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ABSTRACT 
 
  
        Transient hydraulic tomography (THT) is a cost-effective technique for 

characterizing the heterogeneity of hydraulic parameters in the subsurface. In this study 

we developed an efficient sequential successive linear estimator (SSLE) for interpreting 

head data from transient hydraulic tomography to estimate three dimensional hydraulic 

conductivity and specific storage fields.  We first analyzed the cross correlation between 

transient head data and hydraulic parameters and covariance of transient heads using a 

hypothetical one dimensional aquifer. This analysis led to an efficient way to interpret 

transient heads. The SSLE was then tested using a well-posed problem and an ill-posed 

problem. To affirm the robustness of our approach, we applied transient hydraulic 

tomography to a hypothetical three-dimensional heterogeneous aquifer. 

        Our SSLE approach involves solving adjoint equations during the sensitivity 

analysis for transient flow, which creates greater computational cost than steady state 

hydraulic tomography. To reduce the computational cost, we developed an estimation 

approach that utilizes the zeroth and first temporal moments of well hydrographs, instead 

of drawdown itself.  The governing equations and adjoint equations for the temporal 

moments are Poisson’s equations.  These equations demand less computational resources 

as opposed to the parabolic equation that governs drawdown evolution.  Therefore, a 

temporal moment approach is expected to expedite the interpretation of THT surveys.  

Based on this premise, we extended our sequential successive linear estimator (SSLE) to 

use the zeroth moment and characteristic time of the drawdown-recovery data generated 
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by THT surveys.  We subsequently investigated computational efficiency and accuracy of 

the moment approach using a synthetic aquifer.    

 We further extended the hydraulic tomography concept to tracer tomography for 

characterizing NAPL (Non-aqueous phase liquid) source zones. Similar to a hydraulic 

tomographic survey, a tracer tomography survey sequentially injects tracers at a selected 

well and monitors tracer breakthroughs at other wells in a NAPL source zone to detect 

the distribution of NAPL’s. To quantitatively interpret the breakthroughs from the tracer 

tomography, a joint stochastic estimation technique was developed.  The method is an 

extension of the SSLE used for interpreting hydraulic tomography surveys.  The 

technology was tested and investigated using a synthetic aquifer contaminated with a 

single component NAPL.  
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CHAPTER 1  INTRODUCTION 

1.1 Research Problem 

        Accurate prediction of water and solute movement in the subsurface relies on 

detailed knowledge of spatial distribution of hydraulic parameters. The subsurface is 

naturally heterogeneous at different scales. To obtain detailed spatial distribution of 

hydraulic parameters for a field problem, a direct measurement method requires a large 

number of measurements at many different locations, which is costly and impractical. On 

the other hand, aquifer responses (i.e., hydraulic head, flux, and concentration) are 

relatively inexpensive and easy to measure. These responses can be used to estimate the 

spatial distribution of hydraulic parameters. However, the detailed aquifer 

characterization using responses requires large number of measurements, therefore 

requires cost-effective data collecting techniques. Hydraulic tomography, which is 

evolved from the CAT (computerized axial tomography) scan concept of medical 

sciences and geophysics, appears to be a viable technology. Hydraulic tomography, in 

simplified terms, is a series of cross-well interference tests. It collects large number of 

aquifer responses that can be used to estimate hydraulic parameters. Interpreting the 

larger number of responses can cause substantial computational burdens and numerical 

instability. Among a number of inverse methods, the sequential successive linear 

estimator (SSLE) is an efficient inverse method that can overcome these difficulties. This 

inverse approach represents hydraulic parameter fields as stochastic processes and seeks 

their mean distributions conditioned on the information obtained from hydraulic 

tomography, directly measured parameter values, and prior knowledge of geologic 
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structures. The current SSLE approach, nonetheless, is limited to interpret steady state 

head data, which require the flow reach a steady state condition, a situation which may 

occur only under special field conditions. Because of this restriction, transient head data 

before the flow reaches steady state conditions have been ignored. Transient head data, 

although influenced by both hydraulic conductivity and specific storage, are less likely to 

be affected by uncertainty in boundary conditions.  The development of a new estimation 

procedure thus is essential so that all datasets collected during hydraulic tomography 

surveys can be fully exploited.  

Interpreting transient head data imposes additional computation burden. The 

governing equation for transient heads is a parabolic form therefore it is commonly 

solved using a time-marching scheme. It is possible to obtain detailed hydraulic 

conductivity and specific storage fields of aquifers using few wells with transient 

hydraulic tomography (THT) surveys.  But as the size of the field site to be characterized 

increases and the demands of resolution increases, the computational burden increases 

significantly. A computationally efficient algorithm is necessary for speedy analysis of 

the THT surveys.  For basin-scale naturally recurrent tomographic surveys (such as river-

stage tomography), development of such a technology is imperative.  

         Non-aqueous phase liquids (NAPL’s) are long-term sources of soil and 

groundwater contamination. Accurate risk assessment and effective remediation of the 

sites contaminated with NAPL’s require detailed characterization of source zone (i.e., the 

region wherein NAPL contamination is present).  Technologies using partitioning tracers 

to detect NAPL’s have been used in the past.   These technologies generally have focused 
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on detecting the presence of NAPL’s but not the characterization of their spatial 

distribution in a field.   Depicting high-resolution spatial distributions of NAPL’s in a 

field using current technologies demands a dense multi-level sampler network.  Such a 

network involves costly invasive drilling operations and is impractical.  As a result, an 

innovative cost-effective technology remains to be developed.  As hydraulic tomography 

appears to be an effective and cost-effective tool for characterizing hydraulic 

conductivity and specific storage, the tomography technique can also be applied to 

characterize NAPL source zones.  

1.2 Literature Review 

        Detailed spatial distributions of hydraulic parameters are imperative to improve our 

ability to predict water and solute movement in the subsurface [e.g., Yeh, 1992, 1998].  

Traditional aquifer tests such as pumping tests and slug tests only yield hydraulic 

parameters integrated over a large volume of geologic media [e.g., Butler and Liu, 1993; 

Beckie and Harvey, 2002].  On the other hand, Wu et al. [2005] reported that the classical 

analysis for aquifer tests yields spurious transmissivity estimates and storage coefficient 

estimates that reflect local geology.  For characterizing detailed spatial distributions of 

hydraulic parameters, a new method, hydraulic tomography [Gottlieb and Dietrich, 1995; 

Renshaw, 1996; Yeh and Liu, 2000; Liu et al., 2002; McDermott et al., 2003], which 

evolved from the CAT (Computerized Axial Tomography) scan concept of medical 

sciences and geophysics, appears to be a viable technology.  

 Interpreting data from hydraulic tomography presents a challenge, however.  The 

abundance of data generated during tomography can lead to information overload, and 
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cause substantial computational burdens and numerical instabilities [Yeh, 1986, Hughson 

and Yeh, 2000].  Moreover, the interpretation can be non-unique.  Yeh and Liu [2000] 

developed a sequential successive linear estimator (SSLE) to overcome these difficulties. 

The SSLE approach eases the computational burdens by sequentially including 

information obtained from different pumping tests; it resolves the non-uniqueness issue 

by providing the best unbiased conditional mean estimates.  That is, it presents hydraulic 

parameter fields as spatial stochastic processes and seeks their mean distributions 

conditioned on the information obtained from hydraulic tomography, as well as directly 

measured parameter values (such as from slug tests, or core samples).  Using sand box 

experiments, Liu et al. [2002] demonstrated that the combination of hydraulic 

tomography and SSLE is a propitious, cost-effective technique for delineating 

heterogeneity using a limited number of invasive observations.  The work by Yeh and 

Liu [2000], nonetheless, is limited to steady state flow conditions, which may occur only 

under special field conditions. Because of this restriction, their method ignores transient 

head data before the flow reaches steady state conditions.  Transient head data, although 

influenced by both hydraulic conductivity and specific storage, are less likely to be 

affected by uncertainty in boundary conditions.  The development of a new estimation 

procedure is necessary so that all datasets collected during hydraulic tomography surveys 

can be fully exploited.  

Few researchers have investigated transient hydraulic tomography.  Bohling et al. 

[2002] exploited the steady-shape flow regime of transient flow data to interpret 

tomographic surveys.  Under steady-shape conditions at late time of a pumping test 
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before boundary effects take place, the hydraulic gradient changes little with time -- a 

situation where sensitivity of head to the specific storage is small. As a consequence, the 

steady-shape method is useful for estimating hydraulic conductivity but not specific 

storage.   

Their steady-shape method relies on the classical least-squares optimization 

method and the Levenberg-Marquardt algorithm [Marquardt, 1963] for controlling 

convergence issues [see Nowak and Cirpka, 2004].  This optimization method is known 

to suffer from non-uniqueness of the solutions if the inverse problem is ill posed and 

regularization [Tikhonov and Arsenin, 1977] or prior covariance of parameters [Nowak 

and Cirpka, 2004] is not used.  The least-squares approach is also computationally 

inefficient if every element in the solution domain (in particular, three-dimensional 

aquifers with multiple, randomly distributed parameters) is to be estimated.  This 

inefficiency increases if the sensitivity matrices required by the optimization are not 

evaluated using an efficient algorithm, such as the adjoint state approach.  

These shortcomings may be the reasons that the test cases in Bohling et al. [2002] 

were restricted to unrealistic, perfectly stratified aquifers, where the heterogeneity has no 

angular variations, and specific storage is constant and known a priori.  The assumption 

of a spatially constant and known specific storage value for the entire aquifer makes the 

inverse problem almost the same as the steady hydraulic tomography as explored by Yeh 

and Liu [2000].  Perhaps inversion of the transient tomography by Bohling et al. [2002] is 

less affected by uncertainty in boundary conditions. Nonetheless, for perfectly horizontal 

layered aquifers, many traditional hydraulic test methods, without resorting to hydraulic 
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tomography, can easily estimate hydraulic properties of each layer using just one 

borehole. 

Similar to Vasco et al. [2000], Brauchler et al. [2003] developed a method that 

uses the travel time of a pneumatic pressure pulse to estimate air diffusivity of fractured 

rock.  Similar to X-ray tomography, their approach relies on the assumption that the 

pressure pulse travels along a straight line or a curved path. Thus, an analytical solution 

can be derived for the propagation of the pressure pulse between a source and a pressure 

sensor.  Many pairs of sources and sensors yield a system of one-dimensional analytical 

equations. A least-squares based inverse procedure developed for seismic tomography 

can then be applied to the system of equations to estimate the diffusivity distribution.   

The ray approach avoids complications involved in numerical formulation of the three-

dimensional forward and inverse problems, but it ignores interaction between adjacent 

ray paths and possible boundary effects.  Consequently, their method requires a large 

number of iterations and pairs of source/sensor data to achieve a comparable resolution to 

that achieved from inverting a three-dimensional model.  Vesselinov et al. [2001] applied 

an optimization technique and geostatistics to pneumatic cross-borehole tests in fractured 

rocks.  Because of the baseline of the pneumatic properties is unknown, it is difficult to 

assess the accuracy of their results.  

To our knowledge, few researchers have developed an inverse method for 

transient hydraulic tomography to estimate both hydraulic conductivity and specific 

storage of aquifers.   For general groundwater inverse problems other than hydraulic 

tomography, Sun and Yeh [1992] assumed a specific storage field that was homogeneous 
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and known a priori. They then developed a stochastic inverse method to estimate the 

spatial distribution of transmissivity using only transient head information.  For transient 

hydraulic tomography, Vasco et al. [2000] and Brauchler et al. [2003] estimated 

diffusivity, the ratio of hydraulic conductivity to specific storage, without any attempt to 

separate the two parameters.  

In the first manuscript (Appendix A), we extended the SSLE developed by Yeh 

and Liu [2000] to transient hydraulic tomography for estimating randomly distributed 

hydraulic conductivity and specific storage in 3-D aquifers.   

Estimating hydraulic parameters directly using transient head data is a 

computational challenge if  the size of the field site to be characterized increases and the 

demands of resolution increases.  Bohling et al. [2002] exploited the steady-shape flow 

regime of transient flow data to interpret tomographic surveys. They only utilized head 

data when the flow reached steady-shape regime, so the transient data can be analyzed by 

a steady state model. However, the head data before flow reaches steady-shape regime 

were not considered. On the other hand, to reduce the computational cost in analyzing 

concentration, researchers have exploited the temporal moments of concentration. Using 

temporal moments avoids time derivatives, a computationally expensive step during 

forward simulations. Therefore, computational cost is greatly reduced. Harvey and 

Gorelick [1995] developed moment generating equations for concentration data and used 

tracer arrival time to estimate hydraulic conductivity. James et al. [1997] used  temporal 

moments of partitioning tracer data to estimate NAPL distribution. Cirpka and Kitanidis 

[2001] combined heads and zeroth and first moments of tracer to estimate hydraulic 
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conductivity. While temporal moments mostly were used for tracer data, Li et al. [2005] 

used temporal moments of drawdown data from an impulse pumping test. In the second 

manuscript (Appendix B), we develop the temporal moment-generation equation for 

impulse pumping tests, similar to the recent work by Li et al. [2005].  While Li et al. 

[2005] focus on applying temporal moments to a single impulse pumping test, we apply 

the temporal moments to transient hydraulic tomography.  Specifically, we incorporate 

the zeroth and first temporal moments of well hydrographs into the SSLE inverse 

approach [Yeh and Liu, 2000] for THT.   

          While hydraulic tomography focuses on collecting head responses, tracer 

tomography collects tracer data, which can be applied to characterize NAPL source zone. 

Source zone characterization often involves characterizing hydrogeology (e.g., spatial 

variation of hydraulic conductivity, specific storage, and porosity) and delineating source 

zone (e.g., contaminant mass location, contaminant strength) [NRC, 2004]. 

         Characterizing source zone hydrology, especially the heterogeneity of hydrologic 

parameters, is critical to accurately depict groundwater flow and contaminant plume 

movement as well as in designing remediation schemes.  Previously discussed hydraulic 

tomography appears to be a cost-effective tool for delineating detailed physical 

heterogeneity of the subsurface. 

 Besides the head data as major information used for mapping physical 

heterogeneity, solute concentration data have also been used to estimate hydraulic 

conductivity. For example, Harvey and Gorelick [1995] estimated hydraulic conductivity 

using measurements of hydraulic conductivity, heads and solute arrival time. They 
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concluded that solute arrival time and heads provide different information about the 

conductivity field. Li and Yeh [1999] developed a cokriging method to estimate the 

hydraulic conductivity field conditioned on pressure head, solute transport, and solute 

arrival time for variably saturated media. They concluded that steady state head 

measurements are most useful for estimating hydraulic conductivity among three types of 

measurements. But they showed that adding solute concentration data can improve the 

estimates than using head data alone. Cirpka and Kitanidis [2001] used the first two 

temporal moments of solute data to estimate hydraulic conductivity. They concluded that 

using tracer data alone may lead to convergence problems, and recommended to combine 

head and tracer data for inversion. Solute concentration data are also used to map 

chemical parameters. For example, Huang et al. [2004] extended a sequential self-

calibrating method to estimate both hydraulic conductivity and sorption partitioning 

coefficient fields conditioned on nonreactive and reactive tracer data.  

  Tracer concentration data have been used to delineate source zones in the past. 

Jin et al. [1995] developed a partitioning interwell tracer test (PITT) to detect and 

characterize NAPL’s. During a PITT test, several different tracers are injected into the 

aquifer through one or more injection wells. The tracers usually consist of non-reactive 

tracer and partitioning tracers with different partitioning coefficients. NAPL’s in the 

subsurface generally control differences in behaviors of the nonreactive and partitioning 

tracers breakthroughs. Thus, the breakthroughs can be used to estimate possible locations 

and concentrations of NAPL’s. Using these breakthroughs, Jin et al. [1995] estimated the 

average NAPL residual saturations by using a nonlinear least squares regression method. 



 18

James et al. [1997] developed a conditioning algorithm to derive the spatial variation of 

the NAPL field from the first two temporal moments of tracer breakthroughs. Sciortino et 

al. [2000] estimated the location and dimensions of a single DNAPL pool using a least 

squares minimization based on analytical solutions. Zhang and Graham [2001] used 

tracer concentration measurements directly to estimate spatial heterogeneity of NAPL 

saturation by an extended Kalman filter technique. However, the inverse methods by 

James et al. [1997], Sciortino et al. [2000], and Zhang and Graham [2001] rely on a dense 

network of sampling wells to reveal major features of NAPL fields and therefore their 

method is costly in actual field problems.  Datta-Gupta et al. [2002] proposed a 

streamline-based inverse method analyzing PITT tests to estimate 3-D spatial variation 

NAPL saturation. This method uses steam-line simulator for both forward simulation and 

sensitivity calculation, therefore, providing significant computational efficiency. 

However, similar to Vasco et al. [2000] and Brauchler et al. [2003], the streamline-based 

method ignores interactions between adjacent ray paths and possible boundary effects. 

Consequently, their method requires an extensive number of iterations and pairs of 

source/sensor data to achieve a comparable resolution to that achieved from inverting a 

three-dimensional model. Also, the stream-line method has difficulties in solving 

transport problems involving local physical dispersion [Huang  et al., 2004].   

        In the third manuscript (Appendix C), we developed a new technology to provide 

high-resolution spatial distributions of NAPL’s in a source zone. We extend the concept 

of hydraulic tomography to image the spatial distribution of  NAPL’s in the subsurface—

partitioning tracer tomography. Moreover, we adopted the stochastic information fusion 
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concept by Yeh and Šimůnek [2002] to take advantage of the ability of hydraulic 

tomography to enhance the ability of partitioning tracer tomography.   

 The concept of tracer tomography is analogous to that of hydraulic tomography. 

During a tracer tomography survey, a forced gradient steady flow condition is established 

by injecting water into aquifer from one well. An impulse solution of tracers is released 

into the aquifer from the injection wells afterward. The tracer concentration data 

subsequently are sampled from observation wells. After complete breakthrough curves 

for all observation wells are recorded, a new test is repeated by changing the injection 

location; again, the resulting concentration breakthroughs are monitored. By sequentially 

switching the injection location with a limited number of wells, a large number of 

concentration breakthrough data sets are obtained.  This tomography survey approach in 

essence is a novel experimental design to “create” more data sets from a limited number 

of wells than traditional experiments.  Finally, an estimation or inverse modeling 

technique exploits these breakthrough data and injection information to determine the 

spatial distribution of NAPL’s as well as aquifer hydraulic properties.   Hydraulic head 

responses during the tracer injection tests can also be used to estimate spatial distribution 

of hydraulic properties (i.e., hydraulic tomography).  The head information is directly 

related to the hydraulic conductivity while the breakthrough data are controlled by many 

different hydraulic and transport properties [Li and Yeh, 1999].   Estimation of the 

hydraulic heterogeneity using the information from hydraulic tomography prior to the 

interpretation of the tracer tomography thus can improve the estimation of the distribution 

of NAPL’s.   
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 While hydraulic/tracer tomography is a novel experimental design, efficiently and 

effectively processing the huge amount of data from the experiment is a challenge. We 

take on this challenge by extending the SSLE inverse approach by Yeh and Liu [2000] 

and Zhu and Yeh [2005] to map both physical and chemical heterogeneity of the NAPL 

source zone.   

1.3 Explanation of Dissertation Format 

This dissertation consists of two chapters, “introduction” and “present study”, and 

three manuscripts (Appendices A, B, and C). The first manuscript (appendix A) was 

published in Water Resource Research, Vol. 41, W07028, doi: 10.1029/2004WR003790, 

2005. The second manuscript (Appendix B) was accepted by Water Resource Research 

in October, 2005.  The third manuscript (Appendix C) is to be submitted for peer review. 

I developed the inverse algorithms used for transient hydraulic tomography and 

tracer tomography. I also developed the temporal moment methods for transient hydraulic 

tomography. I was responsible for planning and performing all the simulations presented 

in all appendices. I wrote the FORTRAN programs which implement the inverse 

algorithms; these codes were based on previous work by Dr. Yeh’s group. To speed up 

the simulation, I added codes to parallelize the programs using MPI (Message Passing 

Interface). I also installed a LINUX PC cluster comprised of 16 personal computers using 

the freely available ROCKSCLUSTERS software (www.rocksclusters.org) with the help 

of Kris Kuhlman.  
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My advisor, Tian-Chyi J. Yeh, guided me in choosing the research topics 

presented in this dissertation. He also supervised me on inverse algorithm derivation, 

choices of numerical models, and interpretation of results. 
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    CHAPTER 2 PRESENT  STUDY 

        The methods, results, and conclusions of this study are presented in the three 

manuscripts appended to this dissertation.  The following is a summary of the most 

important findings in this dissertation. 

2.1 Summary 

        Characterizing subsurface heterogeneity is a major focus of subsurface hydrology 

due to the great impact of heterogeneity on groundwater flow and solute transport. To 

obtain detailed knowledge of spatial variation of aquifer parameters for a field site, direct 

sampling methods require a large number of samples, which is commonly time-

consuming, expensive, invasive, and therefore rarely used in practice. On the other hand, 

aquifer responses (i.e., hydraulic head, flux, solute concentration) usually are easier and 

less expensive to measure. As a result, inverse methods which use responses to infer 

subsurface heterogeneity have received more attention in recent decades. While many 

inverse techniques are available for deciphering aquifer responses, they all need a large 

number of measurements to discern detailed knowledge of heterogeneity. As a 

consequence, cost-effective responses collecting techniques are needed. Hydraulic 

tomography is one of effective data collection techniques.  

        Hydraulic tomography is, in simplified terms, a series of cross-well interference 

tests.  In other words, an aquifer is stressed by pumping water from or injecting water 

into a well, and monitoring the aquifer’s response at other wells. A set of stress/responses 

yields a set of independent equations. Sequentially switching the pumping or injection 
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location, without installing additional wells, results in a large number of aquifer 

responses caused by stresses at different locations and, in turn, a large number of sets of 

independent equations.  This large number of sets of equations makes the inverse 

problem (i.e., using aquifer stress and response relation to estimate the spatial distribution 

of hydraulic parameters) better posed, and the subsequent estimate approaches reality.   

 Yeh and Liu [2000] developed a Sequential Successive Linear Estimator 

(SSLE) method to interpret steady state head responses for mapping hydraulic 

conductivity. In this study, SSLE was first extended to interpret transient head responses 

from transient hydraulic tomography tests. The transient head responses were used for 

mapping both hydraulic conductivity and specific storage. We developed a loop iteration 

scheme to improve the accuracy of sequential usage of head data.  We then verified our 

new approach by applying it to a synthetic one-dimensional heterogeneous aquifer.  

During this one-dimensional test, temporal variation of cross-correlation between 

transient heads and parameters, as well as temporal correlation of transient heads, was 

investigated. The results of this investigation led to a better understanding of effects of 

conditioning using head measurements on estimates of hydraulic conductivity and 

specific storage, and an effective sampling strategy, as opposed to developing an entire 

drawdown-time history, for efficient inversion of the transient hydraulic tomography data. 

We afterward applied this sampling strategy to a well-posed problem; the benefit of 

hydraulic tomography for ill-posed problems is then demonstrated.  Finally, the new 

SSLE was applied to a hypothetical three-dimensional, heterogeneous aquifer to 

demonstrate the robustness of our new approach.  
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        The synthetic case studies show that transient hydraulic tomography is a promising 

and viable tool for detecting detailed spatial variations of hydraulic parameters with a 

limited number of wells. Our SSLE can provide unbiased estimates of multiple 

parameters simultaneously, and reveal their detailed spatial distributions.  In addition, our 

SSLE permits sequential inclusion of head data from different pumping tests, such that 

the size of the covariance matrix is small and can be solved with relative ease.  By using 

a loop-iteration scheme, our new SSLE improves estimation throughout the loops and 

maximizes the usefulness of head information.  

 Cross correlation analysis shows that the correlation between head and specific 

storage is high at early time, diminishes rapidly with time, and is confined to the vicinity 

of the head observation location.  On the contrary, the correlation between head and 

hydraulic conductivity increases and the area with high correlations broadens with time. 

To simultaneously estimate hydraulic conductivity and specific storage parameters, head 

data at both early and late times thus should be used.  

 The transient heads are highly temporally correlated, especially at later times.  

Such a temporal correlation structure allows our SSLE to use only a few selected heads at 

some time steps, instead of all available heads at all time steps, to reduce computational 

cost, while keeping the usefulness of the head information. 

  Our SSLE approach involves backward calculation of adjoint equations during 

the sensitivity analysis for transient flow. For the same number of observation locations, 

a transient pumping test generates much more head information than a steady state 

pumping test. Even when head data are used for only a few selected time steps, instead of 
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all time steps, the computational burden of transient hydraulic conductivity is 

significantly greater than steady state hydraulic tomography. More computationally 

efficient methodologies must be developed to improve the analysis of transient hydraulic 

tomographic surveys.  We take on this challenge by developing an estimation approach 

that utilizes the zeroth and first temporal moments of well hydrographs, instead of 

drawdown itself.  The governing equations for the temporal moments are Poisson.  These 

equations demand less computational resources as opposed to the parabolic equation that 

governs drawdown evolution.  Likewise, the adjoint equations for evaluating sensitivities 

of the moments for parameter estimation also take the same forms.  Therefore, a temporal 

moment approach is expected to expedite the interpretation of THT surveys.  Based on 

this premise, we extend our sequential successive linear estimator (SSLE) to use the 

zeroth moment and characteristic time of the drawdown-recovery data generated by THT 

surveys.  We subsequently investigate computational efficiency and accuracy of the 

moment approach using synthetic cases.    

 Our synthetic cases show the temporal moment approach significantly reduces 

computational cost for interpreting transient hydraulic tomography. The cost reduction is 

attributed to the fact that the governing equations for the temporal moments are Poisson.  

As a consequence, the forward modeling required for improving new estimates of 

transmissivity and storage coefficients does not require solving the parabolic equation 

that governs groundwater flow.   The parabolic equation in general has to be solved by a 

time marching scheme, implying that a system of equations must be evaluated at each 

time step.  Avoiding solving the system of equations for each time step thus reduces 
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computational efforts.  Furthermore, the adjoint equations for evaluating sensitivity 

matrices of temporal moments are also Poisson’s equations.  In our SSLE and some other 

inverse models, the adjoint equations are solved for each measurement during each 

iteration of the estimation process.  Again, without evaluating time-dependent adjoint 

equations, computational burdens during evaluation of sensitivity are reduced.   This 

reduction is particularly significant when the number of temporal and spatial observations 

is large. 

 The temporal moment approach for interpreting hydraulic tomography is 

unequivocally more efficient than the approach using transient head data directly.  The 

differences in results of the moment and head approaches are small if a dense network is 

used.   Furthermore, for the situations where only hydraulic conductivity is of interest, the 

zeroth temporal moment of transient well hydrograph can be used to estimate 

transmissivity without involving the estimation of the storage coefficient.  This unique 

characteristic of the temporal moment approach makes the approach highly attractive for 

practical applications.   

 Non-aqueous phase liquids (NAPL’s) are long-term sources of soil and 

groundwater contamination. Technologies using partitioning tracers to detect NAPL’s 

have been developed in the past. These technologies generally have focused on detecting 

the presence of NAPL’s but not their spatial distribution in a field.   Depicting high-

resolution spatial distributions of NAPL’s in a field using current technologies demands a 

dense multi-level sampler network.  Such a network involves costly invasive drilling 

operations and is practically impossible.  As a result, an innovative cost-effective 
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technology remains to be developed.  In the third manuscript (Appendix C), we 

developed a new technology to meet the demand.  We extend the concept of hydraulic 

tomography to image the spatial distribution of  NAPL’s in the subsurface—partitioning 

tracer tomography. Moreover, we adopted the stochastic information fusion concept by 

Yeh and Šimůnek [2002] to take advantage of the ability of hydraulic tomography to 

enhance the ability of partitioning tracer tomography.   

 The concept of tracer tomography is analogous to that of hydraulic tomography. 

During a tracer tomography survey, a forced gradient steady flow condition is established 

by injecting water into aquifer from one well. An impulse solution of tracers is released 

into the aquifer from the injection wells afterward. The tracer concentration data 

subsequently are sampled from observation wells. After complete breakthrough curves 

for all observation wells are recorded, a new test is repeated by changing the injection 

location. Again, the resulting concentration breakthroughs are monitored. By sequentially 

switching the injection location with a limited number of wells, a large number of 

concentration breakthrough data sets are obtained.  This tomography survey approach in 

essence is a novel experimental design to “create” more data sets from a limited number 

of wells than traditional experiments.  Finally, estimation or inverse modeling technique 

exploits these breakthrough data and injection information to determine the spatial 

distribution of NAPL’s as well as aquifer hydraulic properties.   Hydraulic head 

responses during the tracer injection tests can also be used to estimate spatial distribution 

of hydraulic properties (i.e., hydraulic conductivity).  The head information is directly 

related to the hydraulic conductivity while the breakthrough data are controlled by many 
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different hydraulic and transport properties [Li and Yeh, 1999].   Estimation of the 

hydraulic heterogeneity using the information from hydraulic tomography prior to the 

interpretation of the tracer tomography thus can improve the estimation of the distribution 

of NAPL’s.   

 While the hydraulic/tracer tomography is a novel experimental design, efficiently 

and effectively processing the huge amount of data from the experiment is a challenge. 

We take on this challenge by extending the SSLE inverse approach by Yeh and Liu [2000] 

and Zhu and Yeh [2005] to map both physical and chemical heterogeneity of the NAPL 

source zone.  The inverse method seeks mean parameters conditioned on head/tracer 

observations, prior knowledge of geologic structures, and hydraulic parameter 

measurements. While the inverse method can estimate hydraulic conductivity, volumetric 

water saturation  and volumetric NAPL saturation, our primary focus is the spatial 

distribution of NAPL saturation.   

 The technology was tested and investigated using a synthetic aquifer 

contaminated with a single component NAPL. The synthetic cases show that our 

technique can reveal major spatial distributions of NAPL using only four wells.  

Although field situations are more complicated than the synthetic case, the primary 

results from the synthetic case demonstrate that the hydraulic/tracer tomography 

combining with SSLE method potentially is a viable tool for subsurface heterogeneity 

and contaminant characterization.   

 Under saturated condition, the variation of porosity  is usually small. For example, 

the porosity of sandy material ranges from 0.25 to 0.50 [Freeze and Cherry, 1979]. Due 
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to the naturally small variability of porosity, the variation of water saturation in a NAPL 

source zone has limited impact on NAPL estimates, especially when tracers with high 

partitioning coefficient between water and NAPL are used. In our synthetic case, the 

porosity was intentionally created with higher variability than most natural porous media. 

As a result, the water saturation in field problems will have even less influence on NAPL 

estimations. 

 Heterogeneity of hydraulic conductivity, on the other hand, has greater impact on 

the estimation of the distribution of NAPL. Without detailed characterization of hydraulic 

conductivity, it would be extremely difficult to provide a reliable characterization of 

NAPL source zone.  Hydraulic tomography is a viable tool for characterizing hydraulic 

conductivity distribution and can facilitate better NAPL estimation. 

            Our synthetic cases show that adding tracer data may not improve K estimation. 

The cases also show using head data alone generates better results than using tracer data 

alone.  Similar findings were also reported by Li and Yeh [1999] and Cirpka and 

Kitanidis [2001]. However, Datta-Gupta et al. [1997] claimed that tracer data are 

better than transient pressure for estimating large-scale permeability variations. Huang et 

al. [2004] concluded that tracer breakthroughs are important indicators of the flow paths 

and flow barriers and therefore should be used in heterogeneity characterization 

whenever they are available. These issues need additional investigation and are beyond 

the scope of this study.  

 In our four inverse cases, we assume only one NAPL measurement is available 

for inversion. Our SSLE method can include all direct NAPL measurements whenever 
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they are available. These direct measurements will definitely increase the accuracy on 

NAPL estimations [Liu and Yeh, 2004].  

           Directly interpreting concentration data using SSLE adds a significant 

computational burden compare to interpreting head data. One head observation involves 

solving one adjoint equation for the evaluation of sensitivity while one concentration 

observation needs two adjoint equations. In this study, we used 8 processors (each a 

2.8GHz Pentium 4) in a PC cluster. The running time for one case was still about 4,000 

minutes. As a result, more computationally efficient methodologies must be developed to 

expedite the analysis of tracer tomographic surveys.   
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Abstract 

Hydraulic tomography is a cost-effective technique for characterizing the 

heterogeneity of hydraulic parameters in the subsurface.  During hydraulic tomography 

surveys, a large number of hydraulic heads (i.e., aquifer responses) are collected from a 

series of pumping or injection tests in an aquifer.  These responses are then used to 

interpret the spatial distribution of hydraulic parameters of the aquifer using inverse 

modeling.  In this study, we developed an efficient sequential successive linear estimator 

(SSLE) for interpreting data from transient hydraulic tomography to estimate three-

dimensional hydraulic conductivity and specific storage fields of aquifers.  We first 

explored this estimator for transient hydraulic tomography in a hypothetical one-

dimensional aquifer. Results show that during a pumping test, transient heads are highly 

correlated with specific storage at early time but with hydraulic conductivity at late time.  

Therefore, reliable estimates of both hydraulic conductivity and specific storage must 

exploit the head data at both early and late times.  Our study also shows that the transient 

heads are highly correlated over time, implying only infrequent head measurements are 

needed during the estimation. Applying this sampling strategy to a well-posed problem, 

we show that our SSLE can produce accurate estimates of both hydraulic conductivity 

and specific storage fields.   The benefit of hydraulic tomography for ill-posed problems 

is then demonstrated.  Finally, to affirm the robustness of our SSLE approach, we apply 

the SSLE approach to a hypothetical three-dimensional heterogeneous aquifer.  

Key words: transient hydraulic tomography, SSLE, cokriging, temporal correlation, 

hydraulic conductivity, specific storage. 
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1. Introduction 

 Detailed spatial distributions of hydraulic parameters are imperative to improve 

our ability to predict water and solute movement in the subsurface (e.g., Yeh, 1992, 

1998).  Traditional aquifer tests such as pumping tests and slug tests only yield hydraulic 

parameters integrated over a large volume of geologic media (e.g., Butler and Liu, 1993; 

Beckie and Harvey, 2002).  On the other hand, Wu et al. (2005) reported that the classical 

analysis for aquifer tests yields spurious transmissivity estimates and storage coefficient 

estimates that reflect local geology.  For characterizing detailed spatial distributions of 

hydraulic parameters, a new method, hydraulic tomography (Gottlieb and Dietrich, 1995; 

Renshaw, 1996; Yeh and Liu, 2000; Liu et al., 2002; McDermott et al., 2003), which 

evolved from the CAT (Computerized Axial Tomography) scan concept of medical 

sciences and geophysics, appears to be a viable technology.  

 Hydraulic tomography, in simplified terms, is a series of cross-well interference 

tests.  In other words, an aquifer is stressed by pumping water from or injecting water 

into a well, and monitoring the aquifer’s response at other wells. A set of stress/responses 

yields a set of independent equations. Sequentially switching the pumping or injection 

location, without installing additional wells, results in a large number of aquifer 

responses caused by stresses at different locations and, in turn, a large number of 

independent sets of equations.  This large number of sets of equations makes the inverse 

problem (i.e., using aquifer stress and response relation to estimate the spatial distribution 

of hydraulic parameters) better posed, and the subsequent estimate approaches reality.   
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Interpreting data from hydraulic tomography presents a challenge, however.  The 

abundance of data generated during tomography can lead to information overload, and 

cause substantial computational burdens and numerical instabilities (Yeh, 1986, Hughson 

and Yeh, 2000).  Moreover, the interpretation can be non-unique.  Yeh and Liu (2000) 

developed a sequential successive linear estimator (SSLE) to overcome these difficulties. 

The SSLE approach eases the computational burdens by sequentially including 

information obtained from different pumping tests; it resolves the non-uniqueness issue 

by providing the best unbiased conditional mean estimate.  That is, it represents hydraulic 

parameter fields as spatial stochastic processes and seeks their mean distributions 

conditioned on the information obtained from hydraulic tomography, as well as directly 

measured parameter values (such as from slug tests, or core samples).  Using sand box 

experiments, Liu et al. (2002) demonstrated that the combination of hydraulic 

tomography and SSLE is a propitious, cost-effective technique for delineating 

heterogeneity using a limited number of invasive observations.  The work by Yeh and 

Liu (2000), nonetheless, is limited to steady state flow conditions, which may occur only 

under special field conditions. Because of this restriction, their method ignores transient 

head data before flow reaches steady state conditions.  Transient head data, although 

influenced by both hydraulic conductivity and specific storage, are less likely to be 

affected by uncertainty in boundary conditions.  The development of a new estimation 

procedure is required essential so that all datasets collected during hydraulic tomography 

surveys can be fully exploited.  
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Few researchers have investigated transient hydraulic tomography.  Bohling et al. 

(2002) exploited the steady-shape flow regime of transient flow data to interpret 

tomographic surveys.  Under steady-shape conditions at late time of a pumping test 

before boundary effects take place, the hydraulic gradient changes little with time -- a 

situation where sensitivity of head to the specific storage is small. As a consequence, the 

steady-shape method is useful for estimating hydraulic conductivity but not specific 

storage.   

Their steady-shape method relies on the classical least-squares optimization 

method and the Levenberg-Marquardt algorithm (Marquardt, 1963) for controlling 

convergence issues (see Nowak and Cirpka, 2004).  This optimization method is known 

to suffer from non-uniqueness of the solutions if the inverse problem is ill posed and 

regularization (Tikhonov and Arsenin, 1977) or prior covariance of parameters (Nowak 

and Cirpka, 2004) is not used.  The least-squares approach is also computationally 

inefficient if every element in the solution domain (in particular, three-dimensional 

aquifers with multiple, randomly distributed parameters) is to be estimated.  This 

inefficiency augments if the sensitivity matrices required by the optimization are not 

evaluated using an efficient algorithm, such as the adjoint state approach.  

These shortcomings may be the reason that test cases in Bohling et al. (2002) 

were restricted to unrealistic, perfectly stratified aquifers, where the heterogeneity has no 

angular variations, and specific storage is constant and known a priori.  The assumption 

of a spatially constant and known specific storage value for the entire aquifer makes the 

inverse problem almost the same as the steady hydraulic tomography as explored by Yeh 
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and Liu (2000).  Perhaps inversion of the transient tomography by Bohling et al. (2002) is 

less affected by unknown in boundary conditions. Nonetheless, for perfectly horizontal 

layered aquifers, many traditional hydraulic test methods, without resorting to hydraulic 

tomography, can easily estimate hydraulic properties of each layer using just one 

borehole. 

Similar to Vasco et al. (2000), Brauchler et al. (2003) developed a method that 

uses the travel time of a pneumatic pressure pulse to estimate air diffusivity of fractured 

rocks.  Similar to X-ray tomography, their approach relies on the assumption that the 

pressure pulse travels along a straight line or a curve path. Thus, an analytical solution 

can be derived for the propagation of the pressure pulse between a source and a pressure 

sensor.  Many pairs of sources and sensors yield a system of one-dimensional analytical 

equations. A least-squares based inverse procedure developed for seismic tomography 

can then be applied to the system of equations to estimate the diffusivity distribution.   

The ray approach avoids complications involved in numerical formulation of the three-

dimensional forward and inverse problems, but it ignores interaction between adjacent 

ray paths and possible boundary effects.  Consequently, their method requires a large 

number of iterations and pairs of source/sensor data to achieve a comparable resolution to 

that achieved from inverting a three-dimensional model.  Vesselinov et al. (2001) applied 

an optimization technique and geostatistics to pneumatic cross-borehole tests in fractured 

rocks.  Because the baseline of the pneumatic properties is unknown, it is difficult to 

assess the accuracy of their results.  
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To our knowledge, few researchers have developed an inverse method for 

transient hydraulic tomography to estimate both hydraulic conductivity and specific 

storage of aquifers.   For general groundwater inverse problems other than hydraulic 

tomography, Sun and Yeh (1992) assumed a specific storage field that was homogeneous 

and known a priori. They then developed a stochastic inverse method to estimate the 

spatial distribution of transmissivity using only transient head information.  For transient 

hydraulic tomography, Vasco et al. (2000) and Brauchler et al. (2003) estimated 

diffusivity, the ratio of hydraulic conductivity to specific storage, without any attempt to 

separate the two parameters.  

In this paper, we extended the SSLE developed by Yeh and Liu (2000) to 

transient hydraulic tomography for estimating randomly distributed hydraulic 

conductivity and specific storage in 3-D aquifers.  This paper begins with the derivation 

of the SSLE for use with transient hydraulic heads. We introduce a loop iteration scheme 

to improve the accuracy of sequential usage of head data.  We then verify our new 

approach by applying it to a synthetic one-dimensional heterogeneous aquifer.  During 

this one-dimensional test, temporal variation of cross-correlation between transient heads 

and parameters, as well as temporal correlation of transient heads, is investigated. Results 

of this investigation lead to a better understanding of effects of conditioning using head 

measurements on estimates of hydraulic conductivity and specific storage, and an 

effective sampling strategy, as opposed to developing an entire drawdown-time history, 

for efficient inversion of the transient hydraulic tomography data.  Finally, the new SSLE 
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is applied to a hypothetical three-dimensional, heterogeneous aquifer to demonstrate the 

robustness of our new approach.  

 

2. Method 

2.1 Groundwater Flow in Three-dimensional Saturated Media 

 In the following analysis, we assume that groundwater flow in three-dimensional, 

saturated, heterogeneous, porous media can be described by the following equation: 

[ ( ) ] ( ) ( )x x xp s
HK H Q S
t

∂
∇ ⋅ ∇ + =

∂
        (1) 

subject to boundary and initial conditions:  
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where in equation (1), H is total head (L), x is the spatial coordinate (x = {x1,x2,x3}, (L), 

and x3 represents the vertical coordinate and is positive upward), Q(xp) is the pumping 

rate (1/T) at the location xp, K(x) is the saturated hydraulic conductivity (L/T), and Ss(x)  

is the specific storage (L-1). In equation (2), H1 is the prescribed total head at Dirichlet  

boundary Γ1,  q is the specific flux (L/T) at Neumann boundary Γ2, n is a unit vector 

normal to the union of Γ1 and Γ2, and H0 represents the initial total head.   The equations 

are solved by a 3-D finite element approach developed by Srivastava and Yeh (1992) in 

the following analysis. 

 

2.2 Sequential Successive Linear Estimator (SSLE) 
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 The SSLE approach is an extension of the SLE (Successive Linear Estimator) 

approach (Yeh et al., 1996; Yeh and Zhang, 1996; Zhang and Yeh, 1997; Hanna and Yeh, 

1998; Vargas-Guzman and Yeh, 1999, 2002; Hughson and Yeh, 2000).  The SLE 

approach is essentially cokriging (Yeh et al., 1995) -- Bayesian formalism (Kitanidis, 

1986) -- that seeks mean parameter fields conditioned on available point data as well as 

geologic and hydrologic structures (i.e., spatial covariance functions of parameters and 

hydraulic heads, and their cross-covariance functions).  Different from cokriging, SLE 

uses a linear estimator based on differences between observed and simulated hydraulic 

heads successively to update both conditional means and covariances of the estimates 

such that the nonlinear relation between information and parameters is considered.  As a 

stochastic estimator analogous to the direct method of the deterministic approach (Yeh, 

1986), SLE is conceptually the same as but methodologically different from the 

maximum a posterior (McLaughlin and Townley, 1996) and the quasi-linear 

geostatistical inverse approach (Kitanidis, 1995).   

      The SSLE approach relies on the SLE concept to sequentially include data sets 

and update covariances and cross-covariances in the estimation process. The sequential 

method avoids solving huge systems of equations and therefore reduces numerical 

difficulties. The approach has been successfully applied to parameter estimations in 

variably saturated media (e.g., Zhang and Yeh, 1997; Hanna and Yeh, 1998; Hughson 

and Yeh, 2000), steady hydraulic tomography (Yeh and Liu, 2000; Liu et al., 2002), 

electrical resistivity tomography (Yeh et al., 2002); and stochastic information fusion 

(Yeh and Šimůnek, 2002; Liu and Yeh, 2004).   In this study, we extend this inverse 
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approach to incorporate transient hydraulic head data to estimate both hydraulic 

conductivity and specific storage fields.  As the majority of the SSLE method used in this 

study remains similar to that in our previous works, we present only a brief summary, but 

a sensitivity analysis for transient flow, and a new loop iteration scheme are given in 

detail below. 

 To characterize the heterogeneity of geologic formations, the SSLE algorithm 

treats the natural logs of saturated hydraulic conductivity and specific storage as 

stochastic processes. We therefore assume lnK= K  + f and lnSs= S + s, where K and S  

are mean values, and f and s denote the perturbations. The transient hydraulic head 

response to a pumping test in transient hydraulic tomography is represented by H= H +h, 

where H  is the mean and h is the perturbation. Substituting these stochastic variables 

into (1), taking the conditional expectation, and conditioning with some observations of 

head and parameters generates the mean flow equation as 

[ ( ) ] ( ) ( )x x x con
con con p con

HK H Q S
t

∂
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       (3) 

where conK ,  conH , and conS  are conditional effective hydraulic conductivity, hydraulic 

head and specific storage, respectively (Yeh et al., 1996).  Similar to our previous work, 

we seek the conditional effective fields of hydraulic conductivity and specific storage, 

conditioned on the information from transient hydraulic tomography and some direct 

measurements of K and Ss.   

 The estimation procedure starts with a weighted linear combination of direct 

measurements of the parameters and transient head data at different locations to obtain 
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the first estimate of the parameters.  The weights are calculated based on statistical 

moments (namely, means, and covariances) of parameters, the covariances of heads in 

space and time, the cross-covariances between heads and parameters. The first estimate is 

then used in the mean flow equation (3) to calculate the heads at observation locations 

and sampling times (i.e., forward simulation).  Differences between the observed and 

simulated heads are determined subsequently.  A weighted linear combination of these 

differences is then used to improve the previous estimates.   Iterations between the 

forward simulation and estimation continue until the improvement in the estimates 

diminishes to a prescribed value.   

 

a) Sensitivity analysis of transient flow 

 In the above estimation procedure, the head covariance in space and time and its 

cross-covariances with parameters are evaluated using a first-order approximation, which 

involves evaluation of sensitivity matrices of the governing flow equation.  The 

sensitivity matrices are evaluated as follows.   Transient hydraulic heads are expanded in 

a Taylor series about the mean values of parameters. After neglecting second and higher 

order terms, the transient hydraulic head is: 

, ,
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ln ( ) ln ( )
x xx x x x
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           (4) 

The sensitivity terms ,
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H t
S

∂
∂

 in equation (4) are calculated by 

the adjoint state method (Sykes, et al. 1985; Li and Yeh, 1998). We briefly describe the 

method here (refer to Li and Yeh (1998, and 1999), Sun and Yeh (1992) for a detailed 
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derivation). The marginal sensitivity of a performance measure P to a parameter χ is 

defined as  

( )
T

dP G G H d dt
d Hχ χ χΩ

∂ ∂ ∂
= + Ω

∂ ∂ ∂∫ ∫        (5) 

where T and Ω  represent time and spatial domain, respectively. The first term of the 

integral in equation (5) indicates the direct dependence of P on χ , while the second term 

indicates the implicit dependence of P on χ through the heads (Sykes et al., 1985). In this 

case, 

G= ))(( lk ttxxH −−δ          (6) 

representing the hydraulic head at location xk and time tl, where δ is Kronecker delta-

function which equals unity if x equals xk and t equals tl , and equals zero otherwise. We 

choose an arbitrary function *φ  that satisfies 

0))(()( *
*

=−−−∇⋅∇+
∂
∂

lk ttxxK
t

S δφφ                               (7) 

with boundary and final conditions: 

0
1

* =Γφ ,        0])([
2

* =⋅∇ Γnx φK ,  0* == eTtφ     (8) 

(note that equations (7) and (8) are called adjoint state equations); we further assume that 

the initial condition is known a  priori, such that 0 0tφ = = , and hydraulic conductivity and 

specific storage are not correlated to each other.  Thus, the sensitivities of the hydraulic 

head at location xk  and time tl to f and s at location xn  are given by 
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where lnK( nx ) and lnSs ( nx ) are the lnK and lnSs at element n , respectively, when the 

study domain is discretized.. Note that the adjoint state equations are also transient 

problems and need to be solved backwardly in time. Also, the mean transient hydraulic 

heads must be derived beforehand in order to evaluate the sensitivities. The mean flow 

equation is given by equation (3). After *φ and the mean head are calculated, the 

sensitivities obtained from equations (9) and (10) can be used to calculate head 

covariances and its cross-covariances with parameters, using a first-order approximation 

(Hughson and Yeh, 2000).  

 

b) Loop iteration scheme 

                 As indicated by Vargas-Guzman and Yeh (2002) and Yeh and Šimůnek (2002) 

in previous SSLE approaches, the method of adding different data sets sequentially works 

best for linear systems.  The relations between transient head and hydraulic parameters, 

however, are nonlinear; the sequential approach cannot fully exploit the head information. 

For instance, assume two datasets, A and B, are used in an inversion problem. The B 

dataset is added after the A dataset reaches convergence. The SSLE then stops after the B 

dataset converges.  While the final estimates meet the convergence criteria for the B 

dataset, they may not now meet the convergence criteria for the A dataset. In addition, 

adding datasets in different sequences may lead to different results. Therefore, we 

introduced a new loop iteration scheme. 
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 In this loop iteration scheme, the next dataset is added after all the datasets 

already incorporated meet the converge criteria within one loop.  Specifically, a dataset is 

fed into SSLE first, and SSLE then iterates until this dataset meets a converge criterion. 

A new dataset is added afterwards, and SSLE again iterates until the new estimate 

convergences. Instead of adding the next new dataset, the scheme goes back to check the 

convergence for the first dataset. If the converge criterion is not met, the program starts a 

loop iteration in which the iteration involves both the first and second datasets. That is, 

the first dataset is iterated once, and then the second dataset is incorporated and iterated 

once also; we call this process a loop. The loop iteration continues until both datasets 

meet the converge criterion within one loop. Then, the next new dataset is added. The 

algorithm treats this new dataset similarly to the second dataset, except the loop iteration 

now involves three datasets. Additional datasets are added in a similar way.  As a 

consequence, our inverse approach improves estimates throughout the loops, maximizes 

the usefulness of datasets, and alleviates the problems associated with our previous SSLE 

approach.  

        During a transient pumping test, one can record a large number of head observations 

at different times. As stated by Sun and Yeh (1992), simultaneous inclusion of transient 

head data at different times improves the estimates and decreases the head misfit because 

simultaneous inclusion considers the temporal correlation of transient heads.  In our 

approach, we included in the estimation some selected observed heads at different times 

during a pumping activity. The head responses from different pumping tests are included 

sequentially.  
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3. Numerical Examples 

    3.1 One-Dimensional Flow 

 To test our inverse approach, a hypothetical, one-dimensional, horizontal, 

heterogeneous, confined aquifer was used.  The aquifer was 20 meters long and was 

discretized into twenty elements. Each element was one meter long. The left and right 

sides of the aquifer were set as prescribed head conditions with hydraulic heads of 100 m. 

Each element was assigned a hydraulic conductivity value and a specific storage value 

using a stochastic random field generator (Gutjahr, 1989).  The geometric mean of 

hydraulic conductivity was 0.0026 m/s and the geometric mean of specific storage was 

0.0001 m-1. The variance of lnK was 0.5 and the variance of lnSs was 0.2.   The 

correlation scales for both parameters are 5 m and lnK and lnSs are assumed to be 

independent from each other, representing the worst scenario. 

 Using this one-dimensional aquifer, a pumping test was simulated at location x = 

9.5 m with a pumping rate of 0.005 m3/s. The flow approached a steady state condition 

after 19 seconds of pumping; about 95% of total drawdown occurred in the first 8 

seconds of the pumping test. The cross correlation between head and parameters during 

the pumping test was evaluated using a first-order approximation and then examined. 

Figure 1 depicts behaviors of the cross correlation between the observed h at x=9.5 m and 

f’s at different locations in the aquifer at three selected times (2, 4, and 6 seconds).  

Likewise, Figure 2 depicts behaviors of the cross correlation between the h and s’s at the 

three times. The cross correlation between the h and f’s generally decreased with the 
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distance away from the head observation location (x=9.5 m) but the cross correlation over 

the entire aquifer increased with time.  And the number of f’s having significant cross 

correlation (say, cross correlation values greater than 0.4) with the head at the 

observation location increased.  The shapes of the cross-correlation functions are 

different from those in uniform flow (Mizell et al., 1980) due to converging flow and 

boundary conditions.  During a uniform flow, a head value is negatively correlated with 

the hydraulic conductivity values down gradient and positively correlated with the 

hydraulic conductivity up gradient. Figure 2 shows that the cross correlation between the 

h and the s field decreased with time. At early time, strong cross correlations between the 

h and s’s are confined to the vicinity of the observed head location. These cross 

correlations, nevertheless, dropped drastically at late time. The results suggest that a head 

measurement in a well at late time can provide good estimates of f’s over a large portion 

of the aquifer.  On the other hand, head measurements in a well can only yield 

information of the s nearby and only early time data are useful for the estimate of s.  This 

finding supports the conclusion by Wu et al. (2005) that the storage coefficient estimate 

from a traditional aquifer test based on the drawdown-time data in an observation well, 

induced by pumping at another well, is dominated by the local geology between the 

pumping well and the observation well..   Furthermore, to obtain good estimates of f and 

s during hydraulic tomography tests, head information, encompassing the entire pumping 

process -- including early time and late time, should be used.   The resolution of the 

estimated f field will be better than that of the s field because of the localized influence of 

a head measurement on the estimate of s field. 



 

 

51

 The temporal correlation of transient heads was also evaluated. Figure 3 shows 

the contours of the temporal correlation of the head at x= 7.5 m from the beginning of the 

pumping test to 8 seconds. As indicated in the figure, the heads at different times were 

highly correlated, especially at later time. The high correlation suggests that the heads at 

a given observation location at different times provide overlapping information. In 

particular, inclusion of heads at all time steps would be very computational time 

consuming for our estimator because the adjoint equations (7) and (8) must be solved 

once for each head observation in time. Because of the overlapping head information, 

choosing heads at several time steps instead of using heads at all time steps would 

significantly reduce the computation burdens and keep the usefulness of head information.   

 Based on the cross correlation and temporal correlation analysis, we thereafter 

tested our inverse approach for a well-posed inverse problem (deterministic inverse 

problems, Yeh et al., 1996).  The head responses of all elements were collected at 2, 4, 

and 6 seconds, representing early, middle, and late times of the pumping test, respectively. 

One direct hydraulic conductivity measurement and one specific storage measurement 

were also assumed to be known at element #20 (i.e., the boundary fluxes are known).  

Therefore, the necessary and sufficient conditions for inverse modeling (i.e., the transient 

head responses of all elements at two time steps, as well as boundary conditions) are fully 

specified (Sun, 1996 and Yeh and Šimůnek, 2002).  The inverse problem thus becomes 

well posed and both parameter fields can be uniquely determined.  Figures 4 and 5 

compare the true hydraulic conductivity field and specific storage with estimates, 

respectively.  The comparisons indicate that our new algorithm produces accurate 
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estimates for both parameter fields for the deterministic case, and the accuracy of our 

SSLE method is thus ensured.   

 Next, we applied transient hydraulic tomography to the one-dimensional 

heterogeneous aquifer to demonstrate the benefit of a transient hydraulic tomography test. 

Four locations in the one dimensional aquifer were selected as pumping and observation 

wells.  These four wells were located at x=3.5 m, 7.5 m, 11.5 m, and 15.5 m. The first 

pumping activity was initiated at x = 3.5 m, and the corresponding head responses at all 

four wells were recorded.  The pumping rate, pumping time, and observation times were 

the same as the pumping test of the previous deterministic case. The three additional 

pumping tests had the same configuration as the first one, except the pumping was 

initiated at x = 7.5 m, x = 11.5 m, and x = 15.5 m for the second, third, and fourth 

pumping test, respectively.  As a result, a total of 48 head responses were collected to 

estimate both parameters.  Comparisons of the estimated hydraulic conductivity and 

specific storage with true parameters are shown in Figures 6 and 7, respectively. The two 

figures show that, with only four head observation locations out of a total of twenty 

elements of the entire aquifer, the hydraulic tomography with our SSLE approach 

produces close estimates of the true spatial patterns for both parameters.  As 

demonstrated in Figures 6a, b, c, and d, and Figure 7a, b, c, and d, the estimates 

progressively improved as more head responses from tomographic pumping tests were 

incorporated into our SSLE approach. However, the improvement of estimates from the 

third to the fourth pumping test was small, which indicates that excessive pumping tests 
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only offer negligible improvements for the given number of observation wells. These 

findings are similar to those reported by Yeh and Liu (2000). 

   

3.2 Three-Dimensional Heterogeneous Aquifer 

 We subsequently applied our SSLE to transient hydraulic tomography in a 

synthetic three-dimensional heterogeneous confined aquifer. This synthetic 

heterogeneous aquifer was 15 m × 15 m × 15 m, and was discretized into 3375 elements.  

Each element had a uniform size of 1 m × 1 m × 1 m.  The bottom and the top boundaries 

were set as no-flow, and the remaining four sides were assumed to be a prescribed 

hydraulic head of 100 m. A three-dimensional Cartesian coordinate system was used for 

spatial references.  The coordinates of the bottom corner at the inner center of the cube 

(see Figure 8) were assigned to be (0, 0, 0) and the upper corner opposite to the bottom 

corner was assigned as (15, 15, 15).  The heterogeneous parameter fields again were 

generated by the spectral method (Gutjahr, 1989). The geometric mean of K was 0.34 

m/d and the variance of lnK was 0.5, while the geometric mean of Ss was 0.0002 m-1 and 

the variance of lnSs was 0.1. The correlation scales in the x, y, and z directions were 20 m, 

20 m, and 2 m, respectively.  

 Four fully penetrating, multi-level wells were placed vertically in the aquifer. The 

horizontal coordinates for the four wells were (3.5, 3.5), (11.5, 3.5), (3.5, 11.5), and (11.5, 

11.5). Each well had seven head observation ports whose vertical coordinates were 1.5 m, 

3.5 m, 5.5 m, 7.5 m, 9.5 m, 11.5 m, and 13.5 m, respectively. Each well also had two 

pumping ports whose vertical coordinates were 4.5 m and 10.5 m, respectively. One 
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direct hydraulic conductivity measurement and one specific storage measurement were 

assumed to be known at location (3.5, 3.5, 8.5).  A pumping test was performed at one of 

the pumping ports with a constant pumping rate of 150 m3/d. The pumping test was 

simulated for 0.01 day with a time step of 0.0005 day. The head responses at all 28 

observation points were monitored at time 0.002 day, 0.006 day, and 0.01 day. Seven 

additional pumping tests were simulated, using the same pumping rate and pumping time 

period, but different pumping ports.  A total of 672 head observations were used in our 

SSLE approach to simultaneously estimate hydraulic conductivity and specific storage.   

 The SSLE was implemented on a parallel computing platform using the LINUX 

operating system; the interpretation of the hydraulic tomography tests was carried out 

using a 10-node PC cluster (Pentium 4 2.8 GHz CPU each); the total computing time for 

the interpretation was 610 minutes.   

         Figures 8a, b, c, and d plot the estimated hydraulic conductivity after two, four, 

six, and eight pumping tests, respectively, and the true hydraulic conductivity field is 

shown in Figure 8e.   The estimated specific storage fields after two, four, six, and eight 

pumping tests are illustrated in Figures 9a, b, c, and d with the true field shown in Figure 

9e.  Both figures 8 and 9 show that the general pattern of heterogeneity of the aquifer  

was already captured by just from the first two pumping tests; after eight pumping tests 

greater details were revealed, but the improvement rate diminished as more pumping tests 

were conducted.   

 Figure 10a shows a frequency distribution with the mean and variance of the 

difference between the true log hydraulic conductivity field and that estimated (i.e., 
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estimation errors) after eight pumping tests and the distribution of the estimation error of 

log specific storage and their mean and variance are illustrated in Figure 10b.   The error 

distributions are approximately normal, indicative of unbiasness of our estimator.  The 

slight bias in the estimates can be attributed to the effective nature of the estimated 

parameters (Yeh et al., 1996; Hanna and Yeh, 1998).  The horizontal and vertical 

variograms of estimated and true hydraulic conductivity and specific storage fields are 

depicted in figures 11a and b, respectively.   Generally speaking, variograms of the 

estimates are similar to those of the true fields, in both horizontal and vertical directions. 

The variances of the estimates are expected to be lower and their correlation scales were 

longer than true ones (see Table 1). This difference is due to the conditional expectation 

approach embedded in the SSLE method and insufficient data.    

        Robust as they are, neither the hydraulic tomography nor our SSLE is a perfect 

method. The more head observations are collected, the higher the resolution of the 

estimates will be (i.e., there is no optimal).  Inaccurate head observations and hydraulic 

property measurements (i.e., noises) during hydraulic tomography unequivocally can lead 

to an inaccurate estimate or instability of the estimate.  While our SSLE can overcome 

the impacts of noise, the estimates become smooth, which means there is a loss of 

effectiveness of information.    These issues have been discussed in Yeh and Liu (2000). 

 

4 Conclusions 

 The synthetic cases show that transient hydraulic tomography is a promising and 

viable tool for detecting detailed spatial variation of hydraulic parameters with a limited 
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number of wells. Our SSLE can provide unbiased estimates of multiple parameters 

simultaneously, and reveal their detailed spatial distributions.  In addition, our SSLE 

permits sequential inclusion of head data from different pumping tests, such that the size 

of the covariance matrix is small and can be solved with relative ease.  By using a loop-

iteration scheme, our new SSLE improves estimates throughout the loops and maximizes 

the usefulness of head information.  

 The cross correlation analysis shows that the correlation between head and 

specific storage is high at early time, diminishes rapidly with time, and is confined to the 

vicinity of the head observation location.  On the contrary, the correlation between head 

and hydraulic conductivity increases and the area with high correlations broadens with 

time. To simultaneously estimate hydraulic conductivity and specific storage parameters, 

head data at both early and late times thus should be used.  

 The transient heads are highly temporally correlated, especially at later times.  

Such a temporal correlation structure allows our SSLE to use only a few selected heads at 

some time steps, instead of all available heads at all time steps, to reduce computational 

cost, while keeping the usefulness of the head information. 

  Our SSLE approach involves backward calculation of adjoint equations during 

the sensitivity analysis for transient flow. For the same number of observation locations, 

a transient pumping test generates much more head information than a steady state 

pumping test. Even when head data are used for only a few selected time steps, instead of 

all time steps, the computational burden of transient hydraulic conductivity is 

significantly greater than steady state hydraulic tomography. More computationally 
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efficient methodologies must be developed to improve the analysis of transient hydraulic 

tomographic surveys.  Finally, a 2-D version of SSLE for the transient hydraulic 

tomography is available at http://tian.hwr.arizona.edu/yeh/download. 

 

5 Acknowledgement 

 The work reported was supported by NSF grant #EAR-0229717, a SERDP grant 

subcontracted through University of Iowa, and NSF #IIS-0431079.  Our gratitude is also 

is extended to Tim Corely and Martha P.L. Whitaker for editing. We are grateful for 

useful and constructive comments from three anonymous reviewers.  



 

 

58

References: 

Beckie, R., and C. F. Harvey (2002), What does a slug test measure: An investigation of 
instrument response and the effects of heterogeneity, Water Resour. Res., 38(12), 1290, 
doi:10.1029/2001WR001072. 
 
Bohling, G. C., X. Zhan, J. J. Butler Jr., and L. Zheng (2002), Steady shape analysis of 
tomographic pumping tests for characterization of aquifer heterogeneities, Water Resour. 
Res., 38(12), 1324, doi:10.1029/2001WR001176. 
 
Brauchler, R., R. Liedl, and P. Dietrich (2003), A travel time based hydraulic 
tomographic approach, Water Resour. Res., 39(12), 1370, doi:10.1029/2003WR002262. 
Butler, J. J., Jr., and W. Z. Liu (1993), Pumping tests in non uniform aquifers: The 
radially asymmetric case, Water Resour. Res., 29(2), 259–269. 
 
Gottlieb, J., and P. Dietrich (1995), Identification of the permeability distribution in soil 
by hydraulic tomography, Inverse Probl., 11, 353– 360. 
 
Gutjahr, A. (1989), Fast Fourier transforms for random field generation, project report, 
contract 4-R58-2690 R, N. M. Inst. of Min. and Technol., Socorro. 
 
Hanna, S., and T.-C. J. Yeh (1998), Estimation of co-conditional moments of 
transmissivity, hydraulic head, and velocity fields, Adv. Water Resour., 22(1), 87– 95. 
 
Hughson, D. L., and T.-C. J. Yeh (2000), An inverse model for three dimensional flow in 
variably saturated porous media, Water Resour. Res., 36(4), 829– 839. 
 
Kitanidis, P. K. (1986), Parameter uncertainty in estimation of spatial functions: 
Bayesian-analysis, Water Resour. Res., 22(4), 499– 507. 
 
Kitanidis, P. K. (1995), Quasi-linear geostatistical theory for inversing, Water Resour. 
Res., 31(10), 2411– 2419. 
 
Li, B., and T.-C. J. Yeh (1998), Sensitivity and moment analysis of head in variably 
saturated regimes, Adv. Water Resour., 21(6), 477– 485. 
 
Li, B., and T.-C. J. Yeh (1999), Cokriging estimation of the conductivity field under 
variably saturated flow conditions, Water Resour. Res., 35(12), 3663–3674. 
 
Liu, S., and T.-C. J. Yeh (2004), An integrative approach for monitoring water movement 
in the vadose zone, Vadose Zone J., 3, 681– 692. 
 
Liu, S., T.-C. J. Yeh, and R. Gardiner (2002), Effectiveness of hydraulic tomography: 
Sandbox experiments, Water Resour. Res., 38(4), 1034, doi:10.1029/2001WR000338. 



 

 

59

Marquardt, D. W. (1963), An algorithm for least squares estimation of nonlinear 
parameters, J. Soc. Ind. Appl. Math., 2, 431–441. 
 
McDermott, C. I., M. Sauter, and R. Liedl (2003), New experimental techniques for 
pneumatic tomographical determination of the flow and transport parameters of highly 
fractured porous rock samples, J. Hydrol., 278(1 –4), 51– 63. 
 
McLaughlin, D., and L. R. Townley (1996), A reassessment of the groundwater inverse 
problem, Water Resour. Res., 32(5), 1131– 1162. 
 
Mizell, S. A., L. W. Gelhar, and A. L. Gutjahr (1980), Stochastic analysis of spatial 
variability in two-dimensional groundwater flow with implications for observation-well-
network design, Rep. H-6, Geophys. Res. Cent., N. M. Inst. of Min. and Technol., 
Socorro. 
 
Nowak, W., and O. A. Cirpka (2004), A modified Levenberg-Marquardt algorithm for 
quasi-linear geostatistical inversing, Adv. Water Resour., 27(7), 737– 750. 
 
Renshaw, C. E. (1996), Estimation of fracture zone geometry from steady state hydraulic 
head data using iterative sequential cokriging, Geophys. Res. Lett., 23(19), 2685– 2688. 
 
Srivastava, R., and T.-C. J. Yeh (1992), A three-dimensional numerical model for water 
flow and transport of chemically reactive solute through porous media under variably 
saturated conditions, Adv. Water Resour., 15, 275– 287. 
 
Sun, N.-Z. (1994), Inverse Problems in Groundwater Modeling, pp. 20–24, Springer, 
New York. 
 
Sun, N.-Z., and W. W.-G. Yeh (1992), A stochastic inverse solution for transient 
groundwater flow: Parameter identification and reliability analysis, Water Resour. Res., 
28(12), 3269– 3280. 
 
Sykes, J. F., J. L. Wilson, and R. W. Andrews (1985), Sensitivity analysis for steady state 
groundwater flow using adjoint operators, Water Resour. Res., 21(3), 359– 371. 
 
Tikhonov, A. N., and V. Y. Arsenin (1977), Solutions of Ill-Posed Problems, John Wiley, 
Hoboken, N. J. 
 
Vargas-Guzman, A. J., and T.-C. J. Yeh (1999), Sequential kriging and cokring: Two 
powerful geostatistical approaches, Stochastic Environ. Res. Risk Assess., 13, 416– 435. 
 
Vargas-Guzman, A. J., and T.-C. J. Yeh (2002), The successive linear estimator: A revisit, 
Adv. Water Resour., 25, 773–781. 



 

 

60

Vasco, D. W., H. Keers, and K. Karasaki (2000), Estimation of reservoir properties using 
transient pressure data: An asymptotic approach, Water Resour. Res., 36(12), 3447–3465. 
 
Vesselinov, V. V., S. P. Neuman, and W. A. Illman (2001), Three-dimensional numerical 
inversion of pneumatic cross-hole tests in unsaturated fractured tuff: 2. Equivalent 
parameters, high-resolution stochastic imaging and scale effects, Water Resour. Res., 
37(12), 3019– 3042. 
 
Wu, C.-M., T.-C. J. Yeh, J. Zhu, T. H. Lee, N.-S. Hsu, C.-H. Chen, and A. F. Sancho 
(2005), Traditional analysis of aquifer tests: Comparing apples to oranges?, Water Resour. 
Res., 41, W09402, doi:10.1029/2004WR003717.  
 
Yeh, T.-C. J. (1992), Stochastic modeling of groundwater flow and solute transport in 
aquifers, J. Hydrol. Processes, 6, 369–395. 
 
Yeh, T.-C. J. (1998), Scale issues of heterogeneity in vadose-zone hydrology, in Scale 
Dependence and Scale Invariance in Hydrology, edited by G. Sposito, Cambridge Univ. 
Press, New York. 
 
Yeh, T.-C. J., and S. Liu (2000), Hydraulic tomography: Development of a new aquifer 
test method, Water Resour. Res., 36(8), 2095–2105. 
 
Yeh, T.-C. J., and J. Šimůnek (2002), Stochastic fusion of information for characterizing 
and monitoring the vadose zone, Vadose Zone J., 1, 207–221. 
 
Yeh, T.-C., and J. Zhang (1996), A geostatistical inverse method for variably saturated 
flow in the vadose zone, Water Resour. Res., 32(9), 2757–2766. 
 
Yeh, T.-C. J., A. L. Gutjahr, and M. H. Jin (1995), An iterative cokriging like technique 
for ground water flow modeling, Ground Water, 33(1), 33– 41. 
 
Yeh, T.-C. J., M. Jin, and S. Hanna (1996), An iterative stochastic inverse approach: 
Conditional effective transmissivity and head fields, Water Resour. Res., 32(1), 85– 92. 
 
Yeh, T.-C. J., S. Liu, R. J. Glass, K. Baker, J. R. Brainard, D. Alumbaugh, and D. 
LaBrecque (2002), A geostatistically based inverse model for electrical resistivity 
surveys and its applications to vadose zone hydrology, Water Resour. Res., 38(12), 1278, 
doi:10.1029/2001WR001204. 
 
Yeh, W. W.-G. (1986), Review of parameter-identification procedures in groundwater 
hydrology: The inverse problem, Water Resour. Res., 22(2), 95– 108. 
 
Zhang, J., and T.-C. J. Yeh (1997), An iterative geostatistical inverse method for steady 
flow in the vadose zone, Water Resour. Res., 33(1), 63–71. 



 

 

61

Figure Captions: 

Figure 1. Cross correlation between h at x=9.5 m and f’s at different locations for three 

selected times during a pumping test. 

Figure 2. Cross correlation between h at x=9.5 m and s’s at different locations for three 

selected times during a pumping test. 

Figure 3. Temporal correlation of transient heads at x =7.5 m during a pumping test. 

Figure 4. Comparison of estimated hydraulic conductivity with true hydraulic 

conductivity in a deterministic case. 

Figure 5. Comparison of estimated specific storage with true specific storage in a 

deterministic case. 

Figure 6 Estimated hydraulic conductivity from transient hydraulic tomography (a) 

estimates from the first pumping test; (b) estimates from the additional second pumping 

test; (c) estimates from the additional third pumping tests; (d) estimates from the four 

pumping tests.  

Figure 7 Estimated specific storage from transient hydraulic tomography (a) estimates 

from the first pumping test; (b) estimates from the additional second pumping tests; (c) 

estimates from the additional third pumping tests; (d) estimates from the fourth pumping 

tests.  

Figure 8 Comparison between estimated hydraulic conductivity with the true field in a 

three dimensional aquifer: estimated hydraulic conductivity field after (a) two, (b) four, (c) 

six, (d) and eight pumping tests, and (e) the synthetic true hydraulic conductivity field. 
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Figure 9.  Comparison between estimated specific storage with the true field in a three 

dimensional aquifer: estimated specific storage field after (a) two, (b) four, (c) six, (d) 

and eight pumping tests, and (e) the synthetic true specific storage field. 

Figure 10 Frequency distributions of estimation errors: (a) hydraulic conductivity field 

and (b) specific storage field of a three-dimensional aquifer 

Figure 11.  Comparison of variograms between (a) estimated hydraulic conductivity with 

true field; (b) estimated specific storage with true field in a three-dimensional aquifer. 
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Table 1: Comparison of Statistical properties of the 3-D aquifer 

 true lnK estimated lnK true lnSs estimated lnSs

mean  -1.079 -0.96 -8.52 -8.47 
variance  0.50 0.30 0.10 0.06 
horizontal correlation scale(m) 20 30 20 35 
vertical correlation scale (m) 2 4 2 6 
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Figure 1. Cross correlation between h at x=9.5 m and f’s at different locations for three 

selected times during a pumping test. 
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Figure 2. Cross correlation between h at x=9.5 m and s’s at different locations for three 

selected times during a pumping test. 
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Figure 3. Temporal correlation of transient heads at x =7.5 m during a pumping test. 
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 Figure 4. Comparison of estimated hydraulic conductivity with true hydraulic 

conductivity in a deterministic case. 
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Figure 5. Comparison of estimated specific storage with true specific storage in a 

deterministic case. 
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Figure 6 Estimated hydraulic conductivity from transient hydraulic tomography (a) 

estimates from the first pumping test; (b) estimates from the additional second pumping 

test; (c) estimates from the additional third pumping tests; (d) estimates from the four 

pumping tests.  
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Figure 7 Estimated specific storage from transient hydraulic tomography (a) estimates 

from the first pumping test; (b) estimates from the additional second pumping tests; (c) 

estimates from the additional third pumping tests; (d) estimates from the fourth pumping 

tests.  
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Figure 8 Comparison between estimated hydraulic conductivity and the true field in a 

three dimensional aquifer: estimated hydraulic conductivity field after (a) two, (b) four, (c) 

six, (d) and eight pumping tests, and (e) the synthetic true hydraulic conductivity field. 
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Figure 9.  Comparison between estimated specific storage field and the true field in a 

three dimensional aquifer: estimated specific storage field after (a) two, (b) four, (c) six, 

(d) and eight pumping tests, and (e) the synthetic true specific storage field. 
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Figure 10 Frequency distributions of estimation errors: (a) hydraulic conductivity field 

and (b) specific storage field of a three-dimensional aquifer 
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Figure 11 comparison of variograms for (a) estimated hydraulic conductivity and true 

field; (b) estimated specific storage and true field in a three-dimensional aquifer 
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Abstract 

 Transient hydraulic tomography (THT) is a potentially cost-effective and high-

resolution technique for mapping spatial distributions of the hydraulic conductivity and 

specific storage in aquifers. Interpretation of abundant well hydrographs of a THT survey 

however is a computational challenge. We take on this challenge by developing an 

estimation approach that utilizes the zeroth and first temporal moments of well 

hydrographs, instead of drawdown itself.  The governing equations for the temporal 

moments are Poisson’s equations.  These equations demand less computational resources 

as opposed to the parabolic equation that governs drawdown evolution.  Likewise, the 

adjoint equations for evaluating sensitivities of the moments for parameter estimation 

also take the same forms.  Therefore, a temporal moment approach is expected to 

expedite the interpretation of THT surveys.  Based on this premise, we extend our 

sequential successive linear estimator (SSLE) to use the zeroth moment and characteristic 

time of the drawdown-recovery data generated by THT surveys.  We subsequently 

investigate computational efficiency and accuracy of the moment approach.   Results of 

the investigation show that the temporal moment approach yields results similar to those 

from the approach that uses transient heads but at significantly less computational costs.  

Limitations using temporal moments are discussed subsequently.  

Key words: SSLE, transient hydraulic tomography, temporal moments, drawdown, 

hydraulic conductivity, specific storage. 
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1. Introduction 

 Multi-scale heterogeneity of geologic media is a rule rather than the exception.  

The knowledge of detailed spatial distributions of hydraulic properties is imperative to 

predict water and solute movement in the subsurface at high resolution [e.g., Yeh, 1992, 

1998].  Traditional aquifer tests (e.g., pumping and slug tests) have been widely 

employed for estimating hydraulic properties of the subsurface for the last few decades.  

Besides their costly installation and invasive natures, Beckie and Harvey [2002] reported 

that slug tests can yield dubious estimates of the storage coefficient of aquifers.  Validity 

of classical analysis for aquifer tests was also questioned by Wu et al. [2005].  They 

reported that the storage coefficient, S, value obtained from the traditional Theis analysis 

primarily represents a weighted average of S values over the region between the pumping 

and observation wells.    In contrast to the S estimate, the transmissivity, T, estimate is a 

weighted average of all T values in the entire domain with relatively high weights near 

the pumping well and the observation well.  In concordance with the finding by Oliver 

[1993], Wu et al. [2005] concluded that the T estimate can be influenced by any large-

sized or strong anomaly within the cone of depression.  Thus, interpretation of the 

meaning of T estimates can be highly uncertain.  As a result, previous assessments of 

transmissivity distributions of aquifers may be subject to serious doubt.   

 Hydraulic tomography [Gottlieb and Dietrich, 1995; Yeh and Liu, 2000; Liu et al., 

2002; Bohling et al., 2002; Zhu and Yeh, 2005], based on the CAT (Computerized Axial 

Tomography) scan concept of medical sciences, is potentially a viable technology for 
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characterizing detailed spatial distributions of the hydraulic properties. Hydraulic 

tomography, in a simple term, is a series of cross-well interference tests.  More precisely, 

hydraulic tomography involves stressing an aquifer by pumping water from or injecting 

water into a well, and monitoring the aquifer’s response at other wells. A set of stress and 

response data yields an independent set of equations. Sequentially switching the pumping 

or injection location, without installing additional wells, results in a large number of 

aquifer responses induced by the stresses at different locations and thus, a large number 

of independent sets of equations.  This large number of sets of equations makes the 

inverse problem (i.e., using aquifer stress and response relation to estimate the spatial 

distribution of hydraulic parameters) better posed, and the subsequent estimates approach 

reality.   

Interpretation of hydraulic tomography surveys however is a numerical challenge.  

The large number of well hydrographs generated during tomography often leads to 

information overload, substantial computational burdens, and numerical instabilities 

[Hughson and Yeh, 2000].  To overcome these difficulties, Yeh and Liu [2000] 

developed a sequential successive linear estimator (SSLE) approach.  This approach 

eases the computational burdens by sequentially including information obtained from 

different pumping tests; it resolves the non-uniqueness issue by providing an unbiased 

mean of an abstracted stochastic parameter rather than the actual parameter.  That is, it 

conceptualizes hydraulic parameter fields as spatial stochastic processes and seeks their 

conditional effective parameter distributions.  The conditional effective parameters are 

conditioned on the data obtained from and governing physical principles of hydraulic 
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tomography, as well as our prior knowledge of the geologic structure, and directly 

measured parameter values (such as from slug tests, or core samples).  The SSLE 

approach in essence is the Bayesian formalism.  Sand box experiments by Liu et al. [2002] 

and Illman et al., [2005] proved that the combination of hydraulic tomography and SSLE 

is a viable, cost-effective technique for delineating heterogeneity using a limited number 

of invasive observations.  The work by Yeh and Liu [2000], nonetheless, is limited to 

steady state flow conditions, which may occur only under special field conditions. 

Because of this restriction, their method ignores transient head data before flow reaches 

steady state conditions.   

Several researchers have investigated THT.  Bohling et al. [2002] exploited the 

steady-shape flow regime of transient flow data to interpret tomographic surveys.  

Similar to Vasco et al. [2000], Brauchler et al. [2003] developed a method that uses the 

travel time of a pneumatic pressure pulse to estimate air diffusivity of fractured rocks.  As 

in X-ray tomography, their approach relies on the assumption that the pressure pulse 

travels along a straight line or a curved path. Thus, an analytical solution can be derived 

for the propagation of the pressure pulse between a source and a pressure sensor.  Many 

pairs of sources and sensors yield a system of one-dimensional analytical equations. A 

least-squares based inverse procedure developed for seismic tomography can then be 

applied to the system of equations to estimate the diffusivity distribution.   The ray 

approach avoids complications involved in numerical formulation of the three-

dimensional forward and inverse problems, but it ignores interaction between adjacent 

ray paths and possible boundary effects.  Consequently, their method requires an 
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extensive number of iterations and pairs of source/sensor data to achieve a comparable 

resolution to that achieved from inverting a three-dimensional model.  Vesselinov et al. 

[2001] applied an optimization technique and geostatistics to interpret pneumatic cross-

borehole tests in fractured rocks.   

Recently, Zhu and Yeh [2005] extended the SSLE approach to THT to estimate 

both spatially varying hydraulic conductivity and specific storage fields in 3-D random 

media.  They demonstrated that it is possible to obtain detailed hydraulic conductivity 

and specific storage fields of aquifers using few wells with THT surveys.  But as the size 

of the field site to be characterized increases and the demands of resolution increases, the 

computational burden increases significantly.  A computationally efficient algorithm 

therefore must be developed for speedy analysis of the THT surveys.  For basin-scale 

naturally recurrent tomographic surveys (such as river-stage tomography, Yeh et al. 

[2004]), development of such a technology is imperative.  

 In this study, inspired by the moment generating function approach by Harvey 

and Gorelick [1995], we develop the temporal moment-generation equation for impulse 

pumping tests, similar to the recent work by Li et al. [2005].  While Li et al. [2005] focus 

on applying temporal moments to a single impulse pumping test, we apply the temporal 

moments to transient hydraulic tomography.  Specifically, we incorporate the zeroth and 

first temporal moments of well hydrographs into the SSLE inverse approach [Yeh and 

Liu, 2000] for THT.  In addition, we implement a loop iteration scheme [Zhu and Yeh, 

2005] to avoid the effects of sequential addition of moment information. By directly 

comparing the estimation using the temporal moments with that using transient heads, we 
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thereafter investigate the temporal moment approach in terms of computational efficiency 

and accuracy of estimation.  Last, limitations of the moment approach are discussed. 

 

2. Methodology 

 
2.1 Derivation of moment equations 
 
    Groundwater flow induced by pumping in three-dimensional, saturated, heterogeneous 

geologic media is assumed to be described by the following equation: 

    [ ( ) ] ( , ) ( )x x xp S
HK H Q t S
t

∂
∇ ⋅ ∇ + =

∂
   (1) 

subject to boundary conditions:  

  11
HH =Γ   and qHK =⋅∇ Γ2

])([ nx ,  

and initial condition:   

  0 0( ) ( )x xtH H= =        (2) 

In Eq. (1), H is the total head (L), x is the spatial coordinate (x = {x, y, z}, (L), and z 

represents the vertical coordinate and is positive upward), Q(xp, t) is the pumping rate per 

unit volume at location x p , K(x) is the saturated hydraulic conductivity (L/T), and Ss(x)  

is the specific storage (L-1). In Eq. (2), H1 is the prescribed total head at Dirichlet  

boundary Γ1,  q is the specific flux (L/T) at Neumann boundary Γ2, n is a unit vector 

normal to the boundary, and H0(x) represents the initial total head distribution under a 

steady state condition.    
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 If we define drawdown as s = H-H0, then the drawdown form of the three-

dimensional saturated flow equation is given by 

   0[ ( ) ] [ ( ) ] ( , ) ( )x x x xp s
sK s K H Q t S
t
∂

∇ ⋅ ∇ + ∇ ⋅ ∇ + =
∂

  (3) 

with boundary and initial conditions: 

 
1

0s Γ = , 
2 0[ ( ) ]x nK s q K HΓ∇ ⋅ = − ⋅∇ ,   and 0 0ts = = .   (4) 

In Eq. (3), ])([ 0HK ∇⋅∇ x  represents the divergence of the regional flow prior to 

pumping tests and is zero as long as it is steady. Applying a moment generating function 

approach [Harvey and Gorelick, 1995] to the drawdown-time data, the nth temporal 

moments of drawdown at location xi  are given by  

   
0

( ) ( , )x xn
n i iM t s t dt

∞
= ∫      (5) 

where Mn(xi) is the nth temporal moment of drawdown at location xi .  Notice that 

Y= 1 0/M M  is a characteristic time depicting the arrival time of the center of the area 

under a drawdown-recovery curve. Multiplying Eq. (3) with tn and integrating over time 

from 0 to infinite gives 

00 0 0 0
[ ( ) ] [ ( ) ] ( , ) ( )x x x xn n n n

p s
st K s dt t K H dt t Q t dt t S dt
t

∞ ∞ ∞ ∞ ∂
∇ ⋅ ∇ + ∇⋅ ∇ + =

∂∫ ∫ ∫ ∫   (6) 

Substituting Eq. (5) into Eq. (6), assuming that the regional flow is steady (i.e., the 

second term on the left-hand side of Eq. (6) is zero), and that the duration of pumping at 

location x p  with a constant rate of Q is τ , and using integration by parts for the right-

hand term, we obtain the moment equation:    
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1

10
[ ( ) ] ( ) ( ) ( )

1
x x x x

n t
n

n p s s nt
K M Q S st S nM

n
τ + =∞

−=
∇ ⋅ ∇ + = −

+
    (7) 

Applying the same procedure to Eq. (4), the boundary conditions for Eq. (7) become  

1
0nM Γ =     and 

2 00( ) ( )x n nn

i

MK t q K H dt
x

∞
Γ

∂
⋅ = − ∇∫

∂
      (8) 

Letting n=0 in Eq. (7) leads to the zeroth moment equation 

0 0
[ ( ) ] ( ) ( )x x x

t

p S t
K M Q S sτ

=∞

=
∇ ⋅ ∇ + =        (9) 

The zeroth moment represents the area under the drawdown-recovery curve. The solution 

to Eq. (9) requires our knowledge of drawdown at every point in the solution domain at 

both initial and final time.  While drawdown at t=0 is generally zero everywhere, the 

spatial distribution of the drawdown in a real-world aquifer after pumping starts is 

difficult to know with a limited number of wells and current technologies.  The final 

drawdown throughout the aquifer however will be zero after pumping is stopped and 

enough time is allowed for aquifer to recover.  If this is the case, then, Eq. (9) becomes 

  0[ ( ) ] ( ) 0x x pK M Q∇⋅ ∇ + τ =       (10) 

The associated boundary conditions are 

 
10 0M Γ =   and  

2

0
00( ) ( )x n

i

MK q K H dt
x

∞
Γ

∂
⋅ = − ∇∫

∂
    (11) 

Now, setting n=1 in Eq. (7), the governing equation for the first moment is  

 
2

1 0[ ( ) ] ( ) ( ) 0
2

x x xp SK M Q S Mτ
∇ ⋅ ∇ + + =      (12) 

The associated boundary conditions are 
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11 0M Γ =   and  

2

1
00

( ) ( )x nMK t q K H dt
x

∞

Γ
∂

⋅ = − ∇
∂ ∫     (13) 

Eqs. (10), (11), (12), and (13) are essentially the governing equations for the zeroth and 

first temporal moments of drawdown anywhere in the aquifer induced by a single 

pumping during a hydraulic tomographic survey.   They are identical to those equations 

developed by Li et al. [2005] for an aquifer test that involves one pumping location in an 

aquifer. By using the moments of the drawdown, a parabolic equation (i.e., Eq. 1) has 

been transformed to two Poisson’s equations (Eq. 10 and Eq. 12).  In other words, the 

governing transient groundwater flow equation is replaced by two steady equations which 

can be solved directly without using any time-march scheme.  

 

2.2 Sequential Inverse Algorithm 

 Our estimation technique using drawdown moments from hydraulic tomography 

is based on the sequential successive linear estimator (SSLE) developed by Yeh et al. 

[1996], Zhang and Yeh [1997], Li and Yeh [1999], Hughson and Yeh [2000], Vargas and 

Yeh [1999 and 2002], Yeh and Liu [2000], Liu and Yeh [2004], in particular, Zhu and 

Yeh [2005].  We first assume that the natural logs of saturated hydraulic conductivity and 

specific storage are stochastic processes. One advantage of using the natural logarithm is 

that it avoids negative values of the parameters during the estimation. We then assume 

lnK= K  + f and lnSs= S + b, where ln denotes natural logarithm; K and S  are mean 

values; f and b denote the perturbations.  Similarly, the zeroth moment of drawdown 

induced by a pumping test during transient hydraulic tomography can be decomposed 
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into two parts: M0= 0 0M m+ , where 0M  is the mean and 0m  is the perturbation. The 

characteristic time Y can also be decomposed as Y Y y= + , where Y  is the mean and y is 

the perturbation.  Expanding the zeroth moment and characteristic time in a Taylor 

series about the mean values of parameters, and neglecting second and higher order terms, 

the perturbations at location i can be expressed as: 

0

0
0 ln,ln

fJi
i j M KK S

j

Mm f
K

∂
= =

∂
   ln ln, ,ln ln

fJ bJi i
i j j Y K Y SK S K S

j j

Y Yy f b
K S

∂ ∂
= + = +

∂ ∂
 (14) 

where a repeated subscript implies summation of its range. In Eq. (14), jf and jb are 

perturbation of lnK and lnS at location j and j=1, …N, which is the total number of 

elements in the domain,  and they are denoted by matrices f and b. The sensitivity 

matrices of 0M and Y at location i with respect to lnK and lnS perturbation at location j 

are given by
0

0
ln ln

J i
M K

j

M
K

∂
=
∂

, ln ln
J i

Y K
j

Y
K

∂
=
∂

and ln ln
J i

Y S
j

Y
S

∂
=
∂

.   Assuming K and Ss are 

independent from each other, the covariances of 0m  and y, and the cross-covariance 

between 0m and f , between y and f, and between y and b can be obtained by a first-order 

analysis and is expressed as 

  

0 0 0 0

0 0

ln ln

ln ln ln ln

ln

ln

ln

R (x ,x ) = J R (x ,x )J

R (x ,x ) = J R (x ,x )J J R (x ,x )J

R (x ,x ) = J R (x ,x )

R (x ,x ) = J R (x ,x )

R (x ,x ) = J R (x ,x )

T
m m i j M K ff i j M K

T T
yy i j Y K ff i j Y K Y S bb i j Y S

m f i j M K ff i j

yb i j Y S bb i j

yf i j Y K ff i j

+

  (15)  

where R (x ,x )ff i j  and  R (x ,x )bb i j  are covariance matrices of f and b between location xi  

and x j ,  respectively. 
0

R (x ,x )m f i j , R (x ,x )yf i j , R (x ,x )yb i j  are cross-covariance matrices 
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between 0m and f , y and f, and y and b, respectively. 
0 0

R (x ,x )m m i j  and R (x ,x )yy i j are 

covariance matrices of 0m and y, respectively. The superscript T represents the transpose 

of the matrix.  

 The estimate of f at location xi , ˆ ( )xif , is then derived using a linear multi-variate 

estimator: 

 
0

* * *
0

ˆ ( ) 1,... ; 1,... ; 1,...xi j j k k f m yf f m y j N k N N= + + = = =α λ β  (16) 

where jα , kλ and lβ  are weights. fN , 
0mN  and yN  are the total number of f, zeroth 

moment, and characteristic time measurements, respectively.  Measurements for 

hydraulic conductivity, zeroth moment, and characteristic time are denoted by *f , *
0m , 

and *y , respectively.  Similarly, the estimate of b at location xi , ˆ( )xib , is given by 

   * *ˆ( ) 1,... ; 1,...xi n n b yb b y n N N= + = =ε µ   (17) 

where nε and kµ  are weights, and bN  is the total number of *b ’s, which are specific 

storage measurements. All weights are evaluated based on the covariance and cross 

covariances (Eq. 15) [see Hughson and Yeh, 2000].  Our inverse algorithm then 

successively updates parameter estimates and residual covariances and sequentially 

includes data sets from different pumping tests. The updating and sequentially inclusion 

procedures are not presented here. Detailed derivations are described by Hughson and 

Yeh [2000] for inversion of unsaturated flow, Yeh and Liu [2000] for hydraulic 

tomography, and Yeh et al., [2002] for electrical resistivity tomography. 
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 2.3 Evaluation of moment sensitivities  

 The SSLE approach requires evaluation of the sensitivity matrices.  To reduce the 

computational cost, these sensitivities are evaluated by an adjoint state method [Sykes et 

al. 1985; Sun and Yeh, 1992]. A detailed derivation of the sensitivities is given at 

Appendix A. The sensitivity of M0 to lnK is given by 

 
*

0 0 0

ln x x

kM MK d
K

φ

Ω

∂ ∂ ∂
= − Ω

∂ ∂ ∂∫ .       (18) 

The sensitivity of M1 to lnK is given by 

 
* *
0 01 1 1

ln x x x x

k MM MK K d
K

φ φ

Ω

⎡ ⎤∂ ∂∂ ∂ ∂
= − − Ω⎢ ⎥∂ ∂ ∂ ∂ ∂⎣ ⎦
∫ ,    (19) 

and the sensitivity of of M1 to lnS is given as 

 *1
1 0ln

k

s
M M S d

S
φ

Ω

∂
= Ω

∂ ∫ ,       (20) 

where *
0φ  and *

1φ are arbitrary functions which are defined in Appendix A; the superscript 

k denotes the observation at location xk and the subscript  denotes the location of the 

parameter in the domain Ω . To evaluate Eqs. (18), the arbitrary functions *
0φ  must be 

known a priori. *
0φ  is obtained  by solving the adjoint equation (A16). On the other hand, 

to calculate the sensitivity of M1 to lnK or lnSs ( Eqs. (19) and (20)),  the adjoint 

equations Eqs. (A9) and (A10) are solved sequentially.  That is, we derive *
1φ  first and 

then use it in Eq. (A10) to obtain *
0φ .    

 Both moment Eq. (10) and Eq. (12) are Poisson’s equations, which need to be 

solved only once, as opposed to the parabolic equation of the governing equation for 
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transient groundwater flow, which must be solved for each time step. As a consequence, 

significant computational costs can be reduced during evaluation of sensitivity matrices. 

Consider that the hydrograph at an observation well has been recorded at a one-second 

interval for a period of 100 seconds during an impulse pumping test.  Suppose that this 

hydrograph is used directly to estimate the hydraulic properties and the adjoint state 

method is employed to evaluate the associated sensitivity matrices.  For each drawdown 

measurement at a given time, an associated adjoint equation must be solved once.  The 

adjoint equation for transient flow is a parabolic equation [see Zhu and Yeh, 2005].  For 

each given time, the solution to the adjoint equation must be obtained by a backward 

time-marching scheme to derive the sensitivity of drawdown with respect to a parameter.  

If the computational time-step in the evaluation of the sensitivity is assumed to be the 

same as the sampling interval (1 second), the total number of times that the adjoint matrix 

equations need to be solved for the 100 measurements will be 5050 (i.e., a sum of the 

numbers from 1 to 100).  Since drawdowns are highly correlated in time, the number of 

drawdown measurements used in the estimation can be reduced [Zhu and Yeh, 2005].  

Say, if only three samples at 40s, 60s, and 80s from the 100 measurements of the 

hydrograph are selected for the sensitivity analysis, then the total number of times the 

system equation for the arbitrary function needs to be solved is reduced to 180.   

 Now, suppose that we use the moment approach. Instead of using the 3 transient 

drawdown measurements, only the zeroth and first moments of the hydrograph are 

needed.  Subsequently, one only has to solve the adjoint equation for the zeroth moment 

Eq. (A16) once and then the two adjoint equations for first moment equation, Eq. (A9) 
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and Eq. (A10).  That is, only three system equations have to be solved for the sensitivity 

analysis. Here, the example considers just one observation well.   As the number of 

observation wells increases, the difference becomes even more significant.  The temporal 

moments approach thus is computationally efficient, compared to the drawdown-time 

approach.  

        Notice that the zeroth moment equation (Eq. 10) only depends on the hydraulic 

conductivity. As a result, the influence of the specific storage is avoided during 

estimation of the hydraulic conductivity even under transient flow conditions. 

 

Numerical examples 

 

 We created a 2-D heterogeneous confined aquifer to compare computational cost 

between temporal moments and transient heads approaches for the hydraulic tomography 

analysis.  Since temporal moments are integrated forms of a well hydrograph, they may 

lose some information that reflects effects of heterogeneity at different parts of an aquifer 

as the cone of depression evolves.  This loss of information may be significant, especially 

since only the first two moments are considered. Therefore, we also investigated the 

impacts of information loss on our estimates of hydraulic properties.  

 The aquifer considered is 100 m long and 100 m wide and is discretized into 2500 

elements with a dimension of 2 m by 2 m. The aquifer has spatially varying 

transmissivity (T) and storage coefficient (S) fields.  Both T and S fields are generated by 

a spectral random field generator [Gutjahr 1989]. The geometric mean of the T field is 
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0.0035m2/s and the variance of lnT for the field is 0.6.  Meanwhile, the geometric mean 

of the S field and its variance in term of lnS are 0.00023 and 0.2, respectively. The 

correlation scales for materials in both the x direction and y direction are assumed to be 

20 meters.  Figure 1 plots the generated T and S fields.  All boundaries of the aquifer as 

well as its initial head distribution are assigned to be a constant head of 100 m.  Four 

cases are simulated. Case 1 involves nine wells uniformly distributed on a grid with the 

distance between two adjacent wells 1.5 times the correlation length of the aquifer 

properties (see figure 2 for well locations). This case represented a sparse monitoring 

network.  Nine pumping tests were sequentially simulated at these wells with a pumping 

rate of 0.1m3/s. The pumping time for each pumping test lasted 50 seconds and then the 

pumping stopped to allow a full recovery. During each pumping test, head responses 

were obtained from the nine wells, and we thus have 81 hydrographs after the hydraulic 

tomography survey.  According to Zhu and Yeh [2005], a few selected transient heads in 

a hydrograph are needed to obtain accurate estimates of hydraulic properties during 

hydraulic tomography.  Based on their findings, we selected the transient heads collected 

at 10 s, 30 s, 50 s, 70 s, 100 s, and 200 s to estimate T and S simultaneously.  These 

sampling times were selected to capture the behaviors of the rising and falling limbs of 

the hydrograph.  

 The well field of Case 1 was used in Case 2 but zeroth moments and characteristic 

times of the drawdown at the nine wells due to nine sequential pumpings are used to 

estimate T and S.  Since determining the time to fully reach recovery is difficult, 

calculating moments from the drawdown-recover curve could introduce some 
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measurement error. Introducing measurement errors could obscure the comparison. 

Consequently, these moments in Case 2 are simulated directly from moment Eqs (10) and 

(12) for this case.  In practice, estimating moments from observed hydrographs would 

inevitably involve some errors, but they are difficult to quantify in a simple manner.  

  An “optimal” monitoring network based on the results by Yeh and Liu [2000] is 

considered in Case 3.  In this case, 25 observation wells (see figure 4 for well locations) 

were added to the aquifer, which are distributed with a distance (20 m) between two 

adjacent wells (i.e., one correlation length).  The pumping wells are the same as the nine 

used in Case 2.  As a result, we had 25 well hydrographs for each pumping test and a 

total of 225 well hydrographs after the nine sequential pumping tests.  Similar to Case 1, 

we selected the transient heads collected at 10 s, 30 s, 50 s, 70 s, 100 s, and 200 s for 

estimating T and S.  The corresponding moment approach of Case 3 is presented as Case 

4.  Instead of using the head data, 225 pairs of the zeroth moments and characteristic 

times from the 25 wells were simulated for the nine sequential pumping.  Then, the 

moments were used in the estimation.  The four numerical cases were executed on a PC-

Cluster of 4 processors (2.8GHz, 1G memory each) platform. The simulation times for 

the four cases were 423.8, 64.4, 766.1, and 179.2 minutes, respectively. Figure 2 

compares the estimated transmissivity fields of Case 1 and Case 2.  Comparison of the 

estimated storage coefficient fields for these two cases is shown in Figure 3.  Estimated 

transmissivity fields of Case 3 and Case 4 are shown in Figure 4, and Figure 5 compares 

estimated storage coefficient fields for these two cases. 
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Results and Discussion 

 Results of the 2-D synthetic case shows that Case 2 (the moment approach) uses 

only 15.2% of the computation time needed for Case 1 (the head approach); likewise, 

Case 4 (the moment approach) uses only 23.4% of the time needed for Case 3.  These 

results substantiate our speculation about the computational efficiency of the temporal 

moments approach.  In order to quantitatively compare the estimation errors, we plot 

scatter-plots of estimates versus true fields for all four cases in Figure 2 through Figure 5, 

along with mean absolute error normal L1 and mean square error normal L2, which are 

defined as 

1

1 ˆ1
n

i i
i

L
n

χ χ
=

= −∑   and     ( )2

1

1 ˆ2 
n

i i
i

L
n

χ χ
=

= −∑    (27) 

 where iχ  and ˆiχ  represent the true and estimates of the log-transformed parameter 

(either lnT or lnS), respectively, i indicates the element number, and n is the total number 

of elements. According to Figures 2 through 5, the moment approach based on the first 

two temporal moments of drawdown can yield similar estimates of transmissivity and 

storage coefficient fields as those based on transient heads. We also test biasness of our 

estimations by calculating mean and variance of estimation error, which are defined as  

 
1

1 ˆ( )
n

i i
in

µ χ χ
=

= −∑      and  ( )22

1

1 ˆ( )
n

i i
in

σ χ χ µ
=

= − −∑     (28) 

where µ  and 2σ are mean and variance of difference between true and estimated 

parameter (either lnT or lnS). The mean and variance of estimation errors are list in Table 

1.  They show that SSLE yields unbiased estimations in all cases. As expected, a dense 
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monitoring network can produce much better results than a sparse network.   It is clear 

however that the results based on the temporal moments are not identical to those based 

on the transient heads.  

 The use of the dense and sparse monitoring networks in the above synthetic cases 

is aimed at investigating the impact of information loss in the moments approach on the 

inverse results.  Transient well hydrographs intuitively bear signatures of the 

heterogeneity encountered by the drawdown as the cone of depression evolves.  These 

signatures, however, are likely weak because the head recorded at an observation well is 

highly correlated with different heterogeneities within the cone of depression [Wu et al., 

2005].   Because of the integrative nature of the zeroth and first moments of a hydrograph, 

these moments likely lose these signatures.  We therefore anticipate that the interpretation 

of a hydraulic tomography survey using the temporal moments will yield fewer details 

about the heterogeneity.  Plots of estimated T and S fields and their associated scatter 

plots in Figures 2 and 3, and statistics of the estimation errors in Table 1 seem to support 

our hypothesis.  The variances of the estimation errors are consistently smaller for the 

estimated fields based on drawdown than those based on temporal moments.   On the 

other hand, in Case 3 and Case 4 where the monitoring networks are dense, the 

differences between the estimated fields based on the two approaches are small.   In other 

words, the information loss in the temporal moments is largely compensated for by the 

dense spatial information.   

 The storage coefficient estimates from both transient head and temporal moment 

approaches in both cases are clearly less satisfactory than transmissivity estimates. This 



 
 
 

   

 

94

may be attributed to the fact that high cross-correlation between head and storage 

coefficient is limited to a narrow region in between pumping and observation wells; the 

cross-correlation between head and transmissivity on the other hand is strong over the 

entire cone of depression at late time [Wu et al., 2005]. 

 Notice that in all cases examined here, the temporal moments at observation wells 

were directly obtained from moment equations (10) and (12). Such a direct evaluation has 

omitted possible errors in estimating the moments from well hydrographs. Effects of 

errors in the moments on the estimates of transmissivity and storage coefficient have 

been studied by Li et al. (2005) during a single aquifer test.  According to their study, the 

effects are not significant.  Obviously, rigorous analysis of impacts of errors in moments 

on hydraulic tomography is necessary but it is beyond the scope of this paper. 

 

Conclusions 

    The temporal moment approach significantly reduces computational cost for 

interpreting transient hydraulic tomography. The cost reduction is attributed to the fact 

that the governing equations for the temporal moments are Poisson’s equations.  As a 

consequence, the forward modeling required for improving new estimates of 

transmissivity and storage coefficients does not have to solve the parabolic equation that 

governs groundwater flow.   The parabolic equation in general has to be solved by a time 

marching scheme, implying that a system of equations must be evaluated at each time 

step.  Avoiding solving the system of equations for each time step thus reduces 

computational efforts.  Furthermore, the adjoint equations for evaluating sensitivity 
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matrices of temporal moments are also Poisson’s equations.  In our SSLE and some other 

inverse models, the adjoint equations are solved for each measurement during each 

iteration of the estimation process.  Again, without evaluating time-dependent adjoint 

equations, computational burdens during evaluation of sensitivity are reduced.   This 

reduction is particularly significant when the number of temporal and spatial observations 

is large. 

 The temporal moment approach for interpreting hydraulic tomography is 

unequivocally more efficient than the approach using transient head data directly.  The 

differences in results of the moment and head approaches are small if a dense network is 

used.   Furthermore, for the situations where only hydraulic conductivity is of interest, the 

zeroth temporal moment of transient well hydrograph can be used to estimate 

transmissivity without involving the estimation of the storage coefficient.  This unique 

characteristic of the temporal moment approach makes the approach highly attractive for 

practical applications.   
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Appendix A: Derivation of moment sensitivities using the adjoint state method 

Differentiating the zeroth moment equation, 

  0[ ( ) ] ( ) 0x x pK M Q∇⋅ ∇ + τ =       (A1) 

with respect to a parameter χ (where χ represent lnK  or lnS at any location in the spatial 

domain Ω) give 

  0 0( ) ( ) 0
x x x x

K M K φ
χ

∂ ∂ ∂ ∂ ∂
+ =

∂ ∂ ∂ ∂ ∂
     (A2) 

where 0 0Mφ χ= ∂ ∂  is called state sensitivity. Multiplying the resultant equation by an 

arbitrary function, *
0φ , and integrating the equation over the entire spatial domain, Ω,  

gives 

 * *0 0
0 0[ ( ) ( )] 0

x x x x
MK K dφφ φ

χΩ

∂ ∂∂ ∂ ∂
+ Ω =

∂ ∂ ∂ ∂ ∂∫ .     (A3) 

Applying Green’s theorems to both terms of the left hand side of Eq. (A3) yields the 

following equation, 

* * *
* *0 0 0 0 0 0

0 0 0 0[ ( )] [ ] 0n
x x x x x x x

K M K MK d K K dφ φ φ φφ φ φ φ
χ χΩ Γ

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
− + Ω+ + − ⋅ Γ =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∫ ∫ (A4) 

Applying a similar procedure to the first moment equation, 

 
2

1 0[ ( ) ] ( ) ( ) 0
2

x x xp SK M Q S Mτ
∇ ⋅ ∇ + + = ,     (A5) 

 we obtain 
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* *
* *1 1 1
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*
* *1 1 1
1 1 1
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x x x x
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s
s
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χ χ

φ φφ φ φ
χ
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∂∂ ∂ ∂∂ ∂
− + + + Ω+
∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂∂
+ − ⋅ Γ =

∂ ∂ ∂ ∂

∫

∫
   (A6) 

where *
1φ is another arbitrary function and 1 1Mφ χ= ∂ ∂ is another state sensitivity. The 

marginal sensitivity of a performance measure P is given as  

 0 1
0 1

( )dP G G G d
d M M

φ φ
χ χΩ

∂ ∂ ∂
= + + Ω

∂ ∂ ∂∫       (A7) 

where G is the state function. The first term in the right side of Eq. (A7) represents direct 

dependence of the performance measure on the parameter whereas the second and third 

terms provide indirect dependence of the performance measure on the parameter through 

moments. Next, we add Eq. (A4) and Eq. (A6) into Eq. (A7), yielding 
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.  (A8) 

If we let the two arbitrary functions *
0φ  and *

1φ  satisfy the following two adjoint equations: 

*
1

1

( ) 0
x x

GK
M

φ∂∂ ∂
+ =

∂ ∂ ∂
         (A9) 

*
*0
1

0

( ) 0
x x s

GK S
M

φ φ∂∂ ∂
+ + =
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        (A10) 
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and the boundary conditions 

* 0 n =φ  at 1Γ           (A11) 

*( ) 0nnK∇ ⋅ =φ  at 2Γ    (n=0,1),       (A12) 

The terms associating with state sensitivities 0φ and 1φ as well as boundary terms in Eq. (8) 

disappear. Eq. (A8) is reduced to 

  
* *

*0 0 1 1
1 0[ ]

x x x x
sM SMdP G K K M d

d
φ φ φ

χ χ χ χ χΩ

∂ ∂ ∂∂ ∂∂ ∂ ∂
= − − + Ω

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∫    (A13) 

If an observation of the moments is made at location, xk, the state function becomes 

( )x xn kG M= −δ  in which n=0, and 1, denoting the zero and the first moment, 

respectively. Now, let 1 ( )x xkG M δ= −  be the first moment at location xk, the direct 

dependence term, G χ∂ ∂ , becomes zero. If K and Ss are uncorrelated,  then the term, 

lnsS K∂ ∂ in Eq. (A13) is zero.  As a result, we have the sensitivity of 1
kM with respect to 

ln K : 

* *
0 01 1 1

ln x x x x

k MM MK K d
K

φ φ

Ω

⎡ ⎤∂ ∂∂ ∂ ∂
= − − Ω⎢ ⎥∂ ∂ ∂ ∂ ∂⎣ ⎦
∫      (A14)  

where the superscript k denotes the observation at location xk and the subscript  denotes 

the location of the parameter in the domain.  Similarly, the sensitivity of M1 to lnS is 

given as 

*1
1 0ln

k
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M M S d

S
φ

Ω

∂
= Ω

∂ ∫ .        (A15) 
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Next, let 0 ( )x xkG M δ= −  be the zeroth moment at location xk, then term, 1G M∂ ∂ , in 

Eq. (A9) is zero. As a result, the solution *
1φ of adjoint equation (A9) is zero everywhere. 

The adjoint equation (A10) therefore is reduced to 

*
0

0

( ) 0
x x

GK
M

φ∂∂ ∂
+ =

∂ ∂ ∂
,        (A16) 

and Eq. (A13) becomes 
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0 0[ ]

x x
MdP G K d

d
φ

χ χ χΩ

∂ ∂∂ ∂
= − Ω

∂ ∂ ∂ ∂∫ .       (A17) 

The sensitivity of M0 to lnK is then given as 
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0 0 0

ln x x
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Table 1 mean and variance of estimation errors 

Case 1 Case 2 Case 3 Case 4  
lnT lnS lnT lnS lnT lnS lnT lnS 

Mean 0.1496 0.0756 0.1642 0.1360 0.0264 -0.0211 0.0499 -0.0124
variance 0.2435 0.2563 0.1485 0.1575 0.1835 0.1962 0.1410 0.1918 
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Figure 1.  True synthetic fields: a) transmissivity ; b) storage coefficient. 
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Figure 2.   Estimated transmissivity fields using a sparse well field.  a) Using transient 

heads (Case 1); b) using temporal moments (Case 2); c) the scatter-plot of estimated 

versus true lnT fields of Case 1; d) the scatter-plot of estimated versus true lnT field of 

Case 2.  
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Figure 3.   Estimated storage coefficient fields using a sparse well field.  a) Using 

transient heads (Case 1); b) using temporal moments (Case 2); c) the scatter-plot of 

estimated versus true lnS fields of Case 1; d) the scatter-plot of estimated versus true lnS 

field of Case 2.  
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Figure 4.   Estimated transmissivity fields using a dense well field.  a) Using transient 

heads (Case 3); b) using temporal moments (Case 4); c) the scatter-plot of estimated 

versus true lnT fields of Case 3; d) the scatter-plot of estimated versus true lnT field of 

Case 4.  
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Figure 5.   Estimated storage coefficient fields using a dense well field.  a) Using 

transient heads (Case 3); b) using temporal moments (Case 4); c) the scatter-plot of 

estimated versus true lnS fields of Case 3; d) the scatter-plot of estimated versus true lnS 

field of Case 4.  
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Abstract 

        We develop a hydraulic/tracer tomography technology, which is capable of mapping 

detailed knowledge of spatial distributions of hydraulic heterogeneity and contaminants 

(e.g., non-aqueous phase liquids, NAPL’s) in the subsurface.  To image spatial 

distribution of hydraulic heterogeneity in the subsurface, a hydraulic tomography survey 

sequentially injects or pumps water at a selected location and observes head responses at 

other locations in a well field.  By the same token, a tracer tomography survey 

sequentially injects tracers at a selected well and monitors tracer breakthroughs at other 

wells in a NAPL source zone to detect the distribution of NAPL’s.  Some chemical 

tracers are known to partition into NAPL’s and the partitioning process retards the tracer 

transport if the tracer encounters NAPL’s during their migration. Thus, the partitioning 

tracer breakthroughs at observation wells during a tracer test can facilitate detection of 

NAPL’s and their concentrations over the geologic media through which the tracer 

travels.  A tomography survey detects NAPL’s at different angles and perspectives and 

thus allows mapping spatial distribution of the NAPL’s in the media. To quantitatively 

interpret the breakthroughs from the tracer tomography, a joint stochastic estimation 

technique [Yeh and Šimůnek, 2002] is developed.  The method is an extension of the 

sequential successive linear estimator, SSLE, [Yeh and Liu, 2000, Zhu and Yeh, 2005] 

used for interpreting hydraulic tomography surveys. The inverse method seeks mean 

parameters conditioned on head/tracer observations, prior knowledge of geologic 

structures, and hydraulic parameter measurements. While the inverse method can 
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estimate hydraulic conductivity (K), volumetric water saturation ( wθ ) and volumetric 

NAPL saturation ( nθ ), our primary focus is the spatial distribution of nθ .   

 The technology was tested and investigated using a synthetic aquifer 

contaminated with a single component NAPL. The investigation shows that, with only a 

limited number of wells, this technology can capture the major spatial patterns of NAPL 

saturation distribution better than current technologies. The results also show that 

knowing the heterogeneity of K is critical to accurately map the distribution of nθ . On the 

other hand, spatial variation of wθ  has little impact on estimating nθ .  While field 

situations are more complicated than the synthetic case, our study demonstrates that the 

hydraulic/tracer tomography combining with SSLE method potentially is a viable tool for 

subsurface contaminant characterization.   
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1. Introduction 

 Non-aqueous phase liquids (NAPL’s) are long-term sources of soil and 

groundwater contamination. Accurate risk assessment and effective remediation of the 

sites contaminated with NAPL’s require detailed characterization of source zone (i.e., the 

region wherein NAPL contamination is present). The source zone controls the size of 

shape of the associated aqueous phase contamination plume. Source zone 

characterization often involves characterizing hydrogeology (e.g., spatial variation of 

hydraulic conductivity, specific storage, and porosity) and delineating the source zones 

(e.g., contaminant mass location, contaminant strength) [NRC, 2004]. 

          Characterizing source zone hydrology, especially the heterogeneity of hydrologic 

parameters, is critical to accurately depict groundwater flow and contaminant plume 

movement as well as design remediation schemes.  Many approaches have been 

developed to estimate aquifer heterogeneity using both scattered direct measurements and 

indirect measurements (e.g., hydraulic head, solute concentration).  Generally speaking, 

direct measurement methods (e.g., core sampling) are costly and invasive to obtain 

detailed 3-D heterogeneity for field scale problems.  Recently developed hydraulic 

tomography [Gottlieb and Dietrich, 1995; Renshaw, 1996; Yeh and Liu, 2000; Liu et al., 

2002; McDermott et al., 2003; Zhu and Yeh, 2005], which evolved from the CAT scan 

concept of medical sciences, has been proposed as a cost-effective tool to delineate 

detailed physical heterogeneity of subsurface. Hydraulic tomography is a series of cross-

well interference tests. Specifically, an aquifer is stressed by pumping or injecting water 

through a well; at the same time, the aquifer’s responses (i.e., hydraulic heads) are 
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monitored in other wells. If we sequentially switch the pumping or injecting location, 

stressing the aquifer and monitoring its responses, without installing additional wells, 

would result in a large number of aquifer responses. These responses are then used to 

estimate spatial variation of hydraulic parameters. To efficiently interpret the abundant 

data obtained from hydraulic tomography, Yeh and Liu [200] developed a sequential 

successive linear estimator (SSLE). The SSLE approach seeks effective parameter fields 

conditioned on the data obtained from hydraulic tomography. The SSLE considers the 

nonlinear relation between hydraulic heads and parameters through an iterative way, and 

overcomes the difficulties of solving huge system of equations by sequentially including 

data. Their work shows that combination of SSLE and hydraulic tomography is a cost-

effective technique for delineating heterogeneity using a limited number of invasive 

observations [Liu et al., 2002]. While the work by Yeh and Liu [2000] and Liu et al., 

[2002] is limited to interpret steady state head responses from hydraulic tomography, Zhu 

and Yeh [2005] extended the SSLE to interpret transient hydraulic heads for estimating 

hydraulic conductivity and specific storage fields in 3-D aquifers.  

 Besides the head data as major information used for mapping physical 

heterogeneity, solute concentration data have also been used to estimate hydraulic 

conductivity. For example, Harvey and Gorelick [1995] estimated hydraulic conductivity 

using measurements of hydraulic conductivity, heads and solute arrival time. They 

concluded that solute arrival time and heads provide different information about the 

conductivity field. Li and Yeh [1999] developed a cokriging method to estimate 

hydraulic conductivity field conditioned on pressure head, solute transport, and solute 
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arrival time for variable saturated media. They concluded that steady state head 

measurements are most useful for estimating hydraulic conductivity among three types of 

measurements. But they showed that adding solute concentration data can improve the 

estimates than using head data alone. Cirpka and Kitanidis [2001] used the first two 

temporal moments of solute data to estimate hydraulic conductivity. They indicated that 

use tracer data alone may lead to convergence problems, and hereby recommended to 

combine head and tracer data for inversion. Solute concentration data are also used to 

map chemical parameters. For example, Huang et al. [2004] extended a sequential self-

calibrating method to estimate both hydraulic conductivity and sorption partitioning 

coefficient fields conditioning on nonreactive and reactive tracer data.  

  The tracer concentration data have been used to delineate source zone in the past. 

Jin et al. [1995] developed a partitioning interwell tracer tests (PITT) to detect and 

characterize NAPL’s. During a PITT test, several different tracers are injected into 

aquifer through one or more injection wells. The tracers usually consist of non-reactive 

tracer, partitioning tracers with different partitioning coefficients. NAPL’s in the 

subsurface generally control differences in behaviors of the nonreactive and partitioning 

tracers breakthroughs. Thus, the breakthroughs can be used to estimate possible locations 

and concentrations of NAPL’s. Using these breakthroughs, Jin et al. [1995] estimated the 

average NAPL residual saturations by using a nonlinear least squares regression method. 

James et al. [1997] developed a conditioning algorithm to derive spatial variation of 

NAPL field from the first two temporal moments of tracer breakthroughs. Sciortino et al. 

[2000] estimated the location and dimensions of a single DNAPL pool using a least 
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squares minimization based on analytical solutions. Zhang and Graham [2001] directly 

used tracer concentration measurements to estimate spatial heterogeneity of NAPL 

saturation by an extended Kalman filter technique. However, Inverse methods by James 

et al. [1997], Sciortino et al. [2000], and Zhang and Graham [2001] rely on dense 

sampling wells to reveal major features of NAPL fields, therefore is costly on field 

problems.  Datta-Gupta et al. [2002] proposed a streamline-based inverse method 

analyzing PITT tests to estimate 3-D spatial variation NAPL saturation. This method uses 

steam-line simulator for both forward simulation and sensitivity calculation, therefore, 

providing significant computation efficiency. However, similar to Vasco et al. [2000] and 

Brauchler et al. [2003], the streamline-based method ignores interaction between adjacent 

ray paths and possible boundary effects. Consequently, their method requires an 

extensive number of iterations and pairs of source/sensor data to achieve a comparable 

resolution to that achieved from inverting a three-dimensional model. Also, the stream-

line method has difficulties in solving transport problems involving local physical 

dispersion [Huang  et al., 2004].   

 Technologies using partitioning tracers to detect NAPL’s have been developed in 

the past.   These technologies generally have focused on detecting the presence of 

NAPL’s but not their spatial distribution in a field.   Depicting high-resolution spatial 

distributions of NAPL’s in a field using current technologies demands a dense multi-level 

sampler network.  Such a network involves costly invasive drilling operations and is 

practically impossible.  As a result, an innovative technology remains to be developed.   
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   In this study, we developed a new technology to meet the demand.  We extend 

the concept of hydraulic tomography to image the spatial distribution of  NAPL’s in the 

subsurface—partitioning tracer tomography. Moreover, we adopted the stochastic 

information fusion concept by Yeh and Šimůnek [2002] to take advantage of the ability 

of hydraulic tomography to enhance the ability of partitioning tracer tomography.   

 The concept of tracer tomography is analogous to that of hydraulic tomography. 

During a tracer tomography survey, a forced gradient steady flow condition is established 

by injecting water into aquifer from one well. An impulse solution of tracers is released 

into the aquifer from the injection wells afterward. The tracer concentration data 

subsequently are sampled from observation wells. After complete breakthrough curves 

for all observation wells are recorded, a new test is repeated by changing the injection 

location. Again, the resulting concentration breakthroughs are monitored. By sequentially 

switching the injection location with a limited number of wells, a large number of 

concentration breakthrough data sets are obtained.  This tomography survey approach in 

essence is a novel experimental design to “create” more independent data sets from a 

limited number of wells than any traditional experiment.  Finally, an estimation or 

inverse modeling technique exploits these breakthrough data and injection information to 

determine the spatial distribution of NAPL’s as well as aquifer hydraulic properties.   

Hydraulic head responses during the tracer injection tests can also be used to estimate 

spatial distribution of hydraulic properties (i.e., hydraulic tomography).  The head 

information is directly related to the hydraulic conductivity while the breakthrough data 

are controlled by many different hydraulic and transport properties [Li and Yeh, 1999].   
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Estimation of the hydraulic heterogeneity using the information from hydraulic 

tomography prior to the interpretation of the tracer tomography thus can improve the 

estimate of the distribution of NAPL’s.   

 While the hydraulic/tracer tomography is a novel experimental design, efficiently 

and effectively processing the huge amount of data from the experiment is a challenge. 

We take on this challenge by extending the SSLE inverse approach by Yeh and Liu [2000] 

and Zhu and Yeh [2005] to map both physical and chemical heterogeneity of the NAPL 

source zone.   

 In the subsequent parts of this paper, we first describe the SSLE inverse method 

for estimating hydraulic conductivity, volumetric water saturation, NAPL saturation 

using head and tracer concentration data (section 2).  Applications of hydraulic/tracer 

tomography concept to a 2-D synthetic NAPL source zone are discussed in section 3. 

Finally, discussion and conclusions are presented in section 4.  

 

2. Method 

 2.1.  Governing equations  

 During a tracer test, the force gradient flow is assumed to be steady and it can be 

described by 

  [ ( ) ] ( ) 0kK H Q∇ ⋅ ∇ + =x x         (1) 

subject to boundary conditions:  

  
11

HH =Γ ,  
2

[ ( ) ]x n hK H qΓ∇ ⋅ = ,      (2) 
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where H is the total head (L), x is the spatial coordinates (x = {x1,x2,x3}, (L), and x3 

represents the vertical coordinate and is positive upward), Q(xk) is the pumping rate (1/T) 

per unit volume of the aquifer at the location xk, K(x) is the spatially varying saturated 

hydraulic conductivity field (L/T). In equation (2), H1 is the prescribed total head at 

Dirichlet  boundary Γ1,  qh is the specific flux (L/T) at Neumann boundary Γ2, n is a unit 

vector normal to the boundary.  

 Transport of the tracer is assumed to be described by the advection-dispersion-

retardation equation 

( ) ( ) ( ) ( ) ( )( )w N n w k n k bc K c c c Q c N t t
t
θ θ θ∂

+ = −∇ ⋅ + ∇ ⋅ ∇ + − −
∂

q D x x x   (3) 

Subject to following initial and boundary conditions: 

  0 0tc c= =          (4) 

 
1 1c cΓ =          (5) 

 
2

sc cθ
Γ

− ∇ =q D q         (6) 

where c is the solute concentration (M/L3); wθ  is the volumetric water saturation (water 

saturated porosity, we call it water saturation thereafter in this study for simplicity); KN is 

the partitioning coefficient and nθ  is the volumetric NAPL saturation (we call it NAPL 

saturation thereafter in this study for simplicity); q is Darcy velocity vector (L/T) given 

by 

 i
i

Hq K
x

∂
= −

∂
.         (7) 

D is dispersion tensor given by 
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 *( ) ( )
v
i j

ij L T ij T d

v v
D v Dα α δ α= − + +       (8) 

where Lα and Tα  are the longitudinal and transverse dispersivity (L), respectively; iv  is 

the seepage velocity (L/T) defined as /iq θ ; v  is the magnitude of the seepage velocity; 

ijδ  is the Kronecker delta function which equals unity if the indices are identical and zero 

otherwise, and *
dD  is the molecular diffusivity (L2/T).  In addition, Q is the injection rate 

(1/T) per unit volume of the porous medium, and cn is the solute concentration of the 

injecting solution; ( )( )x xk bN t t− − is a Dirac delta function which equals unity at 

location xk  at time earlier than tb and zero otherwise.  Moreover, 0c  is the initial solute 

concentration; 1c  is the prescribed concentration at the Dirichlet boundary 1Γ ; sq is solute 

flux at the Neumann boundary, 2Γ . These flow and solute transport equations are solved 

by a 3-D finite-element and modified method of characteristic approach (MMOC3) 

developed by Srivastava and Yeh [1992]. 

 

2.2 SSLE inverse method 

 Sequential Successive Linear Estimator (SSLE) [Yeh  et at., 1996; Yeh and Zhang, 

1996; Zhang and Yeh, 1997; Hanna and Yeh, 1998; Varas-Guzman and Yeh, 1999, 2002; 

Hughson and Yeh, 2000; Yeh and Liu, 2000; Liu et al., 2002; Yeh et al., 2002; Zhu and 

Yeh, 2005] is a stochastic estimator that seeks effective mean parameter fields 

conditioned on available primary information (i.e., point measurements of parameters), 

secondary information (i.e., measurements of hydraulic heads, water contents, solute 
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concentrations), and  spatial covariance functions of parameters (i.e., geologic structures).  

The SSLE algorithm is adopted and extended in this study to estimate hydraulic 

conductivity, water saturation, and NAPL saturation fields using data sets collected from 

hydraulic/tracer tomography. The major steps of SSLE method for interpreting head and 

concentration data from hydraulic/tracer tomography are summarized below. Detailed 

description was given by Yeh and Liu [2000] and Hughson and Yeh [2000]. 

         First, a geologic medium under investigation is defined as a system.  The spatial 

hydraulic conductivity, water saturation, or NAPL saturation distributions of the geologic 

medium are then regarded as the parameter fields of the system.  Due to spatial variability 

of the parameter fields, as well as their uncertainty, the natural logarithms of the 

parameter fields, χ , are often represented as stochastic processes.  Notice that the use of 

the logarithm merely is mathematical convenience (e.g., avoiding negative values of 

parameter estimates).  Each stochastic parameter field is expressed as a combination of a 

mean part χ  and a perturbation part ζ  (i.e., ln χ χ ζ= + ).  Accordingly, the responses 

of the system, φ , due to a tomographic test are considered to be stochastic processes. 

Each of them is expressed in term of a mean φ and a perturbation ε , such that φ φ ε= + . 

The system response referred here are either hydraulic heads or tracer concentrations in 

the geologic medium.   

 Starting with a data set obtained from one hydraulic/tracer tomography test, SSLE 

first calculates mean responses of the geologic medium, given its mean parameter 

fields χ (or guessed parameter fields). The differences between the simulated mean 

system responses and observed responses are then evaluated at sample locations.  These 
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differences, in conjunction with available measurements of the parameters, are 

subsequently employed in classical cokriging (a multivariate linear estimator) to yield 

linear estimates of conditional mean parameter perturbation field.  Evaluation of the 

conditional (residual) covariances of the parameters then follows. The cokriging weights 

are determined based on the covariances of parameters in space, temporal and spatial 

covariance of responses, as well as the cross covariance between parameters and 

responses.  A first-order analysis is used to derive the covariance of responses and their 

cross covariance with parameters (see section 2.2.1).  The first-order analysis involves 

the use of the sensitivity matrices of the responses to parameters, at given mean 

parameter values and the covariance of the parameters (see section 2.2.2). 

 With the linear estimates of the conditional mean parameter fields, the governing 

flow and solute transport equations are then solved for the conditional mean system 

responses, given the observed responses and parameters of the system.  Notice that 

cokriging is a linear estimator but the relation between system parameters and responses 

is nonlinear.  As a consequence, the estimates of the conditional mean system parameters 

are not optimum or the benefit of data are not fully exploited.  In other words, the 

simulated responses at sample locations do not honor the observations. To overcome this 

problem and to improve the parameter estimates, a new linear estimator is employed that 

uses the linear combination of weighted differences between the simulated and observed 

responses at the sample locations.  The weights of the new estimator are determined from 

the covariances of system responses and their cross-covariances with system parameters, 

similar to cokriging.  Instead of using the unconditional (original) covariances of the 
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parameters as in cokriging, the new estimator makes use of the residual (conditional) 

covariances of parameters from the previous estimate and the sensitivity matrices 

evaluated with the previously estimated parameter fields.  Therefore, as differences 

between the simulated and observed responses at the sample locations become small, the 

improvement diminishes.  The above linear procedure for improving the estimates is then 

repeated until the improvement diminishes to a prescribed value.  This is the logic behind 

the successive linear estimator (SLE).  SLE can include all the measurements collected 

from a tracer tomography survey simultaneously.  However, this approach can lead to 

numerical problems because of extremely large system of equations [Hughson and Yeh, 

2000] to be solved. To avoid this numerical problem, the system responses collected from 

hydraulic/tracer tomography is added into the inverse process sequentially, such as one 

tracer test by one tracer test.  This approach therefore is called the sequential successive 

linear estimator (SSLE).   

 

2.2.1. Evaluation of covariance and cross covariance 

        As discussed previously, covariances of system responses and cross covariances 

between responses and parameters are the heart of the SSLE method. They are 

determined by using a first order analysis, which is explained below.   

 Consider that a system domain is discretized into N elements; each element has a 

uniform value for a given parameter but the value varies from element to element. 

Supposed that the response of the system is governed by equations (1) and (3) and 

associated boundary and initial conditions.  Then, expanding the response at the center of 
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element i in a Taylor series about the mean value of parameter fields and neglecting 

second- and higher-order terms, the response perturbation can be expressed as 

  
ln

ji
i kj

k

φε ζ
χ

∂
=
∂

        (9) 

where iε is the response perturbation at location i ; j
kζ is perturbation of ln kχ at location j 

(j=1, 2, …, N, where N is the total number of elements in the domain and  k is the 

parameter index: hydraulic conductivity, water saturation, and NAPL saturation).  In 

equation (9), the Einstein summation convention applies.  For head responses, k=1 and 

ln kχ represent log hydraulic conductivity field (k=1);  for concentration responses, 

k=1,2,3 and ln kχ  represent hydraulic conductivity (k=1), water saturation (k=2), or 

NAPL saturation (k=3); 
ln

i
j

k

φ
χ

∂
∂

 is the sensitivity of  φ  at location i to ln kχ at location j. 

Multiplying equation (9) by a parameter perturbation at a location m, m
kζ , and taking 

expected values gives the cross covariance between the system response, iε ,  and the 

parameter, m
kζ :  

   ( , ) ( , )
ln

m m j i
i k k k j

k

R R φε ζ ζ ζ
χ

∂
=

∂
          j=1, 2,…,N  (10) 

where ( , )m j
k kR ζ ζ is the covariance of the parameter kζ between location m and j, which is 

assumed to follow certain covariance functions and known a priori.  Similarly, assuming 

the parameters are uncorrelated to each other, the spatial covariance between the system 

responses at locations i and m is iε and mε  given by  
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 ( , ) ( , )
ln ln

p q i m
i m k k p q

k k

R R φ φε ε ζ ζ
χ χ

∂ ∂
=
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     p and q = 1, 2,…,N  (11) 

 

2.2.2 Calculation of sensitivities 

 The evaluation of covariance and cross covariance requires sensitivities of 

responses to parameters. Similar to previous SSLE method, we utilize the adjoint state 

method to minimize computational costs for evaluating sensitivities of responses to 

parameters.  The adjoint method has been described in many literatures in details [Sykes 

et al., 1985; Sun, 1994; Li and Yeh, 1998]. The sensitivity of head to hydraulic 

conductivity is given by Li and Yeh [1998] and Zhu and Yeh [2005].  Below a short 

summary of the derivation of sensitivity of partitioning tracer concentration to parameters 

is presented.  

 Given a set of concentration measurements obtained from one tracer test, the 

adjoint state method first solves for mean heads and concentrations throughout the 

domain using equation (1) and equation (3) with associated boundary conditions. Next, 

for each concentration measurement, two adjoint states cψ and hψ are obtained through 

solving the following adjoint state equations [Sun, 1994; Li and Yeh, 1998]: 
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− − − − + =
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( ) ( ) 0h
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i i

c RK K
x x x x H

ψ ψ∂ ∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂ ∂
      (13) 

 
subject to the boundary and final time conditions: 
 

0cψ =    at 1Γ  
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ec t Tψ = =  
 
where the overhead denotes the mean; ( )( )k lR c x x t tδ= − −  represents the concentration 

at location xk and time tl, where δ is Dirac delta function, which equals unity if x equals 

xk and t equals  tl, zero otherwise.  Then, the sensitivity of tracer concentration at location 

xk and time tl to parameters at location xn  are given by: 
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where nΩ is the volume of the element where the observation at xn locates.  Notice that in 

our adjoint methods, we assume the tracer transport induced by a tracer test is convection 

dominated, and therefore we assume the local dispersion coefficient is small and can be 

neglected.  Adding dependence of dispersion on parameter variation in adjoint method is 

straightforward, which is given by Sun and Yeh [1990].  
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3. Numerical Examples 

 To illustrate our method, we created a synthetic three-dimensional heterogeneous 

aquifer, which is contaminated with a single component NAPL.  This 3-D aquifer was 40 

m long in horizontal direction, 0.5 m in width, and 10 m deep in vertical direction. A 

fixed head of 100 m was specified at left-hand and right-hand boundaries whereas no 

flow was specified at top and bottom boundaries. No tracer was presented in the domain 

and all the boundaries before each partitioning tracer test. The aquifer was discretized 

into 1600 elements with a uniform element size of 0. 5 m × 0.5 m × 0.5 m. The log-

normal random fields of hydraulic conductivity, water saturation, and NAPL saturation 

fields were generated by a spectral method by Gutjahr [1989]. We assumed these three 

parameter fields were uncorrelated to each other, which represents the worst case where 

the knowledge of one parameter does not tell information about other parameters. The 

geometric mean of K was 0.86 m/d with a variance of lnK of 0.8.  The geometric mean of 

the porosity of the aquifer was 0.4 and the variance of natural log of porosity is 0.02. The 

geometric mean of nθ  was 0.1 and the variance of ln nθ  was 0.1. The water saturation, wθ , 

was then obtained by subtracting nθ  from the generated porosity field.  The geometric 

mean of the resultant wθ  was 0.291 and the variance of ln wθ  was 0.057.  These random 

fields were shown in Figure 1. The correlation scales for the hydraulic conductivity, 

porosity, and NAPL saturation fields was 3.5 m in the horizontal direction and 1.5 m in 

the vertical direction. Here, we assumed the transport process induced by a tracer test is 

convection dominated, and subsequently we neglected the local dispersion. As a result, 

the longitudinal and transversal dispersivities were set to 0.  
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 Four fully penetrating, multilevel wells were placed vertically in the aquifer. Each 

well had nine observation ports and two injecting ports (see Figure 1a). Notice that the 

distances between wells are 10 m, which is about 2.86 times longer than horizontal 

correlation scale. Yeh and Liu [2000] showed that the “optimum” distance of wells is one 

correlation scale. We assumed these observation ports can measure both hydraulic heads 

and tracer concentrations. One direct measurement for each parameter was assumed 

known at x = 4.75m, y = 0.25m, z = 1.25m.  Eight tracer tests during the hydraulic/tracer 

tomography were simulated. We assumed that the partitioning process between tracer and 

NAPL is ideal behavior (i.e., equilibrium partitioning) . We also assumed that present of 

NAPL in the aquifer limited impacted the water flow and therefore the groundwater flow 

was simulated as saturated flow. Prior to each tracer test, water was continuously injected 

into the aquifer through one of the eight injecting ports with a constant injection rate of 

20 m3/d. When the flow reached steady state, a partitioning tracer was then released 

through the same port into the aquifer for 1.5 days. The partitioning coefficients of the 

partitioning tracers were assumed to be known a priori with a value of 9.0. This value 

corresponds to TCE-Water partitioning coefficient value of a 4-mehtyl-2-pentanol (4M2P) 

tracer [Dugan et al., 2003] (they reported a value of 10.3 in their study).  The tracer 

concentrations at all the observation ports were recorded at every 0.3 days for 6 days. The 

steady state heads at these observation ports were also recorded. Totally, 288 steady state 

head measurement and 5184 tracer concentration measurements were collected.  

 From the head and tracer concentration measurements created by the 

hydraulic/tracer tomography survey, we used SSLE approach derived in section 2 to 
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estimate the heterogeneity of the aquifer.  First the steady state head measurements were 

used to estimate hydraulic conductivity.  The estimated K is showed in Figure 3a.  

 Among 5184 tracer measurements, many of them had zero tracer concentration, 

which occurred when tracer did not reach or already passed the observation point. The 

zero-concentration measurements contained very limited information about the 

movement of tracer, therefore were removed them from the inverse processes to reduce 

computational burden.  As a result, a total of 2350 tracer measurements were included. 

As being postulated previously, estimation of NAPL saturation fields from partitioning 

tracer tomography can be improved by our knowledge of heterogeneity of K and wθ . To 

test this hypothesis and to illustrate the importance of our knowledge of K and wθ  fields 

on imaging NAPL saturations, four cases were considered.   In case 1, we assumed that K 

and wθ  fields were perfectly known and in case 2 only K was known precisely.  

Estimated K from heads from hydraulic/tracer tomography was as our knowledge of the 

K field but wθ  was unknown in case 3.  In case 4, both K and wθ  fields were assumed 

unknown. Case 1 represents an idealized scenario where only spatial varying NAPL 

saturation field is unknown.  The objective of the case is to test the validity of our 

stochastic estimation technique for tracer tomography.  Case 2 investigates the effect of 

variation in wθ  on nθ estimation. Case 3 represented a more realistic scenario where 

hydraulic conductivity and wθ  were unknown and we used all the data available from 

hydraulic/tracer tomography to image the distribution of NAPL saturation. Case 3 also 

served as an example to test the improvement of K estimates from hydraulic tomography 
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by adding observed tracer concentration data from the tracer tomography. Case 4 was 

served to test the advantage of using hydraulic/tracer tomography over using tracer 

tomography alone.  In addition, to compare our joint inverse method with traditional 

geostatistical method, we assumed that NAPL saturation at the 36 observation points 

were measured and subsequently were used in a traditional kriging method to estimate 

NAPL distribution in the entire aquifer (case 5). GEOEAS 

(http://www.epa.gov/ada/csmos/models/geoeas.html) was used to perform kriging 

estimation. Based on the parameters used for generating nθ , a exponential variogram 

model with a sill of  0.1, horizontal range 3.5 m, vertical range 1.5 m was used.  

 To evaluate the performance of our approach for all three cases, we plotted the 

scatter-plots for each case to illustrate the estimates, along with mean absolute error norm 

L1 and mean square error L2, which are calculated from  

1

1 ˆ1
n

i i
i

L
N

χ χ
=

= −∑   and     ( )2

1

1 ˆ2 
n

i i
i

L
N

χ χ
=

= −∑     

where iχ  and ˆiχ  represent the true and estimates of the log-transformed parameter 

(either lnK or ln nθ ), N is the total number of elements.  

 Figure 2a shows that with perfectly knowledge of K and wθ  fields, tracer 

tomography in conjunction of our stochastic estimation technique can identify the 

locations and NAPL distribution very well with four wells.   With the exact 

knowledge of K field but wθ field (Case 2), the tracer tomography with our stochastic 

method yields similar results as case 1 (see Figure 2b).  This result is of no surprise due 

to the implicit relation between wθ  and nθ .  But the estimated NAPL saturation field is 
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smoother than that in case 1.   Notice that in both cases 1 and 2, our approach is quite 

capable of detecting presence of NAPL and its saturation distribution between wells.   

This ability is beyond the capability of current technology.  

 Instead of knowing the exact K field, we used hydraulic tomography to estimate 

the K field first and then use tracer tomography to estimate nθ  distribution (Case 3).  

Figure 2c shows that under this scenario, our approach still is capable of identifying 

patterns of major high saturation areas, but anomalies start to appear. Without any prior 

knowledge of K and wθ  (case 4),  figure 2d shows that tracer tomography alone images 

some high NAPL areas correctly but creates several anomalies.  The above results clearly 

suggests that knowing spatial variation of hydraulic conductivity is critical to estimation 

of NAPL distributions.  

 Finally, we illustrate the effectiveness of traditional direction sampling approach.   

Using direct measurements of NAPL from the four wells and the kriging method, the 

NAPL distribution was estimated and is shown in Figure 2e.  In comparison with cases 1, 

2, 3, and 4, this approach provided the worst estimate; it fails to capture high NAPL 

saturation areas between observation wells. Therefore, hydraulic/tracer tomography can 

provide more information than the traditional approach using the same well facility 

although additional hydraulic and tracer tests are involved.  The scatter plots and L1, L2 

norms in Figure 4a, 4b, 4c, 4d, 4e also verified our findings.  

 Lastly, we focus on the effectiveness of hydraulic, tracer, and hydraulic/tracer 

tomography on estimation of hydraulic conductivity field.  Figure 3a shows the estimated 

K using hydraulic head only while Figure 3b depicts the estimated K after adding tracer 
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concentration data. Both figures showed very similar K patterns; the scatter plots and the 

L1 and L2 norms in Figure 5 for two cases are also very similar. In fact, the norms even 

showed that adding tracer concentration data slightly increases estimation errors. The 

results illustrated that adding tracer concentration data may not improve K estimation.  

The tracer data sets are merely redundant in our study cases.   Intuitively, tracers are 

highly sensitivity to small-scale but high permeability paths, which are generally 

undetectable using hydraulic head data. Addition of tracer data should increase the 

resolution of hydraulic tomography.  This intuition rests upon the fact that propagation of 

hydraulic head is a highly diffusive process while the tracer migration is a convection-

dispersion process.   The result reported here is likely attributed to the way we generated 

the heterogeneous aquifer: one K value for each finite element.  This issue deserves 

further investigation.   

 Figure 3c shows that using tracer data alone can capture general pattern of the true 

field but with much less details than that obtained from head data and head/tracer data. 

The scatter plots and L1, L2 norms in Figures 5a, 5b, and 5c also demonstrated our 

findings.  This result further supports the conclusions by Li and Yeh [1999] that a 

concentration breakthrough measurement in a tracer test is a result of both convection 

and dispersion process.  While local dispersion is ignored in our study—numerical 

dispersion exists, the convection transport of tracers is controlled by porosity and specific 

discharge (i.e., linear groundwater velocity).  The specific discharge is a function of both 

hydraulic gradient and the conductivity.    Without knowledge of hydraulic head (in turn, 

its gradient), it is unlikely that a tracer test or tomography can provide accurate estimate 
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of K field.  Overall, we believe that head information is better than tracer data on 

mapping hydraulic conductivity field.  In addition, tracer test data can reveal more details 

of hydraulic heterogeneity at small scales, although this conjecture remains to be proven.    

 

4. Discussion and Conclusions  

 We have developed a hydraulic/tracer tomography technique for characterizing 

NAPL source zone. The hydraulic/tracer tomography generates a large number of head 

and tracer data, which is interpreted by a joint SSLE inverse approach. The synthetic 

cases show that our technique can reveal major spatial distributions of NAPL using only 

four wells.  Although field situations are more complicated than the synthetic case, the 

primary results from the synthetic case demonstrate that the hydraulic/tracer tomography 

combining with SSLE method potentially is a viable tool for subsurface heterogeneity 

and contaminant characterization.   

 Under saturated condition, the variation of wθ  (the porosity in this case) is usually 

small. For example, the porosity of sandy material ranges from 0.25 to 0.50 [Freeze and 

Cherry, 1979]. Due to the naturally small variability of porosity, the variation of water 

saturation in a NAPL source zone has limit impacts on NAPL estimates, especially when 

tracers with high partitioning coefficient between water and NAPL are used. In our 

synthetic case, the porosity was intentionally created with higher variability than most 

natural porous media. As a result, the water saturation in field problems will have even 

less influences on NAPL estimations. 
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 Heterogeneity of hydraulic conductivity, on the other hand, has great impacts on 

NAPL estimation. Without detailed characterization of hydraulic conductivity, it would 

be extremely difficult to provide a reliable characterization of NAPL source zone.  

Hydraulic tomography is a viable tool for characterizing hydraulic conductivity 

distribution and can facilitate better NAPL estimation. 

            Our synthetic cases show that adding tracer data my not improve K estimation. 

The cases also show using head data alone generates better results than using tracer data 

alone.  Similar findings were also reported by Li and Yeh [1999] and Cirpka and 

Kitanidis [2001]. However, Datta-Gupta et al. [1997] claimed that tracer data are 

better than transient pressure in estimating large-scale permeability variations. Huang et 

al. [2004] concluded that tracer breakthroughs are important indicators of the flow paths 

and flow barriers and therefore should be used in heterogeneity characterization 

whenever they are available. These issues need additional investigation and beyond the 

scope of this study.  

 In our four inverse cases (case 1 to case 4), we assume only one NAPL 

measurement is available for inversion. Our SSLE method can include all direct NAPL 

measurements whenever they are available. These direct measurements will definitely 

increase the accuracy on NAPL estimations [Liu and Yeh, 2004].  

           Directly interpreting concentration data using SSLE adds significant 

computational burden than interpreting head data. One head observation involves solving 

one adjoint equation for the evaluation of sensitivity while one concentration observation 

needs two adjoint equations (e. g., equations (12) and (13)). In this study, we used 8 
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processors (Pentium 2.8GHz each) in a PC cluster. The running time for one case is about 

4000 minutes. As a result, more computationally efficient methodologies must be 

developed to expedite the analysis of tracer tomographic surveys.   
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Figure 1True synthetic fields: a) hydraulic conductivity (K, m/d); b) water sautration ( wθ ); 

and c) NAPL saturation ( nθ ). 
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Figure 2 Estimated NAPL saturation from: a) K and wθ are known (case 1);  b)  K is 

known but  wθ   is unknown (case 2); c ) use estimated K from heads and wθ   is unknown 

(case 3); d) K and wθ are unknown (case 4); and e)  kriging (case 5). 
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Figure 3 Estimated hydraulic conductivity from a) heads; b) heads and tracer data (case 

3); and c) tracer data (case 4). 
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Figure 4 Scatter plots of true ln NAPL versus estimated NAPL from: a) K and wθ are 

known (case 1);  b)  K is known but  wθ   is unknown (case 2); c ) use estimated K from 

heads and wθ   is unknown (case 3); d) K and wθ are unknown (case 4); and e)  kriging 

(case 5). 
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Figure 5 Scatter plots of true lnK versus estimated lnK from a) heads; b) heads and tracer 

data (case 3); and tracer data (case 4). 




