify the physical pictures without losing our focus

on SPPs and the transmission mechanism. The results give us a clear and complete

picture of the mechanism of transmission through sub-wavelength apertures.
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Figure 1.3. Spectra of the 1st order di�raction in Wood’s experiments[3] (no. 4 is
the Wood anomaly).

In a linear system, any complicated source can be decomposed into plane waves;

thus, we �x the illumination source to plane waves unless speci�ed otherwise (in the

cases of a single aperture). In 2D structures, the incident plane waves are decoupled

into TE and TM modes. We �rst use FDTD to show that there is a cuto� for TE

illumination and there is always a guided mode for TM illumination ([13], chapter 2).

Given this, we then concentrate on TM illumination. For the slit aperture of width

equal to �0=10, the normalized transmittance can be up to 200%, and it is higher

for narrower slits until absorption becomes the dominating factor. It indicates that

the periodic arrangement of the structures are not the main reason for extraordinary

transmission. The transmission of TM waves through a single slit is an oscillating

function of �lm thickness, and this Fabry-P�erot oscillation agrees well with other pub-

lished results[14]. For structures which contain two slits, which can exhibit crosstalk,

the transmission peaks when the slits separated by approximately �0=2. We are still

not sure if the high transmission is from SPPs for three reasons: 1. the modes are

very complicated in single slits; 2. the SPP wavelength (which is 0:99�0 here) is very

close to �0; and 3. FDTD actually requires too much computational resources to

resolve small di�erences.

Gay and Weiner [15] proposed a clever way to solve this problem, by placing a small
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groove at di�erent distances away from a single slit. The transmission through the

slit oscillates as a function of di�erent separations, which gives information regarding

to the dominant crosstalk modes. We use a di�erent approach that uses periodic

structures to pick waves of di�erent k-vectors; thus, we are able to investigate the

dependence of transmission on di�erent waves. It turns out that the transmission is

almost zero when the slit-array period is equal to the SPP wavelength. We compute

the transmittance map versus grating period and �lm thickness, which clearly shows

two periodicities ([16], chapter 3) along slit depths and across array periods. If we

restrict the SPP to the de�nition used in Raether’s book [2], the simulation shows that

a large SPP actually suppress the transmission. With so many researchers proposing

that SPPs are the source of high transmission, and since SPPs are the most signi�cant

di�erence between metallic materials and dielectric materials, we have to do more

work to resolve this. Therefore, it is necessary to single out each mode from the

total �elds, including the SPP mode; and this job cannot be completed with FDTD

where we only have the total �elds. Instead, we need the amplitude of every mode to

con�rm which one really contributes to the high transmission. In our method, which

we call Bloch mode method (BMM), we �rst calculate the Bloch modes in periodic

slit arrays, and then use them together with Rayleigh waves to match the boundary

conditions (chapter 4). Our method uses eigenfunctions of the original structures;

in contrast, rigorous coupled wave analysis (RCWA) uses plane waves in structures

whose permittivities are limited Fourier terms of the original structures. The modes

in RCWA are not directly related to structures themselves.

First, we calculate the k-vector along z and y directions. A small imaginary part

in the z-component of the propagation constant �z means the mode can travel a long

distance along z (the slit direction), and a small imaginary part in �y means the same

along y (the horizontal interface). For sub-wavelength slit aperture (W = �0=10), we

only �nd one SINGLE guided mode along z and numerous higher modes propagating

along y with small losses. It is safe to say SPPs actually enhance transmission if
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we extend the SPP de�nition to these modes, which means SPPs are low loss Bloch

modes traveling along the metallic-dielectric interface and each SPP mode may need

many evanescent plane waves on the dielectric/metallic side to match the boundary

condition. It also shows that when the SPP, in terms of strict de�nition [2], is domi-

nant, the transmission is almost zero. In this case, we only need a single plane wave

on the air side to match the SPPs on the metal side, and the boundary matching

is the simplest. We then investigate the modes under oblique incidence in chapter

5, where each even mode, used at normal incidence, is broken into two modes. The

amplitude calculation formula is the same as that is used at normal incidence. For a

slit array of �xed period, its anomalies are found by scanning wide incident angles,

which was just what Wood did a hundred years ago [3].

Finally, we apply BMM to slit arrays of �nite thicknesses, and then compare the

results obtained to FDTD data in chapter 6. It shows that BMM can reproduce the

same results as FDTD. When they don’t agree, especially around Wood anomalies,

FDTD results show large oscillations around the values obtained from BMM, and

are not stable even after very long simulation times. At SPP resonances, it takes

the FDTD a very long time to converge to the values obtained from BMM. These

results show that BMM is a very e�ective method to study the mode contribution

to these problems. It has the advantages of faster convergence, accuracy and speed

over FDTD. On the other side, FDTD can be used much more extensively in optical

research such as light pressure ([17]), nano-cavities ([18]) and PBG (photonic band-

gap) structures ([19] and [20]).
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Chapter 2

Single slit apertures in metallic films

Transmission of polarized light through sub-wavelength slit apertures is studied based

on the electromagnetic �eld distributions obtained in computer simulations. The

results show the existence of a cuto� for Ek and a strong transmission (with no

cuto�) for E?; here k and ? refer to the direction of the incident E-�eld relative to

the long axis of the slit. These observations are explained by the standard waveguide

theory involving inhomogeneous plane waves that bounce back and forth between the

interior walls of the slit aperture. We examine the roles played by the slit-width,

by the �lm thickness, and by the real and imaginary parts of the host material’s

dielectric constant in determining the transmission e�ciency. We also show that the

slit’s sharp edges can be rounded to eliminate highly-localized electric dipoles without

signi�cantly a�ecting the slit’s throughput. Finally, interference among the surface

charges and currents induced in the vicinity of two adjacent slits is shown to result in

enhanced transmission through both slits when the slits are separated by about one

half of one wavelength.

2.1 Introduction

Since the experiments of Ebbeson et al. showed extraordinary transmission through

2D arrays of holes in metallic �lms [1], the goal of theoretical research in this area has

been to achieve an understanding of the transmission mechanism in 1D and 2D con-

�gurations ([21], [22], [23], and [24]). In the meantime, experiments in the microwave

regime have also demonstrated high transmission e�ciency for a sub-wavelength slit

aperture in a metallic absorber [25]. This implies that the transmission mechanisms

for gratings and single holes may be closely related, and that the periodicity of the
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structure may not be a requirement for e�cient transmission, as originally stated by

Ebbeson et al.[1].The single-aperture transmission mechanism, however, has not re-

ceived much attention despite its potential applications in photolithography, scanning

microscopy, optical data storage, and light-emitting diode (LED) design.

Bravo-Abad et al. have suggested a guiding mode mechanism for single apertures

[26]. Zakharian et al. used Finite Di�erence time Domain (FDTD) simulations to

investigate sub-wavelength elliptical apertures in thin metallic �lms [27]. They found

low transmission when the incident E-�eld was parallel, and high transmission when

the E-�eld was perpendicular to the long axis of the ellipse. These studies hinted at

the existence of a cuto� for Ek illumination, while E? was found to excite a guided

mode within the aperture. In Sections 2.3 and 2.4 we demonstrate the validity of this

conjecture for slit apertures under Ek and E? illumination. Although there appears

to be a consensus in the literature that the high transmission observed for periodic

(i.e., grating-like) structures is caused by the excitation of surface plasmons in the

metallic �lm ([1] and [22]), the details remain sketchy. We will see in Sections 2.3,

2.4 and 2.5 that, for a single slit, signi�cant transmission occurs when the conduction

electrons are localized at and around the edges of the aperture; the E- and H-�elds

then couple to surface charges and currents that collectively dictate the transmission

properties of the slit.

The perfect conductor assumption, which is often invoked in theoretical treat-

ments of the gratings, ignores the absorption of light by the metallic medium whose

permittivity " has �nite real and imaginary parts, " = "0 + i"00. In Section 2.7 we

show that lack of signi�cant absorption plays an important role in the visible and

near-infrared range of wavelengths, where j"j has smaller values than in the infra-red

and microwave regime. A detailed picture of absorption in the slit walls and vicinity

emerges from the simulation results presented in Section 2.8. In Section 2.9 we invoke

the standard waveguide theory to explain the existence of a cuto� for Ek illumina-

tion, and the high transmission e�ciency of E? illumination. By varying the degree
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of sharpness of the slit’s edges in Section 2.10, we examine the role of edge sharpness

in producing E-�eld hot spots, and verify that the edge pro�le does not substantially

a�ect the e�ciency � of transmission. To bridge the gap between a single slit and

a periodic array of such slits (i.e., gratings), several two-slit con�gurations are sim-

ulated in Section 2.11, where, for given �lm thickness, � is found to depend on the

separation between the two slits.

2.2 The simulation setup

A Gaussian beam of light, having full-width at half-maximum intensity FWHM=

1:5�m at the waist (located at z = 1200nm) is seen in 2.1 to propagate along the

negative z-direction. The vacuum wavelength of the light, �0 = 1:0�m, is in the

near-infrared range (frequency � = c=�0 = 3:0 � 1014Hz). A silver �lm of thickness t

centered at z = 0 has a slit aperture of width W . The sub-wavelength aperture (i.e.

W < �0) transmits a small fraction of the incident energy, while most of the energy

is re
ected back toward the source. Since illumination is uniform in the x-direction

and the setup is independent of x, Maxwell’s equations are decoupled into Ek and E?

modes, as indicated in Fig. 2.1.

The Ek mode consists of Ex , Hy and Hz �eld components (Ex is along the length

of the slit). The E? mode consists of Hx , Ey and Ez, with Ey being along the

width of the slit. We investigate the slit’s transmission mechanism by analyzing

the computed �eld distributions in and around the aperture. The polarization state

(Ek or E?), �lm thickness t, slit-width W , dielectric constant ", and the slit edge

sharpness are used as variable parameters to study the corresponding variations in

the transmission e�ciency � of the slit. Using the z-component Sz of the Poynting

vector S = 1
2
Re[E � H�], the e�ciency � is de�ned as the ratio of the integrated

Sz over the output aperture to that over the input aperture. Occasionally, we use

the value of Sz in the middle of the output aperture (i.e. at y = 0, z = �1
2
t)
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Figure 2.1. Slit aperture of width W in a metallic �lm of thickness t. The material
of the �lm (silver) has refractive index n + i� = 0:23 + 6:99i and permittivity " =
(n + i�)2 = �48:8 + 3:16i at �0 = 1:0�m. The incident beam is uniform along x, and
has a broad Gaussian pro�le along the y-axis; its linear polarization state, denoted
by Ek or E?, indicates the incident E-�eld’s direction relative to the slit’s long axis.
The relevant E- and H-�eld components for the two polarization states are shown
below the slit. In our FDTD simulations the perfectly matched layer (PML) boundary
condition was applied at the grid boundaries [28].
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divided by the incident beam’s Sz at the center of the input aperture (i.e. at y = 0,

z = 1
2
t as a measure of the slit’s transmission e�ciency. It turns out, in the case of

E? illumination, that the transmitted light is fairly uniform across the aperture and

drops sharply to zero outside the slit-width. The integrated Sz is thus very nearly the

same as Sz at the mid-point of the aperture to within 1%), and the two de�nitions of

e�ciency yield essentially the same results. In our FDTD simulations the permittivity

" of the metallic �lm is obtained from Debye’s polarization model, namely,

"(!) = "1 +
�"

1 + i!�
� i

�

!"0

(2.2.1)

For silver at �0 = 1:0�m, � = 8:3692fs, "1 = 1:0, �� = �12428:5, � = 1:31488 �
107(
m)�1. This material’s permittivity has a large negative real part, "0, and a

small imaginary part, "00. To understand the relation between the e�ciency � and

the material’s permittivity ", we will introduce in Section 2.7 di�erent (arti�cial)

materials with permittivities that di�er from that of silver in either the real part,or

the imaginary part, or both.

2.3 Cuto� for sub-wavelength slits under Ek illumination

Figure 2.2 shows computed �eld distributions for a sub-wavelength slit (W = 0:4�0)

under Ek illumination. The weak �eld below the aperture indicates that almost no

light passes through. (In contrast, when W > 1
2
�0, there is not much attenuation and

the wave propagates along the slit waveguide, as will be seen in Section 2.4)

The total electric �eld Etotal
x = Einc

x + Eref
x at the top air-to-silver interface is

essentially zero (see the jExj plot), while Hy in this region is at a maximum. The

reason is that very little E-�eld is needed to set the conduction electrons in motion,

and thus to establish the surface current Jx , at the top facet of the conductor. The

surface current is equal to the magnetic �eld component Hy just above the conductor

(Ampere’s law). Maxwell’s equations require Ex to be continuous at the interface,



23

Figure 2.2. Computed plots of Ex , Hy and Hz for the case of Ek illumination: (top)
magnitude, (bottom) phase. Film thickness t = 800nm; slit-width W = 400nm <
1
2
�0. The E-�eld drops into the aperture, with its magnitude decaying rapidly in the

propagation direction �z. Since the E-�eld has no component perpendicular to the
various metallic surfaces, no surface charges appear in this system. The H-�eld lines
bend into the aperture, then turn around and return to the incidence space. The
surface currents that support the H-�eld in the vicinity of the various surfaces are
everywhere in the x-direction.
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and negligible inside the metal. We thus �nd Etotal
x � 0 at the interface. In contrast,

continuity at the interface is not required for Hy because of the presence of the surface

current Jx.

The Einc
x and H inc

y carry the electromagnetic energy in the �z direction, while

the metallic �lm sends a strong re
ected beam back in the +z direction. For a

metal �lm with no apertures, these counter-propagating beams form a standing wave

(period=1
2
�0) above the upper surface; see the jExj and jHyj plots above and away

from the aperture. When a slit is cut through the �lm, there will be no local currents

in the air-gap; then the incident Ex , no longer balanced by the re
ected E-�eld, falls

into the slit. The penetrating Ex creates a surface current Jx along the slit walls,

which, in turn produces an Hz on the walls’ exterior surfaces. Since the currents on

both slit-walls are in-phase, the phase of Hz on the two walls must di�er by 180�, as

seen in the Hz phase plot of Fig. 2.2. Around the slit corners on the incidence-side

of the aperture, the current Jx exists on the top metal surface (i.e., at z = 1
2
t) and

also on the slit walls (y = �1
2
W ); the pro�les of these currents may be inferred from

the jHyj and jHzj plots in Fig. 2.2 The H-�elds at and near the surfaces are always

in-phase with Jx , while Ex is � 90� ahead of the current Jx ; see the phase plots of

Fig. 2.2. The weak E-�elds near the metallic surfaces indicate that very little E-�eld

is needed to produce the currents that sustain the local H-�elds.

These and similar simulations for Ek illumination revealed the existence of a cuto�

at W � 1
2
�0 for guided waves through the slit. When W < 1

2
�0, very little light could

get through the slit, and the incident optical energy, aside from a small fraction that

was absorbed within the metal’s skin depth, was re
ected back toward the source.

2.4 Transmission of E? light through sub-wavelength slits

The simulations described in this and the following sections demonstrate the absence

of a cuto� for E? illumination, even for an aperture as narrow as W = �0

150
. Trans-
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mission is seen to be the result of strong E- and H-�elds that propagate along the slit

walls, being supported by the appropriate distribution of surface charges and currents

on these walls.

Fig. 2.3 shows computed plots of Ey , Ez , Hx for a 100nm-wide slit in a 700nm-

thick silver �lm. As before, very little Ey is needed on the top surface to sustain

the surface current Jy, which supports the magnetic �eld Hx immediately above the

surface. The re
ected Ey and Hx interfere with the corresponding incident �elds to

produce standing waves above the top surface. Jy stops abruptly at the edges of the

slit, giving rise to accumulated charges at the sharp corners, where these (oscillating)

charges on opposite edges of the slit behave as an electric dipole. The surface charges

- being proportional to the perpendicular component of the local E-�eld at the metal

surface - may play a role in enhancing transmission through the slit. (Surface charge

pro�les can be examined through the Ez-�eld on horizontal surfaces and the Ey-

�eld on vertical surfaces. Similarly, the surface currents Jy and Jz can be inferred

from the distribution of the Hx-�eld near the metal surfaces.) Needless to say, the

charge density � and the current density J are related through the continuity equation

r � J + @�
@t

= 0 [29].

Inside the slit, the surface charges and currents carry the traveling beam along the

negative z-direction. When this beam reaches the bottom of the aperture, it creates

a second electric dipole, which generates an upward-traveling wave inside the slit.

The counter-propagating beams then form a standing wave along the z-axis, which

redistributes the charges and currents in accordance with the interference pattern of

the E- and H-�elds.

In the time-harmonic steady state, the relative motion of the charges and currents

can be inferred from the phase plots of Fig. 2.3. The charges are accumulated in

three places on each side of the slit: in the middle of the wall (at z = 0 in the jEyj
plot) and at the upper and lower corners of the slit (at z = �1

2
t in the jEyj and jEzj

plots). The currents are especially strong along the walls at z = �1
4
t, and on the
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Figure 2.3. Computed plots of Ey, Ez, Hx for E? illumination: (top) magnitude,
(bottom) phase. t = 700nm; W = �0

10
= 100nm. The slit supports a guided mode,

whose partial re
ection at the bottom of the aperture is responsible for the observed
interference fringes in Ey and Hx through the depth of the slit. The E-�eld plots show
the accumulation of electrical charges at various locations on the metallic surfaces;
in particular, Ey and Ez at the four corners of the slit show the presence of a strong
dipole at the top, and a slightly weaker dipole at the bottom of the slit; the top and
bottom dipoles have nearly the same phase. Additionally, Ey shows a periodically
varying surface charge density through the slit’s depth. The surface currents that
support the magnetic �eld Hx near the metallic surfaces travel in the �y-direction on
the top surface and in the �z-direction along the slit walls. These currents not only
sustain the adjacent H-�elds, but also (through their non-zero divergence) produce
the surface charges.



27

top surface of the �lm; see the jHxj plot. Since the E-�eld starts on positive charges

and ends on negative charges, the charges on the left and right sides of the slit have

opposite signs; see the Ey , Ez phase plots. The phase of Ez (or Hx ) below z = 0

being 180� shifted relative to that above z = 0 indicates that the conduction electrons

move back and forth between the center of the wall (z = 0) and the top and bottom

corners (z = �1
2
t). At the upper left corner of the aperture, for instance, electrons are

deposited by the current on the left slit-wall as well as that on the top �lm surface.

The 90� phase delay between the currents and the corresponding charges is in accord

with the charge continuity equation. The phase of the charges on the slit corners

(see the Ez phase plot) di�ers by � 90� from the phase of the current along the slit

walls (see the Hx phase plot), while it di�ers by less than 90� from the current on the

top/bottom surfaces. Thus, the dipoles derive their charge more from the slit walls’

current than from the current on the top/bottom surfaces. Also, the current on the

slit walls is apparently stronger than that on the top surface; see the jHxj plot.

The case of t = 700nm is not the only one with large transmission. At t =

300nm, for which the �eld pro�les are shown in Fig. 2.4, strong electric dipoles once

again appear at the sharp edges of the slit (see plots of jEyj and jEzj ), and large

transmission is subsequently observed. The di�erence with the case of t = 700nm is

that, at z = 0, the charges disappear while the wall surface current in that region

reaches a maximum; see the jHxj plot. Also, between the slit’s top and bottom,

Ey shows a phase-shift of � 180�. It is evident that a strong current along the slit

walls feeds the top and bottom dipoles. As before, the currents on the top surface of

the �lm are weaker than those on the slit walls, but they contribute to the localized

charges near the slit edges as well.

The case of t = 500nm is shown in Fig. 2.5, where only one strong dipole is ob-

served (at the bottom of the slit). The charges that produce the dipole at the top

of the aperture have diminished (see plots of jEyj and jEzj ), and the transmission

e�ciency is substantially reduced compared to the preceding cases of t = 700nm and
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Figure 2.4. Computed plots of Ey, Ez, Hx for the case of t = 300nm, W = 100nm,
under E? illumination: (top) magnitude, (bottom) phase. The induced electric
dipoles localized around the sharp corners of the slit at the top and bottom have
nearly identical strengths. The main di�erence between this case and that in Fig.
2.3 is that the dipoles at the top and bottom of the slit, having a phase di�erence of
� 180�, are oppositely oriented.
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Figure 2.5. Computed plots of Ey, Ez, Hx for the case of t = 500nm, W = 100nm,
under E? illumination: (top) magnitude, (bottom) phase. The main di�erence be-
tween this case and those shown in Fig. 2.3 and Fig. 2.4 is the much weaker electric
dipole at the top of the slit relative to that induced at the bottom. The overall
transmission e�ciency is only about 40% of that obtained in Figs. 2.3 and 2.4.
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300nm. The current on the top surface of the �lm, which brings charges to the upper

corners and spreads them over the slit walls down to z = 0, is the dominant current

in the upper half of the slit. In the lower half, the approximately 90� phase di�erence

between the wall current and the concentrated charges at the bottom corners iden-

ti�es the wall current as the source of the charges. It appears that the destructive

interference between the two counter-propagating beams within the slit is responsible

for the reduced transmission e�ciency in this case.

2.5 Dependence of Ek and E? transmission on �lm thickness

In Fig. 2.6(a), we have plotted the component Sz of the Poynting vector at the output

aperture for �lms of di�ering thickness t; the-slit width is �xed at W = 100nm and

illumination is E?. From the �gure the transmission e�ciency � is seen to be � 200%

when t = 300nm and 700nm, but only � 70% when t = 100nm, 500nm, and 900nm.

Fig. 2.6(b) shows plots of Sz at the output aperture under Ek illumination for

several values of the �lm thickness, when W = 400nm < 1
2
�0 (i.e., below cuto�).

The graphs indicate that, although there is some transmission for very thin �lms, Sz

decays rapidly with an increasing �lm thickness until transmission essentially drops to

zero beyond t � �0. Increasing the slit-width above W = 1=2�0, however, removes all

obstacles to transmission. As shown in Fig. 2.6(c), when W = 600nm, transmission

e�ciency � in the middle of the slit is � 200%, and the dependence of Sz on �lm

thickness is rather insigni�cant.

Fig. 2.6(d) is a summary of the results for both Ek and E? illumination; here

the integrated Sz immediately after the apertures studied in (a){(c) is displayed as

function of �lm thickness t. For E? , the transmitted optical energy is seen to vary

periodically with thickness (period� 400nm); the curve’s envelope drops gradually

because of the absorption in the slit walls. For Ek, the throughput of a narrow

aperture (W = 400nm) drops exponentially with �lm thickness, but remains fairly
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Figure 2.6. Computed plots of the energy 
ux density Sz at the output aperture
(z = �1

2
t) for di�erent �lm thicknesses ranging from t = 100nm to 900nm. For

reference, the broad blue line in (a)-(c) represents the incident beam’s Sz at z = 0
(in free-space). (a) E? illumination, W = 100nm; (b) Ek illumination, W = 400nm;
(c) Ek illumination, W = 600nm; (d) total transmitted Sz (integrated across the
aperture and normalized by the incident 
ux) versus t for the slits depicted in (a)-(c).
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constant for an aperture above the cuto� (W = 600nm).

2.6 Enhanced transmission e�ciency for narrow slits

Integrated transmission e�ciency versus the silver �lm thickness t was computed

under E? illumination for di�erent slit widths ranging from W = 100nm (see Fig.

2.6(d)) to W = 50nm, 20nm, 10nm, and 6nm; see Fig. 2.7. In each case, maximum

transmission is obtained by �ne-tuning t, which is a specially sensitive adjustment for

narrower slits. The e�ciency is seen to increase with a decreasing W , although not

fast enough to make the total amount of light that passes through the slit an increasing

function of the slit-width. These �ndings are in agreement with the theoretical results

of Bravo-Abad et al. [26], who reported enhanced transmission e�ciencies in the

microwave regime for sub-wavelength slits in a perfectly conducting host material.

A high-quality-factor resonator appears to have been set up within the slit, and a

traveling wave trapped between the entrance and exit apertures of the waveguide. For

narrow slits, the impedance mismatch between the slit waveguide and the exterior

(free-space) regions is so great that the waveguide becomes a high-Q cavity, thus

enhancing the e�ciency of transmission by promoting strong oscillations within the

slit.

2.7 E�ect of material parameters

One conclusion from the preceding E? simulations is that the surface currents create

a pair of strong electric dipoles (at the top and bottom edges of the slit), which dipoles

then radiate into the slit and beyond. It is entirely possible, however, that the strong

dipoles near the top and the bottom of the slit are related to the bulk modes (i.e.,

modes excited in the bulk of the host material). The bulk modes are con�ned at the

top and bottom surfaces of the silver �lm within the material’s skin depth. Under

such circumstances, the transmission e�ciency of the slit is only indirectly a�ected



33

Figure 2.7. Transmission e�ciency of four di�erent slits versus the thickness t of
the silver �lm under E? illumination. For smaller values of the slit-width W the peak
e�ciency is greater and the transmission is a sharper function of t, even though the
total amount of light passing through the slit is a decreasing function of W .



34

Table 2.1. Optical constants of silver and three related (arti�cial) materials
Material "0 "00 n � Relation to Silver
Silver �48:81 3:16 0:23 6:99 ��
Material I �48:81 85:32 4:97 8:58 "1 = "0

silver + i27"00
silver

Material II �1:81 3:16 0:96 1:65 "2 = "silver=27 + i"00
silver

Material III �146:43 9:48 0:39 12:11 "3 = 3"0
silver + 3i"00

silver

by the localized dipoles near the slit’s edges, namely, to the extent that the bulk

modes and the guided (slit) modes collectively determine the coupling e�ciency of

the incident beam to each and every mode. Either way, the propagating mode within

the slit is sustained by the charges and currents of the conduction electrons in and

around the slit walls.

Dissipation of the surface currents within the slit walls resulting in optical-to-

thermal energy conversion depends on the imaginary part "00 of the host material’s

permittivity. The e�ects of both the real part "0 and the imaginary part "00 may

be studied by comparing materials of di�ering permittivities. (In FDTD simulations

there is no need to restrict the material to a perfect conductor, a shortcoming of many

theoretical investigations.) In this section we study the contributions of "0 and "00 to

transmission e�ciency by varying their values separately as well as jointly. Table 2.1

lists the parameters of silver and three related (arti�cial) materials used in our next

set of simulations. Both the real and imaginary parts of " contain the e�ects of bound

as well as conduction electrons, since these are indistinguishable in the macroscopic

Maxwell equations [29]. (It may be argued that the arti�cial materials in Table 2.1

cannot be subjected to direct experimental tests and, as such, it would be better to

stick with silver and vary the wavelength from the intraband region to the interband

absorption region while at the same time scaling the slit-width in order to study

the e�ects of interest in an experimentally veri�able way. This approach, however,

will not be able to clarify the separate roles played by "0 and "00, which is our primary

goal in the present study.) At normal incidence, the energy re
ectivity R of a plane
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surface having dielectric constant " is given by

R = j1 �
p

"0 + i"00

1 +
p

"0 + i"00
j2 (2.7.1)

Silver has a large, negative "0 together with a fairly small "00, which makes it a good

re
ector with very little absorption; its re
ectivity for a plane wave at normal inci-

dence is R = 98:2%, with the remaining 1:8% of the incident energy being absorbed

within the skin depth. Material I has the same "0 as silver but a much larger "00;

its re
ectivity at normal incidence is R = 81:8%. Material II has a much weaker "0

but the same "00 as silver, and a poor re
ectivity of R = 41:6%. The permittivity

of Material III is three times that of silver (both real and imaginary parts), and its

re
ectance is R = 99%.
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Figure 2.8. Computed plots of jEyj for the four materials listed in Table 2.1. From left to right: Silver, Materials
I, II, III; in all cases W = 100nm. To maximize throughput, the �rst three �lms have thickness t = 700nm, while for
the last one t = 750 nm. The white curves beneath each slit show the z-component Sz of the transmitted Poynting
vector.
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Fig. 2.8 shows the simulation results for the four materials listed in Table 2.1 under

E? illumination; in all cases the slit-width W is 100nm. The �lm thickness t is 700nm

for Silver, Material I, and Material II, while it is 750nm for Material III; this choice of

t allows for maximum throughput in all cases. For Material I, the induced dipoles are

relatively weak and transmission e�ciency is substantially below that of silver. This

is caused by the greater absorption of Material I compared to silver, which could be

caused, for instance, by the material’s larger electrical conductivity. For Material II,

almost no light gets through to the other side, even though Ey is quite strong at

the entrance side (the induced dipole is visible on the upper edges of the aperture).

The e�ect of large absorption is clearly seen not only in the reduced transmission

through this slit, but also in the deeper penetration of the light into the �lm’s various

exposed surfaces. For Material III, which has a slightly better re
ectivity than silver,

the slit’s throughput is perceptibly improved. This is reminiscent of most metals in

the microwave regime [30], where an extremely large electrical conductivity renders

the material essentially a perfect re
ector.

2.8 Absorption along the walls and near the edges of the slit

In all cases that exhibit high throughput under E? illumination, strong electric dipoles

are seen to have been created at the sharp edges of the slit aperture. However,

transmission is not always large when strong dipoles are present, as is the case, for

instance, for Materials I and II in Fig. 2.8. For these materials, loss from absorption

along the slit walls is plotted in Fig. 2.9 and compared with the corresponding loss for

silver. Because the behavior of the Poynting vector S near the corners is complicated,

we plot only Sy-the component of S perpendicular to the slit wall-for one of the walls

in the range z = [�270 : 270nm]. The fact that Sy in Fig. 2.9 is positive indicates

that optical energy 
ows from the air-gap into the slit wall. Absorption peaks and

valleys in Fig. 2.9 occur at the same locations where the H-�eld of the slit has maxima
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and minima (these also coincide with the minima and maxima of the E-�eld). Large

absorption thus occurs where the surface current Jz is intense, whereas low absorption

is the hallmark of a weak local Jz. Interference between counter-propagating waves

(originated at slit’s top and bottom) is responsible for the oscillation of the absorption

curves of Silver and Material I in Fig. 2.9. For Material II, the absorption curve does

not exhibit oscillatory behavior, because the re
ected mode at the bottom of the slit

is fairly weak.

The energy 
ow mechanism into the aperture can be explained by the pro�le of

the Poynting vector S(y; z) in and around the slit. Fig. 2.10 shows logarithmic plots

of jS(y; z)j for Silver, Material I, and Material II. (Logarithmic plots mitigate the

enormous variations of S between the air and the material regions.) In all cases,

the optical energy in the incidence space is seen to 
ow from the nearby regions

of the slit toward and into the slit. In Silver, absorption is weak and the energy


ow inside the walls, pumped by the light that passes through the slit, seems to be

opposite in direction to the 
ow within the slit itself. The energy 
ux into Material I

is perpendicular to the air-metal interfaces, and the power entering the host medium

is seen to be rapidly absorbed. For Material II the index contrast between the air

and the medium is small, resulting in a fairly strong 
ux of optical energy into the

slit walls. Within the slit, the mode’s energy declines rapidly along the propagation

path; the lost energy being fed to the walls and converted to heat.

2.9 Slit as a waveguide

For Ek illumination, the boundary conditions require that Ex = Hy � 0 on the slit

walls at y = �1
2
W . Apparently, it is not possible for these �elds to build up to

any substantial levels in the middle of the aperture when the slit width W is small.

In contrast, for E? illumination, the main �eld components are Ey and Hx , both of

which can assume large values on the slit walls because the boundary conditions relate
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Figure 2.9. Computed plots of Sy , the component of S perpendicular to the slit
wall, along the depth of the slit under E? illumination. For the right-hand wall
depicted here Sy is positive. The slit transmission is at a maximum for the chosen
parameters (t = 700nm, W = 100nm).
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Figure 2.10. Logarithmic plots of the magnitude S of the Poynting vector S in
the vicinity of the slit under E? illumination. The superposed arrows show the
orientation of S. Film thickness t = 700nm; slit width W = 100nm. From left to
right, the assumed material is Silver, Material I, Material II.



41

these �elds to the charge and current densities on the walls’ metallic surfaces. The

E- and H-�elds of E? illumination thus propagate down the slit aperture, with mild

attenuation caused by absorption in the walls [21]. For E? illumination, therefore,

as long as "0 � 0 and j"00j is not too large, a propagating slit mode exists and

strong transmission occurs, as was seen to be the case for Silver and Material III.

The coupling e�ciency � is dependent on the wavelength �0, �lm thickness t, slit-

width W , and the permittivity " of the slit’s host medium.

Maxwell’s equations A can be set up and solved for the modes of a waveguide

B comprising a pair of 
at, metallic mirrors separated by an air-gap [31]. For Ek

illumination, the �eld components of a plane-wave, whether in the air-gap or in the

metallic region, are given by

Ex(y; z) = E0 exp[i
2�

�0
(�yy + �zz)] (2.9.1a)

Hy(y; z) = �z
E0

Z0
exp[i

2�

�0
(�yy + �zz)] (2.9.1b)

Hz(y; z) = ��y
E0

Z0

exp[i
2�

�0

(�yy + �zz)] (2.9.1c)

In general, �y = �0
y + i�00

y and �z = �0
z + i�00

z are complex numbers, thus encompass-

ing the range of homogeneous and inhomogeneous plane-waves (including evanescent

waves). For a beam propagating in the positive z-direction, Re[�z] must be positive.

In the air-gap region of the slit, Maxwell’s equations require �2
y + �2

z = 1, yielding

�z =
p

1 � �2
y. Inside the metallic mirrors, �z has the same value as in the air-gap,

but �y must satisfy the relation �2
y + �2

z = ", namely, �metal
y =

p
" � �2

z , where the �y

on the right-hand-side is �air
y . For an even mode of the air-gap the �eld pro�le in the

interval �1
2
W � y � 1

2
W is the superposition of two plane-waves of the type given

by Eq.( 2.9.2), that is,

Ex(y; z) = Eofexp(i
2�

�0

�yy) + exp(�i
2�

�0

�yy)g exp(i
2�

�0

�zz) (2.9.2)

with similar expressions for Hy and Hz. Matching the boundary conditions at y =
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�1
2
W yields:

�y +
p

" � 1 + �2
y

�y �
p

" � 1 + �2
y

= exp(i
2�

�0
�yW ) (2.9.3)

Given the values of �0, ", and W , one can solve Eq. 2.9.3 numerically to ob-

tain acceptable value(s) of �y for the guided mode(s). In the Ek cases studied in

section 5, for instance, when W = 0:5�0 we �nd �y = 0:917 � 0:00245i. This

leads to �z = 0:3989 + 0:0056i, whose small imaginary part implies a weakly at-

tenuated guided mode. However, for W = 0:1�0 we �nd �y = 3:402 � 0:0366i,

which leads to �z = 0:0383 + 3:252i and strong attenuation. Similarly, the results for

W = 0:4�0 (where �y = 1:123 � 0:0036i, �z = 0:0079 + 0:51i) and for W = 0:6�0

(where �y = 0:7750:0017i, �z = 0:632 + 0:0021i) agree with the �ndings of section 5.

A similar analysis for E? illumination shows that the �eld pro�le for a plane-wave

in the waveguide’s metallic walls is given by

Hx(y; z) = H0 exp[i
2�

�0
(�yy + �zz)] (2.9.4a)

Ey(y; z) = ��zZ0H0

"
exp[i

2�

�0
(�yy + �zz)] (2.9.4b)

Ez(y; z) = ��yZ0H0

"
exp[i

2�

�0
(�yy + �zz)] (2.9.4c)

Similar expressions describe plane-waves in the air-gap, provided that we set " =

1:0 and �air
y =

p
1 � �2

z , whereas in the metal �metal
y =

p
1 � �2

z . Once again we

write the even mode of the air-gap as a superposition of two plane-waves, as in Eq.

(2.9.2), and match the boundary conditions at y = �1
2
W to obtain the following

guiding condition:
"�y +

p
" � 1 + �2

y

"�y �
p

" � 1 + �2
y

= exp(i
2�

�0
�yW ) (2.9.5)

Here, as in Eq. (2.9.3), �y stands for �air
y . In contrast to the Ek case discussed

earlier, we now �nd that inserting W = 0:1�0 into Eq. (2.9.5) yields �y = 0:0117 �
0:685i. This corresponds to �z = 1:2121 + 0:0066i, whose small imaginary part

implies a weakly attenuated mode. The real part of �z represents an oscillation period
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�0=1:2121 = 825nm for the guided mode, consistent with the simulation results.

Similarly, for W = 1
2
�0 under E? illumination, we �nd �y = 0:0056 � 0:315i, which

yields �z = 1:049 + 0:0017i, for another weakly attenuated mode. As for the various

materials discussed in section 2.7 in conjunction with a W = 0:1�0 slit under E?

illumination, we �nd for Material I that �z = 1:1333 + 0:0733i. Since the imaginary

part of this �z is more than an order-of-magnitude greater than that for silver, it

should come as no surprise that the slit in Material I exhibits a greater attenuation.

For Material II we �nd �z = 1:5512 + 0:4764i, in line with its substantial rate of

decay. Finally, �z = 1:1253 + 0:0039i obtained for Material III is consistent with its

observed strong transmission.

2.10 Sharpness of the edge

Up to this point, in all our simulation results with E? illumination, the E-�eld plots

as well as plots of the Poynting vector component Sz at the output facet show two

spikes (often referred to as \hot spots") near the sharp edges of the aperture. We

reduced the degree of sharpness at these corners and studied the e�ect on the �eld

distribution as well as on the transmission e�ciency of the slit. Figure 2.11 shows

computed plots of Hx for a 100nm-wide slit in a 700nm thick silver �lm for four

di�erent radii of curvature (r = 0, 30nm, 40nm, 60nm). It must be emphasized that,

since in the non-uniform mesh used in our FDTD simulations the pixel-size in the

region of the slit was 2:0nm, the rounded slit edges were well resolved.
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Figure 2.11. Computed plots of jHxj for di�erent degrees of sharpness of the slit’s edges (E? illumination). From
left to right, corner radius r = 0 (i.e., sharp edge), 30nm, 40nm, and 60nm. The four corners in each frame have
identical radii. The white curve beneath each slit is a plot of the Poynting vector component Sz immediately below
the aperture.
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Overlapped on each frame in Fig. 2.11 is a plot of Sz at the exit facet. It is readily

observed that, with the increasing roundness of the corners, the sharp spikes in Sz

disappear. (We also con�rmed the disappearance of the E-�eld’s hot spots.) The

spikes are thus mere artifacts associated with the slit’s sharp edges. The Sz pro�les

in Fig. 2.11 are seen to become broader, while their peak values (at the center of the

aperture) drop with the increasing roundness of the corners. The total transmitted

optical power through the aperture, however, is not much a�ected until the corner

radius reaches � 60nm, at which point the slit’s throughput is down by � 20%. For

the range of corner radii studied, we found the e�ect on the phase pro�le of the �elds

(not shown) to be insigni�cant.

2.11 Pair of adjacent slits

Since the extraordinary transmission of sub-wavelength hole arrays was reported by

Ebbeson et al. [1], the relation between single-aperture transmission and that of

a periodic array of such apertures (i.e., grating-like structures) has been a topic of

debate. In this section we con�ne our attention to the interaction between a pair of

slits in a fairly thick metal �lm, and present preliminary simulation results that clarify

the nature of cooperation between adjacent apertures; a cooperation that results in

enhanced transmission. More detailed studies of a periodic array of such slits will

be the subject of a forthcoming paper. Figure 2.12 shows the distribution of Ez

in the case of E? illumination for two identical 100nm-wide slits in a 700nm-thick

silver �lm. From left to right, the center-to-center spacing of the slits is d = 200nm,

500nm, and 900nm. The white curves beneath each slit show Sz(y) at the exit facet

of the apertures. When d = 200nm, the separation is so small that the positive and

negative charges around the edges of the two slits tend to cancel each other out, thus

weakening the throughput of both slits. As the distance between the slits widens to

� 500nm, the interaction between the surface charges and currents near the edges
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of the slits intensi�es and the transmission reaches its maximum, which is � 50%

greater than that for each slit alone. Beyond d = 500nm, the interaction weakens

and, by the time d reaches � 900nm, the two slits have begun to act more or less

independently.
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Figure 2.12. Computed plots of Ez in the case of E? illumination, showing the interaction between a pair of
adjacent slits (W = 100nm) in a 700nm-thick silver �lm. The incident Gaussian beam’s FWHM is 10�m. Left to
right: center-to-center spacing of the slits is d = 200nm, 500nm, 900nm. The white curves beneath each slit show Sz

at the exit facet.
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Figure 2.13 shows the distributions of Ey , Ez , Hx (top row: magnitude, bottom

row: phase) for a pair of 100nm-wide slits in a 700nm-thick silver �lm under E?

illumination. The center-to-center spacing of the slits is d = 600nm. In addition to

the asymmetric distribution of charge near the slits’ edges (visible in the jEzj plot),

note, in the jHxj plot, the presence of a strong surface current in between the two

slits on the �lm’s bottom facet. Inside each slit the �elds have left-right symmetry,

which indicates the absence of excited odd modes.

The aforementioned interaction between adjacent dipoles on the same surface of a

�lm containing two or more slits raises a similar question concerning the interaction

between the two dipoles on the opposite ends of a single slit. The latter case, however,

is not easy to investigate because adjusting the distance between these dipoles requires

changing the �lm thickness, which, as observed in Section 2.5, tends to disturb the

interference pattern between the upward and downward propagating modes of the

slit waveguide.

2.12 Summary and concluding remarks

Our FDTD simulations con�rmed the polarization dependence of transmission through

slit apertures in metallic �lms. For Ek illumination (i.e., incident E-�eld aligned with

the slit’s long axis), the transmission e�ciency � decays rapidly with �lm thickness

t if the slit-width W < 1
2
�0. On the other hand, � does not vary much with the

�lm thickness if W > 1
2
�0. For E? illumination, where the incident E-�eld is per-

pendicular to the slit direction, there is no cuto� for any value of W and, for silver

at �0 = 1:0�m and W = 100nm, for example, � can be as high as 200% for certain

values of the �lm thickness t. Even larger values of � can be achieved by reducing W

and optimizing t. For W = 6:0nm and t = 195nm, for instance, we found � � 1700%.

Enhanced e�ciency, however, is not synonymous with increased throughput, as the

slit-width W shrinks faster than the e�ciency � can rise.
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Figure 2.13. Left to right: plots of Ey, Ez, Hx for a pair of adjacent slits
(W = 100nm) in a 700nm thick silver �lm under E? illumination: (top) magni-
tude, (bottom) phase. The incident Gaussian beam’s FWHM is 10�m, and the
center-to-center spacing of the slits is d = 600nm.
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Under E? illumination, transmission e�ciency � varies with the �lm thickness t.

The e�ciency attains a maximum when t is such that the slit can hold an integer

number of the standing-wave fringes within its depth. Under these circumstances,

large amounts of electric charge accumulate near the top and bottom edges of the

slit, while traveling waves constructively interfere within the slit waveguide.

Absorption within the slit walls was found to play a role in determining the slit’s

e�ciency by reducing the e�ective transmission, especially for thicker �lms [32]. Sim-

ulations based on di�erent material parameters indicate that, in the visible/near-

infrared range of frequencies, high transmission should be easier to achieve with some

materials than with others: Assuming that everything else is equal, the host material

having a larger electrical conductivity exhibits greater losses. However, if conductiv-

ity becomes extremely large, as it does for good metals in the microwave regime, then

the material approaches a perfect re
ector, rendering transmission losses through the

slit waveguide negligible.

The sharpness of the aperture’s edges were found to be of little consequence in

determining the optical throughput of sub-wavelength slits. The accumulated charges

near the sharp edges correspond to an excited mode of the slit waveguide that decays

rapidly and thus fails to reach the opposite end of the slit. These rapidly decaying

modes, whose presence is indeed essential for matching the boundary conditions at the

entrance and exit facets of the aperture, tend to disappear when the sharp edges are

rounded. Their absence, however, does not seem to substantially a�ect the e�ciency

of transmission through the sub-wavelength slit. Double-slit simulations showed the

existence of electromagnetic cross-talk between the two slits. In the particular case

studied, transmission through both adjacent slits was enhanced when the separation

between them reached � 1
2
�0 ([33] and [34]). Judging by the appearance of the

electromagnetic �eld pro�les within the slits, this enhancement is not caused by the

excitation of additional (e.g., odd) modes in the slits. Rather, we believe the e�ciency

improvement is due to an increase in the e�ective coupling coe�cient between the
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incident beam and the guided mode of each slit.
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Chapter 3

Periodic array of slits in a thick metallic film

Finite-di�erence-time-domain (FDTD) computer simulations reveal interesting fea-

tures of the transmission of a linearly polarized plane-wave through a periodic array

of sub-wavelength slits in a thick metal �lm (incident E-�eld perpendicular to the

slits long axis). The results show that slit transmission has a quasi-periodic depen-

dence on both the �lm thickness and the period of the slits. This indicates that

resonant surface waves excited at the top and bottom facets of the metal �lm as well

as resonant guided modes along the depth of the slits play major roles in determin-

ing the transmission e�ciency of the array. When the slit periodicity is an integer

multiple of the surface-plasmon wavelength, transmission drops to zero regardless of

�lm thickness; in other words, excitation of surface plasmons reduces the transmis-

sion e�ciency. When the slit periodicity deviates from the aforementioned value,

maximum transmission through the slits is achieved by adjusting the �lm thickness.

In the thickness dimension, transmission maxima occur periodically, with a period of

half the e�ective wavelength of the guided mode in each slit waveguide. Optimum

transmission is thus achieved by simultaneously adjusting the �lm thickness and the

period of the slits. Computed �eld pro�les clarify the role played by the induced

surface charges and currents in enhancing the lights coupling e�ciency into and out

of the slits.

3.1 Introduction

Enhanced transmission of electromagnetic waves through sub-wavelength circular

apertures (arranged in a periodic array) as well as through single slits in metallic

�lms have been observed from the microwave to the visible range ([35], [25]). With
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extensive applications on the horizon (see the summary by Sambles [36]), investiga-

tion of the various factors involved in the transmission mechanism, especially the role

played by surface plasmons (SPP) in periodic structures, has acquired a certain sense

of urgency ([26], [14], and [34]). For periodic slit arrays, Porto et al. [22] disagree with

Cao and Lalanne [37] on the e�ect of SPP excitation on the transmission e�ciency

�: Cao and Lalanne use the rigorous coupled-wave method of Lalanne et al. [21]

and arrive at the conclusion that SPP’s reduce the e�ciency, in contrast to Porto et

al., who base their arguments on the transfer matrix formalism, and claim that SPP

excitation enhances the e�ciency. For 2D structures, Barnes et al. [35] argue for a

positive role for SPP based on the experimental observations of transmission through

circular apertures. In addition to the aforementioned methods, transmission through

thick metallic gratings has been examined by Kuta et al. [38] using the method of

coupled-wave analysis ([39] and [40]).

Although Kuta et al. anchored their conclusions on a wealth of experimental

data, they did not pay explicit attention to SPP excitation and its in
uence on the

e�ciency � of transmission. Treacy [41] uses a rigorous dynamical di�raction model

to compute the transmission of light through slit arrays in metallic �lms. He does

not attribute any speci�c roles to SPP excitations; in fact, he refers to all evanescent

modes of the structure as surface plasmons, emphasizing the cooperation between

evanescent and guided modes in determining the overall transmission e�ciency of

the slit array. By focusing attention on the properties of a metallic grating of �xed

thickness, Treacy also misses the important role played by the �lm thickness. Overall,

the various observations and analyses indicate the possibility of existence of di�erent

mechanisms for enhanced as well as attenuated transmission through one-dimensional

(1D) and two-dimensional (2D) periodic structures. For slit apertures, in particular,

there appears to be no consensus on the speci�c mechanism(s) responsible for the

observed values of �.

In this paper we present a study of transmission e�ciency through a periodic



54

array of slits for transverse-magnetic (TM) waves at normal incidence on the metallic

host surface. To our knowledge, the �nite-di�erence-time-domain (FDTD) method of

calculation [28] has not yet been employed to analyze the transmission of light through

periodic 1D structures. We use FDTD simulations to investigate the in
uence of

�lm thickness t and slit periodicity p on transmission e�ciency �; all other relevant

parameters such as the wavelength of the incident beam, the angle of incidence, the

slit-width, and the (complex) permittivity of the host material are kept constant. By

choosing to vary the period of the array (as opposed to �xing the period and varying

the incident lights wavelength), we avoid complications arising from the frequency

dependence of the host materials permittivity, which can vary substantially over the

frequency range from the infrared to the visible [42], thus shifting the location of the

SPP excitation in the frequency domain.

After describing the details of the simulation in Section 3.2, we discuss in Section

3.3 several important features of � observed in computer simulations. By comparing

the SPP wavelength �SP P to the slit periods pmax and pmin that exhibit high and low

transmission, respectively, we conclude that the excitation of SPP in fact reduces the

transmission e�ciency. Our results thus agree with those reached by Cao and Lalanne

[37], despite our di�erent methods of calculation (they used a large number of di�rac-

tion orders to match the boundary conditions). To understand the interaction of the

incident light with the slits and with the host material, we present in Section 3.4 the

electromagnetic �eld distributions and explore the relationship between transmission

e�ciency and the E- and H-�eld pro�les. The strength of the E-�eld component Ez

(i.e., the component parallel to the propagation direction z) near the top and bottom

surfaces of the host metallic �lm is evidence of a signi�cant accumulation of electrical

charge at and around the slit corners; this indicates, in the present case of periodic

structures, the relevance of the edge-dipole explanation invoked for single slits in our

previous paper [13]. The existence of SPP is further con�rmed in our Poynting vector

plots of Section 3.4. Generally speaking, large transmission appears to be associ-
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ated with the presence of strong surface charges and currents in the vicinity of the

slits, which help to launch the incident optical power into the guided mode of these

sub-wavelength waveguides. A summary of our results appears in Section 3.5.

3.2 Simulation setup

A monochromatic plane-wave (vacuum wavelength �0 = 1:0�m), propagating along

the negative z direction, illuminates (at normal incidence) a periodic array of slits

in a metal �lm surrounded by free-space; see Fig. 3.1. The thickness t and pe-

riod p of the slits are variables of the simulation, while the slit-width is constant at

W = �0

10
= 0:1�m. The host material is silver, featuring a large, negative real compo-

nent "0 and a small (but �nite) imaginary component "00 at the incidence frequency.

The smallness of "00 and the large index contrast between the host material and the

surrounding environment (free-space) ensures that absorption is weak, and that the

observed behavior is primarily dominated by re
ection and transmission. Since the

slits are aligned with the x-axis, the simulation domain is the Y Z-plane. The �elds,

which are now independent of x, are decoupled into Ek (i.e., incident E-�eld par-

allel to the slit direction x; also referred to as transverse electric or TE) and E?

(transverse magnetic or TM); see the lower part of Fig. 3.1. The focus of the present

paper is solely on E? modes, as the modes associated with Ek rapidly decay through

sub-half-wavelength slits [13].

In our simulations the computation domain in the Y Z-plane is (Ly; Lz) = (p; 6:0�m).

Since the incidence is normal, periodic boundary conditions can be applied in the y-

direction in order to simulate an in�nite array of slits, repeated regularly at intervals

of Ly = p along the y-axis. The perfectly-matched-layer (PML) boundary condition is

applied in the z-direction to absorb the back-re
ected as well as transmitted radiation

at the top and bottom boundaries of the mesh. The origin of the coordinate system is

at the center of the slit aperture, while the light source is placed two grid points below
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Figure 3.1. Slit array having period p and aperture width W , in a metal �lm of
thickness t. At the vacuum wavelength of �0 = 1:0�m, the �lms material (silver) has
permittivity " = (n+ i�)2 = �48:8+3:16i. The incident beam is uniform along the x-
and y-axes ( i.e., plane-wave), having the polarization state shown in the lower left-
hand side, which is denoted by E? and referred to as transverse magnetic (TM). The
other possible state of polarization, Ek or transverse electric (TE), shown on the lower
right-hand side, will not be considered in this paper. In the reported simulations, the
thickness t is varied from 0:l�m to 0:8�m in 20nm steps, while the period p is varied
from 0:2�m to 2:4�m in 30nm steps. (The total number of simulations, therefore, is
36 � 74 = 2664.) The considered range of p covers slightly over two wavelengths of
the surface plasmon polaritons that can be excited in the host material (silver).
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the top PML. Along the y-axis, the grid is uniform with a cell size of 3:0nm; the grid

along the zaxis is non-uniform (cell size= 3:0nm at the center, increasing to 8:0nm

near the top and bottom boundaries). The time duration T over which the Maxwell

equations are integrated is proportional to the period p of the slits; speci�cally, T in

units of femoseconds is chosen to be equal to p in nanometers. Such long integration

times are needed if the strong resonances appearing on the top and bottom facets of

the metallic �lm are to be properly taken into account in FDTD simulations.

3.3 Map of transmission e�ciency

The slit transmission e�ciency � is de�ned as the ratio of two quantities: The nu-

merator is the total energy 
ux along the propagation direction z, integrated over

a period p in the region immediately below a single aperture. The denominator is

the total incident power across the width W of the slit (i.e., the magnitude of the

incident plane-waves Poynting vector component Sz multiplied by the slit-width W ).

This de�nition is appropriate for our purposes, as the large absorption coe�cient

of the fairly thick metal �lm eliminates the possibility of any incident light leaking

through the �lm (The same de�nition for � is used extensively in the literature of

sub-wavelength apertures). For each setup having �xed values of t and p (range:

t = 0:1{0:8�m, p = 0:2{2:4�m), we calculated � from the E and H-�elds obtained

in FDTD simulations. Subsequently, we interpolated (linearly) the 2664 simulated

data points thus obtained, and plotted the data as the color map of Fig. 3.2. Since a

main focus of the present paper is the dependence of � on slit periodicity p, we also

display, at the bottom of Fig. 3.2, plots of the minimum and maximum of � versus p,

obtained by searching over the entire range of simulated �lm thickness t.

Two characteristic length-scales feature prominently in the e�ciency map of Fig.

3.2 In the y-direction, the horizontally propagating surface plasmon wavevector kSP P =
p

"1"2=("1 + "2)k0 = (1:0104 + 0:0007i)2�
�0

, yields the corresponding SPP wavelength
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�SP P � 0:99�m [2]. (Although �SP P is very close to �0, the minima of � at p = �SP P

and 2�SP P in Fig. 3.2 should not be confused with the Rayleigh-Wood anomalies

that occur when p is an integer multiple of �0; our simulations have su�cient resolu-

tion to distinguish these phenomena from each other.) In the z-direction, construc-

tive/destructive interference between forward- and backward-propagating modes of

the slit waveguide plays a crucial role in determining the transmission e�ciency ([37]

and [21]). Although the boundary conditions at the (vertical) walls of each slit in

the presence of adjacent slits di�er from those of an isolated slit, it turns out that, as

long as the adjacent slits are more than a few skin-depths apart, the e�ective index

neff of the waveguide does not deviate perceptibly from that of an isolated slit. The

e�ective wavelength for propagation up and down the individual slits of the array

is thus �eff � 0:83�m, which was obtained in [13] for an isolated slit under similar

conditions.

The most striking feature of the e�ciency map of Fig. 3.2 is the quasi-periodic

dependence of � on both the thickness t of the �lm and the period p of the slits. The

maximum � is larger for shorter periods, when p < �SP P , compared to cases when

p > �SP P , indicating that the strength of the interaction between adjacent slits is

related to their absolute separation. Since, at �0 = 1�m, the absorption by silver

in the walls of the slit waveguides is rather small, we observe, for �xed p, only an

insigni�cant drop in �max when the thickness t increases by 1
2
�eff . Note that t and p

can be traded o� against each other (i.e., adjusted jointly) over a reasonable range to

achieve a given value of �. Adjusting p, however, cannot be of much help in improving

the transmission e�ciency if t is con�ned to an inappropriate range.

When p is at (or very close to) an integer-multiple of �SP P , the e�ciency map of

Fig. 3.2 shows that � vanishes for all values of t; both �min and �max go to zero at

such locations (see the bottom plots in Fig. 3.2). We thus concur with the conclusion

of Cao and Lalanne [37] on the negative role of surface plasmons. The reported high

e�ciencies that several authors have attributed to the excitation of SPP, however,



59

Figure 3.2. (Top) Computed map of the transmission e�ciency � of a periodic
array of slits in a silver �lm of thickness t, when t ranges from 0:1 to 0:8�m (vertical
axis), while the slit period p ranges from 0:2 to 2:4�m (horizontal axis). The slit-
width is �xed at W = 100nm, and the normally incident plane wave has wavelength
�0 = 1:0�m. (Bottom) Plots of the minimum (blue) and maximum (red) transmission
e�ciency, �min, �max, versus the slit period p, obtained for each value of p by searching
the map over the available range of simulated thicknesses (t : 0:1 {0:8�m). For
a single, 100nm-wide slit under otherwise identical conditions, the range of � was
found in [13] to be between 70% and 210%.
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may be understood in light of the fact that the peak e�ciencies occur when p is

only slightly below �SP P (or an integer-multiple thereof). For example, � in Fig. 3.2

reaches � 500% when p = 0:96�m and t = 0:16�m. Compared to the single (i.e.,

isolated), 100nm-wide slits studied in [13], the maximum transmission e�ciency per

slit through a periodic array of such slits is more than doubled. At the same time, the

minimum � for a periodic array can reach well below that of isolated slits of the same

width. Periodic structures thus have the ability to substantially magnify or attenuate

� when operated in the vicinity of the period p at which surface plasmons are excited.

The plot of �max versus p in Fig. 3.2 shows �max growing (almost linearly) from

� 200% at p = 0:2�m to nearly 700% at p = 0:85�m. Considering that the simulated

slit-width in Fig. 3.2 is W = 0:1�m, the fraction of total incident optical power that

passes through the array at p = 0:85�m, t = 0:25�m is � 82%, not far from the

so-called perfect transmission [22].

3.4 Electromagnetic �eld pro�les

To gain a better appreciation for the results of the preceding section, we present

in Fig. 3.3 plots of the jEzj and jHxj �eld amplitudes as well as the corresponding

distribution of the Poynting vector S in three cases that exhibit either high or low

transmission. The strength of Ez at the top and bottom facets of the �lm is a measure

of the accumulated surface charge at these free-space-to-metal junctions. The pro�le

of jEzj can thus be used to estimate the extent of SPP excitation and the strength of

the induced electric dipoles at the sharp edges of the apertures (the so-called edge-

dipoles). The magnitude of Hx at the metallic surfaces is directly proportional to

the strength of the local surface current, which 
ows back and forth between nearby

reservoirs of surface-charge. The Poynting vector S is useful for visualizing the 
ow

of energy in and around the slits. In Fig. 3.3, the left-hand column corresponds to

a slit array in a relatively thin (but opaque) �lm whose period p is just below �SP P ;
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Figure 3.3. Y Z-plane cross-sectional plots of the �eld magnitudes jEzj (top row),
jHxj (middle row), and log magnitude of the Poynting vector, logjSj (bottom row),
for three di�erent slit arrays. (Left column) p = 0:96�m, t = 0:16�m, � = 492%.
(Middle column) p = 1:74�m, t = 0:7�m, � = 401%. (Right column) p = 1:98�m,
t = 0:44�m, � = 0:34%. The superposed arrows on the color-coded logjSj plots in
the bottom row represent the direction of the 
ow of energy.
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this array exhibits a transmission e�ciency of � 500%. The middle column shows

the �eld pro�les for a highly transmissive (� � 400%) array of slits through a thick

�lm with a fairly long period p. The low-e�ciency array (� < 1%) depicted in the

right-hand column has period p = 2�SP P .

In the left-hand column of Fig. 3.3, strong electric dipoles appear at the sharp

edges of the input/output apertures. Intense surface currents feed these dipoles in the

horizontal direction and connect them to each other in the vertical direction; see the

jHxj plot. On the horizontal facets, the surface currents connect the charges of one slit

to those of its neighbors. The current along the (vertical) slit walls supports the guided

mode, which transports the optical energy through the slit. The strong accumulation

of electrical charge at the sharp edges of the aperture should be contrasted with the

charges appearing elsewhere on the top and bottom surfaces; ultimately, of course,

all these charges are induced by the evanescent (i.e., non-propagating) modes of the

structure that reside near the top and bottom facets of the �lm [41].

The middle column in Fig. 3.3 shows the �eld pro�les for a case with �SP P < p <

2�SP P and large transmission e�ciency (� � 400%). The logjSj plot shows strong

coupling into and out of the aperture, indicating that the boundary conditions at the

top and bottom of the slit favor the launching of a strong guided mode into the slit

waveguide.

The right-hand column in Fig. 3.3 corresponds to the case of p = 2�SP P , where

strong SPP modes are excited in the top facet of the �lm, inhibiting transmission of

optical energy through the slits [37]. The jEzj plot shows how SPP-related charges

accumulate at a distance away from the edges of the aperture. By the same token,

the jHxj plot shows strong surface currents 
owing in the regions between adjacent

apertures. As a result, the edge dipoles, which helped the transmission so much in

the two previous examples, are absent in the present case. It is thus clear that, with

strong SPP modes excited on the top surface, the coupling e�ciency into the slit

waveguide su�ers; radiation into the aperture in this case is nearly three orders of



63

magnitude weaker than that in the previous two examples.

3.5 Summary and conclusions

Our computer simulations show quasi-periodic behavior for the transmission of light

through periodic arrays of slits in thick metallic �lms surrounded by free space. One

can qualitatively treat such slit arrays in terms of two scale parameters, �SP P and

�eff , which depend on the incident wavelength �0, the dielectric constant " of the host

medium, and the width W of the desired slit apertures. Given these two characteristic

lengths, one can design (coarsely) an array that will exhibit a large transmission

e�ciency �.

Excitation of SPP modes weakens the transmission substantially, as the incident

light is coupled into surface waves bounded primarily on the top air-metal interface.

(As an aside we note that, when SPP modes dominate, the simulations take much

longer to reach the steady state.) The periodic structure of the array enhances the

variations of � compared to the case of isolated slits, making the maximum � larger

and the minimum � smaller. The adjacent slits in an array exchange electrical charge

via surface currents, and the interactions appear to weaken when the period p is

increased by integer-multiples of �SP P .

By �xing the wavelength �0 of the incident light, we have removed from the

discussion the variations with �0 of the real and imaginary parts of the dielectric

constant of the host material (silver). We have thus con�ned our attention to two

variables: the grating period p and the �lm thickness t. Figure 3.2, a 3D plot of

transmission versus p and t, is a comprehensive result that has taken several days

of computation on a large cluster of computers; this result, which has never before

appeared in the literature, clearly shows the negative role of SPP in transmission

through the grating (see the vertical dark lines at those values of p that excite the

surface plasmons).
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The interaction between adjacent slits in a periodic array helps to create strong

electrical dipoles at the edges of the slits, which dipoles subsequently radiate into

the slit aperture. The process is governed by the slit periodicity p, while coupling

between the top and the bottom of each slit is a strong function of the �lm thickness

t. These two mechanisms are responsible for the observed quasi-periodic behavior of

slit arrays in thick metallic �lms.
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Chapter 4

Bloch mode method in periodic slits

Using Bloch modes to study the extraordinary transmission of light through a periodic

array of slits in a metallic host, we discuss the di�ering roles of surface plasmon

polaritons and Woods anomalies in the observed behavior of such structures. Under

certain circumstances, the �rst few excited modes appear to play a decisive role in

determining the transmission e�ciency of the array. Surface plasmon excitations tend

to reduce the transmissivity of a semi-in�nitely thick slit array, yet, paradoxically, the

same reduction can account for enhanced transmission in an array of �nite thickness

� , provided that � is tuned to a Fabry-Perot-like resonance between the entrance

and exit facets of the slit array. At the Wood anomaly, power redistribution produces

sharp peaks in the di�raction e�ciencies of various re
ected and transmitted orders of

the semi-in�nite structure. With skew incidence, the degenerate states split, resulting

in two peaks and two valleys, as observed by Wood in his 1902 experiments.

4.1 Introduction

The extraordinary transmission of electromagnetic waves through single apertures or

periodic arrays of such apertures has been the subject of theoretical and experimental

investigations for several years ([1], [41], [37], [16], [22], [26], [13]). Such enhanced

transmissions should pave the way for the design of nano- photonic devices with novel

functionality and high e�ciency. A consensus, however, has not yet emerged as to

the underlying mechanism(s) of this phenomenon.

Treacy summarized three physical models in his 2002 paper [41], and his sim-

ulations focused on the validity of these theories with regard to the transmission

properties of metallic gratings. Lezec et al. ([43], [15]) proposed a simpli�ed variant
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on Treacy’s dynamic di�raction theory, and presented experimental data in support

of the role played in enhanced transmission by interference with evanescent modes

on the surface. Chang et al. [44] presented a numerical study of sub-wavelength

apertures in gold �lms, showing remarkable agreement with a model that exploits

similarities with Fano resonances of atomic systems [45]. For the role of surface plas-

mon polaritons (SPP) in the transmission process, Cao and Lalanne [37] followed

a strict de�nition and, using a rigorous coupled-wave analysis (RCWA), concluded

that SPP plays a negative role in the transmission enhancement. In [16] we agreed

with Cao and Lalanne, having investigated this problem with �nite-di�erence-time-

domain (FDTD) simulations. On the other hand, Porto et al. [22], arguing from

their transfer-matrix-based calculations, believe that SPP excitation should help the

transmission. For a single sub-wavelength slit aperture ([26] and [13]), transmission

of the TM mode turns out to be so high that SPP excitation alone cannot possibly

explain the results. This is because, in the case of a solitary slit in a metallic host,

SPP has to be accompanied by other waves, even it is strong enough. These contra-

dictions in beliefs and discrepancies in analysis highlight the need for a satisfactory

explanation of SPP-related phenomena. It is the intent of the present paper to ad-

dress the aforementioned problem and, hopefully, to shed some light on the roots of

the controversy.

The reason that Treacy [41] did not discuss the role of SPP in his paper might

be that the concept has been used vaguely (though extensively) in discussing the

interaction between light and metallic structures. In fact, a majority of the studies

in this area do not even mention, let alone clarify, the connections among surface

plasmons, the Wood anomalies ([3] and [46]), and the high transmission e�ciencies

of slit arrays. In our view, a working model that does not address these phenomena

collectively and coherently, cannot hope to clarify the prevailing discrepancies. We

adopt Raether’s de�nition of the SPP [2] throughout this paper. Accordingly, SPP

is a localized electromagnetic wave at a dielectric-metal interface, formed by a single
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evanescent plane-wave on the dielectric side of the interface, and a single inhomoge-

neous plane-wave on the metal side. The continuity of tangential E- and H-�elds

uniquely speci�es the common (tangential) component of the k-vector for these two

beams as kSP P = k0

p
"m"d=("m + "d) , where k0 = 2�

�0
is the propagation constant in

vacuum, and "m and "d are the (relative) permittivities of the metal and the dielectric,

respectively. (The surface plasmon resonance at !sp = !P =
p

2 must be distinguished

from the SPP, which appears at frequencies below !sp. While the resonant SP, a

collective oscillation of all surface electrons, has a group velocity of zero, the SPP is

a localized excitation that propagates with a �nite group velocity as a guided surface

mode.)

When a periodic array of slits (either empty or �lled with a dielectric material)

is introduced in a semi-in�nite metallic host, under certain circumstances, the elec-

tromagnetic waves excited at the entrance facet will have the SPP character. These

waves, however, are not directly responsible for the transmission of electromagnetic

transmission through the slits; there are other, so-called guided, modes that are also

excited at the entrance facet, and these carry some of the incident energy into the

depths of the slits. (In a metallic host, when the slit-width happens to be less than

one half of one wavelength, there exists only one guided mode with TM polarization,

and none with TE polarization.) The interplay between evanescent modes (includ-

ing SPP), which remain con�ned to the entrance facet of the slit array, and guided

mode(s), which propagate through the slits, determines the transmission e�ciency of

the array. (We use the term "guided mode" to refer exclusively to the electromag-

netic mode that propagates within the slit and not, as done by some other authors,

to mean the SPP.) Our calculations con�rm that the excitation of SPP results in a

substantial reduction of the transmission e�ciency in semi-in�nitely thick arrays of

slits, whereas high transmissivities are generally associated with the onset of Wood’s

anomalies. Moreover, it will be shown that Wood’s anomalies are not the exclusive

domain of high transmission e�ciencies.
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In Section 4.2 we construct the Bloch modes of a slit array in order to study the

transmission and di�raction e�ciencies of the structure. A reason for using Bloch

modes (instead of Bloch waves) is that, inside the periodic structure, such modes

exist and propagate independently of all the other modes. In a semi-in�nite slit array

located in the half-space z > 0 and illuminated by a plane-wave arriving from the free

space region z < 0, the strength of the various excited modes can be determined by

matching the boundary conditions at the entrance facet of the slit array, namely, in

the xy-plane located at z = 0. This is done in Section 4.3, where we minimize (simul-

taneously) the di�erence between the tangential E-�elds, as well as that between the

H-�elds, across the interface. The (complex) amplitudes of all the excited modes are

thus determined and, with enough modes included in the calculation, the boundary

conditions at z = 0 are satis�ed.

When transmission through the slits is computed as a function of the period p

of the array (all other parameters being constant), the excitation of SPP and the

occurrence of Wood’s anomaly will be seen to be vastly di�erent phenomena insofar

as the number and strength of excited Bloch modes are concerned. In Section 4.5,

we analyze the modal content of re
ected and transmitted beams, identify dominant

modes, and explain their roles in enhancing or weakening the transmission under

conditions that either favor the excitation of SPP or usher in the Wood anomalies.

Section 4.6 is devoted to an analysis of the SPP and Wood anomalies at oblique

incidence. Final remarks and conclusions appear in Section 4.7.

4.2 Bloch modes of a periodic array of slits in a semi-in�nite

metallic host

Figure 4.1 shows a periodic array of slits in a metallic host, occupying the half-space

z > 0. The array is illuminated by a plane-wave from the free-space region above

the surface, which surface is the xy-plane at z = 0. The host material is silver, the
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Figure 4.1. A plane-wave illuminates, from the top, a semi-in�nite array of slits
in a metallic host (silver). The plane of incidence is yz, the vacuum wavelength of
the incident beam is �0 = 1:0�m, and the permittivity of silver at this frequency is
"m = �48:8 + 2:99i. The slit width is �xed at w = 0:1�m, but the array periodicity
p is an adjustable parameter of our calculations (0:4�m < p < 3:2�m). Only TM
modes (Hx, Ey, Ez) are considered.
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slits are empty (i.e., vacuum or air-�lled), the incident wavelength is �0, the array

periodicity along the y-axis is p, and the slit-width is w. We shall consider only the

case of incident plane-waves whose propagation vector k lies in the yz-plane; these

will be assumed to be linearly polarized within the plane of incidence; in other words,

the incident plane-waves are transverse-magnetic (TM) or p- polarized. Although,

for the most part, this paper will be concerned with a normally incident plane-wave

polarized along the y-axis (Ex , Hy), generalizing the method of analysis to oblique

incidence is fairly straightforward; some numerical results pertaining to the case of

oblique incidence are presented in Section 4.6.

Bloch modes exist within the periodic structure, in the region where z > 0, while

ordinary homogeneous (i.e., propagating) and inhomogeneous (i.e., evanescent) plane-

waves reside in the free-space region above the slit array, where z < 0. Our construc-

tion of the Bloch modes of the slit-array ensures that Maxwell’s equations hold both

within the slits and in the metallic host, with boundary conditions satis�ed on the

slits’ vertical walls. Matching the boundary conditions at the top surface, z = 0,

leads to a determination of the (complex) amplitudes of the various excited modes

that reside above and below the interface.

Lalanne et al. ([47]) have used a similar approach for metallic and dielectric

gratings with only a few modes considered. We will extend their technique to slit

arrays in a host medium of complex permittivity "m, and will include as many Bloch

modes as needed to achieve convergence.In this section, we express the E- and H-

�elds inside the slits and within the metallic host as superpositions of inhomogeneous

plane-waves, and solve the transcendental equations that result from the continuity

of Hx and Ez on the slit walls. At normal incidence, the equations are somewhat

simpli�ed due to symmetry.
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4.2.1 Transcendental equations for Bloch modes of the slit array

The natural modes within the free-space region z < 0 above the slit array are propa-

gating as well as evanescent plane-waves (i.e., Rayleigh expansion, similar to RCWA

[40] and [48]). To obtain the modes inside the periodic structure, one must solve

Maxwell’s equations for a slab waveguide with periodic boundary conditions. These

solutions may be decoupled into TE (Ex, Hy, Hz) and TM (Hx, Ey, Ez) modes.

The sole concern of the present paper is TM modes, as TE modes do not propagate

through slits narrower than a half-wavelength. We express the E- and H-�elds inside

the slits{which are either empty or �lled with a material of dielectric constant "s{and

also the �elds in the metallic regions between adjacent slits as superpositions of two

(generally inhomogeneous) plane-waves bouncing back and forth between the vertical

walls. The H-�eld transmitted below the surface at z = 0 is thus written
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Here n is the mode index (1, 2, 3, : : :) k0 = 2�
�0

is the vacuum wave number, �n
z is

the nth mode’s propagation constant along the z axis, the subscript s denotes the

slit region, and the subscript m denotes the metallic host medium (i.e., cladding

for the slit waveguides). Inside the slits (�n
ys)

2 + (�n
z )2 = "s, where "sis the relative

permittivity of the �lling material, while in the metal (�n
ym)2 + (�n

z )2 = "m, where "m

is the relative permittivity of the host material. The horizontal component Ey and

the vertical component Ez of the E-�eld are proportional to the derivative of Hx with

respect to z and y respectively:
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"0 is the vacuum permittivity, and ! = 2�c
�0

is the frequency of the incident beam.

De�ning � = eik0p sin(�), where � is the incident plane-wave’s angle of incidence, the

Bloch condition requires that

Hn
xT (y + p; z) = �Hn

xT (y; z) (4.2.4a)

En
yT (y + p; z) = �En

yT (y; z) (4.2.4b)

En
zT (y + p; z) = �En

zT (y; z) (4.2.4c)

Matching the tangential E- and H-�elds at the vertical walls of the slits yields:
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These boundary conditions, when written out in matrix form, yield a 4 � 4 matrix

equation for the H-�eld amplitudes (h1s, h2s, h1m, h2m) of the nth mode, namely,
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In Eq. 4.2.1, a = eik0�ysw and b = eik0�ym(p�w). Existence of a non- trivial solution for

(h1s, h2s, h1m, h2m) requires that the determinant of the coe�cient matrix be zero.

For each mode, therefore, the propagation constant �n
z must satisfy the characteristic

equation:

(a2 � 1)(b2 � 1)("2
m�2

ys + "2
s�

2
ym) + 2"s"m[(a2 + 1)(b2 + 1) � 2ab(� + ��1)]�ys�ym = 0

(4.2.6)

At normal incidence, � = 1 and the equations are simpli�ed by virtue of symmetry.

For even modes, h1s = h2s and h1m = h2m, and the characteristic equation simpli�es
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as follows:
"m�ys

"s�ym

=
(a + 1)(1 � b)

(a � 1)(1 + b)
(4.2.7)

4.2.2 Bloch mode pro�les

The transcendental Eq. 4.2.6, or its simpli�ed version at normal incidence, Eq. 4.2.7,

can be solved by a brute force search of the complex plane for viable solutions for

�z. We enumerate the solutions in such a way that lower-order modes will lose less

power as they propagate along the z-axis; that is, �z will be ordered in accordance

with the strength of its imaginary part. If the solutions include guided modes, they

will constitute the least lossy modes of all.
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Figure 4.2. Locations of �z, �ys, and �ym in the complex plane for mode-numbers 2 through 30, corresponding
to a slit array having p = 0:9�m, w = 0:1�m at �0 = 1:0�m, normal incidence. The �rst mode, which is the only
guided mode in this system, is o� the scale and, therefore, not shown (�1

z = 1:21 + 0:0066i, �1
ys = 0:01 � 0:68i,

�1
ym = 0:22 � 7:1i). The few abnormalities (i.e., departures from a smooth path) occur at regular intervals, with their

Imag[�z] separated by � �0=w. Abnormal modes are produced by lateral Fabry-Perot-like resonances within the slits.
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For the �rst mode of a slit-array having p = 0:9�m, w = 0:1�m at �0 = 1:0�m

(normal incidence), we �nd �1
z = 1:21+0:0066i (the only guided mode in this system);

the small imaginary part ensures that, if the mode is successfully launched at the

entrance facet, it will be detectable after traveling several tens of wavelengths �0

along the z-axis. For this system, Fig. 4.2(a) shows the locations of �z for modes 2

through 30 in the complex plane; the corresponding plots for �ys and �ym are shown

in Figs. 4.2 (b, c); the arrows identify the direction of increasing mode number, from

2 to 30.

Once �z is determined, the mode pro�les Hx(y; z), Ey(y; z), Ez(y; z) are readily

calculated. Figure 4.3 shows pro�les of jHx(y; z = 0+)j and jEy(y; z = 0+)j of the �rst

10 Bloch modes, for the p = 0:9�m, w = 0:1�m slit array under normally-incident

plane-wave (�0 = 1:0�m). Each mode, of course, will decay exponentially along the

propagation direction z in accordance with the factor eik0�n
z z. Similar pro�les can be

computed for other sets of parameter values.
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Figure 4.3. The �rst ten modes of a slit array in a semi-in�nite silver host (p = 0:9�m, w = 0:1�m, �0 = 1:0�m,
normal incidence). The magnitude of Hx is shown on the left, that of Ey on the right. The �rst mode (shown at the
top) is the guided mode through the empty slits ("s = 1:0); all the other modes are highly damped along the z-axis.
The mode pro�les are similar to those computed by Treacy based on the RCWA method [41].
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Figure 4.4. Inner products of the �rst 60 modes for Hx (left) and Ey (right). While the Hx-�elds of these modes
are (nearly) pairwise orthogonal, the Ey-�elds have substantial overlap with their neighboring modes. Each mode is

normalized, i.e.,
R p

2

� p

2

jEn
y (y; 0)j2dy = 1.
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The (n+1)st mode typically has one more wiggle than the nth mode in the metal on

either side of the slit. Inside the slit, however, an additional wiggle appears once every

several modes. With an increasing period p, determination of the modes becomes

more di�cult as more roots �z of the transcendental Eq. 4.2.6 become available per

unit area of the complex plane. When w < �0

2
, the �rst mode can propagate deep

into the slits, while all other modes exhibit large absorption along z. The mode

amplitudes thus drop rapidly after propagating even a short distance; for higher-

order modes this distance is much smaller than the skin- depth of the metallic host.

The modes typically extend along y in the host material with fairly small attenuation,

as can be inferred from Fig. 4.2(c). These modes build up the charges and currents

on the top surface of the metal, and contribute to the accumulated charges at the

corners of the slits.

4.2.3 Orthogonality of Bloch modes

The mode pro�les in the free-space region above the slit-array are simple sinu-

soids; as such, it can readily be shown that these modes are pairwise orthogo-

nal [29]. In contrast, the modes below the surface, residing partly in the metal

and partly in the free-space region of the slit, are not mutually orthogonal [49].

This can be seen in Fig. 4.4, which shows the magnitudes of the inner products

of the �rst 60 modes for both Hx and Ey �elds. (The inner products are de�ned

as j
R p

2

� p

2

Hn
x (y; 0)Hm�

x (y; 0)dyj and j
R p

2

� p

2

En
y (y; 0)Em�

y (y; 0)dyj, with individual modes

normalized, i.e.,
R p

2

� p

2

jEn
y (y; 0)Hm�

x (y; 0)j2dy.) Lack of orthogonality is particularly

striking in the case of Ey pro�les, where nearby modes are seen to have a substantial

degree of overlap. The apparent regularity of the inner products might signify a deep

connection with the abnormal roots depicted in 4.2, although their relationship is not

understood at present.
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